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Abstract
High structural performance of robotic arms is essential for positioning precision and energy efficiency in industrial applica-
tions. This study presents a design-dependent topology optimization framework for multi-component robotic arms, address-
ing dynamic multi-load scenarios during motion. Utilizing the Bi-directional Evolutionary Structural Optimization (BESO) 
method, the framework incorporates self-weight and inertial loads and takes into account the time-varying acceleration of 
serial robotic arms in a forward manner. The objective is to minimize mean compliance under a transient context. Three 
numerical examples, namely a 2D single robotic arm, a 3D two-arm in-plane rotation, and a 3D three-arm spatial movement, 
are presented to demonstrate the efficacy of the proposed framework. The optimization results highlight the necessity of 
considering design-dependent loads and different robotic configurations in topological evolution. Comparative studies on 
motion strategies and travel times further emphasize the importance of integrating structural performance with movement 
dynamics. This approach offers significant insights into the topological design of robotic arms, potentially improving their 
operational efficiency and precision in various industrial applications.

Keywords  Topology optimization · Robotic arms · Design-dependent · Time-varying · Bi-directional evolutionary 
structural optimization (BESO)

1  Introduction

Industrial robots are widely utilized across various fields 
to enhance production efficiency and reduce labor cost, 
particularly involving high precision and repetition, such 

as manufacturing and assembly in automotive industry 
(Křepelka et al. 2024), harvesting and picking in agricul-
ture (Yoshida et al. 2022), civil infrastructure construction 
(Shi et al. 2023), and biomedical surgery (Dagnino and 
Kundrat 2024). The most common commercial robots are 
equipped with arm-like structures that can be programmed 
to mimic human arm functions for a variety of tasks (Lu 
et al. 2012). There is a fast-growing demand for high-per-
formance robotic arms in these areas, which includes light-
weight designs to reduce power consumption (Lee and Seo 
2017; Yin et al. 2019; Zhong et al. 2023), increase in high 
operational speed for efficiency (Alkhafaji 2021), heighten 
accuracy for target positions (Lattanzi et al. 2020), and a 
desirable payload-to-weight ratio (Liu and Paulino 2019).

The flexibility resulting from lightweight robotic arms can 
however lead to escalated oscillatory behavior at their end-
effectors, making precise pointing or tip positioning chal-
lenging. To address this issue, advanced control techniques 
such as feedforward and/or feedback control strategies are 
commonly employed to compensate for dynamic errors aris-
ing from both the servo system and the arms. Another proper 
strategy for reducing residual vibration of end-effectors is to 
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perform structural optimization of robotic arms, especially 
those used in high-speed motion applications. While recent 
studies have primarily focused on development of various 
advanced control systems for robotic arms (Lou et al. 2024; 
Vicentini 2021), there has been limited research on optimi-
zation of arm structures for improving positioning preci-
sion subject to high-speed motion. For example, Canh et al. 
(2024) performed shape optimization for a dual-arm robot, 
in which the objective was to minimize weight subject to dis-
placement and stress constraints under linear static analysis. 
In addition, Kuruvilla et al. (2024) conducted a trial-and-
error design to minimize the deflection of the end-effector 
of a robotic arm subject to static analysis. Yue et al. (2024) 
proposed a design of robotic arms composed of tensegrity-
inspired modules capable of achieving desired deformations. 
All these studies highlighted the growing demand for effi-
cient design optimization approaches tailored for robotic 
arms with improved lightweight performance and accuracy.

In the past three decades, topology optimization has been 
extensively developed and applied across various engineer-
ing disciplines (Wu et al. 2017, 2019, 2020; Xie et al. 2023). 
Typical topology optimization methods can be classified into 
two groups, namely density-based and boundary-based algo-
rithms. The density-based approaches primarily include the 
Solid Isotropic Material with Penalization (SIMP) method 
(Bendsøe and Sigmund 1999) and its extended forms, as 
well as the Evolutionary Structural Optimization (ESO) 
approach (Xie and Steven 1993) and its later Bi-directional 
version (BESO) (Huang and Xie 2010a, b). On the other 
hand, boundary-based approaches encompass the level-set 
method (Allaire et al. 2004; Wang et al. 2003), the mov-
ing morphable component approach (Zhang et al. 2016). 
In literature, topology optimization has been employed in 
design of robotic arms. For instance, Kishida and Kurahashi 
(2023) employed the SIMP method to optimize a single 
robotic arm to minimize its mean compliance and maxi-
mum von Mises stress subject to a volume constraint. Deng 
et al. (2018) applied the BESO method to the lightweight 
design of a six-degree-of-freedom robotic arm, aiming to 
maximize the stiffness of the arm while adhering to volume 
and natural frequency constraints. Furthermore, Alkalla and 
Fanni (2021) discovered that the mass moment of inertia of 
robotic arms significantly affects preset time-optimal con-
trol strategies. Consequently, they investigated the topology 
optimization of robotic arms to minimize traveling time 
while maintaining a certain deflection constraint at the end 
point of the arm. Other studies have introduced topology 
optimization for the lightweight design of robotic arms in a 
linear static context (Paska et al. 2020; Srinivas and Javed 
2020a, b).

In practice, the kinematic configurations of robotic 
arms change over time, especially for those with multi-
ple linked arms whose relative spatial positions change 

significantly during motion (Bowling and Kim 2006). 
Therefore, topology optimization with only a single load 
case may be insufficient to ensure the desired functional 
performance of a robotic arm throughout its entire opera-
tional process. To address this issue, one approach is to 
identify an extreme load or worst-case scenario during the 
motion of robotic arms. For instance, Chong et al. (2020) 
proposed to identify the worst-case scenario of a robotic 
arm, followed by topology optimization using the SIMP 
method to minimize mean compliance in the worst case. 
Similarly, Liu et al. (2022) performed topology optimiza-
tion for the lightweight design of robotic arms subjected 
to an identified extreme load case. However, robotic arms 
designed for worst-case conditions may still be ineffec-
tive for other angular/linear positions. Another approach 
is to consider multiple load cases extracted at different 
time points in the topology optimization process. For 
example, Srinivas and Javed (2020a, b) conducted topol-
ogy optimization for robotic arms by considering multiple 
configurations with various load cases. They adopted a 
superposition method to combine the generated topologies 
from different configurations into a single optimal topol-
ogy. Additionally, they investigated SIMP-based topology 
optimization to maximize the stiffness of robotic arms sub-
ject to diverse dynamic loads using the equivalent static 
load method (Srinivas and Javed 2021).

Self-weight and inertial loads can significantly affect the 
functional performance of robots that typically require high 
precision and high efficiency, particularly for load-carrying 
robots with high-speed motion, which can play a crucial role in 
dynamic deflection of end-effectors. Despite their importance, 
unfortunately, few studies have adopted these time-varying and 
design-dependent loads in topology optimization for robotic 
arms. To tackle this issue, this study develops a transient topol-
ogy optimization framework for robotic arms that accounts 
for time-varying inertial and self-weight loads. The BESO 
method is employed to maximize the mean compliance of 
multi-component robotic arms subject to a volume fraction 
constraint for energy efficiency. To calculate the inertial loads 
of multi-component robotic arms, the time-varying accelera-
tion of mass points in each arm is determined in a stepwise 
fashion. A design-dependent sensitivity analysis is developed 
to account for inertial and self-weight loads. In this paper, both 
2D and 3D illustrative examples are provided to demonstrate 
the effectiveness and key features of the proposed topology 
optimization strategy. To highlight the importance of consider-
ing time-varying and design-dependent loads, we compare the 
design results obtained from the proposed approach with those 
generated from conventional topology optimization without 
considering inertial and self-weight effects. Additionally, we 
explore the effects of various motions and travel times on the 
generated topologies to provide further insights into such a 
transient optimization framework.
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The remainder of the paper is organized as follows: Sect. 2 
presents the BESO method and the numerical modeling for 
considering inertial and self-weight loads, including the step-
wise calculation of acceleration for each mass point. Section 3 
presents the 2D and 3D numerical examples for the design of 
robotic arms, along with discussions, followed by conclusions 
drawn in Sect. 4.

2 � Methodology

2.1 � The BESO method and material interpolation 
scheme

The BESO method is an extended version of the original Evo-
lutionary Structural Optimization (ESO) method proposed by 
Xie and Steven (1993) in the 1990s. As a density algorithm, 
each element e in the design domain is associated with a design 
variable xe , where xe = 1 denotes a solid element and xe = xmin 
represents a low-stiffness, soft element with a small value of 
xmin to prevent numerical singularity during finite element 
(FE) analyses.

The conventional BESO method can adopt a power-law 
based material interpolation scheme (Huang and Xie 2010a, 
b), which is also commonly used in the SIMP method (Bend-
søe and Sigmund 1999). The basic idea of the BESO method 
is to gradually delete and/or add elements according to their 
sensitivities to the design criteria until convergence is achieved 
for desired objective and constraint functions. In contrast, the 
SIMP method uses continuous density variables ranging from 
0 to 1 and typically employs optimality criteria or gradient-
based algorithms to iteratively update these variables.

However, previous studies have found that the power-law 
model may lead to unbounded material properties in low-
density regions (e.g., xe = xmin ) when considering design-
dependent loads (Huang and Xie 2011). This makes it difficult 
to obtain a clear topological configuration with design vari-
ables either 1 or xmin (Bruyneel and Duysinx 2005). Therefore, 
the Rational Approximation of Material Properties (RAMP) 
model (Stolpe and Svanberg 2001) is adopted herein to effec-
tively address this issue, as demonstrated in the literature (Gao 
and Zhang 2010; Wu et al. 2019; Xu et al. 2013). In the RAMP 
model, the Young’s modulus Ee of element e is expressed as

where E denotes the Young’s modulus of solid materials, 
and q is a penalization factor associated with the RAMP 
model.

To account for inertial and self-weight loads, the material 
density �e of element e is interpolated linearly as

(1)Ee =
xe

1 + q
(
1 − xe

)E,

(2)�e = xe�,

where � is the material density of solid material.

2.2 � Finite element analysis for design‑dependent 
loads

As robotic arms assume different angular positions while 
moving from the start to end time points, we divide the 
entire process into several time points and treat the kine-
matic configuration at each time point with specific iner-
tial and self-weight loads. The idea is similar to that of the 
equivalent static load (ESL) method accounting for inertial 
and dynamic forces (Park 2011). Nevertheless, we directly 
incorporate the inertial load as a distributed body force 
derived from the local acceleration and material density. At 
each time step, the elemental stiffness matrix �e , based on 
the current geometry remains unchanged, is expressed as

where Ωe denotes the volume of element e . �e is the 
strain–displacement matrix, which varies according to the 
type of elements (Reddy 1993). �e is the material constitu-
tive matrix of element e , which is assumed to be isotropic 
material properties in this study. It can be calculated using 
Young’s modulus Ee and Poisson’s � . For a 3D case, one 
can have

where � denotes Poisson’s ratio of solid materials and � 
denotes the material constitutive matrix for solid elements. 
The elemental stiffness matrix �e can be further expressed as

where �0
e
 is the elemental stiffness matrix of element e of 

solid materials.
The self-weight load of element e generated by the gravity 

can be calculated as

(3)�e = ∫
Ωe

�T
e
�e�edΩe,

(4)�e =
xe

1 + q
(
1 − xe

)�,

(5)

� =
E

(1 + �)(1 − 2�)

⎡⎢⎢⎢⎢⎢⎢⎣

1 − � � � 0 0 0

� 1 − � � 0 0 0

� � 1 − � 0 0 0

0 0 0 1 − 2� 0 0

0 0 0 0 1 − 2� 0

0 0 0 0 0 1 − 2�

⎤⎥⎥⎥⎥⎥⎥⎦

,

(6)�e =
xe

1 + q
(
1 − xe

) ∫
Ωe

�T
e
��edΩe =

xe

1 + q
(
1 − xe

)�0e ,

(7)�g
e
= ∫

Ωe

�e�
T
e
�dΩe,
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where �ge  and �e are the nodal force vector caused by gravity 
and the matrix of shape functions of element e , respectively. 
� denotes the vector of gravitational acceleration, given as

where g is the scalar constant of gravity.
Eq. (7) can be further rewritten by substituting Eq. (2), 

expressed as

Similarly, the inertial load due to the kinematic acceleration 
of robotic motion can be calculated as

where ��
e
 is the nodal force caused by the kinematic accel-

eration, and 𝛂̈e denotes the linear acceleration of element e . 
𝛂̈e can be calculated in a stepwise fashion to be detailed in 
Sect. 2.3.

In a FE framework, the global equilibrium equation of the 
robotic system can be expressed as

where � and F denote the global nodal displacement and 
load vector, respectively. � is the global stiffness matrix, 
assembled as

where N denotes the total number of elements in the system.
As in Eq. (11), � represents the global force vector that 

is composed of external force vector and internal body force 
parts, calculated as

(8)� =

{[
0 g

]T
, for 2D cases[

0 0 g
]T
, for 3D cases

,

(9)�g
e
= xe ∫

Ωe

��T

e
�dΩe.

(10)�𝛼
e
= xe ∫

Ωe

𝜌�T
e
�̈edΩe,

(11)�� = �,

(12)� =

N∑
e=1

�e,

where �o is the global external force vector that is design 
independent. 

∑N

e=1
(��
e
+ �

g
e ) is the design-dependent load.

2.3 � Acceleration of robotic arms

In this study, we focus on the most common industrial robots, 
which are designed as a series of links connected by joints. The 
velocity and acceleration of each mass point in these links can 
be calculated in a nonlinear transient manner from the base 
joint to the end. The base joint here denotes the first joint that 
connects the link to a fixed surface or base. Without loss of 
generality, we take Link i and Link (i + 1 ) as an illustrative 
example to detail the method for calculating the acceleration 
of serial robots. Figure 1 depicts a serial robot with two links 
connected by joints. We take point �i+1 within Link (i + 1 ) to 
derive its acceleration.

Let �i and �i+1 represent the angular velocities of Link i 
and Link (i + 1 ) with respect to the global coordinate system 
defined by the x, y and z axes, as shown in Fig. 1. The angular 
velocity �i+1 can be calculated from �i as follows:

where �j and �j+1 are the unit vectors of the axes of rotation 
for Joint j and Joint (j + 1) , respectively. 𝜃̇j and 𝜃̇j+1 are the 
angular velocities for Joint j and Joint (j + 1) along direc-
tions �j and �j+1 , respectively.

Let �j and �j+1 denote the centers of rotation for Joint j 
and Joint (j + 1) , respectively. The linear velocity �̇j+1 at �j+1 
can be calculated as

where �̇j is the linear velocity at �j and �Oj,Oj+1
 denotes the 

vector from point �j to point �j+1 . Therefore, the angular 
and linear velocities at point �i+1 within Link (i + 1 ) can be 
calculated as

(13)� =

N∑
e=1

��
e
+

N∑
e=1

�g
e
+ �o,

(14)�i+1 = �i + 𝜃̇j+1�j+1,

(15)�̇j+1 = �̇j + �i × �Oj,Oj+1
,

Fig. 1   A schematic diagram of 
a serial robot with two links ( i , 
i + 1 ) and two joints ( j , j + 1)
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where �Pi+1
 and �̇Pi+1

 are the angular and linear velocities at 
point �i+1 , and �Oj+1,Pi+1

 represents the vector from point �j+1 
to an arbitrary point �i+1.

To determine the angular acceleration �̇i+1 of Link (i + 1 ), 
we differentiate Eq. (14) with respect to time, resulting in

where �̇i is the angular acceleration of Link i , and 𝜃̈j+1 rep-
resents the angular acceleration scalar for Joint (j + 1) with 
respect to �j+1 . �̇j+1 indicates the spatial change of �j+1 with 
respect to time, which can be calculated as

Substituting Eq. (19) into Eq. (18), we obtain

For the linear acceleration at point �j+1 , we can differenti-
ate Eq. (15) with respect to time, calculated as

where 𝐎̈j+1 and 𝐎̈j are the linear acceleration at point �j and 
�j+1 , respectively. �̇Oj,Oj+1

 denotes the vector from point �j to 
�j+1 , which equals to

According to Eq. (15), Eq. (22) can be rewritten as

Substitution of Eq. (23) into Eq. (21) yields

The linear acceleration of point �i+1 can then be calculated 
in a similar manner, expressed as

It can be noted that 𝛂̈Pi+1
 can be calculated in a forward 

fashion from the base joint (the first joint fixed to ground 
surface) to Link i and Link (i + 1 ). Subsequently, 𝛂̈e can 
be determined with respect to each link in a serial robot to 
account for the inertial load as defined in Eq. (10).

(16)�Pi+1
= �i+1,

(17)�̇Pi+1
= �̇j+1 + �i+1 × �Oj+1,Pi+1

(18)�̇i+1 = �̇i + 𝜃̈j+1�j+1 + 𝜃̇j+1�̇j+1,

(19)�̇j+1 = �i × �j+1,

(20)�̇i+1 = �̇i + 𝜃̈j+i�j+1 + 𝜃̇j+i�i × �j+1,

(21)𝐎̈j+1 = 𝐎̈j + 𝐰̇i × 𝐫Oj,Oj+1
+ 𝐰i × 𝐫̇Oj,Oj+1

,

(22)�̇Oj,Oj+1
= �̇j+1 − �̇j.

(23)�̇Oj,Oj+1
= �i × �Oj,Oj+1

.

(24)𝐎̈j+1 = 𝐎̈j + 𝐰̇i × 𝐫Oj,Oj+1
+ 𝐰i ×

(
𝐰i × 𝐫Oj,Oj+1

)
,

(25)
𝛂̈Pi+1

= 𝐎̈j+1 + 𝐰̇i+1 × 𝐫Oj+1,Pi+1
+ 𝐰i+1 ×

(
𝐰i+1 × 𝐫Oj+1,Pi+1

)
.

2.4 � Optimization problem

This study aims to optimize the topology of arms for serial 
robots with I links. To account for the overall travel time 
under various configurations and loading conditions, the 
entire motion of the serial robot arm is divided into dif-
ferent time steps t  . The objective is to minimize the mean 
compliance of the robotic arms at each time point t subject 
to a volume constraint applied to each Link i . This aims to 
maximize the overall stiffness of the robotic arms through-
out the entire motion while maintaining lightweight perfor-
mance. The optimization problem can be mathematically 
expressed as follows:

where �(t) , �(t) , and �(t) are the global stiffness matrix, 
global displacement vector, and global force vector at time 
point t , respectively, as illustrated in Sect. 2.2. x(i)

e
 , V (i)

e
 , and 

Ni denote the design variable, the volume of element e , and 
the total number of elements in the design domain of Link 
i . V (i)∗ is the initial total volume for Link i when all x(i)

e
 are 

equal to 1. V (i)

f
 is the prescribed volume fraction for Link i . 

C� denotes the total mean compliance, calculated by sum of 
all the mean compliance at each time point t and normalized 
by C(t)

initial
 . The normalized factors C(t)

initial
 are chosen as the 

initial mean compliance at each time point t when optimiza-
tion starts. In this study, discrete time points t are selected 
to represent distinct robotic configurations during motion 
without modeling the full structural dynamic behavior over 
time. As such, transient effects are not directly considered in 
the optimization problem. It is noted that the full transient 
analysis is expected to be further studied for the time-
dependent optimization problem. The full structural dynamic 
behavior with respect to the time is not directly considered. 
Such a transient problem needs to be further investigated.

2.5 � Sensitivity analysis

The sensitivity number is a key component in the BESO 
method, which is used to rank and evolve elements by add-
ing or deleting them.

Let one consider a single arbitrary time step t  in the 
objective mean compliance defined in Eq. (26), which can 
be rewritten as

(26)

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

Minimize C� =
T∑
t=1

1

2
(�(t))

T
�(t)

C
(t)

initial

Subject to �(t)�(t) = �(t)

∑Ni
e=1

V
(i)
e x

(i)
e

V (i)∗
− V

(i)

f
= 0

x(i)
e
= xmin or 1

,



	 C. Wu et al.188  Page 6 of 21

where C =
1

2
�T� + �T(� −��) , � is a Lagrangian multi-

plier that can be an arbitrary value under the assumption 
� −�� = 0 . In this section, we use symbols without the 
superscript (⋅)(t) to represent a more general time point. The 
calculation of the sensitivity number at each specific time 
step follows the procedure detailed in this subsection.

Then, the sensitivity of the modified objective function 
with respect to design variable xe is formulated as

where xe denote x(i)
e

 in an arbitrary Link i . Equation (28) can 
be further rewritten by combining the terms d�

T

dxe
 and d�

dxe
 as

To avoid the significant high computational cost of dif-
ferentiating d�

dxe
 , the Lagrangian multiplier is chosen as 

� =
1

2
� , then Eq. (29) can be simplified as

which can be further expressed as

where �e denotes the elemental displacement vector.
According to Eqs. (8) and (10), the first term in Eq. (31) 

can be formulated as

By use of Eqs. (6) and (32), Eq. (30) can be expressed as

In the BESO method, the sensitivity number is a key 
component that measures the relative importance of each 
element to the objective function and indicates how the 
objective would be affected if that element were removed or 
added (Huang and Xie 2008a, b). It can be seen in Eq. (33) 
that the elemental sensitivity depends on the value of q . In 
the BESO method, sensitivity numbers denote the relative 

(27)
1

2

(
�(t)

)T
�(t)

C
(t)

initial

=
C

Cinitial

,

(28)

dC

dxe
=

1

2

d�T

dxe
� +

1

2
�T d�

dxe
+ �T

(
d�

dxe
−

d�

dxe
� −�

d�

dxe

)
,

(29)

dC

dxe
=

1

2

d�T

dxe
(� + 2�) +

(
1

2
�T − �T�

)
d�

dxe
− �T

d�

dxe
�.

(30)
dC

dxe
=

d�T

dxe
� −

1

2
�T d�

dxe
�,

(31)dC

dxe
=

d
(
��
e
+ �

g
e

)T
dxe

�e −
1

2
�T
e

d�e

dxe
�e,

(32)
d
(
𝐟�
e
+ 𝐟

g
e

)T
dxe

= ∫
Ωe

�𝐍T
e

(
𝛂̈e + 𝐠

)
dΩe.

(33)

dC

dxe
= ∫

Ωe

�𝐍T
e

(
𝛂̈e + 𝐠

)
dΩe𝐮e −

1 + q

2
[
1 + q

(
1 − xe

)]2 𝐮Te 𝐤0e𝐮e.

values of all elemental sensitivities. Therefore, Huang and 
Xie (2011) suggested defining the sensitivity number of ele-
ment e by adding the term of ( q + 1) in the denominator so 
as to reduce the effects of q , expressed as

For a solid element with xe = 1, �e equals

And the sensitivity number of a soft element with xe = xmin 
is calculated as

2.6 � Optimization procedure

First, the sensitivity filter scheme is employed to avoid 
checkerboard patterns (Han et al. 2022), which is expressed 
as

where �m denotes the sensitivity number of element m , 
whose center is within a filter distance �min to the center of 
element e . M is the total number of elements within the filter 
distance �min relative to the element e . l

(
�em

)
 is a weight fac-

tor for element m , defined as

where �em denotes the distance between the center of element 
e and element m.

To stabilize the optimization process, the sensitivity 
number of the BESO method is averaged with its historical 
information after the first iteration (Huang and Xie 2010a, 
b), defined as

where k and (k − 1) denote the current kth iteration and the 
previous (k − 1)th.

Additionally, the targeted volume at each iteration is cal-
culated as

(34)

�e =
1

q + 1
∫
Ωe

�𝐍T
e

(
𝛂̈e + 𝐠

)
dΩe𝐮e −

1

2
[
1 + q

(
1 − xe

)]2 𝐮Te𝐤0e𝐮e.

(35)�e =
1

q + 1
∫
Ωe

�𝐍T
e

(
𝛂̈e + 𝐠

)
dΩe𝐮e −

1

2
𝐮T
e
𝐤0
e
𝐮e.

(36)

�e =
1

q + 1
∫
Ωe

�𝐍T
e

(
𝛂̈e + 𝐠

)
dΩe𝐮e −

1

2
[
1 + q

(
1 − xmin

)]2 𝐮Te 𝐤0e𝐮e

(37)�e =

∑M

m=1
l
�
�em

�
�m∑M

m=1
l
�
�em

� ,

(38)l
(
𝜂em

)
=

{
𝜂min − 𝜂em, if 𝜂em ≤ 𝜂min

0, if 𝜂em > 𝜂min

,

(39)𝜓̃e,k =
1

2

(
𝜓e,k + 𝜓e,k−1

)
,

(40)Vk = max
[
V∗,Vk−1(1 − ER)

]
,
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where Vk and Vk−1 are the targeted volume at the kth and 
(k − 1)th iterations, respectively. When k = 1 , V0 denotes the 
initial volume with all elements equal to 1. ER is the evolu-
tional ratio, representing the deletion ratio before the pre-
scribed volume V∗ = V

(i)

f
V (i)∗ is achieved. A maximum addi-

tion ratio ARmax is also introduced to control the ratio for 
elements switching from xmin to 1, which can overcome the 
divergence issue of the BESO method as suggested in Huang 
and Xie (2008a, b). The convergence criterion of the opti-
mization problem is defined as

where � is a small tolerance ensuring that the change in the 
objective function over the last 10 iterations is within an 
acceptable small value.

The optimization procedure of the BESO method was 
developed in Querin et al. (1998) and can be briefly outlined 
as follows:

Step 1: Define the parameters related to the BESO 
method, including the prescribed volume V∗ , evolutionary 
ratio ER , maximum addition ratio ARmax , filter distance 
�min , penalty factor q , and convergence tolerance � .
Step 2: Perform FE analysis and calculate the sensitivity 
number.
Step 3: Apply sensitivity filter and average sensitivity 
using historical information.
Step 4: Calculate the targeted volume Vk for the current 
kth iteration.
Step 5: Update design variables xe . For solid elements, 
xe is switched from 1 to xmin if 𝜓̃e,k ≤ 𝜓del

k
 . For soft ele-

ments, xe is switched from xmin to 1 if 𝜓̃e,k > 𝜓add
k

 . Other-
wise, xe remains unchanged. �del

k
 and �add

k
 are threshold 

parameters which are determined by Vk and ARmax.
Step 6: Repeat Steps 2 to 5 until the optimization problem 
satisfies the convergence criterion defined in Eq. (41).

In Step 5, the threshold parameters �del
k

 and �add
k

 are 
obtained from the following iterative algorithm (Huang and 
Xie 2008a, b; Huang et al. 2010; Xia et al. 2018):

1.	 Let �del
k

= �add
k

= � th
k

 , where the value of � th
k

 is deter-
mined iteratively such that the required target volume Vk 
is satisfied.

2.	 Compute the admission ratio AR, which is defined as 
the volume of elements switching from xmin to 1 divided 
by the total volume of elements at the current itera-
tion k. If AR ≤ ARmax , skip the next steps; otherwise, 
�del
k

and �add
k

 are redetermined in the next steps.

(41)

���
∑10

p=1

�
Ck−p+1 − Ck−10−p+1

����
���
∑10

p=1
Ck−p+1

���
≤ � ,

3.	 Determine �add
k

 iteratively using only the sensitivity 
numbers of the soft elements until the maximum admis-
sion ratio ARmax is met.

4.	 Determine �del
k

 iteratively using only the sensitivity 
numbers of the solid elements until the targeted volume 
Vk is satisfied at the current iteration.

A flowchart on how to implement the proposed BESO 
approach is also provided in Fig. 2.

3 � Results and discussion

In this study, we consider a 2D robotic arm with a single 
link and two 3D cases of serial robots with two and three 
links, respectively. The 2D example with one link and the 
3D example with two links are assumed to have in-plane 
rotation, while the 3D example with three links exhibits 
out-of-plane rotation, aiming to gain a deeper insight. In all 
numerical examples, the material is assumed to be a mild 
steel with Young’s modulus E = 200 GPa, Poisson’s ratio ν 
= 0.3 , and material density � = 7850 kg∕m3 , respectively. 
The scalar constant of gravitational acceleration g is 9.8 
m∕s2 . For the parameters used in the BESO procedure, the 
penalization factor q and convergence tolerance � are set 
to be 5 and 0.1%, respectively (Huang and Xie 2011). The 

Fig. 2   The flowchart of the BESO procedure
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evolutionary ratio ER = 0.3 and maximum addition ratio 
ARmax = 0.2 are employed in the 2D case. ER = 0.2 and 
ARmax = 0.1 are used in the 3D cases. The filter distances 
�min are specified for different numerical examples, which are 
detailed in the following sections. In all examples, objective 
functions are normalized using the initial mean compliance. 
The FE analysis is performed using Abaqus (2016), and the 
sensitivity analysis and BESO optimization procedure are 
implemented in Matlab (Inc., 2022).

3.1 � Example 1: 2D single arm

Example 1 focuses on a 2D robotic arm subject to a plane 
strain problem. The dimensions of the robotic arm are illus-
trated in Fig. 3a. The initial arm consists of two holes to 
represent two revolving joints with rotational centers O1 and 
O2 , respectively. The inner radius R1 is set to be 0.05 m. The 
outer radius R3 of the robotic arm is 0.12 m. The distance L 
between O1 and O2 is 0.76 m, and the thickness � is 0.2 m. 
The robotic arm is divided into a design domain (colored 
in bright cyan) and a non-design domain (colored in dark 
gray) to maintain the joint features during the optimiza-
tion. The outer radius R2 for the non-design domain is set 
to 0.06 m. The design and non-design domains are meshed 
with 4-node quadrilateral elements with an average size of 

0.004 m (averaging the lengths of all sides of all elements), 
resulting in a total of 12,436 elements in the design domain 
and 472 elements in the non-design domain.

The robotic arm is assumed to rotate from the initial posi-
tion ( 0◦ with respect to the x axis) to the end position ( 90◦ 
with respect to the x axis) around center O1 . The motion of 
robotic arm is provided in Supplementary Movie 1. Figure 3 
also depicts the end position of the robotic arm (colored in 
green). The x and y degrees of freedom (DOFs) of center O1 
are fixed. A concentrated mass point of 100 kg is assumed 
to be attached to center O2 to simulate the payload that 
the robot carries. The angular acceleration 𝜃̈ and angular 
velocity 𝜃̇ of the robotic arm are assumed to be constant 
and linear, as illustrated in Fig. 3b, where 𝜃̇ = 𝜋t rad∕s and 
𝜃̈ = 𝜋 rad∕s2 with a traveling time T = 1 s from the initial 
position to the end position. Regarding the topology optimi-
zation problem, the filter radius �min is set to 0.008 m , equal 
to twice the mesh size. The desired volume V (1)∗ is assumed 
to be 40% of the full design domain.

In this example, five different design cases are conducted 
to comprehensively compare the effects of design-dependent 
loads and different configurations of the robotic arm on the 
final topologies. First, a conventional topology optimization 
is performed for the robotic arm, considering only the ini-
tial time point without any design-dependent load. Figure 4 
illustrates the iteration history of the objective function and 

Fig. 3   The example of the robotic arm with one link. a Design domain and boundary conditions. b The angular velocity and acceleration of the 
robotic arm. c Finite element meshes of the robotic arm
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volume fraction during the optimization process. Appar-
ently, the normalized objective function gradually increases 
from 1 due to the decrease in volume during the optimiza-
tion process and finally converges to 1.5 after 49 iterations. 
Figure 4 also shows the topological change of the robotic 
arm during the optimization process, where the final topol-
ogy at iteration 49 is similar to the result generated from the 
cantilever beam (Huang and Xie 2010a, b).

Second, topology optimization is conducted for the 
robotic arm subject to four time points without design-
dependent load, where these four time points correspond 
to the robotic configurations at 0◦, 30◦, 60◦, and 90◦ with 
respect to the x axis, as depicted in Fig. 3. Figure 5 pre-
sents the iteration history of the objective function, volume 
fraction, and topological evolution during the optimization 
process. It can be seen that the optimization converges after 
44 iterations.

Third, to further investigate the effects of various configu-
rations, topology optimization is performed for the robotic 
arm by increasing the number of time points from four to 
ten, but still without design-dependent load. The ten time 
points are chosen to represent the robotic configurations 
from 0◦ to 90◦ with the interval of 10◦ with respect to the 
x axis. Figure 6 shows the iteration history of the objec-
tive function and volume fraction during the optimization 
process.

Fourth, we adopted the proposed design-dependent 
topology optimization strategy accounting for the robotic 
arm with time-varying load. Here, the design-dependent 

load includes two types of loads: self-weight load, which 
is independent of the robotic motion, and inertial load, 
which depends on the robotic angular velocity and angular 
acceleration. To investigate the effects of these two types 
of loads, we first consider only the self-weight load in the 
optimization problem. Figure 7 shows the iteration history of 
the normalized objective function and volume fraction dur-
ing the optimization process. It can be seen that the objec-
tive function first decreases from 1 to 0.92 during the first 
five iterations due to the self-weight load, then gradually 
increases from iteration 5 to iteration 30 before satisfying 
the convergence criteria at iteration 42. Figure 7 also illus-
trates the topological change of the robotic arm during the 
optimization process.

Lastly, we perform the proposed design-dependent topol-
ogy optimization considering time-varying loads with ten 
time points, where both the self-weight load and the inertial 
load caused by rotational motion are taken into account. Fig-
ure 8 illustrates the iteration history of the objective function 
and volume fraction. Interestingly, the objective function 
shows a similar trend to that in Fig. 7 due to the decrease in 
design-dependent load associated with the deleted elements 
at the beginning.

Figure 9 exhibits the final topologies obtained from the 
five different cases for a clearer comparison. Compared to 
the topology considering only one time point (Fig. 9a), the 
generated topology of four time points (Fig. 9b) is quite dif-
ferent due to the effect of the load conditions at the four time 
points considered. Interestingly, the final topology of the 

Fig. 4   Iteration history of the 
conventional topology optimiza-
tion considering one time point 
without design-dependent load
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robotic arm for ten time points (Fig. 9c) is similar to that pre-
sented in Fig. 9b, where small differences can be observed in 
the internal thin struts in Fig. 9c. Although the time points 
can be further increased to 20, 30, or even more to obtain 
a more accurate result, the computational cost would be 
significantly higher for the iterative topology optimization 
process, which needs further investigation on how to balance 
them in the future. It is noted that the time integration can be 
approximated using other numerical approaches, such as the 
trapezoidal rule to obtain more accurate results.

The final topology of ten time points with self-
weight load (Fig. 9d) is significantly different from that 
in Fig. 9c, demonstrating the necessity of considering 
design-dependent loads for the design of robotic arms. 
The final topology of ten time points with both self-
weight and inertial load (Fig. 9e) is markedly different 
from that in Fig. 9d, where more materials tend to be 
distributed around the rotational center O1 , and the over-
all structure presents a pattern to overcome the inertial 

load generated from the rotational movement. The topo-
logical design result in Fig. 9e exhibits that inertial load 
could play a critical role in the design of robotic arms if 
high-speed rotational movement and large acceleration 
are involved.

In addition, the compliances of the final optimized 
topologies were evaluated at ten time points under self-
weight and inertial loads to demonstrate the effectiveness 
of the proposed design. It can be seen that Fig. 9e achieves 
the minimum compliance with 1.4246 J, 26% lower than 
that of Fig. 9a, highlighting the necessity of the proposed 
approach for optimizing high-speed robotic arms.

3.2 � Example 2: serial robot with two links

Example 2 employs a serial robot with two links, as illus-
trated in Fig. 10a, where O1, O2, O3 and O4 denote the 
centers of the revolving joints associated with Link 1 and 
Link 2, respectively. Link 1 and Link 2 use the same ini-
tial geometry as illustrated in Fig. 10a. The diameter of 

Fig. 5   Iteration history of conventional topology optimization considering four time points without design-dependent load
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the revolving joints �i is set to 0.1 m , and the distance 
between the centers of the joints is assumed to be 0.76 m . 
The radius of the end circular link r equals to 0.12 m , with 
the thickness �1 = 0.08 m for the main structure region and 
�2 = 0.04 m for the joint areas. Similar to Example 1, we 
separate the robotic links into design domains (colored 
in bright cyan) and non-design domains (colored in dark 
gray), as shown in Fig. 10a. The inner and outer diam-
eters of the non-design domain are set to be �i = 0.1 m and 
�o = 0.12 m , respectively. Link 1 is meshed with 8-node 
hexahedral element elements of average size 0.007 m, 
with a total of 49,949 elements in the design domain and 
1,720 elements in the non-design domain. Link 2 has 
an identical mesh to Link 1. The inner surfaces of those 
joints are assumed to be fully connected at their centers 
O1, O2, O3 and O4.

The serial robot is assumed to have two motor-actuated 
joints: one rotating about the joint axis at point O1 with an 
angular velocity 𝜃̇1 = 90◦∕s , and the other rotating about the 

joint axis passing through O2 and O3 with an angular veloc-
ity 𝜃̇2 = 90◦∕s , over a period of 1 s. The motion of the serial 
robot is provided in Supplementary Movie 2. The end posi-
tion of the serial robot is illustrated in Fig. 10a as well. The x 
and y DOFs of center O1 are constrained, while two concen-
trated mass points equal to 10 kg each are attached to cent-
ers O2 and O3 to, respectively, simulate the mass of motor-
actuators. A mass point equal to 100 kg is also attached to 
center O4 to model the object carried by the robot.

For the topology optimization, the filter radius �min is 
0.021 m , equal to three times of the mesh size. The desired 
total volumes V (1)∗ and V (2)∗ of Link 1 and Link 2 are both 
set to be 30% of the total volume of Link 1 and Link 2 
based on full design domain, respectively.

To investigate the effects of different motion case sce-
narios, two significantly different manners of angular 
velocity and acceleration, as illustrated in Fig. 10b, are 
employed. The first motion case scenario involves a lin-
ear angular velocity and a constant angular acceleration 

Fig. 6   Iteration history of conventional topology optimization considering ten time points without design-dependent load
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similar to those considered in Example 1. In this case, 𝜃̈1 
and 𝜃̈2 represent the angular acceleration of Link 1 with 
respect to its actuator joint axis and the angular accel-
eration of Link 2 with respect to its actuator joint axis, 
respectively, which are assumed to be the same. Thus, we 
have their linear angular velocity 𝜃̇1 = 𝜃̇2 = 𝜋t with respect 
to the traveling time t  . It can be seen that the serial robot 
would achieve �1 =

�

2
 and �2 = � when t = 1 s , the time 

elapse from the initial position to the end position, as illus-
trated in Fig. 10b.

The second motion case scenario involves a non-
linear angular velocity and a nonlinear angular accel-
eration, where we chose 𝜃̈1 = 𝜃̈2 =

𝜋

2
sin (2𝜋t) rad∕s2 

and 𝜃̇1 = 𝜃̇2 = −
𝜋

2
cos (2𝜋t) +

𝜋

2
 rad∕s . It can be seen 

that Link 1 and Link 2 have zero angular acceleration 
𝜃̈1 = 𝜃̈2 = 0 rad∕s2 when � = 0 or 1 s , enabling more real-
istic kinematic behavior at the beginning and end time 
points.

Similar to Example 1, we take 10 time points to repre-
sent different robotic configurations. The 10 time points 
are chosen to vary �1 and �2 from 0◦ to 90◦ at a uniform 
interval of 10◦.

Figure 11 illustrates the iteration history of the objec-
tive function and volume fraction for the optimization 
problem with the first motion case scenario. It can be seen 
that the normalized objective function gradually rises from 
1 to 1.71 from iteration 1 to iteration 60, converging to 
around 1.71 at iteration 73. The topological evolution of 
the two robotic links is also provided in Fig. 11 for a better 
overview of the optimization process. It can be observed 
that more materials are present in Link 1 than in Link 2, as 
Link 1 plays a more crucial role in supporting the whole 
robotic arms when rotating at a high speed.

For comparison, Fig. 12 illustrates the iteration history 
of the objective function and volume fraction for the opti-
mization problem with the second motion case scenario. It 
can be seen that the objective function shows a similar trend 
to that in Fig. 11, increasing from iteration 1 to iteration 

Fig. 7   Iteration history of topology optimization considering ten time points with self-weight load only



Topology optimization for multi‑component robotic arms under time‑varying loads﻿	 Page 13 of 21  188

Fig. 8   Iteration history of topology optimization considering ten time points with both self-weight and inertial load

Fig. 9   Final optimized topolo-
gies and their compliances 
subject to ten time points with 
both self-weight and inertial 
load. a One time point; b four 
time points; c ten time points; d 
ten time points with self-weight 
load; e ten time points with self-
weight and inertial load
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Fig. 10   Example 2—a serial robot with two arms. a Design domain and boundary conditions. b The linear and nonlinear angular velocity and 
acceleration of the robotic arms
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60 and converging to 1.71 at iteration 74. In addition, the 
robotic topologies are presented in Fig. 12 for a better com-
parison between the two different motion cases. Apparently, 
the topology of Link 1 in case 2 exhibits a considerable dif-
ference from that in case 1 (Fig. 11), while the topology of 
Link 2 shows a marginal difference from that in Fig. 11. This 
is because the nonlinear angular acceleration and velocity 
dramatically change the inertial load from t = 0 s to t = 1 s . 
Furthermore, the design-dependent inertial load could accu-
mulate its effect from the far end to the rotational center O1, 
thus leading to a notable impact on the topology of Link 1. 
Through the comparative studies, it can be noted that the 
motion strategy of the serial robot could play a critical role 
in the resultant topologies, demonstrating the importance of 
coupling the design-dependent load with a specific motion 
strategy adopted by the robot.

3.3 � Example 3: 3D spatial three‑link robot

Example 3 focuses on a serial robot equipped with three 
links rotating in 3D space, as shown in Fig. 13a. The three 
robotic links are assumed to have identical initial geome-
tries, with the dimensions illustrated in Fig. 13a. The diam-
eter of the revolving joints �i is set to 0.05 m . The radius r 
of Link 1 equals 0.05 m . The lengths of L1 and L2 are set to 
0.102 m and 0.246 m . The total size along the global x - axis 
direction L4 is 0.1 m and L3 is 0.055 m . O1,O2,O3,O4,O5 
and O6 represent the centers of the joints of Link 1, Link 
2, and Link 3, respectively, as shown in Fig. 13a. Each link 
is divided into a design domain (colored in bright cyan) 
and a non-design domain (colored in dark gray). The inner 
and outer diameters of the non-design domain are equal to 
�i = 0.05 m and �o = 0.06 m , respectively. Link 1 is meshed 
with 8-node hexahedral elements of average size 0.004 m. 
The design domain and non-design domain have 49,167 and 

Fig. 11   Iteration history of topology optimization considering ten time points with design-dependent load subject to linear angular velocity and 
acceleration (Case 1)
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1,958 elements, respectively. Links 2 and 3 share the same 
mesh as Link 1.

The serial robot is assumed to have three motor-actuators 
that rotate around the joint axis via center O1 , the joint axis 
through O2 and O3 , and the joint axis through O4 and O5 for 
90◦ as illustrated in Fig. 13a. The 3D motion of the robot is 
illustrated in Supplementary Movie 3. Concentrated mass 
points of 10 kg are attached to O2 , O3 , O4 , and O5 to simulate 
the mass of motor-actuators. Additionally, a concentrated 
mass point of 100 kg is associated with center O6 to model 
the object carried by the robot. The inner surfaces of the 
joints are assumed to be fully connected to their centers in 
FE analyses. The filter radius �min = 0.012 m is set to be 
three times the mesh size. The desired volume V∗ is set to be 
20% of the full design domain of all three arms.

In this example, we employ the nonlinear angular veloc-
ity 𝜃̇1, 𝜃̇2, 𝜃̇3 and nonlinear angular acceleration for 𝜃̈1, 𝜃̈2, 𝜃̈3 

for the joints at center O1 , center O2,O3 , and center O4,O5 . 
Two motion case scenarios are considered with the same 
nonlinear pattern but different traveling time here. The first 
motion case is the same as that defined in Example 2, with 
𝜃̇1 = 𝜃̇2 = 𝜃̇3 = −

𝜋

2
cos (2𝜋t) +

𝜋

2
 rad∕s   ,  a n d 

𝜃̈1 = 𝜃̈2 = 𝜃̈3 =
𝜋

2
sin (2𝜋t) rad∕s2. In this case, the robot 

takes T = 1 s to travel from its initial position to the end 
position. For the second motion case scenario, the same 
nonlinear pattern remains but the traveling time increases 
from T = 1 s to T = 5 s . The deduced angular acceleration 
is then 𝜃̈1 = 𝜃̈2 = 𝜃̈3 =

𝜋2

25
sin

(
2𝜋

5
t
)
rad∕s2 , and the angular 

velocity 𝜃̇1 = 𝜃̇2 = 𝜃̇3 = −
𝜋

10
cos (2𝜋t) +

𝜋

10
 rad∕s case 2 

here. It can be noted that 𝜃̈1 = 𝜃̈2 = 𝜃̈3 = 0 rad∕s2 and 
𝜃̇1 = 𝜃̇2 = 𝜃̇3 = 0rad∕s when t = 0or5s as plotted in 
Fig. 13b. Moreover, �1 = �2 = �3 =

�

2
 rad when t = 5 s , 

Fig. 12   Iteration history of topology optimization considering 10 time points with design-dependent loads subject to nonlinear angular velocity 
and acceleration (Case 2)
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denoting that the robot takes 5 s to travel from its start 
position to the end position.

Figure 14 plots the history of the topology optimization 
for a traveling time T = 1 s . Clearly, the normalized objec-
tive function increases from iteration 1 to iteration 80 when 
the desired volume fraction of 20% is achieved. After that, 
the objective function converges to 2.80 times the initial 
mean compliance after 111 iterations. The topological evolu-
tion of the three robotic arms is provided in Fig. 14. Similar 
to the topology obtained in Example 2, the final topology in 
Fig. 14 exhibits that more materials are allocated to arm 1 
and arm 2, while less material is required for arm 3 due to 
the rotational movement of the serial robot. Moreover, all the 
arms present internal hollow structures, which are reason-
able for improving the efficiency of material usage from an 
empirical point of view.

Figure 15 shows the iteration history of the topology opti-
mization for a traveling time T = 5 s . The normalized objec-
tive function and volume fraction exhibit the same trend as 
those in Fig. 14. Nevertheless, significant differences in the 
topology evolution can be observed during the optimiza-
tion process. In the final topology, arm 1 presents a signifi-
cantly different layout from that in Fig. 14. In addition, the 
structure of Link 2 shows a marginal difference from that 
in Fig. 14, while Link 3 remains almost the same subject to 
different traveling time. It can be observed that the various 
inertial loads caused by the change in traveling time have a 

notable impact on the structural layout of the serial robot 
but are marginally weaker from the base to the far end of 
the robotic arms. It is also noted that the compliance of the 
design with the traveling time T = 1 s simulated over 1 s is 
higher than that with T = 5 s simulated over 5 s (15.24 J vs 
14.98 J). Although both cases use the same number of time 
points (10) and the same robotic configuration at each time 
point, their inertial loads differ significantly due to variations 
in angular velocity and acceleration. Specifically, the longer 
traveling time (T = 5 s) results in lower operational speed, 
which leads to reduced inertial loads, and consequently a 
lower compliance value. The comparative studies between 
different traveling times demonstrate that the operational 
time of robots is also an important factor that should be 
considered in the topological design.

4 � Conclusions

In this study, we developed a design-dependent topology 
optimization framework for robotic arms considering time-
varying configurations. The BESO method was employed to 
account for design-dependent loads, including self-weight 
and inertial loads that a robot experiences during high-
speed rotational motion. We outlined the transient BESO 
framework and the finite element (FE) analysis involving 

Fig. 13   The 3D spatial serial robot with three links. a Design domain and boundary conditions. b The angular velocity and acceleration with 
time periods of 1 s and 5 s (Example 3)
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design-dependent loads. To calculate the inertial load, we 
computed the acceleration of serial robots with multiple 
arms in a forward manner. Sensitivity analysis was per-
formed to provide ranking information for the BESO method 
to efficiently add and/or remove elements in an evolutionary 
way.

Three numerical examples were investigated, including 
a 2D single robotic arm, a 3D model with two serial arms 
rotating in a plane, and a 3D model with three serial arms 
exhibiting spatial movement. Comparative studies in each 
example showcased the importance of design-dependent 
loads subject to various time points on the generated 

topologies. Additionally, typical motion strategies and dif-
ferent traveling times were investigated to illustrate their 
influence on the resultant topological design.

The proposed design-dependent transient approach 
sheds new light on the applications of topology optimiza-
tion for robots, comprehensively considering various key 
factors from their movements. Moreover, future work is 
anticipated to integrate the proposed approach with control 
strategies and time-dependent dynamics, forming a more 
practical tool for the coupled optimization of structural 
performance and movement control.

Fig. 14   Iteration history of topology optimization considering ten time points with design-dependent load subject to a time period of T = 1 s 
(Example 3—Case 1)
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