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ABSTRACT

In reinforcement learning, trust region constraint aims to control the difference
between two adjacent policies to be less than a pre-defined threshold, to stabilize the
policy optimization. The landmark algorithm in this research field is trust region

policy optimization (TRPO). However, how and where to apply this trust region control
and its related techniques remains a challenging issue. In this thesis, we will address
this problem from four perspectives.

To relax the trust region for promoting exploration ability, we propose trust region
policy optimization via entropy regularization for KL divergence constraint. Its novelty
lies in that a Shannon entropy regularization term is added to the constraint to adjust the
difference between two consecutive policies directly to select some potentially problematic
policies, rather than modifying the objective function as seen in existing literature.

To bound the trust region from below, we present twin trust region policy optimization.
At first, we propose a reciprocal trust region policy optimization through exchanging
the objective and the KL divergence constraint according to the reciprocal optimization
technique, which induces a lower bound of step size search. Then TRPO and its reciprocal
version are integrated to build twin TRPO, which has a lower bound and an upper bound
for step size search, to facilitate the optimization procedure of TRPO.

To characterize the trust region better for different environments, we construct an
enhanced proximal policy optimization (PPO) formulated as an unconstrained minimiza-
tion. The primary PPO with a single tunable factor is revisited, which is converted into a
linear combination to control the trade-off between the return and the KL divergence,
and then is inserted into a parameterized alpha divergence to replace KL divergence to
adjust the trust region constraint. This algorithm can be solved using gradient-based
optimization technique.

To adjust the trust region and enhance the sample efficiency, we implement diversity-
driven model ensemble trust region policy optimization. Firstly, we design a deep residual
attention U-net with significantly fewer weights as our base models and add normalized
Hilbert-Schmidt independence criterion as a regularization term to pursue model diver-
sity explicitly for the model ensemble. Moreover, we propose an adaptive TRPO, where
the parametric Renyi alpha divergence substitutes for KL divergence for measuring the
trust region with the alpha value adaptively adjusted during training iterations.

Finally, the effectiveness and efficiency of these proposed reinforcement learning
algorithms have been validated experimentally on several widely used benchmark
environments.
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1
INTRODUCTION

1.1 Background

Machine learning (ML) [16, 118, 139] is one of the hottest research areas in

artificial intelligence (AI) [87, 104, 110], which covers three main learning

paradigms: supervised learning, unsupervised learning and reinforcement

learning [6, 10, 105].

Supervised learning typically involves learning a function that maps an input to

an output based on sample input-output pairs. It uses labeled training data and a

collection of training examples to infer a function. The most common supervised tasks

are classification which separates the data, and regression which fits the data [10, 105].

Unsupervised learning analyzes unlabeled data sets, to extract generative features,

identify meaningful trends and structures, and provide a physical exploratory. The most

common unsupervised learning tasks are clustering, density estimation, association rule

mining, anomaly detection and so on [10, 105].

Being different from the aforementioned two learning paradigms, reinforcement

learning (RL) [34, 79, 81, 91, 93, 115, 123, 134, 151] tackles the unique problem of how

to act optimally in an unknown dynamic environment, which is also referred to as

data-driven sequential decision problem. The agent executes a sequence of actions in

the environment, and, by doing so, manipulates the state of that environment. Through

subsequent iterations of actions and feedback in the form of a reward, the agent learns

how to act more optimally, as shown in Figure 1.1.
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Agent

Environment

state
st

st+1

reward
r t

r t+1

action
at

Figure 1.1: Reinforcement learning framework.

Considering the breakthrough of AlphaGO and AlphaZero [112, 113], reinforcement

learning, especially deep reinforcement learning combining deep learning with rein-

forcement learning, has become a recognized technique for solving sequential decision

making problems. This has also been extended and applied to various classical and

novel real-world applications, like recommendation systems [1, 66], autonomous driving

[57, 158], combinatorial optimization [31, 75], medical imaging [51, 162], health care

[5, 152], game playing [116, 149] and generative AI [41, 142], and to list just a few.

Essentially, reinforcement learning aims to learn an optimal behavior policy by trial

and error in an interactive environment. A policy defines how the learning agent will

behave at a given time. Formally, a policy represents a mapping from a state to the

probability of selecting a possible action [123]. The agent’s goal is to improve this policy

to obtain higher rewards in a process called policy optimization [34].

Policy optimization gives rise to two main kinds of reinforcement learning methods:

value-based and policy-based optimizations [34], also referred to as value iteration and

policy iteration. The former optimizes the action-state value function to produce the

probability of an action being selected. Notable examples include Q-learning [138] and

its deep version (DQN) [80] are two representative examples. These methods usually

have lower variance in the estimates of expected discounted rewards and are generally

implemented using an actor architecture [45]. In contrast, they are mostly suited to

discrete action environments. Policy-based optimization optimizes the policy directly

according to the sampled rewards. REINFORCE [141] is an example of this type of policy

optimization. This category of methods generally suffers from a high variance in the

estimates of the gradient, leading to a slow training procedure, and is implemented using

a critic architecture [45].

Combining two strategies results in the more widely-used actor-critic group of tech-

niques, which optimize the value function as guidance for policy improvements [123].

These methods usually consist of two steps: policy evaluation and policy improvement.
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Widely-known methods include the actor-critic (AC) algorithm [60] and its variants

[123] plus the trust region policy optimization (TRPO) algorithm [106] and its variant:

proximal policy optimization (PPO) [107].

These actor and actor-critic methods originally aim to maximize the total expected

discounted rewards, as described by the actor-critic algorithm [60]. Alternatively, an

advantage function can be defined based on the state and the state-action value func-

tion, which can then be used to estimate a surrogate objective [106] based on impor-

tance sampling [36, 128]. In TRPO [106], this surrogate objective is maximized, when

Kullback-Leibler (KL) divergence [7, 156] between two adjacent policies falls below a

pre-determined threshold. This is a highly scalable and efficient approach to TRPO and

it has been implemented in many successful applications.

In RL community, it is widely recognized that the trust region constraint is one of the

most vital strategies to boost the success of TRPO. However, how and where to apply the

trust region and its related techniques remains a challenging issue. In this thesis, we

will investigate the following four aspects to address this problem.

For some application environments, such a strict constraint in TRPO possibly ex-

cludes all suspicious gradients. This typically stops the agent from fully exploring the

environment and negatively impacts the performance [64, 71]. One way to encourage

exploration is to insert Shannon entropy [29] or one of its related variants (e.g., log

probability [71]) into the expected reward or surrogate objectives. For example, in the

TRPO variant [103], entropy regularization is added to the surrogate objective. Similarly,

Ma [71] integrated entropy into the reward, and log probability into the state value

function and state-action value functions, to improve both TRPO and PPO. To the best of

our knowledge, this regularization strategy has only been applied to the objectives of

reinforcement learning algorithms. In this thesis, we argue for adding the regularization

term to the constraint, to relax the trust region for promoting the exploration ability.

On the one hand, the KL divergence constraint in TRPO is essentially to bound the

trust region from above, which prompts us whether to bound the trust region from below.

On the other hand, the TRPO is solved approximately and iteratively, which depends on

two factors: the search direction and the step size from the optimization view [15, 120].

The current solution can provide an upper bound of step size search, but no lower bound

is considered. This situation has a dramatic impact on evaluating an optimal step size.

In this thesis, we focus on how to find out a lower bound of step size search, to facilitate

TRPO solution further.

The approximate solution to TRPO essentially is a second-order optimization tech-
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1.2. RESEARCH OBJECTIVES AND OUTCOMES

nique [15, 120], which needs a Hessian matrix at each iteration. The PPO is a represen-

tative variant of TRPO, which builds an unconstrained optimization problem from TRPO

using the Lagrangian technique. Nowadays, there are three detailed forms: primary,

adaptive, and clipping. The clipping form is widely investigated experimentally, which

applies a clipping function to measure the trust region indirectly. In our thesis, we argue

for how to enhance the primary formulation effectively and simultaneously adjust the

explicit trust region measure via alpha divergence for different environments.

The aforementioned reinforcement learning algorithms belong to model-free tech-

niques, where the model indicates the dynamics of the environment. A main drawback of

these techniques is that they require a lot of interaction with the environment. To im-

prove the sample efficiency, model-based reinforcement learning is designed [69, 81, 92].

It is able to obtain millions of trajectories from the estimated model instead of expensive

interactions with the real environment. A more accurate environment model is based on

ensemble learning techniques [77, 99]. Further, TRPO is used as a basic policy optimiza-

tion algorithm [63, 70]. Additionally, each model is mainly built by simple deep neural

networks (i.e., multi-layer perceptron with ReLu activation function), which induces

millions of weights to be optimized. In this thesis, we focus on how to reduce the number

of weights via constructing a concise neural network architecture for the dynamics model

to boost the sample efficiency, and how to enhance TRPO via Renyi alpha divergence to

adjust the trust region automatically.

This research background is associated with trust region control, which will become

our focus in this thesis.

1.2 Research Objectives and Outcomes

According to the aforementioned background, we list our research questions and their

research outcomes and contributions in this section.

1.2.1 Research Questions

Concentrating on flexible trust region constraint, this study consists of four key Research

Questions (RQ) listed as follows:

RQ 1: How to regularize trust region policy optimization, to relax its trust region for

enhancing its exploration ability for policy optimization?
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1.2. RESEARCH OBJECTIVES AND OUTCOMES

RQ 2: How to bound the trust region from below and to find out a lower bound of step

size search, to facilitate the solution to trust region policy optimization?

RQ 3: How to characterize the trust region for different environments, to improve

the performance for primary proximal policy optimization effectively?

RQ 4: How to construct a diversity-driven deep neural network architecture for

dynamics model to boost the sample efficiency, and how to adaptively adjust the trust

region for policy optimization?

1.2.2 Research Objectives

In order to answer these research questions, the corresponding Research Objectives (RO)

are summarized as follows:

RO 1: To design a novel trust region policy optimization via regularizing K-L diver-

gence constraint, thereby relaxing the trust region to enhance the exploration ability for

policy optimization.

Figure 1.2: To relax the trust region from above, for Gaussian and discrete distributions.

The original trust region policy optimization is criticized for limiting its exploration

ability due to its strict KL divergence constraint. To this end, a widely-used way is to

embed an entropy regularization term to its objective. In our study, we alternatively

add such a regularization to its constraint, resulting in a novel trust region policy

optimization via entropy regularization for KL divergence constraint, which provides a

new regularization way to enhance the exploration for trust region policy optimization,

and relaxes the trust region from above in essence, as shown in Figure 1.2. In particular,

the adjusted trust region covers a larger variance area in Figure 1.2(a) for two Gaussian

distributions.
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1.2. RESEARCH OBJECTIVES AND OUTCOMES

RO 2: To propose a twin trust region policy optimization to bound the trust region

from below and thus to detect a lower bound of trust region, to facilitate the solution to

trust region policy optimization, with a proper range of step size search.

The primary trust region policy optimization essentially bounds the trust region from

above, so it is necessary to bound it from below. On the other hand, from optimization

viewpoint, the nonlinear trust region policy optimization is solved via a linear approxima-

tion to its objective and a quadratic approximation to its KL divergence constraint. This

solution depends on two aspects: a search direction and a step size. An optimal step size

is associated with a proper step size interval. Now an upper bound of step size is provided,

but no lower bound is considered yet. In this study, we leverage reciprocal optimization

to exchange the objective and the constraint, to construct a reciprocal trust region policy

optimization, which bounds the trust region from below, and whose approximate solution

can give a lower bound of step size. Combining such two trust region policy optimization

methods is to build a twin trust region policy optimization, which bounds the trust region

from below and from above, and whose approximate solution has a proper interval for

step size search. As shown in Figure 1.3, an adjusted lower bound of the trust region is

automatically detected via the least return setting.

Figure 1.3: To detect the trust region from below, for Gaussian and discrete distributions.

RO 3: To construct an alpha proximal policy optimization via a parametric alpha

divergence and a primary combined proximal policy optimization, to detect the trust

region with a proper alpha divergence for each environment.

The above trust region policy optimization methods principally apply a second-order

solution technique, which needs a Hessian matrix besides a gradient vector. Via the

Lagrangian multiplier technique, this trust region policy optimization is converted into
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1.2. RESEARCH OBJECTIVES AND OUTCOMES

Figure 1.4: To show the different trust regions with different alpha values in alpha
divergence.

an unconstrained problem, named proximal policy optimization, which has three forms:

primary, adaptive, and clipping. The last clipping form is widely used in experimental

comparison, but it utilizes a clipping function to measure the trust region indirectly. In

this study, we revisit the primary form and then enhance its performance via a linear

combination to control the trade-off between the surrogate return and the divergence,

and alpha divergence to measure the trust region more effectively. This study also aims

to apply alpha divergence to adjust the trust region for different environments. Figure

1.4 shows the distinct trust regions with different alpha values, which are detected by

different environments, as shown in Figure 1.5.

RO 4: To build a diversity-driven model ensemble adaptive trust region policy opti-

mization, to improve the sample efficiency and adjust the trust region adaptively.

The trust region policy optimization essentially belongs to an on-policy reinforcement

learning technique, which executes numerous interactions with the real environment con-

tinuously and thus has a relatively lower sample efficiency. Model-based reinforcement

learning builds a dynamics environment model using a small number of interactions

with the true environment, and its ensemble form further reduces the model variance,

to improve the sample efficiency. Nowadays the dynamics model is widely designed as

a multi-layer perceptron with ReLU activation function, with millions of weights to be

learned. In this thesis, we design a residual attention U-net for each dynamic model

with significantly fewer weights and further use Hilbert-Schmidt independence criterion

to enhance the diversity of learned models. For trust region policy optimization trained

by interactions with the learned ensemble model, we replace the KL divergence with
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Figure 1.5: To detect different alpha values for different environments.

the Renyi alpha divergence and adaptively adjust the alpha value during the policy

optimization. Our novel diversity driven model ensemble trust region policy optimiza-

tion improves the sample efficiency and adjusts the trust region adaptively. Figure 1.6

illustrates some different trust regions created by different alpha values in Renyi alpha

divergence, which would fit different return situations in the training stage.

Figure 1.6: To adjust the upper bounds of trust region with different alpha values in
Renyi alpha divergence.
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1.2.3 Research Contributions

The innovation of this study can be concluded as following aspects:

1. To enhance the exploration ability for trust region policy optimization, we propose

a novel entropy regularization strategy, which is to add an entropy regularization to

the constraint, rather than to the (surrogate) objective widely used in those existing

entropy regularization. Our strategy relaxes the trust region from above to enhance the

exploration ability.

2. To bound the trust region from below and build a more effective solution to trust

region policy optimization, we design a twin trust region policy optimization. At first,

to bound the trust region from below, we introduce a reciprocal trust region policy

optimization via exchanging the objective and the KL divergence constraint, according

to reciprocal optimization. It induces a lower bound of step size search. Our twin trust

region policy optimization is integrated by such two approaches, whose approximate

solution has an upper bound from the original trust region policy optimization and a

lower bound from reciprocal trust region policy optimization, to facilitate the policy

optimization effectively.

3. To describe the trust region much better for different environments, On the proxi-

mal policy optimization, i.e., the most famous variant of trust region policy optimization,

we revisit its primary proximal policy optimization and improve its performance further,

via defining its linear combination formulation for tuning the balance of two terms

conveniently and measuring the trust region with the parametric alpha divergence.

4. To improve the sample efficiency for trust region policy optimization, we design

a residual attention U-net with fewer weights to construct the dynamics environment

models and add a Hilbert-Schmidt independence criterion to increase the ensemble

model diversity. Further, to adjust the trust region, the KL divergence is replaced by

Renyi alpha divergence, whose alpha value is adaptively adjusted during the policy

optimization procedure.

1.3 Research Significance

Here, we state the significance of this research work, from the perspective of theory and

application, according to the proposed research questions, objectives, and contributions.
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1.3.1 Theoretical Significance

This research aims to enhance the performance of reinforcement learning algorithms

based on flexible trust region constraints, via adjusting the trust region properly. Our

entropy regularization strategy for the KL divergence constraint is to find an alternative

and effective way to enhance the exploration ability of trust region policy optimization,

with relaxing the trust region from above. Besides bounding the trust region from above,

twin trust region policy optimization bounds the trust region from below, which solves

the difficulty of searching for an optimal step size for the approximate solution in trust

region policy optimization. To measure the trust region for each environment, a linear

combination form can effectively adjust and control the balance between two terms in

proximal policy optimization, and the parametric alpha divergence provides a new way

to measure the trust region. The deep residual attention U-net for dynamics model

consists of fewer weights than the widely-used shallow deep neural network, which is

typically a lightweight model architecture. Hilbert-Schmidt independence criterion term

in the loss function promotes the diversity of ensemble model. Additionally, our adaptive

Renyi alpha divergence can adjust the trust region of trust region policy optimization

automatically.

1.3.2 Practical Significance

In this research, we apply our proposed reinforcement learning approaches to three

benchmark applications, including classic control, MuJoCo, and Box2d. On the one hand,

there reinforcement learning algorithms enrich the research contents. On the other hand,

their better performance provides an alternative for other benchmark and real-world

applications, for example, Atari, autonomous driving, health care, and so on.

1.4 Thesis Organization

This thesis is organized as follows:

Chapter 2: This chapter introduces preliminaries, including Markov decision process,

trust region policy optimization, benchmark environments, and performance evaluation.

Chapter 3: In this chapter, we present the literature review on various advances in

trust region policy optimization, which is divided into five aspects: taxonomy of existing

methods, TRPO and its variants, entropy regularized TRPO, PPO and its variants, and

model-based reinforcement learning.
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Chapter 1: Introdcution

Chapter 2: Preliminariers

Chapter 3: Literature review

Trust region constraint

Chapter 4:
Relax trust region from above

to answer RQ1 and achieve RO1

Chapter 5:
Bound trust region from above and below

to answer RQ2 and achieve RO2

Chapter 6:
Adjust trust region for environments

to answer RQ3 and achieve RO3

Chapter 7:
Measure trust region adaptively
to answer RQ4 and achieve RO4

Chapter 8: Conclusions and future work

Figure 1.7: The structure of this thesis

Chapter 4: This chapter proposes our trust region policy optimization via regularizing

KL divergence constraint. A detailed derivation procedure and a detailed solution are

provided, and then our proposed method is validated experimentally. This research

answers the research question 1 and achieves the research objective 1. The corresponding

research achievement was published as the Paper 2 in the List of Publications.

Chapter 5: In this chapter, we analyze the primary trust region policy optimization

and then propose a reciprocal trust region policy optimization. Combining such two

algorithms is to build our twin trust region policy optimization. The effectiveness of our

proposed technique is illustrated via some detailed experiments. This work answers

the research question 2 and achieves the research objective 2, which corresponds to the

published Paper 3 and the submitted Paper 5 in the List of Publications.
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Chapter 6: This chapter constructs an enhanced proximal policy optimization, which

stems from the primary proximal policy optimization and is modified by alpha divergence.

Its effectiveness is investigated experimentally. This study answers the research question

3 and achieves the research objective 3. This research outcome is shown in the List of

Publications as the published Paper 1.

Chapter 7: In this chapter, we build a concise dynamics model using a true deep neural

network architecture, which is based on U-net, residual net and attention mechanism,

and Hilbert-Schmidt independence criterion diversity index. On the other hand, an

adaptive TRPO is designed and implemented. Our experiments show the superiority of

our model-based reinforcement learning. This research answers the research question 4

and achieves the research objective 4, which is also summarized in the submitted Paper

5 of the List of Publications.

Chapter 8: This chapter is to conclude our research work in this thesis and to analyze

some future work.

Finally, we summarize the structure of this thesis in Figure 1.7.
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2
PRELIMINARIES

In this chapter, we will provide some preliminaries for reinforcement learning,

including Markov decision process, trust region policy optimization, benchmark

environments, and performance evaluation.

2.1 Markov Decision Process

Reinforcement learning consists of a discrete time discounted Markov decision process

[12, 13, 94, 140] defined by a tuple {S ,A ,P, r,γ,ρ0}, in which S and A respectively de-

note the state and action spaces of the agent; P(s′|s,a) : S ×A ×S 7→R (one-dimensional

real space) is the transition probability distribution from the state s ∈S to the next state

s′ ∈S after executing an action a ∈A ; r(s,a) : S ×A 7→R is the reward function of the

state s and the action a; γ ∈ (0,1) represents the discount factor; and ρ0 = P(s0) denotes

the initial state distribution [94, 123].

Let π : S ×A 7→ [0,1] be a stochastic policy. Given the current state st, the agent

executes an action at ∈A following a conditional probability distribution π(at|st). The

agent then receives a reward r t = r(st,at). At each time step t, we define a state-action

value function Qπ(st,at):

(2.1) Qπ(st,at)= Est+1,at+1,...∼π

[ ∞∑
l=0

γtr t+l

]
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and a state value function Vπ(st):

(2.2)
Vπ(st)= Eat,st+1,...∼π

[ ∞∑
l=0

γtr t+l

]
= Eat [Qπ(st,at)] .

Further, we construct an advantage function:

(2.3) Aπ(st,at)=Qπ(st,at)−Vπ(st).

These basic mathematical notions will be used to describe our research work.

2.2 Trust Region Policy Optimization

This section outlines TRPO [106] and a detailed solution procedure mathematically. Our

research work in this thesis stems from this famous TRPO.

2.2.1 Basic Mathematical Formulation of TRPO

Using a stochastic policy π, the agent collects a trajectory:

(2.4) τ= {st,at}∞t=1.

In this case, the expected discounted reward J(π), or the return, becomes

(2.5)

J(π)= Es0,a0,...∼π

[ ∞∑
t=0

γtr t

]
= Eτ∼π

[ ∞∑
t=0

γtr t

]
= Es0∼ρ0 [Vπ(s0)] .

Yet, given another policy π̂, the expected return might be estimated according to the

advantage function over π [34, 55, 106], and is then expressed as the following identity:

(2.6) J(π̂)= J(π)+Eτ∼π̂

[ ∞∑
t=0

γt Aπ(st,at)

]
.

This indicates that if the second term is positive, any policy update could guarantee an

improvement to the policy’s performance [78, 106]. However, it is difficult to optimize this

equation (2.6) since it depends on π̂. To this end, the relation (2.6) is locally approximated

as

(2.7) J(π̂)= J(π)+Eτ∼π

[ ∞∑
t=0

γt Aπ(st,at)

]
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which is based on π, rather than π̂. This ignores any changes in the state visitations

resulting from the policy change. Further, via importance sampling [36, 128], the second

term in (2.7) can be reformulated as

(2.8) R̄(π̂)= Eτ∼π

[ ∞∑
t=0

γt π̂(at|st)
π(at|st)

Aπ(st,at)

]
.

Now, the advantage function Aπ(st,at) is widely replaced with a generalized advantage

estimation (GAE):

(2.9) Â(st,at)=
∞∑

i=0
(γλ)iδt+i

where δt is the temporal difference error:

(2.10) δt = r t +γVπ(st+1)−Vπ(st)

and λ ∈ [0,1] is a new added parameter. Here, λ= 0 indicates a one-step advantage,

i.e., Â(st,at)= δt, while λ= 1 sums up δt over all one-step advantages, i.e., Â(st,at)=∑∞
i=0γiδt+i.

Assume that a policy π is parameterized by a set of parameters θ, denoted by πθ.

With the previous policy πθold , the agent interacts with the environment to collect some

trajectory data, and then the TRPO defines a concise surrogate objective from (2.8):

(2.11) R̂(θ)= Êt

[
πθ(at|st)

πθold (at|st)
Â(at, st)

]
.

Under these settings, the TRPO gives rise to a constrained maximization problem as

follows:

(2.12)
max R̂(θ)

s.t. Êt[DKL(πθ(at|st)||πθold (st|at))]≤ δ

where θ and θold are the parameter vectors corresponding to the current and previous

policies, respectively. DKL(·||·) indicates the KL divergence (or relative entropy) [130];

and δ is the threshold of KL divergence. Here, the constraint in (2.12) aims to bound the

trust region from above, as shown in Figure 1.2 in Chapter 1.

2.2.2 Kullback-Leibler Divergence

The Kullback-Leibler (KL) divergence was introduced in 1951 [62], which is also called

relative entropy in information theory. It is a type of statistical measure used to quan-

tify the dissimilarity between two probability distributions and is analyzed in several

different views [7, 97, 101, 156].
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Figure 2.1: KL divergence for Gaussian and discrete distributions

The KL divergence for two continuous random distributions (p(x) and q(x)) is defined

as

(2.13) DKL(p||q)=
∫

p(x) ln
p(x)
q(x)

dx.

In reinforcement learning, it is usually assumed that continuous actions satisfy a Gaus-

sian distribution. Given two univariate Gaussian distributions, i.e., p(x)∼ N(µp,σ2
p) and

q(x)∼ N(µq,σ2
q), this KL divergence will have a closed form:

(2.14) DKL(p||q)= 1
2

(
ln

σ2
q

σ2
p
+

σ2
p + (µp −µq)2

σ2
q

−1

)
.

Further, we consider that the n continuous actions (x = [x1, ..., xi, ..., xn]T) satisfy a

n-variate Gaussian distribution with a mean vector µ= [µ1,µ2, ...,µn]Tand a diagonal co-
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variance matrix (i.e., Σ= diag(σ2
1,σ2

2, ...,σ2
n). In this case, the KL divergence is simplified

to

(2.15)
DKL(p||q)=

m∑
i=1

1
2

(
ln

σ2
qi

σ2
pi
+

(
µpi−µqi

)2

σ2
qi

+ σ2
pi

σ2
qi
−1

)
=

m∑
i=1

DKL(pi||qi)

where p(xi)∼ N(µpi,σ2
pi) and q(xi)∼ N(µqi,σ2

qi). This also shows that KL divergence is

an additive model.

For two discrete distributions with n different probabilities (p = [p1, ..., pi, ..., pn]T

and q = [q1, ..., qi, ..., qn]T), the KL divergence is defined as

(2.16) DKL(p||q)=
n∑

i=1
pi ln

pi

qi
.

In Figure 2.1, we illustrate the KL divergence for Gaussian and three discrete

distributions. Further, it has been proven in [27, 62, 76, 130] that the KL divergence has

the following useful properties:

(a) Convexity: DKL(p||q) is convex with respect to both p and q;

(b) Strict positivity: DKL(p||q)≥ 0 and DKL(p||q)= 0 if and only if p = q.

2.2.3 The Solution to TRPO

Engstrom et al. [37] point out that code-level optimization has a major impact on agent

behavior in TRPO. Thus, in this sub-section, we provide a detailed procedure to solve

the optimization problem (2.12) of TRPO that follows the complementary material for

TRPO [106] and related reference [34]. Traditionally, the optimization problem (2.12) is

converted into a constrained minimization problem:

(2.17)
min − R̂(θ)

s.t. D̂KL(θ)≤ δ

where

(2.18)
R̂(θ)= Êt

[
πθ(at|st)

πθold (at|st)
Â(st,at)

]
D̂KL(θ)= Êt[DKL(πθ(at|st)||πθold (at|st))].

At first, R̂(θ) is approximated linearly around θold, i.e.,

(2.19)
R̂(θ)≈ R̂(θold)+ (θ−θold)T∇R̂(θold)

= R̂(θold)+ gT d
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where the descent direction d becomes

(2.20) d = θ−θold

and the gradient of R̂(θ) with respect to (wrt) θ is

(2.21) g =∇R̂(θold).

The constraint is approximated quadratically, i.e.,

(2.22)

D̂KL(θ)≈ D̂KL(θold)

+ (θ−θold)T∇D̂KL(θold)

+ 1
2 (θ−θold)T∇2D̂KL(θold)(θ−θold)

= 1
2 dT Hd

where the Hessian matrix H =∇2DKL(θold) is called a Fisher information matrix. In

term of the properties of KL divergence [27, 62, 76, 130], we have DKL(θold)= 0, and

∇DKL(θold)= 0.

Now, we obtain a linear-quadratic programming:

(2.23)
min − gT d
s.t. 1

2 dT Hd ≤ δ.

In order to estimate the descent direction d, the above constrained problem is reformu-

lated as an unconstrained problem via a Lagrangian multiplier technique:

(2.24) L(d)=−gT d+λ

(
1
2

dT Hd−δ

)
.

Let the gradient of L(d) be zero with respect to d, and then we have a set of linear

equations:

(2.25) Hd = 1
λ

g

and a search direction u formally:

(2.26) u = H−1 g =λd = d
η

after defining the step size η= 1/λ.

According to the constraint in (2.23), i.e.,

(2.27)
1
2

(ηu)T H(ηu)= 1
2
η2uT Hu ≤ δ
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2.2. TRUST REGION POLICY OPTIMIZATION

we have a maximum ηmax for the step size η:

(2.28) ηmax =
√

2δ
uT Hu

.

Further, since R̂(θ) can not be proven to be concave, a linear search is executed to find

out the optimal step shrinking index i∗, so as to ensure an improvement to the return

R̂(θ):

(2.29)

max R̂(θold +ηi
0ηmaxu)

s.t. D̂KL(θold +ηi
0ηmaxu)≤ δ

i = 0, ...,n
η0 ∈ (0,1)

where n is the number of linear searches, e.g., n = 15, and η0 is the shrinking factor.

Finally, the θ vector is updated as follows:

(2.30) θ = θold +ηi∗
0

√
2δ

uT Hu
u

which is used to train the actor in TRPO.

The critic is to minimize the following temporal difference error:

(2.31) min Êt

[
1
2

(r t +γV (st+1)−V (st))2
]

.

Since this is an unconstrained minimization problem, it can be optimized by many widely-

used gradient-based optimizers, for example, adaptive moment estimation (ADAM) [56].

2.2.4 Conjugate Gradient Algorithm for Search Direction

In order to avoid calculating the inverse matrix H in (2.26), the linear set of equations

Hu = g can be solved via the conjugate gradient method [42]. This method converts

Hu = g into a minimization problem:

(2.32) min
1
2
||Hu− g||22 =

1
2

uT Hu− gT u

which then is optimized via gradient descent method and conjugate gradient idea [42].

If H ∈Rn×n is symmetric, real, and positive definite, g ∈Rn, and Hu0 ≈ g, then the

conjugate gradient method [42] computes an optimal solution u∗ such that Hu∗ = g,

as summarized in Algorithm 1. Given the matrix H, the time complexity of each
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2.2. TRUST REGION POLICY OPTIMIZATION

Algorithm 1 Conjugate gradient method
1: INPUT: H, g and u0
2: PROCESS
3: k = 0
4: r0 = g−Hu0
5: while rk ̸= 0
6: k = k+1
7: if k = 1
8: p1 = r0
9: else

10: βk = rT
k−1rk−1

rT
k−2rk−2

11: pk = rk−1 +βk pk−1
12: end
13: αk = rT

k−1rk−1 − 1
pT

k H pk
14: uk = uk−1 +αk pk
15: rk = rk−1 −αkH pk
16: end
17: OUTPUT u∗ = uk

iteration (i.e., from the while (Line 5) to its end (Line 16)) is O(n2), since the most costly

computation stems from calculating the pt
kH pk.

Notably, however, it will be costly to compute and store the matrix H with some

large scale applications. In practice, only the vector Hu (i.e., H pk) is used frequently

in Algorithm 1, which is equal to the gradient of the KL divergence and is estimated

directly. Computing this full gradient needs a time complexity of O(n) [22]. In this case,

the time complexity of each iteration is reduced into O(n). Moreover, it is only to execute

several iterations to achieve a satisfactory performance, for example, m = 10 iterations.

Therefore the overall time complexity is O(mn), which implies that the scalability of the

conjugate gradient method is very good. Additionally, the space complexity is only O(n)

without storing the matrix H.

2.2.5 Trust Region Policy Optimization Algorithm

The TRPO consists of two networks: actor and critic, which are structured as deep

neural networks. For the state vectors, both of them are implemented by multi-layer

perceptron networks with ReLU activation function [2, 43], as shown in Figures 2.2

and 2.3. Generally speaking, the same architectures are designed except for the output

layers.
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Figure 2.2: The actor architecture, where |S | = 3 and |A | = 2.
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Figure 2.3: The critic architecture for the state value function, where |S | = 3 and |A | = 2.

On the other hand, these two networks correspond to the policy π(at|st) and the

state function V (st), respectively. This representation means that the actor and critic

are parameterized by the network weights (and bias terms), usually indicated by θ and

φ, respectively.

At last, we summarize the pseudo code for trust region policy optimization in Algo-
rithm 2.

2.3 Summary

In this chapter, we introduced Markov decision process and trust region policy optimiza-

tion, which will be used in the next several chapters to support our research in this
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Algorithm 2 The pseudo code of TRPO
1: INPUT
2: A specific experimental environment
3: An actor network architecture
4: A critic network architecture and its learning rate
5: A reward discount factor γ

6: A step size shrinking factor η0
7: A generalized advantage estimation factor λ

8: The number of episodes N
9: A random seed

10: INITIALIZATION
11: Initialize the actor and critic networks
12: Set a random seed in the environment
13: PROCESS
14: Execute the following procedure till reaching N
15: Collect trajectory data by running the current policy πθ in the environment
16: Calculate the generalized advantage estimation Â(st,at)
17: across the entire trajectory
18: Update the actor policy network as follows
19: Calculate the gradients for the surrogate objective: g
20: Solve a set of linear equations to generate: u
21: Execute a linear search for the step size: η
22: Update the weights of the actor network θ

23: Update the critic value network by optimizing (2.31)
24: OUTPUT
25: The trained actor and critic networks

thesis.
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3
LITERATURE REVIEW

In the above chapter, we provide some preliminaries for trust region policy opti-

mization. In this chapter, we will review some related work for trust region policy

optimization reported in the literature after a taxonomy of reinforcement learning

algorithms is summarized.

3.1 Taxonomy of Reinforcement Learning Algorithms

Nowadays, there are many reinforcement learning algorithms, which can be catego-

rized according to different viewpoints. Here we only introduce several categorizations

associated with our research.

Offline vs online. The offline RL is to learn exclusively from static datasets of

previously collected interactions, while the online RL is to interact with the actual

environments to collect some trajectories in real time way [93]. In this thesis, we focus

our study on online setting.

On-policy vs off-policy. Under on-policy situation, an agent is free to interact with

the environment and must collect a new set of experiences after every update to its

policy. For off-policy cases, besides some real time interactions with the environment, a

replay buffer is used to store some experienced data, from which some collected data are

extracted to update its policy [34, 123].

Value optimization and policy optimization. In on-policy RLs, an agent aims to

improve its policy to achieve a higher reward in the process named policy optimization,

23



3.2. TRUST REGION POLICY OPTIMIZATION AND ITS GENERAL VARIANTS

which is based on two strategies: value-based optimization and policy-based optimization,

and further are implemented by critic and actor architectures, respectively. The former

optimizes an action-state value function to produce a probability of selecting an action.

The latter optimizes the policy directly according to the sampled rewards. Currently,

such two strategies are combined to form a hybrid one, implemented by actor-critic

architecture [34, 123].

Model-free vs Model-based. Here, the model implies an environment dynamics

model to represent the transition probability distributions (and rewards). In model-free

RL, it is assumed that each environment has its existing dynamic model to emit the

transition probability and reward. In model-based RL, such a model needs to be trained

via a small number of interactions with the environment, which produces some pseudo

trajectories to update the policy. It is widely recognized that model-based RL techniques

can achieve a higher sample efficiency than model-free ones. [69, 92].

According to the above categorization, our research in this thesis belongs to two

aspects: on-policy actor-critic RL methods and model-based on-policy RL techniques. In

the following sections, we will review some related work associated with our research.

3.2 Trust Region Policy Optimization and its General
Variants

The original TRPO is a typical on-policy reinforcement learning technique, which has

been extended to create several on- and off-policy variants. In [123], it is pointed out

that, on-policy methods attempt to evaluate and improve the policy that is used to make

decisions, whereas off-policy methods evaluate and improve a policy being different from

that used to generate the data. In practice, what differentiates between both of them

is that a replay buffer is used to store some experienced data for off-policy techniques

particularly.

3.2.1 On-policy TRPO Variants

Kronecker-factored approximate curvature (K-FAC) is an efficient method for approx-

imating the natural gradient descent in neural networks [73]. In Wu et al. [143], the

researchers modified the K-FAC to optimize actor-critic with a trust region to result in

an actor-critic method with Kronecker-factored trust region (ACKTR).

24



3.2. TRUST REGION POLICY OPTIMIZATION AND ITS GENERAL VARIANTS

Most continuous action methods assume a Gaussian distribution with a diagonal

covariance matrix. However, some researchers have looked to improve the performance

of the reinforcement learning techniques by investigating more complicated probability

estimations. For example, normalizing flows are a class of generative models that trans-

form a simple probability distribution, such as a normal Gaussian distribution, into a

more complicated distribution via a sequence of invertible and differentiable mappings

[59]. Tang and Agrawal [125] boosted TRPO by normalizing this flow policy, while Terpin

et al [126] explored optimal transport discrepancies to define which trust regions to

enhance in a method called OT-TRPO.

To investigate the global convergence of TRPO as well as PPO (proximal policy

optimization) [107], Liu et al. [67] constructed a variant of TRPO and PPO with an

over-parameterized neural network. The model converges globally at a sub-linear rate to

provide optimal policy updates.

Compared to TRPO, Quasi-Newton trust region policy optimization (QNTRPO) [54]

modifies three aspects of TRPO: i) A quadratic approximation via a Quasi-Newton

approximation of the Hessian matrix is used to replace the inverse matrix of Hessian

matrix; ii) The Dogleg method is used to define the step size; and iii) The adaptive change

of the step size is adjusted by the classical trust region constraint.

Because TRPO’s solution is approximate it is sometimes not possible to find an

optimal solution within the trust region. Hence, Otto et al. [89] proposed differentiable

neural network layers to enforce a trust region specially for deep Gaussian policies via

closed form projections.

To enhance the robustness and adaptiveness of the agent, Queenty et al. [96] devel-

oped an uncertainty-aware trust region policy optimization (UA-TRPO), which controls

finite-sample estimation errors in two key components of TRPO: (a) the policy gradient

which directly considers the uncertainty in the policy gradient estimate; and (b) the trust

region metric which restricts policy updates to a subspace of the trust region via the

observed trajectories.

Additionally, more complicated solutions have been devised. For example, Zhao et

al. [160] solved the trust region subproblem via a preconditioned stochastic gradient

method and a linear search scheme that ensures each step contributes to the model’s

function and stays in the trust region. Based on mirror descent [11], Shani et al. [109]

considered a sample-based TRPO, which converges quickly to the global optimum.

Some more complicated situations have been also investigated. For example, Aziz-

zadenesheli et al. [8] presented a solution for generalized trust region policy optimization
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(GTRPO). This method copes with both the Markov decision processes and any partially

observable Markov decision process to guarantee that the policy updates monotonically

improve the expected cumulative rewards. Li and He [65] put forward the concept of

multiagent TRPO. And, Zhang and Roos [157] considered averaged reward rather than

the more widely-used discounted reward within an infinite-horizon environment. For safe

reinforcement learning, Zhang et al. [155] considered a safety criterion as a constraint on

the conditional value-at-risk (CVaR) of accumulative costs, and then proposed a CVaR-

constrained policy optimization to maximize the expected return under a limited upper

tail of constrained costs. As a byproduct, a trust region method for CVaR constrained

MDPs is introduced, which essentially adds a new constraint: CVaR into TRPO. However,

no experiment is reported in [155].

What all these variants of TRPO have in common is that they are constrained forms

of TRPO. However, the proximal policy optimization (PPO) algorithm [107] converts

TRPO into an unconstrained optimization problem via a technique involving Lagrangian

multiplier. This new optimization problem is solved through a first-order gradient opti-

mization. Further, the clipping variant of PPO uses a clipping function to replace the KL

divergence, which indirectly restricts the trust region [34].

3.2.2 Off-policy TRPO Variants

Since the original on-policy TRPO requires a large amount of on-policy interaction with

the environment. Several off-policy variants of TRPO have been investigated. These

variants generally improve sample efficiency.

In the sparse reward variant, the agent is only rewarded when it reaches the desired

goal. This negates the need to design a nuanced reward mechanism. The concept of

hindsight is also an attractive idea, which refers to the algorithm’s ability to learn

from information across goals, including past goals not intended for the current task.

Purposing hindsight to sparse rewards, Zhang et al. [154] proposed a hindsight TRPO,

i.e., HTRPO, which introduces a hindsight goal filtering strategy to cope with sparse

reward applications. Lastly, Meng et al. [78], outlined an off-policy TRPO, where the

surrogate objective is based on both on-policy and off-policy data. The solution guarantees

a monotonic improvement further theoretically.
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3.3 Entropy Regularized Trust Region Policy
Optimization

Entropy regularized TRPOs and their variants add a proper entropy regularization

term [29, 83, 127] to their objectives. This is believed to help with exploration because

it encourages the agent to select policies more randomly [3], and hence the agent’s

performance improves. As in the last section, we also divide these variants into two

sub-categories: on-policy and off-policy.

3.3.1 On-policy Entropy Regularized TRPOs

Roosraie and Ebadzadehis variant [103] adds a regularizer to the surrogate objective,

while in Eysenback and Levineis work [38], the regularizer is added to the expected

cumulative rewards without a discount factor. Ma [71], however, adds entropy and log

probability regularization terms to the discounted rewards. In Cayci et al. [20], the value

function is regularized and approximated linearly using a softmax parameterization, in

which no constraint is considered. Similarly, the entropy regularization can be applied

to the value functions to yield fast convergence [21]. Akrour et al. [4] treat entropy

regularization as a second constraint. They then use a set of projections to transform

their constrained problem into an unconstrained one. However, notably, the subsequent

optimization procedure is rather complicated. Ahmed et al [3] experimentally observed

that adding entropy regularization results in a smooth objective which, in turn, leads to

faster convergence.

3.3.2 Off-policy Entropy Regularized TRPOs

Path consistency learning (PCL) [84] minimizes the notion of soft consistency errors

along multi-step action sequences extracted from both on- and off-policy trajectories. In

[85], the research team combined PCL with a trust region strategy. Hence, an off-policy

trust region method (i.e., TRUST-PCL) for continuous control was proposed, which adds a

discounted entropy regularization term to the surrogate objective. Soft actor critic (SAC)

[48] is a representative off-policy reinforcement learning algorithm based on maximum

entropy that adds an entropy regularizer to the expected reward, thus building a linearly

composite objective.
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3.4 Proximal Policy Optimization and its Variants

In the aforementioned two sections, TRPO and its various variants need a second-order

optimization approach, which evaluates a Hessian matrix at each update step. Proximal

policy optimization (PPO) [107] converts the constrained optimization in TRPO into an

unconstrained one, which is solved using a first-order optimization technique, that is,

a gradient vector is calculated at each update step. Now, there are three main forms of

PPO: primary, adaptive, and clipping [107]. In this section, we will review PPO and its

main improvements so far.

3.4.1 PPOs Variants with Trust Region

The primary PPO is formulated as an unconstrained optimization, i.e., accumulative

discount return term plus KL divergence, via a penalty factor to control the trade-off

between these two terms. In PPO-lambda [23], a single penalty factor is adaptively

adjusted. To the best of our knowledge, this is the sole modification of primary PPO.

The adaptive PPO adjusts the penalty factor dynamically during its policy update,

with three additional tunable parameters, besides the original tunable factor. In [35],

two early stopping optimization techniques for an adaptive PPO variant are investigated,

KLE-Stop stops the policy update within an epoch when the mean KL divergence exceeds

a pre-defined threshold, and KLE-Rollback rolls back the policy before the update

iterations. Recently, this adaptive PPO has been extended to a continuous time/space

situation, which corresponds to a continuous PPO (CPPO) with adaptive penalty constant

[159], for continuous reinforcement learning.

3.4.2 PPOs Variants without Trust Region

The clipping uses a clipping factor to replace both the KL divergence and the tuning

factor, which has become the most popular form in the literature. For this clipping PPO,

it is argued whether the clipping function could act as the penalty term as in the primary

and adaptive PPOs. In [135], two improvements are presented to construct a modified

PPO (TR-PPO-RB), where a new clipping function is proposed to support a rollback

behavior to restrict the probability ratio of the current policy to the previous one (PPO-

RB), and the KL divergence is calculated to enforce the trust region constraint (TR-PPO)

outside of each PPO update. Further, this PPO-RB with a sloped clipping function is

improved by a curved tanh function in [163]. In trust region-guided PPO (TRGPPO) [136],
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the clipping range is adjusted adaptively by the trust region to improve the exploration

behavior of the clipping PPO. In [119], an early stopping policy optimization (ESPO)

is proposed, which uses the surrogate objective in the clipping PPO without any ratio

clipping and considers an indicator function to estimate an optimal time point to drop out

from the multiple optimization epochs rather than a fixed number of optimization epochs

in the clipping PPO. A fast proximal policy optimization (FastPPO) is proposed in [161],

which replaces the primary minimum operation with two accelerating operations: linear

pulling and quadratic pulling. In simple policy optimization (SPO) [145], to characterize

the trust region better, a novel clipping function is integrated into PPO to describe the

KL divergence between two adjacent policies.

To improve the exploration ability and to deal with the possible negative advantage

estimation, an upper confidence bound advantage function PPO is presented (UCB-

AF) [144], which calculates the confidence of the advantage estimation according to

Hoeffding’s inequality, and adjusts the advantage estimation with an upper confidence

bound. By introducing an alpha-policy to stand as a locally superior policy, gradient

informed proximal policy optimization (GI-PPO) [114] incorporates analytical gradients

from differential environments into PPO framework, in which by adaptively modifying

the alpha value the influence of analytical policy gradients can be managed in the

learning process.

As a representative actor-critic architecture, the critic network provides the value

function estimation for the actor network, but the latter network does not link to the

former inversely. In PPO with policy feedback (PPO-PF) with a similar objective in

clipping PPO [46], the policy from the actor guides the critic update, resulting in a

collaborative update procedure for the two networks.

To deal with more complicated RL settings, in [159] on safe reinforcement learning,

a safety criterion defined as the conditional value-at-risk (CVaR) of cumulative costs

is considered, and a CVaR-constrained policy optimization is proposed, which can be

regarded as a safe version of clipping PPO. For the infinite horizon environments, under

the average reward setting, PPO is extended to average reward PPO in [72] for the

long-run performance evaluation.

The above improvements on clipping PPO are still under on-policy situation. To

enhance sample efficiency and exploration ability, an off-policy advantage function is

calculated via the reuse of previous policies, and then a proximal policy optimization

with advantage reuse (PPO-AR) is first constructed [24]. Subsequently, two variants are

considered, where proximal policy optimization with advantage reuse of competition
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(PPO-ARC) is designed to promote the sample efficiency, and proximal policy optimization

with generalized clipping (PPO-GC) is aimed to change the policy flat clipping boundary.

3.5 Different Divergences for Trust Regions

To measure the difference between two policies, i.e., the trust region, besides KL diver-

gence, various divergences or distances are investigated in the reinforcement learning

community.

In TRPO [106], the original divergence is a total variance divergence (TV), which is

essentially equal to half the absolute distance between two discrete distributions. Then,

this TV is replaced by KL divergence [130], as an upper bound of TV. In [14], f-divergence

constrained policy improvement is introduced, the algorithms of which are very similar

to TRPO. It is worth noting that alpha divergence belongs to the f-divergence class as

stated in [7]. In divergence actor-critic (DivAC), the Renyi alpha divergence is verified,

which limits non-negative alpha values [150]. The above divergences all serve to measure

two action distributions. However, in divergence augmented policy optimization (DAPO)

[132], the Bregman divergence [7] is estimated for two state distributions of two policies,

which is used in a novel class of mirror descent methods [52, 148].

The original PPO [107] considers the KL divergence [130]. In [25], a squared dif-

ference between two distributions is defined as a point probability distance, which is

very similar to a squared Euclidean distance and becomes a lower bound of TV, to build

a policy optimization with point probability distance (POP3D). The raw Pearson (PE)

divergence is proposed in [146], which is generalized to construct a relative PE diver-

gence in PPO-RPE in [58]. The correntropy [68] was introduced for non-Gaussian signal

processing, which replaces KL divergence to build CIM-PPO in [47]. In order to combine

off-policy advantages into on-policy algorithms, generalized PPO with sample reuse

(GePPO) [95] comes back to the original TV in TRPO.

3.6 Model-based Reinforcement Learning with Trust
Region

Both TRPO and PPO belong to model-free reinforcement learning [69, 81, 92], which

executes numerous interactions with the true environment to achieve a satisfactory

performance. This results in lower sample efficiency. To cope with this limitation, model-
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based reinforcement learning has been considered [69, 81, 92], which aims to learn

an environment’s dynamics model with a reduced amount of interactions with the

true environment. Further, ensemble learning [63, 77, 99] is applied to enhance the

learned models. In this section, we mainly review related work on model-ensemble-based

reinforcement learning.

During 1990 and 1991, the RL pioneer Sutton proposed the first model-based RL

algorithm Dyna [121, 122, 124], in which the training procedure iterates between two key

steps. First, using the current policy, some trajectory data is gathered from interaction

with the environment, which then is used to learn the dynamics model. Second, the

policy is improved with imagined data generated by the learned dynamics model. This

work established a famous Dyna-style framework for MBRL. Plaat et al. [92] generalize

this framework to simplify MBRLs into two aspects: learning and planning. The former

is to learn a local transition dynamics model to enhance the sample efficiency of the

policy learning, under a supervised learning paradigm. The latter is to apply a planning

algorithm (e.g., policy optimization or model predictive control (MPC)) to improve the

behavior policy.

It is usually found that policy optimization tends to exploit regions where insufficient

data is available to train the model, leading to catastrophic failures. This issue is referred

to as model bias [32], and occurs relatively frequently in some single model learning

methods [81, 92]. To reduce this bias, some researchers have shifted their interests to

ensemble learning [77, 99], which builds a set of dynamics models and then integrates

them into a composite dynamics model, which is regarded as model ensemble RL or

simply MERL. In this study, we will pay more attention to these state-of-the-art ensemble

models based on deep learning techniques.

The first algorithm is model-based trust region policy optimization (ME-TRPO) [63],

which uses an ensemble of deterministic neural networks to model the environment

dynamics, without a reward function. This ensemble is trained by minimizing the

squared L2 error loss, using some samples collected from the true environment. It is

worth noting that these networks only differ by the initial weights and the order in which

mini-batches are sampled. In the policy learning step, the policy is updated using TRPO

[106] according to fictitious samples generated by one of the learned dynamics models

chosen at random.

In principle, stochastic lower bounds optimization (SLBO) [70] is a variant of the

above ME-TRPO with theoretical guarantees of monotonic improvement. In practice,

instead of using a single-step squared L2 error loss, SLBO uses a multi-step L2-norm
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loss to train the dynamics models. Additionally, the dynamics models are trained using

some noisy samples, the update for dynamics and policy is repeated several times and

the entropy regularization term is added to the objective of TRPO.

Probabilistic ensembles with trajectory sampling (PETS) [26] combines uncertainty-

aware deep network dynamics models with sampling-based uncertainty propagation. In

the PETS algorithm, the dynamics are modeled by an ensemble of probabilistic neural

network models, which captures both epistemic uncertainties from limited data and

network capacity, and aleatoric uncertainty from the stochasticity of the ground truth

dynamics. Note that these networks are trained with identical size subsets sampled from

the collected trajectory data randomly with replacement. Combining random shooting

(RS) [98] and cross-entropy method (CEM) [17] from model predictive control (MPC),

respectively, this technique induces two detailed algorithms: PETS-RS and PETS-CEM. It

is worth noting that both MPC approaches could result in a relatively high computational

complexity.

Model-based policy optimization (MBPO) [53] can be regarded as a variant of PETS

with theoretical guarantees of monotonic improvement. To generate a prediction from

the ensemble, a model is selected uniformly at random, allowing for different transitions

along a single model rollout to be sampled from different dynamics models. MBPO adopts

off-policy soft actor-critic (SAC) [48] as its policy optimization algorithm. In its model

usage, the branching strategy is applied, in which model rollouts begin from the state

distribution of a different policy under the true environment dynamics. There are two

improved versions of MBPO. Masked model-based actor-critic [90] reduces the influence

of model error with a masking mechanism that trusts the model when it is confident and

eliminates unreliable model-generated samples. Conservative model-based actor-critic

(CMBAC) [137] learns multiple estimates of the Q-function from the ensemble models

and averages the bottom-k estimates to optimize the policy.

Note that there are two ensemble strategies: averaging over a set of dynamics models

and selecting one of the trained models, which are possibly used in different available

software packages in Github.

We summarize these main characteristics of the four MERL algorithms in Table 3.1,

in which TRPO is a mainstream algorithm for policy optimization.
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Table 3.1: Main characteristics of existing model ensemble RL methods

Method Learning Planning
ME-TRPO Deterministic function: TRPO

2/4 layer deep neural networks (on-policy)
(Squared L2 error loss,
different initial weights,
identical sample subsets)
Model ensemble:
Select one randomly

SLBO Deterministic function: TRPO with
Deep neural networks entropy
(L2 error loss, regularization
different initial weights, (on-policy)
identical sample subsets)

PETS Stochastic function: RS
3 layer probabilistic neural networks CEM
(Negative log probability loss, (MPC)
different subsets sampled with
replacement)

MBPO Stochastic function: SAC
probabilistic neural networks (off-policy)
(L2 error loss and variance loss
different initial weights,
identical sample subsets)

3.7 Research Gaps Identified in Literature Review

According to the aforementioned review on literature, we summarize the following

research gaps:

• In reinforcement learning, it is of importance to control the trade-off between

exploration and exploitation. The primary trust region policy optimization is often

criticized to compress its exploration ability due to its strict constraint on two

adjacent policies. To this end, it was widely to add the Shannon entropy to its

(surrogate) objective, to promote the exploration ability. However, this is an indirect

strategy to search for some suspicious policies. In this thesis, we argue whether

it is possible to find out a direct way to embed this Shannon entropy. This is the

first gap from an indirect entropy regularization to a direct one, identified in our

literature review.
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• From an optimization technique viewpoint, a successful approximate solution to a

non-linear constrained problem is associated with two key factors: search direction

and step size, in which the latter needs a proper interval. The existing solution to

trust region policy optimization only provides an upper bound of step size, but is

short of a lower bound, which results in a negative impact on an effective solution

to trust region policy optimization. The second gap to be bridged is to find out an

appropriate lower bound to construct an interval of step size for trust region policy

optimization.

• The most popular version of proximal policy optimization is its clipping form,

which uses a clipping function to replace the KL divergence to measure the dif-

ference between two successive policies indirectly. It seems necessary to revisit

the primary version which covers the KL divergence to characterize two adjacent

policy difference directly. Additionally, we argue whether the distinct environments

need different divergences to reflect their policy difference effectively. This induces

the third gap from the clipping version to the primary one for proximal policy

optimization and from the KL divergence to a parameterized divergence.

• It is widely recognized that the ensemble model-based reinforcement learning can

enhance the sample efficiency to some extent, which consists of two iterative steps:

building an ensemble dynamics model and learning a policy. The existing dynamics

models are simply assembled using several deep neural networks, without consid-

ering an explicit model diversity. When the policy is trained via trust region policy

optimization, it is also argued whether a parameterized divergence form can work

better. This results in the fourth gap from the simple ensemble dynamics model to

a light-weight and diverse ensemble dynamics model, and from the KL divergence

to a more complicated parameterized divergence.

In the next four chapters, we will bridge or narrow these four gaps, which will

improve the performance of reinforcement learning algorithms and moreover enrich the

achievements in related reinforcement learning areas.

3.8 Summary

In this chapter, we reviewed some related work on trust region policy optimization, its

variant proximal policy optimization, and its model-ensemble-based techniques, which

will provide a good foundation for our research work in this thesis.
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4
ENTROPY REGULARIZED CONSTRAINT TRUST REGION

POLICY OPTIMIZATION

In this chapter, we will extend trust region policy optimization via applying an

entropy regularization to the Kullback-Leibler divergence constraint.

4.1 Introduction

In Chapter 2, we review the TRPO [106] detailedly, which maximizes a surrogate objec-

tive associated with a generalized advantage function and importance sampling, when

the KL divergence between two adjacent policies is lower than a pre-determined thresh-

old. The scalability and efficiency of TRPO approach have seen it successfully taken up in

many applications. However, it has a strict constraint, which restricts the updating policy

and its previous one in the pre-defined trust region. For some application environments,

such a strict constraint possibly excludes all suspicious gradients. This typically stops

the agent from fully exploring the environment and hurting the performance [64, 71].

One way to encourage exploration is to insert Shannon entropy [29] or one of its re-

lated variants (e.g., log probability [71]) into the expected reward or surrogate objectives.

For example, in TRPO variant [103], entropy regularization is added to the surrogate

objective. Similarly, Ma [71] integrated entropy into reward, and log probability into

state value function and state-action value functions, to improve TRPO. In this study,

we refer to this kind of entropy-regularized objective TRPO as ERO-TRPO. To the best
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4.1. INTRODUCTION

Figure 4.1: KL divergence: (a) two univariate normal distributions (p(x)∼N(µp,σ2
p)

and q(x)∼N(µq,σ2
q)), and (b) two discrete variate distributions (p = [p1, p2]T and

q = [q1, q2]T), where each black curved line corresponds to the same divergence value.

of our knowledge, this regularization strategy has so far applied to the objectives of

reinforcement learning algorithms, which is an indirect way to control the exploration.

In reinforcement learning community, it is widely assumed that continuous actions

will satisfy a Gaussian distribution with a diagonal covariance matrix and that discrete

actions will follow a discrete distribution law. Additionally, the KL divergence is convex

with respect to its two distributions [7], as shown in Figure 4.1. In such cases, many

distinct distributions could induce the same KL divergence values. But, to encourage

exploration [64], we have to search for some different policies, rather than simply using

the approximated ones.

Our suggested alternative is to add an entropy regularization to the KL divergence

constraint, to build an improved TRPO with entropy regularization for KL divergence.

We term this method ERC-TRPO, which directly controls and adjusts the exploration

of the agent using its constraint. Further, considering the viewpoint in Engstrom et al.

[37], which highlights that code level optimization has a big impact on reinforcement

learning, we also have provided an extremely detailed solution procedure for our ERC-

TRPO, rather than a draft framework for solving the original TRPO [106]. Additionally,

we also show that three TRPO-type methods have an almost equal time complexity

theoretically. Finally, through an extensive series of experiments comparing ERC-TRPO

with TRPO and ERO-TRPO in eight different benchmark environments, we can verify

that ERC-TRPO is an effective and efficient reinforcement learning approach.

In summary, our work makes three contributions to this chapter:
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• We propose a novel entropy regularized TRPO that adds Shannon entropy to the KL

divergence constraint which prompts TRPO into better and wider explorations. To

the best of our knowledge, this is the first TRPO variant to regularize its constraint

to control the exploration directly;

• We provide a detailed solution procedure for our ERC-TRPO, and the same proce-

dure for ERO-TRPO and TRPO, which benefit a fair experimental comparison for

such three algorithms;

• Extensive experiments conducted within eight benchmark environments show just

how effective and efficient ERC-TRPO is, via comparing to TRPO and ERO-TRPO.

The rest of this chapter is organized as follows. In Sections 4.2 and 4.3, we provide a

mathematical description and detailed solution for our novel ERC-TRPO, respectively.

We compare three TRPO-type methods in Section 4.4. Our detailed experiments are

reported in Section 4.5. Finally, we summarize our work in this chapter.

4.2 TRPO with Entropy Regularization for KL
Divergence Constraint

The aforementioned TRPO in Chapter 2 is either constrained in a trust region or strictly

excludes all suspicious gradients, which suppresses exploration ability of the agent and

thus hurts performance of the agent [71]. In this section, we apply Shannon entropy

to improve the original TRPO, and then propose an enhanced TRPO with entropy

regularization for the KL divergence constraint.

4.2.1 Shannon Entropy

Before deriving our novel TRPO variant, we introduce Shannon entropy and its special

case for a Gaussian distribution [29].

Given a continuous random vector x, whose probability distribution is p(x), its

Shannon information entropy is defined as

(4.1) H(x)=−
∫

p(x) ln p(x)dx.

More specially, for a univariate normal distribution p(x)∼ N(µ,σ2), we have

(4.2) H(x)= 1
2

(
ln(2πeσ2)

)
.
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4.2. TRPO WITH ENTROPY REGULARIZATION FOR KL DIVERGENCE
CONSTRAINT

Figure 4.2: Shannon entropy for (a) an univariate normal distribution, (b) two discrete
variates, and (c) three discrete variates.

This relation shows that the entropy H(x) only depends on the variance σ2. In ad-

dition, this entropy is possibly negative for 0<σ< 0.242. Further, when a n-variant

random vector x = [x1, ..., xi, ..., xn]T satisfies a normal distribution with a mean vec-

tor µ= [µ1,µ2, ...,µn]Tand a diagonal covariance matrix (i.e., Σ= diag(σ2
1,σ2

2, ...,σ2
n), the

entropy becomes

(4.3) H(x)=
n∑

i=1

1
2

(
ln(2πeσ2

i )
)
.

It is worth noting that Eq. (4.3) is also additive, just like KL divergence in Chapter

2. In Figure 4.2 (a), we show the Shannon entropy curve for an univariate normal

distribution, which is a monotone increasing function.

For a discrete distribution with n probability values, i.e., p = [p1, ..., pi, ..., pn]T and∑n
i=1 pi = 1, the Shannon entropy is defined as

(4.4) H(p)=−
n∑

i=1
piln(pi).

Figure 4.2 (b) and (c) illustrate the Shannon entropy for two and three discrete variates.

As shown, this entropy is mathematically concave.

These definitions show that the Shannon entropy is an uncertainty metric [29]. The

larger the entropy is, the more uncertain the system becomes. When this entropy is

regarded as a regularization term to apply to TRPO, we can control the exploration to

collect a more diverse trajectory to train a better policy, which reversely benefits our

trajectory collection.
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4.2.2 TRPO with Entropy Regularization for KL Divergence
Constraint

To the best of our knowledge, existing entropy-regularized TRPOs mainly add an entropy

regularization term into their objective functions. As an example, in this thesis, we only

list the following form from Roosraie and Ebadzadeh’s work [103]:

(4.5)
max Êt

[
πθ(at|st)

πθold (at|st)
Ât +αH(πθ(at|st))

]
s.t. Êt[DKL(πθ(at|st)||πθold (at|st))≤ δ

where α indicates the regularization constant. We refer to this form as ERO-TRPO,

noting that it can be solved using the aforementioned solution for TRPO in Chapter 2.

This ERO-TRPO increases the uncertainty of the policy indirectly via adding an entropy

regularizer to the surrogate objective, to increase the difference of two adjacent policies

to enhance the exploration ability of the agent.

Next, we will outline how to derive our novel entropy regularized TRPO.

First, by regularizing the KL divergence with Shannon entropy, the original TRPO is

reformulated into the following constrained maximization problem:

(4.6)
max Êt

[
πθ(at|st)

πθold (at|st)
Ât

]
s.t. Êt[DKL(πθ(at|st)||πθold (at|st))−βH(πθ(at|st))]≤ δ

where β> 0 is a regularization constant. Here the constraint can adjust the trust region

automatically and adaptively via the entropy term, to control the exploration ability

effectively. After we define

(4.7)

R̂(θ)= Êt

[
πθ(at|st)

πθold (at|st)
Ât

]
D̂KL(θ)= Êt[DKL(πθ(at|st)||πθold (at|st))]

Ĥ(θ)= Êt[H(πθ(at|st))]

the above enhanced TRPO is simplified into

(4.8)
max R̂(θ)

s.t. D̂KL(θ)−βĤ(θ)≤ δ

where the constraint relaxes the upper bound of trust region to promote the exploration

ability. Finally, we refer to this form as an enhanced trust region policy optimization

with entropy regularization for a KL divergence constraint, or simply ERC-TRPO.
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4.3 The Solution to ERC-TRPO

This section provides an approximate solution to our ERC-TRPO.

On the one hand, similarly in the TRPO of Chapter 2, we apply a quadratic approxi-

mation for the KL divergence and a linear one for the return.

On the other hand, since the entropy is monotone increasing for continuous actions

and concave for discrete actions, as shown in Figure 4.2, their expectations (or aver-

ages over time steps) hold the same mathematical property. Therefore, the entropy is

approximated linearly:

(4.9) Ĥ(θ)= Ĥ(θold)+dT∇Ĥ(θold)= Ĥ(θold)+hT d

where the descent direction d and the gradient vector h are estimated as

(4.10)
d = θ−θold

h =∇Ĥ(θold).

In this case, we could similarly build a linear-quadratic minimization problem:

(4.11)
min − gT d
s.t. 1

2 dT Hd−βhT d ≤ δ

where g and H are respectively given in the followings:

(4.12)
g =∇R̂(θold)

H =∇2D̂KL(θold).

The corresponding Lagrangian function is defined as

(4.13) L(d)=−gT d+λ
(1

2 dT Hd−βhT d−δ
)
.

Letting the gradient of L(d) be zeros with respect to d, we have a set of linear

equations:

(4.14) Hd = 1
λ

g+βh

and thus the descent direction formally becomes

(4.15)
d = 1

λ
H−1 g+βH−1h

= 1
λ

u+βv
= ηu+βv
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where two search directions (u and v) satisfy the following two sets of linear equations:

(4.16)
Hu = g
Hv = h.

These two sets of linear equations can be solved using conjugate gradient method listed

in Chapter 2. In (4.15), the parameter η= 1/λ acts as a step size.

Revisiting the constraint in (4.11), we have a maximum ηmax of the step size η:

ηmax =
√

2δ+β2vT Hv
uT Hu .

Similarly in the original TRPO, a linear search is conducted to achieve an optimal

shrinking index i∗ for the step size η

(4.17)

max R̂(θold +d)

s.t. D̂KL(θold +d)−βĤ(θold +d)≤ δ

d = ηi
0ηmaxu+βv

i = 0, ...,n
η0 ∈ (0,1)

and then a final update formulation is built for the policy:

(4.18) θ = θold +
ηi∗

0

√
2δ+β2vT Hv

uT Hu
u+βv


which will be simplified into (2.30) when v is removed. Theoretically, this gradient-based

solution converges to a local minimum according to nonlinear optimization theory [15].

On the other hand, in the detailed implementation, we do not update the actor when the

current objective is not larger than the previous one. These two aspects can achieve a

good convergence for our proposed method.

The ERC-TRPO is summarized in Algorithm-3, where the above solution is to

optimize the actor policy network, while the critic value network is optimized via a

standard deep learning technique.

4.4 Comparison for Three TRPO-like Methods

In this section, we will compare three TRPO-type methods from three points of view:

mathematical formulation, solution procedure, and time complexity.

Three TRPO-type methods follow an almost identical flowchart: to collect an episodic

trajectory with the current policy, which then is used to train the actor and critic network
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Algorithm 3 Entropy regularized constraint TRPO or ERC-TRPO
1: INPUT
2: A specific experimental environment
3: An actor network architecture
4: A critic network architecture and its learning rate
5: A reward discount factor γ

6: A step size shrinking factor η0
7: A generalized advantage estimation factor λ

8: The number of episodes N
9: A random seed

10: INITIALIZATION
11: Initialize the actor and critic networks
12: Set a random seed in the environment
13: PROCESS
14: Execute the following procedure till reaching N
15: Collect trajectory data by running the current policy πθ

16: in the environment
17: Calculate the generalized advantage estimation Â(st,at)
18: across the entire trajectory
19: Update the actor policy network as follows
20: Calculate the gradients for the surrogate objective and entropy: g and h
21: Solve two sets of linear equations to generate two vectors: u and v
22: Execute a linear search for the step size
23: Update the weights of the actor network θ

24: Update the critic value network by minimizing the squared temporal
25: difference error using a standard deep learning approach:
26: Ê t

[1
2 (r t +γV (st+1)−V (st))2]

27: OUTPUT
28: The trained actor and critic networks

to improve the policy and state value function. During their iterative optimization, these

methods apply the same data collection way, and thus their exploitation tricks are the

same and relatively fixed. To control the tradeoff between exploitation and exploration,

how to design and implement a good exploration becomes a key issue.

TRPO applies a KL divergence constraint to restrict the trained policy and the

previous policy within a limited trust region to improve policy optimization stability.

Since the KL divergence is non-linear and asymmetric, this constraint can result in the

trained policy being close to the previous one, which can compress the exploration ability

of the agent. In ERO-TRPO, an entropy regularizer is added to the surrogate objective,

which can increase the policy uncertainty to improve the policy to collect a more diverse

trajectory. However, this idea is indirectly to control the exploration. In our ERC-TRPO,
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Table 4.1: Comparison of three TRPO-style algorithms in solution procedures

Method TRPO ERO-TRPO ERC-TRPO
Approximated equation Hd = g Hd = g+αh Hu = g,Hv = h
Search direction d = H−1 g d = H−1(g+αh) u = H−1 g,v = H−1h
Decent direction ηd ηd ηu+βv

Step size η≤
(

2δ
dT Hd

)1/2
η≤

(
2δ

(g+αh)T H(g+αh)

)1/2
η≤

(
2δ+β2vT Hv

uT Hu

)1/2

Table 4.2: Comparison of three TRPO-style algorithms in time complexity

Operation TRPO ERO-TRPO ERC-TRPO
Computing the gradient h O(n) O(n) O(n)
Computing the gradient g O(n) O(n)
Solving a set of

O(mn) O(mn)
O(mn)

linear equations O(mn)
Overall O(mn) O(mn) O(mn)
Note:
n is the number of variables
m is the number of iterations

when its constraint is reformulated as the following form:

(4.19) Êt[DKL(πθ(at|st)||πθold (at|st))]≤ δ+βÊt[H(πθ(at|st))]

this indicates that the trust region between two adjacent policies is adjusted automati-

cally and adaptively via the entropy regularizer and its coefficient and thus a good policy

can be optimized to collect a more diverse trajectory.

On the other hand, the main difference among the three methods stems from their

solution to their constrained maximization problems. Their concise and key solution

procedures are summarized in Table 4.1. Each is different in three aspects.

(a) The approximated equation: both TRPO and ERO-TRPO solve a set of linear

equations, where the right term in ERO-TRPO is a linear combination of g and h,

whereas ERC-TRPO needs to deal with two sets of linear equations: one related to g and

the other related to h.

(b) The search and descent directions: ERO-TRPO firstly combines g and h
linearly, and then finds a search direction. ERC-TRPO follows two search directions and

linearly combines a descent direction subsequently.

(c) The step size: Compared to TRPO, ERO-TRP changes the denominator of the

maximal step size, and whether or not its magnitude is larger than that of TRPO is
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not deterministic. In ERC-TRPO, the numerator is enlarged as a result of the positive

definite matrix H, implying that our ERC-TRPO has a larger upper bound on step size.

Finally, we analyze the time complexity of the aforementioned solutions in Table 4.1,

which is shown in Table 4.2. The time complexity for estimating the gradients (g and h)

is O(n) [23]. For a single hidden layer network, n = (|S |+1)nh +|A |(nh +1) for discrete

actions, and n = (|S |+1)nh +2|A |(nh +1) for continuous actions, including a bias term

for each hidden and output layer neuron, where nh indicates the number of hidden layer

neurons. In Chapter 2, we listed a time complexity O(mn) for the conjugate gradient

method. We use a similar approach for step size search on three methods, whose time

complexity is neglected in this Table 4.2. In this case, overall, three methods have an

approximate time complexity O(mn) and thus will cost an approximate computational

time experimentally, which will be validated in the next section.

4.5 Experiments

The following experiments were designed to validate ERC-TRPO, by comparing its

performance with its two rivals: ERO-TRPO and TRPO in eight benchmark environments:

Cart Pole, Acrobot, Pendulum, Inverted Pendulum, Reacher, Hopper, Bipedal Walker

and Walker2D summarized in Appendix.

4.5.1 Experimental Settings

As mentioned, we validate ERC-TRPO, via comparing it to ERO-TRPO and TRPO. The

basic code for TRPO comes from 1, which is used to implement ERO-TRPO and our

ERC-TRPO.

These three approaches all rely on an actor network and a critic network. Our

architecture for all three had a single hidden layer of 128 neurons with the number of

neurons in the input layers decided using the dimensionality of observation state space.

In the actor network, the number of neurons in the output layer for discrete actions

was decided by the dimensionality of the action space, or continuous actions (mean and

variance), as twice the dimensionality. In particular, the weights and bias were trained

by solving one or two sets of linear equations using a conjugate gradient method.
1https://github.com/boyu-ai/Hans-on-RL
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Table 4.3: Network architecture and hyper-parameter settings

Hyper-parameter Setting
Shared
number of hidden layers 1
number of hidden neurons 128
activation function ReLU
learning rate for critic 10−2 or 10−3

optimizer Adam
discounted factor (γ) 0.98 (discrete) or 0.90 (continuous)
generalized function factor (λ) 0.95 (discrete) or 0.90 (continuous)
horizon length 500(discrete) or 200(continuous)
TRPO
KL threshold (δ) tuning
ERO-TRPO
entropy regularizer (α) tuning
ERC-TRPO
entropy regularizer (β) tuning

In the critic network, there was only one neuron in the output layer to estimate the

state value function. Here, the learning rate was set to 10−2 or 10−3, as shown in Table

4.3.

The discounted factor γ was 0.98 for the discrete action environments and 0.90 for the

continuous action environments. λ for estimating the generalized advantage function was

set to 0.95 for discrete action environments and 0.90 for continuous action environments.

The linear search factor of step size was 0.5.

To speed up the training procedures for all three methods, we set the horizon length to

500 for two discrete action environments and 200 for six continuous action environments.

4.5.2 Hyper-parameter Tuning Procedure

TRPO has one hyper-parameter (δ), ERO-TRPO has two two parameters (δ and α), and

REC-TRPO also has two parameters (δ and β).

We tuned δ in TRPO among different values: δ ∈ {10−1, ...,10−7}. For the other two

methods, we used a lazy strategy tuning α ∈ {10−1, ...,10−9} and β ∈ {10−1, ...,10−9} only,

given the optimal δ stayed fixed at the value from tuning TRPO.
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(a) TRPO

(b) ERO-TRPO

(c) ERC-TRPO

Figure 4.3: Parameter tuning for Cartpole environment with discrete actions.
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(a) TRPO

(b) ERO-TRPO

(c) ERC-TRPO

Figure 4.4: Parameter tuning for Pendulum environment with continuous actions.
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Table 4.4: Optimal hyper-parameters for different benchmark environments

Environment
Learning TRPO ERO-TRPO ERC-TRPO
rate (critic) δ α β

Cart Pole 10−2 10−5 10−2 10−8

Acrobat 10−2 10−3 10−1 10−7

Pendulum 10−2 10−4 10−4 10−4

Inverted Pendulum 10−3 10−5 10−4 10−6

Reacher 10−2 10−2 10−7 10−6

Hopper 10−2 10−3 10−4 10−3

Bipedal Walker 10−3 10−3 10−7 10−7

Walker2D 10−3 10−2 10−4 10−4

Table 4.5: Average returns over 5-6k episodes from three methods on eight environments

Environment TRPO ERO-TRPO ERC-TRPO
Cart Pole 357.03(3) 395.45(2) 414.18(1)
Acrobot -101.34(2) -106.02(3) -99.33(1)
Pendulum -809.36(2) -836.86(3) -599.77(1)
Inverted Pendulum 57.46(3) 68.55(2) 75.74(1)
Reacher -60.27(2) -64.26(3) -45.23(1)
Hopper 270.91(2) 216.72(3) 313.99(1)
BipedalWalker -19.10(3) -15.11(2) -9.54(1)
Walker2d 182.63(3) 190.22(2) 228.68(1)
Mean -15.26(2.5) -18.91(2.5) 34.84(1.0)

Figures 4.5.2 and 4.5.2 show two detailed tuning procedures: the CartPole discrete

action environment and the Pendulum single continuous action environment. It is worth

noting that only five curves are plotted. The optimal curve is the middle value. The

optimal hyper-parameters for the other benchmark environments are listed in Table 4.4.

In the above parameter tuning, the number of episodes to run is set to 1000 for

discrete action environments or 2000 for continuous action environments, as shown in

Figures 4.5.2 and 4.5.2, where the random seed number is fixed to 0.

Subsequently, to provide a solid comparison, we adjust the number of episodes to

6000. The results reported are the mean and standard deviation calculated over 10 trails

based on 10 different random seed numbers.
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4.5.3 Performance Evaluation of Sample Efficiency

The sample efficiency is a frequently-mentioned term, which is usually discussed in a

qualitative way [34]. For example, [153] analyzes how and what impacts the sample

efficiency in detail, but no quantitative metric is introduced.

In [82], besides the above generalization performance, it is also suggested to apply a

sample efficiency for Procgen competition, which is also based on the normalized return

calculation. Instead, we define two new metrics for sample efficiency, which are easier to

understand and calculate than that in [82].

In classification performance evaluation, a receiver operating characteristic (ROC)

is widely used [19, 40, 117]. And especially, the area under this ROC curve, named as

AUC, ranges between 0.5 and 1.0, which can measure all decision thresholds including

unrealistic ones.

In this thesis, this AUC is used to define an AUC-based metric to evaluate the sample

efficiency:

(4.20) SEauc = AUC(ROC = the curve of return) ∈ (0,1].

Assume that a return curve of size n is R = {R1, ...,Ri, ...,Rn} with an identical spacing,

and the minimum and maximum of all compared cures are Rmin and Rmax. In this case,

we can simplify the computation for SEauc:

(4.21)

SEauc = 1
n−1

n−1∑
i=1

1
2

(
Ri−Rmin

Rmax−Rmin
+ Ri+1−Rmin

Rmax−Rmin

)
= 1

n−1
1

Rmax−Rmin

n−1∑
i=1

1
2 (Ri +Ri+1 −2Rmin)

= 1
n−1

1
Rmax−Rmin

(
n∑

i=1
Ri − 1

2 (R1 +Rn)− (n−1)Rmin

)
.

This is different from the normalized return based sample efficiency in [82]. Our metric

measures an accumulative sample efficiency overall episodes or time steps.

4.5.4 Experimental Results and Analysis

Figure 4.5 shows the results from our three-way comparison in a pictorial way.

In terms of the two discrete action environments, ERC-TRPO worked slightly better

than TRPO and ERO-TRPO in the Acrobot environment, but the difference is very slight.

The results in the Cart Pole environment were much more clear cut, with ERC-TRPO

outperforming the other methods by a large margin.
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(a) Cart pole (b) Acrobot

(c) Pendulum (d) Inverted pendulum

(e) Reacher (f) Hopper

(g) BipedalWalker (h) Walker2d

Figure 4.5: Performance comparison for three TRPO-type methods on eight benchmark
environments
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Table 4.6: Average computational time (second) to execute 6000 episodes

Environment TRPO ERO-TRPO ERC-TRPO
Cart Pole 1160.29(1) 1287.53(3) 1242.02(2)
Acrobot 983.38(2) 973.71(3) 894.29(1)
Pendulum 1318.69(2) 1342.32(3) 1227.97(1)
Inverted Pendulum 465.06(1) 501.71(2) 528.40(3)
Reacher 694.63(2) 723.77(3) 668.85(1)
Hopper 1770.70(2) 1462.58(1) 2035.47(3)
Bipedal Walker 2351.26(1) 2397.07(2) 2422.94(3)
Walker2d 2018.47(1) 2047.42(2) 2218.87(3)
Mean 1345.31(1.5) 1342.01(2.38) 1404.85(2.12)

Turning to the six continuous action environments, ERC-TRPO yielded consistently

superior results to TRPO and ERO-TRPO. The only exception was that ERO-TRPO

performed worse than TRPO in the Hopper environment.

Moreover, we first calculate the average return over the last 1000 episodes, (i.e., from

5000 to 6000 episodes), and then estimate the average value across 10 trials, as shown in

Table 4.5, where the best performance is highlighted in the bold font. According to [33],

for each environment, the ranks among three methods are given in the bracket, where

the small number indicates the better performance. It was found that our ERC-TRPO

achieves the best performance. At the last raw named Mean, the overall average returns

and average ranks over eight environments are provided, which also shows that our

ERC-TRPO performs the best. Since TRPO is almost equal to ERO-TRPO using the

mean rank and is superior to ERO-TRPO via the mean return, we claim that these two

methods have an almost close performance.

Similarly, the computational time (second) is listed in Table 4.6, which demonstrates

that, according to the mean rank of the last row, TRPO runs faster than our ERC-TRPO,

and ERO-TRPO is the slowest, but on the basis of the meantime, our ERC-TRPO costs

more computational time since our ERC-TRPO spends much more time than the other

two methods on Hopper environment. Overall, the difference in computational time is

very small.

Further, we estimate the sample efficiency based on AUC defined above and show

its values from three methods on eight environments in Table 4.7. Except for Bipedal

Walker, the highest sample efficiency values come from our ERC-TRPO. However, the

difference between two entropy regularized methods is very small. In the last rows of

Table 4.7, the mean over eight environments for each approach is shown, in which our
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Table 4.7: AUC based sample efficiency from three techniques on eight environments.

Environment TRPO ERO-TRPO ERC-TRPO
Cart Pole 0.7286 0.7927 0.8321
Acrobot 0.9195 0.9021 0.9353
Pendulum 0.5901 0.6373 0.7443
Inverted Pendulum 0.5964 0.7026 0.8077
Reacher 0.5809 0.6225 0.8781
Hopper 0.7286 0.5763 0.8180
Bipedal Walker 0.8600 0.9047 0.8944
Walker2D 0.6335 0.6506 0.7458
Mean 0.7047 0.7236 0.8320

ERC-TRPO is still the most efficient.

In short, these experimental comparisons empirically verify that ERC-TRPO is a

highly effective and efficient technique for deep reinforcement learning.

4.6 Summary

In this chapter, we improve trust region policy optimization via a Shannon entropy

regularization to its KL divergence constraint, to propose a novel entropy regularized

trust region policy optimization, to enhance the exploration ability of trust region policy

optimization. The superiority of the proposed method is demonstrated by some detailed

experiments on eight benchmark environments, compared with two rivals: primary trust

region policy optimization and its objective regularized version.
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5
TWIN TRUST REGION POLICY OPTIMIZATION

In this chapter, we will propose a twin trust region policy optimization, i.e., a novel

extension of trust region policy optimization, which has an upper bound and a

lower bound for its step size research.

5.1 Introduction

The original TRPO is formulated as a non-linear constrained optimization, as stated in

Chapter 2. This formulation only provides an upper bound for the trust region. On the

other hand, the TRPO currently is solved approximately and iteratively through four

steps:

• The objective is expanded linearly and the constraint is expanded quadratically.

Thus, what is originally a nonlinear constrained optimization problem is converted

into a linear-quadratic programming problem.

• A set of linear equations for search direction is derived using a Lagrangian multi-

plier technique.

• A search direction is obtained via a conjugated gradient method.

• A maximal step size is estimated based on the limited KL divergence constraint,

and proper step size is determined via a linear search.
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From an optimization viewpoint [15, 120], a successful iterative solution depends

on two factors: the search direction and the step size. However, the above procedural

solution for TRPO does not include a lower bound for the step size search, which has a

dramatic impact on evaluating the step size. Naturally, a lower bound can be defined

manually, but it would not have a deterministic meaning. In this chapter, we aim to solve

this issue, i.e., to bound the trust region from below for its optimization problem.

Our solution involves using a reciprocal optimization technique [39] to exchange

the objective and the constraint in TRPO and minimize the KL divergence. This is,

of course, subject to the constraint that the surrogate objective is greater than a pre-

defined threshold. Via a similar approximation procedure in TRPO, we derive a quadratic

programming problem. Then using the Lagrangian multiplier technique, we can obtain

the same set of linear equations as that in TRPO for the search direction, and a lower

bound for the linear search of the step size. We refer to this TRPO variant as reciprocal

TRPO, or simply rTRPO.

In terms of the step size interval, TRPO provides an upper bound, while rTRPO gives

a lower bound. Hence, we aggregate TRPO with rTRPO to build a novel TRPO, called

twinTRPO, which effectively limits the step size search range. In this case, we also bound

the trust region both from above and from below effectively.

To explore the efficacy of twinTRPO, we tested it on nine different benchmark envi-

ronments, including continuous state and action spaces from classic control and MuJoCo:

Mountain Car, Inverted Pendulum, Swimmer, Reacher, Half Cheetah, Walker2D, Pusher,

Ant and Humanoid, which are arranged according to their number of actions in an

ascending order. We also tested four different comparison methods: TRPO [106], PPO

[107] and EnTRPO [103]), as well as our rTRPO.

We summarize our contributions in this chapter as follows:

• We propose a novel trust region policy optimization: rTRPO, based on the reciprocal

optimization technique, which minimizes the KL divergence, subject to a least

surrogate objective constraint, via exchanging the surrogate objective and the KL

divergence constraint in the primary TRPO. This rTRPO bounds the trust region

from below and thus induces a lower bound for the linear search of the step size.

• We aggregate TRPO and rTRPO to construct a novel TRPO: twinTRPO, which has

both an upper bound and a lower bound for the linear search of the step size. This

effectively limits the range of step size for policy optimization.
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Figure 5.1: (a) Primary maximization problem and (b) reciprocal minimization problem.

• We validate the effectiveness and efficiency of twinTRPO, through conducting

extensive experiments on nine benchmark reinforcement learning environments

and comparing twinTRPO with three existing reinforcement learning methods and

our rTRPO.

This chapter is organized as follows. Section 5.2 introduces reciprocal optimization

technique. We propose our reciprocal trust region policy optimization and its solution, in

Sections 5.3 and 5.4. Our twin trust region policy optimization is built in Section 5.5. The

experimental results are reported in Section 5.6. At last, a simple summary is provided.

5.2 Reciprocal Optimization Technique

In [39], Favati and Pappalardo investigate two optimization problems. The primary

problem is formulated as

(5.1)
min f (x)

s.t. g(x)≥α, x ∈Rn

where f : Rn →R, g : Rn →R, α ∈Rn.
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Given β ∈R, the reciprocal problem associated with (5.1) becomes

(5.2)

max g(x)

s.t. f (x)≤β

x ∈Rn

β ∈R.

Sufficient conditions are established in [39] to guarantee that the optimal solution to

(5.1) is also optimal for (5.2), and vice-versa. Formally, this is expressed as follows:

if x∗ is the optimal solution of (5.1) and (5.2), then α= g(x∗) and β= f (x∗).

Here, we give a simple two-dimensional example, as shown in Fig. 5.1, where we

exchange the maximization problem with the minimization problem to suit our rTRPO.

The primary maximization task is

(5.3)
max g(x)= x1 + x2

s.t. f (x)= x2
1 + x2

2 ≤ 1

whose optimal solution is x1 = x2 =
p

2/2 and its objective g(x)=p
2. Its corresponding

reciprocal minimization problem becomes

(5.4)
min f (x)= x2

1 + x2
2

s.t. g(x)= x1 + x2 ≥
p

2.

In Figure 5.1, the maximization and minimization problems have an identical solu-

tion, i.e., x1 = x2 =
p

2/2.

5.3 Reciprocal Trust Region Policy Optimization

According to the reciprocal optimization technique above, the original TRPO:

(5.5)
max Êt

[
πθ(at|st)

πθold (at|st)
Ât

]
s.t. Êt

[
DKL(πθ(at|st)||πθold (at|st))

]≤ δ

is reformulated into the following constrained minimization problem:

(5.6)
min Êt

[
DKL(πθ(at|st)||πθold (at|st))

]
s.t. Êt

[
πθ(at|st)

πθold (at|st)
Ât

]
≥ γ0.

Its concise form is:

(5.7)
min D̂KL(θ)

s.t. R̂(θ)≥ γ0.
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where

(5.8)
D̂KL(θ)= Ê t

[
DKL(πθ(at|st)||πθold (at|st))

]
R̂(θ)= Ê t

[
πθ(at|st)

πθold (at|st)
Ât

]
.

This formulation means that we should be able to find the minimal policy update that

achieves the least return γ0, which implies that we bound the trust region from below

adaptively. This version of TRPO is referred to as reciprocal TRPO, or simply rTRPO.

5.4 The Solution to rTRPO

In this section, we present the procedure for solving rTRPO. At first, the same approxi-

mation strategy as used for TRPO is applied, i.e., a quadratic approximation for D̂KL(θ)

and a linear one for R̂(θ). This induces a standard quadratic programming problem:

(5.9)
min 1

2 dT Hd
s.t. gT d ≥ γ

where the descent direction d, gradient vector g and Hessian matrix H are respectively

defined as:

(5.10)
d = θ−θold

g =∇R̂(θold)

H =∇2D̂KL(θold).

It is worth noting that the γ> 0 is a return increment from the previous policy to

guarantee the return improvement. In addition, since the Fisher information matrix H
is positive definite, this problem is a convex quadratic programming problem and thus

has a unique solution.

Now we define a Lagrangian function to convert the problem (5.9) into an uncon-

strained problem:

(5.11) L(d)= 1
2

dT Hd−λ(gT d−γ)

where λ> 0 is a non-negative Lagrangian multiplier. Let the gradient of L(d) with

respect to d be zero, and we have a set of linear equations:

(5.12) Hd =λg.

Let the step size η=λ, and we have a search direction u:

(5.13) u = H−1 g.
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as well as a descent direction:

(5.14) d = ηu.

It is worth noting that Eq.(5.13) is the same as Eq.(2.26) in Chapter 2, and can

therefore also be solved via the conjugate gradient method [42]: Algorithm 1 in Chapter

2.

Now, consider the constraint in (5.9):

(5.15) gT d = 1
η

dT Hd = ηuT Hu ≥ γ.

We have a minimal step size:

(5.16) ηmin = γ

uT Hu > 0.

Since the Fisher information matrix H is positive definite, the denominator is positive.

To guarantee a positive ηmin, we would set a positive γ:

(5.17) γ= ρ|R̂(θold)|

and thus we have

(5.18) γ0 = R̂(θold)+ρ|R̂(θold)|

where ρ ∈ {0,1} is a factor to control the return improvement.

Moreover, since the original R̂(θ) is nonlinear, to ensure a maximal improvement of

the return R̂(θ), we estimate a maximal KL divergence with the minimal step size ηmin:

(5.19) D̂max
KL = D̂KL(θold +ηminu)

and search for an expanding index i∗ to maximize the improvement of return. In this

case, the following linear search procedure applies:

(5.20)

max R̂(θold +ηi
eηminu)

s.t. D̂KL(θold +ηi
eηminu)≤ D̂max

KL

i = 0, ...,n
ηe ≥ 1

where n is the number of linear searches, e.g., n = 15, and ηe > 1 is an expanding factor.

Lastly, we update the θ vector:

(5.21) θ = θold +ηi∗
e

ρR̂(θold)
uT Hu

u

which is used to train the actor in our rTRPO.
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Algorithm 4 Twin trust region policy optimization (twinTRPO)
1: INPUT
2: A specific experimented environment
3: An actor network architecture, and a critic network architecture, and a learning

rate
4: A reward discount factor γ, two step size shrinking and expanding factors ηs and

ηe
5: A generalized advantage estimation factor λ

6: The number of episodes N and a random seed
7: INITIALIZATION
8: Initialize the actor and critic networks
9: Set the random seed for the environment

10: PROCESS
11: Execute the following procedure till reaching N
12: Collect trajectory data by running the current policy πθ in the environment
13: Calculate the generalized advantage estimation Â(st,at) across the entire

trajectory
14: Update the actor policy network as follows
15: Calculate the gradients for the surrogate objective: g
16: Estimate the Fisher information matrix for KL divergence: H
17: Solve a set of linear equations to achieve the search direction: u
18: Estimate the upper and lower bounds of the step size (ηmin and ηmax)
19: Execute a linear search to achieve an optimal step size η∗

20: Update the weights of the actor network θ

21: Update the critic value network via minimizing the squared temporal difference
error:

22: Ê t
[1

2 (r t +γV (st+1)−V (st))2]
23: OUTPUT
24: The trained actor and critic networks

5.5 Twin Trust Region Policy Optimization

From the TRPO in Chapter 2 and the above rTRPO algorithms, one can observe that:

(a) Both TRPO and rTRPO solve the same set of linear equations for their search

direction: Hu = g.

(b) rTRPO provides the minimal step size (ηmin), while TRPO gives the maximal step

size (ηmax), i.e.,

(5.22)
ηmin = ρ|R̂(θold)|

uT Hu

ηmax =
(

2δ
uT Hu

) 1
2 .

In this section, we aggregate TRPO with rTRPO to build twin TRPO, in which the
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Figure 5.2: Step size search settings for TRPO, rTRPO and twinTRPO.

ηmin and ηmax are regarded as the lower and upper bounds for step size search. There

are two cases to be analyzed:

(a) ηmin ≤ ηmax. These two values are regarded as the lower and upper bounds of the

step size, from which an optimal step size η∗ can be determined, such that

(5.23)

max R̂(θold +ηiu)

s.t. D̂KL(θold +ηiu)≤ δ

ηi = ηmin + i ηmax−ηmin
n−1

i = 0, ...,n−1.

Notably, this is implemented using a pure linear search. Figure 5.2 shows three

different step size search settings for TRPO, rTRPO, and twinTRPO. As the search

index increases, the step size for TRPO tends to be stable, and the step size for rTRPO

increases exponentially. This can induce difficulty in optimal step size detection.

(b) ηmin > ηmax. In this case, only these two bounds are checked to detect which one

is better:

(5.24)
max R̂(θold +ηiu)

s.t. ηi = ηmin or ηmax.

The Algorithm 4 summarizes the pseudo-code for twinTRPO, detailing how the

solution provides both an upper bound and a lower bound for the step size search.

Obviously, this helps to substantially improve the optimization procedure.
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Table 5.1: Key parameter settings for five algorithms

Parameter Settings
Shared parameters for all five algorithms
Discount factor 0.9
GAE parameter 0.9
KL constraint 5.0×10−5

Fixed parameters for different algorithms
Learning rate of actor for PPO 10−5

Clipping coefficient for PPO 0.2
Return increment factor for rTRPO and twinTRPO 10−3

Step size shrinking factor for TRPO, PPO, EnTRPO 0.5
Step size expanding factor for rTRPO 1.25
Regularization coefficient for EnTRPO 10−4

Tuned parameters for different algorithms
Neurons of hidden layers for TRPO and EnTRPO 64
for PPO, rTRPO and twinTRPO 128
Learning rate of critic
for TRPO, EnTRPO and PPO 5×10−3

for rTRPO and twinTRPO 10−2

5.6 Experiments

This section presents the experiments we undertook to validate twinTRPO, against TRPO

[106], PPO [107], EnTRPO [103], and our rTRPO, on nine benchmark environments:

Mountain Car (continuous), Inverted Pendulum, Swimmer, Reacher, Half Cheetah,

Walker2D, Pusher, Ant and Humanoid, as stated in Appendix. It is worth that these

environments are arranged according to their dimension of action space.

5.6.1 Experimental Settings

The basic TRPO and PPO software is downloaded at 1, which is adopted to implement

EnTRPO, and our rTRPO and twinTRPO. There are several parameters in these five

compared algorithms, as shown in Table 5.1. We divide these parameters into three

groups: shared, fixed, and tuned.

As shown in Table 5.1, there are three parameters to be used in all five algorithms.

The fixed parameters come from the default settings of some public software. We tuned
1https://github.com/boyu-ai/Hands-on-RL
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Table 5.2: Mean and standard deviation from the last 1000 episodes

Environment TRPO PPO EnTRPO rTRPO twinTRP(ours)
Mountain Car -15.49±1.18 -2.65±0.80 -11.14±2.12 -5.15±0.37 0.00±0.00
Inverted Pendulum 914.72±24.65 968.92±15.62 910.28±23.20 197.16±73.56 917.05±18.94
Swimmer 29.61±0.30 31.95±0.33 16.44±1.48 39.06±0.16 41.94±0.29
Reacher -29.18±0.76 -11.44±0.36 -29.25±0.56 -11.80 ±0.26 -10.17±0.25
Half Cheetah 534.65±73.13 265.04±72.69 526.92±69.72 91.91±40.26 976.14±25.35
Walker2D 146.53±5.66 97.77±3.35 228.13±6.30 165.41 ±13.21 251.89±2.18
Pusher -72.85±0.54 -67.06±1.87 -74.17±0.58 -47.30 ±0.58 -43.12±0.45
Ant 1020.88±13.27 947.54±5.36 1006.72±12.24 977.85 ±6.94 1115.24±9.05
Humanoid 335.25±5.48 314.95±4.38 334.41±4.22 201.58 ±9.23 337.57±4.15

two aspects of parameters: the number of hidden layers, and the learning rate of critic,

on Reacher environment, given a fixed random seed.

The actor and critic networks had the same network architecture with two hidden

layers. We checked 64 and 128 neurons of hidden layers and then detected 64 for TRPO

and EnTRPO, and 128 for PPO, rTRPO, and twinTRPO.

We tuned the learning rate of critic with four values: 5×10−2, 10−2, 5×10−3 and

10−3. Then, we determined 5×10−3 for TRPO, PPO and EnTRPO, and 10−2 for rTRPO

and twinTRPO.

The parameters in Table 5.1 were subsequently applied to eight remaining environ-

ments to verify five compared algorithms.

5.6.2 Experimental Results and Analysis

We conducted 10 trails using 10 different random seeds on nine benchmark environments

and showed the results in Figure 5.3.

From the results, compared to TRPO, we can see that

(a) PPO works better than TRPO on five environments (i.e., Mountain Car, Inverted

Pendulum, Swimmer, Reacher, and Pusher), and as well as TRPO on Ant.

(b) EnTRPO is superior to TRPO on Mountain Car and Walker2D, and is as good as

the other seven environments but Swimmer.

(c) rTRPO was able to continuously increase rewards. Moreover, it performs better

than TRPO on the other six environments excluding Inverted Pendulum, Half Cheetah,

and Humanoid.

(d) Our twinTRPO increased its rewards very quickly and then tended to stabilize.

Additionally, this method had an extremely small standard deviation. Overall, our
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(a) Mountain car (b) Inverted pendulum (c) Swimmer

(d) Reacher (e) Half cheetah (f) Walker2D

(g) Pusher (h) Ant (i) Humanoid

Figure 5.3: Performance comparison on nine benchmark environments.

twinTRPO outperforms TRPO in the other eight environments, except for Inverted

Pendulum.

Then, we estimated the mean and standard derivations of the returns during the last

1000 episodes (4000-5000), as shown in Table 5.2. Here, our twinTRPO achieves the best

performance in eight environments and the second best on Inverted Pendulum where

PPO works the best.

Lastly, we calculated the sample efficiency metric based on AUC defined in Chapter

4 for five RL methods on nine benchmark environments, as shown in Table 5.3. Our

twinTRPO is the most efficient in all environments except for Humanoid, in which TRPO

works more efficiently than our twinTRPO with an extremely small difference (0.0001).

According to the last rows in Table 5.3, our twinTRPO has the highest sample efficiency
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Table 5.3: AUC based sample efficiency of five RL methods on nine environments.

Environment TRPO PPO EnTRPO rTRPO twinTRPO
Mountain Car 0.6291 0.7719 0.6576 0.7526 0.9837
Inverted Pendulum 0.5547 0.6556 0.6039 0.0596 0.7877
Swimmer 0.6902 0.6501 0.3465 0.6817 0.9192
Reacher 0.5918 0.7437 0.5908 0.8059 0.9567
Half Cheetah 0.3603 0.3101 0.3562 0.2656 0.7741
Walker2D 0.6368 0.4309 0.8128 0.5577 0.7621
Pusher 0.2564 0.2441 0.2328 0.6843 0.8802
Ant 0.7606 0.6908 0.7481 0.6811 0.9136
Humanoid 0.7474 0.6790 0.7403 0.1739 0.7473
Mean 0.5808 0.5751 0.5655 0.5181 0.8583

among five RL methods over nine environments.

In short, these experiments validate the superiority of twinTRPO, in both reinforce-

ment learning performance and sample efficiency.

5.7 Summary

In this chapter, to remedy the lack of lower bound in the step size search of trust

region policy optimization, we revisit a reciprocal optimization technique and then

correspondingly build a reciprocal trust region policy optimization by exchanging the

objective and the KL divergence constraint. This procedure yields a lower bound for the

step size. Moreover, fusing trust region policy optimization and its reciprocal version into

a framework we call twinTRPO provides a solution that gives an upper bound and a lower

bound to effectively control policy searches. From experiments with nine benchmark

environments and four comparison methods, we find twinTRPO to be a highly effective

and efficient solution.
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6
IMPROVING PROXIMAL POLICY OPTIMIZATION WITH

ALPHA DIVERGENCE

In this chapter, we will revisit the primary proximal policy optimization which is

extended by a linear combination formulation and alpha divergence to enhance its

performance.

6.1 Introduction

In the previous two chapters, two enhanced trust region policy optimization algorithms

have been investigated. They need a second-order solution technique, that is, a Hessian

matrix is evaluated at each episode update. Therefore, it is time-consuming to solve

these non-linear constrained optimization problems.

In Chapter 3, we also review a famous variant of trust region policy optimization, i.e.,

proximal policy optimization (PPO). In PPO, the constrained optimization problem in

TRPO is converted into an unconstrained optimization via the Lagrangian multiplier

technique, introducing a penalty parameter, this will be called a primary PPO in this

thesis. This PPO can be solved by a first-order solution approach, that is, a gradient-based

optimization, at each episode update.

Moreover, two variants are derived: adaptive PPO and clipping PPO. The former

adaptive form is to dynamically adjust the penalty parameter during the training

procedure, in which three additional tunable parameters are added. This means that a
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more complicated parameter tuning is needed. The latter clipping form discards the KL

divergence, by applying a clipping function to limit the advantage function. So far, more

improvements have been made to the clipping PPO, for example, to modify the clipping

function forms [135, 163], to add policy feedback from actor to critic, and to check the

trust region outside of policy updates [136].

Because the primary PPO only covers one tunable penalty parameter which is difficult

to tune and then is outperformed by the clipping one, it has received less attention yet

to date [107]. In the meantime, there exists a discordant fact that the clipping function

is a rough and indirect difference between two policies while KL divergence is usually

considered an effective difference description. In this chapter, we address such two

problems to improve the effectiveness of this PPO version: (a) how to control the trade-off

between two terms more conveniently, and (b) how to measure the difference between

two adjacent policies, i.e., the trust region, more effectively for different environments.

Generally speaking, the magnitude of return is much greater than that of KL di-

vergence, which makes it difficult for the tuning procedure of the penalty parameter

to balance two terms. In this chapter, the original objective is converted into a linearly

combined form (Combined PPO) via a balanced factor, which is at the interval (0,1). This

novel form will adjust the balanced factor more conveniently.

As reviewed in Chapter 2, the original KL divergence is a parameter-free divergence,

which is recognized as a relatively good ability to describe the difference between two

policies. In order to characterize this difference in our method more elaborately, we

introduce the alpha divergence, which has properties that it is continuous for the real

variable α in the whole range including two singularities α= 0,1 and is convex with

respect to both policies [27]. Furthermore, the alpha divergence is a generalized form of

KL one when alpha tends to 1, and includes several existing divergences, for example,

Pearson Chi-square divergence, Hellinger distance, reverse Pearson/Neyman Chi-square

divergence and reverse KL divergence, when alpha is set to 2, 1/2, -1 and to 0, respectively

[7].

Finally, a new PPO algorithm is built with a linear combined objective and alpha

divergence, which is referred to simply as alphaPPO. We conduct experiments to verify

the effectiveness of the presented alphaPPO method by comparing it with the clipping

PPO and combined PPO on six benchmark environments.

In summary, there are two contributions of this chapter:

• After the original penalty objective is converted to a linearly combined form, we re-

place KL divergence using a parametric alpha divergence, to measure the difference
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between two sequential policies;

• Our proposed alphaPPO is verified by extensive experiments on six benchmark

environments in traditional control tasks and MuJoCo simulated environments.

This chapter is organized as follows. In Sections 6.2, we introduce PPO in detail.

Our novel alphaPPO will be presented in Section 6.3. In Section 6.4, the result of some

experiments will be shown. Finally, we will summarize our study in this chapter.

6.2 Proximal Policy Optimization

Proximal policy optimization (PPO) [107] stems from TRPO, so here we restate TRPO

first [106]. TRPO is formulated as a constrained maximization problem:

(6.1)
max Êt

[
πθ(at|st)

πθold (at|st)
Ât

]
s.t. Êt[DKL(πθ(at|st)||πθold (at|st))]≤ δ

where the objective function indicates the generalized advantage function defined in

Chapter 2, θ and θold are the current and previous policies, respectively, DKL(·) indicates

the KL divergence, and δ is the threshold of KL divergence. In Chapter 2, we have

reviewed and analyzed the KL divergence in detail.

PPO converts the above problem (6.1) into an unconstrained optimization problem:

(6.2) max Êt

[
πθ(at|st)

πθold (at|st)
Ât

]
−βÊt[DKL(πθ(at|st)||πθold (at|st))].

Let

(6.3) ρt(θ)= πθ(at|st)
πθold (at|st)

which is usually referred to as a probability ratio. Further, we define two terms in (6.2)

as

(6.4) R̄(θ)= Êt

[
πθ(at|st)

πθold (at|st)
Ât

]
= Êt

[
ρt(θ)Ât

]
and

(6.5) D̄(θ)= Êt[DKL(πθ(at|st)||πθold (at|st))].

In this case, we have a more concise representation for PPO

(6.6) max f (θ)= R̄(θ)−βD̄(θ).
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Figure 6.1: Dynamical update for β in adaptive PPO.

This PPO has been used to derive two more widely-cited variants. One is an adaptive

version, as shown in Figure 6.1, which adjusts the β value dynamically, i.e.,

(6.7) β=


β/b, if D̄(θ)≤ TKL/a
βb, if D̄(θ)≥ aTKL

β,otherwise

where β is a current penalty factor setting, TKL denotes a threshold for KL divergence,

and a and b are two factors to enlarge and shrink the β value, respectively.

The other is a clipping version, which is formulated as

(6.8) max Êt
[
min

{
ρt(θ)Ât,clip

{
ρt(θ),1−ε,1+ε

}
Ât

}]
where ε is a threshold for the probability ratio ρt(θ), and the clip function is defined as

(6.9) clip(x)=


1+ε, if x ≥ 1+ε

1−ε, if x ≤ 1−ε

x, otherwise

as shown in Figure 6.2.

Here, we analyze some possible limitations of the aforementioned three PPO forms.

In the primary PPO (6.2), there is one tunable factor β only. However, it has been

experimentally determined that the magnitude of R̄(θ) is much larger than that of D̄(θ),
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Figure 6.2: The clipping function used in clipping PPO.

Figure 6.3: Mean return and KL divergence in each batch from Pendulum.

as shown in Figure 6.3. In this case, it is extremely difficult to tune a proper β value for

real-world applications.

Besides an initial β, the adaptive PPO (6.7) introduces three new factors (a,b and

TKL), that would affect the performance of PPO greatly and thus would result in a

complicated tuning procedure. In particular, when a large TKL is chosen (e.g., 10−2), the

β value would be reduced gradually and then tends to zero, if all KL divergence values

(< 10−3) were less than TKL. This situation could neglect the effect from KL divergence.

For the clipping PPO, it is widely criticized that the factor ε is not associated with

the KL divergence directly [135], although it has been applied in many applications.
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Figure 6.4: Two different objective forms in primary PPO and our PPO.

6.3 An Improved PPO with Alpha Divergence

In this study, we will improve the primary PPO in two aspects. One is to reformulate

it as a linearly combined form and the other is to replace KL divergence with alpha

divergence.

6.3.1 Linearly Combined Objective for Primary PPO

At first, we rewrite the above problem (6.6) as the following minimization problem using

a linear combination:

(6.10) min f (θ,β)=−(1−β)R̄(θ)+βD̄(θ)

where β ∈ [0,1] is referred to as a balanced factor. The comparison of two different

objective forms in primary PPO and our PPO is shown in Figure 6.4. Theoretically, this

function could be rewritten as

(6.11) min f (θ,β)=−R̄(θ)+ β

(1−β)
D̄(θ)

which looks like the objective in (6.6). However, the actor in PPO uses a fixed learning

rate, and thus the optimization procedure for (6.10) is slightly different from that for

(6.6). We refer to this form (6.10) as a combined PPO in this study.
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Figure 6.5: Five specific divergences with different alpha values.

6.3.2 Alpha Divergence

The aforementioned KL divergence is a parameter-free divergence. In order to measure

two different distributions more accurately, we introduce an alpha divergence in this

study.

For two normalized densities, the alpha divergence [7, 27] is formulated as:

(6.12) DAF (p||q)= 1
α (α−1)

(∫
pα(x)q1−α(x)dx−1

)
where α ̸= 0 and 1. This measure is also non-negative and asymmetric and achieves zero

if and only if p = q [7].

It is interesting that this alpha divergence covers some widely-mentioned divergences,

as shown in Figure 6.5. For α= 2,1/2 and −1, we obtain Pearson Chi-square divergence,

Hellinger distance and inverse Pearson or Neyman Chi-square divergence, i.e.,

(6.13)

DPC(p||q)= D(2)
AF (p||q)= 1

2
∫ (p(x)−q(x))2

q(x) dx

DHR(p||q)= 1
2 D(1/2)

AF (p||q)=∫
(p(x)− q(x))2dx

DRP (p||q)= D(−1)
AF (p||q)= 1

2
∫ (p(x)−q(x))2

p(x) dx.
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(a) Continuous case

(b) Discrete case

Figure 6.6: The KL divergence and alpha divergences with different alpha values.
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For two singular values α= 1 and 0, this alpha divergence would be defined as

limiting cases for α→ 1 and α→ 0, respectively. When α→ 1, such an alpha divergence

would approximate the KL divergence. Additionally, if α→ 0, we would derive the reverse

KL divergence:

(6.14) DKL(q||p)= lim
α→0

DAF (p||q)=
∫

q(x) log q(x)
p(x) dx.

Via embedding KL and inverse KL divergences, an extended alpha divergence is

defined [27], i.e.,

(6.15) DAD(p||q)=


1

α(α−1)

(∫
pα(x)q1−α(x)dx−1

)
,α ̸= 0,1∫

p(x) log p(x)
q(x) dx,α= 1∫

q(x) log q(x)
p(x) dx,α= 0

which has the following three basic properties:

(a) Convexity: this DAD(p||q) is convex with respect to p and q;

(b) Strict positivity: DAD(p||q)≥ 0 and DAD(p||q)= 0 if and only if p = q;

(c) Continuity: the extended alpha divergence (6.15) is continuous for the real

variable α in the whole range including two singularities α= 0,1.

For a single continuous action, when p(x)∼ N(µp,σ2
p) and q(x)∼ N(µq,σ2

q), we have

a closed representation:

(6.16) DAF (p||q)= 1
α(α−1)

 σ1−α
p σα

q√
ασ2

q+(1−α)σ2
p
e

1
2

α(α−1)(µp−µq)2

ασ2
q+(1−α)σ2

p −1

 .

Here, we introduce two new notions:

(6.17)
ρσ =σq/σp

ρµ = |µp −µq|/σp

to simplify the above two divergences as

(6.18) DKL = logρσ+ 1
2
ρ−2

σ + 1
2
ρ2

µ−
1
2

and

(6.19) DAF = 1
α (α−1)

 ρα
σ√

αρ2
σ+(1−α)

e
1
2

α(α−1)
αρ2

σ+(1−α)
ρ2
µ −1

 .

It could be observed that two divergences are associated with ρσ and ρµ. In Figure

6.6, we demonstrate KL divergence and alpha divergence with different alpha values.
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In particular, when α< 0, their surfaces are different from those with α> 0 and KL

divergence, which implies that we could achieve better performance from these special

settings.

To guarantee αρ2
σ(1−α)> 0 in alpha divergence, we analyze three possible cases:

(i) ρσ = 1: we could use any real number, excluding 0 and 1.

(ii) ρσ < 1: we have

(6.20) α< 1
1−ρ2

σ

> 1.

(iii) ρσ > 1: we derive

(6.21) α>− 1
ρ2

σ−1
< 0.

According to the analysis of these three cases, we could achieve the most conservative

interval for α in [0,1], as shown in Figure 6.7, in which we also demonstrate the upper

and bounds as a function of ρσ. For a real-world application, we will estimate a proper

alpha interval via minimal and maximal ρσ during the training procedure.

Further, considering the widely existing multi-action situation, we extend alpha diver-

gence to a more suitable form. It is usually assumed that the n continuous actions satisfy

a n-variant normal distribution with a mean vector µ= [µ1,µ2, ...,µn]Tand a diagonal

covariance matrix (i.e., Σ= diag(σ2
1,σ2

2, ...,σ2
n). In this setting, the alpha divergences

have the following special forms:

(6.22) DAD(p||q)= 1
α (α−1)

 n∏
i=1

σ1−α
pi

σα
qi√

ασ2
qi+(1−α)σ2

pi

e
1
2

α(α−1)(µpi−µqi )2

ασ2
qi

+(1−α)σ2
pi −1


Also, we provide the special forms of KL divergences in the same setting:

(6.23) DKL(p||q)=
m∑

i=1

1
2

(
log

σ2
qi

σ2
pi

+
(
µpi −µqi

)2

σ2
qi

+
σ2

pi

σ2
qi

−1

)

It is observed that the KL divergence is additive, while the alpha divergence is

multiplicative, which shows the obvious difference between such two divergences.

6.3.3 An Improved PPO

In this sub-section, we will summarize our novel proximal policy optimization algorithm

based on alpha divergence or alphaPPO. Now our optimization becomes a minimize
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Figure 6.7: The alpha bounds for different ratios (σq/σp).

problem:

(6.24) min − (1−β)Êt

[
πθ(at|st)
πθ̄(at|st)

Ât

]
+βÊt[DAF (πθ̄(at|st)||πθ(at|st))].

We summarize our alphaPPO in Algorithm 5.

Algorithm 5 alphaPPO: PPO with alpha divergence
1: INITIALIZE: the Actor-Critic network architecture
2: the balanced factor β

3: the alpha values α

4: TRAIN:
5: for Iteration=1,2,... do
6: Collect a trajectory of {st,at, r t} via interacting with environment
7: using the policy πθ

8: Calculate the advantages At according to (6.24)
9: Optimize the actor-critic network

10: Update the value function for critic network
11: Update the policy θ for actor network
12: end for

6.4 Experiments

In this section, the experiments will be conducted to demonstrate the effectiveness and

efficiency of the proposed alphaPPO algorithm by comparing it with two other PPO-type
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reinforcement learning methods (clipping and combined PPOs).

6.4.1 Algorithms, Settings and Environments

In this sub-section, we will first verify our alphaPPO, via comparing with clipping

PPO and combined PPO, with two traditional control environments: Pendulum and

Mountain Car, and four simulated robotics environments using the MuJoCo physics

engine: Inverted Pendulum, Reacher, Swimmer and Hopper. The basic information for

these environments is shown in Appendix.

The basic code for PPO based on Pytorch is downloaded from 1, which is used to

implement combined PPO and our alphaPPO. For three compared algorithms, their actor

and critic networks are built with a fully connected neural network with two hidden

layers of size 128. The maximal number of episodes is set to 10000 for all the experiments,

respectively. Next, we will tune the key parameters elaborately at first, and then detect

the best performance for a fair comparison.

Table 6.1: The rewards of different ε parameters in clipping PPO for six environments

ε Pendulum Mountain Inverted Reacher Swimmer Hopper
Car Pendulum

0.025 42.81 111.17
0.05 -307.00 65.68 827.40 -88.56 32.76 165.01
0.1 -195.77 44.17 911.78 -88.53 6.16 10.08
0.2 -279.62 56.88 947.03 -88.22 34.44 9.80
0.3 -210.39 37.05 1000.0 -87.02 7.49 10.06
0.4 -379.10 47.68 59.44 -84.42 30.00 9.67
0.5 -89.36

6.4.2 Tuning Key Parameters for Compared Algorithms

We tuning clipping factor ε for clipping PPO. In clipping PPO, a default ε= 0.2 is widely

recommended, for example in [34]. In order to validate whether this setting is optimal,

we set ε with five different values: 0.05, 0.1, 0.2, 0.3 and 0.4, and the average rewards

of last 100 episodes in each environment are shown in Table 6.1. If the optimal value

is obtained at the edge, we would extend the range of ε slightly. In Table 6.1, the best

returns are highlighted by bold font where the return is calculated over the last 100
1https://github.com/boyu-ai/Hands-on-RL
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episodes. At the same time, we use Swimmer environment in MuJoCo as an example to

show the tuning procedure in Figure 6.8.

Figure 6.8: Tuning the ε value in clipped PPO for Swimmer

Figure 6.9: Tuning the balanced β value in combined PPO for Swimmer

The balanced factor β is tuned for combined PPO. For combined PPO, the balanced

factor β is varied from 0.4 to 0.9 with a step of 0.1 in our experiments. The tuning
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Figure 6.10: Tuning the α value in combined PPO for Swimmer

procedure is executed on Swimmer, as shown in Figure 6.9. The best tuning results of all

six environments are highlighted in Table 6.2.

Table 6.2: The rewards of different β parameters for six environments in combined PPO

β Pendulum Mountain Inverted Reacher Swimmer Hopper
Car Pendulum

0.4 -292.61 -6.41 975.78 -87.56 30.42 274.78
0.5 -269.92 89.74 1000.0 -14.47 31.13 284.27
0.6 -262.64 92.87 1000.0 -16.89 31.27 185.31
0.7 -226.38 36.37 954.65 -43.37 31.46 271.94
0.8 -226.30 87.84 1000.0 -87.18 35.61 278.21
0.9 -357.06 93.99 985.44 -16.36 30.95 286.50

Finally, the α for in our alphaPPO are determined. There are two key parameters: the

α in alpha divergence and balanced factor β in combined PPO for our alphaPPO. Here, we

apply a lazy strategy to search for an optimal α given an optimal β value from Table 6.2.

Besides five specific alpha values in Figure 6.6, totally, we choose α= {−2.0,−1.5,−1.0,0

1.0,1.5,2.0,2.5} for each environment. Then, the tuning procedure of α in Swimmer

environment is shown in Figure 6.10 as an example. Finally, we obtain the rewards of

each α value in six environments and highlight the optimal α value as shown in Table
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6.3. The optimal parameters for three methods and six environments are listed in Table

6.4. It is also observed that two environments (Inverted Pendulum and Swimmer) have

a better performance with KL divergence (α= 1).

Table 6.3: The rewards of different α parameters for six environments in alphaPPO

α Pendulum Mountain Inverted Reacher Swimmer Hopper
Car Pendulum

-2.0 -1190.97 -75.86 984.32 -87.14 5.65 9.03
-1.5 -1183.64 34.66 947.30 -86.31 7.60 10.45
-1.0 -1281.46 27.64 992.94 -88.72 7.91 9.67
0 -173.56 51.96 993.68 -13.78 32.46 452.06
0.5 -299.80 96.02 963.92 -86.43 9.39 278.40
1.0 -226.38 92.87 1000.00 -14.47 35.61 185.31
1.5 -257.77 91.85 993.80 -88.26 6.89 297.47
2.0 -295.83 91.93 996.32 -85.91 -45.73 284.79
2.5 -257.22 88.22 901.87 -87.07 6.63 10.16

Table 6.4: The optimal parameters for three methods and six environments

Environment ε in Clipping PPO β in Combined PPO α in alphaPPO
Pendulum 0.1 0.8 0.5
Mountain Car 0.05 0.9 0.5
Inverted Pendulum 0.3 0.5 1.0
Reacher 0.4 0.5 0
Swimmer 0.2 0.8 1.0
Hopper 0.05 0.9 0

6.4.3 Comparison of Three Algorithms

According to the above parameter tuning procedures, we determine the optimal key

parameters for three compared methods (clipping PPO, combined PPO, and alphaPPO) in

six environments, as shown in Table 6.4. Based on these optimal settings, we compare the

three algorithms for each environment and the experiments of each algorithm run with

four random seeds as shown in Figure 6.11. Table 6.5 also shows the average rewards of

the last 100 episodes in each environment with one fixed random seed.
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Table 6.5: The reward of three algorithms on six environments

Environment Clipping PPO Combined PPO AlphaPPO
Pendulum -195.77 -226.30 -173.56
Mountain Car 65.68 93.99 96.02
Inverted Pendulum 1000.0 1000.0 996.32
Reacher -84.42 -14.47 -13.78
Swimmer 34.44 32.38 34.88
Hopper 165.01 284.2 452.06

Table 6.6: Relative return based sample efficiency from three methods on six environ-
ments

Environment Clipping PPO Combined PPO alphaPPO
Pendulum 0.7894 0.5000 1.0000
Mountain Car 0.5000 0.9665 1.0000
Inverted Pendulum 1.0000 1.0000 0.5000
Reacher 0.5000 0.9951 1.0000
Swimmer 0.9256 0.5000 1.0000
Hopper 0.5000 0.7076 1.0000
Mean 0.7025 0.7782 0.9167

Our alphaPPO obviously outperforms two compared methods in the leftover subplots

(a), (b), (e), and (f) of Figure 6.11. In Figure 6.11(d), three curves overlap to some extent,

however, the reward value in Table 6.5 validates that alphaPPO is slightly superior to

the other methods. According to Table 6.5 on Inverted Pendulum, it is illustrated that

ouralphaPPO performs slightly worse than the other two methods on, but the difference

is very small. We infer this tiny deterioration possibly comes from randomness. On the

other hand, in Figure 6.11 (c), our alphaPPO becomes very stable after 4000 epochs, but

clipping PPO oscillates and the combined PPO has a large deviation. This shows that

our alphaPPO could still work well on this environment.

6.4.4 Performance Evaluation of Sample Efficiency

The AUC defined in chapter 4 is not good enough to compare two methods, since intu-

itively and visually the algorithm B is better than the algorithm A. In this case, we
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(a) Pendulum (b) Mountain Car

(c) Inverted Pendulum (d) Reacher

(e) Swimmer (f) Hopper

Figure 6.11: Comparison of PPO-type algorithms
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define a relative return-based metric for sample efficiency:

(6.25) SERR = 1
2

(
R−Rmin

Rmax −Rmin
+1

)
∈ [0.5,1.0]

where R indicates the average return obtained from the above sub-section, and Rmax

and Rmin are the maximum and minimum of returns among several compared methods.

Such a metric implies sample efficiency for a fixed number of episodes or a proper time

step interval.

In Table 6.6, the sample efficiency based on relative return is estimated, which shows

that our alphaTRPO is the most efficient in all environments but Inverted Pendulum.

For the last row of Table 6.6, overall, the sample efficiency of our alphaTRPO is the

highest among three compared methods.

In short, the aforementioned experiments validated the effectiveness and efficiency

of our proposed alphaPPO algorithm.

6.5 Summary

In this chapter, we proposed an enhanced proximal policy optimization algorithm, which

stems from the primary proximal policy optimization and substitutes alpha divergence

for KL divergence. Experimentally, the effectiveness and the efficiency of our proposed

method are validated using six benchmark environments and two compared algorithms.
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7
DIVERSITY-DRIVEN MODEL ENSEMBLE ADAPTIVE

TRUST REGION POLICY OPTIMIZATION

In this chapter, we will propose a new model ensemble trust region policy opti-

mization, via a novel deep neural network architecture for environment dynamics

models and an adaptive Renyi alpha divergence for trust region policy optimization.

7.1 Introduction

In Chapter 3, we have reviewed some related work in model-ensemble reinforcement

learning (MERL), from which we observed that:

(1) Shallow and wide neural networks are widely used to build ensemble-based

dynamics models, in which the deep neural networks mean that ReLU is used. However,

these true deep neural networks [43] have not been applied yet.

(2) So far, there are two implicit ways to reflect the model diversity: different initial-

ization and different sample subsets. The explicit diversity is not investigated.

(3) TRPO is a popular policy learning technique, the improvement of which will

enhance MERL approaches further.

These three observations inspire us to build a novel MERL approach in this thesis.

We will propose a Diversity-driven model ensemble Adaptive trust region policy opti-

mization (DA-TRPO). Specifically, we firstly design a new network architecture based

on U-net [102], residual network [50], and attention mechanism [131] to achieve better
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representation ability than simple MLPs but with fewer neurons (or weights). It is

widely recognized that diversity is an essential index for ensemble learning [77, 99].

Different from the naive methods used in previous works, like different initialization and

different sample subsets, we develop a new diversity regularization technique to pursue

the model diversity explicitly based on the Hilbert-Schmidt independence criterion which

is a kernel-based index to measure the dependence between two sets of random variables

[44]. Further, the success of model-based RL also depends on policy learning. TRPO [106]

is one of the representative techniques in deep RL, whose primary form constrains its

trust region of two consecutive policies via the parameter-free Kullback-Leibler (KL) di-

vergence, and performance is greatly sensitive to its KL threshold. Instead, in this study,

we apply a parametric Renyi alpha divergence [100, 130] and further adjust the alpha

value adaptively during training iterations, which would benefit adaptive trust region

detection and alpha value tuning. Finally, experiments on six benchmark environments

show that our proposed method can achieve the best performance, compared with three

existing RL methods. In summary, we propose three contributions in this chapter:

• we build a novel model ensemble RL technique containing a Hilbert-Schmidt

independence criterion-based regularization term to pursue an explicit model

diversity and well-designed base models to learn fewer network weights;

• our proposed adaptive Renyi alpha divergence detects the trust region adaptively

between two adjacent policies for TRPO in the policy learning step.

• the effectiveness and efficiency of our proposed ensemble method are validated

by comparing it with three State-of-the-art reinforcement learning techniques

conducted on six benchmark environments.

The remainder of this chapter is organized as follows. We define our deep neural

network architecture and its diversity-driven objective function, in Section 7.2 and 7.3,

respectively. Then an adaptive trust region policy optimization is proposed in Section 7.4.

The extensive experiments are provided and analyzed in Section 7.5. Finally, we end up

this chapter with a concise summary.

7.2 Residual Attention U-nets for Dynamics Models

The existing dynamics models are constructed via feed-forward neural networks and

their probabilistic forms, as shown in Figure 7.1 from ME-TRPO [63]. With four hidden
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Input|s+a|
FC1 & ReLU (|s+a|)×1000

1000
FC2 & ReLU 1000×1000

1000
FC3 & ReLU 1000×1000

1000
FC4 & ReLU 1000×1000

1000
FC & Tanh 1000×|s|
|s| Output

Figure 7.1: A feed-forward neural network with four hidden layers in ME-TRPO, where
the black number indicates the size of weights for each layer and the red number is
the output feature dimension of each layer. The + is the concatenation operation of two
vectors and | · | indicates the length of the vector. For any benchmark environment, there
are more than 1M and 3M weights for two and four hidden layers.

layers of 1000 neurons, for tradition control and MuJoCo environments, there are more

than 3M weights to be optimized, which would result in a high computational complexity.

To avoid the over-fitting problem, many interactions with the environment are still

needed, which violates the primary aim of MBRL. To this end, we construct a novel

network architecture in this subsection. At first, we introduce three modules: U-net,

residual networks, and attention mechanism.

7.2.1 U-net

An autoencoder is a specific type of neural network, which cascades an encoder with a

decoder. The former is designed to encode the input into a compressed and meaningful

representation, and the latter decodes it back such that the reconstructed input is as

similar as possible to the original [9, 129]. This network is originally implemented by

fully connected (FC) layers and then induces a famous encoder-decoder architecture in

deep learning [43].

For the image segmentation task, after the FC layers are replaced by convolutional

layers to construct a fully convolutional network (FCN), the U-net [102] particularly

adds some skipping connections to concatenate low levels features to high-level features.

This kind of connection not only facilitates back-propagation during training but also
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compensates low-level finer details for high-level semantic information. Nowadays, U-net

and its variants have become effective tools for image segmentation and related tasks

[111].

In this study, we will build our dynamics model with U-net with all FC layers, as our

backbone network.

7.2.2 Residual Network

As the number of layers increases, when training a neural network or deep learning

network using a back-propagation algorithm, it can happen that the gradients vanish

and explode. To address this issue, a residual network is proposed in [50], which is

composed of several residual blocks. Each residual block consists of 3-4 convolutional

layers, in which the input is added to the output of the last layer via a shortcut addition

connection. Similarly, as concatenation in U-net, this addition connection also propagates

the low-level information to the high levels. It has been shown that this residual trick

can effectively speed up the training procedure and further enhance the classification

performance, especially for image recognition [108].

In our study, we construct each residual module with FC layers and ReLU activation

functions, as shown in Figure 7.2. The purpose of the first FC layer would enlarge the

length of input doubly, and the next three layers remain unchanged in feature dimension.

We build a shortcut connection between the output of the first layer and that of the last

layer since the addition operation needs the same length.

The skipping concatenation connection in U-net is from the output of the fourth layer,

and the low-level attention comes from the addition operation, which implies that the

concatenation and attention exploit different low-level information, as shown in Figure

7.2.

7.2.3 Attention Mechanism

The attention mechanism is mostly popular in natural language processing (NLP) [131],

which pays more attention to the subset of its input. Moreover, it has been employed

in many applications [18, 88], for example, computer vision. The attention mechanism

detects which parts of the network require more attention in the neural network. The

attention mechanism also reduces the computational cost of encoding the information

in each image into a vector of fixed dimensions. The main strength of the attention
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FC4 & ReLU
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Attention

Shortcut
Connection

FC1 & ReLU
2|s+a|

|s+a|
Input

Figure 7.2: Residual module used in this study, where the length of feature vector
indicates the Res module 1 in Figure 7.5.

mechanism is that although it is simple, it can be applied to any input size, and enhances

the quality of features that boost the results further.

In [54], an attention mechanism is designed according to low-level and high-level

information for image segmentation. In this study, we simplify their implementation

via substituting FC layers for convolutional layers, as shown in Figure 7.3. Here, the

first FC layer is to transform the low-level features into the same length as the low-level

features, since both addition and multiplication operations need the same length vectors.

Sequentially, we combine the attention mechanism and residual block to build the

residual attention (ResAtt) module as shown in Figure 7.4, which aims to shorten the

length of feature vectors by half overall. The first two FC layers would reduce the length

of their input features since the attention and concatenation operations would produce a

longer feature vector.

7.2.4 Residual Attention U-net for Ensemble Dynamics Model

Finally, we integrate the aforementioned U-net architecture, residual module, and resid-

ual attention module to construct a residual attention U-net, or simply RauNet, as

shown in Figure 7.5. There are four components: encoder, bridge, decoder, and output.

The encoder includes two residual modules, and the decoder covers two residual attention

modules. The bridge component connects the encoder with the decoder. It is noted that

this component excludes concatenation and attention connections. The output module

87



7.2. RESIDUAL ATTENTION U-NETS FOR DYNAMICS MODELS
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Figure 7.3: Attention mechanism module, where the length of the feature vector is from
Attention module in Figure 7.4.
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Figure 7.4: Residual attention architecture, where the length of feature vector indicates
in ResAtt module 1 in Figure 7.5.

consists of two FC layers, as shown in Figure 7.6. In Figure 7.5, we indicate the output

vector length of each module, where s+a indicates the concatenation operation of two

vectors and | · | is the length of the vector.

When the deep neural network in Figure 7.1 is built using m hidden layers and h
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Figure 7.5: Residual attention U-net (RauNet) proposed in this study.

Table 7.1: Estimation of weight size for our RauNet

Module Weights
Res Module 1 14(|s|+ |a|)2

Res Module 2 56(|s|+ |a|)2

Res Module 224(|s|+ |a|)2

ResAtt Module 2 288(|s|+ |a|)2

ResAtt Module 1 72(|s|+ |a|)2

Output Module 2(|s|+ |a|)2 +|s|(|s|+ |a|)
Overall 656(|s|+ |a|)2 +|s|(|s|+ |a|)

neurons, except for bias terms, the number of weights is estimated as follows:

(7.1) DNN= (m−1)h2 +2h|s|+h|a| ≈ (m−1)h2

which shows that a four hidden layer network has more than 3M weights.

For our RauNet, the number of weights is estimated in Table 7.1, where the total

number of weights is:

(7.2) RauNet= 656(|s|+ |a|)2 +|s|(|s|+ |a|)≈ 656(|s|+ |a|)2.

When |a|+ |s| = 40, the weight size is close to 1M, which is true for many benchmark

environments. Therefore, our RauNet is a lightweight deep network.
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Input 2|s+a|
FC & ReLU

|s+a|
FC & Tanh
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Figure 7.6: Output module used in Figure 7.5.

7.3 Diversity-driven Objective Function

The aim of MFRL is to learn an optimal policy π that maximizes the aforementioned

J(π), or the value function Vπ(st). However, in MBRL, we assume access to an analytic

differentiable transition function (and reward function), i.e., an environment dynam-

ics model [81, 92]. After collecting some interactions with the true environment, the

experienced transitions are denoted as follows:

(7.3) D = {(st,at, st+1)}

which is usually stored in a replay buffer of a fixed length and thus is sequentially

updated over time. We use this date (7.3) to learn a dynamics function f . When the

ground-truth dynamics are deterministic, the learned dynamics function f predicts the

next state from the current state and action. In stochastic settings, it is usual to represent

the dynamics with a Gaussian distribution, i.e., p(st+1|at, st)∼N (µ(st,at),Σ(st,at)), in

particular, the covariance matrix Σ is simply diagonal [81, 92]. For ensemble models, a

set of m dynamics functions f = { f i|i = 1, ...,m} need to be trained.

In ensemble learning [77, 99], diversity is one of the key factors that must be consid-

ered. However, as pointed out in the related work in Chapter 2, existing model ensemble

RL methods only apply different initialization and different sample subsets, which

generally are regarded as implicit diversity.

In policy ensemble learning, to find out a set of diverse policies, maximum mean

discrepancy (MMD) and orthogonality are used as regularization terms in [74] and [148],

respectively, which measure the difference between two policies.

In deep learning, the similarity of neural network representation is revisited in

[61], listing several famous metrics, for example, Hilbert-Schmidt independence crite-

rion (HSIC) and its normalized version (NHSIC) or centered kernel alignment (CKA),

canonical correlation analysis (CCA) and its singular vector form (SVCCA) and so on.
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In this research, we will explicitly enforce a model diversity for neural network

parameters via NHSIC. The original HSIC is a kernel-based index to measure the

dependence between two sets of random variables. When two kernels are universal,

HSIC=0 indicates independence. Let two neural networks be parameterized using φi

and φ j, respectively. Since each different FC layer has its number of weights and bias

terms, we arrange and reshape those parameters of each network into a long vector for

convenience. Assume that each neural network corresponds to a kernel matrix K i. Then,

the empirical estimator between two networks is defined as:

(7.4) HSIC(K i,K j)= 1
(n−1)2 trace

(
K iHK jH

)
where n is the total number of parameters of each network, "trace" is the trace operation,

and H is the centering matrix.

Since HSIC is not invariant to isotropic scaling, its invariant is defined as

(7.5) NHSIC(K i,K j)=
HSIC(K i,K j)√

HSIC(K i,K i)HSIC(K j,K j)

which is referred to as normalized HSIC (i.e., NHSIC) [147] and centered kernel align-

ment (CKA) in [28, 30].

According to this NHSIC, we define a diversity index for m dynamics models as

follows:

(7.6) L div = 1
m(m−1)

m∑
i, j=1,i ̸= j

NHSIC(K i,K j).

Since we train each model separately, this representation for the i-th model could be

simplified as

(7.7) L div
i = 1

m−1

m∑
j=1, j ̸=i

NHSIC(K i,K j).

Finally, for the i-th dynamics model, its diversity-driven objective function becomes

(7.8) Li =L mse
i +µL div

i

where µ is a positive constant for diversity-driven regularization term, and the mean

squared error term L mse
i is defined as:

(7.9) L mse
i = 1

|D|
∥∥st+1 − fφi (st,at)

∥∥2
2 .

According to the replay buffer data (7.3). In this case, our novel objective function (7.8)

considers the model diversity explicitly, which would benefit to the model bias and

variance reduction.
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7.4 Adaptive Trust Region Policy Optimization with
Renyi Alpha Divergence

TRPO [106] is one of the representative actor-critic architecture RL methods [34], whose

actor network is to learn a policy and the critic network is to fit the value function.

Assume that the policy π is parameterized by a parameter vector θ, which is indicated

by πθ. With the previous policy πθold , the agent interacts with the simulated environment

to collect some fictitious trajectory data, and then the TRPO optimizes a constrained

maximization problem:

(7.10)
max Êt

[
πθ(at|st)

πθold (at|st)
A(st,at)

]
s.t. Êt[DKL(πθ(at|st)||πθold (st|at))]≤ δ

where θ and θold are two parameter vectors corresponding to the current and previous

policies, respectively; the DKL(·||·) indicates the Kullback-Leibler (KL) divergence (or rel-

ative entropy) [29, 130]; δ is the threshold of KL divergence; and A(at, st) the advantage

function, please refer to their detailed definitions in Chapter 2.

In Chapter 2, the KL divergence and its special representation for two Gaussian

distributions are summarized. Such a KL divergence is a parameter-free divergence, as

a result, the performance of TRPO is sensitive to the threshold δ since the trust region

is fixed during the whole TRPO learning procedure. In this study, we will design and

implement an adaptive trust region.

To characterize the difference between two probability distributions, some paramet-

ric divergences have been proposed [27]. In this study, we will consider Renyi alpha

divergence, [49, 100, 130], which is defined as

(7.11) D(α)
RA(p||q)= 1

α−1
ln

∫
p(x)αq(x)1−αdx,α> 0,α ̸= 1.

There are three special α values, which correspond to three existing divergences or

distances: (a) Hellinger distance: α= 1/2; (b) KL divergence: α→ 1; and (c) Chi-square

divergence: α= 2.
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(a) Continuous case

(b) Discrete case

Figure 7.7: KL divergence and Renyi alpha divergence for three special α settings.
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Interestingly, the Renyi alpha divergence has the following useful properties:

(a) Non-decreasing: D(α)
RA(p||q) is non-decreasing in α, often strictly so.

(b) Continuity: D(α)
RA(p||q) is continuous on α ∈ [0,∞].

(c) Positivity: D(α)
RA(p||q)≥ 0 for α ∈ [0,∞], often strictly so.

(d) Convexity: D(α)
RA(p||q) is jointly convex in (p, q) for α ∈ [0,1], convex in q for

α ∈ [0,∞], and jointly quasi-convex in (p, q) for α ∈ [0,∞].

For two univariate Gaussian distributions, we have a closed form:

(7.12) D(α)
RA(p||q)= 1

2
α(µp−µq)2

ασ2
q+(1−α)σ2

p
+ 1

α−1 ln
σ1−α

p σα
q√

ασ2
q+(1−α)σ2

p
.

In Figure 7.7(a), we illustrate KL divergence and Reny alpha divergence for some

special α settings for different Gaussian distributions. Further, we analyze two special

cases: (a) σp =σq:

(7.13) D(α)
RA(p||q)= 1

2

(
µp −µq

σp

)2
α

which is linear with respect to α. (b) µp =µq:

(7.14) D(α)
RA(p||q)= 1

α−1
ln

σ1−α
p σα

q√
ασ2

q+(1−α)σ2
p

which is non-linear with respect to α. In Figure 7.8, we show the Renyi alpha divergence

as a function of α, for three different cases, which validates its non-decreasing property.

Considering two n-variate Gaussian distributions, we also have

(7.15)
D(α)

RA(p||q)=
n∑

i=1

(
1
2

α(µpi−µqi)2

ασ2
qi+(1−α)σ2

pi
+ 1

α−1 ln
σ1−α

pi σα
qi√

ασ2
qi+(1−α)σ2

pi

)
=

n∑
i=1

D(α)
RA(pi||qi).

This relation implies that the Renyi alpha divergence is additive, just as the KL diver-

gence.

For two discrete distribution laws: p = [p1, ..., pn] and q = [q1, ..., qn], their KL and

Renyi alpha divergences are defined as:

(7.16)
DKL(p||q)=

n∑
i=1

pi ln
(

pi
qi

)
D(α)

RA(p||q)= 1
α−1 ln

n∑
i=1

pα
i q1−α

i .

We illustrate the KL divergence with two discrete variates in Figure 7.7(b).
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Figure 7.8: Nondecreasing property of Renyi alpha divergence with respect to α.

The Renyi alpha divergence can better measure the difference between two successive

policies since the trust region of TRPO is related to the alpha value. However, its optimal

alpha value needs to be searched for via grid scanning, which is time-consuming.

From the above nondecreasing property, we find out that, for two fixed distributions,

as the alpha increases, the divergence becomes larger and approximates the given

divergence threshold δ, which implies that the exploration ability is limited.

Therefore, according to this observation, we design a mechanism to adaptively adjust

the alpha value for Renyi alpha divergence in each iteration.

Let the average return of the ith iteration be R̄i (i = 0,1,2, ...). We consider three

cases:

(a) Increasing case: R̄I > (1+τ)R̄i−1, where τ ∈ (0,1] is a positive small constant, i.e.,

the average return is increasing with τR̄i−1 at least. In this case, the alpha value is

unchanged, i.e., αi =αi−1.

(b) Fluctuating case: if R̄I ∈ [(1−τ)R̄i−1, (1+τ)R̄i−1], we reduce the alpha value to

enhance the exploration ability.

(c) Decreasing case: when R̄i < [(1−τ)R̄i−1, we increase the alpha value to compress

the exploration ability.
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Figure 7.9: A diagram to show how to adjust the alpha value.

Finally, we summarize the above considerations as the following rules:

(7.17) αi =


αi−1 + ∆α

αi−1+1 ,

αi−1 − ∆α
αi−1+1 ,

αi−1,

if R̄i
R̄i−1

< 1−τ

if 1−τ≤ R̄i
R̄i−1

≤ 1+τ

if R̄i
R̄i−1

> 1+τ

where ∆α is an increment for α. In our experiments, we set them as α0 = 1.0, ∆α= 0.1

and τ= 0.05, and show an illustrative diagram in Figure 7.9. This process essentially

adjusts the trust region adaptively.

In [106], the basic convergence of TRPO with KL divergence is analyzed in detail.

Since the mathematical properties are almost the same between the KL divergence and

the Renyi alpha divergence, our adaptive alpha TRPO also has a good convergence.

Finally, the performance of TRPO is validated using the m learned dynamics models.

An accumulative reward is defined as:

(7.18) η(θ,φ)= Êτ[
H∑

t=0
r(st,at, st+1)]

where τ̂= {a0, s0,a1, s1, ...}, s0 ∼ ρ0(·), at ∼π(·|st), and st+1 = f (st,at). Then, the ratio of

models in which the policy improves is estimated as follows:

(7.19)
1
m

m∑
k=1

I(η(θnew,φk)> η(θold,φk))
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Algorithm 6 Diversity-driven model ensemble algorithm with adaptive trust region
policy optimization (DA-TRPO)

1: INITIALIZATION

2: Initialize a policy π,
3: m RauNet dynamics models f1, f2, ..., fm,
4: α= 1.0,
5: an empty dataset D.
6: PROCESS

7: Repeat
8: Collect samples from the real system f using π and add them to D.
9: Compute the average return

10: Adjust the alpha value
11: Train all RauNet-based models using D
12: via minimizing diversity-driven objective.
13: Repeat
14: Collect fictitious samples from { fk|k = 1, ...,m} using π.
15: Update the policy using adaptive alpha TRPO on the fictitious samples.
16: Estimate the performance for each model.
17: Until the performances stop improving.
18: Until the policy performs well in real environment f .

where I(·) is an indicator function, in which I(true)= 1.

The current iteration continues as long as this ratio exceeds a certain threshold. This

process continues until the desired performance in the real environment is reached.

7.5 Diversity-driven Model Ensemble Adaptive Trust
Region Policy Optimization

According to the above three sub-sections, we summarize our proposed novel diversity-

driven model ensemble adaptive trust region policy optimization in Algorithm 6, which

is referred to as DA-TRPO. This algorithm combines residual attention U-net, diversity-

driven objective function, and adaptive Renyi alpha divergence.

From the aforementioned Algorithm 6, we could also derive two simplified versions

as shown in Table 7.2: (a) RN-TRPO, which only embeds our proposed new deep neural

network RauNet and (b) RN-aTRPO, which adds Renyi alpha divergence. In this next

section, we will validate our proposed DA-TRPO.
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Table 7.2: DA-TRPO and its two reduced forms

Algorithm RauNet Diversity
TRPO

Renyi alpha Adaptive
RN-TRPO ✓
RN-aTRPO ✓ ✓
DA-TRPO ✓ ✓ ✓ ✓

Table 7.3: The basic information for six environments

Environment State Action Weights Weights Ratio
space space in DNN in RauNet

Cartpole 4 2 3.010M(4) 0.024M 0.0080
Pendulum 3 1 3.007M(4) 0.010M 0.0033
InvertedPendulum 4 1 3.009M(4) 0.016M 0.0053
Swimmer 8 2 3.018M(4) 0.066M 0.0219
Half-cheetah 17 6 3.040M(4) 0.347M 0.1142
Walker2d 17 6 3.040M(4) 0.347M 0.1142

7.6 Experiments

In this section, some detailed experiments on six environments are conducted to demon-

strate the effectiveness of our proposed DA-TRPO, by comparing them with the original

TRPO [106], single model-based method MB-MF [86], and model ensemble method

ME-TRPO [63].

7.6.1 Environments and Compared Algorithms

To experimentally verify our proposed algorithms: DA-TRPO, and three existing algo-

rithms: TRPO, MB-MF, and ME-TRPO, six benchmark environments will be investigated,

which cover two traditional control environments: Cart Pole and Pendulum, and four

simulated MuJoCo environments: Inverted Pendulum, Swimmer, Half Cheetah, and

Walker2d, as shown in Appendix.

In Table 7.3, we list the number of weights from DNN with four hidden layers in

ME-TRPO and RauNet in our proposed methods. It is found that the network of our

models is much smaller than that of DNN, as shown in the last column: the ratio of

RauNet weight size compared with a DNN with four hidden layers.
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Table 7.4: The average return of all algorithms on six environments

Environment TRPO MB-MF ME-TRPO DA-TRPO
Cart Pole -30.89(±70.65) 55.82(±19.86) 142.39(±76.32) 186.23(±19.77)
Pendulum 162.59(±4.93) 157.64(±13.45) 164.40(±4.02) 167.18(±3.87)
Inverted Pendulum -104.02(±16.85) -156.15(±25.00) -26.69(±23.82) -12.31(±8.00)
Swimmer 26.31(±7.49) 30.14(±2.82) 3.36(±19.34) 21.75(±7.17)
Half-cheetah -352.01(±24.40) -475.44(±40.70 119.27(±10.09) 137.05(±42.51)
Walker2d -2771.11(±161.09) -2705.52(±167.09) -2712.07(±127.33) -318.53(±33.48)

For the four compared algorithms (TRPO, MB-MF, ME-TRPO, and DA-TRPO), the

first three existing algorithms TRPO, MB-MF, ME-TRPO are from 1 [133], and are exe-

cuted with their default settings as much as possible. However, to fit our computational

resource, the sampled trajectory data are divided into training and validating samples

equally, the size of each buffer for training and validating dynamics model is 20K, and

the batch size is 512. We also adjust the number of iterations to reach 100K time steps.

For CartPole, Pendulum, and Inverted Pendulum, their learning rate is 0.01, otherwise

0.001. Except for our new deep network RauNet, our algorithms are set to have similar

parameters as ME-TRPO. Specifically, in DA-TRPO, the α is initialized as α0 = 1 and is

updated automatically at each iteration, and the default set of µ is 10 except Pendulum

where the µ is 100. After the network parameters are normalized to follow the standard

Gaussian distribution, the width of the RBF kernel is set to 1 for estimating kernel

matrices in NHSIC.

7.6.2 Experimental Comparison and Analysis for Six Algorithms

According to the aforementioned settings, we conduct the experiments on all environ-

ments with ten random seeds, as shown in Figure 7.10.

In Figure 7.10 (a) (c) (e) and (f), our DA-TRPO performs more effectively than

other methods on four environments: Cart Pole, Inverted Pendulum, Half Cheetah,

and Walker2d. In the environment Pendulum, our DA-TRPO and other methods perform

similarly as shown in Figure 7.10(b). Although the TRPO and MB-MF methods are

superior to our algorithms on the environment Swimmer in Figure 7.10(d), the proposed

DA-TRPO method achieves better returns than the ME-TRPO, which is considered a

valid improvement.
1https://github.com/WilsonWangTHU/mbbl-metrpo
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(a) Cart Pole (b) Pendulum

(c) Inverted Pendulum (d) Swimmer

(e) Half-cheetah (f) Walker2d

Figure 7.10: Comparison of four reinforcement learning algorithms on six environments

Further, we calculate the final returns of each algorithm in each environment, which

represent the average and standard deviation of the returns of the last five iterations, as

shown in Table 7.4. Our proposed methods work better than the three compared methods
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on all environments except Swimmer. On the environment Swimmer, we still achieved a

satisfactory result as expected.

Table 7.5: Relative return based sample efficiency of four methods on six environments

Environment TRPO ME-MF ME-TRPO DA-TRPO
Cart Pole 0.5000 0.6997 0.8990 1.0000
Pendulum 0.7594 0.5000 0.8543 1.0000
Inverted Pendulum 0.6812 0.5000 0.9500 1.0000
Swimmer 0.9285 1.0000 0.5000 0.8434
Half Cheetah 0.6008 0.5000 0.9855 1.0000
Walker2d 0.5000 0.5134 0.5120 1.0000
Mean 0.6616 0.6188 0.7835 0.9739

On the other hand, we evaluate the sample efficiency based on the relative return

defined in Chapter 6 for four RL methods on six benchmark environments, as shown in

Table 7.5. Except for Swimmer, our DA-TRPO has the highest sample efficiency among

the four methods on the remained five environments. From the last row of Table 7.5,

overall, the highest sample efficiency is from our proposed approach DA-TRPO.

In summary, these experimental results convincingly verify the effectiveness and effi-

ciency of our proposed methods, and thus model ensemble trust region policy optimization

is enhanced further.

7.6.3 Ablation Experiments

This sub-section will provide three ablation experiments to illustrate the effectiveness of

some components in our proposed algorithm.

7.6.3.1 Ablation Experiment on RauNet

Our new RauNet for dynamics model consists of three modules: UNet, ResNet, and

attention modules. Generally speaking, the attention could not become an independent

deep network. Based on the remaining two modules, three deep networks have been built,

i.e., UNet, ResNet, and their combination ResUNet, in deep learning. In this subsection,

we conduct an ablation experiment on the Pendulum to validate whether our RauNet

outperforms the three aforementioned deep networks, as shown in Figure 7.11.
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Figure 7.11: Ablation experiment on Pendulum for different network architectures.

From 7.11, we observe the following: (a) at the beginning, our RauNet achieves a

higher average return than the other three networks, (b) ResNet is not stable enough,

which is improved by combining UNet, and (c) After 25,000-time steps, UNet, ResUNet,

and our RauNet perform almost equally. Overall, this ablation experiment demonstrates

that our RauNet is more effective than its origins.

7.6.3.2 Ablation experiment on diversity-driven objective

In our study, we add the normalized Hilbert-Schmidt independence criterion as a regu-

larization term in our diversity-driven objective. Here, we validate whether this updated

objective works or not. For the Pendulum environment, the experimental results with

and without NHSIC are shown in Figure 7.12. The red curve with diversity achieves a

higher initial average return than that without diversity, and then go to be stable. The

blue curve without diversity increases quickly before 20000 time steps, After 20000 time

steps, the curve without diversity is slightly lower than and approximate to the curve

with diversity. It is demonstrated that our diversity-driven objective can improve the

performance of our proposed method.
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Figure 7.12: Ablation experiment on Pendulum for the diversity-driven objective.

7.6.3.3 Ablation experiment on alpha values

For Renyi alpha divergence, we conduct an ablation experiment to determine whether

our adaptive procedure can work well. According to our new network architecture, four

different alpha values are checked, i.e., α= 0.5 (Hellinger distance), 1.0 (KL divergence),

1.5 and 2.0 (Chi-Square divergence), which are compared with our adaptive process, as

shown in Figure 7.13. RN-TRPO and RN-aTRPOs (alpha=1.5 and 2.0) perform differently

from one another. RN-aTRPO (alpha=0.5) is the best result, which is approximated by

our DA-TRPO. In this case, we find that our adaptive procedure can achieve almost equal

performance as the best alpha does, which validates that our design is effective.
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Figure 7.13: Ablation experiment on Pendulum for different alpha values.

7.7 Summary

In this chapter, we proposed a diversity-driven model ensemble adaptive trust region

policy optimization, which consists of three key aspects: a residual attention U-net for en-

vironment dynamics models, a diversity-driven objective function, and an adaptive trust

region policy optimization. Our novel model-ensemble trust region policy optimization is

validated to be effective and efficient experimentally.
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8
CONCLUSIONS AND FUTURE WORK

In this chapter, we will conclude our research on four aspects, and further provide

some future work.

8.1 Conclusions

In this thesis, there are four aspects of research that concentrate on the flexible trust

region constraint for enhancing the performance of the policy optimization, and thus we

conclude each of them as follows.

As we know, TRPO has been one of the most successful algorithms in the deep

reinforcement learning community. However, it is frequently criticized for compressing

the exploration ability of the agent learning due to its strict trust region constraint.

Hence, it is desired to look for a strategy to prompt TRPO with a better exploration

ability, which is usually realized by an entropy regularization. We argue about where

to add this regularization term. The existing TRPO variants add a Shannon entropy

regularization term to their objectives only, which is, in essence an indirect way to

promote the exploration ability. In this thesis, our novel alternative aims to regularize the

KL divergence constraint, to relax the trust region for enhancing the exploration ability

directly. Our TRPO version is formulated to maximize the advantage function-based

objective, subject to a threshold of KL divergence minus Shannon entropy, simply ERC-

TRPO. Further, we provide a detailed solution at a code-level optimization, to conduct

a fair experimental comparison. The comparative study, among the original TRPO, an

105



8.1. CONCLUSIONS

entropy regularized objective TRPO (ERO-TRPO) and our ERC-TRPO, demonstrates

our proposed approach to be the most effective and efficient across six benchmark

environments. To the best of our knowledge, this is the first work to regularize the

constraint to relax the trust region from above effectively for policy optimization.

The primary TRPO is formulated as a nonlinear constrained optimization problem,

which bounds the trust region from above. Additionally, it is widely solved approximately,

and its success depends on two factors: search direction and step size. However, the

existing solution only results in an upper bound for the step size search. In this thesis,

we argue whether to bound the trust region from below and thus find a lower bound of

the step size. To this end, we apply a reciprocal optimization technique and then build

a reciprocal trust region policy optimization (rTRPO) by exchanging the objective and

the KL divergence constraint. This procedure can yield a lower bound for the step size

search. Moreover, fusing both trust region policy optimization and its reciprocal version

into a framework results in twin trust region policy optimization (twinTRPO), whose

approximate solution provides an upper bound and a lower bound to effectively control

the step size search, to facilitate the solution to TRPO further. From experiments with

nine benchmark environments and four comparison methods (TRPO, PPO, rTRPO, and

our TwinTRPO), we show the superiority of our twinTRPO. To the best of our knowledge,

it is the first research to bound the trust region from below for policy optimization.

Proximal policy optimization (PPO) has demonstrated its significance in the field

of deep reinforcement learning via its clipping version. However, this clipping form

only characterizes the trust region constraint indirectly. In this thesis, we argue how

to retain its explicit trust region constraint. Therefore, the primary penalty version

of PPO is reconsidered, and then two improvements are applied. Firstly, its penalty

form is reformulated as a linearly combined one (combined PPO) to control the trade-

off between two terms (the surrogate return and KL divergence), which also benefits

the parameter tuning procedure. Secondly, its original KL divergence is replaced by a

parametric alpha divergence, which measures the difference between two subsequent

policies more elaborately to control the trust region effectively for different environments.

These modifications and our new design of this reinforcement learning paradigm derive

a novel PPO-like algorithm called alphaPPO. Via detailed experiments on six benchmark

environments, the effectiveness and efficiency of our proposed alphaPPO have been

verified, compared with clipping PPO and combined PPO. Our work first applies alpha

divergence to fit different environments.

Model-based reinforcement learning has an outstanding potential to be more sample
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efficient for some specific applications, which require building a dynamics model to

characterize the reinforcement learning environments. By introducing ensemble learn-

ing, the model variance and bias can be controlled and reduced further. In this study,

we investigate two key aspects: model learning and planning. On the one hand, via

integrating residual network, U-net, and attention module, we build a deep residual

attention U-net (RauNet), as our dynamics model network, that has fewer weights to be

trained than the widely-used shallow neural networks. Further, we enforce the model

diversity explicitly for our RauNet by defining a diversity-driven objective function using

the normalized Hilbert-Schmidt independence criterion as a regularization term. On

the other hand, to control the trust region, we propose an adaptive trust region opti-

mization via two improvements: substituting parametric Renyi alpha divergence for KL

divergence and correspondingly designing an adaptive process to adjust the alpha value

during iterations, and thus allowing for adaptive trust region adjustment. In this case,

a novel enhanced model ensemble trust region policy optimization based on residual

attention U-net with diversity guarantee and adaptive trust region policy optimization

is built, simply DA-TRPO. Some extensive experiments on six benchmark environments

illustrate that our proposed methods are more effective and efficient, compared with

three existing algorithms (i.e., trust region policy optimization and its previous model

ensemble version, and single model reinforcement learning method). This work has two

novelties: lightweight true deep dynamics models and adaptive alpha trust region policy

optimization.

Sample efficiency is a frequently mentioned term in the literature, but it is always

regarded as a qualitative concept. To the best of our knowledge, only in [82], a rough

quantitative definition is given. To address this situation, we define two sample efficiency

metrics: relative return based and AUC-based, which are normalized values in (0,1) and

(0.5,10), respectively. Moreover, they are used to estimate the sample efficiency for our

experimental comparison, to show that our proposed methods have a higher sample

efficiency than those of the compared RL approaches.

In summary, our proposed methods enhance the trust region constraint in policy

optimization in four aspects: 1) to relax the trust region from above utilizing entropy; 2)

to bound the trust region from above and below; 3) to adjust the trust region by alpha

divergence for different environments; 4) to measure the trust region adaptively in model

ensemble reinforcement learning. And the effectiveness and efficiency of our methods

are all verified by extensive experiments.
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8.2 Future Work

Although four advanced policy optimization methods with flexible trust region con-

straints have been successfully proposed and effectively validated in this thesis, the

research questions pursued in this study remain challenging and require some further

investigation.

Our proposed methods enhance the performance of the TRPO method from different

aspects, raising a new question of whether we can fuse both approaches into a single

method. That is, we will apply reciprocal optimization technology to ERC-TRPO to yield

a lower bound for the step size, to facilitate the solution for ERC-TRPO.

In alphaPPO and DA-TRPO, alpha divergence and Renyi alpha divergence could

effectively improve their performance. This is because these parametric divergences can

control and adjust the trust region properly. To better address the trust region, we should

investigate whether and how the other parametric divergences work for ERC-TRPO and

TwinTRPO. Also, we tune the alpha value via a grid search, which is time-consuming.

We will embed the alpha value optimization into the PPO solution procedure, that is,

the alpha value is set as a trained parameter in the actor network, to detect an optimal

alpha value automatically.

In model ensemble reinforcement learning, the policy optimization methods used

mainly come from on-policy TRPO and off-policy soft actor-critic (SAC), for the finite

horizon episodic environments and discounted reward setting. Recently, the average

rewards, which consider infinite-horizon ergodic environments, have received much

attention. For example, TRPO and PPO have been extended to implement their average

reward versions ATRPO [157] and APO [72]. In this case, we argue whether these

average reward methods can improve the performance of model ensemble approaches.

Our aforementioned researches use some benchmark environments to verify the

effectiveness and superiority of our proposed approaches. Further validations and deep

applications are also needed, which will be executed on some real-world problems, for

example, unmanned aerial vehicles.

Finally, we want to conduct the above future work, which will subsequently help us

improve our techniques and enhance the trust region constraint further.
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A.1 Benchmark Environments

In reinforcement learning field, researchers use different benchmark environments to

evaluate their reinforcement learning algorithms, most of which have been collected in

the GYM website 1. In our experiments, we choose three main kinds of environments:

classic control, Box2D and MuJoCo simulator.

The classic control problem consists of five environment: Acrobot, CartPole, Mountain

Car, Continuous Mountain Car, and Pendulum, as shown in Figure A.1, where two

mountain car environments have the same pictorial diagram. All of these environments

are stochastic in terms of their initial state, within a given range. In addition, Acrobot

has noise applied to the taken action. Additionally, for both mountain car environments,

the cars are underpowered to climb the mountain, so it takes some effort to reach the

top.

The MuJoCo indicates Multi-Joint dynamics with Contact. It is a physics engine for

facilitating research and development in robotics, biomechanics, graphics and animation,

and other areas, in which fast and accurate simulation is needed. In our thesis, we choose

ten environments as shown in Figure A.2.

On Box2D environment, we only pick up Bipedal Walker, as shown in Figure A.3,

which involves a toy game based around physics control.
1https://www.gymliberay.ml
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(a) Acrobot (b) MountainCar

(c) Cartpole (d) Pendulum

Figure A.1: Classic control environments

In Table A.1, we summarize some detailed information for these environments,

including the dimensions of actio and state spaces.

We will use some of benchmark environments to validate the performance of our

proposed RL algorithms.
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(a) Ant (b) Half Cheetah (c) Hopper

(d) Humanoid (e) Inverted Pendulum (f) Pusher

(g) Reacher (h) Swimmer (i) Walker2d

Figure A.2: MuJoCo simulation environments



A.1. BENCHMARK ENVIRONMENTS

Figure A.3: Bipedal Walker from Box2D

Table A.1: Some basic information for benchmark environments

Environment State space Action space
Classic control

Acrobat 6 3d
Cartpole 4 2d
Mountian 2 1
Pendulum 3 1

MuJoCo
Ant 27 8

Humanoid 376 17
Half Cheetah 17 6

Hopper 11 3
Inverted Pendulum 4 1

Pusher 27 7
Reacher 11 2

Swimmer 8 2
Walker2D 17 6

Box2D
Bipedal Walker 24 4d

Note: the "d" indicates the discrete actions, otherwise the continuous actions
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