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ABSTRACT

Column generation (CG) is a powerful technique for solving op-
timization problems that involve a large number of variables or
columns. This technique begins by solving a smaller problem with
a subset of columns and gradually generates additional columns as
needed. However, the generation of columns often requires solving
difficult subproblems repeatedly, which can be a bottleneck for
CG. To address this challenge, we propose a novel method called
machine learning enhanced ant colony optimization (MLACO),
to efficiently generate multiple high-quality columns from a sub-
problem. Specifically, we train a ML model to predict the optimal
solution of a subproblem, and then integrate this ML prediction
into the probabilistic model of ACO to sample multiple high-quality
columns. Our experimental results on the bin packing problem with
conflicts show that the MLACO method significantly improves the
performance of CG compared to several state-of-the-art methods.
Furthermore, when our method is incorporated into a Branch-and-
Price method, it leads to a significant reduction in solution time.
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1 INTRODUCTION

Column generation (CG) is a powerful method for solving linear pro-
grams (LP) that have a large number of variables (or columns) [17].
It is commonly used to obtain tight LP bounds to accelerate the
process of the branch-and-bound method in combinatorial opti-
mization [1]. CG is especially beneficial for tackling optimization
problems that have a decomposable structure, such as vehicle rout-
ing, bin packing, and graph coloring problems.

CG solves a large-scale LP in iterative steps, starting from the LP
containing a subset of columns, i.e., the restricted master problem
(RMP). In an iteration, CG solves the current RMP and uses its dual
solution to generate new columns that can improve the current RMP.
Such columns should have negative reduced costs, and finding them
typically involves solving an NP-hard subproblem called pricing
problem. At optimality, no column with negative reduced costs can
be further generated, and existing columns with nonzero values
form an optimal solution to the original large-scale LP.

Repeatedly solving pricing problems is often a bottleneck in
CG [17], and researchers have devised different approaches to tackle
this issue, including exact methods, heuristics, and metaheuristics.
It is widely recognized that the performance of CG is heavily influ-
enced by both the quality and quantity of generated columns [30].
This differs from solving a traditional optimization problem, where
typically only a single optimal column is sought.

In this paper, we introduce a hybrid method called MLACO,
which combines machine learning (ML) and ant colony optimiza-
tion (ACO) to efficiently generate multiple high-quality columns, as
illustrated in Figure 1. In our method, we first train a ML model us-
ing a set of solved pricing problem instances. This ML model learns
how to map from a set of problem-specific features and statistical
measures to optimal solutions. Given a new problem instance, we
use the ML model to predict its optimal solution and then incorpo-
rate the ML prediction into the ACO probabilistic model to generate
a diverse set of high-quality columns. Our MLACO method is used
to address the pricing problem and generate a diverse set of columns
at every iteration of CG to accelerate its progress.

Our proposed MLACO method has the following advantages
compared to existing methods for generating columns. Compared
to exact and heuristic approaches based on mixed integer pro-
gramming, our method can efficiently generate a large number
of columns with a negative reduced cost. Compared to metaheuris-
tics such as ACO, our method learns from optimally solved pricing
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Figure 1: An illustration of our MLACO method as a pricing

heuristic for CG. We train a ML model M on a set of solved

pricing problem instances to learn a mapping from problem

features to the optimal solutions. In the testing phase, we use

the offline-trained ML modelM to predict an optimal solu-

tion to an unseen pricing problem. The ML prediction is then

incorporated into the ACO probabilistic model to sample

multiple high-quality solutions, which are then iteratively

improved in an online manner.

problems and can generate high-quality columns more quickly.
Compared to a pure ML-based sampling method [30], our method
can further improve the quality of the columns generated due to
the online learning nature of ACO.

Our main contributions can be summarized as follows.
• Wepropose theMLACOmethod for solving pricing problems
in the context of CG. Our method uses ML to predict optimal
solutions to a pricing problem and uses the ML prediction to
accelerate ACO to efficiently generate multiple high-quality
columns.

• We evaluate our method on the bin packing problem with
conflicts (BPPC) and show that our method significantly
accelerates CG compared to several baselines. Furthermore,
we show that our MLACO method can tackle problems that
are larger and more difficult than those used in training.

• We also evaluate our MLACO method within branch-and-
price, an exact method that integrates CG to solve integer
BPPC. We show that CG with our proposed method can
reduce the solution time of Branch-and-Price.

2 BACKGROUND AND RELATEDWORK

2.1 Problem Formulations

We are given a set of bins 𝑘 ∈ K with a uniform capacity𝑊 , and
a set of items 𝑖 ∈ V , each with a non-negative weight 𝑤𝑖 . Let
G(V, E) be a conflict graph, where a vertex represents an item and
an edge indicates that the corresponding vertices have conflicts.
The goal of the bin packing problem with conflicts (BPPC) is to
place items in the minimum number of bins within the capacity
limit, such that conflicting items are not placed in the same bin.
This problem has various practical applications [26], such as job
scheduling, parallel computing, and database storage.

Let the binary variable 𝑥𝑖,𝑘 denote if item 𝑖 is assigned to bin 𝑘
and binary variable 𝑦𝑘 represent whether a bin 𝑘 is used. The BPPC
can be formulated as an integer programming (IP) problem:

min
x,y

∑
𝑘∈K

𝑦𝑘 (1)

𝑠 .𝑡 .
∑
𝑘∈K

𝑥𝑖,𝑘 = 1, 𝑖 ∈ V, (2)

∑
𝑖∈𝑉

𝑤𝑖𝑥𝑖,𝑘 ≤𝑊, 𝑘 ∈ K, (3)

𝑥𝑖,𝑘 + 𝑥 𝑗,𝑘 ≤ 𝑦𝑘 , (𝑖, 𝑗) ∈ E, 𝑘 ∈ K, (4)

𝑥𝑖,𝑘 ∈ {0, 1}, 𝑖 ∈ V, 𝑘 ∈ K, (5)

𝑦𝑘 ∈ {0, 1}, 𝑘 ∈ K . (6)

The objective (1) minimizes the number of bins used; constraint (2)
ensures that each item must be placed in a bin; constraint (3) speci-
fies that the total weight of items placed in a bin must be within its
capacity; and constraint (4) enforces that the conflict items should
not be placed in one bin. This formulation is typically referred to
as the compact IP formulation because there is a polynomial num-
ber of variables and constraints. The complexity of the problem is
closely related to the problem characteristics. As discussed in [28],
existing methods can face significant difficulties when dealing with
instances that have a higher bin capacity and/or conflict graphs
without showing specific patterns.

It can be seen that the compact IP formulation for BPPC has a
symmetric structure. Specifically, a configuration of item placement
can correspond to multiple solutions, which can be obtained by
shuffling the indices of bins. As a result, it provides a weak LP
relaxation bound [18], which can be obtained by relaxing the integer
constraints in the compact IP formulation and solving the resulting
LP problem. This can significantly slow the branch-and-bound
solution process. To address this, Dantzig-Wolfe decomposition can
be adopted to obtain an alternative IP formulation of BPPC [35, 36]:

min
z

∑
𝑃 ∈P

𝑧𝑃 (7)

𝑠 .𝑡 .
∑
𝑃 ∈P𝑖

𝑧𝑃 ≥ 1, 𝑖 ∈ V, (8)

𝑧𝑃 ∈ {0, 1}, 𝑃 ∈ P . (9)

Here, P denotes the set of all possible patterns to pack items in a
bin and P𝑖 denotes the set of packing patterns that include item
𝑖 . 𝑃 represents a specific packing pattern associated with a binary
decision variable 𝑧𝑃 , which indicates whether this packing pattern
is used. The objective (7) is to minimize the number of packing
patterns used, and the constraint (8) ensures that each item must
be covered in at least one of the selected packing patterns.

This Dantzig-Wolfe reformulation eliminates symmetry by group-
ing items into packing patterns, and it yields a much stronger LP
relaxation bound than the compact IP formulation. However, it
typically requires an exponential number of variables (or columns)
to represent all packing patterns; therefore, its LP relaxation can-
not be solved directly using standard techniques, such as simplex
methods. In the next subsection, we introduce CG for solving the
LP relaxation of this Dantzig-Wolfe reformulation.
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2.2 Column Generation for BPPC

To tackle such a large-scale LP, CG takes an iterative procedure,
starting from the LP containing a subset of columns (or packing
patterns), referred to as the restricted master problem (RMP). In a
single iteration, CG solves the RMP and utilize its dual values (𝜋 ) to
formulate a pricing problem. The solution to the pricing problem
with the most negative reduced costs determines the column that
can be added to the RMP. Searching for such columns involves
solving a pricing problem, outlined as follows.

max
x

∑
𝑖∈𝑉

𝜋𝑖𝑥𝑖 (10)

𝑠 .𝑡 .
∑
𝑖∈𝑉

𝑤𝑖𝑥𝑖 ≤𝑊, (11)

𝑥𝑖 + 𝑥 𝑗 ≤ 1, (𝑖, 𝑗) ∈ E, (12)

𝑥𝑖 ∈ {0, 1}, 𝑖 ∈ V . (13)

Here, the decision variable 𝑥𝑖 denotes whether an item 𝑖 is used
to form a packing pattern. The objective function (10) aims to
minimize the reduced cost (1 −

∑
𝑖∈𝑉 𝜋𝑖𝑥𝑖 ), which is equivalent

to maximizing
∑
𝑖∈𝑉 𝜋𝑖𝑥𝑖 . Constraints (11)-(13) correspond to the

Constraints (3)-(5) in the compact IP formulation, indicating that
a feasible solution to the pricing problem must be a valid packing
pattern. In fact, the pricing problem is a one-dimensional knapsack
problem with conflicts (1DKPC), which is NP-hard [22, 23].

If the minimum reduced cost is negative, a column representing
this new packing pattern can be added to the RMP to start the next
iteration. Otherwise, the non-negativity of minimum reduced cost
indicates that the objective value of the RMP cannot be further
improved, and hence the original large LP has been solved to opti-
mality. At this point, the RMP solution is the optimal solution to
the original large LP.

The need to repeatedly solve pricing problems is typically a
bottleneck in CG [17]. Past studies have explored exact and heuristic
pricing methods [13, 21, 28, 30], with extensive empirical studies
showing that the performance of CG hinges on multiple evaluation
criteria for a pricing method. These criteria can be summarized
by the ability to produce a large and diverse set of high-quality
columns efficiently. In this regard, ACO, given its ability to generate
a diverse set of solutions, can be seen as a promising technique for
heuristic pricing introduced in the following.

2.3 Ant Colony Optimization

ACO is a population-based metaheuristc inspired by biological ants
seeking the shortest path between foods and their colony [8]. It has
many applications in large-scale combinatorial optimization [7, 16,
19, 37], such as the classic traveling salesman problem.

ACO maintains a probabilistic distribution that models the like-
lihood of decision variables taking values of 0 or 1 in high-quality
solutions, i.e., whether an item is in the 1DKPC solution. It alter-
nates between sampling solutions according to a probabilistic model
and updating the models using better-quality solutions, which can
be regarded as an online learning model. In the process of construct-
ing a feasible solution, the probabilistic distribution can be defined

as follows.

𝑝 𝑗 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

𝜏𝛼𝑗 𝜂
𝛽
𝑗∑

𝑗 ∈ 𝐽 𝜏
𝛼
𝑗 𝜂

𝛽
𝑗

, 𝑗 ∈ 𝐶

0, 𝑗 ∉ 𝐶.

(14)

Here, 𝐶 represents the set of candidate items that can be selected
without violating the constraints of the problem.𝜂 𝑗 and 𝜏 𝑗 , weighted
by the hypeparameters 𝛼 and 𝛽 , are critical to the performance of
ACO. More specifically, 𝜂 𝑗 is a heuristic measure that can be used
to inject prior knowledge about the likelihood that an item 𝑖 will
be used in high-quality solutions. This value is typically set by
handcrafted heuristics based on expert knowledge and remains
constant throughout the process of ACO. On the other hand, 𝜏 𝑗
denotes the desirability to choose an item 𝑗 (or the amount of
pheromone deposited by ants). It is typically uniformly initialized
and updated dynamically as better solutions are sampled, to more
accurately indicate the likelihood of the item 𝑗 shown in high-
quality solutions. Intuitively, if an item 𝑗 is frequently selected in
high-quality solutions, the corresponding pheromone value 𝜏 𝑗 is
increased to reinforce sampling that variable when constructing
new samples.

We introduce a widely used policy to update pheromone values
from the ant system [9]. In each iteration, after constructing a set
of 𝑁 newly sampled solutions, the pheromone values 𝜏𝑖 , where
𝑖 = 1, . . . , 𝑣 , are updated based on the sample solutions generated:

𝜏𝑖 = (1 − 𝜌)𝜏𝑖 +
𝑁∑
𝑛=1

Δ𝜏𝑛𝑖 , (15)

where 𝜌 > 0 is the pheromone evaporation coefficient and Δ𝜏𝑛𝑖 is

the amount of pheromone deposited by the 𝑛𝑡ℎ sample at the item
𝑖 . Let 𝑐𝑛 denote the objective value collected by the 𝑛𝑡ℎ sample,
𝑐𝑏𝑒𝑠𝑡 represents the best objective value found so far, and 𝜆 > 0
be a constant. We can define Δ𝜏𝑛𝑖 = 𝑐𝑛/𝑐𝑏𝑒𝑠𝑡 /𝜆, if the item 𝑖 is
selected in the current sampled solution; otherwise Δ𝜏𝑛𝑖 = 0. The
amount of pheromone deposited by an ant when it selects items is
proportional to the objective value of the set. As we are solving a
maximization problem, items that appear in high quality solutions
are reinforced, so that these items are more likely to be selected
when constructing solutions in the later iterations.

ACO represents an online learning method which can itera-
tively improve its optimization performance through sampling
using Equation (14). ACO typically starts with an initialization of
randomly generated individuals, or individuals injected with simple
heuristic rules. However, we can do better by training an offline ML
model using data gathered from solved problem instances before
ACO’s online learning phase. Such a ML-based solution prediction
method can significantly accelerate ACO’s optimization process.

2.4 Machine Learning for Optimization

Machine learning has been shown to be effective in improving
combinatorial optimization [2], such as learning to make decisions
instead of using handcrafted heuristic rules for mixed-integer pro-
gramming solvers [39], metaheuristics [14, 33], and decomposition
techniques [20, 30, 34].

Assuming that we have access to data of solved problem in-
stances, then it is possible to employ ML to learn from such data
and then generalize it on unseen problem instances. Sun et al. [32]
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proposed MLACO that explores such a solution prediction method
towarm-start ACO, substituting either the heuristic weightmeasure
𝜂 set by some primitive heuristic rule, or the randomly initialized
pheromone matrix 𝜏 . Ye et al. [38] proposed a deep neural network
to achieve better quality predictions. Another study [25] presents a
hybrid ACO method that integrates the problem information ex-
tracted fromGraphic Neural Network with the standard pheromone
and greedy information, employing a Q-learning to learn which
type of information is better for solving specific problem instances.
Unlike these studies that aim to find a single best solution for stan-
dalone optimization problems, we develop a method that combines
ML and ACO to generate a diverse set of high-quality columns with
the aim to accelerate CG. In particular, the diversity of the gener-
ated columns can be crucial to the efficiency of CG, in addition to
the solution quality.

ML has also been used to improve the CG process, such as auto-
matically learning to predict optimal dual values to stabilize CG [15],
learning column selection rules [5, 20], and learning heuristic pric-
ing methods [30]. In particular, the MLPH method proposed by
Shen et al. [30] can accelerate the CG process by sampling columns
based on its ML prediction of the pricing problem. However, the
limitation of MLPH is that it samples columns according to a fixed
probability distribution proportions to theML prediction. This work
aims to address this limitation by combining ML offline prediction
with ACO online learning to further accelerate CG.

3 THE PROPOSED APPROACH

In this section, we describe the proposed heuristic pricing method
that is used to address the pricing problem (i.e., 1DKPC) and gen-
erate columns at every iteration of the CG. Our hybrid method
combines ML and ACO to strike a balance between efficiency, ef-
fectiveness, and solution diversity. As shown in Algorithm 1, ML
is used to make a prediction of the optimal solution to the pricing
problem, denoted as 𝑝 , given the features of the decision variables
for an unseen pricing problem instance. The ML prediction is then
used to accelerate the ACO to quickly find a diverse set of good
solutions.

3.1 Optimal Solution Prediction

We model the solution prediction task for 1DKPC as a binary clas-
sification problem, where the output of a decision variable denotes
the likelihood of the corresponding item in the optimal solution. In
our training set, a training example (𝒇 , 𝑦) corresponds to an item
in an optimally solved 1DKPC problem, where 𝒇 represents a set of
features that are used to characterize this item and 𝑦 is its optimal
solution value. We describe our four problem-specific features and
two statistical features as follows.

Recall that the 1DKPC problem (Equations (10)-(13)) aims to
find a set of non-conflict items that maximize profit, subject to
a capacity limit. The first feature we include is about the profit
(i.e., the objective coefficient) of an item 𝑖 and is normalized by
the maximum and minimum profits of items in the same problem
instance as follows,

𝑓1 (𝑖) =
𝜋𝑖 −min𝑗∈𝑉 𝜋 𝑗

max𝑗∈𝑉 𝜋 𝑗 −min𝑗∈𝑉 𝜋 𝑗
. (16)

Algorithm 1: MLACO for CG

Input:M : an offline-trained ML model;
𝑇 : iteration number for ACO;
(𝜋,𝑊 ,𝐶,𝑉 , 𝐸) : problem data;

Output: New columns with negative reduced cost
1 Sampling a set of random samples (Alg. 2)

2 Compute statistical features based on random samples

3 ML prediction 𝑝 ← M(𝒇 )

4 Initialize 𝜂 = 𝑝

5 Initialize 𝜏 uniformly

6 for t← 1 to T do

7 Diversity-aware Sampling (Alg. 3)

8 Update 𝜏 according to Eq. (15)

9 end

Algorithm 2: Random Sampling

Input: (𝜋,𝑊 ,𝐶,𝑉 , 𝐸) : problem data
𝑁 : sample size;

Output: A set of randomly sampled solutions
1 for n← 1 to N do

2 Initialize a candidate set

3 while candidate set is not empty do

4 Randomly select an item from the set of candidates

5 Update the candidate set

6 end

7 end

Our second feature calculates the profit per unit weight ,i.e., the
ratio of the profit and weight of item 𝑖 ,

𝑓2 (𝑖) =
𝜋𝑖
𝑤𝑖

. (17)

Note that this is a commonly used measure in designing greedy
heuristic rules for knapsack problems. Our third feature is about
degree of an item and and is normalized by the maximum and
minimum profits of items in the same problem instance,

𝑓3 (𝑖) =
deg(𝑖) −min𝑗∈𝑉 deg( 𝑗)

max𝑗∈𝑉 deg( 𝑗) −min𝑗∈𝑉 deg( 𝑗)
, (18)

The fourth feature is an upper bound on the profit if item 𝑖 is
selected, computed by

𝑓4 (𝑖) = 𝜋𝑖 +
∑

(𝑖, 𝑗 )∉𝐸

𝜋 𝑗 . (19)

It calculates the sum of profits of item 𝑖 and the items that are not
in conflict with item 𝑖 .

To better characterize decision variables in high-quality solu-
tions, we adopt two statistical features [31] that are computed over
a set of 𝑁 randomly sampled solutions. Our random sampling algo-
rithm is shown in Algorithm 2. It is obvious that the time complexity
to generate one sample of 1DKPC using this method is O(|𝑉 | + |𝐸 |)
if we represent the conflict graph using an adjacency list, where |𝐸 |
represents the number of edges in the conflict graph. Hence, the
total time complexity of generating 𝑁 samples is O(𝑁 ( |𝑉 | + |𝐸 |)).

The first statistical feature measures the correlation between
the presence of an item 𝑖 in the sample solutions and the objective
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values of the samples.

𝑓𝑐 (𝑖) =

∑𝑁
𝑛=1 (𝑠

𝑛
𝑖 − 𝑠𝑖 ) (𝑜

𝑛 − 𝑜)√∑𝑁
𝑛=1 (𝑠

𝑛
𝑖 − 𝑠𝑖 )2

√∑𝑁
𝑛=1 (𝑜

𝑛 − 𝑜)2
, (20)

where 𝑠𝑛𝑖 is a binary value, indicating whether the item 𝑖 is a part

of the 𝑛𝑡ℎ sample, 𝑜𝑛 represents the objective value of the 𝑛𝑡ℎ

sample, and 𝑠𝑖 =
∑𝑁
𝑛=1 𝑠

𝑛
𝑖 /𝑁 and 𝑜 =

∑𝑁
𝑛=1 𝑜

𝑛/𝑁 are the average
values across the 𝑁 samples. An item with a high correlation score
indicates that this item is likely to appear in high-quality solutions
of the corresponding 1DKPC instance.

The second statistical measure is based on the ranking of the
𝑁 sample solutions. Let 𝑟𝑛 denote the rank of the 𝑛𝑡ℎ sample in
terms of its objective value in descending order. For an item 𝑖 , this
statistical feature accumulates the ranking score across the samples
that contain this item:

𝑓𝑟 (𝑖) =
𝑁∑
𝑛=1

𝑠𝑛𝑖
𝑟𝑛

. (21)

An item with a high ranking score indicates that this item appears
more frequently in high-quality solutions.

Given a set of optimally solved 1DKPC instances, we can then
construct the training set where each training example corresponds
to an item in a 1DKPC instance. For each training example, we ex-
tract the six features to characterize the associated item and assign a
class label based on whether the item is part of the optimal solution.
We train a Support Vector Machine (SVM) [3]. to distinguish items
that belong to optimal solutions from those that do not. Given an
unseen 1DKPC instance, the trained SVM model can then be used
to predict for each item whether it belongs to an optimal solution.
More specifically, we can calculate the distance from an item to the
decision boundary of SVM in the feature space, which indicates the
likelihood that this item belongs to an optimal solution. We employ
SVM mainly because of its efficiency in making predictions.

3.2 MLACO for Column Generation

Given the offline-trained ML model, we can then use it to make
predictions of the optimal solution for unseen problem instances in
the iterative process of CG. An accurate prediction can then be used
to accelerate ACO to quickly find high-quality solutions. Moreover,
we devise diversity-aware sampling to encourage ACO to sample a
diverse set of high-quality solutions.

Accelerating ACO with ML prediction. The effectiveness of ACO is
heavily dependent on the parameterized probabilistic model, which
contains two main parameters 𝜏 and 𝜂. The algorithm automati-
cally learns the value of 𝜏 through searching iterations, while the
initialization of 𝜂 typically draws upon prior knowledge provided
by experts. In the context of the 1DKPC, the profit-to-weight ratio
serves as a robust greedy heuristic rule and is commonly employed
in relevant research studies. For each pricing problem, 𝜂 can be
set to the profit-to-weight ratio: 𝜂 𝑗 = 𝜋𝑖/𝑤𝑖 , where 𝜋 represents
dual solutions retrieved from RMP. This heuristic rule evaluates
the item’s price per unit weight, making items with higher profit
per unit weight are more likely to be selected [6]. We will use this
setting for the standard ACO in our experimental comparison.

Algorithm 3: Diversity-aware Sampling

Input: (𝜋,𝑊 ,𝐶,𝑉 , 𝐸) : problem data
𝑝 : probabilistic model

Output: Sampled columns with negative reduced costs
1 for each item do

2 Add this initial item to the working solution.

3 do

4 Update candidate set

5 Update the probabilistic model according to Eq. 14

6 Sample an item from candidate set; add this item to
the working solution

7 while the candidate set of items is not empty;

8 end

In contrast to initialization based on prior knowledge, we set 𝜂
based on our ML predictions, aiming to guide the search toward
more promising areas. As mentioned in Section 3.1, we train a bi-
nary SVM model to predict whether an item belongs to the optimal
solution for a pricing problem, that is, 1DKPC. We use Platt scaling
to transform the SVM prediction from the class label to a proba-
bility distribution over classes [24]. The transformation produces
probability estimates given by

𝑃 (𝑦 = 1|𝑥) =
1

1 + exp(𝑎𝑓 (𝑥) + 𝑏)
, (22)

where 𝑎 and 𝑏 are two learned parameters. This expression repre-
sents a logistic transformation of the classifier scores 𝑓 (𝑥) into a
probability value that indicates the probability that this item be-
longs to an optimal solution. We use the probability values to set 𝜂
in the ACO algorithm by default and will also explore and discuss
other possible uses of the ML predictions to improve ACO in our
experimental study.

Diversity-aware Sampling. In CG, sampling a diverse set of columns
can be crucial to its performance. To better align this objective, we
propose a diversity-aware sampling method to replace the tradi-
tional sampling method in ACO. We generate columns based on
the ML prediction while ensuring that each item is covered at least
once, i.e., at each iteration, assuming that the sample size is equal
to the number of items, we initiate the sampling process by start-
ing from the first item and progressing to the last. This ensures
that each item is treated as the first added item at least once. As
shown in Algorithm 3, for every sampled solution, once the first
item 𝑘1 is selected, we choose the remaining items based on the ML
prediction. More specifically, our method to generate one column
includes the following steps:

• Initialize an item with the starting item 𝑘1.
• Generate candidate items 𝑘 𝑗 that can be visited.
• Select the next item to be included in the sampled column
that does not violate the capacity and conflict constraints.

Note that we only include columns with negative reduced cost into
RMP in each sampling iteration.
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4 EMPIRICAL STUDIES

4.1 Experimental Setup

Bin Packing Benchmarks and Conflict Graph Generation. We con-
sider a standard bin packing benchmark, Hard28 [29], for testing.
Hard28 consists of 28 problem instances with a uniform bin ca-
pacity 1000. For a problem instance, the number of items is in
{160, 180, 200}. Following previous work [28], we model the con-
flicts between items using randomly generated graphs with density
values around 0.5. We also consider different capacity multipliers,
{1, 2, 5, 15}. These settings can result in more challenging pricing
problems as discussed in [28]. For training, we use a set of 20 small
problem instances with 120 items from Falkenauer [10], different
from the test problem instances. Each of these training problem
instances has 120 items, and their weights are uniformly distributed.

Data collection and training. We use CG to solve a training problem
instance. In this process, multiple pricing problems are solved to op-
timality, and we record the optimal solution values and the features
of pricing problem variables to form the training data. Specifically,
we consider pricing problems in every five iterations to increase the
diversity of training data. Moreover, we start the recording from
the 10𝑡ℎ iteration and continue to the 30𝑡ℎ iteration of CG, because
we observe that these pricing problem instances are relatively easy
to solve in the early iterations. The statistical features are calculated
from a set of𝑁 randomly sampled solutions, where𝑁 is the number
of items. All features are normalized on an instance-wise basis.

With the training data, we train a linear SVM using the standard
software package [4]. We configure the SVM to directly output the
probabilistic values between 0 and 1, and set the regularization
term according to the ratio between the negative training exam-
ples and the positive ones. The regularization term controls the
importance of correctly classifying positive and negative training
examples, and our setting of the regularization parameter speci-
fies that these two situations are equally important. We set the
remaining hyperparameters to the default values.

Compared Methods. The following methods are compared in our
empirical study: 1)MLACO (the proposedmethod)1:We useMLACO
to solve a pricing problem and add all newly generated columns
with negative reduced costs to the RMP to start the next iteration
of CG. The heuristic value 𝜂 is set to the ML prediction, and the
pheromone value 𝜏 is initialized uniformly. We set 𝛼 and 𝛽 to 1,
and set 𝜌 to 0.95. The iteration number is set to 10 and the pop-
ulation size is set to the number of items in a problem instance;
2) Gurobi𝑠 : We use the Gurobi solver [12] to solve the pricing
problem to optimality and add the optimal column to start the next
iteration of CG. Note that Gurobi is a state-of-the-art mixed-integer
programming solver; 3) Gurobi𝑚 : In this setting, we use Gurobi
to solve a pricing problem to optimality and add multiple columns
with negative reduced costs in addition to the optimal column. We
turn on the solution pool feature of Gurobi to encourage it to find
multiple high-quality solutions; 4)MLPH [30]: A method that sam-
ples columns based on ML prediction of the optimal solution on
the graph coloring problem. Compared to our method, the proba-
bilistic model in MLPH is set according to the ML prediction and

1Our source code is written in C++ and is available at https://github.com/hongjie-
ml/MLACO_binpack
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Figure 2: Number of instances solved by CG using different

pricing methods. Each subfigure shows the results for a dif-

ferent bin capacity multipler.

remains fixed throughout the sampling process. 5) ACO: A widely-
used metaheuristic for combinatorial optimization as introduced
in Section 2.3. The parameters in ACO are the same as MLACO.
We set the heuristic value 𝜂 to a widely-used heuristic rule, the
profit-to-weight ratio.

We initialize the RMP with a set of randomly generated columns
such that the RMP is feasible, to start the solution process of CG.
The pricing problem in an iteration of CG is solved by a compared
method. For MLACO, MLPH, and ACO, they are heuristic pricing
methods without the guarantee of finding the optimal solution.
When these methods do not find any column with a negative re-
duced cost, we execute the exact method Gurobi𝑠 to find the optimal
column. If the minimum reduced cost is negative, CG proceeds to
the next iteration. Otherwise, CG reaches optimality and ends.

In the remainder of this section, we first compare the efficacy
of different pricing methods in terms of the performance of CG to
solve the LP relaxations for the BPPC. Then, we report the results
for branch-and-price for solving the integer problem BPPC, where
CG with a pricing method is used to derive LP relaxation bounds
at every node of the branch-and-bound tree. In all experimental
settings, CG is initialized using a set of randomly generated columns
and is subject to a cutoff time of 1800 seconds.

4.2 Results for CG

Figure 2 shows the number of solved problem instances for amethod
within a certain time limit. For instance, under the capacity multi-
plier 15, in the first 1, 500 seconds, our MLACO method solves 15
LP instances, Gurobi𝑚 solves 5 LP instances, and the rest of the
methods do not solve any. Overall, we can observe that MLACO can
solvemore problem instances at a given time limit under all capacity
settings. The performance gap between MLACO and the compared
methods increases as the bin capacity increases, and this is because
the higher bin capacity leads to more difficult pricing problems.
Specifically, we can first observe that MLACO outperforms ACO
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Method cap*1 cap*2 cap*5 cap*15

Gurobi𝑠 28 26 9 0
Gurobi𝑚 28 26 14 7
ACO 26 26 9 1
MLPH 28 26 10 1
MLACO 28 26 23 15

Table 1: Number of instances solved by CG with various pric-

ing methods for different capacity multipliers.

Method cap*1 cap*2 cap*5 cap*15

Gurobi𝑠 383.26 426.65 1332.62 1800.00
Gurobi𝑚 236.75 320.77 1126.82 1676.12
ACO 1059.76 494.99 1283.05 1792.43
MLPH 535.66 379.06 1264.46 1791.52
MLACO 171.31 162.43 566.23 1192.31

Table 2: Solving time of CG with different pricing methods

averaged across all problem instances.

by a large margin. This shows the benefit of incorporating ML
techniques over handcrafted heuristics. Our proposed MLACO also
outperforms MLPH significantly. This shows the efficacy of updat-
ing the probabilistic model during the sampling process, resulting
in more efficient sampling of high-quality solutions. It can also
be seen that Gurobi𝑚 better accelerates CG compared to Gurobi𝑠 ,
showing the benefits of generating multiple high-quality columns
in an iteration of CG. Similar observations can be made in Table 1,
which shows the number of optimally solved problem instances at
the cutoff time. Most noticeably, MLACO still manages to solve 15
LP instances when the capacity multiplier equals 15, demonstrating
its capability under more difficult pricing problem settings.

In addition, we present the runtimes of CG with various pricing
methods averaged across all problem instances in Table 2. Note
that if a method cannot solve a problem instance within the cutoff
time, the runtime is set to the cutoff time 1800, which is used to
compute the average results. We can observe that CG with our
MLACO method achieves significantly shorter runtimes compared
to other methods, and this observation is consistent across problem
instances with all different capacity multipliers.

Ablation Study. Table 3 presents the results of an ablation study on
several different ways of combining ML and ACO. Specifically, we
examine the following three variants:

• mlaco_predicted_eta: Set the 𝜂 value to the ML prediction
value and initialize 𝜏 uniformly, as that in Section 3;

• mlaco_pred_heu_eta: Set the 𝜂 value to the product of
the predicted probability and profit-to-weight ratio: 𝜂𝑖 =
𝑝𝑖 · 𝜋𝑖/𝑤𝑖 and initialize 𝜏 uniformly;

• mlaco_predicted_tau: Set the 𝜏 value to the ML prediction
value and initialize 𝜂 uniformly.

We can observe that initializing 𝜂 with the ML prediction value
achieves the best performance across all three model variants. This
is closely followed by initializing 𝜏 with the ML prediction value.
The variant which sets the value of 𝜂 to the product of the predicted
probability and a greedy heuristic rule performs worse when the

Method Sampling cap*1 cap*2 cap*5 cap*15

mlaco_predicted_eta Y 28 26 23 15
mlaco_pred_heu_eta Y 28 26 13 5
mlaco_predicted_tau Y 28 26 18 14

mlaco_predicted_eta N 27 24 17 12
mlaco_pred_heu_eta N 27 25 9 2
mlaco_predicted_tau N 25 26 16 12

Table 3: Comparison of MLACO variants with and without

the use of diversity-aware sampling.

capacity multiplier becomes larger. One possible explanation is that
the greedy heuristic rule biases the search in a wrong direction, as
ACO lacks information about the conflict graph.

Finally, we examine the efficacy of the proposed diversity-aware
sampling method compared to the regular sampling method in ACO.
Recall that our method encourages sample diversity by ensuring
that each itemmust be covered at least once by the newly generated
columns. The results of MLACO without using diversity-aware
sampling are shown in the bottom half of Table 3. We can see that
diverse-aware sampling significantly improves the performance of
MLACO variants across all capacity settings. This result shows the
importance of generating a diverse set of columns for CG.

4.3 Results for Branch-and-Price

Our experiments have shown that the proposed MLACO can ef-
ficiently generate a diverse set of high-quality columns, thereby
accelerating CG to derive tight LP relaxation bounds for BPPC. In
this part, we leverage CG with our pricing method for enhancing
branch-and-bound, to obtain an optimal integer solution to BPPC.
Branch-and-bound is a canonical method for exact combinatorial
optimization. It works by decomposing the integer problem into
smaller subproblems and exploring the subproblems recursively.
This process can be seen as a tree search, where each node rep-
resents a subproblem. A critical component of branch-and-bound
is its bounding function, which determines whether a node can
be safely pruned without a further visit. Specifically, a node can
be pruned if its best possible solution (e.g., the LP bound) is no
better than the objective value of the incumbent solution. Here,
we use CG at each node to produce tight LP bounds. Note that
branch-and-bound with CG, commonly called branch-and-price, is
very effective on a range of problems [1].

Our branch-and-price implementation is based on an academic
mixed-integer programming solver, SCIP [11]. Most importantly, we
adopt the Ryan/Foster branching [27], which is commonly preferred
in branch-and-price. Specifically, a problem is decomposed into two
subproblems, by adding constraints that specify that a pair of items
that are either a) forced to be packed together or b) prohibited from
being packed together. Note that this branching rule can play a
crucial role in the solution time of branch-and-price, in addition to
the bounding function.

Figure 3 shows the number of instances solved within a particu-
lar optimality gap by the branch-and-price algorithm with different
pricing methods. The optimality gap measures the difference be-
tween the objective value of the best-found solution and the worst
LP objective among all leaf nodes in the branch-and-bound tree. The
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Figure 3: Number of instances solved within an optimality

gap by branch-and-price with various pricing methods.

optimality gap reduces to 0 when a problem is solved to optimality.
It can be seen that MLACO achieves very competitive performance
under small capacity multipliers 1 and 2. With high capacity multi-
pliers 5 and 15, branch-and-price with MLACO solves much more
problem instances within a certain optimality gap. For instance,
with the capacity multiplier 5, MLACO solves 20 out of 28 instances
to less than 0.5% of the optimality gap, while the compared methods
achieve this result for less than 10 problem instances. The main
reason for such a significant difference in performance is that our
pricing heuristic, MLACO, can still solve many LP relaxations at
the root node under large capacity multiplier settings. In contrast,
the compared methods struggle to solve the root LP; therefore, the
optimality gap does not exist. Table 4 reports the number of prob-
lem instances optimally solved by each method (i.e., the optimality
gap is 0) under different capacity multipliers.

In Table 5, we report the solution time of branch-and-price with
various pricing methods for the problem instances with default
bin capacity (multiplier equal to 1). MLACO obtains the shortest
solution time for 10 problem instances, and the compared methods
achieve the shortest solution time in 8 problem instances in total.
Specifically, MLACO outperforms ACO and MLPH in a majority of
the problem instances, because it inherits the benefits from both of-
fline learning (i.e., ML) and online learning (i.e., ACO). It can be seen
that the performance of MLACO and Gurobi𝑚 tends to differ sub-
stantially among the test problem instances. This should be under-
standable because Gurobi is based on mixed-integer-programming
techniques and is very different from the nature of MLACO.

5 CONCLUSION

In this paper, we introduced a hybrid approach called MLACO
that combines machine learning (ML) with ant colony optimization
(ACO) to boost Column Generation (CG). We trained an offline ML
model based on historical data to predict the optimal solution to
a pricing problem in CG and integrated the ML prediction with
the probabilistic model of ACO to generate multiple high-quality

Method cap*1 cap*2 cap*5 cap*15

Gurobi𝑠 6 1 0 0
Gurobi𝑚 14 9 4 0
ACO 11 16 3 0
MLPH 10 13 3 0
MLACO 14 17 3 1

Table 4: Number of instances solved to optimality by branch-

and-price with various pricing methods.

Instance Gurobi𝑠 Gurobi𝑚 ACO MLPH MLACO

BPP832 - 1730.8 - - -
BPP485 - 1398.3 - - -
BPP181 1331.4 518.7 - - 945.8

BPP47 648.5 243.7 78.6 312.8 127.3
BPP640 1112.7 606.1 44.5 133.9 64.0

BPP60 - 1531.3 1745.9 1143.3 -
BPP14 - 1542.7 1018.2 1009.3 -
BPP814 1138.8 758.9 1627.9 374.2 679.4

BPP13 - - - - 1441.5

BPP709 - - - - 1320.2

BPP40 - - 1654.2 - 1223.6

BPP766 - - 1527.2 1463.7 1169.2

BPP645 - 1714.5 - - 892.1

BPP716 - 1565.7 - - 674.6

BPP531 - 798.3 583.8 532.3 432.1

BPP360 832.7 961.6 539.8 496.0 411.8

BPP359 - 699.7 524.9 610.3 351.3

BPP742 1646.5 620.0 371.5 581.9 118.5

Table 5: Solution time for problem instances solved by at

least one method. ‘-’ denotes that a method does not solve

the problem instance within the cutoff time.

columns. We explored different ways of combining ML predictions
with ACO and proposed a diversity-aware sampling method to
improve the diversity of generated columns, which is crucial for CG.
We evaluated our method on the bin packing problem with conflicts
and showed that our MLACO method significantly improved the
performance of CG compared to several state-of-the-art methods,
especially when pricing problems are difficult. We also showed that
our method significantly reduced the solution time of a Branch-
and-Price algorithm for generating optimal integer solutions.

There are several potential avenues for further research. First,
our current method relies on manual feature extraction, and thus
using graph neural networks could offer a promising strategy for
automatic feature extraction. Second, it would be interesting to
extend our method to solve other combinatorial optimization prob-
lems, such as vehicle routing problems, where pricing problems are
shortest-path problems. Finally, exploring the use of reinforcement
learning to learn an intelligent policy for generating columns in
solving pricing problems would be another interesting direction
for future investigation.
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