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Efficient Learning-based Graph Generation and Beyond

by

Sheng Xiang

Abstract

Graphs serve as powerful models for representing complex relationships among data in various

fields, such as social networks, biological systems, and transportation infrastructures. However,

generating realistic, large-scale graphs for analysis and simulation purposes remains a significant

challenge, particularly in balancing computational efficiency and representational accuracy. To

address this challenge, this thesis introduces efficient learning-based methodologies designed to

enable scalable and accurate graph generation, aiming to bridge existing research gaps and provide

practical solutions.

The first chapter of this thesis lays the groundwork by proposing a comprehensive benchmark for

general graph generation models. This benchmark not only consolidates progress in the literature

but also provides a rigorous comparison of the performance of existing general graph generators.

Through this analysis, we identify key research gaps, particularly the limited focus on capturing

the complex properties of real-world networks and the challenge of achieving an optimal trade-

off between efficiency and quality in graph generation. After introducing the graph generation

benchmark, the remaining chapters of the thesis are organized into two parts: foundations and

applications.

The first part focuses on foundational methodologies and spans three chapters. Chapter 2 delves

into the development of an efficient learning-based graph generation framework that successfully

balances computational efficiency and generation quality. Building on this foundation, Chapter 3

introduces a novel solution for learning the underlying distribution of input graphs, enabling the

generation of realistic synthetic counterparts with well-defined community structures. Chapter 4

extends this approach further to address the simulation of temporal graphs, presenting techniques

to capture the dynamic nature of temporal relationships effectively.

sheng.xiang@uts.edu.au


vi Abstract

The second part transits to practical applications of the proposed methodologies, encompassing

two chapters. Chapter 5 demonstrates the use of generated temporal graphs in promoting the accu-

racy of detecting fraudulent financial transactions, showcasing the real-world applicability and po-

tential of the proposed graph generators in addressing critical financial fraud challenges. Chapter

6 explores another application area, employing generated temporal graphs and advanced temporal-

heterogeneous graph neural networks for financial time series prediction, further highlighting the

versatility of the proposed techniques.

Finally, this thesis concludes by summarizing the contributions and insights gained, while also dis-

cussing potential future applications of graph generation. Through its dual focus on foundational

methodologies and practical applications, this work aims to advance the state of the art in scalable

and efficient graph generation and foster broader adoption across disciplines.
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Chapter 1

Introduction

Due to the graph’s strong expressive power, a host of researchers in fields such as e-commerce,

cybersecurity, social networks, military, public health, and many more, are turning to graph mod-

eling to support real-world data analysis [1–6]. For instance, the graph can be used to model the

interactions between compounds and proteins in bioinformatics for drug discovery where each

node represents the compound or a protein, and the interactions between them are captured by

the edges [7–10]. In a social network, a node can represent a user and an edge can represent the

relationship (e.g., friendship) between two users [11–13].

In the graph processing and analytics, a key step is the collection or generation of the graph data.

In some applications, it is important to use graph generators (i.e., graph generative models) to

generate simulated graphs based on the real-life graph data for two reasons: (1) the inaccessibility

of the whole real-life graphs; and (2) a better understanding of the distribution of graph structures

and other features. For instance, as highlighted in [14], data acquisition is key step in responsible

data management, and it is essential to collect or generate representative data. In some scenarios,

users are only able to obtain a small sample of the real-life graph due to various limits such as

incomplete observability, privacy concern, and company/government policy. It is necessary to

use representative graphs with similar size and distribution to the real-life graphs for the training

or performance evaluation purpose. For instance, it is a common practice to start the system

development and data collection at the same time, especially when the data collection is cost-

consuming (e.g., in the counter-terrorist applications) or the two tasks are managed by two separate

1
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teams. To better tune or validate the efficiency and scalability of the algorithms during system

development, it is desirable to use representative large-scale simulated graphs before the real large-

scale graph is readily available. Another example is the collaboration between the graph computing

team at Alibaba Group and the finance data-analysis team at Ant Group for graph pattern-based

fraud detection. Specifically, the graph computing team aims to develop efficient and scalable

graph pattern-detection algorithms to find abnormal graph patterns in the finance network such that

the finance data-analysis team can quickly identify some potential threats. As the finance network

data is sensitive and cannot be directly released, the graph simulator has been deployed to generate

a large-scale finance network for the graph computing team. Moreover, graph generators can

provide a large number of simulated graphs for the training of the graph-based learning models [9,

10]. By learning the distribution of the real-life graphs, the graph generators can also help to better

understand the real-life graphs. For instance, graph generators can be used to generate source

code [15] and formulas [16], which help to understand insights of the graph data. Graph generators

can be used to obtain node representations of large networks [17] and to extract multiple relation

semantics from knowledge graphs [18]. Molecular graph generators extract the distribution of

compounds and design new and reasonable drugs[8, 9]. Some researchers use graph generators to

create neural network structures for the model architecture search [19, 20].

1.1 Motivation

Due to the graph generators’ importance in directly related applications, there is a long history

of the study of graph generators in many domains such as database, data mining and, machine

learning. Readers can refer to a recent survey [1] for a comprehensive overview of this line of

research. In this thesis, we focus on general graph generators which aim to reproduce structural

properties of observed graphs regardless of the domains, something that is fundamental in the study

of graph generative models. Despite the existence of many outstanding achievements, we note that

there still exist several unsolved important problems. These form the underlying motivation of this

thesis.

(1) No comprehensive overview on emerging deep learning-based general graph generators.

With the advance of deep learning techniques, advanced generative models such as Autoencoder
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and Generative Adversarial Network (GAN) have been widely used for data generation in many

fields (e.g., image and audio), significantly enhancing the performance of traditional approaches.

Not surprisingly, these techniques have also been applied recently to graph generators (e.g., [21–

25]). However, to our best knowledge, there is no comprehensive overview of these emerging deep

generative graph models in the literature. For instance, in their recent survey paper [1] on graph

generators, the authors of [1] only briefly mention several machine learning-based general graph

generators in the sections devoted to challenges and open problems.

(2) No systematic and comprehensive performance comparison of general graph generators.

By their nature, graphs are complex, making it difficult to capture explicitly the distribution of

observed graphs. For instance, a graph with n nodes can be represented by up to n! equivalent

adjacency matrices, each corresponding to a different, arbitrary node ordering/numbering. More-

over, we need to learn distributions over possible graph structures without assuming a fixed set

of nodes (e.g., to generate candidate molecules of varying sizes). This being the case, traditional

graph similarity metrics (e.g., graph edit distance [26] and maximum common subgraph [27]) can-

not be applied to determine whether two graphs are from the same distribution. Therefore, unlike

other data distributions where the (dis)similarity of two sets of objects (e.g., point sets in Euclidean

space) can be measured directly by a numeric value (e.g., KL divergence [28] and Earth Mover

Distance [29]), we have to resort to the distributions of various graphs’ properties (e.g., degree dis-

tribution); that is, if two graphs are from the same distribution, the corresponding distribution of

particular properties (e.g., degree distribution) should be very similar. This creates a large number

of metrics for evaluating the likelihood of two graphs from various perspectives, such as Maxi-

mum Mean Discrepancy [21] (MMD) between two node-degree distributions. In addition to the

value of graph simulation, there are also many evaluation metrics for general graph generators

that are critical for decision-making by researchers and practitioners under different application

scenarios, such as training time, inference time, scalability, permutation invariance, and tuning

difficulty. To the best of our knowledge, existing studies usually consider only a few metrics in

their performance evaluations, and many worthy of attention are overlooked. Moreover, the num-

ber of competitors and graphs deployed in experiments is rather limited. We also note that there

are discrepancies in experimental results reported in certain papers. For instance, it is reported

in [22] that the simulation quality of the GRAN [22] outperformed the GraphRNN-S [21] on the

protein dataset, while our experiments have different observations.
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(3) No algorithm that can achieve a good trade-off between graph simulating quality and

efficiency (scalability). Traditional graph generators usually rely on well-defined graph models,

and their corresponding graph simulation algorithms are typically efficient and scale well to large

graphs. However, these techniques are hand-engineered to model a particular family of graphs

and lack the capacity to learn the generative model directly from observed real-life graphs. For

instance, the B-A model [30] is carefully designed to capture the scale-free nature of empirical

degree distributions, but fails to capture many other aspects of real-world graphs such as commu-

nity structures. On the contrary, the emerging deep generative models can achieve far superior

graph simulating quality, but suffer from low efficiency and scalability when the deep learning

techniques are applied to general graph generators. For instance, the graph generators based on

RNN (e.g., GraphRNN [21]) need to store long node-ordering to infer the adjacency matrix of

the whole graph, which consumes considerable time and space.Although some research efforts

aim to enhance the efficiency of deep neural network-based approaches, the results are not very

promising in terms of the trade-off between simulation quality and efficiency (scalability). For

instance, GRAN [22] accelerates graph simulation by generating a block of nodes per step, but it

still needs to infer the whole graph, whose adjacency matrix requires O(n2). Due to the limit of

floating-point operations per second (FLOPS) and GPU’s memory, it cannot generate a graph with

more than 105 nodes in our experimental environment.

(4) No handy toolkit for the users of general graph generators. To increase the impact of a

specific type of technique, support from handy software libraries or toolkits is critical in enabling

users to apply these techniques easily to their applications. One well-known example is the devel-

opment of the LIBSVM library for the support vector machine (SVM) technique [31] in Machine

Learning. Though source codes of many existing general graph generators are publicly available,

from our research, there appears to be no handy software toolkit for users to apply existing gen-

eral graph generators easily to their applications. Moreover, there is no end-to-end platform such

that users can easily integrate their newly developed general graph generators for a comprehensive

performance evaluation with existing approaches.
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FIGURE 1.1: A classification of graph generators.

1.2 Taxonomy of Graph Generation

For a better understanding the techniques of the representative graph generators, in this subsection,

we provide a deep taxonomy as illustrated in Figure 1.1, which consists of 5 categories and 17 sub-

categories.

1.2.1 Sequential Generating

Sequential generating means evolutionarily modeling a graph G; that is, relying on an existing

incomplete graph to generate new elements. A graph G is represented by a sequence of elements,

i.e., SN = {s1, ...sN}. Then the new element is generated with sN+1 = f(SN ), where f denotes

the generative model (e.g., RNN, MLP). Following are three sub-categories:

1. Node sequence. GraphRNN [21] and [8, 32, 33] generate a graph through generate nodes

and associated edges one-by-one. We select GraphRNN as representative of this category

because it can generate graphs with more than 1000 nodes (compared with [8, 32]) and has

better performance and influence in generating general graphs (compared with [33]).

2. Edge sequence. BiGG [23] and [34, 35] model a graph as a sequence of edges. We select

BiGG as representative of this category because it achieve better performance and scalability

in generating general graphs (compared with [34, 35]).

3. Motif sequence. GRAN [22] and [10, 36] generate graph motifs (e.g., a block of nodes and

associated edges) sequentially to generate a complete graph. We select GRAN as represen-

tative of this category because it is more scalable than [10, 36].
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1.2.2 One-shot Generating

One-shot generating means modeling an entire graph directly, that is, the elements on the graph

are generated with no sequential dependencies. Corresponding generators can be further classified

into 3 sub-categories:

1. Message-passing based encoder. VGAE [17] and [37] are proposed to generate one graph

in one shot through message-passing based encoder. We choose VGAE as representative

because it first proposed graph convolutional technology to generate graphs.

2. Iterative decoder. Graphite [38] generates graphs through reserve message-passing de-

coder. Graphite is selected as representative because its influence and contribution on new

technology, i.e., iterative decoder.

3. Sparse latent variables. SBMGNN [39] generates graphs through modeling sparse latent

variables. SBMGNN is selected as representative because its contribution on preserving

community structure through sparse latent variables.

1.2.3 Adversarial Generating

Adversarial generating means training graph generator through a game between generator and

discriminator. Corresponding models can be divided into the following 3 sub-categories:

1. Random-Walk based. NetGAN [24] and [40] generate random walks through adversar-

ial training. We choose NetGAN as a representative because it has better performance in

generating general graphs.

2. Latent-variable based. ARVGA [41] is selected because of its contribution on adversarial

training for latent variables.

3. Graph based. CondGEN [25] is selected because of its contribution on adversarial training

for generated graphs.
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1.2.4 Rule-based Generating

Rule-based generating means modeling a graph through explicit operations and a small number

of parameters. This category’s graph generators model graphs through selecting samples from

pre-defined graph families [11, 30, 42]. They can be further classified into the following 5 sub-

categories:

1. Random graph model. E-R [43] generate each edge by sampling from a Bernoulli distri-

bution parameterized with a fixed value. We choose E-R, B-A, and W-S as representatives

because of their influence.

2. Preferential attachment graph model. B-A [30] randomly add edges for new node to

generate scale-free graphs.

3. Small world graph model. W-S [44] randomly rewrite edges from cycle graph to generate

a small-world graph.

4. Random typing graph model. RTG [45] generates edge-list through random-typing pro-

cess. We select RTG because of its influence and technical contribution.

5. Kronecker-product based. R-MAT [46], Kronecker [42] and [47] model a graph through a

regressive dropping edges mechanism similar to kronecker-product. We select R-MAT and

Kronecker as representatives because of their influence.

1.2.5 Block-based Generating

Block-based generating means modeling a graph through modeling “blocks”, i.e., a subset of

nodes. Corresponding models can be classified into the following 3 sub-categories:

1. Vanilla stochastic blockmodel SBM [48] was first prposed to model social networks.

2. Mixed-membership. MMSB [49] models a graph with mixed-membership of blockmodel.

MMSB provides a generalization of SBM to have better quality of simulating graphs.
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3. Degree & clustering-coefficient corrected. DCSBM [50] was proposed to correct the

blockmodel with obsedved degree distributions. BTER [51] was proposed to correct the

average clustering coefficient in each block, and correct the degree distribution through a

two-level edge sampling process.

1.3 Background of Graph Generator

1.3.1 Problem Definition and Notations

We define a graph G = (V,E). V denotes a set of n nodes (vertices), and a set of m edges

E ⊆ V × V , where a tuple e = (u, v) ∈ E represents an edge between two vertices u and v in

V . The graph G can also be represented by an adjacency matrix A ∈ {1, 0}n×n. As reflected in

the literature, we assume G is an undirected graph, and hence the adjacency matrix of the graph is

symmetric. Additionally, we denote the (optional) node-feature matrix associated with the graph

as X ∈ Rn×d where n denotes the number of nodes and d denotes the dimension of the node

feature. We denote the initiator matrix of the graph G by MI .

Problem Statement. Given a set of observed graphs {G}, a general graph generator aims to learn

a generative model to capture the structural distribution of the graphs, such that a set of new graphs

{G′} with similar structural distribution can be generated.

Ideally, a general graph generator should be able to generate new graph which has exactly the

same distribution as the observed graphs. Nevertheless, it is notoriously difficult to tell if two

graphs are from the same distribution due to the complex nature of graph structure. In practice,

we have to resort to representative evaluating metrics in the literature in our experiments, each

of which aims to quantitatively capture the likelihood of two graphs (graph distributions) from

one perspective (e.g., degree distribution). Hopefully, a good graph generator should be able to

generate new graphs with the same distributions regarding all the above metrics. Moreover, the

generating algorithm should be efficient and scalable such that the users can efficiently handle

large-scale graph in real-life applications.
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1.3.2 Scope

As shown in the recent survey [1], existing graph generators can be classified into two cate-

gories: general graph generators (e.g., [17, 21, 24, 45]) and domain-specific graph generators

(e.g., [8, 13, 40, 52, 53]). Notably, general graph generators aim to mimic the structures of the

observed graphs so that the generated graph can reproduce such properties of the preserved graphs

as degree distribution and the path length distribution regardless of the domains. Domain-specific

graph generators consider particular domains such as semantic web (e.g., [52]), graph database

(e.g., [53]), temporal graphs (e.g., [40]), and social networks (e.g., [13]).

To make a comprehensive yet focused comparison of graph generators, here we mainly consider

general graph generators. We classify existing general graph generators into four categories based

on their foundation technique. For each category, the key features and main characteristics, as well

as a set of representative approaches, are introduced in detail in Section 1.4. To make a compre-

hensive performance evaluation, we include a large sample of representative graph datasets and

evaluation metrics as observed in the literature covering experiments with general graph genera-

tors.

1.4 General Graph Generators

In the section 1.2, we discuss the taxonomy of graph generation. To make a comprehensive com-

parison, it is necessary to classify them in terms of algorithm. In this section, we describe the key

features of general graph generators in each category and summarize their main characteristics.

For each category, we present the details of its representative generators.

1.4.1 Simple Model-based Generator

Simple model-based generators rely on some well-known simple graph models (families), such

as Binomial graphs [43], randomized small-world graphs [44] and preferential attachment graph

model [30]. Usually, each family of graph models can capture one or a few properties of the real-

life graphs well. For instance, the B-A model can generate free-scale networks, and the W-S model

can capture the key characteristics of the small-world graphs. Below are details of 8 representative

techniques in this category.
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E-R. Binomial graph model (E-R) was first proposed and studied by Erdős et al [43]. Each edge

of the binomial graph is generated independently with the probability P (Ai,j = 1) = p, where the

constant p is controlled by the user. Given an undirected and no self-loop graph with n vertices and

m edges, the parameter p is immediately available with p = 2m
n(n−1) . The naive implementation

of E-R based graph generator generates an edge with probability p for each pair of vertices, with

time complexity O(n2) and space complexity O(m+n). As shown in [54], an efficient algorithm

with time complexity O(m+ n) is used in practice.

W-S. Small-world (W-S) graph model was first proposed by Watts and Strogatz [44]. It can

simulate the random connection of real graphs by re-sampling edges, and make the distribution of

the generated graph between the E-R graph and completely regular graph by adjusting the sampling

probability and the number of connected edges. The implementation of W-S-based graph generator

randomly resets the target nodes of each source node from a regular circle graph, having a time

complexity O(k × n) and space complexity O(m + n), where k is the number of edges for each

source node.

B-A. The preferential-attachment [30] (B-A) graph model needs to generate graph nodes se-

quentially and add a fixed number of edges to new nodes to generate a scale-free graph with the

power-law distribution. The implementation of a B-A based graph generator has the time com-

plexity of O(k×n) and the space complexity of O(m+n), where k is the number of edges a new

node will attach.

RTG. The Random-Typing Generator [45] (RTG) creates a two-dimension (2d) keyboard to type

words, that are represented as edges of a graph. The graph generation process is modeled as the

process of typing words. There are four parameters (K,W, q, β) to control the generative distri-

bution. K is the number of possible characters in one word, and W is the number of words. q

is the probability of typing space. β controls the probability of randomly typing diagonal char-

acters and non-diagonal characters on the 2d keyboard. These parameters help generate graphs

with power-law degree distribution and communities. Moreover, RTG can also generate bipartite

graphs. The implementation of the RTG-based graph generator requires O(m log n) time com-

plexity and O(m+ n+K2) space complexity.
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BTER. The Block Two-level Erdős-Rényi model [51] (BTER) was proposed to simulate both the

realistic graph’s degree distribution and its clustering coefficient by degree. These two elements are

extracted directedly from observed graphs. BTER creates affinity blocks first, to assign degrees to

nodes. Then BTER assigns edges in and between affinity blocks to match the degree distribution.

The clustering coefficient per degree is assigned when creating links between nodes in the same

affinity blocks. The implementation of the BTER-based graph generator has a time complexity

O(m+ n) and space complexity O(m+ n).

SBM & DCSBM. The Stochastic Block Model [48] (SBM) generates a random graph based

on the probability matrix of the block B and the number of nodes of each block. The SBM-

generated graph is considered as a connected set of E-R graphs with community structure. The

Degree-corrected Stochastic Block Model [50] (DCSBM) sets the degree of each node following

the Stochastic Block Model, the process thereby tuning the degree distribution of the generated

graph. To obtain the block probability matrix B, we choose the best block partition by maximizing

the modularity [55] of the observed graphs, with linear time complexity of m. After the number of

blocks and the probability of generating edges between blocks are determined, the time complexity

for generating one graph of SBM and DCSBM is O(n2) in their naive implementations. As shown

in [50], an efficient implementation of the (DC) SBM-based graph generator has a O(m+n) time

complexity and O(m+ n) space complexity.

R-MAT. The recursive graph model [46] (R-MAT) divides the adjacency matrix recursively and

determines a graph by dropping edges into one quadrant of four recursively. As for the parameter

optimization of the R-MAT model, we use the empirical parameters mentioned by the author as the

initial matrix MI . R-MAT generates one graph with n nodes and m edges by randomly sampling

edges with time complexity O(m log(n)) and space complexity O(m+ n). R-MAT also inspired

Dai et al. [23] to compress one row of adjacency matrix into a binary tree.

1.4.2 Complex Model-based Generator

With more parameters and complex model architecture, we know statistics learning and parame-

terized models can simulate and generate the adjacency matrix of one graph numerically [42, 49].

Although there are n! permutations of adjacency matrices to represent the same graph, neverthe-

less they successfully achieve better simulation quality than simple model-based generators. In
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addition to being represented as an adjacency matrix, the graph structure can also be modeled as

a decision-making process. In this process, nodes and edges are generated sequentially, which

is easy to represent and learn for regular graphs. Below we introduce 5 representative complex

model-based general graph generators.

MMSB. The Mixed Membership Stochastic Blockmodel [49] uses a probabilistic model to build

a graph. First, the mixed-membership vector πi of the node i is sampled from the Dirichlet distri-

bution with πi ∼ Dirichlet(α), where α denotes the parameters. Then the indicator of the edge is

obtained by sampling from a multinomial distribution with zi,j ∼ Multinomial(πi). Finally, the

edge is sampled from the Bernoulli distribution, the probability of which is obtained by a bilinear

function of edge indicators with Ai,j ∼ Bernoulli(zTi,jBzi,j), where B ∈ RK×K represents the

probability of generating one edge between two blocks.

The MMSB maximizes a-posteriori to approximate its parameters, but its hyper-parameter K, the

number of blocks, is difficult to select when simulating large graphs. We use a Louvain com-

munity detection algorithm [55] to select the number of blocks K. Because the MMSB aims to

approximate the observed adjacency matrices, it has a time complexity of O(n2) and space com-

plexity of O(n2) to update its parameters. Note that the inference algorithm of MMSB can easily

be paralleled.

Kronecker. The Kronecker-graph model uses the Kronecker product to build a graph, where the

initiator graph is self-connected and has a binary matrix to represent the edges of the graph. The

initiator matrix of the stochastic Kronecker graph is not binary, which denotes the probability of

generating one edge. Different from R-MAT, the sum of the initiator is not 1 and the probability

of each edge can be calculated independently as follows:

P (Ai,j = 1) =

| logn|−1∏
k=0

MI [⌊
i− 1

2k
⌋ (mod 2) + 1,

⌊j − 1

2k
⌋ (mod 2) + 1].

(1.1)

In the optimization stage, the Kronecker graph model looks for the best node permutations and uses

the maximum likelihood principle to estimate the parameters of the initiator matrix. To generate
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graphs faster, the Kronecker model imitates R-MAT to throw edges recursively into the adjacency

matrix, which accelerates the generation process of the stochastic Kronecker graph, with the time

complexity O(mlog(n)) and space complexity O(m+ n).

GraphRNN. Two recurrent neural networks (RNN) are deployed by GraphRNN. The first, called

graph-level RNN, is used to store generated nodes and to generate new nodes. The second, called

edge-level RNN, is used to store generated edges on the newly generated node and infer new

edges. Each edge is sampled from the Bernoulli distribution, which is parameterized by the output

of the edge-level RNN. At this point, the graph generation is modeled as a decision sequence.

Assuming that h0 and hi,0 represent the initial graph state and node i’s hidden state, respectively,

GraphRNN’s generation process can be formulated as follows:

hi = RNN1(hi−1,Ai−1),

θi,j = RNN2(hi,j−1,Ai,j−1), (hi,0 = hi)

Ai,j ∼ Bernoulli(θi,j), (j < i)

(1.2)

where Ai−1 and Ai denote the adjacency vectors of the last node and next generated node, respec-

tively. In the GraphRNN, Gated Recurrent Unit [56] (GRU) is used to encode the graph state and

infer node-adjacency vectors.

For graph generation with no edge dependence, authors propose a variant named GraphRNN-S

which replaces the second RNN with a multi-layer perceptron (MLP). Then the adjacency vector

Ai will be sampled from a multivariate Bernoulli distribution parameterized by θi. The generation

process of GraphRNN-S can be formulated as follows:

hi = RNN(hi−1,Ai−1),

θi,j = MLP(hi),

Ai ∼ Bernoulli(θi)

(1.3)

The variant performs well in generating protein graphs and other real-world graphs, which show

less edge dependence than grid and community graphs. GraphRNN-S also promoted subsequent

works [22, 23] to scale the complex model-based graph generator up to larger graphs.
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After modeling the graph as a sequence of decisions, the most important problem is how to prevent

the order of nodes from affecting the generalization performance of the model. GraphRNN utilizes

Breadth-first Search (BFS) ordering to reduce the number of permutations of the observed graphs,

then maximizes the likelihood of the edge dependence and node permutations. It generates the

nodes and edges of the graph step-by-step and requires O(n2) time complexity in each epoch.

Thus, the complexity for training and inference is O(e × n2) and O(n2), respectively, where e

is the number of epochs used in training. Due to the necessary dependence on nodes and edges,

the generation process of complete GraphRNN can not be carried out in parallel. Therefore, the

follow-up work is devoted mainly to improving the scalability of GraphRNN.

GRAN. Graph Recurrent Attention Networks [22] (GRAN) aims to improve the performance of

GraphRNN by addressing the following issues: (1) low generalization due to strong dependence on

node orderings and edges; (2) expressive capability of only one canonical node ordering; and (3)

poor parallelization compared with a graph autoencoder. To reduce its dependence while retaining

the expressiveness of the graph auto-regressive model (e.g., GraphRNN), GRAN leverages graph

attention networks [57] (GAT) to infer the parameters of Bernoulli distributions when generating

the whole graph. GRAN uses t steps to generate a graph, and each step generates B nodes, called

a block. If B > 1, the generation process can accelerate by commencing the next block in the

S-th row of the last generated block, called stride (1 ≤ S ≤ B). At t-th generation step, GRAN

reduces the embedding size of previous nodes to generate large graphs by a linear mapping:

Li = [Lbi,1...Lbi,B],

hi = WLi + b, ∀i < t
(1.4)

where [·] denotes a concatenation operation of vectors and Li ∈ RBn is a vector concatenated by

the output vectors of a block of nodes. The initial node representations are updated regressively

with hi = GRU(hi,GAT(hi)), as with [58]. After updating node representations, to express the

edge dependences in one block, GRAN models the probabilities of generating edges through a
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mixture of Bernoulli distributions:

p(Lbt |Lb1 , ..., Lbt−1) =

K∑
k=1

αk

∏
i∈bt

∏
j≤i

θk,i,j ,

α1, ..., αK = Softmax(
∑

i∈bt,j≤i

MLPα(hi − hj)),

θ1,i,j , ..., θK,i,j = Sigmoid(MLPθ(hi − hj))

(1.5)

where K is the number of mixture components. When K > 1, the edges generated in parallel

are no longer independent because of the latent mixture components, which maintains the edge

dependence without loss of parallelization.

To learn the graph generative model under more than one canonical node orderings, GRAN pro-

poses a new objective to maximize a lower bound of log-likelihood as follows:

log p(G) = log
∑
π

p(G, π) ≥ log
∑
π∈Ω

p(G, π) (1.6)

where Ω denotes the selected canonical orderings of the graph node. The greater the quantity of

canonical orderings picked, the tighter the bound will be.

Inspired by the parallelism of Graph Neural Networks (GNN), GRAN provides a flexible trade-

off between computational cost and generative performance through adjusting the block size and

stride length S, so that it requires a time complexity of O(n
2

S ) in each epoch. Its efficiency and

scalability are significantly better than GraphRNN when generating large graphs, e.g., graphs with

more than 500 nodes under our experiment setting.

BiGG. Inspired by the recursive graph model [46] (R-MAT), BiGG is a graph auto-regressive

model with a tree structure. Assuming that G is a large sparse graph (m ≪ n2), generating only

the edges of G is a more efficient choice than generating each node’s adjacency vector and can be

formulated as follows:

p(A) = p(e1)p(e2|e1)...p(em|e1, ..., em−1) (1.7)

where each edge ei = (u, v) includes the indices of two nodes. Therefore, the generation process

contains m steps. In previous work, a single edge can be factorized with p(ei) = p(u)p(v|u) and
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p(v|u) is assumed to be simple multinomials over n nodes, which will result in the complexity

of O(n). BiGG reduces the number of decisions of specifying v through formulating p(v|u) as

follows:

p(v|u) =
⌈log2 n⌉∏
i=1

p(xi = xvi ) (1.8)

where xvi ∈ {left, right} denotes the i-th decision in the sequence of node v and p(xi = xvi )

denotes the probability of the i-th decision leading to v. Note that xvi = left (right) means the left

(right) sub-tree is chosen in the i-th decision of node v. BiGG uses Eu = {(u, v) ∈ E} to represent

the set of edges connecting node u and Nu = {v|(u, v) ∈ Eu} to represent the set of neighbor

nodes of u. For each of node u’s row of adjacency matrix, generating all node u’s edges Eu is

equivalent to generating a node u’s binary tree Tu, where for each v ∈ Nu the generation process

starts from the root node and ends in a leaf node. Each node t is generated with its left subtree

lch(t) and previously generated nodes as conditioning. The right subtree rch(t) is generated after

generating the left subtree and its dependencies, similar to the in-order traversal of the binary tree.

Let contextu(t) and contextu(lch(t)) represent the previous context and the summary context of

the left subtree of node t, respectively. Then the recursively generated p(Eu) can be formulated as

follows:

p(Eu) =p(Tu)

=
∏
t∈Tu

p(lch(t))p(rch(t))

=
∏
t∈Tu

p(lch(t)|contextu(t))

p(rch(t)|contextu(t), contextu(lch(t))).

(1.9)

where p(lch(t)|·) and p(rch(t)|·) are Bernoulli distributions parameterized by TreeLSTM net-

works [59]. So far, each row of adjacency matrix A can be generated recursively through the

construction of binary tree and p(E) =
∏n

u=1 p(Eu) costs O(m log n) time. The full model

is going to generate the adjacency matrix row by row. Similarly, BiGG models the root nodes

of n edge-binary trees as the summary context of nodes. It also models the summary context

into a row-binary tree recursively, which costs O(n log n) time. BiGG generates a graph requir-

ing O((m+ n) log n) time complexity, which is especially efficient when generating large sparse
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graphs. Each depth of parameters in the binary tree can be updated in parallel, resulting in O(log n)

steps, which is more efficient than O(n) steps in GRAN and GraphRNN-S.
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Parameters
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Adjacency
Matrix

Adjacency
Matrix

Reparameterization

FIGURE 1.2: A summary of Autoencoder-based generators.

1.4.3 Autoencoder-based Generator

The complex model-based graph generators encountered a bottleneck of generative performance

until the advent of the graph autoencoders (GAEs). Thanks to the progress of variational autoen-

coder and deep learning [60, 61], researchers extend autoencoder to the field of graph represen-

tation learning and graph generation. Meanwhile, graph neural networks [4, 6, 57, 62] are also

proven to be successful on graph representative and generative models.

Fig. 1.2 illustrates the framework of the autoencoder based generators. Specifically, an encoder

is used to learn the representation (i.e., encoding) of the observed graphs, and the probabilistic

parameters are captured by a deep graph neural network (GNN). By adding some random noise,

we can reparameterize the latent variables and reconstruct (i.e., decode) a new graphs with the

decoder. The parameters of GNNs will be updated according to the accuracy of the simulation.

The above process is repeated till a new graph with high quality (e.g., small reconstruction error)

can be generated. Below, we introduce three representative autoencoder based graph generators.

VGAE. The Variational Graph Autoencoder [17] was proposed by Kipf et al. to naturally extract

node features and infer the generative distribution of observed graphs. VGAE uses a GNN [62] as

the encoder of graph data. The GNN layer parameterized by W is defined as follows:

GNNW(X,A) = D̄− 1
2 ĀD̄− 1

2XW (1.10)

where Ā = A+ In denotes the adjacency matrix with an added self-loop and D̄ is degree matrix

of Ā with D̄i,i =
∑

j Āi,j . The VGAE uses two layers of GNN to infer the parameters of the
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stochastic variables Z ∈ Rn×f , where f denotes the dimension of latent variables. For the GAE

model, the inference model of q(Z|X,A) is parameterized as follows:

Z = GNNW2(σ(GNNW1(X,A))) (1.11)

where σ denotes the non-linear activation function. Then the generative model is defined as a

bilinear function of nodes’ latent variables with P (Ai,j = 1) = σ(ZiZ
T
j ), where Zi denotes

the latent variables of node i. VGAE has two optimization objectives, one is to reconstruct the

adjacency matrix and the other is to approximate the a priori distribution. That leads to optimizing

the variational lower bound as follows:

L = Eq(Z|X,A)[log p(A|Z)]−KL[q(Z|X,A)||p(Z)] (1.12)

where p(A|Z) is the generative distribution with p(A|Z) =
∏

i

∏
j p(Ai,j |Zi,Zj), KL(·||·) de-

notes the Kullback-Leibler divergence measuring the distance between two distributions, and p(Z)

is a Gaussian prior with p(Z) =
∏n

i=1N (Zi|0, I). VGAE needs O(n2) time to generate a new

graph with space O(m+ n), and it takes O(n2) time in each epoch of the training process.

Graphite. Working similarly to VGAE, the iterative generative model of graphs [38] (Graphite)

parameterizes the variational autoencoders with graph neural networks. The main contribution

of Graphite is that it replaces the inner-product decoder of VGAE with node representations and

intermediate graphs. The decoding process is formulated as follows:

Z∗ = GNNθ(Â, [Z|X]), with Â =
ZZT

||Z||2
+ {1}n×n (1.13)

where θ denotes the parameters of GNN and [·|·] means a concatenation operation. Â is an in-

termediate graph, to which is added a constant of 1 to keep the matrix non-negative. The feature

matrix Z∗ can be refined gradually until getting the final features to generate an adjacency matrix.

Graphite is consistent with VGAE in encoder and optimization objectives. It still has a time

complexity O(n2) in each epoch and space complexity O(m+n) due to the inner product involved

although the implementation of the iterative decoder is accelerated to O(n × f2), where f is the

dimension of the latent features.
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SBMGNN. Nikhil et al. [39] proposed a sparse variational autoencoder for graphs by merging

the interpretability of SBM and the fast inference of graph neural networks. As in MMSB, SB-

MGNN uses a stick-breaking construction of the Indian Buffet Process [63] to infer the size of

community memberships, which is formulated as follows:

vk ∼ Beta(α, 1), k = 1, ...,K

bnk ∼ Bernoulli(πk), πk =
k∏

j=1

vj
(1.14)

where K is the number of communities and πk is the probability of all memberships. Unlike

MMSB, SBMGNN infers the variational parameters of these distributions through graph neural

networks. SBMGNN also uses the variational graph autoencoder (VGAE) to approximate the

dense latent variables rn. In contrast to VGAE, SBMGNN models the node embeddings as zn =

bn ⊙ rn with remaining other sections consistent. So far, the inference process can be defined as

follows:

qϕ(vnk) = Beta(vnk|GNNα(X,A),GNNβ(X,A)

qϕ(bnk) = Bernoulli(bnk|GNNπ(X,A))

qϕ(rn) = N (GNNµn(X,A), diag(GNNσ2
n
(X,A)))

(1.15)

The graph generation process of SBMGNN is the same as other autoencoder-based graph genera-

tors. The overall optimization objective of this inference and generative model can be formulated

as the sum of KL divergence of these approximating distributions and the reconstruction loss,

which can be extended from the objective of VGAE. SBMGNN has a time complexity of O(n2),

and has realized the model’s interpretability with the cost of more model parameters.
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FIGURE 1.3: A summary of Generative Adversarial Network (GAN) based generators.



20 Chapter 1. Introduction

1.4.4 GAN based Generator

The core of generative adversarial networks [64] (GANs) is to use a discriminator to generate fake

data with good quality and robustness. As shown in Fig. 1.3, the key idea of the GAN based

graph generators is to use the graph generator to establish the mapping from the random variable

to the fake hidden variable of the graph, and put it into the discriminator with the encoded hidden

variable of the real graph. The objective of these models is to make the generator generate with

stability and produce realistic hidden variables, which can be decoded to simulate the realistic

graphs. Below are three representative GAN-based generators.

ARVGA. The adversarial regularized variational graph autoencoder [41] (ARVGA) was pro-

posed to generate embeddings of the graph. Given a graph G, the hidden variable matrix Z is

obtained by using the same method of graph encoding used in VGAE. Then the discriminator will

repeatedly update its parameters by optimizing following cross-entropy cost:

Ep(z)∼q(·|Z) log(1−D(z)) + Ep(a)∼N (·|0,I) logD(a) (1.16)

where z, a are the sample vectors from Z and real data distributionN (0, I), respectively, and D is

built on a standard multi-layer perceptron (MLP). Before each update of parameters of the graph

autoencoder, the parameters of the discriminator are updated for multiple times.

The main difference between ARVGA and VGAE is that the former regularizes the output of the

encoder directly into a priori distribution through a discriminator, not just through KL divergence

to approximate a priori distribution. The generated robust embeddings are proved to have better

performance on link prediction and node clustering than VGAE. The time complexity of ARVGA

is O(n2) in each epoch. Thus, the complexity of training and graph inference are O(e × n2) and

O(n2) respectively. Recall that e denotes the number of epochs required in the training process.

NetGAN. NetGAN [24] is the first model to generate graphs through random walks. It lever-

ages long short-term memory [65] (LSTM) to generate random walk sequences. The longer the

sequence length of random walks, the more topology information is captured by LSTM. Note that

when the sequence length is 2, NetGAN will directly learn the edge probabilities.
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As the input of NetGAN’s generator component, the initial cell state C0 and the initial hidden state

h0 of NetGAN are mapped from a multivariate normal distribution as follows:

z ∼ N (0, I)

C0 = MLP(C)(z), h0 = MLP(h)(z)
(1.17)

where MLP(·) consists of two linear layers and tanh activation. Then LSTM parameterized by θ

can start inferring the random walks as follows:

(p1, C1, h1) = LSTM(C0, h0, 0),

v1 ∼ Cat(Softmax(p1)),

(pT , CT , hT ) = LSTM(CT−1, hT−1, vT−1),

vT ∼ Cat(Softmax(pT )),

(1.18)

where Cat denotes a categorical distribution. So far, the generator G can sequentially generate

random walks (v1, ..., vT ). However, pT and vT have a dimension of n, resulting in a high com-

putation cost in LSTM. Therefore, an up-project matrix Wup ∈ Rh×n is used to map the output

of LSTM oT ∈ Rh into Rn. A down-project matrix Wdown ∈ Rn×h is used to map node vt into

a low-dimensional input of LSTM. Generated random walks and real random walks are fed into

the discriminator D parameterized by another LSTM, which outputs a probability of the random

walk’s being real. The model parameters are trained through Wasserstein GAN [66] (WGAN)

framework.

After updating the parameters of the generator G, inferred random walks through G can be de-

coded as new graphs through assembling the adjacency matrix. A score matrix S represents the

appearance probability of each edge in generated random walks. Then each edge (i, j) is sampled

from the categorical distribution parameterized by p(·,·) with p(i,j) =
si,j∑
u,v su,v

. The edges of the

whole graph are generated by selecting the top m entries of the score matrix. Because of the edge-

sampling strategy of NetGAN, the graph generation process has a complexity of O(n2), and the

numbers of nodes and edges are fixed to n and m, respectively.

CondGEN. The conditional variational autoencoder with a generative adversarial network (Cond-

GEN) was proposed in [25]. The encoding and generation of the conditional graph structure are
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also considered. Permutation-invariance and generating arbitrary size of graphs are the main con-

tributions of CondGEN, and are achieved by modifying the derivation of stochastic latent variable

Z of VGAE below:

µ̄ =
1

n

n∑
i=1

gµ(X,A)i,

σ̄2 =
1

n2

n∑
i=1

gσ(X,A)2i ,

q(zi|X,A) ∼ N (z̄|µ̄, diag(σ̄2))

(1.19)

where g(X,A) = GNNW2(ReLU(GNNW1(X,A))) is a two-layer GNN model. The modeling

of z̄ is essential for preserving permutation-invariance and can be regarded as the graph embedding

of the graph G. Samples from z̄ can also be decoded into a new graph through an FNN-based

decoder. For the adversarial optimizing objectives, different from ARVGA, CondGEN is designed

to learn the generative distribution of observed data as follows:

Lgan = log(D(A)) + log(1−D(G(Zp)))+

log(1−D(G(Zq)))
(1.20)

where D is a two-layer GNN followed by a two-layer FNN and Zp and Zq are the latent vari-

ables sampled from both the Gaussian prior and the latent variable distribution q(zi|X,A), respec-

tively. CondGEN is designed to learn the structure distributions of a set of graphs, then generate

permutation-invariant graphs, which can be controlled by the corresponding conditions. Due to

the spectral embeddings’ derivation in CondGEN, it has a training time complexity O(n3) at each

epoch. In our experiment, we leverage CondGEN to generate new graphs without any encoding

process. Thus, CondGEN has an inference time complexity O(n2).

1.5 Contributions

In this chapter, we aim to address the four problems above and our principal contributions are

summarized as follows:
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• We give a systematic and fair empirical evaluation of existing general graph generators, in-

cluding recently emerged deep learning-based approaches. We group existing methods into

four categories based on their foundation techniques. For each category, we describe the key

features of generators, representative approaches and summarize their main characteristics.

• We conduct systematic and comprehensive experiments to compare the performance of gen-

eral graph generators. Specifically, 20 representative general graph generators in all cate-

gories are evaluated; 12 popular graph datasets and 17 representative evaluation metrics

are deployed in experiments. We also provide easy-to-follow standard recommendations

about how to select the general graph generator under different settings. We believe such

a comprehensive experimental evaluation is beneficial to both scientific communities and

practitioners.

• The experience and insights we gained throughout the study enable us to engineer a new

algorithm, Scalable Graph Autoencoder (SGAE), which can achieve a satisfactory trade-off

between the graph simulation quality and efficiency (scalability).

• We implement an end-to-end platform for researchers and practitioners such that not only

can they apply a variety of existing general graph generators directly to their applications

but can also easily integrate their own-built general graph generators for comprehensive

performance comparison and analytics. We believe this will greatly benefit future research

and the application of graph generators.

• We develop a novel method to learn the underlying community distribution of input graphs,

enabling the generation of synthetic graphs with well-defined community structures while

maintaining real-world properties.

• We extend our approach to handle temporal graphs, introducing techniques to effectively

capture and simulate the dynamic nature of real-world network evolution over time.

• We demonstrate practical applications of our proposed methods in critical domains such as

financial fraud detection and time series prediction, showcasing their versatility and real-

world impact.
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Chapter 2

Efficient Graph Generation Models

2.1 Chapter Overview

This chapter provides a comprehensive foundation for understanding general graph generators,

including their properties, limitations, and comparative analysis. This chapter has been published

in [67]. Section 2.2 summarizes various graph generators based on time and space complexity,

permutation invariance, and community-preserving properties. Section 2.3 introduces a novel

scalable graph autoencoder (SGAE), which achieves a trade-off between simulation quality and

efficiency. Section 2.4 evaluates the performance of existing and proposed graph generators across

multiple datasets and metrics.

2.2 Summary of Existing Graph Generators

In this section, we provide a summary of graph generators in terms of time complexity and space

complexity. We also evaluate important properties of graph generators including permutation

invariance and community preserving.

Time Complexity. In Table 2.1, we report the time complexity of each generator for the leaning

(training) process and the new graph inference process. Generally, there is no training process

for the simple model-based generators and they can easily calculate the desired parameters with

27
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TABLE 2.1: Complexity, scalability, and permutation invariance of general graph generators. n
and m are the amount of nodes and edges, respectively. k is the amount of edges attached to the
previous node. K is the number of characters in the keyboard. B is the amount of blocks. m is

the amount of edges. S is the length of stride.

Graph Generator Training Time Complexity per Epoch Inference Time Complexity Space Complexity Permutation Invariance Preserving Community
E-R [43] − O(m+ n) O(m+ n) ✓
W-S [44] − O(nk) O(m+ n) ✓
B-A [30] − O(nk) O(m+ n)
RTG [45] − O(m log n) O(m+ n+K2)

BTER [51] − O(m+ n) O(m+ n)
SBM [48] − O(m+ n) O(m+ n+B2) ✓

DCSBM [50] − O(m+ n) O(m+ n+B2) ✓
R-MAT [46] − O(m log n) O(m+ n) ✓
MMSB [49] O(n2) O(n2) O(n2) ✓

Kronecker [42] O(m log n) O(m log n) O(m+ n+ log n) ✓
GraphRNN [21] O(n2) O(n2) O(n2)

GRAN [22] O(n2) O(n2) O(m+ n)
BiGG [23] O(n2) O(n2) O(m+ n+ log n)
VGAE [17] O(n2) O(n2) O(m+ n) ✓ ✓

Graphite [38] O(n2) O(n2) O(m+ n) ✓ ✓
SBMGNN [39] O(n2) O(n2) O(m+ n) ✓ ✓
ARVGA [41] O(n2) O(n2) O(m+ n) ✓ ✓
NetGAN [24] O(n2) O(n2) O(n2) ✓ ✓

CondGEN [25] O(n3) O(n2) O(m+ n) ✓

time complexity O(m+ n). Due to the simplicity of the model, its inference time is very efficient

as well. It takes much more learning and inference time for generators from other categories. A

dominant cost of many graph generators is the generation of the adjacency matrix, leading to a time

complexity O(n2) in the inference process. For deep neural network-based generators, the learning

time is also determined by the structure of the networks and the number of epochs. Particularly,

GNN and RNN are two types of deep neural networks used by existing general graph generators,

with time complexity O(m + n) and O(n2), respectively, at each epoch. Due to the spectral

embeddings’ derivation in CondGEN, it has time complexity O(n3) at each epoch of the training

process. We remark that the total training time also relies on the number of epochs required.

In our experiments, GraphRNN takes much more training time compared to CondGEN due to

the former’s greater number of epochs involved in the training process. Moreover, the practical

performance of the graph generators also depends on whether they can be easily paralleled in the

system.

Space Complexity. Table 2.1 reports the space complexity of each generator. Generally, several

generators are very space-efficient as they only need to keep the observed graphs with space O(m+

n). Note that for deep neural network-based generators, we assume the dimensionality of the

latent variables (i.e., embeddings) of vertices is a constant (usually 32, 64 or 128 in practice).

For graph neural networks (GNNs), we store the adjacency matrix and identity matrix as a sparse

matrix, which costs O(m+n) instead of O(n2). Thus, the corresponding space of the GNN-based
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generator is O(m + n). For general recurrent neural networks (RNNs), such as GraphRNN-S

and GRAN, we store the long-term memory of a sequence of nodes, with a space consumption

dependent on the number of nodes. Thus, including the observed graphs, the corresponding space

of the RNN-based generator is O(m+ n). It is also shown that MMSB, GraphRNN and NetGAN

are the most space-consuming generators because MMSB and GraphRNN need to maintain the

probabilistic graph for all n nodes, while NetGAN needs to assemble a score matrix with O(n2)

space complexity.

Permutation Invariance Property. Table 2.1 shows the generators with the permutation invari-

ance property. The permutation invariance property implies that we can set an arbitrary order of

graph nodes for the leaning process, and it has no effect on the simulation and generation results of

the graph generator. Graph generators with the permutation invariance property can generalize to

large graphs without considering the order of the nodes, which may come up with O(n!) possible

instances.

Community Preserving Property. Table 2.1 also indicates the generators with the community

preserving property. Graph generators need to preserve community structures of the observed

graphs well. For instance, simulated graphs with similar community structures can be utilized to

enhance community detection.

2.3 Improvement

The experience and insights gained from this study enable us to engineer a new method, namely

Scalable Graph Autoencoder (SGAE), which can achieve a good trade-off between graph simula-

tion quality and efficiency (scalability).

Our proposed method follows the framework of VGAE [17], with new techniques in the following

three aspects.
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Encoder. We first leveraged Graph Neural Networks (GNNs) to encode graph and infer node

representations. Here the implementation of GNNs is formulated as follows:

Ā = D̄− 1
2 (Ã)D̄− 1

2

Xi+1 = GNNi(Xi, Ā) = ĀXiWi

(2.1)

where Ã is a self-loop adjacency matrix with Ã = A + In, D̄ is the degree matrix of Ã with

D̄ =
∑

j Ãi,j , X0 is set default as In, and Wi is the parameters of the i-th layer of GNNs. To

handle the over-smoothing problem, we use the PairNorm [68] layer to retain the distance of node

representations after each layer of GNNs. The normalization procedure is formulated as follows:

xci =xi −
1

n

n∑
i=1

xi

xpi =s · xci
||xci ||2

(2.2)

where xi is the i-th node’s representation, xci is the node-wise centered node representation, xpi

is the feature-wise normalized node representation, and s is the hyperparameter to adjust the dis-

tance between node representations. Our proposed encoder adds the PairNorm layer before each

activation layer. Note that the first layer of GNNs requires the maximum usage of memory. For

example, A requires O(m), X0 requires O(n), and W0 ∈ Rn×d requires O(n × d), where d is

the dimension of node representations. Therefore, the time and space complexity outcomes of the

encoder are O(n+m) and O(m+ n× d), respectively.

Decoder. In this work, we choose to decode one subgraph with ns nodes per epoch when training

our proposed GAE. After obtaining the node representations from the encoder per epoch, we

choose ns nodes as our temporary ground truth subgraph As. The corresponding output of the

decoder is calculated as follows:

P (Ai,j = 1) = σ(ZiZ
T
j )

P (Â) =
∏

i,j∈Vs

P (Ai,j = 1)
(2.3)
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where σ denotes the Sigmoid activation function, Â is the estimated adjacency matrix of the

subgraph with ns nodes, and Vs denotes the set of nodes in the subgraph.

As mentioned by Guillaume Salha et al. [69], nodes with high degrees need to be trained more

frequently to avoid losing important node information. Thus, we choose subgraphs with a strategy

according to node degrees as follows: Pi =
degi∑n
i=1 degi

, where Pi is the probability to select node

i. In every epoch, we randomly sample nodes to assemble one subgraph for the training purpose.

Note that ns is an important hyperparameter to make a trade-off between efficiency and effective-

ness. However, generating the whole graph after the entire training process still requires O(n2)

time and space complexity. To address this issue, we follow the implementation of assembling ad-

jacency matrix in NetGAN [24] and improve it as follows: (i) We obtain the latent variables of n

nodes; (ii) We decode one row of the adjacency matrix through sampling edges for each node, and

then clear the memory of zero-entry; (iii) We repeat the step (ii) until all rows are generated. This

procedure requires O(m+ n) space complexity, which is affordable in generating large graphs.

Optimization. Since the loss calculated by each epoch is biased from the real loss L, we use

an approximate loss function Lns to optimize the model parameters. After each sampling, the

connection status of the to-be-simulated subgraph has changed. Therefore, we dynamically sample

the negative edges based on the subgraph to speed up the training process. Now the approximate

loss function is formulated as follows:

Lns =
1

ms
[

∑
(i,j)∈Epos

(1− Âi,j) log Âi,j

+
∑

(i,j)∈Eneg

Âi,j log(1− Âi,j)]
(2.4)

where ms denotes the number of edges in the subgraph, As, Epos and Eneg are the sets of positive

and sampled negative edges from As, respectively, and Âi,j is the estimated probability derived

from the decoder.

Overall, our proposed graph generator is a autoencoder-based and we give it the name, Scalable

Graph Autoencoder (SGAE). SGAE inherits the excellent expression performance of the graph

generator based on the neural network, and meanwhile achieves a significant speed up in the

training process compare to other deep neural network-based generators. Particularly, the training

time complexity is O(n + m) and O(n2
s) in each epoch for encoder and decoder, respectively,
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where ns is the size of the sampled subgraph during the training process. The inference time

complexity remains O(n2), and the space complexity of SGAE is O(m + n + n2
s). Like other

autoencoder-based generators, SGAE has the permutation-invariance and community preserving

properties.

2.4 Evaluation

We integrated all included models and conducted extensive experiments to evaluate the perfor-

mance of graph generators. The details of our evaluation platform are provided in Section 2.4.1.

The experiment setup is provided in Section 2.4.2. Experiments were conducted in graph simula-

tion quality, preserving community structure, parameter sensitivity, and model scalability in Sec-

tion 2.4.3, Section 2.4.4, Section 2.4.5, and Section 2.4.6, respectively. Section 2.4.6 investigates

the efficiency and the scalability of the graph generators. Finally, according to our comprehensive

experimental study, a roadmap of recommendations is provided in Section 2.5 for users.

2.4.1 Toolkit Used for Performance Evaluation.

To help researchers and practitioners apply the general graph generators in their applications or

make a comprehensive evaluation of their proposed general graph generators, we implement an

end-to-end platform that is now publicly available1. In the detailed instruction of this toolkit, we

show: (i) how to apply an existing general graph generator in user’s application; (ii) how to include

a new, developed general graph generator; and (iii) the details of the evaluation metrics and how to

include them for performance evaluation. Currently, a python interface is provided in our package

and other programming languages will be considered in the future.

Below we briefly introduce the characteristics of the platform.

Modularized Pipelines. We specify the data type as the list of Graph objects implemented under

the Networkx library [70]. The graph generators and evaluation metrics are implemented with

the same type of input and output. The experimental result can be obtained directly by one-line

command including a dataset, a graph generator, and a specific evaluation metric.
1https://github.com/xiangsheng1325/GraphGenerator

https://github.com/xiangsheng1325/GraphGenerator
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TABLE 2.2: Benchmark datasets included in the experiments.

Category Dataset #Nodes #Edges

Citation
Networks

Cora [71] 2708 5429

Citeseer [71] 3327 4732

Pubmed [71] 19717 44338

Cora-ML [72] 2810 7981

Biological
Networks

Protein [73] 620 1098

PPI [74] 2361 6646

Social
Networks

Deezer [75] 47538 222887

Facebook [75] 50515 819090

Other
Datasets

3D Point Cloud [76] 5037 10886

Autonomous System [77] 6474 12572

EU Email [77] 265214 364481

Google Pages [78] 875713 4322051

Customization and Extension. We allow users to incorporate their own datasets, graph genera-

tors, and new evaluation metrics into their local libraries by integrating their own implementations

into respective source code scripts. We also welcome other developers to contribute to our platform

on Github. Note that all experiments in this chapter are conducted on this platform.

2.4.2 Experiment Setup

We introduce the experimental datasets, metrics and parameter settings in this subsection.

2.4.2.1 Dataset

We have collected several representative graph datasets used by existing general graph generators,

which are shown in Table 2.2. Details of each dataset are provided as follows.

• Citation Networks are undirected graphs that consist of papers and their citation relation-

ships. The Cora and Cora-ML datasets contain 2708 and 2810 machine learning publica-

tions, respectively. The Citeseer and Pubmed datasets contain 3327 and 19717 publications,

respectively.
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• Biological Networks are graph-structure data extracted by real biological information. Pro-

tein dataset contains 620 nodes, each node denoting an amino acid. There are edges between

amino acids when their distances are less than 6 Angstroms. Protein-protein Interaction

(PPI) dataset contains 2361 nodes, each node representing one yeast protein. Edges are

generated if there are interactions between two proteins.

• Social Networks are graph-stucture data extracted by real social relationships. Deezer

dataset contains 47538 nodes and each node signifies a user. The edges designate the friend-

ship among users. The Facebook dataset contains 50515 nodes, each node denoting one

page. Edges are generated if there are mutual likes among them.

• Other Datasets are graph-structure data from real objects. 3D point cloud dataset con-

tains 5037 nodes, denoting the points of a household object. Edges are generated for k-

nearest neighbors which are measured w.r.t Euclidean distance of the points in 3D space.

Autonomous system dataset contains 6474 nodes, which represent routers of computer net-

works. Edges denote the communication among routers.

Note that, for some observed data with isolated nodes or self-loop edges, experiments on Recurrent

Neural Network (RNN)-based graph generators (e.g. GraphRNN [21] and BiGG [23]) and Net-

GAN cannot be conducted successfully. Therefore, the self-loop edges of all datasets are removed.

The largest connected component is selected as the input of the graph generative model.

2.4.2.2 Evaluating Metrics

We collected and designed appropriate evaluating metrics to measure the difference between the

original graph and the generated graph. The metrics used for graph simulation quality can be

categorized into the following four aspects.

• Node Distributions are measured by using the maximum mean discrepancy (MMD) over

Degree, Clustering Coefficient, Spectral Embedding, Betweenness Centrality, and Closeness

Centrality distributions. The squared MMD between two sets of samples from distributions
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TABLE 2.3: Evaluation results on Protein dataset.

Graph
Generator

Degree. Cluster. Orbit Spec. Between. Close. Charact. Path
Len.

Gini Coeffi. Power-law
Expo.

E-R 5.01e−2 1.92 6.23e−2 0.142 0.755 3.42e−2 17.5 8.86e−2 0.12

W-S 0.139 1.96 0.97 0.203 0.115 0.144 5.25 2.46e−2 0.842

B-A 5.54e−2 1.77 1.18 0.327 0.754 7.83e−2 19.4 0.159 1.43

RTG 9.71e−2 1.29 0.282 0.351 0.781 9.40e−2 17.8 9.89e−2 3.28e−2

BTER 1.91e−2 1.01 0.270 0.263 0.234 6.12e−2 10.2 9.63e−2 3.01e−2

SBM 5.38e−2 1.18 0.102 0.175 0.733 3.20e−2 12.4 4.87e−2 5.13e−2

DCSBM 9.43e−2 0.89 0.366 0.215 0.749 4.27e−2 13.3 0.142 8.14e−2

R-MAT 0.258 0.98 1.18 0.323 0.707 0.131 19.7 0.335 0.258

Kronecker 0.101 1.95 1.96 0.268 0.771 5.74e−2 18.5 0.132 3.12e−2

MMSB 0.116 1.94 0.326 0.199 0.758 6.25e−2 17.9 0.173 0.186

VGAE 0.447 1.56 1.87 0.6 0.535 0.351 18.2 0.477 0.126

Graphite 0.498 2 2 0.629 0.591 0.422 20.1 0.473 0.134

SBMGNN 0.513 1.6 1.94 0.65 0.668 0.374 20.5 0.52 0.209

GraphRNN 2.32e−2 0.407 6.77e−2 5.74e−2 0.159 2.18e−2 4.85 1.16e−2 2.12e−2

GraphRNN-S 1.08e−2 0.443 2.92e−3 5.61e−2 3.68e−2 1.87e−2 1.26 2.45e−2 4.41e−2

GRAN 4.33e−2 1.2 0.734 0.183 0.722 3.13e−2 18.3 1.71e−2 0.631

BiGG 5.31e−2 1.87 7.99e−2 0.119 0.737 3.21e−2 17.3 7.32e−2 0.176

ARVGA 0.465 1.33 1.28 0.42 0.766 0.263 19.5 0.501 0.105

NetGAN 3.77e−2 1.51 0.128 0.136 0.774 3.30e−2 16.8 6.37e−2 5.42e−2

CondGEN 0.312 1.15 1.1 0.442 0.547 0.376 20.8 0.362 0.295

SGAE 3.54e−2 1.62 0.23 0.585 0.606 0.348 19.8 0.298 0.469

TABLE 2.4: Evaluation results on Autonomous System dataset.

Graph
Generator

Degree. Cluster. Orbit Spec. Between. Close. Charact. Path
Len.

Gini Coeffi. Power-law
Expo.

E-R 6.75e−2 0.127 2 6.57e−2 0.778 0.328 8.03 0.222 2.44e−2

W-S 8.54e−3 0.127 2 7.37e−2 0.697 0.277 97.2 0.344 0.284

B-A 8.81e−2 0.127 1.17 2.33e−3 0.63 0.142 5.16 0.187 1.22

RTG 6.89e−2 9.45e−2 2 9.78e−2 0.901 0.269 5.05 0.27 1.13

BTER 0.310 4.78e−2 2 7.32e−2 0.814 0.215 3.76 0.13 0.967

SBM 0.264 0.105 2 6.11e−2 0.778 0.387 3.25 0.31 0.651

DCSBM 7.89e−2 3.51e−2 1.32 9.49e−5 0.536 0.184 0.477 3.89e−2 0.271

R-MAT 5.16e−2 6.17e−2 1.21 3.53e−3 0.102 0.153 2.83e−2 5.46e−2 0.498

Kronecker 0.126 7.77e−2 1.08 1.44e−3 0.166 0.175 0.251 3.75e−2 0.743

MMSB 6.26e−2 5.40e−2 1.97 1.84e−4 0.361 5.51e−2 6.50e−2 8.01e−2 0.145

VGAE 8.04e−2 2.60e−2 1.59 5.22e−4 0.41 9.54e−2 0.453 0.184 3.37e−2

Graphite 0.121 1.92e−2 2 7.31e−4 0.462 0.123 0.746 0.218 7.33e−2

GraphRNN - - - - - - - - -

GraphRNN-S - - - - - - - - -

GRAN 7.23e−2 8.58e−2 0.99 2.67e−3 0.155 0.13 0.364 3.83e−2 0.5

BiGG 0.109 0.119 1.89 5.33e−2 0.769 0.343 3.27 0.25 0.461

ARVGA 0.201 3.31e−2 1.12 9.86e−4 0.412 0.158 1.18 0.218 0.336

NetGAN 2.72e−2 6.89e−2 1.07 6.32e−4 0.157 7.66e−2 0.436 5.97e−2 0.251

CondGEN - - - - - - - - -

SGAE 2.52e−2 3.47e−2 1.01 6.93e−2 0.296 0.46 0.912 0.273 0.845

p and q can be derived as:

MMD2(p||q) =Ex,y∼p[k(x, y)] + Ex,y∼q[k(x, y)]

−2Ex∼p,y∼q[k(x, y)].
(2.5)



36 Chapter 2. Efficient Graph Generation Models

where k denotes the associated kernel. We use the earth mover’s distance (EMD) as the

Gaussian kernels, which is formulated as:

EMD(p, q) = inf
γ∈

∏
(p,q)

E(x,y)∼γ [||x− y||] (2.6)

where
∏
(p, q) denote the set of all distributions whose marginals are p and q, respectively,

and γ is a transport plan.

• Graphlet Distributions are measured through computing the number of occurrences of

all graphlets within 4 nodes and using Orbit MMD to formulate the distance between two

distributions with a Gaussian kernel of the total variation (TV), which is formulated as:

TV(p, q) = Ei[||πp(i)− πq(i)||] (2.7)

where πp(i) denotes probability of the i-th graphlet in graph distribution p.

• Graph Statistics are measured by 3 metrics: Characteristic path length (CPL), Gini Co-

efficient (GINI), and Power-law Exponent (PLE). CPL denotes the average value of the

minimum path length of total node pairs. GINI denotes the inequality in the nodes’ degree

distribution. PLE is the exponent of the power-law distribution. All metrics reported in the

experiments represent the distances between generated graphs and observed graphs.

• Community Structures are measured in two steps: modeling community structure and

compare the differences between community ownerships of nodes. For one generated/ob-

served graph, we first use the louvain [55] community detection algorithm to obtain its com-

munity memberships of nodes. Then we leverage Normalized Mutual Information (NMI)

and Adjusted Rand Index (ARI) to measure the similarity of the community structure be-

tween two graphs.

Note that for all these graph simulation quality-related metrics, the smaller value is preferred in

the performance evaluation. For all MMD-based evaluation metrics, the standard deviation of

Orbit is set to 30, and the other standard deviations are set to 1.0. We use the implementation of

Orbit counting in [21] to calculate 4-node graphlets to improve efficiency. We repeat sampling
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200 nodes from the observed graph to estimate the betweenness centrality of each node. Other

settings of evaluating metrics are the same as [23] and [24].

Apart from the graph simulation quality-related metrics, we also evaluate the performance of the

graph generators from many other perspectives including training time, inference time (i.e., the

time used for generating a new graph), scalability, space (i.e., memory consumption), robustness,

community preserving, stableness and sensitivity.

2.4.2.3 Parameter Settings

This section introduces the configuration and parameter settings. By default, we use the best

parameter setting given by the original authors. The graph generators and evaluating scripts are

implemented and compiled through Python-3.6, PyTorch-1.8.1, CUDA-11.1, and GCC-4.8.5 in

our experiments. The experiments are operated on a machine with Intel(R) Xeon(R) CPU E5-

2680 v4 @ 2.40GHz, 80 GB RAM and NVIDIA RTX 3090 with 24 GB memory. We use one

CPU core and one GPU for every algorithm.

The initiator matrix MI of R-MAT is {0.90.3, 0.30.1} by default. Following [21–23], the max-

imum previous number of nodes in RNN-based graph generators (e.g., GraphRNN, GRAN, and

BiGG) is set as the number of nodes in the observed graph. The stride of GRAN is 1. For all

autoencoder-based graph generators and ARVGA, the node attributes X of each graph are config-

ured based on the matrix In, which means each node is represented by a one-hot vector. Moreover,

in the training process of GAEs and ARVGA, 20% of observed edges are being masked. For as-

sembling a graph in NetGAN, the number of random walks sampled from the trained model is

1000. We leverage spectral embeddings as the input node features of CondGEN.

2.4.3 Graph Simulation Quality

This section evaluates the quality of simulated graphs via a set of evaluation metrics. For each

generator, we report the average result value of 10 repeated experiments.

First, we report the experimental results for all graph simulation quality-related metrics. Table 2.3

summarizes all graph generators’ performances on the Protein data set. According to the 14th and

15th rows of Table 2.3, we can see that GraphRNN and its variant GraphRNN-S outperform other



38 Chapter 2. Efficient Graph Generation Models

TABLE 2.5: Evaluation results of Degree MMD on all 12 datasets.

Graph Gen-
erator

Cora Citeseer Pubmed Cora-ML Protein PPI Deezer Facebook 3D Point
Cloud

Autonom.
System

EU Email Google

E-R 3.79e−3 1.18e−2 4.38e−2 1.88e−2 1.06e−2 4.41e−2 3.61e−2 0.11 9.71e−2 1.66e−2 6.40e−2 6.16e−2

W-S 3.62e−2 1.81e−2 2.44e−2 5.25e−2 3.71e−2 3.26e−2 0.128 0.14 0.23 2.09e−3 6.27e−2 9.28e−2

B-A 2.09e−2 2.17e−2 7.20e−2 3.86e−2 1.34e−2 7.09e−2 4.33e−2 8.03e−2 0.151 2.19e−2 8.97e−3 6.75e−2

RTG 3.65e−2 2.82e−2 4.16e−3 2.73e−2 0.141 1.93e−2 7.37e−2 0.101 0.232 2.93e−2 5.37e−4 -

BTER 9.44e−3 2.02e−3 8.02e−3 9.31e−3 1.37e−2 4.16e−3 1.37e−4 3.28e−3 7.03e−2 4.76e−3 3.33e−2 1.58e−3

SBM 8.59e−3 1.26e−2 6.55e−2 2.87e−2 1.52e−2 5.34e−2 3.71e−2 7.55e−2 8.24e−2 6.85e−2 0.113 5.86e−2

DCSBM 6.99e−3 8.10e−3 1.52e−2 3.99e−3 2.58e−2 7.83e−3 8.34e−4 9.27e−4 8.18e−2 1.95e−2 6.29e−2 2.44e−3

MMSB 6.79e−3 8.27e−3 - 5.58e−3 2.85e−2 8.11e−3 - - 9.36e−2 1.52e−2 - -

R-MAT 2.62e−2 1.42e−2 2.84e−3 1.71e−2 6.57e−2 2.96e−3 4.12e−2 2.25e−2 0.175 1.31e−2 3.85e−2 1.51e−2

Kronecker 1.32e−2 1.24e−2 1.17e−2 4.49e−3 2.38e−2 4.00e−3 2.93e−3 1.34e−2 0.102 3.40e−2 6.35e−2 6.67e−3

VGAE 5.11e−2 8.65e−2 0.158 5.14e−2 0.115 5.71e−2 - - 0.213 2.15e−2 - -

Graphite 5.44e−2 7.58e−2 0.176 5.02e−2 0.138 0.1 - - 0.196 3.11e−2 - -

SBMGNN 8.10e−2 0.112 0.128 6.80e−2 0.144 0.107 - - 0.161 3.88e−2 - -

GraphRNN - - - - 2.42e−3 - - - - - - -

GraphRNN-S 7.69e−3 2.56e−2 - 2.55e−2 1.52e−3 4.13e−2 - - - - - -

GRAN 7.06e−3 2.06e−2 - 1.28e−2 1.34e−2 3.37e−2 - - 0.145 2.00e−2 - -

BiGG 3.05e−3 1.09e−3 - 8.58e−3 1.58e−2 3.01e−2 - - 0.105 2.83e−2 - -

ARVGA 7.92e−2 0.114 0.17 2.40e−2 0.122 5.12e−2 - - 0.209 5.24e−2 - -

NetGAN 1.28e−3 1.61e−3 - 4.71e−3 9.04e−3 1.02e−2 - - 6.89e−2 6.43e−3 - -

CondGEN 4.69e−2 1.40e−2 - 2.94e−2 8.61e−2 1.22e−2 - - 0.175 - - -

SGAE 6.37e−3 2.91e−3 2.06e−3 5.29e−3 2.92e−3 1.84e−3 1.30e−4 8.69e−4 6.12e−2 2.90e−3 1.97e−4 9.38e−4

TABLE 2.6: Evaluation results of Clustering Coefficient MMD on all 12 datasets.

Graph Gen-
erator

Cora Citeseer Pubmed Cora-ML Protein PPI Deezer Facebook 3D Point
Cloud

Autonom.
System

EU Email Google

E-R 7.35e−2 3.90e−2 1.46e−2 0.101 1.72e−2 4.01e−2 0.117 0.146 5.97e−2 3.29e−2 2.19e−3 0.132

W-S 7.64e−2 4.03e−2 1.46e−2 0.104 1.98e−2 4.22e−2 0.12 0.151 6.05e−2 3.31e−2 2.19e−3 0.131

B-A 6.22e−2 3.36e−2 1.37e−2 8.18e−2 1.38e−2 1.96e−2 0.106 0.124 5.80e−2 3.31e−2 2.19e−3 0.13

RTG 3.16e−2 4.24e−2 2.93e−2 2.83e−2 2.23e−2 2.11e−2 8.02e−2 0.105 0.118 9.64e−3 7.20e−4 -

BTER 1.37e−3 3.15e−3 3.89e−3 3.43e−3 2.51e−3 1.63e−2 2.84e−3 1.99e−2 1.18e−2 8.40e−3 4.24e−3 1.99e−2

SBM 4.90e−2 2.14e−2 1.05e−2 7.48e−2 6.11e−3 1.84e−2 9.95e−2 0.13 4.57e−2 2.79e−2 1.99e−3 0.12

DCSBM 2.82e−2 1.10e−2 3.65e−3 4.02e−2 4.26e−3 7.79e−3 9.34e−2 3.98e−2 4.66e−2 9.43e−3 2.73e−4 8.92e−2

MMSB 6.44e−2 3.29e−2 - 7.99e−2 1.76e−2 1.96e−2 - - 5.96e−2 1.50e−2 - -

R-MAT 4.12e−2 1.78e−2 2.02e−3 4.25e−2 4.33e−3 8.53e−3 3.19e−2 1.89e−2 4.58e−2 1.58e−2 1.52e−3 0.106

Kronecker 6.94e−2 3.80e−2 1.08e−2 8.36e−2 1.92e−2 1.51e−2 0.113 9.46e−2 6.04e−2 2.02e−2 2.03e−3 0.13

VGAE 3.91e−2 2.00e−2 1.06e−2 5.77e−2 4.12e−2 1.43e−2 - - 5.43e−2 7.07e−3 - -

Graphite 4.14e−2 1.92e−2 1.01e−2 5.83e−2 3.96e−2 2.05e−2 - - 4.83e−2 5.21e−3 - -

SBMGNN 4.36e−2 2.05e−2 1.00e−2 6.03e−2 2.90e−2 2.09e−2 - - 4.70e−2 5.62e−3 - -

GraphRNN - - - - 1.33e−3 - - - - - - -

GraphRNN-S 2.52e−2 1.33e−2 - 7.52e−2 3.20e−3 3.12e−2 - - - - - -

GRAN 6.66e−2 1.49e−2 - 6.19e−2 7.57e−3 2.50e−2 - - 0.102 2.25e−2 - -

BiGG 7.15e−2 3.79e−2 - 9.32e−2 1.45e−2 3.13e−3 - - 4.96e−2 3.14e−2 - -

ARVGA 2.36e−2 1.34e−2 7.19e−3 1.84e−2 1.22e−2 5.90e−3 - - 4.03e−2 8.47e−3 - -

NetGAN 1.08e−2 2.76e−3 - 5.00e−2 6.62e−3 1.87e−2 - - 1.71e−2 1.88e−2 - -

CondGEN 0.106 0.104 - 9.83e−2 0.165 9.92e−2 - - 0.196 - - -

SGAE 1.99e−2 2.73e−2 1.79e−3 2.08e−2 1.83e−2 1.03e−2 1.61e−3 1.31e−2 3.64e−2 1.54e−2 1.70e−4 5.94e−3

graph generators. Apart from GraphRNN and GraphRNN-S, GRAN and BiGG also perform well

for the protein dataset. It can be seen that, the quality of graphs GraphRNN generated is the best.

Other graph generators cannot achieve the best performance in all metrics as well. Taking W-S as

an example, according to Table 2.4, W-S has achieved the best performance in the first column, i.e.,

degree metric. However, W-S performs poorly in other evaluating metrics. Comparing all graph

generators and all evaluating metrics in Table 2.4 we come to the finding that no graph generator
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TABLE 2.7: Evaluation results of Orbit MMD on all 12 datasets.

Graph Gen-
erator

Cora Citeseer Pubmed Cora-ML Protein PPI Deezer Facebook 3D Point
Cloud

Autonom.
System

EU Email Google

E-R 0.204 3.83e−2 2.08e−2 0.999 2.69e−4 0.564 3.28e−4 2 3.65e−5 2 2 0.77

W-S 0.616 0.107 3.26e−2 1.91 1.20e−2 1.51 1.29e−2 2 3.63e−4 2 2 0.968

B-A 0.177 9.98e−2 2.72e−3 0.105 0.349 6.76e−2 4.73e−2 2 0.134 2 2 0.254

RTG 2 2 2 2 2 2 2 2 2 2 2 -

BTER 5.38e−2 2.92e−3 1.89e−3 0.127 2.89e−3 2.77e−2 2.45e−5 0.481 5.60e−5 2 2 0.138

SBM 0.146 2.76e−2 5.35e−3 0.565 9.42e−4 0.207 1.90e−4 1.99 1.64e−4 2 2 0.435

DCSBM 4.80e−2 5.40e−3 2.65e−4 0.231 2.14e−3 9.85e−3 5.83e−5 0.562 1.76e−4 2 2 0.269

MMSB 2.18e−2 7.20e−3 - 9.49e−2 9.65e−4 3.31e−2 - - 1.01e−4 2 - -

R-MAT 1.83 1.75 1.91 2 1.92 1.99 2 2 1.99 2 2 2

Kronecker 2.39e−2 3.48e−3 2.75e−2 0.322 1.19e−2 1.49 2.89e−3 2 3.32e−4 2 1.91 0.141

VGAE 1.78 0.984 2 1.95 6.31e−2 1.07 - - 1.76 1.99 - -

Graphite 1.97 0.979 1.62 1.98 5.36e−2 1.61 - - 8.85e−2 2 - -

SBMGNN 1.75 0.784 2 1.99 5.30e−2 1.64 - - 2.10e−3 2 - -

GraphRNN - - - - 4.08e−5 - - - - - - -

GraphRNN-S 0.194 6.70e−3 - 1.9 1.51e−5 0.237 - - - - - -

GRAN 6.57e−2 0.191 - 1.93 2.51e−3 0.192 - - 2 2 - -

BiGG 0.181 5.09e−2 - 0.802 2.49e−4 0.421 - - 2.29e−4 2 - -

ARVGA 1.02 0.968 2 2 0.559 1.47 - - 0.929 2 - -

NetGAN 4.45e−2 6.70e−3 - 2.16e−2 6.00e−4 2.36e−2 - - 3.28e−5 2 - -

CondGEN 2 2 - 2 2 2 - - 2 - - -

SGAE 1.49e−3 3.31e−3 2.57e−4 1.36e−2 1.65e−3 9.69e−2 3.02e−2 0.37 3.35e−5 0.577 1.78 0.107

TABLE 2.8: Evaluation results on preserving community experiment.

Methods Cora Cora-ML PPI 3D Point Cloud

NMI(e−2) ARI(e−2) NMI(e−2) ARI(e−2) NMI(e−2) ARI(e−2) NMI(e−2) ARI(e−2)

SBM 11.3±0.7 1.2±0.1 15.7±1.1 8.9±0.6 9.3±0.9 1.5±0.3 37.0±1.3 11.4±0.7

DCSBM 18.6±0.8 1.8±0.3 22.1±0.7 7.7±0.4 21.7±0.7 2.5±0.2 37.3±1.4 11.5±0.8

MMSB 15.4±0.6 0.8±0.4 23.3±0.6 13.2±1.1 22.7±0.7 6.3±1.0 7.1±0.4 1.3±0.3

VGAE 60.4±0.6 40.0±1.2 59.0±0.9 46.4±1.6 49.1±0.5 16.6±1.8 57.0±0.8 8.2±1.1

Graphite 62.3±0.8 43.4±1.9 60.8±0.7 51.0±1.2 41.1±0.5 -0.2±0.1 58.8±0.4 13.2±0.3

SBMGNN 61.9±0.4 41.0±1.6 63.1±0.7 55.0±1.0 47.8±0.7 13.3±0.1 59.2±0.9 15.9±1.1

ARVGA 41.8±0.8 9.3±1.3 33.1±0.7 14.9±1.1 32.6±0.9 0.1±0.2 47.2±0.8 4.1±0.5

NetGAN 5.2±0.5 0.2±0.1 37.2±1.4 32.7±2.6 8.5±0.8 4.4±0.8 67.4±0.9 38.8±2.6

SGAE 62.0±0.7 42.2±1.3 62.1±0.9 54.8±1.5 41.6±0.9 16.0±1.1 60.6±0.6 35.9±1.4

can beat other graph generators on all evaluating metrics in the Autonomous Systems dataset. This

is not restricted to this dataset; we also find that, in six datasets (i.e., Cora, Citeseer, Cora-ML, PPI,

3D Point Cloud, Autonomous Systems), no graph generator beats others in all evaluating metrics.

Due to space constraints, those experimental results which indicate similar findings are omitted in

the text.

We also report the results of several representative evaluating metrics on all datasets. We provide

the quality details of each generator for Degree, Clustering Coefficient, and Orbit in Table 2.5,

Table 2.6, and Table 2.7, respectively. We can see that SGAE achieves seven out of twelve best

results in Degree from Table 2.5, five out of twelve best results in Clustering Coefficient from

Table 2.6, and seven best results in Orbit from Table 2.7. Therefore, SGAE outperforms other

generators, especially when generating large datasets (e.g., Google, Deezer, EU email, Facebook).
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SGAE cannot perform well when generating certain small-sized graphs (e.g., Protein, PPI, Cora,

Citeseer). Neural network-based graph generators (e.g., GraphRNN, NetGAN, SBMGNN, etc)

outperform SGAE in such datasets, but they cannot simulate large data distributions due to the

limit of memory and FLOPS.

In terms of specific properties, Table 2.6 shows that BTER generates graphs with better clustering

coefficient distribution than most generators. That is because BTER generates edges directly re-

ferring to the clustering coefficient by each node. Although SGAE outperforms BTER, the latter

is much faster. The detailed speed comparison is introduced in Section 2.4.6.

In general, although there are several generators (e.g., GraphRNN) ranking higher SGAE when

generating small graphs, these results still prove that SGAE fills the gap in learning the generative

distribution of large networks. That is because SGAE breaks the scalability limitation of neural

network-based graph generators.

2.4.4 Preserving Community Structure

In this subsection, we compare the performance of graph generators in terms of preserving com-

munity structures. We report experimental results on four representative datasets (Cora, Cora-ML,

PPI, 3D Point Cloud) in Table 2.8. Some graph generators (e.g., E-R, RTG, and GRAN) are

excluded because their optimization objectives cannot preserve node order and community mem-

bership.

We find that the autoencoder-based graph generators (i.e., VGAE, Graphite, SBMGNN, and SGAE)

are superior in preserving community structures in Cora, Cora-ML, and PPI datasets. NetGAN per-

forms well on 3D Point Cloud. This is because the autoencoder-based graph generators leverage

the graph neural network (GNN) to infer the node representations, which will be decoded into a

new graph. The GNN architecture has a reliable reasoning capability for community memberships

and better generalization performance than NetGAN. In certain cases, users may prefer preserv-

ing community memberships, i.e., community structures of the observed graph. The autoencoder-

based graph generator is the best choice to generate new graphs with similar community structures.
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FIGURE 2.1: Parameter sensitivity experiment results. Lower is better.

5 10 15
Epoch

0.1

0.15

0.2

0.25

0.3

D
eg

re
e

Graphite

param-1
param-2
param-3

param-4
param-5
param-6

5 10 15
Epoch

0

0.02

0.04

0.06

0.08

D
eg

re
e

BiGG
param-1
param-2
param-3

param-4
param-5
param-6

5 10 15
Epoch

0.05

0.1

0.15

D
eg

re
e

ARVGA

param-1
param-2
param-3

param-4
param-5
param-6

5 10 15
Epoch

0.1

0.15

0.2

0.25

D
eg

re
e

SBMGNN

param-1
param-2
param-3

param-4
param-5
param-6

5 10 15
Epoch

0

0.1

0.2

0.3

0.4

D
eg

re
e

GRAN

param-1
param-2
param-3

param-4
param-5
param-6

5 10 15
Epoch

2

4

6

8

10

D
eg

re
e

10-3 NetGAN

param-1
param-2

param-3
param-4

FIGURE 2.2: Model stability experiment results.

2.4.5 Parameter Sensitivity

Since different types of graph generators have different hyperparameters, we compare them in

groups according to their similarity of model architecture and test their robustness and training

difficulty.

2.4.5.1 Sensitivity

This section evaluates the hyper-parameter sensitivity of each neural network-based model and

reports their performance by varying parameter settings. In Figure 2.1, due to space limitation,

we provide detailed comparison results for two representative evaluating metrics (Degree and Gini

Index) on Protein. According to the implementation of the model, neural networks-based graph
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generators are divided into three categories, namely RNN-based, autoencoder-based, and GAN-

based. Figure 2.1 shows experimental results of graph generators in these categories.

In the left part of Figure 2.1, we find that, for RNN-based graph generators, GraphRNN-S outper-

forms others in terms of sensitivity and performance. The full GraphRNN also has a flat curve,

showing robustness as good as GraphRNN-S. GRAN and BiGG occasionally generate bad results

which show their high sensitivity on parameter settings. The middle section of Figure 2.1, shows

that VGAE generates graphs with the best robustness and quality. This is because VGAE has the

simplest model architecture, resulting in better generalization. On the right side of Figure 2.1,

NetGAN is shown clearly that it is not sensitive about parameter settings, and the quality of its

generated graph is the best. The parameter changes of CondGEN and ARVGA significantly af-

fect their generative performance compared with NetGAN. From this section, we can see that

GraphRNN, VGAE, and NetGAN from three groups of graph generators are not sensitive about

their parameter settings compared with the others.

2.4.5.2 Stability

We report the training stability of graph generators by varying parameter settings in Figure 2.2.

We show the experimental results on Citeseer as a representative example.

We find that the curves of the model training process of autoencoder-based graph generators (e.g.,

Graphite, SBMGNN) fluctuate, but the overall trend is convergent. This is because updating pa-

rameters may have an impact on the degrees of all nodes. The RNN-based graph generators (e.g.,

GRAN, BiGG) are relatively stable, and the occasional collapse does not affect its tendency to

continue converging to the optimal. The graph generation occasionally can not converge in GAN-

based graph generators (e.g., ARVGA), while only the NetGAN with WGAN architecture has a

more stable training process.

2.4.6 Scalability and Efficiency

We evaluate the scalability and efficiency of each generator in this subsection. Table 2.9 reports

the time consumption of inferring a new graph. Note that because generating graphs by NetGAN

requires one more step, i.e., assembling generated random walks into an adjacency matrix, gener-

ating one graph by NetGAN is more time-consuming. Table 2.10 reports the time consumption of
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TABLE 2.9: Time consumption (seconds) per graph generation.

#Nodes 0.1k 1k 10k 100k 1000k

E-R 4.6e−4 9.0e−3 0.46 10.1 217
B-A 1.0e−3 1.2e−2 0.11 1.17 59.1
W-S 7.2e−4 7.1e−3 0.08 0.81 8.63
RTG 8.3e−3 0.13 2.62 4.13 663
BTER 1.88e−3 0.03 0.32 4.91 82.8
SBM 6.1e−3 0.09 2.58 37.1 545
DCSBM 6.2e−3 0.09 2.69 39.3 570
MMSB 6.1e−3 0.09 2.56 - -
R-MAT 8.5e−3 0.09 0.98 9.71 99.1
Kronecker 8.5e−3 0.08 1.00 9.69 99.2
GraphRNN 0.31 5.62 - - -
GraphRNN-S 0.27 4.74 63.6 - -
GRAN 0.36 4.02 - - -
BiGG 0.33 2.03 60.4 - -
VGAE 4.2e−3 0.04 0.38 - -
Graphite 6.1e−3 0.06 0.64 - -
SBMGNN 0.01 0.11 1.18 - -
ARVGA 4.8e−3 0.04 0.42 - -
NetGAN 8.7e−3 0.09 1.12 - -
CondGEN 8.3e−3 0.15 - - -
SGAE 4.5e−3 0.04 0.48 43.8 4160

TABLE 2.10: Time consumption (minutes) of parameter updating during the training process.

#Nodes 0.1k 1k 10k 100k 1000k

MMSB 5.4e−2 0.44 18.0 - -
Kronecker 9.6e−2 0.35 0.96 2.28 5.61
GraphRNN 0.59 10.4 - - -
GraphRNN-S 0.56 6.45 61.8 - -
GRAN 0.13 6.84 - - -
BiGG 0.11 2.81 33.7 - -
VGAE 0.03 0.10 1.74 - -
Graphite 0.04 0.11 2.11 - -
SBMGNN 0.09 0.31 5.22 - -
ARVGA 0.04 0.12 1.79 - -
NetGAN 0.12 0.46 7.61 - -
CondGEN 0.05 0.19 - - -
SGAE 0.04 0.11 1.76 8.63 79.8

parameter updating during the training process. Table 2.11 chronicles the time consumption of the

entire training process. Table 2.12 details the peak memory usage during training process.

Simple model-based graph generators have the highest efficiency for generating large networks,

incurring minor extra space cost and taking little time. Combining the experimental results on
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TABLE 2.11: Time consumption (minutes) of the entire training process.

#Nodes 0.1k 1k 10k 100k 1000k

MMSB 0.11 0.91 40.3 - -
Kronecker 1.39 1.55 3.25 4.73 21.3
GraphRNN 2.45 28.9 - - -
GraphRNN-S 1.63 15.4 161 - -
GRAN 1.36 14.3 - - -
BiGG 0.88 9.67 139 - -
VGAE 0.06 0.42 9.75 - -
Graphite 0.07 0.47 10.6 - -
SBMGNN 0.08 0.63 12.4 - -
ARVGA 0.07 0.50 10.3 - -
NetGAN 0.27 2.80 31.1 - -
CondGEN 0.18 25.3 - - -
SGAE 0.17 0.34 3.15 17.34 163.1

TABLE 2.12: Peak GPU memory usage (MiB) during training

#Nodes 0.1k 1k 10k 100k 1000k

MMSB 1575 1709 18529 OOM OOM
GraphRNN 1915 3121 OOM OOM OOM
GraphRNN-S 1913 1959 5501 OOM OOM
GRAN 1959 2677 OOM OOM OOM
BiGG 2043 3145 18985 OOM OOM
VGAE 1719 1759 4799 OOM OOM
Graphite 1719 1761 4819 OOM OOM
SBMGNN 1719 1767 5243 OOM OOM
ARVGA 1719 1762 4832 OOM OOM
NetGAN 2237 2552 5008 OOM OOM
CondGEN 1722 1789 - - -
SGAE 1721 1740 1943 3971 24248

Protein and Pubmed in Section 2.4.3, we can see that the scalability of simple model-based graph

generators (e.g., BTER, R-MAT) is better than others’. This is because they are designed to gener-

ate a set of random graphs having specific properties, which is insensitive to the size of the graph.

The efficiency of GraphRNN and other RNN-based graph generators is the worst since when gen-

erating large graphs, RNN needs to stack too many layers. Therefore, spending a lot of space in

storing long-term memory exceeds RNN-based graph generators’ ability to articulate the network.

SGAE achieves the greatest efficiency in the training process and memory usage, proving the value

of its decoder’s improvements on time and space complexity.
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TABLE 2.13: Overall performance evaluation of 20 representative general graph generators. The
more amount of (⋆), the better the performance. Note that the symbol ⋆ is used to refine the

ranks of the graph generators.

Graph
Generator

Output
Quality

Training
Time

Inference
Time

Scalability Space Robustness Community
Preserving

Tuning Dif-
ficulty

E-R ⋆ - ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - - ⋆⋆⋆⋆⋆

W-S ⋆ - ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - - ⋆⋆⋆⋆

B-A ⋆ - ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - - ⋆⋆⋆⋆⋆

RTG ⋆ - ⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - - ⋆⋆⋆⋆

BTER ⋆⋆⋆ - ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - - ⋆⋆⋆⋆

SBM ⋆⋆ - ⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - ⋆⋆ ⋆⋆⋆⋆

DCSBM ⋆⋆⋆ - ⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - ⋆⋆⋆ ⋆⋆⋆⋆

R-MAT ⋆⋆ - ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ - - ⋆⋆⋆⋆

Kronecker ⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆ - ⋆⋆⋆⋆

MMSB ⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆ ⋆⋆⋆ ⋆⋆ ⋆⋆⋆⋆

VGAE ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆

Graphite ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆

SBMGNN ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆

GraphRNN ⋆⋆⋆⋆⋆ ⋆ ⋆ ⋆ ⋆ ⋆⋆⋆⋆ - ⋆⋆⋆⋆

GRAN ⋆⋆⋆⋆⋆ ⋆⋆ ⋆⋆ ⋆⋆⋆ ⋆⋆ ⋆⋆⋆ - ⋆⋆⋆

BiGG ⋆⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ - ⋆⋆⋆

ARVGA ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆ ⋆⋆

NetGAN ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆ ⋆⋆⋆

CondGEN ⋆⋆⋆ ⋆⋆ ⋆⋆⋆⋆ ⋆⋆ ⋆⋆⋆⋆ ⋆⋆ - ⋆⋆

SGAE ⋆⋆⋆⋆ ⋆⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆ ⋆⋆⋆⋆

2.5 Recommendation

As shown in our comprehensive performance evaluation, there is no algorithm which can win un-

der all metrics. This is because the sophisticated models are required to achieve a good simulation

quality and this inevitably sacrifices the efficiency and scalability compared to the simple models.

Moreover, as there are many different metrics to measure the simulation quality, it is difficult for a

graph generator to win under all these metrics because: (1) we cannot directly optimize the distri-

bution of the generated graphs according to the observed graphs; and (2) some simple algorithms

only focus on optimizing a particular metric (e.g., degree distribution). Thus, it is critical to have

a comprehensive recommendation for users with different requirements, and the algorithms which

can achieve good trade-off among the metrics are welcomed in practice.

Table 2.13 quantitatively evaluates the performance of the 20 representative general graph gener-

ators from various perspectives including graph simulation quality, training time, inference time

(i.e., the time used for generating a new graph), scalability, space (i.e., memory consumption),

robustness, community preserving, and tuning difficulty for users. According to the comprehen-

sive experimental evaluation in the subsections above, for each metric, we use the number of ⋆
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to indicate the quality of every graph generator’s performance, where ⋆⋆⋆⋆⋆ corresponds to

the best performance (i.e., fastest, most scalable, uses least memory, easiest to tune parameters).

Note that we use the number of parameters, stableness and sensitivity of the models to evaluate

the user-friendliness of the parameter tuning. Therefore, Table 2.13 provides a roadmap of recom-

mendations for researchers and practitioners in how to select general graph generators in different

settings.

Below are some recommendations for users according to our comprehensive evaluations.

• The best graph generator tool for simulating a citation network is our proposed SGAE.

According to the last row of Table 2.7, SGAE achieves three best performances for the

four citation-network datasets (Cora, Citeseer, Pubmed, Cora-ML). Furthermore, according

to Tables 2.5 and 2.6, SGAE also achieves the best performance for the Pubmed dataset.

The reason is that the performance of deep graph generative models (except SGAE) will

significantly degrade when generating graphs with more than 1k nodes.

• In terms of graph simulation quality, GraphRNN can achieve the best overall performance

and can mimic the structural distribution of observed graphs adequately. It is a good choice

if there are sufficient resources, and the relevant costs are acceptable for users. For instance,

GraphRNN can be used for applications (e.g., protein graphs in bioinformatics) where the

sizes of observed graphs and simulated graphs are small (e.g., less than 1000 nodes in our

experiment environment). Note that GraphRNN also demonstrates a good performance in

model robustness and parameter-tuning difficulty.

• If the efficiency and the scalability are of high priority, DCSBM and BTER are recom-

mended because both are very efficient and scalable and have a good overall performance

on graph simulation quality among approaches where the deep neural networks are not ap-

plied. Note that although BTER outperforms DCSBM in terms of inference time, DCSBM

can better preserve the community structures of observed graphs.

• If users look for a good balance between graph simulation quality and efficiency (scalabil-

ity), SGAE, as proposed in this chapter, is recommended. Compared to two RNN-based

generators GRAN and BiGG, SGAE display competitive performance in graph simulation
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quality, but outshines the others with better efficiency and scalability. Moreover, in our ex-

periment settings, SGAE outperforms other autoencoder-based generators and GAN-based

generators in both graph simulation quality and efficiency (scalability). As reported in Ta-

ble 2.13, SGAE also achieves well in terms of model robustness, memory consumption,

community preserving, and parameter tuning, compared to other deep neural networks-

based approaches.

• When users are only interested in several specific properties of the observed graphs, other

graph generators can be recommended. For instance, if users are only interested in the scale-

free property of the graphs, the B-A model can comfortably fit this role. Similarly, the W-S

model is recommended to simulate small-world graphs. When it is important to preserve the

community structures of observed graphs, SBMGNN is a good choice.

2.6 Conclusion

Graph data simulation is fundamental in a wide range of applications such as social networks,

e-commerce, and bioinformatics. In this chapter, we fill important gaps in this line of research by:

(i) giving an overview of 20 representative general graph generators, including recently emerged

deep learning-based approaches; (ii) conducting comprehensive experiments on 20 representative

general graph generators and providing broad-spectrum recommendations for both researchers and

practitioners; (iii) developing a new algorithm to achieve a good trade-off between graph simula-

tion quality and efficiency; and (iv) implementing a user-friendly platform for researchers and

practitioners such that they not only can easily apply a variety of existing general graph generators

to their work but also immediately integrate their own general graph generators for comprehensive

performance comparison and analytics.





Chapter 3

Community-Preserving Deep Graph

Generation

3.1 Chapter Overview

This chapter introduces the Community-Preserving Generative Adversarial Network (CPGAN),

a novel approach for simulating real-life graphs that balances efficiency and simulation quality

while preserving essential structural properties, particularly community structures. This chapter

has been published in [79]. Section 3.2 gives background and related articles of community-

preserving graph generation. Section 3.3 introduces our proposed CPGAN. Section 3.4 reports the

performance comparison between baselines and our CPGAN. Section 3.5 concludes the experi-

mental results and discusses the contribution of this chapter.

3.2 BackGround and Related Works

Graphs have been used to model relationships in a wide spectrum of applications such as social

science, biology, and information technology [80, 81]. In some scenarios, the real-life graphs

are not available due to a variety of reasons such as incomplete observability, privacy concern,

and company/government policy. Thus, many graph techniques have been developed to simulate

real-life graphs in various tasks such as modeling physical and social interactions and constructing

49
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knowledge graphs. For example, in financial fraud detection, generated graphs can be adopted to

produce synthetic financial networks without divulging private information [82]. Moreover, graph

generation techniques can also help us to better understand the distribution of graph structures

and other features for the essential tasks. For instance, graph generators can be used to generate

molecule [9] and formulas [16], which help to understand insights of the graph data.

3.2.1 Motivation.

Due to its importance in both academia and industry, there is a long history of study on graph gen-

erators in many domains such as database, data mining, and machine learning (Please refer to [1]

for a recent survey). Among these studies, the arguably most important line is the general graph

generator which aims to learn a generative model to capture the structural distributions of the ob-

served graphs regardless of the domains. Unless otherwise specified, the graph generators referred

to in this chapter are general graph generators. A large body of techniques have been developed

in the literature which can be roughly divided into two categories: traditional graph generative

models (e.g., [30, 42–45, 49]) and learning-based graph generative models (e.g., [21, 24, 39]).

Generally speaking, the traditional approaches can efficiently generate large scale graphs based on

some rules (e.g., [30, 43, 44]). However, the simulation quality of these models is not satisfactory

for real-life graphs because they are hand-engineered to model some particular families of graphs

and lack the capacity to learn a generative model directly from observed real-life graphs. With the

advance of deep learning techniques, there is a clear trend in the literature where a variety of deep

learning techniques such as recurrent neural network (RNN [21, 83]) and generative adversarial

network (GAN [24, 25]) have been adopted to simulate real-life graphs. Though they have sig-

nificantly improved the graph simulation quality by taking advantage of the sophisticated models,

there are two major limitations.

(1) Community-preserving. Due to the complex nature of the graph, we cannot directly evaluate

the goodness of the graph simulation by calculating similarity score between two graph distribu-

tions 1. Thus, we have to resort to a variety of metrics each of which aims to quantitatively capture

the likelihood of two graphs (graph distributions) from one perspective (e.g., degree distribution).
1Note that there are some similarity measures for two graphs such as graph edit distance [26] and maximum common

subgraph [84]. But they cannot be applied to determine if two graphs are from the same distribution.
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We notice that the community structure, which is one of the most unique and prominent features

of the graph, is neglected by most of the graph generators. Stochastic block models (SBM [48]),

as well as its variants DCSBM [50], MMSB [49] and SBMGNN [39], BTER [51] and Chung-Lu

model [85] consider the community structure. But there are only a few parameters in their models,

which cannot properly capture the community structure of real-life graphs due to the simplicity

of their generative models. It is well-known that the community structure preserves the inherent

high-order structural property of the graph and hence plays an important role in many downstream

data analysis tasks such as link prediction and node classification. For instance, communities in a

real-life network might represent real social groupings [86] and communities in a guarantee-loan

network [87, 88] might represent dense loan relationships and financial institution groups (See

Figure 3.1 as an example). This community information could help us to understand and exploit

these networks more effectively [89]. Thus, in addition to the existing graph simulation quality

evaluation metrics, we should also consider if a graph generator can well preserve the community

structure of the observed real-life graph.

(2) Efficiency. Due to the complexity of the deep learning models, it is not a surprise that the

emerging advanced deep learning-based general graph generative models are very time-consuming

compared to the traditional models, and they can only handle small or medium-sized graphs in

practice. For instance, GraphRNN [21] and GRAN [22] take RNN to generate the whole adjacency

matrix, and NetGAN [24] uses random walks to assemble the whole graph, whose time complexity

of training and inference procedures is O(b × n2), where n is the number of graph nodes and b

is the number of epochs. Considering that the efficiency and simulation quality are two important

but contradictory requirements of graph generators in practice, it is desirable to develop a new

deep learning model which can achieve a good trade-off between the efficiency (scalability) and

the simulation quality.

3.2.2 Contribution.

One may wonder if we can simply modify the existing deep learning-based generative graph gener-

ator models to preserve the community structure of the observed graphs. As to our best knowledge,

this is non-trivial because it is challenging to integrate the community-preserving property in the

learning and optimization of the graph generative models without sacrificing simulation quality.
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Thus, in this chapter, we aim to design a new graph generative model which can better preserve

the community structures of the observed graphs and have competitive performance on other eval-

uation metrics.

Recent advances in generative adversarial networks (GAN) have shown great successes in the

graph simulation task (e.g., [24, 25, 67]). In this chapter, we follow this line of research and

propose a novel Community-Preserving Generative Adversarial Neural network (CPGAN) for the

efficient and community-preserving graph generation. In particular, we propose a ladder network

of the graph convolution and pooling layers as the permutation-invariant graph encoder. Before

translating latent variables to a new graph, we leverage variational inference on the latent conjugate

distributions to generate graphs naturally. The decoder (generator) is a full-connected network

with a dot product to make link predictions once at all. Finally, the graph convolution and pooling

layers are leveraged in an encoder (discriminator) to judge whether the community structure is

well learned from the observed graphs.

In a nutshell, our principal contributions in this chapter are summarized as follows:

• We propose a new graph generation model, Community-Preserving Generative Adversar-

ial Network (CPGAN). It can not only preserve the community structure as well as other

important properties of the real-life graphs but also reduce the graph simulation time and

improve the scalability compared to other learning-based graph generation models.

• We carefully design the generator and discriminator in a unified GAN framework, in which

the generator is in a hierarchical graph variational autoencoder that could learn permutation-

invariant representations of input graphs and could generate new graphs from node repre-

sentations (embeddings), and the discriminator to judge whether the embeddings are from

real or simulated graphs.

• We introduce a differentiable ladder-shaped network to enable graph pooling and message

transmitting in different community structure levels, which is more efficient and effective

than simply stacking deeper graph convolution layers.

• We conduct extensive experiments on both synthetic and real-world graphs. Results show

that our proposed model can achieve a good trade-off between graph simulation quality and

efficiency (scalability) compared to the baseline methods.
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FIGURE 3.1: An illustration of the communities of a real-life network.

3.2.3 Problem Definition

We define a graph G = (V,E) where V denotes a set of n nodes (vertices), and a set of m edges

E ⊆ V × V , where a tuple e = (u, v) ∈ E represents an edge between two vertices u and v in

V . The graph G can also be represented by an adjacency matrix A ∈ {1, 0}n×n. Same as the

literature, we assume G is an undirected graph, and hence the adjacency matrix of the graph is

symmetric. Additionally, we denote the (optional) node-feature matrix associated with the graph

as X ∈ Rn×d where n denotes the number of nodes and d denotes the dimension of the node

feature. We summarize the notations in Table 3.1.

Problem Statement. Given an observed graph G, a graph generative model aims to capture the
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TABLE 3.1: The summary of notations

Notation Definition
G the graph
A adjacency matrix
X node features
Zrec the node features reconstructed from

input graph
N (µ, diag(σ2)) the normal distributions

n total number of vertices
m total number of edges
E ,D the encoder and decoder
G,D the generator and discriminator
z(k) the node features of the k-th level’s

community structure

structural distribution of the graph, such that a set of new graphs {G′} with similar structural

distribution can be generated.

Ideally, a general graph generative model should be able to generate new graphs which have exactly

the same distribution as the observed graph. However, it is notoriously difficult to tell if two graphs

are from the same distribution due to the complex nature of graph structure [21]. In practice,

we have to resort to representative evaluating metrics in our experiments, each of which aims to

quantitatively capture the likelihood of two graphs from one perspective (e.g., degree distribution).

Please refer to section 3.4.1 for more details. Below we introduce the evaluation metrics for the

community-preserving which will be carefully considered by your graph generation model.

Evaluation of community-preserving.

In this chapter we aim to preserve the community structures of the training graphs. That is, we

regard the community structures of the training graphs as the ground truth, and hopefully, the gen-

erated graph has the same community structure, where the goodness of the community-preserving

is evaluated by two popular metrics: Adjusted Rand Index (namely ARI) and Normalized Mutual

Information (namely NMI). Below are their detailed definitions.

Given a graph with n nodes and original community partition Yc = {y1, ..., yc}, a community-

preserving graph generative model generate a new graph with another community partition Xr =
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{x1, ..., xr}. Assume there is a bijective mapping between nodes of two graphs, we can formulate

the similarity of two community partitions using Rand Index (namely RI) as follows:

RI =
TP + TN

TP + FP + FN + TN
(3.1)

where TP is the number of true positives, i.e., the number of pairs of nodes that are in the same

subsets in both Xr and Yc, TN is the number of true negatives, i.e., the number of pairs of nodes

that are in different subsets in Xr as well as Yc. With the same rationale, FP and FN represent

the number of false positives and the number of false negatives, respectively.

The Rand Index, however, suffers from one problem. For random data, it will be higher for low

community counts than for high ones, because two nodes are more likely to be assigned together

by chance. The ARI is a version of the RI corrected for the chance. According to Figure 3.2, a

contingency table denotes the common nodes of two community partitions, with nij denoting the

number of common nodes in the community xi and yj , ai =
∑c

j=1 nij and bj =
∑r

i=1 nij . The

ARI can be formulated in terms of the contingency table as follows:

ARI =

∑
ij
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By calculating the ARI, we can quantitatively evaluate the similarity between the community struc-

ture of the generated graph and the observed graph. We can also use Mutual Information (MI) as

evaluating metrics for community-preserving. MI is formulated as follows:

MI =
r∑

i=1

c∑
j=1

nij

N
log

Nnij

aibj
(3.3)

where N denotes the number of nodes. In practice, we use NMI, i.e., the normalized version of

MI as our evaluating metric.
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𝑦1 𝑦2 ⋅⋅⋅ 𝑦𝑐 Sum

𝑥1 𝑛11 𝑛12 ⋅⋅⋅ 𝑛1𝑐 𝑎1

𝑥2 𝑛21 𝑛22 ⋅⋅⋅ 𝑛2𝑐 𝑎2

𝑥𝑟 𝑛𝑟1 𝑛𝑟2 ⋅⋅⋅ 𝑛𝑟𝑐 𝑎𝑟

Sum 𝑏1 𝑏2 ⋅⋅⋅ 𝑏𝑐

FIGURE 3.2: The contingency table of two community partitions Xr and Yc.

3.2.4 Related Work

In this subsection, we summarize the related works in two main areas: traditional graph generation

methods (Section 3.2.4.1) and deep graph generative models (Section 3.2.4.2). As our model

follows the line of the GAN-based graph generative model, some details of the algorithms in this

category are also presented in Section 3.2.4.3.

3.2.4.1 Traditional Graph Generation Methods

The graph generative models have been discussed in the previous chapters. In this chapter, we dis-

cuss the traditional graph generators with community-preserving properties. Note that SBM [48]

and its variants DCSBM [50] and MMSB [49] also consider the community structure, but they

are limited by the simplicity of the stochastic model, resulting in the poor performance in terms

of community structure-preserving for real-life graphs. Specifically, only one parameter is used

to capture each community (i.e., edges within this community), and one parameter is used to rep-

resent the connectivity probability for each pair of communities (i.e., edges between these two
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communities). A simple example about using SBM to generate new graphs with three communi-

ties is:

B =


p1 0 0

0 p2 0

0 0 p3

 (3.4)

with this block matrix B, all edges will be generated within the communities and there is no

edge across the communities. And the i-th community is equivalent to an E-R graph with edge

probability pi.

3.2.4.2 Deep Graph Generative Methods

In recent years, some techniques based on deep neural networks (e.g., VGAE [17], DeepGMG

[90], GraphRNN [21], Graphite [38], GRAN [22], CondGen [25]) are proposed to tackle the

problem of graph generation. They significantly improve the quality of graph generation compared

to the traditional approaches. For instance, Graphite and VGAE use variational autoencoders

(VAE) technique [17, 38] in which graph neural networks are applied for inference (encoding)

and generation (decoding). As Graphite and VGAE assume a fixed set of vertices, they can only

learn from a single graph. NetGAN performs more efficiently than VGAE by learning the graph’s

random walks, but it is not scalable because of the generation of the fixed size of graphs. In

DeepGMG, graph neural networks are used to express probabilistic dependencies among nodes

and edges of the graph, which can properly learn distributions over any arbitrary graph. However,

it takes O(mn2D(G)) operations to generate a graph with m edges, n vertices, and graph diameter

D(G), which also suffers from the scalability issue.

GraphRNN [21] generates a graph sequentially through recurrent neural networks (RNNs). But

it is not permutation-invariant since computing the likelihood requires marginalizing out the pos-

sible permutations of the node orderings for the adjacency matrix. GRAN [22] improves the

scalability of GraphRNN by generating one block of nodes and associated edges at each step in

auto-regressive methods, which is still not permutation-invariant. CondGen [25] overcomes this

permutation-invariance challenge by leveraging a GCN as the encoder and handling the graph

generation problem in embedding spaces. Graph U-Nets [91] chooses specific nodes to realize
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FIGURE 3.3: A brief summary of NetGAN’s architecture. NetGAN generates new graphs via
three steps: (1) sampling random walks; (2) model training based on GAN framework; and (3)

assembling the adjacency matrix.

upsampling and downsampling graphs to obtain graph representations. However, they do not con-

sider the community structures of the observed graphs in the learning procedure. SBMGNN [39] is

a variant of SBM equipped with deep learning techniques, but its graph neural networks are used

to infer the parameters of the overlapping stochastic blockmodel, which is not directly relevant

to the community-preserving property. Thus, there is no performance improvement in terms of

community-preserving compared to other deep learning-based graph generative models.

3.2.4.3 GAN-based Graph Generator

Generative adversarial networks (GANs) [92] have shown remarkable results in various tasks such

as image generation [93], image translation [94], super-resolution imaging [95], and multimedia

synthesis [96]. GANs have also been utilized in network science tasks recently, such as network

embedding [97], semi-supervised learning [98], and graph generation [21, 25]. For the graph

generation task, prior structure knowledge specified by the sample dataset is crucial for graph gen-

eration, especially when preserving community structure. For the graph’s community structure,

some models using pooling strategy [91, 99] can be trained to represent communities (clusters)

each time, but it is still challenging to represent and generate these community structures together.

For instance, NetGAN generates graphs via random walks, which is nontrivial to preserve commu-

nity structure. As to the time complexity of graph generation, generating a graph from NetGAN

requires three steps according to Figure 3.3. The first and second steps require O(kw) time com-

plexity, where k denotes the number of walks, and w denotes the length of each walk. The third

step requires O(n2) time. In practice, to well simulate the real-life graphs, steps 1 and 2 may

require far more time than O(n2) due to the irreversible bias of random walks [100].



Chapter 3. Community-Preserving Deep Graph Generation 59

σ

Ladder
Encoder

Samples

Original Graph

Generated Graph

Reconstructed Graph
μ

Zvae

Readout

FNN

Node Decoding

GRU

𝒉𝒌−𝟏

𝒉𝒌

𝒁𝒗𝒂𝒆
(𝒌)

Inner product

Link Prediction

𝐿𝑟𝑒𝑐

𝐿𝑜𝑟𝑖𝑔𝑖𝑛

𝐿𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒

𝒒𝝓(𝒁𝒗𝒂𝒆|𝒁𝒓𝒆𝒄)

𝒑𝜽(𝑨𝒓𝒆𝒄|𝒁𝒗𝒂𝒆)

FIGURE 3.4: The Framework of CPGAN

3.3 Community-Preserving Graph Generative Model

The key idea of CPGAN is that we can extract and reconstruct the community structure of a set

of graphs by providing a community-preserving model regardless of the input permutation of each

node. In this section, we outline the main challenges, show the framework and implementation

details of our models, and introduce how to design the training process to reconstruct and generate

new graphs.

3.3.1 Challenges

In this work, we hope to (1) learn the community structure of graphs using adjacency matrices

A in the training set and reconstruct new graphs with a similar structure, and (2) generate new

graphs using trained decoder D and samples from prior distributions N . Below, we show four

intrinsic challenges in community structure preserved graph generation, together with our unique

contributions and the motivations of our solutions.

3.3.1.1 Community Structure Preserved Graph Generation

We notice that the community structure, which is one of the most unique and prominent features

of the graph, is neglected by most of the graph generators. Inspired by hierarchical clustering,

nodes with similar features can be clustered to the same class in a bottom-up fashion. On the
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other hand, in the representation learning of nodes, the clustering results can be used as important

representation information about the community structure of nodes. Therefore, in practice, we

introduce a hierarchical encoder to extract different levels of community structure as the input of

the discriminator for the encoder of CPGAN, we need to use clustering results to enhance the

graph discrimination level. For the decoding process of the generator, each node needs to exploit

its community structure to enhance the generative performance. An intuitive solution is merging

the node representations from different levels of community structure as the input of the decoder.

3.3.1.2 Permutation-Invariance

In our task, every graph with n nodes has n! different permutations, which will result in an enor-

mous number of adjacency matrices representing the same graph. Given a permutation matrix

∀P ∈ {0, 1}n×n, we need the encoder and decoder to meet the requirements of the following

equations to maintain permutation-invariance:

Encoder: E(PAP T ) = E(A);

Decoder: D(G(PZ)) = D(G(Z)).
(3.5)

where Z denotes the samples from prior distributions. The adjacency matrices of different per-

mutations may result in different graph representations if the model does not have permutation-

invariance. Moreover, all permutation matrices need to be trained to learn the underlying repre-

sentation of graphs. To address this issue, we implement our learning-based model through an all

permutation-invariant architecture. Specifically, we ensure that all layers and objective functions

are permutation-invariant to achieve this goal.

3.3.1.3 Scalability and Efficiency

The learning-based graph generative model can obtain better graph simulation quality. But there

are some problems such as low efficiency and poor scalability, resulting in the incapability to

generate real-life graphs. Therefore, it is desirable to develop a new deep learning model which

can achieve a good trade-off between the efficiency (scalability) and the simulation quality. In
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practice, our can sample nodes without replacement to assemble subgraphs during training process

to achieve a good trade-off between efficiency (scalability) and quality.

3.3.1.4 Differentiable Community Information Transmission

When extracting the community structure of a graph, Diffpool [99] can coarsen graphs layer by

layer, similar to hierarchical clustering. And the model architecture of Diffpool for graph classi-

fication is consistent with that of our discriminator. Therefore, our model encodes graph repre-

sentation through hierarchical clustering in a set of graphs and transmits this information to the

decoder to generate graphs with a similar community structure. Moreover, our pooling layer is

differentiable to achieve the objective function to preserve the community structure of observed

graphs.

3.3.2 Model Architecture

Figure 3.4 illustrates the architecture of CPGAN. It includes the encoder (E), the generator (G)/decoder

(D), and the discriminator (D). The upper right part is the discriminator, which gives its judgments

on whether the graph is from real datasets. The lower right part is the generator, which decodes

the community structures of a graph and reconstructs a new graph. For graph generation tasks,

samples from prior distributions will be directly decoded to generate new graphs. And for graph

reconstruction tasks, encoders in discriminator and generator share their parameters. Graphs re-

constructed and generated will be fed into this model again to “fool” the discriminator. Lorigin,

Lrec, and Lgenerate represent the loss of original graph, reconstructed graph, and generated graph,

respectively.

As illustrated in Figure 3.4, for a graph G, given its adjacency matrix A and feature matrix X , the

structural information of the graph can be obtained by a ladder encoder. Regarding the community

information, we assume that the observed graphs have ground truth community label Yc, which

can be otherwise obtained by applying existing community detection algorithms (e.g., [55]). The

output of assignment matrix ( will be introduced in Section 3.3.3.2) can be seen as the predicted

node community assignments Xr. And the assignment matrix will be constrained by these ground
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truth labels. The community information and graph representation will be fed into the discrimina-

tor to determine whether the input graph is fake. At the same time, the coarsened graphs of each

level will distribute their community structure features to original nodes through a differentiable

hierarchical message transmission process. Then the series of community information of each

node is decoded to enhance the reconstruction of the graph structure. The node representations

sampled from the prior distribution can also be used to generate new graphs.

3.3.3 Ladder Message Transmission Encoder

Here we introduce a ladder-shaped encoder for this task so that our model can adaptively adjust

the pooling strategy and extract the community structure information of nodes. We leverage node

features X and adjacency matrix A ∈ {0, 1}n×n as the input of our proposed encoder. For each

graph G, we use identity matrix as its default node features X . Given node features X ∈ Rn×d

with d-dimension feature per node and adjacency matrix A, input graph G will be coarsened using

stacked convolution and pooling layers.

3.3.3.1 Graph Convolution

As mentioned in Section 3.2.4.2, the classical message transmitting model is expressed by graph

convolution networks (GCN) [25]. Post-transmitted message Z ∈ Rn×d′ can be calculated as

follows:

Z = σ(GCN(X,A)) = σ(D̃− 1
2 ÃD̃− 1

2XW ) (3.6)

where D̃ ∈ Rn×n denotes the degree matrix of Ã with D̃ii =
∑n

j=0 Ãij , Ã denotes adjacency

matrix containing self-loop with Ã = A + In, W ∈ Rd×d′ is trainable parameters in graph

convolution layer with its kernel size d′ and σ denotes activation function (default is the Rectified

Linear Unit), and X denotes the node features derived from spectral embeddings of the adjacency

matrix A with X = X(A). Information can flow among nodes faster if we use some variants

of Ã (e.g. Ã = A + A2) to improve the connectivity of graphs. The time complexity of graph

convolution is O(m+ n), where m denotes the number of edges.
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3.3.3.2 Graph Pooling

According to our experience, simply transmitting the message through GCNs can cause a very

deep network to capture structure information, especially when we encounter large and sparse

graphs with low connectivity. We need an effective way to obtain the hierarchical representations

of a graph. Inspired by Diffpool [99], we can coarse a graph hierarchically and learn a strategy to

coarse a set of graphs through a series of assignment matrices S = {S(l) ∈ Rnl×nl+1 , 1 ≤ l < k},

where nl, nl+1, and k denote the numbers of input nodes, output nodes, and layers respectively.

The assignment matrix is calculated as follows:

Z(l) = σ(GCNl,embed(X
(l), A(l)))

S(l) = softmax(GCNl,pool(Z
(l), A(l)))

(3.7)

where σ is Rectified Linear Unit activation function, X(l) ∈ Rnl×dl−1 and A(l) ∈ Rnl×nl denote

the feature matrix and adjacency matrix of nl cluster nodes, respectively, Z(l) ∈ Rnl×dl denotes

feature matrix with structure information of layer l, and two GCNs are leveraged to collect struc-

ture information and to infer the pooling strategy of layer l, respectively. Due to the multiple op-

erations of graph convolution and pooling of one graph, we leverage a trick to use PairNorm [68]

after each GCN to allow us to stack deep GCNs without over-smoothing. The assignment matrix

can be seen as the predicted node community assignments. And the assignment matrix will be

constrained by the ground truth labels (will be introduced in Section 3.3.6.2). Given assignment

matrix S(l), the coarsened adjacency matrix A(l+1) and new embeddings X(l+1) can be generated

as follows:

A(l+1) = S(l)TA(l)S(l)

X(l+1) = S(l)TZ(l)
(3.8)

Stacking graph convolution and pooling layers can obtain a series of node representations at dif-

ferent levels. In particular, if the layer k has just one node after pooling, the corresponding assign-

ment matrix will be {1}nk−1 , such that the graph pooling is equivalent to a graph readout sum.

The overall time complexity of graph pooling is O(m+ n).
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3.3.3.3 Graph Readout

Node representations of each graph are collapsed into a graph representation through graph read-

out. Therefore, the readout of output feature si of i-th level coarsened graph is calculated as

follows:

si =
1

ni

ni∑
j=1

xij

s = s1 ⊕ ...⊕ sk

(3.9)

where k is the number of layers for each graph, xij denotes the representation of j-th node of

i-th level graph, and ⊕...⊕ denotes combining all representations in a new dimension. The time

complexity of graph readout is O(n). The final graph representation s ∈ Rk×d is the input of the

graph discriminator.

3.3.3.4 Graph Transposed Pooling

In order to reconstruct node representations, we need to properly depool a graph. Different

from upsampling from a coarsened graph, we introduce a differentiable methodology to distribute

information from the coarsened graph to a detailed graph. The proposed distributing method

uses transposed versions of the similar assignment matrix. The transposed assignment matrix

S
(l)
depool ∈ Rnl+1,nl is calculated as follows:

S
(l)
depool = softmax(GCNl,depool(Z

(l), A(l))T ) (3.10)

Therefore, reconstructed node representations Zrec ∈ Rn×k×d are calculated as follows:

Z(l)
rec =


Z(l) (l = 1)∏l−1

i=1 S
(i)T
depool × Z(l) (l > 1)

Zrec = Z(1)
rec ⊕ ...⊕ Z(k)

rec

(3.11)

where ⊕...⊕ denotes combining all node representations in a new dimension. After that, Zrec

is ready to be the input of our proposed decoder D. The overall time complexity of transposed
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pooling is O(m+ n). Note that, in this work, we add a variational inference module to conjugate

node latent distributions to control the output of our encoder.

3.3.4 Variational Inference

We leverage the variational inference before decoding node features for generating new graphs

with observed hierarchical community structure distribution. We use qϕ(Zvae|Zrec) =
∏n

i=1 qϕ(zi|Zrec).zi ∈

Zvae to achieve the mapping from the reconstructed features to the prior distributionsN (µ, diag(σ2)).

And we choose a multi-layer perceptron (MLP) as our inference model. The inference process is

formulated as follows:

g(Zrec, ϕ) = σ(Zrecϕ0)ϕ1

µ̄ =
1

n

n∑
i=1

gµ(Zrec)i

σ̄2 =
1

n2

n∑
i=1

gσ(Zrec)
2
i

qϕ(zi|Zrec) ∼ N (z̄|µ̄, diag(σ̄2))

qϕ(Zvae|Zrec) =

n∑
i=1

qϕ(zi|Zrec)

(3.12)

where ϕ denotes the set of parameters in MLP, g(·)i denotes the i-th row of g(·), and Zvae ∈

Rn×k×d′ is the output of variational inference module. The time complexity of inference module

is O(kn). According to [17], probabilistic variational reasoning can make the node representation

far away from the zero-center, which intuitively makes the node representation more “sparse”. We

notice that this is helpful to preserve the node community structure.

After the variational inference module, we can select new node features from the prior distributions

to generate new graphs. But we find that fully-connected networks alone cannot handle the task

of generating graphs with complex and hierarchical community structure in section 3.4. So we

proposed our graph decoder to address this issue.
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3.3.5 Graph Decoder

Our proposed graph decoder consists of two steps: first decoding hierarchical graph representation

sequences and then predicting node links. We embed hierarchical community structures with

Gated Recurrent Unit (GRU) and obtain our node features hk where k denotes the number of

community structures. Decoded features are obtained by the following formula:

hl+1 = GRU(hl, Z
(l+1)
vae ). (0 ≤ l < k) (3.13)

where hl denotes the hidden state of the coarsened graph, h0 is a zero matrix, Z(l)
vae ∈ Rn×d′

denotes the node features of the l-th coarsened graph, and hk denotes the decoded node features

with hierarchical community information. After obtaining the node representations, we give the

link predictions as follows:

gθ(hk) = σ(hkθ0)θ1

pθ(Aij |hk,i, hk,j) = σ(gθ(hk,i)
T gθ(hk,j))

pθ(Arec|Zvae) =
n∏

i=1

n∏
j=1

pθ(Aij |hk,i, hk,j)

(3.14)

where gθ(hk,i) is a two-layer MLP to extract community information to help generate edges, hk,i

denotes the feature of the i-th node, and Arec ∈ Rn×n denotes the probability matrix of link

prediction. When training decoder on large graphs, to accelerate this process, we sample ns (ns ≪

n) nodes to obtain Arec ∈ Rns×ns . Specifically, we sample nodes without replacement to assemble

subgraphs with a strategy according to node degrees as follows: Pi =
degi∑n
i=1 degi

, where Pi is the

probability to select node i, and degi denotes the degree of node i. Therefore, the time complexity

of the graph decoder is O(kn+ n2
s).

3.3.6 Discriminator and Optimization

3.3.6.1 Graph Discriminator

Discrimination task requires graph features obtained by the encoder, i.e., output matrix s ∈ Rk×d

of graph readout layer in section 3.3.3.3 with s = E(A). We leverage a two-layer MLP classifier
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as our discriminator D which is defined as

Dϕ(A) = σ(MLP (s, ϕ)) (3.15)

where ϕ denotes the parameters of MLP, and σ denotes the sigmoid activation function.

3.3.6.2 Discriminator Optimization

Formally, G and D play minimax game with value function V (G,D) as follows:

min
ϕG

max
ϕD

V (D,G) =
1

n

n∑
i=1

log(D(Ai))

+ Ep(Zvae)∼q(·|Zrec)log(1−D(G(Zvae)))

+ Ep(Zs)∼N (·|0,I)log(1−D(G(Zs)))

(3.16)

where Zvae and Zs are sampled from the approximate distributions and Gaussian prior distribu-

tions, respectively. Besides, to use the clustering results to enhance the level of discriminator,

we introduce the clustering consistency Lclus = −
∑k

l=1 logloss(Sl, Y l
c ), where Sl denotes the

assignment matrix introduced in Section 3.3.3.2, and Y l
c denotes the ground-truth community par-

titions of observed graph. By default, we leverage louvain [55] community detection algorithm to

obtain hierarchical community detection results as the ground-truth community partitions. In the

training process, we need to update ϕD through ascending gradient by:

∇ϕD
V (G,D) =


∇ϕD

[log(D(A)) + Lclus]

∇ϕD
log(1−D(G(Z)))

(3.17)

when judging graphs from real datasets, we update parameters using the upper part of equa-

tion 3.17. Note that, to ensure both community-structure preserving and other optimization ob-

jectives are well considered, our training process stops only when both Lclus and log(D(A))

converge. When judging graphs generated, we update parameters using the lower part of equa-

tion 3.17.
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3.3.6.3 Generator Optimization

The generator aims to minimize the log-probability that the discriminator correctly assigns to the

graph reconstructed by G. Besides, to improve the performance of the decoder D and guarantee

the permutation-invariance at the same time, we introduce the mapping consistency Lrec from

CycleGAN [25] with Lrec = 1
n

∑n
i=1 ||E(Ai) − E(A′

i)||2, where A′
i denotes the fake adjacency

matrix reconstructed from Ai. In practice, the collapse of encoder E can be controlled by the

mapping consistency. We propose computing the gradient of the decoder with respect to ϕD by

descending gradient:

∇ϕD [V (G,D)− Lrec(A′, A)]

= ∇ϕD [Ep(Zvae)∼q(·|Zrec)log(1−D(G(Zvae)))

+ Ep(Zs)∼N (·|0,I)log(1−D(G(Zs)))

− 1

n

n∑
i=1

||E(Ai)− E(A′
i)||2]

(3.18)

where A′ denotes the reconstructed adjacency matrices. After updating the decoder, we propose

computing the gradient of the encoder with respect to ϕE by descending gradient:

−∇ϕE [Lprior(q||p) + Lrec(A
′, A)]

=−∇ϕE [DKL(q(Zvae|Zrec)||p(Z))

+
1

n

n∑
i=1

||E(Ai)− E(A′
i)||2]

(3.19)

where the Gaussian prior p(Z) is set with p(Z) =
∏n

i=1 p(zi) = N (z̄|0, I)n, and Lprior(·||·)

denotes calculating the Kullback-Leibler (KL) divergence between two distributions. With this

modified encoder and decoder, the generation process can generate new graphs of arbitrary sizes

and similar community structures.

3.3.7 Generating New Graphs

After the training, we sample ns (ns ≪ n) nodes to obtain Asub ∈ Rns×ns and assemble the

output matrix Aout ∈ Rn×n obtained from the generator and verified by the discriminator into a
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generated adjacency matrix. Specifically, we initialize an empty Aout and fill in edges genrated

in each subgraph’s adjacency matrix Asub until the number of generated edge meets requirement.

The binarization strategy that choosing a threshold to determine each edge and sampling strategy

through Bernoulli distributions parameterized by Aout might lead to leaving out low-degree nodes

and high variance output, respectively. To address these issues, we use the following strategy:

(1) generating one edge for node i through sampling from category distribution parameterized by

the i-th row of Aout; and (2) selecting top-k entries of Aout until the number of edges reaches a

pre-defined number. The overall time complexity of generating new graphs is O(n2).

3.3.8 Discussion

Scalability. Though our proposed method is much more efficient and scalable compared to other

learning-based approaches, it cannot compete with traditional approaches (e.g., BTER and ER) in

terms of efficiency and scalability because the efficiency of the deep learning based approach relies

on GPU which has limited memory size compared to that of CPU. Note that, in terms of graph

training, CPGAN can handle large-scale graphs since we use a sampled graph in each training

iteration. But CPGAN assumes the whole graph can be accommodated in the GPU memory in

the graph simulation procedure, which limits the scalability of CPGAN. It will be interesting to

develop more scalable learning-based solutions by making use of CPU memory or even hard disks,

which is non-trivial because the swapping between GPU memory and other storage medium is time

consuming.

Difference with existing learning-based methods. Same as other learning-based graph genera-

tors, some classical models such as VAE and CycleGAN are also used in our method. We focus on

two new goals: efficiency (scalability) and community preserving for the learning-based model,

which need the development of new techniques. For instance, we leverage VAE to separately infer

the hierarchical structure information, which is helpful for community-preserving. Besides, the

mapping consistency from CycleGAN and VAE are used for permutation-invariant graph genera-

tion, which is essential for our scalable implementation of our sampling strategy.
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TABLE 3.2: Detailed Stats of included datasets

#Nodes #Edges #Comm. dmean CPL GINI PWE

Citeseer 3327 4732 473 2.8446 5.9389 0.6769 2.8757
PubMed 19717 44338 2488 4.4974 6.3369 0.8844 1.4743
PPI 2361 6646 371 5.8196 4.3762 0.7432 1.9029
3D Point Cloud 5037 10886 1577 4.3224 32.40 0.8278 1.9276
Facebook 50515 819090 8010 32.43 14.41 0.7164 1.5033
Google 875713 4322051 9863 9.871 6.3780 0.6729 1.8251

TABLE 3.3: Performance evaluation of compared models for graph community structure preserv-
ing tasks in each dataset. NMI and ARI measure the similarity between community structures of

generated graph and the one of observed graph, where the higher is better.

Graph Citeseer Pubmed PPI 3D Point Cloud Facebook Google

NMI(e-2) ARI(e-2) NMI(e-2) ARI(e-2) NMI(e-2) ARI(e-2) NMI(e-2) ARI(e-2) NMI(e-2) ARI(e-2) NMI(e-2) ARI(e-2)

SBM 19.7±0.9 1.9±0.1 4.4±0.2 0.3±0.1 11.3±0.7 1.2±0.1 37.0±1.3 11.4±0.7 14.5±2.0 2.1±0.3 24.4±0.9 1.3±0.4
DCSBM 27.1±0.8 1.7±0.1 18.9±0.2 0.3±0.1 18.6±0.8 1.8±0.3 37.3±1.4 11.5±0.8 17.5±1.5 1.9±0.3 29.4±0.6 5.7±0.5
BTER 27.3±0.7 1.8±0.1 19.1±0.2 0.3±0.1 19.0±0.7 1.7±0.1 38.1±1.2 12.1±0.8 17.9±1.2 2.1±0.2 30.3±0.7 5.8±0.5
MMSB 26.7±0.9 4.4±1.0 OOM OOM 15.4±0.6 0.8±0.4 7.1±0.4 1.3±0.3 OOM OOM OOM OOM
VGAE 63.0±0.4 29.0±1.5 42.0±0.3 15.0±0.4 50.4±0.6 40.0±1.2 57.0±0.8 8.2±1.1 OOM OOM OOM OOM
Graphite 62.8±0.7 28.2±2.1 43.0±0.5 15.1±0.4 52.3±0.8 33.4±1.9 58.8±0.4 13.2±0.3 OOM OOM OOM OOM
SBMGNN 62.6±0.5 21.5±1.0 39.3±0.5 14.1±0.5 56.9±0.4 31.0±1.6 59.2±0.9 15.9±1.1 OOM OOM OOM OOM
NetGAN 57.9±0.5 20.1±0.3 OOM OOM 55.2±0.5 30.2±0.3 67.4±0.9 37.8±2.6 OOM OOM OOM OOM

CPGAN 72.5±0.4 44.3±1.5 45.8±0.9 34.1±1.1 57.0±0.7 44.2±1.3 70.6±0.6 39.9±1.4 54.7±1.0 28.4±1.6 38.7±0.5 30.8±0.5

3.4 Experiments

We perform extensive experiments to validate the effectiveness of our proposed methods. We

describe the experimental settings first. Then, we give the experiment results of preserving com-

munity structure and generating realistic graphs compared with state-of-the-art baselines. At last,

the model efficiency and memory consumption experiments are conducted, respectively.

3.4.1 Experiment Settings

Note that the source code and dataset used in the experiments are publicly available in GitHub

(https://github.com/xiangsheng1325/CPGAN).

Dataset. We conduct experiments on six representative datasets in the literature including two

https://github.com/xiangsheng1325/CPGAN
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citation networks (Citeseer and Pubmed) [71] 2, PPI[74] 3, 3D point cloud [76] 4, Facebook [75] 5,

and Google web pages [78] 6. These datasets span multiple domains and have different community

structures. The graph statistics of these datasets are introduced on Table 3.2, where “#Comm.”

denotes the number of communities. The detailed information of the six datasets are:

• Citation Networks. Citeseer and Pubmed are two typical citation networks, where nodes

denote publications, and edges denote the citation relationships among publications. The

Citeseer and Pubmed datasets contain 3327 and 19717 publications, and 4732 and 44338

citations, respectively.

• PPI. Protein-protein Interaction (PPI) network contains 2361 nodes and 6646 edges, each

node representing one yeast protein. Edges are generated if there are interactions between

two proteins.

• 3D Point Cloud. Graph of points of household objects with 5037 nodes and 10886 edges,

where nodes denote the objects, and edges are generated for k-nearest neighbors which are

measured w.r.t Euclidean distance of the points in 3D space.

• Facebook. A real-world social network with 50515 nodes and 819090 edges, each node

denoting one page. Edges are generated if there are mutual likes among them.

• Google. Web graph with 875713 nodes and 4322051 edges, where nodes represent web

pages and edges represent hyperlinks between them.

Compared Methods. We compare our method with both the traditional models and recent deep

graph generative models. All baseline models are designed to learn features on a set of graphs and

generate new simulated graphs. The conventional baselines include: E-R [43], B-A [30], Chung-

Lu [85], SBM [48], DCSBM [50], BTER [51], Kronecker [42], and MMSB [49]. The learning-

based generative baselines are: VGAE [17], Graphite [38], SBMGNN [39], GraphRNN-S [21],

NetGAN [24], and CondGen-R [25]. Note that we choose the scalable variant of GraphRNN

and CondGen as baselines. Besides, we choose the representative baselines due to space limits.
2https://linqs.soe.ucsc.edu/data
3http://vlado.fmf.uni-lj.si/pub/networks/data/bio/Yeast/Yeast.htm
4http://www.first-mm.eu/data.html
5https://snap.stanford.edu/data/gemsec-Facebook.html
6https://snap.stanford.edu/data/web-Google.html
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TABLE 3.4: Performance evaluation of compared models for graph generation tasks in each
dataset. The evaluation results are the absolute differences from true measures, where the lower

is better.

Graph Citeseer 3D Point Cloud Google

Deg. Clus. CPL GINI PWE Deg. Clus. CPL GINI PWE Deg. Clus. CPL GINI PWE

E-R 1.27e-2 1.71e-2 17.5 8.86e-2 0.12 0.349 2 25.6 0.237 13.6 6.24e-2 1.36 13.17 3.99e-2 0.221
B-A 1.40e-2 1.25e-2 19.4 0.159 1.43 0.546 2 27.7 0.331 12.2 1.94e-2 1.36 11.1 6.16e-2 0.54
Chung-Lu 1.47e-2 1.73e-2 18.5 9.83e-2 0.15 0.353 2 25.7 0.222 13.7 6.48e-2 1.29 13.32 7.31e-2 0.624
SBM 1.36e-2 4.94e-3 12.4 7.87e-2 5.13e-2 0.317 1.99 23.4 0.209 13.8 0.111 0.886 6.93 0.113 0.892
DCSBM 2.40e-2 3.44e-3 13.3 0.142 8.14e-2 0.309 1.98 23.4 0.218 13.8 8.48e-2 0.865 11.8 9.17e-2 0.595
BTER 1.21e-2 2.71e-3 13.1 7.73e-2 3.03e-2 0.301 2 22.6 0.207 13.6 1.85e-2 0.834 6.67 3.93e-2 0.210
Kronecker 2.58e-2 1.91e-2 18.5 0.132 3.12e-2 0.370 2 26.8 0.240 13.8 0.102 1.28 15.1 5.19e-2 1.2
MMSB 2.98e-2 1.84e-2 17.9 0.173 0.186 0.339 2 25.9 0.234 13.7 OOM
VGAE 0.123 3.78e-2 18.2 0.477 0.126 0.731 1.96 30 0.864 13.8 OOM
GraphRNN-S 1.34e-3 1.48e-3 17.3 7.32e-2 0.176 OOM OOM
CondGen-R 8.42e-2 0.14 20.8 0.362 0.295 0.604 1.73 30.4 0.658 14.1 OOM
NetGAN 1.07e-3 1.51e-3 16.5 0.136 0.154 0.415 1.72 26.3 0.542 14.6 OOM

CPGAN 1.25e-3 2.26e-3 15.3 7.23e-2 9.32e-2 0.410 1.49 18.1 0.355 10.8 1.47e-2 0.672 6.45 3.43e-2 0.118

Therefore, the SGAE proposed in Chapter 2 was excluded. In order to validate the effectiveness

of CPGAN’s sub-modules, we deploy some variants of our method, which are seperately denoted

as CPGAN-C (”C” for ”replacing the node decoding operation with a concatenation”), CPGAN-

noV (”noV” for ”not to use variational inference”), and CPGAN-noH (”noH” for ”not to use

hierarchical pooling”) in the experiment. The CPGAN is our proposed graph generator in this

chapter.

Parameter Settings and Evaluation Metrics. The included algorithms and evaluating scripts

are implemented and compiled through Python-3.6, PyTorch-1.8.1, CUDA-11.1, and GCC-4.8.5

in our experiments. The experiments are operated on a machine with Intel(R) Xeon(R) CPU E5-

2680 v4 @ 2.40GHz, 80 GB RAM and NVIDIA RTX 3090 with 24 GB memory. We use one CPU

core and one GPU for every algorithm. In the experiment, we set the graph convolution kernel size

to 128 in the ladder message transmission encoder. The learning rate is set to 0.001, the graph

pooling size to 256. For various baselines, we employ the original hyperparameters settings of

the compared models. To evaluate the performance of all methods, we leverage the following

benchmark metrics in the experiment:

Deg.: Maximum Mean Discrepancy (MMD) of degree distribution measuring for the difference

between degree distributions of two graphs.

Clus.: MMD of clustering coefficient distribution measuring for the difference between clustering

coefficient distributions of two graphs.
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CPL: The difference of characteristic path length between two graphs.

GINI: The difference of GINI index between two graphs, where GINI is a common measure for

inequality in a degree distribution.

PWE: The difference of power-law exponent between two graphs.

NMI and ARI: To evaluate the community-preserving property, we compare the community struc-

ture similarity between the observed graphs and the generated graphs. Our evaluating method is

based on the louvain [55] community detection algorithm. louvain, which has a complexity of

O(m + n), can quickly and hierarchically detect the community structure of the graph, and ob-

tain the community membership of nodes unsupervised based on maximizing modularity Q. The

modularity of community memberships of a graph is defined as follows:

Q =
1

2m

∑
i,j

[Aij −
didj
2m

]δ(ci, cj) (3.20)

where m represents the number of edges, di denotes the degree of node i, the δ(u, v) is 0 when

u = v and 1 otherwise and ci denotes the community membership to which node i is assigned. We

suppose that graphs having the same community structure should have the same community detec-

tion results, so we use two popular clustering metrics, Normalized Mutual Information (NMI) and

Adjusted Rand Index (ARI), to quantitatively evaluate the community structure of the generated

graphs.

3.4.2 Graph Generation

We introduce the experiments on several perspectives: preserving community structure, generative

distribution distance, and parameter sensitivity. We conduct representative experiments and prove

the superiority of our model in the task of graph generation, and some experiments with similar

observations are excluded.



74 Chapter 3. Community-Preserving Deep Graph Generation

TABLE 3.5: Performance comparison for graph reconstruction tasks in each dataset.

Graph PPI Citeseer

Deg. Clus. CPL GINI PWE Train NLL Test NLL Deg. Clus. CPL GINI PWE Train NLL Test NLL

VGAE 0.257 1.69 6.11 0.342 0.633 1.96 3.61 9.01e-2 1.6 1.45 0.263 0.149 2.26 3.78
Graphite 0.315 0.815 10.9 0.362 0.760 2.09 4.38 0.306 1.53 2.14 0.311 1.17 2.41 4.15
SBMGNN 0.356 1.61 10.9 0.397 0.777 2.20 4.00 0.217 1.32 2.14 0.358 0.517 2.31 4.26
CondGen 0.139 1.16 12.8 0.231 1.09 2.07 3.82 0.166 1.13 3.57 0.196 1.54 2.47 3.97

CPGAN 6.21e-2 0.243 11.31 7.43e-2 0.437 1.84 3.52 8.49e-2 0.498 1.35 1.38e-2 3.16e-2 1.78 3.68

(a) (b)

(c) (d)

CPGAN

pooling layers
FIGURE 3.5: Parameter sensitivity experiment results. Points closer to the real statistics are better.

Preserving Community Structure. In this experiment, we first evaluate the generated graph by

comparing community structures based on louvain [55] community detection algorithm. We com-

pare the similarity of detection results between the observed graph and generated graph. Table 3.3

shows the performance of each method in preserving community structure, which is one of the

main tasks of this chapter. Note that several baseline methods are excluded because of the unsta-

ble node permutations. Some algorithms cannot do the graph simulation on some graphs due to

the limit of memory, and the corresponding results are marked as “OOM” in the table.

The first 8 rows are the results of baseline methods. As expected, CPGAN demonstrates the

best performance among all graph generators evaluated, especially for the evaluation of ARI. It is
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TABLE 3.6: Performance evaluation of sub-models for graph community preserving and graph
generation tasks in 3 datasets. The NMI and ARI rows show the community-preserving measures
of generated graphs, where the higher is better, while others are the absolute differences from true

measures, where the lower is better.

Graph PubMed PPI Facebook

NMI(e-2) ARI(e-2) Deg. Clus. NMI(e-2) ARI(e-2) Deg. Clus. NMI(e-2) ARI(e-2) Deg. Clus.

CPGAN-C 32.1 14.5 2.38e-3 2.23e-3 51.2 39.3 2.47e-3 1.35e-2 53.3 26.1 1.20e-3 1.43e-2
CPGAN-noV 31.3 14.3 3.03e-3 5.14e-3 50.5 39.0 2.77e-3 1.76e-2 52.9 25.3 1.24e-3 1.56e-2
CPGAN-noH 28.8 13.2 3.96e-3 6.52e-3 49.7 38.4 3.49e-3 2.30e-2 50.1 23.2 1.96e-3 1.79e-2

CPGAN 45.8 34.1 2.08e-3 1.81e-3 57.0 44.2 2.35e-3 1.12e-2 54.7 28.4 1.18e-3 1.35e-2
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FIGURE 3.6: Model robust experiment results. The left part is the performance of several com-
pared methods, and the right part is the performance of different hyper parameter settings. Points

lower are better.

shown that BTER achieves the best performance compared with other traditional baselines. Nev-

ertheless, its performance is not competitive compared to the learning-based models even most of

them do not explicitly consider the community preserving property. As stressed in Section 3.2.4.2,

SBMGNN does not utilize the deep neural network for the purpose of community preserving and

hence does not show an advantage in the performance evaluation compared to other learning-based

models.

Generative Distribution Distance. Table 3.4 shows the performance of different methods in

graph generation. Each evaluation metric represents the difference between real graphs and gener-

ated graphs. The first 12 rows are the results of baseline methods. It is shown that BTER has the

best performance of the traditional graph generators (first 6 Lines). The deep learning-based gener-

ative models (Lines 7-12) can significantly improve the performance. It is shown that, in addition

to the best performance on community preserving, CPGAN also demonstrates competitive perfor-

mance on other quality measures on large graphs compared to the baselines. In two datasets with
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larger graph sizes, our method performs considerable improvements compared to the baselines. It

is reported that CPGAN achieves one out of five best results in Citeseer, three out of five best re-

sults in 3D Point Cloud, and all five best results in the Google web graph dataset. According to the

experiments, CPGAN achieves the best results on PubMED and FaceBook datasets, similar to the

conclusions on Google datasets. And CPGAN shows the best performance on 3D Point Cloud data

sets. Besides, CPGAN has competitive performance on PPI dataset, similar to the conclusions on

3D Point Cloud data sets. We notice that on PubMed, FaceBook, Google datasets, the compared

learning-based baseline algorithms all lead to memory overflow due to their high space complex-

ity. As expected, CPGAN always outperforms CPGAN-C, demonstrating the effectiveness of our

new graph decoding module.

Parameters Sensitivity. Figure 3.5 illustrates the result of parameter sensitivity experiments. We

report the statistical differences between the generated graph and the real graph according to the

changes of spectral embedding dimension (Figures 3.5a and 3.5c) and the number of hierarchies

((Figures 3.5b and 3.5d)), where the number of hierarchies denotes the number of node clustering

results in ladder encoder. It is clear the level of hierarchies around two achieves the best per-

formance, which proves the essence of preserving community information in the learning process.

Besides, the change of the dimension has no significant influence on the performance of the model.

Based on the sensitivity experiment, we chose the best parameter (the input dimension of four and

the level of hierarchical structures of two) in our experiment.

The left part of Figure 3.6 illustrates the comparison of model robustness and the training dif-

ficulty of our methods. We select the models with similar architecture and hyper-parameters to

compare. When the hyper-parameters are traversed in the interval, our method is obviously more

robust than other methods. Other experimental results on model robustness can draw the same

conclusion. Based on the model robustness comparison experiment, we chose the best parameter

settings of other baseline methods (the input dimensions and the hidden dimensions). The right

part of Figure 3.6 illustrates the tuning difficulty of hyper-parameters. Our method is stable and

has few collapses or instability in the case of different hyper-parameters. Based on the model tun-

ing difficulty experiment, we chose the best training strategy (the learning rate of 0.001 and decay

of 0.3 per 400 epochs) in our experiment.
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TABLE 3.7: Time consumption (seconds) per graph generation.

#Nodes 0.1k 1k 10k 100k

E-R 4.6e−4 9.0e−3 0.46 10.1
B-A 1.0e−3 1.2e−2 0.11 1.17
Chung-Lu 7.2e−4 2.5e−3 0.18 2.38
SBM 6.1e−3 0.09 2.58 37.1
DCSBM 6.2e−3 0.09 2.69 39.3
BTER 1.28e−3 1.9e−3 0.16 0.25
MMSB 6.1e−3 0.09 2.56 -
Kronecker 8.5e−3 0.08 1.00 9.69
GraphRNN-S 0.27 4.74 63.6 -
VGAE 4.2e−3 0.04 0.38 -
Graphite 6.1e−3 0.06 0.64 -
SBMGNN 0.01 0.11 1.18 -
NetGAN 8.7e−3 0.09 1.12 -
CondGEN-R 8.3e−3 0.15 - -
CPGAN 9.1e−3 0.08 0.95 86.1

TABLE 3.8: Time consumption (minutes) of the entire training process.

#Nodes 0.1k 1k 10k 100k

MMSB 0.11 0.91 40.3 -
Kronecker 1.39 1.55 3.25 4.73
GraphRNN-S 1.63 15.4 161 -
VGAE 0.06 0.42 9.75 -
Graphite 0.07 0.47 10.6 -
SBMGNN 0.08 0.63 12.4 -
NetGAN 0.27 2.80 31.1 -
CondGEN-R 0.18 25.3 - -
CPGAN 0.35 0.70 6.39 32.9

TABLE 3.9: Peak GPU memory usage (MiB) during training

#Nodes 0.1k 1k 10k 100k

MMSB 1575 1709 18529 OOM
GraphRNN-S 1913 1959 5501 OOM
VGAE 1719 1759 4799 OOM
Graphite 1719 1761 4819 OOM
SBMGNN 1719 1767 5243 OOM
NetGAN 2237 2552 5008 OOM
CondGEN-R 1722 1789 - -
CPGAN 1728 1760 2467 7930

3.4.3 Graph Reconstruction

In this experiment, we use the complete dataset of PPI and Citeseer. We randomly select 80%

edges of the dataset as the training set and employ the model to reconstruct the whole graph,

including the rest 20% test set edges. We compute the negative log-likelihood (NLL) of the score
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given by the discriminator and report the average number from train and test data sets. We exclude

the E-R, B-A, and other methods that cannot employ to reconstruct graphs, and the experiments

on other dataset preserves the conclusion that our method improves the performance among other

baselines. Table 3.5 reports the experimental results. As we can see, our method achieves the most

competitive results in the PPI dataset and perform the best in the Citeseer dataset with significant

improvements to VGAE, Graphite, SBMGNN, and CondGen. The results are in accord with graph

generation experiments, which prove the effectiveness of our method in realistic graph generation.

We notice that the performance of the GAN-based models, including CPGAN, are not good for

the measure of CPL on graphs with low CPL value (e.g., the CPL value of PPI dataset is 4.38

as shown in Table 3.2, which is the smallest one in 6 datasets). The reason is that the edges of

graphs with low CPL value tends to be denser than ones with high CPL value. The dense edges

may lead to a more complex discriminator. So the generator part of GAN will make more complex

decisions to avoid the strong attack from discriminator part of GAN. Then the structure of dense

graph generated by the GAN-based graph generative model is not stable in adversarial training

process. And the CPL is a structure-sensitive measurement of generated graphs. Therefore, GAN-

based models (e.g., CondGen and CPGAN) perform worse than other baseline models on graphs

with small CPL value.

3.4.4 Ablation Study

We evaluate the effectiveness of each sub-module in our proposed method in this subsection. In

Table 3.6, the first 3 rows show the performance of our proposed model’s variations. It can be

seen that our proposed method outperforms all the variants. The row 2 of Table 3.6 shows that

the variant CPGAN-noV performs worse than our proposed CPGAN, which demonstrates the

effectiveness of variantional inference. We can also find that the variant CPGAN-noH shows the

worst performance among these variants, which demonstrates the effectiveness of our proposed

model’s components, especially for the ladder encoder with hierarchical pooling.

3.4.5 Model Efficiency and Scalability

We evaluate the efficiency and scalability of the graph generators in this subsection. Table 3.7

reports the time consumption of inferring a new graph where the number of nodes varies from 0.1K
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to 100K. Table 3.8 chronicles the time consumption of the entire training process and Table 3.9

details the peak memory usage during the training process. As expected, the traditional graph

generators such as BTER, Chung-Lu, E-R, B-A, SBM, DCSBM, and Kronecker outperform the

learning-based graph generators in terms of efficiency and scalability, especially on large graphs.

On the other hand, it is shown that CPGAN has the best efficiency and scalability among the

learning-based approaches when the size of the graph grows. For instance, only CPGAN can

handle the graph with size 100K in Tables 3.7, 3.8 and 3.9.

3.5 Conclusion

3.5.1 Summary of Experiments

It is reported that traditional graph generators (e.g., BTER and ER) significantly outperform

learning-based graph generators in terms of efficiency and scalability, especially on large graphs.

Due to the limitation of the learning-based methods as discussed in subsection 3.3.8, all learning-

based methods, including CPGAN, cannot handle larger dataset with millions-scale nodes un-

der current experiment setting (e.g., 24GB GPU memory). This suggests that BTER is the best

choice when simulating large-scale graphs since it has the best graph simulation quality among

all traditional graph generators and competitive performance in terms of efficiency and scalability.

Nevertheless, traditional graph generators are not good choices in some applications where high

simulation quality is required on real-life graphs. On the other hand, existing learning-based ap-

proaches can achieve good simulation quality, but have poor performance in terms of efficiency

and scalability. It is shown that CPGAN has the best efficiency and scalability among the learning-

based approaches when the size of the graph grows. Given the best performance on community-

preserving and competitive performance on other simulation quality evaluation metrics, we boast

that CPGAN achieves a very good trade-off between graph simulation quality and efficiency (scal-

ability) compared to other approaches.
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3.5.2 Discussion

In this chapter, we propose a deep generative model named CPGAN to simulate real-life graphs.

Our model is designed to keep community structure together with other important properties in

the graph simulation process. The simulation quality and efficiency (scalability) are two important

but contradictory requirements of graph generators in practice, and our method can achieve a

good trade-off, especially in the large real-world networks, compared to existing general graph

generators.



Chapter 4

Graph Generation for Temporal

Graphs

4.1 Chapter Overview

In this chapter, we proposed a learning-based solution for generating temporal graphs, which is bet-

ter than State-of-the-art in terms of both efficiency and quality. This chapter has been accepted by

IEEE ICDE 2025. Section 4.2 gives the background of simulating temporal graphs. Section 4.3 in-

troduces the preliminaries of temporal graph generation. Section 4.4 shows our proposed temporal

graph auto-encoders (TGAE). Section 4.5 reports the experimental results. Section 4.6 concludes

this chapter.

4.2 Background

Due to the graph’s strong expressive power, a host of researchers in fields such as e-commerce,

cybersecurity, social networks, military, public health, and many more, are turning to graph mod-

eling to support real-world data analysis [1, 4, 6, 67, 101]. An important line of research for graph

processing and analytics is the simulation of graphs which is used for many purposes such as

tackling the inaccessibility of the whole real-life graphs and a better understanding of the distri-

bution of graph structures and other features [14, 48, 77]. There is a long history of study for the

81
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𝒕 = 𝒕𝟏 𝒕 = 𝒕𝟐 𝒕 = 𝒕𝟑

FIGURE 4.1: An example of time-evolving graph.

graph simulation in many research fields such as Database and Machine learning [67, 102, 103].

Recently, many research efforts have been devoted to design advanced generative models which

can significantly enhance the simulation quality, thanks to the recent development of deep learn-

ing techniques. Nevertheless, we notice that most of the existing works aim to simulate the static

graphs. While in many real-life applications, the data are naturally modeled as temporal graphs

(a.k.a time-evolving graphs) where the graph evolves with the time. For instance, in the online

finance networks and e-commerce networks [104, 105], the edges consists of a sequence of trans-

actions with timestamps for users or products. In the location-based service networks with regard-

ing to the Point of Interests (POIs) [106], an edge corresponds to a visit of an user towards a POI

(e.g., a restaurant) at a particular time. In these applications, it is critical to capture the evolution

of the graphs over the time; that is, the structure of the real graph will evolve with time, and hence

the edge generative probability distribution of the nodes on the graph will change with the pas-

sage of time. For most graph simulators, which do not properly consider the temporal information

of the graphs, a straightforward way is to simulate the temporal graphs based on some particular

timestamps, i.e., learn the snapshots of the evolving graph at these timestamps. Unfortunately,

this is not feasible in practice because it is cost-prohibitive to learn and simulate many snapshots

of the graphs. Thus, to effectively and efficiently support temporal graph simulation in many key

applications such as the generation of new drug molecules [10], chemical reaction pathway simu-

lation [107], router load balancing [77], and pandemic trajectory generation [108], it is essential to

develop advanced graph generative models which can capture both structure and time properties

of the time-evolving graphs.
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Motivation. We can store the time-evolving graph as a collection of graph snapshots (i.e. a series

of time-stamped static graphs). The collection of graph snapshots contains all edges, nodes, and

their corresponding timestamps. Specifically, as shown in Figure 4.1, after a period of time, several

temporal nodes and edges are added to this time-stamped graph snapshot. The traditional way to

model such a time-evolving graph is to aggregate timestamps into a series of snapshots. A recently

developed state-of-the-art method [40], namely Taggen, reconstructs a set of temporal random

walks to assemble a synthetic graph. However, a disadvantage comes from the inevitable bias of

decomposing the time-evolving graphs into a set of temporal random walks. In this case, we have

to live with the extra time and space required by a lot of operations of random walk sampling.

If the number of walks is too large, the large number of training samples will bring unbearable

computational costs when training deep generative models; if the number of walks is too small,

the rich temporal structure properties may be lost during model training. The other disadvantage

comes from the O(T 2) factor in the time and space complexity analysis of Taggen where T is the

number of distinct timestamps. complexity of time consumption and memory usage. This directly

limits the efficiency and the scalability of the graph simulation model, especially when we need to

simulate fine-grained time-evolving graphs.

This motives us to develop a new generative model for time-evolving graphs with better efficiency

(scalability) and simulation quality. Particularly, to better capture both the structure and temporal

information of the graph, we design a new temporal ego-graph based sampling approach for the

temporal graph and we re-weight the input temporal nodes according to the degree of the node,

so as to give priority to learning the local temporal structure of the representative nodes. For

these representative nodes, we sample their ego-graphs to learn the representative temporal graph

structure. We encode and reconstruct the ego-graphs’ structure through the temporal graph atten-

tion mechanism. As to ego-graphs with k radius, we stack k temporal graph attention layers to

layer by layer transmit messages from the periphery nodes to the center nodes. After that, we

use the cross-entropy loss to learn directly from the representative temporal graph structure. We

also designed a GPU-friendly parallel temporal ego-graph training strategy and the correspond-

ing approximate objective function to reduce the number of steps of model training and achieve

efficient model training. Specifically, we combine all the sampled ego-graphs to assemble k bi-

partite computation graphs to parallelize the computation process and reduce redundant repeats.
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After our improvements, the number of steps of model training is O(nTns
), and the space consump-

tion of model training is O(n × (T + ns)), where ns denotes the hyper-parameter of the number

of sampled initial nodes and n is the number of graph nodes. As demonstrated in the empirical

study, our new approach can achieve much better simulation quality compared to the state-of-the-

art technique. Moreover, the new approach also win out from space consumption, efficiency and

scalability perspectives.

Contribution. Our principal contributions in this chapter are summarized as follows:

• We propose a new ego-graph based sampling strategy for the temporal graph, which has a

stronger expressiveness to better capture the local structure and temporal properties of the

temporal graph. We also design an efficient ego-graph sampling strategy and GPU-friendly

parallelization ego-graph training strategy, as well as approximate optimization objectives,

to achieve scalable model training.

• For better simulation of temporal graphs, we design a Temporal Graph Autoencoder (TGAE).

Specifically, temporal node messages are passed from peripheral nodes to the central node

in the ego-graph through a temporal graph attention mechanism. Then, the entire ego-graph

is reconstructed evolutionarily from the central node through a variational autoencoder.

• Through the extensive experiments on both real-life and synthetic time-evolving graphs,

we boast that our new approach significantly outperforms the state-of-the-art in terms of

temporal graph simulation quality, efficiency, scalability and space consumption.

Roadmap. The rest of the chapter is organized as follows. In Section 4.3, we formally define the

problem and provide the related works of this chapter. We then present the details of our proposed

graph generator and introduce the optimizing targets in Section 4.4. Comprehensive experimental

results for temporal graph generators are presented in Section 4.5. Section 4.6 concludes the

chapter.
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TABLE 4.1: The summary of symbols

Symbol Definition
X the input features of node occurrences
Ŷ the probability of generating an edge
n the total number of nodes
m the total number of edges
T the number of timestamps in G̃

Ṽ = {vtv11 , ..., v
tvn
n } the set of temporal nodes

Ẽ = {ete11 , ..., e
tem
m } the set of temporal edges

N(·) the neighborhood function
d the number of dimension

4.3 Preliminary

4.3.1 Problem Definition

Table 4.1 summarizes the symbols introduced in this chapter. In this section, we formalize the

graph generation problem in the temporal graph [40, 109]. Given us a temporal graph G̃, we

model the temporal graph as a series of graph snapshots {Gt1 , ..., GT }, which include temporal

nodes {vtv11 , ..., v
tvn
n } and temporal edges {ete11 , ..., e

tem
m }. The definitions of temporal nodes and

edges are as follows:

Definition 4.1. Temporal Nodes and Edges. In a temporal graph, a node vi is associated with

a node id i and timestamps vi occurred with vi = {vt1i , vt2i , ...}. Same as temporal node v, an

edge ej is associated with a timestamp tej and two temporal nodes utej and vtej . For temporal

nodes and edges in the same timestamp t, the set of nodes and edges are defined as V t and Et,

respectively.

Different from previous temporal graph generation work [40], where the temporal graph was de-

scribed as a set composed of timestamped edges, the temporal graph is described as a series of

graph snapshots in this chapter. The definitions of temporal graph and graph snapshots are as

follows:

Definition 4.2. Temporal Graph. A temporal graph G̃ = {Gt1 , ..., GT } is formed by a series of

temporal graph snapshots Gt = (V t, Et) with t = 1...T . And a snapshot Gt is associated with a

timestamp t, temporal nodes V t = {vt1, vt2, ...}, and temporal edges Et = {et1, et2, ...}.
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In existing graph generatorss [21, 24, 100], the graph neighborhood N(v) of node v is defined as

static one. Here, we generalize the definition of graph neighborhood to the temporal graph, which

is defined as follows:

Definition 4.3. Temporal Neighborhood. Given a temporal node vt, the neighborhood of vt is

defined as N(vt) = {vti |fsp(uti, vt) ≤ dN, |tv − tut
i
| ≤ tN}, where fsp(·|·) denotes the short-

est path length between two nodes, dN and tN denote the path length and time window length,

respectively, which are the hyper-parameters.

The previous work defines k-length temporal walks [40, 110], and we relax this definition to

the ego graph with a radius of k, so that we can capture the temporal neighbor structure of the

observed graph. We consider all the neighbor nodes within the time window of the graph and

take these nodes and their corresponding temporal edges as k-radius temporal ego-graph, which is

defined as follows:

Definition 4.4. k-Radius Temporal Ego-Graph. Given a temporal node vt, a k-radius temporal

ego-graph G̃ego(v
t) is composed of temporal nodes Ṽego(v

t) and edges Ẽego(v
t) corresponding to

the temporal neighborhood of v, i.e., N(vt).

Problem statement. We formally define the temporal graph generation problem as follows:

Input: We use a temporal graph G̃ = {Ṽ , Ẽ} for graph simulation.

Output: The generated temporal graph G̃′ = {Ṽ ′, Ẽ′} with highly preserved both structural and

temporal properties.

Evaluation of preserving temporal structure. The key of the temporal graph simulation is to

keep the structure information along the whole involving procedure. Ideally, for every timestamp,

the observed time-involving graph and the simulated corresponding graph have the same distri-

bution. To verify the performance of preserving the temporal structure, we use the following two

evaluation approaches for the temporal graph generative algorithms:

(1) calculating the difference of graph statistics for the snapshots under the same timestamp.

Specifically, we randomly choose a timestamp and accumulate the nodes and edges generated

from the initial timestamp to the current timestamp to get the generated graph snapshot. Similarly,
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the snapshot of the original graph can be obtained by accumulating temporal edges and nodes in

the same way. The difference between the generated snapshot and the original snapshot can be

obtained by comparing the differences in graph statistics between the two. A distinct description

of each graph statistic is introduced in Table 4.3 of Section 4.5.

(2) comparing the difference in temporal motif distribution. Specifically, after generating the last

timestamp, we get the snapshot of the whole temporal graph. By computing the temporal motif

distribution in graph snapshot (e.g., via counting the 3-edge temporal motifs [109]), we can get the

motif distribution of the generated graph and the original graph. Then we use a Gaussian kernel of

the total variation (TV) to measure the distance between the two motif distributions. After that, we

use the popular evaluating metric Maximum Mean Discrepancy (MMD) to measure the similarity

of two distributions. Assuming that p and q denote the original graph’s motif distribution and the

generated graph’s, respectively, the measurement of two distribution is formulated as follows:

TV(p, q) =Ei[||πp(i)− πq(i)||]

MMD2(p||q) =Ex,y∼p[k(TV(x, y))] + Ex,y∼q[k(TV(x, y))]

−2Ex∼p,y∼q[k(TV(x, y))].

(4.1)

where k denotes the Gaussian kernel and πp(i) denotes probability of the i-th motif in temporal

graph distribution p.

4.3.2 Related Works

This sub-section presents a review of recent literature on temporal graph learning and graph gen-

erative models.

Temporal Graph Learning. Recently, a large number of work has appeared in temporal graph

learning. In these works, temporal graphs can be represented by a set of timestamped nodes

and edges. For instance, Spatio-temporal graph convolution networks are leveraged on traffic

forecasting [111]. The linkage evolution process is leveraged on temporal graph representation

learning [112]. The graph attention mechanism is proposed to focus on the crucial part of the

graph data for time-evolving graph learning [113]. Dynamic parameters of graph convolution

networks are proposed to improve the temporal graph embeddings [114]. [115] decouples model
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FIGURE 4.2: The framework of our proposed TGAE.

inference and graph computation to alleviate the damage of the heavy graph query operation to

the speed of model inference. [116] proposes the hyperbolic temporal graph network (HTGN)

that fully takes advantage of the exponential capacity and hierarchical awareness of hyperbolic

geometry. However, separately focusing on temporal property and topological structure limits the

embedding quality. To address this issue, our encoder aims to encode the temporal and topological

structure together into one embedding. In this chapter, we propose to use temporal graph attention

as the encoder component of our proposed temporal graph auto-encoder (TGAE).

Graph Generative Model. Early graph simulation problems were often solved by models for

static graphs. The detailed discussion of graph generative models was included in previous Chap-

ters. These generative models are all based on static graphs. However, these works ignore the

dynamic nature of real-world graphs, i.e., the topology structure of a graph evolves over time.

To solve this problem, Taggen [40] and TGGAN [117] were recently proposed to use generative

adversarial networks (GANs) to simulate temporal graphs, and GANs achieved the best temporal

graph simulation quality. Recently, there is a work on temporal graph simulation [102], which is

essentiall different with our study, as they leverage simulation on temporal graph pattern matching.

Different from generating random walks, our method directly learns the generative distribution of

observed graphs. We also proposed an efficient learning strategy that achieves good trade-off

between simulating quality and efficiency.

4.3.3 State of the Art

The state-of-the-art method Taggen [40] and TGGAN [117] simulate the real-world temporal

graph in four steps: 1) sampling temporal random walks from observed temporal graphs. 2)

new temporal random walks are synthesized by the generator. 3) the validity of the newly gener-

ated random walk is judged by the discriminator, and the invalid random walks are discarded. 4)

assembling the valid generated temporal random walks into a new temporal graph.
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Experiments show that TGGAN outperforms all baselines on generative quality in the task of

generating temporal graphs. However, the quality and efficiency of temporal graph generation still

remain a large space for improvement. For instance, we observe the time and space complexity

of O(kwb) are required by the first three steps of sampling-generation-discrimination, where k

is the number of random walks, w is the length of random walks, and b denotes the number of

iterations in model training. According to experimental practice and theoretical analysis [100],

in the random walk-based generative model, O(kw) can only simulate a high-quality temporal

graph when it is close to O(n2t2) where n is the number of graph nodes and t is the number of

distinct timestamps. The fourth step of the assembly process requires O(n2t2) time complexity

and space complexity, which is actually very poor scalability for temporal graph generation tasks.

Especially, O(t2) complexity cannot generate temporal graphs with a large number of timestamps,

which makes it difficult for us to simulate a fine-grained time-evolving graph.

4.4 Our Approach

In this section, we introduce the detailed implementation of our proposed Temporal Graph Auto-

Encoders (TGAE), including ego-graph sampling, temporal graph encoding, and ego-graph de-

coding, and show how our TGAE generate a new temporal graph from observed temporal graphs.

4.4.1 Model Architecture

As illustrated in Figure 4.2, our proposed TGAE is composed of four parts: ego-graph sampling,

temporal graph encoding, ego-graph decoding, and temporal graph assembling. Given a tempo-

ral graph G̃ = {Gt1 , ..., GT }, we first convert all snapshots into one temporal adjacency matrix

At=1:T ∈ {1, 0}T×n×n. Then we sample temporal ego-graphs for model training. After that,

we leverage temporal graph attention networks (TGAT) on neighbor-level temporal structure to

obtain hidden variables for each temporal node. Then ego-graph decoding module generate ego-

graph corresponding to each temporal node’s hidden variables. Finally, we use the generated edge

probabilities to assemble a temporal graph score matrix St=1:T ∈ RT×n×n. Given a temporal

graph score matrix, we sample edges to generate new temporal graphs.
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Algorithm 1: Sampling k-Radius Temporal Ego-Graph

Function NodeSampling(nodeset, threshold)
Nodes← ∅; i, u← 0;
if length(nodeset)≤ threshold then

return nodeset;
else

foreach i ∈ 1 : threshold do
u← random.choice(nodeset);
Nodes.insert(u);

end
return Nodes;

end
Function k-EgoGraph(G̃, vt, k, th)

ego, nodeset← ∅;
if k ̸= 1 then

nodeset← NodeSampling(N(vt), th);
foreach ut ∈ nodeset do

ego← k-EgoGraph(G̃, ut, k − 1);
nodeset.insert(ego.nodes);

end
ego← G̃.subgraph(nodeset);
return ego;

else
nodeset← NodeSampling(N(vt), th);
ego← G̃.subgraph(nodeset);
return ego;

end
Function EgoGraphDataLoader(G̃, Xt=1:T , k)

EgoGraphs, Nodefeatures← ∅;
foreach i ∈ 1 : T do

X(i) ← Xt=1:T ((n ∗ (i− 1) + 1 : n ∗ i), :);
ego, nodefeat← ∅;
foreach v ∈ 1 : n do

ego← k-EgoGraph(G̃, vi, k);
EgoGraphs.insert(ego);
nodefeat← X(i)(ego.nodes, :);
Nodefeatures.insert(nodefeat);

end
end
return EgoGraphs, NodeFeatures
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4.4.2 Ego-Graph Sampling

To extract local temporal structure, we leverage ego-graph sampling for temporal graphs. Given

the temporal graph adjacency matrix At=1:T , we first separately load each snapshot’s node fea-

tures X(t) ∈ Rn×din corresponding to its timestamp t. Then, algorithm 1 shows the procedure of

sampling a k-radius ego-graph for each temporal node ut. Specifically, we first choose the rep-

resentative temporal node as the central node of each ego-graph. Then we recursively sample the

neighbor nodes, where the new nodes are sampled from the neighbors of the early sampled nodes.

To reduce the training time consumption of our proposed model, we truncate the number of neigh-

bors of nodes whose degrees exceed the threshold to achieve the tradeoff between efficiency and

effectiveness. Specifically, when we sample the neighbors of the nodes, we sample several times

with replacement and get th nodes as the neighbors of the node in the ego-graph. The process

finishes when all the neighbors having less than k shortest path length with node u are included in

this ego-graph. Algorithm 1 shows the detailed procedure of preparing the ego-graphs and node

features as input data for our learning-based model. Note that our proposed method set the node

identity numbers as default node features.

Initial Temporal Node Sampling. To model a complete temporal graph structure, we propose a

strategy to select representative temporal nodes. A naive approach is to sample all temporal nodes

according to a uniform distribution, however, this strategy tends to learn to generate unimportant

edges [69]. To focus on important edges to generate a high-quality temporal graph, we propose

to use the probability distribution based on temporal node degree as the initial temporal node

sampling strategy. The sampling strategy is formulated as follows:

P (ut) =
degut∑

vt∈Ṽ degvt
(4.2)

where degut denotes the degree of temporal node ut, i.e., the temporal neighbors associated with

ut. Assuming that in each epoch we sample ns temporal nodes as initial temporal nodes, we

sample ns ego-graphs as the input of our encoding process. The set of initial nodes is represented

as Ṽs.
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FIGURE 4.3: The illustration of the k-radius temporal ego-graph. The upper left part shows the
ego-graph with the center temporal node ut. The other three parts shows the edge importances

calculated by k stacked temporal graph attention (TGAT) layers.

Unlike in random walk-based work, we reweight temporal nodes by their temporal degrees (i.e.,

the number of first-order temporal neighbors) to efficiently simulate high-quality temporal graphs.

This re-weighting will allow our model to preferentially learn to generate neighbors of key tem-

poral nodes. Besides, the neighbors of non-critical nodes contain a higher proportion of outlier

points. Therefore, our initial node sampling strategy reduces the effect of outliers, resulting in

efficient and effective model training with hardly sacrificing simulating quality.

4.4.3 Temporal Graph Attention Encoding

Given the temporal graph G̃ego(v
t) = (Ṽego(v

t), Ẽego(v
t)) and temporal node features Xego ∈

Rnego×din , where nego denotes the node number of ego graph and din denotes the dimension

of input features, we propose to employ temporal graph attention mechanism on our sampled

ego graphs. In particular, we obtain the hidden variables of the center node ut of the ego graph
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through leveraging temporal attention mechanism to aggregate messages from graph structures and

temporal neighbors, where denc denotes the dimension of hidden variables after encoding process.

For each temporal ego graph, the message aggregating is formulated as follows:

hut =TGATenc(Xego|Ṽego(u
t), Ẽego(u

t))

=Concat(TgaHead1, ...,TgaHeadhtga
)Wo

(4.3)

where hut ∈ R1×datt denotes one row of hidden variables of the temporal graph attention encoding

layer, i.e., hidden variables on temporal node ut, and Wo ∈ Rhtgadenc×datt denotes the output

projection matrix, htga denotes the number of heads, datt is the dimension of attention vector, and

each head of temporal graph attention layer TgaHeadi ∈ R1×denc is formulated as follows:

TgaHeadi = σ(
∑

vt∈N(ut)

αi
ut,vthut) (4.4)

where σ denotes the activation function and αi
ut,vt denotes the importance of temporal edge

(ut, vt) in i-th head, which is formulated as follows:

αi
ut,vt =

exp(LeakyReLU(aTi [hut ||hvt ]))∑
kt∈N(vt) exp(LeakyReLU(aTi [hkt ||hvt ]))

(4.5)

where ai ∈ R2denc denotes the attention vector of the i-th attention head, and LeakyReLU denotes

the non-linear activation function with a negative input slope α = 0.2.

From the example in Figure 4.3, we can intuitively understand our temporal node coding process:

(1) the input of the encoding process is the sampled ego-graph, which is shown in Figure 4.3 (a),

where we assume that the value of k is 2; (2) the first TGAT layer calculates the importance α

of second-order neighbors (such as xt−1 and ut−2 in Figure 4.3 (b)) to first-order neighbors (such

as ut−1 in Figure 4.3 (b)); (3) the second TGAT layer calculates the importance β of first-order

neighbors to the central node ut; (4) in Figure 4.3 (d), the central node ut outputs the representation
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of this ego-graph. In the actual model training, we added self-loops to all temporal nodes to pass

messages to themselves.

Parallel Ego-graph Training. To reduce the time consumption of the encoding process, we com-

bine multiple ego-graphs for parallel node encoding to reduce computation steps from O(nT ) to

O(nTb ), where b denotes the parallel number of temporal ego-graphs, i.e., batch size. For efficient

training, we set the batch size as the size of initial sampled center node set with b = |Ṽs| = ns.

Therefore, the computation step is parallelized into O(nTns
). As shown in Figure 4.4, we put all the

ego-graphs together and generate k-bipartite graphs by vertical splitting. These bipartite graphs

represent a set of temporal ego-graph neighbors of order 1 to k. Specifically, we first use S0 to

represent the center node set of the temporal ego-graphs. Then, we use S1, ..., Sk to respectively

accommodate the k-order neighbors of the center nodes of these temporal ego-graphs. After that,

we index the source nodes of the bipartite graph in Sk and the target nodes of the bipartite graph

in Sk−1. After getting the source and target, we get the k-bipartite computation graphs. We stack

k TGAT layers to achieve message passing on the k-bipartite computation graph, and finally, get

the representation of the central temporal node.

To further reduce the space consumption, we use a truncation mechanism to control space usage

and ignore repeated nodes each time a new node is inserted into Sk. In Algorithm 1, to control

the worst-case space requirement, we use th as the threshold. Once the total number of neighbors

of a temporal node exceeds th, the algorithm converts from all neighbor sampling strategy to th-

neighbor sampling strategy, and merge all the temporal ego-graphs into k-bipartite computation

graphs for the sampled neighbor nodes instead of all the neighbor nodes.

4.4.4 Ego-Graph Decoding

To reconstruct local temporal structure distribution, we leverage ego-graph decoding process to

infer the probablistic generative model for each temporal node. Given the hidden variables of

temporal node hut , we first use two Multi-Layer Perceptrons (MLP) to infer the parameters µ

and σ of the prior distribution N (µ, σ2). Then algorithm 2 shows the procedure of decoding

the edge probabilities of a k-radius ego-graph for each temporal node ut, where the Wdec ∈

Rdin×n and bdec ∈ Rn are the output parameters for decoding process. When the categorical
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FIGURE 4.4: The illustration of the k-bipartite computation graphs. The upper part shows the
initial k-radius temporal ego-graphs. The lower part shows the k-bipartite computation graphs,
which are used for model training. In each bipartite computation graph, the results of the target

nodes can be computed concurrently.

distribution of the i − 1-order neighbors of ut is generated, we generate i-order neighbors’ edge

probabilities. The process finishes when all the k-radius ego-graph’s generative distributions are

generated. Assuming that H ∈ RnT×denc contains all hidden variables of all temporal nodes, we

generate score matrix St=1:T by averaging all the edge probabilities generated by the ego-graphs.
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Algorithm 2: Decoding k-Radius Temporal Ego-Graph

Function k-EgoGraphDecoding(G̃ego(u
t), hut , Xego, k)

mu← MLPµ(Xego);
sigma← MLPσ2(Xego);
noise← random.normal(Xego.shape);
Z← mu + sigma ∗ noise;
return EdgeProbability(G̃ego(u

t), hut , Z, k);
Function EdgeProbability(G̃ego(u

t), hut , Z, k)
p, h, problist← ∅;
if k ̸= 1 then

foreach vt ∈ N(ut) do
h← hut + Z(vt, :);
p←EdgeProbability(G̃ego(v

t), h, Z, k − 1);
problist.extend(p);

end
return problist;

else
h← hut + Z(ut, :);
p← softmax(h×Wdec + bdec);
problist.insert(p);
return problist;

end

The decoding process has a space complexity of O(n× (T + ns)), where ns denotes the number

of initial temporal nodes.

4.4.5 Optimization Strategy

Batch Gradient Descending. We jointly optimize encoder and decoder’s parameters by minimiz-

ing the variational lower bound as follows:

P (St=1:T ) =
∏

ei,j∈At=1:T

P (St=1:T )i,j

L = − 1

NT

T∑
t=1

N∑
u=1

Aut log(P (St,u)) + KL(q(Z|X)||p(Z))
(4.6)

where P (St=1:T ) denotes the generated score matrix from decoding module and KL(·||·) is the

Kullback-Leibler divergence between two distributions.
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Mini-batch Gradient Descending and Approximate Loss. In practice, it is more efficient to use

a mini-batch gradient descending to update the model’s parameters. Particularly, we optimize the

model parameters through mini-batch data, i.e., randomly sampled ego-graphs and corresponding

node features, achieve global parameter training, and can train a model with satisfactory gener-

alization and robustness in less time. In addition, our KL-divergence calculation is still carried

out on all nodes. Therefore, in our TGAE implementation, we update the parameters with an

approximate loss function, which is formulated as follows:

Ltgae = −
1

ns

∑
ut∈Ṽs

Aut log(P (St,u)) + KL(q(Z|X)||p(Z)) (4.7)

where Ṽs denotes the set of sampled initial temporal nodes and ns denotes the size of Ṽs. By

adjusting the value of ns, we can achieve the trade-off between generating high-quality temporal

graphs and fast model training.

4.4.6 Model Variants

Ego-Graph Sampling Variant. Our model can be generalized to random walk-based variants,

only by reducing the neighbor threshold th to less than 2 in Algorithm 1. In this case, the ego-

graph obtained by our temporal ego-graph sampling strategy is a chain structure, that is, a temporal

random walk on the temporal graph. In this variant, we fix the whole architecture of TGAE so that

it is consistent with the full version, except for the threshold of ego-graph neighbor sampling.

Initial Node Sampling Variant. In addition to ego-graph sampling strategy, our initial node

sampling strategy can also be modified to a uniform distribution based sampling strategy. Under

this node sampling strategy, our model learns to reconstruct every edge in the temporal graph

without bias. In this variant, only the initial node sampling strategy is different from TGAE, and

the rest are consistent with the proposed version.

Non-probablistic Variant. We also propose a non-probabilistic variant derived from full TGAE,

in which the ego-graph sampling and temporal graph attention encoding are consistent with the

full version. We modify the decoder of the full TGAE model to non-probabilistic version, which

is formulated as follows:
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TABLE 4.2: Statistics of the network data sets.

Network #Nodes #Edges #Timestamps
DBLP 1,909 8,237 15
EMAIL 986 332,334 805
MSG 1,899 20,296 195
BITCOIN-A 3,783 24,186 1,902
BITCOIN-O 5,881 35,592 1,904
MATH 24,818 506,550 79
UBUNTU 159,316 964,437 88

Z← MLPµ(Xego) (4.8)

where Xego denotes the input features of the sampled central temporal nodes. Then, the calculation

of the approximate loss is modified to fit this variant, which is formulated as follows:

Ltgae = −
1

ns

∑
ut∈Ṽs

Aut log(P (St,u)) (4.9)

After model training and parameter optimization, the temporal graph generation process of the

non-probabilistic variant is consistent with the full TGAE.

4.4.7 Temporal Graph Generation

After the training process, we first generate all the ego-graphs to assemble the score matrix S.

Then, we take score matrix as the parameters of the categorical distribution of each temporal

edge with p(t, u, v) =
St,u,v∑

i∈N(ut) St,u,i
. Then we sample the corresponding temporal edges for

each temporal node without replacement, which is formulated as A′
ut ∼ Cat(

∏
i∈N(ut) p(t, u, i)),

where Cat denotes categorical distribution. The generation process finishes when the generated

temporal graph’s edge amount meets the one observed graph has.
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TABLE 4.3: Graph statistics for measuring network properties.

Metric Name Computation Description

Mean Degree E[d(v)] Mean degree
of nodes.

Claw Count
∑

v∈V
(
d(v)
3

) # Claws of the
graph.

Wedge Count
∑

v∈V
(
d(v)
2

) # Wedges of
the graph.

Triangle Count trace(A3)
6

# Triangles of
the graph.

LCC maxf∈F ||f ||

Size of
the largest
connected
component.

PLE 1 + n(
∑

v∈V log( d(u)
dmin

))−1
Exponent of
power-law
distribution.

N-Component |F | # connected
components.

TABLE 4.4: Median score fmed(·) comparison with seven metrics across seven temporal net-
works. (Smaller metric values indicate better performance)

Dataset Metric TGAE TIGGER DYMOND TGGAN TagGen NetGAN E-R B-A VGAE Graphite SBMGNN

DBLP

Mean Degree 2.41E-3 3.54E-3 2.98E-3 3.25E-3 7.46E-4 4.16E-3 5.52E-3 1.23E-1 1.79E-3 1.79E-3 1.79E-3
LCC 2.61E-3 2.75E-3 2.71E-3 2.77E-3 2.78E-3 3.35E-1 7.27E-1 9.11E-2 5.11E-1 5.40E-1 4.62E-1

Wedge Count 4.15E-3 3.08E-2 2.31E-2 5.38E-1 7.14E-1 5.05E-1 5.07E-1 3.74E-1 1.81E+0 2.15E+0 2.39E+0
Claw Count 7.29E-3 2.64E-2 1.35E-2 2.98E+0 3.02E+0 9.27E-1 8.78E-1 4.52E+0 8.78E+0 1.21E+1 1.42E+1

Triangle Count 4.79E-3 7.85E-2 3.77E-2 5.33E-1 5.44E-1 8.83E-1 9.94E-1 8.24E-1 9.27E+0 9.21E+0 8.66E+0
PLE 1.73E-3 3.34E-2 9.15E-3 1.78E-1 1.79E-1 2.24E-1 1.65E-1 8.45E-2 4.01E-1 4.65E-1 4.25E-1

N-Components 3.05E-3 3.07E-3 3.11E-3 3.39E-3 3.51E-3 2.13E-1 8.36E-1 5.06E-2 5.07E-1 5.49E-1 4.83E-1

MATH

Mean Degree 2.69E-2 1.05E-1 OOM OOM OOM 2.13E-1 2.29E-1 3.24E-2 2.39E-1 2.44E-1 3.72E-2
LCC 8.72E-2 9.31E-2 OOM OOM OOM 2.99E-2 8.83E-1 1.24E-1 5.56E-1 5.30E-1 3.73E-1

Wedge Count 1.05E-1 2.37E-1 OOM OOM OOM 2.42E-1 9.27E-1 3.15E-1 6.87E-1 7.50E-1 1.77E+0
Claw Count 2.59E-1 3.75E-1 OOM OOM OOM 4.96E-1 9.99E-1 4.86E-1 2.95E+0 3.43E+0 8.13E+0

Triangle Count 9.79E-2 8.78E-1 OOM OOM OOM 2.34E+0 1.00E+0 5.84E-1 1.74E+0 1.66E+0 2.24E+0
PLE 2.41E-2 9.36E-1 OOM OOM OOM 1.11E+0 2.35E-1 7.81E-2 5.74E-1 5.40E-1 2.49E-1

N-Components 3.15E-2 4.66E-2 OOM OOM OOM 3.50E-2 1.00E+0 1.35E-1 5.90E-1 5.61E-1 3.96E-1

UBUNTU

Mean Degree 9.73E-2 OOM OOM OOM OOM OOM 2.32E+1 5.29E-1 OOM OOM OOM
LCC 1.32E-1 OOM OOM OOM OOM OOM 3.71E+0 2.98E+0 OOM OOM OOM

Wedge Count 3.16E-1 OOM OOM OOM OOM OOM 1.45E+1 9.76E-1 OOM OOM OOM
Claw Count 5.60E-1 OOM OOM OOM OOM OOM 3.01E-1 9.96E-1 OOM OOM OOM

Triangle Count 1.21E-1 OOM OOM OOM OOM OOM 5.05E-1 1.00E+0 OOM OOM OOM
PLE 8.52E-2 OOM OOM OOM OOM OOM 7.33E-1 5.31E-1 OOM OOM OOM

N-Components 2.64E-2 OOM OOM OOM OOM OOM 1.00E+0 8.55E-1 OOM OOM OOM

4.5 Experiments

In this section, we describe the extensive experiments for evaluating the effectiveness of our pro-

posed method. We first describe the experiment setup. Then, present the experimental results of

temporal graph auto-encoder compared with other baselines, which is the main task of this chapter.
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TABLE 4.5: Average score favg(·) comparison with seven metrics across nine temporal networks.
(Smaller metric values indicate better performance)

Dataset Metric TGAE TIGGER DYMOND TGGAN TagGen NetGAN E-R B-A VGAE Graphite SBMGNN

DBLP

Mean Degree 2.33E-3 3.41E-3 2.78E-3 3.68E-3 1.31E-3 3.83E-3 2.12E-2 1.08E-1 8.93E-3 8.76E-3 8.92E-3
LCC 4.81E-3 4.37E-2 8.76E-3 7.83E-2 8.62E-2 6.57E-1 6.23E-1 1.93E-1 5.09E-1 5.04E-1 4.08E-1

Wedge Count 7.46E-3 6.81E-1 3.06E-2 7.25E-1 9.88E-1 5.63E-1 4.76E-1 3.50E-1 1.92E+0 2.11E+0 2.36E+0
Claw Count 1.14E-2 2.98E-1 5.23E-2 3.22E+0 5.21E+0 1.26E+0 8.55E-1 4.63E+0 1.11E+1 1.24E+1 1.69E+1

Triangle Count 7.38E-3 3.84E-1 2.95E-2 5.24E-1 6.86E-1 7.51E-1 9.92E-1 8.16E-1 8.99E+0 9.61E+0 9.20E+0
PLE 2.71E-3 1.75E-1 3.64E-2 2.53E-1 2.50E-1 2.24E-1 1.83E-1 8.46E-2 3.98E-1 4.32E-1 4.00E-1

N-Components 3.07E-3 3.77E-2 9.47E-3 4.20E-2 4.64E-2 2.29E-1 6.19E-1 1.02E-1 5.95E+0 6.27E+0 5.93E+0

MATH

Mean Degree 2.64E-2 6.39E-2 OOM OOM OOM 1.97E-1 2.08E-1 3.81E-2 2.05E-1 2.07E-1 3.97E-2
LCC 8.08E-2 7.01E-1 OOM OOM OOM 3.15E-2 1.49E+0 2.41E-1 5.41E-1 5.16E-1 3.68E-1

Wedge Count 1.24E-1 1.39E-1 OOM OOM OOM 2.57E-1 9.30E-1 3.29E-1 8.07E-1 8.59E-1 1.86E+0
Claw Count 2.74E-1 2.98E-1 OOM OOM OOM 4.97E-1 9.99E-1 5.00E-1 3.45E+0 3.89E+0 8.50E+0

Triangle Count 1.20E-1 4.18E-1 OOM OOM OOM 2.20E+0 1.00E+0 6.35E-1 1.88E+0 1.81E+0 2.25E+0
PLE 2.43E-2 8.31E-2 OOM OOM OOM 9.66E-1 2.98E-1 1.09E-1 5.39E-1 5.11E-1 2.34E-1

N-Components 9.39E-2 1.12E-1 OOM OOM OOM 1.34E-1 9.45E-1 3.19E-1 4.73E+0 4.52E+0 3.33E+0

UBUNTU

Mean Degree 7.41E-2 OOM OOM OOM OOM OOM 2.03E+1 8.89E-1 OOM OOM OOM
LCC 2.10E-1 OOM OOM OOM OOM OOM 6.94E+3 6.02E+3 OOM OOM OOM

Wedge Count 3.06E-1 OOM OOM OOM OOM OOM 5.07E+4 2.34E+4 OOM OOM OOM
Claw Count 5.14E-1 OOM OOM OOM OOM OOM 3.10E+5 3.29E+6 OOM OOM OOM

Triangle Count 1.01E-1 OOM OOM OOM OOM OOM 4.73E-1 7.95E-1 OOM OOM OOM
PLE 1.29E-1 OOM OOM OOM OOM OOM 6.51E-1 5.37E-1 OOM OOM OOM

N-Components 8.40E-2 OOM OOM OOM OOM OOM 9.97E-1 8.25E-1 OOM OOM OOM

After that, the efficiency and scalability of the proposed method are tested. Finally, we report the

ablation study and parameter sensitivity experiments.

TABLE 4.6: Maximum mean discrepancy of instance counts of all 2- and 3-node, 3-edge δ-
temporal motifs between raw and generated temporal networks (σ refers to the sigma value for

Gaussian kernel)

Dataset TGAE TIGGER DYMOND TGGAN TagGen NetGAN E-R B-A VGAE Graphite SBMGNN
DBLP 2.65E-5 9.68E-4 1.25E-4 2.08E-2 2.31E-2 2.21E-1 6.43E-2 1.08E+0 1.34E+0 1.95E+0 1.99E+0
MSG 2.27E-5 2.12E-4 3.77E-5 9.81E-3 1.09E-2 1.85E-2 1.83E-2 1.17E+0 1.98E+0 1.99E+0 1.65E+0

BITCOIN-A 1.12E-6 2.76E-5 OOM OOM OOM OOM 1.90E+0 2.00E+0 3.88E-1 5.39E-1 1.08E-1
BITCOIN-O 5.49E-6 3.06E-5 OOM OOM OOM OOM 1.80E+0 2.00E+0 1.82E+0 1.98E+0 5.22E-1

EMAIL 2.12E-2 7.65E-2 3.27E-2 OOM OOM 9.78E-2 9.74E-1 1.95E+0 1.95E+0 1.07E+0 1.74E+0
MATH 7.86E-4 2.14E-3 OOM OOM OOM 5.11E-3 6.59E-3 2.74E-3 2.00E+0 1.89E+0 1.94E+0

UBUNTU 1.27E-3 OOM OOM OOM OOM OOM 1.52E+0 2.00E+0 OOM OOM OOM

4.5.1 Experiment Settings

We introduce the experimental datasets, comparison methods, metrics, and parameter settings in

this subsection. Please note that this chapter is focusing on graph simulation of temporal graphs.

Therefore, the experimental settings including datasets, compared methods, and evaluating metrics

are all different from the previous chapters.

Datasets. We evaluate our temporal graph auto-encoder on seven real temporal networks. Specifi-

cally, DBLP [118] is a citation network that contains bibliographic information of the publications

in IEEE Visualization Conference from 1990 to 2015; MSG [119] and EMAIL [109] are two

communication networks, where a single edge represents a message/email sent from one person
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FIGURE 4.5: The comparison results on the seven evaluation metrics across 15 timestamps in
DBLP data set. Best viewed in color. The algorithm better fitting the curve of the original graph

(colored in blue) is better.

to another at a certain timestamps; BITCOIN-A and BITCOIN-O [120, 121] are two who-trusts-

whom networks where people trade with bitcoins on Bitcoin Alpha and OTC platforms; MATH

and UBUNTU [109] are temporal networks of interactions on the stack exchange web sites Math

Overflow and Ask Ubuntu. The statistics of datasets are summarized in Table 4.2.

Compared methods. We compare TGAE with two state-of-the-art temporal graph generative

models (TIGGER [122] and DYMOND [123]), three GAN-based graph generative models (TG-

GAN [117], TagGen [40], and NetGAN [24]), two simple model-based generative models (E-R

[124] and B-A [30]), and three auto-encoder-based generative models (VGAE [17], Graphite [38],

and SBMGNN [39]). Note that NetGAN, simple model-based, and autoencoder-based models

are not designed for temporal graph generation. To generate temporal networks, we separately

generate snapshots of the temporal graph at each timestamp.

Evaluation metrics. We collected several popular evaluating metrics to measure the difference

between the original temporal graph and the generated graph. The graph statistics for measuring

graph properties are summarized in Table 4.3. As all of these metrics are designed for static graphs,

we follow the practice of TagGen [40], who generalized the aforementioned metrics to the dynamic

setting by calculating mean and median value of the metrics among all timestamps. Specifically,

given a metric fm(·), the real graph G̃, and the synthetic one G̃′ , we construct a sequence of

snapshots S̃t (S̃′t), t = 1, . . . , T , of G̃ (G̃′) by aggregating edges from the initial timestamp to

the current timestamp t. Then, we measure the average/median difference (in percentage) of the



102 Chapter 4. Graph Generation for Temporal Graphs

given metric fm(·) between two graphs as follows:

favg(G̃, G̃′, fm) =Meant=1:T (|
fm(S̃t)− fm(S̃′t)

fm(S̃t)
|)

fmed(G̃, G̃′, fm) =Mediant=1:T (|
fm(S̃t)− fm(S̃′t)

fm(S̃t)
|)

(4.10)

Parameter settings. As to baseline methods, we use the best parameter settings given by the

original authors. Our proposed TGAE and evaluating metrics are implemented through Python-

3.7, PyTorch-1.8, and CUDA-11.1 in our experiments. The experiments are operated on a machine

with Intel(R) Xeon(R) Gold 5220 CPU @ 2.20GHz, 62 GB RAM, and NVIDIA Tesla V100 with

32 GB memory. We use one CPU core and one GPU for every algorithm.

4.5.2 Temporal Graph Generation

We compare our proposed TGAE with ten baseline models across seven temporal graph datasets.

For the static methods, we apply them to generate one static graph at each timestamp and construct

a series of graph snapshots by aggregating all static graphs. The results of seven evaluating metrics

in the form of favg(·) and fmed(·) are shown in Tables 4.5 and 4.4.

Evaluation with graph statistics As shown in Tables 4.5 and 4.4, TGAE outperforms all the

baseline methods in at least six of seven evaluating metrics. As to the DBLP dataset, the state-

of-the-art baseline DYMOND achieves the second-best performance. Besides, Taggen achieves

the best performance on mean degree measurement. As to MATH dataset, TIGGER achieves

the second-best performance. According to the seventh and eighth columns, simple model-based

generative methods (i.e., E-R and B-A) has the worst generative performance on temporal graph

generation. According to the sixth column and the last three columns, we can see that static

graph generative methods (i.e., NetGAN, VGAE, Graphite, and SBMGNN) are consistently worse

than temporal graph generative methods. TGAE significantly outperforms TIGGER, DYMOND,

TGGAN, and TagGen with all metrics except a slightly worse with Mean Degree, which shows

that TGAE is better at capturing most graph properties. TGAE also outperforms other methods in

the other datasets (e.g., MSG dataset). Due to space limits, we put the representative results in this

manuscript. Please note that most of the learning-based methods cannot simulate large temporal
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FIGURE 4.6: The comparison results on the time consumption and GPU memory usage in data
sets designed for scalability test. The x-axis label implies the complexity of input temporal graphs

in the form of Number of Nodes ∗ Timestamps ∗ Edge Density.

graphs (e.g., the UBUNTU dataset, containing about 14 million temporal nodes) due to their high

requirements for GPU memory usage. Our proposed TGAE can simulate these large temporal

graphs with affordable time consumption, which will be introduced in Section 4.5.5.

TABLE 4.7: Results of ablation study on TGAE and its variants. (Smaller metric values indicate
better performance)

Dataset Metric TGAE TGAE-g TGAE-n TGAE-p

MSG
Degree 1.61E-2 3.66E-2 1.73E-2 1.85E-2
Motif 2.27E-5 8.14E-5 4.67E-5 4.93E-5

BITCOIN-A
Degree 5.18E-3 1.27E-2 7.33E-3 7.91E-3
Motif 1.12E-6 4.33E-6 2.98E-6 2.35E-6

BITCOIN-O
Degree 1.11E-2 2.33E-2 1.65E-2 1.73E-2
Motif 5.49E-6 2.10E-5 1.09E-5 1.13E-5

4.5.3 Temporal Attribute Preservation

We further study the generative performance from detailed comparison based on preserving tem-

poral attributes, such as temporal motifs and temporal tendency.

Temporal motifs are recurring subgraph patterns over time in a temporal graph. [109] By evaluating

our model using temporal motifs, we can assess how well our model captures and reproduces these
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fundamental patterns in the generated graphs. Temporal tendency refers to the propensity of a

graph’s structure to evolve over time [40]. By evaluating our model using temporal tendency, we

can assess how well our model captures and reproduces these dynamic changes in the generated

graphs.

If our model can accurately generate graphs with similar temporal motif distributions as the orig-

inal graph, it indicates that our model has successfully learned the underlying structural and tem-

poral patterns in the data. And if our model can accurately generate graphs with similar temporal

tendencies as the original graph, it indicates that our model has successfully learned the underlying

dynamic behaviors in the data.

Temporal Motif Preservation. To evaluate the capacity of preserving temporal pattern infor-

mation in the observed data, we also count the instances of all 2- and 3-node, 3-edge temporal

motifs [109] and calculate the motif distributions maximum mean discrepancy [21] between the

generated graphs and raw temporal graphs. The results on motif distribution are shown in Table

4.6.

According to the first column of Table 4.6, TGAE achieves the best performance in preserving the

motif distribution in simulated temporal networks, which demonstrates its ability to capture both

temporal and topological information. According to the triangle count row of Tables 4.4 and 4.5,

we also find that the result of preserving motif distribution shows a similar trend to the triangle

count. The results indicates that our proposed TGAE can simulate temporal graphs with similar

motif distribution compared with observed graphs.

Temporal Tendency Visualization. To visualize the temporal tendency and show the similarity

of simulated graphs, we experiment with the DBLP dataset and measure the statistics of observed

graphs and generated graphs from all algorithms in each timestamp. By putting results together

with the original graph, we can explore more information on the variation tendency of different

methods on 15 timestamps in the DBLP dataset. The experimental results are reported in Figure

4.5, where the X-axis represents the timestamp, and the Y-axis represents the value of a metric.

According to Figurea 4.5 (a) and (f), most of all the methods can have similar number of connected

components compared to observed graphs. According to Figures 4.5 (b) and (c), TGAE (colored

in blue) constantly performs better than the baseline methods as it better fits the triangle and claw

count variation trends of the original graph (colored in red). Significantly worse performance of
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simple model-based algorithms (e.g., E-R) in motif metrics (e.g., Triangle Count) proves their

extremely weak expressive power. Our model has surpassed TIGGER, DYMOND, TGGAN, and

TagGen in almost all measurements. The results demonstrate that TGAE is the best learning-based

temporal graph generative model in terms of generative quality.

4.5.4 Ablation Study.

To validate the effectiveness of each component and our proposed sampling strategy, we report

the ablation study results in Table 4.7. TGAE-g denotes the variant that the ego-graph sampling

strategy is blocked. TGAE-n denotes the node sampling strategy is changed to uniform sampling.

TGAE-p denotes the non-probabilistic variant. According to the first two columns of Table 4.7,

we can see that if we use the random walk instead of ego-graphs to model the temporal graph, the

generative performance degrades significantly. The results on the other two variants show similar

observations. Therefore, the results on three datasets and two measurements demonstrate that all

the included components are effective.

4.5.5 Scalability and efficiency

We also evaluated the scalability and efficiency of our model and the baseline methods. The first

row of Figure 4.6 reports the time consumption of inferring a new graph, whose independent

variables are the number of nodes, timestamps, and edge density respectively, while the second

row reports the peak memory usage. Note that the B-A and E-R methods are not compared in

GPU memory usage, because they are not implemented with the deep learning-based approach.

Simple model-based graph generators (B-A and E-R) have the highest efficiency for generating

large temporal networks, incurring minor extra space costs and taking little time. All the learning-

based methods (including our proposed TGAE) are more time-consuming than simple model-

based methods.

As for temporal graph generative models, TGAE achieved much better results than DYMOND,

TGGAN, and TagGen in terms of time consumption and memory usage. As can be seen in Table

4.5, 4.4, and Figure 4.6, GAN-based methods, including TGGAN, TagGen, and NetGAN, cannot

run through most of the datasets due to its high time and memory consumption. As the number
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of nodes and timestamps increase, TGAE has a linear increase of time consumption and memory

usage. Compared with other learning-based temporal graph generative methods, TGAE is the best

model choice for the efficient and effective temporal graph generation. Compared with all the

baseline methods, TGAE can achieve a good trade-off between simulating quality and efficiency.

4.6 Conclusion

Temporal graph simulation can help to mimic real-life graphs in many applications, including bi-

ology, information technology, and social science. However, most of the graph simulation works

focus on static graph simulation, ignoring the temporal evolving property of real-life graphs. In

this chapter, we proposed temporal graph autoencoders (TGAE) to simulate real-life graphs and

reproduce the temporal and structural properties from observed graph data. Besides, existing

learning-based approaches are limited by their high GPU memory usage. Therefore, we propose

initial node sampling and ego-graph sampling strategies to achieve efficient model training. Exten-

sive experiment results on simulating quality and model efficiency show that our proposed TGAE

achieves the best generative performance compared with other learning-based baselines. TGAE

also achieves a good trade-off between quality and efficiency. In the future, we aim to scale the

learning-based approaches to simulate large graphs with billion nodes.



Part II

Efficient Graph Generation:

Applications

107





Chapter 5

Credit Card Fraud Detection

5.1 Chapter Overview

In this chapter, we show how synthesized graphs (such as temporal transaction graph) help down-

stream tasks, such as credit card fraud detection. This chapter has been published in [125]. In

section 5.2, we give the background and related works on graph data-driven financial fraud de-

tection. Sections 5.3 and 5.4 give the proposed solutions for graph-based fraud detection tasks.

Section 5.5 shows the performance comparison between ours and baselines. Section 5.6 concludes

this chapter.

5.2 Background and Related Works

5.2.1 Background

The great losses caused by financial fraud have attracted continuous attention from academia,

industry, and regulatory agencies. Ensuring the security of financial transactions is crucial for

protecting the privacy and assets of customers, preventing fraud and identity theft, maintaining

trust and confidence in the financial system, and complying with the relevant laws and regulations.

However, fraudulent behaviors against online payments, such as illegal card swiping, have caused

109
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FIGURE 5.1: The framework of credit card fraud detection. The card issuer assesses each trans-
action with an online predictive model once it has passed account checking.

property losses to online payment users [126]. An effective financial fraud detection method can

reduce the operating costs of service providers and protect the property of bank users.

An important line of research in financial fraud detection is credit card fraud detection, where

credit card fraud is a general term for the unauthorized use of funds in a transaction, typically

by means of a credit or debit card [126]. Figure 5.1 shows a typical fraud detection framework

deployed in the commercial system [127]. A direct way to detect fraud is to match each transac-

tion according to specific rules such as card blacklists and budget checking. However, criminals

will also obtain knowledge of vulnerabilities from the response of the pre-designed rule system,

thus invalidating the original system. To solve the invalidation problem, the predictive model is

designed to automatically detect fraud patterns and produces a fraud risk score. Domain experts

then can thereby focus on high-risk transactions.

In the literature, many existing predictive models have been extensively studied to deal with fraud

transactions (e.g., [128–130]), which can be classified into two categories: (1) Rule-based methods

directly generate sophisticated rules by domain experts to identify suspicious transactions. For

instance, authors in [131] proposed an association rule method for mining frequent fraud rules; (2)

Machine learning-based methods learn static models by exploring large amounts of historical data.

For example, authors in [132] extracted features based on neural networks and built supervised
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classifiers for detecting fraudulent transactions. Authors in [129] advanced the usage of automatic

feature engineering in a convolutional neural network (CNN). Recently, graph machine learning-

based methods have been proposed [133, 134] where the transactions are modeled as a graph, and

the advanced graph embedding techniques are deployed.

The state-of-the-art fraud detection techniques [104, 133–136] can well capture the temporal or

graph-based patterns of the transactions and significantly advance the performance of credit card

fraud detection. However, they have at least one of the following main limitations: (1) ignoring

unlabeled data containing rich fraud pattern information; (2) ignoring the importance of categorical

attributes, which are ubiquitous in the real production environment; (3) requiring too much time

on feature engineering, especially for temporal and categorical features.

In our preliminary work [125], we proposed a gated temporal attention network to address the

above challenges and gained competitive results. Particularly, to capture the relationships among

the credit card transactions associated with temporal information, we leverage a temporal trans-

action graph to model the time-relevant patterns. Besides, labeling the transactions is time-

consuming and cost-expensive. Only a tiny proportion (much less than 10%) of transactions are

labeled in billions of real-life transactions, which contain many fraud patterns that have not been

detected. Therefore, it is crucial to exploit the natural features from unlabeled data. To mitigate the

issue of insufficient utilization, risk embedding is introduced to unify the propagation of feature

and label information and fully exploit the risk information. Additionally, categorical attributes

are ubiquitous and useful in real applications. In response to this, we devise an attribute learning

layer for preprocessing the transaction attributes.

However, an increasing number of criminals are organized like enterprises, which can be far-

reaching and move quickly from place to place, to conduct conspiracy frauds to covet money

from innocent consumers [137]. To fight against human brain-armed criminal behavior, existing

graph neural-based methods still face significant challenges in capturing these complicated fraud

patterns. Therefore, in this chapter, we substantially improved our previous work by proposing a

risk-aware graph network to represent the high-order adjacent fraud patterns via a cross-attentional

mechanism on multi-hop neighbors. In practice, we aggregate degree and risk information from

multi-hop neighbor transactions, which is then processed by a convolutional embedding layer

and a structural attention layer, which can extract the local risk information and make our model
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aware of higher-order risk structures. The substantial contributions of our work are summarized

as follows:

• We model credit card behaviors as a temporal transaction graph and formulate a credit card

fraud detection problem as a semi-supervised node classification task.

• We present a novel attribute-driven temporal graph neural network for credit card fraud

detection. Specifically, we propose a gated temporal attention network to extract temporal

and attribute information.

• We make our network aware of high-order adjacent risk patterns via a risk-aware represen-

tation learning layer, which gathers degree and risk information from multi-hop neighbor-

hoods and learns local risk structure representations.

• Extensive experiments conducted on three datasets show the superiority of our proposed

RGTAN on fraud detection. Semi-supervised experiment results show that, when leverag-

ing rich information from the abundance of unlabeled data and a bit of labeled data, our

proposed method detects more fraud transactions than baselines. The real-world case stud-

ies demonstrate our proposed method’s effectiveness in detecting real-world fraud patterns.

A preliminary version of this manuscript appeared in [125]. To further capture the high-order

adjacent fraud patterns, this journal version proposed a risk-aware gated temporal attention net-

work in Section 4 (new section) to enhance the capacity of the existing graph neural model. In

the preliminary submission [125], historical fraud labels and attribute features are concatenated di-

rectly as encodings for downstream tasks. While in this extension, we proposed a risk-aware graph

network to represent the high-order adjacent fraud patterns via a cross-attentional mechanism on

multi-hop neighbors, which could overcome the 1-WL test capacity limitations of the existing

graph neural model [138]. We thoroughly evaluated the new proposed substantial improvement

approach, compared with the preliminary work and the state-of-the-art baselines in Section 5 (up-

dated section). The experimental results prove the superior performance of our new contribution in

detecting complicated inter-connected fraud patterns. In addition, we added empirical studies on

real-world application scenarios after system deployment and reported our knowledge discovery

in Section 6 (new section).
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The rest of the chapter is organized as follows. In Section 5.2.2, we conduct a survey on the

previous works regarding credit card fraud detection, graph-based methods, and graph structure

learning. In Section 5.3, we present the Graph Temporal Graph Attention (GTGA) mechanism

designed for extracting temporal fraud patterns as well as the attribute embedding layer. In Sec-

tion 5.4, we detailedly introduce risk embedding and neighbor risk-aware embedding, as well as

how they equip the network with awareness of risk structures. Comprehensive experimental re-

sults for our proposed method are presented in Section 5.5. Section 5.5.6 studies two typical risk

patterns and validates the risk-aware capacity of our model. Section 5.6 concludes the chapter.

5.2.2 Related Works

5.2.2.1 Credit Card Fraud Detection

A variety of machine learning methods have been suggested in previous studies for solving the

problem of credit card fraud detection. Bayesian Belief Networks (BBN) and Artificial Neural

Networks (ANN) were used on a real dataset from Europay International in [139]. Neural net-

work based models and decision tree models were contrasted in [140]. In [141], decision trees and

support vector machines (SVMs) are applied to a real-world national bank dataset. [129] demon-

strated that using a convolution model to extract spatial patterns can achieve higher accuracy than

non-convolution neural networks. Recently, graph-based fraud detection techniques have emerged

and gained increasing popularity. For example, CARE-GNN in [135] was designed to handle

fraud detection on relational graphs, and PC-GNN [134] was designed for imbalanced supervised

learning on graphs. AO-GNN [142] introduced reinforcement learning to pursue an optimal edge

pruning strategy, so as to combat the label imbalance issue. H2-FDetector [143] leveraged both

homophilic and heterophilic connections and introduced a prototype prior to guiding the identifi-

cation of fraudsters. In [104, 127], authors proposed joint feature learning based on spatial and

temporal patterns. However, they modeled the fraud patterns by using only one transaction/card-

holder, thereby not being able to exploit the unlabeled data in real-life credit card transactions.

The approach we present in this chapter is radically different, as we employ a semi-supervised

architecture, where the fraud patterns on both unlabeled and labeled data are jointly learned within

an attribute-driven graph neural network framework.
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5.2.2.2 Graph-based Semi-supervised Learning

Many recent works have shown the benefit of using unlabeled node attributes in graph neural net-

works for a wide range of prediction tasks [144, 145], such as text classification [146], molecule

property prediction [147] or language understanding [148]. For instance, graph convolutional

networks (GCN) were employed on partially labeled citation networks for node property predic-

tion [62]. GraphSAGE [149] was proposed to generate low-dimensional embeddings for previ-

ously unseen data. Graph attentive network model and random walks [133] were deployed on so-

cial graphs to link the unlabeled and labeled data and pass messages among them. SPC-GNN [150]

used a self-paced label augmentation strategy to assist the co-training paradigm and gained com-

petitive results in semi-supervised node classification tasks. However, they still face at least one

of the following three limitations: (1) cannot scale up to real-world graphs over millions of nodes

(e.g., vanilla graph attention networks [57] have a space complexity O(N2), where N denotes the

number of nodes, which is unaffordable for tasks with millions of nodes); (2) cannot propagate

and learn the categorical attribute embeddings, especially for risk embeddings; (3) suffer from

insufficient attention and utilization of graph structural information. Differently, our approach ad-

dresses the fraud detection problem via a message-passing model where categorical attributes and

risk structural information are jointly aggregated and exploited. We propose an attribute-driven

model and semi-supervised graph neural networks to find more fraud patterns, which significantly

improve the accuracy of credit card fraud detection.

5.2.2.3 Graph Structure Learning

Graph structure learning (GSL) is a research area that aims to learn more effective graph struc-

tures and representations for downstream tasks [151] and involves inferring optimal graph struc-

tures and representations from data that are generated by or correlated with the graph [152]. Most

approaches in this realm are inspired by [153], which employs persistent homology to calculate

topological features(e.g., cycle, path, connected components). [154] proposes a new kernel and an

optimization framework to learn the topological summaries of data and achieve competitive results

in graph classification. [155] augment the subtree features of the Weisfeiler–Lehman graph kernel

with topological information so as to improve the performance of graph-level classification. [156]

enables deep neural networks to capture topological structure via inputting features obtained from
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FIGURE 5.2: The illustration of the proposed graph neural network model. Raw transaction
records are processed by attributed embedding and attribute aggregation to combine each seman-
tic representation. Degree and risk information is collected from the multi-hop neighborhood and
concatenated into node features after convolutional embedding and self-attention operations. Af-
terward, the learned representations are fed into a risk-aware gated temporal attention network
(RGTAN) for representation learning. The transaction representation is then fed into a multi-
layer perceptron for fraud detection. Attentional weights are jointly optimized in an end-to-end

mechanism with graph neural networks and fraud detection networks.

persistent homology. PEGN in [157] designs a persistence layer to enrich graph representations,

and [158] further makes graph neural networks topological-aware via a topological graph layer

(TOGL). A subgraph isomorphism counting layer is raised in GSN to capture higher-order struc-

tural information [138]. It is worth paying attention to such structural information in the realm of

fraud detection. [159] utilized a HGAR attention mechanism to select risk pattern candidates(i.e.

4-vertex-motif structures). However, the aforementioned approaches are not readily applicable to

the domain of fraud detection. Purely structure-aware methods fail to leverage label information,

thus hindering their ability to detect fraud patterns that are intimately associated with fraud labels.

In this chapter, we innovatively introduce the idea of graph structural learning into fraud detec-

tion. Specifically, we devise a risk-aware learning layer, which adopts the idea of ’structure-ware’,

to model high-order adjacent fraud patterns which are proven to be conducive to improving the

expressiveness and performance of graph neural networks.
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5.3 Gated Temporal Graph Attention

In this section, we first introduce the framework of our proposed Gated Temporal Graph Attention

(GTGA) mechanism. After that, we present the process of feature engineering and the gated

temporal attention networks. The optimization strategy and learning objective are defined at the

end.

5.3.1 Model Architecture

The general model architecture of our proposed method is illustrated in Figure 5.2. Methods

discussed in this section include (b)Attribute Embeeding and (d) Gated Temporal Graph Attention.

Raw attributes of transaction records are first learned by the attribute embedding look-up and

feature learning layer, which includes feature aggregation with a multi-layer perception (MLP). In

our implementation, the attributes of the card include the card type, cardholder type, card limit,

remaining limit, etc. The transaction attributes include the channel ID, currency ID, transaction

amount, etc. The merchant attributes contain merchant type, terminal type, merchant location,

sector, charge ratio, etc.

Based on the transaction data, thanks to the proposed graph generators in previous Chapters, we

leverage rule-based and learning-based approaches to generate the temporal transaction graph.

Then, we devise a gated temporal attention network to aggregate and learn the importance of his-

torical transaction embeddings. Afterward, we leverage a two-layer MLP to learn the fraud proba-

bility from these representations. The whole model can be optimized in an end-to-end mechanism

jointly with the existing stochastic gradient descent algorithm.

5.3.2 Attribute Embedding and Feature Learning

This subsection introduces our preprocessing of transaction attributes. For given transaction records

r = (r1, r2, · · · , rN ), each record ri contains card attributes f i
c , transaction attributes f i

r, and mer-

chant attributes f i
m as ri = {f i

c, f
i
r, f

i
m}. In preprocessing, different from [104, 127], we do not

filter out any cards or merchants that have few authorized transaction records. As the number of

cards and merchants which have never been checked manually is much larger than checked, we



Chapter 5. Credit Card Fraud Detection 117

adopt full transaction records of users so as to maintain all potential frauds during preprocessing.

Afterward, we construct the numerical attribute representation of each record into tensor format

Xnum ∈ RN×d, where N denotes the number of transactions, and d denotes the dimensions of

features. Besides, we extract the card, transaction, and merchant category attributes Xcat ∈ RN×d

separately through attribute embedding layers, which can be formulated as follows:

eattr =onehot(fattr)⊙Eattr,

xcat,i =MLPi(
∑

∀j∈tablei

ej), i ∈ {card, trans,mchnt},
(5.1)

where j ∈ tablei denotes the column j in our input table data i, eattr ∈ R1×d denotes the embed-

ding of attribute attr, onehot(·) denotes the one-hot encoding, fattr denotes the single attribute

of one transaction, and Eattr ∈ Rm×d denotes the embedding matrix of attribute attr, where m

denotes the maximum number of attribute attr.

After obtaining the embedding vector of each attribute in the card, transaction, and merchant

tables, we aggregate these embeddings to obtain each transaction’s categorical embedding through

add-pooling with x
(u)
cat =

∑
i x

(u)
cat,i, i ∈ {card, trans,mchnt}, where x

(u)
cat ∈ R1×d denotes the

category embedding vector of the u-th transaction record. Compared with previous baselines, our

method reduces space complexity from O(Nac) to O(Na+acd), where N denotes the number of

transactions in our dataset, c denotes the number of categories, and a denotes the average number

of unique attribute values in each categorical column. Therefore, our method can handle a large

number of categorical attributes in real application environments. Besides, due to the heterogeneity

of categorical attributes, our proposed feature learning layer can model all categorical attributes

and project them to a unified spatial dimension, which is beneficial to our attribute-driven graph

learning model.

5.3.3 Gated Temporal Graph Attention Mechanism

In order to learn the temporal fraud patterns, we generate the temporal transaction graph and aggre-

gate messages on this graph to update the embedding of each transaction. Particularly, the directed

temporal edges are generated with the previous transactions as the source and the current ones
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as the target, as illustrated in Figure 5.2(c). Then we aggregate messages through the Temporal

Graph Attention. The number of generated temporal edges per node is a hyper-parameter, which

will be studied in the experiment section.

Temporal Graph Attention. After the feature engineering and attribute embedding, we leverage

a series of transaction embeddings X = {xt0 , xt1 , ...xtn} to learn the temporal embedding of each

transaction record. First, we combine categorical attributes and numerical attributes as the input of

RGTAN with xti = x
(ti)
num+x

(ti)
cat . At the first GTGA layer, we set H0 = X as the input embedding

matrix. Afterward, we leverage multi-head attention to separately calculate the importance of each

neighbor and update embeddings, which can be formulated as follows:

H =Concat(Head1, ...,Headhatt)Wo, (5.2)

where hatt denotes the number of heads, Wo ∈ Rd×d denotes learnable parameters, H denotes

the aggregated embeddings with H = {ht0 , ht1 , ..., htn}, and each attention head is formulated as

follows:

Head =
∑
xi∈X

σ(
∑

xt∈N (xi)

αxt,xixt),

αxt,xi =
exp(LeakyReLU(aT [xt||xi))∑

xj∈N (xt)
exp(LeakyReLU(aT [xt||xj ]))

,

(5.3)

whereN (xi) denotes the temporal neighbors of the i-th transaction, αxt,xi denotes the importance

of temporal edge (xt, xi) in each attention head, and a ∈ R2d denotes the weight vector of each

head. In practice, to avoid extra space consumption in extreme cases (such as high-frequency

transactions in a short period), we use a neighbor sampling and truncation strategy to control

the number of neighbor nodes |N (xt)| (i.e., the number of associated temporal edges per node)

through which the temporal graph attention layer propagates messages. Besides, to avoid borrow-

ing future information, the neighbor transactions sampled for each transaction must be the past

transactions from the same cardholder so that we can model the temporal fraud pattern through

message passing on the temporal transaction graph.
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Attribute-driven Gated Residual. To further improve the effectiveness and interpretability of our

method, after obtaining aggregated embeddings, we leverage the embeddings and raw attributes

to infer the importance of the aggregated embeddings and raw attributes after the temporal graph

attention process, which can be formulated as follows:

gateti =σ([xcat,ti ||xnum,ti ||hti ]βti),

zti =gateti · hti + (1− gateti) · xti ,
(5.4)

where gateti ∈ [0, 1] denotes the gate variable of the ti-th transaction, σ denotes the sigmoid

activation function, βti ∈ R3d×1 denotes the gate vector, and zti denotes the output vector of

each GTGA layer, which is fed into the next layer as input. According to our framework, if we

stack a new GTGA layer with the attribute-driven gated residual mechanism, we use the output

of the k-th gating mechanism as the input of the k + 1-th GTGA. In this stacking framework, the

bottom-up k-th GTGA layer weighs the importance of the k-th order neighbor transactions. In

addition, the bottom-up k-th attribute-driven gated residual mechanism weighs the importance of

each transaction’s k-th order neighbor transaction embedding and its own embedding. Algorithm

3 shows the detailed computation process of message passing in one GTGA layer.

5.3.4 Fraud Risk Prediction

After obtaining the aggregated embeddings of transactions, we leverage a two-layer MLP to pre-

dict the fraud risk, which is formulated as follows:

ŷ = σ(PReLU(HW0 + b0)W1 + b1), (5.5)

where ŷ ∈ RN×1 denotes the risk prediction results of all transactions, and W and b denote the

learnable parameters of MLP. Afterward, we calculate the objective function L via binary cross-

entropy, which is formulated as follows:
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L = − 1

N

N∑
i=0

[yi · log p(ŷi|X,A)+

(1− yi) · log(1− p(ŷi|X,A))],

(5.6)

where y denotes the ground-truth label of transactions. The proposed network structure can be

optimized through the standard SGD-based algorithms.

5.4 Risk-aware Gated Temporal Attention Network

In this section, we present the details of risk propagation and neighbor risk-aware embedding.

Practically, manually annotated labels are adopted as categorical features and integrated into the

original features after embedding transformations. Risk information from multi-hop neighbor-

hoods is encoded into features by adding the degree and risk count from multi-hop neighbors.

Both are jointly passed and updated through GTGA, which we call risk-aware message passing.

To avoid possible label leakage, we leverage a masked fraud detection strategy.

Algorithm 3: Steps of computation in a GTGA layer
Input : G(V,E): the given transaction graph

Hk: the embedding matrix from the kth layer
xcat: categorical features
xnum: numerical features

Output: Hk+1: updated embedding feature matrix as input of (k + 1)th layer
for i← 1 to N do

for h← 1 to hatt do
Headih ← σ(

∑
xt∈N (xi)

αxt,xixt);

α← exp(σ(aT [xt||xi]))∑
xj∈N (xi)

exp(σ(aT [xt||xj ]))
;

end
hi ← Concat(Headi1, ...,Head

i
hatt

)Wo;
vi ← Concat(xcat,i, xnum,i, hi);
gatei ← σ(viβi);
zi ← gatei · hi + (1− gatei) ·Hk,i;

end
Hk+1 ← [z1||...||zN ];
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5.4.1 Risk Propagation Representation

The manual-annotated labels are expensive in real-world fraud detection practice. With labeled

risk information, we can effectively model more fraud patterns, such as risk propagation. There-

fore, inspired by unifying label propagation with feature propagation [160], we propose to take

the manually annotated label as one of the categorical attributes of the transaction and get the

embedding of this categorical attribute, which we call risk embedding. Specifically, we take the

manually annotated label as the risk feature of each transaction, where the category of unlabeled

data is ‘unlabeled’, and the category of the rest of the data is ‘fraud’ or ‘legitimate’. Then, we

add this feature to the transaction data as one of our input categorical attributes. Due to concerns

about label leakage, this attribute has not been used in previous fraud detection solutions. We will

discuss the techniques for avoiding label leakage later. Then, we propose to embed the partially

observed risk attributes (i.e., labels) into the same space as the other node features, which consist of

the risk embedding vectors for labeled nodes and zero embedding vectors for the unlabeled ones.

Then, we simply add the node features and risk embeddings together as input node features with

xti = x
(ti)
num + x

(ti)
cat + ỹ(t1)Wr, where Wr denotes the learnable parameters of risk embedding.

[160] have proved that by mapping partially-labeled Ŷ and node features X into the same space

and adding them up, we can use one graph neural network to achieve both attribute propagation

and label propagation. Therefore, our fraud detection model can jointly model the temporal fraud

patterns and fraud risk propagation just by adding the transaction label as one of the transaction

categorical attributes.

5.4.2 Neighbor Risk-aware Attentional Embedding

Fraud transactions often fabricate noisy information to make them difficult to be recognized and

therefore result in redundant link information around fraudulent nodes, which can to some extent

weaken the power of neighborhood aggregation [134]. For example, fraudulent transactions might

be deliberately connected to numerous legitimate transactions so that spammers could hide among

legitimate users. Such risk patterns are relatively difficult to be captured by vanilla graph-based

methods. In this chapter, we leverage the degree information of multi-hop neighbor nodes and

count of risky neighbors as node features, which can inherently reflect the local risk structure,
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FIGURE 5.3: Convolutional Embedding. The final output of the convolutional embedding layers
is represented as RN×r×d, with each output channel corresponding to a previous neighbor risk

feature.

to alleviate the problems described above. Risk-aware representations are further learned by a

convolutional embedding layer and structural attention layer.

Convolutional Embedding. For given transaction records r = (r1, r2, · · · , rN ), each record ri

have neighbor degree feature f i
degree,k and risk neighbor count feature f i

risk,k, where k denotes

k-hop neighborhood. Besides, to avoid future label leakage, we merely gather information from

past transaction records belonging to the same cardholder of ri. The above two features can be

formulated as follows:

f i
degree,k =

∑

u∈N i
k

Degree(u),

f i
risk,k =

∑

u∈N i
k,yu=1

yu

(5.7)

where N i
k denotes the filtered k-hop neighbor nodes of ri, Degree(u) counts the in degree of ru

and y ∈ RN denotes labels of all transactions. After obtaining the neighbor risk information

for each transaction record, we stack these numerical features and construct neighborhood risk-

aware representation through a convolutional embedding layer. [161] has proven such embedding

numerical features can be conducive to many backbone structures. We construct the neighbor risk

features into tensor format Xnei ∈ RN×r where r denotes the number of neighbor risk features,

which later will be transformed into the risk-aware embedding matrix Xrsk ∈ RN×r×d as Figure

5.3 shows.
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Specifically, Xnei ∈ RN×r is expanded via a linear layer and reshaped into c channels, which we

denote as Xconv ∈ RN×c×L with L referring to the length of each channel. Thereafter, multiple

1D convolutional layers are leveraged to extract the risk information representations. We denote

each channel of record i at layer l as Xi,j,l
conv(1 <= j <= r), and each channel vector is convolved

by a filter vector w of length H with zero-padding after the batch norm operation.

Xi,j,l+1
conv [m] = σ(

H−1∑
h=0

w[h]Xi,j,l
conv[m− h+ P ] + b),

m ∈ [0, L− 1]

(5.8)

where b is the bias term and P is the padding size that satisfies P = H−1
2 . At the final convolu-

tional layer, the number of channels and the vector length are adjusted to r and d, via an output

convolutional layer and an adaptive pooling layer respectively, with each channel corresponding

to a previous neighbor risk feature. The skip connection strategy is leveraged to alleviate the prob-

lem of gradient vanishing and exploit spatial correlations and translations between risk features.

XL
conv ∈ RN×r×d are adopted as the risk-aware embedding.

Structural Attention. Afterwards, we introduce a structure-aware self-attention module to sep-

arately calculate the importance of each neighbor risk-aware feature and update the embeddings,

which can further exploit the neighborhood risk information and help learn fraud patterns. For a

certain transaction record ri, we denote its embedding matrix as Xi ∈ Rr×d = {f1, f2, ..., fr}.

The calculation process can be formulated as follows:

Hi = Concat(Head1, ...,Headnum)Wo, (5.9)

where num denotes the number of attention heads, Wo ∈ Rd×d denotes learnable parameters, H

denotes the updated risk-aware embeddings and each attention head is formulated as follows:
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Algorithm 4: Neighbor risk-aware embedding
Input : G(V,E): the given transaction graph
Output: Xrsk: neighbor risk-aware embeddings
for i← 1 to N do

for k ← 1 to K do
f i
de,k =

∑
u∈N i

k
Degree(u),

f i
ri,k =

∑
u∈N i

k
yu if yu = 1; then

end
f i
nei ← [f i

de,1, ..., f
i
de,K , f i

ri,1, ..., f
i
ri,K ]

hi0 ← Reshape(f i
neiW0,(c,L))

for l← 1 to L do
for c← 1 to C do

for m← 1 to L do
hil,c[m]← σH−1

s=0 (wl,c[s]hil−1,c[m− s+ P ] + b) + hil−1,c

end
end

end
{f1, f2, ...fr} ← {hL,1, hL,2, ...hL,r}
for h← 1 to num do

Headih ← σ(
∑

t∈[1,r] αft,fixt);

αft,fi ←
exp(σ(aT [ft||fi]))∑

j∈[1,r] exp(σ(aT [fj ||fi]))
;

end
Hi ← Concat(Headi1, ...,Head

i
num)W1;

end
Xrsk ← {H1,H2, ...,HN}

Head =
∑

i∈[1,r]

σ(
∑

m∈[1,r]

αfm,fifi),

αfm,fi =
exp(LeakyReLU(aT [fm||fi]))∑

n∈[1,r] exp(LeakyReLU(aT [xt||xn]))

(5.10)

where αfm,fi denotes the importance between feature fm and fi in each attention head, and a ∈

R2d denots the weight vector of each head. The output embedding matrix Hi ∈ Rr×d is then

reduced in the last dimension and then concatenated to the input node features, which can be

formulated as follows:
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xti = CONCAT(x(ti)num + x
(ti)
cat + ỹ(t1)Wr,

SQUEEZE(H iWproj))
(5.11)

where Wproj ∈ Rd×1 and SQUEEZE denotes squeezing matrix in the last dimension. Therefore,

our fraud detection model is enhanced by the integration of neighbor risk-aware embeddings and

is capable of better modeling temporal fraud patterns. Algorithm 4 demonstrates the detailed

computation of risk-aware embeddings.

5.4.3 Loss Function and Model Optimization

Previous works on credit card fraud detection did not consider using the partially observed labels

Ŷ in both training and inference stages and label information collected from the neighborhood is

also rarely exploited. They only took those risk information as optimization objectives to super-

vise their fraud detection model training with given transaction attributes. Different from previous

solutions for credit card fraud detection, we semi-supervise our proposed RGTAN model through

propagating transaction attributes, risk embeddings, and neighbor risk-aware features among la-

beled and unlabeled transactions to train our model. Simply using an unmasked objective for our

fraud detection model will result in label leakage in the training process. In this case, our model

will directly take observed labels and neglect the complicated hidden fraud patterns, which are not

able to be generalized in predicting future fraud transactions.

Therefore, we propose to learn from the risk information of each transaction’s neighbor trans-

actions instead of learning from its own label. Specifically, a masked fraud detection training

strategy is leveraged to train our model. During training, at each step, we randomly sample a

batch of nodes, namely center nodes, along with the neighbor nodes corresponding to each cen-

ter node. Then, we convert the Ŷ into Ỹ by masking all the center nodes’ risk embeddings to

zero embeddings and keeping the others unchanged. Furthermore, to ulteriorly model fraud pat-

terns from neighbor transactions, risk information from the neighborhood is directly collected and

transformed as node features. The operation above theoretically may result in label leakage, and a

multi-hop masking strategy is leveraged to tackle the risks. Particularly, we denote the risk feature

from k-hop neighbor as fk
risk, and in the training process, fk

risk belonging to k-hop neighbor of
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center nodes is masked to zeros embeddings. Then, our objective function is to predict Ŷ with

given X, Ỹ and A:

L = − 1

|V |

|V |∑
i=0

[yi · log p(ŷi|X, Ỹ,A)+

(1−yi) · log(1− p(ŷi|X, Ỹ,A))],

(5.12)

where |V | represents the number of center nodes with masked labels. In this way, we can train

our model without the self-loop leakage of risk information; and during inference, we employ

all observed labels Ŷ as input categorical attributes to predict the risk of the transactions out of

the training set. So far, the optimization objective of our model can be intuitively summarized as:

modeling the fraud patterns by the attribute information (including risk categorical information and

neighbor risk-aware embeddings) of neighboring transaction nodes and the attribute information

(excluding risk information) of itself.

5.5 Experiments

In this section, we first describe the datasets used in the experiments, then compare our fraud

detection performance with other state-of-the-art baselines on two supervised graph-based fraud

detection datasets and one semi-supervised dataset. Then, we perform ablation studies by evalu-

ating two variants of the proposed RGTAN, which demonstrates the effectiveness of our proposed

method and attribute-driven mechanism. Finally, real-world case studies show that our proposed

RGTAN significantly outperforms other baselines for detecting typical fraud patterns.

5.5.1 Experiment Settings

5.5.1.1 Datasets

To the best of our knowledge, we did not find any public semi-supervised credit card fraud de-

tection dataset. Therefore, we collect the partially labeled records from our collaborated partners,
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TABLE 5.1: Statistics of the three fraud detection datasets.

Dataset YelpChi Amazon FFSD

#Node 45,954 11,948 1,820,840
#Edge 7,739,912 8,808,728 31,619,440
#Fraud 6,677 821 33,858

#Legitimate 39,277 11,127 141,861
#Unlabeled - - 1,645,121

TABLE 5.2: Fraud detection performance of various methods on three datasets: YelpChi, Ama-
zon, and FFSD. The evaluation metrics used are the area under the roc curve (AUC), macro aver-
age of F1 score (F1-macro), and average precision (AP). Among the methods, RGTAN stands out
with the highest AUC and AP scores on all three datasets. RGTAN’s excellent performance on
YelpChi dataset with AUC score of 0.9498, F1-macro score of 0.8492*, and AP score of 0.8241

is particularly noteworthy.

Dataset
YelpChi Amazon FFSD

AUC F1 AP AUC F1 AP AUC F1 AP

GEM 0.5270 0.1060 0.1807 0.5261 0.0941 0.1159 0.5383 0.1490 0.1889
Player2Vec 0.7003 0.4121 0.2473 0.6185 0.2451 0.1291 0.5278 0.2147 0.2041
FdGars 0.7332 0.4420 0.2709 0.6556 0.2713 0.1438 0.6965 0.4089 0.2449
Semi-GNN 0.5161 0.1023 0.1811 0.7063 0.5492 0.2254 0.5473 0.4485 0.2758
GraphSAGE 0.5364 0.4508 0.1712 0.7502 0.5795 0.2624 0.6527 0.5370 0.3844
GraphConsis 0.7060 0.6041 0.3331 0.8782 0.7819 0.7336 0.6579 0.5466 0.3876
CARE-GNN 0.7934 0.6493 0.4268 0.9115 0.8531 0.8219 0.6623 0.5771 0.4060
PC-GNN 0.8174 0.6682 0.4810 0.9581 0.9153 0.8549 0.6795 0.6077 0.4487
GTAN 0.9241 0.7988 0.7513 0.9630 0.9213 0.8838 0.7616 0.6764 0.5767

RGTAN 0.9498* 0.8492* 0.8241* 0.9705* 0.9198 0.8925* 0.7680* 0.6800* 0.5786*

namely Finacial Fraud Semi-supervised Dataset (FFSD). We collected it from a major global fi-

nancial institution, which comprises real-world credit card transaction records spanning ten months.

The ground truth labels are obtained on cases reported by consumers and confirmed by domain

experts in the financial institution. If a transaction is reported by a cardholder or identified by

financial experts as fraudulent, we label it as 1; otherwise, it is labeled as 0.

Besides, we also experimented on two public supervised fraud detection datasets. The YelpChi

graph dataset [162] contains a selection of hotel and restaurant reviews on Yelp. Nodes in the

graph of the YelpChi dataset are reviews with 32-dimensional features, and the edges are the rela-

tionships among reviews. The Amazon graph dataset [163] includes product reviews of musical

instruments. The nodes in the graph are users with 25-dimensional features, and the edges are the

relationships among reviews. Some basic statistics of the three datasets are shown in Table 5.1.
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5.5.1.2 Compared Methods.

The following methods are compared to highlight the effectiveness of the proposed GTAN.

• GEM. Heterogeneous GNN-based model proposed in [164]. We set the learning rate to 0.1

and the number of hops of neighbors to 5.

• FdGars. Fraudster detection via the graph convolutional networks proposed in [165]. We

set the learning rate to 0.01 and the hidden dimension to 256.

• Player2Vec. Attributed heterogeneous information network proposed in [166]. We set the

same parameters as the FdGars model.

• Semi-GNN. A semi-supervised graph attentive network for financial fraud detection pro-

posed in [133]. We set the learning rate to 0.001.

• GraphSAGE. The inductive graph learning model proposed in [149]. We set the embedding

dimension to 128.

• GraphConsis. The GNN-based model tackling the inconsistency problem, proposed in [136].

We used the default parameters suggested by the original paper.

• CARE-GNN. The GNN-based model tackling fraud detection on a relational graph [135].

We used default parameters from the original paper.

• PC-GNN. A GNN-based model remedying the class imbalance problem, proposed in [134].

We used the default parameters from the original paper.

• GTAN. The attribute-driven semi-supervised attention network proposed in [125]. We used

the default parameters from the original paper.

• RGTAN. The proposed risk-aware gated temporal attention network model1. We also eval-

uate three variants of our model, RGTAN-A, RGTAN-R, and RGTAN-N, in which the tem-

poral graph attention component, risk embedding component and risk-aware representations

are not considered, respectively. In practice, we learn risk-aware embeddings from 2-hop

neighborhood. We set the batch size to 128, the learning rate to 0.002, the input dropout
1The sources of our proposed methods will be available at https://github.com/finint/antifraud.
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FIGURE 5.4: The result of semi-supervised experiments with different ratios of labeled training
data. The left is the performance of CRAE-GNN, PC-GNN and RGTAN on YelpChi dataset, with
the training ratio ranging from 0.1 to 0.8, which generally displays an upward trend with more
data used for training. The right is the compared performance on Amazon dataset and roughly

exhibits the same trend.

ratio to 0.2, the number of heads to 4, and the hidden dimension d to 256, and train the

model with the Adam optimizer for 25 epochs with early stopping.

5.5.1.3 Evaluation Metrics

We evaluate the experimental results on credit card fraud detection and opinion fraud datasets

by the area under the ROC curve (AUC), macro average of F1 score (F1-macro), and average

precision (AP), which are calculated as follows:

We count the number of True Positive NTP (i.e. correct identification of positive labels), False

Positive NFP (i.e., incorrect identification of positive labels), and False Negatives NFN (i.e.,

incorrect identification of negative labels). Then, F1 score and AP as formulated with F1macro =

1
l

∑l
i=1

2×Pi×Ri
Pi+Ri

and AP =
∑l

i=1(Ri − Ri−1)Pi, where Pi = NTP /(NTP + NFP ) and Ri =

NTP /(NTP +NFN ). We also report the AUC (the area under the ROC curve) in our experiments.

5.5.2 Fraud Detection Experiment

In YelpChi and Amazon datasets, the training-to-testing ratio was set to 2:3. For the FFSD dataset,

the first seven months’ transactions are utilized as training data, and the following three months

(August, September, and October of 2021) are used to detect fraudulent transactions. Each method
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FIGURE 5.5: The ablation study results on three datasets. Gray bars represent the RGTAN-
A variant, yellow bars represent the RGTAN-R variant, blue bars represent the RGTAN-N model
and red bars represent the RGTAN model. The removal of GTGA component across three datasets
in RGTAN-A lead to a dramatic performance drop. Discarding either risk embedding or neighbor

risk-aware embedding results in a certain degree of performance deterioration.

is tested ten times, and the average performance is presented in Table 5.2. The statistical signifi-

cance of the improvement is denoted by ∗ and determined by a paired t-test with a p-value of less

than 0.01.

The first five rows of Table 5.2 present the outcomes of some traditional graph-based techniques,

such as GEM, Player2Vec, FdGars, Semi-GNN, and GraphSASE. The results indicate that GEM’s

performance was not satisfactory, highlighting the inadequacy of a shallow model in tackling com-

plex fraud patterns. Player2Vec and FdGars show improved performance, partially due to their

enlarged model capacity. Semi-GNN and GraphSAGE are close in performance and superior to

the previous three methods, demonstrating the effectiveness of deep graph learning-based models

in detecting fraudulent transactions.

By incorporating transaction graphs into the learning process, PC-GNN achieves more competitive

results than the aforementioned baselines. The effectiveness of employing graph features in de-

tecting fraudulent transactions is strongly demonstrated. GTAN outperforms the previous methods

across all three datasets, validating the expressiveness of the temporal gated attention mechanism.

The last row of Table 5.2 presents the results of our proposed method, RGTAN, which success-

fully outperforms all baselines with at least 2.5%, 0.75%, and 0.64% AUC improvements across

the three datasets, respectively. Furthermore, RGTAN outperforms other baselines by at least

7.3%, 0.9%, and 0.2% AP improvements across the three datasets, respectively, strongly demon-

strating the effectiveness of our risk-aware embeddings to capture multi-hop risk structure and

higher-order risk patterns.
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5.5.3 Risk-aware Semi-supervised Experiment

To assess the effectiveness of semi-supervised learning, we conducted experiments with varying

ratios of labeled and unlabeled data in the training set. To streamline the presentation of our find-

ings, we focus on two of the most competitive baselines, namely PC-GNN and CARE-GNN, and

use them as a point of comparison for the subsequent semi-supervised experiments. Specifically,

we vary the proportion of training nodes from 10% to 80% in increments of 10%, while keeping

the remaining nodes as the test set for each experiment. Our experiments are conducted on fully

annotated datasets, YelpChi and Amazon, to enable us to explore a wider range of labeled data

ratios. The results of our experiments are displayed in Figure 5.4.

Our analysis of the YelpChi dataset reveals that RGTAN consistently outperforms the other models

under different training ratios. Even in scenarios with a limited number of labeled data (i.e.,

10% training ratio), RGTAN performs well. Moreover, as the number of labeled data increases,

the performance of RGTAN steadily improves despite some minor fluctuations. Similarly, our

experiments on the Amazon dataset show that RGTAN consistently achieves the best performance

across different training ratios. Compared to the YelpChi dataset, the RGTAN model exhibits less

sensitivity to changes in the training ratio on the Amazon dataset, with no more than a 5% variation

in AUC. These results suggest that RGTAN can perform well even with a small proportion of

labeled data (as low as 10%).

In conclusion, our experiments demonstrate the robustness of the RGTAN model to changes in

training ratio and its consistent superiority over PC-GNN and CARE-GNN in semi-supervised

learning. These findings underscore the effectiveness of the RGTAN model in this domain.

5.5.4 Ablation Study

To test the effectiveness of each key component in our model, we evaluate three variants: RGTAN-

A, RGTAN-R and RGTAN-N. RGTAN-A ablates the GTGA component and aggregates messages

from neighboring nodes with equal weights, which means it fails to utilize the temporal graph

attention mechanism to adaptively adjust the weights of neighbor nodes based on their importance

for fraud detection. RGTAN-R ablates the risk embedding component and only uses the original

node attributes X without considering the risk propagation process. This variant does not capture
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FIGURE 5.6: Parameter sensitivity analysis with respect to (a) the number of GNN layers; (b)
the number of temporal edges per node; (c) hidden dimension; and (d) the batch size. (a) shows
that the performance of our model reaches the highest when the number of GNN layers is set
to 2, and it slightly decreases when the number of layers continues to increase possibly due to
the over-smoothing problem. (b) demonstrates that our model is robust to the choice of hidden
dimension, with the overall AUC fluctuating by less than 5%. (c) illustrates that RGATN achieves
the optimal performance when the batch size is 128, yet it is not sensitive to the choice of batch
size, with the AUC under all settings varying by less than 3%. (d) exhibits high robustness to the

setting of convolutional embedding layers, with the overall AUC fluctuating by less than 1%.

the credit card fraud patterns from transaction risk propagation and only models the transaction

embeddings from other attributes that are not related to risk propagation. In the RGTAN-N model,

neighbor risk-aware embedding layers are removed to test its usability and validity. This variant

RGTAN-N is incapable of capturing the high-order adjacent fraud patterns.

Figure 5.5 compares the performance of our model (RGTAN) and its three variants that ablate dif-

ferent components: RGTAN-A, RGTAN-R and RGTAN-N. The grey bars indicate that RGTAN-

A, which removes the temporal graph attention mechanism, has the lowest scores among the four
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models. This demonstrates that the temporal graph attention mechanism is crucial for reweighting

the temporal transaction neighbors and capturing their importance for fraud detection. The yellow

bars show that RGTAN-R, which removes the risk embedding component, also performs worse

than RGTAN, indicating that the risk embedding is conducive to modeling credit card fraud pat-

terns from transaction risk propagation. The blue bars represent RGTAN-N, which removes the

neighbor risk-aware embedding layers. RGTAN-N gains the second-highest scores among the four

models, which also validates the effectiveness of neighbor risk-aware embedding in enhancing the

capacity of RGTAN to detect fraud patterns. In summary, removing either component deterio-

rates the performance of RGTAN, which proves that the temporal graph attention mechanism, risk

embedding and neighborhood risk representation are effective in graph-based credit card fraud

detection.

5.5.5 Parameter Sensitivity Experiment

In this section, we investigate the sensitivity of the model parameters by varying the depth of tem-

poral graph attention layers, the hidden dimension, the batch size, and the number of convolutional

embedding layers. The results of our experiments on the YELP dataset are presented in Figure 5.6.

We examine the effect of changing the depth of temporal graph attention layers by testing depths

ranging from 1 to 10. As depicted in Figure 5.6(a), our model’s performance remains stable

up to 10 GNN layers. As the depth of hidden layers increases, our model aggregates temporal

information from larger neighborhoods. We observe that our model achieves the best performance

with two GNN layers when the AUC and AP metrics reach their peak. Therefore, we set the

default depth to 2. If we increase the depth of GTGA layers further, we notice a slight degradation

in model performance, which might be due to over-smoothing of transaction embeddings caused

by deeper GNNs [68].

We investigate the impact of varying the hidden dimension from 4 to 1024 on our proposed model’s

performance in Figure 5.6(b). We observe that our model maintains stable performance across a

range of hidden dimensions, and achieves the relative performance peak at 256. Figure 5.6(c)

demonstrates that our RGTAN model performs best with a batch size of 64. Although the model

is not sensitive to hyperparameters such as hidden dimension and batch size, with less than 3%

variation in AUC across values ranging from 16 to 1024, we set the batch size to 128 considering
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FIGURE 5.7: The case studies on two typical fraud patterns: (a) fraudulent transactions can be
hidden by a deep transaction chain; (b) over multiple links, multiple fraudulent transactions let

money separately enter the same cardholder.

the training efficiency of the model. Finally, we evaluate the robustness of our risk-aware repre-

sentation learning modules by varying the number of convolutional embedding layers from 2 to

10. As illustrated in Figure 5.6(d), the performance of our RGTAN model remains stable, with

less than a 1% fluctuation in the overall AUC.

5.5.6 Case Studies

With the development of rule-based and machine learning-based fraud detection systems, today’s

credit card fraud is not simply an individual risk. For example, one of the cardholder’s credit cards

fell to the ground and was picked up by others. Instead, today’s credit card fraud patterns have

multi-hop temporal connections that form a transaction chain. As shown in Figure 5.7, according

to the practical experience in credit card fraud detection, there are two typical types of fraud

transaction chains. According to Figure 5.7(a), the money flows between multi-hop neighbors,

and the end of this deep transaction chain is hidden by a long series of ‘legitimate’ transactions.

In Figure 5.7(b), the money flows through multiple pipelines, and the end of this wide transaction

chain is hidden by multi-source ‘legitimate’ transactions. In these cases, cardholders and rule-

based fraud detection systems can only report the beginning of the transaction chains, while the end

transactions of such fraud chains are difficult to detect by traditional machine learning algorithms

due to their incapability to model relations among transaction chains. Therefore, detecting such

cases requires a large number of effort from reviewers in card issuers.
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TABLE 5.3: Evaluation results on detecting the end of two types of fraud transaction chains. Our
proposed model outperforms other baselines significantly in detecting these two fraud patterns.

Case 1 Case 2

AUC AP AUC AP

GraphConsis 0.6178 0.3625 0.6626 0.4002
CARE-GNN 0.6274 0.3576 0.6715 0.4128
PC-GNN 0.6431 0.4251 0.6933 0.4656

GTAN 0.7932 0.6108 0.8321 0.6298
RGTAN 0.8167* 0.6325* 0.8518* 0.6504*

We conduct case studies in a world-leading card issuer to validate the performance of detecting

typical fraud patterns. Specifically, we select all transactions matching end-of-chain fraud patterns

(i.e., case 1 and case 2 illustrated in Figure 5.7) from manually annotated cases. Then, an equal

number of legitimate transactions are randomly selected among all transactions as the legitimate

samples of the two cases, respectively. Then, we calculate the AUC and AP of the predicted

results in these two groups of transactions, respectively. Table 5.3 reports the performance of

5 methods in detecting the end of chains of two typical types of fraud. Based on the first four

rows, GTAN far outperforms all previous baselines with 16.0% and 14.9% AUC improvements

and 19.5% and 17.4% AP improvements. According to the last two rows of Table 5.3, the results

show that our method RGTAN outperforms GTAN with 2.3% and 2.0% AUC improvements and

2.2% and 2.1% AP improvements. This demonstrates the effectiveness of our proposed RGTAN

for identifying real-world human brain-armed credit card fraud patterns. The high capability in

detecting complex fraud patterns may be the main source of performance gain of our substantial

improvement approach.

5.6 Conclusion

This chapter addressed the crucial real-world issue of identifying credit card fraud. We devised an

efficient semi-supervised technique that models data on temporal transaction graphs and employs

attribute-driven gated temporal attention networks, given the laborious and costly nature of label-

ing fraud transactions. We proposed an attribute representation and risk propagation mechanism to

capture the fraud patterns precisely, given the pervasive categorical attributes and human-annotated
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labels. We innovatively leveraged neighborhood risk-aware representations to augment the capa-

bility of RGTAN to capture local risk information, given the importance of adjacent risk structures

for fraud detection. The extensive experiments exhibited the superiority of our suggested methods

over other baselines in three fraud detection datasets. Semi-supervised experiments illustrated the

outstanding fraud detection performance of our model with only a minuscule fraction of manu-

ally annotated data. Moreover, we uncovered fraud patterns by examining the chain propagation

among transactions in the case studies. The outcomes of case studies indicated that our models

could detect real-world fraud patterns. Our approach has been on the way to becoming a funda-

mental component in a real-world credit card fraud analysis system hosted by world-leading credit

card issuers, serving more than one hundred million users.



Chapter 6

Financial Time Series Prediction

6.1 Chapter Overview

In this chapter, we show the application of synthesized graphs on financial time series prediction

tasks (specifically, univariate time series prediction). The company relation graphs are generated

day-by-day to help promote the proposed graph neural networks for stock price movement predic-

tion. This chapter has been published in [167]. Chapter 6.2 introduces the background of financial

time series prediction tasks. Chapter 6.3 gives the related articles about graph data-driven stock

prediction. Chapter 6.4 shows the process of graph generation in financial time series prediction.

Chapter 6.5 introduces the main solutions of our proposed temporal and heterogeneous graph

neural network (THGNN). Chapter 6.6 reports the performance comparison results among other

graph-based methods. Chapter 6.7 concludes this chapter.

6.2 Background

Stock market is a financial ecosystem that involves transactions between companies and investors,

with a global market capitalization of more than $83.5 trillion as of 2020 [168]. The Efficient

Market Hypothesis [169] points out that the stock price represents all the available information,

but the stock price is volatile in nature, resulting in difficulty on predicting its movement [170]. In

recent years, deep learning has been widely used in predicting the price movement of stocks [171].

137
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Researchers also explore to improve the prediction performance by incorporating more sources

as model inputs, including more technical indicators [169], factors [172], financial status [173],

online news [174], social media posts [175], etc.

Traditional learning methods treat the time series as independent and identically distributed to

each other, which is not coincident to the real situation in the financial market [176]. For example,

two stocks in the same sector may have a higher correlation than those in different fields [177].

Therefore, recent studies employ knowledge graphs to represent the internal relations among en-

tities [178] and leverage graph learning for the price movement prediction [179]. These works

have shown the effectiveness by integrating stock’s relations in the prediction models [180]. Thus,

graph-based methods could benefit from learning meaningful representations of inputs, resulting

in better prediction accuracy [181, 182].

However, generating relation graphs of entities is very challenging because it is fluctuate, noisy,

amphibolous and dynamically changed [183]. For example, financial knowledge graphs mainly

include the supply chain, primary business and investment relations of entities [184], which is

labeled by domain experts or extracted from unstructured texts. But different experts have dif-

ferent knowledge background which may lead to different relation graphs. Besides, the current

nature language processing (NLP) techniques are still facing significant shortcomings in high ac-

curacy relation extraction [185]. In other words, the relations may be misled by either unilateral

text news or inaccurate extracting models. In addition, these relations may dynamically change

in time series. For example, the main business of a company would change according to the mar-

ket demands, and the supply chain graph would be upgraded because of the technique evolution

[186]. Existing graph learning price prediction methods are inevitably suboptimal in learning these

fluctuate and dynamical situations.

To address the above challenges, we propose a novel temporal and heterogeneous graph neural

network-based method for financial time series prediction. Specifically, we directly model the re-

lations of price time series of entities based on historical data and represent them in a temporal

and heterogeneous graph, i.e., company relational graph. After obtaining the company relational

graph, we leverage sequential transformers encode the historical prices and graph neural networks

to encode internal relations of each company. Specifically, we update each company’s representa-

tions by aggregating information from their neighbors in company relational graphs in two steps.
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The first step is a time-aware graph attention mechanism. The second is a heterogeneous graph

attention mechanism. We thoroughly evaluate our approach on both the S&P 5001 and CSI 3002

dataset in the United States and China’s stock markets. The experimental results show that our

method significantly outperforms state-of-the-art baselines. In order to keep the sententious of our

model, we conduct ablation studies to prove the effectiveness and essential of the each component

of our method, including transformer encoder, time-aware graph attention, heterogeneous graph

attention. Finally, we deploy our model in real-world quantitative algorithm trading platform,

hosted in EMoney Inc.3, a leading financial service provider in China. The cumulative returns

of portfolios contributed by our approach is significantly better than existing models in financial

industry. We will release the dataset as well as the source codes of the proposed techniques along

with this chapter. In conclusion, our principle contributions are summarized as follows:

• We propose a graph learning framework to effectively model the internal relations among

entities for financial time series prediction, which fits the dynamical market status and is

concordant with the ground-truth price movements.

• We design a temporal and heterogeneous graph neural network model to learn the dynamic

relationships by two-stage attention mechanisms. The proposed model is concise and effec-

tive in joint and automatically learning from historical price sequence and internal relations.

• Our proposed THGNN is simple and can be easily implemented in the industry-level sys-

tem. Extensive experiments on both the Unite States and China stock markets demonstrate

the superior performance of our proposed methods. We also extensively evaluated its effec-

tiveness by real-world trading platform.

6.3 Related Works

6.3.1 Financial Time Series Learning

It is widely known that price movements of stocks are affected by various aspects in financial

market [172]. In previous studies, a common strategy is to manually construct various factors as
1https://www.spglobal.com/spdji/en/indices/equity/sp-500
2http://www.cffex.com.cn/en new/CSI300IndexOptions.html
3http://www.emoney.cn/
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feature inputs [187, 188]. For example, Michel et. al, [173] integrate market signals with stock fun-

damental and technical indicators to make decisions. Li et. al, [183] establish a link between news

articles and the related entities for stock price movement forecasting. A large number of existing

methods employ recurrent neural network and its variants, such as LSTM [65] and GRU [189],

to learn the sequential latent features of historical information and employ them for downstream

prediction task [190].

In these works, the market signals processing of each stock is carried out independently. How-

ever, this inevitably ignores the internal relationship among stocks and would lead to suboptimal

performance. Some works [191] leverage the correlation information as model inputs, but cannot

automatically capture the dynamic changes of relations. In this article, we model the relation-

ship between stocks as dynamic company relation graphs and joint learn the graph relation and

historical sequence feature automatically for future price movement prediction.

6.3.2 Graph Learning for Stock Prediction

Researchers have shown that the price movement of stocks is not only related to its own historical

prices, but also connect to its linked stocks [180]. The link relation includes suppliers and cus-

tomers, shareholders and investor, etc. Existing works normally employ knowledge graphs to store

and represent these relations [187, 192]. Recently, graph neural network (GNN) [4] is proposed

to effectively learn on graph-structured data, which has shown its superior performance in various

domains, including fraud detection [83, 127], computer vision [193, 194], etc. Researchers also

introduce the advanced GNN-based approaches in the stock price prediction task. For example,

Chen et. al, [177] models the supply chain relationships of entities into knowledge graphs and

uses graph convolution networks to predict stock movements. Ramit et. al, [182] leverage atten-

tional graph neural network on the connections constructed by social media texts and company

correlations. Cheng et.al, [187] leverage multi-modality graph neural network on the connections

constructed by historical price series, media news, and associated events.

However, the graph constructed by these methods are limited by constant, predefined corporate

relationships, which is powered by handcraft editing or nature language processing techniques,
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suffering from heavy resources labeling and low extracting accuracy [195]. But the actual corpo-

rate diagram evolves frequently over time. Besides, the company relation graph is also heteroge-

neous, which means there are multiple relation types among entities. Therefore, existing methods

cannot exploit the full information from real-life company relation graphs. In this chapter, we con-

struct the relation graph dynamically and automatically based on their ground-truth historical price

sequences and then propose a novel temporal and heterogeneous graph neural network methods

to jointly learn their sequential and relational features for more accurate stock price prediction.

We demonstrate the effectiveness of our methods by extensive experiments and real-world trading

platform.

6.4 Temporal and Heterogeneous Graph Generation

6.4.1 Problem Definition

Different from traditional graph-based methods that construct static and homogeneous graphs by

handcraft labeling or nature language processing techniques to infer stock movements, our model

represents the company relation graph as a collection of temporal and heterogeneous graphs, which

are automatically generated by historical price sequences. In graphs, the node denotes each equity

and edge represents their relations in sequential. Temporal graphs are composed of timestamped

edges and timestamped nodes [40, 109]. Each node might be associated with multiple relationships

and multiple timestamped edges on different trading days. There are multiple types of edge E =

{E1, ..., Er} in company relation graphs. And the occurences of node V = {V t1 , ..., V T } and

edge E = {Et1 , ..., ET } are different on different trading days. Table 6.1 summarizes the symbols

introduced in this chapter.

Temporal and Relational Occurrence. In a temporal company relation graph, an edge e is as-

sociated with a series of temporal occurrences e = {et1 , et2 , ...}, which indicate the occurrences

of edge e at trading days {t1, t2, ...} in the company relation graph. Each type of relational occur-

rence is associated with a series of temporal occurrences with E = {Er1 , Er2 , ...}, which indicate

the occurrences of edge e in different relationships {r1, r2, ...}. Same as temporal occurrences of

edge e, a node v is associated with a set of temporal occurrences with v = {vt1 , vt2 , ...}.
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Temporal and Heterogeneous Graph. A temporal and heterogeneous company relation graph

G̃ = (Ṽ , Ẽ) is formed by a set of temporal nodes Ṽ = {vtv11 , ..., v
tvn
n } and a series of sets of

temporal edges Ẽ = {Ẽ1, ..., Ẽr}, where Ẽr = {ete11 , ..., e
tem
m }r denotes the edges of relation r,

and e
tei
i = (uei , vei)

tei denotes the temporal edge.

In existing works [177, 180, 184], the graph neighborhood N (v) of node v is defined as static

or homogeneous. Here, we generalize the definition of graph neighborhood to the temporal and

heterogeneous graph, which is set as follows:

Temporal and Heterogeneous Graph Neighborhood. Given a temporal node v, the neighbor-

hood of v is defined as N (v) = {vi|fsp(vi, v) ≤ dN , |tv − tvi | ≤ tN }, where fsp(·|·) denotes the

shortest path length between two nodes, dN and tN denote the hyper-parameters. As for hetero-

geneous graph, we define Nr(·) as the neighborhood function of relation r.

Finally, we formally define the stock movement prediction problem as follows:

Input: Historical price sequences of listed companies X = {x1, x2, · · · , xn}, where each xi =

{xi,1, xi,2, · · · , xi,t} denotes the historical price sequences. We then use the X to generate the

temporal and heterogeneous company relation graph G̃, with multiple types of temporal edges

{Ẽr1 , Ẽr2 , ...}, for downstream tasks .

Output: The probability Ŷ of price movements of each equity.

6.4.2 Stock Correlation Graph Generation

In this subsection, we report the process of the temporal and heterogeneous graph construction.

As mentioned in previous studies [177, 196], there may be multiple relationships between com-

panies (such as suppliers and customers, shareholders and invested companies). Different from

conventional knowledge graph-based relations that construct relation by human labeling or NLP

techniques, generating relations directly based on market trend signals has proved to be effec-

tive [67, 183] in practical, which does not require additional ambiguity domain knowledge or text

news sources, and is easy to be implemented.

Therefore, we need to use rule-based or learning-based approaches to generate the correlation

graph. In this chapter, we obtain the correlation matrix by calculating the correlation coefficients
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between ground-truth stock historical market signals directly. Then, the relationship between com-

panies is determined according to the value of each element of the correlation matrix. The rela-

tionship between companies may be positive (correlation > threshold) or negative (correlation <

-threshold). In order to reduce noise, we connect the edges whose absolute value is greater than

the threshold, and the rest of the edges are considered not to be connected. So far, the edges E of

company relation graph are generated. Therefore, we model the inter-company relation graph as a

heterogeneous graph with two relationships, i.e., G = (V, {Er1 , Er2 , ...}), with r ∈ {pos, neg}.

As the relationships between companies tend to be dynamic, we generate the company relation

graph in temporal format as our model’s inputs. In particular, within T trading days, we generate

temporal and heterogeneous company relation graphs with T timestamps, which is formulated as

G̃ = (Ṽ , {Ẽpos, Ẽneg}). Finally, the generated graphs and original sequence inputs are fed to

downstream learning task simultaneously.

6.5 Temporal and Heterogeneous Graph Neural Networks

In this section, we introduce the framework of our proposed temporal and heterogeneous graph

neural network and their each component in detail. Our model takes the historical price sequence

as inputs and infer the probability of stock movements as outputs. We represent the relation of

stocks in a dynamic heterogeneous graph with two types of edges. We then jointly encode the

historical and relation features by transformers and heterogeneous graph attention network. We

report the problem definition first and each module of our method in turn.

6.5.1 Historical Price Encoding

The input stock movement feature of price sequences is defined as Xt ∈ Rn×T×dfeat on trad-

ing day t, where n denotes the number of stocks, T means the number of trading days before

t, and dfeat denotes the dimension of historical price features. We first leverage a linear trans-

formation and positional encoding (PE) [144, 197] on trading features to obtain the input tensor



144 Chapter 6. Financial Time Series Prediction

TABLE 6.1: The summary of symbols

Symbol Definition
X the historical price of listed companies
Ŷ the probability of price movements
n the total number of nodes
m the total number of edges
r the number of relationships in graph G̃

T the number of trading days in G̃

G̃ = (Ṽ , {Ẽr1 , Ẽr2 , ...}) the temporal and heterogeneous graph
Ṽ = {vtv11 , ..., v

tvn
n } the set of temporal nodes

Ẽr = {e
te1
1 , ..., e

tem
m }r the set of temporal edges of relation r

N (·) the neighborhood function
d the number of dimension

FIGURE 6.1: The proposed Temporal and Heterogeneous Graph Neural Networks architecture
for stock movement predictions. The first part is the generation of a stock correlation graph,
which builds dynamic relations for stocks in the market every trading day. The second part is the
historical price encoding, which selects a temporal node vt and its neighbor nodes to encode the
historical price information. Transformer encoders share their parameters. The third part is the
graph attention layer, which adaptively calculates the importance of the neighbors and aggregates
the information according to the neighbors’ importance. The fourth part is the heterogeneous
graph attention layer, which adaptively calculates the importance and aggregates information from
different types of neighbors. Then, we leverage a multi-layer perception to give the prediction of

each stock’s future movement.

Ht ∈ Rn×T×din , which is formulated as follows:

Ĥt =WinX
t + bin

Ht =Ĥt + PE

PE(p, 2i) =sin(p/100002i/din)

PE(p, 2i+ 1) =cos(p/100002i/din)

(6.1)
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where p ∈ {1, 2, .., T} is the trading day position, i is the dimension, din denotes the dimension

of input features, and Win ∈ Rdfeat×din and bin ∈ Rdin denote the learnable parameters. After

linear transformation, we proposed to leverage multi-head attentional transformer to encode the

input feature for each stock in each day. Then, the proposed encoder outputs Ht
enc ∈ Rn×T×denc

for downstream tasks, where denc denotes the output dimension of the encoder. Mathematically,

we formulate the historical feature encoder’s output Ht
enc as follows:

Ht
enc = Concat(EncHeadt1, . . . ,EncHeadthenc

)Wo (6.2)

where Wo ∈ Rhencdv×denc denotes the output projection matrix, henc denotes the number of

heads in the encoder, dv denotes the output dimension of each head, Concat denotes a concatena-

tion of the output of heads, and EncHeadti ∈ Rn×T×dv denotes the output of encoder head with

EncHeadti = Attention(Qt
i,K

t
i,V

t
i), which is formulated as follows:

Qt
i = HtWQ

i ,K
t
i =HtWK

i ,Vt
i = HtWV

i

Attention(Q,K,V) =softmax(
QKT

√
din

)V
(6.3)

where WQ
i ∈ Rdin×dhidden , WK

i ∈ Rdin×dhidden , WV
i ∈ Rdin×dv denote the projection matrices,

and dhidden denotes the dimension of hidden layer.

6.5.2 Temporal Graph Attention Mechanism

Given the historical sequence encoder output Ht
enc and temporal relation graph G̃, we propose to

employ graph attention mechanism on the sequential and heterogeneous inputs. In particular, we

flatten the embeddings of all nodes to Ht
enc ∈ Rn×Tdenc and leverage two-stage temporal atten-

tion mechanism to aggregate messages from graph structures and temporal sequences, which is

illustrative reported in Figure 6.1 (c). The two-stage temporal graph attention layers could aggre-

gate messages from both the postive and negative neighbors simultaneously. For each relationship

r ∈ {pos, neg}, the message aggregating is formulated as follows:

Ht
r =Concat(TgaHead1, ...,TgaHeadhtga

)Wo,r (6.4)
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where Ht
r ∈ Rn×datt denotes the output of the temporal graph attention layer on trading day t, and

Wo,r ∈ RhtgaTdenc×datt denotes the output projection matrix, htga denotes the number of heads,

and each head of temporal graph attention layer TgaHeadi ∈ Rn×Tdenc is formulated as follows:

TgaHeadi =
∑
vt∈Ṽ

σ(
∑

ut∈Nr(vt)

αi
ut,vthut) (6.5)

where σ denotes the activation function, hut ∈ RTdenc denotes the ut-th row of historical price

embedding Ht
enc, and αi

ut,vt denotes the importance of temporal edge (ut, vt) in i-th head, which

is formulated as follows:

αi
ut,vt =

exp(LeakyReLU(aTr,i[hut ||hvt ]))∑
kt∈Nr(vt)

exp(LeakyReLU(aTr,i[hkt ||hvt ]))
(6.6)

where ar,i ∈ R2Tdenc denotes the weight vector of relation r and i-th head.

6.5.3 Heterogeneous Graph Attention Mechanism

As shown in Figure 6.1 (d), we already have messages from different types of neighbors through

the two-stage attention mechanism. Then, we propose the heterogeneous graph attention network

to learn from different relationships in relation graphs.

We define message sources as three types of embeddings, namely, messages from ourselves Ht
self ,

positive neighbors Ht
pos, and negative neighbors Ht

neg, respectively. Ht
self ∈ Rn×datt is derived

from Ht
enc through a linear transformation with Ht

self = WselfH
t
enc + bself , where Wself ∈

RTdenc×datt and bself ∈ Rdatt denote the learnable parameters. Ht
pos and Ht

neg are derived from

the graph attention mechanism in section 6.5.2. Taking three groups of node embeddings as input,

we can adaptively generate the importance of different relationships through attention mechanism.

The weights of three relationships (βself , βpos, βneg) can be shown as follows:

(βself , βpos, βneg) = HGA(Ht
self ,H

t
pos,H

t
neg) (6.7)
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We first use three Multi-Layer Perceptrons (MLP) to transform these three embeddings. Then

we measure the importance of each embedding using a heterogeneous attention vector q. Fur-

thermore, we average the importance of all node embeddings, which can be explained as the

importance of each company relation. The importance of each company relation, denoted as

r ∈ {self, pos, neg}, is shown as follows:

wr =
1

|Ṽ |

∑
vt∈Ṽ

qT tanh(Whvt,r + b) (6.8)

where W ∈ Rdatt×dq and b ∈ Rdq are the parameters of MLP, q ∈ Rdq denotes the attention

vector, and hvt,r denotes the vt-th row of Ht
r. Note that all above parameters are shared for all

relationship of node embeddings. After obtaining the importance of each relationship, we calculate

the contribution of each relationship and obtain the final embedding Zt ∈ Rn×datt as follows:

βr =
exp(wr)∑

r∈{self,pos,neg} exp(wr)

Zt =
∑

r∈{self,pos,neg}

βr ·Ht
r

(6.9)

For a better understanding of the aggregating process of heterogeneous graph attention layer, we

give a brief explanation in Figure 6.1 (d). Then we apply the final embedding to a semi-supervised

node classification task.

6.5.4 Optimization Objectives

Here we give the implementation of objective functions. We model the stock movement predic-

tion task as a semi-supervised node classification problem. Specifically, we selected 200 stocks

of which future movements are ranked in top-100 or bottom-100, and labeled the corresponding

nodes as 1 and 0, respectively. Then, we use one layer of MLP as the classifier to get the classifica-

tion results of labeled nodes. Furthermore, we use binary cross-entropy to calculate the objective

function L, which is formulated as follows:

Ŷ =σ(WZt
l + b)

L =−
∑
l∈Yt

[Yt
l log(Ŷl) + (1−Yt

l ) log(1− Ŷl)]
(6.10)
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whereYt denotes the set of labeled nodes, Yt
l and Zt

l denote the label and embedding of the labeled

node l, respectively, σ denotes the Sigmoid activation function, and W and b are the parameters of

MLP. With the guide of labeled data, we use Adam [198] optimizer to update the parameters of our

proposed method. Please note that we use this objective function to jointly optimize the parameters

of historical price encoder, temporal and heterogeneous graph neural network and node classifier.

6.6 Experiments

In this section, we first introduce the datasets and experimental settings. Then we detail report the

experimental results in real-world dataset and applications.

6.6.1 Experimental Setttings

Datasets. Extensive experiments are conducted in both the Unite States and Chinna’s stock mar-

kets by choosing the constituted entities in S & P 500 and CSI 300 index. The historical price data

from 2016 to 2021 are chosen as our datasets. In addition to historical price data, our input data

also includes company relation graphs. The graphs are generated by the stock price correlation

matrix, which is introduced in Section 6.4.2. The stock price correlation matrix of each day is

determined by the historical price movement of past 20 trading days. Specifically, we compare

the opening price, closing price, trading volume, and trading volume of each pair of two stocks,

calculate the correlation coefficient between them and take the mean value as the element of the

correlation matrix.

Parameter Settings. Our temporal graph G̃ contains company relationships for 20 trading days.

The dN and tN of neighborhood function N (·) are both set as 1. During the graph generation

process, the threshold for generating one edge is set as 0.6. The historical price data of the previous

20 trading days are used as input features. The feature dimension dfeat of the encoding layer is

6, the input dimension din and encoding dimension denc of the encoding layer are both 128. The

hidden dimension dhidden is 512, the dimension of value dv is 128, and the number of heads henc is

8. In temporal graph attention layer, datt is 256, and the number of heads htga is 4. The dimension

of the attention vector in the heterogeneous graph attention layer, dq, is 256.
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TABLE 6.2: Performance evaluation of compared models for financial time series prediction in
S&P 500 and CSI 300 datasets. ACC and ARR measure the prediction performance and portfolio
return rate of each prediction model, respectively, where the higher is better. AV and MDD
measure the investment risk of each prediction model where the lower absolute value is better.

ASR, CR, and IR measure the profit under a unit of risk, where the higher is better.

S&P 500 CSI 300

ACC ARR AV MDD ASR CR IR ACC ARR AV MDD ASR CR IR

LSTM 0.532 0.377 0.449 -0.382 0.842 0.989 0.954 0.515 0.291 0.318 -0.240 0.915 1.213 0.877
GRU 0.530 0.362 0.445 -0.379 0.813 0.955 0.934 0.517 0.312 0.320 -0.243 0.975 1.284 0.932
Transformer 0.533 0.385 0.454 -0.384 0.848 1.005 0.960 0.518 0.327 0.322 -0.245 1.016 1.335 0.969
eLSTM 0.534 0.434 0.454 -0.373 0.955 1.163 1.041 0.520 0.330 0.323 -0.239 1.022 1.381 0.991

LSTM+GCN 0.538 0.470 0.442 -0.354 1.062 1.326 1.103 0.523 0.351 0.320 -0.217 1.097 1.618 1.119
LSTM+RGCN 0.565 0.558 0.463 -0.366 1.205 1.522 1.203 0.536 0.509 0.326 -0.235 1.561 2.166 1.537
TGC 0.552 0.528 0.455 -0.344 1.163 1.535 1.180 0.531 0.453 0.323 -0.224 1.402 2.022 1.412
MAN-SF 0.551 0.527 0.467 -0.357 1.130 1.478 1.157 0.527 0.418 0.334 -0.225 1.251 1.858 1.282
HATS 0.541 0.494 0.466 -0.387 1.060 1.277 1.110 0.525 0.385 0.332 -0.249 1.160 1.546 1.116
REST 0.549 0.502 0.466 -0.359 1.079 1.398 1.117 0.528 0.425 0.331 -0.228 1.284 1.864 1.298
AD-GAT 0.564 0.535 0.457 -0.371 1.170 1.444 1.187 0.539 0.537 0.329 -0.240 1.632 2.238 1.596

THGNN 0.579 0.665 0.468 -0.369 1.421 1.804 1.340 0.551 0.632 0.336 -0.237 1.881 2.667 1.875

Trading Protocols. On the basis of [199], we use the daily buy-hold-sell trading strategy to

evaluate the performance of stock movement prediction methods in terms of returns. During each

trading day during the test period (from January 1, 2020 to December 31, 2020), we use simulated

stock traders to predict transactions:

1. When the trading day t closes, traders use this method to get the prediction score, that is,

the ranking of the predicted rate of return of each stock.

2. When the trading day t + 1 opens: the trader sells the stock bought on the trading day t.

Meanwhile, traders buy stocks with high expected returns, i.e., the stocks with top-k scores.

3. Please note that if a stock is continuously rated with the highest expected return, the trader

holds the stock.

In calculating the cumulative return on investment, we follow several simple assumptions:

1. Traders spend the same amount on each trading day (for example, $50,000). We made this

assumption to eliminate the time dependence of the testing process in order to make a fair

comparison.

2. There is always enough liquidity in the market to satisfy the opening price of the order on

the t+ 1 day, and the selling price is also the opening price on the t+ 1 day.
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3. Transaction costs are ignored because the cost of trading US stocks through brokers is

relatively cheap, whether on a transaction-by-transaction basis or on a stock-by-stock ba-

sis.Fidelity Investments (Fidelity Investments) and Interactive Brokerage (Interactive Bro-

ker), for example, charge $4.95 and $0.005 per transaction, respectively.

Compared Baselines. We compared our proposed method with state-of-the-art sequential-based

models as well as the graph-based approaches. They are 1) Non-graph-based Methods, includes

LSTM [65], GRU [189], Transformer [144], eLSTM [171]. 2) Graph-based Methods: LSTM-

GCN [177], LSTM-RGCN [183], TGC [184], MAN-SF [182], HATS [196], REST [200] and

AD-GAT [180].

Evaluating Metrics. Since the goal is to accurately select the stocks with highest returns appropri-

ately, we use seven metrics: prediction accuracy (ACC), annual return rate (ARR), annual volatility

(AV), maximum draw down (MDD), annual sharpe ratio (ASR), calmar ratio (CR), and informa-

tion ratio (IR) to report the performance of baselines and our proposed model. Prediction accuracy

is widely used to evaluate classification tasks, such as stock movement prediction [171, 201], so

we calculate the prediction accuracy of all stocks for each trading day during the test period. Be-

cause ARR directly reflects the effect of stock investment strategy, ARR is our main measure,

which is calculated by adding up the returns of selected stocks on each test day in a year. AV

directly reflects the average risk of investment strategy per unit time. MDD reflects the maximal

draw down of investment strategy during the whole test period. ASR reflects the benefits of taking

on a unit of volatility with ASR = ARR
AV . CR reflects the benefits of taking on a unit of draw

down with CR = ARR
abs(MDD) . IR reflects the excess return under additional risk. The smaller the

absolute value of AV and MDD is, the higher the value of ACC, ARR, ASR, CR, and IR is, the

better the performance is. For each method, we repeated the test process five times and reported

average performance to eliminate fluctuations caused by different initialization.

6.6.2 Financial Prediction

In this section, we evaluate the performance of financial time series prediction and portfolio, which

is the main task of this chapter. Table 6.2 reports the performance through evaluation metrics such

as ACC and ARR for each method in two datasets. The first four rows of Table 6.2 show the
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FIGURE 6.2: The accumulated returns gained in the test set (2020) by our proposed THGNN and
selected baselines. For better illustration, we select one baseline from non-graph-based model

and graph-based model, respectively.

TABLE 6.3: Performance evaluation of ablated models for financial time series prediction in S&P
500 dataset. ACC, ARR, ASR, CR, and IR measure the prediction performance and portfolio

return rate of each prediction model, where the higher is better.

ACC ARR ASR CR IR

THGNN-noenc 0.548 0.571 1.201 1.524 1.082
THGNN-notemp 0.539 0.486 0.964 1.292 0.946
THGNN-nohete 0.553 0.600 1.279 1.618 1.198

THGNN 0.579 0.665 1.421 1.804 1.340

performance of models that do not use graph-based technology. It it clear that, none of these four

methods is satisfactory, and their performance is all lower than that of other baselines. This proves

that models without using company relationship data cannot achieve optimal performance.

Lines 5 to 11 of Table 6.2 show the performance of the baseline models using graph-based tech-

nology. According to line 6, LSTM+RGCN performs best. This proves the effectiveness of using

heterogeneous graphs of inter-company relationships. Note that according to line 7, TGC’s perfor-

mance is also competitive and its investment strategy is less volatile. This proves the effectiveness

of using the dynamic relationship between companies.

According to the previous observation, the financial prediction model can be improved by using the

heterogeneous or dynamic relationships of the company relation graph. Therefore, it is necessary

to design an innovative model to improve the prediction performance of financial series from both

dynamic and heterogeneous graph structure. According to the last row of Table 6.2, our proposed

THGNN outperforms all baselines and proves the superiority of temporal and heterogeneous graph

neural network in financial time series prediction.
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6.6.3 Ablation Study

In this section, we conduct the ablation experiments, that is, evaluating the performance of our

methods that one part is dropped.

According to the first row of Table 6.3, THGNN-noenc can not achieve the best performance after

dropping the historical price encoding layer. This is because the encoder is responsible for extract-

ing the time correlation in the historical price information. According to the second row, THGNN-

notemp achieves unsatisfactory performance after dropping the temporal graph attention layer.

This is because the temporal graph attention layer is responsible for dynamically adjusting the

relationship between companies. Moreover, the relationship between companies changes dynami-

cally over time, especially over a long period of time. According to the third row, THGNN-nohete

cannot achieve the best performance after dropping the heterogeneous attention mechanism. This

is because the heterogeneous graph attention layer is responsible for weighing the importance of

messages from different relationships.

6.6.4 Performance of the Portfolio

In the performance evaluation of the portfolio strategy, we reported 6 widely-used evaluating met-

rics for portfolio, e.g., the annualized rate of return (ARR), annual sharp ratio (ASR), calmar ratio

(CR), and information ratio (IR). Then, we show the accumulative return curve to compare the

investment portfolio of our model and baselines during the test period. According to the trading

protocols mentioned by section 6.6.1, we use the output of the prediction model to adjust our

position day by day.

Table 6.2 reports the performance of our model’s and baselines’ portfolio strategies. It is clear that

our method has achieved the best performance in four of the six investment evaluating metrics.

Specifically, our method performs best in terms of ARR, ASR, CR and IR. TGC and LSTM+GCN

perform better than our model in terms of AV and MDD. This shows that our proposed THGNN

takes the initiative to take more risks to pursue higher risk-return ratio than other baselines’. Ac-

cording to Table 6.3, THGNN outperforms its sub-models in terms of portfolio strategy return

evaluating metrics (e.g., ARR, ASR, CR, and IR). Therefore, our model shows strong effective-

ness in building profitable portfolio strategies.
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(a) Dimension of final embedding datt (b) Dimension of encoding output denc

(c) Dimension of the attention vector q (d) Number of attention head h

FIGURE 6.3: Prediction performance of THGNN in terms of dimension of final embedding datt,
dimension of encoding output denc, dimension of the attention vector q, and number of attention

head h.

In order to further establish and evaluate the returns of our model during the test time, we calculate

the cumulative returns for each trading day during the test period. We report the cumulative return

curve of our model and other models on each trading day in Figure 6.2. Due to space constraints,

we select some representative baselines to compare with our model. We can observe that all

baselines outperform the S&P500 index. None of the models beat the others in the first four

months. After starting in May, our model began to stay ahead of other models. In the following

time, our model gradually widened the gap with other models. THGNN remained in the lead in

the last month of 2020 and eventually achieved a profit on investment of more than 60 per cent.

Experimental results on other baselines can draw similar conclusion.

6.6.5 Parameter Sensitivity

In this section, we report the experimental results of parameter sensitivity on the financial predic-

tion task on S&P500 dataset with various parameters in Figure 6.3.

According to Figure 6.3 (a), we can observe that the performance of the model increases with

the increase of embedded dimensions. The performance of the model peaked at 256 and then

degraded rapidly. This is because embedded information needs a suitable dimension to reduce

information loss and noise. According to Figure 6.3 (b), the performance of the model slowly
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improves as the coding output dimension increases. The performance of the model begins to

deteriorate after the dimension reaches 128. This is because the input information dimension is

low, so the low-dimensional output can also achieve better performance. According to Figure 6.3

(c), the performance of the model increases with the increase of the attention vector dimension.

When the dimension reaches 256, the performance of the model reaches its peak. Continuing

to increase the dimension will lead to overfitting, which will degrade the model. According to

Figure 6.3 (d), we can observe that the fluctuation of the model performance is low. We choose

to pay attention to the number of force heads as 8. We also note that increasing the number of

attention heads will make the model training more stable.

6.6.6 Interpretability of Graph Neural Network

The stock price fluctuation of listed companies is not only related to the historical price infor-

mation of the company, but also affected by the companies related to it. Therefore, we need to

integrate dynamic and heterogeneous relevant information as input to the prediction model. In our

technology, the relationship between each company changes dynamically over time. The strength

of the relationship between companies, that is, the proportion of contribution to the message also

changes over time. Our time chart attention mechanism can dynamically adjust the importance

of each company in the diagram. In addition, our heterogeneous attention mechanism can dy-

namically adjust the importance of each source. Therefore, our model can help to predict stock

price volatility more accurately, and the experimental results verify the superiority of our model

performance.

Then, in order to explore the interpretability of our proposed model, we extract the attention weight

of the graph in the process of the model prediction. We counted the attention weight of all nodes

in the process of message delivery on the relational graph. Under different daily returns and node

degrees, we take the mean value of attention weights and visualize the statistical results, which are

reported in Figure 6.4.

Figure 6.4 (a) shows the attention weights on the pos diagram. We can see (on the y-axis) that the

nodes with higher degrees have higher average attention weights. This shows that in the process

of message delivery on the pos graph, the degree is higher, that is, the nodes with more neighbors

will contribute more messages to their neighbors. We also found that (on the x-axis), companies
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(a) Graph Attention in pos Relationship

(b) Graph Attention in neg Relationship

FIGURE 6.4: Visualization of attention weights, X-axis denotes the daily return of stocks. Y-axis
denotes the average degree in each company relation graph.

(a) ACC values on S&P500. (b) ACC values on CSI300.

FIGURE 6.5: Prediction performance of single message source and corresponding attention value.

with larger fluctuations in daily returns also had higher average attention weights. This shows that

more volatile price changes will contribute more information to their neighbors, which also means

that price fluctuations will produce momentum spillover effects. According to Figure 6.4 (b), we

can see that on the neg graph, with a lower degree node, the average attention weight is higher.

This indicates that during message delivery on the neg graph, nodes with lower degrees contribute

more messages to their neighbors.

For more interpretable experimental results, we also visualize each relationship’s attention weights

and show the corresponding performance when using only one relationship. Specifically, we

trained our proposed THGNN at two datasets, and counted the mean value of the attention weights

in heterogeneous graph attention layer. Then, we used each single relationship’s message as the

input of the prediction model to obtain the prediction performance, as illustrated in Figure 6.5.

It is clear that self and pos message resources achieve better prediction performance than neg.

Moreover, the pos message resource contribute importantly to the prediction model, which proves

the contribution to the prediction model. The reason might be that the influence between com-

panies in the similar price movement is relatively useful for prediction future price movement.
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FIGURE 6.6: The desktop interface of investment portfolio based on our proposed THGNN
method. It includes price-relevant listed companies from historical data and visualization of how
does our method makes predictions on buying and selling. The part (a) lists the stocks held by
our method in order from highest to lowest. And part (b) shows the ’buy’ and ’sell’ signals gen-
erated by our trading protocols. Then part (c) lists the listed companies related to China National
Petroleum Corporation (CBPC: 601857) and shows which ones have higher correlation to this

company according to our generated stock correlation graph.

Although the neg message resource has an unsatisfactory performance when predicting price

movement single, it still contributes to our proposed THGNN in achieving the state-of-the-art

performance according to Table 6.3. We can see that temporal graph attention layer can reveal the

difference between nodes and weights then adequately, and the heterogeneous graph attention can

adjust the contribution of each message resource adaptively. The result demonstrates the effec-

tiveness of graph-structure information and the interpretability of proposed graph neural network

model.

6.6.7 System Implementation

In this section, we introduce the implementation detail of our proposed methods. We first show

the settings of model employment and training strategy. Then we show the web-based applica-

tion, which shows how our proposed method gives customers informative advice. Our proposed

THGNN is re-trained every trading day. To handle the large-scale dataset, we leverage mini-batch
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gradient descent optimization with a batch size of 256 and a learning rate of 3e-4. The model is im-

plemented by PyTorch and deployed in Python and Java. Besides, we use distributed Scrapy [202]

to obtain historical stock data and utilize Neo4j [203] as the graph database to store relational

graphs.

Figure 6.6 shows the interface of our desktop application. The upper left part of Figure 6.6 is the

list of stocks to be held based on the THGNN strategy. The lower left part of Figure 6.6 reports the

price change curve of China National Petroleum Corporation (CBPC: 601857). It contains buy and

sell points suggested by our THGNN. B denotes buying and S denotes selling. It can be seen that

our model provides three buy signals and two sell signals. The lower right part of Figure 6.6 re-

ports the relevant companies of CBPC. Companies with high stock price volatility correlations are

marked with red arrowhead. The results shows that our investment strategy provides informative

advice through a relational graph approach.

6.7 Conclusion and Discussion

In this chapter, a new temporal and heterogeneous graph neural network model is proposed for

financial time series prediction. Our method addresses the limitations of the existing works of

graph neural networks by adjusting the message contribution ratio of each node through temporal

and heterogeneous graph attention mechanism. We evaluate the effectiveness of the proposed

method comprehensively by comparing it with the most influential graph-based and non-graph-

based baselines. In addition, THGNN performs better than other baselines in the actual investment

strategy, and the results show that our approach based on dynamic heterogeneous graph can obtain

a more profitable portfolio strategy than those based on static or homogeneous graph structure.

In conclusion, this chapter is the first time to model the inter-company relationship into a het-

erogeneous dynamic graph, and apply it to the financial time series prediction problem. This is

beneficial to the more extensive research and innovation of graph-based technology in the financial

field. On the one hand, we model the company relation graph as the real dynamic heterogeneous

graph; on the other hand, we improve the financial time series prediction model through the latest

graph neural network technology. Besides, there is still room for improvement in our work on gen-

erating real-life company relation graphs. In the future, we will focus on improving the modeling
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of the company’s relation to help the prediction model obtain more accurate training input graph

data.



Chapter 7

EPILOGUE

In this thesis, we explored and addressed the challenges of efficiently generating graphs with

learning-based methods, and promoting generated graph data into downstream tasks. We started

by introducing the concept of graph generation. Then we propose a benchmark of graph generative

models utilizing model-based or deep learning-based approaches. Based on our graph generation

benchmark, we find the research gap, that most previous researchers focus on simulating large

graphs with simple models or generating high-quality small graphs with deep learning models. In

other words, there are few works on finding a trade-off between efficiency and performance when

generating realistic graphs with learning-based methods.

In the first part of our thesis, we proposed three solutions for efficient learning-based graph genera-

tion. The first solution (chapter two) is to achieve a trade-off between efficiency and performance,

which is the first learning-based method to generate a realistic graph with one million nodes. The

second one (chapter three) addresses the challenge of simulating large graphs with community

structures. The third one (chapter four) focuses on the learning-based solution for simulating

temporal graphs, which achieves state-of-the-art performance on both efficiency and generative

quality.

In the second part of our thesis, we extended our learning-based approach to focus on downstream

applications, such as enhancing attribute-driven fraud detection with risk-aware graph representa-

tion (chapter five), and temporal and heterogeneous graph neural networks for financial time series
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prediction (chapter six). These techniques showcased the usage of generated graphs in tackling

complex, real-world issues beyond graph generation.

A crucial element of this thesis was our emphasis on scalability. Our developed methods bypass the

limitations of existing deep learning-based techniques, allowing efficient generation of large-scale

graphs. Besides, the properties of real-world graphs, such as community structure and dynamics

are important to capture. The works described in this thesis, encapsulated in a series of published

journal articles and conference papers, have demonstrated superior performance compared to ex-

isting state-of-the-art graph generation techniques in terms of efficiency and quality. In the future,

the field of learning-based graph generation is still ripe for further exploration. Future research

directions include generating graphs with edge weights, refining our models for additional appli-

cations, exploring other deep learning architectures, and developing methods to handle even larger

graph structures. The current work lays a solid foundation for these future investigations, pushing

the boundaries of what is possible in learning-based large graph generation. In conclusion, this

thesis presents significant contributions to the field of learning-based graph generation, fostering

advancements in the simulation of realistic network structures and stimulating novel approaches

for data representation and analysis in numerous applications.
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[30] Réka Albert and Albert-László Barabási. Statistical mechanics of complex networks. Re-

views of modern physics, page 47, 2002.

[31] Chih-Chung Chang and Chih-Jen Lin. LIBSVM: A library for support vector machines.

ACM Trans. Intell. Syst. Technol., pages 27:1–27:27, 2011.

[32] Yujia Li, Oriol Vinyals, Chris Dyer, Razvan Pascanu, and Peter W. Battaglia. Learning deep

generative models of graphs. CoRR, 2018.

[33] Shih-Yang Su, Hossein Hajimirsadeghi, and Greg Mori. Graph generation with variational

recurrent neural network. CoRR, 2019.



164 Bibliography

[34] Davide Bacciu, Alessio Micheli, and Marco Podda. Edge-based sequential graph generation

with recurrent neural networks. Neurocomputing, pages 177–189, 2020.

[35] Davide Bacciu, Alessio Micheli, and Marco Podda. Graph generation by sequential edge

prediction. In ESANN, 2019.

[36] Marco Podda, Davide Bacciu, and Alessio Micheli. A deep generative model for fragment-

based molecule generation, 2020.

[37] Arindam Sarkar, Nikhil Mehta, and Piyush Rai. Graph representation learning via ladder

gamma variational autoencoders. AAAI, pages 5604–5611, 2020.

[38] Aditya Grover, Aaron Zweig, and Stefano Ermon. Graphite: Iterative generative modeling

of graphs. In ICML, pages 2434–2444, 2019.

[39] Nikhil Mehta, Lawrence Carin Duke, and Piyush Rai. Stochastic blockmodels meet graph

neural networks. In International Conference on Machine Learning, pages 4466–4474.

PMLR, 2019.

[40] Dawei Zhou, Lecheng Zheng, Jiawei Han, and Jingrui He. A data-driven graph generative

model for temporal interaction networks. In SIGKDD, pages 401–411. ACM, 2020.

[41] Shirui Pan, Ruiqi Hu, Guodong Long, Jing Jiang, Lina Yao, and Chengqi Zhang. Adver-

sarially regularized graph autoencoder for graph embedding. In IJCAI, pages 2609–2615,

2018.

[42] Jure Leskovec, Deepayan Chakrabarti, Jon Kleinberg, Christos Faloutsos, and Zoubin

Ghahramani. Kronecker graphs: An approach to modeling networks. JMLR, pages 985–

1042, 2010.
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