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This research examines the hydrodynamic and thermal characteristics of Al2O3-water as a shear-thinning non

Newtonian nano-coolant (NC) flowing through a porous structure. The rheological characteristics of the coolant 
have been deemed to be shear-thinning based on the weight percentage (𝜙) of suspended nanoparticles. The flow 
dynamics are examined within a homogeneous saturated porous substrate placed in a backward-facing step (BFS) 
channel featuring an expansion ratio of 1:2. The lengths of the upstream and downstream channels, before and 
after the step of height ℎ, are maintained in a ratio of 6ℎ ∶ 30ℎ. The Darcy–Brinkman--Forchheimer (DBF) porous 
model, incorporating non-Newtonian viscous NC flow, has been numerically solved within the computational 
domain using a finite volume method with second-order accuracy. The investigations were conducted with 
varying key parameters, including Reynolds number (300 ≤ 𝑅𝑒 ≤ 1000), Rayleigh number (105 ≤ 𝑅𝑎 ≤ 106), 
porosity (0.4≤ 𝜖 ≤ 0.99), and Darcy number (10−1 ≤𝐷𝑎 ≤ 10−3). Findings indicate a 50% reduction in skin friction 
coefficient (𝐶𝑓 ) when doubling 𝑅𝑒, highlighting the complex relationship between flow dynamics and thermal 
exchange within the porous substrate. The recirculation zone after the step shrinks with decreasing 𝜖, emphasizing 
the improved heat transfer (HT) from the wall interface through a stronger porous medium. Increasing the porous 
strength by reducing 𝜖 from 0.9 to 0.4 leads to over 200% improvement in average thermal exchange rate (𝑁𝑢avg) 
for the shear-thinning coolant (𝜙 = 4%) even at low permeability (𝐷𝑎 = 0.001). The study also evaluates the 
thermal performance criterion (PEC), which increases with higher 𝑅𝑒 but decreases with 𝜙. The outcomes of PEC 
provide practical insights into the thermal engineering aspects, underscoring the significance of comprehending 
nano-coolant dynamics within a porous matrix for optimizing thermal transport processes.

1. Introduction

The pursuit of high-performance thermal systems has become a cor

nerstone of innovation across various fields of science and engineering. 
Managing thermal systems in electronic cooling and optimizing the heat 
transfer (HT) rate is crucial for thermal engineering systems [1]. A 
promising approach for enhancing the HT phenomena lies in using fluid

saturated porous media, which shows diverse thermal engineering ap

plications, including hydrology, civil and mechanical engineering, and 
chemical and petroleum engineering [2]. To utilize porous media effec

tively, it is essential to model the coupled momentum and energy trans
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fer phenomena with sufficient accuracy. Over the past decades, both 
experimental and theoretical research have explored transport behavior 
in homogeneous, saturated porous media. Several momentum models 
have been developed to represent flow through such media, includ

ing Darcy’s law for slow flows, and its extended forms: the Brinkman, 
Forchheimer, and Darcy–Brinkman--Forchheimer (DBF) models. These 
frameworks help capture the complex interactions between flow resis

tance and thermal transport [3]. Unlike the classical Darcy or Darcy--

Forchheimer models, the DBF model accommodates no-slip boundary 
conditions and resolves nonlinear momentum losses, which are critical 
when analyzing confined geometries such as backward-facing step (BFS) 
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Nomenclature

English symbols 

𝐶𝑝 Specific heat at constant pressure . . . . . . . . . . . (J kg−1 K−1)
𝐷𝑎 Darcy number

𝑅𝑎 Rayleigh number

𝑅𝑒 Reynolds number

𝑅𝑖 Richardson number

𝑃𝑒 Peclet number

𝑆 Local Entropy Generation

𝑔 Acceleration due to gravity . . . . . . . . . . . . . . . . . . . . . . (m s−2)
𝐺𝑟 Grashof number

ℎ Heat Transfer coefficient . . . . . . . . . . . . . . . . . . . (Wm−2 K−1)
𝐻 Channel height

𝑘 Thermal conductivity . . . . . . . . . . . . . . . . . . . . . . . (w m−1 K−1)

𝐾 Permeability

𝑁𝑢 Nusselt number

𝑝̄ Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (pa)

𝑃𝑟 Prandtl number

𝑡 Time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (s)

𝑇 Temperature of the fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (K)

𝑢̄, 𝑣̄ Dimensional velocity along the horizontal and vertical 
directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (m s−1)

𝑥̄, 𝑦̄ Horizontal and vertical coordinate . . . . . . . . . . . . . . . (m s−1)

Greek symbols 

𝛼 Thermal diffusivity of the base fluid . . . . . . . . . . . . (m2 s−1)

𝛽 Thermal expansion coefficient . . . . . . . . . . . . . . . . . . . . . (K−1)

𝛾̇ Dimensional shear rate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . (s−1)

𝜂 Non-dimensional shear rate

𝜃 Non-dimensional temperature of the fluid

𝜙 Nanoparticle volume fraction

𝜇𝑓 Dynamic viscosity of the base fluid . . . . . . . . . (kg m−1 s−1)
𝜈𝑓 Kinematic viscosity of the base fluid . . . . . . . . . . . . (m2 s−1)
𝜌 Density of fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (kg m−3)

Subscripts 

𝑓 base fluid

𝑛𝑓 nanofluid

𝑎𝑣𝑔 average

𝑓𝑓 fluid friction

Acronym 

𝑁𝐹𝑠 Nanofluids

𝐻𝑁𝐹 Hybrid Nanofluid

𝐻𝑇 Heat Transfer

𝑁𝐶 Nano-coolant

𝐵𝐹𝑆 Backward-facing step

𝐸𝐺𝐸𝑁 Entropy Generation

𝑃𝐸𝐶 Performance Evaluation Criteria

channels [4]. The inclusion of inertial and viscous effects enhances the 
physical realism of the model, especially under non-Darcian conditions 
where both flow resistance and recirculation regions strongly influence 
thermal transport [5]. The effectiveness of this approach has been val

idated in previous works involving forced and natural convection in 
porous systems [6].

Despite the considerable attention given to porous media as an effec

tive HT promoter in various industrial applications, another promising 
avenue for enhancing HT in the thermal engineering industry is the uti

lization of nanofluids (NFs) for their excellent HT enhancement quality 
to optimize energy devices [7]. Nanofluids, defined as suspensions of 
nanoparticles ranging from 1 to 100 nm in size, were first introduced 
by Choi and represent a novel class of nanotechnology-based HT flu

ids [8]. These fluids are often created by mixing nanoparticles into 
conventional liquids such as water, oil, and ethylene glycol [9]. The 
improved performance of nanofluid HT compared to the traditional flu

ids arises from the enhanced thermal conductivity and improved energy 
exchange capability resulting from the suspended ultrafine particles. 
Both experimental and numerical studies have indicated that NFs con

taining Al2O3 or CuO nanoparticles can significantly improve thermal 
conductivity, leading to energy savings of electronic devices and fa

cilitating device miniaturization [10]. Mishra et al. [11] numerically 
studied HNF flow over a stretching/shrinking sheet, finding that vol

ume fraction, thermal slip, and magnetic effects significantly influence 
velocity, temperature, and HT performance. Cu–water nanofluid con

vection in a vertically oriented annulus with non-uniform bottom heat

ing revealed bi-cellular flow structures and improved HT performance 
with increasing Rayleigh number and nanoparticle concentration [12]. 
A seminal study by Abu-Nada et al. [13] highlighted the potential of NFs 
to improve the efficiency of heat exchangers, creating new opportunities 
to understand their interactions with fluid dynamics and optimize HT 
mechanisms. The utilisation of NFs to improve HT in boundary layer 
flow systems has recently attracted significant attention, as it offers a 
standard setup for research in fluid mechanics on separated flows, ad

dresses various industrial concerns, and has captivated the interest of 
numerous researchers. Pop et al. [14] emphasized the improved thermal 

properties of NFs achieved through nanoparticle dispersion, enhancing 
HT efficiency in applications such as cooling systems. Various nanopar

ticles [15], including copper, silver, oxides (Al2O3, TiO2, CuO), carbides 
(SiC, TiC), or carbon nanotubes, are used to enhance the thermal prop

erties of the base fluids.

A review of fluid flow HT within porous media, reported by 
Shenoy [16], reveals non-linear fluid behavior that differs from the 
characteristics of Newtonian fluid flow. This non-Newtonian behavior 
in porous media has attracted significant attention due to its implica

tions for HT efficiency in various practical engineering applications, 
including oil recovery, food processing, and material processing. The 
widespread occurrence of non-Newtonian rheology in nanofluid be

havior in many industrial processes has led to a growing interest in 
enhancing HT efficiency and flow control in porous media, making them 
crucial for optimizing thermal systems, industrial processes, and en

ergy applications due to their adaptable rheological properties [17,18]. 
Various numerical methods, such as boundary element, finite element, 
finite volume, finite difference, and the smooth particle hydrodynam

ics (SPH) method, have been used to study non-Newtonian fluid flows 
and nanofluids (NFs), providing key insights into their rheological be

havior and flow characteristics [19--21]. Hojjat et al. [22] reported 
the non-Newtonian rheology of aqueous solution of Al2O3, TiO2, CuO 
nanoparticles with various concentrations (0 ≤ 𝜙 ≤ 1.5) and operating 
temperatures (5 ◦C ≤ 𝑇 ≤ 45 ◦C). The rheological behavior has been 
characterized by the non-Newtonian power-law model with experimen

tally observed consistency index and power-law index, exhibiting the 
pseudoplastic or shear-thinning behavior of the mentioned nanoflu

ids, making the fluid suitable for diverse industrial applications such 
as drilling and pharmaceuticals [23,24]. The influence of power-law 
behaviors and non-Newtonian consistency indices on flow patterns and 
heat transmission mechanisms of Al2O3 nanofluids was extensively ex

amined by Santra et al. [25] and Nazari et al. [26] in different research. 
Their work emphasizes the behavior of non-Newtonian fluids in com

plex geometries, which aids in optimizing the practical applications 
of HT efficiency. The addition of Al2O3 improves HT performance, 
thereby enhancing efficiency and flow control in porous media [27]. 
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This combined effect of non-Newtonian properties and increased ther

mal conductivity optimizes thermal systems and energy applications. 
Khan et al. [28] analyzed MHD Maxwell HNF flow over a porous stretch

ing sheet, showing that multiple slip conditions and thermal radiation 
significantly impact skin friction, heat, and mass transfer behavior.

Studies of non-Newtonian NFs in step flows that face backward, as re

ported by various researchers [29,30], offer new understandings of heat 
transmission and fluid dynamics. It is notable for expressing that fluid 
separation and reattachment length in the flow of non-Newtonian NFs 
through a physical system significantly affect HT and flow behavior. The 
BFS flow exemplifies these dynamics, offering insights for optimizing HT 
and turbulence modeling [31]. In the field of fluid mechanics, the term 
“backward-facing step'' refers to a sudden expansion in a flow passage 
commonly encountered in various industrial and engineering applica

tions, such as engine flows, the spoiler flows, separation flow behind an 
airfoil, vehicle (cars and boats), heat transfer systems, inlet tunnel flow 
of engine, or inside a condenser/combustor, and even the flow around 
buildings or architectural complex [32]. This flow configuration is of sig

nificant interest for understanding and analyzing complex fluid dynam

ics, particularly phenomena such as flow separation, vortex evolution, 
recirculation, and reattachment. These aspects are essential for compre

hending flow dynamics in applications like vehicle aerodynamics and 
heat exchangers. The fundamental physics of BFS flow has garnered con

siderable attention in recent years, especially under critical conditions, 
such as during aircraft stalling. Moreover, effective mixing is desirable 
in certain applications, such as mixing chambers or combustors. By in

corporating detailed geometric considerations of BFS, researchers can 
investigate various mechanisms and control strategies within this do

main. Researchers use experiments and numerical simulations to explore 
flow physics, thermal characteristics, and HT optimization, with studies 
examining various aspects of BFS flow, including turbulent shear layers, 
mixed convection, and laminar pulsating flow [33,34]. For instance, ear

lier a study by Armaly et al. [35] explored experimental and theoretical 
aspects of BFS flow using air, reporting results for Re numbers ranging 
from 70 ≤𝑅𝑒 ≤ 8000, covering laminar, transitional, and turbulent air

flow. The study revealed that the reattachment point moves downstream 
and away from the step with increasing Re numbers. Another pioneering 
study on 2D BFS flow through numerical simulations and experimental 
methods [36] focused on air as a working fluid, considering 𝑅𝑒 num

bers of up to 3000 and expansion ratios of 1.17 and 2.0 in the channel. 
Additionally, Erturk [37] conducted a comprehensive examination of 
2D steady incompressible Navier-Stokes equations for flow over a BFS 
at high 𝑅𝑒 numbers, employing an efficient finite difference method 
to present results graphically and in tabular formats. Swain et al. [38] 
numerically investigated 3D Maxwell nanofluid flow over a stretching 
surface, revealing that nanoparticle aggregation enhances thermal con

ductivity, while magnetic, radiation, and heat source effects shape HT 
behavior.

To optimize energy efficiency and HT performance in thermal sys

tems, studying entropy generation has become crucial as it reflects ther

modynamic irreversibility and associated energy loss. Recent research 
has delved into unravelling the entropy generation in flows through 
BFS configurations within porous media using a mix of numerical simu

lations and experimental investigations. These inquiries yield valuable 
insights into how geometric configurations, 𝑅𝑒 number, and 𝐷𝑎 number 
influence the rates at which entropy is generated [39]. As fluid traverses 
through porous media in a BFS geometry, entropy generation arises from 
the interactions of viscous dissipation, heat transfer, and flow charac

teristics [40]. Mansour et al. [41] revealed that heat sources in MHD 
natural convection of Al2O3-Cu/water hybrid nanofluids could enhance 
thermal efficiency by promoting uniform temperature distributions and 
minimizing entropy generation in porous cavities. By gaining a thor

ough understanding of entropy generation in BFS flows through porous 
media, researchers strive to enhance HT efficiency, minimize energy 
losses, and develop more effective engineering systems [42]. Minimiz

ing entropy generation is crucial for improving thermal performance, as 

it directly correlates with reducing energy dissipation and enhancing 
overall HT efficiency, leading to more optimized and efficient ther

mal designs [43]. Kong et al. [44] comprehensively evaluated Al2O3

nanofluid as an enhanced HT fluid. They focused on critical perfor

mance criteria such as thermal conductivity, HT rate, and temperature 
distribution. The study aimed to quantitatively assess the advantages of 
Al2O3 nanofluid compared to conventional fluids, shedding light on its 
potential to improve thermal management strategies in engineering ap

plications. The performance criteria for heat exchangers primarily aim 
to strike a balance between efficiency and practicality [45]. These cri

teria consider factors such as heat duty, initial cost, pumping power, 
safety, and compact design.

The literature survey indicates that previous studies on heat transfer 
within porous structures have not examined the behavior of nanoflu

ids with non-Newtonian rheology in conjunction with non-Darcian ef

fects. This study emphasizes the significance of investigating the Darcy

Brinkman-Forchheimer (DBF) solution in the context of non-Newtonian 
nanofluids, explicitly focusing on the impact of varying nanoparticle 
volume fractions as they flow through a BFS porous channel. The nov

elty of this research lies in its analysis of the thermal and hydrodynamic 
performance of non-Newtonian Al2O3-aqua nanofluids, utilizing exper

imentally determined rheological parameters that vary with nanopar

ticle concentration. Furthermore, this study explores thermodynamic 
irreversibility during heat transfer processes by analyzing entropy gen

eration.

The present study explores the use of finite volume numerical meth

ods to simulate momentum and heat transfer phenomena within the 
BFS domain. It incorporates non-Newtonian rheology and porous ef

fects, providing crucial insights into enhanced heat transfer rates in re

gions experiencing flow separation. The research advances by assessing 
flow characteristics and thermal exchange behavior, considering several 
key parameters, including the Rayleigh number (Ra), Reynolds number 
(Re), Darcy number (Da), porosity (𝜖), and the weight percentage (𝜙) 
of nanoparticles. Simulation results demonstrate that higher nanoparti

cle volume fractions and Reynolds numbers contribute to increased heat 
transfer rates, while the BFD model effectively captures pressure losses 
in the porous medium. The present research explores the performance of 
nanofluid flow concerning HT enhancement by using performance eval

uation criteria (PEC), which addresses the pumping power required to 
improve the HT rate of highly viscous nano-coolants flowing through a 
porous medium.

The findings from this study address the significant implications 
for improving heat exchanger efficiency, optimizing aerodynamic de

signs, and deepening our understanding of the intricate relationships 
between fluid dynamics and thermal processes within a condenser or 
combustor [46]. These insights are valuable for various engineering ap

plications, including engine flows, spoiler flows, separation flow behind 
an airfoil, and heat transfer systems in vehicles such as cars and boats.

2. Formulation of the problem

2.1. Physical model

In the study of fluid dynamics, the BFS channel flow presents a clas

sic scenario of fluid flow in a sudden channel expansion. This 2-D setup, 
illustrated in Fig. 1, involves a parabolic inflow of Al2O3-water non

Newtonian nano-coolant through a channel of height 𝐻 , with a step of 
height ℎ(=𝐻∕2). The lengths of the upstream and downstream walls are 
denoted by 𝑥𝑖 = 6ℎ and 𝑥𝑒 = 30ℎ, respectively. The prescribed velocity 
profile, 𝑢̄(𝑦̄) = 12𝑈

[
3(𝑦̄∕𝐻) − 2(𝑦̄∕𝐻)2 − 1

]
(ℎ ≤ 𝑦̄ ≤𝐻), ensures a hy

drodynamically stable and fully developed flow at the entrance [35,37], 
with zero streamwise gradients at the outlet. Additionally, a constant 
temperature 𝑇𝐶 is maintained along the upper straight wall, while 
the upstream section of the BFS, the step wall itself, and the down

stream bottom wall are all heated to a consistent temperature 𝑇𝐻 , where 
𝑇𝐻 > 𝑇𝐶 .
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Fig. 1. Schematic of the Backward-facing step with boundary conditions in dimensionless form. 

2.2. Flow assumptions

The present study considers the following assumptions to govern the 
flow in the above-mentioned physical domain,

• A two-dimensional, laminar, incompressible flow with non-Newto

nian shear-thinning rheology based on the volume fraction of sus

pended nanoparticles in the base liquid.

• Dispersed nanoparticles uphold thermal equilibrium so that the no

slip condition is maintained between the host water molecules and 
the Al2O3 nanoparticles [22,47].

• The thermodynamic characteristics of the fluid are constant, except 
for the density in the buoyancy force term, which is estimated using 
Boussinesq’s approximation.

• The impact of viscous heat dissipation in the fluid is considered neg

ligible compared to the effects of conductive and convective heat 
transfer.

• The Al2O3-water nanofluid maintains weak electrical conductivity 
at low volume fractions [48,49] of interest, which reduces the sig

nificance of induced magnetic effects and Hall currents.

2.3. Governing equations in dimensional form

On the above assumption of the flow, the governing equations within 
the homogeneous porous medium are formulated based on the non

Darcian model, specifically the Darcy-Brinkman-Forchheimer (DBF) 
model [50,51].

𝜕𝑢̄

𝜕𝑥̄
+ 𝜕𝑣̄

𝜕𝑦̄
= 0 (1)

𝜌𝑛𝑓

𝜖

𝜕𝑢̄

𝜕𝑡
+

𝜌𝑛𝑓

𝜖2

(
𝑢̄
𝜕𝑢̄

𝜕𝑥̄
+ 𝑣̄

𝜕𝑢̄

𝜕𝑦̄

)
= − 𝜕𝑝̄

𝜕𝑥̄
+ 1

𝜖

[
𝜕

𝜕𝑥̄

(
2𝜇𝑒𝑓𝑓

𝜕𝑢̄

𝜕𝑥̄

)
+ 𝜕

𝜕𝑦̄

(
𝜇𝑒𝑓𝑓

𝜕𝑢̄

𝜕𝑦̄
+ 𝜇𝑒𝑓𝑓

𝜕𝑣̄

𝜕𝑥̄

)]
−

(
𝐹𝐶 ⋅ 𝜌𝑛𝑓√

𝐾

√
𝑢̄2 + 𝑣̄2 +

𝜇𝑒𝑓𝑓

𝐾

)
𝑢̄

(2)

𝜌𝑛𝑓

𝜖

𝜕𝑣̄

𝜕𝑡
+

𝜌𝑛𝑓

𝜖2

(
𝑢̄
𝜕𝑣̄

𝜕𝑥̄
+ 𝑣̄

𝜕𝑣̄

𝜕𝑦̄

)
= − 𝜕𝑝̄

𝜕𝑦̄
+ 1

𝜖

[
𝜕

𝜕𝑥̄

(
𝜇𝑒𝑓𝑓

𝜕𝑣̄

𝜕𝑥̄
+ 𝜇𝑒𝑓𝑓

𝜕𝑢̄

𝜕𝑦̄

)
+ 𝜕

𝜕𝑦̄

(
2𝜇𝑒𝑓𝑓

𝜕𝑣̄

𝜕𝑦̄

)]
−

(
𝐹𝐶 ⋅ 𝜌𝑛𝑓√

𝐾

√
𝑢̄2 + 𝑣̄2 +

𝜇𝑒𝑓𝑓

𝐾

)
𝑣̄+ 𝑔

(
𝜌𝛽𝑇

)
𝑛𝑓

(
𝑇 − 𝑇𝑐

) (3)

𝜎𝑒𝑓𝑓

𝜕𝑇̄

𝜕𝑡
+ 𝑢̄

𝜕𝑇̄

𝜕𝑥̄
+ 𝑣̄

𝜕𝑇̄

𝜕𝑦̄
= 𝛼𝑒𝑓𝑓

[
𝜕2𝑇̄

𝜕𝑥̄2
+ 𝜕2𝑇̄

𝜕𝑦̄2

]
(4)

where,

𝐹𝐶 = 1.75 √
150𝜖3

,𝐾 =
𝐷𝑠

2 ⋅ 𝜖3

150(1 − 𝜖)2
,

𝜎𝑒𝑓𝑓 =
𝜖
(
𝜌𝐶𝑝

)
𝑛𝑓

+ (1 − 𝜖)
(
𝜌𝐶𝑝

)
𝑠(

𝜌𝐶𝑝

)
𝑛𝑓

, 𝛼𝑒𝑓𝑓 =
𝜖𝑘𝑛𝑓 + (1 − 𝜖)𝑘𝑠(

𝜌𝐶𝑝

)
𝑛𝑓

(5)

are denoted by the Forchheimer number, the permeability of the porous 
medium, the effective heat capacity ratio, and the effective thermal dif

fusivity, respectively, are defined as a function of the porosity (𝜖) of 

the porous medium. The subscripts ‘nf’ and ‘s’ refer to the properties 
of nanofluids and the solid porous material, respectively. Furthermore, 
𝑝 is the pressure, 𝜃 is the temperature of the fluid, and 𝐷𝑠 refers to 
the diameter of the porous particle. The values of 𝜌𝑛𝑓 and 𝑘𝑛𝑓 rep

resent the NF’s density and thermal conductivity, respectively. Here, 
𝜇𝑒𝑓𝑓 denotes the effective viscosity of the fluid medium under consid

eration. These variables and factors jointly regulate the system’s flow 
and HT characteristics. On the right-hand side of the momentum equa

tions Eq. (2)-(3), the viscous terms are arranged according to the order 
of Brinkman extension, Forcheimer extension, and Darcy model. The 
Brinkman term incorporates the viscous stresses introduced by the solid 
boundaries within the porous structure [52] while the Forchheimer term 
refers to the non-linear drag effect caused by the solid matrix in porous 
media [53]. In this model, the term 𝜇̄𝑒𝑓𝑓

𝐾
𝑣 represents the Darcy term 

resulting from the friction caused by the porous matrix and the fluid 
medium. Combining these terms results in the Brinkman-Forchheimer 
extended Darcy model, which accounts for viscous and inertial terms.

2.4. Physical properties of nanofluids

The thermophysical properties of the base fluids (water), nanoparti

cles (Al2O3), and porous materials (solid Al) considered here are shown 
in Table 1. The properties include specific heat capacity (𝐶𝑝), density 
(𝜌), thermal conductivity (𝑘), and thermal expansion coefficient (𝛽). 

The properties of nanofluids depend on various parameters, such as 
base fluid properties, particle dimensions and geometry, particle distri

bution, and fluid-particle interfacial effects. The effective density of the 
nanofluid (𝜌𝑛𝑓 ) can be calculated using the mixture rule, as shown in 
studies by [12].

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝, (6)

where the subscripts ‘𝑓 ’ and ‘𝑝’ refer to the properties of the base fluid 
molecule and the nano-constituents, respectively. Furthermore, the spe

cific heat 
(
𝐶𝑝

)
𝑛𝑓

and thermal expansion (𝛽𝑛𝑓 ) of nanofluid can be cal

culated by the following mass averaging method [55].

(
𝐶𝑝

)
𝑛𝑓

=
(1 − 𝜙)

(
𝜌𝐶𝑝

)
𝑓
+ 𝜙

(
𝜌𝐶𝑝

)
𝑝

𝜌𝑛𝑓
, (7)

𝛽𝑛𝑓 =
(1 − 𝜙) (𝜌𝛽)𝑓 + 𝜙 (𝜌𝛽)𝑝

𝜌𝑛𝑓
. (8)

The most important nanofluid properties in the context of HT study are 
the effective measurement of the thermal conductivity, which is crucial 
from the experimental perspective. According to the experimental model 
developed in [56], the effective thermal conductivity of the NF (𝑘𝑛𝑓 ) can 
be expressed as follows:

𝑘𝑛𝑓

𝑘𝑓

= 1 +
𝑘𝑝𝐴𝑝 
𝑘𝑓𝐴𝑓

+ 𝑐Pe
𝑘𝑝𝐴𝑝

𝑘𝑓𝐴𝑓

where
𝐴𝑝

𝐴𝑓

=
𝑑𝑓

𝑑𝑝

𝜙 
(1 −𝜙)

. (9)

In Eq. (9), the symbol Pe = 𝑢𝑝𝑑𝑝

𝛼𝑓
denotes the Peclet number correspond

ing to the Brownian velocity 𝑢𝑝 =
2𝑘𝑏𝑇0
𝜋𝜇𝑑2𝑝

with 𝑑𝑝 = 47 nm and 𝑑𝑓 = 0.384

nm are, respectively, the nanoparticle and the water molecule diameter, 
Boltzman constant 𝐾𝑏 = 1.38 × 10−23, and 𝑐 = 3.6 × 104. The thermo

physical values for base fluid (water) and Al2O3 nanoparticles required 
in the above equations are adopted from Table 1.
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Table 1
Thermophysical properties of base fluids and nanoparticles at 𝑇0 = 25 ◦C [13,26,54].

Physical Properties Base fluid Nanoparticles Porous Matrix 
Specific heat capacity, 𝐶𝑝 [J kg−1 K−1] 4179 765 871
Viscosity, 𝜇 [Pa.s] 8.55 × 10−4 0.324 -

Density, 𝜌 [kg m−3] 997.1 3970 2719
Thermal conductivity, 𝑘 [W m−1 K−1] 0.613 40 202.4
Thermal expansion coefficient, 𝛽 [K−1] 21 × 10−5 0.85 × 10−5 -

Table 2
The consistency parameter (𝑚), power-law index (𝑛) for characterizing the rheological behavior of non-Newtonian 
Al2O3-Water nanofluid at 𝑇0 = 25 ◦C [25,26]. The associated Prandtl number (Pr) for the nanofluid is also provided, 
corresponding to 𝑅𝑒= 1000.

𝜙 (%) 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 
𝑚 [N sn m-2] 0.0008554 0.00187 0.00230 0.00283 0.00347 0.00426 0.00535 0.00641 0.00750 
𝑛 [-] 1 0.880 0.830 0.780 0.730 0.680 0.625 0.580 0.540 
𝑃𝑟nf [-] 5.8315 9.8501 10.8807 12.0239 13.2408 14.5990 16.2903 17.7186 19.0237 

Fig. 2. Non-Newtonian viscosity (𝜇𝑒𝑓𝑓 ) with respect to the applied shear rate (|𝛾̇|) for the Al2O3-Water nanofluids for (a) 𝜖 = 0.4 and (b) 𝜖 = 0.99. 

2.5. Power-law viscosity model for non-Darcy flow

In this study, we specifically consider aqueous solutions of Al2O3

nanofluids, whose effective dynamic viscosity has been experimen

tally observed as non-Newtonian shear thinning with respect to var

ious nanoparticle concentrations (𝜙) and the operating temperature 
(5 ◦C ≤ 𝑇 ≤ 45 ◦C) [24]. The reported results have been character

ized by the non-Newtonian viscous power-law correlation for various 
types of nanofluids, such as Al2O3, CuO, and TiO2 nanofluids. These 
observations exhibit the universality of the power-law model for cor

relating the rheological behavior of the nanofluid of interest used in 
the present study. Therefore, the effective viscosity (𝜇𝑒𝑓𝑓 ) of the non

Newtonian nanofluid flowing through the porous medium has been at

tributed by the power-law viscosity model of the generalized non-Darcy 
flow [16],

𝜇𝑒𝑓𝑓 =𝑚|𝛾̇|𝑛−1 =𝑚

⎡⎢⎢⎣1𝜖
√

2
(
𝜕𝑢̄

𝜕𝑥̄

)2
+ 2

(
𝜕𝑣̄

𝜕𝑦̄

)2
+
(

𝜕𝑢̄

𝜕𝑦̄
+ 𝜕𝑣̄

𝜕𝑥̄

)2⎤⎥⎥⎦
𝑛−1

(10)

where 𝑚,𝑛 and 𝛾̇ are crucial for characterizing non-Newtonian rheolog

ical properties. They are referred to as the consistency index, power-law 
index, and flow shear rate. The flow consistency parameter 𝑚 [kg m−1

s𝑛−2] is contingent on the power-law index 𝑛. The effective viscosity 
of the non-Newtonian nanofluid differs from the Newtonian viscos

ity (𝑛 = 1.0 ⇒ 𝑚 = 𝜇𝑓 = 𝜇𝑒𝑓𝑓 ). These differences are categorized into 
two types: shear-thinning fluids (𝑛 < 1.0) and shear-thickening fluids 
(𝑛 > 1.0). When the fluid exhibits shear-thinning properties, the viscos

ity decreases as the shear rate increases. This indicates that the fluid 
experiences less resistance to flow at higher shear rates, a common trait 
observed in complex fluids such as polymer solutions and suspensions. 
Conversely, shear-thickening fluids behave differently; their viscosity 
increases as the shear rate rises, indicating that they experience more 
resistance to flow with increasing shear rates.

Realizing the essentiality of the proper rheological characteristics 
of the naofluid considered in the present study, Table 2 presents the 
values for the 𝑚 and 𝑛 at various 𝜙 from the earlier experimental obser

vations [25,26]. These parameters are essential for characterizing the 
non-Newtonian rheological behavior of the Al2O3-water NF, providing 
valuable insights into the fluid’s non-Newtonian viscous behavior in 
response to the applied shear rate, which varies based on the weight 
percentage of suspended nanoparticles, as illustrated in Fig. 2. The fig

ure depicts the predictive behavior of non-Newtonian rheology (𝜇𝑒𝑓𝑓

vs. | ̇𝛾|) of the nanofluid utilized in the present study within a porous 
medium in response to its different porous strength (e.g., 𝜖 = 0.4,0.99). 
The viscosity graphs illustrate that the effective viscosity decreases as 
porosity decreases when considering the applied shear rate for selected 
nanofluids. This phenomenon is significant when analyzing the con

vective HT rate of nanofluids in the non-Darcy regime within a porous 
medium.
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Table 3
Input parameter ranges used in the numerical analysis [22,26,37,50,59].

Variables Porosity (𝜖) Volume fraction (𝜙) Rayleigh number (𝑅𝑎) Reynolds number (𝑅𝑒) Darcy number (𝐷𝑎) 
Range 0.4 − 0.99 0%− 4% 105 - 106 300 − 1000 0.001 − 0.1

2.6. Governing equations in dimensionless form

Aiming for the numerical investigation for the present study, main

taining the simulation results free from the physical unit, the present 
study addresses the following dimensionless parameter [51,57,58].

𝑥 = 𝑥̄

𝐻
, 𝑦 = 𝑦̄

𝐻
, 𝑢 = 𝑢̄

𝑈
, 𝑣 = 𝑣̄

𝑈
, 𝜃 =

𝑇 − 𝑇𝐶

𝑇𝐻 − 𝑇𝐶

, 𝑡 = 𝑡𝑈

𝐻
,𝑃 = 𝑝̄

𝜌𝑓𝑈
2 ,

𝐷𝑎 = 𝐾

𝐻2 , 𝜆 =
𝛼𝑒𝑓𝑓

𝛼𝑓

,𝑅𝑒f =
𝜌𝑓𝑈𝐻

𝜇𝑓

,𝑃 𝑟f =
𝜈𝑓

𝛼𝑓

=
𝜇𝑓 (𝐶𝑝)𝑓

𝑘𝑓

,

𝑅𝑎f =
𝑔𝛽𝑓Δ𝑇𝐷3

𝜈𝑓 𝛼𝑓

,𝑅𝑒nf =
(
𝐻

𝑈

)𝑛−1 𝜇𝑓

𝑚 
𝑅𝑒f , 𝑃 𝑟nf =

(
𝐻

𝑈

)1−𝑛 𝑚 
𝜇𝑓

𝑃 𝑟f ,

𝑅𝑎nf = 
(
𝐻

𝑈

)𝑛−1 𝜇𝑓

𝑚 
𝑅𝑎f ,𝑅𝑖 = 

𝑅𝑎nf

𝑃𝑟nf𝑅𝑒2nf

= 
𝑅𝑎f

𝑃𝑟f𝑅𝑒2f

,𝑅𝑒nf𝑃𝑟nf = 𝑅𝑒f𝑃𝑟f ,

𝜂 = 1 
𝜖𝑛−1

[
2
(
𝜕𝑢 
𝜕𝑥

)2
+ 2

(
𝜕𝑣

𝜕𝑦 

)2
+
(

𝜕𝑢 
𝜕𝑦

+ 𝜕𝑣 
𝜕𝑥

)2
] 𝑛−1

2 

(11)

In the above equation, the symbol (̄) represents dimensional variables, 
𝑣𝑓 and 𝛼𝑓 denote the kinematic viscosity and the thermal diffusivity 
of the base fluid, while 𝑢 and 𝑣 represent the fluid velocities along 
the 𝑥 and 𝑦 directions. The parameter 𝜂 refers to the dimensionless 
shear rate. Additionally, 𝑃𝑟𝑓 , 𝑅𝑎𝑓 , and 𝑅𝑒𝑓 are used to denote the 
Prandtl number, Rayleigh number, and Reynolds number for the base

fluid, respectively. The following Table 3 provides the range of values 
used for various dimensionless parameters and physical properties in 
a fluid dynamics and heat transfer study that likely involves porous 
media and nanofluid flow. Here, 𝜖 values are selected in the range 
0.4--0.99 to represent realistic porous materials such as metallic foams, 
fibrous media, and packed beds, which are commonly used in ther

mal management applications [50]; 𝐷𝑎 values span 0.001 to 0.1 to 
account for both high- and low-permeability porous media, capturing 
transitions from Darcy to Forchheimer flow regimes, as seen in insu

lation materials and geothermal reservoirs [59]; 𝜙 values are limited 
to 0--4% by showing shear-thinning rheology, to ensure the stability 
of the nanofluid, avoid agglomeration, and maintain the accuracy of 
the single-phase model [22,26]; 𝑅𝑒 values are selected to capture lam

inar flow regimes, addressing the applications in microchannels, heat 
exchangers, and biomedical devices [37]; 𝑅𝑎 values are chosen to rep

resent regimes with significant natural convection and buoyancy forces, 
especially in porous enclosures and vertical cavities [50,59].

After employing the above transformations in Eq. (11), the governing 
equations in non-dimensional form are obtained by,

𝜕𝑢 
𝜕𝑥

+ 𝜕𝑣

𝜕𝑦 
= 0 (12)

𝜌𝑛𝑓

𝜌𝑓

[
1
𝜖

𝜕𝑢

𝜕𝑡 
+ 1 

𝜖2
𝑢
𝜕𝑢 
𝜕𝑥

+ 1 
𝜖2

𝑣
𝜕𝑢 
𝜕𝑦

]
= − 𝜕𝑝 

𝜕𝑥
+ 1 

𝑅𝑒𝑛𝑓

[
1
𝜖

𝜕

𝜕𝑥

(
2𝜂 𝜕𝑢 

𝜕𝑥

)
+ 1

𝜖

𝜕

𝜕𝑦

(
𝜂
𝜕𝑢 
𝜕𝑦

+ 𝜂
𝜕𝑣 
𝜕𝑥

)
− 𝜂

𝐷𝑎
𝑢

]
− 𝐹√

𝐷𝑎
𝑢
√

𝑢2 + 𝑣2 (13)

𝜌𝑛𝑓

𝜌𝑓

[
1
𝜖

𝜕𝑣

𝜕𝑡 
+ 1 

𝜖2
𝑢
𝜕𝑣 
𝜕𝑥

+ 1 
𝜖2

𝑣
𝜕𝑣

𝜕𝑦 

]
= − 𝜕𝑝 

𝜕𝑦
+ 1 

𝑅𝑒𝑛𝑓

[
1
𝜖

𝜕

𝜕𝑥

(
𝜂
𝜕𝑣 
𝜕𝑥

+ 𝜂
𝜕𝑢 
𝜕𝑦

)
+ 1

𝜖

𝜕

𝜕𝑦

(
2𝜂 𝜕𝑣

𝜕𝑦 

)
− 𝜂

𝐷𝑎
𝑣

]

− 𝐹√
𝐷𝑎

𝑣
√

𝑢2 + 𝑣2 +
𝑅𝑎𝑛𝑓

𝑃 𝑟𝑛𝑓 .𝑅𝑒𝑛𝑓
2 𝜃 (14)

𝜎𝑒𝑓𝑓

𝜕𝜃

𝜕𝑡 
+ 𝑢

𝜕𝜃 
𝜕𝑥

+ 𝑣
𝜕𝜃

𝜕𝑦 
= 𝜆 

𝑅𝑒𝑛𝑓𝑃 𝑟𝑛𝑓

(
𝜕2𝜃 
𝜕𝑥2

+ 𝜕2𝜃

𝜕𝑦2

)
(15)

The non-dimensional boundary conditions associated with the BFS flow 
are given by

when 𝑡 = 0, 𝑢 = 𝑣 = 𝜃 = 0, ∀𝑥, 𝑦 (16)

when 𝑡 > 0

⎧⎪⎪⎪⎨⎪⎪⎪⎩

At the channel inlet: 𝑢(𝑦) = 12(3𝑦− 2𝑦2 − 1), 𝜃(𝑦) = 0
At the channel outlet:

𝜕𝑢 
𝜕𝑥

= 𝜕𝑣 
𝜕𝑥

= 𝜕𝜃 
𝜕𝑥

= 0
At the top wall: 𝑢 = 𝑣 = 𝜃 = 0
At the bottom downstream wall: 𝑢 = 𝑣 = 0, 𝜃 = 1
At the step wall: 𝑢 = 𝑣 = 0, 𝜕𝜃 

𝜕𝑥
= 0

(17)

2.7. Heat transfer (HT) rate

The local 𝑁𝑢 number and the 𝑁𝑢𝑎𝑣𝑔 number are defined in the fol

lowing to measure the HT performance,

𝑁𝑢 = −
𝑘𝑛𝑓

𝑘𝑓

(
𝜕𝜃

𝜕𝑦 

)
heated wall

, 𝑁𝑢avg =
1 
𝑙𝑤 ∫

heated wall

𝑁𝑢 d𝑠 (18)

where d𝑠 indicates the differential element along the heated wall and 
𝑙𝑤 is the length of the heated wall. To evaluate the increase in HT 
resulting from the addition of nanoparticles, we introduced the E% pa

rameter [57], which measures the rise in the 𝑁𝑢𝑎𝑣𝑔 as,

𝐸%=
𝑁𝑢𝑎𝑣𝑔(𝜙) −𝑁𝑢𝑎𝑣𝑔(𝜙 = 0.0)

𝑁𝑢𝑎𝑣𝑔(𝜙 = 0.0) 
× 100 (19)

2.8. Entropy generation (EGEN)

According to the second law of thermodynamics, any real-world HT 
process involves a change in entropy because natural processes are irre

versible. Entropy is defined by the quantitative measurement of energy 
loss in any natural phenomenon [60]. The change in entropy in the 
convective HT process is contributed by fluid friction (FF) and the HT 
mechanism [61]. The dimensional forms for EGEN due to FF and HT in 
non-Newtonian NF flow through a porous medium are denoted by 𝑆̄𝑓𝑓

and 𝑆̄𝐻𝑇 respectively, with the following definition [57],

𝑆̄𝑓𝑓 =
𝜇𝑒𝑓𝑓

𝑇0

[
𝑢̄2 + 𝑣̄2

𝐾
+ 2

(
𝜕𝑢̄

𝜕𝑥̄

)2
+ 2

(
𝜕𝑣̄

𝜕𝑦̄

)2
+
(

𝜕𝑢̄

𝜕𝑦̄
+ 𝜕𝑣̄

𝜕𝑥̄

)2
]

(20)

𝑆̄𝐻𝑇 =
𝑘𝑛𝑓

𝑇 2
0

[(
𝜕𝑇̄

𝜕𝑥̄

)2
+
(

𝜕𝑇̄

𝜕𝑦̄

)2
]

(21)

The non-dimensional form of the above quantities is then derived by,

𝑆𝑓𝑓 =

[
𝑇 2
0 𝐻

2

𝑘𝑓 (Δ𝑇 )2

]
𝑆̄𝑓𝑓

= 𝜆1
𝑚𝑈𝑛+1

𝜇𝑓𝐻
𝑛+1 𝜂

[
𝑢2 + 𝑣2

𝐷𝑎 
+ 2

(
𝜕𝑢 
𝜕𝑥

)2
+ 2

(
𝜕𝑣

𝜕𝑦 

)2
+
(

𝜕𝑢 
𝜕𝑦

+ 𝜕𝑣 
𝜕𝑥

)2
]

(22)

𝑆𝐻𝑇 =

[
𝑇 2
0 𝐻

2

𝑘𝑓 (Δ𝑇 )2

]
𝑆̄𝐻𝑇 =

𝑘𝑛𝑓

𝑘𝑓

[(
𝜕𝑇

𝜕𝑥 

)2
+
(

𝜕𝑇

𝜕𝑦 

)2
]

(23)
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Table 4
Comparison of 𝑁𝑢𝑎𝑣𝑔 for the various grid dimensions for 𝑅𝑒= 1000 at 𝜙 = 0.00 (𝑛 =
0), and 0.04 (𝑛 = 0.54) for Al2O3-water nanofluid flowing through a porous medium 
with different strength 𝜖 = 0.4, 0.99.

Number of 
elements

𝑁𝑢𝑎𝑣𝑔 (|Δ|%)
𝜖 = 0.4 𝜖 = 0.99

𝜙 = 0.00 𝜙 = 0.04 𝜙 = 0.00 𝜙 = 0.04

𝐺1 = 20,000 33.809 (0.01%) 34.334 (0.02%) 2.990 (0.10%) 3.314 (0.06%) 
𝐺2 = 40,000 33.806 (0.00%) 34.328 (0.00%) 2.987 (0.00%) 3.312 (0.00%) 
𝐺3 = 80,000 33.807 (0.006%) 34.331 (0.01%) 2.988 (0.03%) 3.313 (0.03%) 

where the parameter 𝜆1 =
𝜇𝑓 𝑇0𝐻

2

𝑘𝑓 (Δ𝑇 )2 is referred to as the irreversibility 
distribution ratio [62], which is defined as the ratio between viscous 
and HT irreversibility [63].

2.9. Performance evaluation criteria (PEC)

Nanofluids have become popular in thermal systems engineering 
because of their ability to enhance energy exchange from a thermal 
system by offering superior thermal conductivity. However, introduc

ing nanoparticles into the base fluid increases the viscosity, leading to 
a higher pressure drop and elevated operational expenses due to the 
additional pumping power required [64]. To reckon the effectiveness 
of nanofluids in thermal engineering systems, a criterion known as the 
Performance Evaluation Criterion (PEC) has been established in the ex

perimental community. The PEC is defined as the ratio of the HT rate to 
the required pumping power in the system:

𝑃𝐸𝐶 =
ℎ𝑛𝑓∕ℎ𝑏𝑓

Δ𝑃𝑛𝑓∕Δ𝑃𝑏𝑓

(24)

where Δ𝑃 = 𝑃𝑖 −𝑃𝑜 represents the pressure drop with 𝑃𝑖 and 𝑃𝑜 denote 
the average inlet and outlet pressure, respectively, in a fluid system and 
ℎ denotes the HT coefficient. Higher values of PEC suggest the suit

ability of utilizing nanofluids in a thermal system for HT improvement. 
The criterion offers a comprehensive measure of the overall benefit of 
nanoparticles, considering both improved HT properties and the en

ergy required for fluid flow. This investigation considers the potential 
real-world uses of NFs by investigating the impact of increased HT and 
pressure drop. The HT rate of NFs increases because of their higher ther

mal conductivity, leading to a rise in pressure drop due to increased 
viscosity.

3. Numerical implementation

3.1. Numerical method

A custom numerical code written in the FORTRAN programming lan

guage implements the finite volume numerical method (FVM) to provide 
numerical solutions for the dimensionless governing equations outlined 
in Eqs. (12)-(15). The boundary conditions listed in Eqs. (16)-(17) are 
incorporated into the code, which performs double-precision calcula

tions. As per 2D-FVM technique, this method assumes a finite number of 
control volumes (CVs) within the solution domain. Each control volume 
consists of four faces—east, south, west, and north—along with a center 
node where the flow variable computations are performed. This method 
discretizes the dimensionless partial differential equations across these 
control volumes. The mesh distribution within the solution domain is 
designed to be denser near the walls and sparser further away, allowing 
for an accurate representation of the complex fluid interactions within 
a thin boundary [51]. This enhances the accuracy of the numerical sim

ulations throughout the entire computational process. The simulation 
proceeds with an invariant time step Δ𝑡 = 10−5, employing a three-point 
backward difference method for temporal advancement. A second-order 
central-difference technique is utilized to discretize the convective and 

diffusion terms. The well-established SIMPLE (Semi-Implicit Method for 
Pressure-Linked Equations) algorithm is implemented to couple veloc

ity and pressure within the momentum equations during the iterative 
process. To ensure convergence, the relative errors in the field vari

ables (𝑢, 𝑣, and 𝜃) between consecutive iterations must remain below 
10−6. A collocated grid arrangement is adopted, and Rhie–Chow inter

polation is used to avoid pressure–velocity decoupling. The discretized 
linear systems for velocity and energy equations are solved using the Bi

Conjugate Gradient Stabilized (Bi-CGSTAB) method, while the pressure 
correction equation in SIMPLE is solved via the Incomplete Cholesky 
Conjugate Gradient Method (ICCGM). The simulation continues until a 
steady state is achieved, which is confirmed when the residuals for all 
variables drop below 10−6 and show no further change over successive 
time steps. More details of the numerical framework are also available in 
[47,65]. The following sections will cover grid independence tests and 
code validation to ensure the accuracy and reliability of the numerical 
methods in this study. The numerical framework is validated by com

paring results with benchmark cases for backward-facing step flow and 
porous channel convection, as discussed in Section 3.3.

3.2. Grid sensitivity test

A grid-sensitivity test was conducted to validate the accuracy and 
consistency of the simulation. Various grid sizes were tested while main

taining constant values for other parameters. The simulation parameters 
included 𝑅𝑒 = 1000, 𝐷𝑎 = 0.1, 𝑅𝑎 = 106, 𝜙 = 0.00 (𝑛 = 0), and 0.04
(𝑛 = 0.54). Additionally, different porous strengths, 𝜖 = 0.4 and 𝜖 = 0.99, 
of the porous medium were tested. The primary objective was to deter

mine the most appropriate grid size. The study employed a rectangular 
mesh with three different grid sizes: 20,000, 40,000, and 80,000 ele

ments. The detailed findings are presented in Table 4. After comparison, 
a grid size of 𝐺2 (consisting of 40,000 elements) was selected, provid

ing a good balance between high accuracy and computational efficiency. 
The values in brackets indicate the absolute error percentage between 
𝐺2 and the other grid sizes.

3.3. Numerical validation

In this section, we have thoroughly validated the code by compar

ing current numerical findings against experimental data and estab

lished benchmark numerical solutions. The core element is validation, 
intended to assess how well our model captures the intricate flow and 
heat transfer phenomena post-step region.

3.3.1. Experimental validation

Fig. 3 illustrates a comparison between the current numerical results 
and benchmark experimental findings on precise velocity profile mea

surements at various points (𝑋𝑅(= 𝑥̄)∕ℎ) along the upstream and down

stream steps for 𝑅𝑒 = 1095, as reported by Armaly et al. [35], showing 
an excellent match. It is evident that the velocity profile before the step, 
at 𝑋𝑅∕ℎ = −1.76, is parabolic within the laminar regime. The velocity 
profiles indicate that the flow separates at the step, forming one, two, 
or three recirculation zones after the step, eventually re-establishing a 
fully developed parabolic velocity profile in the wider channel. 
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Fig. 3. Validation of Velocity profiles within a BFS configuration for Re = 1095 at different locations (a) 𝑋𝑅∕ℎ = −1.76, (b) 𝑋𝑅∕ℎ = 7.04, (c) 𝑋𝑅∕ℎ = 19.04, and 
(d) 𝑋𝑅∕ℎ = 67.44 as experimentally reported by Armaly et al. [35].

Table 5
Comparison of the reattachment length (𝑋𝑅∕ℎ) between Present result with M. M. Molla [66] and Erturk [37] 
for various Power-law Indexes (n) and 𝑅𝑒 Numbers.

𝑅𝑒 𝑛 = 0.5 𝑛 = 0.8 𝑛 = 1.0 𝑛 = 1.2 𝑛 = 1.5

Present in [66] Present in [66] Present in [37] Present in [66] Present in [66] 
100 4.234 4.501 3.410 3.512 2.922 2.922 2.477 2.539 1.962 1.943 
200 7.608 8.171 5.924 6.032 4.987 4.982 4.160 4.213 3.201 3.229 
300 10.648 - 8.111 7.332 6.743 6.751 5.619 5.853 4.283 4.530 
400 13.451 - 9.971 - 8.191 8.237 6.846 6.974 5.239 5.412 

Table 6
Comparison of 𝑁𝑢𝑎𝑣𝑔 between present result and results reported by Nithiarasu [50] and G. Lauriat and V. Prasad [59] for different 
porosity (𝜖), permeability (𝐷𝑎), and Buoyancy strength (𝑅𝑎).

𝐷𝑎 𝑅𝑎 Present Nithiarasu [50] G. Lauriat and V. Prasad [59] 
𝜖 = 0.4 𝜖 = 0.6 𝜖 = 0.9 𝜖 = 0.4 𝜖 = 0.6 𝜖 = 0.9 𝜖 = 0.4 𝜖 = 0.9

10−6 107 1.07 1.07 1.07 1.079 1.079 1.08 1.07 1.07
108 3.05 3.07 3.08 2.97 2.997 3.00 3.07 3.09

10−4 105 1.06 1.06 1.06 1.067 1.071 1.072 1.07 1.07
106 2.59 2.70 2.79 2.55 2.725 2.740 2.97 3.05

10−2 103 1.01 1.01 1.01 1.01 1.015 1.023 1.06 1.06
104 1.36 1.49 1.63 1.408 1.530 1.64 2.28 2.67

3.3.2. Numerical validation for reattachment length

Another validation has been established in Table 5, which focuses 
on different 𝑅𝑒 and power-law index (𝑛), highlighting the reattach

ment length of the bottom wall. This table provides a comprehensive 
insight into how varying combinations of 𝑅𝑒 and 𝑛 impact the flow dy

namics, offering a crucial understanding of the hydrodynamic behavior 
in terms of the reattachment length within the BFS configuration. In

creasing 𝑅𝑒 numbers influence the separation and reattachment points. 
Higher 𝑅𝑒 numbers generally result in longer reattachment lengths due 
to increased momentum effects in the flow. The symbol 𝑛 characterizes 
the rheological nature of the medium, representing different degrees 
of shear-thinning or shear-thickening behavior. Lower values of the 
𝑛 = 0.5 indicate more pronounced shear-thinning behavior, potentially 
affecting separation and reattachment characteristics. As 𝑛 increases, 
reflecting more viscous resistance, the flow may exhibit more stable 
and predictable reattachment lengths. By comparing these findings with 
existing results [37,66], we can gain insights into the consistency of re

sults across different studies. Differences or similarities in reattachment 
lengths can indicate the robustness of observed phenomena and the re

liability of numerical simulations or experimental data.

3.3.3. Numerical validation for different porous media with porosity

Table 6 presents the validation results for a diverse range of 𝐷𝑎 and 
𝑅𝑎 numbers, focusing specifically on porous media by considering dif

ferent porous strengths (𝜖 = 0.4, 0.6, and 0.9) and exploring different 
combinations of 𝐷𝑎 and 𝑅𝑎 numbers. The table offers a deeper under

standing of how porous media influence energy transfer (𝑁𝑢𝑎𝑣𝑔 ) within 
a thermal system. The comparison of 𝑁𝑢𝑎𝑣𝑔 with different 𝐷𝑎 values il
lustrates the impact of porous medium permeability on convective HT, 
where lower 𝐷𝑎 values generally indicate higher convective HT rates. 
Additionally, the influence of the 𝑅𝑎 values on the 𝑁𝑢𝑎𝑣𝑔 is explored, 
considering that variations in 𝑅𝑎 can significantly affect convective HT 
due to the fluid’s buoyancy-driven flow and thermal gradients. Results 
are presented for three different values of the Forchheimer parameter, 
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Fig. 4. Effects of 𝑅𝑒= 1000 numbers on the Streamlines and Isotherms at 𝑅𝑎= 106, 𝜙 = 0.04, and 𝜖 = 0.4. 

𝜖, which characterizes the deviation from Darcy’s law in porous me

dia and represents the extent of inertial effects on fluid flow through 
the porous medium and also includes a comparison with results from 
two other studies [50,59] to validate the present findings against es

tablished research. Within each set of 𝐷𝑎 and 𝑅𝑎 values, the 𝑁𝑢𝑎𝑣𝑔
numbers are presented for varying values of 𝜖, offering insights into how 
changes in the Forchheimer parameter influence convective HT within 
the porous medium. Overall, the validation trials confirm the accuracy 
of the numerical system in capturing complex fluid dynamics and HT in 
the BFS.

4. Results and discussion

This paper examines simulations to study the flow dynamics of a 
non-Newtonian NF in an abruptly widened porous channel, taking into 
account different Reynolds (𝑅𝑒), Darcy (𝐷𝑎), and Rayleigh (𝑅𝑎) num

bers, as well as varying porous strengths from 𝜖 = 0.4 to 0.99 and the 
percentage of nanoparticle presence (𝜙). It was found that when the 𝑅𝑒

number escalates, the recirculation zone diminishes in size for identical 
𝑅𝑎 values but with varied 𝜙 levels. This investigation delves into the 
innovative use of non-Newtonian NFs within a homogeneous porous 
medium exhibiting non-Darcian effects. The computations are further 
dissected in the following sections, focusing on streamlines, isotherms, 
skin friction coefficient, recirculation region extent, average Nusselt 
number (𝑁𝑢𝑎𝑣𝑔), 𝑁𝑢 enhancement, and entropy generation. This anal

ysis encompasses several key parameters, such as nanoparticle volume 
fraction (𝜙 = 0% to 4%), Darcy number (𝐷𝑎= 0.1, 0.01, 0.001), Rayleigh 
number (𝑅𝑎 = 105, 106), skin friction coefficient (𝐶𝑓 ), and entropy gen

eration metrics (𝑆𝑓𝑓 and 𝑆𝐻𝑇 ).

4.1. Streamlines and isotherms analysis

In this section, we investigate the behavior of fluid flow under var

ious parameters. Figs. 4 and 5 illustrate the impact of a constant 𝑅𝑒

number (𝑅𝑒 = 1000) on the HT characteristics of non-Newtonian Al2O3

water NFs. When 𝑅𝑖 ≪ 1, forced convection dominates, indicating that 
external forces primarily drive the flow. In contrast, when 𝑅𝑖 ≫ 1, nat

ural convection dominates, which means that buoyancy effects are the 
primary driver of flow. When 𝑅𝑖 ≈ 1, mixed convection occurs, where 

both the buoyancy and the shear forces are equally significant. The study 
investigates 𝑅𝑖 numbers (𝑅𝑖 = 0.171) while maintaining a constant 𝑅𝑎

value of 106 and also focuses on the impact of forced convection.

The response of streamlines and isotherms has been observed for 
the non-Newtonian nanofluid with shear thinning behavior associated 
with a choice of 𝜙 = 0.04, 𝑚 = 0.007500, and 𝑛 = 0.54 while varying 
𝐷𝑎 = 0.1, 0.01, and 0.001, and 𝜖 = 0.4 and 0.9. Fig. 4 illustrates the ef

fect of the 𝐷𝑎 number on streamlines and isotherms for a 𝑅𝑒 = 1000 in 
a porous medium, which suggests forced convection is dominant in the 
flow. The 𝐷𝑎 number measures the relative permeability of the medium, 
significantly influencing the flow patterns and HT mechanisms. The 
streamlines show the flow patterns at different 𝐷𝑎 numbers within a 
channel. At a high 𝐷𝑎 number (𝐷𝑎 = 0.1), the medium’s permeability 
is high, allowing the fluid to flow with less resistance. The streamlines 
after the steps exhibit the presence of a recirculation region, thus re

sulting in a weak HT rate from the downstream wall. The isotherms 
show widely spaced temperature contours, indicating efficient convec

tive HT, as the freely moving fluid enhances HT across the domain. As 
the 𝐷𝑎 number decreases to 𝐷𝑎 = 0.01, the flow encounters increased 
resistance due to reduced permeability, leading to less pronounced re

circulation after the step. The isotherms depict steeper temperature 
gradients, signaling a gradual shift towards conduction-dominated HT 
as the flow resistance intensifies. At a low 𝐷𝑎 number (𝐷𝑎 = 0.001), 
the flow experiences significant resistance due to the weak perme

ability of the porous structure, resulting in very weakly pronounced 
recirculation zones and tightly packed streamlines. In this scenario, 
the isotherms exhibit even steeper temperature gradients, reflecting 
conduction-dominated HT, as the slow-moving fluid limits the efficiency 
of convective transport. The transition from 𝐷𝑎 = 0.1 to 𝐷𝑎 = 0.001 il

lustrates a shift from convection-dominated to conduction-dominated 
HT, emphasizing how decreasing permeability increases flow resistance, 
restricts fluid movement, and alters the balance between convective and 
conductive HT within the porous medium. Fig. 5 presents the effects of 
varying 𝐷𝑎 = 0.1, 0.01, and 0.001 on the streamlines and isotherms for 
a flow configuration at 𝑅𝑒 = 1000, 𝑅𝑎 = 106, 𝜙 = 0.04, 𝜖 = 0.9 com

pared to the stronger porous medium as seen in Fig. 4. Results show 
that for 𝐷𝑎 = 0.001, the flow appears slower through a low permeabil

ity medium, as indicated by widely spaced streamlines, suggesting less 
resistance from the porous medium and faster flow reattachment af
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Fig. 5. Effects of 𝑅𝑒= 1000 numbers on the Streamlines and Isotherms at 𝑅𝑎= 106, 𝜙 = 0.04, and 𝜖 = 0.9. 

ter separation. A noticeable recirculation region forms near the BFS, 
but the flow swiftly adjusts downstream. The temperature distribution 
is relatively smooth with gradual thermal gradients, reflecting efficient 
HT across the domain. In the case of 𝐷𝑎 = 0.01, the porous permeabil

ity increases, resulting in more compact streamlines. The recirculation 
zone becomes more pronounced, and the flow takes longer to reattach, 
indicating a more obstructed flow pattern, requiring higher energy to 
overcome the increased resistance. The isotherms become more com

pressed near the step, showing rising thermal resistance. HT becomes 
less efficient, and heat takes longer to diffuse across the domain, espe

cially near the recirculation region. For 𝐷𝑎 = 0.1, the flow experiences 
less significant resistance from the porous medium, leading to highly 
compact streamlines and a more localized recirculation zone. The flow 
experiences considerable difficulty in reattaching, indicating powerful 
obstruction of fluid motion by the porous medium. The isotherms show 
sharp thermal gradients, with further compression indicating reduced 
thermal diffusion. The flow’s capacity to transfer heat is greatly dimin

ished due to the porous medium, resulting in strong resistance to both 
the flow and HT mechanisms.

4.2. Skin-friction effect analysis (𝐶𝑓 )

In association with the BFS flow, a major component for investiga

tion involves evaluating the wall shear stress or local skin friction coeffi

cient (𝐶𝑓 ). In the Fig. 6, investigations conceive the 𝐶𝑓 at the lower wall 
for different 𝜙 = 0% to 4% with different 𝐷𝑎 numbers (𝐷𝑎 = 0.1, 0.01, 
and 0.001), 𝑅𝑒 numbers (𝑅𝑒 = 500 and 1000), 𝑅𝑎 number (𝑅𝑎 = 106), 
and the porosity (𝜖 = 0.4, and 0.9). These parameters significantly im

pact flow characteristics due to the complex fluid dynamics associated 
with the porous medium. As illustrated in Fig. 6, the wall shear stress 
on the downstream wall exhibits noticeable variations. Exceptions occur 
after the step wall, where 𝐶𝑓 ≤ 0 due to negative velocity in association 
with the recirculation fluid domain. After the flow reattachment, with 
the increase in 𝜙, 𝐶𝑓 increases positively for all the cases of 𝐷𝑎 = 0.1, 
0.01, and 0.001. With an increase in 𝜙, 𝐶𝑓 becomes stronger in a neg

ative direction within the recirculation zone. For shear-thinning fluids 
(𝜙 = 0.0 to 0.04 and 𝑛 < 1.0), 𝐶𝑓 grows stronger in the positive direc

tion when the flow is reattached to the wall than for the case of 𝑛 = 1.0. 
In the case of 𝑅𝑒 = 500, we observe a noticeable increase in 𝐶𝑓 as 𝐷𝑎

decreases from 0.1 to 0.001. The reduced permeability associated with 
lower 𝐷𝑎 leads to increased flow resistance within the porous medium, 
resulting in higher skin friction coefficients. This is because the flow 
encounters more resistance as it moves through the porous structure, 
requiring elevated shear stress to maintain the same flow rate. Addition

ally, an increase in nanoparticle volume fractions leads to higher fluid 
viscosity due to suspended particles, further contributing to the augmen

tation of 𝐶𝑓 . The interaction between increased viscosity and reduced 
permeability results in a non-linear escalation in friction, highlighting 
the complex relationship between the solid porous media and the liquid 
nanofluid media. Similar trends are evident in case (b); however, the 
skin-friction coefficient 𝐶𝑓 exhibits lower values than those observed 
at 𝑅𝑒 = 500. This is primarily due to the more pronounced inertial ef

fects dominating the flow behavior at higher 𝑅𝑒 numbers. Elevated 𝑅𝑒

numbers lead to a greater inertial force than viscous forces, reducing 
the frictional effects seen under lower 𝑅𝑒 conditions. As 𝐷𝑎 decreases, 
the continuous increase in flow resistance within the less permeable 
porous medium continues to elevate 𝐶𝑓 , although with less pronounced 
effects than those observed in the lower 𝑅𝑒 number case. In case (c), 
for 𝑅𝑒 = 1000 and 𝜖 = 0.9, the inertial forces become more dominant 
due to the higher flow velocity and porosity. The increase in 𝑅𝑒 causes 
steeper velocity gradients near the wall, resulting in higher wall shear 
stress compared to 𝑅𝑒 = 500. Consequently, the 𝐶𝑓 is generally higher in 
𝑅𝑒 = 1000 than in 𝑅𝑒 = 500. Similarly to the previous case, at 𝐷𝑎 = 0.1, 
the porous medium offers less resistance, and the skin friction remains 
relatively low. However, as the 𝐷𝑎 number decreases to 𝐷𝑎 = 0.01 and 
𝐷𝑎 = 0.001, the reduction in permeability amplifies the shear forces in 
the wall, significantly increasing 𝐶𝑓 . At higher nanoparticle concen

trations, the increase in viscosity due to the presence of nanoparticles 
further enhances the wall shear stress, particularly at 𝑅𝑒 = 1000, where 
the higher flow velocities exacerbate the effects of viscous forces.

4.3. Recirculation length analysis

The present study aims to investigate how the reattachment length 
changes due to the variation of permeability, inertia forces, volume 
fraction, buoyancy forces, and porosity. The reattachment length is the 
distance from the point where the flow resumes in the forward direc

tion across the entire cross-section. It is an important parameter in fluid 
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Fig. 6. Skin-friction coefficient, 𝐶𝑓 = 𝜏𝑤∕
1
2
𝜌0𝑈

2 at the lower wall for the different values of 𝜙 at (a) Re = 500, (b) Re = 1000 while 𝐷𝑎 = 0.1, 0.01, 0.001. 𝑅𝑎= 106
and 𝜖 = 0.4.

dynamics, indicating the point where separated flow reattaches to a sur

face. The study focuses on recirculation areas along the bottom wall, 
which play a critical role in fluid mixing and HT efficiency. The research 
tackles the significance of understanding fluid flow characteristics and 
HT phenomena in porous media, particularly in non-Newtonian NF sys

tems. By examining the influence of parameters such as 𝐷𝑎, 𝑅𝑒, 𝑅𝑎, 
𝜙, and 𝜖, the study aims to offer insights into optimizing HT processes 
in porous media. The flow characteristics are more clearly visualized 
through streamlines, as depicted in Figs. 4 and 5. These figures reveal 
a distinct secondary flow within the recirculation region formed in the 
separated corner.

In Fig. 7, the reattachment length (𝑋𝑠) of the bottom wall’s 
recirculation region is depicted for various Darcy numbers (𝐷𝑎 =
0.1,0.01,0.001), Reynolds numbers (𝑅𝑒 = 300−1000), and 𝜙= 0% to 4%
at a constant Rayleigh number (𝑅𝑎 = 106). Two porosity values (𝜖 = 0.4
and 𝜖 = 0.9) are considered to analyze the impact of porosity on the 
flow and reattachment behavior. In scenario (a), a decrease in 𝐷𝑎 from 
0.1 to 0.001 leads to a noticeable reduction in 𝑋𝑠. A lower 𝐷𝑎 indicates 
a more restrictive porous medium, resulting in higher flow resistance 
and a shrinking recirculation region due to lower permeability hinder

ing extensive fluid reattachment. However, higher Reynolds numbers 
(𝑅𝑒 = 1000) result in longer reattachment lengths due to stronger in

ertial forces. The increased fluid momentum at higher 𝑅𝑒 sustains the 
recirculation zone over a longer distance. Furthermore, an increase in 
𝜙 causes a decrease in 𝑋𝑠. As 𝜙 increases, the fluid’s viscosity rises, 
dampening the nanofluid’s motion and leading to reduced recirculation 

as the flow stabilizes more quickly. In scenario (b), the higher porosity 
allows for a more pronounced flow behavior. Similar trends are ob

served, with 𝑋𝑠 decreasing with lower 𝐷𝑎 and higher 𝜙, while higher 
𝑅𝑒 tends to extend the reattachment length. The high porosity permits 
greater fluid flow through the medium. Nevertheless, the overall impact 
of 𝑅𝑒 and 𝜙 remains consistent: larger 𝑅𝑒 enhances fluid inertia, pro

moting longer reattachment zones, and increasing 𝜙 increases viscosity, 
leading to more stable, less recirculated flows. 

4.4. Average HT rate (𝑁𝑢𝑎𝑣𝑔)

In Table 7, the impact of varying porosity (𝜖) on 𝑁𝑢𝑎𝑣𝑔 within the 
framework of the Brinkman-Forchheimer model is presented. The study 
explores different combinations of porosity, nanoparticle volume frac

tion (𝜙), 𝐷𝑎 number, and 𝑅𝑒 number while maintaining a constant 
𝑅𝑎 = 106. It is found that as porosity increases, 𝑁𝑢𝑎𝑣𝑔 consistently de

creases across all scenarios. Higher porosity, typically associated with 
increased fluid flow in natural convection, leads to reduced HT effi

ciency in porous media due to decreased solidfluid interaction and 
increased influence of inertial forces, as modeled by the Brinkman

Forchheimer approach. Furthermore, an increase in 𝜙 from 0% to 4% 
results in a slight increase in the average 𝑁𝑢 number, particularly at 
lower porosity values. This suggests that nanoparticles enhance the ther

mal conductivity of the fluid, thereby improving HT despite the decline 
caused by increasing porosity. Moreover, combining higher nanoparticle 
concentration with lower porosity enhances HT more than either factor 
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Fig. 7. Length of the bottom wall’s recirculation regions for 𝐷𝑎 numbers with incrementing 𝑅𝑒 for constant 𝑅𝑎 = 106 number and various 𝜙 and 𝐷𝑎 while 𝜖 = 0.4
and 0.9.

Table 7
The average Nusselt number (𝑁𝑢𝑎𝑣𝑔) with respect to varying 𝜙 incorporating the changes in 𝜖
and 𝐷𝑎 numbers for the Brinkman - Forchheimer model while 𝑅𝑎= 106 .

Re Da Ri 𝜖 = 0.4 𝜖 = 0.5 𝜖 = 0.6 𝜖 = 0.7 𝜖 = 0.8 𝜖 = 0.9 𝜖 = 0.99

𝜙 = 0%

0.1 31.611 26.754 21.902 17.055 12.211 7.368 2.321
500 0.01 0.686 31.425 26.672 21.729 16.896 12.078 7.276 2.251

0.001 31.355 26.501 21.657 16.824 12.006 7.208 2.150

0.1 33.806 29.181 24.329 19.479 14.626 9.668 2.987
1000 0.01 0.172 33.778 28.964 24.135 19.457 14.490 9.559 2.742

0.001 33.649 28.928 24.073 19.228 14.390 9.377 2.587

𝜙 = 4%

0.1 31.875 27.025 22.181 17.341 12.505 7.667 2.546
500 0.01 0.686 31.754 26.908 22.069 17.237 12.413 7.593 2.459

0.001 31.615 26.771 21.935 17.111 12.299 7.501 2.355

0.1 34.328 29.735 24.889 20.045 15.194 10.197 3.312
1000 0.01 0.172 34.185 29.501 24.680 19.864 15.046 10.074 3.289

0.001 34.008 29.200 24.402 19.615 14.831 9.881 3.167

alone. Additionally, higher 𝐷𝑎 numbers (𝐷𝑎 = 0.1) correspond to higher 
permeability, allowing more fluid to flow through the medium, thus in

creasing convective HT. Conversely, lower 𝐷𝑎 values (𝐷𝑎 = 0.01, 0.001) 
indicate less permeability, restrict fluid movement, and reduce HT ef

ficiency, highlighting the critical role of porous medium permeability 
in HT dynamics. Furthermore, increasing the 𝑅𝑒 number (𝑅𝑒 = 500, 
1000) leads to a higher 𝑁𝑢 number, indicating that more vital convec

tive forces result in better HT. At lower 𝑅𝑒 numbers, natural convection 
plays a more significant role, while at higher 𝑅𝑒, forced convection dom

inates, further enhancing HT. 

4.5. Enhancement variation of 𝑁𝑢𝑎𝑣𝑔

Increasing the efficiency of HT is usually accomplished by improv

ing the performance of heat exchangers. This is obtainable by either 
increasing the HT power of a given device or reducing the pressure 

losses generated by the device. Enhancing the HT rate contributes to im

proved overall system performance, resulting in more efficient energy 
utilization and potentially significant environmental advantages. In the 
analysis presented in Fig. 8, investigates the impact of varying nanopar

ticle volume fractions (𝜙 = 0% to 4%), 𝑅𝑒 numbers (𝑅𝑒 = 300,500,800, 
and 1000), and 𝐷𝑎 numbers (𝐷𝑎 = 0.1,0.01,0.001) on the 𝑁𝑢𝑎𝑣𝑔 num

ber enhancement 𝐸(%) at a constant 𝑅𝑎 number (𝑅𝑎 = 106). This study 
highlights the changes in 𝑁𝑢𝑎𝑣𝑔 , which signifies convective HT, with 
respect to different volume fractions (𝜙) and permeability (𝐷𝑎) as well 
as porosity (𝜖 = 0.4 and 0.9) of the porous medium. In scenario (a), in

creasing the 𝑅𝑒 number leads to enhanced 𝑁𝑢𝑎𝑣𝑔 due to intensified fluid 
motion, promoting more efficient convective HT. Furthermore, raising 𝜙
further amplifies HT, especially at higher 𝑅𝑒, as nanoparticles enhance 
the thermal conductivity of the fluid. However, lower 𝐷𝑎 values, indi

cating reduced permeability, diminish the improvement in 𝑁𝑢𝑎𝑣𝑔 due 
to restricted fluid flow, hindering effective HT. In scenario (b), increas
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Fig. 8. Enhancement variation of 𝑁𝑢𝑎𝑣𝑔 for different 𝜙 and different 𝐷𝑎 numbers (𝐷𝑎 = 0.1, 0.01, and 0.001) when 𝑅𝑒 = 300, 500, 800, and 1000 while 𝑅𝑎 = 106
and 𝜖 = 0.4 and 0.9.

ing 𝜙 enhances HT primarily due to the increased thermal conductivity 
contributed by nanoparticles, which is reflected in higher 𝑁𝑢𝑎𝑣𝑔 values. 
As the 𝑅𝑒 number increases, convective HT becomes more dominant, 
enhancing HT. The increased inertia of the fluid improves flow mixing 
and heat diffusion. Conversely, a lower 𝐷𝑎 number (𝐷𝑎 = 0.001) re

stricts fluid flow due to the porous medium’s resistance, reducing the 
enhancement effect. A higher 𝐷𝑎 number (𝐷𝑎 = 0.1) allows smoother 
flow, facilitating more effective HT, particularly at elevated 𝑅𝑒. 

4.6. Results from EGEN

The concept of entropy generation (EGEN) in thermodynamics quan

tifies the degree of irreversibility and inefficiency inherent in actual pro

cesses. In any energy conversion or transfer, some energy is inevitably 
lost, leading to an increased entropy, which signifies the system’s dis

order. In the context of HT, this energy loss results in heat dissipation, 
contributing to overall entropy generation. This section analyzes EGEN 
in a BFS flow, exploring the effects of various parameters (𝐷𝑎, 𝑅𝑎, 𝜙, 
𝜖). Fig. 9 shows EGEN for varying nanoparticle volume fractions (𝜙), 
Darcy number (𝐷𝑎), and a different Rayleigh numbers (𝑅𝑎 = 105, and 
106) with a fixed Reynolds number (𝑅𝑒 = 1000) and porosity (𝜖 = 0.4
and 0.9). The EGEN due to fluid friction (FF) is exceptionally high near 
the bottom walls of the enclosure, as the nano-coolant interacts with the 
heated surface during its motion. As the flow regime changes to forced 
convection, both components of EGEN, owing to FF (𝑆𝑓𝑓 ) and ther

mal effects (𝑆𝐻𝑇 ), extend from the active walls toward the core of the 
enclosure, indicating a more widespread irreversibility in the system. 
The results highlight how permeability in porous media impacts heat 
and flow irreversibility. Entropy generation due to viscous resistance 
increases with lowering 𝐷𝑎 for low permeability. At lower 𝐷𝑎, which 
indicates low permeability, viscous forces dominate the flow, resulting 
in increased entropy generation. However, at higher 𝐷𝑎 values, where 
the fluid medium becomes more permeable within the porous structure, 
buoyancy forces drive faster, more complex fluid movement, leading to 
lower entropy generation. In case (a), entropy generation consistently 
rises as 𝐷𝑎 decreases, reflecting the greater flow complexity in a more 
porous medium. Increasing 𝜙 from 0% to 4% enhances the thermal con

ductivity due to nanoparticle presence and increases viscosity. This leads 

to more viscous dissipation and higher entropy generation, driven by 
steeper temperature gradients. A similar pattern emerges in cases (b) 
and (c). As 𝑅𝑎 increases, the buoyancy force gets more assertive, and 
higher permeability leads to higher fluid velocities, lowering the viscous 
resistance and the entropy generation. The effect of 𝜙 is also apparent, 
with a steady rise in entropy generation as nanoparticle concentration 
increases, amplifying thermal conductivity and dissipation.

Fig. 10 demonstrates the EGEN in the bottom wall due to HT for 
different 𝜙, Darcy numbers (𝐷𝑎), and 𝑅𝑎 for a constant Reynolds 
(𝑅𝑒 = 1000) number and two porosities, 𝜖 = 0.4 and 0.9. In case (a), 
the entropy generation due to HT peaks within the recirculation region 
right after the step wall (i.e., 𝑥∕ℎ ≈ 1.4ℎ). As the flow progresses down

stream, 𝑆𝐻𝑇 decreases significantly. Lower 𝐷𝑎 values (𝐷𝑎 = 0.001) 
result in higher entropy generation but closer to the step wall due to 
the increased resistance in the porous medium for lower permeability. 
However, further downstream, the influence of 𝜙 and 𝐷𝑎 diminishes 
as the flow becomes fully developed. In case (b), the peak position in 
𝑆𝐻𝑇 has been seen similar to case (a) but lower in magnitude, reflecting 
the impact of enhanced forced convection on HT irreversibility. Down

stream, entropy generation decreases but remains higher than in case 
(a). The effects of nanoparticle volume fraction are more noticeable, 
with higher 𝜙 values leading to increased entropy generation. Lower 𝐷𝑎

values also correspond to greater thermal irreversibility, as higher flow 
resistance causes more significant temperature gradients in the porous 
medium. In case (c), the overall entropy generation is lower than in case 
(b) because the increased porosity reduces flow resistance. This leads to 
more efficient HT and lower thermal irreversibility. As in the previous 
cases, entropy generation is concentrated near the upstream region and 
decreases as the flow progresses downstream. The differences between 
various 𝜙 and 𝐷𝑎 values are less pronounced in this case due to the 
higher porosity, which allows for more effortless fluid movement and 
reduces the sensitivity of 𝑆𝐻𝑇 to these parameters. 

4.7. Performance evaluation criteria (PEC)

In the illustration provided in Fig. 11, the impact of buoyancy

driven flow on the Performance Evaluation Criteria (PEC) for porous 
media is demonstrated. The analysis considers various porosity values 
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Fig. 9. Entropy generation due to FF on the heated downstream wall for different 𝜙, 𝐷𝑎, and 𝑅𝑎 numbers, constant 𝑅𝑒= 1000 numbers, and 𝜖 = 0.4 and 0.9. 

𝜖 = 0.4,0.9, and 𝐷𝑎 = 0.1, 0.01, and 0.001 across a range of Reynolds 
(𝑅𝑒) and Rayleigh (𝑅𝑎) numbers. This examination emphasizes how the 
interaction between flow strength, buoyancy forces, porous medium re

sistance, and non-Newtonian fluid behavior affects HT performances. 
Across all cases, PEC decreases as 𝜙 increases from 0% to 4%. This reduc

tion is primarily attributed to the escalation in viscosity resulting from 
higher 𝜙, which counteracts the improved thermal conductivity of the 
nanofluid. For non-Newtonian fluids with respect to 𝜙, heightened non

Newtonian viscosity leads to increased resistance to flow, increasing the 
nanoparticle weight percentage, causing energy dissipation, and reduc

ing HT efficiency. In scenario (a), the flow experiences higher resistance 
from the porous medium due to low porosity (𝜖 = 0.4), resulting in lower 
PEC values compared to the high porous medium structure (𝜖 = 0.9). De

spite the decline in PEC as 𝜙 increases, the performance of convective 
HT is more prominent, especially at higher 𝑅𝑎 numbers. Elevated 𝑅𝑒

numbers further enhance convective HT, helping alleviate the reduction 
in PEC caused by the increase in viscosity. In scenario (b), the buoyancy 
force gets stronger within the low porous medium structure. The PEC 
shows a decreasing trend as 𝜙 increases, indicating a more significant 
impact of viscosity on the HT performance. Buoyancy-driven convec

tion takes precedence, and although higher 𝑅𝑎 numbers partially offset 
the performance loss, the overall PEC still diminishes due to increased 
viscous resistance and pressure drop. In scenario (c), the porosity of the 
medium gets stronger with different permeability conditions of the flow. 
As 𝜙 increases, there is a marked decline in PEC, reflecting the substan

tial impact of flow resistance and viscous dissipation. Even with higher 
𝑅𝑎 numbers, the constrained flow and reduced thermal diffusion result 
in a notable drop in the HT efficiency.

4.8. Engineering relevance of parametric findings

This study investigates non-Newtonian nanofluid flow through a 
porous channel, focusing on the effects of 𝑅𝑒 number, 𝐷𝑎 number, 
𝑅𝑎 number, 𝜖, and 𝜙 on streamlines, isotherms, HT, and flow behav

ior. The analysis captures how these parameters influence recirculation 
zones, wall shear stress, entropy generation, and overall thermal perfor

mance.

• Section 4.1: Lower 𝐷𝑎 numbers reduce permeability and transition 
the system from convection-dominated to conduction-dominated 
regimes, which is critical for designing thermal insulators and 
porous heat exchangers in compact energy systems.

• Section 4.2: Increasing 𝜙 and decreasing 𝐷𝑎 result in higher wall 
shear stress, offering insight into balancing flow resistance and ther

mal efficiency in microchannel cooling systems and fibrous porous 
media.

• Section 4.3: Recirculation length decreases with higher 𝜙 and lower 
𝐷𝑎, while increasing 𝑅𝑒 elongates it. These trends inform the op

timization of reattachment flow zones for enhanced mixing and 
cooling in MEMS and compact thermal devices.
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Fig. 10. Entropy generation due to heat transfer on the heated downstream wall for different 𝜙, 𝐷𝑎, and 𝑅𝑎 numbers, constant 𝑅𝑒= 1000 numbers, and 𝜖 = 0.4 and 
0.9.

• Section 4.4: Higher 𝑅𝑒 and lower 𝜙 significantly increase the 𝑁𝑢𝑎𝑣𝑔
number, supporting the design of energy-e�icient cooling technolo

gies, such as battery thermal management and power electron

ics.

• Section 4.5: The percentage HT enhancement peaks at lower 𝜙
and higher 𝑅𝑒, emphasizing the practical value of using low

concentration nanofluids for effective heat dissipation with min

imal pumping power.

• Section 4.6: EGEN decreases with improved thermal conductivity 
and flow uniformity, which is essential for minimizing energy loss 
in industrial HT systems and porous media flow configurations.

• Section 4.7: PEC increases with Re but decreases with 𝜙, high

lighting a trade-off between HT and pressure loss. This metric aids 
engineers in selecting optimal nanoparticle concentrations for real

world thermal applications.

5. Conclusion

This research delves into the behavior of non-Newtonian Al2O3

water nanofluids flowing through a porous BFS channel, which has 
greatly enhanced our comprehension of the interplay between fluid 
dynamics and heat transfer within a non-Darcy porous medium. Five 
pivotal parameters were adjusted: the 𝑅𝑒 number, 𝐷𝑎 number, 𝑅𝑎 num

ber, nanoparticle volume fraction 𝜙, and porosity 𝜖. Altering the 𝑅𝑒

numbers proved especially impactful, significantly influencing flow be

havior and the emergence of recirculation areas. The key insights from 
this analysis can be encapsulated as follows:

• The addition of Al2O3 nanoparticles increases HT efficiency by 
1.54%. However, this improvement comes with an 11.92% increase 
in pressure drop, significantly raising the required pumping power 
at 𝑅𝑒 = 1000, 𝑅𝑎= 106, 𝐷𝑎= 0.1, and 𝜙= 4%.

• Increasing the Reynolds number (𝑅𝑒) from 300 to 1000 increases 
the reattachment length by about 229% and shifts the separation 
point downstream. A nanoparticle volume fraction of 𝜙 = 4% re

duces the recirculation zone size by 35%, enhancing fluid mixing 
and heat transfer near the step.

• Reducing 𝐷𝑎 from 0.1 to 0.001 increases the skin friction coefficient 
(𝐶𝑓 ) by 233.33% at 𝑅𝑒 = 1000, with 𝑅𝑎 = 106 and 𝜙 = 4%. This 
shows greater resistance in the porous medium, particularly in the 
recirculation region.

• Doubling the 𝑅𝑒 number for shear-thinning (Al2O3) nano-coolants 
leads to a 50% reduction in the skin friction coefficient (𝐶𝑓 ) at 
𝜙 = 4%, underscoring the greater influence of inertial forces over 
viscous effects in porous media flows.

• At 𝜙 = 4%, increasing 𝜖 from 0.4 to 0.99 results in a significant 
decrease in the average Nusselt number (𝑁𝑢𝑎𝑣𝑔 ) by approximately 
90.56%, 90.85%, and 90.74% for Darcy numbers (𝐷𝑎) of 0.1, 0.01, 
and 0.001, respectively, under 𝑅𝑒 = 1000 and 𝑅𝑎 = 106 conditions.
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Fig. 11. Performance evaluation criterion (PEC) of non-Newtonian nanofluid for different values of 𝜙, 𝑅𝑒, 𝐷𝑎, and 𝑅𝑎 while 𝜖 = 0.4 and 0.9. 

• The use of shear-thinning nanofluid with 𝜙 = 4%, 𝑅𝑒 = 1000 at 𝜖 =
0.4 at high 𝑅𝑎 = 106 led to significant increases in the average 𝑁𝑢

number by 11.60%, 11.15%, and 10.60% for 𝐷𝑎 = 0.1, 0.01, and 
0.001, respectively.

• The entropy generation from heat transfer (𝑆HT) peaks at 𝑥∕ℎ ≈
1.4 for 𝑅𝑒 = 1000, 𝑅𝑎 = 106, 𝜙 = 4%, and 𝐷𝑎 = 0.1. This shows 
that higher nanoparticle concentration and flow resistance increase 
thermal irreversibility, reducing system efficiency.

• The PEC criterion decreases with 𝜙 by 85% as for the extreme case 
of 𝐷𝑎 = 0.001 and 𝑅𝑎 = 106. This suggests that while nanopar

ticles improve heat transfer, greater pumping power is needed 
for enhanced thermal performance. However, higher flow strength 
(greater 𝑅𝑒) improves PEC quality.

The findings of this study provide valuable insights for the design and 
optimization of heat transfer (HT) systems that use non-Newtonian 
fluids flowing through generalized non-Darcian porous media. Future 
research may explore non-equilibrium thermal conditions in porous 
media, the effect of magnetic induction and Hall currents by examin

ing single-phase non-homogeneous ferrofluids within the BFS domain. 
While this study limits the Reynolds number to a laminar flow range less 
than 1000, future studies could investigate higher Reynolds numbers 
to assess turbulence and its impact on enhancing heat transfer perfor

mance.
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