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Context-free language reachability (CFL-reachability) is a fundamental framework for implementing various

static analyses. CFL-reachability utilizes context-free grammar (CFG) to extend the expressiveness of ordinary

graph reachability from an unlabeled graph to an edge-labeled graph. Solving CFL-reachability requires a

(sub)cubic time complexity with respect to the graph size, which limits its scalability in practice. Thus, an

approach that can e�ectively reduce the graph size while maintaining the reachability result is highly desirable.

Most of the existing graph simpli�cation techniques for CFL-reachability work during the preprocessing stage,

i.e., before the dynamic CFL-reachability solving process. However, in real-world CFL-reachability analyses,

there is a large number of reducible nodes and edges that can only be discovered during dynamic solving,

leaving signi�cant room for on-the-�y improvements.

This paper aims to reduce the graph size of CFL-reachability dynamically via online cycle elimination. We

propose a simple yet e�ective approach to detect collapsible cycles in the graph based on the input context-free

grammar. Our key insight is that symbols with particular forms of production rules in the grammar are the

essence of transitivity of reachability relations in the graph. Speci�cally, in the graph, a reachability relation to

a node E8 can be "transited" to another node E 9 if there is a transitive relation from E8 to E 9 , and cycles formed

by transitive relations are collapsible. In this paper, we present an approach to identify the transitive symbols

in a context-free grammar and propose an iterative-epoch framework for online cycle elimination. From the

perspective of non-parallelized CFL-reachability solving, our iterative-epoch framework is well compatible

with both the standard (unordered) solver and the recent ordered solver, and can signi�cantly improve their

performance. Our experiment on context-sensitive value-�ow analysis for C/C++ and �eld-sensitive alias

analysis for Java demonstrates promising performance improvement by our iterative-epoch cycle elimination

technique. By collapsing cycles online, our technique accelerates CFL-reachability solving by 17.17× and

13.94× for value-�ow analysis and alias analysis, respectively, with memory reductions of 48.8% and 45.0%.
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1 INTRODUCTION

A context-free language (CFL) is a set of strings that are accepted by a context-free grammar
(CFG). In program analysis, a large variety of problems, including points-to analysis [Zheng and
Rugina 2008], data�ow analysis [Reps et al. 1995], and shape analysis [Reps 1995], polymorphic
�ow analysis [Rehof and Fähndrich 2001], taint analysis [Huang et al. 2015], can be formulated
into CFL-reachability, which determines whether speci�ed sources and sinks in a directed graph
are connected by a path where the sequence of edge labels forms a string belonging to a given CFL.

Considering the (sub)cubic complexity bottleneck of CFL-reachability solving regarding the graph
size, methods for simplifying the graph is always desired. Among the existing graph simpli�cation
techniques, cycle elimination [Fähndrich et al. 1998; Hardekopf and Lin 2007a; Nuutila and Soisalon-
Soininen 1994; Tarjan 1972] is the most common approach to simplify graphs for transitive closure.
Edge contraction [Hardekopf and Lin 2007b; Rountev and Chandra 2000] is another approach
to reduce graph sizes by contracting edges whose nodes are equivalent regarding a particular
analysis. The above two techniques are widely applied to Andersen’s pointer analysis [Andersen
1994] where the type of collapsible cycles is obvious and detecting collapsing cycles is simple.
Recently, algorithms [Lei et al. 2023; Li et al. 2020] are proposed to remove redundant edges for
CFL-reachability. The aforementioned techniques have time complexities no more than quadratic,
making them asymptotically more e�cient. However, the common drawback of those approaches is
that they can only be performed in the preprocessing stage. Since the edges are gradually increased
in the graph of CFL-reachability during the dynamic solving, there is a large number of redundant
nodes and edges that can only be detected in the online solving process, making online graph
simpli�cation techniques for CFL-reachability desired.

In the literature, online graph simpli�cation for CFL-reachability has seldom been investigated.
There are two main challenges. The �rst one is identifying the reducable edges, which is similar
to o�ine graph simpli�cation. The di�erence is that o�ine graph simpli�cation identi�es edges
labeled by terminals, which are given in the initial input graph, whereas online graph simpli�cation
identi�es edges labeled by non-terminals, which are generated and added to the graph during the
dynamic solving. The second challenge, also the most important one, is balancing the dynamic
processes of edge addition and edge reduction. This is because solving CFL-reachability is a process
of dynamically generating and adding edges to the graph [Melski and Reps 2000; Yannakakis
1990], whereas graph simpli�cation is to remove edges (and nodes) from the graph. The process of
reduction can interfere with the solving process and, hence, lower the e�ciency of solving and
destroy the soundness of the solution. In particular, the soundness of the reduction depends on
ensuring that the simpli�ed graph produces equivalent results to the original graph. In other words,
an online graph simpli�cation technique needs to address what to reduce, and how to perform the
online reduction.

In this paper, we present an online cycle elimination technique for CFL-reachability. With respect
to “what to reduce”, we exploit transitivity in CFL-reachability. Our key insight is that, in some
context-free grammars, there are non-terminals that can extend other non-terminals. Such a non-
terminal can be regarded as the “transitive symbol”. An intuitive example is the symbol � for
� ::= � � and � ::= � � . We develop a method to identify the transitive symbols in a context-free
grammar, and show that a cycle comprised of edges labeled by the transitive symbol has all of its
nodes equivalent regarding the CFL-reachability problem, meaning that the cycle can be collapsed.
With respect to “how to perform the reduction”, we try to �nd the sweet spot to address the

tension between detecting and collapsing cycles too early and too late. This is because detecting
cycles too early will result in the overhead due to repeatedly sweeping the graph, while detecting
cycles too late will reduce the bene�ts of cycle elimination in the dynamic solving process. We
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propose an iterative-epoch framework for solving CFL-reachability solving, with online cycle
elimination embedded. In each epoch, we separate the processes of deriving edges into two groups –
transitive edges and other edges – and perform cycle elimination for transitive edges before solving
other edges. In this way, the wasted edge generations caused by transitive cycles are expected
to be reduced to the largest extent. In particular, the cycle elimination algorithm [Nuutila and
Soisalon-Soininen 1994] we adopt in our iterative-epoch framework has a linear time complexity
regarding the graph size, which is asymptotically faster than the cubic CFL-reachability solving.

By dynamically reducing the graph size during reachability solving, our technique can e�ectively
reduce wasted computation, hence accelerating CFL-reachability analysis and reducing its memory
overhead. From the perspective of non-parallelized CFL-reachability solving, our iterative-epoch
framework shows good compatibility with existing solvers. We implemented the framework into
both the standard solver [Melski and Reps 2000], and a recent partially-ordered solver Pocr [Lei
et al. 2022], yielding two algorithms Iea and Iea-Ocr. Experimental evaluations on context-sensitive
value-�ow analysis [Sui and Xue 2016] and �eld-sensitive alias analysis [Sridharan et al. 2005] yield
promising results. On the one hand, Iea accelerates the standard solver by 17.17× and 13.94× for
value-�ow analysis and alias analysis, respectively, with memory reductions of 48.8% and 45.0%. On
the other hand, Iea-Ocr accelerates the ordered solver by 14.32× and 8.36× for value-�ow analysis
and alias analysis, respectively, with memory reductions of 55.2% and 57.8%.
The main contributions of this paper are listed as follows:

• We propose an approach to identify transitive symbols in context-free grammar and show
that it is safe to collapse cycles formed by edges labeled by transitive symbols.

• We propose an iterative-epoch framework for online cycle elimination, which aims to reduce
the wasted edge generations caused by transitive cycles to the largest extent.

• We combine our iterative-epoch framework with both the standard CFL-reachability solver
[Melski and Reps 2000] and a recent partially-ordered solver Pocr [Lei et al. 2022], yielding
two algorithms Iea and Iea-Ocr.

• We evaluate the performance of Iea and Iea-Ocr on context-sensitive value-�ow analysis
for C/C++ and �eld-sensitive alias analysis for Java and show the promising performance of
our iterative-epoch online cycle elimination technique.

This paper is divided into eight main sections. Section 2 presents a motivating example to
showcase the key idea of our approach. Section 3 provides the necessary background and outlines
the research problem. Section 4 details the approach of identifying collapsible cycles and the basic
iterative-epoch framework. Section 5 discusses the combination of our iteration-epoch with existing
CFL-reachability solvers. Section 6 is the experimental evaluation, followed by related works and
conclusion in Sections 7 and 8.

2 MOTIVATING EXAMPLE

This section provides an example to illustrate our insight, motivate our approach, and show the
bene�ts and the challenges.
Figure 1(a) is a C code fragment for dereference analysis. The analysis aims to �gure out the

dereference relations between pointers and variables. Figure 1(b) shows the context-free grammar
(CFG) for the analysis and the graph abstracted from the code fragment in Figure 1(a). In the
CFG, terminals 0, 1, 2, 3 denote assignment, function call, return, and dereference instructions,
respectively, and nonterminal � and ( denote value �ow and propagation of dereferenced values,
respectively. ( is the start symbol, i.e., (-relations are the relations that CFL-reachability result
collects. In other words, the CFL-reachability problem is to determine the (-reachability relations
among nodes in � . According to the CFG, (-relations can be transited by �-relations in both
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1 int E0, ∗E1, ∗E2, ∗E3;
2 int ∗E4, ∗E5, ∗E6, ∗∗E7;
3 E4 = ∗E7;
4 E5 = foo(E4);
5 E6 = E5;
6 E4 = E6;
7 int* foo(E3) {

8 E1 = E3;
9 E0 = ∗E1;
10 E2 = E1;
11 E3 = E2;
12 return E2;
13 }

(a) C code fragment.

CFG:

� ::= 0 | Y | 1 � 2 | � �

( ::= 3 | � ( | ( �

G:

(b) A CFG and a directed graph � .

G':

(c) � ′ transformed from � via stan-

dard CFL-reachability solving

E
p
o
ch

1

Action � ::= 0
collapse cycle

{E1, E2, E3} into '0
( ::= 3

Result

R0{v1,v2,v3}
R0{v1,v2,v3}

E
p
o
ch

2

Action
� ::= Y

� ::= 1 � 2

collapse cycle

{E4, E5, E6} into '1

Result

v0
R0{v1,v2,v3}

 
R0{v1,v2,v3}

R1{v4,v5,v6}

G'':

(complete)

(d) � ′′ is transformed from � via our technique within two epochs, with online cycle elimination

embedded in each epoch.

Fig. 1. Motivating example for iterative-epoch online cycle elimination.

directions via ( ::= � ( and ( ::= ( �. Namely, any two edges E8
�
−→ E 9 and E 9

(
−→ E: will generate a

new one E8
(
−→ E: and any two edges E ′8

(
−→ E ′9 and E

′
9

�
−→ E ′

:
will generate a new one E ′8

(
−→ E ′

:
. Based

on this observation, � is identi�ed as the transitive symbol of the CFG.

Cycles and redundant edges. Solving CFL-reachability is to generate new edges from existing
ones via the production rules and add the new edges to the graph to make explicit reachability
relations. Figure 1(c) is the resulting graph with all the edges generated and added to� by applying
the production rules of the CFG in Figure 1(b). We notice that there are two cycles comprised of

�-edges in � ′, i.e., E1
�
−→ E2

�
−→ E3

�
−→ E1 and E4

�
−→ E5

�
−→ E6

�
−→ E4 generated by � ::= � � and

� ::= 1 � 2 . And there are E1
(
−→ E0 and E7

(
−→ E4 generated by ( ::= 3 . Because of ( ::= � ( , there are
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E2
(
−→ E0 and E3

(
−→ E0. Because of ( ::= ( �, there are E7

(
−→ E5 and E7

(
−→ E6. Namely, with respect to

(-relations, E1, E2 and E3 are equivalent reachable sources, and E4, E5 and E6 are equivalent reachable
targets. Thus, such reachability information can be recorded in an equivalent graph, i.e., � ′′ in
Figure 1(d), with only three nodes, where '0 represents E1, E2 and E3, and '1 represents E4, E5 and E6.
A comparison � ′′ of Figure 1(d) and � ′ of Figure 1(c) (which is solved without cycle elimination)
shows that, if we collapse the cycles into representative nodes before applying the rule ( ::= ( �,
we can avoid generating and adding four redundant (-edges whilst obtaining an equivalent result.
Moreover, in a real-world program, the number of nodes in collapsible cycles can be up to tens
of thousands or even more, and a large number of which cannot be found until performing the
dynamic reachability analysis [Fähndrich et al. 1998; Pereira and Berlin 2009]. Therefore, online
cycle elimination is desirable.

Our approach and its bene�ts. Figure 1(d) illustrates how our iterative-epoch framework performs
cycle elimination during the dynamic CFL-reachability solving procedure. Given a transitive
symbol �, the solving procedure undergoes two epochs, with each epoch repeatedly performing
three actions: generating �-edges, collapsing �-cycles and generating other edges. Speci�cally, in
Epoch 1, �-edges are generated from 0-edges via � ::= 0 and the �-cycle {E1, E2, E3} is detected and

collapsed into '0. In Epoch 2, an �-edge E4
�
−→ E5 is generated from E4

1
−→ '0

2
−→ E5 via � ::= Y and

� ::= 1 � 2 and the �-cycle {E4, E5, E6} is detected and collapsed into '1. After collapsing the cycle,
there are no other new edges that can be generated in the graph, so the CFL-reachability solving is
completed.
The bene�t is that, by collapsing cycles before generating an edge in each epoch, we avoid

generating redundant edges. In this example, by collapsing the cycle {E1, E2, E3}, we avoid generating

two redundant edges E2
(
−→ E0 and E3

(
−→ E0. By collapsing the cycle {E4, E5, E6}, we avoid two

redundant edges E7
(
−→ E5 and E7

(
−→ E6. In the literature, [Lei et al. 2022, 2023; Wang et al. 2017],

o�ine cycle elimination was used in particular clients to reduce the graph size in the preprocessing
stage. However, the o�ine technique can only collapse the 0-cycle {E1, E2, E3}. The cycle {E4, E5, E6}
is only exposed in the dynamic solving process, which is beyond the capacity of the o�ine approach.

Challenges. Here, we re-illustrate the two challenges stated in the introduction using this motivat-
ing example. The �rst challenge is identifying collapsible cycles. In this example, the non-terminal
� is regarded as the transitive symbol for collapsible �-cycles because of ( ::= ( � and ( ::= � ( .
However, in complex grammar with more production rules, this is not the case. We have to be
thoughtful in choosing transitive symbols to guarantee a sound cycle elimination. The second
challenge is how to perform cycle elimination. In this example, the cycles {E1, E2, E3} and {E4, E5, E6}

are explicit at the beginning of each epoch, and there is no redundant edge generations caused by
cycles. However, in real-world problems with larger graphs, cycles may not always emerge right
after the last epoch’s solving, and there may also be new cycles generated during each epoch’s
edge generation. Thus, we need to carefully choose the appropriate spot to perform cycle detection
and collapsing.

3 PRELIMINARIES

This section introduces the relevant backgrounds and outlines the research problem this paper
seeks to address.
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� ::= 0 � ::= 1 ( ::= 3

� ::= � 2 � ::= � � ( ::= ( �

� ::= � � ( ::= � (

Fig. 2. Normalized version of the CFG in Figure 1(a).

3.1 Context-Free Language

A context-free language (CFL) is a series of strings generated by a context-free grammar (CFG).
Speci�cally, a CFG = ⟨Σ, # ,) , %, (⟩ consists of the following components:

Σ = #
⋃
) is an alphabet containing all the symbols used in the CFL;

# is a set of non-terminal symbols;

) is a set of terminal symbols;

% is a set of productions, each of which describes how the non-terminal on the

left side produces the terminals/non-terminals on the right side;

( ∈ # is the start symbol of the CFL, i.e., where the language starts generating.

Starting from ( , all the terminal strings that belong to the CFL and can be generated by one
or more productions of the CFG. For example, consider the context-free grammar with the start
symbol ( , terminal symbols ) = {0, 1}, and productions:

( ::= 0 ( 1 | Y ,

where Y denotes an empty string. According to the production ( ::= 0 ( 1, the start symbol (
generates 0 ( 1. Then, by applying ( ::= Y to 0 ( 1, we get a string 01, which belongs to the CFL
generated by the grammar. Besides, we can also apply ( ::= 0 ( 1 again to 0 ( 1 to generate 00(11,
which then can produce a string 0011 belonging to the same CFL. In fact, any string 0=1= , where =
is a non-negative integer, belongs to the CFL.

3.2 CFL-Reachability

In general, given a context-free grammar CFG and an edge-labeled graph � = ⟨+ , �⟩, a CFL-
reachability instance Reach⟨CFG,�⟩ is to determine whether particular node pairs are connected
by a path whose edge labels sequentially form a string accepted by��� . Speci�cally, for each edge

E8
-
−→ E 9 in � , - ∈ Σ. Initially, � contains only edges labeled with terminals.
Solving CFL-reachability follows a dynamic programming scheme called summarization, which

is the reverse process of string generation. Given a path ? = E0
.1
−→ E1

.2
−→ · · ·

.=
−−→ E= , if there exists

a production - ::= .1.2 · · ·.= ∈ % whose right-hand side is exactly the sequence of edge labels of

? , then ? can be summarized into an edge E0
-
−→ E= . If E0

-
−→ E= is not already in the graph, then it

will be added to the graph to make the - -relation from E0 to E= explicit.

Formally, for two nodes E8 , E 9 ∈ + , E 9 is said to be - -reachable from E8 if E8
-
−→ E 9 can be

summarized from a path from E8 to E 9 . Given speci�ed sources +src ⊆ + and sinks +snk ∈ + ,
CFL-reahability is to determine for each pair (E8 , E 9 ) ∈ +src ×+snk whether E 9 is (-reachable from E8 .

Solving CFL-Reachability. CFL-reachability is usually solved based on a standard dynamic pro-
gramming algorithm [Melski and Reps 2000]. The algorithm requires the input grammar to be
normalized, i.e., the right-hand side of each production has at most two symbols. For example,
production ( ::= 0 ( 1 needs to be converted into � ::= 0 ( and ( ::= � 1. Figure 2 is a normalized
version of the CFG in Figure 1(a). For the convenience of discussion, we provide the details of the
standard algorithm in Algorithm 1. The algorithm maintains a worklist, to record new edges.
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Algorithm 1: Standard CFL-Reachability Algorithm.

1 Function Reach⟨���,� ⟩

2 init(); /* Lines 11–15 */

3 while, ≠ ∅ do

4 select and remove an edge E8
.
−→ E9 from, ;

5 for each production - ::= . ∈ % do

6 if E8
-
−→ E9 ∉ � then add E8

-
−→ E9 to � and to, ;

7 for each production - ::= . / ∈ % do

8 SearchForward(-,/, E8 , E9 ,, ); /* Lines 19–21 */

9 for each production - ::= / . ∈ % do

10 SearchBackward(-,/, E8 , E9 ,, ); /* Lines 16–18 */

11 Procedure init( )

12 add all edges of � to, ;

13 for each production - ::= Y ∈ % do

14 for each node E8 ∈ + do

15 if E8
-
−→ E8 ∉ � then add E8

-
−→ E8 to � and to, ;

16 Procedure SearchForward(-,/, E8 , E9 ,, )

17 for each edge E9
/
−→ E: ∈ � do

18 if E8
-
−→ E: ∉ � then add E8

-
−→ E: to � and to, ;

19 Procedure SearchBackward(-,/, E8 , E9 ,, )

20 for each edge E:
/
−→ E8 ∈ � do

21 if E:
-
−→ E9 ∉ � then add E:

-
−→ E9 to � and to, ;

Whenever an edge is added to the graph, it is also added to the worklist (lines 6, 15, 18 and 21). The
algorithm derives edges from paths consisting of only one edge in lines 5–6, and paths containing
two edges using procedures SearchForward (lines 16–18) and SearchBackward (lines 19–21). In
particular, we let SearchForward and SearchBackward accept a worklist, as a parameter, as our
solution (Section 4.2) includes two worklists and we want to make sure which worklist the two
procedures are operating on. The process of solving CFL-reachability iteratively processes the
edges in the work list until a �xed point is reached, i.e., no new edge can be added to the graph. In
this �xed point, all reachability relations are explicitly represented as edges in the graph.

3.3 Problem Formulation

Cycle elimination [Nuutila and Soisalon-Soininen 1994; Tarjan 1972] is a sophisticated technique to
simplify the graphs for transitive closure. It has been extensively studied in improving the scalability
of constraint-based pointer analysis (a.k.a., Andersen’s analysis) [Andersen 1994; Fähndrich et al.
1998; Hardekopf and Lin 2007a; Pearce et al. 2003; Pereira and Berlin 2009].

This paper aims to improve the scalability of CFL-reachability analysis by applying cycle elimi-
nation to the dynamic solving process. Di�erent from constraint-based pointer analysis, where
the type of collapsible cycle is �xed (i.e., the cycles comprised of copy-edges [Hardekopf and Lin
2007a]), CFL-reachability has various grammars, and the types of collapsible cycles depend on the
grammar. In some grammar, the types of collapsible cycles are obscure. Moreover, even if some
cycles in the input graph can be collapsed by analyzing the grammar, realizing the full potential of
cycle elimination in CFL-reachability is challenging as a large number of cycles are not detectable
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until we perform the online CFL-reachability analysis. Thus, we need to combine cycle detection
and collapsing into online CFL-reachability solving.
We de�ne the research problem as follows:

Given a CFL-reachability instance Reach⟨CFG,�⟩, improve the e�ciency of reachability solv-
ing by detecting and collapsing cycles on � in the dynamic solving process.

4 ONLINE CYCLE ELIMINATION FOR CFL-REACHABILITY

This section is to solve the challenges raised in the introduction and motivating example. In
Section 4.1, we formally de�ne transitive symbol as the basis of identifying collapsible cycles.
In our approach, whether a symbol (of the alphabet) is a transitive symbol depends fully on the
input context-free grammar. In Section 4.2, we present our iterative-epoch framework for online
cycle elimination. Our iterative-epoch framework divides the solving process into iterations, and
performs cycle detection and elimination in a particular spot of each iteration in order to keep
the number of redundant edges caused by cycles to a minimum. In particular, an iterative-epoch
algorithm Iea is presented as the application of the iterative-epoch framework to the standard
CFL-reachability solver [Melski and Reps 2000].

4.1 Transitive Symbols and Collapsible Cycles

In this part, we formally de�ne transitive symbols under the context of normalized grammars
and use transitive symbols to identify collapsible cycles in CFL-reachability. In general, the basic
principle of a sound cycle collapsing is that the graph where the cycles have been collapsed should
be able to produce the same CFL-reachability result as the original graph. Namely, collapsing the
cycle does not actually change the result.
In particular, we de�ne the transitive symbols for directed problems and bi-directed problems,

respectively. The di�erence between them is that in a bi-directed problem, any symbol - ∈ Σ has a

corresponding reverse - ∈ Σ, and any edge E8
-
−→ E 9 ∈ � has a corresponding edge E 9

-
−→ E8 ∈ � ,

whereas a directed problem does not subject to this constraint. The necessity of the separate
de�nitions is that, in a bi-directed problem, for a group of nodes {E1, ...E: }, there is an - -cycle

running through {E1, ...E: } means that there is also an - -cycle running through {E1, ...E: }. This
property results in fewer limitations for transitive symbols in a bi-directed problem.

4.1.1 Transitive Symbols in Directed CFL-Reachability. In Figure 1(b) of our motivating example, �-
cycles can be safely collapsed without a�ecting the CFL-reachability result. An important property
is that nodes in such a cycle are equivalent with respect to the (-relation in the problem. Namely,
given two nodes E8 , E 9 in an �-cycle and an arbitrary node E: in the graph, E8 is (-reachable from
E: i� E 9 is (-reachable from E: , meanwhile, E: is (-reachable from E8 i� E: is (-reachable from E 9 . In
the motivating example, such an equivalence property of �-cycles is guaranteed by the grammar
(Figure 2), where all the non-terminals can be transited by �, i.e., � ::= � �, � ::= � � and ( ::= ( �.
In this paper, we use �-transitivity to call such a characteristic of a CFG (De�nition 4.1).

De�nition 4.1 (�-Transitivity). In a normalized CFG, given two symbols -,� ∈ Σ, - is left-�-
transitive i� there is - ::= � - ∈ % ; - is right-�-transitive i� there is - ::= - � ∈ % . In particular,
- is doubly-�-transitive i� there are both - ::= � - ∈ % and - ::= - � ∈ % .

However, �-transitivity is not su�cient to be the criteria of collapsible cycles. We can easily �nd
counter-examples where all non-terminals are �-transitive while collapsing an �-cycle leads to an
incorrect result. Consider the CFL-reachability instance in Figure 3, where all the non-terminals
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- ::= � -

. ::= . �

/ ::= - .

/ ::= / �

(a) A CFG. (b) A graph segment.

Fig. 3. Incorrect cycle elimination.

(a) Before collapsing the �-cycle. (b) After collapsing the �-cycle.

Fig. 4. Collapsing an �-cycle, where � is a transitive symbol, does not change the (-edges with at least one

endpoint belonging to the cycle.

are �-transitive in the CFG in Figure 3(a). In the graph segment of Figure 3(b), before collapsing the
�-cycle {E1, E2, E3}, there is no path making E4 / -reachable from E0. After collapsing the �-cycle

{E1, E2, E3}, E0 is / -reachable from E0 via the path E0
-
−→ '0

.
−→ E4. In this example, although-,. and

/ are all�-transitive, collapsing the�-cycle introduces an extra / -reachability relation, which may
lead to an incorrect result. However, if we replace - ::= � - by - ::= - � or . ::= . � by . ::= � .

in the grammar of Figure 3(a), then E0 will always be / -reachable from E0, no matter collapsing
the �-cycle {E1, E2, E3} or not. This yields another observation: if the CFG contains / ::= - . ∈ % ,
there should be at least one of - ::= - � ∈ % or . ::= � . ∈ % to ensure that collapsing �-cycles
will not lead to an incorrect result.

We de�ne �-intransitive combinations as follows:

De�nition 4.2 (�-Intransitive Combination). In a normalized CFG, a production / ::= - . ∈ % is a
�-intransitive combination i� there is neither - ::= - � ∈ % nor . ::= � . ∈ % .

The example in Figure 3 shows that, to ensure that the �-cycles are collapsible, there should be
no �-intransitive combinations in the CFG. Combining the above discussions, we de�ne transitive
symbols as follows:

De�nition 4.3 (Transitive Symbol). In a normalized CFG, a symbol � is a transitive symbol
i� the start symbol ( is doubly-�-transitive (De�nition 4.1) and the CFG does not contain any
�-intransitive combination (De�nition 4.2).

Theorem 4.1. In a (directed) CFL-reachability instance Reach⟨CFG,�⟩, if � is a transitive symbol

in CFG, cycles comprised of �-edges in � are collapsible.
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(a) Before collapsing the �-cycle. (b) After collapsing the �-cycle.

Fig. 5. Collapsing an �-cycle, where � is a transitive symbol, does not change any / -edge whose both

endpoints do not belong to the cycle.

Proof. To prove Theorem 4.1 is to prove that collapsing the �-cycles where � is a transitive
symbol of the CFG will not change the CFL-reachability solution, i.e., the (-edges in the �nal graph.
Obviously, the (-edges which are summarized from paths not containing any node in an�-cycle are
never changed by collapsing the �-cycles. Thus, we only need to consider the (-edges summarized
from paths containing at least one node in an �-cycle.
First, we consider the (-edges with at least one endpoint located in the �-cycle. When there

is an (-edge E8
(
−→ E 9 where E 9 is in the �-cycle, since � is a transitive symbol, there is ( ::= ( �.

Namely, for any other node E: in the �-cycle, there will be E8
(
−→ E: in the �nal graph, as depicted

in Figure 4(a). Similarly, when there is an (-edge E8
(
−→ E 9 where E8 is in the �-cycle, for any other

node E: in the �-cycle, there will be E:
(
−→ E 9 in the �nal graph. Thus, collapsing the �-cycle will

not a�ect the (-edges with at least one endpoint belonging to an �-cycle, as depicted in Figure 4(b).
Then, we consider the (-edges with no endpoint located in an �-cycle. For any four nodes

E8 , E 9 , E: , E; such that E8 and E 9 are in an �-cycle and E:
-
−→ E8 ∈ � , E 9

.
−→ E; ∈ � , since there is no

�-intransitive combination, when there is / ::= - . ∈ % , there must also be either - ::= - � or

. ::= � . . Namely, E:
-
−→ E 9 ∈ � or E8

.
−→ E; ∈ � will be generated. Thus, no matter collapsing the

�-cycle or not, there is always E:
/
−→ E; ∈ � , as depicted in Figure 5. Then we discuss how the

consistency of such / -edges guarantees the consistency of (-edges. First, the consistency of the
(-edges generated by ( ::= / ∈ % is self-evident. Then, for ( ::= / / ′ ∈ % and ( ::= / ′ / ∈ % , the
consistency of / ′-edges is guaranteed the same as / -edges. So, the consistency of the (-edges is
guaranteed.
Therefore, in summary, collapsing �-cycles satisfying the conditions of Theorem 4.1 will not

change the (-edges in the graph. □

4.1.2 Transitive Symbols in Bi-Directed CFL-Reachability. In a bi-directed CFL-reachability problem,

for a symbol � ∈ Σ, if there is E8
�
−→ E 9 ∈ � , there is E 9

�
−→ E8 ∈ � . Thus, given a set of node+ ′ ⊆ + ,

there is an �-cycle going through the nodes of + ′ means that there must also be an �-cycle going
through the nodes of+ ′. Because of this characteristic of bi-directed CFL-reachability, the transitive
symbols in bi-directed problems are slightly di�erent from those in directed problems:

De�nition 4.4 (Bi-�-Transitivity). In a normalized bi-directed CFG, given three symbols -,�,� ∈

Σ, - is bi-left-�-transitive i� there is - ::= � - ∈ % or - ::= � - ∈ % ; - is bi-right-�-transitive

i� there is - ::= - � ∈ % or - ::= - � ∈ % ; and - is bi-doubly-�-transitive i� - is both bi-left-�-

transitive and bi-right-�-transitive.
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De�nition 4.5 (Bi-�-Intransitive Combination). In a normalized bi-directed CFG, a production
/ ::= - . ∈ % is a bi-�-intransitive combination i� there is neither - ::= - �1 ∈ % nor . ::= �2 . ∈

% where �1, �2 ∈ {�,�}.

De�nition 4.6 (Transitive Symbol in Bi-Directed CFL-Reachability). In a normalized bi-directed
CFG, a symbol� is a transitive symbol i� the start symbol ( is bi-doubly-�-transitive (De�nition 4.4)
and the CFG does not contain any bi-�-intransitive combination (De�nition 4.5).

De�nitions 4.4 and 4.5 show that in a bi-directed problem, the condition for transitive symbols

exist in pairs, e.g., � and �. Thus, transitive symbols in bi-directed problems also exist in pairs.

Namely, if � is a transitive symbol, then � must also be a transitive symbol. Similar to directed
CFL-reachability, in a bi-directed CFL-reachability instance Reach⟨CFG,�⟩, if � is a transitive
symbol of CFG, cycles comprised of �-edges in � are collapsible. The proof is similar to that given
in Section 4.1.1 and is not detailed here.
In real-world clients, collapsible cycles may be not explicit. However, once the CFG can be

normalized into a form such that a transitive symbol � can be captured via De�nition 4.3, we can
safely collapse cycles comprised of �-edges in the graph.

4.2 Iea: Iterative-Epoch Algorithm for Online Cycle Elimination

In this part, we study the most appropriate strategy for online cycle elimination and propose our
iterative-epoch framework.

4.2.1 Three-Stage Iterative-Epoch Framework for Online Cycle Elimination. In the standard CFL-
reachability algorithm, edges are not processed in a speci�c order. As a consequence, a new cycle
can be formed at any stage during the solving procedure, leading to redundant summarizations and
edge additions by subsequent edge processing. To avoid this redundancy, an intuitive solution is to
carry out cycle detection and collapse every time a new edge (labeled by a transitive symbol) is
added to the graph. However, this is impractical because, despite the linear complexity of the cycle
detection algorithm (i.e., SCC algorithm [Nuutila and Soisalon-Soininen 1994]), the number of edge
additions in the online solving process can be up to quadratic with respect to the node number of
the graph. Therefore, the problem becomes how to minimize the frequency of cycle elimination
while simultaneously ensuring that redundant edge additions are reduced to the largest extent.

We propose an iterative-epoch framework to perform online cycle elimination in the sweet spot.
Speci�cally, given a transitive symbol �, we separate the whole solving process into iterative
epochs, with each epoch handling three tasks: generating �-edges from non-�-edges, detecting
and collapsing �-cycles and generating other edges. To accomplish the three tasks, we categorize
the productions into �-generating productions (De�nition 4.7) and non-�-generating productions,
and divide each epoch into three consecutive stages.

De�nition 4.7 (�-Generating Productions). In a CFGwhere� is a transitive symbol, an�-generating
production is in the form of � ::= - or � ::= - . such that - ≠ � or . ≠ �.

Intuitively, an �-generating production can generate �-edges from non-�-edges in the graph.
Relatively, the production not �-generating are collectively called non-�-generating productions.

The three stages of each epoch are as follows:

(1) Firstly, we only derive edges from �-generating productions. In this stage, all the �-edges
that may introduce new �-cycles are generated and added to the graph.

(2) Secondly, we detect and collapse cycles comprised of �-edges using the strongly-connected-
component (SCC) algorithm [Nuutila and Soisalon-Soininen 1994], whose complexity is
linear with respect to the graph size.
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Algorithm 2: Iea: Iterative-epoch algorithm for online cycle elimination.

1 Function Iea (CFG,� )

2 init(); // line 11, Algorithm 1

3 while, ≠ ∅ do

4 GenerateTransitiveEdges(); // line 14

5 CollapseTransitiveCycles();

6 while,#� ≠ ∅ do

7 select and remove an element E8
.
−→ E9 from,#� ;

8 for each non-�-generating production - ::= . ∈ % do

9 if E8
-
−→ E9 ∉ � then add E8

-
−→ E9 to � and to, ;

10 for each non-�-generating production - ::= . / ∈ % do

11 SearchForward(-,/, E8 , E9 ,, ); // line 16, Algorithm 1

12 for each non-�-generating production - ::= / . ∈ % do

13 SearchBackward(-,/, E8 , E9 ,, ); // line 19, Algorithm 1

14 Procedure GenerateTransitiveEdges( ) // � is the transitive symbol

15 while, ≠ ∅ do

16 select and remove an element E8
.
−→ E9 from, ;

17 for each production � ::= . ∈ % do

18 if E8
�
−→ E9 ∉ � then add E8

�
−→ E9 to � and to,#� ;

19 for each �-generating (De�nition 4.7) production � ::= . / ∈ % do

20 SearchForward(�,/, E8 , E9 ,,#�) // line 16, Algorithm 1

21 for each �-generating production � ::= / . ∈ % do

22 SearchBackward(�,/, E8 , E9 ,,#�) // line 19, Algorithm 1

23 if there is any non-�-generating - ::= . ∈ % or - ::= . / ∈ % or - ::= / . ∈ % then

24 add E8
.
−→ E9 to,#� ;

(3) Lastly, we derive edges from non-�-generating productions. Since all �-cycles have already
been collapsed, there will be no redundant edge caused by cycles generated in this epoch.

In each epoch, we perform cycle elimination immediately after the �rst stage that generates
transitive �-edges from �-generating productions. This maximally avoids redundant edge genera-
tions caused by uncollapsed cycles. In another word, if we perform cycle elimination in any other
spot of the epoch, there may be cycles causing redundant edges generated by productions with �

on the right-hand side, e.g., - ::= - � or � ::= � �.
We use two worklists to control the start and termination of each epoch. The �rst worklist is the

innate worklist, of the standard algorithm, which is used to hold all unprocessed edges. Similarly,
the whole process of CFL-reachability solving does not terminate until, is empty. The second
worklist is called non-�-generating worklist and is denoted by,#�, which is used to hold edges
that are not processed by applying �-generating productions. While solving the item in, , the
newly generated edges are added to,#�; and while solving the items in,#�, the newly generated
edges are added to, . Then, after processing all the items in,#�, we are able to determine whether
to start a new epoch according to whether, is not empty.

4.2.2 Iterative-Epoch Algorithm. We present the basic iterative-epoch algorithm (Iea) for online
cycle elimination in CFL-reachability, as seen in Algorithm 2. It directly applies the iterative-epoch
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framework (Section 4.2.1) into the standard algorithm (Algorithm 1) and extensively reuses the
methods of the standard algorithm, e.g., init, SearchForward and SearchBackward.

Iea consists of two parts: initialization (line 2) and iterative epochs (lines 3–13). The initialization
stage follows the initialization scheme of the standard algorithm (lines 11–15, Algorithm 1) to
initialize the graph and the worklist. In this part, all the unprocessed edges, including all edges in
the graph and all underlying self-cycles generated from empty productions (i.e., productions in the
form of - ::= Y) are added to the main worklist, .

The iterative-epochs follow the three-stage scheme in Section 4.2.1. Stage (1) GenerateTransitive

-Edges() (line 4) sequentially pops items E8
.
−→ E 9 from the main worklist, , and generates edges

from the item (and its adjacent edges) via only �-generating productions. In this stage, any new
�-edge generated in SearchForward (line 20) and SearchBackward (line 22) is added to the non-�-
generating worklist,#�. In particular, if the label . of the popped item involves non-�-generating

productions, which means that the popped item E8
.
−→ E 9 is not completely processed, the item itself

will also be added to,#� (lines 23–24), waiting for further processing.
Stage (2) CollapseTransitiveCycles() (line 5) detects and collapses �-cycles using the SCC

algorithm [Nuutila and Soisalon-Soininen 1994]. After that is Stage (3) (lines 6–13), which processes
the items in,#� by generating new edges from each item and its adjacent edges via non-�-
generating productions. In this stage, any generated new edge is added to, . After completing this
stage, i.e., all the items in,#� are popped and solved, if we get a non-empty, , we start a new
epoch by jumping back to line 3. Otherwise, the solving terminates. It is noteworthy that in this
stage, all the existing �-cycles are collapsed by CollapseTransitiveCycles() and there is not
any new �-cycle created, since the edge derivations involving �-generating productions are not
considered in this stage.

In summary, Iea still follows the summarization and dynamic programming schemes of the stan-
dard algorithm. This includes generating edges via the methods SearchForward, SearchBackward,
etc., and iteratively processing the items in the worklist(s), adding new edges to the graph and
to the worklist(s) until no new edges can be added to the graph. Iea di�ers from the standard
algorithm in the following two aspects:

• It divides the solving into iterative epochs, with each epoch containing three stages: (1)
generating and adding �-edges that may introduce new �-cycles in the graph, (2) detecting
and collapsing �-cycles, and (3) generating and adding other edges. We should point out that
the �-edges generated from � ::= � � never lead to any new �-cycle, so we process this
production (if it exists in the CFG) in the last stage.

• It uses two worklists,, and,#�, to keep track of edges in the �-generating stage and
non-�-generating stage. New edges generated in the �-generating stage are added to,#�,
and new edges generated in the non-�-generating stage are added to, .

Example 4.1. Let us illustrate Algorithm 2 using our motivating example (Figure 1(d)). After
initializing the graph � and the worklist, (line 2), the iterative epochs (lines 3–13) starts. In
Epoch 1, the algorithm �rst calls GenerateTransitiveEdges() (line 4) to generative �-edges via
�-generating productions. In this stage, �ve �-edges are generated via � ::= 0, as seen in the
�rst subgraph of Figure 1(d). Then, the algorithm calls CollapseTransitiveCycles() (line 5)
to collapse the �-cycle {E1, E2, E3} into '0, as seen the second subgraph in Figure 1(d). Lastly,
the algorithm generate other edges via non-�-generating productions (lines 6–13). In this stage,
two (-edges are generated via ( ::= 3 , as seen in the third subgraph of Figure 1(d). Note that
when normalizing the CFG in Figure 1, the production � ::= 1 � 2 is changed into � ::= � 2 and

� ::= � � | 1 (Figure 2). So there is also an edge E4
�
−→ '0 generated and added into the worklist
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(a) A graph segment and the spanning trees of E0. (b) Deriving edges from . ::= . � using stree(E0).

Fig. 6. Pocr maintains transitive relations in spanning trees and use them to derive edges.

, , which is not shown in Figure 1(d). Since the worklist, is not empty, Epoch 2 starts. Similarly,

the algorithm generates an �-edge E4
�
−→ E5 and collapses the �-cycle {E4, E5, E5} into '1, as seen in

the fourth and the �fth subgraphs of Figure 1(d). Since there are no more new edges that can be
generated, the algorithm terminates.

5 COMBINING ITERATIVE-EPOCH FRAMEWORKWITH EXISTING SOLVERS

From the perspective of non-parallelized CFL-reachability solving, our iterative-epoch framework
is well compatible with both the standard solver [Melski and Reps 2000] and the recent partially
ordered solver [Lei et al. 2022]. The combination of the iterative-epoch framework with the standard
solving is already presented in Section 4.2.2. In this section, we discuss how to combine the iterative-
epoch framework with the partially ordered solver Pocr.

5.1 The Mechanism of Ordered CFL-Reachability Solving

Pocr captures the transitivity of doubly-recursive productions, i.e., � ::= � �, and performs a
dynamic ordered edge generation to reduce redundant computation caused by such transitivity.
Pocr uses spanning trees to record the “primary” �-edges (�-edges that are generated by �-
generating productions) in a topological order for every node in the graph. When generating edges
using productions containing � on the right-hand side, the solver traverses the spanning trees of
the endpoints of the worklist item being processed to perform an ordered edge generation.

Example 5.1. For a symbol � such that � ::= � � ∈ % , Pocr maintains a predecessor tree
ptree(�, E8 ) and a successor tree stree(�, E8 ) for each node E8 ∈ + to collect the predecessors and
successors of E8 connected by �-edges, as depicted in Figure 6(a). While processing a worklist

item E 9
.
−→ E8 using a production . ::= . �, it traverses stree(�, E8 ) from the root to the leaves,

sequentially deriving E 9
.
−→ E: , where E: is a node of stree(�, E8 ), as depicted in Figure 6(b) where

�-edges are colored in black and . -edges are colored in blue. It avoids redundant derivations

by stopping visiting the o�springs of E: when E 9
.
−→ E: is already in the graph. Similarly, when

processing a worklist item E8
.
−→ E 9 using . ::= � . , it derive edges via traversing ptree(�, E8 ).

In a CFL-reachability problem, when the transitive symbol� (if there is one) also has a production
� ::= � �, the partially ordered solver can be combined with our framework to further improve the
performance of the online solving. The challenge of a sound and practical combination lies in the
auxiliary data structure for transitive relations in Pocr, i.e., the spanning trees, which are naturally
unsuitable for cycle elimination because cycles in the graph never manifest in the trees. In this
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(a) A directed graph � . (b) The MEG of � .

Fig. 7. An example of minimum equivalence graph.

(a) Adding a new edge E4 −→ E1
to the graph � leads to a cycle.

(b) The MEG of � .
(c) The MEG is collapsed into

a node via cycle elimination.

Fig. 8. Minimum equivalence graph is compatible with cycle elimination.

paper, we replace the spanning trees with a minimum equivalence graph, which is compatible with
both ordered CFL-reachability solving and cycle elimination.

5.2 Minimum Equivalent Graph for Cycle Elimination

For a directed graph � = ⟨+ , �⟩, its minimum equivalence graph MEG = ⟨+ ′, �′⟩ is a subgraph of
� such that + ′

= + , �′ ⊆ � and

(1) for any two nodes E8 , E 9 ∈ + , there is a path from E8 to E 9 in � i� there is a path from E8 to E 9
in MEG, and

(2) removing any edge from �′ will invalidate (1).

For example, Figure 7(a) is a directed graph, and Figure 7(b) is the MEG of Figure 7(a), where the
redundant edges E1 −→ E3 and E3 −→ E5 are removed. We can easily observe that, for any two nodes
E8 and E 9 , if there is a path from E8 to E 9 in Figure 7(a), there is also a path from E8 to E 9 in Figure 7(b).
On the other hand, removing any edge from Figure 7(b) will make its reachability property di�erent
from Figure 7(a). When applied to a CFL-reachability where there are transitive edges, we can
maintain an MEG for the subgraph that is obtained from the main graph � by maintaining only
the transitive edges, and use the MEG for ordered CFL-reachability solving.
Similar to spanning trees, a minimum equivalent graph also keeps transitive relations in order

without redundant information, hence is suitable for ordered CFL-reachability solving. The di�er-
ence is that a minimum equivalent graph keeps transitive relations in a graph, which is not only
compatible with cycle elimination, but also memory saving. For example, in Figure 8(a), adding an
edge E4 −→ E1 to � leads to a cycle, and the MEG of � is displayed in Figure 8(b), which has one
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Algorithm 3: Ordered derivation for singly recursive rules using MEG.

1 Function OrderedSearchForward(E8 , E9 , -,�) // For - ::= - �

2 for each E9 −→ E: ∈ MEG� do

3 if E8
-
−→ E: ∉ � then

4 add E8
-
−→ E: to� and to, ;

5 OrderedSearchForward(E8 , E: , -,�);

6 Function OrderedSearchBackward(E8 , E9 , -,�) // For - ::= � -

7 for each E: −→ E8 ∈ MEG� do

8 if E:
-
−→ E9 ∉ � then

9 add E:
-
−→ E9 to� and to, ;

10 OrderedSearchBackward(E: , E9 , -,�);

edge fewer than Figure 8(a). While applying cycle elimination, both Figure 8(a) and Figure 8(b)
yield the same result, as shown in Figure 8(c).

5.3 Ordered CFL-Reachability Solving with Online Cycle Elimination

The key to ordered CFL-reachability solving is to use the auxiliary data structure to help solve the
productions involving the transitive symbol �. It includes two types of productions. The �rst one
is the productions where � is on the right-hand side (but not on the left-hand side), which use
existing �-edges to generate other edges. The second one is the productions where � is on the
left-hand side, which generate and add �-edges to the graph.

Here, we show how to use a minimum equivalence graph for ordered CFL-reachability solving.
For each transitive symbol � that has � ::= � � ∈ % , we maintain a minimum equivalence graph
MEG�, which is exactly the subgraph of the main graph � with all non-�-edges removed. When

processing a worklist item E8
-
−→ E 9 via productions like - ::= - � (or - ::= � - ), our solver

searches in MEG� in a topological from E 9 (or E8 ) to generate - -edges. The detail is presented in
Algorithm 3. Similar to Pocr, our solver reduces redundant edges by stopping the traversal when it
�nds that the edge to be generated is already in the graph (lines 3 and 8).
When a new �-edge is generated (via �-generating productions) and added to the graph, our

solver updates MEG�, and generates and adds �-edges to � , via � ::= � �. The detail is presented

in Algorithm 4. Speci�cally, when a new �-edge E8
�
−→ E 9 is generated, the algorithm traverses the

predecessors of E8 by TravBackward (line 5) and the successors of E 9 by TravForward (line 12) to

retrieve the information of the nodes E ′8 and E
′
9 such that E ′8

�
−→ E8 and E 9

�
−→ E ′9 , then updates the

new edges E ′8
�
−→ E ′9 in the main graph � and the worklist,NA by Update (line 16). Notably, in the

sub-procedure TravBackward, lines 6–8 is to remove the redundant �-edges from MEG� and keep
the number of edges in the MEG to a minimum. This removal requires the edges to be inserted to
MEG� to be not a back edge, i.e., adding the edge to MEG� does not lead to any cycle.

The ordered CFL-reachability solver under the iterative-epoch framework (Iea-Ocr) is presented
in Algorithm 5. Iea-Ocr extensively reuses the methods of the standard solver and Iea, including
SearchForward, SearchBackward and GenerateTransitiveEdges. Compared with Iea, in each
epoch of Iea-Ocr, the �rst stage includes the update of MEG (lines 5–6); the second stage (i.e.,
the cycle elimination stage) handles the cycles for both the main graph � and the MEG; and the
third stage handles singly recursive productions (lines 13 and 17) and other productions separately,
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Algorithm 4: Updating MEG and the main graph.

1 Function InsertMEGEdge(E8 , E9 )

2 TravBackward(E8 , E9 ) ;

3 isaBackEdge = (E9
�
−→ E8 ∈ � ) ; // a boolean value denoting whether E8

�
−→ E9 is a back edge;

4 add E8
�
−→ E9 to MEG� ;

5 Procedure TravBackward(E8 , E9 )

6 if not isaBackEdge then

7 for each E8
�
−→ E: ∈ MEG� do

8 if E: ∈ succ(�, E9 ) then remove E8
�
−→ E: from MEG� ; // remove a redundant edge ;

9 TravForward(E8 , E9 );

10 for each E8′
�
−→ E8 ∈ MEG� do

11 if E8′ ∉ pred(�, E9 ) then TravBackward(E8′ , E9 ); // search backward ;

12 Procedure TravForward(E8 , E9 )

13 Update(E8 , E9 ) ; // line 16

14 for each E9
�
−→ E9 ′ ∈ MEG� do

15 if E9 ′ ∉ succ(�, E8 ) then TravForward(E8 , E9 ′ ); // search forward ;

16 Procedure Update(E8 , E9 )

17 add E8
�
−→ E9 to � and to,NA;

Algorithm 5: Iea-Ocr: Iterative-epoch ordered CFL-reachability solver.

1 Function Iea (CFG,� )

2 init(); // line 11, Algorithm 1

3 while, ≠ ∅ do

4 GenerateTransitiveEdges(); // line 14, Algorithm 2

5 for each E8
�
−→ E9 ∈,NA do

6 InsertMEGEdge(E8 , E9 ); // Algorithm 4

7 CollapseTransitiveCycles(); // collapse cycles for both � and MEG�

8 while,#� ≠ ∅ do

9 select and remove an element E8
.
−→ E9 from,#� ;

10 for each non-�-generating production - ::= . ∈ % do

11 if E8
-
−→ E9 ∉ � then add E8

-
−→ E9 to � and to, ;

12 for each non-�-generating production - ::= . / ∈ % s.t. ¬(- = . = / ) do

13 if / = � and - = . then

14 OrderedSearchForward(-,/, E8 , E9 ,, ); // line 1, Algorithm 3

15 else SearchForward(-,/, E8 , E9 ,, ); // line 16, Algorithm 1 ;

16 for each non-�-generating production - ::= / . ∈ % do

17 if / = � and - = . then

18 OrderedSearchBackward(-,/, E8 , E9 ,, ); // line 6, Algorithm 3

19 else SearchBackward(-,/, E8 , E9 ,, ); // line 19, Algorithm 1 ;

where edge generations via singly recursive productions are kept in order using Algorithm 3, which
is based on the MEG, while other productions are handled the same as the standard solver. Notably,
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the third stage does not need to handle doubly recursive productions (i.e., � ::= � �) because they
are handled by InsertMEGEdge (Algorithm 4) in the �rst stage.

6 EXPERIMENT

We evaluate the performance of our online cycle elimination technique by comparing our iterative-
epoch algorithms with existing techniques. Speci�cally, we compare the basic iterative-epoch solver
Iea with the standard solver Std [Melski and Reps 2000], and the iterative-epoch ordered solver
Iea-Ocr with the recent ordered solver Pocr [Lei et al. 2022]. Two sets of clients are studied. The
�rst one is context-sensitive value �ow analysis for C/C++ [Sui et al. 2014], and the second one
is �eld-sensitive alias analysis [Sridharan et al. 2005] for Java. The grammars of both clients are
widely used in evaluating the performance of CFL-reachability solvers [Lei et al. 2022; Wang et al.
2017]. Our evaluation focuses on the following three research questions:

RQ 1. What are the rates of edges and nodes reduced in the graph by online cycle elimination?
RQ 2. To what extent does online cycle elimination accelerate existing solvers?
RQ 3. To what extent does online cycle elimination reduce memory usage for existing solvers?

Our experiment shows the e�ectiveness of the iterative-epoch online cycle elimination technique
in reducing redundant computations. On the one hand, by reducing 10.04% nodes and 49.23% edges
in the solving process of value-�ow analysis and 5.86% nodes and 43.67% edges in the solving
process of alias analysis, Iea accelerates Std by 17.17× and 13.94×, respectively for value-�ow
analysis and alias analysis, with memory reductions of 48.8% and 45.0%. On the other hand, Iea-Ocr
accelerates Pocr by 14.32× and 8.36×, respectively for value-�ow analysis and alias analysis, with
memory reductions of 55.2% and 57.8%.

6.1 Experimental Setup

The experimental platform utilized for conducting the experiments comprised an eight-core 2.60GHz
Intel Xeon CPU with 128 GB memory, running Ubuntu 20.04.

Value-�ow analysis. We perform context-sensitive value-�ow analysis on sparse value-�ow
graphs (SVFGs) [Sui et al. 2014], which is built based on the result of Andersen’s pointer analysis.
Note that when constructing an SVFG, the analysis of mutable heaps is done in the preprocessing
stage (i.e., the Andersen’s analysis) in a conservative way. Thus, the value-�ow analysis is sound
as long as the Andersen’s analysis is sound. The CFG for value-�ow analysis is shown in Figure
9, where the start symbol of the CFG is �. The alphabet contains call8 and ret8 to indicate a call
and return, respectively, with a callsite index 8; and 0 to indicate an assignment instruction; and �
to indicate an interprocedural value �ow. The normalized CFG is shown in Figure 9(b), with an
explicit transitive symbol �.

Alias analysis. We perform �eld-sensitive alias analysis on program assignment graphs (PAGs)
[Sridharan et al. 2005], and use the CFG shown in Figure 10. The start symbol of the CFG is alias. The
alphabet contains terminals new, assign, putField[f] and getField[f] to denote allocation, assignment

and �eld write and read. The normalized CFG is shown in Figure 9(b), where �owTo (also �owTo) is
the transitive symbol.

Benchmarks. For context-sensitive value-�ow analysis, we use 10 C/C++ programs in the SPEC
2017 benchmark suite. For �eld-sensitive alias analysis, we use 10 Java programs from the DaCapo
benchmark suite [Blackburn et al. 2006].

Setup and implementation. We implement our Iea, Iea-Ocr and the standard solver (Std) in C++.
For the compared Pocr, we use the version provided in the artifact of the literature [Lei et al. 2022].
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� ::= � � | call8 � ret8 | 0 | Y
� ::= � � | ��8 ret8 | 0 | Y

��8 ::= ��8 � | call8

(a) Context-free grammar. (b) Normalized grammar.

Fig. 9. CFG for context-sensitive value-flow analysis, � is the start symbol.

alias ::= �owTo �owTo

�owTo ::= �owTo assign | new

| �owTo putField[5 ] alias getField[5 ]

�owTo ::= assign �owTo | new

| getField[5 ] alias putField[5 ] �owTo

alias ::= �owTo alias | alias �owTo | new new

�owTo ::= - getField[5 ] | assign

�owTo ::= getField[5 ] - | assign

- ::= putField[5 ] alias

- ::= alias putField[5 ]

(a) Context-free grammar. + is the start symbol. (b) Normalized grammar.

Fig. 10. CFG for Java field-sensitive alias analysis, + is the start symbol.

For the input graphs of our evaluation, the SVFGs of the SPEC 2017 C/C++ benchmarks are drawn
from the bitcodes compiled using Clang-14.0.0 and linked by wllvm 1. The PEGs of the DaCapo
Java benchmarks are generated by converting the Java bytecode using Soot [Vallée-Rai et al. 1999].
The size and graph statistics of the benchmarks are listed in the columns from Size/MB to #Edge

of Table 1 and Table 2.

Evaluated techniques. To study the real e�ectiveness of online cycle elimination in reducing
the graph size, we perform o�ine graph simpli�cation in the preprocessing stage and record
the number of nodes and edges in each graph after o�ine graph simpli�cation. In this way, the
numbers of reduced nodes and edges by our online cycle elimination are exactly the ones that
can only be reduced online. Our experiment includes two o�ine graph simpli�cation techniques:
o�ine cycle elimination (OSCC) and o�ine variable substitution (OVS) [Rountev and Chandra
2000]. Di�erent from online cycle elimination that can reduce edges labeled by non-terminals,
o�ine graph simpli�cation techniques can only reduce edges labeled by terminals. In value-�ow
analysis, OSCC and OVS can be used to collapse 0-cycles and 0-edges, respectively. In alias analysis,
OSCC and OVS can be used to collapse assign-cycles and assign-edges, respectively. To study the
performance improvement of online solving by online cycle elimination, we compare Iea and
Iea-Ocr with their original algorithms, i.e., Std (the standard algorithm) and Pocr.

6.2 RQ 1: Graph Simplification Performance

The columns OSCC+OVS of Tables 1 and 2 list the percentages of nodes and edges reduced by o�ine
graph simpli�cation (OSCC+OVS).With these data, we can calculate the numbers of nodes and edges
of each graph at the beginning of online CFL-reachability solving. Table 3 presents the resulting
data about the online cycle elimination of Iea and Iea-Ocr. According to the columns “#Epoch”,
the iterative-epoch on average framework takes 9.7 epochs and 6.4 epochs to complete solving for
value-�ow analysis and alias analysis, respectively. Comparing the columns “CollapseTime/s” with
“Runtime/s”, we see that online cycle elimination takes a rather small proportion of the overall
running time, which is very e�cient. On average, for value-�ow analysis, online cycle elimination
takes 9.22% and 11.92% of the running time of Iea and Iea-Ocr; for alias analysis, online cycle
elimination takes 9.58% and 16.76% of the running time of Iea and Iea-Ocr.

1https://github.com/travitch/whole-program-llvm.
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Table 1. Benchmark info for value-flow analysis. #Node and #Edge refer to the total number of nodes and

edges in the original graphs, respectively. Node% and Edge% denote the percentage of reduction in nodes and

edges achieved through o�line graph simplification techniques. OSCC stands for o�line cycle elimination,

while OVS represents o�line variable substitution. MemoryUsage measures the amount of memory utilized

during the solving process by two di�erent methods, denoted as Std and Pocr, measured in gigabytes (GB).

Bench. Size/MB
SVFG OSCC+OVS Memory Usage/GB Runtime/s

#Node #Edge Node% Edge% Std Pocr Std Pocr

1.xz 1.24 49395 62955 69.49% 63.46% 0.05 0.07 34.39 1.53

2.nab 1.41 55652 72366 72.30% 67.20% 3.33 4.34 225.94 52.35

3.leela 2.93 64466 89081 66.32% 54.64% 0.12 0.19 123.98 135.66

4.x264 4.68 207064 340217 67.92% 52.21% 4.77 6.46 17304.18 163.12

5.cactus 5.88 544480 1007989 59.04% 38.85% - 40.28 - 639.87

6.povray 7.38 537775 1041687 60.37% 40.35% - 55.87 - 2113.08

7.imagick 13.68 574089 842509 71.24% 62.12% - 5.88 - 1510.90

8.parest 16.20 299718 407343 61.93% 50.95% - 0.20 - 622.28

9.perlbench 18.69 697744 1662445 53.88% 32.46% - 63.58 - 11054.37

10.omnetpp 21.81 664358 1857831 64.20% 31.26% - 4.00 - 1480.80

Average 64.67% 49.35% 2.07 18.09 4422.13 249.09

Table 2. Benchmark info for alias analysis. The meanings of column headings are the same as Table 1

Bench. Size/MB
PAG OSCC+OVS Memory Usage/GB Runtime/s

#Node #Edge Node% Edge% Std Pocr Std Pocr

1.avrora 1.71 80981 91532 31.89% 34.15% 0.23 0.57 54.11 21.54

2.biojava 3.54 96634 105421 29.15% 24.12% 0.36 0.45 89.14 87.45

3.h2o 4.13 21930 25012 23.12% 19.56% 0.56 3.58 189.15 121.86

4.batik 13.61 45752 85561 19.45% 26.56% 1.12 3.56 4508.01 815.21

5.fop 16.67 78991 101972 19.45% 24.56% - 41.56 - 612.12

6.derby 19.94 78764 140235 31.56% 35.12% - 32.15 - 754.12

7.jme 45.13 93861 130546 26.45% 29.14% - 9.45 - 1105.88

8.cassandra 49.51 716674 95861 25.63% 29.14% - 8.15 - 1305.24

9.pmd 56.85 628244 795621 35.21% 38.14% - 30.89 - 1605.23

10.lucene 66.10 769161 562458 19.48% 23.89% - 49.12 - 986.54

Average 26.19% 28.44% 0.57 17.99 1210.11 642.12
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(a) Value-�ow analysis. (b) Alias analysis.

Fig. 11. Reduction rates of nodes and summary edges by Iea on the graphs a�er o�line simplification

Figure 11 shows the reduction rates of nodes and summary edges by online summary edges.
Comparing Figure 11(a) with the columns OSCC+OVS of Table 1 and Figure 11(b) with the columns
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Table 3. Results of Iea and Iea-Ocr. The le� half is value-flow analysis and the right half is alias analysis.

The columns "#Epoch" show the number of iterative-epoch in Iea. The columns "CollapseTime/s" shows the

total time used for cycle elimination, measured in second. The columns "Runtime/s" shows the runtime of

each approach, measured in second.

Bench. #Epoch
CollapseTime/s Runtime/s

Bench. #Epoch
CollapseTime/s Runtime/s

Iea Iea-Ocr Iea Iea-Ocr Iea Iea-Ocr Iea Iea-Ocr

1.xz 10 0.15 0.09 1.59 0.27 1.avrora 6 0.15 0.13 2.98 1.65

2.nab 4 3.12 2.15 17.38 16.94 2.biojava 4 0.35 0.12 13.43 11.2

3.leela 8 1.56 0.07 6.48 5.42 3.h2o 5 0.12 0.89 16.83 15.28

4.x264 6 29.47 1.98 1159.02 22.96 4.batik 6 2.45 3.98 228.5 46.76

5.cactus 11 301.56 12.14 11607.02 29.77 5.fop 7 25.14 36.14 236.89 98.48

6.povray 12 38.95 2.87 5451.31 156.57 6.derby 7 90.12 29.48 229.69 245.72

7.imagick 13 245.25 2.56 2912.13 133.43 7.jme 6 61.32 84.15 916.03 148.88

8.parest 7 865.14 0.56 3510.11 37.32 8.cassandra 10 14.14 31.25 193.99 159.05

9.perlbench 13 178.17 54.12 27711.84 383.72 9.pmd 8 78.27 14.58 984.15 165.14

10.omnetpp 13 144.96 2.27 12156.35 140.76 10.lucene 7 251.1 39.47 1726.72 372.83

Average 9.7 6.4

OSCC+OVS of Table 2, even after the o�ine graph simpli�cation that has reduced a large proportion
of nodes and edges in the initial graph, Iea is still able to further reduce a large number of summary
edges generated during the online CFL-reachability solving process. On average, Iea reduces
10.04% nodes and 49.23% summary edges for value-�ow analysis and reduces 5.86% and 43.67%

for alias analysis. This result shows that collapsing a small number of cyclic nodes in the online
solving process can signi�cantly reduce the number of generated summary edges. This, in another
way, implies that cycles created during the online solving can lead to numerous redundant edges
generated and inserted, demonstrating the necessity of online cycle elimination.

6.3 RQ 2: Speedups

Figure 12 displays the speedups of Iea over Std and Iea-Ocr over Pocr, where the blue bars denote
the speedups of Iea and the red bars denote the speedups of Iea-Ocr. In general, both Std and Pocr
can bene�t from online cycle elimination, and our iterative-epoch framework can signi�cantly
accelerate the online CFL-reachability analysis.

By observing the blue bars, Iea e�ectively accelerates Std by 17.17× for value-�ow analysis and
13.94× for alias analysis. There are only four blue bars in both Figure 12(a) and Figure 12(b) because
Std only successfully completes four of the ten benchmarks for both value-�ow analysis and alias
analysis. In contrast, according to the columns “Runtime/s” of Table 3, Iea successfully completes
all the ten benchmarks.

By observing the red bars, both Figure 12(a) and Figure 12(b) have ten red bars, meaning that both
Iea and Iea-Ocr successfully complete all the benchmarks. It is calculated that Iea-Ocr accelerates
Pocr by 14.32× for value-�ow analysis and 8.36× for alias analysis. Comparing the speedups of Iea
and Iea-Ocr, we see that although Iea and Iea-Ocr reduce the same number of nodes and summary
edges throughout the online solving, the speedup of Iea-Ocr (over Iea) is comparatively smaller.
This can be attributed to the fact that Pocr already reduced a large number of edge generations
through ordered solving, which also covers the redundancies caused by cycles.
By analyzing the outstanding benchmarks, programs with denser initial graphs tend to bene�t

more from online cycle eliminations with respect to speedup. Here, density denotes the quotient
of the number of edges by the number of nodes in a graph. Let us see leela with perlbench in
value-�ow analysis and biojava with batik in alias analysis. According to the columns #Node
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collapse collapse time
bench epoch iea iea-ocr bench epoch iea iea-ocr iea iea-ocr
1.xz 10 0.15 0.09 1.59 0.27 1.avrora 6 0.15 0.13 2.98 1.65
2.nab 4 3.12 2.15 17.38 16.94 2.biojava 4 0.35 0.12 13.43 11.2
3.leela 8 1.56 0.07 6.48 5.42 3.h2o 5 0.12 0.89 16.83 15.28
4.x264 6 29.47 1.98 1159.02 22.96 4.batik 6 2.45 3.98 228.5 46.76
5.cactus 11 301.56 12.14 11607.02 29.77 5.fop 7 25.14 36.14 236.89 98.48
6.povray 12 38.95 2.87 5451.31 156.57 6.derby 7 90.12 29.48 229.69 245.72
7.imagick 13 245.25 2.56 2912.13 133.43 7.jme 6 61.32 84.15 916.03 148.88
8.parest 7 865.14 0.56 3510.11 37.32 8.cassandra 10 14.14 31.25 193.99 159.05
9.perlbench 13 178.17 54.12 27711.84 383.72 9.pmd 8 78.27 14.58 984.15 165.14
10.omnetp 13 144.96 2.27 12156.35 140.76 10.lucene 7 251.1 39.47 1726.72 372.83

1.xz 0.09434 0.333333
2.nab 0.179517 0.126919
3.leela 0.240741 0.012915
4.x264 0.025427 0.086237

IEA IEA-OCR IEA IEA-OCR 5.cactus 0.025981 0.407793
1.xz 34.39 1.53 1 21.63 5.67 1.avrora 54.11 21.54 1 18.16 13.05 6.povray 0.007145 0.01833
2.nab 225.94 52.35 2 13.00 3.09 2.biojava 89.14 87.45 2 6.64 7.81 7.imagick 0.084217 0.019186
3.leela 123.98 135.66 3 19.13 25.03 3.h2o 189.15 121.86 3 11.24 7.98 8.parest 0.246471 0.015005
4.x264 17304.18 163.12 4 14.93 7.10 4.batik 4508.01 815.21 4 19.73 17.43 9.perlbench 0.006429 0.14104
5.cactus - 639.87 5 21.49 5.fop - 612.12 5 6.22 10.omnetp 0.011925 0.016127
6.povray - 2113.08 6 13.50 6.derby - 754.12 6 3.07 9.22% 11.77%
7.imagick - 1510.90 7 11.32 7.jme - 1105.88 7 7.43
8.parest - 622.28 8 16.67 8.cassandra- 1305.24 8 8.21
9.perlbench- 11054.37 9 28.81 9.pmd - 1605.23 9 9.72
10.omnetp - 1480.81 10 10.52 10.lucene - 986.54 10 2.65
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collapse collapse time
bench epoch iea iea-ocr bench epoch iea iea-ocr iea iea-ocr
1.xz 10 0.15 0.09 1.59 0.27 1.avrora 6 0.15 0.13 2.98 1.65
2.nab 4 3.12 2.15 17.38 16.94 2.biojava 4 0.35 0.12 13.43 11.2
3.leela 8 1.56 0.07 6.48 5.42 3.h2o 5 0.12 0.89 16.83 15.28
4.x264 6 29.47 1.98 1159.02 22.96 4.batik 6 2.45 3.98 228.5 46.76
5.cactus 11 301.56 12.14 11607.02 29.77 5.fop 7 25.14 36.14 236.89 98.48
6.povray 12 38.95 2.87 5451.31 156.57 6.derby 7 90.12 29.48 229.69 245.72
7.imagick 13 245.25 2.56 2912.13 133.43 7.jme 6 61.32 84.15 916.03 148.88
8.parest 7 865.14 0.56 3510.11 37.32 8.cassandra 10 14.14 31.25 193.99 159.05
9.perlbench 13 178.17 54.12 27711.84 383.72 9.pmd 8 78.27 14.58 984.15 165.14
10.omnetp 13 144.96 2.27 12156.35 140.76 10.lucene 7 251.1 39.47 1726.72 372.83

1.xz 0.09434 0.333333
2.nab 0.179517 0.126919
3.leela 0.240741 0.012915
4.x264 0.025427 0.086237

IEA IEA-OCR IEA IEA-OCR 5.cactus 0.025981 0.407793
1.xz 34.39 1.53 1 21.63 5.67 1.avrora 54.11 21.54 1 18.16 13.05 6.povray 0.007145 0.01833
2.nab 225.94 52.35 2 13.00 3.09 2.biojava 89.14 87.45 2 6.64 7.81 7.imagick 0.084217 0.019186
3.leela 123.98 135.66 3 19.13 25.03 3.h2o 189.15 121.86 3 11.24 7.98 8.parest 0.246471 0.015005
4.x264 17304.18 163.12 4 14.93 7.10 4.batik 4508.01 815.21 4 19.73 17.43 9.perlbench 0.006429 0.14104
5.cactus - 639.87 5 21.49 5.fop - 612.12 5 6.22 10.omnetp 0.011925 0.016127
6.povray - 2113.08 6 13.50 6.derby - 754.12 6 3.07 9.22% 11.77%
7.imagick - 1510.90 7 11.32 7.jme - 1105.88 7 7.43
8.parest - 622.28 8 16.67 8.cassandra- 1305.24 8 8.21
9.perlbench- 11054.37 9 28.81 9.pmd - 1605.23 9 9.72
10.omnetp - 1480.81 10 10.52 10.lucene - 986.54 10 2.65
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(a) Value-�ow analysis. (b) Alias analysis.

Fig. 12. Speedups of Iea over Std and Iea-Ocr over Pocr.
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Fig. 13. Memory usage reduction of Iea over Std and Iea-Ocr over Pocr.

and #Edge in Tables 1 and 2, the densities of the initial graphs of perlbench and batik are much
larger than leela and biojava, respectively. Comparing Figures 11 and 12, although perlbench

and batik have lower edge reduction rates than leela and biojava, their speedups are much
larger. It is reasonable to speculate that CFL-reachability solving tends to spend more redundant
computation in generating and inserting an edge when dealing with denser graphs. Thus, when
applying cycle elimination, although denser graphs may have small edge reduction rates compared
to sparser graphs, their speedups can still be larger.

6.4 RQ 3: Reductions of Memory Overhead

Figure 13 displays the reduction rates of memory overhead of Iea over Std and Iea-Ocr over Pocr.
In general, iterative-epoch cycle elimination can e�ectively reduce the memory consumption of
both Std and Pocr for both clients. On average, Iea e�ectively reduces the memory overhead of
Std by 48.8% and 45.0% for value-�ow analysis and value-�ow analysis, respectively. And Iea-Ocr

reduce the memory overhead of Pocr by 55.2% and 57.8%, respectively, for value-�ow analysis and
value-�ow analysis, which are even more signi�cant. This can be attributed to the fact that the
auxiliary data structure itself used in Iea-Ocr can also save memory.
Comparing Figure 13 and Figure 11, the reduction rates of memory overhead (especially for

Pocr) are aligned with the reduction rates of summary edges. This is because most of the memory
overhead in CFL-reachability solving is used to record summary edges. For larger benchmarks, i.e.,
benchmarks 6–10 for value-�ow analysis, the reduction rate of memory usage is very close to the
reduction rate of summary edge. And the largest recorded memory reduction rate 89.7% occurs
in benchmark 5, which corresponds to the reduction rate of summary edge 89.6% in Figure 11(b).
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This is because, in larger benchmarks, the proportions of memory usage taken by storing summary
edges are larger, making reducing summary edges more e�ective to reduce memory overhead.

7 RELATED WORK

This section discusses related works.

7.1 Two Most Related Works

We �rst discuss the two existing works that are most related to our work.

Iea v.s. Pocr. The recent work Pocr [Lei et al. 2022] was proposed to reduce the redundant
computations caused by “transitive relations” during the online solving process, using an ordered
solving manner. The technique showed promising performance in clients where edges generated by
doubly recursive productions dominate. The only similarity between Iea and Pocr is that both of
them capture the concept of transitivity to improve CFL-reachability solving. In fact, Iea and Pocr

work in essentially di�erent aspects. First, the de�nitions of "transitive symbol" in Iea and "transitive
relation" in Pocr di�er. In Pocr, transitive relations need to be in the form of � ::= � �, whereas
transitive symbol (De�nition 4.3) do not have this restriction. Second, the overall mechanism
of Iea is fundamentally di�erent from that of Pocr. Speci�cally, Iea improves the e�ciency of
CFL-reachability by dynamically eliminating cycles in the graph, whereas Pocr enhances e�ciency
through ordered edge derivation. Third, Pocr requires an auxiliary spanning tree data structure
to facilitate ordered derivation, resulting in higher memory consumption compared to standard
CFL-reachability. In contrast, Iea does not require any auxiliary data structure. Moreover, Iea
can simplify not only the main graph of CFL-reachability (Section 4.2) but also the auxiliary data
structure for ordered solving (Section 5.3). In other words, Iea is compatible with Pocr, and they
can be combined to achieve further better performance, as shown in our experiment.

Iea v.s. Wave propagation. We found that in constraint-based pointer analysis, there is a cycle
elimination technique called Wave propagation [Pereira and Berlin 2009] that shares a similar idea
to our iterative-epoch strategy. The similarity between Iea and Wave propagation is that they both
divide the solving process into iterations and perform cycle detection and elimination in a certain
spot of each iteration. It is interesting to point out that Iea performs online cycle elimination for
CFL-reachability, while wave propagation was specially designed for constraint-based pointer
analysis, which can be regarded as a client of CFL-reachability [Melski and Reps 2000]. From the
perspective of methodology, for pointer analysis, there is only one kind of edges (i.e., Copy-edges)
that can be added to the graph during solving, and it is easy to determine that cycles comprised
of Copy-edges are collapsible [Hardekopf and Lin 2007a]. However, in CFL-reachability, there
are multiple types of edges that will be added to the graph during solving. The main challenge
is to determine the type of collapsible cycles. In this paper, we propose an approach to identify
collapsible cycles based on the context-free grammar (Section 4.1).

7.2 Other Related Works

From a wider perspective, our approach is relevant to CFL-reachability performance improvement
and graph simpli�cation.

CFL-reachability performance improvement. Reducing the cubic time complexity of general CFL-
reachability is di�cult. To the best of our knowledge, the fastest algorithm [Chaudhuri 2008]
treats CFL-reachability as an equivalent representation called recursive-state-machine reachability
(RSM-reachability) and exhibits a slightly subcubic$ (=3/log2=) time complexity for bounded-stack
RSMs, where = denotes the number of nodes of the input graph. So far, signi�cant progress has only
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been made in handling special cases. One of the extensively studied relations in CFL-reachability is
the Dyck relation [Chatterjee et al. 2018; Yuan and Eugster 2009; Zhang et al. 2013]. A recent work
has reduced the complexity to nearly linear with respect to the input graph size [Chatterjee et al.
2018]. However, these techniques are only applicable to Dyck-reachability on bidirected graphs.

Researchers also studied the optimizing CFL-reachability from the perspective of its alternative
forms, such as recursive state machines (RSMs) [Alur et al. 2005; Chaudhuri 2008] and pushdown
automata (PDA) [Gauwin et al. 2019; Heizmann et al. 2017]. Di�erent from graph simpli�cation,
these works tried to scale CFL-reachability by simplifying the automata (i.e., the context-free
grammar) rather than the input graphs. For example, researchers have tried to model a program
into a large RSM so that the value-�ow analysis can be performed as an ordinary graph reachability
problem in the RSM [Alur et al. 2005; Chaudhuri 2008]. In this way, a query in a demand-driven
analysis can be done in linear time. However, this is not the typical CFL-reachability analysis, so it
is not compared in this paper.

Reducing edge redundancy on the �y has also been incorporated into many existing techniques.
Fähndrich et al. [1998] and Su et al. [2000] arbitrarily ordered the computations based on node
indices in order to reduce repeated computations. Except for Pocr that is compared in our paper,
another recent technique Graspan [Wang et al. 2017] use auxiliary structures to classify “new” and
“old” edges to avoid the need to recompute the established edges.

Graph simpli�cation. Due to the di�culty in reducing time complexity, many existing ap-
proaches improve the performance of CFL-reachability from more practical perspectives. In existing
works, o�ine cycle elimination and edge contraction, which were not originally designed for CFL-
reachability, have been adopted to improve the performance of CFL-reachability for particular
clients [Lei et al. 2022; Wang et al. 2017]. For CFL-reachability, a recent o�ine graph simpli�cation
technique [Li et al. 2020] was proposed to remove the non-Dyck-contributing edges for interleaved-
Dyck reachability problems. Notably, all the aforementioned techniques are o�ine techniques,
whereas our approach focuses on online graph simpli�cation.

From the perspective of cycle elimination [Nuutila and Soisalon-Soininen 1994; Tarjan 1972],
it is a mature technique to simplify the graphs for transitive closure problems and is extensively
adopted in constraint-based pointer analysis [Andersen 1994; Fähndrich et al. 1998; Hardekopf
and Lin 2007a; Pearce et al. 2007; Pereira and Berlin 2009]. Besides wave propagation, there are
two famous cycle elimination techniques for constraint-based point-to analysis. The study of cycle
elimination in Andersen’s pointer analysis can be dated back to the 1990’s when a partial online
cycle elimination [Fähndrich et al. 1998] was proposed. The algorithm sorts nodes with indices and
performs cycle elimination when an edge from a higher-indexed node to a lower-indexed node is
detected. Lazy cycle detection (LCD) and hybrid cycle detection (HCD) [Hardekopf and Lin 2007a]
are two popular methods, among which LCD collapses cycles online based on the insight that nodes
in cycles have the same points-to-set, while HCD detects and collapses cycles in the preprocessing
stage and can be used as a reference to collapse cycles in solving.

8 CONCLUSION

The paper introduces an iterative-epoch online cycle elimination framework to improve the dynamic
CFL-reachability solving, and applies the framework to the standard CFL-reachability solver and
the recent ordered solver, yielding to new solvers Iea and Iea-Ocr. Experimental results on context-
sensitive value-�ow analysis for C/C++ and �eld-sensitive alias analysis for Java demonstrate the
promising performance of our online cycle elimination technique. Speci�cally, Iea signi�cantly
reduces 10.04% nodes and 49.23% edges in the solving process of value-�ow analysis and 5.86%

nodes and 43.67% edges in the solving process of alias analysis, and accelerates the standard
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solver by 17.17× and 13.94×, respectively, for value-�ow analysis and alias analysis, with memory
reductions of 48.8% and 45.0%. Besides, Iea-Ocr accelerates Pocr by 14.32× and 8.36×, respectively,
for value-�ow analysis and alias analysis, with memory reductions of 55.2% and 57.8%. Such results
show the importance of online cycle elimination in CFL-reachability. In addition to determining
transitive symbols for collapsible cycles o�ine (Section 4.1), our study also reveals the possibility
of identifying transitive patterns online, representing an interesting future topic.
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