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Abstract: In this study, a numerical investigation of unsteady natural convection heat
transfer (HT) and entropy generation (EG) is performed within a trapezoid-shaped cavity
containing thermally stratified water. The cavity’s bottom wall is heated, the sloped walls
are thermally stratified, and the top wall is cooled. The finite volume (FV) method is
employed to solve the governing equations. This study uses a Prandtl number (Pr) of
7.01 for water, an aspect ratio (AR) of 0.5, and Rayleigh numbers (Ra) varying between 10
and 10°. To examine the flow behavior within the cavity, various relevant parameters are
determined for different Ra values. These parameters include streamline and isotherm
contours, temperature time series, limit point and limit cycle analysis, average Nusselt
number (Nu) at the heated walls, average entropy generation (Egy), and average Bejan
number (Begyg). It is found that the flow transitions from a steady symmetrical state to a
chaotic state as the Ra value increases. During this transition, three bifurcations occur. The
first is a pitchfork bifurcation between Rayleigh numbers of 9 x 10* and 10°, followed by a
Hopf bifurcation between Rayleigh numbers of 10° and 2 x 10°. Finally, another bifurcation
occurs, shifting the flow from periodic to chaotic between Rayleigh numbers of 4 x 10° and
5 x 10°. The present study shows an increase in Equg of 94.97% between Rayleigh numbers
of 10° and 10°, while the rate of increase in Nu is 81.13%. The findings from this study will
enhance understanding of the fluid flow phenomena in a trapezoid-shaped cavity filled
with stratified water. The current numerical results are compared and validated against
previously published numerical and experimental data.

Keywords: natural convection; entropy generation; heat transfer; stratified water; bifurcations

1. Introduction

Natural convection (NC) occurs due to temperature variations within a fluid occurring
without the influence of external forces. This phenomenon is commonly found in various
fields, including solar collectors [1], building heating and ventilation [2], heat exchangers [3],
electronic cooling [4], energy storage [5], and others [6]. Natural convection has been
extensively studied in numerous cavity geometries with multiple boundary conditions
and different numerical methods to investigate thermal behavior and fluid flow. Saha [7]
discovered fluid flow and heat transport within a triangular cavity due to abrupt heating on
the sloped sides using an advanced scaling approach. Bhowmick et al. [8] studied the shift
of fluid flow from a steady to a chaotic state inside of a V-shaped enclosure with a heated
base. Wang et al. [9] conducted experiments on NC in a V-shaped cavity to investigate the
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fluid behavior and HT phenomena. Later, Bhowmick et al. [10] conducted a numerical
analysis of NC within a V-shaped cavity with differential heating.

In natural environments, such as the atmosphere and the ocean, as well as in numerous
industrial settings, HT mechanisms frequently occur via NC in stratified media. Despite
its substantial influence on HT processes, there are only a few studies in the literature
that focus on this phenomenon. Eichhorn and his team [11-14] carried out pioneering
research on natural convection HT in fluids with constant thermal properties, proposing
numerous solutions to predict HT from the vertical plate in stratified fluids. Angirasa and
Srinivasan [15] investigated NC on an isothermal surface in a surrounding fluid within a
thermally stratified porous medium, exploring the effects of the HT rate on the intensities
of thermal stratification. Tripathi and Nath [16] employed numerical analysis to study NC
in a stratified fluid near a vertical isothermal wall. Further research by Hossain et al. [17],
Lin et al. [18], and Shapiro and Fedorovich [19,20] examined the effects of stratification on
NC in several geometries, such as semi-infinite plates, vertical circular cones, and infinite
vertical plates. Their research provided analytical solutions for Pr equal to one, as well as for
sudden temperature variations and fluctuations in heat flux. Shapiro and Fedorovich [21]
prolonged their exploration to analysis of how the Pr affects convection in stratified fluids
along individual vertical plates using both numerical and analytical methods.

In engineering settings, natural convection (NC) flows are generally unsteady, leading
to significant studies on the transition of these flows within enclosures dealing with abrupt
cooling and heating. Patterson and Imberger [22] provided detailed insights into the un-
steady behavior of NC inside of a rectangular enclosure, highlighting the evolution of flow
patterns, the role of thermal stratification, and the importance of dimensionless parameters
like the Ra in characterizing the flow and HT. Subsequently, Kuhn and Oosthuizen [23]
examined the dynamics of HT and flow within a rectangular cavity subjected to differen-
tial heating. Lei et al. [24] used a shadowgraph technique to visualize the unsteady flow
dynamics in an isosceles triangular cavity. Ma and Xu [25] investigated the enhancement
of convective flow and HT in a differentially heated enclosure at higher Ra, focusing on the
dependence of oscillation frequency and HT efficiency within the cavity on the Rayleigh
number. They also studied the effects of placing a fin at various positions along the sidewall,
providing insights into how these factors influence the system’s overall thermal perfor-
mance. Xu et al. [26] examined the shift of NC flows generated by a conducting fin, aiming
to measure the variances in flow characteristics between cases involving an adiabatic fin
and a conducting fin. Their study highlighted how the thermal conductivity of the fin
influences the flow patterns as well as HT efficiency inside of the cavity.

In numerous engineering applications, particularly in geophysical environments
where enclosure geometry is irregular or incorporates inclined walls, conventional square,
triangular, or rectangular enclosures are often insufficient for accurate modeling and analy-
sis. Due to the presence of inclined walls, trapezoidal enclosures present a greater challenge
for studying NC compared to other intricate cavity geometries, such as elliptical [27,28],
concentric [29,30], eccentric [31,32], and titled cavities [33]. The construction of computa-
tional meshes and the development of numerical codes for trapezoidal geometry demands
precise and meticulous attention due to their complexity. Pioneering studies on NC heat
transfer in enclosed trapezoidal cavities, offering both analytical and experimental results,
were conducted by lyican et al. [34,35]. Similar results were stated by Lam et al. [36] in a
trapezoidal cavity for a heated base wall, a slanted cold top wall, as well as two perpen-
dicular insulated walls. Lee [37] studied a non-rectangular enclosure with aspect ratios
ranging from three to six, focusing on the effects of Ra, Pr, and varying sloped angles.
The findings indicate that the Pr, Ra, and sloped angle of the cavity are critical factors
significantly affecting HT and fluid flow. Peri¢ [38] examined the same problem previously
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investigated by Lee [37] and noted that the outcomes varied both quantitatively and quali-
tatively compared to Lee’s outcomes. Kuyper and Hoogendoorn [39] further discovered
the impact of the sloped angle of isothermal walls on flow dynamics and the effects of Ra
on NC heat transfer inside of a trapezoidal cavity.

Moukalled and Darwish [40] investigated NC flows inside of a partitioned trapezoidal
cavity featuring a baffle attached to the base wall. They discovered that raising the altitude
of the baffle and the Prandtl number caused a decrease in HT. Subsequently, Moukalled
and Darwish [41] examined NC flows within the same cavity with a baffle pinned at top
tilled wall. In a later study, Moukalled and Darwish [42] explored NC in a trapezoidal
cavity featuring two offset baffles. Natarajan et al. [43,44] investigated NC flow within a
trapezoidal cavity, characterized by a uniformly heated base and vertical surfaces that were
either linearly cooled or heated. Basak et al. [45] extended this study by examining NC in a
trapezoidal enclosure under boundary conditions like those of Natarajan et al. [43,44] but
with varying sloping angles for the sidewalls. Additionally, Basak et al. [46] examined NC
in a trapezoidal cavity with both non-uniformly and uniformly heated base surfaces, an
insulated upper surface, and sloped isothermal side surfaces. Their findings revealed that
despite uneven heating of the bottom walls, the HT rate remained relatively unchanged.
Furthermore, Lasfer et al. [47] investigated the steady NC flow of air within a trapezoidal
cavity with a heated sloped left wall, a cooled perpendicular right wall, as well as insulated
flat horizontal walls. Recently, Rahaman et al. [48-52] thoroughly investigated NC heat
transfer inside of a trapezoidal cavity for several fluid properties and boundary conditions.

In the above literature, it appears that researchers have primarily considered the first
law of thermodynamics to investigate fluid flow and thermal behavior using numerical and
experimental models. However, Bejan [53] employed the second law of thermodynamics
to assess the irreversibility involved in basic HT processes. Bejan [54] initially introduced
the notion of entropy generation (EG) minimization across diverse transport processes
to enhance energy efficiency by examining the reduction in available energy through EG.
Lately, there has been a significant increase in the utilization of the EG minimization method
as a method of thermodynamic optimization for various thermal systems [55,56]. In [57,58],
researchers investigated the impact of EG on the benchmark problem of NC in a rectangular
cavity with vertically heated walls and horizontally adiabatic walls. Additionally, in [59-62],
researchers explored the influence of irreversibility related to HT and fluid friction (FF)
in their investigations of various thermal systems within a porous medium. Recently,
Rahaman et al. [63] examined the impact of the aspect ratio on NC, HT, and EG within a
trapezoidal cavity. Their findings revealed that as the aspect ratio rises, the cavity’s thermal
performance decreases. Findings of the past studies on the trapezoidal cavity have been
summarized and presented in Table 1.

The analysis of the literature reveals that several investigations have been conducted to
study NC, HT phenomena, and EG analysis using various methods in different cavities. As
far as we know, unsteady NC heat transfer and EG in a trapezoid-shaped cavity containing
thermally stratified water and featuring a heated bottom wall, stratified sloped walls,
and a cooled top wall have not been extensively investigated previously. To fill this gap,
the current study adopts a novel approach to explore the fluid flow, HT, and EG within
the cavity. To validate the model’s accuracy, a couple of comparisons are made with the
experimental findings [24,35] and the numerical results presented in [47].
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Table 1. Key findings of past studies on the trapezoidal cavity.

References Parameters Key Findings

Tyican et al. [34] ¢ = 0-180° Described how the flow structures and HT are influenced by the
y ' Pr=0.71 inclination of the walls and the Ra.
Tyican et al. [35] — 0-180° Developed correlations for the Nu as a function of the Ra. These
y ' ¢= correlations agree with the findings of the earlier analytical study.

¢ =0-25° Examined the effect of the Ra and the sloped angle on fluid flow
Lam etal. [36] Pr =071 and HT,

AR =36 Investigated the effect of the Ra, Pr, and sloped angle on fluid
Lee [37] @ =225°,45°,77.5° a T

ow and HT.
Pr =0.001-100

Peri¢ [38]

@ =0°,90°,180°, 270°
Pr=0.7

Analyzed Lee’s results and observed that the outcomes differed
both quantitatively and qualitatively.

Kuyper and @ =0-45° Discovered the impact of the sloped angle and Ra on fluid flow

Hoogendoorn [39] Pr=0.71 and HT.

Moukalled and AR =0.5 Revealed the influence of the baffle position and the Pr on fluid

Darwish [40,41] Pr=0.7,10,130 flow and HT.

Moukalled and AR=0.5 Discovered the effect of two offset baffles and the Pr on fluid flow

Darwish [42] Pr=0.7,10,130 and HT.

Natarajan etal. [43,44] 9= 30° Revealed that the effect of the Pr on HT is more significant for Pr
J B Pr=0.7-100 values between 0.07 and 0.7 than for values between 10 and 100.

Basak et al. [45]

¢ =45°,30°, 0°
Pr = 0.026-1000

Demonstrated that the HT rate is higher for uniform heating of
the bottom wall compared to non-uniform heating of the bottom
wall.

Basak et al. [46] @ =0-45° Discovered that the HT rate remained unchanged due to the
' Pr =0.7-100 uneven heating of the bottom walls.
AR = (1'5’ 1'(3)’ L5 Showed that the flow and HT depend significantly on the sloped
Lasfer et al. [47] ¢ =60°-120
angle, AR, and thermal strength.
Pr=0.71
AR=05 Described the flow transition from a steady to a chaotic state with
Rahaman et al. [48,49] R a higher Ra and demonstrated how different Ra values influence
Pr=0.71 -
the flow and heat transfer characteristics.
Rahaman et al. [50] AR =05 Provided detailed insights into fluid flow behavior, including
’ Pr=0.71 vortex formation, oscillatory patterns, and chaotic flow.
Discovered a series of bifurcations involved in the shifting of
AR=1.0 . .
Rahaman et al. [51] Pr=071 convective flows from a symmetric steady state to an unsteady
T state.
AR =02 Revealed fluid flow and HT behavior within the cavity for lower
Rahaman et al. [52] Pr=071 AR

Rahaman et al. [63]

AR=02,05,1.0

Studied the critical Ra value for each AR in the transition from a
symmetric to a chaotic state and illustrated how thermal

Pr=071 performance depends on AR.
Considered a Pr of 7.01 to investigate fluid flow, HT rates, and the
Current stud AR =05 transition from a steady to a chaotic state. Also demonstrated
y Pr=7.01 how the energy efficiency and environmental impact depend on

the Ra.
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2. Problem Formulations

The physical domain, including the appropriate boundary conditions, is depicted
in Figure 1. The cavity has a vertical height of H and a horizontal length of 2L, with
L =2H, resulting in an aspect ratio (AR) of H/L = 0.5. To avoid singularities at the corners
between the tilled and top walls, small sections at the upper corners (4% of L) were
omitted. The thermal condition at the truncated tiny tips is defined as adiabatic. Previous
investigations [7,64] have demonstrated that slight geometric modifications have negligible
effects on NC flow and HT. To validate this negligible effect on NC flow, isotherm contours
for both truncated and non-truncated geometries were presented in the author’s previous
study (see Ref. [49], Figure 3). In that study, the numerical results were compared with
those of Basak et al. [45], who used a non-truncated geometry. Initially, the water within
the cavity is thermally stratified, with the lowest temperature, 0., at the top of the cavity,
and the maximum temperature, 0y, at the bottom. The sloped walls are thermally stratified,
with temperatures ranging from the maximum near the bottom wall to the lowermost
adjacent to the top wall. Thermo-physical properties of the stratified water are presented in
Table 2. All of the boundary walls are rigid and subject to a non-slip condition.

‘/7

—»X

Figure 1. Schematic of physical domain and dimensionless boundary conditions with result monitor-
ing points Py (0, 0.27), P; (0, 0.40), and P3 (0, 0.67), which are utilized in the subsequent figures.

In the trapezoidal cavity, NC flow of stratified water is supposed. The dimensional
governing equations, with Boussinesq approximation, govern the development of NC flow

within the cavity as
ou oV

ou ou ou 19P U *u
at+U8X+VaY__an+U(aX2+8Y2>’ @
oV oV oV 19P 2V 2V
oT oT oT 2T  9°T
The following are the normalized variables that were utilized:
X Y UH VH PH? T— T txv/Ra
x:—,y: Iu: ,’U: ,p: 5 ,9: ,Tziz.(S)
H H+v/Ra xv/Ra xvRa px-Ra T, — Tt H

The three parameters, such as AR, Pr, and Ra [65], influence the NC flow inside of the
cavity, and they can be formulated as follows:

gB(Ty, — TC)H3
VK

Ra = ,Pr=—-, A= (6)

v
K

o



Processes 2025, 13,921 6 of 19
Equations (1) to (4) become, after adding the normalized variables, as follows:
ou  0dv
a—u+ua—u+va—u——a—p+ br E)27u+827u )
9t 9x dy  9x /Ra\ox?  9y?)’
v v v op Pr (d9’v 9%
g—i-ug—i-v@——@—i— ,—Ra(ax2+ay2>+1)1’9, )
AL 8279+ai9 (10)
9T 9x  dy /Ra\0x2 9y2)’

Normalized boundary conditions are as follows:

0. = u =v =0, at the top wall
0, =1,u = v =0, at the bottom wall 11
0; =1—y,u=rv =0, at the inclined walls.

The average Nusselt number at the horizontal as well as the sloped walls is defined as
follows (for details, refer to Rahaman et al. [65]):
1106 1100
Nu = f/ —dx and Nu = - —ds. (12)
IJo oy IJo on
In an NC system, irreversibility is caused by HT and fluid friction (FF). According
to the linear transport theory (refer to Bejan [54] for further details), the normalized local
entropy generation (EG) due to HT and FF can be written as

0\? [90\?

2 2 2
R R T )

where Ey and Ey represent the local EG due to HT and FF, respectively. In Equation (14), ¥
is denoted as the irreversibility distribution ratio, defined as

=" () )

In the present study, ¢ is chosen as 10~3; for more details, refer to Varol et al. [59].
The local entropy generation inside of the enclosure, represented by Ej, is the sum of
Equations (13) and (14), as follows:

El:E9+Ef. (16)

The local Bejan number (Be;), average entropy generation (Ezyg), and the average Bejan
number (Begyg) are defined as follows (for details, refer to Rahaman et al. [63]):

Eq

Bey = ————.
! E9+Ef

(17)

1 r1
E;dxd
E[wg:M. (18)

T 1
Jo Jo dxdy
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1
Begyg = 200 — 7 (19)

The ecological coefficient of performance (ECOP) is defined as follows (for further
details, refer to Rahaman et al. [63]):

Nu

ECOP = .
Eavg

(20)

Table 2. Thermo-physical properties of the working fluid (for further details, refer to Rahaman

et al. [65]).
Property (Unit) Water
k (W/m K) 0.566
p (kg/m?3) 998.4
Cp J/kgK) 4182
u (kg/ms) 9.4748 x 10~*
B (1/K) 3.109 x 104

3. Numerical Model

The governing Equations (7) to (10), and their respective boundary conditions in
Equation (11), are discretized using the finite volume (FV) method (for details, refer to
Rahaman et al. [49,50]). In this research, Fluent 17.0, which is based on the FV method, is
used to simulate the NC flow inside of a trapezoid-shaped cavity. The SIMPLE scheme is
applied for the pressure-velocity coupling. The diffusion terms are discretized utilizing a
second-order central differencing approach, although the advection terms are discretized
using a third-order accurate QUICK scheme, as described by Patterson and Armfield [22]
and Saha et al. [64]. Additionally, a second-order implicit time-marching approach is used
for the transient term. A non-uniform rectangular grid arrangement is employed in this
study, and under-relaxation factors are applied to iterate the discretized equations (for
further details, refer to Saha and Gu [66]). A convergence criterion of 10~° is implemented
for the continuity, momentum, and energy equations.

4. Grid and Time Step Dependent Tests

The accuracy and stability of numerical simulations are largely dependent on the grid
size used within the computational domain. To evaluate the sensitivity of the grid and
time step, a comparison was conducted at the highest Ra based on the assumption that
the mesh and time step selected for this maximum Ra would also be appropriate for cases
with lower Ra. Three symmetrical grids of 225 x 75, 300 x 100, and 375 x 125 and two
time steps of 0.01 and 0.005 were carefully chosen for the comparison. In Figure 2, calculate
the temperature time series at position P; within the cavity, where the flow is the most
unstable. For all grids and time steps, the temperature time series coincides initially and
varies during the initial transitional phase but closely coincides through the fully developed
stage. From this result, we conclude that all of the grid configurations employed were
sufficiently acceptable to accurately resolve the flow. As a result, a grid size of 300 x 100
and a time step of 0.01 were selected for the numerical simulations.

In this study, the dimensionless dissipative time scale is calculated based on the
following relation (refer to [8] for more details):

A = (32nf2)1/ ‘ (Ra /py) /s @1)
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Here, A is 0.0403 for Ra = 10°; therefore, the dimensionless time steps of 0.01 and
0.005 are chosen for the comparison.

0.70 ———————————
| Ra=10°
C 0BT e 22575, At=0.01
300 x 100, At = 0.01
————— 300 x 100, At = 0.005
[ e—--- 375 x 125, At=0.01
0.00 ' ; ' '
10" 10° 10' 10° 10°

T

Figure 2. Temperature time series at Py (0, 0.27) for Ra = 10° with different grids as well as time steps.

5. Model Validation

To validate the present model and its outcomes, the results are compared with ex-
perimental findings from Lei et al. [24] and lyican et al. [35], as well as numerical results
from Lasfer et al. [47]. A qualitative validation of the isotherm is illustrated in Figure 3.
For this comparison, the fluid’s initial temperature of T, = 293.5 K is used, along with a
Prandtl number of 7.06 for water. A Rayleigh number of 1.67 x 10° is obtained by setting
the temperatures to T, = 289.5 K and T}, = 297.5 K. This comparison demonstrates an

outstanding level of agreement.

Experimental findings Current findings

(d) t=400s

8 00 01 02 03 04 05 06 07 08 09 1.0

Figure 3. Qualitative comparison of present results (b,d) with experimental findings (a,c) for

isotherms, considering Ra = 1.67 x 10°.

Additionally, a quantitative validation of the average Nusselt number (Nu) is pre-
sented in Figure 4. This comparison is based on dimensionless parameters, with a Pr of 0.7,
Ra spanning from 10° and 107, and a slope angle of 90°. The current results show excellent
agreement with both the numerical and experimental findings, suggesting that the present
solver is both practical and efficient for supporting this work.
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30 T T T AL | T L | T
| - - .- - Iyican et al. (1980b) (Experimental

| ——p—— Lasfer et al. (2010) (Numerical)
20 F ——<®—— Current study

10° 10* 10° 10° 10’
Ra

Figure 4. Quantitative comparison of the present findings with the experimental [35] and numeri-
cal [47] results for Nu at different Ra.

6. Results and Discussions

The validated numerical model is used to examine the transient NC, heat transfer
(HT), and entropy generation (EG) within a stratified trapezoid-shaped cavity. The cavity is
characterized by a heated bottom, a cooled top, and thermally stratified inclined walls. This
research involved conducting 2D numerical simulations using a Pr of 7.01 and Ra spanning
from 10 to 10°, with an AR of 0.5. The numerical outcomes show that at lower Ra values, the
flow is prevailed by conduction, whereas at higher Ra, a sequence of bifurcations happens,
leading to a transition from a symmetric steady to a chaotic state.

6.1. Development of Symmetrical Flow

At the beginning, the bottom of the cavity is heated, the inclined walls are thermally
stratified, and the top wall is cooled. As a result of the temperature variation along the
internal surfaces, a thermal boundary layer develops on all interior surfaces, leading to the
onset of primary circulation. The transitional flow is marked by the emergence of convective
instabilities in the form of ascending or descending plumes and the development of cellular
flow structure. For Ra values of 10 to 104, it is manifest that the flow development within
the cavity is always symmetrical with respect to the cavity’s y-axis, as shown in Figure 5.
No descending or ascending plumes formed for the Rayleigh numbers of 10 to 103, and the
flow is dominated by conduction. With a Ra of 10%, two ascending plumes form within the
cavity, but the flow is still dominated by conduction.

(a)!!/'—“\!l!/"—\ !! (b)gg ! !l! ! !,

8 00 01 02 03 04 05 06 07 08 09 1.0

Figure 5. Flow development for lower Rayleigh numbers at the fully developed stage: (a) for Ra = 10,
(b) for Ra = 102, (c) for Ra = 103, and (d) for Ra = 10%.
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6.2. Development of Asymmetrical Flow

For lower Ra spanning from 10 to 10%, the flow remains symmetric with respect to the
cavity’s y-axis, as shown in Figure 5. To understand the asymmetrical flow, consider the
streamlines and isotherms for Ra of 9 x 10* and 10°. At the Rayleigh number of 9 x 10%,
the flow is undoubtedly symmetric, as portrayed in Figure 6a. However, at a Ra of 10°,
a more intense, frenetic flow pattern emerges, with two larger cells moving toward the
center of the cavity from one side to the other, as illustrated in Figure 6b. At a Ra of 10°, a
pitchfork bifurcation occurs, sifting the flow from a symmetric to an asymmetric state. This
demonstrates Rayleigh—Bénard instability.

8 00 01 02 03 04 05 06 07 08 09 1.0

Figure 6. Observation of the pitchfork bifurcation using isotherm and streamline contours: (a) for
symmetric state and (b) for asymmetric state.

For better understanding of the asymmetrical flow, consider the average Nusselt
number (Nu) time series at the sloped walls. As depicted in Figure 7, the Nu time series
at the left and right sloped walls coincide for an extended period at a Rayleigh number
of 9 x 10%, indicating a symmetrical flow relative to the cavity’s mid-plane during that
period. However, at a Rayleigh number of 10°, the Nu time series deviates. In the interval
of T =430 to 500, this deviation confirms that a pitchfork bifurcation has happened, causing
the flow to shift from a symmetric to an asymmetric state.

19 ‘ ‘ ‘ ‘ . ‘ ‘
, Left inclined wall
————— Right inclined wall

&

Ra=9x 10* Ra=10°

300 400 500

Figure 7. Nusselt number time series at the sloped walls to illustrate the pitchfork bifurcation.

6.3. Development of Unsteady Flow

Temperature time series (TTS) and their corresponding spectral analysis are analyzed
for higher Ra at location P, (0, 0.40), as depicted in Figure 8, to show the transition from
a steady state to chaos. At a Rayleigh number of 10°, the flow is in a fully steady state
throughout the fully developed stage (FDS), as portrayed in Figure 8a, while at a Rayleigh
number of 2 x 10°, the flow becomes periodic, as represented in Figure 8b. This indicates
that a Hopf bifurcation occurs from a steady state to a periodic state between Rayleigh
numbers of 10° and 2 x 10°. Additionally, the spectral analysis of the TTS, depicted in
Figure 8c,e, reveals that the flow fluctuates with harmonic modes, featuring a principal
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peak frequency f, of 0.145 and 0.488, which affirms the periodic flow for Rayleigh numbers
of 2 x 10° and 4 x 10°.

0.90 ——————————
(a)
©0.75f
Ra=10
0.60 :
700 850 1000
T
0.90 : 220
= g c
(b) 5 £ © |
5 O f=0.145
2 .. P
2075 N\ _A~AN_N\NA\J £ 260
1
Ra=2x 10’ i
-100
0.60 ‘
600 800 1000 0 0.5 ’ 1.5 2
T .
0.9 ———————
(d) =
=
2,
0.7} z
=
=
s =
Ra=4x 10 £
0.5 :
500 750 1000
T
08———— 0
® = ()
5
S B
D05 _%g—iﬂ
b [F]
29
Ra=5x10’ 5
02 . -100
700 850 1000 0 0.5 } 1.5 2

Figure 8. Time series of temperature and the corresponding spectral analysis in the FDS: (a) steady
state for Ra = 10°, (b,c) transition to periodic state for Ra = 2 X 105, (d,e) remains periodic for
Ra=4 x 10°, and (f,g) transition to chaotic state for Ra =5 x 10°.

As Ra increases, the periodic flow patterns shift, as seen at Ra = 4 x 10° in Figure 8d.
The periodic flow shifts to chaotic behavior at a Rayleigh number of 5 x 10°. This indi-
cates that another bifurcation occurs between Rayleigh numbers of 4 x 10° and 5 x 10°,
transitioning the flow from a periodic to a chaotic state. The spectral analysis shown in
Figure 8¢ for Ra = 5 x 10° reveals that the principal peak frequency begins to fluctuate,
and the subharmonic mode disappears, further confirming the transition from periodic to
chaotic flow.

To comprehend the unsteady flow, consider the limit point and limit cycles at location
P3 (0, 0.67) on the v-0 plane over the time intervals T = 500 and 1000. As portrayed in
Figure 9a, for a Ra of 10, the trajectory approaches a fixed point (marked by a circular
point). In contrast, Figure 9b displays the trajectory moving toward a closed limit cycle for
a Rayleigh number of 2 x 10° (characterized by an orbit). The change from a fixed point to
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a limit cycle attractor as the Rayleigh number increases from 10° to 2 x 10° suggests the
development of a Hopf bifurcation. It is clear from Figure 9c that very similar limit cycles
emerge, indicating the existence of periodic flows for Ra values of 4 x 10°.

0.70

(a)

-0.05 -0.015 0.02

0.56 ; 043
(b)

: 0.40 = : :
0.1445 0.1450 0.1454 0.285 0.295 0.305
1% \%
Figure 9. Limit point and limit cycles at location P3 (0, 0.67): (a) for Ra = 10%, (b) for Ra =2 x 10°, and
(c) for Ra =4 x 10°.

The phase space trajectory in the v-0 planes at point P3 (0, 0.67) is presented in Figure 10
for Rayleigh numbers of 2 x 10°, 4 x 10°, and 5 x 10° to provide further insight. In
Figure 10a,b, the approximately identical limit cycles clearly indicate periodic flow at Rayleigh
numbers of 2 x 10° and 4 x 10°. In contrast, Figure 10c shows chaotic trajectories for Rayleigh
numbers of 5 x 10°. This suggests that another bifurcation occurs, marking the transition
from periodic to chaotic states, between the Rayleigh numbers of 4 x 10° and 5 x 10°.

0.554 T

(a)

Ra=2x10’

0.55 .
0.1447 0.1449 0.1452

1%

043 : . 0.59 F :

(b) (c)

Ra=4x10

0.39 : - 0.25 .
0.285 0.294 0.304 “0.15 0 0.15
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Figure 10. Phase space trajectory at location P3 (0, 0.67): (a) for Ra = 2 x 10, (b) for Ra =4 x 10°, and
(c) forRa=5 x 10°.
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(a)

6.4. Effects of Ra on Fluid Flow and EG

Figure 11 displays the variations in streamlines, isotherms, and entropy generation
(EG) due to HT, EG due to FF, and local EG for Ra spanning from 10° to 10°. The streamline
and isotherm contours portrayed in Figure 11a represent the paths of fluid flow. At
Ra = 10°, three prominent vortices and four convective cells are formed within the cavity.
The vortices are formed from the heated bottom wall. At the FDS, the flow reaches a
steady state at Ra = 10°. As Ra increases, the buoyancy force also increases, leading to more
pronounced and stronger vortices adjacent to the bottom and the lower part of the sloped
wall region. This indicates an increase in fluid circulation in this area. At Ra =5 x 10°,
signifying a higher buoyancy force, the vortices shift their positions within the cavity. This
suggests more complex flow behavior in the cavity as Ra reaches higher values. At Ra = 10°,
additional tiny cells form adjacent to the top wall, and non-uniform vortices are formed
inside of the cavity. This indicates that the flow becomes more complicated, transitioning
to chaotic behavior.

Ra=10° Ra=10¢

(b)

()

Figure 11. Distribution of (a) streamline and isotherms, (b) EG due to HT, (c) EG due to FF, and
(d) local EG for different Rayleigh numbers.

At lower Ra values, EG due to HT is dominant over EG due to FF. Figure 11b,c
illustrate that as Ra increases, EG due to HT decreases while EG due to FF increases within
the cavity. This trend suggests that at higher Ra values, FF becomes a more significant
contributor to EG compared with HT. When Ra increases and the buoyancy force become
more robust, fluid motion becomes stronger, increasing FF. The relatively weak buoyancy
forces at lower Ra result in less fluid motion and weaker FF effects, making HT a dominant
factor in generating entropy. Figure 11d also reveals that local EG increases as Ra increases.
Specifically, regions near the cooler top cold wall exhibit higher local EG values. This
indicates that increasing Ra leads to higher EG associated with thermal losses in this area.

6.5. Variation of Average Bejan Number

The average Bejan number (Besyg) is a non-dimensional number that qualitatively
represents the ratio of the EG due to conduction HT to the total EG. In other words, it
represents the contribution of the conduction HT to the total EG. Figure 12 illustrates the
variation of Begye with the Ra. According to the figure, it is obvious that as Ra increases,
Beavg decreases. This is because at low Ra, conduction is the primary mode of HT, making
the influence of the temperature gradient on total EG significant. As a consequence, Beyg is
near unity. As Ra increases, however, convection becomes the principal mode of HT, making
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the influence of the temperature gradient on the total EG less significant. Additionally,
strong convection currents generate local eddies, increasing local frictional resistance and
leading to greater EG. At Ra values of 10° and 10°, Beyy is greater than 0.5, signifying that
EG due to HT dominates over EG due to FF. However, at higher Ra values (5 x 10° and
100), Begyg is lower than 0.5, indicating that EG due to FF is more significant than EG due

to HT.
1.0
. I
o 0.6
Q I
0.2 . .
10° 10* 10° 10°
Ra

Figure 12. Changes in average Bejan number with Rayleigh numbers.

6.6. Heat Transfer

The isotherms and streamlines do not quantify the HT rate on the walls of the enclosure,
but they offer insights into the flow structures and the factors that influence them. The Nu
time series at the bottom and top walls are calculated and demonstrated in Figure 13. The
cavity initially contains thermally stratified water, leading to temperature variations inside.
Consequently, the temperatures of the water near the bottom, top, and inclined walls are
equivalent to those of the walls themselves. Despite the enclosure having a heated bottom,
a cooled top, and thermally stratified sloped walls, there is minimal temperature variation
between the walls and the water near them due to the initial thermal stratification. This
results in very low heat transfer from the walls, leading to minimal Nu. As the transitional
stage begins, the stratification diminishes, and oscillations in Nu increase with the rising
Rayleigh number. Because the convection becomes dominant, the Nu shows oscillatory
behavior during the transitional stage for higher Rayleigh numbers. At the fully developed
stage, the Nu becomes a steady state for Ra < 10°, periodic for Ra =2 x 10%, and chaotic
for Ra > 5 x 10°. These findings are compatible with those in Figures 9 and 10.

>0 ' - 40 . |
(a) . (b) '
= Ra = 10° - Ra=10’ 'i:‘\\',‘
e Ra=2x 102 Z 20 -eoeeenne- Ra=2x 102 ' o At dn
T R0 s Rass i p AL,
Ol 0’ 10! T 01 0° 10

Figure 13. Nu time series at the horizontal walls for different Rayleigh numbers: (a) at the bottom
wall and (b) at the top wall.

6.7. Variation of Nu, Eqye, and ECOP for Different Ra

Table 3 displays the discrepancy of Nu, Eayg, and the ecological coefficient of perfor-
mance (ECOP) for various Ra. The rate of increment of the Nu and the Ean with increasing
Rayleigh numbers is not uniform. As the Ra value rises from 103 to 10%, the rate of increase



Processes 2025, 13, 921

15 of 19

in Nu is 45.58%, and in the E,yg it is 54.72%), whereas as Ra increases from 10° to 10°, the Nu
increases by 52.71% and the Eayg increases by 82.38%. This suggests that thermal transport
is not linearly proportional to the Ra.

Table 3. Variation of Nu and Eavg for various Ra.

Ra 103 10% 10° 5 x 10° 100

Nu 2.8299 5.2002 7.0909 11.9060 14.9935

Eavg 3.6043 7.9591 12.6171 422933 71.5994
ECOP 0.78515 0.65337 0.56201 0.28151 0.20941

As the Ra increases, both the Nu and the Eayg increase, while the ECOP declines.
The highest ECOP value indicates that the cavity’s energy efficiency increases and that
environmental impact decreases. For Ra = 10, the cavity exhibits the highest ECOP; on the
other hand, the lowest ECOP is seen for Ra = 10°. We conclude that with the increase in Ra,
there could be a decrease in ECOP values, signifying a possible decline in energy efficiency
and an escalation of the environmental impact.

7. Conclusions

The present study examined the natural convection HT and EG analysis within a
trapezoid-shaped cavity containing water with thermal stratification. The FV method was
utilized to conduct the numerical simulation. An extensive range of Rayleigh numbers
(10 to 10°), an AR of 0.5, and a Pr of 7.01 for water were used for the numerical simulation.
The pivotal findings of this study are as follows:

e  In the beginning, the flow is marked by the development of thermal boundary layers
along all internal surfaces and the onset of primary circulations. During the transitional
stage, convective instabilities appear as rising and falling thermal plumes, leading to
the construction of cellular flow patterns.

e The steady-state flow at Ra <9 x 10* is marked by symmetric flow around the cavity’s
symmetrical plane.

e  The shift of the flow from a symmetrical to an asymmetrical state due to pitchfork
bifurcation occurs between the Rayleigh numbers of 9 x 10* and 10°.

e  The shift of the flow from an asymmetric steady state to a periodic state due to Hopf
bifurcation occurs between the Rayleigh numbers of 10° and 2 x 10°.

o  The shift of the flow from a periodic to a chaotic state due to another bifurcation occurs
between the Rayleigh numbers of 4 x 10° and 5 x 10°.

e AsRaincreases from 103 to 10°, the rate of increment in Nu is 81.13%, and the average
entropy generation is 94.97%.

e For the Ra values of 10% to 10°, Besyg > 0.5, signifying that EG due to HT dominates over
EG due to FF. However, for higher Ra values of 5 x 10° to 10°, Begyg < 0.5, indicating
that EG due to FF becomes more significant than EG due to HT.

e Asthe Ra value increases from 10° to 10°, it results in a decrease in energy efficiency
and an increased environmental impact.

8. Limitations and Future Works

The present study has focused exclusively on a two-dimensional problem. However, at
higher Ra, three-dimensional effects may become significant, requiring three-dimensional
direct numerical simulations (DNSs) on finer meshes. While this is beyond the scope of the
current work, it represents a promising direction for future research.
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For the thermally stratified water within the trapezoid cavity, a single Prandtl number
(7.01) was chosen for the numerical simulation. Future research could expand on this work
by examining an extensive range of Prandtl numbers.

Author Contributions: Conceptualization, S.C.S. and S.B.; methodology, M.M.R.; software, M.M.R;
validation, M.M.R. and S.B.; formal analysis, M.M.R., S.B. and S.C.S.; investigation, M.M.R. and S.B.;
resources, M.M.R.; data curation, M.M.R.; writing—original draft preparation, M.M.R.; writing—
review and editing, S.B. and S.C.S.; visualization, M.M.R.; supervision, S.B. and S.C.S.; project
administration, S.B. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author(s).

Conflicts of Interest: The authors declare no conflicts of interest.

Nomenclature
AR aspect ratio Beayg  average Bejan number
L H half-length and height of the cavity (m) k thermal conductivity (W/(m-K))
g gravitational force (m/ ) X,Y  coordinates
t time (s) Xy dimensionless coordinates
Cp specific heat (J/kg-K) U,V  velocity components (m/s)
P pressure (N/ m?) . . .
. . u,v dimensionless velocity components
p dimensionless pressure
T temperature (K) Greek symbols
Too environmental temperature (K) K thermal diffusivity (m?2/s)
Ty temperature of the bottom wall (K) 0 dimensionless temperature
T temperature of the top wall (K) v kinematic viscosity (m?2/s)
T; temperature of the inclined walls (K) ¢ %rre\./ersilblhty distribution ratio
@ inclination angle
AT temperature difference, (T, — T¢) 1Y density (kg/m3)
3 4,2
l?: S;:zng;?ﬁeir' 8P(Th — ToOH N Ey entropy generation due to heat transfer
Egen entropy generation T dimensionless time
Ra Rayleigh number, g8(T), — Tc)H>/vk At dimensionless time step
Nu Nusselt number. e 0; dimensionless temperature of the inclined walls
Ef entropy generation due to fluid friction
Ei local entropy generation 0 dimensionless temperature of the top wall
Nugye average Nusselt number
Ereg average' entropy generation 0y, dimensionless temperature of the bottom wall
Be; local Bejan number
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