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Triply periodic minimal surface (TPMS) structures have been extensively studied for their exceptional me-
chanical characteristics. However, numerical analysis of their fracture behaviour remains insufficient due to the
complexity of the fracture mechanism. This study aims to utilise a new phase field model to predict the me-
chanical responses and analyse the fracture mechanism of TPMS gyroid (G) and primitive (P) structures. Firstly,
the G and P structures were additively manufactured using Ti-6Al-4 V titanium and tested under both axial and
oblique compression. Secondly, an explicit phase field model was developed by incorporating the Bao-Wierzbicki
fracture model to capture damage initiations. It was found that the developed explicit phase field model enables
accurate reproduction of experimental force-displacement responses, deformation modes, crack initiations and
propagations for G and P structures under both loading conditions. It was found that medium stress triaxiality
tension was the dominant stress state to trigger material damage, regardless of structure and loading condition.
Moreover, compared with axial compression, oblique loading introduced a more non-proportional loading his-
tory, leading damage initiation points far away from the fracture locus. Further, in comparison with the G
structure, the P structure involved more medium and high stress triaxiality tension induced fracture initiations,
resulting in more damaged material points. This study offers valuable insight into the fracture mechanism of
TPMS structures, which is beneficial to improving the design of these structures.

1. Introduction

Triply periodic minimal surface (TPMS) structures are widely
observed in natural systems such as butterfly wings and exoskeletons of
beetles and weevils [1-3]. Triply periodic minimal surfaces are a set of
special surfaces on which the mean curvature is zero at any point on the
surface [4], thereby significantly reducing stress concentration under
mechanical loads [5]. With the rapid advances in additive
manufacturing technologies, the fabrication of precise TPMS structures
is becoming feasible and commercially affordable. Therefore, they are
considered as a class of promising metamaterials for energy absorbers
[2,4,6,7], heat exchangers [8] and implantable prostheses [9,10]
attributable to their outstanding mechanical characteristics.

In the literature, the fracture behaviour of TPMS structures has been
studied extensively using various experimental approaches [11-13]. For
instance, Al-Ketan et al. [14] revealed that sheet-based polymeric TPMS
structures exhibited less plastic localisation, thereby delaying damage
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evolution and crack propagation, compared with struct-based counter-
parts. Yang et al. [15] studied the Ni-Ti shape memory alloy fabricated
gyroid (G) structures, and they found that minimum cross-sectional
areas tended to trigger early fractures. Vijayavenkataraman et al. [16]
experimentally explored ceramic TPMS structures and revealed that
fracture was ahead of plastic yielding for brittle materials. Maskery et al.
[17] demonstrated three failure modes, namely successive layer
collapse, pre-existing defect triggered crack and diagonal shear failure
for the double G aluminium structures.

Nevertheless, the abovementioned studies mainly focused on axial
compression. In real-life applications, structures are often required to
withstand oblique loads, especially under vehicle crash events [18].
Such loading conditions can involve both axial crushing and lateral
bending of structural components, rather than pure axial collapse which
has been commonly designed for more efficient energy absorption [19].
To the authors’ best knowledge, the mechanical characteristics of TPMS
structures have not been studied under oblique loading in open
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Fig. 1. Geometry of TPMS unit cells and full structures (a) G structure; (b) P structure. A unit cell is constructed by a solid region between the two TPMS surfaces in

terms of level set constants +C.

literature.

Regarding numerical investigation into fracture behaviour for TPMS
structures, Zhou et al. [20] studied the sheet and network based func-
tionally graded G structures, in which layer-by-layer failures at the
post-yield stage were modelled. Yang et al. [21] revealed that the centre
of inclined struts was more vulnerable to fracture for the G structures
using the von Mises criterion. Qiu et al. [22] simulated the fracture
behaviour of three-dimensional functionally graded TPMS structures,
showing that shear band fracture could be prevented compared with
uniform structures. Kadkhodapour et al. [23] pointed out that increasing
relative density could lead to the shift of the fracture mode of I-WP
structures from layer-by-layer to shearing failure. Nevertheless, all those
above studies had used the Johnson-Cook fracture model, which can be

regarded as a local damage model [24] due to the local evolution of
damage variable. Local damage models may lead to severe mesh de-
pendency [25] due to solution non-uniqueness for strain localisation
[26]. In this regard, an element size dependent characteristic length
scale parameter may need to be introduced to alleviate the mesh de-
pendency [27]. Alternatively, the recently developed phase field
methods for fracture can be suitable candidates for TPMS structures to
achieve better mesh objectivity [28,29].

The phase field method for fracture originated from the variational
formulation by Francfort and Marigo [30], which was numerically
implemented by Bourdin et al. [31]. It has exhibited superior capability
of handling brittle fracture [32,33], ductile fracture [34,35], dynamic
fracture [36-38], and multi-field fracture [39,40]. Regarding the phase
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Table 1
Chemical compositions of Ti-6Al-4 V titanium powder (wt%).
Element v Al Fe (0] N H
wt% 3.94 6.18 0.01 0.0951 0.0133 0.0017
Table 2
Printing parameters for Ti-6Al-4 V titanium.
Laser Hatch Layer Scanning Energy Spot
power distance thickness speed density size
280 W 0.14 mm 30 pm 1200 mm/s 55.56 100
J/mm? pm

field for ductile fracture, Borden et al. [41] introduced a stress triaxiality
to drive crack initiation and propagation. Ziaei-Rad and Shen [42]
developed a parallelised phase field framework to reduce the compu-
tational cost for large-scale analysis. Jiang et al. [43] proposed a double
phase field model for complex 3D crack propagations. Wang et al. [44]
proposed a thermo-elastic coupled phase field model applicable to
quasi-static and dynamic crack scenarios. Hu et al. [45] compared the
implicit and explicit phase field models for quasi-static problems. They
suggested that when using an explicit solver, the kinetic and viscosity
energies should be sufficiently small compared to the external work for
quasi-static loading [45].

These existing phase field models, however, have not involved highly
nonlinear crushing behaviour of structures [4]. Due to frequently
changing contact conditions and local instabilities during crushing
analysis, an explicit solver is commonly used to achieve convergence
[46]. Furthermore, a stress state dependent fracture threshold should be
introduced to capture different fracture modes [47] and consider
multi-axial loading [48]. Moreover, it is necessary to consider
non-proportional loading as a material point may experience a history of
varying stress states (e.g., a sequence of compression, shear and tension)
prior to damage initiation in the crushing process [49].

This study aims to develop a phase field model to explore the failure
mechanism of TPMS G and P structures under both axial and oblique
loading conditions. The remainder of this paper is structured as follows.
Section 2 introduces the experimental methodology, including the
design, fabrication, and testing of additively manufactured TPMS
structures. Section 3 proposes an explicit phase field formulation for 3D-
printed metallic lattice structures. Section 4 presents the experimental
and numerical results of TPMS structures under axial and oblique
compression and discusses the fracture mechanism in detail. Finally,
Section 5 draws the conclusions.

2. Materials and experiments

In this section, we begin with the design of the TPMS gyroid (G) and
primitive (P) lattice structures. Then, the experimental protocols,
including sample preparation and experimental setup, are highlighted.

2.1. Design of triply periodic minimal surface (TPMS) structures

TPMSs are three-dimensional surfaces that present a mean curvature
of zero at every point, displaying periodicity and infiniteness throughout
all three spatial dimensions. Mathematically, TPMSs can be formulated
using the Fourier series as [50]:

K
o(r) =Y _ Arcos {m + Pk} =C, ¢h)
k=1 k

in which K denotes the number of terms, and r indicates the location
vector of the Euclidean space. A, represents the amplitude coefficient,
stands for the period of the function, hy is the periodic wavelength, and
P, is the phase-shifting of the k™ term. C is a constant for the level set
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which governs the offset of the periodic surfaces.
Then G and P surfaces investigated in this study can be more spe-
cifically expressed as:

. (2rm 2r . (2rm 2r
@g(r) =sin (Tx> cos (Ty) +sin <T}'> cos (T Z>
+sin <2Tﬂ z) cos (?x) =C
@p(r) = cos <2—lﬁx> + cos (?y) + cos (2—{[2) =C 3

where x, y, and z denote three Cartesian coordinates, respectively,
and [ represents the length of the unit cell (I = 4 mm in this study).

Fig. 1 displays the geometry of the unit cells for the G and P struc-
tures with 27% relative density to be studied in this work, in which C is
0.41551 and 0.47215 for the G and P structures, respectively. Both the G
and P structures were designed with 5 x 5 x 10 tessellated unit cells,
resulting in dimensions of 20 mm x 20 mm x 40 mm, as depicted in
Fig. 1.

(2)

2.2. Experimental procedure

2.2.1. Material and sample preparation

The commercial Ti-6Al-4 V titanium powder (FALCONTECH, Wuxi,
China) was chosen for the fabrication of all TPMS structures through
additive manufacturing process. The chemical compositions of the Ti-
6Al-4 V titanium powder are summarised in Table 1.

Both the G and P structures were printed using the laser powder bed
fusion (LPBF) technique, as illustrated in Fig. 2a. The printing parame-
ters are given in Table 2. SEM images in Fig. 2b reveal that the particles
form smooth, ball-shaped surfaces, demonstrating superb mobility and
adherence to manufacturing standards. Compared with another
commonly used material 316 L steel [51], Ti-6Al-4 V titanium powder
appeared to be smoother, indicating its better flowability [52].

Moreover, the scanning direction was consecutively rotated 67° for
each layer (Fig. 2¢), leading to more isotropic mechanical properties in
the printing plane [53]. After the samples were fabricated, they were
heated to 800 °C within 80 min. Then, the temperature remained un-
changed for 40 min to reduce internal defects [54]. Finally, the samples
were naturally cooled down to ambient temperature (approximately 15
°C) and separated from the base plate via wire electrical discharge
technique. Although heat treatment could significantly reduce internal
defects [4,22], several defects could still be observed from SEM images
of the G structure, as shown in Fig. 2d and e, which introduced un-
certainties and posed challenges to the simulation.

2.2.2. Experimental setup

Both the G and P samples were tested under the axial and oblique
compression, respectively, as depicted in Fig. 3. The Instron 5985 testing
machine, equipped with axial and oblique compression fixtures (as
illustrated in Fig. 3a and c), was employed for the experiments. The
loading speed was set at 1.2 mm/min for both structures and loading
conditions. A camera was positioned on the frontal side of the specimens
to meticulously capture the deformation process, while the testing ma-
chine recorded displacement and force data automatically.

3. Phase field simulation for TPMS structures
This section presents the explicit phase field model and ductile

fracture initiation model. The numerical setup and material parameters
employed in this study are also presented here.

3.1. Explicit phase field fracture model

Let Q € R%™ (where dim refers to the spatial dimension) be an
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Fig. 2. Manufacturing process of the G and P structures. (a) Schematic illustration of the laser powder bed fusion; (b) Scanning electron microscope (SEM) images of
Ti-6Al-4 V titanium powder; (c) Scanning direction consecutively rotating 67° for each layer; (d) Printed P and G structures; (e) SEM images of G structure.

Experimental setup

Axial compression

Oblique compression

G structure P structure

Fig. 3. Experimental setup. (a) Apparatus for axial compression; depiction of (b) G and P structures subjected to axial compression. (c) Testing equipment for oblique

compression; illustration of (d) G and P structures for oblique compression.

elastoplastic body with both an external boundary 02 and an internal
discontinuity boundary I', as illustrated in Fig. 4. The external boundary
00 can be split into a Dirichlet boundary d2" and a Neumann boundary

0¥, and they are related as 02" N 02° = @ and 02 = 02" UdL* . The
system is described by the variables X = {u, d, "}, wherein u represents
the displacement field, d signifies the phase field, and equivalent plastic
strain ° is an internal state variable. As presented in Fig. 4, d is a scalar
variable and continuously ranges from 0 to 1. d = 0 and d = 1 represent
the material in intact and fully broken states, respectively.

The fracture energy is approximated as [39,471:

Epec(d) = /r gdr = 92% (BVd e Vd + &)de2 @

where g is the critical energy release rate and represents the energy
required to create a unit area of the fracture surface.

3.1.1. Governing equation
The elastic and plastic energies can be expressed, respectively, as:

Eoos(u,d,7) = / ‘ / (1 —d)*D° : 6dQdt, (5)
0 Jo

Eyas(W,2,d,7) = / / (1—d7D’ : §dedt, ®)
0 JQ

in which 7 is the loading time; D® and D? are elastic and plastic parts
of deformation rate D; and 6 is undamaged stress. “B” denoting the
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Fig. 4. Schematic for the phase field model. (a) Sharp crack I" is regularised by a diffuse counterpart (b) by introducing a phase field variable d. The crack width can

be characterised by a length scale parameter L.

quantities in an undamaged configuration hereafter. The damaged stress
6 can be calculated as (1 — d)*¢ [39,55].
To be compatible with explicit solver, the kinetic energy Ey;, and

viscous energy Ey;s (d) are formulated, respectively, as [42]:

Een(t) = / P2 tag @)
Q

Eus(d) — / ‘ / “d e ddoat ®)
0 Q

in which  stands for the velocity, d represents the rate of phase field,
p is the mass density, and @ denotes the artificial viscosity parameter.
Furthermore, the external work can be derived as:

Wexe(u) = A(f eu)dQ + /Q(t o u)do" 9)

in which f and t are body force and boundary traction, respectively.
Finally, the total energy functional is expressed as

H(ll, d7 g‘p7 T) = Efrac + Eelm +Eplas + Ekin + Evu - Wext (10)

Following Hamilton’s principle [56], the governing equations of the
displacement field are given in a strong form as:

dive + f = pd in 2 x [0, 7] (11a)
n-6 = ton a2’ x [0,1], (11b)
u=u ond?" x [0,1], (11c)

where i represents acceleration field, n denotes the outward normal
to the boundary d¢2°, and u is the displacement field on the boundary
o,

The governing equation for the phase field is formulated in a strong
form as:

wd =2(1 - d)7(u,?) - (d - EVde Vd), in Q2 x [0,1], 12)

where w = ol /g signifies a modified viscous parameter to be
consistent with our previous work [47,53], and /7' (u, ) is the crack
driving force, which can be derived as:

Z (u,€) := max.”/ (state(u, &) ), 13)

te[0,7]

in the loading history t € [0,7]. .(state(u,&”)) is a crack driving
state function and can be defined as:

7 (state(u, ) ) = lc/gf /t (D° + DP)cdt. 14)
0

To control non-physical damage evolution under small deformation,
Eq. (14) is re-formulated as [47]:

Hstate(u#)) =1 g [ 00+ 0[5, 1), as)
0

in which ¢, denotes energy-based damage threshold, depending on
the stress state [47], i.e., stress triaxiality # in the following discussion.

3.1.2. Ductile initiation

As mentioned in Section 2.2.1, the mechanical properties in the
printing plane for the LPBF-printed Ti-6Al-4V titanium material can be
approximated to be isotropic due to its consecutively rotated scanning
strategy [53]. Furthermore, the mechanical properties in the building
direction may not differ remarkably from those in the printing plane
[57]. Therefore, the LPBF-printed Ti-6Al-4V titanium is assumed to be
an isotropic material herein for simplification [22,58].

The elastic response was described by the undamaged elastic
modulus E and Poisson’s ratio v. The plastic behaviour was described by
an isotropic hardening, von Mises yielding criterion, and associated flow
rule. As for fracture initiations, the Bao-Wierzbicki model [59] pre-
sented acceptable accuracy [60,61], which was a three-branch empirical
fracture locus of fracture strain with respect to stress triaxiality. In the
high stress triaxiality region, an exponential function was used to
describe the relationship between fracture strain and stress triaxiality as
void growth dominates the fracture mechanism [61]. In the low stress
triaxiality region, shear fractures were dominant. Furthermore,
compressive stress states can hardly trigger damage for metallic mate-
rials [35,36], leading to no fracture initiation when stress triaxiality is
smaller than a cut-off value #,,,,. Compared with other fracture criteria
such as the Modified Mohr-Coulomb [62] and Hosford-Coulomb models
[63], the Bao-Wierzbicki model assumed that fracture initiation was
independent of the Lode angle parameter, which worked well for
Ti-6Al-4V titanium and simplified the calibration procedure. Therefore,
the Bao-Wierzbicki model was selected to control the fracture initiation,
which was formulated as

+°°7 n < ’7thres
Buf® + Baf) +Bs, e <11 < 0.3, (16)
B4 + BsePs > 0.3,

g =

in which B;, Bs, B3, By, Bs, and Bg are the material parameters.

In practical applications, loadings can be non-proportional, i.e., 7
varies throughout the loading history. Consequently, it is imperative to
incorporate a loading history-dependent damage indicator D [62]

_[f e
o &)

Damage initiates when D = 1. The energy-based damage threshold
¢, can then be calculated as:

D(@) 17)

G = / [(D* +T7) - §]de a7

D=1

To facilitate the following analysis, here we identify typical stress
states such as uniaxial tension (4 = 1/3), uniaxial compression (5 = —
1/3), simple shear (n = 0), equibiaxial tension (# =2/3) and equi-
biaxial compression (y = — 2/3). Also, the stress state can be divided
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Fig. 5. Procedure of numerical setup. A MATLAB code was used to generate voxel models, which were replicated for the phase field layer. Boundary conditions,
material properties, and contact pairs were added for both axial and oblique compressions.

Table 3 120 - T - T v
Mesh size and total number and degrees of freedom in the finite element Exp: Force-displacement |
simulation. p: ,p 1
= = =Num: Force-displacement
Structure Mesh size Element number Total degrees of freedom I
G 0.15 mm 4,731,463 15,023,639 1]
P 0.15 mm 4,554,010 13,726,148 80 1
g
)
o
Table 4 o) \
Material parameters of additively manufactured Ti-6Al-4V titanium. B 40 I~ v
[ fadi —— - T
Parameters ~ Physical meaning Value ) ~ -I- - : :
Elasticity [22] E Elastic modulus 110,000.0 MPa | | | |
v Poisson’s ratio 0.3 ! | | |
p Density 4.4 x 10%kg/m? 1 : 11 : 111 : v : \Y%
Damage initiation B Bao-Wierzbicki model 2.7213 0 1 L L L
B, — 0.5345
" o 0 6 12 18 24 30
By 0.07 Displacement/mm
Bs 0.001
Bs —3.388 Fig. 6. Force versus displacement of G structure under axial compression.
. Mihres -1/3 Globe response was properly reproduced by numerical simulation.
Damage evolution [ Length scale parameter 0.5 mm
& Critical energy release rate 1 N/mm

into high stress triaxiality (7 > 2/3) and medium stress triaxiality ten-
sion (1/3 < n < 2/3) [64-66], tension-shear (0.1 <5 < 1/3), shear ( —

Table 5 0.1 <y <0.1), compression-shear (— 1/3<np<— 0.1), and
Plastic hardening curve of additively manufactured Ti-6Al-4V titanium [22]. compression in the cut-off region (17 < ).
Equivalent Flow Equivalent Flow Equivalent Flow
plastic stress / plastic strain stress / plastic strain stress / 3.2. Numerical setup and calibration
strain MPa MPa MPa
0 750 0.026 787 0.14 802 . . . .
0.004 765 0.035 792 0.18 806 Finite element analysis was conducted via ABAQUS/Explicit solver
0.008 771 0.042 795 1 810 as well as user-defined subroutines. VUEL and VUMAT were used to
0.012 775 0.06 797 solve the phase field and displacement field, respectively. A global
0.016 779 0.1 799

module together with user subroutines VUSDFLD and VUFIELD was
adopted to transfer data between VUMAT and VUEL [44].
Due to large deformation occurring in the crushing behaviour, finite
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Fig. 7. G structure under axial compression. (a) experimental deformation; numerical contours of (b) phase field; (c) damaged equivalent stress; (d) stress triaxiality;
(e) Enlarged experimental crack and phase field contour when u = 30 mm. The global deformation, localisation, and cracks were well predicted in modelling.
Damage was triggered primarily by medium stress triaxiality tension (1/3 < 5 < 2/3) and shear ( — 0.1 < 5 < 0.1). The unit cell highlighted in (b), located in the
middle of the thickness direction, will be further analysed in Section 4.3.
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Fig. 8. Force versus displacement of P structure under axial compression.
Numerical simulation accurately replicated the experimental results.

deformation should be considered. Based on the theory of hypoelastic-
plasticity [67], the rate of deformation tensor D could be additively
decomposed into elastic and plastic component, respectively, i.e., D
= D® +DP. Note that hypoelastic-plasticity does not deviate significantly
from the hyperelastic-plasticity, especially for the application of the
metal plasticity [68]. The Green-Naghdi stress rate was used in this
study.

Furthermore, voxel modelling [69] was applied for the spatial dis-
cretisation of the G and P structures, as presented in the procedure in
Fig. 5. Voxelisation involved converting the geometry of the surface into
a bit-by-bit 3D array, which could be directly mapped into a hexahedral
mesh [70]. Specifically, a 3D uniform mesh embedded in the solid model
was first defined. Second, each voxel was determined to be inside or
outside the solid model along all three mutually orthogonal directions
by a MATLAB code, and elemental information of the voxels inside the
solid model was written to the solver via the input file. Finally, the mesh
sizes, element numbers and degrees of freedom in the simulation of the
G and P structures are provided in Table 3. Third, a complete voxel
model was generated by adding material properties, and boundary
conditions (BCs). Specifically, the bottom platen was fixed, while the top
platen was loaded downwards with a speed of 1 m/s for a distance of
30 mm in all the numerical examples. Fourth, contact pairs between
platens and structures together with self-contact of structures were
defined to avoid non-physical penetrations.

In this study, the viscous parameter = 1 x 10~* kN-s/mm? was
determined by meeting the requirement that the viscous energy should
be negligible in the system [42,45]. Further, when the explicit phase
field is used for the quasi-static loading process, the loading velocity
may exceed the experimental counterpart to enhance computational
efficiency. It is crucial to ensure that the kinetic energy is sufficiently
small [45]. Here, the 8-node linear brick elements with a reduced
integration scheme (C3D8R) were utilised for all the finite element
models in Abaqus. Material parameters of the Bao-Wierzbicki model
were obtained by an inverse identification process to match experi-
mental force-displacement responses [71,72] and deformation patterns.
Critical energy release rate gr was determined from literature [73]. The
material parameters and the plastic hardening curve [22] used in this
study can be found in Table 4 and Table 5, respectively.

4. Comparison of the global response and fracture mechanism
This section compares the experimental and simulated results of the

G and P structures subjected to axial and oblique loading, respectively.
First, the global responses including force-displacement response and
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deformation are analysed. Following this, in-depth discussions on the
fracture mechanism will be conducted. During the analysis, the force-
displacement curves are evenly divided into five stages, and experi-
mental deformation and numerical contours at the end of each stage are
presented for comparison accordingly.

4.1. Experimental and numerical results under axial loading

4.1.1. G structure

Fig. 6 plots the reaction force-displacement relation of the upper
rigid platen for the G structure subjected to axial compression. Overall,
the numerical simulation properly replicated the experimental results,
particularly concerning the initial peak, plateau forces, and
densification.

In Stage I, both experimental and numerical forces increased almost
linearly in the beginning, indicating the dominance of elastic deforma-
tion in the structure. Although the numerical force-displacement curve
presented a steeper slope than the experimental counterpart due to
initial movement in the testing system, the predicted initial peak force
well aligned with the experimental data, reaching approximately 43 kN.
Subsequently, the experimental force experienced a sharp drop due to
localisation in the central region, as shown at instant i in Fig. 7a. Note
that a global transverse expansion was observed in the numerical results,
accounting for the fact that the predicted force did not decrease
considerably after the peak load. The discrepancy between the numer-
ical and experimental results could be attributed to pre-existing defects
in the additively manufactured samples, somehow lowering the material
mechanical properties [74,75]. Interestingly, attributable to zero mean
curvature in the G structure, the stress distribution appeared fairly
uniform, as depicted in Fig. 7c, and stress concentration was signifi-
cantly mitigated [76].

In Stage II, the experimental force slightly increased due to self-
contact of the structure in the localised region, and then remained sta-
ble at around 38 kN. Meanwhile, the numerical force well captured this
phenomenon, which was partially due to the insignificant plastic hard-
ening effect and minimal variation in the cross-sectional area. Observing
Fig. 7a and c, it is worth noting that global transverse expansion began to
concentrate in the upper area, with slight stress concentration occurring
in this region. Moreover, the damage was initiated in the localised re-
gion due to medium stress triaxiality tension, as evidenced in Fig. 7b and
d.

In Stage III, both the experimental and simulated plateau forces
remained nearly unchanged (refer to Fig. 6), at a level of 40 kN. In this
stage, the localisation and damage progressed further, resulting in a
weak zone in the upper region, as illustrated in Fig. 7b and c, respec-
tively. Regarding the stress triaxiality, the medium stress triaxiality
tension was still dominant for damage initiation, followed by the shear
stress state.

In Stage IV, the experimental and simulated force remained almost
unchanged and slightly increased, respectively, as seen in Fig. 6. The
damaged area continued to expand, leading to an enlarged weakened
zone in the central region (see Fig. 7a and c). Note that experimental
deformation seems to be localised in the upper region. However, the
upper region in experiment was insufficiently deformed, as seen less
deformation in the upper region of Fig. 7a, probably due to non-ho-
mogenous 3D printed structure. In contrast, the middle region experi-
enced the most severe crushing deformation and obvious crack, which
was well predicted by the phase field model.

Finally, during the last stage, the whole G structure experienced
densification, leading to sharp rises in both the experimental and nu-
merical global forces (see Fig. 6). Axial crack patterns became evident
from the front view, while the material between the axial cracks
remained intact as a result of compressive stress state and the intro-
duction of the cut-off value for compression, as depicted in Fig. 7b and d.
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Fig. 9. P structure under axial compression. (a) experimental deformation; numerical contours of (b) phase field; (c) damaged equivalent stress; (d) stress triaxiality;
(e) Enlarged experimental crack and phase field contour when u = 30 mm. The experimental deformation, especially the X-shaped damage band was properly
captured by the phase field model. The damage initiation was primarily caused by medium stress triaxiality tension (1/3 < 5 < 2/3). The unit cell highlighted in (b),
located in the middle of the thickness direction, will be further analysed in Section 4.3.
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Fig. 10. Comparison of the experimental and numerical force versus
displacement curves for the G structure under oblique compression. The trend
of experimental response was reasonably predicted by the phase field model.

4.1.2. P structure

As shown in Fig. 8, the explicit phase field model precisely repro-
duced the experimental force-displacement curve in terms of initial
peak, plateau force, and densification of the P structure under axial
compression.

In the initial stage (I), the experimental and numerical forces
exhibited a linear increase at the outset due to elastic deformation. Then,
the simulated peak force reached 38 kN, being slightly smaller than the
experimental counterpart. Further, a gradual load drop could be
observed in both the experimental and numerical curves, as shown in
Fig. 8. From Fig. 9a and b, the load drop was caused by localisation and
damage initiation in the highlighted region. Stress concentration could
also be observed in the localised region. According to Fig. 9d, it is
interesting to note that tensile and compressive stress states alternated
layer-by-layer in the height direction. From a unit cell perspective, while
their top and bottom regions were subjected to compression, the middle
region experienced tensile loading, which contributed to damage initi-
ation in the localised area.

In Stage II, the experimental and numerical forces remained rela-
tively steady, albeit with slight fluctuations. Remarkably, an X-shaped
damage band became evident in the lower middle region according to
Fig. 9a, which was successfully predicted by the explicit phase field
model, as shown in Fig. 9b. Interestingly, the damage was mainly trig-
gered by medium stress triaxiality tension rather than shear (Fig. 9d),
which will be discussed in more detail in Section 4.3. This is different
from the shear damage in bulk materials when subjected to compression.
In each unit cell of the P structure, transverse expansion was dominant
as a result of the axial compression, which resulted in tensile dominant
damage initiation. Nevertheless, it can be observed that, due to non-
uniform expansion, the peripheral unit cells exhibited slightly inclined
deformation, contributing to an X-shaped damage band visually.

In Stage III, there was a relatively small fluctuation in both the
experimental and numerical force, as seen in Fig. 8. Note that the
variation range of the cross-section area of the P structure was larger
than that in the G structure, which accounted for bending-dominated
deformation [77] and slight fluctuation of the force-displacement
curve [3]. In this stage, the X-shaped damage band was further devel-
oped, involving more damaged layers, as presented in Fig. 9b. Referring
to Fig. 9d, it is noted that the damage initiations were still predomi-
nantly attributed to medium stress triaxiality in this stage.

In Stage IV, the experimental force showed notable fluctuation due to
layer-by-layer folding, while the numerical force was relatively stable.
The discrepancy arose from the fact that localisation was more pro-
nounced in the experiment, which could be confirmed from the
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deformation at instant iii (the beginning of Stage IV) in Fig. 9. In the
experiment, it was observed that all the top three layers of unit cells
remained nearly undeformed and intact, whereas the numerical results
showed the third layer of unit cells had already experienced consider-
able deformation. It was also shown that the X-shaped damage band was
more pronounced in the experiment than the simulation. Nonetheless,
the experimental and numerical average forces matched well in this
stage.

In the final stage (IV), most unit cells were collapsed and squeezed,
resulting in a substantial increase in both the experimental and nu-
merical forces, as presented in Fig. 8 and instant v of Fig. 9. Extensive
cracks could be observed in both experimental and numerical results.

4.2. Experimental and numerical results under oblique loading

4.2.1. G structure

Fig. 10 compares the experimental and numerical force vs
displacement curves of the G structure under oblique compression. The
overall trend of numerical results was acceptable, though the force was
to a certain extent higher than the experimental counterpart.

In Stage I, the experimental and numerical forces of the G structure
under oblique compression increased almost linearly, as illustrated in
Fig. 11. Unlike the axial compression in Fig. 7, the localisation band L,
beneath the loading platen was observed under the oblique compression
due to the contact, as seen in Fig. 11. Damage initiations could also be
identified within this band, which was mainly caused by a medium stress
triaxiality tension (see Fig. 11b and d). Meanwhile, the stress distribu-
tion was normal to the loading surface, as shown in Fig. 11c.

In Stage II, both the experimental and numerical force continued
increasing, with a similar slope to that in Stage I. Unlike Stage I, where
the deformation was primarily localised beneath the oblique platen,
Stage II exhibited globally uniform deformation, with the structure
slightly bending to the right, as evidenced from instant ii in Fig. 11, in
which damage was further evolved in the localised band L;. Further-
more, as per Fig. 11c, the stress distribution became more uniform.
Similar to Stage I, medium stress triaxiality tension was still dominant to
trigger damage, followed by shear stress states.

In Stage III, the peak load was attained in both the experimental and
numerical forces, being around 36 and 38 kN, respectively. Moreover,
the inclined localisation band L, was formed in the experiment, which
was sensibly predicted by the explicit phase field model, as highlighted
at instant iii in Fig. 11. Besides, the stress concentration within this in-
clined localised band was formed, as shown in Fig. 11c.

In Stage IV, the localisation band L, in both experiment and simu-
lation exhibited significant growth, leading to damage initiation and
evolution, as demonstrated in Fig. 1la and b. This development
contributed to the gradual drop of load in Fig. 11. Subsequently, the
experimental and numerical forces increased again as a result of densi-
fication. Referring to Fig. 11d, damage initiation was mainly caused by
medium stress triaxiality tension, shear, and tension-shear stress states.

In Stage V, the global force in both experiment and simulation
increased attributed to the further development of densification, which
outperformed damage induced mechanical degradation in the localised
band L; and L,. In addition, cracks in L; and Ly merged in the simulation
as seen in Fig. 11b, indicating the predictive capability of the proposed
phase field model.

4.2.2. .P structure

As illustrated in Fig. 12, the experimental global force has been
properly predicted by the phase field model for the P structure under
oblique compression. Similar to the axial compression, fluctuation could
be observed in the oblique compression, especially when the displace-
ment of the top loading platen was smaller than 18 mm.

In the first stage (I), the experimental and numerical forces both
fluctuated due to layer-by-layer folding process. From Fig. 13a and b, it
is observed that a localisation band L; formed beneath the loading
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Fig. 11. G structure under an oblique compression. (a) experimental deformation; numerical contours of (b) phase field; (c) damaged equivalent stress; (d) stress
triaxiality; (e) Enlarged experimental crack and phase field contour when u = 30 mm. Two localised bands were well predicted by the explicit phase field model.
Damage initiations were mainly caused by medium stress triaxiality tension and shear. The unit cell highlighted in (b), located in the middle of the thickness di-
rection, will be further analysed in Section 4.3.
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Fig. 12. Comparison of the experimental and numerical force versus
displacement responses for the P structure under oblique compression. The
simulation properly predicted the experimental responses.

platen. Similar to the G structure under the oblique compression, the P
structure exhibited stress distribution from the top left corner to the
bottom right corner, as shown in Fig. 13c. The damage was mainly
initiated by a medium stress triaxiality tension, as shown in Fig. 13b and
d.

In Stage II, the experimental and numerical forces continued
increasing with pronounced fluctuation. The number of peaks and val-
leys were properly captured by the proposed phase field model. More-
over, the damage was still localised beneath the loading platen (see
Fig. 13b), while the stress became more uniformly distributed over the
whole structure (see Fig. 13c).

In Stage III, a peak force was observed in both the experiment and
simulation, followed by a gradual load drop, as presented in Fig. 12.
With the progress of loading, the second localisation band Ly emerged in
the experiment, which was successfully captured by the explicit phase
field model (see instant iii in Fig. 13). Furthermore, the damage was
initiated by shear and tension-shear loading in L,. From Stage II to Stage
111, the stress triaxiality had a similar distribution with the P structure
under axial compression. Tension and compression alternated layer by
layer, except for the localisation band L;.

In Stage IV, both the experimental and numerical forces increased
again due to densification along localisation bands L; and L, as seen at
instant iv in Fig. 12. Concurrently, damage further developed. Specif-
ically, cracks in L; and L, started to merge, as illustrated in Fig. 13b.
According to Fig. 13d, the damage in both L; and L, bands was mainly
caused by a medium stress triaxiality tension, whereas shear and
tension-shear induced damage became more apparent.

In the last Stage (V), the experimental and numerical forces exhibited
a gradual increase owing to densification, as depicted at instant v in
Fig. 12. Additionally, damage in the localisation region L, was further
developed (in Fig. 13b). Moreover, referring to overall deformation, it is
found that sample in the simulation tilted towards the right from Stage
III to V, while experimental counterpart remained upright and slightly
tilted towards the left in the last stage. The higher contact force in the
experiment than simulation might result from rougher contact areas
between the deformed specimen and loading platen.

Compared with the G structure, the P structure exhibited similar
peak loads and densification points. However, the force-displacement
curves of the P structure exhibited a significant fluctuation, which
could be observed in axial compression as well. Along the axial direc-
tion, the G structure has less varying cross-section areas [22], account-
ing for its smoother global responses. On the other hand, the P structure
exhibited a layer-by-layer deformation due to its more varying
cross-section area. The local bending and self-contact within unit cells
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led to significant fluctuation in the global response.
4.3. Fracture mechanism analysis and comparison

4.3.1. Overall comparison

The total number of material points of displacement layer for G and P
structures was both around 1.29 million due to the same relative den-
sity. To compare their fracture mechanism, the stress triaxiality, damage
indicator, and phase field value of all the damage initiated (i.e., D =1)
material points under both the axial and oblique compression were
extracted. The proportions of damage initiated and fully damaged (i.e.,
d = 1) material points and their corresponding stress states at the instant
of damage initiation are presented in Fig. 14.

From Fig. 14a, it is found that the P structure had more material
points that were subjected to damage initiation than the G structure. The
reason was that the P structure exhibited bending dominant deformation
[70], which led to more medium and high stress triaxiality tensile ma-
terial points. These material points were more vulnerable to damage
initiation due to their smaller fracture strain (see fracture locus in
Figs. 18d and 19d).

Furthermore, compared with the axial compression, the oblique
compression triggered almost the same damaged material points for the
G structure. However, there were higher percentage of the fully ruptured
material points under oblique compression. On the other hand, for the P
structure, the oblique compression triggered slightly less damage initi-
ation yet also more fully ruptured material points than the axial
compression. For both structures, oblique loading introduced higher
percentage of fully ruptured material points due to more severe defor-
mation under oblique loading compared to axial compression.

It should be noted that for both the structures and both loading
conditions, medium stress triaxiality was the dominant stress state to
trigger damage, as shown in Fig. 14b. Although the structures were
subject to compressive loading, the unit cells experienced transverse
deformation during the crushing process, which led to tensile stress
states and further damage initiations. To further analyse the distribution
of all the stress states, histograms of stress triaxiality at the instant of
damage initiations are provided in Fig. 15.

In the case of the G structure for axial compression, the double peaks
in Fig. 15a indicates that the shear-triggered damage ranked the second.
The tension-shear and compression-shear induced damage were also
remarkable. In contrast, for the P structure under axial compression,
notable damage was also induced by high stress triaxiality, while shear-
related stress states appeared to be less significant, as depicted in
Fig. 15b. As for the oblique compression (see Fig. 15¢ and d), there were
more cracks induced by shear, compression-shear and tension-shear for
both structures, which was related to the formation of a shear band L,.

4.3.2. .G structure

A typical unit cell of the G structure (as highlighted in Fig. 7) under
the axial compression was exemplified to divulge its fracture mecha-
nism. From Fig. 16a, the stress states were complex in the G unit cell,
encompassing all possible stress states. Nevertheless, the medium stress
triaxiality tension and shear stress states triggered damage were domi-
nant, combining Fig. 16a and b. To provide detailed analysis, contours
on a cutting plane, i.e., yz plane are also provided. Three typical material
points as well as their loading histories and phase field evolutions are
presented in Fig. 16d and e.

Cracks 1 and 2 were induced by shear and tension-shear, respec-
tively. Note that the stress states of both material points exhibited
marginal variation, suggesting that their loading histories were nearly
proportional. This accounts for that the fracture initiation points were
not far from the fracture locus in Fig. 16¢ [78]. Furthermore, it was
noticed that both material points eventually experienced complete
rupture, as shown in Fig. 16e.

It can be observed that the loading histories of Crack 3 appeared to be
highly non-proportional, leading to its fracture initiation being far away
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Fig. 13. P structure under an oblique compression. (a) experimental deformation; numerical contours of (b) phase field; (c) damaged equivalent stress; (d) stress
triaxiality; (e) Enlarged experimental crack and phase field contour when u = 30 mm. The proposed explicit phase field model could reasonably reproduce the
experimental deformation in every stage. The unit cell highlighted in (b), located in the middle of the thickness direction, will be further analysed in Section 4.3.
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medium stress triaxiality tension, and high stress triaxiality tension, respectively.
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Fig. 15. Histograms of the stress triaxiality at the instant of damage. (a) G and (b) P structure under axial compression; (c) G and (d) P structure under oblique
compression. Medium stress triaxiality tension was remarkable for both structures and loading conditions. In addition, for both loading conditions, the G structures
exhibited considerable damage induced by shear, tension-shear, and compression-shear, while high stress triaxiality tension was significant for the P structure.

from the fracture locus (see Eq. (14)). It started with shear, then expe-
rienced compression-shear and compression in the cut-off region, and
finally dramatically transitioned to a high stress triaxiality tension.
Based on its location, it can be inferred that the crack 3 material point
was subjected to shear loading in the beginning; with the degradation of
neighbour elements, bending deformation became more dominant,
which led to a complicated loading history. In the end, the fracture was
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not fully developed due to insufficient plastic deformation, as shown in
Fig. 16e.

For oblique loading of the G structure, contours of stress triaxiality,
damage indicator of a typical unit cell (as highlighted in the localised
band L, in Fig. 11) are provided in Fig. 17. Generally speaking, there
were a variety of stress states, though slightly concentrated on medium
stress triaxiality tension and shear, as shown in Fig. 17a. To gain insight
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Fig. 16. Fracture mechanisms of the G unit cell under axial compression. (a) Contours of stress triaxiality, (b) damage indicator, and (c) phase field. Contours in a
cutting plane section are provided to analyse (d) loading histories and (e) phase field evolutions. The selected cracks were induced by shear, compression-shear,
tension-shear and high stress triaxiality tension, respectively. Note that a high stress triaxiality induced crack experienced a non-proportional loading history.
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Fig. 17. Fracture mechanisms of the G unit cell under oblique compression. (a) Contours of stress triaxiality; (b) damage indicator, and (c) phase field. Contours in

the cutting plane (yz plane) section are also provided, in which four representative material points are selected to illustrate their (d) loading histories and (e) phase
field evolution. Significant non-proportional loading could be observed.
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Fig. 18. Fracture mechanisms of the P unit cell under axial compression. (a) Contours of stress triaxiality and (b) damage indicator when the displacement of top
platen was 12 mm; and (c) contour of phase field in the end. Loading histories and phase field evolutions of three representative material points are presented in (d)
and (e), respectively. Cracks 1 and 2 were subjected to medium and high stress triaxiality tension, respectively. They experienced full rupture in the end. Crack 3
underwent compression in the cut-off region, and hence there was no initiation of damage at this point.

into the fracture mechanism, loading histories and damage evolutions of
three material points are presented in Fig. 17d and e, respectively.

It is observed that the selected material points all experienced non-
proportional loading. Crack 1 underwent a sequence of compression,
compression-shear, shear, tension-shear, and medium stress triaxiality
tension. Crack 2 initiated with shear, progressed to medium stress
triaxiality tension and then returned to shear again. Crack 3 transitioned
from shear to tension-shear, and ultimately to high stress triaxiality
tension.

Note that an oblique compression involved both axial compression
and transverse bending of the structure, which led to more complex
stress states such as compressive and tensile loading. Furthermore, the
transverse component of the oblique load facilitated the formation of
shear band L, as seen in Fig. 17, leading to the pronounced shear stress
states. It should also be noted that all the compression, tension, and
shear stress states could occur sequentially in one material point,
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resulting in considerable non-proportional loading histories. Based on
Fig. 17e, both crack 1 and 2 experienced full failure, probably resulted
from its considerable compression and shear loading history.

4.3.3. P structure

A typical unit cell for the P structure under axial compression (as
highlighted in Fig. 9) is exemplified to analyse the fracture mechanism.
From Fig. 18a, it can be observed that the upper and bottom regions, as
highlighted by A and B, were predominantly subjected to compressive
loading overall, leading to no damage there (as seen in Fig. 18b and c).
In regions C and E, as marked in Fig. 18b, a medium stress triaxiality
tension was dominant, followed by a high stress triaxiality tension. It is
noted that the bending deformation was notable in regions C and E,
leading to considerable tensile induced damage initiations. In region D,
there were stress states of shear, tension-shear and medium stress
triaxiality tension; however, damage was not initiated due to minor
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Fig. 19. Fracture mechanisms of P unit cell under oblique compression. (a) Contours of stress triaxiality and (b) damage indicator when the displacement of top
platen was 18 mm; and (c) contour of phase field in the end. Loading histories and phase field evolutions of three typical material points are shown in (d) and (e),
respectively. Significantly non-proportional loading can be observed. Cracks 1, 2, and 3 were induced by medium and high stress triaxiality and compression-shear

stress states, respectively.

deformation here.

Furthermore, the loading histories of the three representative ma-
terial points are presented in Fig. 18c and a, respectively. Specifically,
the loading history of crack 1 was relatively stable, i.e., presenting a
medium stress triaxiality tension with minor variation. In contrast, crack
2 exhibited considerable non-proportionality of loading, starting with
tension-shear, and transitioning to medium and finally high stress
triaxiality tension, which accounted for the fact that the fracture initi-
ation was not located on the fracture locus (refer to the black line in
Fig. 18d). Both cracks 1 and 2 were fully developed due to considerable
plastic deformation, as evidenced in Fig. 18e. In contrast, crack 3 ma-
terial point did not encounter damage initiation due to its compressive
stress state in the cut-off region, in other words, its damage was
suppressed.

A unit cell in the centre of the localisation band L, as highlighted in
Fig. 13 is selected to analyse the fracture mechanism of the P structure
under the oblique compression. Overall, the contours of stress triaxiality
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were similar to those under the axial compression. The upper and lower
areas (highlighted by A and B) were subjected to compression, resulting
in no damage initiation there. However, in region C, there were slightly
more damaged material points than those under the axial compression
due to high stress triaxiality tension and tension shear.

Apparently, non-proportional loading was more pronounced under
the oblique compression than axial compression. For instance, crack 1
underwent compression-shear and shear, and ended up with medium
stress triaxiality tension; crack 3 experienced all aforementioned stress
states in the same sequence, yet went back to compression-shear again,
leading to its slightly larger equivalent plastic strain to initiate damage
than crack 1. Crack 2 experienced medium stress triaxiality tension and
high stress triaxiality tension. In addition to axial crushing, oblique
compression led to global bending and shear deformation, which
introduced more complex stress state and loading history. In practice,
shear, tension-shear, and compression-shear can present due to forma-
tion of shear band L,. Finally, as shown in Fig. 19d, cracks 3 were not
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subjected to complete damage in the end due to their insufficient plastic
deformation.

In summary, medium stress triaxiality tension was the dominant
stress state to induce damage for both the TPMS structures and loading
conditions. Compared with the P structure, G structure had more shear-
related and less high stress triaxiality tension damage initiation.
Compared with the axial compression, the oblique compression intro-
duced higher non-proportionality of loading, which led to fracture
initiation points being far away from the fracture locus.

5. Conclusions

The mechanical properties of triply periodic minimal surface (TPMS)
structures, namely gyroid (G) and primitive (P) lattice structures, were
simulated using an explicit phase field model. First, we fabricated the Ti-
6Al-4V titanium samples through additive manufacturing technique,
followed by experimental tests involving both axial and oblique
compression. Second, the governing equations and constitutive relations
in an explicit phase field framework were derived, in which the von
Mises and Bao-Wierzbicki models were utilized to characterise the
plastic and fracture initiation, respectively. Third, the proposed explicit
phase field fracture model was numerically implemented in the ABA-
QUS/Explicit solver via the user-defined subroutines.

The proposed explicit phase field accurately reproduced the crushing
behaviour of both the G and P structures under axial and oblique
compression in terms of force-displacement responses, crack initiation
and propagation. When subjected to axial compression, the P structure
generated an X-shaped damage band and a layer-by-layer deformation
mode, resulting in fluctuations in force-displacement curves; while the G
structure exhibited a more uniform deformation. For both the structures
under oblique compression, an inclined shear band was formed, leading
to more shear induced damage initiation.

Furthermore, the fracture mechanism was analysed via the explicit
phase field model. For both structures and loading conditions, the me-
dium stress triaxiality tension emerged as the predominant stress state to
induce damage. Moreover, the oblique compression tended to generate a
more non-proportional loading history for both structures. Compared
with the G structure, the P structure had more tension induced damage
initiations due to bending deformation. Material points in tension were
more vulnerable to damage initiations owing to their smaller fracture
strain. This study contributes a novel numerical modelling framework to

Appendix
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analyse the fracture mechanism, which makes it possible for us to design
fracture-resistant TPMS structures in future [79-81].

Last but not least, this work paves the way for many interesting
topics. For example, to consider the uncertainty of additively manu-
factured materials, a deep neural network enhanced phase field model
[82] may be promising to explore non-deterministic crushing behaviour
of TPMS structures. Moreover, the isogeometric analysis (IGA) can also
be suitable for TPMS structures as it allows for less geometrical error for
complex geometries [83,84] and convenient for explicit phase field
approaches [85].
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The explicit finite element method is conditional stable, which require the determination of the critical stable time for both displacement field and
phase field. The critical stable time increment At was determined as 2 x 10~8s [42,45]. When At was smaller than 2 x 10~8s, it could be seen from
Fig. Al that the global force-displacement curves of the uniaxial tension sample exhibited good consistency, indicating that At = 2 x 10~8s meet the

requirement of time increment convergence.
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Fig. Al. Force-displacement curves of the uniaxial tension sample with different At.

A2. Sensitivity analysis of the length scale parameter and mesh size.

The objectivity of the length scale parameter [, and mesh size h is a significant issue for phase field models. Firstly, we provided a sensitivity
analysis of I, for the uniaxial tension specimen. The values of I. were 1.17, 0.83 and 0.50 mm, respectively. Correspondingly, h were 0.35, 0.25 and
0.15 mm, being 3/10 of .. As shown in Fig. A2, when I, < 0.83 mm, good consistency of the global force-displacement response could be found,
indicating that the simulation results were not sensitive to . in the proposed phase field model.

15000 . :

10000

- & - 1 =1.17 mm, h=0.35 mmk

Force/N

+lc:0‘83 mm, #=0.25 mm

5000
------ o IC=0.5 mm, #=0.15 mm

_._._._.ICZO.S mm, 7=0.25 mm

...... P IC=0.5 mm, #=0.35 mm

0 0.45 0.9 1.35 1.8
Displacement/mm

Fig. A2. Force-displacement curves of the uniaxial tension sample with different length scale parameter [, and mesh size h.

Similarly, sensitivity analysis of [, was extended to the P structure under axial compression with illustration in Fig. A3. The simulation details such
as mesh size, element number and the total degrees of freedom are provided in Table Al. Again, when [, < 0.83 mm, the good agreement could be
observed in terms of force-displacement curves, indicating that objectivity of [, could also be obtained at the structural level. The crack paths were very
similar when [, < 0.83 mm at the instant of densification as seen in Fig. A3 c-e. Nevertheless, to achieve a more localised crack development, [, was set
to 0.5 mm for all models.

Then, given that the length scale parameter I was 0.5 mm, we provided a mesh sensitivity analysis for the uniaxial tension specimen and P
structure under axial compression. As shown in Fig A2 and Fig. A3 b, reasonable consistency in terms of force-displacement curves could be observed
when the mesh size h = 31./10 and h =1./2. In contrast, local damage models such as the Johnson-Cook model [86] are highly dependent on mesh size
[25,871, which highlights the merit of the proposed phase field model. Note that Wu et al. [88] pointed out that h should be smaller than /5 to
regularise the sharp crack for brittle material. In this study, we found that h = 3[./10 was sufficiently small to obtain converged global
force-displacement curves as seen in Fig. A2 and Fig. A3 b.

Table Al
Sensitivity analysis of I, and corresponding element numbers and the total degrees of freedom for P structure under axial
compression.
Length scale parameter [, Mesh size h Element number Degrees of freedom
0.5 mm 0.15 mm 4554,010 13,726,148
0.83 mm 0.25 mm 1097,008 3718,628
1.17 mm 0.35 mm 440,014 1591,058
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Fig. A3. Sensitivity analysis of the length scale parameter [, and mesh size h of the P structure under axial compression. (a) Force-displacement curves with different
I.. Mesh sizes were 3/10 of L. (b) Force-displacement curves with different h when I, was 0.5 mm. Phase field contours at the instant of densification when the value
of I, was 0.5, 0.83, and 1.17 mm in (c), (d), and (e), respectively. The global response and crack path were insensitive to I when [, < 0.83 mm. Given [, mesh
objectivity in terms of force-displacement curves could achieve when h = (3/10)L.
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