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Abstract

Continuum robots have significant potential in practical applications owing to their in-

trinsic compliance, dexterity, and adaptability. However, the mathematical modelling and

real-time control of stiffness tuning in continuum robots represent a key research question

that has not been thoroughly addressed. To address this research question, this thesis

first proposes an innovative design for continuum robots by incorporating antagonism and

layer jamming mechanisms to endow the robot with stiffness-tuning capability. A static

deflection analysis method is developed, based on the Euler-Bernoulli beam theory, to ex-

amine robot stiffness under various conditions. An equivalent two section method is also

proposed for analysing and calculating the workspace of multi-segment continuum robots.

This research then develops a rigid-link dynamical model for analysing the stiffness-tuning

capabilities of continuum robots equipped with antagonistic mechanisms. Based on this

model, a novel passivity-based controller is designed for simultaneous control of robots’

position and stiffness. This model is further developed for continuum robots with layer

jamming as an additional stiffness tuning mechanism, allowing for theoretical analysis of

shape locking and adjustable stiffness of continuum robots with layer jamming. Exten-

sive simulations and experiments are conducted to validate the proposed robot design,

modelling, and control methods.
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Chapter 1

Introduction

1.1 Scope and overview

A continuum robot is a type of robot or manipulator that draw inspiration from nature or-

ganisms, such as tentacles, snakes, and trunks. It has recently been a research focus due to

its inherent characteristics, including compliance, flexibility, dexterity, and safety [17–19].

These advantages have facilitated the application of continuum robots in various domains,

including living care service, medical surgery, unstructured environment exploration, and

human-robot interaction [19–21]. Despite their increasing presence in real-world applica-

tions, continuum robots still face several technical challenges. Among them, a standing

one is how to adjust or control the stiffness to meet different task requirements [19–23]. For

example, in a minimally invasive surgery (MIS) or natural orifice transluminal endoscopic

surgery (NOTES), a continuum robot needs to be in a low stiffness condition to minimise

side effects to the patient when it is fed into the human body. On the other hand, when

reaching to the target area, it may need to be shifted to a high stiffness level to transmit

force and ensure motion accuracy for diminishing trauma [20, 24]. Therefore, the ability

to dynamically adjust stiffness is essential for continuum robots.

The ability and methodology to adapt stiffness have been issues of fundamental importance

for continuum robots. With the rapid development of bionics, design technology, and

materials science, the continuum robotics community has reported momentous progress

1
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on stiffening approaches in recent years [25–27]. However, several challenges have not

been well addressed yet, e.g., dynamic stiffness control, large stiffness change ratios, fast

response, compact and lightweight stiffness tuning devices, and versatile mechanisms.

In the meanwhile, despite many efforts that have been devoted to addressing the challenges

of dynamical modelling [28–34] and real-time control for continuum robots [35–37], how

to achieve simultaneous position-and-stiffness control for this type of robot is still an open

area of research.

This thesis is devoted to addressing the research challenge of stiffness regulation in contin-

uum robots by studies on robot design, workspace analysis, modelling, and control. Firstly,

a continuum robot with a layer jamming technique was designed. To analyse the robot’s

effective stiffness and its changing tendency under varying conditions, a static deflection

analysis method based on the Euler-Bernoulli beam theory was proposed. Subsequently,

an equivalent two section method was developed for analysing the workspace of contin-

uum robots based on forward kinematics and a piecewise constant curvature assumption.

Furthermore, a rigid-link dynamical model was developed to analyse the robot’s open-loop

stiffening properties, and a new passivity-based controller that is capable of controlling the

position and stiffness simultaneously was proposed. The rigid-link dynamical model was

refined by integrating the layer jamming mechanism to elucidate two fundamental prop-

erties of continuum robots with layer jamming technique: shape locking and adjustable

stiffness.

1.2 Contributions

The main contribution of this thesis is the modelling and control of a class of underactuated

continuum robots to achieve variable stiffness. The specific contributions are as follows:

• Design of a layer jamming-based continuum robot with variable stiffness in both the

transverse and axial directions (Chapter 3). The layer jamming sheath applied in

this design was woven by a novel method that involves using restriction wires on the

adjacent two layers to restrict the flaps to provide a larger relative movement capa-

bility. The robot’s static deflections under different external forces were analysed,
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and approximate stiffness models were also developed to analyse the robot’s effective

stiffness and its changing tendency.

• Introducing the equivalent two section (ETS) method (Chapter 4). The workspace

feature of multi-segment continuum robots was analysed, and a preliminary threshold

for the completed level of their workspace was identified. Based on these findings, the

ETS method was proposed to provide an efficient and accurate means of calculating

the workspace area and volume for multi-segment continuum robots.

• Establishing a rigid-link dynamical model for a class of underactuated antagonistic

continuum robots (Chapter 5). This energy-based model has the ability to interpret

the underlying mechanism for open-loop stiffening. Utilising this model, a novel

potential energy-shaping controller was designed to achieve simultaneous position-

and-stiffness control for underactuated continuum robots.

• Improving the proposed rigid-link dynamical model by incorporating the LuGre fric-

tional model (Chapter 6). This integration allows the model has the ability to

interpret the two fundamental properties of continuum robots with layer jamming

techniques, i.e., shape locking and adjustable stiffness.

Additionally, this thesis also provides a comprehensive review of stiffness tuning approaches

employed in continuum robots over the past two decades, which aims to elucidate the syn-

ergistic roles played by materials, actuators, mechanical configurations, and mechanisms

in achieving controlled stiffness modulation.

1.3 Thesis structure

The remainder of this thesis is organised as follows:

Chapter 2 surveys related work within the realm of stiffness tuning approaches for contin-

uum robots. It presents a comprehensive review of the state-of-the-art research on stiffness

tuning techniques employed in continuum robots over the last two decades, and key tech-

niques related to stiffness tunability mechanisms and stiffening methods are also analysed

and categorised.
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Chapter 3 presents the design and fabrication of the novel tendon-driven continuum robot

(OctRobot-I). It illustrates the details of design of the robot’s support spine, jamming

sheaths, and actuator unit. This chapter also includes the analysis of the robot’s static

deflections and the development of approximate stiffness models to examine the robot’s

effective stiffness and its trend of changes. Furthermore, experimental results and real-

world actuating and gripping performance of the robot are also demonstrated in this

chapter.

Chapter 4 analyses the workspace features of multi-segment continuum robots and presents

an efficient and accurate method to calculate their workspace area and volume. Addition-

ally, simulations with several different configurations are included in this chapter to verify

the proposed ETS method and identify a preliminary threshold of the completed level of

their workspace.

Chapter 5 presents the modelling and control of a class of underactuated antagonistic

continuum robots. It develops a rigid-link dynamical model for this type of robot and then

establishes a port-Hamiltonian dynamical model to analyse its potential energy. Based on

these, a novel potential energy-shaping controller is highlighted in this chapter to achieve

simultaneous position-and-stiffness control. Furthermore, experiments and results under a

series of control conditions to validate the proposed models and controller are also included.

Chapter 6 further improves the proposed rigid-link dynamical model by elegantly integrat-

ing the LuGre frictional model. It exhibits the abilities of the improved model to interpret

the two fundamental properties of layer jamming-based continuum robots: shape lock-

ing and adjustable stiffness. Moreover, experiments to validate the model and the two

phenomena are included in this chapter.

Chapter 7 concludes the thesis and discusses some potential avenues for future work.



Chapter 2

Literature Review

This chapter aims to present a comprehensive review and comparison of the state-of-the-

art research on stiffening techniques for continuum robots over the last two decades. It

explores the roles of materials, actuators, mechanical structures, and mechanisms for tun-

ing stiffness and summarises the challenges that this field has encountered to provide an

all-encompassing understanding of continuum robots. Through analysis and comparison,

it aims to elucidate the synergistic roles played by materials, actuators, mechanical con-

figurations, and mechanisms in achieving controlled stiffness modulation. By highlighting

the challenges encountered along the way, it strives to offer a nuanced and complete per-

spective on the continuum robotics landscape. 1

2.1 Overview

Tuning or controlling a continuum robot’s stiffness to enhance its versatility and adapt-

ability remains a significant challenge in the robotics community [18, 19, 23]. Stiffness,

a fundamental property of materials, characterises their resistance to deformation under

applied loads. It serves as a metric for measuring a material’s ability to resist elastic de-

formation, typically quantified by parameters such as the modulus of elasticity or Young’s

1The results presented in this chapter have previously appeared in the publication: Yeman Fan, Bowen
Yi, Dikai Liu, “An overview of stiffening approaches for continuum robots”, Robotics and Computer-
Integrated Manufacturing, vol.90, pp.102811, 2024.

5
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modulus. In the field of mechanics, stiffness is an important property for the design

and analysis of structures and mechanical components. In robotics, stiffness refers to the

ability of a robot’s joints or links to resist changes in their shape or orientation when

subjected to external forces or loads. Mathematically, stiffness can also be expressed as

the ratio between the force/torque and the resulting change in its displacement or angle,

respectively.

Compared to traditional rigid-link robots, continuum robots offer remarkable adaptability

and maneuverability due to their characteristics of flexible and continuously bending bod-

ies [17, 21]. There are several key points highlighting the flexibility of continuum robots,

including enhanced maneuverability, versatility in movement, and safety and compliance.

Their ability to adapt, manoeuvre, and safely interact with their environment sets them

apart from traditional rigid-link robots, opening up new possibilities in robotics and au-

tomation. However, this greater flexibility and adaptability may sacrifice the stiffness of

continuum robots, which, however, is a critical variable in characterising and controlling

the behaviour of continuum robots, especially in tasks such as grasping, manipulating,

and human–robot interaction [19, 23, 24]. In order to ensure continuum robots can be

applied in various application scenarios, this type of robot is required to have the capa-

bility of adjustable stiffness. For example, a high stiffness level should be achieved to

maintain its position and shape under extra loads, while low stiffness is preferred to al-

low the robot to adapt to changing or uncertain environments. Therefore, the ability to

tune the robot’s stiffness becomes vital for various purposes [25, 26]. The term stiffening

refers to the process of modifying or adjusting robots’ stiffness through internal or external

factors, including antagonistic force, temperature, friction, pressure, structural switching,

and active-braid element.

In recent years, significant interest has been focused on modulating stiffness for continuum

robots to enhance their deformability, controllability, and stability [25–27]. This has led to

the development of various types of stiffening approaches. This chapter aims to provide a

systematic classification of these approaches, and primarily focuses on the technical routes

that have been adopted for stiffness tuning in continuum robots. Hence, it leads to a

broad classification: antagonism, thermally responsive materials, jamming mechanism, and

mechanical structure. It is important to note that these stiffening approaches are closely
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related to the actuation mechanisms adopted in robots, which have a significant impact

on their application realms and stiffening performance. In this chapter, five categories

of actuation mechanisms are considered, including tendon-driven, fluidic-driven, tendon

& fluidic-driven, SMA-driven, and manual-driven. By considering the two perspectives,

i.e., stiffening and actuation, the classification is further refined in Figure 2.1, and the

details of relevant literature are summarised in Table 2.1.

Figure 2.1: Classification diagram of variable stiffness continuum robots: the top shows
the four main categories of stiffening approaches, and the bottom illustrates the five cate-
gories of actuation mechanisms. (a) a novel continuum robot using twin-pivot compliant
joints [1]. (b) a spring-based continuum robot [2]. (c) a continuum microsurgical robot
using nonuniform patterns on coaxial tubes [3]. (d) a MIS continuum robot with novel
layer jamming mechanism [4]. (e) a cable-driven continuum robot with stiffening sheaths
[5]. (f) a soft modular MIS manipulator [6]. (g) a pneumatically actuated soft manipu-
lator with tendon-based stiffening [7]. (h) a SMA-driven soft robotic tentacle [8]. (i) a

malleable continuum robot [9].

In order to demonstrate the existing research, quantitative data and the selection criteria

for research papers on stiffening approaches for continuum robots are presented at the end

of this section. A systematic literature search was conducted using the Web of Science and

Scopus databases. The search terms “continuum robot”, “soft robot”, “variable stiffness”,
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Table 2.1: Classification of stiffness tuning approaches for continuum robots †

Classification
Actuation Mechanism

Tendon Fluidic Ten.&Fl., SMA

S
t
if
f
e
n
in
g

a
p
p
r
o
a
c
h

Antagonism [1, 16, 38–53] [54–62] [7, 63–85] (Ten.&Fl.)

Thermally

responsive

material

Shape Memory Alloy [2, 86–91] – [8, 92–95] (SMA)

Shape Memory Polymer [96] [97–101] Manual

Low Melting Point Alloy [84, 102–106] [107–113] [114, 115]

Thermoplastics [116–121] [122–125] –

Jamming

mechanism

Fibre/filament [126, 127] [113, 128] [129, 130]

Granular/particle [5, 131–139] [6, 140–151] [152–154]

Layer/laminar [4, 5, 10, 155–158] [159, 160] [9, 152, 153, 161]

3D Printed Fabrics – [11, 162] –

Hybrid [163] [164] [153]

Mechanical

structure

Lockable Mechanism [165–167] [168] –

Friction Change Mechanism [169, 170] – –

Variable Stiffness Ball Joint – [171] [172, 173]

Constraint Tube [174–179] [180] –

Concentric Anisotropic Tube – – [3, 181, 182]

Active-Braid Element [183] – –

† “–” refers to no available work belonging to a specific category. Ten.&Fl. and SMA represent that
continuum robots in these related works are actuated by Tendon & Fluidic and Shape Memory Alloy,

respectively.

and “stiffening” were used in the article title, abstract, and keywords. The selection of

papers for this chapter was conducted in accordance with PRISMA guidelines, as shown

in Figure 2.2(a). After carefully assessing the main text for eligibility, 160 research papers

highly related to this topic that have been published during the last two decades were

found and included. As illustrated in the line chart of Figure 2.2(b), the number of research

papers in the databases on this topic has significantly increased over the past two decades.

This upward trend indicates that stiffening approaches in continuum robots represent a

promising and rapidly growing area of research. The increasing number of publications

underscores the importance and current interest in this innovative research direction. To

clearly show the publication trend and paper distribution among publishing years, these

studies were visualised in the bar chart of Figure 2.2(b). In the early stages, before

2014, the exploration of stiffening for continuum robots was in its infancy, with less than

ten articles published annually and some years even lacking any contributions. However,

a turning point occurred in 2016, marking the beginning of significant progress in this

specific area. Notably, the year 2022 alone witnessed the indexing of more than 30 articles,

demonstrating the continued growth and interest of the robotics community. Figure 2.2(c)
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Identification

Paper from databases
(n = 4369)

Scanning

Paper retained after
fast scan (n = 481)

Selected

Paper included
(n = 160)

Remove duplicate, not related, and not
retrieved records

Remove wrong field and not related
records

Selecting process of research studies from databases (Web of Science and Scopus)

(a)

(b)

(d)

(c)

Figure 2.2: Systematic literature review results. (a) selecting process of research studies
from databases in PRISMA flowchart. (b) publication number of research articles on the
stiffening approaches of continuum robots in the database (Web of Science and Scopus)
and the number of studies included in this review. (c) the proportion of different stiffening
mechanisms. (d) keywords about stiffness variation capability in continuum robots were

used in research papers.

illustrates the paper distribution of the four categories of stiffening approaches reviewed

in this chapter. The keywords to describe stiffening phenomena in continuum robots are

summarised in Figure 2.2(d) according to the frequency used in these papers.

In this chapter, the applications of continuum robots are broadly categorised into medical

applications and general industrial applications. The medical applications encompass a

range of procedures, including surgery, rehabilitation, endoscopy, guidance and naviga-

tion, and cardiac interventions. These utilisation scenarios demonstrate the potential of
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continuum robots in performing minimally invasive procedures, enhancing surgical preci-

sion, and facilitating targeted interventions within the body. On the other hand, general

industrial applications cover a variety of tasks, such as living assistance and elderly care,

general grasping, pick-and-place operations, and actuation tasks. Continuum robots have

the potential to be versatile and adaptive tools in these settings, offering gentle support

for individuals with mobility challenges and providing flexible and adaptable manipulation

capabilities.

2.2 Stiffness tuning approaches

The ability to achieve tunable stiffness is of utmost importance for continuum robots to

effectively meet a wide range of application requirements. Stiffening approaches can be

generally categorised into antagonism, thermally responsive materials, jamming mecha-

nism, and mechanical structure. This section conducts an in-depth analysis of the de-

tailed classification, working principles, and properties of these stiffness tuning methods,

and then discusses their applications in continuum robots.

2.2.1 Antagonism

Antagonism-based techniques have been utilised to control the stiffness of continuum

robots by leveraging opposing forces. It offers a simple and effective way to tune the

stiffness without requiring additional structures or devices. The basic idea is to use a

pair (or more) of antagonistic forces to manipulate the pressure, tension, or a combina-

tion of both within continuum robots. Figure 2.3 gives an intuitive illustration depicting

the generation of a pair of antagonistic forces that are denoted as F and F ′ through the

interaction between the robot body and the driven actuator. Due to their simplicity, an-

tagonism mechanisms have gained popularity in tendon-driven, fluidic-driven, or tendon

& fluidic-driven continuum robots. The antagonistic mechanism is applicable to various

types of continuum robots in which a pair of antagonistic forces can be generated. Existing

literature categorises the antagonisms used for stiffness tuning in continuum robots into

three main types:
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• Tendon Antagonism [1, 16, 38–53], see Figure 2.3(a)

• Fluidic Antagonism [54–62], see Figure 2.3(b)

• Tendon & Fluidic Antagonism (Ten.&Fl.) [7, 63–85], see Figure 2.3(a) and (c)

By employing these different antagonism mechanisms, continuum robots can effectively

adapt to various tasks and environments. The choice of the specific antagonism technique

depends on the robot’s design, application requirements, and desired stiffness control ca-

pabilities.

F'

Rigid segment Soft segment Driving tendon

F

F' F

F' F

Extensor muscle

F

F'
F'

F' F'F'

F

F

F' F

F
F

F
F'

(a) (b) (c)

Contractile muscle

Silicone actuation chamberOrigami or bellow structure Soft segment

Figure 2.3: Diagram of the antagonistic forces and the antagonistic mechanisms. (a)
three cases of tendon antagonism; note that the third case can be the tendon & fluidic
antagonism if the origami or bellow structure is controlled by external airflow with high
pressure. (b) two cases of fluidic antagonism. (c) two cases of tendon & fluidic antagonism.

2.2.1.1 Tendon antagonism

This type of antagonism relies on opposing tensions created by tension-driven mechanisms

to achieve stiffness regulation [16]. This mechanism includes tendon-driven systems, where

flexible cables or tendons are actuated to generate opposing forces that govern the robot’s

compliance. In the case of tendon actuation, the force F ′ is generated by driven cables.

When a pair of cables are arranged on two sides of the robot, and tensions are increased

simultaneously, the robot body undergoes compression, leading to a reaction to counteract

the applied tensions. Hence, the elastic potential energy of the robot body increases –

resulting in a higher stiffness. In this type of continuum robots, the behavior of the robot
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body can be rigid [16, 38–41, 51, 52], rigid and soft [42–44], soft [45, 50], compliant origami

[46, 53], compliant joint[1], or spring [47–49].

Many works have incorporated rigid bodies in continuum robots to enhance stiffness by

tendon antagonism. For MIS, adjustable stiffness cable-driven manipulators with bend-

able hollow structures made of rigid links were developed, allowing continuous stiffness

adjustment via cable tensions, even during motion [16, 38]. This approach also addressed

stiffness issues of continuum robots used in NOTES [39]. A bio-inspired finger utilizing

tension antagonism for stiffening was designed to mimic human finger movements [40, 50].

Additionally, Liu et al. [41] introduced a novel mechanism to improve stiffness and load

capacity in cable-driven manipulators, ensuring dexterity and accuracy while allowing

stiffness tuning for optimal performance in various scenarios.

In order to further improve stiffness variation capability, a combination of rigid and soft

segments can be utilised. A robot tail with alternating rigid and soft segments was devel-

oped, allowing precise stiffness control through adjustable cable tensions [42]. Similarly,

a variable stiffness mechanism for MIS needles, which alternates between rigid and com-

pliant segments, regulates stiffness via driven cable tension [43]. Inspired by push puppet

toys, Bern et al. developed a continuum arm that is based on rigid plastic and soft foam

to realize stretch and stiffening capability [44].

A continuum robot with a soft body, compliant joint, origami body, or spring body enables

easy stiffness control via cable tension by leveraging its compressibility. For instance, an

octopus-like robot with an artificial muscular hydrostat made from silicone materials was

developed in [45]. A programmable origami structure for dynamically dexterous robots

uses flat sheet crease patterns to create adjustable stiffness through origami bellows [46, 53].

A novel continuum design with twin-pivot-compliant joints enhances stiffness and reduces

parasitic twists [1]. Continuum mechanisms with cable-driven and spring bodies for stiff-

ness variation were developed [47, 48], and an environmentally interactive manipulator

capable of passing obstacles and adjusting stiffness via tendons was proposed [49].

In summary, tendon actuation proves to be a versatile approach for achieving variable

stiffness in continuum robots. By manipulating cable tensions, these robots can exhibit a



Chapter 2. Literature Review 13

wide range of stiffness tuning behaviours, presenting opportunities for developing precise

and adaptable robotic systems.

2.2.1.2 Fluidic antagonism

In fluidic antagonism, stiffness control is achieved by manipulating fluid pressure within

the robot’s body. By regulating the flow or pressure of the fluid, it becomes possible to

generate opposing forces, thus allowing for stiffness adjustments. Fluidic antagonism is

often utilised in continuum robots that are driven by fluidic systems, such as pneumatic

artificial muscles [54–58] and fluidic chambers [59–62]. These components enable the

generation of a pair of antagonistic forces, i.e. F and F ′. The actuators with antagonistic

action, capable of extension and contraction, are responsible for producing these forces.

As the robot undergoes this antagonistic action, the elastic potential energy within the

system increases, thus leading to improved stiffness characteristics.

The continuum robots composed of artificial muscles typically follow a consistent struc-

ture, consisting of one extensor artificial muscle at the centre and surrounded by three

contractile artificial muscles [54–57]. By combining contractile and extensor artificial mus-

cles, the manipulator can independently adjust its stiffness regardless of the configuration.

To further improve the working ability of the robot, a dual-segment continuum manipu-

lator with independent stiffness and angular position was developed [56]. Furthermore,

an improved structure was proposed in [58] to achieve greater flexibility in robot config-

urations, incorporating one extensor artificial muscle and six contractile artificial muscles

arranged in three pairs. This novel robot arm design decouples end-effector positioning

from stiffness by incorporating more contractile artificial muscles.

Fluidic chambers have also been utilised to implement the antagonism mechanism for

stiffness control of continuum robots. It is worth noting that fluidic chambers generally

have lower strength and force output compared to artificial muscles. While fluidic-driven

systems can provide stiffness adjustability by manipulating fluid pressure or flow, they

may have limitations in terms of the magnitude of generated forces. When the robot body

consists of fluidic chambers, it can enable lightweight and compact designs while exhibit-

ing antagonistic behaviours. A recent study [59] proposed a soft robotic joint featuring a
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central vertebra and tilt-arranged pneumatic soft origami actuators, where the antagonism

between actuators and the vertebra improved payload capacity and stiffness variability.

Another design [61] introduced a soft joint with four parallel bellows-type actuators, us-

ing a “tune-down” method to reduce actuator stiffness via pneumatic pressure control.

Babu et al. [60] developed variable stiffness elastomeric actuators with symmetric pneu-

matic chambers and an inextensible layer, enabling stiffness adjustment through pressure

regulation.

Artificial muscles and fluidic chambers are two approaches widely used to realise antago-

nism for stiffness tuning in continuum robots. Artificial muscles are known for their high

force output and precise control, allowing for robust and powerful stiffness adjustments.

On the other hand, fluidic chambers provide lightweight and compact designs but typ-

ically have lower force output. The selection between these approaches depends on the

specific application requirements, taking into account factors such as the desired force

levels, precision, and desired extent of stiffness control.

2.2.1.3 Tendon & fluidic antagonism

Apart from the single antagonism by cables, artificial muscles or fluidic chambers, re-

searchers have combined these approaches in designing continuum robots to achieve more

versatile and flexible stiffness tuning ability. The combination of tension-based and fluidic-

based methods is referred to as tendon & fluidic antagonism in this thesis. This approach

is commonly employed in continuum robots requiring a higher degree of flexibility in stiff-

ness adjustments, with each offering unique variations and capabilities, and can be further

categorised into the following five representative subclasses:

1) Tendons with artificial muscles [63–66]. The combination of cables and artificial mus-

cles in continuum robots ensures control accuracy and enhances payload capability. This

approach has been used in the development of a shower arm for assisting with bathing tasks

[63–65]. In this series of research, tendons and pneumatic muscles are arranged radially

and alternatively to enable elongation, contraction, and omnidirectional bending of the

robot. The coordinated activation of cables and tendons allows for stiffness modulation,
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enhancing the robot’s adaptability. Another study by Harsono et al. [66] presents a hybrid-

driven continuum robot with a dual-plane backbone structure. The unique design of the

robot allows decoupled stiffness regulation from its current configuration, which makes the

design easily extendable to continuum robots with multiple sections, thus enabling more

versatile and scalable applications.

2) Tendons with inflatable sleeves [67–70]. The solution of cables with inflatable sleeves

makes it possible to realise stiffness regulation by a lightweight structure. Stiffness-

controllable soft and inflatable manipulators based on a bio-inspired antagonistic actu-

ation principle are introduced [67, 68]. The combination of the two actuation mechanisms

in this antagonistic robot structure is inspired by the octopus, which uses its longitu-

dinal and transversal muscles to steer, elongate, shrink and also stiffen its continuum

arms. Similarly, a tendon-driven soft gripper with variable compliance can be found in

[69]. This mechanism’s variable compliance draws inspiration from the stiffening move-

ment observed in hydrostatic skeletons. Additionally, Wang et al. reported a remarkable

dexterous tip-extending robot that possesses the capability of changing its compliance

through variable-length shape-locking [70].

3) Tendons with origami chambers [71, 72, 81, 84, 85]. Similar to the inflatable sleeves,

origami chambers can also be combined with cables for continuum robots to achieve stiff-

ening mechanisms. Hybrid-driven continuum robot inspired by the reconfigurable feature

of origami structures was presented in [71, 81, 84, 85]. Combining tendon actuation and

air pressure in origami chambers, these designs allow the robot to exhibit a high extension

ratio, low input pressure, and no radial expansion. With the antagonistic actuation of

tendon-pulling and air-pushing, the robot can perform three degrees of freedom motion

with variable stiffness. A similar structure is investigated in [72], in which a robot is

designed to assist the elderly and physically impaired individuals in performing daily life

activities.

4) Tendons with bellow actuators [73–77]. Another approach to support continuum robots

with lightweight body structures is bellow actuators combining with cables. The compli-

ance of deformable hybrid serial-parallel manipulators was studied, revealing that pneu-

matic actuators work in extension while cables operate in compression, enhancing stiffness
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through antagonistic actuation, especially in torsion [73]. A hybrid-antagonistic-pneumatic

joint combining soft actuators and rigid structures was proposed for variable stiffness [74].

In [75], a bio-inspired soft hand with pneumatic bellows backbone and driving cables that

enable antagonistic control was developed. Similarly, a soft continuum manipulator that

adjusts length and stiffness by using air pressure and cables was implemented in [76]. A

stiffness regulator with gasbags and flexible shells utilises combined cable and pneumatic

pressure for stiffness modulation [77].

5) Tendons with silicone actuation chambers [7, 78–80, 82, 83]. The last is the cables with

silicone actuation chambers. This method is mainly applied in soft continuum robots,

which are easily realised with silicone materials. A continuum silicon-based manipulator

with variable stiffness is designed in [7] for MIS by using a hybrid and inherently antag-

onistic actuation scheme. Similarly, a manipulator for flexible gastrointestinal endoscopy

was developed in [83], soft pneumatic cylindrical modules made of fibre-reinforced polymer

are described [78, 79], and a tendon-driven variable-stiffness pneumatic soft gripper was

validated in [82]. By using air chambers and driving cables, an antagonistic mechanism

can be realised to tune its stiffness. In addition, a novel soft actuator with the capabil-

ity of bearing a load heavier than itself is proposed [80]. Its movement accuracy can be

guaranteed due to its variable stiffness structure, even when working with heavy loads.

The above five combinations demonstrate various ways in which tension- and fluidic-based

approaches can be combined to achieve more versatile stiffness tuning for continuum

robots. These combinations provide benefits such as lightweight structures, improved

control accuracy, increased payload capability, and versatile and flexible stiffness control,

which enables the robot to adapt to different environments and interact with objects of

varying compliance, allowing for a wide range of applications in different scenarios.

2.2.2 Thermally responsive materials

Thermally responsive materials (TRMs) are a class of materials that exhibit changes in

their physical or chemical properties in response to temperature. As illustrated in Fig-

ure 2.4(a), when low melting point alloy (LMPA) materials are in a melting transition,

they transform from a solid phase to a liquid phase, resulting in a substantial decrease
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in stiffness from a high level to a low level. In the reverse process, it releases heat en-

ergy and transforms into a solid state, exhibiting high stiffness. This unique characteristic

makes TRMs extremely attractive and suitable for continuum robots. By incorporating

TRMs into continuum robots, their stiffness can be adjusted by altering the elastic mod-

ulus through controlled melting and solidification status at specific temperatures. Hence,

this temperature-based regulation facilitates easy modulation of the robots’ stiffness. Fig-

ure 2.4(a) and (b-e) show typical designs of TRMs employed as a method for tuning

stiffness in continuum robots. However, this temperature-controlled method always re-

sults in relatively slow response speed and bulky temperature regulation devices, which

needs to be addressed in future research.

TRMs represent a large range of materials that can be applied in continuum robots for

stiffness adjustment. According to their distinct melting and solidification temperatures or

transition features, they can be classified into five primary categories: shape memory alloy

(SMA) [2, 86, 88–93], shape memory polymer (SMP) [96–101], LMPA [102–110, 114], and

thermoplastics (TP) [116–124, 184]. In order to clearly show the difference and compare

the existing continuum robots that used TRMs, a comprehensive summary of these works

is provided in Table 2.2, outlining the diverse driving mechanisms and temperature control

methods employed in each category.
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Figure 2.4: Diagram of the TRMs used in continuum robots. (a) example relationship
between temperature and the elastic modulus of LMPA. (b) diagram of the typical design
structure of tendon-driven continuum robots with SMA spring spine. (c) diagram of the
typical design structure of SMA-driven continuum robots. (d) diagram of the typical de-
sign structure of TRM applied in actuator-like fluidic-chamber-driven continuum robots.
(e) diagram of the typical design structure of TRM applied in normal continuum robots.
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Table 2.2: Summary of continuum robots with thermally responsive materials†

Materials Actuation Temperature control Application Related works

SMA
SMA

DJ/A Industrial (arm) [8]

DJ/P Industrial (finger) [94]

DJ/W Industrial (finger) [95]

DJ/P Industrial (arm) [92]

DJ/A Medical (MIS) [93]

Tendon

DJ/P Industrial (arm) [86, 87, 91]

DJ/P Medical (MIS) [88, 89]

EJ/P Medical (surgery) [90]

DJ/W Medical (surgery) [2]

SMP

Tendon EW/W Medical (stenting) [96]

Fluidic

EJ/P Industrial (arm) [97]

EJ/P Industrial (finger) [98, 99]

EJ/A Industrial (actuator) [100]

EW/W Industrial (actuator) [101]

LMPA

Tendon

EW/W Medical (LESS) [104]

(EW+EJ)/W Medical (LESS) [105]

EJ/W Medical (colonoscopy) [106]

DJ/P Medical (MIS) [102]

EW/W Industrial (arm) [103]

EJ/P Industrial (arm) [84]

Fluidic

EW/W Industrial (arm) [107]

EJ/P Industrial (actuator) [108]

(EW+EJ)/W Industrial (actuator) [109]

EJ/P Industrial (actuator) [110]

DJ/P Industrial (actuator) [111]

EW/W Industrial (arm) [112]

Manual
EW/P Industrial (arm) [114]

EW/W Industrial(stiffening tube) [115]

TP

Magnetic DJ/P Medical (MIS) [184]

Tendon

EJ/A Medical (endoscopy) [116, 117]

EJ/P Industrial (arm) [118]

EW/W Medical (endoscopy) [119]

EJ/W Medical (NOTES) [120] [121]

Fluidic

EJ/(A/W) Industrial (actuator) [122, 123]

EJ/P Industrial (actuator) [124]

EJ/W Industrial (actuator) [125]

†Acronyms in the table. DJ/P: Direct Joule heating and passive cooling; DJ/A: Direct Joule heating
and active air cooling; DJ/W: Direct Joule heating and active water cooling; EJ/P: External Joule

heating and passive cooling; EW/W: External water heating and active water cooling; EJ/W: External
Joule heating and active water cooling.
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2.2.2.1 Shape memory alloy

SMA is a widely popular thermally responsive material in engineering, which enjoys the

property of showing stiffness and flexibility in reaction to varying temperatures [185]. This

property can change the internal elasticity of the module as temperature changes, thereby

affecting the stiffness. However, SMA differs from other materials because it undergoes a

solid-state phase transformation between austenite (high-temperature phase) and marten-

site (low-temperature phase), and can recover to its original shape upon heating, which

makes it normally used as an actuation approach rather than a pure stiffening approach

in continuum robots. The heating of SMA can be achieved through either external Joule

heating methods [90] or direct Joule heating by passing an electrical current through the

SMA wire [2, 86–89, 91–93].

Continuum robots with variable stiffness by SMA generally have two actuation mecha-

nisms: SMA-driven [8, 92–95] and tendon-driven [2, 86–91]. The SMA-driven mechanism

has been utilised in octopus-inspired robot arms or manipulators for manipulation tasks

or MIS and exhibits remarkable capabilities such as elongation, contraction, bending in

any direction, and adjustable stiffness [92, 93].

To enhance flexibility, the SMA wire/spring has been used in tendon-driven continuum

robots for tuning stiffness. An octopus-inspired soft robot arm with SMA springs was

developed in [86, 87], which has the ability to elongate the arm or increase its stiffness by

the antagonism with the longitudinal driven cable. Cao et al. designed a flexible manipu-

lator for MIS, whose variable stiffness is achieved by incorporating proactive deformation

of SMA within each module [88]. Other similar designs are the SMA-based sheath used in

a continuum manipulator for MIS [89], and the SMA spring applied in the wristed percu-

taneous robot for pericardiocentesis [90]. However, these robots lacked an active cooling

system, resulting in extended transition times to a rigid state. To address such a cooling

time issue, air cooling pumps were used in SMA-driven soft robotic tentacle [8], and water

cooling systems were introduced in [2, 95].
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2.2.2.2 Shape memory polymer

Similarly to SMA, SMP is used in continuum robots to attain variable stiffness capability.

Notably, SMP has several advantages over SMA, including lower density ranging from

1.13 to 1.25 g/cm3 and lower cost [97]. Additionally, SMP exhibits excellent suitability

for processing complex 3D shapes, and it is compatible with 3D printing techniques. A

continuum robot for gastrointestinal stenting made by 3D printable SMP tubes is presented

in [96]. To trigger the phase transition by raising the temperature, a silicon tube that can

circulate cold or warm water onto the SMP tube was integrated.

In the context of medical applications, SMP holds an exceptional advantage due to its

biocompatibility. In [97], a pneumatic soft arm for MIS was developed by using spiral

balloon weaving and an SMP backbone. The electric wire and cooling channels were

applied to the SMP backbone, and this aims to achieve stiffness-changing ability. Similar

designs also include SMP layers in SMP joints in air chamber-driven robotic fingers [98, 99],

a soft pneumatic actuator [100], and an SMP and hydraulic temperature regulation system

[101].

2.2.2.3 Low melting point alloy

LMPA provides another option for introducing variable stiffness capability in continuum

robots because of its high strength and toughness. This material exhibits a state transition

from solid to liquid and vice versa upon experiencing temperature variations. These alloys

are composed of a mixture of elements with low melting temperature, such as bismuth

(Bi), lead (Pb), tin (Sn), cadmium (Cd), gallium (Ga), and indium (In). When combined,

these elements can form alloys with melting points even lower than those of the individual

components [84, 103, 115]. The phase change temperature of the material can be precisely

controlled by adjusting the composition of the alloy, and it has many advantages, including

high energy density, environmental friendliness, and a long lifespan.

Sn-Bi alloy, whose melting point is around 50 °C and Young’s modulus is about 1 GPa, was

always chosen as the material to make the structure of continuum robots due to its good

forming ability and small cooling shrinkage [103, 114]. In these two research studies, the
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LMPA materials were fabricated as skeletons with multiple hollows for continuum robots

to achieve lightweight and high rigidity. Similar materials like Ga-In alloy with a melting

point of 29.78 °C [107] and Sn-In alloy with a melting point of 47 °C [110] were also used

in continuum robots as a filling material. Apart from these simple alloys, many LMPAs

with complex ingredients can be found in continuum robots to realise high stiffness when

in a solid state, and they can be generally divided into eutectic alloys [108, 109, 111] and

non-eutectic alloys [102, 106, 115]. For more details, the ingredients of LMPA used in

continuum robots included the eutectic alloy (Roto144F, 32.5 % Bi, 51% In, and 16.5%

Sn by weight) with a melting point of 62 °C [109], LMPA (Sn 8.3%, Bi 44.7%, Pb 22.6%,

Cd 5.3%, and In 19.1% by weight) with a melting point of 47 °C [108], bismuth-base non-

eutectic alloy (Cerrolow 117, Bi 45%, Pb 23%, In 19%, Sn 8%, and Cd 5% by weight) with

a melting point of 47.2 °C [102, 115], nontoxic eutectic alloy (Bi 32.5%, In 51%, and Sn

16.5% by weight) with a melting point of 62 °C [106], and lightweight Field’s metal (Bi,

In, and Sn) [111].

These alloys used in continuum robots all have the attribute that their phase can be con-

trolled effectively by direct Joule heating to switch between the rigid and flexible states.

However, they may suffer from a low response speed to passively cooling down [84, 102,

108, 110]. To reduce the stiffness switching time, researchers have implemented active

temperature control using cold and hot water circulation systems, where coiled tubes

were used in the robot segment to enable effective heat and cool transmission for stiff-

ness modulation [104, 105]. Some other efforts are being made to achieve faster variation

in stiffness, such as using a special structure [103], active control of rigid and flexible

states [107, 115], cooling tubes [106, 112], extra polyimide electric heating film [105], and

active syringes [109]. The structure fabricated by this method demonstrates a large stiff-

ness variation range and load capability, and the molds are low-cost and easy to assemble

and disassemble with LPMA in it’s liquid state.

2.2.2.4 Thermoplastics

TP constitutes another category of TRMs, encompassing a wide range of plastics or poly-

mers and offering unique characteristics and applications. This type of material can
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change its flexural modulus (Gpa) and strength (MPa) through the glass transition pro-

cess [116]. Some notable examples used in continuum robots include graphene polylactic

acid (GPLA) [184], resin material [125], polyethylene terephthalate (PET) [116, 117], poly-

morph [118], bioplastic [119], Conductive thermoplastic starch polymers (CTPSs) [123],

thermoplastic starch (TPS) [124], polycaprolactone (PCL) [122], polyethylene terephtha-

late glycol (PETG) [120], and polyethylene glycol [121]. These diverse TP materials have

varying properties and benefits, allowing their utilization in different applications within

continuum robots.

In [184], a magnetically steerable manipulator with variable stiffness is introduced. The

key component responsible for stiffness modulation in this manipulator is GPLA, which

is a composite material comprising PLA and graphene. The stiffness variation is achieved

through a phase transition by manipulating the temperature of the GPLA – when current

is applied to the GPLA electrode, the temperature is increased by Joule heat. In [116, 117],

Le et al. developed a PET tube in their tendon-driven continuum robots. The tube is

constructed by placing a layer of PET over a flexible stainless steel sheath, which acts as

the heating element when an electric current is applied. A similar design can be found

in [118] by employing Nichrome wires and thermoplastics. On the other hand, the TP

materials have been applied to continuum robots in different scenarios, such as variable

stiffness endoscopic manipulators [119, 120], multijoint soft fingers [122, 123], bioinspired

design of deep-sea glass sponges [124]. The work in [121] is underlined with a variable

stiffness continuum over the tube. The over tube realises stiffness variation through the

heating and cooling of filling materials, and polyethylene glycol has been found to be the

best filling material.

2.2.3 Jamming mechanism

The jamming mechanism is a method used to alter the stiffness and shape of the body

of continuum robots by controlling the internal friction between particles, fibres, or lay-

ers within a flexible medium. As shown in Figure 2.5(a), this is achieved by varying the

pressure or vacuum within the medium, causing the particles, fibres, or layers to either

lock together (jam/solid) or move freely (unjam/fluid) [186–188]. Sustaining a negative
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pressure requires sealing the jamming structure within a vacuum envelope, typically de-

scribed as a latex or rubber membrane in the relevant literature [10, 188]. Among existing

stiffening techniques, the jamming mechanism is promising when applied to continuum

robots due to their advantages of easy realisation, shape-locking capability, and relatively

quick activation [186, 189].

According to the form of the filling materials used in continuum robots, the jamming

mechanism can be generally divided into fibre/filament jamming (FJ) [126–130, 190],

granular/particle jamming (GJ) [5, 6, 131–138, 140–150, 152, 153], layer/laminate jam-

ming (LJ) [4, 5, 9, 10, 152, 153, 155–161], and 3D printed fabrics jamming (PJ) [11, 162].

In order to achieve more flexible stiffness tuning ability, researchers have combined the

above single jamming mechanism in continuum robots, known as the hybrid jamming

(HJ) [153, 163, 164, 191]. To clearly show the various jamming techniques employing dif-

ferent materials and drive mechanisms in the literature, an overview summary is provided

in Table 2.3, and the typical designs of the jamming mechanism used as a stiffness-tuning

approach in continuum robots in terms of filling materials are shown in Figure 2.5.

2.2.3.1 Fibre/filament jamming

In the FJ mechanism, the jamming materials are normally filled into continuum robots

as the main bodies (Figure 2.5(g)). For example, the body of the continuum robot

in [126, 127] is made up of identical and repeated interlocking fibres, and thus its effective

stiffness can be controlled by changing the friction between fibres, which is achieved by

evacuating air from the cover seal sheath. In [128], Hu et al. propose a novel jamming

mechanism termed filament jamming that is used in a fluidic chamber-driven actuator-

embedded robot. Similarly, stiffness-tunable soft bellows actuators utilising cross-fibre

jamming were developed in [190]. Meanwhile, in many scenarios, there is an urgent need

to improve the ability to jam in small and slender devices. To this end, [129] provides a

design methodology for continuum robots with slender body and high flexural modulus

based on the concept of fibre jamming. The proposed fibre jamming modules comprise

axially packed fibres enclosed within an airtight envelope. These filling mediums exhibit a

transition from a flexible to a rigid beam when a vacuum is generated inside the envelope.
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Table 2.3: Summary of continuum robots with jamming mechanisms

Type Material Actuation Application Related works

FJ

Aluminum Oxide 180 Grit/ VeroClear with
texture/ VeroClear without texture

Manual Industrial (arm) [129]

Polymer fibre Tendon Medical (nephrectomy) [126]

Nylon fibre Fluidic Industrial (actuator) [128]

Optical fibre Tendon Industrial (actuator) [127]

Mitchell abrasive fiber Manual Industrial (hapstick) [130]

GJ

Matt surfaced glass Manual Industrial (arm) [152, 153]

Diameter polystyrene Manual Industrial (arm) [153]

Sucrose/Lactose/Ground coffee/Coarse
magnesium/Collagen

Manual Industrial (arm) [5]

Hollow glass bead/Coarse coffee/Fine
coffee/Diatomaceous earth/Solid glass

beads/Saw dust
Tendon Industrial (arm) [131]

Ground coffee

Tendon Industrial (arm) [133]

Tendon Medical (nephrectomy) [134]

Fluidic Medical (MIS) [6, 140–145]

Black pepper/Datura Tendon Industrial (arm) [138]

Glass bead Tendon Industrial (arm) [135, 136]

Saccharose/Refined sugar Tendon Medical (nephrectomy) [132]

PC-Max Fluidic Industrial (actuator) [149]

Corn Fluidic Industrial (actuator) [147]

Plastic/Desiccant/Corn Fluidic Industrial (actuator) [137]

Glass Fluidic Industrial (actuator) [148]

Small particle Fluidic Industrial (gripper) [146, 150]

Plastic spheres/Plastic cubes/Solid rubber
cubes/Hollow rubber cubes/Solid rubber

blocks/Composite cubes
Fluidic Industrial (arm) [151]

Matte spherical/Smooth faceted/Matte
cube/Smooth spherical

Manual Industrial (arm) [154]

LJ

Mylar film
Tendon Medical (MIS) [4, 156]

Manual Industrial (arm) [9, 152, 153, 161]

Synthetic fiber paper Manual Industrial (arm) [5]

Silicon carbide grit papers Manual Industrial (arm) [158]

Polyvinyl chloride film Tendon Industrial (arm) [10]

View foil/Projector transparencies Tendon Industrial (arm) [155]

Paper layer and spring steel sheet Fluidic Industrial (actuator) [157]

Spring steel sheet Fluidic Industrial (finger) [159]

Polyethylene Fluidic Industrial (finger) [160]

PJ
Octahedron-octahedron (clear V4 resin) Fluidic Industrial (gripper) [11]

Octahedron-ring-octahedron Fluidic Industrial (arm) [162]

HJ

Mylar film (LJ)+ Glass/Polystyrene (GJ) Manual Industrial (arm) [153]

Neobond layer (LJ) +
Coffee/Collagen/Lactose/Sucrose (GJ)

Tendon Medical (nephrectomy) [163]

Copy paper (LJ) + Glass (GJ) Fluidic Industrial (actuator) [164]

Apart from manipulators, the FJ was also used in the Hapstick (a soft continuum body)

to realise feedback stiffness adjustment for movement control of tendon-driven continuum

robots.
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Figure 2.5: Diagram of the jamming mechanism used in continuum robots. (a) illustra-
tion depicting the jamming phenomenon. (b) relationship between the elastic modulus
and varying vacuum levels. (c) diagram of STIFF-FLOP [6]. (d) diagram of the typical
design structure of FJ/GJ/LJ/HJ applied in actuator-like fluidic-chamber-driven contin-
uum robots. (e) photo of the double-flap layer jamming pattern [10]. (f) diagram of
the typical design structure of LJ applied in tendon-driven continuum robots [10]. (g)
diagram of the typical robot body with FJ applied. (h) diagram of strings of beads type

of GJ. (i) photos of the PJ [11].

2.2.3.2 Granular/particle jamming

Similar to FJ, GJ is also utilised by filling materials into the body of continuum robots to

allow variable stiffness capabilities. The particulate matter undergoes a transition between

fluid-like and solid-like states caused by changes in particle packing [186, 187]. This transi-

tion creates jammed states with tightly packed particles that restrict their free movement,

which results in a high stiffness. In order to realise this function, researchers have tried

various filling materials in their robot design, such as matt surfaced glass beads (4 mm

diameter) [152, 153], polystyrene packing beads (3 mm diameter) [153], and several differ-

ent materials in one design for comparison purposes: sucrose, lactose, coarse magnesium,

collagen, and ground coffee in [5]; plastic spheres, plastic cubes, solid rubber cubes, hollow

rubber cubes, solid rubber blocks, and composite cubes in [151]; matte spherical, smooth

faceted, matte cube, and smooth spherical in [154]; hollow glass bead, coarse coffee, fine

coffee, diatomaceous earth, solid glass beads, and saw dust in [131].
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The GJ can be easily embedded into tendon-driven continuum robots. It has been used in

several continuum robots with multiple sections, such as two hyper-redundant manipula-

tors [131], a two-segment variable stiffness manipulator for MIS [132], and three-segment

robotic manipulators based on organic granular materials [133, 138]. In [134], it presents

the initial investigations on the contour accuracy of one-segment manipulators utilising

granular jamming for laparo-endoscopic single-site surgery (LESS). In [135], Zhou et al.

developed a bioinspired soft wrist using a particle backbone to realise the tuning of the

stiffness. In [136], pre-charged air chambers, particle jamming, and origami are combined

to design a soft continuum robot that uses three air chambers to press the inside particle

hamming chamber to realise stiffness tuning.

In contrast, GJ is more popular than other jamming methods in fluidic chamber-driven soft

continuum robots because of its scalability and ease of fabrication. One highly prevalent

example is the “STIFF-FLOP” robot [6, 140–145]. As shown in Figure 2.5(c), this robot is

specifically designed for MIS and features a combination of three flexible fluidic actuators

and a variable stiffness mechanism based on GJ. Fluidic actuators enable multidirectional

bending and elongation, while the latter contributes to stiffness tuning. Additionally, as

shown in Figure 2.5(d), integrating fluidic actuation and GJ has been used in several

variable stiffness robotic grippers [137, 146–148]. In order to further improve the GJ’s

capability, a folded plate mechanism and a chain-like GJ are considered in [149, 150],

respectively.

However, GJ may suffer from the challenge of poor restorability because the filling particles

are difficult to flow out of the cavity due to the jamming effect and gravity. In order to

address this, as shown in Figure 2.5(h), researchers used strings of beads instead of discrete

particles to improve the restorability of the GJ used in continuum robots [192, 193].

2.2.3.3 Layer/laminar jamming

Different from GJ and FJ,LJ generally uses thin plastic or paper layers as its jamming

flaps and can be easily applied to continuum robots as a reinforcing sheath, which results

in the advantages of lighter weights and taking up less space of continuum robots [10, 155,

188]. For example, in [4, 156] layer jamming flaps were wrapped into a cylinder shape
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to create a manipulator for MIS, while in [5, 9, 10, 152, 153, 161], manual robotic arms

utilised a double-sided flap pattern with rounded jamming flaps on the support spine for

stiffness tuning, as shown in Figure 2.5(e) and (f). Another example is using a particular

structure to combine jamming layer strips and honeycomb cores to achieve stiffness tuning

ability in [158], which is capable of achieving a rapid flexible-rigid state transition with

biocompatibility.

For the finger-like robot actuated by an air chamber or tendon, the LJ can be applied

on one side of the body and works as the support layer as well as affording the stiffness

adjustable techniques, as shown in Figure 2.5(d). In [157], a tendon-driven griper was

developed by embedding LJ inside the layer jamming cavity. Similarly, fluidic-driven

actuator fingers were implemented and tested in [159, 160].

2.2.3.4 3D Printed Fabrics Jamming

The PJ was first systematically introduced in [194], as shown in Figure 2.5(i). It demon-

strated structured fabrics with tunable bending modulus, which are made of three-dimensional

particles arranged into layered chain mails. These chain mails can be flexible and con-

form to complex shapes, but the particles interlock and the chain mails jam when pressure

(about 93 kilopascals) is applied at their boundaries, becoming over 25 times stiffer than in

their relaxed state. By taking this advantage, a palm-shape variable-stiffness gripper was

developed in [11]. The PJ pattern used in this research was the “octahedron-octahedron”,

which has a good stiffening ability but shows smaller extendable features. In order to

achieve more flexible shape-changing capability, the “octahedron-ring-octahedron” pat-

tern was developed for larger elongation (90%) with remaining stiffening function (15

times) in [162].

2.2.3.5 Hybrid jamming

Apart from the above single jamming mechanism, other mechanisms that combine FJ, LJ,

and GJ are summarised as HJ. It has the advantage of achieving more flexible stiffness

tuning ability due to combination [153, 163]. The design in [163] utilises LJ to cover the
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manipulator segments, and GL is filled inside the backbone to realise the stiffness tuning

ability with the advantages of being safe to use and showing high dynamic behaviour.

This provides sufficient stiffening and is comparably cost-effective. In [164], it introduces

a design of bioinspired soft robotic fingers based on the HJ principle that integrates layer

jamming and particle jamming. This design takes advantage of the different characteristics

of layer jamming and particle jamming, and the layer regions and particle regions are

interlocked with each other to guarantee load transfer from the fixed finger end to the

fingertip. A similar soft robotic finger was developed in [191] by integrating layer jamming

and particle jamming in the same chamber. In [153], Clark et al. tried to combine two

types of rigid granules and layer jamming in separate and single jamming volumes.

2.2.4 Mechanical structure

Mechanical structures play a vital role in the design of continuum robots, and they can

also be used to achieve stiffness variation capability with various innovative approaches

employed, including the lockable mechanism (LM) [165, 166, 168, 195, 196], friction change

mechanism (FCM) [169, 170], variable stiffness ball joint (VSBJ) [171–173, 197], constraint

tube (CT) [174–180], concentric anisotropic tube (CAT) [3, 181], and active-braid element

(ABE) [183], as shown in Figure 2.6. These mechanical structures provide flexibility con-

trol for continuum robots, allowing them to adapt to different tasks and environments. The

selection of a particular mechanical structure depends on the desired range of stiffness ad-

justments and the specific application requirements, thereby ensuring optimal performance

and versatility in various robotic scenarios.

2.2.4.1 Lockable mechanism

By incorporating a LM, the stiffness of a continuum robot can be changed effectively.

However, the lockable mechanism is limited to shift stiffness with two discrete states and

cannot tune stiffness continuously. In [165], a modular lockable mechanism is designed

such that it can be used to change the stiffness of tendon-driven surgical robots. Using

the push-up module and the tooth module, locking and unlocking activities are actuated

by pulling one tendon. By adopting elastic chambers in the flexible continuum joint, a
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Figure 2.6: Diagrams of different mechanical structures for stiffness regulation in con-
tinuum robots. (a) lockable mechanism. (b) concentric anisotropic tube. (c) two types
of variable stiffness ball joints. (d) friction change mechanism by SMA spring. (e) two
types of constraint tubes, outer constraint and inner constraint. (f) active-braid element

for fabricating the robot body.

robot arm is capable of switching between rigid and continuum [166], shows a flexible

feature and becomes rigid when the joint is locked. In [168], the researchers propose a

principle for stiffness variation based on fibre-reinforced structure matching (meshing),

whose stiffness can be changed more easily compared to existing approaches. The basic

principle is that two soft laminates made of fibrous composites have complementary shapes

that can interlock with each other in a controlled way; the resulting structure will be soft

when the two laminates separate, but rigid when the two laminates interlock with each

other. Therefore, the stiffness of a structure can be adjusted by altering the separated and

matched states. In addition, a novel variable stiffness mechanism powered by embedded

SMA springs was presented in [91]. These SMA springs are capable of “locking” the drive

rods onto the body structure with different configurations, resulting in variable stiffness

effects. Similarly, a screw-locking method [196] and SMA clutches [167] were developed

for rod-based locking of tendon-driven continuum robots.

2.2.4.2 Friction change mechanism

The FCM is applicable to the regulation of stiffness by changing the contact force, result-

ing in different friction forces. In [169, 170], the SMA spring is used to wind the ropes
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to perform a variable stiffness or locking function by adjusting the friction between the

ropes and the rods. The inner diameter of the SMA springs, which can be changed via

temperature, creates a tightening force change that is applied to the backbone wires of

the robot to adjust the overall stiffness. This simple structure is favourable for robot

miniaturisation.

2.2.4.3 Variable stiffness ball joint

VSBJ is another mechanism to adjust stiffness by different damping levels of the joint.

To achieve variable damping, the clearance between the ball and the socket is changed by

external force or a soft pneumatic elastomer actuator, for example, [171–173, 197] with

VSBJ used for the main backbone. The friction between the contact surfaces of the ball

joint to control stiffness is investigated in [172, 173, 197]. When a force is used to close

the clearance between the ball and the socket of a ball joint whose primary objective is

to allow omnidirectional rotation, friction will be generated at the contact surfaces of the

ball joint, and the greater the applied force, the greater the friction will be. To control

clearance, a soft pneumatic elastomer actuator [172] or materials that can be expanded or

deformed by pressure [173] can be applied.

2.2.4.4 Constraint Tube

A CT is a component used in continuum robots to control their stiffness or flexibility.

It is typically a cylindrical structure made of flexible or rigid materials such as acryloni-

trile butadiene styrene (ABS) [176], 3D printed plastic [180], translational tube [175], and

steel tube [174, 177–179]. It can be inserted within the robot’s body [174, 176–179] or

an enclosure of the robot [175, 180]. The work [174] proposes a constrained wire-driven

flexible mechanism and its key idea is to employ an active constraint to control the length

of the bending section and use the wires to control the curvature of the bending section,

and both the length and the curvature of the bending section are controllable. In [176],

a 2-DOF soft robot with stiffness-changing capability is presented for tumour removal in

neurosurgery under MRI guidance. A floating fixed-point approach is used to change the
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physical length of the manipulator to decrease deflection and increase stiffness. In [177–

179], a 2-segment continuum manipulator with adjustable stiffness based on continuously

constrained bending curvature is investigated. It has tunable stiffness but does not affect

the movement of the manipulator’s end-effector. In addition, the stiffness of the manipu-

lator is further improved through the redundant backbone arrangement using the concept

of a dual continuum mechanism during the design phase.

2.2.4.5 Concentric anisotropic tube

Another approach is to apply CAT for stiffness tuning. The mechanism consists of multiple

coaxial tubes, and each tube has an anisotropic distribution of flexural stiffness by different

materials in its body [181], or non-uniform through-hole patterning [3, 182]. When relative

rotation and translation are applied among the tubes, the overall stiffness can be easily

controlled.

2.2.4.6 Active-braid element

The last is the ABE. In [183], a novel bioinspired continuum manipulator is presented

with the ability to contract, extend, and bend in a three-dimensional space with vary-

ing stiffness. The manipulator utilises a flexible cross-link helical array structure as its

main supporting body, which is deformed by using two radial actuators and a total of six

longitudinal tendons. The helical array structure ensures that the manipulator behaves

similarly to a constant volume structure (expanding while shortening and contracting while

elongating). By shifting to a different braiding structure, its stiffness can be tuned.

2.3 Comparisons and discussions

The stiffening of continuum robots plays a crucial role in various fields, ranging from

medical surgeries to industrial applications, which aims to address the inherent compliance

and flexibility of continuum robots. It allows robots to exert greater force, achieve more

precise positioning, and improve their stability during various tasks. By enhancing their
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rigidity, continuum robots can achieve greater precision and control during complex tasks.

As outlined in this survey, existing variable stiffness approaches in continuum robots can

be achieved using antagonisms, thermally responsive materials, jamming mechanisms, and

mechanical structure designs. The properties of each approach have been summarised in

Section 2.2. To further illustrate these approaches, they are compared in terms of five

factors in Table 2.4, including stiffening ratio, response speed, volume taking, mass, and

safety level. In addition, potential risks are given for each approach. The table outlines

the advantages and drawbacks of each approach, which may be helpful in identifying their

suitability for specific applications for researchers and engineers.

Antagonism is a common method for stiffness adjustment in continuum robots, known for

its simplicity but often suffering from low efficiency. It requires significant additional force

or high muscle pressure, leading to heavy actuators with large driving motors or air pumps.

Tendon antagonism offers rapid response and high safety but typically provides small

stiffening ratios and may suffer from cable cracking under tension. Fluidic antagonism

provides moderate stiffness and a relatively fast response but risks leaks or bursts from

high-pressure fluid systems. A hybrid approach, combining tendon and fluidic antagonism,

achieves a large stiffness-changing ratio but inherits the disadvantages of both methods.

Although TRMs used in continuum robots can achieve large stiffness tuning, they face

several challenges, such as limited temperature ranges, low mechanical strength in liquid

states, low thermal conductivity, and risks of heat damage or short circuits. TRMs can

store and release heat energy, but they may result in slower phase change processes and

reduced performance at specific temperatures. Additionally, addressing the risk of heat

damage or potential short circuits and fires caused by electric heating coils is another

crucial concern for continuum robots. Even with a water heating or cooling system to

mitigate this risk, it requires a large volume and may lead to potential water leaks that

could damage the robot’s electric circuit system.

Jamming techniques have garnered significant attention in recent years, offering the ad-

vantage of providing large stiffness with varying response speeds and high safety levels.

However, it is crucial to acknowledge the inherent risk of encountering positive or negative

pressure, which could potentially lead to leaks, bursts, or raise safety concerns. Note that
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Table 2.4: Comparison of different stiffening approaches

Stiffening Approaches
Stiffening

Ratio
Response
Speed

Volume Mass
Safety
Level

Potential issues

Antagonism

Tendon Small Very fast Tiny Negligible High Cable cracked

Fluidic Large Fast Medium Medium Low Leak or burst

Ten.&Fl. Large Fast Medium Medium Low Cable cracked, leak or burst

Thermally

responsive

material

SMA Small Slow Small Light Low

Heat damage
Electric heating: short circuit or fire
Water heating or cooling: water leak

SMP Large Slow Medium Light Medium

LMPA Very large Slow Medium Medium Medium

TP Large Slow Medium Light Medium

Jamming

mechanism

FJ Small Medium Medium Medium High

Positive pressure: leak or burst
Negative pressure: hysteresis

GJ Large Medium Medium Medium High

LJ Very large Fast Small Light High

PJ Very large Fast Small Light High

HJ Very large Medium Medium Medium High

Mechanical

structure

LM Medium Very fast Small Medium High Limited stiffening status, potential to be stuck

FCM Medium Slow Small Medium High SMA actuation with heat damage, short circuit or fire

VSBJ Small Fast Medium Medium High Leak or burst; Ball joint maybe stuck

CT Very large Very fast Medium Heavy Very high Limited movement; Not flexible

CAT Small Fast Medium Medium Very high Limited stiffness tuning behaviours

ABE Small Medium Large Medium Very high Structure changes; Not flexible

†Range of stiffening ratio. Small: <5; Medium: 5 - 10; Large: 10 - 15; Vey large: >15.
Range of response speed. Very fast: 1s; Fast: 5 - 10s; Medium: 30s - 1min; Slow: >3min.
Range of volume and mass (proportion to robot). Tiny and Negligible: <1%; Samll and Light: 5 - 20%; Medium: 40 - 60%; Large and Heavy: >80%.
The volume and mass of external devices for stiffness tuning are not included. For instance, the air pump, tendon driving motor, water flow device, and power
supply.
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it is essential to consider that jamming mechanisms require a significant volume of grains,

fibres, or layered structures, posing challenges for miniaturisation efforts. Additionally,

the process of exhausting air to achieve stable negative pressure is relatively complicated

and hard to control.

The mechanical structure approaches vary significantly in both their structures and mech-

anisms. Lockable mechanisms provide very large stiffness adjustment with rapid response,

but they are limited to binary stiffness states, allowing only a shift between high stiffness

(locked) and low stiffness (unlocked). Friction change mechanisms, driven by SMA springs,

offer a medium stiffness tuning ratio and a slow response speed but with high safety levels.

Variable stiffness ball joints offer large stiffness with a medium response but risk leaks and

mechanical sticking. Constraint tubes offer high stiffness adjustment with fast response,

but they will limit the robots’ movement and they lack flexibility. In contrast, concentric

anisotropic tubes provide medium stiffness-changing ability with a fast response but ex-

hibit limited stiffness-tuning behaviours. The active-braid element offers medium stiffness

with a medium response speed and a very high safety level, but it may be large in volume

and mass.

In practical applications, antagonism suits scenarios requiring rapid response and safety

but may be limited by its lower stiffening ratios. For example, for the MIS or NOTES,

continuum robots utilising antagonism could be safe for the patient. Similarly, it can also

be used in the slender continuum robot for inspection or rescue in complex and narrow

environments because there is plenty of space for the bulk driving device in these scenar-

ios. TRMs are beneficial for applications needing temperature-driven stiffness changes,

but their limited temperature ranges and mechanical strength can be constraints. This

could be promising for industrial applications due to low response and the high and low-

temperature switch requirements. Even though the LMPA could be used in medical ma-

nipulators, it still has a heating risk to patients because its melting point is generally

around 50 °C. Jamming techniques are useful for achieving high stiffness with varying re-

sponse speeds, but they are facing challenges of miniaturisation and pressure management.

These unique features allow jamming to be used in both medical and industrial applica-

tions, such as grasping, manipulating, MIS, and NOTES. Mechanical structures could be

used in any application due to their different structure design and actuation mechanisms.
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A comprehensive review of four categories of prevalent stiffening approaches that have

emerged in the last two decades has been conducted. Notably, there is a discernible trend

toward employing feedback control to regulate the stiffness of continuum robots [198–202],

though not discussed in this chapter. It has been applied in different types of continuum

robots, including tendon-driven robots [200], concentric tube manipulator [203], tendon

& fluidic driven robots [204], and pneumatic soft manipulators [205, 206]. It is widely

known that control algorithms are applied to the problems of position regulation and

tracking of robots; these algorithms, indeed, may change the stiffness of the closed-loop

dynamics of a continuum robot. If the potential energy of a given robot is modelled

as the function U(q) with the configuration variable q ∈ Rn, then the overall open-loop

stiffness is given by ∇2U(q). When a position feedback controller is applied to the system

and the desired potential function is assigned as Ud(q), the closed-loop stiffness would

shift from ∇2U(q) to ∇2Ud(q) [198, 200]. Therefore, the resulting stiffness is determined

by the selection of a specific feedback law and gain parameters. However, it should be

noted that the design of a controller to achieve the regulation of position and stiffness

simultaneously is a challenging task, particularly for underactuated continuum robots,

and there are still many open problems [201, 202]. For example, the stiffening ratio using

purely control algorithms is relatively small [200], and it is promising to integrate control

with other stiffening methods that have been reviewed in this chapter to improve stiffening

performance.

2.4 Future perspectives

While the field of continuum robotics has achieved significant progress over the last two

decades, many questions and technical challenges remain open. Therefore, some future

perspectives related to stiffening approaches for continuum robots are presented in this

section; see Figure 2.7 for an intuitive illustration. Advancements in the development

of efficient and effective stiffening mechanisms for continuum robots are expected in the

future. It would be focused on novel materials, actuation methods, and control strategies

to increase stiffness while maintaining the robot’s dexterity and flexibility. By optimising

stiffness profiles and incorporating state-of-the-art control strategies, continuum robots
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will gain the ability to adapt to diverse environments and tasks with improved precision

and stability.

Multiple Composite 
Stiffening Methodology

Dedicated Actuation Methods

Novel Materials

Advanced Control Strategies

Integrate sensors

Living care service
Medical surgery
Exploration & inspection
Manipulation
Human-robot collaboration

……

Applications

Figure 2.7: Promising research topics on stiffening methods or mechanisms for contin-
uum robots.

2.4.1 Multiple composite stiffening methodology

Different stiffening approaches have unique characters and can be selected for continuum

robots according to the task requirements. However, they can be combined to stiffen

continuum robots for dedicated application scenarios. For instance, the tendon & fluidic

antagonism and jamming mechanisms may be combined as a promising research direction

for further improving the stiffening performance of continuum robots. This composite

method is expected to take advantage of both the antagonism and jamming mechanisms to

realise continuous real-time stiffness tuning. Indeed, several different stiffening approaches

can be concurrently applied in one continuum robot to balance stiffness conditions and

dexterity levels. For instance, the following combinations may be considered:

• jamming mechanism + lockable mechanism;

• jamming mechanism + tendon & fluidic antagonism

in order to achieve relatively fast stiffness regulation. Other examples are considered in

the following cases:

• jamming mechanism + thermally responsive materials [113];
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• jamming mechanism + tendon & fluidic antagonism + thermally responsive materials

to obtain large and flexible stiffness tuning performance. To the best of the authors’

knowledge, there have been few designs utilising multiple composite methodologies for

stiffness tuning in the field of continuum robots.

2.4.2 Novel materials

Balancing the need for increased stiffness while maintaining robot dexterity and adapt-

ability requires innovative design approaches and advanced materials. For example, the

current TRMs generally have a relatively high response temperature and slow response

speed, and the transition range is relatively narrow for stiffness tuning, which limits the

material’s effectiveness in surgery robots. Additionally, biocompatible material is essen-

tial for the continuum robots that are applied to medical scenarios, such as targeted drug

delivery, microsurgeries, and diagnostics. Integrating novel materials can further facilitate

the integration of stiffening mechanisms into smaller-scale robots. One promising example

is the hydrogel material, which offers significant advantages for robotics, including high

flexibility and softness, biocompatibility, responsiveness to stimuli, self-healing properties,

and tunable mechanical properties [207–209]. These advantages and properties make them

promising for continuum robots even though they are currently rarely used.

In addition, materials with self-sensing functions are essential for continuum robots. It

will further facilitate the control and actuation process and make it easier to mimic the

properties of natural organs (trunk, tentacle, and tongue) if the robot body is made

of materials that can sense itself. The development of materials that enable variable

stiffness, self-sensing, and biocompatibility would allow continuum robots to adapt to

various conditions and tasks in real-time, from medical interventions to environmental

inspections.

2.4.3 Advanced control models and algorithms

The future of stiffening approaches for continuum robots lies in the integration of ad-

vanced sensing technologies, specific modelling, and artificial intelligence (AI) algorithms.
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By equipping these robots with high-resolution sensors, such as force/torque sensors, vi-

sion systems, or tactile sensors, they can gather rich feedback data during operation.

Therefore, by combining these data with advanced model-based controllers or AI control

algorithms, the robot’s stiffness can be enabled with real-time adaptation, which leads to

more intelligent and autonomous behaviour. For instance, AI algorithms can use sensor

data to predict and respond to changes in the robot’s environment, allowing for dynamic

adjustment of stiffness to optimise performance. In surgical applications, continuum robots

equipped with tactile sensors can adjust their stiffness to navigate delicate tissues safely

and minimise the risk of damage. Similarly, in industrial automation, force/torque sen-

sors can help robots modulate their rigidity when handling objects of varying weights and

fragilities, ensuring precise manipulation without compromising safety or efficiency.

Moreover, machine learning models trained on historical data can enable these robots

to learn from past interactions, refining their stiffness control strategies over time. For

example, in pipeline inspection, a robot would be capable of learning the optimal stiffness

settings needed to navigate complex and variable terrains, improving its ability to perform

inspections more efficiently and accurately.

By integrating these advanced control algorithms and sensing technologies, continuum

robots will be able to optimise their stiffness based on detected task requirements, en-

vironmental conditions, and learned models from historical data. This integration will

significantly enhance their performance and adaptability across a wide range of applica-

tions.

2.5 Summary

Stiffness tuning approaches hold great promise for improving structural integrity and ex-

panding the capabilities of continuum robots. This chapter has reviewed four prevalent

categories of tuning approaches that have been developed and applied in continuum robots.

It has comprehensively summarised the key properties of these methodologies, discussed

their application scenarios, and made comparisons among them. To address the technical



Chapter 2. Literature Review 39

challenges, the exploration of multiple composite stiffening methodology and novel mate-

rials, along with advanced control models and algorithms, will enable continuum robots to

achieve seamless transitions between soft and stiff configurations, expanding their range

of applications.





Chapter 3

Design of a Continuum Robot

with Jamming Mechanism

This chapter is to present the design and fabrication of a tendon-driven continuum robot

with a jamming mechanism (OctRobot-I). This robot consists of an inner support spine

and an outer layer jamming sheath, ensuring a flexible stiffness adjustment capability in

both the transverse and axial directions. In order to analyse the robot’s effective stiffness

and its changing tendency under varying conditions, a static deflection analysis method

based on the Euler-Bernoulli beam theory is developed, and experiments are conducted

with two types of layer jamming sheaths and four different vacuum pressures at three

different bending angles. The results validate the proposed method and show that the

robot has a good stiffness variable capability. Additionally, the robot’s performance in

real-world applications, such as actuating and gripping, is also tested. 1

3.1 Introduction

As partially described in Chapter 2, among the stiffness variable technologies, jamming

mechanisms are promising when applied to continuum robots due to their advantages of

1The results presented in this chapter have previously appeared in the publication: Yeman Fan, Dikai
Liu, Lin Ye, “A novel continuum robot with stiffness variation capability using layer jamming: design,
modeling, and validation”, IEEE Access, vol.10, pp.130253-130263, 2022.
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easy realisation, shape-locking capability, and quick activation. From Chapter 2, it can

be concluded that layer jamming is more effective than other jamming mechanisms when

applied in continuum robots as a reinforcement sheath. This jamming mechanism uses

thin plastic or paper layers as its jamming flaps [188, 210], which results in the advantages

of lighter weights and taking up less space of continuum robots.

In [4], layer jamming flaps were wrapped into a cylinder shape to form a manipulator

for MIS. A two-section prototype robot based on spring and layer jamming was designed

in [155]. In [163], a flexible variable stiffness robot combined with layer jamming and

backbone was developed for nephrectomy. However, these works are limited to small

diameters and stiffness reinforcement ability [27]. Additionally, their actuator units were

not compact and took up larger space than the robot body. In order to increase stiffness

reinforcing ability, several robots with larger diameters were designed. In [153], six different

continuum manipulator structures (diameters of 41-48 mm) utilising both granular and

layer jamming mechanisms were implemented. In [9, 152], a malleable robot combining

layer jamming with a flexible spine was developed. In [161], a stiffness-tuneable segment for

continuum soft robots with vertebrae was presented. A revolute joint and stiffening sheaths

based on layer jamming for continuum robots were developed in [211] and [5], respectively.

These robots have improved with larger diameters; however, they were limited to shorter

lengths, and there were no actuators.

In the above continuum robots, layer jamming was sewn along the guide holes and slots

by an extra thread to form sheaths. Once the layer pattern was set, the sheaths’ length-

changing ability was mainly determined by the slot length, which was small (4 mm in

[152]) and may affect the length change range. In addition, the design of previous research

was focused on robots’ performance in the transverse direction, and there was no testing

conducted in the axial direction [4, 9, 152, 153, 163] to the best of the author’s knowledge.

Furthermore, although some analytical models were researched for continuum robots un-

der external loads, these models focused on the effect of the number of tendon or their

displacement, and they were based on the cantilever beam model [212] or Euler-Lagrange

equations [213], which indicates that there has seldom research work been related to ap-

proximate models of effective stiffness for continuum robots.
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In this chapter, a novel continuum robot named OctRobot-I is presented. Layer jamming

sheaths and a support spine are designed to achieve stiffness variation capability in both

the transverse and axial directions. In order to evaluate the robot’s performance, extensive

force-deflection experiments are conducted in both directions. In addition, actuating and

gripping capabilities are also validated and demonstrated.

3.2 Robot design

3.2.1 Overall design of the continuum robot

In nature, many organs have a continuum structure, such as elephant trunks, tentacles, and

tongues. These organs are very flexible and also have excellent load capacity. One good

example that inspired many researchers is the octopus tentacle [19]. Although octopus

tentacles lack rigid structures, they have unique biomechanical capabilities that combine

significant flexibility with the ability to change and control their stiffness. Therefore, by

imitating an octopus tentacle’s structure and motion mechanism, a novel continuum robot

named OctRobot-I is designed, as shown in Figure 3.1.

Figure 3.1: The continuum robot. (a) photo of the continuum robot. (b) a sectional
view of the CAD model. (c) photo of the support spine of the robot.

The continuum robot consists of a support spine, inner membrane, jamming sheath, outer

membrane, and actuator unit. The support spine uses ball joints to offer axial support
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capability, and the jamming sheath is used to realise stiffness variation capabilities in both

the transverse and axial directions when compressed. To compress the jamming sheath and

activate its stiffening mechanism, two tubular latex membranes (thickness of 0.3 mm) are

selected to seal the whole jamming sheath when evacuating the tubular volume between

the two membranes [4, 152, 153]. The entire robot consists of two sections, and each section

is controlled by two pairs of cables, providing the robot with four degrees of freedom in

total. The continuum robot properties are summarised in Table 3.1.

Table 3.1: Physical properties and performance of the continuum robot

Properties Value

Total robot length 572 mm

Actuator 68 mm

Robot body 504 mm

Total robot weight 1.7 kg

Actuator 0.8 kg

Robot body 0.9 kg

Robot outer diameter ∼50 mm

The number of spine segments 12 (6/section)

Degrees of freedom 4 (2/section)

Maximum bending degree 180 ◦

3.2.2 Support spine and actuator

3.2.2.1 Spine segment

The whole support spine is made of 12 connected spine segments, as shown in Figure 3.1(c).

A single segment is composed of two custom aluminium disc spacers, one pair of spring

constraint discs, four helical compression springs, a ball joint (SQZ5-RS, China), and a

grub screw, as shown in Figure 3.2.

In order to ensure that the spine segment can provide support in the axial direction, the

ball joint (maximum tilt angle of 30◦) is used in each segment to ensure it has both flexible

bending ability and hard contact ability. Since ball joints lack self-recovery ability, four

helical compression springs (measured spring constant of 493 N/m) are mounted around

the ball joint to provide a particular force for the spine to recover to its original position.

In addition, the aluminium disc spacer and spring constraint disc are used as support for
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Figure 3.2: A support spine segment. (a) assembly photo. (b) exploded-view drawing.

the outside layer jamming. The spring constraint disc is 3D printed using polylactic acid

(PLA) materials, and it has four small pins arranged at 90◦ to mount and constrain the

springs. In order to connect the adjacent segments, three aluminium rivets (Φ3.2×12 mm)

are used and arranged at 120◦ intervals in the aluminium disc spacer.

3.2.2.2 Actuator unit

To actuate the cables for controlling the robot, an actuator unit is designed using servo

motors and tailored aluminium spools. Unlike the robot actuated by ball screws [4] and

worm gears [163], this design offers a compact, lightweight, low-volume actuator unit.

Figure 3.3(a) shows the concept of four pairs of cables to actuate the whole continuum

robot. The robot has two sections with each section driven by two pairs of cables. Stainless

steel wire ropes with a diameter of 1.2 mm are selected. The rope is mounted in the spools,

and its two ends go through its controlling section arranged at an interval of 180◦. All the

rope ends are fixed on the surface of the last aluminium disc spacer in each section.

Figure 3.3(b) and (c) show the design of the actuator unit and the spool mechanism

employed in this continuum robot. The actuator unit is composed of four servo motors

(XM430-W350, DYNAMIXEL), four tailored aluminium spools, four pairs of stainless-

steel wire ropes, and support frames. In the spool mechanism, the cable goes through the

lateral hole of the spool. The two ends of the cable are helically coiled on the spool in the

clockwise and counterclockwise directions, respectively. Thus, the same cable length can

be fed in and pulled out from both sides (End I and End II) by the rotation of the motor,

which can maintain the cable tension at any configuration.
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Figure 3.3: Diagram of the actuator unit and drive mechanism. (a) diagram of the
driving cable arrangement, A1-D1 are for controlling Section 1 (green), and A2-D2 are
for controlling Section 2 (red). (b) photo of the actuator unit (motors labelled M1/M3
and M2/M4 were spaced 90◦ apart for controlling Section 1 and Section 2, respectively).

(c) diagram of the spool mechanism.

3.2.3 Jamming sheath

3.2.3.1 Jamming flap structure

The structure of the jamming layer for this continuum robot is based on the double-side

flap pattern described in [4]. In order to suit a support spine of larger diameter (45 mm),

the flap width W , middle strap length H, flap length L, and inclination angle φ are selected

according to the requirements in this research and shown in Figure 3.4.

In order to make this double-side flap, the polyvinyl chloride (PVC) window film (Wf1224pf,

Pillar, Australia) with a thickness of 0.18 mm is used and cut into a double-sided shape.

The front and back sides of this film have different surface roughness, with each side con-

tacting the opposite side when weaving into a sheath. The measured coefficient of friction

is 0.5 between the two sides.
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Figure 3.4: Layer jamming in the double-side flap pattern with guide holes.

3.2.3.2 Jamming sheath weaving method

When the continuum robot is bending, the layer jamming sheath is required to change its

length correspondingly because the convex position will become longer while the concave

position will be shorter. Therefore, the layer jamming sheath should have enough length-

changing ability to ensure that the continuum robot can bend at enough angles to meet

task requirements. For making the layer jamming sheath, researchers [4, 5, 9, 152, 161]

used the guide hole and slot method. In that method, jamming flaps were restricted by a

line going through the holes and slots, and the restriction line could shift in the slot. This

provided the adjacent overlapping jamming flaps to move relative to each other, resulting

in a length change of the whole sheath. However, that method had a limitation regarding

the length-changing ability of the layer jamming sheaths due to the slot being too short

(4 mm in [152]).

In order to improve the length-changing ability of the layer jamming sheath, a new weaving

method is proposed to wind up the layer jamming into a tube sheath. To explain the

weaving method, arbitrary adjacent three layers are selected. As shown in Figure 3.5(a),

a nylon wire with a diameter of 0.6mm goes through the external side and internal side

of all the jamming flaps alternately via the guide holes. The nylon line between the two

guide holes is utilised for restricting the jamming flaps. The outer flaps and inner flaps of

Layer (N) are inserted into the restriction nylon line on Layer (N−1) and Layer (N+1),

respectively. Therefore, the outer flaps of the Layer (N) are confined by the line on the

Layer (N−1), whereas the inner flaps of the Layer (N) are astricted by the line on the

Layer (N+1). The two sectional view figures (A-A and B-B in Figure 3.5(a)) show the
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insert position and restriction approach for the flaps. By this approach, the adjacent

layers can be woven into a tube sheath and still have the capability to be bent, shrunk,

and elongated arbitrarily. The completed layer jamming sheath is shown in Figure 3.5(b).

Figure 3.5: Jamming sheath. (a) diagram of the weaving method. (b) photo of the
assembled layer jamming sheath that covers the support spine.

3.2.3.3 Length change evaluation of jamming sheaths

The stiffness reinforcement capability of a jamming sheath is determined by the force FJ

required to detach the contact layers. According to the research in [4, 211], this force can

be calculated as FJ = µnPS, where µ is the coefficient of friction of the flaps, n is the layer

overlap number, P is the applied pressure, and S is the overlap area which is determined

by the overlap width and length of the flap. From this equation, two variables can be

adjusted to vary stiffness once the flap pattern is set. The first one is the applied pressure

P , which means different pressures would change the compression level of the jamming

flaps. Then the cumulated friction results in a significant increase in rigidity. The second

variable, the layer overlap numbers (n), can be used when winding up the layer jamming

sheath to change its thickness. According to this jamming flap structure, the layer overlap

numbers (n) can be achieved by applying different winding pitches (dpitch) as

n =
2L + H

dpitch
(3.1)
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This is to ensure the inner and outer flaps are always moving relatively within the re-

striction nylon line and never out of the restriction. While ignoring the distortion of the

flaps when weaving into a tube shape, the winding pitch range of this double-side flap is

determined by
H

2
< dpitch < L +

H

2
(3.2)

Because the layer jamming sheath is used to cover the support spine, its default length

should be the same length as the support spine (l). When the robot is bending, adjacent

jamming flaps will generate relative movement and then result in corresponding length

changes of jamming sheaths as calculated by

∆l = β(
l

β
± 25)− l = ±25β (3.3)

dr =
∆ldpitch

l
(3.4)

where ∆l is the length change of jamming sheaths and the plus and minus are the repre-

sentation of the elongation (convex part) and contraction (concave part) of the jamming

sheaths, respectively; β is the central angle of the robot when bending; dr is the relative

movement distance of adjacent jamming flaps.

In order to evaluate the designed jamming sheaths, the minimum and maximum length

changes of jamming sheaths are calculated by

∆lmin =
lH

2dpitch
− l (3.5)

∆lmax =
2lL + lH

2dpitch
− l (3.6)

In this research, dpitch = 35 mm and 21 mm are selected when weaving the layer jamming

sheath on the support spine. Hence, the overlap layer numbers n = 3, and 5, respectively.

Then the minimum and maximum length changes of jamming sheaths are ∆lmin = -

352.8 mm (n = 3), ∆lmax = 252.0 mm (n = 3), ∆lmin = -252.0 mm (n = 5), and ∆lmax =

756.0 mm (n = 5), respectively. From these results, it can be seen that both two types of

jamming sheaths can meet the length change requirements of ∆l = ± 78.5 mm when the
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robot is at the maximum designed bending angle of 180◦ with an outer diameter of 50 mm.

The relative movement distance of adjacent jamming layer flaps are dr = ±5.5 mm (n =

3) and dr = ±3.3 mm (n = 5), respectively.

3.3 Approximate stiffness model

3.3.1 Model description

For analysing the stiffness and its changing tendency for the continuum robot under dif-

ferent conditions, stiffness models need to be developed. However, due to the complex

structure and stiffness variability of the robot, it is hard to develop ideal beam models,

and even finite element analysis has limitations because several parameters of the robot,

including mechanical error, friction, and the jamming mechanism, are difficult to model.

In order to define and qualitatively analyse the robot’s effective stiffness and its chang-

ing tendency, an approximate stiffness model is developed based on the Euler-Bernoulli

beam theory [214]. To represent the continuum robot with an equivalent beam model, the

following assumptions are made [213, 215].

Assumption 3.1. The continuum robot satisfies the properties:

(a) The deflection of the continuum robot is only caused by the position change of all

movable parts of the robot and material strain is not considered;

(b) The analysis of continuum robot deflection is conducted in the horizontal plane, and

gravity is not considered;

(c) The deflection of the continuum robot under external load has the same feature as

a beam. ◁

When considering deflections of the continuum robot, it can be seen that deflections result

from the structure shape change and material strain. The former is caused by the position

change of all movable parts of the continuum robot, which is easier occurring compared

to the latter because the material strain needs a greater force to generate a significant
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deflection. Therefore, the Assumption 3.1(a) is made because the continuum robot has a

flexible structure and the material strain is normally very small. Since stiffness analyses

and experiments of the continuum robot are both conducted in the horizontal plane,

considering that gravity does not have a significant effect on the stiffness in this static

deflection analysis. Hence, the Assumption 3.1(b) is made. When the continuum robot

is actuated by its actuator to the target shape, and then an external load is applied to

its body, it is found that the whole robot body will correspondingly deflect, which has

the same feature as a beam. Therefore, the Assumption 3.1(c) is made. Based on the

above assumptions, the continuum robot can be treated as an equivalent cylindrical beam

because it consists of two main cylindrical parts: a support spine and a jamming sheath,

as shown in Figure 3.6(a).

In order to derive equations for analysing the effective stiffness and its changing tendency,

the following assumptions are made for the equivalent beam [214, 216].

Assumption 3.2. The equivalent beam satisfies the properties:

(a) The equivalent beam is homogeneous and obeys Hooke’s law;

(b) Displacements of the equivalent beam are small compared to the length of the beam;

(c) The equivalent beam is in pure bending when it has deflections. ◁

Figure 3.6: Diagram of equivalent beam and deflection cases. (a) diagram of the robot
structure and equivalent beam. (b) four study cases of deflections of the continuum robot.
Case 1 straight beam under transverse load, Case 2 straight beam under axial load, Case

3 curved beam under transverse load, and Case 4 curved beam under axial load.
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When the continuum robot is in operation, external loads applying to the distal point

of the continuum robot can be divided into transverse direction loads and axial direction

loads. For the transverse direction loads, since the continuum robot has a cylinder shape

and is symmetrical in circumference, the transverse direction loads at any point on the

circumference should cause the same deflection. For the axial direction loads, only thrust

loads are considered in this research because the support spine of the continuum robot is

made of ball joints, and it’s hard to generate significant deflection when drag loads apply.

Therefore, only one type of transverse direction load and axial direction load are analysed

for the continuum robot under different bending angles.

Once the continuum robot is represented by the equivalent beam, the stiffness of the robot

can be analysed based on the Euler-Bernoulli beam theory. According to robot shapes

and external loads, the equivalent beam can be a cantilever beam or fixed-fixed beam

in form when analysing its deflections. Therefore, the equivalent beam is categorised

into four types, as shown in Figure 3.6(b). When the robot is straight, its deflections

can be analysed based on a cantilever beam model (Case 1 ) or fixed-fixed beam model

(Case 2 ) depending on the directions of external loads [214]. When the robot is bent, its

deflections can be analysed based on a cantilever beam model (Case 3 and Case 4 ). In

the four deflection cases, it’s noted that the current effective stiffness only refers to the

tip location. This focus is reasonable for continuum robots, as effective stiffness at the

end-effector position is of greater interest and is easier to verify experimentally.

3.3.2 Model derivation

In this section, the robot’s effective stiffnesses in the four cases are analysed. Cases 1, 3

and 4 are solved based on the Maxwell-Mohr method [188], while Case 2 is based on the

integral method [214]. Based on the Maxwell-Mohr method, the deflection of a beam can

be calculated as

δ(x) =

∫
M(x)M(x)

D
dx (3.7)

where δ(x) is the deflection at x position, x is the analytical position on the beam and

x ∈ [0, l], M(x) is the resultant moment at x position caused by an external load, M(x)
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is the moment at x position due to the unit load, D is flexural rigidity of the equivalent

beam.

Case 1 Straight beam under transverse load:

When the continuum robot is straight, and the transverse load FT is applied at the tip

position, the resultant moment and unit moment at position x are


M(x) = FTx

M(x) = x

(3.8)

By substituting (3.8) into (3.7) and letting x = l, the effective stiffness in this case can be

defined as

kTS =
FT

δTS
=

FT

δ(x) |x=l
=

3D

l3
(3.9)

where δTS = δ(x) |x=l is the deflection at the tip position.

Case 2 Straight beam under axial load:

When the continuum robot is straight, and the external load FA is applied on the robot’s

central axis, the stiffness of the robot in the axial direction should be infinite when ignoring

the material strain. However, due to mechanical errors and assembly errors, the central

lines of all movable parts cannot be kept in an exact line with the robot’s central axis.

Hence, infinite stiffness is only a theoretical stiffness under ideal conditions. In order

to analyse the effective stiffness in the axial direction, a distance error (e) between the

external load direction and the robot’s central axis is assumed. In addition, a lateral force

will be generated to restrict the robot’s lateral motion when the axial load is applied to

the robot. Hence, the robot deflection can be analysed based on the fixed-fixed model

[214], and its governing equation and general solution are


d4δ(x)

dx4
+ a2

d2δ(x)

dx2
= 0, a2 =

FA

D

δ(x) = C1 cos ax + C2 sin ax + C3x + C4

(3.10)

where C1, C2, C3, C4 are some constants.
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According to the Euler-Bernoulli beam theory, the boundary conditions for the fixed-fixed

model are 
δ(x) |x=0 = 0, δ(x) |x=l = 0

δ′′(x) |x=0 = 0, δ′′(x) |x=l = −FAe
D

(3.11)

Substituting boundary conditions (3.11) into (3.10), the explicit deflection solution is

δ(x) = e(
sin ax

sin al
− x

l
) (3.12)

In (3.12), since sin al appears in the denominator, the deflection δ(x) will become infinite

when al = bπ, (b ∈ Z). This phenomenon is called buckling, and the corresponding axial

load is

FA =
b2π2D

l2
(3.13)

When b = 1, Fcr = FA |b=1 = π2D
l2

is the critical load of buckling. Once the external load

FA ≥ Fcr, the beam will buckle, and its stiffness will dramatically decrease. Since the tip

deflection δAS is caused by the deflection δ(x) and both the two deflections are small, it

assumes δAS = max[δ(x)] , then the effective stiffness in this case is

kAS =
FT

δAS
=

FA

max[δ(x)]
, FA < Fcr (3.14)

Case 3 Curved beam under transverse load:

When the continuum robot is curved at a central angle β ∈ (0, π], and the transverse load

FT is applied at the tip position, the resultant moment and unit moment at x position are
M(θ) =

FTl sin θ

β

M(θ) =
l sin θ

β

(3.15)

where θ = β(l−x)
l is the central angle between the x position and the tip position.
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By substituting (3.15) into (3.7) and letting x = l, the effective stiffness in this case is

defined as

kTC =
FT

δTC
=

FT

δ(θ) |x=l
=

4Dβ3

l3(2β − sin 2β)
(3.16)

where δTC = δ(θ) |x=l is the deflection at the tip position.

Noted that β3

2β−sin 2β in (3.16) is monotonically increasing about β. Hence, the effective

stiffness kTC will increase when increasing the robot’s central angle β.

Case 4 Curved beam under axial load:

This case is the same as Case 3 while the external load FA is in the axial direction. When

the axial load FA is applied at the tip position, the resultant moment and unit moment

at x position are 
M(θ) =

FAl(1− cos θ)

β

M(θ) =
l(1− cos θ)

β

(3.17)

By substituting (3.17) in (3.7) and letting x = l, the effective stiffness in this case is defined

as

kAC =
FA

δAC
=

FA

δ(θ) |x=l
=

4Dβ3

l3(6β − 8 sinβ + sin 2β)
(3.18)

where δAC = δ(θ) |x=l is the deflection at the tip position.

Noted that β3

(6β−8 sinβ+sin 2β) in (3.18) is mainly monotonically decreasing about β. Hence,

the effective stiffness kAC will decrease when increasing the robot’s central angle β.

When the robot is straight and horizontal, equation (3.9) shows that the effective stiffness

kTS is a constant with a specific flexural rigidity (D); equation (3.14) shows that the

effective stiffness kAS is divided into two levels by the critical load (Fcr): high stiffness

before buckling and low stiffness after bucking. When the robot is bent, considering the

monotonicity of equations (3.16) and (3.18), two specific curved angles (β = 90◦, 180◦) in

the middle point and end point of the angle range (β ∈ (0, π]) are selected for the stiffness

experiments because the effective stiffness kTC and kAC about the curved angle (β) are

increasing and decreasing, respectively.
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3.4 Experiments and results

3.4.1 Experiment setup

A test rig is built to test the robot’s stiffness under different loading conditions. A linear

actuator (L12-210-100-12I, Actuonix) is used to cause deflections, and an S-Beam load

cell (JLBS-M2-10Kg) is used to collect resistance forces. In addition, a vacuum pump

(KMDP-C1-12V) and a pressure sensor (DP-101A-E-P, Panasonic) are used to generate

different vacuum pressures. To investigate the stiffness variation capability, the robot is

tested at three different bending angles (0◦, 90◦, 180◦) and four different vacuum pressures

(0 kPa, 25 kPa, 50 kPa, 75 kPa). The tests are shown in Figure 3.7. In these experiments,

the external load at the transverse and axial directions are applied separately.

Figure 3.7: Experiment setup. (a) robot at 0◦ bending. (b) robot at 90◦ bending. (c)
robot at 180◦ bending. Note that A and T in the figure represent the axial and transverse

directions, respectively.

3.4.2 Force-deflection results

All the experimental data was collected and analysed using MATLAB™ software. Each

experiment was repeatedly conducted five times under the same condition, and the mean

value of the measured force in an experiment was calculated. Error bars shown in the

plots are ±1 standard deviation for every 5mm deflection (transverse direction) and every

2 mm deflection (axial direction). The force-deflection results of the continuum robot are

shown in Figure 3.8.

From Figure 3.8(a)-(c), it can be seen that both two types of jamming sheaths (n = 3

and 5) can enforce the resistance force in both the transverse and axial directions when
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Figure 3.8: Force-deflection plots of the robot under Transverse (T direction) loads:
(a) at 0◦ bending, (b) at 90◦ bending, (c) at 180◦ bending; Force-deflection plots of the
robot under axial (A direction) loads: (d) at 0◦ bending, (e) at 90◦ bending, (f) at 180◦

bending.
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vacuum pressures are applied, and the jamming sheath (n = 5) shows better ability than

the jamming sheath (n = 3). When the bending angle is 0◦ (Figure 3.8(a)), because all

jamming layers are tightly contacted, and there is no relative slip when vacuum pressure

is applied, it shows the same stiffness tuning ability under different pressures [188]. Hence,

the resisting forces are almost the same under the three vacuum pressures (25 kPa, 50 kPa,

75 kPa), with the maximum values of 2.0 N (n = 3) and 3.3 N (n = 5).

When the bending angle is 90◦ (Figure 3.8(b)), the overlap area of contacted jamming

layers is changed, and it needs higher vacuum pressure to avoid relative slip. Hence, the

resisting force of 25 kPa is lower than the force of 50 kPa and 75 kPa because slippage

has occurred. The maximum resisting forces are 9.4 N (n = 3, 75 kPa) and 10.8 N (n=

5, 75 kPa). When the robot is bent by 180◦ (Figure 3.8(c)), in the convex part, as the

jamming layer overlap area becomes much less, relative slip occurs at all the vacuum

pressure conditions. After deflection of 15 mm, both types of jamming sheaths of n = 3

and 5 show contact layers slipping under all the vacuum pressures and resulting in different

resisting forces. The maximum resisting forces in this situation are 10.2 N (n = 3, 75 kPa)

and 16.4 N (n = 5, 75 kPa).

In the axial direction, Figure 3.8(d) and (e) show that the three different vacuum pressures

(25 kPa, 50 kPa, 75 kPa) have a negligible effect on changing the resisting force. This

is because the axial loads can hardly detach the contact jamming layers, and jamming

sheaths always keep at the no-slip condition at all vacuum pressures. Therefore, higher

vacuum pressure will not result in a better stiffening effect due to no relative slip occurring.

When the bending angle is 0◦ (Figure 3.8(d)), the resistance forces are at the highest level

and greater than in any other situation because ball joints on the support spine provides

hard contact in the axial direction, and jamming sheaths cover the spine to restrict its

tilt movement. The maximum resisting force is 62.6 N (n = 3) and 65.6 N (n = 5) under

the vacuum pressure of 75 kPa. When the bending angle is 90◦ (Figure 3.8(e)), the robot

shows almost the same resisting force under the vacuum pressure of 25 kPa, 50 kPa and

75 kPa, with a maximum value of 7.6 N (n = 3, 75 kPa) and 8.4 N (n = 5, 75 kPa). When

the bending angle changes to 180◦ (Figure 3.8(f)), the contact layers are more likely to slip

due to the change in the overlap area. Therefore, the resisting forces are different under
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all the vacuum pressures and at the lowest level with the maximum values of 1.9 N (n =

3, 75 kPa) and 2.4 N (n = 5, 75 kPa).

3.4.3 Stiffness variation results

In order to reduce errors in comparing the stiffness under different conditions, average

stiffness is calculated based on the force-deflection data presented in Figure 3.8.

1) Stiffness in the transverse direction

According to equations (3.9) and (3.16), the effective stiffness kTS and kTC should be

constants with a specific flexural rigidity (D). However, the experimental data in Fig-

ure 3.8(a)-(c) are approximately linear. This error may result from the friction disturbance

in the test rig, or the robot may not be perfectly represented by an equivalent beam model

when it has deflections because of complex structures and mechanical errors of the robot.

Therefore, to eliminate errors, the average stiffness of the robot is calculated by

ST =
1

10

10∑
i=1

Fi

δi
(3.19)

where ST is the average transverse stiffness, Fi is the resisting force at point i, δi is the

deflection at point i, i is the deflection point at Figure 3.8(a)-(c), starting at 5 mm and

increasing 5 mm each time to 50 mm.

2) Stiffness in the axial direction

When the robot is straight, as analysed in Case 2, the effective stiffness keeps at a high level

before critical load and will decrease to a low level once the robot buckles. In Figure 3.8(d),

this phenomenon can be clearly seen. Before the 2 mm deflection, the robot shows high

stiffness and then decreases to a low level with the deflection increasing, especially in no

vacuum pressure conditions. Therefore, the robot stiffness should be divided into two
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parts and calculated as

SAS =



Fj=1

δj=1
, (Fj < Fcr)

1

4

5∑
j=2

Fj

δj
, (Fj ≥ Fcr)

(3.20)

where SAS is the average axial stiffness when the robot is straight, Fj is the resisting force

at point j, δj is the deflection at point j, j is the deflection point at Figure 3.8(d), starting

at 2 mm and increasing 2 mm each time to 10 mm.

When the robot is bent, equation (3.18) shows that the effective stiffness kAC is constant

at a specific bending angle, and the experimental data in Figure 3.8(e) and (f) also show a

linear relationship between force and deflection. Hence, the average stiffness is calculated

as

SAC =
1

5

5∑
j=1

Fj

δj
(3.21)

As shown in Figure 3.9, the average stiffness results show that the vacuum pressure can

change the robot stiffness at any condition, and the jamming sheath with a layer overlap

number n = 5 has greater stiffness increasing ability compared to n = 3. The robot stiffness

increases and decreases with the bending angle increasing in the transverse direction and

axial direction, respectively. In the transverse direction, the robot is bent 0◦ with a vacuum

pressure of 0 kPa has the minimum stiffness, i.e., 36.4 N/m (n = 3) and 65.7 N/m (n = 5),

whereas the robot at the bending angle of 180◦ with a vacuum pressure of 75 kPa has the

maximum stiffness of 241.7 N/m (n = 3) and 398.3 N/m (n = 5). At the bending angle

of 90◦, the stiffness is between that at bending 0◦ and 180◦ under each vacuum pressure.

In the axial direction, when the robot is straight and not buckling, the robot stiffness

increases from 9.2 × 103 N/m to 19.3 × 103 N/m (n = 3) and 10.1 × 103 N/m to 20.8 ×
103 N/m (n = 5) when the vacuum pressure changes from 0 kPa to 75 kPa. As presented

before, this high stiffness is mainly a result of the mechanical stiffness of the support spine.

After buckling, the maximum average stiffness decreases to 8.6×103 N/m (n = 3, 75 kPa)

and 8.7 × 103 N/m (n = 5, 75 kPa). When the robot is at a bending of 180◦, it has a

minimum stiffness of 92.9 N/m (n = 3) and 106.7 N/m (n = 5) at the vacuum pressure
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Figure 3.9: Average stiffness results. (a) transverse direction with n = 3. (b) axial
direction with n = 3. (c) transverse direction with n = 5. (d) axial direction with n = 5.
Note that the red dots denote the average stiffness, and the blue dots denote the stiffness

before buckling.

of 0 kPa, and the stiffness increases to 192.4 N/m (n = 3) and 249.7 N/m (n = 5) when

the vacuum pressure reached 75 kPa. Similarly, the stiffness has the same changing trend

when the bending angle is 90◦, from 328.6 N/m (n = 3, 0 kPa) and 344.5 N/m (n = 5,

0 kPa) rising to 816.6 N/m (n = 3, 75 kPa) and 827.1 N/m (n = 5, 75 kPa), respectively.

3.4.4 Actuation and gripping experiments

The designed prototype robot can be used as a manipulator for various tasks including

gripping, moving, and inspection. Due to its inherent compliance and flexibility, this

prototype robot can grasp or carry an object by its body or end-effector. Experiments

about actuating and gripping are conducted. An electromagnet (GE-66-100-38, Magnetic
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Sensor Systems, USA) is attached to the distal of the robot and works as an end-effector

in moving tasks (e.g., a piece of iron). These experiments are shown in Figure 3.10.

Figure 3.10: Photos of the robot actuating and gripping experiments. (a)-(f) the robot
is at different bending postures. (g) the robot is gripping a paper roll with a weight of
590g and a diameter of 145mm. (h) the robot is gripping an iron bucket with a weight of
1.2kg and a diameter of 180mm. (i)-(l) the robot is moving a piece of iron (511g) using
its end-effector, (i)-(j) show a normal moving task, and (k)-(l) show the task with the

obstacle.

3.5 Discussion

The designed continuum robot uses ball joints to offer axial support. Its stiffness variation

capabilities in both the transverse and axial directions are realised by using layer jamming.

Compared to previous research, this design has the advantages of higher axial stiffness,

and larger length changing ability of jamming sheaths. It has demonstrated that this robot

can be used in different applications as a manipulator or end-effector.

In the four deflection cases, although the effective stiffness kTS, kTC, kAS, and kAC of the

continuum robot cannot be numerically calculated due to the flexural rigidity (D) being

hard to obtain because of the complex structure and stiffness variability of the robot,

the stiffness changing tendency in the four cases can instead be analysed qualitatively.

When the robot is straight, the effective stiffness kTS is a constant with a specific flexural

rigidity (D), and the effective stiffness kAS is divided into two levels by the critical load

(Fcr): high stiffness before buckling and low stiffness after bucking, and the critical load
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(Fcr) is determined by the flexural rigidity (D). When the robot is bent, the effective

stiffness kTC will increase while the effective stiffness kAC will decrease when the central

angle of the continuum robot is increasing, respectively. In addition, the effective stiffness

analysis in this work focuses solely on the tip location, as it is easier for experimental

verification and aligns with current research. However, analysing stiffness along the entire

continuum robot body and calculating flexural rigidity (D) could be explored as part of

future work.

3.6 Summary

In this chapter, a novel continuum robot named OctRobot-I is presented. By designing

support spine and layer jamming sheaths, the robot has stiffness variation capability in

both transverse and axial directions. A new jamming sheath weaving method using a nylon

line and adjacent layers to restrict jamming flaps is proposed, and its length changing

ability is evaluated. Four deflection cases of the robot are analysed. Based on the Euler-

Bernoulli beam theory and Maxwell-Mohr method, the robot’s effective stiffnesses in the

four cases are defined and derived.

Experiments are conducted with two types of layer jamming sheaths (overlap numbers n

= 3, 5) and four different vacuum pressures (0 kPa, 25 kPa, 50 kPa, 75 kPa) at three

different bending angles (0◦, 90◦, 180◦). The results show that when the robot is fitted

with the jamming sheath of n = 3, the stiffness ranges (ratios) are 36.4 to 241.7 N/m (6.6)

and 92.9 to 19.3 × 103 N/m (207.8) in the transverse and axial directions, respectively.

When fitted with the jamming sheath of n = 5, the stiffness ranges (ratios) are 65.7 to

398.3 N/m (6.1) and 106.7 to 20.8×103 N/m (194.9) in the transverse and axial directions,

respectively. In addition, actuating and gripping experiments demonstrated the control

and payload of the robot. Future work includes further improvement of the effectiveness

of the stiffness model for numerical analysis of the stiffness variation capability, workspace

analysis, real-time position and stiffness control.





Chapter 4

Robot Worksapce Analysis and

Equivalent Two Section Method

The shape and size of a robot’s workspace are essential for both design and control. How-

ever, determining the accurate workspace of a multi-segment continuum robot by graphic

or analytical methods is a challenging task due to its inherent flexibility, complex struc-

ture, and high number of segments. This chapter will present an equivalent two section

(ETS) method for calculating the workspace of multi-segment continuum robots. This

method is based on the forward kinematics and a piecewise constant curvature (PCC)

assumption to determine the boundaries of workspaces, and then calculate their size and

volume. In order to verify the proposed method, simulation experiments are conducted

using six different maximum bending angles and seven different number of segments. The

results demonstrate that the ETS method is accurate and efficient. 1

1The results presented in this chapter have previously appeared in the publication: Yeman Fan, Dikai
Liu. “An equivalent two section method for calculating the workspace of multi-segment continuum robots.”
2023 IEEE International Conference on Robotics and Automation (ICRA), London, United Kingdom,
pp. 9658-9664, 2023.
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4.1 Introduction

Continuum robots have many advantages when compared to traditional rigid robots, in-

cluding inherent compliance, flexibility, and dexterity [19]. As partially described in Chap-

ter 2, there are a lot of different types of continuum robots. However, obtaining their

workspace remains a challenge due to their complex structure, infinite number of degrees

of freedom, and high number of segments.

The workspace of a robot is defined as the set of positions that can be reached by its

distal point. It is an important kinematic factor in measuring a robot’s workability, and

obtaining the shape and size of a robot’s workspace is essential for its design, control,

and planning [217, 218]. Generally, workspace calculation methods can be categorised

into three types: graphic methods, analytical methods [219, 220], and numerical methods

[221–224]. Analytical methods use multiple envelopes to determine the boundary of the

workspace, which results in efficient calculation and high accuracy but with poor versatility

and practicability [223]. Numerical methods calculate the distal point positions using

extreme value theory, brute-force enumeration, or optimisation methods. They generate

a workspace by calculating the feature points on the boundary of the workspace. A

commonly used numerical method is the Monte Carlo method which uses the means of

random sampling and is relatively simple to apply because it does not need inverse Jacobian

calculation [222].

The brute-force Monte Carlo method needs to have sufficient sampling points to achieve

reasonable precision, which has the shortcoming of low efficiency and large calculation

errors [225]. A relatively more accurate workspace was calculated by combining the Beta

distribution with the Monte Carlo method [221, 222]. By using the Gaussian growth

method, an improved Monte Carlo method was proposed to attain higher workspace accu-

racy [225]. In [223], a Monte Carlo learning method based on boundary point densification

was proposed. Although these methods improved the classical Monte Carlo method by tak-

ing advantage of the Beta distribution or Gaussian growth method to increase the density

of boundary points, they need sufficient sampling points to obtain reasonable precision,

which still has a high computational cost.
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When the classical or improved Monte Carlo methods are applied to calculate the workspace

of a multi-segment continuum robot, it can be found that most of the sample points overlap

and are located in the high-probability regions of the workspace, which makes it difficult to

characterise the true shape and size of the workspace of a continuum robot. This has been

also observed in [221, 222, 225]. When a continuum robot has a large number of segments,

these methods may not be able to find the complete workspace because the efficient of

samples is extremely low. In order to address this problem, this chapter proposes the ETS

method to calculate the workspace of continuum robots with multi-segments. The ETS

method represents a multi-segment continuum robot with two equivalent sections and then

utilises forward kinematics and a PCC assumption to generate the workspace boundary

for calculating the workspace area and volume. To verify the proposed ETS method, sim-

ulation experiments are conducted using six different maximum bending angles and seven

different number of segments. The results of the ETS method are compared to the true

workspaces estimated by an exhaustive approach for validation.

4.2 Equivalent two section method

4.2.1 Parameters of continuum robots

Figure 4.1: Photos and diagram of the structure of continuum robots. (a) a novel extra
slender continuum robot [12]. (b) a cable-driven manipulator [13]. (c) a snake-inspired
layer-driven continuum robot [14]. (d) sectional view of a tendon-actuated continuum
robot [5]. (e) a wire-driven continuum robot with six sub-sections [15]. (f) a diagram of

general continuum robots.
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As shown in Figure 4.1, a continuum robot generally consists of an actuator unit and

a flexible body. The robot body normally has many segments and each with bending

capability. According to the existing design (Table 4.1), three common primary parameters

of continuum robots are identified: the length of each segment, the number of segments,

and the maximum bending angle of a segment. Clearly, the workspace size and shape of

a continuum robot are mainly determined by these three parameters. Generally, all the

segments in a continuum robot are identical. Therefore, this research focuses on continuum

robots that consist of many identical segments, i.e., all the segments have the same length

and same maximum bending angle.

Table 4.1: Summary of parameters of example continuum robots

No. Robot length (mm) Number of segments Bending angle (◦) Related works

1
550 10 (Body) −10 ∼ +90

[12]
165 10 (Tip) −90 ∼ +90

2 40 4 ±60 [165]

3 65 3 45 [2]

4 1800 12 45 [13]

5 4200 12 ±60 [226]

6 1500 6 20 [14]

7
2300 10 20

[15]
60 6 ±90

8 630 3 60 [227]

9 210 3 36 [133]

10 831 3 90 [228]

11 560 4 ±45 [72]

12 165 3 83 [145]

4.2.2 Kinematic model

For calculating the distal position of a continuum robot, the PCC assumption is helpful

for kinematic calculation [229–231]. The PCC assumption assumes that each segment

has a constant curvature, which can change with different bending conditions. Figure 4.2

shows the geometric relationship of a multi-segment continuum robot based on the PCC

assumption and an example constant curvature segment.

Based on the PCC assumption, the distal position can be calculated according to the

robot kinematics. As shown in Figure 4.2(b), the curvature of a segment is determined by
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Figure 4.2: General robot kinematics. (a) the geometric relationship of a multi-segment
continuum robot. (b) diagram of a constant curvature segment.

the segment length (Lj), bending angle (θj), and rotation angle (φj). Once the segment

length is determined, according to the geometric relationship, the coordinate of a point on

a continuum robot depends on the bending angle (θj), rotation angle (φj) and the refer-

ence coordinate system, which can be formulated by a 4× 4 homogeneous transformation

matrix (HTM)

j−1Tj =

Rj Pj

0 1

 (4.1)

Rj =


c2φjcθj + s2φj cφjsφjcθj − cφjsφj cφjsθj

cφjsφjcθj − cφjsφj s2φjcθj + c2φj sφjsθj

−cφjsθj −sφjsθj cθj

 (4.2)

Pj =

[
Lj

θj
cφj(1− cθj)

Lj

θj
sφj(1− cθj)

Lj

θj
sθj

]T
(4.3)

where j is the segment number. sθj = sinθj , cθj = cosθj , sφj = sinφj , cφj = cosφj ,

s2φj = (sinφj)
2, c2φj = (cosφj)

2, φj ∈ [0, 2π].

In (4.3), there is a singularity when θj= 0. Therefore, in this research, θmin= 0.0001 is used

to replace the singular point (θj= 0) in the calculations. From kinematics, the coordinate

system SN relative to the base coordinate system S0 can be expressed as
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0TN = 0T 1
1 TN · · ·N−1TN =


nx ox ax px

ny oy ay py

nz oz az pz

0 0 0 1

 (4.4)

4.2.3 True workspace estimation

From (4.4), all the feasible positions of the robot distal point can be calculated, and the

true workspace can be obtained if the sample configurations are sufficient. As presented

in Section 4.1, the true workspace of a continuum robot with a large number of segments

is hard to obtain. Therefore, an exhaustive approach is used to estimate the workspace,

which is considered as the approximation of the true workspace. Algorithm 4.1 presents the

exhaustive approach to estimating the workspace area (A) or volume (V ) of a continuum

robot by exhaustively generating the configurations of each segment. For simplicity, the

term “true workspace” used in this thesis means the workspace estimated by using the

exhaustive approach. This workspace will be used to analyse the accuracy and efficiency

of the proposed ETS method.

The exhaustive approach can only estimate the true workspace of a continuum robot with

a small number of segments and intervals. With the increase in the number of segments,

the sample configurations of the distal positions will increase exponentially. For example,

if the number of segments is N = 10, the maximum bending angle θmax = 180◦ and the

sampling interval D = 2◦, the total number of total distal point positions to be calculated

will be 18110. The computational cost can be reduced by increasing the interval angle.

For example, when the sampling interval is increased to D = 180◦, the total number of

distal positions to be calculated will decrease to 310. However, this large sampling interval

will result in sparse distal point positions, and incomplete and inaccurate workspace.
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Algorithm 4.1 Workspace calculation by an exhaustive approach

1: Input: Sampling interval value D;
2: Number of segments N ;
3: Maximum bending angle θmax;
4: Section length L.
5: Outputs: Workspace area (A) and volume (V ).
6: Algorithm:
7: for i ← 1 to N do
8: θi ← [θmin, D, 2D, ..., θmax]
9: θi ← [θi ∗ cos(0), θi ∗ cos(π)] ▷ Generate the bending angle matrix

10: end for
11: J ← (2θmax/D + 2)N ▷ Calculate sample size
12: for j ← 1 to J do
13: [0T1,

1T2, ...,
N−1TN ] ← f{θi, L, j} ▷ Calculate the HTM, (4.1)-(4.3)

14: 0TN ← 0T1 ∗ 1T2... ∗ N−1TN

15: P [x, y] ← f{0TN} ▷ Calculate the distal position matrix, (4.4)
16: end for
17: [BL,A] ← find the boundary line (BL) and area (A) of P [x, z]
18: BS ← rotate BL to generate the boundary surface (BS)
19: V ← calculate the volume of (BS)
20: return A, V

4.2.4 The equivalent two section method

In order to calculate the workspace of a continuum robot with multi-segments, the ETS

method is proposed. When the maximum bending angle (θmax) and the number of seg-

ments (N) are determined, the ETS method can be used for estimating the workspace, as

shown in Figure 4.3. The ETS method utilises the Equivalent Section 1 to represent the

first several segments and the Equivalent Section 2 to replace the remaining segments. In

order to increase the accuracy, the Equivalent Section 1 should have enough maximum

bending angle to reach all the feasible workspace boundaries. The parameters of the ETS

method can be derived as
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

LE1 =


L (θmax ≥ π)

πL/θmax (θmax < π)

LE2 = NL− LE1

θE1max =


π (θmax ≥ π) ∨ (π/θmax ≤ N − 1)

(N − 1)θmax (π/θmax > N − 1)

θE2max =


π (θmax ≥ π) ∨ (Nθmax − θE1max ≥ π)

Nθmax − θE1max (Nθmax − θE1max < π)

(4.5)

where L is the segment length of a continuum robot, LE1 is the length of the first equivalent

section of the ETS method, LE2 is the second equivalent section length, θE1max is the

maximum bending angle of the first equivalent section, θE2max is the maximum bending

angle of the second equivalent section.

Figure 4.3: Diagram of the ETS method.

As shown in Figure 4.3, a multi-segment continuum robot can now be represented with

an equivalent two section robot according to the ETS method. For example, when the

robot parameters are N = 3, θmax = 180◦, and L = 50 mm, the parameters of the ETS

model are θE1max = θE2max = 180◦, LE1 = 50 mm, and LE2 = 100 mm; when the robot

parameters are N = 8, θmax = 120◦, and L = 50 mm, the parameters of the ETS model

are θE1max = θE2max = 180◦, LE1 = 75 mm, and LE2 = 325 mm. Once the parameters

θE1max, θE2max, LE1, and LE2 are obtained, the ETS robot model can be used to calculate

the workspace of a continuum robot. In order to demonstrate and verify the proposed ETS

method, an example overlap 2D workspace is shown in Figure 4.4. The true workspace

area [Green] is estimated by the exhaustive approach (Algorithm 4.1), and the workspace

area calculated by the ETS method is the area covered by the boundary lines [Blue].
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Figure 4.4: An example 2D workspace and boundary features of a continuum robot
with N = 3, L = 50mm, θmax = 180◦. The green colour shows the true workspace area,

and the blue colour shows the boundary generated by the ETS method.

Points P1T-P6T and P1E-P6E in Figure 4.4 are feature points of the true workspace and

the boundary lines calculated by the ETS method, respectively. P1T and P1E are the

points with maximum z position value on the true workspace and the boundary from

the ETS method, respectively. P2T and P2E, and P6T and P6E are the points with

maximum and minimum x position values on the true workspace and the boundary of the

ETS method, respectively. P3T and P3E and P5T and P5E are the points with minimum

z value on the true workspace and the boundary of the ETS method, respectively. P4T and

P4E are the points with x= 0 on the true workspace and the boundary of the ETS method,

respectively. It is found that P1T and P1E always overlap, and P2T and P6T, P2E and

P6E, P3T and P4T, and P3E and P4E are symmetry about the z-axis, respectively. Their

values can be calculated from (4.6).
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

xP1T = px|θi=1,...,N=θmin,φi=1,...,N=0 ≈ 0

zP1T = pz|θi=1,...,N=θmin,φi=1,...,N=0 ≈
N∑
i=1

Li

xP1E = xE|θE1=θE2=θmin,φE1=φE2=0 ≈ 0

zP1E = zE|θE1=θE2=θmin,φE1=φE2=0 ≈ LE1 + LE2

xP2T = −xP6T = max(px)

zP2T = zP6T = pz|px=max(px)

xP2E = −xP6E = max(xE)

zP2E = zP6E = zE|xE=max(xE)

xP3T = −xP5T = px|pz=min(pz)

zP3T = zP5T = min(pz)

xP3E = −xP5E = xE|ZE=min(zE)

zP3E = zP5E = min(zE)

xP4T = xP4E = px = 0

zP4T = pz|px=0

zP4E = zE |xE=0

(4.6)

4.2.5 Workspace calculation algorithm

Once the boundary shape is obtained by using the ETS method (e.g., the blue line in

Figure 4.4), the workspace area can be calculated (e.g., using the Convhull function in

MATLAB™). Then, the workspace volume can be calculated by rotating the workspace

area around the z-axis. Figure 4.5 shows the example boundary lines and a quarter of

the workspace volume generated by the exhaustive approach and the ETS method. The

pseudocode of the ETS method is shown in Algorithm 4.2.
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Algorithm 4.2 Workspace calculation by the ETS method

1: Input: Sampling interval value D;
2: Number of segments N ;
3: Maximum bending angle θmax;
4: Section length L.
5: Outputs: Workspace area (A) and volume (V ).
6: Algorithm:
7: [LE1, LE2, θE1max, θE2max] ← f{D,N, θmax, L} ▷ Calculate ETS parameters, (4.5)
8: θE1 ← {[θmin, 1, 2, . . . , θE1max] ∗ cos(0); [θmin, 1, 2, . . . , θE1max] ∗ cos(π)}
9: θE2 ← {[θmin, 1, 2, . . . , θE2max] ∗ cos(0); [θmin, 1, 2, . . . , θE2max] ∗ cos(π)} ▷ Generate the bending angle

matrix
10: for i ← 1 to size(θE1) do
11: θ1 ← θE1(i))
12: for j ← 1 to size(θE2) do
13: θ2 ← θE2(j)
14: [0T1,

1T2] ← f{LE1, LE2, θE1max, θE2max} ▷ Calculate the HTM, (4.1)-(4.3)
15: 0T2 ← 0T1 ∗ 1T2

16: P [x, y] ← f{0T2} ▷ Calculate the distal position matrix, (4.4)
17: end for
18: end for
19: [BL,A] ← find the boundary line (BL) and area (A) of P [x, z]
20: BS ← rotate BL to generate the boundary surface (BS)
21: V ← calculate the volume of (BS)
22: return A, V

Figure 4.5: Example boundary lines and boundary surfaces with N = 3, D = 1◦, L
= 50 mm, θmax = 180◦. (a) boundary line of the true workspace (Algorithm 4.1). (b) a
quarter of the boundary surface of the true workspace (Algorithm 4.1). (c) boundary line
from the ETS method (Algorithm 4.2). (d) a quarter of the boundary surface from the

ETS method (Algorithm 4.2).
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4.3 Simulation experiments and results

4.3.1 Simulation environment

All simulations are run on MATLAB™ R2020a software in a high-performance computing

cluster. The cluster’s configurations are Intel(R) Xeon(R) Gold 6238R CPU @ 2.20GHz

processors, 18GB System memory, and Quadro RTX 5000 GPU. Considering the com-

putation time and memory consumption of the exhaustive approach (Algorithm 4.1), the

maximum sample number of the distal point positions is set as 108. The interval of bend-

ing angle (D) is chosen as 1◦ if the total sample number is less than or equal to 108. With

the increase of the number of segments of a continuum robot, if the total sample number

may be greater than 108, the interval of bending angle (D) can be increased to limit the

total sample distal point positions to less than 108.

4.3.2 Workspace analysis

The workspace of a continuum robot is determined mainly by the length of segments (L),

the maximum bending angle (θmax) of each segment and the number of segments (N).

Figure 4.6 shows the results of workspace analyses with various maximum bending angles

(θmax) and different number of segments (N ). It can be seen that, for a continuum robot

with the number of segments (N) less than a certain threshold, its workspace is not a

fully complete (or filled) area in 2D or volume in 3D (Figure 4.6(a)-(e)). The maximum

bending angle (θmax) of each segment has effects on the workspace as well. When the

number of segments and the bending angle reaches a certain threshold, the workspace

becomes a complete or fully filled area or volume (Figure 4.6(g)-(k)). Note that all the

example configurations of the maximum bending angle θmax = 30◦ have no completed

workspace (Figure 4.6(f) and (i)). More details about the workspace are shown in Table

4.2 and Table 4.3.

For a continuum robot with incomplete workspaces (e.g., Figure 4.6(a)-(f) and (l)), the

exhaustive search approach can be used to estimate its workspace. The computational cost

can be handled in this case because both the number of segments (N) and the maximum
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bending angle (θmax) are small. Attention needs to be paid to the selection of the interval

of bending angle (D) when generating the sample distal positions. When the number

of segments (N) of a robot is increased to a certain threshold, the workspace becomes

complete. The exhaustive approach is hardly used due to computational cost. Then the

ETS method can be utilised for workspace calculation.

Figure 4.6: Workspace with different parameters. The green colour shows the true
workspace area, and the blue lines show the boundary calculated by the ETS method.
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4.3.3 Workspace area

This section analyses the workspace in 2D, which is defined as the maximum cross-sectional

area of the workspace volume (named workspace area). For comparison, true workspace

estimated by the exhaustive approach (Algorithm 4.1) is used in the analyses. Table 4.2

shows the results of the workspace area calculated by the ETS method for a continuum

robot with various combinations of the number of segments (N) and the maximum bending

angle (θmax). The length of each segment is assumed to be 50 mm in the simulation. The

results show that the maximum and minimum errors of workspace area calculated by the

ETS method, compared to the true workspace area estimated by the exhaustive approach,

are -5.58 % and -0.03 % when N = 7, θmax = 60◦ and N = 3, θmax = 180◦, respectively.

When N = 3 and θmax = 180◦, the workspace from the ETS model is almost the same as

the true workspace, hence it has the minimum error. With the increase of N and θmax,

the error decreases. However, once these two parameters are over a certain threshold (e.g.,

N > 7 and θmax = 120◦ or 150◦; N > 4 and θmax = 180◦), the errors become a positive

value because the sample points of 108 of the exhaustive search approach are not enough to

obtain the real completed workspace, and the ETS method shows better results (i.e., the

workspace from the ETS method is greater and more complete than that of the exhaustive

approach), which proves that the ETS method has better performance and more close to

the real true workspace than the exhaustive approach when the computational resource is

limited.

4.3.4 Workspace volume

Table 4.3 shows the results of workspace volume calculated by the ETS method for a

continuum robot with various combinations of the number of segments (N) and the maxi-

mum bending angle (θmax). The length of each segment is assumed to be 50 mm. The true

workspace volumes calculated by the exhaustive approach (Algorithm 4.1) are included

for comparison. The results show that the maximum and minimum errors of workspace

volume estimated by the ETS method compared to the true workspace volume calculated

by the exhaustive approach are -12.33 % and -1.62 % when N = 7, θmax = 60◦ and N=8,
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Table 4.2: Summary of workspace area calculated by the ETS method

θmax N 2 3 4 5 6 7 8

30◦ True (mm2) 2.31× 102 1.89× 103 7.81× 103 2.22× 104 5.19× 104 1.03× 105 1.78× 105

60◦

True (mm2) 1.20× 103 1.09× 104 4.24× 104 1.04× 105 1.91× 105 2.83× 105 3.83× 105

ETS (mm2) ⋆ ⋆ ⋆ ⋆ ⋆ 2.67× 105 3.67× 105

ETS error (%) ⋆ ⋆ ⋆ ⋆ ⋆ -5.58 -4.35

90◦

True (mm2) 3.39× 103 2.76× 104 8.34× 104 1.47× 105 2.20× 105 3.12× 105 4.15× 105

ETS (mm2) ⋆ ⋆ ⋆ 1.40× 105 2.14× 105 3.04× 105 4.09× 105

ETS error (%) ⋆ ⋆ ⋆ -4.83 -2.76 -2.77 -1.49

120◦

True (mm2) 6.85× 103 4.42× 104 9.50× 104 1.57× 105 2.34× 105 3.25× 105 4.30× 105

ETS (mm2) ⋆ ⋆ 9.17× 104 1.53× 105 2.30× 105 3.23× 105 4.31× 105

ETS error (%) ⋆ ⋆ -3.49 -2.73 -1.73 -0.80 0.28

150◦

True (mm2) 1.12× 104 5.15× 104 1.01× 105 1.65× 105 2.44× 105 3.36× 105 4.41× 105

ETS (mm2) ⋆ ⋆ 9.80× 104 1.61× 105 2.40× 105 3.34× 105 4.44× 105

ETS error (%) ⋆ ⋆ -2.77 -2.25 -1.56 -0.36 0.81

180◦

True (mm2) 1.55× 104 5.35× 104 1.02× 105 1.65× 105 2.44× 105 3.37× 105 4.41× 105

ETS (mm2) ⋆ 5.35× 104 1.02× 105 1.67× 105 2.47× 105 3.42× 105 4.54× 105

ETS error (%) ⋆ -0.03 0.14 0.91 1.08 1.48 2.94

⋆ shows that the workspace is incomplete, in which case an exhaustive approach is suggested for use in calculating the workspace.
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Table 4.3: Summary of workspace volume calculated by the ETS method

θmax N 2 3 4 5 6 7 8

30◦
True (mm3) 1.07× 104 2.17× 105 1.46× 106 5.74× 106 1.63× 107 3.60× 107 6.94× 107

tTrue (s) 1 1 6 80 92 188 293

60◦

True (mm3) 1.42× 105 2.32× 106 1.18× 107 3.33× 107 6.86× 107 1.22× 108 1.92× 108

tTrue (s) 1 2 67 86 121 183 315

ETS (mm3) ⋆ ⋆ ⋆ ⋆ ⋆ 1.07× 108 1.70× 108

ETS error (%) ⋆ ⋆ ⋆ ⋆ ⋆ -12.33 -11.36

90◦

True (mm3) 5.33× 105 6.10× 106 2.09× 107 4.60× 107 8.59× 107 1.43× 108 2.23× 108

tTrue (s) 1 3 40 85 120 280 355

ETS (mm3) ⋆ ⋆ ⋆ 4.05× 107 7.61× 107 1.28× 108 1.98× 108

ETS error (%) ⋆ ⋆ ⋆ -11.95 -11.47 -10.95 -11.22

120◦

True (mm3) 1.12× 106 8.59× 106 2.35× 107 5.04× 107 9.26× 107 1.53× 108 2.35× 108

tTrue (s) 2 6 41 72 120 216 266

ETS (mm3) ⋆ ⋆ 2.14× 107 4.55× 107 8.35× 107 1.38× 108 2.13× 108

ETS error (%) ⋆ ⋆ -9.10 -9.64 -9.91 -9.41 -9.50

150◦

True (mm3) 1.70× 106 9.43× 106 2.52× 107 5.20× 107 9.30× 107 1.48× 108 2.29× 108

tTrue (s) 2 11 38 74 197 186 393

ETS (mm3) ⋆ ⋆ 2.34× 107 4.90× 107 8.80× 107 1.43× 108 2.21× 108

ETS error (%) ⋆ ⋆ -6.91 -5.81 -5.43 -3.40 -3.37

180◦

True (mm3) 2.08× 106 9.77× 106 2.55× 107 5.26× 107 9.32× 107 1.51× 108 2.31× 108

tTrue (s) 2 17 39 76 153 200 343

ETS (mm3) ⋆ 9.45× 106 2.48× 107 5.13× 107 9.15× 107 1.49× 108 2.27× 108

ETS error (%) ⋆ -3.27 -2.88 -2.31 -1.84 -1.70 -1.62

⋆ shows that the workspace is incomplete, in which case an exhaustive approach is suggested for use in calculating the workspace.
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θmax = 180◦, respectively. Similar to the workspace area results, with the increase of N

and θmax, the errors are decreased.

Additionally, the ETS method has a significantly better performance in computational

efficiency. The robot configurations have no effect on the computational cost of the ETS

method, and the ETS method takes almost the same time of 2 s for all the configurations.

For example, the efficiency of the ETS method is 196 times better than the exhaustive

approach when N = 8 and θmax = 150◦. The reason that the ETS method is compared with

an exhaustive approach is that the exhaustive approach has an reasonable efficiency among

numerical methods, and other methods, e.g., improved Monte Carlo method [223, 225],

can hardly be applied to a continuum robot with multi-segment.

4.4 Discussion

This chapter proposed an ETS method for calculating the workspace of multi-segment

continuum robots. The results show that the ETS method is efficient and accurate enough

for workspace calculation. The accuracy increases with the increase in the number of

segments (N) and the maximum being angle (θmax). When applying the ETS method,

the number of segments (N ) and the maximum being angle (θmax) need to be greater

than certain thresholds, which is suggested in Tables 4.2 and 4.3. Because of the complex

internal cavity of the workspace when the number of segments (N) and the maximum

being angle (θmax) are less than the thresholds, the current ETS method can not be used

in several cases (marked with ⋆ in Tables 4.2 and 4.3). Therefore, further investigation can

be conducted to determine the internal cavity and improve the accuracy of the threshold

of the proposed ETS method. Additionally, all the segments are assumed to be identical

in this research. For a continuum robot that has different lengths or different bending

angles among its segments, this ETS method needs to be modified, which is also one of

the future research tasks.

In this research, the ETS method relies on the PCC assumption, which generally holds

for continuum robots under normal operating conditions. However, when the robot is

subjected to external loads, its actual workspace may diverge from the predicted potential
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workspace, with the extent of this variation dependent on the magnitude and distribution

of the external load. The increased external load induces deviations from the idealised cur-

vature model, resulting in a reduced effective workspace and a less accurate prediction of

the robot’s workspace. These deviations become particularly pronounced when the exter-

nal load significantly shifts the robot’s centre of mass, further complicating the workspace

analysis. To enhance accuracy, future work could consider adopting more adaptable cur-

vature models or explicitly account for dynamic load variations in the workspace analysis.

4.5 Summary

Workspace analysis is an important part in design and control of continuum robots. There-

fore, an ETS method based on the forward kinematic and PCC assumption is proposed

in this chapter. It is a numerical method for estimation of the workspace of a continuum

robot with many segments. Extensive simulations with six different maximum bending

angles (θmax) and seven different number of segments (N) were conducted and verified

the efficiency and accuracy of the ETS method. By comparing to the true workspace cal-

culated by an exhaustive approach, the ETS method is demonstrated to be efficient and

have adequate accuracy.



Chapter 5

Simultaneous Position and

Stiffness Control

Despite efforts at dynamic modelling and control synthesis over the past decade, few stud-

ies have incorporated stiffness regulation into their feedback control design. However, this

is one of the initial motivations to develop continuum robots. This chapter addresses the

crucial challenge of controlling both the position and stiffness of underactuated continuum

robots actuated by antagonistic tendons. A rigid-link dynamical model is first presented

for analysing the open-loop stiffening of tendon-driven continuum robots. Based on this

model, a novel passivity-based position-and-stiffness controller that adheres to the non-

negative tension constraint is proposed. Comprehensive experiments on the continuum

robot presented in Chapter 3 are conducted to validate the theoretical results and demon-

strate the efficacy and precision of this approach. 1

1The results presented in this chapter have previously appeared in the publication: Bowen Yi†, Yeman
Fan†, Dikai Liu, José Guadalupe Romero. “Simultaneous position-and-stiffness control of underactuated
antagonistic tendon-driven continuum robots”, IEEE Transactions on Automation Science and Engineer-
ing, pp.1-17, 2024, Early Access.

†Bowen Yi and Yeman Fan contributed equally to this work.
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5.1 Introduction

As described in Chapter 2, even continuum robots have many advantages, rigid-body

robots still outperform continuum robots in tasks requiring adaptable movement and com-

pliant interactions [32]. Consequently, many efforts have been devoted to addressing the

challenges for real-time control of continuum robots that facilitate fast, efficient, and re-

liable operation [35–37]. The existing control approaches for soft robots can be broadly

classified into two categories: data-driven and model-based design. Initially, data-driven

approaches dominated the research in this specific field, as obtaining reliable models of

a continuum robot was believed to be overwhelmingly complex [35]. Various learning

methodologies have been applied to control soft robots, such as Koopman operator [232],

Gaussian process temporal difference learning [233, 234], supervised learning via recur-

rent neural networks [235–238], and feedforward neural networks [239]. However, these

approaches have some key limitations, including stringent date set requirements and no

guarantee of stability or safety [240–242]. Conversely, the recent resurgence of interest in

model-based approaches has made them particularly appealing for soft robots due to their

robustness, interpretability, and manageable properties [35].

Elastic deformation of continuum robots theoretically leads to infinite degrees-of-freedom

(DoF) motion, which renders them particularly suitable to be modelled by partial differ-

ential equations (PDEs) [29]. In particular, there are two prevalent categories of modelling

approaches: mechanics-based and geometry-based. The former focuses on studying the

elastic behaviour of the constitutive materials and solving the boundary conditions prob-

lem, such as the methods using Cosserat rod theory and Euler-Bernoulli beam theory

[243, 244]. They need to be solved numerically to obtain a closed formulation for each

material subdomain that has proven successful in the design and analysis of continuum

robots with high accuracy [245], but, due to the extremely heavy computational burden,

they are not adapted to real-time control [246]. In contrast, geometrical models assume

that the soft body can be represented by a specific geometric shape, e.g., piecewise con-

stant curvature (PCC). As these modelling approaches often lead to kinematic models

rather than dynamical models, they enable the design of kinematic or quasi-static con-

trollers [247, 248]. It has been shown that such types of kinematic controllers are likely to



Chapter 5. Simultaneous Position and Stiffness Control 85

yield poor closed-loop performance [249].

To address these challenges, recent research has been focused on the dynamic modelling

and model-based control of continuum robots.2 Several dynamical models have been

adopted for controller synthesis, including the geometrically exact dynamic Cosserat model

[28], port-Hamiltonian Cosserat model [29, 30], rigid-link models [31, 32], and reduced-

order Euler-Lagrangian model [33, 34]; see also [251, 252] for stability analysis of equi-

libria in continuum robots. These works employ model-based control approaches such as

passivity-based control (PBC) [253], partial feedback linearisation, proportional deriva-

tive (PD) control, and immersion and invariance (I&I) adaptive control. Among these,

[32] reports probably the earliest solution in the literature to the design and experimental

validation of dynamic feedback control for soft robots.

As illustrated above, one of the primary motivations for developing continuum robots is

to enhance agility, adaptability, and compliant interactions [254]. Consequently, there

is an urgent and rapidly growing need to develop high-performance control algorithms to

regulate position and stiffness simultaneously, particularly in certain applications involving

human interaction or in complicated environments, such as search and rescue, industrial

inspection, medical service, and home living care. The problems of stiffness control and

impedance control are well established for rigid and softly-actuated robotics [255–257]. In

contrast, simultaneous position-and-stiffness control of continuum robots remains an open

research area. The first stiffness controller for continuum robots in the literature may refer

to [258], which extends a simple Cartesian impedance controller using a kinematic model.

In [259], the authors tailor the classic hybrid motion/force controller for a static model

of multi-backbone continuum robots, requiring estimation of external wrenches. Note

that [258, 259] are concerned with static/kinematic models, thus limiting their transient

performance. In [32], a Cartesian stiffness controller was proposed for dynamic control of

a fully-actuated soft robot, facilitating interaction with the environment. Note that these

approaches are not applicable to underactuated dynamical models of continuum robots.

2In this thesis, the term “dynamic controllers” is used to refer to feedback laws designed from dynamical
and kinematic models. This differs from the terminology in control theory, which typically refers to feedback
control with dynamics extension (e.g. adaptive and observer-based control) [250].
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This chapter aims to address the above gap by proposing a novel dynamical model and

a real-time control approach that regulates both position and stiffness concurrently for

underactuated antagonistic tendon-driven continuum robots. Note that continuum robots

have infinite DoF with only finite actuation inputs, the fact that makes them intrinsically

underactuated systems [260].

This chapter aims to address the above gap by proposing a novel dynamical model and

a real-time control approach that regulates both position and stiffness concurrently for

underactuated antagonistic tendon-driven continuum robots.

Notation. All functions and mappings are assumed C2-continuous. In is the n×n identity

matrix, 0n×s is an n × s matrix of zeros, the vector 0n represents col(0, . . . , 0) ∈ Rn,

and 1n := col(1, . . . , 1) ∈ Rn. Throughout the chapter, bold font is used for variables

denoting vectors, while scalars and matrices are represented in normal font. For x ∈ Rn,

S ∈ Rn×n, S = S⊤ > 0, the Euclidean norm is |x|2 := x⊤x, and the weighted–norm is

∥x∥2S := x⊤Sx. Given a function f : Rn → R. The differential operators is defined as

∇f := (∂f∂x )⊤, ∇xif := ( ∂f
∂xi

)⊤, where xi ∈ Rp is an element of the vector x. The set N is

defined as N := {1, . . . , n}. When clear from the context, the arguments of the functions

may be omitted.

5.2 Model and problem set

5.2.1 Modelling of a class of continuum robots

In this section, a control-oriented rigid-link dynamical model specifically designed for a

class of underactuated continuum robots driven by tendons is presented. This model

class encompasses a wide range of recently reported continuum robots in the literature,

including the elephant trunk-inspired robot [261], the deployable soft robotic arm [262],

the push puppet-inspired robot [263], the dexterous tip-extending robot [264], and our own

developed OctRobot-I [10], alongside other notable examples [31, 265]. By employing this

versatile model, a general framework that can effectively describe and analyse a variety
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of underactuated continuum robots is provided, enabling a deeper understanding of their

stiffening mechanisms and facilitating control design.

In order to visualise the modelling process, the OctRobot-I is taken as an example to intro-

duce the proposed dynamical model but keep its generality in mind that the model is not

limited to this specific robotic platform. This robot imitates an octopus tentacle’s struc-

ture and motion mechanism, as shown in Figure 5.1. The whole continuum manipulator

consists of several sections in order to be able to deform in three-dimensional space. Each

of them is made of connected spine segments that are driven by a pair of cables. More

details of the continuum robot OctRobot-I are given in Section 5.6.1 and Chapter 3, as

well as in [10].

Figure 5.1: Diagram of continuum robots. (a) a photo of the OctRobot-I robot. (b)
mechanical structure of a class of continuum robots.

In this chapter, a rigid-link model is used to approximate the dynamical behaviours of

continuum robots for three reasons: 1) the considered class of continuum robots naturally

partitions into spine segments; 2) rigid-link models simplify control-oriented tasks; and 3)

it is convenient to account for external loading.

To derive the dynamical model, the following assumptions are made:
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Assumption 5.1. The continuum robot satisfies the properties:

(a) The actuator dynamics is negligible, i.e., the motor is operating in the torque control

mode with sufficiently short transient stages.

(b) The sections have a PCC, conforming to the segments3, and the curvatures consis-

tently have the same sign.

(c) The continuum robot allows for axial extension, but the axial deformation resulting

from antagonistic tensions is negligible compared to the bending. ◁

In order to effectively illustrate the underlying mechanism4, this chapter specifically con-

centrates on the two-dimensional case, which only needs to analyse one section of the

continuum robot.

The rigid-link dynamical model uses a serial chain of rigid links with n rotational joints

to approximate one section of the continuum robot. Then, the configuration variable can

be defined as

q = [q1 . . . qn]⊤ ∈ X ⊂ Rn (5.1)

with qi representing the approximate link angles, where X is the feasible configuration

space; see Figure 5.2 for an illustration. Practically, all angles qi are within some subsets

of [−π
2 ,

π
2 ] due to physical constraints.

The continuum robot is modelled as a port-Hamiltonian system in the form of [260, 266]

q̇
ṗ

 =

0n×n In

−In −D(q)

∇qH

∇pH

 +

 0n

G(q)u + τext

 (5.2)

with the generalised momenta p ∈ Rn, the damping matrix D(q) ∈ Rn×n
≻0 , the external

torque τext ∈ Rn , and the input matrix G(q) ∈ Rn×m with m < n. The total energy of

the robotic system is given by

H(q,p) =
1

2
p⊤M−1(q)p + U(q) (5.3)

3Each spine segment has constant curvatures but is variable in time.
4It is promising to extend the main results to the three-dimensional case with multi-sections. This is

considered as a valuable avenue for further exploration.



Chapter 5. Simultaneous Position and Stiffness Control 89

with the inertia matrix M(q) ≻ 0, and the potential energy U(q), which consists of the

gravitational part UG and the elastic one UE(q), i.e.,

U(q) = UG(q) + UE(q) (5.4)

The potential energy function has an isolated local minimum at its open-loop equilibrium

of the origin q = 0n.

(a) an illustration of configuration variables
(the symbol “•” indicates the lumped mass
mi; the angle qi takes positive values for

(b) illustration of the elastic potential
energy in springs.

small counter-clockwise rotation).

Figure 5.2: Diagram of the rigid-link approximate model of continuum robots.

Figure 5.2(a) shows the above rigid-link model of continuum robots. Similar to [32], the

assumption that a lumped mass with the value mi (i ∈ N ) is virtually placed in the middle

of each link is adopted, and the link lengths are ℓi. Additionally, the following assumption

on the mass and length is made:

Assumption 5.2. The continuum robot satisfies the uniformity assumptions:

(a) The masses verify mi = mj , ∀i, j ∈ N .

(b) The lengths satisfy the relation: l0 = ℓ and li = 2ℓ (i ∈ N ) for some ℓ > 0. The

radius of the beam is r. ◁

The gravitational and elastic potential energy functions UG and UE can be derived ac-

cording to the geometric deformation under the uniformity assumptions of the materials

by the following details.
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1) Gravitational energy function:

In order to approximate the gravitational potential energy UG, the mass is assumed to be

lumped at the centre of each link with the segment lengths li > 0 and the masses mi > 0

for i ∈ N . From basic geometric relations, it has

UG(q) =
∑
i∈N

limi

2
[cos(q0 + . . . + qi−1)− cos(q0 + . . . + qi)] (5.5)

with the parameter q0 = 0, which satisfies UG(0n) = 0.

In addition, from Assumption 5.2 about the mass and length, under which the potential

energy becomes

UG(q) = α1(1− cos(qΣ)) (5.6)

with qΣ :=
∑

i∈N qi and some coefficient α1 > 0.

2) Elastic energy function:

In a continuum robot such as the OctRobot-I, each spine segment contains two pairs of

helical compression springs. Since the two-dimensional case is considered, only a pair of

springs is analysed as illustrated in Figure 5.2(b), and the following assumption is made:

Assumption 5.3. The deformable part of the continuum robot consists of a fixed number

of segments with constant curvature and differentiable curves everywhere [32]. ◁

Based on the above assumptions, the boundary lengths in the i-th segment are given by

hi,1 = qi

[
ℓ cot

(
qi
2

)
+ r

]
, hi,2 = qi

[
ℓ cot

(
qi
2

)
− r

]
. Note that the above functions are well-

posed when qi → 0, i.e., limqi→0 hi,1 = 2ℓ, limqi→0 hi,2 = 2ℓ. Hence, the elastic energy

can be modelled as

UE =
∑
i∈N

ki

[
q2i

(
ℓ2 cos

(qi
2

)2
+ r2

)
− ℓ2

]
+ k′iq

2
i (5.7)

in which ki > 0 and k′i > 0 are some elastic coefficients to characterise the elastic energies

caused by the elongation and bending of springs.

In the proposed rigid-link model, each configuration variable qi would generally be small,

i.e., qi ∈ [− π
12 ,

π
12 ], for which the term cos( qi2 )2 takes values within [0.983, 1]. Then, it is
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reasonable to make the following quadratic assumption to approximate the highly nonlinear

function in (5.7).

Assumption 5.4. The elastic energy function UE has the quadratic form

UE(q) =
1

2
q⊤Λq + U0 (5.8)

with a constant coefficient U0 and a diagonalisable matrix Λ := diag(α2, . . . α2) ≻ 0. ◁

3) Inertia and kinematic energy function:

The analytic form of the inertia matrix M(q) can be obtained following the standard way

for rigid-link robotic models. The interested reader may find detailed procedures in [267,

Chapter 8.4]. Then, the kinematic energy is given by 1
2p

⊤M−1(q)p.

Note that the specific formulation of the inertia M(q) is not involved in the controller

design. This makes the closed loop relatively robust, and it is unnecessary to obtain the

analytic formulation of M(q) for experimental implementation.

The variable u ∈ Rm represents the control input, denoting the tensions along the cables

generated by actuators. In the planar case, it has m = 2 with two cables. Due to the

specific structure, these two tensions are one-directional, i.e.,

ui ≥ 0 (i = 1, 2) (5.9)

For the studied case, the input matrix G(q) : Rn → Rn×2 can be conformally partitioned

as

G(q) =
[
G1(q) G2(q)

]
(5.10)

In the following assumption, some key properties of the matrix G(q) are underlined when

modelling the continuum robot.

Assumption 5.5. The input matrix G(q) of the continuum robot model (5.2) – or equiv-

alently in (5.10) – satisfies

(a) G(q) is state-dependent and C1-continuous.
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(b) G1(0n) = −G2(0n).

(c) ∥G1(q) + G2(q)∥ ̸= 0 for q ∈ X\{0n}. ◁

Among the above three items, the state-dependency of the input matrix is a key feature of

the proposed model, which is instrumental in showing the tunability of open-loop stiffness

of tendon-driven continuum robots. More details about the input matrix will be given in

the subsequent sections of this chapter. The second point (b) means that at the open-

loop equilibrium (i.e., q = 0n), the tensions in the two cables are equal in magnitude but

opposite in direction.

Remark 5.1. For a single link in the zoomed-in subfigure in Figure 5.2(a), if the forces

along the cables are assumed lossless, their directions are nonparallel to the centroid of

the continuum robot. The torques imposed on the first approximate link are given by

u1L1(q1) and u2L2(q1) with L1,L2 the lever’s fulcrums, which are nonlinear functions of

the configuration q1. From basic geometric relations, it satisfies L1(0) = L2(0). This

illustrates the rationality of Assumption 5.5. ◁

Remark 5.2. In Assumption 5.1(c), the geometry of the continuum robot is assumed

to satisfy the PCC condition. Additionally, the assumption that the curvatures have an

unchanged sign excludes the second type of configuration (S-shape) shown in Figure 5.3(b);

see [16] for a comprehensive analysis of this case. This assumption is reasonable, as it

covers the majority of scenarios for our platform. In contrast, the S-shape configuration

necessitates precise symmetry in both the mechanical design and the wire arrangement.

(a) (b)

Figure 5.3: Illustration of a continuum robot with two bending configurations [16].
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5.2.2 Problem set

This chapter studies how to design a feedback controller that is capable of regulating the

continuum robot deformation and achieving variable stiffness capability. To be precise,

the closed loop complies with the input constraint (5.9) and achieves the following aims:

A1: In the absence of the external torque (i.e., τext = 0n), it achieves the asymptotically

accurate regulation of the position, that is

lim
t→∞

q(t) = q⋆ (5.11)

with the desired configuration q⋆ ∈ X .

A2: Stiffness control at the closed-loop equilibrium can be controlled concurrently.

5.3 Open-loop stiffening

The antagonism mechanism is a popular method for stiffening tendon-driven continuum

robots [262]. By arranging a pair of cables on two sides of the robot and adjusting their

tensions simultaneously, the robot body compresses or expands, and generates a reaction

that counteracts the tension. As a consequence, the stiffness of the robot changes.

This section will show that there is a redundant degree of freedom of input in the proposed

model, which provides the possibility to regulate the stiffness in the open-loop system.

This property is instrumental for the controller design to regulate position and stiffness

simultaneously.

Now consider the case of the open-loop system with a pair of identical constant inputs

u1 = u2 = µ (5.12)

This balance will keep the configuration variable q at the open-loop equilibrium q⋆ = 0n

for any feasible µ ≥ 0. Especially, when µ = 0, the robot is in a slack state where its

stiffness corresponds to its inherent properties determined by the materials and mechan-

ical structures. Intuitively, as µ increases, the continuum robot progressively transitions
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towards a state of higher rigidity or inflexibility. The proposed dynamical model should

be capable of interpreting the above phenomenon – a larger value of µ > 0 implies a larger

transverse stiffness.

In order to study the stiffness at the end-effector, the Jacobian J(q) ∈ R2×n from the

contact force fext ∈ R2 should satisfy

τext = J⊤(q)fext (5.13)

in which τext ∈ Rn is the external torque vector acting on each link.

The following proposition will demonstrate the property of stiffness tunability by changing

the value µ in the proposed dynamical model.

Proposition 5.1. Consider the antagonistic tendon-driven model (5.2) for continuum

robots, with the constant inputs (5.12) under Assumption 5.5. If the following assumptions

are satisfied:

H1: For j = 1, 2
∂Gn,j

∂qn
(q) < 0,

∂Gn,j

∂qk
(q) = 0, k ∈ N\{n} (5.14)

in a neighbourhood of the origin.

H2: The forward kinematics (mapping from the configuration q ∈ X to the end-effector

Cartesian coordinate x ∈ R2) is a locally injective immersion.

Then, the input (5.12) guarantees the origin 0n an equilibrium in the absence of the

external perturbation, i.e., τext = 0. Furthermore, a large input value µ > 0 implies a

larger transverse stiffness KT of the end-effector at this open-loop equilibrium.

Proof. From Assumption 5.5(b), the input term

G(q)u|q=0n = 0n (5.15)

with (5.12) guarantees that the origin q⋆ = 0n is an equilibrium in the case of τext = 0.

The Cartesian coordinate x ∈ R2 of the end-effector can be uniquely determined by the
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configuration q as

x = T (q) (5.16)

for some smooth function T : Rn → R2, with the open-loop equilibrium x⋆ := T (q⋆).

Note that the function T depends on the coordinate selection. Without loss of generality,

x⋆ = 02 is assumed, and the local coordinate of x := col(x1, x2) is selected as the tangential

and the axial directions of the n-th link.

For a non-zero external torque τext, the shifted equilibrium is denoted as (q̄,0n) in the

presence of the external perturbation, with the corresponding end-effector coordinate x̄ =

T (q̄).

In order to study the transverse stiffness at the end of the robot, it is assumed that the

external force fext is only applied to the n-th link [268]. Substituting it into the port-

Hamiltonian model (5.2), it satisfies the following equations at the shifted equilibrium

∇U(q̄) = [G1(q̄) + G2(q̄)]µ + J⊤(q̄)fext

fext = KC(x̄− x⋆)
(5.17)

in which KC ∈ R2×2 is the stiffness matrix with the partition

KC := diag(KT,KA)

J(q) =

J1(q)

J2(q)

 (5.18)

with the axial stiffness KA and the transverse stiffness KT. For the particular coordinate

selection as mentioned above, the Jacobian matrix J1(q) is in the form

J1 =
[
0 . . . 0 ln

]
(5.19)

in which ln > 0 represents the distance from the contact point to the centre of the n-th

link.

Now, it has

∇U(q̄) = [G1(q̄) + G2(q̄)]µ + KTJ
⊤
1 [x̄1 − x⋆1] + J⊤

2 [x̄2 − x⋆2] (5.20)
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For the convenience of presentation and analysis, a function fµ : Rn → Rn is defined as

fµ(q) := ∇U(q)− [G1(q) + G2(q)]µ (5.21)

which is parameterised by the constant force µ ≥ 0. Invoking the fact that q⋆ = 0n is an

open-loop equilibrium, then

fµ(q⋆) = 0 (5.22)

and thus

fµ(q̄)− fµ(q⋆) = KTJ
⊤
1 (q̄)[x̄1 − x⋆1] + J⊤

2 (q̄)[x̄2 − x⋆2] (5.23)

Noting the local injectivity assumption H2, there exists a left inverse function TL – which

is defined locally – of the function T such that

q = TL(T (q)) (5.24)

in a small neighborhood of q⋆.

Given that the axial deformation due to antagonistic tensions is negligible compared to the

transverse deformation, for sufficiently small x̄1−x⋆1, it has x̄2−x⋆2 = o(x̄1−x⋆1), where

o(·) represents terms of higher-order smallnesss. Therefore, when considering x̄1 → x⋆1,

the term J⊤
2 (q̄)[x̄2 − x⋆2] can be dropped in the limit analysis. From the equation (5.23),

the transverse stiffness KT at the open-loop equilibrium q⋆ can be defined by taking the

limit q̄ → q⋆, i.e.,

KT =
J1(q⋆)

∥J1(q⋆)∥2
lim

x̄1→x⋆1

fµ(q̄)− fµ(q⋆)

x̄1 − x⋆1

=
J1(q⋆)

∥J1(q⋆)∥2
[∇fµ(q⋆)]

⊤∇x1T
L(x⋆)

=
J1
∥J1∥2

[
∇2U − µ

(
∇G1 +∇G2

)⊤]∇x1T
L

∣∣∣∣
q⋆

(5.25)

The assumption H1 guarantees that the (n, n)-element of ∇Gj(q⋆) for j = 1, 2 is negative.

On the other hand, from the local coordinate selection, the variation of x1 implies that

qn will also change accordingly. As a consequence, the last element of ∇x1T
L is non-zero,
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and indeed, it is positive. It is straightforward to see that KT is increasing by selecting a

larger µ > 0.

With the proposed dynamical model, the above calculation shows the underlying mech-

anism of the tunability of open-loop stiffness. The section below will illustrate that the

tension difference (u1 − u2) provides another degree of freedom to regulate the robot con-

figuration.

Remark 5.3. Assumption H1 means that Gn,j only depends on the state qn rather than

other configuration variables. It is used to simplify the presentation and analysis. Indeed,

from the above proof, it may be replaced by a weaker condition J1(∇G1+∇G2)∇x1T
L ̸= 0,

for which it is still able to show the ability to tune the open-loop stiffness via changing the

tendon force µ. The assumption H2 means that a unique inverse kinematic solution can

be determined in a small neighbourhood of a given configuration q⋆. While it is generally

not true to ensure the existence of a global inverse, achieving it within a local context is

feasible.

Remark 5.4. In practice, when the value µ is increased beyond a certain threshold, the

continuum robot may be observed to experience the phenomenon of buckling [10, Sec. III].

However, the critical values are usually very large, and cannot be generated by actuators

in many robotic platforms. Therefore, the buckling behaviour is not taken into account in

this thesis. Also note that the unchanged sign of curvature condition in Assumption 5.1

rules out the scenario discussed in [16] where “the manipulator can be moved to various

configurations without changing the wire length”. As a result, the control input is capable

of adjusting the robot’s stiffness.

5.4 Control design

This section will study how to design a state feedback law, based on the proposed model

in Section 5.2, to regulate position and stiffness simultaneously.

To facilitate the controller design, the following assumption for the input matrix G(q) in

terms of the geometric constraints is made.
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Assumption 5.6. The input matrix G(q) given by (5.10) is reparameterised as

G1(q) = g1(q) + g0

G2(q) = g1(q)− g0

(5.26)

with a constant vector g0 ∈ Rn and a C1-continuous function g1 : Rn → Rn satisfying the

following:

(a) g1(q) is a smooth odd function;

(b) g1(q) is full column rank for q ∈ X/{0n};

(c) The constant vector g0 and the vector field g1(q) can be re-parameterised as

g0 = g01n, g1(q) = g1(q)1n (5.27)

and g0 + g1(q) ̸= 0 for all q. ◁

Clearly, the above is compatible with Assumption 5.5. The vector-valued function g1(q)

is related to the open-loop stiffness tunability outlined in Proposition 5.1.

For the input matrix, a single link is taken as an example to discuss the modelling of the

input matrix G(q). The tension is assumed to be uniformly distributed along the cables

and lumped forces are along the tangential directions at the middle points of the constant-

curvature outline. Then, the lever’s fulcrums L1 and L2 in Figure 5.2(a) are given by

L1 = r− ℓ
2 sin(qi) and L2 = r+ ℓ

2 sin(qi). According to some basic geometric relations, it can

be obtained the i-th row of the input matrix as
[
Gi,1 Gi,2

]
= ku

[
r − ℓ

2 sin(qi) −r − ℓ
2

]
,

in which ku > 0 is a coefficient to denote the loss of inputs at the virtual joint, subject to

friction and viscoelastic effects [269]. Correspondingly, g0 = kur and g1 = −1
2ℓku sin(qi).

This model verifies the key assumption (5.14) with ∂Gi,j/∂qi(q) < 0.

5.4.1 Assignable equilibria

For underactuated mechanical systems, it is crucial to identify the set of assignable equilib-

ria, also known as achievable or feasible equilibria. Although extensively explored, tendon-

driven robots face a significant obstacle in the form of the one-directional input constraint
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(5.9). In order to facilitate the control design, the following input transformation is made:

τ = Tuu, Tu :=

1 −1

0 1

 (5.28)

with new input control τ = col(τ1, τ2) ∈ R2. For τ1, there is no sign constraint; the other

input channel verifies τ2 ≥ 0, and thus the admissible input set is defined as

Eτ := {τ ∈ R2 : τ1 ∈ R, τ2 ≥ 0} (5.29)

Invoking the intuitive idea in Section 5.3, these two inputs τ1, τ2 may be used to regulate

the position and stiffness concurrently. For convenience, the new input matrix is defined

as

Gτ (q) =
[
ρ1(q) ρ2(q)

]
=: G(q)T−1

u (5.30)

with

ρ1(q) = g0 + g1(q)

ρ2(q) = 2g1(q)
(5.31)

With the above input transformation, the controlled model (5.2) now becomes

 q̇

ṗ

 =

0n×n In

−In −D(q)

∇qH

∇pH

 +

 0n

Gτ (q)τ

 (5.32)

in the absence of the external perturbation τext.

Remark 5.5. Indeed, the real constraint for τ1 should be τ1 ≥ −τ2 rather than τ1 ∈ R in

order to guarantee the constraint u1, u2 ≥ 0. Since the value of τ2 can be set arbitrarily,

the admissible input set Eτ is defined above for convenience in the subsequent analysis. ◁

According to [260] and invoking the full-rankness of Tu, if there were not input constraints,

the assignable equilibrium set would be given by {q ∈ Rn : G(q)⊥∇U(q) = 0}. Clearly,

this does not hold true for our case, because the feasible solution cannot be guaranteed

to live within the set Eτ rather than τ ∈ R2. To address this point, in the following

proposition, the assignable equilibria set is presented for the studied case with constrained

inputs.
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Proposition 5.2. (Assignable Equilibria) Consider the unperturbed model (5.2) and the

input transformation (5.28) with τext = 0 under the input constraint Eτ in (5.29). All the

assignable equilibria are given by the set Eq ∩ X , with the definition

Eq :=

q ∈ Rn

∣∣∣∣∣ (g⊥
1 g0)

⊥g⊥
1 ∇U = 0

g⊤
1 ∇U − g⊤

1 (g0 + g1)(g
⊥
1 g0)

†g⊥
1 ∇U ≥ 0

 (5.33)

Proof. In terms of Assumption 5.6(b), a full rank left annihilator g⊥
1 (q) ∈ R(n−1)×n for

all q ∈ X/{0n} can be always found. For an equilibrium (q,0), there should exist τ1 and

τ2 satisfying

∇U(q) = Gτ (q)τ = [g0 + g1(q)]τ1 + 2g1(q)τ2 (5.34)

Considering the full-rankness of the square matrix col(g⊥
1 (q), g⊤

1 (q)) ∈ Rn×n for q ∈ X/
{0n}, it has

(5.34) ⇐⇒

g⊥
1

g⊤
1

∇U =

 g⊥
1 g0τ1

g⊤
1 (g0 + g1)τ + 2∥g1∥2τ2

 (5.35)

Its solvability relies on finding all the points q ∈ X ⊂ Rn satisfying

g⊥
1 ∇U = g⊥

1 g0τ1 (5.36)

g⊤
1 ∇U = g⊤

1 (g0 + g1)τ1 + 2∥g1∥2τ2 (5.37)

at the same time under the constraint τ ∈ Eτ . Clearly, all the feasible equilibria satisfying

(5.36) live in the set {q ∈ Rn : (g⊥
1 (q)g0)

⊥g⊥
1 (q)∇U(q) = 0}, and the corresponding input

τ1 is given by

τ1 = (g⊥
1 g0)

†g⊥
1 ∇U (5.38)

On the other hand, Assumption 5.6(b) imposes the constraint ∥g1∥2 > 0, thus (5.37)

admits a positive solution to τ2 ≥ 0 if and only if

g⊤
1 ∇U − g⊤

1 (g0 + g1)τ1 ≥ 0 (5.39)

Inserting (5.38) into the above equation completes the proof.
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After imposing Assumption 5.6(c) to the input matrix G(q), a class of particular equilibria

is interested in analysis. In this chapter, they are called the homogeneous equilibria that

are characterised by the set

Eθ := {q ∈ Rn : qi = θ, ∀i ∈ N} (5.40)

for some constant θ. This definition is tailored for the proposed continuum robot model

under the assumptions in this thesis.

In the following, all homogeneous equilibria belonging to the assignable equilibrium set Eq
in Proposition 5.2 have been demonstrated.

Proposition 5.3. Consider the model (5.2) of the continuum robot under Assump-

tions 5.4-5.6. Then, all homogeneous equilibria are assignable, i.e., Eθ ⊂ Eq.

Proof. For the case with θ = 0, since g1(0n) = 0, the equilibrium q⋆ = θ1n makes the

equation (5.34) solvable with τ1 = 0 and any τ2 ≥ 0. For the case with θ ̸= 0 and any

fixed τ1 ≥ 0, the determination of the set Eq is equivalent to solving (5.34), which can be

written as ∇U(q) = [g0 +g1(q)]τ1 +2g1(q)τ2. This equation can be compactly formulated

as

∇U(q) = GNτN (5.41)

with the new definitions

GN := 1n

τN(τ) := [g0 + g1(q)]τ1 + 2g1(q)τ2

(5.42)

For any fixed τ2 ≥ 0, invoking (5.27) from Assumption 5.6, the mapping τ1 → τN is

a diffeomorphism from R → R. It implies that there is no constraint for τN. As a

consequence, the PDE (5.41) becomes

G⊥
N∇U(q⋆) = 0 (5.43)

at the desired equilibrium q⋆.
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A feasible full-rank annihilator of GN is given by

G⊥
N =


1 −1 0 . . . 0

0 1 −1 . . . 0

. . .
. . .

0 . . . 0 1 −1

 ∈ R(n−1)×n (5.44)

and the Jacobian ∇U at the desired equilibrium q⋆ is in the form

∇U(q⋆) = α1


sin(qΣ)

...

sin(qΣ)


︸ ︷︷ ︸

sin(nθ)1n

+α2


q⋆,1

...

q⋆,n


︸ ︷︷ ︸

θ1n

(5.45)

with qΣ :=
∑

i∈N qi. It is straightforward to verify that (5.43) holds true for any τ2 ≥ 0

with a homogeneous equilibrium q⋆ = θ1n. Since there is no constraint for the input

variable τ1, the equilibrium for this case is also assignable under the constraint (5.29).

The proof is now completed.

The next section will focus on control design which is aimed at regulating certain homoge-

neous equilibria that have been demonstrated to be assignable within the proposed class

of models for continuum robots.

5.4.2 Simultaneous position-and-stiffness control

To stabilise an arbitrary homogeneous equilibrium q⋆ in the subset of Eθ with a tunable

stiffness of the closed loop, the passivity-based control (PBC) method will be employed

since it has a clear energy interpretation and simplifies both modelling and controller de-

sign. This makes it suitable for continuum robotics to preserve the system compliance [31].

The basic idea is to fix τ2 at some constant value τ⋆2 ≥ 0, and then utilise the input τ1 to

achieve potential energy shaping for the regulation task. Compared to the more general

approach of interconnection and damping assignment (IDA) PBC [270], on the one hand,

potential energy shaping may provide a simpler controller form, and on the other hand,



Chapter 5. Simultaneous Position and Stiffness Control 103

as pointed out in [271] changing the inertia is prone to fail in practice – albeit being

theoretically sound with additional DoF.

For a given input τ2 = τ⋆2 ≥ 0, the actuation into the dynamics is given by

Gτ (q)τ = ρ1(q)τ1 + ρ2(q)τ⋆2

:= GNτN(col(τ1, τ
⋆
2 ))

(5.46)

with the function τN : R2 → R defined in (5.42). From Assumption 5.6, the vector field

ρ1(q) ̸= 0 for all q ∈ X . Now the design target becomes using the control input τ1 (with a

fixed τ⋆2 ) to shape the potential energy function U(q) into a new one – the desired potential

energy function Ud(q). To this end, the PDE [260] needs to be solved

G⊥
N

[
∇U(q)−∇Ud(q)

]
= 0 (5.47)

Note that the solution must adhere to the constraints

∇Ud(q⋆) = 0 (5.48)

∇2Ud(q⋆) ≻ 0 (5.49)

in order to make the desired configuration q⋆ an asymptotically stable equilibrium.

The next work is to propose the controller for simultaneous control of position and stiffness.

Proposition 5.4. Consider the continuum robotic model (5.2), (5.28) with the constraint

(5.29) satisfying Assumptions 5.3-5.6, and the full-rank damping matrix D(q) is uniformly

positive definite. The feedback controller

u = T−1
u τ (5.50)

with the transformed input

τ = τes + τda + τst (5.51)
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and the terms

τst =

− 2g1(q)
g0+g1(q)

1

 τ⋆2

τes =

 1
g0+g1(q)

G†
N(∇Ud −∇U)

0


τda =

− 1
g0+g1(q)

G⊤
NKdM

−1(q)p

0


(5.52)

where GN = 1n, τ⋆2 > 0, Kd ≻ 0 is the gain matrix, and the desired potential energy

function is given by

Ud(q) = −γ cos(qΣ − q⋆Σ) +
α2

2
∥q − q⋆∥2

q⋆Σ =
∑
i∈N

q⋆,i
(5.53)

the gain γ > 0, and some desired regulation configuration q⋆ ∈ Eθ, achieves the following

closed-loop properties:

P1: (Position regulation in free motion) If the external force τext = 0 and γ < α2, then

the desired equilibrium point q⋆ is globally asymptotically stable (GAS) with

lim
t→+∞

q(t) = q⋆ (5.54)

P2: (Compliant behaviour) The overall closed-loop stiffness (i.e., from the external torque

τext ∈ Rn to the configuration q ∈ Rn) is

Ko = γ1n×n + α2In (5.55)

where 1n×n is an n× n matrix of ones. ◁

Proof. First, it is straightforward to verify that the vector τst in (5.52) is in the null space

of τN(τ) for any τ⋆2 , i.e.,

τN(τst) = 0, ∀τ⋆2 ∈ R≥0 (5.56)

It means that the first term τst does not change the closed-loop dynamics.
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For the effect of the potential energy shaping term τes, the Jacobian of the desired potential

energy function Ud is given by

∇Ud(q) = γ sin(qΣ − q⋆Σ)1n + α2(q − q⋆) (5.57)

It satisfies the following:

∇Ud(q⋆) = 0 (5.58)

∇2Ud(q) = γ cos(qΣ − q⋆Σ)1n×n + α2In ≻ 0 (5.59)

where the second line holds true for all q ∈ Rn by noting that the eigenvalues of the

symmetric matrix ∇2Ud are given by

{α2, . . . , α2︸ ︷︷ ︸
n−1

, α2 + γ| cos(qΣ − q⋆Σ)|}

with all elements positive from the condition γ < α2 in P1. This implies that the desired

potential energy function Ud is convex and achieves its global minimum at q⋆.

For the function Ud, it has

G⊥
N [∇U −∇Ud]

=G⊥
N [α1 sin(qΣ)1n + α2q − γ sin(qΣ − q⋆

Σ)1n − α2(q − q⋆)]

=G⊥
N [α1 sin(qΣ)1n − γ sin(qΣ − q⋆Σ)1n + α2q⋆]

=0

(5.60)

where in the last equation the fact q⋆ ∈ Eθ is used, so that the PDE (5.47) is verified.

Together with (5.56), the controller (5.51) makes the closed-loop dynamics have the form

 q̇

ṗ

 =

0n×n In

−In −D

∇qHd

∇pHd

 +

 0n

τext

 (5.61)

with

Hd(q,p) :=
1

2
p⊤M−1(q)p + Ud(q)

D(q) := D(q) + GNKdG
⊤
N ≻ 0

(5.62)
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The function D(q) is used to represent the closed-loop damping. For free motion (i.e.,

τext = 0), following the standard Lyapunov analysis, it has

Ḣd ≤ −(∇Hd)⊤D(q)∇Hd ≤ 0 (5.63)

For the closed-loop system (5.61), the set {(q,p) : (∇Hd)⊤D(q)∇Hd = 0} contains only

a single point (q⋆,0n). From the LaSalle’s invariance principle [272, Sec 4.2], the global

asymptotic stability of the desired equilibrium (q⋆,0n) is able to show. Hence, the property

P1 is proven.

The next step is to verify the stiffness property P2 in a small neighbourhood Bε(q⋆) of q⋆

with a sufficiently small ε > 0. For a constant external force τext, the shifted equilibrium

point (q̄,0n) should satisfy

−∇qUd + τext = 0 (5.64)

or equivalently

ϕ(q̄) := γ sin(q̄Σ − qΣ⋆)1n + α2(q̄ − q⋆) = τext (5.65)

with the definition q̄Σ :=
∑

i∈N q̄i. Note that ∇ϕ = ∇2Ud ≻ 0, which means that ϕ :

q 7→ τext is a (locally) injective immersion. Hence, in the small neighborhood Bε(q⋆) of

q⋆, there is a unique solution q̄ to (5.65) for a given τext.

The shifted equilibrium (q̄,0n) is shown that asymptotically stable by considering the

Lyapunov function

V (q,p) = Hd(q,p)− q⊤τext (5.66)

From the above analysis, it is clear that

∇V (q̄,0) =

ϕ(q̄)− τext

0

 = 0

∇2V (q̄,0) ≻ 0

(5.67)
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Hence, V qualifies as a Lyapunov function. Its time derivative along the system trajectory

is given by

V̇ = −∥∇pHd∥2D − (∇pHd)⊤τext − q̇⊤τext

= −∥∇pHd∥2D
≤ 0

(5.68)

It yields the Lyapunov stability of the closed-loop dynamics (5.61) in the presence of a

constant external torque τext, and all the system states are bounded. On the other hand,

the set Eu := {(q,p) : ∥∇pHd(q)∥ = 0} only contains a single isolated equilibrium (q̄,0).

According to LaSalle’s invariance principle, (q̄,0) is an asymptotically stable equilibrium,

in which q̄ depends on the (arbitrary) constant torque τext – in terms of the unique solution

of the algebraic equation (5.65).

The overall stiffness Ko is defined by τext = Ko(q̄− q⋆). Substituting it into (5.65), it has

γ sin(1⊤n q̄ − qΣ⋆)1n + α2(q̄ − q⋆) = Ko(q̄ − q⋆) (5.69)

The stiffenss at the desired equilibrium q⋆ is calculated from any direction of the limit

q̄ → q⋆, thus obtaining

Ko

∣∣∣
q⋆

=
∂ϕ

∂q
(q⋆)

= lim
q̄→q⋆

γ cos(1⊤n q̄ − q⋆Σ)1n×n + α2In

= γ1n×n + α2In

(5.70)

This verifies the stiffness property P2, and the proof is completed.

The above shows that the proposed controller (5.50)-(5.52) can achieve the position reg-

ulation with the closed-loop stiffness Ko given by (5.55). It implies that a prescribed

stiffness can be set by selecting the control gain γ > 0 properly. More discussions about

the control law will be provided in the next section.



108 Chapter 5. Simultaneous Position and Stiffness Control

5.5 Discussions

The following remarks about the proposed controller are given in order.

1) In P2, the overall stiffness is studied – from the external torque vector τext to the

configuration q ∈ X , rather than the transverse stiffness at the end-effector. Con-

sider the external force fext ∈ R at the end-effector along the transverse direction of

the n-link with the Jacobian J = [0, . . . , 0, ℓ]. With a small force fext, the coordi-

nate of the end-effector would shift from
(
ℓ
(∑

k∈N sin(kθ⋆)
)
, ℓ

(∑
k∈N cos(kθ⋆)

))
to

(Fx(fext), Fy(fext)) with

 Fx

Fy

 =

ℓ sin(β) + ℓ
∑

k∈N\{n} sin(kθ⋆ + γℓfext)

ℓ cos(β) + ℓ
∑

k∈N\{n} cos(kθ⋆ + γℓfext)


and β := nθ⋆ + (γ + α2)ℓfext. Hence, the transverse stiffness is given by

KT = lim
fext→0

√
[Fx(fext)− Fx(0)]2 + [Fy(fext)− Fy(0)]2

fext

As a result, it has

KT ∝ κ1γ + κ2 (5.71)

with some non-zero constants κ1, κ2 for θ⋆ ̸= 0. This important affine relationship

will be experimentally verified in the next section. It means that for a given desired

equilibrium q⋆ ∈ X\{0}, the transverse stiffness is affine in the gain γ, thus providing

a way to tune the closed-loop stiffness linearly.

2) The proposed controller can be roughly viewed as a nonlinear proportional-derivative

(PD) controller. The first term τst is used to compensate the “anisotropy” in the

input matrix G(q) due to its state-dependency property; the potential energy shaping

term τes and the damping injection term τda, indeed, play the role of nonlinear PD

control. To be precise, the term τes is the error between the nonlinear functions

of the position q and its desired value q⋆; and the term τda can be viewed as the

negative feedback of velocity errors. This is not surprising, since the original idea

of energy shaping has its roots in the pioneering work of Takegaki and Arimoto in
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robot manipulator control [273], in which they proposed a very well-known “PD +

gravity compensation” feedback [250].

3) To ensure that ∇2Ud(q⋆) ≻ 0, it is necessary to impose the condition γ < α2 on the

control gains. However, this condition may restrict the range of closed-loop stiffness

values within an interval. If this condition is not imposed, it is only possible to

guarantee the positive definiteness of ∇Ud in the vicinity of q⋆, which would result

in local asymptotic stability. Some experimental evidence regarding this point in the

next section will be provided.

4) For the proposed controller (5.50)-(5.51), note that the term M−1(q)p corresponds

to the generalised velocity of p. Thus, the controller depends on only three plant

parameters (α1, α2 and g0) and a nonlinear function g1 – which need to be identified

beforehand – and two adaptation gains (i.e., Kd and γ). This means that it is

unnecessary to identify all parameters and functions in the plant model. This makes

the resulting controller robust vis-à-vis different types of uncertainties.

5) Continuum robots inherently admit infinite DoF, and thus increasing the link num-

ber n ∈ N+ in the rigid-link model will enhance precision. On the other hand, a

higher dimension n will bring computational challenges to obtaining the real-time

detection/estimation of the configuration q. Consequently, it is necessary to make

a tradeoff between accuracy and computational burden, for the selection of the link

number n.

5.6 Experimental results

5.6.1 Experimental setup

The proposed approach was tested using the OctRobot-I, a continuum robot developed in

our lab at the University of Technology Sydney [10]. The planar case with six segments

(i.e., n = 6) is considered with an overall length of 252 mm, and a diameter of approxi-

mately 50 mm, which meets the critical assumptions outlined in this chapter. Notably, the
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Figure 5.4: Photo of the entire experimental platform.

OctRobot-I has a jamming sheath that can provide an extra degree of freedom for stiffen-

ing, though the present research does not delve into this feature’s stiffening capabilities.

Additional details of the OctRobot-I can be found in Chapter 3 and [10].

As shown in Figure 5.4, the test platform used in the experiments consists of the one-

section robot (OctRobot-I), two servo motors (XM430-W350, DYNAMIXEL) with cus-

tomised aluminium spools, three force sensors (JLBS-M2-10kg), a linear actuator, and

an electromagnetic tracking system (Aurora V3, NDI). The control experiments and data

collections were conducted using the software MATLAB™. The Aurora sensor is installed

at the distal point of the robot to provide its real-time coordinate ze. In the position

regulation tasks, no external load was applied to the robot, and the phenomenon is ob-

served that it nearly satisfied the constant curvature condition with the approximation

qi = qj (i, j ∈ N ) available.5 Together with the coordinate ze and some basic geometric

relations, it is able to estimate the configuration vector q in real time. In the experimental

setup, where qi = qj is assumed, and θ(t) is used to represent the estimated value qi in

the sequel of this section.

5Note that in the theoretical analysis, it does not assume qi = qj (i, j ∈ N ).
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The servo motors in the platform can provide accurate position information with high ac-

curacy, making it easier to control cable lengths between the servo motors and the actuator

unit. Using Hooke’s law, it is possible to consider the cable length proportional to the force

for each cable, with a few coefficients to be identified off-line using collected data sets. To

verify the linear relationship between the cable length and the tension force, as well as to

obtain the coefficients, a group of experiments with different configurations is conducted

and the cable lengths and the corresponding forces are recorded. Each configuration is

repeatedly conducted three times under identical conditions, and all the data are utilised

for identification. In Figure 5.5, the relation between the right cable length L2 and the

corresponding force, and the one between the length difference ∆L := L1 − L2 and the

force difference τ1 := u1 − u2 of these two cables are plotted. The correlation coefficients

are 0.9977 and 0.9987, which imply the strong linearity between cable lengths and forces.

Thus, it is reasonable to use the cable lengths – driven by motors – as the “real” input

signals. Note that the above-mentioned linearity only holds in static or low-speed condi-

tions. To satisfy this, a high gain is used for the cable length control loop to yield a very

short transient stage.

220 230 240 250
0

5

10

15

Length L2 [mm]

u
2
[N

]

0 10 20 30 40 50

−10

−5

0

Difference ∆L [mm]

τ 1
[N

]

Figure 5.5: The linearity between forces and lengths: the length L1 vs the force u1 of the
right cable; and the length difference ∆L := L1−L2 vs the force difference τ1 := u1−u2.

(“×” represents test data, and the dash lines are the fitted functions.)

The force sensors are used in the open-loop stiffening experiments to provide real-time

force signals, and then the relation between the value µ and the open-loop stiffness can

be studied. Additionally, these sensors have proven important for examining the relation

between cable lengths and applied forces as mentioned above. However, in closed-loop
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control, force sensors on the platform are removed and the cable lengths are directly

regulated. Note that these sensors may cause significant inertial disturbances to the loop.

5.6.2 Open-loop stiffening experiments

This subsection will validate the results regarding open-loop stiffening presented in Sec-

tion 5.3. For this purpose, a linear actuator placed at the end-effector is utilised to generate

a small displacement δx > 0, as illustrated in Figure 5.6(a). The actuator is connected

to the force sensors for measuring the external force, denoted as fext, in relation to the

displacement. By calculating the ratio of the measured force to the applied displacement,

i.e., fext
δx , the transverse stiffness can be estimated, given that δx is sufficiently small. This

procedure is to verify the findings related to open-loop stiffening as outlined in Section 5.3.

fext

(a) experimental setup.

0 5 10 15 20 25 30 35 40

0

0.5

1

1.5

Force µ [N]

S
ti
ff
n
es
s
[N

/
m
m
]

(b) experimental results of transverse stiffness.

Figure 5.6: Experiments for open-loop stiffening.

The stiffness values under different open-loop tendon forces µ > 0 in the interval [0, 45] N

are measured. Each experiment is repeatedly conducted three times under the same condi-

tions in order to improve reliability. The experimental results are shown in Figure 5.6(b),

where “×” represents the mean values of the calculated stiffness for all µ, and the error

bars are ±1 standard deviation. This clearly verifies the theoretical results in Proposi-

tion 5.1. The correlation coefficient between µ and the stiffness is 0.9890, which illustrates

the strong linearity – exactly coinciding with the equation (5.25).
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5.6.3 Closed-loop experiments

In order to apply the proposed real-time control algorithm to the experimental platform,

the identification procedure to estimate the parameters outlined in the fourth discussing

point in Section 5.5 is first conducted. It relies on the fact that at any static configuration

q (i.e., with p = 0) the identity ∇qU(q) = G(q)u holds true, and thus J(θ) = 0 with the

cost function

J(θ, u1, u2) :=
∣∣∣α1 sin(nθ) + α2θ − [g0 + g1(θ)]u1 + [g0 − g1(θ)]u2

∣∣∣2 (5.72)

that contains all the quantities to be identified. According to the modelling procedure in

Section 5.3, it can be simply parameterised g0 + g1(θ) = c1 + c2 sin(θ) with two constants

c1 > 0 and c2 < 0, complying with the assumptions on the input matrix. The continuum

robot to different equilibria θj (j = 1, . . . , w with some w ∈ N+) can be regulated by

driving the cables, and recorded the corresponding forces (uj1, u
j
2).

The identification procedure boils down to solving the optimisation

arg min
c1,α1,α2>0,c2<0

∑
j∈{1,...,w}

J(θj , uj1, u
j
2) (5.73)

The identification experiments are run to collect data at 15 equilibria points (i.e., w = 15)

and repeated six times at each equilibria point. Using this data set, the identified param-

eters are c1 = 1.2143, c2 = −2.9015, α1 = 8.6114, α2 = 0.001.

To evaluate the performance of position control, a desired configuration q⋆ = [θ⋆, . . . , θ⋆]
⊤

with θ⋆ = 5 deg is first considered for the proposed control scheme. Experiments for the

cases without external forces under various values of the gains γ and Kd are conducted,

as shown in Figures 5.8-5.9, respectively. The second row of these figures depicts the

configuration variable at the steady-state stage during [2, 8] s. It is worth noting that the

control inputs ui (i = 1, 2) are mapped to the cable length Li (i = 1, 2), as explained in

Section 5.6.1. In all these scenarios, the transient stage lasted for less than 1.5 seconds,

and the configuration variable quickly converged to small neighbourhoods of the desired

angle, demonstrating the high accuracy of the proposed control approach. There are no
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apparent overshootings in configuration variables. The results indicate that selecting either

a sufficiently small or large Kd can negatively affect the control performance during the

transient stage. On the other hand, setting a large γ > 0 may lead to chattering due to

measurement noise at the steady-state stage, which is well understood as the deleterious

effect of high-gain design in the control literature [250].

0 s 0.3 s 0.6 s 0.9 s 1.2 s 

1.5 s 1.8 s 2.1 s 2.4 s 2.7 s 

Figure 5.7: Photo sequence of the position control with θ⋆ = 10 deg and γ = 1,Kd = 0.1.

Additional experiments are conducted to test the proposed control approach in different

scenarios, including the desired configurations of θ⋆ = 10 deg and 15 deg, which are shown

in Figure 5.10. These results demonstrate that the algorithm is capable of achieving high

accuracy and performance for position control. To quantify the steady performance, the

configuration trajectories during Is := [4, 8] s are studied because the system states arrive

at the steady-state stage for all these scenarios. For these two desired equilibria, the

proposed design achieved high accuracy, verifying the property P1 in Proposition 5.4.

The accuracy achieved in these experiments is summarised with different equilibria (5 deg,

10 deg and 15 deg) and gains of γ and Kd in Table 5.1, where [θmin, θmax] represents the

minimal and the maximal values during the interval Is. The root mean square (RMS)

and the mean absolute error (MAE) for each scenario are also given in the same table.

For θ⋆ = 5 deg, it achieved the highest accuracy among the three equilibria, for which the

selections of γ as 1 and 5 degraded the steady-state accuracy a little bit. In Figure 5.7, a

photo sequence of one of the scenarios is presented with the desired configuration θ⋆ = 10

deg, and the gains Kd = 0.1 and γ = 1. This sequence serves as an intuitive illustration

of the dynamic behaviour of the closed loop.
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In addition, the result with a large γ = 10 is reported. However, as explained in the

discussion point 3) in Section 5.5, a large γ > 0 may make the desired potential energy

function Ud non-convex, resulting in instability. This is consistent with the experimental

results, as the neutral stability with oscillating behaviours at the steady-state stage for

γ = 10 are observed; see Figure 5.11. Evaluating the closed-loop performance in Figure 5.8,

it is observed that a smaller gain Kd was likely to cause poor transient performance with

longer time. Whereas, the experimental results in Table 5.1 show that the value of Kd

within the interval [0.1, 10] has limited effects on the steady-state performance for position

control.

Experimental results demonstrate closed-loop stiffness regulation around the desired equi-

libria, which is related to P2 in Proposition 5.4. While measuring the overall stiffness

is generally not manageable, the transverse stiffness can be tested as outlined in Item 1)

of Section 5.5. To this end, a linear actuator is equipped perpendicularly to the tangen-

tial direction of the continuum robot at the end-effector, as shown in Figure 5.4. The

experiments are repeated for two different desired equilibria, namely 8 deg and 10 deg.

Stiffness data is collected using different gains γ and results are plotted in Figure 5.12.

The results match the equation (5.71) in Section 5.5 that the closed-loop stiffness is affine

in the control gain γ. This implied that the parameters κ1 and κ2 can be identified and

used to tune the controller for a prescribed stiffness around the desired configuration.

Finally, in order to investigate the robustness of the proposed approach, the experiments

are conducted for two supplementary scenarios: one for examining the robot response

in the presence of external disturbances, and the other for studying passive environmen-

tal interaction via encountering a semi-rigid foam obstruction. These setups are shown

in Figure 5.13, and the corresponding experimental results are presented in Figure 5.14.

Specifically, Figure 5.14(Left) provides evidence of the remarkable robustness of the pro-

posed controller vis-à-vis external disturbances, as it effectively made the system back to

its desired configuration after the vanishing of disturbances. It is also noted that a larger

gain γ > 0 yielded a shorter recovery response. In the encounter experiments, as shown in

Figures 5.13(b) and 5.14(Right), a larger value of γ = 5 ensured that the robot passed the

foam obstruction, resulting in a recorded trajectory that was approximately monotonic

over time – indicating the robot’s stiff behaviour. In contrast, using the smaller value
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Table 5.1: The steady-state errors in the time interval [4, 8]s of different scenarios (Unit: deg)

γ
Kd = 10 Kd = 1 Kd = 0.1

[θmin, θmax] RMS MAE [θmin, θmax] RMS MAE [θmin, θmax] RMS MAE

5 deg

0.01 [4.8876, 4.9403] 4.9336 0.0664 [4.9492, 4.9532] 4.9506 0.0494 [4.9236, 4.9515] 4.9413 0.0587

0.1 [4.9538, 4.9687] 4.9605 0.0395 [4.9387, 4.9556] 4.9505 0.0495 [4.9480, 4.9528] 4.9503 0.0497

1 [4.9148, 4.9265] 4.9570 0.0430 [4.9148, 4.9265] 4.9219 0.0781 [4.9156, 4.9195] 4.9179 0.0821

5 [4.9325, 4.9367] 4.9351 0.0649 [4.9333, 4.9425] 4.9383 0.0617 [4.9316, 4.9473] 4.9408 0.0592

10 deg

0.01 [9.5437, 10.2709] 9.8684 0.1460 [9.8328, 9.9597] 9.8824 0.1176 [9.8458, 9.9596] 9.8902 0.1098

0.1 [9.8320, 9.9048] 9.8803 0.1197 [9.8328, 9.9597] 9.8810 0.1190 [9.8440, 9.9758] 9.8991 0.1009

1 [9.9074, 9.9295] 9.9216 0.0784 [9.7814, 9.9044] 9.8455 0.1546 [9.8204, 9.8457] 9.8324 0.1676

5 [9.8706, 9.8857] 9.8756 0.1244 [9.8955, 9.8701] 9.8884 0.1116 [9.8942, 9.8442] 9.8812 0.1188

15 deg

0.01 [12.0252, 14.9968] 14.5881 0.4266 [14.7067, 14.7753] 14.7651 0.2350 [14.7333, 14.7798] 14.7711 0.2289

0.1 [14.3324, 14.9968] 14.7970 0.2044 [14.5142, 14.7350] 14.6812 0.3190 [14.7174, 17.7939] 14.7710 0.2290

1 [14.6276, 14.9968] 14.8059 0.1942 [14.7499, 14.7794] 14.7632 0.2368 [14.7228, 14.7597] 14.7482 0.2519

5 [14.6863, 14.7590] 14.7209 0.2792 [14.7061, 14.7307] 14.7236 0.2764 [14.7051, 14.7301] 14.7186 0.2814
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of γ = 0.1 did not yield this effect, causing the robot to exhibit some deformation when

encountering the foam and displaying real-time position fluctuations in the transient stage

due to its softness.

It is important to note that although various control approaches have been proposed for

continuum robotics, their suitability for achieving simultaneous control of position and

stiffness in underactuated robots is limited, particularly considering the variations in ac-

tuation mechanisms across different continuum robotic platforms. Given the absence of

applicable control strategies in the existing literature, this study did not provide experi-

mental comparisons to previous works. However, the objective is to lay the groundwork

for future exploration and development of experimental studies in this topic area.
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Figure 5.8: Position control performance for the desired configuration θ⋆ = 5 deg with γ = 1 and different Kd.
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Figure 5.9: Position control performance for the desired configuration θ⋆ = 5 deg with Kd = 1 and different γ.
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Figure 5.10: Position control performance for the desired configurations θ⋆ = 10 deg
and 15 deg with Kd = 1 and γ = 0.1.

5.7 Summary

In this chapter, the modelling and control of underactuated antagonistic tendon-driven

continuum robots are studied. The proposed model possesses a configuration-dependent

input matrix, which effectively captures the mechanism for open-loop stiffening through



Chapter 5. Simultaneous Position and Stiffness Control 121

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
0

5

10

15

Time [s]

P
o
si
ti
o
n
q i

[d
eg
]

Figure 5.11: A large γ = 10 leads to unstable performance.
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Figure 5.12: Stiffness regulation with the different configurations.

Figure 5.13: Experiments to evaluate the robustness of the closed-loop robotic system:
(a) an external disturbance was added to the distal point of the robot. (b) the robot was

controlled to encounter a semi-rigid foam obstruction.
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Figure 5.14: Results of the robustness evaluation experiments: (Left) Applying external
disturbances; (Right) Encountering a semi-rigid foam obstruction.

cable tension regulation. The assignable equilibria set and devised a potential shaping feed-

back controller have been thoroughly analysed, which enables simultaneous position-and-

stiffness regulation while adhering to the non-negative input constraint. The experimental

results on the robotic platform OctRobot-I demonstrate the effectiveness and reliability

of the proposed approach. This approach relies on only a few intrinsic parameters of the

model, rather than depending on the complete dynamical model. This grants it remarkable

robustness against modelling errors.

Along the research line, the following problems are considered as potential future works:

1) As per Proposition 5.4, the condition γ < α2 is imposed to guarantee the convexity

of the desired potential energy function Ud. It should be noted that the parameter

α2 is an intrinsic characteristic of the continuum robot, and consequently the range

of choices for the adaptation gain γ is limited, which restricts the ability to control

the stiffness in a relatively narrow interval. The experimental results support this

assertion. To enlarge the closed-loop stiffness range, a potential way is to make

full use of jamming in the continuum robot via changing the compression level of

jamming flaps [189].

2) Exploring alternative desired potential energy functions may offer a promising ap-

proach to enhance closed-loop performance. In addition, applying state-of-the-art

energy shaping methodologies, such as those demonstrated in e.g., [274, 275], could
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prove valuable for solving more complex tasks for continuum robots, such as path

following and robust simultaneous position-and-stiffness control.

3) Similar to the recent works [31, 32], the approach in this chapter is developed for

the robot with one section used in planar case, which is quite simple for continuum

robots being utilised in the real word. It is underway to extend to multiple sections

in the spatial case. A promising approach is to change the mechanical structure and

actuate the overall robot in a sagittal plane for each section to prevent sections from

twisting about their neutral axis [276]. Then, the proposed approach may be used to

control sections separately in different planes, and the manipulator would be capable

of three-dimensional Cartesian positioning.

4) The proposed approach does not consider the actuation dynamics, opting instead to

utilise a high-gain design to enforce time-scale separation and disregard these dy-

namics. It would be advantageous to take the actuation dynamics into the controller

synthesis by incorporating advanced robustification techniques [277].

5) In this thesis, the proposed method is applicable only to cases where the signs of

curvatures in the PCC structure remain unchanged. Extending this approach to

more complex configurations, such as the S-shape illustrated in Figure 5.3(b), would

be a valuable direction for future work.





Chapter 6

Dynamic Model for Continuum

Robots with Layer Jamming

Layer jamming (LJ) has emerged as a simple and efficient technique to achieve tunable

stiffness for continuum robots. The development of a control-oriented dynamical model

tailored for continuum robots with layer jamming remains an open problem in the litera-

ture. This chapter presents possibly the first solution to close the gap. An energy-based

model that is integrated with the LuGre frictional model for LJ-based continuum robots

is proposed. Then, a comprehensive theoretical analysis of this model is conducted, which

focuses on two fundamental characteristics of LJ-based continuum robots: shape locking

and adjustable stiffness. To validate the model and the theoretical results, a series of

experiments are conducted using the OctRobot-I robotic platform. 1

6.1 Introduction

Continuum robots have integrated variable stiffness techniques within their design, al-

lowing for soft flexible motion or rigid resistance and greatly expanding their application

1The results presented in this chapter have previously appeared in the publication: Bowen Yi†, Yeman
Fan†, Dikai Liu, “A novel model of layer jamming-based continuum robots”, 2024 IEEE International
Conference on Robotics and Automation (ICRA), Yokohama, Japan, pp.12727-12733, 2024.

†Bowen Yi and Yeman Fan contributed equally to this work.
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range [278, 279]. As described in Chapter 2, jamming approaches have shown great success

in adjustable stiffness for continuum robots with rapid reversible responses [5, 280, 281]

among various stiffness tuning techniques. Notably, LJ, the concept of which was orig-

inally proposed in [156, 256], has received particular attention due to the advantages of

being lighter weights and taking less space. It utilises thin plastic or paper layers as its

jamming flaps. For continuum robots with LJ, there is an airtight pneumatic chamber in

which a series of overlapping layers are installed to cover the robot spine or wrapped as the

robot body. This mechanism exploits the friction between layers that can be controlled

by external pressure via a vacuum and provides a large range of controllable stiffness.

Feedback control is one of the important topics of research in continuum robotics. Over the

past few years, model-based approaches have gained resurgence since more experimental

evidence has shown that feedback control approaches are robust to approximations for

continuum robot dynamics [31, 282]. However, as figured out by one of the leading groups

in the field, the modelling of LJ-based continuum robots with variable stiffness has not

been well addressed yet [283]. There are recent works on analytical or computational

models to characterise the mechanism of stiffness variation in LJ-based continuum robots

[256, 283, 284]. However, to the best of the author’s knowledge, there is no control-oriented

model in the literature to approximate the dynamical behaviours of continuum robots.

This chapter aims to close the above-mentioned gap by updating the control model de-

scribed in Chapter 5 for a class of LJ-based tendon-driven continuum robots, which inte-

grates the energy-based modelling technique and the LuGre frictional model [285]. This

model is in the port-Hamiltonian form with the vacuum pressure gradient as an additional

control input. The proposed updated model has been theoretically proven its ability to il-

lustrate the important phenomena of shape locking and adjustable stiffness. Additionally,

an analytical relation between stiffness and negative pressure is also presented.

Notation. All functions and mappings are assumed to be C2-continuous. In is the n × n

identity matrix, 0n×s is an n × s matrix of zeros, the vector 0n := col(0, . . . , 0) ∈ Rn,

and 1n := col(1, . . . , 1) ∈ Rn. Throughout the chapter, the bold font is for variables

denoting vectors, while scalars and matrices are represented in normal font. For x ∈ Rn,

S ∈ Rn×n, S = S⊤ > 0, the Euclidean norm is |x|2 := x⊤x, and the weighted–norm is
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∥x∥2S := x⊤Sx. Given a function f : Rn → R, the differential operators is defined as

∇f := (∂f∂x )⊤, ∇xif := ( ∂f
∂xi

)⊤, where xi ∈ Rp is an element of the vector x. The set n̄ is

defined as n̄ := {1, . . . , n}. The diag{xi} (i ∈ n̄) is used to represent the diagonal matrix

diag{x1, . . . , xn}, and the set Bε(X ) := {x ∈ Rn : infy∈X |x− y| ≤ ε} is defined for a given

set X ∈ Rn. When clear from the context, the arguments of the functions may be omitted.

6.2 Dynamic modelling

6.2.1 Preliminary of jamming-free model

As described in Chapter 5 and the previous work [200], the control-oriented modelling

of a class of underactuated tendon-driven continuum robots is considered. A rigid-link

model is used to approximate the dynamical behaviour of continuum robots without layer

jamming as follows:

 q̇

ṗ

 =

 0n×n In

−In −D(q)

 ∇qH

∇pH

 +

 0n

G(q)u

 (6.1)

with the configuration variable q ∈ X ⊂ Rn, the generalized momentum p ∈ Rn, the input

matrix G : Rn → Rn×m, the damping matrix D(q) ∈ Rn×n
⪰0 , and the tension input u ∈ Rm.

The total energy is characterised by the Hamiltonian as

H(q,p) =
1

2
p⊤M−1(q)p + U(q) (6.2)

where M : Rn → Rn×n
≻0 is the positive definite inertial matrix satisfying m1I ⪯ M(q) ⪯

m2I for m2 ≥ m1 > 0, and the potential energy function U(q) contains the gravitational

part UG and the elastic part UE that are functions of q, i.e.,

U(q) = UG(q) + UE(q) (6.3)
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As shown in Chapter 5 and [200], these functions can be modelled as

UG(q) = α1(1− cos(qΣ))

UE(q) =
1

2
q⊤Λq + U0

(6.4)

with the diagonal matrix Λ := diag{α2, . . . , α2}, positive scalar U0 and qΣ :=
∑

i∈n̄ qi.

Note that α1 and α2 are elastic and gravitational coefficients, respectively. More details

about the robotic structure and the modelling procedure can be found in Chapter 3,

Chapter 5, and [200].

6.2.2 Assumptions and frictional model with layer jamming

Figure 6.1: Schematic of a layer-jamming structure in continuum robots.

For continuum robots with layer jamming, the layer jamming technique provides a lightweight

and rapid response approach to adjust the robots’ stiffness [283, 286, 287]. In these robots,

layer jamming – consisting of a laminate of flexible strips or sheets – is installed through-

out the continuum robot’s body, and winded up into a tube sheath, as illustrated in

Figure 6.1. In Chapter 5 and [200], the robot is operated in its default state that behaves

highly compliant. Meanwhile, the jamming sheath forms an enclosed structure in which

a negative pressure −up ≤ 0 (relative to the atmospheric pressure) may be applied [240].
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As a result, friction between strips or sheets would increase dramatically, thus changing

the robot stiffness and dissipating energy [283].

As described above, the pressure value up ∈ R≥0 can be adjusted online and viewed as

an additional input that changes the robotic dynamics. One of the main objectives of

this chapter is to develop a control-oriented dynamical model for LJ-based continuum

robots. For control purposes, it is useful to have simple models that describe the essential

properties of continuum robots with layer jamming. When the pressure up = 0, the

modelshould degrade into the LJ-free model in Section 6.2.1.

First, the dependence of the plant parameters αi (i = 1, 2) and the function D(q) on up

are discussed. The following assumptions are made:

Assumption 6.1. During the variation process of up, the continuum robot satisfies

(a) The mass change of air in the airtight membrane is negligible. Hence, the gravita-

tional parameter α1 is constant and thus independent of the pressure up.

(b) The elastic coefficient α2 > 0 is a function of the pressure up. For simplicity, it is

written as α2(up). ◁

Assumption 6.2. The energy dissipation of the robot with layer jamming is only derived

from the lumped friction torque with D(q) = 0. ◁

Remark 6.1. In Assumption 6.1, it is reasonable to consider constant mass during in-

flation and deflation. Next, the underlying reason for considering a pressure-dependent

function α2(up) in the point (b) is briefly illustrated. In [283], the elastic modulus of the

jamming structure has been quantitatively demonstrated to exhibit distinct values in the

vacuum-on and vacuum-off states, with a factor of k2n (where kn denotes the number of

layers). This implies that UE is determined by the pressure up for a given configuration.

Consequently, the elastic coefficient α2 in the proposed model should be a function of up.

This point is also experimentally validated, and the identification of the nonlinear function

α2(up) will be studied in the subsequent sections. ◁
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Under the above assumptions, the dynamical model (6.1) of the LJ-based continuum robot

can be compactly written as

Σr :


ẋ = J∇H(x) + Gr(x)u−Gfτf

v = G⊤
f ∇H(x)

(6.5)

with the new variable x := col(q,p) and

Gr :=

 0n×m

G(q)


Gf :=

 0n×n

In


J :=

 0n×n In

−In 0n×n


(6.6)

where τf ∈ Rn is the lumped frictional torque acting in the links. If the friction τf is

reviewed as the “input”, then the passive output v ∈ Rn is the generalised velocity [288,

289], i.e.,

v = M−1(q)p (6.7)

The jamming phenomenon is due to the distributed friction along the layers, and the

remaining task boils down to studying the modelling of the frictional effects from τf and

its interconnection to the system Σr.

To take this behaviour into account in the model, the LuGre friction model proposed

in [290] is considered. It is a dynamical model capable of describing many frictional prop-

erties, such as zero slip displacement (a.k.a. micromotion), slick-slip motion, invariance,

state boundedness, and passivity [285]. Before presenting the LuGre model, the following

assumption about the (lumped) normal force Fn > 0 between the surfaces is made:

Assumption 6.3. The pressure along the layer is uniformly distributed with a value

(−up) and is proportional to a function of the lumped normal force, i.e., Fn ∝ ϕ(up),

where ϕ(·) : Rn → Rn is yet to be determined. ◁
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To facilitate the analysis in the subsequent sections, the port-Hamiltonian form of the

LuGre model is adopted, as introduced in [291]:

Σz :


ż = −Rz(v)∇Hz(z) + [N (v)− P(v)]v

τf = [N (v) + P(v)]⊤∇Hz(z) + Sv
(6.8)

where z ∈ Rn represents the virtual bristle deflection at each joint, v ∈ Rn is the input –

the relative generalised velocity of the surfaces in contact given by (6.7), and the output

τf ∈ Rn is the frictional torque. The mappings in Σz include the virtual bristle potential

energy

Hz(z) =
1

2
σ0ϕ(up)|z|2 (6.9)

the damping matrix

Rz(v) = diag(β1(v), . . . , βn(v))

βi(v) :=
|vi|
ϕ(up)

ρ(vi), i ∈ n̄
(6.10)

the state-modulation matrices

N (v) := In −
1

2
σ1ϕ(up)Rz(v)

P(v) := −1

2
σ1ϕ(up)Rz(v)

S := (σ1 + σ2)ϕ(up)In

(6.11)

and the function

ρ(vi) = µC + (µS − µC) exp

(
−
∣∣∣∣vivs

∣∣∣∣σ3
)

(6.12)

Physical meanings of coefficients in the above model are summarised in Table 6.1. Inter-

ested readers may refer to [290–292] for additional details.

Table 6.1: List of coefficients in the LuGre model

µS Stiction friction coefficient

µC Coulomb friction

vs Stribeck velocity

σ0 Bristle stiffness coefficient

σ1 Bristle damping coefficient

σ2 Viscous friction coefficient

σ3 Curve parameter (further tuning of the Stribeck effects)
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Note that in the model presented above, there is a need to identify the unknown function

ϕ(·). From physical considerations and prior knowledge of the following properties of the

function ϕ(·), the following assumption is made:

Assumption 6.4. The function ϕ(·) is smooth and satisfies:

(a) It is positive definite, i.e., ϕ(up) ≥ 0 for all up ≥ 0.

(b) The function is monotonically increasing with respect to up. ◁

The function can be obtained either from mechanisms or data-driven methods. This will

be investigated in the Section 6.5.

Remark 6.2. The model Σz is well-posed for all ϕ(up) ≥ 0 even though ϕ(up) appears

in the denominator of the function βi in (6.10). This is due to the product Rz(v)∇Hz in

the dynamics and ∇Hz being linear in ϕ(up). If the function ϕ(up) = 0, it has τf = 0

for which zero friction injected to the robotic mechanical dynamics Σr. The friction

torque τf at the steady-state stage becomes τ ss
f = [diag{ρ(vi)}sign(v) + σ2v]up, with

sign(v) := col(sign(v1), . . . , sign(vn)) collecting the signs of vi. ◁

Remark 6.3. The LuGre model has the boundedness property for the internal state, i.e.,

the set Ez := {z ∈ Rn : |z| ≤ µS
σ0
} [285]. The input-output pair (v, τf ) satisfies the

passivity property

∫ t

0
v⊤(s)τf (s)ds ≥ Hz(z(t))−Hz(z(0)), ∀t ≥ 0

if the coefficients satisfy the inequality constraints [292]: ◁

σ2 > σ1
µS − µC

µC
(6.13)

6.2.3 Variable stiffness model using jamming layers

The dynamical model for the LJ-based continuum robots is the negative interconnection

of Σr and Σz. For convenience, the full systems state is defined as

χ := col(q,p, z) ∈ R3n. (6.14)
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Its dynamics can be compactly written in the port-Hamiltonian form as [291]

χ̇ = [J −R]∇H + G(χ)u (6.15)

with the total Hamiltonian

H(χ, up) := H(q,p) + Hz(z, up)

=
1

2
p⊤M−1(q)p︸ ︷︷ ︸

kinematic energy

+
1

2
σ0up|z|2 + U(q)︸ ︷︷ ︸
potential energy

(6.16)

and the matrices

J (χ, up) :=

 J −GfN⊤

NG⊤
f 0n×n


R(χ, up) :=

 GfS(v)G⊤
f GfP⊤

P⊤G⊤
f Rz


G(χ) :=

[
G⊤

r 0⊤n×m

]⊤
(6.17)

Note that N ,P and S are linear functions of the pressure up. The overall model has an

(m + 1)-dimensional input

uχ =

 u

up

 (6.18)

with all the elements non-negative.

Remark 6.4. The damping matrix R can be expanded as R = diag(0n×n,R22) with

R22 :=

(σ1 + σ2)ϕ(up)In −1
2σ1ϕ(up)Rz(v)

−1
2σ1ϕ(up)R⊤

z (v) Rz(v)

 (6.19)

It is shown in [291, Sec. 4] that positive semi-definitenss of R can be guaranteed under

the coefficient constraint (6.13). This can make R qualified as a damping matrix. ◁
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6.3 Interpretation to key phenomena

In this section, the model proposed in Section 6.2.3 is used to theoretically prove the two

phenomena in LJ-based continuum robots – shape locking and adjustable stiffness.

6.3.1 Shape locking

Shape locking is one of the important capabilities of LJ structures when applied to contin-

uum robots [281, 283, 284]. Tensions along the cables can change the robot’s configuration

from its undeformed shape. When a vacuum with negative pressure (−up) is applied be-

fore the release of tension actuation, the continuum robot is able to preserve its current

shape. This phenomenon is known as shape locking. This subsection aims to illustrate

that shape locking can be characterised by the proposed model. First, its mathematical

definition is formulated as follows.

Definition 6.1. (Shape Locking) Consider the dynamical model for LJ-based continuum

robots with zero input u, if the deformed configuration q̄ ̸= 03 guarantees the set ESL :=

{(q,p, z) ∈ R3n : q = q̄, p = 03} under up > 0 forward invariant, i.e.,

χ(0) ∈ ESL =⇒ [ q̇(t) = 0, ṗ(t) = 0, ∀t ≥ 0 ] (6.20)

then this invariance is called shape locking. ◁

The following proposition gives a theoretical analysis of the shape-locking phenomenon

using the proposed model, and an intuitive illustration is shown immediately after its

proof.

Proposition 6.1. Consider the dynamical model (6.15) for LJ-based continuum robots

without external input, i.e., u = 0m. For arbitrary configuration qa ∈ Rn and a constant

pressure up > 0,

(a) There exists a vector za ∈ Rn such that (qa,0n, za) is an equilibrium;

(b) The equilibria manifold M := {(q,p, z) ∈ R3n : p = 0, ∇U(q) = σ0ϕ(up)z} is

locally asymptotically stable.
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Proof. First, the existence of za such that (qa,0n, za) is an equilibrium is verified. From

(6.7), p = 0 implies the velocity v = 0, thus

q̇ = ∇pH = M−1(q)p = 0 (6.21)

The dynamics of z is given by

ż = −Rz(0)∇Hz + [N −P ]v
∣∣∣
v=0

= 0 (6.22)

where the fact Rz(0) = 0 from (6.10) is used. For the momentum, it has the following:

ṗ = − ∂

∂q

{
1

2
p⊤M−1(p)q

}
−∇U(qa) + Sv + [N + P]∇Hz

∣∣∣
p=0

= −∇U(qa) + [In − σ1ϕ(up)Rz(v)]σ0ϕ(up)z

= −∇U(qa) +

(
In − σ1diag

{ |vi|
ρ(vi)

}) ∣∣∣∣
v=0

σ0ϕ(up)z

= −∇U(qa) + σ0ϕ(up)z

(6.23)

Invoking Assumption 6.4, for any non-zero up, the point χ⋆ := col(qa,0n, za) with

za :=
1

σ0ϕ(up)
∇U(qa) (6.24)

is an equilibrium.

The next step of the proof is to show the local asymptotic stability of the manifold M.

Calculating the time derivative of the overall Hamiltonian, it yields for χ ∈ Bε(M) with

a small ε > 0,

Ḣ = −[∇H(χ, up)]⊤R(χ, up)∇H(χ, up)

≤ −

∥∥∥∥∥∥
∇pH
∇zH

∥∥∥∥∥∥
2

R22

≤ 0

(6.25)

in which the fact is used that in Bε(M) the matrix R is positive semidefinite from Re-

mark 6.4. Thus, in the neighbourhood of the manifold M, the system is Lyapunov stable.
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In the set

{χ ∈ R3n : ∥col(∇pH,∇zH)∥R22 = 0} (6.26)

it should verify

(σ1 + σ2)M
−1(q)p− 1

2
σ0σ1ϕ(up)Rz(v)z = 0 (6.27)

−1

2
σ1Rz(v)M−1(q)p + σ0Rz(v)z = 0 (6.28)

For (6.28), there are two possible cases:

• case (i): Rz(v) = 0 (or equivalently p = 0).

• case (ii): For some j ∈ n̄, βj(v) ̸= 0, and thus

M−1(q)p = 2
σ0
σ1

z (6.29)

For case (i), the trajectory verifies p(t) ≡ 0, thus

ṗ = −∇U(q) + σ0ϕ(up)z = 0

which is exactly the manifold M.

For case (ii), by substituting (6.29) into (6.27), resulting in

4(σ1 + σ2)z = σ2
1βj(v)ϕ(up)z (6.30)

There are two sub-cases: case (ii-1) z = 0 and case (ii-2) z ̸= 0. For case (ii-1), the

trajectory should guarantee z ≡ 0 and thus

ż = −Rz(v)∇Hz(0) + [N −P ]v
∣∣∣
v ̸=0

= [N −P ]v
∣∣∣
v ̸=0

= 0
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Since N − P = In, it contradicts with v ̸= 0 in case (ii). Thus, there is no feasible

trajectory. For case (ii-2), the equation (6.30) can be rewritten as

σ1 + σ2 = σ2
1

|vj |
4ρ(vj)

(6.31)

Note that lim|v|→0 ρ(vj) = µC . For given coefficients σ1, σ2, the (6.31) does not admit any

feasible solution for a sufficiently small ε > 0. Therefore, the only feasible solutions in

Bε(M) are all on the equilibria manifold M.

As shown above,M is the largest invariant set in the neighborhood Bε(M) ⊂ R3n. Apply-

ing the LaSalle’s invariance principle [293, Sec. 3], the manifoldM is locally asymptotically

stable.

Remark 6.5. The above proposition shows that

(i) If the initial condition χ(0) starts from any configuration qa and zero momentum

p(0) = 0, a virtual bristle vector za may always be found such that the system

trajectory maintains at the initial values over time, and M ⊂ ESL is also noted. In

this way, it achieves shape locking.

(ii) A more realistic scenario is that the continuum robot achieves deformation with the

tension input u ∈ Rm; then a vacuum is applied, and the actuator is released. Once

completing the tension release, the initial condition is given by χ(0) = (q(0),03,03)

instead of (qa,03, za). Proposition 6.1(b) shows the local asymptotic stability of the

manifold M, which means if the initial distance

d(χ(0),M) := inf
χ′∈M

|χ′ − χ(0)| < ε0 (6.32)

is sufficiently small, the trajectory ultimately converges to equilibrium (qa,03, za) ∈
M.

(iii) From (ii), the convergence only happens when ε0 > 0 is sufficiently small. Note

that the vector za is parameterised as za = 1
σ0ϕ(up)

∇U(qa). Thus, a large value of

ϕ(up) can impose the initial condition (q(0),03,03) in a small neighborhood of M;
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see Figure 6.2 for an intuitive illustration. Physically, it means that a large pressure

value up is capable of achieving shape locking.

(iv) The above item(iii) shows that after releasing the actuation, the system will change

from the initial configuration (q(0),03,03) to the new equilibrium (qa,03, za), and it

will be closed to each other with a high pressure up. It means when the continuum

robot changes from flexible to stiff, a tiny positional change will be observed, and it

has been experimentally verified in [279, Sec. III-B]. ◁

Figure 6.2: An illustration of the initial condition and the equilibria manifold M. For
a given initial condition (q(0),03,03), a larger up,1 implies a smaller distance from χ(0)
to M, thus χ(0) located in its domain of attraction; a smaller up,2 may cause the initial

condition outside the domain of attraction, failing to achieve shape locking.

6.3.2 Adjustable stiffness

The open-loop equilibrium χ⋆ := (q⋆,p⋆, z⋆) is the origin. The stiffness analysis assumes

that there is an external torque τext acting on the dynamics of p, i.e., the dynamics with

u = 0 becomes

˙̄χ = [J −R]∇H + G0τext (6.33)

with G0 = col(03×3, I3, 03×3), under which there is a shifted equilibrium χ̄ := col(q̄,0, z̄).

Definition 6.2. (Adjustable Stiffness) Assume that a positive semidefinite K ∈ R3×3 can

be found such that

τext := K(q̄ − q⋆) (6.34)
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solves (6.33)-(6.34). When taking q̄ → q⋆ and z̄ → z⋆, if the limit of K exists, K is the

overall stiffness. ◁

Proposition 6.2. Consider the dynamical model (6.15) for LJ-based continuum robots.

Its overall stiffness in the sense of Definition 6.2 at the open-loop equilibrium χ⋆ is given

by

K = α11n×n + [α2 + σ0ϕ(up)]In (6.35)

with 1n×n ∈ Rn×n an all elements ones.

Proof. When consider a tiny displacement (δq, δz) ∈ Rn × Rn around (q⋆, z⋆), i.e.,

q = q⋆ + δq, z = z⋆ + δz (6.36)

For ease of analysis, the model is rewritten in an Euler-Lagrangian form

Ṁ(q)q̈ + C(q, q̇)q̇ +∇U(q) = τext − τf (6.37)

ż = −σ0diag

{ |q̇i|
ρ(q̇i)

}
z + q̇

τf = (σ0z + σ1ż + σ2q̇)ϕ(up)

with zero initial condition, in which C(q, q̇) is the Coriolis and Centrifugal term [288].

Linearising the dynamics (6.37) around q⋆ = 0, q̇⋆ = 0 and z⋆ = 0 and invoking (6.36), the

model is obtained

M⋆δq̈ + [σ1ϕ(up)]δq̇ + [∇2U(q⋆) + σ0ϕ(up)I3]δq = τext +O(δq2) (6.38)

with M⋆ := M(q⋆) and high-order remainder term O(δq2), in which the facts are used

C(q⋆, 0) = 0, ∇U(q⋆) = 0

Since σ1ϕ(up) > 0 and ∇2U(q⋆) + σ0ϕ(up)I3 ≻ 0, the linearised dynamics (6.38) is expo-

nentially stable at equilibrium

δq = [∇2U(q⋆) + σ0ϕ(up)I3]
−1τext +O(δq2)
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By taking |δq| → 0, the algebraic equation (6.34) is obtained with K given by

K = ∇2U(q⋆) + σ0ϕ(up)I3

Substituting the function U in (6.3) into the above, equation (6.35) is obtained and the

proof is completed.

6.4 Experiments

In this section, the theoretical analysis in Section 6.3 is verified on the continuum robotic

platform OctRobot-I. Although the overall stiffness matrix K ≻ 0 cannot be measured

directly, it isable to detect the transverse stiffness KT ∈ R≥0 in the end-effector around

the open-loop equilibrium q⋆ of the continuum robot. The same testing setup and approach

are used as in Chapter 5 and [200, Sec. VI-B]. In the experiments, each test is repeated

three times under the same conditions.

6.4.1 Shape locking

The first experiment is designed to verify shape-locking phenomenon of continuum robots

with LJ. The robot was initialised from the open-loop configuration q⋆ = 0 (Phase 1), and

then driven to the bending angle of 60◦ via tendon (Phase 2). When the robot was kept at

the steady-state stage, the vacuum process was applied and kept the jamming layer sheath

to a negative pressure of -30 kPa (Phase 3) and then the tendons is released (Phase 4).

The sequence photos are presented in Figure 6.3 to show this process. The tendon force

u1 is shown in Figure 6.4. Note that [−4, 0] s is used to denote the initial status before

starting the motor drive. As illustrated in Figures 6.3(c)-(d), it achieved shape locking

after applying negative pressures. To clearly show the shape-locking phenomenon, the

photos of Phases 3 and 4 with two different up (30 and 80 kPa) were overlapped and

presented in Figure 6.5. It illustrates the tiny positional changes as theoretically predicted

in Remark 6.5(iv) – a larger up yields a smaller displacement (3.8 mm of 80 kPa, 6.7 mm

of 60 kPa, and 9.2 mm of 30 kPa).
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Figure 6.3: Photo sequence of the shape-locking experiments: (a) Phase 1: initial
configuration without u; (b) Phase 2: drive to the bending configuration 60◦ via tendon
force u; (c) Phase 3: vacuum to uP = 30 kPa with motor-driven retained; (d) Phase 4:
vacuum retained and tendon released u = 0. (Photos were taken in the steady state of

each phase.)
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Figure 6.4: Trajectory of the tendon force u1 in the shape-locking experiment.

Figure 6.5: Overlay photos of the shape-locking phenomenon. Left: displacement of
9.2 mm with up = 30 kPa; Right: displacement of 3.8 mm with up = 80 kPa. (“•” and “•”
are used to mark a fixed point on the robot body; one-side contours are also highlighted

in the figure.)
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6.4.2 Adjustable stiffness

The open-loop transverse stiffness under different negative pressures (−up) is plotted in

Figure 6.6, which shows the stiffness can be adjusted by changing the negative pressures

(−up) in the LJ sheath. The coefficient of determination R2
s is 0.9216 and 0.9547 for

jamming sheaths with different number of layers kn = 2 and kn = 5, respectively. Note

that these fitting features show good results with respect to the value up, and this verifies

the equation (6.35).
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Figure 6.6: Experimental results showing the relationship between up and the transverse
stiffness under jamming sheaths with different layers. (“×” shows the mean values; color

band represents the ±1 standard deviation.)

6.5 Discussions

This chapter presented the updated energy-based model to interpret the two important

phenomena of LJ-based continuum robots by integrating the LuGre frictional model. To

further improve the performance of LJ-based continuum robots, it is essential to design

a feedback controller based on the proposed model to realise almost decoupling control

of position and stiffness for LJ-based continuum robots, which is a future work of this

chapter.

To facilitate the design of the controller, the approaches to identify the functions α2(·)
and φ(·) are discussed in this section.
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1) Selection of α2(up)

As described in Assumption 6.1 and Remark 6.1, the pressure-dependent function α2(up)

is more appropriate than a constant coefficient. In order to obtain the function form,

experiments were conducted to obtain the input force u1 under different up. Experimental

results in Figure 6.7 shows the nonlinearity of α2(up). Since α1 is constant, it can be

concluded that α2(·) is a monotonically increasing function. In terms of the shape of the

curve, the following equation is suggested to use:

α2(up) = c1 exp(c2up)− c3 exp(−c4up) (6.39)

where ci > 0 (i = 1, 2, 3, 4) are platform-related coefficients that need to be determined

with experiments.
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Figure 6.7: Experimental results showing the relationship between pressure up and the
steady-state input force u1 (“×” shows the mean values; color band represents the ±1

standard deviation).

2) Modelling of φ(up)

φ(·) is another unknown function in the LuGre frictional model. Instead of a data-driven

approach to identify this non-linear function, it is noted that this nonlinearity from friction

present between layers of thin material has been studied via underlying mechanisms in LJ-

based continuum robots. In particular, it is shown in [256, Eq. (21)] that the resisting

torque caused by membrane elongation and shear τm satisfies τm ∝ √
up. Based on the

research in [256] and the results shown in Figure 6.6, the following equation is considered
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to be used for ϕ(up):

ϕ(up) = c5 + c6
√
up (6.40)

with yet-to-be-determined parameters ci > 0 (i = 5, 6) to fit the nonlinear function ϕ(·).
The experimental results in Figure 6.6 showing the stiffness under different negative pres-

sures have good fitting results with the coefficient of determination R2
s = 0.9216 and

R2
s = 0.9547 for jamming sheaths with a number of layers kn = 2 and kn = 5, respectively.

3) Identification of coefficients

With the above parameterisation to α2(·) and ϕ(·), it is able to identify the six coefficients

ci using experimental data. By regulating the continuum robot to different equilibria q⋆

under different pressures up, the recorded data are denoted as (uj⋆, u
j
p, q

j
⋆) with j the j-th

experiment and j ∈ W := {1, . . . , w}, w ∈ N+. The parameters ci (i = 1, 2, 3, 4) can be

estimated by solving the optimisation problem

arg min
c1,c2,c3,c4

∑
j∈W

J(qj⋆, u
j
⋆, u

j
p)

s.t. ci > 0

(6.41)

where J(qj⋆, u
j
⋆, u

j
p) :=

∣∣∣Tug(qj⋆)u
j
⋆− [α1 sin(q⋆,jΣ )+(c1e

c2u
j
p− c3e

c4u
j
p)qj1,⋆]

∣∣∣2 is the regulating

result.

It requires a sufficient number of experiments, i.e., a relatively large value for w, to ensure

that the identified parameters are more accurate. The identification of c5 and c6 can be

done in a similar way using the parameterisation (6.40) and the stiffness relation (6.35),

which contains the unknown function ϕ(·) 2.

2Indeed, compared to other actuation inputs such as cable tensions, it is challenging to regulate the
pressure up to given value with high precision. As a result, this limitation hinders the generation of a
dataset with sufficient samples for data-driven approaches to identify the nonlinear function ϕ(·). This is
the underlying reason why a model for the function ϕ(·) via mechanisms is suggested in this research.
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6.6 Summary

This chapter has presented a novel dynamical model for layer jamming-based continuum

robots, which integrates the energy-based modelling approach and the LuGre frictional

model. Based on this model, two important phenomena, i.e., shape locking and adjustable

stiffness, are theoretically analysed and proved, and experimentally verified. A future work

will focus on feedback controller design by using the proposed model.





Chapter 7

Conclusions and Future Work

7.1 Conclusions

The first part of this research provided a comprehensive review of the state-of-the-art

research on stiffness tuning techniques for continuum robots over the last two decades.

This review on different stiffness tuning techniques that have been investigated for diverse

application scenarios gives a guideline for the researcher who needs to select proper stiffness

techniques when designing continuum robots.

Following this, a continuum robot (OctRobot-I) was designed and developed. This proto-

type demonstrated adjustable stiffness in both transverse and axial directions through a

layer jamming technique. In order to analyse the variable stiffness and its changing ten-

dency of the continuum robot, a stiffness model based on the Euler-Bernoulli beam theory

was developed, and four static deflection cases were studied. Experimental results with

different pressures and different numbers of jamming sheaths demonstrated the robot’s

performance in adjusting its stiffness.

For analysing the robot’s workspace, this research then proposed the equivalent two section

(ETS) method for calculating the workspace of multi-segment continuum robots. Apply-

ing forward kinematics and a piecewise constant curvature assumption, this method can

147
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effectively determine the boundary of the workspace, providing an accurate and efficient

approach to calculating the workspace size and volume of continuum robots with a high

number of segments.

A rigid-link dynamical model was developed to analyse the open-loop stiffening of a class

of tendon-driven continuum robots. Based on this model, a new passivity-based controller

that adheres to non-negative tension constraints was developed to realise simultaneously

position and stiffness control. This model and controller have been verified with efficacy

and precision by a series of experiments conducted on the OctRobot-I robotic platform.

Furthermore, a control-oriented dynamical model for layer jamming (LJ) based continuum

robots was presented. The integration of the LuGre frictional model into an energy-based

framework allowed for the theoretical analysis of two of the fundamental properties of LJ-

based continuum robots, namely shape locking and adjustable stiffness. The model and

the theoretical analysis were validated on the OctRobot-I robots through experiments.

In conclusion, this thesis has advanced the understanding of continuum robots, particularly

in design, workspace analysis, modelling and control methodologies. The outcomes could

potentially be applied in practical applications ranging from healthcare to industry.

7.2 Future work

Based on the discussions on future work in Chapter 3-6, three other topics of future work

are discussed below:

• Optimal design of continuum robots

In the design of continuum robots, parameters of segment length, maximum bending

angle, maximum rotation angle, and the number of segments need to be optimised.

This can be modelled as a multi-objective optimisation problem. Therefore, research

may include modelling, mathematical analysis, and optimisation algorithms of the

multi-objective optimisation design problem.

• Fine workspace analysis

For workspace analysis of multi-segment continuum robots, the research in Chapter 4
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assumed each segment is identical, which resulted in a relatively simple analysis of

the workspace. However, a continuum robot may need to have many different types

of segments to meet specific task requirements. Therefore, further research is needed

to improve the model for calculating the workspace of continuum robots with more

complex structures. In the meanwhile, as the workspace is an essential parameter

for the optimisation design of continuum robots, the improved model will also help

the robot design process.

• Position and stiffness control in 3D space

In this thesis, the research on simultaneous position and stiffness control focused on

the 2D scenario. Therefore, potential future research can be further analysis of the

dynamical model and controller for 3D scenarios for continuum robots to further

improve their performance in different applications.
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