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ABSTRACT

This paper presents a tripartite quantum teleportation protocol that incorporates feed-forward control and
environment-assisted measurement, aiming to suppress the influence of arbitrary noise with at least one
reversible Kraus operator. In this protocol, the feed-forward control is first utilized before the decoherence
channel, such that the entangled qubit is transferred to the target state, which is more robust against noise.
Next, the measurement is performed on the noise environment coupled with the entangled qubit during
the decoherence channel. Finally, the reversed feed-forward control and the redesigned weak measurement
reversal operator are applied after the decoherence channel. This protocol can be applied to the case where
both amplitude damping and phase damping noise coexist. Based on this protocol, the analytical expressions
for performance metrics including the average fidelity and the success probability are further derived. Even
for the heavy damping cases, the final average teleportation fidelity can reach 1, which is independent
of the magnitude of decoherence and the entanglement parameters. Furthermore, we optimize the success
probability without compromising fidelity, and derive the average fidelity expression of the standard tripartite
teleportation protocol through the phase damping noise channel. The effectiveness of our protocol is verified

by numerical simulations.

Introduction

Quantum teleportation is one of the most essential protocols in
quantum information technology, which can overcome the distance
limitation of direct quantum state transfer and achieve nonlocal trans-
mission of an unknown quantum state. Significant progress has been
made in using quantum teleportation to construct the quantum com-
munication network [1-3], and typical teleportation schemes include
controlled teleportation [4-6], bidirectional teleportation [7,8], cyclic
teleportation [9,10], quantum repeater [11,12], and tripartite tele-
portation [13,14]. While most of these schemes have developed sig-
nificantly in both theory and experiments, tripartite teleportation is
worth further investigating. The tripartite teleportation is a quantum
information transmission protocol, where the sender uses a tripartite
entangled state to transmit an unknown state to either of the two
receivers. In this process, successful teleportation relies on the prior en-
tanglement distribution and quantum channel construction. However,
the entanglement distribution process will inevitably be affected by
environmental noise, leading to decoherence in the entangled states
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and thereby degrading the quantum channel. Hence, developing practi-
cal teleportation protocols that mitigate the effects of decoherence has
become a focal point and challenge.

Amplitude damping (AD) and phase damping (PD) are two typical
decoherence mechanisms [15-17]. The amplitude damping channel
(ADC) dissipates the energy of the quantum system into the envi-
ronment, leading to decay towards a temperature-related steady state
(e.g., spontaneous emission of photons from atoms). The phase damp-
ing channel (PDC) introduces random displacements of quantum states,
causing partial loss of phase information. To mitigate the effects of
AD and PD on quantum channels and improve the fidelity of quantum
teleportation, two major categories of methods have been proposed.
The first category focuses on restoring entangled states from noise
effect, and various related techniques have been proposed, including
quantum error correction [18,19], entanglement distillation [20,21],
and dynamical decoupling [22]. Although these schemes can improve
the fidelity of quantum teleportation, the final performance is limited
to the magnitude of decoherence, entanglement parameters, and re-
dundant auxiliary qubits. The second category involves modifying the
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teleportation protocol to adapt to the noisy quantum channel, which
is based on applying redesigned reversed operators to replace unitary
operations in the last step [23-25]. Compared with the first category
method, the second category protocol offers clear advantages, which
just need a single copy of an entangled state, and can always achieve
optimal quantum teleportation (i.e., maximizing the success probability
for the given fidelity).

In addition to the above methods, the weak measurement (WM)
is also used to suppress decoherence, which has been found wide
applications in both theory and experiments [26,27]. As an extension
of the traditional von Neumann orthogonal projective measurement,
WM reduces disturbance on the system by weakening the measurement
interaction to prevent the quantum state from collapsing into one of its
eigenstates after measurement. In quantum WV, there is a trade-off be-
tween the obtained information and the system disturbance, i.e., higher
measurement strengths offer more information while simultaneously
causing increased system disturbance. Based on the development of
WM, various decoherence suppression strategies are proposed, includ-
ing quantum feedback control (QFBC) [28,29], quantum measurement
reversal (QMR) [23,30], and quantum feed-forward control (QFFC) [31,
32]. The QFBC involves extracting information from the quantum
state after passing through the decoherence channel. In the QFBC,
it requires prior knowledge of the initial entanglement parameters
and is challenging to achieve sufficiently high fidelity. In contrast,
the QMR does not require prior information about the initial state.
The QMR involves applying WM to the qubit before the decoherence
channel to reduce the weight of excited states, and designing the weak
measurement reversal (WMR) operator after the decoherence channel
to approximately restore the state to its initial state. The QFFC builds
upon the QMR by adding feed-forward control operators and feed-
forward control reversal operators. This allows the transfer of qubits to
the desired target states that are more robust against noise, resulting in
the more effective suppression of decoherence. Note that the methods
based on WM mentioned above are operating on the controlled quan-
tum system. There are also several approaches to suppress decoherence
by manipulating the environment coupled to the quantum system, such
as environment-assisted error correction (EAEC) [33] and environment-
assisted measurement (EAM) [34]. The EAEC involves measuring the
noise environment coupled to the controlled system and designing a
reversal operator based on the measurement results to recover the input
state. This method can recover the unknown quantum state coupled to
the noise environment with a constant success probability of 1. How-
ever, it has significant limitations, primarily requiring the evolution of
the quantum system to have a random unitary Kraus decomposition,
which rarely exists in a generic dissipative model. Based on the EAEC,
the EAM was proposed in [34], which offers broader applicability and
higher fidelity as it can be employed in any noise environment that
contains at least one reversible Kraus operator.

Currently, existing quantum teleportation protocols for suppress-
ing decoherence are only applicable to specific forms of decoherence
channels [23,35-37], which involve redesigning specific forms of re-
versed operators. However, in practical environments, there exists a
wide variety of noise sources with different characteristics. Moreover,
these protocols are affected by control parameters, the magnitude
of decoherence, and entanglement parameters, making it challenging
to achieve satisfactory fidelity under heavy damping conditions. To
tackle these challenges, we propose a tripartite quantum teleportation
protocol that combines QFFC and EAM (FF-EM). This protocol utilizes
feed-forward control before the decoherence channel, employs EAM
during the decoherence channel, and applies feed-forward reversal after
decoherence. In the last step, we use a redesigned WMR operator
instead of a unitary operation to counteract the effects of the noise
channel. Based on our protocol, we derive the expression for the final
success probability, and provide the optimal success probability and its
corresponding optimal conditions. Compared with the aforementioned
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protocols, our protocol has the capability to handle decoherence chan-
nels with both amplitude and phase damping noise simultaneously.
This is a significant improvement as it addresses a wider range of noise
types commonly encountered in practical environments. Furthermore,
our protocol is designed to maintain a fidelity of 1 regardless of the
magnitude of decoherence and entanglement parameters. In addition,
our scheme significantly improves the success probability compared
to the EA-WMR quantum teleportation protocol proposed in [35].
Specifically, we provide the standard tripartite teleportation protocol
with two qubits passing through PDC, and derive the expressions for
performance metrics.

The paper is structured as follows. In Section “Standard tripartite
teleportation protocol”, we introduce the processes of the standard
tripartite quantum teleportation protocol in the presence of phase
damping noise, and derive the average teleportation fidelity. In Section
“Tripartite quantum teleportation protocol with feed-forward control
and environment-assisted measurement”, we propose the FF-EM tripar-
tite quantum teleportation protocol and calculate the success probabil-
ity and the average teleportation fidelity. Finally, Section “Conclusion”
provides the conclusion.

Standard tripartite teleportation protocol

This section takes the analysis of ADC and PDC as examples to
introduce the critical details of the standard tripartite teleportation
protocol. It serves as a basis for discussing the problems to be solved
in this paper.

The effect of AD on a single qubit can be denoted as |0)¢|0) Eﬂ

10)510) or [1)510)z —— VT = Fl1)5l0)p +/FIO)sI1)p, (r=1-el").
Here r € [0,1] is the magnitude of decoherence, I' is the energy
relaxation rate, the subscripts “.S” and “E” denote the quantum system
and its environment, respectively, and e, and e, are Kraus operators
defined as [15]

e = 100 + V1 = r|1)(1], e; = 1/r|0)(1]. )}

In this paper, assume that r is known and the noise can be fully
characterized.

The noise does not affect atoms in the ground state |0)g, but for
atoms in the excited state |1)g, it causes them to decay to the ground
state |0)¢ and emit photons into the surrounding environment. Thus,
it is possible to determine whether decoherence is occurring by EAM,
which will be used in Section “Tripartite quantum teleportation proto-
col with feed-forward control and environment-assisted measurement”
to mitigate the effects of noise.

More details about performance metrics of the standard tripartite
teleportation protocol under AD have already been provided in [35].
Below, we outline the standard tripartite teleportation protocol under
PD.

The effect of PD on a single qubit density matrix p can be expressed
as ¢,(p) = rZpZ + (1 —r)p, where Z is the Pauli matrix o,. This
indicates that PD noise has a probability of (1 — r) preserving the system
state and a probability of r inducing a phase flip along the direction of
Z. The corresponding Kraus operators are defined as [15]

eo = [030] + V1 — r[1)(1], e; = \/r1)(1]. 2

In tripartite quantum teleportation, Alice is the sender and possesses
the unknown qubit 0 to be transmitted, as well as a tripartite entangled
state |y);,3, while Bob and Charlie are the receivers. Receivers assist
each other in the quantum channel to jointly reconstruct qubit 0 at
either receiver’s location. For example, consider the case of reconstruct-
ing qubit 0 at Charlie’s location here. Let qubit O be the input state,
which is defined as

Pin = lwoXwol, lwo) = «[0) + p|1), 3)
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Fig. 1. Standard tripartite quantum teleportation protocol through PDC. The dashed
lines in the figure indicate quantum entanglement, the double lines indicate the
classical channels, the single lines indicate quantum channels, BM denotes Bell basis
measurement, M denotes the quantum measurement, and U denotes the unitary
operation.

where |a|? + |§|? = 1. The tripartite entangled state prepared by Alice
can be expressed as (using GHZ state as an example)

lwio3) :cosg|000)+sin§|lll), (€)]

where 0 < 6 < #/2. When 0 = r/2, it corresponds to the maximum

entangled state.

The protocol process is depicted in Fig. 1, which includes the
following three steps.

Step 1 Alice employs entanglement distribution through PDC,
thereby constructing a quantum channel, sending qubits 2 and 3 to Bob
and Charlie, respectively.

Qubits 2 and 3 enter the noise channel. Then, the three-qubit Kraus
operators for the GHZ entangled state can be expressed as
E00= 1®€0®€‘0, EOl = [®e0®el’
E10= ]®€‘1 ®€0, Ell = [®el ®el!

%)

where ¢, and e, are given by Eq. (2), and I is the identity operator.

After passing through the noise channel, the entangled state |y,3)
under the action of the Kraus operator becomes

E;ilyia3), (1,5 =0,1),

|ooo>+(1—r)sin§|111>,

|w,2§>
123 3 ) = cos >
Wi = Iyl = Ve = nsin 2y,

.0
|w1213') = rsin 5|111).

©

Step 2 Alice applies a Bell joint measurement on the input qubit
0 and her entangled qubit 1, and Bob measures his entangled qubit 2.

The teleportation process of |y/] 0) is given below, and the analysis
of the remaining cases can be obtained similarly. The quantum state of
the whole system can be described by
E [ .0
w52 = (@l0) + A1) ® (cos 31000) + (1 = rsin 5|111>)123 . %)
Alice performs Bell joint measurement on qubits 0 and 1. After
applying the CNOT gate on qubit 1 (target qubit) in the entangled state
and qubit O (control qubit), subsequently applying H gate to the qubit
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0, the quantum state of the whole system can be obtained as

Eoo\BM
lwg™)

L 4 — sin?
= \/E|00)01 <acos S100)+ g1 r)s1r12|11>)23

I\)IQD

1 9
+$|01>01( |00)+a(1—r)51n§|11))

®

%

1 0
+ — 10y, (ac Y100y = p1 —r)smzlll))

V2 2

1 0 0
+ $|11>0l (—ﬂcos§|00)+a(1 —r)sm§|11)>23.

Bob performs a projective measurement on his qubit 2, using the
measurement basis

|0), = sin = |x0)2 +cos = |x1)2,

)

[1), = cos 5|X0>2 —sin 5|X1>2~

If the Bell joint measurement results of qubits 0 and 1 are (0,0), then
the state of qubits 2 and 3 becomes

Eoo >
23

= —|x0)2 (acosgsin %|0)+ﬁ(1 —r)singcos %ll))3

V2

+ élxl)z (acosgcos%lo)—ﬂ(l —r)singsingll))?

(10)

Therefore, the state of the corresponding qubit 3 can be obtained
based on the measurement result of the qubit 2. Using a similar ap-
proach for other cases, the final state of the qubit 3 held by Charlie after
two measurements can be obtained for all Kraus operators, as shown in
Table 1.

Step 3 Alice and Bob transmit the two measurement results to
Charlie through the classical channel. Based on the measurement re-
sults of qubits 0, 1, and 2, Charlie applies the corresponding unitary
operator in Table 1 to the qubit 3. Then the final output quantum state
is obtained as

out +
mnk z m”kpmnk mnk’ (11)
i,j=0,1

where U, ,, is the chosen unitary operator, and pm; . is the density
operator for qubit 3 with the Kraus operator E;; and the measurement
results (m, n, k).

After introducing the process of the standard teleportation (the case
of ADC can be referred to [35]), next, we focus on its evaluation index
of effectiveness. Here, we select the average fidelity as the evaluation
index, i.e.,

Fid,, = / Ay Y ppifidy g 12)
m,n,k
where fid, ,, = (1//0|pf””’;$k|q/0) is the fidelity for the measurement

results (m,n, k), representing the difference between the final output
state and the input state, and p,, . = Tr ( X, ; pm’z « ) is the probability
for the measurement results (m, n, k). Note that the average fidelity Fid,,
mentioned here is a general metric that applies to both the cases of ADC
and PDC.

According to Eq. (12) the average standard teleportation fidelity
through PDC is calculated as

Fid® = L singsing (1 - r) + % a3

(98]

and the average standard teleportation fidelity through ADC given
in [35] is

- jad r 1 . . 2
Fldgv——(1—c036)<——§>+§sm(psm0(l—r)+§, 14)
where r is the magnitude of decoherence defined in Eq. (1), @ is the
entanglement parameter given in Eq. (4), and ¢ is the measurement
parameter on qubit 2 defined in Eq. (9).
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Table 1
Charlie’s states |"’m /> corresponding to the measurement results of Alice and Bob (m, n, k).
(.7 K)ora Wi )s W )3 Wi )a v
(0,0,0) ﬁ(acmgﬁm—|0>1+ﬂ(l—r)im%cm—|1>3> \[ﬂ\/r(l—r §1n7c0§—|1)3 \[ﬂrsmfco@—|1)3 1
(0,0,1) 7<otcos§cos—|0)3 ﬁ(l—r)singsmﬂu);) \[ﬂ\/r(l—r)sm—smf|1)3 fﬁrsm—sm“’u); o,
(0,1,0) %(ﬂcos;bm“’|O>3+a(l—r)smiu)s—|l)3) 701\/1'(1—r)smfcos—|l)1 Tarsmicos—ﬂ) oy
0,1,1) %(ﬂcoggco<—|0)3—a(l—r)smgsm—H)w) —tx\/r(l—r 91n§§1n2|1)3 —$ar<mg§m—|l)3 6,0,
(1,0,0) %(a g —|O)3—ﬁ(l—r)smgcos—ll)g) ﬂ\/r(l—r)smgcos—ll)3 —Tﬁrsmgcos |1)5 o,
(1,0,1) %(d %c %| )3 +ﬂ(l—r)smgsm |l)3) \[ﬁ\/r(l—r)smfbm'ql)} \ﬁﬂrsmgsm%ﬂ)} 1
(1,1,0) %( ﬂg %O)g+a(1—r)§mgco<—|1)3) Ea\/r(l—r)ﬂmicosﬂl)3 %arsin%cos%ﬂ)3 6,0,
(1,1,1) %( Bcos & co %lO);—a(l—r)sm%sm“’Il);) —%ay/r(l—r)sin%sin%ll); —%arsin%sin%llk o,
Step 1 Alice sends qubits 2 and 3 to Bob and Charlie, respectively,
. through the noise channel. Unlike the standard quantum teleporta-
_—— B Ard? ’ tion protocol proposed in Section “Standard Tripartite Teleportation
i3 it 0.9 Protocol”, the FF-EM protocol presented here introduces extra steps
' Fid =2/3 involving pre-WM, EAM, and feed-forward control and reversal.
. 0.8 0.85 Below we will introduce the detailed procedures.
<
b=
= 0.7 0:8 » Pre-WM
0.6 0.75 . . .
el
To obtain more information about the quantum state, the complete
0.5 0.7 pre-WM operators m, and m, are, respectively, applied to the entangled
qubits 2 and 3 distributed by Alice before the decoherence channel.
0 [oos Then we have I1,_o;m m; = [I +cos (@) Z1/2, Zi_g,mm; = I, where Z
0.6 is the Pauli matrix o,. We define m, and m, along the z axis as
0 0.75 B .
w2 1 \= cos (w/2) . 0 my = sin (w/2) 0 ’ as)
0 sin (w/2) 0 cos (@/2)

Fig. 2. Average standard tripartite teleportation fidelities through PDC and ADC.

Combined with Egs. (13) and (14), it is seen that the average
teleportation fidelities both take the maximum value when ¢ = z/2.
Fig. 2 shows the optimal average fidelities for these two types of
noises, and it can be seen that with the increase in the magnitude of
decoherence r and the decrease in the entanglement parameter 6, the
average teleportation fidelities through ADC and PDC both decrease.
Even at maximum entanglement (0 = r/2), the average teleportation
fidelity through ADC is still lower than the classical limit 2/3. When
both AD and PD noises are present, the average teleportation fidelity
will be more seriously affected.

To solve the problem of fidelity degradation caused by noise, we
propose a tripartite quantum teleportation protocol assisted by feed-
forward control and environment-assisted measurement (FF-EM). In
this protocol, the fidelity will be not limited by the magnitude of
decoherence and the entanglement parameter (remaining constantly
at 1). Unlike most teleportation protocols for suppressing decoherence
that are only applicable to one specific form of noise, the FF-EM
protocol is suitable for scenarios where both AD and PD coexist, as will
be highlighted in the next section.

Tripartite quantum teleportation protocol with feed-forward con-
trol and environment-assisted measurement

In this section, the FF-EM tripartite quantum teleportation protocol
is proposed based on the standard teleportation protocol. The funda-
mental idea behind this protocol is as follows. Before the noise channel,
we employ the WM and feed-forward control operators. During the
noise channel, we utilize EAM. After the noise channel, we apply feed-
forward reversal operators. And instead of using unitary operations, in
the final step of the protocol, we utilize WMR operators to restore the
input state.

The protocol process is depicted in Fig. 3, which includes the
following three steps.

where 0 < @ < #/2 depends on the measurement strength. When
® = r/2, the measurement does not affect the system. When w = 0,
the measurement strength is the strongest and it is equivalent to a
projective measurement. When 0 < w < z/2, the measurement is
considered as a WM, which balances the information gain and the
interference on the system.

There is no operation on the qubit 1 and WMs are used for qubits
2 and 3. The Pre-WM operators for qubits 1, 2 and 3 are

My =1 & my @ mg, My = I ® my @ my,
Miy=1®m Q@my, M;; =1 Qm Q@ my.

(16)

After employing the WM, the probability of the tripartite entangled
state |y,3) in Eq. (6) transitioning to |WMf/> is

gm,; =Tr <M1/|W123><W123|M:j) 2(:) gm,; =1 a7
i,j=t

where
|y ) = cos ¢ cos? CﬁlOOO) + sin u sin’ (ijllll),
00 2 2 2 2

|1//M10) = cos 0 sin 2 cos 2|000)
2 2 2 18)

+sin§sin%cos§|lll),

|1I/M0,> =

|y/M“) = cos g sin? %lOOO) + sin g cos? %llll).

After obtaining partial state information through the WM, the feed-
forward operators f; and f, are applied to qubits 2 and 3, respectively,
which enable improved robustness. We define

1 0 0 1
fOZI:[O 1:|’f1:gx:|:1 O]

If the measurement result is m,, it means that this single-qubit
state is close to the ground state and is less affected by noise. Hence,
the feed-forward operator f is chosen as the identity matrix. If the
measurement result is m, it means that this single-qubit state is close
to the excited state and is more susceptible to noise interference. Hence,

19)
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Fig. 3. FF-EM tripartite quantum teleportation protocol. The dashed lines in the figure indicate quantum entanglement, double lines indicate the classical channels, the single lines
indicate quantum channels, BM denotes Bell basis measurement, and M denotes the quantum measurement.

the feed-forward operator f, is designed as the bit-flip Pauli operator
o, to make the state transfer towards the ground state.

For the tripartite entangled state, the feed-forward control operators
are constructed as

Foo=1® fo® fo, Fop1 =1 ® [y ® f1,

(20)
Fio=1®f1® fo, Flu=1® f1® fi.

After employing the feed-forward control operator, the tripartite
entangled state becomes p F, = |WF,-/><WE/| with a probability of gr, =

Tr (FijMijllI/123><W123|M,:$Fij) and ¥, ;_, &5, = 1, where
lwg,,) = cos g cos? %’lOOO) +sin g sin? %)|111),

|1//Fm) = cos 6 sin % cos %lOOI) + sin g sin % cos CL)|110),

g 0] [2) (4 w Z) e
|1//F]0) = cos 3 sin 7 cos 7 |010) + sin 3 sin 7 cos 5|101),

|1//F”) = cos g sin? §|Oll) + sin g cos? %llOO).
« EAM

Qubits 2 and 3 enter the noise channel and we assume that the char-
acteristics of the noise are completely known. For ease of presentation,
we only analyze AD and PD noise, whose Kraus operators are given by
Egs. (1) and (2), respectively.

In either case of AD or PD noise, there are no unitary matrices
U, and U, such that Kraus operators e, and e; satisfy ¢, = ¢ U, and
e; = c;U; (where ¢; and ¢, are constants). Therefore, the EAEC scheme
is not applicable. Instead, we employ the EAM scheme, which involves
applying measurement operators to the noise environment, causing it
to collapse onto an observable eigenstate. As a result, the state of
the quantum system coupled with the environment is projected onto
a state related to this eigenstate. If the environment state collapses
onto the kth eigenstate, for the single-qubit quantum system p,, it will
accordingly be at p* = ekpoej; /Tr (ekpoe;t), where ¢, is the reversible
Kraus operator.

The entanglement distribution is successful only when the envi-
ronment measurement result is reversible, otherwise the process is
restarted, which makes the protocol a probabilistic scheme. Note that
reversible Kraus operators for both AD and PD noise are denoted as
ey = |0)(0] + V1 —r|1)(1]. Therefore, the Kraus operator of the noise
channel is E = I ® ¢y ® ¢, all other cases containing e, are discarded.

After employing the EAM, the tripartite entangled state becomes

PEF,; = |WEEj><WEE/|, where
lwgE. ) =cos 0 cos? 9|OOO> + (1 =r)sin 0 sin? Qllll),
00 2 2 2 2
0 . o w
lweR, ) = V1—rcos 5 sin 5 cos 5|001)
+Vl1 —rsing sin 2 cos 2|110),
02 2 2 22)
lWer,) = V1—rcos 3 sin %) cos %)|010)
+ V1 —rsin g sin % cos %llOl),
e, )= (-r)cos g sin® %’|011> +sin g cos? §|100>.
In this way, the successful probability of EAM is

oot
8EF; =1 (EEjMij|W123><W123|M,~jF,-jET);

2
. w
8er = Z 8EF, =<’Sm2§ - 1) ,
,j=0,1

(23)

which reaches its maximum value at w = x/2. The maximum value is
3

g = (1-r/27
+ Feed-forward reversal

Bob and Charlie receive qubits 2 and 3, respectively. Based on m; in
the last step, Bob and Charlie apply the feed-forward reversal operator
f[“ to qubits to 2 and 3 separately. Since f; is the unitary matrix given
by Eq. (19), we have (f; ® f,)’l =f'®f7 =£,®f; (4=0.1). The
quantum state then becomes p My = lWEM, ,)(WEM, ; |, where

|WEMoo> = cosgcos2 %)|000)+(1 —r)sin g sin? %’|111),

6 .
WEny, ) = WEM,) = V1= reos 5 sin % cos %|OOO)
0 24)
+ l—rsinzsin%)cosgllll),

|1//EM”>: (1 —r)cosgsin2 §|OOO) +sin§cos2 %llll).

Step 2 Alice performs a joint measurement on qubits 0 and 1,
and Bob measures his qubit 2. Since there are four pre-WM operators
M;;, it is necessary to discuss the four cases separately. The detailed
procedures for the case of M, are given below, which can also be
applied to the other cases, and for brevity the other detailed procedures
are omitted.
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;
EMyy EMyy ( »EMq
EMoy Rooo Povo (Rooo )
Poutong = EMyy EM EMyy\ ¥
Tr < REMoo ,EMoo ( R 00) >
000 Fooo 000
(28)
((l —r)?sin? g sin* % cos —) X2 ((r —1)%sin? g sin* + cos g cos? %)
= X Pin = Pin
2 (cos2 g cos4 2+ (1 =r)?sin? 2 sin* £ 3 ) X ((1 —r)? sin2 g sin* 12’ cos? %)
Box I.
Table 2 N . ' . where ”mn . |"’mn N )(y/mn o s |y/mn " 7 is given in Tables 3 and 4. This
Bob and Charlie’s state |, *),; corresponding to Alice’s measurement results (m, n),,. EM;;
i verifies that in all cases, the final output state Pout,, 1s the same as the
(m, n), [T .
o "EM — - input state p;,,.
0,0) [ pep— (a % cos? 2100) + (1~ rysin £ sin® 2[11), ) . .
oy \f nEto f) . ., After introducing the process of FF-EM protocol, we use the average
0,1 0y = cos 2 cos "’00 +a(l- sm—imgll . . .
D l”‘l}M '= % NWw (ﬂ 2 100)25 +a (1 =) > l >23> fidelity and the total success probability to evaluate the effectiveness.
1,0 o) £ cos? 2100),; - (1 - &sin> 211 N .
.0 Ime™) = 7 N*”«m ('1 s 3 €08* $100)53 = f (1 = r)sin 3 sin” Z] )2‘> When the measurement results are (m, n, k), the fidelity for M;; is
1,1 |’1|E1MM>— \/—Nwm ( cosfcosz 1’|00>21+ot(l —r)sin—smq "’|ll>21)

The quantum channel between the tripartite is successfully estab-
lished with the shared entangled state of

EMyy _ 1
1¥) 123 = NEMy

.0 . rw )
1 —r) sin = s — 111
+( r)smzim 2| y),

(cos g cos? %IOOO)
(25)

where NEMoo = \/ cos? gcos4 %’ + (1 — ) sin’ g sin* ’i’ is the normalized
factor.

After using the joint measurement on qubits 0 and 1, Alice’s result
is (m,n)y;, and the corresponding qubits 2 and 3 shared by Bob and
Charlie are |r,f,?4 00%,5 given in Table 2.

Bob performs the projective measurement on the qubit 2 using
the measurement basis given by Eq. (9), with the measurement result
(k),. In each of the four cases (My,, My, M,;,, M,,), based on the
measurement results (m,n, k)y;,, the state of the qubit 3 |y,,,.); held
by Charlie can be determined (given in Tables 3 and 4).

Step 3 Charlie designs and applies the WMR operator to the qubit
3. Based on the measurements, the qubit 3 is reconstructed as the input
qubit |yy). For My, if the measurement results are (0,0, 0),,,, then the
state of the qubit 3 is

EMyy _

Pooo (26)

EM,
= [Wooo >(1//000 Moo

where |1//000 00) is given in Table 3. To make the final output state as
close as possible to the input state, the WMR operator is designed as

EMy _

ROOO

Lﬁﬁmgmﬁgan%MWHMUL @7

Accordingly, the final output state of the qubit 3 can be obtained as
Eq. (28) (see Box I).

The WMR operators Ri::’j for the four cases My, My, My, My,
are obtained analogously, given in Table 5, respectively. The relation-
ship between the initial input state and the final output state can be
described by a completely positive and trace-preserving (CPTP) map.
Then the normalized output state pE Y can be given by

out i

EM;, EM: \T
i + i
Ry Fy EF, My lynos X | M FLETES (R )

pEM,, _
Oul EM;; EM;; i
Tr (R o Fy EF My lyios) s M FSFS (RS ) )
EM;; EM, EM;;\T 29
ij ij ij
Rmnk mnk (Rmnk )
- EM;; EM;;

EM;;
] 1
pmnk (Rmnk

mnk

,))

. EM;;
fldm (W0|PD,,, |W0> =1 (30
Therefore, the overall average teleportation fidelity is
: JFF—EM
FidF-EM = / dwz < D pmnkfld:nk>
m,n,k (31)
/ dl[/ Z Z p mnk —
i,j mnk

where pznk is the prqbability of the measurement results (m,n, k) for
M, and ¥, ¥, . p’ = 1. It is worth noting that the fidelity of
the protocol proposed in this paper is always equal to 1, i.e.,
affected by the entanglement angle 6 and the magnitude of decoherence

it is not

r, and the final output state always remains identical to the initial input
state.

Since the WMR operator is incomplete, this quantum teleportation
protocol is a probabilistic scheme. The success probability for the

output state p ou,, is

My " EM,-I-TREM,-J- EM,; (32)
m n, k m n, k m,n,k m,n,k m,n,k
with the results given by
— 12 22 in* @ cos? 2
FMg FMg EMy _ EMy (1 = r)”sin” = sin 5 cos” 2
800 T80 T80 T80 T o1
2[(1 r)? sin’ +cos2 cos4 ]
4w - 2@
EMgo EMy, EMy _ EMoy _ (1 r) sin’ sm > sin
o1 — &1 —8or & — w]’
2[(1 r)? sin’ +c0§2 cos“ ]
EM,, EMy _ EMy _ EMy _ EMy EMyg EMy,
Zooo = &0 = 8100 gno =800 T80 = &0
20 2 ¢
B EMm_gm 5 cos 2
=80 T 3 ’
EMy _ EMy _ EMy _ EMy _ EM, EMyy _ EM)
o1 =811 T80 T&u T&om 8w = 8
9 sin? @
_ EMm_sm 2sm z
=&n = ) ’
in2 ¢ cos* € cos? £
gEMI = gEMu _ JEMy _ EMy S 3 cosT 5 cosTy
000 T %010 T 2100 1o - ’
2[(1 = r?cos? ¢ sin* 2 +sin? £ cost £
2 2 2 2
=20 4 o 2@
EM EM EM EM S g cost sy
1 no_ n_ 1
Eo01 Eo11 &1 =&

2 [(1 —r)cos? ¢ %m4 “2’ + sin’ gcos“ ';—’]

(33)
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Table 3
Charlie’s states |1,/::Z”> corresponding to the measurement results of Alice and Bob (m,n, k) for M, and M.
(m, n, k)1 |'I/,F;,,I,‘Z°" )3 |W5,},|Zm )3
(0,0,0) \/EN]EMnn (otcos % cos? 2 3 sin £ |0)3 + p (1 —r)sin 5 sin® E cos £ |1)3) \;:;W:TS 2 (n g sin %| )3 + Bsin 5 cos —|1);)
w S0 D V=rsin 2 cos 2 .
0,0,1) ﬁN]Wm (acos%cosz Ecos%lo)3 -pQ —r)smgsm ;510%|1>3) % (ncos%cos%th —ﬂsm%mn%ll)})
(0,1,0) ﬁleMuu (ﬂcosgcos2 %sin9|0)3+ot(1—r)singsin2 %cos—ll);) Vizrsng ooy (ﬂcos%sin%|0)3 +asingcos—|1)3)
1 0 20 9 » Vi-rsi 7 9 @ 9
(0,0,1) m(ﬁcosicos Ecos—|0)3—a(1—r)smgsm Esm—|1)3) W(ﬂcosEcosﬂo)},agmgsm,“)s)
. S0 T=rsin 2 cos 2 )
(1,0,0) ﬁ}leMou (acmgcosz %%m—|0)2 (l—r)smgsm2 %CDS*H)Q) % (acosgsm—|0)3 ﬂsmgcos—ﬂ)s)
(1,0,1) m(acosgcoszgcos—w) +/)(l—r)sin§sinz%sm—|l)3) %(a %cos%|0)3+ﬂsin§sm—|l)g)
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1 g 9w o Virsin % cos 2 0 0,
(1,1,1) Jan s ( ﬁcosEcos —cos—lO) —a(l—r)sm;sm Esm§|1)3) Tano ( B cos 5 cos £ |O)3—asmgsmgll)3>
Table 4
Charlie’s states |w5:Z”> corresponding to the measurement results of Alice and Bob (m,n, k) for M,, and M,.
(m, n, k)gpp ,En:i'"h 'L":Z“ %
\/;31 2 cos @ .
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V1=rsin £ cos ¢ ®
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Table 5
WMR operators Rj::” used by Charlie corresponding to the measurement results of Alice and Bob (m, n, k).
;. EM, EM
(m, n, K)o1 R::"Zou Rmnkul.w RmnA”
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In this way, the success probability for various cases can be obtained
EM;; .
0.9 separately as 8EM,; = Zm’n’k Sk > 1€
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2 I 08 e
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Gtot 07 CEM = 2 2
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0.6
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5 0.6 2sin® gcos4 3
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02 0 " (1= r)Pcos? g n* 2 5+ sin? gcos4 (;
’ 0.25 0.3
0 02 where gp M, reaches its maximum value gg’g;)’_j at w = /2.
0.1 Therefore, the total success probability for all cases (M, My, Mg,
' M) is
37/8
r
0 w2 1 E, 8EM;, X &M,
EM _ J ij ij
8ot = 5 . (35)
Fig. 4. Success probabilities of FF-EM and EA-WMR protocol with successful EAM. ) gMu

To demonstrate the superiority of our protocol, we compare the
FF-EM protocol with EA-WMR. Since both two protocols achieve the
fidelity of 1, we only need to compare their success probability.
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Fig. 5. (a) Average teleportation fidelities of FF-EM protocol, MR framework protocol and standard teleportation protocol. Note that the average teleportation fidelity of Fid:f’F‘M
maintains 1, and therefore its surface maintains the deepest color of the colormap. (b) Total success probabilities of FF-EM protocol and MR framework protocol. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

For FF-EM, the maximum success probability based on successful
EAM (i.e., w = z/2) is given by

(opt) .20
- X 9
EM(opt) _ Z”/ Sem;; < &M, .20 STy
tot = . =smg+ P) P)
py Em;; 2 ((1 —r)? cos? 5+ sin? 5)

(36)
(1-r)? sin? g

+

2 ((1 —r?sin® £ + cos? g)

For EA-WMR, the maximum success probability based on successful
EAM is [35]
220
EAGp) (1 —r)*sin 5
tot -

37)

(1 = r)?sin? g + cos? g )

Fig. 4 shows the success probabilities of these two protocols. It
can be seen that our protocol outperforms EA-WMR in terms of suc-
cess probability under all entanglement parameters and the magnitude
of decoherence. Moreover, our protocol exhibits enhanced robustness
against noise as the interference increases. Even at the maximum
entanglement (i.e., § = x/2), the success probability of the EA-WMR
protocol rapidly decreases as r increases, whereas our protocol remains
unaffected by the noise (achieving a success probability of 1).

From Egs. (23) and (36), gy and gZM both achieve the maximum
values at w = x/2. Since the total success probability of our protocol
is gFF=EM = gEM x gpp, when w = x/2, it reaches maximum value

1s grot
FF=EM©P) ghown as

tot

;20
Sll’l2

FF—EM(opt) _ _EM(opt) opn) _| 20
1ot = &ror Xgpp =|5° 5+ Y IRY)
2((1 — r)° cos 5 +sin 5)

. (1 —r)zsinzg . c)2
_Psin? ? 4 cos? ¢ '
2((1 r)° sin 3 +cos 2)

(38)

Furthermore, to highlight the superiority of our FF-EM protocol, we
compare it with the teleportation protocol based on WM in the general
quantum measurement framework as described in [23]. The optimal
average fidelity of the general quantum measurement framework for
all possible input states |y) is

1+rlal®|p)?
Fid{;’lez/dw rlal 1,
2(1+rl81%)

1+rlal® |8

) 39
2(1+r|a|2) 39

which has a maximum success probability of
20
z.

Fig. 5(a) shows how the average teleportation fidelities of FF-EM
protocol and MR framework protocol change with the magnitude of
decoherence r and the entanglement parameter 6. It can be seen that
the average fidelity of the MR framework protocol decreases sharply
as r increases. However, the average fidelity of the proposed FF-
EM protocol is independent of the entanglement parameter and the
magnitude of decoherence (constant at 1) and the FF-EM protocol effec-
tively improves the average fidelity in the noise environment. Fig. 5(b)
shows how the total success probabilities of the FF-EM protocol, MR
framework protocol, and standard teleportation protocol change with
the magnitude of decoherence r and the entanglement parameter 6. As r
increases, the success probabilities of both protocols decrease, but our
proposed FF-EM protocol consistently exhibits higher overall success
probabilities compared to the MR framework protocol. It should be
noted that the FF-EM protocol is more robust against noise, especially
in heavy damping cases (r € [0.5,1]). When r = 1, both the EA-WMR
protocol and the MR frame method fail (the success probability is 0),
while the FF-EM protocol still has a non-zero success probability.

Overall, our proposed FF-EM protocol outperforms both the MR
framework and the EA-WMR protocol in terms of fidelity and success
probability, and is more robust against noise, especially under strong
decoherence.

M R(opt)
tot

=2(1—r)sin2§+r(1—r)sin2§tan (40)

Conclusion

This paper proposed a tripartite quantum teleportation protocol
with QFFC and EAM, allowing the transmission of arbitrary unknown
quantum states through noisy channels. One advantage of the proposed
protocol lies in that the average teleportation fidelity is not affected by
the entanglement parameters and the magnitude of decoherence. Even
using non-maximally entangled states under heavy damping conditions,
a high fidelity can still be achieved. In addition, our protocol is suitable
for scenarios with both AD and PD. The applicability of QFFC is ex-
tended by employing the EAM in the decoherence channel. Numerical
results demonstrate that, compared to the standard quantum teleporta-
tion protocol, the protocol proposed in this paper effectively improves
the average fidelity and success probability of quantum teleportation in
the noise environment. In future research, we plan to apply the protocol
to multi-node entanglement swapping networks based on quantum
teleportation, to address more complex quantum communications in
the presence of noise.
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