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ABSTRACT

T
ransfer learning aims to leverage previously-acquired knowledge from domains

with abundant labels (i.e., source domains) to help train a classifier or predictor

for the domain with insufficient labels (i.e., target domain). Although transfer

learning has achieved significant advancements in many areas, most existing methods

share a common assumption that the observations in the source and target domains

are precise. Unfortunately, precise observations are often unavailable in real-world

scenarios. For example, the readings on many measuring devices are not exact numbers

but intervals, as there are only a limited number of decimals available on most measuring

devices.

In this research, we consider a new, realistic problem called transfer learning with im-

precise observations (TLIMO), where the source or target domains only contain imprecise

observations. To develop new theories and construct algorithms for addressing TLIMO

problem in various real-world scenarios, this thesis intends to address four orthogonal

problems: 1) How to construct a theoretical foundation for imprecise data analysis and

handle a simple problem called multi-class classification with imprecise observations

(MCIMO); 2) How to handle TLIMO problem in single-source domain scenario; 3) How to

handle the multi-source transfer learning problem when the instances in the source or

target domains are imprecise; and 4) How to handle the universal domain adaptation

(UniDA) problem when the instances in the source or target domains are imprecise.

To address Problem 1), this thesis develops a theoretical foundation for imprecise
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data analysis based on fuzzy random variables and provides a theoretical analysis of

MCIMO problem (Chapter 3). This theoretical analysis ensures that we can always train

a fuzzy classifier with high classification accuracy when infinite imprecise instances

can be collected. Two new frameworks are constructed for addressing MCIMO problem.

The first integrates defuzzification methods with support vector machines and neural

networks (Chapter 3), while the second applies multi-view learning and fuzzy techniques

to analyze interval-valued data (Chapter 4).

To address Problem 2), we extend the theoretical analysis of MCIMO to develop

theory for the TLIMO problem. This theory derives a generalization bound to guide

model construction. A novel transfer learning approach is then proposed to transfer

knowledge from a single-source domain to a single-target domain with imprecise data

(Chapter 5).

To address Problem 3), Chapter 6 presents two domain adaptation models to transfer

knowledge from multiple source domains with crisp-valued data to a single-target

domain with imprecise data. The first model designs a fuzzy relation-based approach

to appropriately combine multiple classifiers trained on multiple source domains for

enhanced adaptation performance, while the second model uses a fuzzy distance-based

approach to achieve the same purpose.

In Chapter 7, we develop a novel dynamic reweighted loss learning strategy to tackle

an unsolved problem in transfer learning, where the distribution discrepancy between

the source domain and the target domain in different categories may be significantly

different. Then, we can apply this proposed strategy and our previous designed model

via fuzzy techniques to address Problem 4).

In summary, this thesis not only contributes to the theory of transfer learning when

the source domain or target domain contains imprecise observations but also proposes a

set of effective algorithms for different transfer learning scenarios.
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INTRODUCTION

1.1 Background

In the dynamic realm of technology, machine learning has profoundly transformed

various sectors. It drives innovation by decoding complex data patterns, advancing

artificial intelligence, and influencing how we engage with information and understand

the capabilities of computational systems. However, most well-known machine learning

approaches, such as support vector machines (SVM) [18] and neural networks [153],

operate under a common assumption: the training data (source domain) and test data

(target domain) are drawn from identical feature spaces and identical distributions.

Therefore, when the target domain has a different feature space or distribution from

the source domain, models constructed in the source domain cannot be directly applied;

they must be rebuilt and retrained from scratch using newly gathered instances in the

target domain. Unfortunately, in many real-world scenarios, gathering sufficient labeled

instances to construct a learning-based model for the target domain is difficult, time-

consuming, and sometimes even impossible. As a result, researchers have considered
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transferring and utilizing knowledge from the source domain to guide the construction

of the model in the target domain, a process referred to as transfer learning.

The mechanism of transfer learning [112] has garnered significant attention in

various fields, including computer vision [45, 86], biology [35, 143], and finance [46, 61].

Transfer learning can be categorized into several types: multitask learning [92], domain

adaptation [183], cross-domain adaptation [166], and heterogeneous learning [178, 180].

Unlike traditional machine learning algorithms, transfer learning addresses scenarios

where the domains, tasks, and distributions of the training and test data may differ. This

situation is quite common in the real world; for instance, learning English vocabulary

often aids in learning French vocabulary, or learning to play the guitar facilitates

learning the violin. The concept of transfer learning, inspired by the notion that utilizing

previously acquired knowledge in the source domain to solve new but similar problems

in the target domain can enhance both efficiency and accuracy, is thus introduced.

Recently, the integration of fuzzy techniques with transfer learning methods has

garnered increasing attention. Behbood et al. [5] proposed a novel fuzzy-based transfer

learning method for long-term bank failure prediction. Deng et al. [35, 63, 64, 161, 164]

introduced a series of new transfer learning approaches that integrate the Takagi-Sugeno-

Kang fuzzy system with transfer learning to recognize epileptic electroencephalogram

signals. To address heterogeneous unsupervised domain adaptation problems in classifi-

cation tasks, Liu et al. [87, 90] developed two new transfer learning approaches utilizing

shared fuzzy equivalence relations via fuzzy geometry. Furthermore, for regression tasks,

[186] presented an innovative fuzzy rule-based transfer learning model that combines

an infinite Gaussian mixture model with active learning. Lu et al. [97] proposed a novel

fuzzy rule-based transfer learning approach that merges fuzzy rules from multi-source

domains in both homogeneous and heterogeneous scenarios. These works illustrate that

integrating fuzzy techniques with existing transfer learning algorithms can effectively
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address various types of uncertainty issues.

1.2 Motivation

Most existing transfer learning works predominantly concentrate on addressing large-

scale image data characterized by crisp-valued features. However, in real-world ap-

plications, datasets often encapsulate uncertainties and imprecisions that cannot be

adequately represented by single-point values. For instance, interval-valued observa-

tions, which express a range or uncertainty associated with each data point, offer a more

faithful representation of such inherent uncertainties. Consider medical data where

patient health parameters fluctuate within a certain range, or environmental moni-

toring data capturing fluctuating sensor readings. In these contexts, interval-valued

observations become indispensable. Therefore, the utilization of interval-valued datasets

not only aligns with the inherent nature of uncertainties present in many real-world

scenarios but also facilitates more accurate and robust analyzes. Consequently, in this

paper, we focus on a more realistic and challenging problem named transfer learning with

imprecise observations (TLIMO). Within the TLIMO context, we confront the scenario of

having a source domain enriched with an adequate quantity of labeled observations and

an unlabeled target domain, where the instances from both the source or target domain

are characterized by imprecise features.

To solve the TLIMO problem and move forward to more realistic scenarios, there

are four orthogonal problems need to be solved. The orthogonal problems are: 1) how

to construct a theoretical foundation for imprecise data analysis and address MCIMO

problem; 2) how to handle single-source domain adaptation problem with imprecise

observations; 3) how to handle the multi-source transfer learning problem when the

instances in the source or target domains are imprecise; 4) how to tackle the universal

domain adaptation (UniDA) problem when the instances in the source or target domains
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are imprecise. This thesis provides a comprehensive analysis and solutions to all the

aforementioned challenges.

1.3 Research Questions and Objectives

This research aims to develop a set of theory and methods towards transfer learning

with imprecise observations and will answer the following research questions:

1.3.1 Research Questions

This research has four main Research Questions (RQ) as follows:

RQ1: How to construct a theoretical foundation for imprecise data analysis and

address MCIMO problem?

RQ2: How to handle single-source domain adaptation problem with imprecise obser-

vations?

RQ3: How to handle the multi-source transfer learning problem when the instances

in the source or target domains are imprecise?

RQ4: How to handle the UniDA problem when the instances in the source or target

domains are imprecise?

1.3.2 Research Objectives

To answer these research questions, we set up the corresponding Research Objectives

(RO):

RO1: Develop a theoretical foundation for imprecise data analysis and some algo-

rithms to solve the MCIMO problem (aims to answer RQ1).

The theoretical analysis of multi-class classification has proved that the existing

multi-class classification methods can train a classifier with high classification accuracy,
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as long as the instances in the training and test sets are precisely drawn from the same

distribution and the size of the training set approaches infinity. These theoretical analysis

are based on some different measures, such as Rademacher complexity [70, 102, 105],

VC-dimension [1, 27], stability and PAC-Bayesian [57, 103], and local Rademacher

Complexity [78, 162]. In this thesis, we use fuzzy random variable, which was proposed

in [73, 119, 157], to represent the imprecise feature of the instances and we give a

formal definition of fuzzy distribution. Then, the estimation error bounds, based on fuzzy

Rademacher complexity, are presented to provide a theoretical analysis of the MCIMO

problem. Finally, some new algorithms based on fuzzy techniques are constructed to

solve the MCIMO problem.

RO2: Develop a theoretical analysis of domain adaptation problem with imprecise

observations and novel models for addressing this problem in single-source scenario

(aims to answer RQ2).

Recently, Ben-David et al. [6] proposed the learning bounds of the traditional domain

adaptation problem with crisp-valued observations, which illustrates that the risk in

the target domain is upper bounded by three terms: the risk in the source domain,

the marginal distribution discrepancy, and the combined risk. Most existing domain

adaptation models utilize some metrics to estimate the distribution discrepancy between

source domain and target domain. For example, Maximum Mean Discrepancy (MMD) [53].

However, when the instances in source and target domains are all imprecise, the existing

metrics could not be used. Therefore, to address this problem, we should construct a new

metric which can estimate the fuzzy distribution discrepancy between the source domain

and the target domain when the instances in both domains are imprecise.

RO3: Develop new models for addressing multi-source transfer learning problem

when the instances in the source or target domains are imprecise (aim to answer RQ3).

Transfer learning for single-source scenarios has been extensively studied. Re-
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cent works in transfer learning have increasingly focused on multi-source scenarios

[84, 90, 97], aiming to leverage knowledge from multiple source domains to enhance

adaptation performance in the target domain. However, existing multi-source transfer

learning algorithms fail when instances in the source or target domains are imprecise.

Additionally, most existing methods ignore the inherent uncertainty correlation between

different source domains and the target domain, leading to an inability to effectively

combine knowledge from multiple source domains. Therefore, it is imperative to develop

new multi-source transfer learning models to address these issues.

RO4: Develop a new framework for addressing the UniDA problem with imprecise

data (aim to answer RQ4).

Most existing domain adaptation methods are proposed for the closed-set scenario

[48], where the source and target domains completely share the class of their samples.

However, closed-set domain adaptation assumes that the source and target domains

share a common label set, an assumption that does not always hold in real-world

scenarios. Consequently, three special cases of domain adaptation have been identified:

1) partial domain adaptation, where the source domain contains private categories [15];

2) open-set domain adaptation, where the target domain contains private categories

[44]; and 3) open-partial domain adaptation, where both the source and target domains

contain private categories [72]. Recently, a more general case called Universal Domain

Adaptation [171] has been proposed to address scenarios with no prior knowledge of

the label set in the target domain. In this thesis, we consider a more unique scenario

where both the source and target domains contain domain shift and category shift, and

instances in the source or target domains are imprecise. We will develop a new domain

adaptation model to handle this scenario.
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1.4 Research Contribution

The main contributions of this study are summarised as follows:

Contribution 1. Two fuzzy technique-based machine learning algorithms called

DF-SVM and DF-MLP are constructed to address the MCIMO problem, which combine

fuzzy techniques with SVM and neural networks.

1) This study is the first to build a theoretical foundation for imprecise data analysis.

2) This study provides a theoretical analysis of the MCIMO problem based on fuzzy

Rademacher complexity, demonstrating that it is possible to train a fuzzy classifier with

high classification accuracy. This theoretical framework establishes a solid foundation

for fuzzy data analysis.

3) The two algorithms significantly enhance classification accuracy by utilizing fuzzy

vectors to represent the distribution of imprecise data and applying various defuzzifica-

tion methods to extract crisp-valued information from imprecise observations.

Contribution 2. A new algorithm called Mv-IIE is developed by using fuzzy techniques

and multi-view learning to solve a new classification problem called learning from

interval-valued data.

1) The estimation error bounds for this problem, based on Rademacher complexity,

are provided, ensuring that a classifier can always be trained on the interval-valued data

with high classification accuracy. Additionally, the learnability of the underlying problem

under perfect observations is also discussed.

2) This study is the first to construct a novel framework that integrates fuzzy

techniques with multi-view learning to extract crisp-valued information from interval-

valued features and applies this framework to enhance classification accuracy when only

interval-valued observations are available.

3) A novel framework for protecting data privacy called INPP is presented to show
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an application of Mv-IIE. This is the first to explore the use of interval-valued data

properties for achieving data privacy protection.

Contribution 3. A new model called SP-TSF is developed to solve the domain adaptation

problem with imprecise observations problem.

1) This study is the first to formalize a more realistic and challenging setting com-

pared to traditional domain adaptation problems. Additionally, a new theoretical bound

is established to provide a theoretical foundation for this problem.

2) SP-TSF utilizes the Takagi-Sugeno fuzzy rule-based framework as its foundational

structure to capture the intrinsic uncertainty inherent in imprecise data.

3) It introduces a novel integral probability metric design to align the distribution

characteristics between the source and target domains with imprecise observations.

4) A deep clustering-based self-supervised pseudo-labeling strategy is developed to

enhance class discriminability of the target domain.

Contribution 4. Two fuzzy techniques-based frameworks are constructed to effectively

address the multi-source domain adaptation with interval-valued target data problem.

1) This study is the first to address the more realistic and challenging problem,

where the aim is to enhance prediction performance on interval-valued target data by

leveraging knowledge derived from multiple source domains with crisp-valued features.

2) The first framework, called FUMAT-Net, applies fuzzy transformation function,

fuzzy relation, and adversarial training to enhance adaptation performance.

3) The second framework, called FDIM-Net, employs two fuzzy techniques, namely

a fuzzy transformation function and fuzzy distances, to tackle the significant extent of

uncertainty present in the problem.

8
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Contribution 5. A novel dynamic reweighted loss learning strategy called Distraction-

control is developed to handle the unresolved issue in UniDA that the existing UniDA

methods can not achieving satisfactory adaptation performance in the hard transfer

categories.

1.5 Research Significance

The theoretical and practical significance of this thesis is summarised as follows:

Theoretical significance: This thesis is the first to to build a theoretical foundation

for imprecise data analysis and provides theoretical analysis of MCIMO and TLIMO

problems. Exploring these areas can lead to the development of unified theoretical frame-

works that integrate the handling of imprecise data within the contexts of multi-class

classification and transfer learning, thereby offering a more comprehensive understand-

ing of machine learning under uncertainty.

Many real-world datasets contain imprecise or uncertain data due to measurement er-

rors, data entry mistakes, or inherent variability. Developing robust multi-classification

algorithms capable of handling such imprecise data ensures that machine learning

models can be effectively applied in practical scenarios. Addressing imprecision necessi-

tates sophisticated mathematical and statistical models, such as fuzzy logic and interval

analysis, which push the boundaries of current theoretical frameworks and foster the

development of new theories and methodologies.

Transfer learning involves adapting models trained on one domain to another. Han-

dling imprecise data in this context ensures that models can be effectively transferred

even when the target domain has uncertain data, expanding the applicability of trans-

fer learning. Moreover, transfer learning with imprecise data allows leveraging pre-

trained models on large, high-quality datasets to improve performance on smaller, noisier

datasets. This maximizes the utility of available data and reduces the need for extensive,
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high-quality labeled data in every new domain.

Practical significance: This study presents several models to address different transfer

learning scenarios when the observations are imprecise, including single-source, multi-

source, and open-set scenarios. The findings help resolve real-world challenges in transfer

learning. Additionally, there is significant potential for many other applications to

benefit from this study, such as medical diagnostics, natural language processing, and

recommender systems. Furthermore, developing methods that handle imprecise data

contributes to creating more ethical and fair artificial intelligence systems. By ensuring

that models perform reliably despite data uncertainties, we can reduce biases and

enhance the trustworthiness of artificial intelligence systems.

1.6 Thesis Structure

The structure of the thesis is shown in Figure 1.1 and the chapters are organised as

follows:

• CHAPTER 2 presents the literature of transfer learning and imprecise data analy-

sis, thereby revealing limitations of current research.

• CHAPTER 3 presents a more realistic and challenging problem, which considers

addressing the multi-class classification problem when only imprecise observations

are available and develops a new framework to handle this problem. This chapter

addresses RQ1 to achieve RO1.

• CHAPTER 4 presents 1) a comprehensive theoretical analysis of learning from

interval-valued data; 2) a new algorithm to solve this problem via fuzzy techniques

and multi-view learning; and 3) a novel framework for protecting data privacy to

show an application of the proposed algorithm. This chapter addresses RQ1 to

achieve RO1 when data feature is interval-valued.
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• CHAPTER 5 presents a new model to solve a more realistic and challenging

problem: domain adaptation problem with imprecise observations. This model

uses the Takagi-Sugeno fuzzy rule-based model as its foundational structure,

and constructs a novel integral probability metric to decrease the distribution

discrepancy between the source and target domains with imprecise observations.

This chapter addresses RQ2 to achieve RO2.

• CHAPTER 6 presents two fuzzy techniques-based frameworks to effectively address

the multi-source domain adaptation with interval-valued target data problem.

These two frameworks respectively apply the new designed fuzzy relation and

fuzzy distances to measure the correlation between the multiple source domains

and the target domain. This chapter addresses RQ3 to achieve RO3.

• CHAPTER 7 presents a novel dynamic reweighted loss learning strategy to focus on

the hard transfer categories during adaptation process. With this strategy, the per-

formance of the existing UniDA methods can be significant improved. Then, we can

apply fuzzy transformation function and this proposed strategy to address UniDA

with imprecise observations problem. This chapter addresses RQ4 to achieve RO4.

• CHAPTER 8 summarises the findings of this thesis and points to directions for

future work.

11



Chapter 1:  Introduction

Chapter 2: Literature Review

Chapter 3: Develop a theoretical 
foundation for imprecise data analysis and 

some algorithms to solve the MCIMO 

Chapter 5: Develop a theoretical analysis of the domain 
adaptation problem with imprecise observations and 

develop new models for addressing this problem

Chapter 6: Develop 
new models for 

addressing multi-
source domain 

adaptation problem 
when the instances in 
the target domain are 

interval-valued

Chapter 7: Develop 
a new strategy for 

enhancing the
performance of 
existing UniDA 

models

Research 
Objective 1

Research 
Objective 2 

Research 
Objective 3

Research 
Objective 4

Chapter 8: Conclusions and future works

Training and test data share same distribution

Training and test data share different distribution

Chapter 4: Develop a new algorithm to 
solve a new classification problem called 

learning from interval-valued data

Figure 1.1: Thesis structure



C
H

A
P

T
E

R

2
LITERATURE REVIEW

In this chapter, we review recent papers related to this thesis, which includes two main

parts: transfer learning and imprecise data analysis.

2.1 Transfer Learning

Transfer learning [112] aims to train a well-performed model in one domain (target) by

leveraging knowledge from another domain (source) that has different distribution or

learning tasks compared with the previous one. Transfer learning [112] mechanism has

drawn great attention in many areas. Based on different perspectives, transfer learning

works can be divided into different categories. Firstly, considering the main research

streams, the works contains: transfer knowledge of instances [141, 174], transfer knowl-

edge of feature representations [147], transfer knowledge of model parameters [40],

and transfer relational knowledge [36]. From the problem setting viewpoint, existing

developments can be categorized into multi-task learning [92], domain adaptation [183],

cross-domain adaptation [166], and heterogeneous learning [178, 180]. From an applica-
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tion perspective, the works can be generally categorized into three tasks: classification [7],

unsupervised learning (clustering [26], dimensionality deduction [113]), and regression

[10].

In this section, we review two main parts : transfer learning with fuzzy techniques

and domain adaptation, which are most related to this thesis.

2.1.1 Transfer Learning with Fuzzy Techniques

Notably, most of the existing transfer learning methods more or less have some limita-

tions when dealing with some unique situations. For example, when few labeled instances

can be collected or even only unlabeled instances available in the target domain, this

will incur a high degree of uncertainty because there is an obvious interdependence

between the certainty level of the learning task and the amount of information available.

Therefore, to enhance the capability of existing transfer learning methods and address

more realistic problems in many real-world scenarios, many researchers have focused

on using fuzzy sets and fuzzy logic [42] to eliminate these limitations. We have divided

these recent works into three areas based on the fuzzy technique used. These are fuzzy

sets, fuzzy systems, and fuzzy relations.

2.1.1.1 Transfer Learning Based on Fuzzy Sets

Behbood et al. [5] proposed an innovative fuzzy-based transfer learning framework to

predict long-term bank failures. The framework relies on fuzzy sets, as well as similarity

and dissimilarity, to modify the labels of target instances predicted by an fuzzy classifier.

Wu et al. [156] developed OwARR, a new algorithm that combines fuzzy sets with domain

adaptation. The aim is to reduce the amount of object-specific calibration data so as

to solve the important regression problem of estimating online drowsiness in drivers

from EEG signals in brain-computer interfaces. Gargees et al. [49] proposed a transfer
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learning method for the possibilistic c-means clustering problem with insufficient data,

overcoming a crucial problem for clustering tasks where the source and target domains

have a different number of clusters. Based on the idea of fuzzy sets, the proposed

algorithm employs historical cluster centers of the data in the source domain as a

reference to guide the clustering of data in the target domain.

In terms of applying type-2 fuzzy sets to transfer learning models, Sun et al. [139]

proposed a new transfer learning model to address the uncertainty caused by conflicting

implications in text sequence recognition. The proposed model uses fuzzy c-means (FCM)

to transform the correspondences among words into information granules. By integrating

type-2 fuzzy sets into a hidden Markov model, this granular information can be used for

sequence recognition. To reliably estimate GDP from only CO2 emission data, Shukla et

al. [137] proposed a new approach to a kernel extreme learning machine (KELM) that

combines transfer learning with interval type-2 fuzzy sets. Interval type-2 fuzzy sets

are used to improve the efficiency of the knowledge transfer. To consider the uncertainty

in input datasets, Kumar et al. [71] presented a novel transfer learning approach that

incorporates type-1 and interval type-2 fuzzy sets into a KELM framework. The aim is

to predict GDP based on uncertain carbon emissions data.

In general, fuzzy sets have been widely applied to address uncertainty in data in

transfer learning scenarios, and, experimentally, they have been shown to improve both

the efficiency and accuracy of knowledge transfer in comparison to non-fuzzy methods.

2.1.1.2 Transfer Learning Based on Fuzzy Systems

Most existing transfer learning methods have a number of drawbacks. For instance, the

performance of model-based transfer learning algorithms is heavily dependent on the

selected classifier. Additionally, feature-based transfer learning methods can negatively

impact the discriminant information and geometric properties of instances from both

the source and target domains. Further, the lack of interpretability and an inability to
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handle uncertainty are two significant flaws. To address these issues, researchers have

turned to fuzzy rule-based systems to improve interpretability and handle uncertainty.

Notably, Takagi-Sugeno-Kang Fuzzy System (TSK-FS) [140] has received significant

attention in this regard.

Shell et al. [134] proposed FuzzyTL, a novel structure that combines transfer learning

with a fuzzy rule-based system. This structure is designed to bridge the knowledge

gap between contexts that lack prior direct contextual knowledge. Meher et al. [104]

developed an interpretable domain adaptation method, named the rule-based fuzzy ELM

classification model, that uses a fuzzy inference system to design an ELM architecture

for remote sensing image classification. The model uses the maximum fuzzy membership

grade of features, which is characterized by class-belonging fuzzification, to construct the

fuzzy rules and two rule extraction matrices. Moreover, Deng et al. [32, 33] proposed two

novel transfer learning approaches for regression tasks using the Mamdani-Larsen fuzzy

system and TSK-FS coupled with a new fuzzy logic algorithm and its objective functions.

However, they noticed that the antecedent parameters of the TSK-FS model constructed

in the target domain were directly inherited from the source domain, which meant

that they could not leverage enough knowledge from the source domain. To address

this problem, Deng et al. [34] proposed a new transfer learning method that contains

two knowledge-leveraging strategies to better learn the antecedent and consequent

parameters in the TSK-FS model. First, they applied an FCM-based clustering transfer

technique to the antecedent parameters, which means that the antecedent parameters

can be learned from both the source and target domains. Second, they introduced an

enhanced knowledge-leverage mechanism to learn the consequent parameters. Another

knowledge-leverage term is then introduced to make more effective use of the knowledge

in the source domain. Further, they applied and modified these methods so that they

could be used for analysis in scenarios with insufficient data, such as recognizing EEG
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signals [35, 62–64] or with situations involving multiple-source domains [62]. The aim of

transfer representation learning is to learn a shared space that matches the distributions

of instances from both domains. However, transfer representation learning based on

kernels suffers from some shortcomings, such as a lack of interpretability and difficulties

with selecting a kernel function. To overcome these issues, Xu et al. [163] proposed a new

transfer representation learning method that uses TSK-FS instead of kernel functions

to realize nonlinear transformations. In this approach, instances from both domains

are transformed into a fuzzy feature space to minimize the differences between the

distributions. Meanwhile, any discriminant information or geometric properties are

preserved using latent Dirichlet allocation and principal component analysis.

Notably, Zuo et al. [185] devised a new way of constructing a TSK-FS model for

regression tasks. This model uses data from the source domain to construct fuzzy rules

and then modifies these rules using a nonlinear continuous function based on sigmoid

functions to estimate values in the target domain. To address any significant difference

in the label distribution between the source and target domains, Zuo et al. [184] devel-

oped some fuzzy system-based domain adaptation models for classification tasks. In

[186], they applied granular computing techniques to transfer learning and proposed

a comprehensive domain adaptation framework based on a Takagi-Sugeno (T-S) fuzzy

model to handle three different regression scenarios: one where the source and target

domains share different conditions, one where they share different conclusions, and one

where both apply. Moreover, they identified two issues in fuzzy transfer learning that had

not yet been resolved: how to choose an appropriate source domain and how to efficiently

select labeled data for the target domain when the target data structure is unbalanced.

The solutions, which involve an innovative method again based on a T-S fuzzy model

[181], combine an infinite Gaussian mixture model with active learning to improve the

performance and generalizability of the initial model. To address a more challenging
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problem in multi-source domain adaptation where no source data is available, Li et al.

[80] proposed a new model based on a deep neural network with fuzzy rules.

Importantly, all the domain adaptation studies mentioned so far only work when both

domains have identical feature spaces and the same number of fuzzy rules, i.e., they are

all methods of homogeneous domain adaptation. Zuo et al. [182], however, devised a novel

approach to heterogeneous scenarios based on a T-S fuzzy model. In this framework,

fuzzy rules are constructed in the source domain and then transferred to the target

domain using canonical correlation analysis so as to minimize the discrepancy between

the feature spaces of the two domains. This was the first article to solve heterogeneous

domain adaptation problems using a fuzzy rule-based system. Subsequently, Lu et al.

[97] addressed the more challenging scenario of when the only available instances to

build the model span multiple source domains. They proposed two novel transfer learning

methods for regression tasks based on a T-S fuzzy model - one for when the feature

spaces are homogeneous and one for when the spaces are heterogeneous. In the former,

knowledge from multiple source domains is merged in the form of fuzzy rules, while, in

the latter, knowledge is merged in the form of both data and fuzzy rules.

In summary, most of the above methods share a common model construction frame-

work: they begin by constructing a fuzzy rule-based model on the source data (e.g., a

TSK-FS) and subsequently modify the existing model (fuzzy rules) to establish a new

fuzzy model for the target domain. Fuzzy rule-based systems provide a linguistic repre-

sentation of knowledge, enabling generalization and adaptation, while also making the

model more robust to domain shift. Their power to transfer relevant knowledge also helps

to improve a model’s interpretability. All these characteristics make fuzzy rule-based

systems well-suited to transfer learning tasks - particularly, the more challenging tasks,

such as heterogeneous domain adaptation and source-free domain adaptation.
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2.1.1.3 Transfer Learning Based on Fuzzy Relations

Most studies mentioned so far focus on supervised or semi-supervised transfer learning in

homogeneous scenarios, where both the source and target domains have labeled instances

and only their data distributions are different. However, it is not uncommon in the real-

world for there to be no available labeled instances in the target domain. Further, the

feature spaces of the source and target domains will usually be different. This scenario,

which is characterized by a high degree of uncertainty, is commonly referred to as

heterogeneous unsupervised domain adaptation (HeUDA). Recently, researchers have

developed n-dimensional fuzzy geometry theory [110] and fuzzy equivalence relations

[165] to analyze and handle such problems with uncertainty.

Liu et al.’s [87] solution to HeUDA problems, called F-HeUDA, is to use fuzzy geometry

to measure the similarity of features between the source and target domains. Shared

fuzzy equivalence relations are then introduced, which means both domains will share

the same number of clustering categories. Hence, knowledge can be transferred from

a heterogeneous source domain to a target domain with only unlabeled data. Using

these techniques, F-HeUDA outperformed the SOTA models on four real datasets, and

performed especially well when the target domain had very few instances. Moreover,

Liu et al. [88, 90] focused on a more realistic problem called the multi-source HeUDA

problem. Solving this problem involves transferring knowledge from several different

source domains that have labeled data but heterogeneous dimensions and one target

domain with unlabeled data. Their approach, called a shared fuzzy equivalence relations

neural network, improves upon previous work in shared fuzzy equivalence relations to

extract the shared fuzzy information contained in multiple heterogeneous domains.

In summary, because there is a high degree of uncertainty when transferring knowl-

edge from a heterogeneous source domain to a target domain with only unlabeled data,

non-fuzzy models will not usually perform well. Fuzzy relations offer a flexible, in-
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terpretable, and adaptable framework for representing and transferring knowledge

between such domains. Hence, researchers tend to apply fuzzy relations to improve

transfer efficiency in heterogeneous situations.

2.1.2 Domain Adaptation

Domain adaptation [93] (DA) refers to the process of adapting a machine learning

model trained on a source domain to achieve good performance on a different target

domain. In this section, we review five main parts : DA theory, single-source DA, multi-

source domain adaptation (MSDA), source-free domain adaptation (SFDA), and universal

domain adaptation (UniDA), which are most related to this thesis.

2.1.2.1 Domain Adaptation Theory

Ben-David et al. [6] proposed the learning bounds of traditional DA problems, which

illustrates that the risk in the target domain is upper bounded by three terms: the

risk in the source domain, the marginal distribution discrepancy, and the combined

risk. In pursuit of refining and tightening these bounds, numerous researchers have

explored diverse loss functions [100], devised alternative distribution distance metrics

[135, 175], and applied the PAC-Bayes framework [50, 51] for DA problem analysis.

Based on these theoretical works, many well-known UDA models have been developed to

improve performance in the target domain - see, e.g., [48, 93, 94, 130].

2.1.2.2 Single-source Domain Adaptation

Traditional single-source DA methods primarily gravitate towards three principal strate-

gies for domain alignment. The first strategy involves minimizing the distributional

disparities between the source and target domains, by employing an array of integral

probability metrics. For instance, deep adaptation network [93] and joint adaptation
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networks [95] use maximum mean discrepancy to measure the distribution discrepancy,

while Shen et al. [135] are guided by Wasserstein distances. The second strategy is the

adversarial training directly inspired by domain adaptation theory [6]. For example,

domain adversarial training of neural networks [48] applies a domain discriminator

with a gradient reversal layer to obtain domain-invariant features. Similarly, condi-

tional adversarial domain adaptation [94] uses the cross-covariance between feature

and classifier predictions to capture multimodal information along with an entropy

condition to guarantee transferability. The last strategy is a pseudo-labeling strategy

that trains a classifier to get pseudo labels for unlabeled target data. Saito et al. [130]

introduced an asymmetric tri-training methodology, utilizing two networks for labeling

unlabeled target samples and a third network trained on pseudo-labeled samples to

enhance discriminative capabilities within the target domain.

Most recently, Kang et al. [66] consider cross-domain discrepancy distance and aim to

minimize the difference through the competition between a generator and discriminator,

reducing the cross-domain distribution disparity. Li et al. [77] propose a new domain

adaptation method founded on adversarial training and a new developed metric named

maximum density divergence. Na et al. [107] introduced a new unsupervised domain

adaptation (UDA) approach by combining a fixed ratio-based mixup and confidence-

based learning methodologies to address problems with large domain discrepancies.

Here, Xiao et al. [159] proposed a sample weighting method to balance the sample size

of the source and target domains and dynamic weighted learning to make a tradeoff

between domain alignment and class discrimination. Further, Xie et al. [160] propose a

unified framework, called Collaborative Alignment Framework, which simultaneously

reduces the global domain discrepancy and preserves the local semantic consistency for

cross-domain knowledge transfer in a collaborative manner.

Limitations: Unfortunately, these theories and methods cannot be directly applied to
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imprecise data. Consequently, this thesis delves into an extensive theoretical analysis of

our preceding research and subsequently formulates a model, guided by this theoretical

foundation, specifically tailored to address the challenges of domain adaptation with

imprecise observation problem (See Chapter 5).

2.1.2.3 Multi-source Domain Adaptation

MSDA aims to leverage knowledge from multiple source domains to enhance adaptation

performance. Peng et al. [117] applied moment matching to dynamically align the feature

distributions of multiple source and target domains. Yang et al. [167] designed a dynamic

curriculum for source samples, iteratively learning to identify the most suitable domains

or samples for alignment with the target. Wang et al. [150] presented a new MSDA

framework based on a knowledge graph constructed from the prototypes of multiple

domains, providing guidance for target prediction. Additionally, Ren et al. [124] proposed

a novel strategy for MSDA, involving the construction of pseudo target domains using

each pair of source and target domains. These pseudo target domains are then aligned

with the remaining source domains to improve adaptation performance.

Limitations: However, most of these MSDA methods ignore the inherent uncertainty

correlation between different source domains and the target domain, leading to the

inability to effectively combine knowledge from multiple source domains. To tackle this

issue, we introduce a fuzzy distance-based method designed to measure the distribution

discrepancy between different source domains and the target domain (See Chapter 6).

2.1.2.4 Source-free Domain Adaptation

SFDA, where source data is inaccessible during the adaptation process, was first proposed

in [83] to address the problem of source private data leakage. In that work, information

maximization and self-supervised pseudo-labeling techniques were employed to achieve

domain alignment. Recently, other strategies have also been explored to tackle SFDA
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problems. For instance, adversarial learning [81] and local structure clustering strategies

[168] have been employed. Furthermore, [39, 80] focused on an even more challenging

scenario: Multi-Source-Free Domain Adaptation. [39] utilized a confident-anchor-induced

pseudo-labeling strategy, while [80] applied fuzzy rule-based deep neural networks to

handle data uncertainty in MSDA without the availability of source data.

Limitations: Unfortunately, the majority of existing MSDA and SFDA works assume

that the data from the target domain are crisp-valued, rendering them unsuitable for

addressing more realistic problems where the target data is imprecise. Consequently,

this thesis proposes the use of fuzzy techniques-based neural networks to bridge this

gap (See Chapter 6).

2.1.2.5 Universal Domain Adaptation

UniDA is one of the most realistic yet challenging domain adaptation scenarios [148],

as both the source and target domains may contain private categories. In recent years,

several innovative models have been proposed to tackle domain alignment and the iden-

tification of unknown samples in the UniDA setting. UAN [171], for example, quantifies

sample-level transferability to distinguish common and private categories and identify

unknown samples. CMU [47] introduces a novel transferability measure by combining

multiple complementary uncertainty measures to detect unknown samples in the target

domain. DANCE [128] employs neighborhood clustering and entropy separation loss

functions to reduce the category shift between the source and target domains. DCC [76]

leverages domain consensus knowledge to support target clustering and address discrep-

ancies between the private categories. OVANet [129] introduces a one-vs-all open-set

classifier for domain alignment and unknown sample identification. The classifier is

trained on labeled source data and unlabeled target data for hard negative classifier

sampling and open-set entropy minimization. Chen et al. [20, 21] propose two novel

domain alignment strategies based on intrinsic manifold structure relationships for
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domain alignment and develop an energy-based universal classification paradigm to

detect unknown samples. Chang et al. [17] designed a unified framework for UniDA

scenarios using an optimal transport-based partial alignment with adaptive filling to

detect common classes without predefined threshold values.

Limitations: These existing UniDA methods encounter a significant challenge when

attempting to handle hard transfer categories, i.e., where a category in the source and

target data have substantially different distributions. In Chapter 7, we introduce a new

reweighted learning strategy to address this challenging problem effectively.

2.2 Imprecise Data Analysis

Imprecise data analysis [85] involves the examination and interpretation of data that

contains elements of uncertainty, vagueness, or ambiguity. Unlike traditional data

analysis, which assumes precise and well-defined data points, imprecise data analysis

acknowledges that real-world data often comes with inherent imprecision due to factors

like measurement errors, incomplete information, or subjective judgment.

On the one hand, uses fuzzy sets to handle data that is not precise but rather falls

into a range of values. This allows for reasoning about data in a way that mimics human

reasoning, which is often approximate rather than exact. Colubi et al. [22] integrated

fuzzy L2 metrics [138] with the discriminant analysis approach to analyze fuzzy data.

Yang et al. [170] proposed a novel fuzzy SVM algorithm based on a kernel fuzzy c-means

clustering method to deal with the classification problems with outliers or noises. Rong et

al. [126] introduced a new classification method, which applies the defuzzified Choquet

integral to address heterogeneous fuzzy data classification issues. Wang et al. [149]

presented a novel deep-ensemble-level-based TSK fuzzy classifier to address imbalanced

data classification tasks, which achieve both promising classification performance and

high interpretability of zero-order TSK fuzzy classifiers.
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Moreover, interval-valued data, where all of the observations’ features are described

by intervals, is also a common data type in real-world scenarios. For example, the data

extracted by many measuring devices are not exact numbers but intervals. Francisco et

al. [111] designs a new approach for interval-valued data principal component analysis

based on midpoints and radii of the intervals. In addition, they [28] present a novel

partitioning dynamic clustering method for interval-valued data based on suitable

adaptive quadratic distances. Based on support vector machines, a new framework is

proposed in [145] for interval-valued data regression and classification. In summary,

most existing research related to interval-valued data mainly focuses on clustering

analysis [28, 29], regression analysis [56, 145, 149], and feature selection [82].

Limitations: There is no research to provide a complete theoretical analysis of

learning from imprecise data problem. To fill this gap, we derive the estimation error

bounds of this problem based on Rademacher complexity (See Chapter 3). In addition,

the learnability of the underlying problem with perfect observation is also discussed (See

Chapter 4).
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3
MULTI-CLASS CLASSIFICATION WITH IMPRECISE

OBSERVATIONS

3.1 Introduction

Machine learning methods for the multi-class classification problem have gained great

achievements in many areas, including medical imaging [131], natural language process-

ing [158], biology [179] and computer vision [108]. The theoretical analysis of existing

well-known multi-class classification machine learning algorithms, such as SVM and neu-

ral networks, has been well researched [105]. Recently, many researchers considered us-

ing different measures to give the estimation error bounds for classification problems that

can guarantee the rationality of these algorithms. These measures include Rademacher

complexity [70, 102, 105], VC-dimension [1, 27], stability and probably approximately

correct (PAC)-Bayesian [57, 103], and local Rademacher Complexity [78, 162].

Rademacher complexity is a crucial tool to derive generalization bounds, which

measure how well a given hypothesis set can fit random noise. A Rademacher complexity
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based bound was first proposed by Koltchinskii and Panchenko [70]. Subsequently, this

bound was improved in [105]. Then, Maximov, Amini and Harchaoui [102] presented a

new estimation error bound using Rademacher complexity for multi-class classification

issues. In addition, to ensure multi-class PAC learnability, a series of estimation error

bounds based on VC-dimension and Natarajan dimension were proposed in [1, 27].

Because of the dependence on dimensions, these VC-dimension based bounds rarely

apply to large-scale issues. To conduct theoretical analysis of neural networks for multi-

class classification problems, Hardt et al. [57] and McAllester [103] introduced the new

bounds based on stability and PAC-Bayesian. Further, tighter and sharper bounds

were proposed in [78, 162] by using local Rademacher complexity. According to these

theoretical analyses, it illustrates that we can always learn a good classifier for multi-

class classification problems to predict the test set when the instances are precise in the

training and test sets with same distribution and enough instances can be collected in

the training set.

However, there is one limitation with multi-class classification that the existing

methods can not handle the scenario that only imprecise observations are available.

For example, the readings on many measuring devices are not exact numbers but

intervals because there are only a limited number of decimals available on most of these

measuring devices. Thus, this scenario has inspired us to consider a further realistic

problem called multi-class classification with imprecise observations (MCIMO). With the

MCIMO problem, we aim to train a classifier with high classification performance for

multi-class classification problems when the features of all the instances in both training

and test sets are imprecise (e.g., fuzzy-valued or interval-valued features).

The main challenge to solving the MCIMO problem is how to handle observations

with imprecise features. Existing well-known machine learning methods can not be

directly used to address the MCIMO problem. Recently, combining fuzzy techniques
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with machine learning methods (especially for transfer learning methods [44, 177]) has

drawn increasing attention. In Section 2.2, we give a brief review of these machine

learning methods with fuzzy techniques [22, 90, 97, 181]. According to these fuzzy-based

methods, it demonstrates that fuzzy techniques are powerful tools to analyze imprecise

observations and provide better interpretability to handle the uncertainty of different

issues. Therefore, we consider using fuzzy techniques to address the MCIMO problem

because they can represent the imprecise features of the instances in both training and

test sets and can handle different types of uncertainty issues.

In this chapter, we consider using fuzzy random variable, which was proposed in [119,

157], to represent the imprecise feature of the instances. Then, we give the theoretical

analysis and obtain the estimation error bounds for the MCIMO problem. In the MCIMO

problem, these bounds are really important as it ensures that we can always train a

fuzzy classifier with high classification accuracy when the instances are drawn from the

same fuzzy distribution and enough fuzzy-feature instances can be collected.

Subsequently, we construct two fuzzy technique-based algorithms, which combine

fuzzy techniques with SVM and neural networks to analyze imprecise data. The proposed

algorithms contain two main parts. The first part aims to extract the most significant

crisp-valued information from imprecise observations, which is the main difficulty of

the proposed algorithms. In this chapter, we compare the performance of different

defuzzification methods on synthetic datasets to find the optimal defuzzification function

for the proposed algorithms. The second part is to classify the extracted crisp-valued

information by two well-known machine learning methods: SVM and neural networks.

In addition, interval-valued data is also a common type of imprecise data in real-world

scenarios. In this chapter, we give one approach to apply the proposed methods to

analyze interval-valued data. Finally, experimental results on both synthetic and real-

world datasets reveal the superiority of the proposed algorithms and demonstrate that
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the proposed fuzzy-based methods can obtain better performance to analyze fuzzy data or

interval-valued data than non-fuzzy methods through comparisons with seven baselines.

The main contributions of this paper are as follows.

1. We identify a novel problem called MCIMO, which considers addressing the multi-

class classification problem when only imprecise observations are available, and we

propose a framework to handle this problem. Based on this framework, two fuzzy

technique-based machine learning algorithms called DF-SVM and DF-MLP are

constructed, which combine fuzzy techniques with SVM and neural networks. These

algorithms significantly improve classification accuracy since they use fuzzy vectors

to express the distribution of imprecise data and apply different defuzzification

methods to extract crisp-valued information from imprecise observations.

2. We give the theoretical analysis of the MCIMO problem based on the fuzzy

Rademacher complexity, which ensures that we can always train a fuzzy clas-

sifier with high classification accuracy. This theory provides a theoretical basis for

imprecise data analysis.

3. By comparing the performance of different defuzzification methods on synthetic

datasets, we find the optimal defuzzification function for the fuzzy technique-based

algorithms. Through experimental comparisons with several baselines on both

synthetic and real-world datasets, it demonstrates the superiority of the proposed

algorithms to analysis imprecise data.

3.2 Theoretical Basis for Imprecise Data Analysis

In our thesis, we apply fuzzy random vectors to represent imprecise data. In this section,

we introduce some basic definitions related to fuzzy random variables and then we
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introduce the probability density function of fuzzy random variables and propose the

notion of the join probability density function of fuzzy random vectors.

3.2.1 Fuzzy Random Variables

Definition 3.1 ([157]). Let X be a universal set. Then a fuzzy subset Ã of X is defined by

its membership function µÃ : X → [0,1]. We can also write the fuzzy set Ã as {(x,µÃ(x)) :

x ∈ X }. We denote Ãα = {x : µÃ(x)≥α} as the α-level set of Ã, where Ã0 is the closure of

the set {x : µÃ(x) ̸= 0}.

Definition 3.2 ([157]). Let Ã = {(x,µÃ(x)) : x ∈ X }. (i) Ã is called normal fuzzy set if

there exists x such that µÃ(x) = 1.(ii) Ã is called convex fuzzy set if µÃ(λx+ (1−λ)y) ≥
min{µÃ(x),µÃ(y)} for λ ∈ [0,1]. Namely, µÃ is a quasi-concave function.

Definition 3.3 ([157]). Suppose that X =R. (i) ã is called a fuzzy number if ã is a normal

convex fuzzy set and the α-level set, ãα, is bounded ∀α ̸= 0. (ii) ã is called a closed fuzzy

number if ã is a fuzzy number and its membership function µã is upper semicontinuous.

(iii) ã is called a bounded fuzzy number if ã is a fuzzy number and its membership

function µã has compact support.

Definition 3.4 ([157]). ã is called a canonical fuzzy number if it is a closed and bounded

fuzzy number and its membership function is strictly increasing on the interval [ãL
0 , ãL

1 ]

and strictly decreasing on the interval [ãU
1 , ãU

1 ].

Let FR be a set of all fuzzy real numbers induced by the real number system R. We

define the relation ∼ on FR as x̃1 ∼ x̃2 if and only if x̃1 and x̃2 are induced by the same

real number x. Then ∼ is an equivalence relation, and we have the equivalence classes

[x̃]= {ã|ã ∼ x̃}. The fuzzy real number system is denoted as

(FR/∼)= {x̃|x̃ ∈ [x̃], x̃ is the only element from [x̃]}.
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Definition 3.5 ([157]). Let (Ω,A ,P) be a probability space and (FR/∼) be a canonical

fuzzy real number system and X̃ : Ω→ (FR/ ∼) be a closed fuzzy-valued function. X̃ is

fuzzy random variable if and only if X̃U
α and X̃ L

α are random variables for all α ∈ [0,1].

3.2.2 Fuzzy Probability

First, we give the definition of fuzzy probability density function.

Definition 3.6 ([157]). Let R be the universal set, X̃ is a fuzzy random variable. Suppose

f X̃α
(x) is the probability density function of X̃ L

α and X̃U
α , where [X̃ L

α , X̃U
α ] is the α-cut of

X̃ . We define f̃ (x̃) as the fuzzy probability density function of X̃ . Then, the membership

function of f̃ (x̃) is defined as:

µ f̃ (x̃)(r)= sup
0≤α≤1

α1Aα
(r).(3.1)

where

Aα = [ min
x∈[x̃L

α ,x̃U
α ]

f X̃α
(x), max

x∈[x̃L
α ,x̃U

α ]
f X̃α

(x)]

= [min{ min
α≤β≤1

f X̃α
(x̃L

β ), min
α≤β≤1

f X̃α
(x̃U

β )},max{ max
α≤β≤1

f X̃α
(x̃L

β ), max
α≤β≤1

f X̃α
(x̃U

β )}].

Then, the definition of fuzzy probability is shown as follow.

Definition 3.7. We denote D̃ as the fuzzy probability distribution of X̃ ∈FR (denoted

as X̃ ∼ D̃), which contains the value range and fuzzy probability density function of X̃ ,

where D represents the value range of real-valued variable x which induce all fuzzy real

numbers in D̃.

3.2.3 The Real-valued Representation of Fuzzy Expectation

Let X̃= (x̃1, x̃2, · · · , x̃p) ∈F
p
Rp be p-fuzzy random vector, where x̃1, x̃2, · · · , x̃p ∈FR are i.i.d

fuzzy random variables.
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Definition 3.8. The probability density function of x̃ j is f̃ j(x̃), j = 1, · · · , p. We denote the

joint probability density function of X̃ is f̃X̃(x̃)= f̃1(x̃1)
⊗ · · ·⊗ f̃p(x̃p) and its membership

function is defined by

ξ f̃X̃(x̃)(r)= sup
0≤α≤1

1[ f̃X̃(x̃)]α(r),(3.2)

where

[ f̃X̃(x̃)]α = [
p∏

j=1
min

x j∈[x̃ j
L
α

,x̃ j
U
α

]
f x̃ jα

(x j),
p∏

j=1
max

x j∈[x̃ j
L
α

,x̃ j
U
α

]
f x̃ jα

(x j)]

= [
p∏

j=1
min{ min

α≤β≤1
f x̃ jα

(x̃ j
L
β ), min

α≤β≤1
f x̃ jα

(x̃ j
U
β )},

p∏
j=1

max{ max
α≤β≤1

f x̃ jα
(x̃ j

L
β ), max

α≤β≤1
f x̃ jα

(x̃ j
U
β )}].

Then, we denote D̃ as the fuzzy distribution over X̃ ⊂ F
p
Rp , where D̃ contains the

value range and the joint probability density function of any fuzzy vector belongs to X̃ .

Next, we define the real-valued representation of fuzzy expectation.

Definition 3.9. Suppose X̃ = (x̃1, x̃2, · · · , x̃p) ∼ D̃ and x̃ j ∼ D̃ j, j = 1, · · · , p. ∀α ∈ (0,1], let

the join distribution of x̃1
L(U)
α , · · · , x̃p

L(U)
α is DL(U)

α and the joint probability density function

is
p∏

j=1
f x̃ jα

(x̃ j
L(U)
α ), x j ∈ D j. So the real-valued representation of fuzzy expectation of X̃ is

defined as,

EX̃∼D̃[ℓ(h(X̃), y)]= 1
2

[
∫

D1

· · ·
∫

Dp

∫
α

ℓ(h(X̃), y)
p∏

j=1
f x̃ jα

(x̃ j
L
α)dx1 · · ·dxpdα

+
∫

D1

· · ·
∫

Dp

∫
α

ℓ(h(X̃), y)
p∏

j=1
f x̃ jα

(x̃ j
U
α )dx1 · · ·dxpdα]

= 1
2

∫
D1

· · ·
∫

Dp

∫
α∈(0,1]

ℓ(h(X̃), y)( fX̃α
(X̃L

α)+ fX̃α
(X̃U

α ))dX dα

= 1
2

∫
α∈(0,1]

{EDL
α
[ℓ(h(X̃), y)]+EDU

α
[ℓ(h(X̃), y)]}dα,

where
p∏

j=1
f x̃ jα

(x̃ j
L(U)
α )≜ fX̃α

(X̃L(U)
α ).
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3.3 Problem Setting

In this section, we introduce the MCIMO problem. Let X̃ ⊂ F
p
Rp be the input space

and Y = {1, · · · ,K} ≜ [K] be the output space, and let D̃ be an unknown fuzzy dis-

tribution over X̃ . Suppose S̃ = {(X̃i, yi)}m
i=1 be a sample drawn from X̃ ×Y , where

X̃i = (x̃i1, x̃i2, · · · , x̃ip), i = 1,2, · · · ,m drawn i.i.d. from D̃ and yi = f (X̃i) is the ground

truth function denoted as,

f :X̃ →Y

(x̃i1, x̃i2, · · · , x̃ip)→ k.

We noticed that if X̃i ∈X belongs to the k-th class, then f (X̃i)= k . Let H ⊂ {h : X̃ → RK }

be the hypothesis set of the MCIMO problem and ∀h ∈H ,

h :X̃ → RK

(x̃i1, · · · , x̃ip)→ (h1(X̃i), · · · ,hK (X̃i)),

where each hk(X̃i),k = 1, · · · ,K represents the probability of the instance X̃i belongs to

the k-th category. Then, we give the definition of the loss function with respect to h,

ℓ : RK ×Y →R+.

Let LH = {l(h(X̃), y)|X̃ ∈ X̃ ,h ∈ H , y ∈ Y } be the class of loss functions associated

with H .

The traditional multi-class classification problems aim to use the sample S̃ to find

a hypothesis h ∈ H which can cause as small as possible risk R(h) with respect to f .

In the MCIMO problem, the purpose is similar to traditional multi-class classification

problems. Then, we give the definition of the risk with respect to h,

RD̃(h)≜ R(ℓ(h(X̃), y))= EX̃∼D̃[ℓ(h(X̃), y)].(3.3)

34



3.4. THEORETICAL ANALYSIS OF MCIMO

Thus, to address the MCIMO problem, we are committed to find the optimal hypothe-

sis function h∗ to minimize the risk, i.e., h∗ = argminh∈H RD̃(h).

Hence, we give a formal definition of the MCIMO problem.

Multi-class Classification with Imprecise Observations (MCIMO): Let X̃ be a

fuzzy random vector defined on a fuzzy space X̃ ⊂F
p
Rp with the joint probability density

function f̃X̃(x̃), and let D̃ be an unknown fuzzy distribution over X̃ . Y = [K] is denoted

as the label space. Let LH = {ℓ(h(X̃), y) : h ∈ H , y ∈ Y } be the class of loss functions

associated with hypothesis set H , where ℓ : RK ×Y → R+ and h : X̃ → RK ,∀h ∈ H .

In multi-class classification with imprecise observations problem, we aim to train a

hypothesis function h∗ ∈H to minimize the risk, i.e., h∗ = argminh∈H R(ℓ(h(X̃), y)).

3.4 Theoretical Analysis of MCIMO

In this section, the theoretical analysis of the MCIMO problem is presented. Firstly, the

notion of fuzzy Rademacher complexity is introduced. Then, we obtain the estimation

error bounds of the MCIMO problem, which guarantees that we can always obtain a

fuzzy classifier with high classification accuracy when infinite fuzzy-feature instances

are available.

Definition 3.10. Let LH be a family of loss functions and S̃ = {(X̃i, yi)}m
i=1 a sample

drawn from F
p
Rp ×Y . Then, the empirical fuzzy Rademacher complexity of LH and H

with respect to the sample S̃ and S̃X = {X̃i}m
i=1 are defined as:

R̂S̃(LH )= Eσ[ sup
ℓ∈LH

1
m

m∑
i=1

σiℓ(h(X̃i), yi)],(3.4)

R̂S̃X
(H )= Eσ[sup

h∈H

1
m

m∑
i=1

K∑
k=1

σikhk(X̃i)],

where σ= (σ1, · · · ,σm)T , with σis independent random variables drawn from the Rademacher

distribution, i.e. P(σi =+1)=P(σi =−1)= 1
2 , i = 1, · · · ,m.
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Definition 3.11. Let D̃
′
≜ D̃×Y and D̃ denote the fuzzy distribution according to S̃ and

S̃X. Then, the fuzzy Rademacher complexity of LH and H are defined as follow:

R̃S̃∼D̃
′ (LH )= ED̃

′ [R̂S̃(LH )],(3.5)

R̃S̃X∼D̃(H )= ED̃[R̂S̃X
(H )].

Using related lemmas and theorems (See Appendix 3.9) and the theoretical analysis

of traditional multi-class classification algorithms (show in [1, 70, 78, 102, 105]), the

estimation error bounds with hypotheses H are show in the following theorem.

Theorem 3.1. Let S̃ = {(X̃i, yi)}m
i=1 and S̃X = {X̃i}m

i=1, X̃ i ∼ D̃ ∈ X̃, yi = f (X̃i) , and suppose

that there are Cl ,Ch > 0 such that suph∈H ∥ h ∥∞ ≤ Ch and sup∥h∥∞≤Ch
maxyℓ(t, y) ≤ Cl ,

and ∀ℓ ∈LH is L l-Lipschitz functions. For any δ> 0, with fuzzy probability at least 1−δ,

each of the following holds for all ℓ ∈LH :

(3.6)
|EX̃∼D̃[ℓ(h(X̃), y)]− 1

m

m∑
i=1

ℓ(h(X̃i), yi)| ≤ 2R̃S̃(LH )+Cl

√
2log(1/δ)

m

|EX̃∼D̃[ℓ(h(X̃), y)]− 1
m

m∑
i=1

ℓ(h(X̃i), yi)| ≤ 2R̂S̃(LH )+3Cl

√
2log(2/δ)

m .

Because ∀ℓ ∈LH is L l-Lipschitz functions, we have

(3.7)
R̂S̃(LH )≤p

2 L lR̂S̃X
(H )

R̃S̃(LH )≤p
2 L lR̃S̃X

(H ).

Then,

(3.8)
|RD̃(h)− R̂D̃(h)| ≤ 2

p
2 L lR̃S̃X

(H )+Cl

√
2log(1/δ)

m

|RD̃(h)− R̂D̃(h)| ≤ 2
p

2 L lR̂S̃X
(H )+3Cl

√
2log(2/δ)

m .

The detailed proof of theorem 3.1 can be found in Appendix 3.9.

In Section 3.5, we decompose the hypothesis function into defuzzification function

and optimization function. We let the loss function ℓ(h(X̃i), yi)= ℓ(g(M(X̃i)), yi), where

g is a optimization function that maps Rp into RK . Let M ⊂ {M : X̃ → Rp} be the

class of defuzzification functions, GM ⊂ {g(M(X̃)) : Rp → RK |M ∈M , y ∈Y } be the class of
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optimization functions associated with M , and LG = {ℓ(g(M(X̃i)), y)|M ∈M , g ∈G , y ∈Y }

be the class of loss functions associated with G . Then, we have:

(3.9)

R̂S̃(LG )= Eσ[ sup
ℓ∈LG

1
m

m∑
i=1

σiℓ(g(M(X̃i)), yi)],

R̂S̃X
(GM )= Eσ[sup

g∈G

1
m

m∑
i=1

K∑
k=1

σik gk(M(X̃i))],

R̂S̃X
(M )= Eσ[ sup

M∈M

1
m

m∑
i=1

K∑
k=1

p∑
j=1

σik jM(x̃i j)]

Then, we can get the following theorem using theorem 3.1.

Theorem 3.2. Let S̃ = {(X̃i, yi)}m
i=1 and S̃X = {X̃i}m

i=1,X̃i ∼ D̃ ∈ X̃, yi = f (X̃i) , and suppose

that there are C,Cl > 0 such that supg∈G ∥ g ∥∞ ≤ C and sup∥g∥∞≤C maxyℓ(t, y)≤ Cl , and

∀ℓ ∈LG is L l-Lipschitz functions. For any δ> 0, with fuzzy probability at least 1−δ, each

of the following holds for all g ∈LG :

(3.10)
|EX̃∼D̃[ℓ(g(M(X̃)), y)]− 1

m

m∑
i=1

ℓ(g(M(X̃i)), yi)| ≤ 2R̃S̃(LG )+Cl

√
2log(1/δ)

m

|EX̃∼D̃[ℓ(g(M(X̃)), y)]− 1
m

m∑
i=1

ℓ(g(M(X̃i)), yi)| ≤ 2R̂S̃(LG )+3Cl

√
2log(2/δ)

m .

Because ∀ℓ ∈LG is L l-Lipschitz functions, we have

(3.11)
R̂S̃(LG )≤p

2 L lR̂S̃X
(GM )

R̃S̃(LG )≤p
2 L lR̃S̃X

(GM ).

Then,

(3.12)
|RD̃(h)− R̂D̃(h)| ≤ 2

p
2 L lR̃S̃X

(GM )+Cl

√
2log(1/δ)

m

|RD̃(h)− R̂D̃(h)| ≤ 2
p

2 L lR̂S̃X
(GM )+3Cl

√
2log(2/δ)

m .

The proof of theorem 3.2 is similar to theorem 3.1.

Next, we consider the estimation error bounds for kernel-based optimization functions

such as SVM. Let K : Rp ×Rp → R be a PDS kernel function, Φ : Rp → H be a feature

mapping associated to K and w1, · · · ,wK ∈H are weight vectors. For any p ≥ 1, the family

of kernel-based hypotheses is denoted as:

GK ,p = {g : M(X̃)→ (wT
1 Φ(M(X̃)), · · · ,wT

KΦ(M(X̃))),

W = (wT
1 , · · · ,wT

K )T , ||W ||H,p ≤Λ},
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where, ||W ||H,p = (
K∑

l=1
||wl ||pH)1/p. Hence, the fuzzy Rademacher complexity of GK ,p can be

bounded as follow.

Lemma 3.1. Let K : Rp ×Rp → R be a PDS kernel function and Φ : Rp →H be a feature

mapping associated to K. Assume that there exists r > 0 such that K(M(X̃), M(X̃))≤ r2 for

all X̃ ∈ X̃ . Let S̃X = {X̃i}m
i=1,X̃i ∼ D̃ ∈ X̃ . Then, for any m ≥ 1,

(3.13) R̃S̃X∼D̃(GK ,p)≤ K
√

r2Λ2

m .

Proof. For all l ∈ [K], ||wl ||H ≤ (
K∑

l=1
||wl ||pH)1/p = ||W ||H,p holds. Thus, as ||W ||H,p ≤ Λ,

we have ||wl ||H ≤ Λ for all l ∈ [1,K]. Then, the fuzzy Rademacher complexity of the

hypothesis set GK ,p can be bounded as follows:

R̃S̃X∼D̃(GK ,p)= 1
m

ED̃,σ[ sup
||W ||≤Λ

m∑
i=1

K∑
k=1

σik gk(M(X̃i))]

= 1
m

ED̃,σ[ sup
||W ||≤Λ

m∑
i=1

K∑
k=1

σikwT
k Φ(M(X̃i))]

≤ K
m

ED̃,σ[ sup
k∈[K],||W ||≤Λ

〈wk,
m∑

i=1
σikΦ(M(X̃i))〉](using Cauchy-Schwarz inequality)

≤ K
m

ED̃,σ[ sup
k∈[K],||W ||≤Λ

||wk||H||
m∑

i=1
σikΦ(M(X̃i))||H]

≤ KΛ

m
ED̃,σ[ sup

k∈[K]
||

m∑
i=1

σikΦ(M(X̃i))||H](using Jensen’s inequality)

≤ KΛ

m
[ED̃,σ[ sup

k∈[K]
||

m∑
i=1

σikΦ(M(X̃i))||2H]]1/2 (i ̸= j ⇒ Eσ[σikσ jk]= 0)

= KΛ

m
[ED̃[

m∑
i=1

||Φ(M(X̃i))||2H]]1/2

= KΛ

m
[ED̃[

m∑
i=1

K(M(X̃i), M(X̃i))]]1/2 ≤ K

√
r2Λ2

m
,

which yields the result. ■

Next, combining theorem 3.2 and lemma 3.1 directly yields the following generaliza-

tion bound.
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Theorem 3.3. Let K : Rp ×Rp →R be a PDS kernel function and Φ : Rp →H be a feature

mapping associated to K. Assume that there exists r > 0 such that K(M(X̃), M(X̃)) ≤ r2

for all X̃ ∈ X̃ . Let S̃X = {X̃i}m
i=1,X̃i ∼ D̃ ∈ X̃ and suppose that there are C,Cl > 0 such

that supg∈GK ,p
∥ g ∥∞ ≤ C and sup∥g∥∞≤C maxyℓ(t, y)≤ Cl , and ∀ℓ ∈LGK ,p is L l-Lipschitz

functions. For any δ> 0, with fuzzy probability at least 1−δ, each of the following holds

for all h ∈GK ,p:

(3.14) |RD̃(h)− R̂D̃(h)| ≤ 2KL l

√
2r2Λ2

m +Cl

√
2log(1/δ)

m .

According to Eqs. (3.8), (3.12), and (3.14), we notice that fix some constants, as m →∞,

RD̃(h)→ R̂D̃(h). Therefore, these bounds demonstrate that we can always obtain a fuzzy

classifier with high classification accuracy when enough fuzzy-feature instances can be

collected. These theoretical analyses reveal that fuzzy classifiers can be constructed to

effectively and accurately handle the MCIMO problem.

3.5 Model Construction

In this section, two fuzzy classifiers are constructed to handle the MCIMO problem. In

the MCIMO problem, we aim to train a fuzzy classifier for fuzzy-feature input prediction.

Let X̃i = (x̃i1, x̃i2, · · · , x̃ip), i = 1, · · · ,m be a fuzzy-feature input, where x̃i j, i = 1, · · · ,m, j =
1, · · · , p are fuzzy number. Common used fuzzy numbers include Gaussian fuzzy numbers,

trapezoidal fuzzy numbers and triangular fuzzy numbers. Firstly, a Gaussian fuzzy

number x̃ can be characterized by (c,δ) and the membership function is given in the

following equation:

µx̃(t)= exp(−(t− c)/2δ)2.
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A trapezoidal fuzzy number x̃ can be characterized by (a1,b1,b2,a2) and the membership

function of a trapezoidal fuzzy number x̃ is shown as follow:

µx̃(t)=



0, t < a1

t−a1

b1 −a1
, a1 ≤ t < b1

1, b1 ≤ t < b2

t−a2

b2 −a2
, b2 ≤ t < a2

0, t ≥ a2.

Finally, when b1 = b2, a trapezoidal fuzzy number is become a triangular fuzzy number.

Thus, a triangular fuzzy number x̃ can be characterized by (a1,b1,a2).

To address the MCIMO problem, we need to construct a hypothesis function h ∈H

which mapping the input space X̃ ⊂F
p
Rp into RK . A hypothesis function h can be decom-

posed into a composition of two functions. The first function M, called defuzzification

function, is defined as follow:

M : X̃ → Rp

(x̃i1, x̃i2, · · · , x̃ip)→ (M(x̃i1), · · · , M(x̃ip)).

Next, four different defuzzification methods are introduced:

1. The first method is called Mean/Middle of Maxima (MOM) [127] which is widely-

used due to its calculation simplicity. MOM is defined as:

(3.15) MOM(x̃)=Mean(t = argmaxt µx̃(t)).

2. The Centre of Gravity (COG) [146] is another widely-used defuzzification method.

The definitions of COG for discrete and continuous situations are show as follow:

COG(x̃)=
∑

tµx̃(t)∑
µx̃(t)

(discrete)=
∫

tµx̃(t)dt∫
µx̃(t)dt

(continuous).(3.16)
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3. The third approach, called averaging level cuts (ALC) [109], is defined as the flat

averaging of all midpoints of the α-cuts. ALC is defined as :

(3.17) ALC(x̃)= 1
2
∫1

0 (x̃L
α + x̃U

α )dα.

4. The final method is called value of a fuzzy number (VAL) [30] which uses α-levels

as weighting factors in averaging the α-cut midpoints. VAL is defined as :

(3.18) VAL(x̃)=∫1
0 α(x̃L

α + x̃U
α )dα.

In Section 3.6, we compare the performance of different defuzzification methods on

synthetic datasets. The experimental results illustrate that VAL outperforms than other

three defuzzification methods. Therefore, Eq. (3.18) is used as the defuzzification function

in all subsequent experiments.

Through the first progress, the initial issue becomes a traditional multi-class classifi-

cation problem with crisp data. Therefore, the second function, called the optimization

function, is a hypothesis function that maps Rp into RK to solve the traditional multi-

class classification problem. Since support vector machine and neural networks have

gained great achievements on multi-classification problems, we decide to apply both

algorithms as the optimization method. Next, we will introduce both algorithms for

multi-classification problems.

3.5.1 Defuzzified Support Vector Machine

Firstly, support vector machine (one-vs-rest SVM [154]) with PDS kernel function is used

as the optimization function to solve the MCIMO problem.

Suppose Dtr = ((X̃1, y1), · · · , (X̃N , yN)) is the training data, where X̃i ∈ X̃ ⊂ F
p
Rp , yi ∈

{−l,+l}, l = 1,2, · · · ,K , i = 1,2, · · · , N. The −l indicates that X̃i does not belong to category

l, and the +l represents that X̃i belongs to category l. In the first step, defuzzification
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Algorithm 1 DF-SVM
Input: the training data Dtr, selected appropriate regularization parameter C and
kernel function ;
Initial: Preprocessing the training data Dtr;
Defuzzification: Using equation (3.18) to transform D̃x = (X̃1, · · · ,X̃N) into Dx =
(X1, · · · ,XN);
Optimization: Solving K optimization problems in (3.19);
Output: α∗

l = (α∗
1l , · · · ,α∗

Nl)
T , l = 1,2, · · · ,K and the decision function in (3.21).

function (3.18) is used to transform fuzzy input D̃x = (X̃1, · · · ,X̃N) to crisp input denoted

as Dx = (X1, · · · ,XN). Let K : X ×X → R be a PDS kernel function. Hence, we need to

solve K optimization problems separately, and the lth problem is shown as follows:

(3.19)

min
α

1
2

N∑
i=1

N∑
j=1

αilα jl yi yjK(Xi,X j)−
N∑

i=1
αil

s.t
N∑

i=1
αil yi = 0

0≤αil ≤ C, i = 1,2, · · · , N.

The optimal solution is α∗
l = (α∗

1l , · · · ,α∗
Nl)

T , l = 1,2, · · · ,K . Then, choose a positive

component 0≤α∗
jl ≤ C of α∗

l , and calculate

(3.20) b∗
l = yj −

N∑
i=1

α∗
il yiK(Xi,X j).

Finally, the decision function is given as follow:

(3.21) h(X)= argmaxl∈[K](
N∑

i=1
α∗

il yiK(X,Xi)+b∗
l ).

The following algorithm called defuzzified support vector machine (DF-SVM) is shown

in Algorithm 1.

3.5.2 Defuzzified Multilayer Perception

Secondly, a multilayer perception model, which contains two hidden layers and an output

layer (softmax), is used as the optimization function to complete the second progress. We

denote the parameters of the two hidden layers are W1,b1 and W2,b2 respectively, and
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Algorithm 2 DF-MLP
Input: training data Dtr, learning rate η, fixed epoch Tmax, loss function (cross-entropy
loss function is selected) and optimization algorithm (Adam algorithm [67] is selected);
Initial: W0

0 , W0
1 , W0

2 , b0
0, b0

1, b0
2;

1: Fetch mini-batches from Ds and Dt.
2: for T = 1,2, . . . ,Tmax do
3: Fetch mini-batch Ďtr from Dtr;
4: Calculate L = loss(h(X̃ ;WT−1

0 ,WT−1
1 ,WT−1

2 ,bT−1
0 ,bT−1

1 ,bT−1
2 ), ŷ) according to

Eqs. (3.18) and (3.22);
5: Update WT

0 , WT
1 , WT

2 , bT
0 , bT

1 , bT
2 =Adam(L);

6: end for
Output: WTmax

0 , WTmax
1 , WTmax

2 , bTmax
0 , bTmax

1 , bTmax
2 .

the parameters of the output layer are W0,b0 respectively, and the activation function is

φ. Then, the outcome of the constructed multilayer perception model can be expressed as

when we get a fuzzy-feature input X̃:

(3.22)
O(X̃)=φ(φ(M(X̃)W1 +b1)W2 +b2)W0 +b0,

ŷ= argmaxk∈{1,2,··· ,K}(hk(X̃)),

where

h(X̃)= (h1(X̃), · · · ,hK (X̃))= softmax(O(X̃)).

The following algorithm called defuzzified multilayer perception (DF-MLP) is shown

in Algorithm 2.

3.6 Experiments on Synthetic Datasets

In this section, we first compare the performance of different defuzzification methods

on synthetic datasets to select the optimal defuzzification function for the proposed

algorithms. Then, we verify the efficacy of the proposed algorithms for solving the

MCIMO problem by comparing seven baselines in terms of classification accuracy on

synthetic datasets.
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3.6.1 Dataset Generation

In this section, we introduce how to construct the synthetic dataset (Balanced data)

which contains N fuzzy instances distributed in five categories. Each instance has

20 fuzzy features. Firstly, we generate the real-valued vectors Xi = (xi1, · · · , xi20), i =
1, · · · , N in five categories by a random number generator as the true value of the

instance. Then, we use the generated real-valued vectors to construct the observation

datasets {X̃i = (x̃i1, · · · , x̃i20)}N
i=1. Each x̃i j is a triangular fuzzy number characterized

by (xi j − ai j, xi j + bi j, xi j + ci j) where ai j ∼ U[1.5,3],bi j ∼ U[−0.5,0.5], ci j ∼ U[2,4] and

U[a,b] denotes the uniform distribution over [a,b].

3.6.2 Experimental Setup

In this section, baselines and experimental details of all baselines, DF-SVM and DF-MLP

are introduced.

3.6.2.1 Baselines

Firstly, we introduce the first five baselines which called Meanlogistic, MeanSVM, Me-

anDecisiontree, MeanRandomForest and MeanMLP. For fuzzy-feature dataset, a fuzzy

feature is denoted as x̃ = (infP0,supP0, infP1,supP1). We use M1(x̃)= (infP0 +supP0 +
infP1+supP1)/4 to transfer fuzzy features to crisp features. For interval-valued datasets,

x = [A,B] is denoted as a interval-valued feature. Similarly, M2(x) = (A+B)/2 is used

to transfer interval-valued features to crisp features. Then, those baselines apply five

well-known machine learning methods (logistic regression, SVM, decision trees, random

forests and neural networks) to classify crisp-valued data obtained with the above-

mentioned methods. Secondly, the last two baselines called DCCF and BCCF are pre-

sented in [22].
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Table 3.1: Hyperparameters for the proposed algorithms and seven baselines

Algorithm Hyperparameters Ranges

Meanlogistic regularization parameter C {0.1,0.2, · · · ,0.9,1,2, · · · ,100}

MeanSVM regularization parameter C, kernel type {0.1,0.2, · · · ,0.9,1,2, · · · ,100}, {’linear’, ’poly’, ’rbf ’}

MeanDecisiontree min samples leaf {1,2, · · · ,10}

MeanRandomForest min samples leaf, the number of trees {1,2, · · · ,10}, {5,10, · · · ,100}

MeanMLP learning rate, hidden layer units, epochs {0.0001,0.001,0.01,0.1}, {20,30, · · · ,200}, {100,200,500,1000,1500}

DCCF[22] bandwidth hg {1,2, · · · ,10,20, · · · ,50}

BCCF[22] distance parameter δ {0.1,0.5,1,2, · · · ,10}

DF-SVM regularization parameter C, kernel type {0.1,0.2, · · · ,0.9,1,2, · · · ,100}, {’linear’, ’poly’, ’rbf ’}

DF-MLP learning rate, hidden layer units, epochs {0.0001,0.001,0.01,0.1}, {20,30, · · · ,200}, {100,200,500,1000,1500}

(a) DF-SVM with 4 defuzzification functions. (b) DF-MLP with 4 defuzzification functions. (c) DF-SVM and DF-MLP with VAL.

Figure 3.1: Classification error rate on the test set varies with the number of synthetic data.
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3.6.2.2 Experimental Details

For DF-MLP, we let momentum= 0.9 and weight decay= 0.0001. Finally, for the DCCF

and BCCF algorithms, ϕ is selected to be the Lebesgue measure on [0,1] and θ = 1/3,

K(u)= 15
8 (1−u2)2I(u∈[0,1]) is used as the kernel function. All these settings of DCCF and

BCCF algorithms can obtain the best performance from [22]. However, DCCF and BCCF

algorithms can only process the fuzzy data with one fuzzy feature, whereas the generated

synthetic datasets contain multiple fuzzy features. Therefore, we consider using the

average distance between each fuzzy feature to represent the distance between the fuzzy

feature vectors in the DCCF and BCCF algorithms.

For each algorithm on each dataset, we randomly divide each dataset into the training

set, the validation set and the test set, which contain 60%, 20% and 20% of the data,

respectively. First, we select the hyperparameters that can obtain the highest average

classification accuracy on the validation set. The average classification accuracy on the

validation set is the average of the results of 10 repeated experiments on the validation

set. The hyperparameters that need to be selected are shown in Table 3.1. Then, the

selected optimal hyperparameters are used to test the performance of each algorithm on

the test set. We repeat the entire experiment process 20 times. Thus, the final results are

shown in the form of "mean± standard deviation." To avoid random errors, we randomly

scramble the data before each experiment. Classification accuracy is used to evaluate

the performance of the proposed model. The definition of classification accuracy is shown

as follows:

Accuracy= |X̃ ∈ X̃ : f (X̃)= h(X̃)|
|X̃ ∈ X̃ |

,

where f (X̃) is the ground truth label of X̃, while h(X̃) is the label predicted by the

presented algorithms and the baselines.

In the first experiment, we compare the performance of the proposed two algorithms

with different defuzzification functions on the test set when the number of synthetic data
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Figure 3.2: Accuracy curve on the synthetic datasets vs. the number of epochs.

increases. The number of synthetic data N is selected from {200,400, · · · ,3000,3500,4000}.

In the second experiment, we generated 2000 synthetic data and analyzed them using

the proposed methods and baselines, respectively. In addition, the Wilcoxon rank-sum

test results of the method, which obtains the best performance, with other methods are

given.

3.6.3 Experimental Results Analysis

The results of the first experiment are shown in Figure 3.1. From Figures 3.1(a) and

3.1(b), we find that COG and VAL have better performance than another two methods in

terms of convergence speed and classification error and VAL is more stable than the other

three methods. The reason why VAL can achieve better performance than other methods

is that VAL uses all information from fuzzy sets so that some key information is not

discarded. In addition, VAL gives less importance to the lower levels of fuzzy sets, which

is reasonable from the perspective of the concept of membership function. Therefore,

we use VAL as the defuzzification method in the following experiments. Moreover, from

Figure 3.1(c), it illustrates that the convergence rate of the two proposed algorithms

with VAL defuzzification method is O(1/
�

m ). Therefore, we confirmed the theoretical

analysis results in Section 3.4 that we can always obtain a fuzzy classifier with high

classification accuracy when sufficient fuzzy-feature observations are available.
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Table 3.2: Experiment Result of Synthetic Dataset.

Algorithms Test accuracy p Time (sec)

Meanlogistic 96.86% ±0.87% 2.2×10−6∗ 119.97

MeanSVM 97.72% ±0.71% 0.0337∗ 127.35

MeanDecisiontree 78.20% ±2.70% 6.3×10−8∗ 2.23

MeanRandomForest 95.82% ±0.85% 9.8×10−8∗ 1088.57

MeanMLP 96.16% ±0.80% 3.7×10−7∗ 6607.89

DCCF[22] 92.58% ±1.02% 6.3×10−8∗ 1122687

BCCF[22] 92.51% ± 1.03% 6.3×10−8∗ 1123543

DF-SVM 98.24%±0.52% —- 119.98

DF-MLP 96.90% ± 0.95% 2.2×10−5∗ 6593.64

The bold value represents the highest accuracy in each column.
p: The p-value of the Wilcoxon rank-sum test between the best performance and other
baselines’ outcomes.
∗p < 0.05

The results of the second experiment are illustrated in Table 3.2, and Figure 3.2

shows the classification accuracy curve of Algorithm 2 on the synthetic datasets vs. the

number of epochs. From the results, DF-SVM and DF-MLP obtain better performance

than the most other baselines on the synthetic dataset. Further, the results of the

statistic test show that DF-SVM outperforms other methods significantly at the 0.05

significance level, which demonstrates the superiority of the proposed algorithms. In

addition, we present the experimental running times for the proposed algorithms and all

baselines.

3.7 Experiments on Real-World Datasets

In this section, five real-world datasets are used to verify the efficacy of proposed al-

gorithms for solving the MCIMO problem by comparing with seven baselines in terms
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Figure 3.3: Software to evaluate the visual perception of a line segment. This experiment
regards your perception about the relative length of different lines. At each trial of the
experiment we will show you a black line and you will be asked about its relative length
(in comparison with the length of the reference bold line).

of classification accuracy. Besides, we show how to apply the proposed algorithms to

analyze interval-valued datasets.

3.7.1 Real-world Datasets

In this section, we briefly introduce the five real-world datasets used in the experiments.

3.7.1.1 Perceptions Experiment Dataset

The 1st dataset, called the perceptions experiment dataset 1, contains 551 observations

with one fuzzy feature. The fuzzy feature is a trapezoidal fuzzy number characterized by

(infP0,supP0, infP1,supP1). Each observation is the perceptions experiment result for

one person.

In the perceptions experiment, the one black line that people will see is shown in

Figure 3.3. Once participants see a black line, they will be asked to give a trapezoidal

fuzzy number characterized by (infP0,supP0, infP1,supP1) to describe it.

1See http://bellman.ciencias.uniovi.es/SMIRE/Perceptions.html for more details.
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For the first dataset, we consider using the fuzzy feature (i.e., the trapezoidal fuzzy

number) to predict the category (very small; small; medium; large or very large), which

will be selected by the participants according to their perception of the black line.

3.7.1.2 Mushroom Dataset

The 2nd dataset is the California mushroom dataset 2 that contains 245 instances in 17

fungi species categories. There are five interval-valued variables: the pileus cap width

(X1), the stipe length (X2), the stipe thickness (X3), the spores major axis length (X4),

and the spores minor axis length (X5). Some instances of the mushroom dataset are

shown in Table 3.3. The goal of our experiment on this dataset is to predict the species

category of the California mushroom using five interval-valued features.

3.7.1.3 Letter Recognition Dataset

The 3rd dataset is the letter recognition dataset, selected from UCI Machine Learning

Repository 3, which contains 20000 instances in 26 categories. This dataset contains

16 integer features extracted from raster scan images of the letters. We use the same

methods described in Section 3.6 to transfer integer features into fuzzy features. Then,

we obtain one real-world dataset with fuzzy-valued features. The goal of our experiment

on this dataset is to identify each of a large number of black-and-white rectangular pixel

displays as one of the 26 capital letters in the English alphabet.

3.7.1.4 London Weather Dataset

The 4th dataset is the meteorological data of London (from March 1, 2016 to December

31, 2021), provided by the ‘Reliable Prognosis’ site 4, which contains 2131 instances.

Each instance is meteorological data of one day in London, which described by five
2See https://www.mykoweb.com/CAF/ for more details.
3See https://archive-beta.ics.uci.edu/ for more details.
4See https://rp5.ru/ for more details.
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Table 3.3: Some Instances of the Mushroom Dataset

Species X1(cm) X2(cm) X3(cm) X4(cm) X5(µm)

Agaricus [6,12] [2,7] [1.5,3] [6,7.5] [4,5]

Boletus [7,14] [5,9] [3,6] [11.5,13.5] [3.5,4.5]

Amanita [6,12] [9,17] [1,2] [9.5,11.5] [8.5,10]

Clitocybe [2,9] [2,6] [0.5,1.2] [5,6] [2.5,3.5]

Cortinarius [4,8.5] [5.5,11] [0.8,1.5] [8.8,10.1] [5.9,6.6]

Entoloma [5,13] [5,11] [1.5,3] [7,8.5] [6,7.5]

Gyromitra [5,10] [2,8] [3,7] [25,35] [12,16]

Hygrocybe [2.5,5] [2.5,5.5] [0.5,1] [7,9.5] [4,5]

Inocybe [4,8] [4,8] [1,2] [9,12] [6,7.5]

Lactarius [4.5,9.8] [3,5.7] [1.5,2.5] [8.5,9.9] [6.6,7.7]

Marasmius [1,3] [1.5,4] [0.2,0.5] [9,10] [3.5,4.5]

Mycena [0.5,1.5] [3,7] [0.1,0.3] [8,9.5] [4,5]

interval-valued variables (air temperature T, atmospheric pressure at weather station

level P0, atmospheric pressure reduced to main sea level P, humidity U and dew-point

temperature Td) and one category variable (Precipitation or not: 0≡ No Precipitation,

1≡ Precipitation). Some instances of this dataset are shown in Table 3.4. We aim to use

the five interval-valued features for precipitation prediction.

3.7.1.5 Washington Weather Dataset

The 5th dataset is the meteorological data of Washington (from January 1, 2016 to

December 31, 2021) in the ‘Reliable Prognosis’ site as well, which contains 2191 instances.

Each instance is meteorological data of one day in Washington, which described by five

interval-valued variables (same as the 4th dataset) and one category variable (same

as the 4th dataset). We aim to use the five interval-valued features for precipitation

prediction.
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Table 3.4: Some Instances of the London Weather Data

Times T P0 P U Td Y

31/12/2021 [0.8,6.1] [730.2,733.4] [755.5,759] [76,99] [0,3.3] 1

30/12/2021 [-1.4,1.5] [734.2,735.8] [759.8,762] [77,93] [-2.4,-0.6] 0

29/12/2021 [-1.2,2.1] [730.5,735.4] [756,761] [93,97] [-2.4,1.7] 1

28/12/2021 [-1.2,1.4] [730.5,734.2] [756.1,760] [72,96] [-4.2,0.1] 1

3.7.2 Preprocessing of Interval-valued Data

We notice that the features of the 2nd, 4th and 5th datasets are interval-valued. There-

fore, in this section, we present an approach to transform interval-valued features into

fuzzy-valued features. Suppose [A,B] is denoted as a feature of one interval-valued

instance. Thus, we use one approach that maps [A,B] to a triangular fuzzy number x̃

characterized by (A,βA+ (1−β)B,B), where β ∈ [0,1] is a hyperparameter to control the

shape of the membership function of x̃.

Through the above preprocessing, the DF-SVM and DF-MLP algorithms can be used

to classify dataset with interval-valued instances. In addition, we realize that the second

dataset is an imbalanced dataset which means that each category contains a different

number of instances. Therefore, a random oversampling technique (KMeansSMOTE

[74]) is used to improve the performance of the proposed algorithms. After the process of

the random oversampling technique, the data of each category in the second dataset is

expanded to 30.

3.7.3 Experimental Setup

We use the same baselines in Section 3.6, and the experimental details of all methods are

basically the same as in Section 3.6. The only difference is that one more hyperparameter

β needs to be selected when analyzing the second dataset. We select the shape parameter

β from {0,0.05,0.1, · · · ,1}. Further, we complete the Wilcoxon rank-sum tests of the
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method, which obtains the best performance, with other methods on real-world datasets.

Since DCCF and BCCF can not well handle the dataset with a large number of instances,

we only compare the proposed algorithms with the first five baselines on the last three

datasets in our experiments.

In addition, since the second dataset is an imbalanced dataset, we use balanced

accuracy [12] and AUC instead of classification accuracy to compare model performance

on the second dataset. The definition of balanced accuracy is

Balanced Accuracy= 1
K

K∑
k=1

(Recall of k-th class),

Recall=TP/(TP+FN),

where TP is true positive, TN is true negative, FP is false positive and FN is false

negative. AUC is equal to the compute area under the receiver operating characteristic

curve.

3.7.4 Experimental Results Analysis

All the experiment results on the five real-world datasets are illustrated in Tables 3.5,

3.6 and how the evaluation metrics varies with the number of epochs for Algorithm 2

are shown in Figure 3.4. From these results, the proposed two algorithms achieve better

performance than other baselines on all five real-world datasets, which illustrates the

efficacy of the proposed algorithms in addressing real-world datasets with fuzzy-valued or

interval-valued features. Moreover, the results of the statistic test show that the proposed

two algorithms outperform most other methods significantly at the 0.05 significance

level, which demonstrates the superiority of the proposed algorithms. Further, for the

1st, 2nd and 5th datasets, DF-MLP obtains the highest average performance on the test

set. While, for the letter recognition dataset and London weather dataset, DF-SVM is

more prioritized than other methods, which means that the proposed algorithms are

applicable to different types of datasets.
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Table 3.5: Experiment Result on Real-world Datasets.

Perceptions Experiment Dataset Mushroom Dataset

Algorithms Test accuracy p Balanced accuracy p AUC p

Meanlogistic 90.04% ±2.20% 0.0080∗ 71.36% ±3.86% 6.3×10−8∗ 0.9645 ± 0.0079 0.0012∗

MeanSVM 90.36% ±2.98% 0.5075 79.08% ±3.08% 3.5×10−5∗ 0.9728 ± 0.0071 0.4171

MeanDecisiontree 89.32% ±3.30% 0.0231∗ 70.68% ±4.16% 6.3×10−8∗ 0.9069 ± 0.0203 6.3×10−8∗

MeanRandomForest 90.27% ±3.10% 0.3169 79.04% ±3.83% 0.0002∗ 0.9750 ± 0.0077 0.0935

MeanMLP 90.45% ±2.91% 0.3793 80.49% ±3.40% 0.0041∗ 0.9721 ± 0.0071 0.6849

DCCF[22] 87.82% ±2.15% 0.0001∗ 65.14% ±5.31% 6.3×10−8∗ 0.9584 ± 0.0078 6.3×10−5∗

BCCF[22] 88.23% ± 2.01% 0.0001∗ 64.16% ±4.53% 6.3×10−8∗ 0.9554 ± 0.0083 6.3×10−5∗

DF-SVM 91.00% ±2.52% 0.7251 81.71% ±4.44% 0.1762 0.9758 ± 0.0103 0.3438

DF-MLP 91.50%±2.51% —- 83.57%±2.04% —- 0.9784±0.0025 —

The bold value represents the highest accuracy in each column.
p: The p-value of the Wilcoxon rank-sum test between the best performance and other baselines’ outcomes.
∗p < 0.05
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Table 3.6: Experiment Result on Real-world Datasets.

Letter Recognition Dataset London Weather Dataset Washington Weather Dataset

Algorithms Test accuracy p Test accuracy p Test accuracy p

Meanlogistic 73.50% ±0.70% 6.3×10−8∗ 71.58% ±1.94% 0.0038∗ 97.60% ±0.60% 0.045∗

MeanSVM 94.60% ±0.36% 0.0011∗ 72.26% ±2.15% 0.049∗ 97.76% ±0.66% 0.30

MeanDecisiontree 78.09% ±0.69% 6.3×10−8∗ 69.11% ±1.99% 1.5×10−5∗ 97.26% ±0.74% 0.0026∗

MeanRandomForest 93.50% ±0.41% 6.3×10−8∗ 72.76% ±1.84% 0.24 97.34% ±0.74% 0.0043∗

MeanMLP 91.79% ±0.47% 6.3×10−8∗ 71.53% ±2.10% 0.00059∗ 97.65% ±0.52% 0.049∗

DF-SVM 95.01%±0.32% —- 73.55%±1.73% —- 97.95% ±0.66% 0.90

DF-MLP 93.61% ±0.43% 6.3×10−8∗ 73.06% ±1.91% 0.33 98.01%±0.62% —-

The bold value represents the highest accuracy in each column.
p: The p-value of the Wilcoxon rank-sum test between the best performance and other baselines’ outcomes.
∗p < 0.05
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(a) DF-MLP on the perceptions experiment
dataset.

(b) DF-MLP on the mushroom dataset. (c) DF-MLP on the mushroom dataset.

(d) DF-MLP on the letter recognition dataset. (e) DF-MLP on the London weather dataset. (f) DF-MLP on the Washington weather dataset.

Figure 3.4: Evaluation metrics varies with the number of epochs.
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(a) DF-SVM. (b) DF-MLP.

Figure 3.5: Evaluation metrics of the test sets varies with the value of β.

3.7.5 Parameters Sensitivity Analysis

In this section, we analyze whether the value of the shape parameter β in DF-SVM and

DF-MLP affects the balanced accuracy and AUC on the mushroom dataset.

We conduct the same preprocessing for the mushroom dataset. We select the shape

parameter β from {0,0.05,0.1, · · · ,1}. Then, for each value of β, the results are obtained

using the same experimental operation in Section 3.6. Figures 3.5(a) and 3.5(b) show

the mean and standard deviation of the balanced accuracy and AUC of the test sets on

the mushroom dataset when the shape parameter β of both algorithms changes from

0 to 1. These figures illustrate that a different value for the shape parameter β will

affect the classification performance since the value of β determines the shape of the

triangular fuzzy number. A value of β that can achieve high performance means that

the proposed algorithms with this value of β can extract more significant information

from the datasets with fuzzy-valued or interval-valued features. Therefore, we can

improve the performance of DF-SVM and DF-MLP by finding a suitable value of β. In

our experiments, we find the optimal value of β in the validation set.
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3.8 Summary

In this chapter, we identify a new problem called MCIMO. In the MCIMO problem, we

need to train a fuzzy classifier when only imprecise observations are available.

Firstly, we identify the MCIMO problem in Section 3.3. Since there are no existing

papers for theoretical analysis of fuzzy classifiers, we give the estimation error bounds for

the MCIMO problem. These bounds illustrate that we can always train a fuzzy classifier

with high classification accuracy to solve the MCIMO problem as long as sufficient

fuzzy-feature instances can be collected.

Hence, two algorithms are constructed to handle the MCIMO problem. In addition,

the optimal defuzzification function for the proposed fuzzy technique-based algorithms

is found by comparing the performance of different defuzzification methods on syn-

thetic datasets. Finally, experimental results on synthetic datasets and three real-world

datasets show the superiority of the proposed algorithms. Moreover, through compar-

isons with several non-fuzzy baselines, the experimental results demonstrate that the

proposed fuzzy-based methods can obtain better performance in analyzing fuzzy data or

interval-valued data than non-fuzzy methods. Since they use fuzzy vectors to express

the distribution of imprecise data and apply different defuzzification methods to extract

crisp-valued information from imprecise observations.

3.9 Appendix

3.9.1 Preparation for Proving Theorem 3.1

First, we introduce some related definitions.

Definition 3.12. The fuzzy probability of fuzzy real-valued function ℓ mapping from

58



3.9. APPENDIX

F
p
Rp ×Y to R+ is defined as:

P̃(ℓ(X̃)≥ ε)= 1
2

∫
X∈B

∫
α∈(0,1]

( fX̃α
(X̃L

α)+ fX̃α
(X̃U

α ))dXdα,

where B = {X ∈Rp|ℓ(X̃)≥ ε}.

According to definition 3.8, the fuzzy Markov’s inequality is denoted as:

P̃(ℓ(X̃)≥ ε)= 1
2

∫
X∈B

∫
α∈(0,1]

e−tℓ(X̃)etℓ(X̃)( fX̃α
(X̃L

α)+ fX̃α
(X̃U

α ))dXdα≤ e−tεEX̃∼D̃[etℓ(X̃)].

Definition 3.13. A sequence of V1,V2, · · · is a martingale difference sequence with respect

to fuzzy random vectors X̃1,X̃2, · · · if for all i > 0, Vi is a real-value function of X̃1, · · · ,X̃i

and EX̃i∼D̃[Vi+1|X̃1, · · · ,X̃i]= 0, where

EX̃i∼D̃[Vi+1|X̃1, · · · ,X̃i]= 1
2

∫
α∈(0,1]

{E�Xi+1
L
α∼DL

α
[Vi+1(X̃1, · · · ,X̃i+1)]

+E�Xi+1
U
α ∼DU

α
[Vi+1(X̃1, · · · ,X̃i+1)]}dα.

Next, we introduce one lemma and two theorems to prove Theorem 3.1.

Lemma 3.2. Let V1,V2, · · · be a martingale difference sequence with respect to the fuzzy

random variables X̃1,X̃2, · · · and assume that for all i > 0 there is a constant ci ≥ 0 and

fuzzy random variable Zi, which is a real-value function of X̃1, · · · ,X̃i−1, that satisfy

Zi ≤Vi ≤ Zi + ci.

Then, for all t > 0, the following upper bound holds:

(3.23) EX̃i∼D̃[etVi |X̃1, · · · ,X̃i−1]≤ et2c2
i /8.

Proof. By the convexity of x → ex, for all x ∈ [a,b], the following holds:

etx ≤ b−x
b−a eta + x−a

b−a etb.

59



CHAPTER 3. MULTI-CLASS CLASSIFICATION WITH IMPRECISE OBSERVATIONS

Thus, using EX̃i∼D̃[Vi+1|X̃1, · · · ,X̃i]= 0, then

EX̃i∼D̃[etVi+1 |X̃1, · · · ,X̃i]≤ EX̃i∼D̃[
Zi+1 + ci+1 −Vi+1

ci+1
etZi+1 + Vi+1 −Zi+1

ci+1
et(Zi+1+ci+1)|X̃1, · · · ,X̃i]

= Zi+1 + ci+1

ci+1
etZi+1 + −Zi+1

ci+1
et(Zi+1+ci+1)

≤ et2c2
i+1/8,

which completes the proof. ■

Theorem 3.4 (Fuzzy Azuma’s Inequality). Let V1,V2, · · · be a martingale difference

sequence with respect to the fuzzy random variables X̃1,X̃2, · · · and assume that for all

i > 0 there is a constant ci ≥ 0 and fuzzy random variable Zi, which is a real-value

function of X̃1, · · · ,X̃i−1, that satisfies

Zi ≤Vi ≤ Zi + ci.

Then for all ε> 0 and m ∈ N+, the following inequalities hold:

(3.24)

P̃[
m∑

i=1
Vi ≥ ε]≤ exp −2ε2

m∑
i=1

c2
i

,

P̃[
m∑

i=1
Vi ≤−ε]≤ exp −2ε2

m∑
i=1

c2
i

.

Proof. Let Sk =
k∑

i=1
Vi. Then, using fuzzy Markov’s inequality, for any t > 0, we can write

P̃[Sm ≥ ε]≤ e−tεEX̃i∼D̃[etSm]

= e−tεEX̃i∼D̃[etSm−1EX̃i∼D̃[etVm |X̃1,X̃2, · · · ,X̃m−1]]

≤ e−tεEX̃i∼D̃[etSm−1]et2c2
m/8 (iterating previous argument)

≤ e−tεe
t2

m∑
i=1

c2
i /8

(let t = 4ε/
m∑

i=1
c2

i )

= e

−2ε2
m∑

i=1
c2
i ,

the second statement is shown in a similar way. ■
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Theorem 3.5 (Fuzzy McDiarmid’s Inequality). Let X̃1,X̃2, · · · ,X̃m ∈ X̃ ⊂F
p
Rp ∼D be a set

of m ≥ 1 independent fuzzy random vectors and assume that there exist c1, c2, · · · , cm > 0

such that f : X̃ m ≜ X̃ ×·· ·×X̃ →R satisfies the following conditions:

| f (x̃1, · · · , x̃i, · · · , x̃m)− f (x̃1, · · · , x̃′
i, · · · , x̃m)| ≤ ci,

for all i ∈ [1,m] and any points x̃1, · · · , x̃i, · · · , x̃m, x̃′
i ∈ X̃ . Let f (S̃) denote f (X̃1,X̃2, · · · ,X̃m),

then, for all ε> 0, the following inequalities hold:

(3.25)

P̃[ f (S̃)−ES̃∼D̃m[ f (S̃)]≥ ε]≤ exp −2ε2
m∑

i=1
c2

i

,

P̃[ f (S̃)−ES̃∼D̃m[ f (S̃)]≤−ε]≤ exp −2ε2
m∑

i=1
c2

i

.

Proof. Define a sequence of random variables Vk,k ∈ [1,m], as follows:

V = f (S̃)−ES̃∼D̃m[ f (S̃)],

V1 = ES̃[V |X̃1]−ES̃[V ],

Vk = ES̃[V |X̃1,X̃2, · · · ,X̃k]−ES̃[V |X̃1,X̃2, · · · ,X̃k−1].

Note that V =
m∑

i=1
Vi. Furthermore, the fuzzy random vector ES̃[V |X̃1,X̃2, · · · ,X̃k] is a

function of X̃1,X̃2, · · · ,X̃k, therefore:

ES̃[ES̃[V |X̃1, · · · ,X̃k]|X̃1, · · · ,X̃k−1]= ES̃[V |X̃1, · · · ,X̃k−1],

which implies ES̃[Vk|X̃1, · · · ,X̃k−1]= 0. Thus, the sequence (Vk),k ∈ [1,m] is a martingale

difference sequence. Next, observe that, since ES̃[ f (S̃)] is a scalar, Vk can be expressed

as follows:

Vk = ES̃[ f (S̃)|X̃1, · · · ,X̃k]−ES̃[ f (S̃)|X̃1, · · · ,X̃k−1].

Thus, we can define an upper bound Wk and lower bound Uk for Vk by:

Wk = sup
x̃

ES̃[ f (S̃)|X̃1, · · · ,X̃k, x̃]−ES̃[ f (S̃)|X̃1, · · · ,X̃k],

Uk = inf
x̃′ ES̃[ f (S̃)|X̃1, · · · ,X̃k, x̃

′
]−ES̃[ f (S̃)|X̃1, · · · ,X̃k],
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Wk −Uk = sup
x̃,x̃′

{ES̃[ f (S̃)|X̃1, · · · ,X̃k, x̃]−ES̃[ f (S̃)|X̃1, · · · ,X̃k, x̃
′
]}

≤ 1
2

sup
x̃,x̃′ ,α

{E
( �Xk+1

L
α ,··· ,X̃m

L
α)∼(DL

α )m−k [| f (S̃1)− f (S̃2)|]+E
( �Xk+1

U
α ,··· ,X̃m

U
α )∼(DU

α )m−k [| f (S̃1)− f (S̃2)|]}

≤ ck,

where S̃1 = (X̃1, · · · ,X̃k, x̃,X̃k+1, · · · ,X̃m), S̃2 = (X̃1, · · · ,X̃k, x̃′
,X̃k+1, · · · ,X̃m).

Thus, Uk ≤Vk ≤Wk ≤Uk+ ck. In the view of these inequalities, we can apply Theorem

3.4 to V =
m∑

i=1
Vi, which yields the result. ■

3.9.2 Proof of Theorem 3.1

We are now ready to proof Theorem 3.1.

Proof. Let z̃i = (X̃i, yi). For any sample S̃ = (z̃1, z̃2, · · · , z̃m) ∼ D̃m and any ℓ ∈ LH , we

denote

Φ(S̃)= sup
ℓ∈LH

{Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

ℓ(z̃i)}= sup
ℓ∈LH

{Ez̃∼D̃[ℓ(z̃)]− ÊS̃[ℓ(z̃)]}.

Let S̃ and S̃
′
be two samples differing by exactly one point, say z̃m in S̃ and z̃

′
m in S̃

′
.

Then, since the difference of suprema does not exceed the supremum of the difference,

we have

Φ(S̃
′
)−Φ(S̃)≤ sup

ℓ∈LH

{ÊS̃[ℓ(z̃)]− ÊS̃′ [ℓ(z̃)]}≤ sup
ℓ∈LH

ℓ(z̃m)−ℓ(z̃
′
m)

m
≤ 2Cl

m
.

Similarly, we can obtain Φ(S̃)−Φ(S̃
′
)≤ 2Cl

m , thus |Φ(S̃
′
)−Φ(S̃)| ≤ 2Cl

m . Then, by fuzzy

McDiarmid’s inequality, for any δ> 0, with fuzzy probability at least 1−δ/2, the following

holds:

Φ(S̃)≤ ES̃[Φ(S̃)]+Cl

√
2log(2/δ)

m
,

ES̃[Φ(S̃)]= ES̃[ sup
ℓ∈LH

{Ez̃∼D̃[ℓ(z̃)]− ÊS̃[ℓ(z̃)]}]= ES̃[ sup
ℓ∈LH

ES̃′ {ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]}].
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Using the fact that points in S̃
′
are sampled in an i.i.d. fashion and thus

ES̃′ {ÊS̃′ [ℓ(z̃
′
)]}= 1

2

∫
α∈(0,1]

{E(DL
α )m[

1
m

m∑
i=1

ℓ(z̃
′
i)]+E(DU

α )m[
1
m

m∑
i=1

ℓ(z̃
′
i)]}dα

= 1
2

∫
α∈(0,1]

{
1
m

m∑
i=1

EDL
α
[ℓ(z̃

′
i)]+

1
m

m∑
i=1

EDU
α

[ℓ(z̃
′
i)]}dα

= 1
2

∫
α∈(0,1]

{EDL
α
[ℓ(z̃)]+EDU

α
[ℓ(z̃)]}dα= Ez̃∼D̃[ℓ(z̃)].

Because

sup
ℓ∈LH

ES̃′ {ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]}

= sup
ℓ∈LH

{1
2

∫
α∈(0,1]

{E(S̃′ )L
α∼(DL

α )m[ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]]+E(S̃′ )Uα ∼(DU

α )m[ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]]}dα}

≤ 1
2

∫
α∈(0,1]

sup
ℓ∈LH

{E(S̃′ )L
α∼(DL

α )m[ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]]+E(S̃′ )Uα ∼(DU

α )m[ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]]}dα

≤ 1
2

∫
α∈(0,1]

{E(S̃′ )L
α∼(DL

α )m sup
ℓ∈LH

[ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]]+E(S̃′ )Uα ∼(DU

α )m sup
ℓ∈LH

[ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]]}dα

= ES̃′ sup
ℓ∈LH

{ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]}.

Then, we have

ES̃[Φ(S̃)]≤ ES̃,S̃′ sup
ℓ∈LH

{ÊS̃′ [ℓ(z̃
′
)]− ÊS̃[ℓ(z̃)]}= ES̃,S̃′ sup

ℓ∈LH

{
1
m

m∑
i=1

[ℓ(z̃
′
i)−ℓ(z̃i)]}.

We introduce Rademacher variables σis, that are uniformly distributed independent

random variables taking values in {−1,+1},

ES̃[Φ(S̃)]≤ ES̃,S̃′Eσ sup
ℓ∈LH

{
1
m

m∑
i=1

[σiℓ(z̃
′
i)−ℓ(z̃i)]} (sup(U +V )≤ supU +supV )

≤ ES̃′Eσ sup
ℓ∈LH

{
1
m

m∑
i=1

σiℓ(z̃
′
i)}+ES̃Eσ sup

ℓ∈LH

{
1
m

m∑
i=1

−σiℓ(z̃i)}.

Because the definition of fuzzy Rademacher complexity and the fact that the variables

σi and −σi are distributed in the same way. Then

ES̃[Φ(S̃)]≤ 2ES̃Eσ sup
ℓ∈LH

{ 1
m

m∑
i=1

σiℓ(z̃i)}= 2R̃S̃∼D̃m(LH ).
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Then using δ instead of δ/2, with fuzzy probability 1−δ the following holds :

(3.26)
Φ(S̃)≤ 2R̃S̃∼D̃m(LH )+Cl

√
2log(1/δ)

m

Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

ℓ(z̃i)≤ 2R̃S̃∼D̃m(LH )+Cl

√
2log(1/δ)

m .

We observe that changing one point in S̃ changes R̂S̃(LH ) by at most 2Cl /m. Then,

again using fuzzy McDiarmid’s inequality, with fuzzy probability 1−δ/2 the following

holds:

R̃S̃∼D̃m(LH )≤ R̂S̃(LH )+Cl

√
2log(2/δ)

m .

Then with probability at least 1−δ:

(3.27)
Φ(S̃)≤ 2R̂S̃(LH )+3Cl

√
2log(2/δ)

m

Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

ℓ(z̃i)≤ 2R̂S̃(LH )+3Cl

√
2log(2/δ)

m .

Since l is Lipschitz continuous, according to [101], we have

(3.28)
R̂S̃(LH )≤p

2 L lR̂S̃X
(H )

R̃S̃∼D̃m(LH )≤p
2 L lR̃S̃X∼D̃m(H ).

Next we let,

Ψ(S̃)= inf
ℓ∈LH

{Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

l(z̃i)}=− sup
ℓ∈LH

{−Ez̃∼D̃[ℓ(z̃)]+ ÊS̃[ℓ(z̃)]}.

In the same way, we can obtain |Ψ(S̃
′
)−Ψ(S̃)| ≤ 2Cl

m Then, by fuzzy McDiarmid’s

inequality, for any δ> 0, with fuzzy probability at least 1−δ/2, the following holds:

Ψ(S̃)≥ ES̃[Ψ(S̃)]−Cl

√
2log(2/δ)

m

ES̃[Ψ(S̃)]=−ES̃[ sup
ℓ∈LH

{−Ez̃∼D̃[ℓ(z̃)]+ ÊS̃[ℓ(z̃)]}]≥−2R̃S̃∼D̃m(LH )

Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

ℓ(z̃i)≥ inf
ℓ∈LH

{Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

ℓ(z̃i)}≥−2R̃S̃∼D̃m(LH )−Cl

√
2log(2/δ)

m
.

Then, with fuzzy probability at least 1−δ:

(3.29)
Ez̃∼D̃[ℓ(z̃)]− 1

m

m∑
i=1

ℓ(z̃i)≥−2R̃S̃∼D̃m(LH )−Cl

√
2log(1/δ)

m

Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

ℓ(z̃i)≥−2R̂S̃(LH )−3Cl

√
2log(2/δ)

m .
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Following from Inequalities (3.26), (3.27), (3.29) and for any δ> 0, with fuzzy proba-

bility at least 1−δ, each of the following holds for all ℓ ∈LH :

(3.30)
|Ez̃∼D̃[ℓ(z̃)]− 1

m

m∑
i=1

ℓ(z̃i)| ≤ 2R̃S̃∼D̃m(LH )+Cl

√
2log(1/δ)

m

|Ez̃∼D̃[ℓ(z̃)]− 1
m

m∑
i=1

ℓ(z̃i)| ≤ 2R̂S̃(LH )+3Cl

√
2log(2/δ)

m .

Using

R(ℓ(h(X̃), y))= EX̃∼D̃[ℓ(h(X̃), y)],

and Inequalities (3.28) and (3.30), we have for any δ> 0, with fuzzy probability at least

1−δ, each of the following holds for all ℓ ∈LH :

|RD̃(h)− R̂D̃(h)| ≤ 2
p

2 L lR̃S̃X
(H )+Cl

√
2log(1/δ)

m

|RD̃(h)− R̂D̃(h)| ≤ 2
p

2 L lR̂S̃X
(H )+3Cl

√
2log(2/δ)

m .

■
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4
MULTI-VIEW CLASSIFICATION THROUGH LEARNING

FROM INTERVAL-VALUED DATA

4.1 Introduction

Interval-valued data [8] is a common type of data where all of the observations’ features

are described by intervals, not crisp-valued numbers. For example, Fig. 4.1 shows the

visualization of some interval-valued data, where each rectangle represents a two-

dimensional interval-valued data. Moreover, the data extracted by many measuring

devices are not exact numbers but intervals because there are only a limited number

of decimals available on most of these measuring devices. Recently, some researchers

have begun exploring imprecise data from different perspectives, such as superset label

learning and data disambiguation [85]. Unfortunately, the existing research related

to interval-valued data mainly focuses on clustering analysis [28], regression analysis

[151], and feature selection [111], yet less on classification tasks [145]. Besides, limited

research on interval-valued classification only gives some simple framework and no

relevant experimental analysis on real-world interval-valued datasets.
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In this chapter, we consider a more specificial situation of the MCIMO problem called

learning from interval-valued data (LIND), where we aim to learn a classifier that can

obtain high classification accuracy on interval-valued observations. Throughout existing

research involving interval-valued data, no research discusses a theory regarding the

interval-valued data classification problem. To fill this gap, we first present theoretical

analysis to obtain the estimation error bound of the LIND problem based on Rademacher

complexity (Theorem 4.1). This Rademacher complexity-based bound demonstrates

that we can always train a well-performed classifier to address LIND problems when

enough interval-valued instances can be collected. Next, we discuss the learnability of

the underlying problem with perfect observations (Theorem 4.2). Finally, we provide

two theorems to show the strengths of multi-view learning in addressing classification

problems (Theorems 4.3 and 4.4). These theorems inspire us to propose a new algorithm

called the multi-view interval information extraction (Mv-IIE) approach using multi-view

learning [9, 172].

The proposed algorithm, which comprises two main parts (Figure 4.2), applies multi-

view learning to classify multi-view information extracted from the interval-valued

observations. The first part is used to extract crisp-valued information from the interval-

valued observations. The most commonly used method is taking the intervals’ midpoint

to extract crisp-valued information. However, using this method will result in losing a

lot of critical information from the intervals. For example, suppose we have two intervals

x̄1 = [1,5] and x̄2 = [2,4], we will obtain the same crisp-valued information x = 3 from

different intervals by taking the midpoint of the intervals. However, x̄1 clearly has a

larger interval than x̄2 has, thus it is improper to consider them as the same instance in

the view of the midpoint. Therefore, in this chapter, we propose a membership function-

based method [30, 109] to extract multi-view information (more details and motivation

are discussed in Section 4.4). The second part is a multi-view classifier to handle the
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Figure 4.1: Visualization of some interval-valued data.

extracted multi-view information. In this chapter, SVM, random forests and neural

networks are used as the basic structures of the multi-view classifier. This multi-view

classifier guided by the proposed theorems is trained on the view-fusion representation

vectors constructed by integrating an appropriate number of candidate views.

Finally, we compare the performance of the Mv-IIE algorithm with several base-

lines on both synthetic and real-world datasets. The experiment results illustrate the

superiority of the proposed model in handling interval-valued data. Moreover, we detail

an application of Mv-IIE that we present a novel framework for protecting data pri-

vacy called interval privacy-preserving (INPP). Through experiments on one real-world

dataset, it demonstrates that applying INPP can prevent raw (crisp-valued) data leakage

while ensuring high performance.

The main contributions of this chapter are as follows.

1. A new challenging problem with interval-valued observations called LIND has

been identified that is different from most existing classification problems with

crisp-valued observations. The estimation error bounds of the LIND problem based

on Rademacher complexity is provided, which ensures that we can always train

a classifier with high classification accuracy. The learnability of the underlying
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problem with perfect observation is also discussed. This is the first work to give

these theoretical analysis of interval-valued data.

2. To solve the LINO problem, a new algorithm called Mv-IIE is developed by using

multi-view learning. The theoretical analysis to demonstrate the motivation for our

algorithm construction is also provided. Experimental comparisons with several

baselines on both synthetic and real-world datasets demonstrate the superiority of

Mv-IIE for interval-valued data classification.

3. A novel framework for protecting data privacy called INPP is presented to show

an application of Mv-IIE. This is the first paper to consider utilizing the property

of interval-valued data to realize data privacy protection. Experimental results

on one real-world dataset show that applying INPP can prevent crisp-valued data

leakage while ensuring high classification accuracy.

4.2 Problem Setting

In this section, we introduce the problem of learning from interval-valued data.

Let x̄= (x̄1, · · · , x̄p)⊤ be a p-dimension interval-valued vector, where x̄ j = [xl
j, xr

j], j ∈ [p].

Here, we denote [p] = {1, · · · , p}. R̄ is denoted as the set of all real-valued intervals

(closed) and R̄p is denoted as the set of all p-dimension interval-valued vector, i.e.,

R̄= {[xl, xr] : xl, xr ∈R, xl ≤ xr} and R̄p = {([xl
1, xr

1], · · · , [xl
p, xr

p])⊤ : xl
j, xr

j ∈R, xl
j ≤ xr

j, j ∈ [p]}.

Key Definitions. In this part, we introduce some basic definitions to identify the

LIND problem. We first show the definition of the interval-valued random variable.

Definition 4.1 (Interval-valued Random Variable). Suppose X l,δ = X r − X l ∈ R are

two real-valued random variables [60] defined in R and δ is a nonnegative random

variable. Then, X r is also a real-valued random variables satisfied X l ≤ X r. We define
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X̄ = [X l, X r] ∈ R̄ as an interval-valued random variable. Then, a p-dimension interval-

valued random vector X̄= (X̄1, · · · , X̄ p)⊤ ∈ R̄p is a k-tuple of the interval-valued random

variables, where X̄ j ( j ∈ [p]) is an interval-valued random variable.

The interval-valued random variable is a natural extension of the ordinary real-

valued random variable. Then, we define D̄ as the interval probability distribution of

X̄= (X̄1, · · · , X̄ p)⊤ (denoted as X̄∼ D̄).

Definition 4.2 (Interval Probability Density Function). Suppose X l, X r are two real-

valued random variables and have the same continuous pdf pX (x). We define p̄ X̄ (x) as

the interval pdf of interval-valued random variable X̄ , where

p̄ X̄ (x)=
[

min
x∈[X l,X r]

pX (x), max
x∈[X l,X r]

pX (x)
]

.

Let X̄= (X̄1, · · · , X̄ p)⊤ be a p-interval-valued random vector and the interval pdf of X̄ j is

p̄ X̄ j
(x), j ∈ [p]. Then, we denote the joint interval pdf of X̄ as

p̄X̄(x)=
[

p∏
j=1

min
x j∈[X l

j ,X
r
j ]

pX j (x j),
p∏

j=1
max

x j∈[X l
j ,X

r
j ]

pX j (x j)

]
,

x= (x1, · · · , xp)⊤.

Definition 4.3 (Interval Probability Distribution). Let X̄= (X̄1, · · · , X̄ p)⊤ be a p-interval-

valued random vector with the joint interval pdf p̄X̄(x). Let Xl = (X l
1, · · · , X l

p)⊤,Xr =
(X r

1, · · · , X r
p)⊤ be two real-valued random vectors following probability distribution Dl,Dr.

We define D̄ as the interval probability distribution of X̄ (denoted as X̄∼ D̄), if

D̄(R̄p)= ∫̄
p̄X̄(x)dx= 1,

where
∫̄

p̄X̄(x)dx = 1
2
∫

dDl(x)+ 1
2
∫

dDr(x). Therefore, X̄ ∼ D̄ if and only if Xl ∼ Dl and

Xr ∼Dr. Then, we denote P(X̄ ∈ B̄)= D̄(B̄) as the probability of the event {X̄ ∈ B̄}, where

B̄ ∈ B̄ and B̄ is the Borel σ-algebra in R̄p.
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Definition 4.4. Let X̄ = (X̄1, · · · , X̄ p)⊤ be a p-interval-valued random vector with the

joint interval pdf p̄X̄(x) and Xl = (X l
1, · · · , X l

p)⊤ ∼Dl,Xr = (X r
1, · · · , X r

p)⊤ ∼Dr are two real-

valued random vectors. Then, the probability with respect to the function q : X̄ →R+ is

defined as:

P(q(X̄)≥ ε)= 1
2

∫
A

dDl(x)+ 1
2

∫
B

dDr(x),

where A= {Xl ∈Rp : q(X̄)≥ ε},B= {Xr ∈Rp : q(X̄)≥ ε}.

Definition 4.5 (Independence). The interval-valued random vectors X̄1, · · · ,X̄n are said to

be (mutually) independent if and only if the real-valued random vectors Xl
1, · · · ,Xl

n,Xr
1, · · · ,Xr

n

are (mutually) independent. Then, we denote X̄1, · · · ,X̄n as i.i.d. interval-valued random

vectors if and only if X̄1, · · · ,X̄n are independent and have the same interval probability

distribution.

Next, we define the interval expectation for an interval-valued random vector.

Definition 4.6 (Interval Expectation). Suppose X̄ ∼ D̄ is an interval-valued random

vector. We denote Xl = (X l
1, · · · , X l

p)⊤ and Xr = (X r
1, · · · , X r

p)⊤, which are two real-valued

random vectors following probability distribution Dl and Dr. Then, the interval expecta-

tion of an interval-valued random vector X̄ is defined as,

ED̄[X̄]= 1
2

∫
xdDl(x)+ 1

2

∫
xdDr(x)

= 1
2
E[Xl]+ 1

2
E[Xr].

Remark: Most previous works considering that the expectation of an interval is itself

an interval [3] were primarily focused on the operation of interval-valued data. However,

this paper focuses on learning this type of data (interval) from defineive. Therefore, we

give a different definition of the expectation of an interval.

Definition 4.7 (Interval Probability). Suppose X̄= (X̄1, · · · , X̄ p)⊤ is an interval-valued

random vector with the joint interval pdf p̄X̄(x), and Xl = (X l
1, · · · , X l

p)⊤ ∼ Dl and Xr =
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(X r
1, · · · , X r

p)⊤ ∼Dr are two real-valued random vectors. Then, the probability with respect

to the function g : X̄ →R+ is defined as:

P(g(X̄)≥ ε)= 1
2

∫
A

dDl(x)+ 1
2

∫
B

dDr(x),(4.1)

where

A= {Xl ∈Rp : g(X̄)≥ ε},B= {Xr ∈Rp : g(X̄)≥ ε}.

Based on the above definitions and the introduction of ordinary classification problems

with crisp-valued observations [105], we can identify the LIND problem.

Learning from Interval-valued Data: Let X̄ ⊂ R̄p be the input space of interval-

valued observations and Y = [K] be the output space. Suppose S̄ = {(x̄i, yi)}m
i=1 is a sample

drawn i.i.d. from D̄, where x̄i = (x̄i1, · · · , x̄ip)⊤ ∈ X̄ and yi = f (x̄i) ∈Y be the ground-truth

function. Let H̄ ⊂ {h̄ : X̄ →RK } be the hypothesis space of the LIND problem and for any

h̄ ∈ H̄ ,

h̄ :X̄ → RK

x̄i → (h̄1(x̄i), · · · , h̄K (x̄i))⊤.

Without loss of generality, we suppose that
∑K

k=1 h̄k(x̄i) = 1 and each h̄k(x̄i) repre-

sents the probability of instance x̄i belonging to the k-th category. Therefore, we have

suph̄∈H̄ ∥ h̄ ∥∞ ≤ 1. Let LH̄ = {ℓ(h̄(x̄), y) : x̄ ∈ X̄ , h̄ ∈ H̄ , y ∈ Y } be the class of functions

with respect to the loss ℓ and H̄ , where ℓ : RK ×Y → R+. Based on the ordinary clas-

sification problem, we denote RD̄(h̄) = ED̄[ℓ(h̄(x̄), y)] as the risk of the LIND problem.

Therefore, the aim of the LIND problem is to find the optimal classifier h̄∗ ∈ H̄ such that

h̄∗ = argminh̄∈H̄ RD̄(h̄).

Let X ⊂Rp be the input space of the corresponding true value of X̄ that can not be

observed. Correspondingly, xi = (x1, · · · , xp)⊤ ∼D is the true value of x̄i. Without loss of

generality, we suppose that for all j ∈ [p], xi j ∈ x̄i j. Because of the difficulty to directly
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construct h̄, we divide h̄ into two components, i.e., let h̄ = h◦h where h : X̄ →X be a

transformation function and h : X →RK be a hypothesis function. Let G ⊂ {h : X̄ →X }

be a set of transformation function and H ⊂ {h : X → RK } be the hypothesis space of

X . Let h(x) = (h1(x), · · · ,hK (x))⊤,x ∈ X . Without loss of generality, we suppose that∑K
k=1 hk(x)= 1 and each hk(x) represents the probability of instance x belonging to the

k-th category. Then, we have suph∈H ∥ h ∥∞ ≤ 1.

4.3 Theoretical Analysis

In this section, the estimation error bound of the LIND problem is presented. Then,

we discuss under which conditions we can expect the performances of the method to

converge to the optimal accuracy one would have obtained with perfect observations

(Similar discussions are shown in [24, 91]). In addition, we give theoretical analysis to

show the strengths of multi-view learning, which inspires us to construct the Mv-IIE

framework to address the LIND problem (all proofs are shown in the Appendix 4.8).

4.3.1 Theoretical Analysis of LIND Problem

Let S̄ X̄ = {x̄i}m
i=1 be a sample drawn i.i.d. from D̄. We first introduce the definition of

Rademacher complexity of H̄ with respect to S̄ X̄ .

Based on Theorem 3.1, we can obtain the following theorem (proof is similar to

Theorem 3.1).

Theorem 4.1. Suppose that sup∥h̄∥∞≤1 maxyℓ(h̄, y) ≤ Cℓ, and all functions in LH̄ are

Lℓ-Lipschitz functions. For any δ> 0, with probability at least 1−δ, each of the following

holds for all h̄ ∈ H̄ :

|RD̄(h̄)− R̂D̄(h̄)| ≤ 2
p

2 LℓR̂S̄X̄
(H̄ )+3Cℓ

√
log(2/δ)

2m
.(4.2)
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This theorem presents a generalization bound of the discrepancy between the risk and

empirical risk of h̄ based on empirical Rademacher complexity. R̂S̄X̄
(H̄ ) is in the order of

O(1/
p

m ) under some certain restrictions of H̄ [4, 23, 69], for example, H̄ has limited-VC

dimension or H̄ is a kernel class with bounded trace. Then, if R̂S̄X̄
(H̄ )=O(1/

p
m ), we

notice that as m →∞, RD̄(h̄)→ R̂D̄(h̄). Therefore, this bound demonstrates that we can

always train a well-performed classifier to address LIND problems when enough interval-

valued instances can be collected. Next, we discuss the learnability of the underlying

problem with perfect observations in the following theorem. Let SX = {xi}m
i=1 be the

corresponding true value of S̄ X̄ drawn i.i.d. from D.

Theorem 4.2. Suppose the conditions of Theorem 4.1 are hold, and maxx̄i∈X̄ ,g∈G ∥ xi − g(x̄i) ∥2 =
O(1/mγ),γ > 0, and all functions in H are Lh-Lipschitz functions. For any δ > 0, with

probability at least 1−δ, each of the following holds for all h ∈H and h̄ ∈ H̄ :

|RD(h)−RD̄(h̄)| ≤ 2
p

2 Lℓ(R̂S̄X̄
(H̄ )+R̂SX (H ))+6Cℓ

√
log(4/δ)

2m
+O(1/mγ).(4.3)

Same as R̂S̄X̄
(H̄ ), R̂SX (H ) is in the order of O(1/

p
m ) under some restrictions of H .

According to Eq. (4.3) and if R̂S̄X̄
(H̄ )=O(1/

p
m ),R̂SX (H )=O(1/

p
m ), we notice that as

m →∞, RD(h) → RD̄(h̄). Therefore, Theorem 4.2 reveals the learnability of the LIND

problem under certain restrictions.

Remark: The condition

max
x̄i∈X̄ ,h∈G

∥ xi − g(x̄i) ∥2 =O(1/mγ),γ> 0,

means that any g ∈G can precisely extract information from interval-valued observa-

tions, which is difficult to construct this kind of transformation functions. But if the

interval size of all interval-valued features is small enough, this condition becomes

trivial.
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4.3.2 Why Multi-view Methodology Is Used

In this section, we consider why using multi-view learning to address the LIND problem

in terms of error rate and estimation error bound.

Let Xv (v ∈ [c]) be the single-view input space and X =X1×·· ·×Xc be the multi-view

input space. Let SX = {Xi = (x1
i , · · · ,xc

i )}
m
i=1 ⊂ X be the multi-view sample drawn i.i.d.

form D, where xv
i is the single-view observation, Xi ∈X and yi = f (Xi) ∈Y is the ground-

truth function. Let Hv be the hypothesis space of v-th view, where for any hv ∈ Hv,

hv : Xv → RK . Then, fv : RK →Y is a predict function induced by hv. Lastly, we set Hco

to be the multi-view hypothesis space, where for any hco ∈Hco, hco : X → RK . Then, we

can induce a predict function fco : RK →Y by hco.

Error Rate First, we propose a notion called discrepancy set to measure the pre-

dict functions difference across different view. Then, we denote DF ( f1, · · · , fc) as the

discrepancy set between the predict functions f1, · · · , fc over X , which is shown as follow:

DF ( f1, · · · , fc)=
{

X= (x1, · · · ,xc) ∈X :
∨

1≤v1<v2≤c
fv1(xv1) ̸= fv2(xv2)

}
,

here
∨

represents the logical relation “or”. Next, we give the following assumption:

For X= (x1, · · · ,xc), if f1(x1)= ·· · = fc(xc),

we have fco(X)= f1(x1).(4.4)

This assumption means that if all single-view predictions are same, the multi-view

predict function also has the same outcome, which is a trivial assumption. Then, we

obtain the following theorem.

Theorem 4.3. We assert that there exists a uniform constant M ∈ (0,1) such that for any

predict function fco satisfies assumption (4.4), if

PD( fco(X) ̸= y|X ∈DF ( f1, · · · , fc))≤ M,

76



4.3. THEORETICAL ANALYSIS

where y is the ground-truth label. We assert err( fco) ≤ minv∈[c] err( fv), where err( fco) =
PD( fco(X) ̸= y).

We can easily find M < 1 that satisfies the condition in Theorem 4.3. According to

Theorem 4.3, we always have the error rate of a multi-view prediction function fco is

lower than that of any single-view prediction function fv,v ∈ [c] when PD( fco(X) ̸= y|X ∈
DF ( f1, · · · , fc))→ 0, which means that using multi-view methodology can reduce the error

rate of the predict function for the classification tasks. We can achieve PD( fco(X) ̸= y|X ∈
DF ( f1, · · · , fc)) → 0 by reducing the size of the discrepancy set DF ( f1, · · · , fc). Based on

the above theoretical analysis, we decide to find appropriate multi-view features that

can achieve well and similar performance on all single-view classifiers to reduce the size

of the discrepancy set DF ( f1, · · · , fc).

Estimation Error Bound LHco = {ℓ(hco(X), y) : X ∈X ,hco ∈Hco, y ∈Y } be the class

of functions with respect to the loss ℓ and Hco, where ℓ : RK ×Y →R+. The risk of hco

is denoted as RD(hco) = ED[ℓ(hco(X), y)]. Next, we give the following theorem to bound

RSX (Hco).

Theorem 4.4. For any m ≥ 1, we have RSX (Hco) ≤ maxv∈[c] RSX v (Hv), where SX v =
{xv

i }m
i=1.

According to Theorem 4.4, if

max
v∈[c]

RSX v (Hv)−min
v∈[c]

RSX v (Hv)→ 0,(4.5)

we have RSX (Hco)≤minv∈[c] RSX v (Hv), which demonstrates that we can obtain tighter

estimation error bound by applying the multi-view methodology. Inspired by the above

theoretical analysis, we achieve Eq. (4.5) by finding appropriate multi-view features that

can achieve similar performance on all single-view classifiers.
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Figure 4.2: Mv-IIE structure. The first part (denoted in green) is to extract the multi-view information from the interval-
valued dataset D. Then, the multi-view classifier with two structures is used to handle the extracted multi-view information.
The first structure (denoted in red) is used to select well-performed candidate views. The second structure (denoted in yellow)
aims to train the final multi-view classifiers by using the view-fusion representation vectors.
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4.4 Model Construction

In this section, a new algorithm called multi-view interval information extraction (Mv-

IIE) approach is presented to address the LIND problem. The structure of Mv-IIE is

shown in Figure 4.2. We describe this proposed framework in detail in the following

paragraph.

First, we introduce two types of fuzzy number and four different defuzzification

methods used to construct the membership function-based method. The first type of

fuzzy number called triangular fuzzy number. A triangular fuzzy number x̃ can be

characterized by Tr(a1,b1,a2). and the membership function is shown as follows:

µx̃(t)=



0, t < a1

t−a1

b1 −a1
, a1 ≤ t < b1

t−a2

b1 −a2
, b1 ≤ t < a2

0, t ≥ a2.

A Gaussian fuzzy number is the second type of fuzzy number. A Gaussian fuzzy

number x̃ can be characterized by Ga(c,δ1,δ2) and the membership function is shown as

follows:

µx̃(t)=


exp(−(t− c)/2δ1)2, t < c

exp(−(t− c)/2δ2)2, t ≥ c.

We denote D = {(x̄i, yi)}m
i=1 as the interval-valued dataset, where x̄i = (x̄i1, · · · , x̄ip)⊤ ∈

R̄p, yi ∈ [K]. Then, the construction process of the membership function-based method is

introduced. We divide this method into two parts. In the first part, we use two functions

F1(·;β),F2(·;β) to transfer an interval-valued feature to a triangular fuzzy number and a

Gaussian fuzzy number respectively. F1(·;β),F2(·;β) are defined as:

F1(x̄i j;β)=Tr(xl
i j,βxl

i j + (1−β)xr
i j, xr

i j),

F2(x̄i j;β)=Ga(βxl
i j + (1−β)xr

i j,S1 j,S2 j)
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S1 j =
√

Var(Aj),S2 j =
√

Var(B j) ,

A j = {xl
i j : i ∈ [m], (x̄i, yi) ∈ D},

B j = {xr
i j : i ∈ [m], (x̄i, yi) ∈ D}, j ∈ [p],

where β ∈ [0,1] is a hyperparameter to control the shape of the membership function,

Var(·) is used to find the variance of the set. Using the above process, one interval-valued

feature x̄i can be transferred into two fuzzy-valued features x̃1
i = (x̃1

i1, · · · , x̃1
ip)⊤ and

x̃2
i = (x̃2

i1, · · · , x̃2
ip)⊤, where

x̃τ
i =Fτ(x̄i;β)= (Fτ(x̄i1;β), · · · ,Fτ(x̄ip;β))⊤,τ= 1,2.

In the second part, we use the four defuzzification methods to transfer the two fuzzy-

valued features x̃1
i , x̃2

i into eight crisp-valued features

MOM◦Fτ(x̄i;β),COG◦Fτ(x̄i;β),ALC◦Fτ(x̄i;β),VAL◦Fτ(x̄i;β),τ= 1,2.

According to Eq. (3.15), we find that MOM◦Fτ(x̄i;β) = MOM◦F2(x̄i;β). Therefore, we

can use the aforementioned membership function-based method to extract multi-view

information, which contains seven parts: MOM ◦F1(x̄i;β) and COG ◦Fτ(x̄i;β),ALC ◦
Fτ(x̄i;β),VAL◦Fτ(x̄i;β),τ= 1,2. We denote T = {Tv(·;β)}7v=1 as a set of transfer functions

constructed by using the membership function-based method, where

T1 =MOM◦F1,T2 =COG◦F1,T3 =COG◦F2,

T4 =ALC◦F1,T5 =ALC◦F2,T6 =VAL◦F1,T7 =VAL◦F2.

By applying the aforementioned transfer functions to extract crisp-valued information

from the interval-valued data, one interval-valued feature x̄i can be transferred into

seven different parts XMv
i = (x1

i , · · · ,x7
i ), where for any i ∈ [m],v ∈ [7],xv

i =Tv(x̄i;β),Tv ∈
T .

Through the above process, one interval-valued feature x̄i can be transferred into

seven different parts XMv
i = (x1

i , · · · ,x7
i ), where for any i ∈ [m],v ∈ [7],

xv
i =Tv(x̄i;β),Tv ∈T .

80



4.4. MODEL CONSTRUCTION

Algorithm 3 Mv-IIE
Input: data D = {(x̄i, yi)}m

i=1, the basic classifiers C1,C1 and C3;
Initial: network parameters of C3 and split D into a training set Dtr with size m1, a
validation set Dva with size m2 and a test set Dte with size m3;
Compute: extract multi-view information : xv

i =Tv(x̄i;β),Tv ∈T , i ∈ [m],v ∈ [7];
Train: single-view classifiers Cv

q,v ∈ [7], q ∈ [3] on the training set {(xv
i , yi)|(x̄i, yi) ∈

Dtr}m1
i=1;

Compute: classification accuracy of the single-view classifiers Cv
q,v ∈ [7], q ∈ [3] on the

validation set {(xv
i , yi)|(x̄i, yi) ∈ Dva}m2

i=1;
Select: c candidate views for each q ∈ [3], denoted as V q = {vq

1 , · · · ,vq
c }, that achieve

higher classification accuracy than the rest of the views;
Compute: view-fusion representation vector :

xco,q
i = (ŷvq

1 ,Cq
i ; · · · ; ŷvq

c ,Cq
i ), i ∈ [m], q ∈ [3],

where ŷv,Cq
i ∈RK is the category prediction for the v-th view of the i-th data by applying

Cq;
Train: multi-view classifiers CMv

q , q ∈ [3] on the training set {(xco,q
i , yi)|(x̄i, yi) ∈ Dtr}m1

i=1;
Select: the optimal multi-view classifier CMv

best with optimal hyperparameters that can
obtain the highest classification accuracy on the validation set {(xco,q

i , yi)|(x̄i, yi) ∈ Dva}m2
i=1;

Output: CMv
best with optimal hyperparameters and use CMv

best to test the performance on
the test set {(xco,q

i , yi)|(x̄i, yi) ∈ Dte}m3
i=1.

Then, we obtain the multi-view information DMv = {(x1
i , yi,1), · · · , (x7

i , yi,7)}m
i=1 by using

the above mentioned method. For any (xv
i , yi,v) ∈ DMv, yi ∈ [K] is the category label, and

v ∈ [7] is the view label.

Motivation of transformation functions construction: The interval-valued

features contain similar structures and properties with fuzzy numbers [30], which both

exist a considerable amount of uncertainty. Further, the α-cut of a fuzzy number x̃ is

defined as {t ∈R|µx̃(t)≤α} (µx̃(t) is the membership function of x̃), which is a closed and

bounded interval. Therefore, we design two fuzzilization methods to transfer the interval-

valued features into two well-defined fuzzy numbers. Moreover, the four membership

function-based methods can extract different crucial discriminant information from fuzzy

numbers. For example, MOM finds the maximum membership level but ignores the

changing trend of the membership function, while COG takes into account the trend
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and finds the centroid of the area bounded by the membership function. Through the

above analysis, it inspired us to construct a set of transformation functions by fusing the

two fuzzilization methods and the four membership function-based methods to extract

multi-view discriminant information. Experimental results shown in Sections 4.5.2 and

4.5.3 verify the rationality and efficacy of the fuzzy transformation functions.

Next, we propose a multi-view classifier with two parts to train the multi-view

information, which aims to minimize the empirical risk R̂D̄(h̄) in Section 4.3.1. The first

part (denoted in red in Figure 4.2) is used to select appropriate multi-view information.

We apply support vector machines, random forests and neural networks as three basic

classifiers, which denoted as C1,C2 and C3. Then, we apply the three basic classifiers to

train single-view classifiers Cv
q,v ∈ [7], q ∈ [3] on the training set, and we select several

well-performed views with the number of c as the candidate views for each basic classifier

on the validation set. This selected approach is inspired by the theoretical analysis of

Theorem 4.3 and 4.4. Let ŷv,Cq
i ∈ RK , i ∈ [m],v ∈ [7], q ∈ [3] denoted as the category

prediction for the v-th view of the i-th instance by applying the basic classifier Cq, and

V q = {vq
1 , · · · ,vq

c }, q ∈ [3] denoted as the selected candidate views for basic classifier Cq.

We do not combine all views, as doing so would not only substantially increase the

complexity of the algorithm, but also our experiments show that combining just two

views can yield sufficiently good classification performance. Consequently, we design a

technique to select the candidate views and let c = 2 in this paper.

The second part (denoted in yellow in Figure 4.2) aims to train the final multi-

view classifiers by using the selected candidate views. For each basic classifier Cq, q ∈
[3], the category predictions of the selected candidate views are integrated to obtain

xco,q
i = (ŷvq

1 ,Cq
i ; · · · ; ŷvq

c ,Cq
i ), i ∈ [m], q ∈ [3] as view-fusion representation vector, and we

use xco,q
i as input and Cq as a classifier to train the multi-view classifier CMv

q on the

training set and select the multi-view classifier CMv
best ∈ {CMv

1 ,CMv
2 ,CMv

3 } with optimal
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hyperparameters on the validation set. Finally, the trained multi-view classifier CMv
best

with optimal hyperparameters are used to get the final category prediction ŷ of x̄ ∈ Dte

on the test set. More detail of Mv-IIE is shown in Algorithm 3.

4.5 Experiments

In this section, we compare the proposed model with several baselines on both synthetic

and real-world datasets and introduce an application of our method.

4.5.1 Baselines

This section gives a brief introduction of all baselines. We use the state-of-the-art methods,

D-LDA [122], URF [120], GURF [121], AGURF [121], DF-SVM [99], DF-MLP [99],

as the first six baselines. Next three baselines called L-IIE, U-IIE and M-IIE that

take the lower bound, upper bound and midpoint values from intervals to train the

three basic classifiers. The last three baseline called Mv-2-LU, Mv-2-LM, Mv-2-UM are

constructed based on Mv-IIE algorithm. Instead of employing a membership function-

based approach to extract multi-view information, Mv-2-LU, Mv-2-LM, Mv-2-UM use

distinct combinations of views: the upper and lower bounds, the lower bound and the

midpoint, and the upper bound and the midpoint of the intervals, respectively.

4.5.2 Experiments on Synthetic Datasets

In this section, we verify the efficacy of the proposed framework on two synthetic datasets.

First, we introduce the process of the synthetic datasets generation.

Interval-valued Dataset Generation. We use two different mechanisms to con-

struct synthetic interval-valued datasets. In the first data-generation mechanism, we

generate the crisp-valued dataset {(xi = (xi1, xi2)⊤, yi)}n
i=1 in two categories by the double
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(a) 1st synthetic dataset (b) 1st synthetic dataset

Figure 4.3: Synthetic datasets. From (a), each rectangle represents one interval-valued
instance. (b) plot the the center of the interval-valued data (rectangle) to show the
separability of the synthetic dataset.

Number Feature 1 Feature 2 Feature 3 Label

1 8 3 7 0
2 6 5 2 0
3 12 4 12 1
4 5 6 8 1
5 4 9 10 0
6 2 1 4 1

select  Feature1

Feature1 Label Number

[2, 7] 0 2, 5

1 4, 6

[7, 12] 0 1

1 3

Feature 1 Feature 2 Feature 3 Label

[2, 7] [5, 9] [2, 10] 0

[2, 7] [1, 6] [4, 8] 1

[7, 12] [3, 3] [7, 7] 0

[7, 12] [4, 4] [12, 12] 1

transfer into
interval-valued data

Figure 4.4: The intervalization approach.

moon data generator. Then, we use the generated crisp-valued dataset to construct

the first interval-valued dataset {x̄i = (x̄i1, x̄i2)�, yi}n
i=1, where each x̄i j is an interval

characterized by [xi j −ai j, xi j + bi j]. We let ai j ∼U[0.5,1],bi j ∼U[2,4] and n = 2000 to

generate the first synthetic dataset (U[a,b] denotes the uniform distribution over [a,b]).

Visualizations of the first two synthetic datasets are shown in Figure 4.3.

In the second data-generation mechanism, we first select one dataset (Letter Recog-

nition dataset selected from the UCI Machine Learning Repository https://archive-

beta.ics.uci.edu/) denoted as DR = {(xi, yi)}n
i=1, where xi = (xi1, · · · , xip)� ∈ Rp, and yi ∈

[K]. Then, we present one intervalization approach to generate the second synthetic

interval-valued dataset (see Figure 4.4). We select the first L features in DR and

find the maximum value xmax
l and minimum value xmin

l of each feature l, so for any
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Table 4.1: Experiment results on the three synthetic datasets. The bold value represents
the highest accuracy in each column. p is the p-value of the Wilcoxon rank-sum test
between the best performance and other algorithms. ∗ represents p < 0.05, meaning that
Mv-IIE outperforms other baselines significantly at the 0.05 significance level [125].

1st synthetic 2nd synthetic

Algorithms Test accuracy p Time(s) Test accuracy p

D-LDA 81.79% ±1.50% 0.00016∗ 48.9 91.64% ±2.42% 0.0042∗

URF 82.43% ±1.48% 0.00016∗ 546.2 91.86% ±2.27% 0.0072∗

GURF 90.56% ±1.15% 0.00016∗ 564.7 92.67% ±2.01% 0.032∗

AGURF 94.01% ±1.02% 0.0022∗ 608.4 93.96% ±1.98% 0.046∗

DF-SVM 97.82% ±0.61% 0.046∗ 16.1 94.26% ±2.10% 0.39

DF-MLP 97.13% ±1.04% 0.024∗ 308.4 92.21% ±2.15% 0.030∗

L-IIE 97.90% ±0.76% 0.048∗ 374.6 90.49% ±1.88% 0.0012∗

U-IIE 76.95% ±1.43% 0.00016∗ 374.6 89.31% ±2.94% 0.00067∗

M-IIE 89.85% ±0.92% 0.00016∗ 374.6 94.02% ±2.07% 0.048∗

Mv-2-LU 98.18% ±0.81% 0.74 579.2 93.14% ±1.95% 0.038∗

Mv-2-LM 98.20% ±0.76% 0.76 579.2 93.48% ±1.85% 0.041∗

Mv-2-UM 91.00% ±2.26% 0.00016∗ 579.2 93.38% ±2.26% 0.040∗

Mv-IIE 98.25%±0.69% —- 594.6 94.66%±1.81% —-

l ∈ [L], i ∈ [n], xip ∈ [xmin
l , xmax

l ]. We bisect the interval [xmin
l , xmax

l ] into T intervals

[x0
l , x1

l ], [x2
l , x3

l ], · · · , [xT−1
l , xT

l ]. We denote for any l ∈ [L], t ∈ [L], and k ∈ [K],

I t
lk = {(xi, yi) ∈ DR : xil ∈ [xt−1

l , xt
l], yi = k}.

Finally, we transfer set I t
lk into an interval-valued data (([xl

1, xr
1], · · · , [xl

p, xr
p])⊤,k), where

xl
j = min

(xi ,k)∈I t
lk

xi j, xr
j = max

(xi ,k)∈I t
lk

xi j, j ∈ [p]

Then, let L = 4,T = 12, we generate the second synthetic interval-valued dataset by using

the aforementioned data-generation mechanism.
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Implementation. For URF, AGURF, DF-MLP, L-IIE, U-IIE, M-IIE, Mv-2-LU,

Mv-2-LM, Mv-2-UM and Mv-IIE with basic classifier C3, Adam [67] is used as the

optimization algorithm with momentum= 0.9, weight decay= 0.0001, and cross-entropy

loss is used as the category label prediction loss. We set epochs equal to 200 and the mini-

batch size equal to 200 for all datasets. The network structure of the basic classifier C3 is

a two-layer network with ReLU and Dropout in all the layers (100×100×#classes). For

each algorithm on each dataset, we randomly divide each dataset into a training set (60%),

a validation set (20%) and a test set (20%). First, we select the hyperparameters that can

obtain the highest classification accuracy on the validation set. The hyperparameters that

need to be selected are shown in Table 4.2. Then, the selected optimal hyperparameters

are used to test the performance of each algorithm on the test set. In addition, the

validation set is also used to select the candidate views of our proposed framework. We

repeat the entire experiment process 10 times. Thus, the final results are shown in the

form of "mean± standard deviation". Classification accuracy is used to evaluate the

performance of the proposed model. We implement the model with PyTorch 1.9.0. All

experiments are conducted on a NVIDIA Quadro GV100 GPU with 32 GB memory.

Experiment Results Analysis. In our experiments, we compare the performance of

the Mv-IIE framework with the six baselines on the two generated synthetic datasets.

The experimental results are shown in Table 4.1. From these results, it can be seen

that the proposed model achieves the best classification accuracy on the two synthetic

datasets. Further, results of the Wilcoxon rank-sum test [155] show that our approach

outperforms D-LDA, URF, GURF,AGURF, DF-MLP, L-IIE, U-IIE, M-IIE and Mv-

IIE-2 significantly at the 0.05 significance level in most cases. Further, our method

outperforms Mv-2, which verifies the rationality of the theoretical analysis of Theorems

4.3 and 4.4 (see Section 4.3.1). In addition, we present the experimental running times

for the proposed algorithms and all baselines in Table 4.1.

86



4.5.
E

X
P

E
R

IM
E

N
T

S

Table 4.2: Hyperparameters for the proposed method and four baselines

Algorithm Basic classifier Hyperparameters Ranges

DF-SVM regularization parameter, kernel type, β {0.1,0.2, · · · ,1,2, · · · ,10}, {’linear’, ’poly’, ’rbf ’}, {0,0.1, · · · ,1}

DF-MLP learning rate, β {0.001,0.01,0.1}, {0,0.1, · · · ,1}

L-IIE, U-IIE, Mv-2 SVM regularization parameter, kernel type {0.1,0.2, · · · ,1,2, · · · ,10}, {’linear’, ’poly’, ’rbf ’}

RF min samples leaf, the number of trees {1, · · · ,10}, {5,10, · · · ,100}

Net learning rate {0.001,0.01,0.1}

Mv-IIE same above same above, β same above, {0,0.1, · · · ,1}
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All baselines only utilize a subset of the information inherent to interval-valued data,

potentially leading to the omission of crucial discriminative information and consequently

diminishing model performance. In contrast, our proposed method harnesses the power of

fuzzy-based transformation functions and multi-view learning to comprehensively extract

vital discriminative information from interval-valued data. As a result, it consistently

outperforms the other baseline methods in terms of classification performance. All these

results verify the superiority of the proposed model in addressing the LINO problem.

4.5.3 Experiments on Real-world Datasets

This section illustrates the experimental results on two real-world datasets which are

used to verify the efficacy of the proposed framework. Next, we briefly introduce the two

real-world datasets used in the experiments.

Mushroom Dataset : The first dataset is extracted from 1, which contains 248

instances in 17 fungi species categories. There are five interval-valued variables: the

pileus cap width Pw, the stipe length Sl, the stipe thickness St, the spores major axis

length Sma, and the spores minor axis length Smi. The goal of our experiment on

this dataset is to predict the species category of the California mushroom using five

interval-valued features.

Weather Dataset : The second dataset is the meteorological data of Washington

(from January 1, 2016 to December 31, 2021), provided by the ’Reliable Prognosis’ site

2, which contains 2191 instances. Each instance in this dataset is the meteorological

data for one day in Washington, which is described by five interval-valued variables

(air temperature T, atmospheric pressure at weather station level P0, atmospheric

pressure reduced to main sea level P, humidity U and dew-point temperature Td) and

one category variable (Precipitation or not: 0≡ No Precipitation, 1≡ Precipitation). We

1See https://www.mykoweb.com/CAF/
2See https://rp5.ru/
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aim to use the five interval-valued features for precipitation prediction.

Implementation. The experiment details of the proposed method and the four

baselines are basically the same as the synthetic datasets. We note that the mushroom

dataset is an imbalanced dataset which means that each category contains a different

number of instances. Therefore, we preprocess this dataset using a random oversampling

technique (KMeansSMOTE [74]) and use balanced accuracy [12] instead of ordinary

classification accuracy to compare model performance on the mushroom dataset. After

the process of the random oversampling technique, the data of each category in the

mushroom dataset is expanded to 30. In addition, the Wilcoxon rank-sum test results

of the method, which obtains the best performance, compared to the other methods are

given on real-world datasets.

Experiment Results Analysis. The experiment results on the two real-world

datasets are shown in Table 4.3. From the results of classification accuracy and the

Wilcoxon rank-sum test, it can be seen that the proposed model outperforms all baselines

significantly at the 0.05 significance level nearly in all cases. DF-SVM and DF-MLP

perform much worse than our methods on the mushroom dataset because they ignore

some crucial discriminant information from this dataset. AGURF obtained similar re-

sults to our method on the mushroom dataset. This similarity arises because AGURF

aims to address imbalanced interval-valued data, and the mushroom dataset is im-

balanced. As a result, AGURF can achieve favorable outcomes. However, our method

significantly outperforms AGURF on other datasets. In these comparison, our methods

via multi-view learning and fuzzy transformation functions can extract more discrim-

inant information. These results again demonstrate the superiority of our method in

addressing classification problems with interval-valued data.

Ablation Study. To verify the advantage of using multi-view methodology, we apply

all single-view classifiers (Cv
q,v ∈ [7], q ∈ [3], see Section 4.4) to test classification per-
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Table 4.3: Experiment results on the two real-world datasets. The bold value represents
the highest accuracy in each column. p is the p-value of the Wilcoxon rank-sum test
between the best performance and other algorithms. ∗ represents p < 0.05, meaning that
Mv-IIE outperforms other baselines significantly at the 0.05 significance level [125].

Mushroom dataset Weather dataset

Algorithms Test accuracy p Test accuracy p

D-LDA 81.25% ±2.58% 0.0021∗ 94.74% ±1.34% 0.0018∗

URF 81.45% ±2.41% 0.026∗ 95.55% ±1.17% 0.0035∗

GURF 82.26% ±2.56% 0.047∗ 96.23% ±1.09% 0.031∗

AGURF 83.01% ±2.59% 0.077 96.85% ±1.17% 0.038∗

DF-SVM 76.67% ±3.86% 0.00067∗ 97.12% ±0.98% 0.39

DF-MLP 79.39% ±3.32% 0.019∗ 96.83% ±0.98% 0.038∗

L-IIE 76.36% ±6.62% 0.00067∗ 93.56% ±0.96% 0.00016∗

U-IIE 79.14% ±3.58% 0.015∗ 94.06% ±0.90% 0.00016∗

M-IIE 79.34% ±4.75% 0.019∗ 97.08% ±0.73% 0.050∗

Mv-2-LU 81.74% ±5.13% 0.036∗ 96.76% ±0.91% 0.042∗

Mv-2-LM 82.17% ±3.36% 0.042∗ 97.06% ±0.93% 0.046∗

Mv-2-UM 81.68% ±4.64% 0.031∗ 97.14% ±0.98% 0.41

Mv-IIE 83.69%±3.39% —- 97.26%±0.81% —-

formance on both synthetic and real-world datasets. In Table 4.4, we have included all

experimental results of these single-view classifiers, both on synthetic and real-world

datasets. These results unequivocally demonstrate that our method outperforms all

single-view classifiers, which verifies theoretical analysis in Section 4.3.1 that using

multi-view learning can improve model performance in addressing LIND problems. While

it’s true that some single-view classifiers may achieve results similar to our method on

specific datasets, they tend to struggle on others. For instance, view 3 produced similar

results (94.38% ±2.05%) to our method on one dataset but performed inadequately on

the remaining three datasets. Therefore, our method employs multi-view learning to
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Table 4.4: Experiment results of each signal view on the synthetic and real-world
datasets.

Algorithms 1st synthetic 2nd synthetic Mushroom Weather

view 1 98.12% ±0.66% 94.22% ±2.05% 82.29% ±5.26% 97.03% ±0.68%

view 2 96.50% ±0.56% 94.26% ±1.99% 82.85% ±5.06% 97.12% ±0.74%

view 3 95.20% ±0.56% 94.38% ±2.05% 82.44% ±4.65% 97.01% ±0.94%

view 4 97.82% ±0.61% 94.26% ±2.10% 82.45% ±5.26% 97.12% ±0.98%

view 5 98.12% ±0.66% 94.17% ±1.87% 82.70% ±4.88% 96.96% ±0.89%

view 6 98.12% ±0.66% 94.17% ±2.13% 82.78% ±5.08% 97.01% ±0.87%

view 7 98.12% ±0.66% 94.36% ±2.02% 82.89% ±5.13% 97.05% ±0.75%

Mv-IIE 98.25% ±0.96% 94.66% ±1.81% 83.69% ±3.39% 97.26% ±0.81%

Table 4.5: Experiment results of the ablation study on the mushroom and weather
datasets.

Dataset view 1 + view 2 view 2 + view 6 view 3 + view 5 Ours

Mushroom 82.86% ±5.02% 82.79% ±5.02% 82.73% ±5.12% 83.69% ±3.39%

Weather 97.03% ±0.70% 97.06% ±0.84% 96.98% ±0.91% 97.26% ±0.81%

consistently enhance classification accuracy across all datasets.

Moreover, we randomly choose two views to compare with the proposed view selection

strategy to show its superiority. view i + view j means that we choose view i and view

j as the selected candidate views. The mushroom and weather datasets are used for

validation. Comparison results are report in Table 4.5, which verifies the rationality of

our proposed view selection strategy.

4.6 Real-world Application of Mv-IIE

In this section, we describe an application of Mv-IIE, where a novel framework for

protecting data privacy called interval privacy-preserving (INPP) is presented. The
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Raw data: Interval-valued data:first interval
method

select a small
amount of data

Interval-valued data:

Model 1

Model 2

Mv-IIE

train

apply
to finetune
the Model 1

New data :
Model 2
predict

same method

Input party (data owner) Computation party (algorithm owner)

Results’ party

second interval
method

Figure 4.5: INPP framework: The input party (denoted in orange) applies two interval
methods to transfer the raw data into two interval-valued datasets. The computation
party (denoted in blue) uses DEN to train Model 1 by applying Mv-IIE framework and
DIN is used to fine-tune Model 1 to obtain Model 2. The results’ party (denoted in green)
uses Model 2 for new data prediction.

structure of the INPP framework is shown in Figure 4.5.

There are three roles involved in each machine learning task: the input party (data

owners), the computation party and the results’ party. In such systems, the data owner(s)

send their data to the computation party. Then, the computation party trains a model

using these data and sends this model to the results’ party. Finally, the results’ party

uses this model to predict new data. If all three roles are from the same entity, then

privacy is naturally preserved. However, when these roles are from two or more entities,

privacy-preserving is necessary. For example, an online clothing retailer wants to know

different customers’ preferences to adjust the quantity of each garment. In this situation,

different customers play the first role and online clothing retailers play the second and

third roles.

In the proposed framework, we denote DR = {(xi, yi)}n
i=1 as the raw data from the
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data owner(s), where xi = (xi1, · · · , xip)⊤ ∈ Rp, yi ∈ [K]. First, the data owner(s) use the

intervalization approach (see Figure 4.4) to transfer DR into the interval-valued data

DEN = {(x̄i, yi)}m
i=1 and an interval method the same as the first data-generation mech-

anism described in Section 4.5.2 to transfer DC, which contains n∗ q instances ran-

domly selected from DR, into the interval-valued data DIN = {(x̄i, yi)}
n∗q
i=1 . Then, the data

owner(s) send these two interval-valued datasets DEN,DIN to the computation party.

Secondly, the computation party uses the interval-valued data DEN to train Model 1 by

applying Mv-IIE and the interval-valued data DIN is used to fine-tune Model 1 to obtain

Model 2. Then, the computation party sends Model 2 to the results’ party. Finally, the

results’ party uses the same interval method described in Section 4.5.2 to transfer xnew

into x̄new and uses Model 2 to predict x̄new for new data prediction. According to the

above methods, the internalization process of our proposed framework is irreversible and

the raw data is largely compressed. Therefore, the computation party and other parties

cannot obtain the raw data from DEN and DIN, so this process achieve the purpose of

preventing data leakage. We define EN= 1−(m+n∗q)/n, where (m+n∗q) is the amount

of data that the computation party can receive from the data owner(s) and n is the

amount of raw data. A smaller EN means the computation party will receive more data

from the data owner(s), so the computation party may receive more information about

the raw data. Therefore, EN can be used to measure the degree of privacy-preserving

to some extent when applying INPP. Greater EN means greater privacy protection by

applying INPP.

Differential privacy (DP) [43, 115] and homomorphic encryption [52, 96, 173] are

common used schemes to achieve privacy-preserving. DP and homomorphic encryption

can be applied to the raw data or the algorithm, but our method only applies to the

raw data. DP applied to the raw data is based on data-perturbation, and homomorphic

encryption is based on data-encryption, but the amount of data is not changed. Moreover,
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Table 4.6: Experiment results of INPP framework on letter recognition dataset. R is
equal to the ratio of the outcomes of INPP framework to the best outcome on the original
dataset.

Method L T q Test accuracy R EN

original dataset —- —- —- 95.86% ±0.19% —- —-

INPP 6 15 0.20 88.85% ±0.71% 92.69% 66.82%

6 15 0.30 91.19% ±0.75% 95.13% 56.84%

6 15 0.50 93.24% ±0.50% 97.27% 37.19%

if the keys of the encryption schemes are compromised, the information of the raw data

will also be compromised. While our method compresses the raw data into interval-valued

data with fewer instances through an irreversible process to protect data privacy. Further,

DP and our approach can not be easily applied to image data, which is a meaningful

problem worth considering in the future.

Experiments on one real-world dataset are conducted to verify the efficacy and

feasibility of the INPP framework. We use four well-known machine learning methods

(logistic regression, support vector machines, random forests and neural networks) to

classify the original dataset and compare the best outcome of these four methods on

the original dataset with the outcomes of the INPP framework. We randomly divide the

original dataset (letter recognition dataset selected from the UCI Machine Learning

Repository) into a raw dataset from the data owner(s) (70%) and a new dataset (30%)

from the results’ party. We choose L = 6,T = 15 and set q = 0.20,0.30,0.50. From previous

results, Mv-IIE with SVM-rbf (SVM with radial basis kernel function) achieve best

outcomes on the second synthetic dataset. Therefore, we use SVM-rbf as the basic

classifier of Mv-IIE in this experiment. The experimental details of Mv-IIE are the same

as the aforementioned. The experiment details of the four well-known machine learning

methods on the original dataset are the same as the experiment details of the four

baselines on the synthetic datasets.
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All the experiment results are shown in Table 4.6. We note that the proposed frame-

work can achieve 93.24% classification accuracy on the new data with R= 97.27% when

L = 6,T = 15, q = 0.5, which demonstrates that applying the proposed framework can

prevent crisp-valued data leakage while ensuring high classification accuracy of the

model that has been trained by the computation party.

4.7 Summary

In this chapter, we focus on a highly challenging problem called LIND, where we aim

to learn a classifier with high performance on interval-valued observations. We obtain

the estimation error bound of the LINO problem based on Rademacher complexity and

discuss the learnability of the underlying problem with perfect observation. Moreover,

we construct a new algorithm called Mv-IIE by applying multi-view learning for interval-

valued data classification. Experimental comparisons with several baselines on both

synthetic and real-world datasets demonstrate the superiority of the proposed model.

Finally, we detail an application of the proposed algorithm that we can prevent crisp-

valued data leakage by transforming crisp-valued data into interval-valued data.

4.8 Appendix

4.8.1 Proof of Theorem 4.2

For all h ∈H and h̄ ∈ H̄ :

|RD(h)−RD̄(h̄)| ≤ |RD(h)− R̂D(h)|+ |R̂D(h)− R̂D̄(h̄)|+ |RD̄(h̄)− R̂D̄(h̄)|.(4.6)
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According to [101, 105] and Theorem 4.1, we have for any δ> 0, with probability at least

1−δ/2, the following holds for all h ∈H and h̄ ∈ H̄ :

|RD(h)− R̂D(h)| ≤ 2
p

2 LℓR̂SX (H )+3Cℓ

√
log(4/δ)

2m
,

|RD̄(h̄)− R̂D̄(h̄)| ≤ 2
p

2 LℓR̂S̄X̄
(H̄ )+3Cℓ

√
log(4/δ)

2m
.(4.7)

Next, we consider the second term in Eq. (4.6)

|R̂D(h)− R̂D̄(h̄)| = 1
m

|
m∑

i=1
[ℓ(h(xi), yi)−ℓ(h̄(x̄i), yi)]|

≤ 1
m

m∑
i=1

|[ℓ(h(xi), yi)−ℓ(h◦ g(x̄i), yi)]|

≤ Lℓ

m

m∑
i=1

∥ h(xi)−h◦ g(x̄i) ∥2

≤ LℓLh

m

m∑
i=1

∥ xi − g(x̄i) ∥2 =O(1/mγ).(4.8)

Following from Eqs. (4.7) and (4.8), we have for any δ> 0, with probability at least 1−δ,

the following holds for all h ∈H and h̄ ∈ H̄ :

|RD(h)−RD̄(h̄)| ≤ 2
p

2 Lℓ(R̂S̄X̄
(H̄ )+R̂SX (H ))+6Cℓ

√
log(4/δ)

2m
+O(1/mγ).

4.8.2 Proof for Theorem 4.3

For any hv ∈Hv, we let

hv :Xv → RK

xv
i → (hv1(xv

i ), · · · ,hvK (xv
i ))⊤.

Without loss of generality, we suppose that
K∑

k=1
hvk(xv

i )= 1 and the predict function fv of

hv is defined as

fv(xv
i )= arg max

1≤k≤K
hvk(xv

i ).
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Then, for any hco ∈Hco, we let

hco :X Mv → RK

Xi = (x1
i , · · · ,xc

i )→ (h1
co(Xi), · · · ,hK

co(Xi))⊤,

where hq
co(Xi) =

c∑
v=1

wq
v
⊤hv(xv

i ),wq
v = (wq

v1, · · · ,wq
vK )⊤ and without loss of generality, we

suppose
K∑

q=1
hq

co(Xi)= 1. Therefore, we have suphco∈Hco ∥ hco ∥∞ ≤ 1. The predict function

fco of hco is defined as

fco(Xi)= arg max
1≤q≤K

hq
co(Xi).

Without loss of generality, we suppose err( f1) ≤ ·· · ≤ err( fc). First, we consider the

case where c = 2. Then, we provide an upper bound on the error rate of fco.

err( fco)= P( fco(X) ̸= y|X ∈DC
F ( f1, f2))+P( fco(X) ̸= y|X ∈DF ( f1, f2))

≤ 1
2

[err( f1)+err( f2)−PD(X ∈DF ( f1, f2))]+P( fco(X) ̸= y|X ∈DF ( f1, f2)),(4.9)

where DC
F

( f1, f2) is denoted as the complement set of DF ( f1, f2). According to Eq.

(4.9) and err( f1) ≤ err( f2), if P( fco(X) ̸= y|X ∈ DF ( f1, f2)) ≤ 1
2 [err( f1)− err( f2)+PD(X ∈

DF ( f1, f2))], we have err( fco)≤ err( f1). Next, we consider the case where c > 2. For c > 2,

we have hco ∈Hco,

hq
co(X)=

k+1∑
v=1

wq
v
⊤hv(xv)=wq

1
⊤h1(x1)+

c∑
v=2

wq
v
⊤hv(xv).

So exists αq ∈R+, such that
K∑

q=1
αq

c∑
v=2

wq
v
⊤hv(xv)= 1, then exists hc−1

co ∈H c−1
co (x2, · · · ,xc),

where

hc−1,q
co =αq

c∑
v=2

wq
v
⊤hv(xv).

We combine the last c−1 views i.e.,

X
′ = (x2, · · · ,xc),X= (x1,X

′
).
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So exists

hc−1
co ∈H c−1

co (x2, · · · ,xc)⊂H (X
′
),

such that

hq
co(X)=wq

1
⊤h1(x1)+ 1

αq
hc−1,q

co (X
′
).

Therefore we have hco ∈Hco(x1,X′
). Let f c−1

co (X)= argmax1≤q≤K hc−1,q
co (X) denoted as the

predict function of hc−1
co . Because the conclusion is true when c = 2, so exists M ∈ (0,1),

such that

if P( fco(X) ̸= y|X ∈DF ( f1, f c−1
co ))≤ M,

we have err( fco) ≤ err( f1). Because DF ( f1, f c−1
co ) ⊂ DF ( f1, · · · , fc), so P( fco(X) ̸= y|X ∈

DF ( f1, f c−1
co )) ≤ P( fco(X) ̸= y|X ∈ DF ( f1, · · · , fc)). Therefore, the conclusion is true when

c > 2 which yields the result.

4.8.3 Proof of Theorem 4.4

Because
K∑

q=1

c∑
v=1

K∑
k=1

wq
vkhvk(xv

i )= 1 and for any v ∈ [c],k ∈ [K],0≤ hvk(xv
i )≤ 1, so

K∑
q=1

c∑
v=1

K∑
k=1

wq
vk ≤

1. Then,

RSMv
X

(Hco)= 1
m

EDMv,σ[ sup
hco∈Hco

m∑
i=1

K∑
q=1

σiqhq
co(Xi)]

= 1
m

EDMv,σ[ sup
hv∈Hv,||W||2≤Λ

m∑
i=1

K∑
q=1

σiq

c∑
v=1

wq
v
⊤hv(xv

i )]

= 1
m

EDMv,σ[ sup
hv∈Hv,||W||2≤Λ

∑
v,q,k

wq
vk

m∑
i=1

σiqhvk(xv
i )]

≤ 1
m

EDMv,σ[ sup
hv∈Hv

max
v∈[c],q∈[K]

m∑
i=1

K∑
k=1

σikhvk(xv
i )]

≤ max
v∈[c]

RSX v (Hv)

=min
v∈[c]

RSX v (Hv)+max
v∈[c]

RSX v (Hv)−min
v∈[c]

RSX v (Hv)
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DOMAIN ADAPTATION WITH INTERVAL-VALUED

OBSERVATIONS

5.1 Introduction

Traditional machine learning theories, as expounded by Shalev-Shwartz and Ben-David

[133], are grounded in two fundamental assumptions: 1) that the data in both training

and test sets are drawn from the same underlying distribution, and 2) that an ample

supply of labeled training data is accessible. To ease the effects of these two assumptions,

the research community has delved into the problem of unsupervised domain adaptation

(UDA) [112]. UDA centers its efforts on augmenting the performance of an unlabeled

target domain by harnessing insights from a source domain enriched with an adequate

quantity of labeled observations. Drawing from the foundational concepts of classical

domain adaptation theory [6], numerous well-regarded UDA algorithms [93] have been

conceived to tackle the issue of domain shift. These UDA algorithms have demonstrated

remarkable efficacy across a diverse array of application in spanning natural language
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processing [89], and computer vision [94].

Most existing UDA works [93] predominantly concentrate on addressing large-scale

image data characterized by crisp-valued features. However, in real-world applications,

datasets often encapsulate uncertainties and imprecisions that cannot be adequately

represented by single-point values. Interval-valued observations [8], which express a

range or uncertainty associated with each data point, offer a more faithful representation

of such inherent uncertainties. Consider medical data where patient health parameters

fluctuate within a certain range, or environmental monitoring data capturing fluctuating

sensor readings. In these contexts, interval-valued observations become indispensable for

providing a nuanced and realistic depiction of the underlying phenomena. For example,

Table 3.4 shows a real-world interval-valued dataset described by five interval-valued

features and one category variable. Therefore, the utilization of interval-valued datasets

not only aligns with the inherent nature of uncertainties present in many real-world

scenarios but also facilitates more accurate and robust analyses, contributing to advance-

ments in data-driven insights. Consequently, in this chapter, we focus on a more realistic

and challenging problem named domain adaptation with interval-valued observations

(DAINO). Within the DAINO context, we confront the scenario of having a source domain

enriched with an adequate quantity of labeled observations and an unlabeled target

domain, both exclusively comprising interval-valued observations. Our goal is to adapt

the model trained on the source domain for the unlabeled target domain by minimizing

domain shift between both domain with interval-valued observations.

Clearly, established and widely recognized UDA methodologies [48] cannot be directly

applied to handle DAINO problems due to the distinctive nature of interval-valued data.

An ostensibly straightforward solution entails taking the midpoint of the interval-valued

features or considering the upper and lower bounds of the interval-valued features as

two separate crisp-valued features, effectively converting the interval-valued data into
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crisp-valued data. Subsequently, conventional UDA techniques can be employed on this

converted crisp-valued data. However, this approach neglects the intrinsic uncertainty

information inherently embedded within interval-valued data, ultimately resulting in

suboptimal performance when addressing the DAINO problem. In this chapter, we

embark on a comprehensive analysis and resolution of the presented problem from both

theoretical and algorithmic perspectives. Drawing inspiration from classical domain

adaptation theory [6] and building upon our previous work in imprecise data analysis

[98], we derive an upper bound on the risk within the interval-valued target domain. This

bound encapsulates the risk within a target domain characterized by interval-valued

observations through three primary components: (i) the risk within the interval-valued

source domain; (ii) the distribution discrepancy between the interval-valued source

domain and target domain; and (iii) the combined error of the ideal joint hypothesis

for the source and target domains. According to our theoretical analysis, the DAINO

problem presents three pivotal challenges: 1) how to make full use of the inherent

uncertainty information in interval-valued data; 2) how to align the distribution between

the interval-valued source and target domains; 3) how to improve class discriminability

of the target domain.

Guided by our theoretical analysis of the DAINO problem, we develop a new domain

adaptation model, called SP-TSF, based on fuzzy techniques to address the aforemen-

tioned three challenges. Fuzzy set theory [68], rough set theory [116], possibility theory

[41], and belief function theory [132] are all mathematical frameworks used for handling

uncertainty and imprecision in different ways. Compared with other theories, fuzzy

set theory is known for its simplicity, interpretability, and ability to handle gradual

transitions. Fuzzy techniques, constructed based on fuzzy set theory, are flexible and can

model complex relationships, nonlinearities, and intricate patterns in data. Moreover, it

is relatively straightforward to implement, and its principles are easily comprehensible.
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While rough set theory works with discrete sets and focuses on discernibility, possibil-

ity theory primarily deals with possibility measures, and belief function theory excels

in handling situations where there is uncertainty, ignorance, and conflict in evidence.

Therefore, in DAINO setting, we apply fuzzy techniques to address the uncertainty

with interval-valued data. The applied fuzzy techniques includes fuzzy sets and a fuzzy

rule-based model.

Regarding the first challenge, we adopt the T-S fuzzy rule-based model as the founda-

tional model structure to capture the inherent uncertainty intrinsic to interval-valued

data. The T-S fuzzy model [2], often extended as the TSK fuzzy model, represents a

category of fuzzy logic systems extensively utilized in modeling and control applications.

This model has garnered widespread recognition for its aptitude in handling uncertainty

within the realm of transfer learning, as it is grounded in fuzzy logic, providing a sys-

tematic framework for the representation and reasoning of uncertainty. For example,

Zuo et al. [181] introduced an innovative approach anchored in the T-S fuzzy model,

combining an infinite Gaussian mixture model with active learning to enhance model

performance and generalizability. Li et al. [80] formulated a novel model leveraging a

deep neural network equipped with T-S fuzzy rules to tackle a challenging problem in

multi-source domain adaptation, a scenario where source data is unavailable. These

pioneering works collectively underscore the good properties of the T-S fuzzy model in

dealing with uncertain problems. Moreover, a fuzzy transformation function is used to

extract valuable crisp-valued information from the interval-valued observation. This

fuzzy transformation function was designed in Chapter 4, wherein its efficacy in handling

interval-valued data was rigorously validated, resulting in commendable performance

outcomes.

To align the distribution between the source and target domains, characterized by

crisp-valued observations, numerous existing UDA works turn to minimize the distri-
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bution discrepancy between the source and target domains based on different integral

probability metrics. Widely used metrics including maximum mean discrepancy [93] and

Wasserstein distances [135]. Subsequently, we introduce a novel metric, an extension of

the conventional maximum mean discrepancy, tailored to augment distribution align-

ment across the interval-valued source and target domains. As for the last challenge,

a self-supervised pseudo-labeling strategy based on deep clustering [16] is developed

to solve it. In its implementation, the pseudo-labeling strategy is initially employed to

procure dependable pseudo labels for the target data. Following this, the target data

with distributed pseudo labels are trained on the fuzzy rule-based classifiers to improve

class discriminability of the interval-valued target domain.

To evaluate the efficacy of our proposed model, we conducted comparative assessments

against several SOTA UDA algorithms. Our evaluation involved two synthetic datasets

and six real-world tasks. The findings consistently reveal that the proposed method

surpasses all competing baselines, demonstrating superior performance across both

synthetic and real-world datasets. Furthermore, an ablation study is conducted to verify

the rationality of our model’s construction. Especially, we remove all the applied fuzzy

techniques in our model and use none-fuzzy modules to replace them. The experimental

results prove the excellent ability of fuzzy techniques in solving the DAINO problem.

This can be attributed to the substantial uncertainty inherent in interval-valued data.

In comparison to conventional non-fuzzy methods, fuzzy techniques offer pronounced

advantages in navigating and mitigating these uncertainties.

The contributions of this chapter are summarized as follows.

1. We are the first to identify a challenging problem called DAINO, where we try to

adapt the model trained on the source domain for the unlabeled target domain by

minimizing domain shift between both domain with interval-valued observations.

A theoretical bound on the target domain is provided as the theoretical analysis of
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the DAINO problem.

2. A new model called SP-TSF is developed to solve the DAINO problem. Our model

leverages the T-S fuzzy rule-based model as its foundational structure, aimed at

capturing the intrinsic uncertainty inherent to interval-valued data. Furthermore,

it introduces a novel integral probability metric design to align the distribution

characteristics between the interval-valued source and target domains. Addition-

ally, in our model, a deep clustering-based self-supervised pseudo-labeling strategy

is developed to enhance class discriminability of the interval-valued target domain.

3. An extensive set of experiments shows significantly improved classification accu-

racy on unlabeled target domain with interval-valued observations, evidenced by

comparison with several SOTA traditional UDA algorithms on both synthetic and

real-world datasets.

5.2 Problem Setting

In this section, we introduce the DAINO problem. X̄ ⊂ R̄p is denoted as the input space

with the interval-valued observations and D̄ as the distribution of the input space X̄ .

Next, the score function of X̄ is defined as:

f(x̄) : X̄ →RK

(x̄1, · · · , x̄p)⊤ → ( f1(x̄), · · · , fK (x̄))⊤.(5.1)

If x̄ ∈ X̄ belongs to the C-th class, then fC(x̄) = 1 and for any k ∈ [K],k ̸= C, fk(x̄) = 0.

Then, X̄S,X̄T and D̄S,D̄T denotes the input spaces and the distribution of the source

and target domains, respectively.

Remark: We give this definition of f(·) because our focus is on classification problems.

It is noteworthy that, in certain specific cases, interval-valued data may not be separable.
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However, this challenge is unavoidable even in traditional machine learning classification

problems with crisp-valued data, as the Bayes error rate [58] is always present. Our

objective is to train the optimal classifier to differentiate between various categories of

interval-valued data in the target domain.

Let H be the hypothesis set and for any h ∈H ,

h(x̄) : X̄ → RK

(x̄1, · · · , x̄p)⊤ → (h1(x̄), · · · ,hK (x̄))⊤.(5.2)

Without loss of generality, suppose
∑K

k=1 hk(x̄i)= 1 and each hk(x̄i) represents the proba-

bility of the instance x̄i belongs to the k-th category. Therefore, we have suph∈H ∥ h ∥∞ ≤
1. The loss function of h is defined as,

(5.3) ℓ : RK ×RK →R+.

Let LH = {ℓ(h
′
(x̄),h(x̄)) : h,h

′ ∈ H , x̄ ∈ X̄ } be the class of loss functions associated

with H . Next, we have the risks on the source and target domains, denoted as:

RD̄S
(h)= ED̄S

[ℓ(h(x̄),fS(x̄))],

RD̄T
(h)= ED̄T

[ℓ(h(x̄),fT(x̄))].(5.4)

The definition of the DAINO problem is based on the definition of the ordinary domain

adaptation problem:

Definition 5.1 (Domain Adaptation with Interval-valued Observations). Let X̄s = {x̄s
i }

ns
i=1,

X̄ t = {x̄t
i}

nt
i=1 be i.i.d. observations from the interval probability distribution D̄S and D̄T ,

respectively, where x̄s
i ∈ X̄S and x̄t

i ∈ X̄T . Ys = {ys
i }ns

i=1 is the ground-truth label set

corresponding to X̄s, and ys
i = argmaxk∈[K] f S

k (x̄s
i ) ∈Y , i = 1, · · · ,ns. Here, Y = [K] is the

label space. S̄ = 〈X̄s,Ys〉 denotes the source domain, and T̄ = 〈X̄ t〉 denotes the target

domain, which only contains unlabeled samples. Our focus is on unsupervised domain
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adaptation scenarios. Thus, the aim with domain adaptation given interval-valued

observations is to train a classifier with S̄ and T̄ to accurately label each instance

i.i.d. drawn from D̄T . That is, our aim is to train a classifier ht ∈H with S̄ and T̄ s.t.

ht = argminh∈H RD̄T
(h).

5.3 Theoretical Analysis of DAINO

In this section, we present the theoretical analysis of the DAINO problem. Note that all

proofs are provided in the Appendix. First, we define the discrepancy distance between

the interval distributions of the source and target domains.

Definition 5.2. Let S̄ and T̄ be the source and target domain over X̄ ×Y , respec-

tively. Y = [K] is the label space. The discrepancy distance between the two interval

distributions D̄S and D̄T with respect to x̄s, x̄t is defined as

disc(D̄S,D̄T)= sup
(h,h′

)∈H ×H

|ED̄S
[ℓ(h,h

′
)]−ED̄T

[ℓ(h,h
′
)]|.(5.5)

We denote

xs,l = (xs,l
1 , · · · , xs,l

p )⊤ ∼Dl
S,xs,r = (xs,r

1 , · · · , xs,r
p )⊤ ∼Dr

S,

xt,l = (xt,l
1 , · · · , xt,l

p )⊤ ∼Dl
T ,xt,r = (xt,r

1 , · · · , xt,r
p )⊤ ∼Dr

T .

Then, we introduce the following lemma.

Lemma 5.1. Let S̄ and T̄ be the source and target domain over X̄ ×Y , and let

disc(D̄S,D̄T) be the discrepancy distance between the two interval distributions D̄S and

D̄T . Then, we have

disc(D̄S,D̄T)≤ 1
2

disc(Dl
S,Dl

T)+ 1
2

disc(Dr
S,Dr

T).(5.6)

where disc(Dl
S,Dl

T) is the discrepancy distance between the two distributions Dl
S and Dl

T ,

disc(Dl
S,Dl

T)= sup
(h,h′

)∈H ×H

|EDl
S
[ℓ(h,h

′
)]−EDl

T
[ℓ(h,h

′
)]|.(5.7)
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The definition of disc(Dr
S,Dr

T) is same as disc(Dl
S,Dl

T).

According to Theorem 4.1 and Definition 5.2, we can directly prove the following

lemma.

Lemma 5.2. Suppose that sup∥h∥∞≤1 maxyℓ(h, y)≤ Cℓ, and all functions in LH are Lℓ-

Lipschitz functions. Let D̄ be an interval distribution over X̄ and we denote d̂isc(D̄, S̄ X̄ )=
sup(h,h′

)∈H ×H
|ED̄[ℓ(h,h

′
)]− ÊS̄X̄

[ℓ(h,h
′
)]|. Then, for any δ > 0 with a probability of at

least 1−δ over the choice of sample S̄ X̄ , we have

d̂isc(D̄, S̄ X̄ )≤ 2
p

2 LℓR̂S̄X̄
(H )+3Cℓ

√
log(2/δ)

2m
.(5.8)

Using this result, we can further prove the following corollary. Let Su = {x̄s
i }

ms
i=1 and

Tu = {x̄t
i}

mt
i=1 be two samples of size ms and mt drawn i.i.d. from D̄S and D̄T .

Corollary 5.1. Let S̄ and T̄ be the source and target domain over X̄ ×Y , respectively.

Suppose that sup∥h∥∞≤1 maxyℓ(h, y) ≤ Cℓ, and all functions in LH are Lℓ-Lipschitz

functions. Let d̂isc(Su,Tu)= sup(h,h′
)∈H ×H

|ÊSu [ℓ(h,h
′
)]− ÊTu [ℓ(h,h

′
)]| denote the empir-

ical discrepancy distance between the samples Su and Tu. Then, for any δ > 0, with a

probability of at least 1−δ over the choice of samples Su and Tu, we have

disc(D̄S,D̄T)≤ d̂isc(Su,Tu)+2
p

2 Lℓ(R̂Su (H )+R̂Tu (H ))+3Cℓ(

√
log(4/δ)

2ms
+

√
log(4/δ)

2mt
).

(5.9)

To illustrate what this implies for the model’s generalization guarantee, Theorem 5.1

covers the source and target error function using the discrepancy distance.

Theorem 5.1. Let S̄ and T̄ be the source and target domain over X̄ ×Y , respectively.

Suppose that sup∥h∥∞≤1 maxyℓ(h, y)≤ Cℓ, and all functions in LH are Lℓ-Lipschitz func-

tions. Sl
u = {xs,l

i }ms
i=1,Sr

u = {xs,r
i }ms

i=1 and T l
u = {xt,l

i }mt
i=1,Tr

u = {xt,r
i }mt

i=1. h∗ = argminh∈H RD̄S
(h)+
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RD̄T
(h) denotes the ideal joint hypothesis for the source and target domains. Then, with a

probability of at least 1−δ, the following holds for any h ∈H , we have

RD̄T
(h)≤ RD̄S

(h)+disc(D̄S,D̄T)+λ(5.10)

≤ R̂D̄(h)+ 1
2

d̂isc(Sl
u,T l

u)+ 1
2

d̂isc(Sr
u,Tr

u)+2
p

2 Lℓ(2R̂Su (H )

+R̂Tu (H ))+3Cℓ(2

√
log(6/δ)

2ms
+

√
log(6/δ)

2mt
)+λ,

where λ= RD̄T
(h∗)+RD̄S

(h∗).

Applying the triangle inequality to ℓ and according to Eqs. (4.2)(5.6)(5.9), we can eas-

ily prove Theorem 5.1. Theorem 5.1 gives an upper bound of the risk in the target domain.

Based on the analysis of Theorem 4.1, if R̂Su (H )=O(1/
p

ms ) and R̂Tu (H )=O(1/
p

mt ),

we notice that as ms,mt →∞, RD̄T
(h)→ R̂D̄(h)+ 1

2 d̂isc(Sl
u,T l

u)+ 1
2 d̂isc(Sr

u,Tr
u)+λ. There-

fore, there are three main parts that need to be considered to reduce the risk on the

target domain: (i) the empirical risk in the source samples (R̂D̄(h)); (ii) the empirical

discrepancy distance between Sl
u,Sr

u and T l
u,Tr

u (1
2 d̂isc(Sl

u,T l
u)+ 1

2 d̂isc(Sr
u,Tr

u)); and (iii)

the combined error λ of the ideal joint hypothesis h∗ for the source and target domains.

According to Theorem 4.1, the first component of Eq. (5.10) can be minimized effec-

tively when a sufficient number of reliable labeled source samples are available. Different

from the traditional UDA problem, the main challenge to train a reliable source model

(minimize the first term) is how to deal with the inherent uncertainty information present

in interval-valued data. Regarding the second component, it necessitates the design

of appropriate metrics to approximate the empirical discrepancy distance between the

interval-valued source and target samples. Lastly, as elucidated by the theoretical analy-

sis in [159], the third component λ is closely intertwined with the class discriminability

of both the source and target domains. Consequently, in addressing the DAINO problem,

three primary challenges emerge: 1) how to make full use of the inherent uncertainty

information in interval-valued data to train a reliable source model (minimize the first
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Source Domain
(interval-valued)

Target Domain
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Figure 5.1: The procedure of SP-TSF. The Takagi-Sugeno fuzzy rule-based model serves
as the fundamental model structure in our approach. Fuzzy transformation function T
is employed to extract valuable crisp-valued information from interval-valued data. To
attain distributional alignment between the interval-valued source and target domains,
we introduce the concept of interval maximum mean discrepancy d2

MMD(D̄S ,D̄T ). Finally,
a deep clustering-based pseudo-labeling strategy is developed to acquire reliable pseudo
labels for the target data, subsequently applying these pseudo-labeled target data to
enhance the class discriminability within the interval-valued target domain.

term); 2) how to align the distribution between the interval-valued source and target

domains (minimize the second term); 3) how to improve class discriminability of the

interval-valued target domain (minimize the last term).

5.4 Model Construction

This section outlines our developed model SP-TSF, which is designed to address DAINO

problems. The network framework of SP-TSF is shown in Fig. 5.1.
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5.4.1 Takagi-Sugeno Fuzzy Rule-based Source Model Training

Drawing upon the theoretical analysis expounded in Section 5.3, our task necessitates

the minimization of three key terms, as indicated in Eq. (5.10). To reduce the first term,

the construction of a high-performance classifier within the source domain becomes im-

perative. In Chapter 4, we introduced an innovative framework boasting commendable

classification accuracy, specifically tailored for resolving multi-class classification quan-

daries characterized by fuzzy-valued or interval-valued observations. This framework

proposes one fuzzy transformation function, adept at extracting crisp-valued information

from interval-valued data. Given its demonstrated proficiency in handling interval-

valued data, we employ this function to process the interval-valued observations within

both domains in this study. Here, T(·;β) denotes the fuzzy transformation function,

T(x̄;β)=VAL◦F(x̄;β)= (VAL◦F(x̄1;β), · · · ,VAL◦F(x̄p;β))⊤,(5.11)

where each F(x̄ j;β) ( j ∈ [p]) is a triangular fuzzy number characterized by Tr(xl
j,βxl

j +
(1−β)xr

j, xr
j). Then, Xs = T(X̄s;β)≜ {xs

i }
ns
i=1 ∼ T(D̄S ) and X t = T(X̄ t;β)≜ {xt

i}
nt
i=1 ∼ T(D̄T )

denote as the extracted information from X̄s and X̄ t.

Next, we train the T-S fuzzy rule-based model on {xs
i , ys

i }ns
i=1 to catch the intrinsic

uncertainty information in interval-valued source domain. The trained rules are shown

as following:

if xs
i is Al(φ(xs

i )),

then ys
i is Pl(φ(xs

i )), l = 1,2, · · · ,L.

φ is the shared feature extractor for both domains. Feature extractors transform original

data to feature space Rd. Al represents the fuzzy condition of the l-th rule, Pl is a

function transforming data from Rd to RK . L represents the number of rules. Then, the
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final prediction of the T-S fuzzy model is the linear combining of the outputs of all rules:

ys
i =

L∑
l=1

µl
sPl(φ(xs

i )),(5.12)

where µl
s is the membership of xs

i belonging to the l-th fuzzy set. To complete our source

model, three problems need to be solved: 1) how to choose the fuzzy rule number L; 2)

how to measure the membership µl
s; 3) how to optimize our source model.

To solve the first problem, we utilize the correlation coefficient between different

pairs of classes as a criterion for grouping these classes. Subsequently, we determine the

number of grouped classes as the count of fuzzy rules. In this context, the correlation

coefficient matrix is denoted as:

Σρ =



ρ11 ρ12 · · · ρ1K

ρ21 ρ22 · · · ρ2K

...
... . . . ...

ρK1 ρK2 · · · ρKK


,(5.13)

ρ i j is the correlation coefficient between xki and xk j . where

xk =
nk∑
i=1

1ys
i=k φ(xs

i )/
nk∑
i=1

1ys
i=k,(5.14)

nk denotes the number of source samples in the k-th class. When ρ i j > ρ, where ρ is a

threshold, we think classes ki and k j are similar, and they can share the same rule. After

that, we group all classes in L different label sets Yl , l ∈ [L], each Yl contains similar

classes, i.e., ∀ki,k j ∈Yl , ki,k j share the same rule.

Next, FCM clustering is applied to address the second problem. In this work, cluster

prototypes {vl
s}

L
l=1 are initialized as the mean values of samples from the same grouped

classes, expressed as:

vl
s =

nl∑
i=1

1ys
i∈Yl φ(xs

i )/
nl∑

i=1
1ys

i∈Yl ,(5.15)
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nl denotes the number of samples in Yl . The membership of xs ∈ Al is generally defined

as:

µl
s = 1/

L∑
l=1

(
∥vl

s −φ(xs)∥
∥vi

s −φ(xs)∥ )
2

m−1 .(5.16)

Then, the cluster prototypes are updated with training processing using Eq. (5.16):

vl
s =

ns∑
i=1

(µl i
s )m φ(xs

i )/
ns∑
i=1

(µl i
s )m.(5.17)

As for the last problem, we use the following loss function to optimize our source

model:

LS = ℓ(Pl(xs),ys)+ℓ(
L∑

l=1
µl

sPl(φ(xs)),ys),(5.18)

where ℓ denotes the adjusted cross-entropy loss function, incorporating the label smooth-

ing technique introduced in [106] to enhance class discriminability. The first term aims to

optimize Pl for each fuzzy rule, while the second term strives to minimize the discrepancy

between the final prediction and the ground-truth source labels.

5.4.2 Interval Distribution alignment

Turning to the second term, d̂isc(Sl
u,T l

u) is the estimate distribution discrepancy between

Dl
S and Dl

T , and d̂isc(Sr
u,Tr

u) is the estimate distribution discrepancy between Dr
S and Dr

T .

To minimize the second term, we need to reduce the distribution discrepancy between

X l
s, X l

t and X r
s, X r

t . Maximum mean discrepancy (MMD) is a widely used metrics to

estimate distribution discrepancy between different distributions in traditional UDA

works. Given two different distributions D1 and D2, the MMD between D1 and D2 is

formulated as:

d2
MMD(D1,D2)= Ex1,x′

1∼D1
k(x1,x

′
1)+Ex2,x′

2∼D2
k(x2,x

′
2)−2Ex1∼D1,x2∼D2k(x1,x2),(5.19)
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Algorithm 4
Input: S̄ = (X̄s,Ys)= {(x̄s

i , ys
i )}ns

i=1, X l
s = {xs,l

i }ns
i=1, X r

s = {xs,r
i }ns

i=1, T̄ = {x̄t
i}

nt
i=1, X l

t = {xt,l
i }nt

i=1,
X r

t = {xt,r
i }nt

i=1, shape parameter β, learning rate LR, epoch Tmax, and optimization algo-
rithm (Adam algorithm [67] is selected);
Initial: feature extractor φ, the rule number L (see Eqs. (5.13)(5.14)), {Pl}L

l=1;

1: Compute Xs = (T(S̄ ;β),Ys)≜ {(xs
i , ys

i )}ns
i=1, X t =T(T̄ ;β)≜ {xt

i}
nt
i=1;

2: for T = 1,2, . . . ,Tmax do
3: Calculate and update vl

s,µ
l
s via Eqs. (5.15)(5.16)(5.17);

4: Fetch mini-batches from Xs, X l
s, X r

s, X t, X l
t, X r

t ;
5: Train φ and {Pl}L

l=1 with mini-batches from Xs to minimize LS (see Eq. (5.18));
6: Train φ and {Pl}L

l=1 with mini-batches from Xs, X l
s, X r

s, X t, X l
t, X r

t to minimize
d2

MMD(D̄S ,D̄T ) (see Eq. (5.20));
7: Obtain the pseudo labels of the target data via Eqs. (5.21)(5.22)(5.23);
8: Calculate and update vl

t,µ
l
t same as vl

s,µ
l
s;

9: Train φ and {Pl}L
l=1 with mini-batches from X t to minimize Lpre (see Eq. (5.24));

10: end for

Output: predicted target labels ŷt
i =

L∑
l=1

µl
tPl(φ(xt

i)).

k is a kernel function. According to the second terms in Eq. (5.10), we design a new

metrics called interval maximum mean discrepancy, an extension of the standard maxi-

mum mean discrepancy, to enhance distribution alignment on the interval-valued source

and target domains. The interval maximum mean discrepancy between D̄S and D̄T is

denoted as:

d2
MMD(D̄S ,D̄T )= d2

MMD(Dl
S ,Dl

T )+d2
MMD(Dr

S ,Dr
T )+d2

MMD(T(D̄S ),T(D̄T )).(5.20)

The first two terms are used to estimate the distribution discrepancy between Dl
S,Dl

T

and Dr
S,Dr

T , while d2
MMD(T(D̄S ),T(D̄T )) is aim to catch the additional uncertain distri-

bution discrepancy of interval-valued data. Therefore, to achieve distribution alignment

between the interval-valued source and target domains, our objective turn to minimize

d2
MMD(D̄S ,D̄T ) in the training process (see Fig. 5.1).
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5.4.3 Enhance Class Discriminability of The Target Domain

As for minimizing the last term in Eq. (5.10), i.e., improving class discriminability of

the interval-valued target domain, a self-supervised pseudo-labeling strategy based on

deep clustering [16] is developed. First, we attain the centroid for each class in the target

domain,

c(0)
k =

nt∑
i=1

δk(
L∑

l=1
µl(0)

t Pl(φ(xt
i))) φ(xt

i)

nt∑
i=1

δk(
L∑

l=1
µl(0)

t Pl(φ(xt
i)))

, µl(0)
t =µl

s,(5.21)

where δk denotes the k-th element in the soft-max output. Then, we obtain the pseudo

labels via the nearest centroid classifier:

ỹt = argmin
k

dcos(φ(xt
i), c(0)

k ),(5.22)

where dcos measures the cosine distance. Given the cosine distance’s insensitivity to

magnitude, computational efficiency, robustness to outliers, and high interpretability, we

have opted for its use in measuring the distance between φ(xt
i) and the centroid. Then,

we update the target centroids via the new pseudo labels and further update the pseudo

labels via the updated target centroids:

c(1)
k =

nt∑
i=1

1 ỹt=k φ(xs
i )/

nt∑
i=1

1 ỹt=k, ỹt = argmin
k

dcos(φ(xt
i), c(1)

k ).(5.23)

Subsequently, according to Eqs. (5.15)(5.16)(5.17) to obtain the updated membership µl
t

of xt. Experiments verify that updating for once gives sufficiently good pseudo labels.

Consequently, the obtained pseudo labels are employed to enhance target domain’s class

discriminability by minimizing the following loss function:

Lpre = ℓ(Pl(xt), ỹt)+ℓ(
L∑

l=1
µl

tPl(φ(xt)), ỹt).(5.24)

Follow by Eqs. (5.18)(5.20)(5.24), the overall training objective of our proposed model

is formulated as:

Ltotal =LS +λ1d2
MMD(D̄S ,D̄T )+λ2Lpre,(5.25)
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where λ1 and λ2 are two trade-off parameters. More details of SP-TSF are provided in

Algorithm 4.

5.5 Experiment

In this section, we substantiate the effectiveness of the proposed algorithm in addressing

DAINO problems. To achieve this, we conduct a comparative assessment by bench-

marking our approach against several baseline methods. We evaluate these approaches

based on classification accuracy, utilizing both synthetic datasets and real-world domain

adaptation tasks as the testing grounds.

5.5.1 Baselines

The baselines constructed for comparison with the proposed algorithm are presented

in this section. Since no existing UDA algorithm can be used to directly address a

DAINO problem, we applied two methods to transfer the interval-valued data into the

crisp-valued data. Midpoint: The first method is take the midpoint of the interval-

valued features. Two Side: The second method treats the upper and lower bounds of

the interval-valued features as two crisp-valued features. Then, we executed several

state-of-the-art UDA algorithms on these crisp-valued datasets: DAN[93], DANN[48],

CDAN[94], ATM[77], FixBi[107], DWL[159], DALN[19], CAF-A[160], SRDA[14], and

AGE-CS[142]. The term “Source only" refers to the use of the complete model trained on

the source domain for target label prediction.

5.5.2 Experimental Setup

The settings for SP-TSF were set Tmax = 100 with a learning rate of LR = 0.001. The

setting for the trade-off parameters λ1 = 0.1,λ2 = 1, and the mini-batch size was set
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to 200 for all methods. The feature extractor for all methods was a two-layer network

with ReLU and Dropout in all the layers. There were 100 hidden layer units in all the

layers. For each l ∈ [L], Pl is a two-layer classifier (100×#K). For all other baselines,

the structure of the classifier is the same as Pl . We used Adam [67] as the optimization

algorithm for all methods with a momentum of 0.9 and a weight decay of 0.0001. Further,

for shape parameter β, we choose it that achieve the best performance on the source

domain as the optimal β in this paper. The value of shape parameter β is selected from

{0,0.05,0.1, · · · ,0.95,1}. The entire experimental process was repeated 5 times for all

methods. Thus, the final results are reported in the form of “mean± standard deviation".

We implemented the model with PyTorch 1.9.0. All experiments were conducted on an

NVIDIA Quadro GV100 GPU with 32 GB memory.

5.5.3 Experiments on Synthetic Datasets

Data Generation: To create our synthetic datasets, we employed a data genera-

tion mechanism designed for producing interval-valued datasets tailored for domain

adaptation scenarios. Initially, we generated a crisp-valued dataset with K categories

using a random number generator, denoted as {(xi = (xi1, xi2)⊤, yi)}n
i=1. Subsequently,

we harnessed the generated crisp-valued dataset to formulate the interval-valued

dataset {x̄i = (x̄i1, x̄i2)⊤, yi}n
i=1, where each x̄i j represents an interval characterized by

[xi j −ai j, xi j +bi j]. Here, ai j,bi j conform to uniform distributions.

Next, to construct the first synthetic dataset, we used a double moon data generator

with K = 2 as a random number generator to generate two datasets with n = 2000.

We let the added noise follow N (0,0.052) and N (0,0.22) for each of the two datasets.

Additionally, we augmented the feature count for the two datasets by 10 and 8, corre-

spondingly. Finally, the above mentioned method was used to convert the generated

crisp-valued datasets into two interval-valued datasets - one for the source domain and
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Table 5.1: Accuracy (mean ± std %) on the two synthetic datasets. The bold value
represents the highest accuracy in each column.

Standards Methods 1st 2nd
Source Only 80.45 ± 0.55 77.47 ± 1.00

DAN[93] 80.49 ± 0.27 70.12 ± 0.68
DANN[48] 80.71 ± 0.58 64.77 ± 0.19
CDAN[94] 80.86 ± 0.46 66.07 ± 4.14
ATM[77] 79.63 ± 1.13 64.62 ± 0.26

Midpoint FixBi[107] 80.92 ± 1.30 71.33 ± 4.53
DWL[159] 81.77 ± 1.36 68.40 ± 0.20
DALN[19] 80.88 ± 0.51 63.95 ± 1.32

CAF-A[160] 78.91 ± 0.68 63.49 ± 0.42
SRDA[14] 79.26 ± 0.31 63.33 ± 2.48

AGE-CS[142] 79.96 ± 0.89 65.64 ± 1.89
Source Only 85.56 ± 0.87 77.31 ± 0.67

DAN[93] 81.00 ± 0.67 68.58 ± 0.43
DANN[48] 79.92 ± 0.76 63.86 ± 0.83
CDAN[94] 80.62 ± 0.39 64.49 ± 0.20
ATM[77] 80.97 ± 0.79 65.46 ± 3.41

Two Side FixBi[107] 80.87 ± 0.86 71.42 ± 2.75
DWL[159] 84.87 ± 1.33 70.00 ± 4.96
DALN[19] 81.94 ± 0.81 64.27 ± 0.60

CAF-A[160] 80.17 ± 0.98 63.71 ± 0.60
SRDA[14] 80.44 ± 0.46 67.87 ± 3.41

AGE-CS[142] 82.45 ± 0.39 67.05 ± 2.45
SP-TSF w/o pse 86.14 ± 0.55 79.27 ± 0.19

SP-TSF w/o IMMD 85.89 ± 0.32 79.93 ± 0.37
SP-TSF 86.23±0.35 80.44±1.64

the other for the target domain, where ai j ∼U[0.5,1],bi j ∼U[1,2] for the source domain

and ai j ∼U[1,1.5],bi j ∼U[2,5] for the target domain.

To build the second synthetic dataset, we used a Gaussian data generator with

K = 3 as a random number generator. We set the standard deviations of the clusters

to [0.9,2,4] and [1.5,2,5], and the data ranges to (0,20) and (−25,5) for the source and

target data, respectively. Then, the same intervalization method was used to generate

the interval-valued source and target data, where ai j ∼U[0.5,1],bi j ∼U[2,5] for both
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domains.

Experimental Results: The experimental results for the two synthetic datasets

are shown in Table 5.1. As demonstrated by the results, our method exhibited markedly

superior performance, achieving classification accuracies of 86.23% and 80.44% for the

respective datasets, surpassing all baseline methods. This underscores the efficacy of

our approach in addressing DAINO problems. Notably, even the Source Only method

utilizing a T-S fuzzy rule-based model outperformed all non-fuzzy baselines, which clearly

shows the robust performance of fuzzy techniques when handling interval-valued data.

5.5.4 Experiments on Real-World Datasets

Dataset Description: We employed the Weather dataset as our real-world dataset,

comprising meteorological data from three American cities 1 (from January 1, 2016 to

December 31, 2021). These cities are Seattle Tacoma (S), Olympia (O), and Washington

(W). Each instance within this dataset represents meteorological data for a single day in

one of these American cities. The dataset encompasses five interval-valued variables (air

temperature T, atmospheric pressure at weather station level P0, atmospheric pressure

reduced to main sea level P, humidity U, and dew-point temperature Td), alongside a

categorical variable indicating precipitation (0≡ No Precipitation, 1≡ Precipitation). For

our evaluation, we formulated six domain adaptation tasks : S→O,O→S,S→W,W→
S,O→W,W→O. The objective was to compare the performance of our method against

baseline approaches across these six domain adaptation tasks.

1Extract from : https://rp5.ru/
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Table 5.2: Accuracy (mean ± std %) on the real-world dataset for unsupervised domain adaptation. The bold value represents
the highest accuracy in each column.

Standards Methods S→O O→S S→W W→S O→W W→O Average
Source Only 74.20 ± 0.38 74.50 ± 0.62 71.94 ± 0.40 73.35 ± 0.33 71.14 ± 1.13 72.50 ± 0.61 72.94

DAN[93] 80.26 ± 2.47 77.45 ± 0.91 68.94 ± 2.97 77.01 ± 1.26 59.64 ± 1.54 78.46 ± 2.58 73.63
DANN[48] 80.39 ± 0.69 78.31 ± 0.56 70.36 ± 1.73 74.80 ± 0.93 69.34 ± 1.56 75.14 ± 1.49 74.72
CDAN[94] 79.30 ± 0.54 80.15 ± 0.54 69.36 ± 0.73 77.64 ± 0.23 66.47 ± 0.97 79.77 ± 0.78 75.25
ATM[77] 81.27 ± 0.54 82.03 ± 0.32 69.49 ± 1.90 80.86 ± 0.19 69.79 ± 1.01 80.11 ± 0.16 77.26

Midpoint FixBi[107] 80.05 ± 1.39 77.06 ± 1.78 72.66 ± 0.63 76.85 ± 2.48 69.88 ± 1.79 78.28 ± 2.05 75.80
DWL[159] 83.89 ± 0.82 80.21 ± 1.04 74.82 ± 1.10 73.20 ± 2.17 73.41 ± 1.39 80.50 ± 2.67 77.67
DALN[19] 81.47 ± 0.20 82.04 ± 0.11 69.04 ± 1.09 81.06 ± 0.05 69.12 ± 1.17 80.19 ± 0.24 77.15

CAF-A[160] 80.49 ± 0.33 79.54 ± 0.13 70.81 ± 1.30 80.07 ± 1.05 70.28 ± 1.35 80.15 ± 0.51 76.89
SRDA[14] 81.08 ± 0.42 80.82 ± 0.26 72.15 ± 0.60 80.41 ± 0.23 69.60 ± 1.16 79.27 ± 0.14 77.22

AGE-CS[142] 81.56 ± 0.75 81.82 ± 0.41 71.75 ± 0.85 80.56 ± 0.23 69.77 ± 1.45 80.49 ± 0.26 77.66
Source Only 78.25 ± 0.36 77.21 ± 0.49 75.30 ± 0.42 78.37 ± 0.96 70.71 ± 1.12 75.81 ± 0.79 75.94

DAN[93] 83.03 ± 0.27 81.90 ± 0.38 68.94 ± 1.02 81.59 ± 0.54 60.20 ± 0.43 79.63 ± 1.67 75.88
DANN[48] 81.46 ± 0.12 79.92 ± 0.20 73.31 ± 0.39 81.01 ± 0.21 69.98 ± 0.93 80.41 ± 0.24 77.68
CDAN[94] 81.62 ± 0.39 79.96 ± 0.37 74.24 ± 1.20 81.04 ± 0.85 71.16 ± 0.92 80.75 ± 0.35 78.13
ATM[77] 84.25±0.67 81.52 ± 1.93 70.98 ± 2.17 83.43±0.48 70.58 ± 0.19 81.74 ± 0.54 78.75

Two Side FixBi[107] 82.55 ± 0.39 78.06 ± 1.28 73.66 ± 0.56 79.09 ± 2.12 72.90 ± 1.34 80.56 ± 1.52 77.80
DWL[159] 83.80 ± 0.76 79.80 ± 1.04 74.70 ± 1.44 74.68 ± 1.70 73.80 ± 1.20 81.30 ± 2.20 78.01
DALN[19] 83.51 ± 1.46 82.65±0.67 73.88 ± 0.97 82.50 ± 0.58 70.93 ± 0.85 80.19 ± 0.24 78.94

CAF-A[160] 81.74 ± 0.70 82.56 ± 1.25 72.07 ± 1.61 81.56 ± 0.44 71.42 ± 1.78 79.67 ± 0.71 78.17
SRDA[14] 82.96 ± 0.57 81.67 ± 0.39 74.31 ± 0.35 81.82 ± 0.68 72.49 ± 0.57 80.22 ± 1.15 78.91

AGE-CS[142] 83.98 ± 0.78 81.16 ± 0.46 74.25 ± 0.42 82.05 ± 0.47 71.45 ± 1.08 80.98 ± 0.27 78.97
SP-TSF w/o pse 82.36 ± 0.32 79.97 ± 0.33 74.60 ± 0.06 75.35 ± 0.23 73.16 ± 0.53 74.25 ± 0.14 76.62

SP-TSF w/o IMMD 83.29 ± 0.33 80.90 ± 0.14 75.33 ± 0.12 79.51 ± 0.71 73.96 ± 0.44 79.87 ± 0.52 78.81
SP-TSF 83.65 ± 0.17 82.47 ± 0.17 75.61±0.19 81.20 ± 0.35 74.19±0.31 81.93±0.24 79.84
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Experimental results: The experimental results for the six real-world tasks are

presented in Table 5.2. Analyzing these results reveals that our algorithm demonstrated

the highest performance in three tasks: S→W,O→W,W→O, and it also achieved the

best overall average performance. These findings once again underscore the superior

effectiveness of our algorithm in addressing DAINO problems.

5.5.5 Influence of Fuzzy Techniques

To assess the effectiveness of the employed fuzzy techniques in handling interval-valued

data, we systematically eliminate all fuzzy techniques used in our model, as well as the

Source Only method. Initially, we replace the fuzzy transformation function with the

Midpoint method. Since we need to minimize d2
MMD(Dl

S
,Dl

T
)+d2

MMD(Dr
S

,Dr
T

), Two

Side method can not be used. As for interval maximum mean discrepancy, we remove

d2
MMD(T(D̄S ),T(D̄T )) in Eq. (5.20). Finally, we substitute the T-S fuzzy rule-based model

with a commonly used neural network-based model framework. The comparative exper-

imental results are presented in Table 5.3. It is evident that the model’s performance

experiences a significant decline following the removal of fuzzy techniques. This observa-

tion demonstrates the capability of the applied fuzzy techniques in effectively capturing

the inherent uncertainty within interval-valued data.

Furthermore, in Fig. 5.2, we depict the evolution of classification accuracy on the

target domain as a function of the number of epochs for the tasks S→O and W→O. It is

noteworthy that in Figs. 5.2(a) and 5.2(b), the performance of SP-TSF w/o fuzzy exhibits

substantial oscillations and a declining trend with increasing epochs, in stark contrast

to the stability and improvement observed in our proposed method. These collective

findings not only underscore the performance enhancement afforded by fuzzy techniques

but also highlight their role in bolstering the robustness of our model.
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Table 5.3: Accuracy (mean %) for analyzing the influence of fuzzy techniques.

Standards Methods 1st 2st S→O O→S S→W W→S O→W W→O Average
Midpoint Source Only w/o fuzzy 80.13 64.34 76.38 76.64 63.70 67.47 60.22 72.46 70.17

Source Only 80.45 77.47 74.20 74.50 71.94 73.35 71.14 72.50 74.44
Two Side Source Only w/o fuzzy 77.59 62.42 81.52 80.27 69.02 78.25 64.77 75.68 73.69

Source Only 85.56 77.31 78.25 77.21 75.30 78.37 70.71 75.81 77.32
SP-TSF w/o fuzzy 80.47 64.01 81.95 81.88 74.06 80.60 73.38 80.14 77.06

SP-TSF 86.23 80.44 83.65 82.47 75.61 81.20 74.19 81.93 80.72

(a) S→O (b) W→O

Figure 5.2: Classification accuracy on the target domain varies with the number of epochs.
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5.5.6 Ablation Study

To validate the soundness of our model’s construction, we conducted an ablation study.

The variants utilized in this study are denoted as follows: SP-TSF w/o pse that removes

Lpre in Eq. (5.25); SP-TSF w/o IMMD that removes the distribution alignment via

minimizing interval maximum mean discrepancy, i.e., delete d2
MMD(D̄S ,D̄T ) in Eq.

(5.25). The experimental results of this ablation study on both synthetic and real-world

datasets are presented in Tables 5.1 and 5.2. A comparison between SP-TSF w/o pse

and the proposed full model exposes the efficacy of the self-supervised pseudo-labeling

strategy in obtaining reliable pseudo-labels for the target data. Similarly, a comparison

between SP-TSF w/o IMMD and SP-TSF underscores the advantageous properties of

the designed interval maximum mean discrepancy in achieving distribution alignment

between the interval-valued source and target domains.

5.6 Summary

In this chapter, we identify a challenging real-world problem called DAINO, which in-

volves improving the classification accuracy of an unlabeled target domain by leveraging

knowledge from a source domain with sufficient labeled data where both domains only

contain interval-valued observations.

Given the absence of existing literature on the DAINO problem, we derive an upper

bound on the risk within a target domain. These bounds elucidate three principal ele-

ments that necessitate consideration to minimize risk in the target domain featuring

interval-valued observations. Drawing upon the theoretical analysis presented in Section

5.3, we develop a novel theoretically-guided model employing T-S fuzzy rules and a

self-supervised pseudo-labeling strategy to tackle DAINO problems. Extensive experi-

mentation on both synthetic and real-world datasets not only validates the soundness of
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our theoretical analysis but also demonstrates the superior performance of our algorithm

compared to several competitive baselines.

5.7 Appendix

5.7.1 Proof of Lemma 5.1

According to Definitions 4.6 and 5.2, we have

disc(D̄S,D̄T)= sup
(h,h′

)∈H ×H

|ED̄S
[ℓ(h,h

′
)]−ED̄T

[ℓ(h,h
′
)]|

= 1
2

sup
(h,h′

)∈H ×H

|EDl
S
[ℓ(h,h

′
)]+EDr

S
[ℓ(h,h

′
)]−EDl

T
[ℓ(h,h

′
)]|−EDr

T
[ℓ(h,h

′
)]|

≤ 1
2

sup
(h,h′

)∈H ×H

|EDl
S
[ℓ(h,h

′
)]−EDl

T
[ℓ(h,h

′
)]|+ 1

2
sup

(h,h′
)∈H ×H

|EDr
S
[ℓ(h,h

′
)]−EDr

T
[ℓ(h,h

′
)]|

= 1
2

disc(Dl
S,Dl

T)+ 1
2

disc(Dr
S,Dr

T).

5.7.2 Proof of Lemma 5.2

By Theorem 4.1 and using the definition of disc, for any δ> 0, with probability at least

1−δ, the following inequality holds for any h,h
′ ∈H :

d̂isc(D̄, S̄ X̄ )= |RD̄(h,h
′
)− R̂D(h,h

′
)|

≤ 2
p

2 LℓRS̄X̄
(H )+Cℓ

√
log(1/δ)

2m

≤ 2
p

2 LℓR̂S̄X̄
(H )+3Cℓ

√
log(2/δ)

2m
.
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5.7.3 Proof of Corollary 5.1

According to Eq. (5.8), for any δ > 0, with probability at least 1−δ over the choice of

sample S̄ X̄ , we have

d̂isc(D̄, S̄ X̄ )≤ 2
p

2 LℓR̂S̄X̄
(H )+3Cℓ

√
log(2/δ)

2m
.(5.26)

Then, the final results are obtained by using the triangle inequality twice

disc(D̄S,D̄T)≤ d̂isc(Su,D̄S)+ d̂isc(D̂T ,Tu)+ d̂isc(Su,Tu),

and by applying the Eq. (5.26) to d̂isc(Su,D̄S) and d̂isc(D̂T ,Tu).

5.7.4 Proof of Theorem 5.1

For any h ∈H . Applying the triangle inequality to ℓ and incorporating Eqs. (4.2)(5.6)(5.9)

gives the following result

RD̄T
(h)≤ RD̄T

(h,h∗)+RD̄T
(h∗, fT)≤ RD̄T

(h∗)+disc(D̄S,D̄T)+RD̄S
(h,h∗)

≤ RD̄T
(h∗)+disc(D̄S,D̄T)+RD̄S

(h)+RD̄S
(h∗)= RD̄S

(h)+disc(D̄S,D̄T)+λ

≤ R̂D̄(h)+ 1
2

d̂isc(Sl
u,T l

u)+ 1
2

d̂isc(Sr
u,Tr

u)+2
p

2 Lℓ(2R̂Su (H )+R̂Tu (H ))

+3Cℓ(2

√
log(6/δ)

2ms
+

√
log(6/δ)

2mt
)+λ.
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6
MULTI-SOURCE DOMAIN ADAPTATION WITH

INTERVAL-VALUED TARGET DATA

6.1 Introduction

Remarkable achievements have been made in both theoretical and applied aspects of

domain adaptation [93]. The most successful application areas include computer vision

[44], biology [164], and natural language processing [123]. Recently, researchers have

focused on more realistic and challenging domain adaptation problems, such as MSDA

[117], and SFDA [83]. Specifically, MSDA [79] utilizes knowledge from multiple source

domains to enhance prediction performance on the target domain. SFDA [37] involves

source data that is unavailable during the adaptation process.

Most existing MSDA works [117] operate under the common assumption that the

target domain only contain crisp-valued data [65]. However, in some real-world sce-

narios, we may encounter a situation where fully labeled data from multiple sources

with crisp-valued features is available, but the target data is unlabeled and charac-
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terized by interval-valued features [8, 38]. For example, a company operates multiple

manufacturing facilities that produce similar but slightly different equipment. Each

facility generates fully labeled data with crisp-valued features related to the performance

and operational conditions of their machines. However, the company also has a central

database that collects data from various sensors installed across all facilities, creating

an unlabeled dataset characterized by interval-valued features. These sensors might cap-

ture measurements such as temperature ranges, vibration levels, or pressure intervals,

which can vary due to different setups, environmental conditions, or machinery versions

across facilities. The objective here is to develop a predictive maintenance model for the

central database (unlabeled target data) by leveraging the knowledge and labeled data

from multiple manufacturing facilities (fully labeled multiple source data).

Hence, in this chapter, we focus on a more realistic and challenging problem known

as MSDA with interval-valued target data, aimed at addressing the aforementioned

specific scenarios. This discrepancy in data representation poses a significant obstacle

to effectively utilizing the wealth of information present in multiple source domains to

improve the performance of models on the unlabeled target data. Traditional MSDA

techniques [117] struggle to handle this unique scenario where the target data features

are represented as intervals, limiting their applicability and performance.

To effectively tackle the proposed problem, two main challenges need to be resolved.

The first challenge is how to handle the interval-valued target data. The second challenge

is how to fully utilize the previously acquired knowledge obtained from multiple source

domains. On one hand, interval-valued features contain a significant level of uncertainty

compared to typical crisp-valued features. On the other hand, the correlation between

each crisp-valued source domain and the interval-valued target domain cannot be clearly

measured by traditional methods due to the presence of uncertainty. Therefore, in

addressing these two main challenges, we need to account for the impact of these
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uncertain problems.

Fuzzy techniques, such as fuzzy rule-based systems [140], fuzzy clustering [75],

and fuzzy relations [25], were specifically designed to deal with uncertainty and im-

precision. Most non-fuzzy methods [79, 176] typically assume crisp-valued data and

deterministic relationships, which may not accurately capture the inherent uncertainty

and imprecision present in real-world scenarios. Moreover, they often find it difficult

to provide robust and reliable predictions or decisions when confronted with uncertain

data. Recently, researchers have integrated fuzzy techniques [75, 140] into machine

learning algorithms to solve various uncertain problems, such as handling outliers [55]

and analyzing imprecise or noisy data [71]. These advancements have demonstrated the

advantages of incorporating fuzzy techniques in handling uncertain problems. Motivated

by the benefits of fuzzy techniques, we propose two fuzzy technique-based frameworks to

effectively address the two main challenges posed by the proposed problem.

The first framework, called fuzzy multi-adversarial training neural networks (FUMAT-

Net), contains four main components: i) fuzzy transformation function, ii) feature extrac-

tor, iii) adversarial training, and iv) classifiers. This fuzzy transformation function, that

proposed in Chapter 4, is used to extract crisp-valued infromation from interval-valued

features. Second, a feature extractor is designed to extract common representations from

the multiple source domains and crisp-valued information of the target domain. Then,

we apply adversarial training [48] to align the distribution between the multiple source

domains and the target domain. Finally, we train the multiple classifiers to simultane-

ously minimize the misclassification loss on the multiple source domains and prediction

discrepancy of the data in the target domain. In addition, we propose a new fuzzy relation

to measure the correlation between the multiple source domains and the target domain.

Further, this fuzzy relation is applied to select the optimized shape parameter β of the

fuzzy transformation function and to derive the weight vector for the final prediction of
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the target samples, which can improve the performance of FUMAT-Net.

The second framework, called fuzzy distance-based information maximization neural

networks (FDIM-Net), consists of two main components. The first component utilizes

the same fuzzy transformation function to extract valuable crisp-valued information

from the interval-valued target data. Additionally, we prove a theorem (Theorem 6.2)

that provides guidance on how to appropriately combine multiple outputs for the final

prediction and the multiple losses trained on the multiple classifiers. Building upon this

analysis, we propose four different types of fuzzy distances and utilize these distances to

develop a novel method for estimating the distribution discrepancy between each crisp-

valued source domain and the interval-valued target domain. The estimated distribution

discrepancy is then used to calculate a weight vector for the appropriate combination.

Utilizing the calculated weight vector, we construct the second framework. Numerous

SFDA works [80, 83] have shown improved adaptation performance on the target domain.

In addition, without access source data, the adapted model will not face the negative

impact caused by some source data that has a significantly distribution discrepancy with

the target data. Hence, FDIM-Net is devised as an SFDA model. Firstly, in training

phase, source private model is trained on the multiple source domains that contain a

share feature extractor and multiple classifiers. Since the source data is not available

during the adaptation process, our model mitigates domain gap by minimizing the

information maximization loss [83] on the extracted target crisp-valued information.

Subsequently, an additional loss [117] is introduced to minimize the discrepancy among

all classifiers, thereby bolstering prediction reliability in the target domain. Ultimately,

during the testing phase, predictions for the target data are obtained through a weighted

combination of outputs from multiple classifiers.

In our experiments, we verify the superiority of the proposed frameworks by compar-

ing them with several non-fuzzy baselines on both synthetic and real-world datasets.
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These comparisons highlight the exceptional ability of fuzzy techniques in handling

problems of uncertainty. Finally, the outcomes of the ablation study and parameter

sensitivity analysis demonstrate the rationality of the proposed fuzzy techniques-based

method.

The main contributions of this chapter are as follows.

1. It identifies a more realistic and challenging problem known as MSDA with interval-

valued target data. In many real-world scenarios, the collection of imprecise data,

such as interval-valued data, is inevitable. Thus, it becomes necessary to find an

effective approach for analyzing these types of data. In our identified problem,

we aim to enhance the prediction performance on interval-valued target data by

leveraging the knowledge derived from multiple source data with crisp-valued

features.

2. To address this identified problem, we develop two frameworks based on fuzzy

techniques. The first is based on fuzzy relation and the second is based on fuzzy

distance.

3. Experiments conducted on both synthetic and real-world datasets validate the

superior performance of our proposed MSDA models compared to several state-of-

the-art non-fuzzy methods in addressing the proposed problem.

6.2 Problem Setting

In this section, we introduce the problem of MSDA with interval-valued target data. Let

X ⊂Rp be the input space with crisp-valued observations and D as the distribution of
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the input space X . Next, the ground truth function of X is defined as:

f : X →RK

(x1, · · · , xp)⊤ → ( f1(x), · · · , fK (x))⊤.(6.1)

If x ∈X belongs to the C-th class, then fC(x)= 1 and for any k ∈ [K],k ̸= C, fk(x)= 0.

Let H be the hypothesis set and for any h ∈H ,

h : X → RK

(x1, · · · , xp)⊤ → (h1(x), · · · ,hK (x))⊤.(6.2)

The loss function of h is defined as,

ℓ : RK ×RK →R+.(6.3)

Let LH = {ℓ(h
′
(x),h(x)) : h,h

′ ∈ H ,x ∈ X } be the class of loss functions associated

with H .

Let x̄= (x̄1, · · · , x̄p)⊤ be a p-dimension interval-valued vector, where x̄ j = [xl
j, xr

j], j ∈ [p].

Here, we denote [p]= {1, · · · , p}. R̄ denotes the set of all real-valued intervals (closed) and

R̄p denotes as the set of all p-dimension interval-valued vectors, i.e., R̄= {[xl, xr] : xl, xr ∈
R, xl ≤ xr} and R̄p = {([xl

1, xr
1], · · · , [xl

p, xr
p])⊤ : xl

j, xr
j ∈ R, xl

j ≤ xr
j, j ∈ [p]}. X̄ T ⊂ R̄p denotes

as the input space of the target domain with the interval-valued observations. Next,

let g be a transformation function that aims to extract crisp-valued information from

interval-valued observations,

g : X̄ T → X T

x̄t = (x̄t
1, · · · , x̄t

p)⊤ → (g1(x̄t), · · · , gK (x̄t))⊤.(6.4)

Next, the risk is defined as follows:

RD(h)= ED[ℓ(h(x),f(x))].(6.5)
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Based on the definition of the ordinary MSDA problem, we identify our newly pro-

posed problem.

Definition 6.1 (MSDA with Interval-valued Target Data). Let S = {S 1,S 2, · · · ,S N }

denote a set of source domains with N different sources, where S n = {(xSn
i , yi)|xSn

i ∈
X n, yi ∈ Y }mn

i=1 is a single-source domain drawn i.i.d. from Dn, n ∈ [N]. Here, X n ⊂ Rp

denotes the feature space of each source domain and Y = {1,2, · · · ,K} denotes the label

space. T̄ = {x̄T
i |x̄T

i ∈ X̄ T}mt
i=1 is the unlabeled target domain, where X̄ T ⊂ R̄p is the feature

space of the target domain. Then, we denote X T = g(X̄ T) and DT as the distribution

of X T . Let fT be the ground truth function of X T . Thus, our aim is to train a classifier

ht ∈H with S and T̄ s.t. ht = argminh∈H RT̄ (h), where RT̄ (h)= Ex∼DT [ℓ(h(x),fT(x))].

6.3 Theoretical Analysis

In this section, we give the theoretical analysis of the proposed problem.

First, we review the generation bound of the target risk. The discrepancy distance

between the source and target domains discL-distance, is defined as follows:

discL(S ,T )= 2 sup
(h,h′

)∈H ×H

|ES [ℓ(h,h
′
)]−ET [ℓ(h,h

′
)]|.(6.6)

Using this notion, we have the following theorem.

Theorem 6.1 ([6]). Let H be the hypothesis set of X . Given two different domains, S

and T . Then, for any δ > 0 with a probability of at least 1−δ (over the choice of the

samples), for any h ∈H :

RT (h)≤ RS (h)+ 1
2

discL(S ,T )+λ,(6.7)

where λ= RS (h∗)+RT (h∗), h∗ = arg min
h∈H

RS (h)+RT (h).
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Let hi, i ∈ [N] be the classifier trained on the single-source domain S i. Then, the

multi-source classifier hM , which combines all single-source domain classifiers, is defined

as:

hM(x)=
N∑

i=1
ωihi(x),(6.8)

where w = (ω1, · · · ,ωN)⊤ ∈ RN is the weight vector and
N∑

i=1
ωi = 1. We note that for any

hi ∈H ,w ∈RN , hM can cover the whole of H .

Next, we derive the following theorem to bound the risk of the target domain.

Theorem 6.2. Let H be the hypothesis set of X . Let S = {S 1,S 1, · · · ,S N} denotes the

multiple source domains and T̄ is the unlabeled target domain. We denote X T = g(X̄ T)

and DT as the distribution of X T . Suppose ℓ is a convex function. Then, for any δ> 0

with a probability of at least 1−δ (over the choice of the samples), for any hi ∈H , i ∈ [N]:

RT̄ (hM)≤
N∑

i=1
ωiRS i (hi)+ 1

2

N∑
i=1

ωidiscL(S i,T )+λ.(6.9)

Proof.

RT̄ (hM)= Ex∼DT [ℓ(hM(x),fT(x))]

=
∫
DT

ℓ(
N∑

i=1
ωihi(x),fT(x))pDT (x)dx

≤
N∑

i=1
ωi

∫
DT

ℓ(hi(x),fT(x))pDT (x)dx

=
N∑

i=1
ωiRT̄ (h).(6.10)

The derivation from the second line to the third line is because ℓ is a convex function, so

we have ℓ(
N∑

i=1
ωihi(x),fT(x))≤

N∑
i=1

ωiℓ(hi(x),fT(x)). According to Eq. (6.7), we have
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RT̄ (hM)≤
N∑

i=1
ωiRT̄ (h)

≤
N∑

i=1
ωi(RS i (hi)+ 1

2
discL(S i,T )+λ)

=
N∑

i=1
ωiRS i (hi)+ 1

2

N∑
i=1

ωidiscL(S i,T )+λ(6.11)

■

This theorem indicates that the risk on the target domain is upper bounded by three

terms: the weighted risk on the multi-source domain (
N∑

i=1
ωiRS i (hi)), the weighted domain

divergence distance between each source domain and the target domain (
N∑

i=1
ωidiscL(S i,T )),

and the error of the ideal joint hypothesis (λ). Since λ does not depend on any partic-

ular hi, our focus should primarily be on minimizing the first two terms. To minimize

the first term, we train hi on each individual source domain. Regarding the reduction

of the distribution discrepancy between the source and target domains, various ap-

proaches have been explored in existing domain adaptation works, such as MMD [93]

or adversarial learning [48]. Furthermore, by assigning a smaller weight ωi to larger

discL(S i,T ), the second term can be minimized. In the next section, we propose a novel

fuzzy distance-based method for calculating the weight vector w.

6.4 Model Construction

6.4.1 Fuzzy Multi-Adversarial Training Neural Networks

This section outlines our first model called fuzzy multi-adversarial training neural

networks (FUMAT-Net). The framework of the proposed model is shown in Fig. 6.1.

First, we let g =T(x̄;β) (See Eq. (5.11)) to extract crisp-valued information from the

interval-valued observations in the target domain. Then, T =T(T̄ ;β)≜ {xT
i }mt

i=1 as the
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Multiple 
Source Domains

domain

domain

extract

target domain 
(interval-valued)

crisp-valued 
information

Share Weights

Share Weights

discriminator
domain

discriminator
domain

classifier

classifier

or

Weighted
Final Prediction

Adversarial Training

Classifiers Trained
on Source Domains

Feature Extractor

Figure 6.1: The framework of Fuzzy Multi-Adversarial Training Neural Networks
(FUMAT-Net). There are four main components: i) interval information extractor ii)
feature extractor, iii) adversarial training, and iv) classifiers. Our model takes the labeled
multi-source data with crisp-valued features and unlabeled target data with interval-
valued features as input and transfers the learned knowledge to classify the unlabeled
target samples. Without loss of generality, we show the i-th domain and j-th domain
as an example. First, we use an interval information extractor to extract crisp-valued
information from interval-valued target data. Then, the feature extractor maps the
source domains into a common feature space. The adversarial training aims to align
the distribution of the i-th and j-th source domains with the target domain. The final
predictions of target samples are obtained by the weighted outputs of the i-th and j-th
classifiers.

extracted information from T̄ . The first framework contains three main components, i.e.,

a feature extractor, adversarial training and classifiers (see Fig. 6.1).

Feature Extractor We design a feature extractor F(·) that shares weights on the

multiple source domains and the target domain to extract common representations for

all domains, which maps the features from the original feature space into a common

feature space.

Adversarial Training We apply adversarial training to align the distribution be-

tween the multiple source domains and the target domain. Let Dn,n ∈ [N] be the domain

discriminators and Dn is used to discriminate F(x),x ∈ Sn ∪T from Sn and T . The
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adversarial training loss of Dn is formulated as:

loss dn =
mn+mt∑

i=1
Ld(Dn ◦F(xi),di),(6.12)

where xi ∈Sn ∪T , Ld is the loss function for predicting the domain labels, and di is the

domain indicator (source: di = 0, target: di = 1). Then, the total adversarial training loss

is formulated as:

LD = 1
N

N∑
n=1

loss dn.(6.13)

Further, small value of loss dn,n ∈ [N] means that the distribution discrepancy

between Sn and T is large. Therefore, it is hard to transfer valuable knowledge from

this source domain with a small value of loss dn to the target domain. Based on above

discussion, the optimization process of Eq. (6.13) may spend too much computational

resources in optimizing the source domains that have large distribution discrepancy

between the target domain. Then, we reformulate Eq. (6.13) to get the following soft

version:

L ∗
D = 1

|n : Ln ≥α|
∑

n:Ln≥α

loss dn,(6.14)

where Ln = loss dn/
∑N

n=1 loss dn,n ∈ [N]. L ∗
D only considers to align the distribution

between the source domain and the target domain with Ln ≥ α,n ∈ [N],α ∈ [0,1]. We

called this soft version as FUMAT-Net∗.

Classifiers on Multiple Source Domains Let Cn,n ∈ [N] be classifiers on multiple

source domains and Cn is design to minimize the misclassification loss on Sn. Then, the

overall classification loss is shown as follow:

LC = 1
N

N∑
n=1

mn∑
i=1

Lc(Cn ◦F(xSn
i ), yi),(6.15)

where Lc is the loss function for the category label prediction. In addition, there is only

one target domain. Intuitively, the same target sample predicted by different classifiers
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Cn should get the same prediction. Hence, we need to minimize the discrepancy among

all classifiers. In this paper, the absolute values of the difference between all pairs of

classifiers’ probabilistic outputs of target sample are applied as discrepancy loss:

Ldisc =
2

N(N −1)

∑
1≤i< j≤N

mt∑
k=1

|Ci ◦F(xT
k )−C j ◦F(xT

k )|.(6.16)

In training process, Dn,n ∈ [N] is connected to F via a gradient reversal layer that

multiplies the gradient during the backpropagation-based training, which is inspired

by DANN [48]. Let θ f be the parameter of F, θdn be the parameters of the domain

discriminator Dn and θcn be the parameters of the classifier Cn. Then, the overall

training objective of FUMAT-Net is formulated as:

min
θ f ,θc1 ,··· ,θcN

max
θd1 ,··· ,θdN

Ltotal ,(6.17)

Ltotal =LC +λLD +γLdisc,

where the parameters λ and γ are used to trade-off the adversarial training loss and

discrepancy loss with the classification loss, respectively. For FUMAT-Net∗, we replace

LD to L ∗
D in above objective.

In the testing phase, testing data from the target domain are forwarded through

the feature extractor and the N classifiers. The final prediction of the data in the

unlabeled target domain is the weighted average of the outputs from the N classifiers,

i.e., ŷT =
N∑

n=1
wnCn ◦F(xT).

During above process, how to choose the shape parameter β and how to derive the

weight vector W = (w1, · · · ,wN)⊤ are two critical problem. To address these problems,

a new fuzzy relation R is designed to measure the correlation between the multiple

source domains and the target domain. Next, the definition of this new fuzzy relation R

is shown as follow.

Definition 6.2. Given m fuzzy vectors, x̃i = (x̃i1, · · · , x̃ip)⊤, i ∈ [m], where µx̃il (t) is the

136



6.4. MODEL CONSTRUCTION

membership function of x̃il . We define an operator R : (x̃i, x̃ j)→ [0,1], where

R(x̃i, x̃ j)= 1−

p∑
l=1

|∫ tµx̃il (t)dt−∫
tµx̃ jl (t)dt|2

Rmax
,

Rmax = max
1≤i, j≤m

p∑
l=1

∣∣∣∣∫ tµx̃il (t)dt−
∫

tµx̃ jl (t)dt
∣∣∣∣2 .

Obviously, R satisfies the reflexivity and symmetry, so R is a fuzzy relation. Then,

we apply this fuzzy relation to measure the correlation between the multiple source

domains and the target domain. Let Cor(Sn,T̄ ) denote as the correlation between Sn

and T̄ , where

Cor(Sn,T̄ )=

mn∑
i=1

mt∑
j=1

R(x̃Sn
i , x̃T

j )

N∑
n=1

mn∑
i=1

mt∑
j=1

R(x̃Sn
i , x̃T

j )
.

Here, x̃Sn
i = (x̃Sn

i1 , · · · , x̃Sn
i1 ) is a fuzzy vector that the membership function of x̃Sn

ik ,k ∈ [p] is

denoted as

µx̃Sn
ik

(t)=


1, t = xSn

ik

0, else,

and x̃T
j =F(xT

j ). The larger Cor(Sn,T̄ ), the more similar between Sn and T̄ . Therefore,

we select the parameter β from {0,0.1, · · · ,1} that can achieve the largest maxn∈[N] Cor(Sn,T̄ ),

i.e.,

β∗ = argmax
β∈{0,0.1,··· ,1}

{max
n∈[N]

Cor(Sn,T̄ )}.

In addition, we set wn =Cor(Sn,T̄ ),n ∈ [N] to handle the second problem.

6.4.2 Fuzzy Distance-based Information Maximization Neural

Networks

This section outlines our second model called fuzzy distance-based information maximiza-

tion neural networks (FDIM-Net). The overall framework of FDIM-Net is shown in Fig
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Figure 6.2: FDIM-Net framework. In the training process, we first calculate the weight
vector and train the feature extractor and each classifier on each single source domain.
Then, target data is applied to adapt the feature extractor by minimizing the information
maximization loss and discrepancy loss. In the testing phase, the final prediction of the
data in the unlabeled target domain is the weighted average of the outputs from the
multiple classifiers.

6.2. which comprises three main components, i.e., a feature extractor F, a target-specific

feature adaptor FT and multiple classifiers Cn,n ∈ [N].

6.4.2.1 Fuzzy Distance-based Fuzzy Kernel Function

We first introduce four distinct fuzzy distances designed to measure the distance between

fuzzy numbers. These proposed fuzzy distances serve as the foundation for identifying a

new fuzzy kernel function, which quantifies the correlation between the multiple source

domains and the target domain.

First, a formal definition of fuzzy distance is present which is a natural extension of

Euclidean distance.

Definition 6.3. Let FR be a set of all fuzzy real numbers induced by the real number

system R. Let d̃ : FR×FR →R denote a fuzzy distance if it obeys the following properties:
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• Symmetric: ∀Ã1, Ã2 ∈FR, d̃(Ã1, Ã2)= d̃(Ã2, Ã1).

• Positive:∀Ã1, Ã1 ∈FR, d̃(Ã1, Ã2)> 0, while ∀Ã ∈FR, d̃(Ã, Ã)= 0.

• Triangle inequality : ∀Ã1, Ã2, Ã2 ∈FR, d̃(Ã1, Ã2)+ d̃(Ã2, Ã3)≥ d̃(Ã1, Ã3).

For Ãi = (Ã i1, · · · , Ã ip)⊤ ∈FRp , i = 1,2, d̃(Ã1,Ã2)=
p∑

j=1
d̃(Ã1 j, Ã2 j).

Fuzzy distance gives a crisp value to measure the distance between two fuzzy num-

bers, which helps us intuitively feel the direct discrepancy between two fuzzy numbers.

Next, we present four different types of fuzzy distances. Let Ã1, Ã2 ∈ FR be two fuzzy

numbers with fuzzy membership functions µÃ1
(t),µÃ2

(t) and [ÃL
α, ÃU

α ] is the α-cut of a

fuzzy number Ã. Then, the four different types of fuzzy distances are defined as follows:

Type 1. d̃1(Ã1, Ã2)= |
∫

µÃ1
(t)dt−

∫
µÃ2

(t)dt|.

Type 2. d̃2(Ã1, Ã2)= |
∫

tµÃ1
(t)dt−

∫
tµÃ2

(t)dt|.

Type 3. d̃3(Ã1, Ã2)= [
1∫

0

(Ã1
U
α − Ã2

U
α )2dt−

1∫
0

(Ã1
L
α − Ã2

L
α)2dα]

1
2 .

Type 4.[144] d̃4(Ã1, Ã2)=


1∫
0

[( Ã1
L
α+Ã1

U
α

2 − Ã2
L
α+Ã2

U
α

2 )2 + 1
3 ( Ã1

U
α −Ã1

L
α

2 )2 + 1
3 ( Ã2

U
α −Ã2

L
α

2 )2]αdα

1∫
0
αdα]


1
2

The first two are based on fuzzy membership functions and the last two are based

on the α-cut. According to Definition 6.3, we can easily prove d̃1, d̃2, d̃3, d̃4 are all fuzzy

distances. Based on the four defined fuzzy distances, the distribution discrepancy between

the source and target domains can be estimated. MMD is the most common statistic used

to estimate the discrepancy between two different distributions. Let S = {(xS
i , yi)|xS

i ∈
X , yi ∈Y }ms

i=1 and T̄ = {x̄T
i |x̄T

i ∈ X̄ T}mt
i=1. From [53], we can estimate MMD using the U-

statistic estimator that is unbiased for MMD2 and has nearly minimal variance among
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unbiased estimators:

�MMD
2
u(S ,T̄ ;k)= 1

ms(ms −1)

ms∑
i=1

ms∑
j ̸=i

k(xS
i ,xS

j )+ 1
mt(mt −1)

mt∑
i=1

mt∑
j ̸=i

k(x̄T
i , x̄T

j )

− 2
msmt

ms∑
i=1

mt∑
j=1

k(xS
i , x̄T

j ),(6.18)

where k(·, ·) is a kernel function. In the proposed problem, the target domain only contains

interval-valued data so traditional kernel functions can not be used. A large degree of

uncertainty exists in the interval-valued data. Fuzzy techniques can improve machine

learning algorithms by providing a way to handle different types of uncertain problems.

Therefore, we apply fuzzy techniques to handle the above problem. First, we design

two fuzzilization functions f̃s, f̃ t to transfer crisp-valued data (xS
i ) and interval-valued

data (x̄T
i ) into fuzzy-valued data. f̃ t(·;β) = Ft(·;β) (See Eq. (5.11)). Then, a new fuzzy

distance-based kernel function is defined:

kd̃(x̃i, x̃ j)= exp

(
− d̃(x̃i, x̃ j)2

2σ2

)
,(6.19)

where d̃ ∈ {d̃1, · · · , d̃4}. Then, Eq. (6.18) can be revised by using this fuzzy distance-based

kernel function:

�MMD
2
u(S ,T̄ ;kd̃, f̃s, f̃ t)= 1

ms(ms −1)

ms∑
i=1

ms∑
j ̸=i

kd̃( f̃s(xS
i ), f̃s(xS

j ))

+ 1
mt(mt −1)

mt∑
i=1

mt∑
j ̸=i

kd̃( f̃ t(x̄T
i ), f̃ t(x̄T

j ))

− 2
msmt

ms∑
i=1

mt∑
j=1

kd̃( f̃s(xS
i ), f̃ t(x̄T

j )).(6.20)

Let dMMD = (dMMD
1 , · · · ,dMMD

N )⊤, where each dMMD
n = �MMD

2
u(S n,T̄ ;kd̃, f̃s, f̃ t),n ∈ [N] is

the estimate of distribution discrepancy between S i and T̄ . According to the theoretical

analysis in Section 6.3, the weight vector w= (ω1, · · · ,ωN)⊤ is calculated as follows:

w=d
′
/

N∑
n=1

d
′
n,d

′ = 1− dMMD

maxn∈[N] |dMMD
n | .(6.21)
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From Eq. (6.21), larger dMMD
n , smaller ωn and

∑N
n=1ωn = 1.

However, the data in the multiple source domains are crisp-valued from our setting,

we need to design a fuzzification function f̃s (see Eq. (6.20)) to transfer them in to

interval-valued features. Let xSn
i = (xSn

i1 , · · · , xSn
ip )⊤ be crisp-valued data in the source

domain S n,n ∈ [N]. f̃s is defined as follows:

f̃s(xSn
i )= ( f̃s(x

Sn
i1 ), · · · , f̃s(x

Sn
ip ))⊤,

f̃s(x
Sn
i j )=Tr(xSn

i j −ϵ, xSn
i j , xSn

i j +ϵ), j ∈ [p].

where x̃ =Tr(a1,b1,a2) is a a triangular fuzzy number.

6.4.2.2 Source Private Model Training

First, we train the feature extractor F and multiple classifiers Cn,n ∈ [N] to obtain the

multiple source private model. Feature extractor F shares weights across multiple source

domains. Let hn = Cn ◦F,n ∈ [N]. The overall classification loss on the multiple source

domain S is shown as follows:

LC =
N∑

n=1
ωnℓc(hn(xSn), y),(6.22)

where ℓc is the loss function for the category label prediction. w = (ω1, · · · ,ωN)⊤ is the

weight vector that is calculated by our proposed fuzzy distance-based method (see Eq.

(6.21)). The commonly used loss is the cross-entropy loss function. In this paper, we apply

the adjusted cross-entropy loss function with the label smoothing technique to increase

the discriminability as proposed in [106].

6.4.2.3 Crisp-valued Information Extracting

Similar as the first proposed model, we let g =T(x̄;β) (See Eq. (5.11)) to extract crisp-

valued information from the interval-valued observations in the target domain. During

this process, how to choose the shape parameter β is a critical problem. We apply the
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estimate of distribution discrepancy dMMD
n = �MMD

2
u(S n,T̄ ;kd̃, f̃s, f̃ t),n ∈ [N] to address

this problem. Specifically, parameter β is selected from {0,0.1, · · · ,1} that can obtain the

smallest
∑N

n=1 dMMD
n , i.e.,

β∗ = arg min
β∈{0,0.1,··· ,1}

N∑
n=1

dMMD
n .(6.23)

The selected β∗ makes the distribution between S and T̄ closer. Therefore, we can more

easily adapt the trained multiple source private model to fit the target domain.

6.4.2.4 Target-specific Feature Adaptation

During adaptation process on the target domain, we can not access the source data, only

the trained source private model is available. Therefore, a target-specific feature adaptor

is designed to fine-tun the learned feature extractor from multiple source domains.

This process promotes the feature extractor to extract target-specific representations.

Inspired by [83], the information maximization (IM) loss is adopted to achieve this

purpose. Adopting the IM loss will ensure that the target outputs are individually

certain yet globally diverse. This implies that the target outputs can be similar to one-hot

encoding but differ from each other. This particular form represents the ideal target

outputs when mitigating the gap between the source and target domain. Therefore, the

IM loss stands as a powerful tool for SFDA. The adaptation loss is shown as follows:

LIM =
N∑

n=1
ωnℓIM(hn(xT)),(6.24)

where xT = g(x̄T ;β) and ℓIM is the IM loss function. ℓIM is defined as follows:

ℓIM(hn(xT))=−ExT

K∑
k=1

δk(hn(xT)) log(δk(hn(xT)))(6.25)

+
K∑

k=1
ExT (δk(hn(xT))) logExT (δk(hn(xT))),

where δk(a) denotes the k-th element in the soft-max output of a K-dimensional vector

a.
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Additionally, we try to minimize the discrepancy among all classifiers. In this chapter,

the absolute values of the difference between all pairs of classifiers’ probabilistic outputs

of the target sample are applied as discrepancy loss:

Ldisc =
2

N(N −1)

∑
1≤i< j≤N

mt∑
k=1

|δ(hi(xT
k ))−δ(h j(xT

k ))|.(6.26)

Then, the overall training objective of our proposed model is formulated as:

Ltotal =LC +LIM +λLdisc,(6.27)

where parameters λ are used to trade-off Ldisc with LC and LIM .

In the testing phase, the final prediction of the data in the unlabeled target domain

is the weighted average of the outputs from the N classifiers, i.e.,

ŷT = argmax
k∈[K]

N∑
n=1

wnδk(hn(xT)).

More details of FDIM-Net are provided in Algorithm 5. Step 2 aims to select the

optimal parameter β∗ for the fuzzy transformation function. Step 3 involves calculating

the extracted information from the interval-valued target domain and the weight vector

w. Steps 4 to 6 encompass the process of training models on multiple source domains

based on Eq. (6.22). Subsequently, the trained source models are adapted to the target

domain by minimizing L IM (see Eq. (6.24)) and Ldisc (see Eq. (6.26)) in Steps 7 to 8.

Finally, Step 9 predicts the data in the unlabeled target domain via the weighted average

of the outputs from the learned multiple classifiers. Furthermore, our algorithm does not

require access to the source data during the adaptation process, making our proposed

method an SFDA method. The source data owners can simply send the trained models to

the target data owner for model adaptation. Therefore, if the source data owners and the

target data owner belong to different entities, applying our method can prevent source

data privacy leakage.
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Algorithm 5 FDIM-Net
Input: data S n = {(xSn

i , yi)|xSn
i ∈X n, yi ∈Y }mn

i=1,n ∈ [N], T̄ = {x̄T
i |x̄T

i ∈ X̄ T }mt
i=1, learning rate LR,

epochs T0,Tmax, and optimization algorithm (Stochastic Gradient Descent (SGD) [11] is selected);
Initial: parameters of F,C1, · · · ,CN ;
1: Select optimal parameter β∗ according to Eq. (6.23);
2: Compute T = g(T̄ ;β∗)≜ {xT

i }mt
i=1 and weight vector w according to Eq. (6.21);

3: Fetch mini-batches from S n,n ∈ [N];
4: for i = 1,2, . . . ,T0 do ( // Train on the multiple source domains)
5: Train F,C1, · · · ,CN with mini-batches from S n,n ∈ [N] to minimize LC (see Eq. (6.22));
6: end for
7: Fetch mini-batches from T ;
8: for T = 1,2, . . . ,Tmax do ( // Adapt trained source model for the target domain)
9: Train F,C1, · · · ,CN with mini-batches from T to minimize L IM (see Eq. (6.24)) and Ldisc

(see Eq. (6.26));
10: end for

Output: ŷT = argmaxk∈[K]
N∑

n=1
wnδk(hn(xT )).

6.5 Experiments

In this section, we initially compare the performance of our proposed second model

using four different fuzzy distances on synthetic datasets to determine the most suitable

fuzzy distance. Subsequently, we validate the effectiveness of the proposed algorithms in

addressing the proposed problem by comparing it with several baseline methods in terms

of classification accuracy on both synthetic and real-world datasets. Finally, we conduct

experiments to present the results of the ablation study and the parameter sensitivity

analysis of our proposed method.

6.5.1 Baselines

First, we briefly introduce several state-of-the-art baselines for comparison with our

proposed algorithms. Since no existing algorithm can be used to directly address the

proposed problem, we use the midpoint of each interval-valued feature to convert the

interval-valued datasets into crisp-valued datasets. Then, the baseline methods can be

used to solve the proposed problem. Single-domain adaptation algorithms include:
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• DAN: Deep Adaptation Network [93];

• DANN: Domain-adversarial Neural Network[48];

• CDAN: Conditional Domain Adversarial Networks [94];

• DWL: Dynamic Weighted Learning [159].

• G-SFDA: Generalized source-free domain adaptation [168].

MSDA algorithms include:

• M3SDA: Moment Matching [117];

• CMSS: Curriculum Manager for Source Selection [167];

• SHOT: Source Hypothesis Transfer with Information Maximization [83];

• LtC-MSDA: Learning to Combine [150];

• CAiDA: Confident anchor-induced [39];

• PTMDA: Multi-source Unsupervised Domain Adaptation via Pseudo Target Do-

main [124];

• SF-FDN: Source-Free Multi-Domain Adaptation with Fuzzy Rule-based Deep

Neural Networks [80].

The term “Source model only" refers to the use of the complete model trained on the source

domain for target label prediction. In the case of single-domain adaptation algorithms,

we employ two standards for evaluation. (1) Single Best: we report the best performance

of the single-source domain adaptation algorithm among all single source domains. (2)

Source Combine: We combine all multiple source domains into a single source domain,

and then domain adaptation is performed in a traditional single-domain adaptation

scenario.
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Table 6.1: Parameter setting of our method.

Parameter Synthetic dataset Real-world dataset

Learning rate LR 0.01 0.01

T0 50 50

Tmax 500 100

ϵ 0.0001 0.0001

σ 0.5 0.5

Batch size 100 500

6.5.2 Experimental Setup

The parameter settings are presented in Table 6.1. The trade-off parameter λ was set

to match that of DANN [48] to ensure a fair comparison. For consistency, the feature

extractor used in all methods was a three-layer network with ReLU activation and

Dropout applied in all layers. The hidden layer consisted of 100 units across all layers.

The classifiers of our proposed algorithms and all baselines were implemented as one-

layer networks with dimensions of (100×#classes). Stochastic gradient descent (SGD)

[11] was employed as the optimization algorithm for all methods, with a momentum

of 0.9 and a weight decay of 1×10−8. The final experiment results were obtained by

averaging the outcomes of 5 repeated experiments. Classification accuracy was used as

the evaluation metric for the performance on the target domain across all methods.

Data Generation: To generate our synthetic datasets, we propose an intervaliza-

tion method designed for our problem setting. Firstly, a crisp-valued dataset with K

categories was generated using a random number generator, denoted as T = {(xi =
(xi1, · · · , xip)⊤, yi)}n

i=1. Subsequently, we utilized the generated crisp-valued dataset to

construct the interval-valued dataset T̄ = {x̄i = (x̄i1, · · · , x̄ip)⊤, yi}n
i=1, where each x̄i j is

an interval characterized by [xi j −ai j, xi j +bi j]. Here, ai j ∼U[a1,b1],bi j ∼U[a2,b2] and

U[a,b] denotes a uniform distribution over [a,b].
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Table 6.2: Parameter setting to generate the synthetic dataset.

Parameter S1 S1 S1 T̄

M 500 500 500 500

K 3 3 3 3

p 2 2 2 2

C [0.5, 1.8, 3.5] [1.2, 1.5, 2] [2, 1, 1.5] [0.6, 1, 3.5]

R (-5, 10) (5, 15) (-15, 5) (-10, 10)

[a1,b1], [a2,b2] - - - [0.1, 0.5], [2, 4]

(a) The first source domain. (b) The second source domain. (c) The third source domain. (d) The target domain.

Figure 6.3: Synthetic datasets. (a),(b),(c) depict the samples from the generated multiple crisp-valued source domains and (d)
depicts the samples from the generated interval-valued target domain.
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Next, we describe the construction of a synthetic dataset designed to align with

our identified problem setting. In this chapter, we utilize a Gaussian data generator

denoted as G(M,K , p,C,R) as a random number generator. Here, M represents the

number of generated data points, K represents the number of categories, p represents

the dimension of the generated data, C controls the standard deviations of the generated

categories, and R controls the ranges of the generated data. Subsequently, we apply

this data generator to generate multiple source domains S = {S 1,S 1, · · · ,S N} using

G(Ms
i ,K , p,Cs

i ,R
s
i ) for i ∈ [N]. Additionally, a crisp-valued target dataset T is generated

using G(M t,K , p,Ct,Rt). Finally, we employ the intervalization method mentioned earlier

to generate the interval-valued target domain T̄ .

Following the data generation mechanism described above, we generated a synthetic

dataset consisting of three source domains and one target domain. The parameter values

used for the dataset generation are provided in Table 6.2. Visualizations of the samples

in the generated synthetic dataset are depicted in Fig. 6.3.

Experiments Description: In the first experiment, we evaluate the performance

of FDIM-Net using four different fuzzy distances on the synthetic dataset to select the

optimal fuzzy distance. In subsequent experiments, we employ the selected optimal fuzzy

distance to obtain the experiment results of FDIM-Net. Furthermore, we validate the

effectiveness of our proposed algorithms by comparing it with several baselines in terms

of classification accuracy on the synthetic dataset.

Results and Analysis: Figure 6.4 illustrates the experimental results of the first

experiment, indicating that the type 3 fuzzy distance achieves the best performance

compared to the other types. This can be attributed to the fact that the type 3 fuzzy

distance allows for the selection of the optimal shape parameter β. By utilizing the

optimal shape parameter β, our proposed method can effectively extract valuable crisp-

valued information from the interval-valued target domain.
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Figure 6.4: Classification accuracy on the synthetic dataset with different fuzzy distances.

(a) Source only. (b) Ours.

Figure 6.5: The t-SNE visualizations of the target data features on the synthetic dataset.

The comparison results on the synthetic dataset are presented in Table 6.3. The

table clearly shows that our proposed method outperforms all non-fuzzy baselines,

thereby demonstrating the superiority of the proposed fuzzy techniques-based method in

addressing our proposed problems. Fig. 6.5 depicts the data visualization of the target

data features within the synthetic dataset. It is observable that after the application of

FDIM-Net for adaptation, the target classes are distinctly separated from each other.

Only a small portion of the target data exhibits less pronounced separation.

Additionally, we observe that the results obtained from the ‘Single Best’ methods

surpass those obtained from the ‘Source Combine’ methods and most multi-source
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Table 6.3: Performance Comparison of Classification Accuracy on the synthetic dataset.

Standards Methods Mean accuracy(%) STD(%) Time(s)

Source model only 85.08 1.15 41.7

DAN[93] 85.64 1.20 52.3

Single Best DANN[48] 86.36 0.75 42.3

CDAN+E[94] 85.88 0.79 65.6

DWL[159] 86.95 0.75 156.3

G-SFDA[168] 85.85 0.55 178.6

Source model only 73.88 2.96 13.9

DAN[93] 73.96 4.89 17.4

Source Combine DANN[48] 74.04 2.09 14.1

CDAN+E[94] 76.28 5.61 21.9

DWL[159] 82.20 1.02 52.1

G-SFDA[168] 72.32 1.06 59.6

M3SDA[117] 84.84 0.77 36.1

CMSS[167] 76.40 3.66 33.1

SHOT[83] 86.44 1.20 56.8

Multi-source LtC-MSDA [150] 84.98 0.92 67.1

CAiDA [39] 85.55 2.39 98.3

PTMDA [124] 83.28 2.45 116.2

SF-FDN [80] 86.55 1.01 289.6

FUMAT-Net 85.25 1.58 227.9

FUMAT-Net∗ 86.71 1.04 234.9

FDIM-Net 87.48 0.76 245.8

The bold value represents the highest accuracy.

baselines. This can be attributed to the similarity between the distribution of the first

source domain and the target domain, while the distributions of the last two source

domains significantly differ from the target domain (refer to Fig. 6.3). Consequently,
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during the adaptation process, the ‘Source Combine’ methods and most multi-source

baselines are influenced by the dissimilarities introduced by the last two source domains,

leading to a degradation in performance. As our method does not require the use of

source data during the adaptation process, it successfully overcomes this drawback.

Furthermore, our method outperforms another SOTA fuzzy logic-based MSDA method

[80]. The primary reason for this superiority lies in the fact that the referenced method

overlooks the inherent uncertainty correlation between different source domains and the

target domain, whereas our proposed fuzzy distance-based neural network effectively

addresses this critical issue.

Moreover, we present the running time of a single complete experiment for the pro-

posed algorithms and all baselines in Table 6.3. Utilizing fuzzy techniques inherently

leads to an increase in the computational complexity for our algorithm. However, con-

sidering the substantial improvement in model performance, a marginal increase in

algorithm complexity remains acceptable.

6.5.3 Experiments on Real-world Datasets

Dataset Description: The Weather dataset, obtained from the RP5 website, serves as

our real-world dataset and includes meteorological data for four American cities and one

UK city, spanning from January 1, 2016 to December 31, 2021. The dataset comprises

the following cities: Seattle Tacoma (S), Olympia (O), Portland (P), Washington (W),

and London (L). In each instance of O, W, P, and L, the meteorological data represents

measurements at a specific time and is represented using crisp values. Conversely, in

S, each instance corresponds to the meteorological data recorded over the course of

a day and is represented using interval values. The data from both the source and

target datasets consist of six variables: air temperature (T), atmospheric pressure at

the weather station level (P0), atmospheric pressure reduced to the main sea level
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Table 6.4: Performance Comparison of Ablation Study on the real-world dataset (OPW→
S).

Standards Methods Mean accuracy(%) STD(%)

FUMAT-mean 78.12 1.07

Multi-source FUMAT-Net 78.39 1.07

FUMAT-mean∗ 79.45 1.54

FUMAT-Net∗ 79.70 1.47

(P), humidity (U), dew-point temperature (Td), and a categorical variable indicating

the presence or absence of precipitation (encoded as 0 for No Precipitation and 1 for

Precipitation).

Experiments Description: From the set of available datasets O, W, P, and L, we

select two datasets to serve as the multiple source domains, while S is designated as the

target domain. As a result, we construct six distinct adaptation tasks for our experiments:

OW→S, OP→S, OL→S, WP→S, WL→S, and PL→S. For each of these tasks, we

report the experiment results of both the baselines and FDIM-Net in Table 6.6.

Results and Analysis: From Table 6.6, it can be seen that our proposed method

achieves the highest average accuracy and the lowest standard deviation on the real-

world dataset. Notably, FDIM-Net achieves the best accuracy in four of the six tasks:

OW→S, OL→S, WP→S, and PL→S. These results further reinforce the superiority of

the proposed fuzzy technique-based method. Through the utilization of fuzzy techniques,

FDIM-Net enhances the efficiency of transfer learning and achieves robust transfer

performance when dealing with interval-valued target data.

6.5.4 Ablation Study

Frist, we verify the rationality of the proposed new fuzzy relation for measuring the

correlation between the multiple source domains and the target domain. We let the
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Table 6.5: Ablation Study Results.

Task Ours w/o fuzzy Ours

Synthetic 85.60 ± 1.54 87.48 ± 0.76

OW→S 78.03 ± 1.98 80.24 ± 0.19

OP→S 78.51 ± 0.68 80.60 ± 0.27

OL→S 77.85 ± 1.24 79.56 ± 0.22

WP→S 78.19 ± 1.97 80.25 ± 0.65

WL→S 78.50 ± 0.82 79.79 ± 0.66

PL→S 77.19 ± 2.08 80.25 ± 0.41

weight vector W= ( 1
N , · · · , 1

N )⊤ to form two new methods, denoted as FUMAT-mean and

FUMAT-mean∗. Then, we compare these two methods with our methods on the real-world

dataset. From Table 6.4, our methods gain better performance than FUMAT-mean and

FUMAT-mean∗, which demonstrates the rationality of the proposed new fuzzy relation.

Second, we validate the rationality of the proposed new fuzzy distance in addressing

our proposed problems. We set the weight vector w = (1, · · · ,1)⊤ in the loss function

and w = ( 1
N , · · · , 1

N )⊤ to obtain the final prediction, which is denoted as Ours w/o fuzzy.

We present the comparison results on both synthetic and real-world datasets in Table

6.5. Additionally, Fig. 6.6 illustrates the variation of classification accuracy on the

target domain with the number of epochs. Notably, in Figs. 6.6(b), 6.6(c), and 6.6(d), the

performance of Ours w/o fuzzy exhibits significant fluctuations as the number of epochs

increases. These results collectively demonstrate that the proposed fuzzy distance not

only improves performance but also enhances the robustness of our model.
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Table 6.6: Accuracy (mean ± std %) on the real-world dataset.

Standards Methods OW→S OP→S OL→S WP→S WL→S PL→S Average

Source model only 72.75 ± 3.93 78.76 ± 0.69 71.59 ± 1.77 78.76 ± 0.69 72.75 ± 3.93 78.76 ± 0.69 75.56

DAN[93] 69.44 ± 1.35 71.36 ± 1.27 66.17 ± 1.78 71.36 ± 1.27 69.44 ± 1.35 71.36 ± 1.27 69.86

Single Best DANN[48] 72.77 ± 1.83 79.11 ± 0.87 72.50 ± 0.56 79.11 ± 0.87 72.77 ± 1.83 79.11 ± 0.87 75.90

CDAN+E[94] 70.30 ± 0.94 72.63 ± 0.95 65.98 ± 0.57 72.63 ± 0.95 70.30 ± 0.94 72.63 ± 0.95 71.14

DWL[159] 79.47 ± 1.06 79.47 ± 1.06 79.47 ± 1.06 79.15 ± 0.50 78.66 ± 1.05 79.15 ± 0.50 79.23

G-SFDA[168] 78.56 ± 0.99 79.60 ± 2.39 78.12 ± 1.89 79.60 ± 2.39 78.56 ± 0.99 79.60 ± 2.39 79.01

Source model only 74.35 ± 1.81 73.44 ± 2.60 59.09 ± 0.80 77.79 ± 2.35 53.5 ± 0.43 60.16 ± 0.99 66.39

DAN[93] 66.12 ± 1.47 67.28 ± 1.02 52.57 ± 1.48 70.19 ± 1.90 57.98 ± 3.18 57.58 ± 3.26 61.95

Source Combine DANN[48] 70.74 ± 0.99 72.60 ± 2.02 62.17 ± 0.77 74.23 ± 1.77 57.15 ± 0.99 64.26 ± 0.62 66.86

CDAN+E[94] 66.57 ± 0.79 66.86 ± 0.67 53.46 ± 1.03 70.73 ± 0.50 53.10 ± 3.02 55.78 ± 0.78 61.08

DWL[159] 79.57 ± 0.51 80.48 ± 0.74 77.93 ± 1.03 78.15 ± 1.45 80.51±1.26 80.23 ± 0.83 79.48

G-SFDA[168] 80.16 ± 1.68 80.80 ± 1.25 79.26 ± 1.21 80.04 ± 0.57 78.32 ± 2.46 76.16 ± 2.65 79.12

M3SDA[117] 71.35 ± 1.35 75.84 ± 0.48 63.28 ± 1.29 75.02 ± 0.77 61.18 ± 1.99 66.72 ± 1.24 68.89

CMSS[167] 71.08 ± 1.75 73.62 ± 1.62 62.42 ± 1.16 74.31 ± 0.73 57.68 ± 1.29 63.96 ± 1.35 67.18

SHOT[83] 77.16 ± 0.66 81.21 ± 1.12 78.35 ± 0.46 78.15 ± 0.94 76.75 ± 0.96 75.14 ± 1.49 77.79

Multi-source LtC-MSDA [150] 78.80 ± 1.47 80.17 ± 0.79 76.14 ± 1.98 79.48 ± 1.15 76.18 ± 1.58 75.51 ± 2.41 77.71

CAiDA [39] 79.85 ± 0.60 79.75 ± 0.57 79.50 ± 0.76 80.10 ± 0.46 79.30 ± 0.19 79.75 ± 0.63 79.71

PTMDA [124] 77.62 ± 2.33 77.73 ± 2.30 78.06 ± 1.83 77.99 ± 2.31 76.94 ± 2.13 79.01 ± 1.56 77.89

SF-FDN[80] 78.76 ± 0.56 81.81±0.72 79.15 ± 0.32 79.75 ± 0.54 78.06 ± 0.84 77.32 ± 1.12 79.14

Ours 80.24±0.19 80.60 ± 0.27 79.56±0.22 80.25±0.65 79.79 ± 0.66 80.25±0.41 80.13

The bold value represents the highest accuracy in each column.
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(a) Synthetic dataset (b) OW→S (c) WL→S (d) PL→S

Figure 6.6: Evaluation metrics on the target domain varies with the number of epochs.

(a) Synthetic dataset (b) OW→S (c) Synthetic dataset (d) OW→S

Figure 6.7: Evaluation metrics on the target domain varies with the value of parameters β and ε. (a),(b) show the parameter
sensitivity analysis of β on the synthetic dataset and real-world task OW→S. (c),(d) show the parameter sensitivity analysis
of ε on the synthetic dataset and real-world task OW→S.
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6.5.5 Parameter Sensitivity Analysis

In this section, the parameter sensitivity analysis of our proposed method is detailed.

To analyze parameter β, we select values from {0,0.1, · · · ,1}. For each value of β,

we obtain the results using the same experimental procedure as described in Section

6.5.2. Figs. 6.7(a) and 6.7(b) depict the mean and standard deviation of the classification

accuracy on the synthetic dataset and the real-world task OW→S. From these figures,

it can be observed that the optimal value of β is equal to 1.0 for both the synthetic and

real-world datasets. This finding validates the rationality of our proposed fuzzy distance,

as the selected optimal β of 1.0 consistently aligns with the fuzzy distance defined in

Eq. (6.23). Regarding parameter ϵ, we select values from {0.0001,0.001,0.01,0.1}. The

experiment process is identical to that of the shape parameter β. Figs. 6.7(c) and 6.7(d)

demonstrate that FDIM-Net is not highly sensitive to parameter ϵ.

6.6 Summary

This chapter identifies a more realistic problem called MSDA with interval-valued target

data, where we aim to learn a new model for interval-valued target data by leveraging

knowledge from crisp-valued multiple source domains. To address this problem, two new

fuzzy technique-based models are developed. The applied fuzzy techniques contain a

fuzzy transformation function, fuzzy relation-based method, and a fuzzy distance-based

method, where the fuzzy transformation function is applied to extract valuable crisp-

valued information from interval-valued target data and the fuzzy relation-based or

fuzzy distance-based method is designed to appropriately combine multi-source models.

The experiment results on both synthetic and real-world datasets show the outstanding

performance of our proposed fuzzy technique-based MSDA methods.
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7
DISTRACTION-CONTROL FOR UNIVERSAL DOMAIN

ADAPTATION

7.1 Introduction

Domain adaptation [114] has significantly contributed to the advancement of image

recognition tasks [45, 152]. It addresses the challenge of insufficient labeled data in

developing a well-performing model by leveraging knowledge from a different domain

(referred to as the source domain) that has abundant labeled data and transferring this

knowledge to the target domain. Collecting adequate labeled data for constructing a

model in the target domain can be extremely time-consuming and even infeasible in

certain scenarios. Therefore, the ability to design a robust adaptation model capable of

achieving outstanding performance in the target domain holds immense significance.

In traditional domain adaptation [136, 169], also known as closed-set domain adap-

tation (CDA) [48], the primary focus is on minimizing the discrepancy in feature dis-

tributions between the source and target domains, which typically exhibit different
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(a) OfficeHome: P→R (b) VisDA

Figure 7.1: The horizontal coordinate of Figures (a) and (b) represents the categories in
the target domain, while the vertical coordinate represents their classification accuracy.
Figure (a) shows that when using a SOTA method (DCC), the classification accuracy
for categories 0, 3, and “unknown" (the hard transfer categories) remains low. Similarly,
in Figure (b), the classification accuracy for the hard transfer categories 1, 2, 3, and
“unknown" is also low. The main reason for this is that DCC cannot effectively handle
the significant discrepancies between the distributions present in the hard transfer
categories. By contrast, DCC+DC shows a significant improvement in classification
accuracy for these categories. These outcomes demonstrate the excellent ability of our
proposed strategy to enhance performance on hard transfer categories.

distributions. However, CDA assumes that the source and target domains share a

common label set, an assumption that does not always hold in real-world scenarios.

Consequently, three special cases of domain adaptation have been identified: 1) partial

domain adaptation (PDA), where the source domain contains private categories [15]; 2)

open-set domain adaptation (OSDA), where the target domain contains private categories

[44]; and 3) open-partial domain adaptation (OPDA), where both the source and target

domains contain private categories [72]. Recently, a more general case called universal

domain adaptation (UniDA) [171] has been proposed to address scenarios with no prior

knowledge of the label set in the target domain. Importantly, UniDA encompasses all

other special cases of domain adaptation, including CDA, PDA, OSDA, and OPDA.

The main challenge with UniDA is to address both the domain shift and category

shift between the source and target domains. Existing UniDA methods [21, 129] have

made remarkable achievements in reducing the negative effects caused by the private

label set of the source domain and detecting unknown samples in the target domain.
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However, a remaining drawback has been identified through numerous experiments with

state-of-the-art (SOTA) UniDA methods: the classification accuracy in some categories

remains low even after applying these methods. We refer to these categories as "hard

transfer categories." For example, as shown in Figure 7.1, after applying DCC [76] to two

real-world domain adaptation tasks in the OPDA setting, the classification accuracy for

some categories still remains low, with some falling below 50%. Improving the accuracy

for these hard transfer categories would lead to an overall performance improvement.

Yet, the large differences in distribution between the source and target data in these par-

ticular categories make it difficult for existing UniDA methods to align the distributions.

Moreover, existing methods assign equal attention to different categories, producing

locally optimal solutions, which leads to their failure on hard transfer categories.

In this chapter, we provide a formal definition for identifying a hard transfer category

along with a theoretical analysis that serves as a guide to addressing this problem.

Following the theoretical analysis, we present our novel dynamic reweighted loss learning

strategy, called Distraction-Control (DC), which enhances UniDA performance on the

hard transfer categories. The aim of DC is to construct a weight vector that up-weights

the contribution of the target data within the hard transfer categories. Additionally,

the weight vector is dynamically updated during the adaptation process to ensure each

hard transfer category receives an appropriate amount of attention as the distributions

shift through adaptation. As a result, the domain adaptation model focuses more on

improving performance in the hard transfer categories than in other easier categories.

More importantly, by allocating more attention to the hard transfer categories, our

strategy not only effectively mitigates domain shift but also proves highly effective in

addressing category shift. In UniDA setting, we treat target-private categories as a

single category called “unknow". From Figure 7.1, the category “unknown" has lower

classification accuracy than most other categories and hence usually qualifies as a hard
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transfer category. Therefore, by applying our strategy to existing models, these models

can better focus on detecting target-private categories. The experiment result in Figure

7.1 of DCC+DC shows that using DC can enhance the ability to detect unknown classes.

Similar to target-private categories, source-private categories also typically qualify as

hard transfer categories. Consequently, applying DC can enhance the detection ability of

source-private categories.

Understanding the main idea behind DC is best done through a real-world example.

In our daily work, we often need to manage multiple tasks simultaneously. However,

the complexity of these tasks varies, and so we often allocate more attention to solving

the most challenging tasks to improve overall work efficiency. If we distributed our

attention and effort equally among all tasks, the more difficult tasks might not be

handled effectively. In our context, the hard transfer categories can be likened to the

challenging tasks, and applying DC is analogous to our brain allocating more energy to

difficult tasks.

To validate the efficacy of DC, we integrated it into several SOTA UniDA models,

creating new variants of these models. We then compared the performance of the origi-

nal models with the performance of their new variants on various real-world datasets

through a comprehensive series of experiments. The results demonstrate that DC signifi-

cantly improves the classification accuracy of the hard transfer categories in the target

domain. Consequently, our proposed dynamic reweighted loss learning strategy effec-

tively addresses the issue of hard transfer categories in UniDA scenarios and provides

an overall enhancement in model performance.

Our contribution can be summarized as follows:

1. We have identified an unresolved issue in UniDA: the existing UniDA methods are

not achieving satisfactory adaptation performance in certain categories, specifically

the hard transfer categories.
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2. To tackle this issue, we designed a theory to gain insights into this issue. Then,

we develop a novel dynamic reweighted loss learning strategy called Distraction-

control to handle this identified issue.

3. Extensive experiments on standard benchmarks demonstrate the effectiveness of

the proposed strategy in enhancing model performance on hard transfer categories.

7.2 Problem Setting

Let Ds = {(xs
i , ys

i )}ns
i=1 denote the source domain, where xs

i ∈ Xs represents the feature

space and ys
i ∈ Ys represents the label space of the source domain. Similarly, let Dt =

{xt
i}

nt
i=1 represent the unlabeled target domain, where xt

i ∈Xt corresponds to the feature

space of the target domain, and the label space of the target domain is denoted as Yt.

Yc =Ys ∩Yt denotes the common label set; Ȳs =Ys/Yc denotes the private label set of

the source domain; and Ȳt = Yt/Yc denotes the private label set of the target domain.

The main objective of UniDA is to train a target classifier that correctly classifies known

target samples into their respective known classes, while classifying unknown target

samples as “unknown".

Existing methods for UniDA employ various model frameworks to simultaneously

handle the domain shift and category shift between the source and target domains.

However, these methods commonly suffer from an extremely low classification accuracy

for certain categories in the target domain. This issue can be attributed to significant

distribution differences between the source and target domains, specifically for the hard

transfer categories. In the next section, we present a theoretical analysis that guides the

development of our strategy for addressing this problem.
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7.3 Theoretical Analysis

This analysis begins with the formal definition of a hard transfer category. In the context

of UniDA, the objective is to learn a classifier from both labeled source data and unlabeled

target data to classify the target samples into K = |Yc|+1 classes, where private samples

in the target domain are considered to be a uniform unknown class. Let H be the

hypothesis set of the UniDA task, and for any h ∈H :

h : Xs → RK

xs
i → (h1(xs

i ), · · · ,hK (xs
i ))

⊤.

The loss function of h is defined as

ℓ : RK ×Yt →R+.

A hard transfer category is then defined as follows.

Definition 7.1 (L-Hard Transfer Category). For any h ∈H , k ∈Yc∪“unknown"≜Y u
c is

denoted as a L-hard transfer category of h, if there exists a positive constant L such that

L k = ∑
i:yt

i=k
ℓ(h(xt

i),k)/
nt∑

i=1
1yt

i=k > L.(7.1)

Without loss of generality, we suppose ℓ is the 0−1 loss. Then, L k is equal to the

misclassification rate of h on the k-th category. Therefore, Definition 7.1 treats a category

with classification accuracy less than or equal to L as a L-hard transfer category. Figure

7.2 provides a visual display of the hard transfer category. Give a hypothesis function

h ∈H , let

Kh = {k ∈Y u
c |k is a L-hard transfer category of h}

be the set of all L-hard transfer categories of h. The empirical risk of h on the target

domain is denoted as:

R̂Dt(h)= 1
nt

nt∑
i=1

ℓ(h(xt
i), yt

i ).(7.2)
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source sample target sample

Hard
Transfer
Category

Adaptation

Without Distraction-Control

Distraction-control

Hard
Transfer
Category

classification boundary trained on the source data

classification boundary after adaptation

Figure 7.2: Distraction-control. In the top right of the figure, the trained classifiers of
existing UniDA methods achieve unsatisfactory results on the hard transfer category.
This is because these methods cannot change the amount of focus they give to each
category. By contrast, in the bottom right of the figure, the DC method enables the
trained model to exert more effort on the hard transfer category, thereby enhancing its
performance.

Thus, we have the following theorem:

Theorem 7.1. For any h ∈ H , the empirical risk of h on the target domain can be

bounded as:

R̂Dt(h)≤ 1
nt

∑
k∈Kh

L k
nt∑

i=1
1yt

i=k +
LC
nt

,(7.3)

where C = |{i ∈ [nt]|yt
i ∈K c

h }|. Here K c
h is complement of Kh with respect to Y u

c .

Proof. First, we divide Yt into two parts such that Yt =Kh ∪K c
h . Then, according to

Definition 7.1, we have

R̂Dt(h)= 1
nt

nt∑
i=1

�(h(xt
i), yt

i )

= 1
nt

[
∑

yt
i∈Kh

�(h(xt
i), yt

i )+
∑

yt
i∈K c

h

�(h(xt
i), yt

i )]

≤ 1
nt

∑
k∈Kh

L k
nt∑

i=1
1yt

i=k +
LC
nt

.
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■

According to Theorem 7.1, R̂Dt(h) is upper bounded by two terms, which are the

empirical risk of h on Kh and K c
h , respectively. Since |{i ∈ [nt]|yt

i ∈K c
h }| < nt and L ≪ nt,

we have LC/nt =O(1/nt). The SOTA UniDA models have achieved remarkable success in

minimizing the last term in Eq. (7.3), but they find it challenging to minimize the first

term. Therefore, to enhance the overall performance of UniDA, our strategy intends to

improve performance on the hard transfer categories, i.e., it helps to minimize the first

term 1
nt

∑
k∈Kh

L k
nt∑

i=1
1yt

i=k.

7.4 Distraction-control for UniDA

This section introduces the main idea of DC and how it is implemented.

7.4.1 Objective of Distraction-control

The problem in UniDA that we aim to resolve through theoretical analysis is how to

improve classification accuracy in hard transfer categories. Existing UniDA methods pay

equal attention to each category when aligning distributions throughout the adaptation

process. However, it is evident that aligning distributions for hard transfer categories is

more challenging than for other categories. Consequently, current UniDA methods often

fail to align these distributions effectively, leading to lower classification accuracy. Our

solution is a novel dynamic reweighted loss learning strategy called Distraction-control.

The key idea behind DC is to enable the trained model to focus more on aligning the

distributions of the hard transfer categories. During the training process, higher weights

are assigned to the loss for these hard transfer categories, ensuring that the model pays

more attention to aligning the distributions in these challenging categories. Additionally,

we observed that the hard transfer categories might change during training. Therefore,
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Algorithm 6 Distraction-control
Input: source data Ds = {(xs

i , ys
i )}ns

i=1, target data Dt = {xt
i}

nt
i=1, and epochs Tmax,T0,T1

Initial: network parameters of feature extractor F and classifier C and weight vectors
W = (1, · · · ,1)⊤

Output: trained networks F,C
1: Fetch mini-batches from Ds and Dt.
2: for T = 1,2, . . . ,Tmax do
3: Train F,C with mini-batches from Ds and Dt to minimize weighted overall loss

function ℓ((xs
i , ys

i ),xt
i;W).

4: if T > T0 and T mod T1 = 0 then
5: Calculate C(xt

i)= ( ŷt
i1, · · · , ŷt

i|Ys|+1)⊤ on target data Dt.
6: Update the weight vector W using Eq.(7.5).
7: end if
8: end for

we incorporated a dynamic reweighting mechanism to ensure that the calculated weight

vector consistently matches the hard transfer categories. An overview of DC is provided

in Figure 7.2.

Applying DC not only effectively mitigates domain shift but also proves highly

effective in addressing category shift. This is because source-private categories and

target-private categories usually qualify as hard transfer categories. Consequently,

through the application of DC, the model will pay more attention to detecting source-

private and target-private categories. Thus, using our strategy can concurrently address

both domain shift and category shift in UniDA.

7.4.2 The Implementation of Distraction-control

Our first step in implementing DC was to design a weight vector to assign higher weights

to the hard transfer categories. According to Definition 7.1, the larger the value of L k,

the more difficult it is to transfer knowledge to the corresponding category (k-th). Thus,

such categories should be given a higher weight. If the value of L k is known, the weight
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vector W0 = (ω1, · · · ,ω|Ys|+1)⊤ can be designed in the following form:

ωk =L k/
|Ys|+1∑

k=1
L k,(7.4)

where L k = 0 when k ∈ Ȳs. Unfortunately, labels for the target data are generally

unavailable. Therefore, the weight vector cannot be calculated directly from Eq. (7.4).

However, we observe that, if one category is a hard transfer category, i.e., it has a large

value for L k, the average predicted confidence score of this category will be small. This

implies that a larger weight should be assigned to a category with a small average

predicted confidence score.

Let C be the trained classifier for the data prediction in the target domain, and let

C(xt
i)= ( ŷt

i1, · · · , ŷt
i|Ys|+1)⊤ be the predicted confidence score of xt

i. k
′ = argmaxk∈[|Ys|+1] ŷt

ik

denotes the category prediction made by the classifier C. Let ui = (ui1, · · · ,ui|Ys|+1)⊤,

where uik′ = ŷt
ik′ , uik = 0 when k ̸= k

′
, vi = (vi1, · · · ,vi|Ys|+1)⊤, where vik′ = 1, vik = 0

when k ̸= k
′
. The average predicted confidence score for each category is denoted as

β= (β1, · · · ,β|Ys|+1)⊤, where βk =∑nt
i=1 uik/

∑nt
i=1 vik.

Next, L̂ k = 1−βk/maxk∈[|Ys|]βk to replace L k in Eq. (7.4) is used to obtain the new

weight vector W = (ω1, · · · ,ω|Ys|+1)⊤:

ωk = L̂ k/
|Ys|+1∑

k=1
L̂ k.(7.5)

In Eq. (7.5), a smaller value of βk will result in a larger value of ωk. Therefore, applying

Eq. (7.5) to reweight the distribution alignment loss function will achieve DC’s objective,

which is to exert more effort to aligning the distributions of the hard transfer categories.

In addition, since the average predicted confidence score associated with the source-

private category typically remains low, through the application of DC to existing models,

these models can also better focus on detecting source-private categories. Last, the weight

vector W is dynamically updated to match any changes in the hard transfer categories in

the overall training process. A more detailed description of how DC works can be found

in Algorithm 6.
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We modified two SOTA UniDA methods, namely DCC [76] and OVANet [129] to incor-

porate DC. With DCC, the distribution alignment loss (Contrastive Domain Discrepancy)

was formulated as:

Lcdd = 1
|Ys|

|Ys|∑
k=1

D̂kk − 1
|Ys|(|Ys|−1)

|Ys|∑
k=1

|Ys|∑
k′=1,k′ ̸=k

D̂kk
′
.(7.6)

More detail on D̂kk can be found in [76]. Then, we reweighted the above loss function

with W to obtain a new weighted loss function L DC
cdd:

L DC
cdd = 1

|Ys|
|Ys|∑
k=1

ωkD̂kk − 1
|Ys|(|Ys|−1)

|Ys|∑
k=1

ωk

|Ys|∑
k′=1,k′ ̸=k

D̂kk
′
.(7.7)

With OVANet, the distribution alignment loss (Open-set Entropy Minimization) was

formulated as:

Lent =− 1
nt|Ys|

∑
xt∈Dt

|Ys|∑
k=1

ŷt,op
k log( ŷt,op

k )+ (1− ŷt,op
k ) log(1− ŷt,op

k ).(7.8)

Where ŷt,op
k is predicted by a One-vs-All open-set classifier (see [129]), Cop(F(xt)) =

( ŷt,op
1 ,1− ŷt,op

1 ; · · · ; ŷt,op
|Ys| ,1− ŷt,op

|Ys| ). Then, we applied W in Eq. (7.8) to get a new weighted

loss L DC
ent ,

L DC
ent =− 1

nt|Ys|
∑

xt∈Dt

|Ys|∑
k=1

ωk( ŷt,op
k log( ŷt,op

k )+ (1− ŷt,op
k ) log(1− ŷt,op

k )).(7.9)

Remark 1. DCC and OVANet use additional structure to identify unknown classes.

The distribution alignment loss of DCC and OVANet is designed for both known and

unknown classes. Therefore, applying our strategy to rewieghted the distribution align-

ment loss can improve the performance on both known and unknown classes. Moreover,

since the loss functions of OVANet and DCC are based on different categories (see Eqs.

(7.6)(7.8)), we can directly apply our strategy to reweight the corresponding loss functions

without obtaining target pseudo-labels (see Eqs. (7.7)(7.9)).

Remark 2. Our proposed dynamic reweighted loss learning strategy can be applied

to other domain adaptation scenarios, such as source-free domain adaptation [83]. We

provide additional results in the supplementary material to verify this.
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7.5 Experiments

Our experiments were designed to verify the efficacy of DC in UniDA scenarios. To this

end we integrated the DC into both DCC [76] and OVANet [129] and compared their

performance to the original variants on a range of different datasets.

7.5.1 Experimental Setup

Datasets. We used four benchmark datasets in domain adaptation areas for validation.

Office [47] consists of approximately 4700 images in 31 categories from three domains:

Amazon (A), DSLR (D), and Webcam (W). OfficeHome [147] includes 15500 images from

65 categories across four domains: artistic images (A), clip-art images (C), product images

(P), and real-world images (R). VisDA [118] is a large-scale dataset with 12 categories.

The source domain of VisDA contains about 150K synthetic images (S) and the target

domain contains 50K real-world images (R). Additionally, we used the highly-challenging

domain adaptation dataset DomainNet [117]. This dataset contains six domains, with

each domain containing 345 categories of common objects. In our experiments, we used

three domains to design our domain adaptation tasks, namely painting images (P), real

images (R), and sketch images (S). We followed the standard protocols from [47, 129, 171]

to split these datasets into a common label set Yc, the private label set of the source

domain Ȳs, and the private label set of the target domain Ȳt. The notation (Yc/Ȳs/Ȳt)

represents the split method used in each experiment. More details are shown in our

supplementary material.

Evaluation Metric. Following [129], we used H-score [13] as the evaluation metric.

An H-score can be calculated as follows:

H= 2accc ·acct

accc +acct
,(7.10)

where accc is the accuracy on the common label set Yc and acct is the accuracy on
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the private label set of the target domain (unknown) Ȳt. However, H-score is not a

suitable evaluation with a small number of unknown target samples. Thus, we have also

reported other evaluation metrics in these cases, including ACL, measuring accuracy at

recognizing known samples without rejection, and UNK, which denotes the accuracy of

unknown sample identification.

Implementation. Following the original variants of DCC and OVANet, we used

ResNet50 [31] pre-trained on ImageNet [59] as our backbone network. DCC and OVANet

were implemented using the code provided in the original paper. DCC+DC and OVANet+DC

denote the variants incorporating DC. The parameter settings of DCC and OVENet are

same as the original paper. For DCC+DC, we set T0 = 500 for Office and OfficeHome

datasets, and T0 = 1000 for VisDA and DomainNet datasets. For OVENet+DC, we set

T0 = 500 for Office, OfficeHome and VisDA datasets, and T0 = 5000 for DomainNet

datasets. We set T1 = 100 for DCC+DC and OVENet+DC on all datasets. We used Py-

Torch 1.9.0 to implement these models. All experiments were conducted on an NVIDIA

Quadro GV100 GPU with 32 GB memory. The learning rate was decayed with inverse

learning rate decay scheduling [128].

7.5.2 Results Analysis

This section reports the results of our experiments coupled with a discussion on the

results observed.

OPDA Setting. Tables 7.1 and 7.9 report the H-score comparison of DCC, OVANet,

DCC+DC, and OVANet+DC. These results demonstrate that using DC improves per-

formance in almost all domain adaptation tasks. In terms of the H-scores for the Of-

fice dataset, DCC+DC outperformed DCC by 3.4%, while OVANet+DC outperformed

OVANet by 1.9%. With the OfficeHome dataset, DCC+DC outperformed DCC by 2.0%,

and OVANet+DC outperformed OVANet by 1.5%. As for the large-scale VisDA dataset,
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DCC+DC surpassed DCC by 5.4%, and OVANet+DC surpassed OVANet by 4.0%. More-

over, on the high challenge domain adaptation dataset, DomainNet, our proposed strategy

achieved a near 1.0% improvement for both DCC and OVANet. All these outcomes verify

the efficacy of DC for OPDA setting.

Tables 7.2, 7.3 and 7.4 present the comparison results of different evaluation met-

rics on all datasets in OPDA setting. DCC+DC and OVANet+DC outperform DCC and

OVANet in terms of all three evaluation metrics across almost all tasks. This demon-

strates that DC can both improve accuracy on the common label set and enhance the

accuracy of unknown sample identification. Collectively, these results provide strong

evidence for the effectiveness of our proposed strategy in addressing both domain shift

and category shift.

OSDA Setting. From the results in Table 7.5, both DCC+DC and OVANet+DC

achieved a better average H-score than DCC and OVANet on Office, OfficeHome, and

VisDA datasets, especially for the VisDA dataset. More specifically, in terms of the

H-score on the Office dataset, DCC+DC outperformed DCC by 0.5%, and OVANet+DC

outperformed OVANet by 1.3%. With the OfficeHome dataset, DCC+DC outperformed

DCC by 2.0%, and OVANet+DC outperformed OVANet by 1.0%. In the case of the large-

scale VisDA dataset, DCC+DC surpassed DCC by 6.2%, and OVANet+DC surpassed

OVANet by 5.3%. The supplementary material provides the comparisons between differ-

ent evaluation metrics for all datasets in an OSDA setting. Similar to the OPDA setting,

DCC+DC and OVANet+DC outperformed DCC and OVANet on all three evaluation

metrics in almost all tasks. In summary, the above analysis further verifies the efficiency

of DC in enhancing model performance in OSDA setting.
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Table 7.1: H-score (%) comparison on Office (10/10/11), OfficeHome (10/5/50), and VisDA (6/3/3) for open-partial domain
adaptation. The better results of DCC+DC (OVANet+DC) with the original version are highlighted in red for each column. In
addition, we report the experiment outcomes of other SOTA baselines to verify the efficiency of DC.

Office (10/10/11) OfficeHome (10/5/50) VisDA(6/3/3)
Methods A2D A2W D2A D2W W2A W2D Avg A2C A2P A2R C2A C2P C2R P2A P2C P2R R2A R2C R2P Avg S2R

UAN 59.7 58.6 60.1 70.6 60.3 71.4 63.5 51.6 51.7 54.3 61.7 57.6 61.9 50.4 47.6 61.5 62.9 52.6 65.2 56.6 30.5
CMU 68.1 67.3 71.4 79.3 72.2 80.4 73.1 56.0 56.9 59.2 67.0 64.3 67.8 54.7 51.1 66.4 68.2 57.9 69.7 61.6 34.6

DANCE 79.6 75.8 82.9 90.9 77.6 87.6 82.3 61.0 60.4 64.9 65.7 58.8 61.8 73.1 61.2 66.6 67.7 62.4 63.7 63.9 42.8
GATE 87.7 81.6 84.2 94.8 83.4 94.1 87.6 63.8 75.9 81.4 74.0 72.1 79.8 74.7 70.3 82.7 79.1 71.5 81.7 75.6 56.4
DCC 83.1 85.7 82.1 84.8 77.3 85.6 83.1 62.4 78.3 79.8 67.6 71.8 73.6 69.1 52.7 80.1 71.8 55.4 79.1 70.2 56.3

DCC+DC 86.4 88.6 81.5 88.9 82.4 91.0 86.5 62.1 79.8 83.0 69.1 71.9 78.5 69.4 56.9 82.7 73.4 57.9 82.0 72.2 61.7
OVANet 83.8 78.4 80.7 95.9 82.7 95.5 86.2 61.2 77.1 79.7 68.9 69.3 76.4 71.0 59.3 81.1 76.1 63.5 79.8 71.9 53.1

OVANet+DC 86.5 82.1 82.9 97.3 83.5 96.4 88.1 62.3 79.1 82.8 70.2 69.1 77.6 71.1 60.8 82.4 78.6 64.1 82.2 73.4 57.1

Table 7.2: Different evaluation metrics on Office (10/10/11) and VisDA (6/3/3) for open-partial domain adaptation. The best
results are highlighted in red for each column.

Office (10/10/11) VisDA (6/3/3)
Methods A2D A2W D2A D2W W2A W2D S2R

Evaluation H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK
DCC 83.1 92.2 77.7 85.7 89.7 82.5 82.1 84.6 79.7 84.8 96.5 74.3 77.3 90.8 66.1 85.6 97.7 74.9 54.3 52.3 55.1

DCC+DC 86.4 93.5 81.1 88.6 90.1 88.5 81.5 88.5 71.9 88.9 95.1 82.5 82.4 86.4 78.4 91.0 98.5 83.4 61.7 65.1 74.2
OVANet 83.8 86.6 89.7 78.4 84.5 81.8 80.7 88.6 86.1 95.9 99.7 94.4 82.7 91.5 84.4 95.5 100.0 90.5 53.1 67.3 73.5

OVANet+DC 86.5 87.3 95.2 82.1 84.6 92.1 82.9 89.5 88.5 97.3 99.5 96.1 83.5 90.6 87.3 96.4 100.0 93.1 57.1 69.1 74.8
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Table 7.3: Different evaluation metrics on OfficeHome (10/5/50) for open-partial domain adaptation. The best results are
highlighted in red for each column.

OfficeHome (10/5/50)

Methods A2P A2R C2A C2R P2C R2P

Evaluation H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK

DCC 78.3 78.3 77.3 79.8 91.6 69.3 67.6 73.1 62.2 73.6 80.7 66.5 51.7 48.5 61.6 79.1 78.1 79.7

DCC+DC 79.8 84.2 75.1 83.0 91.8 76.9 69.1 75.5 66.2 78.4 76.5 80.0 56.8 51.4 73.4 82.0 81.0 82.3

OVENet 77.1 88.8 74.3 79.7 96.7 69.7 68.9 79.2 77.5 76.4 90.2 74.5 59.3 61.1 77.6 81.1 92.0 79.9

OVENet+DC 79.8 89.4 81.6 83.0 96.4 74.1 70.2 77.3 83.6 77.6 91.3 75.6 60.8 63.6 78.7 82.4 93.0 80.1

Table 7.4: Different evaluation metrics on DomainNet (150/50/145) for open-partial domain adaptation. The best results are
highlighted in red for each column.

DomainNet (150/50/145)

Methods P2R P2S R2P R2S S2P S2R

Evaluation H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK

DCC 56.9 47.2 69.8 42.4 30.9 56.8 50.4 39.2 66.5 42.2 29.9 60.6 44.9 31.4 66.7 56.8 48.4 67.5

DCC+DC 59.6 54.2 66.7 42.7 31.2 60.4 51.2 40.2 68.4 42.5 32.5 61.7 47.6 34.5 62.9 57.8 50.3 67.8

OVENet 56.1 64.2 53.8 47.2 47.5 68.3 51.7 53.4 75.4 44.8 41.7 69.4 47.9 49.1 70.3 57.0 64.1 57.6

OVENet+DC 56.6 64.7 54.3 47.9 47.7 68.9 52.2 54.1 76.2 45.2 42.2 73.1 49.2 51.8 78.0 58.4 64.5 61.4

172



7.5.
E

X
P

E
R

IM
E

N
T

S
Table 7.5: H-score (%) comparison on Office (10/0/11), OfficeHome (25/0/40), and VisDA (6/0/6) for open-set domain adaptation.
The better results of DCC+DC (OVANet+DC) with the original version are highlighted in red for each column. In addition,
we report the experiment outcomes of other SOTA baselines to verify the efficiency of DC.

Office (10/0/11) OfficeHome (25/0/40) VisDA(6/0/6)
Methods A2D A2W D2A D2W W2A W2D Avg A2C A2P A2R C2A C2P C2R P2A P2C P2R R2A R2C R2P Avg S2R

OSBP 82.4 82.7 75.1 97.2 73.7 91.1 83.7 55.1 65.2 72.9 64.3 64.7 70.6 63.2 53.2 73.9 66.7 54.5 72.3 64.7 52.3
UAN 38.9 46.8 68.0 68.8 54.9 53.0 55.1 40.3 41.5 46.1 53.2 48.0 53.7 40.6 39.8 52.5 53.6 43.7 56.9 47.5 51.9
CMU 52.6 55.7 76.5 75.9 65.8 64.9 65.2 45.1 48.3 51.7 58.9 55.4 61.2 46.5 43.8 58.0 58.6 50.1 61.8 53.3 54.2

DANCE 84.9 78.8 79.1 78.8 68.3 88.9 79.8 61.9 61.3 63.7 64.2 58.6 62.6 67.4 61.0 65.5 65.9 61.3 64.2 63.0 67.5
GATE 88.4 86.5 84.2 95.0 86.1 96.7 89.5 63.8 70.5 75.8 66.4 67.9 71.7 67.3 61.5 76.0 70.4 61.8 75.1 69.1 70.8
DCC 87.1 89.4 84.3 93.0 84.3 93.0 88.5 52.3 69.0 74.2 58.0 65.3 68.5 63.9 53.2 73.5 65.5 57.3 71.9 64.4 58.6

DCC+DC 88.3 89.4 85.1 93.0 85.2 93.1 89.0 54.4 70.3 76.3 58.7 67.6 73.8 64.2 52.9 75.4 68.4 57.6 73.0 66.1 64.8
OVANet 89.9 86.6 87.2 95.6 86.7 98.0 90.6 58.8 66.6 69.8 60.2 64.4 69.0 60.7 52.6 69.2 67.0 59.6 64.8 63.6 66.1

OVANet+DC 90.8 89.3 86.5 96.6 88.7 99.1 91.9 58.8 67.1 72.8 59.2 65.3 69.6 60.2 53.4 72.2 68.5 59.4 69.2 64.6 71.8

Table 7.6: Different evaluation metrics on Office (10/0/11) and VisDA (6/0/6) for open-set domain adaptation. The best results
are highlighted in red for each column.

Office (10/0/11) OfficeHome (25/0/40) VisDA (6/0/6)

Methods A2D W2A A2R C2P P2R R2A S2R

Evaluation H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK H ACL UNK

DCC 87.1 92.8 83.0 84.3 86.7 86.7 74.2 75.1 72.7 65.3 56.4 79.4 73.5 74.2 71.5 65.5 61.6 66.8 58.6 49.8 64.0

DCC+DC 88.3 92.6 85.6 85.2 89.9 80.3 76.3 75.2 76.5 67.6 63.5 71.4 75.4 76.2 73.1 68.4 64.8 69.0 64.8 70.3 64.1

OVENet 89.9 93.0 87.4 86.7 94.6 88.2 69.8 90.1 61.1 64.4 72.3 68.9 69.2 86.5 65.0 67.0 79.1 68.8 66.1 65.3 86.9

OVENet+DC 90.8 93.6 90.3 88.7 94.7 93.8 72.8 89.6 67.1 65.3 71.6 74.9 72.2 87.1 71.4 68.5 80.9 71.6 71.8 71.1 87.2
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Table 7.7: Accuracy (%) comparison on Office (10/21/0), OfficeHome (25/40/0), and VisDA (6/6/0) for partial domain adaptation.
The better results of DCC+DC (OVANet+DC) with the original version are highlighted in red for each column. In addition,
we report the experiment outcomes of other SOTA baselines to verify the efficiency of DC.

Office (10/21/0) OfficeHome (25/40/0) VisDA(6/6/0)
Methods A2D A2W D2A D2W W2A W2D Avg A2C A2P A2R C2A C2P C2R P2A P2C P2R R2A R2C R2P Avg S2R

ETN 95.0 94.5 96.2 100.0 94.6 100.0 96.7 59.2 77.0 79.5 62.9 65.7 75.0 68.3 55.4 84.4 75.7 57.7 84.5 70.5 59.8
UAN 79.7 76.8 82.7 93.4 83.7 98.3 85.8 24.5 35.0 41.5 34.7 32.3 32.7 32.7 21.2 43.0 39.7 26.6 46.0 34.2 39.7
CMU 84.1 84.2 69.2 97.2 66.8 98.8 83.4 50.9 74.2 78.4 62.2 64.1 72.5 63.5 47.9 78.3 72.4 54.7 78.9 66.5 65.5

DANCE 77.1 71.2 83.7 93.6 92.6 96.8 86.0 53.6 73.2 84.9 70.8 67.3 82.6 70.0 50.9 84.8 77.0 55.9 81.8 71.1 73.7
GATE 89.5 86.2 93.5 100.0 94.4 98.6 93.7 55.8 75.9 85.3 73.6 70.2 83.0 72.1 59.5 84.7 79.6 63.9 83.8 73.9 75.6
DCC 90.7 91.3 95.3 100.0 94.3 100.0 95.3 48.0 73.6 83.0 44.6 68.8 72.3 59.9 47.5 79.9 85.5 78.2 82.6 68.7 75.9

DCC+DC 93.8 93.9 96.3 100.0 96.1 100.0 96.7 52.6 79.7 84.3 45.7 68.2 74.1 62.1 46.3 81.9 86.2 79.1 82.9 70.3 76.7
OVANet 69.4 61.7 61.4 90.2 66.4 98.7 74.6 34.1 54.6 72.1 42.4 47.3 55.9 38.2 26.2 61.7 56.7 35.8 68.9 49.5 34.3

OVANet+DC 73.3 66.4 72.0 97.3 74.5 100.0 80.6 37.3 58.7 74.8 45.5 49.6 58.4 42.3 29.3 65.2 60.9 39.4 71.2 52.7 36.7
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Table 7.8: Accuracy (%) comparison on Office (31/0/0), OfficeHome (65/0/0), and VisDA (12/0/0) for closed-se domain adaptation.
The better results of DCC+DC (OVANet+DC) with the original version are highlighted in red for each column. In addition,
we report the experiment outcomes of other SOTA baselines to verify the efficiency of DC.

Office (31/0/0) OfficeHome (65/0/0) VisDA(12/0/0)
Methods A2D A2W D2A D2W W2A W2D Avg A2C A2P A2R C2A C2P C2R P2A P2C P2R R2A R2C R2P Avg S2R

MDD 93.5 94.5 74.6 98.4 72.2 100.0 88.9 54.9 73.7 77.8 60.0 71.4 71.8 61.2 53.6 78.1 72.5 60.2 82.3 68.1 74.6
UAN 97.0 86.5 69.6 100.0 68.7 84.5 84.4 45.0 63.6 71.2 51.4 58.2 63.2 52.6 40.9 71.0 63.3 48.2 75.4 58.7 66.4
CMU 78.3 79.6 62.3 98.1 63.4 97.6 79.9 42.8 65.6 74.3 58.1 63.1 67.4 54.2 41.2 73.8 66.9 48.0 78.7 61.2 56.9

DANCE 89.4 88.6 69.5 97.5 68.2 100.0 85.4 54.3 75.9 78.4 64.8 72.1 73.4 63.2 53.0 79.4 73.0 58.2 82.9 69.1 70.2
GATE 91.3 90.5 73.4 98.7 75.9 100.0 88.3 54.6 76.9 79.8 66.1 73.5 74.2 65.3 54.8 80.6 73.9 59.5 83.7 70.2 74.8
DCC 85.8 81.5 65.9 97.2 68.9 100.0 83.2 35.4 66.0 73.2 46.0 51.3 62.7 47.8 29.8 68.9 57.8 41.0 79.2 54.6 67.1

DCC+DC 89.2 83.2 72.5 98.3 69.9 100.0 85.5 39.2 65.9 74.8 49.8 59.2 63.8 48.3 31.1 70.3 60.2 44.5 81.2 57.4 72.2
OVANet 72.5 67.3 43.4 94.8 44.9 99.6 70.4 34.5 55.8 67.1 40.9 52.8 56.9 35.4 26.2 61.8 53.8 35.4 70.8 49.3 36.2

OVANet+DC 74.5 69.6 47.6 95.2 48.6 99.7 72.5 37.2 59.7 69.6 43.5 55.0 58.9 38.8 29.1 64.5 55.0 37.5 72.0 51.7 37.9
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Table 7.9: H-score (%) comparison on DomainNet (150/50/145) for open-partial domain
adaptation. The better results of DCC+DC (OVANet+DC) with the original version are
highlighted in red for each column. In addition, we report the experiment outcomes of
other SOTA baselines to verify the efficiency of DC.

DomainNet (150/50/145)
Methods P2R P2S R2P R2S S2P S2R Avg

UAN 41.9 39.1 43.6 38.7 39.0 43.7 41.0
CMU 50.8 45.1 52.2 45.6 44.8 51.0 48.3

DANCE 55.7 47.0 51.1 46.4 47.9 55.7 50.6
GATE 57.4 48.7 52.8 47.6 49.5 56.3 52.1
DCC 56.9 42.4 50.4 42.2 44.9 56.8 48.9

DCC+DC 59.6 45.1 51.2 43.8 47.6 57.8 50.2
OVANet 56.1 47.2 44.8 51.7 47.9 57.0 50.8

OVANet+DC 56.6 47.9 45.2 52.2 49.2 58.4 51.6

Table 7.6 present the comparison results of different evaluation metrics in OSDA

setting. DCC+DC and OVANet+DC outperform DCC and OVANet in terms of all three

evaluation metrics across almost all tasks. This again demonstrates that DC can both

improve accuracy on the common label set and enhance the accuracy of unknown sample

identification.

PDA setting. Table 7.7 reports the accuracy comparison of DCC+DC and OVANet+DC

with their original versions in PDA setting. In terms of the classification accuracy for the

Office dataset, DCC+DC outperformed DCC by 1.4%, while OVANet+DC outperformed

OVANet by 6.0%. With the OfficeHome dataset, DCC+DC outperformed DCC by 1.6%,

and OVANet+DC outperformed OVANet by 3.2%. As for the large-scale VisDA dataset,

DCC+DC surpassed DCC by 0.8%, and OVANet+DC surpassed OVANet by 2.4%. These

outcomes verify the efficiency of DC in PDA setting.

CDA setting. Table 7.8 reports the accuracy comparison of DCC+DC and OVANet+DC

with their original versions in CDA setting. In terms of the classification accuracy for the

Office dataset, DCC+DC outperformed DCC by 2.3%, while OVANet+DC outperformed

OVANet by 2.1%. With the OfficeHome dataset, DCC+DC outperformed DCC by 2.8%,

and OVANet+DC outperformed OVANet by 2.4%. As for the large-scale VisDA dataset,
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Table 7.10: Accuracy (%) comparison on Office. The best results are highlighted in red for
each column.

Office (31/0/0)
Methods A2D A2W D2A D2W W2A W2D Avg
SHOT 94.1 90.3 73.7 98.7 73.4 100.0 88.4

SHOT+DC 94.4 91.1 74.1 99.2 74.3 100.0 88.8

DCC+DC surpassed DCC by 5.1%, and OVANet+DC surpassed OVANet by 1.7%.

In addition, with our proposed strategy, DCC and OVENet achieve comparable results

to GATE [21], which is the latest UniDA method, on almost all datasets and all settings.

All these results verify the efficiency of our proposed dynamic reweighted loss learning

strategy for UniDA problem in all four settings.

Finally, we apply DC to one source-free domain adaptation [83] method to verify that

our proposed dynamic reweighted loss learning strategy can be applied to other domain

adaptation scenarios. The experiment results are shown in Table 7.10, which illustrates

that the performance has improved by applying our proposed dynamic reweighted loss

learning strategy.

Further Analysis. To further demonstrate that applying DC can improve the per-

formance on the hard transfer categories, Figures 7.3 and 7.4 depict the classification

accuracy for each class in an OPDA setting. As shown in Figures 7.3 and 7.4, by applying

our proposed strategy, the performance of the original UniDA methods DCC and OVANet

is enhanced not only on the common classes but also on the “unknown" classes. For exam-

ple, let L = 0.2 in Definition 7.1, i.e., we define categories with an accuracy rate less than

80% as hard transfer categories. From Figure 7.3 (d), DCC with DC achieves a significant

accuracy improvement on hard transfer categories (1,2,3, “unknown") compared with

DCC. From Figure 7.4 (c), compared with OVANet, the classification accuracy of OVANet

with DC on nearly all categories has been improved to varying degrees, especially on

hard transfer categories 1,2,5,6, “unknown". Overall, the above analysis again provides

strong evidence that DC can effectively mitigate domain shift and category shift.
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(a) Office : A→W (b) OfficeHome : A→R (c) OfficeHome : P→R (d) VisDA

Figure 7.3: Classification accuracy of DCC and DCC+DC for each class in open-partial domain adaptation. Blue:
DCC. Red: DCC with Distraction-Control. These are histograms of the classification accuracy for each class on Office
(10/10/11), OfficeHome (10/5/50), and VisDA (6/3/3). From all sub-figures, DCC with DC achieves classification accuracy
improvement on almost all categories compare with DCC, especially on hard transfer categories.

(a) Office : A→D (b) OfficeHome : P→R (c) OfficeHome : R→A (d) VisDA

Figure 7.4: Classification accuracy of OVANet and OVANet+DC for each class in open-partial domain adaptation.
Blue: OVANet. Red: OVANet with DC. These are histograms of the classification accuracy for each class on Office (10/10/11),
OfficeHome (10/5/50), and VisDA (6/3/3). From all sub-figures, OVANet with DC achieves classification accuracy improvement
on almost all categories compare with OVANet, especially on hard transfer categories.
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Table 7.11: Accuracy (%) comparison on Office in PDA setting. The best results are
highlighted in red for each column.

Office (10/21/0)
Methods A2D A2W D2A D2W W2A W2D Avg

PADA 82.2 86.5 92.7 99.3 95.4 100.0 92.7
ARPDA 96.8 93.5 95.5 100.0 96.0 99.7 96.9

DCC+DC 93.8 93.9 96.3 100.0 96.1 100.0 96.7

7.5.3 Compare with Other Reweighted Learning Strategies

This section compare DC with other reweighted learning strategies in domain adap-

tation. The experimental results are shown in Table 7.11. We can find that DCC+DC

achieves better performance than PADA [15] and gets comparable results to ARPDA

[54]. Moreover, PADA and ARPDA are only good at dealing with PDA setting, while our

proposed strategy can be applied to all domain adaptation settings, especially for OPDA

and OSDA settings, which verifies the superiority of our proposed strategy.

7.6 Summary

In this chapter, we presented a novel dynamic reweighted loss learning strategy, called

Distraction-control, for enhancing UniDA performance with hard transfer categories.

The strategy prompts a trained model to allocate more effort to the hard transfer

categories, thereby improving the overall distribution alignment between the source and

target domains. Through extensive experiments on four well-known real-world domain

adaptation datasets, the results show that applying DC to some SOTA UniDA models

can significantly enhance the ability to address domain shift and category shift problems.
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8
CONCLUSIONS AND FUTURE STUDY

This chapter concludes the entire thesis and provides some further research directions.

8.1 Conclusions

Recent research in transfer learning has achieved significant advancements in many

areas, including medical imaging, natural language processing, and computer vision.

However, most existing work predominantly focuses on addressing large-scale image

data characterized by crisp values, while imprecise data, a common type in real-world

scenarios, has been severely neglected. To fill this gap, this thesis focuses on solving

transfer learning with imprecise observations in different scenarios. There are four main

challenges addressed in this work: i) constructing a theoretical basis for imprecise data

analysis; ii) transferring knowledge when both source and target domains contain only

imprecise data in a single-source scenario; iii) transferring knowledge across multiple

source domains with crisp-valued data and a target domain with imprecise data; and

iv) transferring knowledge when the source or target domain has imprecise data in a
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UniDA scenario.

To solve the above-mentioned challenges, this thesis proposed four concrete research

questions and corresponding research objectives. The findings of this study are summa-

rized as follows:

1. The theoretical foundation is built for analyzing imprecise data, and we propose a

new framework to address MCIMO problem. (to achieve RO 1)

2. We provide the theoretical analysis for the problem of learning from interval-valued

data and develop a new algorithm to solve this problem. Then, this algorithm is

applied to build a new framework for protecting data privacy. (to achieve RO 1)

3. We formalize the domain adaptation with imprecise observations problem and

derive the theoretical bound of this problem. Based on the T-S fuzzy rule-based

model, a new designed integral probability metric, and a deep clustering-based

self-supervised pseudo-labeling strategy, we develop a new model to efficiently

address this more realistic and challenging problem. (to achieve RO 2)

4. We extend the domain adaptation with imprecise observations problem into a

more challenging scenario: multi-source domain adaptation scenario, where we

aim to enhance the prediction performance on interval-valued target data by

leveraging the knowledge derived from multiple source data with crisp-valued

features. Two fuzzy technique-based frameworks are constructed to effectively

address this problem. (to achieve RO 3)

5. We identify an unresolved issue in UniDA that the existing UniDA methods can

not achieving satisfactory adaptation performance in the hard transfer categories.

Then, we provide a theory to gain insights and propose a novel dynamic reweighted

loss learning strategy to tackle this issue. (to achieve RO 4)
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In addition, according to the achievements of this thesis, we get some significant

insights of the advantages and limitations when combining fuzzy techniques with tradi-

tional machine learning algorithms. Here is a summary:

Advantages:

1. Handling Uncertainty and Ambiguity: Fuzzy techniques excel at handling

uncertainty and imprecision, making them suitable for real-world problems where

data may be imprecise or incomplete. Traditional machine learning algorithms

typically assume precise and well-defined inputs; therefore, integrating fuzzy logic

can enhance their robustness in uncertain environments.

2. Improved Interpretability: Fuzzy systems often provide more interpretable

models through linguistic rules and membership functions. Traditional machine

learning models, particularly complex ones like deep learning, can function as

black-boxes. Combining fuzzy systems with traditional machine learning can yield

models that are both powerful and interpretable.

3. Enhanced Flexibility: Fuzzy techniques can model complex, non-linear relation-

ships using simple rule-based systems. Traditional machine learning algorithms

can benefit from this flexibility, enabling them to better capture and model intricate

patterns in data.

4. Improved Generalization: Fuzzy techniques can help create more generalized

models that perform better on unseen data by incorporating the notion of partial

truths and handling variations in data.

Limitations:

1. Increased Complexity: Integrating fuzzy techniques with traditional machine

learning can result in more complex models. Consequently, computational over-

183



CHAPTER 8. CONCLUSIONS AND FUTURE STUDY

head may increase due to the additional complexity of processing fuzzy rules and

membership functions.

2. Scalability Issues: Fuzzy systems may struggle with scalability, particularly

when the number of rules and membership functions becomes large. Traditional

machine learning algorithms are typically designed to handle large-scale data

efficiently, and incorporating fuzzy components might hinder their scalability.

3. Parameter Tuning: Fuzzy systems require careful tuning of membership func-

tions and rules, which can be a challenging and time-consuming task.

8.2 Future Study

This thesis identifies the following directions as future work:

1. Heterogeneous transfer learning with imprecise data

Heterogeneous transfer learning addresses the challenge of transferring knowledge

between domains with different feature spaces. However, most recent works in

heterogeneous transfer learning primarily focus on crisp-valued data. In the future,

we aim to develop and enhance methods for heterogeneous transfer learning where

data from the source or target domain is imprecise.

2. Consider other type of imprecise data

In this thesis, we decide to use fuzzy vectors to represent imprecise data, particu-

larly interval-valued data. However, in real-world scenarios, there are various other

types of imprecise data. In the future, we will explore methods to manage different

types of imprecise data, such as noisy data and missing values. This work aims

to develop comprehensive strategies for preprocessing and managing imprecise
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data to maximize its utility in machine learning models, thereby improving overall

model robustness and accuracy.

3. OOD detection and generalization with imprecise data

Out-of-Distribution (OOD) detection and generalization are critical areas in ma-

chine learning that focus on identifying when a model encounters data that differs

significantly from its training set and ensuring that models perform well even when

faced with such unfamiliar data. Similarly, existing research on OOD detection and

generalization often overlooks the issues posed by imprecise data. In the future, we

aim to develop innovative strategies to train models that can generalize effectively

to new, unseen domains with imprecise data while minimizing reliance on large

source datasets.

4. OOD detection and generalization with limited source data or without source data

Most existing methods still rely on utilizing large amounts of source data to

enhance model generalization capabilities while effectively detecting unknown

categories. To alleviate this constraint, in future research, we will propose a novel

method that simultaneously addresses covariate shifts and category shifts in OOD

generalization and detection with limited source data or without source data.
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