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ABSTRACT

ulti-Task Learning (MTL) is a widely used paradigm for training shared

models across multiple tasks. It improves data efficiency by jointly training

all tasks, allowing the model to leverage shared information. However, di-
rectly optimizing the mean of the losses across tasks can lead to imbalanced performance
due to conflicts in task objectives. These conflicts arise because different tasks often
compete for the same model capacity, which can degrade the performance of certain tasks.
While many MTL models attempt to address this issue by employing loss weighting
techniques or through model parameterization, the challenge of effectively balancing
these competing objectives remains unresolved. Thus, the question of how to design more
effective task weighting methods or model parameterization methods for MTL continues
to be a key challenge in the field.

This thesis aims to address this challenge by focusing on optimization algorithms and
model parameterization specifically tailored for MTL. It seeks to answer three critical
research questions that arise in realistic multi-task learning scenarios: 1) How can we
effectively learn task weights that ensure balanced training and performance across
all tasks; 2) How can we effectively learn the model parameters in black-box settings
where explicit task gradient information is not available. 3) How can we exploit task
similarities to design parameterized models that reduce competition and conflict between
tasks?

To solve problem 1), this thesis introduces a Multi-Objective Bi-Level Optimization

framework, which alternates between learning task-specific model parameters and
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task weights. This method not only balances the performance across tasks but also
dynamically adjusts weights to address conflicts as training progresses. To solve problem
2), this thesis presents a black-box multi-objective learning algorithm, which optimizes
model parameters in scenarios where task gradient information is unavailable. To solve
problem 3), this thesis presents a neural ODE-based model, which leverages the inherent
similarities between tasks to reduce competition for shared parameters. This model
enables smoother coordination between tasks, leading to improved overall performance.

In conclusion, this thesis presents a series of novel optimization techniques, task-
weighting algorithms, and parameterized models, contributing to the development of

more effective multi-task learning systems.
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CHAPTER

INTRODUCTION

1.1 Background

Humans have the remarkable ability to learn multiple tasks simultaneously and often
apply knowledge from one task to assist in learning another. For example, skills developed
in playing tennis can aid in learning squash, and vice versa. This natural ability to
transfer learning across domains has inspired the development of Multi-Task Learning
(MTL) in machine learning. MTL seeks to replicate this human capability by training
multiple related tasks together, allowing the knowledge gained from one task to enhance
the learning of others. The goal of MTL [10, 146] is to enhance the generalization and
performance across all tasks being learned.

MTL was initially motivated by the challenge of data sparsity, where individual
tasks often lacked sufficient labeled data for effective training. By jointly training tasks
and sharing their labeled data, MTL acts as a form of data augmentation, producing
more reliable and accurate models. This approach not only enables the reuse of existing
knowledge but also reduces the costs associated with manual labeling and data collection.
In the modern era of big data, especially in domains like computer vision and Natural
Language Processing (NLP), deep MTL models have consistently outperformed their
single-task counterparts. This success is attributed to MTL’s ability to harness the data
from multiple tasks, learning more generalized and robust representations that improve

knowledge sharing between tasks. Moreover, by learning shared representations, MTL
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CHAPTER 1. INTRODUCTION

helps to prevent overfitting and enhances task performance, particularly in data-scarce
scenarios.

MTL is also closely related to several other machine learning paradigms, including
transfer learning [90], multi-label learning, and multi-output regression [144]. Although
MTL shares some similarities with transfer learning, there are important distinctions.
In MTL, all tasks are treated equally, with the aim of improving the performance of
every task involved. In contrast, transfer learning prioritizes a single target task, using
knowledge from source tasks to boost the performance of that specific task. Similarly,
multi-label learning and multi-output regression, where each data point is associated
with multiple labels, can be viewed as special cases of MTL. In these scenarios, each label
is treated as a separate task, but the tasks consistently share the same data throughout
training and testing.

Over the past decades, MTL has attracted much attention in the artificial intelligence
and machine learning communities. Many MTL models have been devised, and many
MTL applications in other areas have been exploited. As deep learning models are
becoming larger and larger to solve complex problems, MTL becomes attractive since by
sharing parameters across all the tasks and training all the tasks jointly.

In this thesis, we focus on advancing MTL by addressing several critical questions,
including how to optimize task weights and how to parameterize models effectively in
MTL settings. By exploring these challenges, we aim to contribute to the development of

more efficient and powerful multi-task learning systems.

1.2 Motivation

MTL has the potential to enhance the quality of the learned representations [118],
thereby benefiting each individual task. However, simultaneously learning multiple
tasks presents a challenging optimization problem due to the presence of multiple ob-
jectives [121]. The most commonly used MTL objective is the average loss across all
tasks. However, even when this average loss accurately reflects the true objective (unlike
situations where the focus is on a single task, as in the door/doorknob analogy), directly
optimizing the average loss can sometimes lead to suboptimal outcomes. For instance, the
optimizer may struggle to make meaningful progress, resulting in a significant decline in
learning performance. One known explanation of this phenomenon is the conflicting gra-
dients [121]: gradients from different tasks may point in different directions, so directly

optimizing the average loss can be quite detrimental to a specific task’s performance.
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1.3. RESEARCH QUESTIONS AND OBJECTIVES

To build an effective MTL model, recent advances in MTL mainly come from three
aspects: weighting algorithm, parameterized model design, and task grouping. Each

approach tackles the underlying issue of task imbalance in different ways.

Weighting algorithms are based on the idea that suboptimal performance in MTL
is often due to gradient conflicts. When some tasks generate gradients with signifi-
cantly larger magnitudes, they dominate the parameter updates, causing the model to
become biased toward those tasks at the expense of others. This imbalance degrades
the performance of the underrepresented tasks. To mitigate this issue, recent research
has proposed various optimization strategies to balance task losses or gradients more
effectively [16, 66, 70, 89, 103, 141]. These methods aim to ensure that no single task
disproportionately influences the shared parameters, thereby improving overall model

performance.

Model parameterization design focuses on creating or searching for more sophisti-
cated parameter-sharing architectures to address the imbalanced performance between
tasks [43, 78, 117]. These approaches often involve dynamically adjusting the amount of
shared knowledge between tasks or designing specialized layers for certain tasks. While
these methods can be effective at reducing task conflicts, they often come with trade-offs,
such as increased model complexity, higher inference times, and a larger number of

parameters.

Task grouping methods attempt to group tasks based on their similarities, allowing
more effective sharing of information between related tasks while isolating unrelated
tasks [56, 131]. These methods typically rely on pre-computed task similarity measures,
which can be computationally expensive and may also increase the total model size,

further complicating deployment and scalability.

In this thesis, we mainly focus on the first two categories. We try to propose more
effective weighting algorithms and parameterization models to overcome the imbalance

performance in MTL.

1.3 Research Questions and Objectives

The main research objectives of this thesis is to develop a set of effective weighting
algorithms and model parameterization methods for multi-task learning. Our research

aims to answer the following three research questions:
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CHAPTER 1. INTRODUCTION

Research Question 1: How to design an effective weighting method for multi-task
learning?

Task weighting, which assigns weights on the including tasks during training, signifi-
cantly matters the performance of MTL. As a result, there has been an explosive interest
in it. Existing task weighting methods compute the task weights only based on training
losses or corresponding gradients. Therefore, in optimizing these task weights, these
methods do not consider the generalization performance of the learned task weights.
Therefore, it motivates us to design an algorithm to learn the task weights more effec-

tively by considering its generalization performance.

Research Question 2: How to design an effective balancing method for multi-task
learning in black-box scenarios?

Recently, many large models such as large language models (LLMs) [23, 96, 139] are
released in the service and are only allowed for access with APIs [8]. In such scenarios,
users can only query the large models without accessing gradients to accomplish tasks of
interest [114, 116]. For Multi-Task Learning (MTL) in these black-box settings, tradi-
tional approaches that rely on gradients or stochastic gradients with respect to model
parameters are no longer feasible. As a result, existing task-weighting methods in MTL
are not applicable. This challenge motivates us to develop a new algorithm specifically
designed for black-box MTL that can effectively balance tasks without requiring gradient

information, while still achieving strong performance across tasks.

Research Question 3: How to use task similarity to design a parameterized model to
improve performance in multi-task learning?

Among all the architectures for deep MTL, the Hard Parameter Sharing (HPS)
architecture, which typically shares one feature extractor among tasks and, after that,
has a task-specific output layer or head for each task, is the earliest and the most
used one. Though it is simple, several works [6, 85, 118, 143] point out that the HPS
architecture is effective in improving the performance of each task. However, due to the
use of a shared feature extractor to obtain a shared feature representation among tasks,
the HPS architecture often faces the problem of competing for shared parameters among
tasks during the training process, specifically in the form of gradient conflict which often
leads to performance degradation for some tasks [70, 141]. Previous studies commonly
use the weighting approach [16, 66, 70, 89, 103, 141] to directly address this problem

4



1.4. RESEARCH CONTRIBUTIONS

and did not study the similarity between all tasks. This motivates us to model the task

similarity directly and use it to help train the model.

1.4 Research Contributions

Contribution 1. We proposed a multi-objective bi-level optimization framework for
task weighting for training the MTL model. Two reliable algorithms [132—134] with

comprehensive theoretical results were proposed to solve the proposed framework.

¢ This study provides a Multi-Objective Bi-Level Optimization (MOBLO) frame-
work for multi-task learning, which alternately learns model parameters and task

weights to solve the MTL problem.

¢ This study first introduces a nested gradient-based MOBLO method called MOML
and provides asymptotic and non-asymptotic convergent results for the proposed
MOML method.

* This study introduces a first-order gradient-based MOBLO method called FORUM,
which can solve the MOBLO problem more efficiently. A non-asymptotic convergent
result for the proposed FORUM method is provided.

* Extensive experiments demonstrate the effectiveness and efficiency of the proposed
framework and methods. In particular, the proposed FORUM method achieves
state-of-the-art performance on multiple benchmark datasets under the setting of

multi-task learning.

Contribution 2. An effective weighting approach for black-box MTL problem [135].

¢ This study provides a novel ASMG algorithm for black-box multi-objective opti-
mization, which can be used to solve the black-box multi-task learning problem.
To the best of our knowledge, this work is the first to design a stochastic gradient

algorithm for black-box MOO with a theoretical convergence guarantee.

* This study explicitly provides the connection of the Pareto optimal and stationary
conditions between the original MOO and the corresponding Gaussian-smoothed
MOO. Moreover, we prove the convergence rate for the proposed ASMG algorithm

in both the convex case and the non-convex case.
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¢ Empirically, the proposed ASMG algorithm achieves state-of-the-art performance

on black-box multi-task learning problems.

Contribution 3. An effective Neural Neural Ordinary Differential Equation (NODE)
based parameterized model [136] for MTL training.

¢ This study is the first to model feature transformations in MTL from the perspective
of dynamic flow and propose the NORMAL method to learn task positions that

represent the task-specific feature transformations in the dynamic flow.

¢ The NORMAL method outperforms multiple methods on four MTL benchmark
datasets, including the Office-31, Office-Home, NYUv2, and CelebA datasets.

¢ The task positions learned by the NORMAL method can be used to evaluate
the relevance of different tasks, which could improve the interpretability of the
proposed NORMAL method

Contribution Clarification. The contributions listed above are based on some publi-
cations where the first two authors share equal contributions. We clarify the authors’
specific contributions to these works. In [133], Feiyang Ye’s main contributions are
methodology, theoretical analysis, writing the original draft, and experiments. Baijiong
Lin’s main contributions are writing the original draft and experiments. In [135], Feiyang
Ye’s main contributions are methodology, theoretical analysis, and writing the original
draft. Yueming Lyu’s main contributions are methodology and theoretical analysis. In
[136], Feiyang Ye’s main contributions are methodology, and writing the original draft.

Xuehao Wang’s main contributions are experiments, and writing the original draft.

1.5 Thesis Outline

The six chapters of this thesis are summarized as follows:

e CHAPTER 2 presents the preliminary and literature review of multi-task learning.
In particular, we first review some concepts of multi-objective optimization since
gradient multi-objective optimization algorithms are widely used in multi-task
learning. Then, we introduce the previous work on loss balancing and gradient

balancing methods for multi-task learning.
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1.5. THESIS OUTLINE

CHAPTER 3 presents presents a Multi-Objective Bi-Level Optimization (MOBLO)
framework for MTL. Two reliable algorithms with comprehensive theoretical re-
sults were proposed to solve the proposed framework and achieve our first research

objective.

CHAPTER 4 introduces an effective weighting algorithm for black-box multi-
task learning, termed ASMG, designed to address our second research objective.
Through extensive experiments and theoretical analysis, we demonstrate the
effectiveness of the proposed ASMG method.

CHAPTER 5 presents an effective model parameterization approach for multi-
task learning, named NORMAL, which is designed to achieve our third research
objective. Experimental results demonstrate that the proposed NORMAL method
can explicitly represent task relationships and significantly enhance performance

in multi-task learning scenarios.

CHAPTER 6 summarises the main contributions of this thesis and discusses future

work.






CHAPTER

PRELIMINARY AND LITERATURE REVIEW

In this chapter, to provide a comprehensive understanding of multi-task learning,
we begin with an introduction to the preliminary concepts in MTL. We provide the
problem statement of MTL in Section 2.1. We provide the review of a representative
MTL method called the Multiple Gradient Descent Algorithm in Section 2.2. Then, we
provide a literature review for weighting algorithms and model parameterization of MTL

in Section 2.3 and Section 2.4, respectively.

2.1 Problem Statement
We first recall the definition of MTL [146].

Definition 2.1. Given m learning tasks {J7}” ; where some or all tasks are related, the
goal of multi-task learning (MTL) is to jointly learn these tasks. By leveraging knowledge

from other tasks, MTL aims to enhance the performance of each individual task J;.

Based on the definition of MTL, we now provide a detailed problem statement. Given
m learning tasks {7;}7. |, task i has its corresponding dataset &;. Then the MTL model
usually contains two parts of parameters: task-shared parameters 6 and task-specific
parameters {¢;}7. ;. The feature extractor fy(x) : & — R?, which maps a sample x € & into
a g-dimensional feature space, is parameterized by task-shared parameters 6. Then, the
i-th task-specific output module parameterized by task-specific parameters ¢; outputs
the prediction as A, (fp(x)). Let Z;(-,-) denote the loss function for task i (e.g., the cross-

9



CHAPTER 2. PRELIMINARY AND LITERATURE REVIEW

entropy loss for classification tasks). Then for the standard MTL problem with Equal
Weights (EW) method, MTL aims to learn all the parameters (i.e., 0,¢1,¢2,...,¢n) by
minimizing the total loss as

11

(2.1) L==Y =Y Ly hgfolx))),
mi=1Mij=1

where n; denotes the number of samples for task i, x{ denotes the jth sample in task i,

and y{ denotes the label of x{ .

2.2 Multiple Gradient Descent Algorithm

Directly optimizing the average loss can sometimes result in suboptimal performance, as
the optimizer may struggle to make meaningful progress. This can cause a significant
decline in learning efficiency and overall model performance. Therefore, an alternative
view is to consider MTL as a Multi-Objective Optimization (MOO) problem [103]. By
considering each task as one optimization objective. A m-tasks MTL problem can be

viewed as the following MOO problem

(2.2) oo (F160,¢1), ..., Fra(0,0m)) T,

where F;(0,¢;) = n% Z;‘il Zi( y{ R, ( fg(x{ )). Since most algorithms proposed in this thesis
and many MTL algorithms are designed based on this view. We first review the MOO
problem.

MOO aims to solve multiple objectives simultaneously and its goal is to find the
Pareto-optimal solutions. MOO algorithms can be broadly divided into three categories:
population-based [1], evolutionary-based [12, 147], and gradient-based [22, 83]. In MTL,
we mainly focus on the gradient-based category, because this approach can easily be
integrated into gradient-based machine learning models. One notable gradient-based
MOO method is the Multiple Gradient Descent Algorithm (MGDA) [22] algorithm, which
serves as a representative approach in this field. The MGDA algorithm employs a
quadratic programming problem to determine the optimal direction for gradient updates
during each training iteration. By doing so, it ensures that all objectives decrease
simultaneously. Compared with the widely-used linear scalarization approach which
linearly combines multiple objectives to a single objective, MGDA and its variants

[31, 149] have shown their superiority in many learning problems such as multi-task
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learning [103] and reinforcement learning [141], especially when some objectives are
conflicting.

We introduce the detailed approach for MGDA to solve an unconstrained multi-
objective optimization problem (i.e. min, g(z)). MGDA finds the minimum-norm point in
the convex hull composed by the gradients of multiple objectives. Specifically, it performs
the following two steps alternately:

Step 1. Compute the gradients V,g;(z) for i = 1,...,m, and solve the following

quadratic programming problem

2
m

Z Yivzgi(z)

m
s.t. i =0, ZYi =1,
i=1 j

(2.3) min
Y i=1

to determine the weights y; in the current iteration. y; can be viewed as a weight for the
i-th objective. To solve the problem (2.3), we can use the Frank-Wolfe algorithm [103].
Then, the descent direction searched is computed as d = Z;”: 1YiV28i(2).

Step 2. If d =0, the MGDA stops. Otherwise, a line step is determined as the largest
positive scalar v, with which all objectives are decreasing. Then we update z as z —vd

and go to Step 1.

Remark 2.1. The original MGDA searches the step size to ensure that all the objectives
decrease in each iteration. However, this will result in significant computational complex-
ity for learning models with many parameters such as deep neural networks. Therefore,
in MTL, similar to [86, 103], a common approach is to use a fixed and small step size in

MGDA to reduce the computational complexity.

2.3 Weighting Algorithms for Multi-task Learning

Loss Balancing Methods. This approach aims to balance different tasks by dynam-
ically adjusting loss weights based on various factors such as learning speed, relative
loss values, validation performance, and uncertainty. For instance, Dynamic Weight
Averaging (DWA) [74] sets the weight for each task by computing the ratio of two con-
secutive loss values. Uncertainty Weighting (UW) [53] uses homoscedastic uncertainty
as the basis for task weights, which are updated dynamically through backpropagation.
Another method, IMTL-L [70], learns task-specific loss weights by ensuring that the
scaled loss values across tasks remain similar, thereby achieving a balanced optimization

process.

11



CHAPTER 2. PRELIMINARY AND LITERATURE REVIEW

Gradient Balancing Methods. This class of methods focuses on finding an aggregated
gradient that balances different tasks in Multi-Task Learning (MTL). For instance,
MGDA-UB [103] frames MTL as a multi-objective optimization problem, solving for
optimal task weights at each iteration using MGDA [22]. This approach finds a common
descent direction by solving a quadratic programming problem. GradNorm [16] aims to
learn loss weights by ensuring that the gradient magnitudes across tasks are balanced.
GradDrop [17] addresses gradient conflicts by identifying inconsistencies in the signs
of gradient values across tasks and resolves these conflicts by masking out conflicting
gradient components. PCGrad [141] handles gradient conflicts by projecting each task’s
gradient onto the normal plane of another task’s gradient, particularly when a conflict
is detected through negative cosine similarities. GradVac [126] builds upon PCGrad,
projecting gradients more adaptively where cosine similarities between task gradients
can vary. IMTL-G [70] finds an aggregated gradient that maintains equal projection
lengths across all tasks’ gradients, ensuring balance in updates. Similarly, CAGrad [66]
solves an optimization problem at every iteration to find a gradient that minimizes all
task losses. RotoGrad [49] takes a different approach by homogenizing both gradient
magnitudes and directions, using a learnable rotation matrix to adjust the gradient
direction for each task and computing weights that equalize gradient magnitudes. Finally,
Nash-MTL [89] formulates the gradient aggregation problem as a Nash bargaining game,
allowing for a fair resolution of conflicts between task gradients.

While many weighting algorithms exist for multi-task learning, most of these methods
determine task weights solely based on training losses or their corresponding gradients,
overlooking the critical gap between training loss and generalization loss. To tackle
this issue, we propose a meta-learning approach that leverages the division of the
entire training dataset to effectively learn task weights using the validation dataset.
Additionally, prior research in multi-task learning has predominantly focused on white-
box scenarios. However, with the rise of large language models (LLMs) and similar
large-scale models, many are now deployed as services accessible only through APIs,
causing black-box scenarios. Consequently, developing effective weighting algorithms for

black-box multi-task learning has become increasingly important.

2.4 Model Parameterization in Multi-task Learning

Hard and Soft Parameter Sharing Methods. In hard parameter sharing methods,

one of the most widely used architectures is the multi-head hard sharing model [10]. In
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this approach, the initial layers of the network are shared across all tasks, while the
later layers are task-specific. Although task weighting methods are typically applied
in this hard parameter sharing setting, the fixed structure of the shared network can
limit the model’s capacity, potentially leading to suboptimal solutions due to insufficient
flexibility.

To better capture the relationships between tasks, soft parameter sharing methods
have been introduced. For instance, the cross-stitch network [87] linearly combines
hidden representations from different tasks, allowing for more adaptive feature sharing.
Similarly, the multi-task attention network [74] uses a shared base network with task-
specific attention modules, enabling the model to learn both shared and task-specific
representations through the attention mechanism. Another approach is the neural dis-
criminative dimensionality reduction layer [38], which automatically fuses features from
different tasks at each layer, enhancing the model’s ability to learn task relationships
dynamically. While soft parameter sharing methods provide greater flexibility, they often
involve maintaining multiple full-size networks, which can lead to overfitting on smaller

datasets and result in large model sizes that are impractical for deployment.

Task Routing. Rather than relying solely on either soft sharing architecture or hard
sharing architecture, task routing methods and other adaptive network models have
been introduced to offer greater flexibility. For example, Multi-Agent Reinforcement
Learning [99] enables the network to dynamically self-organize based on the input, while
the Task Routing Layer [112] allows a single model to handle multiple tasks by using
task-specific mask matrices. However, these routing-based methods typically operate

within a single network, which can limit their expressive power.

To address this limitation, several more adaptive methods have been proposed.
Adaptive feature aggregation layers [18] introduce a dynamic mechanism where each
task can determine how much knowledge to share with other tasks. Another approach
is an adaptive sharing method [117], which learns a task-specific policy that selectively
determines which layers should be executed for each task. Similarly, branched multi-task

networks [120] use task affinity scores to dynamically construct network branches.

These approaches dynamically adjust feature or parameter sharing between tasks,
resulting in better generalization compared to manually designed architectures. However,
they also introduce additional computational overhead, as determining task relatedness

often requires extra processing.
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Architecture Learning. Instead of manually designing deep neural network archi-
tectures, Neural Architecture Search (NAS) [69, 93] offers an automated approach to
discovering high-performing architectures. Several works have applied NAS to automati-
cally search for optimal architectures in Multi-Task Learning (MTL), aiming to enhance
overall performance across tasks.

For example, [78] dynamically expands a multi-layer network to form a tree-like
structure, where tasks with similar characteristics are grouped into the same branches.
[62] leverages an evolutionary architecture search algorithm to identify blueprints and
modules, which are then assembled into a cohesive multi-task learning (MTL) network.
Additionally, [37] focuses on searching for inter-task layers that facilitate more effective
feature fusion across tasks. A differentiable architecture search algorithm has also
been introduced in [43] to learn branching blocks, creating tree-structured networks
tailored specifically for MTL. Moreover, NAS techniques have been employed to optimize
branching architectures automatically [9] for the encoder in MTL networks, particularly
under resource constraints.

Unlike traditional hard and soft parameter-sharing methods, which rely on designing
different models to implicitly capture task relationships, we introduce a novel NODE-

based multi-task learning model that explicitly models the relationships between tasks.

2.5 Summary

In this chapter, we begin by introducing the problem statement of multi-task learning
(MTL), followed by a review of the representative MTL method, MGDA. We also provide
a comprehensive literature review of weighting algorithms and model parameterization
techniques in MTL. Weighting algorithms for multi-task learning can be categorized into
two main types: loss balancing methods and gradient balancing methods. In contrast
to prior studies, our work focuses on weighting algorithms based on a meta-learning
approach and addresses black-box scenarios. Regarding model parameterization, MTL
methods can be grouped into three categories: hard and soft parameter-sharing methods,
task routing, and architecture learning. Unlike traditional hard and soft parameter-
sharing approaches, our work explicitly models task relationships to mitigate competition

among tasks for shared parameters.
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CHAPTER

A MULTI-OBJECTIVE BI-LEVEL OPTIMIZATION
FRAMEWORK FOR MTL

3.1 Chapter Abstract

This chapter introduces a novel Multi-Objective Bi-Level Optimization (MOBLO) frame-
work for Multi-Task Learning (MTL). In this framework, we optimize the model parame-
ters for the MTL model in the lower-level subproblem, while in the upper-level subprob-
lem, we optimize the ideal task weights. To address the MOBLO problem, we propose an
alternating optimization algorithm called MOML, and a more efficient first-order method,
FORUM. We provide comprehensive theoretical analysis for both methods and conduct
extensive experiments on various MTL benchmark datasets. The results demonstrate

the effectiveness of the proposed algorithms in improving MTL performance.

3.2 Preliminary

Bi-Level Optimization. Bi-level optimization is a special kind of optimization, where
one problem is nested within another one. It has been recognized as a powerful optimiza-
tion tool for meta-learning methods [48]. The generic Bi-Level Optimization problem
(BLO) is formulated as

(3.1) min F(w,a) s.t. we F(a),

acsf ,weRP

15



CHAPTER 3. A MULTI-OBJECTIVE BI-LEVEL OPTIMIZATION FRAMEWORK FOR
MTL

where the function F is called the Upper-Level (UL) objective and .#(a) is the solution
set of the Lower-Level (LL) subproblem, and a, w denote the UL and LL variables,
respectively.

One representative category of the BLO method is the ITD-based methods [34, 35, 42]
that use approximated hypergradient to optimize the UL variable, which is computed
by the automatic differentiation based on the optimization trajectory of the LL variable.
Some value-function-based algorithms [67, 72, 109] have been proposed recently to solve
BLO by reformulating the original BLO to an equivalent optimization problem with a
simpler structure. The value-function-based reformulation strategy naturally yields a
first-order algorithm, hence it has high computational efficiency.

Existing BLO methods mostly assume that the UL subproblem is a single-objective
optimization problem (i.e. F' : R? x R” — R) and aim to propose optimization algorithms
to maintain convergence properties under different assumptions such as non-convexity
[71]. There are only a handful of works for solving Multi-Objective Bi-Level Optimization
(MOBLO) problems [21, 51, 107]. However, all those works solve MOBLO via evolu-
tionary algorithms and analyze it from a game theoretic point of view. The MOML
[133] method introduced in this thesis is proposed as the first gradient-based MOBLO
algorithm. However, MOML needs to calculate the complex Hessian matrix to obtain
the hypergradient, causing the computationally inefficient problem. MoCo [31] also
employs the ITD-based approach like MOML for hypergradient calculation. It uses a
momentum-like gradient approximation approach for hypergradient and a one-step
approximation method to update the weights. It has the same inefficiency problem as
the MOML method. [140] propose a mini-batch approach to optimize the UL subproblem
in the MOBLO. However, it aims to generate weights for a huge number of UL objectives

and is different from what we focus on.

3.3 A Multi-Objective Bi-Level Optimization

Framework

In MTL, it is common for the including tasks to be competing. If we cannot properly
balance these tasks, some tasks might dominate the training process and hurt the
performance of other tasks, a phenomenon known as task imbalance. To address the task
imbalance, the most widely used method is task weighting, which adaptively assigns
weights on the tasks during training to balance their impacts. Existing task weighting

methods compute the task weights only based on training losses or corresponding
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gradients. They ignore the gap between training loss and generalization loss. To address
this problem, based on the split of the entire training dataset, we use a meta-learning
approach to effectively learn the task weights in the validation dataset.

Specifically, suppose there are m tasks. The i-th task has a dataset ; for model
training. Here each 2; is partitioned into two subsets: the training dataset E’Zfr and the
validation dataset @;’“1, where @fr is used to train a multi-task model and @;’“l is to
measure the performance of the multi-task model on the i-th task. f(-;w), the learning
function of the multi-task model parameterized by w, receives data points from the m
tasks and outputs predictions. Let a; € [0,1] denote the loss weight for the i-th task.
The goal is to learn the simplex weight vector a = (aq,...,an,)" € A™ 1 and the model
parameter w. The objective function of the proposed method is formulated as

min (Lurs(@* (@), 2°),..., Lyrs(o* (@),2°)
(3.2) m

st. w'(a)= argma%nizlaiﬁfMTL(w,@fr),

where Zyri(w,9) = ﬁ Y x ez {(f(X;w),y) denotes the average loss of f(:;w) on a
dataset 2 with |2| denoting the size of 2 and 4(-,-) denoting a loss function. In the
inner problem of the problem (3.2), when given weights in a, we aim to learn an MTL
model to get optimal parameters w* on the training dataset and in the outer problem, we
expect to update a via minimizing the loss of the trained MTL model with parameters
w™ on the validation dataset of each task.

The problem (3.2) is not a standard BLO problem since it has multiple objectives
to optimize in the outer problem. There exist several multi-objective evolutionary algo-
rithms [21, 100, 106] which can be used to solve problem (3.2). However, such methods
have a high complexity without convergence guarantee and are not easy to be integrated
with gradient-based models such as deep neural networks. Therefore, we need to propose
an effective gradient-based method to solve such an optimization problem.

To design effective gradient-based algorithms for solving problem (3.2), we first
abstract the problem (3.2) as the following optimization problem:

(3.3) mian Flw,a)=F1(w,a),Fow,a),...,.Fn(w, a)! st we FL(a),

a

where function F' : RP x R® — R™ is a vector-valued jointly continuous function for the m
desired meta-objectives and < is a nonempty compact subset of R”. Problem (3.3) is a
Multi-Objective Bi-Level Optimization (MOBLO) problem. The goal of solving problem
(3.3) is to find the Pareto-optimal solution, which is defined in Appendix A.1.1. In problem
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(3.3), L(a) is defined as the set of optimal solutions to minimize f(w,a) w.r.t. v, i.e.
(3.4) FLla) = argmﬂ}nf(w,a).

When m equals 1, problem (3.3) reduces to a standard BLO, and hence from this per-
spective, the proposed MOBLO framework is a generalization of BLO. In problems (3.3)
and (3.4), F is the UL subproblem and f : R” x R” — R is the LL subproblem. The LL
subproblem can be considered as a constraint for the UL subproblem.

Note that in our work [133, 134], we also called this framework a Multi-Objective
Meta-Learning (MOML) framework since we view this framework as a learning-to-
learn strategy (a.k.a meta-learning). In MTL, F' contains multiple meta-objectives to be
achieved for the meta-learner, and f defines the objective function for the training losses
of current weighted tasks.

In Section 3.8, we will see the application of the MOBLO framework in different
learning problems, including few-shot learning, NAS, and RL.

3.4 A Nested Gradient-Based MOBLO Method

In this section, we devise a general nested gradient-based algorithm to solve the objective

function in the proposed MOBLO framework (i.e. problem (3.3)).

3.4.1 Reformulation of MOBLO

We now discuss an important assumption for problem (3.3). Due to the complicated
dependency between UL and LL variables, solving it is challenging, especially when
optimal solutions of the LL subproblem are not unique.

For a standard BLO with a single objective in the UL subproblem, many studies
[25, 35, 104] potentially require that the LL subproblem only admits a unique minimizer
w for every a € o/, which is formally introduced as the Lower-Level Singleton (LLS)
condition in [73]. If the LLS condition does not hold, then for a fixed point ay, it is
unclear which w € S(ag) should be evaluated in the UL subproblem. Thus, this condition
can simplify both the optimization process and convergence analyses.

To solve problem (3.3) with multiple objectives in the UL subproblem, the LLS
condition is necessary. If not, the MOBLO is even ill-defined [27]. Moreover, since the
UL objective F is vector-valued, it is more challenging than standard BLO with a scale-

valued F' to determine which w should be evaluated in the UL subproblem. Although we
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can select one specific w by adding some constraints (e.g. choosing the minimum-norm
solution), it is not a general solution and would complicate the problem. Thus, in this
work, we use the LLS condition to simplify the analyses.

With the LLS condition, the optimal solution for a given a in the LL subproblem is

denoted by w*, and then problem (3.3) can be reformulated as

(3.5) mlg{l p(@)=F (0" (@),a) s.t. w*(a)=argminf(w,a).

3.4.2 MOML Algorithm

Here we design a general nested gradient-based optimization algorithm to solve problem
(3.5) called MOML. Usually, there is no closed form for the solution w*(a) of the LL
subproblem and so it is difficult to optimize the UL subproblem directly. Another approach
is to use the optimality condition of the LL subproblem (i.e. V,f(w,a) = 0) as equality
constraints for the UL subproblem in a way similar to [92]. However, this approach
only works for LL subproblems with simple forms and cannot work for general learning
models.

To solve problem (3.5), we take a strategy similar to the alternating optimization. In
the first part of each iteration (corresponding to steps 3-6 in Algorithm 1), we solve the
LL subproblem via gradient descent methods. Specifically, with an initialization wq for
the LL variable where the iteration index % is omitted for notation simplicity, the solution
of the LL subproblem can be updated for T steps as w;1(a) = T(wa),a),t=1,...,T -1,
where J; represents an operator to update w. Here we consider a first-order gradient
descent method for 9; such as the Stochastic Gradient Descent (SGD) method and J; can
be formulated explicitly as T(w(a@), @) = w(a) — uV, f(wi(a), a), where p > 0 denotes the
step size and V,, f(w¢(a), @) denotes the derivative of f w.r.t. w at w = w;(a). In the second
part of each iteration (corresponding to steps 7-9 in Algorithm 1), by fixing the value of w

as the current solution wr(a) obtained in the first part, we solve the UL subproblem as
(3.6) mén(pT(a) =F(wr(a),a).

Problem (3.6) is an unconstrained Multi-Objective Optimization (MOQO) problem
and we can use any multi-objective optimization algorithms to solve it. Here we choose
gradient-based multi-objective optimization methods as they can be seamlessly inte-
grated into any gradient-based learning framework. There are several gradient-based
multi-objective optimization algorithms [22, 94, 119] and they commonly find an appro-

priate descent direction d for all the objectives in F' by aggregating their gradients w.r.t.
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a. So such process is denoted by d = MOOSolver({V F;(wr(a), @)} ;) in Algorithm 1,
where the derivative of F;(wr(a), @) (w.r.t. @) can be computed by automatic differentia-
tion techniques. In this work, we mainly adopt a simple gradient-based MOO method
called Multiple Gradient Descent Algorithm (MGDA) [22], whose details are introduced
in Section 2.2. In MGDA, the descent direction d for multiple objectives can be found in
the convex hull of the gradients of each objective. Therefore, the descent direction can
be determined by d = Y, v; Vo Fi(wr(a), @), where Y y;, =1 and y;; = 0. Here y;
could be viewed as the weight of the i-th objective in the k-th iteration, but different
from the weighted sum algorithm that uses a fixed weight for each objective, MGDA de-
termines the weights {y; .} by minimizing the /2 norm of the convex hull of the gradients

of each objective in each iteration.

Algorithm 1 The MOML Method

Input: numbers of iterations (7, K), step size (u, v)
1: Randomly initialized ag;
2: fort=1to K do
3: Initialize wlg(ak);

4: for j=1to T do
5: wh(ar) — ok (ap) ~ pVof (0} (ar), ap);
6: end for
7: Compute gradients VaFi(a)’}(ak), ay) for all the i’s;
8: Compute the gradient as d(w’,}(ak), ap) = MOOSolver({VaFi(w];,(ak), ag)b);
9: Api1=0ap — vkd(a)f_,‘,(ak),ak) with a step size vy;
10: end for

The entire algorithm to solve problem (3.5) is shown in Algorithm 1, which, to the
best of our knowledge, is the first gradient-based optimization algorithm for solving
MOBLO problems.

3.4.3 Convergence Analysis

Algorithm 1 is simple and intuitive, but its convergence properties are unclear. In
this section, we provide convergence analyses for the approximated problem (3.6) and
Algorithm 1 under certain assumptions.

As an MOBLO, problem (3.5) cannot be reduced to a BLO with a scalar-valued
objective function in the upper-level subproblem when using Algorithm 1 to solve it.
Therefore, it has different theoretical properties from BLO as we need to focus on the
convergence properties of a minimal point set instead of a minimum scalar in the UL

subproblem.
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We first recall some notions about vector-valued functions. Consider a vector-valued
function g(z) :R” — R™ (m,n € N,m = 2). We denote by Min g(z) the set of all the minimal
points of the function g(z). Min g(z) is also called the Pareto frontier or Pareto-optimal
set. The corresponding efficient solution or Pareto-optimal solution set of g(z) is denoted
by Eff(g(z)). The convexity of vector-valued functions is called the P-convex. The details
of these definitions can be found in Appendix A.1.1.

To analyze the convergence properties of problem (3.6), we first make the following

assumptions.

Assumption 3.1. We assume that (i) the set &/ is a nonempty compact subset of R"; (ii) the
functions f(w,a) and F(w,a) are both jointly continuous functions; (iii) argmin,, f(w,a)

is a singleton for every a € &/; (iv) w*(a) is uniformly bounded on <.

Note that the third assumption in Assumption 3.1 is the LLS condition introduced
in Section 3.4.1 and is widely adopted in BLOs [29, 104]. With Assumption 3.1, we can

obtain the following result.

Theorem 3.1. Suppose Assumption 3.1 holds, then the function F(w*(a), a) is continuous

w.r.t. a.

The proof of Theorem 3.1 is provided in Appendix A.1.2.1. Because </ is a compact set,
Theorem 3.1 implies the existence of solutions. Theorem 3.1 and the uniform convergence
of wr(a) can further imply the convergence for the solution of the LL subproblem, which
is similar to that of the standard BLO problem [35].

For the convergence of Algorithm 1, we need to analyze minimal point sets of the
images of perturbed functions ¢7(a) and ¢(a) which are defined in problems (3.6) and
(3.5), respectively. We consider the most natural set convergence under this setting, i.e.
the Kuratowski-Painlevé set-convergence. Please refer to these definitions in Appendix
A.1.1. Under certain assumptions that are used in analyses of BLO and MOO [35, 80],

we have the following convergence results.

Theorem 3.2. In addition to Assumption 3.1, it is assumed that (i) The iterative sequence
{a)T(a)};=1 converges uniformly to w*(a) on o as T — +oo; (ii) <f is a convex set; (iii) QT
is P-convex and ¢ is strictly P-convex. Then, the Kuratowski-Painlevé set-convergence of

both the minimal point set and efficient solution set in Algorithm 1 holds, i.e.

Min ¢r(a) — Min ¢(a), Eff o7(a) — Eff p(a).
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The proof of Theorem 3.2 is provided in Appendix A.1.2.2. Theorem 3.2 implies that,
under some specific assumptions, both the minimal point set and solution set of the
objective @r(a) will converge to that of the objective ¢(a) as T — +o0o. Thus, Theorem 3.2

provides a theoretical justification our proposed approximation procedure (3.6).

3.4.3.1 Finite-Step Convergence

In Theorem 3.2, we have proved the convergence of Algorithm 1 when 7' — +oco. In
practice, T only takes a finite value to reduce the computational cost. To further analyze
how T and K affect the convergence of Algorithm 1, in this section, we provide a finite-
step convergence analysis in a concrete case, where gradient descent is used to update w
and MGDA is used as a MOOSolver to update a.

To analyze the finite-step convergence of Algorithm 1, we first make the following

assumptions.

Assumption 3.2. We assume that (i) the function f(w,a) is 9-strongly-convex w.r.t. w; (ii)
the functions VF; are ¢;-Lipschitz continuous; (iii) the gradient functions Vf and VF;

are Lipschitz function; (iv) the functions VoV, f and V2 f are Lipschitz continuous.

Note that the strongly convexity assumption in Assumption 3.2 can ensure that the
LL subproblem satisfies the LLS condition and is commonly used in the analysis for the
BLOs [34, 35]. The Lipschitz continuous assumption for the second order derivative is
commonly used in the finite-step convergence analysis for BLOs [50].

In Algorithm 1, it first runs 7' steps of gradient decent to find an approximation

point wr, and then calculates the gradient of ¢ w.r.t the UL variable a. For the i-th
OF;(wr(a),a)

entry of ¢, Algorithm 1 computes the gradient ——=-—= as an approximation of the
true hyper-gradient that is computed as
OF; (w*(a), ) ow*(a)

(3.7 Voi(a)= =VoF; (0 (@), a) +

3 VoFi (0™ (a),a).

Such approximation causes an estimation error in each iteration of the outer loop. With

Assumption 3.2, we provide the following theorem to analyze this estimation error.

Theorem 3.3. Suppose Assumption 3.2 holds, then if the step-size u < 1/9 in Algorithm 1,

we have
(3.8 |VaFi(@r(@),@) - Vagi (@) < (c1(1-pd)* +ca(1-p) 7 |0~ 0" (@) +cs(1-pd)T,

where || - || denotes the ¢9 norm of a vector, Y is the initialization of w in the inner loop,

and c1,cg,cg are constants, which rely on the Lipschitz constants.
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The proof of Theorem 3.3 is provided in Appendix A.1.2.3. Theorem 3.3 shows that
the gradient estimation error ||VaFi(wT(a), a)— Va<pi(a)|| decays exponentially w.r.t. the
number of steps in the inner loop. For notation simplicity, we denote by I'(T") the right-
hand side of the inequality (3.8). Therefore, according to Theorem 3.3, we have I'(T') — 0
as T — +oo if the step size of the inner loop satisfies p < 1/9.

In each iteration of the outer loop, the convex combination coefficients are determined
by the MGDA method. We denote by y; the convex combination vector determined
by the estimated gradients V,F;(wr(a),a) in the k-th iteration. We denote by y; the
corresponding convex combination vector calculated by the true gradients Vg;(ay) in
the k-th iteration. Then, the solution sequence {a;} generated by MGDA method in
Algorithm 1 can be formulated as a1 = a — VAV F;(wr(a),a),yr), where the function
A(-,-) denotes a combination of the first argument weighted by the second argument, i.e.

Ae,y) =X, vip;. Then we have the following theoretical result for the sequence {a}}.

Theorem 3.4. Suppose Assumption 3.2 holds, then for 1 <i < m, if the i-th entry of
the function @7 is c;-strongly-convex, the i-th entry of the function ¢ is L;-Lipschitz
continuous, the step size v in the outer loop of Algorithm 1 equals ﬁ, and u<1/9,

then for any point a* € o/, we have

' B e\ ALZ4+4T(T)?
3.9 i A or(@) Vi) = Morled) 1) = =g

Zi{:lk?k
K
Tpork

holds for the sequence {ak}le, where yp, = L =maxi<j<;, L;, and c =minj<j<;, ¢;.

The proof of Theorem 3.4 is provided in Appendix A.1.2.4. For any initialization, in
Algorithm 1 we have a sequence of simplex vectors {)71@}5:1 by the MGDA method as
the MOO solver. This sequence is bounded and it has one limit point denoted by y*.
Since each entry of the function ¢r is strongly-convex, the weighted objective A(¢@r(a),y)
has only one minimizer for any y € A1, where A™~! denotes an (m — 1)-dimensional
simplex. Let a* be the unique solution of the objective A(pr(a),y*). Then a* is a Pareto-
optimal solution associated with the vector y*. Since the sequence ¥, converges to

Y*, Theorem 3.4 implies that ming—1 g Alpr(ar),yr) converges to the Pareto-optimal

solution A(pr(a™),y*) with the convergence rate as 1/K.
Theorem 3.4 only compares {a}} with the Pareto-optimal solution of the approxima-
tion objective function ¢7. To fully analyze the relation between {a;} and the Pareto-

optimal solution of the original objective function ¢, we have the following theorem.
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Theorem 3.5. Let a* be the Pareto-optimal solution of ¢pr(a) corresponding to the limit
point ¥* of the sequence {yp}. With the assumptions in Assumption 3.2 and Theorems 3.4,
if the i-th entry of the function ¢ is ¢;-strongly-convex and u < 1/9, we have

oL .
(3.10) [ A {p(@",7") = Aler(a),7)| = T+ — ) L0’ - 0*(ap)l,

where @* is the Pareto-optimal solution of ¢(a) corresponding to the weighted vector y*, §

is the diameter of the bounded set </, L = maxi<j<;, L;, and ¢ = mini<j<y, ¢;.

The proof of Theorem 3.5 is provided in Appendix A.1.2.5. Theorem 3.5 implies
that for the limit point of the sequence {y:}, the distance between the corresponding
Pareto-optimal points in Min(¢(a)) and Min(¢7(a)) decays exponentially w.r.t. T

To analyze the convergence of A(pr(ar),¥r) to the optimal minimal point A(p(a*),y*),
based on Theorem 3.5 as well as an assumption that the generated sequence {y;} ap-
proximates well the limit point ¥* in the Pareto-optimal set Min(¢7(a)), we have the

following theorem.

Theorem 3.6. Let a* be the Pareto-optimal solution of ¢r(a) corresponding to the limit
point y* of the sequence {y}. With the assumptions in Assumption 3.2 and Theorem 3.4-
3.5, we also assume that A(Vor(a*),7) (ar — a*) =0 and the i-th entry of the function
@1 is M;-Lipschitz. Then if the step size vy in the outer loop of Algorithm 1 satisfies
v, = ¢/k where ¢ = 1/2¢, and u < 1/9, we have

A (pr(ar), 7*) = Alw@),7)|
B.1D 4, A max{26LM(2cé — 1)L, Ma® - a* |2}

< —T(D+1-pd) Lo’ -0 (@)l + : J P :

where a® is the initialization of « in the inner loop, a* is the Pareto-optimal solution of

@(a) corresponding to the weighted vector ¥*, and M = maxj<;<m M;.

The proof of Theorem 3.6 is provided in Appendix A.1.2.6. Theorem 3.6 gives the
finite-step convergence result, which depends on both numbers of steps in the inner and
outer loops (i.e. T and K). It demonstrates the efficacy of the proposed algorithm. When
T — 400, the error bound has a O(1/k) convergence rate that matches the original MGDA
algorithm [33].

3.5 A First-Order Gradient-Based MOBLO Method

MOML [133, 134] and MoCo [31] are proposed as effective gradient-based MOBLO al-

gorithms, which hierarchically optimize the UL and LL variables based on ITerative
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Differentiation (ITD) based Bi-Level Optimization (BLO) approach [34, 35, 42]. Specifi-
cally, given a, both MOML and MoCo first compute the LL solution w*(a) by solving LL
subproblem with 7T iterations and then update a via the combination of the hypergradi-
ents {V Fi(a,0* (@)} ;. Note that they need to calculate the complex gradient V,w*(a),
which requires to compute many Hessian-vector products via the chain rule. Besides,
their time and memory costs grow significantly fast with respect to the dimension of
w and T'. Therefore, existing gradient-based methods to solve MOBLO problems could
suffer from the inefficiency problem, especially in deep neural networks.

To address this limitation, we further propose an efficient First-OrdeR mUlti-
gradient method [132] for MOBLO (FORUM). Specifically, we reformulate MOBLO
as an equivalent constrained multi-objective optimization (MOO) problem by the value-
function-based approach [67, 72, 109]. Then, we propose a multi-gradient aggregation
method to solve the challenging constrained MOO problem. Different from existing
MOBLO methods such as MOML and MoCo, FORUM is a fully first-order algorithm and
does not need to calculate the high-order Hessian matrix. The complexity analysis shows
that FORUM is more efficient than MOML and MoCo in both time and memory costs,
as summarised in Table 3.1. In this section, we introduce the details of the proposed
FORUM method.

3.5.1 Reformulation of MOBLO

Based on the value-function-based approach [58, 67, 72, 109], we reformulate MOBLO
problem (3.3) as an equivalent single-level constrained multi-objective optimization

problem:

(3.12) min F(a,0) st. f(a,w)<f"(a),

acsd ,wERP

where f*(a) = min, f(a,w) = f(a,w*(a)) is the value function, which represents the
lower bound of f(a,w) w.r.t. w. To simplify the notation, we define z = (a,w) € R**? and
Z =of xRP, Then, we have F(z) = F(a,w) and f(z) = f(a,w). Thus, problem (3.12) can be

rewritten as
(3.13) minF(z) s.t. q(z) <0,
zeZ

where q(z) = f(z) — f*(a) is the constraint function. Since the gradient of the value

function f*(a) is
(3.14) Vaf "(@) =Vof(a,0™(a)) = Vo f(a,07),
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where the second equality is due to the chain rule and V,,f(a,®) |y=w*@)= 0, we do not
need to compute the complex Hessian matrix V,w™*(a) like MOML and MoCo.

However, solving problem (3.13) is challenging for two reasons. One reason is that the
Slater’s condition [13], which is required for duality-based optimization methods, does
not hold for problem (3.13), since the constraint q(z) <0 is ill-posed [52, 72] and does not
have an interior point. To see this, we assume zg = (ag,wg) € Z and q(z¢) <0. Then the
constraint ¢g(z) <0 is hard to be satisfied at the neighborhood of ag, unless f*(«) is a
constant function around ay, which rarely happens. Therefore, problem (3.13) cannot
be treated as classic constrained optimization and we propose a novel gradient method
to solve it in Section 3.5.2. Another reason is that for given a, the computation of w*(a)
is intractable. Thus, we approximate it by @ computed by T steps of gradient descent.

Specifically, given a and an initialization @° of w, we have
(3.15) o' =@t -V, fla,d"), t=0,---,T-1,

where 7 represents the step size. Then, the constraint function ¢(z) is approximated by
G(2)=f(2) - f(a,®T) and its gradient V,q(z) is approximated by V,§(z). The approxima-
tion error of the gradient V,q(z) exponentially decays w.r.t. the LL iterations T [132].
Hence, problem (3.13) is modified to

(3.16) minF(z) st. §2)= ()~ fla,@’) <o0.

3.5.2 FORUM Algorithm

We now introduce the proposed FORUM method for solving problem (3.16). Specifically,

at k-th iteration, assume z;, is updated by
(3.17) 241 =2k +pdp,

where pu is the step size and dj is the update direction for z;. Then, we expect dj
can simultaneously minimize the UL objective F(z) and the constraint function q(z).
Note that the minimum of the approximated constraint function q(z) converges to the
minimum of g(z), i.e. 0, as T — +o0o. Thus, we expect d;, to decrease g(z) consistently
such that the constraint q(z) <0 is satisfied.

Note that there are multiple potentially conflicting objectives {F;}" ; in the UL sub-
problem. Hence, we expect dj can decrease every objective F';, which can be formulated as

the following problem to find dj to maximize the minimum decrease across all objectives
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as

(3.18) max min (Fi(zg)-Fi(z +pd)) = —pmin max (VF;(zp),d).
d 1€{l, } d i€{l,...,m}

ey

To regularize the update direction, we add a regularization term %Ilolll2 to problem (3.18)
and compute dj by solving
(3.19) minmax(VF;(z;),d) + Lare.

ie[m] 2

To decrease the constraint function ¢(z), we expect the inner product of —d and
Vg(zp) to hold positive during the optimization process, i.e., (Vg(zr),—d) = ¢, where ¢ is
a non-negative constant.

To further guarantee that g(z) can be optimized such that the constraint g(z) <0
can be satisfied, we introduce a dynamic ¢, here. Specifically, inspired by [40], we set
or = §||V<7(zk)||2, where p is a positive constant. When ¢}, > 0, it means that |Vg(2)| #
0 and q(z) should be further optimized, and (Vg(zz),—d) = ¢, > 0 can enforce g(z)
to decrease. When ¢}, equals 0, it indicates that the optimum of ¢(z) is reached and
(Vq(zp),—d) = ¢ = 0 also holds. Thus, the dynamic ¢;, can ensure d; to iteratively
decrease g(z) such that the constraint g(z) <0 is satisfied.

Therefore, at k-th iteration, we can find dj, by solving the problem:

min max (VF;(zp),d) + 1||d||2,
(3.20) d i€{l,..,m) 2
s.t. (Vq(zp),d) < —¢p.

This problem can be rewritten equivalently as the following differentiable quadratic
optimization
(3.21) d,u= au*gilzlin(%llolll2 + ) s.t. (Vq(zr),d) <—¢, (VFi(zp),d) < pu.
Based on the Lagrangian multiplier method, we have

1 m m
(3.22) L= 3 AN+ p+ i;/li((VFi(zk),d) — W +v((Vq(zp),d) + ¢), s.t. i;)ti =1.

Differentiate with respect to d, and let V4L = 0 we have

m

(3.23) d+ ) AVF(z)+vVg(z) =0.
i=1

Therefore, the gradient d = —(Z;.”: 1 AVF;(z1) + vVq(zp)). Substitute it to problem (3.21),

we obtain that A and v are the solution of
2

i AVF;(zp)+vVq(zy)|| —ve.

=1

1
(3.24) min —

AeAm=1 y>0
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For given A, the above equation has a colsed form solution for v,

n 2¢—(Vq(2),VF;(2))
(3.25) v(1) = max (1221 Aini(z),O) , s.t. m(2)= TEBIE
Therefore, problem (3.20) has a solution as
(3.26) di == (L1 AEVF () + vV Cen),

where Lagrangian multipliers A% = (/Vf, L ARYe A (e, ol /11.e =1and /15’/ >(0) and

v(A) is a function of 1 as

v(1) = max (Zﬁl Aimi(z1),0),

(8.27) with 7;(z;) = 2, — {Vq(28), VE,(24))
PRI IVgGI? ’

and /lf can be obtained by solving the following dual problem as

1 ~
(3.28) A" =argmin_ |37 A VFi(2p) + VG| ~ vV
AeAm-1

Problem (3.28) can be reformulated as

1 ~

st.y=0,y=) " Aimilzy).

The first term of the objective function in problem (3.29) can be simplified to R"ATAR,
where R = (A1,...,An,y)" and A = (VFy,...,VF,,,Vg). Note that the dimension of the
matrix AT A is (m + 1) x (m + 1), which is independent with the dimension of z. As the
number of UL objectives m is usually small compared with the dimension of z, solving
problem (3.29) does not incur too much computational cost. In practice, we can use the
open-source CVXPY library [24] to solve problem (3.29).

To ensure convergence, the sequence of {Ak}fe{:l should be a convergent sequence
(refer to the discussion in [132]). However, {xlk}le obtained by directly solving the
problem (3.29) in each iteration cannot ensure such properties. Therefore, we apply a
momentum strategy [135, 149] to A to generate a stable sequence and further guarantee
the convergence. Specifically, in k-th iteration, we first solve the problem (3.29) to obtain

A% then update the weights by
(3.30) A= (1= pp)A* 1+ prak,
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Algorithm 2 The FORUM Method
Input: number of iterations (K, T), step size (u,n), coefficient f;, constant p
1: Randomly initialize z¢ = (ag,wo);
2: Initialize ;1;1 =1/m,i=1,...m;
3: fork=0to K—-1do
Set @° = wg or @° = wp;
fort=0toT—-1do
Update @ as @' = @' =V, f(ap,d?);
end for
Set Glzp) = f(zx) - fag,d7);
Compute gradient V,§(zz) = V,f(z1) — Vaf (ar,&7);
10: Compute gradients V,F;(z3), i =1,...,m;
11: Compute A* by solving problem (3.29);
12 Update 1% by 1% = (1 - Bp)A* 1+ B A%;
13: Compute v(1%) via Eq. (3.27);
14: Compute d;, via Eq. (3.26);
15: Update z as zp4+1 =25 + pdp;
16: end for
17: return zg.

where f; € (0,1] is set to 1 at the beginning and asymptotically convergent to 0 as
k — +oo0.

After obtaining A* with the momentum update in £-th iteration, we can compute the
corresponding v(1%) via Eq. (3.27). Then we obtain the update direction d;, by Eq. (3.26)
and update the variable z;, as 2311 = z; + udp. The entire FORUM algorithm is shown in
Algorithm 2.

3.5.3 Convergence Analysis

In this section, we provide convergence analysis for the FORUM method.

Consider a general constrained MOO problem with one constraint such as problem
(8.13). The corresponding first-order Karush-Kuhn-Tucker (KKT) condition [30] is said
to hold at a feasible point z* € Z if there exist a vector 1 € A™ 1 and v € R, such that the

following three conditions hold,
m
(3.31) Y AiVFi(z*)+vVq(z*)=0, q(z*)<0,and vq(z*)=0.
i=1
Then z* is a local optimal point. The first condition is the stationarity condition, the

second condition is the primal feasibility condition and the last condition is the com-

plementary slackness condition. However, as we discussed in Section 3.5.1, since the
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constraint function g(2) is ill-posed, the complementary slackness condition can not be
satisfied [58, 67]. To ensure our algorithm converges to a weak stationarity point, we

measure the convergence by the stationarity condition and the feasibility condition.

Discussion on Pareto stationary. The Pareto stationary is a first-order KKT sta-
tionary condition for the unconstrained MOO optimization problem. However, in this
work, we reformulate MOBLO to an equivalent constrained MOO problem. Hence, the
Pareto stationary cannot be used as a convergence criterion in our method. We measure
the convergence by the local optimality condition of the constrained MOO problem, i.e.,
KKT stationary and feasibility conditions.

To analyze the convergence property of FORUM. Firstly, we make an assumption for
the UL subproblem.

Assumption 3.3. For i = 1,...,m, it is assumed that the gradient VF;(a,w) is Lp-
Lipschitz continuous with respect to z := (a,w). The ¢9 norm of VF;(z) and |F;(z)| are

upper-bounded by a positive constant M.

The smoothness and the boundedness assumptions in Assumption 3.3 are widely
adopted in non-convex multi-objective optimization [31, 149]. Then we make an assump-
tion for the LL subproblem.

Assumption 3.4. The function f(a,w) is c-strongly convex with respect to w, and the

gradient Vf(a,w) is L¢-Lipschitz continuous with respect to z := (a,w).

The strongly convexity assumption in Assumption 3.4 is commonly used in the
analysis for the BLO [34, 35] and MOBLO problems [31, 133]. The proposed FORUM
algorithm focuses on generating one Karush-Kuhn-Tucker (KKT) stationary point of the
original constrained multi-objective optimization problem (3.13). Following [40, 67], we
measure the convergence of problem (3.13) by both its KKT stationary condition and the
feasibility condition. Specifically, we denote by % (z3) = | L7 1;11?VFi(zk) +vp, Vq(zk)”2
the measure of KKT stationary condition in the k-th iteration, where v; = v(1*). To
satisfy the feasibility condition of problem (3.13), the non-negative function q(z;) should
decrease to 0. Then, with a non-convex multi-objective UL subproblem, we have the

following convergence result.

Theorem 3.7. Suppose that Assumptions 3.3 and 3.4 hold, and the sequence {zk}fzo
generated by Algorithm 2 satisifes q(zp) < B, where B is a positive constant. Then if
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n<1/Lg, u= OK12), and p=GK3*), there exists a constant C > 0 such that when
T =C, for any K >0, we have

(3.32) max {Ikpilr{ug(zk), q(zk)} =0K Y+ T(T)),
<
where I'(T) represents exponential decays with respect to T.

The proof is put in Appendix A.1.3.2. Theorem 3.7 gives a non-asymptotic conver-
gence result for Algorithm 2 based on the KKT stationary condition and the feasibility
condition of the problem (3.13). The proposed FORUM method achieves a G(K 4 +T(T))
convergent rate, which depends on both numbers of steps in the UL and LL subproblems
(i.e.,K and T).

3.6 Complexity Analysis

In this section, we analyze the proposed MOML method [133, 134], FORUM method
[132], and MoCo [31]

For the proposed FORUM method, it takes time G(pT') and space O(p) to obtain the
approximated constraint function ¢(z), and then the computations of all the gradients
including V,F;(z) and V,q(z) require time &((n + p)(m + 1)) and space G((n + p)(m + 1)).
When the number of UL objectives m satisfies m < n + p, the time and space costs of
solving the quadratic programming problem (3.29), which only depends on m, can be
negligible. Therefore, FORUM runs in time &(mn + p(m + T')) and space G(mn + mp) in
total for each UL iteration.

For the MOML method, it takes O(pT) time and G(p) space to do the T-iteration
update for the LL subproblem. Then calculating the Hessian-matrix product via back-
ward propagation in each UL iteration can be evaluated in time O(p(n + p)T') and space
O(n+pT). Similar to the FORUM method, the cost of solving the quadratic programming
problem in MOML is also negligible. Therefore, for each UL iteration, MOML require
O(mp(n + p)T) time and G(mn + mpT) space in total. For the MoCo method, it uses
a similar approach to MOML to calculate the Hessian-matrix product via backward
propagation in each UL iteration. Note that MoCo applies a momentum update to the UL
variables a, which causes an additional &(mn) space cost. Thus, for each UL iteration,
MoCo require O(mp(n + p)T) time and G(2mn + mpT) space in total.

In summary, the above analysis indicates that the proposed FORUM method is more
efficient than MOML and MoCo in terms of both time and space complexity. The results

are summarised in Table 3.1.
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Table 3.1: Comparison of convergence result and complexity analysis per UL iteration
for different MOBLO methods. m,n,p, and T denote the number of UL objectives, the
dimension of the UL variables, the dimension of the LL variables, and the number of LL
iterations, respectively.

Method Convergence analysis Computational cost Space cost
MOML [133, 134] asymptotic / non-asymptotic O(mp(n+p)T) Omn+mpT)
MoCo [31] non-asymptotic O(mp(n+p)T) o@2mn+mpT)
FORUM [132] non-asymptotic Omn+p(m+T)) O(mn+mp)

3.7 Experiment Result

In this section, we empirically evaluate the proposed methods on different learning
problems. All experiments are conducted on a single NVIDIA GeForce RTX 3090 GPU.

3.7.1 Multi-Task Data Hyper-Cleaning

Setup. Data hyper-cleaning [4, 34, 67, 104] is a hyperparameter optimization problem,
where a model is trained on a dataset with part of training labels corrupted. Thus, it
aims to reduce the influence of noisy examples by adding weights to the train samples
and learning these weights in a bi-level optimization manner. Here we extend data hyper-
cleaning to a multi-task setting, where we aim to train a model on multiple corrupted

datasets.

Specifically, suppose that there are m corrupted datasets. @}r ={x; ;, ¥, j}j\gl and @;’al
denote the noisy training set and the clean validation set for the i-th dataset, respectively,
where x; ; denotes the j-th training sample in the i-th dataset, y; ; is the corresponding
label, and N; denotes the size of the i-th training dataset. Let w denote the model
parameters and a; ; denotes the weight of the training sample x; ;. Let =%i"al(w;@ival) be

the average loss of model w on the clean validation set of the i-th dataset and

1
ACRZ AR

N;

ie1 ola; l(w;x; j,yi,5)

be the weighted average loss on the noisy training set of the i-th dataset, where o(-) is an
element-wise sigmoid function to constrain each weight in the range [0, 1] and ¢(w;x,y)

denotes the loss of model w on sample (x,y). Therefore, the objective function of this
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multi-task data hyper-cleaning is formulated as
min (a‘fval(w'@"al) gval(w.@val))T
a,w 1 =1 ’ 4 m »*“m

s.t. we S(a)=argmin) |- LM (a,w; D).
w

Datasets. We conduct experiments on the MNIST [61] and FashionMNIST [130]
datasets. Each dataset corresponds to a 10-class image classification problem. All the
images have the same size of 28 x 28. Following [4], we randomly sample 5000, 1000,
1000, and 5000 images from each dataset as the training set, first validation set, second
validation set, and test set, respectively. The training set and first validation set are used
to formulate the LL and UL subproblems, respectively. The second validation set is used
to select the best model and the testing evaluation is conducted on the test set. Half of
the samples in the training set are contaminated by assigning them to another random

class.

Implementation Details. We conduct experiments on three MOBLO methods: MOML,
MoCo, and FORUM. The same configuration is used for both the MOML, MoCo, and
FORUM methods. Specifically, the hard-parameter sharing architecture [146] is used,
where the bottom layers are shared among all datasets and each dataset has its specific
head layers. The shared module contains two linear layers with input size, hidden size,
and output size of 784, 512, and 256. Each layer adopts a ReLU activation function.
Each dataset has a specific linear layer with an output size of 10. The batch size is
set to 100. For the LL subproblem, the SGD optimizer with a learning rate n =0.3 is
used for updating T = 64 iterations. For the UL subproblem, the total number of UL
iterations K is set to 1200, and an SGD optimizer with the learning rate as 10 is used for
updating weight a while another SGD optimizer with the learning rate as 0.3 is used for
updating model parameters w. We set p =0.5 and f, = (& + 1)_% for FORUM. For Figures
3.1(b) and 3.1(d), we increase the number of LL parameters p by adding some linear
layers with the hidden size of 512 into the shared module. We use the build-in function
torch.cuda.max memory allocated in PyTorch [91] to compute the GPU memory cost in
Figures 3.1(c) and 3.1(d).

Results. The classification accuracy and F1 score computed on the test set are used as
the evaluation metrics. The results are provided in Table 3.2. As can be seen, the FORUM
method outperforms the MOML and MoCo in both datasets, which demonstrates its

effectiveness.
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Table 3.2: Performance of different methods on the MNIST and FashionMNIST datasets
for the multi-objective data hyper-cleaning problem. 3 independent runs are conducted
for each experiment. The mean and the standard deviation are reported. The best result
is marked in bold.

MNIST FashionMNIST
Accuracy (%) F1 Score Accuracy (%) F1 Score

MOML [133] 88.64.0.94 88.61.0.08 80.64.0 .35 80.60.40.49
MoCo [31] 88.05i1.21 88.03i1.27 80.94i0.19 80.67J_r0,25
FORUM [132] 90.81.014  90.81.015 82.07.035 81.72.057

Methods
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(a) Running time vs. 7. (b) Running time vs. p.  (c) Memory cost vs. T'. (d) Memory cost vs. p.

Figure 3.1: Results of different MOBLO methods on the multi-objective data hyper-
cleaning problem. (a): The running time per iteration varies over different LL update
steps T with fixed numbers of LL parameters p. (b): The running time per iteration
varies over the different numbers of LL parameters p with T' = 64. (¢): The memory cost
varies over different LL update steps 7" with fixed numbers of LL parameters p. (d): The
memory cost varies over the different numbers of LL parameters p with T = 64.

Figures 3.1(a) and 3.1(b) show that MOML and MoCo need longer running time than
FORUM in every configuration of the UL iteration 7' and the number of LL parameters
p, respectively, which implies FORUM has a lower time complexity. Figures 3.1(c) and
3.1(d) show the change of memory cost per iteration with respect to the LL iteration
T and the number of LL parameters p, respectively. As can be seen, the memory cost
remains almost constant with different 7’s for FORUM and increases faster for MOML
and MoCo. Moreover, the memory cost slightly increases in FORUM with increasing
p, while it linearly increases in MOML and MoCo. In summary, the results in Figure
3.1 match the complexity analysis in Section 3.6 and demonstrate that FORUM is more
efficient than MOML and MoCo in terms of both time and space complexity.
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Table 3.3: Classification accuracy (%) on the Office-31 dataset. 3 independent runs are
conducted for each experiment. The average performance is reported. The best results
over baselines except STL are marked in bold.

Methods A D w Avg Apl
STL 86.61 95.63 96.85 93.03 0.00
multi-task learning methods
EW [146] 83.53 97.27 96.85 9255 -0.61
UW [53] 83.82 97.27 96.67 9258 -0.56

MGDA [103] 85.47 95.90 97.03 9280 -0.27
PCGrad [141] 83.59 96.99 96.85 9248 -0.68
GradDrop [17] 84.33 96.99 96.30 92.54 -0.59
GradVac [126] 83.76 97.27 96.67 92.57 -0.58
CAGrad [66] 83.656 95.63 96.85 92.04 -1.13

IMTL [70] 83.70 96.44 96.29 9214 -1.02
Nash-MTL [89] 85.01 97.54 97.41 93.32 +0.24
RLW [64] 83.82 96.99 96.85 9255 -0.59

first-order bi-level optimization methods
BVFIM [72] 84.84 96.99 97.78 93.21 +0.11
BOME [67] 85.53 96.72 98.15 93.47 +0.41

multi-objective bi-level optimization methods
MOML [133] 84.67 96.72 96.85 92.75 -0.36
MoCo [31] 84.38 97.26 97.03 92.89 -0.22
FORUM [132] 85.64 98.63 97.96 94.07 +0.96

3.7.2 Multi-Task Learning

Setup. We conduct experiments on three benchmark datasets among three different
task categories, i.e., the Office-31 [101] dataset for the image classification task, the
NYUv2 [105] dataset for the scene understanding task, and the QM9 dataset [97] for the

molecular property prediction task.

Datasets. The Office-31 dataset [101] includes images from three different sources:
Amazon (A), digital SLR cameras (D), and Webcam (W). It contains 31 categories for
each source and a total of 4652 labeled images. We use the data split in RLW [64]:
60% for training, 20% for validation, and 20% for testing. The NYUv2 dataset [105], an

indoor scene understanding dataset, has 795 and 654 images for training and testing,
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Table 3.4: Results on the NYUv2 dataset. 3 independent runs are conducted for each
experiment. The average performance is reported. The best results over baselines except
STL are marked in bold. { (|) indicates that the higher (lower) the result, the better the
performance.

Segmentation Depth Surface Normal Prediction
Methods Angle Distance Within ¢° At
mloU{! PAcc! AErr| RErr| p
Mean| Median| 11.257 22.51 301
STL 53.50 75.39 0.3926 0.1605 219896 15.1641 39.04 65.00 75.16 0.00
multi-task learning methods
EW [146] 53.93 75,53 0.3825 0.1577 23.5691 17.0149 35.04 60.99 72.05 -1.78
UW [53] 54.29 7564 0.3815 0.1583 23.4805 16.9206 35.26 61.17 72.21 -1.52

MGDA [103] 53.62 74.76 0.3852 0.1566 22.7400 16.0000 37.12 63.22 73.84 -0.64
PCGrad [141] 5394 75.62 0.3804 0.1578 23.5226 16.9276 35.19 61.17 7219 -1.57
GradDrop [17] 53.73  75.54 0.3837 0.1580 23.5392 16.9587 35.17 61.06 72.07 -1.85
GradVac [126] 5421 75.67 0.3859 0.1583 23.5804 16.9055 35.34 61.15 7210 -1.75
CAGrad [66] 53.97 75,54 0.3885 0.1588 224701 15.7139 37.77 63.82 74.30 -0.27

IMTL [70] 53.63 75.44 0.3868 0.1592 22.5800 15.8500 37.44 63.52 74.09 -0.57

Nash-MTL [89] 53.41 74.95 0.3867 0.1612 22.5662 15.9365 37.30 63.40 74.09 -1.01

RLW [64] 5413 75.72 0.3833 0.1590 23.2125 16.6166 35.88 61.84 72.74 -1.27
first-order bi-level optimization methods

BVFIM [72] 53.29 75.07 0.3981 0.1632 223552 159710 37.15 63.44 7427 -1.68

BOME [67] 54.15 75,79 0.3831 0.1578 23.3378 16.8828 35.29 61.31 7240 -145

maulti-objective bi-level optimization methods
MOML [133] 53.59 7548 0.3839 0.1577 23.1487 16.5319 36.06 62.05 72.89 -1.26
MoCo [31] 53.73 75.63 0.3838 0.1560 23.1922 16.5737 36.02 6193 72.82 -1.06
FORUM [132] 54.04 75.64 0.3795 0.1555 22.1870 15.6815 37.71 64.04 74.67 +0.65

respectively. It has three tasks: 13-class semantic segmentation, depth estimation, and
surface normal prediction. The QM9 dataset [97], a molecular property prediction dataset.
We use the same data split as in Nash-MTL [89]: 110,000 for training, 10,000 for
validation, and 10,000 for testing. The QM9 dataset contains 11 tasks and each task is a

regression task for one property.

Baselines. The proposed MOML and FORUM methods are compared with a number of
baseline methods from four different categories: single-task learning (STL) method that
trains each task independently; a comprehensive set of state-of-the-art MTL methods,
including Equal Weighting (EW) [146], UW [53], MGDA [103], PCGrad [141], GradDrop
[17], GradVac [126], CAGrad [66], IMTL[70], Nash-MTL [89], and RLW [64]; two first-
order BLO methods: BVFIM [72] and BOME [67], where we simply transform MOBLO
to BLO by aggregating multiple objectives in the UL subproblem with equal weights into
a single objective so that we can apply those BLO methods to solve the MOBLO problem;
one gradient-based MOBLO method: MoCo [31].
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Evaluation Metrics. For the Office-31 dataset, following RLW [64], we use classi-
fication accuracy as the evaluation metric for each task and the average accuracy as
the overall metric. For the NYUv2 dataset, following RLW [64], we use the mean in-
tersection over union (MIoU) and the class-wise pixel accuracy (PAcc) for the semantic
segmentation task, the relative error (RErr) and the absolute error (AErr) for the depth
estimation task, and the mean and median angle error as well as the percentage of
normals within ¢° (¢ = 11.25,22.5,30) for the surface normal prediction task. For the QM9
dataset, following Nash-MTL [89], we use mean absolute error (MAE) as the evaluation
metric.

Following [63, 64, 136], we use A, as a metric to evaluate the overall performance on
all the tasks. It is defined as the mean of the relative improvement of each task over the
STL method, which is formulated as

1 m 1 N (=D%(M; —M?EL)

(3.33) A=100% x — Y — )

where N; denotes the number of metrics for the i-th task, M; ; denotes the performance
of an MTL method for the j-th metric in the i-th task, M LS;FL is defined in the same way
for the STL method, and s; ; is set to 0 if a larger value represents better performance
for the j-th metric in i-th task and otherwise s; ; is set to 1.

Following [66, 70, 89], 3 independent runs are conducted for each experiment. The

average performance is reported.

Implementation Details. For the Office-31 dataset, we follow the approach outlined
in RLW [64] by utilizing a pre-trained ResNet-18 network as a shared backbone for all
tasks, complemented by a fully connected layer that serves as the task-specific head. All
input images are resized to 224 x 224 pixels. We set the batch size to 64 and employ the
cross-entropy loss function across all tasks. The number of upper-level (UL) epochs K is
configured to 100. To update the model parameters w in the UL subproblem, we utilize
the Adam optimizer with a learning rate of 10™* and a weight decay of 107°. .

For the NYUv2 dataset, in line with the approach of RLW [64], we employ the
DeepLabV3+ architecture [14], which utilizes a ResNet-50 network with dilated convo-
lutions as a shared encoder across all tasks. Additionally, we incorporate three Atrous
Spatial Pyramid Pooling (ASPP) [14] modules as task-specific heads. All input images
are resized to 288 x 384. The batch size is set to 8. The loss functions employed for the
three tasks include cross-entropy loss, L1 loss, and cosine loss, respectively. The total
number of UL epochs K is established at 200. An Adam optimizer with a learning rate of
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Table 3.5: Mean absolute error (MAE) on the QM9 dataset. 3 independent runs are
conducted for each experiment. The average performance is reported. The best results
over baselines except STL are marked in bold.

Methods @ a emomo e€Lumo (R? ZPVE U, U H G ¢ Apt
STL 0.062 0.192 58.82 5195 0529 4.52 63.69 60.83 68.33 60.31 0.069 0.00
multi-task learning methods
EW [146] 0.096 0.286 67.46 8280 4.655 124 128.3 128.8 129.2 125.6 0.116 -146.3
UW [53] 0.336 0.382 155.1 144.3 0.965 4.58 61.41 61.79 61.83 61.40 0.116 -92.35

MGDA [103] 0.181 0.325 118.6 9245 2411 555 103.7 104.2 1044 103.7 0.110 -103.0
PCGrad [141] 0.104 0.293 7529 8899 3.695 8.67 1156 116.0 116.2 113.8 0.109 -117.8
GradDrop [17] 0.114 0.349 7594 94.62 5.315 158 1552 156.1 156.6 151.9 0.136 -191.4
GradVac [126] 0.100 0.299 6894 84.14 4.833 12,5 1273 127.8 128.1 1247 0.117 -150.7
CAGrad [66] 0.107 0.296 75.43 88.59 2944 6.12 93.09 93.68 93.85 92.32 0.106 -87.25

IMTL [70] 0.138 0.344 106.1 1029 2595 7.84 1025 103.0 103.2 100.8 0.110 -104.3
Nash-MTL [89] 0.115 0.263 85.54 86.62 2549 585 83.49 83.88 84.05 8296 0.097 -73.92
RLW [64] 0.112 0331 7459 9048 6.015 156 156.0 156.8 1573 151.6 0.133 -200.9

first-order bi-level optimization methods
BVFIM [72] 0.107 0.325 73.18 98.97 5.336 21.4 200.1 201.2 201.8 1955 0.148 -2285
BOME [67] 0.105 0.318 72.10 8852 4.984 12.6 138.8 139.4 140.0 136.1 0.124 -164.1

multi-objective bi-level optimization methods
MOML [133] 0.083 0.347 74.87 80.57 3.813 864 1919 1926 192.8 1889 0.135 -165.1
MoCo [31] 0.086 0.427 69.60 79.00 5.693 10.2 2955 296.6 297.0 290.1 0.169 -267.6
FORUM [132] 0.104 0.266 85.37 82.15 2126 6.49 96.97 97.53 97.69 95.88 0.097 -73.36

10~% and a weight decay of 1075 is utilized to update the model parameters w in the UL
subproblem, with the learning rate being halved after 100 epochs.

For the QM9 dataset, following Nash-MTL [89], we use a graph neural network [39]
as the shared encoder, and a linear layer as the task-specific head. The targets of each
task are normalized to have zero mean and unit standard deviation. The batch size is
set to 128. We use mean squared error (MSE) as the loss function. The total number of
UL epochs K is set to 300. An Adam optimizer with a learning rate of 0.001 is used for
updating model parameters w in the UL subproblem. A ReduceLROnPlateau scheduler
[91] is used to reduce the learning rate of w once A, on the validation dataset stops
improving.

All methods are implemented using the open-source LibMTL library [65]. For the
proposed FORUM method, we set p =0.1, B = (k + 1)_%, use an SGD optimizer to update
T =5 iterations in the LL subproblem and use an Adam optimizer to update the loss
weight a in the UL subproblem. The UL step size u is set to 0.001 for all datasets, and the
LL step size 7 is set to 0.01 for QM9 and 0.1 for other datasets. For the BOME, BVFIM,
MOML, and MoCo methods, we use a similar configuration to the FORUM method and
perform a grid search for hyperparameters of each method. Specifically, we search LL
learning rate n over {0.05,0.1,0.5} for both four methods, search p over {0.1,0.5,0.9} for
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BOME, search g over {0.05,0.1,0.5,1} for BVFIM, and set 7' =1 for MOML and MoCo
and T =5 for BOME and BVFIM.

Results. Table 3.3 presents the results for the Office-31 dataset, where FORUM
demonstrates superior performance compared to all baseline methods across various
categories, as evidenced by its higher average classification accuracy and A,. The results
for the NYUv2 dataset are summarized in Table 3.4, where it is noteworthy that FORUM
is the only method to surpass the performance of the single-task learning (STL) approach
in terms of Ap. Additionally, FORUM excels in both depth estimation and surface normal
prediction tasks. In Table 3.5, we examine the QM9 dataset, which poses significant
challenges for multi-task learning. Notably, none of the MTL methods outperform the
STL, aligning with findings from prior research [89]. However, FORUM once again
surpasses all baselines regarding A,. These consistent results affirm that FORUM
achieves state-of-the-art performance and is more effective than previous MOBLO
methods, including MOML and MoCo.

3.8 Other Applications

The proposed MOBLO framework not only can be applied to solving multi-task learning.
It also can be used in various learning problems, such as Few-Shot Learning, Neural
Architecture Search, and Reinforcement Learning. In this section, we provide detailed
formulations of these learning problems under the MOBLO framework. The detailed
experiments of these problems are put in [133] and [134].

3.8.1 Few-Shot Learning

Few-Shot Learning (FSL) aims to tackle the problem of training a model with only a
few training samples [124]. Recently, FSL is widely studied from the perspective of
meta-learning by using prior knowledge in the meta-training process. Most studies in
FSL only consider the classification performance. However, in real-world applications,
the performance is not the only important factor to consider. For example, we expect FSL
models to not only have good performance but also be robust to adversarial attacks [57],
which may help improve the generalization of FSL models. In the following, we can see
that this setting can naturally be modeled by the proposed MOBLO framework.
Suppose there is a base dataset 9;,,. With a category set 6345, and a novel dataset

Dnovel With a category set 6, ope1, Where €pase N Grovel = @. The goal of FSL is to adapt
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the knowledge learned from 9y, to help the learning of &,,,,.;. In the i-th meta-training
episode, we generate from 9p,,, an N-way k-shot classification task, which consists of
a support set @Zg;e and a query set @Z;is)e. For the robustness, we add perturbations
generated by the Projected Gradient Descent (PGD) method [57] into each data point
in E’Zgge to generate a perturbed query set @g;is);adv. The objective function of the FSL
model that considers both the performance and the robustness can be formulated as

min (Lr* @), a,2!? ), Lr(w* (), a,210%)

base base

(3.34) )

st. 0 a)= argmtgnc%p(w, a, 2.,
where w represents model parameters, @ denotes meta-parameters to encode common
knowledge that can be transferred to novel tasks, and Zr(w, @,%2) denotes the average
classification loss of a model with model parameters a and meta-parameters w on
a dataset 2. In the UL subproblem of problem (3.34), the first objective measures
the classification loss on the query set based on w*®(a) obtained by solving the LL
subproblem and the second objective measures the robustness via the classification
performance on the perturbed query set. Problem (3.34) is a general formulation for
a robust FSL model under the MOBLO framework, which depends on what @ and w

represent.

3.8.2 Neural Architecture Search

Neural Architecture Search (NAS) seeks to automate the design process of neural
network architectures. Most NAS methods focus on searching architectures with the best
classification accuracy. However, in real-world applications, we need to consider multiple
factors in the architecture design. For example, we expect that the searched architecture
has good performance, behaves robustly to noises, and consumes low resource. In this
case, we formulate NAS with multiple objectives as a case of MOBLO.

By following the DARTS method [69], in an operation space denoted by &, each
element is an operation function o(-) and each cell is a directed acyclic graph with N
nodes, where each node represents a hidden representation and each edge (i, ) denotes
a candidate operation o(-) with a probability af,i’j ), Therefore, we denote the set of all
the edges in all the cells by E, and a = {aE,i’j )}(i, j)eE,0co is a representation of the neural
architecture. The entire dataset is split into two parts: a training dataset denoted by 2,
and a validation dataset denoted by 2,,;.

The multi-objective NAS considers three objectives: classification accuracy, adver-

sarial robustness, and the number of parameters. We formulate three corresponding
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losses as nN(w, @, Dyq1), LN (W, a,@l‘fjl”), and Z,,,(a), where 9,,; denotes the validation
dataset and @l‘fjf denotes the perturbed validation dataset by adding perturbations on
each data point, and the objective function under the MOBLO framework is formulated
as

m‘}n (O%N(w*(a), a, Dyal), zN(w*(a), a, @adv), xnop(a’))

val

(3.35)
s.t. w*(a)= argm(jn LN(w,a, D),

where w denotes all the model parameters in the neural network.

In problem (3.35), the loss function £y (w,a,2) represents the average classification
loss for a neural network with parameters w and architecture a on a dataset 2. To
formulate Z,,,(a), we denote n, as the number of parameters associated with an
operation o, and N,,,(a) as the total number of parameters in the searched architecture
a. The quantity Ny,,(a) can be computed using the formula: Ny,p(@) = 3; j)eE n'),
where n*/) denotes the number of parameters of the operation associated with the edge
(Z,7). Since we determine the operation for each edge by selecting the one with the highest
probability, we have: ntJ) = M argmas, g al However, because the argmax operation is
non-differentiable, we approximate N,,,(a) using the softmax function. This allows us
to express N,,p(a) in a differentiable manner, enabling smoother optimization during
the search for the optimal architecture. Specifically, we define:

(3.36) Nuopl@= > Y e

(i.))eE 0€0 YL o/e@ eXp(ocff,

Therefore, to search a network architecture with an expected size L, £,,,(a) can be

formulated as
(3.37) Lnop(@) = Nnop(a@) - L.

In the lower-level (LL) subproblem of problem (3.35), once we have the architecture
a, we can train a model to obtain optimal parameters w using the training dataset. In
the upper-level (UL) subproblem, our goal is to update a by balancing the validation
loss, adversarial robustness, and the total number of parameters. It is easy to see that
the DARTS method is a special case of problem (3.35) when its UL subproblem contains
the first objective only and hence problem (3.35) generalizes the DARTS method by

considering two more objectives.
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3.8.3 Reinforcement Learning

Reinforcement learning aims to deal with the problem of how intelligent agents ought to
take action in an environment to maximize the notion of cumulative reward. We consider
the Multi-Task Reinforcement Learning (MTRL) problem, which aims to improve the
performance of agents in multiple tasks and is a promising approach to train effective
real-world agents [142]. In the following, we formulate the MTRL problem under the
MOBLO framework.

Considerm reinforcement learning tasks, each defined as a policy search problem
within the framework of a Markov decision process (MDP) [142]. Each task 9 corre-
sponds to an MDP, represented by the tuple (S,A,P,R,H,y), where S denotes the state
space, A indicates the action space, P(ss+1ls¢,a;) represents the state transition proba-
bility of reaching the next state s;;; given the current state s; and action a;, R(s,a) is
the reward function, H denote the horizon, and y is the discount factor. The objective of
Multi-Task Reinforcement Learning (MTRL) is to learn a policy n(als,z) that maximizes
the expected return across all tasks, formulated as Eg . p(g)[[En[ZtT:ltht(st,at)]]. In this
formulation, z represents an encoding of a specific task, allowing the policy to adapt and

optimize performance based on the characteristics of each individual task.

We now introduce the Actor-Critic (AC) method [55] as an example to show how
to view a reinforcement learning problem as a bi-level optimization problem. The AC
method is a representative reinforcement learning technique that simultaneously learns
a policy function and a value function. Consider a parameterized state-action value
function Q(s;,a;) and a tractable policy 7. The AC method first uses the actor 7 to
interact with the environment and to learn the value function @ by minimizing the
temporal difference (TD) error. Then it uses the given value function to update the policy
network by maximizing the expected discounted cumulative reward. Therefore, the value
function can be considered to be optimized with respect to the optimum of the policy
function. Thus, the AC method can be viewed as a bi-level optimization problem where

the actor and critic correspond to the LL and UL variables, respectively [71].

In MTRL, suppose each task shares the same model, and we consider a parameter-
ized state-action function @,(s¢,a;) and a tractable policy 7,(a;|ss,z), where a denotes
parameters of the state-action value-function and w denotes parameters of the policy

network. Then, according to the above discussion, we can formulate the MTRL problem
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under the MOBLO framework as

(3.38)

mgn (Low™ (@), a;21),..., Low" (@), a;2m))  s.t. w*(a):argmgni_ilJn(w,a;zi),
where Zg(w, a;z;) and J;(w, a;2;) represent the loss function for the state-action function
@ and the policy network of the i-th task, respectively, and z; represents the encoding
vector of the i-th task.

We adapt problem (3.38) into the Soft Actor-Critic (SAC) method [44], which is an
off-policy actor-critic deep RL algorithm and has been widely used in most MTRL models
[108, 142]. For the i-th task, we use 92;,(s;,a;) and 2;,(s;) to denote the state-action
marginals and state of the trajectory distribution induced by a policy n(a;|s¢,z;). The
SAC method for the i-th task is to find the policy to maximize Es, q,)~2, X:[R(s¢,a:)+
B; A (n(|s¢,2;))], where B; represents the temperature for task i and #(-) denotes the
entropy function. In SAC method, the soft Q-function parameters can be trained to
minimize the soft Bellman residual. Therefore, the objective function of the soft Q-

function for the i-th task is formulated as
1 2
(3.39)  L(w,a;2)) =K, 0)~2,, [E(Qa(St,at)— (R(St,at)+Y[Est+1~P[Vd(3t+1,zi)])) ],

where V(st,2;) = Eg,~n(a,ls,,2)[Q(St,a:) — B;logm(aslss, z;)] and parameters in & are an
exponentially moving average of the soft @-function weights, which is to stabilize training
[88]. The policy parameters a can be learned by directly minimizing the expected KL-

divergence, and the corresponding objective for the i-th task is formulated as

exp(Q q(s¢ | -)))]

3.40 J ;21) = Esy
( ) ﬂ(waa?z) St @”i Zar(st)

Dx, (ﬂw(- Is¢,2i)ll

where Z,(s;) denotes the partition function to do the normalization. By following [44],

we can minimize the objective £y w.r.t a and J; w.r.t w in problem (3.38) separately.

3.9 Summary

In this chapter, we introduce the MOBLO framework for solving the multi-task learning
problem from the perspective of task weighting. Specifically, we use a meta-learning
approach to effectively learn the task weights in the validation dataset and optimize the
MTL model parameter based on the training dataset. To solve the proposed MOBLO
framework, we proposed two gradient-based MOBLO methods, MOML and FORUM.
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Notably, the MOML method is the first gradient-based MOBLO method. For the proposed
two methods, we both provide the convergent analysis and complexity analysis. Since
the proposed FORUM method is a first-order method and does not calculate the Hessain
product. It is more efficient compared with the MOML method. Moreover, empirical
studies on different learning problems demonstrate the proposed FORUM method is
effective and efficient. In particular, FORUM achieves state-of-the-art performance on

three benchmark datasets under the setting of multi-task learning.
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CHAPTER

AN ADAPTIVE STOCHASTIC GRADIENT ALGORITHM FOR
BLACK-BOX MTL

4.1 Chapter Abstract

This chapter presents a novel black-box multi-objective optimization method called
ASMG. The proposed ASMG method is an effective weighting method for solving the
black-box MTL problem. To the best of our knowledge, the proposed ASMG method is
the first stochastic gradient algorithm for black-box MOO with a theoretical convergence
guarantee. We explicitly provide the connection of the Pareto optimal and stationary
conditions between the original MOO and the corresponding Gaussian smoothed MOO.
Moreover, we prove the convergence rate for the proposed ASMG algorithm in both convex
and non-convex cases. Empirically, the proposed ASMG algorithm achieves competitive
performances on multiple numerical benchmark problems. Moreover, the state-of-the-art
performance on black-box multi-task learning problems demonstrates the effectiveness
of the proposed ASMG method.

45
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4.2 Introduction

Multi-objective optimization (MOO) is an influential framework for solving multi-task

learning problems and a typical MOO problem can be formulated as

(4.1) ﬂg‘F(x) =F1(x),Fa(x),...,Fp(x)),

where m = 2 denotes the number of objectives,  <R? and d represents the parameter
dimension. The objective function F; : R? — R satisfies F;(x) > —-ocofori=1,...,m.

A prominent gradient-based method for solving MOO is the MGDA method. The
core concept behind MGDA involves iteratively updating the variable x using a unified
descent direction derived from a convex combination of the gradients corresponding to
each objective. Numerous MGDA-based MOO algorithms [31, 66, 141, 149] have been
developed to refine these multiple gradients, seeking a shared descent direction that
simultaneously decreases all the objectives.

However, with the development of large language models, many large models such
as large language models (LLMs) [23, 96, 139] are released in the service and are only
allowed for access with APIs [8]. In this scenario, we also need to use one single model to
handle multiple tasks. In such cases, the gradient of the objective F(x) w.r.t. the variable
x cannot be explicitly calculated, making the corresponding black-box MTL problem
a black-box MOO problem (i.e. problem (4.1)) [123, 150]. In such scenarios, users can
only query the large models without accessing gradients to accomplish tasks of interest
[114, 116], and gradient-based MOO methods are no longer applicable since they all rely
on the availability of true gradients or stochastic gradients w.r.t. the variable x.

Several kinds of approaches have been widely studied for black-box MOO, such
as Bayesian optimization (BO) [54, 145] and genetic algorithms (GA) [2, 11, 59, 123].
Among those methods, BO methods are good at dealing with low-dimensional expensive
black-box MOO problems, while GA is to explore the entire Pareto optimal set, which is
computationally expensive for machine learning problems, and usually lacks convergence
analysis. Therefore, those limitations motivate us to design an algorithm for black-
box MOO that can effectively reach a Pareto optimal solution or a Pareto stationary
solution for relatively high-dimensional learning problems with affordable evaluations
and convergence guarantee.

To achieve that, in this chapter, we propose a novel Adaptive Stochastic Multi-
objective Gradient (ASMG) algorithm for black-box MOO by taking advantage of gradient-
based MOO methods. Specifically, the ASMG method first smoothes each objective to

their expectation over a Gaussian distribution, leading to Gaussian smoothed objectives.
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Then it iteratively updates the parameterized distribution via a common search direction
aggregated by the approximated stochastic gradients for all smoothed objectives. We
explore the connections between the MOO and the corresponding Gaussian smoothed
MOO and provide a convergence analysis for the proposed ASMG algorithm under
both convex and non-convex scenarios. Moreover, experiments on various numerical
benchmark problems and a black-box multi-task learning problem demonstrate the
effectiveness of the proposed ASMG method.

4.3 Preliminary

Notation and Symbols. |-|1, |:]l2, and |||l denote the 1 norm, /5 norm, and /,, norm
for vectors, respectively. | - |z denote the Frobenius norm for matrices. A" denotes an
m-dimensional simplex. #* denotes the set of positive semi-definite matrices. ‘;—( denotes
the elementwise division operation when X and Y are vectors, and the elementwise
division operation for diagonal elements in X and Y when they are diagonal matrices.
For a square matrix X, diag(X) is a vector with diagonal entries in X, and if x is a vector,
diag(x) is a diagonal matrix with x as its diagonal entries. Define | X |y := J(X,TX) for
a matrix Y € #* or a non-negative vector Y, where (-,-) denotes the inner product under

the /9 norm for vectors and the inner product under the Frobenius norm for matrices.

Multi-objective Optimization. In MOO [20], we are interested in finding solutions
that can not be improved simultaneously for all the objectives, leading to the notion of
Pareto optimality, the corresponding definition can be found in Appendix A.1.1. We then

present the sufficient condition for determining Pareto optimal for MOO problem (4.1).

Proposition 4.1. For MOO problem (4.1), if all objective F;(x) for i =1,...,m are convex
functions and there exists A € A™ ! such that x* = argming A" F(x), then x* is a Pareto

optimal.

The above proposition implies that the minimizer of any linearization is Pareto
optimal [149]. In the general nonconvex cases, MOO aims to find the Pareto stationary
solution [33]. If a point & is a Pareto stationary solution, then there is no common descent
direction for all F;(x)’s (i =1,...,m) at x. For the Pareto stationary condition, we have

the following proposition according to Proposition 1 in [149].
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Proposition 4.2. For MOO problem (4.1), (i) we say x* € & is a Pareto stationary
solution if there exist A € A™ 1 such that | Y AIVE(x®) =0 (i) we say x* € X is a

e-accurate Pareto stationary solution if min, || Z?il A;VFi(x*)|? <€ where A€ A™ 1,

Black-box Optimization. Several kinds of approaches have been studied for black-
box optimization, such as Bayesian optimization (BO) [82, 111], evolution strategies
(ES) [3, 46], and genetic algorithms (GA) [110]. BO-based methods are inefficient in
handling high-dimensional problems and GA methods lack convergence analysis. ES-
based methods are better for relatively high-dimensional problems and have been applied
in many applications such as reinforcement learning [68] and prompt learning [114, 116].
Although BO achieves good query efficiency for low-dimensional problems, it often fails
to handle high-dimensional problems with large sample budgets [28]. The computation
of GP with a large number of samples itself is expensive, and the internal optimization
of the acquisition functions is challenging.

Among ES-based methods, CMA-ES [46] is a representative one. It uses second-order
information to search candidate solutions by updating the mean and covariance matrix of
the likelihood of candidate distributions. The CMA-ES method is widely adopted in many
learning tasks [45, 114, 116, 128]. Though it is designed for single-objective black-box
optimization, it is also applied to black-box multi-task learning [115], where all objectives
are aggregated with equal weights. Therefore, we consider CMA-ES as an important
baseline method in our experiments.

Inspired by evolution strategy, the stochastic gradient approximation method [81,
127] for black-box optimization, instead of maintaining a population of searching points,
iteratively updates a search distribution by stochastic gradient approximation.

The stochastic gradient approximation strategies employed in black-box optimization
typically follow a general procedure. Firstly, a parameterized search distribution is uti-
lized to generate a batch of sample points. Then the sample points allow the algorithm to
capture the local structure of the fitness function and appropriately estimate the stochas-
tic gradient to update the distribution. Specifically, when @ denotes the parameters of
the search distribution pg(x) and f(x) denotes a single objective function for sample x,
the expected fitness under the search distribution can be defined as J(0) = E,,x)[f (x)].
Based on this definition, we can obtain the Monte Carlo estimate of the search gradient
as

1 N
(4.2) VoJ (0) = Nj; f(x)Velogpe(x;)),
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where N denotes the number of samples, and x; denotes the j-th sample. Therefore, the

stochastic gradient Vg<J/(@) provides a search direction in the space of search distributions.

4.4 ASMG Algorithm

In this section, we introduce the proposed ASMG algorithm. Firstly, we formulate the
black-box MOO as a min-max optimization problem and solve it in Section 4.4.1. Then
in Section 4.4.2, we derive the update formula of parameters in the search distribution

under the Gaussian sampling.

4.4.1 Black-box Multi-objective Optimization

We aim to minimize the MOO problem (4.1) with only function queries. Due to the
lack of gradient information in black-box optimization, we use the stochastic gradient
approximation method. Specifically, the objective of the original MOO is smoothed to
the expectation of F(x) under a parametric search distribution pg(x) with parameter
0,i.e., Ji(0) =E,,xFi(x)] for i =1,...,m. Then the optimal parameter 6 is found by

minimizing the following smoothed MOO problem as
(4.3) meinJ(B) :=(J1(0),J200),...,J,(0)).

By following [81, 127], the search distribution is assumed to be a Gaussian distribution,
i.e., pg(x) = AN (x|u,Z) where u denotes the mean and X denotes the covariance matrix,
and correspondingly @ includes p and X, i.e., 0 = {u,X}. We denote J;(0) = J;(u,X) for
i =1,...,m. This Gaussian-smoothed MOO method can effectively estimate stochastic
gradients, and enable a more accurate search direction for the distribution to address
high-dimensional black-box MOO problems. The connection between this Gaussian
smoothed MOO problem (4.3) and problem (4.1) is shown in Section 4.5.

Here we aim to derive an update formulation for 8. To optimize all the Gaussian
smoothed objective functions effectively, inspired by MGDA, we can find a parameter

to maximize the minimum decrease across all smoothed objectives in each iteration as
(4.4) max min(J;(0;) — J;(0)) = max min (VgJ;(0;),0; — 0),
0 ie[m] 0 ielm]

where VgJ;(0;) = VB[Epot [Fi(x)] denotes the derivative of JJ;(0) w.r.t. 0 = {u, X} at 0, =
{n;,Z:}. In Eq. (4.4), the first-order Taylor expansion is used to derive the approximation

with an assumption that the variable 6 is close to 8;. To further make this assumption
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hold, we add a regularization term to maximize —%KL(pgll Pe,) into Eq. (4.4), and then
the objective function to update @ is formulated as
(4.5) min max <Z AiVgd(6,),0 —0,) + lKL(p,,,npg,)

0 Aleam-1 1T B
Note that problem (4.5) is convex w.r.t. @ and concave w.r.t. A for Gaussian distribution
po. Then using Von Neumann-Fan minimax theorem [7], we can switch the order of the

min and max operators, leading to an equivalent problem as

1
4.6 AiVgdi(0,),6 —0;) + —KL
(4.6) max 1nrll’1n< Z 0J:(6:),0—0,) + 5 (pollpe,)-
By solving the inner problem of problem (4.6), we can obtain the update formulations for
p and X in the ¢-th iteration as

m m
(4.7) Boor == BiZe Y AV, Z7L =271+28,) AVsdi(0y),

i=1 i=1
where V,J;(0;) and VsJ;(0;) denote the derivative of /;(0) w.r.t. p and X at p =, and
X = 2;, respectively. To obtain those two gradients, in the following theorem, we prove

that we only need function queries.

Theorem 4.1. [127] The gradient of the expectation of an integrable function F;(x) under
a Gaussian distribution pg := N (u,X) with respect to the mean p and the covariance

can be expressed as
(4.8) VuEp [Fi(2)] = Ep, [ 1w — p)F;(w)],
1
(4.9) VsEpg[Fi@)] = SEp, [(Z7H - o - ) 271 = Z7)Fiw)].

According to Theorem 4.1, to calculate the gradients, we need to calculate the inverse
covariance matrix, which is computationally expensive in high dimensions, and hence to
reduce the computational cost, we assume that the covariance matrix X is a diagonal
matrix.

Then substituting Eq. (4.7) into problem (4.6), it can be approximated by the following
quadratic programming (QP) problem as

Z Aip;

(4.10) min
Atepam-1

m 2
( +2| Y ant|,
=1

1
where p'l? =2X/V,d;(8;) and hf =diag(Z;VszJ;(0;)). The detailed derivation is put in the
Appendix A.2.1. Problem (4.10) is obviously convex and the objective function of problem
(4.10) can be simplified to A’T ATAA!, where

411 Af=@L.,A)Tand A=), V2RO, (L) T, V2T
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The matrix A" A is of size m x m, which is independent of the dimension of p. Therefore,
the computational cost to solve problem (4.10) is negligible since m is usually very small.

Here we use the open-source CVXPY library [24] to solve it.

4.4.2 Update Formulations for Gaussian Sampling

Since p'l? and hf in problem (4.10) and the update formulation of g and X in Eq. (4.7)

need to calculate expectations of the black-box function. However, those expectations do

not have analytical forms, and we estimate them by Monte Carlo sampling.
Specifically, according to Theorem 4.1, the stochastic approximation of pf and hf

using Monte Carlo sampling are given as

1Y 1
412 pl=~) 2 m)(Fiw)—Filp),
j_
. 1
(4.13) hf 2N Z [diag((x; — p,)(xj - yt)TZ_ —I)(Fi(xj)-Fi(p)],
where x; denotes the j-th sample and inspired by [81], subtracting F;(u,) is used to
improve the computational stability while keeping them as unbiased estimations. By
incorporating Theorem 4.1 into Eq. (4.7), the updated formulations for p and X using

Monte Carlo sampling are rewritten as

m m
(414) Hiiq :ﬂt_ﬁtzllgztg;‘? Zt+1 _Zt_l+2,5tzl/1§Gi’
1= =

where the stochastic gradients §§ and Gf are formulated as

N 1Y
415) &=+ ) 2@ p)(Fix) - Fim),
j_

(4.16) Gi= 2N Z dlag[Zt [diag((xj — p)(x;— ) 2,1~ I)(Fi(x)) —Fi(yt))]].
Note that gﬁ is an unbiased estimator for the gradient V,J;(0;) as proved in Lemma A.6.
To avoid the scaling problem, in practice, we can employ monotonic transformation for
the aggregated objective, more details can be found in Appendix A.2.5.

To ensure the convergence, the sequence of weighted vector {At}f:_ol is usually re-
quired to be a convergent sequence [31, 75, 149]. However, directly solving problem
(4.10) in each iteration cannot guarantee that. Moreover, since solving the composite

weights A’ depends on p’ and fz?, which are related to stochastic gradients g% and
4 l 2
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GE, the estimation of the composite stochastic gradient may contain some bias, i.e.
BT /lﬁztgrﬁ] Xy [E[?Lf][E[Zt g';]. To generate a stable composite weights sequence and
reduce the bias caused by the correlation of weights and the stochastic gradients, we
apply a momentum strategy [149] to A. Specifically, in k-th iteration, we first solve

problem (4.10) to obtain A, and then update the weights by
(4.17) AF = (1-ypA* Ly, At

where v; is a coefficient and y; € (0,1]. To preserve the advantage of maximizing the
minimum decrease across all the Gaussian smoothed objectives, the coefficient y; is set
as 1 at the beginning and then decays to 0 as t — +oco. In Lemma A.7, we show that the
bias caused by solving A’ decreases to zero as y — 0.

The complete algorithm is shown in Algorithm 3. Since the computational cost
associated with solving problem (4.10) in each iteration is negligible, the computational
cost for the ASMG method per iteration is on the order of 6(mNd).

Relationship to Gradient-based MOOQO. For previous methods on MOO, the most
relevant method to our approach is gradient-based MOO methods [31, 66, 141, 149], as
they also aim at finding the Pareto optimal solution or the Pareto stationary solution.
A typical gradient-based method is the MGDA method [22], which also solves a max-
min optimization problem to obtain the weights. However, the proposed ASMG method
is not a typical MGDA-type method. The max-min optimization problem proposed in
MGDA-type methods is related to the true gradient of the parameters. They add a
regularization term |d |2 to control the norm of the aggregated gradient. In our case, the
update is conducted on a Gaussian distribution, and we need to jointly update the mean
and covariance matrix. We use Kullback-Leibler divergence to regularize the distance
between two distributions, i.e. 8 and 0;. Therefore, the form of the proposed max-min
optimization, i.e. Eq. (4.4), differs from MGDA-type methods, and the solution process
is also different. However, our max-min problem can also lead to a simple quadratic

programming problem for the aggregation weights computation.

4.5 Convergence Analysis

In this section, we provide a comprehensive convergence analysis for the proposed ASMG
method. All the proofs are put in Appendix A.2.3. Firstly, we make a standard assumption
for problem (4.3).
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Algorithm 3 The ASMG Method

Input: number of iterations 7', step size 3, number of samples N.
1: Initialized 09 = (pg,Zo) and yo = 1;
2: fort=0toT-1do
3: Take i.i.d samples z; ~ A(0,I) for j€{1,...,N};

1
Setx;=p,+X7zjfor je{l,...,N}

Query the batch observations {F(x1),...,Fi(xn),...,Fn(x1),...,FpnxN)};
Query the batch observations {F1(u,),...,Fn(u,)};

1
Compute p! = x X, 2, 2(x; — ) (Fi(x)) - Fi(p,));
Compute h; = 5 ¥ | [diag((x; - p ) — ) = — 1) (Fi(w))~ Fi(u);
Compute A by solving the QP problem (4.10);
10.  Update the weights for the gradient composition A? = (1 —y)A! 1 +y,4;
11: Compute the stochastic gradients gf and G: according to Eqgs. (4.15) (4.16), res-
pectively;
12: Set pyyy = g~ B X ALZ,80 and set T;L =271 +26, X7 MG
13: end for
14: return 07 = (pp,X7).

Assumption 4.1. The functions J;(0),...,J,,(0) are H-Lipschitz and L-smoothness w.r.t.
0 ={u,Z} €O, where ©:={u,X|pe RY X € #*). The functions Fi(x) (i =1,...,m) are
H-Lipschitz w.r.t. x.

The smoothness assumption in Assumption 4.1 is widely adopted in MOO [31, 149].

Then, we provide a boundedness result for the covariance matrix X.

Theorem 4.2. Suppose that the gradient G; are positive semi-definite matrix, i.e., G; = &I
fori=1,...,m, where { =0 and that the covariance matrix is a diagonal matrix. Then for

A ith Sp<—rH»=~>L
lgorithm 3, we have Zr Tzt

Theorem 4.2 establishes the upper bound for X throughout the optimization process

and is useful to analyze the convergence properties in the non-convex scenario as shown
in Section 4.5.2.

4.5.1 Convex Cases

In this section, we assume that each objective in problem (4.1), i.e., Fi(x) (i =1,...,m), is
convex w.r.t. x. Note that the proposed ASMG algorithm approximates the gradients of
the objectives of the Gaussian smoothed MOO problem, i.e., problem (4.3). It is necessary
to study the relation between the optimal solutions of the original MOO problem (4.1)
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and the corresponding Gaussian-smoothed MOO problem (4.3), and we put the results in

the following proposition.

Proposition 4.3. Suppose pg(x) is a Gaussian distribution with 0 = {u,Z} and the
functions Fi(x), i = 1,...,m are all convex functions. Let J;(0) = E,,[F;(x)]. Then for
any Ae A" Land p* € &, we have Z;’il/li(F,;(u)—Fi(u*)) < ;’il/l,;(Ji(p,Z)— Ji(u*,O)),

where 0 denotes a zero matrix with appropriate size and J;(p*,0) = F;(u™).

When p* is a Pareto-optimal solution of problem (4.1), Proposition 4.3 implies that
the distance to the Pareto-optimal objective values of the original MOO problem is upper-
bounded by that of the Gaussian smoothed MOO problem. Then the following theorem

captures the convergence of p for convex objective functions.

Theorem 4.3. Suppose that Fi(x) (i=1,...,m) is a convex function, J;(0) is c-strongly
convex w.rt. |, éi is positive semi-definite matrix such that ¢(I < éi =< % with ¢ = 0,
3o S, and 2o <RI where R>0.If f < I% and the sequence {p,} generated by Algorithm
3 satisfies that the distance between the sequence {u,} and the Pareto set is bounded, i.e.,
I, — p*ll <D where p* denotes a Pareto optimal solution of problem (4.1), then with

Assumption 4.1, we have

m

Aﬁ(Ji(”‘t+17 Z)-dJi(p", 0))
=1

1 T-1
(4.18) T Y E.
t=0

1 logT
:@(—+ o8 +)/).
pT T

Based on Theorem 4.3 and Proposition 4.3, when f=0(1) and y = O(T1), we have

1 T-1 m loeT
(4.19) = 2 x| Y AL (Fily ) - Fuu) | = 0( %%,
t=0 i=1

Therefore, the proposed ASMG algorithm possesses a convergence rate @(logT) in convex

cases. Note that Theorem 4.3 does not require each objective function F;(x) to be differ-
entiable. Hence, Theorem 4.3 holds for non-smooth convex functions {F;(x)}. If F;(x) is

c-strongly convex, then J;(0) is also c-strongly convex and Theorem 4.3 holds.

4.5.2 Non-Convex Cases

In many practical problems, the objective functions of problem (4.1) are non-convex,
and we aim to find a Pareto stationary solution. Similar to Proposition 4.3, we have the
following result to reveal the relation between Pareto stationary solutions of problems
(4.1) and (4.3).
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Proposition 4.4. Suppose pg(x) is a Gaussian distribution with 0 = {u,Z} and F;(x)
(i=1,...,m) is a Lp-Lipschitz smooth function. Let J;(0) = E,,[F;(x)] and X be a diagonal
matrix. If p* is a Pareto stationary solution of problem (4.3) and there exists A € A" 1
such that |X7, A;Vudi(u*)l = 0, then we have | X7, A;VF;i(u*)|? < L2 ||diag(Z)ll; and
this implies that p* is a e-accurate Pareto stationary solution of problem (4.1) with
e =L5 |diag(2)|1.

According to Proposition 4.4, a Pareto stationary solution of problem (4.3) is a e-
accurate Pareto stationary solution of problem (4.1). The following theorem establishes

the convergence of the proposed ASMG method under the non-convex case.

Theorem 4.4. Suppose that J;(0) (i=1,...,m) is bounded, i.e., |J;(@)| <B, Gi is positive
semi-definite matrix such that ¢I < Gi <bl with b=¢>0, 2ge #T, and 2o <RI with

R>0.IfB< RLl\/d_, then with Assumption 4.1 we have

1 T-1
(4.20) =Y E,
t=0

L1 o]

:6’(%+ﬁiT+y+ﬁ).

According to Theorem 4.4, if § = @’(T_%) and y = G(T~1), the proposed ASMG method
possesses a @’(T_%) convergence rate to reach a Pareto stationary solution for problem
(4.3), which is a e-accurate Pareto stationary solution of problem (4.1). According to
Theorem 4.2, when 8 = 6(T_%), diagonal entries of Z7 converge to zero as T'— oo and

hence € — 0, leading to a Pareto stationary solution for problem (4.1).

4.6 Empirical Study

In this section, we empirically evaluate the proposed ASMG method on different problems.
The experiments are conducted on a single NVIDIA GeForce RTX 3090 GPU.

4.6.1 Synthetic Problems

We compare the proposed ASMG method with CMA-ES [46], ES [102], BES [36], and
MMES [47] methods on the following three d-dimensional synthetic benchmark test
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problems:
d 2(i-1) d 2(i-1)
(4.21) Fx)=( Y 101 | —0.011, ) 107 |; +0.01]),
i=1 i=1
d 1 d 1
(4.22) F(x):(Z|xi—0.1|§,2|xi+0.1|§],
i=1 i=1
i d i i
(4.23) F)=() 10 |x;1%,10d + ) (107 %,)? ~ 10c0s(2710 7 7)) .
i=1 i=1

Test problems (4.21)-(4.23) are called the shift /;-ellipsoid, shift / %-ellipsoid, and mixed
ellipsoid-rastrigin 10, respectively. For the baseline methods, by following [115], we

aggregate multiple objectives with equal weights to become a single objective.

Evaluation Metrics. The results are evaluated by calculating the Euclidean distance
between the solution x and the optimal solution set 22, i.e., & = dist(x,2?). The Pareto
optimal set of problem (4.21) is &?; = {x | x; € [-0.01,0.01]}. Therefore. the result is
evaluated by calculating the Euclidean distance between solution x and the set 27,
which is denoted & = dist(x,2?;). We denote the Pareto optimal set of problem (4.22)
as P. Since the Pareto front of problem (4.22) is concave, the solution of the ASMG
method will go to the boundary of its Pareto optimal set, i.e. Py ={x|x; €{-0.1,0.1}} € P,.
Moreover, For ES and CMA-ES methods, since their optimization objective is F'1(x)+Fa(x),
the corresponding solution set is %. Therefore, the result of these three methods on
problem (4.22) is evaluated by & = dist(x,%%). The Pareto optimal set of problem (4.23)
is &3 = {x | x = 0}. Therefore, the result is evaluated by & = dist(x, 2%3).

-3 —— ES -3
—»— BES
4 MMES
—¥- ASMG -4 —¥—- ASMG
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Iteration. T (x103) Iteration. T (x103) Iteration. T (x103)
(a) Shift /;-Ellipsoid. (b) Shift [ 1 -Ellipsoid. (c) Mixed Ellipsoid-Rastrigin 10.

Figure 4.1: Results on the synthetic problems with 10 samples (i.e., N = 10).

Implementation Details. For all the methods, we initialize p, from the uniform
distribution Uni[0, 1], and set Zg = I. The ASMG method uses a fixed step size of f=0.1

56



4.6. EMPIRICAL STUDY

LS P
oy o
ol
14
5 7 %
5 & 21
S 2 N
—&— CMAES —31
—*— ES
=31 % BES -4
MMES
4] ¥ ASMG _51
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Iteration. T (x103) Iteration. T (x103) Iteration. T (x103)
(a) Shift /;-Ellipsoid. (b) Shift [ -Ellipsoid. (c) Mixed Ellipsoid-Rastrigin 10.
2
Figure 4.2: Results on the synthetic problems with 50 samples (i.e., N = 50).
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Figure 4.3: Results on the synthetic problems with 100 samples (i.e., N = 100).
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(b) d=500. (c) d=1000.

Figure 4.4: Results on the shift /;-ellipsoid problem with N = 100 and different problem

dimension d.

and y; = 1/(t + 1). For the ES method, we employ the default step size from [102], i.e.,
B =0.01. For the BES method, we adopt the default step size from [36], i.e.,  =0.01. We
employ the default hyperparameter setting from [47] for the MMES method. We then

assess these methods using varying sample sizes, i.e. N € {10,50,100}. The mean value

of & over 3 independent runs is reported.
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Result. Figure 4.2 shows the results on those three d-dimensional synthetic problems
with 50 samples (i.e., N =50) and d = 100. The proposed ASMG method approximately
achieves a linear convergence rate in the logarithm scale and can arrive at solutions
with a high precision, i.e., 1074, on three cases. The CMA-ES method can converge with
high precision on problem (4.21) but only achieve 10~! precision on problem (4.22). The
MMES method also cannot reach a high precision on these problems. Moreover, the
CMA-ES and MMES methods fail on problem (4.23) and the ES and BES methods fail
on all three problems. The results show that it could be challenging for ES and BES to
optimize non-smooth or non-convex test functions without adaptively updating mean
and covariance. Those results consistently demonstrate the effectiveness of the proposed
ASMG method. Figure 4.1 and 4.3 show the results on three 100-dimensional synthetic
problems with sample sizes N = 10 and N = 100, respectively. Combining these results
with the result from Figure 4.2, we observe consistent performance from the proposed
ASMG method, consistently achieving high precision across all three cases, i.e. 107, for
N =10,50,100.

The CMA-ES method shows convergence with high precision on the Shift /;-Ellipsoid
problem when N =10 and 50. However, it fails to converge when the sample size is very
small, i.e., N = 10. The same performance also occurs on the Shift / 1 -Ellipsoid problem
for the CMA-ES method. It can achieve 10~! precision when N =50 and 100, but only
achieve 10! precision when N = 10. It still fails on the Mixed Ellipsoid-Rastrigin10
problem when N =50 and 100. The MMES method also cannot reach a high precision
on these problems. The ES and BES methods do not converge in any of the settings,
indicating that it could be challenging for these methods to optimize these non-smooth
or non-convex problems. These results show the effectiveness of the proposed ASMG
method.

Figure 4.4 presents the results for the shift / 1 -ellipsoid problem with a sample size
of N = 100 across various problem dimensions, i.e. d € {200,500,1000}. The CMA-ES
method can still converge when d = 200, but it does not converge when d = 1000. In
contrast, the ASMG method consistently achieves high precision across all three settings,

demonstrating its effectiveness in handling high-dimensional problems.

4.6.2 Black-box Multi-task Learning

In this section, we apply the proposed ASMG method to black-box multi-task learning.
Multi-task learning (MTL) [10, 146] is a widely adopted paradigm and aims to train a

single model to handle multiple tasks simultaneously. MTL can commonly be viewed as
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a MOO problem by treating each task as an individual objective. Given m tasks, task i
has a training dataset 2;. Let Z;(2;; .4 s) denote the average loss on &; for task i using
the model .# with parameter ®. Then MTL can be formulated as a MOO problem with

m objectives as
(4.24) mqgn($1(91;/%q>), Lo Doy M), ..., Lrn(Dm; Mo)).

For the conventional MTL setting, the model ./ is available for backward propagation,
allowing the optimization problem to be solved using the gradients of the model parame-
ters, i.e., Vp.Z;. However, in many practical scenarios, such as multi-task prompt tuning
for extremely large pre-trained models [115], part of the model .# remains fixed in the
service and is only accessible through an inference API. This results in the gradient of
the objectives £; with respect to the local parameters ¢ € ® being unavailable. For cases
where the gradients of task losses with respect to the learned parameter ¢ cannot be
explicitly calculated in MTL, we refer to black-box MTL.

Problem Formulation. We consider a specific black-box MTL problem, where
our focus is to learn a shared prompt for all tasks using pre-trained vision-language
models [76, 115, 125]. Following the setup in [76], we employ the CLIP model [95] as the
base model. In this context, our model .4 can be expressed as .4 ={.4.,p}, where /.
represents the fixed CLIP model, and p € R? is the token embedding of the prompt. Note
that the CLIP model is treated as a black-box model, making it impossible to calculate
the gradient of the token embedding p in the text encoder using backward propagation.
Inspired by [114, 116], we optimize v € R? and employ a fixed randomly initialized matrix
A € RP*4 t0 project v onto the token embedding space instead of directly optimizing the
prompt p. Consequently, the corresponding black-box MTL problem can be formulated
as
(4.25) fgui%r(} (L1(Dr;{Me, AVY, ..., Lo (D (M, AVY)).

Details of CLIP. CLIP is a widely adopted vision-language model that trains an image
encoder Ajmage(-) and a text encoder Aiexi(-) jointly by aligning the embedding space of
images and text. Given an image x and a set of class names {yi}ﬁ 1» CLIP obtain image
features Aimage(x) and a set of text features {htext(p;yi)}f{= | Where p € RD represents
the token embedding of the shared prompt. The image x is classified into the class y;
that corresponds to the highest similarity score 2image(x) - Atext(p;y;) among the cosine
similarities between the image features and all the text features. In the zero-shot setup,

the shared token embedding p is transformed from the prompt “a photo of a”, while in
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the prompt tuning setup, the token embedding of the shared prompt is optimized directly

to enhance performance.

Loss function ;. In the context of multi-task learning, we consider a scenario
involving m tasks, each having its own dedicated training dataset. For task i, we have
dataset 9; = {(x, ¥;)}. For each training epoch, we sample a mini-batch %; from 2; and
the function %; in Eq. (4.25) can be formulated as

LiBi{Me, Av) = ) UM (Av;x), ),
(x,5)€B;
where ¢ can be cross-entropy function for classification problem and .4, denotes CLIP

model in our setting.

Datasets. We conduct experiments on two MTL benchmark datasets, i.e., Office-31
[101] and Office-home [122]. The Office-31 dataset includes images from three different
sources: Amazon (A), digital SLR cameras (D), and Webcam (W). It contains 31 categories
for each source and a total of 4652 labeled images. The Office-home dataset includes
images from four sources: artistic images (Ar), clip art (Cl), product images (Pr), and
real-world images (Rw). It contains 65 categories for each source and a total of 15,500
labeled images. For those two datasets, we treat the multi-class classification problem on

each source as a separate task.

Implementation Details. Following the setup of [148], we conduct experiments based
on the CLIP model with ResNet-50 as the image encoder and use a prompt with 4 tokens
for the text encoder where both the image and text encoders are kept frozen during the
experiments. For zero-shot, we apply the default prompt “a photo of a {class}”.

For all methods, we set py =0 and Zy = I as initialization. For all baseline methods
except the zero-shot setting, we optimize the prompt with a batch size of 64 for 200
epochs, the population size N is set as 20 for Office-31 and 40 for Office-home, while A
is sampled from the normal distribution as described in the [114], i.e. A4(0, U—\/(%), where
o, is the standard deviation of word embeddings in CLIP. For ASMG and ASMG-EW
methods, the step size is fixed as f = 0.5. The coefficient y in the ASMG method is
set as y; = 1/(¢ + 1). For the ES method, we employ the default step-size of ES in [102],
i.e., 0.01. For the BES method, we perform grid search on step size, i.e., § is chosen
from {0.5,0.1,0.01}. For the MMES method, we employ the default hyperparameter

setting from [47]. Additionally, we evaluate the performance of the method on different
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dimensions of z, specifically d € {256,512,1024}. The CMA-ES method is implemented
using the official implementation available ! while we implement the ES and BES

method by ourselves.

Baselines. The proposed ASMG method is compared with the zero-shot setting, which
evaluates the model on the downstream datasets that were not seen during the training
phase without prompt tuning [95]; four ES-based black-box optimization methods, i.e.,
ES [102], BES [36], MMES [47] and CMA-ES [46], where we simply transform multiple
objectives into one single objective by equal weights; the ASMG-EW method, where we
fix the weighted vector as Af = % for ASMG during optimization.

Table 4.1: Results on the Office-31 and Office-home datasets. 3 independent runs are
conducted for each experiment. The mean classification accuracy (%) is reported. The
best result across all groups is in bold and the best result in each comparison group is
underlined.

\ Office-31 \ Office-home
Method
| A D w Avg | Ar Cl Pr Rw Avg
Zero-shot ‘ 73.68 79.51 66.67 73.28 ‘ 73.06 51.68 83.79 8141 72.48
Dimension d = 256
ES 75.10 80.05 71.67 75.61 1118 | 71.16 47.96 80.33 80.90 70.09:051
BES 72.65 80.60 73.52 7559090 | 68.94 4597 8153 79.42 68.97:1.40
MMES 75.90 83.33 76.67 78.63.059 | 71.85 49.26 82.10 81.37 71.14.¢¢9
CMA-ES | 76.24 87.98 75.93 80.05:134 | 69.26 50.09 85.73 82.13 71.80+¢9.22
ASMG-EW | 76.52 83.88 77.22 79.21.190 | 70.02 47.13 80.23 79.50 69.22.1 39
ASMG 77.83 86.61 80.56 81.67.064 | 74.26 53.52 86.23 83.03 74.26 .16
Dimension d =512
ES 7595 81.69 7537 T77.67 1991 | 70.78 48.39 82.06 81.15 70.60.¢3¢
BES 75.73 8251 7T74.81 77.68:188 | 69.39 48.18 82.94 80.29 70.204051
MMES 76.01 84.70 7722 79314034 | 70.40 50.45 85.10 82.56 72.13:1.19
CMA-ES | 76.75 87.16 77.22 80.38.048 | 70.46 50.02 86.26 82.02 72.19.997
ASMG-EW | 78.01 84.70 76.67 79.79.145 | 69.20 46.91 80.51 80.68 69.33.0.52
ASMG | 78.63 87.43 78.33 81.47.937 | 73.50 52.84 85.88 83.78 74.00.081
Dimension d = 1024
ES 7259 78.14 7481 75.184191 | 70.34 47.38 8259 80.54 70.214908
BES 72.14 7951 T71.67 74.44.0g84 | 70.27 4825 79.94 80.00 69.62.¢81
MMES 77.09 81.42 7574 78.09.995 | 71.03 49.19 84.29 81.95 71.61.041
CMA-ES | 76.87 87.16 77.59 80.54.941 | 71.28 50.92 85.73 82.49 72.61.939
ASMG-EW | 77.15 82.51 77.78 79.15.148 | 69.20 47.09 81.36 80.86 69.63.(.3s
ASMG | 76.30 87.70 80.19 81.40.049 | 73.18 51.82 85.84 83.21 73.51 1007
Results. Table 4.1 presents experimental results on the Office-31 and Office-home

datasets for three different dimensions of z. We can see that the ASMG method con-

https://github.com/CMA-ES/pycma
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sistently outperforms all baselines in terms of average classification accuracy across
different settings, highlighting its effectiveness. When comparing ASMG with ASMG-EW,
the results demonstrate the effectiveness of adaptive stochastic gradient. Notably, even
in the high-dimensional setting (i.e., d = 1024), our method maintains good performance.
Remarkably, ASMG achieves the highest average classification accuracy when d = 256,
surpassing zero-shot by 8.4% on Office-31 and 1.8% on Office-home. This further validates
the effectiveness of the proposed ASMG method.

4.7 Summary

In this chapter, to solve the black-box MTL problem, we consider it as a black-box MOO
and present ASMG, a novel and effective adaptive stochastic gradient-based method.
Specifically, we smooth the black-box MOO problem to a Gaussian smoothed MOO
and we propose a novel adaptive stochastic gradient approximation approach to solve
it. Theoretically, we explore the connections between the MOO and the corresponding
Gaussian smoothed MOO, and we provide a convergence guarantee for ASMG under
both convex and non-convex scenarios. Moreover, empirical studies on synthetic problems
and black-box MTL demonstrate the effectiveness of the proposed ASMG method.
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CHAPTER

A NEURAL ODE-BASED MODEL FOR MTL

5.1 Chapter Abstract

In this chapter, we present a Neural Ordinal diffeRential equation based Multi-tAsk
Learning (NORMAL) model. In the proposed NORMAL method, feature transforma-
tions of different tasks, which are placed after the shared feature extractor in the HPS
architecture, are assumed to follow a dynamic flow and such task-specific feature trans-
formations for different tasks could be modeled as different time points, which are called
task positions, in a Neural Ordinary Differential Equation (NODE or Neural ODE) [15].
Different from NODESs, the task positions of different feature transformations in the
dynamic flow, corresponding to the given time information in NODESs, are unknown, and
the proposed NORMAL method utilizes a time-aware neural ODE block to learn task
positions automatically via gradient descent methods. By finding the best positions of
different tasks in the continuous flow of the feature space, our model is well-positioned
to find the feature representation that the task really needs. Empirically, extensive ex-
periments demonstrate that the proposed NORMAL method outperforms state-of-the-art
methods on benchmark datasets. Moreover, the learned task positions can reflect the

task relations, which verifies the reasonableness of the learned task positions.

63



CHAPTER 5. ANEURAL ODE-BASED MODEL FOR MTL

5.2 Introduction

Among all the architectures for deep MTL, the Hard Parameter Sharing (HPS) archi-
tecture, which typically shares one feature extractor among tasks and after that has
a task-specific head for each task, is the earliest and the most used one. Though it is
simple, several works [6, 85, 118, 143] point out that the HPS architecture is effective
in improving the performance of each task. However, due to the use of a shared feature
extractor to obtain a shared feature representation among tasks, the HPS architecture
often faces the problem of competing for shared parameters among tasks during the
training process, specifically in the form of gradient conflict which often leads to perfor-
mance degradation for some tasks [70, 141]. To alleviate this problem, based on the HPS
architecture, some recent studies [16, 66, 70, 89, 103, 141] propose loss weighting and
gradient manipulation methods to help model training. Meanwhile, some works [56, 131]
propose task grouping methods to mitigate the competition between tasks by combining
more relevant tasks together to learn an HPS model. These methods require a lot of
(pre-)grouping computation and increase the total model size.

To employ task similarity to model the representation of each task, we assume that
a dynamic flow exists in the feature space, and each task lies in one specific position
in this dynamic flow. Then, by putting each task in its proper location in this dynamic
flow according to their task similarity, we can reduce their competition to the shared
model parameter. To model this dynamic flow in the feature space, we use the Neural
Ordinary Differential Equation (NODE) methods. This approach enables us to model

complex feature space and optimize the MTL model via auto differentiation.

5.3 Preliminary

In this section, we introduce the first-order and second-order NODEs.

First-order Neural ODEs. First-order NODEs [15] are proposed recently to model
deep neural networks with continuous depths. NODEs model the dynamic of hidden
features z(t) € R" via first-order Ordinary Differential Equations (ODEs), which is

parameterized by a neural network g(z(¢),¢,¢) € R" with learnable parameters ¢, i.e.,

dz(t)

(5.1) 7t

=g(z(8),t; ).
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For a given initial value z(¢¢), NODEs obtain the output at time ¢ with a black-box

numerical ODE solver as

¢
(5.2) z2(t) = z(tg) +f g(z(s),s;p)ds = ODEsolver(z(to), g,to,t; ).

to
The main technical difficulty in training such NODEs is how to do the back-propagation
through the ODE solver efficiently. In [15], an adjoint sensitivity method is proposed to
solve this issue. This method has a low memory cost, and can explicitly control numerical

errors.

Second-order Neural ODEs. As the first-order NODEs are easy to suffer from
unstable training, slow speed, and lack of highly expressive power, there are many
works [19, 26, 129] to improve first-order NODEs. Among them, the Heavy Ball NODE
(HBNODE) [129] is more accurate and stable, and it is formulated as

cﬂdn+ dz(t)
dt? Y dt

(5.3) +g(z(1),t)=0.

where y = 0 is a damping factor and g(:,-) represents a continuous function. In practice,
Y can be treated as a hyperparameter or a learnable parameter, and g(-,-) can be parame-
terized by a neural network. Eq. (5.3) can be reformulated as a first-order NODE system

as

dz(¢) _ dq(®) _
(5.4) TR q(1), Tl vq(t) + g(z(8),1),

where ¢(t) € R" is a momentum function, and the starting point g(0) is computed as
q(0) = —dz(t)/dt |;=9, which represents the initial velocity of z(¢). Following the idea
of skip connection, one extra term {z(¢) is added to the second-order ODE system in
HBNODE and the final formulation is

d
dt
(5.5) dq(t)
—= —Yq@®)+ g(z(t),t) + Ez(2).

NODEs [15] can learn from irregularly sampled data and are particularly suitable
for learning complex dynamical systems. NODE-based methods have shown promising
performance on a number of tasks including building normalizing flows [32], modeling
continuous time data [137], and generative models [41]. However, training NODESs on
large datasets is not an easy task and often leads to poor performance. This is because

the training process of NODE is very slow [129], and NODE often fails to learn long-term
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mL}

/_h¢1—) XI(h%(z)vyl)
z hg, > Lo(hg,(2),92)

L (h¢m (Z(pm)), ym)

Figure 5.1: Comparison between the HPS-based MTL model (top) and the proposed
NORMAL model (bottom). The HPS-based MTL model maps inputs into a shared inter-
mediate representation. The NORMAL method uses task-specific feature transformation
which is modeled by task positions in NODE to map inputs into task-specific feature
representations. The blue color indicates task-shared components, and the red color
denotes task-specific components.

dependencies in sequential data [60]. The HBNODE [129] is based on second-order ODEs
with a damping term, which can significantly accelerate the training process and provide

a stable result.

54 NORMAL Model

In this section, we introduce the proposed NORMAL model.

5.4.1 The Entire Model

To mitigate competition for shared parameters by learning task-specific feature rep-
resentations while retaining the benefits of MTL to learn feature representations, we

treat feature transformations of different tasks as points embedded in a dynamic flow of
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transformations and use a NODE to model smoothly varying embeddings. So different
task positions on the dynamic flow can be converted into outputs at different times on
the NODE.

The NORMAL model consists of a shared feature extractor fy which is parameterized
by 0, a task-shared dynamic flow modeled by a time-aware neural ODE block @ , which is
parameterized by ¢, and will be introduced in the next section, learnable task positions
{pi}, and task-specific heads {hy;}. Here @, is to model feature transformations from
different tasks in a dynamic flow. Thus, as shown in Figure 5.1, for a sample in the ith
task, the NORMAL model first obtains a hidden representation via fy, then moves to task
position p; over @, to learn a feature transformation to obtain a feature representation
with task specificity, and finally feed into 44, to obtain the final output.

Mathematically, the objective function of the NORMAL model is formulated as

1 &
(5.6) min — Z Z Ly h Qp(fola)), pi))),

O,{pitm ;

where © denotes all the network parameters, including ¢, 6, and {¢;}" |, and @,(-, p;)
denotes the output of the time-aware neural ODE block at task position p;. Thus, in terms
of notations of NODE as introduced in the previous section, we have @ ,(fy(x;), p;) = z(p;),
where z(0) = fy(x;).

5.4.2 Time-aware Neural ODE Block

In the time-aware neural ODE block, fg(x{ ) extracted by the shared feature extractor is
considered as the state at initial time/position 0 in the dynamic flow, and if p; is known,
then task-specific feature transformations could be learned. However, {p;} are usually
unknown, and we aim to learn them.

Though first-order NODEs easily model dynamic flow, due to their instability, using
them to implement @, often leads to poor performance. Therefore, some second-order
NODE (e.g., HBNODE) is used to build this block. Specifically, based on Eq. (5.5), by

using fg(x{ ) as the initial value z(0) of z(¢) for task i, we have

. . Di
(5.7) Q(fox]),pi) = fole)) + fo _q(t)dt
. i t
(5.8) :fe(xJ.)—fp (q(0)+f Mdl)dt
oo dl
where dq(l) = —yq(l)+ g(z(1),1) + ¢2z(1) and a mapping function u(z) : R"* — R™ maps fa(x‘])

to the 1n1t1a1 velocity ¢(0). The initial velocity mapping u(z;¢,) and the ODE function
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Algorithm 4 The NORMAL model.
Input: training data and learning rates py, n
Output: Task-shared parameters 6, ¢, task-specific parameters {¢;}, {p;}

1: fork=1to K do
2: Compute and save outputs of the time-aware neural ODE block for each task:
2(p;) and q(p;);
Compute total loss £ according to Eq. (5.6);
Compute the gradient d,,, with respect to p; according to Eq. (5.11);
Compute the gradient Vg.£ with respect to {0, {¢:}, p};
Update ©® as ©:=0 - uVeZ;
Update p; as p; := p; —ndp;;
end for

g(z,t;¢p,) are parameterized by ¢, and ¢,, respectively. Thus, the time-aware neural
ODE block @, is formulated as

; . pi .
Q<p(fe(x{),pi)=fa(x{)—f (u(fe(x{);(pv)—i-
(5.9) t 0
fo (= va)+ 8, 1;9,) + E2(Ddl))dt,

where y > 0 is treated a learnable parameter and ¢ is treated as a hyperparameter to be
tuned. To guarantee the positiveness of y, we reparameterize it as y = sigmoid(w), where
w is a learnable parameter. For simplicity, we denote these parameters by ¢ = {¢,,¢,,w}.

By using the block presented above, we can now calculate z(¢) for any given initial
value z(0) = fg(x{ ) and p;. Existing studies on NODEs assume that p; is available
before training. In the proposed NORMAL method, if a common p; is used for all the
tasks, the NODE could be absorbed into fg(-) and different tasks could have identical
feature representations, which degenerates to the HPS architecture. If different tasks
use different fixed p;, setting them is too inefficient and does not have good performance
according to our empirical observations. Therefore, in the NORMAL method, to achieve
high expressive power in learned feature representations and low manual costs, we learn

{p;} for all the tasks, which will be detailed in the next section.

5.4.3 Optimization

To learn parameters in the time-aware neural ODE block, we apply the adjoint sensitivity
method, which can significantly reduce the memory cost during calculating the gradient.
However, we cannot use auto differentiation to update {p;} since current mainstream

frameworks (e.g., Tensorflow and Pytorch) do not support automatically computing the

68



5.5. EMPIRICAL STUDY

gradient for task positions {p;} in NODESs, and we need to manually compute the gradient

with respect to {p;}. Specifically, for task i, the average loss L; is defined as

1 n; .
(5.10) L;= — Y Ly hg,z(p)))),
Lj:l

where 2(p;) = Q(fo(x]), py).
Based on the chain rule, we compute the gradient with respect to p; as

_ dLi _ dLi dZ(t) dLi

=- q(pi).

5.11 d, = =
G-1D Pidt |iep, dz@®) dt |y, dz(p;)

In Eq. (5.11), g(p;) denotes the output of the momentum function at time p;, which can
be saved in the forward propagation process. Thus, we need to calculate the gradient of
the loss L; with respect to the output of the time-aware neural ODE block at time p;.
This does not require us to backpropagate the entire model, so it is not computationally
expensive. Therefore, we can use d,, to update p; as p; := p; —nd,,, where 1 represents
the step size.

The gradients of other model parameters in the NORMAL method can be computed
by auto differentiation and stochastic gradient descent methods can be used to update
them. In the NORMAL method, we can update all the learnable parameters jointly or
alternatively. Algorithm 4 summarizes the training algorithm for the NORMAL method.

5.5 Empirical Study

In this section, we empirically evaluate the proposed NORMAL method on four bench-
mark datasets, including Office-31 [101], Office-Home [122], NYUv2 [105], and CelebA
[77]. All experiments are performed on a single NVIDIA GeForce RTX 3090 GPU.

Baselines. Here, we compare the proposed method with state-of-the-art MTL methods,
including EW that adopts an equal weight on training losses of different tasks, UW [53],
GradNorm [16], MGDA [103], PCGrad [141], IMTL [70], CAGrad [66], and Nash-MTL
[89].

Evaluation metric. For the Office-31, Office-Home, and CelebA datasets, all of which
involve classification tasks, we present the classification accuracy for each individual task
as well as the average classification accuracy across all tasks. For the NYUv2 dataset

which has three tasks: 13-class semantic segmentation, depth estimation, and surface
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normal prediction, by following [84], we use the average of the relative improvement of
each task over the EW method, i.e. A, as the evaluation metric, which is defined in Eq.
(3.33) in Section 3.7.2

5.5.1 Experimental Results

Datasets. The Office-31 dataset [101] includes images from three different sources:
images downloaded from www.amazon.com (Amazon), images from digital SLR cameras
(Dslr), and images from webcams (Webcam). It contains 31 categories for each source
and a total of 4652 labeled images. The Office-Home dataset [122] includes images
from four sources: artistic images (Ar), clip art (Cl), product images (Pr), and real-world
images (Rw). It contains 65 categories for each source and a total of 15,500 labeled
images. Under the multi-task learning setting, we treat each source as a separate task,

so these two datasets can be used as a multi-task classification problem.

Implementation Details. On both datasets, we use a ResNet-18 network pre-trained
on the ImageNet dataset as fp, the Euler’s method as the ODE solver, and a task-specific
fully connected layer as the corresponding head for each task. The architectures of the

initial velocity u(z;¢,) and ODE function g(z,t;¢,) are constructed as follows.
e Initial Velocity: — FC — LeakyReLU — FC —
¢ ODE Function: — FC — LeakyReLU — FC —

All the fully connected (FC) layers of both functions have a dimension of 512 for inputs

and outputs.

Results. The results on the Office-31 and Office-Home datasets are shown in Table
5.1. We can see that on both datasets, the NORMAL method outperforms state-of-the-
art baseline methods in terms of average classification accuracy. Compared with the
unbalanced performance of several baseline methods on different tasks, the NORMAL
method achieves a boost on almost all tasks over the EW method. For example, on
the Office-31 dataset, the MGDA method performs well on the D and W tasks but
performs very poorly on the A, which does not occur in the NORMAL method. This
result demonstrates the advantage of the NORMAL method in that it can learn better
feature representations for each task by learning task-specific feature transformations

over dynamic flow. Moreover, compared with baselines, the proposed NORMAL method
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Table 5.1: Classification accuracy (%) of different methods on the Office-31 and Office-
Home datasets. 3 independent runs are conducted for each experiment. The mean
performance is reported. The best results for each task are shown in bold.

‘ Office-31 ‘ Office-Home
| A D W Avg | Ar CI  Pr Rw Avg
EW | 8467 9809 98.70 93.82|64.77 79.05 90.11 80.44 78.59

Uw 84.62 97.81 98.89 93.77 | 66.03 79.09 89.69 79.78 78.65
GradNorm | 84.22 98.09 98.89 93.73 | 64.84 78.73 89.86 80.58 78.50
MGDA 78.69 98.09 98.70 91.83 | 65.40 75.05 89.76 79.96 77.54
PCGrad | 84.67 97.81 98.70 93.73 | 65.27 78.37 90.08 79.89 78.40
IMTL 83.02 98.09 98.89 93.33 | 65.27 77.72 89.90 80.54 78.36
CAGrad | 84.33 97.81 99.07 93.74 | 64.90 7848 90.47 80.18 78.50
Nash-MTL | 83.82 98.91 99.07 9393 | 66.79 78.66 90.29 79.82 78.89

NORMAL ‘86.32 99.18 98.88 94.80 ‘ 69.26 80.39 90.47 80.22 80.08

Method

Table 5.2: Performance on three tasks (i.e. 13-class semantic segmentation, depth esti-
mation, and surface normal prediction) in the NYUv2 dataset. 3 independent runs are
conducted for each experiment. The mean performance is reported. The best results for
each task are shown in bold.{(|) means that the higher (lower) the value, the better the
performance.

Segmentation Depth Surface Normal

Method Angle Distance Within #° At
mlIoU! PixAcec! AbsErr| RelErr|
Mean | Median | 11.251 2251 301

EW 0.4875 0.7183 0.4179 0.1734 25.42 18.84 0.3243 0.5729 0.6845 0%

Uw 0.4866 0.7165 0.4085 0.1711 25.42 18.77 0.3212 0.5703 0.6829 0.45%
GradNorm 0.4789 0.7106 0.4134 0.1686 25.40 18.61 0.3237 0.5733 0.6848 0.26%
MGDA 0.4138 0.6631 0.4416 0.1825 24.33 17.48 0.3423 0.5975 0.7065 -3.97%
PCGrad  0.4835 0.7155 0.4124 0.1718 25.40 18.66 0.3230 0.5726 0.6844 0.21%
IMTL 0.4769 0.7112 0.4141 0.1711 24.76 17.90 0.3355 0.5881 0.6978 0.89%
CAGrad  0.4777 0.7113 0.4128 0.1676 24.80 17.92 0.3356 0.5874 0.6973 1.29%
Nash-MTL 0.4764 0.7103 0.4155 0.1704 24.64 17.71 0.3409 0.5911 0.6999 1.12%

NORMAL 0.4857 0.7184 0.4113 0.1691 24.98 18.34 0.3352 0.5827 0.6923 1.33%

achieves the best result in some tasks, such as the best classification accuracy of 86.32%
in task A for the Office-31 dataset and 69.26% classification accuracy in task Ar for the
Office-Home dataset.

Dataset. The NYUv2 dataset [105] comprises video sequences of diverse indoor envi-
ronments captured using RGB and depth cameras from the Microsoft Kinect. It includes
a total of 1,449 labeled images, with 795 images designated for training and 654 for
validation. The dataset has three distinct tasks: 13-class semantic segmentation, depth

estimation, and surface normal prediction.
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Implementation Details. On the NYUv2 dataset, we use the DeepLabV3+ archi-
tecture [14] with HBNODE. Specifically, we use pre-trained Resnet-18 with dilated
convolutions [138] as the feature extractor shared by all tasks, the Euler’s method as the
ODE solver, and the Atrous Spatial Pyramid Pooling (ASPP) [14] as the task-specific
header for each task. The architectures of the initial velocity u(z;¢,) and ODE function

g(z,t;¢,) are constructed as follows.
e Initial Velocity: — Conv — LeakyReLU — Conv —
* ODE Function: — Conv — LeakyReLU — Conv —

The numbers of the input channel and output channel of the convolution layers of both
functions are set to 512, the size of the kernel is 1, the stride size is 1, and the padding is
0.

Results. The results on the NYUv2 dataset are shown in Table 5.2. Overall, the
proposed NORMAL method achieves good performance when compared with the state-
of-the-art baseline methods. The MGDA method obtains the best results on all metrics of
the surface normal prediction task, but performs poorly in the other two tasks, thus its
overall performance is not so good. In contrast, The NORMAL method achieves relatively
balanced performance on all the tasks, and hence its overall performance in terms of
A exceeds all other methods. This illustrates the ability of the NORMAL method to

effectively improve performance on all the tasks by finding task positions.

Dataset. The CelebA dataset [77] includes a total of 202,599 face images and 40 face
attribute annotations. In the multi-task learning setup, each face attribute is treated as

a task. Thus, there are 40 classification tasks in this dataset.

Implementation Details. On the CelebA dataset, we use Resnet-18 with an average-
pooling as the task-shared feature extractor fp, the Euler’s method as our ODE solver,
and a fully connected layer as the task-specific head for each task. The architectures of

the initial velocity u(z;¢,) and ODE function g(z,¢;¢,) are constructed as follows.
e Initial Velocity: — FC — LeakyReLU — FC —
¢ ODE Function: — FC — LeakyReLU — FC —

All fully connected layers of both functions have a dimension of 2048 for both inputs and

outputs.
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Table 5.3: Average classification accuracy (%) of different methods on the CelebA dataset
with 40 tasks. 3 independent runs are conducted for each experiment. The mean perfor-
mance is reported. The best results are shown in bold.

Method Avg

EW 90.78
UwW 90.82
GradNorm 90.69
MGDA 90.40
PCGrad 90.93
IMTL 90.46

CAGrad 90.73
Nash-MTL 90.83

NORMAL 91.00

Results. As demonstrated in Table 5.3, the NORMAL method achieves the highest
average classification accuracy on the CelebA dataset, outperforming all other baseline
methods. Notably, none of the competing approaches surpass the 91% average accuracy
threshold, further underscoring the superiority of the NORMAL method.

5.5.2 Analysis on Learned Task Positions

In this section, we analyze the learned task positions {p;} to see why the NORMAL
method achieves good performance on these datasets.

The training curves of all {p;} on the four benchmark datasets are shown in Figure
5.2, where due to the large number of tasks in the CelebA dataset, we randomly select
a portion of the tasks for better illustration. According to Figure 5.2, we have two
observations.

Firstly, the proposed NORMAL method does successfully learn task positions. Taking
the training curves of {p;} on the NYUv2 dataset in Figure 5.2(c) as an example, we can
see that its training trajectory is very smooth and all task positions eventually converge
to their own convergent points. We can also find similar results in Figures 5.2(a) and
5.2(b). In Figure 5.2(d), though the training trajectory is not as smooth as the other three
datasets, the proposed NORMAL method can still differentiate tasks and find their own

task positions.
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Figure 5.2: Task positions {p;} throughout the training process on the four datasets.

Secondly, {p;} learned by the NORMAL method are able to reflect task relations.
For example, according to Figures 5.2(a) and 5.2(b), the task positions in these two
datasets converge to a very similar value. This result is consistent with the nature of
the Office-31 and the Office-Home datasets in that different tasks in each dataset are
semantically similar due to the shared label space among tasks. In Figure 5.2(c), we
find that pgu, learned for the surface normal prediction task is different from pseo and
Ddep learned for the semantic segmentation and depth estimation tasks, which indicates
that the surface normal prediction task is not so related to the other two tasks, and this
observation matches some previous study [113], which verifies that the learned {p;} can
reflect task relations. In Figure 5.2(d), we can see that different tasks tend to form several
groups based on learned task positions {p;}. For example, some tasks (e.g., Sideburns
and Wavy_Hair) have similar task positions as face attributes corresponding to those
tasks are similar. Moreover, some tasks (e.g., Receding_ Hairline and 5_o_Clock_Shadow)
have different task positions since face attributes corresponding to those tasks are totally
different. Those results show that the learned task positions could help identify task
clusters.

In summary, the proposed NORMAL method could learn meaningful task positions

that can reveal task relations.

5.5.3 Ablation Studies

In this section, we conduct ablation studies on the Office-31 and Office-Home datasets to

answer several questions which are placed at the beginning of the following paragraphs.

Are the learned task positions advantageous compared with fixed task posi-
tions? We try to use a fixed parameter p shared by all tasks and use task-specific
fixed parameters {p;} for different tasks. For the former setting, we use p = 1. In the
latter setting, for the Office-31 dataset, we try to set task positions of the three tasks
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5.5. EMPIRICAL STUDY

Table 5.4: Ablation studies on the Office-31 and Office-Home datasets in terms of the
classification accuracy (%). 3 independent runs are conducted for each experiment. The
mean performance is reported.

‘ Office-31 ‘ Office-Home
‘ A D w Avg‘ Ar Cl1 Pr Rw Avg

Constant and identical {p;} | 84.62 98.36 98.89 93.95 | 61.35 75.37 87.75 7528 74.94
Constant but different {p;} | 85.24 98.36 98.52 94.04 | 61.35 75.37 87.75 7528 74.94
Different form of p;: p; =€ | 85.47 97.81 98.70 94.00 | 68.82 79.23 89.55 80.68 79.57
Using first-order NODE 84.79 98.36 98.89 94.01 | 65.27 77.57 88.98 76.97 77.45
Adding task-shared layers | 83.87 97.81 98.15 93.28 | 58.13 73.28 85.06 72.43 72.22
Adding task-specific layers | 83.87 97.81 97.59 93.09 | 60.34 74.50 87.25 74.31 74.10

NORMAL ‘86.32 99.18 98.88 94,80‘69.26 80.39 90.47 80.22 80.08

Setting

to each permutation of a set {1,1.25,1.5} and select the best performed one, and for the
Office-Home dataset, the set to generate task positions is {1,1.25,1.5,1.75}. According to
the results shown in Table 5.4, the performance of the two settings for task positions
is inferior to the learning of task positions in the proposed NORMAL method, which
demonstrates the effectiveness of the learning strategy for task positions in the NORMAL
method.

How do different forms of learning task positions impact the performance?
Here we try positive task positions and parameterize task positions {p;} as p; =e"i. As
shown in Table 5.4, the model learned here is inferior to that of the NORMAL model
without any constraint on task positions by 0.80% and 0.51% on the Office-31 and
Office-Home datasets, respectively, which shows that learning task positions without the
positive requirement may be better. Based on Tables 5.1 and 5.4, this variant to learn
positive task positions still performs better than baseline methods, which again verifies
the effectiveness of the NORMAL method.

How do different NODE algorithms impact the performance? The NORMAL
method uses a second-order ODE method but not first-order NODEs. Here we explore
whether different methods in the NODE family impact the performance of the NORMAL
method. We evaluate the performance of the NORMAL method using the first-order
NODE [15]. According to results shown in Tables 5.1 and 5.4, we can see that on the
Office-Home dataset, the performance of the NORMAL method using the first-order
NODE method is worse than the NORMAL method and baseline methods. Some possible
reasons are that first-order NODEs usually cannot be trained stably and that second-
order NODESs are more expressive. For the Office-31 dataset, the NORMAL method with
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the first-order NODE performs slightly worse than the NORMAL method but slightly
better than the baseline methods. One possible reason is that the Office-31 dataset is
easier than the Office-Home dataset. In summary, second-order NODE methods are
preferred to be used in the NORMAL method.

Does the enhancement of the NORMAL method result from the addition of
certain parameters? The time-aware neural ODE block in the NORMAL method
introduces a small number of parameters, which are almost negligible compared to
other model parameters. We aim to investigate whether such an increasing number
of parameters brings performance gain. Therefore, we experiment to add task-shared
layers in fy and task-specific layers in {4}, respectively, to match with the number
of parameters in NORMAL method, and show results in Table 5.4. According to the
results, we can see that the introduction of additional layers does not bring a performance
improvement, and even lead to performance degradation. One possible reason could be
the overfitting issue. Through this experiment, we can see that the performance of the
NORMAL method is attributed from the entire model design but not the introduction of

more parameters.

5.6 Summary

In this chapter, we present a model parameterization method called NORMAL to model
multiple learning tasks from the perspective of dynamic flow. By learning the task
positions in the NODE, the NORMAL method can model the task relations in terms
of the relative task positions. Experiments on benchmark datasets demonstrate the
effectiveness of the proposed NORMAL method.
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CHAPTER

CONCLUSION AND FUTURE WORK

6.1 Conclusion

This thesis focuses on designing effective weighting algorithms and parameterized mod-
els for MTL. Specifically, this thesis presents several works to address three important
research questions for multi-task learning: 1) How to design an effective weighting
method for multi-task learning; 2) How to design an effective balancing method for
multi-task learning in black-box scenarios; 3) How to use task similarity to design a
parameterized model to improve performance in multi-task learning.

To answer research question 1, we propose a bi-level optimization based framework
to find the task weighting for training the MTL model. Two reliable algorithms, MOML
and FORUM with comprehensive theoretical results were drawn to solve the proposed
framework. Extensive experiments demonstrate the effectiveness and efficiency of the
proposed framework and methods

To answer research question 2, we consider black-box MTL as a black-box MOO
problem and propose a novel ASMG algorithm to solve it. We prove the convergence rate
for the proposed ASMG algorithm in both convex and non-convex cases. Moreover, the
proposed ASMG algorithm achieves state-of-the-art performance on black-box multi-task
learning problems.

To answer research question 3, we use a dynamic flow to model the feature space
in MTL and propose a Neural Neural Ordinary Differential Equation (NODE) based
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parameterized model called NORMAL for MTL training. The task positions learned by
the NORMAL method can be used to evaluate the relevance of different tasks, which
could improve the interpretability of the proposed NORMAL method.

In conclusion, we present two reliable weighting algorithms and one novel model
parameterization method, contributing to the development of more effective multi-task

learning systems.

6.2 Future Work

This thesis outlines several promising avenues for future research:

* Multi-modal multi-task learning. In real-world scenarios, different types of data of-
ten provide complementary insights for solving the same set of tasks. Multi-modal
multi-task learning aims to leverage this by training a single model to handle
multiple tasks across diverse input data modalities, such as text, images, audio,
and video. By sharing parameters across these tasks and modalities, multi-modal
MTL can more effectively capture and integrate cross-modal relationships. This
not only enhances the model’s ability to generalize but also allows for more robust
performance in complex tasks that rely on multiple data sources. For instance, in
applications like autonomous driving or healthcare, combining visual data with
sensor or textual data can significantly improve decision-making and prediction
accuracy. By jointly learning from multiple modalities, multi-task learning methods
can reduce redundancy, promote efficient learning, and better utilize complemen-

tary information, leading to more powerful and flexible multi-modal models.

* Black-box multi-task learning. Black-box Multi-Task Learning (MTL) plays a cru-
cial role in the development of Large Language Models (LLMs) by enabling these
models to effectively handle and optimize multiple tasks simultaneously without
requiring explicit understanding of their internal mechanisms. Since many LLMs
are only allowed access with APIs, when we try to develop an adapter model
for these black-box models, the gradient of these model parameters is no longer
available. Therefore, we need to design a more effective black-box MTL model and

algorithm to solve the problems raised by current LLM studies.
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APPENDIX

APPENDIX

A.1 Additional Material for Chapter 3

A.1.1 Notations and Terminologies

We first recall some definitions in multi-objective optimization, including the definition
of the minimality and convexity of vector-valued functions and Kuratowski-Painlevé
set-convergence [79].

Let P be the set of non-negative real vectors R* = {l e R™ : V/; = 0}, where /; denote
the i-th entry in /. The interior intP denotes the set of positive real vectors intP ={/ €
R™ :Vl; > 0}. P is a closed and convex cone, and the interior intP induce a partial order

for any two points in R™. That is, for any / 112 R™ we define

<2 = 12-1'ep

'<1? = 12-['cintP.
That is, for 11,12 € R™, the partial ordering /! <2 and I! < ? imply that li1 < l? and
l} < l? for all i € {1,...,m}, respectively. Given /' € R™, we define [' =P ={l e R™:] <}
and /! —intP ={l e R™ : 1 < 11}.

We now recall the notions of minimality for a subset in R™.

Definition A.1. For a nonempty set C € R™, the set of all minimal points in C w.r.t the

ordering cone P is defined as

Min C:={leC:Cn(-P)={}}.
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The weakly minimal points of the set C is
WMin C:={leC:Cn( —intP) = @}.

In the MOP, for the given objective function g(z) : R” — R™ (m,n € N,m = 2), where
z € Z, we denote by Min g(z) the set of all the minimal points of the function g. We
also call it as the Pareto frontier or Pareto-optimal set. Thus, the corresponding efficient

solution or Pareto-optimal solution of g(z) can be defined as
Eff (g(2)):={z€ Z:g(2)€ Ng?g(z)}.

Similarly, we denote by WMin g(z) the set of weakly minimal points of the function
g(2) and by WESf (g(z)) the corresponding weakly efficient solution set.

Definition A.2. The function g(z): R” — R™ is a P-convex function if for every z1,z9 € R"

and for every 1 €[0,1], we have
gAz1+(1-N)z9) < Ag(z1) +(1-1)g(z2).
g(2) is a strictly P-convex function, if for every z1,z9 € R"?, z1 # z2 and for every A1 € (0, 1),
8i(Az1+(1-MN)z2) <Agi(z1)+(1-21)gi(z2).

Remark A.1. For a given vector-valued function g(z), we have Min g(z) € WMin g(2). If
g is strictly P-convex, we have Min g(z) = WMin g(z) and WESf (g(2)) = Eff (g(2)).

Definition A.3. Consider {A,} as a sequence of subsets of a set X in an Euclidean space.

Li A, is defined as the lower limit of the sequence of sets {A,}, that is,

LiA, ={aeX:a= liIP an,an €A,, for sufficiently large n}.
n—+oo

Ls A, is defined as the upper limit of the sequence of sets {A,}, that is,
LsA,, ={aeX:a= ngglman,an €A,,, for n, as a selection of integers.}.
A sequence {A,} converges in the Kuratowski sense to one set A € X, when
LsA,cAcLiA,,

and we denote such convergence by A,, — A.
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A.1.2 Proofs of Theorems in Section 3.4.3

For the sake of clarity, we first introduce some notation from [79]. The sublevel set of
a function g(z) : R* — R™ at height & € R™ is defined as g” :={zeR": g(z)<h}. IfAisa
closed convex set, we can define then the recession cone of A as 0" (A):={d eR":a +td €
A,Va e A,Vt=0}. The recession cone of the sublevel set of the function g(z) is denoted
by H,.

To prove theorems in Section 3.4.3, we will use Theorems 3.1 and 3.2 in [80], and list

them in the following for completeness.

Theorem A.1. Suppose that Z is a nonempty closed, convex set in R* and g(z) :R" —
R™ is a vector-valued function with z € Z. Then, if g,(z) — g(z) w.r.t. the continuous

convergence, we have LsWMin g,(z) € WMin g(z).

Theorem A.2. Suppose that Z is a nonempty closed, convex set in R* and g(z):R" —
R™ is a vector-valued function with z € Z. Then, if g,(z) — g(z) w.r.t. the continuous
convergence, g,(z) and g(z) are both P-convex functions and 07(Z)nH, = {0}, we have

Min g(z) € LiMin g,(2).

A.1.2.1 Proof of Theorem 3.1

Proof. To show that F(w*(a),a) is continuous on a, we need to prove that for any
convergent sequence a, — @, F(w*(a,),a,) converges to F(w* (&), @).

Suppose that {a,} is a sequence in &/ satisfying a, — @. As argmin,, f(w, a) is a sin-
gleton, we have w*(a,) = argmin,, f(w, a,). Since {©v*(a)} is bounded for a € </, according
to Bolzano-Weierstrass theorem [5], there exists a convergent subsequence {w*(ap,)}
such that w*(ay,) — @ for some @ € R?. Since aj, — @ and f(w, @) is jointly continuous,
we can get that Vo e R?, f(®, @) = lim, f(w*(ary,), ar,) <lim, f(o(ar,), ar,) = f(o(@), @).
Therefore, we obtain w*(@) = @. This means {w*(ap,)} has only one cluster point w*(&).
Thus, w*(a,) converges to w* (@) as a, — a. Because F is jointly continuous, we have

F(w*(ay),a,) — Fw*(a),a) as a, — a. |

A.1.2.2 Proof of Theorem 3.2

Proof. To prove the first claim of Theorem 3.2, we firstly show that ¢7(a) continuously

converges to ¢(a). Suppose there exists a sequence {a,} in o satisfying a,, — a. Then for
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any @r(a) and sequence a,, we have

A1) llpr(ay)— @@l =IIF(wr(ay),a,) —F(o*(a),a)]
(A.2) slIF(wT(an),an)—F(w*(an),an)II + ”F((U*(an)a an)_F(w*(a), a)ll.

According to the continuity property in Theorem 3.1, we have F(w*(a,), a,) — F(o*(a),a)

as a, — a. Furthermore, because F(-,a) is uniformly Lipschitz continuous, we have
(A.3) IF(wr(ay), a,)— F(w*(an), ap)ll =L l|lwr(ay,) - w*(an)”

According to assumption (i) in Theorem 3.2, wr(a) converges to w*(a) uniformly as
K — +o00. Therefore, ¢r(a) continuously converges to ¢(a).

Since Min ¢(a) € WMin ¢(a) and Theorem A.1, we have
(A.4) LsMin ¢7(a) € LsWMin ¢r(a) € WMin ¢(a).

Because </ is a compact convex set in R”, 07 (/) = {0}. Then, the condition 0" (=) NH,=
{0} is naturally satisfied for function ¢(a). According to assumption (iiz) in Theorem 3.2,
¢(a) and @r(a) are both P-convex functions. Then we obtain the lower part of the set

convergence from Theorem A.2 as
(A.5) Min ¢(a) < LiMin ¢7(a) € LiWMin ¢r(a).

Because ¢(a) is strictly P-convex, we have WMin ¢ = Min ¢ and then we get Min ¢7(a) —
Min ¢(a) according to Definition A.3.

For the second claim, let a, € Eff ¢r(a) and a, — a. Since Min ¢7(a) — Min ¢(a), we
get pr(a,) — @(a@) and @ € Min ¢(a), which implies LsEff ¢r(a) < Eff ¢p(a).

For the lower limit, by defining @ € Eff ¢(a), the corresponding minimal point satisfies
I = p(@) € Min ¢(a). Based on the first claim, there is a sequence {{7} in Min ¢7(a) such
that I7 — [. Then we can take a bounded sequence {ar}, where ar = (p}l(lT) and the
subsequence of {a7} has a cluster point. Because ¢(a) is strictly P-convex, this cluster
point is @. Then, we have a7 — @, which implies Eff ¢(a) € LiEff ¢7(a). Combined with
the upper limit convergence, we can get Eff p7(a) — Eff ¢(a). [ |

Remark A.2. In fact, if we consider the weakly minimal points under the same assump-
tions in Theorems 3.1 and 3.2, we can still obtain similar convergence results to those in
Theorem 3.2, i.e.

WMin ¢7(a) - WMin ¢(a), WESf pr(a) — WESf ¢p(a).

Since p(a) is strictly P-convex, the first claim can be directly obtained according to Eqgs.
(A.4) and (A.5). Then, the proof of the convergence of the weakly efficient solution follows
that of Theorem 3.2.
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A.1.2.3 Proof of Theorem 3.3

Proof. Theorem 3.3 can be directly obtained from Lemma 6 of [50]. [

A.1.24 Proof of Theorem 3.4

Proof. For the sake of notation simplicity, we denote the i-th entry of the true gradient
by gi(ar) = Vp;(a) and the approximated gradient by g;(az) = W We denote
by yz the corresponding convex combination vector calculated based on g(ap). The
corresponding weights calculated by g(ay) is denoted by ¥7. According to Theorem 3.3,

we have ||g;(ar)— gi(ap)| <=I'(T). Then we get
(A.6) IAE(az), 7i)I? < | Emax(@p)II® < 212 + 2T(T)?,

where the second inequality is due to the triangle inequality and L = maxi<j<;;, L;. By

setting A, = ap — a., we have
(A7)
1A+ 112 = 1A — vie AGE(ar), 7RI = 1AL 12 — 2vi (Ag, A(G(ar), 72)) + Vi I A (ar), 7)II2.

Since the i-th entry of ¢r is c¢;-strongly-convex, then for any ¥, function A(¢r(a),y) is

c-strongly-convex, where ¢ = minj<;<,, ¢;. Then, for a given vector y, we have
* ~ ~ —~ * C *
(A.8) Apr(a*), 1) = AMor(ar),7r) + AVr(ar),7:) (a* — az) + Sla” —ay I%.

We define Sy, = Alpr(ar),yr)— Alpr(a®),yr). Then, plugging inequalities (A.6) and (A.7)

into (A.8), we can have
(A.9) 2v1, Sk < (1= v o)l Ag 1% +vi(2L? + 2T(T)?) — | Ag 41112
By setting v, = ﬁ, we obtain

c(k—1) 9 c(k+1)

2L2 +T(T)?
1ALN2 - w

c(k+1)
Multiplying by & on both sides of (A.10), and summing over k£ = 1,...,K yields

(A.10) S, < 1A 1112+

K 2 2 2 9
A1D) stk _ ck(k+1)”Ak+1”2+ § LT _ 2K+ TP
k=1 C(k+1) C

Dividing both sides by Zle k gives us

=1 kApr(an), i) - Xi_ kA pr(a.), ) _ 4L+ (1))

A12 <
(8.12) YK |k c(K+1)
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K kT
K
Tk

By setting y =
(A.13)

we get

YK EApr(ar),71) - YK kA @r(as), 7)
% .
1., YK K
Thus, the proof is completed by combining (A.12) and (A.13). [ |

A.1.2.5 Proof of Theorem 3.5

Proof. Since the a* and a* are the unique solution of the objectives A(a(a),y*) and

Alar(a),y"), respectively. Then, according to the optimality condition, we have
(A.14) IA(Vp(a@®),7")— AVer(a™),y")I =0.

For a given ¥*, by using Theorem 3.3, we have [|[A(Vor(a™),y*)— A(Vp(a®),y)| < T(T).

Therefore, using triangle inequality, we have
(A.15) IA(Vo(a™),y")— AVe(a™), 7)) < T(T).

Since the i-th entry of ¢ is ¢;-strongly-convex, then for any y*, function A(p(a),y™) is

¢-strongly-convex, where ¢ = minj<;<,, ¢;. Then, for a given vector y*, we have
(A.16) (A(Vp(@®),7*) - AVep(a*), 7)) (@ —a*) = élla* —a*.

Note that <f is a bounded set, there exists a positive diameter 6 such that @ —a™| <

0 < oo holds for any two points @ and a* in /. Then we have
* * 6 — % ~% * ~* 6
(A.17) la” —a"ll < EIIA(WP(CZ ), 7)) —AVe(a™),y )l = EF(T)’

where the first inequality is due to the Cauchy-Schwarz inequality. Based on the strong-
convexity of the lower-level function f(-,a), for given a, we have |w*(a) — wr(a)| <

(1- ,uﬁ)T |w® — w* (@), where w° is the initialization of w in the inner loop. Then we have

A18)  IA@@), 7 - Aor(a®), 7l

(A.19) < IA@@), 7)) = Alp(a™), 7)1 + [A@(@™), 7) = Algr(a®), 7
(A.20) <Lla* - & || + lpra®) - pa™)]

(A.21) < %rmm — L0 -0 (@,

where the second inequality is due to the Cauchy-Schwarz inequality and the Lips-
chitz assumption of the function ¢(a), and the third inequality is due to the Lipschitz

assumption of the functions F; w.r.t w. This finishes the proof. [ |
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A.1.2.6 Proof of Theorem 3.6

Proof. For a given ¥, the function A(pr(a),y:) is c-strongly-convex. Since we have
ANVor(a*), 7)) (ar —a*) =0, then

(A.22) AVor(ay),71) (ar, — a*) < [AVor(ar),7r) — AVer(a®), 7)1 (ar, — a*)
(A.23) <cla,—a*|.

Then, plugging inequalities (A.6) and (A.7) into (A.22), we have
(A.24) Azl < (1-2vio)l Agll® + VL2,

Therefore, with v;, = &/k and & = 1/2¢, we have ||a, — a*| < max{2¢L(2¢é — 1)1, L|ja® -

a*||?}/k. Therefore, for a given Y*, we have

(A.25) IAGpr(ar),¥")— Alp(a™),y ")l
(A.26) < [Alpr(ar),¥") — AMer(a™), ¥l + | Alpr(ar),7*) — Ap(a®),y )l
(A.27) <Mlap —a” | + | Alpr(ar),y¥") = Alp(a™), y)II,

where the first inequality is due to the triangle inequality and the second inequality
is due to the Cauchy-Schwarz inequality and the Lipschitz assumption of the function
@1(a). Thus, the proof is completed by using the upper bound of ||z — a™|| and the result
in Theorem 3.5 directly. [

A.1.3 Proofs of Theorems in Section 3.5.3

A.1.3.1 Lemmas

We first provide the following lemmas for the LL subproblem under Assumption 3.4.
Lemma A.1. Under Assumption 3.4, we have the following results.

(@ IV3@(2)~Ve@| <L¢ld” -~ o (@)l.

(b) The function Vq(z) is L 4-Lipschitz continuous w.r.t. z, where Ly = L (2 + LTf).

(c) If the step size of the LL subproblem satisfies n < L2_f’ then for @° = w and @71 =T -

nVeq(a,dT), we have q(a,d”) < T(T)q(a,w), where T (T) represents an exponential

decay w.rt. T.
212
(d) V.q@)|* < —2q(2)

85



APPENDIX A. APPENDIX

Proof. (a) We have [|V§(2) - Vq(2)ll < [Vaf(a,dT) = Vof (a,0") < L |67 —w*(@)].
(b) This result can be directly obtained from Lemma 5 in [109].

(c) Since V,q(2) =V,f(z) and V,f(2) is L¢-Lipschitz continuous w.r.t w, V,q(2) is L¢-

Lipschitz continuous w.r.t w. Then we have

~T+1 T Lf’72 ~ T2

qa,0” ") <q(a,d”)—(n- 7 WVeq(a,o )
L 172

= q(a,@") - (- ’; Vo f (e, D)2

<(1-c@n-Lm*)gla,aD),

where the second inequality is due to |V, f(a, @D)||? = 2¢(f (o, ®T)—f(a,w*)) = 2cq(a, ®T).
Since @° = w, we have q(a,®”) < (1-c2n—Lm*) q(a,w). If n < L2—f 2n—Lsn* = 0.
LetI'(T)=(1-c(@2n—-L f172 )T, which decays exponentially w.r.t. T. Then we reach the

conclusion.

(d) Since Vg(a,w*(a)) =0, we have |Vq(2)I|* = [Vq(2) - Vg(a,0* (@) |? < L2 |l — 0* ().
Since f(z) is c-strongly convex with respect to w, we have ||w —0*(a)||® < %(f(a,w) —
fla,0*(a)) = 2‘17(2), then we reach the conclusion.

[ |

Then for the Algorithm 2, we have following result about the constraint function.

Lemma A.2. Under Assumption 3.4, suppose the sequence {zk}fzo generated by Algorithm

2 satisifes q(zp) < B, where B is a positive constant. Then there exists a constant C > 0, if
T = C, the following results hold.

(a) q(z1) <T1(R)B+O((T)+ p), where I'1(k) represents an exponential decay w.r.t k.
®) IVg(2)- Vgl <L /X2 IVg(a, ).
(c) There exists a positive constant Cy < 1, such that |Vq(z)|| = Cp|Vq(2)|.

(d) TE3IVGepl® =00, + KT(T) + Kp).

Proof. (a) According to Lemma A.1 (d) and the boundedness assumption of ¢g(z;), the

gradient norm ||Vq(zp)l| is also bounded. Let G(z}) = ;’LIZ?VFL-(Z;C), we have d =

VG2 —(V§(z1),Gzp))
IVg(zz)I2

—w(G(zp)+vVq(zr)) and v = max(2! ,0). Then we can applying
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Lemma A.1 to Lemma 10 in [67], we obtain that there exist a constant C > 0,if T = C,

we have
(A.28) q(ap,wr) <T1(k)q(ap,wo) +O((T)+ p),

where I'1(k) = (1 - uCy)* represents an exponential decay w.r.t £ and Cj, is a positive

constant depending on 1 and c. Then we reach the conclusion.

(b) We have |Vg(z) - V@)l < Lf0T —w* (@)l < Ly \/ Af(@dD)-[(@w (@) where the first

inequality is due to Lemma A.1 (a). Then we have

2I(T (T
IVG(2) - Vq(2)l st\/% st\/% IVg(a, o,

where the first inequality is due to Lemma A.1 (c) and the second inequality is due to

the strongly convex assumption of f(a,w) w.r.t w and |V,q(a,w)| <[Vq(2)].

(c) By the triangle inequality and Lemma A.2 (b), we obtain

(T
V3] = 1Y) - Vi) - Va()l = (1~ Lyy -3 )IVa(al.

Then there exists a positive constant C > 0 such that when T = C, we have 0 <
Ly % <1l.LetCp=1-Ly¢ %S) , then we have [|Vq(2)| = C;||Vq(2)|l and Cp < 1.

(d) By the triangle inequality and Lemma A.2 (b), we obtain
- - I(T)
V@)l = IVq(2) -Vq@)l + IVq(2)Il < (1+ Ly e IVa(2)Il.

2
By defining C, = (1+Ls\/"2 ], we have

K-1 K-1 K-1212C,
Y IVGeI*< Y CelVapl*< Y z (T1(k)B + O (T) + ),
k=0 k=0 k=0

where the second inequality is due to Lemma A.1 (d) and Lemma A.2 (a). Since
Zi{:o(l —,uCa)k = @(;%) and C, decays to 1 as T' — +oo, we have Zf;ol IIVZj(z/,e)II2 =
@’(% +KT(T)+Kp).

Remark A.3. Lemma A.2 (a) uses the result of Lemma 10 in [67]. It is worth noting that
the assumptions 1 and 3 in [67], which assume that the LL subproblem both satisfies
PL-inequality and the gradient boundedness, are self-contradicted. In our analysis, we
address this theoretical problem by assuming that q(zp) is bounded for the generated
sequence {zk}le. This means the convergence can still be held locally for a finite sequence

rt-y:
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A.1.3.2 Proof of the Theorem 3.7

Since F;(z) is Lr-Lipschitz continuous, we have

1=1

m. m. m ARLpu?
ZAf(Fi(Zk+1)—Fi(2k))S:“<Z/1?VFL'(Zk),dk>+HTL||dk”2
i=1

N Lpu?
= u{-vrVq(zp)—dp,dp) + e Idp 12
Lpu? _
= FZ“ — lld 1% = v (Vg(zp), dp).

According to the complementary slackness condition of problem (3.20), We have vk((VEj(zk) dp)+
¢r) =0, where v = v(1*). Therefore —v;,(V§(zp),ds) = v 2 5 LIV@(zp)|?. Then if u< A L , we
have

(A.29) > MFitepn) = Fizi) = —Sldp i+ EEE VG,
i=1

Let G(z;) = L], AfVF;(2z), we have v [VG(zp)I” < pllVG(zp)lI* ~ (G(22), VG(z3)). Sum-
ming the inequality (A.29) over £ =0,1,...,K — 1 yields

K-1m K-1

y ZA (Fizpe1) - Filzp)) < Z(——udkn +"“ E IV G(z)I?)
k=0i= k=0
K- K-1 .2 K-1
g Z Idg )2 + Z M||vzi(zk)||2— y %<G(zk),va(zk»
k 0
/J K-1 2
5 Z Ids 1%+ Z —||Vq< DI+ Z TWq(zk)n

where the last inequality is by Cauchy-Schwarz inequality and |G(zz)| < ||V, F;(zp)|| < M.
Therefore, we further have

(A.30) Kol .
K-1 2y K-lym 3k(Fi(zp,1)-Fi(zp) K-1
Y ldp 2 2Rt st T TR T PP LY 02Vt I +ZpM||Vq<Zk)||
k=0 H k=0 k=0

For the first term of the right-hand side of the inequality (A.30), we have

K-1m K-1m

Y Zﬂ (Fi(zps1) —Filzp)) = Y Z(Ak Ak+1)F<zk+1>+Z(AK 'F(zk) - AYF(20))
k=0i= k=01i=

K-1m ~
< Y YAk - -pAE-pAE M +2M
k=0i=1

— m
< Z BY A% - AR M+ 2M.
=1

o
o
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Since 1 € A1, we have Ii? - /lf”’ll < 2. Then we have

K-1 omMK oM K-1 K-1

Y gl <2 pr2M | Y pZ|V§(Zk)||2+pM\/I?\I Y IVgz)I2

k=0 © k=0 k=0
:@’(I%H@’(%H@’(i+K1“(T)+Kp)+@’(‘ /%{ +KvI(T)+K\/p)

= @(I% +KT(T)+ \/§+K\/ﬁ),

where the first inequality is by Holder’s inequality and the first equality is due to Lemma
A.2 (d). For the measure of stationarity £ (z), we obtain that
(A31)  H(z) = G(p) +viVap)I® < 21dplI” + 21ve(V§(z) — Vazp))II.

2
According to A.1 (d), we have [|Vq(zp)| < 2BCL" . Then we obtain

 (G(z), V(zp))
IVl

< plVg(zr) — Vazp)l + {G(zp),

‘ IV@(zr) — Vg (zp)ll

Vq(zz) N IVg(zg) — Vg (zp)ll
IVg(ze)ll IVg(ze)ll

| T(T) 1 Vq(zg)
<Ly C—Q(PIIVCI(Zk)II + CbI(G(Zk), IIVEi(zk)IIH)

IT(T) 2B M
Lf C—z(qu T +C_b),

where the third inequality is due to Lemma A.2 (b) and (c), and the last inequality is due
to the Cauchy-Schwarz inequality. Therefore, we have |[v;(VG(zz) — Vq(zp)II2 = G(I(T)).

1V (Va(zr) - V)l < 'p

IA

Then we can get

1 K-1
in & <=)>) X
min £ (z) < 2 k;) €79)

_on KB |1
_2@’(MK +I(T) + K +V)+20(T(T))

B 1
=0(—+I(T)+/| — + V),
v \/uK g

where the first equality is due to Eq. (A.31). According to Lemma A.2 (a), we obtain
q(zp) =0T'1(R)+T(T)+ ). Thus we get

. _ 1 p
max{%g{l‘}’/(zk)’q(zk)} =0 (\/,LT+ M_K + ; +I'(T)

Let u=0G(K~V2) and p = 6(K~3*), we reach the conclusion.
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(a) & vs. K. (b) & vs. K. (c) £ (2) vs. K. (d) g(2) vs. K.

Figure A.1: Results on the problem (A.32) with different initialization points. (a): Fix
wo = (0,3) and vary ag = 0,2. The optimality gap & curves. (b): Fix ag = 2 and vary
wo =(0,3),(3,3). The optimality gap & curves. (¢): The stationarity gap £ (z) curves. (d):
The value of the constraint function g(z) curves.

A.1.4 Synthetic MOBLO

In this section, we use one synthetic MOBLO problem to illustrate the convergence of
the proposed FORUM method. We first consider the following problem,

(A.32) min _(lo— (1,2, lo—(2,a)]2) s.t. weargminw-al,
acR,weR? weR?2

where (-,-) denotes a two-dimensional vector and w = (w1, w2). By simple calculation, we
can find that the optimal solution set of problem (A.32) is & = {(a,w) |a =w1 =w9o =c,c €
[1,2]}.

We apply GD optimizer for both UL and LL subproblems and the step sizes are set
to u=0.3 and 1 = 0.05 for all methods. We run 50 LL iterations to ensure that for a
given a, they all reach the minimum point for the LL subproblem. For FORUM, we set
p=0.3 and B = (£ +1)~%%. The result is evaluated by calculating the Euclidean distance
between solution z and the optimal solution set &2, which is denoted by & = dist(z,2?).

Figures A.1(a) and A.1(b) show the numerical results of the MOML, MoCo, and
FORUM methods with different initializations. It can be observed that the proposed
FORUM method can achieve an optimal solution in all the settings, i.e., & — 0, and
different initializations only slightly affect the convergence speed. Figures A.1(c) and
A.1(d) show that both £ (z) and q(z) converge to zero in all the settings. Thus FORUM
solves the corresponding constrained optimization problem. This result demonstrates

our convergence result.
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A.2 Additional Material Chapter 4

A.2.1 Proof of the Result in Section 4.4.1
A.2.1.1 Proof of updated rule

The objective of the inner minimization of problem (4.6) can be rewritten as
()" AiVgdi(6,),0) + ﬂ—KL(po Ipe)=p' (Y AiVudi(0))+ ) Aitr(ZVsJ;(6))
i=1 i=1 i=1
tl

(A.33) tr(Z1 )+ (u—p)' l(p—ut)+log|——d
,Bt |Z]

where V,J;(0;) and VzJ;(0;) denotes the derivative w.r.t u and X taking at p = pu, and
X =2, respectively. We can see the above problem is convex with respect to g and X.

Taking the derivative w.r.t g and X and setting them to zero, we can obtain that

m 1

(A.34) > AiVudi(0,)+ A Yp-p)=0,
=1 t
m 1

(A.35) Y AiVedi@)+—[Z; ' -2 =0.
= 204

Substituting the above equalities into the regularization term of the objective of the

outer optimization problem we have

1
(A.36) —KL(pgllpg,) =
t

tr(Z; I+ (u- pt)TZ Y- pt)+logu—d]

2/3 |2
1 1 m
= 7&(1 26, Z A,.sziwt)z) — 5= 1)" Y 4V udi(8)
t '_
d
A.37 +—1 Z(Z; lig A;Vsdi(@
(A.37) o og|I1Z( ﬁtlzl 2 t>)|) T
d
<Z AiVzdi(0,),%) - —(u p)' Z AiVudi(8)
zﬁt -1 i-1
(A.38) + —log(II +2B:Z, Z AiVzdi(0:)]) - <
ﬁ =1 2ﬁt
(A.39) = - <Z AiVsdi(0,),Z - 2;) — —(p p) ' Z AiVudi(0) + ;i;
i=1 t
where @; is given as below.
(A.40) Q: =log(I +26:Z; Y A;Vsdi(0)) -2 () A;Vsdi(0,),Zs)
i=1 i=1
(A.41) =log(II +2B:Z¢ Y AiVsdi(0)) —tr(26:Z¢ ) A;VsJi(0,)).
i=1 =1
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Since XZ; and VxdJ;(0;) are both diagonal matrix, we denote diag(Z; Z;’il/linJi(Bt)) =
(vtl, ... ,v‘ti) in ¢-th iteration, then we have
(A.42)

d . d ) d
Q: =log(J[A+2Bw))-Y 2w} =
i=1 i=1

. - . .
> (log(L+2pwp) - 2pu0}) = 3 ~2p7w)° +OBwH?)
1 i=1

i=1

where the last equality is due to the Taylor expansion. Note that @’(ﬁ?(véﬁ) decrease
to zero when f; — 0. We can approximate @; by Z‘ii:l —Zﬂ?(vi)? Then substituting Eqs.
(A.34) (A.39) and @; into the outer optimization problem of problem (4.6), we have

(A.43)
<i_ilaiveJi(et>,e ~0)+ 2-KL(polpo)
(A.44)
= <iﬁinJi(0t),ﬂ —pp (iiﬂinJi(Bt),Z X+ %KL(pa Ilpe,)
(A.45)
= % (iiANFJ,-(Gt),p -+ %
(A.46)
= —% (iiﬂivpaﬁ'(@t),ztié/livpcfi(et» - B+ (ZtéﬂinJi(et),Ztié/liVZJi(Bt».

Therefore, the outer optimization problem is equivalent to the following problem

2
(A.47) min )
Atepam-1

1m 9 m
32y )LngJi(Bt)H + ZHdiag(Zt " AV Ji(8,))
i=1 i=1

where we reach the result in Eq. (4.10).

A2.1.2 Proof of Theorem 4.1

We now provide the proof of the gradient of E,,[F;(x)] w.r.t p and X.

(A.48) VuEpo[Fi(x)] = Epy[Fi(x)Vy log(p(x; p, 2))]

1
(A.49) = Epg [Fi(®)Vp(~ 5 (x - W' E - ]
(A.50) =Ep,[Z7 (& — WF;(x)].
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We further have

(A.51) VzEpo[Fi(x)] = Epy[Fi(x)Vz log(p(x; p, Z))]

1 1

(A.52) = Epy[Fi(®)Vz(-5(x - W Z e —p) - 5 logdet(2))]
1

(A.53) = SEpl(Z - - T - 2T Fi()),

where we reach the conclusion.

A.2.2 Technical Lemmas

In this section, we introduce the following technical lemmas for analysis. The proof of all

technical lemmas is put in Appendix A.2.4.

Lemma A.3. Suppose X and 2 are two d-dimensional diagonal matrix and z is a

d-dimensional vector, then we have | Zz| < || Z|rlz| and IIZEIIF < IIZIIFIIﬁIIF.

Lemma A.4. Given a convex function f(x), for Gaussian distribution with parameters

0= {u,Z%}, let J(0):= Epx0)f (x)]. Then J(0) is a convex function with respect to 0.

Lemma A.5. Suppose that the gradient G; are positive semi-definite matrix and satisfies

&I <G < bl. Then for algorithm 1, we have the following results.

(a) The (diagonal) covariance matrix X7 satisfies

1 1
T T SZr s T -1
2b Zt:l ,BtI'i'ZO 262;&:1 ﬁt1+20

Vi
®) 12 < g

3
bpd2

(© I1Zi1—2ZellF < 26T PR

Lemma A.6. Suppose the gradient estimator §‘§ for the i-th objective in t-th iteration as

DO

_ 1
gf =2, z(Fi(ﬂt +Zt22)_Fi(I~‘t))’

where z ~ N (0,I). Suppose assumption 4.1 holds, the gradient G; are positive semi-
definite matrix and satisfies (I < Gi <bI and Xy <RI, where (,b,R = 0. Then we have

(a) gff is an unbiased estimator of the gradient VE,, [F;(x)].
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51121 < _HAd+0)?
(b) ELIZ:&;1°1= A& pp?

(©) V[811=E,[1&) - V,uJi(0)]12] < UL ypere € = max(Z, 12 loo).

Lemma A.7. Suppose A’ = (1—y)A" 1 +y,A’, then we have V,IA!] = E,[|A! — E,[A!]]2] <
2)/?.

Lemma A.8. Suppose assumption 4.1 holds, if gi,..., gfn are unbiased estimates of
Vud10y),...,Vudn(0s). Further suppose that each gradient variance is bounded by
VI8 =E.l1& - Vudi(0)121=6, i =1,...,m and let V,[A'] = E,[| A’ —E,[A1]|2]. Then for
any gradient descent algorithm updated with composite gradient q, = -3 | /1’; gf with

At e A1 we have following inequality in t-th iteration,

(@ IE[~q,]—E[X7, ALV, i @)]1% < VLIAT X V81

1=1""

() E X" Mvquet))th]s2H\/\/sz]z;11vz[§§]‘—[Ez[u Y AN LT(0)17].

=177

(© Exlllg 12— 1 XM ALV, Ji@)I12] < X7 VI8 + 4H | [V.IATE™ V(8.
i=17"1

A.2.3 Proof of the Result in Section 4.5

In this section, we provide the proof of the result in Section 4.5.

Theorem 4.2 can be directly obtained by Lemma A.5 (a).

A.2.3.1 Proof of the Proposition 4.3

From the definition of J;(u,X), we know that F;(u*) = J;(u*,0). Note that Fi(x) is a

convex function, we have that

(A.54) Fi(p) = Fi(Ex~y(u,2)[*]) < Ex~ y(u,o)[Fi(®)] = Ji(p, Z).
It follows that
(A.55) Fi(p)—-Fi(p*) < Ji(p,Z) - J;i(n*,0).

Then we have

(A.56) Y AF (W -Fi(p") < ) Ai(Ji(p,2) - Ji(p*,0)),
i=1 i=1

where we reach the conclusion.
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A.2.3.2 Proof of the Proposition 4.4

Note that [| X7, 1;Vy-J;(p*)|l = 0, we have

2
m m m m
(A.57) ” Z /MVFL‘([!*)”2 = Z /liVFi([l*) - Z AiVyr Ji(ﬂ*) + Z AiVys Ji([l*)
i=1 i=1 i=1 i=1
m m 2
(A.58) =Y AVF(p") =) AV Ji(p™)
i=1 i=1

It follows that

m
(A.59) IIZA VF;(p* )||stA V(") = Ve I3

i=1 i=1

m
(A.60) = Z A | VF () = Exe e o) VFi @)

=1
(A.61) <Y Aifxe (e 0 I VFi(®) = VEi(u )]

i=1
(A.62) < L3Exe yue,o o — p* 112
(A.63) = L% ||diag(2)l1,
where the equality in Eq. (A.60) is due to Vy+J;(*) = Ex- 4 (u*,0) VF;(x) in [98].
A.2.3.3 Proof of Theorem 4.3
We denote g, = - inlxl’zgl, then the update rule of p can be represented as p,,; =

K+ PeZiq,.
According to assumption 4.1, the function «/;(0) is L-smooth w.r.t {u,Z}, then we have

t ¢ T L,B? 2
(A.64) NidiCpy 1, Z0) < A [ Ji(py, Ze) + BV di(04,24) Ziqy + o 1 Z:q,l

Since F;(x) is convex function, we have J;(0) is convex w.r.t @ = {u,Z%} by Lemma A.4,

together with J;(0) is c-strongly convex w.r.t u we obtain

(A.65) Ji(0) < Ji(p", 00+ Vyi(0) (p,— p) +V_1 Ji(0) 2] — Sl —p 1%,
1 1
Note that Vz% JO,)=Z;VsJ(0;)+VsJ(0,)Z}, we have
* * c *
(A.66) Ji(0,) < J;(u*,0)0+ Vi) T (u, — p*) + 2V J;(0,)%, - Sl 1.
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Substituting Eq. (A.66) into Eq. (A.64), we have

NoTi( 1, Z0) < AL i(p™,0) + ALV u i (0 (p, — *) +2A Vs Ji(0)T 2,
t 2
A By

C *
(A.67) +ﬂtA';fV,,Ji(et,zt>thqt 1Z:q,I — 5l —p I12.

Let Ay =37 A (Ji(pyy1,Z0) — Ji(p*,0)) and f; < 7, we have

LA <ELY AV Ji0) (, — po) + BELLY ALV, Ji(8:,20) Z,q,]

=1 =1
(A.68) ﬁt E[IZ:q,l ]+EZ[Z AVsdi(0)7 zt]——nut pR.
=1
Note that
(A.69) T T S AR A
(A.70) =l = 1o =+ BeZeq, — 15
t t
(A.71) = et = g = (e = 7+ ey = 1, @) + B} (209100
(A.72) =—2p1q{ (1~ 1) - F7(Z:q)" 4.

Therefore we have

o 1 .
(A.73) ~a; (=) = o (I = I = By — II§-1)+&(tht)th
28, 2
1 x
(A.74) AL o = By = B3 ) + Bl Zele g,

where the inequality is due to f; = 0 and Lemma A.3. Note that we have

AT5) B[ AV Ti0)+q) (- p)] < ||ut—u*||\/[Ez[|| Y ALV, T;(0,) + q,11%]
i=1 =1

(A.76) SD\/[EZ[II Y AVLJi(0)+q,11%]
i=1
(A.T7) SD\/ V.IA] i V181,
i=1

where the first inequality is due to the Cauchy-Schwarz inequality, the second inequality
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is due to ||g, — p*|l = D and the last inequality is due to Lemma A.8 (a). Then we have

(A.78)
m
E.[ Y AlVudi(0) (u,—p")]
=1
(A.79)
=Eo[—q/ (1, — )+ (L AVpdi(0) + @) (p, — )]
i=1
(A.80)
1 * * ui |
< —Elllp, — 12 1 = e — 12 11+ Bl 2 pE g 121+ D [ VLIAT Y V,(gh),
20 Z, n = l
where the inequality is due to Eq. (A.74) and Eq. (A.77). Note that
(A.81) E:[ ) AiV2di@) 2] <E: [l ) A{VzJi@DI]IZ:lF < HIZ: 5,

=1 i=1

where the first inequality is due to Lemma A.3 and the second inequality is due to the
Lipschitz continuous assumption of the function ¢/;(#). By using Lemma A.3 and Lemma
A.8 (b), we further have

(A.82)

E.LY AlVudi(0:,2) " Ziq,1 < I1Z:llF
=1

2H \/ VLIATY V,I8H —E.[) AiV,di(0)17]].
i=1 =1

Then substituting Eqgs. (A.80) (A.81) (A.82) into Eq. (A.68) and multiplying ; on both

sides of the inequality, we have

1 * * c *
BBl < Sl — 15y = Iy — ||§t_1]—%||ut—u 12+ B H I Z4lF

m ! 2
+ (2Hﬂ?||zt||p + ﬁtD)\/\/z[/\t] Z \/z[gf] + %Ez[”thtHQ]
=1

1=

m
(A.83) + BIZ N FE @ 1?1 - BEIZ el FELLY ALV (0,117
i=1
< SE:llp - p I@t_l—llum—n 1541 = =l = w71 + B HN Z el

+(HPBZIZlr +ﬁtD>\/ VLIAT Y V(80 +
=1

1=

BrH?(d +4)*
SEz(the:l ﬁk)z

(A.84) +B2IZ N7

ivz[éflﬂﬂ\/ V,IAY] i vz[gfﬁ]),

i=1 i=1
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where the second inequality is due to Lemma A.6 (b) and Lemma A.8 (c). We further
obtain that

— * ﬂ *
(A.85) ZO SElp, - p L e T R I
17- . . cft
5 ; lp,—p ||§;1_||”t—1_l-l ||§;_11——||llt ||2]
x 12 * 112
(A.86) - Iluo—ﬂ e A Y
(A.87) 12 I )12 ch tn “I{ + 125 1D?
' g & | H Nopym g™ g TR o IF
].T 1 ﬂt * 112 -1 2
(A.88) 55 Z —Ilut Pt ——Ilut pr |+ 125" Il#D
(A.89) = 1=, 7D,

where the second inequality is due to the update rule of X; and ||y, — p*|| <D, and the
third inequality is due to Cauchy-Schwarz inequality and G; < <I.Let C =max(& ie 12, Hioo),

we have
T-1 IBZHF '62H2(d+4)2
E.[A]< |2, D2 + ( + =
2, PESAI=1Zo s Z 26y _ B 8ETL_, fr)?

(A.90) +(6HPHIZ 5 + ﬁtD)\/ VLAY VL I80 + B2IZr Y. vz[gﬁ])
i=1

i=1
<IZ5" D2+Z( PIHVA | PN+ 4"
o 26l B 8E(XTL_ fr)?

| m 2Vd Y™ V8!
(A.91) +(6Hﬁ%ﬁR + B:D)y: 2sz[§§] + By \FZ;:l [gz])
i-1 28%,_1 B

2 2172 2
iz tpp?s s (LY, bl e+ d
t=0 2£Zk 1:3k 8¢ (Zkzlﬁk)

[2Cm  B2VAH?C( +4%m
A.92 Hy.fd +4)6HB,VdAR +D t )
(A.92) +Hypi(d +4)(6H B, +D) N 2NEY, o Pr

where the first inequality is due to Eq. (A.89) and Lemma A.5 (a), the second inequality
is due to Lemma A.5 (b) and Lemma A.7, and the third inequality is due to Lemma A.6
(o).
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Therefore, we have

T-1 -1 D2 T-1 2 2
EZ[E (a,)< 1% kD7 1 ( ﬁtIatT\/E s ﬁtfl (td+4)2
Tﬁt =0 2€Zk=1ﬁk 85 (Zkzlﬁk)
[2Cm  B,VdH2C(d + 4)2m)
A.93 Hy,(d+4)6HpB;VdR +D .
(A.93) +Hy(d +4)6HB,VdR +D) T oYL By
Let B; = B and y; =y. Since we have Z; 1% 1+log(T), we obtain
1| & 17! 1 logT
490 33 E| 3 MUttt 20T’ 0) Z[Ez[At]:@’(—+ L )
T iz |i= T = pT T

where we reach the conclusion.

A.2.3.4 Proof of Theorem 4.4

We denote q, = -} laggrf, then the update rule of p can be represented as p,,; =

K+ PeZiq,.
According to assumption 4.1, the function ¢/;(0) is L-smooth w.r.t {u, X}, then we have

2

L
(A.95) Nedi(py, 1, Z0 < AL iy, 2+ BeVpdi(0, ) Zeq, + —+ 'B DIAR

Let By = E.[X7 , AU (pyr1,Z0) — Ji(py, 20))], then we have

i=1""1
LBz

2
m |12
(A.96) By < Bl ZAFEL(Y ALV, Ji(0:) g1+ T”[Ez[nqtn%
=1

<2HBVdR \/\/z[/v] Y Vo[8!1 - BiVARE[ Y ALV, Ji(0)12]
i=1 i=1

LB2dR?
(A.97) +'BtT[Ez[IIthI2]
m ! LﬁZd 2 m
<(2HB,VdR + 2HLﬁ§dR2)\/ VLIA1) V(81 + ’fT Y V.8l
i=1 i=1
LB2dR%2-268,VdR m
=1

where the first inequality is due to Lemma A.3, the second inequality is due to || Z:||F <
IZoll7 < Vd R and Lemma A.8 (b), and the last inequality is due to Lemma A.8 (c). Let

B < Th \/_, and rearrange Eq. (A.98) we obtain
(A.99)
VdR = m ' LP%dR% m )
P Py AV, i (0)1%] < B, +AHRVA By | VLIATY. V,[£4] + ﬁtT Y V.8l
i=1 i=1 i=1
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So we have
(A.100)
m 2B; 2F
BE 1Y ALV, d(0)17] < +8Hﬁt\/\/ W]Z\/ [&! ] LbivdR Zv [&h].
i=1 VdR i=1
Note that we have
(A.101)
T-1m T-1m m
Y ZA (Ji(+1)~ T (@)= Y Z(At AN T(0401) + Y (AT LT )(07) = A0 T;(00))
t=0i= t=0i= i=1
T-1m B
(A.102) <Y Y NM-A-yA -y A B+2B
t=0i=1
T-1 m B
(A.103) < tzo Ve Zlmﬁ - 1"YB +2B,
i

where the first inequality is due to the update rule of A! and |J;(8)| < B. Then we have

(A.104)
T-1 T-1 m T-1 m
Y Bi=Y EAY AUTiO0111) — Ji @O+ D EoLY AU iy, Z6) — Jilpysr, Ze41))]
t=0 t=0 i=1 t=0 =1
T-1 m T-1 m
(A.105) Z (Y IAL=ANB 2B+ Y EIY ALHIZ 441 — ZellF]
t=0 i=1 t=0 i=1

T-1
(A.106) <2mB Z Yt +2B+ ) HlZi1-Zelp,
t=0 t=0

where the first inequality is due to Eq. (A.103) and the Lipschitz continuous assumption
of the function J;(0). Substituting Eq. (A.106) into Eq. (A.100), we have
BY o ve+2B+ Y[ HIZr1—Zilp
VdRT
1 7-1 m . ‘ 2f
(A.107) +— Z (SHﬂt\/\/z[/lt] Z \/z[gf] ﬁ Z V. [g t]

T t=0 =1

1 T-1 m om
T 2 Bl Y AV, i8] <
t=0 =1

3
According to Lemma A.5 (¢), A.6 (¢), and A.7. We know that ||Z;11 — Z;|lF < %,
k=1

\/z[g’f] < IM’ where C = max(é, ”261”00), and V,[A!] < 2)/?. Then we have

3
bpid2
1Tfﬂ . [||iﬂv 500 2mBY Iy, +2B+ YT 1H2£2(Zﬁ£ﬁ
< o T 3
T g VART
1 ﬁszc(d +4)2LFRm
A108 4+ — SHZC d+4
(A.108) tho( ( )%,6,5\/ ~ —
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Let B; = p and y; =y, we obtain

1
Z+—+7+ﬂ),

1T—1 m
(A.109) Y B[S AV,J:0)12] =6
7 & Bl L AV @0 =0 |5+ 57

where we reach the conclusion.

A.2.4 Proof of Technical Lemmas

In this section, we provide the proof of lemmas in Appendix A.2.2.

A.2.4.1 Proof of Lemma A.3

Since X and 2 are both diagonal matrix. Denote o = diag(Z) and é = diag(2). Then we

have

2 d 2 d 2 d 2 2 2 2 2
(A.110) 1IZ212= Y (0212 < Y (0% Y (2% = lollz% = I 21 %1z )2.

=1 =1 i=1

We further have

. d d d A
(A.111) IZ21% =Y (0:6)%< Y (@2 Y (6% = lal®1a12 = I ZIZ 12115

i=1 i=1 i=1

Then we reach the conclusion.

A.2.4.2 Proof of Lemma A4

For A1 €[0,1], we have

- - 1 1
(A.112) AJ(01)+ (1 - N)J(02) = AE,~ wo,nlf (1 +Z]2)]+ (1= DE,~ y0,plf (ug + Z3 2)]

1 1
(A.113) =EAf(py +Z72)+ (1= Df (ugy + Z22)]
(A.114) 2 EIf (A + (1= Dpy + (AZF +(1- DEDz ]
(A.115) =J (101 +(1-1)85),

where we reach the conclusion.

A.2.4.3 Proof of Lemma A.5
(a): Since we have Zt_+11 =31+28, X, /lféf and Af € A" 1. We obtain

(A.116) Sl I =32 =371+ 28,0

t+1 =
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Summing up it over t =0,...,T —1, we have

T T
(A.117) Tl+20Y B =3 =2 28 ) B
t=1 t=1

Therefore, we have

1 1
(A.118) T — <Zr = T -
20y BI+3 2021 B + 2,
(b): We have
1 1 vd
(A.119) 1Z¢llF < T | = T - T a°
2’5th1 ﬁt1+z() F 2fzt:1 IBtI F zfztzl ﬁt
(c): We have
1 —2B,2,%, Y7 ALG!
(A.120) 12601 - Zellr =l — —— ~ZilF = il
Zt +2ﬁtz’i=11iGi I+2ﬁtZtZi:1/1iGi
m
(A.121) <2B1Z %01 Y. ALGEF.
i=1
Since ||| < % and || Z’.’il/l’?ét.llp < bvd. Then we have
25 Zt:]_ IBt 1= l !
3
bp:d2
(A.122) DA AP
285 ;-1 B
A.2.4.4 Proof of Lemma A.6
(a). We first show that gf is a unbiased estimator of ViuEp,, [F;(x)].
_1 1 _1
(A.123) [Ez[gﬁ] =E.[Z, *2F;(u, + 27 2)] - E,[Z, *2F;(p,)]
_1 1
(A.124) =E.[Z, *2F;(p, + X} 2)]
(A.125) = B (20 [ Z7 (% — 1 )F ()]
(A.126) = VpuEpy, [Fi()].
(b). Since the o is the diagonal elements of X, then we have
_1 1
(A.127) I1Z:85,1% = o060, % 02;(Fi(p,+ 0} 02,) - Fi(u)|?
1 1
(A.128) = lo} oz’ (Fi(p, + 0} 0 2;)— Fi(p,))?
1 1
(A.129) <lo} oz;I*H?lo? o 2;|
1 1
20 .3 |12 3112 4 2 2 4
(A.130) <H||o} | x |7 o 21" = H ot 251"
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It follows that
2

1 N N
(A.131) =& ||2—HNZZt§§j == Z &L12 < H o2 | 25"
=1 J=1

Noticed that E,[|z]*]1 < (d +4)? and
1
”0'0 1 lmin + 2(Zk 1 ﬂk)g

where || - ||;nin denotes the minimum element in the input. Then we have

H2(d +4)?

(A.133) FIZgilz < Holodo(@+ 07 < ro
128803 < H? |02, 4E2(TL_ Bp)?

where we reach the conclusion.

(c): We have
(A.134) 18,12 = llo, * 0 2,(F(, + 0} 0.2))~ Fulp, )12
(A.135) = ||a;% oz *(Fi(p, +a§ oz;)-Fi(p,))?
(A.136) < ”0-1‘_% szllezlltTt% oz,
(A137) <20, |2 x o % x 5]

Then we obtain

(A.138) ELIE, 12 = B2 o, ® |2« o2 x El] 2] )

(A.139) 5H2||a; [ ||0t IZ (d +4)2%.

Note that for N i.i.d samples z;, we have

(A.140) V, [— Zgu = —v 21&};1< —[Ez[llgljll2]
1

H2(d+42 O._E 2 O.Q 2

(A141) B Yo, *lsllo; |Ioo.
N
Note that we have
t t
(A.142) 0, +20) Bilz=a;t =05t +2¢ ) Bl
k=1 k=1
Then, we have
_1

(A.143) lo, 212 = o7 oo < llog ||oo+2(Z Br)b.
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And
1
| Olllmm+2(zk 1ﬁk)é

where | - |,in denotes the minimum element in the input.

1
(A.144) o212 = ol <

we then have

-1
1o 1y ot e+ 22, BB
(A.145) ”Ut Iloo”at oo = 1
”0'0 ||mzn+2(zk 1,6k)€
b o5 o= 210G Imin

(A.146) =—+
¢ ||0'01||mln+2(zk 1,612)5

If [0 oo — ¢ 2|65 I min = 0, we have

1 log oo — 5||0 min
2

1 b,
(A.147) lo2l2llo, 212, < — <llog  lloo-

6 ”0'0 ”mzn
If 105 oo = 21075 I min < 0, we have

1 _1 b
(A.148) lo2 12 llo, 212, < :
Therefore, let C = max(3 b oy o), we have
1 H%(d +4)2C

A.149 AV N — <—
(A.149) z[||NJ_ZgU||] N
where we reach the conclusion.
A.2.4.5 Proof of Lemma A.7
We have
(A.150) VLA T = E[IAf - E[AT21 < EL[IAT - A1)2]
(A.151) =E Ly A" = A" D121 < Y 2E,[IA - A 21 < 2¢2,

where we reach the conclusion.

A.2.4.6 Proof of Lemma A.8

According to Lemma A.6 (a) and (c), we know that g;? is an unbiased estimator of the
gradient V,J;(0;) and the variance of gf is bounded. Therefore let g, = -3 | /1’; gl, the

results in Lemma A.8 can be directly obtained by Lemma 1, 7, and 8 in [149].
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A.2.5 Updated Rule Under Transformation

To avoid the scaling problem, we can employ monotonic transformation for the aggregated
T N

objective, i.e. (AT F(x 7)) = %, where fi and 6 denote mean and stand deviation of

aggregated function values ATF(x;) =Y, A;Fi(x;), j=1,...,N. Then by applying this

rescaling strategy, the update rule for u, and X; in ¢-th iteration can be written as

N m AFi(x;)— i
(A.152) qu:ut—%Z(xj—ut) = at —,
j=1

L

At

N
(A153) XL =371+ % Zldiag[zt_l [diag((x; — p)(xj— ) 27 1) .
J:
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