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Abstract

Two qubit entanglement is a precious commodity for quantum computing, as it enables

lossless transmission of arbitrary quantum states. My first result is a framework for

studying entanglement routing algorithms that I call the cost-vector formalism. Here,

the edges of a multi-graph represent entanglement links that may exist between users.

Entanglement routing is treated as a sequence of edge-contractions, which extend and

refine entanglement throughout the network. My second work investigates lattice surgery

rates between distant surface codes using entanglement mediated by quantum satellites.

Our results suggest quantum satellites are unsuitable for continental-scale distributed

quantum computation. My third work analyzes lattice surgery rates between trapped-

ion surface codes in separate ion traps. Additionally, I estimate the number of ions that

will be required to perform lattice surgery at various rates. Our prohibitive estimates

indicate an urgent need for improved optical coupling for trapped-ion quantum computers

to remain viable in the long term. In an unrelated final chapter, I present software that

assembles quantum circuits to simulate arbitrary linear interferometers in the second

quantization picture and I discuss various other simulation approaches.
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Chapter 1

Introduction

And which of you by taking thought,

can add to his stature one cubit?

Matthew 6:27

1.1 Thesis overview

This thesis covers a range of research topics that, although somewhat disparate, are

broadly unified by a focus on the resource analysis of two qubit entanglement. The

chapters (with the exception of the introduction) are arranged in chronological order. In

this first chapter, I introduce the requisite concepts that are needed to understand and

contextualise my work. In the second chapter, I present a new framework for studying

entanglement routing algorithms. In my third chapter, I investigate the feasibility of

using quantum satellites to distribute entanglement resources for distributed quantum

computation. In the fourth chapter, I estimate the number of ions that a trapped-ion

quantum computer needs per module in order to perform reliable two qubit operations

between modules. The fifth and final chapter is entirely distinct from the others and

has nothing to do with two-qubit entanglement. There, I present several approaches for

simulating linear interferometers using digital quantum computers. I also showcase my

software, which transpiles a linear interferometer into a corresponding quantum circuit.

A list of my first author publications and pre-prints is presented at the end of this

document.

13



1.2 Fundamentals of quantum computing

Much like in any other natural science, the postulates of quantum information theory may

vary in resolution depending on the scope of one’s research objectives. For clarity then, I

begin my thesis by enumerating the postulates of quantum computing that are sufficient

for understanding my research. I credit section 2.2 of Nielsen and Chuang for inspiration

in helping me to succinctly formulate the premises laid out in this introduction [46].

Pure quantum states

In the context of quantum mechanics, a particle is a thing that can be manipulated and

observed. The information content of a particle is called its state. This state can include

continuous variables like position or momentum, but for quantum computer science we

typically only care about a finite set of properties we can affect to do computations.

Speaking abstractly then, a pure state is a unit-length vector in a finite dimensional

Hilbert space H. This is a complex Euclidean space equipped with an inner product

⟨·, ·⟩. A pure state of a Hilbert space is notated with a Dirac ket (e.g. |ψ⟩ ∈ H) and is

also called a statevector or a wavefunction. The amplitudes of a state are the complex-

valued coordinates of the vector with respect to a basis β = {|ψi⟩} of H. When a state

is a linear combination of two or more elements of β, we say the wavefunction is in a

coherent superposition. If two states are related to each other by a global phase, they

can be treated as the same state. 1 The conventional units of quantum information are

called qubits, and are states of the two dimensional Hilbert space H2. The basis states

of a qubit are denoted |0⟩ and |1⟩ and are sometimes called the computational states.

Multi-particle states

A system of multiple particles also has a state. If the particles are all distinguishable as

we typically assume, 2 its state is a unit vector in a Hilbert space that is a Kronecker

product of the spaces for each particle. For example, the state space of three particles

with states in Hilbert spaces of dimension two, three and five respectively is,

1This is because the global phase of a state is a non-observable quantity ; No measurement can resolve
overall phase. Although this sounds bad, we generally don’t concern ourselves since global phase doesn’t
affect quantum computations.

2Describing the state of indistinguishable particles is more nuanced since these sorts of ensembles are
invariant under particle permutations. I treat this in greater detail in the last chapter of my thesis when
it becomes relevant for simulating quantum optics.
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H2 ⊗H3 ⊗H5 (1.1)

Measurements of pure states

A measurement is a process involving one or more particles where an observer learns a

property of the system called an observable. The measured value of the observable cannot

typically be predicted in advance, though (as we will soon see) the likelihood of measuring

any particular value can be determined from the amplitudes of the wavefunction. Ini-

tially, Einstein et. al. speculated that non-determinism in quantum measurements was an

illusion caused by imperfect information; Their reasoning was that a system of particles

could have a hidden variable (somehow inaccessible to scientists) that fixed its measure-

ment outcome in advance [20]. The seminal result of John Bell however empirically

demonstrated the contrary; Quantum mechanics as we understand it today is incompati-

ble with a hidden-variable model [5]. This indicates that probabilistic measurements are

a fact of nature and not necessarily a result of imperfect information.

In general, measurements change the wavefunction in a way that depends on what

was observed. This is called wavefunction collapse and is irreversible without having

prior information about the state. The simplest type of quantum measurement is the

Projection Valued Measure (PVM) which, broadly speaking, describes the possible ways

in which a wavefunction collapse may occur. 3 A PVM is a collection of linear operators

Π = {Mi} over a Hilbert space H that satisfies the following properties:

1. The operators of Π are all orthogonal:

MiMj = δi,jMi (1.2)

Here, δi,j is the discrete Dirac-delta function; It is equal to 1 if i = j and else is

equal to 0. A consequence of this property is that a measured state is projected

onto one of ||Π|| orthogonal subspaces of H where || · || denotes set cardinality.

3On the other hand, the most general description of a quantum measurement is the Positive Operator
Valued Measure (POVM). One main conceptual difference between this and the PVM is that a POVM
allows for the possibility of a null measurement result in which no useful information was learned about
the state. POVMs are essential in circumstances where one wishes to discriminate between two non-
orthogonal states which, although generally useful, is not relevant for the work in this thesis
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2. Each Mi ∈ Π is a projection:

M2
i =Mi (1.3)

Meaning that repeated measurements don’t affect the initial result since M2
i |ψ⟩ =

Mi|ψ⟩.

3. The operators of Π satisfy the completness relation:

∑
i

Mi = IH (1.4)

This property stems from the fact that a measurement has to return something

when implemented. (A null result is not possible for a PVM!)

Given some initial state |ψ⟩, the probability pi of measuring the outcome correspond-

ing to the projection Mi is the inner product of the projected vector Mi|ψ⟩ with itself

pi = ⟨ψ|M †
iMi|ψ⟩ (1.5)

Where M †
i is the conjugate transpose of Mi. Although the projected vector Mi|ψ⟩

points in the same direction as the collapsed state, it is not necessarily equal to the state

itself since it may not be unit length. We therefore renormalise the vector by dividing it

by the square root of the measurement probability. The resulting state is then

|ψi⟩ :=
Mi|ψ⟩√

⟨ψ|M †
iMi|ψ⟩

(1.6)

Measurement basis

If β = {|ψi⟩} is a basis for a Hilbert space H, it is easily verified that the operators

Πβ = {|ψi⟩⟨ψi|} form a PVM over H where |ψi⟩⟨ψi| is the outer product of |ψi⟩ with

itself. Here, we say that Πβ is a measurement uniquely defined with respect to the basis

β. A device that implements Πβ is able to distinguish between all states in β with

certainty. More generally, if a state |ϕ⟩ ∈ H is in a coherent superposition of β elements

the probability of measuring |ψi⟩ with Πβ is easily seen from equation 1.5 to be

pi = |⟨ψi|ϕ⟩|2 (1.7)
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Density operators and mixed states

In the previous section, we saw that measurements of pure states are inherently non-

deterministic even when we have perfect knowledge of the underlying statevector. In

practical situations moreover, we will almost certainly have additional classical uncer-

tainty about the states we posses. When a system of particles has a chance of being one

of several possible states, the ensemble is said to be mixed. These states are represented

not with statevectors, but with probabilistic mixtures of pure state density operators.

For context, if |ψ⟩ is a pure state, its corresponding density operator is the outer product

of |ψ⟩ with itself (ρψ := |ψ⟩⟨ψ|). Let the set of density operators defined with respect

to the Hilbert space H be denoted D(H). Every density operator ρ ∈ D(H) satisfies the

following properties:

1. ρ is a Hermitian matrix, meaning that

ρ = ρ† (1.8)

2. The trace of ρ (the sum of the diagonal elements) is equal to one

Tr(ρ) = 1 (1.9)

3. ρ is positive semi-definite meaning that for all |x⟩ ∈ H, we have that

⟨x|ρ|x⟩ ≥ 0 (1.10)

Consequently, the eigenvalues of ρ are all non-negative. This property is necessary

in order to make sure that every measurement probability is greater than zero.

The general form of a mixed state is

ρ =
∑
i

pi|ψi⟩⟨ψi| (1.11)

Where each pi is the probability that the underlying state is |ψi⟩. An important fact

worth noting is that the set of pure states {|ψi⟩} that make up a mixed state is not

unique. As a trivial example of this non-uniqueness, observe that
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1

2

(
|0⟩⟨0|+ |1⟩⟨1|

)
=

1

2

(
|+⟩⟨+|+ |−⟩⟨−|

)
(1.12)

Where |±⟩ = 1√
2
(|0⟩ ± |1⟩).

Similar to vectors, density operators can be written with respect to different coor-

dinate bases. Specifically, if β = {|βi⟩} forms a basis of H, then ρ can be written as

follows:

ρ =
∑
i,j

ci,j |βi⟩⟨βj | (1.13)

The matrix ρβ := [ci,j ] ∈ D(H) is the density operator ρ expressed in the β basis. The

ci,j coordinates where i = j are called diagonal entries since they populate the diagonal

elements of ρβ . Likewise, the terms where i ̸= j are called off-diagonal entries.

A short treatment on the spectral decomposition

In the previous section, we left our summations unbounded since a density operator can

(in theory) be represented with a mixture of arbitrarily many pure states. For the sake of

practicality however, it is preferable to describe the ensemble using as few pure states as

possible. We therefore ask: What is the minimum number of pure states that are required

to describe any state ρ in D(Hn)? This is answered by the spectral decomposition theorem,

which as an aside is a rather important result for quantum information theory. For the

sake of brevity however, I will only state the basic content of this theorem, and explain

how it resolves the aforementioned question. A more general instance of this theorem is

the singular value decomposition which is treated in most linear algebra textbooks (for

example in [4]).

The spectral decomposition theorem states that any normal operator M (i.e. an

operator M such that M †M =MM †) acting over a vector space V is a diagonal matrix

when expressed in its eigenbasis Λ. Moreover, the diagonal entries of this matrix are the

eigenvalues for each corresponding eignvector of M . Since density operators are instances

of normal operators, it follows from this theorem that every ρ ∈ D(Hd) can be written

as a linear combination of at most d pure (and orthogonal) states {|γi⟩} which happen

to be the eigenvectors of ρ:
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ρ =
d∑
i=1

λi|γi⟩⟨γi| (1.14)

Here, each λi is the eigenvalue associated with |γi⟩ (i.e. ρ|γi⟩ = λi|γi⟩). To avoid

confusion with the other representations discussed so far, I will refer to equation 1.14 as

the canonical form of the density matrix.

Measurements on mixed states

Let ρ be a mixed state in D(H), and let Π = {Mi} be a PVM defined with respect to H.

The probability of measuring the outcome corresponding to the projection Mi is

pi = Tr(Miρ) (1.15)

and the resulting state is

ρi =
MiρM

†
i

Tr(Miρ)
(1.16)

An important fact about mixed state measurement is that if Πβ is a PVM defined over

the basis β, the probability of measuring each basis state |βi⟩ is given by ci,i, which is the

corresponding diagonal entry of ρ[β]. Consequently, we note that the off-diagonal entries

of ρ[β] do not influence the Πβ measurement, and so they are said to be non-observables

for this PVM.

The dilation postulate

Earlier, we established that a density operator is a quantum state where there is some

classical uncertainty about the underlying wave-function. Unlike the genuine non de-

terminism attributed to a coherent superposition of states, this classical uncertainty

indicates that we have imperfect information about our system. In other words, if we

knew more about the state of our surroundings, we could (in theory) recover a complete

description of the original system. Formally, the dilation postulate 4 proposes that every

mixed state is actually a pure state in a larger (but inaccessible) Hilbert space. As an
4Note that “dilation" is a non-standard term for this concept. Historically, mapping mixed states to

larger pure states was always known as purification [39] which unfortunately conflicts with the similarly
named (unrelated) topic of entanglement purification. John Smolin has charmingly referred to the
dilation premise as the “Church of the Higher Hilbert Space" [26], which (although amusing), I will avoid
out of reverence for Holy Mother Church.
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example, let ρ ∈ D(Hd) be a mixed state which, when expressed in its canonical form

(see eq. 1.14), is:

ρ =
d∑
i=1

λi|γi⟩⟨γi| (1.17)

To represent this mixture as a pure state, we suppose that each |γi⟩ is associated with

an environmental state |ei⟩ ∈ Henv. In other words, if it were possible to measure the

environment in the state |ei⟩, we would know with certainty that the system of interest

is in the state |γi⟩. The pure state |Φρ⟩ ∈ H ⊗Henv corresponding to the mixed state ρ

is therefore

|Φρ⟩ := eiϕ
d∑
i=1

√
λi |ψi⟩ ⊗ |ei⟩ (1.18)

Where eiϕ is some (irrelevant) global phase.

Transformations of quantum states

Transformations of quantum states are specified by unitary operations over the corre-

sponding Hilbert space. An operator U is unitary if

U †U = UU † = IH (1.19)

Where U † is the conjugate transpose of U and IH is the identity operator over the

Hilbert space. For a pure state |ψ⟩, the action of a unitary transformation is given by

the matrix-vector multiplication:

|ψ′⟩ = U |ψ⟩ (1.20)

Likewise, for a mixed state ρ, the action of a unitary U is given by the linear conju-

gation:

ρ′ = Uρ U † (1.21)

Geometrically, a unitary transformation on a pure state |ψ⟩ corresponds to a rotation

of |ψ⟩ about some fixed axis of the Hilbert space.
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1.3 Quantum circuits and basic gates

An unavoidable challenge (or opportunity depending on your perspective!) of quantum

computing is that the Hilbert space of an n particle ensemble grows exponentially with

respect to n. Consequently, we programmers are limited to the tiny subset of unitary

transformations that can be efficiently implemented on H. Even still, describing these

operations in a comprehensible way remains an important design consideration due to the

sheer size of the Hilbert space. Several approaches exist for representing such operations

diagrammatically, but the most general (and popular) method is the quantum circuit

model. This is a graphical representation of a unitary transformation that consists of

wires and gates. Each wire stands in for a particle (which is always a qubit unless

otherwise specified) and each gate is an operation over a subset of wires. Gates are

executed in order from left to right, as indicated by the example presented in fig. 1.1.

Some common gates are inherited from classical logic such as the negation X which

sends |0⟩ to |1⟩ and vice versa. Other gates, like the Hadamard or Phase (not pictured)

are more exotic and better exemplify the unusual ways in which quantum information

may be processed. Some gates may be parameterised, which means they take variable

arguments (an archetypal example is the rotation gate which rotates a state by θ degrees

about a fixed axis). A gateset is a collection of distinct quantum gates, and a gateset

is called universal if any unitary can (theoretically) be implemented as a circuit built

exclusively using elements found in the gateset. Table 1.1 presents a selection of basic

gates that will feature throughout this thesis.

1.3.1 The Pauli operators as a matrix basis

The single qubit Pauli operators S1 = {I,X, Y, Z} (See table 1.1) are an important set

of single qubit unitary operators with many interesting properties. Again, for the sake

of brevity, it suffices to say that they form a basis for the 2 × 2 complex matrices. In

other words, for all M ∈ C2×2, there exists a unique set of numbers αI , αX , αY , αZ ∈ C

such that

M := αII + αXX + αY Y + αZZ (1.22)

A Pauli string is a Kronecker product of single qubit Pauli operators. Let Sn denote
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Figure 1.1: An arbitrary example of a quantum circuit. From left to right, the order of
operations is (H ⊗X ⊗ I ⊗ I), (CNOT13 ⊗ CNOT24), (I ⊗X ⊗ Z ⊗ Z)

Gate Matrix Comments

X


0 1

1 0


 The bitflip operator (Sends |0〉 to |1〉 and vice versa)

Z


1 0

0 −1


 The phaseflip operator (Sends |+〉 to |−〉 and vice versa)

Y


0 −i

i 0


 Equal to the product XZ up to a phase.

H 1√
2


1 1

1 −1


 The Hadamard operator. Useful for putting states in an

equal superposition or converting between the Z-basis
{|0〉, |1〉} and the X-basis {|+〉, |−〉}

CNOT




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0




The controlled not operation. For an input state |x〉⊗|y〉,
this operator does nothing if |x〉 = |0〉 but implements a
bitflip on the latter qubit if |x〉 = 1.

Table 1.1: A selection of some quantum gates that are commonly used throughout this
thesis
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the set of all Pauli strings of length n and observe that |Sn| = 4n. Since S1 forms a basis

for C2×2., it follows that Sn forms a basis for the C2n×2n matrices. This means that for

every M ∈ C2n×2n , there exists complex values αi such that

M =
4n∑
i=1

αiσ̃i (1.23)

Where σ̃i ∈ Sn.

1.4 Subsystems and Partial trace

Given a collection of particles that make up a state, it is often desirable to learn the state

associated with a subset of those particles. In quantum communications for example, a

multi-particle state may be held by several independent agents who want to characterise

their subsystems in a way that is independent of what the other agents do.

Let ρA,B be a multi-particle density operator supported by the Hilbert space HA⊗HB

and suppose that Alice is a scientist who holds all the particles of ρA,B corresponding to

the subspace HA. The state ρA ∈ D(HA) is the state Alice believes she holds assuming

she knows nothing of the other subsystem. The unique operation that calculates ρA from

ρAB is called the partial trace with respect to B. If {|βi⟩} is a basis of HB, then the

partial trace is,

TrB(ρA,B) :=
∑
i

(
IA ⊗ ⟨βi|

)
ρA,B

(
IA ⊗ |βi⟩

)
(1.24)

In other words, the partial trace TrB is the projection of ρAB onto the subspace

HA ⊆ HAB.

1.5 Quantum channels

In an ideal computation, an isolated state evolves according to a pre-specified unitary

operation. In reality however, the particles of that state also interact undesirably with the

environment which introduces deviant effects called noise. Characterising and correcting

noise is a top priority since it is impossible to perform meaningful calculations if there is

too much noise present. Any process in which a state ρ interacts with the environment
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is called a quantum channel E(ρ). 5

Formally, a quantum channel E is a completely positive and trace preserving super-

operator. 6 A super-operator is a linear operator that acts over other linear operators.

The positivity and trace-preserving conditions are imposed to ensure that a quantum

channel always maps density operators to density operators. A super-operator is positive

if it maps positive elements (i.e. operators with positive eigenvalues) to other positive

elements:

E(ρ) ≥ 0 (1.25)

Complete positivity means this is also true for states with an ancillary system that is

not acted on.

EA(ρA,B) ≥ 0 (1.26)

Where EA is a channel supported by the Hilbert space HA and ρA,B is a state in

HA ⊗HB. It is possible (and sometimes preferable) to define a quantum process Ẽ that

does not preserve trace. Such a process may be interpreted as a quantum channel with

some probability p of losing the state. This is especially useful for quantum processes

in which a measurement takes place, in which case there some chance of the desired

behavior going unobserved. As such, these types of lossy processes will also be referred

to as quantum channels, even though they are not (strictly speaking).

1.5.1 The operator-sum representation

Suppose we have a Hilbert space Hs that represents our system of interest. Everything

that is not a part of this system is called the environment and belongs to the much

bigger Hilbert space He. Our initial state is a density operator in D(Hs ⊗ He). For

convenience, we make the simplifying assumption that our system is completely isolated

from the environment7. In the language of density operators, this means our initial state
5Although the name “channel” evokes the idea of putting a state in transit, it really refers to any kind

of noisy process.
6Most standard texts on quantum information will refer to a quantum channel as a ‘map,’ which is

perhaps a bit vague. I prefer the term super-operator (advanced by John Preskill [49] among others)
since it better delineates the fact that a channel maps operators to operators.

7In general, this is not true. Interactions between the system and environment can cause the two
parts to become entangled (See sec. 1.6). If ρs,e is an state where the system and environment are
initially entangled, then Tre(Uρs,eU

†) can fail to be a completely positive (or even linear!) map [55].
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is of the form:

ρs ⊗ ρe (1.27)

Where ρs ∈ Hs and ρe ∈ He. By our dilation postulate however, we can further simplify

by adding degrees of freedom to the environment in order to replace ρe with a pure state

|e0⟩ in a larger space H′
e.

ρ⊗ |e0⟩⟨e0| (1.28)

A noisy computation on ρ is therefore described by a unitary evolution on this system,

followed by a partial trace over the environment.

E(ρ) = Trenv

(
Us,env

(
ρ⊗ |e0⟩⟨e0|

)
U †
s,env

)
(1.29)

Although this definition is true in theory, there is no way of calculating E(ρ) from this

description alone due to the sheer size of the environment. To simplify, we first recall

the definition of the partial trace from equation 1.24 and substitute to obtain:

E(ρ) =
d∑
i=1

(
Is ⊗ ⟨ei|

)(
Us,env

(
ρ⊗ |e0⟩⟨e0|

)
U †
s,env

)(
Is ⊗ |ei⟩

)
(1.30)

We now define the following operation elements

Ei :=

(
Is ⊗ ⟨ei|

)
Us,env

(
Is ⊗ |e0⟩

)
(1.31)

Where each Ei is an n × n complex valued operator. Finally, we see the action of a

quantum operator E over a state ρ can be described as a finite sum of linear conjugations:

E(ρ) =
d∑
i=1

EiρE
†
i (1.32)

For the quantum channel to be trace preserving, we impose the constraint that these

operation elements must satisfy the completion relation. This means that:

d∑
k=1

E†
kEk = I (1.33)

Consequently, the initial state of the system must be seperated from the environment for a quantum
channel to be well defined.

25



1.5.2 The quantum process matrix

In the previous section, we saw that a quantum channel acting over density operators in

a d-dimensional Hilbert space could be described with up to d operation elements {Ei},

which are d×d complex-valued matrices. We can further simplify this description in the

special case where E is a channel acting over an n-qubit ensemble, in which case d = 2n.

From section 1.3.1, we recall that the set of length-n Pauli strings Sn forms a basis for

the C2n×2n matrices. Consequently, each Ei can be written as a linear combination of

the 4n possible Pauli strings:

Ei =
4n∑
i=1

αiσ̃i (1.34)

The overall multi-qubit channel can therefore be written in the form

E(ρ) =
4n∑
i,j=1

χi,j σ̃i ρ σ̃j (1.35)

The matrix [χi,j ] is known as the quantum process matrix, and is common way to

specify the action of a particular channel.

1.6 Entanglement

Entanglement is a fundamental phenomenon of quantum mechanics and remains an active

topic of research even a century after its conceptualization [33]. A multi-particle pure

state |ψ⟩ ∈ H1⊗H2⊗· · ·⊗Hn is said to be entangled if it cannot be written as a product

of single particle states. Specifically:

|ψ⟩ ̸= |ψ1⟩ ⊗ |ψ2⟩ ⊗ · · · ⊗ |ψn⟩ (1.36)

Where |ψi⟩ ∈ Hi. If a state is not entangled, it is called separable. Similarly, a

multi-particle mixed state ρ is entangled if it cannot be written as a linear combination

of separable-state density operators. This definition, although sufficient, is admittedly

somewhat thin. A more practical understanding is that a state is entangled if a mea-

surement of one particle can influence a subsequent measurement elsewhere . A classic

example of an entangled state is the two qubit Bell pair
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|ϕ+⟩ = 1√
2

(
|00⟩+ |11⟩

)
(1.37)

Here we see that by measuring the first qubit of |ϕ+⟩ in the computational basis, the

second qubit immediately collapses to the same state as the first (irrespective of what was

measured). Moreover, I stress that correlated measurement outcomes do not necessarily

indicate the existence of entanglement. As an example, consider the state |00⟩. Although

these particles have correlated outcomes when measured in the computational basis, the

state is clearly separable. Consequently, it is evident that a measurement on one qubit

(in any basis) does not affect a measurement on the other.

An important fact about entanglement is that it cannot be remotely generated ; 8 If

two parties Alice and Bob each have a collection of particles in their possession, there is

no way for them to entangle any part of their ensembles if all they can perform are local

operations and classical communications (LOCC [15]). The only way then to entangle

particles is to either interact them directly, or to have them interact with other entangled

particles.

1.6.1 Quantifying general entanglement

In the previous section, we stipulated that a state is entangled if a measurement on

one particle influences a subsequent measurement elsewhere. Although every entangled

state satisfies this property, a state may be more or less entangled depending on how

significant this influence is. A key challenge then is finding a sensible way to quantify

this interdependence and therefore quantify the amount of entanglement. Curiously, this

turns out to be a hard problem in general. Part of the difficulty is that for systems of

more than two particles, there are non-equivalent types of entanglement; Two categories

of entangled states are said to be non-equivalent if there is no sequence of stochastic local

operations and classical communications (SLOCC) 9 that maps a state from one category

to a state in another. All two-qubit states are known to be equivalent SLOCC [43], while

for three and four qubit states there are two [19] and nine [62] types of entanglement

respectively. Stranger properties are known to emerge for still larger ensembles [37].
8Neither can the strength of a partially entangled state be increased on average, though surprisingly

it is possible to gamble entanglement; Specifically, there are local strategies which give you the chance
to gain more entanglement at the risk of losing what you started with.

9These are like LOCC operations, except the overall success probability is allowed to be less than
100%.
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Based on this circumstantial evidence, it would seem that a complete characterisation of

entanglement is intractable for anything beyond five or six particles.

Happily for us however, the entanglement use-cases considered in this thesis (see

section 1.6.6) only require the use of bipartite entanglement, which are entangled states

distributed between two parties. At face value, this may not seem any better since

bipartite states may also consist of arbitrarily many particles. As we will see in the

following sections however, there is a unique entanglement measure for pure bipartite

states called the entropy of entanglement which describes the rate at which such states

may be converted to and from maximally entangled pairs of qubits. This allows us to

quantify the entanglement of any pure bipartite state in terms of a standard entanglement

resource (though we will see this is somewhat more difficult for mixed states).

1.6.2 Quantifying pure bipartite entanglement

Let HA⊗HB be a joint Hilbert space between two parties Alice and Bob where dim(HA) =

dim(HB) = d, and let |ψ⟩A,B ∈ HA ⊗HB be an arbitrary pure state between them. By

the Schmidt decomposition (See section 2.5 of Nielsen and Chuang, [46]), we can express

|ψ⟩A,B as

|ψ⟩A,B =
d∑
i=1

ci |αi⟩A|βi⟩B (1.38)

Where |αi⟩ and |βi⟩ are basis states of HA and HB, and where ci ∈ R. Taking the

partial trace of this state with respect to subsystem B gives us the mixture

TrB

(
|ψ⟩⟨ψ|A,B

)
=

∑
i

c2i |αi⟩⟨αi| (1.39)

Now suppose we had traced out subsystem A instead of B. Interestingly, we obtain

the same mixture of states (up to the relabeling |αi⟩ → |βi⟩)

TrA

(
|ψ⟩⟨ψ|AB

)
=

∑
i

c2i |βi⟩⟨βi| (1.40)

The key insight made by Popescu and Rohrlich [48] is that the entropy (or spread)

of these {c2i } probability terms can be used to quantify the amount of entanglement in a

pure bipartite state; This metric is called the entropy of entanglement and is defined as:
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E
(
|ψ⟩A,B

)
= −

d∑
i=1

c2i ln c
2
i (1.41)

In other words, the more entangled a pure state is, the more mixed its subsystem is.

Equivalently, the entropy of entanglement is the Von Neumann entropy of the reduced

density matrix ρA := TrA
(
|ψ⟩⟨ψ|A,B

)

E
(
|ψ⟩A,B

)
= −Tr

(
ρA lnmat ρA

)
(1.42)

Where lnmat is the matrix logarithm in the natural basis. When ρA is expressed in

its cannonical form (see eq. 1.14):

ρA =

d∑
i=1

λi|γi⟩⟨γi| (1.43)

The Von Neumann entropy simplifies to the form we saw in equation 1.41:

E
(
|ψ⟩A,B

)
= −

d∑
i=1

λ2i lnλ
2
i (1.44)

Importantly, the entropy of entanglement is the unique measure of entanglement for

pure bipartite states [48] 10 . It is also the asymptotic rate at which maximally entangled

two-qubit states (for example |ϕ+⟩) can be distilled from many copies of the initial state

[7]. In other words, if Alice and Bob have infinitely many copies of ρA,B shared between

themselves, there exists an LOCC protocol they can perform which, on average, yields

E(ρA,B) copies of |ϕ+⟩ for every one copy of ρA,B supplied.

The Bell basis

Due to the significance of the maximally entangled two qubit pairs as units of bipartite

entanglement, I briefly pause this discourse to introduce the Bell states. These are a

collection of four maximally entangled two qubit states that altogether form a basis for

the two qubit Hilbert space H4.

10Note that other entanglement monotones do exist that are well-defined for two-qubit states and
are numerically distinct from each other [65], [22]. However, they are equivalent in the sense that they
preserve partial orderings on two-qubit states. For example let µ1 and µ2 be distinct entanglement
measures and let ρ and σ be two qubit states. If µ1(ρ) < µ1(σ) then it necessarily follows that µ2(ρ) <
µ2(σ).
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|ϕ±⟩ = 1√
2

(
|00⟩ ± |11⟩

)

|ψ±⟩ = 1√
2

(
|01⟩ ± |10⟩

) (1.45)

1.6.3 Quantifying mixed bipartite entanglement

Entanglement of formation

Although the entropy of entanglement is a suitable measure for bipartite pure states, it

fails to meaningfully quantify the amount of entanglement present in a mixed state. This

is because classical uncertainty also contributes to a higher entropy in the reduced density

operator. To illustrate, observe that the two states |ϕ+⟩⟨ϕ+| and 1
2

(
|00⟩⟨00|+ |11⟩⟨11|

)
have the same entropy of entanglement despite the fact that the latter state is evidently

separable.

One intuitive idea for measuring the entanglement of a mixed state is to sum up the

entropy of entanglement for each pure state in the mixture (weighted by their respective

probabilities). We recall from earlier however that the set of pure states making up

a mixed state is not unique. Consequently, this “measure” of entanglement changes

depending on how the state is represented. To solve this problem, let P be the set of all

pure state ensembles that can be used to represent the mixed state ρA,B. For example,

if {|ψi⟩} ∈ P , then there exists probabilities {pi} such that

ρA,B =
∑
i

pi|ψi⟩⟨ψi| (1.46)

The entanglement of formation (EoF) is defined as the smallest possible entropy of

entanglement for a state ρA,B [69]

Ef

(
ρA,B

)
:= inf

P

{∑
i

piE
(
|ψi⟩A,B

)}
(1.47)

This quantity is closely related to the entanglement cost [28], which is the minimum

rate of maximally entangled two qubit pairs that are required (asymptotically) to create

single instances of ρA,B.

Ec

(
ρA,B

)
:= lim

n→∞

Ef

(
ρ⊗nA,B

)
n

(1.48)

30



The entanglement cost is easily seen to be equal to the EoF if Ef (ρ⊗nA,B) = nEf (ρA,B),

which is a property called additivity. Presently, it is an open question whether or not all

bipartite states are additive, though various categories of states are definitively known

to satisfy this property [72].

An explicit formula for the EoF is known for two-qubit states [68], though more

generally this is a difficult quantity to calculate exactly. Nevertheless, there is a tight

lower bound that is efficiently computed [14]. Surprisingly, it is a hard problem to even

determine whether a given ρA,B is entangled at all [38] (Though there are sufficient

criteria known for the qubit and qutrit cases [31]).

Entanglement of distillation

Another related quantity to the entanglement cost is the entanglement of distillation

(EoD). While the entanglement cost is the number of pairs it takes to form a given ρA,B,

the EoD indicates how many pairs can be asymptotically distilled from ρA,B. Interest-

ingly, these two quantities are not necessarily equal for mixed states. There are two

features that contribute to this gap. The first is the existence of so-called bound states

[30], which are non-separable bipartite states that cannot be distilled to any number

of maximally entangled pairs with an SLOCC protocol. The second factor is that the

distillations of some states are asymptotically irreversible [63]. Amazingly, this is true

even for states with no bound entanglement [64]. A semi-definite program by Rains [52]

(later improved by Wang et. al. [66]) can bound the attainable fidelity of a given ρA,B

with respect to a maximally entangled bipartite state. In general however, it appears

that much less is known about the EoD than the entanglement cost.

1.6.4 A primer on purification

An indispensable subroutine for distributed quantum computing and quantum network-

ing is entanglement purification. Here, we imagine that maximally entangled pairs of

qubits have been distributed across an error channel that causes the entanglement to

partially decohere. A purification protocol [17] takes n of these imperfect pairs and uses a

sequence of LOCC operations to non-deterministically refine these resources into m < n

maximally entangled pairs.

There is some good news and bad news when it comes to the study of purification.
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The good news is that there are no two-qubit states that are bound-entangled [32]. Con-

sequently, all two-qubit entangled states are distillable [32]. The bad news is that there

are two-qubit states for which distillation is asymptotically irreversible [63]. This means

that (even for this simple case of two-qubit entanglement) the EoD is not generally equal

to the entanglement cost. Moreover, quantifying the EoD for an arbitrary mixed pair of

qubits remains an open problem [8]. As purification is closely related to quantum error

correction, I will return to this topic after introducing the requisite material.

1.6.5 State fidelity as a proxy for two qubit entanglement

In the previous section, we arrived at the (somewhat disappointing) conclusion that the

EoD of a two-qubit mixed state is not generally known. We nevertheless require some

means of gauging the entanglement quality of a two-qubit state. One common idea across

the purification literature (see [9], [18], [17] for examples) is to use the state fidelity with

respect to the maximally entangled pair |ϕ+⟩. In general, the fidelity between two states

ρ and σ is defined

F (ρ, σ) = Tr
(√√

ρσ
√
ρ

)2

(1.49)

However since our comparison state |ϕ+⟩ is pure, the fidelity simplifies to,

F
(
ρ, |ϕ+⟩⟨ϕ+|

)
= ⟨ϕ+|ρ|ϕ+⟩ (1.50)

In this special case, we see that the fidelity is the probability that the state ρ collapses

to the state |ϕ+⟩⟨ϕ+| when measured in the Bell basis.

1.6.6 Applications of entanglement

Besides its theoretical significance, entanglement also has various technological appli-

cations which I now briefly outline. Arguably the most significant of these use-cases

is quantum state teleportation, where distributed entanglement is used as a resource to

noiselessly transport quantum states [6] [47]. This is especially important for communi-

cating large quantum states that would otherwise be impossible to specify within a clas-

sical message. Consequently, state teleportation enables distributed quantum computing

which is when multiple quantum computers work together on the same computational
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problem. Outside of computation, state-teleportation can also be used for quantum cryp-

tography. In the well-established E91 protocol, distributed entanglement enables a qubit

to be teleported which is then measured to establish a shared one-time pad between the

entanglement holders [21]. I will revisit teleportation in greater detail during chapter 2

when it becomes relevant for my research on quantum networking.

The Quantum graph states are an important class of highly entangled states that

are used as resources in measurement-based quantum computing (MBQC). Unlike in the

circuit model, MBQC works by preparing a large graph state and measuring the qubits

in various rotated bases to affect computations [12]. In quantum metrology [36], dis-

tributed entanglement can be used to capture images at higher resolutions [71] [70] and

synchronise clocks more accurately [44] than would ordinarily be possible. Finally I

note superdense coding, which is a communication protocol that utilizes distributed en-

tanglement to effectively double the capacity of a classical communication channel. As

interesting as this is however, it is unlikely to be of practical importance in the near term

future due to the present difficulty of distributing entanglement.

1.7 Quantum error correction

In classical computer science, electrical components (or signals) encode data as a sequence

of bits. Noise from the environment can cause these bits to randomly flip their values,

but we can protect the information (at least to some extent) with an encoding that adds

a certain amount of redundancy. A classic example is the three-bit repetition code which

maps each ‘0’ of a message to ‘000’ and each ‘1’ to ‘111’. In this way, if we see a string

like ‘011’, we have high confidence that the intended bit was ‘1’ since it is less probable

for two errors to have occurred than one. In general, the goal of error correction is to

develop error correcting codes that maximize the number of errors the data can tolerate

while simultaneously minimizing the amount of redundant information required. This

same essential principle is also true for Quantum Error Correction (QEC).

In quantum computer science however, data is encoded as a vector in a Hilbert space

and quantum errors are channels that both deviate the state from its intended orientation

and also introduce classical uncertainty about the underlying state. Unlike with classical

error correction, encoding a state into multiple redundant copies of itself is not possible
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because of the ‘no-cloning theorem’ which prohibits quantum operations for duplicating

unknown quantum information [67]. This together with the limitless variety of possible

errors and the fact that states cannot be directly observed makes QEC appear utterly

impossible at first glance. 11 Luckily, this turns out not to be the case. At a bird’s-

eye-view, a state can be encoded into a highly entangled ensemble and then corrected

by measuring a fraction of the particles. The measurements cause the encoded state to

be projected onto a known subspace of the ensemble, which is the mechanism by which

quantum errors are corrected. This process can be repeated ad infinitum by re-entangling

and re-measuring the ensemble in a two-step cycle.

There are various types of quantum error correction, but the most common by far is

the stabilizer code, which we treat in section 1.7.2. For introductory reviews on quantum

error correction more broadly, see Devitt et. al. [16] and Roffe [54].

1.7.1 Digitization of quantum errors

A key feature of quantum information that greatly simplifies our understanding of QEC

is that any kind of quantum error can be accounted for by only correcting a finite subset

of errors [56]. This is known as the digitization of quantum error. To illustrate, suppose

we have a single qubit pure state |ψ⟩ that is subject to a coherent error U (In other

words, no mixing with the environment takes place). Owing to the fact that the Pauli

operators {I,X, Y, Z} are a basis for the 2 × 2 matrices, the state U |ψ⟩ can be written

as a linear combination of the (non-orthogonal) states {|ψ⟩, X|ψ⟩, Y |ψ⟩, Z|ψ⟩}:

U |ψ⟩ =
(
αII + αXX + αZZ + αY Y

)
|ψ⟩

= αI |ψ⟩+ αXX|ψ⟩+ αZZ|ψ⟩+ αY Y |ψ⟩
(1.51)

Where αI , αX , αZ , αY ∈ C. We can further simplify by noting that Y = iXZ and

absorbing the complex phase into the αY amplitude to obtain:

U |ψ⟩ = αI |ψ⟩+ αXX|ψ⟩+ αZZ|ψ⟩+ αXZXZ|ψ⟩ (1.52)

11As an historical aside, the apparent impossibility of QEC caused a good deal of justifiable skepticism
about the utility of quantum computers when interest spiked after the discovery of Shor’s algorithm.
(See [60] and [41] for examples)
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We can now interpret the corrupted state U |ψ⟩ as a coherent superposition of the

intended state |ψ⟩ with three error terms. The X contribution is called a bitflip error

while the Z contribution is called a phaseflip error. The (formerly) Y term is evidently

seen to be a combination of both types of error.

This digitization principle also applies for mixed states. Suppose that our intended

state |ψ⟩ is scrambled to a mixed state ρ by a single qubit channel E . From section 1.5.2,

we recall that any such ρ can be written in the form

ρ =

4∑
i,j=1

χi,j σi|ψ⟩⟨ψ|σj (1.53)

Where σi ∈ {I,X,Z,XZ} and where χi,j ∈ C. Although it is evident that this

noisy state ρ is a mixture of various X and Z error contributions, some care has to be

taken when interpreting this decomposition since the off-diagonal terms (i.e. X|ψ⟩⟨ψ|Z)

are not quantum states 12 , and consequently cannot be observed 13 . To improve our

understanding of eq. 1.53, we can separate the diagonal (observable) terms from the

off-diagonal (non-observable) terms to obtain the expression:

ρ =
4∑
i

χi,i σi|ψ⟩⟨ψ|σi + (non-observables) (1.54)

Now it is clear that ρ may be interpreted as a probabilistic mixture of the intended

state |ψ⟩ together with the error terms X|ψ⟩, Z|ψ⟩, XZ|ψ⟩.

Finally, it is straightforward to see how the digitization of quantum errors extends to

multi-qubit systems since Sn (the set of length n Pauli strings) forms a basis for the linear

operators of H⊗n
2 (see section 1.3.1). Consequently, any multi-qubit state |Ψ⟩ ∈ H⊗n

2 can

be written as a linear combination over all possible X and Z errors over the particle

ensemble:

|Ψ⟩ =
∑
σ̃∈Sn

cσ̃ σ̃|Ψ⟩ (1.55)

In summary, every quantum error over an ensemble of qubits can be described as a

combination of single qubit X and Z errors. In theory then, we can protect a multi-
12This is because any operator |ψ⟩⟨ϕ| where |ψ⟩ ̸= |ϕ⟩ fails to be a density operator, as Tr(|ψ⟩⟨ϕ|) ̸= 1
13Though the values of each χi,j can be inferred through quantum state tomography
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qubit state |Ψ⟩ from any quantum error provided we have a measurement device that

distinguishes between every possible string of single qubit errors on |Ψ⟩. Although such a

POVM exists in principle, there is little practical sense in trying to implement it since we

would have to know our target state |Ψ⟩ in advance. For quantum error correction to be

useful, we need to correct errors on arbitrary unknown states. In the next few sections, we

demonstrate how the quantum stabilizer codes resolve this difficulty by encoding states

as a superposition of so-called stabilizer states that are both easy to specify and correct.

1.7.2 The stabilizer formalism

Prior to presenting the stabilizer code, it is essential to review the fundamentals of the

stabilizer formalism. A state |ψ⟩ is said to be stabilized by an operator U if |ψ⟩ is an

eigenstate of U with a corresponding eigenvalue of one:

|ψ⟩ = U |ψ⟩ (1.56)

A Pauli string σ̃ is a product of the single qubit Pauli gates {I,X, Y, Z}. An example

of a three qubit Pauli string is X ⊗ I ⊗ Z. The n-qubit Pauli group Pn is the set of all

n-qubit Pauli strings with phases {±1,±i} together with matrix multiplication as the

group action. For example, the one-qubit Pauli group is

P1 = {∗,±I,±iI,±X,±iX,±Z,±iZ,±Y,±iZ} (1.57)

Let Sn be a subgroup of Pn and define HS ⊆ Hn to be the Hilbert space stabilized

by Sn. This means there exists a basis β of HS such that every basis element |βi⟩ is

stabilized by every element of Sn. In other words:

|βi⟩ ∈ β ⇔ σ̃|β⟩ = |β⟩ ∀σ̃ ∈ Sn (1.58)

In practice, subgroups of Pn tend to be quite large. Fortunately, there is a concise

way of representing Pauli subgroups using group generators. Let GS be a subset of

Sn and let ⟨GS⟩ denote the set generated by GS . This GS is said to generate Sn if

Sn = ⟨GS⟩. In other words, Sn is generated by GS if every element of Sn can be

expressed as a product of elements from GS . A group generator is called dependent if

there are redundant terms in the generating set. For example, if GS1 = {σ̃1, σ̃2, · · · , σ̃n}
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and GS2 = {σ̃1, σ̃2, · · · , σ̃n, σ̃n+1} are both generators that generate Sn, it is clear the

latter generator is dependent since the σ̃n+1 term contributes nothing. Naturally, a

generating set is called independent if it is not dependent.

Proposition. (Nielsen and Chuang, Prop 10.5 [46])

If GS is an independent generator of Sn with n− k elements, the Hilbert space HS which

is stabilized by S has a dimension of 2k.

In other words, the dimension of HS is halved every time a new independent element

is added to the generator GS . This halving can continue until there are n independent

stabilizers, at which point HS contains just a single state. Any state in H⊗n
2 that can

be uniquely identified with a generating set of n independent Pauli strings is called a

stabilizer state.

Introducing stabilizer checks

The elements of a group generator GS are informally known as stabilizer checks. This

is because Pauli strings, in addition to being linear operators, are also observables 14

Formally, an observable is a Hermitian operator M whose unit-length eigenvectors are

the possible states that can be measured (with the appropriate PVM). The corresponding

eigenvalues are taken to be labels that (potentially) distinguish the different measurement

outcomes 15.

An important property of the Pauli stabilizer checks is that every eigenvalue of a

Pauli string is either +1 or −1. When a stabilizer check is enforced (i.e. measured), the

state is projected either onto the subspace spanned by the +1 eigenvectors or the −1

eigenvectors respectively. The practical meaning of these measurements will be clarified

in the following subsections.

X and Z checks

As a trivial example of a stabilizer check, let us investigate the Pauli observables X and

Z to see how they affect a single qubit state |ψ⟩. From table 1.2, we see that all the

operators each have a +1 and a −1 eigenvector that together span H2. When a Z check

14Which we recall are the measurable quantities of a state
15I say potentially because if two states have the same eigenvalue, there is no way to distinguish them

using that observable.
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Z
Eigenvalue Eigenvectors

+1 {|0⟩}
−1 {|1⟩}

X
Eigenvalue Eigenvectors

+1 {|+⟩}
−1 {|−⟩}

Table 1.2: The eigensystems of the Z, X and Y observables respectively

is performed on |ψ⟩, the state either collapses to |0⟩ or |1⟩ depending on whether the

measurement device registered a +1 or −1 outcome respectively. An X check does the

same thing, but for the states |+⟩ and |−⟩.

In either case, the Z and X observables measure the Boolean parity of the state with

respect to the {|0⟩, |1⟩}, and {|+⟩, |−⟩} bases accordingly. When a +1 state is measured,

we say the state has even parity with respect to the measurement basis whereas when

−1 is measured we say the state has odd parity.

Special case: I

The single qubit identity operator I is a special case of observable since every |ψ⟩ ∈ H2 is

stabilized by I. Consequently, when a stabilizer check of I is “performed,” no information

about the qubit is learned.

Multi-qubit stabilizer checks

A multi-qubit stabilizer check measures the overall eigen-parity of a state. Specifically,

for a Pauli string σ̃ := σ1 ⊗ σ2 ⊗ · · · ⊗ σn where σi ∈ {I,X, Y, Z}, a measurement of the

σ̃ observable tells you the value of the product:

λprod = λ1(σ1)× λ2(σ2)× · · · × λn(σn) (1.59)

Where each λi(σi) ∈ {+1,−1} is the eigenvalue of ith qubit with respect to the σi

observable. As a quick example, suppose we implement the X ⊗ I ⊗ Z check on an

arbitrary three qubit state |ψ⟩ and obtain a measurement outcome of −1. From this, we

know that the single-qubit eigenvalues of our state must satisfy the equation:

−1 = λ1(X)× λ2(I)× λ3(Z) (1.60)

We can simplify by observing that λ2(I) = 1 since every single qubit state is stabilized
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by the identity operator.

−1 = λ1(X)× λ3(Z) (1.61)

With this information, we can easily deduce that there are two possible forms for the

three qubit state |ψ⟩ which are presented in the table below: Either the −1 eigenvalue

comes from the first qubit in which case its state is |−⟩ and the third qubit is |0⟩, or else

the −1 eigenvalue comes from the second qubit in which case the first and third qubits

are |+⟩ and |1⟩ respectively.

A measurement of X ⊗ I ⊗ Z yields −1:
Possible Eigenvalues Possible state

−1, 1, 1 |−⟩ ⊗ |?⟩ ⊗ |0⟩
1, 1,−1 |+⟩ ⊗ |?⟩ ⊗ |1⟩

Table 1.3: The possible eigenvalues and states when a −1 outcome is measured with the
XIZ stabilizer check. Here, I use |?⟩ to denote an unknown single qubit state.

Two-qubit example

ZZ
Eigenvalue Eigenvectors

+1 {|00⟩, |11⟩}
−1 {|01⟩, |10⟩}

XX
Eigenvalue Eigenvectors

+1

{
1√
2
(|00⟩+ |11⟩), 1√

2
(|01⟩+ |10⟩)

}
−1

{
1√
2
(|00⟩ − |11⟩), 1√

2
(|01⟩ − |10⟩)

}
Table 1.4: The eigensystems of the two qubit ZZ and XX observables.

Let us now consider a more sophisticated example where we apply the two-qubit

stabilizer checks XX and ZZ to an arbitrary two-qubit state |ψ⟩ ∈ H4. As before, the

eigensystems of these observables are presented in table 1.4. Suppose for the sake of

argument that we measure the ZZ check first and observe a value of +1. Based on this

information, we know that |ψ⟩ has been projected onto the subspace of H4 spanned by

|00⟩ and |11⟩. In other words, the resulting state is guaranteed to be of the form:

α|00⟩+ β|11⟩ (1.62)

We continue now with a measurement of the XX check. If we happen to measure

an outcome of −1, we know that we’ve projected the state onto the space spanned by
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Figure 1.2: A quantum circuit that measures the parity of the encoded bit-string |ψb〉 =
|b1〉⊗ |b2〉⊗ · · · ⊗ |bn〉. Here, an ancillary qubit is initialised to the |0〉 state and targeted
n consecutive CNOTs that are controlled by each qubit of |ψb〉. These operations leave
|ψb〉 unchanged, but increment the ancilla qubit by one (modulo 2) for each |1〉 state
present in the bitstring.

1√
2
(|00〉 − |11〉) and 1√

2
(|01〉 − |10〉). Ordinarily, this would suggest that our new state is

of the form

1√
2

(
(γ(|00〉 − |11〉) + δ(|01〉 − |10〉)

)
(1.63)

However, based on our prior information from eq. 1.62, we know that δ = 0 since no

part of our state includes |01〉 or |10〉 components. We therefore have sure knowledge

that our state is now:

|φ−〉 := 1√
2
(|00〉 − |11〉) (1.64)

It is worth emphasising that this final state is not a stabilizer state since it isn’t a

simultaneous +1 eigenstate of the XX and ZZ stabilizers. It is however closely related

to the stabilizer state |φ+〉, which is what we would have collapsed to if we had measured

+1 on ZZ instead of −1. If our intention was to create |φ+〉 by enforcing its generat-

ing stabilizer checks, we can nevertheless do so by applying a local correction to |φ−〉.

Specifically, we can apply a Z gate to either the first or second qubit of |φ−〉:

(I ⊗ Z)|φ−〉 → |φ+〉 (1.65)

Stabilizer check circuits

So far, we have explored the theoretical aspects of the stabilizer formalism, but we have

not yet addressed how stabilizer checks are implemented in practice. As a quick primer,
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suppose we have a bitstring (b1, b2, · · · , bn) where each bi ∈ {0, 1}. The overall parity of

the string is easily calculated by taking the bit-wise sum

b1 ⊕ b2 ⊕ · · · ⊕ bn (1.66)

The value of this sum is 0 if there are an even number of ones in the bitstring, and

is 1 otherwise. Suppose now that the bitstring is encoded as an n-qubit state |ψb⟩:

|ψb⟩ := |b1⟩ ⊗ |b2⟩ ⊗ · · · ⊗ |bn⟩ (1.67)

Where |bi⟩ = |0⟩ if bi = 0 and |bi⟩ = |1⟩ otherwise. To implement the same bitwise

sum as we did before, we can make use of the CNOT gate defined in section 1.3. It is

easily verified that if |x⟩, |y⟩ ∈ {|0⟩, |1⟩}, the effect of the CNOT on |x⟩ ⊗ |y⟩ is:

|x⟩ ⊗ |y⟩ CNOT−−−−→ |x⟩ ⊗ |x⊕ y⟩ (1.68)

In other words, the target qubit is replaced with the sum of x and y modulo 2. We

can measure the parity of |ψb⟩ using the circuit illustrated in fig. 1.2. Here, an ancillary

qubit is targeted by n CNOT operations that are controlled by each of the n qubits

respectively. From the initial state |ψb⟩ ⊗ |0⟩anc, the final state (before measurement) is

easily calculated to be:

|ψb⟩ ⊗ |b1 ⊕ b2 ⊕ · · · ⊕ bn⟩anc (1.69)

Evidently, a measurement of the ancilla qubit in the computational basis will now

reveal the parity of the encoded bitstring.

Stabilizer checks generalise the idea of bitwise parity by allowing individual qubits

to be measured with respect to different Pauli observables. We recall from section 1.7.2

that a qubit has even parity with respect to a Pauli observable σi if it is a +1 eigenstate

or else it has odd parity. From equation 1.59, the overall parity of a state with respect

to a stabilizer σ̃ is the product of the single qubit eigenvalues

λ1(σ1)× λ2(σ2)× · · · × λn(σn) (1.70)
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In the previous example, we calculated the bitwise parity of a state by counting the

number of |1⟩ terms modulo 2. Since |1⟩ is a −1 eigenstate of Z, we can equivalently say

that the circuit in figure 1.2 is an implementation of the all-Z check:

Z1 ⊗ Z2 ⊗ · · · ⊗ Zn (1.71)

An arbitrary stabilizer check is performed in a similar way by incrementing the state

of an ancillary qubit for each −1 eigenstate before measuring it in the computational

basis.

We have seen how the CNOT can be used to implement bitwise addition in the Z

basis. Let us now treat the problem of doing bitwise addition in the X basis. We

recall that the +1 eigenstate of X is |+⟩ = 1√
2
(|0⟩ + |1⟩) while the −1 eigenstate is

|−⟩ = 1√
2
(|0⟩ − |1⟩). Let y ∈ {0, 1} and observe that the |+⟩ and |−⟩ states can be

parameterised in the following way:

∣∣∣f(y)〉 :=
1√
2

(
|0⟩+ (−1)y|1⟩

)
(1.72)

Clearly
∣∣∣f(y)〉 = |+⟩ when y = 0 and

∣∣∣f(y)〉 = |−⟩ when y = 1. To do bitwise

addition in the X basis, we require a two qubit operation that implements the following

transformation:

∣∣∣f(y)〉|x⟩ → ∣∣∣f(y)〉|x⊕ y⟩ (1.73)

Where x ∈ {0, 1}. In other words, we increment the ancilla state by one if y = 1. To

accomplish this, we first recall that a Hadamard operation translates the Z basis states

{|0⟩, |1⟩} to the X basis states {|+⟩, |−⟩} and vice versa. Consequently,

H|f(y)⟩ = |y⟩ (1.74)

After this first Hadamard transformation, we can apply a CNOT to perform the

bitwise addition in the computational basis

CNOT
(
|y⟩ ⊗ |x⟩

)
= |y⟩ ⊗ |y ⊕ x⟩ (1.75)
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We complete the addition by applying another Hadamard to rotate the first qubit

back to its original orientation. The overall addition operation is therefore described by

the operator:

(H ⊗ I) CNOT (H ⊗ I) (1.76)

Constructing a single bit adder in the Y basis is trivial since a Y error can effectively

be treated as a combination of X and Z. We demonstrate each of these three adders

working together in figure 1.3 to implement the Z ⊗X ⊗XZ stabilizer check.

Figure 1.3: A circuit implementing an Z⊗X ⊗ (ZX) stabilizer check. The bottom-most
qubit of this circuit is an ancillary qubit that is first coupled with the three qubits of
the state |ψ〉 and then measured to determine the overall parity. Each component of
the stabilizer check can be thought of as a single bit adder in the X, Z and XZ bases
respectively that increments the ancilla state if the corresponding qubit is a −1 eigenvalue
of that basis.

1.7.3 Stabilizer codes

In the previous sections, we saw how an n qubit stabilizer state |S〉 could be constructed

by enforcing the n stabilizer generators (checks) of its generating group. Suppose now

that we enforce all but one of these checks. By the proposition made in section 1.7.2, the

Hilbert space spanned by this reduced group has dimension two. Consequently, this new

space HL ⊆ H⊗n
2 is spanned by |S〉 together with an orthogonal stabilizer state |S⊥〉.

The key insight behind the stabilizer code is that these states can be put in coherent

superposition to encode a qubit of information. Using the relabeling |S〉 → |0〉L and

|S⊥〉 → |1〉L, it is clear that any state in HL takes the form of a qubit:
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α|0⟩L + β|1⟩L (1.77)

Since |0⟩L and |1⟩L are both stabilized by the same generators, this logical (short for

logically encoded) qubit can be protected from noise by periodically enforcing the n− 1

stabilizer checks. 16

Ideally, each check is measured to be in its +1 eigenspace, which almost certainly

guarantees that no error has occurred on the logical qubit. More likely however, noise on

the encoded state will cause some checks to erroneously project the state onto their −1

eigenspace instead. When this happens, it is necessary to identify what kind of errors

occurred and on which qubits so they can be later corrected. The problem of (quickly)

determining the most likely configuration of errors is called decoding and is an active

topic of research within quantum error correction. [29] [13] [45]

Characterising stabilizer codes

In a classical error correcting code, the bitstring that encodes a given character is called

a codeword. The robustness of a code is determined by how dissimilar any pair of

words are, since greater differences mean that more errors are needed for one word to

be mistaken for another. The dissimilarity between codewords c1 and c2 is quantified by

the Hamming distance H(c1, c2), which is the minimum number of bits that need to be

flipped to change c1 into c2 or vice-versa. If C is the set of all words in a code, then the

code distance δ is defined to be the minimum distance between any two codewords in C.

δ = min
c,c′∈C

H(c, c′) (1.78)

On the other hand, the words of a stabilizer code are orthogonal stabilizer states which

are put in coherent superposition to encode another state. If |s1⟩ and |s2⟩ are codewords,

then their dissimilarity is measured by the quantum Hamming distance Hq(|s1⟩, |s2⟩).

From section 1.7.1 we recall that quantum errors can be digitized as single qubit bitflips

16There’s a good deal of nuance hiding in this statement. First, I note that this logical state is not
completely impervious to noise; It is possible in theory for a correlated error to occur over the ensemble
that modifies the values of α and β. We usually say this is highly unlikely to happen because we implicitly
assume that our noise is independently and identically distributed over the qubits. Consequently, we
suppose that correlated behavior (i.e. qubits spontaneously rotating in the same direction) is exponentially
suppressed with the number of qubits in the state. This might not be the case in practice, so a knowledge
of the underlying architecture is a necessity when designing QEC codes for deployment.
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or phaseflips. The quantum Hamming distance is therefore the minimum number of

single qubit errors 17 needed to convert |s1⟩ into |s2⟩ or vice versa. If ⟨GS⟩ is the set

of stabilizer generators (i.e. codewords), the code distance d of a stabilizer code is the

minimum quantum Hamming distance between any pair of generators in ⟨GS⟩

d = min
|s⟩,|s′⟩

Hq(|s⟩, |s′⟩) (1.79)

The overall performance of a stabilizer code is characterised by three parameters that

are conventionally labeled [[n, k, d]]. Here, n is the number of physical qubits that are

required to implement the code, while k is the number of logical qubits that can be

encoded, and d is the code distance defined by equation 1.79.

Code threshold

Theoretically, these [[n, k, d]] parameters are all that are required to quantify the perfor-

mance of a code relative to another. For implementing error codes in practice however,

it is necessary to learn an additional quantity called the error threshold ; This is the max-

imum rate of single qubit errors that the code can exponentially suppress as its distance

is increased [1] [40]. To illustrate, imagine a code with n qubits that each have some

probability p of suffering an error. The likelihood Perr of at least one error occurring is

easily seen to be

Perr =
n∑
k=1

(
n

k

)
pk(1− p)n−k (1.80)

A well-established fact is that a distance d code (either classical or quantum) can

correct up to c = (d − 1)/2 errors. Provided that p is below the threshold of the code,

what error correction does to Perr is eliminate the leading terms of the polynomial up to

and including pc.

Perr −−−→
QEC

n∑
k=c+1

(
n

k

)
pk(1− p)n−k (1.81)

What this means is that every time the code distance d is increased, the polynomial

Perr describing the overall error probability loses its next lowest order term. Hence, we

17i.e. X, Z, or XZ errors
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say that errors are exponentially suppressed when the single qubit error rate p is below

threshold.

This model however presumes that physical errors only occur before the error correc-

tion begins. In reality, physical errors are more likely to be introduced during correction

since many imperfect gates and measurements are needed to implement the stabilizer

checks. Typically then, the threshold of the code cannot be determined analytically, but

must be estimated by simulating the device noise [27].

It is therefore difficult to anticipate whether or not a given code will have a high

threshold. As a rule of thumb however, codes with higher thresholds usually have sta-

bilizer checks that are sparsely populated, meaning there are relatively few X, Z and Y

terms. This is because each non-trivial Pauli check requires a two qubit operation, which

introduces more opportunities for errors to occur and propagate throughout the code.

A final detail worth pointing out is that the error threshold of a quantum code

depends significantly on the underlying bias of the noise model, which is the ratio of X

errors to Z errors. High bias is a desirable quality for qubit errors since this asymmetry

can be exploited to correct more faults than would otherwise be possible [3] [58] [59].

As most theorists do not typically work with a specific quantum architecture in mind,

the convention is to assume the worst-case scenario and work under the assumption that

individual qubits suffer unbiased noise. Unless otherwise indicated, I will follow this same

convention.

Quantum computation with stabilizer codes

While safeguarding quantum information is an important application in its own right,

our main goal with stabilizer codes (and QEC more broadly) is to use encoded qubits

for quantum computation. To achieve this, we require an implementation of a universal

gateset. This means engineering circuits that act on the physical qubits of one or more

codes in such a way as to implement a universal set of logical gates. Designing such

circuits is a complex challenge, not only because the codes may contain a large number

of physical qubits, but also because the circuits must operate below the threshold of

the code. If a circuit is long or highly connected, it will take longer to implement since

physical errors must be corrected more frequently than for a more fault-tolerant operation.

Some circuits, like the transveral operations [53] are easy to implement since errors on
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Figure 1.4: An illustration of the distance 5 rotated surface code. The vertices (line
intersections) of this diagram represent qubits while the faces (closed shapes) represent
parity checks on those qubits.

physical qubits remain local. Other operations, (especially the non-Clifford gates) are

more complex and tend to require orders of magnitude more time (or resources [11]) to

implement.

1.8 The surface code

The surface code [24] is a popular choice of stabilizer code that will feature extensively

throughout this thesis. It is well known for its high error threshold of between 0.1% [23]

and 1% for unbiased noise [57] and up to 43.7% for biased noise [59]. All these values

fall within the range of experimental feasibility [50] [25]. In fact, a recent result has

demonstrated two surface codes comprised of superconducting qubits that each operate

below their respective error thresholds [2]. This groundbreaking research has shown, for

the first time, a device capable of exponentially suppressing arbitrary quantum errors.

In addition to its high threshold, the surface code has a number of other attractive

features. Efficient, universal quantum computation is known to be possible for surface

code qubits using only nearest neighbor interactions [42]. This makes the surface code

amenable to a wide range of quantum architectures. A fast decoding algorithm is also

known for the surface code [29], which may otherwise be a rate limiting factor.

In its original implementation, the surface code is a [[d2 + (d − 1)2, 1, d]] stabilizer

code. In this thesis however, every mention of the surface code will refer to a similar (but

slightly more efficient) variant called the rotated surface code which has the parameters

[[d2, 1, d]]. A stabilizer diagram of the surface code is presented in figure 1.4.
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In the long run, alternative encoding strategies might prevail over surface codes. The

Low Density Parity Check (LDPC) codes for example are a topical category of stabilizer

code today since the number of physical qubits scales linearly with respect to the code

distance as opposed to the quadratic scaling for surface codes. Recently, Bravyi et. al.

proposed an LDPC code with a comparable error threshold to the surface code [10].

Currently however, no universal gateset is known for LDPC codes.

1.8.1 Transversal operations on Surface codes

One of the necessary conditions for universality is the existence of an entangling gate

which, for the sake of simplicity, we suppose is a two qubit gate like a CNOT. There

are two main options for implementing entangling gates between surface codes 18 . A

transversal two-qubit gate is performed by coupling every physical qubit in one code

to a counterpart in an adjacent code. These transversal operations are challenging to

implement in two-dimensional architectures due to the numerous non-local interactions

required [61]. An easier alternative is lattice surgery which, unlike transversal gates, can

be implemented with only nearest neighbor interactions [34]. In brief, lattice surgery is

executed by performing the stabilizer checks over two code patches as if they were one

elongated patch. The disadvantage of lattice surgery is that, unlike a transversal gate,

it requires measurements on a subset of the physical qubits which can introduce new

undetected errors into the ensemble. To correct for this, it is necessary to perform at

least d rounds of lattice surgery to build confidence that the operation was done correctly

[34]. This makes lattice surgery slow compared with the transversal option but is still

the favored option on account of its easier implementation.

An important, though unrelated, fact is that transversal gates and lattice surgery can

both be performed on surface codes that are not directly adjacent in space by using shared

entanglement. Specifically, maximally entangled qubit pairs can be used to teleport the

required two-qubit gates in either case. For surface codes of distance d, transversal gates

require a total of d2 pairs since each qubit in a d× d lattice must be matched up with its

counterpart in the other lattice. Coincidentally, lattice surgery also requires d2 pairs since

d pairs are needed for each of the d rounds that are necessary to account for measurement

errors. Although these two operations require the same total amount of entanglement,
18Other options like braiding exist for when qubits are encoded as surface code defects [35]. We do

not consider anything like this.
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Figure 1.5: A cartoon of a lattice surgery operation. On the left and right are two surface
code encoded qubits The floral pattern tiles depict stabilizer checks over the white circles
which represent the data qubits encoding the logical qubits on either side. To implement
a lattice surgery operation, d non-local CNOT operations are required between the two
surface codes which can each be implemented with a maximally entangled two-qubit pair.

the rate of required entanglement is much smaller for lattice surgery since only d pairs

are required at each time-step.

1.9 Purification in the context of error correction

1.9.1 Two-qubit errors and the Bell basis

We recall from section 1.7.1 that all quantum errors over an ensemble of qubits can

be digitized as a combination X and Z errors. Naively then, we expect the need to

accommodate for 15 possible error syndromes when purifying entangled pairs:

{
IX, IY, IZ, XI, XX, XY, · · · , ZY, ZZ

}
(1.82)

This however turns out to be redundant. By working in the Bell basis (see section

1.6.2), we can restrict our attention to the X and Z errors on just one qubit. To see this,

let us recall that the Bell states are a collection of four maximally entangled pairs that

together form a basis for the two qubit Hilbert space.

|φ±〉 = 1√
2

(
|00〉 ± |11〉

)

|ψ±〉 = 1√
2

(
|01〉 ± |10〉

)
(1.83)

Significantly, each Bell pair is related to |φ+〉 by single qubit Pauli operations.
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(
I ⊗X

)
|ϕ+⟩ = |ψ+⟩

(
I ⊗ Z

)
|ϕ+⟩ = |ϕ−⟩

(
I ⊗XZ

)
|ϕ+⟩ = |ψ−⟩

(1.84)

If |ϕ+⟩ is our target state, this leads to the interpretation that |ϕ−⟩, |ψ+⟩, and |ψ−⟩

are pairs that have suffered a phase-flip error, a bit-flip error or both respectively on one

of their qubits. Note that because of the states’ symmetry, it does not matter which

qubit has suffered the error. For example:

(
I ⊗X

)
|ϕ+⟩ =

(
X ⊗ I

)
|ϕ+⟩ = |ψ+⟩ (1.85)

From this, we see that all two qubit errors (σi ⊗ σj) can be interpreted as a single

qubit error (I ⊗ σk) up to some phase, where σi, σj , σk ∈ {X,Y, Z}.

1.9.2 Challenges of error correcting entangled states

A complication of correcting single qubit errors in the context of entanglement purifica-

tion is that single qubit measurements collapse the entanglement that we would like to

refine. Suppose for example we have the mixed state

ρA,B := 0.9 |ϕ+⟩⟨ϕ+|A,B + 0.1 |ψ+⟩⟨ψ+|A,B (1.86)

Alice and Bob could easily learn what state they possess by performing computational

measurements on both of their qubits. In this scenario they will observe either |00⟩ or

|11⟩ ninety percent of the time, in which case the state was |ϕ+⟩. Otherwise, they will

observe |01⟩ or |10⟩ in which case their state had suffered an X error. This information

is useless to them however since every state they project onto is separable!

As a naive solution to this problem, let us recall from example 1.7.2 that our target

pair |ϕ+⟩ is a stabilizer state that is enforced by the generating set ⟨XX,ZZ⟩. Any

two qubit state |ψ⟩ ∈ H4 can therefore be mapped to |ϕ+⟩ (up to local corrections) by

enforcing the XX and ZZ parity checks. The issue with this approach however is that

these two stabilizers act on both qubits of |ψ⟩ and are therefore non-local operations.
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Figure 1.6: The “parity check” purification of Bennett et. al. [7]. The two semicircles at
the start of the circuit denote the preparation of partially entangled pairs between the
corresponding qubits they connect. Here we imagine that qubits 1 and 3 belong to one
party (Alice) while qubits 2 and 4 belong to a distant party (Bob). The protocol consists
of what Bennett et. al. describe as a bilateral CNOT. Here, Alice and Bob perform a
CNOT between their respective qubits. Following this, Alice and Bob each measure the
qubit they had targeted. The protocol succeeds if they measured either |00〉 or |11〉, else
the purification is said to have failed.

As I will show in the following sections however, the XX and ZZ checks can each be

enforced on a state |ψ〉 by using up a maximally entangled pair as a resource. Clearly

then, it is not advantageous to distill |φ+〉 from |ψ〉 by enforcing 〈XX,ZZ〉, since this

requires two entangled pairs but only yields one.

A better idea is to begin with an ensemble of partially entangled pairs ρ⊗n
A,B and then

perform a sequence of non-local stabilizer checks that (with high probability) correctly

diagnose which pairs have suffered what kind of single qubit error. This is essentially

identical to the objective of QEC where we wish to determine the most likely configu-

ration of errors that have occurred over an ensemble of qubits. Bennett et. al. were the

first to point out this equivalence between QEC and purification [9], though not in the

language of stabilizers as I do here.

1.9.3 Example: Bennett purification protocol

The purification protocol that will feature the most throughout this thesis is the 2 → 119

algorithm by Bennett et. al. [7]. I refer to this as the parity check protocol, since its effect

is to measure the ZZ observable on one entangled pair using another as a resource. The

circuit for this purification is presented in figure 1.6. To begin, let us assume that distant

parties Alice and Bob share two partially entangled pairs. We name one of these pairs

19i.e. where two pairs are used to produce one higher quality pair
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the control and the other the target. Let us ignore Z errors for the time being. The

objective of Alice and Bob in this experiment is to determine whether the control pair

has suffered an X error. To this end, they implement what Bennett et. al. describe as

a bilateral controlled-not (BCNOT) by each performing a CNOT between their halves

of the control and target pairs respectively. Let p denote the probability of an X error

occurring on a given pair.

The first possibility is that neither of the two pairs have suffered an X error. This

occurs with probability (1− p)2. In this scenario, the BCNOT does nothing to the input

state, and the subsequent computational measurements will result in either |00⟩ or |11⟩.

These even parity outcomes indicate that (very probably) no X error has taken place.

The second possibility is that a single X error has occurred on the control or the target

(which happens with probability 2p(1− p)). In either scenario, the computational mea-

surements will now have odd parity (|01⟩, |10⟩). This signals that an error has occurred,

however as we do not know which pair contributed the error, we discard the output

pair. The third and final possibility (which occurs with probability p2) is that both pairs

have suffered an X error. When this happens, the X error from the source propagates

onto and therefore eliminates the error on the target. This causes the measurements to

mistakenly report that no error has occurred.

Let us now ignore the X errors to discuss the effect of Z errors in this circuit. We

first recall that a Z error |ϕ+⟩ → |ϕ−⟩ introduces a relative phase onto an entangled pair.

Evidently, this type of error cannot be detected through computational measurements

and therefore, the circuit of 1.6 does not identify any Z error. What is unfortunate

however is that a Z error on the target pair propagates upward through the BCNOT and

causes the control pair to suffer an undetectable Z error. In this way, we see that although

this parity check protocol reduces the overall likelihood of an X error, the probability of

a Z error increases.

Despite this trade-off, it is nevertheless possible to use recursive instances of this pro-

tocol to distill entangled pairs to an arbitrarily high fidelity (albeit with a vanishing yield

[7] [18]) 20 . Nevertheless, the short-depth of this circuit together with its effectiveness

at correcting biased noise [7] make it a natural first choice for entanglement purification

on NISQ devices [51].
20The essential idea is to run multiple instances of the ZZ purification, and then perform XX parity

checks (See fig. 1.7) on those surviving pairs, and so on repeatedly until a certain desired fidelity is met.
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Figure 1.7: An entanglement purification circuit that generalizes the stabilizer check
from figure 1.3. The semicircles at the start of the circuit indicate that the corresponding
qubits are partially entangled pairs. The bottom-most pair of this circuit is an ancillary
pair that is expended to measure the stabilizer. Observe that the ZZ check is identical
to the bilateral CNOT of the parity check protocol described in figure 1.6. As with
figure 1.3, each coloured component of this stabilizer check can thought of as a single bit
adder, that increments the ancilla state if the pairs have suffered an X, Z or XZ error
respectively.

1.9.4 Purification protocols as stabilizer codes

In the previous example, we showed that the ZZ parity check protocol of Bennett et.

al. could be used to detect (but not correct) a single X error between two pairs. With

a slight modification to this circuit (See figure 1.7), we could have instead performed an

XX parity check to detect a single Z error among two pairs. By combining these basic

circuits (in a similar way as we did for the stabilizers in figure 1.3), we can create arbitrary

checks over an ensemble of distributed pairs. To illustrate, consider figure 1.7, which is

a purification circuit 21 that implements the stabilizer check ZZ ⊗ XX ⊗ (ZX)(ZX).

Consequently, we see there is a one-to-one correspondence between stabilizer codes and

purification protocols – an observation that was first made by Bennett et. al. [9] 22 .

21What makes this a purification circuit as opposed a QEC circuit more broadly is that we gain infor-
mation about an ensemble of distributed pairs (without collapsing them) using only LOCC operations.

22Author’s note: This insight is included only for completeness. It will not feature again except briefly
in chapter two.
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Chapter 2

Cost-vector analysis and multi-path

routing in quantum networks

After three days they found him in

the temple, sitting among the

teachers, listening to them and asking

them questions

Luke 2:46

2.1 Statement of work

In this chapter, I introduce a framework for analysing quantum routing protocols called

the cost-vector formalism. Here, quantum networks are recast as multi-graphs where

edges represent two-qubit entanglement resources that could exist under some sequence

of operations. Each edge is weighted with a transmission probability that represents the

likelihood of the pair existing and a coherence probability which is the likelihood the

pair is suitable for teleportation. Quantum routing operations such as entanglement

swapping and purification are then interpreted as contractions on the multi-graph with

relatively simple rules for updating the edge-weights. The cost-vector formalism was

initially conceived by Dr. Peter Rohde as a path-finding tool for quantum networks.

Dr. Rohde and I made roughly equal contributions in the material from sections 2.2

to 2.4 inclusive, though the writing in this chapter is entirely mine. I introduced the

technique of entanglement stacking in section 2.4.4. In early 2021, Dr. Rhode had the
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idea to extend the cost-vector formalism over time and proposed the temporal meta-

graph. This is a multi-graph that represents the entanglement resources present in the

network at various times together with the available memory resources. In order to make

this theory compatible with our interpretation that every link of the multi-graph is a

potential entanglement resource, I developed a resource theory for quantum memories,

which is presented in section 2.5.2. Dr. Rohde proposed the concept of the asynchronous

node discussed in section 2.5.6 as a tool to facilitate routing algorithms in temporal meta-

graphs. The routing algorithms developed in section 2.6 and simulation work conducted

in section 2.7 is original, though Dr. Nathan Langford contributed significant feedback

in the methodology and subsequent write-up.

2.2 Introduction

In classical networking, communication is carried out by transmitting bits of information

encoded in an optical signal. Repeater stations amplify the signal at regular intervals

which enables it to travel much further than it would be able to otherwise. Compare

this with quantum networking, where the objective is to communicate quantum states

that are typically encoded with one or more photons. General repeaters which “amplify"

incoming states by duplicating them are impossible in quantum networking, since arbi-

trary copying of unknown quantum information is prohibited by the no-cloning theorem.

This issue can be circumvented by instead distributing known entangled states between

parties. Entangled states enable quantum information to be transmitted directly via

quantum state teleportation [3] and, unlike the sensitive quantum data in a message, are

fungible resources that can be refined with entanglement purification [12] and extended

over longer distances with entanglement swapping [19]. These two actions (together with

entanglement distribution), are the fundamental building blocks of quantum communi-

cation protocols, which are strategies for efficiently establishing entanglement links of

arbitrary quality between parties in a quantum network.

A challenge of studying quantum communication protocols however is that they are

non-deterministic and tend to have many points of failure. At any stage during routing, a

key entanglement link could suddenly vanish and dramatically alter subsequent routing

decisions. Naturally, the most effective way to benchmark quantum communication
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protocols is to simulate them directly [8] [9] [18]. Although this approach is accurate, it

is likely to be computationally expensive for large networks with many competing end-

users. In this work, we propose a static framework for analysing quantum communication

protocols that we call the cost-vector formalism. Our main insight is that quantum

networks can be recast as multi-graphs where each link represents a partially entangled

two-qubit state that could exist under some sequence of operations. Routing strategies

in this framework are described as a sequence of contractions on the multi-graph that

correspond to entanglement swapping and purification operations.

In the remainder of this section, we define quantum networking from first principles

and introduce the problem of path-finding in quantum networks. Given the hardness of

this subroutine, we identify two broad categories of path-finding heuristics. In section

2.3 we demonstrate how a simplified noise model allows us to find optimal paths in terms

of a quantity called the coherence probability, which is the likelihood that a given pair

is suitable for teleportation. Following this in section 2.4, we formally introduce our

cost-vector formalism. Each link of our network is weighted with two costs: a coherence

probability p and a transmission probability (or efficiency) η which is the likelihood of the

pair existing. We demonstrate how entanglement swapping and purification operations

can be related to vertex and edge contractions of the multi-graph respectively (See Fig.

2.1). Consequently, we derive rules for updating the cost-vectors in either scenario. In

section 2.5 we extend our cost-vector formalism to include the use of quantum memories

which enables us to consider entanglement routing over space and time. With the cost-

vector formalism fully introduced, the latter part of the paper focuses on demonstrating

some of its capabilities. We begin in section 2.6 by introducing some rudimentary multi-

path routing algorithms, then we spend section 2.7 testing them in a variety of networking

scenarios.

2.2.1 State teleportation and quantum networks

State teleportation is a well-established quantum communications protocol where one

party transmits an arbitrary single qubit to another using a shared maximally entangled

pair and a classical side channel. When the qubit being teleported is not a separable

state, but is entangled with another qubit held by a third party, the entanglement is

extended between the outer two qubits. This variant of state teleportation is called
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Figure 2.1: In the cost-vector formalism, the state of a network is represented with a
multi-graph where edges are partially entangled two-qubit pairs that could exist. Top:
Entanglement swapping between between edges (A,B) and (B,C) results in a link at
(A,C). Bottom: A purification protocol reduces two edges in parallel to produce a
“higher quality" link.

entanglement swapping [20]. Although there are many types of entanglement, the scope

of quantum networking is typically limited to the distribution of two-qubit entanglement

to enable single qubit teleportation between end-users. No utility is lost in considering

this restricted framework since arbitrarily large quantum states may be teleported across

the network provided there are sufficiently many distributed entangled pairs.

Formally, a quantum network is a collection of quantum computers that are inter-

connected according to a graph of single qubit channels. These channels are completely

positive maps on single qubit density operators that represent the error processes that

occur as individual qubits are transmitted between computers, and they are ideally as

close to the identity channel as possible. Equivalently, each link of the network may

be represented as a completely positive and trace-preserving single qubit channel to-

gether with a transmission probability. Every computer in the network has the ability

to generate entangled states, perform arbitrary local operations, store qubits in memory,

measure states, and transmit qubits to adjacent quantum computers using the channels

connecting them. We also assume that each computer is able to send messages to each-

other with a classical side channel. Since there are infinitely many maximally entangled

two qubit states 1 , we assume by convention that the target state which the network

aims to deliver is the maximally entangled pair |φ+〉 := 1√
2
(|00〉 + |11〉). Without loss

of generality then, the objective of a quantum network is to maximize the throughput

1To see this, note that
(
Rx(θ)⊗ I

)
|φ+〉 is a maximally entangled state for every θ ∈ R.
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of |ϕ+⟩ states distributed between end-users. Recall from section 1.6.2 that |ϕ+⟩ is one

of the four Bell pairs, which together form a basis for the the two qubit Hilbert space.

Additionally, I note from section 1.9.1 that |ϕ−⟩, |ψ+⟩ and |ψ−⟩ may be interpreted as

|ϕ+⟩ pairs that have suffered a phase-flip error, a bit-flip error or both respectively on

one of their qubits

Fidelity as a threshold for error tolerance

In practice, distributing pure |ϕ+⟩ states between end-users is impossible, not only be-

cause of the noisy channels connecting them and the asymptotic nature of practical

purification protocols, but also because of the device level noise that caps the accuracy

states can be purified to. We must therefore refine our objective by insisting that dis-

tributed states are close approximations of |ϕ+⟩. Formalising the notion of “approximate"

requires the specification of a distance measure between states [13], the most common

choice being the state fidelity with respect to |ϕ+⟩ (see section 1.6.5) . Notably, this

pair fidelity can also be related to the maximum teleportation fidelity Fmax, which is the

highest attainable qubit fidelity when using the pair ρ for state teleportation [16].

Fmax =
2F + 1

3
(2.1)

We now amend our definition of the quantum network by clarifying that it must

deliver states ρϕ+ that are ϵ-close with respect to |ϕ+⟩ in fidelity, which is to say

1− F
(
ρϕ+ , |ϕ+⟩⟨ϕ+|

)
≤ ϵ 0 ≤ ϵ≪ 1 (2.2)

Swapping vs. distribution

One subtlety of quantum networking that must be addressed is that there are two ways of

propagating entanglement through the network. Entanglement may be either distributed

between nodes by forwarding entangled qubits to neighboring computers, or it may be

extended by performing entanglement swapping on two “adjacent” pairs. As a rule, it is

never beneficial to distribute entanglement beyond one’s nearest neighbor since repeated

transmissions suffer more loss than swapping along the path.

We can demonstrate this claim with a simple thought experiment: Suppose that two

parties Alice and Bob want to share entangled pairs but are separated by n consecutive
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channels each with transmission probability pt. They have the option of either transmit-

ting their pairs directly or coordinating the network to distribute and swap entanglement

at each step. Let us assume that each swapping operation succeeds with probability ps.

If Alice and Bob attempt direct transmission, their success probability is pnt . On the

other hand if they distribute and swap, the probability is n pt p
(n−1)
s . If we make the

reasonable assumption that ps is higher than pt, we see that npt p
(n−1)
s ≫ pnt holds for all

n ≥ 2. Consequently, it is never advantageous to distribute entanglement beyond one’s

nearest neighbor.

2.2.2 Methods for entanglement distribution

Presently, there are two feasible strategies for distributing entanglement (both of which

use entangled photons) between adjacent nodes in a quantum network. The more conven-

tional approach is to use a fiber-optic cable for transmission, however the high attenuation

of these cables limits the feasible ‘single-shot’ distance to around 100 kilometers [21]. The

other approach is to use one or more quantum satellites for distributing entanglement

[24]. In this scenario, entangled pairs of photons are generated in space and fired to

distant ground stations. This method allows for entanglement to be distributed more

reliably at longer distances, however (as we will discuss in Chapter 3) the limited power

available on a satellite limits long-term scalability. A hypothetical third option is to

use a so-called quantum sneakernet where entanglement is loaded onto error-correcting

codes that are then physically (and losslessly!) transported to their respective destina-

tions [11]. Although the transmission time of a sneakernet is considerably slower than

the speed of light, the immense bandwidth of classical sneakernets [15] suggests that

a quantum sneakernet has the potential to vastly exceed the entanglement throughput

of both repeater and satellite networks. For the time being though, we will limit our

attention to photonic-based entanglement transport.

2.2.3 Routing versus path-finding

In any networking scenario, we are frequently interested in optimal path finding which,

in our context, means finding the sequence of channels that maximizes the rate at which

ρϕ+ states are delivered between end-users. Here, I preface by drawing a distinction

between path finding and entanglement routing ; We take the latter term to mean finding
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the optimal distribution strategy given a path of channels between end-users. In general,

the throughput of this linear network depends both on the order of entanglement swap-

ping [7] and the order of purification operations [14]. Although there are exponentially

many distribution strategies for a linear network, heuristic dynamic programs exist that

efficiently find protocols with near optimal throughput [17] [14].

This result simplifies matters, though we still need a way of determining which path

through the network is optimal; This is the problem of quantum path-finding. For

networks with lossy channels, quantum path finding is a multi-objective optimization, as

we need to simultaneously balance between transmission probability and the probability

of single-qubit errors. As multi-objective optimization is a hard problem in general [25],

we would like to avoid it wherever possible.

Let us ignore channel loss for the time being to consider a simpler question: For a

quantum network of trace-preserving channels, does a single-objective optimization exist

to find the optimal path between a pair of end-users? Specifically, we want to know

if there is an additive scalar cost that can be calculated from each channel such that

a path-finding algorithm over those weights will find the path with the highest yield.

Surprisingly, the answer to this question turns out to be yes or no depending on how we

perform entanglement purification.

To qualify this statement, I introduce two paradigms for purification strategies that

are based on opposite-extreme approaches. In the link-level paradigm, all entanglement is

purified to ρϕ+ before any swapping takes place. In the end-level paradigm, all unprocessed

pairs are first delivered to the end-users before they are purified.

In the link-level paradigm, there is indeed a simple path-finding strategy. Let the

scalar cost associated with each channel be the average number of channel calls needed

to produce an ideal pair over that link. This is closely related to a quantity called the

channel capacity [10] [23] and is calculated using techniques from channel coding theory

[22]. Finding the optimal path with respect to this cost is therefore equivalent to finding

the path with the fewest number of total expected calls required to establish end-to-end

entanglement. Although path-finding in this paradigm is easy, a disadvantage is that

the routing algorithms are comparatively slow. This is because entanglement swapping

can only be performed after high-quality links are established at every step of the path.

Networking in this regime may therefore prove challenging due to the resulting dead-time.
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On the other hand, we expect that the latency is minimized in the end-level paradigm,

since the only precondition for swapping is whether or not the raw resources exist between

links. Unfortunately, an additive scalar cost is not possible within this picture. This is

demonstrated by Di Franco et. al. who show that optimal path finding with respect to

entanglement negativity could (in the special case where each channel is diagonal [1]) be

re-framed as an instance of a multi-objective optimization. Essentially, this stems from

a need to balance the minimization of X and Z errors respectively.

2.3 Optimal path-finding with coherence probability

In the previous section, we made the argument that optimal path-finding in the end-

level paradigm is a hard problem, even in the simplified case of diagonal-noise where

each channel has some probability of applying any of the three single qubit Pauli errors.

Here, we show how further constraining our noise model to partially-depolarizing or

partially-dephasing error channels allows us to develop a path-finding heuristic over a

single cost. We begin this section with some definitions before moving onto our main

observation that entanglement swapping preserves the structure of partially depolarized

and partially dephased states. We conclude by demonstrating how this property can be

used to specify a single cost heuristic for these noise models and showing how this cost

can be related to the fidelity with respect to |ϕ+⟩.

2.3.1 Definitions

Definition 1. A single qubit partially depolarizing channel2 Ed(p, ρ̂) is a quantum

channel with the action

Ed(p, ρ̂) = pρ̂+ (1− p)
1

2
I (2.3)

The interpretation of this channel is that the input state passes through as intended

with probability p or else is mapped to the maximally mixed state with probability 1−p.

Definition 2. The partially depolarized pair ∆p is a two qubit mixed state of the

following form

2Note, I use the terms “partially depolarizing" and “depolarizing" interchangeably.
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∆p = p|ϕ+⟩⟨ϕ+|+ (1− p)
1

4
I (2.4)

Observe that ∆p is the state that results from sending one qubit of a maximally

entangled pair through a partially depolarizing channel with success probability p.

∆p = Ed(p, |ϕ+⟩⟨ϕ+|) (2.5)

Because of this correspondence, we will refer to p as the coherence probability of the

state. The definitions for the partially dephasing channel and the partially dephased pair

are similar and thus will be treated in brief detail.

Definition 3. A partially dephasing channel Eσi(p, ρ̂) is a single qubit channel with

the action

Eσi(p, ρ̂) = pρ̂+ (1− p)
1

2
(ρ̂+ σiρ̂σi) (2.6)

Where σi ∈ {X,Y, Z}

Definition 4. A partially dephased pair δσip in the σi direction (where σi ∈ {X,Y, Z})

is a two qubit mixed state of the form

δσip = p|ϕ+⟩⟨ϕ+|+ (1− p)(I ⊗ σi)|ϕ+⟩⟨ϕ+|(I ⊗ σi) (2.7)

As with partially depolarized states, we also have that,

δσip = Eσi(p, |ϕ+⟩⟨ϕ+|) (2.8)

Finally, we conclude this section of definitions by defining a term that encompasses

our restricted error model.

Definition 5. In the decoherence model of quantum networking, either all net-

work channels are partially depolarizing channels, or all channels are partially dephasing

channels.
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2.3.2 Swapping on partially depolarized and partially dephased pairs

In this section, we demonstrate that entanglement swapping between two states in the

decoherence model of networking with coherence probabilities p1 and p2 respectively

results in another partially depolarized state with coherence probability p1p2.

Definition 6. Let ρ1,2 and σ3,4 be two-qubit density operators with subscripts denoting

qubit labels. The entanglement swapping operation Eswap on these states is defined

Eswap(ρ⊗ σ) =
⟨ϕ+|2,3(ρ1,2 ⊗ σ3,4)|ϕ+⟩2,3

Tr(⟨ϕ+|2,3(ρ1,2 ⊗ σ3,4)|ϕ+⟩2,3)
(2.9)

Where |ϕ+⟩2,3 is short-hand for the (partial) projection I1 ⊗ |ϕ+⟩2,3 ⊗ I4

In principle, entanglement swapping will not always result in a projection of |ϕ+2,3⟩

but can include projections onto the other three Bell states as well. These other three

scenarios are detectable and correctable with local operations, and so are not formally

incorperated in our definition of swapping.

Theorem 1. Let ∆p1 and ∆p2 be two partially-depolarized entangled pairs of coherence

probabilities p1 and p2 respectively. An entanglement swapping operation on these states

results in another partially depolarized state with coherence probability p1p2.

Proof. By definition,

∆p1 = p1|ϕ+⟩⟨ϕ+|+ (1− p1)
1
4I

∆p2 = p2|ϕ+⟩⟨ϕ+|+ (1− p2)
1
4I

(2.10)

Using the shorthand [ϕ+] := |ϕ+⟩⟨ϕ+|:

Eswap(∆p1 ⊗∆p2) = p1p2 Eswap([ϕ
+]⊗ [ϕ+])

+ p1(1− p2) ([ϕ
+]⊗ 1

4
I) + (1− p1)p2 Eswap(

1

4
I ⊗ [ϕ+])

+ (1− p1)(1− p2) Eswap(
1

4
I ⊗ 1

4
I)

(2.11)

Evidently Eswap([ϕ
+] ⊗ [ϕ+]) = [ϕ+]1,4, and it is straightforward to verify that the

other three terms are maximally mixed states. The resulting state is therefore
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Eswap(∆p1 ⊗∆p2) = p1p2[ϕ
+] + (1− p1p2)

1

4
I (2.12)

Which, as asserted earlier, is a partially depolarized pair with coherence probability

p1p2.

It is similarly straightforward to show that if δσip1 and δσip2 are partially dephased pairs

with respect to σi, a swapping operation on these two states will result in a partially

dephased pair with coherence probability p1, p2. We omit this proof for brevity and, as a

rule, tend to omit proofs for all scenarios involving partially-dephased states since they

are virtually identical.

Corollary 1. The entanglement swapping operation on partially depolarized states is

associative, meaning that for three partially dephased states ∆p1 ,∆p2 ,∆p3 we have that,

Eswap(Eswap(∆p1 ,∆p2),∆p3)) =

Eswap(∆p1 , Eswap(∆p2 ,∆p3))

(2.13)

Proof. From theorem 1, we know that a swapping operation on partially depolarized pairs

with coherence probabilities p1, p2 results in a partially depolarized pair with coherence

probability p1p2. It follows immediately from the associative property of multiplication

that entanglement swapping on these states is also then associative.

2.3.3 An additive path-finding cost

Having established the fact that swapping operations are essentially multiplicative on the

coherence probabilities of partially depolarized and partially dephased states, we are now

in a position to consider what the overall coherence probability is when routing over an

an arbitrary network path. We recall from our discussion in sec. 2.2.1 that the first step in

any routing protocol is to distribute entanglement between each pair of nodes. Assuming

hypothetically that all pairs arrive at their destinations, the coherence probability of a

state swapped through a network path is given by the following theorem.

Theorem 2. Let Ed(p1), Ed(p2), · · · , E(pn) be a path in a quantum network connecting

two end-users. The coherence probability of the path is
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Ppath = p1 × p2 × · · · × pn (2.14)

Proof. We begin our routing protocol by assuming that entangled pairs are distributed

between each link in the path. The initial state of the system is therefore

∆p1 ⊗∆p2 ⊗ · · · ⊗∆pn (2.15)

By corollary 1 we know that entanglement swapping is associative over partially

depolarized states. Applying swapping on the terms from left to right

Eswap · · · Eswap(Eswap(∆p1 ⊗∆p2),∆p3), · · ·∆pn) (2.16)

And this is easily seen by inspection to produce the state ∆Ppath
between the end-

users.

Theorem 2 tells us that the coherence probability of a pair swapped through a path is

the product of the coherence probabilities of the constituent links. Finding the optimal

path in terms of the coherence probability is therefore equivalent to finding the path

whose links multiply to give the highest overall success probability. Optimal path-finding

algorithms however require additive (not multiplicative) costs. To develop an additive

cost over success probabilities we observe that,

log
( n∏
i=1

pi

)
=

n∑
i=1

log(pi) (2.17)

Which indicates that coherence probabilities can be converted into an additive cost

by taking the logarithm of each term. Notice however that log(pi) ≤ 0 since 0 < pi ≤

1. Since path-finding algorithms require (by convention) the shortest path to have the

smallest overall cost, we require a sign flip on each term. The additive cost with respect

to the coherence probability is therefore

ci = − log(pi) (2.18)
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2.3.4 Relating coherence probability with state fidelity

In this section we show how, using basic algebra, the coherence probabilities of partially

depolarized and partially dephased pairs are related to the fidelity with respect to the

maximally entangled state |ϕ+⟩⟨ϕ+|. This is a useful conversion technique since fidelity is

a familiar way to gauge the quality of an entangled pair whereas the coherence probability

is not.

Theorem 3.

F (∆p, |ϕ+⟩⟨ϕ+|) =
1 + 3p

4
(2.19)

Proof.

∆p = p|ϕ+⟩⟨ϕ+|+ (1− p)
1

4
I

= p[ϕ+] + (1− p)
1

4
([ϕ+] + [ϕ−] + [ψ+] + [ψ−])

=
1 + 3p

4
[ϕ+] + (1− p)

1

4
([ϕ−] + [ψ+] + [ψ−])

(2.20)

And since [ϕ+] is orthogonal to the other three Bell pairs the fidelity of this state

with respect to [ϕ+] is (1 + 3p)/4 as required.

Theorem 4.

F (δσip , |ϕ+⟩⟨ϕ+|) =
1 + p

2
(2.21)

Proof.

δσip = p[ϕ+] + (1− p)
1

2

(
[ϕ+] + (I ⊗ σi)[ϕ

+](I ⊗ σi)

)
=

1 + p

2
[ϕ+] + (1− p)

1

2
(I ⊗ σi)[ϕ

+](I ⊗ σi)

(2.22)

Similar to the previous theorem, the first term is the only element that contributes,

giving us an overall fidelity of (1 + p)/2 as required.

2.4 The cost-vector formalism

Non-determinism is a pervasive fact of quantum networking. Entangled photons can be

lost in transmission, entanglement swapping between photons has a maximum success

rate of 50% [20], and entanglement purification is inherently probabilistic. The conse-

quence of this non-determinism is that entanglement routing is a highly volatile process

with many points of failure. Although the performance of routing protocols can be gauged

by simulating the network, this may prove costly for large networks with many competing
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end-users. Here, we present an alternative static picture of quantum networking that we

call the cost-vector formalism. At the core of this formalism is the insight that every pair

that could exist in the network (by following some sequence of swapping and purification

operations) can be characterised with a transmission probability (or efficiency) η and a

coherence probability p. The former is the probability that the pair can be successfully

established between the end-users while the latter is the probability that the pair is ac-

tually suitable for teleportation. The tuple (η, p) is defined as the cost-vector of the pair.

The main utility of this formalism is that quantum routing protocols can be re-cast as

edge reductions on a multi-graph. Specifically, we will show that swapping operations

correspond to path contractions while purification operations collapse multiple edges on

the same vertices to a single edge. We begin this section by deriving these contraction

rules for a specialised networking scenario and conclude with a holistic analysis about

our framework.

2.4.1 Entanglement distribution

The first step in our cost-vector formalism is to construct the multi-graph corresponding

to the initial state of our network. We recall from our discussion in section 2.2.1 that

entangled pairs should be distributed no further than the nearest neighbors. We there-

fore imagine the initial state of the network as the point immediately after attempting

entanglement distribution between each neighboring pair of vertices. More generally, we

imagine this taking place over a small time interval ∆t. Depending on the length of

∆t, the computers of the network may have attempted to deliver entangled pairs one or

more times. Each attempt is then represented in the multigraph as an edge connecting

the corresponding vertices with a cost-vector that depends on the channel. With this

multi-graph, we can now begin routing entanglement by contracting the edges with the

swapping and purifying protocols we’re about to describe.

2.4.2 Entanglement swapping

Suppose we have a network path consisting of n sequential channels. For the sake of

example, let us suppose these are all partially depolarizing channels with coherence prob-

abilities p1, p2, · · · , pn and transmission probabilities η1, η2, · · · ηn respectively. The cost-

vectors corresponding to these channels are then (η1, p1), (η2, p2), · · · , (ηn, pn). When two
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pairs with transmission probability η1 and η2 are deterministically swapped, the transmis-

sion probability of the output pair is η1η2 since both pairs must exist for the swapping to

take place. The transmission probability for swapping along the entire path is therefore

η1 × η2 × · · · × ηn. More generally, we might imagine that each swapping operation has

some identical probability of failure ηswap, which gives a new overall success probability

of

ηnswap(η1 × η2 × · · · × ηn) (2.23)

We recall from theorem 2, that the coherence probability of a pair distributed along

a path is the product of the coherence probabilities of the channels in that path. The

cost-vector of the reduced path is therefore

(
ηnswap(η1 × η2 × · · · × ηn), p1 × p2 · · · × pn

)
(2.24)

2.4.3 Entanglement purification

An entanglement purification protocol takes a number of partially entangled states and

uses local operations and classical communications to reduce the initial ensemble to a

smaller number of states that more closely resemble some maximally entangled reference

state. Considerable work has been done to find protocols that maximize the attainable

yield of target states for finitely many initial states or bound the yields that are attainable

in asymptotic settings. A notable result in this area is that there is a one-to-one corre-

spondence between purification protocols on entangled pairs and CSS codes [5]. Here,

we limit our attention to the Bennett protocol [4] which is the simplest instance of a

CSS-type purification; It is capable of detecting the presence of a single Pauli error (for

example the bit-flipped pair (I⊗X)|ϕ+⟩ = |ψ+⟩). The Bennett protocol essentially works

by coupling two pairs together and destructively measuring one of them to learn whether

there was a Pauli error on either of the pairs. If a Pauli error was detected, the remaining

pair must be discarded since there is complete uncertainty about where the error could

have occurred. On the other hand if no error was detected, the remaining pair is kept.

In this section, we show how the Bennett protocol acting on partially dephased states

can be easily adapted to the cost-vector formalism. In short, this is because partially
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dephased states only suffer one kind of Pauli error which makes them naturally suited

for this type of purification. Following this, we briefly consider Bennett purification on

partially depolarized states and demonstrate how it can be adapted to the cost-vector

formalism with an additional post-processing assumption.

Partially dephased pairs

Let us begin by considering two partially dephased pairs with pair fidelities F1 and F2

The fidelity of the pair that passes the Bennett purification is given by

F ′ =
F1F2

F1F2 + (1− F1)(1− F2)
(2.25)

and the success probability of the protocol is given by the denominator:

ηpur = (F1F2 + (1− F1)(1− F2)) (2.26)

We recall from section 2.3.4 that that the fidelities for partially dephased and partially

depolarized states can both be related to coherence probabilities. Substituting F1 with

(1 + p1)/2 and F2 with (1 + p2)/2 respectively (according to theorem 4) gives us

1 + p′

2
=

(1 + p1)(1 + p2)

2 + 2p1p2

p′ =
p1 + p2
p1p2 + 1

(2.27)

Here, p′ is the coherence probability of the new partially dephased state. Relating

the success probability in terms of coherence probabilities:

ηpur =
1

2
(1 + p1p2) (2.28)

And we are now ready to present how cost-vectors are updated when two parallel

edges are contracted by a Bennett purification. Let (η1, p1) and (η2, p2) be the cost-

vectors of two partially dephased pairs that are shared a pair of end-users. Evidently,

the coherence probability of the resulting purification is given by eq. 2.27. The overall

success probability is the probability of the purification protocol taken with the product

of each transmission probability (since both pairs must exist for the purification to be
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attempted). The resulting cost-vector is therefore

(
1

2
η1η2(1 + p1p2),

p1 + p2
p1p2 + 1

)
(2.29)

Partially depolarized pairs

Similar to previous section, we begin by considering two partially depolarized pairs with

pair fidelities F1 and F2. The fidelity of the output pair in this case is

F ′ =
F1F2 +

5
9 (1− F1)(1− F2)

F1F2 +
1
3F1(1− F2) +

1
3F2(1− F1) +

5
9 (1− F1)(1− F2)

(2.30)

Unlike in the previous example where the output pair was a partially dephased state

like its inputs, the output pair here does not have the form of eq 2.4. Rather, it has

a skewed distribution of errors. This is because the Bennett protocol only detects one

type of Pauli error at a given time (X or Z). For the cost-vector formalism to work,

we must convert this state back to a partially depolarised pair. This can be done with

entanglement twirling which equalises the noise terms using random local operations.

The drawback of this approach however is that states with biased noise are much easier

to purify than states with no bias at all. This means we have to expend some of our

distillable entanglement in order to be consistent with our cost formalism in this scenario.

Substituting F1 with (1 + 3p1)/4 and F2 with (1 + 3p2)/4 respectively (according to

theorem 3) gives us,

1 + 3p′

4
=

3− p2 + p1(7p2 − 1)

4 + 4p1p2

p′ =
2− p2 + p1(6p2 − 1)

3 + 3p1p2

(2.31)

Where, as before, p′ is the coherence probability of the new state. Substituting again,

the success probability of the purification is

1

2
(1 + p1p2) (2.32)

And the resulting cost-vector is
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(
1

2
η1η2(1 + p1p2),

2− p2 + p1(6p2 − 1)

3 + 3p1p2

)
(2.33)

2.4.4 Entanglement stacking

In the previous section, we demonstrated how entanglement purification can be used in

our cost-vector formalism to combine concurrent edges into a single edge with a higher

coherence probability. Here, we introduce a complimentary strategy called entanglement

stacking which combines concurrent edges into a single link with a higher transmission

probability. First, let us recall that the edges of our multi-graph represent entangled pairs

that could exist in the network. We can choose to represent a collection of edges that are

shared by a pair of users as a single link with a higher overall success probability. This

simplifies the graph topology, but comes at the expense of some accuracy since removing

edges means disregarding the possible existence of other legitimate pairs. Unlike with

swapping and purification, we emphasise that there is no physical process that takes

place during entanglement stacking.

Here, we propose a rudimentary entanglement stacking protocol on two edges with

cost-vectors v1 = (η1, p1), and v2 = (η2, p2) respectively. For the sake of example, we

suppose these are cost-vectors specifying partially depolarized states. Let η′ denote the

transmission probability of the stacked edge, and let it be defined as the probability that

at least one of the two pairs are successfully transmitted.

η′ = η1η2 + η1(1− η2) + η2(1− η1) (2.34)

If one pair is transmitted, the end-users receive the v1 state with probability γ1 =

η1
η1+η2

and the v2 state with probability γ2 = η2
η1+η2

The resulting mixed state is therefore:

γ1(p1|ϕ+⟩⟨ϕ+|) +
1

4
I(1− p1)) + γ2(p2|ϕ+⟩⟨ϕ+|) +

1

4
I(1− p2)) (2.35)

Expanding and rearranging gives us,

(γ1p1 + γ2p2)|ϕ+⟩⟨ϕ+|+ (γ1(1− p1) + γ2(1− p2))
1

4
I (2.36)

Which is another partially depolarized state with coherence probability
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p′ = γ1p1 + γ2p2 (2.37)

The cost-vector of the stacked path is therefore

(
η1η2 + η1(1− η2) + η2(1− η1), γ1p1 + γ2p2

)
(2.38)

Although we do not treat on this subject any further, we remark that there appears to

be good potential for developing more general stacking protocols. Rather than stacking

up to a single pair for example, it may be preferable to develop a scheme for stacking n

pairs into m < n pairs as a more nuanced simplification.

2.5 Entanglement routing over time

Although the cost-vector formalism in its current iteration might be sufficient for routing

between a small number of end-users, we will later see that congestion quickly becomes

an issue as the number of users increases. Network congestion occurs because of path

collisions where two or more parties are separated by a common bottleneck. Since it is

impossible for all parties to send messages through a bottleneck simultaneously, some

parties must wait until the channel frees up or another path becomes available. In the

context of quantum networking, path-collisions occur when two or more parties need to

swap over the same entanglement link. Similarly, these kinds of collisions are resolved by

having parties wait until new links are established. This waiting action can (and should)

be treated as a quantum channel since holding qubits in memory always introduces a

small amount of unintended noise. In this section, we demonstrate how our cost-vector

formalism can be extended to networking scenarios where states may be stored in quan-

tum memories. In brief, our main insight is that multi-graphs representing distributed

entanglement are extended in time by adding duplicate layers that describe the network

in increments of ∆t. Edges between layers represent memory channels that carry quan-

tum states across time. Temporal routing protocols are then recast as edge-reductions

on this larger multi-graph.
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2.5.1 Memory channels

We recall from section 2.2.1 that a quantum network is defined as a collection of quantum

computers that are interconnected according to a graph of single qubit error channels.

These transport channels allow qubits to be moved across the computers of the network.

Quantum memories on the other hand can be thought of as channels that move qubits

through time. A precise, mathematical description of this is beyond the scope and utility

of this chapter, so we simplify by supposing that every qubit can be assigned a label

indicating its position in time. For example ρt=x would correspond to the state ρ at a

time x where time is measured in units of ∆t (See sec. 2.4.1). The action of an ideal

memory channel Emem is then defined

Emem(ρt=x) = ρt=x+1 (2.39)

In practice, memory channels are imperfect since they represent real-world processes.

As with transmission channels, we consider a simplified picture of quantum memories by

supposing they are either partially depolarising channels or partially dephasing channels

with a coherence probability p and a transmission probability η.

2.5.2 Transitory pairs

The fact that we can specify a p and η for our memory channels strongly suggests there is

some way of incorporating memories into the cost-vector formalism. It is not immediately

obvious though how this ought to be done. We recall from section 2.4 that the edges of

our multi-graph represent entangled pairs that could exist in the network by following

some sequence of purification and swapping operations. At face value, this seems to rule

out the possibility that memory channels could be represented with edges. In this section

however, we propose a fictitious category of states called transitory pairs that allow us

to treat memory channels as states that are partially entangled over time. From this, we

show how memory usage can be recast as entanglement swapping.

To begin, let us suppose we have an ideal memory channel Emem as defined in equation

2.39. We now imagine the hypothetical scenario where this channel is applied to one half

of a |ϕ+⟩ pair at some initial time t = 0. This corresponds to a non-physical process

where one of the particles is moved forward in time while the other stays behind. The
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resulting “state" is therefore

|ϕ+∆t⟩ :=
1√
2

(
|0⟩t=0|0⟩t=1 + |1⟩t=0|1⟩t=1

)
(2.40)

More generally, if the memory channel is partially depolarizing (dephasing), the state

will be a partially depolarized (dephased) pair where the qubits are seperated by one

time unit. For example, a partially depolarizing channel applied to one half of |ϕ+⟩

would result in the object,

ρ∆t = p[ϕ+](t1=0, t2=1) + (1− p)
1

4
I(t1=0, t2=1) (2.41)

Where t1 and t2 are the positions in time of the first and second particle respectively.

Objects of this type, where the qubits of the underlying state are positioned at different

times, we call transitory pairs. This name was chosen to emphasise the fact that these

pairs are partway through a larger time-evolution and, as such, do not currently represent

resources that can be used for teleportation. To illustrate this point more clearly, consider

the time-evolution

Emem ⊗ Emem

(
|ϕ+⟩(t1=0,t2=0)

)
= |ϕ+⟩(t1=1,t2=1) (2.42)

Clearly, this is a valid physical process since it pushes the entire |ϕ+⟩ state one step

forward in time. Nevertheless, we can decompose this process to obtain a transitory pair

midway through the calculation.

(Emem ⊗ I)(I ⊗ Emem)

(
|ϕ+⟩(t1=0,t2=0)

)
(2.43)

= (Emem ⊗ I)|ϕ+∆t⟩ (2.44)

For a transitory pair to be converted into a teleportation resource, it must find one

or more memory channels that can bring both of its qubits to the same position in time.

If this is not possible (because there are no available memories), the state is considered

lost.
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2.5.3 Temporal swapping

In the previous section, we defined the transitory pairs and suggested that using mem-

ory channels is equivalent to a swapping operation on transitory pairs that have been

“distributed" through memory channels. Let us begin by first defining the swapping op-

eration over transitory pairs. Our intuition informs us that a swapping operation should

only be possible if the two qubits being measured exist at the same time. Therefore let

ρt1=a,t2=b and σt1=b,t2=c be partially entangled transitory pairs where the second qubit

of ρ and the first qubit of σ are both found at time b. The temporal swapping operation

on these two states is defined by the action

T (ρ(t1=a, t2=b) ⊗ σ(t1=b, t2=c)) = Eswap(ρ⊗ σ)(t1=a, t2=c) (2.45)

For the remainder of this section, we demonstrate the equivalence between memory

usage and temporal swapping over transitory pairs. Imagine that two parties Alice and

Bob share a |ϕ+⟩ state and want to keep this pair in memory for one unit of time

using partially depolarizing memory channels with coherence probabilities pA and pB

respectively. The resulting state is easily verified to be

Ed(p1)⊗ Ed(p2)(|ϕ+⟩⟨ϕ+|) = ∆p1p2 (2.46)

Now let us treat the scenario from the perspective where, instead of applying the chan-

nel directly, we use the vertex contraction rule developed for swapping in the cost-vector

formalism to determine the final state. Our swapping strategy is presented diagrammat-

ically in figure 2.2. Initially, a single link exists between Alice and Bob at t = 0 with the

cost-vector (η = 1, p = 1). The first swapping operation (marked by the circle on Bt=0)

results in a partially depolarized transitory pair between Alice at t = 0 and Bob at t = 1.

Using the update rule derived in equation 2.24, the transitory pair has the cost-vector

(1, pA). Swapping again on Bob’s vertex and applying the same update rule results in a

partially depolarized pair at t = 1 with a cost vector of (1, pApB), which is the same state

described in equation 2.46. From this, we conclude that temporal swapping operations

are equivalent to uses of memory channels.

One counter-intuitive feature of our time-dependent formalism is that network paths

do not have to descend monotonically but can weave forwards and backwards in time. Al-
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Figure 2.2: A simple routing protocol consisting of two temporal swaps. The initial state
of the network is presented in the left-most square. At time t = 0, Alice and Bob share
an entanglement link between them and each posses a transitory link which indicates
availible quantum memory. The protocol begins by swapping the links at Bob’s vertex
at t = 0. The resulting entanglement is a transitory pair that extends from Alice to Bob
one time-step into the future. Swapping the entanglement at Alice’s position results in
a genuine resource between Alice and Bob at t = 1.

though this might appear nonsensical at first, some of these paths nevertheless represent

physically realisable quantum routing protocols. To illustrate, consider figure 2.3, where

a network path between nodes At=1 and Dt=1 appears to jump up briefly to t = 0. What

the path indicates in reality is that Bt=0 and Ct=0 have an entangled pair that can be

stored in memory for one unit of time. During this time, (At=1, Bt=1) and (Ct=1, Dt=1)

are able to establish entanglement links. If (Bt=0, Ct=0) had decided to store their pair

in memory, a continuous path of entanglement links would exist between A and D at the

t = 1 time-layer which could be swapped to give them end-to-end entanglement.

There are however instances of temporal paths that do not represent realisable routing

protocols, some examples of which are presented in the top part of fig. 2.4. Essentially,

there are two conditions that must be met for a path through a temporal network to

be valid. The first condition is that the ends of the path must exist at the same time

layer3. The second condition is that the path cannot push into the future beyond the end

points of the path. An example of this condition being violated is given in Fig. 2.4 (II),

where a path between At=0 and Dt=0 utilises a resource at t = 1. Such a path breaks

causality by implying that a resource available in the future could be used to establish

an entanglement link in the present.

3If the ends of the path are at different time layers, then either Alice or Bob will have to discard
their half of the pair before they finish the communication. Consequently, establishing entanglement is
impossible in this scenario.
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Figure 2.3: The path of this temporal network, which starts at At=1 and ends at Dt=1

appears to propagate backwards in time if followed from left to right.

Demonstrating necessity and sufficiency for temporal path conditions

Let us pause to formally demonstrate how these two conditions are necessary and suf-

ficient for path validity. Let V be the set of all valid paths in a temporal network and

let S be the set of paths (in the same network) that satisfy conditions 1 and 2 from the

previous section. Our objective then is to demonstrate that P ∈ S ⇔ P ∈ V .

I will begin by proving the reverse case: that P ∈ V ⇒ P ∈ S. For P ∈ V to be true,

two criteria must be met: The path P must generate a valid entanglement resource when

the links of P are swapped, and the communication protocol must respect causality;

Specifically, an entanglement link generated between two users at a time t cannot require

entanglement generated at a later time t+δ. For the first criteria to be met, it is necessary

that the end points of the path are on the same time-layer, as otherwise the resulting

link would not correspond to a physical resource. For the second criteria, it is necessary

for the path to stay at or above the bottom-most time layer (where the end-points of

the path are). Since both of these criteria are also the conditions for P ∈ S, we see that

P ∈ V ⇒ P ∈ S as required.

Let us now consider the forward case: that P ∈ S ⇒ P ∈ V . If P ∈ S then P is

a path where the endpoints of the path are on the same time-layer. This implies that

swapping the links along path P will result in a link that connects the end-users at the

same time-layer, which is a valid physical resource. Moreover, P ∈ S means that P is a

path that never dips below the end-points which in turn means that there is no causal

violation when implementing the protocol. Consequently, we see that P is a valid path,

so P ∈ S ⇒ P ∈ V as required. This concludes the proof that P ∈ S ⇔ P ∈ V .
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Figure 2.4: Four examples of valid and invalid temporal paths connecting two vertices
A and D. Two conditions must be met for a path to be valid: The start and end points
of the path must exist at the same time, and the path cannot ever descend below the
ends of the path. Sub-figure (I) is an invalid path because the end points are not at
the same time layer. Sub-figure (II) is an invalid path because a link between Bt=1 and
Ct=1 cannot be used to generate a link between At=0 and Dt=0 (In other words, future
resources cannot be used to route entanglement in the past). Sub-figure (III) is a valid
path and is reproduced from fig 2.3. Sub-figure (IV) is a valid path made to resemble
path (II). The difference now is that memory links connect A and D which allows them
to store their pairs at t = 0 and swap at t = 1.
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2.5.4 Temporal purification

Entanglement purification, like entanglement swapping, can be defined over transitory

pairs but only in the special case of one-way purification. This is a subset of protocols

where classical communication is only permitted in a single direction between the two

parties. A purification on temporal links carries the interpretation that one party per-

forms their half of the protocol with the intent to signal their measurement outcomes to

a recipient at some later time.

2.5.5 Constructing the temporal meta-graph

We recall from section 2.4.1 that the state of a network after some time ∆t can be repre-

sented as a multi-graph G where each edge is a potential entanglement link weighted with

a corresponding cost-vector. Our objective now is to construct multi-graphs that encode

entanglement and memory resources over n intervals of ∆t. We call these structures

temporal meta-graphs to distinguish them from the multi-graphs that only represent en-

tanglement resources. To build a temporal multi-graph, we begin by initialising n copies

of G where each graph represents the entanglement generated in increments of ∆t. Fol-

lowing this, we connect each node to itself at the next time layer with a number of

transitory pairs equal to the number of available memories. An example construction is

illustrated in fig 2.5.

2.5.6 Pathfinding in temporal-metagraphs with asynchronous nodes

Routing protocols for quantum networks will almost certainly rely on path-finding sub-

routines to find optimal paths between two vertices according to some heuristic. This is

an issue for temporal meta-graphs since multiple vertices can represent the same user at

different times. We present one possible solution to this problem by introducing so-called

asynchronous nodes. These are vertices that are temporarily added to the meta-graph for

the duration of a path-finding protocol and are exclusively connected to the vertices rep-

resenting a single user (See Fig. 2.6 and Fig. 2.7 for examples). By adding asynchronous

nodes that correspond to a pair of users, path-finding algorithms are able to discover the

optimal path between them over the entire temporal meta-graph.

One issue with this approach however is that a found path is not necessarily valid

according to the two conditions given in section 2.5.3. Specifically, the end-points of a
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Figure 2.5: Left: An arbitrary multi-graph where edges are potential entanglement links.
The numbers of the vertices indicate how many quantum memories exist at that location.
Right: A temporal multi-graph corresponding to the base graph over three time-layers.
Three instances of the original graph are connected by transitory pairs corresponding to
the number of memories at each vertex.

Figure 2.6: An example of an asynchronous node (left) for some network party Alice.
This node has edges between all vertices that represent Alice at different times.
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Figure 2.7: A temporal meta-graph with two asynchronous nodes Aas and Bas represent-
ing parties A and B. The edges connecting the asynchronous vertices may be weighted
with arbitrary cost-vectors depending on how one wants to prioritise access to different
time layers. An example (though not necessarily optimal) path between the asynchronous
nodes is highlighted in blue. Although this path connects Aas and Bas, it does not cur-
rently correspond to a physically realisable communication protocol since the “start" of
the path (the first vertex after Aas) is at time t = 0 while the “end" is at t = 2. Neverthe-
less, the path can be treated as valid provided that Alice is promised a secure memory
channel from t = 0 to t = 2 (this is marked with a red dash-dotted line).

found path may exist at different times or the path may dip below the end-points (See

2.7). Both of these problems are rectified if Alice and Bob are both allocated additional

memory channels in advance to ensure the ends of their path terminate at the same time

and at the appropriate depth. A relatively easy (though simplistic) implementation of

this solution is to assume that Alice and Bob each have a reserve supply of quantum

memories that are not included in the description of the temporal meta-graph. This way,

if an invalid path between asynchronous nodes is discovered, the reserve memory can be

automatically allocated to ensure the path is physically realisable.

The edges connecting asynchronous nodes to their counterpart vertices may also

be weighted with cost-vectors in order to prioritise access to certain time-layers. For

example, it may be that the asynchronous edges pointing to lower time-depths are highly

penalised to create an incentive for faster routing. Alternatively, if a layer is known

to be congested, it may be preferable to prioritise paths that start at a different layer.

The flexibility of this approach may prove advantageous in the development of quantum

routing algorithms that incorporate load balancing.
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2.6 Multi-path routing

A quantum network, like any other communications network, may be circuit-switched or

packet-switched. A circuit-switched network is one where the end-users reserve network

paths for the duration of their communication. This model is well-suited for routing

entanglement in the link-level paradigm, since high fidelity pairs must be established

along a fixed path. Compare this to the packet-switching picture where data is routed

over many different channels subject to availability. This approach is favored by the

end-level paradigm where there is flexibility in the paths that can be taken. Moreover

the packet-switching paradigm allows for the possibility of routing over multiple paths

simultaneously. In this section, we introduce rudimentary greedy algorithms for multi-

path routing in the end-level paradigm of our cost-vector formalism involving one or more

pairs of end-users. We emphasise that these algorithms are unlikely to be optimal in most

scenarios, particularly in cases where multiple users must route together. Nevertheless,

we will see in the latter part of this chapter how even these basic protocols can allow us

to make a number of important insights into the design principles of quantum networks.

2.6.1 One user-pair

Our greedy algorithm for multi-path routing on one user-pair is outlined in the textblock

labeled Alg. 1. We begin with a cost-vector multi-graph G, a pair of end-users and a

small positive number ϵ which indicates the pair infidelity we hope to attain. Essentially,

the strategy of this algorithm is to find the best path on the graph G with respect to

the coherence probability p. Once this path is found, it is reduced to a single link by

swapping the intermediate vertices. If the fidelity of this link is within the threshold, (i.e.

if F (link, |ϕ+⟩ ≥ 1− ϵ) the protocol ends. Otherwise, the next best path is reduced and

the two links are purified to one using the Bennett protocol discussed in section 2.4.3.

This repeats until either the resulting link exceeds the fidelity threshold or there are no

more paths between the users.

2.6.2 Multiple user-pairs

Our algorithm for multi-path routing with multiple users is similar to our previous algo-

rithm, and is presented in Alg. 2. The only significant difference is that we attempt to
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Figure 2.8: The outcome of Alg 1 when applied to an instance of a 10 × 10 grid with
three randomly selected pairs of end-users (marked with circles, squares and pentagons
respectively). All edges are equally weighted.

input : cost-vector multi-graph G, user_pair, threshold ϵ.
output: (if successful) a partially entangled link between the users of user_pair

with pair fidelity above 1− ϵ

begin
while paths exist between user_pair do

p = best_path_wrt_coherence(G, user_pair)
link = swap_path(p)
if user_pair already has link then

link = purify(link, old_link)
if F (link, |ϕ+⟩) ≥ 1− ϵ then

return link (success)

return link (fail)

Algorithm 1: A greedy algorithm for multi-path entanglement routing between
a single pair of end-users. The subroutine best_path_wrt_coherence is a path-
finding algorithm that finds the best path between a given pair of users with
respect to the coherence probability p. In the swap_path method, a path p is
reduced to a single link by swapping each adjacent pair of links along p. Similarly,
the purify method takes two links and applies the purification operation described
in either eq 2.29 (for dephasing noise) or eq 2.33 (for depolarizing noise)
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input : cost-vector multi-graph G, end_users, threshold ϵ.
output: (if successful) partially entangled links between every end-user each

with pair fidelity above 1− ϵ

begin
while end_users have paths do

for end_users with paths do
p = best_path_wrt_coherence(G, end_user)
link = swap_path(p)
if end_user already has link then

link = purify(link, old_link)

if F (link, |ϕ+⟩) ≥ 1− ϵ then
remove end_user from list # they’ve got a good pair!

if all users have good pairs then
return links (success)

else
return links (fail)

Algorithm 2: A greedy algorithm for multi-path entanglement routing between
multiple end-users.

balance requests by allocating paths to each user sequentially. In other words, we find a

path for the first users, then find a path for the second users, and so on, before looping

through the users again. This continues until either each user is able to purify a link to

the fidelity threshold or there are no more paths remaining between any of the users.

2.7 Benchmarking

Characterising the performance of a routing algorithm, whether quantum or not, is an

exceptionally difficult research challenge. The first and perhaps most significant obstacle

is that it is not obvious how performance ought to be scored, since there are many

(if not innumerably many) valid options for doing so. The second problem is that the

performance of a routing algorithm will inevitably depend on the topology of the network

and the underlying demand function which models how and when users make requests

to the network. This is less of a concern in the classical context since simulated networks

can be modeled after networks in the real world. We, on the other hand, have no such

luxury since quantum networks do not currently exist at scale. For simplicity therefore,

we limit ourselves to a toy model of quantum networking where the vertices of the

network are arranged in a grid with equally weighted edges (See Fig. 2.8) and where
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the demands of the network are specified by a random selection of n user-pairs who

request entanglement links without imposing any demands on the required quality. We

quantify the performance of our greedy algorithms by considering the average fidelity of

the delivered pairs in tandem with the average efficiency at which they are delivered.

We begin in section 2.7.1 by investigating the average case performance of our multi-

path algorithm for a single pair of users. Although this may seem to be a mundane ex-

ercise, we observe a surprising amount of combinatorial complexity which demonstrates

the effectiveness of random sampling over naive analysis for quantifying network perfor-

mance. Following this in section 2.7.2, we study the effectiveness of our routing algorithm

when multiple users are competing simultaneously. In doing this, we identify a saturation

point in which adding more users results in diminishing returns on performance. Finally,

in sections 2.7.3 and 2.7.4 we investigate how network congestion is ameliorated by either

scaling the network in size or extending the network in time respectively. Our findings

indicate the latter approach is considerably more effective.

2.7.1 Benchmarking multi-path purification with single-user networks

We begin by studying the average case performance of Alg. 1 for a single pair of users in

a square lattice graph (See Fig. 2.8) of variable size where each edge represents a partially

dephased pair with a cost-vector of (η = 0.794, p = 0.897). These seemingly arbitrary

values are an artifact of an earlier version of this work where we described our costs in

units related to decibels4. In each trial, we randomly select a user pair from the network

and use Alg. 1 to establish an entanglement link using a number of paths up to some

specified maximum. We present our results for this scenario in Fig. 2.9. The average

fidelity and transmission probability of the distributed pair are given in Fig. 2.9(a).

Because the Bennett purification protocol is non-deterministic, we see the fidelity increase

with successive purifications at the cost of decreasing transmission probability. We also

observe that both the fidelity and efficiency decrease with grid size since the average

distance between random users increases. For a square lattice, the average number of

steps between two vertices (also known as the Manhattan distance) is 2
3n (See App. 2.9

4Decibels are a common way to describe the attenuation of a classical channel. When I started this
project, I initially thought it would be best to describe cost-vector channels in terms of decibels as well.
This probably would have worked if I chose to have one decibel rating for η and one for p. Instead, I
chose to have one decibel rating for η and for the fidelity F , which was extremely awkward and confusing.
In later revisions I decided to walk this idea back completely. The cost-vector (η = 0.794, p = 0.897)
corresponds to 1dB loss in both η and F respectively.
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Figure 2.9: Single-user network performance versus grid size for different numbers of
maximum allowed (edge-disjoint) paths. For each trial run, one random user pair was
selected on a n× n rectangular lattice and was routed using greedy_multi_path. Each
edge is weighted with the cost-vector (η = 0.794, p = 0.897), and each data point is the
average of 5000 random trials. (a) Average routing costs in terms of efficiencies ηj and
fidelities Fj , where j is the maximum number of allowed paths. (b, c) Average costs
plotted on a log scale for fidelity (Fj − 1

2) (b) and efficiency (c). A solid line is plotted for
the one-path case where an exact analytical solution is known. For the multi-path cases,
the shaded areas show estimated expected scalings for each case, based on analytical
approximations. (d) Probability Pj that a user finds j paths in the case where up to
four paths may be purified. Analytical curves for each path probability are overlaid.

for a derivation). By plotting the fidelity and transmission probabilities on a log scale

(Figs. 2.9(b,c)) we confirm that, as the size of the grid increase, the fidelity and efficiency

decay exponentially towards their asymptotic values of 1
2 and 0 respectively. We observe

minor deviations from this trend (particularly in Fig. 2.9(c)) for small grid sizes which

we attribute to boundary effects. Specifically, the users in small grids are more likely to

be located on the edges or corners of the lattice which limits the number of paths they

can use for routing.

We now focus on analytically validating our data, which proves to be a challenging

task even in this relatively simple scenario. For a single path, Fig. 2.9 shows that our
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numerical data agrees exactly with a simple analytical prediction where the overall cost

of the path is calculated as a function of the average Manhattan distance. Allowing for

multiple paths however introduces three effects that complicate the analysis. Firstly,

the lengths of available network paths depend on whether the end users lie in the same

row or column. To illustrate, let L be the Manhattan distance between two users where

neither party is located on a boundary of the lattice. The four shortest edge-disjoint

paths connecting them will have lengths (L,L + 2, L + 2, L + 8) for users in the same

row or column, and (L,L,L + 4, L + 4) otherwise. The chances of selecting a user pair

in the same row or column diminishes quadratically with grid size, and this fraction can

be neglected if the grid is sufficiently large. The second complicating effect is that users

on the network boundaries have fewer edges and therefore may not be able to use the

maximum number of paths permitted by the experiment. Similarly, this effect can be

seen in Fig. 2.9(d) to diminish with grid size.

The third and most significant complication is the non-linear update rule of the

Bennett purification (Eq. 2.29). Unlike the previous two effects, the average transmission

probability and fidelity of a purified pair cannot be straightforwardly related to the

average Manhattan distance, especially when taking the previous two effects into account.

Because of this, we elected to compare our multi-path data against two estimates that

roughly bound the expected values. These estimates, which define the edges of the shaded

regions in Figs. 2.9(b, c), are calculated by purifying a set of paths with lengths given

by the edge-disjoint path sets described above—(L,L + 2, L + 2, L + 8) for users in the

same row or column, and (L,L,L+ 4, L+ 4) otherwise—with L taken to be the average

Manhattan distance for a given lattice size.

2.7.2 Multi-user, multi-path routing

Competition between end-users is significant in quantum networks where entanglement

resources are scarce. Here, we benchmark the performance of our multi-party algorithm

(Alg. 2) for a 10× 10 grid lattice with a variable number of random end-users up to the

fully saturated limit of 50 user pairs. As in the previous section, each link represents a

partially dephased pair with a cost vector of (η = 0.794, p = 0.897) though this time we

do not impose any artificial constraints on the number of paths that communicants can

use. The results of our experiment are shown in Fig. 2.10.
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Figure 2.10: Network performance with the number of competing end users. For each
sample, n random userpairs were selected on a 10× 10 grid lattice and were routed
using greedy_multi_path. Each edge is weighted with the cost-vector (η = 0.794, p =

0.897), and each data point was collected with 5000 samples. (top) Average routing
costs in terms of average conditional efficiency η, average conditional fidelity F , and
average unconditional efficiency. (middle) The probability that the last userpair queued
in greedy_multi_path finds at least one path. Unfilled circles are data points where no
path was found in the 5000 samples. [top right] log plot. (bottom) Probability Pj that a
user finds j paths. PP is the probability of purification, that is, the likelihood a userpair
finds at least two paths between them.
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Fig. 2.10 (top) shows how the average transmission probability and pair fidelity change

with the number of competing user pairs. Starting from the maximal fidelity expected

for the 10× 10 single-pair case already analysed in Fig. 2.9, we see the fidelity initially

decrease, before flattening out to a steady-state value after approximately 10 user pairs.

By contrast, while the efficiency initially increases, it reaches a maximum value at around

10 user pairs, before decaying away towards zero. The initial change reflects the fact that

as more users are introduced into the network, fewer user pairs are able to access multi-

path routing, and without the ability to exploit the post-selective purification process,

this leads to higher efficiencies, but lower fidelities. In Fig. 2.10 (bottom), we see that the

rates associated with users finding multiple paths all decrease rapidly, and the proportion

of users finding only one path increases to a maximum at around 10 user pairs. However,

we also see a new effect, arising due to multiuser competition, namely that the proportion

of users finding no paths (P0) increases rapidly after the same point. Thus while the

fidelity appears to reach a steady-state value even for large numbers of users, the decaying

overall transmission probability for a randomly selected user pair highlights that the

network becomes less and less effective at distributing entanglement. To isolate the

different factors at play, we also plot a conditional efficiency cost in the top figure, where

the transmission probability is averaged only over those users who are able to find at

least one path. Now, the transmission probability also reaches a steady state value after

around 10 user pairs. Our multi-user algorithm (Alg. 2) cycles sequentially through all

randomly chosen user pairs (in a fixed order), looking first for one path each, then more

paths. Fig. 2.10 (middle) shows that the rate at which the final user finds at least one

path decays very rapidly towards zero, and shows that even though it is possible to choose

up to 50 non-colocated user pairs in a 10× 10, overall network congestion increases very

rapidly and the network capacity effectively reaches full saturation at many fewer user

pairs. And once new user pairs can no longer find any new paths, adding users no longer

affects how many paths can be found by the other user pairs and the distribution over

path numbers remains constant. Indeed, by aggregating the multiple-path rates into a

single probability of a user pair being able to access purification, PP , we see that this

probability drops rapidly and monotonically from 1 to a low steady-state value at around

10 user pairs, with the curve closely tracking the shape of the efficiency curve observed

in the top panel. These results are consistent with the change in purification rate being

96



the main effect driving the changing path costs in this multiuser setting.

2.7.3 Network scaling effects

In the previous sections, we demonstrated how competition can hinder the performance

of multi-path entanglement routing. Here, we consider strategies to ameliorate the effects

of competition, which we will demonstrate for the case of network congestion. A simple,

if perhaps brute-force strategy for mitigating competition is to increase the size of the

network. To explore this scenario, shown in Fig. 2.11, we start with the same fully

saturated 10× 10 rectangular lattice network with fifty randomly chosen end-users that

was studied in Fig. 2.10, and analyse performance as we increase the size of the network.

As usual, each edge is weighted with a cost vector of (η = 0.794, p = 0.897). In this

scenario, we expect that as we decrease the relative density of user pairs, more links

will be routed on average in exchange for a larger average path length. Fig. 2.11 (top)

is a logarithmic plot showing the average routing costs in terms of η and F − 1
2 versus

grid size, the clear linear trends showing the expected exponentially decaying success

probabilities with average path length. What is perhaps somewhat surprising is that

this effect completely dominates any improvement in congestion that might have been

expected to result from increasing the number of paths available for path routing.

As seen in Fig. 2.11 (bottom), and earlier, for the fully saturated 10×10 lattice, there

is more than an 80% chance that a randomly chosen user pair will not be able to find any

viable communication pathways. In Fig. 2.11 (bottom), we also see that the proportion

of users that do find paths increases rather rapidly with gridsize. Despite this, Fig. 2.11

(middle) shows that the rate that the last (50th) user is able to find a path does not

start to increase significantly until we reach a grid size around 50 × 50 (a network 25

times larger than the initial 10 × 10 case). Even then, this increases rather slowly, not

even exceeding 50% until a lattice size around 130 × 130, by which point the end-user

pairs already occupy just a fraction of a percent of the total nodes. The proportion of

users finding the most paths (3 or 4) increases even more slowly. Indeed, across the full

range, P3 and P4 combined only reach around 5%, whereas P2 (still increasing) reaches

in excess of 80%, substantially larger than the maximum P2 reached in Fig. 2.10.

By comparison, the probability a random user pair will have the connectivity required

to find 3 or 4 paths in principle, is already much larger than 99%. These results indicate
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Figure 2.11: Routing data for fifty randomly chosen userpairs using greedy_multi_path

on a grid lattice with variable size. Each edge is weighted with the cost-vector (η =

0.794, p = 0.897), and each data point was collected with 500 samples. (top) Average
multipath routing costs, shown in log scale, for the efficiency η, and fidelity F of the Bell
pair (or rather, F − 1

2). Note that, in log scale, the fidelity data does not show across the
full range, because the fidelity rapidly saturates to its asymptotic value of 0.5 beyond the
floating point precision used to store the data. (middle) Probability that the last pair
is able to find at least one path between them. (bottom) Probabilities of different path
finding scenarios such that Pj is the case that j paths were found between the user pair.
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that it is much more difficult to unlock paths by expanding the size of a network than

it is to increase congestion by adding user pairs. Furthermore, the exponential increase

in path costs associated with a larger network, more than counterbalances any potential

improvement in multipath routing that the larger network enables. Even when the user-

pairs make up a tiny fraction of the total number of nodes, we still find significant

competitive effects that limit the multi-path routing capacity. Increasing lattice size

is therefore clearly an ineffective strategy for solving network congestion in multipath

entanglement networks. In the next section, we explore the alternative paradigm for

mitigating congestion with temporal multiplexing, rather than spatial multiplexing.

2.7.4 Network Performance with Time-depth

In this section, we use the temporal meta-graph formalism developed in Sec. 2.5 to

study how extending a network in time ameliorates congestion. To be consistent with

our methodology in the previous section, we again start with a fully saturated 10 × 10

lattice graph with 50 user-pairs and analyse the performance of our multi-user algorithm

(Alg. 2) as we increase the temporal depth of the meta-graph. In Sec. 2.5.6 we enable

path-finding over temporal meta-graphs by temporarily introducing two asynchronous

nodes that correspond to a pair of end-users independent of time. Paths found between

asynchronous nodes may not necessarily be valid, so we compensate by assuming that

each user has a sufficient supply of lossless quantum memories in reserve. Additionally,

we assume that every computer in our network has one bit of lossless quantum memory

as a publicly available resource. In our previous experiments, a random user pair could

use up to a maximum of four paths owing to the fact that the maximum degree of a

vertex in a square lattice is four. In order to maintain a fair comparison, we therefore

impose a four path limit for each pair in this experiment as well.

We present our results in Fig. 2.12. The top part of this figure shows the average

routing costs of the network versus the maximum depth of the temporal meta-graph. The

two dotted lines show the asymptotic “competition-free” values for average efficiency η

and fidelity F , respectively, calculated by considering the single-user case with up to five

temporal layers available for redundancy. Fig. 2.12 (bottom) shows the likelihood that

a random user-pair will be able to locate zero, one, or more paths between themselves.

Here, we find that only a few temporal slices are required to completely eliminate the

99



congestion caused by multi-user competition; Only four time steps are needed for P0 (the

probability of finding no paths) to become negligibly small. Beyond this, we see that

network performance continues to improve with increasing temporal depth; Fewer than

fifteen layers are necessary to effectively guarantee that every user is able to find the

maximum number of allocated paths.

Although our results are conclusively in favour of extending the network in time to

improve congestion (as opposed to increasing its scale) it is not clear to what extent the

publicly available quantum memories contributed to this improvement since users also

had the option to begin routing at later times. We study the contribution of quantum

memories by considering the average maximum time-depth reached by our multi-user

algorithm for two different 10 × 10 grid networks. The first network has one memory

channel available per computer while the other has no public memory channels. If mem-

ory channels significantly improve network congestion, then we expect the average max-

imum time-depth of our routing algorithm to be smaller for the network with memories.

What we find in Fig. 2.13, however, is that there is no significant difference between the

maximum time-depth reached by the two networks. This suggests that, at least for our

greedy algorithm, quantum memories do not significantly improve network performance.

Rather, our initial investigation indicates that the effectiveness of temporal routing is

primarily because of the freedom to defer path-finding to a less congested layer.

2.8 (Appendix) Multi-path routing on realistic network topolo-

gies

Throughout this chapter, we limited our attention to nearest-neighbor 2d grids which

(while informative) are not especially realistic. In this section, I offer some hypotheses

about how the performance of our multi-path routing algorithm(s) (algs. 1, 2) might

change under a more refined network model.

Historically, the conventional wisdom was that a typical network is scale-free, which

means that the distribution of node degrees follows a power law [2]. Specifically, the

probability P (k) of randomly selecting a network node with degree k is proportional to

kγ where γ is a positive constant (usually set between 2 and 3). A recent result from

Broido et. al. [6] however indicates that scale-free networks are rare in practice, and that
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Figure 2.12: Network performance versus the maximum allowed time-depth. The under-
lying network is a 10× 10 grid lattice that is extended to n distinct temporal layers and 1
asynchronous layer that represents the nodes irrespective of time. Each node is equipped
with a lossless quantum memory and so has a directed edge to itself at the next time layer
up to the maximum depth. For each sample, a random user pair is chosen at the asyn-
chronous layer and is routed through the temporal network using greedy_multi_path.
Each edge (Except for those corresponding to lossless memory) Each edge is weighted
with the cost-vector (η = 0.794, p = 0.897), and each data point was collected with 1000
samples. (top) Average routing costs in terms of the efficiency η, and fidelity F of the
Bell pair. The dotted lines are the costs for η and F in the limit where it is assumed each
userpair has a time layer to themselves. (bottom) Probabilities of different path finding
scenarios such that Pj is the case that j paths were found between the userpair.
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Figure 2.13: A comparison of the average maximum time depth reached by
greedy_multi_path for two different networks; Both are 10× 10 grids extended in time
by 20 layers but one has lossless quantum memories on each node while the other has
none. If a node has a memory, there exists a directed edge pointing the node to itself
at the next time-layer. The routing between temporal layers is unrestricted, meaning
that users may start and finish at any level they like so long as it respects causality.
Earlier times are prioritised over later times, and asynchronous routing is prioritised over
memory channels. Each edge (Except for those corresponding to lossless memory) Each
edge is weighted with the cost-vector (η = 0.794, p = 0.897), and each data point was
collected with 1000 samples of randomly chosen user pairs. Data analysis confirmed that
the maximum time depth of 20 was never reached in any of the samples.
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typical networks are more accurately described by log-normal degree distributions.

Regardless, a common feature of these “realistic" networks is the relatively large

proportion of so called hub nodes. These are vertices with high degree that are often

included in the shortest-paths connecting pairs of nodes. One potential consequence

of having many hub nodes is the emergence of “small world" behavior. A network is

said to be small-world if the typical distance L between a random pair of nodes grows

logarithmically with the number of nodes n in the network.

Let G and S be quantum networks (with n nodes each) where G is a 2d grid and S is

a small world network. For the sake of consistency, let us suppose that all channel costs

are identical and that one entanglement link initially exists between each adjacent pair of

nodes in the respective network graphs. The first, (and most obvious) difference between

these networks is that the average path length of S is asymptotically shorter than that

of G 5. Consequently, we expect the average quality of end-to-end entanglement to be

higher in S than in G.

It is unclear however, whether S will have a higher entanglement throughput than

G on average. Analyzing throughput is a difficult task since throughput depends not

only on the number of pairs that are routed, but also on the quality of those pairs. To

simplify, let us only consider the question of whether S or G can route more pairs on

average. The answer to this will likely depend on how many hub nodes need to be visited

on average for a shortest path in S. If the answer is more than one, then I suspect G

will have a higher throughout than S. My reasoning here is that removing an edge in

S that connects two hub nodes seems more “consequential" than removing one (or even

many!) edges in G. This is especially true if users need to visit more than one hub node

on average, since the edges between hub nodes will likely become serious bottlenecks. On

the other hand, if only one hub node needs to be visited on average, then it’s possible

that path collisions between users will be relatively rare.

It’s worth pointing out though that the one-link-per-neighbor assumption is fairly

contrived, especially in the context of small-world networks. Consider the internet for

example, which despite its size has only about a dozen tier-one service providers. Clearly,

the channels that connect these providers have orders-of-magnitude higher capacity than

the channels that connect us to our local service providers. The same will certainly be
5The average path length of S is proportional to log(n) by definition while the average path length

of G is 2
3
n. See appendix 2.9 for a proof of the latter
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true for quantum networks. If the hub nodes in S are allowed to have multiple edges

shared among themselves, it seems virtually guaranteed that the throughput of S will be

higher than that of G. The question then becomes a matter of how many are necessary,

which I leave as an open question.

2.9 (Appendix) Average L1-distance between random user-

pairs on a square lattice

The number of ways N , to pick two distinct vertices in an n×n grid lattice is equivalent

to the number of ways to pick two distinct pairs of positive integers no greater than n:

N ≡ n2(n2 − 1) (2.47)

The average L1 distance between two distinct vertices is therefore:

⟨L1⟩ =
∑n

x1,x2,y1,y2
|x1 − x2|+ |y1 − y2|

N
(2.48)

Where (x1, y1), (x2, y2) are the coordinates of the vertices in the lattice. Expanding

the series to separate x and y:

⟨L1⟩ =
n2(

∑n
x1,x2

|x1 − x2|+
∑n

y1,y2
|y1 − y2|)

N
(2.49)

=
n2(2∆)

N
(2.50)

Where

∆ ≡
n∑

x1,x2

|x1 − x2| =
n∑

y1,y2

|y1 − y2| (2.51)

Let ∆ = ∆+ +∆− where ∆+ contains the terms such that x2 < x1, and ∆− the ones
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where x1 < x2. By symmetry we see that, ∆+ = ∆−. Then,

∆ = 2∆+ = 2

n−1∑
x1=1

n∑
x2=x1+1

(x2 − x1)

=
n(n2 − 1)

3
. (2.52)

By substitution, we find that

⟨L1⟩ =
2

3
n (2.53)
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Chapter 3

Resource Estimation for Satellite

Networks

And he brought him outside and said

“Look towards heaven and number

the stars if you are able to number

them." Then he said to them "So

shall your descendants be."

Genesis 15:5

3.1 Statement of work

In this chapter, I present upper bounds for the attainable rates at which maximally en-

tangled two qubit states can be established between distant surface codes when supplied

by a quantum satellite. To this end, I develop a closed form expression relating the

satellite power to this pair production rate. At various points, I simplify the analysis by

making generous assumptions that inflate the attainable pair generation rates. (hence,

why this work is about upper-bounds). These assumptions include: lossless photon cap-

ture at the ground stations, purely dephasing noise (which simplifies purification), ideal

weather conditions, and 100% allocation of satellite power for pair production. All work

presented here is original (unless explicitly indicated), and was conducted under the su-

pervision of Dr. Simon Devitt and Dr. Peter Rhode. I thank my collaborator S. Srikara

for helping me to develop the arguments of sections 3.6.1 and 3.7, and for compiling the

survey of commercial satellites presented in Table 3.2.
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For the sake of transparency, I note that Srikara completed a related project that was

motivated in part by the results I present here. Specifically, he conducted a numerical

analysis to determine the feasibility of up-link entanglement distribution. In this scenario,

entangled photons are generated on the ground and sent up to a satellite where a swapping

operation takes place to extend the entanglement between distant ground stations. This

is the opposite of the down-link case that we consider in this project, where entangled

pairs of photons are transmitted from an overhead satellite.

3.2 Introduction

In our first chapter, we established that the Hilbert space of a quantum state grows

exponentially with the number of particles in the ensemble. This suggests that a cluster

of quantum computers has more computational power than the sum of its parts. If

this is the case in practice, there is a great incentive to network quantum computers

for distributed quantum computation (DQC) [6]. For this to be possible, a high rate

of entangled pairs must be supplied between modules so the teleportation of states (or

multi-qubit gates) may be performed. In the setting of this chapter, we imagine that a

cluster consists of two or more surface-code quantum computers where each module is

separated by continental distances.

Although fibre-optic repeater networks can in principle distribute entanglement ar-

bitrarily far [27], the high attenuation rate of fibre-optic cables limits the distance that

repeater stations may be separated. With current technology, it is expected that such

stations will be required every 30 to 100 kilometers [11, 16, 19, 24, 1, 23, 9]. This is likely

to be prohibitively expensive, especially for DQC at continental scales.

A more viable alternative may be use to use quantum satellites which generate entan-

gled pairs of photons with an on-board SPDC source and beam the particles to distant

ground stations. A growing body of theoretical and experimental research indicates that

such satellites are viable for quantum key distribution [5, 17]. Notably, the Micius or

Mozi satellite (launched in 2016) is able to distribute entangled pairs over distances of

1200km at a rate around one kilohertz [32].

Our objective for this work is to determine upper bounds for the rates at which

maximally entangled |ϕ+⟩ states can be established between distant surface code qubits.
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Equivalently, this is the rate that single qubits (or two qubit gates) can teleported be-

tween modules. Due to the difficulty of establishing entanglement (particularly encoded

entanglement between surface codes), this is likely to be the rate limiting factor (and

hence the clock speed) of the distributed quantum computer.

A simplified diagram of our protocol is illustrated in figure 3.1. An overhead satellite

distributes entangled pairs between ground stations that are separated by statewide,

continental or transcontinental distances. The surviving pairs are recursively purified

until they are suitable resources for a lattice surgery operation. After repeating lattice

surgery a number of times to ensure fault-tolerance, the logical state |φ+〉L is established

between the two surface codes.

Figure 3.1: A basic schematic of our protocol: An overhead satellite distributes entan-
gled photon pairs between two distant ground stations. We assume an average double
down-link attenuation η due to atmospheric and free-space effects with ideal weather
conditions, and we assume perfect photon capture, and conversion at the ground sta-
tions. To compensate for entanglement degradation, a recursive purification protocol is
used to refine χ pairs into a single pair of suitable quality. Finally, the purified pair is
used to implement a fault-tolerant lattice surgery operation to create a logical Bell pair
between the code patches.
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3.3 Logical pairs through lattice surgery

The lattice surgery operation (See section 1.8.1) can be used to prepare a maximally

entangled pair between two surface code qubits. To implement it, we begin with the

initial state |0+⟩L, which we assume has been prepared in advance. Next we perform

a syndrome extraction cycle (stabilizer check) over the two patches as if they were one

elongated patch. In the event where the patches are not spatially adjacent, d maximally

entangled pairs can be expended to implement this operation. This affects a ZZ parity

check between the two qubits, resulting in the state |ϕ+⟩ or |ψ+⟩ depending on whether

a +1 or a −1 eigenvalue was measured respectively. In the absence of noise, this would

ideally be done in a single code cycle. In practice however, the lattice surgery operation

needs to be repeated for d cycles, since the measurements that implement the gate

teleportation could introduce undetected errors. A simple diagram of this process is

presented in figure 3.2.

When entangled pairs are used to implement lattice surgery between distant surface

codes, any single qubit errors that the pairs have suffered will be introduced into the

physical qubits of the code. Consequently, the rate at which entangled pairs suffer errors

must not exceed the error threshold of the code 1. From section 1.9.1, we know that any

two qubit state may take the form

ρ :=
4∑

i,j=1

χi,j

(
I ⊗ σi

)
|ϕ+⟩⟨ϕ+|

(
I ⊗ σj

)
(3.1)

Where σi, σj ∈ {I,X, Y, Z}. We recall that the off-diagonal terms of this mixture

represent the non-observable error contributions and may be ignored for the sake of

simplicity. What we are left with then is a probabilistic mixture of the target state |ϕ+⟩

with three error terms.

ρ = χ1,1 |ϕ+⟩⟨ϕ+|+ χ2,2 |ϕ−⟩⟨ϕ−|+ χ3,3 |ψ+⟩⟨ψ+|+ χ4,4 |ψ−⟩⟨ψ+| (3.2)

The fidelity F (ρ) of this mixed state with respect to the target pair |ϕ+⟩ is easily seen

to be χ1,1, which is the probability that ρ is found to be without any error. If ϵ is the

1Interestingly, one year after I conducted this resource analysis, Ramette et. al. presented numerical
evidence suggesting that fault-tolerant lattice surgery can be performed using pairs with up to an order
of magnitude more error than the code threshold [26]. This insight will be revisited in greater detail in
the subsequent chapter.
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Figure 3.2: A space-time diagram demonstrating how a logical Bell state is prepared
between two surface codes. Time flows from the bottom of the diagram to the top. Each
square slice represents a surface code at a different instant in time. At the start of the
protocol, the state is initialised to |0〉 ⊗ |+〉. Following this, a total of d remote lattice
surgery operations are performed using d entangled pairs at each time. After the final
surgery, the surface codes are split (not pictured) and the resulting state is (up to a
possible local correction) |φ+〉

threshold of the surface code, we say that ρ is suitable for lattice surgery if the infidelity

does not exceed ε. In other words

1− F (ρ) ≤ ε (3.3)

For this analysis, we assume an optimistic code threshold of ε = 0.01, in which case

we require a pair fidelity of at least Fid = 0.999.

3.4 Choosing code distance

Since each round of lattice surgery requires d pairs (where d is the distance of the surface

code), our resource analysis will inevitably depend on our choice of code distance. Higher

distances result in more robust codes, which consequently enable longer computations.

Our objective then is to choose a code distance that is just large enough for a suit-

ably complex calculation that would warrant the infrastructure needed for a distributed
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quantum computation. The program that we selected based on this criteria is an im-

plementation of Shor’s factorization algorithm by Beauregard et. al. for RSA encryption

breaking [2].

To briefly summarise, RSA (named after the initials of its inventors) is a widely used

cryptography protocol that enables two parties Alice and Bob to safely communicate over

a public channel in such a way that a third party Eve cannot interpret their messages.

First, Alice transmits a number to Bob that is called a public key. Using this public key,

Bob encodes his message in a way that is virtually impossible for Eve to determine what

the original message was (except by guesswork). Bob then transmits the encoding to

Alice who uses a private key (known only by her) to decipher the message. Crucially, the

hardness of RSA is based on an assumption that a sufficiently large composite number

cannot be quickly factorized into its primes. This premise was proved false with the

discovery of Shor’s algorithm which is exponentially faster than any known classical

algorithm. Consequently, RSA encryption is now considered compromised since encoded

messages that were once thought to be safe are now potentially vulnerable with the advent

of a sufficiently powerful quantum computer.

Ha et. al. report that the Beauregard algorithm can tolerate logical errors at a rate of

PL = 4.28×10−21 when factoring 2048 bit integers [15]. Given this PL, we can now work

backwards to determine the minimum code distance d. To start, let PC be the probability

that a surface code suffers an undetectable logical error during a syndrome extraction

cycle (i.e. stabilizer check). This PC can be related to the surface code distance d using

a formula provided by Devitt et. al. [8]

PC = α(βp)
d+1
2 (3.4)

Here, p is the unbiased error rate of the physical qubits, while α and β are experi-

mental parameters. Based on numerical data, Devitt et. al. propose the parameter values

α = 0.3 and β = 70, which we adopt as well. For the Bell state preparation 2 to succeed,

we require that every code cycle succeeds (of which there are 2× d). Assuming that PC

is small, we can approximate the overall success probability of the Bell preparation by

dropping the higher order terms:

2as described in section 3.3
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(1− PC)
2d ≈ (1− 2d PC) (3.5)

Consequently, the overall failure rate of pair production as a function of code distance

is given:

2dα(βp)
d+1
2 (3.6)

If we set PL to be this overall failure rate, then our objective now is to solve for d in

the expression PL = 2dα(βp)
d+1
2 . Assuming an unbiased error rate of p = 0.001, we find

that a code distance of d ≈ 34 is sufficient for implementing this factorization.

For the sake of transparency however, I would like to point out that the code distance

we used in our publication with PRR is d = 37. The reason for this discrepancy is that I

mistakenly thought that four surface code cycles needed to succeed instead of just two;

At the time, I did not realise that the initial |0⟩ ⊗ |+⟩ logical state could be prepared

using transversal operations in a single (neglible) timestep. The code distance used

throughout this chapter is therefore d = 34. Let us pause to evaluate the significance

of this difference on our final result. Skipping ahead slightly, we see from equation 3.20

that the rate at which a satellite needs to produce entangled pairs is proportional to

d2. For d = 37 and d = 34, we see that the corresponding d2 values are 1369 and

1156 respectively. This indicates a 16.6% decrease in the required pair generation rate.

Since power is proportional to this generation rate (see eq. 3.22), we therefore expect a

16.6% decrease in the required satellite power from what we previously reported in PRR.

Although this percentage difference sounds like a lot on paper, in practice, it doesn’t

substantively change the conclusion of this project 3.

3.5 Calculating purification overhead

An entangled pair distributed through a noisy channel naturally loses some of its en-

tanglement through decoherence. This is also true for an entangled pair of photons that

3If the reader is curious to know specifics, the estimates for the attainable logical pair generation
rates (see table 3.3) changed in the following way: Statewide distances: 2 × 106 Hz → 2 × 106 Hz (No
change within rounding). Continental distances: 1× 104 Hz → 2× 104 Hz. Transcontinental distances:
6× 102 → 7× 102 Hz
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pass through the atmosphere. As discussed in section 3.3, these errors must be corrected

before the pairs can be used for lattice surgery. This is done with a purification protocol

which takes a number of low-fidelity pairs and (using local operations) produces a higher

fidelity pair with some overall success probability [10].

Let us define the purification factor χ as the number of initial (non-ideal) pairs that

are required to generate one ideal pair with a confidence of S. In other words, for every

group of χ low quality pairs, we expect to produce one high quality pair with probability

S. In general, this purification factor will depend on the combined free-space channel E
4 over which the pair is distributed, the required output fidelity Fid, the required success

rate S, and the choice of purification protocol.

Naturally, we expect the channel E to change as the satellite tracks overhead, since

the photon trajectories must be adjusted. We simplify by assuming that every distributed

pair ρin is identical. In general, the amount of noise that ρin has suffered will depend on

how the entanglement is encoded. There are various physical degrees of freedom available

to photons that can be entangled such as polarization [18], time-bin [29], spatial mode,

and orbital angular momentum (OAM) [21] to name a few. Belencia et. al. indicate that

spatial mode and OAM encodings are not suitable for quantum satellite communications

as they are highly susceptible to atmospheric turbulence [3]. Rather, they express a

preference for polarization or frequency encodings citing higher robustness as the reason.

In the case of polarization, corroborating theoretical work from Bonato et. al. appears

to support this claim [5].

For the sake of argument then, we assume (based on numerical data from the Mozi

project [32]) that our satellite distributes polarization encoded entangled pairs that arrive

at the ground stations with an overall fidelity of F = 0.87. As there is no tomographical

data available for these states, we make the generous assumption that the pair has suffered

completely biased noise. Specifically, we define ρin to be

ρin = 0.87 |ϕ+⟩⟨ϕ+|+ 0.13 |ψ+⟩⟨ψ+| (3.7)

A second (and more important) reason for considering biased noise is that it greatly

simplifies our subsequent analysis of entanglement purification. This is because biased

4The combined channel is E := E1 ⊗ E2 where E1, and E2 are the single qubit channels for either arm
of the path from satellite to ground.
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errors only propagate in one direction under the action of an entangling gate [12]. For

example, consider that a single qubit X error can only travel down a CNOT (from control

to target) while a Z error can only travel up. With biased noise, we have only one type

of error and consequently, errors can only flow in one direction.

For our purification, we use recursive instances of the parity-check protocol by Bennett

et. al. [4], which is notable for its short depth circuit and high yield in the case of biased

noise. Each round of this algorithm takes two pairs of the form:

F |ϕ+⟩⟨ϕ+|+ (1− F )|ψ+⟩⟨ψ+| (3.8)

And, with probability F 2 + (1 − F )2, returns a pair of the same form but with an

improved fidelity of: 5

f(F ) =
F 2

F 2 + (1− F )2
(3.9)

This of course assumes that our purification circuits are themselves implemented

without noise. It is easily verified that for an initial fidelity of F = 0.87, and a minimum

target fidelity of Fid = 0.999, two rounds of the parity check purification (using a total

of four pairs) are sufficient to obtain a single pair with an overall success probability

P = 0.573. If the purification fails however, all or part of the input entanglement is

lost. In order to compensate for this, we multiplex our purification circuits by running

multiple instances of it in parallel. This way, we can improve our overall confidence of

obtaining at least one pair at the expense of potential redundancy.

For the sake of transparency, I will pause for a moment to describe a nuance that I

failed to consider while I was conducting this resource estimation. The issue is that some

entanglement may be salvaged depending on what step of the purification has failed.

Specifically, if a purification fails in the first round of our protocol, the other surviving

pair can (in principle) be rerouted to another module to be used as a resource for the

second round of purification. In the analysis that I present below however, I treat each

purification circuit as a black box that can only either succeed with probability P or fail

with probability 1−P . This may be fine if we assume that routing entanglement between

modules is expensive in some way and therefore not worth the trouble.

5Strictly speaking, we only an see improvement if the initial fidelity F is greater than 1
2
.
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Returning to our work, let B(P, k) be a binomial distribution where P is the success

probability of our purification and where k is a number of trials. Let Φ(B, x) denote

the cumulative distribution function of this binomial up to x ≤ k successful events. The

probability P1 that at least one purification event is successful is then

P1 := 1− Φ
(
B(P, k), 1

)
(3.10)

Consequently, the minimum number of purification modules K that are needed to

produce at least one high-quality pair with a confidence of S is

K ≡ min
k

(P1 ≥ S) (3.11)

For each of the K purification modules, we require 4 low-quality pairs since we use

two rounds of the parity check purification per module. Consequently, the purification

factor χ is equal to 4K. Setting our confidence to an arbitrarily high value of S = 0.999,

we can use equation 3.11 to determine that K = 9 and therefore χ = 36. This means

that for a code of distance d, we require ng := dχ pairs to be established on the ground

for a lattice surgery operation to likely succeed.

In hindsight, I note that my chosen S value is perhaps too small. This is because for

a distance d = 37 code, the probability of purifying d pairs is Sd, which is calculated to

be around 0.964. As a result, we see there is an insufficient amount of entanglement for

lattice surgery around 4.6% percent of the time. When this happens, the surface codes

will need to wait an additional round to try and collect the necessary entanglement.

Although this is only a marginal increase in the overall preparation time, it is presently

unclear to me how significant these gaps are with respect the fault-tolerance of the state

preparation. I presume that this is not a significant issue.

3.6 Incorporating attenuation

There is a significant chance that one or both photons transmitted from a satellite will

fail to reach their destination. Let the double attenuation rate η be the probability that

both photons of an entangled pair are successfully transmitted. Our objective now is

to determine the number of pairs ns the satellite must generate in order to establish
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the ng pairs required on the ground. As before, we suppose this must succeed with an

arbitrarily high confidence of S = 0.999 6. Following this, we present estimates for η at

various distances based on numerical data available from the literature.

3.6.1 Logical pair generation rate

The number of pairs x that reach the ground after k attempts is a random variable that

follows a binomial distribution, however since k is assumed to be very large, we can

approximate this as a normal distribution with a mean of kη and a variance of kη(1−η).

x ∼ N
(
kη, kη(1− η)

)
(3.12)

Similar to our previous calculations, the probability Png that at least ng pairs are

established with k attempts is

Png ≡ 1− Φ
(
N , ng

)
(3.13)

The number of pairs the satellite needs to distribute is therefore the minimum value

of k such that the probability of exceeding ng many successes is greater than or equal to

the confidence threshold S:

ns = min
k

(
Png ≥ S

)
(3.14)

A further simplification is possible with Markov’s inequality, which gives an upper

bound for the probability that a random variable X of some distribution is greater than

a constant a

P (X ≥ a) ≤ E(X)

a
(3.15)

Let us use this inequality to bound the probability that our random variable x meets

or exceeds the required number of pairs ng. In other words, our intention is to use the

above expression to find a bound for P (x ≥ ng).

6Unlike in our previous calculation, we will soon demonstrate that this choice of S does not matter
particularly much
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P (x ≥ ng) ≤
E(x)

ng
(3.16)

The expectation value of x (or the average number of pairs that make the journey)

is easily seen to be η ns. Additionally, note that P (x ≥ ng) =
E(x)
ng

is the same thing by

definition as our confidence threshold S. Performing these substitutions, we find that:

S ≤ η ns
ng

(3.17)

And since S = 1− ϵ where ϵ is small, we can perform the following approximation

1 ≈ η ns
ng

(3.18)

Which (rearranging for ns and substituting ng = dχ) gives us

ns =
dχ

η
(3.19)

Which is the approximate number of pairs that the satellite needs to distribute for

one round of lattice surgery to succeed.

Let RS be the rate at which our satellite produces entangled pairs and let RL be the

rate at which logical pairs are established between our surface codes. Since d2χ
η pairs

must be generated by the satellite for the d lattice surgery operations needed for the

fault-tolerant lattice surgery, we see that these rates are related to each other in the

following way:

RS =
d2χ

η
RL (3.20)

3.6.2 Estimating η

Having established the relationship between RS and RL, I now focus on choosing a suit-

able average-case value for η. Bonato et. al. modeled η in the context of quantum key

distribution (QKD) [5], as did Mazzarella et. al. [22] and Khatri et. al. [17]. The latter

results are especially relevant to us, as Khatri et. al. conducted extensive numerical sim-

ulations to determine (among various other things) average η values between major cities

119



for a large quantum satellite network. To this end, they first designed and optimized a 400

satellite constellation with the objective of balancing coverage and dollar-cost. They then

ran this constellation over a period of 24 simulation hours with ideal weather conditions

and a standard day-night cycle. We elected to use their three most optimistic attenuation

rates for a selection of state, continental and transcontinental distance categories (the

values of which are presented in table 3.1).

Classification City pairs Average loss (dB)
State (500-999 km) Toronto - New York City 45.1

Continental (1000-4999 km) Sydney - Auckland 65.6
Transcontinental (5000 km+) New York City - London 79.1

Table 3.1: The most optimistic (average) double attenuation rates for three city pairs
simulated by Khatri et. al. with their proposed satellite network [17].

The primary factor that contributes to down-link attenuation is beam widening. This

happens naturally as the beam propagates through a vacuum, but is exacerbated by

atmospheric diffraction. We might intuitively expect that the atmospheric effects con-

tribute more to the overall attenuation than the free-space effects. Counter-intuitively

however, Khatri et. al. present evidence that free-space widening is the more significant

contribution (at least for their constellation). This is because the path segments where

the atmospheric effects occur are much shorter than the free-space parts.

Another potentially relevant effect is beam wandering, where the middle of the pho-

ton’s Gaussian wave-packet shifts by some amount. This is caused by the particles of

the atmosphere scattering the beam. In this downlink case where photons are being sent

down from a satellite, this effect turns out to be negligible, as a shifting profile doesn’t

matter so much when it takes place towards the end of a transmission.

3.7 Required Pair Generation Rate and Satellite Power

In this section, we relate RL (the rate at which logical pairs are established) to the

available satellite power Ps. The rate at which a satellite can generate physical pairs

(Rs) depends on the brightness of the SPDC source (Np), the power consumption of

each source (Pr), and the power available to the satellite (Ps). (Here, we assume that all

power is exclusively allocated to pair production).
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Satellite Name Power Budget (10 million USD)
GSAT-11 13.6 kW 7.43
GSAT-31 4.7 kW 6.46
GSAT-7A 3.3 kW 6.32-10.11
GSAT-29 4.6 kW 2.08
GSAT-30 6 kW 6.46

Table 3.2: A survey of Indian communication satellites launched between 2018 and 2019
with power ratings and costs

Rs =
PsNp

Pr
(3.21)

Rearranging gives us the required satellite power for a particular generation rate.

Ps =
RsPr
Np

(3.22)

Finally, we substitute Ps with its definition in equation 3.20 to obtain an expression

relating the satellite power to the rate of logical pair production.

Ps =
d2RL χPr
Npη

(3.23)

To determine a realistic estimate for a maximum satellite power, we present a short

survey of Indian communication satellites in table 3.2. The most powerful of these, the

GSAT-11, has a considerably larger power rating than the others at a comparable budget

to the others. Based on this data, we thereofre conclude that a satellite with a power

rating of 10 kW (is on the order of) the most powerful commercial satellite possible with

current technology.

The brightest available Bell-pair source reported at the time of writing is a waveg-

uide integrated AlGaAson micro-resonator [31]. Its high output combined with a form

factor on the order of micrometers makes it a promising candidate as a satellite-based

entanglement source. From the experimental data, the highest reported production rate

was 4 × 106 pairs per second at a power of 15µW . According to the report, increasing

the power beyond this point would “exceed the lasing threshold of the micro-resonator”

which consequently would reduce the “overall entanglement visibility." With this infor-

mation, we set NP and Pr to the aforementioned values of brightness and power per

source respectively.
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Architecture Average Gate Time Rate
Superconducting qubits [25] 50 ns 2× 107 Hz

NV Diamond [7] 0.05 µs 2× 107 Hz
Ion trap [28] 1.6 µs 6.25× 105 Hz

NMR Spins [20] 1ms 1× 103 Hz

Distance Category Rate
State 2× 106

Continental 2× 104

Transcontinental 7× 102

Table 3.3: Sample of average gate times for common qubit architectures

3.8 Results and Discussion

Our numerical data is presented in figure 3.3. Here, we have plotted the rate that

logical Bell pairs can be generated versus the required satellite power (eq. 3.23) for

state, continental and transcontinental distances (Table 3.1). The dashed vertical line

indicates the approximate maximum power of a commercial satellite. The fastest possible

production rates for each distance are found at the points where the three curves intersect

this vertical.

These maximum values are summarised in table 3.3. For state distances, the max-

imum rate is around 2 × 106 s−1. For continental distances this is around 2 × 104 s−1,

and for transcontinental, around 7 × 102 s−1. To contextualise this data, I also present

in the table a selection of average gate times for some common qubit architectures. Here

we see that the maximum achievable rate at the statewide distance is comparable to the

operating speed of a trapped-ion quantum computer. Continental and transcontinental

DQCs however are considerably slower and are more akin to an NMR-spin computer.

Although the attainable rates for our continental and transcontinental distances seem

somewhat limited, our estimates indicate that distributed quantum computing may be

feasible at statewide distances. The pressing issue however is that the rates we propose

are highly optimistic upper bounds based on various generous assumptions. This suggests

long-term issues for scaling satellite-based DQC.

Let us now analyse the ways we might improve pair production. Our options are

to increase the throughput of the satellites, decrease the required pair generation rate,

improve the efficiency of our purification, or reduce the relative attenuation of the down-

link channel. In the first case, the only possibilities are to increase the satellite power
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or to improve the brightness of the photon pair source. It is unlikely that the power

available to a commercial satellite will dramatically increase, though the brightness of the

entanglement sources may improve over time. From equation 3.20 we see that the code

distance d = 34 contributes around three orders of magnitude to the required satellite

power. Since this is the minimum distance required to run the factorization algorithm

discussed in 3.4, it is impossible for this value to be brought any lower. That said, an

alternative qubit encoding may someday have a more efficient two qubit operation that

requires fewer entanglement links; For the time being, we can only speculate.

Our purification factor χ contributed around one order of magnitude, and is unlikely

to be dramatically improved given the optimistic assumption made about the noise being

entirely biased.

I thank Craig Gidney for the observation that it may be possible to avoid non-

deterministic purification by instead performing error correction on multiple blocks of

surface codes 7. The main issue with this approach however is that it lengthens the

preparation time considerably and is therefore unlikely to improve pair generation rates.

By far, the most significant contribution to the required rate of photon pairs is the

attenuation. The optimistic average attenuations we selected from Khatri et. al. con-

tribute between five and eight orders of magnitude to the satellite power depending on

the distance between stations. As attenuation is primarily caused by beam widening in

free space, there are limited options for mitigating this effect. One notable strategy is to

store half of the pair in the satellite while the other half is transmitted. When two pairs

are established between separate stations, an entanglement swapping operation is per-

formed to extend the entanglement between the ground stations. This approach halves

the attenuation rate, which would result in considerable improvements in pair production

rate. This approach however appears infeasible with present technology, as the satellite

would need to reliably store, control and measure an enormous volume of pairs.

Throughout this chapter, we made a number of generous assumptions to simplify

our discussion. It is worth considering then how our analysis could be refined. Starting

from the beginning, our first assumption was that photon capture is an entirely lossless

process. If photon capture is known to have an average attenuation of ηc, then this

loss is easily incorporated into the double down-link attenuation using the substitution

7See [13] for an example a five-qubit code implemented in this way.
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η → η × η2c . Our second assumption was that the channel noise suffered by the photon

pairs was purely dephasing. To improve this part of the analysis, we would ideally

obtain tomographical data of the incoming states (Later, in chapter 4, we will see how

a custom purification protocol can be tailored to help optimize entanglement yield for

specific noise). This is perhaps unrealistic though since the transmission channels will

change as the satellite moves. A more reasonable approach might be to consider the

worst case scenario which is purely depolarizing noise. In this case, it is likely that the

purification factor χ will need to be estimated numerically due to the mirad ways that

X and Z errors can propagate. As previously mentioned, the major contributing factor

in this analysis is the double down-link attenuation η. This is a difficult quantity to

accurately estimate since it depends on the satellite position, time of day8, and weather.

The opinion of the author is that more refined estimates of η will need to be studied on

a case-by-case basis. Finally, we were generous to assume that a given quantum satellite

can use 100% of its available power to generate maximally entangled photons pairs.

Moreover, we assumed these pairs would be generated using many instances of the most

cutting-edge entanglement sources. These are demanding (if not impossible) engineering

requirements, though it is not clear to the author how the estimates for satellite power

(and therefore pair production) might be refined. Part of the challenge is that quantum

satellite are a topic of on-going research which makes it difficult to anticipate what is

theoretically possible. For the time being then, I leave this as an open question.

So far, we have exclusively considered a down-link transmission model where entan-

glement is generated on satellites and distributed between ground stations. The opposite

case is up-link, where entangled pairs are prepared on the ground and distributed to a

satellite that swaps the pairs to project the entanglement between the stations. The

main advantage of this approach is that there is more power available to a ground sta-

tion than a satellite. A key drawback however is that up-link attenuation rates are

considerably higher since beam wandering is a more significant effect in this paradigm.

Another challenge of implementing up-link communication is that photons from either

ground station need to arrive at the satellite close to simultaneously. Despite these dif-

ficulties, a pre-print by my colleague S. Srikara has demonstrated a proof of concept for

up-link distribution and reports pair fidelities and attenuation rates that are surprisingly
8More stray photons increases the value of η, since it becomes more difficult to identify the entangled

photons at the ground stations.
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comparable to (but still worse than) the downlink case [30].

An interesting speculative alternative to quantum satellites is the quantum sneakernet

concept. Here, the idea is to entangle large surface (or other) codes and then physically

transport the encoded qubits to their intended destinations [8]. Such communication

channels have the potential to reach extremely high bandwidths despite low latency [14].
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Chapter 4

Resource estimation for lattice

surgery in trapped-ion systems

You are the salt of the earth; but if

salt has lost its taste, how shall its

saltiness be restored? It is no longer

good for anything except to be thrown

out and trodden under foot by men.

Matthew 5:13

4.1 Statement of work

In this chapter, I present estimates for the number of ions needed to implement fault-

tolerant lattice surgery between spatially separated trapped-ion surface codes. Addition-

ally, I determine attainable lattice surgery rates given a number of dedicated “commu-

nication ions" per logical qubit. Because this analysis depends heavily on the rate that

syndrome extraction cycles take place, I survey the state-of-the-art and synthesise my

findings to propose three possible cycle times that could be realistically implemented

provided certain technological milestones are met.

Although this work shares a number of similarities with chapter 3, there are several

key ways in which this project differentiates itself; One significant difference is that in

this chapter, entanglement is established between a finite pool of resources. This changes

how lattice surgery rates are calculated. Another (more general) difference is that the

resolution of this work is higher; In other words, there is a greater emphasis on realism as
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opposed to the optimism of the previous chapter. An example of this realism can be seen

in section 4.5.4 where I use an existing genetic algorithm to find an optimal purification

protocol with respect to a particular partially entangled state.

All work presented is entirely original, and was conducted under the supervision of

Dr. Simon Devitt. Dr. Thinh. Le. contributed significant feedback and helped me to

reword the introduction, methodology, and appendix sections of this chapter. I thank

S. Srikara, Ilia Khait, David Elkouss, Stefan Krastanov, Vaishnavi Addala, and Kenneth

Goodenough for other feedback and discussions.

4.2 Introduction

Trapped ions are among the best studied and most technologically mature type of qubits

to date; Their long coherence times and high-fidelity gates alone justify them as a candi-

date qubit for scalable quantum computing [7]. How a quantum computer is scaled will

depend on its underlying architecture. Broadly speaking, an architecture may be mono-

lithic [32] or modular [45]. A monolithic architecture is scaled by increasing the size of the

chip, while a modular architecture is scaled by increasing the number of chips. Physical

constraints and routing overheads generally cap the number of qubits that a monolithic

architecture can reasonably support, which makes modularity something of an informal

requirement when scaling quantum computers. Another requirement for scalability is

error correction [50]. Industrial applications for quantum computing require programs to

run for hours or even days. Since quantum operations introduce small amounts of error

into the ion states, the computational qubits must therefore be encoded and periodically

corrected for lengthy computations to succeed.

Based on these considerations, we expect that scalable quantum computers will be

both modular and error corrected. One obvious disadvantage of the modular architecture

is that two-qubit operations are not intrinsically possible between qubits that live in

separate modules. Instead, some amount of entanglement has to be shared between

modules as a resource for state or gate teleportation [12]. This process is complicated by

the fact that entanglement distribution is probabilistic and noisy. To say that distribution

is probabilistic means there is a significant chance of failure when attempting to entangle

two physical qubits. For inter-modular two qubit operations to be reliable, this means
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Figure 4.1: A collection of trapped ions in two separate Elementary Logical Units
(ELUs). Some of the ions in each trap are used to encode a logical surface code qubit
while other communication ions collect and refine entanglement to be used for a two-
qubit lattice surgery operation.

that a large number of communication qubits will be required as an overhead to ensure

that enough entanglement is collected. On the other hand, to say that distribution is

noisy means that errors are inadvertently introduced into the entangled states which must

be corrected before any teleportation can take place. This correction is done through

entanglement purification [3] which non-deterministically reduces a large ensemble of

weakly entangled pairs into a smaller ensemble of strongly entangled pairs.

In this chapter, I conduct resource analysis to estimate the number of ions needed

to implement reliable two qubit operations between logically encoded qubits in differ-

ent modules at different speeds. Specifically, I limit my attention to the lattice-surgery

operation between surface-code encoded qubits (See Fig. 4.1 for a simplified schematic).

This analysis is significantly influenced by the speed at which lattice surgery can be per-

formed. Faster operations are desirable of course, but myriad factors limit the attainable

rate. To ground this analysis, I survey the state-of-the-art in trapped-ion technologies

and synthesise this information to propose three possible surgery times together with a

rubric of technological milestones that are necessary to achieve each one. Additionally,

I determine the attainable rates for lattice surgery operations given a fixed number of

ions.

4.3 Background

4.3.1 Higher threshold rates

In chapter 3, I conducted resource analysis for satellite-based distributed quantum com-

puting and made the common-sense assumption (based on prior work [21]) that the

entangled pairs used for remote lattice surgery could not have an infidelity exceeding the

threshold of the surface code. A recent result from Ramette et. al. however demonstrated
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that lattice surgery is possible with pairs having an infidelity up to ten times higher than

this threshold [48]. The reason for this unexpected robustness is that the error contri-

butions from the entangled pairs are more or less confined to a single spatial dimension

(Specifically, the edges of the two codes on which the surgery operation is performed).

Consequently, their numerical analysis demonstrates that these lines of elevated activity

are well approximated as 1-dimensional repetition codes [2]. Such codes are well known

for having an exceptionally high error threshold of around 11% for unbiased noise [15].

Although Ramette et. al. do not mention this in their paper, I find it likely that the

pair threshold is even higher than what they report, since they assume that each of the

two surface code decoders are run independently. This approach however does not take

advantage of the fact that the errors introduced by an entangled pair are correlated on

either side. By taking these correlations into effect, it is plausible that a more powerful

decoder could be engineered that would in turn allow for noisier pairs to be used. As

this is an unsubstantiated speculation however, I will only work under the assumption

that the infidelity of the entangled pairs may be up to ten times larger than the surface

code threshold.

4.3.2 Trapped-ion architectures

Monroe et. al. [41] were among the first to perform a systematic study of a modular

trapped-ion architecture, and some of our our terminology follows from their work. The

modular trapped-ion computer is a collection of Elementary Logic Units (ELUs) which

serve as local processors and or memory banks. In the Monroe framework, each ELU

is a linear Coulomb crystal containing an identical quantity of ions. Some of these are

communication ions which are coupled to photonic interconnects and can be used to

create entangled pairs between ELUs. Still another fraction of the ions may be used for

sympathetic cooling, which is when one ion is brought in proximity to another to absorb

some of its vibrational energy.

An attractive advantage of the linear crystal is that it is all-to-all connected: No

rearrangement is needed to implement a two-qubit gate between any pair of ions, though

there’s an effective limit to the crystal’s length. Monroe et. al. believed this limit to be

around 100 ions which, ten years later, seems to be a well justified estimate since the

longest linear crystal today is around 30 computational qubits [11]. Further corroborating
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evidence for this limit is discussed in greater detail by Murali et. al. [43]. Later research

from the same Munroe group indicates that their initial 100 ion estimate might have

been too optimistic [10]. On the other hand, Ratcliffe et. al. [49] propose a micro-trap

based architecture with all-to-all connectivity which they claim can be scaled beyond a

linear trap. This is accomplished with a non-adiabatic gate which, at the cost of higher

power, circumvents the need to use conventional side-band resolving gates which are slow

and more susceptible to vibrational noise. A two dimensional extention to the microtrap

architecture has also been studied in some detail [39].

In practice, we do not need to restrict ourselves by limiting the ELU to a single linear

crystal. One possible workaround for further scaling is to have multiple crystals “chained

together" in the same ELU to form a segmented linear trap [28]. The crystals in this

chain can be separated, combined, and rotated to move a qubit in one crystal to any

other crystal in the trap. Though the segmented linear trap has a larger qubit capacity, it

lacks the all-to-all connectivity of a single crystal – meaning that some amount of physical

routing is required for general computation. On average, the number of swap operations

needed to move quantum information from one end of the chain to the other scales

linearly with the number of modules and the number of qubits per segment. Monroe

et. al. believe more optimistically that a maximum of 1000 ions should be possible in

an segmented linear trap [41]. Recent work indicates that stabilizing ions with optical

tweezers could significantly improve the scalability of long ion-crystals [56] [55].

A still more general option for an ELU architecture is a Quantum Charged Coupling

Device (QCCD) [28] [47]. This is a two-dimensional configuration of ion chains which

may be routed along a fixed network of corridors and junctions. Theoretically, QCCD

architectures are monolithic, well connected, and faster than segmented linear traps,

though they are difficult to fabricate. Presently, the largest QCCD is Quantiniuum’s 32

qubit race-track computer, which is a linear ion trap with periodic boundary conditions

[42]. Various theoretic proposals exist for scaling beyond this current best: Malinowski et.

al. report on a QCCD architecture called WISE that addresses a crucial wiring problem

and is capable of supporting around 1000 ions [37]. Valentini et. al. developed the so-

called Quantum Spring Array (QSA) where no inter-trap routing is required [62]. Sterk

et. al. propose an architecture that specifically addresses the problem of power dissipation

when scaling QCCDs [59]. Mehta et. al. suggest the use of planar-fabricated optics for

135



further improvements [40]. For a survey on the technical challenges of scaling QCCDs,

see Murali et. al. [43]. True two and three dimensional ion crystals (also called Wigner

crystals) may also be possible to engineer in the future on the scale of hundreds or perhaps

even thousands of ions [66] [63].

4.3.3 Trapped-ion surface code implementations

Specialised architectures for quantum error correction will likely be easier to realise in

the near term since error correction is predictable, repetitive, and often nearest neighbor

(as is the case for the surface code). Recent experimental efforts to build trapped-ion

surface codes are encouraging, though limited in scope. Erhard et. al. for example used

a ten ion quantum computer to perform quantum state teleportation between surface

codes of distance two [17] while Egan et. al. implemented the closely related Bacon-Shor

code [16] based in part on the theoretical results from [14].

There is also a growing body of theoretical work around this objective of building

trapped-ion surface codes. LeBlond et. al. presented software for compiling surface code

operations to trapped-ion hardware [31]. Trout et. al. conducted extensive simulations

of a distance 3 surface code implemented in a trapped-ion linear array [61], and reported

a pseudothreshold of 3 × 10−3 with syndrome cycle times ranging from around 3 to 8

milliseconds. Similarly, Li et. al. studied a surface code modeled on a segmented linear

trap [34]. For segment lengths of around 15 qubits, they report an error tolerance of

0.12% but say nothing about syndrome extraction times. Lekitsch et. al. [33] present

a proof-of-concept for a monolithic surface code architecture that closely resembles a

QCCD. A crucial difference however is that the Lekitsch architecture relies on global

fields for a majority of the operations instead of individual lasers, which they argue is

more feasible for monolithic scaling since it circumvents the need to align many optical

elements with high precision. Their proposed cycle times are around 300µs.

Although the focus of this chapter is on the surface code, we note that there is a strong

interest for the so-called color code within the trapped-ion community [46, 62, 52]; This

is a stabilizer code that is closely related to the surface code [30]
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4.4 Estimating surface code cycle times

The rate we are able to do lattice surgery is upper bounded by the rate at which syndrome

extraction cycles can be performed. Some care is therefore required to establish reason-

able estimates for the attainable cycle times in trapped-ion systems. Broadly speaking,

there are three processes that need to be accounted for. The first is the entangling oper-

ations that are required to couple the syndrome qubits with the appropriate data qubits.

Ions may or may not need to be routed for this depending on the underlying architecture.

The second process is the measurement of the syndrome qubits. As we will soon see,

this may require separating the ions a short distance from each other in order to avoid

measurement induced decoherence. The third and final process is ion-cooling, which is

necessary to ensure high fidelity two qubit operations. In brief, the time required for a

surface code cycle will depend both on the underlying choice of architecture, and also on

various technical factors such as the speeds of single and two-qubit gates, measurements,

ion-shuttling and cooling. We consider each of these factors in the following subsections

and conclude our review by establishing three cycle time paradigms we expect are feasible

provided that specific technological milestones are met.

4.4.1 Trapped-ion gates

The review of Bruzewicz et. al. presents a thorough comparison of single and two qubit

trapped-ion gate times [8]. Typical single qubit gates with fidelities greater than surface

code threshold are reported between 2µs and 12µs, though lower fidelity operations have

been demonstrated on the order of nanoseconds. Two qubit gates are generally slower

and lower fidelity. For the sake of argument, let us assume that we are willing to tolerate

operational two-qubit error rates of up to 0.1%, which sits comfortably below the surface

code threshold. Typical two-qubit gates with fidelities close to this rate are clocked

between 1.6µs and 100µs. It is not unreasonable to assume therefore that the time it

takes to implement the gates in a surface code cycle is around 10µs.

4.4.2 Trapped-ion measurements

Single-qubit trapped-ion measurements are commonly implemented via state-dependent

fluorescence. In this method, laser light is directed at an ion which exclusively couples
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the |1⟩ state to a ‘cycling transition’ that scatters numerous easily detectable photons.

Likewise, the absence of photons indicates a measurement of the |0⟩ state [8]. Although

fluorescence measurements are relatively fast (on the order of 10µs [13] [44]) and high

fidelity, the scattered photons (both from the laser and from the irradiated ion) are

likely to decohere nearby qubits that aren’t also being measured. This is a significant

problem for error correcting circuits which all rely on mid-circuit measurements. Broadly

speaking, there are two complementary strategies for mitigating measurement induced

decoherence. The first is to incorporate techniques that suppress the decoherence, and

the second is to move the ions some distance away to be measured safely. Both of these

strategies will be discussed in the following subsections.

Techniques for suppressing decoherence

One way to limit measurement induced decoherence is to shorten the amount of time the

qubit(s) are illuminated. This comes at the cost of measurement fidelity since there are

fewer scattered photons to be detected. Naturally, faster and higher fidelity measure-

ments will be possible with improvements in the photon collection rate and photo-detector

efficiency. See the introduction of Wolk et. al. for a brief summary of techniques used to

improve sparse detection fidelities [64].

Another approach for protecting against decoherence is to use quantum logic spec-

troscopy [54]. This is when the information of one qubit is transferred onto an ion of

a different species that when measured emits off-resonant photons which are unlikely to

disturb the states of neighboring qubits. An accidental benefit of this approach is that

preexisting cooling ions may be used for this purpose. The disadvantages of quantum

logic spectroscopy are that it is more difficult to maintain coherent control of multiple

ion-species simultaneously, and that it requires additional ions (at most double for a

one-to-one pairing). A promising alternative might be to use ions of the same species

but have the data and measurement qubits encoded in different energy levels of the ion

[19] [67]. An alternative strategy would be to suppress the decoherence effects altogether

so that additional measurement ions are not required. Gaebler et. al. [22] demonstrate

a technique for reducing measurement cross-talk errors by an order of magnitude us-

ing tailored micromotion which may reduce and potentially eliminate the need for logic

spectroscopy or shuttling altogether. Micromotion is a time-dependent, driven motion
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that naturally occurs as a result of ion confinement. Too much micromotion however is

known to push ions outside the Lamb-Dicke regime, making high fidelity gates infeasible.

Using tailored micromotion to hide ions from fluorescence induced measurements may

therefore require more cooling than usual.

Ion-shuttling speeds

Perhaps the most intuitive strategy for mitigating measurement induced decoherence

is to move the ions a safe distance away before measuring them. Ideally we’d like to

complete this operation as fast as possible, but faster shuttling introduces more thermal

noise which can have a detrimental effect on two-qubit gates in particular. Broadly

speaking, the infidelity of a Mølmer-Sørensen gate (See section 4.4.3) applied between

two qubits in an ion-chain is known to depend on both the temperature of the chain

and its displacement in phase space. These effects have been fully characterised for two

different error metrics [51]. In the ion-shuttling literature, the amount of heat imparted in

transport is commonly characterised in terms of how much the expected energy quanta

of a particular motional mode increases. In the absence of noise, a linear crystal can

withstand several quanta of phonons before there is an appreciable drop in the fidelity

of a Mølmer Sørensen gate. As noise is introduced however, this tolerance drops [4].

The fastest and quietest reported shuttling operation at the time of writing is also from

Sterk et. al. who demonstrate a 210µm one way ion transport in 6µs with a maximum

gain of 0.36 ± 0.08 quanta for an average speed of 35 µm µs−1 [60]. Slower, but more

conservative routing was also demonstrated in 55µs with a gain in 0.1 quanta [5].

Estimates for shuttling times

How far do ions need to be separated for the effects of measurement induced decoherence

to be considered negligible? At the shorter end, Pino et. al. report a QCCD architecture

where a shuttling distance of 110µm resulted in cross-talk errors between 3.5× 10−3 and

1.5× 10−2 [47]. Similarly, Crain et. al. show that a separation of 370µm results in cross-

talk errors of 2× 10−5 [13]. If we assume a distance of 300µm is tolerable, then with the

shuttling speed reported by Sterk et. al. we can assume that a two-way shuttling time

of around 10µs is sufficient for eliminating decoherence effects.
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Multi qubit measurements

Strategic multi-qubit fluorescence measurements may be an effective way to reduce shut-

tling time further since high fidelity measurements are possible on groups of proximate

ions. Zhukhas et. al. for example present a four ion readout with an overall error lower

than twenty parts per million [68]. Similarly, IonQ’s Harmony device is able to perform

an 11 qubit readout with a cross-talk error lower than 10−4 [65]. Assuming their linear

trap is around 100 micrometers long, this would suggest that ion separations below 10µm

or so are sufficient for high fidelity simultaneous measurements.

4.4.3 Cooling trapped ions

All gates and operations of trapped ion quantum computers require low temperatures,

but this is especially true of the two qubit gates since they depend on vibrational coupling

which is highly sensitive to noise. In the early days of trapped ion-quantum computing,

two qubit gates required temperatures close to the ground state energy. The break-

through discovery of Mølmer and Sørrensen [57] shifted this paradigm by introducing

a gate that could operate at the Doppler temperature – the temperature regime attain-

able with Doppler cooling. In the following subsections, we present a brief review of the

cooling techniques used to bring collections of ions to Doppler and sub-Doppler temper-

atures – endeavoring to report approximate cooling times wherever possible. Although

cooling single ions is considerably easier than cooling ion crystals (since there are fewer

motional modes to be addressed [27]), it is unlikely that single-ion cooling will be a

leading technology in the context of quantum computation. This is because virtually all

quantum architectures (with the possible exception of QCCDs) keep their computational

ions organised in crystals.

At a high level, Doppler cooling works by shining a laser on an ion with a frequency

just below what the ion will absorb. When the ion moves towards the laser, the incoming

light is blue-shifted with respect to the ion which causes it to absorb a photon and slow

down. Aside from Doppler cooling, other established laser based cooling techniques

that operate under similar principles include resolved sideband cooling, Raman sideband

cooling, and Electromagnetically Induced Transparency cooling (EIT) with the fastest

of these being EIT. Feng et. al. report cooling a 40 ion chain to a near ground state

energy in under 300µs [20] while Jordan et. al. reach similar temperatures for a 100 ion

140



Penning trap within 200µs. Some disadvantages of EIT are that it has a limited range of

motional frequencies it can cool, and it is slow at cooling low frequency excitations [26].

Sympathetic cooling, where cold ions are brought into physical contact with com-

putational ions, has been discussed in some detail in the previous sections. The major

disadvantage of this approach is that it is relatively slow compared to other cooling

methods and requires additional resource overheads [36]. A recent experimental demon-

stration showed that ion chains up to length 28 could be cooled to the global Doppler

cooling limit using only two dedicated cooling ions of the same species [38]. This paper

reported relaxation times (defined as the time required for the noise to settle within 5%

of noise of the initial state) between 10 and 100 ms. Though these numbers are some-

what discouraging, one promising direction for further study is persistent cooling where

a number of sympathetic cooling ions are brought in perpetual contact with computa-

tional ions. As the computation proceeds, the cooling ions are continuously chilled with

Doppler cooling. This technique could lift the requirement for cooling processes that

halt the computation. Lin et. al. present an analysis of the dynamics of a linear array

where a small subset of the ions are continuously cooled [35]. Additionally, a theoretic

proposal for sympathetic cooling between one ion and a pre-cooled resource ion can be

accomplished on the order of tens of microseconds, which may find some applicability in

this context [53].

Rapid exchange cooling is a recently proposed alternative to sympathetic cooling

that was suggested by Fallek et. al. in the context of QCCD [18]. Here, coolant ions

in a continuously chilled bank are shuttled to and from the computational ions. The

authors of this work perform a proof-of-concept experiment in which two calcium ions

are cooled with a round-trip shuttling time of 107.3µs which, in their words, is “an order

of magnitude faster than typical sympathetic cooling durations.”

4.4.4 Cycle time paradigms

At the beginning of this section (4.4), we mentioned that estimating attainable cycle

times is crucial to our resource estimation task. This is because the cycle time has a

direct bearing on the number of communication ions we require per ELU; Faster cycles

mean that more ions are required to collect the necessary entanglement in a shorter

period. In this section we synthesise our findings from the previous review by proposing
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Cycle time System assumptions

1000µs Cycle time is comparable to theoretic proposals in literature.
100µs Less than one dedicated round of cooling per cycle. EIT cooling with

sub-quanta shuttling required. Multi-qubit measurement stages rec-
ommended. Will likely incorporate at least one suppression technique
discussed in Sec. 4.4.2.

10µs Virtually no shuttling allowed. Persistent cooling that doesn’t pause
syndrome extraction cycle is essential. Multiple suppression tech-
niques from Sec. 4.4.2 will likely be used together. Purification cir-
cuits are low-depth with one round of measurement.

Table 4.1: A summary of three cycle time paradigms for trapped-ion surface codes and
the various technological milestones required for each speed.

three cycle time paradigms (1000µs, 100µs, 10µs) that we could reasonably expect to

see achieved for trapped-ion surface codes given various technical assumptions. For a

short-hand summary of these paradigms see Table 4.1. The first and slowest cycle time

we propose is around 1000µs. This is several times faster than what was simulated

by Trout et. al. [61] and around three times slower than the architecture proposed by

Lekitsch et. al. [33]. This time scale permits some flexibility in routing and cooling

options making it especially suitable for segmented-linear trap and QCCD architectures

which require extensive use of both. Here, we expect one or more stages of cooling

per cycle and shuttling to avoid measurement induced decoherence. The second time

proposed is 100µs. This is a more optimistic regime, being several times faster than

the EIT cooling times reported in Section 4.4.3. Because of this, we require that fewer

than one dedicated round of cooling is made per clock cycle. There is considerably less

flexibility permitted for routing or shuttling at this scale. Dedicated zones for multi-qubit

measurement (Section 4.4.2) will likely become significant time and heat savers as will

sub-quanta shuttling. Architectures that are likely to be viable in this paradigm include

linear-traps, Wigner crystals, and QCCDs. It is likely as well that at least one strategy

for mitigating measurement induced decoherence will be employed (Section 4.4.2). The

final, and most optimistic regime is 10µs. At this timescale, our clock cycle matches the

two qubit gate times reported in Sec. 4.4.1 meaning that no processes are allowed which

interrupt syndrome extraction. Persistent cooling is an absolute necessity here, as is an

architecture that doesn’t require any routing or shuttling. Linear traps, Wigner crystals

or micro-trap based architectures are the most likely candidates for this regime.
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4.4.5 Entangling ion pairs

Any modular architecture requires some means of communicating quantum information

between the constituent ELUs. A common approach is to establish maximally entangled

pairs of qubits between dedicated communication qubits to be used for quantum state

teleportation. First, an ion is pulsed to create an entangled pair between an internal state

of the ion and an emitted photon. Then, photons emitted from two different ELUs are

routed together and fused with an polarization resolving Bell measurement that entangles

the seperated ions. This is illustrated in fig. 4.2.

The maximum rate at which ion-ion entanglement can be attempted is fixed by a

constant called the photon scattering rate; This sits at around 100 MHz, though myriad

other experimental factors further limit the attempt rate to around 1 MHz (for specifics,

see [58]). The fastest and highest quality ion-ion distribution rate at the time of writing

comes from the same paper cited and reports 94% fidelity Bell pairs with a success

probability of 2.18 × 10−4 for an average pair rate of 182s−1. The best ion coupling at

the time of writing comes from the same paper cited previously, and reports 94% fidelity

pairs with a success probability of pc = 2.18× 10−4 per attempt.

4.5 Methodology

4.5.1 The lattice surgery cycle

Given a surface code cycle time T , there are three steps that need to be completed within

this T for lattice surgery to be implemented. The first is entanglement distribution, the

second is purification, and the third is the joint syndrome extraction. All of these pro-

cesses are illustrated in fig. 4.3. A natural strategy is to complete these steps sequentially.

This means we divide our time window T into three parts which are then allocated to

each process. The disadvantage of this method however is that we cannot make use of

the full time-window for any of the three steps.
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Figure 4.2: A cartoon illustrating the basic protocol for establishing ion-ion entangle-
ment. (Top): Two ions in separate traps are stimulated with electromagnetic pulses.
(Middle): If we are lucky, the two ions simultaneously emit photons that are entangled
with their respective ions. When this happens, the routed together and interfered. (Bot-
tom): Provided this fusion (or swapping) operation was successful, the entanglement is
extended between the two ions.

Figure 4.3: Three concurrent stages for a single lattice surgery operation that each must
succeed within the cycle time T . (Bottom) Entanglement is established between pairs
of communication ions in separate ELUs. (Middle) Distributed pairs in storage ions
are refined via entanglement purification. (Top) Refined pairs are used to teleport the
mediating gates needed for a lattice surgery between two surface code patches.
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4.5.2 A heuristic for fault-tolerant lattice surgery

Our primary objective for this work is to estimate the number of trapped-ions needed

to perform fault-tolerant lattice surgery between surface codes at the rates specified in

Table 4.1. So far however, we have not addressed the question of what it means for lattice

surgery to be fault-tolerant. Here, we formalise a definition by introducing a heuristic

consisting of three criteria that must all be met for lattice surgery to be considered fault-

tolerant. These conditions correspond to three subroutines of lattice surgery, which are

depicted in Fig. 4.4 (Note that these correspond to the steps of fig 4.3). Essentially, the

point of this heuristic is to ensure that each of of these necessary subroutines succeeds

with high probability.

The first criteria is the promise of a purification protocol that takes n Bell pairs

of some initial fidelity Fin and, with some probability p, returns one pair at or above

the required fidelity threshold Fideal. The second condition is that each purification

circuit is multiplexed (run in parallel copies) until the probability of getting at least

one pair from the lot exceeds Ppair. The final condition is that we are able to collect

enough entanglement within the cycle time T to implement d instances of the multiplexed

purification protocol (one for each “stitch" of the lattice surgery). We stress that this

collection must take place within the time T so that enough entanglement is acquired

to be used for the next round of lattice surgery. The probability that this collection

succeeds must equal or exceed a threshold PLS.

Minimum number of communication ions required given cycle time

Let p be the success probability of a purification circuit. The probability of obtaining

at least one success out of n trials is 1 − (1 − p)n. Naturally the minimum number of

purification circuits needed to produce at least one pair with a confidence of Ppair is then

K ≡ min
n

[
1− (1− p)n ≥ Ppair

]
(4.1)

If the purification circuit takes Np raw pairs as input and returns one pair as output,

the total number of raw pairs needed for the lattice surgery according to our heuristic is

NLS = DNpK (4.2)
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Figure 4.4: Illustrations of the three conditions we require for our lattice surgery to
be considered fault-tolerant: (A): We are given an n → 1 purification protocol where
the output pair meets or exceeds fidelity Fideal. (B): We duplicate the circuit until the
probability of getting at least one purified pair exceeds Ppair. (C): We have enough com-
munication ions such that after after a collection time T , we are sure up to a confidence
of PLS that we have enough entangled implement D instances of the protocol described
in (B).

If T is the surface code clock cycle (the time it takes to perform a round of syndrome

extraction) and if R is the rate at which entanglement can be attempted between pairs

of ions, then we have A = TR attempts to collect NLS pairs. Suppose each ELU has

Nions > NLS communication ions. During a collection attempt, each of the v ≤ Nions

vacant (unentangled) ions are pulsed and may become entangled with probability pe.

Entangled ions are not pulsed in subsequent rounds, and we assume the entanglement

does not degrade as it waits. Our first objective is to determine the probability that NLS

pairs can be collected in A attempts. The probability that a single ion pair is entangled

after A attempts is given by:

Ponepair = 1− (1− pe)
A (4.3)

Let X ∼ B(Nions, Ponepair) be the binomial random variable representing the number

of ion pairs out of the initial Nions that are entangled after A rounds. The minimum

number of communication ions needed to collect at least NLS pairs in a code cycle with

confidence PLS is then
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min
Nions

[
P (X ≥ NLS) ≥ PLS

]
(4.4)

Maximum attainable rate given given number of communication ions

Suppose now that Nions is fixed. Let Amin be the minimum number of attempts needed

to populate the NLS ions needed for lattice surgery with an overall confidence of PLS.

Amin = min
A

[
P (X ≥ DNpK) ≥ PLS

]
(4.5)

The maximum attainable rate for our fault-tolerant lattice surgery given Nions is then

just Amin/R

4.5.3 Device parameters and assumptions

From Stephenson et. al. [58], we assume that we can pulse ions at a rate of 1MHz where

each pulse has a 2.18×10−4 chance of producing an entangled ion-ion pair of fidelity 0.94.

We assume that our surface codes have an operational error rate of 0.1% which, from

the results of Ramette et. al. [48], means we can tolerate Bell pairs with an infidelity

of 0.01. We assume that the routing and circuits within the purification stage take a

negligible amount of time compared with the entanglement collection. Single and two

qubit gate error are approximated as single and two-qubit depolarizing channels that

occur with probabilities 1 × 10−5 and 5 × 10−5 respectively. Measurement errors are

taken as bitflip channels that occur with probability 1 × 10−5. Although ion-trapping

lifetimes are extremely good (hours, and even months in extreme cases), they are not

indefinite. We do not consider ion loss or replacement in our resource estimation. Neither

do we consider leakage errors that are known to accumulate with consecutive surface code

cycles [6]. Though a linear crystal architecture has all-to-all connectivity in theory, it

may not be possible in practice to perform arbitrary simultaneous two qubit gates as we

have assumed. Nevertheless, we note promising results from the current state-of-the-art

[24].
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Figure 4.5: A high yield purification circuit discovered by the genetic algorithm
from Addala et. al. [1]. This circuit takes three partially entangled pairs as input
{(q0, q3), (q1, q4), (q2, q5)} and non-deterministically returns a higher fidelity pair at
(q0, q3). The protocol succeeds if c1 = c4 and c2 ̸= c5 (in other words, the measure-
ment outcome of qubit q1 is coincident with the measurement of q4 and the measurement
of q2 is anti -coincident with q5). When this circuit is run with three copies of the Stephen-
son pair (see Appendix) as input together with the noise parameters described in sec.
4.5.3, the purification produces a fidelity F = 0.9904 pair with probability p = 0.819

4.5.4 Optimizing entanglement purification with device level noise

Our need for fault-tolerant lattice surgery highlights the importance of a high yield pair

purification protocol. Though all such protocols theoretically asymptote to unit fidelity,

the practical reality is that device level-noise imposes a cap on the pair fidelities that

are attainable with purification. It is essential therefore to find a purification protocol

that is able to reach our target fidelity of Fideal = 0.99 despite circuit-level noise. To

this end, we decided to search for high-performing purification protocols using recently

developed numerical methods. Goodenough et. al. proposed an exhaustive search over

purification protocols by mapping the problem to an enumeration over so called graph

codes [23], while Addala et. al. [1], built on earlier work from Krastanov et. al. [29]

to refine a genetic algorithm for finding purification protocols. We opted to use the

genetic optimization over the enumeration because of its ease of use and because the

attainable fidelities reported by Addala et. al. were comparable to those reported by

Goodenough. We used this genetic algorithm to identify several hundred potentially

suitable purification circuits.

From this initial pool of candidates, we simulated each circuit using the noise pa-

rameters detailed in section 4.5.3. For added realism, we modeled our initial F = 0.94
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Figure 4.6: Minimum number of communication ions required to ensure that enough
entanglement can be supplied within a given cycle time.

entangled pairs after the density matrix of an experimentally realised ion-ion pair re-

ported in the supplementary material of Stephenson et. al. [58] (See the appendix section

4.7.1). The highest yield purification circuit we discovered with this genetic algorithm is

presented in fig. 4.5. This protocol takes three Stephenson pairs as input and produces

one output pair with a fidelity of F = 0.9904 with an overall success probability of 0.819.

A full discussion of our methodology and findings is presented in the appendix of this

chapter in section 4.7.

4.6 Results

Our numerical results are presented as tables in Fig. 4.6 and Fig. 4.7 respectively. In Fig.

4.6 we used Eq. 4.4 to determine the minimum number of communication ions needed

to collect sufficiently many entangled pairs for fault-tolerant lattice surgery for a given

cycle time T . We considered three cycle times of 10µs, 100µs, and 1000µs according

to the technological paradigms we discussed in section 4.4 over a small range of code

distances. Our calculations indicate that the number of communication ions required is

approximately linear with respect to both the code distance and the cycle time within

our selected ranges. As the cycle time decreases in orders of magnitude, we find straight-
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forwardly that the number of communication ions increases in orders of magnitude. If we

assume that a given ELU may contain around 1000 ions at most, we find that a D = 9

code is theoretically supported at a clock cycle 1000µs, while cycle times considerably

faster than this appear out of reach.

In fig 4.7, we used Eq. 4.5 to calculate the maximum lattice surgery rates that are

theoretically possible according to our fault-tolerant heuristic given various numbers of

communication ions and various code distances. The whited out squares in the 100 ion

column from D = 7 onward indicate that fault-tolerant lattice surgery is not possible at

these distances, since the number of required pairs exceeds the number of communication

ions available. Similar to what we observed in the previous table, we find that there’s

a tenfold difference between the 1,000 and 10,000 ion columns, though we note a slight

deviation from this trend at the 100 ion column. This behavior occurs because the number

of communication ions is close to the number of required pairs. As the required number

of pairs approaches the number of available ions, we expect an exponential increase in

the number of attempts needed to collect the entanglement since this collection is done

without replacement. Our results indicate that with 100 communication ions, we could

expect to support a distance 5 or 6 code at a maximum rate of around 100Hz. For 1,000

and 10,000 communication ions we find that larger code distances are possible with rates

at around 1KHz and 10KHz respectively.

Our results indicate long term concerns for scalability due to the large number of

physical resources required. If 10µs is about the fastest clock cycle we can hope for, our

findings in figure 4.6 indicate that we would need upwards of 40,000 communication ions

per ELU even for modestly sized surface codes. The prohibitive cost of this indicates an

urgent need for improved optical coupling; As it stands, the low probability of entangling

ions in separate ELUs (pc = 2.18× 10−4 [58]) is a leading cause for this inflated resource

overhead. A natural question then (and the focus for the remainder of this section)

is how the number of communication ions scales with improvements in the coupling

rates. Our results are presented in figure 4.8. Here, we have again used equation 4.4

to calculate the minimum number of ions needed for lattice surgery between a selection

of different surface codes while varying the probability pc of establishing entanglement

between a given pair of ions. What we see is that, irrespective of the distances and cycle

times we consider, the number of communication ions first decreases as a power law with
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Figure 4.7: Average lattice surgery rates for different code distances and numbers of
communication ions

increasing pc and eventually tapers off to a fixed value that depends on the code distance

and the purification protocol. These plateau values are equal to NLS = dNpK, which is

the number of unpurified pairs that are required between ion-traps for lattice surgery to

succeed. We can easily demonstrate this by examining the limiting case behavior when

pc = 1. In this scenario, all ions are guaranteed to be entangled after a single round

of attempts. Consequently, we only require NLS many ions to ensure that at least NLS

many raw pairs are established between traps.

For the sake of transparency, we note that the number of communication ions reported

at the plateaus of fig. 4.8 are 46, 91, and 136 for distances d = 3, 6 and 9 respectively.

We point this out because for K = 5 and Np = 3, these values are equal to NLS+1. This

extra +1 comes from a small programming oversight where eq. 4.4 was calculated using

a strict inequality as opposed to a weak inequality. The data of figure 4.8 additionally

allows us to pin-point the ion coupling probabilities at which we reach these plateaus and

consequently have no need to improve further. For a cycle time of 1000µs, this occours at

around pc ≈ 10−2, while for 100µs and 10µs we find the convergence points at pc ≈ 0.1

and pc ≈ 0.5 respectively.

Let us suppose for the sake of argument that we are allowed 200 communication ions
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per trap; This is high, but (unlike our data in figure 4.6) is not outside the realm of

possibility. From figure 4.8, the ion coupling probabilities that are required to perform

lattice surgery for a distance 9 surface code at cycle times of 1000µs, 100µs and 10µs

respectively are pc ≈ 1.5×10−3, pc ≈ 1.5×10−2 and pc ≈ 1.5×10−1. These data suggest

that ion-coupling rates need to improve by one or several orders of magnitude depending

on the cycle time one wishes to operate at. One way to help meet this demand is to

improve the efficiency of photon collection. Carter et. al. report collection efficiencies

of 10% which is roughly an order of magnitude above what was previously possible [9].

Based on this result, it seems that improving entanglement rates by an order of magnitude

is feasible target. Whether further improvements are possible however is unclear to us

at present. Alternative methods for transporting entanglement via shuttling (therefore

bypassing the need for improved coupling) are conceivable, yet speculative. Entanglement

distribution using neutral atoms to mediate interactions has been discussed in the context

of quantum networking [25].

Entanglement purification is another target for improvement. Our 3 → 1 protocol

has a 81.9% success rate, which for a confidence threshold of PPair = 0.999 means that

we require K = 5 purification circuits (Eq. 4.1) per stitch in the lattice surgery. This

is effectively a 15 → 1 purification circuit, which appears rather wasteful. Given that

this protocol is likely close to optimal for our initial state, the most likely strategy for

reducing these overheads is to improve the fidelity at which pairs are distributed. Ideally,

purification is eliminated altogether by delivering pairs a fidelity of F = 0.99 or higher.

In this work we estimated the number of communication ions needed to perform

lattice surgery between two trapped-ion surface code qubits. To this end, we developed

three paradigms for syndrome extraction cycle times that were predicated on various

technological milestones and presented a heuristic that establishes what it means for a

lattice surgery operation to be fault tolerant. With current inter-trap coupling rates,

we found that hundreds, thousands and tens of thousands of communications ions are

required for fault tolerant lattice surgery at cycle times of 1000µs, 100µs and 100µs

respectively. The primary factor contributing to these prohibitive overheads is poor ion-

coupling rates. Our results indicate the need to improve the coupling probability pc by at

least an order of magnitude for lattice surgery to be possible with only a couple hundred

resource ions.
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4.7 Appendix

4.7.1 Noisy entanglement distillation

Implementations D̃ of any entanglement distillation protocol D are generally subjected to

noise in the sense that 0 ̸= ∥D̃−D∥ ≤ ϵ for small ϵ. Here we benchmark the performance

of entanglement distillation protocols obtained with genetic algorithm [1] subjected to

noise in ion trap systems. The genetic algorithm takes a Bell-diagonal state

F |ϕ+⟩⟨ϕ+|+ (1− F )
(
px|ψ+⟩⟨ψ+|+ pz|ϕ−⟩⟨ϕ−|+ py|ψ−⟩⟨ψ−|

)

as input and searches for optimal n→ k purification protocols for that state by iterating

an initial randomly generated population of circuits (describing entanglement distillation

protocols) over a number of generations. The fitness of the individuals in the population

is evaluated with respect to one of several possible objective functions. We optimized with

respect to the average marginal fidelity, which is the average fidelity of each output pair

traced out from the final ensemble. This is determined analytically and may optionally

account for single and two qubit depolarizing gate noise along with measurement errors.

Each output circuit is returned with its average marginal fidelity and overall success

probability.

Although the Bell-diagonal states may at first appear to be a somewhat contrived

category of entangled pairs, it turns out that all two-qubit mixed states can be deter-

ministically twirled into Bell-diagonal pairs of the same fidelity using local operations

and classical communications. This may however cost a small amount of the distillable

entanglement depending on the input state, though quantifying the amount of entan-

glement lost and developing recovery techniques appear to be open research directions.

For this reason, and because twirling introduces a small amount of noise, we developed

our search methodology around the objective of finding purification protocols that could

work without twirling.

Our strategy therefore was to perform an initial search for promising looking protocols

using F = 0.94 Bell-diagonal pairs with px = py = pz = 1/3 under the parameter values

n = (3, 4, 5) and k = 1. Our decision to limit our search to k = 1 was motivated

by our analysis indicating that the k > 1 protocols produced output pairs with some
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Figure 4.9: A scatter plot of the success probabilities and output pair fidelities of a
high performing subset of n→ 1 purification protocols that were first identified with the
genetic algorithm [1] then simulated under circuit level noise with F = 0.94 Stephenson
pairs (See eq. 4.7) as inputs. The highest yield purification protocol that exceeds the
required fidelity threshold Fideal = 0.99 is circled in orange. This is a 3 → 1 purification
protocol whose circuit is presented in fig. 4.5.

amount of mutual entanglement between them. This is a significant issue for lattice

surgery, since it is assumed that each input pair is independent and required us to

restrict ourselves to the k = 1 case. Simulating beyond n = 5 proved to be unnecessary

since the average success rate of the protocols can be seen to decrease with increasing

n in Fig. 4.9. For an (n > 4) → 1 protocol to have a higher yield than the 3 → 1 we

identified, it would be necessary for the larger purification circuit to have a significantly

higher success probability.

Each simulation was performed with a population of 100 circuits evolved for 150 gen-

erations. We selected the top performing circuits from each simulation and benchmarked

their performance under the same circuit level noise when simulated with F = 0.94

Stephenson pairs (See sec. 4.5.4) as input. Our numerical results are presented in Fig.

4.9. The broad trend indicates that as the number of pairs increases, the success probabil-

ity of the protocol decreases while the average success probability increases. None of the

protocols we identified were able to exceed the required fidelity threshold of Freq = 0.999.

In section 4.5.4, we alluded to an experimentally realised inter-trap ion pair reported

by Stephenson et. al. in the supplementary material of their main paper [58]. Strictly
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speaking, there are four pairs reported which correspond to four possible interferometer

detection events. Since these state are all effectively equivalent under local operations

and classical communications, we arbitrarily chose to consider the state presented in

equation 4.6. NEW: Because our purification protocol works with respect to the target

state |ϕ+⟩, it is necessary to rotate our state ρ so its predominant term is |ϕ+⟩. First

(for convenience) we apply the following change of basis:

{
|β1⟩ := |ϕ+⟩, β2 := |ϕ−⟩, β3 :=

1√
2
(0, 1, i, 0)T , β4 :=

1√
2
(0, 1,−i, 0)T

}

, After this, we perform the rotation (I ⊗ XZ) ρ (I ⊗ XZ) which gives us the density

operator ρ′ in eq. 4.7 This state is easily verified to have a fidelity of F = 0.93 with

respect to |ϕ+⟩. This is the Stephenson pair that we refer to in the main body of our

paper.

ρ =



0.01 −0.00487616 + 0.00349614i 0.0135924 + 0.00634402i 0.00374015 − 0.00331833i

−0.00487616− 0.00349614i 0.569 0.0542638 + 0.440672i −0.012985− 0.0292471i

0.0135924 − 0.00634402i 0.0542638 − 0.440672i 0.416 −0.0225074− 0.00473484i

0.00374015 + 0.00331833i −0.012985 + 0.0292471i −0.0225074 + 0.00473484i 0.005


(4.6)

ρ′ =



0.569 + 0.i −0.00487616− 0.00349614i −0.0292471 + 0.012985i 0.440672 − 0.0542638i

−0.00487616 + 0.00349614i 0.01 + 0.i −0.00331833− 0.00374015i 0.00634402 − 0.0135924i

−0.0292471− 0.012985i −0.00331833 + 0.00374015i 0.005 + 0.i −0.0225074 + 0.00473484i

0.440672 + 0.0542638i 0.00634402 + 0.0135924i −0.0225074− 0.00473484i 0.416 + 0.i


(4.7)

4.8 Tables of constants

In this section we present two tables that detail the most important free parameters

and physical constants used throughout the chapter. Table 4.8 is a summary of the free

parameters used and table 4.3 is a summary of the constants.
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Parameter Definition
Nions The number of communication ions in an ELU
d Code distance
T Syndrome extraction cycle time

Table 4.2: A summary of the free parameters considered in our analysis.
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Chapter 5

Quantum circuits for simulating

linear interferometers

He sets his heart on finishing his

handiwork, and he is careful to

complete the decoration

Sirach 38:28

5.1 Statement of work

Motivated by recent proposals for quantum proof of work protocols, I investigate ap-

proaches for simulating linear optical interferometers using digital quantum circuits. Sec-

tion 5.2 is background work and (for the most part) does not represent original research.

The possible exception is section 5.2.7 where I draw an analogy between the first and

second quantization pictures in terms of quantum circuits. In section 5.3, I demonstrate

how simulating linear optics in the first quantization requires the use of symmetric qu-

dit states where the d in ‘qudit’ corresponds to the number of interferometer modes.

Using this approach, I present a depth-four quantum circuit for simulating the Hong-Ou-

Mandel effect. In section 5.4, I begin by outlining the basic principles of simulating in

the second quantization picture. My research contributions begin in section 5.4.1 where I

propose a polynomial-time circuit compilation algorithm that uses the principle of divide-

and-conquer. I round off the discussion of the second quantization in section 5.4.2 by

comparing this approach with Trotterization, which is the favored technique for Hamil-

tonian simulation. I present a software package Aquinas (a quantum interferometer
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assembler) which uses the divide-and-conquer algorithm to generate circuits capable of

simulating n-photon linear interferometers. This software is open-source, and is avail-

able through a GitHub repository [16]. To demonstrate the correctness of the software, I

conclude the chapter by performing numerical simulations to verify that the expectation

values of the circuit agree with theory. This research project was conducted under the

supervision of Simon Devitt with extensive collaboration with Dr. Peter Turner. I thank

both for their time and efforts.

5.2 Introduction

5.2.1 The linear interferometer

A linear interferometer is an optical device built from a network of beamsplitters and

phase-shifters. It has m input ports and m output ports which are also known as modes.

In a sampling experiment, an arbitrary number of indistinguishable photons simultane-

ously enter the interferometer according to some initial configuration. Multiple photons

may occupy the same mode, and there is no limit to the number of photons that may

enter at the start of the experiment. After the state is evolved through the interferom-

eter, each mode is measured with a photo-detector that counts the number of photons

present. In general, these measurements are non-deterministic since photons that enter

at one mode may emerge in a coherent superposition of many modes. For simplicity, we

assume that the total number of photons is conserved by the action of the interferometer.

While linear interferometers can be used to execute certain types of quantum op-

erations, they themselves are not universal quantum computers. Nevertheless, there

is significant interest in this computational model on account of the seminal work of

Aaronson and Arkhipov who demonstrated that simulating boson sampling is classically

intractable [1]. 1

The reason for this intractability is because calculating (or even approximating) the

output probabilities of a boson sampling experiment requires one to calculate the perma-

nent of a Cm×m matrix, which is a well known #P-complete problem. One implication

of this is that linear interferometers (which are considerably easier to build than general

purpose quantum computers) could in principle be used to demonstrate genuine (albeit
1Strictly speaking, if there are n photons entering an interferometer, the boson sampling problem is

hard if the number of modes is O(n2) [1].
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impractical) quantum supremacy. Significant work has therefore been done to engineer

interferometers that are both large enough and reliable enough to demonstrate an incon-

testable quantum advantage (see Brod et. al. for a review of progress [6]). Of particular

note is a recent paper from Madsen et. al. claiming supremacy with a variant of boson

sampling that uses so-called Gaussian states [17].

Although the boson sampling model lacks the computational power of a general pur-

pose quantum computer and is only “powerful" in a statistical sense, the proliferation

of these experimental results has allowed a small body of research to develop around

finding practical applications for boson sampling. Some computational examples include

locating dense sub-graphs [3] and solving the graph isomorphism problem [7] (though

whether such algorithms can yield a tangible advantage in practice remains to be seen).

An arguably more promising application for boson sampling is in distributed consensus

between quantum computers. Recent work has indicated the suitability of coarse grained

boson sampling as a proof of work algorithm, which may see use in a future quantum

blockchain [25].

One practical issue with developing boson samplers for commercial applications how-

ever is that photon loss limits quantum advantage. Though Aaronson et. al. proved

that the hardness of boson sampling remains unchanged when a constant number of

photons are lost [2], Oszmaniec et. al. later demonstrated that losing a fraction of the

total number of photons can render the sampling problem classically tractable [22]. Since

eliminating photon loss altogether is impractical, it would seem that boson sampling is

not a promising model of computation long-term.

An option for scaling boson sampling beyond what is physically possible is to simulate

the device on a conventional quantum computer. This unfortunately defeats the point

of boson sampling for computation since any quantum computer that can emulate the

interferometer will be far more powerful in general. Nevertheless, emulated boson sam-

pling could conceivably be useful if the demand for a quantum proof-of-work algorithm

exceeds what can be implemented with physical interferometers. Moreover, simulating

linear interferometers beyond what is normally possible may be of use for research in

fundamental physics.

Presently, the best reported algorithm for simulating linear interferometers is the

classical method from Heurtel et. al. which, despite exponential savings over conventional
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permanent based calculations, is still exponential in general (as expected) [12].

In this chapter, my main research contribution is a software package called Aquinas

(A Quantum Interferometer Assembler) [16] which transpiles a given linear interfer-

ometer into a quantum circuit that, when run, accurately simulates the behavior of a

sampling experiment for up to a pre-specified number of photons. Broadly speaking, the

algorithm works by first decomposing the initial interferometer into a grid of interlaced

beamsplitters and waveplates. Following this, the Hamiltonian of each beamsplitter is

calculated in terms of ladder operators over the respective modes. By truncating the

ladder operators at a fixed photon depth (the total number of photons that enter the

interferometer) and using some padding, we obtain a Hamiltonian that, when exponen-

tiated, gives a relatively small unitary matrix that can be synthesised into a quantum

circuit. These individual quantum circuits are then knitted together in the configuration

of the original beamsplitters to form the interferometer circuit.

5.2.2 The symmetrization postulate

The symmetrization postulate of quantum mechanics [18] holds that a system of in-

distinguishable bosons is invariant under particle permutations. In other words, the

corresponding state should be unaffected if two or more particles trace places. For ex-

ample, if two identical photons p exist at positions a and b, then the state (pa, pb) would

fail at symmetry since swapping the photons results in the equivalent but differently la-

beled state (pb, pb). We can resolve this issue by assuming these photons are in an equal

superposition of the two possibilities.

1√
2

(
(pa, pb) + (pb, pa)

)
(5.1)

It is easily verified that this state is invariant under particle swapping since,

1√
2

(
(pa, pb) + (pb, pa)

)
=

1√
2

(
(pb, pa) + (pa, pb)

)
(5.2)

Making states symmetric via symmetrization

In general, any non-symmetric configuration of photons can be mapped to a symmetric

state via symmetrization. Given some initial ensemble, the corresponding symmetric
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state is found by taking the coherent superposition over all possible photon permutations.

Let us visualise this with an example. Imagine we have three indistinguishable photons

p that exist in modes a and b. The configuration (pa, pa, pb) is easily seen to be a non-

symmetric state since (pa, pa, pb) ̸= (pa, pb, pa). To find the corresponding symmetric

state, we begin by enumerating all permutations of (pa, pa, pb):

{(pa, pa, pb), (pa, pb, pa), (pb, pa, pa)} (5.3)

The resulting symmetric state is the equal superposition over all three of these pos-

sibilities.

1√
3

(
(pa, pa, pb) + (pa, pb, pa) + (pb, pa, pa)

)
(5.4)

Notice that if any of the photons of this state are rearranged, all permutations are

shuffled in the same way simultaneously. As a result, we see that reordering photons has

no effect on the state, which by definition means that it is symmetric.

5.2.3 Fock space

In the previous sections, we presented the symmetrization postulate and described how we

can map arbitrary photon configurations to symmetric states via symmetrization. Now

we introduce the Fock space which is an extension of the Hilbert space that describes the

possible states for an ensemble of arbitrarily many identical particles. As a motivation,

let us first imagine a system where one photon can exist in a coherent superposition

of m possible modes. By the postulates of quantum information theory laid out in

the introductory chapter, the state space for this particle is the m-dimensional Hilbert

space Hm. If we introduce a second identical particle, we expect (by the product rule)

for the state space to expand to Hm ⊗ Hm. Because of the symmetrization postulate

however, only the symmetric states Sym(Hm ⊗Hm) correspond to physical states. For

systems with an arbitrary number of photons n ̸= 0, it is straightforward to see that the

corresponding state space is Sym(H⊗n
m ). In the case where n = 0, the Hilbert space H⊗0

m

is by definition the complex field C. Up to a phase, this field contains a single length one

element which is called the vacuum state and denoted |0⟩.

Formally, the bosonic Fock space is defined as the direct sum of the symmetric spaces
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corresponding to every possible particle number.

F+(Hm) =
∞⊕
n=0

Sym
(
H⊗n
m

)
(5.5)

The direct sum of two Hilbert spaces H1,H2 is denoted H1⊕H2 and can be interpreted

as an ordered pair of elements from the respective spaces. For example, if |ψ1⟩ ∈ Ha and

|ψ2⟩ ∈ Hb then the concatenated vector α|ψ1⟩⊕ β|ψ2⟩ is a state of Ha⊕Hb where α and

β are complex numbers satisfying the normalisation condition. The implication of the

direct sum is that general photonic states can exist in a coherent superposition of states

with different numbers of photons. For example, an arbitrary pure state of F+(Hm) has

the form:

α|0⟩ ⊕
∑
i

βi|ψi⟩ ⊕ Sym
(∑

j,k

γj,k|ψj⟩ ⊗ |ψk⟩
)
⊕ · · · (5.6)

Where |ψi⟩, |ψj⟩, |ψk⟩, · · · ∈ Hm and where the complex coefficients (α, βi, γj,k, · · · )

together satisfy the normalisation condition. For this chapter however, we are only really

interested in Fock states with a fixed number of particles n in which case all amplitudes

outside of the nth particle space are zero.

5.2.4 The second quantization

Interestingly, there is another equivalent way of formulating the Bosonic Fock space called

the second quantization that is worth treating in detail. The primary advantage of this

framework is that it is considerably easier to describe states than how we previously did

in equation 5.6. In the last section, we saw that we could take a single particle Hilbert

space Hm and extend it to a Fock space capable of supporting arbitrarily many particles

F+(Hm). This representation is called the first quantization. In this section, we show

how we can form the same space by starting with a single mode Fock space F+(H1) and

taking an m-fold Kronecker product of that space to then support m possible modes. In

other words, the aim is to show that

F+(Hm) = F+(H1)
⊗m (5.7)

Starting with the definition of the Fock space from eq. 5.5, we see that
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F+(H1) = α0|0⟩ ⊕ H1 ⊕ Sym(H⊗2
1 )⊕ · · · (5.8)

The one dimensional Hilbert space H1 has a single length-one element (up to complex

phase) which we denote |1⟩. Consequently, Sym(H1⊗H1) is also a one dimensional space

spanned by |1⟩ ⊗ |1⟩, and so on with |1⟩⊗n being the sole state of Sym(H⊗n
1 ). Using the

relabeling |1⟩⊗n → |n⟩ we find that

F+(H1) =
{
α0|0⟩ ⊕ α1|1⟩ ⊕ α2|2⟩ ⊕ · · ·

}
(5.9)

Where (α0, α1, · · · ) are complex coefficients satisfying the normalisation condition.

Elements of F+(H1) are also called number states over a single mode since the unit

vectors (|0⟩, |1⟩, |2⟩ · · · ) specify the number of particles that are present. Number states

over multiple modes are also possible. Let us now consider an m-fold Kronecker product

of these spaces, where m is the number of modes we want to consider.

F+(H1)
⊗m =

{
m−1⊗
j=0

( ∞⊕
n=0

αn,j |n⟩
)}

(5.10)

We can simplify this by first expanding the Kronecker products to obtain a direct

sum over all possible multi-mode number states, and then grouping terms together based

on the total number of photons Tm over the m modes

=

{ ∞⊕
n=0

Tm(n)

}
(5.11)

Tm(0) for example is the direct sum of every possible m mode number state with 0

photons (which in this case is just |0⟩⊗m up to some complex phase). Similarly, Tm(1) is

the sum of states with one photon. Ignoring the wave amplitudes on each term, we see

that

Tm(1) = |11, 02, · · · , 0m⟩ ⊕ |01, 12, · · · , 0m⟩ ⊕ · · · ⊕ |01, 02, · · · , 1m⟩ (5.12)

In order to demonstrate that F+(H1)
⊗m = F+(Hm), thereby showing that the second

quantization picture is equivalent to the first, we first observe that equations 5.11 and

5.5 are both written as a direct sum over spaces corresponding to the possible photon
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numbers:

1st quantization :
⊕∞

n=0 Sym
(
H⊗n
m

)
2nd quantization :

⊕∞
n=0 Tm(n)

(5.13)

For these two spaces to be the same, it is therefore sufficient to show that for all

n,m ∈ Z:

Dim
(

Sym(H⊗n
m )

)
= Dim(Tm(n)) (5.14)

The dimensionality of T (m)

Let us begin by determining how many dimensions there are in the space spanned by

Tm(n). Suppose that |p⟩ is an n photon state over m modes such that

|p⟩ = |p1⟩ ⊗ |p2⟩ ⊗ · · · ⊗ |pn⟩ (5.15)

Where each |pi⟩ is a single mode number state such that
∑m

i=1 pi = n. Observe that

|pi⟩ ∈ H1 when pi > 0 and |pi⟩ ∈ C when pi = 0. In plain language, this means that each

number state spans a one-dimensional Hilbert space, except for the vacuum state which

spans the complex field. Consequently, the kronecker product of these number operators

also spans H1, unless each pi is zero.

Dim(|p1⟩ ⊗ |p2⟩ ⊗ · · · ⊗ |pn⟩) =


1 if

∑n
i=1 pi ̸= 0

0 else
(5.16)

Thus, for n ̸= 0, every element in the direct sum of Tm(n) is a one-dimensional vector.

Consequently, the dimension of Tm(n) is equal to the number of terms in the direct sum.

This is equal to the number of ways that n identical balls can be distributed over m

baskets. Therefore:

Dim(Tm(n)) =
(n+m− 1)!

n!(m− 1)!
(5.17)
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The dimensionality of Sym(H⊗n
m )

Having determined the dimension of Tm(n), we now show that the space Sym(H⊗n
m ) has

the same number of dimensions. First, observe that H⊗n
m is spanned by a basis of mn

elements. Not all of these vectors represent physical states however since not all are

idempotent under photon permutation (for example, |p1, p2⟩ ̸= |p2, p1⟩). In section 5.2.2,

we showed how we can map non-symmetric states to their symmetric counterparts by

putting them in a coherent superposition of all possible permutations.

|p1, p2⟩
Symmetrization−−−−−−−−−→ 1√

2
(|p1, p2⟩+ |p2, p1⟩) (5.18)

Observe then that all states that are permutations of each other will map to the same

symmetric state. This means that we can find the dimension of Sym(H⊗n
m ) by counting

the number of these perm-invariant collections. To see how this is done, first consider an

example of two states that are not equivalent under photon permutation

|p1, p2, p2⟩ ̸⇔ |p1, p2, p3⟩ (5.19)

The reason why no permutation is possible here is because the two configurations

represent entirely different distributions of photons. On the left hand side, there are no

particles in mode three but on the right there is one particle there. Consequently, the

number of perm-invariant collections is equal to the number of distinct photon configu-

rations, or the number of ways that n identical balls can be distributed over m baskets.

Clearly this is the same counting problem as the previous section, so we conclude that

Dim(Tm(n)) = Dim(Sym(H⊗n
m )) and consequently Dim(F+(Hm)) = Dim(F+(H1)

⊗m).

5.2.5 Ladder operators

Creation and annihilation operators (also called ladder operators) are transformations of

a Fock space that increase or decrease the number of photons in a particular mode by

one. Though these ladder operators can (in theory) be described in either quantization,

they are far easier to describe in the second quantization with number states, as I do

here. The creation operator on mode j is denoted â†j . If |n⟩j is a number state with n

photons in mode j, the action of a†j is defined as follows:
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â†j |n⟩j :=
√
n+ 1 |n+ 1⟩j (5.20)

Likewise, for a state |n⟩j (where n ̸= 0) the effect of the annihilation operator âj is

âj |n⟩j :=
√
n |n− 1⟩j (5.21)

And if n = 0.

âj |0⟩j := 0 (5.22)

This effect is referred to as the annihilation of the vacuum state. For all possible

modes i and j, the following commutation relations hold for the ladder operators:

[ai, aj ] = [a†i , a
†
j ] = 0

[a†i , aj ] = δi,j

(5.23)

Assuming an m mode Fock space, it is possible then to construct linear operators for

â†j and âj which are easily verified to satisfy these aforementioned properties:

â†j = I1 ⊗ I2 ⊗ · · · ⊗ Ij−1 ⊗
(∑∞

k=0

√
k + 1|k + 1⟩⟨k|

)
⊗ · · · ⊗ Im

âj = I1 ⊗ I2 ⊗ · · · ⊗ Ij−1 ⊗
(∑∞

k=0

√
k + 1|k⟩⟨k + 1|

)
⊗ · · · ⊗ Im

(5.24)

Where each Ii is the identity operator on the ith mode. Though each mode can in

theory support an unlimited number of photons, meaningful simulations only ever involve

finitely many particles. What we do therefore is truncate the ladder operators by capping

the summations of eq. 5.24 at some maximum photon number n. To signify that we’ve

done this, we use the notation â†(n)j and â(n)j respectively.

5.2.6 Characterising linear interferometers

Let Hâ be an m dimensional Hilbert space with basis vectors {â†1, â
†
2, · · · , â

†
m}. The

transformation induced by an m mode linear interferometer is described by a unitary

operator Uitf over Hâ where the elements of Uitf are
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[Uitf] i,j = λi,j â
†
i âj (5.25)

To illustrate, consider how the â†j operator is evolved by Uitf

Uitf â
†
j =

m∑
i=1

λi,j â
†
i (5.26)

Another way of interpreting Uitf is to think of it as the transformation of a single

photon sent through the interferometer. To see why this is, let |ψ⟩ ∈ Hm be the state of

a single particle over m modes. In the second quantization, this is expressed as

|ψ⟩ = ψ1 |11, 02, · · · , 0m⟩+ ψ2 |01, 12, · · · , 0m⟩+ · · ·+ ψm |01, 02, · · · , 1m⟩ (5.27)

The creation operator â†ψ that generates this state from vacuum is easily seen to be∑
i ψj â

†
j , which is an element of Hâ. The evolved state is therefore (Uitf â

†
ψ)|0⟩

⊗m, which

can be reframed as Uitf|ψ⟩ by using the following change of basis

â†j → |01, 02, · · · , 1j , · · · 0m⟩ (5.28)

5.2.7 Circuit models for the first and second quantization picture

We saw in section 5.2.4 that we can describe the Fock space in either the first or second

quantization picture, though it is not yet clear what the ramifications of these paradigms

are for simulating linear interferometers with quantum circuits. Fortunately, there is a

simple way of interpreting both the first and second quantizations in the circuit model

that will aid us in our analysis.

Suppose we have n indistinguishable photons entering an interferometer where each

particle can be found in one of m possible modes. In the first quantization, the circuit

consists of n quantum registers of dimension m where each register represents a photon

(see fig. 5.1). Measuring a register is therefore analogous to learning the position of a

particular photon. Because these particles are indistinguishable however, we require by

the symmetrization postulate (see section 5.2.2) for the input state to be invariant under

photon permutation. Equivalently, the input state of our circuit must be invariant under
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Figure 5.1: A basic circuit template for simulating a linear interferometer in the first
quantization. The n registers of this circuit are m-dimensional qubits that represent
indistinguishable photons. Each photon, when measured, can be found in one of m

possible modes. By the symmetrization postulate of quantum mechanics, we require that
the input state is symmetric. In the context of this circuit, this means that reordering
the n registers doesn’t change the underlying state. The first step therefore in simulating
an interferometer in the first quantization is to symmeterize the initial state by mapping
it to a coherent superposition of all possible permutations of itself. This is represented
with the large Sym operation at the start of the circuit. Following this, each particle is
evolved by the interferometer given by Uitf to complete the simulation.

register permutations. This means that the initial state must first be symmetrized which

(as we will later see) is a difficult routine in general. After symmetrization however,

simulating the interferometer becomes trivial since photon interactions are extremely

weak and can be safely ignored for our purposes. Because of these negligible interactions,

we can treat each photon of our symmetric ensemble as if it were the only one passing

through the interferometer. Recall from the latter part of section 5.2.6 that Uitf can

be interpreted as the transformation of a single photon. Therefore, the final step for

simulating in the first quantization is to implement Uitf on each of the n registers. A

basic schematic of this entire protocol is presented in Fig. 5.1.

In the second quantization the situation is flipped. Now, we have m registers of

dimension n that represent each of the possible modes. Each mode can be measured to

detect up to n possible photons with an additional promise that there are n total photons

entering and exiting the interferometer. Unlike with the first quantization, there is no

symmetrization step required here since the modes only need to encode the number

of indistinguishable particles present. The hard part about simulating in the second

quantization is constructing a circuit to implement the transformation U
(n)
itf , which is the

unitary corresponding to the interferometer where each ladder operator is truncated at

a maximum photon number n. In general, this U
(n)
itf is exponentially larger than Uitf
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with respect to both n and m, which makes it virtually impossible to directly synthesise

an appropriate circuit. Nevertheless, we will later show how this can be done indirectly,

either by Hamiltonian simulation, or unitary decomposition.

To summarise: Registers in the first quantization correspond to indistinguishable

photons while registers in the second quantization correspond to modes. The advantage

of the first quantization is that the simulation step is trivial, but the trade-off is that we

need to prepare a complex symmetric state. On the other hand, the second quantization

requires no state preparation but has difficulty implementing the truncated unitary U
(n)
itf

on account of its size.

Figure 5.2: A basic template for simulating a linear interferometer in the second quanti-
zation picture. The m registers of the circuits are n-dimensional qubits that represent the
m modes of an interferometer. Measuring a register reveals how many indistinguishable
photons are present there. Unlike in the first quantization, no symmetrization is required
over the initial state. The hard part of the second quantization is building a circuit to
implement U (n)

itf , which is the unitary matrix corresponding to the ladder unitary Uitf but
where each ladder operator has been truncated to a depth of n photons.

5.3 Simulating in the first quantization

5.3.1 Two mode interferometers

To showcase the effectiveness of optical simulations in the first quantization picture, I

now demonstrate how to construct efficient (in both size and depth) quantum circuits to

simulate two-mode interferometers 2 for an arbitrary number of photons. In this scenario,

we have n photons that are each entering the beamsplitter in one of two possible modes.

Since m = 2, we see that registers of one qubit each are sufficient to encode the positions
2Physically, any two mode interferometer can be realised by a non-polarizing beamsplitter followed

by a wave-plate on one of the modes to induce a relative phase shift. For convenience then, I will use
the term ‘beamsplitter’ from this point on to refer to all two mode interferometers.
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Figure 5.3: (left): N photons enter a beamsplitter described by the unitary UBS with k of
them going through the top. (right): The corresponding circuit in the first quantization.
Begin by preparing the |Dn

k 〉 Dicke state before applying UBS to each qubit individually.

of each photon. Let a state of |0〉 denote occupation in the bottom mode and let |1〉

denote occupation in the top mode. For example, the state |001〉 indicates there are two

photons in the bottom position and one photon up top. When symmetrized, this gives

us the input state

1√
3
(|001〉+ |010〉+ |100〉) (5.29)

More generally, for a state of n identical photons where k of those photons are in the

top mode, the resulting symmetric state is the |Dn
k 〉 Dicke state

|Dn
k 〉 =

1√(
n
2

)
∑

x∈{0,1}n
w(x)=k

|x〉 (5.30)

Where w(x) is the Hamming weight (the number of ones) in the bitstring x. At

the time of writing, the best known quantum algorithm for deterministic Dicke state

preparation uses n qubits and requires a circuit depth of O(k log n
k ) with little to no

constant overhead [4]. The subsequent evolution of the state is performed by applying

the 2 × 2 beamsplitter unitary UBS to each mode in parallel, which is a constant depth

operation. The overall depth of the protocol is therefore the same asymptotically as the

Dicke state preparation.

Example: The Hong-Ou-Mandel effect

The Hong-Ou-Mandel (HOM) effect is perhaps the best known quantum-optical phenom-

ena due to its counter-intuitive nature and because it is relatively easy to demonstrate

in the lab. In a HOM experiment, we send two identical photons through the top and

bottom modes of a 50:50 beamsplitter. Since this type of beamsplitter evenly splits
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Figure 5.4: A circuit for simulating the Hong-Ou-Mandel effect in the first quantization
picture. The first part of this circuit prepares the symmetric state 1√

2
(|01〉+ |10〉) which

signifies that there is one photon entering by the top mode and one photon by the
bottom mode. After this, the simulated photons pass through a 50:50 beamsplitter
whose transformation on the creation operators is identical to the Hadamard operation.
The resulting state is 1√

2
(|00〉−|11〉), meaning that (as expected) both photons are either

in the top mode or in the bottom mode.

all incoming light, we naively expect to measure all possible two-photon configurations

{↑↑, ↑↓, ↓↑, ↓↓} with equal probability. What happens in practice however is that we only

ever record the bunched configurations {↑↑, ↓↓}. To see why this is, we first note that

the unitary transformation corresponding to the 50:50 beamsplitter is

U50:50 =
1√
2



1 1

1 −1


 (5.31)

Which (as an aside) is equivalent to the Hadamard operation H. Working in the

second quantization picture, our initial state can be generated from vacuum with the

operator â†↑ + â†↓. Evolving this operator according to U50:50 gives us

1√
2
(â†↑ + â†↓)×

1√
2
(â†↑ − â†↓)

= 1
2((â

†
↑)

2 − (â†↓)
2)

(5.32)

Which generates the number state 1√
2
(|2, 0〉 + |0, 2〉). A simple depth-four circuit

for simulating a HOM experiment in the first quantization picture is presented in figure

5.4 together with a step-by-step explanation. Contrast this with the results of Mohan

et. al. who only approximate HOM in the second quantization using a circuit with an

(unoptimized) depth of 178 [19].
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5.3.2 General interferometers

Having presented on beamsplitters, let us now consider the problem of simulating inter-

ferometers in the first quantization with m > 2 modes. Here, we see that we require

one m dimensional quantum register per photon to encode its possible positions. As an

example, let m = 3 and suppose we have four photons where two are in the bottom

mode, one is in the middle, and one is on the top. One valid encoding of this state is

|0012⟩ which, when symmetrized, gives

1√
12

(
|0012⟩+ |0021⟩+ |0102⟩+ |0120⟩+ |0201⟩+ |0210⟩

+ |1002⟩+ |1020⟩+ |1200⟩+ |2001⟩+ |2010⟩+ |2100⟩
)

(5.33)

In general then, we see that the problem of preparing symmetric states for simulating

m-mode interferometers boils down to the problem of preparing symmetric qudit states

(SQDs), which are coherent superpositions over all possible permutations of the m di-

mensional registers. Nepomechie et. al. present an algorithm for constructing such states,

though the asymptotic depth of these circuits is O(nd) where n is the number of regis-

ters and d is the dimension of the register [20]. Having looked through the literature, I

initially assumed that efficiently constructing SQDs was an open problem and proceeded

to move on to the second quantization.

While writing this chapter however, I discovered that Berry et. al. had proposed two

different methods for efficiently preparing anti-symmetric qudit states that could be triv-

ially modified to create SQDs [5]. The more performant of these uses a classical sorting

network to non-deterministically (but with high probability) prepare a resource state

that can then be used to symmetrize arbitrary initial states. 3 The other (less efficient)

approach uses a so-called Fisher-Yates shuffle to apply random permutations to the state

until there is sufficient confidence the resulting state is symmetric. For an n particle, m

mode system, the authors report an asymptotic circuit size 4 of O(m logcm log n) and

a circuit depth of O(logcm log log n) using a type of sorting network called called an

3For context, a sorting network is a type of sorting algorithm where the sequence of conditional-swap
operations have been fixed in advance.

4i.e. the number of qubits
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odd-even mergesort. 5

We now consider the cost of evolving the symmetric state through the interferometer.

Although this step is still constant depth with respect to n, it is not so for m however

since the unitary being implemented on each mode is an m×m operator. Assuming there

is no special structure to exploit within the operator, the cost of this step is equivalent

to the cost of synthesising an arbitrary ⌈log2(m)⌉ qubit unitary. The asymptotic number

of qubits required for this operation is therefore O(log(m)), which I note is strictly less

than the number of qubits needed for the state preparation step O(m logcm log n). By

the Solovay-Kitaev theorem, the number of gates required for a k qubit operator is [21]

O
(
4kk2 logc(4kk2/ϵ)

)
(5.34)

Where ϵ is the desired accuracy. Substituting k = log2(m) and using the fact that

2log2(m) = m to simplify gives us an overall gate complexity of

O
(
m2 log2(m) logc(m2 log2(m)/ϵ)

)
(5.35)

Which, for readability, we will write as

O
(
m2 polylog(m2/ϵ)

)
. (5.36)

Assuming now that the gates of this decomposition are uniformly distributed across

the qubits of the circuit, we therefore expect a circuit depth of around O(m2polylog(m2/ϵ))/ log(m)

which is asymptotically equal to equation 5.36. The combined depth of the state prepa-

ration and interferometer simulation is therefore approximately equal to

O
(
m logcm log log n+m2polylog(m2/ϵ)

)
(5.37)

To conclude, the asymptotic number of qubits and circuit depth for simulating a

general linear interferometer in the first quantization picture are as follows

Size O(m logcm log n)

Depth O
(
m logcm log log n+m2polylog(m2/ϵ)

)
5Note that c is some constant power
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5.4 Simulating in the second quantization

Let us now focus on simulating in the second quantization picture. Recall from Eq. 5.25

that an m mode interferometer can be represented as an m×m unitary matrix Uitf that

describes how the creation operators of each mode are transformed. Given a maximum

photon number n, our present objective is to transpile Uitf into a quantum circuit that

implements U (n)
itf for some maximum photon number n (see fig. 5.2). Naively, we might

try and calculate this unitary directly by substituting the ladder operators with their

truncated counterparts:

â†i âj → â
†(n)
i â

(n)
j (5.38)

The main problem with this approach is that it doesn’t actually work. From eq. 5.24,

we see that although â†i â is Hermitian, it is not unitary. The second problem is that U (n)
itf

is an extremely large matrix and thus cannot be calculated directly. To see how large

exactly, recall that a truncated creation operator takes the form

â
†(n)
j = I

(n)
1 ⊗ I

(n)
2 ⊗ · · · ⊗ I

(n)
j−1 ⊗

( n∑
k=0

√
k + 1|k + 1⟩⟨k|

)
⊗ · · · ⊗ I(n)m (5.39)

Since each of the constituent operators in this product is a n × n matrix, we see

the entire operator acts over a mn dimensional Hilbert space. Hypothetically though,

if we were to calculate U (n)
itf , we would begin by finding the Hamiltonian operator that

generates Uitf under exponentiation.

Hitf = −i log Uitf (5.40)

Note that the log in the above expression refers to the matrix logarithm. Now we

truncate the ladder operators

Hitf
â†i âj→ a

†(n)
i â

(n)
j−−−−−−−−−−→ H

(n)
itf (5.41)

And exponentiate to obtain the truncated unitary.
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U
(n)
itf = eiH

(n)
itf (5.42)

Worked example: Two mode interferometer

Let Hâ(2) be a two dimensional Hilbert space with basis vectors â†1 and â†2. The two

photon interferometer (or beamsplitter for short) is described by the following unitary

transformation over Hâ(2).

UBS =

 cos θ eiϕ sin θ

−e−iϕ sin θ cos θ

 (5.43)

Here, θ is a parameter related to the reflectivity of the beamsplitter and ϕ is a relative

phase introduced between the two output modes. The corresponding Hamiltonian is

HBS = −i logUBS =

 0 −ieiϕθ

ie−iϕθ 0

 (5.44)

Which, expressed in terms of ladder operators, has the form

H = −ieiϕθâ†1â2 + ie−iϕθâ†2â1 (5.45)

Say for example we want to consider the Hamiltonian with truncation depth n = 2.

In this case we would perform the following substitutions

â†1â2 →


0 0 0

1 0 0

0
√
2 0

⊗


0 1 0

0 0
√
2

0 0 0

 (5.46)

â†2â1 →


0 1 0

0 0
√
2

0 0 0

⊗


0 0 0

1 0 0

0
√
2 0

 (5.47)

The resulting Hamiltonian is
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H
(2)
BS =



0 0 0 0 0 0 0 0 0

0 0 0 ie−iϕθ 0 0 0 0 0

0 0 0 0 i
√
2e−iϕθ 0 0 0 0

0 −ieiϕθ 0 0 0 0 0 0 0

0 0 −i
√
2eiϕθ 0 0 0 i

√
2e−iϕθ 0 0

0 0 0 0 0 0 0 2ie−iϕθ 0

0 0 0 0 −i
√
2eiϕθ 0 0 0 0

0 0 0 0 0 −2ieiϕθ 0 0 0

0 0 0 0 0 0 0 0 0


(5.48)

Which, exponentiated gives the unitary U (2)
BS :



1 0 0 0 0 0 0 0 0

0 Cos[θ] 0 −e−iϕSin[θ] 0 0 0 0 0

0 0 Cos[θ]2 0 −
√
2e−iϕCos[θ]Sin[θ] 0 e−2iϕSin[θ]2 0 0

0 eiϕSin[θ] 0 Cos[θ] 0 0 0 0 0

0 0
√
2eiϕCos[θ]Sin[θ] 0 Cos[2θ] 0 −

√
2e−iϕCos[θ]Sin[θ] 0 0

0 0 0 0 0 Cos[2θ] 0 −2e−iϕCos[θ]Sin[θ] 0

0 0 e2iϕSin[θ]2 0
√
2eiϕCos[θ]Sin[θ] 0 Cos[θ]2 0 0

0 0 0 0 0 eiϕSin[2θ] 0 Cos[2θ] 0

0 0 0 0 0 0 0 0 1


(5.49)

Notice however that the size of this matrix is not equal to a power of two since the

creation and annihilation operators we substituted in equations 5.46 and 5.47 were not

shaped as powers of two themselves. We have two options for expanding into a qubit-

friendly Hilbert space. The first and most obvious choice is to pick the next highest

truncation depth that has a power-two dimension. In this example, that depth would be

n = 3

â†(3) =



0 0 0 0

1 0 0 0

0
√
2 0 0

0 0
√
3 0


(5.50)
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Alternatively, if one favours a slightly more sparse matrix, one can simply pad the

creation, annihilation, and identity operators with zeros until the next power of two is

reached. For example,

â
†(2)
padded =



0 0 0 0

1 0 0 0

0
√
2 0 0

0 0 0 0


(5.51)

To see the effect of this padding, consider a padded operator of the form â†i âj . When

exponentiated, the action of the resulting unitary is seen with some effort to be idempo-

tent on states with a photon number greater than the truncation depth.

5.4.1 Divide and conquer

We’ve seen in the previous sections that calculating U (n)
itf is a computationally intractable

problem due to its size. An intuitive approach for working around this constraint is to

divide and conquer by decomposing Uitf into a product of 2 × 2 unitaries (which can

equivalently be thought of as beamsplitters). We then calculate the truncated versions

of these smaller unitaries to a number depth n (where n is the total number of photons

in the interferometer) and stitch them back in their original configuration to obtain a

construction for U (n)
itf (See fig 5.5 for a schematic). This approach is somewhat more

manageable than a naive synthesis of U (n)
itf since the beamsplitters can be implemented

with fewer qubits. To see how many exactly, first note that the minimum number of qubits

needed to encode up to n photons in a single mode is ⌈log2(n)⌉. A two mode unitary

truncated at depth n therefore acts on 2⌈log2(n)⌉ qubits Using the same reasoning as

before, we can substitute k = 2⌈log2(n)⌉ into eq. 5.34 and then divide by ⌈2 log2(n)⌉ to

obtain the asymptotic circuit depth for a single beamsplitter6 . Simplifying, this comes

out to:

O
(
n4 log2(n) log

c(n4 log2(n)/ϵ)

)
(5.52)

Having established the size and depth of a single beamsplitter circuit we now consider
6For the sake of transparency, I’d like to note that I initially did this calculation wrong. Consequently,

I thought the circuit depth of the beamsplitter was roughly quadratic with respect to n instead of roughly
quartic. Had I known this, I likely wouldn’t have pursued the “divide-and-conquer” approach, since the
previous section indicates the SQD algorithm is far more efficient. I comment on this again in the
conclusion of this chapter.
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Figure 5.5: Given a linear interferometer Uitf, it is not computationally tractable to
generate a circuit for the truncated operator U

(n)
itf . In the divide and conquer approach,

I use the Clements decomposition [10] to break Uitf into a grid of two-by-two unitaries
that are significantly easier to calculate (but still have exponential size with respect to
n). As such, this method is best suited for simulating sparse linear interferometers where
n � m

the number of beamsplitters that are required to decompose the interferometer. As an

historical aside, Adolf Hurwitz was the first to study 2× 2 decompositions of orthogonal

matrices in the late nineteenth century [13] 7. At the close of the twentieth century,

Reck et. al. independently discovered a similar method for unitary matrices using a

triangular decomposition [23]. Recently however, an improvement to the algorithm was

discovered by Clements et. al. that requires half the depth of the Reck decomposition

and is provably optimal [10]. With the Clements decomposition, a grid of m(m − 1)/2

two-mode interferometers are required to reconstruct the original interferometer, which

immediately implies a depth of O(m) beamsplitter elements and therefore an overall

depth of O
(
mn4 log2(n) log

c(n4 log2(n)/ε)
)
.

As with the section on the first quantization, we conclude by presenting the asymp-

totic size and depth requirements for this divide-and-conquer method:

Size O(m log(n))

Depth O
(
mn4 log2(n) log

c(n4 log2(n)/ε)
)

5.4.2 Approximate Hamiltonian simulation with Trotterization

Hamiltonian simulation is a rich and active field of research where the objective is to build

quantum circuits that closely approximate the time-evolution of a system. Specifically,

if we are given a Hamiltonian H, our goal is to implement the operator

7Thanks to Dr. Peter Turner for this observation
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U(t) = e−iHt (5.53)

For some time t. We recall from equation 5.40 that we can calculate the Hamiltonian

corresponding to an interferometer Hitf by taking the matrix logarithm of Uitf. By

simulating the Hamiltonian, it is possible to efficiently implement U (n)
itf without needing

to perform computationally intractable truncations and exponentiations of Hitf. A full

review of the field is beyond the scope of this chapter8, so for the sake of brevity, I

limit myself to a type of Hamiltonian simulation called first-order Trotterization (FOT).

Although this is by no means the most efficient method asymptotically, Sawaya et. al. [24]

point out that FOT is more likely to be realised on near-term hardware since it is expected

to have lower error rates over other simulation techniques [8] [9]. The FOT method

is predicated on the fact that for two identically sized and non-commuting Hermitian

operators A,B we have that [21]

lim
n→∞

(eiAt/neiBt/n)n = ei(A+B)t (5.54)

The significance of this equality is that if a truncated Hamiltonian H(n)
itf can be written

as a sum of easily implemented Hermitian operators H(n)
itf =

∑
j Hj , then by eq. 5.54 we

have that

lim
n→∞

(∏
j

eiHjt/n

)n
= eiH

(n)
itf t (5.55)

From which it follows that if
∏
j e

iHjt/n is repeatedly applied, the resulting operator

is a good approximation of eiH
(n)
itf t provided that n is sufficiently large. An obvious

disadvantage of FOT (and Hamiltonian simulation more broadly) is that there is intrinsic

algorithmic error. This is unlike the other simulation techniques I have discussed whose

circuits (at least in theory) exactly implement the target unitary. 9 Consequently, it is

more difficult to conduct resource analysis for FOT than other approaches in the first

and second quantization. A further complication (though a blessing in disguise) is that

error bounds for Hamiltonian simulation often overestimate the true error. Whittling

8See Childs et. al. for a fairly modern review [8]
9This is never true in practice though since unitary-to-circuit synthesis generally introduces a small

amount of error.

190



down these bounds proves challenging however – even for special cases of FOT [15].

In the following section, I present a standard technique for FOT that relates a generic

truncated Hamiltonian to a sum of Pauli strings for which efficient circuit constructions

are known. I discuss the problem of binary encoding which complicates analysis even

more and point out some recent progress that has been made in optimising FOT circuits.

Although I am unable at this stage to directly compare the performance of using FOT to

simulate linear interferometers with the other techniques I’ve developed, I nevertheless

hope that this introduction may serve as a helpful starting point for future work.

Truncated Hamiltonians as sums of Pauli strings

We recall from section 5.2.4 that number states are labeled with integers describing the

quantity of photons present in a particular mode. Observe then that a generic operator

acting on a single mode with up to n photons 10 can be expressed as

A =

n∑
i,j=0

αi,j |i⟩⟨j| (5.56)

Where the coefficients [αi,j ] form a unitary matrix. To translate this operator into a

transformation on qubits, we choose a binary encoding B : Z → {0, 1}⊕k which maps an

integer (within the range of the encoding) to a constant-length string of binary digits.

Consider for example the standard binary encoding for k = 3

0 → 000, 1 → 001, 2 → 010, · · · 7 → 111 (5.57)

With this encoding, a number operator like |1⟩⟨3| is converted to |001⟩⟨011|. Expand-

ing this out gives us

|0⟩⟨0| ⊗ |0⟩⟨1| ⊗ |1⟩⟨1| (5.58)

It is easily verified that these binary operators can related to Pauli matrices in the

following way

10i.e. an operator over the truncated Fock space F+(H1)
(n)
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|0⟩⟨1| = 1
2(X + iY ) |1⟩⟨0| = 1

2(X − iY )

|0⟩⟨0| = 1
2(I + Z) |1⟩⟨1| = 1

2(I − Z)

(5.59)

Substituting the identities of equation 5.59 into 5.58 and expanding gives us an op-

erator that encodes |1⟩⟨3| as a sum of Pauli strings.

1

8
(ZXI − IXZ + IXI + iZY I − iIY Z + iIY I − ZXZ − iZY Z) (5.60)

This approach easily generalises to multi-mode number operators. To briefly illus-

trate, consider the operator |1⟩⟨3| ⊗ |3⟩⟨1|. Using the standard binary encoding, this

transformation is mapped to |001⟩⟨011| ⊗ |011⟩⟨001| which can then be expanded and

substituted in the same way as we did in equation 5.60.

The main challenge of FOT is to choose a binary encoding B that minimizes the

number of Pauli strings in the Hamiltonian encoding H(n)
itf =

∑
j Pj . The reason why this

is desirable is because each Pauli string Pj requires its own circuit in order for the product∏
j e

iPjt/n to be implemented. Recent research by Sawaya et. al. [24] however indicates

that choosing optimal encodings is likely a hard problem for one of two reasons. The

first is that there are exponentially many binary encodings to choose from. The second is

that the performance of a particular encoding depends significantly on the Hamiltonian

being simulated.

Another important strategy for optimising FOT is to reorder the operations of
∏
j e

iPjt/n

in such a way as to maximize the number of gate cancellations. Because of the regular

structure of the circuits implementing eiPjt/n, this seemingly pedantic optimization can

actually result in fairly significant savings. Tomesh et. al. study this ordering problem

and use classical optimization techniques that (in part) reduces the depth of an FOT

circuit to one-third of its naive implementation [26].

In summary, the main selling point of FOT compared to other methods of Hamil-

tonian simulation is the fact that it is more suitable for near term quantum hardware.

On the other hand, its primary drawback is its relative complexity compared with the

other methods previously discussed, which makes judging its performance difficult at

face value. We have seen that it is difficult to accurately gauge the minimum number

of ‘steps’ required in equation 5.55 for the simulation to be within error tolerance, and
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we have pointed out the difficulty of choosing good encodings and orderings within the

product formulae. It is therefore unclear at the present moment whether there is any

advantage of using FOT to simulate linear optics compared with other methods in the

first and second quantizations, though this seems to be a promising direction for further

research.

5.5 Results

The Aquinas software package takes an m×m unitary matrix representing an m mode

linear interferometer and uses the divide and conquer method described in section 5.4.1 to

synthesise a quantum circuit that simulates the interferometer in the second quantization

picture. To compensate for the fact that creation and annihilation operators truncated

at depth n generally aren’t sized as a power of two, I use the operator padding described

in the worked example of section 5.4 in order to ensure that U (n)
itf can be implemented as

a quantum circuit.

To demonstrate that the transpiled circuits are working as intended, I present two

numerically simulated interferometer experiments. In the first experiment, I randomly

selected a three mode interferometer Urand ∈ SU(3) and began with three indistinguish-

able photons in the arbitrarily chosen configuration (2, 1, 0) (which is to say there are

two photons in the first mode and one in the second mode). Using Aquinas, I then

constructed a quantum circuit that implements the transformation U
(3)
rand using 6 qubits

with a depth of 567. I simulated this circuit noiselessly using the Qiskit [14] software

package to obtain 10,000 measurement samples which were then converted into estimates

for the probabilities of observing each of the 10 possible output configurations. In or-

der to validate these probabilities, I used the permanent-based method of Aaronson and

Arkhipov to the calculate the precise expectation values for each outcome [1]. I compare

the estimated probabilities with the exact expectation values for this experiment using

the histogram in 5.6. From inspection, it appears that our estimates are convincingly

converging on the genuine expectation values with minor variations that may possibly

be attributed to sampling uncertainty. To verify that this convergence was genuine, I

began by using qiskit’s built-in Operator class to transform the circuit into a 26 × 26

matrix. After then, I calculated the expectation values of a random assortment of output
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Number of photons Circuit depth
1 5
2 197
4 3653
8 60677

Table 5.1: Circuit depths for a two-mode interferometer for various numbers of photons.

probabilities by ‘looking up’ the appropriate matrix element:

pout = ⟨ψout|U (3)
rand|ψout⟩ (5.61)

With this, I was able to quickly verify that the expectation values of the circuit

were within machine point precision of the expectation values calculated via matrix

permanent11.

The second experiment was virtually identical to the first, with the only difference

being that I instead simulated a five mode interferometer with two photons in the starting

configuration (2, 0, 0, 0, 0). In this case, the resulting 10 qubit circuit has a depth of 1972.

The estimated probabilities of the 15 possible output distributions from 10, 000 circuit

samples are plotted in figure 5.7 together with the analytical expectation values. As

before, we see convincing evidence of genuine convergence that I confirmed by manually

checking the expectation values of the operator corresponding to the circuit.

In order to calculate the depth of Aquinas’s circuits with respect to m and n, it is

sufficient to calculate the depths of the beamsplitter circuits with respect to n. This is

because every circuit with m > 2 modes is composed of multiple beamsplitter circuits

arranged in a predictable pattern (Recall figure 5.5). A selection of these depths are

presented in the above table.

5.6 Conclusion and outlook

In this chapter, I compared and contrasted a variety of different approaches for simulat-

ing linear optics in the first and second quantization pictures. I proposed a method for

simulating in the first quantization based on the preparation of symmetric qudit states

(SQDs), which had an asymptotic qubit count of O(m logcm log n) and an asymptotic

11For larger circuits where calculating these expectations is intractable, statistical bootstrapping [11]
may be used instead to test for convergence.
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Figure 5.6: An arbitrary 3× 3 interferometer with up to three photons is simulated as a
6 qubit, depth 567 circuit. The initial photon configuration (2,1,0) is scrambled into one
of 10 possible output distributions.

Figure 5.7: An arbitrary 5×5 interferometer with up to two photons is simulated as a 10
qubit, depth 1972 circuit. The initial photon configuration (2,0,0,0,0) is scrambled into
14 possible output distributions.
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depth of O(m logcm log log n+m2polylog(m2/ϵ)). In the second quantization picture, I

presented a divide and conquer strategy and wrote software to construct circuits accord-

ing to this method. I found that the asymptotic circuit size and depth were O(m log(n))

and O
(
n4 log2(n) log

c(n4 log2(n)/ϵ)

)
respectively. As I previously noted in the footnote

of section 5.4.1, an initial oversight led me to believe that the asymptotic circuit depths

for the SQD and divide-and-conquer algorithms were roughly comparable (with some mi-

nor trade-offs in performance between m and n). In actuality, the circuit depth for SQD

is considerably better in terms of the photon number n (log log vs. quartic!). Had I spot-

ted this mistake earlier, I would have almost certainly developed my software around

the SQD approach instead. Although we initially hoped that the divide-and-conquer

method would allow us to construct interferometer circuits capable of simulating non-

trivial instances of boson sampling (upwards of n ≥ 30), compiling these circuits at scale

quickly became a challenge (as indicated by the beamsplitter circuit depths of table 5.1).

Given that 8-photon beamsplitter requires a depth of around 60,000, it is unlikely that

our divide-and-conquer approach will see any practical use, even with further optimiza-

tion. Nevertheless, this is an encouraging first step towards optical simulations on digital

quantum computers. Based on these results, it seems that the most promising candidates

for quantum optical simulations are the SQD and FOT methods. Future work should

therefore focus on comparing these two to determine which is better in practice.
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In Thanksgiving:

Te Deum laudamus, te Dominum confitemur

Te aeternum Patrem omnis terra veneratur

Tibi omnes Angeli, tibi Caeli et universae Potestates

Tibi Cherubim et Seraphim incessabili voce proclamant

Sanctus, Sanctus, Sanctus, Dominus Deus Sabaoth

Pleni sunt caeli et terra maiestatis gloriae tuae.

Te gloriosus Apostolorum chorus

Te Prophetarum laudabilis numerus

Te Prophetarum laudabilis numerus

Te Martyrum candidatus laudat exercitus

Te per orbem terrarum sancta confitetur Ecclesia

Patrem immensae maiestatis

Venerandum tuum verum et unicum Filium

Sanctum quoque Paraclitum Spiritum

Tu Rex gloriae, Christe

Tu Patris sempiternus es Filius

Tu ad liberandum suscepturus hominem, non horruisti Virginis uterum

Tu, devicto mortis aculeo, aperuisti credentibus regna caelorum

Tu ad dexteram Dei sedes, in gloria Patris

Iudex crederis esse venturus

Te ergo quaesumus, tuis famulis subveni: quos pretioso sanguine redemisti

Aeterna fac cum sanctis tuis in gloria numerari

Amen
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