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ON THE COMPLEXITY OF EPIMORPHISM TESTING

WITH VIRTUALLY ABELIAN TARGETS

MURRAY ELDER, JERRY SHEN, AND ARMIN WEISS

Abstract. Friedl and Löh (2021, Confl. Math.) prove that testing whether or not there is
an epimorphism from a finitely presented group to a virtually cyclic group, or to the direct
product of an abelian and a finite group, is decidable. Here we prove that these problems are
NP-complete. We also show that testing epimorphism is NP-complete when the target is a
restricted type of semi-direct product of a finitely generated free abelian group and a finite
group, thus extending the class of virtually abelian target groups for which decidability of
epimorphism is known.

Lastly, we consider epimorphism onto a fixed finite group. We show the problem is NP-
complete when the target is a dihedral groups of order that is not a power of 2, complementing
the work on Kuperberg and Samperton (2018, Geom. Topol.) who showed the same result
when the target is non-abelian finite simple.

1. Introduction

Let D, T be classes of groups. The (uniform) epimorphism problem from D to T , denoted
Epi(D, T ), is the following decision problem.

Input: Finite descriptions for groups G ∈ D and H ∈ T
Question: Is there a surjective homomorphism from G to H?

Note that an epimorphism in the category of groups is a surjective homomorphism. We refer to
G ∈ D as the domain group and H ∈ T is the target group for the problem. If T = {H} is a
singleton, we write Epi(D, H) for the epimorphism problem from a class D to the fixed group
H , in which case the input is just a finite description for a group G ∈ D.

Remeslennikov [10] proved for D the class of non-abelian nilpotent groups, the epimorphism
problem from D to D is undecidable, via Hilbert’s 10th problem. Applying work of Razborov
[9, Theorem 3] on equations in free groups, the epimorphism problem from finitely presented
groups to finitely generated free groups is decidable, but without any known complexity bounds
(see Section 8). Friedl and Löh [3] considered the epimorphism problem from finitely presented
groups to virtually abelian groups, proving that the problem is decidable when the target is
either a virtually cyclic or the direct product of an abelian group and a finite group. Whilst they
claim that the algorithms they consider to establish decidability “will have ridiculous worst-case
complexity”, in fact we are able to show the following.

Theorem A. The epimorphism problem from finitely presented groups to the following targets
is NP-complete:

(1) direct products of abelian and finite groups
(2) virtually cyclic groups
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(3) semi-direct products of a free abelian group N and a finite group Q where the action of
Q on N is of a certain restricted type (see Definition 1.6).

Kuperberg and Samperton [7] considered the special case of epimorphism from certain 3-
manifold groups to finite non-abelian simple groups, in the context of more general questions. It
follows from their work that the epimorphism problem from a finitely presented group to a fixed
finite non-abelian simple group is NP-hard (see Subsection 8.2). Here we show the same result
applies when the target is a finite dihedral group of order not a power of 2.

Theorem B. Let n > 1 be an integer that is not a power of 2, and D2n denote the dihedral
group of order 2n. The epimorphism problem from finitely presented groups to the group D2n

is NP-complete.

For completeness we include the following which collects together known results [7] and some
straightforward consequences of known results [9, 6].

Theorem C. The epimorphism problem from finitely presented groups to

(1) finite rank free groups is decidable
(2) a fixed non-abelian finite simple group is NP-complete
(3) a fixed group B × A, where B is a finite non-abelian simple group, or D2n with n odd,

and A is abelian, is NP-complete
(4) finitely generated abelian groups is in P.

Reduction to integer matrix problems. We prove Theorem A by reducing the epimorphism prob-
lem to the following algebraic problems, which we will show are both in P.

For d ∈ N let [1, d] denote the set of integers {1, . . . , d}. For m,n, ℓ ∈ N with ℓ 6 m and M
an m×n matrix, let M |ℓ denote the ℓ×n matrix consisting of the bottom ℓ rows of M . We call
an n× 1 matrix an n-vector, and a matrix (resp. n-vector) whose entries are integers an integer
matrix (resp. integer n-vector). For an integer matrix M we let span(M) denote the set of all
Z-linear combinations of the columns of M (see Subsection 1.1 for additional notation).

MatrixSubspanA

Input: A triple (A, d, ℓ) where A is an m × n integer matrix, d, ℓ ∈ N with ℓ ∈
[0, n− 1]

Question: Do there exist integer n-vectors v1, . . . , vd such that Avi = 0 for i ∈ [1, d]
and for the n×dmatrix V whose columns are v1, . . . , vd, span((V |ℓ)

T ) = Z
d?

MatrixSubspanB

Input: A triple (A, b, ℓ) where A is an m×n integer matrix, b an integer m-vector,
ℓ ∈ N where ℓ ∈ [0, n− 1]

Question: Does there exist an integer n-vector ν such that Aν + b = 0 and
span((ν|ℓ)T ) = Z?

Throughout this paper we assume integer matrices are given with entries as binary numbers
for the purpose of complexity.

Theorem D. MatrixSubspanA and MatrixSubspanB are in P.

1.1. Notation and basic facts.

Complexity. We assume the reader is familiar with the complexity classes of P and NP. A
problem is NP-hard if every problem in NP is reducible to it in polynomial time, and a decision
problem is NP-complete if it is both in NP and NP-hard. For all decision problems and algorithms
we assume integer structures (eg. matrices, Z-modules) are given by a list of integers in binary,
and constants (of a group) are given in unary (on generators).
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Matrices, basis, span. Let Z
m×n denote the set of all m × n integer matrices (matrices with

integer entries), GL(n,Z) the set of invertible n × n integer matrices, and 0m,n (or 0 when the
size is clear) the m × n matrix with all 0 entries. If M ∈ Z

m×n, the matrix M |ℓ ∈ Z
ℓ×n is the

matrix consisting of the bottom ℓ rows ofM , that is, the matrix whose i-th row is the (m−ℓ+i)-th
row of M . Note that the Z-module Zd is identified with Z

d×1 throughout this paper. A Z-linear
combination of d-vectors u1, . . . , un ∈ Z

d is a d-vector of the form x = c1u1 + · · · + cnun for
c1, . . . , cn ∈ Z. The span of u1, . . . , un is the set of all Z-linear combinations of u1, . . . , un ∈ Z

d,
which we denote by span(u1, . . . , un). If M ∈ Z

m×n we let span(M) denote the span of the
columns of M . For b ∈ Z

m we define spanb(M) to be the set of all m-vectors of the form y + b
for some y ∈ span(M).

Words. Let X be a set. We call a finite sequence (x1, . . . , xn) with xi ∈ X a word over X ,
and denote it as x1 · · ·xn. The set of all words over X is denoted X∗. The notation u(X) =
u(x1, . . . , xn) stands for a word u over the letters x1, . . . , xn. If Y = {y1, . . . , yp}, Z = {z1, . . . , zq}
are sets, then we may write u(Y, z1, . . . , zq) = u(y1, . . . , yp, z1, . . . , zq) = u(Y, Z).

For any set X we let X−1 = {x−1 | x ∈ X} be a set of letters with X ∩X−1 = ∅.
If A is a set, H is a monoid and ψ : A → H is a set map, we define the induced monoid

homomorphism from (A ∪ A−1)∗ to H by

ψ(aǫ11 · · · aǫss ) = ψ(a1)
ǫ1 · · ·ψ(as)

ǫs

where ai ∈ A and ǫi = ±1.

Groups. We use the notation 1G to denote the identity element of a group G, [a, b] := aba−1b−1

for the commutator of two elements a, b of G, and [G,G] the commutator subgroup of G (the
subgroup consisting of all products of commutators of elements of G). For a group G and two
elements a, b ∈ G, ba = bab−1 denotes the conjugation of a by b. If u, v are two different ways to
represent the same element of G, we write u =G v.

We denote the infinite cyclic group as C∞, the cyclic group of order n ∈ N+ as Cn, and the
dihedral group of order 2n as D2n. We denote certain classes of groups as follows:

(1) FinPres is the class of finitely presented groups
(2) Fin is the class of finite groups
(3) FreeAb is the class of free abelian groups of finite rank (groups isomorphic to direct

products of finitely many copies of C∞)
(4) VirtCyclic is the class of virtually cyclic groups
(5) Ab× Fin is the class of groups of the form N ×Q where N ∈ FreeAb and Q ∈ Fin
(6) SpecialExt and RestrAbelSemi are restricted classes of extensions to be defined below

(Definitions 1.5 and 1.6).

Presentations. A group G ∈ FinPres is given by a finite presentation 〈X | R 〉 where X is a finite
set and each r ∈ R is a word over X∪X−1. We do not assume X is a subset of G, so for example
we may have x, y ∈ X with x =G y, and we do not assume G has decidable word problem, so,
a priori, given a presentation 〈X | R 〉, we have no algorithm to determine whether x =G y for
x, y ∈ X . The following well-known lemma is used repeatedly throughout this paper.

Lemma 1.1 (von Dyck’s lemma [1, Lemma 2.1]). If G is presented by 〈 g1, . . . , gn | r1, . . . , rm 〉
where ri = ri(g1, . . . , gn), and ψ : {g1, . . . , gn} → H is a set map to a group H, then the induced
monoid homomorphism ψ : {g±1

1 , . . . , g±1
n }∗ → H defines a homomorphism from G to H if and

only if ri(ψ(g1), . . . , ψ(gn)) =H 1H for 1 6 i 6 m.
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Equations. Let X = {X1, X
−1
1 , . . . , Xn, X

−1
n }. An equation over a group G is a word

u(g1, . . . , gs,X)

where gi ∈ G for i ∈ [1, s] are called constants and X are called variables. A system of equations
(ui)[1,m] is a finite list of equations ui(g1, . . . , gs,X) for i ∈ [1,m]. A solution to a system of

equations (ui)[1,m] is a map σ : X → G of the form σ : Xi 7→ hi, X
−1
i 7→ h−1

i for some hi ∈ G,
i ∈ [1, n] so that

ui(g1, . . . , gs, σ(X1), σ(X
−1
1 ), . . . , σ(Xn), σ(X

−1
n )) =G 1G for all i ∈ [1,m].

A system of equations without constants is a list of equations of the form ui(X) for i ∈ [1,m]. Note
that if G is a finitely generated group with finite inverse-closed generating set Y = {y1, . . . , ys},
we may write any equation over G as u(Y,X).

A key step in our reduction from epimorphism to matrix problems is the following decision
problem for equations over groups.

EquationsSubspan

Input: a group N , variables X = {X1, X
−1
1 , . . . , Xt, X

−1
t }, Y =

{Y1, Y
−1
1 , . . . , Yℓ, Y

−1
ℓ }, and a finite system of equations over N us-

ing variables X ∪ Y.
Question: is there a solution σ : X ∪ Y → N such that 〈σ(Y1), . . . , σ(Yℓ) 〉 = N?

Free abelian groups. A free abelian group of rank d ∈ N+ is a group isomorphic to the direct
product of d copies of the infinite cyclic group C∞. Such a group admits the presentation
〈x1, . . . , xd | [xi, xj ], ∀i, j ∈ [1, d] 〉, which we may write simply as 〈 x1, . . . , xd 〉 when the context
is understood. It follows that every element of a free abelian group N ∼= 〈x1, . . . , xd 〉 can
be represented uniquely as a word xc11 · · ·xcdd for some c1, . . . cd ∈ Z. It is well known that

every free abelian group is a Z-module which we denote by Z
d, with standard basis {e1, . . . , ed}

where ei = (0, . . . , 0, 1, 0, . . . , 0)T ∈ Z
d with non-zero entry in the i-th position, via the natural

isomorphism ϕ : N → Z
d defined by the set map

ϕ : xi 7→ ei,

extending to the isomorphism

ϕ : xc11 · · ·xcdd 7→ c1e1 + · · ·+ cded.

Equations over abelian groups. Let u an equation over a group N with variables X as above and
a single constant c ∈ N (possibly with c = 1N). Define the commuted normal form of u to be
the word

CNF(u) = Xα1
1 . . .Xαn

n c

where αi = |u|Xi
− |u|X−1

i
for i ∈ [1, n]. The following observation is immediate.

Lemma 1.2. Let N be an abelian group, and (ui)[1,m] a system of equations in N where each

ui consists of variables X = {X1, X
−1
1 , . . . , Xn, X

−1
n } and a single constant. Then σ : X → N is

a solution to (ui)[1,m] if and only σ is a solution to (CNF(ui))[1,m].
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Extensions. A group H is said to be an N by Q extension if

(1) N is a normal subgroup of H
(2) there is an isomorphism ψ : H/N → Q.

It follows that the maps ι : N → H and πQ : H → Q given by given by ι : n 7→ n and πQ : g 7→
ψ(gN) define an exact sequence

{1} → N
ι
→ H

πQ
→ Q→ {1}.

A set T ⊆ H which contains exactly one element of each (right) coset of a subgroup N is called
a (right) transversal for N in H (note that throughout this paper all cosets will be right cosets).
A map s : Q → H is a transversal map if {s(q) | q ∈ Q} is a transversal, or equivalently if s is
injective and πQ(s(q)) = q. w.l.o.g we assume s is always chosen so that s(1Q) = 1H throughout
this article.

Given a fixed transversal map s, every element g ∈ H can be written uniquely as a prod-
uct g = ns(q) for some n ∈ N and q ∈ Q, which we call the normal form for g. The map
πN : H → N given by πN (g) = n when g = ns(q) is well defined since s is a transversal
map. Since N is a normal subgroup of H , each s(q) acts by conjugation on N as an in-
ner automorphism. Define θs : Q → Aut(N) by θs : q 7→ s(q)n. Also since N is normal, for
q1, q2 ∈ Q we have Ns(q1)Ns(q2) = Ns(q1)s(q2), so s(q1)s(q2) = ns(q1q2) for some n ∈ N , and
so s(q1)s(q2)s(q1q2)

−1 ∈ N . Define a map fs : Q×Q→ N by fs : (q1, q2) 7→ s(q1)s(q2)s(q1q2)
−1.

We call the pair (θs, fs) the extension data for the N by Q extension H with respect to a chosen
transversal map s : Q → H . Clearly if Q is finite and N is finitely generated then (θs, fs) has a
finite description.

In the case s is a homomorphism then s(q1)s(q2)s(q1q2)
−1 = 1N and we write fs = 1N to

denote the trivial map, and H is a semidirect product of N and Q via θs. For example, if H is
isomorphic to the direct product of a group N and a finite group Q, s : q 7→ (1, q) is a transversal
map which is an injective homomorphism so fs = 1N and θs : n 7→ n, and we may write every
element uniquely in the form ns(q) = (n, q).

Virtually abelian groups. A standard argument shows that if H has a finite index abelian sub-
group, then it contains a normal finite index abelian subgroup (by taking the normal core, see
for example [3, Proposition 2.2]). Thus we may view every virtually abelian group H as an N
by Q extension where N ∈ FreeAb and Q ∈ Fin.

Remark 1.3 (Action is determined by q when N is abelian). If s1, s2 are two transversal maps
from Q to H , Ns1(q) = Ns2(q) so s2(q)

−1s1(q) ∈ N . Then since N is abelian we have

s2(q)(n)
(

s1(q)(n)
)−1

= s2(q)ns2(q)
−1s1(q)n

−1s1(q)
−1

= s2(q)nn
−1

(

s2(q)
−1s1(q)

)

s1(q)
−1 = 1N

which shows that the conjugation action does not depend on the choice of transversal. Thus,
when N is abelian we may sometimes write qn rather than s(q)n, and θ rather than θs.

Virtually cyclic groups. If ϕ is an automorphism of the infinite cyclic group C∞ = 〈x 〉, there
exists i, j ∈ Z so that ϕ(x) = xi and ϕ(xj) = x, so x = ϕ(xj) = (ϕ(x))j = xij , which means
i = j = 1 or i = j = −1. Thus Aut(〈 x 〉) = {n 7→ n, n 7→ n−1}, so in a C∞ by Q extension each
q ∈ Q acts as either qn = n for all n ∈ C∞ or qn = n−1 for all n ∈ C∞.

Remark 1.4. Suppose an N by Q extension H has transversal map s : Q → H such that for
some q ∈ Q, s(q)(n) = n−1 for all n ∈ N . Then

n1n2 = s(q)n−1
1 s(q)−1s(q)n−1

2 s(q)−1
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= s(q)n−1
1 n−1

2 s(q)−1

= (n−1
1 n−1

2 )−1 = n2n1

so N is abelian. Thus, if we wish to define a class of N by Q extensions where the action of q ∈ Q
is restricted to being either s(q)x = x for all x ∈ N or s(q)x = x−1 for all x ∈ N (generalising the
class VirtCyclic), then necessarily N must be abelian.

Special abelian extensions. We define two subclasses of virtually abelian groups as follows.

Definition 1.5 (SpecialExt). Define SpecialExt to be the class of N by Q extensions for a group
H which satisfy the following conditions:

(1) N is abelian and Q is finite
(2) there is a transversal map s : Q→ H and a subset I ⊆ Q so that

(a) qn = n−1 for all n ∈ N when q ∈ I
(b) qn = n for all n ∈ N when q ∈ Q \ I.

In other words θs : Q→ Aut(N) is completely determined by the subset I:

θs(q) =

{

n 7→ n−1 q ∈ I

n 7→ n q ∈ Q \ I

so we can specify the extension data for H ∈ SpecialExt by the pair (I, fs), which we call the
special extension data of H . The class SpecialExt includes Ab× Fin (when I = ∅ and fs = 1N)
and VirtCyclic (when N ∼= C∞).

Definition 1.6 (RestrAbelSemi). Define RestrAbelSemi to be the subclass of SpecialExt having
special extension data (I, 1N ).

An example of a group in RestrAbelSemi but not VirtCyclic or Ab× Fin is

H =
〈

a, b, p, q | [a, b] = p2 = q2 = [p, q] = 1, pa = a, pb = b, qa = a−1, qb = b−1
〉

,

a semidirect product of Z2 and the Klein 4-group C2 × C2 = 〈 p, q 〉. Here I = {q, pq}.

2. Preliminary results

2.1. Finite targets. We start by observing that Epi(FinPres,Fin) is in NP. We note that Holt
and Plesken [5, Chapter 7] considered the computational problem of finding epimorphisms onto
various classes of finite groups, without explicitly giving a complexity bound, and Friedl and Löh
[3, Proposition 5.2] show that Epi(FinPres,Fin) is decidable.

We assume that the input to the problem is a finite presentation 〈 g1, . . . , gn | r1, . . . , rm 〉 for
the domain group G ∈ FinPres and a multiplication table for the target group Q ∈ Fin.

Lemma 2.1. Epi(FinPres,Fin) is in NP.

Proof. On input a presentation 〈 g1, . . . , gn | r1, . . . , rm 〉 for G ∈ FinPres, non-deterministically
specify values τ(gi) ∈ Q for each i ∈ [1, n].

Verify that τ defines a homomorphism from G to H using Lemma 1.1 by checking that each
relator is sent to 1Q using the multiplication table for Q.

To verify that τ is a surjection, we may proceed as follows. Fix a copy of Q and ‘mark’
each qj ∈ Q which satisfies τ(gi) = qj for i ∈ [1, n]. While not all of Q is marked, scan the
multiplication table for Q to find qi, qj , qk ∈ Q so that qiqj = qk with qi, qj marked and qk not
marked, then mark qk. If τ is a surjection then each q ∈ Q is the image of some product of
generators so the process will terminate with all of Q marked.

Each of the above steps takes polynomial time in the size n,
∑m

i=1 |ri| and the size of the

multiplication table for Q (which is O(|Q|2)). �
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Note that combining Lemma 2.1 with [7, Corollary 1.2] (or Theorem 7.19 below) we immedi-
ately have that Epi(FinPres,Fin) is NP-complete.

2.2. (Q, τ)-presentation. The following is a useful format in which to present a finitely pre-
sented domain group when considering epimorphism onto a target which involves a finite group.

Definition 2.2 ((Q, τ)-presentation). Let G be a finitely presented group, Q a finite group, and
τ : G→ Q an epimorphism from G to Q. We call 〈 X ∪ Y | R 〉 a (Q, τ)-presentation for G if

(1) X ,Y,R are finite
(2) X ⊆ G and τ |X : X → Q is a bijection
(3) the subgroup ker(τ) is generated by Y.

Lemma 2.3. There is an algorithm which takes input

(1) a finite presentation 〈 g1, . . . , gn | r1, . . . , rm 〉 for a group G
(2) a multiplication table for a finite group Q
(3) a list (q1, . . . , qn) ∈ Qn defining an epimorphism τ : G→ Q by τ(gj) = qj, j ∈ [1, n]

and outputs a (Q, τ)-presentation for G which has size polynomial in (n+m+ |Q|), which runs
in time polynomial in (n+m+ |Q|).

Proof. Our procedure is as follows. Initialise Λ = X = Y = ∅, G = {g1, . . . , gn} and R =
{r1, . . . , rm}.

(1) Set G to be G ∪ G−1 and R to be R∪ {gi(g
−1
i ) : i ∈ [1, n]}.

(2) For each g ∈ G:
(a) if τ(g) = q 6∈ Λ, set Λ = Λ ∪ {q}, X = X ∪ {xq} and R = R∪ {xqg−1}.
Since τ is an epimorphism, after this for-loop we have Λ is a generating set for Q, and
τ(xq) = q for each xq ∈ X .

(3) While Λ 6= Q:
(a) scan the multiplication table for Q to find a triple (p1, p2, q) where p1, p2 ∈ Λ,

p1p2 = q, and q ∈ Q \ Λ (such a q must exist as Λ is a generating set for Q)
(b) set Λ = Λ ∪ {q}, X = X ∪ {xq} and R = R∪ {xp1xp2x

−1
q }.

On termination of this while-loop, we have Λ = Q and X is in bijection with Λ = Q. As
Λ increases in each iteration, the loop is guaranteed to terminate. We have 〈 X ∪ G | R 〉
presents G, and τ(xq) = q for each xq ∈ X .

(4) For each gi ∈ G and pair (p, q) ∈ Q×Q:
(a) if τ(xpgixq) =Q 1, set Y = Y ∪ {yp,i,q}, and R = R∪ {xpgixqy

−1
p,i,q}.

After this for-loop have 〈 X ∪ Y ∪ G | R 〉 presents G.
(5) For each i ∈ [1, n], we have that τ(gi) ∈ Q, which means xτ(gi) ∈ X and τ(xτ(gi)) = τ(gi).

From this it follows that τ(xτ(gi)−1gix1Q) = 1Q, which implies yτ(gi)−1,gi,1Q ∈ Y and
yτ(gi)−1,gi,1Q =G xτ(gi)−1gix1Q . Then we may perform a Tietze transformation to remove
gi from the generating set and replace each occurrence of the letter gi in each relation
by

xτ(gi)yτ(gi)−1,gi,1Q .

After performing this for each i ∈ [1, n], we obtain the presentation 〈 X ∪ Y | R 〉 for G.

The time complexity and output length for each subroutine is as follows.

(1) takes |G| = n steps, and so from here on setting G to be G ∪ G−1 gives 2n steps when
iterating through G.

(2) takes 2n steps, and adds at most |Q| letters to Λ,X and |Q| words of length 2 to R.

(3) the while-loop is performed at most |Q| times. Each iteration scans at most |Q|2 entries
of the multiplication table, and adds at most |Q| letters to Λ,X and at most |Q| words
of length 3 to R.
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(4) takes 2n|Q|2 steps, adds at most 2n|Q|2 new letters to Y, and adds at most 2n|Q|2 new
words of length at most 4 to R.

(5) takes 2n steps, and all steps combined increase the length of relators by at most a factor
of 2 (replacing gi by a word of length 2).

To show that Y is a generating set for ker(τ), suppose an element in ker(τ) is spelled as

w = gi1gi2 · · · gik ∈ (G ∪ G−1)∗.

Let qi1 , . . . , qik−1
∈ Q so that q1 = τ(gi1 )

−1 and qij = τ(x−1
qj−1

gij )
−1 for j ∈ [2, k− 1] (recall that

q = τ(xq) for each xq ∈ X ). Then

w = gi1
(

xq1x
−1
q1

)

gi2
(

xq2x
−1
q2

)

· · ·
(

xqk−1
x−1
qk−1

)

gik

so

τ(w) = τ(gi1xq1 )τ(x
−1
q1 gi2xq2 )τ(x

−1
q2 gi3xq3) · · · τ(xq−1

k−2
gik−1

xqk−1
)τ(x−1

qk−1
gik)

= τ(y1,i1,q1)τ(yq1−1,i2q2) · · · τ(yq−1
k−2,ik−1,qk−1

)τ(x−1
qk−1

gik)

= τ(x−1
qk−1

gik).

Since τ(w) = 1Q, it follows that τ(x−1
qk−1

gik) = 1Q, so x−1
qk−1

gik ∈ Y (given by yq−1
k−1

,ik,1
=

x−1
qk−1

gikx1Q). Thus we have written w as a product of letters from Y, so 〈 Y 〉 = ker(τ). �

Remark 2.4. Since we do not assume that G ⊆ G or that G has decidable word problem, we
do not assert that Y is a subset of G (it may have repetitions), whereas we have ensured that
X ⊆ G in the proof of the above lemma.

2.3. Epimorphism into extensions. Recall that if H is an N by Q extension, the map
πQ : H → Q is an epimorphism.

Lemma 2.5. Let G,N ∈ FinPres, and Q ∈ Fin and H is given by an N by Q extension and a
transversal map s. The following are equivalent:

(1) there exists an epimorphism from G to H
(2) there exist homomorphisms τ : G→ Q, κ : G→ H such that

(a) τ is surjective
(b) κ(g) = ns(q) implies q = τ(g)
(c) for all n ∈ N there exists g ∈ ker(τ) such that κ(g) = ns(1Q).

Proof. If ψ : G → H is an epimorphism, then τ = πQ ◦ ψ is an epimorphism. For each g ∈ G if
ψ(g) = ns(q), then τ(g) = πQ(ns(q)) = q so ψ = κ satisfies item (b), and if n ∈ N then since
ψ is surjective there exists g ∈ G with ψ(g) = ns(1Q) and τ(g) = πQ(ns(1Q)) = 1Q so ψ = κ
satisfies item (c).

Conversely, assume there exist τ and κ as described in the lemma. Then for each ns(q) ∈ H
there exists g1 ∈ G so that τ(g1) = q, so κ(g1) = n1s(q) for some n1 ∈ N , and g2 ∈ ker(τ) so
that κ(g2) = nn−1

1 s(1Q). Then κ(g1g2) = nn−1
1 s(1Q)n1s(q) = ns(q). Therefore, κ is a surjective

homomorphism from G to H . �

Remark 2.6. Item (c) in the above lemma may be replaced by

(c’) for some (Q, τ)-presentation 〈 X ∪ Y | R 〉 for G, for all n ∈ N there exists w ∈ (Y∪Y−1)∗

such that κ(w) = ns(1Q)

since ker(τ) = 〈 Y 〉.
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Example 2.7 (Necessity of the conditions in Lemma 2.5). Let G =
〈

x1, q1 | [x1, q1], q21
〉

∼=
Z × Z2, N = 〈x2 〉 ∼= Z and Q =

〈

q2 | q22
〉

∼= C2. Then clearly an epimorphism (isomorphism)
from G to N×Q exists. Consider the epimorphism τ : G→ Q defined by τ(x1) = q2, τ(q1) = 1Q.
For a homomorphism κ : G → N × Q to satisfy condition (2), for all n ∈ N there must exist
g ∈ ker(τ) = {1G, q1} so that κ(g) = ns(1Q) = (n, 1Q), which is impossible since N × {1Q}
is infinite. This example shows that items (a)–(c) are all required, it is not enough to have an
epimorphism τ and a homomorphism κ that do not satisfy (b) and (c).

3. Direct product targets

In this section, we show the epimorphism problem from a finitely presented group to the direct
product of a free abelian group of rank d and a finite group is in P. We begin by translating the
epimorphism problem into the problem EquationsSubspan (defined on page 4).

Definition 3.1 (Presentation to system of equations). On input a presentation of the form
〈 X ∪ Y | R 〉 where X ,Y,R are finite, define PresEqnA(X ,Y,R) to be the set of equations con-
structed as follows. Let X = {X1, X

−1
1 , . . . , X|X |, X

−1
|X |}, Y = {Y1, Y

−1
1 , . . . , Y|Y|, Y

−1
|Y| } be sets of

variables and ζ : X ∪ X−1 ∪ Y ∪ Y−1 → X ∪ Y the bijection

ζ : xj 7→ Xj , x−1
j 7→ X−1

j , yj 7→ Yj , y−1
j 7→ Y −1

j .

Then PresEqnA(X ,Y,R) is the system of equations (ζ(ri))[1,|R|].

Note that by definition PresEqnA(X ,Y,R) is a system of equations without constants.

Lemma 3.2 (Epimorphism onto direct products). Let G,N ∈ FinPres and Q ∈ Fin. The
following are equivalent:

(1) there exists an epimorphism from G to N ×Q
(2) there exists an epimorphism τ : G→ Q such that for some (Q, τ)-presentation 〈 X ∪ Y | R 〉

for G, EquationsSubspan returns ‘Yes’ on input N and PresEqnA(X ,Y,R).

Proof. Assume there exists an epimorphism from G to N ×Q. By Lemma 2.5 and Remark 2.6,
there exist τ : G→ Q an epimorphism and κ : G→ N ×Q a homomorphism such that

(b) κ(g) = (n, s(q)) implies q = τ(g)
(c’) for all n ∈ N there exists w ∈ (Y ∪ Y−1)∗ such that κ(w) = (n, 1Q)

Define σ : X ∪ Y → N by

σ(X) = πN (κ(ζ−1(X))) = πN (κ(x)), σ(X−1) = πN (κ(x))−1,
σ(Y ) = πN (κ(ζ−1(Y ))) = πN (κ(y)), σ(Y −1) = πN (κ(y))−1.

Since κ a homomorphism, for each r ∈ R we have κ(r) = (1N , 1Q) which means

σ(ζ(r)) = πN (κ(r)) = 1N

and we have verified that σ is a solution to PresEqnA(X ,Y,R).
For each n ∈ N there exists w ∈ (Y ∪ Y−1)∗ such that κ(w) = (n, 1Q), and for each n ∈ N

there exists ζ(w) ∈ Y
∗ so that σ(ζ(w)) = πN (κ(w)) = n, which means 〈σ(Y1), . . . , σ(Yℓ) 〉 = N ,

and EquationsSubspan returns ‘Yes’.
Conversely, assume there exists an epimorphism τ : G→ Q such that for some (Q, τ)-presentation

〈 X ∪ Y | R 〉 for G, EquationsSubspan returns ‘Yes’ on input N and system of equations
PresEqnA(X ,Y,R), which means there is a solution σ : X ∪ Y → N such that σ(ζ(r)) = 1N for
each r ∈ R and

〈

σ(Y1), . . . , σ(Y|Y|)
〉

= N .
Define a set map κ : X ∪ Y → N ×Q by

κ :

{

x 7→ (σ(X), τ(x)) x ∈ X

y 7→ (σ(Y ), τ(y)) y ∈ Y.



ON THE COMPLEXITY OF EPIMORPHISM TESTING 10

with κ : (X ∪ Y ∪ X−1 ∪ Y−1)∗ → N the induced monoid homomorphism.
Then for each r ∈ R where r = v1 · · · vk with vi ∈ X ∪ Y ∪ X−1 ∪ Y−1 we have

κ(r) = κ(v1) · · ·κ(vk) = (σ(ζ(v1)), τ(v1)) · · · (σ(ζ(vk)), τ(vk))

= (σ(ζ(v1)) · · · (σ(ζ(vk)), τ(v1) · · · τ(vk))

= (σ(ζ(v1 · · · vk)), τ(v1 · · · vk)) = (σ(ζ(r)), τ(r)) = (1N , 1Q)

where τ(r) = 1Q since τ is a homomorphism, so by Lemma 1.1 κ is a homomorphism from G to
N .

For any g ∈ G there exists w ∈ (X ∪ Y ∪ X−1 ∪ Y−1)∗ with g =G w. Then κ(g) = κ(w) =
(σ(w), τ(w)) = (σ(w), τ(g)) so κ(g) = (n, q) implies q = τ(g).

Since
〈

σ(Y1), . . . , σ(Y|Y|)
〉

= N , for each n ∈ N there exists w ∈ Y
∗ such that σ(w) = n, so

for each n ∈ N there exists ζ−1(w) ∈ 〈Y 〉 so that σ(ζ(ζ−1(w))) = σ(w) = n.
Having found homomorphisms τ, κ and established conditions (a), (b) and (c’) as in Lemma 2.5

and Remark 2.6, we have shown the existence of an epimorphism from G to N ×Q. �

For the remainder of this section we assume N is free abelian of finite rank.

Definition 3.3 (System of equations to matrix system). Let

(1) d, t, ℓ,m ∈ Z

(2) N = 〈x1, . . . , xd 〉 ∈ FreeAb
(3) X = {X1, X

−1
1 , . . . , Xt, X

−1
t }, Y = {Y1, Y

−1
1 , . . . , Yℓ, Y

−1
ℓ }

(4) vi ∈ (X ∪ Y)∗ for i ∈ [1,m]

(5) ci ∈ N with ci = x
b(i,1)
1 · · ·x

b(i,d)
d for i ∈ [1,m]

(6) (ui)[1,m] be a system of equations in N where each equation is of the form ui = vici.

For each i ∈ [1,m], the commuted normal form (page 4 in Subsection 1.1) of ui is

CNF(ui) = X
α(i,1)

1 . . .X
α(i,t)

t Y
β(i,1)

1 . . . Y
β(i,ℓ)

ℓ ci

where

α(i,j) = |vi|Xj
− |vi|X−1

j
and β(i,k) = |vi|Yk

− |vi|Y −1
k

for j ∈ [1, t], k ∈ [1, ℓ]. Define

EqnMat(d, t, ℓ, (ui)[1,m], (ci)[1,m]))

to be the triple (A,B, ℓ) with A ∈ Z
m×(t+ℓ), B ∈ Z

m×d,

A =







α(1,1) · · · α(1,t) β(1,1) · · · β(1,ℓ)
...

. . .
...

...
. . .

...
α(m,1) · · · α(m,t) β(m,1) · · · β(m,ℓ)






, B =







b(1,1) · · · b(1,d)
...

. . .
...

b(m,1) · · · b(m,d)






.

Definition 3.4 (Matrices to system of equations). Given ℓ ∈ Z, matrices A ∈ Z
m×n and

B ∈ Z
m×d where

A =







a(1,1) · · · a(1,n)
...

. . .
...

a(m,1) · · · a(m,n)






, B =







b(1,1) · · · b(1,d)
...

. . .
...

b(m,1) · · · b(m,d)






,

define MatEqn(A,B, ℓ) to be the quintuple (d, n − ℓ, ℓ, (ui)[1,m], (ci)[1,m]) where (ui)[1,m] is a
system of equations with variables

{X1, X
−1
1 , . . . , Xn−ℓ, X

−1
n−ℓ, Y1, Y

−1
1 , . . . , Yℓ, Y

−1
ℓ }
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over a free abelian group N = 〈x1, . . . , xd 〉 of rank d where each ui is of the form ui = vici,

vi = X
a(i,1)

1 · · ·X
a(i,n−ℓ)

n−ℓ Y
a(i,n−ℓ+1)

1 · · ·Y
a(i,n)

ℓ

and ci = x
b(i,1)
1 . . . x

b(i,d)
d ∈ N .

The following is immediate from the definitions.

Lemma 3.5. The following computations can be achieved in polynomial time.

(1) On input finite sets X ,Y,R ⊆ (X ∪ Y ∪ X−1 ∪ Y−1)∗, compute PresEqnA(X ,Y,R)
(2) On input d, t, ℓ ∈ Z, a system of equations (ui)[1,m] with each ui = vici where vi is a word

in variables {X1, X
−1
1 , Xt, X

−1
t , Y1, Y

−1
1 , . . . , Yℓ, Y

−1
ℓ } and ci = x

b(i,1)
1 · · ·x

b(i,d)
d , compute

EqnMat(d, t, ℓ, (ui)[1,m], (ci)[1,m])

(3) On input A ∈ Z
m×n, B ∈ Z

n×d and ℓ ∈ Z, compute MatEqn(A,B, ℓ).

Lemma 3.6. Let

(1) N ∈ FreeAb have rank d
(2) X = {X1, X

−1
1 , . . . , Xt, X

−1
t }, Y = {Y1, Y

−1
1 , . . . , Yℓ, Y

−1
ℓ }

(3) (ui)[1,m] be a system of equations in N without constants, with each ui ∈ (X ∪ Y)∗

(4) (A, 0, ℓ) = EqnMat(d, t, ℓ, (ui)[1,m], (1N )[1,m]).

The following are equivalent:

(1) EquationsSubspan returns ‘Yes’ on input N and (ui)[1,m]

(2) MatrixSubspanA returns ‘Yes’ on input (A, d, ℓ).

Proof. Let

A =







α(1,1) · · · α(1,t) β(1,1) · · · β(1,ℓ)
...

. . .
...

...
. . .

...
α(m,1) · · · α(m,t) β(m,1) · · · β(m,ℓ)






∈ Z

m×(t+ℓ)

so that for each i ∈ [1,m]

CNF(ui) = X
α(i,1)

1 . . .X
α(i,t)

t Y
β(i,1)

1 . . . Y
β(i,ℓ)

ℓ

where
α(i,j) = |ui|Xj

− |ui|X−1
j

and β(i,k) = |ui|Yk
− |ui|Y −1

k

for j ∈ [1, t], k ∈ [1, ℓ].
By definition, EquationsSubspan on input N and (ui)[1,m] returns ‘Yes’ if and only if there

is a solution σ : X ∪ Y → N to (ui)[1,m] and 〈 σ(Y1), . . . , σ(Yℓ) 〉 = N , where σ is also a solution
to (CNF(ui))[1,m] by Lemma 1.2.

We may write the solution as

σ :

{

Xj 7→ x
c(j,1)
1 · · ·x

c(j,d)
d , X−1

j 7→ (x
c(j,1)
1 · · ·x

c(j,d)
d )−1 j ∈ [1, t]

Yj 7→ x
c(t+j,1)

1 · · ·x
c(t+j,d)

d , Y −1
j 7→ (x

c(t+j,1)

1 · · ·x
c(t+j,d)

d )−1 j ∈ [1, ℓ]

for some values cj,k ∈ Z. Let

V =







c(1,1) · · · c(1,d)
...

. . .
...

c(t+ℓ,1) · · · c(t+ℓ,d)






∈ Z

(t+ℓ)×d,

for i ∈ [1, d] let vi ∈ Z
t+ℓ denote the i-th column of V , and for i ∈ [1, ℓ] let µi denote the i-th

column of (Vℓ)
T . By direct calculation for each i ∈ [1,m] we have

σ(ui) = x
∑t

j=1 c(j,1)α(i,j)+
∑ℓ

j=1 c(t+j,1)β(i,j)

1 · · ·x
∑t

j=1 c(j,d)α(i,j)+
∑ℓ

j=1 c(t+j,d)β(i,j)

d .
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Then for i ∈ [1,m], σ(ui) = 1N if and only if

t
∑

j=1

c(j,k)α(i,j) +

ℓ
∑

j=1

c(t+j,k)β(i,j) = 0 (3.1)

for each k ∈ [1, d].
Then σ : X ∪ Y → N is a solution to (CNF(ui))[1,m]) and 〈σ(Y1), . . . , σ(Yℓ) 〉 = N if and only

if

AV =







α(1,1) · · · α(1,t) β(1,1) · · · β(1,ℓ)
...

. . .
...

...
. . .

...
α(m,1) · · · α(m,t) β(m,1) · · · β(m,ℓ)













c(1,1) · · · c(1,d)
...

. . .
...

c(t+ℓ,1) · · · c(t+ℓ,d)







=









∑t
j=1 c(j,1)α(1,j) +

∑ℓ
j=1 c(t+j,1)β(1,j) · · ·

∑t
j=1 c(j,d)α(1,j) +

∑ℓ
j=1 c(t+j,d)β(1,j)

...
. . .

...
∑t

j=1 c(j,1)α(m,j) +
∑ℓ

j=1 c(t+j,1)β(m,j) · · ·
∑t

j=1 c(j,d)α(m,j) +
∑ℓ

j=1 c(t+j,d)β(m,j)









=







0 · · · 0
...

. . .
...

0 · · · 0






by Eq. (3.1),

or equivalently σ : X∪Y → N is a solution to (CNF(ui))[1,m]) and 〈σ(Y1), . . . , σ(Yℓ) 〉 = N if and
only if Avi = 0 for i ∈ [1, d] and 〈 σ(Y1), . . . , σ(Yℓ) 〉 = N .

Recall the natural isomorphism ϕ : N → Z
d (page 4 in Subsection 1.1). For each i ∈ [1, ℓ] we

have

ϕ(σ(Yi)) = ϕ(x
c(t+i,1)

1 · · ·x
c(t+i,d)

d )

= c(t+i,1)e1 + · · ·+ c(t+i,d)ed = µi.

Then Avi = 0 for i ∈ [1, d] and 〈σ(Y1), . . . , σ(Yℓ) 〉 = N if and only if Avi = 0 for i ∈ [1, d]
and for each h ∈ N there exists w ∈ Y

∗ such that σ(w) = h. This holds if and only if Avi = 0
for i ∈ [1, d] and for each z ∈ Z

d there exists w ∈ Y
∗ such that ϕ(σ(w)) = z. Write CNF(w) =

Y b1
1 · · ·Y bℓ

ℓ . Then

z = ϕ(σ(w)) = ϕ(σ(Y1)
b1 · · ·σ(Yℓ)

bℓ)

= b1µ1 + · · ·+ bℓµℓ

Therefore, Avi = 0 for i ∈ [1, d] and 〈σ(Y1), . . . , σ(Yℓ) 〉 = N if and only if Avi = 0 for i ∈ [1, d]
and

span((V |ℓ)
T ) = span(µ1, . . . , µℓ) = Z

d

which is true if and only if MatrixSubspanA returns ‘Yes’. �

Combining the above results with the fact that will be proved in Section 6 that MatrixSub-

spanA can be decided in polynomial time gives the following.

Theorem 3.7. Epi(FinPres,Ab× Fin) is in NP.

Proof. Let G ∈ FinPres, N ∈ FreeAb and Q ∈ Fin. Using Lemma 3.2 we may verify the existence
of an epimorphism from G to N ×Q by verifying that:

(i) there exists an epimorphism τ : G→ Q
(ii) for some (Q, τ)-presentation 〈 X ∪ Y | R 〉 for G, the output to EquationsSubspan is

‘Yes’ on input N and PresEqnA(X ,Y,R).
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On input G = 〈 G | R 〉, d ∈ N+ encoding a free abelian groupN of rank d, and a multiplication
table encoding a finite group Q, the following procedure solves our problem:

(1) guess a set map τ : G → Q and verify that its extends to an epimorphism τ : G→ Q
(2) construct a (Q, τ)-presentation 〈 X ∪ Y | R 〉
(3) construct a system of equations from PresEqnA(X ,Y,R) denoted as (ui)[1,m].
(4) construct the triple (A, 0m,d, |Y|) = EqnMat(d, |X |, |Y|, (ui)[1,m], (1N)[1,m]) where A ∈

Z
m×(|X |+|Y|)

(5) return the output of input MatrixSubspanA on input (A, d, |Y|).

Step (1) verifies the existence of Condition (i). step (1) to (3) builds the necessary data to solve
Condition (ii). Lemma 3.6 states that to solve EquationsSubspan, we can solve MatrixSub-

spanA on input (A, 0, |Y|) constructed in step (4). Thus we solve MatrixSubspanA in step (5)
and output the solution.

The time complexity of the procedure is as follows:

(1) We verify the correct τ in NP by Lemma 2.1; this is the only non-deterministic step of
our algorithm.

(2) A construction of (Q, τ)-presentation in P exists by Lemma 2.3.
(3) PresEqnA(X ,Y,R) is a polynomial time construction by Lemma 3.5.
(4) EqnMat(d, |X |, |Y|, (ui)[1,m], (1N )[1,m]) is a polynomial time construction by Lemma 3.5.
(5) MatrixSubspanA is solved P by Proposition 6.13 (Subsection 6.1).

Thus, our algorithm is in NP. �

4. Virtually cyclic targets

In this section, we show that the epimorphism problem from a finitely presented group to
a virtually cyclic group is in P. We again begin by translating epimorphism to an equations
problem.

Recall that SpecialExt is the class of N by Q extensions such that Q is finite, N is abelian,
and there exists a transversal map s and a subset I ⊆ Q so that

θs(q) =

{

n 7→ n−1 q ∈ I

n 7→ n q ∈ Q \ I

so for all n ∈ N ,

s(q)n = s(q)ns(q)−1 =

{

n−1 q ∈ I

n q ∈ Q \ I.

We assume the data for a group in SpecialExt is given as a group N ∈ FreeAb, Q ∈ Fin and
special extension data (I, fs).

The next three definitions introduce some notation that will be useful in our proofs below.

Definition 4.1. Let H ∈ SpecialExt with N,Q, (I, fs) as above. For k > 2 define f̃k : Q
k → N

by

f̃k(a1, . . . , ak) = fs(a1, a2)fs(a1a2, a3) · · · fs(a1 · · ·ak−1, ak).

Definition 4.2 (Left A-count). Let A,B be two disjoint sets and w = v1 · · · vn with vi ∈
A ∪B ∪ A−1 ∪B−1. For each p ∈ [1, n] let

kp = |v1 · · · vp−1|A − |v1 · · · vp−1|A−1

which we call the left A-count of w at position p. Define sgn(w,A, p) = (−1)kp .

The digit sgn(w,A, p) encodes whether the number of letters from A minus the number of
letters from A−1 (ignoring all letters from B) in the length p− 1 prefix of w is odd or even.
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Definition 4.3. Let 〈 X ∪ Y | R 〉 be a (Q, τ)-presentation for a group G, and let I ⊆ X ,
IX = {x ∈ X | τ(x) ∈ I} denote the preimage of I under the bijection τ |X : X → Q. For
r ∈ (X ∪Y ∪X−1 ∪ Y−1)∗, define γ(r) to be the word obtained by raising the p-th letter of r to
the power of sgn(r, IX , p) for each p ∈ [1, |r|].

Example 4.4. If r = x1y1x
−2
3 y2x

−1
1 x−1

2 y1x1 and IX = {x2, x3} then

γ(r) = x1y1x
−1
3 x3y2x

−1
1 x−1

2 y−1
1 x−1

1

The purpose of defining γ in this way will become evident in the proof of Lemma 4.6.
Next we define a way to construct a system of equations from a presentation which will be

useful for analysing epimorphism onto the class SpecialExt, analogously to the construction in
Definition 3.1 for direct products.

Definition 4.5 (Presentation to system of equations for SpecialExt). Let H ∈ SpecialExt be
an N by Q extension with special extension data (I, fs), 〈 X ∪ Y | R 〉 a (Q, τ)-presentation for
a group G, I ⊆ X , X,Y alphabets with X ∪ X−1 in bijection with X and Y ∪ Y−1 in bijection
with Y via

ζ : xj 7→ Xj , x−1
j 7→ X−1

j , yj 7→ Yj , y−1
j 7→ Y −1

j ,

IX = {x ∈ X | τ(x) ∈ I} the preimage of I under the bijection τ |X : X → Q, γ as in Defini-

tion 4.3, and f̃k as in Definition 4.1. For i ∈ [1, |R|] assume each ri ∈ R has the form

ri = vi,1 . . . vi,|ri|

with vi,j ∈ X ∪Y ∪X−1 ∪Y−1. Define PresEqnB(τ,X ,Y,R, I, fs) to be the system of equations
(ui)[1,|R|] where

ui = ζ(γ(ri))f̃|ri|(τ(vi,1), . . . , τ(vi,|ri|)).

Note that by definition PresEqnB(τ,X ,Y,R, I, fs) is a system of equations with variables in
X ∪ Y with a single constant. It is clear from the above definitions that it can be written in
polynomial time. We will now show how it arises in the context of epimorphism to SpecialExt.

Recall the decision problem EquationsSubspan.

Lemma 4.6. Let G ∈ FinPres, N ∈ FreeAb, Q ∈ Fin and H ∈ SpecialExt where H is a N by
Q extension with special extension data (I, fs). The following are equivalent.

(1) there exists an epimorphism from G to H
(2) there exists an epimorphism τ : G→ Q such that for some (Q, τ)-presentation 〈 X ∪ Y | R 〉

for G, EquationsSubspan returns ‘Yes’ on input N and PresEqnB(τ,X ,Y,R, I, fs).

Proof. Assume there exists an epimorphism from G to H . By Lemma 2.5 and Remark 2.6, there
exist τ : G→ Q an epimorphism and κ : G→ H a homomorphism such that

(b) κ(g) = ns(q) implies q = τ(g)
(c’) for all n ∈ N there exists w ∈ (Y ∪ Y−1)∗ such that κ(w) = ns(1Q)

where 〈 X ∪ Y | R 〉 is some (Q, τ)-presentation for G.
For r ∈ R let r = v1 · · · vk with vi ∈ (X ∪ Y) ∪ (X ∪ Y)−1. Note that for each vi we have

κ(vi) = πN (κ(vi))s(τ(vi)) = πN (κ(vi))s(v
′
i)

where v′i = τ(vi). Since κ is a homomorphism and r is a relation we have

1N = κ(r) = κ(v1)κ(v2) · · ·κ(vk) = πN (κ(v1))s(v
′
1)πN (κ(v2))s(v

′
2) · · ·πN (κ(vk))s(v

′
k).

By inserting s(v′1)
−1s(v′1) after πN (κ(v2)), s(v

′
2)

−1s(v′1)
−1s(v′1)s(v

′
2) after πN (κ(v3)) and so on,

we obtain

1N = πN (κ(v1))[
s(v′

1)πN (κ(v2))][
s(v′

1)s(v
′

2)πN (κ(v3))] · · · [
s(v′

1)···s(v
′

k)πN (κ(vk))] s(v
′
1) · · · s(v

′
k)
(4.1)
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Let us first deal with the term s(v′1) · · · s(v
′
k) at the end of Eq. (4.1). By definition of the map

fs : Q×Q→ N we have

s(v′1)s(v
′
2) = fs(v

′
1, v

′
2)s(v

′
1v

′
2)

then

s(v′1)s(v
′
2)s(v

′
3) = fs(v

′
1, v

′
2)s(v

′
1v

′
2)s(v

′
3) = fs(v

′
1, v

′
2)fs(v

′
1v

′
2, v

′
3)s(v

′
1v

′
2v

′
3)

= f̃3(v
′
1, v

′
2, v

′
3)s(v

′
1v

′
2v

′
3).

Repeating this we obtain

s(v′1) · · · s(v
′
k) = f̃k(v

′
1, . . . , v

′
k)s(v

′
1 · · · v

′
k)

= f̃k(v
′
1, . . . , v

′
k)s(τ(v1 · · · vk))

= f̃k(v
′
1, . . . , v

′
k)s(τ(r))

= f̃k(v
′
1, . . . , v

′
k) (4.2)

since r ∈ R and τ is a homomorphism so s(τ(r)) = s(1Q) = 1H .
Now we will deal with the term

πN (κ(v1))[
s(v′

1)πN (κ(v2))][
s(v′

1)s(v
′

2)πN (κ(v3))] · · · [
s(v′

1)···s(v
′

k)πN (κ(vk))]

at the start of Eq. (4.1). Recall from Definition 4.3 that IX is the preimage of I ⊆ Q under the
bijection τ |X . If vi ∈ Y ∪ Y−1 then v′i = τ(vi) = 1Q so conjugation by s(v′i) sends n 7→ n, and
conjugation by s(τ(vi)) sends n 7→ n if vi ∈ X \IX , and n 7→ n−1 if vi ∈ IX . Therefore conjuga-
tion by s(v′1) · · · s(v

′
p−1) sends πN (κ(vp)) to πN (κ(vp))

sgn(r,I,p) = γ(πN (κ(vp))) by Definition 4.3,
so

πN (κ(v1))[
s(v′

1)πN (κ(v2))][
s(v′

1)s(v
′

2)πN (κ(v3))] · · · [
s(v′

1)···s(v
′

k)πN (κ(vk))]

= γ(πN (κ(v1))πN (κ(v2)) · · ·πN (κ(vk)))

= γ(πN (κ(v1 · · · vk)))

= γ(πN (r)).

We have shown that Eq. (4.1) becomes

1N = γ(πN (r))f̃k(v
′
1, . . . , v

′
k) (4.3)

Let σ = πN ◦ κ ◦ ζ−1 where ζ is the bijection as in Definition 4.5. Then σ : X ∪Y → N is the
map

σ(Xi) = πN (κ(ζ−1(Xi))) = πN (κ(xi)), σ(X−1
i ) = πN (κ(xi))

−1,
σ(Yi) = πN (κ(ζ−1(Yi))) = πN (κ(yi)), σ(Y −1

i ) = πN (κ(yi))
−1.

For i ∈ [1,m] the equation ui is obtained from ri = vi,1 . . . vi,|ri| with vi,j ∈ X ∪Y∪X−1∪Y−1

of the form

ui = ζ(γ(ri))f̃|ri|(τ(vi,1), . . . , τ(vi,|ri|))

= γ(ζ(ri))f̃|ri|(τ(vi,1), . . . , τ(vi,|ri|))

so

σ(ui) = γ(πN (κ(ri)))f̃|ri|(τ(vi,1), . . . , τ(vi,|ri|)) = 1N

by Eq. (4.3), which means σ is a solution to the system.
By item (c’), for all n ∈ N there exists w ∈ (Y ∪ Y−1)∗ such that κ(w) = ns(1Q), so

πN (κ(w)) = n. Then ζ(w) ∈ Y
∗ satisfies

σ(ζ(w)) = πN (κ(ζ−1(ζ(w)))
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= πN (κ(w)) = n

which means 〈σ(Y1), . . . , σ(Yℓ) 〉 = N , so EquationsSubspan returns ‘Yes’.
Conversely, assume that there exists an epimorphism τ : G→ Q and for some (Q, τ)-presentation

〈 X ∪ Y | R 〉 for G there is a solution σ : X ∪ Y → N to the system PresEqnB(τ,X ,Y,R, I, fs)
such that 〈 σ(Y1), . . . , σ(Yℓ) 〉 = N . We will show that there is a homomorphism κ : G → H
such that τ, κ satisfy conditions (b) and (c’) of Lemma 2.5 and Remark 2.6, thereby proving the
existence of an epimorphism from G to H .

Let κ : (X ∪ Y ∪ X−1 ∪ Y−1)∗ → H be the monoid homomorphism induced by the set map

κ(a) = σ(ζ(a))s(τ(a))

for a ∈ X ∪ Y ∪ X−1 ∪ Y−1.
Then for any w = v1 . . . vn where vi ∈ X ∪ Y ∪ X−1 ∪ Y−1 we have

κ(w) = κ(v1) · · ·κ(vn)

= σ(ζ(v1))s(τ(v1)) · · ·σ(ζ(vn))s(τ(vn))

= σ(ζ(v1))s(v
′
1) · · ·σ(ζ(vn))s(v

′
n)

where v′i = τ(vi) as before. Inserting s(v
′
1) · · · s(v

′
j)s(v

′
j)

−1 · · · s(v′1)
−1 we obtain

κ(w) = σ(ζ(v1))
s(v′

1)σ(ζ(v2))
s(v′

1)s(v
′

2)σ(ζ(v3)) · · ·
s(v′

1)···s(v
′

n−1)σ(ζ(vn))s(v
′
1) · · · s(v

′
n)

= γ(σ(ζ(v1)) · · · σ(ζ(vk)))s(v
′
1) · · · s(v

′
n)

= γ(σ(ζ(w)))f̃k(v
′
1, . . . , v

′
k)s(τ(v1 · · · vk)) by Eq. (4.2)

= γ(σ(ζ(w)))f̃k(v
′
1, . . . , v

′
k)s(τ(w)).

If w ∈ R then τ(w) = 1Q so s(τ(w)) = 1N and γ(ζ(w))f̃k(v
′
1, . . . , v

′
k) = ζ(γ(w))f̃k(v

′
1, . . . , v

′
k)

is an equation in the system PresEqnB(τ,X ,Y,R, I, fs) so applying σ we have κ(w) = 1N , so by
Lemma 1.1 κ is a homomorphism.

For g ∈ G suppose w ∈ (X ∪ Y ∪ X−1 ∪ Y−1)∗ spells g, then

κ(g) = κ(w) = γ(σ(ζ(w)))f̃k(v
′
1, . . . , v

′
k)s(τ(w))

= γ(σ(ζ(w)))f̃k(v
′
1, . . . , v

′
k)s(τ(g))

= ns(τ(g))

where n = γ(σ(ζ(w)))f̃k(v
′
1, . . . , v

′
k) ∈ N so condition (b) of Lemma 2.5 is satisfied.

Since 〈σ(Y1), . . . , σ(Yℓ) 〉 = N , for all n ∈ N there exists w ∈ Y
∗ such that σ(w) = n. Then

for all n ∈ N there exists ζ−1(w) ∈ (Y ∪ Y−1)∗ such that

κ(ζ−1(w)) = σ(ζ(ζ−1(w)))s(τ(ζ−1(w)))

= σ(w)s(τ(ζ−1(w)))

= ns(τ(ζ−1(w)))

and τ(ζ−1(w)) = 1Q because ker(τ) = 〈 Y 〉, so κ(ζ−1(w)) = ns(1Q) giving condition (c’) of
Remark 2.6, thus showing there exists an epimorphism from G to H . �

For the rest of this section we assume N is an infinite cyclic group (so H is virtually cyclic).
Recall from Definition 3.3 that EqnMat(1, t, ℓ, (ui)[1,m], (ci)[1,m]) is a triple (A, b, ℓ) where A ∈

Z
m×(t+ℓ) and b ∈ Z

m×1.

Lemma 4.7. Let

(1) N be an infinite cyclic group 〈x〉
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(2) X = {X1, X
−1
1 , . . . , Xt, X

−1
t }, Y = {Y1, Y

−1
1 , . . . , Yℓ, Y

−1
ℓ }

(3) (ui)[1,m] be a system of equations over N where each equation is of the form ui = vici
with vi ∈ (X ∪ Y)∗ and ci = xbi ∈ N is a constant where bi ∈ Z.

The following are equivalent.

(1) EquationsSubspan returns ‘Yes’ on input N and (ui)[1,m]

(2) MatrixSubspanB returns ‘Yes’ on input (A, b, ℓ) = EqnMat(1, t, ℓ, (ui)[1,m], (ci)[1,m]).

Proof. Suppose EquationsSubspan returns ‘Yes’ on input N and (ui)[1,m]. Then there exists
a solution σ : X ∪ Y → N given by

σ :

{

Xj 7→ xfj j ∈ [1, t]

Yk 7→ xft+k k ∈ [1, ℓ]

to (ui)[1,m] with 〈σ(Y1), . . . , σ(Yℓ) 〉 = N , which is also a solution to (CNF(ui))[1,m] by Lemma 1.2.
Then for i ∈ [1,m]

σ(ui) = x
∑t

j=1 fjα(i,j)+
∑ℓ

k=1 ft+kβ(i,k)xbi = 1N

where
α(i,j) = |ui|Xj

− |ui|X−1
j

and β(i,k) = |ui|Yk
− |ui|Y −1

k

for j ∈ [1, t], k ∈ [1, ℓ], which holds if and only if

t
∑

j=1

fjα(i,j) +

ℓ
∑

k=1

ft+kβ(i,k) + bi = 0. (4.4)

Recall from Definition 3.3 that

A =







α(1,1) · · · α(1,t) β(1,1) · · · β(1,ℓ)
...

. . .
...

...
. . .

...
α(m,1) · · · α(m,t) β(m,1) · · · β(m,ℓ)






, b =







b1
...
bm







and let ν ∈ Z
t+ℓ be the integer (t+ ℓ)-vector ν = (f1 f2 · · · ft+ℓ)

T . Then

Aν + b =







α(1,1) · · · α(1,t) β(1,1) · · · β(1,ℓ)
...

. . .
...

...
. . .

...
α(m,1) · · · α(m,t) β(m,1) · · · β(m,ℓ)













f1
...

ft+ℓ






+







b1
...

bt+ℓ







=









∑t
j=1 fjα(1,j) +

∑ℓ
j=1 ft+jβ(1,j) + b1
...

∑t
j=1 fjα(m,j) +

∑ℓ
j=1 ft+jβ(m,j) + bm









(4.5)

=







0
...
0






by Eq. (4.4).

Since 〈σ(Y1), . . . , σ(Yℓ) 〉 = N , for all h ∈ N there exists w ∈ Y
∗ such that σ(w) = h, so for all

z ∈ Z there exists w ∈ Y
∗ such that ϕ(σ(w)) = z where ϕ : N → Z is the natural isomorphism

defined in Subsection 1.1. We have

z = ϕ(σ(w)) = ϕ(σ(Y1)
a1 · · ·σ(Yℓ)

aℓ)

= a1ft+1 + · · ·+ aℓft+ℓ

where ai = |w|Yi
− |w|Y −1

i
, so z ∈ span(ct+1, . . . , cn), so MatrixSubspanB returns ‘Yes’ on

input (A, b, ℓ) = EqnMat(1, t, ℓ, (ui)[1,m], (ci)[1,m]).
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Conversely suppose MatrixSubspanB on input (A, b, ℓ) = EqnMat(1, t, ℓ, (ui)[1,m], (ci)[1,m])

returns an integer n-vector ν with Aν + b = 0 and span((ν|ℓ)
T ) = Z. Define σ : X ∪ Y → N by

σ :

{

Xj 7→ xνj j ∈ [1, t]

Yk 7→ xνt+k k ∈ [1, ℓ]

Since span((ν|ℓ)T ) = Z then every z ∈ Z can be expressed as

z = a1νt+1 + · · ·+ aℓνt+ℓ

for ai ∈ Z, so for each xz ∈ N there exists w = Y a1
1 · · ·Y

νaℓ
1 ∈ Y

∗ so that σ(w) = xa1νt+1+···+aℓνt+ℓ =
xz , so N ⊆ 〈σ(Y1), . . . , σ(Yℓ) 〉. Since Aν + b = 0, by Definition 3.3 we have σ(ui) = 1N for
i ∈ [1,m] by the calculation in Eq. (4.5), so EquationsSubspan returns ‘Yes’. �

Combining the above results with the fact that will be proved in Section 6 that MatrixSub-

spanB can be decided in polynomial time gives the following.

Theorem 4.8. Epi(FinPres,VirtCyclic) is in NP.

Proof. Let G ∈ FinPres be given by a finite presentation 〈 G | R 〉 and H ∈ SpecialExt a vir-
tually cyclic group given by N = 〈x 〉 an infinite cyclic, a multiplication table for Q ∈ Fin,
and special extension data (I, fs). Using Lemma 4.6 we may verify the existence of an epi-
morphism from G to H by verifying that there exists an epimorphism τ : G → H , and for
some (Q, τ)-presentation 〈 X ∪ Y | R 〉 for G, EquationsSubspan returns ‘Yes’ on input N and
PresEqnB(τ,X ,Y,R, I, fs).

On input G,H as above:

(1) guess and verify that the set map τ : G → Q extends to an epimorphism τ : G→ Q (this
is the only non-deterministic step of the algorithm)

(2) construct a (Q, τ)-presentation 〈 X ∪ Y | R 〉, and set IX = {x ∈ X | τ(x) ∈ I}
(3) construct a system of equations PresEqnB(τ,X ,Y,R, I, fs) denoted (ui)[1,|R|] where vi

is an equation without constants, ci ∈ N is a constant, and ui = vici
(4) construct the triple (A, b, |Y|) = EqnMat(1, (ui)[1,|R|], (ci)[1,|R|])
(5) return the solution to EquationsSubspan on input (A, b, |Y|).

The correctness of this algorithm follows from Lemmas 4.6 and 4.7. The time complexity is
as follows:

(1) verifying in polynomial time that τ is an epimorphism follows from Lemma 2.1
(2) constructing a (Q, τ)-presentation is in P by Lemma 2.3, and IX is immediate from the

input
(3) constructing PresEqnB(τ,X ,Y,R, I, fs) is in P immediately from the definition
(4) constructing EqnMat(1, (ui)[1,|Y|], (ci)[1,|Y|]) is in P by Lemma 3.5
(5) MatrixSubspanB is solved in P by Proposition 6.16 (Subsection 6.2).

It follows that Epi(FinPres,VirtCyclic) is in NP. �

5. Inverse restricted semi-direct targets

Using results from the previous two sections, we are able to extend the class of virtually
abelian targets for which epimorphism from a finitely presented group is decidable, as follows.

Recall that RestrAbelSemi is the class of N by Q extensions such that Q is finite, N is abelian,
there exists a transversal map s and a subset I ⊆ Q such that fs = 1N and for all n ∈ N ,

s(q)n =

{

n−1 q ∈ I

n q ∈ Q \ I
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Theorem 5.1. Epi(FinPres,RestrAbelSemi) is in NP.

Proof. Let G ∈ FinPres be given by a finite presentation 〈 G | R 〉 and H ∈ RestrAbelSemi given
by an integer d ∈ N encoding N ∈ FreeAb of rank d, a multiplication table for Q ∈ Fin, and
special extension data (I, 1N ).

Since RestrAbelSemi is a subclass of SpecialExt, by Lemma 4.6 we may verify the existence
of an epimorphism from G to H by verifying that:

(i) there exists an epimorphism τ : G→ H
(ii) for some (Q, τ)-presentation 〈 X ∪ Y | R 〉 for G, EquationsSubspan returns ‘Yes’ on

input N and PresEqnB(τ,X ,Y,R, I, 1N ).

Note that since fs = 1N , PresEqnB(X ,Y,R, IX , 1N ) is a system of equations without constants.
The following procedure solves our problem. On input as above,

(1) guess a set map τ : G → Q and verify it extends to an epimorphism τ : G→ Q
(2) construct a (Q, τ)-presentation 〈 X ∪ Y | R 〉, and set IX = {x ∈ X | τ(x) ∈ I}
(3) construct the system of equations without constants PresEqnB(τ,X ,Y,R, I, 1N ) denoted

(ui)[1,m]

(4) return ‘Yes’ MatrixSubspanA on input (A, 0, |Y|) = EqnMat(d, (ui)[1,m], (1N)[1,m]) re-
turns ‘Yes’, and ‘No’ otherwise.

The correctness of the procedure follows from Lemmas 3.6 and 4.6. The time complexity is
as follows.

(1) Step (1) is in NP by Lemma 2.1; this is the only non-deterministic step of our algorithm.
(2) We can construct a (Q, τ)-presentationin P by Lemma 2.3, and IX is immediate.
(3) Constructing PresEqnB(τ,X ,Y,R, I, 1N ) in P is clear from its definition.
(4) Constructing EqnMat(d, (ui)[1,m], (1N)[1,m]) is in P by Lemma 3.5, and MatrixSub-

spanA is solved P by Proposition 6.13 (see Subsection 6.1).

Thus, our algorithm is in NP. �

Proof of Theorem A. We have shown (modulo Theorem D to be proved in the next section) that
Epi(FinPres, T ) is in NP for T = the class of direct products of an abelian and a finite group,
the virtually cyclic groups, and RestrAbelSemi. Since each of these classes includes finite groups,
NP-completeness follows from [7, Corollary 1.2] or Theorem 7.19. �

6. Proving MatrixSubspanA and MatrixSubspanB are in P

In this section we prove that the integer matrix problems MatrixSubspanA and Matrix-

SubspanB can be decided in polynomial time. Recall that throughout this paper, integer ma-
trices are assumed to be given with entries in binary. Throughout this section we let R denote
either Z or Zp for some prime p (the ring of integers mod p).

Definition 6.1 (Smith normal form and 1-count). Let A ∈ Rm×n. We call (K,D,L) a Smith
normal form (SNF) for A if A = KDL, K ∈ GL(m,R), L ∈ GL(n,R), and D ∈ Rm×n has the
form

D =

(

M 0
0 0

)

where M is a diagonal matrix of the form

M =











d1 0 · · · 0
0 d2 · · · 0
...

...
. . .

...
0 0 · · · dr










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for some 0 6 r 6 min(m,n), each di 6= 0 such that di | di+1 for all i ∈ [1, r−1]. Note rank(D) = r.
When R = Z we also require di > 0 for i ∈ [1, r].

We denote the number of units (invertible elements) of R on the diagonal ofD as 1-count(D) =
max{i | di ∈ R∗}, so if R = Z then 1-count(D) is the number of 1s on the diagonal, and if R = Zp

then 1-count(D) is the number of non-zero entries on the diagonal.

Lemma 6.2 ([13, Proposition 3.2]). If R = Z, then the matrix D in Definition 6.1 is unique.

Moreover for A ∈ Rm×n if (K,D,L), (K ′D′, L′) are both Smith normal forms for A then
1-count(D) = 1-count(D′). Note that in many papers the Smith normal form for A ∈ Z

m×n is
defined just to be the matrix D.

If A ∈ Z
m×n
p then (since Zp is a field) multiplying left and right by elementary matrices one

may easily obtain a Smith normal form for A where diagonal entries of D are either 1 or 0. For
A ∈ Z

m×n the problem requires more attention.

Theorem 6.3 (Computing SNF; [6]). The following computational problem is in P.

Input: a matrix A ∈ Z
m×n

Output: compute K ∈ GL(m,Z), L ∈ GL(n,Z), D ∈ Z
m×n such that (K,D,L) is a

SNF for A.

We also observe the following facts. The first is straightforward, and the second can be found
in [6].

Lemma 6.4. The following calculations can be achieved in polynomial time.

(1) Given a1, . . . , as ∈ Z, calculate gcd(a1, . . . , as).
(2) Given A ∈ GL(n,Z), calculate A−1.

Putting the above results together, we have

Lemma 6.5. The following algorithmic problem can be answered in polynomial time. On input
A ∈ Z

m×n and b ∈ Z
m,

(1) decide if there exists x ∈ Z
n such that Ax+ b = 0 (returning ‘Yes/No’)

(2) if ‘Yes’, return u1, . . . , uk ∈ Z
n and c ∈ Z

n such that for x ∈ Z
n, Ax+ b = 0 if and only

if x ∈ spanc(u1, . . . , uk).

Proof. The following procedure solves our problem.

(1) Calculate an SNF (K,D,L) of A and set r = rank(D).
(2) Let b = −K−1b with i-th entry bi and let di be the i-th non-zero diagonal entry of D.

If bi/di 6∈ Z for some i ∈ [1, r] then output ‘No’. If bi 6= 0 for some i ∈ [r + 1,m] then
output ‘No’. Else return ‘Yes’. (Thus we may assume from here that bi/di ∈ Z for each
i ∈ [1, r] and bi = 0 for each i ∈ [r + 1,m].)

(3) Denote the (i, j)-th element of L−1 as l(i,j), ui the (r+i)-th column of L−1 for i ∈ [1, n−r],

and ci =
∑r

j=1 l(i,j)bj/dj for i ∈ [1, n]. Set k = n− r and c = (c1 · · · cn)T , and output
u1, . . . , uk ∈ Z

n and c ∈ Z
n.

Step (1) takes polynomial time by Theorem 6.3, steps (2) and (3) require the inverse of an integer
matrix which can be obtained in polynomial time by Lemma 6.4, and basic calculations with
integers written in binary which are polynomial time. Thus, our process takes polynomial time.

Now, we justify the correctness of the procedure. We wish to solve the equation Ax − b = 0
where A = KDL for x ∈ Z

n, so we wish to solve

DLx−K−1b = 0.
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Let y = Lx ∈ Z
n and −K−1b = b ∈ Z

m, so our equation becomes

Dy =

















d1 · · · 0 · · · 0
...

. . .
...

...
0 · · · dr · · · 0
...

...
. . .

...
0 · · · 0 · · · 0

































y1
...
yr
...
yn

















=

















b1

...
br

...
bm

















= b. (6.1)

From Eq. (6.1) it is clear that for a solution to exist we need yi = bi/di for i ∈ [1, r] and
br+1, . . . , bm = 0, and since y ∈ Z

n we have the condition to return ‘Yes/No’ in step (2). If ‘Yes’,
let ai = bi/di ∈ Z for i ∈ [1, r], so

b = (a1d1 · · · ardr 0 · · · 0)T

and in such case a solution has the form

y = (a1 · · · ar tr+1 · · · tn)
T

for any ti ∈ Z, i > r.
Recall that we write l(i,j) for the (i, j)-th entry of L−1. Since Lx = y we have

x = L−1y

=







l(1,1) · · · l(1,n)
...

. . .
...

l(n,1) · · · l(n,n)



























a1
...
ar
tr+1

...
tn





















=







l(1,1)a1 + · · ·+ l(1,r)ar + l(1,r+1)tr+1 + · · ·+ l(1,n)tn
...

l(n,1)a1 + · · ·+ l(n,r)ar + l(n,r+1)tr+1 + · · ·+ l(n,n)tn






.

Let ci =
∑r

j=1 l(i,j)aj for i ∈ [1, n], then

x =







c1
...
cn






+ tr+1







l(1,r+1)

...
l(n,r+1)






+ · · ·+ tn







l(1,n)
...

l(n,n)






.

Setting ui to be the (n − r + i)-th column of L−1 for i ∈ [1, k] we have shown that for x ∈ Z
n,

Ax− b = 0 if and only if x ∈ spanc(u1, . . . , uk). �

Lemma 6.6. Let U ∈ Z
n×k, b ∈ Z

n, ℓ ∈ Z, and c = (bn−ℓ+1 · · · bn)
T . Then the following are

equivalent.

(1) There exists a matrix V ∈ Z
n×d such that span((V |ℓ)T ) = Z

d and each column of V lies
in spanb(U)

(2) There exists a matrix W ∈ Z
ℓ×d such that span(WT ) = Z

d and each column of W lies
in spanc(U |ℓ).

Proof. Assume there exists a matrix V =
(

v1 · · · vd
)

∈ Z
n×d such that span((V |ℓ)

T ) = Z
d

and each column vi of V lies in spanb(U). For each i ∈ [1, d] let wi ∈ Z
ℓ be the last ℓ entries of

vi and set W =
(

w1 · · · wd

)

∈ Z
ℓ×d, so W = V |ℓ. Since vi ∈ spanb(U), wi ∈ spanc(U |ℓ), and

so span(WT ) = span((V |ℓ)T ) = Z
d.
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Conversely, assume there exist a matrix W =
(

w1 · · · wd

)

∈ Z
ℓ×d such that span(WT ) =

Z
d and each column wi of W lies in spanc(U |ℓ). For each i ∈ [1, d] there exist αi,j ∈ Z so that

wi = c+ αi,1ũ1 + · · ·+ αi,kũk

where ũj ∈ Z
ℓ are the columns of U |ℓ. Define vi ∈ Z

k to be

vi = b+ αi,1u1 + · · ·+ αi,kuk

where uj ∈ Z
n are the columns of U . Then the matrix V =

(

v1 · · · vd
)

satisfies V |ℓ = W so

span((V |ℓ)
T ) = span(WT ) = Z

d, and each column of V is in spanb(U) by construction. �

6.1. Solving MatrixSubspanA. In this subsection, we show that MatrixSubspanA can be
decided in polynomial time. We start with two simple observations. Recall that R = Z or Zp.

Lemma 6.7. Let A,B ∈ Rm×n and L ∈ GL(n,R). If A = BL then span(A) = span(B).

Proof. Recall that if L ∈ GL(n,R) then there exists a sequence of elementary matricesE1, . . . , Ek ∈
R such that E1 · · ·Ek = L. Let Bs = BE1 · · ·Es for s ∈ [1, k] and B0 = B. The three types of
elementary matrices coincide with the following operations on Bs:

(1) interchanging two columns
(2) multiplying a column by −1
(3) adding an integer multiple of one column to another.

It is clear that operations (1) and (2) do not change span(Bs).
Suppose Es+1 has the effect of replacing bi by bi + cbj for some i 6= j ∈ [1, n], c ∈ Z, where

bi, bj are columns of Bs−1. Assume w.l.o.g. i < j. If z ∈ span(Bs), there exist a1, . . . , an ∈ Z

such that z = a1b1 + · · ·anbn, so

z = a1b1 + · · ·+ ai(bi + cbj) + · · ·+ (aj − aic)bj + · · ·+ anbn

where aj − aic ∈ Z so z ∈ span(BsEs+1).
Similarly, if

z = a1b1 + · · ·+ ai(bi + cbj) + · · ·+ ajbj + · · ·+ anbn

then
z = a1b1 + · · ·+ aibi + · · ·+ (aj + aic)bj + · · ·+ anbn

where aj + aic ∈ R so z ∈ span(BsEs+1). This proves span(Bs) = span(BsEs+1). Thus all three
operations preserve the span, so (by induction) span(B) = span(BL). �

Lemma 6.8. Let K ∈ GL(ℓ,Z) and denote the (i, j)-th element as ki,j . Then for each j ∈ [1, ℓ]
there exists a1, . . . , aℓ ∈ Z such that

a1k1,j + · · ·+ aℓkℓ,j = 1 and
a1k1,s + · · ·+ aℓkn,s = 0 for s ∈ [1, ℓ] and s 6= j.

Proof. Denote the (i, j)-th element of K−1 as ci,j . Then

K−1K =







c1,1 · · · c1,ℓ
...

. . .
...

cℓ,1 · · · cℓ,ℓ













k1,1 · · · k1,ℓ
...

. . .
...

kℓ,1 · · · kℓ,ℓ







=







∑ℓ
i=1 c1,iki,1 · · ·

∑ℓ
i=1 c1,iki,ℓ

...
. . .

...
∑ℓ

i=1 cℓ,iki,1 · · ·
∑ℓ

i=1 cℓ,iki,ℓ






=







1 · · · 0
...

. . .
...

0 · · · 1







so for each j ∈ [1, ℓ] we have

cj,1k1,j + · · ·+ cj,ℓkℓ,j = 1
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cs,1k1,s + · · ·+ cs,ℓkℓ,s = 0 for s ∈ [1, ℓ] and s 6= j

The result follows for fixed j ∈ [1, ℓ] by setting a1 = cj,1, . . . , aℓ = cj,ℓ. �

Using these facts, we obtain the following.

Lemma 6.9. Let A ∈ Z
ℓ×n with SNF (K,D,L), and d ∈ N+. If 1-count(D) > d then there

exists a matrix V ∈ Z
ℓ×d such that span(V T ) = Z

d and each column of V lies in span(A).

Proof. Since A = KDL, by Lemma 6.7 we have span(A) = span(KD). Since the first d entries
along the diagonal of D are 1’s, the first d columns of K are in span(KD). Let v1, . . . , vd ∈ Z

ℓ

be the first d columns of K, so vi ∈ span(KD) = span(A), and let V = (v1 · · · vd).
Denote the elements of K as ki,j , so vj = (k1,j · · · kℓ,j)T for j ∈ [1, d]. By Lemma 6.8, for

each j ∈ [1, ℓ] there exists a1, . . . , aℓ ∈ Z such that

a1k1,j + · · ·+ aℓkℓ,j = 1

a1k1,s + · · ·+ aℓkℓ,s = 0 for s ∈ [1, ℓ] and s 6= j,

that is,

a1

















k1,1
...
k1,j
...

k1,d

















+ · · ·+ aℓ

















kℓ,1
...
kℓ,j
...
kℓ,d

















=

















0
...
1
...
0

















= ej

where the vectors (ki,1, . . . , ki,d)
T are the columns of V T . Thus, we have shown that ej ∈

span(V T ) for each j ∈ [1, d], so span(V T ) = Z
d. �

If A ∈ Z
m×n, let [A]p ∈ Z

m×n
p denote the matrix (ai,j mod p)i∈[1,m],j∈[1,n] where ai,j is the

i, j-th entry of A. For B ∈ Z
m×n
p , spanZp(B) is the set of all Zp linear combinations of the

columns of B.

Lemma 6.10. Let A ∈ Rm×n with SNF (K,D,L) such that rank(D) = 1-count(D). If
there exists V ∈ Rm×d such that span(V T ) = Rd and the columns of V lie in span(A) then
1-count(D) > d.

Proof. Let 1-count(D) = c, observe that when R = Z we have KD as the m × d matrix whose
first c columns are the first c columns of K, and remaining d − c columns are 0 ∈ Z

m. In the
case R = Zp, as Zp is a field, then w.l.o.g assume all non-0 diagonals of D are 1.

By Lemma 6.7 span(A) = span(KD), so the columns of V lie in span(KD). Denote vi as the
i-th column of V and ki,j as the i, j-th element of K. As vi ∈ span(KD), for j ∈ [1, d] there
exists tj,1, . . . , tj,c ∈ R such that

vj = tj,1







k1,1
...

km,1






+ · · ·+ tj,c







k1,c
...

km,c






,

and so

V =







∑c
i=1 t1,ik1,i · · ·

∑c
i=1 td,ik1,i

...
. . .

...
∑c

i=1 t1,ikm,i · · ·
∑c

i=1 td,ikm,i






.
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Since span(V T ) = Rd and e1, . . . , ed ∈ span(V T ), for ℓ ∈ [1, d] there exists ρℓ,1, . . . , ρℓ,m ∈ R
such that

eℓ = ρℓ,1







∑c
i=1 t1,ik1,i

...
∑c

i=1 td,ik1,i






+ · · ·+ ρℓ,m







∑c
i=1 t1,ikm,i

...
∑c

i=1 td,ikm,i







=







ρℓ,1
∑c

i=1 t1,ik1,i + · · ·+ ρℓ,m
∑c

i=1 t1,ikm,i

...
ρℓ,1

∑c
i=1 td,ik1,i + · · ·+ ρℓ,m

∑c
i=1 td,ikm,i







=







∑m
i=1 ρℓ,i(

∑c
j=1 t1,jki,j)
...

∑m
i=1 ρℓ,i(

∑c
j=1 td,jki,j)







=







∑c
j=1 t1,j(

∑m
i=1 ρℓ,iki,j)

...
∑c

j=1 td,j(
∑m

i=1 ρℓ,iki,j)






.

As the concatenation of e1, . . . , ed is the d× d identity matrix, we have






1 · · · 0
...

. . .
...

0 · · · 1






=







∑c
j=1 t1,j(

∑m
i=1 ρ1,iki,j) · · ·

∑c
j=1 t1,j(

∑m
i=1 ρd,iki,j)

...
. . .

...
∑c

j=1 td,j(
∑m

i=1 ρ1,iki,j) · · ·
∑c

j=1 td,j(
∑m

i=1 ρd,iki,j)







=







t1,1 · · · t1,c
...

. . .
...

td,1 · · · td,c













∑m
i=1 ρ1,iki,1 · · ·

∑m
i=1 ρd,iki,1

...
. . .

...
∑m

i=1 ρ1,iki,c · · ·
∑m

i=1 ρd,iki,c






.

Recall from standard linear algebra that for any real-valued matrices A ∈ R
d×c, B ∈ R

c×d we
have rank(AB) 6 min{rank(A), rank(B)}. Since rank(D) = d it follows that c > d. �

Lemma 6.11. Let p be a prime, A ∈ Z
m×n. If there exists V ∈ Z

m×d such that the columns of
V lie in span(A) and span(V T ) = Z

d, then there exists W ∈ Z
m×d
p such that the columns of W

lie in spanZp([A]p) and spanZp(W
T ) = Z

d
p.

Proof. Assume there exists V ∈ Z
m×d such that the columns of V lie in span(A) and span(V T ) =

Z
d, then there exist e1, . . . , ed ∈ span(V T ) = Z

d and f1, . . . , fd ∈ Z
m (the standard basis of

dimension m) f1, . . . , fd ∈ span(A). So let V ∈ Z
m×d be the diagonal matrix with d entries of 1

on the diagonal then as W = [V ]p, that is, each entry wi,j of W is equal to vi,j mod p. Then
WT ∈ Z

d×m
p is the diagonal matrix with d entries of 1 on the diagonal and so span(WT ) = Z

d
p. �

Corollary 6.12. Let A ∈ Z
m×n, min(m,n) > d ∈ N+, and (K,D,L) is an SNF for A. If

there exists V ∈ Z
m×d such that the columns of V lie in span(A) and span(V T ) = Z

d, then
1-count(D) > d.

Proof. If 1-count(D) = rank(D) then Lemma 6.10 proves the claim. Else 1-count(D) < rank(D).
By Lemma 6.11 for any prime p there will exist W ∈ Z

m×d
p such that the columns of W lie in

spanZp([A]p) and spanZp(W
T ) = Z

d
p. Let c = 1-count(D) and p | dc+1 (the first non-1 diagonal

entry of D ∈ Z
m×n) and so rank([D]p) = 1-count([D]p). This gives two cases.

(1) If there exists V ∈ Z
m×d such that the columns of V lie in span(A) and span(V T ) = Z

d

and 1-count(D) = rank(D), then 1-count(D) > d.
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(2) If there existsW ∈ Z
m×d
p such that the columns ofW lie in spanZp([A]p) and spanZp(W

T ) =

Z
d
p and rank([D]p) = 1-count([D]p), then 1-count([D]p) > d, which implies 1-count(D) >

d).

�

Proposition 6.13. MatrixSubspanA is in P.

Proof. Recall that MatrixSubspanA asks the following: given A ∈ Z
m×n, d, ℓ ∈ Z where

0 6 ℓ < n, does there exist v1, . . . , vd ∈ Z
n such that Avi = 0 for i ∈ [1, d] and for the matrix

V = (v1 · · · vd) we have span((V |ℓ)T ) = Z
d?

We solve MatrixSubspanA by the following procedure:

(1) call the algorithm in Lemma 6.5 on input A ∈ Z
m×n and 0 = b ∈ Z

m

(2) if this algorithm returns ‘No’, return ‘No’ to MatrixSubspanA

(3) else let u1, . . . , um, c ∈ Zn be the output of the procedure (here c = 0), set U ∈ Z
n×m

be the matrix whose i-th column is ui
(4) Calculate the SNF (K,D,L) of U |ℓ. Thus K ∈ GL(ℓ,Z), L ∈ GL(m,Z), D ∈ Z

ℓ×m and
so U |ℓ = KDL.

(5) If 1-count(D) > d output ‘Yes’, otherwise if 1-count(D) < d output ‘No’.

Step (1) is polynomial time by Lemma 6.5 and step (2) is polynomial time by Theorem 6.3
and step (3) is a straightforward calculation, thus our procedure is polynomial time.

We will now justify the correctness of the procedure.
If ‘No’ is returned in step (2), then there does not exist x ∈ Z

n which satisfies Ax = 0, so
we output ‘No’ for MatrixSubspanA. Thus, w.l.o.g we may assume there exists a solution to
the procedure in Lemma 6.5, which finds U and c such that c = 0 and Ax = 0 if and only if
x ∈ span(U). We then can check if there exists v1, . . . , vd ∈ span(U) for such that for matrix
V = (v1 · · · vd), we have span((V |ℓ)T ) = Z

d, and by Lemma 6.6 V exists if and only if there
exists W ∈ Z

ℓ×d such that span(WT ) = Z
d and each column of W lies in span(U |ℓ). Using D of

the SNF (K,D,L) calculated in step (4), by Lemma 6.9 and the contrapositive of Corollary 6.12
such a W exists if and only if 1-count(D) > d, thus justifying the output in step (5). �

6.2. Solving MatrixSubspanB. In this subsection we show that MatrixSubspanB is decid-
able in polynomial time. Note that our method in this subsection closely follows [3, Proposition
4.2 and Lemma 4.3].

First, we note the following.

Lemma 6.14. For a1, . . . , as ∈ Z and , span(
[

a1 · · · as
]

) = Z if and only if gcd(a1, . . . , as) =
1.

It follows that the decision problem MatrixSubspanB can be expressed as follows.

Input: Given A ∈ Z
m×n, b ∈ Z

m, ℓ ∈ Z where ℓ ∈ [0, n− 1].

Question: Does there exist an integer n-matrix ν =
[

ν1 · · · νn
]T

∈ Z
n such that

Aν + b = 0 and gcd(νn−ℓ+1, . . . , νn) = 1.

Next we present some basic facts about gcd, generalising [3, Lemma 4.3].

Lemma 6.15. Let n, k, ℓ ∈ N+.

(1) Let U ∈ Z
ℓ×k with SNF (K,D,L) and r ∈ Z

ℓ. There exists µ = (µ1 · · · µℓ)
T ∈

spanr(U) ∈ Z
ℓ such that gcd(µ1, . . . , µℓ) = 1 if and only if there exists v = (v1 · · · vℓ) ∈

spanK−1r(D) ∈ Z
ℓ such that gcd(v1, . . . , vℓ) = 1.

(2) If s > 2, d, b1, . . . , bs ∈ Z such that bi 6= 0 for at least one i ∈ [2, s], and gcd(d, b1, . . . , bs) =
1, then there exists x ∈ Z such that gcd(xd + b1, b2, . . . , bs) = 1.
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(3) If s, d1, . . . , dn, b1, . . . , bs ∈ Z and di | di+1 for i ∈ [1, n−1], then there exist a1, . . . , as ∈ Z

such that

gcd(a1d1 + b1, . . . , asds + bs) = 1

if and only if one the following holds:
(a) b1, . . . , bs = 0 and d1 ∈ {−1, 1}
(b) gcd(b1, . . . , bs) = 1
(c) gcd(b1, . . . , bs) = c > 1, gcd(d1, c) = 1, and

(i) bi 6= 0 for some i ∈ [2, s]
(ii) s = 1 and c ≡ 1 mod d1

(iii) b2, . . . , bs = 0 and c ≡ 1 mod d1 or d2 6= 0.

Proof. To prove item (1), assume there exists µ = (µ1 · · · µℓ)
T ∈ spanr(U) with gcd(µ1, . . . , µℓ) =

1. Letting v = K−1µ, we have v ∈ spanK−1r(K
−1U). By Lemma 6.7 span(K−1U) = span(D)

we have v = (v1 · · · vℓ)T ∈ spanK−1r(D). As v = K−1µ and K−1 ∈ GL(ℓ,Z), there exists a
sequence of elementary matrices E1 · · ·Ek = K−1, and multiplication by an elementary matrix
does not change the gcd, so gcd(K−1µ) = gcd(µ), thus gcd(v) = gcd(µ) = 1.

Item (2) is [3, Lemma 4.3].
This leaves item (3). Assume one of the conditions (a)–(c) hold. If bi = 0 and d1 = ±1 set

a1 = 1 and aj = 0 for j > 2 and if gcd(b1, . . . , bs) = 1 then set ai = 0. If gcd(b1, . . . , bs) = c > 1,
gcd(d1, c) = 1, we have three subcases. If bi 6= 0 for some i ∈ [2, s], then by item (2) there exists
x ∈ Z such that gcd(xd1 + b1, b2, . . . , bs) = 1 so set a1 = x and a2, . . . , as = 0. If n = 1 then
c = gcd(b1) = b1, and c ≡ 1 mod d1 means c + αd1 = 1 for some α ∈ Z, so setting a1 = −α
gives gcd(a1d1 + b1) = a1d1 + b1 = 1. If b2 = · · · = bs = 0 then c = gcd(b1, 0, . . . , 0) = b1, so if
c ≡ 1 mod d1 then again we have a1 = α ∈ Z so that αb1 + d = 1, and if d2 6= 0 then d1 | d2
and gcd(d1, c) = 1 implies gcd(d1, b1, d2) = 1 with d2, b1 6= 0 so by item (2) there exists x ∈ Z so
that gcd(xd1 + b1, d2) = 1, so set a1 = x, a2 = 1, a3 = · · · = as = 0.

Conversely assume there exist a1, . . . , as ∈ Z such that

gcd(a1d1 + b1, . . . , asds + bs) = 1 (6.2)

If bi = 0 for i ∈ [1, s], since di | di+1 for i ∈ [1, s− 1] we have gcd(a1d1, . . . , asds) > |d1| which
contradicts Eq. (6.2). Thus we must have condition (a) or bi 6= 0 for some i ∈ [1, s]. If bi 6= 0 for
some i ∈ [1, s], either condition (b) holds or gcd(b1, . . . , bs) = c > 1.

If f = gcd(d1, c) 6= 1 then f divides every bi and di so no choice of ai ∈ Z can satisfy Eq. (6.2).
Thus we must have gcd(d1, c) = 1.

Assume condition (c)(i) does not hold. Then either s = 1 or s > 1 and bi = 0 for i ∈ [2, s].
If s = 1 then Eq. (6.2) becomes 1 = gcd(a1d1 + b1) = a1d1 + b1 = a1d1 + c since c = b1, and

we have condition (c)(ii).
Else s > 1. If d2 = 0 then di = 0 for i > 2, and since bi = 0 for i ∈ [2, s] Eq. (6.2) becomes

1 = gcd(a1d1 + b1, 0, . . . , 0) = a1d1 + b1 so c ≡ 1 mod d1 and we have condition (c)(iii). �

Recall from p.25 that MatrixSubspanB may be stated as follows: given A ∈ Z
m×n, b ∈ Z

m,
ℓ ∈ Z where ℓ ∈ [0, n− 1], decide if there is an integer n-matrix ν = (ν1, . . . , νn)

T ∈ Z
n such that

Aν + b = 0 and gcd(νn−ℓ+1, . . . , νn) = 1.

Proposition 6.16. MatrixSubspanB is in P

Proof. We solve MatrixSubspanB by the following procedure. Given A ∈ Z
m×n, b ∈ Z

m, ℓ ∈ Z

where ℓ ∈ [0, n− 1]:

(1) call the algorithm in Lemma 6.5 on input A ∈ Z
m×n and b ∈ Z

m

(2) if this algorithm returns ‘No’, return ‘No’ to MatrixSubspanB
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(3) else let u1, . . . , um ∈ Z
n and c′ = (c′1 · · · c′n)

T ∈ Z
n be the output of this algorithm, and

set U ∈ Z
n×m be the matrix whose i-th column is ui

(4) compute the SNF (K,D,L) of U |ℓ ∈ Z
ℓ×m. Thus K ∈ GL(ℓ,Z), L ∈ GL(m,Z), D ∈

Z
ℓ×m with diagonal entries di with i ∈ [1, . . . , rank(D)] and U |ℓ = KDL. Set:
• di = 0 for i ∈ [rank(D) + 1, ℓ]
• c = (c1 · · · cℓ) = K−1(c′n−ℓ+1 · · · c′n) ∈ Z

ℓ.
(5) Return ‘Yes’ if one the following conditions hold, and ‘No’ otherwise:

(a) c1, . . . , cℓ = 0 and d1 ∈ {−1, 1}
(b) gcd(c1, . . . , cℓ) = 1
(c) gcd(c1, . . . , cℓ) = f > 1, gcd(d1, f) = 1, and

(i) ci 6= 0 for some i ∈ [2, ℓ]
(ii) ℓ = 1 and f ≡ 1 mod d1

(iii) c2, . . . , cℓ = 0 and f ≡ 1 mod d1 or d2 6= 0.

Step (1) is polynomial time by Lemma 6.5, step (4) is polynomial time by Theorem 6.3, and
step (5) is polynomial time by Lemma 6.4.

If ‘No’ is returned in step (2), then there does not exist x ∈ Z
n which satisfies Ax+b = 0, so we

output ‘No’ for MatrixSubspanB. Thus, w.l.o.g we may assume there exists a solution to the
procedure in Lemma 6.5, which finds U and c′ such that Ax+ b = 0 if and only if x ∈ spanc′(U).
Let r = (c′n−ℓ+1 . . . c′n)

T ∈ Z
ℓ, we then can check if there exists ν ∈ spanc′(U) such that

gcd(ν1 · · · νd) = 1, and by Lemma 6.6 ν exists if and only if there exists µ = (µ1 · · · µℓ)
T ∈

spanr(U |ℓ) ∈ Z
ℓ such that gcd(µ1, . . . , µℓ) = 1.

By Lemma 6.15 (Item 1) such a µ exists if and only if there exists v = (v1 · · · vℓ)
T ∈

spanK−1b(D) such that gcd(v1, . . . , vℓ) = 1. As c = K−1r, all elements in spanc(D) take the
form a1d1+ c1+ · · ·+ aℓdℓ+ cℓ for a1, . . . , aℓ ∈ Z, so checking if v exists is equivalent to checking
if there exists a1, . . . , aℓ ∈ Z such that gcd(a1d1+c1, . . . , aℓdℓ+cℓ) = 1 which is solved in step (5)
by Lemma 6.15 (Item 3). �

Proof of Theorem D. Propositions 6.13 and 6.16 immediately give Theorem D. �

7. Proof of Theorem B

We now turn our attention to epimorphism onto a single finite target group. Specifically, we
will prove that deciding whether there exists an epimorphism from a finitely presented group
onto the dihedral group D2n of order 2n, where n is not a power of 2, is NP-hard. Com-
bined with Lemma 2.1, this establishes that the epimorphism problem onto such a group is NP-
complete (Theorem B). This complements the work of Kuperberg and Samperton, who proved
an analogous result when the target is a finite simple group (see Subsection 8.2). Recall that for
Epi(FinPres, D2n), the parameter n is not part of the input, instead the input consists solely of
a finite presentation for the source group.

Our method is to once again relate deciding epimorphism to solving equations in some finitely
generated group. Goldmann and Russell prove the following:

Theorem 7.1 ([4, Theorem 3]). Let H be a finite group. The problem of deciding whether a
system of equations over H has a solution is

(1) NP-complete if H is non-abelian
(2) in P if H is abelian.

Fix
〈

s, t | s2 = tn = 1, sts = t−1
〉

as a presentation for D2n. Using these relations, each element of D2n can be expressed uniquely
as a word of the form αtr , where α ∈ {1, s} and r ∈ [0, n− 1].
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The automorphism group of D2n is straightforward to compute (see, for example, [12]).

Lemma 7.2. For r, µ ∈ Z let ϕr,µ : D2n → D2n be the map s 7→ str, t 7→ tµ. If n > 3, then
Aut(D2n) = {ϕr,µ | r ∈ [0, n− 1], µ ∈ [1, n− 1], gcd(µ, n) = 1}.

The proof of Theorem B is divided into three cases which require slightly different techniques.

7.1. Odd Case. For n > 1 odd, we will show that deciding whether a system of equations over
D2n has a solution can be reduced to Epi(FinPres, D2n) in polynomial time.

Lemma 7.3. If n > 1 is odd, then

D2n = {α0 (
α1t) · · · (αnt) | αi ∈ {1, s}} .

Proof. Since αit ∈ {t, t−1} for αi ∈ {1, s}, we have

α0 (
α1t) · · · (αnt) = α0t

n−ℓt−ℓ = α0t
n−2ℓ

where ℓ = |{i ∈ [1, n] | αi = s}| ∈ [0, n]. Then, using the values in Table 7.1 and the fact that

ℓ 0 1 · · · n−1
2

n+1
2 · · · n

n− 2ℓ n n− 2 · · · 1 −1 · · · −n
(n− 2ℓ) + n 0 · · · n− 1 · · · 0

Table 1. Computing exponents of t in Lemma 7.3

tn = 1, we have {α0t
n−2ℓ | α0 ∈ {1, s}, ℓ ∈ [0, n]} = {α0t

r | α0 ∈ {1, s}, r ∈ [0, n − 1]}, which
proves the claim. �

Lemma 7.4. If n > 1 is odd, r ∈ [0, n− 1], and x ∈ D2n commutes with str, then x ∈ {1, str}.
In particular, Z(D2n) = {1}.

Proof. Write x = αtℓ for α ∈ {1, s} and ℓ ∈ [1, n − 1]. If x = tℓ then [x, str] = t2ℓ = 1 if and
only if ℓ = 0, so x = 1. If x = stℓ then [x, str] = t2r−2ℓ = 1 if and only if n divides 2(r − ℓ), and
since r, ℓ ∈ [0, n− 1] we have r = ℓ. This implies the center is trivial for n > 3 since x ∈ Z(D2n)
implies x commutes with st and st2. �

Definition 7.5 (Odd normal form). Let n > 1 be an odd integer, X = {X1, X
−1
1 , . . . , Xk, X

−1
k }

and Y = {Y0,1, Y
−1
0,1 , . . . , Yn,k, Y

−1
n,k}. Define ONF : (X∪{s, t, t−1})∗ → (Y∪{s, t, t−1})∗ to be the

monoid homomorphism induced by the set map

Xj 7→ Y0,j · (Y1,j t) · (Y2,j t) · · · (Yn,j t), X−1
j 7→ (Yn,j t)−1 · · · (Y1,j t)−1 · Y −1

0,j ; j ∈ [1, k]

s 7→ s, t 7→ t, t−1 7→ t−1.

Lemma 7.6. Let n,X,Y and ONF be as Definition 7.5. Let (ui)[1,m] be a system of equations

in D2n, where each equation ui ∈ (X ∪ {s, t, t−1})∗. Then there exists a solution σ1 : X → D2n

to (ui)[1,m] if and only if there exists a solution σ2 : Y → {1, s} ⊆ D2n to (ONF(ui))[1,m].

Proof. For i ∈ [1,m] each equation is a word ui(s, t, t
−1, X1, X

−1
1 , . . . , Xk, X

−1
k ). By Lemma 7.3,

replacing each variable Xj by the word Y0,j
(

Y1,j t
)

· · ·
(

Yn,j t
)

= ONF(Xj) in each equation and
restricting Yi,j to take values in {1, s} does not change the set of solutions.

Thus, we can rewrite each ui as ONF(ui), and the result follows. �

Next, we describe a way to build a finitely presented group from a system of equations over
D2n.
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Definition 7.7 (Group presentation for odd dihedral case). Let n,X,Y,ONF, and (ui)[1,m] be as
in Lemma 7.6. Let Gn,k = {gi,j | i ∈ [0, n], j ∈ [1, k]} be a set of (n+ 1)k distinct letters. Define

λ : ({s, t, t−1} ∪ Y)∗ → ({a, d, d−1} ∪ Gn,k ∪ G−1
n,k)

∗ to be the monoid homomorphism induced by
the bijection

λ :







s 7→ a
t 7→ d, t−1 7→ d−1

Yi,j 7→ gi,j , Y −1
i,j 7→ g−1

i,j ; i ∈ [0, n], j ∈ [1, k].

Then Go(n, (ui)[1,m]) is the group with presentation
〈

{a, d} ∪ Gn,k | {a2, dn, adad, λ(ONF(ui)), [g, g
′], [g, a], g2 | i ∈ [1,m], g, g′ ∈ Gn,k}

〉

.

Remark 7.8. It is clear that for n a fixed constant, the finite presentation for Go(n, (ui)[1,m])

can be constructed in linear time in the size k +
∑m

i=1 |ui| of the system of equations.

The idea of this construction is to force any epimorphism from Go(n, (ui)[1,m]) to D2n to send
a to ϕ(s), d to ϕ(t), and gi,j to {1, ϕ(s)} if and only if the system of equations has a solution,
where ϕ is an automorphism of D2n. This is the content of the next two lemmas.

Lemma 7.9. If ψ : Go(n, (ui)[1,m]) → D2n is an epimorphism, then there exists ϕ ∈ Aut(D2n)
such that

ψ :











a 7→ ϕ(s)

d 7→ ϕ(t)

gi,j 7→ γi,j ∈ 〈ϕ(s) 〉 ; i ∈ [0, n], j ∈ [1, k].

Proof. For readability we denote Go(n, (ui)[1,m]) as G for this proof. If ψ(d) = 1 then ψ(G)
is abelian since it is generated by ψ(a) and ψ(gi,j) which all commute, which means ψ is not
surjective onto D2n. Thus ψ(d) 6= 1.

Now suppose ψ(d)2 = 1. Then since dn is a relation in G and n > 1 is odd we have

1 = ψ(dn) = ψ(d)(ψ(d)2)
(n−1)/2 = ψ(d),

a contradiction. Thus ψ(d)2 6= 1.
Since a2 is a relation in G, we have that ψ(a) ∈ {1, str | r ∈ [0, n − 1]} which is the set of

all elements of order 2 in D2n. If ψ(a) = 1, then by the relation adad, we have that ψ(d)2 = 1
which is not possible, so ψ(a) = str for some r ∈ [0, n− 1].

Since [gi,j , a] is a relation in G for all gi,j ∈ Gn,k, ψ(gi,j) commutes with ψ(a) so by Lemma 7.4
〈ψ(a), ψ(g0,1), . . . , ψ(gn,k) 〉 = 〈ψ(a) 〉.

Since adad is a relation in G, if ψ(d) = αtp with α ∈ {1, s} and p ∈ [0, n− 1] then

1 = ψ(adad) = strαtpstrαtp =

{

strstpstrstp = t−2r+2p α = s

str+pstr+p = 1 α = 1.

If α = s then r = p and ψ(d) = ψ(a) which would mean ψ is not surjective. Thus, α = 1 and
ψ(d) = tp with p ∈ [1, n− 1] (since ψ(d) 6= 1). It follows that ψ(G) = 〈ψ(a), ψ(t) 〉 = 〈 str, tp 〉,
so we can express any element in ψ(G) as a word in {str, tp, t−p}∗. Since ψ is surjective onto
D2n ∋ t we have

t = (tp)i0(str)(tp)i1 . . . (str)(tp)i2m (the number of s letters must be even)

= t−pi0t−r−pi1tr+pi2t−r−pi3 . . . t−r−pi2m−1tr+pi2m

= tpi0t−pi1tpi2 t−pi3 . . . t−pi2m−1 tpi2m = (tp)i0−i1+···+i2m

so n divides 1− px for x =
∑2m

j=0(−1)jij ∈ Z, so gcd(p, n) = 1. Then by Lemma 7.2 there exists

ϕr,p ∈ Aut(D2n) such that ϕr,p(t) = tp = ψ(d) and ϕr,p(s) = str = ψ(a). �
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Lemma 7.10. Let n > 1, X = {X1, X
−1
1 , . . . , Xk, X

−1
k } and (ui)[1,m] with ui ∈ ({s, t, t−1}∪X)∗

be a system of equations over D2n. There exists an epimorphism ψ : Go(n, (ui)[1,m]) → D2n if
and only if there exists a solution σ : X → D2n to the system (ui)[1,m].

Proof. Assume that there exists an epimorphism ψ′ : Go(n, (ui)[1,m]) → D2n. By Lemma 7.9
there exists ϕ ∈ Aut(D2n) such that

ψ′ :











a 7→ ϕ(s)

d 7→ ϕ(t)

gi,j 7→ γ′i,j ∈ 〈ϕ(s) 〉 ; i ∈ [0, n], j ∈ [1, k]

so letting ψ = ϕ−1 ◦ ψ′ we have an epimorphism

ψ :











a 7→ s

d 7→ t

gi,j 7→ γi,j ∈ 〈 s 〉 ; i ∈ [0, n], j ∈ [1, k].

Define σ : Y → {1, s} by σ(Yi,j) = γi,j , σ(Y
−1
i,j ) = γ−1

i,j . Note that since s2 = 1, then for all

Yi,j ∈ Y, σ(Yi,j) = σ(Y −1
i,j ), so w.l.o.g. we may assume Y = {Y0,1, . . . , Yn,k}. For i ∈ [1,m] let

vi ∈ ({s, t, t−1} ∪ Y be such that ONF(ui) = vi. Since ψ is a homomorphism, for each relation
λ(ONF(ui)) of Go, i ∈ [1,m] we have

1 = ψ(λ(ONF(ui))) = ψ(λ(vi(s, t, t
−1, Y0,1, . . . , Yn,k)))

= ψ(vi(a, d, d
−1, g0,1, . . . , gn,k))

= vi(s, t, t
−1, γ0,1, . . . , γn,k)

= σ(vi(s, t, t
−1, Y0,1, . . . , Yn,k)) = σ(ONF(ui))

so σ solves (ONF(ui))[1,m], and the result follows by Lemma 7.6.
Conversely, assume there exists a solution to (ui)[1,m], so by Lemma 7.6 there exists a solution

σ : Y → {1, s} to (ONF(ui))[1,m], so for i ∈ [1,m], if ONF(ui) = vi we have

σ(ONF(ui)) = σ(vi(s, t, t
−1,Y)) = 1. (7.1)

Define ψ : {a, d, d−1} ∪ Gn,k ∪ G−1
n,k → D2n as the set map

ψ :







a 7→ s
d 7→ t, d−1 7→ t−1

gi,j 7→ σ(Yi,j) g−1
i,j 7→ σ(Yi,j)

−1; gi,j ∈ G.

Since the other relations in Go(n, (ui)[1,m]) clearly map to 1 in D2n, by Lemma 1.1 ψ induces
a homomorphism from Go(n, (ui)[1,m]) to D2n if and only if ψ(λ(ONF(ui))) = 1 for all i ∈ [1,m].

We have

ψ(λ(ONF(ui))) = ψ(λ(vi(s, t, t
−1,Y)))

= vi(s, t, t
−1, σ(Y)) = σ(vi(s, t, t

−1,Y)) = 1 by Eq. (7.1)

so ψ is a homomorphism, which is surjective since ψ(Go(n, (ui)[1,m])) = 〈 s, t 〉 = D2n. �

7.2. Even Case. We now turn to the case where n is even. We begin by observing some
preliminary facts.

Lemma 7.11. Let n > 2 be even.

(a) For any element x ∈ D2n, if x
2 = 1 then x ∈ {1, tn/2, str | r ∈ [0, n− 1]}

(b) The centre Z(D2n) = {1, tn/2}
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(c) If sta, stb commute for 0 6 a 6 b 6 n− 1 then b = a or b = a+ n
2 .

Proof. Recall that every element ofD2n can be uniquely expressed as a word αtr where α ∈ {1, s}
and r ∈ [0, n− 1]. If x = str then (str)2 = strstr = 1 for any r ∈ [0, n− 1]. If x = tr then t2r = 1
if and only if r = 0 or r = n

2 , which gives item (a).

Item (b) can be observed by noting that for any r ∈ [0, n− 1], [t, str] = tstrt−1t−rs = t2 6= 1
since n > 2 (so no element str can be in the center), and [tr, s] = t2r so tr is in the centre if and
only if r = 0 or n

2 .

For item (c), if sta and stb commute then

1 =[sta, stb] = stastbt−ast−bs = t−atbt−atb = t2(b−a)

which means n divides 2(b− a), and a, b ∈ [0, n− 1] means b− a 6 n− 1, so b− a ∈ {0, n2 }. �

Our strategy requires a different proof for the cases

(1) n = 2bc with c > 1 odd and b > 1
(2) n = 2c with c > 1 odd.

For the first case we will show that deciding whether a system of equations over the dihedral
group Dn of order n reduces to Epi(FinPres, D2n). We alert the reader to the fact that here we
are dealing with dihedral groups of different sizes. Fix

Dn =
〈

s1, t1 | s21 = t
n/2
1 = 1, s1t1s1 = t−1

1

〉

D2n =
〈

s2, t2 | s22 = tn2 = 1, s2t2s2 = t−1
2

〉

as presentations for the groups Dn, D2n respectively.

Lemma 7.12. Let n = 4c where c ∈ N+, and

H =
{

α0 (
α1t2) · · · (

αn/2t2) | αi ∈ {1, s2, t
n/2
2 , s2t

n/2
2 }

}

.

Then H is a subgroup of D2n that is isomorphic to Dn.

Proof. Since αit2 = t2 for αi ∈ {1, t
n/2
2 }, and αit2 = t−1

2 for αi ∈ {s2, s2t
n/2
2 }, we have

α0 · (
α1t2) · · · (

αn/2t2) = α0t
(n/2−ℓ)−ℓ
2 = α0t

n/2−2ℓ
2

where ℓ =
∣

∣

∣{i ∈ [1, n2 ] | αi ∈ {s2, s2t
n/2
2 }}

∣

∣

∣. Thus

H =
{

α0t
n/2−2ℓ
2 | α0 ∈ {1, s2, t

n/2
2 , s2t

n/2
2 }, ℓ ∈ [0, n2 ]

}

=
{

α0t
2(n/4−ℓ)
2 | α0 ∈ {1, s2, t

n/2
2 , s2t

n/2
2 }, ℓ ∈ [0, n2 ]

}

.

Since n
2 is even, as ℓ ranges over [0, n2 ], we have the values in Table 7.2. From these values and

ℓ 0 1 · · · n
4 − 1 n

4
n
4 + 1 · · · n

2 − 1 n
2

n
2 − 2ℓ n

2
n
2 − 2 · · · 2 0 −2 · · · −n

2 + 2 −n
2

(n2 − 2ℓ) + n · · · n− 2 · · · n
2 + 2 n

2

Table 2. Computing exponents of t2 in Lemma 7.12

using the fact that tn2 = 1 in D2n we see that as ℓ ranges over [0, n2 ], the term t
2(n/4−ℓ)
2 is equal
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to a term of the form t2r for r ranging over [0, n2 − 1], with all values of r realised in this range.

Note that the additional term t
n/2
2 does not add any new powers of t2 since n

2 is even. Thus

H =
{

α0t
2r
2 | α0 ∈ {1, s2, t

n/2
2 , s2t

n/2
2 }, r ∈ [0, n2 − 1]

}

which is a subgroup since it coincides with
〈

s2, t
2
2

〉

, and is clearly isomorphic to Dn via the map

s1 7→ s2, t1 7→ t22. �

Definition 7.13 (Even normal form). Let n, k ∈ N+ with n even, X = {X1, X
−1
1 , . . . , Xk, X

−1
k }

and Y = {Y0,1, Y
−1
0,1 , . . . , Yn/2,k, Y

−1
n/2,k}. Define a monoid homomorphism ENF : ({s1, t1, t

−1
1 } ∪

X)∗ → ({s2, t
2
2, t

−2
2 } ∪ Y)∗ via the set map

Xj 7→ Y0,j ·
(

Y1,j t2
)

· · ·
(

Yn/2,j t2
)

, X−1
j 7→

(

Yn/2,j t2
)−1

· · ·
(

Y1,j t2
)−1

· Y −1
0,j ; j ∈ [1, k]

s1 7→ s2t1 7→ t22, t
−1
1 7→ t−2

2 .

Lemma 7.14. Let n = 2bc where c > 1 is odd and b > 1, X,Y,ENF as in Definition 7.13, and
(ui)[1,m] be a system of equations in Dn with each equation ui ∈ (X ∪ {s1, t1, t

−1
1 })∗.

Then there exists a solution σ1 : X → Dn to (ui)[1,m] if and only if there exists a solution

σ2 : Y → {1, s2, t
n/2
2 , s2t

n/2
2 } ⊆ D2n to (ENF(ui))[1,m].

Proof. For i ∈ [1,m] each equation is a word ui(s1, t1, t
−1
1 , X1, X

−1
1 , . . . , Xk, X

−1
k ). By Lemma 7.12

replacing each variable Xj by the word Y0,j ·
(

Y1,j t2
)

· · ·
(

Yn/2,j t2
)

= ENF(Xj) in each equation

and restricting Yi,j to take values in {1, s2, t
n/2
2 , s2t

n/2
2 } does not change the set of solutions from

Dn to D2n. Thus, we can rewrite each ui as ENF(ui) and the result follows. �

In analogy with Definition 7.7 we construct a finitely presented group G4c as follows.
Notation. For x, y letters, the string [[. . . [[x, y], y], . . . ], y] consisting of n copies of the letter y
and one copy of the letter x is called the right nested commutator of x and y repeated n times,
which we denote as [x, n y]. For example:

[x, 4 y] = [[[[x, y], y], y], y]

= [[[xyx−1y−1, y], y], y]

= [[(xyx−1y−1)y(xyx−1y−1)−1y−1, y], y] and so on.

Definition 7.15 (Group presentation for n = 4c case). Let k ∈ Z, n = 2bc where c > 1 is odd
and b > 1, X, Y and ENF be as in Definition 7.13, (ui)[1,m] a system of equations in Dn with

each equation ui ∈ (X ∪ {s1, t1, t
−1
1 })∗, and Gn/2,k = {gi,j | i ∈ [0, n2 ], j ∈ [1, k]} a set of (n2 + 1)k

distinct letters. Define λ : ({s2, t22, t
−2
2 }∪Y)∗ → ({a, d2, d−2} ∪ Gn/2,k ∪G−1

n/2,k)
∗ to be the monoid

homomorphism induced by the bijection

s2 7→ a
t2 7→ d, t−1

2 7→ d−1

Yi,j 7→ gi,j , Y −1
i,j 7→ g−1

i,j ; i ∈ [0, n], j ∈ [1, k].

Then G4c(n, (ui)[1,m]) is the group with presentation
〈

{a, d} ∪ Gn/2,k | {a2, dn, adad, [g, g′], [g, a], g2, [dc, b g] , λ(ENF(ui)) | g, g
′ ∈ Gn/2,k, i ∈ [1,m]}

〉

.

Remark 7.16. Similarly to Go, it is clear that for n a fixed constant, the finite presentation
for G4c(n, (ui)[1,m]) can be constructed in linear time in the size k +

∑m
i=1 |ui| of the system of

equations.
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Lemma 7.17. Let n = 2bc where c > 1 is odd and b > 1, and G = G4c(n, (ui)[1,m]) as in
Definition 7.15. If ψ : G→ D2n is an epimorphism, then there exists ϕ ∈ Aut(D2n) such that

ψ :











a 7→ ϕ(s2)

d 7→ ϕ(t2)

gi,j 7→ γi,j ∈ {ϕ(1), ϕ(s2), ϕ(t
n/2
2 ), ϕ(s2t

n/2
2 )}; i ∈ [0, n], j ∈ [1, k].

Proof. For readability, as we are exclusively dealing with the dihedral group of order 2n, we
simplify the notation by denoting s2 and t2 as s and t, respectively, and G = Gn/2,k, throughout
this proof.

We first claim that there exists ℓ ∈ [0, n2 − 1] such that ψ(x) ∈ {1, tn/2, stℓ, stℓ+n/2} for all

x ∈ {a}∪G. To see this, each x ∈ {a}∪G has order 2, so by Lemma 7.11 (a), ψ(x) ∈ {1, tn/2, str}
for some r ∈ [0, n− 1]. Let M = {r ∈ [0, n− 1] | ∃x ∈ {a}∪G, ψ(x) = str}. If M is empty (so all
x ∈ {a}∪ G satisfy ψ(x) ∈ {1, tn/2}), choose any ℓ, and otherwise choose ℓ = minM . To see that
this is justified, suppose x, y ∈ {a}∪G are such that ψ(x) = sta, ψ(y) = stb for 0 6 a < b 6 n−1.
Since all elements in {a} ∪ G pairwise commute, by Lemma 7.11 (c) we have b = a+ n

2 .

Next we claim ψ(d)2 6= 1. For contradiction, assume ψ : GR → D2n is an epimorphism and
ψ(d)2 = 1, so by Lemma 7.11 (a) ψ(d) ∈ {1, tn/2, stp | p ∈ [0, n−1]}. If ψ(d) ∈ {1, tn/2} = Z(D2n),
then ψ(d) commutes with ψ(x) for all x ∈ {a} ∪ G, so ψ(G) is abelian which contradicts that ψ
is an epimorphism. Thus, ψ(d) = stp for some p ∈ [0, n− 1].

If ψ(a) = str, then by the relation adad we have

1 = ψ(adad) = strstpstrstp = strstpt−rst−ps = [str, stp] = [ψ(a), ψ(d)]

which shows that ψ(a) and ψ(d) commute. By Lemma 7.11 (c) we have ψ(d) = str±n/2, and by
the first claim ψ(x) has this form or lies in the center for x ∈ G, so ψ(d) commutes with ψ(x) for
all x ∈ {a} ∪ G, so ψ(G) is abelian, contradicting that ψ is surjective.

Otherwise, ψ(a) ∈ {1, tn/2}. Suppose that ψ(x) ∈ {1, n2 } for all x ∈ G. Then ψ(G) is abelian

since every element can be expressed in the form (t
n
2 )i(ψ(d))j . Thus we may assume there

is some x ∈ G with ψ(x) = stℓ. Then by the relation [dc, b x], and noting that [stp, stℓ] =
(stp)(stℓ)(t−ps)(t−ℓs) = s2t−ptℓt−ptℓs2 = t2(ℓ−p), we have

1 = ψ([dc, b x]) = ψ([d, b x]) since ψ(d)2 = 1 and c is odd

=
[

stp, b st
ℓ
]

=
[

· · · [[[[stp, stℓ], stℓ], stℓ], stℓ], · · · stℓ
]

(b times)

=
[

· · · [[[t2(ℓ−p), stℓ], stℓ], stℓ], · · · stℓ
]

(b− 1 times)

=
[

· · · [[t4(ℓ−p), stℓ], stℓ], · · · stℓ
]

(b − 2 times)

=
[

· · · [t8(ℓ−p), stℓ], · · · stℓ
]

(b − 3 times)

...

= [t2
b−1(ℓ−p), stℓ] (b− (b− 1) times)

= t2
b(ℓ−p).

It follows that n = 2bc divides 2b(ℓ− p), and so c divides ℓ − p. Let q ∈ Z such that l − p = qc.
By the first claim, for any other g′ ∈ G, ψ(g′) has the form 1, t

n/2, stℓ or stℓ±n/2, so

ψ(G) = 〈ψ(a), ψ(d), ψ(g) | g ∈ G 〉 =
〈

t
n/2, stℓ+qc, stℓ

〉

.
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Noting that n
2 > 1, x2 = 1 for x ∈ {tn/2, (stℓ)±1, (stℓ+qc)±1}, and

stℓ · stℓ+qc = tqc

(stℓ)−1 · stℓ+qc = tqc

stℓ · (stℓ+qc)−1 = tqc

(stℓ)−1 · (stℓ+qc)−1 = t−qc

to spell the element t ∈ D2n by a word w ∈ {tn/2, (stℓ)±1, (stℓ+qc)±1}∗, w has an even number of
s letters, so the word will be a power of tc. Since c > 1 this is not possible, so ψ is not surjective.
(Note that at this step we rely on the hypothesis that c > 1 is odd, ie. n is not a power of 2.)

Thus we may assume for the remainder of the proof that ψ(d)2 6= 1. By Lemma 7.11 (a) we
have ψ(d) = tp for p ∈ [0, n2 − 1] ∪ [n2 + 1, n− 1].

If ψ(a) ∈ {1, tn/2}, then by the relation adad = 1 in G we have

1 = ψ(adad) = ψ(a)ψ(d)ψ(a)ψ(d) = ψ(d)2

which is a contradiction. Thus, ψ(a) = str for some r ∈ [0, n − 1]. By the first claim we have
ψ(g) ∈ {1, tn/2, str, str±n/2} for all g ∈ G.

To show that gcd(n, p) = 1, we first note that

ψ(G) = 〈ψ(a), ψ(d), ψ(G) 〉 ⊆
〈

str, t
n/2, str+

n/2, tp
〉

=
〈

str, tp, t
n/2

〉

for r ∈ [0, n− 1] and p ∈ [0, n2 − 1] ∪ [n2 + 1, n− 1].

Since ψ surjects onto D2n by hypothesis, t is spelled by a word w ∈ {str, t−rs, tp, t−p, t
n/2}∗,

where w has even number occurrences of s, and after commuting all tn/2 factors to the left and
applying (str)(str) = 1, has the form

w =(t
n/2)k(tp)i0(str)ǫ1(tp)i1 · · · (str)ǫ2m(tp)i2m

where ǫj ∈ {−1, 1}, k, ij ∈ Z.
Since (str)tη = t−η(str) and (str)−1tη = t−rstη = t−ηt−rs = t−η(str)−1 for η ∈ Z, moving all

factors (str)ǫj to the right via these rules we obtain

w =(t
n/2)k(tp)i0−i1+i2−···+i2m(str)ǫ1+···+ǫ2m

=(t
n/2)k(tp)y(str)2z

=(t
n/2)k(tp)y ( since (str)2 = 1)

where y = i0 − i1 + i2 − · · · + i2m and z = m − |{j : ǫj = −1}|. Thus 1 = kn
2 + py. (Note at

this step we are using the hypothesis b > 1, since b = 1 would not give us an automorphism.)
Writing n = 2bc with b > 1 we obtain

1 = kn
2 + py = k2b−1c+ py

from which we can see gcd(p, 2) = 1 and gcd(p, c) = 1, which (inductively) implies gcd(p, 2bc) = 1.
Thus

ψ :











a 7→ s2t
r
2 = ϕ(s2)

d 7→ tp2 = ϕ(t2)

gi,j 7→ γi,j ∈ {ϕ(1), ϕ(s2), ϕ(t
n/2
2 ), ϕ(s2t

n/2
2 )}; i ∈ [0, n], j ∈ [1, k]

where ϕ : s2 7→ s2t
r
2, t2 7→ tp2 is an automorphism by Lemma 7.2. �

Lemma 7.18. Let k ∈ Z, n = 2bc where c > 1 is odd and b > 1, X, Y, ENF, (ui)[1,m]

and G4c(n, (ui)[1,m]) be as in Definitions 7.13 and 7.15. Then there exists an epimorphism
ψ : G4c(n, (ui)[1,m]) → D2n if and only if there exists a solution σ : X → Dn to the system of
equations (ui)[1,m].
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Proof. Assume that there is an epimorphism ψ′ : G4c(n, (ui)[1,m]) → D2n. By Lemma 7.17 there
exists ϕ ∈ Aut(D2n) such that

ψ′ :











a 7→ ϕ(s2)

d 7→ ϕ(t2)

gi,j 7→ γ′i,j ∈ {ϕ(1), ϕ(s2), ϕ(t
n/2
2 ), ϕ(s2t

n/2
2 )}; i ∈ [0, n], j ∈ [1, k]

so letting ψ = ϕ−1 ◦ ψ′ we have an epimorphism

ψ :











a 7→ s2

d 7→ t2

gi,j 7→ γi,j ∈ {1, s2, t
n/2
2 , s2t

n/2
2 }; i ∈ [0, n], j ∈ [1, k].

Define σ : Y → {1, s2, t
n/2
2 , s2t

n/2
2 } by σ(Yi,j) = γi,j , σ(Y

−1
i,j ) = γ−1

i,j . Note that since γ2i,j = 1

for all i ∈ [0, n], j ∈ [1, k], then for all Yi,j ∈ Y, σ(Yi,j) = σ(Y −1
i,j ), so w.l.o.g. we may assume

Y = {Y0,1, . . . , Yn/2,k}. For i ∈ [1,m] let vi ∈ ({s2, t22, t
−2
2 } ∪ Y)∗ be such that ENF(ui) = vi.

Since ψ is a homomorphism, for each relator λ(ENF(ui)) of G4c, i ∈ [1,m] we have

1 = ψ(λ(ENF(ui))) = ψ(λ(vi(s2, t
2
2, t

−2
2 , Y0,1, . . . , Yn/2,k)))

= ψ(vi(a, d
2, d−2, g0,1, . . . , gn/2,k))

= vi(s2, t
2
2, t

−2
2 , γ0,1, . . . , γn/2,k)

= σ(vi(s2, t
2
2, t

−2
2 , Y0,1, . . . , Yn/2,k)) = σ(ENF(ui)).

Thus, σ solves (ENF(ui))[1,m], and the result follows by Lemma 7.14.
Conversely, assume there exists a solution to (ui)[1,m]. By Lemma 7.14, there exists a solution

σ : Y → {1, s2, t
n/2
2 , s2t

n/2
2 } to (ENF(ui))[1,m]. Thus, for i ∈ [1,m], if ENF(ui) = vi, we have:

σ(ENF(ui)) = σ(vi(s2, t
2
2, t

−2
2 ,Y)) = 1. (7.2)

Define ψ : {a, d, d−1} ∪ Gn/2,k ∪ G−1
n/2,k → D2n as the set map

ψ :







a 7→ s2,
d 7→ t2, d−1 7→ t−1

2 ,
gi,j 7→ σ(Yi,j), g−1

i,j 7→ σ(Yi,j)
−1; gi,j ∈ Gn/2,k.

By construction (Definition 7.15), it is clear that the relations a2, dn, adad, [g, a], [g, g′], and

g2 map to 1 in D2n for all g, g′ ∈ Gn/2,k. Now we check the relation [dc, b g]. If ψ(g) ∈ {1, t
n/2
2 },

then ψ(g) commutes with t2, and we have [tc2, ψ(g)] = 1 so [tc2, b ψ(g)] = 1. Now, consider the
case where ψ(g) = s2t

r
2 with r ∈ {0, n2 }. For this calculation, we denote s2 and t2 as s and t,

respectively. Noting that [tc, str] = tcstrt−ct−rs = tcst−cs = t2c we have

ψ([dc, b g]) = [tc, b st
r] since ψ(d)2 = 1 and c is odd

= [· · · [[[[tc, str], str], str], str], · · · str] (b times)

=
[

· · · [[[t2c, str], str], str], · · · str
]

(b− 1 times)

=
[

· · · [[t4c, str], str], · · · str
]

(b − 2 times)

=
[

· · · [t8c, str], · · · str
]

(b− 3 times)

...

=[t2
b−1c, str] (b− (b− 1) times)
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=t2
bc = 1.

(Note that this calculation that shows why we have chosen to write dc in our nested commutator.)
For ψ to induce a homomorphism G4c(n, (ui)[1,m]) to D2n, it remains to check if ψ(λ(ENF(ui))) =
1 for i ∈ [1,m]. We have

ψ(λ(ENF(ui))) = ψ(λ(vi(s2, t
2
2, t

−2
2 ,Y)))

= vi(s2, t
2
2, t

−2
2 , σ(Y)) = σ(vi(s2, t

2
2, t

−2
2 ,Y)) = 1 by Eq. (7.2).

Thus by Lemma 1.1, ψ is a homomorphism, which is surjective since ψ(G4c(n, (ui)[1,m])) =
〈 s2, t2 〉 = D2n. �

Theorem 7.19. Let n > 1 be an integer such that either

• n is odd, or
• n = 2bc where b > 1 and c > 1 is odd.

Then Epi(FinPres, D2n) is NP-hard.

Proof. Recall that to show a problem A ⊆ {0, 1}∗ is NP-hard, we take an existing NP-hard
problem B ⊆ {0, 1}∗ and show that B is polynomial reducible to A. That is, we find a function
f : {0, 1}∗ → {0, 1}∗, computable in polynomial time, such that w ∈ B if and only if f(w) ∈ A.

In this setting, A is the set of strings encoding finite presentations of a group G, and B is
the set of strings encoding systems of equations over a dihedral group. Thus, w ∈ B encodes
an instance of a system of equations, and f(w) will encode an instance of a group presentation
constructed from the data of w.

Let n > 1 be an odd integer. Given an input system of equations (ui)[1,m] with variables

X = {X1, X
−1
1 , . . . , Xk, X

−1
k } over D2n, construct the group Go(n, (ui)[1,m]) as defined in Defi-

nition 7.7. This can be achieved in polynomial time by Remark 7.8. By Lemma 7.10, a solution
to (ui)[1,m] exists if and only if there exists an epimorphism from Go(n, (ui)[1,m]) to D2n.

Let n = 2bc where b > 1 and c > 1 is odd. Given an input system of equations (ui)[1,m] with

variables X = {X1, X
−1
1 , . . . , Xk, X

−1
k } over Dn, construct the group G4c(n, (ui)[1,m]) as defined

in Definition 7.15 (in polynomial time by Remark 7.16). By Lemma 7.18, a solution to (ui)[1,m]

exists if and only if there exists an epimorphism from G4c(n, (ui)[1,m]) to D2n.
Since D2n is non-abelian for n > 1, the result follows from Theorem 7.1. �

Remark 7.20. Note that the case n = 2c is not covered by the even case proof since Lemmas 7.12
and 7.17 break down for this case. Rather than trying to modify these, we have a different
approach as shown in the next subsection.

7.3. Direct product of abelian and trivial center. To deal with the remaining n = 2c case,
we proceed as follows.

We first note that for c > 1 odd, D4c is isomorphic to D2c ×C2. (One way to show this is via
Tietze transformations: starting from D4c =

〈

s, t | t2c, s2, stst
〉

, add x = tc, y = t2, then remove

t = xy−⌊ c
2 ⌋). By Lemma 7.4, Z(D2c) = {1}.

Lemma 7.21. Let G be a finitely presented group, A an abelian group, and B a group with trivial
center. There is an epimorphism from G × A to B × A if and only if there is an epimorphism
from G to B.

Proof. Suppose κ : G × A → B × A is an epimorphism. Recall that πB : B × A → B is the
epimorphism πB((x, y)) = x for all (x, y) ∈ B ×A. Then ψ = πB ◦ κ is an epimorphism.

For each z ∈ A, (1, z) ∈ Z(G×A) so ψ((1, z)) ∈ Z(B). Thus ψ((1, z)) = 1 for all z ∈ A since
B has trivial center. Since ψ is an epimorphism, for each b ∈ B there exists (x, y) ∈ G × A so
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that ψ((x, y)) = b. Then

b = ψ((x, y)) = ψ((x, 1))ψ((1, y)) = ψ((x, 1))

since y ∈ A, so ψ restricted to G is an epimorphism.
Conversely if τ : G → B is an epimorphism, then the map τ ′ : G × A → B × A defined by

τ ′((x, y)) = (τ(x), y) is an epimorphism. �

Lemma 7.22 (Direct product with abelian and no center). Let A be a finitely generated abelian
group and B a finite group with the following properties.

(1) Epi(FinPres, B) is NP-hard
(2) Z(B) = {1}.

Then Epi(FinPres, B ×A) is NP-complete.

Proof. Since B is finite, by Theorem 3.7, Epi(FinPres, B ×A) is in NP. We show it is NP-hard
by showing that Epi(FinPres, B) is polynomial reducible to Epi(FinPres, B × A). Let 〈P | Q 〉
be a finite presentation for A.

On input a finite presentation P = 〈X | R 〉 for a group G ∈ FinPres, construct a presentation
P ′ for G×A by writing

〈X ∪ P | R ∪Q ∪ {[x, y] | x ∈ X, y ∈ P} 〉

which can clearly be done in linear time in the size of P . By Lemma 7.21 Epi(FinPres, B) returns
‘Yes’ on input P if and only if Epi(FinPres, B ×A) returns ‘Yes’ on input P ′. �

Proof of Theorem B. Theorem 7.19 combined with Lemma 2.1 gives the result for D2n when
n = 2bc with b = 0 or b > 1, with the case b = 1 covered by Lemma 7.22 since D4c is isomorphic
to D2c × C2, and Z(D2c) = {1}. �

Remark 7.23. Note that D2n is nilpotent if and only if n is a power of 2. It is unclear whether
Theorem B extends to these groups, or if there is some way to show Epi(FinPres, D2k) is in P.

8. Proof of Theorem C

Theorem C collects together some known facts and observations to add to the list of cases for
which an upper bound on the complexity of the epimorphism problem can be given.

8.1. Epimorphism onto free groups. Recall the notation for systems of equations from Sub-
section 1.1. Let m,n, d ∈ N+, X = {X1, X

−1
1 , . . . , Xn, X

−1
n }, Fd be a free group of rank d with

identity element e ∈ Fd, and (ui)[1,m] a system of equations without constants over Fd, so each

ui = ui(X) ∈ X
∗. Define the rank of a solution σ : X → Fd to be the rank of the free subgroup

〈σ(X1), . . . , σ(Xn)〉 of Fd. Since {X±1
i 7→ e} is a solution to any system without constants, the

rank of a solution is at least 0 and at most the number of variables n. Define the rank of the
system without constants (ui)i∈[1,m] to be the maximum rank over all solutions.

As an example, suppose u = X−1Y −1XY Zs is a system of one equation over Fd. Recall that
v ∈ Fd is a primitive element if it is not equal to a proper power. By [11] (see [8, page 51]) the
only solutions are {X 7→ vi, Y 7→ vj , Z 7→ e} for some primitive element v. Thus the rank of this
equation is 1.

Theorem 8.1 (Razborov [9, Theorem 3]). Let d be a fixed integer. Given a system of equations
(ui)[1,m] without constants over a free group Fd, there is an algorithm which computes the rank

of the system.

Note that Razborov’s algorithm runs via constructing “Makanin-Razborov diagrams”, and
the complexity to compute these is not known, most likely at least doubly exponential space (see
for example [2, page 2]).
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Lemma 8.2. Epi(FinPres,FreeGrp) is decidable.

Proof. Assume the input is a finite presentation 〈 g1, . . . , gn | r1, . . . , rm 〉 for a groupG ∈ FinPres,
and d ∈ N+ specifies a target free group of rank d. Let G = {g1, g

−1
1 , . . . , gn, g

−1
n } and X =

{X1, X
−1
1 , . . . , Xn, X

−1
n }. Perform the following procedure:

(1) Fix a free group H = 〈 a1, . . . , ad 〉.
(2) Let λ : gi 7→ Xi, g

−1
i 7→ X−1

i induce a monoid homomorphism from words over G to
words over X. Then (λ(rj))[1,m] is a system of equations without constants over Fd with
each λ(rj) ∈ X

∗.
(3) Apply Theorem 8.1 with input (λ(rj))[1,m] over the group H , to compute the rank

r ∈ [0, n] of the system. If r > d, return ‘Yes’, else return ‘No’.

The justification for the procedure is as follows. Let h1, . . . , hn ∈ H . By Lemma 1.1,
{Xi 7→ hi, X

−1
i 7→ h−1

i | i ∈ [1, n]} is a solution to (λ(rj))[1,m] if and only if the map induced
by {gi 7→ hi | i ∈ [1, n]} is a homomorphism from G to H . If r > d then there is a homo-
morphism κ from G onto a subgroup K of H such that K is free of rank r. Then K has some
free basis, say {y1, . . . , yr} (which we do not have to compute) and there exists a subgroup

K ′ = 〈 y1, . . . , yd 〉 of H and map τ : K → K ′ defined by τ(yi) =

{

yi i 6 d

1 i > d
. Then τ ◦ κ is a

surjective homomorphism from G to K ′, and by definition K ′ is free of rank d. (Note that the
procedure finds an epimorphism to some free group of rank d, not necessarily to the original
group H .) If r < d, then there is no epimorphism since an epimorphism ψ : G→ H is a solution
to the system of rank d. �

Remark 8.3. We were not able to prove the analogue of Theorem 3.7 for targets of the form
N ×Q when N is a free group of finite rank. Our attempt to do this explains why Lemma 3.2 is
stated for an arbitrary group N , but we were not able to follow the same strategy as in Section 3
from that point.

Open question. Is EquationsSubspan decidable on input a system of equations (without con-
stants) over N when N is a free group of finite rank?

In addition we can ask whether it is possible to give complexity bounds for computing the
rank of a system of equations without constants over a free group (cf. Theorem 8.1), for example
can this be done in EXPSPACE or PSPACE?

Open problem. Determine bounds for the complexity of computing the rank of a system of
equations (ui)[1,m] without constants over a free group Fd.

8.2. Epimorphism onto non-abelian finite simple groups. Let Hom be the set of all tri-
angulated homology 3–spheres, given by finite triangulations. From a finite triangulation of a
3-manifold M one can write down (in linear time) a finite presentation for the fundamental
group π1(M) of the manifold. Let H be a fixed, finite, non-abelian simple group. Kuperberg
and Samperton [7, Corollary 1.2] prove the following problem is NP-complete.

Input: M ∈ Hom and the promise that every non-trivial homomorphism from
π1(M) to H is surjective

Question: Is there a non-trivial homomorphism from π1(M) to H?

It follows immediately that Epi(FinPres, H) is NP-hard, via the following reduction. On input
a finite triangulation for M and the promise that every non-trivial homomorphism from π1(M)
to H is surjective, obtain in linear time a presentation for π1(M). Then there is an epimorphism
from π1(M) to H if and only if there is a non-trivial homomorphism from π1(M) to H .
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This gives Item (2) of Theorem C. Item (3) follows from Lemma 7.22, Item (2) and Theo-
rem 7.19.

8.3. Epimorphism onto abelian groups. We can sharpen Theorem 3.7 for the case when the
target group is abelian (the direct product of a free abelian group with a finite abelian group) to
show that Epi(FinPres,Abe) is in P. Here we give a brief outline of the proof, see [12] for more
details (including the proof for the technical Lemma 8.5).

Notation. For a group G, Gab = G/[G : G] is the abelianisation of G. Note that if 〈S | R 〉 is a
presentation for G then 〈S | R ∪ {[s, t] : s, t ∈ S} 〉 is a presentation for Gab, which can clearly be
obtained in time linear in the size of 〈S | R 〉. Recall that Ca denotes the cyclic group of order
a ∈ N+ ∪ {∞}. By the well-known fundamental theorem of finitely generated abelian groups, if
G is a finitely generated abelian group then

G ∼= (C∞)d × Ca1 × · · · × Cak

for some d, a1, . . . , ak ∈ N+ where ai | ai+1 for i ∈ [1, k − 1]. Such a description for a finitely
generated abelian group will be called its standard form.

Let G = 〈 X | R 〉, then κ : x 7→ x for all x ∈ X induces a homomorphism κ : G → Gab.
Moreover κ is surjective since each g ∈ Gab can be represented by a word w ∈ (X ∪ X−1)∗,
and the element g′ ∈ G spelled by w satisfies κ(g′) = g. It follows that if τ : Gab → H is an
epimorphism to a group H , then ψ : G → H defined by ψ(g) = τ(κ(g)) for all g ∈ G is an
epimorphism. When H is abelian, we have a stronger statement.

Lemma 8.4. Let G ∈ FinPres and H ∈ Abe. Then there exists an epimorphism ψ : G → H if
and only if there exists an epimorphism ϕ : Gab → H.

The following technical lemma that allows us to check if an epimorphism exists between two
finitely generated abelian groups given in standard form.

Lemma 8.5. Let

G ∼= (C∞)d × Ca1 × · · · × Cas and H ∼= Cc1 × · · · × Cct

with s, t, ai, cj ∈ N+ such that ci+1 | ci and ai+1 | ai. Then there exists an epimorphism
ψ : G→ H if and only if s > t− d and cd+i | ai for i ∈ [1, t− d].

Using Theorem 6.3 (computing the Smith normal form in P) on input finite presentations for
G1, G2 we can compute integers s, t, ai, cj ∈ N+ such that ci+1 | ci, ai+1 | ai and

G1
∼= (C∞)d1 × Ca1 × · · · × Cas and G2

∼= (C∞)d2 × Cc1 × · · · × Cct .

We require the free abelian rank of G1 to be at least that of G2 for an epimorphism to be possible.
If so, applying Lemma 8.5 to

(C∞)d1−d2 × Ca1 × · · · × Cas and Cc1 × · · · × Cct

we can decide Epi(Abe,Abe) in P. Putting this all together we obtain

Lemma 8.6. Epi(FinPres,Abe) is in P, where the input for both source and target groups are
finite presentations.

Proof. Let G ∈ FinPres and H ∈ Abe. The following procedure solves our problem.

(1) Compute a presentation for Gab.
(2) If Epi(Abe,Abe) on input Gab as the domain group and H as the target group returns

‘Yes, return ‘Yes’. Else return ‘No’.

Step (1) constructs a finite presentation for Gab in polynomial time, and step (2) is in P as
described above. �
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Proof of Theorem C. Lemma 8.2 shows that epimorphism with finite rank free group targets is
decidable. [7, Corollary 1.2] shows that epimorphism to a non-abelian finite simple group is
NP-hard, combining with Lemma 2.1 we have the NP-complete result. Lemma 8.6 shows that
epimorphism with abelian targets is in P. �

9. Concluding remarks

We have shown the epimorphism problem from the class of finitely presented groups to three
classes of virtually abelian groups, and to a fixed finite non-nilpotent dihedral group, is NP-
complete. In addition the problem is NP-complete when the target is a fixed group B×A where
B a finite group with trivial center and Epi(FinPres, B) is NP-hard, and A is an abelian group.
These results, together with observations that epimorphism from finitely presented groups to
abelian groups is in P, to a fixed finite non-abelian simple group is NP-complete, to free groups
is decidable, and from non-abelian nilpotent to non-abelian nilpotent is undecidable, represent
the current state of knowledge for the problem.

For fixed finite targets a possible conjecture might be that epimorphism from finitely presented
groups to a fixed group that is not nilpotent is NP-complete. A challenge problem is to decide
for example whether Epi(FinPres, D8) is in P or NP-hard.

The motivation for the present paper was to show that the problems considered by Friedl and
Löh in [3] have reasonable complexity, and to extend the classes of virtually abelian and other
targets for which the (uniform) epimorphism problem is decidable. Even though we have shown
epimorphism is less difficult in those cases than Friedl and Löh might have indicated, we appear
to be no closer to resolving their conjecture.

Conjecture 9.1 ([3, Conjecture 1.5]). The uniform epimorphism problem onto the class of all
finitely generated virtually abelian groups is not decidable.
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