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This research presents a new mathematical structure featuring two compartments representing cows and flies. It
aims to comprehensively understand the dynamics of Lumpy Skin Disease (LSD), incorporating a temperature-
dependent mortality rate for flies. We thoroughly examine the model to establish the presence of a positive
solution that remains bounded. By evaluating the disease’s contamination potential and inspecting the model’s
stability concerning both local and global equilibrium points—namely, disease-free and endemic—we calculate
the reproduction number. Theoretical analysis shows that a stable disease free equilibrium co-exists with a stable
endemic equilibrium whenever the basic reproduction number is less than one implying the possibility of having
backward bifurcation. Numerical simulation also supports this. Furthermore, through sensitivity analysis, we
explore how various model parameters affect the basic reproduction number. Our numerical investigations
underscore the critical importance of regulating specific parameters, such as the disease-induced mortality rate of
cows, the temperature-dependent mortality rate of flies, and the rate of transition from infected to recovered
cows, in effectively managing the disease system. Numerical results also show that controlling flies population
and spraying adulticide, LSD spread can be prevented.

1. Introduction

Lumpy skin disease, commonly referred to as LSD, was first identified
in the city of Chittagong, Bangladesh, during March-April 2019. This
initial observation marked the beginning of a concerning outbreak, as
the highly contagious viral disease swiftly spread among cows across the
entire country.! Being a skin disease, LSD possesses a remarkable ca-
pacity for rapid transmission and efficient contagion. The primary mode
of transmission involves infected cows acting as carriers, where flies
play a significant role in facilitating the spread of the disease. These
insects become vectors by coming into contact with the infected cows
and then transferring the pathogen to other susceptible individuals,
thereby exacerbating the rapid expansion of the outbreak. While the
outbreak in Bangladesh shed light on the devastating impact of LSD, it is
worth noting that the disease has a long history dating back to its
believed origin in Zambia, Africa, in 1929. During that time, the

emergence of LSD in Zambia resulted in the unfortunate loss of
numerous cows and led to the closure of several farms. Since then, the
disease has continued to pose a threat, traversing geographical bound-
aries and making its presence felt in different parts of the world. One
such notable occurrence was in 2013 when LSD surfaced in Turkey. This
marked a significant turning point as the disease successfully made its
way into Asia, setting the stage for further spread across the region.
Again, in 2023, an outbreak of lumpy disease, affecting cattle,
emerged in Bangladesh and swiftly spread across the entire nation. It is
believed that hundreds of thousands of cows have fallen victim to this
ailment, leading to the devastating loss of thousands of lives within the
bovine community. Unfortunately, despite the deployment of vaccines
in an attempt to combat the disease, their effectiveness has been
disappointingly limited, failing to adequately address the severity of the
situation. Despite the government’s swift response and the deployment
of available vaccines, the battle against the lumpy disease in Bangladesh
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has proven to be an arduous one. Regrettably, the efficacy of the vac-
cines implemented has fallen short of expectations, rendering their
impact insufficient in curbing the spread and severity of the disease. This
unfortunate turn of events has left farmers, veterinarians, and policy-
makers grappling with the challenge of finding alternative strategies to
safeguard the cattle population effectively.

Molla et al.” conducted a study in Ethiopia, employing an SIR
mathematical model alongside statistical analysis to examine the
transmission rate parameter of LSD. Their findings revealed an alarming
initial transmission rate, primarily attributable to the absence of pre-
ventive measures. Consequently, the study recommends implementing
early control measures to mitigate the spread of LSD. Ardestani and
Mokhtari® examined the likelihood of LSD occurrence in western Iran by
employing MaxEnt. They gathered data from 2012 to 2016 and deter-
mined that the presence of LSD is influenced by various weather ele-
ments, including low temperatures (-1 to 6 °C), moderate rainfall
(140-160 mm), humidity, and cold conditions. Sarkar et al.* conducted
an investigation into the LSD outbreaks in the Dinajpur district,
Bangladesh, focusing on a cohort of 453 afflicted cattle, of which 186
were diagnosed as LSD-positive. Results indicate that the containment of
LSD transmission can be effectively managed through the implementa-
tion of systematic vaccination protocols, robust disease control mea-
sures, diligent disinfection practices, and particular attention paid to the
well-being of female cattle. Hasib et al.” conducted a cross-sectional
inquiry to elucidate the occurrence of Lumpy Skin Disease (LSD) in
firm animals within the region of Chittagong, Bangladesh during the
year 2019. The investigation encompassed a sizable cohort of 3327 farm
animals, among which 120 individuals were detected with LSD infec-
tion. Intriguingly, the results unveiled that the prevalence of LSD was
notably elevated in hybrid and female livestock. Moreover, it was dis-
cerned that the inclusion of new animals into the farm environment
represented a prominent risk factor for the transmission of this disease.
Haque et al.° undertook a comprehensive survey-based investigation
aimed at assessing the extant condition of LSD and its associated
handling practices across several agrarian enterprises situated in the
Natore district, Bangladesh. Spanning from June to December 2020, the
data collection phase encompassed a meticulous examination of 34
animal farms, comprising a substantial population of 87 animals.
Notably, their discerning analysis uncovered a conspicuous prevalence
of LSD infection among female cattle, a trend that resonates with the
congruent findings reported by Hasib et al.”. These congruent observa-
tions underscore the importance of gender-specific factors in the mani-
festation and spread of LSD among bovine populations in the region.
Khalil et al.” conducted research on LSD epidemics in Barisal,
Bangladesh. The data was gathered in 2019, encompassing a sample of
3630 livestock. The findings revealed that out of this population, 686
cattle tested positive for LSD. The study indicated that young cattle
accounted for 24 % of the infected cases, while pregnant cattle repre-
sented 70 %, making them more susceptible to the disease compared to
other animals. Pory et al.® orchestrated a cross-sectional investigation
into the prevalence of LSD (Lumpy Skin Disease) outbreaks in veterinary
hospitals in Sylhet, Bangladesh in 2020. The study involved a substantial
sample of 2762 cattle, out of which 377 were identified as LSD-positive.
The findings revealed a noteworthy surge in cases during the months of
May and June 2020 constituting approximately 47 % and 49 % of the
total incidence, respectively.

Chouhan et al.’ conducted an extensive investigation aimed at
comprehending the economic repercussions of LSD on cattle in
Bangladesh. This survey centered on two specific districts, namely
Mymensingh and Gaibandha. Data was meticulously gathered from
October 2019 to June 2020, where a total of 1187 cattle were randomly
selected for analysis, out of which 403 were identified as infected, and
tragically, 13 died due to LSD-related consequences. The consequential
impact of LSD on the economy of both districts was markedly substan-
tial, resulting a loss of around 92 million USD. Issimov et al.'? conducted
a cross-sectional study aiming to investigate the risk factors associated
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with LSD. They utilized a questionnaire to collect data from 543
households in west Kazakhstan from January 2021 to July 2021. The
research employed multivariate logistic regression analysis. They
highlighted that the buying and selling of animals during LSD virus
outbreaks contribute to the spread of the virus. They further emphasized
the significance of farmer awareness and training to effectively manage
and prevent future LSD outbreaks. Safavi'! employed a machine
learning technique to forecast the future occurrence of the LSD virus in
cattle by considering the environmental conditions. The study found
that when predicting the future incidence of the LSD virus in cattle, ANN
exhibited superior performance compared to other algorithms. Uddin
et al.'? conducted an investigation into the incidence of LSD outbreaks
across nine distinct regions in Bangladesh spanning from December
2019 to December 2020. The study revealed that out of the total 8215
cattle examined, 603 were found to be LSD-positive. Notably, Narsingdi
exhibited the highest CFR at 1.51, followed closely by Kishoreganj at
1.38 and Rangpur at 1.36. Conversely, Naogaon exhibited the lowest
CFR at 0.52, indicating a lower fatality rate in comparison to other
districts.

In a recent study, Alfwzan et al. ~ devised a mathematical model that
takes into account the interactions between cattle (Susceptible-Infecte-
d-Removal class), vectors (Susceptible-Infected class), and the environ-
ment. They made the assumption of a constant birth rate for both cattle
and vectors. The results of their research suggest that implementing
disinfection measures in the environment and minimizing the trans-
mission between vectors and cattle could significantly aid in reducing
the transmission of LSD. In a separate investigation, Butt et al.'* pre-
sented a mathematical model that examined the effectiveness of a
vaccination program as a control strategy for LSD. Their model incor-
porated susceptible-vaccination-exposed-infected-removal classes for
cattle. The study revealed that implementing a vaccination strategy
proved to be an effective approach in mitigating the spread of the LSD
virus among cattle. Considering this finding in conjunction with the
previous study by Alfwzan et al.'® on different mathematical models, it
becomes evident that combining strategies such as vaccination, disin-
fection, and reducing transmission between vectors and cattle holds
promise for effectively managing and reducing the transmission of LSD.
Moonchai et al.'® created various mathematical models for analyzing
the trend of LSD in Thailand during the period of 2021-2022. The
mathematical models they proposed include the Lorentzian, Gaussian,
Pearson-type VII, two-Lorentzian, two-Gaussian, two-Pearson-type VII,
Richard’s growth, Boltzmann sigmoidal, and Power-law growth models.
Sthitmatee et al.'® created an in-house-based ELISA test kit to identify
the LSD virus. Their findings revealed that their test kit performed
comparably to a commercially available ELISA test kit. To evaluate the
efficacy of the ELISA test kit, they conducted this research on a sample
size of 460 dairy cows. Sayed et al.'” conducted an inquiry into the
demographic determinants contributing to the occurrence of Lumpy
Skin Disease (LSD) in the Barisal district of Bangladesh, spanning from
January 2021 to June 2022. The study involved a substantial sample size
of 2047 cattle that underwent LSD testing at various hospitals, with 44 of
them testing positive for the disease. The findings revealed that certain
factors, such as specific breeds, female gender, and advanced age of
cattle, exhibited a more pronounced prevalence rate compared to other
variables. Remarkably, the highest incidence of LSD was recorded in
June 2022, peaking at 13.39 %. More recent research is available in.'®2°

According to the available literature and research in the field, most of
the studies are based on statistical analysis. There are only two research
works based on mathematical modeling: one focuses solely on the cattle
population with a vaccination strategy, and the other focuses on cattle
and vector populations with limited compartments for each population.
Considering this research gap, we considered SEIR (cows)-SI (flies)
mathematical model for LSD that comprehensively captures the in-
tricacies of their interactions and spread dynamics. Therefore, this study
undertakes the task of developing a SEIR-SI model that encompasses all
potential transmission routes responsible for the spread of LSD. The
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critical transmission pathways considered include vector transmission
and direct transmission between cattle and flies. By considering both
vector and direct transmission, the SEIR-SI model opens up new avenues
for investigating the various factors influencing the disease’s spread and
control. Consequently, this research aims to contribute valuable insights
into managing LSD outbreaks and implementing effective prevention
strategies.

In the following, we will present first present the novel mathematical
model for LSD disease, then disease-free equilibrium (DFE) and endemic
equilibrium points within epidemiological frameworks. Our analysis
will incorporate several pivotal components, including the determina-
tion of the reproduction number at DFE, the positivity of solutions, the
behavior of local asymptotic stability at DFE, details of Lyapunov
functions, and sensitivity analysis. Furthermore, to enhance our expla-
nation, we will present some numerical findings that will explain the
practical outcomes of the discussed theoretical constructs.

2. Mathematical model

This study employs a compartmentalized approach to model the
dynamics of LSD infection, which considers both cattle and vector
populations. The cattle population is categorized into four distinct
compartments: susceptible cattle (S¢), exposed cattle (E¢), infected
cattle (I¢), and recovered cattle (R¢). On the other hand, the vector
population, which includes flies, is divided into two compartments:
susceptible vector (Sy;) and infected vector (Iy).

Hence, total population of cows is, N¢ = S¢ + E¢ + I¢ + R¢,and total
flies population isN, = Sy + Iy.

Schematic diagram of the LSD model is presented in Fig. 1. By
integrating these compartments we can portray the evolutionary dy-
namics of LSD infection through the following model. Also, Table 1
describes the model parameters whereas Table 2 displays the numerical
values of the model parameters.

We have considered the following assumptions during model
formulation:

Birth related recruitment has not been considered and the recruit-
ment rates for both cow population and fly population are considered
constant.

The model assumes a direct transmission pathway between cows and
flies but cow-to-cow transmission has not been considered.

It is assumed that exposed cows can’t transmit infection.
Re-infection of recovered cows has not been considered.
Temperature dependent death of flies has been taken into account.

Cow (C) — Flies (M)

ds, p

T; =AM\ — NflcscIM — i Sc (1a)
dE

T: = leCSCIM —a1Ec — pu,Ec (1b)

Fig. 1. Schematic diagram of the LSD model.
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Table 1
Parameters used in the model and their descriptions.
Parameters Description
A1,An Recruitment rate of cows and flies, respectively
B1 Rate of transmission from infected flies to susceptible cows
B2 Rate of transmission from infected cows to susceptible flies
H1,H2 Natural death rate of cows and flies, respectively
T Temperature-dependent death rate of flies
o Rate of transfer from exposed class to infected class for cows
o1 Disease-induced death rate of cows
Y1 Rate of transfer from infected class to recovered class for cows
Table 2
Initial values for different compartments and different parameter values.
Initial Values Ref. Initial Values  Ref.
conditions & conditions &
Parameters Parameters
Sc 10000 - Aq 100 Assumed
Ec 50 - Ay 20000 Assumed
Ic 1 - B1 0.1 Assumed
Rc 0 - B2 0.2 Assumed
Sm 100000 - o 0.2 Estimated
Int 100 - 1 0.008 13
I 0.0002  Estimated o 0.008 13
Ha 0.066 Estimated T 0.20 Assumed
dlc
E = (llEC — leC — O'lIC — .MlIC (1C)
dR¢
=rlc —mRe (1d)
dt
dSu Py
—_— = Az — fSMIC — SM — IZMSM (16)
dt N¢ He
div _ B,
—— = Sulc — polm — 7mly (1)
dt ~ N¢ Fa

with initial condition

(8¢(0),Ec(0),1c(0), Rc(0), Sm(0), I (0)) = (Sco, Eco, Ico, Reo, Smos Ino)
(1g)

and
Scos Eco, Ico, Reo, Smo, Imo > 0. (1h)

In this modelAjandAyrepresent the constant recruitment rate of cows
and flies, respectively, wherep;andpsare natural death rates of cows and
flies, respectively. The average lifespan of cow is approximately 15 to 20
years. Assuming 15 years in this study, the numerical value of natural
mortality rate is approximatelyp; = 1/(15 x 365) = 0.0002day .
Similarly, average life expectancy of fly is approximately 15-30 days and
hence considering 15 days for this study, the natural mortality rate is
approximatelyj, = 1/15 = 0.066day '. Here,p;andporepresents the
effective contact rate for LSD transmission. According to literature,
warm temperatures help proliferate the fly populations, but extreme
temperatures can have the opposite effect, reducing population growth
rates and causing mortality. So, in this study, we have considered
temperature-dependent death rate of flies (). The incubation period
for LSD is 4 to 14 days. During numerical simulation, we have assumed 5
days as incubation period and hence a; = 1/5 = 0.2represents the
transferred rate from exposed to infected class. ojandyjrepresent
disease-related death rate and recovery rate of cows, respectively.

3. Theoretical outcomes

Theorem 1 (Positivity of solutions): The solution
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T (t) = (Sc(t),Ec(t), Ic(t), Re(t), Sm(t), Iu(2)) @

of the Lumpy skin disease (LSD) model (1) with .%/(0) > 0 is non-
negative for t > 0.
Proof: Let us consider Eq. (1a):

djtc At — (% +1;) Sc where 2 — ’illM 3)
C

Solving, we get,

dit[sc(t)exp{ﬂlt—s— /‘3{‘7(u)du}:| =A1exp{ﬂ1t+ /‘3/(u)du} 4)
0 0

Integrating, we get

SC(t)exp{,ult+ /(?(u)du} — S¢(0)
/Alexp{,ulv+/ “(w )dw}dv 5)

0 0

It follows that

Sc(t) exp{ (Iﬁf"r Xu)du) } + exp{

( +/% )} /[Alexp{ylv—i—/v/}"(w)dw}dv

0
>0

(6)
Similarly, we can show that
Ec(t) >0, Ic(t) >0, Re(t) >0, Su(t) >0, In(t) >0
Therefore,
F(t) >0 forall t > 0.
Theorem 2: The set Ddefined as

D = {(Sc, Ec, Ic,Re; Sm, Iu) € C:Ne < Ay /py, Ny < Ao/(py +7m }

@)
is positively invariant and attracting.
Proof: Consider the differential equation for N¢
dN,
d_tc = A — WNc—oile (8)
dN, A
dTC <Ay — uNe= (/711ch> ©)]
The above differential inequality can be solved to get
A A
Ne(t) <%~ <—1 ch(0)>e*”“ 10)
H H

Therefore, we see that even if N¢ was initially outsideD, i.e., ifN¢(0)
> A1/, we will eventually have thatN¢ < A;/py. This can be easily seen
by taking the limit t — oo in the inequality. We can do a similar analysis
for Ny starting with its differential equation

dN,

TtM = Ay — (4y +7mm)Ny (11a)

dNn, A

TtMSAZ KsNy = Ks <K727NM)1 where Ks = Uy + M (llb)
3
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——NM(O)>e"‘2‘ (11¢)

Therefore, we see that no matter what the initial conditions are, we
will either have N, — A1/p; and Ny — Ay/Ks asymptotically or at some
future time we will have N¢ < A1/p; andNy < Ay/Ks. So, the set D is
positively invariant, bounded and attracting.

4. Equilibrium points and reproduction number

We determine the Disease-Free Equilibrium (DFE) point by equating
the steady-state equations of the model (1) to zero. In this scenario, we
assume the absence of the virus in the cattle, meaning infection does not
persist in the population. Conversely, for the Endemic Equilibrium (EE),
we presume the virus remains within the cattle population.

Disease-free equilibrium (DFE):

Z# = (8,0, 0, 0,5y,0) (12a)
Solving the following equations, we get
Al — 'Mlsc =0 (12]))
Ag — /’lZSM — IZ'MSM =0 (12C)
A A
=8¢ =—18u=— (12d)
M Ks

Reproduction number for DFE:

The Reproduction number Ry is calculated using the next-generation
matrix technique Essentially, it is the spectral radius of the product
matrix .7 7", where .7 represents the Jacobian of the rate of new
infections and 7 represents the Jacobian of the rate of other trans-
lational terms in equations related to illness.”!

b
—ScI;
NCSC M
T = 0 (13a)
B
KiEc
7 = 7&1EC + KzIC (13b)
K3IM
whereK; = (07 + p1), K2 = (y1 + 61 + p1),andK3 = pp + T
Then we have
b
0 0 Ne
F =10 0 0 (13c)
o P sM 0
Ki 0 O
7 = — K2 0 (13(1)
0 0 K;
Now,
1
i 0 O
~ 1 a1 1
-1 _ 2 1
7 KK K (13e)
1
0 0 —
K;

The next generation matrix is
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$1Sc
0 K3N¢
F 7t = 0 0 0 14
apSm PaSm
K1KoNe  KoNe

Eigenvalues of .7 7' are

A1=0 (15a)
1 a1125¢Su
__ 1 15b
42 N\ KKK, (15b)
1 alﬂlﬂZSCSM
Ao = — | — 22770 15
37 N\ T KiKoKs (15¢)

Hence,

1 A1 A
Ry = [GVZVZS T (16)
K3N¢ KKy

Theorem 3: The disease free equilibrium (DFE) is locally asymp-
totically stable (LAS) ifRy < 1.

Proof: At the DFE, i.e.,at Z, = (’,}—11,0, 0, 0,2—;,0) the Jacobian is as

follows
—iq 0 0 0 -—-P
0 -K; 0 0 P,
0 ay 7K2 0 0 0
HT0) = an
0 71 —H1 0 0
0 0 -—P, 0 —K3 0
0 0 P 0 0 -K3

whereP; = 1/171 %, and P, = I’f,—z 1% For Eigenvalues, we have to solve the

characteristics polynomial of six degree, i.e., |J(Z ) — AI| = 0, which
means

—py — A 0 0 0 -p
0 -Ki—1 0 0 0 P,
0 o -K; -1 0 0 0 —o
0 71 —Hy — 4 0
0 0 -—Pp 0 —K3—1 0
0O 0 P 0 0 —Ks—1
18)
After simplifications, we came up with this determinant
-Ki -1 0 P,
(=p1 =) (= =)(-Kz3=2)| @ Ky, —4 0 =0
0 p, —Ks -1
19
Characteristic polynomial is
(—py — A)(—py —A)(—K3 — ) [A* +B12> + BoA+Bs] =0 (20)

Where,
B, = (K1 + K, +K3), B, = (K1K; + K2K3 + K3Ky), Bs
= KlKgKg — I<47 K4 = alPng.

CoefficientsByandBsare positive sinceK; = (o7 + p1)and Ky = (y1 + 01
+ pp)are positive. K3 = pia + mpis also positive. Finally, Kais also positive
asPjand P, are positive. Therefore, based on Routh-Hurwitz stability
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criteria, we can conclude that all eigenvalues are negative if Bsis posi-
tive, that is, if the condition K; Ky K3 >K4 holds. Hence, the DFE is
locally asymptotically stable for Ry < 1. When the condition K; K3 K3
>K4 does not hold, then Ry >1 and the system will be unstable. This
implies, LSD will persist.”® Hence the theorem is proved.

Endemic equilibrium (EE):

& v = (St,Eg, I, RS, Sy Iy) (21a)
Let us set
dSC d.E(; d[c d-RC dSM d-[M
= _—_~t_>*_ N _"7_ 21b
dt dt dt dt dt dt (21b)
Then we have
Pr ey .
A —ELSin — S =0 (22a)
Nc
Prgt  aub— i —
PLe I — ayEy — pEy = 0 (22b)
Nc
(XlEz -7 IE — 01 IZ. — My Ié =0 (22C)
nle—mRc=0 (22d)
N
2 = 339y C*ﬂstfﬂMS =0 (226)
N¢
P2 . _
N Su Ie = Holy — 7uly = 0 (226
N¢
Adding the first four equations i.e., 22(a) to 22(d) gives
A —oy I; —py (Se+EL+I+R;) =0 (22g)
Since S; + E;, + I, + R = N, we have
Al — 01 Ié — [llNz =0 (22h)
A — oy I
SN, =t (22i)
H
Adding the last two equations i.e., 22(e) to 22(f) gives
Ay —K3(Sy+1;,) =0 (22))
Ao
N2 22k
>Ny K, (22k)
Then from Eq. 22(e), we get
Az [Ar — o0y I )
Sy = (22m)
M (KsAl + [Bo py — Kzon] I
Now, S;, + I, = Nj, implies I;, = N;,— S;,. Then we get
Ay A A — oy I}
I, = Kl _ KJ I LN - (22n)
. Popr I
3 3 |:A1 —o1 I +72:31 C]
After simplification we find,
Bopty Aol
;4 _ : /2.”1 22 C (221))
Kafou, It + (Ks) [Al — 0 Iﬂ
alf
I, = ¢ 22
= M b _ CIE’ ( q)
where a = fap1Az,b = A1(K3)* and ¢ = K3(Bapy — K361).
Now rearranging 22(c) and 22(d) gives
K> 71
E, =—T, & R, = I (22r)
C a C C Hy C
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Finally adding 22(a) and 22(b) gives

Ay —pu,S; — KLiE; = 0. (22s)
A
sy =M_Kig (221)
o
Then from Eq. 22(b) we have
A1 KK, | I K;K
b {—1— L 21;” a C*} { 1 } = St (22u)
Hq Qayfq b— CIC A — 01 IC ay

After laborious algebraic calculations on Eq. 22(u), we ultimately
arrive at the following equation.

0 )+ 1T + 15 =0, (23a)
where

= (23b)
xgz%zb—am:%(l—lzg) (23d)

The number of endemic equilibria points depend on the number of
positive real roots of this equation. The different cases are

a. No endemic equilibrium if:

i. x2>0and y3 > 0, or

ii. (42)? — 4x1y3 < 0

b. One endemic equilibrium if:

i. x3< 0, or

ii. x2 < 0, x3 > 0 and (y2)* — 4y1x3 = 0

c. Two endemic equilibria if ()(2)2 — 4y1x3 >0, y2 < 0and y3 >0

From the expressions of y1,y2 and y3 in terms of Ry, it can be shown
that

2 2
a 2 _(p2 Par\" 4011 o
<K1K2K§> (5 —4rrs) = <Ro K, > 4K§ (1-Rj) 24

Let R; and R, be the solutions for the values of Ry that satisfies the
equation

Pap\* o
(s-5) om0

providedR( < 1, andR; < Ry. Then the above three different cases can be
written in terms of conditions on the basic reproduction number as

A. No endemic equilibrium if:

i. Vﬂzﬂl/Kfi <Rp<1,or

ii. Ry <Rg <Ry

B. One endemic equilibrium if:

i. Rg > 1, or

ii. Ry < min(l, NI ) and Ry = Ry or Ry

C. Two endemic equilibria if Ry < min(l7 Pott1 /K3 ) and, either
Ro <RjorRg >Ry

Thus, as long asRy > 1, there will always be an endemic equilibrium
point, but there may also be one or more endemic equilibrium points
ifRy < 1. Merely decreasing Ry to less than unity is not sufficient. We
must also decrease \/fyp; /K3 to less than unity, and keep Ry between
one and that value. Otherwise, we might have to decrease R, further
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until it becomes less thanRy, if a positive value of R, exists. Therefore, it
seems that the single most important parameter to control isK3, which is
the flies death rate. Allocating resources towards increasing the flies’
death rate rather than attempting to lower their birth rate seems to be
the most efficient strategy for epidemic eradication according to our
model. This is illustrated in the Fig. 2.

Backward bifurcation analysis of the LSD model

Case (c) of the above discussion says that, we may have the possi-
bility of having two endemic equilibrium whenever Ry < land hence
there may exist backward bifurcation phenomenon. Now using the
Center Manifold Theory discussed in,”® we will examine the existence of
backward bifurcation. This will be done by using the changes of variable
method. So, let S, = x1,E; = x3,I. = x3,R; = X4,Sm, = X5,andl,, = x¢.Hence
in vector form the model (1) can be written as

((11—): = (fi.fosforfarfsofs) (26)
whereX = (x1,X2,X3,X4,X5,X6) | and then we have

B fi=n- ﬁ;\%xl i @72)
% =f,= ﬂll\;:e'xl — (o1 + py )x2 (27b)
% =fs =Xz — (01471 +H1)X3 (270
% =fa=71X3 — 1 X4 27d)
% =fs =Ny — ﬂlz\;:3x5 — (g + Tm)Xs (27e)
% =fo= ﬁ;;:sxs — (4y + Tm)Xe (279

The Jacobian of the system (27) is given by:
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Fig. 2. Numerical simulation of the model (1) depicting the existence of
backward bifurcation.
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u 0 0 0 0o -5
0 -k O 0 0 A
1 0 a —ky O 0 0

JDy) = 0 0 v —u 0 0 (28)
0 0 —-Ji1 0 —-k3s O
0 0 J; 0 0 ks

where

L= U Py A2
A1 (Tm + pa)

Now consider, Ry = 1 and f, = f§] is a bifurcation parameter. Thus
we get,

_ KENZu, K1 Ky

The Jacobian J(Z ~) of (27) with g, = p;, denoted by Js;s has a
simple zero eigenvalue (with all other eigenvalues having negative real
part). Hence, the center manifold theory can be used to analyze the
dynamics of the model (1).

Eigenvector of Jy; = J(Z #)ls,—p;

WhenR = 1, the Jacobian (/ ﬂi) of (27) has a right eigenvector given
by

T
W = (wi,wz, w3, Wq,Ws, We) Where,

p
w =P (30a)
H
wy =P (30b)
o+
o Py
Wy = W, (30(:)
Pt )
aiyiha
Wy = W (30d)
4 (o +pq)(on + 71 +1q) °
p
e — adinfy We (30e)
py (o1 =+ pp) (o1 47y + ) (Tom + piy)
We = We (30f)

Further, Jg; has a left eigenvectorv = [v1,V9,V3,V4,Vs5,V6], Where,

vi=0,v; = @ V3, V3 =V3,V4 = Vg, V5 =0,
ay +:“1
a1 fy
Ve = V3. (31)
(a1 + ) (m + i) ’

Computation of a andb?>:
After some tedious manipulations it can be shown that

a=2v; fy(we +wq){wr +wa(1—¢)},

_ Avs(tws +wa){u+p(1 - )}
B H(u+p)

Thus, it follows from Theorem 4.1 of Castillo-Chavez & Song”* that
the LSD model (1) undergoes backward bifurcation at Ry = 1 whenever a
> Oandb > 0. The graphical representation of the backward bifurcation
has been provided in Fig. 2.

Parameter values are used as 3 = 0.001, py = 0.075, A; = 20, Ay =
20, 000, p2 = 0.1, o3 = 0.4, y; = 0.01, o1 = 0.1, my; = 0.02. From this
figure, we can witness the co-existence of both the DFE and EEP when
the basic reproduction number(Rg)is less than one. This implies that
Rpless than one is not sufficient to eradicate the disease from the
community.

b

(32)
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Theorem 4: The endemic equilibrium point (EEP) is globally
asymptotically stable (GAS) ifRy > 1.
Proof: Let us consider the following Lyapunov function, L

1 1 1 e 1
L(t) = 5(Sc = 52)" +5(Ee —Ee)” + 5 (e —I)" + 5(Re —R;)”
1 1
+5(Su - Su)” + 5l — L,)* (33)

Differentiating Eq. (33) with respect to t, we get,

dL .\ dS . dE, . dI. .\ dR
E:(SC—Sc)d_tC+(EC—Ec)d—tC+(IC_Ic)d_:+(RC—Rc)d_tc
M diy

.\ dS
+ (Sm—Sy) TRy (I — Iy) 5 (34

Let us consider the following equations,

das B
T: =M - ITICSCIM —iSc (353)
At the equilibrium, we have
_ Picin .
0=Ay ——=ScIy, — 11 S¢ (35b)
N¢
And subtracting Eq. (35b) from Eq. (35a), we get
dSc B < e "
= _1716 ( Sclu —Sely) — py (Sc — S) (36)

For simplicity, let us consider the first term of the right side of Eq.
(34) and apply Eq. (36):

ds
(Sc-50) B = (5o -2~ &

it - ( Sclu = S¢hy) —p (Sc — S¢) 37
Cc

Let us expand the product term ( Scly — Sil;;) as:

( Sclu—S¢ly) = (Sc — Sg)Im + Si(Iu — Iy) (38a)

=(Sc—S5) ( Sclw—SiIy) = (Sc — S5) v + S5(Sc —S5) (u —T;)  (38b)

Let us expand the part of second term of Eq. (38) by using Cau-
chy-Schwarz inequality and we get

[(Sc 52) ()| < [Sc S 39

[T =Ty

Now we will use Young’s Inequality to simplify the LHS of Eq. (39).
Therefore, we get
(Sc—82)°

[(5e 52 (b~ Iy < 5

+5lu—1y)% e >0 (40)

It follows that

|Sc(Se = S¢) (n = Ly) | <

Sc

2
{(SCZESC)Jrg(IMIL)Z], e>0 (41

Now from the second term of the RHS of Eq. (38b):

Sc(Se = 5¢) (In —Ly) < [Sc(Se = S¢) (Iu = L) |

=8¢(Se = 8¢) (b — 1) <

Se

2
{(SC EESC) +§(IM - 1;4)2} 42)

Therefore, Eq. (38b) becomes
(Sc = Se) (Sl — Scliy) < (Sc — S¢)°IIul

+ el

Sc —8:)*
(628 c) +;(IM—II*W)2:| (43)

From Eq. (37), we get
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(s-50) | -

1’6—1 ( Scly — 5211*\4) ! (Sc - SE)}
¢

__h (sc —82)( Sclu — Sely) — wy (S — S3)* (44)
It follows that
(Se—5) % < P (50— )2l + s (SLS*C)ZE(IM —I,)?
dt = N¢ ¢ ¢ 2¢ 2 M

(45)
Which implies that

.\ 45 I . g || Be =5 fe .
(Se=50) 4 < ——l(sc—s )21l — [%4—5(11\4—1”1)2}
(46)
Hence
., dS
(sc—sg)d—f A (Sc—S5)* — B(lu — I,)? 47

where A = Iﬁ\Tlc (|IM|+ S ‘) >0, B= ﬁ1|s ‘ > 0 are constants depending

on bounds of S} andly,.

Similar approaches can be used to get rid of the cross terms for the
other terms in Eq. 34. Therefore, we have shown that dL/dt = 0 only at
the endemic equilibrium point and is negative at all other points. Thus,
we have demonstrated (utilizing the LaSalle invariance principle) that
the endemic equilibrium point is globally asymptotically stable.

Sensitivity Analysis:

This section explores into the numerical simulation of the LSD model.
To address the system of Egs. (1), we utilize the Euler scheme for solving
and implementation, followed by graphical presentation of the results.
The time unit is expressed in days, with corresponding numerical values
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Fig. 3. Representation of parameters as a bar diagram.

sensitivity index (-0.995), indicating that temperature fluctuations
significantly impact disease persistence. This suggests that environ-
mental factors, particularly temperature variations, play a crucial role in
controlling fly populations and, consequently, disease transmission.
Additionally, the recruitment rates of cows and flies (A1,A2) and the
transmission rates from flies to cows(p;) and cows to flies (B2) exhibit a
strong positive influence on Ry (0.5 each), reinforcing that increased
host and vector populations and increased transmission rate enhance
disease spread. Conversely, higher recovery rates (y; = —0.235), higher
temperature-induced death rate of flies(ry,), and disease-induced mor-
tality (67 = —0.235) reduce Ry, highlighting the role of medical in-
terventions in limiting outbreaks. While the natural death rate of cows
(p1) has a moderate negative effect (-0.471), fly mortality (p2) has
minimal influence (-0.005), indicating that disease control efforts
should prioritize factors beyond natural mortality.

assigned to the model parameters, outlined in Table 2. e _°. 6&
The basic reproduction number i.e., Ro " Ry do
1 o1 p1Pa\opy B = . 0Ro aur t aon 7ﬂ%
Ry — 48) " TRy opy 24,
(Ha +mm) \| Ar(an + 1) (ry + 01+ 1)
r — Uy ORo _ Ha
plays a pivotal role while this is being used to analyze sensitivity. This * Ro oy, (#z + 7M)
study will inform us about the significance of the parameters spreading FA‘ A 6R0 1
the disease in society. Considering the inaccuracy of the data collection Ry oA, 2
and parameter assumptions, sensitivity analysis is a reliable mechanism o M2 0Ry 1
to estimate the model’s robustness and influence on parameter values. Ipe = Ro oA D)
Moreover, sensitivity indices analyze social changes while the param- 4 Ry 1
eter modified as presented in Eq. (49). Here we have the following pa- Fﬁlo R—l 6_10 =3 (49)
rameters |i1,l2,A1,A2,p1,P2,01,Y1,01and my. o 9
In our investigation, we examined the sensitivity of each parameter = ﬁ % _ 1
contributing to Ro,?? as outlined in Table 3 and illustrated in Fig. 3, Fo "Ry 0B, 2
where The parameters analyzed include recruitment rates (Aj,Ag), o _ a; 0Ry s
transmission rates (f1,p2), natural and temperature-dependent mortality Ro "Ry 0 T 2m NGEa
rates (ji1,]2,andmyy), disease progression and recovery rates (oy,y1), and
. . : . n _110R r1
disease-induced mortality rate (7). The results, presented in a bar chart, R T RG 20, o1+ 1)
highlight the relative influence of each parameter on the model out- 0N nrorTih
comes. Among these parameters, some exhibit negative values, sug- o — 01 JRo _ o1
gesting a negative influence on Ry, while others have a positive impact %" Ry doy 2(r + o1+ )
on disease transmission dynamics. o _ oRy _ v
The results presented in Fig. 3 and Table 3 highlight that the Ro "Ry omy~ (uy + 7tm)
temperature-dependent death rate of flies (m) has the highest negative
Table 3
Initial values for different compartments and different parameter values.
Iz, Th 'S 3 e s T TR ¥4
-0.471 -0.005 0.5 0.5 0.5 0.5 -0.0011 -0.235 -0.235 -0.995
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We can use that above calculation to get the analytical values of the
parameters from the following Table 3:

While their sensitivity indices are comparatively lower, their impact
is evident in numerical simulations, as illustrated in Fig. 4a and Fig. 4b.
Notably, y1,ji1 and 67 exert the greatest influence on the solution, with
Ko demonstrating a notably significant effect, far surpassing other pa-
rameters. The observation from Fig. 3 underscores the profound impact
ofyy,p1andoy, suggesting that controlling these parameters, particularly
Ko, offers a potentially efficient strategy for disease management. The
sensitivity of the solution to K implies that even marginal adjustments

in this parameter yield substantial changes in the outcome, emphasizing
its pivotal role in disease control strategies.

To validate our numerical findings regarding the effects of parameter
adjustments, a sensitivity analysis, as depicted in Fig. 3, has been con-
ducted. This analysis reinforces our conclusion that alterations in
recruitment and transmission rates exert remarkable influence on model
outcomes. Fig. 4. illustrates the effect of recruitment rates of flies, the
transmission rates from infected cows to flies, from infected flies to
cows, and from exposed to infected cows. All of them have negative
effect on the cow population. Thus, disease related complexity increases
when values of these parameters increase. This figure also presents the

effect of natural death rate of flies, temperature related death rate of flies
and recovery rate of cows. These parameters have positive impact on the
disease dynamics. Hence, a decrease in the disease-related complexity is
observed when these parameter values increase.

Fig. 4a. shows that infected cow population increase due to an in-
crease in flies population(Az). So, flies population should be controlled
by closely monitoring larval and adult flies number. If this number
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increases remarkably, necessary steps must be taken to control their
number. From this figure it is also clear that transmission rate should be
minimized to control the disease outbreak as an increase in the trans-
mission rate(pjandpy)increase the number infected cows. This can be
done by isolating the infected cows. Our research findings confirm the
practical validity of the decrease in the infected population of cows due
to an increase in recovery rate(y;) as shown in Fig. 4b. Additionally, this
figure illustrates that increase in natural death rate(uy)and temperature-
dependent death rate(n;,) of flies can slow down the disease progression.
Moreover, this figure depicts that if the incubation ratel/a;decreases,
that is, if(o;)increases, the disease spreads too fast.
While an increase in temperature-dependent mortality rates of

mosquitoes might reduce their population, flies may thrive under the
same conditions.

LSD management strategies:

Countries like Russia, Israel, Namibia, India, Bangladesh, China,
Turkey, Saudi Arabia, Iran, and Greece have experienced severe out-
breaks of Lumpy Skin Disease (LSD) in recent years. In response, many of
these countries implemented large-scale vaccination programs to con-
trol the disease’s spread among cattle. Additionally, strict animal
movement restrictions and quarantine measures were put in place to
contain the outbreaks. Insecticide spraying has also been used to control
the vector populations responsible for transmission, while public
awareness programs have been promoted to educate farmers about
prevention and early detection. Early identification of LSD cases is
crucial, as it enables more effective containment of outbreaks and re-

duces the risk of further spread.?” Also, Table 4 presents the name of
some countries where vaccination is used to control the LSD.
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Figure 4b. Effect of different parameters on infected cow’s population.

Table 4
Name of the countries and name of the vaccines for LSD diseases.””.

Name of the country Vaccine used

South Africa Lumpy Skin Disease, Vaccine for Cattle Lumpyvax™
Morocco Bovivax-LSD™

Jordan LumpyShield-N™

Egypt MEVAC LSD

Ethiopia Lumpy Skin Disease, Vaccine

Kenya Lumpivax™

Turkey Penpox-M™, Live SPPV, Poxvac™, Lumpyvac™, Poxdoll™
Russia Sheep Pox Cultyral, Dry™

5. Conclusion

In this study, we developed an SEIR (cow)-SI (flies) model aimed at
investigating the dynamics of LSD transmission. Our initial focus
involved theoretical analysis, and we established key factors of the
model. Specifically, we demonstrated both local and global stability at

10

equilibrium points. Additionally, we conducted sensitivity analysis to
evaluate the influence of various model parameters onR, identifying
those parameters most crucial for effective disease management. Some
of the key findings are:

Effective prevention techniques by farmers delay rapid disease
spread.

Low infection rate reduces transmission rates insignificant.
Adjustments in recruitment rate and transmission rates affect model
outcomes.

Recovered cow populations may become re-infected with different
LSD strains due to contact rates, clustering, or inadequate hygiene
among farmers.

e Temperature-dependent death rate and natural death rate of vectors
have positive impact on decreasing infected cow population.
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6. Limitations

e Our study does not incorporate optimal control analysis,’**” which
could provide insights into cost-effective strategies for managing
LSD.

e The model assumes a direct transmission pathway between cows and
flies but does not consider complex ecological interactions, such as
fly movement patterns, seasonal variations in fly populations, or
cow-to-cow transmission.

e The model accounts for a temperature-dependent fly mortality rate
but does not include other environmental factors, such as humidity,
precipitation, or habitat availability, which could influence fly sur-
vival and disease spread.
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