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ABSTRACT. When people agree to disagree, how does the disagreenfiecit afset prices?

Within an equilibrium framework with two agents, two riskgsets and a riskless bond, we
analyze the joint impact of disagreement about expectedfhasariance and correlation, and
compare prices with benchmark prices in a market with homeges beliefs.
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1. INTRODUCTION

In financial markets, it is well recognized that people agredisagree and the disagree-
ment can have a significant impact on asset prices (see for@&dama and French (2007)).
Disagreement complicates the formulation of asset prissch makes a complete analysis
difficult. In a static setting, when investors with the sams& tolerance agree on the covariance
matrix, several authors have shown that assets remainctgrpgiced and the disagreement
effect “cancels out” when beliefs about expected retureshaterogeneous but on average un-
biased (see for example Levy, Levy and Benita (2006) and 2athd)). The analysis becomes
much more complicated when there is a disagreement aboobtagiance matrix, because in-
vestors’ demands are non-linear functions of their beldéfghe covariance matrix. Recently,
Chiarella, Dieci and He (2011) show that, when asset pay#suncorrelated, disagreement
about variances leads to a diversification effect. Howdvachin and Levy (2010) show that
tiny fluctuations in the disagreement about the variance teasubstantial price fluctuations.
Moreover, most of the literature focuses on the price impéetspecific type of disagreement
(expected returns or variances) by assuming investorsthevase identical, and not much
attention has been paid to their joint impact, which can bg dédferent from their individual
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impact. For example, Jouini and Napp (2006, 2008) and Qlaaee al. (2011) find that the
impact of disagreement on prices is governed by the riskantee weighted average level of
pessimism/optimism.

In a market with two risky assets, agents may have differeshkt tolerances and jointly
disagree about thexpected payoffvariances of payoffand thecorrelation between payoffs
We show that even when agents have the same objective betief the expected payoff and
variance for thdirst asset, the market as a whole can be overoptimistic/overpissis and
overconfident about its payoff if agents simultaneouslpglise about the expected payoff and
variance of thesecondassebr simultaneously disagree about the expected payoff of thensk
asset and the correlation between payoffs. As a resultepri¢ both assets are in general
different from the benchmark prices in a market with homeagers beliefs. This leads to a
spillover effectof disagreement in a multi-asset market. All our resultslianéed to a static
model. Impact of disagreement in a dynamic model can be \iéfigreht. For example, Jouini
and Napp (2011) show that even when beliefs are on averagasaaband risk tolerances are
the same, disagreement can have a significant impact oniteedynamics and the risk-return
trade-off of risky assets.

This paper is organized as follows, Section 2 presents aititrgum asset pricing model
with heterogeneous beliefs, Section 3 analyzes the impgatisagreement on asset prices and
Section 4 concludes.

2. THE MODEL

We consider a two-date economy with two risky assets, indleyé: = 1, 2, a riskless bond,
and two agents, indexed by= 1,2. The bond is in zero net supply and each agent is endowed
with one share of each risky asset on date zero. flihge payoffof assetk is denoted byX,
and letX = (X, X,)T, moreover, theisk-free rateis assumed to be zero and the current price
of the bond isl. The asset payoffs are assumed tgdietly normaland agents are assumed
to haveheterogeneous belieébout theexpected payoffandcovariance matrix of the payoffs
For agent (i = 1,2), let
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wherey; , = E;(Xy), agk = Vari(Xy), pi = Correl;(Xy, X,) for i,k = 1,2, and denote
B; := (u;, Vi) the subjective belief of agent

2.1. Portfolio Optimization. The terminal wealth of ageritis given byW,; = z; p + z! X,
wherez; = (z;1,22)" is the number of shares of the risky assets held by agemdz;  is
the number of bonds held. Agenmaximizes aonstant absolute risk aversig@ARA) utility
functionU;(W;) = —r; exp{—W;/7;} of his terminal wealti¥; under his subjective belig3;,
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subject to the budget constraitftp+z; 5 = p”'1, wherer; is agent’s risk-tolerance. When the
terminal wealthV; is normally distributed, maximizing, [U;(W;)] is equivalent to maximizing
the certainty equivalent wealtgiven by z; 5 + 2] p1; — 52/ Viz;, wherep = (p1,p,)" is the
equilibrium price vector of the risky assets. Therefore, dptimal portfolio of agent is given
by

z; =V, ' (p; — p) and Zip = p’(1—z). (1)
2.2. Consensus Belief and Market Equilibrium. The market clearing conditions are given
by %(zf +2z3) = 1andz; g + 22 g = 0. Note that agents’ budget constraints imply that

p71= (55 +7) D+ 5 (o1 + 22.5) @

Therefore, the bond market clears as long as the asset nctakes.

To characterize market equilibrium under heterogeneolisfbea concept of consensus be-
lief has been developed by Lintner (1969) and Rubinstei@412975). In this paper, a belief
B, = (p,, Va) is called a marketonsensus beligf the equilibrium prices under the heteroge-
neous beliefd3; := (u,;, V;) (i = 1,2) are also the equilibrium prices under the homogeneous
belief B,.

We construct a consensus belief similar to Chiarella e8Il {), which allows us to analyze
the heterogeneous economy as an equivalent homogeneoamsecolLetr, = %(71 + 1) be
the averagerisk tolerance. Applying Proposition 3.2 in Chiarella et@011), the consensus
belief B, is given by
SOV EV = g [ e+ 2 ] @)

251, Ta Ta a

T2

Vol =

and the equilibrium asset prices are given by

P=HK, — Val/Tw (4)
Furthermore, the equilibrium optimal portfolio of agens given by
z; = 7V (B — pa) + Val/7a]. (5)

In the following, we use the consensus belief constructedjiration[(B) to examine the impact
of disagreement among agents on the equilibrium pridesf(@d3ky assets.

3. THE PRICE IMPACT OF DISAGREEMENTS

To measure the price impact of disagreement, we first consideenchmark economy in
which agents have homogeneous beliefs and the same leviskadbterance, that is3; =
B, = (u,, Vs,), whereBB, may be regarded as tlobjective beliefabout the distribution of asset
payoffs andr; = 7. Since there is no disagreement, the consensus beliefsicdlse coincides
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with the objective belief, that is

0'2 pPO102
Ko = Mo = (M17M2)T7 Va:‘/;)E < !

2
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and the equilibrium asset prices under homogeneous beli¢ie benchmark pricesdenoted
by p are given by

P = (11 — (0 + po102) /7, po — (03 + poroa) /7)". (6)

For the economy with heterogeneous beliefs, we assumegblatsagree about the expected
payoff and standard deviation of the first asse(that is,(o; 1, pi1) = (o1, 1) fori = 1, 2.
Furthermore, there is a disagreement about the expectexdf @ay standard deviation of the
second assetS(), and also the correlation between asset payoffs. The isagent among
agents is measured by

Al = 9 — flog, Ao =019 — 022, and Ap = p; — po.

WhenAp > (<)0, agentl is relatively more optimistic (pessimistic) about the piys S,
than agen?; whenAo > (<)0, agentl is relatively more doubtful (confident) about the payoff
of Sy than agen®; whenAp > (<)0, agentl perceives a higher (lower) correlation between
asset payoffs than agentMoreover, assume the average risk tolerance is given by, the
difference in risk tolerance is measureddy = 7, — 7. Hence, when\r > (<)0, agentl is
more (less) risk tolerant than agentFollowing (4), the equilibrium prices are then determined
by the consensus belief,

P = (Ma1 — (‘7(3,1 + £a0a1042)/T; Ha2 — (02,2 + pa0a710a72)/7—)T'

If consensus belief coincides with the objective belieérip = p.
To facilitate the analysis, we introduce notations of thdierent averages, namely theth-
metic, geometriandharmonicaverages, defined by

Az, m0) = (21 + 22) /2, G(x1,x9) = /2129, H(zy,20) = [(1/zy 4 1/m9) /2]

Note that, whemr; # z,, we haveH (1, x2) < G(x1,72) < A(xy, z2). TO examine the impact
of the disagreement, we consider three cases.

Case 1. The impact of risk tolerance and optimism/pessimism-This case has been consid-
ered in the literature. For example, in a market with a singley asset, Jouini and Napp (2007)
show that the consensus belief of the expected payoff iskaalsrance weighted average of
agents’ perceived expected payoffs. We show in the nextmiu'prﬁ that this result also carries
over to a multi-asset market.

1proofs of propositions only involve simple algebras, tfeneare omitted from the paper.
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Proposition 1. WhenAoc = Ap = 0, the consensus belief is given by = V,, p, =
(1, apre+ (1 —a)uss2)”, wherea = 71 /(m1 + 72). The equilibrium prices are given by

Y41 :]317 b2 :ﬁ2+a(ﬂl,2_M2)+(1_OZ)(M272—M2).

PropositiorL ]l shows thd; is alwayscorrectly priced in the sense that its price coincides
with the benchmark price af;, which is intuitive since both agents perceive thigective
expected payoff forS; and the objective covariance matrix. Fgy, the consensus belief is a
risk-tolerance weighted average of agemisiceivedexpected payoffs, which is also intuitive
since the more risk tolerant agent would buy/$glinore aggressively than the less risk tolerant
agent. This result is consistent with Jouini and Napp (2@06,7) and Chiarella et al. (2011).

Case 2. The impact of optimism/pessimism and confidence/dot+—In this case, agents have
the same risk tolerances and perceive the same expectefflggayoariance foiS; and the same
correlation between asset payoffs, but disagree aboukpgezted payoff and standard deviation
of S,.

Proposition 2. WhenA7r = 0 and Ap = 0, the consensus beli#, is given by

1 poy
Ha,1 = H1 — §?A0AM7 Ha2 = 5#1,2 + (1 - 5)#2,27 (7)
and
11 1 1\
p YoPy Oa1 = V01,  Ogpo {w 0%727 0572 + ( w) 0%727 0372 ) (8)
where
2 — p?) o2, — p?oi 90
¢=(2- pQ)A(criz,cr;z) - pQG(Ui%U%,Q) >0, p= : ”) 22625 e 2727
and
A(U1,2,02,2) 1 —Pz 2 _102
Vo = <1, 7= 5 A(01,2,02,2)? =1 wEQl— 2 =
4075, 03,) 1— P TR =7

Propositiori 2 shows that disagreement can leaddpilover effectwhen asset payoffs are
correlated, that is whenmdifferent from zero. Although agents perceive the objectxpected
payoff for S;, equation[(l7) implies that the market (represented by tmseasus belief) can
be overoptimistic/overpessimistic ababif’s payoff. For example, ifp > (<)0, a positive
correlation between confidence and optimism ab6us payoff, that isAcAu < 0, can lead
to overoptimism(overpessimisinabout the payoff/,1 > (<)u1) of Si, which contributes
to overpricing (underpricingpf S;. Furthermore, equation](8) implies that, although agents
perceive thesamecorrelation coefficient and theamevariance forS,, the market is overcon-
fident aboutS;’s payoff (0271 < o?) and perceives a lower correlation between asset payoffs

a
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(pa < p), both of which contribute to overpricing ¢f when the correlation coefficiept> 0.

In summary, when asset payoffs a@relatedand agents disagree about the expected payoff

and variance ob,, even though agents perceives the objective expectedf@aa¥ariance for

S; and the objective correlation, the market can be overoptioioverpessimistic and overcon-

fident aboutS;’s payoff and also perceives a lower correlation. The spéiceffect disappears

whenp = 0, in this case, market perceives the objective expected‘tmydvariance for5; and

the objective correlation, that is, ; = 111, o 1 =02, pa=p=0,andp, = p, = yu; — o3 /71.
Equation [(8) shows that the consensus belief alsist precision 1/0%2) is a weighted

average of tharithmeticandgeometriomeans of agents’ perceived precisions, and the weight

on the geometric meanigegativesincew > 1. Whenp = 0, we obtainv = 1 and the consensus

belief aboutS,’s variance becomeskarmonicmean of agents’ perceived variancessef that

is o2, = H(o,,03,). Whenp is different from zero, becausg(—— e 512) < Al =05 32),

market perceives a higher precision (hence a lower var)a‘me% compare to the case of

p = 0. Furthermore, equatiof](7) shows that the consensus ladl@ftS;’'s expected payoff

is a weighted arithmetic average of agents’ perceived a@gpegayoffs and the weights are

determined by the objective correlation and the perceiathuces forS,. Whenp = 0,

the consensus belief abotif’s expected payoff becomes @recision-weightedverage of the

perceived expected payoffs, thatds= % which is consistent with Jouini and Napp

(2007).

Case 3: Optimism/Pessimism and disagreement in correlatis—In this case, we examine
the joint impact of optimism/pessimism abotit (measured by\;;) and disagreement in the
correlation coefficient (measured kyp) by assumingAr = 0, Ac = 0. To our knowledge,
this is the first paper to examine the impact of disagreemmmitecorrelation on asset prices.

Proposition 3. WhenA7r = Ao = 0, the consensus beli#, is given by
1oy ApAp

Ha,1 = fb1 — 1o 6, Pap = Opre + (1 —0) 122 9)
and
_ 2 2 2 2
Pa = WppP1 + (1 - Wp)pZa Og1 = 71071, Oa2 = 7209, (10)
where ) A
bp=1- Alppo)? >0, o=tz rAlbrr)
2¢p
and .
1—/)?} 1— A(p?, p3)
w, = |1+ ; N=V2 = 5 <L
8 [ 1—p3 1— A(pr, p2)?

In Propositior B, equationl(9) shows that even though agesrtseive thesameexpected
payoff for Sy, the market iverpessimisti¢overoptimisti¢ about theS;’s payoff when there is
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apositive (negative) correlatiobnetweeroptimismandperceived correlationghat isApAp >
(<)0, which contributes to underpricing (overpricing)®f. Furthermore, the consensus belief
aboutS,’s payoff ., - is a weighted average of agents perceived expected paye@fights are
determined by agents’ perceived correlations. When thbragtic average of the perceived
correlations is zero, that id(py, p2) = 0, we obtaind = % andpg o = A(p, p2).

Moreover, equatiori (10) shows that even though agentsiperttee same variances for the
payoffs of both assets, marketagerconfidenabout the asset payoffs, which contributes to the
overpricingof assets whg’vm > —pa042ando, o > —p,0,1. The consensus belief about the
correlation is a weighted average of agents’ perceivecetairons and the weights are biased
towards the agent who perceives a higher absolute cooelgti|. WhenA(p,, p2) = 0, agents
perceive the same absolute correlatipn|(= |p2|) and market perceives the average perceived
correlation, that i, = A(p1, p2) = 0.

4., CONCLUSION

In a market with two risky assets and a riskless bond, we shatvdisagreement about the
expected payoff and variance ohe asset, together with disagreement about the correlation
coefficient, carjointly affect the consensus belief about the payoffbath assets, leading to
a spillover effect Prices determined by the consensus belief are in gendfailedit from the
benchmark prices in a market with homogeneous beliefs. Memveur results are limited to
the static model and an extension to a dynamic model wouldteeasting, which we leave to
future research.
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