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Poisson Mixture Deep Learning Neural Network Models for the
Prediction of Drivers’ Claims with Excessive Zero Claims Using
Telematics Data
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*Transdisciplinary School, University of Technology Sydney, Ultimo, Australia

3Department of Statistics, University of Haifa, Haifa, Israel

This article explores the role of neural networks in insurance claim prediction using Poisson mixture (PM) deep learning
neural networks. The model is designed to handle drivers’ insurance claims with excessive zero occurrences by setting a prior
probability of a safe group (low claim). The article evaluates PM networks using the negative log-likelihood (NLL) loss function
instead of the common choice of mean square error loss function applicable for symmetric data. The NLL loss function captures
the asymmetric distribution of claim counts with excessive zeros. The meticulous search for network architecture, employing both
manual and Bayesian optimization search techniques, further improves the prediction accuracy of PM density networks. The com-
mitment of this research to pushing the boundaries of predictive analytics is evident throughout the modeling, architecture selec-
tion, and evaluation process, positioning the PM deep learning neural network as a noteworthy advancement in insurance claim
prediction.

1. INTRODUCTION

In the traditional insurance industry, premiums are calculated based on predictions using only historical annualized numbers
of claims, supplemented with demographic information such as driver age, gender, district, and car make. Since the introduc-
tion of telematics and related devices, auto insurance has undergone earthshaking changes as these devices enrich two classes
of driving data: driving habit data and driving style data. The former includes information on when, where, and how much the
insured drives, whereas the latter describes how they drive, such as accelerating, braking, sharp turning, and so on. Driving
habit data facilitate premium calculation for the pay-as-you-drive (PAYD) usage-based insurance (UBI) policies. Adding fur-
ther driving habit data, the PAYD policy was later extended to pay-how-you-drive (PHYD) using driving behaviors to assess
driver claims propensities when telematics is incorporated with data from the global positioning system (GPS) (Williams et al.
2022).

Developing predictive models for auto insurance is challenging due to the increasing volume and complexity of data
received from telematic devices. Other confronting factors include policy changes, regulatory scrutiny, and privacy protection.
Studies on the methodologies for analyzing telematics data began with traditional statistical models, but attention has been
drawn to machine learning (ML) in recent years (Hanafy and Ming 2021). ML offers more advantages over state-of-the-art
generalized linear models (GLMs) in terms of its potential to capture nonlinear relationships in the data, thereby providing
more accurate claim predictions. Clustering, decision trees, random forests, gradient boosting, explainable boosting machines,
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and neural networks (NNs) are popular ML techniques. These ML techniques can also be combined with statistical models to
provide more efficient predictive models.

These models include the decision trees that were incorporated into Poisson predictive models for the frequency of claims
(Makov and Weiss 2016). Moreover, Smith et al. (2000) applied decision trees and NN to study the probability that a policy-
holder will submit a claim and discussed the impact of prediction accuracy on insurance companies. Gao et al. (2019) proposed
Poisson generalized additive models (GAMs) using the two-dimensional speed-acceleration heat maps in addition to some
classical risk factors to predict claim frequencies. Gao and Wiithrich (2018) used the K-medoids cluster method to reduce the
size of the components in the grid to group drivers with similar heatmaps. They also used principal component analysis to
reduce the dimension of the design matrix. Among these ML models and techniques, Paefgen et al. (2013) found that NN out-
performs logistic regression and decision tree classifiers using 15 predictor variables in claim events. Weerasinghe and
Wijegunasekara (2016) classified claims frequency as low, fair, and high, compared NN with decision tree and multinomial
logistic regression models, and found that NN has the best predictive performance.

NN emerges as an efficient method for modeling claim data. This is due to NNs’ remarkable capacity for both linear and non-
linear mapping. They surpass the limitations of rigid model structures found in traditional statistical models. NNs excel over
GLMs and lasso regression in learning the intricate logic between input features and output targets empirically throughout the
training process. They adeptly construct linear and nonlinear relationships, leveraging high-order interactions across layers to dis-
cern correlations between input (features) and output (target) variables. NNs proved highly proficient in recognizing complex pat-
terns and relationships within extensive data sets. By adopting customer-specific features, such as age, location, and driving
behavior, as inputs, NNs can efficiently identify hidden driving patterns that drive auto insurance claims (Dong et al. 2016).

The idea of NNs is inspired by neuroplasticity models of the human brain. In the simple form of multilayer perceptron
(MLP; also called feedforward) without loop connections, NNs form a finite acyclic graph, a finite directed graph without
directed cycles (Goodfellow et al. 2016). Sze et al. (2017) believed that the brain learns through changes to the weights associ-
ated with the synapses, and different weights respond to different inputs. In a close-up, the structure of the NN resembles a lay-
ered cobweb with a series of neurons that take one or more inputs on the left that come from raw data, and the values are fed
forward from the input layer to the hidden and output layers. Each layer contains one or more neurons, also called perceptrons.
The operation of a neuron involves two steps. In each layer, the input is first linearly combined with layer weights. Then a non-
linear activation function is applied to the result. These hierarchical abstract layers of neurons, as latent variables, perform pat-
tern matching and forecasting.

Basic feedforward NNs have been advanced to increase their flexibility and adaptiveness. Popular extensions include deep
learning neural networks (DLNNs) with multiple hidden layers between the input and output layers.

These multiple processing layers reshape the data using hierarchically interconnected layers of artificial neurons (LeCun
et al. 2015). Through this high-level abstraction of data, they automatically learn to extract salient features of the input data.
The common DLNNSs include MLP, recurrent neural network (RNN), long-short-term memory (LSTM), convolutional neural
networks (CNN), restricted Boltzmann machines (RBM), autoencoder (AE), and others. Among these models, RNN and
LSTM models are particularly suitable for financial time series and sequential trip data; CNN and AE models are widely used
in data compression, data denoising, and image recognition for supervised and unsupervised learning, respectively; and RBM
models are applied to natural language processing.

In auto insurance claim prediction, Guo et al. (2018) considered DLNNSs to capture hidden driving patterns across heteroge-
neous drivers with telematics data. Dong et al. (2016) used one-dimensional CNNs and RNNs to analyze a large GPS trip data-
set. They found that deep learning CNNs and RNNs dramatically outperform traditional ML methods. Simoncini et al. (2018)
investigated RNNs with GPS trip data for vehicle classification. To allow frequent updates of driving behavior and, hence, a
premium to encourage safe driving, sequential trip data for each update will cover a shorter period. Instead of using sequential
trip data, this article considers cross-sectional driving behaviors by creating driving variables (DVs) from telematics data.
Specifically, diverse driving events, such as acceleration to 30 miles per hour in 5-11 seconds during rush hours, or smooth
and even cornering within the posted speed at the junction during weekday morning and afternoon in a non-rush hour, and so
on, are defined, and the frequencies of events are aggregated over a certain period for each driver. The resulting DVs are then
standardized across drivers. Hence, networks such as LSTMs, CNNs, and RNNs, which are particularly designed to capture
serial dependencies, are not suitable. This article chooses DLNNs, which are popular in various auto insurance problems (Kim
et al. 2022).

Although DLNNSs can be very flexible in capturing the complex nonlinear effects of DVs on claim counts, they are also sub-
ject to the challenge of overfitting, a problem prevalent in complex NN architectures that perform well on training data but
may falter on other data sets (Goodfellow et al. 2016; Ying 2019). Regularization in NN mitigates overfitting by creating a
robust NN architecture with good generalization when dealing with intricate data (Mishra et al. 2019; Li et al. 2020). Several
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strategies are used, including batch normalization (Ioffe and Szegedy 2015; Garbin et al. 2020), dropout (Srivastava et al.
2014; Garbin et al. 2020), and early stopping (Prechelt 2002), which are employed to address the overfitting concerns. Both
batch normalization and dropout require tuning of hyperparameters (Mishra et al. 2019; Li et al. 2020) to work well with the
network; hence, models should be trained with different combinations of hyperparameters to find an optimal set of hyperpara-
meters. However, this also increases training time (Srivastava et al. 2014; Garbin et al. 2020). Despite this, batch normalization
significantly reduces training time by normalizing the input of each layer in the network. It proves to be effective with high
learning rates and reduces the number of training steps required for convergence (Ioffe and Szegedy 2015; Garbin et al. 2020).
These regularization techniques play a pivotal role in enhancing the generalization capacity of NNs, ensuring their adaptability
and resilience when handling complex data sets.

As NNs can be viewed as some complicated and dynamic regression models, they bear some similarities with regression
models in which regression parameters are estimated to optimize certain objectives or loss functions. From a statistical model-
ing perspective, the common mean square error (MSE) loss function is applied to nonparametric regression, essentially match-
ing the first-order moment in the L2 norm and corresponding to a normal distribution for symmetric data. This assumption
fails to capture the zero-inflated claim data, often with zero inflation, even though nonlinear activation functions such as sig-
moid or, equivalently, logistic link functions can be adopted. More importantly, the MSE loss function does not include data
distribution information, and hence, it fails to provide uncertainties of the target variable estimates. Uncertainty quantification
has received growing interest in NNs (Amini et al. 2020; Wong et al. 2025).

To tackle this shortcoming, density networks were proposed, adopting negative loglikelihood (NLL) as the loss function to cap-
ture different distribution assumptions. In this approach, Fallah et al. (2009) proposed Poisson regressions for claim counts based
on NN with six hidden layers. Then they compared the performances in three simulated data sets, one linear and two nonlinear
cases, and found that Poisson NNs only improve the prediction in nonlinear environments. They urged NN to have a more refined
set of parameters and programming in a linear setting. Yunos et al. (2016) proposed DLNNs for two claim components: claim
count and claim severity (claim cost per claim). They used nine different network structures and revealed that the network architec-
ture affects the accuracy of the prediction. Wiithrich and Merz (2019) introduced the art of model blending of the simple general-
ized linear (GLM) model in a neural net architecture named the combined actuarial neural net (CANN) approach. Sakthivel and
Rajitha (2017) compared the zero-inflated hurdle models with the NN in the claim count modeling. Kim et al. (2022) found DLNN
is superior in prediction accuracy and faster in computation times than gradient boosting machines, principal component analysis
(PCA)-based Poisson regression, PCA-based negative binomial regression, and PCA-based zero inflated Poisson regression mod-
els with a combination of two data sets, speeding ticket and insurance claim count data.

Clearly, Poisson density networks using the NLL loss function extend DLNNSs to capture the asymmetric claim count distri-
bution, and enable safe and risky driver classification if the predicted claim frequency is lower or exceeds a certain threshold,
respectively.

However, this method requires a search for a good threshold as it is not a model-driven parameter. On the other hand, mix-
ture models such as PM facilitate classification using posterior probability estimates and allow differential DVs in the mean
functions of the safe and risky driver groups. Following the idea of PM LASSO regression by Usman et al. (2024), this article
proposes two-group PM DLNNSs. The inclusion of the nonregression weight parameter n for the first mixture component
presents significant implementation challenges. To address this, techniques are introduced to iteratively estimate the DLNN
parameters 0 conditioned on 7 and subsequently reestimate n conditioned on . To the best of our knowledge, the application
of PM DLNN:Ss to telematics data represents a pioneering effort in using density networks to uncover hidden driving patterns
for claim frequency prediction and driver classification.

Comparing PM DLNNs to any nonmixture type ML techniques, such as gradient boosting and explainable boosting machines,
PM DLNNS integrate both claim prediction and driver classification into a unified modeling approach. This information is used
in the premium calculation discussed later. Comparing PM DLNNs with the PM LASSO regression in Usman et al. (2024), the
advantage of DLNN lies in its ability to capture complex nonlinear relationships through both nonlinear activation functions and
high-order interaction terms. Without having to shrink some features to zero, DLNNs can effectively handle large numbers of fea-
tures in detecting hidden patterns, especially with techniques like dropout and regularization that prevent overfitting.

This article contributes on multiple fronts, as outlined here. First, it proposes innovative PM DLNNSs to learn hidden driving
patterns for claim prediction and driver classification. Due to the complexity of PM DLNNS, the architecture search is crucial
and is guided by practical considerations, with a nuanced interplay of factors or fine-tuning parameters, including epochs,
batch size, learning rates, and optimizers. DLNNs with five hidden layers are meticulously chosen, each playing a pivotal role
in discerning intricate patterns within DVs. Apart from architecture search, other techniques, such as batch normalization, early
stop, and dropout, are also adopted to mitigate underfitting and overfitting, as well as to enable speedy convergence of
parameters.
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Second, a notable challenge is to define the mean parameters of the two Poisson distributions in the NLL loss function by
incorporating constraints that can distinguish and separate the two distinct mixture groups of safe and risky drivers. These con-
straints need to align with the data structure to provide efficient separation between the two groups.

Third, the inclusion of the nonregression weight parameter 7 for the mixture component presents significant implementation
challenges. To address this, this article proposes several methodologies, including the iterative estimation of the DLNN param-
eters denoted by 0 conditioned on 7, followed by reestimation of 7 conditioned on the DLNN parameters 6 until convergence
or early stop criteria are attained. The whole PM DLNNs are implemented via Keras and TensorF1low within the Python
environment. The program is provided in the Appendix. Model performance is visualized by the scatter plot of predicted
annual claim frequency against the observed and numerical measures, such as NLL and MSE, that measure model fit and pre-
diction accuracy, respectively.

Lastly, the claim frequency and driver group classification estimated from PM DLNNSs can generate more accurate risk pro-
files, assisting insurers in personalized pricing and underwriting by considering individual risk factors. Specifically, following
the idea of Usman et al. (2024), we apply the predicted claim frequency and group classification for new drivers to the UBI
experience-rating premium pricing method to calculate the risk premium in the pay-as-you-go pricing scheme. As drivers
exhibit riskier behaviors, as measured by telematics, the premium will increase, even in the absence of previous claims, for
new drivers. To monitor driving behavior and incentivize safe driving, premiums can be recalculated weekly, but the predictive
model can be retrained monthly or over other suitable periods, considering the size of the telematics data and training cost.
This method offers a more proactive approach to safeguarding the company’s financial stability by providing customized pre-
miums that can be regularly updated to reflect actual driving risk. In addition, the estimates of claim frequency and safe/risky
driver classification are easily interpretable, supporting transparent and justifiable pricing decisions. As a result, the method
enhances the accuracy of auto insurance premium calculations, ultimately contributing to the overall profitability of insurance
companies.

This article is structured as follows. Section 2 details the PM DLNN model’s proposed structure, the architecture’s tuning,
and the regularization. Section 3 provides an empirical study with model estimation and selection. Section 4 presents the
experimental results of DLNNs. Section 5 concludes the article and discusses future research directions.

2. POISSON MIXTURE DEEP LEARNING NEURAL NETWORKS

To predict annual claim frequency and classify drivers into safe and risky groups, DLNNs are derived within the PM mod-
eling framework. Let y; denote the observed claim count of driver i, y;,i = 1..., N, N be the number of drivers, and n; be the
policy exposure for driver i. The input features or covariates are J selected DVs, and they are presented as X(j.y)x (1) =
(*1., e xN)T € RY x R’. The target variable is the claim count y,., with exposure n.y and is used to train the DLNN to pre-
dict the claim counts A1y, 1.2 = (ay., ..., tlg\ﬁ)T € R x R? as output where a; = (a;1,a;,) represents the annual predicted claim
frequency for the driver i in the safe and risky driver groups.

2.1. Poisson Mixture Regression Model
Poisson regression model is commonly applied to count data, like the number of claims. It is defined as

Y; ~ Poisson(y;), 4; = nia; = n;exp (X f) = exp (xif + log (n;)) M

where the observed y = y1.v, p = oy, @i = exp (x;.p) estimated the annual claim a; = y;/n; for driver i, and log (n;) is the
off-set parameter in the regression model.

Poisson regression assumes equidispersion. For overdispersed data, the negative binomial (NB) distribution provides extra
dispersion. With NB regression, the distribution “Poisson(y;)” in Equation (1) is replaced with NB distribution NB(v, ¢;) =
NB(v, i;/(v — i;)) where v is the shape parameter and ¢; is the success probability of each trial. NB distribution converges to
the Poisson distribution if v tends to infinity.

The PM model is also popular for modeling unobserved heterogeneity that causes overdispersion. It also facilitates classifi-
cation. The model assumes G unobserved groups, each with probability 7,, 0 < 7, <1, =1,...,G and 25:1 n, = 1. To
classify drivers into safe and risky groups, we set G = 2. Assuming that each driver claim Y; from the driver group g follows a
Poisson distribution with mean ,, that is, ¥; ~ Poisson(u,,) at probability g, g = 1,2, the density of PM model is

fPM(yi‘n’ #ilsﬂiz) = 7fi (Yi|#i1) + (1 - ”) 2()’i|ﬂi2) @)
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where 7 = m; and fg(-|1;,), g = 1,2 is the probability mass function of Poisson distribution with mean j,,. The observed
data likelihood function is

N 2
:Hzngfg yl|,u1g (3)
i=1 g=1
The marginal predicted total number of claims is
Vi =miapn + (1= 7)) gy “

where p, is the predicted claim frequency condition on group g and the posterior probability for driver i in group g is esti-
mated by

ngfg(yi“ljg)
Zz’:lng’fg’ (yi|:uig’)

Sig = &)

Based on 3;,, driver i can be classified to group g* if

* —
g = argm?x 3ig-

However, for a new driver i with input features x; from the telematic device but unknown claim frequency y;, the posterior
probability 3,, cannot be evaluated directly. Then one can simulate y<h),, 1,...,H from the PM model Som(ilm, s ) in
Equation (2) with parameters (g, 4, 7;1) determined from the trained model and calculate 3 |y . Then the posterior prob-

ability 3ig estimate can be the mean or median of 3,(g), L H.

Equation (5) also forms the E-step of the expectation—-maximization (EM) algorithm (Moon 1996) for estimating the miss-
ing group membership. When the missing is estimated, the M-step estimates all model parameters using complete data.
However, for NNs with large number of parameters, this method fails and a gradient descent algorithm (see Section 2.4) is
used instead.

Note that apart from using Equation (4) to predict the total claim frequency, an alternative estimate making use of the more

informative posterior probability is given by
Yi = 3ati + (1 =3a) ;- (6)

Results from data application show that Equation (6) provides better in-sample MSE by adopting more driver information.
Accordingly, the annual number of claims is given by

a; =3pain + (1 =3;)an @)

where a;, is the predicted annual claim from the network output in (29). Lastly, Usman et al. (2024) conducted a test for
the overdispersion and got p values 0.0482 and 0.0477, which are just marginally significant for the two Poisson models.
Moreover, they also considered the zero-inflated Poisson (ZIP) model, as a special case of the PM model with a degenerated
first component for the zero claims. Results show that the PM model outperforms the ZIP model, as the PM model offers
greater model flexibility. Considering the additional variability introduced by PM models, they concluded that PM models
are suitable for capturing the overdispersion in the data.

2.2. Architecture of DLNNs

For the PM model in Equation (2), the means Hig = Nidig where a;, adopt the DLNN structure. Assume that there are £ hid-
den layers and each hidden layer contains nz; neurons where m = (my, ..., mg) and mg, mg. | are the size of input features (layer
0) and output targets (layer £ + 1), respectively. To find the predicted annual claim matrix A, DLNNs use forward propagation
by departing from the left input layer to the hidden layers and arriving at the output layer using the MLP approach. The algo-
rithm needs good weights linking the layers to get accurate predictions.
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In each layer /, let the weights be w(,?, j=1,...,m_1,k=1,...,my, the biases be b,(f) and the k-th output neuron ag,?, which

is obtained by first weighting agl_l) = (aﬁ_w, 1(117;}1) )" € R™-! with the weight vector w,((l) = (w(lllz ...,WE,Q_] k)T € R™-1. Then

summing and bias-adjusting are applied as follows
=S ) =l ) el ), K ®

where f(~\w,(€[),b,((l)) is the linear function and ag)) = xy for the input layer. Lastly, ZE]? is nonlinearly transformed to aﬁ,? as

follows:

I I
fiz) = aff

where the activation function f;(-) is a nonlinear function to provide a reasonable output range. The choices of fi(-) are
reviewed in Equations (14) to (19).
In summary,

1 nT (- 0, ! g/ (I- n
ay = fiw"a/™" <Z 0l )+b,i>> = firfa w", b") ©)
where f;°f is the composite mapping in each layer / and

D= fwOTal"D 4 b0y = fof(@ D W, = £, o o (@) (10)

where al@ = (aﬁ), ...,a@l)T is an m; x 1 dimensional neuron vector, W) = (W(ll), . wﬁ,ﬁf) =(w <)) € R™-t x R™ is a weight

m,
matrix, and ") = (bgl), bE,Z,B)T € R™ is a bias vector. Finally, the output al@
and so on.
In the output layer £ 4 1 with m; = G = 2 neurons, the output aEQH) = (afﬂ) a<£+1)) predicts the annual claim for driver
iin group g, g = 1,2. The predicted annual claim and claim for driver i in group g are given by

is taken as the input for the next layer [+ 1,

aig(0) = frg(aly V) and 3y, = gy, = midtig(0) (11)
where al(; D are the output neurons and f.,(-) in Equation (29) are transformation functions to ensure that the two groups
are well separated. Then the overall claim y; is given by Equation (6).

Over all layers, DLNN defines a function fpinn as @ mapping from input data features to the desired annual number of
claims by group, X — A via all hidden layers with activation functions f 0 (-) in Equation (10). The deep predictor
becomes a composite mapping:

Q@

a,( +1) :f(xi\o) :f2+1’W(L’H)’b(ﬁﬂ)o...ofl’W(l)’b(])(a(o)) e RH? (12)
where a(®) = x;. Here, the mapping f(X) can be modeled as a superposition. Figure 1 visualizes the DLNN structure as just
described.

The vector of all regression parameters is 6 = (W(l),b(l), s W(ﬂ“),b(QH)). The number M of all regression parameters in

0 is calculated as

L+1

M=y x (m_y + 1)] (13)

=1

and they are estimated through backward propagation by optimizing the loss function as described in Sections 2.3 and 2.4.
Table Al in Appendix A illustrates the calculation for our choice of architecture discussed in Section 2.5, except the batch
normalization, which is also explained in Section 2.5.
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inodoui1( g
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b ~ . _ _
. | @, = fuo(aiz) = min(0.5@ + 0.5a * fuonpius (§2012),5) € (0.0375,5) |
K
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|

v

m
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fi= ijk +a; “+b,
j=1

Forward Propagation (loss is computed)

Backward Propagation (gradient is computed)

FIGURE 1. Poisson Mixture Deep Learning Neural Network (PM-DLNN) with my = 45 Features, & = 5 Hidden Layers, m = (45, 30, 15, 10, 5) Neurons in
the Hidden Layers, and my = 2 Neuron in the Output Layer.

The activation function fi(-) captures nonlinearity in the hidden layers and transforms the output to a desirable range, such
as positive for the predicted annual number of claims in the output layer. The activation function prefers to be continuous,
monotonically increasing, differentiable for gradient calculation in backward propagation, and smooth to reduce the oscilla-
tions and noise during the training. The choices of activation functions include 1inear, rectified linear unit (ReLU), expo-
nential linear unit (ELU), leaky rectified linear unit (LeakyReLU), Softplus, and Sigmoid:

Siinear(z) = z € (=00, ), (14)

Jrerv(z) = max (0, z) € (0, 00), (15)
zZ, if z>0,

fELU(Z) = { f(ez _ 1), if <0, (16)
, ifz>0,

Fueaksrerv(2) = {EZ it 220 a7

fsoftplus(z) = 1Og (1 + ez)’ (18)

foignoia(@) = 7 iez € (0,1), (19)

where ¢ is a hyperparameter. The ReLU function is faster to train because it has a fixed derivative (slope). However, when
7 <0, frerv(z) = 0 always, making the network unable to update the weights, a phenomenon called “neuron death.” The
ELU function solves this problem when z < 0 by allowing a negative output range (—1,0), whereas LeakyReLU allows a
small amount of information to flow when z < 0 and sets & at 0.01 (Sharma et al. 2017). Softplus is a smoothed version
of ReLU that avoids the zero gradients when z < 0.
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Section 2.6.1 provides details of hyperparameter tuning, including the number of hidden layers £ and the number of neu-
rons m in each layer. The results find £ = 5 hidden layers and m = (45, 30, 15, 10, 5) neurons in the hidden layers with my =
45 and mg¢,; = 2 neurons in the input and output layers, respectively, providing a good architecture to predict annual number
of claims of each component of the mixture. The Keras’s Sequential () model in Python is used to build the models.
The choice of architecture £ = 5 and m is explained in Sections 2.6.1 and 2.6.2. The dropout layer for regularization and batch
layer are explained in Section 2.5. The dropout layer does not involve new parameters.

2.3. Loss Function
The regression parameters 6 are estimated to optimize some objective functions 7(0), that is,

0 = arg mgin J(0)

for training data. The MSE is a common metric for evaluating prediction accuracy by comparing observed and predicted
number of claims. Hence, the MSE is defined as

N
Twuse(0, 1) = %Z(yi —5,(0))%, where $,(0) = n;[na; (0) + (1 — m)an(0)] (20)

i=1

is the predicted claim according to the mixture distribution in Equation (2) and a,,(0) is given by Equation (11).

However, when MSE is used as a loss function, it essentially assumes a normal distribution for symmetric data, since the
negative loglikelihood (NLL) function —¢ for normal distribution includes the MSE term apart from a normalizing constant,
and ¢? is also assumed to be a constant. Hence, the shortcomings of the MSE loss function are obvious when dealing with
skewed claim data exhibiting zero inflation, as shown in the right plot of Figure 2. More importantly, from the moment-
matching perspective, the use of the MSE loss function does not provide information regarding the uncertainty of the predicted
claim estimates.

To capture the asymmetry of the claim counts, Poisson and PM models are proposed in Section 2.1, and the PM NLL can
be adopted for the loss function. The NLL loss function for PM models is defined as

e )
T (0. 7) ——Z log foa (yi: 7. fi ) Z 104 BHC | (1 = ) BB @

Yi:

where fpm(vi; 7T, 1, 1) 18 also given in Equation (2).

Lastly, instead of updating the model’s weights based on [J(0) computed from the entire training dataset, training is often
performed on smaller subsets of the training data, known as batches or mini-batches. The optimization algorithm using gradi-
ent descent and applying to batches is called batch gradient descent.

The advantages of using mini-batches include computational efficiency, taking advantage of parallelization, especially
when working with large datasets, regularization effects by introducing randomness of mini-batch to prevent overfitting, and
memory efficiency to reduce memory load. The process of training the DLNN based on 7 (@) using mini-batches with batch
size B is commonly referred to as mini-batch training. The mini-batch size B is with respect to the training data size Ny = pN,
where p is the proportion of data assigned to training, and the validation data size Ny = (1 — p)N. The Python codes to cal-
culate the NLL and MSE losses are given in code list 1 in Appendix B and code list 2 in Appendix C.

2.4. Model Optimization

This article considers some commonly used optimizers, including stochastic gradient descent (SGD), adaptive gradient algo-
rithm (AdaGrad), adaptive learning rate method (AdaDelta), and adaptive moment estimation (Adam) in the architecture
search in Equation (27) to optimize 7 (). All of these methods use mini-batch training.
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When replacing the second-order derivatives of the loss function with a constant learning rate, SGD is known as the first-
order Newton—Raphson method (Drori 2022). The algorithm is formulated as follows:

0J(0)
0,1=0,—-( —— 22
i1 = 0 |, (22)
where 0, are the model parameters in the #-th iteration, (@) is the loss function, { is the learning rate, and 8‘%—(30) | =0, is the

gradient of the loss function J(0) with respect to 0 evaluated at @ = 0,. With mini-batch training, this method is called
mini-batch SGD (MSGD).

AdaGrad is an improved version of the SGD algorithm that increases { for sparser parameters and decreases ( for less
sparse ones. This strategy often improves convergence performance where the data are sparse and the sparse parameters are
more informative. This optimizer adjusts { depending on the squared sum of past partial derivatives. The update rule is given
by

R S S VA O]
HJ»Z-H - 91,1 <ﬁ+€> aej |0j:()jt (23)

2
where v; 1 = vj; — (ag—(go) | 9__9_> and € is a smoothing term to avoid zero value. However, the main flaw of AdaGrad is
T

its accumulation of squared gradients in the denominator, which causes the learning rate to shrink so that the model will not
learn more when the learning rate is almost zero (Zeiler 2012).
To resolve these issues, AdaDelta reduces its aggressive, monotonically decreasing learning rate by using a decay rate in
0J(0)

2
Vi1 = v — (1= @)( 50 ) : 24)
i o=,

where ¢ is a decay rate, and the updating formula is given by Equation (23). In this way, it restricts the window of accumu-
lated past gradients to a fixed size. It avoids storing previously squared gradients by recursively defining the sum of gra-
dients as a decaying average of all past squared gradients so that it depends only on the previous standard and current
gradient. See Qu et al. (2019) for an application of AdaDelta.

Lastly, the Adam algorithm (Zhang 2018) is another advanced algorithm, defined as

0 =0, — S 25
j, 141 jt C \A/’j,+6 ( )

where the first-order and second-order moment estimates of the gradient aﬁg—éjf” are ¢, = @G~ + (1- qol)a‘g—(g/o) |9j:9ﬁ and

Vi = Qa1+ (1= @2)(Og£/?))2|0j:0/r, respectively, their average values are ¢, = ¢, /(1 — ¢}) and v, = v,/(1 — ¢}), and ¢,

and ¢, are the decay rates taking values 0.9 and 0.999, respectively.

2.5. Regularization

Regularization is important in NNs because it helps prevent overfitting, a phenomenon in which a model learns the training
data too well, capturing noise, specific patterns, and overly complex representations that do not generalize well to new unseen
data. Normalization, batch normalization (BatchN), dropout (DropOut), and early stopping are introduced as powerful regu-
larization techniques to mitigate the challenges of both under- and overfitting in NNs and to ensure stability and efficiency of
the learning process.

First, we apply standardization xy,,g = (x — mean(x))/sd(x) as one normalization way to normalize all features before fit-
ting to DLNN so that each feature will have ¢ = 0 and ¢ = 1. Python code StandardScaler () is used to perform the
standardization.

Another regularization is the batch normalization BatchN, an important technique in mini-batch training. By adding noise
in forming random batches during training, it allows the model to train more consistently and converge more quickly for each
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input variable across layers over a mini-batch (Ioffe and Szegedy 2015; Santurkar et al. 2019). It also helps to address the van-
ishing and exploding gradient problems, making it easier for gradients to flow through the network, reducing sensitivity to ini-
tialization and enabling higher learning rates.

BatchN is suggested to apply to layer 1 so that for any batch with size 13, it transforms each input al{,i), k=1,...,m neu-
rons, i = 1,..., B observations within the batch, by standardization and transformation using four parameters, namely, the shift-
ing parameters ai, the scaling parameter by, the mean moving average (MA) parameter y,, and the standard deviation MA
parameter o given by loffe and Szegedy (2015):

(1)
a;, —
fButc‘hN(a,(]:)) = bk <M> + g,

Ok

where fpuenn(-) is the BatchN transformation function and the estimates of y; and o, condition on the current batch are

1 . 1 A
Hy = Ezaf‘lp and G4 = WZ (‘ll(k1> - ).
i=1 -

i=1

Parameters p,, oy are nontrainable parameters, whereas ay, by are trainable, similar to the weight and bias parameters w,
5", In Table Al, m; = 45; hence the number of parameters for BatchN is 4 x 45 = 180.

DropOut is also a popular regularization technique where randomly selected neurons in a hidden layer are dropped out
during training at a probability p such as 5%, 10%, 20%, and so on. Their contribution to the activation of downstream neurons
is temporally removed on the forward pass, and any weight updates are not applied to the neuron on the backpropagation.

Lastly, as the epoch 7 increases, the loss function 7(-) often decreases continuously, resulting in a nearly perfect fit of the
training data. Early stopping refers to some auto-stop criteria such as a certain total number of iterations or epochs &
hasreached or the predetermined lower threshold value that the loss function 7(-) has attained (You et al. 2019). The param-
eter patience P in early stopping refers to the number of consecutive epochs with no improvement in the performance metric
of the validation set before the training process is halted. The performance metric can be the loss function or accuracy meas-
ures, such as MSE. Determining the appropriate patience value can be challenging and crucial for achieving the best results.

In detecting early stopping, one can exclude initial epochs, which could exhibit transient behavior, and focus on stabilizing
phases of the training process. This strategy provides flexibility in managing early stopping, allows more informed decisions
regarding model convergence, and prevents premature stopping during the warm-up period.

2.6. Network Architecture
2.6.1. Hyperparameter Tuning

Hyperparameters of DLNNs, including the number of hidden layers £, the number of neurons m; in each layer, the activa-
tion function fi(-), the mini-batch size B, the number of epoch £, the learning rate {, the dropout rate p, and the patience P,
need to be determined. The following are some guidelines.

First, £ is an important parameter that describes the architecture of a NN. DLNNs need multiple layers to learn more
detailed and abstract relationships within the data. However, more complicated networks require more data and regularization
techniques, such as early stopping and dropout, to avoid overfitting the data. If the data have large dimensions or features, £ is
suggested to be 3 to 5. Moreover, a better loss function can increase network power and potentially reduce £.

Second, the number of hidden neurons m = (mj, ...,mg) in each layer should be determined. Some researchers suggest it
should be between the size of the input layer m and the output layer mg. . In the first hidden layer (m,), the size should be
less than twice the size of the input layer (J = my), that is, m; < 2my (Boger and Guterman 1997; Berry and Linoff 2004) or
1 < m; < 66 (Tang and Fishwick 1993) or m; = (2/3)my (Karsoliya 2012) or m; = mg/2 (Kang 1991) or 0.7mgy < m; <
0.9my (Buyrukoglu et al. 2021). On the other hand, Liu et al. (2007) proposed a new criterion based on the estimated signal-
to-noise-ratio figure (SNRF) to optimize the number of hidden neurons m to avoid overfitting. Instead of using a separate val-
idation set to detect overfitting, SNRF can quantitatively measure the useful information left unlearned so that overfitting can
be automatically detected from the training error. However, the calculation of SNRF is more complicated.

The third choice is the learning rate {, which is fixed for the SGD algorithm according to Equation (22). A large { allows
the model to learn more quickly, at the cost of skipping the optimal weights and arriving at a suboptimal set of weights (Ioffe
and Szegedy 2015). On the other hand, reducing { improves the likelihood of convergence but requires more iterations to find
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the optimal solution. Learning rates { can also be searched. Goodfellow et al. (2016) suggest searching { from the set {0.1,
0.01, 0.001, 0.0001, 0.00001}. Bengio (2012) suggests that a default { value of 0.01 typically works for standard DLNNs.
Alternatively, optimizers defined in Equations (23) to (25) update the learning rate for each network weight individually.

The fourth choice is the batch size B. Masters and Luschi (2018) stated that training of DLNNSs is typically based on mini-
batches to reduce memory traces and allow parallel running to shorten training times. The batch size B often depends on data,
model architecture, and the trade-off of training time, memory usage, regularization, and accuracy. Common batch sizes 3 are
powers of 2 (e.g., 32, 64, 128) for efficiency reasons, and generally, B = 32 is a good initial choice. Larger B leads to shorter
training time, higher memory usage, and possibly lower accuracy. Another issue is the vanishing or exploding gradients when
estimating the weight parameters. These problems can be addressed using techniques such as batch normalization, gradient
clipping (rescaling the gradient to keep it small), or other optimizer techniques, discussed in Section 2.4.

Lastly, setting the patience P in early stopping is a trade-off. A smaller P may stop training early and save computational
resources but might result in premature stopping if the model has not converged. On the other hand, a larger P allows more epochs
for potential improvement but may waste resources and risk overfitting. The appropriate value for P depends on various factors,
such as model complexity, epoch, batch size, learning rates, convergence speed, and so on. Moreover, the exclusion of certain ini-
tial epochs allows for a better assessment of models’ convergences and prevents premature stopping at very early epochs.

In conclusion, searching for these hyperparameters 3 is very important to optimize some objective functions. These optimal
hyperparameters provide some good DLNN architectures for optimizing the loss function 7 () with respect to the network
parameters 6 in Equation (21).

2.6.2. Hyperparameter Optimization

The tuning of hyperparameters $ including (£,m, p,f;, £, B, {, P,optimizer) is to an optimal set 9 that also optimizes the
loss function [7(0|9) from Section 2.4, conditioned at a given architecture defined by 9. To find the optimal set of hyperpara-
meters, there are four methods. Manual search picks hyperparameter sets based on the guidelines in Section 2.6.1 to find some
good sets of 3. Grid search refers to a search over a grid of hyperparameter space for a set of 3 over all combinations that
achieves the optimal of some objective functions, such as optimal validation NLL or accuracy. Random search is similar to
grid search but considers a prespecified number of 3 sets randomly drawn from the hyperparameter space. Lastly, Bayesian
optimization (BO) uses advanced optimization techniques to improve the search speed using past performances. This article
employs two search methods.

2.6.2.1. Manual Search  In this method, the manual search (MAN) is combined with the guidelines in Section 2.6.1 to set
L =5and m = (45,30, 15, 10,5). Activation functions are set as f1.4 = fL.inear in Equation (14) and f5 = fgry in Equation (16)
to ensure the output neurons are nonnegative. Then a large number of hyperparameter combinations are experimented with,
with early stop activated only after the 50th epoch, providing the model with an opportunity to stabilize and avoid interference
with the initial exploratory phase of training. The manual search process starts with identifying the optimal patience value P =
1,2,3,4,5 when fixing £ = 400 and optimizer AdaDelta due to its efficiency in handling complex optimization problems.
Then it experiments with different values of B, {, and p, and the suitable values are 5 = 100, 110, { = 0.0097,0.01, and p =
0.05,0.10,0.20. Each architectural variation may demand different parameter configurations to achieve optimal performance.
The choices of B are not exactly the powers of 2 but are close to 128. In summary, the choices are

Manual : £ =5, m = (45,30,15,10,5), p=0.05,0.10,0.20, fi.4 = frinear-fs = ferLu> (26)
£ =400,B8 =100,110,{ = 0.0097,0.01,P =1, ...,5,optimizer = AdaDelta.

The choice of p also depends on the convergence behavior of the models, and the choice of m (Table Al) is to ensure that
the total number of model parameters M will be less than the training data size Ny = pN. This rule prevents overfitting and
enhances the network’s capability to capture meaningful patterns.

2.6.2.2. Bayesian Optimization  Bayesian optimization (BO) search (Shahriari et al. 2016; Klein et al. 2017; Kandasamy
et al. 2018; Masum et al. 2021) uses a probability function based on hyperparameters. It is a technique for tuning the hyper-
parameter set 3 consisting of &, m, &, BB, { and the optimizer to optimize the loss function [7(0|3) given the architecture 9.
This loss function can be chosen to be NLL or MSE. The strategy is to treat 7 () as a random function and place a prior over
it. It uses surrogate models like Gaussian processes (GP) to define a prior distribution. Starting with 1t sets of hyperparameters
9., and function evaluations 7 (0|91.,), which are treated as data, the GP prior of 7 () is updated to form a GP of the poster-
ior distribution. The posterior distribution, in turn, is used to construct an acquisition function (or selection function), such as
expected improvement (EI),
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o0

EL.(9) = J max (7 (09;) — T (0]9),0)fep(T (0]91:))dT (0]9)

—0Q

where 9% := argmax;c,., EI(9i) and fep(J(9]91.m)) is the density of the posterior GP. Then the next 9 to select is 9,4 =
argmax EI,,(9) based on the updated posterior. The search strategy iteratively chooses the next set of hyperparameters 9,
according to the acquisition function EI (9) that balances exploration (sampling areas where the surrogate model is uncer-
tain) and exploitation (sampling areas where the surrogate model predicts high performance). The process is repeated for a
predefined number of iterations or until a stopping criterion is met. The advantage of BO is that it efficiently explores the
hyperparameter space and converges to the optimal 9 with a relatively smaller number of evaluations compared to tradi-
tional grid search or random search methods.
Guided by the manual exploration, the BO search is conducted for the hyperparameter spaces,

BO : € € 250,450, B € [75,120],{ € [0.0097,0.01], p = 0.05,0.10,0.20, 27)

optimizer € {SGD, Adam, AdaDelta, AdaGrad}.

where [a, b] indicates the inclusive range of values from a to b. This BO search is executed in each of the fivefold cross-
validations (CV), each repeated 3 times so that 15 distinct combinations are extracted. The best set of hyperparameters is
selected with a minimum score of custom PM MSE from the initial random sampling list of 15 with iterations 10 (see
Table 1 for BO). The Python code for implementing BO can be found in code list 3 in Appendix D.

Apart from hyperparameters, we also apply all regularization techniques in Section 2.5. For early stop, we consider both
NLL and MSE metrics.

3. EMPIRICAL STUDIES
3.1. Telematics Data

The data set originated from cars driven in the United States where special UBI sensors were installed. The University of
Haifa Actuarial Research Center provided the data, where UBI modeling is analyzed (Chan et al. 2022; Usman et al. 2024).
The data set contains Jy = 65 DVs constructed based on information collected from telematics and GPS for N = 14157 driv-
ers. See the detailed exploratory data analysis in Section 3.3 of Usman et al. (2024) for the properties of these DVs and
Appendix A for their description. These DVs are aggregated over time to obtain certain incidence rates and scaled to normalize
their ranges for better interpretability of their coefficients in predictive models. These procedures transform the multidimen-
sional longitudinal DVs into a single row for each driver, which is the unit of analysis.

The Jo = 65 DVs are presented as column vectors X,;,j = 1,...,Jo. The data also contain two column vectors of claim
counts y = y;.,y and policy duration or exposure n = n;.y in years. Ninety-two percent of y are zero. Figure 2 displays three
histograms for y, n, and annual number of claims a = {a; = y;/n;,i = 1,..., N}, respectively. Their averages are y =
0.083,7n = 1.146, and a = 0.075, respectively. The variance of y;.y is 0.089, showing an equidispersion, possibly due to the
large proportion of zeros. Drivers with 0, 1, and at least 2 claims form three classes C, = {i : y; = b} with proportions p, =
Nj/N being 0.92, 0.07, 0.005, averaged exposure 71, = Ziech n;/Nj being 1.13, 1.38, 1.64, and averaged annual claim a;, =
>_icc, @i/Np being 0, 0.92, 1.71. Also, 5+ =} ¢, ¥i/Ny+ = 2.11. The number of claims is not simply linearly related to

13,058

3,000 1

10.000 - 10,000 A

2,000 A

count

5,000 5,000

1,000 +

1.030

l &9
o = O o
o 1 =2 1 2 3 a o 1 2 3 4 5
Claims Exposure Claims/Exposure

FIGURE 2. (a) Histogram of Number of Claims; (b) Exposure; and (c) Number of Claims per Exposure. Source: Usman et al. (2024).
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exposure (R-squared is 0.014 regressing y; on n;), showing some possible impact of DVs x,; on y;. Figures A.2 and A.3 of
Usman et al. (2024) present the values, correlation matrix, and hierarchical clustering of the 65 DVs. Table Al of Usman et al.
(2024) further evaluates the information content of these DVs and selects J = 45 informative DVs in some analyses. This art-
icle adopts these J = 45 DVs and performs the analyses using PM DLNNs.

3.2. Constraints for Safe and Risky Groups

To implement the PM model, the NLL loss function defined in Equation (21) involves annual number of claims a; 1.,(0)
from both safe and risky groups. To ensure that the two groups are well defined, the predicted annual number of claims from
the safe group should be restricted to be less than or at least mostly less than the those claims from the risky group, that is,

a;1(0) < ap(0),

mostly. To secure such constraint, transformation functions f.,(-) should be applied to the two output neurons, that is,

ig(0) = feglay ) g =12 (28)
as in Equation (11). This section proposes the two transformation functions given by

ai1 = fa(ain) = 0.5a - fsigmoia(&1ain) € (0,0.0375),

. . _ _ 29
ap = fer(ap) = min(0.5a + 0.5a - foorepius(£rai2), 5) € (0.0375,5) 29)

where the output neurons a;, := a;,(0) = aggﬁ H), fsignmoia(+) is defined in Equation (19), fsorepius(-) is defined in Equation

(18), a = 0.075 as given in Section 3.1 is the average of the observed annual number of claims, and the hyperparameters
&1, &, are estimated to be 0.08 and 1, respectively, together with the network parameters 6. The ideas behind these specifica-
tions are given next.

For the first constraint, the function fsigmoia(+) ensures that the transformed annual claim stays within the range (0, 1), and
the scaling factor 0.5a maps the outputs to the desired range (0,0.0375). The choice of taking 0.5a as the threshold between
safe and risky groups is arbitrary, but it is reasonable to set some higher threshold annual claim to define the risky group.

For the second constraint, the softplus function fsorepius With a range (0, 00) ensures a positive predicted number of
claims. Then the scaling of 0.5a is applied, and lastly, shifting is conducted using 0.4a or 0.5a to achieve the desired output
range (0.03, co) or (0.0375, o0), respectively. The first range for the risky group overlaps with (0, 0.0375) for the safe group,
whereas the second range does not overlap with (0, 0.0375). These two choices are assessed using MSE, and (0.0375, co) with
0.5a shifting is chosen for a;, to achieve equilibrium between a; 1., and maintain balance between conservatism and flexibility.
Lastly, the range for the risky group is capped by 5 using min (-, 5) to avoid an excessively high predicted annual number of
claims. The two hyperparameters ¢&;, &, tune the rate of increase for the sigmoid and soft plus functions to achieve a better
approximation of the nonlinearities.

3.3. Estimation of Prior Probability =

Estimation of the previous probability m in Equation (2) is challenging in the DLNN, as it is not part of the network parame-
ters 0; hence, its optimal value needs to be estimated separately from 6. There are three ways to estimate the optimal value
of 7.

3.3.1. Grid Search

A simple and intuitive method is to run the PM DLNN for a set of fixed = € {0.88,0.89,0.90, 0.91,0.92} and an optimal =
is chosen according to some objective functions such as NLL and MSE. The choice of 7 is based on the observed 0.92 propor-
tion of zero claims for the telematics data and the belief that it is more likely to have risky zero-claim drivers than safe
nonzero-claim drivers.

To ensure robust and reliable learning and balance the uncertainty due to fixing n, the proposed model undergoes refine-
ment through 10 repeat runs, with each repeat comprising 2-3 trials to ensure that a stable model is obtained for each repeat.
Each trial of each repeat uses a different seed. Instead of averaging the models across repeats, this strategy selects a model that
optimizes an objective function such as MSE in Equation (21). The repeats facilitate a thorough exploration of the networks’
intricacies, contribute to identifying optimal settings and configurations, and provide valuable insights to understand networks’
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capabilities so that they ultimately lead to fine-tuning for optimal outcomes. The chosen best submodels should showcase the
convergence path in the epoch history plot with a consistent and progressively descending trajectory to reflect a robust and reli-
able learning process. Moreover, this should have a low MSE so that the predicted annual number of claims in the scatter plot
against observed align along the 45° diagonal line. The Python code list 4 in Appendix E is provided to guide the implemen-
tation of the DLNN with the PM model. Conditional on = = 0.88, say, the models using architectures from Manual and BO
search are called MAN-0.88 and BO-0.88, respectively.

3.3.2. Dynamic Prior Probability

The idea of fixing the prior probability 7 in Section 3.3.1 presents some challenges in estimation because the current choice
of © € {0.88,0.89,0.90, 0.91,0.92} is not enough to provide a more accurate estimation, but increasing the points of the grid
makes it more computationally demanding. One consideration is to allow a dynamic prior probability (DPP) by setting =; to
vary across drivers i in the network and assigning the third neuron in the output layer to estimate m;. To ensure m; €
(0.88,0.93), the third constraint for =; is

0.88 + 0.05 'fsigmoid(ni)

where fsigmoia(-) € (0,1). This model is different from the models assuming a fixed 7, but as m; is restricted to a small
range of (0.88,0.93), one would expect the results to be similar to those with n fixed within this range. Note also that this
dynamic prior probability 7; is still different from the posterior probability 3; in Equation (5), and 3; can be calculated using
Equation (5) by replacing © with 7;. The models are based on architectures from MAN search,

DPP —MAN : 8 =5, m = (45,30,15,10,5), p=0.20, fi4 =frinear-fs =fav. & =300, 30)
B=120, (=0.0097, P=1, optimizer = AdaDelta,
and BO search with hyperparameter space

DPP —BO : £ € [200,350], B €[90,150], (€ [0.0095,0.01], p = 0.05,0.10,0.20, 31)

optimizer € {SGD, Adam, AdaDelta, AdaGrad}

and they are called DPP-MAN and DPP-BO, respectively. Since the dynamic n; provides some flexibility in the network,
no repeats or reruns are taken.

3.3.3. lterative Conditional Optimization

Without compromising the nonregressive nature of 7 and rigorously estimating 7 and the DLNN parameter 0, we propose
the iterative conditional optimization (ICO) estimation process, which can be conducted in two iterative steps: one for updating
the DLNN parameter 0 given the current 7, and another for updating 7 given the current DLNN parameters . In the training
of m, the gradient of 7 with respect to the overall loss function in Equation (21) suggests adjusting an update value of 7 to min-
imize the overall loss, considering the interplay between model predictions and the custom loss function. This process is
repeated until the algorithm converges. The whole procedures require an inner epoch of size 50 and an outer epoch of size
100. As the estimation of © changes along the outer epoch, allowing some flexibility, no repeats or reruns are performed. The
choice of architectures is based on the BO search.

4. EXPERIMENTAL RESULTS

Proposed PM DLNNs are applied to fit the telematics data with a train—test random split. The training data contain p =
80% of N = 14,157 observations. The architectures of the manual search are provided in Equation (26), whereas those from
the BO search are obtained in Equation (27). The parameter © of these DLNNs is estimated using the methodologies in
Section 3.3.3. To compare the performance of different models, we calculated several metrics. Specifically, we evaluated MSE
training and validation in Equation (20), and NLL in Equation (21). The results of these evaluations are summarized in
Table 1.
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4.1. Grid Search

Results of the optimal submodel from 10 repeats of each = using the MAN and BO search are reported in Table 1. The best
models for each architecture search method, namely, MAN-0.89 and BO-0.88, are selected based on prediction accuracy using
PM MSE in Equation (20). This MSE compares model accuracy in terms of the observed and predicted number of claims
using the PM model. The MSE, as well as NLL, is cross-classified by training and validation sets. The convergence and stabil-
ity of the two best models are checked from the epoch history of NLL, showing slow downward trends consistent for both
training and validation data.

To access the classification performance, the posterior probabilities 3;; in Equation (5) and 1 — 3;; are plotted in Figure 3 for
the three best models. The distributions of 3;; and 1 — 3;; indicate a clear classification into the safe group for the majority of
drivers, as most of the 3;; ~ 1 are expected since 92% of drivers have zero claims. However, a small portion of drivers with
3;1 =~ 0.5 show some uncertainties in classifying safe drivers. Driver classification can be obtained by classifying driver i to the
safe group G, if 3;; > 0.5; otherwise, he/she is classified to the risky group G,. Results show that there is a small portion of
drivers with 3;; > 0.5 (3.40% for model MAN-0.89 and 2.67% for model BO-0.88), and they are classified as risky drivers.

Lastly, the prediction accuracy overall and by the driver groups can be visualized in the scatter plots of predicted marginal
posterior annual number of claims a;(0) (weighted by 3;, between a;; and a; in Equation (7)) against the observed annual
number of claims graphed in Figure 4. Both best-selected models exhibit desirable agreement of the predicted annual number
of claims, as the majority of blue points with one claim align closely to the diagonal line without any discernible patterns.
Moreover, the small red dot indicates that the majority of zero-claim drivers are predicted to have close to zero annual number
of claims. These drivers are classified mostly to the safe group. Moreover, the right plots indicate that nearly all drivers with at
least two claims are risky drivers, as expected, and they are mostly predicted to have higher than observed annual number of
claims (above the diagonal line). In summary, the amount of deviation of the points from the diagonal line is reflected in the
PM MSE measure.

TABLE 1.
Model Performance for DLNN and REG Models with Architectures Using MAN Search in Equation (26) and BO Search in
Equation (27). Each Grid Search Model is Repeated 10 Times. The Best Model is Selected Based on the MSE in
Equation (20)

NLL MSE
T B £ ¢ Optimizer p Training Validation Training Validation

Grid search method using architecture from Manual (MAN) search

0.88 110 400 0.0100 AdaDelta 0.20 0.3883 0.4124 0.1144 0.1379

0.89 110 400 0.0097 AdaDelta 0.20 0.4001 0.3828 0.1212 0.1087

0.90 110 400 0.0097 AdaDelta 0.20 0.4091 0.3914 0.1222 0.1097

0.91 110 400 0.0097 AdaDelta 0.20 04114 0.4066 0.1191 0.1203

0.92 110 400 0.0097 AdaDelta 0.20 0.4189 0.4139 0.1194 0.1207

0.93 110 400 0.0100 AdaDelta 0.20 0.4256 0.4206 0.1195 0.1208
Grid search method using architecture from Bayesian optimization (BO) search

0.88 93 267 0.0097  sSGD 0.10 0.3915 0.3999 0.1190 0.1183

0.89 93 267 0.0097  sSGD 0.20 0.3972 0.4057 0.1193 0.1186

0.90 107 337 0.0098  sSGD 0.10 0.3979 0.4214 0.1141 0.1352

0.91 120 396 0.0099  sGD 0.20 0.4067 0.4315 0.1153 0.1382

0.92 99 291 0.0098  sSGD 0.20 0.4132 0.4386 0.1154 0.1368

0.93 107 337 0.0098  sSGD 0.20 0.4209 0.4465 0.1158 0.1371
Dynamic prior probability (DPP) using architecture from MAN (row 1) and BO (row 2) search

0.93 120 300 0.0097 AdaDelta 0.20 0.4070 0.4156 0.1186 0.1174

0.93 97 232 0.0096  sSGD 0.20 0.4206 0.3798 0.1192 0.1242

Iterative conditional optimization using architecture from BO search with estimation of 7
0.80 93 171 0.0097  sSGD 0.20 0.2920 0.3195 0.0879 0.0872
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FIGURE 3. Distribution of Posterior Probabilities 3;; and 1 — 3;; for Model MAN-0.89 (Row 1), Model BO-0.88 (Row 2), and Model DPP-MAN (Row 3).

(c) Model DP-MAN & = 300; B = 120; ¢ = 0.0097
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BO-0.88 (Row 2), and DPP-MAN (Row 3) for Low (Left), and High (Right) Claim Groups. Red, Blue, and Green Dots Denote 0, 1, and >2 Observed
Number of Claims, Respectively.
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4.2. Dynamic Prior Probability

Similarly, Table 1 and Figures 3 and 4 also report results using the DPP method. The proportion of drivers classified into
risk groups is 0.93% for the DPP-MAN model and 1.08% for the DPP-BO model. Between using MAN and BO architecture
search, the DPP-MAN model is chosen to be the best model according to PM MSE. For this model, the average of n; overall
drivers is © = 0.93, and it has a slightly higher PM MSE than the MAN-0.89 model. Figure 4 shows that DPP-MAN slightly
underestimates the annual number of claims for the safe group and slightly overestimates the annual number of claims for the
risky group. Results using the DPP method as reported in Table 1 and Figures 3 and 4 are similar to those of the grid search
method.

4.3. Iterative Conditional Optimization

This method allows the prior probability to be estimated as a nonregression parameter through iterations, which is different
from the dynamic prior probability method. However, experience from setting up early stop through searching for P shows
that prediction performance is sensitive to epochs. Hence, we choose MSE, which measures prediction accuracy, as a criterion
for early stopping to avoid overfitting. Figure 5(a) and (b) present the MSE and NLL values across epochs. The validation
MSE of 0.0872 at epoch 170 is the lowest MSE across epochs and is also the lowest MSE across all models in Table 1, indicat-
ing that it is the best model. We note that NLL in Figure 5(a) does not converge, a common occurrence in neural network train-
ing that highlights an alternative notion of convergence often linked to overfitting. This selected ICO model has the lowest
validation MSE and NLL.

Results from Table 1 show that the prior probability 7 is estimated to be 0.8, which is lower than other n estimates. When
comparing Figures 6 and 7 with Figure 4, the driver classification based on the posterior probability 3;; defined in Equation (5)
is approximately similar. The 45-degree dashed line indicates agreement between the observed and predicted annual number
of claims defined in Equation (7). We remark that agreement (measured by MSE) may not always indicate good model per-
formance, as we also account for the effect of driving behavior, which may impact the predicted annual number of claims as
expected.

In Figure 6, the majority of the annual numbers of claims are estimated to be lower than the observed, but there are small
groups of high-risk drivers whose annual number of claims are estimated to be much higher. The distribution between
observed and predicted annual numbers of claims is similar between the training and test sets. Figure 7 allows us to identify a
few distinct driver groups. The first group contains zero-claim drivers who are estimated to have near zero annual number of
claims. Hence, they are safe drivers. This group is represented by small red dots in the left-hand plots of Figure 7. The agree-
ment shows that they do not exhibit risky driving, which may increase the predicted annual claim frequency. The second group
is again safe drivers, who are estimated to have near-zero annual claim frequency, despite having some nonzero claims (hori-
zontal blue points in Figure 7). This group shows the ability of the ICO-BO model to identify a group of safe drivers using
DVs from the remaining risky drivers. Then the insurance company is able to allow them lower premiums because of their
safe driving despite having nonzero claims. The third group consists mostly of risky drivers, whose predicted annual number
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FIGURE 5. (a) MSE and (b) NLL Values of the Selected ICO Model for the Validation Sample (without Resampling) across Epochs.
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of claims cluster around the 45-degree line. Consequently, the observed and predicted annual numbers of claims are linearly
related, and those lying higher above the 45-degree line are more likely to be predicted as risky drivers.

Results from the predicted number of claims and the driver group present opportunities to provide targeted alerts or relevant
driver education to mitigate future risks. Results are also useful for calculating the UBI experience-rating premium, as dis-
cussed in Usman et al. (2024). Python codes are given in Appendix section E.

5. CONCLUSION

This article proposes a PM DLNN to improve the accuracy of predicting drivers’ number of claims and group classifica-
tions. The contribution of this research is multifaceted, addressing fundamental challenges, and pushing the boundaries of
modeling precision. Several factors significantly impact the performance of DLNN models, including the network structures
that influence the ability to uncover complex data patterns, the learning rates that affect processing time, and the estimators of
nonregression prior parameters and optimizers of network parameters, which impact training efficiency and modeling stability.
We discuss in detail how we develop, compile, and train the models, addressing these issues. We also highlight the innovative
use of the PM NLL loss function, PM MSE prediction accuracy metric, and custom constraints on output neurons to differenti-
ate between driver groups. One of the key advantages of our proposed model is its ability to identify and appropriately price
different risk profiles. The aims and contributions of this article are discussed in detail next.

First, the research begins with a careful search of architectures based on experience, guidelines from literature, and efficient
BO search techniques. Architecture search involves fine-tuning parameters such as epochs, batch size, learning rates, and opti-
mizers, as well as regularization techniques like batch normalization, early stopping, and dropout, to enhance convergence and
balance the trade-off between underfitting and overfitting. The deliberate and strategic use of manual and BO searches further
enhances the model’s effectiveness, balancing model efficiency with computational resources. The manual search is an initial
exploration, identifying optimal hyperparameter combinations and providing insights into the data’s intricacies and model
complexity. The manual search also aids in deciphering these nuances, enabling researchers to establish appropriate ranges of
hyperparameters for subsequent more advanced and efficient BO.

Second, introducing the designated PM NLL with two mean parameters presents difficulties in model implementation.
Identifiability issues are common in mixture models. Since the labeling of components in a mixture model is arbitrary, swap-
ping two components produces the same likelihood, making the interpretation of labels difficult (Stephens 2000; Yao 2012).
Moreover, the two components should be adequately separated; otherwise, the effectiveness of the classification will be
reduced. To ensure that the two driver groups are well separated, a strategic effort is to incorporate constraints for the ranges
of predicted annual number of claims with a;; € (0,0.0375) and a € (0.0375,5). Figures 4 and 7 show a reasonable separ-
ation of the two driver groups.

Lastly, the simultaneous estimation of network parameters € and nonnetwork prior probability parameter © causes chal-
lenges. Three methods, grid search, DPP, and ICO, are proposed to ensure that the networks align with the underlying dynam-
ics of the data, emphasizing precision in reflecting real-world scenarios. The common grid search strategy is first employed
using six 7 values, and a PM DLNN is run with 10 repeats for each n. The 10 repeats provide refinement to the optimal PM
DLNN, enhancing robustness and adaptability. Two PM DLNNSs are selected according to PM MSE for the architectures using
manual and BO search, respectively. The second DPP method compromises the fixed prior probability in Equation (2) with a
DPP that treats 7 as a regression/network parameter, assigning it to the third output neuron and allowing it to vary within a nar-
row range of (0.88, 0.93). Despite the flexibility in estimation, it shares the same restriction as the grid research method,
namely, that the range of 7 is constrained in its implementation.

Drawing from the insights of the search method, we design the third ICO method such that 7 is updated based on the gra-
dients computed from the loss function condition on the current state of network parameters. In other words, this novel method
demonstrates an intertwined optimization process where both network parameters @ and prior probability 7 are iteratively
updated, estimating one condition on the others and vice versa, iteratively until convergence or early stop criteria are met. The
predicted number of claims and driver groups can be applied to various scenarios, including personalized insurance pricing,
such as the UBI experience-rating method, and risk classification.
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Furthermore, insurance portfolios are dynamic and continuously evolve due to the introduction of new policy types, adjust-
ments in coverage options, and changes in customer demographics. To address this complexity, the proposed method enables
personalized pricing by using real-time data on driving behavior from individual customers. This allows insurers to move
beyond traditional risk pools and adopt a more data-driven, individualized pricing strategy. In addition, the model can be regu-
larly and more frequently updated to reflect structural shifts due to external and environmental changes, leading to changes in
driving behavior. Moreover, the threshold modeling framework introduced by Dong and Chan (2013) offers a flexible
approach to incorporate new legislative changes and policy rules as they arise. This threshold model framework captures pol-
icy changes by allowing the model to reestimate parameters after a time-based threshold, enhancing adaptability and extending
the applicability of the current model. Overall, NNs bring enhanced accuracy, efficiency, and automation to the insurance
claim prediction processes. By leveraging their capabilities, insurers can make more informed decisions, minimize risks, detect
fraud, and improve customer experiences. The threshold model also casts a promising future research direction.

Apart from threshold models, another intriguing avenue for exploration involves extending the number of driver groups G
for the PM model beyond two, capturing other distinct driving behaviors. Previous studies in clinical and criminology (Chan
et al. 1998; Brame et al. 2006) demonstrated the applicability and superior performance of mixture models with three or more
components. This extension to telematics data could closely examine different driving styles using both LASSO regressions
and DLNNs. For the case with G = 3, the model can potentially identify a group with excessive or structural zero claims,
another group with a low number of claims, and lastly, a group with a high number of claims, combining the zero-inflated
Poisson model with PM model to capture the heterogeneity in the data and enhance prediction accuracy. Hence, the extended
multicomponent mixture models remain a promising avenue, although the identification and interpretation of these groups
pose additional challenges. These challenges stem from setting up proper constraints to differentiate driver groups, thereby
avoiding label switching (Stephens 2000; Yao 2012) in some iterative estimation procedures such as MCMC and SGD. The
lack of prior exploration in this direction makes it promising to derive unprecedented insights into the dynamics of driving
behavior from telematics data.
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APPENDIX A. COMPUTATION OF THE NUMBER OF PARAMETERS

TABLE Al.
Computation of the Number of Parameters M for PM-DLNN with m = 45 Features, £ = 5 Hidden Layers, m =
(45,30, 15,10,5) Neurons in the Hidden Layers, and my = 2 Neuron in the Output Layer

Layer / No. of neuron my No. of parameters Total
Input mg =45 0 0
1 my; =my = 45 45 x 45445 2070
BatchN 45 4 x 45 180
2 my =2m; /3 =30 45 x 30430 1380
3 m3 =my/2 =15 30 x 15+15 465
DropOut (0.20) 0 0 0
4 my =2m3/3 =10 15 x 10+10 160
5 ms =my/2 =135 10 x 545 55
Output mp =2 S5x2+2 12

Overall total M 4322
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APPENDIX B. DEFINE PM NLL FUNCTION WITH FIXED =
To implement the PM DLNNs, the NLL function in Equation (21) with w;, = ni(0) = n,-a%rl called mixture_
poisson_loss is defined in Python. The breakdown of each code is explained here:

The true values of y are y_true and the predicted values are y_pred.
a;; (al = a_pred[:, 0]) and ap (a2 = a_pred[:, 11) extract the predicted outputs for the low and high groups.
These values are used in the calculation of NLL.

e n=y_truel[:, —1] extracts the exposure column values (n;) from the y array and y=y_true [:, :—1] extracts
the claim (y;) values by first removing the last columns (n;) from the y array, leaving only the claim counts.

e Constraints are imposed on two predicted outputs a;; and a;; as in Equation (29).

LISTING 1: Customise PM NLL in Python

I1# Define the custom loss function
2def mixture_poisson_loss_with_exposure(y_true, y_pred):

a_predl = a_pred[:, 0] # Extracting the predicted output al
1 a_pred2 = a_pred[:, 1] # Extracting the predicted output a2

6 pi = 0.92 # Define the pi values
7 a_bar = 0.075 # annual claim 0.0751375

8 n = y_truel:, -1]

9 y = y_truel[:, :-1]

10 # Small epsilon value to avoid zero or negative values in logarithm
11 epsilon = 1e-10

13 # Apply constraint: al<a2, al1(0,0.0375), a2(0.0375,5), xil,xi2 to be est
14 al = 0.0375 * tf.math.exp(a_predlx*xil) / (1 + tf.math.exp(a_predl*xil))
15 a2 = tf.minimum(0.0375 + 0.0375 * tf.math.softplus(a_pred2*xi2), 5)

16

17 mul = tf.multiply(al, n)

tf.multiply (a2, n)

18 mu?2

20 pl = tf.divide(

21 tf .multiply (tf.math.pow(mul, y), tf.exp(-mul)),
22 tf.exp(tf.math.lgamma(y + 1))

23 )

24 p2 = tf.divide(

25 tf.multiply (tf.math.pow(mu2, y), tf.exp(-mu2)),
26 tf.exp(tf.math.lgamma(y + 1))

9 loss0O = -tf.math.log(tf.multiply(pi, pl) + tf.multiply((1 - pi), p2))
30 loss = tf.reduce_mean(loss0)

32 return loss
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APPENDIX C. DEFINE PM MSE FUNCTION WITH FIXED =
LISTING 2: Customise PM MSE metrics in Python

# Define the custom MSE metrics function

def pmmse(y_true, y_pred):
a_predl = a_pred[:, 0] # Extracting the predicted output al
a_pred2 = a_pred[:, 1] # Extracting the predicted output a2

pi= 0.92 # Define the pi values
a_bar = 0.075 # claim 0.0751375

n = y_truel:, -1]
y = y_truel[:, :-1]
epsilon = 1e-10 # Small epsilon value to avoid zero or negative values in logarithm

# Apply constraint: al<a2, al1(0,0.0375), a2(0.0375,5), xil,xi2 to be est
al = 0.0375 * tf.math.exp(a_predi*xil) / (1 + tf.math.exp(a_predlx*xil))
a2 = tf.minimum(0.0375 + 0.0375 * tf.math.softplus(a_pred2*xi2), 5)

mi = tf.multiply(al, n)
m2 = tf.multiply (a2, n)
pl = tf.divide(

tf.multiply (tf.math.pow(ml, y), tf.exp(-ml)),
tf.exp(tf.math.lgamma(y + 1))

p2 = tf.divide(
tf.multiply (tf.math.pow(m2, y), tf.exp(-m2)),
tf.exp(tf.math.lgamma(y + 1))

#posterior prob of group 1

zl= tf.divide(

(tf.multiply(pi, p1)),

(tf.multiply(pi, pl) + tf.multiply((1 - pi), p2))
)

# ahat using posterior prob
ahat=tf.multiply(zl, al) + tf.multiply((1 - z1), a2)

pmmse = tf.reduce_mean(tf.square((y/n) - ahat))

return pmmse

APPENDIX D. DEFINE BAYESIAN OPTIMIZATION
The package :bayes_opt in Python is implemented for BO search. The breakdown of each code is explained here:

init_points = 15 specifies 15 initial random samples.

n_iter = 10 specifies 10 iterations.

nn_cl_bo () defines a DLNN model with hyperparameters and returns a PM MSE score.

optimizerL contains the names of optimizers and optimizerD is dictionary maps of the optimizer names with the

specified learning rate (1r).

e nn_poi_fun is an inner function that defines the structure of the DLNN with specified neurons and DropOut rate.
The model is compiled with PM NLL loss and the specified optimizer with the learning rate.

e KerasRegressor is created with the defined model function nn_poi_fun with a specified number of epochs and

batch size.
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e KFold conducts K-fold cross-validation is used with five splits, shuffling the data, and a fixed random state for
reproducibility.

e cross_val_score defines the score for cross-validation within the KerasRegressor model, and a customized
PM MSE metric in Equation (7) is used as the scoring metric.

LISTING 3: Bayesian optimization search in Python

| # Create a custom scoring function using the customized PMMSE
2def custom_scoring(y_true, y_pred):

3 # Convert numpy arrays to TensorFlow tensors

4 y_true = tf.constant(y_true, dtype=tf.float32)

5 y_pred tf.constant (y_pred, dtype=tf.float32)

7 # Calculate the score using the pmmse
8 score = pmmse (y_true, y_pred)

10 # Convert TensorFlow tensor back to numpy array and return the negative value (for
minimization)
11 return score.numpy ()

13# Create function

14def nn_cl_bo(optimizer, learning_rate, batch_size, epochs):

15 optimizerL = [’SGD’, ’Adam’, ’Adadelta’, ’Adagrad’]

16 optimizerD= {’Adam’:Adam(lr=learning_rate), ’SGD’:SGD(lr=learning_rate),
17 ’Adadelta’:Adadelta(lr=1learning_rate),

18 ’Adagrad’:Adagrad(lr=learning_rate)l}

19 optimizer = optimizerD[optimizerL [round(optimizer)]]
20 batch_size = round(batch_size)

21 epochs = round(epochs)

22 def nn_cl_fun():

23 nn = Sequential ()

24 nn.add (Dense (45, input_dim=45, activation=’linear’))
25 nn.add (BatchNormalization ())
26 nn.add (Dense (30, activation=’linear’))

27 nn.add (Dense (15, activation=’linear’))
28 nn.add (Dropout (0.05))
29 nn.add (Dense (10, activation=’linear’))

30 nn.add (Dense (5, activation=’eclu’))

31 nn.add (Dense (2))

32 nn.compile(loss=mixture_poisson_loss_with_exposure, optimizer=optimizer)
33 return nn

34 es = EarlyStopping(monitor="val_loss",verbose=0, patience=1)

35 nn = KerasRegressor(build_fn=nn_cl_fun, epochs=epochs, batch_size=batch_size,

36 verbose=0)

37 kfold = KFold(n_splits=5, shuffle=True, random_state=123)

38 score = cross_val_score(nn, x_train, y_train, scoring=make_scorer (custom_scoring,
39 greater_is_better=False), cv=kfold, fit_params={’callbacks’:[es]}) .mean()

10 return score

i2params_nn ={

13 optimizer’:(0,3),

44 ’learning_rate’:(0.0097, 0.01),
15 ‘batch_size’:(75,120),

16 >epochs’:(250, 450),

19# Run Bayesian Optimization
50nn_bo = BayesianOptimization(nn_cl_bo, params_nn,random_state=121)
51nn_bo.maximize (init_points=15, n_iter=10)
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APPENDIX E. DEFINE CONDITIONAL ESTIMATION FOR n

e The command optimizer.build() is used to explicitly prepare the optimizer to manage and optimize modeling
parameters and additional trainable variables including .

LISTING 4: PM DLNN Architecture in Python

1

2# Initialization of pi with a value around 0.9

ypi_initial = tf.constant (0.99, dtype=tf.float32, name="pi")

ipi = tf.Variable(pi_initial, trainable=True, dtype=tf.float32, name="pi'")

7# Optimization loop with history tracking

3@tf.function

odef optimization_loop():

10 apredl_history = []

11 apred2_history = []

12 optimizer = tf.keras.optimizers.Adam(learning_rate=0.001)
13 initial_learning_rate = 0.001

14 lr_schedule = tf.keras.optimizers.schedules.ExponentialDecay (
15 initial_learning _rate=initial_learning_rate,

16 decay_steps=10000,

17 decay_rate=0.9, # Slight reduction at each step

18 staircase=True

19 )

20 optimizer = tf.keras.optimizers.Adam(1earning_rate=lr_schedu1e)

# Build the optimizer’s state with trainable variables
optimizer.build(model.trainable_variables + [pil + [b, c]l) # Include b and c
# Lists to store the history of pi values

iteration_history = []

pi_history = []

1

9 # Reset the history lists at the beginning of the loop
30 train_log_likelihood_history = []

1 test_log_likelihood_history = []

32 mse_train_history = []

33 mse_test_history = []

34 mse_apred_train_history = []

35 mse_apred_test_history = []

36 weighted_mse_train_history = []

37 weighted_mse_test_history = []

38 mse_history = []1 # Define mse_history here

10 # Early stopping parameters

11 patience = 5
12 best_val_log_likelihood = float (’inf’)
13 wait = 0 # Counter for how long we’ve waited

15 for k in range(1,251):

16 with tf.GradientTape (persistent=True) as tape:
A7 # Compute the forward pass

18 y_pred = model(x2_train, training=True)

50 # Split y_pred into two parts, one for each distribution
1 y_predl = y_pred[:, 0]
52 y_pred2 = y_pred[:, 1]

54 # Compute the loss and MSE using the custom loss function
55 loss, mse = custom_loss(y2_train, y_predl, y_pred2, pi)

57 # Compute the gradients of the loss with respect to model weights
58 model_gradients = tape.gradient(loss, model.trainable_variables)
59 optimizer.apply_gradients (zip(model_gradients, model.trainable_variables))

61 # Compute the gradient for pi

2 pi_gradients = tape.gradient(loss, pi)
63 optimizer.apply_gradients ([(pi_gradients, pi)])
4 pi.assign(tf.clip_by_value(pi, 0.5, 1.0))

66 # Append the current value of pi to the history
67 iteration_history.append (k)

68 pi_history.append (pi.numpy ())

70 mse_history.append (mse.numpy ())

72 # Append the current value of pi to the history
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train_log_likelihood_history.append(loss.numpy())

# Compute validation loss and MSE
y_val_pred = model(x2_test, training=False)
y_val_predl = y_val_pred[:, 0]

y_val_pred2 = y_val_predl[:, 1]

val_loss, val_mse = custom_loss(y2_test, y_val_predl, y_val_pred2, pi)
test_log_likelihood_history.append(val_loss.numpy())
mse_test_history.append(val_mse.numpy())

# Early stopping logic
if val_loss.numpy() < best_val_log_likelihood: # If current loss is better (

smaller)
best_val_log_likelihood = val_loss.numpy() # Update best loss
wait = 0 # Reset wait counter

else:
wait += 1 # Increment wait counter

# If we have waited too long, stop the training
if wait >= patience:
print (f"Early_ stopping, at iteration {k}")
break
tf.print (f"Iterationy,{k}, piu=u{pil},ulossy=y{loss}, val_lossy=,{val_loss},y
mse_train_ = {mse}, mse_testy=_,{val_msel}")
tf.print (f"Iteration {k}, Val Loss: {val_loss.numpy ()}, Best Loss: {
best_val_log_likelihood}, Wait: {wait}")

# Append apredl and apred2 to the history
apredl_history.append(y_predl.numpy())
apred2_history.append(y_pred2.numpy ())

# Save MSE history to a CSV file
mse_df = pd.DataFrame({’Iteration’: iteration_history, ’MSE’: mse_history})
mse_df.to_csv(’mse_history<csv’, index=False)

# Save apredl history to a CSV file
apredl_df = pd.DataFrame(np.array(apredl_history).squeeze(), columns=[f"apredl {i}"
for i in range(len(apredl_history[0]))])

# Transpose the DataFrame
apredl_df_transposed = apredl_df.T

# Save the transposed DataFrame to a CSV file
apredl_df_transposed.to_csv(’apredl_history_transposed.csv’, index=False)

# Save apred2 history to a CSV file

apred2_df = pd.DataFrame(np.array(apred2_history).squeeze (), columns=[f"apred2_ {i}"
for i in range(len(apred2_history[0]))1])

# Transpose the DataFrame

apred2_df_transposed = apred2_df.T

apred2_df_transposed.to_csv(’apred2_history_transposed.csv’, index=False)

# After the optimization loop, you’ll have the updated pi value
final_pi = pi.numpy()

tf.print (£"Final pi:{final_pil}")

tf.print (f"Final_ estimated,values: b=y {b.numpy )}, cyu=y{c.numpy ()}")

# Create a pandas DataFrame with the pi history
df = pd.DataFrame({’Iteration’: iteration_history, ’Pi Estimate’: pi_history})

# Save the DataFrame to an Excel file
df .to_excel(’pi_history.xlsx’, index=False)

# Plot the history of pi values in a single line
plt.plot(iteration_history, pi_history, label=’pi History’)
plt.title(’History, of pi Estimates’)
plt.xlabel(’Iteration’)

plt.ylabel (’pi_Value?)

plt.legend ()
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plt.show ()

# Save log-likelihood history to a CSV file

log_likelihood_df = pd.DataFrame({’Iteration’: iteration_history, ’Negative Log-
Likelihood’: test_log_likelihood_history })

log_likelihood_df.to_csv(’test_log_likelihood_history,.csv’, index=False)

# Plot the history of log-likelihood values

plt.plot(iteration_history, test_log_likelihood_history , label=’Negative Log-
Likelihood History?’)

plt.title(’History,of Test Negative Log-Likelihood Values?’)

plt.xlabel (’Iteration’)

plt.ylabel (’Negative Log-Likelihood’)

plt.show ()

# Save log-likelihood history to a CSV file

log_likelihood_df = pd.DataFrame({’Iteration’: iteration_history, ’Negative Log-
Likelihood’: train_log_likelihood_history })

log_likelihood_df.to_csv(’train_log_likelihood_history,.csv’, index=False)

# Plot the history of log-likelihood values

plt.plot(iteration_history, train_log_likelihood_history , label=’Negative Log-
Likelihood History?’)

plt.title(’History,of Train Negative_ Log-Likelihood Values’)

plt.xlabel (’Iteration’)

plt.ylabel (’Negative Log-Likelihood’)

plt.show ()

# Plot the history of MSE values

plt.plot(iteration_history, mse_history, label=’MSE History’)
plt.title(’History of Mean, SquaredyError (MSE)_ Values’)
plt.xlabel (’Iteration’)

plt.ylabel (’MSE’)

plt.show ()

172 0optimization_loop ()
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