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Abstract

Generalized additive models (GAMs) offer a parsimonious, flexible and interpretable
framework for regression, particularly when handling a large numbers of candidate
predictors. This thesis addresses the GAM variable selection problem: categorizing
each candidate predictor’s effect type to be linear, non-linear or zero on the mean
response. We use Bayesian model selection paradigms and group least absolute
shrinkage and selection operator (LASSO) priors. Two types of priors are explored
for the sparse fits. The first, Laplace-Zero and Grouped Lasso-Zero priors, is applied
to Gaussian and binary responses. The second, (Grouped) Horseshoe priors, is used
for Gaussian, Poisson and Negative-Binomial responses. For both prior types, tai-
lored auxiliary variable representations enable develop practical implementation of
the Markov chain Monte Carlo (MCMC) sampling. Specifically, the sampling proce-
dure reduces to the Gibbs sampling for Gaussian and binary responses, and to slice
sampling for count responses. To improve computational scalability, particularly for
large datasets, we also derive the mean field variational Bayes (MFVB) algorithms
under the Laplace-Zero and Grouped Lasso-Zero priors. Although less accurate than
MCMC, this variational approach offers substantial gains in speed. The GAM selec-
tion framework is further extended to generalized additive mixed model (GAMM)
with random intercept, for Gaussian and binary responses using both MCMC and
MFVB. Finally, the properties of the Grouped Horseshoe distribution and its use in
Bayesian GAM selection are investigated. While many characteristics of univariate
Horseshoe distribution are carried over, some distinctions arise in the grouped case.



2

Chapter 1

Introduction and Background

This chapter provides an introduction to the thesis, background information and
theory required for the upcoming chapters.

1.1 Introduction

The need for dealing with large and complex data sets will continue to grow with
rapid technological advancement. Continuous development of statistical method-
ologies is essential to keep pace with the growing variety and volume of data. Flex-
ible regression methods are crucial for deriving insights and guiding actions from
such data. Ongoing improvements are necessary due to the changing nature of large
data sets. Generalized additive models (GAMs) are powerful for regression, pro-
viding attractive solutions to the problem of obtaining parsimonious and easy to
interpret regression fits, with flexible predictor functions to reveal hidden patterns
in the data (e.g. Hastie and Tibshirani, 1990; Wood, 2017). GAMs are able to model
highly complex non-linear relationships when the number of potential predictors
is large. Whilst there has been great progress in the development of methodology
and software for GAMs in the past 40 years, there is still room for improvement in
achieving principled, scalable and reliable model selection.

The critical challenges when using non-linear regression methods, such as GAMs,
are categorizing each candidate predictor into one of three classes:

• zero effect,

• linear effect,
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• non-linear effect

on the mean response and determining the forms of their potentially non-linear ef-
fects. We call this the three-category GAM selection problem, which is the focus of
this thesis. Several approaches to this problem have been proposed, for instance,
Shively et al. (1999), Ravikumar et al. (2009), Reich et al. (2009), Scheipl et al. (2012)
and Chouldechova and Hastie (2015). Penalty-based model selection methods are
particularly useful for large data sets with many candidate predictors. The main
penalty-based model selection strategy uses the least absolute shrinkage and selec-
tion operator (LASSO) (Tibshirani, 1996). LASSO is for selecting a scalar coefficient,
to decide a predictor having a zero or linear effect. In contrast, Group LASSO is an
attractive mechanism for selecting a vector of coefficients corresponding to spline
basis functions, to decide a continuous predictor having a linear or non-linear effect.

We now summarize each of the existing approaches:

• Ravikumar et al. (2009) with the R package SAM is based on the regularization
path, which is a grid of regularization amounts, and k-fold cross-validation
idea. The methodology is for sparse additive models. It does not achieve the
three-category GAM selection.

• Reich et al. (2009) is with a Bayesian formulation and use of the Markov chain
Monte Carlo (MCMC).

• Shively et al. (1999) is with a Brownian motion approach.

• Scheipl et al. (2012) proposed a Bayesian approach for the three-category GAM
selection with the R package spikeSlabGAM, with use of the “spike-and-slab"
type priors for the sparse fit.

• Chouldechova and Hastie (2015) with the R package gamsel is a frequentist
approach, called regularization path approach and it supports Gaussian and
binary responses.

Both Reich et al. (2009) and Shively et al. (1999) are distinctly “beyond additive" in
flavour and motivation. In short, Ravikumar et al. (2009), Reich et al. (2009) and
Shively et al. (1999) do not consider a Bayesian three-category GAM selection. The
“spike-and-slab" type priors used in Scheipl et al. (2012) has a Gaussian density func-
tion being the “slab" and has a mean zero, very small variance normal distribution
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being the “spike", for selecting a scalar coefficient, to decide a predictor having a
zero or linear effect. spikeSlabGAM uses the grouped extension of its “spike-and-
slab" type priors, for selection a vector of coefficients corresponding to spline ba-
sis functions, to decide a continuous predictor having a linear or non-linear effect.
spikeSlabGAM uses Gibbs sampling on Gaussian responses and uses Metropolis-
Hasting sampling on binary responses.

The regularization path approach proposed in Chouldechova and Hastie (2015)
can be viewed as one possible extension of the LASSO to the additive model setting.
It does selection and shrinkage via convex optimization. There are four key features
in their regularization path approach:

• use of the group LASSO,

• use of the Demmler-Reinsch spline bases to maintain orthogonal property,

• use of the regularization paths to compute a family of selected models over a
grid of the regularization parameter values,

• use of the cross-validatory selection of the regularization parameter to choose
a single model.

Since the cross-validation mean function often being monotonic rather than U-shaped,
a lot of manual adjustment is required to the regularization parameter grids. Hence,
the users have practical difficulties of finding the cross-validation minima to choose
a single model. After running the simulation study, it was found that gamsel ap-
proach has a tendency to choose larger models. This leads to its poor classification
performance with considerably higher misclassification rate on the three-category
GAM selection compared to spikeSlabGAM. The misclassification rate is concerned
with the proportion of times that a predictor is misclassified as zero, linear or non-
linear effect based on the nature of the true effects according to how the data are
simulated.

Apart from the “spike-and-slab" type priors, there are other types of priors for
model selection. One of them is the Horseshoe-type prior. Xu et al. (2016) proposed
the univariate Horseshoe distribution. The univariate Horseshoe distribution is for
selecting a scalar coefficient, to decide a predictor having a zero or linear effect. Car-
valho et al. (2010) proved the univariate Horseshoe distribution having a pole at
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the origin, its score function converges to zero for large signals and the risk of its
estimator is bounded. These features show that the univariate Horseshoe prior is
heavy-tailed in constructing robust estimators, to prevent overshrinkage of obvious
signals. Therefore, the ordinary Horseshoe distribution can be used as a prior. Car-
valho et al. (2010) also proved, in sparse situations, the univariate Horseshoe prior
will ensure the Bayes estimator for the sampling density converges to the right an-
swer at a super-efficient rate.

1.2 Thesis Aim

Although spikeSlabGAM (Scheipl, 2022) achieved the three-category GAM selection,
but it is comparatively slow and does not scale well to large data sets. Our method-
ology is inspired by the regularization path approach in Chouldechova and Hastie
(2015) using the group LASSO and the Demmler-Reinsch spline bases. To avoid
the practical difficulties of finding the cross-validation minima to choose a single
model in regularization path approach, and to traverse a bigger model space com-
pared with regularization path approach, this thesis presents a completely automatic
and accurate Bayesian three-category GAM selection methodology with improved
speed and scalability, on Gaussian and binary responses in the MCMC and the mean
field variational Bayes (MFVB) as a faster option, with use of the Laplace Zero/-
Grouped Lasso-Zero priors. We implemented the MCMC and MFVB algorithms in
public available R package gamselBayes, with application on mortgage data, car
auction data, educational data, Sydney real estate data and other areas. Further,
this thesis investigates the grouped extensions of the various Bayesian statistical in-
ference properties of univariate horseshoe priors in Carvalho et al. (2010) and the
Grouped Horseshoe distribution in Bayesian GAM selection. We explored the three-
category GAM selection with use of the (Grouped) Horseshoe priors on Gaussian,
Poisson and Negative-Binomial responses in the MCMC. Additionally, we extended
the Bayesian three-category GAM selection to generalized additive mixed model
(GAMM) selection with random intercept, with use of the Laplace-Zero/Grouped
Lasso-Zero priors to solve additional challenges arise with repeated measures in
grouped data, with application to the Australian Red Cross Blood Service data.
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1.3 Notations and Functions

The notations and functions used in this thesis are as follows:

• ind.∼ is an abbreviation for “distributed independently as".

• For a logical proposition P , we let

I (P) = 1, if P is true and

I (P) = 0, if P is false.

• If v is a random vector then p (v) denotes the density function of v.

• If f is a smooth function that maps Rd to R then∇xf (x) denotes the d× 1 vec-
tor of partial derivatives of f (x) with respect to the entries of x.

For any column vector a, column vector b having the same number of rows as a and
square matrixA, we have:

a−j ≡ the column vector a with the jth entry of a omitted,

a⊙ b ≡ column vectors formed from a and b by obtaining element-wise

products,

a
/
b ≡ column vectors formed from a and b by obtaining element-wise

quotients,

∥a∥ ≡ (aTa)1/2, the Euclidean norm of a and

diagonal (A) ≡ the column vector containing the diagonal entries ofA,

for any square matrixA.

(1.1)



1.4 Notation for Spaces 7

The main algorithms use the following functions:

logit(x) ≡ log

(
x

1− x

)
,

expit(x) ≡ logit−1 (x) =
1

1 + exp(−x)
and

ζ(x) = log {2Φ(x)} , that leads to ζ ′(x) = ϕ(x)
/
Φ(x), where ϕ is the N(0, 1)

density function and Φ is the N(0, 1) cumulative distribution function.

(1.2)

Stable computation of ζ ′(x) when x is a large negative number is not straightforward.
Azzalini (2021) and Wand and Ormerod (2012), for example, provide practical solu-
tions to this problem. Lastly, and expression of the form ζ ′(v), where v is a column
vector, is such that function evaluation is element-wise.

1.4 Notation for Spaces

We denote spaces as follows:

R Set of real numbers.

Rd Real coordinate space of d dimensions.

Z≥0 Coordinate line with all positive integers (integers greater than or equal to

zero).

1.5 Probability Distributions

We now present the distributions used in this thesis in Table 1.1.
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distribution density/probability function in x abbreviation

Bernoulli ℘x (1− ℘)1−x ; x = 0, 1; 0 < ℘ < 1 Bernoulli(℘)

Multivariate
Normal

∣∣2πΣ∣∣−1/2
exp

{
(x− µ)T
×Σ−1(x− µ)

} N (µ,Σ)

Inverse Gamma
λκx−κ−1e−λ/x

Γ (κ)
; x > 0;κ, λ > 0

Inverse-
Gamma(κ, λ)

Inverse Gaussian

√
λ exp

{
−λ(x−µ)2

2µ2x

}
√
2πx3

; x > 0;

µ, λ > 0

Inverse-
Gaussian(µ, λ)

Half-Cauchy
2

πσ
(
(x/σ)2 + 1

) ; x > 0; σ > 0 Half-Cauchy(σ)

Laplace
1

2s
exp

(
−
∣∣x− µ∣∣

s

)
, s > 0 Laplace(µ, s)

Normal-Zero
ρ√
2πσ2

exp

(
−(x− µ)2

σ

)
+(1− ρ) δ0 (x) ; σ > 0; 0 ≤ ρ ≤ 1

Normal-
Zero(µ, σ2, ρ)

Laplace-Zero
ρ

2σ
exp

(
−
∣∣x− µ∣∣
σ

)
+(1− ρ) δ0 (x) ; σ > 0; 0 ≤ ρ ≤ 1

Laplace-
Zero(µ, σ2, ρ)

Truncated-Normal+
exp

{
− (x− µ)2 / (2σ2)

}
Φ (µ/σ)

√
2πσ2

;

x > 0; σ > 0

Truncated-Normal+
(µ, σ2)

Table 1.1: Distributions used in this thesis and their corresponding density/probability functions.
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distribution density/probability function in x abbreviation

Truncated-Normal−
exp

{
− (x− µ)2 / (2σ2)

}
Φ(−µ/σ)

√
2πσ2

;

x > 0; σ > 0

Truncated-Normal−
(µ, σ2)

Poisson
λx exp (−λ)
Γ (x+ 1)

; Γ (x) = (x− 1)! Poisson(λ)

Negative-Binomial

Γ(x+ κ)

Γ(x+ 1)Γ(κ)

(
µ

µ+ κ

)x(
κ

µ+ κ

)κ

;

x = 0, 1, . . . ; κ, µ > 0
Γ (x) = (x− 1)!

NB(µ, κ)

Horseshoe

pHS

(
x− µ
σ

)/
σ;

pHS(x) ≡ (2π3)
−1/2

exp (x2/2)
×E1 (x

2/2) ;

E1(x) ≡
∫∞
x

e−t

t
dt, x ̸= 0

Horseshoe(µ, σ)

Moon Rock

[∫∞
0

{
tt
/
Γ(t)

}α
exp(−βt)dt

]−1

×
{
xx
/
Γ(x)

}α
exp(−βx);

x, α > 0, β > α

Moon-Rock(α, β)

Table 1.1 continued: Distributions used in this thesis and their corresponding density/probability func-
tions.

1.6 Useful Inverse Gaussian Density Function Results

Result 1.6.1 Suppose the density function of x takes the form

p (x) ∝ x−3/2 exp
(
−Sx− T

/
x
)
, x > 0.

Then
x ∼ Inverse-Gaussian

(√
T/S, 2T

)
.
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Result 1.6.2 If x ∼ Inverse-Gaussian (µ, λ) , then

E (1/x) =
1

µ
+

1

λ
.

1.7 Useful Truncated Normal Distribution Results

ϕ and Φ are defined in (1.2).

Result 1.7.1 Truncated-Normal+(µ, 1) ≡ N(µ, 1) with truncation over (0,+∞). If X ∼
Truncated-Normal+ (µ, 1) , then the normalizing factor is Φ(µ), and∫ +∞

0

ϕ(x− µ)
Φ(µ)

dx = 1, E(X) = µ+
ϕ(µ)

Φ(µ)
.

Result 1.7.2 Truncated-Normal−(µ, 1) ≡ N(µ, 1) with truncation over (−∞, 0). If X ∼
Truncated-Normal− (µ, 1) , then the normalizing factor is Φ(−µ), and∫ 0

−∞

ϕ(x− µ)
Φ(−µ)

dx = 1, E(X) = µ− ϕ(−µ)
Φ(−µ)

.

Result 1.7.3 If S ∼ Truncated-Normal−(µ, σ2), then

−S ∼ Truncated-Normal+(−µ, σ2).

1.8 Fundamental Auxiliary Variable Results

Using standard distributional manipulations, we have the following fundamental
auxiliary variable results listed in Result 1.8.1–Result 1.8.6, which are useful for the
models being considered in this thesis. Derivation of Result 1.8.2 is given in Ap-
pendix 1.A and Derivation of Result 1.8.3 is given in Appendix 1.B.

Result 1.8.1 Let x and a be random variables such that

x
∣∣a ∼ Inverse-Gamma

(
1
2
, 1/a

)
and a ∼ Inverse-Gamma

(
1
2
, 1/s2

)
.

Then
√
x ∼ Half-Cauchy (s) .
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Result 1.8.2 Let x and a be random variables such that

x
∣∣a ∼ N

(
0, σ2

/
a
)

and a ∼ Inverse-Gamma
(
1, 1

2

)
.

Then
x ∼ Laplace (0, σ) .

Result 1.8.3 Let x be a d× 1 random vector and a be a random variable such that

x
∣∣a ∼ N

(
0,
(
1
/
a
)
σ2Id

)
and a ∼ Inverse-Gamma

(
d+ 1

2
,
1

2

)
.

Then

p (x) =

exp

(
−
∥∥x∥∥

2

σ

)
(
2σ2
)d
π(d−1)/2Γ(d+1

2
)
.

Result 1.8.4 Suppose x̃ ∼ Laplace (µ, σ) and b ∼ Bernoulli (ρ) and let x = bx̃.

Then
x ∼ Laplace-Zero

(
µ, σ2, ρ

)
.

Result 1.8.5 Suppose x|a ∼ Poisson(a) and a ∼ Gamma(κ, κ/µ).

Then
x ∼ Negative-Binomial (µ, κ) .

Result 1.8.6 Let x, f1, f2 be random variables such that

x|f2 ∼ N
(
0, 1
/
f2
)
, f2|f1 ∼ Gamma

(
1
2
, f1
)

and f1 ∼ Gamma
(
1
2
, 1
)
.

Then
x ∼ Horseshoe (0, 1) .

1.9 Directed Acyclic Graphs

Graphical models, known as probability graphical models, are diagrammatic represen-
tations of probability distributions. Graphical models combine ideas from graph the-
ory and probability (e.g. Bishop, 2006; Jordan, 2004). A graph contains a set of nodes
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connected by edges. Adapting the conventions of Bishop (2006), nodes are shown
as circles and edges are shown as line segments. Each node represents a random
variable or a set of random variables. Each directed edge represents a “parent-child"
relationship between the corresponding nodes.

There are two major types of graphical models: directed acyclic graphs (DAGs), also
known as the Bayesian networks, and undirected graphs, known as the Markov random
fields. DAGs are distinguished from the undirected graphs by their directed edges.
Of the two types, DAGs are more relevant to the theme of this thesis for our Bayesian
graphical models. Therefore, we restrict our attention to DAGs. A directed acyclic
graph requires all edges to be directed and free of cycles. Double-headed arrows are
not allowed in DAGs. No sequence of connected directed edges can lead back to the
starting point (see Figure 1.1b). The Markov blanket of a node is the set containing the
node’s parents, children and co-parents.

In a DAG, a parent node is the node connected away from the directed edge and
the child node is on the directed edge. For example, in Figure 1.1b, nodes a and d
are the parent nodes of node b and node b is the child of nodes a and d. The Markov
blanket of node awould be nodes b (child), c (parent) and d (co-parent). The Markov
blanket of node c would be nodes a (child) and d (child).

Figure 1.1c shows the moralization of directed acyclic graph of Figure 1.1b. To
moralize Figure 1.1b, we link nodes a and d with an undirected edge. However, no
further links are required for the parent node of a and d (node c) since it does not
have a co-parent. In Figure 1.1c, the Markov blanket of node a would be nodes b, c
and d, and the Markov blanket of node c would be nodes a and d (Pearl, 1988).

Theorem 1.9.1 For each node on a probabilistic DAG, the conditional distribution
of the node given the rest of the nodes is the same as the conditional distribution of
the node given its Markov blanket (Dechter and Pearl, 1988).

Figure 1.2 is another example of a DAG. In the graphical models literature, the
variable X6 shaded in red is an observed (“evidence") node. The variables X3, X4,

X5, X8, X9 and X10 in shaded blue and X1, X2, X7, X11, X12 and X13 in white are
all random (“hidden") nodes. Based on Theorem 1.9.1, the full conditional distribu-
tion of the observed node X6 denoted as p

(
X6

∣∣rest
)

is the same as the conditional
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a b

c

(a) A non DAG.

a b

c d

(b) A DAG.

a b

c d

(c) Moralized DAG from Fig-
ure 1.1b.

Figure 1.1: Three basic graphical models. Figure 1.1b is a directed acyclic graph (DAG) since all
edges are directed without cycles. Conversely, Figure 1.1a is not a directed acyclic graph, since it
contains a cycle, although it contains directed edges. The moralized version of the directed acyclic
graph from Figure 1.1b is Figure 1.1c. No edges have a direction and the parent nodes a and d are
linked.

distribution of X6 given its Markov blanket, where “rest" denotes all of the random
variables excluding X6, i.e. {X1, . . . , X5, X7, . . . , X13} . The Markov blanket of the
observed node X6 contains its parents nodes X3 and X4, its children nodes X9 and
X10, and its co-parents nodes X5 and X8, which are the six shaded nodes in blue.
The observed node X6 is conditionally independent of every other node in white in
Figure 1.2 given its Markov blanket in Figure 1.3.

The Markov blanket of X6 is {X3, X4, X5, X8, X9, X10} . The full conditional dis-
tribution of X6 can be expressed as follows:

p
(
X6

∣∣rest
)
= p

(
X6

∣∣Markov blanket of X6

)
= p

(
X6

∣∣X3, X4, X9, X10, X5, X8

)
=

p (X3, X4, X5, X6, X8, X9, X10)

p (X3, X4, X5, X8, X9, X10)
∝ p (X3, X4, X5, X6, X8, X9, X10)

∝ p
(
X6

∣∣X3, X4

)
p
(
X9

∣∣X5, X6

)
p
(
X10

∣∣X6, X8

)
.

1.10 Generalized Additive Models

Generalized additive models (GAMs) are a flexible class of regression models that
extend generalized linear models (GLMs) by allowing for non-linear relationships
between the predictors and the response variable. GAMs achieve this by modeling
the response as the sum of smooth functions of the predictors, more flexible and in-
terpretable.
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X1

X2 X3 X4

X5 X6 X7 X8

X9 X10 X11

X12 X13

Figure 1.2: Directed acyclic graph involving thirteen random variables: X1, . . . , X13. The shaded
node in red X6 is the observed node. The other open circles in blue and white represent the random
(“hidden") nodes. The nodes in blue represent the Markov blanket of the observed node X6.

We assume that the expectation of y, which is E (y) , denoted by µ, via the rela-
tionship g (µ) = η, where g (·) is the link function and F (·) = g−1 (·) is the inverse
link function, also called the mean function. x1, . . . , xd are all fixed. In other words,
although the mean is not directly the sum of smooth functions of the predictors,
some function of the mean is.

Traditional linear regression assumes a linear relationship between η and the pre-
dictors as:

η = g (E (y)) = β0 + β1x1 + . . .+ βdxd.

To accommodate possibly non-linear relationships between η and the predictors,
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X3 X4

X5 X6 X8

X9 X10

Figure 1.3: The Markov blanket of observed node X6, shown by blue shaded nodes.

GAMs use smooth function of xj, denoted as fj (xj) , 1 ≤ j ≤ d. Thus, the GAM
extension to model η is

η = g (µ) = g (E (y)) = β0 + f1 (x1) + . . .+ fd (xd) . (1.3)

Since η in (1.3) can potentially be any real number, ideally g maps the domain of µ
on to the entire real line. In a GAM, η is no longer linear in the predictor variables as
in a GLM, but instead η is an additive function of the predictors. The corresponding
smooth function model takes the form:

fj (xj) ≡ βjxj +

Kj∑
k=1

ujkzjk (xj) , 1 ≤ j ≤ d,

for coefficients βj and uj ≡
(
uj1, . . . , ujKj

)
. Here {zjk (·) : 1 ≤ k ≤ Kj} is an appro-

priate spline basis over an interval containing the xj.
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1.10.1 Binary Response Models

For a binary response variable y, where y ∈ {0, 1} , then µ = E (y) is in the interval
(0, 1) to the real line. The popular inverse link functions are as follows:

F =

 expit logistic inverse link,

Φ probit inverse link

where expit and Φ are defined in (1.2). The expit inverse link is the inverse of the
logit link. The probit link is the inverse of the cumulative distribution function. For
a binary response, the expected response is also the probability that the response
equals 1. The logit link transforms this probability to the log-odds. Hence, the expit
inverse link provides an log-odds interpretation and algebraic simplifications. The
probit links often facilitates more tractable solutions. However, their model coeffi-
cients do not have a direct log-odds ratio interpretation in the same way that logit
links do.

1.10.2 Count Response Models

Two models are commonly used to model count responses where y ∈ Z≥0. They are
the Poisson model and negative binomial model.

The Poisson model (i.e. the response is Poisson distributed), we have the inverse
link function being F = exp . Since Poisson distributed variables are required to have
an equal mean and variance, it is not appropriate for over-dispersed data where the
variance is greater than the mean.

The negative binomial model is similar to the Poisson model, where the inverse
link function is F = exp . Compared to the Poisson model, it includes an additional
parameter κ to account for over-dispersed data. As the shape parameter κ→∞ the
negative binomial distribution converges to the Poisson distribution.

1.11 Generalized Additive Mixed Models

GAMs introduced in Section 1.10 only include fixed effects to model the response.
Generalized additive mixed models (GAMMs) extend GAMs by incorporating ran-
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dom effects, making them suitable for modeling complex data with hierarchical,
grouped, or repeated measures structures. GAMMs combine the flexibility of GAMs
in modeling non-linear relationships with the hierarchical and random-effects mod-
eling capabilities of mixed models. The relationship between additive models (AM),
additive mixed models (AMM), GAMs and GAMMs is clearly demonstrated in Table
1.2.

Table 1.2: The relationship between four types of additive models, where AM refers to additive mod-
els, GAM refers to generalized additive models, AMM refers to additive mixed models and GAMM
refers to generalized additive mixed models.

Response is normally
distributed

Response is not
normally distributed

Fixed effects only AM GAM

Fixed and random effects AMM GAMM

The expected value of the response y conditional on the fixed and random effects
is related to the predictors using a link function g (·) , where F (·) = g−1 (·) is the in-
verse link function, also called the mean function. Although the mean is not directly
the sum of smooth functions and random effects of the predictors, some function of
the mean is. In Chapter 6 of this thesis, we investigate the GAMM selection with
random intercept.

GAMM extends GLMM (generalized linear mixed model) by allowing contin-
uous predictors to have a nonparametric functional impact on the mean response.
Suppose that, in a longitudinal data set, yij is the jth measurement of the ith subject,
with 1 ≤ j ≤ ni, 1 ≤ i ≤ m. Here, both x1 and x2 are fixed. A GAMM for the data is

yij
∣∣Ui

ind.∼ Bernoulli
(
logit−1 (Ui + f1 (x1ij) + f2 (x2ij))

)
, Ui

ind.∼ N
(
µ, σ2

)
where Ui is a random subject intercept, f1 and f2 are smooth functions of the pre-

dictors, capturing non-linear relationships. The notation ind.∼ is defined in Section 1.3.
The Bernoulli distribution is described in Table 1.1. logit−1 (x) is defined in (1.2).
f1 (x1) + f2 (x2) is modelled using mixed model-based penalized splines as follows:

f1 (x1) + f2 (x2) = β0 + βx1x1 +

L1∑
ℓ=1

u1ℓz1ℓ (x1) + βx2x2 +

L2∑
ℓ=1

u2ℓz2ℓ (x2)
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where u1ℓ
ind.∼ N (0, σ2

1) , 1 ≤ ℓ ≤ L1 and u2ℓ
ind.∼ N (0, σ2

2) , 1 ≤ ℓ ≤ L2. Here
{zkℓ (·) : 1 ≤ ℓ ≤ Lk, 1 ≤ k ≤ 2} is an appropriate spline basis over an interval con-
taining the xk.

1.12 Semiparametric Regression

Throughout this thesis, we use a direct generalization of smoothing splines, namely
the O’Sullivan splines (O’Sullivan, 1986, Section 3). O’Sullivan splines are a class of
penalised splines based on B-spline basis functions. They have the attractions of re-
quiring considerably fewer basis functions than the ones described in Wahba (1990)
and Green and Silverman (1994), in which the number of basis functions roughly
equals the sample size. In this thesis, the default value of number of basis functions
we used is 12. Moreover, they have the attractions of their smoothness, numerical
stability and natural boundary conditions makes them the most widely used class
of penalised splines in standard statistical software, for example, the smooth.spline(
) function in R. Wand and Ormerod (2008) give a detailed description of O’Sullivan
penalized splines. A brief sketch of description is provided here for reference.

Notations used in this subsection are as follows:

• x ≡ (x1, . . . , xn) ≡ a continuous univariate data set and n ≡ sample size.

• xis correspond to values of a continuous candidate predictor, with 1 ≤ i ≤ n.

• Integer K ≡ the number of knots, with K ≤ n and κinter. ≡ (κ1, . . . , κK−2) to
be a set of interior knots.

• Bx ≡ [B1 (x) , . . . , BK+4 (x)] , cubic B-spline basis functions designed by knots.

• B ≡ design matrix, a n× (K + 4) matrix.

• Bik ≡ design matrixB with (i, k)th entry, written as Bik = Bk (xi) .

• v ≡ the coefficients ofB and v̂ ≡ the estimates of v.

• λ ≡ smoothing parameter, with λ > 0.

• Ω ≡ penalty matrix, a (K + 4)× (K + 4) matrix.

• Ωkk′ ≡ penalty matrix Ω with (k, k′)th entry.
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• f̂ (x) ≡ an estimate of f.

• nU ≡ the number of unique xis.

Consider the simple non-parametric regression setting as follows:

yi = f (xi) + ϵi, 1 ≤ i ≤ n,

where (xi, yi) ∈ R × R. Suppose we use a set of cubic B-spline basis functions as
follows:

Bx ≡ [B1 (x) , . . . , BK+4 (x)] , for K ≤ n

to estimate f over the interval [a, b] containing the xis. The corresponding knot se-
quence is defined by:

a = κ1 = κ2 = κ3 = κ4 < κ5 < . . . < κK+4 < κK+5 = κK+6 = κK+7 = κK+8 = b.

The coefficients v can be estimated in a number of ways. One of the simple way is
the penalized residual sum of squares (PRSS). PRSS chooses the coefficients v by mini-
mizing:

PRSS (f, λ) =
n∑

i=1

{yi − f (xi)}2 + λ

∫ b

a

f
′′
(x)2 dx. (1.4)

The second term λ
∫ b

a
f

′′
(x)2 dx in (1.4) is referred to as the penalty term. It penalizes

overly rough fits, leading to a smoother result. λ controls the amount of smoothing.
The solution to (1.4) is the O’Sullivan penalised spline as follows:

f (x) = Bv.

Therefore, (1.4) can be written as:

PRSS (v, λ) = (y −Bv)T (y −Bv) + λvTΩv (1.5)

where

Bik = Bk (xi) and Ωkk′ =

∫ b

a

B
′′

k (x)B
′′

k′ (x) dx.

Straightforward algebraic manipulation results in the following fitted O’Sullivan pe-
nalised spline, which provides a solution to (1.5):

f̂ (x) = Bv̂, where v̂ =
(
BTB + λΩ

)−1
BTy. (1.6)
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The design matrix B is easy to compute and is readily accessible in the R environ-
ment. However, the calculation of the penalty matrix Ω requires an additional effect.
In Section 6 of Wand and Ormerod (2008), the penalty matrix Ω is derived using an
exact algebraic expression by applying the Simpson’s rule to each inter-knot interval
as follows:

Ω =
(
B̃

′′)T
diag (ω) B̃

′′

,

where B̃
′′

is the 3 (K + 7) × (K + 4) matrix with the (i, j)th entry B̃
′′

j (x̃i) and x̃i is
the ith entry of the vector given by:

x̃i =

(
κ1,

κ1 + κ2
2

, κ2, κ2,
κ2 + κ3

2
, κ3, . . . , κK+7,

κK+7 + κK+8

2
, κK+8

)
,

and ω is the 3 (K + 7)× 1 vector given by:

ω =
{

1
6
(△κ)1 ,

4
6
(△κ)1 ,

1
6
(△κ)1 ,

1
6
(△κ)2 ,

4
6
(△κ)2 ,

1
6
(△κ)2 , . . . ,

1
6
(△κ)K+7 ,

4
6
(△κ)K+7 ,

1
6
(△κ)K+7

}
,

where (△κ)k ≡ κK+1−κK , 1 ≤ k ≤ K+7. A common default choice for the number
of knots is K = min

(
nU

/
4, 35

)
. The distribution of knots can either be quantile-

based or equally spaced (e.g. Ruppert et al., 2003).

1.13 Bayesian Inference

Bayesian inference focuses on determining the joint posterior distribution of the pa-
rameters of interest based on the observed data. In many cases, exact inference is
not practical since the posterior distributions are intractable. Therefore, it is neces-
sary to use the approximate inference methods in practice. Examples include BUGS
(Ligges et al., 2009) and Stan (Stan Development Team, 2015) , which are based on
Markov chain Monte Carlo (MCMC) methods. MCMC, described in Section 1.13.1,
is one of the standard methods for estimating Bayesian statistical models, which has
been proven effective across a wide range of problems. For large models with com-
plex posterior distributions, MCMC can be computationally demanding and prone
to poor mixing, resulting in slow convergence. We therefore propose an alternative
mean field variational Bayes (MFVB) approach as a faster option, which we will elab-
orate on further in Section 1.13.2. MFVB, whilst not as accurate as MCMC, this fast
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variational option enhances scalability to very large data sets.

Consider a generic Bayesian model with parameter vector θ = {θ1, . . . , θn} ∈ Θ

and observed data vector y. Bayesian inference updates the probability of a posterior
θ based on prior knowledge and data. The posterior density function is as follows:

p
(
θ
∣∣y) = p (y,θ)

p (y)
=

p
(
y
∣∣θ) p (θ)
p (y)

For many practical models, the posterior density functions are intractable, mak-
ing it impossible to directly compute the marginal densities of parameters or other
quantities of interest.

1.13.1 Markov Chain Monte Carlo

The MCMC approach is used in Chapter 2, Chapter 3, Chapter 5, Chapter 6 and
Chapter 7 in this thesis.

For a long time, MCMC sampling techniques were the only broadly applicable
method available. A Markov chain is a sequence of random variables θ(0), . . . ,θ(T ).

The following expression

p
(
θ(t)
∣∣θ(0), . . . ,θ(t−1),y

)
= p

(
θ(t)
∣∣θ(t−1),y

)
shows that for a Markov chain, the probability of transitioning to the current state
depends only on the preceding state.

We denote d as the number of predictors, 1 ≤ j ≤ d. Gibbs sampling is the most
basic component-wise algorithm in MCMC methods (Gelfand and Smith, 1990; Ge-
man and Geman, 1984; Robert and Casella, 2004). The Markov chain of samples
of θ(t), 0 ≤ t ≤ T, is obtained by sampling from the full conditional distributions
p
(
θ
(t)
j

∣∣θ(t−1,t)
−j ,y

)
, which is the density of θj conditional on other parameters θ−j.

Here, θ(t−1,t)
−j denotes all variables except θd. It relies on the assumption that the con-

ditional distributions p
(
θ
(t)
j

∣∣θ(t−1,t)
−j ,y

)
are easier to sample from than the full joint

distribution p (θ1, . . . , θd) .

Each θ
(t)
j is the updated conditional on the latest value of the other parameters
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θ−j. For the parameters already updated, it refers to the iteration t values for these
parameters. For the parameters not updated, it refers to the iteration t− 1 values for
these parameters. The sequence of samples forms a Markov chain, where the next
state depends only on the current state. The chain eventually converges to the target
distribution. The iterative process is as follows:

• Starting with an initial guess for the variables: θ(0)1 , . . . , θ
(0)
d .

• For t = 0, . . . , T :

θ
(t)
1 ∼ p

(
θ1
∣∣θ(t−1)

2 , . . . , θ
(t−1)
d ,y

)
θ
(t)
2 ∼ p

(
θ2
∣∣θ(t)1 , . . . , θ

(t−1)
d ,y

)
...

θ
(t)
d−1 ∼ p

(
θd−1

∣∣θ(t)1 , . . . , θ
(t−1)
d ,y

)
θ
(t)
d ∼ p

(
θd
∣∣θ(t)1 , . . . , θ

(t)
d−1,y

)
until convergence reaches.

Gibbs sampling, by iteratively sampling from the conditional distributions of each
variable, is accurate and effective for models with tractable conditional distributions.
It can be efficient if conditional distributions are simple. It is computationally costly
and it may take a long time to converge to the target distribution for complex models.
It has applications in Bayesian inference, latent variable models, image processing,
spatial statistics and more.

1.13.2 A Brief Introduction to Variational Approximations

Variational approximations are a class of fast and deterministic methods. They are
originally used in the statistical physics and computer science literature (Bishop,
2006; Jordan et al., 1999; Titterington, 2004; Wainwright and Jordan, 2008). Since
around 2005, variational methods have gained increasing attention in the statisti-
cal literature. For example, McGrory and Titterington (2007), Wand et al. (2012) and
Wand and Ormerod (2011) propose variational methodology for a various rage of ap-
plications, from finite mixture models, complex models with elaborate distributions
(such as asymmetric Laplace and skew normal) to spline and wavelet regression
models. Moreover, Wang and Titterington (2006) prove convergence of variational
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algorithms for normal mixture models and You et al. (2014) present several infor-
mation criteria that are useful for model selection. Here, we offer a brief overview
of variational approximations and emphasize their key concepts. Comprehensive
summaries can be found in Bishop (2006) and Ormerod and Wand (2010).

Variational approximations are used to approximate complex probability dis-
tributions, such as the posterior distributions in Bayesian inference. MCMC pro-
duces random samples. Variational methods yield a fixed approximating distribu-
tion q (θ) , which is a deterministic output.

1.13.3 Mean Field Variational Bayes

The mean field variational Bayes (MFVB) approach is used in Chapter 4, Chapter 5,
Chapter 6 and Chapter 7 in this thesis.

MFVB is a specific type of variational approximation method used to approxi-
mate complex posterior distributions in Bayesian inference. The advantage is its sim-
plicity and scalability, making it suitable for large-scale data and high-dimensional
models.

The notation used in this subsection are as follows:

• d ≡ number of predictors, with 1 ≤ j ≤ d.

• Observed data vector y, parameter vector θ and parameter space Θ.

• p
(
θ
∣∣y) ≡ true posterior density function.

• q (θ) ≡ variational distributions, also called approximating density function.

• Q ≡ mean field restriction or product restriction. The posterior q (θ) can be
factorized into independent distributions of each parameter or groups of pa-
rameters, without any restriction on the functional form on the factors (Bishop,
2006), expressed as follows:

Q =

{
q (θ) : q (θ) =

d∏
j=1

qj (θj) for some partition {θ1, . . . ,θd} of θ

}
.
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• KL
{
q (θ)

∥∥∥ p
(
θ
∣∣y)} ≡ the difference, also called the Kullback-Leibler (KL)

divergence, between the approximating density function q (θ) and the actual
posterior p

(
θ
∣∣y) , as a measure of how well our approximation fits the true

posterior, expressed as follows:

KL
{
q (θ)

∥∥∥ p
(
θ
∣∣y)} =

∫
Θ

q (θ) log

{
q (θ)

p
(
θ
∣∣y)
}

with KL
{
q (θ)

∥∥∥ p
(
θ
∣∣y)} ≥ 0 for all densities q.

• q∗ (θ) ≡ optimal q-density function, a particular density function over the ele-
ments of the partition Q with minimum KL divergence, also called mean field
variational Bayes approximation to the actual posterior, expressed as follows:

q∗ (θ) = argmin
q∈Q

KL
{
q (θ)

∥∥∥ p
(
θ
∣∣y)} .

• p (y; q) ≡ lower bound on the marginal likelihood .

• log p (y) ≡marginal log-likelihood.

• Eq(−θj) ≡ expectation with respect to the q-densities of all parameters except
θj, 1 ≤ j ≤ d.

The essence of variational inference is to search over q ∈ Q, for some set Q of
density functions. The goal is to find out the optimal q-density function q∗ (θ) , with
the minimum KL divergence with the actual posterior p

(
θ
∣∣y).

MFVB essentially assumes independence among parameters in the posterior, which
may not exist in the actual posterior distribution. The independence assumption,
based on the chosen parameter partition, can be unrealistic in cases with high pos-
terior correlations among parameters, resulting in poor approximations. The spe-
cific parametric families used for each approximating density factor qj (θj) are de-
termined through the variational approach.
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Since the marginal log-likelihood can be expressed as follows:

log p (y) = log p (y)

∫
Θ

q (θ) dθ =

∫
Θ

q (θ) log p (y) dθ

=

∫
Θ

q (θ) log

{
p (y,θ)

/
q (θ)

p
(
θ
∣∣y) /q (θ)

}
dθ

=

∫
Θ

q (θ) log

{
p (y,θ)

q (θ)

}
dθ +

∫
Θ

q (θ) log

{
q (θ)

p
(
θ
∣∣y)
}
dθ

= log p (y; q) + KL
{
q (θ)

∥∥∥ p
(
θ
∣∣y)} .

Therefore, minimizing the KL divergence is equivalent to maximizing the lower
bound on the marginal likelihood p (y; q) . With the product restriction being

q (θ) =
d∏

j=1

qj (θj) ,

the optimal q-density functions can be obtained via an iterative coordinate ascent
algorithm (Bishop, 2006; Ormerod and Wand, 2010). Define

Eq(−θj) {log p (y,θ)} =
∫

log p (y,θ)
∏
k ̸=j

q (θk) dθk.

to be the log posterior averaged over the current estimates of the approximating den-
sity functions for all but the i-th parameter vector.

An updated value of the lower bound on the marginal log-likelihood at the end
of each iteration is given by:

log p (y; q) = Eq [log {p (y,θ)}]− Eq [log {q (θ)}] .

The steps of MFVB algorithm are as follows:

• Select a parametric family for the variational distributions qj (θj) , such as a
Gaussian with mean and variance as parameters and initialize the variational
distributions q1 (θ1) , . . . , qd (θd) .

• Iterative updates are used:
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q1 (θ1)←−
exp

[
Eq(−θ1) {log p (y,θ)}

]∫
exp

[
Eq(−θ1) {log p (y,θ)}

]
dθ1

...

qd (θd)←−
exp

[
Eq(−θd) {log p (y,θ)}

]∫
exp

[
Eq(−θd) {log p (y,θ)}

]
dθd

until the increase in lower bound on the marginal likelihood p (y; q) is negligi-
ble.

Although the forms of the approximating density functions qj (θj) are not spec-
ified, the structure of the statistical model ensures that the solution falls within a
specific parametric family for each of the approximating density functions qj (θj) .

If all parameters in a model are conditionally conjugate, the approximating density
functions can be expressed in closed forms. If the form of the approximating density
function qj (θj) can not be recognized as a standard distribution, numerical inte-
gration methods need to be used to estimate the marginal likelihood, making the
computation more demanding.

Upon convergence, the MFVB algorithm shows that the optimal occurs when

q∗j (θj) ∝ exp
[
Eq(−θj) {log p (θ,y)}

]
, 1 ≤ j ≤ d.

This implies that the logarithm of the optimal solution for each factor is obtained
by taking the logarithm of the joint density function over all random and observed
variables and calculating its expectation with respect to all other factors qk (θk) , k ̸= j

(Ormerod and Wand, 2010). An alternative expression for q∗j (θj) is

q∗j (θj) ∝ exp
[
Eq(−θj)

{
log p

(
θj
∣∣rest

)}]
, 1 ≤ j ≤ d,

where

• “rest" ≡ all of the random variables excluding θj, i.e. {θ1, . . . ,θj−1,θj+1, . . . ,θd}

and

• p
(
θj
∣∣rest

)
≡ the full conditional density function of θj based on DAG related

concept in Theorem 1.9.1.
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It immediately follows that

q∗j (θj) ∝ exp
[
Eq(−θj)

{
log p

(
θj
∣∣Markov blanket of θj

)}]
, 1 ≤ j ≤ d.

This is knows as the locality property of DAGs. For large DAGs, this property offers
significant algebraic advantages. In particular, it shows that the optimal q-density
function q∗j (θj) rely solely on local computations on the model’s DAG.

For the description of the DAG, please refer to Section 1.9.

1.14 Matrix Results

From Searle (1982), we have the following matrix results using in this thesis.

Result 1.14.1 IfA andB are m× n matrices, then tr
(
ATB

)
= vec (A)T vec (B) .

Result 1.14.2 Let v be a random vector. Then

E
(
vvT

)
= E (v)E (v)T + Cov (v) and E

(∥∥v∥∥2) =
∥∥E (v)

∥∥2 + tr {Cov (v)} .

Result 1.14.3 Let v be a random vector and let A be a fixed matrix with the same
number of rows as v. Then

E
(
vTAv

)
= E (v)AE (v)T + tr {ACov (v)} .

Result 1.14.4 LetA be a symmetric invertible matrix and x and b be column vectors
with the same number of rows asA. Then

1

2
xTAx+ bTx = −1

2

(
x−A−1b

)T
A
(
x−A−1b

)
+

1

2
bTA−1b.

Result 1.14.5 If a and b are vectors of the same length, then

∥∥a− b∥∥2 = ∥∥a∥∥2 − 2aTb+
∥∥b∥∥2.

1.15 Thesis Structure

Having provided the necessary background information, we now proceed to present
our novel research on the three-category GAM selection. Chapter 2 explores the
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MCMC approach with use of the Laplace-Zero/Grouped Lasso-Zero priors on Gaus-
sian and binary responses and the application on real data sets with methodology
implemented. Chapter 3 investigates the Grouped Horseshoe distribution proper-
ties and explores the MCMC approach with use of the (Grouped) Horseshoe priors
on Gaussian and count responses with simulation study. Chapter 4 continuous from
Chapter 2 by applying the MFVB approach as a faster option and the application
on real data sets with methodology implemented. Chapter 5 shows the simulation
study of Chapter 2 and Chapter 4. Chapter 6 extends the work in Chapter 2 and
Chapter 4 to the three-category GAMM selection with random intercept in grouped
data with simulation study. Chapter 7 applies the methodology given in Chapter 6
to the Australian Red Cross Blood Service data.
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1.A Derivation of Result 1.8.2

Suppose that x
∣∣a ∼ N

(
0, σ2

/
a
)
, a ∼ Inverse-Gamma

(
1,

1

2

)
, we will show that

p (x) =
1

2σ
exp

(
−
∣∣x∣∣
σ

)
,

which is equivalent to
x ∼ Laplace (0, σ) ,

with 0 as location parameter and σ as scale parameter.

Derivation:
Firstly,

x
∣∣a ∼ N

(
0, σ2

/
a
)
, a ∼ Inverse-Gamma

(
1,

1

2

)
.

is equivalent to

x
∣∣a ∼ N

(
0, aσ2

)
, a ∼ Gamma

(
1,

1

2

)
.

Then

p (x) =

∫ +∞

−∞
p (x, a) da =

∫ +∞

−∞
p
(
x
∣∣a) p (a) da

=

∫
+∞

0

1√
2πaσ2

exp

(
− x2

2aσ2

) (1
2

)1
Γ (1)

(
a
)1−1

exp
(
−a
2

)
da

=
1

2σ
√
2π

∫
+∞

0

a

(
−1
2

)
exp

{
−1

2

(
x2

aσ2
+ a

)}
da.

Let us look at the term −1

2

(
x2

aσ2
+ a

)
inside the integral. We have

−1

2

(
x2

aσ2
+ a

)
=−

(
aσ −

∣∣x∣∣)2
2aσ2

−
∣∣x∣∣
σ
.
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Therefore

p (x)=
1

2σ
exp

(
−
∣∣x∣∣
σ

)∫ +∞

0

1√
2π

(a)

(
−1
2

)
exp

(
−
(
aσ −

∣∣x∣∣)2
2aσ2

)
da.

The result is proven if we can show that, for all x ∈ R,∫
+∞

0

1√
2π

(a)

(
−1
2

)
exp

(
−(aσ − |x|)2

2aσ2

)
da = 1. (1.7)

In the next part, firstly, we show (1.7) for x = 0. Then we show (1.7) also holds for
x ̸= 0.

The x = 0 case:

When x = 0, the left-hand side of (1.7) becomes∫
+∞

0

1√
2π
a

(
−1
2

)
exp

(
−a
2

)
da =

1√
2π

∫
+∞

0

a

(
1
2
−1

)
exp

(
−a
2

)
da

=
1√
2π


∫

+∞

0

1
2

(
1
2

)
Γ
(
1
2

)a(1
2
−1

)
exp

(
−a
2

)
da

Γ
(
1
2

)
2

(
1
2

)

=

√
2Γ
(
1
2

)
√
2
√
π

= 1.

Since the last-written integral is that of the Gamma
(
1

2
,
1

2

)
distribution and Γ

(
1

2

)
=

√
π, (1.7) holds for x = 0.

The x ̸= 0 case:

Make the following substitution for the integral in (1.7):

b = a−1 then a = b−1 and
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da

db
= −b−2 then da = −b−2db.

The integral in (1.7) becomes:∫
+∞

0

1√
2π
a

(
−1
2

)
exp

(
−
(
aσ −

∣∣x∣∣)2
2aσ2

)
da

=

∫
0

+∞

1√
2π
b

(
1
2

)
exp

(
−
(
b−1σ −

∣∣x∣∣)2
2b−1σ2

)(
−b−2

)
db

=

∫
+∞

0

1√
2πb3

exp

−
(
b− σ

|x|

)2

2b

(
σ
|x|

)2

 db.

The last-written integral is that of an Inverse-Gaussian density function with mean
σ

|x|
. Hence, the integral is 1. Therefore, (1.7) holds for all x ̸= 0 as well.

Hence, p (x) =
1

2σ
exp

(
−
∣∣x∣∣
σ

)
, which is equivalent to x ∼ Laplace (0, σ) .

From the above two cases, the following is approved:

if x
∣∣a ∼ N

(
0, σ2

/
a
)

and a ∼ Inverse-Gamma
(
1,

1

2

)
, then

x ∼ Laplace (0, σ) and p (x) =
1

2σ
exp

(
−
∣∣x∣∣
σ

)
.
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1.B Derivation of Result 1.8.3

Suppose that x
∣∣a ∼ N

(
0,
(
1
/
a
)
σ2Id

)
. x is a d× 1 vector and

a ∼ Inverse-Gamma
(
d+ 1

2
,
1

2

)
.

We will show that

p (x) ∝ exp

(
−
∥∥x∥∥

2

σ

)
where

∥∥x∥∥
2
≡
√
x21 + x22 + . . .+ x2d.

Derivation:
Firstly,

x
∣∣a ∼ N

(
0,
(
1
/
a
)
σ2Id

)
and a ∼ Inverse-Gamma

(
d+ 1

2
,
1

2

)
is equivalent to

x
∣∣a ∼ N

(
0, aσ2Id

)
and a ∼ Gamma

(
d+ 1

2
,
1

2

)
.

Then

p (x) =

∫ +∞

−∞
p (x, a) da =

∫ +∞

−∞
p
(
x
∣∣a) p (a) da

=

∫
+∞

−∞

(
2πaσ2

)−d
2 exp

(
−
∥∥x∥∥2

2

2aσ2

) 1

2

(
d+1
2

)

Γ

(
d+ 1

2

)a(d+1
2

−1

)
exp

(
−a
2

)
da

=

exp

(
−
∥∥x∥∥

2

σ

)
(
2σ2
)(d)

π

(
d−1
2

)
Γ

(
d+ 1

2

)
∫

+∞

0

1√
2π
a

(
−1
2

)
exp

{
−
(
aσ −

∥∥x∥∥
2

)2
2aσ2

}
da.
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Now we make the claim that∫
+∞

0

1√
2π
a

(
−1
2

)
exp

{
−
(
aσ −

∥∥x∥∥
2

)2
2aσ2

}
da = 1 (1.8)

for all d× 1 vector of x.

Let
∣∣h∣∣ ≡ ∥∥x∥∥

2
, then (1.8) is equivalent to∫

+∞

0

1√
2π
a

(
−1
2

)
exp

{
−
(
aσ −

∣∣h∣∣)2
2aσ2

}
da = 1 (1.9)

for all h ∈ R.

(1.9) is approved (with x instead of h) in (1.7) for Result 1.8.2.

In summary,

p (x)=

exp

(
−
∥∥x∥∥

2

σ

)
(
2σ2
)(d)

π

(
d−1
2

)
Γ

(
d+ 1

2

)

where ∥∥x∥∥
2
=
√
x21 + x22 + . . .+ x2d.

Therefore

p (x) ∝ exp

(
−
∥∥x∥∥

2

σ

)
where

∥∥x∥∥
2
≡
√
x21 + x22 + . . .+ x2d and

p (x) ∼ Laplace (0, σId) .
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Chapter 2

Generalized Additive Model
Selection Via Markov Chain
Monte Carlo

Declaration The method and results presented in this chapter are presented in the
paper Bayesian Generalized Additive Model Selection Including a Fast Variational Option
(He and Wand 2024). I certify that this publication was a direct result of my research
towards this PhD, under the supervision of my principal supervisor Prof Matt Wand,
and the reproduction in this thesis does not breach any copyright regulations.
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2.1 Introduction

Nowadays many data sets have a large number of predictors. When we use non-
linear regression analytic methods, such as generalized additive models, one of the
most important concerns is to find out which predictors impact to the response.
In this chapter, we aim to categorize each predictor’s effect type into one of three
classes: having zero effect, having a linear effect or having a non-linear effect on the
mean response, and the forms of their possibly non-linear effects. We call this as the
three-category model selection problem of generalized additive models.

For additive models, there are penalty-based model selection algorithms similar
to the least absolute shrinkage and selection operator (LASSO) that are available
in several R packages. For example, cosso (Zhang and Lin, 2013) uses component
selection and smoothing operation. It can determine predictor’s effect is either non-
linear or zero, but designation of linear effects are not part of the methodology.

Chouldechova and Hastie (2015) achieved categorizing predictors’ effect types
with the frequentist approach by the LASSO, Demmler-Reinsch spline bases, regu-
larization paths and cross-validatory selection of the regularization parameter with
R package gamsel (Chouldechova and Hastie, 2022). We call this as the regulariza-
tion path approach in this thesis. It has the attraction of obtaining a family of selected
models along the regularization path. If one wants to choose a single model then the
cross-validation needs to be used to get the global cross-validation minima, which is
not always easy in practice.

Our work is to produce new algorithms with two approaches under Bayesian
fitting and inference for both Gaussian and binary responses, for the three-category
model selection problem for generalized additive models. We build on the LASSO
and Demmler-Reinsch spline bases to maintain the orthogonality. The first approach
is Markov chain Monte Carlo (MCMC), described in Chapter 2. The second approach
is mean field variational Bayes (MFVB), which is the fast option for model selection,
described in Chapter 4. Our algorithms of both MCMC and MFVB are implemented
in an R package gamselBayes Simulation studies and application on actual data are
described in Chapter 5.

To make our methodology being independent of units of measurement, we use
standardization forms of the original input data in the Bayesian fitting and inference,
described in Section 2.2.2.

To allow sparseness of coefficient vectors and get the resulting sparse fits, we use
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the Laplace-Zero priors. However, the Laplace-Zero distribution is not amenable to
Markov chain Monte Carlo and mean field variational Bayes fitting algorithms. To
solve this problem, we use tailored auxiliary variable representations, described in
Section 2.3.4, Section 2.3.5 and Section 2.3.6.

For Gaussian responses, the description of the full model is described in Section
2.4.2. For binary responses, the description of the full model is described in Section
2.4.3.

To implement practical fitting algorithms for Markov chain Monte Carlo, we use
Markov blanket to work out the posterior distributions of each parameters in our
full model, described in Section 2.5.3. The posterior distributions are all in standard
forms for practical implementation. Therefore, the Markov chain Monte Carlo sam-
pling reduces to Gibbs sampling for the model. The MCMC fitting algorithm list-
ing is given in Algorithm 2 in Section 2.5.3 for implementation into R. The sufficient
statistic matrices described in Section 2.5.1 offers computational speed-ups. Notation
for fitting algorithms is described in Section 2.5.2. Based on posterior distributions
of MCMC, the model selection strategies and simulation studies for default value
of threshold parameter described in Section 2.6. Further simulation study of clas-
sification performance comparison among our MCMC, MFVB and other methods
described in Chapter 5.

Throughout Chapter 2, “rest" denotes the set of other random variables in model
(2.28).

The additive structure of generalized additive model (GAM) described in this
chapter is given in Section 2.3. The independence assumptions of GAM is given in
(2.28) for Gaussian responses and Section 2.4.3 for binary responses. The additive
part uses splines for non-linear effects. The predictors include binary predictors and
continuous predictors. The number of binary predictors is d◦. The number of contin-
uous predictors is d•.

For generalized additive model described in Section 2.2–2.5, the sample size is
n. The response y is a n × 1 vector. The linear design matrix X is a n × (d◦ + d•)

matrix. The Zj matrix containing the canonical Demmler-Reinsch basis is a n × Kj

matrix, with 1 ≤ j ≤ d•, Kj as the number of basis functions for the j-th continuous
predictor with default value of 12. Throughout this chapter, y vector, X matrix and
Z matrix are all fixed.

Our simulation study suggests a good default threshold value τ as 0.5 for MCMC
given in Section 2.6.3. The data were generated with 30 continuous predictors, 10
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having “true" linear effects, 10 having “true" non-linear effects and 10 having “true"
zero effects. The sample size varied as n ∈ {500, 1000, 2000} . The error standard de-
viation varied as σε ∈ {0.25, 0.5, 1, 2} . The threshold varied as τ ∈ {0.1, 0.3, 0.5, 0.7,
0.9} . For each combination of sample size and error standard deviation, we ran sim-
ulation on 100 independently generated data sets.

We applied Algorithm 2 to two real-world datasets – the mortgage and the ed-
ucational dataset given in Section 2.7, to demonstrate the practical applicability of
the approach. The mortgage dataset used in Section 2.7.1 contains 2, 380 observa-
tions and 18 predictors. The educational dataset used in Section 2.7.2 contains 420
observations and 9 predictors.

We conducted a simulation study on a prediction accuracy evaluation metric
given in Figure 2.4 of Section 2.6.3. The threshold varied as τ ∈ {0.1, 0.3, 0.5, 0.7,
0.9} . The sample size varied as n ∈ {500, 1000, 2000} . The error standard devia-
tion varied as σε ∈ {0.25, 0.5, 1, 2} . Moreover, hyperparameters sensitivity checks
are given in Section 5.4.

2.2 Original Input Data and Transformed Data

2.2.1 The Original Input Data

The original input data are as follows:

( ◦
xorig
i ,

•
xorig
i , yorig

i

)
, 1 ≤ i ≤ n,

where

◦
xorig
i ≡ d◦ × 1 vector of predictors that can only enter the model linearly

(e.g. binary predictors),

•
xorig
i ≡ d• × 1 vector of predictors that can enter the model either linearly

or non-linearly

and

yorig
i ≡ the ith entry of y,y is a n× 1 vector of original response data.
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For 1 ≤ i ≤ n, the jth original predictor data is denoted to be:

◦
xorig
ij ≡ the jth entry of ◦

xorig
i , the jth original predictor can only enter the model

linearly, 1 ≤ j ≤ d◦

and

•
xorig
ij ≡ the jth entry of •

xorig
i , the jth original predictor can enter the model either

linearly or non-linearly, 1 ≤ j ≤ d•.

2.2.2 Standardization of the Input Data for Fitting and Model Se-

lection

Standardization of the original input data makes our methodology independent of
the units of measurement for fixed hyperparameter settings and also provides im-
proved numerical stability.

The full data to be used for fitting and model selection are

(
◦
xi,

•
xi, yi) , 1 ≤ i ≤ n,

where

◦
xi ≡ standardized data versions of ◦

xorig
i ,

•
xi ≡ standardized data versions of •

xorig
i

and

yi ≡ standardized data versions of yorig
i .

For 1 ≤ i ≤ n, after standardization, the jth transformed predictor data is de-
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noted to be:

◦
xij ≡ the jth entry of ◦

xi, 1 ≤ j ≤ d◦, the jth transformed predictor can only enter the

model linearly

and

•
xij ≡ the jth entry of •

xi, 1 ≤ j ≤ d•, the jth transformed predictor can enter the

model either linearly or non-linearly.

Then for fitting and model selection we replace the ◦
xorig
ij by ◦

xij =
( ◦
xorig
ij − ax

)
/bx

where

ax ≡
1

n

n∑
i=1

◦
xorig
ij and bx ≡

√√√√ 1

n− 1

n∑
i=1

( ◦
xorig
ij − ax

)2
, (2.1)

with 1 ≤ j ≤ d◦ for predictors can only enter the model linearly, 1 ≤ i ≤ n.

And we replace the •
xorig
ij by •

xij =
( •
xorig
ij − cx

)
/dx where

cx ≡
1

n

n∑
i=1

•
xorig
ij and dx ≡

√√√√ 1

n− 1

n∑
i=1

( •
xorig
ij − cx

)2
, (2.2)

with 1 ≤ j ≤ d• for predictors can enter the model either linearly or non-linearly,
1 ≤ i ≤ n.

For 1 ≤ i ≤ n, this transformation of the original predictor data implies that the
transformed predictor data are centred in that

n∑
i=1

◦
xij = 0, 1 ≤ j ≤ d◦ and

n∑
i=1

•
xij = 0, 1 ≤ j ≤ d•. (2.3)

For Gaussian responses, the standardized response data for fitting and model
selection are made scale-free as follows:

yi = yorig
i /sy, sy ≡

√√√√ 1

n− 1

n∑
i=1

(
yorig
i − yorig

)2
, 1 ≤ i ≤ n, (2.4)

is the sample standard deviation of the yorig
i s.

For binary responses, the yis are not pre-processed and remain as values in {0, 1}.
Algorithm 1 in Section 2.5.1 provides the operational details of the standardiza-
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tion process.

2.3 Design Matrices and Auxiliary Variable Represen-

tations for Parameters

2.3.1 Generalized Additive Model Form for the Full Model

For Gaussian responses, we have g (µ) = µ (referred to Section 1.10 for the choice
of g (·)). This is called the identity link. It directly models the mean of the response
without transformation. Here, g (·) is of the mean of y, with ◦

xij fixed, with 1 ≤ i ≤ n

and 1 ≤ j ≤ d◦, and with •
xij fixed, with 1 ≤ i ≤ n and 1 ≤ j ≤ d•.

Generalized additive models involve linear predictors having generic form

yij = β0 +
d◦∑
j=1

βj
◦
xij +

d•∑
j=1

fj
( •
xij
)

(2.5)

for scalar parameters β0, ..., βd◦ and the fj are smooth real-valued functions over an
interval containing the •

xij data, 1 ≤ i ≤ n.

From (2.5), we have below detailed form for our generalized additive full model

β0 +
d◦∑
j=1

{
(1nβj)⊙

◦
xj

}
+

d•∑
j=1

{
(1nβj)⊙

•
xj

}
+

d•∑
j=1


Kj∑
k=1

(1nujk)⊙
•
Zjk


= β0 +

d◦+d•∑
j=1

{
(1nβj)⊙

•
Xj

}
+

d•∑
j=1


Kj∑
k=1

(1nujk)⊙
•
Zjk


= β0 +Xβ +

d•∑
j=1

Zjuj

= β0 +X
(
γβ ⊙ β̃

)
+

d•∑
j=1

Zj (γujũj) (2.6)
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where

X ≡ the linear design matrix, a n× (d◦ + d•) matrix;

β ≡ γβ ⊙ β̃, β is the linear term coefficients vector for matrixX, a (d◦ + d•)× 1

vector;

γβ ≡ auxiliary probability parameters for β, a (d◦ + d•)× 1 vector;

β̃ ≡ auxiliary parameters for β, a (d◦ + d•)× 1 vector;

Zj ≡ matrix containing the canonical Demmler-Reinsch basis for •
xj, a n×Kj

matrix , 1 ≤ j ≤ d•;

Kj ≡ The number of columns in Zj;

uj ≡ γujũj, uj is the spline coefficients vector for matrix Zj, a Kj × 1 vector ,

1 ≤ j ≤ d•;

γuj ≡ auxiliary probability parameters for uj, a scalar , 1 ≤ j ≤ d•

and

ũj ≡ auxiliary parameters for uj, a Kj × 1 vector , 1 ≤ j ≤ d•.

Also denote

•
Xj =



X1j

...

Xij

...

Xnj


with 1 ≤ i ≤ n, 1 ≤ j ≤ d◦ + d•,
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and

•
Zjk =



Z1jk

...

Zijk

...

Znjk


with 1 ≤ i ≤ n, 1 ≤ j ≤ d•, 1 ≤ k ≤ Kj.

Throughout Chapter 2, y vector,X matrix and Z matrix are all fixed.
The linear design matrixX , its linear term coefficients vector β, and β’s auxiliary

parameters γβj, β̃j, 1 ≤ j ≤ d◦ + d•, used in our full model are described in Section
2.3.2 and Section 2.3.4 respectively. The matrix containing the canonical Demmler-
Reinsch basis Zj , its spline coefficient vector uj , and uj’s auxiliary parameters γu j,

ũj, 1 ≤ j ≤ d•, used in our full model are described in Section 2.3.3 and Section 2.3.5
respectively.

2.3.2 The Linear Design Matrix

The linear design matrix is the following n× (d◦ + d•) matrix:

X ≡


◦
xT
1

•
xT
1

...
...

◦
xT
n

•
xT
n

 .

Let β be the (d◦ + d•)× 1 vector of corresponding coefficients for linear effects. ◦
xi is

a d◦ × 1 vector, which stands for standardized predictors can only enter the model
linearly, and •

xi is a d•× 1 vector, which stands for standardized predictors can enter
the model either linearly or non-linearly, 1 ≤ i ≤ n.

From the standardization of original input data descried in Section 2.2.2 and (2.3),
it offers simplification to be

1T
nX = 0 (2.7)
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2.3.3 Canonical Demmler-Reinsch Basis Design Matrices

We denote •
xj as a n× 1 vector as follows, with 1 ≤ j ≤ d•:

•
xj ≡


•
x1j

...
•
xnj

 .
The construction of Zj matrix, containing the canonical Demmler-Reinsch basis for
the predictor data •

xj, is described in Appendix 2.A, 1 ≤ j ≤ d•. We will refer to the
columns of Zj as the canonical Demmler-Reinsch basis for the •

xjs.
The Z matrix we construct according to Appendix 2.A satisfies:

ZT
j 1n = ZT

j
•
xj = 0Kj

and ZT
j Zj is a diagonal matrix, 1 ≤ j ≤ d•. (2.8)

Spline bases satisfying (2.8) are referred to as having a Demmler-Reinsch form.
We require a version of Zj for •

xj , 1 ≤ j ≤ d•. Denote the canonical Demmler-
Reinsch basis matrices by

Z1, . . . ,Zd• .

with Zj having dimension n×Kj. Let

u1, . . . ,ud•

be the corresponding coefficient vectors, where uj has dimension Kj × 1.

2.3.4 Linear Term Coefficients with Auxiliary Variable Representa-

tions

In our full model, let β denote a (d◦ + d•) × 1 vector of linear term coefficients for
the linear design matrix X described in Section 2.3.2. For each βj, 1 ≤ j ≤ d◦ + d•,

it has the following Laplace-Zero family of prior distributions for the sparseness of
coefficients:

p (βj|σβ, ρβ) = ρβ (2σβ)
−1 exp (−|βj|/σβ) + (1− ρβ) δ0 (βj) , 1 ≤ j ≤ d◦ + d• (2.9)
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for parameters σβ > 0 and 0 ≤ ρβ ≤ 1. δ0 denotes the Dirac delta function at zero. The
Laplace-Zero distribution is a “spike-and-slab" mixture of a Laplace density function
and a point mass at zero (e.g. Ishwaran and Rao, 2005).

When ρβ = 1, (2.9) corresponds to the Bayesian LASSO approach descried in Park
and Casella (2008). In that article it is pointed out Bayes estimation does not lead to
sparse fits for the purely Laplace situation. Therefore, we use Laplace-Zero priors
with the attraction of having a point mass at zero of posterior distributions that in-
duces a sparse solution. This aspect is further exploited in Chapter 4 for principled
model selection strategies.

The Laplace-Zero distribution is not amenable to Markov chain Monte Carlo and
mean field variational Bayes fitting algorithms due to its non-standard full condi-
tional distributions. We re-express (2.9) using auxiliary parameters bβj, and γβj, 1 ≤
j ≤ d◦ + d•, and auxiliary parameter β̃. In our full model, we set

β ≡ γβ ⊙ β̃. (2.10)

β̃j|bβj, σ2
β ∼ N

(
0, σ2

β/bβj
)
, bβj ∼ Inverse-Gamma

(
1,

1

2

)
, 1 ≤ j ≤ d◦ + d•. (2.11)

γβj ∼ Bernoulli (ρβ) , 1 ≤ j ≤ d◦ + d•. (2.12)

From (2.11), using auxiliary variable representation stated in Result 1.8.2, we
have

β̃j ∼ Laplace (0, σβ) , 1 ≤ j ≤ d◦ + d•. (2.13)

From (2.13) and (2.12), using auxiliary variable representation stated in Result
1.8.4, we have

βj ∼ Laplace-Zero
(
0, σ2

β , ρβ

)
, 1 ≤ j ≤ d◦ + d•. (2.14)

Therefore, (2.14) is equivalent to (2.9), which means each βj in linear term coeffi-
cients vector β, having Laplace-Zero family of prior distributions, 1 ≤ j ≤ d◦ + d•.

The scale and mixture parameters in (2.9) have the following prior distributions:

σβ ∼ Half-Cauchy(sβ), (2.15)

for hyperparameters sβ > 0, ρβ =
1

2
.

The Half-Cauchy distribution is not amenable to Markov chain Monte Carlo and
mean field variational Bayes fitting algorithms due to its non-standard full condi-
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tional distributions. In our full model, we set

σ2
β|aβ ∼ Inverse-Gamma

(
1

2
, 1/aβ

)
and aβ ∼ Inverse-Gamma

(
1

2
, 1/s2β

)
. (2.16)

Using auxiliary variable representation stated in Result 1.8.1, (2.16) is equivalent
to (2.15), which means σβ ∼ Half-Cauchy (sβ) .

2.3.5 Spline Coefficient Vectors with Auxiliary Variable Represen-

tations

In our full model, let u1, . . . ,ud• be the full set of spline coefficient vectors for the
canonical Demmler-Reinsch basis matrices Z1, . . . ,Zd• , described in Section 2.3.3,
where uj is a Kj×1 vector for corresponding matrixZj, whereZj is a n×Kj matrix
with 1 ≤ j ≤ d•. For each uj, it has the following group Laplace-Zero family of prior
distributions for the sparseness of spline coefficient vector:

p (uj|σuj, ρu) = ρu
(
CKj

σuj
)−1

exp
(
−
∥∥uj

∥∥/σuj)+ (1− ρu) δ0 (uj) , 1 ≤ j ≤ d•. (2.17)

for parameters σuj > 0 and 0 ≤ ρuj ≤ 1 and with CKj
≡ 2Kjπ(Kj−1)/2Γ(1

2
(Kj + 1)).

Here
∥∥uj

∥∥ ≡ (uT
j uj)

1
2 and δ0 denotes the Kj-variate Dirac delta function at 0Kj

, the
Kj × 1 vector of zeros.

When ρu = 1, (2.17) is described in Kyung et al. (2010) using the phrase group
LASSO for the family of priors. In Yuan and Lin (2006), it describes the extension
of the ordinary LASSO is treating the elements of vector coefficients together as an
entity. When penalty terms meet certain conditions, penalty terms of the form λ

∥∥θ∥∥,
for some λ > 0, all entries of the vector coefficients can be estimated as exactly zero.
Chouldechova and Hastie (2015) using the frequentist approach to generalized ad-
ditive model selection apply this idea to the spline coefficient vectors. Let û be an
estimate of u, and u is vector of spline coefficients. Then û = 0 or û ̸= 0 allows for
smooth function effects to be categorized as either linear or non-linear.

In order to invoke the sparse fits, keeping with (2.9) in Section 2.3.4, we extend the
group LASSO distribution to a Kj-variate “spike-slab-form", 1 ≤ j ≤ d•. Therefore,
we have the group Laplace-Zero priors with the attraction of having a point mass of a
Kj × 1 vector of zeros.

The group LASSO distribution is not amenable to Markov chain Monte Carlo
and mean field variational Bayes fitting algorithms due to its non-standard full con-
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ditional distributions. We re-express (2.17) using auxiliary parameters buj, γu j , and
ũj, 1 ≤ j ≤ d•. In our full model, we set

uj ≡ γujũj, 1 ≤ j ≤ d•. (2.18)

ũj|buj, σ2
uj

ind.∼ N
(
0,
(
σ2
uj/buj

)
IKj

)
, buj

ind.∼ Inverse-Gamma
(
1

2
(Kj + 1) ,

1

2

)
. (2.19)

γuj ∼ Bernoulli (ρu) , 1 ≤ j ≤ d•. (2.20)

From (2.19), using auxiliary variable representation stated in Result 1.8.3, we
have

ũj ∼ Laplace
(
0, σujIKj

)
. (2.21)

From (2.21) and (2.20), using auxiliary variable representation stated in Result
1.8.4, we have

uj ∼ Laplace-Zero
(
0, σ2

ujIKj
, ρu
)
, 1 ≤ j ≤ d•. (2.22)

Therefore, (2.22) is equivalent to (2.17), which means spline coefficient vector uj

having group Laplace-Zero family of prior distributions, 1 ≤ j ≤ d•.

The scale and mixture parameters have the following prior distributions:

σuj
ind.∼ Half-Cauchy(su), 1 ≤ j ≤ d•. (2.23)

for hyperparameters su > 0, ρu =
1

2
.

The Half Cauchy distribution is not amenable to Markov chain Monte Carlo and
mean field variational Bayes fitting algorithms due to its non-standard full condi-
tional distributions. In our full model, we set

σ2
uj|auj

ind.∼ Inverse-Gamma
(
1

2
, 1/auj

)
, auj

ind.∼ Inverse-Gamma
(
1

2
, 1/s2u

)
, 1 ≤ j ≤ d•.

(2.24)
Using auxiliary variable representation stated in Result 1.8.1, (2.24) is equivalent

to (2.23), which means σuj
ind.∼ Half-Cauchy (su) , 1 ≤ j ≤ d•.
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2.3.6 Standard Deviation with Auxiliary Variable Representations

Our prior distribution for standard deviation σε is:

σε ∼ Half-Cauchy (sε) , (2.25)

The Half Cauchy distribution is not amenable to Markov chain Monte Carlo and
mean field variational Bayes fitting algorithms due to their non-standard full condi-
tional distributions. In our full model, we set

σ2
ε |aε ∼ Inverse-Gamma

(
1

2
, 1/aε

)
and aε ∼ Inverse-Gamma

(
1

2
, 1/s2ε

)
. (2.26)

Using auxiliary variable representation stated in Result 1.8.1, (2.26) is equivalent
to (2.25), which means σε ∼ Half-Cauchy (sε) .

2.4 Essence of the Bayesian Model

In this section we describe, in essence, the Bayesian model.

2.4.1 The Likelihood of the Response

Based on the linear design matrix X and its linear term coefficients vector β de-
scribed in Section 2.3.2 and Section 2.3.4 respectively, and based on the matrix con-
taining the canonical Demmler-Reinsch basis Zj and its spline coefficient vector
uj, 1 ≤ j ≤ d•, described in Section 2.3.3 and Section 2.3.5 respectively, and the
standard deviation σε described in Section 2.3.6, the likelihood of the response of
our full model is:

y|β0, β̃,γβ, ũ1, . . . , ũd• , γu1, . . . , γud• , σ
2
ε ∼ N

(
1nβ0,+X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)
.

(2.27)

2.4.2 The Full Bayesian Gaussian Response Additive Model Selec-

tion

For Gaussian response, based on the likelihood function in (2.27) given in Section
2.4.1 and model description described in Section 2.3, we set up the full model to be:
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y
∣∣β0,γβ, β̃, γu1, . . . , γd• , ũ1, . . . , ũd• , σ

2
ε ∼

N

(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)
, β0 ∼ N(0, σ2

β0
),

σ2
ε

∣∣aε ∼ Inverse-Gamma
(
1
2
, 1/aε

)
, aε ∼ Inverse-Gamma

(
1
2
, 1/s2ε

)
,

γβj
ind.∼ Bernoulli (ρβ) , β̃j

∣∣σ2
β , bβj

ind.∼ N
(
0, σ2

β/bβj
)
, 1 ≤ j ≤ d◦ + d•,

bβj
ind.∼ Inverse-Gamma

(
1, 1

2

)
, 1 ≤ j ≤ d◦ + d•,

γuj
ind.∼ Bernoulli (ρu) , 1 ≤ j ≤ d•,

ũj

∣∣σ2
uj, buj

ind.∼ N
(
0, (σ2

uj/buj)IKj

)
, buj

ind.∼ Inverse-Gamma
(
1
2
(Kj + 1), 1

2

)
, 1 ≤ j ≤ d•,

σ2
β

∣∣aβ ∼ Inverse-Gamma
(
1
2
, 1/aβ

)
, aβ ∼ Inverse-Gamma

(
1
2
, 1/s2β

)
,

σ2
uj

∣∣auj ind.∼ Inverse-Gamma
(
1
2
, 1/auj

)
, auj

ind.∼ Inverse-Gamma
(
1
2
, 1/s2u

)
, 1 ≤ j ≤ d•.

(2.28)

The full set of hyperparameters in model (2.28) is:

σβ0 = 105, sβ = sε = su = 1000, ρβ = ρu = 1
2
.

The distributional assumptions on the parameters using tailored auxiliary vari-
able representations, stated in (2.28), enable Gibbs sampling for the MCMC. Gibbs
sampling is fairly straightforward since the full conditional distributions of param-
eters all have standard forms, which is a must for the derivation of the closed forms
updates for the MFVB algorithm described in Chapter 4. The specific values of hy-
perparameters and the initial value used enable non-informative priors, to ensure
that the posterior inference is driven primarily by the data, rather than subjective or
arbitrary prior assumptions.

Figure 2.1 shows the directed acyclic graph corresponding to model (2.28).
The directed acyclic graph (DAG) Figure 2.1 is useful for determination of the

full conditional distributions of parameters for Markov chain Monte Carlo fitting
algorithms. This is due to the fact that the full conditional distribution of any node
on the graph is the same as the distribution of the node conditional on its Markov
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Figure 2.1: Directed acyclic graph representation of Bayesian model (2.28) for Gaussian response.
Random variables and vectors are shown as larger open circles, with shading indicating to the observed
response data. The small closed circles are user-specified hyperparameters.

blanket (e.g. Pearl, 1988). The Markov blanket of a node consists of its parent node,
co-parent nodes and child nodes.

For example, when computing full conditional distributions of β̃, we look for its
parent nodes: σ2

β and bβ,, its child node: y, and its co-parent nodes: β0, γβ, ũ1, . . . ,

ũd• , γu1 , . . . , γud•
, and σ2

ε . Then we work out the full conditional distribution of β̃ as
following:

p(β̃
∣∣rest) = p(β̃

∣∣β0,γβ, ũ1, . . . , ũd• , γu1 , . . . , γud•
, σ2

ε)

∝ p(y
∣∣β0, β̃,γβ, ũ1, . . . , ũd• , γu1 , . . . , γud•

, σ2
ε)p(β̃

∣∣σ2
β , bβ).
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2.4.3 Bayesian Probit Additive Model Selection

For binary responses, below is the adjustment to our likelihood to model (2.28) de-
scribed in Section 2.4.2, with 1 ≤ i ≤ n :

yi
∣∣β0,γβ, β̃, γu1, . . . , γud•

, ũ1, . . . , ũd•

ind.∼ Bernoulli

Φ

β0 +(X(γβ ⊙ β̃) +
d•∑
j=1

Zj(γujũj)

)
i

 .
(2.29)

Following Albert and Chib (1993), we introduce an auxiliary random variables vec-
tor c ≡ (c1, . . . , cn) such that

yi = 1 if and only if ci ≥ 0, 1 ≤ i ≤ n,

yi|ci
ind.∼ Bernoulli (I (ci ≥ 0)) .

(2.30)

and impose the following conditional distribution on c ≡ (c1, . . . , cn) :

c
∣∣β0,γβ, β̃, γu1, . . . , γud•

, ũ1, . . . , ũd•

∼ N
(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), In

)
.

(2.31)

In Figure 2.2 for binary responses, the prior distributions on β0, γβ, β̃, γu1, . . . , γud•

and ũ1, . . . , ũd• are the same as in the Gaussian response case in Figure 2.1. However,
the error variance variables σ2

ε and aε are not present for the binary response data
model in Figure 2.2. Therefore, our binary response model is modified to Figure 2.2
from Figure 2.1, where y distributional specification is replaced by (2.30) and (2.31).

2.5 Posterior Distributions for Markov chain Monte Carlo

Practical Fitting

We use sufficient statistic matrices described in Section 2.5.1 for both Markov chain
Monte Carlo and mean field variational Bayes fitting algorithms. These sufficient
statistic matrices offer computational speed-ups in implementation to facilitate scal-
ability to large data sets.
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Figure 2.2: Sub-graph of the directed acyclic graph for the binary responses adjustment to (2.28).
This graph is the same as that shown in Figure 2.1 except for locations near the response variables
node. The new graph has the following modifications: (1) the σ2

ε and aε nodes are absent, (2) a hidden
node c corresponding to the the Albert-Chib auxiliary variables is added to the position held by y in
the Gaussian responses graph and the binary responses observed data node c is a parent of y.

Section 2.5.2 lists some notation used in our algorithm listing, for both Markov
chain Monte Carlo and mean field variational Bayes.

The most accurate practical approach is Markov chain Monte Carlo (e.g. Gelfand
and Smith, 1990). In order to implement the practical fitting algorithm of Markov
chain Monte Carlo, we need to work out the approximation of the posterior dis-
tributions of each parameter, which are the hidden nodes on the directed acyclic
graphs. Using Markov blanket, based on Theorem 1.9.1, we work out the full condi-
tional distributions of parameters. The full conditional distribution results are listed
in (2.36) – (2.48) in Section 2.5.3, with derivation details given in Appendix 2.B.

2.5.1 Pre-Processing and Storage of Key Matrices

Algorithm 1 in this subsection provides detailed steps of standardization of original
input data described in Section 2.2.2. It makes our methodology independent of
units of measurement. Conversion of final results to the original units is done after
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running our Bayesian inference algorithms.
Algorithm 1 also provides detailed steps in computing and storing the sufficient

statistic matrices for computational speed-ups. It helps to maintain our Bayesian
generalized additive models fitting in a stable and efficient manner. Once the linear
design matrix X and matrices containing the canonical Demmler-Reinsch basis Z
are computed, the sufficient statistic matrices, such asXTy,XTX,ZTy,ZTX,ZTZ

are able to compute. These matrices appear a couple of times, in both posterior
distributions of parameters for Markov chain Monte Carlo described in Section 2.5.3
and q-density approximation for mean field variational Bayes described in Chapter
4. These sufficient statistic matrices only need to be computed once and stored, then
they can be used repeatedly when needed for computational speed-ups. Therefore,
pre-processing of the original data is an important part of our implementation.

2.5.2 Notation Used in the Fitting Algorithms

In this subsection, we define the notations used in Algorithm 2 in Section 2.5.3. The
notation in (2.32) in this subsection is used to locate a particular row or a particular
column of the sufficient statistic matrices described in Section 2.5.1. These notation
appear in the algorithm listings of our two approaches, Algorithm 2 in Section 2.5.3
for Markov chain Monte Carlo sample drawing, and Algorithm 7 in Chapter 4 for
q-density approximation of parameters for mean field variational Bayes.

Kj ≡ the number of columns in Zj, 1 ≤ j ≤ d•,

c is the (d• + 1)× 1 vector with entries c1 ≡ 0 and cj+1 ≡
j∑

k=1

Kk, 1 ≤ j ≤ d•,

ZTy⟨j⟩ ≡ the sub-block of ZTy corresponding to rows (cj + 1) to cj+1, 1 ≤ j ≤ d•,

ZTX⟨j⟩ ≡ the sub-block of ZTX corresponding to rows (cj + 1) to cj+1, 1 ≤ j ≤ d•,

ZTZ⟨j,j′⟩ ≡ the sub-block of ZTZ corresponding to rows (cj + 1) to cj+1

and columns (cj′ + 1) to (cj′+1), 1 ≤ j, j′ ≤ d•.

(2.32)
Note that, according to the notation in (2.32),

ZTX⟨j⟩ = ZT
jX and ZTZ⟨j.j′⟩ = ZT

j Zj′ .



2.5.2. Notation Used in the Fitting Algorithms 53

Algorithm 1: Pre-processing of original data and creation of key matrices for input
into Bayesian generalized additive model algorithms.

Inputs: yorig(n× 1); ◦
xorig
j (n× 1), 1 ≤ j ≤ d◦; •

xorig
j (n× 1), 1 ≤ j ≤ d•

mean(yorig)←− sample mean of yorig; st.dev(yorig)←− sample standard dev’n of yorig

If yorig is continuous then y ←− {yorig −mean(yorig)1n}/st.dev(yorig)

If yorig is binary then y ←− yorig

For j = 1, . . . , d◦:

mean( ◦
xorig
j )←− sample mean of ◦

xorig
j ; st.dev( ◦

xorig
j )←− sample standard dev’n of ◦

xorig
j

◦
xj ←− {

◦
xorig
j −mean( ◦

xorig
j )1n}/st.dev( ◦

xorig
j )

For j = 1, . . . , d•:

mean( •
xorig
j )←− sample mean of •

xorig
j ; st.dev( •

xorig
j )←− sample standard dev’n of •

xorig
j

•
xj ←− {

•
xorig
j −mean( •

xorig
j )1n}/st.dev( •

xorig
j )

X ←−
[ ◦
x1 . . .

◦
xd◦

•
x1 . . .

•
xd•

]
For j = 1, . . . , d•:

Zj ←− n×Kj matrix containing canonical Demmler-Reinsch basis for the

data vector •
xj , predictor using the construction described in Appendix 2.A.

Z ←− [Z1 . . .Zd• ] ; XTy←−XTy; XTX←−XTX; ZTX←− ZTX; ZTZ←− ZTZ;

Outputs: y,X,Z1, . . . ,Zd• ,XTy,XTX,ZTX,ZTZ, mean(yorig),st.dev(yorig),{
(mean( ◦

xorig
j ), st.dev( ◦

xorig
j )) : 1 ≤ j ≤ d◦

}
,
{
(mean( •

xorig
j )), st.dev( •

xorig
j ) : 1 ≤ j ≤ d•

}

The notational convention er will be used in our algorithm listings of two ap-
proaches.

er ≡ a column vector of appropriate length with rth entry equal to 1 and zeros

elsewhere. (2.33)

For example, the kth row of ZTX<j> is eTk ZTX<j> where ek is the Kj × 1 vector
with kth entry 1 and 0 elsewhere.

The implementation of MCMC following Algorithm 2 in Section 2.5.3 and the
implementation of MFVB following Algorithm 7 in Chapter 4 both would not require
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explicit calculation and storage of er vectors. The use of notation er is for array
subsetting code specific for programming steps in algorithm listings, and it avoids
further subscripting in our algorithm listing.

In the binary response case, we use the Albert-Chib auxiliary variables vector c to
replace vector y described in Section 2.4.3. Then the notation of (2.32) for extraction
of sub-blocks of ZTy is replaced by ZTyadj.

Algorithm 2 for MCMC in Section 2.5.3 and Algorithm 7 for MFVB in Chapter
4, handle both Gaussian response and binary response together. In order to show
programming steps for both responses, we use notations yT1adj, XTyadj and ZTyadj
denoted to be:

yT1adj ≡ adjustment of yT1 ≡

 1T
ny for Gaussian responses,

1T
nc for binary responses,

XTyadj ≡ adjustment of XTy ≡

 XTy for Gaussian responses,

XTc for binary responses,

ZTyadj ≡ adjustment of ZTy ≡

 ZTy for Gaussian responses,

ZTc for binary responses.

(2.34)

The main algorithms also uses the following functions:

logit(x) ≡ log

(
x

1− x

)
,

expit(x) ≡ logit−1 =
1

1 + exp(−x)
,

ζ(x) = log {2Φ(x)} , ζ ′(x) = ϕ(x)
/
Φ(x)

(2.35)

where Φ is the N(0, 1) cumulative distribution function and ϕ is the N(0, 1) density
function.

2.5.3 Markov Chain Monte Carlo

For Gaussian response, based on full model description in Section 2.4.2 and Figure
2.1, for binary responses, based on full model description in Section 2.4.3 and Figure
2.2, both provide full algorithmic details for Markov chain Monte Carlo-based ap-
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proximate full conditional distributions of parameters. Using Markov blanket, we
obtain the full conditional distributions of parameters, which are the posterior dis-
tributions, given in (2.36) – (2.48) in Section 2.5.3, with derivation details given in
Appendix 2.B.

β0
∣∣rest ∼ N


1

σ2
ε

1T
n (y)

(n/σ2
ε) + (1/σ2

β0
)
,

1

(n/σ2
ε) + (1/σ2

β0
)

 , (2.36)

β̃
∣∣rest ∼ N

((
1

σ2
ε

(XTX)⊙ (γβγ
T
β ) +

1

σ2
β

diag(bβ)

)−1

× 1

σ2
ε

[
γβ ⊙

{
(XTy)−

d•∑
j=1

(XTZj)(γujũj)

}]
,

(
1

σ2
ε

(XTX)⊙ (γβγ
T
β ) +

1

σ2
β

diag(bβ)

)−1
)
, (2.37)

bβj
∣∣rest ∼ Inverse-Gaussian

(
σβ∣∣β̃j∣∣ , 1

)
, 1 ≤ j ≤ d◦ + d•, (2.38)

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
β̃

T
diag(bβ)β̃

2
+

1

aβ

)
, (2.39)

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
, (2.40)

γβj

∣∣rest ∼ Bernoulli
(

1

1 + exp(−ηβj)

)
, 1 ≤ j ≤ d◦ + d•, where

ηβj = logit(ρβ)−
1

2σ2
ε

(
β̃2
j ∥Xj∥2 − 2β̃jX

T
j

[
y −X−j{(γβ)−j ⊙ (β̃)−j}

−
d•∑

j′=1

Zj′(γuj′ũj′)
])
, (2.41)

ũj

∣∣rest ∼ N

(
diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

)−1

(
1

σ2
ε

)

[
γuj

(
ZT

j y −ZT
jX

(
γβ ⊙ β̃

)
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−
d•∑

j′ ̸=j

ZT
j Zj′ (γuj′ũj′)

)]
,diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

)−1
)
, 1 ≤ j ≤ d•, (2.42)

buj
∣∣rest ∼ Inverse-Gaussian

(
σuj∥∥ũj

∥∥ , 1
)
, 1 ≤ j ≤ d•, (2.43)

σ2
uj

∣∣rest ∼ Inverse-Gamma

(
Kj + 1

2
,
buj
∥∥ũj

∥∥2
2

+
1

auj

)
, 1 ≤ j ≤ d•, (2.44)

auj
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uj

+
1

s2u

)
, 1 ≤ j ≤ d• (2.45)

and

γuj
∣∣rest ∼ Bernoulli

(
1

1 + exp(−ηuj)

)
, 1 ≤ j ≤ d•, where

ηuj = logit(ρu)−
1

2σ2
ε

[
ωT

Zj
(ũj ⊙ ũj)− 2ũT

j Z
T
j

{
y −X

(
γβ ⊙ β̃

)

−
d•∑

j′ ̸=j

Zj′(γuj′ũj′)

}]
. (2.46)

If y is Gaussian response, then

σ2
ε

∣∣rest ∼ Inverse-Gamma

(
n+ 1

2
,
1

aε
+

1

2

∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)

−
d•∑
j=1

Zj(γujũj)

∥∥∥∥∥
2
 (2.47)

and

aε
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
ε

+
1

s2ε

)
. (2.48)

If y is binary responses, then

yi
∣∣ci ind.∼ Bernoulli (I (ci ≥ 0)) , 1 ≤ i ≤ n,

ci
∣∣rest ∼ (2yi − 1)Truncated-Normal+
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[
1nβ0 +X

(
γβ ⊙ β̃

)
+

d•∑
j=1

Zj (γujũj)

]
i

, 1

 , yi = 1 or yi = 0 (2.49)

The full conditional distributions all have standard forms for practical imple-
mentation of the Markov chain Monte Carlo approach. These include Multivariate
Normal, Inverse Gamma, Bernoulli and Beta distributions. Some full conditional
distributions are Inverse Gaussian, Michael et al. (1976) provides an algorithm for
drawing from Inverse Gaussian distributions. Some full conditional distributions
are Truncated-Normal, similarly, Robert (1995) provides effective solutions for draw-
ing from Truncated-Normal distributions. Therefore, the posterior distributions for
Markov chain Monte Carlo are fairly straightforward. The Markov chain Monte
Carlo sampling reduces to Gibbs sampling for our model.

Algorithm 2 in this subsection lists the full set of steps needed to draw samples
from the posterior distributions of the model parameters. The fact that most of the
draws only require the sufficient statistic matrices from Algorithm 1 given in Section
2.2.2 means that the sampling can be done quite rapidly regardless of sample size.

Following Algorithm 2, the Markov chain Monte Carlo algorithm is implemented
as the R package gamselBayes.
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Algorithm 2: Markov chain Monte Carlo generation of samples from the posterior
distributions of the parameters in (2.28) using Laplace-Zero priors.

Data Inputs: y(n× 1); X (n× (d◦ + d•)) ; Zj(n×Kj), 1 ≤ j ≤ d•.

Response Type Input: responseType ∈ {Gaussian, Bernoulli} .

Sufficient Statistics Inputs: XTy, XTX, ZTy, ZTX, ZTZ.

Hyperparameter Inputs: σβ0 , sβ, sε, su > 0, 0 < ρβ, ρu < 1.

Chain Length Inputs: Nwarm and Nkept both positive integers.

Initialize: γ[0]
β ←− 1

21d◦+d• ; γ
[0]
uj ←−

1
2 , 1 ≤ j ≤ d•; β̃

[0]
←− 0d◦+d•

ũ
[0]
j ←− 0Kj , 1 ≤ j ≤ d•; (σ

2
ε)

[0] ←− 1; a
[0]
ε ←− 1; (σ2

β)
[0] ←− 1; a

[0]
β ←− 1

b
[0]
β ←− 1d◦+d• ; b

[0]
uj ←− 1, 1 ≤ j ≤ d•;

a
[0]
uj ←− 1, 1 ≤ j ≤ d•; (σ

2
uj)

[0] ←− 1, 1 ≤ j ≤ d•.

yT1adj ←− 0 ; XTyadj ←− XTy ; ZTyadj ←− ZTy

For j = 1, . . . , d• : ωZj ←− diagonal
(

ZTZ⟨j,j⟩
)

For g = 1, . . . , Nwarm +Nkept :

ω1 ←− yT1adj

ω2 ←−
{
n
/ (

σ2
ε

)[g−1]
+
(
1
/
σ2
β0

)}
; β

[g]
0 ∼ N

( ω1

(σ2
ε)

[g−1] ω2

,
1

ω2

)
Ω←−

(
γ
[g−1]
β γ

[g−1]T
β

)
⊙ (XTX)

/(
σ2
ε

)[g−1]
+ diag

(
b
[g−1]
β

)/(
σ2

β

)[g−1]

ω3 ←− XTyadj −
d•∑
j=1

ZTX⟨j⟩T
(
γ
[g−1]
uj ũ

[g−1]
j

)
Decompose Ω = UΩdiag(dΩ)UT

Ω where UΩU
T
Ω = I

z ∼ N(0, I)((d◦ + d•)× 1) ; β̃
[g]
←− UΩ

UT
Ωz√
dΩ

+
UT

Ω

(
γ
[g−1]
β ⊙ ω3

)
dΩ (σ2

ε)
[g−1]


(
b
[g]
β

)
j
∼ Inverse-Gaussian

(
σ
[g−1]
β

/∣∣∣ (β̃[g]
)
j

∣∣∣) , 1 ≤ j ≤ d◦ + d•

continued on a subsequent page . . .
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Algorithm 2 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

(
σ2

β

)[g] ∼ Inverse-Gamma

(
1

2
(d◦ + d• + 1), 1

/
a
[g−1]
β +

1

2
β̃
[g]T

diag
(
b
[g]
β

)
β̃
[g]

)

a
[g]
β ∼ Inverse-Gamma

(
1,
{
1
/
(σ2

β)
[g]
}
+ (1/s2β)

)
; βcurr ←− γ[g−1]

β ⊙ β̃
[g]

For j = 1, . . . , d• : ucurr
j ←− γ

[g−1]
uj ũ

[g−1]
j

For j = 1, . . . , d◦ + d• :

ω4 ←− eTj XTyadj −
(

XTXej
)T
−j

(
βcurr

)
−j
−

d•∑
j′=1

(
ZTX⟨j′⟩ej

)T
ucurr
j′

ω5 ←− logit (ρβ)−
1

2

{
(β̃

[g]
j )2eTj XTXej − 2β̃

[g]
j ω4

}/
(σ2

ε)
[g−1](

γ
[g]
β

)
j
∼ Bernoulli (expit(ω5))

βcurr ←− γ[g]
β ⊙ β̃

[g]
; For j = 1, . . . , d• : ũcurr

j ←− ũ
[g−1]
j

For j = 1, . . . , d•:

ω6 ←− ZTy⟨j⟩
adj − ZTX⟨j⟩βcurr −

d•∑
j′ ̸=j

ZTZ⟨j,j′⟩
(
γ
[g−1]
uj′ ũcurr

j′

)
ω7 ←−

{
γ
[g−1]
uj ωZj

/
(σ2

ε)
[g−1]

}
+
{
b
[g−1]
uj 1Kj

/
(σ2

uj)
[g−1]

}
z ∼ N(0, IKj ) ; ũcurr

j ←−
(
z
/√

ω7

)
+
[
γ
[g−1]
uj ω6

/{
ω7(σ

2
ε)

[g−1]
}]

For j = 1, . . . , d• : ũ
[g]
j ←− ũ

curr
j

For j = 1, . . . , d• :

b
[g]
uj ∼ Inverse-Gaussian

(
σ
[g−1]
uj

/∥∥∥ũ[g]
j

∥∥∥, 1)
(σ2

uj)
[g] ∼ Inverse-Gamma

(
1
2(Kj + 1),

{
1
/
a
[g−1]
uj

}
+ 1

2

∥∥∥ũ[g]
j

∥∥∥2b[g]uj

)
a
[g]
uj ∼ Inverse-Gamma

(
1,
{
1
/
(σ2

uj)
[g]
}
+ (1

/
s2u)
)

For j = 1, . . . , d•: γcurr
uj ←− γ

[g−1]
uj

continued on a subsequent page . . .
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Algorithm 2 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

For j = 1, . . . , d•:

ω8 ←− ZTy⟨j⟩
adj − ZTX⟨j⟩βcurr −

d•∑
j′ ̸=j

ZTZ⟨j,j′⟩
(
γcurr
uj′ ũ

[g]
j′

)
ω9 ←− logit(ρu)−

1

2

{
ωT

Zj

(
ũ
[g]
j ⊙ ũ

[g]
j

)
− 2

(
ũ
[g]
j

)T
ω8

}/(
σ2
ε

)[g−1]

γcurr
uj ∼ Bernoulli (expit (ω9))

For j = 1, . . . , d•: γ
[g]
uj ←− γcurr

uj

ω10 ←− 1nβ
[g]
0 +X

(
γ
[g]
β ⊙ β̃

[g]
)
+

d•∑
j=1

Zj(γ
[g]
uj ũ

[g]
j )

If responseType is Gaussian then

(σ2
ε)

[g] ∼ Inverse-Gamma
(

1
2(n+ 1), (1

/
a
[g−1]
ε ) + 1

2

∥∥∥y − ω10

∥∥∥2)
a
[g]
ε ∼ Inverse-Gamma

(
1,
{
1
/
(σ2

ε)
[g]
}
+ (1

/
s2ε)
)

If responseType is Bernoulli then

(σ2
ε)

[g] ←− 1

For i = 1, . . . , n:
ω11 ←− Truncated-Normal+ ((2yi − 1)(ω10)i, 1) ; ci ←− (2yi − 1)ω11

yT1adj ←− 1Tc; XTyadj ←−X
T c; ZTyadj ←− Z

T c

Outputs: All chains after omission of the first Nwarm values.
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2.6 Model Selection Strategies with Laplace-Zero Pri-

ors for Markov Chain Monte Carlo

After obtaining the full conditional distributions of parameters for Markov chain
Monte Carlo, we need to set up the model selection strategies to decide the effect
type of a predictor is zero, linear or non-linear effect. The general rule is that zeroing
of coefficient corresponds to E

(
γβj
∣∣y) ≤ 1− τ, with 1 ≤ j ≤ d◦ + d•, or E

(
γuj

∣∣y) ≤
1− τ, with 1 < j < d•. τ is the threshold parameter, τ ∈ (0, 1) .

2.6.1 Deciding Between an Effect Being Zero or Linear

For Gaussian and binary response generalized additive models described in Section
2.4, recalling that (2.10) in Section 2.3.4 to be β ≡ γβ ⊙ β̃, where β̃ is continuous and
γβ is binary. Therefore

P (βj = 0
∣∣y) = P (γβj = 0

∣∣y) = 1− E(γβj

∣∣y), 1 ≤ j ≤ d◦ + d•. (2.50)

We can use the posterior distribution of γβj to decide βj = 0 or βj ̸= 0, 1 ≤ j ≤ d◦+d•.

We use a general rule to be:

βj = 0 if and only if P (γβj = 0
∣∣y) > τ, and τ =

1

2
, 1 ≤ j ≤ d◦ + d•, (2.51)

which is equivalent to

E(γβj

∣∣y) ≤ 1− τ and τ =
1

2
, 1 ≤ j ≤ d◦ + d•.

Our “effect is zero" rule between zero effect and linear effect is

the effect is zero if E(γβj

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d◦ + d•,

otherwise the effect is linear.
(2.52)

For Markov chain Monte Carlo approach, E(γβj

∣∣y), 1 ≤ j ≤ d◦ + d•, is approx-
imate the sample mean of γ[g]βj

in Algorithm 2, 1 ≤ g ≤ Nkept. Simulation study of
deciding default values for τ for the Markov chain Monte Carlo approach are de-
scribed in Section 2.6.3.
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2.6.2 Deciding Between an Effect Being Zero, Linear or Non-Linear

For Gaussian and binary response generalized additive models described in Section
2.4, recalling that (2.18) in Section 2.3.5 to be uj ≡ γujũj, 1 ≤ j ≤ d•, where ũj is
continuous and γu j is binary. Therefore, we can use the posterior distribution of γuj
to express the posterior distribution of uj :

P (uj = 0
∣∣y) = P (γuj = 0

∣∣y) = 1− E(γuj

∣∣y), 1 ≤ j ≤ d•.

We use a general rule to be:

uj = 0 if and only if P (γuj = 0
∣∣y) > τ, and τ =

1

2
, 1 ≤ j ≤ d•, (2.53)

which is equivalent to

E(γuj

∣∣y) ≤ 1− τ and τ =
1

2
, 1 ≤ j ≤ d•.

Recalling that β is a (d◦ + d•) × 1 linear coefficient vector, and uj, 1 ≤ j ≤ d•,

being a Kj × 1 spline coefficient vector attached to •
xi, 1 ≤ i ≤ n, under the Bayesian

group LASSO approach to deciding between linear and nonlinear effects based on
the maximum a posteriori estimate of uj , our strategy of deciding between an effect
being zero, linear or non-linear is:

the effect is zero if


E(γβj

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d◦ + d•, and

E(γuj
∣∣y) ≤ 1− τ, 1 ≤ j ≤ d•,

the effect is linear if

 E(γβj

∣∣y) > 1− τ, 1 ≤ j ≤ d◦ + d•, and

E(γuj
∣∣y) ≤ 1− τ, 1 ≤ j ≤ d•,

otherwise the effect is non-linear.

(2.54)

For Markov chain Monte Carlo approach, E(γβj

∣∣y), 1 ≤ j ≤ d◦ + d•, is approxi-
mate the sample mean of γ[g]βj

in Algorithm 2, 1 ≤ g ≤ Nkept. E
(
γuj
∣∣y) , 1 ≤ j ≤ d•, is

approximate the sample mean of γ[g]uj in Algorithm 2, 1 ≤ g ≤ Nkept.

From the rules (2.52) of Section 2.6.1 and (2.54) of this subsection, we know that
the lower values of τ producing sparse fits, which means τ controls the degree of
sparsity in the model selection. Therefore, we call τ as the sparsity threshold pa-
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rameter. Even though different values of τ can be used in model selection, for a
completely automatic model selection methodology, a reasonable and good choice
of default value of sparsity threshold parameter τ is desirable. We will discuss this
problem in the next subsection.

2.6.3 Choice of Default Value of Sparsity Threshold Parameter

We use the misclassification rate to measure the classification performance of Markov
chain Monte Carlo. For each simulation run, the misclassification rate is the pro-
portion, expressed as a percentage, of the predictors that are misclassified by the
methodology into the classes: zero, linear and non-linear. The lower of the misclas-
sification rate, is the better.

Using both Gaussian and binary response generalized additive models data sets
for simulation, we have

30 continuous predictors:

10 having zero effect;

10 having linear effects;

10 having non-linear effects.

(2.55)

For each simulation run, the misclassification rate is the proportion, expressed as a
percentage, of the 30 predictors that are misclassified by the methodology into the
classes: {zero, linear, non-linear} . The generation of data are as following:

Each of the predictors were generated from independent Normal distributions.

The non-linear effects corresponded to quintic polynomials with

random generated coefficients.

(2.56)

The design of simulation run for each combination of sample size n and error stan-
dard deviation σε to be:

Running simulation on 100 data sets generated;

Involving generation of new coefficients.
(2.57)



2.6.3. Choice of Default Value of Sparsity Threshold Parameter 64

The settings of the number of continuous predictors d•, sample size n, error standard
deviations σε, and sparsity threshold parameter τ are to be

d◦ = 0, d• = 30,

n ∈ {500, 1000, 2000} ,

σε ∈ {0.25, 0.5, 1, 2} for Gaussian response,

τ ∈ {0.1, 0.3, 0.5, 0.7, 0.9} .

(2.58)

For each combination of sample size n and error standard deviation σε, we run sim-
ulation on 100 data sets generated. For Markov chain Monte Carlo approach, we use
Nwarm = Nkept = 1000 from Algorithm 2 in Section 2.5.3. The rules of model selection
follow (2.52) of Section 2.6.1 and (2.54) of Section 2.6.2.

Figure 2.3: Side-by-side boxplots of the misclassification rates for the Markov chain Monte Carlo
Algorithm 2 for the simulation study described in the text. Each panel corresponds to a different
combination of sample size and error standard deviation. Within each panel, the side-by-side boxplots
compare misclassification rate as a function of the sparsity threshold parameter τ.
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Figure 2.3 shows the misclassification rate as a function of sparsity threshold pa-
rameter τ under Markov chain Monte Carlo. Each panel corresponds to a different
combination of sample size n and error standard deviation σε. Within each panel,
the side-by-side box plots show the misclassification rate under different values of
sparsity threshold parameter τ. For low noise level with σε < 1, there is not much of
a difference in misclassification rates. However, for high noise level with σε ≥ 1, it
has the advantages of having τ being 0.5 for lower misclassification rate. Therefore,
the default value of sparsity threshold parameter τ for Markov chain Monte Carlo is
0.5.

Our simulation study that suggests a good default threshold value of 0.5 for the
MCMC is conducted on a somewhat restricted set of data generated. We list some
trouble-shooting tips that may aid successful use of our R gamselBayes to minimize
the possibility of model misspecification:

• Ensure that the input data are free of missing values and non-numerical objects.

• Predictors containing gross outliers can lead to problems with penalized spline
fitting, so checks and pre-processing to avoid such an issue may be worthwhile.

• If a predictor is strongly skewed then problems with penalized spline fitting
are also more likely. Hence, depending on the strength of the skewness, pre-
transformation of such predictors may be beneficial.

• In theory, continuous variables have a large number of unique values. How-
ever, if its measurements have been discretized to the point that the number of
unique values is smaller than around 15–25 then this can lead to problems with
penalized spline fitting. Such a predictor should be restricted to zero or linear,
but not non-linear.

• If the sample size is smaller than around 15–25 then all candidate predictors
have the limitation described there and it may not be feasible to include them
in the input.

To achieve interpretable and parsimonious models, the effect type misclassifica-
tion rate is one of the measurements for model selection. Another measurement is
relative test error, which is one of the five evaluation metrics from the simulation
studies of Hastie et al., 2020.
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The settings of the number of continuous predictors d•, sample size n, error stan-
dard deviations σε, and sparsity threshold parameter τ, are as in (2.58). The contin-
uous predictors generation for data sets are as in Section 2.6.3.

Then we re-ran the Gaussian response simulation studies of Section 2.6.3. Sup-
pose

selected model based on data set DDD corresponds to some additive function f̂ ,

true model corresponds to ftrue,

continuous predictor x is a d• × 1 random vector with density function p(x).

(2.59)

Then the relative test error is

E

[{
y − f̂(x)

}2 ∣∣∣DDD]/σ2
ε where y ∼ N(ftrue(x), σ

2
ε). (2.60)

In (2.60), the expectation is over the predictor distribution corresponding to p(x).

The denominator σ2
ε is the Bayes error, corresponding to the situation where f̂ = ftrue.

Therefore, the relative test error measures the expected test error relative to the Bayes
error rate. The perfect score is 1 when ftrue is estimated perfectly.

Our simulation study used 100,000 draws from the predictor distribution. To aid
visualization, we use the log10 transformation to the relative test error values. Figure
2.4 shows that the relative test errors are lower for higher sample sizes under the
same noise level. And it also shows that the relative test errors are lower for higher
noise level under the same sample size. However, we cannot just simply compare
the relative test errors across different noise levels by σε.As the estimators are subject
to bias, there is no clear-cut comparisons of relative test errors across various noise
levels. Figure 2.4 shows that the choice of sparsity threshold parameter τ does not
affect the relative test errors.

The simulation study in this subsection replace the effect type misclassification
rate used in Section 2.6.3 with the relative test error. It does not change our rec-
ommendation concerning the choice of sparsity threshold parameter τ being 0.5 for
Markov chain Monte Carlo described in Section 2.6.3.
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Figure 2.4: Side-by-side boxplots of the algorithms, to base 10, of relative test error for the Markov
chain Monte Carlo Algorithm 2 for the simulation study described in the text. Each panel corresponds
to a different combination of sample size and error standard deviation. Within each panel, the side-by-
side boxplots compare relative test error as a function of the sparsity threshold parameter τ.

2.7 Data Illustration for Markov Chain Monte Carlo

We implemented our MCMC approach as given by Algorithm 2 in Section 2.5.3 in
our R package gamselBayes. In this subsection, we apply our MCMC approach to
two real data sets. The first data illustration involves a relative small mortgage ap-
plication data set using the MCMC approach. The second data illustration involves
data concerning schools in California. For the linear effects variables, we want to
know their positive or negative impacts on the response. For the non-linear effects,
we want to know their forms. These are achieved by using our R package gamsel-
Bayes.
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2.7.1 Application to Mortgage Applications Data

The data frame BostonMortgages within the HRW package (Harezlak et al., 2018)
contains a data set from the Federal Bank of Boston, U.S.A.. There are 2,380 records in
the mortgage application data. There are 18 predictors, some of which are obtained
by conversion from categorical variables to indicator forms. Fourteen are binary
predictors and four are continuous predictors. The fourteen binary predictors can
be categorized as having linear or zero effects. The credit score ranges from one
to six, where a low value indicates low credit risk. The remaining four continuous
predictors can be categorized as having linear, non-linear or zero effects. One of the
continuous predictor has only 10 unique values. As penalized spline models have
borderline viability, this predictor can only be considered having linear or zero effect.
The binary response variable is the indicator of whether the mortgage application
was denied.

Since the number of predictors is not large, we use the MCMC approach as given
by Algorithm 2 in Section 2.5.3 for model selection, using default warm-up and kept
chain sizes both as 1, 000, and with the threshold parameter τ being 0.5 described in
Section 2.6.3.

Using gamselBayes, we obtained the categorization results shown in Table 2.1. It
shows that 7 predictors have linear effects, and 2 predictors have non-linear effects.
Note that 9 predictors were discarded.

We obtained an inferential summary in Table 2.2 for all the selected linear fits. It
shows that being self-employed, single or African-American denoted as self, single
and black respectively, each have positive impacts on the probability of mortgage
denial. Of potential interest from a social justice standpoint is whether there is a
significant effect on mortgage denial probability for applicants that are either black
or single. It also shows that an applicant having bad public credit record is more
likely to have their mortgage application denied, which is in keeping with financial
common sense.

There are two predictors having non-linear effects on mortgage denial, which
are ratio of the debt payments to the total income and ratio of the loan size to the
assessed value of the property. We obtained Figure 2.5 for the non-linear effects of
these two predictors on mortgage denial. The left panel of Figure 2.5 shows the ef-
fect of debt payment to income ratio is quite a striking non-monotonic curve. Both
low debt payments to income ratios and especially high values of this ratio increase
the probability of mortgage application denial. The left curve shows that the prob-
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Predictors selected as having linear effects:

credit score being 1, credit score being 2, is the applicant black?

was the applicant single?

was the applicant denied mortgage insurance?

did the application have a public bad credit record?

was the applicant self-employed?

Predictors selected as having non-linear effects:

ratio of the debt payments to the total income,

ratio of the loan size to the assessed value of property.

Table 2.1: Categorization results obtained from Boston mortgage application data set using MCMC
approach as given by Algorithm 2.

posterior mean 95% credible interval

credit score being 1 –0.6906 (−0.898,−0.4513)
credit score being 2 –0.3238 (−0.5869,−0.0000)
is the applicant black? 0.3461 (0.08425, 0.5404)

was the applicant
denied mortgage insurance? 2.762 (2.143, 3.517)

did the application have
a public bad credit record? 0.735 (0.4926, 0.9848)

was the applicant self-employed? 0.1703 (0.0000, 0.4327)

was the applicant single? 0.1368 (0.0000, 0.3417)

Table 2.2: Inferential summary of the linear coefficients obtained from Boston mortgage application
data set using MCMC approach as given by Algorithm 2.

ability that a mortgage is denied is decreasing in the range from 0 to 0.3 of the debt
payments to income ratio, and is increasing beyond 0.3. It indicates that the best
chance of not being denied a mortgage is when one’s debt payments to income ratio
is between 0.2 and 0.4 and the loan size to assessed valued is low, between 0.2 and
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0.8.

Figure 2.5: The two estimated non-linear effects for the Boston mortgage example from application
of Algorithm 2 and effect type estimation rules of Section 2.6 with τ = 0.5. Each curve is the slice of
estimated probability of mortgage denial as a function of the predictor, with all other selected predictors
set to their median values. The shade region corresponds to pointwise approximate 95% credible
intervals.

2.7.2 Application to California Schools Data

The data are from R package Ecdat (Crossaint, 2020) in the data frame named Cash-
chool. The data frame contains 9 predictors for 420 school districts in the state of
California, U.S.A.. We use the average mathematics score for the district as the re-
sponse. The Gaussian assumption seems reasonable. We choose the data for schools
have grades spanning from kindergarten to year 8.

Using the MCMC approach in our R package gamselBayes, as given by Algo-
rithm 2 in Section 2.5.3 for model selection, using default warm-up and kept chain
sizes both as 1, 000, with the threshold parameter τ being 0.5 described in Section
2.6.3, we obtained the results shown in Table 2.3. It shows that 4 predictors out of 9
were selected and considered having linear effects.

We display the inferential summary of all the selected linear fits in Table 2.4.
It shows that, predictor district average income has the largest positive effect with
mean mathematics score.
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Predictors selected as having linear effects:

average income of the district, percentage of English learners.

percentage of students qualifying for reduced-price lunches,

school has grades spanning from kindergarten to year 8.

Table 2.3: Categorization results obtained from California Schools application data set using MCMC
approach as given by Algorithm 2, with defaulted warm-up and kept chain sizes of 1, 000.

posterior mean 95% credible interval

average income of the district 0.7158 (0.525, 0.8946)

percentage of English learners –0.1391 (−0.2241, 0.0000)

percentage of students qualifying
for reduced-price lunches –0.3504 (−0.4322,−0.2532)

school has grades spanning
from kindergarten to year 8 –3.088 (−6.571, 0.0000)

Table 2.4: Inferential summary of the linear coefficients obtained from California Schools data set,
with defaulted warm-up and kept chain sizes of 1, 000.

We may consider increasing the warm-up and kept chain sizes from 1, 000 as
default to 2, 000. It leads to a new MCMC fit with a two-fold increase in the chain
sizes compared to their default values. We obtained the coefficient summary in Table
2.5.

It shows that variables percentage of students qualifying for reduced-price lunches,
percentage of English learners and school going up to Year 8, all have significant neg-
ative effect on mean mathematics score. The average income of the district denoted
as avginc has a significant positive effect on mean mathematics score.

Three continuous predictors: total enrolment, average income of the district and
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posterior mean 95% credible interval

average income of the district 0.7189 (0.5284, 0.9122)

percentage of English learners –0.1387 (−0.2197,−0.03157)

percentage of students qualifying
for reduced-price lunches –0.3516 (−0.4383,−0.2519)

school has grades spanning
from kindergarten to year 8 –3.026 (−6.553, 0.0000)

Table 2.5: Inferential summary of the linear coefficients obtained from California Schools data set,
with increased warm-up and kept chain sizes of 2, 000.

percentage of English learners for analysis via the MCMC fitting are quite skewed.
We use the logarithmic transformations on these three predictors to see if skewness
would be reducing.

We obtained Table 2.6 for the categorical results with logarithmic transforma-
tions. Compared to Table 2.3 without logarithmic transformation, the main changes
of Table 2.6 is the presence of a non-linear effect for the logarithm of the district aver-
age income. Table 2.6 shows that 5 predictors out of 9 were selected. Four predictors
were considered having linear effect on the mean response of mathematics score.
We display the summary for all the selected linear fits in Table 2.7. Figure 2.6 shows
the logarithm of predictor the district average income denoted has two increasing
steadily ramps and a plateau.
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Predictors selected as having linear effects:

percentage of students qualifying for the CalWORKS welfare program,

logarithm of percentage of English learners,

logarithm of percentage of students qualifying for reduced-price
lunches,

school has grades spanning from kindergarten to year 8.

Predictors selected as having non-linear effects:

logarithm of average income of the district.

Table 2.6: Categorization results obtained from California Schools data set with logarithmic trans-
formations for MCMC fitting as given by Algorithm 2.

posterior mean 95% credible interval

percentage of students qualifying
for the CalWORKS welfare program –0.08745 (−0.26, 0.0000)

logarithm of percentage of
English learners –1.848 (−2.93,−0.7177)

percentage of students qualifying for
reduced-price lunches –0.3888 (−0.4344,−0.2933)

school has grades spanning from
kindergarten to year 8 –4.584 (−7.582, 0.0000)

Table 2.7: Inferential summary of the linear coefficients obtained from California Schools data set,
with logarithmic transformation on three predictors, using MCMC approach as given by Algorithm
2.
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Figure 2.6: The plot produced from the MCMC approach as given by Algorithm 2 on California
Schools data set. The shaded regions correspond to pointwise 95% credible intervals. The rug at the
base of the plot show values of each predictor.
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2.A The Canonical Demmler-Reinsch Spline Basis

Let x = (x1, . . . , xn) be a continuous univariate data set. In the context of this thesis,
the xis correspond to values of a continuous candidate predictor. Let [a, b] be an
interval containing the xis. For an integer K ≤ n − 2, let κinter. ≡ (κ1, . . . , κK−2) be a
set of so-called interior knots such that

a < κ1 < . . . < κK−2 < b.

A reasonable default value for K is around 30, or smaller values if the number of
unique xis is lower. It is common to place the interior knots at sample quantiles of
the xis.

We now list steps for construction of the matrixZ containing the canonical Demmler-
Reinsch basis functions of the entries of x. The justification for Steps (3)-(6) is given
in Section 9.1.1 of Ngo and Wand (2004).

(1) Use the steps described in Section 4 of Wand and Ormerod (2008) to obtain the
matrix denoted by Z in that section’s equation (6), which contains canonical
O’Sullivan spline basis functions. Denote this matrix by ZOS and note that it
has dimension n×K.

(2) Form the matrix COS ≡ [1n x ZOS] and setD = diag(0, 0,1K).

(3) Obtain the singular value decomposition of COS :

COS = U Cdiag(dC)V
T
C whereU C is n× (K +2) and V C is (K +2)× (K +2)

such that UT
CU C = V T

CV C = IK+2.

(4) Form the symmetric matrix diag(1/dC)V
T
CDV Cdiag(1/dC) and obtain its sin-

gular value decomposition:

diag(1/dC)V
T
CDV Cdiag(1/dC) = UDdiag(dD)V

T
D where UD is (K + 2) ×

(K + 2)

and V D is (K + 2)× (K + 2) such that UT
DUD = V T

DV D = IK+2.

(5) Set the full canonical Demmler-Reinsch matrix as follows: CDR ←− UCUD.

(6) The next steps assume that the singular value decompositions follow the con-
vention that dD is a (K + 2)× 1 vector with its entries in non-increasing order.



2.A The Canonical Demmler-Reinsch Spline Basis 76

Adjustments to the singular value decompositions are needed if this conven-
tion is not used.

(7) Set the (K + 2)× 1 vector sD as follows:

ω21 ←−
√
Kth entry of dD, ; sD ←− ω211K+2

/√
dD

and then set the last two entries of sD to equal 1.

(8) Set the full canonical Demmler-Reinsch design matrix as follows:

C cDR ←− CDRdiag(sD).

(9) Set the O’Sullivan to canonical Demmler-Reinsch transformation matrix as fol-
lows:

LOS.to.cDR ←− V Cdiag(1/dC)UDdiag(sD).

This (K + 2) (K + 2) matrix has the following property:

COSLOS.to.cDR = C cDR

and is very useful for prediction and plotting purposes. This is because grid-
wise analogues of COS are readily computed using the structures described in
Wand and Ormerod (2008) involving cubic B-spline basis functions.

(10) Reverse the order of the columns of C cDR. Reverse the order of the columns of
LOS.to.cDR.

(11) The matrix containing canonical spline basis functions of the inputs x and κinter..

is
Z ←− the n×K matrix consisting of columns 3 to K + 2 of C cDR.

A function in the R language for computing Z and LOS.to.cDR for given x and κinter.

can be accessed by downloading the accompanying gamselBayes package. Assum-
ing that the gamselBayes package is installed, the relevant function is gamselBayes:::
ZcDR( ).
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2.B Derivations of Full Conditional Distributions

2.B.1 Full Conditional Distribution of β0

First note that
p(β0

∣∣rest) ∝ p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε)p(β0).

Recalling that

y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε ∼ N

(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)

and
β0 ∼ N(0, σ2

β0
),

if we define rβ0 ≡ y −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj), we have

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε) ∝ exp


(
− 1

2σ2
ε

)∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)

∥∥∥∥∥
2


∝ exp


(
− 1

2σ2
ε

)∥∥∥∥∥rβ0 − 1nβ0

∥∥∥∥∥
2
 ∝ exp

{(
− 1

2σ2
ε

)(
−2βT

0 1
T
nrβ0 + nβ2

0

)}
.

Therefore

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε) ∝ exp


β0
β2
0

T

×

1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)
−n/2

 (1/σ2
ε)

 .

Also we have

p(β0) ∝ exp


[
β0

β2
0

]T [
0

−1/2

]
(1/σ2

β0
)

 .
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Then

p(β0
∣∣rest) ∝ exp


β0
β2
0

T


(

1

σ2
ε

)
1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)

−1

2

(
n

σ2
ε

+
1

σ2
β0

)

 .

(2.61)

Therefore p(β0
∣∣rest) has a Normal distribution with natural parameter vector

1T
n

(
y −X

(
γβ ⊙ β̃

)
−

d•∑
j=1

Zj(γujũj)

)/
σ2
ε

−n
2σ2

ε

− 1

2σ2
β0

 .

The variance is
1

(n/σ2
ε) + (1/σ2

β0
)
.

The mean is
1

σ2
ε

1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)
(n/σ2

ε) + (1/σ2
β0
)

.

In summary, we obtain (2.36) in Section 2.5.3 to be

β0
∣∣rest ∼ N


1

σ2
ε

1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)
(n/σ2

ε) + (1/σ2
β0
)

,
1

(n/σ2
ε) + (1/σ2

β0
)

 .

If we define

ω1 ≡ 1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)
,

recalling that (2.7) of Section 2.2.2 to be 1T
nX = 0 and (2.8) of Section 2.3.3 to be

ZT
j 1n = 0Kj

, 1 ≤ j ≤ d•, we have ω1 = 1T
ny. If define ω2 ≡ (n/σ2

ε) + (1/σ2
β0
), then

β0
∣∣rest ∼ N

(
ω1

(σ2
ε)ω2

,
1

ω2

)
is given in Algorithm 2 in Section 2.5.3.
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2.B.2 Full Conditional Distribution of β̃

To aid the calculations of the full conditional distribution of β̃ we note that

X(γβ ⊙ β̃) =Xdiag(γβ)β̃ =Xγβ
β̃

where
Xγβ

≡Xdiag(γβ).

Then note that
p(β̃
∣∣rest) ∝ p(y

∣∣β0, β̃,γβ, ũ,γu, σ
2
ε)p(β̃|σ2

β , bβ)

where
bβ ≡ (bβ1 , . . . , bβ(d◦+d•)

).

Recalling that

y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε ∼ N

(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)

and
β̃j
∣∣σ2

β , bβj
∼ N(0, σ2

β/bβj
), 1 ≤ j ≤ d◦ + d•,

if we define rβ̃ ≡ y − 1nβ0 −
d•∑
j=1

Zj(γujũj), we have

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε) ∝ exp


(
− 1

2σ2
ε

)∥∥∥∥∥y − 1nβ0 −Xγβ
β̃ −

d•∑
j=1

Zj(γujũj)

∥∥∥∥∥
2


∝ exp


(
− 1

2σ2
ε

)∥∥∥∥∥rβ̃ −Xγβ
β̃

∥∥∥∥∥
2


∝ exp

{(
− 1

2σ2
ε

)(
−2β̃

T
XT

γβ
rβ̃ +

(
vec(β̃β̃

T
)
)T

vec
(
XT

γβ
Xγβ

))}
.
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Therefore

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε)

∝ exp




β̃

vec(β̃β̃
T
)


T

XT

γβ

(
y − 1nβ0 −

d•∑
j=1

Zj(γujũj)

)

−1

2
vec(XT

γβ
Xγβ

)

 (1/σ2
ε)

 .

We also have

p(β̃
∣∣σ2

β , bβ) ∝ exp

(
− β̃

T
diag(bβ)β̃

2σ2
β

)

∝ exp


[

β̃

vec(β̃β̃
T
)

]T  0

−1

2
vec(diag(bβ)

 (1/σ2
β)

 .

Therefore

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε)

∝ exp


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)
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σ2
ε

(
y − 1nβ0 −
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)

−1

2
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ε

+
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σ2
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)



.

Then the first component of the natural parameter vector of p(β̃|rest) is

XT
γβ

(
y − 1nβ0 −

d•∑
j=1

Zj(γujũj)

)
(1/σ2

ε).

The inverse vec of the second component of the natural parameter vector is

−1

2

(
1

σ2
ε

XT
γβ
Xγβ

+
1

σ2
β

diag(bβ)

)
.
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It follows that the covariance matrix of β̃|rest is(
1

σ2
ε

XT
γβ
Xγβ

+
1

σ2
β

diag(bβ)

)−1

,

and the mean vector is(
1

σ2
ε

XT
γβ
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+
1

σ2
β
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)−1
1

σ2
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XT
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(
y − 1nβ0 −

d•∑
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)
.

Therefore

β̃
∣∣rest ∼ N

((
1

σ2
ε

XT
γβ
Xγβ

+
1

σ2
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diag(bβ)

)−1
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Next note thatXT
γβ
Xγβ

= diag(γβ)X
TXdiag(γβ) = (XTX)⊙ (γβγ

T
β ). Also

XT
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)
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Then
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. (2.62)
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Recalling that (2.7) of Section 2.2.2 to beXT1n = 0, and the matrices

XTy, XTX and XTZj, 1 ≤ j ≤ d•,

only need to be computed once and can be stored and not re-computed inside Markov
chain Monte Carlo iterative algorithms, then the full conditional distribution of β̃ is
then obtained to be (2.37) of Section 2.5.3

β̃
∣∣rest ∼ N

((
1

σ2
ε

(XTX)⊙ (γβγ
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β ) +

1

σ2
β
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)−1
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)
.

If we define

ω3 ≡XTy −
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)
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)
+
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diag (bβ) ,

then decompose Ω = UΩdiag (dΩ)U
T
Ω where UT

ΩUΩ = I. Draw

z ∼ N (0, I) ((d◦ + d•)× 1) ;

then

UΩ

(
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Ωz√
dΩ

+
UT

Ω

(
γβ ⊙ ω3

)
dΩ (σ2

ε)

)
has the same distribution as β̃

∣∣rest,

given in Algorithm 2 of Section 2.5.3.

2.B.3 Full Conditional Distribution of ũj

To aid the calculations of the full conditional distribution of ũj, 1 ≤ j ≤ d•, we note
that

Zj (γujũj) = Zγu j
ũj,

where
Zγu j

≡ Zj (γuj) .
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First note that
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Recalling that

y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε ∼ N

(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)

and
ũj

∣∣σ2
uj, buj ∼ N

(
0, (σ2

uj

/
buj)I

)
, 1 ≤ j ≤ d•,

if we define rũj
≡ y − 1nβ0 −X(γβ ⊙ β̃)−

d•∑
j′ ̸=j

Zj′(γuj′ũj′), we have

p
(
y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε

)
∝ exp


(
− 1

2σ2
ε

)∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑

j′ ̸=j

Zj′(γuj′ũj′)−Zγu j
ũj

∥∥∥∥∥
2


∝ exp


(
− 1

2σ2
ε

)∥∥∥∥∥rũj
−Zγu j

ũj

∥∥∥∥∥
2
 .

∝ exp

{(
− 1

2σ2
ε

)(
−2ũT

j Z
T
γu j
rũj

+ vec
(
ũjũ

T
j

)
vec

(
ZT

γu j
Zγu j

))}
.

Therefore

p
(
y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε

)
∝ exp




ũj

vec(ũjũ
T
j )


T

×


ZT

γu j

(
y − 1nβ0 −X(γβ ⊙ β̃)−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)

)

−1

2
vec

(
ZT

γu j
Zγu j

)
(1/σ2

ε

)
 .



2.B.3. Full Conditional Distribution of ũj 84

We also have

p
(
ũj

∣∣σ2
uj, buj

)
∝ exp

{
− 1

2σ2
uj

vec
(
ũjũ

T
j

)
vec

(
bujIKj

)}

∝ exp




ũj

vec
(
ũjũ

T
j

)


T  0

−1

2
bujvec

(
IKj

)
 (1/σ2

uj

)
 .

Then

p
(
ũj

∣∣rest
)

∼ exp




ũj

vec
(
ũjũ

T
j

)


T


ZT

γu j

σ2
ε

(
y − 1nβ0 −X(γβ ⊙ β̃)−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)

)

−1

2
vec

(
ZT

γu j
Zγu j

σ2
ε

+
buj
σ2
uj

IKj

)



.

(2.63)

Therefore, the first component of the natural parameter vector of p(ũj|rest) is

ZT
γu j

(
y − 1nβ0 −X(γβ ⊙ β̃)−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)

)(
1/σ2

ε

)
.

The inverse vec of the second component of the natural parameter vector is

−1

2

(
1

σ2
ε

ZT
γu j
Zγu j

+
buj
σ2
uj

IKj

)
.

It follows that the covariance matrix of ũj

∣∣rest is:

(
1

σ2
ε

ZT
γu j
Zγu j

+
buj
σ2
uj

IKj

)−1

.

The mean vector is(
1

σ2
ε

ZT
γu j
Zγu j

+
buj
σ2
uj

IKj

)−1(
1

σ2
ε

)
ZT

γu j

(
y − 1nβ0 −X(γβ ⊙ β̃)−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)

)
.
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Next, we simplify
(

1

σ2
ε

ZT
γu j
Zγu j

+
buj
σ2
uj

IKj

)−1

. Note that ZT
j Zj is a diagonal matrix

from (2.8), if we define ZT
j Zj ≡ diag

(
ωZj

)
, 1 ≤ j ≤ d•, and note that γ2uj = γuj,

then

ZT
γu j
Zγu j

= (γuj)Z
T
j Zj(γuj) = (γuj)diag

(
ωZj

)
(γuj) = γujωZj

.

This implies that

1

σ2
ε

ZT
γu j
Zγu j

+
buj
σ2
uj

IKj
= diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

)
,

and therefore

(
1

σ2
ε

ZT
γu j
Zγu j

+
buj
σ2
uj

IKj

)−1

= diag

 1{
γujωZj

/
σ2
ε

}
+ (buj1)

/
(σ2

uj)

 .

In summary, for each 1 ≤ j ≤ d•, the full conditional distribution of ũj is

ũj

∣∣rest ∼ N

( 1

σ2
ε

ZT
γu j

(
y − 1nβ0 −X(γβ ⊙ β̃)−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)

)
{
γujωZj

/σ2
ε

}
+ (buj1)/σ2

uj

,

diag
(

1{
γujωZj

/σ2
ε

}
+ (buj1)/(σ2

uj)

))
.

Recalling that ZT
γuj

= Zj(γuj), we have

ũj

∣∣rest ∼ N

(
diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

)−1(
1

σ2
ε

)[
γuj

(
ZT

j y −ZT
j 1nβ0 −ZT

jX

×
(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

ZT
j Zj′ (γuj′ũj′)

)]
,diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

)−1
)
. (2.64)
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Recalling that (2.8) of Section 2.3.3 to be ZT
j 1n = 0, then

p(ũj

∣∣rest)

∝ exp




ũ

vec(ũjũ
T
j )


T


1

σ2
ε

[
γuj
{
ZT

j y −ZT
jX

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

ZT
j Zj′ (γuj′ũj′)

}]

−1

2
vec

(
diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

))



.

(2.65)

Therefore, we obtain (2.42) in Section 2.5.3 to be

ũj

∣∣rest ∼ N

(
diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

)−1(
1

σ2
ε

)[
γuj

(
ZT

j y −ZT
jX

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

ZT
j Zj′ (γuj′ũj′)

)]
,diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

)−1
)
.

If we define

ω6 ≡ ZT
j y −ZT

jX(γβ ⊙ β̃)−
d•∑

j′ ̸=j

ZT
j Zj′(γuj′ũj′)

and
ω7 ≡

γujωZj

σ2
ε

+
buj1

σ2
uj

,

and generate the (Kj × 1) Multivariate Normal random vector z ∼ N(0, IKj
) then

z
√
ω7

+
γujω6

ω7σ2
ε

(2.66)

has the same distribution as ũj

∣∣rest, given in Algorithm 2 of Section 2.5.3, 1 ≤ j ≤ d•.

2.B.4 Full Conditional Distribution of γβj

First note that, for 1 ≤ j ≤ d◦ + d•,

p(γβj

∣∣rest) ∝ p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε)p(γβj).
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Recalling that

y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε ∼ N

(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)

and
γβj

ind.∼ Bernoulli(ρβ), 1 ≤ j ≤ d◦ + d•,

if we define rγβj ≡ y − 1nβ0 −X−j

{
(γβ)−j ⊙ (β̃)−j

}
−

d•∑
j′=1

Zj′(γuj′ũj′), as a function

of γβj, and noting that γβj ∈ {0, 1} implies γ2βj = γβj, we have

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε) ∝ exp(γβjηβj1)

∝ exp

{
− 1

2σ2
ε

∥∥∥∥∥y − 1nβ0 −Xjγβjβ̃j −X−j

{
(γβ)−j ⊙ (β̃)−j

}

−
d•∑

j′=1

Zj′(γuj′ũj′)

∥∥∥∥∥
2}

∝ exp

− 1

2σ2
ε

∥∥∥∥∥γβjβ̃jXj − rγβj

∥∥∥∥∥
2


∝ exp

{
− 1

2σ2
ε

γβj

(
β̃2
j

∥∥∥Xj

∥∥∥2 − 2β̃jX
T
j rγβj

)}
where

ηβj1 = −
1

2σ2
ε

×

(
β̃2
j

∥∥∥Xj

∥∥∥2 − 2β̃jX
T
j

[
y − 1nβ0 −X−j

{
(γβ)−j ⊙ (β̃)−j

}
−

d•∑
j′=1

Zj′(γuj′ũj′)

])
.

Also
p(γβj) ∝ exp {γβjlogit(ρβ)} .

Therefore
p(γβj

∣∣rest) ∝ exp
[
γβj {ηβj1 + logit(ρβ)}

]
. (2.67)
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It follows that

γβj

∣∣rest ∼ Bernoulli
(

1

1 + exp(−ηβj)

)
, 1 ≤ j ≤ d◦ + d•

where

ηβj = logit(ρβ)−
1

2σ2
ε

(
β̃2
j

∥∥∥Xj

∥∥∥2 − 2β̃jX
T
j

[
y − 1nβ0 −X−j{(γβ)−j ⊙ (β̃)−j}

−
d•∑

j′=1

Zj′(γuj′ũj′)

])
.

(2.68)
Recalling that (2.7) to beXT

j 1n = 0, then (2.68) becomes (2.41) of Section 2.5.3 to be

ηβj = logit(ρβ)−
1

2σ2
ε

(
β̃2
j

∥∥∥Xj

∥∥∥2−2β̃jXT
j

[
y−X−j{(γβ)−j⊙(β̃)−j}−

d•∑
j′=1

Zj′(γuj′ũj′)

])
.

If we define

ω4 ≡XT
j

[
y −X−j{(γβ)−j ⊙ (β̃)−j} −

d•∑
j′=1

Zj′(γuj′ũj′)

]
and ω5 ≡ ηβj

,

then
ω5 = logit (ρβ)−

1

2σ2
ε

(
β̃2
j

∥∥∥Xj

∥∥∥2 − 2β̃jω4

)
is given in Algorithm 2 of Section 2.5.3.

2.B.5 Full Conditional Distribution of γuj

First note that, for 1 ≤ j ≤ d•,

p(γuj
∣∣rest) ∝ p(y

∣∣β0, β̃,γβ, ũ,γu, σ
2
ε)p(γuj).

Recalling that

y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε ∼ N

(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)
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and
γuj

ind.∼ Bernoulli(ρu), 1 ≤ j ≤ d•,

as a function of γuj, and noting that γuj ∈ {0, 1} implies γ2uj = γuj, and note that
ZT

j Zj is a diagonal matrix from (2.8), if we define ZT
j Zj ≡ diag

(
ωZj

)
, we have

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε) ∝ exp (γujηuj1)

∝ exp

− 1

2σ2
ε

∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑

j′ ̸=j

Zj′(γuj′ũj′)−Zj (γujũj)

∥∥∥∥∥
2


∝ exp

− 1

2σ2
ε

∥∥∥∥∥γujZjũj − rγuj

∥∥∥∥∥
2


∝ exp

{
− 1

2σ2
ε

γuj

(
ũT

j Z
T
j Zjũj − 2ũT

j Z
T
j rγuj

)}
∝ exp

{
− 1

2σ2
ε

γuj

(
ωT

Zj
(ũj ⊙ ũj)− 2ũT

j Z
T
j rγuj

)}
,

if we define

rγuj ≡ y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑

j′ ̸=j

Zj′(γuj′ũj′)

and define

ηuj1 ≡ −
1

2σ2
ε

(
ωT

Zj
(ũj ⊙ ũj)− 2ũT

j Z
T
j

[
y − 1nβ0 −X(γβ ⊙ β̃)−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)

])
.

Also
p(γuj) ∝ exp {γujlogit(ρu)} .

Therefore
p(γuj

∣∣rest) ∝ exp [γuj {ηuj1 + logit(ρu)}] .

It follows that

γuj
∣∣rest ∼ Bernoulli

(
1

1 + exp(−ηuj)

)
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where

ηuj = logit(ρu)−
1

2σ2
ε

(
ωT

Zj
(ũj ⊙ ũj)− 2ũT

j Z
T
j

[
y − 1nβ0

−X
(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)

])
(2.69)

Recalling that (2.8) of Section 2.3.3 to be ZT
j 1n = 0Kj

, then (2.69) becomes (2.46) of
Section 2.5.3 to be

ηuj = logit(ρu)−
1

2σ2
ε

(
ωT

Zj
(ũj ⊙ ũj)− 2ũT

j Z
T
j

[
y −X

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)
])
.

If we define

ω8 ≡ ZT
j

[
y −X

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)
]

and define ω9 ≡ ηuj,

then
ω9 = ηuj = logit (ρuj)−

1

2σ2
ε

(
ωT

Zj
(ũj ⊙ ũj)− 2ũT

j ω8

)
is given in Algorithm 2 of Section 2.5.3.

2.B.6 Full Conditional Distribution of σ2ε
First note that

p(σ2
ε

∣∣rest) ∝ p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε)p(σ

2
ε

∣∣aε).
Recalling that

y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε ∼ N

(
1nβ0 +X(γβ ⊙ β̃) +

d•∑
j=1

Zj(γujũj), σ
2
εIn

)

and
σ2
ε

∣∣aε ∼ Inverse-Gamma(
1

2
, 1/aε),
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we have

p(y
∣∣β0, β̃,γβ, ũ,γu, σ

2
ε)

∝

(
1√
σ2
ε

)n

exp

− 1

2σ2
ε

∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)

∥∥∥∥∥
2


and

p(σ2
ε

∣∣aε) ∝ (σ2
ε

)−1
2
−1

exp

(
− 1

aεσ2
ε

)
.

Therefore

p(σ2
ε

∣∣rest) ∝
(
σ2
ε

)−n+1
2

−1

exp

− 1

σ2
ε

 1

aε
+

1

2

∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)

∥∥∥∥∥
2
 .

In summary, if the response type is Gaussian, we obtain (2.47) in Section 2.5.3 to be

σ2
ε

∣∣rest ∼ Inverse-Gamma

n+ 1

2
,
1

aε
+

1

2

∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)

∥∥∥∥∥
2
 .

If we define

ω10 ≡ 1nβ0 +X
(
γβ ⊙ β̃

)
+

d•∑
j=1

Zj (γujũj) ,

then
σ2
ε

∣∣rest ∼ Inverse-Gamma
(
1

2
(n+ 1) ,

(
1
/
aε
)
+

1

2

∥∥∥y − ω10

∥∥∥2)
is given in Algorithm 2 of Section 2.5.3.

If the response data is binary, note that µi = (ω10)i , following (2.29) and (2.30) in
Section 2.4.3, we have

yi = 1 if and only if ci ≥ 0;

yi
∣∣ci ind.∼ Bernoulli(I(ci ≥ 0));

ci
∣∣β0, β̃,γβ, ũ,γu ∼ N (µi, 1) , 1 ≤ i ≤ n.
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Then

p(ci
∣∣rest) ∝ p(yi

∣∣ci)p(ci∣∣β0, β̃,γβ, ũ,γu) ∝

 ϕ(ci − µi)I(ci ≥ 0);

ϕ(ci − µi)I(ci < 0).

Therefore

ci
∣∣rest ∼


Truncated-Normal+(µi, 1), yi = 1;

Truncated-Normal−(µi, 1), yi = 0.

(2.70)

Recalling that Result 1.7.3, we have

ci
∣∣rest ∼ Truncated-Normal−(µi, 1) equivalent to

−ci
∣∣rest ∼ Truncated-Normal+(−µi, 1).

Therefore

ci
∣∣rest ∼


Truncated-Normal+(µi, 1), yi = 1;

−Truncated-Normal+(−µi, 1), yi = 0.

In summary, for 1 ≤ i ≤ n,

ci
∣∣rest ∼ (2yi − 1)Truncated-Normal+((2yi − 1)µi, 1).

If define
ω11 ∼ Truncated-Normal+ ((2yi − 1)µi, 1) ,

then
ci = (2yi − 1)ω11

is given in Algorithm 2 of Section 2.5.3 for the binary responses.

2.B.7 Full Conditional Distribution of aε

First note that
p(aε

∣∣rest) ∝ p(σ2
ε

∣∣aε)p(aε).
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Recalling that

σ2
ε

∣∣aε ∼ Inverse-Gamma
(
1

2
,
1

aε

)
and aε ∼ Inverse-Gamma

(
1

2
,
1

s2ε

)
,

we have

p(σ2
ε

∣∣aε) ∝ ( 1

aε

) 1
2

exp

(
− 1

aεσ2
ε

)
and p(aε) ∝ (aε)

− 1
2
−1 exp

(
− 1

s2εaε

)
.

Then
p(aε

∣∣rest) ∝ (aε)
−1−1 exp

(
− 1

aε

(
1

σ2
ε

+
1

s2ε

))
.

Therefore, we obtain (2.48) in Section 2.5.3 to be

aε
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
ε

+
1

s2ε

)
.

2.B.8 Full Conditional Distribution of bβj

First note that, for 1 ≤ j ≤ d◦ + d•,

p(bβj
∣∣rest) ∝ p(β̃j

∣∣bβj, σ2
β)p(bβj).

Recalling that

β̃j
∣∣σ2

β , bβj
ind.∼ N(0, σ2
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Therefore, we obtain (2.38) in Section 2.5.3 to be

bβj
∣∣rest ∼ Inverse-Gaussian

(
σβ

|β̃j|
, 1

)
, 1 ≤ j ≤ d◦ + d•.
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2.B.9 Full Conditional Distribution of buj

First note that, for 1 ≤ j ≤ d•,
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Therefore, we obtain (2.43) in Section 2.5.3 to be
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∣∣rest ∼ Inverse-Gaussian
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)
.

2.B.10 Full Conditional Distribution of σ2
β

First note that
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Then
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Therefore, we obtain (2.39) in Section 2.5.3 to be
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2.B.11 Full Conditional Distribution of aβ
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Therefore, we obtain (2.40) in Section 2.5.3 to be
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2.B.12 Full Conditional Distribution of σ2uj
First note that, for 1 ≤ j ≤ d•,
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we have
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Therefore, we obtain (2.44) in Section 2.5.3 to be
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2.B.13 Full Conditional Distribution of auj

First note that, for 1 ≤ j ≤ d•,
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Therefore, we obtain (2.45) in Section 2.5.3 to be
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Chapter 3

Generalized Additive Model
Selection via Markov Chain
Monte Carlo with
Horseshoe-type Priors

Declaration The method and results presented in Section 3.2 and the parts of Sec-
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publication was a direct result of my research towards this PhD, under the supervi-
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3.1 Introduction

For parsimonious predictor selection, it is desirable to impose sparsity on coefficient
vectors. This can be carried out with LASSO priors for Gaussian responses and bi-
nary responses, e.g. Laplace-Zero priors, described in Chapter 2. The Laplace-Zero
distribution used in Chapter 2 is a “spike-and-slab" mixture of a point mass at zero
(the spike) and an absolutely continuous Laplace density function (the slab). LASSO
performs explicit selection by making some of estimates 0 and producing a sparse
solution.

Alternatively, selection can be carried out by Horseshoe-type shrinkage priors
(Carvalho et al., 2010). The name “horseshoe" arises from the shape of the Beta prior
density of the shrinkage weight. The shrinkage weight has the same function as the
posterior mean obtained under LASSO. Both can be treated as the posterior inclusion
probability for recovering a sparse signal. Shrinkage methods such as Horseshoe-
type prior shrink towards 0 by thresholding the shrinkage weights that behave like
posterior inclusion probabilities to achieve variable selection (Bhadra et al., 2019).

The horseshoe prior is frequently used in Bayesian analysis for high-dimensional
models, and it is designed for the sparse setting. The Horseshoe prior has tail ro-
bustness and super-efficient convergence properties (Bhadra et al., 2019). There are
two types of Horseshoe-type priors: the Horseshoe distribution prior with 2 levels
of Gamma variable conditioning and the Horseshoe+ distribution prior with 4 levels
of Gamma variable conditioning (Bhadra et al., 2019). In this chapter, we use the
Horseshoe distribution prior with 2 levels of Gamma variable conditioning.

We have found that several properties of the univariate Horseshoe distribution
are present in the grouped case. For instance, the robustness of large signals of horse-
shoe priors is a property that is known in the univariate case but we demonstrate that
a similar notion is present for the grouped case. However, the super-efficiency prop-
erty (based on risk-rates convergence), does not extend to the grouped situation.

The attraction of Horseshoe distribution prior is that each of the conditional dis-
tributions in its equivalences belongs to Normal and Gamma families, described in
Section 3.4.4 for linear term coefficients and described in Section 3.4.5 for spline co-
efficients, with extending the Horseshoe prior to the case of grouped variables. This
translates to the full conditional distributions being standard distribution and Gibbs
sampling being exact for the Markov chain Monte Carlo for Gaussian responses.

For Poisson responses based on the model described in Section 3.5.3, Negative-
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Binomial responses based on the model described in Section 3.5.4 and for Gaus-
sian responses based on the model described in Section 3.5.2, we work out algo-
rithms given in Algorithm 4, Algorithm 5 and Algorithm 6 respectively, for the
Markov chain Monte Carlo approach, and this is described in Section 3.6.3. It is
noted that, the auxiliary parameters γβ,γu and parameters ρβ,ρu described in Sec-
tion 2.3.4 and Section 2.3.5 respectively, no longer exist in the full models using
Horseshoe/Grouped Horseshoe priors, compared to the full models using Laplace-
Zero/Grouped Lasso-Zero priors in Chapter 2.

In the fitting algorithm, we use slice sampling for Poisson responses and Negative-
Binomial responses, described in Section 3.6.2. We are able to obtain the logarithm of
the unnormalised density function of some parameters. Slice sampling is an efficient
way of drawing samples based on the parameter’s unnormalised density function.

In Section 3.8, for Gaussian responses, we compare the classification performance
with the use of Horseshoe/Grouped Horseshoe priors described in Section 3.5.2, to
the use of Laplace Zero/Grouped Lasso-Zero priors described in Chapter 2.

The classification performance comparison for Poisson responses and Negative-
Binomial responses are given in Section 3.9 and Section 3.10 respectively.

Throughout Chapter 3, “rest" denotes the set of other random variables in model
(3.23) for Gaussian responses, in model (3.24) for Poisson responses and in model
(3.25) for Negative-Binomial responses.

In Section 3.2, x is referred to a generic random vector unrelated to the data. We
aim to investigate the properties of Grouped Horseshoe distribution. This part of
the thesis is not dealing with generalized additive model selection. In Section 3.3–
3.10, y vector, X matrix and Z matrix are all fixed. X is referred to the data, for
model estimation and to explore the application of the (Grouped) Horseshoe priors
via MCMC for the Bayesian three-category GAM selection.

The additive structure of generalized additive model (GAM) described in this
chapter is given in Section 3.4. The independence assumptions of GAM is given in
(3.23) for Gaussian responses, (3.24) for Poisson responses and (3.25) for Negative-
Binomial responses. The additive part uses splines for non-linear effects. The pre-
dictors include binary predictors and continuous predictors. The number of binary
predictors is d◦. The number of continuous predictors is d•.

For generalized additive model described in Section 3.3–3.7, the sample size is
n. The response y is a n × 1 vector. The linear design matrix X is a n × (d◦ + d•)

matrix. The Zj matrix containing the canonical Demmler-Reinsch basis is a n × Kj
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matrix, with 1 ≤ j ≤ d•, Kj as the number of basis functions for the j-th continuous
predictor with the default value of 12.

In Section 3.8.2, we conducted a simulation study for classification performance
comparison in terms of accuracy for Gaussian responses, between the use of (Grouped)
Horseshoe priors described in this chapter and the use of Laplace-Zero/Grouped
Lasso-Zero priors described in Chapter 2. The data were generated with 30 contin-
uous predictors, 10 having “true" linear effects, 10 having “true" non-linear effects
and 10 having “true" zero effects. The sample size varied as n ∈ {500, 1000, 2000} .
The error standard deviation varied as σε ∈ {0.25, 0.5, 1, 2} . For each combination of
sample size and error standard deviation, we ran simulation on 100 independently
generated data sets.

In Section 3.9, we conducted a simulation study for classification performance
comparison in terms of accuracy for Poisson responses, among the use of (Grouped)
Horseshoe priors with fixed border of 0.5, the use of (Grouped) Horseshoe priors
with k-means clustering to determine the classification border and the default ver-
sion of the spikeSlabGAM described in Section 3.9. The data were generated with
15 continuous predictors, 5 having “true" linear effects, 5 having “true" non-linear
effects and 5 having “true" zero effects. The sample size varied as n ∈ {1000, 2000} .
For each sample size, we ran simulation on 15 independently generated data sets.

In Section 3.10, we conducted a simulation study for classification performance
comparison in terms of accuracy for Negative-Binomial responses, between the use
of (Grouped) Horseshoe priors with fixed border of 0.5 and the use of (Grouped)
Horseshoe priors with k-means clustering to determine the classification border. The
data were generated with 30 continuous predictors, 10 having “true" linear effects,
10 having “true" non-linear effects and 10 having “true" zero effects. The sample
size varied as n ∈ {500, 1000, 2000} . The shape parameter varied as κ ∈ {1, 2, 4} .
For each combination of sample size and shape parameter, we ran simulation on 50
independently generated data sets.

In Section 3.2.2, we derived the explicit expression of a standard grouped Horse-
shoe density function corresponding grouped Horseshoe variable selection. Based
on this, in Section 3.2.3, we showed the grouped Horseshoe density function has a
pole at the origin for any dimension. The (Grouped) Horseshoe prior’s behaviour
near the origin relates to its efficiency of handling sparsity. Therefore, the grouped
Horseshoe distribution can be used as a prior density function for model selection. In
Section 3.2.4, we explored the score function behaviour of (Grouped) Horseshoe dis-
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tribution relates to its tail robustness to large signals. In Section 3.2.5, we derived the
Bayes estimator’s asymptotic rates of convergence, for both sparse and non-sparse
situations. In Section 3.2.6, we derived the posterior mean in a Bayesian model, us-
ing Grouped Horseshoe distribution. Throughout these sections, x is denoted as a
generic random vector unrelated to the data. These properties allow us to explore
the application of the (Grouped) Horseshoe priors via MCMC for the Bayesian three-
category GAM selection in Section 3.3–3.10.

3.2 Grouped Horseshoe Distribution and Its Statistical

Properties

Carvalho et al. (2010) investigated the properties of the Horseshoe prior, which are
well-established in Bayesian statistical inference. Now we investigate the properties
of the horseshoe prior within its grouped situation. We use the Bayesian method-
ology with Grouped Horseshoe distribution arises from hierarchical structures for
selection of groups of regression coefficients. We established five main results in
Section 3.2. We find that most, but not all of the properties of the univariate Horse-
shoe distribution are present in the grouped case.

Based on the behaviour of Grouped Horseshoe distribution near the origin stated
in Result 3.2.3.1 in Section 3.2.3 and its robustness to large signals stated in Re-
sult 3.2.4.1 in Section 3.2.4, the Grouped Horseshoe distribution can be used as a
prior function for model selection for count responses and Gaussian responses, as
described in Section 3.5.

3.2.1 Horseshoe Prior

Since around 2010, several types of continuous distributions have been proposed for
use as prior distributions of coefficients in Bayesian regression-type models. There
are seven types of priors listed in Table 1 of Bai and Ghosh (2018). They are well-
known as global-local shrinkage priors. These priors are represented as scale mix-
tures of Normal density functions with different types of polynomial-tailed density
functions. Among these seven priors, one of them is the Horseshoe prior, which is
the focus of this chapter.

The Horseshoe prior is defined hierarchically for individual coefficients. This hi-
erarchical structure makes the Horseshoe distribution (Carvalho et al., 2010) a mul-



3.2.2. Density Function Explicit Form 102

tivariate scale mixture of normals, with the mixing distribution for variance com-
ponents being related to F (1, 1) distribution, or with the mixing distribution for
standard deviation components being related to Half-Cauchy distribution.

The Horseshoe prior achieves scale mixing by introducing heavy-tailed priors on
global and local scale parameters. The local scale is unique to each coefficient and al-
lows for individual coefficients to have a flexible level of shrinkage. The global scale
ensures overall sparsity across coefficients. The mixing of global and local scales in-
troduces flexibility and heavy tails, making it ideal for sparse and robust regression
modeling.

There are many articles have discussed selecting a scalar coefficient via the Horse-
shoe prior, to decide a predictor is having zero or linear effect. Grouped variable
selection in additive model (e.g. Scheipl et al., 2012; He and Wand, 2024) is an attrac-
tive mechanism for selecting a vector of coefficients corresponding to spline basis
functions, to decide between the continuous predictor having a linear or non-linear
effect, such as Group LASSO methodology. Our focus in Section 3.2 is the grouped
extension of the horseshoe prior as proposed by Xu et al. (2016).

3.2.2 Density Function Explicit Form

Firstly, we determine the underlying multivariate density function corresponding to
the grouped horseshoe variable selection. Section 2.2 of Xu et al. (2016) introduced
the grouped horseshoe model. The underlying distribution is called the Grouped
Horseshoe distribution. Equation (6) of Xu et al. (2016) uses the setting σ = τ = G =

1 and s1 = d. This leads to a d × 1 random vector x having a (standard) Grouped
Horseshoe distribution if and only if

x|λ ∼ N(0, λ2Id) where p(λ) =
2I(λ > 0)

π(1 + λ2)
. (3.1)

Let Eν denotes generalized exponential integral function, given by

Eν ≡
∫ ∞

1

exp(−xt)
/
tνdt, x, ν ∈ R

(e.g.8.19.3 of Olver et al., 2023).

Result 3.2.2.1 Let x be a d× 1 random vector having a Grouped Horseshoe distribution as
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defined according to (3.1). Then the density function of x, denoted by pHS,d(x), is

pHS,d (x) =
Γ
(
1
2
(d+ 1)

)
√
2πd+2

exp
(∥∥x∥∥2/2)E(d+1)/2

(∥∥x∥∥2/2)/∥∥x∥∥d−1
, x ∈ Rd.

The derivation of Result 3.2.2.1 is given in Appendix 3.A. For d = 1, a simple conse-
quence of Result 3.2.2.1 is

pHS,1 (x) =
1√
2π3

exp

(
x2

2

)
E1

(
x2

2

)
, x ∈ R.

This matches the expression given in the appendix of Carvalho et al. (2010) for the
ordinary Horseshoe distribution. For d = 2, we have

pHS,2 (x1, x2) =
1

2
√
2π3

exp

(
x21 + x22

2

)
E( 3

2)

(
x21 + x22

2

)
√
x21 + x22

, (x1, x2) ∈ R2.

pHS,2 is displayed in Figure 3.1. This perspective plot shows that pHS,2 has a pole at
the origin. We formalise this behaviour for general case d ∈ N in Section 3.2.3.

3.2.3 Pole at the Origin Existence

We now investigate various statistical properties of the Grouped Horseshoe distri-
bution. We apply the Grouped Horseshoe prior in Bayesian inference to estimate a
parameter vector.

In Carvalho et al. (2010), it shows pHS,1 has a pole at the origin. Therefore, the or-
dinary horseshoe distribution can be used as a prior density function. Result 3.2.3.1
shows that the Grouped Horseshoe density function has a pole at the origin for any
dimension. The prior’s behaviour near the origin relates to its efficiency of handling
the sparsity (Carvalho et al., 2010). Result 3.2.3.1 indicates the the Grouped Horse-
shoe distribution can be used as a prior density function and has good potential for
shrinkage of noise.

Result 3.2.3.1 For each d ∈ N, lim
x→0

pHS,d (x) =∞.

The derivation of Result 3.2.3.1 is given in Appendix 3.B.
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Figure 3.1: Perspective plot of the bivariate Grouped Horseshoe density function: pHS,2.

3.2.4 Score Function and Tail Robustness

We consider the following model (3.2). Note, y here is a generic random variable,
unrelated to the observed data defined in Chapter 2.

y
∣∣θ ∼ N(θ, Id) with prior p(θ) = pHS,d

(
θ
/
τ
) /
τ d (3.2)

with τ > 0. τ is fixed and known. In Section 2 of Carvalho et al. (2010), the d = 1 case
of (3.2) is considered. The score function for d = 1 case is shown as follows:

d log {p(y)}
dy

converges to 0 as
∣∣y∣∣→∞. (3.3)

Carvalho et al. (2010) stated that (3.3) implies a type of robustness for large signals
which is called tail robustness. A prior’s tail robustness is given in terms of the score
function. Result 3.2.4.1 shows that grouped horseshoe priors also possesses this
property.
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In Result 3.2.4.1, the redescending score function shows that the grouped horse-
shoe priors are heavy-tailed in constructing robust estimators, to prevent overshrink-
age of obvious signals. We proved the score function converges to zero for large
signals and the risk of the grouped horseshoe estimator is bounded. Result 3.2.4.1
shows that the score function behaviour and robustness to large signals property of
horseshoe priors extend to grouped situations. The proof of Result 3.2.4.1 is given
in Appendix 3.C.

Result 3.2.4.1 For model (3.2), the tail behaviour of the score function is given by

∇y log {p(y)} ∼ −
(d+ 1)y∥∥y∥∥2 for

∥∥y∥∥≫ 1.

Consequently

lim
∥y∥→∞

∇y log {p(y)} = 0 and E
∥∥∥y − E (θ|y)

∥∥∥ ≤ bτ

for some bτ <∞ that depends on τ.

The first displayed equation in Result 3.2.4.1 uses the common “∼" and “≫"
notations. The precise result, without these notations, is

lim
∥y∥→∞

[
∇y log {p(y)}

/{
−(d+ 1)y∥∥y∥∥2

}]
= 1.

3.2.5 Risk Convergence Rates

We are aiming to derive a general result in risk convergence rates, to be applied later
to our specific data and model, stated in Section 3.3–3.10.

Consider the following model

y1, . . . ,yn

∣∣θ independently distributed as N
(
θ, σ2Id

)
with prior p (θ) = pHS,d (θ) .

(3.4)
Suppose that the true sampling distribution of the yi is N

(
θ0, σ2Id

)
. For the d = 1

case, Theorem 4 of Carvalho et al. (2010) states that rates of convergence results is
called the Cesàro-average risk of the Bayes estimator of θ and is denoted as Rn. The
risk quantity Rn is specifically referred to the estimator’s asymptotic rates of con-
vergence, measured by the Kullback-Leibler divergence between the true sampling



3.2.5. Risk Convergence Rates 106

model and the Bayes estimator of the density function (Carvalho et al., 2010). The
rates of convergence are different in the case of θ0 = 0 and θ0 ̸= 0. θ0 is the value of
θ according to the sampling distribution of the yi. θ

0 is the true value of parameter.
Carvalho et al. (2010) shows that the horseshoe prior leads to a super-efficient risk
rate when θ0 = 0.

We derived the risk rate bounds stated in Result 3.2.5.1 for the sparse situation
(θ0 = 0) and the non-sparse situations (θ0 ̸= 0). Theorem 4 of Carvalho et al. (2010)
states the risk rate bounds for horseshoe prior (d = 1) in the sparse situation. Our
established Result 3.2.5.1 investigated the risk rate bounds of Grouped Horseshoe
distribution, which is the extension of Theorem 4 of Carvalho et al. (2010). The defi-
nition of Rn for the Grouped Horseshoe distribution is analogous to that as given in
Section 3.3 of Carvalho et al. (2010). In the derivation of Result 3.2.5.1, we consider
the d-variate extension of the set-up as stated in Section 3.3 of Carvalho et al. (2010).

Result 3.2.5.1 Consider model (3.4) and suppose that yi have a sampling distribution given
by N

(
θ0, σ2Id

)
. Let Rn be Cesàro-average risk of the Bayes estimator of θ. When θ0 = 0,

we have

Rn ≤


log (n)

2n
− log {log (n)}

n
+O

(
1

n

)
, if d = 1,

log (n)

2n
+O

(
1

n

)
, if d ≥ 2.

When θ0 ̸= 0, we have Rn ≤
d log (n)

2n
+O

(
1

n

)
for all d ∈ N.

The full derivation details of Result 3.2.5.1 is given in Appendix 3.D. For the d = 1

and θ0 = 0 case, the super-efficiency of risk rates corresponds to the presence of the
term − log {log (n)}

/
n in the upper bound on Rn. It implies that the horseshoe prior

(d = 1) will ensure the Bayes estimator for the sampling density converges to the
right answer at a super-efficient rate. Result 3.2.5.1 shows that this term only arises
in the d = 1 case for horseshoe prior. This super-efficiency property based on the risk
rate of convergence does not extend to grouped situation. The Bayes estimator is not
super-efficient for d ≥ 2. The grouped horseshoe prior does not ensure the Bayes
estimator for the sampling density converges to the right answer at a super-efficient
rate, whether sparse or not.

The super-efficient rate terminology is used in Carvalho et al. (2010), to describe
this phenomenon in risk rate bounds. In the d = 1 case, even though the log {log (n)}

/
n

term is negligible compared to the log (n)
/
(2n) term, the negative sign in front of the
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log {log (n)}
/
n term means that there is a lower asymptotic risk in the d = 1 case in

the sparse situation.

3.2.6 Thresholding

From Section 3.2.3 – 3.2.5, we note that most properties possessed by the univariate
horseshoe priors extend to the grouped situation, such as

• having a pole at the origin

and

• the score function behavior and robustness to large signals.

However, the super efficient risk rate does not extend to the grouped situation. The
Grouped Horseshoe distribution can be used as a prior density function for model
selection as it has a pole at the origin and due to its robustness to large signals.
To obtain the sparse fits, we use (Grouped) Horseshoe priors as sparse signals pri-
ors for count responses and Gaussian responses in Section 3.5. In this subsection,
we derived the posterior mean in a Bayesian model using the Grouped Horseshoe
distribution as stated in Result 3.2.6.1. Based on Result 3.2.6.1, we obtained the ex-
pression of posterior mean of γβ and γu for thresholding using (Grouped) Horseshoe
priors in Section 3.7.

Consider a Bayesian model as the following form

θ
∣∣σθ has density function pHS,d

(
θ
/
σθ
) /
σd
θ where θ is d× 1. (3.5)

From results in Section 3.2.2, (3.5) is equivalent to

θ
∣∣σθ, λ ∼ N

(
0, σ2

θλ
2Id
)
, p (λ) =

2I (λ > 0)

π (1 + λ2)
. (3.6)

We introduce the auxiliary variable λ, which is very important for the upcoming
approach to thresholding. In the scalar case, Carvalho et al. (2010) develop a thresh-
olding approach for deciding between

θ = 0 and θ ̸= 0, θ ∈ R.

In this subsection, we describe and evaluate the extension of the approach in scalar
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case to deciding between

θ = 0 and θ ̸= 0, θ ∈ Rd.

The approach stated in Carvalho et al. (2010) involves the following result con-
cerning a “side" model:

Result 3.2.6.1 For the Bayesian model

y
∣∣ψ ∼ N

(
ψ, τ 21 Id

)
, ψ

∣∣λ ∼ N
(
0, λ2τ 22 Id

)
, p (λ) =

2I (λ > 0)

π (1 + λ2)
, τ1, τ2 > 0 fixed

(3.7)
the posterior mean of ψ is

E
(
ψ
∣∣y) = E

(
λ2τ 22

τ 21 + λ2τ 22

∣∣∣∣∣y
)
y.

The full derivation of Result 3.2.6.1 is given in Appendix 3.E.
Based on Result 3.2.6.1, for deciding whether or not a coefficient parameter in a

Bayesian model is set to zero using (Grouped) Horseshoe prior, we have the follow-
ing rule:

decide that θ = 0 if and only if E
(
γGHS

∣∣y) < 1− τ where γGHS ≡
λ2σ2

θ

σ2
ε + λ2σ2

θ

(3.8)

where τ is the threshold parameter, described in Section 2.6.
For Gaussian responses in model (3.23), we ran a simulation study for compar-

ative performance, as described in Section 3.8, between use of the Laplace Zero/-
Grouped Lasso-Zero priors described in Chapter 2 and use of the (Grouped) Horse-
shoe priors described in this chapter. The threshold parameter τ used for Gaussian
responses is the same as that decided in Section 2.6.3 for MCMC approach, being 0.5.

Therefore, for Gaussian responses in general Bayesian models containing (3.5),
or equivalently, (3.6) forms Result 3.2.6.1 suggests the following rule

decide that θ = 0 if and only if E
(
γGHS

∣∣y) < 1

2
where γGHS ≡

λ2σ2
θ

σ2
ε + λ2σ2

θ

(3.9)

Bhadra et al. (2019) stated that instead of placing a prior on the model space to
yield a sparse estimator, which is referred to γβ or γu described in Chapter 2 with use
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of the Laplace-Zero/Grouped Lasso-Zero prior, (Grouped) horseshoe prior models
the posterior inclusion probabilities P

(
θ ̸= 0

∣∣y) directly.
We use (3.8) to set up the model selection strategies on generalized additive

model, with use of the (Grouped) Horseshoe priors, for count responses and Gaus-
sian responses, described in Section 3.7. Using these model selection strategies,
we ran simulation study for comparative performance on Gaussian responses, de-
scribed in Section 3.8, and comparative performance on count responses, described
in Section 3.9 – 3.10.

3.3 Original Input Data and Transformed Data

For Horseshoe-type priors, the original input data and transformed data follow the
model described in Section 2.2.

3.3.1 The Original Input Data

The definitions of ◦
xorig
i ,

•
xorig
i ,

◦
xorig
ij ,

•
xorig
ij , d◦, d•, 1 ≤ i ≤ n, are as in Section 2.2.1, with

1 ≤ j ≤ d◦,
◦
xorig
ij referring to original predictors can only enter the model linearly,

and with 1 ≤ j ≤ d•,
•
xorig
ij referring to original predictors can enter the model either

linearly or non-linearly.

3.3.2 Standardization of the Input Data for Fitting and Model Se-

lection

The definitions of ◦
xi,

•
xi,

◦
xij,

•
xij, ax, bx, cx, dx are as in Section 2.2.2. Standardization

of ◦
xij and •

xij follows (2.1) and (2.2), with 1 ≤ j ≤ d◦,
◦
xij referring to standard-

ized predictors can only enter the model linearly, with 1 ≤ j ≤ d•,
•
xij referring

to standardized predictors can enter the model either linearly or non-linearly. No
standardization is required for the count responses data yi, 1 ≤ i ≤ n.
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3.4 Design Matrices and Auxiliary Variable Represen-

tations

3.4.1 Generalized Additive Model Form for the Full Model

In this chapter, the linear predictor given by (2.5) of Section 2.3.1 takes the following
form

β0 +
d◦∑
j=1

{
(1nβj)⊙

◦
xj

}
+

d•∑
j=1

{
(1nβj)⊙

•
xj

}
+

d•∑
j=1


Kj∑
k=1

(1nujk)⊙
•
Zjk


= β0 +

d◦+d•∑
j=1

{
(1nβj)⊙

•
Xj

}
+

d•∑
j=1


Kj∑
k=1

(1nujk)⊙
•
Zjk


= β0 +Xβ +

d•∑
j=1

Zjuj. (3.10)

Note that (3.10) differs from (2.6) due to differences between Horseshoe and Laplace-
Zero priors. The definitions of X,β,Zj, Kj,uj with 1 ≤ j ≤ d•, the definition of
•
Xj with 1 ≤ j ≤ d◦ + d•, and the definition of

•
Zjk with 1 ≤ j ≤ d•, 1 ≤ k ≤ Kj are as

in Section 2.3.1.

3.4.2 The Linear Design Matrix

It follows Section 2.3.2 to form the Linear Design Matrix X. Following (2.7), the
feature ofX matrix for count responses also offers simplification to be 1T

nX = 0.

3.4.3 The Canonical Demmler-Reinsch Basis Design Matrices

It follows Section 2.3.3 to form the canonical Demmler-Reinsch basis design matrices
Zj, 1 ≤ j ≤ d•. Following (2.8), the feature ofZ matrix for count responses also offers
simplification to be 1T

nZj = 0Kj
, 1 ≤ j ≤ d•, and ZT

j Zj is a diagonal matrix.
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3.4.4 Linear Term Coefficients with Auxiliary Variable Representa-

tions

In our full model, for count responses, using Horseshoe priors, letβ denote a (d◦ + d•)×
1 vector of linear term coefficients for the linear design matrixX described in Section
2.3.2. For each βj, 1 ≤ j ≤ d◦ + d•, based on Result 3.2.6.1 for thresholding, it has the
following Horseshoe-type prior distributions for the sparseness of coefficients:

p(βj
∣∣σβ) = pHS,1

(
βj
/
σβ

) /
σβ, 1 ≤ j ≤ d◦ + d•. (3.11)

σβ ∼ Half-Cauchy (sβ) . (3.12)

pHS,1

(
βj
/
σβ

)
in (3.11) is the ordinary Horseshoe distribution, described in Section

3.2.2. Following Model III in Table 1 of Neville et al. (2014), (3.11) is equivalent to

βj
∣∣σ2

β , f2βj

ind.∼ N
(
0, σ2

β

/
f2βj

)
, 1 ≤ j ≤ d◦ + d•,

f2βj

∣∣f1βj

ind.∼ Gamma
(
1
2
, f1βj

)
, f1βj

ind.∼ Gamma
(
1
2
, 1
)
, 1 ≤ j ≤ d◦ + d•.

(3.13)

(3.12) is equivalent to

σ2
β

∣∣aβ ∼ Inverse-Gamma
(
1
2
, 1
/
aβ

)
, aβ ∼ Inverse-Gamma

(
1
2
, 1
/
s2β
)
. (3.14)

Therefore, (3.13) and (3.14) are used in our full model setting for Poisson responses
described in Section 3.5.3, for Negative-Binomial responses described in Section 3.5.4
and for Gaussian responses described in Section 3.5.2.

3.4.5 Spline Coefficient Vectors with Auxiliary Variable Represen-

tations

In our full model, for count responses, let u1, . . . ,ud• be the full set of spline co-
efficient vectors for the canonical Demmler-Reinsch basis matrices Z1, . . . ,Zd• , de-
scribed in Section 2.3.3, where uj is a Kj × 1 vector, for corresponding matrix Zj,

where Zj is a n×Kj matrix with 1 ≤ j ≤ d•. For each uj, based on Result 3.2.6.1 for
thresholding in Section 3.2.6, it has the following grouped LASSO extensions of the
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Horseshoe-type prior distribution:

p(uj

∣∣σuj) = pHS,Kj

(
uj

/
σuj
) /
σ
Kj

uj (3.15)

σuj ∼ Half-Cauchy (su) , 1 ≤ j ≤ d•. (3.16)

pHS,Kj

(
uj

/
σuj
)

in (3.15) is the Grouped Horseshoe distribution, described in Section
3.2.2. Following Model III in Table 1 of Neville et al. (2014), (3.15) is equivalent to:

uj

∣∣σ2
uj, f2uj

ind.∼ N
(
0,
(
σ2
uj

/
f2uj

)
IKj

)
, 1 ≤ j ≤ d•,

f2uj
∣∣f1uj ind.∼ Gamma

(
1
2
, f1uj

)
, f1uj

ind.∼ Gamma
(
1
2
, 1
)
, 1 ≤ j ≤ d•.

(3.17)

(3.16) is equivalent to

σ2
uj

∣∣auj ∼ Inverse-Gamma
(
1
2
, 1
/
auj
)
, auj ∼ Inverse-Gamma

(
1
2
, 1
/
s2u
)
, 1 ≤ j ≤ d•.

(3.18)
Therefore, (3.17) and (3.18) are used in our full model setting for Poisson responses
described in Section 3.5.3 , for Negative-Binomial responses described in Section
3.5.4 and for Gaussian responses described in Section 3.5.2.

3.5 Essence of the Bayesian Model

In this section, we describe, in essence, the Bayesian model for Gaussian and count
responses.

3.5.1 The Likelihood of the Response

For Gaussian responses, the likelihood function of the response is

y
∣∣β0,β,u1, . . . ,ud• ∼ N

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj, σ
2
εIn

)
. (3.19)

For Poisson responses, the likelihood function of the response is

yi
∣∣β0,β,u1, . . . ,ud•

ind.∼ Poisson

(
exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

})
, 1 ≤ i ≤ n.

(3.20)
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For Negative-Binomial responses, from Result 1 of Luts and Wand (2015) in Ap-
pendix A.2, also described in Result 1.8.5 in Section 1.8 in this thesis, in our case, we
have

µ = exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

}
, a = gi, x = yi, 1 ≤ i ≤ n.

Therefore

yi
∣∣gi ind.∼ Poisson (gi) , 1 ≤ i ≤ n, and

gi
∣∣β0,β,u1, . . . ,ud• , κ

ind.∼ Gamma

(
κ, κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
(3.21)

is equivalent to

yi
∣∣β0,β,u1, . . . ,ud• , κ

ind.∼ Negative-Binomial

(
exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

}
, κ

)
.

(3.22)
Therefore, (3.21) is the likelihood function of the response for Negative-Binomial
responses described in Section 3.5.4. The gi, 1 ≤ i ≤ n, and κ are the auxiliary
parameters.

3.5.2 The Full Bayesian Gaussian Response Additive Model Selec-

tion

For Gaussian responses with Horseshoe-type priors, we set up the full model to be
(3.23) in this subsection. Figure 3.2 shows the directed acyclic graph corresponding
to (3.23):

y
∣∣β0,β, ũ1, . . . , ũd• , σ

2
ε ∼ N

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj, σ
2
εIn

)
, β0 ∼ N(0, σ2

β0
),

σ2
ε

∣∣aε ∼ Inverse-Gamma(
1

2
, 1/aε), aε ∼ Inverse-Gamma(

1

2
, 1/s2ε),

βj
∣∣σ2

β , f2βj

ind.∼ N(0, σ2
β/f2βj

), 1 ≤ j ≤ d◦ + d•,

f2βj

∣∣f1βj

ind.∼ Gamma(1
2
, f1βj

), f1βj

ind.∼ Gamma(1
2
, 1), 1 ≤ j ≤ d◦ + d•,

uj

∣∣σ2
uj, f2uj

ind.∼ N(0, (σ2
uj/f2uj)IKj

), 1 ≤ j ≤ d•,
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Figure 3.2: Directed acyclic graph representation of Bayesian model (3.23) for Gaussian response
using Horseshoe-type prior. Random variables and vectors are shown as larger open circles, with
shading indicating to the observed response data. The small closed circles are user-specified hyperpa-
rameters.

f2uj
∣∣f1uj ind.∼ Gamma(1

2
, f1uj), f1uj

ind.∼ Gamma(1
2
, 1), 1 ≤ j ≤ d•,

σ2
β

∣∣aβ ∼ Inverse-Gamma(1
2
, 1/aβ), aβ ∼ Inverse-Gamma(1

2
, 1/s2β),

σ2
uj

∣∣auj ind.∼ Inverse-Gamma(1
2
, 1/auj), auj

ind.∼ Inverse-Gamma(1
2
, 1/s2u), 1 ≤ j ≤ d•.

(3.23)

The full set of hyperparameters in model (3.23) is:

σβ0 = 105, sβ = sε = su = 1000.
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Figure 3.3: Directed acyclic graph representation of Bayesian model (3.24) for Poisson response using
Horse-type priors. Random variables and vectors are shown as larger open circles, with shading
indicating to the observed response data. The small closed circles are user-specified hyperparameters.

3.5.3 The Full Bayesian Poisson Response Additive Model Selec-

tion

For Poisson responses with Horseshoe-type priors, we set up the full model to be
(3.24) in this subsection. Figure 3.3 shows the directed acyclic graph corresponding
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to (3.24).

yi
∣∣β0,β,u1, . . . ,ud• ∼ Poisson

(
exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

})
, 1 ≤ i ≤ n,

β0 ∼ N(0, σ2
β0
), σ2

ε

∣∣aε ∼ Inverse-Gamma(
1

2
, 1/aε),

aε ∼ Inverse-Gamma(
1

2
, 1/s2ε), βj

∣∣σ2
β , f2βj

ind.∼ N(0, σ2
β/f2βj

), 1 ≤ j ≤ d◦ + d•,

f2βj

∣∣f1βj

ind.∼ Gamma(1
2
, f1βj

), f1βj

ind.∼ Gamma(1
2
, 1), 1 ≤ j ≤ d◦ + d•,

uj

∣∣σ2
uj, f2uj

ind.∼ N(0, (σ2
uj/f2uj)IKj

), 1 ≤ j ≤ d•,

f2uj
∣∣f1uj ind.∼ Gamma(1

2
, f1uj), f1uj

ind.∼ Gamma(1
2
, 1), 1 ≤ j ≤ d•,

σ2
β

∣∣aβ ∼ Inverse-Gamma(1
2
, 1/aβ), aβ ∼ Inverse-Gamma(1

2
, 1/s2β),

σ2
uj

∣∣auj ind.∼ Inverse-Gamma(1
2
, 1/auj), auj

ind.∼ Inverse-Gamma(1
2
, 1/s2u), 1 ≤ j ≤ d•.

(3.24)

The full set of hyperparameters in model (3.24) is:

σβ0 = 105, sβ = su = 1000.

3.5.4 The Full Bayesian Negative-Binomial Response Additive Model

Selection

For Negative-Binomial responses with Horseshoe-type priors, we set up the full
model to be (3.25) in this subsection. Figure 3.4 shows the directed acyclic graph
corresponding to (3.25). In (3.25), the auxiliary parameter κ is of Moon Rock (McLean
and Wand, 2019) exponential family distribution, to form the equivalence of likeli-
hood for Negative-Binomial responses.

yi
∣∣gi ind.∼ Poisson (gi) , 1 ≤ i ≤ n,

gi
∣∣β0,β,u1, . . . ,ud• , κ

ind.∼ Gamma

(
κ, κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
,
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Figure 3.4: Directed acyclic graph representation of Bayesian model (3.25) for Negative-Binomial
response using Horseshoe-type priors. Random variables and vectors are shown as larger open circles,
with shading indicating to the observed response data. The small closed circles are user-specified
hyperparameters.

1 ≤ i ≤ n,

β0 ∼ N(0, σ2
β0
), σ2

ε

∣∣aε ∼ Inverse-Gamma(
1

2
, 1/aε),

aε ∼ Inverse-Gamma(
1

2
, 1/s2ε), βj

∣∣σ2
β , f2βj

ind.∼ N(0, σ2
β/f2βj

), 1 ≤ j ≤ d◦ + d•,
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κ ∼Moon-Rock (0, bκ) , f2βj

∣∣f1βj

ind.∼ Gamma(1
2
, f1βj

), 1 ≤ j ≤ d◦ + d•,

f1βj

ind.∼ Gamma(1
2
, 1), 1 ≤ j ≤ d◦ + d•,

uj

∣∣σ2
uj, f2uj

ind.∼ N(0, (σ2
uj/f2uj)IKj

), 1 ≤ j ≤ d•,

f2uj
∣∣f1uj ind.∼ Gamma(1

2
, f1uj), f1uj

ind.∼ Gamma(1
2
, 1), 1 ≤ j ≤ d•,

σ2
β

∣∣aβ ∼ Inverse-Gamma(1
2
, 1/aβ), aβ ∼ Inverse-Gamma(1

2
, 1/s2β),

σ2
uj

∣∣auj ind.∼ Inverse-Gamma(1
2
, 1/auj), auj

ind.∼ Inverse-Gamma(1
2
, 1/s2u), 1 ≤ j ≤ d•.

(3.25)

The full set of hyperparameters in model (3.25) is:

σβ0 = 105, sβ = su = 1000, bκ = 0.001.

3.6 Posterior Distributions for Markov Chain Monte Carlo

Practical Fitting

3.6.1 Pre-Processing and Storage of Key Matrices

The pre-processing of linear design matrix X and storage of Key Matrices XTy,

XTX, ZTy, ZTX, ZTZ for Poisson responses and Negative-Binomial responses
follow Section 2.5.1, and corresponding detailed steps of standardization follow Al-
gorithm 1 described in Section 2.5.1. However, no pre-processing for response data
y for Poisson responses and Negative-Binomial responses.

3.6.2 Slice Sampling

For Poisson response and Negative-Binomial response using Horseshoe prior, we
need to use slice sampling in Markov chain Monte Carlo approach. The "stepping
out" slice sampling strategy of Neal (2003) has a particularly simple implementation.
For random variables s1 ∈ R, s2 > 0, as well as random vectors s3 and s4, of the same
dimension, let

x
∣∣s1, s2, s3, s4 ∼ H (s1, s2, s3, s4)
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Algorithm 3: Slice sampling generation of samples.

Function to compute the logarithm of the unnormalised density function that arises in

slice sampling for Poisson responses and Negative-Binomial responses called

logUnnDens( ).

Data Inputs: x, s1, s2, s3, s4,

Outputs: xs1 − x2
/
(2s2)− 1T (xs3 + s4)

Function to execute slice sampling for Poisson responses and Negative-Binomial
responses called sliceSampling, needs to use function logUnnDens.

Slice Sampling Data Inputs: x, s1, s2, s3, s4, g, sumDists.

Initialize: sumDists←− 0.

ω1 ←− logUnnDens (x, s1, s2, s3, s4) .

if (g = 2) w ←− 1.0; if (g > 2) w ←− sumDists
/
(g − 1)

u←− a draw from the Uniform (0, 1)distribution

a←− ω1 + log (u) ; L←− x− wu; R←− L+ w

ω3 ←− logUnnDens (L, s1, s2, s3, s4) .

while (a < ω3)

L←− L− w; ω3 ←− logUnnDens (L, s1, s2, s3, s4)

ω4 ←− logUnnDens (R, s1, s2, s3, s4)

while (a < ω4)

R←− R+ w; ω4 ←− logUnnDens (R, s1, s2, s3, s4)

L̃←− L; R̃←− R; newPointFound←− FALSE

while (newPointFound = FALSE)

xNew ←− L̃+ u
(
R̃− L̃

)
if (a < logUnnDens (xNew, s1, s2, s3, s4)) newPointFound←− TRUE

if (xNew < x) L̃←− xNew; if (xNew ≥ x) R̃←− xNew

Outputs: xNew.
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denote that random variable x, conditional on (s1, s2, s3, s4) has density function

p(x
∣∣s1, s2, s3, s4) ∝ exp

{
s1x− x2

/
(2s2)− 1T exp (xs3 + s4)

}
, −∞ < x <∞, (3.26)

where 1 denotes a vector of ones having the same number of rows as s3 and s4 and
exp (xs3 + s4) is evaluated element-wise.

Algorithm 3 in this subsection provides steps of function called logUnnDens, to
obtain logarithm of unnormalised density function to be

{
s1x− x2

/
(2s2)− 1T exp (xs3 + s4)

}
.

Algorithm 3 also gives detailed steps of slice sampling in the function called
sliceSampling for us to draw samples for some parameters for Poisson responses
and Negative-Binomial responses. Function sliceSampling needs to call function lo-
gUnnDens.

3.6.3 Markov Chain Monte Carlo for Horseshoe-type Priors

For Gaussian responses using the Markov blanket, based on the full model descrip-
tion in (3.23) and Figure 3.2, we obtain full conditional distributions in standard
forms. The full conditional distributions of parameters listed in (3.27) – (3.39), with
derivation details given in Appendix 3.F. Based on these, Algorithm 4 gives detailed
steps of sample drawing for Markov chain Monte Carlo using the Horseshoe-type
prior.

β0
∣∣rest ∼ N


1

σ2
ε

1T
n

(
y −Xβ −

d•∑
j=1

Zjuj

)
(n/σ2

ε) + (1/σ2
β0
)

,
1

(n/σ2
ε) + (1/σ2

β0
)

 , (3.27)

β
∣∣rest ∼ N

((
1

σ2
ε

(
XTX

)
+

1

σ2
β

diag
(
f 2β

))−1
1

σ2
ε

((
XTy

)
−

d•∑
j=1

(
XTZj

)
uj

)
,

(
1

σ2
ε

(
XTX

)
+

1

σ2
β

diag
(
f 2β

))−1
)
, (3.28)
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f2βj
∣∣rest ∼ Gamma

(
1,
β2
j

2σ2
β

+ f1βj

)
, 1 ≤ j ≤ d◦ + d•, (3.29)

f1βj
∣∣rest ∼ Gamma (1, f2βj + 1) , 1 ≤ j ≤ d◦ + d•, (3.30)

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
βTdiag(f 2β)β

2
+

1

aβ

)
, (3.31)

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
, (3.32)

uj

∣∣rest ∼ N

(
diag

(
ωZj

σ2
ε

+
f2uj1

σ2
uj

)−1(
1

σ2
ε

)[(
ZT

j y −
(
ZT

jX
)
β

−
d•∑

j′ ̸=j

(
ZT

j Zj′
)
uj′

)]
,diag

(
ωZj

σ2
ε

+
f2uj1

σ2
uj

)−1
)
, 1 ≤ j ≤ d•, (3.33)

f2uj
∣∣rest ∼ Gamma

(
Kj + 1

2
,

∥∥uj

∥∥2
2σ2

uj

+ f1uj

)
, 1 ≤ j ≤ d•, (3.34)

f1uj
∣∣rest ∼ Gamma (1, f2uj + 1) , 1 ≤ j ≤ d•, (3.35)

σ2
uj

∣∣rest ∼ Inverse-Gamma

(
Kj + 1

2
,
f2uj

∥∥uj

∥∥2
2

+
1

auj

)
, 1 ≤ j ≤ d•, (3.36)

auj
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uj

+
1

s2u

)
, 1 ≤ j ≤ d•, (3.37)

σ2
ε

∣∣rest ∼ Inverse-Gamma

n+ 1

2
,
1

aε
+

1

2

∥∥∥∥∥y − 1nβ0 −Xβ −
d•∑
j=1

Zjuj

∥∥∥∥∥
2
 (3.38)

and

aε
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
ε

+
1

s2ε

)
. (3.39)

For Poisson responses, based on full model description in (3.24) in Section 3.5.3
and Figure 3.3, for Negative-Binomial responses, based on full model description
in (3.25) in Section 3.5.4 and Figure 3.4, using Markov blanket, we obtain full con-
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ditional distributions of parameters or full conditional expressions of parameters in
the form of (3.26) for logarithm of unnormalised density function.

For Poisson responses, full conditional distributions of parameters listed in (3.40)–
(3.50), with derivation details given in Appendix 3.G. Based on these, Algorithm 5
gives detailed steps of sample drawing for Markov chain Monte Carlo, using func-
tion sliceSampling described in Algorithm 3.

p(β0
∣∣rest) ∝ exp

{
nȳ − β2

0

2σ2
β0

− 1T
n exp

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj

)}
, (3.40)

p(βj
∣∣rest) ∝ exp

{
1T
n (y ⊙Xj) βj −

f2βj
β2
j

2σ2
β

− 1T
n exp

(
Xjβj + 1nβ0 + (X)−j (β)−j

+
d•∑
j=1

Zjuj

)}
, (3.41)

f2βj

∣∣rest ind.∼ Gamma
(
1,
β2
j

2σ2
β

+ f1βj

)
, 1 ≤ j ≤ d◦ + d•, (3.42)

f1βj

∣∣rest ind.∼ Gamma
(
1, 1 + f2βj

)
, 1 ≤ j ≤ d◦ + d•, (3.43)

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
βTdiag(f 2β)β

2
+

1

aβ

)
, (3.44)

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
, (3.45)

p(ujk
∣∣rest) ∝ exp

{
1T
n (y ⊙Zjk) ujk −

f2uju
2
jk

2σ2
uj

− 1T
n exp

(
Zjkujk + 1nβ0 +Xβ

+

Kj∑
k′ ̸=k

Zjk′ujk′ +
d•∑

j′ ̸=j

Zj′uj′

)}
, 1 ≤ j ≤ d•, 1 ≤ k ≤ Kj, (3.46)

f2uj
∣∣rest ind.∼ Gamma

Kj + 1

2
,

∥∥∥uj

∥∥∥2
2σ2

uj

+ f1uj

 , 1 ≤ j ≤ d•, (3.47)
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f1uj
∣∣rest ind.∼ Gamma (1, 1 + f2uj) , 1 ≤ j ≤ d•, (3.48)

σ2
uj

∣∣rest ∼ Inverse-Gamma

Kj + 1

2
,
f2uj

∥∥∥ũj

∥∥∥2
2

+
1

auj

 , 1 ≤ j ≤ d• (3.49)

and

auj
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uj

+
1

s2u

)
, 1 ≤ j ≤ d•. (3.50)

For Negative-Binomial responses, full conditional distributions of parameters
listed in (3.51)–(3.63), with derivation details given in Appendix 3.H. Based on these,
Algorithm 6 gives detailed steps of sample drawing for Markov chain Monte Carlo,
using function sliceSampling described in Algorithm 3.

To ensure auxiliary parameter κ being positive, we use κ = exp(λ) for sample
drawing with slice sampling method, using function logUnnDensLambda to obtain
logarithm of unnormalised density function, described in Algorithm 6.

g
∣∣rest ∼ Gamma

(
y + exp (λ) , 1 + exp

{
λ−

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj

)})
, (3.51)

p(β0
∣∣rest) ∝ exp

{
−nκβ0 −

β2
0

2σ2
β0

− 1T
n exp

[
−1nβ0 + 1n log (κ) + log (g)

−
(
Xβ +

d•∑
j=1

Zjuj

)]}
, (3.52)

log
{
p(λ
∣∣rest)

}
= λ+ n (κ log (κ)− log (Γ (κ)))− κ

[
n∑

i=1

(
β0 +X iβ +

d•∑
j=1

Zijuj

)

+bκ +
n∑

i=1

(
gi exp

{
−

(
β0 +X iβ +

d•∑
j=1

Zijuj

)})
−

n∑
i=1

log (gi)

]
+ const,

(3.53)

p(βj
∣∣rest) ∝ exp

{(
−κ

n∑
i=1

Xij

)
βj −

f2βj
β2
j

2σ2
β

− 1T
n exp

[
−Xjβj + 1n log (κ) + log (g)
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−
(
1nβ0 + (X)−j (β)−j +

d•∑
j=1

Zjuj

)]}
, 1 ≤ j ≤ d◦ + d•, (3.54)

f2βj

∣∣rest ind.∼ Gamma
(
1,
β2
j

2σ2
β

+ f1βj

)
, 1 ≤ j ≤ d◦ + d•, (3.55)

f1βj

∣∣rest ind.∼ Gamma
(
1, 1 + f2βj

)
, 1 ≤ j ≤ d◦ + d•, (3.56)

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
βTdiag(f 2β)β

2
+

1

aβ

)
, (3.57)

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
, (3.58)

p(ujk
∣∣rest) ∝ exp

{(
−κ1T

nZjk

)
ujk −

f2uju
2
jk

2σ2
uj

− 1T
n exp

[
−Zjkujk + 1n log (κ) + log (g)

−
(
1nβ0 +Xβ +

Kj∑
k′ ̸=k

Zjk′ujk′ +
d•∑

j′ ̸=j

Zj′uj′

)]}
, 1 ≤ j ≤ d•, 1 ≤ k ≤ Kj, (3.59)

f2uj
∣∣rest ind.∼ Gamma

Kj + 1

2
,

∥∥∥uj

∥∥∥2
2σ2

uj

+ f1uj

 , 1 ≤ j ≤ d•, (3.60)

f1uj
∣∣rest ind.∼ Gamma (1, 1 + f2uj) , 1 ≤ j ≤ d•, (3.61)

σ2
uj

∣∣rest ∼ Inverse-Gamma

Kj + 1

2
,
f2uj

∥∥∥ũj

∥∥∥2
2

+
1

auj

 , 1 ≤ j ≤ d• (3.62)

and

auj
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uj

+
1

s2u

)
, 1 ≤ j ≤ d•. (3.63)
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3.7 Model Selection Strategies with Horseshoe-type Pri-

ors

After obtaining the full conditional distributions of parameters described in Section
3.6.3, we need to set up the model selection strategies to decide the effect type of a
predictor. Specifically, whether it is zero, linear or non-linear effect.

Recalling the results obtained in Section 3.2.6, which is the derived posterior
mean in a Bayesian model, using Grouped Horseshoe distribution, in this section, we
obtained the expression of posterior mean E

(
γGHS

∣∣y) and selection rules for Gaus-
sian responses of model (3.23) stated in (3.74), for Poisson responses of model (3.24)
and Negative-Binomial responses of model (3.25), both stated in (3.75).

3.7.1 Overview

From Result 3.2.6.1 in Section 3.2.6, we have

E
(
ψ
∣∣∣y) = yE

(
λ2τ 22

τ 21 + λ2τ 22

∣∣∣∣∣y
)

= yE

((
1− τ 21

τ 21 + λ2τ 22

) ∣∣∣∣∣y
)

= y
(
1− E

(
κ
∣∣∣y)) = y (1− κ̂Bayes) .

If we define
κ ≡ τ 21

τ 21 + λ2τ 22
and E

(
κ
∣∣∣y) ≡ κ̂Bayes,

we then have

1− κ̂Bayes =
E
(
ψ
∣∣∣y)
y

. (3.64)

(3.64) matches equation (8) of Bhadra et al. (2019), for scalar coefficient case. The
Bayes estimator of κwith respect to squared error loss is denoted as κ̂Bayes. The shrink-
age weight is denoted as 1 − κ̂Bayes. The Bayes estimator of κ and shrinkage weight
1− κ̂Bayes are as follows respectively:

κ̂Bayes ≡ E
(
κ
∣∣y) = y − E

(
ψ
∣∣y)

y
and 1− κ̂Bayes =

E
(
ψ
∣∣y)
y

= E
(
γGHS

∣∣y) (3.65)
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where γGHS is defined in (3.8). The (Grouped) Horseshoe estimator κ̂Bayes is a shrinkage
estimator, with the relative amount of shrinkage that equals E

(
κ
∣∣y) . The greater

value of the shrinkage parameter κ̂Bayes, the greater shrinkage power it has. The
Horseshoe shrinkage estimator E

(
κ
∣∣y) for the signal is small, and the Horseshoe

shrinkage estimator E
(
κ
∣∣y) for the noise is big. Overall, the shrinkage weight

E
(
ψ
∣∣y) /y for the signal is big, and the shrinkage weight E

(
ψ
∣∣y) /y for the noise

is small.
The general selection strategy is based on the zeroing of a coefficient θ corre-

sponds to the shrinkage weight E
(
γGHS

∣∣y) below a classification border.
For Gaussian response, according to (3.9), with the threshold parameter τ being

0.5, we have the following rules of zeroing of θ :

if E
(
γGHS

∣∣y) ≤ 1

2
, then θ = 0,

if E
(
γGHS

∣∣y) > 1

2
, then θ ̸= 0.

(3.66)

For Poisson responses in model (3.24) and Negative-Binomial responses in model
(3.25), according to (3.8), with the threshold parameter τ decided by simulation
study, we have the following rules of zeroing of θ :

if E
(
γGHS

∣∣y) ≤ 1− τ, then θ = 0,

if E
(
γGHS

∣∣y) > 1− τ, then θ ̸= 0.

(3.67)

From (3.8), we then have the expressions for γGHS as follows:

γGHS =
λ2τ 22

τ 21 + λ2τ 22
for Gaussian responses in model (3.23), and

γGHS =
λ2τ 22

1 + λ2τ 22
for Poisson responses and Negative-Binomial responses

in model (3.24) and (3.25).

(3.68)

From the first case in (3.68), for Gaussian responses using (Grouped) Horseshoe
priors in model (3.23), we have the following expressions for γGHS for linear coeffi-



3.7.2. Deciding Between an Effect Being Zero or Linear 127

cients and spline coefficients vector respectively:

λ2βj
=

1

f2βj

, γβj ,HS =
λ2βj

σ2
β

σ2
ε + λ2βj

σ2
β

=
σ2

β

f2βj
σ2
ε + σ2

β

, 1 ≤ j ≤ d◦ + d•,

λ2uj =
1

f2uj
, γuj ,GHS =

λ2uj
σ2
uj

σ2
ε + λ2uj

σ2
uj

=
σ2
uj

f2uj
σ2
ε + σ2

uj

, 1 ≤ j ≤ d•.

(3.69)

From the second case in (3.68), for Poisson responses in model (3.24) and Negative-
Binomial responses in model (3.25), using (Grouped) Horseshoe priors, we have the
following expressions for γGHS for linear coefficients and spline coefficients vector
respectively:

λ2βj
=

1

f2βj

, γβj ,HS =
λ2βj

σ2
β

1 + λ2βj
σ2

β

=
σ2

β

f2βj
+ σ2

β

, 1 ≤ j ≤ d◦ + d•,

λ2uj =
1

f2uj
, γuj ,GHS =

λ2uj
σ2
uj

1 + λ2uj
σ2
uj

=
σ2
uj

f2uj
+ σ2

uj

, 1 ≤ j ≤ d•.

(3.70)

Overall, the expression of posterior meanE
(
γGHS

∣∣y) for Gaussian responses stated
in (3.69) and for count responses stated in (3.70) are very similar. The only dif-
ference is that the σ2

ε term only appears in the Gaussian response case. The ex-
pression of E

(
γGHS

∣∣y) is used in Section 3.7.2–3.10 to explore the application of the
(Grouped) Horseshoe priors via MCMC for the Bayesian three-category GAM selec-
tion on Gaussian responses and count responses.

3.7.2 Deciding Between an Effect Being Zero or Linear

Let β being a (d◦ + d•) × 1 vector of linear effects coefficients, described in Section
3.4.4. d◦ is the number of candidate predictors that may have a zero or linear effect
and d• is the number of candidate predictors that may have a zero, linear or non-
linear effect. Based on (3.66), our "effect is zero" rule between zero effect and linear
effect is

the effect is zero if E
(
γGHS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d◦ + d•,

otherwise the effect is linear.

For Gaussian responses in model (3.23), using Horseshoe priors, from (3.66) and
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the first case in (3.69), our "effect is zero" rule between zero effect and linear effect is
given as

γβj ,HS =
σ2

β

f2βj
σ2
ε + σ2

β

, 1 ≤ j ≤ d◦ + d•,

the effect is zero if E(γβj,HS

∣∣y) ≤ 1

2
, 1 ≤ j ≤ d◦ + d•,

otherwise the effect is linear.

(3.71)

For Poisson responses in model (3.24) and Negative-Binomial responses in model
(3.25), both using Horseshoe priors, from (3.67) and second case in (3.70), our "effect
is zero" rule between zero effect and linear effect is given as

γβj ,HS =
σ2

β

f2βj
+ σ2

β

, 1 ≤ j ≤ d◦ + d•,

the effect is zero if E(γβj,HS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d◦ + d•,

otherwise the effect is linear.

(3.72)

3.7.3 Deciding Between an Effect Being Zero, Linear or Non-linear

Below notations are used in this subsection:

• d◦ ≡ the number of candidate predictors that may have a zero or linear effect.

• d• ≡ the number of candidate predictors that may have a zero, linear or non-
linear effect.

• β ≡ a (d◦ + d•)× 1 linear coefficient vector, as described in Section 3.4.4.

• uj ≡ a Kj×1 spline coefficients vector 1 ≤ j ≤ d•, as described in Section 3.4.5.
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Based on (3.67), our "effect is zero" rule between zero, linear or non-linear effect is
given as

the effect is zero if


E(γβj,HS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d◦ + d•, and

E(γuj ,GHS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d•,

the effect is linear if

 E(γβj,HS

∣∣y) > 1− τ, 1 ≤ j ≤ d◦ + d•, and

E(γuj ,GHS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d•,

otherwise the effect is non-linear,

(3.73)

For the Gaussian responses in model (3.23) using (Grouped) Horseshoe priors,
from (3.66), (3.69) and (3.73), our strategy of deciding between an effect being zero,
linear or non-linear is given as:

γβj ,HS =
σ2

β

f2βj
σ2
ε + σ2

β

, 1 ≤ j ≤ d◦ + d•,

γuj,GHS =
σ2
uj

f2ujσ2
ε + σ2

uj

, 1 ≤ j ≤ d•,

the effect is zero if


E(γβj,HS

∣∣y) ≤ 1

2
, 1 ≤ j ≤ d◦ + d•, and

E(γuj,GHS

∣∣y) ≤ 1

2
, 1 ≤ j ≤ d•,

the effect is linear if


E(γβj,HS

∣∣y) > 1

2
, 1 ≤ j ≤ d◦ + d•, and

E(γuj,GHS

∣∣y) ≤ 1

2
, 1 ≤ j ≤ d•,

otherwise the effect is non-linear.

(3.74)

For the Poisson responses in model (3.24) and the Negative-Binomial responses
in model (3.25), both using (Grouped) Horseshoe priors, from (3.70) and (3.73), our
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strategy of deciding between an effect being zero, linear or non-linear is given as:

γβj ,HS =
σ2

β

f2βj
+ σ2

β

, 1 ≤ j ≤ d◦ + d•,

γuj,GHS =
σ2
uj

f2uj + σ2
uj

, 1 ≤ j ≤ d•,

the effect is zero if


E(γβj,HS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d◦ + d•, and

E(γuj,GHS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d•,

the effect is linear if


E(γβj,HS

∣∣y) > 1− τ, 1 ≤ j ≤ d◦ + d•, and

E(γuj,GHS

∣∣y) ≤ 1− τ, 1 ≤ j ≤ d•,

otherwise the effect is non-linear.

(3.75)

3.8 Comparative Performance of Gaussian Responses

In this subsection, we compare the classification performance on Gaussian responses
in model (3.23), via the Markov chain Monte Carlo (MCMC) approach, between use
of the Laplace-Zero/Grouped Lasso-Zero prior described in Chapter 2 as Algorithm
2, and use of the (Grouped) Horseshoe priors described in Section 3.6.3 as Algorithm
4.

3.8.1 Classification Between Linear Effects and Non-linear Effects

To better illustrate the effect of (3.9), we ran three simulation studies on a general-
ized additive model selection, with the simulation settings stated in (2.56), (2.57) and
(3.76) given as follows:

30 predictors;

10 predictors having zero effect, for j ∈ {1, 2, . . . , 10}

10 predictors having linear effect, for j ∈ {11, 12, . . . , 20}

10 predictors having non-linear effect, for j ∈ {21, 22, . . . , 30} .

(3.76)
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Figure 3.5: The results of the linear versus non-linear effect classification for six replications of the
simulation study, described in Section 4 of He and Wand (2024), with n = 500 and σε = 2. The blue
symbols correspond to the Markov chain Monte Carlo-approximate values E

(
γuj,GHS

∣∣y) for 11 ≤ j ≤
30, which are the predictors that are simulated to have linear effects (left of the vertical dashed line)
and non-linear effects (right of the vertical dashed line). A blue circle denotes the correct classification
using (3.74), whilst a blue cross indicates a misclassification. The red symbols are similar, but for the
E
(
γuj
∣∣y) statistics corresponding to strategy described in (2.54). The classification border of 1

2 is
shown by the horizontal purple line.
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Figure 3.6: Similar to Figure 3.5 but with a higher sample size, n = 2, 000, and lower error standard
deviation, σε = 0.25.

We ran three simulation study to compare the linear effect versus non-linear ef-
fect classification performance on Gaussian responses, between the use of (Grouped
Horseshoe) priors in model (3.23) with selection rules on E

(
γuj ,GHS

∣∣y) stated in (3.74)
and the use of Grouped Lasso-Zero prior in model (2.28) with selection rules on
E
(
γuj

∣∣y) stated in (2.54). We used 20 predictors generated from (3.76), 10 having
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Figure 3.7: Similar to Figure 3.6 but with the thresholding of the Grouped Horseshoe E
(
γuj ,GHS

∣∣y)
statistics based on k-means clustering. For each replication, the horizontal blue line shows the classi-
fication border arsing from k−means clustering. The horizontal red line at 1

2 is the threshold for the
Grouped Lasso-Zero statistics.

linear effect and 10 having non-linear effect, which implies 11 ≤ j ≤ 30. The choice
of the threshold parameter τ = 1

2
is on both of the rules (3.74) and (2.54). In short, for
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the use of the Grouped Horseshoe priors, 11 ≤ j ≤ 30, the classification rule is:

the effect is linear if E
(
γuj ,GHS

∣∣y) ≤ 1
2
,

the effect is non-linear if E
(
γuj ,GHS

∣∣y) > 1
2
.

(3.77)

For the use of the Grouped Lasso-Zero priors, 11 ≤ j ≤ 30, the classification rule is:

the effect is linear if E
(
γuj

∣∣y) ≤ 1
2

the effect is non-linear if E
(
γuj

∣∣y) > 1
2
.

(3.78)

In Figures 3.5, 3.6 and 3.7, the horizontal axis corresponds to j = 11, 12, . . . , 30,

which is concerned with linear versus non-linear effect classification for six replica-
tions in the simulation studies. Among these 20 predictors, the first ten predictors are
simulated to have a linear effect, corresponding to the left of the vertical dashed line.
The last ten predictors are simulated to have a non-linear effect, corresponding to the
right of the vertical dashed line. The classification border of 0.5 is shown by the hor-
izontal purple line. The vertical axis corresponds to the threshold statistic. Correct
classifications are shown as circles and incorrect classifications are shown as crosses.
The blue circles and blue crosses correspond to the use of Grouped Horseshoe prior.
The red circles and red crosses correspond to the use of Grouped Lasso-Zero prior.
For each replication, we have 20 blue symbols correspond to 20 candidate predic-
tors using the Grouped Horseshoe prior, and we have 20 red symbols correspond to
20 candidate predictors using the Grouped Lasso-Zero prior. In total, for 6 replica-
tions in each figure among Figure 3.5 – 3.7, we have 120 blue symbols and 120 red
symbols. From the rules stated in (3.77) and (3.78), for the classification of the linear
effect, the threshold statistics are below the classification border of 0.5, as shown in
the bottom left part in each replication. For the classification of the non-linear effect,
the threshold statistics are above the classification border of 0.5, as shown in the top
right part in each replication.

For the simulation study in Figure 3.5, we have the sample size being n = 500 and
the error standard deviation being σε = 2. Figure 3.5 shows that, for the use of the
Grouped Lasso-Zero prior, the misclassification rate is 10%, as we had 12 red crosses
over 120 red symbols in six replications. For the use of the Grouped Horseshoe prior,
the misclassification rate is 39.2%, which is about four times worse, since we had 47
blue crosses over 120 blue symbols in six replications. Figure 3.5 shows that most
of the Grouped Lasso-Zero threshold statistics are close to 1 when the true effect is
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non-linear and close to 0 when the true effect is non-linear. In contrast, most of the
Grouped Horseshoe threshold statistics are close to 1 when the true effect is non-
linear, but scattered between 0.4 and 0.8 when the true effect is linear, which means
many predictors that have a linear effect are misclassified as having a non-linear
effect when the Grouped Horseshoe prior is used.

For the simulation study in Figure 3.6, we increased the sample size to n = 2, 000

and lower the error standard deviation to σε = 0.25, compared to the simulation
study of Figure 3.5. The higher sample size and the lower error standard deviation
should make this linear effect versus non-linear effect classification much easier. The
result shows that, for the use of Grouped Lasso-Zero prior, it leads to a perfect clas-
sification performance with no red crosses associated with misclassification in six
replications. However, for the use of Grouped Horseshoe prior, the more favourable
simulations conditions do not seem to help lower the misclassification rate, and most
of the Grouped Horseshoe threshold statistics are still scattered between 0.4 and 0.8
when the true effect is linear, leading to a 40.8% misclassification rate, since we had
49 blue crosses over 120 blue symbols in six replications.

For the simulation study in Figure 3.7, we have the same sample size being
n = 2, 000 and the same error standard deviation being σε = 0.25 as the simulation
study of Figure 3.6. To improve the poor classification performance for the use of
Grouped Horseshoe prior, instead of thresholding the E

(
γuj ,GHS

∣∣y) at 1
2
, 11 ≤ j ≤ 30,

as stated in (3.77), we applied k-means clustering (e.g. MacQueen, 1967) to the
E
(
γuj ,GHS

∣∣y) observations, with the number of clusters fixed at 2, to obtain 2 clusters
and corresponding classification rule. We used the function kmeans() within the R
computing environment (R Core Team, 2024), which aims to partition each thresh-
old points into 2 groups, such that the sum of squares from threshold points in each
vector to the corresponding assigned cluster centers is minimized. The threshold
for the Grouped Horseshoe statistics is based on k-means clustering. For example,
for the analysis corresponding to replication 1 in Figure 3.7, the k-means threshold
shown by horizontal blue line is 0.8031. The classification border of 0.5 shown by the
horizontal red line is the threshold for the Grouped Lasso-Zero statistics. The result
shows that with the use of this k-means alternative to Figure 3.6, the misclassifica-
tion rate for the use of Grouped Horseshoe prior drops from 40.8% shown by Figure
3.6 to 10.8% shown by Figure 3.7, since we had 13 blue crosses over 120 blue symbols
in Figure 3.7, compared to 49 blue crosses in Figure 3.6.

The remedy of k-means clustering approach to thresholding for generalized ad-
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ditive model selection helps lower the misclassification rate for classification per-
formance. We need to note this remedy relies on situations where there are many
candidate predictors of various effect types. For example, if there are only three to
six candidate predictors and most of them have strongly non-linear effects, then the
k-means clustering approach to thresholding choice may not be viable.

3.8.2 Classification Among Zero, Linear and Non-linear Effects

Figure 3.5, 3.6 and 3.7 in Section 3.8.1 are based on six replications and omit the
zero versus linear effect classification based on the E

(
γβj ,HS

∣∣y) statistics with the use
of Horseshoe prior and based on the E

(
γβj

∣∣y) statistics with the use of Laplace-
Zero prior, with 1 ≤ j ≤ 20 from (3.76). To get a more complete picture, we ran
a bigger simulation study, relative to the one conducted in Section 3.8.1, for zero
versus linear/non-linear effect classification on Gaussian responses among the use
of 3 types prior distributions with different combinations of sample size and error
standard deviation in this subsection. The simulation settings are stated in (3.76),
(2.56), (2.57) and (3.79) as follows:

sample size n ∈ {500, 1000, 2000} ,

error standard deviation σε ∈ {0.25, 0.5, 1, 2} for Gaussian responses,

threshold parameter τ = 0.5.

(3.79)

In Figure 3.8, the performance measure was a misclassification rate for 30 candi-
date predictors stated in (3.76) being classified into one of three classes: zero effect,
linear effect or non-linear effect. Within each panel, the blue side-by-side boxplots
compare the misclassification rates among the use of three types of prior distribu-
tions given as follows:

A. the Laplace-Zero/Grouped Lasso-Zero prior approach based on model (2.28)
with the classification border set to 1

2
on rules (2.54),

B. the Horseshoe/Grouped Horseshoe prior approach based on model (3.23) with
the classification border set to 1

2
on rules (3.74),

C. the Horseshoe/Grouped Horseshoe prior approach based on model (3.23) with
the classification border based on k-means clustering.
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Figure 3.8 shows that the use of type A prior distribution is clearly superior to type
B with a much lower misclassification rate. The use of type C prior distribution of-
fers a big improvement compared to the use of type B. It shows that in our Bayesian
generalized additive model selection setting stated in (3.76), (3.79), (2.56) and (2.57),
the use of the (Grouped) Horseshoe priors does not compete very well with the use
of the Laplace-Zero/Grouped Lasso-Zero priors. Perhaps this can lead to the devel-

Figure 3.8: Side-by-side boxplots of the misclassification rates for the comparative performance sim-
ulation study described in the text in the case of the response variable being Gaussian. Each panel
corresponds to a different combination of sample size and error standard deviation. Within each
panel, the side-by-side boxplots compare the zero, linear, non-linear effect misclassification rate across
each of the three methods: A. Laplace-Zero/Grouped Lasso-Zero priors with classification border at
1
2 , B. (Grouped) Horseshoe priors with classification border at 1

2 , C. (Grouped) Horseshoe priors with
classification border determined via k-means clustering.

In summary, for Gaussian responses, using the (Grouped) Horseshoe priors with
fixed border of 0.5 with model selection rules stated in (3.74) and using the (Grouped)
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Horseshoe priors with k-means clustering used to determine the classification bor-
der with model selection rules stated in (3.74), both generally underperform relative
to the Laplace-Zero/Grouped Lasso-Zero priors with model selection rules stated
in (2.54) with threshold as 0.5. Therefore, in general, the recommendation for model
selection on Gaussian responses, is using the Laplace-Zero/Grouped Lasso-Zero pri-
ors with model selection rules stated in (2.54) with threshold as 0.5.

3.9 Comparative Performance of Poisson Responses

For the three-category generalized additive model selection on Poisson response, we
conducted a simulation study to evaluate the comparative performance of three ap-
proaches: A. (Grouped) Horseshoe priors described in Algorithm 5 with classifica-
tion border set to 1

2
in selection rule (3.75), B. (Grouped) Horseshoe priors with clas-

sification border via k-means clustering, as described in Section 3.8.1, and against C.
an existing Bayesian approach spikeSlabGAM (Scheipl, 2022) as described in Scheipl
et al. (2012). Details on use of the spikeSlabGAM package are given in Scheipl (2011).

In the case of spikeSlabGAM, we used the default call to its spikeSlabGAM( )

function. The model having highest posterior probability in the spikeSlabGAM( )

output object was selected. spikeSlabGAM uses a N (0, 0.000252) mass as the “spike"
and a Gaussian density function as the “slab". For Poisson response models, spike–
SlabGAM uses Metropolis-Hastings sampling.

The data were generated with 15 candidate predictors, 5 having “true" linear ef-
fects, 5 having “true" non-linear effects and 5 having “true" zero effects. The sample
size varied as n ∈ {1000, 2000} . Each of the predictors were generated from inde-
pendent Normal distributions. The non-linear effects corresponded to quintic poly-
nomials with random generated coefficients. We used the misclassification rate to
measure the accuracy of the methodologies, defined as the proportion of times that
a predictor is misclassified as zero, linear or non-linear effect based on the nature
of the true effects as determined by the data generating process. For each sample
size n, we ran simulation on 15 independently generated data sets. Each replication
involved the generation of new coefficients.

The side-by-side boxplots in Figure 3.9 facilitate comparison of

A. the (Grouped) Horseshoe priors with a classification border at 1
2
,

B. the same as A., but with the classification border based on k-means clustering,
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C. the “spike-and-slab" priors in spikeSlabGAM with default settings.

For A. and B. in Figure 3.9, we used Nwarm = Nkept = 1000 for the MCMC. Figure
3.9 shows that B. outperforms A. and C. with lower misclassification rate.

It is noted that using the (Grouped) Horseshoe priors, both A. and B., for Pois-
son responses in the three-category GAM selection, the slice sampling method as
described in Algorithm 5 was successfully drawing samples in approximately 30%

to 50% of 50 replications. It shows the numerical instability of the slice sampling
method in Algorithm 5 for Poisson responses. Possible reasons for numerical insta-
bility on Poisson responses via slice sampling are summarized as follows. Firstly,
the Poisson response assumes the variance and the mean are equal, which may not
hold in some data sets simulated. If the data is overdispersed, the model does not
fit well, leading to poor convergence. Secondly, slice sampling requires evaluating
the likelihood and prior densities at various points. If the likelihood or posterior
distribution has very steep gradients or is poorly conditioned, some seeds may lead
to numerical underflow or overflow. Moreover, slice sampling works by defining an
interval around the current value and drawing samples uniformly from within that
region, known as a slice. However, if the interval extends into areas where the like-
lihood is extremely low or effectively zero, the sampler may become stuck and fail
to explore the distribution efficiently. To improve the use of (Grouped) Horseshoe
priors via slice sampling for Poisson responses for the three-category GAM selection
is one of future research goals.

3.10 Comparative Performance of Negative-Binomial Re-

sponses

We now repeated the same procedure as described in Section 3.9 for the three-category
generalized additive model selection on Negative-Binomial response. We conducted
a simulation study to evaluate the comparative performance of two approaches: A.
(Grouped) Horseshoe priors described in Algorithm 6 with classification border set
to 1

2
in selection rule (3.75) and B. (Grouped) Horseshoe priors with classification

border via k-means clustering, as described in Section 3.8.1.
The data were generated with 30 candidate predictors, 10 having “true" lin-

ear effects, 10 having “true" non-linear effects and 10 having “true" zero effects.
The sample size varied as n ∈ {500, 1000, 2000} and the shape parameter varied as
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Figure 3.9: Side-by-side boxplots of the misclassification rates for the comparative performance sim-
ulation study described in the text in the case of the response variable being Poisson. Each panel
corresponds to a different sample size. Within each panel, the side-by-side boxplots compare the mis-
classification rate across each of three methods: A. (Grouped) Horseshoe priors with a classification
border at 1 , B. (Grouped) Horseshoe priors with classification border determined via k-means cluster-
ing. C. spikeSlabGAM with default settings.

κ ∈ {1, 2, 4} . For each combination of sample size n and shape parameter κ, we ran
simulation on 50 independently generated data sets.

The side-by-side boxplots in Figure 3.10 allow direct comparison between the
two approaches:

A. the (Grouped) Horseshoe priors with a classification border at 1
2
,

B. the same as A., but with the classification border based on k-means clustering.

For A. and B. in Figure 3.10, we use Nwarm = Nkept = 1000 for the MCMC. Figure
3.10 shows that B. outperforms A. with lower misclassification rate.
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Algorithm 4: Markov chain Monte Carlo generation of samples from the posterior
distributions of the parameters in (3.23) for Gaussian responses using Horseshoe-type
prior.

Data Inputs: y(n× 1); X (n× (d◦ + d•)) ; Zj(n×Kj), 1 ≤ j ≤ d•.

Response Type Input: responseType ∈ {Gaussian} .

Sufficient Statistics Inputs: XTy, XTX, ZTy, ZTX, ZTZ.

Hyperparameter Inputs: σβ0 , sβ, sε, su > 0.

Chain Length Inputs: Nwarm and Nkept both positive integers.

Initialize: β[0] ←− 0d◦+d•

u
[0]
j ←− 0Kj , 1 ≤ j ≤ d•; (σ

2
ε)

[0] ←− 1; a
[0]
ε ←− 1; (σ2

β)
[0] ←− 1; a

[0]
β ←− 1

f
[0]
2β ←− 1d◦+d• ; f

[0]
1β ←− 1d◦+d• ; f

[0]
2uj ←− 1, f

[0]
1uj ←− 1, 1 ≤ j ≤ d•;

a
[0]
uj ←− 1, 1 ≤ j ≤ d•; (σ

2
uj)

[0] ←− 1, 1 ≤ j ≤ d•.

For j = 1, . . . , d• : ωZj ←− diagonal
(

ZTZ⟨j,j⟩
)

For g = 1, . . . , Nwarm +Nkept :

ω1 ←− yT1

ω2 ←−
{
n/(σ2

ε)
[g−1] + (1/σ2

β0
)
}

; β
[g]
0 ∼ N

( ω1

(σ2
ε)

[g−1]ω2
,
1

ω2

)
Ω←− (XTX)

/
(σ2

ε)
[g−1] + diag

(
f
[g−1]
2β

)/
(σ2

β)
[g−1]

ω3 ←− XTy−
d•∑
j=1

ZTX⟨j⟩T
(
u
[g−1]
j

)
Decompose Ω = UΩdiag(dΩ)UT

Ω where UΩU
T
Ω = I

z ∼ N(0, I)((d◦ + d•)× 1) ; β[g] ←− UΩ

(
UT

Ωz√
dΩ

+
UT

Ω (ω3)

dΩ(σ2
ε)

[g−1]

)

For j = 1, . . . , d◦ + d• :

f
[g]
2βj ∼ Gamma

(
1, f

[g−1]
1βj +

(β2
j )

[g]

2
(
σ2

β

)[g−1]

)
continued on a subsequent page . . .
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Algorithm 4 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

f
[g]
1βj ∼ Gamma

(
1, f

[g]
2βj + 1

)
(σ2

β)
[g] ∼ Inverse-Gamma

(
1

2
(d◦ + d• + 1), 1

/
a
[g−1]
β +

1

2
β[g]T diag

(
f
[g]
2β

)
β[g]

)

a
[g]
β ∼ Inverse-Gamma

(
1,
{
1
/ (

σ2
β

)[g]}
+
(
1/s2β

))
; βcurr ←− β[g]

For j = 1, . . . , d• : ucurr
j ←− u

[g−1]
j

For j = 1, . . . , d•:

ω6 ←− ZTy⟨j⟩ − ZTX⟨j⟩βcurr −
d•∑

j′ ̸=j

ZTZ⟨j,j′⟩
(
ucurr
j′

)
ω7 ←−

{
ωZj

/(
σ2
ε

)[g−1]
}
+

{
f
[g−1]
2uj 1Kj

/(
σ2
uj

)[g−1]
}

z ∼ N
(
0, IKj

)
; ucurr

j ←−
(
z
/√

ω7

)
+
[
ω6

/{
ω7

(
σ2
ε

)[g−1]
}]

For j = 1, . . . , d• : ucurr
j ←− u

[g]
j

For j = 1, . . . , d•:

f
[g]
2uj ∼ Gamma

1
2 (Kj + 1) , f

[g−1]
1uj +

∥∥u[g]
j

∥∥2
2
(
σ2
uj

)[g−1]


f
[g]
1uj ∼ Gamma

(
1, f

[g]
2uj) + 1

)
(σ2

uj)
[g] ∼ Inverse-Gamma

(
1
2(Kj + 1),

1

a
[g−1]
uj

+ 1
2

∥∥∥u[g]
j

∥∥∥2f [g]
2uj

)

a
[g]
uj ∼ Inverse-Gamma

1,
1(

σ2
uj

)[g] + 1

s2u


ω10 ←− 1nβ

[g]
0 +Xβ[g] +

d•∑
j=1

Zju
[g]
j

(σ2
ε)

[g] ∼ Inverse-Gamma
(

1
2(n+ 1), (1

/
a
[g−1]
ε ) + 1

2

∥∥∥y − ω10

∥∥∥2)
a
[g]
ε ∼ Inverse-Gamma

(
1,
{
1
/
(σ2

ε)
[g]
}
+ (1

/
s2ε)
)

Outputs: All chains after omission of the first Nwarm values.
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Algorithm 5: Markov chain Monte Carlo generation of samples from the posterior
distributions of the parameters in (3.24) for Poisson responses using Horseshoe-type
priors.

Data Inputs: y(n× 1),X(n× (d◦ + d•)),Zj(n×Kj), 1 ≤ j ≤ d•.

Response Type Input: responseType ∈ {Poisson} .

Hyperparameter Inputs: σβ0 , sβ , sε, su, Aβ , Bβ , Au, Bu > 0.

Chain Length Inputs: Nwarm and Nkept both positive integers.

Initialize: β[0] ←− 0d◦+d• ; u
[0]
j ←− 0Kj ; 1 ≤ j ≤ d•, (σ2

ε)
[0] ←− 1; a

[0]
ε ←− 1;

(σ2
β)

[0] ←− 1; a
[0]
β ←− 1; f

[0]
2β ←− 1d◦+d• ; f

[0]
1β ←− 1d◦+d• ;

f
[0]
2u ←− 1d• ; f

[0]
1u ←− 1d• ; (σ2

uj)
[0] ←− 1, a

[0]
uj ←− 1, 1 ≤ j ≤ d•,

sumDists(β0)←− 0; sumDists(βj)←− 0; sumDists(ujk)←− 0.

For g = 1, . . . , Nwarm +Nkept :

s1(β0)←− nȳ; s2(β0)←− σ2
β0
; s3(β0)←− 1n;

s4(β0)←−Xβ[g−1] +

d•∑
j=1

Zju
[g−1]
j ,

β
[g]
0 ←− sliceSampling

(
β
[g−1]
0 , s1(β0), s2(β0), s3(β0), s4(β0), g, sumDists(β0)

)
,

sumDists(β0)←− sumDists(β0) +
∣∣∣β[g−1]

0 − β
[g]
0

∣∣∣.
For j = 1, . . . , d◦ + d• :

s1(βj)←− 1Tn (y ⊙Xj) ; s2(βj)←− (σ2
β)

[g−1]
/
f
[g−1]
2βj

; s3(βj)←−Xj ;

s4(βj)←− β
[g−1]
0 + (X)−j

(
β[g−1]

)
−j

+

d•∑
j=1

Zju
[g−1]
j ;

β
[g]
j ←− sliceSampling

(
β
[g−1]
j , s1(βj), s2(βj), s3(βj), s4(βj), g, sumDists(βj)

)
,

sumDists(βj)←− sumDists(βj) +
∣∣∣β[g−1]

j − β
[g]
j

∣∣∣.
f
[g]
2βj
∼ Gamma

(
1,

(β2
j )

[g]

2(σ2
β)[g−1]

+ f
[g−1]
1βj

)
; f

[g]
1βj
∼ Gamma

(
1, 1 + f

[g]
2βj

)
.

(σ2
β)

[g] ∼ Inverse-Gamma
(
1
2 (d◦ ++d• + 1) , 1

/
a
[g−1]
β + 1

2β
[g]T diag(f [g]

2β)β
[g]
)

continued on a subsequent page . . .
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Algorithm 5 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

aβ ∼ Inverse-Gamma
(
1,
{
1
/ (

σ2
β

)[g]}
+
(
1
/
s2β
))

; s4(ujk)←− β
[g]
0 +Xβ[g],

For j = 1, . . . , d• :

s2(ujk)←− (σ2
uj)

[g−1]
/
f
[g−1]
2uj ; s4(ujk)←− s4(ujk) +

d•∑
j′ ̸=j

Zj′u
[g−1]
j′ ,

For k = 1, . . . ,Kj :

s1(ujk)←− 1Tn (y ⊙Zjk) ; s3(ujk)←− Zjk,

s4(ujk)←− s4(ujk) +
Kj∑
k′ ̸=k

Zjk′u
[g−1]
jk′ ,

u
[g]
jk ←− sliceSampling

(
u
[g−1]
jk , s1(ujk), s2(ujk), s3(ujk), s4(ujk), g,

sumDists(ujk)) .

sumDists(ujk)←− sumDists(ujk) +
∣∣∣u[g−1]

jk − u
[g]
jk

∣∣∣
f
[g]
2uj ∼ Gamma

(
1
2 (Kj + 1) , f

[g−1]
1uj + 1

2

∥∥∥u[g]
j

∥∥∥2/(σ2
uj)

[g−1]

)
,

f
[g]
1uj ∼ Gamma

(
1, 1 + f

[g]
2uj

)
,

(σ2
uj)

[g] ∼ Inverse-Gamma
(

1
2 (Kj + 1) ,

(
1
/
a
[g−1]
uj

)
+ 1

2f
[g]
2uj

∥∥∥u[g]
j

∥∥∥2) ,

a
[g]
uj ∼ Gamma

(
1,

{
1
/(

σ2
uj

)[g]}
+
(
1
/
s2u

))
.

Outputs: All chains after omission of the first Nwarm values.
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Algorithm 6: Markov chain Monte Carlo generation of samples from the poste-
rior distributions of the parameters in (3.25) for Negative-Binomial responses using
Horseshoe-priors.
Function to compute the logarithm of unnormalised density function of λ for
Negative-Binomial responses called logUnnDensLambda( ).

ηβ ←−Xβ, ηu ←−
d•∑
j=1

Zjuj ,

Data Inputs: λ, β0, n, bκ, g,ηβ ,ηu.

κ←− exp (λ) .

Outputs: λ+ n {κ log (κ)− log (Γ (κ))}

−κ

[
n∑

i=1

(
β0 + ηβ + ηu

)
+ bκ +

n∑
i=1

{
gi exp

(
−
(
β0 + ηβ + ηu

))}
−

n∑
i=1

log (gi)

]

Slice sampling for Negative-Binomial responses:

Data Inputs: y(n× 1),X(n× (d◦ + d•)),Zj(n×Kj), 1 ≤ j ≤ d•.

Response Type Input: responseType ∈ {Negative-Binomial} .

Hyperparameter Inputs: σβ0 , sβ , sε, su, Aβ , Bβ , Au, Bu, bκ > 0,

Chain Length Inputs: Nwarm and Nkept both positive integers.

Initialize: β[0] ←− 0d◦+d• ; u
[0]
j ←− 0Kj ; 1 ≤ j ≤ d•, (σ2

ε)
[0] ←− 1; a

[0]
ε ←− 1;

(σ2
β)

[0] ←− 1; a
[0]
β ←− 1; f

[0]
2β ←− 1d◦+d• ; f

[0]
1β ←− 1d◦+d• ; λ[0] ←− 1,

f
[0]
2u ←− 1d• ; f

[0]
1u ←− 1d• ; (σ2

uj)
[0] ←− 1, a

[0]
uj ←− 1, 1 ≤ j ≤ d•,

sumDists(β0)←− 0; sumDists(βj)←− 0; sumDists(ujk)←− 0;

sumDists(λ)←− 0;

For s = 1, . . . , Nwarm +Nkept :

ηβ ←−Xβ[s−1], ηu ←−
d•∑
j=1

Zju
[s−1]
j

g[s] ∼ Gamma
(
y + exp(λ[s−1]), 1 + exp

(
λ[s−1]

)
exp

(
β
[s−1]
0 + ηβ + ηu

))
s1(β0)←− −n exp

(
λ[s−1]

)
; s2(β0)←− σ2

β0
; s3(β0)←− −1n;

continued on a subsequent page . . .
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Algorithm 6 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

s4(β0)←− 1nλ
[s−1] + log

(
g[s]
)
+ ηβ + ηu

β
[s]
0 ←− sliceSampling

(
β
[s−1]
0 , s1(β0), s2(β0), s3(β0), s4(β0), g, sumDists(β0)

)
sumDists(β0)←− sumDists(β0) +

∣∣∣β[s−1]
0 − β

[s]
0

∣∣∣
ω1 ←− logUnnDensLambda

(
λ[s−1], β

[s−1]
0 , n, bκ, g,ηβ ,ηu

)
if (s = 2) t←− 1.0; if (s > 2) t←− sumDists(λ)

/
(s− 1).

u←− a draw from the Uniform(0, 1) distribution

ω2 ←− ω1 + log (u) ; Lλ ←− λ[s−1] − tu; Uλ ←− Lλ + t.

ω3 ←− logUnnDensLambda
(
Lλ, β

[s]
0 , n, bκ, g

[s],ηβ ,ηu

)
.

while (ω2 < ω3)

Lλ ←− Lλ − t; ω3 ←− logUnnDensLambda
(
Lλ, β

[s]
0 , n, bκ, g

[s],ηβ ,ηu

)
.

ω4 ←− logUnnDensLambda
(
Uλ, β

[s]
0 , n, bκ, g

[s],ηβ ,ηu

)
.

while (ω2 < ω4)

Uλ ←− Uλ + t; ω4 ←− logUnnDensLambda
(
Uλ, β

[s]
0 , n, bκ, g

[s],ηβ ,ηu

)
.

L̃λ ←− Lλ; Ũλ ←− Uλ; newPointFound←− FALSE.

while (newPointFound = FALSE)

λnew ←− L̃λ + u
(
Ũλ − L̃λ

)
.

if
(
ω2 < logUnnDensLambda

(
λnew, β

[s]
0 , n, bκ, g

[s],ηβ ,ηu

))
λ[s] ←− λnew; newPointFound←− TRUE.

if (λnew < x) L̃λ ←− λnew; if (λnew ≥ x) Ũλ ←− λnew

sumDists(λ)←− sumDists(λ) +
∣∣∣λ[s−1] − λ)[s]

∣∣∣
For j = 1, . . . , d◦ + d• :

s1(βj)←− − exp
(
λ[s]
)
1TnXj ; s2(βj)←− (σ2

β)
[s−1]

/
f
[s−1]
2βj

; s3(βj)←− −Xj ;

s4(βj)←− 1nλ
[s] + log

(
g[s]
)
−
(
1nβ

[s]
0 + (X)−j

(
β[s−1]

)
−j

+ ηu

)
β
[s]
j ←− sliceSampling

(
β
[s−1]
j , s1(βj), s2(βj), s3(βj), s4(βj), g, sumDists(βj)

)
,

sumDists(βj)←− sumDists(βj) +
∣∣∣β[s−1]

j − β
[s]
j

∣∣∣.
continued on a subsequent page . . .
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Algorithm 6 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

f
[s]
2βj
∼ Gamma

(
1,

(β2
j )

[s]

2(σ2
β)[s−1]

+ f
[s−1]
1βj

)
; f

[s]
1βj
∼ Gamma

(
1, 1 + f

[s]
2βj

)
.

(σ2
β)

[s] ∼ Inverse-Gamma
(
1
2 (d◦ ++d• + 1) , 1

/
a
[s−1]
β + 1

2β
[s]T diag(f [s]

2β)β
[s]
)

a
[s]
β ∼ Inverse-Gamma

(
1,
{
1
/ (

σ2
β

)[g]}
+
(
1
/
s2β
))

;

s4(ujk)←− 1nλ
[s] + log

(
g[s]
)
−
(
1nβ

[s]
0 +Xβ[s]

)
,

For j = 1, . . . , d• :

s2(ujk)←− (σ2
uj)

[s−1]
/
f
[s−1]
2uj ; s4(ujk)←− s4(ujk)−

d•∑
j′ ̸=j

Zj′u
[s−1]
j′

For k = 1, . . . ,Kj :

s1(ujk)←− − exp
(
λ[s]
)
1TKj

Zjk; s3(ujk)←− −Zjk,

s4(ujk)←− s4(ujk)−
Kj∑
k′ ̸=k

Zjk′u
[s−1]
jk′

u
[s]
jk ←− sliceSampling

(
u
[s−1]
jk , s1(ujk), s2(ujk), s3(ujk), s4(ujk),

sumDists(ujk))

sumDists(ujk)←− sumDists(ujk) +
∣∣∣u[s−1]

jk − u
[s]
jk

∣∣∣
f
[s]
2uj ∼ Gamma

(
1
2 (Kj + 1) , f

[s−1]
1uj + 1

2

∥∥∥u[s]
j

∥∥∥2/(σ2
uj)

[s−1]

)
,

f
[s]
1uj ∼ Gamma

(
1, 1 + f

[s]
2uj

)
,

(σ2
uj)

[s] ∼ Inverse-Gamma
(

1
2 (Kj + 1) ,

(
1
/
a
[s−1]
uj

)
+ 1

2f
[s]
2uj

∥∥∥u[s]
j

∥∥∥2) ,

a
[s]
uj ∼ Gamma

(
1,

{
1
/(

σ2
uj

)[s]}
+
(
1
/
s2u

))
.

Outputs: All chains after omission of the first Nwarm values.



2

Figure 3.10: Side-by-side boxplots of the misclassification rates for the comparative performance
simulation study described in the text in the case of the response variable being Negative-Binomial.
Each panel corresponds to a different combination of sample size and shape parameter. Within each
panel, the side-by-side boxplots compare the misclassification rate across each of two methods: A.
(Grouped) Horseshoe priors with a classification border at 1 , B. (Grouped) Horseshoe priors with
classification border determined via k-means clustering.
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3.A Derivation of Result 3.2.2.1

From (3.1), for x ∈ Rd, we have

pHS,d (x) =

∫ ∞

0

p(x
∣∣λ)p(λ)dλ =

∫ ∞

0

∣∣∣2πλ2Id∣∣∣−1
2
exp

(
−
∥∥x∥∥2
2λ2

)
2

π(1 + λ2)
dλ

=
(
2π
)−d

2
∫ ∞

0

λ−d exp

(
−
∥∥x∥∥2
2λ2

)
2

π(1 + λ2)
dλ.

The change of variable t ≡ 1

λ2
, leads to λ = (t)−

1
2 , dλ = −1

2
(t)−

3
2 dt and

pHS,d (x) =
(
2π
)−d

2

∫
0

∞

(
(t)−

1
2

)−d

exp

(
−
∥∥x∥∥2
2

t

)
2

π

(
1

t
+ 1

) (−1

2
(t)−

3
2

)
dt

=
(
2π
)−d

2 1

π

∫
∞

0

(
t
)d+1

2
−1

exp

(
−
∥∥x∥∥2
2

t

)
1

t+ 1
dt

=
(
2π
)−d

2 1

π
Γ

(
d+ 1

2

)
exp

(∥∥x∥∥2
2

)(∥∥x∥∥2
2

)1−d
2

×

(∥∥x∥∥2
2

)d+1
2

−1

exp

(
−
∥∥x∥∥2
2

)

Γ

(
d+ 1

2

)
∫

∞

0

(t)
d+1
2

−1 exp

(
−
∥∥x∥∥2
2

t

)
1 + t

dt. (3.80)

For the following term stated in the last step of (3.80)

(∥∥x∥∥2
2

)d+1
2

−1

exp

(
−
∥∥x∥∥2
2

)

Γ

(
d+ 1

2

)
∫

∞

0

(t)
d+1
2

−1 exp

(
−
∥∥x∥∥2
2

t

)
1 + t

dt,
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we use 8.19.4 of Olver et al. (2023) as follows:

Ep(z) =
zp−1 exp(−z)

Γ(p)

∫ ∞

0

tp−1 exp(−zt)
1 + t

dt.

We then have

pHS,d (x) =
(
2π
)−d

2 1

π
Γ

(
d+ 1

2

)
exp

(∥∥x∥∥2
2

)(∥∥x∥∥2
2

)1−d
2

E(
d+1
2

)
(∥∥x∥∥2

2

)

=
Γ
(
d+1
2

)
√
2πd+2

exp

(∥∥x∥∥2
2

)
E(

d+1
2

)
(∥∥x∥∥2

2

)
1∥∥x∥∥(d−1)

.
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3.B Derivation of Result 3.2.3.1

We will look at the derivation of Result 3.2.3.1 by separately considering the follow-
ing cases:

d = 1 and d ≥ 2.

The d = 1 Case
From Theorem 1 of Carvalho et al. (2010), we have

pHS,1(x) >
K1

2
log

(
1 +

4

x2

)
where K1 ≡

1√
2π3

.

Then
lim
x→0

pHS,1(x) >
K1

2
log

(
1 + 4 lim

x→0

(
1

x2

))
=∞.

Therefore
lim
x→0

pHS,1(x) =∞

and Result 3.2.3.1 holds for d = 1.

The d ≥ 2 Case
From Result 3.2.2.1, we have

pHS,d(x) = Kd exp

(∥∥x∥∥2
2

)
E( d+1

2 )

(∥∥x∥∥2
2

)
1∥∥x∥∥(d−1)

where Kd ≡
Γ
(
1
2
(d+ 1)

)
√
2πd+2

.

Then

lim
x→0

pHS,d(x) = Kd

{
lim
x→0

exp

(∥∥x∥∥2
2

)}{
lim
x→0

E( d+1
2 )

(∥∥x∥∥2
2

)}{
lim
x→0

∥∥x∥∥1−d
}
.

Note that

lim
x→0

exp

(∥∥x∥∥2
2

)
= 1.

From 8.19.6 of Olver et al. (2023) as follows:

Ep (0) =
1

p− 1
, for all p > 1,
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we then have

lim
x→0

E( d+1
2 )

(∥∥x∥∥2
2

)
=

1
1
2
(d+ 1)− 1

=
2

d− 1
∈ [0,∞) for all d ≥ 2.

Also note that
lim
x→0

∥∥x∥∥1−d
=∞ for all d ≥ 2.

Therefore
lim
x→0

pHS,d(x) =∞ for all d ≥ 2.
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3.C Derivation of Result 3.2.4.1

Result 3.2.4.1 implies various properties of the bivariate confluent hypergeometric
function. We will start with its definition and key results. Then we show how these
results link to our Result 3.2.4.1 statement.

3.C.1 The Bivariate Confluent Hypergeometric Function

The bivariate confluent hypergeometric function

Φ1 (α, β, γ, x, y) for α, β, γ, x, y,∈ C

is defined via a pair of partial differential equations in Section 9.262 of Gradshteyn
and Ryzhik (1994). In Appendix 3.C.1, for demonstrative purposes, Φ1 (α, β, γ, x, y)

defined in Gradshteyn and Ryzhik (1994) is denoted as Φ1_GR (α, β, γ, x, y) and Φ1 (α, β, γ, x, y)

defined in Gordy (1998) is denoted as Φ1_Gordy (α, β, γ, x, y) .

As stated in Section 9.261 of Gradshteyn and Ryzhik (1994) the following series
representation applies when |x| < 1 :

Φ1_GR (α, β, γ, x, y) =
∞∑

m=0

∞∑
n=0

(α)m+n (β)m x
myn

(γ)m+nm!n!
where (α)k ≡ Γ (a+ k)

/
Γ(α).

(3.81)
Result 3.385 of Gradshteyn and Ryzhik (1994) states that∫ ∞

0

xν−1 (1− x)λ−1 (1− βx)−ρ exp (−µx) dx =
Γ(ν)Γ(λ)

Γ(ν + λ)
Φ1 (ν, ρ, ν + λ, β,−µ) (3.82)

for complex numbers λ, ν, ρ, β and µ ranging over various subsets of the complex
plane. If these parameters are restricted to be real numbers then the restrictions
reduce to

λ, ν > 0 and β, ρ, µ ∈ R.

Equation (6) of Gordy (1998) is given as follows:

Φ1_Gordy(α, β, γ, x, y) =
∞∑

m=0

∞∑
n=0

(α)m+n (β)n x
myn

(γ)m+nm!n!
.

The error in equation (6) of Gordy (1998) is (β)m stated in (3.81) being wrongly re-
placed by (β)n, even though Result 1 of Section 9.261 of an earlier edition of Grad-
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shteyn and Ryzhik (1994) is given as a reference for the series representation of Φ1.

This error leads to the roles of x and y being reversed between Φ1_Gordy and Φ1_GR.

Therefore
Φ1_GR (α, β, γ, x, y) = Φ1_Gordy(α, β, γ, y, x). (3.83)

For 0 ≤ x < 1 and 0 < α < γ, (T4) of Gordy (1998) is the following series representa-
tion of Φ1 in terms of univariate confluent hypergeometric function 1F1 :

Φ1_Gordy(α, β, γ, x, y) = exp(x)
∞∑
n=0

(α)n(β)ny
n

(γ)nn!
1F1(γ − α, γ + n,−x). (3.84)

We refer to Result 1 of Section 9.261 of Gradshteyn and Ryzhik (1994) and use Φ1_GR

for Φ1 in the rest of this thesis. According to (3.83), we have the following series
representation of Φ1 in terms of the univariate confluent hypergeometric function

1F1 :

Φ1(α, β, γ, x, y) = exp(y)
∞∑
n=0

(α)n(β)nx
n

(γ)nn!
1F1(γ − α, γ + n,−y). (3.85)

The error in equation (6) of Gordy (1998) leads to (T1) – (T4) of Gordy (1998) con-
taining an incorrect variant of (3.85) with respect to the Φ1, 1F1 and 2F1 functions as
defined in Gradshteyn and Ryzhik (1994).

3.C.2 Marginal Density Function Simplification

The marginal density function of y according to model (3.2) is

p(y) =

∫ ∞

0

{∫
Rd

p(y|θ)p(θ|λ)dθ
}
p(λ)dλ where p(λ) =

2I(λ > 0)

π(λ2 + 1)
. (3.86)

Note that model (3.2) is equivalent to the set-up as follows:

y|θ ∼ N (θ, Id) , θ|λ ∼ N
(
0, λ2τ 2Id

)
, λ ∼ Half-Cauchy (1) , (3.87)
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for some τ > 0 that is fixed and known. If we define ξ ≡ 1 + 1
/
(λ2τ 2) and the

symmetric matrixA ≡ ξId, then p(y|θ)p(θ|λ), stated in (3.86) for p(y), becomes

p(y|θ)p(θ|λ) = (2πτλ)−d exp

(
−1

2

∥∥y − θ∥∥2 − ∥∥θ∥∥
2λ2τ 2

)

= (2πτλ)−d exp

(
−1

2

∥∥y∥∥2 + yTθ − 1

2
θT
(
1 +

1

λ2τ 2
Idθ

))
= (2πτλ)−d exp

(
−1

2

∥∥y∥∥2) exp

(
yTθ − 1

2
θT (ξId)θ

)
and

yTθ − 1

2
θTAθ =

1

2
yTA−1y − 1

2

(
θ −A−1y

)T
A
(
θ −A−1y

)
.

Therefore, the term p(y|θ)p(θ|λ), stated in (3.86) for p(y), becomes

p(y|θ)p(θ|λ) =
(
2πτλ

)−d

exp

(
−1

2

∥∥y∥∥2)

× exp

(
1

2

(
1

ξ

)∥∥∥y∥∥∥2 − 1

2

(
θ −

(
1

ξ

)
y

)T ((
1

ξ

)
Id

)−1(
θ −

(
1

ξ

)
y

))

=
(
2π
)−d

2
(
τλ
)−d

exp

(
1

2

(
1

ξ
− 1

)∥∥∥y∥∥∥2) ∣∣∣∣∣
(
1

ξ

)
Id

∣∣∣∣∣
1
2(

2π
)−d

2

∣∣∣∣∣
(
1

ξ

)
Id

∣∣∣∣∣
−1
2

× exp

((
θ −

(
1

ξ

)
y

)T ((
1

ξ

)
Id

)−1(
θ −

(
1

ξ

)
y

))
. (3.88)

Note that

(
2π
)−d

2

∣∣∣∣∣
(
1

ξ

)
Id

∣∣∣∣∣
−1
2

exp

((
θ −

(
1

ξ

)
y

)T ((
1

ξ

)
Id

)−1(
θ −

(
1

ξ

)
y

))

is the N
((
1
/
ξ
)
y,
(
1
/
ξ
)
Id
)

density function in θ and
∣∣∣ (1/ξ) Id∣∣∣12 =

(
1
/
ξ
)d
2 . The

term
∫
Rd p(y|θ)p(θ|λ)dθ, stated in (3.86) for p(y), becomes

∫
Rd

p(y|θ)p(θ|λ)dθ =
(
2π
)−d

2
(
τλ
)−d

exp

(
1

2

(
1

ξ
− 1

)∥∥y∥∥2)(1

ξ

)d
2

.
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Recalling that ξ =
λ2τ 2 + 1

λ2τ 2
,
1

ξ
=

λ2τ 2

λ2τ 2 + 1
and

1

ξ
− 1 = − 1

λ2τ 2 + 1
, we then have∫

Rd

p(y|θ)p(θ|λ)dθ =
(
2π
)−d

2
exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2

.

Moreover, since λ ∼ Half-Cauchy(1) and p(λ) =
2

π (1 + λ2)
, (3.86) becomes

p(y) =
((

2
)d−2(

π
)d+2

)−1
2

∫
∞

0

exp

(
−
( ∥∥y∥∥2

2
λ2τ 2 + 1

))
1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ. (3.89)

3.C.3 Score Function Simplification

The score function is given as the following d× 1 derivative vector:

∇y {log p(y)} =



∂ log {p(y)}
∂y1

...

∂ log {p(y)}
∂yd


. (3.90)

The marginal density function p(y) stated in (3.89) in Appendix 3.C.2 is

p(y) =
(
(2)d−2 (π)d+2

)−1
2
∫ ∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ.

Observe that

dyp(y) =
(
(2)d−2 (π)d+2

)−1
2
∫ ∞

0

dy exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ.
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We then have

dy log p(y) =
1

p(y)
dyp(y)

=

(
(2)d−2 (π)d+2

)−1
2

∫
∞

0

dy exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ

(
(2)d−2 (π)d+2

)−1
2

∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ

.

(3.91)

Noting that

dy

(∥∥y∥∥2) = dy
(
yTy

)
=

[
d (y21 + . . .+ y2n)

dy1
, . . . ,

d (y21 + . . .+ y2n)

dyn

]
= 2y

and

dy exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 = −y exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

λ2τ 2 + 1
dy,

then the integral in the numerator of dy log p(y) stated in (3.91) becomes∫
∞

0

dy exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ

=

∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d+2
2 (1 + λ2)

dλdy (−y) .
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Therefore, dy log p(y) stated in (3.91) becomes

dy log p(y) = −y

∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d+2
2 (1 + λ2)

dλ∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ

dy.

Hence, the score function stated in (3.90) becomes

∇y {log p(y)} = −y



∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d+2
2 (1 + λ2)

dλ∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ


.

(3.92)

3.C.4 Bivariate Confluent Hypergeometric Function Representations

In this subsection, we derive expressions for marginal density function p(y) and
score function ∇y {log p(y)} using the bivariate confluent hypergeometric function
Φ1 as defined in Appendix 3.C.1. The marginal density function p(y) is stated in
(3.89) in Appendix 3.C.2. The integral stated in (3.89) is as follows:

C (a, b) = C
(

1
2

∥∥y∥∥2, τ 2)
where

C (a, b) ≡
∫ ∞

0

exp

(
− a

1 + λ2b

)
1

(1 + λ2b)
d
2 (λ2 + 1)

dλ. (3.93)

The change of variable

x ≡ λ2b

1 + λ2b



3.C.4. Bivariate Confluent Hypergeometric Function Representations 159

in (3.93) leads to λ2 =
x

b (1− x)
, dλ =

1√
b

1

2
√
− x

x−1
(1− x)2

dx and

C (a, b) =

∫
1

0

exp
(
− a+ ax

) 1(
1

1−x

)d
2
(

b−x(b−1)
b(1−x)

) 1√
b

1

2
√
− x

x−1
(1− x)2

dx

=
exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+1
2

−1

)
(
1−

(
1− 1

b

)
x
) exp

(
− (−ax)

)
dx. (3.94)

For the integral stated in the last step of (3.94), we use 3.385 from Gradshteyn and
Ryzhik (1994) stated in (3.82) in Appendix 3.C.1 as follows:∫ 1

0

xν−1 (1− x)λ−1 (1− βx)−ρ e−µxdx = B (ν, λ) Φ1 (ν, ρ, ν + λ, β,−µ) .

In our case, we have ν = 1
/
2, λ = (d+ 1)

/
2, β = 1−1

/
b, ρ = 1, ν+λ = (d+ 2)

/
2

and µ = −a. Then C (a, b) stated in (3.94) becomes

C (a, b) =
exp (−a)

√
πΓ

(
d

2
+

1

2

)
d
√
bΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

b
, a

)
. (3.95)

Note that a = 1
2

∥∥y∥∥2 and b = τ 2. Then C (a, b) , the integral stated in (3.89), becomes

C (a, b) =

∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2 (1 + λ2)

dλ

=

exp

(
−1

2

∥∥y∥∥2)√πΓ(d
2
+

1

2

)
dτΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
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Therefore, the marginal density function stated in (3.89) becomes

p(y)

=
(
(2)d−2 (π)d+2

)−1
2
exp

(
−1

2

∥∥y∥∥2)√πΓ(d
2
+

1

2

)
dτΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

=
(
(2)d−2 (π)d+1

)−1
2
exp

(
−1

2

∥∥y∥∥2)Γ

(
d

2
+

1

2

)
dτΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
(3.96)

For the d = 1 case, (3.96) reduces to a similar expression, but not identical to equation
(A1) of Carvalho et al. (2010). Equation (A1) of Carvalho et al. (2010) is as follows:

m(y) =
2

τ (2π3)
1
2

exp

(
−y

2

2

)
Φ1

(
1

2
, 1,

5

2
,
y2

2
, 1− 1

τ 2

)
,

with m(y) denoted the marginal density. The main difference is the order of the
fourth and fifth arguments of the Φ1 function. This discrepancy is attributable to an
error in Gordy (1998) described in Appendix 3.C.1.

Next we seek an analogous expression for the score function∇y {log p(y)} stated
in (3.92) in Appendix 3.C.3. The analogous expression is as follows:

∇y {log p(y)} = −y
D
(

1
2

∥∥y∥∥2, τ 2)
C
(

1
2

∥∥y∥∥2, τ 2) (3.97)

where

D (a, b) ≡

∫
∞

0

exp

−


∥∥y∥∥2
2

λ2τ 2 + 1


 1

(λ2τ 2 + 1)
d
2
+1 (1 + λ2)

dλ.

Calculations of D (a, b) are similar to those given in the previous section for C (a, b) .
The change of variable

x =
λ2b

1 + λ2b
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in D (a, b) leads to λ2 =
x

b (1− x)
, dλ =

1√
b

1

2
√
− x

x−1
(1− x)2

dx and

D (a, b) =

∫
1

0

exp
(
− a+ ax

) 1(
1

1−x

)d
2
+1 (

b−x(b−1)
b(1−x)

) 1√
b

1

2
√
− x

x−1
(1− x)2

dx

=
exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+3
2

−1

)
(
1−

(
1− 1

b

)
x
) exp

(
− (−ax)

)
dx. (3.98)

For the integral stated in the last step of (3.98), we use 3.385 from Gradshteyn and
Ryzhik (1994) stated in (3.82) in Appendix 3.C.1 as follows:∫ 1

0

xν−1 (1− x)λ−1 (1− βx)−ρ e−µxdx = B (ν, λ) Φ1 (ν, ρ, ν + λ, β,−µ) .

In our case, we have ν = 1
/
2, λ = (d+ 3)

/
2, β = 1−1

/
b, ρ = 1, ν+λ = (d+ 4)

/
2

and µ = −a. Then D (a, b) , the numerator of score function ∇y {log p(y)} , stated
in (3.97), becomes

D (a, b) =
exp (−a)
2
√
b

√
πΓ

(
d+ 3

2

)
Γ
(
1
2
d+ 2

) Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

b
, a

)

=
exp (−a)
2
√
b

√
π
1

2
(d+ 1)Γ

(
d+ 1

2

)
(
d

2
+ 1

)
Γ
(
1
2
d+ 1

) Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

b
, a

)
.

Note that C (a, b) stated in (3.95) in Appendix 3.C.4, which is the denominator of
score function ∇y {log p(y)} stated in (3.97), is as follows:

C (a, b) =
exp (−a)

√
πΓ

(
d

2
+

1

2

)
d
√
bΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

b
, a

)
.
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Then the score function stated in (3.97) becomes

∇y log {p(y)} = −y
D (a, b)

C (a, b)
= −y

(d+ 1)Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) . (3.99)

For d = 1, the score function stated in (3.99) becomes

∇y log {p(y)} = −y
2Φ1

(
1

2
, 1,

5

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
3Φ1

(
1

2
, 1,

3

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) ,

matching equation (A2) of Carvalho et al. (2010) except for the interchanges in the
fourth and the fifth arguments of the Φ1 equation. An error in Gordy (1998), de-
scribed in Appendix 3.C.1, provides an explanation for this discrepancy.

3.C.5 Large
∥∥y∥∥2 Approximation of the Score Function

Result 3.2.4.1 in Section 3.2.4 concerns the limiting behaviour of the score function
when

∥∥y∥∥→∞. To keep the consistency with Result 3.2.4.1, we assume that
∥∥y∥∥≫

1. By the degree of complexity, we treat the following cases separately

τ = 1, τ > 1 and 0 < τ < 1.

In each case, we need to use the following results from Abramowitz and Stegun
(1968), for the right-tail asymptotic behaviour of the univariate confluent hypergeo-
metric function

1F1 (a, b, x) =


Γ (b)

Γ (a)
exxa−b

{
1 +O

(∣∣x∣∣−1
)}

for x > 0 and
∣∣x∣∣≫ 1,

Γ (b)

Γ (b− a)
(−x)−a

{
1 +O

(∣∣x∣∣−1
)}

for x < 0 and
∣∣x∣∣≫ 1.

(3.100)
The τ = 1 Case
Note that

∇y log {p(y)} = −y
D (a, b)

C (a, b)
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is stated in (3.97). Let us look intoD (a, b) and C (a, b) . τ = 1 leads to 1− 1

b
= 1− 1

τ 2
=

0. Then D (a, b) stated in (3.98) in Appendix 3.C.4 becomes

D (a, b) =
exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+3
2

−1

)
(
1−

(
1− 1

b

)
x
) exp

(
− (−ax)

)
dx

=
exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+3
2

−1

)
exp (ax) dx (3.101)

and C (a, b) stated in (3.94) in Appendix 3.C.4 becomes

C (a, b) = exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+1
2

−1

)
(
1−

(
1− 1

b

)
x
) exp

(
− (−ax)

)
dx

=
exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+1
2

−1

)
exp

(
ax
)
dx. (3.102)

For the integrals stated in the last step of (3.101) and (3.102) , we use equation (1) in
Section 3.383 in Gradshteyn and Ryzhik (1994) as follows:∫ u

0

x(ν−1) (u− x)(µ−1) eβxdx = B (µ, ν) uµ+ν−1
1F1 (ν;µ+ ν; βu) [Re µ > 0, Re ν > 0] .

In our case, for D (a, b) , we have ν = 1
/
2, u = 1, µ = (d+ 3)

/
2, β = a =

∥∥y∥∥2/2,
µ + ν = (d+ 4)

/
2, βu =

∥∥y∥∥2/2. Then D (a, b) , in terms of univariate confluent
hypergeometric function, becomes

D (a, b) =
exp (−a)
2
√
b

1

2
(d+ 1)Γ

(
1

2
(d+ 1)

)
Γ

(
1

2

)
1

2
(d+ 2)

d

2
Γ

(
d

2

) 1F1

(
1

2
,
1

2
(d+ 4) ,

1

2

∥∥y∥∥2) .
For C (a, b) , we have ν = 1

/
2, u = 1, µ = (d+ 1)

/
2, β = a =

∥∥y∥∥2/2,
µ + ν = (d+ 2)

/
2, βu =

∥∥y∥∥2/2. Then C (a, b) , in terms of univariate confluent
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hypergeometric function, becomes

C (a, b) = exp (−a)
2
√
b

Γ

(
1

2
(d+ 1)

)
Γ

(
1

2

)
d

2
Γ

(
d

2

) 1F1

(
1

2
,
1

2
(d+ 2) ,

1

2

∥∥y∥∥2) .
Therefore, the score function ∇y log {p(y)} , stated in (3.97), in terms of univariate

confluent hypergeometric function is

∇y log {p(y)} = −y
D (a, b)

C (a, b)
= −y

(d+ 1) 1F1

(
1

2
,
1

2
(d+ 4) ,

1

2

∥∥y∥∥2)
(d+ 2) 1F1

(
1

2
,
1

2
(d+ 2) ,

1

2

∥∥y∥∥2) . (3.103)

In (3.103), since the third argument of the 1F1 function being

1

2

∥∥y∥∥2 > 0 and
∣∣∣1
2

∥∥y∥∥2∣∣∣≫ 1,

we use the first case stated in (3.100) in Appendix 3.C.5 as follows:

1F1 (a, b, x) =
Γ (b)

Γ (a)
exxa−b

{
1 +O

(∣∣x∣∣−1
)}

.

Therefore, the 1F1 function in the numerator of score function ∇y log {p(y)} stated
in (3.103) becomes

1F1

(
1

2
,
1

2
(d+ 4) ,

1

2

∥∥y∥∥2)

=

Γ

(
1

2
(d+ 4)

)
Γ

(
1

2

) exp

(
1

2

∥∥y∥∥2)(1

2

∥∥y∥∥2)−
1

2
(d+3) {

1 +O
(∥∥y∥∥−2

)}
,
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and the 1F1 function in the denominator of score function ∇y log {p(y)} stated in
(3.103) becomes

1F1

(
1

2
,
1

2
(d+ 2) ,

1

2

∥∥y∥∥2)

=

Γ

(
1

2
(d+ 2)

)
Γ

(
1

2

) exp

(
1

2

∥∥y∥∥2)(1

2

∥∥y∥∥2)−
1

2
(d+1) {

1 +O
(∥∥y∥∥−2

)}
.

Then the 1F1 functions stated in (3.103) becomes

1F1

(
1

2
,
1

2
(d+ 4) ,

1

2

∥∥y∥∥2)
1F1

(
1

2
,
1

2
(d+ 2) ,

1

2

∥∥y∥∥2) = 2

Γ

(
1

2
(d+ 4)

)∥∥y∥∥−2
{
1 +O

(∥∥y∥∥−2
)}

Γ

(
1

2
(d+ 2)

){
1 +O

(∥∥y∥∥−2
)}

=
(d+ 2)

∥∥y∥∥−2
{
1 +O

(∥∥y∥∥−2
)}

1 +O
(∥∥y∥∥−2

) .

In summary, for τ = 1, the score function stated in (3.103) becomes

∇y log {p(y)} = −
(d+ 1)y

∥∥y∥∥−2
{
1 +O

(∥∥y∥∥−2
)}

1 +O
(∥∥y∥∥−2

) for
∥∥y∥∥≫ 1. (3.104)

The τ > 1 Case
τ > 1 leads 0 < 1 −

(
1
/
b
)
= 1 −

(
1
/
τ 2
)
< 1. Note that the expression for score

function ∇y log {p(y)} , stated in (3.99) in Appendix 3.C.4, is as follows:

∇y log {p(y)} = −y
(d+ 1)Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
For the Φ1 function stated in (3.99), we use (3.85) in Appendix 3.C.1 as follows:

Φ1(α, β, γ, x, y) = exp(y)
∞∑
n=0

(α)n(β)nx
n

(γ)nn!
1F1(γ − α, γ + n,−y).
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Then the Φ1 function in the numerator of ∇y log {p(y)} stated in (3.99) becomes

Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

= exp

(
1

2

∥∥y∥∥2) ∞∑
n=0

(
1
2

)
n

(
1− 1

τ 2

)n

(
1
2
(d+ 4)

)
n

1F1

(
1

2
(d+ 3) ,

1

2
(d+ 4) + n,−1

2

∥∥y∥∥2) .
(3.105)

Since the third argument in the 1F1 function stated in (3.105) being

−1

2

∥∥y∥∥2 < 0 and
∣∣∣− 1

2

∥∥y∥∥2∣∣∣≫ 1,

we use the first case stated in (3.100) in Appendix 3.C.5 as follows:

1F1 (a, b, x) =
Γ (b)

Γ (b− a)
(−x)−a

{
1 +O

(∣∣x∣∣−1
)}

.

Then the 1F1 function stated in (3.105) becomes

1F1

(
1

2
(d+ 3) ,

1

2
(d+ 4) + n,−1

2

∥∥y∥∥2)

=

Γ

(
1

2
(d+ 4) + n

)
Γ

(
n+

1

2

) (
1

2

∥∥y∥∥2)−1
2
(d+3) {

1 +O
(∥∥y∥∥−2

)}
,

and the Φ1 function stated in (3.105) becomes

Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

=

τ 2 (2)
1
2
(d+3) Γ

(
d

2
+ 2

)
√
π

exp

(
1

2

∥∥y∥∥2)(∥∥y∥∥−(d+3)
){

1 +O
(∥∥y∥∥−2

)}
.

(3.106)
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Similarly, using (3.85), the Φ1 function in the denominator of ∇y log {p(y)} stated in
(3.99) becomes

Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

= exp

(
1

2

∥∥y∥∥2) ∞∑
n=0

(
1
2

)
n

(
1− 1

τ 2

)n

(
1

2
(d+ 2)

)
n

1F1

(
1

2
(d+ 1) ,

1

2
(d+ 2) + n,−1

2

∥∥y∥∥2) .
(3.107)

Using the first case stated in (3.100), the 1F1 function stated in (3.107) becomes

1F1

(
1

2
(d+ 1) ,

1

2
(d+ 2) + n,−1

2

∥∥y∥∥2)

=

Γ

(
1

2
(d+ 2) + n

)
Γ

(
n+

1

2

) (
1

2

∥∥y∥∥2)−1
2
(d+1) {

1 +O
(∥∥y∥∥−2

)}
,

and the Φ1 function stated in (3.107) becomes

Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

=

τ 2 (2)
1
2
(d+1) Γ

(
d

2
+ 1

)
√
π

exp

(
1

2

∥∥y∥∥2)(∥∥y∥∥−(d+1)
){

1 +O
(∥∥y∥∥−2

)}
.

(3.108)

Note that Φ1 function in the numerator of ∇y log {p(y)} stated in (3.99) becomes
(3.106) and the Φ1 function in the denominator of ∇y log {p(y)} stated in (3.99) be-
comes (3.108). In summary, for τ > 1, the expression for score function∇y log {p(y)}
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stated in (3.99) in Appendix 3.C.4 becomes

∇y log {p(y)} = −y
(d+ 1)Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

= −
(d+ 1)y

∥∥y∥∥−2
{
1 +O

(∥∥y∥∥−2
)}

1 +O
(∥∥y∥∥−2

) for
∥∥y∥∥≫ 1. (3.109)

The 0 < τ < 1 Case
Note that the expression for ∇y log {p(y)} , stated in (3.99) in Appendix 3.C.4, is

∇y log {p(y)} = −y
(d+ 1)Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
Moreover, an analogous expression for ∇y log {p(y)} , stated in (3.97) in Appendix

3.C.4, is

∇y {log p(y)} = −y
D
(

1
2

∥∥y∥∥2, τ 2)
C
(

1
2

∥∥y∥∥2, τ 2)
where D (a, b) stated in (3.98) and C (a, b) stated in (3.94) in Appendix 3.C.4 as fol-

lows:

D (a, b) =
exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+3
2

−1

)
(
1−

(
1− 1

b

)
x
) exp

(
− (−ax)

)
dx

and

C (a, b) = exp (−a)
2
√
b

∫
1

0

(
x
)(1

2
−1

)(
1− x

)(d+1
2

−1

)
(
1−

(
1− 1

b

)
x
) exp

(
− (−ax)

)
dx.
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Note that the common term in the denominator of D (a, b) and C (a, b) is as follows:

1−
(
1− 1

b

)
x =

1

b

(
1− (1− b) (1− x)

)
.

The change of variable u = 1− x in (3.98) and (3.94), leads to x = 1− u, dx = −du,

D (a, b) =
exp (−a)
2
√
b

∫
0

1

(
1− u

)(1
2
−1

) (
u
)(d+3

2
−1

)
(

1
b
(1− (1− b) u)

) exp
(
a (1− u)

)
(−du)

=

√
b

2

∫
1

0

(
u
)(d+3

2
−1

)(
1− u

)(1
2
−1

)(
1− (1− b) u

)−1

exp (−au) du, (3.110)

and

C (a, b) = exp (−a)
2
√
b

∫
0

1

(
1− u

)(1
2
−1

) (
u
)(d−1

2

)
(

1
b
(1− (1− b) u)

) exp
(
a (1− u)

)
(−du)

=

√
b

2

∫
1

0

(
u
)(d+1

2
−1

)(
1− u

)(1
2
−1

)(
1− (1− b) u

)−1

exp (−au) du. (3.111)

For the integrals stated in the last step of (3.110) and (3.111), we use result 3.385 of
Gradshteyn and Ryzhik (1994), stated in (3.82), as follows:∫ ∞

0

xν−1 (1− x)λ−1 (1− βx)−ρ e−µxdx =
Γ(ν)Γ(λ)

Γ(ν + λ)
Φ1 (ν, ρ, ν + λ, β,−µ) .

In our case, for D (a, b) , we have ν = (d+ 3)
/
2, λ = 1

/
2, β = 1 − b, ρ = 1,

ν+λ = (d+ 4)
/
2 and µ = a. ThenD (a, b) stated in the last step of (3.110) becomes

D (a, b) =

√
bπΓ

(
d+ 3

2

)
2Γ

(
d+ 4

2

) Φ1

(
d+ 3

2
, 1,

d+ 4

2
, 1− b,−a

)
. (3.112)
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For C (a, b) , we have ν = (d+ 1)
/
2, λ = 1

/
2, β = 1− b, ρ = 1, ν + λ = (d+ 2)

/
2

and µ = a. Then C (a, b) stated in the last step of (3.111) becomes

C (a, b) =

√
bπΓ

(
d+ 1

2

)
2Γ

(
d+ 2

2

) Φ1

(
d+ 1

2
, 1,

d+ 2

2
, 1− b,−a

)
. (3.113)

Note that a =
∥∥y∥∥2/2 and b = τ 2.Moreover,D (a, b) in the numerator of∇y log {p(y)}

becomes (3.112) and C (a, b) in the denominator of ∇y log {p(y)} becomes (3.113).
Therefore, for 0 < τ < 1, the score function stated in (3.99) in Appendix 3.C.4 be-
comes

∇y log {p(y)} = −y
D (a, b)

C (a, b)

= −y
(d+ 1)Φ1

(
d+ 3

2
, 1,

d+ 4

2
, 1− τ 2,−1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
d+ 1

2
, 1,

d+ 2

2
, 1− τ 2,−1

2

∥∥y∥∥2) .
(3.114)

For the Φ1 function stated in the last step of (3.114), we use (3.85) in Appendix 3.C.1
as follows

Φ1(α, β, γ, x, y) = exp(y)
∞∑
n=0

(α)n(β)nx
n

(γ)nn!
1F1(γ − α, γ + n,−y).

Then the Φ1 function in the numerator of ∇y log {p(y)} stated in the last step of
(3.114) becomes

Φ1

(
d+ 3

2
, 1,

d+ 4

2
, 1− τ 2,−1

2

∥∥y∥∥2)

= exp

(
−1

2

∥∥y∥∥2) ∞∑
n=0

(
d+ 3

2

)
n

(1− τ 2)n(
d+ 4

2

)
n

1F1

(
1

2
,

(
d+ 4

2

)
+ n,

1

2

∥∥y∥∥2) .
(3.115)
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Since the third argument of the 1F1 function stated in (3.115) being

1

2

∥∥y∥∥2 > 0 and
∣∣∣1
2

∥∥y∥∥2∣∣∣≫ 1,

we use the first case stated in (3.100) in Appendix 3.C.5 as follows:

1F1 (a, b, x) =
Γ (b)

Γ (a)
exxa−b

{
1 +O

(∣∣x∣∣−1
)}

.

Then the 1F1 function stated in (3.115) becomes

1F1

(
1

2
,

(
d+ 4

2

)
+ n,

1

2

∥∥y∥∥2)

=

Γ

(
1

2
(d+ 4) + n

)
Γ

(
1

2

) exp

(
1

2

∥∥y∥∥2)(1

2

∥∥y∥∥2)−1
2
(d+3)−n {

1 +O
(∥∥y∥∥−2

)}
.

Therefore, the Φ1 function stated in (3.115) becomes

Φ1

(
d+ 3

2
, 1,

d+ 4

2
, 1− τ 2,−1

2

∥∥y∥∥2)

=

(2)
d+3
2 Γ

(
d+ 4

2

)
Γ

(
d+ 3

2

)
√
π

∥∥y∥∥−(d+3)
{
1 +O

(∥∥y∥∥−2
)} ∞∑

n=0

Γ

(
d+ 3

2
+ n

)
(1− τ 2)n 2n∥∥y∥∥2n

=

(2)
d+3
2 Γ

(
d+ 4

2

)
√
π

∥∥y∥∥−(d+3)
{
1 +O

(∥∥y∥∥−2
)}

. (3.116)

Similarly, using (3.85), the Φ1 function in the denominator of ∇y log {p(y)} stated in
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the last step of (3.114) becomes

Φ1

(
d+ 1

2
, 1,

d+ 2

2
, 1− τ 2,−1

2

∥∥y∥∥2)

= exp

(
−1

2

∥∥y∥∥2) ∞∑
n=0

(
d+ 1

2

)
n

(1− τ 2)n(
d+ 2

2

)
n

1F1

(
1

2
,

(
d+ 2

2

)
+ n,

1

2

∥∥y∥∥2) .
(3.117)

Using the first case, stated in (3.100) in Appendix 3.C.5 as follows

1F1 (a, b, x) =
Γ (b)

Γ (a)
exxa−b

{
1 +O

(∣∣x∣∣−1
)}

,

the 1F1 function, stated in (3.117), becomes

1F1

(
1

2
,

(
d+ 2

2

)
+ n,

1

2

∥∥y∥∥2)

=

Γ

(
1

2
(d+ 2) + n

)
Γ

(
1

2

) exp

(
1

2

∥∥y∥∥2)(1

2

∥∥y∥∥2)−1
2
(d+1)−n {

1 +O
(∥∥y∥∥−2

)}
.

Therefore, the Φ1 function stated in (3.117), becomes

Φ1

(
d+ 1

2
, 1,

d+ 2

2
, 1− τ 2,−1

2

∥∥y∥∥2)

=

(2)
d+1
2 Γ

(
d+ 2

2

)
Γ

(
d+ 1

2

)
√
π

∥∥y∥∥−(d+1)
{
1 +O

(∥∥y∥∥−2
)} ∞∑

n=0

Γ

(
d+ 1

2
+ n

)
(1− τ 2)n 2n∥∥y∥∥2n

=

(2)
d+1
2 Γ

(
d+ 2

2

)
√
π

∥∥y∥∥−(d+1)
{
1 +O

(∥∥y∥∥−2
)}

. (3.118)

Note that the Φ1 function in the numerator of∇y log {p(y)} stated in (3.114) becomes
(3.116) and the Φ1 function in the denominator of ∇y log {p(y)} stated in (3.114) be-
comes (3.118). In summary, for 0 < τ < 1, the score function stated in (3.99), in
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Appendix 3.C.4, becomes

∇y log {p(y)} = −y
(d+ 1)Φ1

(
d+ 3

2
, 1,

d+ 4

2
, 1− τ 2,−1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
d+ 1

2
, 1,

d+ 2

2
, 1− τ 2,−1

2

∥∥y∥∥2)

= −
(d+ 1)y

∥∥y∥∥−2
{
1 +O

(∥∥y∥∥−2
)}

1 +O
(∥∥y∥∥−2

) for
∥∥y∥∥≫ 1. (3.119)

3.C.6 Tail Limit of the Score Function

The expressions for the score function in three cases are described in Appendix 3.C.5.
The expression stated in (3.104) is for the τ = 1 case. The expression stated in (3.109)
is for the τ > 1 case. The expression stated in (3.119) is for the 0 < τ < 1 case. The
three expressions for score function, for all cases of τ, is given as:

∇y log {p(y)} = −
(d+ 1)y

∥∥y∥∥−2
{
1 +O

(∥∥y∥∥−2
)}

1 +O
(∥∥y∥∥−2

) for
∥∥y∥∥≫ 1.

These results imply that, for all τ > 0, the score function has the following leading
term tail behaviour:

∇y log {p(y)} ∼ −
(d+ 1)y∥∥y∥∥2 for

∥∥y∥∥≫ 1. (3.120)

We then have

lim
∥y∥→∞

∇y log {p(y)} = 0.

3.C.7 An Explicit Expression for E
(
θ
∣∣y)

In the first part of this subsection, we will show the derivation of the first version
expression for E

(
θ
∣∣y) as follows

E
(
θ
∣∣y) = Φ1

(
3

2
, 1,

1

2
(d+ 4) , 1− τ−2,

1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

1

2
(d+ 2) , 1− τ−2,

1

2

∥∥y∥∥2) . (3.121)
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Consider the model stated in (3.2):

y
∣∣θ ∼ N(θ, Id) with prior p(θ) = pHS,d

(
θ
/
τ
) /
τ d,

which is equivalent to (3.87):

y
∣∣θ ∼ N (θ, Id) , θ

∣∣λ ∼ N
(
0, λ2τ 2Id

)
, λ ∼ Half-Cauchy (1) .

Then note that

E
(
θ
∣∣y) = ∫

Rd

θp(θ
∣∣y)dθ =

∫
Rd

θ
p(θ,y)

p(y)
dθ =

1

p(y)

∫
Rd

θ

{∫ ∞

0

p (y,θ, λ) dλ

}
dθ

=
1

p(y)

∫
Rd

θ

{∫ ∞

0

p
(
y
∣∣θ) p (θ∣∣λ) p (λ) dλ} dθ

=
1

p(y)

∫ ∞

0

{∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ) dθ} p (λ) dλ. (3.122)

Let us look into the term p(y
∣∣θ)p(θ∣∣λ) in the inner integral of E (θ|y) , stated in the

last step of (3.122). Note that the expression for p(y
∣∣θ)p(θ∣∣λ) stated in the last step

of (3.88) is as follows:

p(y
∣∣θ)p(θ∣∣λ) = (2π)−

d
2 (τλ)−d exp

(
1

2

(
1

ξ
− 1

)∥∥y∥∥2) ∣∣∣(1

ξ

)
Id

∣∣∣12
× (2π)−

d
2
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(
1

ξ

)
Id

∣∣∣∣∣
−1
2
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((
θ −

(
1

ξ

)
y

)T ((
1

ξ

)
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)−1(
θ −

(
1

ξ

)
y

))
,

where ξ ≡ 1 +
1

λ2τ 2
. Moreover,

(2π)−
d
2

∣∣∣∣∣
(
1

ξ

)
Id

∣∣∣∣∣
−1
2

exp

((
θ −

(
1

ξ

)
y

)T ((
1

ξ

)
Id

)−1(
θ −

(
1

ξ

)
y

))
,
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is theN
((
1
/
ξ
)
y,
(
1
/
ξ
)
Id
)

density function in θ. The inner integral ofE
(
θ
∣∣y) stated

in the last step of (3.122) becomes∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ) dθ

= (2π)−
d
2 (τλ)−d exp

(
1

2

(
1

ξ
− 1

)∥∥∥y∥∥∥2) ∣∣∣∣∣
(
1
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)
Id

∣∣∣∣∣
1
2 (1

ξ

)
y

= (2π)−
d
2 exp

−
∥∥∥y∥∥∥2/2
λ2τ 2 + 1

 λ2τ 2y

(λ2τ 2 + 1)
d+2
2

. (3.123)

Recalling that λ ∼ Half-Cauchy (1) , then the numerator of E
(
θ
∣∣y) stated in the last

step of (3.122) becomes∫ ∞

0

{∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ) dθ} p (λ) dλ

=
(
(2)d−2 (π)d+2

)−1
2
yτ 2

∫
∞

0
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−
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2 (λ2 + 1)

dλ

=
(
(2)d−2 (π)d+2

)−1
2
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∫
∞

0
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(
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)
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(1 + λ2b)
d+2
2 (λ2 + 1)

dλ

=
(
(2)d−2 (π)d+2

)−1
2
yτ 2C∗ (a, b) , (3.124)

if we define

C∗ (a, b) ≡
∫ ∞

0

exp

(
−
∥∥y∥∥2/2

1 + λ2τ 2

)
λ2

(1 + λ2τ 2)
d+2
2 (λ2 + 1)

dλ, (3.125)

where a ≡ 1

2

∥∥y∥∥2 and b ≡ τ 2. The change of variable

x =
λ2b

1 + λb
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in (3.125) leads to λ2 =
x

b (1− x)
,

−a
1 + λ2b

= −a + ax, 1 + λ2b =
1

1− x
, λ2 + 1 =

b− x (b− 1)

b (1− x)
, dλ =

1√
b

1

2
√
− x

x−1
(1− x)2

dx and

C∗ (a, b) =

∫
∞

0
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=
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) x
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) 1√
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√
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√
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1

0
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(
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(
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2

−1
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(
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(
1− 1

b

)
x
) exp(− (−ax)

)
dx. (3.126)

For the integral stated in the last step of (3.126), we use 3.385 from Gradshteyn and
Ryzhik (1994) stated in (3.82) in Appendix 3.C.1 as follows:∫ 1

0

xν−1 (1− x)λ−1 (1− βx)−ρ e−µxdx = B (ν, λ) Φ1 (ν, ρ, ν + λ, β,−µ) .

In our case, we have ν = 3
/
2, λ = (d+ 1)

/
2, β = 1−1

/
b, ρ = 1, ν+λ = (d+ 4)

/
2

and µ = −a. Then C∗ (a, b) in the numerator of E
(
θ
∣∣y) stated in the last step of

(3.124) becomes

C∗ (a, b) = exp (−a)
2b
√
b

B

(
3

2
,
d+ 1

2

)
Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

b
, a

)

=

exp

(
−1

2

∥∥y∥∥2)
2τ 2τ

Γ

(
3

2

)
Γ

(
d+ 1

2

)
Γ

(
d

2
+ 2

) Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
(3.127)
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Note that the expression for p(y) stated in the last step of (3.96), which is the de-
nominator of the E

(
θ
∣∣y) stated in the last step of (3.122), is as follows:

p(y)

=
(
(2)d−2 (π)d+1

)−1
2
exp

(
−1

2

∥∥y∥∥2)Γ

(
d

2
+

1

2

)
dτΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
The numerator of E

(
θ
∣∣y) stated in the last step of (3.124) is as follows:

∫ ∞

0

{∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ) dθ} p (λ) dλ =

(
(2)d−2 (π)d+2

)−1
2
yτ 2C∗ (a, b) ,

with C∗ (a, b) stated in (3.127). We then have

E
(
θ
∣∣y) = 1

p(y)

∫ ∞

0

{∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ) dθ} p (λ) dλ =

(
(2)d−2 (π)d+2

)−1
2
yτ 2(

(2)d−2 (π)d+1
)−1

2

×

exp

(
−1

2

∥∥y∥∥2)
2τ 2τ

Γ

(
3

2

)
Γ

(
d+ 1

2

)
Γ

(
d

2
+ 2

) Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

exp

(
−1

2

∥∥y∥∥2)Γ

(
d

2
+

1

2

)
dτΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

=

Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)y.
This matches the first version expression for E (θ|y) to be derived, stated in (3.121).

For d = 1, E
(
θ
∣∣y) stated in (3.121) becomes

E
(
θ
∣∣y) = Φ1

(
3

2
, 1,

5

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
3Φ1

(
1

2
, 1,

3

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)y. (3.128)
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Equation (9) in Bhadra et al. (2019) is given as follows:

E (θ|y) =

1−
2Φ1

(
3

2
, 1,

5

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
3Φ1

(
1

2
, 1,

3

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
 y

=


3Φ1

(
1

2
, 1,

3

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)− 2Φ1

(
3

2
, 1,

5

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
3Φ1

(
1

2
, 1,

3

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
 y.

(3.129)

For the d = 1 case, it implies that

3Φ1

(
1

2
, 1,

3

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)− 2Φ1

(
3

2
, 1,

5

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
= Φ1

(
3

2
, 1,

5

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) . (3.130)

The left-hand side of (3.130) is the numerator of E
(
θ
∣∣y) of Bhadra et al. (2019), as

stated in the last step of (3.129). The right-hand side of (3.130) is the numerator of
E
(
θ
∣∣y) of our first version expression, as stated in (3.128).

In general case, it implies

(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)− (d+ 1)Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
= Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) . (3.131)

The left-hand side of (3.131) is the numerator of our second version expression for
E
(
θ
∣∣y) , which will be derived in the next part. The right-hand side of (3.131) is the

numerator of our first version expression for E
(
θ
∣∣y) , as stated in (3.128). (3.131)

implies the second version expression for E (θ|y) to be derived as follows:

E
(
θ
∣∣y) =

1−
(d+ 1)Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
y. (3.132)
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In the second part of this subsection, we will show the derivation of the second
version expression for E

(
θ
∣∣y) stated in (3.132). Next note that

E
(
θ
∣∣y) = ∫

Rd

θp(θ
∣∣y)dθ =

∫
Rd

θ
p(θ,y)

p(y)
dθ =

1

p(y)

∫
Rd

θp
(
y
∣∣θ) p (θ) dθ

=
1

p(y)

(∫
Rd

(y − (y − θ)) p
(
y
∣∣θ) p (θ)) dθ

=
1

p(y)

(
y

∫
Rd

p (θ,y) dθ

)
− 1

p(y)

∫
Rd

(y − θ)
{∫ ∞

0

p
(
y
∣∣θ) p (θ∣∣λ) p (λ) dλ} dθ

= y − 1

p(y)

∫ ∞

0

{∫
Rd

(y − θ) p
(
y
∣∣θ) p (θ∣∣λ) dθ} p (λ) dλ. (3.133)

Our model is as follows:

y
∣∣θ ∼ N (θ, Id) , θ

∣∣λ ∼ N
(
0, λ2τ 2Id

)
, λ ∼ Half-Cauchy (1) .

Introduce the following notation defined immediately after equation (4) of Wand
and Jones (1993):

ϕΣ (x) = (2π)−d/2
∣∣Σ∣∣−1/2

exp

(
−1

2
xTΣ−1x

)
.

We then have

p
(
y
∣∣θ) = ϕId

(y − θ) and p
(
θ
∣∣λ) = ϕλ2τ2Id

(θ) .

Using multivariate integration by parts, the differentiation results as:

∇θϕId
(y − θ) = (y − θ)ϕId

(y − θ) and

∇θϕλ2τ2Id
(θ) = − (λτ)−2 θϕλ2τ2Id

(θ) ,
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the inner integral in E
(
θ
∣∣y) stated in the last step of (3.133) becomes∫

Rd

(y − θ) p
(
y
∣∣θ) p (θ∣∣λ) dθ =

∫
Rd

(y − θ)ϕId
(y − θ)ϕλ2τ2Id

(θ) dθ

=

∫
Rd

{∇θϕId
(y − θ)}ϕλ2τ2Id

(θ) dθ = −
∫
Rd

ϕId
(y − θ) {∇θϕλ2τ2Id

(θ)} dθ

= (λτ)−2

∫
Rd

ϕId
(y − θ) {θϕλ2τ2Id

(θ)} dθ = (λτ)−2

∫
Rd

p
(
y
∣∣θ)θp (θ∣∣λ) dθ.

Then E
(
θ
∣∣y) stated in the last step of (3.133) becomes

E (θ|y) = y − 1

p (y)

∫ ∞

0

(λτ)−2

{∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ) dθ} p (λ) dλ. (3.134)

The inner integral stated in (3.134), with ξ ≡ 1 + 1
/
(λ2τ 2) , is stated in (3.123) as

follows: ∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ) dθ

= (2π)−
d
2 (τλ)−d exp

(
1

2

(
1

ξ
− 1

)∥∥y∥∥2) ∣∣∣(1

ξ

)
Id

∣∣∣12 (1

ξ

)
y

= (2π)−
d
2 exp

(
−
∥∥y∥∥2/2
λ2τ 2 + 1

)
λ2τ 2y

(λ2τ 2 + 1)
d+2
2

.

Therefore, the double integral stated in (3.134) becomes∫ ∞

0

(λτ)−2

{∫
Rd

θp
(
y
∣∣θ) p (θ∣∣λ)θ} p (λ) dλ

=

∫
∞

0

(λτ)−2

(2π)−
d
2 exp

(
−
∥∥y∥∥2/2
λ2τ 2 + 1

)
λ2τ 2y

(λ2τ 2 + 1)
d+2
2

 1

1 + λ2
dλ

=
(
(2)d−2 (π)d+2

)−1
2
y

∫
∞

0

exp

(
−
∥∥y∥∥2/2
λ2τ 2 + 1

)
1

(λ2τ 2 + 1)
d+2
2

1

1 + λ2
dλ

=
(
(2)d−2 (π)d+2

)−1
2
yC∗∗ (a, b) , (3.135)
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if we define

C∗∗ (a, b) ≡

∫
∞

0

exp

(
−
∥∥y∥∥2/2

1 + λ2τ 2

)
1

(1 + λ2τ 2)
d+2
2 (λ2 + 1)

dλ, (3.136)

a ≡ 1

2

∥∥y∥∥2 and b ≡ τ 2. The change of variable

x =
λ2b

1 + λb

in (3.136) leads to λ2 =
x

b (1− x)
,

−a
1 + λ2b

= −a + ax, 1 + λ2b =
1

1− x
, λ2 + 1 =

b− x (b− 1)

b (1− x)
, dλ =

1√
b

1

2
√
− x

x−1
(1− x)2

dx and

C∗∗ (a, b) =

∫
∞

0

exp

(
−a

1 + λ2b

)
1

(1 + λ2b)
d+2
2 (λ2 + 1)

dλ

=

∫
1

0

exp
(
− a+ ax

) 1(
1

1−x

)d+2
2

(
b−x(b−1)
b(1−x)

) 1√
b

1

2
√
− x

x−1
(1− x)2

dx

=
exp (−a)
2b
√
b

∫
1

0

(
x
)(1

2
−1

)
(1− x)

(
d+3
2

−1

)
(
1−

(
1− 1

b

)
x
) exp(− (−ax)

)
dx. (3.137)

For the integral stated in the last step of (3.137), we use 3.385 from Gradshteyn and
Ryzhik (1994) stated in (3.82) in Appendix 3.C.1 as follows:∫ 1

0

xν−1 (1− x)λ−1 (1− βx)−ρ e−µxdx = B (ν, λ) Φ1 (ν, ρ, ν + λ, β,−µ) .

In our case, we have ν = 1
/
2, λ = (d+ 3)

/
2, β = 1−1

/
b, ρ = 1, ν+λ = (d+ 4)

/
2
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and µ = −a. Then C∗∗ (a, b) stated in the last step of (3.135) becomes

C∗∗ (a, b) = exp (−a)
2b
√
b

B

(
1

2
,
d+ 3

2

)
Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

b
, a

)

=

exp

(
−1

2

∥∥y∥∥2)
2τ

Γ

(
1

2

)
Γ

(
d+ 3

2

)
Γ

(
d

2
+ 2

) Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
(3.138)

Then E
(
θ
∣∣y) stated in (3.134) becomes

E
(
θ
∣∣y) = y − 1

p (y)

∫ ∞

0

(λτ)−2

{∫
R
θp
(
y
∣∣θ) p (θ∣∣λ)θ} p (λ) dλ

= y − 1

p (y)

(
(2)d−2 (π)d+2

)−1
2
yC∗∗ (a, b) ,

where C∗∗ (a, b) stated in (3.138) and p(y) stated in (3.96) as follows:

p(y)

=
(
(2)d−2 (π)d+1

)−1
2
exp

(
−1

2

∥∥y∥∥2)Γ

(
d

2
+

1

2

)
dτΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
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Therefore, E
(
θ
∣∣y) stated in (3.134) becomes

E
(
θ
∣∣y) = y −

(
(2)d−2 (π)d+2

)−1
2

(
(2)d−2 (π)d+1

)−1
2

×

exp

(
−1

2

∥∥y∥∥2)
2τ

Γ

(
1

2

)
Γ

(
d+ 3

2

)
Γ

(
d

2
+ 2

) Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)

exp

(
−1

2

∥∥y∥∥2)Γ

(
d

2
+

1

2

)
dτΓ

(
d

2

) Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
y

=

1−
(d+ 1)Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
y,

matching the second version expression for E
(
θ
∣∣y) stated in (3.132) to be derived.

Comparing the second version expression for E
(
θ
∣∣y) stated in (3.132) with the first

version expression for E
(
θ
∣∣y) stated in (3.121) as follows

E
(
θ
∣∣y) = Φ1

(
3

2
, 1,

1

2
(d+ 4) , 1− τ−2,

1

2
∥y∥2

)
(d+ 2)Φ1

(
1

2
, 1,

1

2
(d+ 2) , 1− τ−2,

1

2
∥y∥2

) ,
we note that, for general case, the following expression stated in (3.131) holds

(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)− (d+ 1)Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
= Φ1

(
3

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2) .
In summary, the first version expression for E

(
θ
∣∣y) stated in (3.121) is derived in

the first part of this subsection. The second version expression for E
(
θ
∣∣y) stated in

(3.132) is derived in the second part of this subsection.
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3.C.8 Bounding of
∥∥y − E (θ|y)

∥∥
Recalling that the second version expression forE

(
θ
∣∣y) , stated in (3.132), as follows

E
(
θ
∣∣y) =

1−
(d+ 1)Φ1

(
1

2
, 1,

d+ 4

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
(d+ 2)Φ1

(
1

2
, 1,

d+ 2

2
, 1− 1

τ 2
,
1

2

∥∥y∥∥2)
y,

and recalling that the score function has the following leading term tail behaviour
stated in (3.120)

∇y log {p(y)} ∼ −
(d+ 1)y∥∥y∥∥2 for

∥∥y∥∥≫ 1,

we then have ∥∥∥y − E (θ∣∣y) ∥∥∥ =
∥∥∥∇y log {p(y)}

∥∥∥. (3.139)

From (3.120), we have

∇y log {p(y)} = 0 at y = 0 and ∇y log {p(y)} ∼ −
(d+ 1)y∥∥y∥∥2 for

∥∥y∥∥≫ 1.

(3.139) then provides

∥∥∥y − E (θ∣∣y) ∥∥∥ = 0 at y = 0 and
∥∥∥y − E (θ∣∣y) ∥∥∥ ∼ −(d+ 1)y∥∥y∥∥2 for

∥∥y∥∥≫ 1.

This result and the fact that
∥∥∥y − E (θ|y)

∥∥∥ is a continuous in y implies that E
∥∥∥y −

E (θ|y)
∥∥∥ is bounded by some bτ <∞ that depends only on τ.
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3.D Derivation of Result 3.2.5.1

Consider the Bayesian model

p
(
y1, . . . ,yn

∣∣θ) = n∏
i=1

p
(
yi

∣∣θ) , θ has prior density function pHS,d (θ) ,

where, for 1 ≤ i ≤ n,

p
(
yi

∣∣θ) ≡ (2πσ2
)−d

2 exp

−
∥∥∥yi − θ

∥∥∥2
2σ2

 .

Suppose θ0 is the true value of θ. For each θ ∈ Rd, the Kullback-Leibler divergence
of p

(
yi

∣∣θ) from p
(
yi

∣∣θ0) is

KL
(
p
(
yi

∣∣θ0) ∥∥∥p (yi

∣∣θ)) =

∥∥θ − θ0∥∥2
2σ2

.

For each ε > 0, let

Aϵ ≡
{
θ : KL

(
p
(
yi

∣∣θ0) ∥∥∥p (yi

∣∣θ)) ≤ ε
}
=

{∥∥∥θ − θ0∥∥∥2 ≤ 2σ2ε

}
.

Using Proposition 1 of Bhadra et al. (2017), which is attributed to Clarke and Barron
(1990), with ε = 1

/
n leads to the risk quantity as follows

Rn ≤
1

n
− 1

n
log

(∫
A1/n

pHS,d (θ) dθ

)
=

1

n
− 1

n
log

(∫
∥θ−θ0∥≤σ

√
2/n

pHS,d (θ) dθ

)
.

(3.140)

3.D.1 The θ0 = 0 Case

For the θ0 = 0 case, the risk quantity stated in (3.140) becomes

Rn ≤
1

n
− 1

n
log

(∫
∥θ∥≤σ

√
2/n

pHS,d (θ) dθ

)
. (3.141)
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To work out the order of magnitude of the right-hand side of (3.141), we consider
the following two cases separately: (a) d = 1 and (b) d ≥ 2.

The d = 1 Case
For d = 1, we have

pHS,1 (θ) =
1√
2π3

exp

(
θ2

2

)
E1

(
θ2

2

)
.

Then the risk quantity stated in (3.141) becomes

Rn ≤=
1

n
− 1

n
log

∫ σ

√
2
n

−σ

√
2
n

1√
2π3

exp

(
θ2

2

)
E1

(
θ2

2

) dθ

=
1

n
− 1

n
log

√ 2

π3

∫ σ

√
2
n

0

exp

(
θ2

2

)
E1

(
θ2

2

) dθ.

(3.142)

The change of variable

u =
θ2

2
,

in the last step of (3.142), leads to θ =
√
2u, dθ =

√
2

2
u−

1
2du and

Rn ≤
1

n
− 1

n
log

(π)−
3
2

∫ σ2

n

0

(u)−
1
2 exp (u)E1 (u) du

 . (3.143)

For the term E1 (u) stated in (3.143), we use Section 8.214 of Gradshteyn and Ryzhik
(1994) as follows

E1 (u) = −γ − log (u)−
∞∑
k=1

(−u)k

kk!
= −γ − log (u) +

∞∑
k=1

(−1)k+1 (u)k

kk!

= −γ − log (u) + u− u2

4
+
u3

18
− u4

96
+ . . .

where γ ≡ −digamma (1) . Recalling that

exp (u) = 1 +
u

1!
+
u2

2
+
u3

3!
+ . . . ,
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then the integral in Rn, stated in (3.143), becomes

∫ σ2

n

0

(u)−
1
2 exp (u)E1 (u) du

=

∫ σ2

n

0

(u)−
1
2

(
1 +

u

1!
+
u2

2
+
u3

3!
+ . . .

)(
−γ − log (u) + u− u2

4
+ . . .

)
du

=

∫ σ2

n

0

{
−γ (u)−

1
2 − (u)−

1
2 log (u) + (1− γ) (u)

1
2 − (u)

1
2 log (u) +

1

4
(3− 2γ) (u)

3
2

+ . . .} du

= −γ
∫ σ2

n

0

(u)−
1
2 du−

∫ σ2

n

0

(u)−
1
2 log (u) du+ (1− γ)

∫ σ2

n

0

(u)
1
2 du+ . . .

= 2σ (n)−
1
2 log (n) + O

(
n−1

2

)
.

Note that the term log

(
(π)−

3
2
∫ σ2

n
0 (u)−

1
2 exp (u)E1 (u) du

)
in the second term of

Rn, as stated in (3.143), becomes

log

(π)−
3
2

∫ σ2

n

0

(u)−
1
2 exp (u)E1 (u) du


= log

(
2 (π)−

3
2 σ log (n) (n)−

1
2 +O

(
(n)−

1
2

))
.

Let

an = log

(
2 (π)−

3
2 σ log (n) (n)−

1
2 +O

(
(n)−

1
2

))
= log

(
C1 log (n) (n)

−1
2 + C2

(
(n)−

1
2

))

= −1

2
log (n) + log (log (n)) + log (C1) +

C2

/
C1

log (n)
− 1

2

(
C2

/
C1

log (n)

)2

+ . . .
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where C1 = 2 (π)−
3
2 σ and C2 = 1. Then

an = log

(π)−
3
2

∫ σ2

n

0

(u)−
1
2 exp (u)E1 (u) du


= −1

2
log (n) + log (log (n)) + O (1) .

Then for θ0 = 0 and d = 1, the risk quantity Rn stated in (3.143) becomes

Rn ≤
1

n
− 1

n
log

(π)−
3
2

∫ σ2

n

0

(u)−
1
2 exp (u)E1 (u) du


=

log (n)

2n
− log {log (n)}

n
+O

(
1

n

)
.

The d ≥ 2 Case
For d ≥ 2, to analyze

J (d, n, σ) ≡
∫
∥θ∥≤σ

√
2/n

pHS,d (θ) dθ, (3.144)

we switch to hyper-spherical coordinates as follows:

θ1 = r cos (ϕ1),

θ2 = r sin (ϕ1) cos (ϕ2),

θ3 = r sin (ϕ1) sin (ϕ2) cos (ϕ3),

...

θd−1 = r sin (ϕ1) . . . sin (ϕd−2) cos (ϕd−1),

θd = r sin (ϕ1) . . . sin (ϕd−2) sin (ϕd−1)

where r ≥ 0, 0 ≤ ϕ1, ϕ2, . . . , ϕd−2 ≤ π and 0 ≤ ϕd−1 < 2π. Note that
∥∥θ∥∥ = r and

the determinant of the Jacobian of the transformation is

dθ = rd−1 sind−2 (ϕ1) sin
d−3 (ϕ2) . . . sin (ϕd−2) drdϕ1 . . . dϕd−1.
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Also note that pHS,d (θ) stated in (3.144) is derived in Result 3.2.2.1 in Section 3.2.2 is
as follows:

pHS,d (θ) =
Γ
(
1
2
(d+ 1)

)
√
2πd+2

exp
(∥∥θ∥∥2/2)E(d+1)/2

(∥∥θ∥∥2/2)/∥∥θ∥∥d−1
.

The change of variable ∥∥θ∥∥2/2 = u

in (3.144) leads to
∥∥θ∥∥ =

√
2u = r and dr =

(√
2
/
2
)
(u)−

1
2 du. Using Wallis’s Theo-

rem as follows:

Wn =

∫ π
2

0

sinn (x) dx =

Γ

(
n+ 1

2

)
Γ

(
1

2

)
2Γ
(n
2
+ 1
) ,
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the integral stated in (3.144) becomes

J (d, n, σ) ≡
∫
∥θ∥≤σ

√
2/n

pHS,d (θ) dθ

=
Γ
(
1
2
(d+ 1)

)
√
2πd+2

∫
∥θ∥≤σ

√
2/n

exp
(∥∥θ∥∥2/2)E(d+1)/2

(∥∥θ∥∥2/2) 1∥∥θ∥∥d−1
rd−1

× sind−2 (ϕ1) sin
d−3 (ϕ2) . . . sin (ϕd−2) drdϕ1 . . . dϕd−1

=
Γ
(
1
2
(d+ 1)

)
√
2πd+2

∫
∥θ∥≤σ

√
2/n

exp
(∥∥θ∥∥2/2)E(d+1)/2

(∥∥θ∥∥2/2)(√2
2

(u)−
1
2 du

)

×

(
2

∫ π
2

0

sind−2 (ϕ1) dϕ1

)(
2

∫ π
2

0

sind−3 (ϕ2) dϕ2

)
× . . .

×

(
2

∫ π
2

0

sin (ϕd−2) dϕd−2

)(∫ 2π

0

dϕd−1

)

=
Γ
(
1
2
(d+ 1)

)
√
2πd+2

√
2π

∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du

 (2Wd−2)× . . . (2W1)

=

Γ

(
d+ 1

2

)
πΓ

(
d

2

) ∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du.

In summary,

J (d, n, σ) ≡
∫
∥θ∥≤σ

√
2/n

pHS,d (θ) dθ =

Γ

(
d+ 1

2

)
πΓ

(
d

2

)
∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du.

(3.145)
The d ≥ 2 Case, d Odd Case
If d is odd, then (d+ 1)

/
2 ∈ N. For the term E(d+1)/2 (u) stated in the last step of
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(3.145), we use 8.19.8 of Olver et al. (2023) as follows:

En (z) =
(−z)n−1

(n− 1)!
(ψ (n)− ln z)−

∞∑
k=0

k ̸=n−1

(−z)k

k! (1− n+ k)
,

where ψ (n) is digamma () function, n = 1, 2, 3, . . . . Then E(d+1)/2 (u) stated in the last
step of (3.145) becomes

E(d+1)/2 (u) =
(
− 1
)d−1

2
(
u
)d−1

2

digamma
(
d+ 1

2

)
− log (u)(

d− 1

2

)
!


−

∞∑
k=0

k ̸=d−1
2

2 (−1)k (u)k

(2k − d+ 1) k!
.

Note that the term (u)−
1
2 exp (u) stated in the last step of (3.145) becomes

(u)−
1
2 exp (u) = (u)−

1
2

(
u0

0!
+
u1

1!
+
u2

2!
+
u3

3!
+ . . .

)
= (u)−

1
2 + (u)

1
2 +

1

2
(u)−

3
2 + . . . .
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Then the integral stated in the last step of (3.145) becomes

∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du

=

∫ σ2

n

0

(−1)
d−1
2 (u)

d−1
2 digamma

(
d+ 1

2

)
− log (u)(

d− 1

2

)
!

du (3.146)

−

∫ σ2

n

0

∞∑
k=0

k ̸=d−1
2

2 (−1)k (u)k−
1
2

(2k − d+ 1) k!
du

+

∫ σ2

n

0

(−1)
d−1
2 (u)

d
2 digamma

(
d+ 1

2

)
− log (u)(

d− 1

2

)
!

du (3.147)

−

∫ σ2

n

0

∞∑
k=0

k ̸=d−1
2

2 (−1)k (u)k+
1
2

(2k − d+ 1) k!
du

+ . . . . (3.148)

For the integrals stated in (3.146), we use the integral results as follows:

∫ σ2/n

0

(u)−
1
2 du = 2σ (n)−

1
2 ,

∫ σ2/n

0

(u)
1
2 log (u) du = −2

3
σ3 log (n) (n)−

3
2 +

2

9
{6 log (σ)− 2} σ3 (n)−

3
2 ,

∫ σ2/n

0

(u)
1
2 du =

2

3
σ3 (n)−

3
2 ,

∫ σ2/n

0

(u)
3
2 log (u) du = −2

5
σ5 log (n) (n)−

5
2 +

2

25
{10 log (σ)− 2} σ5 (n)−

5
2 ,

and
∫ σ2/n

0

(u)
3
2 du =

2

5
σ5 (n)−

5
2 ,

(3.149)
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For d = 3, the integral stated in the last step of (3.145) becomes

∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du

=

∫ σ2/n

0

(u)−
1
2 du− digamma (2)

∫ σ2/n

0

(u)
1
2 du+

∫ σ2/n

0

(u)
1
2 log (u) du

−1

2

∫ σ2/n

0

(u)
3
2 du+ . . .+

∫ σ2/n

0

(u)
1
2 du− digamma (2)

∫ σ2/n

0

(u)
3
2 du

+

∫ σ2/n

0

(u)
3
2 log (u) du+ . . .

= 2σ (n)−
1
2 +O

(
log (n) (n)−

3
2

)
.

For d = 5, the integral stated in the last step of (3.145) becomes

∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du

=
1

2

∫ σ2/n

0

(u)−
1
2 du− 1

2

∫ σ2/n

0

(u)
1
2 du+

(
digamma (3)

2
− 1

)∫ σ2/n

0

(u)
3
2 du

−1

2

∫ σ2/n

0

(u)
3
2 log (u) + . . .

= σ (n)−
1
2 +O

(
(n)−

3
2

)
.

For d = 7, the integral stated in the last step of (3.145) becomes

∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du

=
1

3

∫ σ2/n

0

(u)−
1
2 du− 1

6

∫ σ2/n

0

(u)
1
2 du+

(
−digamma (4)

6
+

1

2

)∫ σ2/n

0

(u)
5
2 du

−digamma (4)
6

∫ σ2/n

0

(u)
7
2 du+

1

6

∫ σ2/n

0

(u)
7
2 log (u) du+ . . .

=
2

3
σ (n)−

1
2 +O

(
(n)−

3
2

)
.
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Application of (3.149) to the early terms in these series of integrals stated in (3.146),
for d = 3, 5, 7, reveals that the leading term of the integral stated in the last step of
(3.145) as follows:

−

∫ σ2

n

0

∞∑
k=0

k ̸=d−1
2

2 (−1)k (u)k−
1
2

(2k − d+ 1) k!
du =

2

d− 1

∫ σ2/n

0

(u)−
1
2 du =

4σ

d− 1
(n)−

1
2 .

The second term of the integral stated in the last step of (3.145) is

O

(
log (n) (n)−

3
2

)
if d = 3 and O

(
(n)−

3
2

)
if d = 5, 7, 9, . . . .

Therefore, for θ0 = 0, the integral stated in the last step of (3.145) is

∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du =

4σ

d− 1
(n)−

1
2 +O

((
(n)−

3
2

)
{log (n)}I(d=3)

)
,

(3.150)
for all odd integers d exceeding 1.

The d ≥ 2 Case, d Even Case
If d is even, for the term E(d+1)/2 (u) stated in the last step of (3.145), we use 8.19.11
of Olver et al. (2023) as follows:

Ep (z) = Γ (1− p)

(
(z)p−1 − exp (−z)

∞∑
k=0

(z)k

Γ (2− p+ k)

)
.

Then E(d+1)/2

(
u
)

stated in the last step of (3.145) becomes

E(d+1)/2

(
u
)
= Γ

(
1− d
2

)((
u
)d−1

2 − exp (−u)
∞∑
k=0

(u)k

Γ
(
k + 3−d

2

)) .
We then have(

Γ

(
1− d
2

))−1

exp
(
u
)
E(d+1)/2

(
u
)
=
(
u
)d−1

2
exp

(
u
)
−

∞∑
k=0

(u)k

Γ
(
k + 3−d

2

)
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and

(
Γ

(
1− d
2

))−1 ∫ σ2

n

0

(
u
)−1

2
exp

(
u
)
E(d+1)/2 (u) du

=

∫ σ2

n

0

(
u
)−1

2

((
u
)d−1

2

(
u0

0!
+
u1

1!
+
u2

2!
+
u3

3!
+ . . .

)
−

∞∑
k=0

(u)k

Γ
(
k + 3−d

2

)) du
=

∫ σ2

n

0

(u)
d−2
2 du+

∫ σ2

n

0

(u)
d
2 du+

∫ σ2

n

0

1

2
(u)

d+2
2 du+ . . .

−
∞∑
k=0

2
1+2k

(σ)1+2k (n)−
1+2k
2

Γ
(
k + 3−d

2

)
= O (n)−

d
2 − 2σ (n)−

1
2

Γ
(
3−d
2

) +O (n)−
3
2

= −2σ (n)−
1
2

Γ
(
3−d
2

) +O

(
(n)−

min(d,3)
2

)
.

Then, for all even positive integers d, the integral stated in the last step of (3.145) is

∫ σ2

n

0

(u)−
1
2 exp (u)E(d+1)/2 (u) du = −

2σΓ

(
1− d
2

)
(n)−

1
2

Γ

(
1 +

1− d
2

) +O

(
(n)−

min(d,3)
2

)

=

(
4σ

d− 1

)
(n)−

1
2 O

(
(n)−

min(d,3)
2

)
. (3.151)

In summary, for θ0 = 0 case, the risk quantity Rn is stated in (3.140). For d ≥ 2,

and d is odd, the integral of Rn is stated in (3.150). For d ≥ 2, and d is even case, the
integral of Rn is stated in (3.151). Overall, we have the following expression for Rn
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when θ0 = 0, for all d ≥ 2 :

Rn ≤
1

n
− 1

n
log

Γ

(
d+ 1

2

)
πΓ

(
d

2

)
∫ σ2

n

0

(
u
)−1

2
exp

(
u
)
E(d+1)/2

(
u
)
du



=
1

n
− 1

n
log

Γ

(
d+ 1

2

)
πΓ

(
d

2

)
4σ (n)−

1
2

d− 1
+O

(
(n)−1)


= O

(
1

n

)
+

log (n)

2n
.

3.D.2 The θ0 ̸= 0 Case

In the θ0 ̸= 0 case we have:

Rn ≤
1

n
− 1

n
log

(∫
S(θ0,σ,n)

pHS,d (θ) dθ

)
(3.152)

where
S
(
θ0, σ, n

)
≡
{
θ :
∥∥θ − θ0∥∥ ≤ σ

√
2
/
n

}
.

If C
(
θ0, σ, n

)
is the largest hypercube inscribed in S

(
θ0, σ, n

)
then∫

S(θ0,σ,n)
pHS,d (θ) dθ ≥

∫
C(θ0,σ,n)

pHS,d (θ) dθ. (3.153)

To obtain
∫
C(θ0,σ,n) pHS,d (θ) dθ for d = 1, d = 2 and d = 3 cases, we investigate the

rates of convergence of integrals of smooth d-variate functions over hypercubes with
O
(
n−1/2

)
rate of convergence in each direction.

Let function f : Rd → R be a smooth function. Then we use the following nota-
tion for partial derivatives of f :

f r1,...,rd (x1, . . . , xd) ≡
∂r1+...+rd

∂xr11 , . . . , ∂x
rd
d

f (x1, . . . , xd) .

The d = 1 Case
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Consider the interval

C
(
x0, 1, a, n

)
≡
[
x0 − an−1/2, x0 + an−1/2

]
where x0 ∈ R, a > 1 and n ∈ N. Suppose that the function g : R → R is very smooth
over C (x0, 1, a, n) and the function G is such that G(1) = g. Using Taylor expansion
for one variable, we then have∫

C(x0,1,a,n)

g (x) dx =

∫ x0+an−1/2

x0−an−1/2

g (x) dx = G
(
x0 + an−1/2

)
−G

(
x0 − an−1/2

)
= G

(
x0
)
+ an−1/2g

(
x0
)
+

1

2
a2n−1g(1)

(
x0
)
+

1

6
a3n−3/2g(2)

(
x0
)
+O

(
n−2

)
−
{
G
(
x0
)
− an−1/2g

(
x0
)
+

1

2
a2n−1g(1)

(
x0
)
− 1

6
a3n−3/2g(2)

(
x0
)
+O

(
n−2

)}
= 2an−1/2g

(
x0
)
+

1

3
a3n−3/2g(2)

(
x0
)
+O

(
n−2

)
= 2ag

(
x0
)
n−1/2 {1 + o (1)} .

The d = 2 Case
Consider the square

C
(
x0, 2, a, n

)
≡
{
(x1, x2) : x

0
1 − an−1/2 ≤ x1 ≤ x01 + an−1/2,

x02 − an−1/2 ≤ x2 ≤ x02 + an−1/2
}

where x01, x02 ∈ R,x0 ≡ (x01, x
0
2) , a > 1 and n ∈ N. Suppose that the function

g : R2 → R

is very smooth over C (x0, 2, a, n) and the function G is such that G(1,1) = g. Using
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Taylor expansion for two variables, we then have

∫
C(x0,2,a,n)

g (x) dx =

∫ x0
2+an−1/2

x0
2−an−1/2

{∫ x0
1+an−1/2

x0
1−an−1/2

g (x1, x2) dx1

}
dx2

=

∫ x0
2+an−1/2

x0
2−an−1/2

{
G(0,1)

(
x01 + an−1/2, x2

)
−G(0,1)

(
x01 − an−1/2, x2

)}
dx2

=

∫ x0
2+an−1/2

x0
2−an−1/2

{
G(0,1)

(
x01 + an−1/2, x2

)}
dx2 −

∫ x0
2+an−1/2

x0
2−an−1/2

{
G(0,1)

(
x01 − an−1/2, x2

)}
dx2

= G
(
x01 + an−1/2, x02 + an−1/2

)
−G

(
x01 + an−1/2, x02 − an−1/2

)
−G

(
x01 − an−1/2, x02 + an−1/2

)
+G

(
x01 − an−1/2, x02 − an−1/2

)
.

Next note that for each s1, s2 ∈ {−1, 1) ,

G
(
x01 + s1an

−1/2, x02 + s2an
−1/2

)
= G

(
x01, x

0
2

)
+ s1an

−1/2G(1,0)
(
x01, x

0
2

)
+ s2an

−1/2G(0,1)
(
x01, x

0
2

)
+
1

2
a2n−1G(2,0)

(
x01, x

0
2

)
+

1

2
a2s1s2n

−1G(1,1)
(
x01, x

0
2

)
+

1

2
a2n−1G(0,2)

(
x01, x

0
2

)
+O

(
n−3/2

)
.
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This result leads to∫
C(x0,2,a,n)

g (x) dx = G
(
x01, x

0
2

)
+ an−1/2G(1,0)

(
x01, x

0
2

)
+ an−1/2G(0,1)

(
x01, x

0
2

)
+
1

2
a2n−1G(2,0)

(
x01, x

0
2

)
+

1

2
a2n−1G(1,1)

(
x01, x

0
2

)
+

1

2
a2n−1G(0,2)

(
x01, x

0
2

)
+O

(
n−3/2

)
−
{
G
(
x01, x

0
2

)
+ an−1/2G(1,0)

(
x01, x

0
2

)
− an−1/2G(0,1)

(
x01, x

0
2

)
+

1

2
a2n−1G(2,0)

(
x01, x

0
2

)
−1

2
a2n−1G(1,1)

(
x01, x

0
2

)
+

1

2
a2n−1G(0,2)

(
x01, x

0
2

)
+O

(
n−3/2

)}
−
{
G
(
x01, x

0
2

)
− an−1/2G(1,0)

(
x01, x

0
2

)
+ an−1/2G(0,1)

(
x01, x

0
2

)
+

1

2
a2n−1G(2,0)

(
x01, x

0
2

)
−1

2
a2n−1G(1,1)

(
x01, x

0
2

)
+

1

2
a2n−1G(0,2)

(
x01, x

0
2

)
+O

(
n−3/2

)}
+G

(
x01, x

0
2

)
− an−1/2G(1,0)

(
x01, x

0
2

)
− an−1/2G(0,1)

(
x01, x

0
2

)
+

1

2
a2n−1G(2,0)

(
x01, x

0
2

)
+
1

2
a2n−1G(1,1)

(
x01, x

0
2

)
+

1

2
a2n−1G(0,2)

(
x01, x

0
2

)
+O

(
n−3/2

)
.

After some simplifications, we obtain∫
C(x0,2,a,n)

g (x) dx = 2a2n−1G(1,1)
(
x01, x

0
2

)
+O

(
n−3/2

)
= 2a2n−1g

(
x0
) (
x01, x

0
2

)
{1 + o (1)} .

The d = 3 Case
Consider the cube

C
(
x0, 3, a, n

)
≡
{
(x1, x2, x3) : x

0
1 − an−1/2 ≤ x1 ≤ x01 + an−1/2,

x02 − an−1/2 ≤ x2 ≤ x02 + an−1/2, x03 − an−1/2 ≤ x3 ≤ x03 + an−1/2
}

where x01, x02, x03 ∈ R,x0 ≡ (x01, x
0
2, x

0
3) , a > 1 and n ∈ N. Suppose that the function g :

R3 → R is very smooth over C (x0, 3, a, n) and the function G is such that G(1,1,1) = g.
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Using Taylor expansion for three variables, we have

∫
C(x0,3,a,n)

g (x) dx =

∫ x0
3+an−1/2

x0
3−an−1/2

[∫ x0
2+an−1/2

x0
2−an−1/2

{∫ x0
1+an−1/2

x0
1−an−1/2

g (x1, x2, x3) dx1

}
dx2

]
dx3

=

∫ x0
3+an−1/2

x0
3−an−1/2

[∫ x0
2+an−1/2

x0
2−an−1/2

{
G(0,1,1)

(
x01 + an−1/2, x2, x3

)
−G(0,1,1)

(
x01 − an−1/2, x2, x3

)}
dx2
]
dx3

=

∫ x0
3+an−1/2

x0
3−an−1/2

[∫ x0
2+an−1/2

x0
2−an−1/2

G(0,1,1)
(
x01 + an−1/2, x2, x3

)
dx2

]
dx3

−
∫ x0

3+an−1/2

x0
3−an−1/2

[∫ x0
2+an−1/2

x0
2−an−1/2

G(0,1,1)
(
x01 − an−1/2, x2, x3

)
dx2

]
dx3

=

∫ x0
3+an−1/2

x0
3−an−1/2

[
G(0,0,1)

(
x01 + an−1/2, x02 + an−1/2, x3

)
−G(0,0,1)

(
x01 + an−1/2, x02 − an−1/2, x3

)]
dx3

−
∫ x0

3+an−1/2

x0
3−an−1/2

[
G(0,0,1)

(
x01 − an−1/2, x02 + an−1/2, x3

)
−G(0,0,1)

(
x01 − an−1/2, x02 − an−1/2, x3

)]
dx3

=

∫ x0
3+an−1/2

x0
3−an−1/2

G(0,0,1)
(
x01 + an−1/2, x02 + an−1/2, x3

)
dx3

−
∫ x0

3+an−1/2

x0
3−an−1/2

G(0,0,1)
(
x01 + an−1/2, x02 − an−1/2, x3

)
dx3

−
∫ x0

3+an−1/2

x0
3−an−1/2

G(0,0,1)
(
x01 − an−1/2, x02 + an−1/2, x3

)
dx3

+

∫ x0
3+an−1/2

x0
3−an−1/2

G(0,0,1)
(
x01 − an−1/2, x02 − an−1/2, x3

)
dx3.
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This leads to∫
C(x0,3,a,n)

g (x) dx =
{
G
(
x01 + an−1/2, x02 + an−1/2, x03 + an−1/2

)
(3.154)

−G
(
x01 + an−1/2, x02 + an−1/2, x03 − an−1/2

)}
(3.155)

−
{
G
(
x01 + an−1/2, x02 − an−1/2, x03 + an−1/2

)
(3.156)

−G
(
x01 + an−1/2, x02 − an−1/2, x03 − an−1/2

)}
(3.157)

−
{
G
(
x01 − an−1/2, x02 + an−1/2, x03 + an−1/2

)
(3.158)

−G
(
x01 − an−1/2, x02 + an−1/2, x03 − an−1/2

)}
(3.159)

+
{
G
(
x01 − an−1/2, x02 − an−1/2, x03 + an−1/2

)
(3.160)

−G
(
x01 − an−1/2, x02 − an−1/2, x03 − an−1/2

)}
. (3.161)

Next note that for each s1, s2, s3 ∈ {−1, 1} ,

G
(
x01 + s1an

−1/2, x02 + s2an
−1/2, x03 + s3an

−1/2
)
= G

(
x01, x

0
2, x

0
3

)
+s1an

−1/2G(1,0,0)
(
x01, x

0
2, x

0
3

)
+ s2an

−1/2G(0,1,0)
(
x01, x

0
2, x

0
3

)
+ s3an

−1/2G(0,0,1)
(
x01, x

0
2, x

0
3

)
+
1

2
a2n−1G(2,0,0)

(
x01, x

0
2, x

0
3

)
+

1

2
a2n−1G(0,2,0)

(
x01, x

0
2, x

0
3

)
+

1

2
a2n−1G(0,0,2)

(
x01, x

0
2, x

0
3

)
+
1

2
a2s1s2n

−1G(1,1,0)
(
x01, x

0
2, x

0
3

)
+

1

2
a2s1s3n

−1G(1,0,1)
(
x01, x

0
2, x

0
3

)
+
1

2
a2s2s3n

−1G(0,1,1)
(
x01, x

0
2, x

0
3

)
+
1

6
a3s31n

−3/2G(3,0,0)
(
x01, x

0
2, x

0
3

)
+

1

6
a3s32n

−3/2G(0,3,0)
(
x01, x

0
2, x

0
3

)
+
1

6
a3s33n

−3/2G(0,0,3)
(
x01, x

0
2, x

0
3

)
+
1

6
a3s2n

−3/2G(2,1,0)
(
x01, x

0
2, x

0
3

)
+

1

6
a3s3n

−3/2G(2,0,1)
(
x01, x

0
2, x

0
3

)
+
1

6
a3s1n

−3/2G(1,2,0)
(
x01, x

0
2, x

0
3

)
+

1

6
a3s3n

−3/2G(0,2,1)
(
x01, x

0
2, x

0
3

)
+
1

6
a3s1n

−3/2G(1,0,2)
(
x01, x

0
2, x

0
3

)
+

1

6
a3s2n

−3/2G(0,1,2)
(
x01, x

0
2, x

0
3

)
+
1

6
a3s1s2s3n

−3/2G(1,1,1)
(
x01, x

0
2, x

0
3

)
+O

(
n−2
)
. (3.162)
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Note that for (3.154): {s1, s2, s3} = {1, 1, 1} ; for (3.155): {s1, s2, s3} = {1, 1,−1} ;
for (3.156), {s1, s2, s3} = {1,−1, 1} ; for (3.157), {s1, s2, s3} = {1,−1,−1} ; for (3.158),
{s1, s2, s3} = {−1, 1, 1} ; for (3.159), {s1, s2, s3} = {−1, 1,−1} ; for (3.160), {s1, s2, s3} =
{−1,−1, 1} ; for (3.161), {s1, s2, s3} = {−1,−1,−1} .

It is clear from (3.162), the coefficient of G (x01, x
0
2, x

0
3) is

(1− 1)− (1− 1)− (1− 1) + (1− 1) = 0.

Hence, the O (1) term corresponding to G (x01, x
0
2, x

0
3) cancels.

Similarly, the O
(
n−1/2

)
term corresponding to the following terms all cancel:

an−1/2G(1,0,0) (x01, x
0
2, x

0
3), an−1/2G(0,1,0) (x01, x

0
2, x

0
3) and an−1/2G(0,0,1) (x01, x

0
2, x

0
3).

The O (n−1) term corresponding to the following terms all cancel:

1

2
a2n−1G(2,0,0) (x01, x

0
2, x

0
3),

1

2
a2n−1G(0,2,0) (x01, x

0
2, x

0
3),

1

2
a2n−1G(0,0,2) (x01, x

0
2, x

0
3),

1

2
a2n−1G(1,1,0) (x01, x

0
2, x

0
3),

1

2
a2n−1G(1,0,1) (x01, x

0
2, x

0
3) and

1

2
a2n−1G(0,1,1) (x01, x

0
2, x

0
3).

The O
(
n−3/2

)
term corresponding to the following terms all cancel:

1

6
a3n−3/2G(3,0,0) (x01, x

0
2, x

0
3),

1

6
a3n−3/2G(0,3,0) (x01, x

0
2, x

0
3),

1

6
a3n−3/2G(0,0,3) (x01, x

0
2, x

0
3),

1

6
a3n−3/2G(2,1,0) (x01, x

0
2, x

0
3),

1

6
a3n−3/2G(2,0,1) (x01, x

0
2, x

0
3),

1

6
a3n−3/2G(1,2,0) (x01, x

0
2, x

0
3)

1

6
a3n−3/2G(0,2,1) (x01, x

0
2, x

0
3),

1

6
a3n−3/2G(1,0,2) (x01, x

0
2, x

0
3)

and
1

6
a3n−3/2G(0,1,2) (x01, x

0
2, x

0
3).

The coefficient of
1

6
a3n−3/2G(1,1,1) (x01, x

0
2, x

0
3) is

(1 + 1)− (−1− 1)− (−1− 1) + (1 + 1) = 8.

Hence, the O
(
n−3/2

)
term corresponding to

1

6
a3n−3/2G(1,1,1) (x01, x

0
2, x

0
3) does not can-

cel.
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Therefore∫
C(x0,3,a,n)

g (x) dx =
4

3
a3n−3/2G(1,1,1)

(
x01, x

0
2, x

0
3

)
+O

(
n−2
)

=
4

3
a3n−3/2g

(
x01, x

0
2, x

0
3

)
+O

(
n−2
)
=

4

3
a3n−3/2g

(
x0
)
{1 + o (1)} .

In summary, for θ0 ̸= 0, d = 1,∫
C(x0,1,a,n)

g (x) dx = 2ag
(
x0
)
n−1/2 {1 + o (1)} ;

for θ0 ̸= 0, d = 2, ∫
C(x0,2,a,n)

g (x) dx = 2a2n−1g
(
x0
)
{1 + o (1)} ;

and, for θ0 ̸= 0, d = 3,∫
C(x0,3,a,n)

g (x) dx =
4

3
a3n−3/2g

(
x0
)
{1 + o (1)} .

These results show that for sufficiently large n, pHS,d (θ) is a very smooth function
over C

(
θ0, σ, n

)
and Taylor series arguments can be used to establish that∫
C(θ0,σ,n)

pHS,d (θ) dθ = K
(
d,θ0, σ

)
n−d/2 {1 + o (1)} , (3.163)

for some positive constant K
(
d,θ0, σ

)
. Application of (3.153) and (3.163) to the

bound in (3.152) then leads to

Rn ≤
1

n
− 1

n
log
(
K
(
d,θ0, σ

)
n−d/2 {1 + o (1)}

)
=
d

2

log (n)

n
+O

(
1

n

)
.

Therefore, for θ0 ̸= 0, the bound of risk quantity Rn is as follows:

Rn ≤
d log (n)

2n
+O

(
1

n

)
, for all d ∈ N.
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3.E Derivation of Result 3.2.6.1

We have the model as follows:

y
∣∣ψ ∼ N

(
ψ, τ 21 Id

)
, ψ

∣∣λ ∼ N
(
0, λ2τ 22 Id

)
p (λ) =

2I (λ > 0)

π (1 + λ2)
.

In this subsection, we will show the derivation of the posterior mean of ψ. Firstly,
we obtain the explicit expression for the posterior density function of λ. Note that

p
(
λ
∣∣y) = p (y, λ)

p (y)
=

∫
Rd p (y,ψ, λ) dψ

p (y)
=

∫
Rd p

(
y
∣∣ψ) p (ψ∣∣λ) p (λ) dψ

p (y)

= p (λ)

∫
Rd p

(
y
∣∣ψ) p (ψ∣∣λ) dψ
p (y)

. (3.164)

Let us look into the terms p
(
y
∣∣ψ) and p

(
ψ
∣∣λ) stated in the last step of (3.164). Note

that

p
(
y
∣∣ψ) = (2πτ 21 )−d/2

exp

(
−
∥∥y∥∥2
2τ 21

)
exp

(1/τ 21 )
 ψ

vec
(
ψψT

)
T
 y

−1

2
vec (Id)




and

p
(
ψ
∣∣λ) = (2πλ2τ 22 )−d/2

exp

(1/λ2τ 22 )
 ψ

vec
(
ψψT

)
T
 0

−1

2
vec (Id)


 .

Then

p
(
y
∣∣ψ) p (ψ∣∣λ) = (2πτ 21 )−d/2

exp

(
−
∥∥y∥∥2
2τ 21

)(
2πλ2τ 22

)−d/2

× exp


 ψ

vec
(
ψψT

)
T


(
1
/
τ 21
)
y

−1

2

(
1

τ 21
+

1

λ2τ 22

)
vec (Id)




=
(
2πτ 21

)−d/2
exp

(
−
∥∥y∥∥2
2τ 21

)(
2πλ2τ 22

)−d/2
exp


 ψ

vec
(
ψψT

)
T η1

η2


 ,
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where
η1 ≡

(
1
/
τ 21
)
y and η2 ≡ −

1

2

(
1

τ 21
+

1

λ2τ 22

)
vec (Id) .

Then the integral stated in the last step of (3.164) becomes

∫
Rd

p
(
y
∣∣ψ) p (ψ∣∣λ) dψ =

∫
Rd

(
2πτ 21

)−d/2

exp

(
−
∥∥y∥∥2
2τ 21

)(
2πλ2τ 22

)−d/2

× exp


 ψ

vec
(
ψψT

)
T


(
1
/
τ 21
)
y

−1

2

(
1

τ 21
+

1

λ2τ 22

)
vec (Id)


 dψ

=
(
2πτ 21

)−d/2
exp

(
−
∥∥y∥∥2
2τ 21

)(
2πλ2τ 22

)−d/2

∫
Rd

exp


 ψ

vec
(
ψψT

)
T η1

η2


 dψ.

(3.165)

Note that the term inside the integral as stated in the last step of (3.165) is as follows:

exp


 ψ

vec
(
ψψT

)
T η1

η2


 = exp

{
−1

2

{
ψT

(
1

τ 21
+

1

λ2τ 22

)
Idψ + yT ψ

τ 21

}}
.

For the integral stated in the last step of (3.165), we use the following result for
n-dimensional and functional generalization∫

Rd

exp

(
−1

2
xTAx+ bTx+ c

)
dnx =

√
det (2πA−1) exp

(
1

2
bTA−1b+ c

)
.

In our case, we have

A =

(
1

τ 21
+

1

λ2τ 22

)
Id, b =

y

τ 21

c = 0 and
√

det (2πA−1) = (2π)d/2
(

1

τ 21
+

1

λ2τ 22

)−d/2

.
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Then the integral stated in the last step of (3.165) becomes∫
Rd

exp


 ψ

vec
(
ψψT

)
T η1

η2


 dψ

= (2π)d/2
(

1

τ 21
+

1

λ2τ 22

)−d/2

exp

{
1

2

(
y

τ 21

)T (
1

τ 21
+

1

λ2τ 22

)−1

Id

(
y

τ 21

)}
.

Therefore, the integral stated in the last step of (3.164) becomes

∫
Rd

p
(
y
∣∣ψ) p (ψ∣∣λ) dψ =

(
2πτ 21

)−d/2
exp

(
−
∥∥y∥∥2
2τ 21

)(
2πλ2τ 22

)−d/2

× (2π)d/2
(

1

τ 21
+

1

λ2τ 22

)−d/2

exp

{
1

2

(
y

τ 21

)T (
1

τ 21
+

1

λ2τ 22

)−1

Id

(
y

τ 21

)}

=
(
2πτ 21

)−d/2
(
1 +

λ2τ 22
τ 21

)−d/2

exp

{
−

∥∥y∥∥2
2 (τ 21 + λ2τ 22 )

}
.

Hence p
(
λ
∣∣y) stated in (3.164) becomes

p
(
λ
∣∣y) = p (λ)

∫
Rd p

(
y
∣∣ψ) p (ψ∣∣λ) dψ
p (y)

=
2I (λ > 0)

π (1 + λ2) p (y)

(
2π
(
τ 21 + λ2τ 22

) )−d/2

exp

{
−

∥∥y∥∥2
2 (τ 21 + λ2τ 22 )

}
. (3.166)

The posterior density function of ψ is

p
(
ψ
∣∣y) = p (ψ,y)

p (y)
=

∫∞
0

p (y,ψ, λ) dλ

p (y)
=

∫∞
0

p
(
y
∣∣ψ) p (ψ∣∣λ) p (λ) dλ

p (y)

=
p
(
y
∣∣ψ) ∫∞

0
p
(
ψ
∣∣λ) p (λ) dλ

p (y)
.

Then

p (y) p
(
ψ
∣∣y) = p

(
y
∣∣ψ) ∫ ∞

0

p
(
ψ
∣∣λ) p (λ) dλ. (3.167)
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Let us look into the expression for p
(
y
∣∣ψ) and p

(
ψ
∣∣λ) stated in (3.167). Introduce

the following notation after equation (4) of Wand and Jones (1993):

ϕΣ (x) =
(
2π
)−d/2∣∣∣Σ∣∣∣−1/2

exp

(
−1

2
xTΣ−1x

)
is the N (0,Σ)density.

In our model, we have

p
(
y
∣∣ψ) = ϕτ21 Id

(ψ − y) and p
(
ψ
∣∣λ) = ϕλ2τ22 Id

(ψ − 0) .

Then (3.167) becomes

p (y) p
(
ψ
∣∣y) = p

(
y
∣∣ψ) ∫ ∞

0

p
(
ψ
∣∣λ) p (λ) dλ

=
2

π

∫ ∞

0

ϕτ21 Id
(ψ − y)ϕλ2τ22 Id

(ψ − 0)
1

1 + λ2
dλ. (3.168)

Let us look into the term ϕτ21 Id
(ψ − y)ϕλ2τ22 Id

(ψ − 0) inside the integral in the last
step of (3.168). From equation (A.1) of Wand and Jones (1993), we have

ϕτ21 Id

(
ψ − y

)
ϕλ2τ22 Id

(
ψ − 0

)
= ϕ(τ21+λ2τ22 )Id

(
y
)
ϕ τ 21λ

2τ 22
τ 21 + λ2τ 22

Id

(
ψ − λ2τ 22

τ 21 + λ2τ 22
y

)

=
(
2π
(
τ 21 + λ2τ 22

) )−d/2

exp

(
−

∥∥y∥∥2
2 (τ 21 + λ2τ 22 )

)
ϕ τ 21λ

2τ 22
τ 21 + λ2τ 22

Id

(
ψ − λ2τ 22

τ 21 + λ2τ 22
y

)
.

Then p
(
ψ
∣∣y) stated on the left-hand side in the first step of (3.168) becomes

p
(
ψ
∣∣y) = 2

π

(
1

p (y)

)∫ ∞

0

(
2π
(
τ 21 + λ2τ 22

) )−d/2

exp

(
−

∥∥y∥∥2
2 (τ 21 + λ2τ 22 )

)

×ϕ τ 21λ
2τ 22

τ 21 + λ2τ 22

Id

(
ψ − λ2τ 22

τ 21 + λ2τ 22
y

)
1

1 + λ2
dλ.
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Recalling that p
(
λ
∣∣y) stated in (3.166) as follows:

p
(
λ
∣∣y) = 2I (λ > 0) p (y)

π (1 + λ2)

(
2π
(
τ 21 + λ2τ 22

) )−d/2

exp

{
−

∥∥y∥∥2
2 (τ 21 + λ2τ 22 )

}
,

we then have

p
(
ψ
∣∣y) =

∫
∞

0

p
(
λ
∣∣y)ϕ τ 21λ

2τ 22
τ 21 + λ2τ 22

Id

(
ψ − λ2τ 22

τ 21 + λ2τ 22
y

)
dλ.

Therefore

E
(
ψ
∣∣y) = ∫

Rd

ψp
(
ψ
∣∣y) dψ

=

∫
Rd

ψ


∫

∞

0

p
(
λ
∣∣y)ϕ τ 21λ

2τ 22
τ 21 + λ2τ 22

Id

(
ψ − λ2τ 22

τ 21 + λ2τ 22
y

)
dλ

 dψ

=

∫
∞

0

p
(
λ
∣∣y)


∫

Rd

ψϕ τ 21λ
2τ 22

τ 21 + λ2τ 22

Id

(
ψ − λ2τ 22

τ 21 + λ2τ 22
y

)
dψ

 dλ.(3.169)

The inner integral stated in the last step of (3.169) is the mean of multivariate normal

N

((
λ2τ 22

/ (
τ 21 + λ2τ 22

))
y,
(
τ 21λ

2τ 22
/ (
τ 21 + λ2τ 22

))
Id

)
.

Hence, the posterior mean of ψ is

E
(
ψ
∣∣y) =

∫
∞

0

p
(
λ
∣∣y){ λ2τ 22

τ 21 + λ2τ 22
y

}
dλ =

(∫ ∞

0

p
(
λ
∣∣y){ λ2τ 22

τ 21 + λ2τ 22

}
dλ

)
y

= E

(
λ2τ 22

τ 21 + λ2τ 22

∣∣∣∣∣y
)
y.
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3.F Derivations of Full Conditional Distributions

3.F.1 Full Conditional Distributions of β0 for Gaussian Responses

First note that
p(β0

∣∣rest) ∝ p(y
∣∣β0,β,u, σ2

ε)p(β0). (3.170)

Then note that

y
∣∣β0,β,u, σ2

ε ∼ N

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj, σ
2
εIn

)
and β0 ∼ N(0, σ2

β0
).

For p(y
∣∣β0,β,u, σ2

ε) stated in (3.170), we have

p(y
∣∣β0,β,u, σ2

ε) ∝ exp

− 1

2σ2
ε

∥∥∥∥∥y − 1nβ0 −Xβ −
d•∑
j=1

Zjuj

∥∥∥∥∥
2


∝ exp

− 1

2σ2
ε

∥∥∥∥∥rβ0 − 1nβ0

∥∥∥∥∥
2
 ∝ exp

{
− 1

2σ2
ε

(
−2βT

0 1
T
nrβ0 + nβ2

0

)}
,

if we define rβ0 ≡ y −Xβ −
d•∑
j=1

Zjuj. Therefore

p(y
∣∣β0,β,u, σ2

ε) ∝ exp


β0
β2
0

T
1T

n

(
y −Xβ̃ −

d•∑
j=1

Zjuj

)
−n/2

 (1/σ2
ε)

 .

For p(β0) stated in (3.170), we have

p(β0) ∝ exp


[
β0

β2
0

]T [
0

−1/2

]
(1/σ2

β0
)

 .
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Then

p(β0
∣∣rest) ∝ exp


β0
β2
0

T


(

1

σ2
ε

)
1T
n

(
y −Xβ −

d•∑
j=1

Zjuj

)

−1

2

(
n

σ2
ε

+
1

σ2
β0

)

 .

(3.171)

Therefore p(β0
∣∣rest) has a Normal distribution with natural parameter vector

1T
n

(
y −Xβ −

d•∑
j=1

Zjuj

)/
σ2
ε

−n
2σ2

ε

− 1

2σ2
β0

 .

The variance is
1

(n/σ2
ε) + (1/σ2

β0
)
.

The mean is
1

σ2
ε

1T
n

(
y −Xβ −

d•∑
j=1

Zjuj

)
(n/σ2

ε) + (1/σ2
β0
)

.

Therefore

β0
∣∣rest ∼ N


1

σ2
ε

1T
n

(
y −Xβ −

d•∑
j=1

Zjuj

)
(n/σ2

ε) + (1/σ2
β0
)

,
1

(n/σ2
ε) + (1/σ2

β0
)

 .

If we define

ω1 ≡ 1T
n

(
y −Xβ −

d•∑
j=1

Zjuj

)
,

recalling that (2.7) of Section 2.2.2 to be 1T
nX = 0 and (2.8) of Section 2.3.3 to be

ZT
j 1n = 0Kj

, 1 ≤ j ≤ d•, we have ω1 = 1T
ny. If define ω2 ≡ (n/σ2

ε) + (1/σ2
β0
), then

β0
∣∣rest ∼ N

(
ω1

(σ2
ε)ω2

,
1

ω2

)
is as given in Algorithm 4 in Section 3.6.3.
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3.F.2 Full Conditional Distributions of β for Gaussian responses

First note that
p(β
∣∣rest) ∝ p(y

∣∣β0,β,u, σ2
ε)p(β

∣∣σ2
β ,f 2β). (3.172)

Then note that

y
∣∣β0,β,u, σ2

ε ∼ N

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj, σ
2
εIn

)

and
βj
∣∣σ2

β , f2βj ∼ N(0, σ2
β

/
f2βj), 1 ≤ j ≤ d◦ + d•.

For p(y
∣∣β0,β,u, σ2

ε), stated in (3.172), we have

p(y
∣∣β0,β,u, σ2

ε) ∝ exp

− 1

2σ2
ε

∥∥∥∥∥y − 1nβ0 −Xβ −
d•∑
j=1

Zjuj

∥∥∥∥∥
2


∝ exp

− 1

2σ2
ε

∥∥∥∥∥rβ −Xβ
∥∥∥∥∥
2


∝ exp

{
− 1

2σ2
ε

(
−2βTXTrβ +

(
vec(β̃β̃

T
)
)T

vec
(
XTX

))}
,

if we define rβ ≡ y − 1nβ0 −
d•∑
j=1

Zjuj. Therefore

p(y
∣∣β0,β,u, σ2

ε) ∝ exp




β

vec
(
ββT

)


T

XT

(
y − 1nβ0 −

d•∑
j=1

Zjuj

)

−1

2
vec

(
XTX

)
(1/σ2

ε

)
 .
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For p(β
∣∣σ2

β ,f 2β) stated in (3.172), we have

p(β
∣∣σ2

β ,f 2β) ∝ exp

(
−
βTdiag

(
f 2β

)
β

2σ2
β

)

∝ exp


[

β

vec
(
ββT

)]T
 0

−1

2
vec(diag

(
f 2β

)
 (1/σ2

β

) .

Therefore p(β
∣∣rest) stated in (3.172) becomes

p(β
∣∣rest) ∝ exp




β

vec
(
ββT

)


T


XT

σ2
ε

(
y − 1nβ0 −

d•∑
j=1

Zjuj

)

−1

2
vec

(
XTX

σ2
ε

+
diag

(
f 2β

)
σ2

β

)



.

Then the first component of the natural parameter vector of p(β|rest) is

XT

(
y − 1nβ0 −

d•∑
j=1

Zjuj

)(
1/σ2

ε

)
.

The inverse vec of the second component of the natural parameter vector is

−1

2

(
1

σ2
ε

XTX +
1

σ2
β

diag
(
f 2β

))
.

It follows that the covariance matrix of β|rest is(
1

σ2
ε

XTX +
1

σ2
β

diag
(
f 2β

))−1

and the mean vector is(
1

σ2
ε

XTX +
1

σ2
β

diag(f 2β)

)−1
1

σ2
ε

XT

(
y − 1nβ0 −

d•∑
j=1

Zjuj

)
.
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Therefore

β
∣∣rest ∼ N

((
1

σ2
ε

XTX +
1

σ2
β

diag
(
f 2β

))−1
1

σ2
ε

XT

(
y − 1nβ0 −

d•∑
j=1

Zjuj

)
,

(
1

σ2
ε

XTX +
1

σ2
β

diag
(
f 2β

))−1
)
.

Recalling that (2.7) in Section 3.4.2 to be XT1n = 0, then the full conditional distri-
bution of β is then obtained to be (3.28) in Section 3.6.3:

β
∣∣rest ∼ N

((
1

σ2
ε

XTX +
1

σ2
β

diag
(
f 2β

))−1
1

σ2
ε

(
XTy −

d•∑
j=1

(
XTZj

)
uj

)
,

(
1

σ2
ε

XTX +
1

σ2
β

diag
(
f 2β

))−1
)
.

If we define

ω3 ≡XTy −
d•∑
j=1

(
XTZj

)
uj,

and define
Ω ≡ 1

σ2
ε

XTX +
1

σ2
β

diag(f 2β),

then decompose Ω = UΩdiag (dΩ)U
T
Ω where UT

ΩUΩ = I. If

z ∼ N (0, I) ((d◦ + d•)× 1) ;

then

UΩ

(
UT

Ωz√
dΩ

+
UT

Ωω3

dΩ (σ2
ε)

)
has the same distribution as β|rest,

as given in Algorithm 4 in Section 3.6.3.

3.F.3 Full Conditional Distributions of uj for Gaussian responses

First note that, for 1 ≤ j ≤ d•,

p(uj

∣∣rest) ∝ p(y
∣∣β0,β,u, σ2

ε)p(uj

∣∣σ2
uj, f2uj). (3.173)
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Then note that

y
∣∣β0,β,u, σ2

ε ∼ N

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj, σ
2
εIn

)

and
uj

∣∣σ2
uj, f2uj ∼ N

(
0, (σ2

uj

/
f2uj)I

)
, 1 ≤ j ≤ d•.

For p(y
∣∣β0,β,u, σ2

ε) stated in (3.173), we have

p(y
∣∣β0,β,u, σ2

ε)

∝ exp

− 1

2σ2
ε

∥∥∥∥∥y − 1nβ0 −Xβ −
d•∑

j′ ̸=j

Zj′uj′ −Zjuj

∥∥∥∥∥
2


∝ exp

− 1

2σ2
ε

∥∥∥∥∥ruj
−Zjuj

∥∥∥∥∥
2
 .

∝ exp

{
− 1

2σ2
ε

(
−2uT

j Z
T
j ruj

+ vec
(
uju

T
j

)
vec

(
ZT

j Zj

))}
,

if we define ruj
≡ y − 1nβ0 −Xβ −

d•∑
j′ ̸=j

Zj′uj′ . Therefore

p(y
∣∣β0,β,u, σ2

ε) ∝ exp




uj

vec(uju
T
j )


T

×


ZT

j

(
y − 1nβ0 −Xβ −

d•∑
j′ ̸=j

Zj′uj′

)

−1

2
vec

(
ZT

j Zj

)
(1/σ2

ε

)
 .
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For p(uj

∣∣σ2
uj, f2uj) stated in (3.173), we have

p(uj

∣∣σ2
uj, f2uj) ∝ exp

{
− 1

2σ2
uj

vec
(
uju

T
j

)
vec

(
f2ujIKj

)}

∝ exp




uj

vec(uju
T
j )


T  0

−1

2
f2ujvec

(
IKj

)
 (1/σ2

uj

)
 .

Then

p(uj

∣∣rest) ∼ exp




uj

vec
(
ujũ

T
j

)


T


ZT

j

σ2
ε

(
y − 1nβ0 −Xβ −

d•∑
j′ ̸=j

Zj′uj′

)

−1

2
vec

(
ZT

j Zj

σ2
ε

+
f2uj
σ2
uj

IKj

)



.

(3.174)
Therefore, the first component of the natural parameter vector of p(uj|rest) is

ZT
j

(
y − 1nβ0 −Xβ −

d•∑
j′ ̸=j

Zj′uj′

)(
1/σ2

ε

)
.

The inverse vec of the second component of the natural parameter vector is

−1

2

(
1

σ2
ε

ZT
j Zj +

f2uj
σ2
uj

IKj

)
.

It follows that the covariance matrix of uj|rest is(
1

σ2
ε

ZT
j Zj +

f2uj
σ2
uj

IKj

)−1

and the mean vector is(
1

σ2
ε

ZT
j Zj +

f2uj
σ2
uj

IKj

)−1(
1

σ2
ε

)
ZT

j

(
y − 1nβ0 −Xβ −

d•∑
j′ ̸=j

Zj′uj′

)
.
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Next, we simplify
(

1

σ2
ε

ZT
j Zj +

f2uj
σ2
uj

IKj

)−1

. Note that ZT
j Zj is a diagonal matrix

from (2.8) in Section 3.4.3, if we define ZT
j Zj ≡ diag

(
ωZj

)
, 1 ≤ j ≤ d•, this implies

that
1

σ2
ε

ZT
j Zj +

f2uj
σ2
uj

IKj
= diag

(
ωZj

σ2
ε

+
f2uj1

σ2
uj

)
,

and therefore

(
1

σ2
ε

ZT
j Zj +

f2uj
σ2
uj

IKj

)−1

= diag

 1{
ωZj

/
σ2
ε

}
+ (f2uj1)

/
σ2
uj

 .

In summary, for each 1 ≤ j ≤ d•, the full conditional distribution of uj is

uj

∣∣rest ∼ N

( 1

σ2
ε

ZT
j

(
y − 1nβ0 −Xβ −

d•∑
j′ ̸=j

Zj′uj′

)
{
ωZj

/
σ2
ε

}
+ (f2uj1)

/
σ2
uj

,

diag
(

1{
ωZj

/
σ2
ε

}
+ (f2uj1)

/
σ2
uj

))
.

Recalling that (2.8) of Section 3.4.3 to be ZT
j 1n = 0, we then have

uj

∣∣rest ∼ N

(
diag

(
ωZj

σ2
ε

+
f2uj1

σ2
uj

)−1(
1

σ2
ε

)[(
ZT

j y
)
−
(
ZT

jX
)
β

−
d•∑

j′ ̸=j

(
ZT

j Zj′
)
uj′

]
,diag

(
ωZj

σ2
ε

+
f2uj1

σ2
uj

)−1
)
. (3.175)

In (3.175), we define

ω6 ≡ ZT
j y −

(
ZT

jX
)
β −

d•∑
j′ ̸=j

(
ZT

j Zj′
)
uj′

and
ω7 ≡

ωZj

σ2
ε

+
f2uj1

σ2
uj

,
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and generate the (Kj × 1) Multivariate Normal random vector z ∼ N(0, IKj
). Then

z
√
ω7

+
ω6

ω7σ2
ε

(3.176)

has the same distribution as uj

∣∣rest, as given in Algorithm 4 in Section 3.6.3, for
1 ≤ j ≤ d•.

3.F.4 Full Conditional Distribution of σ2ε for Gaussian responses

First note that
p
(
σ2
ε

∣∣rest
)
∝ p

(
y
∣∣β0,β,u, σ2

ε

)
p
(
σ2
ε

∣∣aε) . (3.177)

Moreover,

y
∣∣β0,β,u, σ2

ε ∼ N

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj, σ
2
εIn

)
and

σ2
ε

∣∣aε ∼ Inverse-Gamma
(
1

2
, 1/aε

)
.

For p
(
y
∣∣β0,β,u, σ2

ε

)
stated in (3.177), we have

p
(
y
∣∣β0,β,u, σ2

ε

)
∝

(
1√
σ2
ε

)n

exp

− 1

2σ2
ε

∥∥∥∥∥y − 1nβ0 −Xβ −
d•∑
j=1

Zjuj

∥∥∥∥∥
2
 .

For p
(
σ2
ε

∣∣aε) stated in (3.177), we have

p
(
σ2
ε

∣∣aε) ∝ (σ2
ε

)−1
2
−1

exp

(
− 1

aεσ2
ε

)
.

Therefore, p
(
σ2
ε

∣∣rest
)

stated in (3.177) becomes

p
(
σ2
ε

∣∣rest
)
∝
(
σ2
ε

)−n+1
2

−1
exp

− 1

σ2
ε

 1

aε
+

1

2

∥∥∥∥∥y − 1nβ0 −Xβ −
d•∑
j=1

Zjuj

∥∥∥∥∥
2
 .

In summary, for Gaussian responses, we obtain (3.38) in Section 3.6.3 to be

σ2
ε

∣∣rest ∼ Inverse-Gamma

n+ 1

2
,
1

aε
+

1

2

∥∥∥∥∥y − 1nβ0 −Xβ −
d•∑
j=1

Zjuj

∥∥∥∥∥
2
 .
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If we define

ω10 ≡ 1nβ0 +Xβ +
d•∑
j=1

Zjuj,

then
σ2
ε

∣∣rest ∼ Inverse-Gamma
(
1

2
(n+ 1) ,

(
1
/
aε
)
+

1

2

∥∥∥y − ω10

∥∥∥2)
is as given in Algorithm 4 of Section 3.6.3.

3.F.5 Full Conditional Distribution of aε for Gaussian responses

Following the steps in Appendix 2.B.7, we obtain (3.39) in Section 3.6.3 to be

aε
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
ε

+
1

s2ε

)
.

3.F.6 Full Conditional Distributions of f2βj for Gaussian responses

First note that, for 1 ≤ j ≤ d◦ + d•,

p
(
f2βj

∣∣rest
)
∝ p

(
βj
∣∣σ2

β , f2βj

)
p
(
f2βj

∣∣f1βj

)
.

For 1 ≤ j ≤ d◦ + d•, note that

βj
∣∣σ2

β , f2βj

ind.∼ N
(
0,
(
σ2

β

/
f2βj

) )
and f2βj

∣∣f1βj

ind.∼ Gamma
(
1
2
, f1βj

)
.

We then have

p
(
f2βj

∣∣rest
)
∝
(
f2βj

)1
2 exp

{
−

f2βjβ
2
j

2σ2
β

}(
f2βj

)−1
2 exp

{
−f1βj

f2βj

}
∝
(
f2βj

)1−1
exp

{
−f2βj

(
β2
j

2σ2
β

+ f1βj

)}
.

Therefore

f2βj

∣∣rest ind.∼ Gamma
(
1,
β2
j

2σ2
β

+ f1βj

)
, 1 ≤ j ≤ d◦ + d•

is obtained to be (3.29) in Section 3.6.3.
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3.F.7 Full Conditional Distributions of f1βj for Gaussian responses

First note that, for 1 ≤ j ≤ d◦ + d•,

p
(
f1βj

∣∣rest
)
∝ p

(
f2βj

∣∣f1βj

)
p
(
f1βj

)
.

For 1 ≤ j ≤ d◦ + d•, note that

f2βj

∣∣f1βj

ind.∼ Gamma
(
1
2
, f1βj

)
and f1βj

ind.∼ Gamma
(
1
2
, 1
)
.

We then have

p
(
f1βj

∣∣rest
)
∝
(
f1βj

)1
2 exp

{
−f1βj

f2βj

} (
f1βj

)−1
2 exp

{
−f1βj

}
∝
(
f1βj

)1−1
exp

{
−f1βj

(
1 + f2βj

)}
.

Therefore
f1βj

∣∣rest ind.∼ Gamma
(
1, 1 + f2βj

)
, 1 ≤ j ≤ d◦ + d•

is obtained to be (3.30) in Section 3.6.3.

3.F.8 Full Conditional Distributions of f2uj for Gaussian responses

First note that, for 1 ≤ j ≤ d•,

p
(
f2uj

∣∣rest
)
∝ p

(
uj

∣∣σ2
uj, f2uj

)
p
(
f2uj

∣∣f1uj) .
For 1 ≤ j ≤ d•, note that

uj

∣∣σ2
uj, f2uj

ind.∼ N
(
0,
(
σ2
uj

/
f2uj

)
IKj

)
and f2uj

∣∣f1uj ind.∼ Gamma
(
1
2
, f1uj

)
.



3.F.9. Full Conditional Distributions of f1uj for Gaussian responses 220

We then have

p(f2uj

∣∣rest) ∝

 1√
1
/
f2uj

Kj

exp

−
∥∥∥uj

∥∥∥2
2
(
σ2
uj

/
f2uj

)
IKj


(
f2uj

)−1
2
exp {−f1ujf2uj}

∝
(
f2uj

)Kj+1

2
−1

exp

−f2uj

∥∥∥uj

∥∥∥2
2σ2

uj

+ f1uj


 .

Therefore

f2uj
∣∣rest ind.∼ Gamma

Kj + 1

2
,

∥∥∥uj

∥∥∥2
2σ2

uj

+ f1uj

 , 1 ≤ j ≤ d•

is obtained to be (3.34) in Section 3.6.3.

3.F.9 Full Conditional Distributions of f1uj for Gaussian responses

First note that, for 1 ≤ j ≤ d•,

p
(
f1uj

∣∣rest
)
∝ p

(
f2uj

∣∣f1uj) p(f1uj).
For 1 ≤ j ≤ d•, note that

f2uj
∣∣f1uj ind.∼ Gamma

(
1
2
, f1uj

)
and f1uj

ind.∼ Gamma
(
1
2
, 1
)
.

We then have

p(f1uj
∣∣rest) ∝

(
f1uj

)1
2
exp {−f1ujf2uj}

(
f1uj

)−1
2
exp {−f1uj}

∝
(
f1uj

)1−1

exp {−f1uj (1 + f2uj)} .

Therefore
f1uj

∣∣rest ind.∼ Gamma (1, 1 + f2uj) , 1 ≤ j ≤ d•

is obtained to be (3.35) in Section 3.6.3.
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3.F.10 Full Conditional Distribution of σ2
β

for Gaussian responses

Following the steps in Appendix 2.B.10, we obtain (3.31) in Section 3.6.3 to be

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
βTdiag(f 2β)β

2
+

1

aβ

)
.

3.F.11 Full Conditional Distribution of aβ for Gaussian responses

Following the steps in Appendix 2.B.11, we obtain (3.32) in Section 3.6.3 to be

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
.

3.F.12 Full Conditional Distribution of σ2uj for Gaussian responses

Following the steps in Appendix 2.B.12, we obtain (3.36) in Section 3.6.3 to be

σ2
uj

∣∣rest ∼ Inverse-Gamma
(
Kj + 1

2
,
f2uj∥uj∥2

2
+

1

auj

)
, 1 ≤ j ≤ d•.

3.F.13 Full Conditional Distribution of auj for Gaussian responses

Following the steps in Appendix 2.B.13, we obtain (3.37) in Section 3.6.3 to be

auj
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uj

+
1

s2u

)
, 1 ≤ j ≤ d•.
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3.G Full Conditional Distributions Derivation for Pois-

son Responses

3.G.1 Full Conditional Distributions of β0 for Poisson Responses

First note that

p(β0
∣∣rest) ∝

{
n∏

i=1

p(yi
∣∣β0,β,u1, . . . ,ud•)

}
p(β0).

Recalling that

yi
∣∣β0,β,u1, . . . ,ud• ∼ Poisson

(
exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

})
, 1 ≤ i ≤ n,

and

β0 ∼ N
(
0, σ2

β0

)
,

then

p(β0
∣∣rest) ∝

n∏
i=1

{(
exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

})yi

× exp

(
− exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

})}
exp

(
− β2

0

2σ2
β0

)

∝ exp

{
nȳβ0 −

β2
0

2σ2
β0

− 1T
n exp

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj

)}

is obtained to be (3.40) in Section 3.6.3, if we define
n∑

i=1

yi ≡ nȳ. Following the form

of (3.26) for logarithm of unnormalised density function, we have

s1(β0) = nȳ, s2(β0) = σ2
β0
, s3(β0) = 1n and s4(β0) =Xβ +

d•∑
j=1

Zjuj

for β0 slice sampling for Poisson responses described in Algorithm 5.
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3.G.2 Full Conditional Distributions of βj for Poisson Responses

First note that, for 1 ≤ j ≤ d◦ + d•,

p(βj
∣∣rest) ∝

{
n∏

i=1

p(yi
∣∣β0,β,u1, . . . ,ud•)

}
p(βj

∣∣σ2
β , f2βj

).

Recalling that for 1 ≤ i ≤ n, 1 ≤ j ≤ d◦ + d•,

yi
∣∣β0,β,u1, . . . ,ud• ∼ Poisson

(
exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

})
, 1 ≤ i ≤ n,

and

βj
∣∣σ2

β , f2βj
∼ N

(
0,
(
σ2

β

/
f2βj

))
, (Xβ)i = Xijβj + (X i)−j (β)−j , 1 ≤ j ≤ d◦ + d•,

where

(X i)−j denotes the 1× (d◦ + d•) vectorX i with the jth entry removed, and

(β)−j denotes the (d◦ + d•)× 1 vector β with the jth entry removed,

then

p(βj
∣∣rest) ∝

n∏
i=1

[(
exp

{
β0 +

(
Xijβj + (X i)−j (β)−j

)
+

d•∑
j=1

(Zjuj)i

})yi

× exp

(
− exp

{
β0 +

(
Xijβj + (X i)−j (β)−j

)
+

d•∑
j=1

(Zjuj)i

})]
exp

(
−

β2
j

2
(
σ2

β

/
f2βj

))

∝ exp

{
1T
n (y ⊙Xj) βj −

f2βj
β2
j

2σ2
β

− 1T
n exp

(
Xjβj + 1nβ0 + (X)−j (β)−j +

d•∑
j=1

Zjuj

)}

is obtained to be (3.41) in Section 3.6.3. Following the form of (3.26) for logarithm of
unnormalised density function, we have

s1 = 1T
n (y ⊙Xj) , s2 = σ2

β

/
f2βj

, s3 =Xj and s4 = 1nβ0 + (X)−j (β)−j +
d•∑
j=1

Zjuj



3.G.3. Full Conditional Distributions of ujk for Poisson Responses 224

for βj slice sampling for Poisson responses described in Algorithm 5, 1 ≤ j ≤ d◦+d•.

3.G.3 Full Conditional Distributions of ujk for Poisson Responses

First note that, for 1 ≤ j ≤ d•, 1 ≤ k ≤ Kj,

p(ujk
∣∣rest) ∝

{
n∏

i=1

p(yi
∣∣β0,β,u1, . . . ,ud•)

}
p(ujk

∣∣σ2
uj, f2uj).

For 1 ≤ i ≤ n, 1 ≤ j ≤ d•, 1 ≤ k ≤ Kj, recalling that

yi
∣∣β0,β,u1, . . . ,ud• ∼ Poisson

(
exp

{
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

})
,

ujk
∣∣σ2

uj, f2uj ∼ N
(
0,
(
σ2
uj

/
f2uj

))
and

d•∑
j=1

(Zjuj)i = Zijkujk +

Kj∑
k′ ̸=k

Zijk′ujk′ +
d•∑

j′ ̸=j

Zij′uj′ ,

then

p(ujk
∣∣rest) ∝

n∏
i=1


exp

β0 + (Xβ)i + Zijkujk +

Kj∑
k′ ̸=k

Zijk′ujk′ +
d•∑

j′ ̸=j

Zij′uj′


yi

× exp

− exp

β0 + (Xβ)i + Zijkujk +

Kj∑
k′ ̸=k

Zijk′ujk′ +
d•∑

j′ ̸=j

Zij′uj′




× exp

(
−

u2jk

2
(
σ2
uj

/
f2uj

))

∝ exp

1T
n (y ⊙Zjk) ujk −

f2uju
2
jk

2σ2
uj

− 1T
n exp

Zjkujk + 1nβ0 +Xβ +

Kj∑
k′ ̸=k

Zjk′ujk′

+
d•∑

j′ ̸=j

Zj′uj′

)}

is obtained to be (3.46) in Section 3.6.3. Following the form of (3.26) for logarithm of
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unnormalised density function, we have

s1 = 1T
n (y ⊙Zjk) , s2 = σ2

uj

/
f2uj, s3 = Zjk,

and s4 = 1nβ0 +Xβ +

Kj∑
k′ ̸=k

Zjk′ujk′ +
d•∑

j′ ̸=j

Zij′uj′

for ujk slice sampling for Poisson responses described in Algorithm 5, 1 ≤ j ≤ d•, 1 ≤
k ≤ Kj.

3.G.4 Full Conditional Distributions of f2βj
for Poisson Responses

Following the steps in Appendix 3.F.6, we obtain (3.42) in Section 3.6.3 to be

f2βj

∣∣rest ind.∼ Gamma
(
1,
β2
j

2σ2
β

+ f1βj

)
, 1 ≤ j ≤ d◦ + d•.

3.G.5 Full Conditional Distributions of f1βj
for Poisson Responses

Following the steps in Appendix 3.F.7, we obtain (3.43) in Section 3.6.3 to be

f1βj

∣∣rest ind.∼ Gamma
(
1, 1 + f2βj

)
, 1 ≤ j ≤ d◦ + d•.

3.G.6 Full Conditional Distributions of f2uj for Poisson Responses

Following the steps in Appendix 3.F.8, we obtain (3.47) in Section 3.6.3 to be

f2uj
∣∣rest ind.∼ Gamma

Kj + 1

2
,

∥∥∥uj

∥∥∥2
2σ2

uj

+ f1uj

 , 1 ≤ j ≤ d•.

3.G.7 Full Conditional Distributions of f1uj for Poisson Responses

Following the steps in Appendix 3.F.9, we obtain (3.48) in Section 3.6.3 to be

f1uj
∣∣rest ind.∼ Gamma (1, 1 + f2uj) , 1 ≤ j ≤ d•.
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3.G.8 Full Conditional Distribution of σ2
β

for Poisson Responses

Following the steps in Appendix 2.B.10, we obtain (3.44) in Section 3.6.3 to be

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
βTdiag(f 2β)β

2
+

1

aβ

)

3.G.9 Full Conditional Distributions of aβ for Poisson Responses

Following the steps in Appendix 2.B.11, we obtain (3.45) in Section 3.6.3 to be

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
.

3.G.10 Full Conditional Distributions of σ2uj for Poisson Responses

Following the steps in Appendix 2.B.12, we obtain (3.49) in Section 3.6.3 to be

σ2
uj

∣∣rest ∼ Inverse-Gamma
(
Kj + 1

2
,
f2uj∥uj∥2

2
+

1

auj

)
, 1 ≤ j ≤ d•.

3.G.11 Full Conditional Distributions of auj for Poisson Responses

Following the steps in Appendix 2.B.13, we obtain (3.50) in Section 3.6.3 to be

auj
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uj

+
1

s2u

)
, 1 ≤ j ≤ d•.
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3.H Full Conditional Distributions Derivation for

Negative-Binomial Responses

Throughout this appendix, additive constants with respect to the function argument
are denoted by ‘const’.

3.H.1 Full Conditional Distributions of g for Negative-Binomial

Responses

First note that

p(g
∣∣rest) ∝

{
n∏

i=1

p(yi
∣∣gi)}{ n∏

i=1

p(gi
∣∣β0,β,u1, . . . ,ud• , κ)

}
.

For 1 ≤ i ≤ n, recalling that

yi
∣∣gi ∼ Pois (gi) , Pois(gi) =

gyii exp (−gi)
yi!

,

and gi
∣∣β0,β,u, κ ∼ Gamma

(
κ, κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
,

then we have

p(g
∣∣rest) ∝

{
n∏

i=1

p(yi
∣∣gi)}{ n∏

i=1

p(gi
∣∣β0,β,u1, . . . ,ud• , κ)

}

∝
n∏

i=1

gyii exp (−gi) (gi)κ−1 exp

[
−giκ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)}]

∝
n∏

i=1

(gi)
yi+κ−1 exp

[
−gi

(
1 + κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})]
.

Therefore

gi
∣∣rest ∼ Gamma

(
yi + κ, 1 + κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
,
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which is equivalent to

g
∣∣rest ∼ Gamma

(
y + κ, 1 + κ exp

{
−

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj

)})
.

Recalling that κ = exp (λ) , we obtain

g
∣∣rest ∼ Gamma

(
y + exp (λ) , 1 + exp

{
λ−

(
1nβ0 +Xβ +

d•∑
j=1

Zjuj

)})

to be (3.51) in Section 3.6.3.

3.H.2 Full Conditional Distributions of λ for Negative-Binomial

Responses

Conversion from κ to λ = log(κ) for Negative-Binomial responses is to ensure κ

always being positive, we have

κ = exp(λ),
d(κ)

d(λ)
= exp (λ) and κ ∼Moon-Rock (aκ, bκ) .

Then

p (κ) ∝
{

κκ

Γ (κ)

}aκ

exp (−bκκ) , κ > 0.

Therefore

p (λ) ∝

{
(exp(λ))exp(λ)

Γ (exp(λ))

}aκ

exp (−bκ exp(λ))
d(κ)

d(λ)

∝

{
(exp(λ))exp(λ)

Γ (exp(λ))

}aκ

exp (λ− bκ exp(λ)) .

First note that

p(λ
∣∣rest) ∝

{
n∏

i=1

p(gi
∣∣β0,β,u1, . . . ,ud• , λ)

}
p(λ).
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Recalling that

gi
∣∣β0,β,u, κ ∼ Gamma

(
κ, κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
, 1 ≤ i ≤ n,

and
κ = exp (λ) ,

we have

gi
∣∣β0,β,u, λ ∼ Gamma

(
exp (λ) , exp

{
λ−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
.

Therefore

p(gi
∣∣β0,β,u, λ)

=

[
exp

{
λ−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)}]exp(λ)
(gi)

exp(λ)−1

Γ (exp (λ))

× exp

[
−gi exp

{
λ−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)}]
.

Then we have

p(λ
∣∣rest) ∝

n∏
i=1

{[exp{λ− (β0 + (Xβ)i +
d•∑
j=1

(Zjuj)i
)}]exp(λ)

(gi)
exp(λ)−1

Γ (exp (λ))

× exp

[
−gi exp

{
λ−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i
)}]}{(exp(λ))exp(λ)

Γ (exp(λ))

}aκ

× exp (λ− bκ exp(λ)) .
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After simplification, we have

p(λ
∣∣rest) ∝

{
{exp (λ)}exp(λ)

Γ (exp (λ))

}n+aκ {∏n
i=1 (gi)

exp(λ)−1
}

∏n
i=1

{exp(β0 + (Xβ)i +
d•∑
j=1

(Zjuj)i

)}exp(λ)


× exp

[
−

n∑
i=1

{
gi exp

(
λ−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

))}
+ λ− bκ exp (λ)

]
.

Therefore

log
{
p(λ
∣∣rest)

}
= (n+ aκ) log

{
{exp (λ)}exp(λ)

Γ (exp (λ))

}
+ exp (λ)

n∑
i=1

log (gi)− exp (λ)

×
n∑

i=1

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)

−
n∑

i=1

{
gi exp

(
λ−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

))}
+ λ− bκ exp (λ) + const.

Note that

log

{
{exp (λ)}exp(λ)

Γ (exp (λ))

}
= λ exp (λ)− log {Γ (exp (λ))} .

And note that

(n+ aκ) log

{
{exp (λ)}exp(λ)

Γ (exp (λ))

}
= (n+ aκ) (λ exp (λ)− log {Γ (exp (λ))}) .
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Therefore

log
{
p(λ
∣∣rest)

}
= (n+ aκ)λ exp (λ)− (n+ aκ) (log {Γ (exp (λ))}) + exp (λ)

×
n∑

i=1

[
log (gi)−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)

−gi exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)}]
+ λ− bκ exp (λ) + const.

If we define aκ ≡ 0, then

log
{
p(λ
∣∣rest)

}
= − exp (λ)

[
bκ +

n∑
i=1

(
gi exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})

−
n∑

i=1

log (gi)− nλ+
n∑

i=1

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)]
+λ− n (log {Γ (exp (λ))}) + const.

Recalling that
exp (λ) = κ, and λ = log (κ) ,

then

log
{
p(λ
∣∣rest)

}
= λ+ n (κ log (κ)− log (Γ (κ)))− κ

[
n∑

j=1

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)

+bκ +
n∑

i=1

(
gi exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
−

n∑
i=1

log (gi)

]
+ const

is obtained to be (3.53) in Section 3.6.3.

3.H.3 Full Conditional Distributions of β0 for Negative-Binomial

Responses

First note that

p(β0
∣∣rest) ∝

{
n∏

i=1

p(gi
∣∣β0,β,u1, . . . ,ud• , κ)

}
p(β0).
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Recalling that

gi
∣∣β0,β,u, κ ∼ Gamma

(
κ, κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
, 1 ≤ i ≤ n,

and
β0 ∼ N

(
0, σ2

β0

)
,

then

p(β0
∣∣rest) ∝

n∏
i=1

[(κ exp{−(β0 + (Xβ)i +
d•∑
j=1

(Zjuj)i
)})κ

gκ−1
i

Γ (κ)

× exp

(
−giκ exp

{
−
(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i
)})]

exp

(
− β2

0

2σ2
β0

)

∝ exp

{
−nκβ0 −

β2
0

2σ2
β0

− 1T
n exp

[
−1nβ0 + 1n log (κ) + log (g)−

(
Xβ +

d•∑
j=1

Zjuj

)]}

is obtained to be (3.52) in Section 3.6.3. Following the form of (3.26) for logarithm of
unnormalised density function, we have

s1 = −nκ = −n exp (λ) , s2 = σ2
β0
, s3 = −1n and

s4 = 1n log (κ) + log (g)−

(
Xβ +

d•∑
j=1

Zjuj

)
= 1nλ+ log (g)−

(
Xβ +

d•∑
j=1

Zjuj

)

for β0 slice sampling for Negative-Binomial responses described in Algorithm 6.

3.H.4 Full Conditional Distributions of βj for Negative-Binomial

Responses

First note that, for 1 ≤ j ≤ d◦ + d•,

p(βj
∣∣rest) ∝

{
n∏

i=1

p(gi
∣∣β0,β,u1, . . . ,ud• , κ)

}
p(βj

∣∣σ2
β , f2βj

).
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Recalling that

gi
∣∣β0,β,u, κ ∼ Gamma

(
κ, κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
, 1 ≤ i ≤ n,

and
βj
∣∣σ2

β , f2βj

ind.∼ N
(
0,
(
σ2

β

/
f2βj

))
, 1 ≤ j ≤ d◦ + d•,

then

p(βj
∣∣rest) ∝

n∏
i=1

[(κ exp{−(β0 + (Xβ)i +
d•∑
j=1

(Zjuj)i
)})κ

gκ−1
i

Γ (κ)

× exp

(
−giκ exp

{
−
(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i
)})]

exp

{
−

β2
j

2
(
σ2

β

/
f2βj

)}

∝ exp

{
−κ

n∑
i=1

(Xβ)i

}
exp

{
−κ

n∑
i=1

[
gi exp

{
−
(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i
)}]}

× exp

{
−
f2βj

β2
j

2σ2
β

}
.

Using (Xβ)i = Xijβj + (X i)−j (β)−j , we obtain (3.54) in Section 3.6.3 to be

p(βj
∣∣rest) ∝ exp

{(
−κ1T

nXj

)
βj −

f2βj
β2
j

2σ2
β

− 1T
n exp

[
−Xjβj + 1n log (κ) + log (g)

−
(
1nβ0 + (X)−j (β)−j +

d•∑
j=1

Zjuj

)]}
.

Following the form of (3.26) for logarithm of unnormalised density function, and
recalling that (2.7) of Section 2.3.2 to be 1T

nX = 0, then 1T
nXj = 0, 1 ≤ j ≤ d◦ + d•,
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we have

s1 = −κ1T
nXj = − exp (λ)1T

nXj = 0, s2 = σ2
β

/
f2βj

, s3 = −Xj and

s4 = 1n log (κ) + log (g)−

(
1nβ0 + (X)−j (β)−j +

d•∑
j=1

Zjuj

)

= 1nλ+ log (g)−

(
1nβ0 + (X)−j (β)−j +

d•∑
j=1

Zjuj

)

for βj slice sampling for Negative-Binomial responses described in Algorithm 6, 1 ≤
j ≤ d◦ + d•.

3.H.5 Full Conditional Distributions of ujk for Negative-Binomial

Responses

First note that, for 1 ≤ j ≤ d•, 1 ≤ k ≤ Kj,

p(ujk
∣∣rest) ∝

{
n∏

i=1

p(gi
∣∣β0,β,u1, . . . ,ud• , κ)

}
p(ujk

∣∣σ2
uj, f2uj

).

Recalling that

gi
∣∣β0,β,u, κ ∼ Gamma

(
κ, κ exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)})
, 1 ≤ i ≤ n,

and
ujk
∣∣σ2

uj, f2uj

ind.∼ N
(
0,
(
σ2
uj

/
f2uj

))
, 1 ≤ j ≤ d◦ + d•, 1 ≤ k ≤ Kj,

then

p(ujk
∣∣rest) ∝

n∏
i=1

[(κ exp{−(β0 + (Xβ)i +
d•∑
i=1

(Zjuj)i
)})κ

gκ−1
i

Γ (κ)

× exp

(
−giκ exp

{
−
(
β0 + (Xβ)i +

d•∑
i=1

(Zjuj)i
)})]

exp

{
−

u2jk

2
(
σ2
uj

/
f2uj

)} .
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Therefore

p(ujk
∣∣rest) ∝ exp

{
−κ

n∑
i=1

(
d•∑
j=1

(Zjuj)i

)}

× exp

{
−κ

n∑
i=1

[
gi exp

{
−

(
β0 + (Xβ)i +

d•∑
j=1

(Zjuj)i

)}]}
exp

{
−
f2uju

2
jk

2σ2
uj

}
.

Recalling that
d•∑
j=1

(Zjuj)i = Zijkujk +

Kj∑
k′ ̸=k

Zijk′ujk′ +
d•∑

j′ ̸=j

Zij′uj′ , then

p(ujk
∣∣rest) ∝ exp

{(
−κ1T

nZjk

)
ujk −

f2uju
2
jk

2σ2
uj

− 1T
n exp

[
−Zjkujk + 1n log (κ) + log (g)

−
(
1nβ0 +Xβ +

Kj∑
k′ ̸=k

Zjk′ujk′ +
d•∑

j′ ̸=j

Zj′uj′

)]}

is obtained to be (3.59) in Section 3.6.3. Following the form of (3.26) for logarithm of
unnormalised density function, and recalling that (2.8) of Section 2.3.3 to be ZT

j 1n =

0Kj
, 1 ≤ j ≤ d•, then 1T

nZjk = 0, therefore

s1 = −κ1T
nZjk = − exp (λ)1T

nZjk = 0, s2 = σ2
uj

/
f2uj, s3 = −Zjk and

s4 = 1n log (κ) + log (g)−

1nβ0 +Xβ +

Kj∑
k′ ̸=k

Zjk′ujk′ +
d•∑

j′ ̸=j

Zj′uj′


= 1nλ+ log (g)−

1nβ0 +Xβ +

Kj∑
k′ ̸=k

Zjk′ujk′ +
d•∑

j′ ̸=j

Zj′uj′


for ujk slice sampling for Negative-Binomial responses described in Algorithm 6,
1 ≤ j ≤ d•, 1 ≤ k ≤ Kj.
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3.H.6 Full Conditional Distributions of f2βj
for Negative-Binomial

Responses

Following the steps in Appendix 3.F.6, we obtain (3.55) in Section 3.6.3 to be

f2βj

∣∣rest ind.∼ Gamma
(
1,
β2
j

2σ2
β

+ f1βj

)
, 1 ≤ j ≤ d◦ + d•.

3.H.7 Full Conditional Distributions of f1βj
for Negative-Binomial

Responses

Following the steps in Appendix 3.F.7, we obtain (3.56) in Section 3.6.3 to be

f1βj

∣∣rest ind.∼ Gamma
(
1, 1 + f2βj

)
, 1 ≤ j ≤ d◦ + d•.

3.H.8 Full Conditional Distributions of f2uj for Negative-Binomial

Responses

Following the steps in Appendix 3.F.8, we obtain (3.60) in Section 3.6.3 to be

f2uj
∣∣rest ind.∼ Gamma

Kj + 1

2
,

∥∥∥uj

∥∥∥2
2σ2

uj

+ f1uj

 , 1 ≤ j ≤ d•.

3.H.9 Full Conditional Distributions of f1uj for Negative-Binomial

Responses

Following the steps in Appendix 3.F.9, we obtain (3.61) in Section 3.6.3 to be

f1uj
∣∣rest ind.∼ Gamma (1, 1 + f2uj) , 1 ≤ j ≤ d•.

3.H.10 Full Conditional Distributions of σ2
β

for Negative-Binomial

Responses

Following the steps in Appendix 2.B.10, we obtain (3.57) in Section 3.6.3 to be

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
βTdiag(f 2β)β

2
+

1

aβ

)
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3.H.11 Full Conditional Distributions of aβ for Negative-Binomial

Responses

Following the steps in Appendix 2.B.11, we obtain (3.58) in Section 3.6.3 to be

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
.

3.H.12 Full Conditional Distributions of σ2uj for Negative-Binomial

Responses

Following the steps in Appendix 2.B.12, we obtain (3.62) in Section 3.6.3 to be

σ2
uj

∣∣rest ∼ Inverse-Gamma
(
Kj + 1

2
,
f2uj∥uj∥2

2
+

1

auj

)
, 1 ≤ j ≤ d•.

3.H.13 Full Conditional Distributions of auj for Negative-Binomial

Responses

Following the steps in Appendix 2.B.13, we obtain (3.63) in Section 3.6.3 to be

auj
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uj

+
1

s2u

)
, 1 ≤ j ≤ d•.
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Chapter 4

Mean Field Variational Bayes
with Laplace-Zero Priors
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4.1 Introduction

Variational methods (e.g. Ormerod and Wand, 2010) have utilized in many areas
such as machine learning and pattern recognition. Since the early 2000s there has
been an increasing recognition of their use in mainstream Statistics (e.g. Titterington,
2004).

Consider a generic Bayesian model with observed data vector y and continuous
parameter vector θ over the parameter space Θ. The essence of variational inference
is to approximate the posterior density function p(θ|y) with an approximating density
function q(θ). To make this approximation as close as possible, we search over q ∈ Q,
for some set Q of density functions, to find a particular density function with the
minimum Kullback-Liebler (KL) distance/divergence from the actual posterior

q∗(θ) = argmin
q∈Q

KL
{
q(θ
∣∣y) ∥∥∥ p(θ∣∣y)} (4.1)

where

KL
{
q(θ
∣∣y) ∥∥∥ p(θ∣∣y)} =

∫
Θ

q(θ) log

{
q(θ)

p(θ
∣∣y)
}
dθ.

We denote d as the number of predictors, with 1 ≤ j ≤ d. The parametric forms
of the q-density functions are determined from the form of the Bayesian model and
the minimum Kullback-Leibler optimisation problem, determined through (4.1). For
instance, Chapter 10 of Bishop (2006) explains this aspect of mean field variational
Bayes. The optimal variational factor q∗j (θj) is proportional to the exponential of
the expectation (under the other factors), of the the joint log-density. Therefore, an
expression for q∗j (θj) is:

q∗j (θj) ∝ exp
[
Eq(−θj) {log p (θ,y)}

]
, 1 ≤ j ≤ d.

If p(θ,y) is conditionally conjugate, then qj (θj) ends up in the same exponential
family as the full conditional p

(
θj
∣∣θ−j,y

)
. For instance, if p(θ,y) is Gaussian in θj,

the optimal qj (θj) will also be Gaussian.
A common approach to aid tractability is to impose a product density restriction

on q(θ), without any restriction on the functional form of the factors (Bishop, 2006):

Q =

{
q(θ) : q(θ) =

d∏
j=1

qj(θj) for some partition {θ1, . . . , θd} of θ

}
(4.2)
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The resultant q∗(θ) is known as the mean field variational Bayes approximation
(MFVB) to the actual posterior, and we refer to it as the optimal q-density.

In this chapter, we work with the mean field variational Bayes (MFVB) approach,
to overcome the heavy computational cost of the Markov chain Monte Carlo (MCMC)
approach described in Chapter 2, for generalized additive model selection for Gaus-
sian and binary responses. MFVB is a faster, deterministic, but less accurate fitting
and inference alternative (e.g. Wainwright and Jordan, 2008). Same as Chapter 2,
throughout Chapter 4, y vector,X matrix and Z matrix are all fixed.

We introduce the product density restrictions on approximating density func-
tions in Section 4.2.1. Benefiting greatly on the Gibbsian full conditional distributions
of the parameters, the q-density approximation and the implementation for MFVB
involve straightforward algebraic calculations, described in Section 4.2.2. Moreover,
MFVB algorithms are often very simple to implement. The MFVB approach is im-
plemented as the R package gamselBayes, described in Algorithm 7 of Section 4.2.2.
We also work out the marginal log-likelihood approximation, which is useful for
monitoring convergence, described in Section 4.2.3.

In practice, either the Markov chain Monte Carlo samples or the MFVB q-densities
can be used for approximate posterior-based decision making. Based on the approx-
imation of relevant parameters, we set up the selection strategies for MFVB using
the threshold parameter, to classify variable effect type being nonlinear, linear or
zero, described in Section 4.3.1 and Section 4.3.2. Simulation studies aim at find-
ing a good default value of sparsity threshold parameter for MFVB are described in
Section 4.3.3.

We demonstrate that the MFVB algorithms achieve a good level of accuracy and
improved speed with simulation studies result given in Chapter 5.

The additive structure of generalized additive model (GAM) described in this
chapter is given in Section 2.3. The independence assumptions of GAM is given in
(2.28) for Gaussian responses and Section 2.4.3 for binary responses. The additive
part uses splines for non-linear effects. The predictors include binary predictors and
continuous predictors. The number of binary predictors is d◦. The number of contin-
uous predictors is d•.

For the generalized additive model described in Section 4.2, the sample size is
n. The response y is a n × 1 vector. The linear design matrix X is a n × (d◦ + d•)

matrix. The Zj matrix containing the canonical Demmler-Reinsch basis is a n × Kj

matrix, with 1 ≤ j ≤ d•, Kj as the number of basis functions for the j-th continuous
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predictor with default value of 12.
Our simulation study suggests a good default threshold value τ as 0.1 for MFVB

given in Section 4.3.3. The data were generated with 30 continuous predictors, 10
having “true" linear effects, 10 having “true" non-linear effects and 10 having “true"
zero effects. The sample size varied as n ∈ {500, 1000, 2000} . The error standard de-
viation varied as σε ∈ {0.25, 0.5, 1, 2} . The threshold varied as τ ∈ {0.1, 0.3, 0.5, 0.7,
0.9} . For each combination of sample size and error standard deviation, we ran sim-
ulation on 100 independently generated data sets.

We applied Algorithm 7 to two real-world datasets – the car auction and the Syd-
ney real estate dataset given in Section 4.4, to demonstrate the practical applicability
of the approach. The car auction dataset used in Section 4.4.1 contains 72, 983 ob-
servations and 49 predictors. The Sydney real estate dataset used in Section 4.4.2
contains 37, 676 observations and 39 predictors.

We conducted a simulation study on a prediction accuracy evaluation metric
given in Figure 4.2 of Section 4.3.3. The threshold varied as τ ∈ {0.1, 0.3, 0.5, 0.7,
0.9} . The sample size varied as n ∈ {500, 1000, 2000} . The error standard devia-
tion varied as σε ∈ {0.25, 0.5, 1, 2} . Moreover, hyperparameters sensitivity checks
are given in Section 5.4.

4.2 Mean Field Variational Bayesian Inference for

Laplace-Zero Priors

4.2.1 Product Density Restrictions

Consider the Bayesian inference for the parameters in (2.28) of Section 2.4.2 and in
Figure 2.1 of Section 2.5.3 for Gaussian responses. The essence of our MFVB ap-
proach involves approximation of the full joint posterior density function of the
form

p(β0,γβ, β̃,γu, ũ, bβ, σ
2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε

∣∣y)
≈ q(β0,γβ, β̃,γu, ũ, bβ, σ

2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε). (4.3)
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(4.3) is subject to

q(β0,γβ, β̃,γu, ũ, bβ, σ
2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε)

= q(β0)q(γβ)q(β̃)q(γu)q(ũ)q(bβ)q(σ
2
β)q(aβ)q(bu)q(σ

2
u)q(au)q(σ

2
ε)q(aε). (4.4)

Therefore, the mean field approximation of the joint posterior density function of the
model parameters to (2.28) in Section 2.4.2 for Gaussian response is

p(β0,γβ, β̃,γu, ũ, bβ, σ
2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε

∣∣y)
≈ q(β0)q(γβ)q(β̃)q(γu)q(ũ)q(bβ)q(σ

2
β)q(aβ)q(bu)q(σ

2
u)q(au)q(σ

2
ε)q(aε)

≈ q(β0)
{∏d◦+d•

j=1 q(γβj)
}
q(β̃)

{∏d•
j=1 q(γuj)

}{∏d•
j=1 q(ũj)

}{∏d◦+d•
j=1 q(bβj)

}
×q(σ2

β)q(aβ)
{∏d•

j=1 q(buj)
}{∏d•

j=1 q(σ
2
uj)
}{∏d•

j=1 q(auj)
}
q(σ2

ε)q(aε).

(4.5)
Restriction (4.5) involves the induced product results (Bishop, 2006, Section 10.2.5),

which contains additional factorization in the q-density product restriction form.
A less stringent product restriction as (4.6), which will not scale well to high d•,

but may have accuracy advantages. (4.6) keeps all of the basis function coefficients
together is

p(β0,γβ, β̃,γu, ũ, bβ, σ
2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε

∣∣y)
≈ q(β0, β̃, ũ)q(γβ)q(γu)q(bβ)q(σ

2
β)q(aβ)q(bu)q(σ

2
u)q(au)q(σ

2
ε)q(aε).

(4.6)

There are numerous stringency levels of the product restriction. The choice in-
volves trade-offs concerning tractability, accuracy and speed. In this thesis, we will
use the simpler mean field variational Bayes scheme based on (4.5).

The optimal q-densities, which are the mean field variational Bayes approxima-
tion to the actual posterior, are chosen to minimize Kullback-Leibler divergence be-
tween the right-hand side of (4.4) and the full joint posterior density function, which
is the left-hand side of (4.3) (e.g. Wainwright and Jordan, 2008). The optimal q-
density forms can be expressed in terms of the full conditional density functions as
given by equation (6) of Ormerod and Wand (2010). Since all the full conditional
distribution of parameters having standard forms described in Section 2.5.3, the op-
timal q-density functions are relatively simple and the coordinate ascent updates
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have closed forms.

4.2.2 MFVB Practical Fitting for Laplace-Zero Priors

Based on full conditional distributions of parameters for Markov chain Monte Carlo
given in Section 2.5.3, for the Gaussian and binary responses models, we obtain q-
density approximation of parameters for mean field variational Bayes in this subsec-
tion. Some examples of the resulting optimal q-density forms are:

q(β0) has a N(µq(β0), σ
2
q(β0)

) density function,

q(β̃) has a N(µq(β̃),Σq(β̃)) density function,

q(ũj) has a N(µq(ũj)
,Σq(ũj)) density function, 1 ≤ j ≤ d•,

q(γβj) has a Bernoulli

 1

1 + exp
{
Eq(ηβj)

}
 probability mass function,

1 ≤ j ≤ d◦ + d•,

q(γuj) has a Bernoulli

(
1

1 + exp
{
Eq(ηuj)

}) probability mass function,

1 ≤ j ≤ d•,

q(bβ)is a product of Inverse-Gaussian
(
µq(bβj)

, 1
)

density functions,

1 ≤ j ≤ d◦ + d•,

q(bu) is a product of Inverse-Gaussian
(
µq(buj)

, 1
)

denstiy functions,

1 ≤ j ≤ d•,

q(σ2
ε) has an Inverse-Gamma(κq(σ2

ε)
, λq(σ2

ε)
) density function,

q(σ2
β) has an Inverse-Gamma

(
κq(σ2

β)
, λq(σ2

β)

)
density function,

q(σ2
uj) has an Inverse-Gamma

(
κq(σ2

uj)
, λq(σ2

uj)

)
density function, 1 ≤ j ≤ d•.

(4.7)

For example, the optimal Inverse Gamma shape parameter κq(σ2
ε)

has explicit so-
lution 1

2
(n + 1). However, the equations for the optimal values of µq(β̃),Σq(β̃) and
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λq(σ2
ε)

are interdependent and iteration is required to obtain their optimal values.
The Bayesian graphical model for wavelet regression described in Section 3 of

Wand and Ormerod (2011) is similar in nature to the generalized additive selec-
tion model (2.28). Hence, the relevant details on the requisite mean field variational
Bayes calculations for (2.28) can be gleaned from the q-density derivations given in
Appendix D of Wand and Ormerod (2011). The q-density approximations of param-
eters for MFVB are listed in (4.8)–(4.31), with derivation details given in Appendix
4.A. The results are:

q (β0) has a N
(
µq(β0), σ

2
q(β0)

)
density function where

σ2
q(β0)

=

(
nµq(1/σ2

ε)
+

1

σ2
β0

)−1

, (4.8)

µq(β0) = σ2
q(β0)

µq(1/σ2
ε)
1T
ny, (4.9)

q
(
β̃
)

has a N
(
µq(β̃),Σq(β̃)

)
density function where

Ωq(γβ) = diag
{
µq(γβ) ⊙

(
1− µq(γβ)

)}
+ µq(γβ)µ

T
q(γβ)

, (4.10)

Σq(β̃) =
{
µq(1/σ2

ε)

[
Ωq(γβ) ⊙

(
XTX

)]
+ µq(1/σ2

β)
diag

(
µq(bβ)

)}−1

, (4.11)

µq(β̃) = µq(1/σ2
ε)
Σq(β̃)
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µq(γβ) ⊙
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y −

d•∑
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Zj(µq(γuj)µq(ũj)
)

)])
, (4.12)

q
(
bβ1 , . . . , bβ(d◦+d•)
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Inverse-Gaussian
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µq(1/σ2
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(
µ2
q(β̃j)
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)}−1/2

, 1

)
density functions

over 1 ≤ j ≤ d◦ + d•, The q-density means are

µq(bβj)
=
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µq(1/σ2

β)

(
µ2
q(β̃j)

+ σ2
q(β̃j)
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, (4.13)
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β

)
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κq(σ2
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density function where

κq(σ2
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λq(σ2
β)

=
1

2
µT

q(bβ)
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µq(β̃) ⊙ µq(β̃) + diagonal

(
Σq(β̃)
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+ µq(1/aβ), (4.15)
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q (aβ)has an Inverse-Gamma
(
κq(aβ), λq(aβ)

)
density function where

κq(aβ) = 1, (4.16)

λq(aβ) = µq(1/σ2
β)

+ 1
/
s2β, (4.17)

q (γβj) is the Bernoulli
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q (ũj) has a N
(
µq(ũj)

,Σq(ũj)

)
density function, 1 ≤ j ≤ d•,

where ωZj
≡ diagonal(ZT

j Zj),

Σq(ũj) = diag
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(
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is a product of Inverse-Gaussian({
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density functions

over 1 ≤ j ≤ d•. The q-density means are
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q(ũj)

)
+ µq(1/auj), (4.23)

q (auj) ∼ has an Inverse-Gamma
(
κq(auj), λq(auj)

)
density function , 1 ≤ j ≤ d•,
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If y contains Gaussian responses, q
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and

q (aε) has an Inverse-Gamma
(
κq(aε), λq(aε)

)
density function where

κq(aε) = 1, (4.29)

λq(aε) = µq(1/σ2
ε)
+ 1
/
s2ε. (4.30)

If y contains binary responses, for 1 ≤ i ≤ n, yi = 1 or yi = 0,
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Using the optimal q-density results listed in (4.8)–(4.31), we can now assemble the
mean field variational Bayes algorithm, given in Algorithm 7, implemented within
the R package gamselBayes, to minimize the Kullback-Leibler distance q-density
parameters, with notation used in Section 4.2.2 for the other q-density parameters.

We proceed by initialising each of the q-density parameters and updating each
parameter successively using the current estimates of the other parameters. At the
end of each iteration, an updated value of the lower bound on the marginal log-
likelihood is computed, and the algorithm is iterated until convergence of the lower
bound on the marginal log-likelihood to its maximum. The approximate marginal
log-likelihood, also known as the evidence lower bound, is given in the next subsec-
tion.

4.2.3 Variational Marginal Log-Likelihood Approximation

A final aspect of Algorithm 7 in Section 4.2.2 is determination of good stopping cri-
teria for the coordinate ascent scheme. As is common in the mean field variational
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Bayes literature, we monitor relative increases in the approximate marginal log-
likelihood, which we denote by log p(y; q). Minimizing the Kullback-Liebler diver-
gence is equivalent to maximizing the lower bound on the marginal log-likelihood
log p(y; q).

Appendix 4.B contains the explicit expression for the approximate marginal log-
likelihood for Chapter 2 models under product restriction (4.5). By computing the
log-likelihood after each iteration, we obtained its corresponding relative error. Refer
to R package gamselBayes, the setting of the tolerance of relative error is εtoler. =

10−8. As shown in Algorithm 7 of Section 4.2.2, we checked the relative error after
each iteration. Once the relative error of log-likelihood is lower than the tolerance
level, the iteration stopped. The variational marginal log-likelihood approximation
is implemented as the R package gamselBayes.

4.3 Model Selection Strategies with Laplace-Zero pri-

ors for Mean Field Variational Bayes

After obtaining the q-density approximation in Section 4.2.2 for mean field varia-
tional Bayes, we need to set up the model selection strategies to decide whether the
effect type of a predictor is zero, linear or non-linear.

4.3.1 Deciding Between an Effect Being Zero or Linear

For Gaussian and binary response generalized additive models described in Section
2.4, for the MFVB approach, our “effect is zero" rule between zero effect and linear
effect is as in (2.52) of Section 2.6.1 for Markov chain Monte Carlo. For mean field
variational Bayes approach, we haveE

(
γβj

∣∣y) ≡ µq(γβj)
in Algorithm 7, 1 ≤ j ≤ d◦+

d•. Simulation studies of deciding default values for sparsity threshold parameter τ
for mean field variational Bayes described in Section 4.3.3.

4.3.2 Deciding Between an Effect Being Zero, Linear or Non-Linear

For Gaussian and binary response generalized additive models described in Section
2.4, for the MFVB approach, our “effect is zero" rule for MFVB between an effect
being zero or linear or non-linear is as in (2.54) of Section 2.6.2. For mean field vari-
ational Bayes approach, we have E

(
γβj

∣∣y) ≡ µq(γβj)
in Algorithm 7, 1 ≤ j ≤ d◦ + d•,
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and E
(
γuj
∣∣y) ≡ µq(γuj) in Algorithm 7, 1 ≤ j ≤ d•. Simulation studies of deciding

default values for sparsity threshold parameter τ for mean field variational Bayes
described in Section 4.3.3.

4.3.3 Choice of Default Value of Sparsity Threshold Parameter

In this subsection, we use the misclassification rate for simulation study of default
value of sparsity threshold parameter τ for MFVB. The settings of the number of
continuous predictors d•, sample size n, error standard deviations σε, and τ are as in
(2.58). The generation of data sets and design of simulation are as (2.56) and (2.57)
respectively in Section 2.6.3.

For mean field variational Bayes, we use εtoler. = 10−8 from Algorithm 7 in Section
4.2.2. The rules of model selection follow (2.52) of Section 2.6.1 and (2.54) of Section
2.6.2.

Figure 4.1 shows the misclassification rate as a function of τ under mean field
variational Bayes. The difference of misclassification rate between τ < 0.5 and τ ≥
0.5 is very noticeable, recalling that τ = 0 corresponding to maximum a posteriori
estimation of coefficient being zero described in Section 4.3.1 and 4.3.2. Therefore,
the default value of the sparsity threshold parameter τ for mean field variational
Bayes is 0.1.

The range of the sparsity threshold parameter is τ ∈ (0, 1). Both Figure 2.3 of
Section 2.6.3 and Figure 4.1 show that, tweaking the sparsity threshold parameter τ
among {0.1, 0.3, 0.5, 0.7, 0.9} has the desired impact on misclassification rates.

In this subsection, we also use relative test error to replace effect type misclassi-
fication rate for simulation study of default value of sparsity threshold parameter τ.
The settings of the number of continuous predictors d•, sample size n, error standard
deviations σε, and sparsity threshold parameter τ, are as in (2.58). The continuous
predictors generation for data sets are as in Section 2.6.3.

To aid visualization, we use the log10 transformation to the relative test error val-
ues. Similar to the simulation study for MCMC in Section 2.6.3, Figure 4.2 shows that
the relative test errors are lower for higher sample sizes under the same noise level
and the relative test errors are lower for higher noise levels under the same sample
size. The choice of τ does not affect the relative test errors. Therefore, it does not
change our recommendation concerning the choice of τ being 0.1 for MFVB.
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Figure 4.1: Side-by-side boxplots of the misclassification rates for the mean field variational Bayes
Algorithm 7 for the simulation study described in the text. Each panel corresponds to a different
combination of sample size and error standard deviation. Within each panel, the side-by-side boxplots
compare misclassification rate as a function of the sparsity threshold parameter τ.

4.4 Data Illustration for Mean Field Variational Bayes

We implement our MFVB approach as given by Algorithm 7 in Section 4.2.2 in our R
package gamselBayes. In this subsection, we apply our MFVB approach to two real
data sets. The number of predictors in the first illustration for car auction data and
in the second illustration for Sydney real estate data is large. This motivates the use
of MFVB fitting as the fast option for model selection.

For the linear effects variables, we want to know their positive or negative im-
pacts on the response. For the non-linear effects variables, we want to know their
forms. These were able to be obtained by our R package gamselBayes.
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Figure 4.2: Side-by-side boxplots of the logarithms, to base 10, of relative test error for the mean field
variational Bayes Algorithm 7 for the simulation study described in the text. Each panel corresponds
to a different combination of sample size and error standard deviation. Within each panel, the side-by-
side boxplots compare relative test error as a function of the sparsity threshold parameter τ.

4.4.1 Application to Car Auction Data

The data set was obtained from the kaggle Internet platform (https://www.kaggle.
com). There are 49 variables on 72,983 observations of cars purchased at car cau-
tion by automobile dealership in U.S.A.. The origin of these data is a classification
competition titled “Don’t Get Kicked!" that ran on the “kaggle" platform. The data
set with all categorical variables converted to binary variable indicator form can be
found in R package HRW Harezlak et al. (2018).

The binary response is the indicator of whether the car purchased at an auction
has serious problems that prevent it being sold. We refer to such a car as a “bad buy".
In the car auction data set, there are 44 binary predictors and 5 continuous predictors.
We checked the unique values of the predictors and found the predictor “age at sale"
only has 10 unique values. It is not conducive to spline-based estimation of non-
linear effects. Therefore, we exclude age at sale variable from having non-linear
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effect.
We use the fast option MFVB approach in our R package gamselBayes, with the

threshold parameter τ being 0.1 as given in Section 4.3.3, with the stopping criteria
being 10−8, described in Section 4.2.3. Nineteen predictors were selected as having
linear effects and three predictors were selected as having non-linear effects. Twenty-
seven predictors out of forty-nine, which is 55% of all predictors, were discarded.

Table 4.1 shows estimation and inferential summaries for the selected linear fits.
We found most of the predictor effects are intuitive. For example, with the predictor
“age at sale", it shows that the older of the cars, are more likely to be a bad buy. The
presence of wheel covers, lowered the probability to be a bad buy. It is interesting
to note that cars purchased in some particular states, would make it more or less
likely for the car to be a bad buy. For example, cars purchased in Florida and North
Carolina are less likely for the car to be a bad buy. Cars purchased in Texas are more
likely to be a bad buy.

Figure 4.3: The estimated non-linear effects for the car auction from application of Algorithm 7 and
effect type estimation rules of Section 4.3.3 with τ = 0.1. The curves are slices of estimated probability
of bad buy as a function of the predictor, with all other selected predictors set to their median values.
The shade regions correspond to pointwise approximate 95% credible intervals, but are subject to
considerable mean field approximation error. The rug at the base of each plot is based on a random
sample of 2,500 cars.

Figure 4.3 shows 3 predictors having non-linear effects. They are odometer read-
ing in miles, acquisition cost paid for the car at the time of purchase in U.S. dollars
and warranty cost in U.S. dollars. The middle panel in Figure 4.3 shows that the pur-
chase cost being around 10,000 U.S. dollars has the least probability of being a bad
buy. The purchase cost below or above 10,000 U.S. dollars both increase the prob-
ability of being a bad buy. The shaded area in Figure 4.3 corresponds to pointwise
approximate 95% credible intervals. However, we also need to consider considerable
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mean field variational approximation error that tends to make the credible intervals
overly narrow.

We also apply the MCMC approach as given by Algorithm 2 in Section 2.5.3 on
this car auction data set. The categorical result shows that 14 out of the 19 predic-
tors were selected from Table 4.1. Three predictors were not selected by the MFVB
approach, but they were selected by the MCMC approach, such as indicators of the
auction provider. The odometer reading predictor was considered having a non-
linear effect by the MFVB approach, but was selected as having a linear effect by the
MCMC approach. In summary, using the MFVB approach as given by Algorithm
7, 22 predictors were selected. Using the MCMC approach as given by Algorithm
2, 20 predictors were selected. Among those 20 predictors selected by the MCMC
approach, 17 predictors were in common from the two approaches. This suggests
reasonable accuracy of the MFVB approach as the fast option for this example.

4.4.2 Application of Data on House Sales in Sydney, Australia

The data set is obtained in R package HRW, which accompanies the Harezlak et al.
(2018) book. There are 37,676 records and 39 variables for Sydney house sales in
2001.

The majority of the potential predictor variables are well-behaved. The histogram
shows that predictor crime rate measure for the suburb in which the house is located
is highly skewed and with a small fraction of the house having a large outlying
value, which is not shown on histogram. Therefore, we apply the logarithm of crime
rate plus one transformation to make the data of predictor crime rate measure for
the suburb in which the house is located more amenable to our methodology.

Three predictors: nephelometer suspended matter measurement recorded at the
air pollution monitoring station nearest to the house, particulate matter with a diam-
eter of under 10 micrometers level recorded at the air pollution monitoring station
nearest to the house, and sulphur dioxide level recorded at the air pollution moni-
toring station nearest to the house are quantitative but have low numbers of unique
values. To avoid problems with spline fitting, these predictors are only considered
as having linear or zero effects, and not considered as having a non-linear effects.

We use the fast MFVB approach in our R package gamselBayes, with the thresh-
old parameter τ being 0.1 as given in Section 4.3.3, The categorical predictor results
are shown in Table 4.2 and 4.3. Table 4.2 shows that 12 predictors were selected as
having linear effects and Table 4.3 shows that 15 predictors were selected as having
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non-linear effects. It implies 12 predictors were selected as having zero effects.
For the 12 predictors selected as having linear effects, we obtained the linear co-

efficient summary in Table 4.4. For example, among predictors financial quarter 2
in which sale took place, financial quarter 3 in which sale took place and financial
quarter 4 in which sale took place, it indicates that houses sold in the 4th quarter
period of October to December tend to have higher sales prices.

For the 15 predictors selected as having non-linear effects, Figure 4.4 shows that
their effects on mean logarithm of house sales price. For example, the first panel
shows that the effect of predictor lot size in square meters but with some imputation
is quite a monotonic increasing curve, with some ramps and plateau. The fourth
panel for predictor logarithm of crime rate plus one indicates that there is a sharp
decrease for house sales price when predictor logarithm of crime rate plus one be-
ing around 0.32, and a sharp rise for house sales price when predictor logarithm
of crime rate plus one being around 0.6 after decrease. The fifth panel shows that
the predictor average weekly income of the suburb in which the house is located is
mainly monotonically increasing with some ramps and plateau. The last panel for
the predictor distance from house to the nearest school (kilometers) indicates that
there is a sharp rise in mean house price when the distance to the nearest school is
beyond 8 kilometers. This effect may due to homes in semi-rural areas being more
expensive.
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Figure 4.4: The graph was produced by using the MFVB approach as given by Algorithm 7. The
curves are vertically centred estimates of the effects of each predictor selected as having a non-linear
effect. The shaded regions correspond to pointwise 95% credible intervals. The rugs at the base of each
plot show values of each predictor. Due to the very large sample size, random subsets of size 1, 000 are
used in the rugs.
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Algorithm 7: Iterative determination of the optimal parameters according to a mean
field variational Bayes approximation of the posterior distributions for model (2.28).

Data Inputs: y(n× 1); X(n× (d◦ + d•)); Zj(n×Kj), 1 ≤ j ≤ d•.

Response Type Input: responseType ∈ {Gaussian,Bernoulli} .

Sufficient Statistics Inputs: XTy, XTX, ZTy, ZTX, ZTZ

Hyperparameters Inputs: σβ0 , sβ, sε, su > 0, 1 < ρβ, ρu < 1.

Convergence Criterion Input: εtoler : a small positive number such as 10−8.

Initialize: µq(γβ)
←− 1

2
1d◦+d• ; µq(β̃)

←− 0d◦+d• ; µq(1/aε) ←− 1; µq(1/σ2
ε)
←− 1;

µq(1/aβ) ←− 1; µq(1/σ2
β)
←− 1; κq(σ2

β)
←− 1

2
(d◦ + d• + 1); κq(aβ) ←− 1

κq(σ2
ε)
←− 1

2
(n+ 1); κq(aε) ←− 1; µq(bβ)

←− 1d◦+d• ;

yT1adj ←− 0; XTyadj ←− XTy; ZTyadj ←− ZTy

For j = 1, . . . , d• :

µq(ũj) ←− 0Kj ; σ
2
q(ũj)

←− 1Kj ; µq(γuj) ←−
1

2
;

µq(1/auj) ←− 1; µq(1/σ2
uj)
←− 1; µq(buj) ←− 1;

κq(σ2
uj)
←− 1

2
(Kj + 1); κq(auj) ←− 1; ωZj ←− diagonal

(
ZTZ⟨j,j⟩

)
Cycle:

ω12 ←− yT1adj

σ2
q(β0)

←− 1
/{

nµq(1/σ2
ε)
+ (1/σ2

β0
)
}

; µq(β0) ←− σ2
q(β0)

µq(1/σ2
ε)
ω12

Ωq(γβ)
←− diag

{
µq(γβ)

⊙
(
1− µq(γβ)

)}
+ µq(γβ)

µT
q(γβ)

Σ
q(β̃)
←−

{
µq(1/σ2

ε)
Ωq(γβ)

⊙
(
XTX

)
+ µq(1/σ2

β)
diag

(
µq(bβ)

)}−1

ω13 ←− XTyadj −
d•∑
j=1

ZTX⟨j⟩T
(
µq(γuj)µq(ũj)

)
µ
q(β̃)
←− µq(1/σ2

ε)
Σ

q(β̃)

(
µq(γβ)

⊙ ω13

)
ω14 ←− µq(β̃)

⊙ µ
q(β̃)

+ diagonal
(
Σ

q(β̃)

)
; µq(bβ)

←−
(
µq(1/σ2

β)
ω14

)−1/2

continued on a subsequent page. . .



4.4.2. Application of Data on House Sales in Sydney, Australia 257

Algorithm 7 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

λq(σ2
β)
←− µq(1/aβ) +

1

2
µT
q(bβ)

ω14 ; µq(1/σ2
β)
←− κq(σ2

β)

/
λq(σ2

β)

λq(aβ) ←− µq(1/σ2
β)

+ s−2
β ; µq(1/aβ) ←− κq(aβ)

/
λq(aβ)

For j = 1, . . . , d• : µq(uj) ←− µq(γuj)µq(ũj)

For j = 1, . . . , d◦ + d• :

ω15 ←− eTj XTyadj −
d•∑
j=1

(
ZTX⟨j′⟩ej

)T
µq(uj′ )

ω15 ←− µ
q(β̃j)

ω15 −
(

XTXej
)T
−j

×

[(
µq(γβ)

)
−j
⊙
{(

Σ
q(β̃)

ej

)
−j

+ µ
q(β̃j)

(
µ
q(β̃)

)
−j

}]

µq(γβj)
←− expit

(
logit(ρβ))−

1

2
µq(1/σ2

ε)

{(
µ2
q(β̃j)

+ σ2
q(β̃j)

)
eTj XTXej

−2ω15})
For j = 1, . . . , d• : µq(uj) ←− µq(γuj)µq(ũj)

For j = 1, . . . , d• :

ω16 ←− ZTy⟨j⟩
adj − ZTX⟨j⟩

(
µq(γβ)

⊙ µ
q(β̃)

)
−

d•∑
j′ ̸=j

ZTZ⟨j,j′⟩µq(uj′ )

σ2
q(ũj)

←− 1Kj

/{
µq(1/σ2

ε)
µq(γuj)ωZj + µq(1/σ2

uj)
µq(buj)1Kj

}
µq(ũj) ←− µq(1/σ2

ε)
µq(γuj)

(
ω16 ⊙ σ2

q(ũj)

)
For j = 1, . . . , d• :

ω17 ←−
∥∥µq(ũj)

∥∥2 + 1TKj
σ2
q(ũj)

; µq(buj) ←−
(
µq(1/σ2

uj)
ω17

)−1/2

λq(σ2
uj)
←− µq(1/auj) +

1

2
µq(buj)ω17 ; µq(1/σ2

uj)
←− κq(σ2

uj)

/
λq(σ2

uj)

λq(auj) ←− µq(1/σ2
uj)

+
(
1/s2u

)
; µq(1/auj) ←− κq(auj)

/
λq(auj)

continued on a subsequent page. . .
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Algorithm 7 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

For j = 1, . . . , d• : µq(uj) ←− µq(γuj)µq(ũj)

For j = 1, . . . , d• :

ω18 ←− ZTy⟨j⟩
adj − ZTX⟨j⟩

(
µq(γβ)

⊙ µ
q(β̃)

)
−

d•∑
j′ ̸=j

ZTZ⟨j,j′⟩µq(uj′ )

ω19 ←− ωT
Zj

(
µq(ũj) ⊙ µq(ũj) + σ

2
q(ũj)

)
− 2µT

q(ũj)
ω18

µq(γuj)
←− expit

(
logit(ρu)−

1

2
µq(1/σ2

ε)
ω19

)
ω20 ←− 1nµq(β0) +X

(
µq(γβ)

⊙ µ
q(β̃)

)
+

d•∑
j=1

Zj

(
µq(γuj)µq(ũj)

)
If responseType is Gaussian then

Ωq(γβ)
←− diag

{
µq(γβ)

⊙
(
1− µq(γβ)

)}
+ µq(γβ)

µT
q(γβ)

λq(σ2
ε)
←− µq(1/aε) +

1

2

∥∥∥y − ω20

∥∥∥2 + 1

2
nσ2

q(β0)

+
1

2
tr
[
XTX

{
Ωq(γβ)

⊙
(
Σ

q(β̃)
+ µ

q(β̃)
µT
q(β̃)

)}]
−1

2
tr
{
XTX

(
µq(γβ)

⊙ µ
q(β̃)

)(
µq(γβ)

⊙ µ
q(β̃)

)T}

+
1

2

d•∑
j=1

ωT
Zj

(
µq(γuj)

[
σ2
q(ũj)

+
{
1− µq(γuj)

}(
µq(ũj) ⊙ µq(ũj)

)])
µq(1/σ2

ε)
←− κq(σ2

ε)

/
λq(σ2

ε)
; λq(aε) ←− µq(1/σ2

ε)
+
(
1
/
s2ε

)
;

µq(1/aε) ←− κq(aε)

/
λq(aε)

If responseType is Bernoulli then

µq(1/σ2
ε)
←− 1 ; µq(c) ←− ω20 +

(
2y − 1n

)
⊙ ζ ′

((
2y − 1n

)
⊙ ω20

)
yT1adj ←− µT

q(c)1n ; XTyadj ←−X
Tµq(c) ; ZTyadj ←− Z

Tµq(c)

until the relative change in the log(p(y; q)) is below εtoler.

Outputs: All q-density parameters.
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predictor posterior mean 95% credible interval

indic. made in U.S.A. –0.04605 (–0.06925, –0.02323)

age at sale (years) 0.09344 (0.08771, 0.09896)

indic. color is red 0.0513 (0.02498, 0.07713)

indic. make is Chevrolet –0.1103 (–0.1358, –0.08426)

indic. make is Chrysler 0.09517 (0.0691, 0.1217)

indic. make is Dodge –0.03093 (–0.05385, –0.006961)

indic. purchased online –0.06229 (–0.1117, –0.0000)

acquisition price (U.S. dollars) – 6.014× 10−6 (–9.352, –2.603)×10−6

indic. purchased in 2010 0.1085 (0.0929, 0.1242)

indic. purch. in Florida –0.1173 (–0.1391, –0.09529)

indic. purch. in North Carolina –0.1074 (–0.1326, –0.0819)

indic. purch. in Texas 0.09706 (0.07799, 0.1162)

indic. medium-sized vehicle –0.07368 (–0.09095, –0.05622)

indic. sports utility vehicle 0.1899 (0.1646, 0.2153)

indic. manual transmission –0.1574 (–0.197, –0.1168)

indic. trim level is ’Bas’ 0.05521 (0.0355, 0.07477)

indic. trim level is ’LS’ –0.06153 (–0.0918, –0.03176)

indic. has alloy wheels –1.513 (–1.546, –1.48)

indic. has wheel covers –1.585 (–1.619, –1.551)

Table 4.1: Approximate posterior means and approximate 95% credible intervals for the coefficients
of each of the selected linear fits based on the mean field variational Bayes optimal q-densities obtained
from Algorithm 7 for the car auction example.
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Predictors selected as having linear effects:

nitrous oxide level recorded at the air pollution monitoring station nearest
to the house,

particulate matter with a diameter of under 10 micrometers level recorded at the
air pollution monitoring station nearest to the house,

sulphur dioxide level recorded at the air pollution monitoring station nearest
to the house,

distance from house to the nearest highway (kilometers),

distance from house to the nearest medical services (kilometers),

distance from house to the Sydney Harbour Tunnel (kilometers),

degrees longitude of location of house,

nephelometer suspended matter measurement recorded at the air pollution
monitoring station nearest to the house,

ozone level recorded at the air pollution monitoring station nearest to the house,

financial quarter 2 in which sale took place,

financial quarter 3 in which sale took place,

financial quarter 4 in which sale took place.

Table 4.2: Predictors selected as having linear effects from Sydney real estate data set using MFVB
approach as Algorithm 7.
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Predictors selected as having non-linear effects:

distance from house to the nearest ambulance station (kilometers),

distance from house to the nearest bus stop (kilometers),

distance from house to the nearest factory (kilometers),

distance from house to the nearest hospital (kilometers),

distance from house to the nearest main road (kilometers),

distance from house to the nearest park (kilometers),

distance from house to the nearest school (kilometers),

distance from house to the nearest sealed road (kilometers),

distance from house to the nearest unsealed road (kilometers),

proportion of foreigners in the suburb in which the house is located,

average weekly income of the suburb in which the house is located.

inflation rate measured as a percentage,

degrees latitude of location of house,

logarithm of crime rate measured for the suburb in which the house is located
plus one,

lot size in square meters but with some imputation.

Table 4.3: Predictors selected as having non-linear effects from Sydney real estate data set using
MFVB approach as Algorithm 7.
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posterior mean 95% credible interval

nitrous oxide level recorded
at the air pollution monitoring
station nearest to the house

0.01213 (0.01081, 0.0135)

particulate matter with a
diameter of under 10 micrometers
level recorded at the air pollution
monitoring station nearest
to the house

0.01388 (0.01111, 0.01672)

sulphur dioxide level recorded at
the air pollution monitoring
station nearest to the house

–1.526 (−1.722,−1.326)

distance from house to the
nearest highway (kilometers) 0.001718 (0.0006906, 0.002848)

distance from house to the nearest
medical services (kilometers) –0.003672 (−0.006384,−0.001)

distance from house to the Sydney
Harbour Tunnel (kilometers) 0.008914 (0.007736, 0.01006)

degrees longitude of location of
house 2.579 (2.501, 2.659)

nephelometer suspended matter
measurement recorded at the air
pollution monitoring station
nearest to the house

–0.4299 (−0.5201,−0.3398)

Table 4.4: Inferential summary of the linear coefficients obtained from Sydney real estate data set
using MFVB approach as Algorithm 7.
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posterior mean 95% credible interval

ozone level recorded at the
air pollution monitoring station
nearest to the house

0.3396 (0.3139, 0.3656)

financial quarter 2 in which
sale took place 0.01908 (0.008528, 0.02939)

financial quarter 3 in which
sale took place 0.06412 (0.05468, 0.07339)

financial quarter 4 in which
sale took place 0.1311 (0.1219, 0.1404)

Table 4.4 continued: Inferential summary of the linear coefficients obtained from Sydney real estate
data set using MFVB approach as Algorithm 7.
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4.A The q-Density approximation of parameters with

Laplace-Zero priors

Throughout Appendix 4.A, “const" denotes a constant that does not depend on any
q-density parameters.

4.A.1 The q-Density of β0 with Laplace-Zero Priors

First note that
log {q (β0)} = Eq

[
log
{
p
(
β0
∣∣rest

)}]
+ const.

Recalling the expression for p(β0|rest) in (2.61) of Appendix 2.B.1, we have

log
{
p
(
β0
∣∣rest

)}
=

β0
β2
0

T η1
η2

+ const

=

β0
β2
0

T


1

σ2
ε

1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)

−1

2

(
n

σ2
ε

+
1

σ2
β0

)
+ const

where

η1 ≡
1

σ2
ε

1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)

and

η2 ≡ −
1

2

(
n

σ2
ε

+
1

σ2
β0

)
.

Moreover,

Eq

[
log
{
p
(
β0
∣∣rest

)}]
=

β0
β2
0

T

Eq

η1
η2

+ const.
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We then have

Eq (η2) = −
1

2
Eq

(
n

σ2
ε

+
1

σ2
β0

)
= −1

2

(
nµq(1/σ2

ε)
+

1

σ2
β0

)
= −1

2

(
σ2
q(β0)

)−1

and therefore

σ2
q(β0)

=

(
nµq(1/σ2

ε)
+

1

σ2
β0

)−1

is given in (4.8) and Algorithm 7 of Section 4.2.2. And note that

Eq (η1) =
1

σ2
q(β0)

µq(β0) = Eq

{
1

σ2
ε

1T
n

(
y −X(γβ ⊙ β̃)−

d•∑
j=1

Zj(γujũj)

)}

= µq(1/σ2
ε)
1T
n

[
y −X

(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j=1

Zj

(
µq(γuj)µq(ũj)

)]
. (4.32)

Recalling that (2.7) in Section 2.3.2 to be 1T
nX = 0 and (2.8) in Section 2.3.3 to be

1T
nZj = 0, 1 ≤ j ≤ d•, in (4.32), if we define

ω12 ≡ 1T
n

(
y −X(µq(γβ) ⊙ µq(β̃))−

d•∑
j=1

Zj(µq(γuj)µq(ũj)
)

)
,

then ω12 = 1T
ny. Therefore

µq(β0) = σ2
q(β0)

Eq (η1) = σ2
q(β0)

µq(1/σ2
ε)
ω12 = σ2

q(β0)
µq(1/σ2

ε)
1T
ny

is given in (4.9) and Algorithm 7 of Section 4.2.2.

4.A.2 The q-Density of β̃ with Laplace-Zero Priors

First note that
log
{
q
(
β̃
)}

= Eq

[
log
{
p
(
β̃
∣∣rest

)}]
+ const.
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Recalling the expression for p(β̃
∣∣rest) in (2.62) of Appendix 2.B.2, we have

log
{
p
(
β̃
∣∣rest

)}
=


β̃

vec(β̃β̃
T
)


T 
η1

η2

+ const

=


β̃

vec(β̃β̃
T
)


T



1

σ2
ε

(
γβ ⊙

[
XT

(
y − 1nβ0 −

d•∑
j=1

Zj (γujũj)

)])

−1

2
vec


((
γβγ

T
β

)
⊙
(
XTX

))
σ2
ε

+
diag (bβ)

σ2
β




+ const

where

η1 ≡
1

σ2
ε

(
γβ ⊙

[
XT

(
y − 1nβ0 −

d•∑
j=1

Zj (γujũj)

)])

and

η2 ≡ −
1

2
vec


((
γβγ

T
β

)
⊙
(
XTX

))
σ2
ε

+
diag (bβ)

σ2
β

 .

Moreover,

Eq

[
log
{
p
(
β̃
∣∣rest

)}]
=

 β̃

vec(β̃β̃
T
)


T

Eq

η1
η2

+ const.

If we define Ωq(γβ) ≡ Eq

(
γβγ

T
β

)
, then

Eq (η2) = −
1

2
vec

Eq


((
γβγ

T
β

)
⊙
(
XTX

))
σ2
ε

+
diag (bβ)

σ2
β


 = −1

2
vec

(
Σ−1

q(β̃)

)

= −1

2
vec

[
µq(1/σ2

ε)

{
Ωq(γβ) ⊙

(
XTX

)}
+ µq(1/σ2

β)
diag

(
µq(bβ)

)]
.
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Therefore

Ωq(γβ) = Covq

(
γβ

)
+ Eq

(
γβ

)
Eq

(
γT

β

)
= diag

{
µq(γβ) ⊙

(
1− µq(γβ)

)}
+ µq(γβ)µ

T
q(γβ)

and
Σq(β̃) =

[
µq(1/σ2

ε)

{
Ωq(γβ) ⊙

(
XTX

)}
+ µq(1/σ2

β)
diag

(
µq(bβ)

)]−1

are obtained to be (4.10), (4.11) and given in Algorithm 7 of Section 4.2.2. Note that

Eq (η1) = Σ−1

q(β̃)
µq(β̃)

= Eq

{
1

σ2
ε

(
γβ ⊙

[
XT

(
y − 1nβ0 −

d•∑
j=1

Zj(γujũj)

)])}

= µq(1/σ2
ε)

(
µq(γβ) ⊙

[
XT

(
y − 1nµq(β0) −

d•∑
j=1

Zj(µq(γuj)µq(ũj)
)

)])
. (4.33)

Recalling that (2.7) of Section 2.3.2 to be 1T
nX = 0, in (4.33), if we define

ω13 ≡XT

(
y − 1nµq(β0) −

d•∑
j=1

Zj

(
µq(γuj)µq(ũj)

))
,

then

ω13 =X
T

(
y −

d•∑
j=1

Zj(µq(γuj)µq(ũj)
)

)

and

µq(β̃) =µq(1/σ2
ε)
Σq(β̃)

(
µq(γβ) ⊙

[
XT

(
y −

d•∑
j=1

Zj(µq(γuj)µq(ũj)
)

)])

=µq(1/σ2
ε)
Σq(β̃)

(
µq(γβ) ⊙ ω13

)
are given in Algorithm 7 and (4.12) of Section 4.2.2.
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4.A.3 The q-Density of ũj with Laplace-Zero Priors

First note that

log {q (ũj)} = Eq

[
log
{
p
(
ũj

∣∣rest
)}]

+ const, 1 ≤ j ≤ d•.

Recalling the expression for p(ũj

∣∣rest) in (2.65) of Appendix 2.B.3, we have

log
{
p
(
ũj
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ε

(
γuj

[
ZT

j y −ZT
jX

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

ZT
j Zj′ (γuj′ũj′)

])

−1

2
vec

(
diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

))
+ const.

where

η1 ≡
1

σ2
ε

(
γuj

[
ZT

j y −ZT
jX

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

ZT
j Zj′ (γuj′ũj′)

])

and

η2 ≡ −
1

2
vec

(
diag

(
γujωZj

σ2
ε

+
buj1

σ2
uj

))
.

And note that

Eq

{
log
(
p
(
ũj

∣∣rest
))}

=

 ũj

vec(ũjũ
T
j )

T

Eq

η1
η2

+ const.
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We have

Eq (η2) = −
1

2
vec

(
diag

(
Eq

{
γujωZj

σ2
ε

+
buj1

σ2
uj

}))

= −1

2
vec
(

diag
(
τ q(ũj)

))
= −1

2
vec

(
diag

( 1Kj

σ2
q(ũj)

))
= −1

2
vec

(
Σ−1

q(ũj)

)
(4.34)

= −1

2

(
µq(1/σ2

ε)
µq(γuj)ωZj

+ µq(1/σ2
uj)
µq(buj)

1Kj

)
.

Then

τ q(ũj) = µq(1/σ2
ε)
µq(γuj)ωZj

+ µq(1/σ2
uj)
µq(buj)

1Kj
=

1Kj

σ2
q(ũj)

.

Therefore

σ2
q(ũj)

= 1Kj

/{
µq(1/σ2

ε)
µq(γuj)ωZj

+ µq(1/σ2
uj)
µq(buj)

1Kj

}
and

Σq(ũj) = diag
(
σ2

q(ũj)

)
= diag

[
1Kj

/{
µq(1/σ2

ε)
µq(γuj)ωZj

+ µq(1/σ2
uj)
µq(buj)

1Kj

}]

are given in Algorithm 7 and (4.19) of Section 4.2.2 respectively.
If we define µq(uj′)

≡ µq(γuj′)
µq(ũj′)

, then

Eq (η1) = Eq

{(
1

σ2
ε

)(
γuj

[
ZT

j y −ZT
jX

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

ZT
j Zj′ (γuj′ũj′)

])}

= µq(1/σ2
ε)

(
µq(γu j)

[
ZT

j y −ZT
jX

(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j′ ̸=j

ZT
j Zj′µq(uj′)

])
(4.35)

= Σ−1
q(ũj)

µq(ũj)
= diag

( 1Kj

σ2
q(ũj)

)
µq(ũj)

.
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In (4.35), if we define

ω16 ≡ ZT
j y −ZT

jX
(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j′ ̸=j

ZT
j Zj′µq(uj′)

,

then
Eq (η1) = µq(1/σ2

ε)
µq(γuj)ω16.

Therefore

µq(ũj)
= diag

(
σ2

q(ũj)

)
Eq (η1) = diag

(
σ2

q(ũj)

)
µq(1/σ2

ε)
µq(γuj)ω16

= µq(1/σ2
ε)
µq(γuj)

(
ω16 ⊙ σ2

q(ũj)

)
is given in (4.20) and Algorithm 7 of Section 4.2.2.

4.A.4 The q-Density of γβj with Laplace-Zero Priors

First note that, for 1 ≤ j ≤ d◦ + d•,

log {q (γβj)} = Eq

[
log
{
p
(
γβj

∣∣rest
)}]

+ const = Eq(ηβj)γβj + const.

Recalling that (2.41) in Section 2.5.3 to be

ηβj = logit(ρβ)−
1

2σ2
ε

(
β̃2
j

∥∥∥Xj

∥∥∥2−2β̃jXT
j

[
y−X−j

{
(γβ)−j⊙(β̃)−j

}
−

d•∑
j′=1

Zj′(γuj′ũj′)

])
,

and note that under product density restriction (4.5) in Section 4.2.1, we have

d•∑
j′=1

XT
j Zj

′Eq (γuj′ũj′) =
d•∑

j′=1

XT
j Zj′

(
µq(γuj′)

µq(ũj′)

)
.
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If we define µq(uj′)
≡ µq(γuj′)

µq(ũj′)
, then

Eq

(
ηβj

)
= logit (ρβ)−

1

2
µq(1/σ2

ε)

{(
µ2
q(β̃j)

+ σ2
q(β̃j)

)
XT

jXj

−2
[
µq(β̃j)

(
XT

j y −
d•∑

j′=1

XT
j Zj′

(
µq(γuj′)

µq(ũj′)

))

−XT
jX−jEq

((
γβ

)
−j
⊙
(
β̃j(β̃)−j

))]}

= logit (ρβ)−
1

2
µq(1/σ2

ε)

×

{(
µ2
q(β̃j)

+ σ2
q(β̃j)

)
XT

jXj − 2

[
µq(β̃j)

(
XT

j y −
d•∑

j′=1

XT
j Zj′

(
µq(uj′)

))

−XT
jX−j

((
µq(γβ)

)
−j
⊙
(
(Σq(β̃))−j,j + µq(β̃j)(µq(β̃))−j

))]}
(4.36)

where
(
Σq(β̃)

)
−j,j

denotes the jth column of Σq(β̃) with the jth row removed.

In (4.36), if we define

ω15−1 ≡XT
j y −

d•∑
j′=1

XT
j Zj′

(
µq(uj′)

)
(4.37)

and further define

ω15 ≡ µq(β̃j)

(
XT

j y −
d•∑

j′=1

XT
j Zj′

(
µq(uj′)

))
−XT

jX−j

{(
µq(γβ)

)
−j
⊙
((

Σq(β̃)

)
−j,j

+µq(β̃j)

(
µq(β̃)

)
−j

)}
,

then

ω15 = µq(β̃j)ω15−1 −XT
jX−j

((
µq(γβ)

)
−j
⊙
((

Σq(β̃)

)
−j,j

+ µq(β̃j)

(
µq(β̃)

)
−j

))
.

(4.38)
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Therefore

Eq

(
ηβj

)
= logit (ρβ)−

1

2
µq(1/σ2

ε)

{(
µ2
q(β̃j)

+ σ2
q(β̃j)

)
XT

jXj

−2
[
µq(β̃j)

{
XT

j y −
d•∑

j′=1

XT
j Zj′

(
µq(γuj′)

µq(ũj′)
)}

−XT
jX−j

{(
µq(γβ)

)
−j
⊙
(
(Σq(β̃))−j,j + µq(β̃j)(µq(β̃))−j

)}]}
(4.39)

= logit (ρβ)−
1

2
µq(1/σ2

ε)

{(
µ2
q(β̃j)

+ σ2
q(β̃j)

)
XT

jXj − 2ω15

}
. (4.40)

(4.37), (4.38) and (4.40) are given in Algorithm 7. (4.39) is obtained to be (4.18) in
Section 4.2.2. In summary, for 1 ≤ j ≤ d◦ + d•, µq(γβj)

= expit(Eq

(
ηβj

)
),

q (γβj) is the Bernoulli

(
1

1 + exp
{
−Eq

(
ηβj

)})probability mass function.

4.A.5 The q-Density of γuj with Laplace-Zero Priors

First note that, for 1 ≤ j ≤ d•,

log {q (γuj)} = Eq

[
log
{
p
(
γuj
∣∣rest

)}]
+ const = Eq(ηuj)γuj + const.

Recalling that (2.46) in Appendix 2.B.5 to be

ηuj = logit(ρu)−
1

2σ2
ε

(
ωT

Zj
(ũj ⊙ ũj)− 2ũT

j Z
T
j

[
y −X

(
γβ ⊙ β̃

)
−

d•∑
j′ ̸=j

Zj′(γuj′ũj′)
])
,
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and note thatZT
j Zj is a diagonal matrix from (2.8), if we defineZT

j Zj ≡ diag
(
ωZj

)
,

Eq

{
ωT

Zj
(ũj ⊙ ũj)

}
= Eq

{
ũT

j diag
(
ωZj

)
ũj

}
= µT

q(ũj)
diag

(
ωZj

)
µq(ũj)

+ tr
{

diag
(
ωZj

)
Covq(ũj)

}
= ωT

Zj

(
diagonal

(
µq(ũj)

µT
q(ũj)

)
+ diagonal

(
Σq(ũj)

))
= ωT

Zj

(
µq(ũj)

⊙ µq(ũj)
+ σ2

q(ũj)

)
then

Eq (ηuj) = logit (ρu)−
1

2
µq(1/σ2

ε)

{
ωT

Zj

(
µq(ũj)

⊙ µq(ũj)
+ σ2

q(ũj)

)
− 2µT

q(ũj)

[
ZT

j y

−ZT
jX
(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j′ ̸=j

ZT
j Zj′

(
µq(γuj′)

µq(ũj′)

)]}
. (4.41)

In (4.41), if we define µq(uj′)
≡ µq(γuj′)

µq(ũj′)
, and define

ω18 ≡ ZT
j y −ZT

jX
(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j′ ̸=j

ZT
j Zj′

(
µq(γuj′)

µq(ũj′)

)
,

then ω18 = Z
T
j y−ZT

jX
(
µq(γβ)⊙µq(β̃)

)
−

d•∑
j′ ̸=j

ZT
j Zj′

(
µq(uj′)

)
is given in Algorithm

7 in Section 4.2.2. In (4.41), we further define

ω19 ≡ ωT
Zj

(
µq(ũj)

⊙ µq(ũj)
+ σ2

q(ũj)

)
− 2µT

q(ũj)

[
ZT

j y −ZT
jX
(
µq(γβ) ⊙ µq(β̃)

)

−
d•∑

j′ ̸=j

ZT
j Zj′

(
µq(γuj′)

µq(ũj′)

)]
.

Then

ω19 = ω
T
Zj

(
µq(ũj)

⊙ µq(ũj)
+ σ2

q(ũj)

)
− 2µT

q(ũj)
ω18
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and

Eq (ηuj) = logit (ρu)−
1

2
µq(1/σ2

ε)

{
ωT

Zj

(
µq(ũj)

⊙ µq(ũj)
+ σ2

q(ũj)

)
− 2µT

q(ũj)

×
[
ZT

j y −ZT
jX
(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j′ ̸=j

ZT
j Zj′

(
µq(uj′)

)]}

= logit (ρu)−
1

2
µq(1/σ2

ε)

{
ωT

Zj

(
µq(ũj)

⊙ µq(ũj)
+ σ2

q(ũj)

)
− 2µT

q(ũj)
ω18

}

= logit (ρu)−
1

2
µq(1/σ2

ε)
ω19

are both given in Algorithm 7 in Section 4.2.2. In summary

q(γuj) is the Bernoulli

(
1

1 + exp
(
−Eq(ηuj)

))probability mass function.

Eq (ηuj) = logit (ρu)−
1

2
µq(1/σ2

ε)

{
ωT

Zj

(
µq(ũj)

⊙ µq(ũj)
+ σ2

q(ũj)

)

−2µT
q(ũj)

ZT
j

[
y −X

(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j′ ̸=j

Zj′

(
µq(γuj′)

µq(ũj′)

)]}

obtained to be (4.26) of Section 4.2.2.

4.A.6 The q-Density of σ2ε with Laplace-Zero Priors

For Gaussian response, recalling that (2.47) in Section 2.5.3 to be

σ2
ε

∣∣rest ∼ Inverse-Gamma

n+ 1

2
,
1

aε
+

1

2

∥∥∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)

∥∥∥∥∥
2
 ,

then q (σ2
ε)has an Inverse-Gamma

(
κq(σ2

ε)
, λq(σ2

ε)

)
density function. where

κq(σ2
ε)
=
n+ 1

2
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and

λq(σ2
ε)
= µq(1/aε) +

1

2
Eq

{∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)
∥∥∥2} . (4.42)

Now note that, in (4.42), we have

Eq

{∥∥∥y − 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)
∥∥∥2}

=
∥∥∥y − 1nβ0 −X

(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
j=1

Zj

(
µq(γuj)µq(ũj)

)∥∥∥2

+tr

[
Covq

{
y − 1nβ0 −X

(
γβ ⊙ β̃

)
−

d•∑
j=1

Zj (γujũj)

}]
. (4.43)

Recalling that the product density restriction in (4.5) in Section 4.2.1 to be

q
(
β0, β̃, ũ1, . . . , ũd•

)
= q (β0) q

(
β̃
)
q (ũ1) . . . q (ũd•) ,

then the second term of (4.43) becomes

tr

[
Covq

{
y − 1nβ0 −X

(
γβ ⊙ β̃

)
−

d•∑
j=1

Zj (γujũj)

}]

= tr

{
Covq

(
1nβ0

)}
+ tr

{
Covq

{
X
(
γβ ⊙ β̃

)}}
+

d•∑
j=1

tr

{
Covq

{
Zj (γujũj)

}}

= tr
{
1nCovq

(
β0

)
1T
n

}
+ tr

{
XCovq

(
γβ ⊙ β̃

)
XT

}
+

d•∑
j=1

tr

{
ZjCovq

(
γujũj

)
ZT

j

}

= nσ2
q(β0)

+ tr

{
XTXCovq

(
γβ ⊙ β̃

)}
+

d•∑
j=1

tr

{
ZT

j ZjCovq

(
γujũj

)}
. (4.44)

Let us look at the second term of (4.44). Starting with Covq

(
γβ ⊙ β̃

)
. We define

Ωq(γβ) ≡ Eq

(
γβγ

T
β

)
= Covq

(
γβ

)
+ Eq

(
γβ

)
Eq

(
γT

β

)
.
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Then

Covq

(
γβ ⊙ β̃

)
= Covq

(
γβ

)
⊙Σq(β̃) +

{
µq(γβ)µ

T
q(γβ)

}
⊙Σq(β̃)

+
{
µq(β̃)µ

T
q(β̃)

}
⊙ Covq

(
γβ

)
=
(
Ωq(γβ) − µq(γβ)µ

T
q(γβ)

)
⊙Σq(β̃) +

{
µq(γβ)µ

T
q(γβ)

}
⊙Σq(β̃)

+
{
µq(β̃)µ

T
q(β̃)

}
⊙
(
Ωq(γβ) − µq(γβ)µ

T
q(γβ)

)
= Ωq(γβ) ⊙

{
Σq(β̃) + µq(β̃)µ

T
q(β̃)

}
−
{
µq(γβ) ⊙ µq(β̃)

}{
µq(γβ) ⊙ µq(β̃)

}T

,

and so the second term of (4.44) becomes

tr
{
XTXCovq

(
γβ ⊙ β̃

)}
= tr

{
XTX

(
Ωq(γβ) ⊙

{
Σq(β̃) + µq(β̃)µ

T
q(β̃)

})}

−tr

{
XTX

{
µq(γβ) ⊙ µq(β̃)

}{
µq(γβ) ⊙ µq(β̃)

}T
}
. (4.45)

Next, let us look at the third term of (4.44). Starting with Covq

(
γujũj

)
.

Covq

(
γujũj

)
= µq(γuj)Σq(ũj) + µq(γuj)µq(ũj)

µT
q(ũj)
−
(
µq(γuj)µq(ũj)

)(
µq(γuj)µ

T
q(ũj)

)
.

and so the third term of (4.44) becomes

tr

{
ZT

j ZjCovq

(
γujũj

)}

= tr

{
ZT

j Zj

(
µq(γuj)Σq(ũj)

)}
+ tr

[
ZT

j Zj

{
µq(γuj)µq(ũj)

µT
q(ũj)

}]

−tr

[
ZT

j Zj

(
µq(γuj)µq(ũj)

)(
µq(γuj)µ

T
q(ũj)

)]
. (4.46)

Recalling from (4.35) that
Σq(ũj) = diag

(
σ2

q(ũj)

)
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and from (2.8) note that
ωZj
≡ diagonal(ZT

j Zj),

then the first term of (4.46) becomes

tr

{
ZT

j Zj

(
µq(γuj)Σq(ũj)

)}
= tr

{
diag

(
ωZj

)
µq(γuj)diag

(
σ2

q(ũj)

)}

= µq(γuj)ω
T
Zj

diagonal
{

diag
(
σ2

q(ũj)

)}
= µq(γuj)ω

T
Zj
σ2

q(ũj)
. (4.47)

The second term of (4.46) becomes

tr
[
ZT

j Zj

{
µq(γuj)µq(ũj)

µT
q(ũj)

}]
= µq(γuj)tr

[
diag

(
ωZj

){
µq(ũj)

µT
q(ũj)

}]
= µq(γuj)ω

T
Zj

diagonal
(
µq(ũj)

µT
q(ũj)

)
= µq(γuj)ω

T
Zj

(
µq(ũj)

⊙ µq(ũj)

)
. (4.48)

The third term of (4.46) becomes

tr
{
ZT

j Zj

(
µq(γuj)µq(ũj)

)(
µq(γuj)µq(ũj)

)T}
= µq(γuj)µq(γuj)ω

T
Zj

(
µq(ũj)

⊙ µq(ũj)

)
.

(4.49)

After obtaining (4.47)–(4.49), we have (4.46) equalling

tr
{
ZT

j ZjCovq

(
γujũj

)}
= µq(γuj)ω

T
Zj
σ2

q(ũj)
+ µq(γuj)ω

T
Zj

(
µq(ũj)

⊙ µq(ũj)

)
− µq(γuj)

×µq(γuj)ω
T
Zj

(
µq(ũj)

⊙ µq(ũj)

)
= ωT

Zj

[
µq(γuj)

{
σ2

q(ũj)
+
(
1− µq(γuj)

) (
µq(ũj)

⊙ µq(ũj)

)}]
. (4.50)

In summary, for Gaussian responses, the second term of (4.44) becomes (4.45), and
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the third term of (4.44) becomes (4.50), then we have (4.42) being

λq(σ2
ε)
= µq(1/aε) +

1

2

∥∥∥y − 1T
nβ0 −X

(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
d=1

Zj

(
µq(γuj)µq(ũj)

)∥∥∥2

+
1

2
nσ2

q(β0)
+

1

2
tr

{
XTX

(
Ωq(γβ) ⊙

{
Σq(β̃) + µq(β̃)µ

T
q(β̃)

})}

−1

2
tr
{
XTX

{
µq(γβ) ⊙ µq(β̃)

}{
µq(γβ) ⊙ µq(β̃)

}T
}

+
1

2

d•∑
j=1

ωT
Zj

[
µq(γuj)

{
σ2

q(ũj)
+
(
1− µq(γuj)

) (
µq(ũj)

⊙ µq(ũj)

)}]
,

which is given in (4.28) and Algorithm 7 in Section 4.2.2. Then µq(1/σ2
ε)
= κq(σ2

ε)

/
λq(σ2

ε)
.

For 1 ≤ i ≤ n, if we define

ω20 ≡ µq = 1nµq(β0) +X(µq(γβ)
⊙ µq(β̃)) +

d•∑
j=1

Zj(µq(γuj)µq(ũj)
),

in mean field variational Bayes, we have

(µq)i = µq(β0) +

[
X
(
µq(γβ)

⊙ µq(β̃)

)
+

d•∑
j=1

Zj

(
µq(γuj)µq(ũj)

)]
i

.

For binary responses, 1 ≤ i ≤ n, if we define µq(c) as a n× 1 vector, recalling that the
full conditional distribution of auxiliary parameter ci in (2.70) of Appendix 2.B.6 to
be

ci
∣∣rest ∼


Truncated-Normal+(

(
µq(c)

)
i
, 1), yi = 1;

Truncated-Normal−(
(
µq(c)

)
i
, 1), yi = 0

where

(
µq(c)

)
i
= (µq)i +

ϕ((µq)i)

Φ((µq)i)
, yi = 1

(
µq(c)

)
i
= (µq)i −

ϕ(−(µq)i)

Φ(−(µq)i)
, yi = 0,
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using Result 1.7.1 and Result 1.7.2.

In summary, for 1 ≤ i ≤ n, yi = 1 or yi = 0, if define ζ ′(x) ≡ ϕ(x)

Φ(x)
, then we obtain

(4.31) of Section 4.2.2 to be

(
µq(c)

)
i
= (µq)i + (2yi − 1)

ϕ
(
(2yi − 1)(µq)i

)
Φ
(
(2yi − 1)(µq)i

) = (ω20)i + (2yi − 1)ζ ′((2yi − 1)(ω20)i)

equivalent to

µq(c) = ω20 + (2y − 1n)⊙ ζ ′ ((2y − 1n)⊙ ω20) . (4.51)

(4.51) is given in Algorithm 7 of Section 4.2.2 for binary responses.

4.A.7 The q-Density of aε with Laplace-Zero Priors

First note that
log {q (aε)} = Eq

{
log
(
p
(
aε
∣∣rest

))}
+ const.

Recalling that aε|rest in (2.48) of Section 2.5.3,

Eq

{
log
(
p
(
aε
∣∣rest

))}
= (−1− 1) log (aε) +

1

aε
Eq

(
1

σ2
ε

+
1

s2ε

)
+ const.

Therefore
q (aε) ∼ Inverse-Gamma

(
κq(aε), λq(aε)

)
,

where
κq(aε) = 1, λq(aε) = µq(1/σ2

ε)
+ 1
/
s2ε and µq(1/aε) = κq(aε)

/
λq(aε)

given in (6.80), (4.30) and Algorithm 7 in Section 4.2.2.

4.A.8 The q-Density of bβj with Laplace-Zero Priors

First note that

log {q (bβj)} = Eq

[
log
{
p
(
bβj
∣∣rest

)}]
+ const, 1 ≤ j ≤ d◦ + d•.
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Recalling that p(bβj
∣∣rest) in (2.71) of Appendix 2.B.8, we have

log
{
p
(
bβj
∣∣rest

)}
= −3

2
log (bβj)−

1
2
bβj

(
β̃j
σβ

)2

+
1

2

1

bβj

+ const.

Using Result 1.6.1, we have

q (bβj) ∼ Inverse-Gaussian

(
Eq

(
σβ∣∣β̃j∣∣
)
, 1

)
.

Then the q-density means in (4.13) of Section 4.2.2 are obtained to be

µq(bβj)
= Eq

(
σβ∣∣β̃j∣∣
)

=

Eq


(
β̃j
σβ

)2

−1/2

=
{
µq(1/σ2

β)

(
µ2
q(β̃j)

+ σ2
q(β̃j)

)}−1/2

.

Therefore
q
(
bβ1 , . . . , bβ(d◦+d•)

)
is a product of

Inverse-Gaussian
({

µq(1/σ2
β)

(
µ2
q(β̃j)

+ σ2
q(β̃j)

)}−1/2

, 1

)
density functions

over 1 ≤ j ≤ d◦ + d•. If define ω14 ≡ µq(β̃) ⊙ µq(β̃) + diagnal
(
Σq(β̃)

)
, then

µq(bβ) =
[
µq(1/σ2

β)

{
µq(β̃) ⊙ µq(β̃) + diagnal

(
Σq(β̃)

)}]−1/2

=
(
µq(1/σ2

β)
ω14

)−1/2

as given in Algorithm 7 of Section 4.2.2.

4.A.9 The q-Density of buj with Laplace-Zero Priors

First note that

log {q (buj)} = Eq

[
log
{
p
(
buj
∣∣rest

)}]
+ const, 1 ≤ j ≤ d•.
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Recalling that p(buj
∣∣rest) in (2.72) of Appendix 2.B.9, we have

log
(
p
(
buj
∣∣rest

))
= −3

2
log (buj)−

1
2
buj

(∥∥ũj

∥∥
σuj

)2

+
1

2

1

buj

+ const.

Using Result 1.6.1, we have

q (buj) ∼ Inverse-Gaussian

(
Eq

(
σuj∥∥ũj

∥∥
)
, 1

)
.

Recalling that (4.35) to be Σq(ũj) = diag
(
σ2

q(ũj)

)
, we have

Eq



∥∥∥ũj

∥∥∥
σuj

2
 = µq(1/σ2

uj)

[∥∥∥Eq (ũj)
∥∥∥2 + tr

{
Covq (ũj)

}]
.

Note that

tr {Covq (ũj)} = tr
{

diagonal
(
Σq(ũj)

)}
= tr

{
diagonal

(
diag

(
σ2

(ũj)

))}
= 1T

Kj
σ2

q(ũj)
.

Then

Eq

 σuj∥∥∥ũj

∥∥∥
 =

Eq



∥∥∥ũj

∥∥∥
σuj

2



−1/2

=

{
µq(1/σ2

uj)

[∥∥∥µq(ũj)

∥∥∥2 + 1T
Kj
σ2

q(ũj)

]}−1/2

.

If define ω17 ≡
∥∥∥µq(ũj)

∥∥∥2 + 1T
Kj
σ2

q(ũj)
, then µq(buj)

= Eq

 σuj∥∥∥ũj

∥∥∥
 =

(
µq(1/σ2

uj)
ω17

)−1/2

is given in Algorithm 7 of Section 4.2.2. Therefore

q
(
bu1 , . . . , bu(d•)

)
is a product of

Inverse-Gaussian

({
µq(1/σ2

uj)

[∥∥∥µq(ũj)

∥∥∥2 + 1T
Kj
σ2

q(ũj)

]}−1/2

, 1

)
density functions
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over 1 ≤ j ≤ d•, obtained to be (4.21) in Section 4.2.2.

4.A.10 The q-Density of σ2
β

with Laplace-Zero Priors

First note that
log
{
q
(
σ2

β

)}
= Eq

[
log
{
p
(
σ2

β

∣∣rest
)}]

+ const.

Recalling the result for σ2
β|rest in (2.39) of Section 2.5.3, we have

Eq

{
log
(
p
(
σ2

β

∣∣rest
))}

=

(
−d◦ + d• + 1

2
− 1

)
log
(
σ2

β

)
− 1

σ2
β

Eq

(
β̃

T
diag (bβ) β̃

2
+

1

aβ

)
.

Therefore

q
(
σ2

β

)
has an Inverse-Gamma

(
κq(σ2

β)
, λq(σ2

β)

)
density function.

And note that

Eq

(
β̃

T
diag (bβ) β̃

)
= µT

q(β̃)diag
(
µq(bβ)

)
µq(β̃) + tr

{
diag

(
µq(bβ)

)
Σq(β̃)

}
= µT

q(bβ)
diagonal

(
µq(β̃)µ

T
q(β̃)

)
+ µT

q(bβ)
diagonal

(
Σq(β̃)

)
= µT

q(bβ)

{
µq(β̃) ⊙ µq(β̃) + diagonal

(
Σq(β̃)

)}
.

We have
κq(σ2

β)
=
d◦ + d• + 1

2

and
λq(σ2

β)
=

1

2
µT

q(bβ)

{
µq(β̃) ⊙ µq(β̃) + diagonal

(
Σq(β̃)

)}
+ µq(1/aβ)

given in (4.14) and (4.15) of Section 4.2.2. Recalling that

ω14 ≡ µq(β̃) ⊙ µq(β̃) + diagnal
(
Σq(β̃)

)
in Appendix 4.A.8, then

λq(σ2
β)

= µq(1/aβ) +
1

2
µT

q(bβ)
ω14 and µq(1/σ2

β)
= κq(σ2

β)
/
λq(σ2

β)

given in Algorithm 7 in Section 4.2.2.
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4.A.11 The q-Density of aβ with Laplace-Zero Priors

First note that
log {q (aβ)} = Eq

[
log
{
p
(
aβ

∣∣rest
)}]

+ const.

Following the steps in Appendix 4.A.7, we have

q (aβ) has an Inverse-Gamma
(
κq(aβ), λq(aβ)

)
density function

where

κq(aβ) = 1, λq(aβ) = µq(1/σ2
β)

+ 1
/
s2β and µq(1/aβ) = κq(aβ)

/
λq(aβ)

are given in (4.16), (4.17) and Algorithm 7 of Section 4.2.2.

4.A.12 The q-Density of σ2uj with Laplace-Zero Priors

First note that

log
{
q
(
σ2
uj

)}
= Eq

[
log
{
p
(
σ2
uj

∣∣rest
)}]

+ const, 1 ≤ j ≤ d•.

Recalling that σ2
uj|rest in (2.44) of Section 2.5.3, we have

Eq

{
log
(
p
(
σ2
uj

∣∣rest
))}

=

(
−Kj + 1

2
− 1

)
log
(
σ2
uj

)
− 1

σ2
uj

Eq

buj
∥∥∥ũj

∥∥∥2
2

+
1

auj

 .

Note that

Eq

(∥∥∥ũj

∥∥∥2) =
∥∥∥µq(ũj)

∥∥∥2 + tr
{
Σq(ũj)

}
=
∥∥∥µq(ũj)

∥∥∥2 + 1T
Kj
σ2

q(ũj)
.

Therefore

q
(
σ2
uj

)
has an Inverse-Gamma

(
κq(σ2

uj)
, λq(σ2

uj)

)
density function, 1 ≤ j ≤ d•,

where

κq(σ2
uj)

=
Kj + 1

2
and λq(σ2

uj)
=

1

2
µq(buj)

(∥∥∥µq(ũj)

∥∥∥2 + 1T
Kj
σ2

q(ũj)

)
+ µq(1/auj)
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are given in (4.22) and (4.23) of Section 4.2.2. Recalling that ω17 ≡
∥∥∥µq(ũj)

∥∥∥2+1T
Kj
σ2

q(ũj)

in Appendix 4.A.9, we have

λq(σ2
uj)

= µq(1/auj) +
1

2
µq(buj)ω17 and µq(1/σ2

uj)
= κq(σ2

uj)
/
λq(σ2

uj)

given in Algorithm 7 in Section 4.2.2.

4.A.13 The q-Density of auj with Laplace-Zero Priors

First note that

log {q (auj)} = Eq

[
log
{
p
(
auj
∣∣rest

)}]
+ const, 1 ≤ j ≤ d•.

Following the steps in Appendix 4.A.7, we have

q (auj) has an Inverse-Gamma
(
κq(auj), λq(auj)

)
density function

where

κq(auj) = 1, λq(auj) = µq(1/σ2
uj)

+ 1
/
s2u and µq(1/auj) = κq(auj)

/
λq(auj)

given in (4.24), (4.25) and Algorithm 7 of Section 4.2.2.
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4.B Marginal Log-Likelihood Expressions

A final aspect of Algorithm 7 is determination of good stopping criteria for the coor-
dinate ascent scheme. As is common in the mean field variational Bayes literature we
monitor relative increases in the approximate marginal log-likelihood, also known
as the evidence lower bound, which is denote by log p (y; q) . Appendix 6.C contains
an explicit expression for the approximate marginal log-likelihood for the Section 2.4
models under product restrictions (4.5).

4.B.1 Marginal Log-Likelihood Approximation

For the Gaussian responses, the mean field variational Bayes approximate log-likelihood
is

log p (y; q) = log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣β0,γβ, β̃, ũ,γu, σ

2
ε

)}]
+Eq

[
log
{
p
(
σ2
ε

∣∣aε)}]− Eq

[
log
{
q
(
σ2
ε

)}]
+Eq [log p {(aε)}]− Eq [log q {(aε)}] (4.52)

For binary responses, the mean field variational Bayes approximate log-likelihood
is

log p (y; q) = log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣c)}]

+Eq

[
log
{
p
(
c
∣∣β0,γβ, β̃,γu, ũ

)}]
− Eq [log {q (c)}] . (4.53)

where

log p (y; q,C) = Eq [log {p (β0)}]− Eq [{q (β0)}] + Eq

[
log
{
p
(
γβ

)}]
− Eq

[
log
{
q
(
γβ

)}]
+Eq

[
log
{
p
(
β̃
∣∣bβ, σ

2
β

)}]
− Eq

[
log
{
q
(
β̃
)}]

+ Eq [log {p (bβ)}]− Eq [log {q (bβ)}]

+Eq

[
log
{
p
(
σ2

β

∣∣aβ

)}]
− Eq

[
log
{
q
(
σ2

β

)}]
+ Eq [log {p (aβ)}]− Eq [log {q (aβ)}]

+Eq [log {p (γu)}]− Eq [log {q (γu)}] + Eq

[
log
{
p
(
ũ
∣∣bu,σ2

u

)}]
− Eq [log {q (ũ)}]

+Eq [log {p (bu)}]− Eq [log {q (bu)}] + Eq

[
log
{
p
(
σ2

u

∣∣au

)}]
− Eq

[
log
{
q
(
σ2

u

)}]
+Eq [log {p (au)}]− Eq [log {q (au)}] . (4.54)
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Here “C" signifies the fact that (4.54) is common to log p (y; q) expressions for both
Gaussian response case and binary response case.

Explicit expressions for log p (y; q) in each case can be obtained by simplifying
each of the q-density moment expressions. For example, the first term of (4.54) is

Eq [log {p (β0)}] =−
1

2
log (2π)− 1

2
log
(
σ2
β0

)
− 1

2
Eq

(
β2
0

)/
σ2
β0

=−1

2
log (2π)− 1

2
log
(
σ2
β0

)
− 1

2

{
µ2
q(β0)

+ σ2
q(β0)

}/
σ2
β0
.

The second term of (4.54) is

−Ep [log {q (β0)}] =
1

2
log (2π) +

1

2
log
(
σ2
q(β0)

)
+

1

2
Eq

[(
β0 − µq(β0)

)2/
σ2
β0

]
=

1

2
{log (2π + 1)}+ 1

2
log
(
σ2
q(β0)

)
.

The third term of (4.54) is

Eq

[
log
{
p
(
γβ

)}]
=

d◦+d•∑
j=1

Eq {γβj log (ρβ) + (1− γβj) log (1− ρβ)}

= logit (ρβ)
d◦+d•∑
j=1

µq(γβj)
+ (d◦ + d•) log (1− ρβ) .

The fourth term of (4.54) is

−Eq

[
log
{
q
(
γβ

)}]
= −

d◦+d•∑
j=1

Eq [log {q (γβj)}]

= −
d◦+d•∑
j=1

Eq

[
log

{(
µq(γβj)

)γβj (
1− µq(γβj)

)1−γβj
}]

= −
d◦+d•∑
j=1

[
µq(γβj)

log
(
µq(γβj)

)
+
(
1− µq(γβj)

)
log
(
1− µq(γβj)

)]
.
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The fifth term of (4.54) is

Eq

[
log
{
p
(
β̃
∣∣bβ, σ

2
β

)}]
=

d◦+d•∑
j=1

Eq

[
log
{
p
(
β̃j
∣∣bβj, σ2

β

)}]

=
d◦+d•∑
j=1

[
−1

2
log (2π)− 1

2
Eq

{
log
(
σ2

β

)}
+

1

2
Eq {log (bβj)} −

1

2
µq(1/σ2

β)
Eq

(
bβjβ̃

2
j

)]

= −1

2
(d◦ + d•) log (2π)−

1

2
(d◦ + d•)Eq

{
log
(
σ2

β

)}
+

1

2

d◦+d•∑
j=1

Eq {log (bβj)}

−1

2
µq(1/σ2

β)

d◦+d•∑
j=1

µq(bβj)

(
µ2
q(β̃j)

+ σ2
q(β̃j)

)
.

The sixth term of (4.54) is

−Eq

[
log
{
q
(
β̃
)}]

=
1

2
log
∣∣∣2πΣq(β̃)

∣∣∣+ 1

2
Eq

{(
β̃ − µq(β̃)

)T
Σ−1

q(β̃)

(
β̃ − µq(β̃)

)}
=

1

2
log
{
(2π)d◦+d•

∣∣∣Σq(β̃)

∣∣∣}+
1

2
tr
[
Σ−1

q(β̃)
Eq

{(
β̃ − µq(β̃)

)(
β̃ − µT

q(β̃)

)}]
=

1

2
log
{
(2π)d◦+d•

∣∣∣Σq(β̃)

∣∣∣}+
1

2
tr (Id◦+d•)

=
1

2
log
∣∣∣Σq(β̃)

∣∣∣+ 1

2
{(d◦ + d•) log (2π) + (d◦ + d•)} .

Using Result 1.6.2, the seventh term of (4.54) is

Eq [log {p (bβ)}] =
d◦+d•∑
j=1

[
log

(
1

2

)
− 2Eq {log (bβj)} −

1

2
Eq

(
1
/
bβj

)]

= − (d◦ + d•) log (2)− 2
d◦+d•∑
j=1

Eq {log (bβj)} −
1

2

d◦+d•∑
j=1

[{
1
/
µq(bβj)

}
+ 1
]

= − (d◦ + d•)

{
log (2) +

1

2

}
− 1

2

d◦+d•∑
j=1

{
1
/
µq(bβj)

}
− 2

d◦+d•∑
j=1

Eq {log (bβj)} .
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The eighth term of (4.54) is

−Eq [log {q (bβ)}] = −
d◦+d•∑
j=1

−1

2
log (2π)− 3

2
Eq {log (bβj)} − Eq


(
bβj − µq(bβj)

)2
2bβjµ2

q(bβj)




= −
d◦+d•∑
j=1

[
−1

2
log (2π)− 3

2
Eq {log (bβj)} −

1

2
Eq (bβj)

/
µ2
q(bβj)

+1
/
µq(bβj)

− 1

2
Eq

(
1
/
bβj

)]

= −
d◦+d•∑
j=1

[
−1

2
log (2π)− 3

2
Eq {log (bβj)} − 1

/{
2µq(bβj)

}
+ 1
/
µq(bβj)

−1

2

{
1
/
µq(bβj)

+ 1
}]

= −
d◦+d•∑
j=1

[
−1

2
log (2π)− 3

2
Eq {log (bβj)} −

1

2

]

=
1

2
(d◦ + d•) {log (2π) + 1}+ 3

2

d•∑
j=1

Eq log (bβj) .

The ninth term of (4.54) is

Eq

[
log
{
p
(
σ2

β

∣∣aβ

)}]
= Eq

[
log

{(
1
/
aβ

)1/2/
Γ

(
1

2

)
− 3

2
log
(
σ2

β

)
− 1
/(

σ2
βaβ

)}]
= −1

2
log (π)− 1

2
Eq {log (aβ)} −

3

2
Eq

{
log
(
σ2

β

)}
− µq(1/aβ)µq(1/σ2

β)
.

The tenth term of (4.54) is

−Eq

[
log
{
q
(
σ2

β

)}]
=−Eq

[
1

2
(d◦ + d• + 1) log

(
λq(σ2

β)

)
− log

{
Γ

(
1

2
(d◦ + d• + 1)

)}
−
{
1

2
(d◦ + d• + 1) + 1

}
log
(
σ2

β

)
− λq(σ2

β)

/
σ2

β

]
=−1

2
(d◦ + d• + 1) log

(
λq(σ2

β)

)
+ log

{
Γ

(
1

2
(d◦ + d• + 1)

)}
+

{
1

2
(d◦ + d• + 1) + 1

}
Eq

{
log
(
σ2

β

)}
+ µq(1/σ2

β)
λq(σ2

β)
.
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The eleventh term of (4.54) is

Eq [log {p (aβ)}] =Eq

(
log

[{(
1
/
sβ
)/

Γ

(
1

2

)
a
−3/2
β

}
exp

(
1
/(

s2βaβ

))])
=−1

2
log (π)− log (sβ)−

3

2
Eq {log (aβ)} − µq(1/aβ)

/
s2β.

The twelfth term of (4.54) is

−Eq [log {q (aβ)}] =−Eq

[
log
{
λq(aβ)a

−2
β exp

(
−λq(aβ)

/
aβ

)}]
=− log

{
λq(aβ)

}
+ 2Eq {log (aβ)}+ λq(aβ)µq(1/aβ).

The thirteenth term of (4.54) is

Eq [log {p (γu)}]

=
d•∑
j=1

Eq [γuj {log (ρu)}+ (1− γuj) log (1− ρu)]

= logit (ρu)
d•∑
j=1

µq(γuj)
+ d•log (1− ρu) .

The fourteenth term of (4.54) is

−Eq [log {q (γu)}] = −
d•∑
j=1

Eq

[
log

{
µ
γuj

q(γuj)

(
1− µq(γuj)

)1−γuj
}]

= −
d•∑
j=1

[
µq(γuj)

log
(
µq(γuj)

)
+
{
1− µq(γuj)

}
log
(
1− µq(γuj)

)]
.
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The fifteenth term of (4.54) is

Eq

[
log
{
p
(
ũ
∣∣bu,σ2

u

)}]
=

d•∑
j=1

[
−1

2
Eq

(
log
∣∣∣ (2π)Σq(ũj)

∣∣∣)− 1

2
Eq

{
ũT

j Σ
−1
q(ũj)

ũj

}]

= −1

2
log (2π)

(
d•∑
j=1

Kj

)
− 1

2

d•∑
j=1

KjEq

{
log
(
σ2
uj

)}
+

1

2

d•∑
j=1

KjEq {log (buj)}

−1

2

d•∑
j=1

µq(1/σ2
uj)
µq(buj)

(∥∥µq(ũj)

∥∥2 + 1T
Kj
σ2

q(ũj)

)
.

The sixteenth term of (4.54) is

−Eq [log {q (ũ)}]

=
d•∑
j=1

1
2
Kj log (2π) +

1

2

Kj∑
k=1

log
(
σ2
q(ũjk)

)
+

1

2
Eq


(
ũj − µq(ũj)

)
⊙
(
ũj − µq(ũj)

)
σ2

q(ũj)




=
1

2
{log (2π) + 1}

d•∑
j=1

Kj +
1

2

d•∑
j=1

Kj∑
k=1

log
(
σ2
q(ũjk)

)
.

The seventeenth term of (4.54) is

Eq [log {p (bu)}] =
d•∑
j=1

[
1

2
(Kj + 1) log

(
1

2

)
− log

{
Γ

(
1

2
(Kj + 1)

)}

−
{
1

2
(Kj + 1) + 1

}
Eq {log(buj)} −

1

2
Eq

(
1
/
buj
)]

= −1

2

(
d• +

d•∑
j=1

Kj

)
log (2)−

d•∑
j=1

log

{
Γ

(
1

2
(Kj + 1)

)}

−
d•∑
j=1

{
1

2
(Kj + 1) + 1

}
Eq {log (buj)} −

1

2

d•∑
j=1

[{
1
/
µq(buj)

}
+ 1
]

= −1

2
d• {log (2) + 1} − 1

2
log (2)

d•∑
j=1

Kj −
d•∑
j=1

log

{
Γ

(
1

2
(Kj + 1)

)}

−
d•∑
j=1

{(
1

2
(Kj + 1)

)
+ 1

}
Eq {log (buj)} −

1

2

d•∑
j=1

{
1
/
µq(buj)

}
.



4.B.1. Marginal Log-Likelihood Approximation 291

The eighteenth term of (4.54) is

−Eq [log {q (bu)}] = −
d•∑
j=1

[
−1

2
log (2π)− 3

2
Eq {log (buj)} − Eq

{(
buj − µq(buj)

)2
2bujµ2

q(buj)

}]

= −
d•∑
j=1

[
−1

2
log (2π)− 3

2
Eq {log (buj)} − 1

/{
2µq(buj)

}
+ 1
/
µq(buj)

−1

2

{
1
/
µq(buj) + 1

}]

= −
d•∑
j=1

[
−1

2
log (2π)− 3

2
Eq {log (buj)} −

1

2

]
=

1

2
d• {log (2π) + 1}+ 3

2
Eq {log (buj)} .

The nineteenth term of (4.54) is

Eq

[
log
{
p
(
σ2

u

∣∣au

)}]
=

d•∑
j=1

Eq

[
log

{(
1
/
auj
)1/2/

Γ

(
1

2

)}
− 3

2
log
(
σ2
uj

)
− 1
/ (
σ2
ujauj

)]

= −1

2
d• log (π)−

d•∑
j=1

[
1

2
Eq {log (auj)}+

3

2
Eq

{
log
(
σ2
uj

)}
− µ

q

(
1
/
auj

)µ
q

(
1
/
σ2
uj

)
]
.

The twentieth term of (4.54) is

−Eq

[
log
{
q
(
σ2

u

)}]
= −

d•∑
j=1

Eq

[
1

2
(Kj + 1) log

(
λq(σ2

uj)

)
− log

{
Γ

(
1

2
(Kj + 1)

)}

−
{
1

2
(Kj + 1) + 1

}
Eq

{
log
(
σ2
uj

)}
− λq(σ2

uj)
/
σ2
uj

]

= −1

2

d•∑
j=1

(Kj + 1) log
(
λq(σ2

uj)

)
+

d•∑
j=1

log

{
Γ

(
1

2
(Kj + 1)

)}

+
d•∑
j=1

[{
1

2
(Kj + 1) + 1

}
Eq

{
log
(
σ2
uj

)}
+ µ

q

(
1
/
σ2
uj

)λq(σ2
uj)

]
.
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The twenty-first term of (4.54) is

Eq [log {p (au)}] =
d•∑
j=1

Eq

[
log

{(
1
/
su
)/

Γ

(
1

2

)}
− 3

2
Eq {log (auj)} − Eq

{
1
/ (
aujs

2
u

)}]

= −1

2
d• log (π)− d• log (su)−

3

2

d•∑
j=1

Eq {log (auj)} −
(
1
/
s2u
) d•∑

j=1

µ
q

(
1
/
auj

).

The twenty-second term of (4.54) is

−Eq [log {q (au)}] =
d•∑
j=1

[
− log

(
λq(auj)

)
+ 2Eq {log (auj)}+ λq(auj)µ

q

(
1
/
auj

)
]
.

4.B.2 Collection of Logarithmic Moments of Variance Parameters

In this subsection we collect the contributions to log p (y; q,C) of each of the logarith-
mic q-density moments of variance parameters.

The Eq

{
log
(
σ2

β

)}
Terms

The fifth term of (4.54) contains: −1

2
(d◦ + d•)Eq

{
log
(
σ2

β

)}
.

The ninth term of (4.54) contains: −3

2
Eq

{
log
(
σ2

β

)}
.

The tenth term of (4.54) contains:
{
1

2
(d◦ + d• + 1) + 1

}
Eq

{
log
(
σ2

β

)}
.

Since
−1

2
(d◦ + d•)−

3

2
+

1

2
(d◦ + d• + 1) + 1 = 0,

the Eq

{
log
(
σ2

β

)}
contribution to log p (y; q,C) is zero.

The Eq

{
log
(
σ2
uj

)}
Terms, 1 ≤ j ≤ d•

The fifteenth term of (4.54) contains: −1

2

d•∑
j=1

KjEq

{
log
(
σ2
uj

)}
.

The nineteenth term of (4.54) contains: −3

2

d•∑
j=1

Eq

{
log
(
σ2
uj

)}
.
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The twentieth term of (4.54) contains:
d•∑
j=1

{
1

2
(Kj + 1) + 1

}
Eq

{
log
(
σ2
uj

)}
.

Since
−1

2
Kj −

3

2
+

1

2
(Kj + 1) + 1 = 0,

the Eq

{
log
(
σ2
uj

)}
contributions to log p (y; q,C) are zero for each 1 ≤ j ≤ d•.

4.B.3 Collection of Logarithmic Moments of Variance Auxiliary Pa-

rameters

The Eq {log (aβ)} Terms

The ninth term of (4.54) contains: −1

2
Eq {log (aβ)} .

The eleventh term of (4.54) contains: −3

2
Eq {log (aβ)} .

The twelfth term of (4.54) contains: 2Eq {log (aβ)} .

Since
−1

2
− 3

2
+ 2 = 0,

the Eq {log (aβ)} contribution to log p (y; q,C) is zero.

The Eq {log (auj)} Terms, 1 ≤ j ≤ d•

The nineteenth term of (4.54) contains: −1

2

d•∑
j=1

Eq {log (auj)} .

The twenty-first term of (4.54) contains: −3

2

d•∑
j=1

Eq {log (auj)} .

The twenty-second term of (4.54) contains: 2
d•∑
j=1

Eq {log (auj)} .

Since
−1

2
− 3

2
+ 2 = 0,

the Eq {log (auj)} contributions to log p (y; q,C) are zero for each 1 ≤ j ≤ d•.
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4.B.4 Collection of Logarithmic Moments of Laplace Auxiliary Pa-

rameters

The Eq {log (bβj)} Terms, 1 ≤ j ≤ d◦ + d•

The fifth term of (4.54) contains:
1

2

d◦+d•∑
j=1

Eq {log (bβj)} .

The seventh term of (4.54) contains: −2
d◦+d•∑
j=1

Eq {log (bβj)} .

The eighth term of (4.54) contains:
3

2

d•∑
j=1

Eq {log (bβj)} .

Since
1

2
− 2 +

3

2
= 0,

the Eq {log (bβj)} contributions to log p (y; q,C) are zero for each 1 ≤ j ≤ d◦ + d•.

The Eq {log (buj)} Terms, 1 ≤ j ≤ d•

The fifteenth term of (4.54) contains:
1

2

d•∑
j=1

KjEq {log (buj)} .

The seventeenth term of (4.54) contains: −
d•∑
j=1

{(
1

2
(Kj + 1)

)
+ 1

}
Eq {log (buj)} .

The eighteenth term of (4.54) contains:
3

2
Eq {log (buj)} .

Since
1

2
Kj −

{(
1

2
(Kj + 1)

)
+ 1

}
+

3

2
= 0,

the Eq {log (buj)} contributions to log p (y; q,C) are zero for each 1 ≤ j ≤ d•.

4.B.5 Collection of Constants

The constant contributions to each of the terms of log p (y; q,C) are as follows:



4.B.5. Collection of Constants 295

first −1

2
log (2π)− 1

2
log
(
σ2
β0

)
twelfth 0

second
1

2
{log (2π + 1)} thirteenth d• log (1− ρu)

third (d◦ + d•) log (1− ρβ) fourteenth 0

fourth 0 fifteenth −1

2
log (2π)

(
d•∑
j=1

Kj

)

fifth −1

2
(d◦ + d•) log (2π) sixteenth

1

2
{log(2π) + 1}

d•∑
j=1

Kj

sixth
1

2
{(d◦ + d•) log (2π)

+ (d◦ + d•)}
seventeenth

−1

2
d• {log (2) + 1}

−1

2
log (2)

d•∑
j=1

Kj

−
d•∑
j=1

log

{
Γ

(
1

2
(Kj + 1)

)}

seventh − (d◦ + d•)

{
log (2) +

1

2

}
eighteenth

1

2
d• {log (2π) + 1}

eighth
1

2
(d◦ + d•) {log (2π) + 1} nineteenth −1

2
d• log (π)

ninth −1

2
log (π) twentieth

d•∑
j=1

log

{
Γ

(
1

2
(Kj + 1)

)}

tenth log

{
Γ

(
1

2
(d◦ + d• + 1)

)}
twenty-first −1

2
d• log (π)− d• log (su)

eleventh −1

2
log (π)− log (sβ) twenty-second 0

Table 4.5: Constants that do not depend on any q-density parameters of (4.54), denoted
as const1.
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Therefore

log p (y; q,C)

= const1 −
1

2

{
µ2
q(β0)

+ σ2
q(β0)

}/
σ2
β0

+
1

2
log
(
σ2
q(β0)

)
+ logit(ρβ)

d◦+d•∑
j=1

µq(γβj)

−
d◦+d•∑
j=1

[
µq(γβj)

log
(
µq(γβj)

)
+
(
1− µq(γβj)

)
log
(
1− µq(γβj)

)]

−1

2
µq(1/σ2

β)

d◦+d•∑
j=1

µq(bβj)

(
µ2
q(β̃j)

+ σ2
q(β̃j)

)
+

1

2
log
∣∣∣Σq(β̃)

∣∣∣
−1

2

d◦+d•∑
j=1

{
1
/
µq(bβj)

}
− µq(1/aβ)µq(1/σ2

β)
− 1

2
(d◦ + d• + 1) log

(
λq(σ2

β)

)
+µq(1/σ2

β)
λq(σ2

β)
− µq(1/aβ)

/
s2β + λq(aβ)µq(1/aβ) − log

{
λq(aβ)

}
−

d•∑
j=1

[
µq(γuj)

log
(
µq(γuj)

)
+
{
1− µq(γuj)

}
log
(
1− µq(γuj)

)]

+logit(ρu)
d•∑
j=1

µq(γuj)
− 1

2

d•∑
j=1

µq(1/σ2
uj)
µq(buj)

(∥∥µq(ũj)

∥∥2 + 1T
Kj
σ2

q(ũj)

)

+
1

2

d•∑
j=1

Kj∑
k=1

log
(
σ2

q(ũjk)

)
− 1

2

d•∑
j=1

{
1
/
µq(buj)

}
−

d•∑
j=1

µ
q

(
1
/
auj

)µ
q

(
1
/
σ2
uj

)

−1

2

d•∑
j=1

(Kj + 1) log
(
λq(σ2

uj)

)
+

d•∑
j=1

µ
q

(
1
/
σ2
uj

)λq(σ2
uj)
−
(
1
/
s2u
) d•∑

j=1

µ
q

(
1
/
auj

)

+
d•∑
j=1

{
λq(auj)µ

q

(
1
/
auj

) − log
(
λq(auj)

)}
.
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For Gaussian response, the second term of (4.52) is

Eq

[
log
{
p
(
y
∣∣β0,γβ, β̃, ũ,γu, σ

2
ε

)}]
= −1

2
n log (2π)− 1

2
nEq

{
log
(
σ2
ε

)}
−1

2
µ
q

(
1
/
σ2
ε

)Eq

{∥∥∥y − 1T
nβ0 −X

(
γβ ⊙ β̃

)
−

d•∑
j=1

Zj (γujũj)
∥∥∥2} .

The third term of (4.52) is

Eq

[
log
{
p
(
σ2
ε

∣∣aε)}]=Eq

[
log
{
1
/
aε
)1/2/

Γ (1} − 3

2
log
(
σ2
ε

)
− 1
/ (
σ2
εaε
)]

=−1

2
Eq {log (aε)} −

1

2
log (π)− 3

2
Eq

{
log
(
σ2
ε

)}
− µ

q

(
1
/
aε

)µ
q

(
1
/
σ2
ε

).

The fourth term of (4.52) is

−Eq

[
log
{
q
(
σ2
ε

)}]
=−Eq

[
1

2
(n+ 1) log

(
λq(σ2

ε)

)
− log

{
Γ

(
1

2
(n+ 1)

)}]

−
{
1

2
(n+ 1) + 1

}
Eq

{
log
(
σ2
ε

)}
− λq(σ2

ε)

/
σ2
ε

]
=−1

2
(n+ 1) log

(
λq(σ2

ε)

)
+ log

{
Γ

(
1

2
(n+ 1)

)}

+

{
1

2
(n+ 1) + 1

}
Eq

{
log
(
σ2
ε

)}
+ µ

q

(
1
/
σ2
ε

)
{
µ
q(1
/
aε)

+
1

2
Eq

(∥∥∥y − 1nβ0 −X(γβ ⊙ β̃) +
d•∑
j=1

Zj(γujũj)
∥∥∥2)}.

The fifth term of (4.52) is

Eq [log {p (aε)}] =−
1

2
log (π)− log (sε)−

3

2
Eq {log (aε)} − µ

q

(
1
/
aε

)/s2ε.
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The sixth term of (4.52) is

−Eq [log {q (aε)}] =− log
(
λq(aε)

)
+ 2Eq {log (aε)}+ λq(aε)µ

q

(
1
/
aε

).

Therefore, for Gaussian response, we have

log p (y; q)= log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣β0,γβ, β̃, ũ,γu, σ

2
ε

)}]
+Eq

[
log
{
p
(
σ2
ε

∣∣aε)}]− Eq

[
log
{
q
(
σ2
ε

)}]
+Eq [log {p (aε)}]− Eq [log {q (aε)}]

= log p (y; q,C)− 1

2
n log (2π)− 1

2
nEq

{
log
(
σ2
ε

)}
−1

2
µ
q

(
1
/
σ2
ε

)Eq

{∥∥∥y − 1T
nβ0 −X

(
γβ ⊙ β̃

)
−

d•∑
j=1

Zj (γujũj)
∥∥∥2}

−1

2
Eq {log (aε)} −

1

2
log (π)− 3

2
Eq

{
log
(
σ2
ε

)}
− µ

q

(
1
/
aε

)µ
q

(
1
/
σ2
ε

)

−1

2
(n+ 1) log

(
λq(σ2

ε)

)
+ log

{
Γ

(
1

2
(n+ 1)

)}
+

{
1

2
(n+ 1) + 1

}
Eq

{
log
(
σ2
ε

)}
+ µ

q

(
1
/
σ2
ε

)µ
q(1
/
aε)

+
1

2
µ
q

(
1
/
σ2
ε

)Eq

(∥∥∥y − 1nβ0 −X(γβ ⊙ β̃) +
d•∑
j=1

Zj(γujũj)
∥∥∥2)

−1

2
log (π)− log (sε)−

3

2
Eq {log (aε)} − µ

q

(
1
/
aε

)/s2ε
− log

(
λq(aε)

)
+ 2Eq {log (aε)}+ λq(aε)µ

q

(
1
/
aε

)

= log p (y; q,C)− 1

2
(n+ 1) log

(
λq(σ2

ε)

)
−µ

q

(
1
/
aε

)/s2ε − log
(
λq(aε)

)
+ λq(aε)µ

q

(
1
/
aε

) + const2.

where const2 are constants that do not depend on any q-density parameters.
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In the binary response case, recalling that (4.53) to be

log p (y; q) = log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣c)}]

+Eq

[
log
{
p
(
c
∣∣β0,γβ, β̃,γu, ũ

)}]
− Eq [log {q (c)}] ,

and recalling that

p(y
∣∣c) = n∏

i=1

I(ci ≥ 0)yiI(ci < 0)1−yi ,

then the second term of (4.53) becomes

Eq

[
log
{
p
(
y
∣∣c)}] = n∑

i=1

(yiEq [log {I(ci ≥ 0)}] + (1− yi)Eq [log {I(ci < 0)}]) .

The third term of (4.53) is

Eq

[
log
{
p
(
c
∣∣β0,γβ, β̃,γu, ũ

)}]
= −n

2
log(2π)− 1

2
Eq

(∥∥∥c− 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)
∥∥∥2) .

Recalling that

log {q (c)} = −n
2
log(2π) +

n∑
i=1

[
yi log {I(ci ≥ 0)} − yi log {Φ(ηi)}

+(1− yi) log {I(ci < 0)} − (1− yi)log {Φ(−ηi)}

]

−1

2

∥∥∥c− 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)
∥∥∥2

where

ηq ≡ 1nµq(β0)) +X(µq(γβ)
⊙ µq(β̃)]) +

d•∑
j=1

Zj(µq(γuj)µq(ũj)
),
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then the fourth term of (4.53) becomes

−Eq [log {q (c)}] =
n

2
log(2π)−

n∑
i=1

(
yiEq [{I(ci ≥ 0)}] + (1− yi)Eq [{I(ci < 0)}]

−yiEq [log {Φ(ηq
i )}]− (1− yi)Eq [log {Φ(−ηq

i )}]

)

+
1

2
Eq

(∥∥∥c− 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)
∥∥∥2) .

Therefore, for binary response, we have

log p (y; q) = log p (y; q,C) +
n∑

i=1

(
yiEq [log {I(ci ≥ 0)}] + (1− yi)Eq [log {I(ci < 0)}]

)

−n
2
log(2π)− 1

2
Eq

(∥∥∥c− 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)
∥∥∥2)

+
n

2
log(2π)−

n∑
i=1

(
yiEq [{I(ci ≥ 0)}] + (1− yi)Eq [{I(ci < 0)}]

−yiEq [log {Φ(ηq
i )}]− (1− yi)Eq [log {Φ(−ηq

i )}]

)

+
1

2
Eq

(∥∥∥c− 1nβ0 −X(γβ ⊙ β̃)−
d•∑
j=1

Zj(γujũj)
∥∥∥2)

= log p (y; q,C) +
n∑

i=1

(
yiEq [log {Φ(ηq

i )}] + (1− yi)Eq [log {−Φ(−ηq
i )}]

)

= log p (y; q,C) +
n∑

i=1

log {Φ ((2yi − 1)ηq
i )}

= log p (y; q,C) +
n∑

i=1

log

{
Φ

[
(2yi − 1)

(
1nµq(β0) +X

(
µq(γβ) ⊙ µq(β̃)

)

+
d•∑
j=1

Zj

(
µq(γuj)

µq(ũj)

))
i

]}
.
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Chapter 5

Simulation Studies
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paper Bayesian Generalized Additive Model Selection Including a Fast Variational Option
(He and Wand 2024). I certify that this publication was a direct result of my research
towards this PhD, under the supervision of my principal supervisor Prof Matt Wand,
and the reproduction in this thesis does not breach any copyright regulations.
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5.1 Introduction

We have mainly focussed on the usefulness of the presented model selection tool, in
the context of generalized additive models (GAM), which is a quite popular fitting
procedure, and that comes with a friendly computational interface in the form of
R package gamselBayes for the Laplace-Zero prior described in Chapter 2 and 4.
Our goal is to arrive at a default algorithm and R package that is both scalable and
possesses good three-category classification performance, whereby each predictor is
determined to have either a zero effect, a linear effect or a non-linear effect.

For Gaussian and binary responses generalized additive model selection, we de-
scribe Markov chain Monte Carlo (MCMC) approach in Chapter 2 and mean field
variational Bayes (MFVB) approach in Chapter 4. By imposing sparseness-inducing
priors on the coefficients, the construction of the graphical model structure and the
use of group absolute shrinkage and selection operator priors, ensures that the full
conditionals belong to known parametric families of distributions and hence allows
the implementation of MCMC in a Gibbsian setting. Our scalability goals benefit
greatly from Gibbsian full conditional distributions. Exploration of the orthogo-
nality advantages of Demmler-Reinsch spline bases and closed form expressions of
the MFVB also imply that MFVB has a non-negligible computational advantage and
thus it is convenient for inference in applications involving big data sets.

We demonstrate Algorithm 2 in Section 2.5.3 for the MCMC approach and Algo-
rithm 7 in Section 4.2.2 for the MFVB approach, using these two different approaches
to approximate the posterior distributions associated to the nodes of the directed
acyclic graph in Figure 2.1 and 2.2 that represents the Bayesian model in (2.28). Cat-
egorization proceeds through a Bayesian graphical model whereby the effect of each
predictor is categorised as being linear, or a non-linear or zero. We implement both
approaches and optimise with regards to default choices of the thresholding param-
eter τ, in a fully documented and performant R package gamselBayes that is com-
pletely automatic, ready-to-use and publicly available on CRAN page. To improve
the computational speed, our implementation used the Rcpp interface (Eddelbuettel
and François, 2011) to the C++ language. We also develop a vignette (available on
the CRAN page) to explain the usage of the package routines in simple settings. We
evaluate both MCMC and MFVB approaches to perform meaningful “zero effect",
“linear effect" and “non-linear effect" variable selection in this chapter.

There are other R packages concerned with generalized additive model analysis.
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Some of them also apply LASSO-type approach. For example, such packages are
BayesX (Umlauf et al., 2022b), bamlss (Umlauf et al., 2022a) and bmrs (Bürkner,
2022).

We describe the simulation study to corroborate the performance of our pro-
posed Bayesian model selection approaches as compared to the frequentist approach
of Chouldechova and Hastie (2015) accompanied with R package gamsel and a
Bayesian approach of Scheipl et al. (2012) accompanied with R package spikeSlabGAM.
Our main comparative performance measures are misclassification rate and compu-
tational time taken in seconds, described in Section 5.2.2 and Section 5.2.3 respec-
tively.

We also explore how the computational time of our two proposed GAM selection
approaches (MCMC and MFVB) scale with sample size and the number of predictors
in Section 5.3, which shows the real benefit of the variational approach.

In (2.28), a set of default values are chose for the model hyperparameters. The
sensitivity of the misclassification rate for the two proposed approaches (MCMC
and MFVB) are assessed against a set of different hyperparameter values, given in
Section 5.4. The simulation study in this section shows low sensitivity to the Half
Cauchy distribution scale hyperparameter values.

In Section 5.2, we conducted a simulation study for classification performance
comparison in terms of accuracy and speed, among our MCMC given in Algorithm
2 as described in Chapter 2, our MFVB given in Algorithm 7 as described in Chapter
4 and the default version of the spikeSlabGAM described in Section 5.2.1, for the
three-category GAM selection on Gaussian and binary responses. The data were
generated with 30 continuous predictors, 10 having “true" linear effects, 10 having
“true" non-linear effects and 10 having “true" zero effects. The sample size varied
as n ∈ {500, 1000, 2000} . The error standard deviation varied as σε ∈ {0.25, 0.5, 1, 2}
for Gaussian responses. For each combination of sample size and error standard
deviation, we ran simulation on 100 independently generated data sets.

5.2 Comparative Performance

In this section, we describe a simulation study that compares the classification per-
formance, measured by misclassification rate and computational time taken in sec-
onds, of our two proposed approaches MCMC and MFVB, with other alternative
existing approaches in the three-category generalized additive model selection.
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5.2.1 Introduction of Other R packages for Model Selection

The other approaches with R packages used in this section for comparison are:

1. spikeSlabGAM (Scheipl et al., 2012) is a Bayesian approach. According to Scheipl
(2011), spikeSlabGAM uses blockwise Gibbs sampling for Gaussian response
models. However, non-Gaussian responses require Metropolis-Hasting sam-
pling.

2. gamsel (Chouldechova and Hastie, 2022) implements the frequentist approach
described in Chouldechova and Hastie (2015).

For binary responses, spikeSlabGAM and gamsel approaches, the logit link function
is used, in contrast to the probit link function employed by Algorithm 2 and Algo-
rithm 7. As a result, it is necessary to apply the corresponding inverse link function
to generate binary response data appropriately in this simulation study.

For spikeSlabGAM, we used the default version of the spikeSlabGAM() func-
tion. For the linear components, the form of the prior distributions imposed on the
coefficients by spikeSlabGAM is

p(βj
∣∣σβ, ρβ) =

ρβ exp
{
−β2

j

/ (
2σ2

β

)}(
2πσ2

β

)1/2 +
(1− ρβ) exp

[
−β2

j

/{
2 (υ0σβ)

2}]{
2π (υ0σβ)

2}1/2 (5.1)

where υ0 ≪ 1, 1 ≤ j ≤ d◦ + d•, with υ0 = 0.00025, replaced (2.9) of Section 2.3.4
for our MCMC approach. The “slab" of (2.9) refers to a Laplace density function,
compared to the “slab" of (5.1) referring to a Gaussian density function. The “spike"
of (2.9) refers to the point mass at zero compared to the “spike" of (5.1) referring to
a N(0, 0.000252) mass. Therefore, (5.1) is an alternative to the “spike-and-slab" prior
used in (2.9).

For the spline components, an extension of (5.1) is the alternative to (2.17) of
Section 2.3.5 for our MFVB approach. Figure 1 of Scheipl (2011) demonstrates the
normal mixture of Inverse Gammas with parameter expansion.

For the gamsel package, the main function is cv.gamsel(), which uses a reg-
ularization path approach. The user obtains a family of generalized additive model
fits over a grid of regularization parameter values. To choose a single model, find-
ing the global minima of cross-validation mean function is needed, which requires a
lot of manual adjustment to the regularization parameter grids. This process is not
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automated in the current version of gamsel. It should be possible to automate this
process through extra coding beyond what provided in the current gamsel.

In our experiments, we found if using cv.gamsel() to obtain default regular-
ization grid, the shape of the cross-validation mean function is often being mono-
tonic rather than U-shaped. Therefore it does not lead to very good three-category
classification performance.

To avoid this default grid problem of gamsel and aim for good three-category
classification performance, we tried various choices provided by gamsel to mini-
mize a k-fold cross-validation function over the grid. We found that a geometric se-
quence of size 50 between 0.01 and 2 often leads to U-shaped cross-validation mean
functions. Therefore, this regularization grid with 10-fold cross-validation for model
selection is used throughout our comparative performance in this section.

We consider two cross-validation-based choices:

1. The regularization parameter matching the absolute minimum of the mean val-
ues.

2. The largest regularization parameter value with mean minus one standard de-
viation below the absolute minimum.

After running the simulation study, we found the gamsel approach has a tendency to
choose larger models which leads to higher misclassification rate for three-category
classification than the other approaches. Therefore, we exclude the gamsel approach
for the upcoming performance comparisons with graphical summaries in Section
5.2.2 and 5.2.3.

5.2.2 Performance Comparison by Misclassification Rate

Figure 5.1 in this subsection, compares misclassification rates for Gaussian responses
of generalized additive model selection, for our MCMC approach described in Chap-
ter 2 as Algorithm 2, our MFVB approach described in Chapter 4 as Algorithm 7,
with the default version of spikeSlabGAM described in Section 5.2.1.

The settings of the number of continuous predictors d•, sample size n, error stan-
dard deviations σε are as in (2.58). The threshold parameter τ is set to be 0.5 as
described in Section 2.6.3. The generation of data sets and design of simulation are
as (2.55), (2.56) and (2.57) in Section 2.6.3.



5.2.2. Performance Comparison by Misclassification Rate 306

Figure 5.1 shows that, for the lower noise level situations with error standard de-
viation σε ∈ {0.25, 0.5, 1} , the classification performance of these 3 methods is simi-
lar. For the higher noise level situation with error standard deviation σε ∈ {1, 2} , the
fast option approach of Algorithm 7 demonstrates lower accuracy with higher mis-
classification rate. The price of lower accuracy in classification performance needs to
be mitigated against computational run time taken in seconds, described in Section
5.2.3.

Figure 5.1: Side-by-side boxplots of the misclassification rates for the comparative performance sim-
ulation study described in the text in the case of the response variable being Gaussian. Each panel
corresponds to a different combination of sample size and error standard deviation. Within each panel,
the side-by-side boxplots compare misclassification rate across each of three methods: spikeSlabGAM
with default settings (sSG), Algorithm 2 (Alg.2) and Algorithm 7 (Alg.7).

Figure 5.2 in this subsection compares the misclassification rates for binary re-
sponses, for our MCMC approach described in Chapter 2 as Algorithm 2, our MFVB
approach described in Chapter 4 as Algorithm 7, with the default version of spikeSlab
-GAM described in Section 5.2.1.
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The settings of the number of continuous predictors d•, sample size n are as in
(2.58). Threshold parameter τ is set to be 0.1 as described in Section 4.3.3. The gener-
ation of data sets and design of simulation are described by (2.55), (2.56) and (2.57)
in Section 2.6.3.

Figure 5.2 shows that our Algorithm 2 and Algorithm 7 has better three-category
classification performance, compared with spikeSlabGAM for the binary response
simulation study.
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Figure 5.2: Side-by-side boxplots of the misclassification rates for the comparative performance sim-
ulation study described in the text in the case of the response variable being binary. Each panel
corresponds to a different sample size. Within each panel, the side-by-side boxplots compare misclas-
sification rate across each of three methods: spikeSlabGAM with default settings (sSG), Algorithm 2
(Alg.2) and Algorithm 7 (Alg.7).

5.2.3 Performance Comparison by Computational Time

In this subsection, we show the computing time in seconds for the four methods, our
MCMC approach described by Algorithm 2, our MFVB approach described by Al-
gorithm 7, compared with gamsel and spikeSlabGAM as described in Section 5.2.1.

Table 5.1 shows the elapsed times in seconds. The laptop that we used for sim-
ulation study is a MacBook Air laptop computer with 16 gigabytes of memory and
a 3.2 gigahertz processor. Algorithm 2 and Algorithm 7 were implemented in the R
package gamselBayes using the Rcpp interface (Eddelbuettel and François, 2011) to
the C++ language, with the use of Rcpp package and RcppArmadillo package in R for
coding, to improve the computational speed. Also, the sufficient statistics described
in Section 2.5.1 offers computational speed-ups for our Algorithm 2 and Algorithm
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gamsel spikeSlabGAM Algorithm 2 Algorithm 7

10th percentile 3.69 84.9 1.78 0.326
50th percentile 8.12 167.0 2.14 0.466
90th percentile 17.50 339.0 3.03 0.768

Table 5.1: 10th, 50th and 90th percentiles for the number of seconds required for each generalized
additive model selection approach across all settings and replications for the comparative performance
simulation study.

7. The Markov chain Monte Carlo samples size values corresponding to the default
of spikeSlabGAM and gamselBayes are 1,500 and 2,000 respectively.

Table 5.1 lists the 10th, 50th and 90th percentile number of seconds took for each
approach across all settings and replications. Even though spikeSlabGAM can be
seen to have a very good classification performance from Figure 5.1 of Section 5.2.2,
Table 5.1 in this subsection shows that spikeSlabGAM is comparatively slow and
does not scale well to large data sets. Our MCMC approach as Algorithm 2 took less
than 3 seconds for 90 percent of the fits in the simulation study. Our faster option
MFVB as Algorithm 7, only required less than a second of computing time for most
of the fits. Therefore, our new approaches with in R package gamselBayes scale well
to large data sets for the generalized additive model selection problem.

The impact of sample size and number of predictors on computing times for our
approaches as Algorithm 2 and Algorithm 7 will be described in Section 5.3.

5.3 Detailed Computing Time Results

The computational dimension is crucial as illustrated by the large algorithms. In
this section, we present the results of simulation studies that convey an idea of the
computational budget required to implement our MCMC and MFVB approaches in
our R package gamselBayes.
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5.3.1 Assessment of the Effect of Sample Size

We looked into the computational time versus sample size, as our first detailed com-
putational time simulation study in this subsection, with the settings

10 continuous predictors,

Sample size n = 10k with k = 2, 3, 4, 5, 6,
(5.2)

We generated the data in a manner similar to that for the simulation studies de-
scribed in (2.56) of Section 2.6.3.

Threshold parameter τ was set to be 0.5 as described in Section 2.6.3 for Algo-
rithm 2 and τ was set to be 0.1 as described in Section 4.3.3 for Algorithm 7. To aid
visualization the log10 transformation was applied to both the number of seconds
and sample size.

Figure 5.3 shows the comparison with computational time of seconds and sam-
ple size both in logarithmic form, using the side-by-side box plots, for Gaussian and
binary responses of our MCMC approach as given by Algorithm 2 and our MFVB
approach as given by Algorithm 7. The relationship between mean logarithmic com-
putational time and sample size is shown to be a linear as power law such that the
power is close to 1. Therefore, mean computational time is roughly proportional to
the sample size.

For example, Figure 5.3 shows that, for sample size n = 105, for binary responses,
our MCMC approach as Algorithm 2 took about 100 seconds, while our MFVB ap-
proach as Algorithm 7 took about 10 seconds. Therefore, our MFVB approach has
an approximately 10-fold reduction in computational time, compared to the MCMC
approach.

5.3.2 Assessment of the Effect of the Number of Candidate Predic-

tors

In this subsection we look into the computational time as a function of the number
of candidate predictors. We generated the data in a manner similar to that for the
simulation studies described in (2.56) of Section 2.6.3, with the settings of sample
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Figure 5.3: Side-by-side boxplots of computing time in seconds versus sample size for generalized
additive model selection via Algorithm 2 and Algorithm 7, for the first simulation study described in
Section 5.3.1. Each axis uses a log10 scale.

sizes and predictors to be

sample size n = 5000,

number of continuous predictors d• = 2k with k = 1, 2, 3, 4, 5, 6.
(5.3)

Figure 5.4 shows results in similar way to Figure 5.3 in Section 5.3.1. To aid vi-
sualization, the log10 transformations is applied to the number of seconds and the
log2 transformations is applied to the number of candidate predictors. Within each
panel, there is an approximate linear relationship with logarithmic scales. Within
each panel, the mean computing time is approximately proportional to d•

κ, with κ

within the interval (1.2, 1.5) , dependent on the combination of response distribution
and fitting algorithm.

log10(sample size)

lo
g 1

0(
nu

m
be

r o
f s

ec
on

ds
)

−1

0

1

2

3

Algorithm 2
Gaussian responses

Algorithm 7
Gaussian responses

2 3 4 5 6

Algorithm 2
Bernoulli responses

2 3 4 5 6

−1

0

1

2

3

Algorithm 7
Bernoulli responses



5.4 Hyperparameter Sensitivity Checks 311

log2(number of candidate predictors)

lo
g 1

0(
nu

m
be

r o
f s

ec
on

ds
)

−0.5

−1.0

−1.5

0.0

0.5

1.0

1.5
Algorithm 2

Gaussian responses
Algorithm 7

Gaussian responses

1 2 3 4 5 6

Algorithm 2
Bernoulli responses

1 2 3 4 5 6

−0.5

−1.0

−1.5

0.0

0.5

1.0

1.5
Algorithm 7

Bernoulli responses

Figure 5.4: Side-by-side boxplots of computing time in seconds versus number of candidate predictors
for generalized additive model selection via Algorithm 2 and Algorithm 7, for the second simulation
study described in Section 5.3.2. The horizontal axis uses a log2 scale and the vertical axis uses a
log10 scale.

5.4 Hyperparameter Sensitivity Checks

Figure 5.5 and Figure 5.6 show the effects of the scale hyperparameters sβ, sϵ and su

on the misclassification rates. The scale hyperparameters are for the Half Cauchy
prior distributions in model (2.28). The scale hyperparameters range over the set of{
10k : k = 1, 2, 3, 4

}
.

The setting of this simulation study is the same as the one for choice of threshold
parameter τ in (2.55), (2.56) and (2.57), with τ being 0.5 as our recommended default
value for MCMC described in Section 2.6.3 and τ being 0.1 for MFVB described in
Section 4.3.3.

Figure 5.5 and Figure 5.6 show that Algorithm 2 and Algorithm 7 are both not



Half−Cauchy distribution scale hyperparameter

Figure 5.5: Side-by-side boxplots for varying values of the Half Cauchy distribution scale hyperpa-
rameter for the Gaussian response version of Algorithm 2, for the first simulation study described in
Section 5.4.
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sensitive to the Half Cauchy distribution scale hyperparameter values. In summary,
low sensitivity of misclassification rate to the Half Cauchy distribution scale hyper-
parameter values is apparent for each of our MCMC and MFVB approaches.
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Half−Cauchy distribution scale hyperparameter

Figure 5.6: Side-by-side boxplots for varying values of the Half Cauchy distribution scale hyperpa-
rameter for the Gaussian response version of Algorithm 7, for the first simulation study described in
Section 5.4.
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Chapter 6

Extensions to Generalized
Additive Mixed Models
Selection

6.1 Introduction

In Chapter 2 and 4, we introduced the Laplace-Zero/Grouped Lasso-Zero priors for
generalized additive model selection using the Markov chain Monte Carlo (MCMC)
approach and the mean field variational Bayes (MFVB) approach as faster option. We
only have the fixed effects for both of the linear coefficients and spline coefficients
vector. Nowadays, many datasets have the form of grouped or hierarchical structure.
Such structure may come from repeated measurements of individuals over time,
such as students grouped within classrooms and schools, gene data of individuals,
linked health records, house pricing grouped in suburbs and districts, or friends
grouped within networks in LinkedIn or Facebook. In biomedical applications it
is common for the groups to be subjects and the term longitudinal data analysis is
relevant. However, many other areas have similar types of data such as multilevel
data and panel data.

To meet this fundamental interest of grouped data and to best understand the
effects of predictors of grouped data, we introduce a groupswise random effect into
the Bayesian generalized mixed model.

In this chapter, we introduce a random intercepts vector denoted as U vector, as
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described in Section 6.4.2, and obtain the MCMC and MFVB algorithms for variable
selection for generalized additive mixed models (GAMM).

Data standardization for GAMM in this chapter is similar to the one for gener-
alized additive model (GAM) in Section 2.2.2. To implement practical fitting algo-
rithms for MCMC, similar to Section 2.4.2, we use least absolute shrinkage and se-
lection operator (LASSO) ideas, the orthogonality advantages of Demmler-Reinsch
spline bases, and tailored auxiliary variable representations to set up the full model
described in Section 6.4.2 and work out the posterior distributions of each param-
eter in our full model described in Section 6.5.3. The posterior distributions are all
in standard forms for practical implementation. Therefore, as with MCMC in Chap-
ter 2 for GAM selection, the MCMC sampling for GAMM selection with random
intercept also reduces to Gibbs sampling. The MCMC fitting algorithm listing for
GAMM is given in Algorithm 9 in Section 6.5.3 for implementation into R. The suffi-
cient statistic matrices described in Section 6.5.1, similar to those in Section 2.5.1 for
GAM, offer computational speed-ups. Notation for fitting algorithms is described
in Section 6.5.2, similar to the one in Section 2.5.2 for GAM. Based on posterior dis-
tributions of MCMC, the model selection strategies and simulation studies for good
default value of threshold parameter for MCMC described in Section 6.7.

Since each of the full conditional distributions have standard forms for sample
drawing in MCMC described in Section 6.5.3 for GAMM selection, the mean field
variational Bayes q-densities are all closed forms. We introduced the product den-
sity restrictions on approximating density functions in Section 6.6.1. MFVB algo-
rithm for GAMM is given in Algorithm 10. We work out the marginal log-likelihood
approximation, which is useful for monitoring convergence, described in Section
6.6.3. The simulation study for good default value of threshold parameter for MFVB
is described in Section 6.7.

Our comparative performance measures by misclassification rate described in
Section 6.8.1. Application of real grouped data for GAMM selection using MCMC
and MFVB is described in Chapter 7.

Throughout Chapter 6, “rest" denotes the set of other random variables in model
(6.25).

The additive structure of generalized additive mixed model (GAMM) with ran-
dom intercept described in this chapter is given in Section 6.3. The independence
assumptions of GAMM is given in (6.25) for Gaussian responses and Section 6.4.3
for binary responses. The additive part uses splines for non-linear effects. The pre-
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dictors include binary predictors and continuous predictors. The number of binary
predictors is d◦. The number of continuous predictors is d•.

For the generalized additive mixed model with random intercept described in
Section 6.2–6.6, the number of groups is m. The sample size in the i-th group is ni,

with 1 ≤ i ≤ m. The response y is a N × 1 vector, with N ≡
m∑
i=1

ni. The linear design

matrixX is a n× (d◦ + d•) matrix. TheZj matrix containing the canonical Demmler-
Reinsch basis is a n×Kj matrix, with 1 ≤ j ≤ d•, Kj as the number of basis functions
for the j-th continuous predictor with default value of 12. Throughout this chapter,
y vector,X matrix and Z matrix are all fixed.

Our simulation study suggests a good default threshold value τ as 0.5 for MCMC
and as 0.1 for MFVB given in Section 6.7.3. The data were generated with 30 con-
tinuous predictors, 10 having “true" linear effects, 10 having “true" non-linear effects
and 10 having “true" zero effects. The number of groups varied asm ∈ {100, 200, 300} .
The number of observations within each group is fixed at m

/
10. The error standard

deviation varied as σε ∈ {0.25, 0.5, 1, 2} . The threshold varied as τ ∈ {0.1, 0.3, 0.5, 0.7,
0.9} . For each combination of number of groups and error standard deviation, we
ran simulation on 100 independently generated data sets.

In Section 6.8, we conducted a simulation study for classification performance
comparison in terms of accuracy for Gaussian and binary responses, among our
MCMC (Algorithm 9), our MFVB (Algorithm 10) and the default version of the
spikeSlabGAM described in Section 5.2.1. The data were generated with 30 contin-
uous predictors, 10 having “true" linear effects, 10 having “true" non-linear effects
and 10 having “true" zero effects. The number of groups varied asm ∈ {100, 200, 300} .
The number of observations within each group is fixed at m

/
10. The error standard

deviation varied as σε ∈ {0.25, 0.5, 1, 2} for Gaussian responses. For each combina-
tion of sample size and error standard deviation, we ran simulation on 100 indepen-
dently generated data sets.
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6.2 Bayesian Gaussian Response Additive Mixed Model

Selection

6.2.1 The Original Input Data

The original input data are as follows:

( ◦
xorig
ij ,

•
xorig
ij , y

orig
ij

)
, 1 ≤ i ≤ m, 1 ≤ j ≤ ni,

where, for each 1 ≤ i ≤ m, 1 ≤ j ≤ ni,
◦
xorig
ij denotes a d◦ × 1 vector of predictors

that can only enter the model linear (e.g. binary predictors) and •
xorig
ij denotes a d• ×

1 vector of continuous predictors that can enter the model either linearly or non-
linearly.

The number of groups is m and the number of observations within the ith group
is ni. Then, for example,

yorig
ij is the jth response within the ith group.

6.2.2 Standardization of the Input Data for Fitting and Model Se-

lection

Same as Section 2.2.2 for GAM, standardization of the original input data for GAMM
is necessary. For fitting and model selection we replace the ◦

xorig
ijk by ◦

xijk =
( ◦
xorig
ijk − ax

)
/bx

where

ax ≡
1

ni

ni∑
j=1

◦
xorig
ijk and bx ≡

√√√√ 1

ni − 1

ni∑
j=1

( ◦
xorig
ijk − ax

)2 (6.1)

with 1 ≤ k ≤ d◦ for predictors can only enter the model linearly, 1 ≤ i ≤ m, 1 ≤ j ≤
ni.

And we replace the •
xorig
ijk by •

xijk =
( •
xorig
ijk − cx

)
/dx where

cx ≡
1

ni

ni∑
j=1

•
xorig
ijk and dx ≡

√√√√ 1

ni − 1

ni∑
j=1

( •
xorig
ijk − cx

)2
, (6.2)

with 1 ≤ k ≤ d• for predictors can enter the model either linearly or non-linearly,
1 ≤ i ≤ m, 1 ≤ j ≤ ni.
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For 1 ≤ i ≤ m, 1 ≤ j ≤ ni, this transformation of the original predictor data
implies that the transformed predictor data are centred in that

ni∑
j=1

◦
xijk = 0, 1 ≤ k ≤ d◦ and

ni∑
j=1

•
xijk = 0, 1 ≤ k ≤ d•. (6.3)

For Gaussian response, 1 ≤ i ≤ m, 1 ≤ j ≤ ni, the response data for fitting and
model selection are made scale-free as follows:

yij = yorig
ij /sy, sy ≡

√√√√ 1

ni − 1

ni∑
j=1

(
yorig
ij − yorig

)2
is the sample standard deviation of the yorig

ij s.
For binary responses, the yijs are not pre-processed and remain as values in {0, 1}.
Algorithm 8 in Section 6.5.1 provides the operational details of the standardiza-

tion process.
Throughout this thesis, we define, for each 1 ≤ i ≤ m,

yi ≡


yi1

...

yini

 .

6.3 Design Matrices and Auxiliary Variable Represen-

tations for Parameters

6.3.1 Generalized Additive Mixed Model Form for the Full Model

For Gaussian responses, we have g (µ) = µ (referred to Section 1.10 for the choice
of g (·)). This is called the identity link. It directly models the mean of the response
without transformation. Here, g (·) is of the mean of y, with ◦

xijk fixed, with 1 ≤ i ≤
m, 1 ≤ j ≤ ni and 1 ≤ k ≤ d◦, and with •

xijk fixed, with 1 ≤ i ≤ m, 1 ≤ j ≤ ni and
1 ≤ j ≤ d•.

Similar to Section 2.3.1 for generalized additive model, in this section for gener-
alized additive mixed model with random intercept, for response data yij, 1 ≤ i ≤
m, 1 ≤ j ≤ ni, the generalized additive mixed models involve linear predictors hav-
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ing generic form

yij = β0 + Ui +
d◦∑
k=1

βk
◦
xijk +

d•∑
k=1

fk
( •
xijk
)

(6.4)

for scalar parameters β1, ..., βd◦ and the fj are smooth real-valued functions over an
interval containing the •

xijk data, 1 ≤ i ≤ m, 1 ≤ j ≤ ni, 1 ≤ k ≤ d•.

From (6.4), the detailed form of our generalized additive mixed full model is

E (yi) = (β0 + Ui)1ni
+

d◦∑
k=1

{(1ni
βk)⊙

◦
xik}+

d•∑
k=1

{(1ni
βk)⊙

•
xik}

+
d•∑
k=1

{
Lk∑
l=1

(1ni
ukl)⊙Zikl

}

= β0 + Ui +
d◦+d•∑
k=1

{(1ni
βk)⊙X ik}+

d•∑
k=1

{
Lk∑
l=1

(1ni
ukl)⊙Zikl

}

= β0 + Ui +X iβ +
d•∑
k=1

Zikuk

= β0 + Ui +X i

(
γβ ⊙ β̃

)
+

d•∑
k=1

Zik (γukũk) (6.5)

where ◦
xik is the following ni × 1 vector and denotes the k-th predictor that can only

enter the model linearly in the i-th group:

◦
xik ≡


◦
xi1k

...
◦
xinik

where 1 ≤ i ≤ m, 1 ≤ k ≤ d◦, (6.6)

•
xik is the following ni × 1 vector and denotes the k-th continuous predictor in the
i-th group:

•
xik ≡


•
xi1k

...
•
xinik

where 1 ≤ i ≤ m, 1 ≤ k ≤ d•, (6.7)

Zikℓ is the following ni × 1 vector and denotes the l-th basis function of Demmler-
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Reinsch matrix Zik :

Zikℓ ≡


Zi1kℓ

...
Zinikℓ

where 1 ≤ i ≤ m, 1 ≤ k ≤ d•, 1 ≤ ℓ ≤ Lk,

Zik is the following ni × Lk matrix, and Lk is the number of columns in Zik, for the
k-th continuous predictor in the i-th group:

Zik ≡


Zi1k1 . . . Zi1kLK

...
...

...
Zinik1 . . . ZinikLk

where 1 ≤ i ≤ m, 1 ≤ k ≤ d•, (6.8)

X ik is the following ni×1 vector denotes the k-th binary/categorical and continuous
predictors in the i-th group:

X ik ≡


Xi1k

...
Xinik

where 1 ≤ i ≤ m, 1 ≤ k ≤ d◦ + d•,

and for the ith group, the linear design matrix X i is the following ni × (d◦ + d•)

matrix:

X i ≡


◦
xi11 . . .

◦
xi1d◦

•
xi11 . . .

•
xi1d•

... . . .
...

... . . .
...

◦
xini1

. . .
◦
xinid◦

•
xini1

. . .
•
xinid•

 where 1 ≤ i ≤ m, (6.9)
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X is the following N × (d◦ + d•) matrix, N ≡
m∑
i=1

ni :

X ≡



◦
x111 . . .

◦
x11d◦

•
x111 . . .

•
x11d•

... . . .
...

... . . .
...

◦
x1n11

. . .
◦
x1n1d◦

•
x1n11

. . .
•
x1n1d•

... . . .
...

... . . .
...

◦
xi11 . . .

◦
xi1d◦

•
xi11 . . .

•
xi1d•

... . . .
...

... . . .
...

◦
xini1

. . .
◦
xinid◦

•
xini1

. . .
•
xinid•

... . . .
...

... . . .
...

◦
xm11 . . .

◦
xm1d◦

•
xm11 . . .

•
xm1d•

... . . .
...

... . . .
...

◦
xmnm1 . . .

◦
xmnmd◦

•
xmnm1 . . .

•
xmnmd•



.

Let β be the (d◦ + d•) × 1 vector of corresponding fixed effects vector. From the
standardization of original input data described in Section 6.2.2 and (6.3), it offers
simplification to be

1T
NX = 0 where N ≡

m∑
i=1

ni. (6.10)

Zik defined in (6.8), partners the yi and X i matrices in the sense that they all have
ni rows and correspond to data for the ith group, with 1 ≤ i ≤ m. Note

Zik ≡ matrix containing the canonical Demmler-Reinsch basis for •
xik, a ni × Lk

matrix, 1 ≤ i ≤ m, 1 ≤ k ≤ d•;

Lk ≡ the number of columns in Zik;

uk ≡ γukũk, uk is the spline coefficients vector for matrix Zik, a Lk × 1vector,

1 ≤ k ≤ d•;

γuk ≡ auxiliary probability parameters for uk, a scalar , 1 ≤ k ≤ d•;

ũk ≡ auxiliary parameters for uk, a Lk × 1 vector , 1 ≤ k ≤ d•.

In (6.5), the definition of linear term coefficients vector β, auxiliary probability pa-



6.3.2. The Fixed Effects of Linear Design Matrix 322

rameter vector γβ, auxiliary parameter vector β̃, are the same as the ones in Section
2.3.1.

Throughout Chapter 6, y vector,X matrix and Z matrix are all fixed.

6.3.2 The Fixed Effects of Linear Design Matrix

The linear design matrixX is the following

(
m∑
i=1

ni

)
× (d◦ + d•) matrix:

X ≡


X1

...
Xm


where, for each 1 ≤ i ≤ m,X i defined in (6.9).

In the linear design matrixX, the kth column of matrixX is the following N × 1

vector, with N ≡
m∑
i=1

ni:

•
Xk ≡



X11k

...
X1n1k

...
Xi1k

...
Xinik

...
Xm1k1

...
Xmnmk



with 1 ≤ i ≤ m, 1 ≤ k ≤ d◦ + d•. (6.11)

6.3.3 Canonical Demmler-Reinsch Basis Design Matrices

The construction of
•
Zk matrix, with 1 ≤ k ≤ d•, containing the canonical Demmler-

Reinsch basis for the predictor data •
xk for generalized additive mixed model with

random intercept, is the same as the construction of matrix Zj, 1 ≤ j ≤ d• for gen-
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eralized additive model selection in Section 2.3.3, described in Appendix 2.A. We

define
•
Zk is the following

(
m∑
i=1

ni

)
× Lk matrix:

•
Zk ≡



Z11k1 . . . Z11kL1

...
...

...
Z1n1k1 . . . Z1n1kL1

...
...

...
Zi1k1 . . . Zi1kLk

...
...

...
Zinik1 . . . ZinikLk

...
...

...
Zm1k1 . . . Zm1kLd•

...
...

...
Zmnmk1 . . . ZmnmkLd•



where 1 ≤ i ≤ m, 1 ≤ k ≤ d•, (6.12)

and define •
xk is the following

(
m∑
i=1

ni

)
× 1 vector:

•
xk ≡



•
x11k

...
•
x1n1k

...
•
xi1k

...
•
xinik

...
•
xm1k

...
•
xmnmk



with 1 ≤ i ≤ m, 1 ≤ k ≤ d•.



6.3.4. Linear Term Coefficients with Auxiliary Variable Representations 324

We will refer to the columns of
•
Zk as the canonical Demmler-Reinsch basis for the

•
xks. The Z matrix we construct according to Appendix 2.A satisfies:

•
ZT

k 1N =
•
ZT

k
•
xk = 0Lk

and
•
ZT

k

•
Zk is a diagonal matrix, 1 ≤ k ≤ d•, N =

m∑
i=1

ni.

(6.13)
Spline bases satisfying (6.13) are referred to as having a Demmler-Reinsch form.

We require a version of
•
Zk for each set of •

xks, 1 ≤ k ≤ d•. Denote the canonical
Demmler-Reinsch basis matrices by

•
Z1, . . . ,

•
Zd• .

with
•
Zk having dimension

(
m∑
i=1

ni

)
× Lk. Let

u1, . . . ,ud•

be the corresponding coefficient vectors, where uk has dimension Lk × 1.

6.3.4 Linear Term Coefficients with Auxiliary Variable Representa-

tions

Similar to Section 2.3.4 for GAM, we have the following for GAMM

β ≡ γβ ⊙ β̃. (6.14)

β̃k
∣∣bβk, σ2

β ∼ N
(
0, σ2

β/bβk
)
, bβk ∼ Inverse-Gamma

(
1,

1

2

)
, 1 ≤ k ≤ d◦ + d•. (6.15)

γβk ∼ Bernoulli (ρβ) , 1 ≤ k ≤ d◦ + d•. (6.16)

equivalent to

βk ∼ Laplace-Zero
(
0, σ2

β , ρβ

)
, 1 ≤ k ≤ d◦ + d•. (6.17)

The settings of scale and mixture parameters of βk, 1 ≤ k ≤ d◦ + d• are the same as
(2.16).
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6.3.5 Spline Coefficient Vectors with Auxiliary Variable Represen-

tations

Similar to Section 2.3.5 for GAM, we have the following for GAMM

uk ≡ γukũk, 1 ≤ k ≤ d•. (6.18)

ũk

∣∣buk, σ2
uk

ind.∼ N
(
0,
(
σ2
uk/buk

)
ILk

)
, buk

ind.∼ Inverse-Gamma
(
1

2
(Lk + 1) ,

1

2

)
. (6.19)

γuk ∼ Bernoulli (ρu) , 1 ≤ k ≤ d•. (6.20)

which is equivalent to

uk ∼ Laplace-Zero
(
0, σ2

ukILk
, ρu
)
, 1 ≤ k ≤ d•. (6.21)

The settings of scale and mixture parameters of uk, 1 ≤ k ≤ d• are the similar to
(2.24) as following:

σ2
uk

∣∣auk ind.∼ Inverse-Gamma
(
1

2
, 1/auk

)
, auk

ind.∼ Inverse-Gamma
(
1

2
, 1/s2u

)
, 1 ≤ k ≤ d•.

(6.22)

6.3.6 Standard Deviation with Auxiliary Variable Representations

As in Section 2.3.6, we have settings for the standard deviation with auxiliary vari-
able representations the same as (2.26).

6.3.7 Scale and Mixture Parameters for Random Intercept with Aux-

iliary Variable Representations

In addition, in the generalized additive mixed model with random intercept for this
chapter, we have the scale and mixture parameters for the random intercept U with
auxiliary variable representation as follows:

σ2
U |aU ∼ Inverse-Gamma

(
1

2
, 1/aU

)
and aU ∼ Inverse-Gamma

(
1

2
, 1/s2U

)
. (6.23)
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6.4 Essence of the Bayesian Mixed Model

In this section we describe the Bayesian mixed model with random effect intercept.

6.4.1 The Likelihood of the Response

The likelihood of the response of our full model is:

yi

∣∣β0, Ui, β̃,γβ, ũ1, . . . , ũk, γu1, . . . , γud• , σ
2
ε

ind.∼ N
(
1niβ0 + 1niUi +X i

(
γβ ⊙ β̃

)
+

d•∑
k=1

Zik (γukũk) , σ
2
εIni

)
, 1 ≤ i ≤ m. (6.24)

6.4.2 Gaussian Response Model Selection

For the Gaussian response case, based on the likelihood function in (6.24) given in
Section 6.4.1 and model description described in Section 6.3, the full model is:

yi

∣∣β0, Ui,γβ, β̃, γu1, . . . , γd• , ũ1, . . . , ũd• , σ
2
ε

ind.∼ N

(
1niβ0 + 1niUi +X i(γβ ⊙ β̃) +

d•∑
k=1

Zik(γukũk), σ
2
εIni

)
, 1 ≤ i ≤ m,

β0 ∼ N(0, σ2
β0
), σ2

ε

∣∣aε ∼ Inverse-Gamma(1
2
, 1/aε), aε ∼ Inverse-Gamma(1

2
, 1/s2ε),

Ui

∣∣σ2
U ∼ N

(
0, σ2

U

)
; 1 ≤ i ≤ m,

σ2
U

∣∣aU ∼ N
(
1
2
, 1
/
aU
)
, aU ∼ Inverse-Gamma

(
1
2
, 1
/
s2U
)
,

γβk
ind.∼ Bernoulli(ρβ), β̃k

∣∣σ2
β , bβk

ind.∼ N(0, σ2
β/bβk), 1 ≤ k ≤ d◦ + d•,

bβk
ind.∼ Inverse-Gamma(1, 1

2
), 1 ≤ k ≤ d◦ + d•,

γuk
ind.∼ Bernoulli(ρu), 1 ≤ k ≤ d•,

ũk

∣∣σ2
uk, buk

ind.∼ N(0, (σ2
uk/buk)ILk

), buk
ind.∼ Inverse-Gamma(1

2
(Lk + 1), 1

2
), 1 ≤ k ≤ d•,

σ2
β

∣∣aβ ∼ Inverse-Gamma(1
2
, 1/aβ), aβ ∼ Inverse-Gamma(1

2
, 1/s2β),

σ2
uk

∣∣auk ind.∼ Inverse-Gamma(1
2
, 1/auk), auk

ind.∼ Inverse-Gamma(1
2
, 1/s2u), 1 ≤ k ≤ d•.

(6.25)
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The full set of hyperparameters in model (6.25) is:

σβ0 = 105, sβ = sε = sU = su = 1000, ρβ = ρu = 1
2
.

Figure 6.1 shows the directed acyclic graph corresponding to model (6.25). The open
circle U at the bottom of Figure 6.1 is the random intercept for each group. It is a
m × 1 vector. The mixed model terminology is due to the fact that model (6.25) is a
statistical model containing both fixed effects and random effects.

As in Section 2.4.2, the directed acyclic graph in Figure 6.1 is useful for the de-
termination of full conditional distributions of parameters for Markov chain Monte
Carlo fitting algorithms.

6.4.3 Binary Response Model Selection

For binary responses, below is the adjustment to our likelihood to model (6.25) de-
scribed in Section 6.4.2, with 1 ≤ i ≤ m, 1 ≤ j ≤ ni :

yij
∣∣β0, Ui,γβ, β̃, γu1, . . . , γud•

, ũ1, . . . , ũd•

ind.∼ Bernoulli

Φ

β0 + Ui +

(
X i(γβ ⊙ β̃) +

d•∑
k=1

Zik(γukũk)

)
j

 .

(6.26)
Similar to Section 2.4.3, we introduce an auxiliary random variables vector c ≡
(c1, . . . , cm), with ci ≡ (c1, . . . , cni

) , 1 ≤ i ≤ m, such that

yij = 1 if and only if cij ≥ 0, 1 ≤ i ≤ m, 1 ≤ j ≤ ni,

yij
∣∣cij ind.∼ Bernoulli (I (cij ≥ 0))

(6.27)

and impose the following conditional distribution on c ≡ (c1, . . . , cm), 1 ≤ i ≤ m :

ci
∣∣β0, Ui,γβ, β̃, γu1, . . . , γud•

, ũ1, . . . , ũd•

∼ N
(
1ni

β0 + 1ni
Ui +X i(γβ ⊙ β̃) +

d•∑
k=1

Zik(γukũk), Ini

)
.

(6.28)
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Figure 6.1: Directed acyclic graph representation of Bayesian model (6.25) for Gaussian response.
Random variables and vectors are shown as large open circles, with shading indicating to the observed
response data. The vector y =

(
y1n1

, . . . ,ymnm

)
is represented by a single shaded node. The small

closed circles are user-specified hyperparameters.

6.5 Posterior Distributions for Markov Chain Monte Carlo

Practical Fitting

As in Section 2.5.1, we use the sufficient statistic matrices described in Section 6.5.1
for Markov chain Monte Carlo fitting algorithms for generalized additive mixed
model selection. This aids computational speed-ups and scalability to large data
sets.

In order to implement the practical fitting algorithm of Markov chain Monte
Carlo, we need to work out the approximation of the posterior distributions of each
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Figure 6.2: Directed acyclic graph representation of Bayesian model (6.26) to (6.28) for binary re-
sponse, adjustment to (6.25). This graph is the same as that shown in Figure 6.1 except for locations
near the response variables node. The new graph has the following modifications: (1) the σ2

ε and aε
nodes are absent, (2) a hidden node c corresponding to the Albert-Chib auxiliary variables is added to
the position held by y in the Gaussian response graph and the binary response observed data node y
is a child of c.

parameter, as in Section 2.5.3. The full conditional distribution results are listed in
Section 6.5.3.

6.5.1 Pre-Processing and Storage of Key Matrices

For the same purpose as described in Section 2.5.1, Algorithm 8 in this subsection
provides detailed steps of standardization of the original grouped input data de-
scribed in Section 6.2.2, and also the storage of sufficient statistics matrices such as
XTy,XTX,ZTy,ZTX,ZTZ for computational speed-ups .
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Algorithm 8: Pre-processing of original data and creation of key matrices for input
into Bayesian generalized additive mixed model algorithms.

Inputs: N =

m∑
i=1

ni, y
orig (N × 1); ◦

xorig
k (N × 1) , 1 ≤ k ≤ d◦;

•
xorig
k (N × 1) , 1 ≤ k ≤ d•

mean(yorig)←− sample mean of yorig; st.dev(yorig)←− sample standard dev’n of yorig

If yorig is continuous then y ←− {yorig −mean(yorig)1N}/st.dev(yorig)

If yorig is binary then y ←− yorig

For k = 1, . . . , d◦:

mean( ◦
xorig
k )←− sample mean of ◦

xorig
k ; st.dev( ◦

xorig
k )←− sample standard dev’n of ◦

xorig
k

◦
xk ←− {

◦
xorig
k −mean( ◦

xorig
k )1N}/st.dev( ◦

xorig
k )

For k = 1, . . . , d•:

mean( •
xorig
k )←− sample mean of •

xorig
k ; st.dev( •

xorig
k )←− sample standard dev’n of •

xorig
k

•
xk ←− {

•
xorig
k −mean( •

xorig
k )1N}/st.dev( •

xorig
k )

X ←−
[ ◦
x1 . . .

◦
xd◦

•
x1 . . .

•
xd•

]
For k = 1, . . . , d•:

•
Zk ←− N × Lk matrix containing canonical Demmler-Reinsch basis for the

data vector •
xk, predictor using the construction described in Appendix 2.A.

Z ←−
[ •
Z1 . . .

•
Zd•

]
; XTy←−XTy; XTX←−XTX; ZTX←− ZTX; ZTZ←− ZTZ;

Outputs: y,X,
•
Z1, . . . ,

•
Zd• ,XTy,XTX,ZTX,ZTZ, mean(yorig), st.dev(yorig),{

(mean( ◦
xorig
k ), st.dev( ◦

xorig
k )) : 1 ≤ k ≤ d◦

}
,
{
(mean( •

xorig
k )), st.dev( •

xorig
k ) : 1 ≤ k ≤ d•

}

6.5.2 Notation Used in the Fitting Algorithms

The notations used in Algorithm 9 and Algorithm 10 are similar to those used in
Section 2.5.2. With 1 ≤ k, k′ ≤ d•, we have

ZTy⟨k⟩ ≡
•
ZT

k y

ZTX⟨k⟩ ≡
•
ZT

kX

ZTZ⟨k,k′⟩ ≡
•
ZT

k

•
Zk

(6.29)
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to locate a particular row or a particular column of the sufficient statistic matrices
described in Section 6.5.1, with

•
Zk described in (6.12). Their definition are similar to

the definitions of ZTy⟨j⟩, ZTX⟨j⟩, ZTZ⟨j,j′⟩, with 1 ≤ j ≤ d• in Section 2.5.2. We have:

Lk ≡ the number of columns in
•
Zk, 1 ≤ k ≤ d•,

eTℓ ZTX<k> ≡ the ℓth row of ZTX<k>, where eℓ is th Lk × 1 vector with ℓth entry 1

and 0 elsewhere, with 1 ≤ ℓ ≤ Lk,

c is the (d• + 1)× 1 vector with entries c1 ≡ 0 and ck+1 ≡
k∑

ℓ=1

Lℓ, 1 ≤ k ≤ d•,

ZTy⟨k⟩ ≡ the sub-block of ZTy corresponding to rows (ck + 1) to ck+1, 1 ≤ k ≤ d•,

ZTX⟨k⟩ ≡ the sub-block of ZTX corresponding to rows (ck + 1) to ck+1, 1 ≤ k ≤ d•

and ZTZ⟨k,k′⟩ ≡ the sub-block of ZTZ corresponding to rows (ck + 1) to ck+1

and columns (ck′ + 1) to (ck′+1), 1 ≤ k, k′ ≤ d•. (6.30)

With N ≡
m∑
i=1

ni, we use notations yT1adj, XTyadj and ZTyadj denoted to be:

yT1adj ≡ adjustment of yT1 ≡

 yT1N for Gaussian responses,

cT1N for binary responses,

XTyadj ≡ adjustment of XTy ≡

 XTy for Gaussian responses,

XTc for binary responses,

ZTyadj ≡ adjustment of ZTy ≡

 ZTy for Gaussian responses,

ZTc for binary responses.

(6.31)

6.5.3 Markov Chain Monte Carlo

For Gaussian response, based on the model in Section 6.4.2 and Figure 6.1, we pro-
vide full algorithmic details for Markov chain Monte Carlo-based Bayesian infer-
ence. Using Markov blanket theory, we obtain the full conditional distributions of
parameters, which are the posterior distributions, given in (6.32) – (6.48) in Section
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6.5.3, with derivation details given in Appendix 6.A. The results are:

β0
∣∣rest ∼ N


(

1

σ2
ε

)((
yT1

)
−

m∑
i=1

(niUi)

)
(

1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

) ,
1(

1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

)
 , (6.32)

Ui

∣∣rest

∼ N

((
ni

σ2
ε

+
1

σ2
U

)−1(
1

σ2
ε

)
1T
ni

(
yi − 1niβ0 −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

)
,

(
ni

σ2
ε

+
1

σ2
U

)−1
)
, 1 ≤ i ≤ m, (6.33)

σ2
U

∣∣rest ∝ Inverse-Gamma

(
m+ 1

2
,

∥∥U∥∥2
2

+
1

aU

)
, (6.34)

aU
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
U

+
1

s2U

)
, (6.35)

β̃
∣∣rest ∼ N

([
1

σ2
ε

{(
γβγ

T
β

)
⊙
(
XTX

)}
+

1

σ2
β

diag (bβ)

]−1(
1

σ2
ε

)
γβ ⊙


(
XTy

)
−XT


U11n1

...
Um1nm

− d•∑
k=1

( •
ZT

kX
)T

(γukũk)


 ,

[
1

σ2
ε

{(
γβγ

T
β

)
⊙
(
XTX

)}
+

1

σ2
β

diag (bβ)

]−1
)
, (6.36)

ũk

∣∣rest ∼ N

(
diag

(γukω •
Zk

σ2
ε

+
buk1Lk

σ2
uk

)−1

×

γuk


•
ZT

k y −
•
ZT

k


U11n1

...
Um1nm

− ( •
ZT

kX
)(
γβ ⊙ β̃

)
−

d•∑
k′ ̸=k

( •
ZT

k

•
Zk′

)
(γuk′ũk′)


 ,
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diag
(γukω •

Zk

σ2
ε

+
buk1Lk

σ2
uk

)−1
)
, 1 ≤ k ≤ d•, (6.37)

γβk

∣∣rest ∼ Bernoulli
(

1

1 + exp (−ηβk
)

)
, 1 ≤ k ≤ d◦ + d•, where

ηβk
= logit(ρβ)−

1

2σ2
ε

{
β̃2
k

∥∥∥ •
Xk

∥∥∥2 − 2β̃k

(( •
XT

k y
)
−

•
XT

k


U11n1

...
Um1nm


−
( •
XT

(−k)

•
Xk

)T {(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

( •
ZT

k′

•
Xk

)T
(γuk′ũk′)

)}
(6.38)

and

γuk
∣∣rest ∼ Bernoulli

(
1

1 + exp(−γuk)

)
, 1 ≤ k ≤ d•, where

ηuk = logit(ρu)−
1

2σ2
ε

(
ωT

•
Zk

(ũk ⊙ ũk)− 2ũT
k

{
•
ZT

k y

−
•
ZT

k


U11n1

...
Um1nm

− •
ZT

kX(γβ ⊙ β̃)−
d•∑

k′ ̸=k

•
ZT

k

•
ZT

k′(γuk′ũk′)

})
. (6.39)

If y contains Gaussian responses, with N =
m∑
i=1

ni,

σ2
ε

∣∣rest ∼ Inverse-Gamma

1 +N

2
,
1

aε
+

1

2

∥∥∥∥∥y − 1Nβ0 −


U11n1

...
Um1nm


−X(γβ ⊙ β̃)−

d•∑
k=1

•
Zk(γukũk)

∥∥∥∥∥
2
 (6.40)

and

aε
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
ε

+
1

s2ε

)
. (6.41)
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If y contains binary responses, then

yij
∣∣cij ind.∼ Bernoulli (I (cij ≥ 0)) , 1 ≤ i ≤ m, 1 ≤ j ≤ ni,

cij
∣∣rest ∼ (2yij − 1)Truncated-Normal+(2yij − 1)

[
1ni

β0 + 1ni
Ui +X i

(
γβ ⊙ β̃

)
+

d•∑
k=1

Zik (γukũk)

]
j

, 1

 .

(6.42)

bβk

∣∣rest ∼ Inverse-Gaussian

(
σβ∣∣β̃k∣∣ , 1

)
, 1 ≤ k ≤ d◦ + d•, (6.43)

buk
∣∣rest ∼ Inverse-Gaussian

(
σuk∥∥ũk

∥∥ , 1
)
, 1 ≤ k ≤ d•, (6.44)

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
β̃

T
diag(bβ)β̃

2
+

1

aβ

)
, (6.45)

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
, (6.46)

σ2
uk

∣∣rest ∼ Inverse-Gamma
(
Lk + 1

2
,
buk∥ũk∥2

2
+

1

auk

)
, 1 ≤ k ≤ d•, (6.47)

auk
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uk

+
1

s2u

)
, 1 ≤ k ≤ d•. (6.48)

The full conditional distributions all have standard forms for practical implemen-
tation of the Markov chain Monte Carlo approach. These include Multivariate Nor-
mal, Inverse Gamma, Bernoulli and Beta distributions. Some full conditional dis-
tributions are Inverse Gaussian, Inverse Gamma, Bernoulli, Multivariate Normal,
Truncated Normal distributions. Michael et al. (1976) provides an algorithm for
drawing from Inverse Gaussian distributions. Robert (1995) provides effective so-
lutions for drawing from Truncated-Normal distributions. Therefore, the posterior
distributions for Markov chain Monte Carlo are fairly straightforward. The Markov
chain Monte Carlo sampling reduces to Gibbs sampling for our model.

Algorithm 9 in this subsection lists the full set of steps needed to draw samples
from the posterior distributions of the model parameters. The fact that most of the
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draws only require the sufficient statistic matrices from Algorithm 8 given in Section
6.5.1 means that the sampling can be done quite rapidly regardless of sample size.
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Algorithm 9: Markov chain Monte Carlo generation of samples from the posterior
distributions of the parameters in (6.25).

Data Inputs: N =

m∑
i=1

ni, y (N × 1) ; X (N × (d◦ + d•)) ;
•
Zk (N × Lk) , 1 ≤ k ≤ d•.

Response Type Input: responseType ∈ {Gaussian, Bernoulli} .

Sufficient Statistics Inputs: XTy, XTX, ZTy, ZTX, ZTZ.

Hyperparameter Inputs: σβ0 , sβ, sε, su, sU > 0, 0 < ρβ, ρu < 1.

Chain Length Inputs: Nwarm and Nkept both positive integers.

Initialize: γ[0]
β ←− 1

21d◦+d• ; γ
[0]
uk ←−

1
2 , 1 ≤ k ≤ d•; β̃

[0]
←− 0d◦+d•

ũ
[0]
k ←− 0Lk

, 1 ≤ k ≤ d•; (σ
2
ε)

[0] ←− 1; a
[0]
ε ←− 1; (σ2

β)
[0] ←− 1; a

[0]
β ←− 1

b
[0]
β ←− 1d◦+d• ; b

[0]
uk ←− 1, 1 ≤ k ≤ d•;

a
[0]
uk ←− 1, 1 ≤ k ≤ d•; (σ

2
uk)

[0] ←− 1, 1 ≤ k ≤ d•,

U
[0]
i ←− 0, 1 ≤ i ≤ m; c←− 1

2
1N

yT1adj ←− 0 ; XTyadj ←− XTy ; ZTyadj ←− ZTy

If responseType is Gaussian then yadj ←− y

If responseType is Bernoulli then yadj ←− c

For k = 1, . . . , d• : ω •
Zk

←− diagonal
(

ZTZ⟨k,k⟩
)

For g = 1, . . . , Nwarm +Nkept :

ω1 ←− yT1adj −
m∑
i=1

(
niU

[g−1]
i

)
ω2 ←−

{
N
/ (

σ2
ε

)[g−1]
+
(
1
/
σ2
β0

)}
; β

[g]
0 ∼ N

( ω1

(σ2
ε)

[g−1] ω2

,
1

ω2

)
For i = 1, . . . ,m :

ω3 ←− 1Tni

(
yadj

)
i
− niβ

[g]
0 −

(
XT

i 1ni

)T (
γ
[g−1]
β ⊙ β̃

[g−1]
)

−
d•∑
k=1

(
ZT

ik1ni

)T (
γ
[g−1]
uk ũ

[g−1]
k

)

continued on a subsequent page . . .
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Algorithm 9 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

ω4 ←−
(
ni

/ (
σ2
ε

)[g−1]
)
+
(
1
/ (

σ2
U

)[g−1]
)
; U

[g]
i ∼ N

( ω3

(σ2
ε)

[g−1] ω4

,
1

ω4

)
(
σ2
U

)[g] ←− Inverse-Gamma

(
m+ 1

2
,

∥∥U [g]
∥∥2

2
+

1

a
[g−1]
U

)

a
[g]
U ←− Inverse-Gamma

(
1,

1(
σ2
U

)[g] + 1

s2U

)

Ω←−
(
γ
[g−1]
β γ

[g−1]T
β

)
⊙ (XTX)

/(
σ2
ε

)[g−1]
+ diag

(
b
[g−1]
β

)/(
σ2

β

)[g−1]

ω5 ←− XTyadj −

XT


U

[g]
1 1n1

...
U

[g]
m 1nm


− d•∑

k=1

ZTX⟨k⟩T
(
γ
[g−1]
uk ũ

[g−1]
k

)

Decompose Ω = UΩdiag (dΩ)U
T
Ω where UΩU

T
Ω = I

z ∼ N(0, I)((d◦ + d•)× 1) ; β̃
[g]
←− UΩ

UT
Ωz√
dΩ

+
UT

Ω

(
γ
[g−1]
β ⊙ ω5

)
dΩ (σ2

ε)
[g−1]


(
b
[g]
β

)
k
∼ Inverse-Gaussian

(
σ
[g−1]
β

/∣∣∣ (β̃[g]
)
k

∣∣∣) , 1 ≤ k ≤ d◦ + d•

(
σ2

β

)[g] ∼ Inverse-Gamma

(
1

2
(d◦ + d• + 1), 1

/
a
[g−1]
β +

1

2
β̃
[g]T

diag
(
b
[g]
β

)
β̃
[g]

)

a
[g]
β ∼ Inverse-Gamma

(
1,
{
1
/
(σ2

β)
[g]
}
+ (1/s2β)

)
; βcurr ←− γ[g−1]

β ⊙ β̃
[g]

For k = 1, . . . , d• : ucurr
k ←− γ

[g−1]
uk ũ

[g−1]
k

For k = 1, . . . , d◦ + d• :

ω6 ←− eTk XTyadj −
•
XT

k


U

[g]
1 1n1

...
U

[g]
m 1nm

− (XTXek
)T
−k

(
βcurr

)
−k

−
d•∑

k′=1

(
ZTX⟨k′⟩ek

)T
ucurr
k′

continued on a subsequent page . . .
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Algorithm 9 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

ω7 ←− logit (ρβ)−
1

2

{
(β̃

[g]
k )2eTk XTXek − 2β̃

[g]
k ω6

}/(
σ2
ε

)[g−1]

(
γ
[g]
β

)
k
∼ Bernoulli (expit (ω7))

βcurr ←− γ[g]
β ⊙ β̃

[g]
; For k = 1, . . . , d• : ũcurr

k ←− ũ
[g−1]
k

For k = 1, . . . , d•:

ω8 ←− ZTy⟨k⟩
adj −

•
ZT

k


U

[g]
1 1n1

...
U

[g]
m 1nm

− ZTX⟨k⟩βcurr −
d•∑

k′ ̸=k

ZTZ⟨k,k′⟩
(
γ
[g−1]
uk′ ũcurr

k′

)

ω9 ←−
{
γ
[g−1]
uk ω •

Zk

/(
σ2
ε

)[g−1]
}
+
{
b
[g−1]
uk 1Lk

/(
σ2
uk

)[g−1]
}

z ∼ N(0, ILk
) ; ũcurr

k ←−
(
z
/√

ω9

)
+
[
γ
[g−1]
uk ω8

/{
ω9

(
σ2
ε

)[g−1]
}]

For k = 1, . . . , d• : ũ
[g]
k ←− ũ

curr
k

For k = 1, . . . , d• :

b
[g]
uk ∼ Inverse-Gaussian

(
σ
[g−1]
uk

/∥∥∥ũ[g]
k

∥∥∥, 1)
(
σ2
uk

)[g] ∼ Inverse-Gamma
(

1
2(Lk + 1),

{
1
/
a
[g−1]
uk

}
+ 1

2

∥∥∥ũ[g]
k

∥∥∥2b[g]uk

)
a
[g]
uk ∼ Inverse-Gamma

(
1,
{
1
/(

σ2
uk

)[g]}
+
(
1
/
s2u

))
For k = 1, . . . , d•: γcurr

uk ←− γ
[g−1]
uk

For k = 1, . . . , d•:

ω10 ←− ZTy⟨k⟩
adj −

•
ZT

k


U

[g]
1 1n1

...
U

[g]
m 1nm

− ZTX⟨k⟩βcurr −
d•∑

k′ ̸=k

ZTZ⟨k,k′⟩
(
γcurr
uk′ũ

[g]
k′

)

ω11 ←− logit(ρu)−
1

2

{
ωT

•
Zk

(
ũ
[g]
k ⊙ ũ

[g]
k

)
− 2

(
ũ
[g]
k

)T
ω10

}/(
σ2
ε

)[g−1]

γcurr
uk ∼ Bernoulli (expit (ω11))

continued on a subsequent page . . .
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Algorithm 9 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

For k = 1, . . . , d•: γ
[g]
uk ←− γcurr

uk

ω12 ←− 1Nβ
[g]
0 +


U

[g]
1 1n1

...
U

[g]
m 1nm

+X
(
γ
[g]
β ⊙ β̃

[g]
)
+

d•∑
k=1

•
Zk(γ

[g]
ukũ

[g]
k )

If responseType is Gaussian then(
σ2
ε

)[g] ∼ Inverse-Gamma
(

1
2(n+ 1), (1

/
a
[g−1]
ε ) + 1

2

∥∥∥y − ω12

∥∥∥2)
a
[g]
ε ∼ Inverse-Gamma

(
1,
{
1
/
(σ2

ε)
[g]
}
+ (1

/
s2ε)
)

If responseType is Bernoulli then

(σ2
ε)

[g] ←− 1

For i = 1, . . . ,m:
For j = 1, . . . , ni:

ω13 ←− Truncated-Normal+ ((2yij − 1)(ω12)ij , 1) ; cij ←− (2yij − 1)ω13

yT1adj ←− 1Tc; XTyadj ←−X
T c; ZTyadj ←− Z

T c; yadj ←− c

Outputs: All chains after omission of the first Nwarm values.
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6.6 Mean Field Variational Bayes Model Selection

6.6.1 Product Density Restrictions

Consider the Bayesian inference for the parameters in (6.25). Similar to Section 4.2.1,
the essence of our mean field variational Bayes approach involves approximation of
the full joint posterior density function of the form

p(β0,U ,γβ, β̃,γu, ũ, bβ, σ
2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε

∣∣y)
≈ q(β0,U ,γβ, β̃,γu, ũ, bβ, σ

2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε). (6.49)

(6.49) is subject to

q(β0,U ,γβ, β̃,γu, ũ, bβ, σ
2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε)

= q(β0)q(U )q(γβ)q(β̃)q(γu)q(ũ)q(bβ)q(σ
2
β)q(aβ)q(bu)q(σ

2
u)q(au)q(σ

2
ε)q(aε).

(6.50)
Therefore, the mean field approximation of the joint posterior density function of the
model parameters to (6.25) for Gaussian response is

p(β0,U ,γβ, β̃,γu, ũ, bβ, σ
2
β , aβ, bu,σ

2
u,au, σ

2
ε , aε

∣∣y)
≈ q(β0)q(U )q(γβ)q(β̃)q(γu)q(ũ)q(bβ)q(σ

2
β)q(aβ)q(bu)q(σ

2
u)q(au)q(σ

2
ε)q(aε)

≈ q(β0) {
∏m

i=1 q(Ui)}
{∏d◦+d•

k=1 q(γβk)
}
q(β̃)

{∏d•
k=1 q(γuk)

}{∏d•
k=1 q(ũk)

}
×
{∏d◦+d•

k=1 q(bβk)
}
q(σ2

β)q(aβ)
{∏d•

k=1 q(bβk)
}{∏d•

k=1 q(σ
2
uk)
}

×
{∏d•

k=1 q(auk)
}
q(σ2

ε)q(aε).

(6.51)

6.6.2 q-Densities Forms

Based on full conditional distributions of parameters for Markov chain Monte Carlo
given in Section 6.5.3, for the Gaussian and binary responses models, we obtain q-
density approximation of parameters for mean field variational Bayes in this subsec-
tion. Some examples of the resulting optimal q-density forms are:

q(β0) has a N(µq(β0), σ
2
q(β0)

) density function,
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q(Ui) has a N
(
µq(Ui), σ

2
q(Ui)

)
density function, 1 ≤ i ≤ m,

σ2
U has an Inverse-Gamma

(
κq(σ2

U ), λq(σ2
U )

)
density function,

q(β̃) has a N(µq(β̃),Σq(β̃)) density function,

q(ũk) has a N(µq(ũk)
,Σq(ũk)) density function, 1 ≤ k ≤ d•,

q(γβk) has a Bernoulli

(
1

1 + exp
{
Eq(ηβk)

}) probability mass function,

1 ≤ k ≤ d◦ + d•,

q(γuk) has a Bernoulli

(
1

1 + exp
{
Eq(ηuk)

}) probability mass function,

1 ≤ k ≤ d•,

q(bβ)is a product of Inverse-Gaussian
(
µq(bβk), 1

)
density functions,

1 ≤ k ≤ d◦ + d•,

q(bu) is a product of Inverse-Gaussian
(
µq(buk), 1

)
denstiy functions,

1 ≤ k ≤ d•,

q(σ2
ε) has an Inverse-Gamma(κq(σ2

ε)
, λq(σ2

ε)
) density function,

q(σ2
β) has an Inverse-Gamma

(
κq(σ2

β)
, λq(σ2

β)

)
density function,

q(σ2
uk) has an Inverse-Gamma

(
κq(σ2

uk)
, λq(σ2

uk)

)
density function, 1 ≤ k ≤ d•.

(6.52)

The q-density approximations of parameters for mean field variational Bayes are
listed in (6.53)–(6.82), with derivation details given in Appendix 6.B. The results are:

q (β0)has a N
(
µq(β0), σ

2
q(β0)

)
density function, where

σ2
q(β0)

=

((
m∑
i=1

ni

)
µq(1/σ2

ε)
+

1

σ2
β0

)−1

, (6.53)
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µq(β0) = σ2
q(β0)

µq(1/σ2
ε)

(
1T
ny −

(
m∑
i=1

niUi

))
, (6.54)

q (Ui) has a N
(
µq(Ui), σ

2
q(Ui)

)
density function , 1 ≤ i ≤ m, where

σ2
q(Ui)

=
(
niµq(1/σ2

ε)
+ µq(1/σ2

U)

)−1

, (6.55)

µq(Ui) = σ2
q(Ui)

µq(1/σ2
ε)

(
yT
i 1ni

− niµq(β0) −
(
XT

i 1ni

)T (
µq(γβ) ⊙ µq(β̃)

)

−
d•∑
k=1

(
ZT

ik1ni

)T (
µq(γuk)µq(ũk)

))
, (6.56)

q
(
σ2
U

)
has an Inverse-Gamma

(
κq(σ2

U)
, λq(σ2

U)

)
density function where

κq(σ2
U)

=
m+ 1

2
, (6.57)

λq(σ2
U)

=
∥∥∥µq(U)

∥∥∥2 + m∑
i=1

µ
q
(
σ2
Ui

), (6.58)

q (aU)has an Inverse-Gamma
(
κq(aU ), λq(aU )

)
density function where

κq(aU ) = 1, (6.59)

λq(aU ) = µq(1/σ2
U)

+ 1
/
s2U , (6.60)

q
(
β̃
)

has a N
(
µq(β̃),Σq(β̃)

)
density function where

Ωq(γβ) = diag
{
µq(γβ) ⊙

(
1− µq(γβ)

)}
+ µq(γβ)µ

T
q(γβ)

, (6.61)

Σq(β̃) =
{
µq(1/σ2

ε)

[
Ωq(γβ) ⊙

(
XTX

)]
+ µq(1/σ2

β)
diag

(
µq(bβ)

)}−1

, (6.62)

µq(β̃) = µq(1/σ2
ε)
Σq(β̃)

(
µq(γβ) ⊙

(
XTy −XT


µq(U1)1n1

...
µq(Um)1nm


−

d•∑
k=1

( •
ZkX

)T (
µq(γuk)µq(ũk)

)))
, (6.63)



6.6.2. q-Densities Forms 343

q
(
bβ1 , . . . , bβ(d◦+d•)

)
is a product of

Inverse-Gaussian
({

µq(1/σ2
β)

(
µ2
q(β̃k)

+ σ2
q(β̃k)

)}−1/2

, 1

)
density functions

over 1 ≤ k ≤ d◦ + d•, The q-density means are

µq(bβk) =
{
µq(1/σ2

β)

(
µ2
q(β̃k)

+ σ2
q(β̃k)

)}−1/2

, (6.64)

q
(
σ2

β

)
has an Inverse-Gamma

(
κq(σ2

β)
, λq(σ2

β)

)
density function where

κq(σ2
β)

=
d◦ + d• + 1

2
, (6.65)

λq(σ2
β)

=
1

2
µT

q(bβ)

{
µq(β̃) ⊙ µq(β̃) + diagonal

(
Σq(β̃)

)}
+ µq(1/aβ), (6.66)

q (aβ) has an Inverse-Gamma
(
κq(aβ), λq(aβ)

)
density function where

κq(aβ) = 1, (6.67)

λq(aβ) = µq(1/σ2
β)

+ 1
/
s2β, (6.68)

q (γβk) is the Bernoulli
(

1

1 + exp {−Eq (ηβk
)}

)
probability mass function for each

1 ≤ k ≤ d◦ + d•, where

Eq (ηβk
) = logit (ρβ)−

1

2
µq(1/σ2

ε)

{(
µ2
q(β̃k)

+ σ2
q(β̃k)

) •
XT

k

•
Xk

− 2
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{ •
XT

k y −
•
XT

k


µq(U1)1n1

...
µq(Um)1nm

− d•∑
k′=1

( •
ZT

k′

•
Xk

)T (
µq(γuk′ )

µq(ũk′ )
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−
( •
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•
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)T {(
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)
−k
⊙
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(6.69)

q (ũk) has a N
(
µq(ũk)

,Σq(ũk)

)
density function where 1 ≤ k ≤ d•,

ω •
Zk

≡ diagonal(
•
ZT

k

•
Zk),

Σq(ũk) = diag
(
σ2

q(ũk)

)
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= diag

[
1Lk

/{
µq(1/σ2

ε)
µq(γuk)ω •

Zk

+ µq(1/σ2
uk)
µq(buk)1Lk

}]
, (6.70)

µq(ũk)
= µq(1/σ2

ε)

(
(µq(γuk)

{
•
ZT

k y −
•
ZT

k


µq(U1)1n1

...
µq(Um)1nm

− ( •
ZT

kX
)(
µq(γβ) ⊙ µq(β̃)

)

−
d•∑

k′ ̸=k

•
ZT

k

•
Zk′

(
µq(γuk′ )

µq(ũk′ )

)})
⊙ σ2

q(ũk)
, (6.71)

q
(
bu1 , . . . , bu(d•)

)
is a product of

Inverse-Gaussian
({

µq(1/σ2
uk)

[∥∥µq(ũk)

∥∥2 + 1T
Lk
σ2

q(ũk)

]}−1/2

, 1

)
density functions

over 1 ≤ k ≤ d•. The q-density means are

µq(buk) =
{
µq(1/σ2

uk)

[∥∥µq(ũk)

∥∥2 + 1T
Lk
σ2

q(ũk)

]}−1/2

, (6.72)

q
(
σ2
uk

)
has an Inverse-Gamma

(
κq(σ2

uk)
, λq(σ2

uk)

)
density function, 1 ≤ k ≤ d•,where

κq(σ2
uk)

=
Lk + 1

2
, (6.73)

λq(σ2
uk)

=
1

2
µq(buk)

(∥∥µq(ũk)

∥∥2 + 1T
Lk
σ2

q(ũk)

)
+ µq(1/auk), (6.74)

q (auk) has an Inverse-Gamma
(
κq(auk), λq(auk)

)
density function, 1 ≤ k ≤ d•,where

κq(σ2
uk)

= 1, (6.75)

λq(σ2
uk)

= µq(1/σ2
uk)

+ 1
/
s2u, (6.76)

and

q(γuk) is the Bernoulli
(

1

1 + exp (−Eq (ηuk))

)
probability mass function for each

1 ≤ k ≤ d•, where

Eq (ηuk) = logit (ρu)−
1

2
µq(1/σ2

ε)

{
ωT

•
Zk

(
µq(ũk)

⊙ µq(ũk)
+ σ2

q(ũk)

)
− 2µT

q(ũk)
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×
•
ZT

k

(
y −


µq(U1)1n1

...
µq(Um)1nm

−X(µq(γβ) ⊙ µq(β̃)
)
−

d•∑
k′ ̸=k

•
Zk′

(
µq(γuk′ )

µq(ũk′ )

))}
.

(6.77)

If y contains Gaussian responses, q
(
σ2
ε

)
has an Inverse-Gamma

(
κq(σ2

ε)
, λq(σ2

ε)

)

density function where

κq(σ2
ε)
=

1

2
(N + 1) , N ≡

m∑
i=1

ni, (6.78)

λq(σ2
ε)
= µq(1/aε) +

1

2

∥∥∥y − 1T
Nµq(β0) −


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−X (
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)

−
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•
Zk
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µq(γuk)µq(ũk)
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1
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niσ

2
q(Ui)

)
+

1

2
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{
XTX

(
Ωq(γβ) ⊙

{
Σq(β̃) + µq(β̃)µ

T
q(β̃)

})}
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2
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XTX

{
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}{
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ωT
•
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µq(γuk)

[
σ2

q(ũk)
+
{
1− µq(γuk)

} (
µq(ũk)

⊙ µq(ũk)

)])
(6.79)

and

q (aε) has an Inverse-Gamma
(
κq(aε), λq(aε)

)
density function where

κq(aε) = 1, (6.80)

λq(aε) = µq(1/σ2
ε)
+ 1
/
s2ε. (6.81)

If y contains binary responses, then for 1 ≤ i ≤ m, 1 ≤ j ≤ ni, yij = 1 or yij = 0,

q (cij) has a Truncated-Normal+
((
µq(c)

)
ij
, 1
)

density function where
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(
µq(c)

)
ij
= (µq)ij + (2yij − 1)

ϕ
(
(2yij − 1)

(
µq

)
ij

)
Φ
(
(2yij − 1)

(
µq

)
ij

) , (6.82)

(µq)ij = µq(β0) + Ui +

[
X
(
µq(γβ)

⊙ µq(β̃)

)
+

d•∑
k=1

•
Zk

(
µq(γuk)µq(ũk)

)]
ij

.

Using the optimal q-density results listed in (6.53)–(6.82), we can now assemble
the mean field variational Bayes algorithm, given in Algorithm 10.

We proceed by initialising each of the q-density parameters and updating each
parameter successively using the current estimates of the other parameters. At the
end of each iteration, an updated value of the lower bound on the marginal log-
likelihood is computed, and the algorithm is iterated until convergence of the lower
bound on the marginal log-likelihood to its maximum. The approximate marginal
log-likelihood, also known as the evidence lower bound, is given in the next subsec-
tion.

6.6.3 Variational Marginal Log-Likelihood Approximation

A final aspect of Algorithm 10 in Section 6.6.2 is determination of good stopping cri-
teria for the coordinate ascent scheme. As is common in the mean field variational
Bayes literature, we monitor relative increases in the approximate marginal log-
likelihood, which we denote by log p(y; q). Minimizing the Kullback-Liebler diver-
gence is equivalent to maximizing the lower bound on the marginal log-likelihood
log p(y; q).

Appendix 6.C contains the explicit expression for the approximate marginal log-
likelihood for Chapter 6 models under product restriction (6.51). By computing the
log-likelihood after each iteration, we obtained its corresponding relative error. The
setting of the tolerance of relative error is εtoler. = 10−8. As shown in Algorithm 10
in Section 6.6.2, we checked the relative error after each iteration. Once the relative
error of log-likelihood is lower than the tolerance level, the iteration stopped.

6.7 Model Selection Strategies

After obtaining the full conditional distributions of parameters for Markov chain
Monte Carlo described in Section 6.5.3 or obtaining the q-densities approximation
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described in Section 6.6.2 for mean field variational Bayes, for generalized additive
mixed model selection with random intercept, we need to set up the model selection
strategies to decide between the effect type of a predictor being zero, linear or non-
linear. In practice, either the Markov chain Monte Carlo samples or mean field vari-
ational Bayes q-densities are used for approximate posterior-based decision making.
However, we will demonstrate our selection strategies in terms of exact posterior
distributions – starting with the zero effect versus linear effect decision.

6.7.1 Deciding Between an Effect Being Zero or Linear

For predictors that can only enter the model linearly (e.g. binary predictors), as in
(2.52) in Section 2.6.1 for generalized additive model selection, our rule for deciding
between a zero effect and a linear effect is

the effect is zero if E(γβ
∣∣y) ≤ 1− τ,

otherwise the effect is linear.
(6.83)

For Markov chain Monte Carlo approach, E(γβ
∣∣y) is approximate the sample

mean of γ[g]β in Algorithm 9, 1 ≤ g ≤ Nkept. For mean field variational Bayes approach,
we have E

(
γβ
∣∣y) ≡ µq(γβ) in Algorithm 10.

6.7.2 Deciding Between an Effect Being Zero, Linear or Non-Linear

For predictors that can enter the model either linearly or non-linearly, as in (2.54)
in Section 2.6.2 for generalized additive model selection, our strategy of deciding
between an effect being zero, linear or non-linear is:

the effect is zero if


E(γβ

∣∣y) ≤ 1− τ, and

E(γu
∣∣y) ≤ 1− τ,

the effect is linear if

 E(γβ
∣∣y) > 1− τ, and

E(γu
∣∣y) ≤ 1− τ,

otherwise the effect is non-linear.

(6.84)

For Markov chain Monte Carlo approach, E(γβ
∣∣y) and E

(
γu
∣∣y) are approximate

the sample mean of γ[g]β and γ
[g]
u in Algorithm 9, 1 ≤ g ≤ Nkept. For mean field varia-
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tional Bayes approach, we haveE
(
γβ
∣∣y) ≡ µq(γβ) andE

(
γu
∣∣y) ≡ µq(γu) in Algorithm

10.

6.7.3 Choice of Default Value of Sparsity Threshold Parameter

To assess the effect of the sparsity threshold parameter τ for selection of a generalized
additive mixed model with random intercept, we ran a simulation study similar
to the one described in Section 2.6.3 for generalized additive model. We use the
settings as stated in (2.55), (2.56), (2.57) and the settings of the number of continuous
predictors d•, number of groupsm, total number of observationsN across all groups,
error standard deviations σε, and sparsity threshold parameter τ are to be

d• = 30, number of groups m = {100, 200, 300} ,

the value of ni, 1 ≤ i ≤ m, being the number of observations within each group,
is fixed at m

/
10,

error standard deviation σε ∈ {0.25, 0.5, 1, 2} for Gaussian response,

standard deviation for random intercept: σU = 0.5,

τ ∈ {0.1, 0.3, 0.5, 0.7, 0.9} .

(6.85)

For each combination of number of groups m and error standard deviation σε, we
simulated 100 replicated data sets generated. For the Markov chain Monte Carlo
approach, we use Nwarm = Nkept = 1000 from Algorithm 9 in Section 6.5.3. The rules of
model selection follow (6.83) of Section 6.7.1 and (6.84) of Section 6.7.2.

Both Figure 6.3 and Figure 6.4 show the misclassification rate as a function of
sparsity threshold parameter τ under Markov chain Monte Carlo in generalized ad-
ditive mixed model with random intercept. The performance measure was misclas-
sification rate for 30 candidate predictors being classified into one of three classes:
zero effect, linear effect or non-linear effect. Each panel corresponds to a different
combination of number of groups m and error standard deviation σε. Within each
panel, the side-by-side boxplots compare the misclassification rates under differ-
ent values of sparsity threshold parameter τ. Figure 6.3, for Gaussian response, low
noise level with σε < 1, there is not much of a difference in misclassification rates
for τ ∈ {0.1, 0.3, 0.5, 0.7} . However, for Gaussian response, high noise level with
σε ≥ 1, it has the advantages of having τ being 0.5 for lower misclassification rate.
Figure 6.4 shows that having τ being 0.5 is the best choice for threshold parameter
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Figure 6.3: Side-by-side boxplots of the misclassification rates for the Markov chain Monte Carlo
Algorithm 9 for Gaussian response for the simulation study described in the text. Each panel corre-
sponds to a different combination of group size and error standard deviation. Within each panel, the
side-by-side boxplots compare misclassification rate as a function of the sparsity threshold parameter/Tτ. he value of m is the number of groups. The number of observations within each group is fixed at
m 10.

for binary response. Therefore, the default value of sparsity threshold parameter τ
for Markov chain Monte Carlo in generalized additive mixed model with random
intercept is 0.5.

For MFVB, we have E (γβk) ≡ µq(γβk), 1 ≤ k ≤ d◦ + d•, and E (γuk) ≡ µq(γuk), 1 ≤
k ≤ d•. For binary or categorical predictors, the selection rule is the same as (6.83) for
MCMC. For continuous predictors, the selection rule is the same as (6.84) for MCMC.

To make our methodology completely automatic, a good default value of τ as
threshold is desirable. The simulation study settings of the best sparsity threshold
parameter τ for MFVB, are the same as the one for MCMC in Section 6.7.3, stated in
(2.55), (2.56), (2.57) and (6.85).
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Figure 6.4: Side-by-side boxplots of the misclassification rates for the Markov chain Monte Carlo Al-
gorithm 9 for binary response for the simulation study described in the text. Each panel corresponds
to a different number of group size. Within each panel, the side-by-side boxplots compare misclassifi-
cation rate as a function of the sparsity threshold parameter The value of m is the number of groups.
The number of observations within each group is fixed at m 10.

Both Figure 6.5 and Figure 6.6 show the misclassification rate as a function of
sparsity threshold parameter τ under mean field variational Bayes in generalized ad-
ditive mixed model with random intercept. The performance measure was misclas-
sification rate for 30 candidate predictors being classified into one of three classes:
zero effect, linear effect or non-linear effect. Each panel corresponds to a different
combination of number of groups m and error standard deviation σε. Within each
panel, the side-by-side boxplots compare the misclassification rates under different
values of sparsity threshold parameter τ. Figure 6.5 for Gaussian response shows
that it has the advantages of having τ being 0.1 for lower misclassification rate. Fig-
ure 6.6 shows that having τ being 0.1 is the best choice for threshold parameter for
binary response. Therefore, the default value of sparsity threshold parameter τ for
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Figure 6.5: Side-by-side boxplots of the misclassification rates for the mean field variational Bayes
Algorithm 10 for Gaussian response for the simulation study described in the text. Each panel corre-
sponds to a different combination of group size and error standard deviation. Within each panel, the
side-by-side boxplots compare misclassification rate as a function of the sparsity threshold parameter/Tτ. he value of m is the number of groups. The number of observations within each group is fixed at
m 10.

mean field variational Bayes in generalized additive mixed model with random in-
tercept is 0.1.

6.8 Comparative Performance

In this section, we describe a simulation study comparing the classification perfor-
mance, measured by misclassification rate and computational time in seconds, of the
default version of the spikeSlabGAM approach, our MCMC approach described in
Algorithm 9 and our MFVB approach described in Algorithm 10, in the context of the
three-category generalized additive mixed model selection with random intercept in
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Figure 6.6: Side-by-side boxplots of the misclassification rates for the mean field variational Bayes Al-
gorithm 10 for binary response for the simulation study described in the text. Each panel corresponds
to a different number of group size. Within each panel, the side-by-side boxplots compare misclassifi-
cation rate as a function of the sparsity threshold parameter τ. The value of m is the number of groups.
The number of observations within each group is fixed at m

/
10.

model (6.25).

6.8.1 Performance Comparison by Misclassification Rate

Figure 6.7 compares the misclassification rates for Gaussian responses in generalized
additive mixed model selection with random intercept, among the default version of
the spikeSlabGAM approach as described in Section 5.2.1, our MCMC approach de-
scribed in Section 6.5.3 (Algorithm 9) and our MFVB approach described in Section
6.6.2 (Algorithm 10). The performance measure is the misclassification rate when 30
candidate predictors are classified into one of three classes: zero effect, linear effect
or non-linear effect.
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The number of continuous predictors d•, the number of groups m, the number of
observations within each group ni, 1 ≤ i ≤ m, and the error standard deviations σε
are as in setting (6.85). The threshold parameter τ is set to 0.5 as described in Section
6.7.3. The generation of data sets and simulation design are as (2.55), (2.56) and (2.57)
in Section 2.6.3.

In Figure 6.7 for Gaussian responses, 25 replicated data sets were generated, for
each combination of number of groups m and error standard deviation σε. The re-
sults show that when the number of groups m is 100, these three methods perform
similarly across all error standard deviations. However, when the number of groups
increases to m ∈ {200, 300} , our MCMC and MFVB approaches demonstrate better
classification performance with lower misclassification rate.

Figure 6.8 shows the misclassification rates for binary responses, based on the
same simulation settings used for Gaussian case in Figure 6.7. That is, 25 repli-
cated dataset for each group. The comparison includes the default version of the
spikeSlabGAM approach (Section 5.2.1), our MCMC approach (Algorithm 9) and
our MFVB approach (Algorithm 10). Threshold parameter τ is set to 0.1 as described
in Section 6.7.

For the binary responses simulation study, Figure 6.8 shows that our MCMC
and MFVB approaches have better classification performance when the number of
groups m is 100. For the number of groups increases to m ∈ {200, 300} , these three
methods all have similar classification performance.

6.8.2 Performance Comparison by Computational Time

In this subsection, we show the computing time in seconds among the three meth-
ods, the default version of the spikeSlabGAM approach (Section 5.2.1), our MCMC
approach (Algorithm 9) and our MFVB approach (Algorithm 10).

Table 6.1 reports the elapsed computing times in seconds. The laptop used for
the simulation study was a MacBook Air with 16 gigabytes of memory and a 3.2 gi-
gahertz processor. Algorithm 9 and Algorithm 10 were implemented in the R pack-
age using the Rcpp interface (Eddelbuettel and François, 2011) to the C++ language,
specifically with the Rcpp package and RcppArmadillo package in R, to improve the
computational speed. Additionally, the sufficient statistics described in Section 6.5.1
offered computational speed-ups for Algorithm 9 and Algorithm 10.

Table 6.1 presents the 10th, 50th and 90th percentile computing time in seconds
for each approach across all settings and replications as described in Section 6.8.1.
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Figure 6.7: Side-by-side boxplots of the misclassification rates for the comparative performance sim-
ulation study described in the text in the case of the response variable being Gaussian. Each panel
corresponds to a different combination of group size and error standard deviation. Within each panel,
the side-by-side boxplots compare misclassification rate across each of three methods: spikeSlabGAM
with default settings (sSG), Algorithm 9 (Alg. 9) and Algorithm 10 (Alg. 10). The value of m is the
number of groups. The number observations within each group is fixed at m/10.

Despite exhibiting very good classification performance, spikeSlabGAM is compar-
atively slow and does not scale well to large problems. Our MCMC approach (Algo-
rithm 9) took less than 42 seconds for 90 percent of the fits in the simulation study.
The faster alternative MFVB (Algorithm 10), only required less than 10 seconds of
computing time for most fits. Therefore, both the MCMC and MFVB approaches
scale well with large data sets for the generalized additive mixed model selection
problem with random intercept, with MFVB approach being the faster option.
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Figure 6.8: Side-by-side boxplots of the misclassification rates for the comparative performance sim-
ulation study described in the text in the case of the response variable being binary. Each panel
corresponds to a different group size. Within each panel, the side-by-side boxplots compare misclassi-
fication rate across each of three methods: spikeSlabGAM with default settings (sSG), Algorithm 9
(Alg. 9) and Algorithm 10 (Alg. 10). The value of m is the number of groups. The number observa-
tions within each group is fixed at m/10.
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Algorithm 10: Iterative determination of the optimal parameters according to a mean
field variational Bayes approximation of the posterior distributions for model (6.25).

Data Inputs: N =

m∑
i=1

ni, y(N × 1); X(N × (d◦ + d•));
•
Zk(N × Lk), 1 ≤ k ≤ d•.

Response Type Input: responseType ∈ {Gaussian,Bernoulli} .

Sufficient Statistics Inputs: XTy, XTX, ZTy, ZTX, ZTZ

Hyperparameters Inputs: σβ0 , sβ, sε, su > 0, sU > 0, 1 < ρβ, ρu < 1.

Convergence Criterion Input: εtoler : a small positive number such as 10−8.

Initialize: µq(γβ)
←− 1

2
1d◦+d• ; µq(β̃)

←− 0d◦+d• ; µq(1/aε) ←− 1; µq(1/σ2
ε)
←− 1;

µq(1/aβ) ←− 1; µq(1/σ2
β)
←− 1; κq(σ2

β)
←− 1

2
(d◦ + d• + 1); κq(aβ) ←− 1;

κq(σ2
ε)
←− 1

2
(N + 1); κq(aε) ←− 1; µq(bβ)

←− 1d◦+d• ;

κq(σ2
U ) ←−

m+ 1

2
; κq(aU ) ←− 1; µq(c) ←−

1

2
1N

yT1adj ←− 0; XTyadj ←− XTy; ZTyadj ←− ZTy;

If responseType is Gaussian then yadj ←− y

If responseType is Bernoulli then yadj ←− µq(c)

For k = 1, . . . , d• :

µq(ũk)
←− 0Lk

; σ2
q(ũk)

←− 1Lk
; µq(γuk) ←−

1

2
;

µq(1/auk) ←− 1; µq(1/σ2
uk)
←− 1; µq(buk) ←− 1;

κq(σ2
uk)
←− 1

2
(Lk + 1); κq(auk) ←− 1; ω •

Zk

←− diagonal
(

ZTZ⟨k,k⟩
)

Cycle:

ω12 ←− yT1adj −
m∑
i=1

niUi

σ2
q(β0)

←− 1
/{

Nµq(1/σ2
ε)
+ (1/σ2

β0
)
}

; µq(β0) ←− σ2
q(β0)

µq(1/σ2
ε)
ω12

For i = 1, . . . ,m :

σ2
q(Ui)

←− 1
/{

niµq(1/σ2
ε)
+ µq(1/σ2

U)

}
continued on a subsequent page. . .
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Algorithm 10 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

µq(Ui) ←− σ2
q(Ui)

µq(1/σ2
ε)
1Tni

((
yadj

)
i
−Xi

(
µq(γβ)

⊙ µ
q(β̃)

)
−

d•∑
k=1

Zik

(
µq(γuk)µq(ũk)

))

κq(1/σ2
U)
←−

∥∥µq(U)

∥∥2 + m∑
i=1

µ
q
(
σ2
Ui

); µq(1/σ2
U)
←− κq(σ2

U)
/
λq(σ2

U)

λq((aU ) ←− µq(1/σ2
U)

+ 1
/
s2U ; µq(1/aU ) ←− κq(aU )

/
λq(aU )

Ωq(γβ)
←− diag

{
µq(γβ)

⊙
(
1− µq(γβ)

)}
+ µq(γβ)

µT
q(γβ)

Σ
q(β̃)
←−

{
µq(1/σ2

ε)
Ωq(γβ)

⊙
(
XTX

)
+ µq(1/σ2

β)
diag

(
µq(bβ)

)}−1

ω13 ←− XTyadj −X
T


µq(U1)1n1

...

µq(Um)1nm

− d•∑
k=1

ZTX⟨k⟩T
(
µq(γuk)µq(ũk)

)

µ
q(β̃)
←− µq(1/σ2

ε)
Σ

q(β̃)

(
µq(γβ)

⊙ ω13

)
ω14 ←− µq(β̃)

⊙ µ
q(β̃)

+ diagonal
(
Σ

q(β̃)

)
; µq(bβ)

←−
(
µq(1/σ2

β)
ω14

)−1/2

λq(σ2
β)
←− µq(1/aβ) +

1

2
µT
q(bβ)

ω14 ; µq(1/σ2
β)
←− κq(σ2

β)

/
λq(σ2

β)

λq(aβ) ←− µq(1/σ2
β)

+ s−2
β ; µq(1/aβ) ←− κq(aβ)

/
λq(aβ)

XTUq ←−XT


µq(U1)1n1

...

µq(Um)1nm

 ; ZTUq ←− ZT


µq(U1)1n1

...

µq(Um)1nm

 ;

For k = 1, . . . , d• : µq(uk)
←− µq(γuk)µq(ũk)

For k = 1, . . . , d◦ + d• :

ω15 ←− eTk XTyadj − eTk XTUq − eTk X
d•∑
k=1

(
ZTX⟨k′⟩ek

)T
µq(uk′ )

ω15 ←− µ
q(β̃k)

ω15 −
(

XTXek
)T
−k

×

[(
µq(γβ)

)
−k
⊙
{(

Σ
q(β̃)

ek

)
−k

+ µ
q(β̃k)

(
µ
q(β̃)

)
−k

}]
continued on a subsequent page. . .
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Algorithm 10 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

µq(γβj)
←− expit

(
logit(ρβ))−

1

2
µq(1/σ2

ε)

{(
µ2
q(β̃k)

+ σ2
q(β̃k)

)
eTk XTXek

−2ω15})
For k = 1, . . . , d• : µq(uk)

←− µq(γuk)µq(ũk)

For k = 1, . . . , d• :

ω16 ←− ZTy⟨k⟩
adj − ZTU⟨k⟩

q − ZTX⟨k⟩
(
µq(γβ)

⊙ µ
q(β̃)

)
−

d•∑
k′ ̸=k

ZTZ⟨k,k′⟩µq(uk′ )

σ2
q(ũk)

←− 1Lk

/{
µq(1/σ2

ε)
µq(γuk)ω •

Zk

+ µq(1/σ2
uk)

µq(buk)1Lk

}
µq(ũk)

←− µq(1/σ2
ε)
µq(γuk)

(
ω16 ⊙ σ2

q(ũk)

)
For k = 1, . . . , d• :

ω17 ←−
∥∥µq(ũk)

∥∥2 + 1TLk
σ2
q(ũk)

; µq(buk) ←−
(
µq(1/σ2

uj)
ω17

)−1/2

λq(σ2
uk)
←− µq(1/auk) +

1

2
µq(buk)ω17 ; µq(1/σ2

uk)
←− κq(σ2

uk)

/
λq(σ2

uk)

λq(auk) ←− µq(1/σ2
uk)

+
(
1/s2u

)
; µq(1/auk) ←− κq(auk)

/
λq(auk)

For k = 1, . . . , d• : µq(uk)
←− µq(γuk)µq(ũk)

For k = 1, . . . , d• :

ω18 ←− ZTy⟨k⟩
adj − ZTU⟨k⟩

q − ZTX⟨k⟩
(
µq(γβ)

⊙ µ
q(β̃)

)
−

d•∑
k′ ̸=k

ZTZ⟨k,k′⟩µq(uk′ )

ω19 ←− ωT
•
Zk

(
µq(ũk)

⊙ µq(ũk)
+ σ2

q(ũk)

)
− 2µT

q(ũk)
ω18

µq(γuk) ←− expit
(

logit(ρu)−
1

2
µq(1/σ2

ε)
ω19

)

ω20 ←− 1Nµq(β0) +


µq(U1)1n1

...

µq(Um)1nm

+X
(
µq(γβ)

⊙ µ
q(β̃)

)
+

d•∑
k=1

•
Zk

(
µq(γuk)µq(ũk)

)

continued on a subsequent page. . .
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Algorithm 10 continued: This is a continuation of the description of this algorithm
that commences on a preceding page.

If responseType is Gaussian then

Ωq(γβ)
←− diag

{
µq(γβ)

⊙
(
1− µq(γβ)

)}
+ µq(γβ)

µT
q(γβ)

λq(σ2
ε)
←− µq(1/aε) +

1

2

∥∥∥y − ω20

∥∥∥2 + 1

2
Nσ2

q(β0)
+

1

2

m∑
i=1

(
niσ

2
q(Ui)

)
+
1

2
tr
[
XTX

{
Ωq(γβ)

⊙
(
Σ

q(β̃)
+ µ

q(β̃)
µT
q(β̃)

)}]
−1

2
tr
{
XTX

(
µq(γβ)

⊙ µ
q(β̃)

)(
µq(γβ)

⊙ µ
q(β̃)

)T}

+
1

2

d•∑
k=1

ωT
•
Zk

(
µq(γuk)

[
σ2
q(ũk)

+
{
1− µq(γuk)

}(
µq(ũk)

⊙ µq(ũk)

)])
µq(1/σ2

ε)
←− κq(σ2

ε)

/
λq(σ2

ε)
; λq(aε) ←− µq(1/σ2

ε)
+
(
1
/
s2ε

)
;

µq(1/aε) ←− κq(aε)

/
λq(aε)

If responseType is Bernoulli then

µq(1/σ2
ε)
←− 1 ; µq(c) ←− ω20 +

(
2y − 1N

)
⊙ ζ ′

((
2y − 1N

)
⊙ ω20

)
yT1adj ←− µT

q(c)1N ; XTyadj ←−X
Tµq(c) ; ZTyadj ←− Z

Tµq(c); yadj ←− µq(c);

until the relative change in the log(p(y; q)) is below εtoler.

Outputs: All q-density parameters.

spikeSlabGAM Algorithm 9 Algorithm 10

10th percentile 218.1 5.66 1.12
50th percentile 1384.7 15.90 3.35
90th percentile 5261.8 41.42 9.86

Table 6.1: 10th, 50th and 90th percentiles for the number of seconds required for each generalized
additive mixed model selection approach with random intercept across all settings and replications
for the comparative performance simulation study.
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6.A Derivations of Full Conditional Distributions

The const in Appendix 6.A is a constant that does not depend on any parameters.

6.A.1 Full Conditional Distribution of β0

First note that

p(β0
∣∣rest) ∝

m∏
i=1

{
p
(
yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε

)}
p (β0) .

We have

m∏
i=1

{
p
(
yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε

)}

∝ exp

− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−
d•∑
k=1

Zik(γukũk)

∥∥∥∥∥
2


∝ exp

− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥riβ0 − 1niβ0

∥∥∥∥∥
2


∝ exp

{
− 1

2σ2
ε

m∑
i=1

(
−2β01T

niriβ0 + niβ
2
0

)}

if we define

riβ0 ≡ yi − 1niUi −X i(γβ ⊙ β̃)−
d•∑
k=1

Zik(γukũk),

and note that

m∑
i=1

(
1T
niriβ0

)
=

m∑
i=1

(
1T
ni

(
yi − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

))

= yT1−
m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)
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where
•
Zk defined in (6.12). Then

m∏
i=1

p
(
yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε

)

∝ exp



β0
β2
0

T


yT1−

m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)

σ2
ε

− 1

2σ2
ε

m∑
i=1

ni




.

Since p(β0) is the N(0, σ2
β0
) density function, we have

p(β0) ∝ exp


[
β0

β2
0

]T [
0

−1/2

]
(1/σ2

β0
)

 .

Therefore

p(β0
∣∣rest)

∝ exp



 β0

β2
0

T


yT1−

m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)

σ2
ε

−1

2

(
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

)




.

(6.86)
Therefore p(β0

∣∣rest) has a Normal distribution with natural parameter vector

(
yT1−

m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)

)/
σ2
ε

−1

2

(
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

)
 .

The variance is

1

/(
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

)
.
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The mean is

1

σ2
ε

(
yT1−

m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)

)
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

.

Therefore

β0
∣∣rest ∼

N


1

σ2
ε

(
yT1−

m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)

)
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

,

1

1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

 .

We define

ω1 ≡ yT1−
m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)

=
(
yT1

)
−

m∑
i=1

(niUi) .

The last step above is using feature ofX matrix in (6.10) to be 1T
NX = 0, N =

m∑
i=1

ni

and Z matrix in (6.13) to be
•
ZT

k 1 = 0Lk
, 1 ≤ k ≤ d•. We also define

ω2 ≡
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

.

Then β0
∣∣rest ∼ N

(
ω1

(σ2
ε)ω2

,
1

ω2

)
is as given in Algorithm 9 in Section 6.5.3.
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6.A.2 Full Conditional Distribution of Ui

First note that, for 1 ≤ i ≤ m,

p(Ui

∣∣rest) ∝ p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)p(Ui

∣∣σ2
U).

We have

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)

∝ exp

− 1

2σ2
ε

∥∥∥∥∥yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−
d•∑
k=1

Zik(γukũk)

∥∥∥∥∥
2


∝ exp

− 1

2σ2
ε

∥∥∥∥∥rUi
− 1niUi

∥∥∥∥∥
2
 ∝ exp

{
− 1

2σ2
ε

(
−2Ui1

T
nirUi

+ niU
2
i

)}
.

If we define

rUi
≡ yi − 1niβ0 −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

then

p
(
yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε

)

∝ exp


Ui

U2
i

T
1T

ni

(
yi − 1niβ0 −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

)
−ni/2

 (1/σ2
ε)

 .

From Ui

∣∣σ2
U ∼ N (0, σ2

U) , 1 ≤ i ≤ m, we have

p(Ui

∣∣σ2
U) ∝ exp


 Ui

U2
i

T
 0

−1

2

(1/σ2
U

) .
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Then

p(Ui

∣∣rest) ∝ p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)p(Ui

∣∣σ2
U)

∝ exp


Ui

U2
i

T


1

σ2
ε

1T
ni

(
yi − 1niβ0 −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

)
−1

2

(
ni

σ2
ε

+
1

σ2
U

)

 .

(6.87)

Therefore p(Ui

∣∣rest) has a Normal distribution with natural parameter vector
1T
ni

(
yi − 1niβ0 −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

)/
σ2
ε

−1

2

(
ni

σ2
ε

+
1

σ2
U

)
 .

The variance is
1

ni

σ2
ε

+
1

σ2
U

.

The mean is

1

σ2
ε

1T
ni

(
yi − 1niβ0 −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

)
ni

σ2
ε

+
1

σ2
U

.

In summary, for 1 ≤ i ≤ m,

Ui

∣∣rest ∼ N

((
ni

σ2
ε

+
1

σ2
U

)−1
1

σ2
ε

1T
ni

{
yi − 1niβ0 −X i(γβ ⊙ β̃)

−
d•∑
k=1

Zik(γukũk)

}
,

(
ni

σ2
ε

+
1

σ2
U

)−1
)
.
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If we define

ω3≡1T
ni

(
yi − 1niβ0 −X i(γβ ⊙ β̃)−

d•∑
k=1

Zik(γukũk)

)

=
(
1T
niyi

)
− niβ0 −

(
XT

i 1ni

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

(
ZT

ik1ni

)T
(γukũk)

and
ω4 ≡

ni

σ2
ε

+
1

σ2
U

,

then Ui

∣∣rest ∼ N

(
ω3

σ2
εω4

,
1

ω4

)
, 1 ≤ i ≤ m, as in Algorithm 9 in Section 6.5.3.

6.A.3 Full Conditional Distribution of σ2U
First note that

p(σ2
U

∣∣rest) ∝

{
m∏
i=1

p(Ui

∣∣σ2
U)

}
p(σ2

U

∣∣aU).
From

Ui

∣∣aU ind.∼ N
(
0, σ2

U

)
, 1 ≤ i ≤ m,

we have

m∏
i=1

p(Ui

∣∣σ2
U) ∝

(
σ2
U

)−m
2 exp

(
−
∥∥U∥∥2
2σ2

U

)
.

From
σ2
U

∣∣aU ∼ Inverse-Gamma
(
1

2
, 1/aU

)
,

we have
p(σ2

U

∣∣aU) ∼ (σ2
U

)−1
2
−1

exp

(
− 1

aUσ2
U

)
.

Then we obtain

p(σ2
U

∣∣rest)∝
(
σ2
U

)−m+1
2

−1
exp

(
− 1

σ2
U

(∥∥U∥∥2
2

+
1

aU

))
.
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Therefore

σ2
U

∣∣rest ∼ Inverse-Gamma

(
m+ 1

2
,

∥∥U∥∥2
2

+
1

aU

)
.

6.A.4 Full Conditional Distribution of aU

First note that
p(aU

∣∣rest) ∝ p(σ2
U

∣∣aU)p(aU).
In our full model, we have

σ2
U

∣∣aU ∼ Inverse-Gamma
(
1

2
, 1/aU

)
and aU ∼ Inverse-Gamma

(
1

2
, 1/s2U

)
.

Then

p(aU
∣∣rest)∝ (aU)

−1
2 exp

(
− 1

aUσ2
U

)
(aU)

−
1

2
−1

exp

(
− 1

aUs2U

)
∝ (aU)

−1−1 exp

(
− 1

aU

(
1

σ2
U

+
1

s2U

))
.

Therefore
aU
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
U

+
1

s2U

)
.

6.A.5 Full Conditional Distribution of β̃

First note that

p(β̃
∣∣rest) ∝

m∏
i=1

{
p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)
}
p(β̃
∣∣σ2

β , bβ).

If we define

riβ̃ ≡ yi − 1niβ0 − 1niUi −
d•∑
k=1

Zik(γukũk)

and
X iγβ

≡X idiag
(
γβ

)
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then we have

m∏
i=1

{
p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)
}

∝ exp

− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥yi − 1niβ0 − 1niUi −X idiag
(
γβ

)
β̃ −

d•∑
k=1

Zik(γukũk)

∥∥∥∥∥
2


∝ exp

− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥riβ̃ −X iγβ
β̃

∥∥∥∥∥
2


∝ exp

[
− 1

2σ2
ε

m∑
i=1

{
−2β̃

T
XT

iγβ
riβ̃ +

(
vec

(
β̃β̃

T
))T

vec
(
XT

iγβ
X iγβ

)}]
.

Then

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)

∝ exp



 β̃

vec
(
β̃β̃

T
)


T



m∑
i=1

{
XT

iγβ

σ2
ε

(
yi − 1niβ0 − 1niUi −

d•∑
k=1

Zik(γukũk)

)}

−1

2

m∑
i=1

vec

(
XT

iγβ
X iγβ

σ2
ε

)



as well as

p(β̃
∣∣σ2

β , bβ) ∝ exp


 β̃

vec
(
β̃β̃

T
)


T  0

−1

2
vec (diag (bβ)) .

 (1/σ2
β)

 .

Therefore

p(β̃
∣∣rest)

∝ exp


 β̃

vec
(
β̃β̃

T
)


T


m∑
i=1

{
XT

iγβ

σ2
ε

(
yi − 1niβ0 − 1niUi −

d•∑
k=1

Zik(γukũk)

)}

−1

2
vec

{
1

σ2
ε

(
m∑
i=1

XT
iγβ
X iγβ

)
+

diag (bβ)

σ2
β

}

 .



6.A.5. Full Conditional Distribution of β̃ 368

The first component of the natural parameter vector of β̃
∣∣rest is:

1

σ2
ε

m∑
i=1

[
XT

iγβ

{
yi − 1niβ0 − 1niUi −

d•∑
k=1

Zik(γukũk)

}]
.

The inverse vec of the second component of natural parameter vector is

−1

2

{
1

σ2
ε

(
m∑
i=1

XT
iγβ
X iγβ

)
+

diag (bβ)

σ2
β

}
.

It follows that the covariance matrix of β̃|rest is{
1

σ2
ε

(
m∑
i=1

XT
iγβ
X iγβ

)
+

diag (bβ)

σ2
β

}−1

and the mean vector is{
1

σ2
ε

(
m∑
i=1

XT
iγβ
X iγβ

)
+

diag (bβ)

σ2
β

}−1(
1

σ2
ε

)

×
m∑
i=1

[
XT

iγβ

{
yi − 1niβ0 − 1niUi −

d•∑
k=1

Zik(γukũk)

}]
.

This leads to

β̃
∣∣rest ∼ N

({
1

σ2
ε

(
m∑
i=1

XT
iγβ
X iγβ

)
+

diag (bβ)

σ2
β

}−1
1

σ2
ε

m∑
i=1

[
XT

iγβ

{
yi − 1niβ0

−1niUi −
d•∑
k=1

Zik(γukũk)
}]
,

{
1

σ2
ε

(
m∑
i=1

XT
iγβ
X iγβ

)
+

diag (bβ)

σ2
β

}−1)
.

Note that

m∑
i=1

XT
iγβ
X iγβ

=
m∑
i=1

{(
X idiag(γβ)

)T
X idiag(γβ)

}

= diag(γβ)

(
m∑
i=1

XT
i X i

)
diag(γβ) =

(
γβγ

T
β

)
⊙
(
XTX

)
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and note that

m∑
i=1

[
XT

iγβ

{
yi − 1niβ0 − 1niUi −

d•∑
k=1

Zik(γukũk)

}]

=
m∑
i=1

[
γβ ⊙

{
XT

i

(
yi − 1niβ0 − 1niUi −

d•∑
k=1

Zik(γukũk)

)}]

= γβ ⊙


(
XTy

)
− β0

(
XT1

)
−XT


U11n1

...
Um1nm

−
(

d•∑
k=1

( •
ZT

kX
)T

(γukũk)

)
where

•
Zk defined in (6.12). If we define

ω5 ≡
(
XTy

)
− β0

(
XT1

)
−XT


U11n1

...
Um1nm

−
(

d•∑
k=1

( •
ZT

kX
)T

(γukũk)

)

=
(
XTy

)
−XT


U11n1

...
Um1nm

−
(

d•∑
k=1

( •
ZT

kX
)T

(γukũk)

)
,

the last step above is using the feature of the X matrix in (6.10) that XT1 = 0.

Therefore, we obtain

β̃
∣∣rest ∼ N

({(
γβγ

T
β

)
⊙
(
XTX

)
σ2
ε

+
diag (bβ)

σ2
β

}−1
1

σ2
ε

[
γβ ⊙

{(
XTy

)
−XT

×


U11n1

...
Um1nm

− ( d•∑
k=1

( •
ZT

kX
)T

(γukũk)
)}]

,

{(
γβγ

T
β

)
⊙
(
XTX

)
σ2
ε

+
diag (bβ)

σ2
β

}−1)
.

We also define
Ω ≡ 1

σ2
ε

(XTX)⊙ (γβγ
T
β ) +

1

σ2
β

diag(bβ),

then decompose Ω = UΩdiag (dΩ)U
T
Ω where UT

ΩUΩ = I. If

z ∼ N (0, I) ((d◦ + d•)× 1) ,
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then

UΩ

(
UT

Ωz√
dΩ

+
UT

Ω

(
γβ ⊙ ω5

)
dΩ (σ2

ε)

)
has the same distribution as β̃

∣∣rest,

which is as given in Algorithm 9 in Section 6.5.3.

6.A.6 Full Conditional Distribution of ũk

First note that, for 1 ≤ k ≤ d•,

p
(
ũk

∣∣rest
)
∝

{
m∏
i=1

p
(
yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε

)}
p
(
ũ
∣∣σ2

uk, buk
)
.

If we define

riũk
≡ yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k′ ̸=k

Zik′(γuk′ũk′)

and define
Ziγuk

≡ Zik(γuk),

we have

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε) ∝ exp

{
− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)

−
d•∑

k′ ̸=k

Zik′(γuk′ũk′)−Zik(γuk)ũk

∥∥∥∥∥
2}

∝ exp

− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥riũk
−Ziγuk

∥∥∥∥∥
2


∝ exp

{
− 1

2σ2
ε

m∑
i=1

(
−2ũT

kZ
T
iγuk
riũk

+
(

vec
(
ũkũ

T
k

))T
vec

(
ZT

iγuk
Ziγuk

))}
.
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Then

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε) ∝ exp




ũk

vec
(
ũkũ

T
k

)


T

×


m∑
i=1

{
ZT

iγuk

σ2
ε

}(
yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k′ ̸=k

Zik′(γuk′ũk′)

)

−1

2

m∑
i=1

vec

(
ZT

iγuk
Ziγuk

σ2
ε

)

 ,

as well as

p(ũk

∣∣σ2
uk, buk) ∝ exp


 ũk

vec
(
ũkũ

T
k

)


T  0

−1

2
vec (diag (bukILk

)) .

 (1/σ2
uk)

 .

Therefore

p(ũk

∣∣rest) ∝ exp




ũk

vec
(
ũkũ

T
k

)


T

×


m∑
i=1

{
ZT

iγuk

σ2
ε

(
yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k′ ̸=k

Zik′(γuk′ũk′)

)}

−1

2
vec

{
1

σ2
ε

(
m∑
i=1

ZT
iγuk
Ziγuk

)
+
buk
σ2
uk

ILk

}

 .

The first component of the natural parameter vector of ũk

∣∣rest is:

1

σ2
ε

m∑
i=1

[
ZT

iγuk

(
yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k′ ̸=k

Zik′(γuk′ũk′)

)]
.
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The inverse vec of the second component of natural parameter vector is

−1

2

{
1

σ2
ε

(
m∑
i=1

ZT
iγuk
Ziγuk

)
+
buk
σ2
uk

ILk

}
.

It follows that the covariance matrix of ũk|rest, 1 ≤ k ≤ d•, is{
1

σ2
ε

(
m∑
i=1

ZT
iγuk
Ziγuk

)
+
buk
σ2
uk

ILk

}−1

and the mean vector is{
1

σ2
ε

(
m∑
i=1

ZT
iγuk
Ziγuk

)
+
buk
σ2
uk

ILk

}−1(
1

σ2
ε

)

×
m∑
i=1

[
ZT

iγuk

(
yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k′ ̸=k

Zik′(γuk′ũk′)

)]
.

Next, we simplify the covariance matrix. Recalling that

Ziγuk
= Zik (γuk) ,

then

m∑
i=1

ZT
iγuk
Ziγuk

=
m∑
i=1

(Zik (γuk))
T (Zik (γuk)) = (γuk)

•
ZT

k

•
Zk (γuk) = γukdiag

(
ω •

Zk

)
where

diag
(
ω •

Zk

)
≡
( •
ZT

k

•
Zk

)
and

•
Zk is defined in (6.12).

Then

1

σ2
ε

(
m∑
i=1

ZT
iγuk
Ziγuk

)
+
buk
σ2
uk

ILk
= diag

(γukω •
Zk

σ2
ε

+
buk1Lk

σ2
uk

)
.

Therefore{
1

σ2
ε

(
m∑
i=1

ZT
iγuk
Ziγuk

)
+
buk
σ2
uk

ILk

}−1

= diag
(γukω •

Zk

σ2
ε

+
buk1Lk

σ2
uk

)−1

.
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Note that

m∑
i=1

[
ZT

iγuk

(
yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k′ ̸=k

Zik′(γuk′ũk′)

)]

= γuk

{
•
ZT

k y − β0
( •
ZT

k 1
)
−

•
ZT

k


U11n1

...
Um1nm

− ( •
ZT

kX
)(
γβ ⊙ β̃

)

−
d•∑

k′ ̸=k

( •
ZT

k

•
Zk′

)
(γuk′ũk′)

}
.

The required result follows if we define

ω8 ≡
•
ZT

k y − β0
( •
ZT

k 1
)
−

•
ZT

k


U11n1

...
Um1nm

− ( •
ZT

kX
)(
γβ ⊙ β̃

)
−

d•∑
k′ ̸=k

( •
ZT

k

•
Zk′

)
(γuk′ũk′) .

Using the feature of the Z matrix in (6.13) that
•
ZT

k 1 = 0, 1 ≤ k ≤ d•, we obtained ω8

in Algorithm 9 in Section 6.5.3 to be

ω8 =
•
ZT

k y −
•
ZT

k


U11n1

...
Um1nm

− ( •
ZT

kX
)(
γβ ⊙ β̃

)
−

d•∑
k′ ̸=k

( •
ZT

k

•
Zk′

)
(γuk′ũk′) .

Therefore, we obtain (6.37) in Section 6.5.3 to be:

ũk

∣∣rest ∼ N

(
diag

(γukω •
Zk

σ2
ε

+
buk1Lk

σ2
uk

)−1 [
γuk

{ •
ZT

k y −
•
ZT

k


U11n1

...
Um1nm


−
( •
ZT

kX
)(
γβ ⊙ β̃

)
−

d•∑
k′ ̸=k

( •
ZT

k

•
Zk′

)
(γuk′ũk′)

}]
,diag

(γukω •
Zk

σ2
ε

+
buk1Lk

σ2
uk

)−1
)
.

We also define

ω9 ≡
γukω •

Zk

σ2
ε

+
buk1Lk

σ2
uk



6.A.7. Full Conditional Distribution of γβk
374

and generate the Lk × 1 Multivariate Normal random vector z ∼ N (0, ILk
) . Then

z
√
ω9

+
γukω8

ω9σ2
ε

has the same distribution as ũk

∣∣rest, which is given in Algorithm 9 in Section 6.5.3,
1 ≤ k ≤ d•.

6.A.7 Full Conditional Distribution of γβk

First note that, for 1 ≤ k ≤ d◦ + d•,

p(γβk

∣∣rest) ∝

{
m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)

}
p(γβk

).

If we define

riγβk ≡ yi − 1niβ0 − 1niUi − (X i)−k

{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

Zik′(γuk′ũk′),

and note that as a function of γβk
, using γβk

∈ {0, 1} implies that γ2βk
= γβk

, we have

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε) ∝ exp (γβk

ηβk1
)

∝ exp

{
− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥yi − 1niβ0 − 1niUi − (X i)−k

{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−X ikγβk

β̃k

−
d•∑

k′=1

Zik′(γuk′ũk′)

∥∥∥∥∥
2}

∝ exp

− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥γβk
β̃kX ik − riγβk

∥∥∥∥∥
2


∝ exp

{
− 1

2σ2
ε

γβk

(
β̃2
k

m∑
i=1

∥∥∥X ik

∥∥∥2 − 2β̃k

m∑
i=1

XT
ikriγβk

)}
.
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This implies that

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε) ∝ exp

[
− 1

2σ2
ε

γβk

{
β̃2
k

m∑
i=1

∥∥∥X ik

∥∥∥2 − 2β̃k

×
m∑
i=1

XT
ik

(
yi − 1niβ0 − 1niUi − (X i)−k

{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

Zik′(γuk′ũk′)

)}]

where

ηβk1
= − 1

2σ2
ε

{
β̃2
k

m∑
i=1

∥∥∥X ik

∥∥∥2 − 2β̃k

m∑
i=1

XT
ik

(
yi − 1niβ0 − 1niUi

− (X i)−k

{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

Zik′ (γuk′ũk′)

)}
.

Also, for each 1 ≤ k ≤ d◦ + d•, we have p(γβk
) ∝ exp {γβk

logit(ρβ)} . Therefore,
p(γβk

∣∣rest) ∝ exp [γβk
{ηβk1

+ logit(ρβ)}] . It follows that

γβk

∣∣rest ∼ Bernoulli
(

1

1 + exp(−γβk
)

)
, 1 ≤ k ≤ d◦ + d•

where

ηβk
= logit(ρβ)−

1

2σ2
ε

[
β̃2
k

m∑
i=1

∥∥∥X ik

∥∥∥2 − 2β̃k

m∑
i=1

XT
ik

{
yi − 1niβ0 − 1niUi − (X i)−k

×
{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

Zik′ (γuk′ũk′)

}]
.

If we define

ω6 ≡
m∑
i=1

XT
ik

(
yi − 1niβ0 − 1niUi − (X i)−k

{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

Zik′ (γuk′ũk′)

)
,

using the feature of the X matrix in (6.10) that
•
XT

k 1 = 0, 1 ≤ k ≤ d◦ + d•, with
•
Xk defined in (6.11) and

•
Zk defined in (6.12), we obtain ω6 in Algorithm 9 in Section
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6.5.3 to be:

ω6 =
( •
XT

k y
)
− β0

( •
XT

k 1
)
−

•
XT

k


U11n1

...
Um1nm

− ( •
XT

(−k)

•
Xk

)T {(
γβ

)
−k
⊙
(
β̃
)
−k

}

−
d•∑

k′=1

( •
ZT

k′

•
Xk

)T
(γuk′ũk′)

=
(
XTy

)⟨k⟩ −
XT


U11n1

...
Um1nm




⟨k⟩

−
{(
XTX

)⟨−k,k⟩
}T

×
{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

{(
ZTX

)⟨k′,k⟩}T

(γuk′ũk′) .

Note that

m∑
i=1

∥∥∥X ik

∥∥∥2 = ∥∥∥ •
Xk

∥∥∥2 = ( •
Xk

)T •
Xk = e

T
k

(
XTX

)
ek,

and we define

ω7 ≡ logit(ρβ)−
1

2σ2
ε

[
β̃2
k

m∑
i=1

∥∥∥X ik

∥∥∥2 − 2β̃k

m∑
i=1

XT
ik

{
yi − 1niβ0 − 1niUi

− (X i)−k

{(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

Zik′ (γuk′ũk′)

}]
.

Then we obtain ω7 in Algorithm 9 in Section 6.5.3 to be:

ω7 = logit(ρβ)−
1

2σ2
ε

{
β̃2
ke

T
k

(
XTX

)
ek − 2β̃kω6

}
.
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Then we obtain (6.38) in Section 6.5.3 to be:

ηβk
= logit(ρβ)−

1

2σ2
ε

{
β̃2
k

∥∥∥ •
Xk

∥∥∥2 − 2β̃k

(( •
XT

k y
)
−

•
XT

k


U11n1

...
Um1nm


−
( •
XT

(−k)

•
Xk

)T {(
γβ

)
−k
⊙
(
β̃
)
−k

}
−

d•∑
k′=1

( •
ZT

k′

•
Xk

)T
(γuk′ũk′)

)}
.

6.A.8 Full Conditional Distribution of γuk

First note that, for 1 ≤ k ≤ d•,

p(γuk
∣∣rest) ∝

{
m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)

}
p(γuk).

If we define

riγuk ≡ yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−
d•∑

k′ ̸=k

Zik′(γuk′ũk′),

and note that

m∑
i=1

(
ZT

ikZik

)
=

•
ZT

k

•
Zk.
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As a function of γuk and noting that γuk ∈ {0, 1} implies that γ2uk = γuk, we have

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε) ∝ exp (γukηuk1)

∝ exp

{
− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−
d•∑

k′ ̸=k

Zik′(γuk′ũk′)

−Zikγukũk

∥∥∥∥∥
2}

∝ exp

− 1

2σ2
ε

m∑
i=1

∥∥∥∥∥riγuk − γukZikũk

∥∥∥∥∥
2


∝ exp

[
− 1

2σ2
ε

{
γuk

(
ωT

•
Zk

(ũk ⊙ ũk)− 2ũT
k

m∑
i

ZT
ikriγuk

)}]

with
•
Zk defined as in (6.12). Using the feature of the Z matrix in (6.13) that

•
ZT

k 1 =

0, 1 ≤ k ≤ d•, we have

m∑
i=1

(
ZT

ikriγuk
)
=

m∑
i=1

(
ZT

ik

(
yi − 1niβ0 − 1niUi −X i(γβ ⊙ β̃)−

d•∑
k′ ̸=k

Zik′(γuk′ũk′)

))

=
•
ZT

k y −
•
ZT

k 1β0 −
•
ZT

k


U11n1

...
Um1nm

− •
ZT

kX
(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

•
ZT

k

•
Zk′ (γuk′ũk′)

=
•
ZT

k y −
•
ZT

k


U11n1

...
Um1nm

− •
ZT

kX
(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

•
ZT

k

•
Zk′ (γuk′ũk′) .
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This implies that

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε) ∝ exp

[
− 1

2σ2
ε

γuk

{
ωT

•
Zk

(ũk ⊙ ũk)− 2ũT
k

×
( •
ZT

k y −
•
ZT

k


U11n1

...
Um1nm

− •
ZT

kX
(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

•
ZT

k

•
Zk′ (γuk′ũk′)

)}]

∝ exp (γukηuk1)

where

ηuk1 = −
1

2σ2
ε

{
ωT

•
Zk

(ũk ⊙ ũk)− 2ũT
k

(
•
ZT

k y −
•
ZT

k


U11n1

...
Um1nm


−

•
ZT

kX
(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

•
ZT

k

•
Zk′ (γuk′ũk′)

)}
.

Also, for each 1 ≤ k ≤ d•,

p(γuk) ∝ exp {γuklogit(ρu)} .

Therefore

p(γuk
∣∣rest) ∝ exp [γuk {ηuk1 + logit(ρu)}] .

Hence, (6.39) is obtained in Section 6.5.3 to be:

γuk
∣∣rest ∼ Bernoulli

(
1

1 + exp(−γuk)

)
, 1 ≤ k ≤ d•
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where

ηuk = logit(ρu)−
1

2σ2
ε

[
ωT

•
Zk

(ũk ⊙ ũk)− 2ũT
k

{
•
ZT

k y

−
•
ZT

k


U11n1

...
Um1nm

− •
ZT

kX
(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

•
ZT

k

•
Zk′ (γuk′ũk′)

}]
.

Therefore, ω10 and ω11 are defined and obtained in Algorithm 9 in Section 6.5.3 to
be:

ω10 ≡
•
ZT

k y −
•
ZT

k


U11n1

...
Um1nm

− •
ZT

kX
(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

•
ZT

k

•
Zk′ (γuk′ũk′)

and

ω11 ≡ ηuk = logit(ρu)−
1

2σ2
ε

[
ωT

•
Zk

(ũk ⊙ ũk)− 2ũT
k

{
•
ZT

k y

−
•
ZT

k


U11n1

...
Um1nm

− •
ZT

kX
(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

•
ZT

k

•
Zk′ (γuk′ũk′)

}]

= logit(ρu)−
1

2σ2
ε

{
ωT

•
Zk

(ũk ⊙ ũk)− 2ũT
kω10

}
.

6.A.9 Full Conditional Distribution of σ2ε
First note that, for 1 ≤ i ≤ m,

p(σ2
ε

∣∣rest) ∝

{
m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε)

}
p(σ2

ε

∣∣aε)
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with N ≡
m∑
i=1

ni, where

m∏
i=1

p(yi

∣∣β0, Ui, β̃,γβ, ũ,γu, σ
2
ε) ∝

(
1√
σ2
ε

)N

exp

{
− 1

2σ2
ε

m∑
i=1

(yi − 1ni
β0 − 1ni

Ui

−X i(γβ ⊙ β̃)−
d•∑
k=1

Zik(γukũk)

)}

∝

(
1√
σ2
ε

)N

exp

{
− 1

2σ2
ε

(
y − 1Nβ0 −


U11n1

...
Um1nm

−X(γβ ⊙ β̃)

−
d•∑
k=1

•
Zk(γukũk)

)}

and

p(σ2
ε

∣∣aε) ∝ (σ2
ε

)−1
2
−1

exp

(
− 1

aεσ2
ε

)
.

Therefore

p
(
σ2
ε

∣∣rest
)
∝
(
σ2
ε

)−1+N
2

−1

exp

−
1

σ2
ε

 1

aε
+

1

2

∥∥∥∥∥y − 1Nβ0 −


U11n1

...
Um1nm

−X(γβ ⊙ β̃)−
d•∑
k=1

•
Zk(γukũk)

∥∥∥∥∥
2


 .

In summary, if the response type is Gaussian, we obtain (6.40 ) in Section 6.5.3 to
be:

σ2
ε

∣∣rest ∼ Inverse-Gamma

(
1 +N

2
,
1

aε
+

1

2

∥∥∥∥∥y − 1Nβ0 −


U11n1

...
Um1nm


−X

(
γβ ⊙ β̃

)
−

d•∑
k=1

•
Zk (γukũk)

∥∥∥∥∥
2)
.
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If we define

ω12 = 1Nβ0 +


U11n1

...
Um1nm

+X
(
γβ ⊙ β̃

)
+

d•∑
k=1

•
Zk (γukũk)

then
σ2
ε

∣∣rest ∼ Inverse-Gamma
(
1 +N

2
,
(
1
/
aε
)
+

1

2

∥∥∥y − ω12

∥∥∥2) .
If the response data is binary, note that µij = (ω12)ij , 1 ≤ i ≤ m, 1 ≤ j ≤ ni, following
(6.26) and (6.27) in Section 6.4.3, we have

yij = 1 if and only if cij ≥ 0;

yij
∣∣cij ind.∼ Bernoulli(I(cij ≥ 0));

cij
∣∣β0, Ui, β̃,γβ, ũ,γu ∼ N (µij, 1) , 1 ≤ i ≤ m, 1 ≤ j ≤ ni.

Then

p(cij
∣∣rest) ∝ p(yij

∣∣cij)p(cij∣∣β0, Ui, β̃,γβ, ũ,γu) ∝

 ϕ(cij − µij)I(cij ≥ 0);

ϕ(cij − µij)I(cij < 0).

Therefore

cij
∣∣rest ∼


Truncated-Normal+(µij, 1), yij = 1;

Truncated-Normal−(µij, 1), yij = 0.

Using Result 1.7.3, we have

cij
∣∣rest ∼ Truncated-Normal−(µij, 1) equivalent to

−cij
∣∣rest ∼ Truncated-Normal+(−µij, 1).

Therefore

cij
∣∣rest ∼


Truncated-Normal+(µij, 1), yij = 1;

−Truncated-Normal+(−µij, 1), yij = 0.
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In summary, for 1 ≤ i ≤ m, 1 ≤ j ≤ ni,

cij
∣∣rest ∼ (2yij − 1)Truncated-Normal+((2yij − 1)µij, 1)

is as given in Algorithm 9 in Section 6.5.3 for the binary responses. Then we obtain
(6.42) in Section 6.5.3 to be

yij
∣∣cij ind.∼ Bernoulli (I (cij ≥ 0)) , 1 ≤ i ≤ m, 1 ≤ j ≤ ni,

cij
∣∣rest ∼ (2yij − 1)Truncated-Normal+(2yij − 1)

[
1ni

β0 + 1ni
Ui +X i

(
γβ ⊙ β̃

)
+

d•∑
k=1

Zik (γukũk)

]
j

, 1

 ,

yij = 1 or yij = 0.

Recalling that

µij = (ω12)ij =

1Nβ0 +


U11n1

...
Um1nm

+X
(
γβ ⊙ β̃

)
+

d•∑
k=1

•
Zk (γukũk)


ij

=

[
1ni

β0 + 1ni
Ui +X i

(
γβ ⊙ β̃

)
+

d•∑
k=1

Zik (γukũk)

]
j

then

cij
∣∣rest ∼ (2yij − 1)Truncated-Normal+ ((2yij − 1)µij, 1) , yij = 1 or yij = 0.

If we define
(ω13)ij ≡ Truncated-Normal+((2yij − 1)µij, 1),

then
cij
∣∣rest ∼ (2yij − 1) (ω13)ij

is as given in Algorithm 9 in Section 6.5.3 for the binary responses.
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6.A.10 Full Conditional Distribution of aε

Following the steps in Appendix 2.B.7, we obtain (6.41) in Section 6.5.3 to be

aε
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
ε

+
1

s2ε

)
.

6.A.11 Full Conditional Distribution of bβk

Following the steps in Appendix 2.B.8, we obtain (6.43) in Section 6.5.3 to be:

bβk

∣∣rest ∼ Inverse-Gaussian

(
σβ

|β̃k|
, 1

)
, 1 ≤ k ≤ d◦ + d•.

6.A.12 Full Conditional Distribution of buk

Following the steps in Appendix 2.B.9, we obtain (6.44) in Section 6.5.3 to be:

buk
∣∣rest ∼ Inverse-Gaussian

(
σuk∥∥ũk

∥∥ , 1
)
, 1 ≤ k ≤ d•.

6.A.13 Full Conditional Distribution of σ2
β

Following the steps in Appendix 2.B.10, we obtain (6.45) in Section 6.5.3 to be:

σ2
β

∣∣rest ∼ Inverse-Gamma

(
d◦ + d• + 1

2
,
β̃

T
diag(bβ)β̃

2
+

1

aβ

)
.

6.A.14 Full Conditional Distribution of aβ

Following the steps in Appendix 2.B.11, we obtain (6.46) in Section 6.5.3 to be:

aβ

∣∣rest ∼ Inverse-Gamma
(
1,

1

σ2
β

+
1

s2β

)
.



6.A.15. Full Conditional Distribution of σ2
uk 385

6.A.15 Full Conditional Distribution of σ2uk
Following the steps in Appendix 2.B.12, we obtain (6.47) in Section 6.5.3 to be:

σ2
uk

∣∣rest ∼ Inverse-Gamma
(
Lk + 1

2
,
buk∥ũk∥2

2
+

1

auk

)
, 1 ≤ k ≤ d•.

6.A.16 Full Conditional Distribution of auk

Following the steps in Appendix 2.B.13, we obtain (6.48) in Section 6.5.3 to be:

auk
∣∣rest ∼ Inverse-Gamma

(
1,

1

σ2
uk

+
1

s2u

)
, 1 ≤ k ≤ d•.
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6.B The q-Density approximation of parameters

Throughout Appendix 6.B, “const" denotes a constant that does not depend on any
q-density parameters.

6.B.1 The q-Density of β0

Similar to the approach of used to obtain the q-density of β0 in Appendix 4.A.1, and
recalling that p (β0|rest) in (6.86), we have

q (β0) having a N
(
µq(β0), σ

2
q(β0)

)
density function

where the q-density parameters are determined from

Eq

[
log
{
p
(
β0
∣∣rest

)}]
=

β0
β2
0

T

×Eq


1

σ2
ε

(
yT1−

m∑
i=1

(niUi)−
(
XT1

)T (
γβ ⊙ β̃

)
−

d•∑
k=1

( •
ZT

k 1
)T

(γukũk)

)

−1

2

(
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

)
 .

If we continue to define N ≡
m∑
i=1

ni, note that

−1

2
Eq

(
1

σ2
ε

m∑
i=1

ni +
1

σ2
β0

)
= −1

2

(
Nµq(1/σ2

ε)
+

1

σ2
β0

)
= −1

2

(
σ2
q(β0)

)−1

and therefore

σ2
q(β0)

=

(
Nµq(1/σ2

ε)
+

1

σ2
β0

)−1
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is given in (6.53) and Algorithm 10 of Section 6.6.2. The other q-density natural
parameter is

µq(1/σ2
ε)

[
yT1−

m∑
i=1

(
niµq(Ui)

)
−
(
XT1

)T (
µq(γβ) ⊙ µq(β̃)

)

−
d•∑
k=1

( •
ZT

k 1
)T (

µq(γuk)µq(ũk)

)]
. (6.88)

Recalling that (6.10) has 1T
NX = 0 and (6.13) in Section 6.3.3 has

•
ZT

k 1N = 0, 1 ≤ k ≤
d•, in (6.88), if we define

ω12 ≡ yT1−
m∑
i=1

(
niµq(Ui)

)
−
(
XT1

)T (
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
k=1

( •
ZT

k 1
)T (

µq(γuk)µq(ũk)

)
,

then ω12 = y
T1−

m∑
i=1

(
niµq(Ui)

)
. Therefore

µq(β0) = σ2
q(β0)

µq(1/σ2
ε)
ω12 = σ2

q(β0)
µq(1/σ2

ε)

(
yT1−

m∑
i=1

(
niµq(Ui)

))

matches the expression given in (6.54) and Algorithm 10 of Section 6.6.2.

6.B.2 The q-Density of Ui

Noting the expression for p
(
Ui

∣∣rest
)

in (6.87), 1 ≤ i ≤ m, we have

q (Ui) having a N
(
µq(Ui), σ

2
q(Ui)

)
density function,

where the q-density parameters are determined from

Eq

[
log
{
p
(
Ui

∣∣rest
)}]

=

Ui

U2
i

T

Eq


1

σ2
ε

1T
ni

(
yi − 1ni

β0 −X i

(
γβ ⊙ β̃

)
−

d•∑
k=1

Zik (γukũk)

)
−1

2

(
ni

σ2
ε

+
1

σ2
U

)
 .
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Note that

−1

2
Eq

(
ni

σ2
ε

+
1

σ2
U

)
= −1

2

(
niµq(1/σ2

ε)
+ µ

q

(
1
/
σ2
U

)
)

= −1

2

(
σ2
q(Ui)

)−1

and therefore

σ2
q(Ui)

=

(
niµq(1/σ2

ε)
+ µ

q

(
1
/
σ2
U

)
)−1

is given in (6.55 ) and Algorithm 10 of Section 6.6.2. The other q-density natural
parameter is

µq(1/σ2
ε)

(
yT
i 1ni

− niµq(β0) −
(
XT

i 1ni

)T (
µq(γβ) ⊙ µq(β̃)

)

−
d•∑
k=1

(Zik1ni
)T
(
µq(γuk)µq(ũk)

))
. (6.89)

Then

µq(Ui) = σ2
q(Ui)

µ
q

(
1
/
σ2
ε

)
(
yT
i 1ni

− niµq(β0)

−
(
XT

i 1ni

)T (
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
k=1

(Zik1ni
)T
(
µq(γuk)µq(ũk)

))

which matches the expression given in (6.56) and Algorithm 10 of Section 6.6.2.

6.B.3 The q-Density of σ2U
Recalling the expression of σ2

U

∣∣rest in (6.34), we note that

q-density of σ2
U is the Inverse-Gamma

(
m+ 1

2
, λq(σ2

U)

)
density function where

λq(σ2
U)

= µq(1/aU ) +
1

2

(∥∥µq(U)

∥∥2 + m∑
i=1

σ2
q(Ui)

)
.
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6.B.4 The q-Density of aU

Recalling the expression of aU
∣∣rest in (6.35), we have

q (aU)has an Inverse-Gamma
(
1, µq(1/σ2

U)
+ s2U

)
density function.

6.B.5 The q-Density of β̃

Recalling the expression for β̃
∣∣rest in (6.36), the q-density of β̃ is the

N
(
µq(β̃),Σq(β̃)

)
density function

where the q-density parameters are determined from

Eq

[
log
{
p
(
β̃
∣∣rest

)}]
=

 β̃

vec
(
β̃β̃

T
)


T

×Eq



1

σ2
ε

γβ ⊙

X
Ty −XT


U11n1

...

Um1nm

−
d•∑
k=1

( •
ZT

kX
)T

(γukũk)




−1

2
vec

{(
1

σ2
ε

)(
γβγ

T
β

)
⊙
(
XTX

)
+

diag (bβ)

σ2
β

}


As in Appendix 4.A.2, we define

Ωq(γβ) ≡ Eq

(
γβγ

T
β

)
= Covq

(
γβ

)
+ Eq

(
γβ

)
Eq

(
γT

β

)
= diag

{
µq(γβ) ⊙

(
1− µq(γβ)

)}
+ µq(γβ)µ

T
q(γβ)

.

Note that

−1

2
Eq

{
1

σ2
ε

(
γβγ

T
β

)
⊙
(
XTX

)
+

diag (bβ)

σ2
β

}
= −1

2
Σ−1

q(β̃)
.
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Then

Σq(β̃) =
[
µq(1/σ2

ε)

{
Ωq(γβ) ⊙

(
XTX

)}
+ µq(1/σ2

β)
diag

(
µq(bβ)

)]−1

.

The other q-density natural parameter is

Σ−1

q(β̃)
µq(β̃) = µq(1/σ2

ε)

(
µq(γβ) ⊙

(
XTy − µq(β0)

(
XT1

)
−XT


µq(U1)1n1

...
µq(Um)1nm


−

d•∑
k=1

( •
ZT

kX
)T

(µq(γuk)µq(ũk)
)

))
. (6.90)

Recalling that (6.10) has 1T
NX = 0, we have

µq(β̃) =µq(1/σ2
ε)
Σq(β̃)

(
µq(γβ) ⊙

(
XTy −XT


µq(U1)1n1

...
µq(Um)1nm


−

d•∑
k=1

( •
ZT

kX
)T

(µq(γuk)µq(ũk)
)

))
.

6.B.6 The q-Density of ũk

For the q-density derivation given here, we have the induced product restriction

q (ũ1, . . . , ũd•) = q (ũ1) . . . q (ũd•) .

Recalling the result for ũk|rest in (6.37), 1 ≤ k ≤ d•, the q-density of (ũ1, . . . , ũd•) is
the product of

N
(
µq(ũk)

,Σq(ũk)

)
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density functions over 1 ≤ k ≤ d• where the q-density parameters are determined
from

Eq

[
log
{
p
(
ũk

∣∣rest
)}]

=

 ũk

vec
(
ũkũ

T
k

)


T

×Eq



(
γuk
σ2
ε

)
•
ZT

k y −
•
ZT

k


U11n1

...

Um1nm

− ( •
ZT

kX
)(
γβ ⊙ β̃

)
−

d•∑
k ̸=k′

( •
ZT

k

•
Zk′

)
(γuk′ũk′)


−1

2
vec

{
diag

(γukω •
Zk

σ2
ε

+
buk1Lk

σ2
uk

)}


.

Note that

−1

2
vec

(
diag

(
Eq

(γukω •
Zk

σ2
ε

+
buk1Lk

σ2
uk

)))
= −1

2
vec

(
diag

( 1Lk

σ2
q(ũk)

))
.

Therefore

σ2
q(ũk)

= 1Lk

/{
µq(1/σ2

ε)
µq(γuk)ω •

Zk

+ µq(1/σ2
uk)
µq(buk)1Lk

}
.

If we define µq(uk′ )
≡ µq(γuk′ )

µq(ũk′ )
, then the other natural q-density parameter is

µq(1/σ2
ε)

(
µq(γuk)

{
•
ZT

k y −
•
ZT

k


µq(U1)1n1

...

µq(Um)1nm

− •
ZT

kX
(
µq(γβ) ⊙ µq(β̃)

)

−
d•∑

k′ ̸=k

•
ZT

k

•
ZT

k′µq(uk′ )

})
= diag

( 1Lk

σ2
q(ũk)

)
µq(ũk)

.
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We define

ω16 ≡
•
ZT

k y −
•
ZT

k


µq(U1)1n1

...

µq(Um)1nm

− •
ZT

kX
(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
k′ ̸=k

•
ZT

k

•
ZT

k′µq(uk′ )
.

Then

µq(ũk)
= diag

(
σ2

q(ũk)

)
µq(1/σ2

ε)
µq(γuk)ω16 = µq(1/σ2

ε)
µq(γuk)

(
ω16 ⊙ σ2

q(ũk)

)
.

6.B.7 The q-Density of γβk

Recalling the expression of ηβk
in (6.38), for 1 ≤ k ≤ d◦ + d•, we have

log {q (γβk
)} = Eq

[
log
{
p
(
γβk

∣∣rest
)}]

+ const = Eq(ηβk
)γβk

+ const.

Hence,

q (γβk
) is the Bernoulli

 1

1 + exp
(
−Eq(ηβk)

)
 probability mass function.

As in Appendix 4.A.4, if we define

µq(uk′ )
≡ µq(γuk′ )

µq(ũk′ )
, 1 ≤ k′ ≤ d•,

we have

Eq (ηβk
) = logit(ρβ)−

1

2
µq(1/σ2

ε)

{(
µ2
q(β̃k)

+ σ2
q(β̃k)

)∥∥∥ •
Xk

∥∥∥2

−2
[
µq(β̃k)

( •
XT

k y −
•
XT

k


µq(U1)1n1

...
µq(Um)1nm

− d•∑
k′=1

( •
ZT

k′

•
Xk

)T
µq(uk′ )

)

−
( •
XT

(−k)

•
Xk

)T
Eq

{
β̃k
(
γβ

)
−k
⊙
(
β̃
)
−k

}]}
.
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We define

ω15 ≡
•
XT

k y −
•
XT

k


µq(U1)1n1

...
µq(Um)1nm

− d•∑
k′=1

( •
ZT

k′

•
Xk

)T
µq(uk′ )

and note that

Eq

{
β̃k
(
γβ

)
−k
⊙
(
β̃
)
−k

}
=
(
µq(γβ)

)
−k
⊙
((

Σq(β̃)

)
−k,k

+ µq(β̃k)

(
µq(β̃)

)
−k

)
.

Therefore

Eq (ηβk
) = logit(ρβ)−

1

2
µq(1/σ2

ε)

{(
µ2
q(β̃k)

+ σ2
q(β̃k)

)∥∥∥ •
Xk

∥∥∥2 − 2

[
µq(β̃k)ω15

−
( •
XT

(−k)

•
Xk

)T {(
µq(γβ)

)
−k
⊙
((

Σq(β̃)

)
−k,k

+ µq(β̃k)

(
µq(β̃)

)
−k

)}]}
.

6.B.8 The q-Density of γuk

Recalling that ηuk in (6.39), for 1 ≤ k ≤ d•, we have

log {q (γuk)} = Eq

[
log
{
p
(
γuk
∣∣rest

)}]
+ const = Eq(ηuk)γuk + const.

Hence,

q (γuk) is the Bernoulli

(
1

1 + exp
(
−Eq(ηuk)

)) probability mass function.

As in Appendix 4.A.5, if we define

µq(uk′ )
≡ µq(γuk′ )

µq(ũk′ )
, 1 ≤ k′, k ≤ d•, k

′ ̸= k,
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we have

Eq (ηuk) = logit (ρu)−
1

2
µq(1/σ2

ε)

{
ωT

•
Zk

(
µq(ũk)

⊙ µq(ũk)

)
− 2µT

q(ũk)

[
•
ZT

k y

−
•
ZT

k


µq(U11n1)

...
µq(Um1nm )

− •
ZT

kX
(
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
k′ ̸=k

( •
ZT

k

•
Zk′

)
µq(uk′ )

]}
.

6.B.9 The q-Density of σ2ε
Noting the result for σ2

ε

∣∣rest in (6.40), we have

q
(
σ2
ε

)
has an Inverse-Gamma

(
κq(σ2

ε)
, λq(σ2

ε)

)
density function,

where

κq(σ2
ε)
=
N + 1

2
, with N ≡

m∑
i=1

ni

and

λq(σ2
ε)
= µq(1/aε) +

1

2
Eq


∥∥∥∥∥y − 1Nβ0 −


U11n1

...

Um1nm

−X(γβ ⊙ β̃)−
d•∑
k=1

•
Zk(γukũk)

∥∥∥∥∥
2

 .

(6.91)
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As in (4.43) obtained in Appendix 4.A.6, now note that, in (6.91), we have

Eq


∥∥∥∥∥y − 1Nβ0 −


U11n1

...

Um1nm

−X(γβ ⊙ β̃)−
d•∑
k=1

•
Zk(γukũk)

∥∥∥∥∥
2



=

∥∥∥∥∥y − 1Nβ0 −


µq(U1)1n1

...

µq(Um)1nm

−X (
µq(γβ) ⊙ µq(β̃)

)
−

d•∑
k=1

•
Zk

(
µq(γuk)µq(ũk)

) ∥∥∥∥∥
2

+tr

Covq

y − 1Nβ0 −


U11n1

...

Um1nm

−X (
γβ ⊙ β̃

)
−

d•∑
k=1

•
Zk (γukũk)


 . (6.92)

Recalling that the product density restriction as follows:

q
(
β0,U , β̃, ũ1, . . . , ũd•

)
= q (β0) q (U ) q

(
β̃
)
q (ũ1) . . . q (ũd•) ,
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the second term of (6.92) becomes

tr

Covq

y − 1Nβ0 − blockdiag (1ni
)


U1

...

Um

−X (
γβ ⊙ β̃

)
−

d•∑
k=1

•
Zk (γukũk)




= tr
{

Covq

(
1Nβ0

)}
+ tr

{
Covq (blockdiag (1ni

)U )

}
+ tr

{
Covq

{
X
(
γβ ⊙ β̃

)}}

+
d•∑
k=1

tr
{

Covq

{ •
Zk (γukũk)

}}

= tr
{
1NCovq

(
β0

)
1T
N

}
+ tr

{
blockdiag (1ni

)Covq(U)blockdiag
(
1T
ni

)}

+tr
{
XCovq

(
γβ ⊙ β̃

)
XT
}
+

d•∑
k=1

tr
{ •
ZkCovq

(
γukũk

) •
ZT

k

}

= Nσ2
q(β0)

+
m∑
i=1

(
niσ

2
q(Ui)

)
+ tr

{
XTXCovq

(
γβ ⊙ β̃

)}

+
d•∑
k=1

tr
{ •
ZT

k

•
ZkCovq

(
γukũk

)}
. (6.93)

As in (4.45) obtained in Appendix 4.A.6, the third term of (6.93) becomes

tr
{
XTXCovq

(
γβ ⊙ β̃

)}
= tr

{
XTX

(
Ωq(γβ) ⊙

{
Σq(β̃) + µq(β̃)µ

T
q(β̃)

})}

−tr
{
XTX

{
µq(γβ) ⊙ µq(β̃)

}{
µq(γβ) ⊙ µq(β̃)

}T
}
. (6.94)

As in (4.50) obtained in Appendix 4.A.6, the fourth term of (6.93) becomes

tr
{ •
ZT

k

•
ZkCovq

(
γukũk

)}
= ωT

•
Zk

[
µq(γuk)

{
σ2

q(ũk)
+
(
1− µq(γuk)

) (
µq(ũk)

⊙ µq(ũk)

)}]
.

(6.95)
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In summary, for Gaussian responses, (6.91) becomes

λq(σ2
ε)
= µq(1/aε) +

1

2

∥∥∥∥∥y − 1Nβ0 −


µq(U1)1n1

...

µq(Um)1nm

−X (
µq(γβ) ⊙ µq(β̃)

)

−
d•∑
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•
Zk

(
µq(γuk)µq(ũk)

) ∥∥∥∥∥
2

+
1

2
Nσ2

q(β0)
+

1

2

m∑
i=1

(
niµq(1/σ2

ε)
+ µq(1/σ2
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)

+
1

2
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(
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{
Σq(β̃) + µq(β̃)µ

T
q(β̃)

})}

−1

2
tr
{
XTX

{
µq(γβ) ⊙ µq(β̃)

}{
µq(γβ) ⊙ µq(β̃)

}T
}

+
1

2

d•∑
k=1

ωT
•
Zk

[
µq(γuk)

{
σ2

q(ũk)
+
(
1− µq(γuk)

) (
µq(ũk)

⊙ µq(ũk)

)}]
.

Then
µq(1/σ2

ε)
= κq(σ2

ε)

/
λq(σ2

ε)
.

If we define

ω20 ≡ µq(β0)1N +


µq(U1)1n1

...

µq(Um)1nm

+X(µq(γβ)
⊙ µq(β̃)) +

d•∑
k=1

•
Zk(µq(γuk)µq(ũk)

),

we have, for 1 ≤ i ≤ m, 1 ≤ j ≤ ni,

(ω20)ij = µq(β0) + µq(Ui) +

[
X
(
µq(γβ)

⊙ µq(β̃)

)
+

d•∑
k=1

•
Zk

(
µq(γuk)µq(ũk)

)]
ij

.

For binary responses, we define c and µq(c) both as N × 1 vector. Recalling that the
full conditional distribution of the auxiliary parameter cij in (6.42), we have

the q-density of cij is the


Truncated-Normal+(

(
µq(c)

)
ij
, 1), yij = 1;

Truncated-Normal−(
(
µq(c)

)
ij
, 1), yij = 0
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where

(
µq(c)

)
ij
= (ω20)ij +

ϕ(ω20)ij
Φ(ω20)ij

, yij = 1,

(
µq(c)

)
ij
= (ω20)ij −

ϕ(−(ω20)ij)

Φ(−(ω20)ij)
, yij = 0,

using Result 1.7.1 and Result 1.7.2.
In summary, for 1 ≤ i ≤ m, 1 ≤ j ≤ ni, yij = 1 or yij = 0, if define ζ ′(x) ≡

log {2Φ (x)} , then

(
µq(c)

)
ij
= (ω20)ij + (2yij − 1)

ϕ ((2yij − 1)(ω20)ij)

Φ ((2yij − 1)(ω20)ij)

= (ω20)ij + (2yij − 1)ζ ′((2yij − 1)(ω20)ij),

which is

µq(c) = ω20 + (2y − 1N)⊙ ζ ′ ((2y − 1N)⊙ ω20) .

6.B.10 The q-Density of aε

As in Appendix 4.A.7,

q (aε) has an Inverse-Gamma
(
κq(aε), λq(aε)

)
density function,

where
κq(aε) = 1, λq(aε) = µq(1/σ2

ε)
+ 1
/
s2ε and µq(1/aε) = κq(aε)

/
λq(aε).

6.B.11 The q-Density of bβk

As in Appendix 4.A.8, we have

q
(
bβ1 , . . . , bβ(d◦+d•)

)
is a product of

Inverse-Gaussian
({

µq(1/σ2
β)

(
µ2
q(β̃k)

+ σ2
q(β̃k)

)}−1/2

, 1

)
density functions
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over 1 ≤ k ≤ d◦ + d•. If define ω14 ≡ µq(β̃) ⊙ µq(β̃) + diagnal
(
Σq(β̃)

)
, then

µq(bβ) =
[
µq(1/σ2

β)

{
µq(β̃) ⊙ µq(β̃) + diagnal

(
Σq(β̃)

)}]−1/2

=
(
µq(1/σ2

β)
ω14

)−1/2

.

6.B.12 The q-Density of buk

As in Appendix 4.A.9, we have

q
(
bu1 , . . . , bu(d•)

)
is a product of

Inverse-Gaussian

({
µq(1/σ2

uk)

[∥∥∥µq(ũk)

∥∥∥2 + 1T
Lk
σ2

q(ũk)

]}−1/2

, 1

)
density functions

over 1 ≤ k ≤ d•. If define ω17 ≡
∥∥∥µq(ũk)

∥∥∥2 + 1T
Lk
σ2

q(ũk)
then

µq(buk) = Eq

 σuk∥∥∥ũk

∥∥∥
 =

(
µq(1/σ2

uk)
ω17

)−1/2

.

6.B.13 The q-Density of σ2
β

As in Appendix 4.A.10, we have

q
(
σ2

β

)
has an Inverse-Gamma

(
κq(σ2

β)
, λq(σ2

β)

)
density function

where
κq(σ2

β)
=
d◦ + d• + 1

2

and
λq(σ2

β)
=

1

2
µT

q(bβ)

{
µq(β̃) ⊙ µq(β̃) + diagonal

(
Σq(β̃)

)}
+ µq(1/aβ).

Recalling that
ω14 ≡ µq(β̃) ⊙ µq(β̃) + diagnal

(
Σq(β̃)

)
in Appendix 6.B.11, then

λq(σ2
β)

= µq(1/aβ) +
1

2
µT

q(bβ)
ω14 and µq(1/σ2

β)
= κq(σ2

β)
/
λq(σ2

β)
.
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6.B.14 The q-Density of aβ

As in Appendix 4.A.11,

q (aβ) has an Inverse-Gamma
(
κq(aβ), λq(aβ)

)
density function

where

κq(aβ) = 1, λq(aβ) = µq(1/σ2
β)

+ 1
/
s2β and µq(1/aβ) = κq(aβ)

/
λq(aβ).

6.B.15 The q-Density of σ2uk
As in Appendix 4.A.12, we have

q
(
σ2
uk

)
is the Inverse-Gamma

(
κq(σ2

uk)
, λq(σ2

uk)

)
density function, 1 ≤ k ≤ d•,

where

κq(σ2
uk)

=
Lk + 1

2
and λq(σ2

uk)
=

1

2
µq(buk)

(∥∥∥µq(ũk)

∥∥∥2 + 1T
Lk
σ2

q(ũk)

)
+ µq(1/auk).

Recalling that ω17 ≡
∥∥∥µq(ũk)

∥∥∥2 + 1T
Lk
σ2

q(ũk)
in Appendix 6.B.12, we have

λq(σ2
uk)

= µq(1/auk) +
1

2
µq(buk)ω17 and µq(1/σ2

uk)
= κq(σ2

uk)
/
λq(σ2

uk)
.

6.B.16 The q-Density of auk

As in Appendix 4.A.13, we have

q (auk) is the Inverse-Gamma
(
κq(auk), λq(auk)

)
density function, 1 ≤ k ≤ d•

where

κq(auk) = 1, λq(auk) = µq(1/σ2
uk)

+ 1
/
s2u and µq(1/auk) = κq(auk)

/
λq(auk).
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6.C Marginal Log-Likelihood Expressions

A final aspect of Algorithm 10 is determination of good stopping criteria for the
coordinate ascent scheme. As is common in the mean field variational Bayes litera-
ture we monitor relative increases in the approximate marginal log-likelihood, also
known as the evidence lower bound, which is denote by log p (y; q) . Appendix 6.C
contains an explicit expression for the approximate marginal log-likelihood for the
Section 6.4 models under product restrictions (6.51).

6.C.1 Marginal Log-Likelihood Approximation

For the generalized additive mixed model with random intercept and Gaussian re-
sponses, the mean field variational Bayes approximate log-likelihood, similar to
(4.52) for generalized additive models, becomes

log p (y; q) = log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣β0,U ,γβ, β̃, ũ,γu, σ

2
ε

)}]
+Eq

[
log
{
p
(
σ2
ε

∣∣aε)}]− Eq

[
log
{
q
(
σ2
ε

)}]
+Eq [log p {(aε)}]− Eq [log q {(aε)}] . (6.96)

For the binary responses, the mean field variational Bayes approximate log-likelihood,
similar to (4.53) for generalized additive models, becomes

log p (y; q) = log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣c)}]

+Eq

[
log
{
p
(
c
∣∣β0,U ,γβ, β̃,γu, ũ

)}]
− Eq

[
log
{
q (c)

}]
. (6.97)
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The expression of log p (y; q,C) , similar to (4.54) for generalized additive model,
becomes

log p (y; q,C) = Eq [log {p (β0)}]− Eq [{q (β0)}] + Eq

[
log
{
p
(
γβ

)}]
− Eq

[
log
{
q
(
γβ

)}]
+Eq

[
log
{
p
(
β̃
∣∣bβ, σ

2
β

)}]
− Eq

[
log
{
q
(
β̃
)}]

+ Eq [log {p (bβ)}]− Eq [log {q (bβ)}]

+Eq

[
log
{
p
(
σ2

β

∣∣aβ

)}]
− Eq

[
log
{
q
(
σ2

β

)}]
+ Eq [log {p (aβ)}]− Eq [log {q (aβ)}]

+Eq [log {p (γu)}]− Eq [log {q (γu)}] + Eq

[
log
{
p
(
ũ
∣∣bu,σ2

u

)}]
− Eq [log {q (ũ)}]

+Eq [log {p (bu)}]− Eq [log {q (bu)}] + Eq

[
log
{
p
(
σ2

u

∣∣au

)}]
− Eq

[
log
{
q
(
σ2

u

)}]
+Eq [log {p (au)}]− Eq [log {q (au)}]

+Eq

[
log
{
p
(
U
∣∣σ2

U

)}]
− Eq [log {q (U )}]

+Eq

[
log
{
p
(
σ2
U

∣∣aU)}]− Eq

[
log
{
q
(
σ2
U

)}]
+Eq [log {p (aU)}]− Eq [log {q (aU)}] . (6.98)

Here “C" signifies the fact that (6.98) is common to log p (y; q) expressions for both
Gaussian response case and binary response case.

Explicit expressions for log p (y; q) in each case can be obtained by simplifying
each of the q-density moment expressions. For example, the first term of (6.98) is

Eq [log {p (β0)}] =−
1

2
log (2π)− 1

2
log
(
σ2
β0

)
− 1

2
Eq

(
β2
0

)/
σ2
β0

=−1

2
log (2π)− 1

2
log
(
σ2
β0

)
− 1

2

{
µ2
q(β0)

+ σ2
q(β0)

}/
σ2
β0
.

The second term of (6.98) is

−Ep [log {q (β0)}] =
1

2
log (2π) +

1

2
log
(
σ2
q(β0)

)
+

1

2
Eq

(
β0 − µq(β0)

)2/
σ2
β0

=
1

2
{log (2π + 1)}+ 1

2
log
(
σ2
q(β0)

)
.
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The third term of (6.98) is

Eq

[
log
{
p
(
γβ

)}]
=

d◦+d•∑
k=1

Eq {γβk log (ρβ) + (1− γβk) log (1− ρβ)}

= logit (ρβ)
d◦+d•∑
k=1

µq(γβk) + (d◦ + d•) log (1− ρβ) .

The fourth term of (6.98) is

−Eq

[
log
{
q
(
γβ

)}]
= −

d◦+d•∑
k=1

Eq [log {q (γβk)}]

= −
d◦+d•∑
k=1

Eq

[
log

{(
µq(γβk)

)γβk (
1− µq(γβk)

)1−γβk
}]

= −
d◦+d•∑
k=1

[
µq(γβk) log

(
µq(γβk)

)
+
(
1− µq(γβk)

)
log
(
1− µq(γβk)

)]
.

The fifth term of (6.98) is

Eq

[
log
{
p
(
β̃
∣∣bβ, σ

2
β

)}]
=

d◦+d•∑
k=1

Eq

[
log
{
p
(
β̃k
∣∣bβk, σ2

β

)}]

=
d◦+d•∑
k=1

[
−1

2
log (2π)− 1

2
Eq

{
log
(
σ2

β

)}
+

1

2
Eq {log (bβk)} −

1

2
µq(1/σ2

β)
Eq

(
bβkβ̃

2
k

)]

= −1

2
(d◦ + d•) log (2π)−

1

2
(d◦ + d•)Eq

{
log
(
σ2

β

)}
+

1

2

d◦+d•∑
k=1

Eq {log (bβk)}

−1

2
µq(1/σ2

β)

d◦+d•∑
k=1

µq(bβk)

(
µ2
q(β̃k)

+ σ2
q(β̃k)

)
.
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The sixth term of (6.98) is

−Eq

[
log
{
q
(
β̃
)}]

=
1

2
log
∣∣∣2πΣq(β̃)

∣∣∣+ 1

2
Eq

{(
β̃ − µq(β̃)

)T
Σ−1

q(β̃)

(
β̃ − µq(β̃)

)}
=

1

2
log
{
(2π)d◦+d•

∣∣∣Σq(β̃)

∣∣∣}+
1

2
tr
[
Σ−1

q(β̃)
Eq

{(
β̃ − µq(β̃)

)(
β̃ − µT

q(β̃)

)}]
=

1

2
log
{
(2π)d◦+d•

∣∣∣Σq(β̃)

∣∣∣}+
1

2
tr (Id◦+d•)

=
1

2
log
∣∣∣Σq(β̃)

∣∣∣+ 1

2
{(d◦ + d•) log (2π) + (d◦ + d•)} .

Using Result 1.6.2, the seventh term of (6.98) is

Eq [log {p (bβ)}] =
d◦+d•∑
k=1

[
log

(
1

2

)
− 2Eq {log (bβk)} −

1

2
Eq

(
1
/
bβk

)]

= − (d◦ + d•) log (2)− 2
d◦+d•∑
k=1

Eq {log (bβk)} −
1

2

d◦+d•∑
k=1

[{
1
/
µq(bβk)

}
+ 1
]

= − (d◦ + d•)

{
log (2) +

1

2

}
− 1

2

d◦+d•∑
k=1

{
1
/
µq(bβk)

}
− 2

d◦+d•∑
k=1

Eq {log (bβk)} .
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The eighth term of (6.98) is

−Eq [log {q (bβ)}] = −
d◦+d•∑
k=1

−1

2
log (2π)− 3

2
Eq {log (bβk)} − Eq


(
bβk − µq(bβk)

)2
2bβkµ2

q(bβk)




= −
d◦+d•∑
k=1

[
−1

2
log (2π)− 3

2
Eq {log (bβk)} −

1

2
Eq (bβk)

/
µ2
q(bβk)

+1
/
µq(bβk) −

1

2
Eq

(
1
/
bβk

)]

= −
d◦+d•∑
k=1

[
−1

2
log (2π)− 3

2
Eq {log (bβk)} − 1

/{
2µq(bβk)

}
+ 1
/
µq(bβk)

−1

2

{
1
/
µq(bβk) + 1

}]

= −
d◦+d•∑
k=1

[
−1

2
log (2π)− 3

2
Eq {log (bβk)} −

1

2

]

=
1

2
(d◦ + d•) {log (2π) + 1}+ 3

2

d•∑
k=1

Eq log (bβk) .

The ninth term of (6.98) is

Eq

[
log
{
p
(
σ2

β

∣∣aβ

)}]
= Eq

[
log

{(
1
/
aβ

)1/2/
Γ

(
1

2

)
− 3

2
log
(
σ2

β

)
− 1
/(

σ2
βaβ

)}]
= −1

2
log (π)− 1

2
Eq {log (aβ)} −

3

2
Eq

{
log
(
σ2

β

)}
− µq(1/aβ)µq(1/σ2

β)
.

The tenth term of (6.98) is

−Eq

[
log
{
q
(
σ2

β

)}]
=−Eq

[
1

2
(d◦ + d• + 1) log

(
λq(σ2

β)

)
− log

{
Γ

(
1

2
(d◦ + d• + 1)

)}
−
{
1

2
(d◦ + d• + 1) + 1

}
log
(
σ2

β

)
− λq(σ2

β)

/
σ2

β

]
=−1

2
(d◦ + d• + 1) log

(
λq(σ2

β)

)
+ log

{
Γ

(
1

2
(d◦ + d• + 1)

)}
+

{
1

2
(d◦ + d• + 1) + 1

}
Eq

{
log
(
σ2

β

)}
+ µq(1/σ2

β)
λq(σ2

β)
.
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The eleventh term of (6.98) is

Eq [log {p (aβ)}] =Eq

(
log

[{(
1
/
sβ
)/

Γ

(
1

2

)
a
−3/2
β

}
exp

(
1
/(

s2βaβ

))])
=−1

2
log (π)− log (sβ)−

3

2
Eq {log (aβ)} − µq(1/aβ)

/
s2β.

The twelfth term of (6.98) is

−Eq [log {q (aβ)}] =−Eq

[
log
{
λq(aβ)a

−2
β exp

(
−λq(aβ)

/
aβ

)}]
=− log

{
λq(aβ)

}
+ 2Eq {log (aβ)}+ λq(aβ)µq(1/aβ).

The thirteenth term of (6.98) is

Eq [log {p (γu)}]

=
d•∑
k=1

Eq [γuk {log (ρu)}+ (1− γuk) log (1− ρu)]

= logit (ρu)
d•∑
k=1

µq(γuk) + d•log (1− ρu) .

The fourteenth term of (6.98) is

−Eq [log {q (γu)}] = −
d•∑
k=1

Eq

[
log

{(
µq(γβk)

)γβk (
1− µq(γβk)

)1−γβk
}]

= −
d•∑
k=1

[
µq(γβk) log

(
µq(γβk)

)
+
{
1− µq(γβk)

}
log
(
1− µq(γβk)

)]
.
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The fifteenth term of (6.98) is

Eq

[
log
{
p
(
ũ
∣∣bu,σ2

u

)}]
=

d•∑
k=1

[
−1

2
Eq

(
log
∣∣∣ (2π)Σq(ũk)

∣∣∣)− 1

2
Eq

{
ũT

kΣ
−1
q(ũk)

ũk

}]

= −1

2
log (2π)

(
d•∑
k=1

Lk

)
− 1

2

d•∑
k=1

LkEq

{
log
(
σ2
uk

)}
+

1

2

d•∑
k=1

LkEq {log (buk)}

−1

2

d•∑
k=1

µq(1/σ2
uk)
µq(buk)

(∥∥µq(ũk)

∥∥2 + 1T
Lk
σ2

q(ũk)

)
.

The sixteenth term of (6.98) is

−Eq [log {q (ũ)}]

=
d•∑
k=1

[
1

2
Lk log (2π) +

1

2

Lk∑
l=1

log
(
σ2
q(ũkl)

)
+

1

2
Eq

{(
ũk − µq(ũk)

)
⊙
(
ũk − µq(ũk)

)
σ2

q(ũk)

}]

=
1

2
{log (2π) + 1}

d•∑
k=1

Lk +
1

2

d•∑
k=1

Lk∑
l=1

log
(
σ2
q(ũkl)

)
.

The seventeenth term of (6.98) is

Eq [log {p (bu)}] =
d•∑
k=1

[
1

2
(Lk + 1) log

(
1

2

)
− log

{
Γ

(
1

2
(Lk + 1)

)}

−
{
1

2
(Lk + 1) + 1

}
Eq {log(buk)} −

1

2
Eq

(
1
/
buk
)]

= −1

2

(
d• +

d•∑
k=1

Lk

)
log (2)−

d•∑
k=1

log

{
Γ

(
1

2
(Lk + 1)

)}

−
d•∑
k=1

{
1

2
(Lk + 1) + 1

}
Eq {log (buk)} −

1

2

d•∑
k=1

[{
1
/
µq(buk)

}
+ 1
]

= −1

2
d• {log (2) + 1} − 1

2
log (2)

d•∑
k=1

Lk −
d•∑
k=1

log

{
Γ

(
1

2
(Lk + 1)

)}

−
d•∑
k=1

{(
1

2
(Lk + 1)

)
+ 1

}
Eq {log (buk)} −

1

2

d•∑
k=1

{
1
/
µq(buk)

}
.
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The eighteenth term of (6.98) is

−Eq [log {q (bu)}] = −
d•∑
k=1

[
−1

2
log (2π)− 3

2
Eq {log (buk)} − Eq

{(
buk − µq(buk)

)2
2bukµ2

q(buk)

}]

= −
d•∑
k=1

[
−1

2
log (2π)− 3

2
Eq {log (buk)} − 1

/{
2µq(buk)

}
+ 1
/
µq(buk)

−1

2

{
1
/
µq(buk) + 1

}]

= −
d•∑
k=1

[
−1

2
log (2π)− 3

2
Eq {log (buk)} −

1

2

]
=

1

2
d• {log (2π) + 1}+ 3

2
Eq {log (buk)} .

The nineteenth term of (6.98) is

Eq

[
log
{
p
(
σ2

u

∣∣au

)}]
=

d•∑
k=1

Eq

[
log

{(
1
/
auk
)1/2/

Γ

(
1

2

)}
− 3

2
log
(
σ2
uk

)
− 1
/ (
σ2
ukauk

)]

= −1

2
d• log (π)−

d•∑
k=1

[
1

2
Eq {log (auk)}+

3

2
Eq

{
log
(
σ2
uk

)}
− µ

q

(
1
/
auk

)µ
q

(
1
/
σ2
uk

)
]
.

The twentieth term of (6.98) is

−Eq

[
log
{
q
(
σ2

u

)}]
= −

d•∑
k=1

Eq

[
1

2
(Lk + 1) log

(
λq(σ2

uk)

)
− log

{
Γ

(
1

2
(Lk + 1)

)}

−
{
1

2
(Lk + 1) + 1

}
Eq

{
log
(
σ2
uk

)}
− λq(σ2

uk)
/
σ2
uk

]

= −1

2

d•∑
k=1

(Lk + 1) log
(
λq(σ2

uk)

)
+

d•∑
k=1

log

{
Γ

(
1

2
(Lk + 1)

)}

+
d•∑
k=1

[{
1

2
(Lk + 1) + 1

}
Eq

{
log
(
σ2
uk

)}
+ µ

q

(
1
/
σ2
uk

)λq(σ2
uk)

]
.
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The twenty-first term of (6.98) is

Eq [log {p (au)}] =
d•∑
k=1

Eq

[
log

{(
1
/
su
)/

Γ

(
1

2

)}
− 3

2
Eq {log (auk)} − Eq

{
1
/ (
auks

2
u

)}]

= −1

2
d• log (π)− d• log (su)−

3

2

d•∑
k=1

Eq {log (auk)} −
(
1
/
s2u
) d•∑

k=1

µ
q

(
1
/
auk

).

The twenty-second term of (6.98) is

−Eq [log {q (au)}] =
d•∑
k=1

[
− log

(
λq(auk)

)
+ 2Eq {log (auk)}+ λq(auk)µ

q

(
1
/
auk

)
]
.

The twenty-third term of (6.98) is

Eq

[
log
{
p
(
U
∣∣σ2

U

)}]
=

m∑
i=1

Eq

[
log
{
p
(
Ui|σ2

U

)}]
=

m∑
i=1

[
−1

2
log (2π)− 1

2
Eq

{
log
(
σ2
U

)}
− 1

2
µq(1/σ2

U)
Eq

(
U2
i

)]

= −m
2
log (2π)− m

2
Eq

{
log
(
σ2
U

)}
− 1

2
µq(1/σ2

U)

m∑
i=1

(
µ2
q(Ui)

+ σ2
q(Ui)

)
.

The twenty-fourth term of (6.98) is

−Eq [log {q (U )}] =
m∑
i=1

(
1

2
log (2π) +

1

2
log
(
σ2
q(Ui)

)
+

1

2
Eq

[(
Ui − µq(Ui)

)2/
σ2
Ui

])

=
m

2

{
log (2π + 1)

}
+

1

2

m∑
i=1

(
log
(
σ2
q(Ui)

))
.

The twenty-fifth term of (6.98) is

Eq

[
log
{
p
(
σ2
U

∣∣aU)}] = Eq

[
log

{(
1
/
aU
)1/2/

Γ

(
1

2

)
− 3

2
log
(
σ2
U

)
− 1
/(

σ2
UaU

)}]
= −1

2
log (π)− 1

2
Eq {log (aU)} −

3

2
Eq

{
log
(
σ2
U

)}
− µq(1/aU )µq(1/σ2

U)
.
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The twenty-sixth term of (6.98) is

−Eq

[
log
{
q
(
σ2
U

)}]
= −Eq

[
1

2
(m+ 1) log

(
λq(σ2

U)

)
− log

{
Γ

(
1

2
(m+ 1)

)}
−
{
1

2
(m+ 1) + 1

}
log
(
σ2
U

)
− λq(σ2

U)

/
σ2
U

]
= −1

2
(m+ 1) log

(
λq(σ2

U)

)
+ log

{
Γ

(
1

2
(m+ 1)

)}
+

{
1

2
(m+ 1) + 1

}
Eq

{
log
(
σ2
U

)}
+ µq(1/σ2

U)
λq(σ2

U)
.

The twenty-seventh term of (6.98) is

Eq [log {p (aU)}]

= Eq

(
log

[{(
1
/
sU
)/

Γ

(
1

2

)
a
−3/2
U

}
exp

(
1
/(

s2UaU
))])

= −1

2
log (π)− log (sU)−

3

2
Eq {log (aU)} − µq(1/aU )

/
s2U .

The twenty-eighth term of (6.98) is

−Eq [log {q (aU)}]

= −Eq

[
log
{
λq(aU )a

−2
U exp

(
−λq(aU )

/
aU

)}]
= − log

{
λq(aU )

}
+ 2Eq {log (aU)}+ λq(aU )µq(1/aU ).

6.C.2 Collection of Logarithmic Moments of Variance Parameters

In this subsection we collect the contributions to log p (y; q,C) of each of the logarith-
mic q-density moments of variance parameters.

The Eq

{
log
(
σ2

β

)}
Terms

The fifth term of (6.98) contains: −1

2
(d◦ + d•)Eq

{
log
(
σ2

β

)}
.
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The ninth term of (6.98) contains: −3

2
Eq

{
log
(
σ2

β

)}
.

The tenth term of (6.98) contains:
{
1

2
(d◦ + d• + 1) + 1

}
Eq

{
log
(
σ2

β

)}
.

Since
−1

2
(d◦ + d•)−

3

2
+

1

2
(d◦ + d• + 1) + 1 = 0,

the Eq

{
log
(
σ2

β

)}
contribution to log p (y; q,C) is zero.

The Eq {log (σ2
uk)} Terms, 1 ≤ k ≤ d•

The fifteenth term of (6.98) contains: −1

2

d•∑
k=1

LkEq {log (σ2
uk)} .

The nineteenth term of (6.98) contains: −3

2

d•∑
k=1

Eq {log (σ2
uk)} .

The twentieth term of (6.98) contains:
d•∑
k=1

{
1

2
(Lk + 1) + 1

}
Eq {log (σ2

uk)} .

Since
−1

2
Lk −

3

2
+

1

2
(Lk + 1) + 1 = 0,

the Eq {log (σ2
uk)} contributions to log p (y; q,C) are zero for each 1 ≤ k ≤ d•.

The Eq {log (σ2
U)} Terms

The twenty-third term of (6.98) contains: −m
2
Eq {log (σ2

U)} .

The twenty-fifth term of (6.98) contains: −3

2
Eq {log (σ2

U)} .

The twenty-sixth term of (6.98) contains:
(
m+ 1

2
+ 1

)
Eq {log (σ2

U)} ,

Since
−m

2
− 3

2
+

(
m+ 1

2
+ 1

)
= 0,

the Eq {log (σ2
U)} contributions to log p (y; q,C) is zero.
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6.C.3 Collection of Logarithmic Moments of Variance Auxiliary Pa-

rameters

The Eq {log (aβ)} Terms

The ninth term of (6.98) contains: −1

2
Eq {log (aβ)} .

The eleventh term of (6.98) contains: −3

2
Eq {log (aβ)} .

The twelfth term of (6.98) contains: 2Eq {log (aβ)} .

Since
−1

2
− 3

2
+ 2 = 0,

the Eq {log (aβ)} contribution to log p (y; q,C) is zero.

The Eq {log (auk)} Terms, 1 ≤ k ≤ d•

The nineteenth term of (6.98) contains: −1

2

d•∑
k=1

Eq {log (auk)} .

The twenty-first term of (6.98) contains: −3

2

d•∑
k=1

Eq {log (auk)} .

The twenty-second term of (6.98) contains: 2
d•∑
k=1

Eq {log (auk)} .

Since
−1

2
− 3

2
+ 2 = 0,

the Eq {log (auk)} contributions to log p (y; q,C) are zero for each 1 ≤ k ≤ d•.

The Eq {log (aU)} Terms

The twenty-fifth term of (6.98) contains: −1

2
Eq {log (aU)} .

The twenty-seventh term of (6.98) contains: −3

2
Eq {log (aU)} .
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The twenty-eighth term of (6.98) contains: 2Eq {log (aU)} .

Since
−1

2
− 3

2
+ 2 = 0,

the Eq {log (aU)} contribution to log p (y; q,C) is zero.

6.C.4 Collection of Constants

The constant contributions to each of the terms of log p (y; q,C) are as follows:
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first
−1

2
log (2π)

−1
2
log
(
σ2
β0

) fifteenth −1
2
log (2π)

∑d•
k=1Lk

second 1
2
{log (2π + 1)} sixteenth 1

2
{log(2π) + 1}

∑d•
k=1Lk

third (d◦ + d•)
× log (1− ρβ)

seventeenth

−1
2
d• {log (2) + 1}

−1
2
log (2)

∑d•
k=1Lk

−
∑d•

k=1 log
{
Γ
(
1
2
(Lk + 1)

)}
fourth 0 eighteenth 1

2
d• {log (2π) + 1}

fifth −1
2
(d◦ + d•) log (2π) nineteenth −1

2
d• log (π)

sixth
1
2
{(d◦ + d•) log (2π)

+ (d◦ + d•)} twentieth
∑d•

k=1 log
{
Γ
(
1
2
(Lk + 1)

)}
seventh

− (d◦ + d•)
×
{
log (2) + 1

2

} twenty-first −1
2
d• log (π)− d• log (su)

eighth
1
2
(d◦ + d•)
×{log (2π) + 1} twenty-second 0

ninth −1
2
log (π) twenty-third −m

2
log (2π)

tenth log
{
Γ
(
1
2

× (d◦ + d• + 1))} twenty-fourth m
2
{log (2π) + 1}

eleventh −1
2
log (π)− log (sβ) twenty-fifth −1

2
log (π)

twelfth 0 twenty-sixth log
{
Γ
(
m+1
2

)}
thirteenth d• log (1− ρu) twenty-seventh −1

2
log (π)− log (sU)

fourteenth 0 twenty-eighth 0

Table 6.2: Constants that do not depend on any q-density parameters of (6.98), denoted as
const1.
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Therefore

log p (y; q,C)

= const1 −
1

2

{
µ2
q(β0)

+ σ2
q(β0)

}/
σ2
β0

+
1

2
log
(
σ2
q(β0)

)
+ logit(ρβ)

d◦+d•∑
k=1

µq(γβk)

−
d◦+d•∑
k=1

[
µq(γβk) log

(
µq(γβk)

)
+
(
1− µq(γβk)

)
log
(
1− µq(γβk)

)]

−1

2
µq(1/σ2

β)

d◦+d•∑
k=1

µq(bβk)

(
µ2
q(β̃k)

+ σ2
q(β̃k)

)
+

1

2
log
∣∣∣Σq(β̃)

∣∣∣
−1

2

d◦+d•∑
k=1

{
1
/
µq(bβk)

}
− µq(1/aβ)µq(1/σ2

β)
− 1

2
(d◦ + d• + 1) log

(
λq(σ2

β)

)
+µq(1/σ2

β)
λq(σ2

β)
− µq(1/aβ)

/
s2β + λq(aβ)µq(1/aβ) − log

{
λq(aβ)

}
−

d•∑
k=1

[
µq(γuk) log

(
µq(γuk)

)
+
{
1− µq(γuk)

}
log
(
1− µq(γuk)

)]

+logit(ρu)
d•∑
k=1

µq(γuk) −
1

2

d•∑
k=1

µq(1/σ2
uk)
µq(buk)

(∥∥µq(ũk)

∥∥2 + 1T
Lk
σ2

q(ũk)

)

+
1

2

d•∑
k=1

Lk∑
l=1

log
(
σ2
q(ũkl)

)
− 1

2

d•∑
k=1

{
1
/
µq(buk)

}
−

d•∑
k=1

µ
q

(
1
/
auk

)µ
q

(
1
/
σ2
uk

)

−1

2

d•∑
k=1

(Lk + 1) log
(
λq(σ2

uk)

)
+

d•∑
k=1

µ
q

(
1
/
σ2
uk

)λq(σ2
uk)
−
(
1
/
s2u
) d•∑

k=1

µ
q

(
1
/
auk

)

+
d•∑
k=1

{
λq(auk)µ

q

(
1
/
auk

) − log
(
λq(auk)

)}

−1

2
µ
q

(
1
/
σ2
U

) m∑
i=1

(
µ2
q(Ui)

+ σ2
q(Ui)

)
+

1

2

m∑
i=1

log
(
σ2
q(Ui)

)
−µ

q

(
1
/
aU

)µ
q

(
1
/
σ2
U

) − m+ 1

2
log
(
λq(σ2

U)

)
+ µ

q

(
1
/
σ2
U

)λq(σ2
U)

−µq(1/aU )

/
S2
U − log

{
λq(aU )

}
+ λq(aU )µ

q

(
1
/
aU

).
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For the Gaussian responses, the second term of (6.96) is

Eq

[
log
{
p
(
y
∣∣β0,U ,γβ, β̃, ũ,γu, σ

2
ε

)}]
= −N

2
log (π)− N

2
Eq

{
log
(
σ2
ε

)}
−1

2
µ
q

(
1
/
σ2
ε

)Eq

 m∑
i=1

∥∥∥∥∥yi − 1ni
β0 − 1ni

Ui −X i

(
γβ ⊙ β̃

)
−

d•∑
k=1

Zik (γukũk)

∥∥∥∥∥
2
 .

The third term of (6.96) is

Eq

[
log
{
p
(
σ2
ε

∣∣aε)}]=Eq

[
log
{
1
/
aε
)1/2/

Γ (1} − 3

2
log
(
σ2
ε

)
− 1
/ (
σ2
εaε
)]

=−1

2
Eq {log (aε)} −

1

2
log (π)− 3

2
Eq

{
log
(
σ2
ε

)}
− µ

q

(
1
/
aε

)µ
q

(
1
/
σ2
ε

).

The fourth term of (6.96) is

−Eq

[
log
{
q
(
σ2
ε

)}]
= −Eq

[
1

2
(N + 1) log

(
λq(σ2

ε)

)
− log

{
Γ

(
1

2
(N + 1)

)}
−
{
1

2
(N + 1) + 1

}
Eq

{
log
(
σ2
ε

)}
− λq(σ2

ε)

/
σ2
ε

]
= −1

2
(N + 1) log

(
λq(σ2

ε)

)
+ log

{
Γ

(
1

2
(N + 1)

)}
+

{
1

2
(N + 1) + 1

}
Eq

{
log
(
σ2
ε

)}
+ µ

q

(
1
/
σ2
ε

){µ
q(1
/
aε)

+

+
1

2
Eq

(
m∑
i=1

∥∥∥yi − 1ni
β0 − 1ni

Ui −X i(γβ ⊙ β̃) +
d•∑
k=1

Zik(γukũk)
∥∥∥2)} .

The fifth term of (6.96) is

Eq [log {p (aε)}] =−
1

2
log (π)− log (sε)−

3

2
Eq {log (aε)} − µ

q

(
1
/
aε

)/s2ε.
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The sixth term of (6.96) is

−Eq [log {q (aε)}] =− log
(
λq(aε)

)
+ 2Eq {log (aε)}+ λq(aε)µ

q

(
1
/
aε

).

Therefore, for the Gaussian responses, we have

log p (y; q) = log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣β0,U ,γβ, β̃, ũ,γu, σ

2
ε

)}]
+Eq

[
log
{
p
(
σ2
ε

∣∣aε)}]− Eq

[
log
{
q
(
σ2
ε

)}]
+Eq [log {p (aε)}]− Eq [log {q (aε)}]

= log p (y; q,C)− N

2
log (2π)− N

2
Eq

{
log
(
σ2
ε

)}
−1

2
µ
q

(
1
/
σ2
ε

)Eq


m∑
i=1

∥∥∥∥∥yi − 1ni
β0 − 1ni

Ui −X i

(
γβ ⊙ β̃

)
−

d•∑
k=1

Zik (γukũk)

∥∥∥∥∥
2


−1

2
Eq {log (aε)} −

1

2
log (π)− 3

2
Eq

{
log
(
σ2
ε

)}
− µ

q

(
1
/
aε

)µ
q

(
1
/
σ2
ε

)

−1

2
(N + 1) log

(
λq(σ2

ε)

)
+ log

{
Γ

(
1

2
(N + 1)

)}
+

{
1

2
(N + 1) + 1

}
Eq

{
log
(
σ2
ε

)}
+ µ

q

(
1
/
σ2
ε

)µ
q(1
/
aε)

+
1

2
µ
q

(
1
/
σ2
ε

)Eq

 m∑
i=1

∥∥∥∥∥yi − 1ni
β0 − 1ni

Ui −X i(γβ ⊙ β̃) +
d•∑
k=1

Zik(γukũk)

∥∥∥∥∥
2


−1

2
log (π)− log (sε)−

3

2
Eq {log (aε)} − µ

q

(
1
/
aε

)/s2ε
− log

(
λq(aε)

)
+ 2Eq {log (aε)}+ λq(aε)µ

q

(
1
/
aε

)

= log p (y; q,C)− 1

2
(N + 1) log

(
λq(σ2

ε)

)
−µ

q

(
1
/
aε

)/s2ε − log
(
λq(aε)

)
+ λq(aε)µ

q

(
1
/
aε

) + const2.

where const2 denotes constants that do not depend on any q-density parameters.
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In the binary response case, recalling that (6.97) is

log p (y; q) = log p (y; q,C) + Eq

[
log
{
p
(
y
∣∣c)}]

+Eq

[
log
{
p
(
c
∣∣β0,U ,γβ, β̃,γu, ũ

)}]
− Eq [log {q (c)}] ,

and recalling that

p(y
∣∣c) = m∏

i=1

ni∏
j=1

I(cij ≥ 0)yijI(cij < 0)1−yij ,

then the second term of (6.97) becomes

Eq

[
log
{
p
(
y
∣∣c)}] = m∑

i=1

ni∑
j=1

(yijEq [log {I(cij ≥ 0)}] + (1− yij)Eq [log {I(cij < 0)}]).

The third term of (6.97) is

Eq

[
log
{
p
(
c
∣∣β0,U ,γβ, β̃,γu, ũ

)}]
= −N

2
log(2π)− 1

2
Eq

(
m∑
i=1

∥∥∥ci − 1ni
β0 − 1ni

Ui −X i(γβ ⊙ β̃)−
d•∑
k=1

Zik(γukũk)
∥∥∥2) .

Recalling that

log {q (c)} = −N
2
log(2π) +

m∑
i=1

ni∑
j=1

[
yij log {I(cij ≥ 0)} − yij log

{
Φ(ηij)

}
+(1− yij) log {I(cij < 0)} − (1− yij)log

{
Φ(−ηij)

}]
−1

2

m∑
i=1

∥∥∥ci − 1ni
β0 − 1ni

Ui −X i(γβ ⊙ β̃)−
d•∑
k=1

Zik(γukũk)
∥∥∥2

where

ηq ≡ µq(β0)1N +


µq(U1)1n1

...

µq(Um)1nM

+X
(
µq(γβ)

⊙ µq(β̃)

)
+

d•∑
k=1

•
Zk

(
µq(γuK)µq(ũK)

)
,
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then the fourth term of (6.97) becomes
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Therefore, for binary response, we have
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Chapter 7

Application to the Australian
Red Cross Blood Service
Datasets

7.1 Introduction

Blood donation is currently one of the few methods to collect blood for therapeutic
purposes and is essential for healthcare worldwide. Due to the typically voluntary
nature of blood donations, donor attendance rates can vary significantly. As a re-
sult, these variations affect both the financial and human resources of the healthcare
system (Boksmati et al., 2016). Consequently, blood collection services aim to under-
stand the factors influencing donor attendance, such as Charbonneau et al. (2015),
Bagot et al. (2013) and Gemelli et al. (2017). However, most studies rely on small
datasets and lack the use of modern statistical tools for analysis.

Our dataset, provided by the Australian Red Cross Blood Service, has over 3 mil-
lion donation records, collected in Queensland between 2015 and 2017. Table 7.1 pro-
vides the descriptions of 37 relevant recorded variables. Our goal is to identify the
key factors influencing blood donors’ appointment outcomes, such as whether they
attend their scheduled donation, while incorporating more variables and a larger
sample size than previous studies. Computationally efficient methods are necessary
due to the large size of the dataset.
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The Bayesian model selection paradigm is used to facilitate the GAMM selec-
tion with random intercept described in Chapter 6, with accuracy and tremendous
flexibility to achieve the scalability when handling large data sets. We apply the
methodology described in Chapter 6 for the GAMM model selection with random
intercept to the Australian Red Cross Blood Service dataset in this chapter.

We aim to categorize each candidate predictor’s effect type to be linear, non-linear
or zero on the mean response, to identify the contribution of variables to the response
data, via the MCMC approach and the MFVB approach as the faster option. For the
linear effect predictors, we need to know they are having positive or negative im-
pacts on the mean response by the posterior mean and the 95% credible intervals of
all the selected linear coefficients. For the non-linear effect predictors, we display
relevant slices of the additive model fit, for which each of the other functions are
evaluated at the median value of their predictor. For the zero effect predictors, they
can be discarded, making the selected model parsimonious.

The data cleaning process of the Australian Red Cross Blood Service data is de-
scribed in Section 7.2.1. We simplify the data for the three-category GAMM selection
with random intercept in grouped data. The selection result is given in Section 7.2.2,
using the MCMC approach, as described in Algorithm 9 in Section 6.5.3. Further,
the selection result is given in Section 7.2.3, using the MFVB approach, as the faster
option as described in Algorithm 10 in Section 6.6.2.

7.2 Analysis of the Australian Red Cross Blood Service

Dataset

Table 7.1 provides a description of each of the 37 relevant variables recorded. These
37 variables will be used in Section 7.2.2–7.2.3 for GAMM selection with random
intercept.
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Table 7.1: A table that shows each of the variables in the analysis, explains what they mean
and lists the type of data they are.

ID A multilevel factor variable with each donor’s ID number.

attendance A two–level factor whether the donors either attended or
were absent in their appointment. Didn’t attend is the ref-
erence.

age A continuous variable with the donor’s age in years.

sex A two–level factor variable with the donor’s gender. Female
is the reference.

bloodType A nine–level factor variable with donor’s blood type. It can
be A+, A-, AB-, AB+, B-, B+, O-, O+ or Unknown.

pltDon A count variable with the number of platelet donations the
donor has had.

WBDon A count variable with the number of whole blood donations
the donor has had.

plsDon A count variable with the number of plasma donations the
donor has had.

apptTime A continuous positive variable with time of the appoint-
ment, converted to proportion of a day measured from mid-
night in hours.

apptWkday A six–level factor variable with weekday of the appoint-
ment from 2 to 7, where 2,3,4,5,6,7 are weekdays Monday,
Tuesday, Wednesday, Thursday, Friday, Saturday respec-
tively.

apptMth A 12–level factor variable with the month of the appoint-
ment.

apptSeas A four–level factor variable with season of the appointment.

apptYear A three–level factor variable with the year of the appoint-
ment.

Variable name Description

Continued on next page
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Table 7.1: A table that shows each of the variables in the analysis, explains what they mean
and lists the type of data they are. (Continued)

apptPubHolRad A five–level factor variable with the number of days either
before or after the appointment to the nearest public holi-
day. If a public holiday is not within seven days of an ap-
pointment, this variable takes the value 0. If an appoint-
ment is one day from a public holiday, this variable takes
the value 1. If an appointment is two days from a public
holiday, this variable takes the value 2, etc.

apptCreDelta A continuous variable with the difference between the date
of creating the booking and the actual donation date.

apptBookType A seven–level factor with the type of booking made. In cen-
tre bookings are those made after the previous donation.
NCC inbound is where the donor calls the centre. NCC out-
bound is where the centre calls the donor. NCC unknown is
a booking made over the phone, but it is unsure who called
who. Community relations are bookings made through com-
munity outreach. Portal are bookings made using the portal
software and Webbooking are those made over the web.

colTypeSched A four–level factor variable with the type of blood collec-
tion procedure scheduled to be conducted. It can be either
plasmapheresis, plateletpheresis, whole blood or no blood.

colTypeTaken A four–level factor variable with the type of blood collection
procedure conducted. It can be either plasmapheresis, platelet-
pheresis, whole blood, no blood taken during appointment.

centreType A two–level factor with the type of centre where the col-
lection of blood was scheduled, i.e. whether it was a static
collection room or a mobile blood van. Here mobile is the ref-
erence category.

centreLoc A two–level factor whether the scheduled collection centre
was regional or metro. Here regional is the reference category.

Variable name Description

Continued on next page
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Table 7.1: A table that shows each of the variables in the analysis, explains what they mean
and lists the type of data they are. (Continued)

lastDefLen A continuous variable given as the length of time in weeks
since the donor last deferred an appointment. This is set to
0 for when the donor has not had a previous deferral.

lastDefEndLen A continuous variable with length of time in weeks since
the donor last deferral ended. This is set to 0 for when the
donor has not had a previous deferral.

inbndSMS A count variable with the number of messages sent to the
Red Cross from the donor.

inbndPhone A count variable with the number of phone calls made to
the Red Cross by the donor.

inbndEmail A count variable with the number of emails sent to the Red
Cross by the donor.

inbndUnknown A count variable with the number of unknown communica-
tions sent to the Red Cross by the donor.

inbndInternet A count variable with the number of internet communica-
tions sent to the Red Cross by the donor.

outbndPhone A count variable with the number of phone calls made to
the donor by the Red Cross.

outbndSMS A count variable with the number of messages sent to the
donor by the Red Cross.

outbndEmail A count variable with the number of emails sent to the
donor by the Red Cross.

outbndUnknown A count variable with the number of unknown communica-
tions sent to the donor by the Red Cross.

outbndInternet A count variable with the number of internet communica-
tions sent to the donor by the Red Cross.

Variable name Description

Continued on next page
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Table 7.1: A table that shows each of the variables in the analysis, explains what they mean
and lists the type of data they are. (Continued)

lastTTC A continuous variable with the time it took in the last ap-
pointment before the donor was on the couch ready for the
phlebotomist to take blood.

lastBleedTime A continuous variable with the time it took in the last ap-
pointment from needle in to needle out. This is linked to
collection type.

lastDonMultiArm A two–level factor variable which indicates whether or not
the donor was punctured in one or both arms. True if one
arm and False if both.

lastDAEVVR A two–level factor variable indicating whether or not the
donor had a vasovagal reaction in their last visit. True if one
did happen and False if one did not.

lastDAEnonVVR A two–level factor variable indicating whether or not the
donor has a non-vassalage reaction in their last visit. True if
one did happen and False if one did not.

Variable name Description

7.2.1 Data Cleaning

The Australian Red Cross Blood Service dataset was obtained from various sources
and required data cleaning. Donors had the freedom to visit any room at any lo-
cation in Queensland as often as they wished, resulting in many donors attending
different rooms for their appointments. The data has a complex structure, with dona-
tions nested within donors and crossed with rooms, where rooms are further nested
within areas (see Figure 7.1). Additionally, the true structure of the data includes a
time effect. However, due to the methodological limitations discussed in this thesis,
we simplify the data to a single level of nesting, with donations nested by donor, by
grouping all donations under each donor (see Figure 7.2).

For the application to the Australian Red Cross Blood Service dataset, 37 rele-
vant candidate predictors with descriptions listed in Table 7.1 enter the mode for
the GAMM selection with random intercept, as described in Section 7.2.2 using the
MCMC approach and as described in Section 7.2.3 using the MFVB approach.



7.2.1. Data Cleaning 426

Donors D1 D2 D3

Donation d1 d2 d3 d4 d5 d6 d7 d8

Rooms R1 R2 R3

Area A1 A2

Figure 7.1: A plot shows the two level multiple membership structure of the data, where donations
are nested under donors crossed with rooms, which are nested under area. The first row represents
each donor, the second row shows each donation of each donor, the third row shows which room each
donation was done in, and the fourth row shows the area of each room. Note the time aspect of the
data is not included in this graph.

Donors D1 D2 D3

Donation d1 d2 d3 d4 d5 d6 d7 d8

Figure 7.2: A plot shows the one level structure of the data after the simplification for the GAMM
selection with random intercept. Donations are nested under each donor. The first row shows each
donor. The second row shows each donation of each donor.
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Some variables were recorded as they were used in the collection rooms and
hence were not in a format suitable for statistical analysis. The predictor apptTime
listed in Table 7.1, originally in a date-time format, was converted to hours since
midnight, with the date component separated into years.

The response variable attendance listed in Table 7.1, is the patient appointment
result. It was originally recorded as a six-level factor with the following outcomes be-
ing: attended, blood was taken, cancelled, rescheduled, active or unknown. We sim-
plified it to a two-level factor called attendance, where the donors either attended or
were absent, with absent as the reference category. The response variable attendance
is the indicator of whether the donor attended the donation.

The predictor apptCreDelta listed in Table 7.1, is referred to the date gap between
creating the booking and actual donation date. The dataset contained negative val-
ues for apptCreDelta, representing instances where patients attended without book-
ing in advance. These values occurred since the appointment time was recorded
after the donor’s blood was taken by staff. These negative values were not useful
for predicting donor attendance rates, therefore, we removed these negative values
from the dataset.

The dataset also contains several missing values. For first time donors, there are
missing values for predictors WBDON, pltDon, plsDon and lastDefLen listed in Table
7.1. These predictors represent the number of whole blood donations the donor has
had, the number of platelet donations the donor has had, the number of plasma do-
nations the donor has had and length of time in weeks since the donor last deferral,
which are not available for first time donors. Since the primary goal of this analysis is
to demonstrate the methodology, we do not investigate this further and instead per-
form a complete case analysis. Moreover, a spurious observation, where a donor’s
age made their last deferral length impossible, was removed from the dataset.

The counts of each communication method between the Red Cross and the donor
were converted from count variables, indicating the number of times each form of
communication occurred, into a binary variable indicating whether there was no
communication or at least one communication.
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The dataset included several donors with an exceptionally high number of ob-
servations (the highest having 2, 247 bookings). It is speculated that these were au-
tomated bookings triggered by various information flags, which were either not at-
tended or cancelled. As donors with a high number of bookings were relatively
common, we chose not to remove them from the dataset.

The predictors plsDon, pltDon, lastDefLen, lastDefEndLen and lastTTC are mildly
or highly skewed. Therefore, we implemented a transform of log (x+ 1) .

After the conversion of each of the categorical variables to indicator form, the
dataset contained 80 candidate predictors. We used a 10% subset of the original
data. There are 9, 053 groups with a total of 78, 727 observations for the GAMM
model selection with random intercept via MCMC and MFVB, descried in Section
7.2.2 – 7.2.3 respectively.

7.2.2 Data Illustration for Markov Chain Monte Carlo

Using the MCMC approach described in Algorithm 9 in Section 6.5.3, we obtained
the categorization results shown in Table 7.2. The model selection process via MCMC
takes 237.39 seconds. Among 80 candidate predictors, 41 were selected: 37 linear ef-
fects, 4 non-linear effects and 39 predictors discarded.

We obtained the inferential summary for all the selected linear fits using the
MCMC approach as shown in Table 7.3 . The descriptions of these predictors are
listed in Table 7.1. The results show that apptYear of 2017, outbndSMS, inbndPhone
and outbndPhone, each have positive impacts on the probability of donor atten-
dance. Conversely, centreType, inbndSMS, apptBookType of NCC outbound, colType-
Sched of Plateletpheresis Collection and apptBookType of Web Booking each have neg-
ative impacts on the probability of donor attendance.

There are four predictors that exhibit non-linear effects on the probability of donor
attendance, which are apptCreDelta, WBDon, log

(
plsDon + 1

)
and apptTime. The

descriptions of these predictors are listed in Table 7.1. We obtained Figure 7.3 to
visualize the non-linear effects. The first panel for predictor apptCreDelta indicates
that the probability of donor attendance sharply decreases from 0.8 to 0.3 as apptCre-
Delta increases from 0 to 75, and then continues to decrease moderately from 0.3 to
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Predictors selected as having linear effects:

colTypeTaken of no blood taken, colTypeTaken of plasmapheresis taken,

colTypeTaken of Platelepheresis taken, colTypeTaken of whole blood taken,

age, apptYear of 2016, apptYear of 2017, bloodType of B+,

apptSeas of Summer, apptBookType of NCC unknown, apptBookType of NCC outbound,

centreLoc, centreType, apptMth of December, apptBookType of NCC inbound,

lastDAEVVR, apptMth of February, apptWkday of Friday, outbndUnknown,

apptMth of January, apptMth of June, log
(

lastDefLen + 1
)
, log

(
lastDefEndLen + 1

)
,

log
(

pltDon + 1
)
, apptMth of March, lastDAEnonVVR, bloodType of O-,

apptBookType of other, inbndPhone, outbndPhone,

colTypeSched of Plateletpheresis Collection, sex, inbndSMS, outbndSMS,

bloodType of unknown, apptBookType of Web Booking, apptWkday of Wednesday.

Predictors selected as having non-linear effects:

apptCreDelta, WBDon, log
(

plsDon + 1
)

, apptTime.

Table 7.2: Categorization results obtained from Red Cross Blood Service application dataset using the
MCMC approach as given by Algorithm 9.

0.2 in the range from 100 to 200. The second panel for predictor WBDon shows that
the probability of donor attendance increases steadily from 0.4 to 0.6 with particu-
larly high values further increasing the probability of donor attendance. Similarly,
the third panel for predictor log

(
plsDon + 1

)
shows a similar steady increase from

0.4 to 0.6 with higher values resulting in higher probability of donor attendance. The
fourth panel for predictor apptTime shows that the probability of donor attendance
peaks around 0.5 in the range from 0.3 to 0.4 and from 0.7 to 0.8.

7.2.3 Data Illustration for Mean Field Variational Bayes

Using the MFVB approach described in Algorithm 10 in Section 6.6.2, we obtained
the categorization results shown in Table 7.4. The model selection process via MFVB
takes 45.23 seconds. Among 80 candidate predictors, 36 candidate predictors were
selected: 31 linear effects, 5 non-linear effects and 44 discarded. Among the 31 linear
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posterior mean 95% credible interval

colTypeTaken of no blood taken –0.09168 (−0.1875, 0.0000)
colTypeTaken of plasmapheresis taken 0.05964 (−0.005898, 0.1768)
colTypeTaken of Platelepheresis taken –0.06558 (−0.2024, 0.0000)
colTypeTaken of whole blood taken 0.02673 (−0.06051, 0.1404)
age 0.01038 (0.009372, 0.01148)

apptYear of 2016 –0.05056 (−0.3601, 0.005011)
apptYear of 2017 0.3107 (0.0000, 0.3873)

bloodType of B+ 0.06942 (0.0000, 0.1461)

apptSeas of Summer –0.08098 (−0.186, 0.08692)
apptBookType of NCC unknown 0.4996 (0.4021, 0.6462)

apptBookType of NCC outbound –0.7836 (−0.8889,−0.635)
centreLoc –0.03121 (−0.06249, 0.0000)
centreType –0.1653 (−0.2091,−0.1252)
apptMth of December 0.161 (0.0000, 0.2716)

apptBookType of NCC inbound –0.4067 (−0.5105,−0.2535)
lastDAEVVR –0.1913 (−0.2781,−0.09297)
apptMth of February –0.06906 (−0.2517, 0.0119)
apptWkday of Friday –0.07165 (−0.1102,−0.02197)
outbndUnknown 0.597 (0.0000, 1.141)

apptMth of January –0.05212 (−0.2215, 0.05397)
apptMth of June –0.04275 (−0.09215, 0.0000)

log
(

lastDefLen + 1
)

0.01786 (0.0000, 0.02852)

log
(

lastDefEndLen + 1
)

–0.01404 (−0.02346, 0.0000)

log
(

pltDon + 1
)

0.03502 (0.0000, 0.06323)

Table 7.3: Inferential summary of the linear coefficients for the Australian Red Cross Blood Service
dataset, using the MCMC approach as given by Algorithm 9.

effect predictors, 28 are in common with MCMC approach (Algorithm 9). Among
the 5 non-linear effect predictors, 4 are in common with MCMC approach. Predictor
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posterior mean 95% credible interval

apptMth of March –0.0543 (−0.1090, 0.0000)
lastDAEnonVVR –0.0949 (−0.2063, 0.0000)
bloodType of O- –0.0856 (−0.1380, 0.0000)
apptBookType of other –0.1091 (−0.2170, 0.0000)
inbndPhone 0.1136 (0.0839, 0.1455)

outbndPhone 0.1293 (0.0970, 0.1605)

colTypeSched of
Plateletpheresis Collection –0.1568 (−0.2512,−0.0784)

sex 0.0646 (0.0366, 0.0942)

inbndSMS –0.3547 (−0.4008,−0.3051)
outbndSMS 0.3037 (0.2804, 0.3277)

bloodType of unknown –1.0179 (−1.2695,−0.7499)
apptBookType of Web Booking –1.8091 (−2.1848,−1.4384)
apptWkday of Wednesday –0.0321 (−0.0792, 0.0000)

Table 7.3 continued: Inferential summary of the linear coefficients for the Australian Red Cross
Blood Service dataset, using the MCMC approach as given by Algorithm 9.

log
(

lastDefLen + 1
)

is selected to have linear effect in MCMC, but it is selected to
have non-linear effect in MFVB.

We obtained the inferential summary for all the selected linear fits using the
MFVB approach as shown in Table 7.5. The descriptions of these predictors are listed
in Table 7.1. Among the 31 selected linear predictors, 28 predictors are also selected
by the MCMC approach shown in Table 7.3.

The results indicate that apptYear of 2017, outbndSMS, apptBookType of In cen-
tre, inbndPhone and outbndPhone each have positive impacts on the probability of
donor attendance. Conversely, colTypeTaken of no blood taken, centreType, apptBook-
Type of NCC inbound, lastDAEVVR, apptMth of February, colTypeSched of Platelet-
pheresis Collection, inbndSMS and apptBookType of Web Booking each have negative
impacts on the probability of donor attendance.
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Figure 7.3: The estimated non-linear effects of apptCreDelta (dates between the booking and do-
nation), WBDon (the number of whole blood donations), log

(
plsDon + 1

)
(the logarithm of the

number plasma donations plus one) and apptTime (proportion of a day since midnight in hours)
for the Australian Red Cross Blood Service dataset from application of Algorithm 9 and effect type
estimation rules of Section 6.7.2 with τ = 0.5, with 1, 000 samples as warm up and 1, 000 samples
as retained. Each curve is the slices of estimated probability of donor attendance as a function of the
predictor, with all other selected predictors set to their median values. The shade region corresponds
to pointwise approximate 95% credible intervals. The rug at the base of the plot show values of each
predictor.

There are five predictors having non-linear effects on the probability of donor at-
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Predictors selected as having linear effects:

colTypeTaken of no blood taken, colTypeTaken of plateletpheresis taken,

age, apptYear of 2017, bloodType of B+, apptBookType of NCC unknown,

apptBookType of NCC outbound, centreLoc, centreType,

apptMth of December, apptBookType of NCC inbound, lastDAEVVR,

apptMth of February, apptWkday of Friday, apptBookType of In centre,

outbndUnknown, apptMth of January, apptMth of June, apptMth of March,

apptWkday of Monday, lastDAEnonVVR, bloodType of O-,

inbndPhone, outbndPhone, colTypeSched of Plateletpheresis Collection,

sex, inbndSMS, outbndSMS, apptWkday of Tuesday,

bloodType of unknown, apptBookType of Web Booking.

Predictors selected as having non-linear effects:

apptCreDelta, WBDon, log
(

plsDon + 1
)

, log
(

lastDefLen + 1
)

, apptTime.

Table 7.4: Categorization results obtained from Red Cross Blood Service application dataset using the
MFVB approach as given by Algorithm 10.

tendance, which are apptCreDelta, WBDon, log
(

plsDon + 1
)
, log

(
lastDefLen + 1

)
and apptTime. The descriptions of these predictors are listed in Table 7.1. We ob-
tained Figure 7.4 to visualize these non-linear effects. The first panel for predic-
tor apptCreDelta, the second panel for predictor WBDon, the third panel for pre-
dictor log

(
plsDon + 1

)
and the fifth panel for predictor apptTime closely resem-

ble the ones in Figure 7.3 using MCMC approach. The fourth panel for predictor
log
(

lastDefLen + 1
)

shows that the probability of donor attendance remains steady
at approximately 0.4 in the range from 0 and 3 and then gradually decreases from
0.4 to 0.3 between 3 and 7.

In summary, using the MFVB approach (Algorithm 10) takes approximately 20%

of the model selection processing time as using the MCMC approach (Algorithm 9).
MCMC method selected 36 variables and MFVB selected 41, with 33 variables in
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posterior mean 95% credible interval

colTypeTaken of no blood taken –0.1265 (−0.153,−0.09987)
colTypeTaken of plateletpheresis taken –0.07279 (−0.1208,−0.02504)
age 0.01074 (0.01025, 0.01123)

apptYear of 2017 0.3651 (0.3491, 0.3814)

bloodType of B+ 0.06408 (0.03548, 0.09304)

apptBookType of NCC unknown 0.5562 (0.5046, 0.6075)

apptBookType of NCC outbound –0.703 (−0.7587,−0.648)
centreLoc –0.02594 (−0.04108,−0.01049)
centreType –0.1528 (−0.1761,−0.1296)
apptMth of December 0.0787 (0.05456, 0.1027)

apptBookType of NCC inbound –0.3214 (−0.3745,−0.2681)
lastDAEVVR –0.1954 (−0.25,−0.1416)
apptMth of February –0.163 (−0.1921,−0.1345)
apptWkday of Friday –0.05132 (−0.07235,−0.03068)
apptBookType of In centre 0.1206 (0.07229, 0.1688)

outbndUnknown 0.5979 (0.2858, 0.9004)

apptMth of January –0.1403 (−0.1706,−0.1103)
apptMth of June –0.05898 (−0.08532,−0.03349)
apptMth of March –0.06999 (−0.09966,−0.04098)
apptWkday of Monday 0.03939 (0.01962, 0.05923)

lastDAEnonVVR –0.1277 (−0.1928,−0.06271)
bloodType of O- –0.07107 (−0.09282,−0.04896)
inbndPhone 0.1088 (0.08761, 0.1298)

outbndPhone 0.1197 (0.09738, 0.1417)

colTypeSched of
Plateletpheresis Collection –0.1131 (−0.1592,−0.06768)

Table 7.5: Inferential summary of the linear coefficients for the Australian Red Cross Blood Service
dataset, using the MFVB approach as given by Algorithm 10.
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posterior mean 95% credible interval

sex 0.06275 (0.04838, 0.07768)

inbndSMS –0.3536 (−0.3853,−0.3213)
outbndSMS 0.285 (0.2687, 0.3017)

apptWkday of Tuesday 0.03824 (0.01902, 0.05762)

bloodType of unknown –0.9712 (−1.107,−0.8337)
apptBookType of Web Booking –1.626 (−1.792,−1.466)

Table 7.5 continued: Inferential summary of the linear coefficients for the Australian Red Cross
Blood Service dataset, using the MFVB approach as given by Algorithm 10.

common between these two approaches.
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Figure 7.4: The estimated non-linear effects of apptCreDelta (dates between the booking and dona-
tion), WBDon (the number of whole blood donations), log

(
plsDon+1

)
(the logarithm of the number

plasma donations plus one), log
(

lastDefLen + 1
)

(the logarithm of the number of weeks since the
donor last deferred an appointment plus one) and apptTime (proportion of a day since midnight in
hours) for the Australian Red for the Australian Red Cross Blood Service dataset from application of
Algorithm 10 and effect type estimation rules of Section 6.7.2 with τ = 0.1. The curve is the slice of
estimated probability of donor attendance as a function of the predictor, with all other selected predic-
tors set to their median values. The shaded regions correspond to pointwise approximate 95% credible
intervals, but are subject to considerable mean field approximation error.
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Chapter 8

Conclusion

This thesis presents fully automatic and accurate Bayesian three-category GAM se-
lection methodology with improved speed and scalability, to categorize each can-
didate predictor’s effect to be zero, linear or non-linear on the mean response. The
framework supports both Gaussian and binary response cases. Both the MCMC and
the faster MFVB approach are implemented in our R package gamselBayes. Our
approaches are inspired by the regularization path approach (Chouldechova and
Hastie, 2015), which is a frequentist approach, based on the group LASSO and the
Demmler-Reinsch spline bases. Instead of relying on the regularization path and
cross-validation, we incorporate their framework into a Bayesian graphical model
and apply Bayesian principles to perform model selection, allowing us to avoid the
practical difficulties of finding the cross-validation minima and to explore a bigger
model space compared with the regularization path approach. We use the misclassi-
fication rate as the primary performance metric, representing the proportion of times
that a predictor is misclassified as zero, linear or non-linear effect based on its true
simulated effect.

In Chapter 2, we introduced the use of Laplace-Zero/Grouped Lasso-Zero pri-
ors and tailored auxiliary variable representations, enabling Gibbs sampling for the
MCMC and implemented Algorithm 2 in our R package gamselBayes, for the Bayesian
three-category GAM selection on Gaussian and binary responses. Using the model
selection rules stated in (2.54), our simulation study suggests a good default thresh-
old value of 0.5 for the MCMC (see Figure 2.3). We applied Algorithm 2 to two
real-world datasets – the mortgage dataset and the educational dataset, to demon-
strate the practical applicability of the approach.
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In Chapter 3, we investigated the properties of Grouped Horseshoe distribution
and explored the application of the (Grouped) Horseshoe priors via MCMC for the
Bayesian three-category GAM selection on Gaussian responses (Algorithm 4) us-
ing Gibbs sampling, as well as on Poisson responses (Algorithm 5) and Negative-
Binomial responses (Algorithm 6), both using slice sampling. The score function be-
haviour and robustness to large signals of the univariate Horseshoe distribution are
seen to transfer to the grouped case (see Result 3.2.3.1 and Result 3.2.4.1). However,
the super-efficiency based on risk rates of convergence does not extend to grouped
case (see Result 3.2.5.1). Further, we conducted a simulation study for classification
performance comparison in terms of accuracy. For Gaussian responses, using the
model selection rules stated in (3.74) for the (Grouped) Horseshoe priors and the
rules stated in (2.54) for the Laplace-Zero/Grouped Lasso-Zero priors, Figures 3.5–
3.8 indicate that the (Grouped) Horseshoe priors generally underperform relative
to the Laplace-Zero/Grouped Lasso-Zero priors described in Chapter 2. For count
responses, we use the model selection rules stated in (3.75). For Poisson responses,
Figures 3.9 shows that the (Grouped) Horseshoe priors with k-means clustering used
to determine the classification border performs better than the (Grouped) Horse-
shoe priors with fixed border of 0.5 and the default version of the spikeSlabGAM
approach. For Negative-Binomial responses, Figure 3.10 shows that the (Grouped)
Horseshoe priors with k-means clustering used to determine the classification bor-
der performs better than the use of a fixed border of 0.5.

In Chapter 4, following the work of Chapter 2 via the MCMC, with use of the
Laplace-Zero/Grouped Lasso-Zero priors and tailored auxiliary variable represen-
tations, we derived the closed forms updates for the MFVB algorithm and imple-
mented Algorithm 7 as the faster option in our R package gamselBayes, for the
Bayesian three-category GAM selection on Gaussian and binary responses. Using
the model selection rules stated in (2.54), our simulation study suggests a good de-
fault threshold value of 0.1 for the MFVB (see Figure 4.1). We applied Algorithm 7
to the car auction data and to the Sydney real estate data.

In Chapter 5, we conducted a simulation study for classification performance
comparison in terms of accuracy and speed, among our MCMC given in Algorithm
2 as described in Chapter 2, our MFVB given in Algorithm 7 as described in Chap-
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ter 4 and the default version of the spikeSlabGAM approach as described in Section
5.2.1, for the three-category GAM selection on Gaussian and binary responses. Fig-
ure 5.1 shows both MCMC and MFVB perform similarly to spikeSlabGAM for low
noise level on Gaussian responses. For high noise level on Gaussian responses, our
MFVB exhibits slightly reduced accuracy but improved speed and scalability. Fig-
ure 5.2 shows that both MCMC and MFVB outperform spikeSlabGAM on binary
responses. Table 5.1 shows although spikeSlabGAM can yield strong classification
result, it is comparatively slow and lacks scalability to large data sets, relative to our
MCMC and MFVB methods.

In Chapter 6, we extended the Bayesian three-category GAM selection via the
MCMC and the MFVB, as described in Chapter 2 and Chapter 4 respectively, to
GAMM selection with random intercept. Using the Laplace-Zero/Grouped Lasso-
Zero priors and tailored auxiliary variable representations, we derived Gibbs sam-
pling for MCMC (Algorithm 9) and closed forms updates for the MFVB (Algorithm
10). Using the model selection rules stated in (6.84), our simulation study suggests
a good default threshold value of 0.5 for the MCMC (see Figure 6.3) and 0.1 for
the MFVB (see Figure 6.5). We also conducted a simulation study for classification
performance comparison in terms of accuracy and speed, among our MCMC (Al-
gorithm 9), our MFVB (Algorithm 10) and the default version of the spikeSlabGAM
approach as described in Section 5.2.1. For Gaussian responses, our methods match
the performance of the existing spikeSlabGAM approach at smaller sample size and
outperform it as sample size increases (see Figure 6.7). For binary responses (see
Figure 6.8), for smaller sample size, both MCMC and MFVB approaches show bet-
ter classification performance. For larger sample size, these three methods all have
similar performance. A comparison of computational time in seconds (see Table 6.1)
shows both MCMC and MFVB are faster and scale well across simulation settings
for the GAMM selection with random intercept problem.

In Chapter 7, we demonstrated the application of our Bayesian three-category
GAMM selection with random intercept described in Chapter 6, to the Australian
Red Cross Blood Service data via the MCMC and the MFVB. This is a very large
and complex dataset with repeated measure. Both of our MCMC (Algorithm 9) and
MFVB (Algorithm 10) for the Bayesian three-category GAMM selection with ran-
dom intercept scale efficiently to the very large dataset and offer fast computational
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performance.

In conclusion, this thesis contributes to the development of robust and scalable
methodologies for Bayesian three-category GAM selection. Specifically, we have im-
plemented both MCMC and MFVB algorithms in the public available R package
gamselBayes, supporting Gaussian and binary responses. In addition, we investi-
gated the Grouped Horseshoe distribution properties and its use in Bayesian model
selection, and extended the framework to Bayesian GAMM selection with random
intercept.

For future research work in the Bayesian three-category GAM selection with ex-
tension to GAMM selection, we aim to introduce random effects into coefficients and
correlations on Gaussian and binary responses. Moreover, we aim to explore robust
slice sampling method for Poisson responses under the Bayesian framework.
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