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ABSTRACT

he cooperative control of multi-agent systems (MASs) has garnered significant
attention due to its broad range of applications, including environmental
exploration, area coverage, and more. Two fundamental requirements for
MASS are stability, which ensures that the system states converge to desired objectives,
and safety, which guarantees that agents operate within safe regions. To meet these
requirements, control Lyapunov functions (CLF's) are employed to achieve stability, while
control barrier functions (CBF's) are used to enforce safety constraints. These functions
are integrated into a unified quadratic programming (QP) framework, where control

inputs are computed by solving constrained optimization problems.

In practical applications, external disturbances and modeling uncertainties are often
inevitable, thereby necessitating the development of robust control strategies. Within the
proposed QP control framework, such uncertainties typically appear as unknown compo-
nents in the constraint formulations. One conventional approach to address this issue
is the use of model-based robustness techniques, which rely on bounds of uncertainties.
Alternatively, modern data-driven approaches, such as Gaussian process (GP) model-
ing, offer possible solution by providing probabilistic approximations of the unknown
functions, including mean and variances predictions. This probabilistic characterization
enables an estimation of uncertainty, enhancing the robustness and overall reliability of

the control framework.

Moreover, MASs frequently operate in resource-constrained environments, where
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control performance is of high importance. In such scenarios, system behavior is often
influenced by hyperparameters whose effects on performance are complex and difficult to
model analytically. To systematically improve long-term control performance, this thesis
formulates this problem as a black-box optimization task and proposes a constrained
Bayesian optimization (CBO) algorithm, which efficiently explores the hyperparame-
ter space to identify configurations that optimize system performance while ensuring

stability and safety.

Building upon the above statement, this thesis investigates the cooperative control of
MASSs from the following main perspectives. First, establish a constrained QP control
framework that ensures both stability and safety for decentralized MASs; Second, en-
hance robustness to uncertainties by dealing with unknown disturbances, thus enabling
the control system to adapt in real time to uncertain dynamics; Third, optimize control
performance through a CBO algorithm that explicitly considers both safety and effective-
ness under varying hyperparameter settings. The proposed methodologies are validated
through extensive simulations and case studies, demonstrating their effectiveness in

achieving stable, safe, robust, and high-performing cooperative control in MASs.
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CHAPTER

INTRODUCTION

1.1 Background and Motivations

ver the past decades, affine-control systems (ACSs) have emerged as a corner-
stone in modern control theory due to their broad applications [1-4]. These
systems are characterized by dynamics that are subject to control inputs and
state variables. A challenge in designing controllers for such systems lies in simultane-
ously ensuring stability and safety, two fundamental properties that underpin reliable

operation.

Stability ensures that system states converge to desired equilibria over time, often
analyzed using Lyapunov stability theory. The introduction of control Lyapunov functions
(CLFs) has revolutionized stability verification, enabling the formulation of control
problems as optimization tasks [5]. Recent advancements, such as deep neural network-
based CLF approximation, Gaussian process regression-based modeling, reinforcement
learning-based controller design, have further enhanced the adoption of CLF in stability

analysis [6-8]. Safety, on the other hand, requires system states to remain within

1



CHAPTER 1. INTRODUCTION

predefined safe regions during operation [9]. Inspired by CLFs, control barrier functions

(CBF's) were proposed to enforce safety through forward invariance principles [10, 11].

The interplay between stability and safety has motivated the integration of CLFs
and CBFs into a unified framework. Quadratic programming (QP), a powerful opti-
mization tool, naturally accommodates the linear constraints derived from CLF and
CBF conditions [12, 13]. By formulating control design as a QP optimization problem,
researchers can synthesize controller that minimizes energy consumption or tracking
errors while satisfying stability and safety constraints [14]. However, challenges such as
computational efficiency, constraint conflicts, and robustness to external disturbances

persist, motivating further research in this domain.

Affine-control systems encompass a broad class of control systems, distinguished
by dynamics that are linear in the control inputs. The QP control method has been
extensively studied in single-agent systems, where the focus is on an individual agent’s
trajectory tracking and safety requirements, such as avoiding static obstacles. Beyond
single-agent control, multi-agent systems (MASs) have emerged as an important research
area due to their wide applications [15]. Cooperative control, including consensus and
formation control, is a fundamental topic in MASs, where agents must reach agreements
or maintain desired spatial configurations through appropriate control protocols [16, 17].
Extending control strategies to MASs introduces new layers of complexity, particularly
due to the distributed control requirement [18]. This necessitates that each agent’s
control input is determined solely based on local information from its neighboring agents,
ensuring system resilience by preventing total failure if a subset of agents malfunctions.
Moreover, traditional control approaches have often relied on manually designed control

protocols, which may result in suboptimal performance.

The CLF-based QP control framework provides a systematic alternative for con-

trolling MASs. By embedding CLF conditions as constraints within a QP framework,



1.1. BACKGROUND AND MOTIVATIONS

Closed-loop System Stability

g

=

N

Safety Boundary

-

Collision Avoidance between Agents

Figure 1.1: Illustration of a MAS highlighting the dual objectives of closed-loop system
stability and inter-agent collision avoidance. The upper part of the figure shows groups
of agents maintaining state stability and the lower part emphasizes the safety guarantee
between agents, where each agent maintains a safe distance from its neighbors.

controllers can be calculated to optimize a given cost function while guaranteeing sys-
tem stability. In practical MAS deployments, collision avoidance is an important safety
requirement, which is typically enforced through CBF constraints within the QP frame-
work [19]. Figure 1.1 illustrates collision avoidance in formation control of MASs. The
first challenge of this thesis lies in designing fully distributed CLF and CBF conditions

that enable each agent to make control decisions based solely on local information.

Furthermore, it is important to recognize that frequent QP solving introduces signifi-
cant computational overhead, particularly in MASs. To mitigate this concern, various
discontinuous control strategies, such as intermittent control and event-triggered control
(ETC) mechanism, have been proposed in the literature to reduce the controller update
frequency [20—22]. In the intermittent control strategy, the controller alternates between

active and inactive periods, remaining deactivated during resting periods and reacti-

3



CHAPTER 1. INTRODUCTION

vating during working periods. Differently, the ETC mechanism updates the controller
only when necessary, as determined by specific triggering functions. These approaches
effectively reduce the computational burden by eliminating the need for continuous
controller updates. Motivated by these approaches, we aim to integrate intermittent
control and ETC mechanism into the QP control framework to reduce QP solving fre-
quency. The primary challenge, therefore, lies in determining appropriate time instants
for activating, deactivating, or updating the controller. This leads to the second key
challenge of this thesis: designing intermittent on/off instants or triggering functions for

QP control approach while ensuring the MASs still meet their control objectives.

Real-world control systems are inevitably affected by various uncertainties, such
as sensor noise, modeling errors, and environmental disturbances [23—-25]. A common
approach to robustness analysis relies on the upper or lower bounds of disturbance
characteristics. This method is relatively straightforward but useful when some prior
knowledge about the disturbances is available. For instance, concepts such as input-
to-state stability (ISS) and input-to-state safety (ISSf) extend robustness guarantees
to systems with disturbances, typically under the assumption of known disturbance
bounds. However, such information is not always accessible in practice. At this time,
Gaussian process (GP) modeling has emerged as a data-driven alternative for handling
uncertainties. By training GP models on collected data, it is possible to obtain prob-
abilistic estimates of unknown disturbances, including both their mean and variance
functions. This facilitates an adaptive and less conservative approach to robust CLF and
CBF formulations [26]. In this work, we aim to investigate the robustness of the QP
framework using these two approaches: one based on disturbance bounds and the other
leveraging data-driven GP modeling. The first approach provides theoretical guarantees
under known disturbance limits, while the second offers a probabilistic perspective that

adapts to uncertainties learned from data. By studying these methods separately, we



1.2. RESEARCH QUESTIONS AND OBJECTIVES

aim to gain a comprehensive understanding of their respective strengths and limitations

in ensuring stability and safety for uncertain MASs.

In practical MAS deployments, agents often operate under resource limitations,
necessitating trade-offs between safety, stability, and optimality. Collision avoidance,
a quintessential safety requirement, is typically enforced via CBF constraints in QP
frameworks. However, conflicting constraints in multi-agent scenarios can render QP
problems infeasible. Recent studies highlight the sensitivity of QP solutions to hyper-
parameters, such as the CLF decay rates and the CBF parameters, which indirectly
influence system performance [27]. To address these challenges, Bayesian optimization
(BO) is a useful tool for hyperparameter tuning. By treating QP solvability and system
control performance metrics as black-box performance functions, BO iteratively selects
hyperparameter values that maximize control efficacy while respecting constraints. The
integration of constrained Bayesian optimization (CBO) further ensures feasibility by
explicitly incorporating constraint satisfaction into the optimization loop. These advance-

ments bridge the gap between theoretical control design and real-world implementation.

This research aims to advance the theoretical and practical aspects of the QP con-
trol approach, providing innovative solutions that enhance stability, safety, robustness,
and optimization in MASs. The subsequent chapters delve into the research questions
and objectives, development of these techniques, rigorous theoretical analysis, and the

corresponding numerical experiments.

1.2 Research Questions and Objectives

1.2.1 Research Questions

This research is structured around two main procedures. The first focuses on short-term

optimality, which involves analyzing the stability and safety of MASs through a QP for-

5



CHAPTER 1. INTRODUCTION

mulation, as well as examining the robustness of the control strategies. Here, ‘short-term’
refers to control actions that are locally optimal at each time step with respect to a given
cost function. The second procedure addresses long-term optimality, which considers the
overall control performance over time under specific hyperparameter settings. In this
phase, we aim to improve system performance by applying hyperparameter optimization

techniques. The key research questions and objectives are outlined below.

Research Question 1 (RQ 1): How can distributed CLF conditions be designed for

each agent to ensure the stability of MASs while considering their interactions?

The stability of MASs is a fundamental requirement for reliable operation. This
research question focuses on the development of distributed CLF conditions that can
be applied individually to each agent, allowing them to determine their control actions
independently using only local information from neighboring agents. The key challenge
lies in ensuring that such decentralized decisions collectively lead to global stability of
the entire system, especially when inter-agent couplings or communication constraints

are present.

Research Question 2 (RQ 2): How can distributed CBF conditions be designed for

each agent to guarantee collision avoidance with all other agents?

In addition to stability, safety is an important requirement for MASs. This research
question addresses how to construct distributed CBF conditions that enable each agent to
ensure collision avoidance in a decentralized manner. The key challenge is to formulate
safety constraints that rely solely on local sensing or communication, allowing each

agent to make real-time decisions without centralized coordination.

Research Question 3 (RQ 3): What about the robustness of the proposed control

methods in the presence of system uncertainties?

In real-world MAS applications, various forms of uncertainty, such as modeling
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inaccuracies and external disturbances, are inevitable and can significantly degrade
control performance if not properly addressed. This research question aims to evaluate
and enhance the robustness of the proposed control strategies under such uncertain
conditions. It involves studying how sensitive the QP-based controllers are to uncertain
dynamics. This question is crucial for ensuring that the MAS remains stable and safe,

even when operating under partial knowledge or unexpected perturbations.

Research Question 4 (RQ 4): How is the control performance evaluated and how

can it be enhanced?

While stability and safety are foundational, the control performance of a MAS, mea-
sured by metrics such as energy efficiency, also plays a vital role in practical applications.
This research question focuses on developing systematic methods for evaluating and
improving the performance of the proposed control strategies. It considers how various
factors, including QP update frequency and hyperparameters, influence performance
over time. The challenge is to explore methods for performance enhancement from a

long-term or system-level perspective.

Together, these four questions form the foundation of this research, providing a

structured approach to addressing important issues in the cooperative control of MASs.

1.2.2 Research Objectives

Building upon the identified research questions, this thesis aims to address the key chal-

lenges in the cooperative control of MASs through the following six research objectives:

Research Objective 1 (RO 1): To develop distributed CLF conditions for stability

assurance (Aims to answer RQ 1)

The first objective of this research is to design and implement distributed CLF

conditions that can ensure the overall stability of MASs. The aim is to enable each agent
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to independently contribute to the system stability without full knowledge of the global
dynamics. To address this, designing an observer for each agent enables the estimation
of the inaccessible information based on locally combined measurement. Once these
estimations are obtained, distributed CLF condition can be formulated for each agent,
ensuring that the entire system achieves stability without relying on centralized global

information.

Research Objective 2 (RO 2): To develop distributed CBF conditions for safety

enforcement (Aims to answer RQ 2)

The second objective is to construct distributed CBF conditions that guarantee safety
in MASSs, particularly focusing on collision avoidance between agents. This entails
designing decentralized safety constraints that allow each agent to prevent unsafe
behavior using only local observations or neighborhood-level information. In practical
scenarios, agents need to navigate in shared environments while avoiding collisions. The
research will explore pairwise CBF conditions, and will ensure that these constraints do

not conflict with stability requirements, leading to safe yet efficient system behavior.

Research Objective 3 (RO 3): To develop high-order CBF methods for multiple

derivatives (Aims to answer RQ 2)

In many real-world MASs, agents exhibit high-order dynamics, for example, systems
where velocity and acceleration must be controlled explicitly. Traditional first-order
CBF formulations may not be sufficient to guarantee safety in such cases. The third
objective of this research is to extend the existing CBF framework to high-order systems
by developing high-order CBFs. These functions account for multiple derivatives of
the system state and enable the enforcement of safety constraints in a mathematically
rigorous manner. The research will address the construction of high-order CBF's, analyze
their theoretical properties, and demonstrate their effectiveness in ensuring safety for

dynamical models.



1.2. RESEARCH QUESTIONS AND OBJECTIVES

Research Objective 4 (RO 4): To develop robust control methods for uncertain

systems (Aims to answer RQ 3)

This objective targets the development of robust control strategies capable of main-
taining stability and safety despite uncertainties such as modeling errors and external
disturbances. It explores both traditional model-based robustness techniques, which
utilize upper or lower bounds of uncertainties, and modern data-driven methods, such as
GP modeling, which provide probabilistic estimates of disturbances based on collected
data. The research will investigate how these approaches can be integrated into CLF or
CBF formulations, either separately or in a hybrid fashion. Emphasis will be placed on
analyzing how uncertainty affects the feasibility and performance of the resulting QP-
based controllers. This objective is essential for real-world deployment, where systems

rarely conform exactly to theoretical models.

Research Objective 5 (RO 5): To develop strategies for reducing QP computation

frequency (Aims to answer RQ 4)

The fifth objective is to reduce the computational burden of real-time QP-based
control by developing discontinuous control strategies, such as intermittent control and
event-triggered control. While continuous control updates offer high responsiveness,
they can be computationally expensive, especially in large-scale MASs with frequent QP
solving. This objective focuses on identifying moments when control updates are most
needed, allowing agents to skip unnecessary computations. Event-triggered mechanisms
will be designed based on predefined error thresholds or state-dependent conditions.
Additionally, the research will examine the stability of such schemes and its impact on

system performance.

Research Objective 6 (RO 6): To develop optimization algorithms for performance

enhancement (Aims to answer RQ 4)
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The final objective is to improve the long-term performance of MASs by designing
and implementing hyperparameter optimization algorithms. In QP-based control frame-
works, hyperparameters such as cost function weights, safety margins, and GP kernel
parameters may influence control behavior. Poorly chosen values can lead to suboptimal
performance or even instability. This objective involves defining performance metrics
such as trajectory tracking error, energy consumption or computation time, and develop-
ing optimization algorithms to fine-tune these hyperparameters. Bayesian optimization
algorithm is employed as a main approach. The control framework can be made more

efficient by systematically optimizing these parameters.

1.3 Research Contributions

This thesis presents a systematic study on QP-based control strategies for MASs, with
an emphasis on stability, safety, robustness, and long-term performance optimization.
By integrating CLFs and CBF's into a unified constrained optimization framework,
the research addresses key challenges in distributed control, uncertainty handling,
and computational efficiency. The major contributions are organized according to the

structure of the thesis, corresponding to its four core chapters:

Chapter 3: CLF-based QP control for consensus tracking of MASs

* Development of a distributed CLF-based QP control framework:
A novel constrained QP-based control framework is proposed for general linear
MAS:Ss to achieve consensus tracking. The framework integrates distributed CLF
conditions into the QP formulation, enabling each agent to independently achieve

cooperative control objectives based on local information.

* Design of discontinuous control strategies for reduced computation:

To alleviate the computational burden associated with continuous QP updates, two
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types of discontinuous control strategies, event-triggered control and intermittent
control, are incorporated. These strategies significantly reduce the QP solving

frequency without compromising system stability.

* [ltegration of GP models into CLF constraints:
A data-driven robustness enhancement is achieved by modeling unknown terms in
the CLF using one-dimensional GP regression. This eliminates the need for conser-

vative disturbance bounds and enhances adaptability in uncertain environment.

Chapter 4: CLF-CBF-based QP control for safe formation of MASs

¢ Formulation of second-order CLF conditions for formation control:
A second-order CLF is formulated to guide agents towards a predefined geometric

formation, ensuring both distributed requirement and states convergence.

* Design of pairwise CBF constraints using neighbor sets:
A neighboring set construction is introduced, allowing each agent to apply reduced
pairwise CBF conditions. This design supports decentralized collision avoidance

while reducing the computational and communication complexity.

e Extension to a GP-CLF-CBF-based QP control framework:
Both the CLF and CBF components are modeled using GP regression to handle
uncertainty in dynamics and safety boundaries. The resulting GP-CLF-CBF-based
QP framework enhances the robustness and adaptability of the system in dynamic

environments.

Chapter 5: HOCBF-based QP control for MASs

e Adoption of HOCBF's with intuitive safety functions:

A variant control scheme based on HOCBFs is developed, using a simple relative-
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degree-two distance-based safety function. This makes the approach more inter-

pretable and suitable for agent dynamics without requiring complex modeling.

* Robust safety guarantee under bounded disturbances:
The HOCBF formulation is extended to accommodate bounded system distur-
bances, resulting in a robust safety framework. This allows MASs to maintain
constraint satisfaction in worst-case uncertainty conditions, thereby improving its

applicability.

Chapter 6: Hyperparameter optimization for performance enhancement

* Establishment of a unified framework for performance-oriented safety control:
A comprehensive optimization framework is proposed to balance safety and per-
formance in MASs. The performance enhancement problem is formulated as a

constrained optimization task.

* Development of the CBF-CBO algorithm:
A novel CBF-CBO algorithm is designed to explore the hyperparameter space
efficiently. It classifies hyperparameters by their functional roles, identifies feasible
regions under safety constraints, and optimizes for desired performance metrics

such as tracking accuracy of control effort.

* Extensive empirical validation in safe control scenarios:
The effectiveness of the optimization framework is demonstrated through simu-
lation across various MAS scenarios, showing improvement in long-term control

performance while ensuring compliance with safety constraints.

12
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1.4 Research Significance

The significance of this research lies in its dual impact: it contributes novel theoretical
tools to the field of safe and robust control, while also offering resource-efficient solutions

for the practical deployment of MASs.

Theoretical significance: Theoretically, this research advances the understanding
and development of control strategies for MASs by formulating distributed CLF and
CBF conditions that enable decentralized implementation while ensuring global system
objectives such as consensus, formation tracking, and collision avoidance. Furthermore,
by incorporating GP models into CLF and CBF constraints, the work introduces a data-
driven mechanism for modeling uncertainties in a probabilistic manner. This bridges the
gap between model-based control and learning-based approaches, contributing to the
emerging field of learning-enabled control systems. Additionally, the research proposes
discontinuous QP control strategies such as event-triggered and intermittent control
that significantly reduce computational demands, offering insights into efficient real-
time optimization-based control. Finally, the formulation of control performance tuning
as a constrained optimization problem, and the development of a CBF-CBO algorithm,
present a novel methodology for systematically exploring hyperparameter spaces, thereby

integrating long-term performance considerations into the theoretical framework.

Practical Significance: Practically, the proposed QP-based control framework of-
fers effective and scalable solutions for real-world multi-agent applications that require
decentralized coordination with guaranteed stability and safety. The framework’s robust-
ness is enhanced, which enable real-time adaptation to unknown system disturbances.
The research also provides a systematic hyperparameter optimization process that al-
lows engineers and practitioners to fine-tune control performance such as improving
tracking accuracy or minimizing control effort while maintaining safety and stability. By

addressing key concerns in computational efficiency and performance optimization, the
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proposed methods pave the way for more intelligent MASs control in complex real-world

environments.

1.5 Thesis Structure

The structure of this thesis is illustrated in Figure 1.2, with the chapters organized as

follows:

e CHAPTER 2: This chapter provides a comprehensive review of the foundational
theories and recent advancements relevant to this thesis. The chapter is divided
into five key subsections. It begins with an overview of CLFs, examining their
role in stability analysis and their application in real-time control via QP formu-
lations. The second subsection focuses on CBFs, detailing their use in enforcing
safety constraints. The third part introduces HOCBF's, which are essential for han-
dling higher-relative-degree safety constraints. The fourth subsection addresses
robustness analysis, introducing bound-based methods and data-driven approaches
like GP modeling for uncertainty handling. Finally, the fifth subsection reviews
Bayesian optimization techniques and their potential for safe and efficient hyper-

parameter tuning in control systems.

e CHAPTER 3: This chapter develops a constrained QP control framework to ensure
stability in MASs, with a particular focus on consensus tracking problems. A dis-
tributed CLF condition is designed such that each agent can make control decisions
using only local information, thereby enabling decentralized implementation. A
QP problem is formulated that incorporates the CLF condition as a constraint
while minimizing control effort. To reduce the computational burden associated
with continuous QP solving, the chapter introduces event-triggered and intermit-

tent control strategies that enable discontinuous updates without compromising
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stability. Furthermore, a one-dimensional GP model is incorporated into the CLF
condition to handle unknown system components. The chapter presents theoretical
analysis and simulation results to validate the proposed method’s effectiveness
in ensuring convergence, robustness, and computational efficiency. This chapter

addresses RQ1 and RQ3 to achieve RO1, RO4 and ROS5.

CHAPTER 4: This chapter extends the QP control framework to incorporate safety
constraints through the integration of CBFs with CLFs. The focus is on safe
formation control, where agents are required to maintain a desired formation
shape while avoiding collisions. A neighboring set is introduced to define reduced
pairwise CBF constraints that ensure safety with lower computational complexity.
To improve adaptability in uncertain environments, GP models are trained for both
the CLF and CBF components, resulting in a GP-CLF-CBF-based QP framework
that is robust to model disturbances. The chapter provides theoretical guarantees
for safety, and validates the approach through simulations involving formation
maintenance and collision avoidance. This chapter addresses RQ2 and RQ3 to

achieve RO2 and RO4.

CHAPTER 5: This chapter addresses safety control for MASs which require more
sophisticated treatment due to the relative degree of safety constraints. This
chapter introduces a HOCBF into the QP framework, using a simple distance-
based safety function with relative degree two. This approach simplifies the design
process while retaining generality and practical relevance. Robustness to bounded
disturbances is analyzed, leading to a robust HOCBF formulation that ensures
safety under uncertainty scenarios. The proposed method offers an intuitive way
to extend barrier-based safety control to complex MAS models. Simulations are
conducted to illustrate the effectiveness and robustness of the proposed HOCBF-

based QP approach in scenarios involving external perturbations. This chapter
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also addresses RQ2 and RQ3 to achieve RO2 and RO4.

e CHAPTER 6: This chapter shifts focus from short-term control objectives to long-
term system performance. A novel hyperparameter optimization framework is
proposed to improve control quality over time while maintaining safety guarantees.
The performance enhancement problem is formulated as a constrained optimization
task, where safety is enforced via CBF conditions, and the objective is to minimize
a control cost function. To solve this, the chapter introduces a CBF-CBO algorithm,
which explores the hyperparameter space efficiently and systematically identifies
optimal and feasible solutions. The framework is evaluated across several MAS
scenarios to demonstrate its ability to improve control performance in a safe and

data-efficient manner. This chapter addresses RQ4 to achieve ROG6.

e CHAPTER 7: This chapter concludes the thesis by summarizing the main contribu-
tions and findings across the proposed control framework for MASs. It revisits the
key results from the preceding chapters, including the development of distributed
CLF/CBF-based QP control strategies, robustness enhancement, and performance
optimization via hyperparameter tuning. The second part of the chapter outlines
future research directions inspired by the current work. Specifically, it discusses
the potential of learning neural barrier functions to automatically capture complex
safety constraints using data-driven methods. It also highlights the importance of
event-triggered safe control to reduce control update frequency in safe scenarios.
Lastly, the concept of transferable barrier functions is proposed to enable safety
guarantees across different tasks or environments, enhancing the generalization of

the control framework.

16



1.5. THESIS STRUCTURE

[ Chapter 1: Introduction ]
[ Chapter 2: Literature Review J

v

Part I: Short-term Optimality of MASs

( ) RO 5
L Chapter 3: A CLF-based QP Approach J
RO 1
[ Chapter 4: ACBF-based QP Approach | RO 4
A
[ Chapter 5: An HOCBF-based QP Approach | RO 3
RO 2

Part II: Long-term Optimality of MASs

Chapter 6: A CBF-CBO Algorithm RO 6

)
—

v

[ Chapter 7: Conclusion and Future Research J

Research Objectives:

1: To develop distributed CLF conditions for stability assurance

2: To develop distributed CBF conditions for safety enforcement

3: To develop high-order CBF methods for multiple derivatives

4: To develop robust control methods for uncertain systems

5: To develop strategies for reducing QP computation frequency
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Figure 1.2: Thesis Structure.
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CHAPTER

LITERATURE REVIEW

This chapter reviews the key concepts and recent advances relevant to the control of
MASS, focusing on four core aspects: stability, safety, robustness, and control performance.
In particular, we examine how CLF or CBF condition can be integrated into a QP

framework to address these objectives in a unified manner.

The structure of this chapter is outlined in Figure 2.1. Section 2.1 discusses stability
analysis using CLFs and introduces CLF-based QP and discontinuous control strategies.
Section 2.2 presents the fundamentals of CBFs, high-order extensions, and their roles in
safe control. Section 2.3 covers robustness, including both model-based and data-driven
approaches. Section 2.4 focuses on performance optimization and introduces constrained
Bayesian optimization algorithm for hyperparameter tuning under safety constraints.
This literature review provides the theoretical foundation for the methods developed in

subsequent chapters.
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Figure 2.1: Literature Review Structure.
2.1 Control Lyapunov Function

2.1.1 System Stability

Affine-control systems have attracted considerable research interest over the past few
decades due to their wide-ranging applications in science and engineering domains [28,
29]. A central challenge in this fields is to design effective controllers that ensure system
stability, i.e., guaranteeing that the state trajectories converge to desired equilibrium

points despite variations in initial conditions and potential disturbances [30, 31].

To address this challenge, Lyapunov stability theory has long served as a foundational
tool. It provides a powerful mathematical framework for analyzing the stability of
dynamical systems by constructing appropriate Lyapunov candidate functions [32-36].
Over time, this theory has been extended and adapted to a wide variety of system types,

including neural networks, fuzzy systems, and others [37, 38]. These extensions reflect
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the flexibility and robustness of Lyapunov-based approaches in handling increasingly

complex dynamical systems.

In recent years, the combination of Lyapunov theory with modern computational
techniques has led to promising new methodologies. For example, [39] introduced a deep
neural network-based method to approximate Lyapunov functions for high-dimensional
systems, which helps alleviate the computational burden associated with conventional
analytic constructions. This innovation illustrates how classical control theory can benefit

from data-driven tools, providing both analytical rigor and enhanced scalability.

In the broader class of ACSs, the cooperative control of MASs has emerged as a
vibrant area of study, driven by applications such as coordinated unmanned aerial
vehicle fleets, sensor networks, and distributed systems [40]. A fundamental goal in
cooperative MAS control is achieving consensus, where agents reach agreement on a
common quantity (e.g., position, velocity, or state) through decentralized information
exchange [41]. This problem becomes more nuanced in consensus tracking where a group
of agents need to track the trajectory of a virtual or physical leader agent [42—45], and
formation achievement where the agents are expected to form a formation configuration
[46—49]. To address different MAS scenarios, various dynamic models have been explored,
including first-order integrator systems [50], second-order dynamics [51], high-order
systems [52], and general linear agent models [53]. Across all these types, Lyapunov-
based techniques remain indispensable. They are particularly effective in verifying
the stability of MAS behaviors under distributed control laws and have been widely
applied to problems such as consensus, formation, and containment control [54-56].
These methods not only offer rigorous theoretical guarantees but also accommodate the
local interaction structures and decentralized nature of MASs, thereby making them

well-suited for real-world deployment.
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2.1.2 CLF-based Approach

As highlighted in the aforementioned literature, Lyapunov stability theory remains a
cornerstone for validating control protocols. In particular, system stability is ensured
when the derivative of a positive-definite Lyapunov function satisfies a specific decay
condition. A general condition V(x,¢) < 0 guarantees asymptotic convergence of system
states over time, whereas a stricter condition V(x,#) < —cV(x,t) with ¢ > 0 ensures
exponential convergence [57]. An explanation of this condition can be found from Figure
2.2(a). Building on this foundation, the concept of control Lyapunov functions (CLF's),
initially proposed in [58] and later extended in [59], established a systematic framework
for designing stabilizing control laws. Importantly, CLF's form a bridge between classical
stability theory and modern control design by linking Lyapunov conditions with optimal

control principles, often through integration with cost functions [60—62].

The work of Freeman and Primbs was particularly influential in this regard [63], as
it introduced a method to incorporate CLF conditions within a QP formulation. This
innovation laid the groundwork for a family of optimization-based control techniques
that embed stability constraints directly into the control synthesis process. Subsequent
studies have refined and extended this approach, applying CLF-based QP methods to
a range of ACSs with demonstrated success in both theoretical and practical settings
[64, 65]. These developments underscore the value of CLF-based QP formulations as a
means of achieving both control feasibility and performance optimization in a unified

framework.

Despite its effectiveness in single-agent systems, the application of CLF-based QP
control in multi-agent cooperative scenarios has received relatively limited attention.
This represents a gap in the literature that the present work aims to address. In MASs,
where distributed agents must collaborate to track reference trajectories or maintain

formations, the QP framework offers notable advantages. Specifically, it accommodates
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the existence of multiple feasible control solutions and provides a systematic way to select

inputs that not only ensure stability but also optimize a given performance criterion [66].

Moreover, the growing availability of efficient numerical solvers and computational
resources has further enhanced the practical appeal of CLF-based QP controllers. These
solvers facilitate real-time implementation while maintaining the mathematical guaran-
tees provided by Lyapunov-based design [67]. As such, CLF-based QP methods provide
a compelling tool for modern MAS control, combining the benefits of rigorous stability
analysis with optimization-based flexibility. In this thesis, particular focus is placed on
adapting CLF-based QP methods to the distributed control architecture of MASs, explor-
ing their integration with cooperative objectives and resource-aware implementation

strategies.

2.1.3 Discontinuous Strategy

While CLF-based QP control offers a compelling framework that simultaneously ad-
dresses stability guarantees and optimization, its real-time implementation often encoun-
ters significant computational challenges. Specifically, the need to solve a QP problem
at every control update introduces considerable computational overhead, which can be
especially burdensome in resource-constrained platforms or large-scale MASs. The con-
tinuous execution of optimization routines may lead to increased latency, higher energy
consumption, and reduced system responsiveness, thus impeding practical deployment

in time-sensitive or energy-limited environments [68].

To alleviate this issue, discontinuous control strategies have been developed, aiming
to balance control performance with computational efficiency. Among them, intermittent
control has emerged as an effective method that reduces the update frequency of QP
solvers without severely compromising stability or performance. As proposed in [68], this

strategy divides the control timeline into two alternating phases:
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* Working periods [#,t; + Ap), during which the controller actively updates the

control input by solving the QP to drive the system toward its objective;

* Resting periods [¢;, + Ap,tr+1), during which the control input is held constant and

the QP solver remains idle, thus conserving computational resources.

Intermittent control can be categorized into two primary forms:

* Periodic intermittent control, where the k-th active period duration A; is fixed,

allowing for predictable timing patterns and simple implementation [69];

* Aperiodic intermittent control, which adapts A, dynamically based on real-time
system states, performance indices, or other criteria [70], offering greater flexibility

and responsiveness in dynamic environments.

Regardless of the paradigm, one design consideration lies in ensuring that A, remains
above a system-dependent lower bound to avoid excessive delay between updates, which
could otherwise lead to degraded control performance or even instability. However, much
of the existing literature focuses primarily on offline tuning or overly conservative

heuristics, leaving the determination of optimal switching instants ¢, an open problem.

To address these limitations, recent studies have proposed event-triggered control
mechanisms as an advanced form of discontinuous control [71, 72]. These methods
dynamically determine the update instants ¢; based on state-dependent conditions
rather than fixed schedules. For instance, triggering rules based on Lyapunov function
decay rates or deviation thresholds have been employed to initiate control updates
only when necessary, ensuring that the system stability margins are preserved without
continuous computation [73, 74]. In the context of MASs, event-triggered strategies have
demonstrated the ability to significantly reduce communication and computation loads

while maintaining consensus or formation objectives [75].
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Overall, these discontinuous control strategies offer a promising avenue for enhanc-
ing the practical viability of CLF-based QP controllers in MASs. By intelligently reducing
update frequency without compromising system stability, these methods lay the ground-

work for deploying advanced control algorithms in resource-limited scenarios.

>Time 0
(a) Variation of CLF V(x). (b) Variation of CBF A(x).

Figure 2.2: An introduction of CLF and CBF conditions.

2.2 Control Barrier Function

2.2.1 System Safety

Safety is a fundamental property in control system design, particularly for ACSs, where
it refers to the requirement that system trajectories remain within a designated safe
set over time [76-79]. In many real-world applications, this property becomes a main
concern and is commonly addressed under the umbrella of safe control [80—83]. Ensuring
safety is not only essential for system reliability but also a prerequisite for operational
feasibility in dynamic, uncertain environments. For example, Zeng et al. explored safe
optimal control in a 2D double-integrator model to achieve obstacle avoidance while
satisfying performance goals [84], highlighting the importance of safety constraints in

conjunction with control objectives.

In the context of MASSs, safety considerations are even more pronounced due to the
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increased complexity arising from inter-agent interactions and decentralized decision-
making. While stability in the consensus and formation control is crucial, safety must also
be maintained to prevent undesirable behaviors such as collisions, boundary violations,
or unsafe maneuvers. This is especially true in formation control tasks, where multiple
agents coordinate to maintain a prescribed spatial configuration. Such scenarios are
common in cooperative surveillance, environmental monitoring, and search-and-rescue
missions [85]. In these applications, inter-agent collision avoidance is a core safety

requirement that must be enforced throughout the control process.

To address system safety in MASs, several strategies have been proposed. One
traditional approach is the use of potential energy fields, as employed by Mondal et al.,
where artificial repulsive forces are generated around obstacles or neighboring agents to
steer the system away from unsafe regions [86]. This method, based on gradient-descent
principles, enables obstacle avoidance and convergence to targets but often suffers from
local minima and requires careful tuning of boundary conditions. Another line of work by
Lashkari et al. proposes spatial computation techniques to generate globally optimal and
safe trajectories that satisfy environmental constraints [87]. However, such approaches
can be computationally intensive and difficult to scale in real-time applications. As an
alternative to these heuristic or computationally expensive methods, a more systematic
and theoretically grounded framework is offered by the control barrier function (CBF)

approach.

2.2.2 CBF-based Approach

Inspired by the foundational role of CLF's for system stability, the concept of CBF's
was introduced to formalize and enforce safety constraints in ACSs [10], with further
theoretical advancements presented in [11]. The central idea of CBF's is to guarantee the

forward invariance of a designated safe set, ensuring that system trajectories starting
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within the safe set remain there for all future times [88, 89]. This makes CBFs a natural

and rigorous tool for safe control.

The typical formulation of a safety constraint using a CBF is expressed as an in-
equality of the form A(x,u) > —ah(x), where h(x) is a continuously differentiable function
that defines the safe set {x: A(x) = 0}, and «a is a positive constant or an extended class
A function. An explanation of this condition can be found from Figure 2.2(b). This
inequality condition is then embedded as a constraint within a QP framework, allow-
ing the controller to optimize performance while satisfying safety guarantees in real
time. In this setup, the CBF constraint serves as a safety filter: it minimally modifies a
nominal control input when the safety boundary is approached, effectively steering the
system away from unsafe states without significantly disrupting the underlying control

objectives [90].

This paradigm is particularly beneficial in MASs, where the complexity of distributed
interactions, dynamic environments, and inter-agent collision risks necessitate real-time
safety enforcement. In this regard, distributed pairwise CBFs were first proposed in [91]
to enforce collision avoidance between agents, forming the basis for later developments
in coordinated MAS control. The framework was further extended in [55] to support
formation navigation tasks that integrate collision avoidance into collective motion
planning. Additionally, obstacle avoidance capabilities have been addressed in works like

[92], which generalized the CBF framework to include external environmental hazards.

Beyond static obstacle avoidance, researchers have also tackled safety in more com-
plex MAS scenarios [93]. For instance, safe consensus tracking under state constraints
has been realized using the CBF-based QP approach [94], where agents are required not
only to follow a reference trajectory but also to avoid unsafe states throughout the mis-
sion. Furthermore, repetitive-task settings have motivated the development of iterative

learning CBF's [95], where safety knowledge is accumulated across task repetitions to
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improve performance and robustness over time.

Overall, the integration of CBF's into QP formulations enables a principled and com-
putationally tractable way to achieve real-time safety assurance in MASs. This approach
has shown considerable promise across a wide range of scenarios, from distributed coor-
dination to adaptive obstacle avoidance, and serves as a foundational technique for the

safe control frameworks developed in this thesis.

2.2.3 High-order CBF

The previously discussed concept of CBF provides a powerful tool for safe control. How-
ever, its classical formulation is only directly applicable to systems where the relative
degree of the safety function with respect to the control input is one. This constraint
limits the applicability of standard CBF methods, particularly in systems with high-order
dynamics [96]. For instance, in many studies involving second-order systems, such as
multi-agent dynamics described in [91, 97], the safety constraints are carefully designed
to ensure the relative degree remains one. This ensures that the derivative of the bar-
rier function explicitly depends on the control input, thus rendering the CBF condition

directly enforceable in a QP framework.

To overcome the limitation imposed by the relative degree condition, several method-
ologies have been developed. A notable approach is the use of back-stepping techniques,
as proposed in [98], which decomposes the system into lower-order subsystems to effec-
tively manage higher-relative-degree constraints. Another significant contribution is the
direct construction of relative-degree-two CBF's, as detailed in [99]. These works laid the

foundation for extending barrier function theory to a broader class of systems.

To handle even more general cases, especially those involving arbitrary relative
degrees, high-relative-degree safety constraints were introduced in [100] and further

formalized in [101]. These studies provided a systematic framework for extending the
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CBF methodology beyond the traditional setting, enabling the control of more complex
systems with safety requirements that depend on high-order derivatives of the system

state.

A significant breakthrough came with the introduction of the high-order control
barrier function (HOCBF) by Xiao et al [102]. Unlike earlier methods that often relied
on restrictive conditions such as exponential convergence rates, the HOCBF framework
generalizes standard CBF theory while offering a more tractable and flexible imple-
mentation. Specifically, the HOCBF ensures the forward invariance of a safety set by
recursively constructing a sequence of inequality constraints derived from high-order
derivatives of the barrier function. This allows systems with arbitrary relative degrees
to be safely controlled in a unified QP-based formulation. The HOCBF can be viewed
as a generalization of the zeroing CBF's introduced in [103, 104], and has been further
validated through theoretical analysis and experimental implementations in scenarios
such as motion planning and adaptive cruise control systems [105]. Moreover, further
extensions of the HOCBF concept have been made in discrete-time domains. For example,
[106] formulated discrete-time HOCBF's to address high-relative-degree constraints in
sampled-data systems, with subsequent refinements presented in [107]. In this thesis,
the HOCBF approach is adopted to enable safety assurance in MASs where only sim-
ple pairwise distance functions are available, and where the relative degree of these

functions exceeds one.

2.2.4 CLF-CBF-based QP

As discussed above, both stability and safety are fundamental properties in the design
of control systems. A system that lacks stability is inherently unreliable, while safety
is an important requirement in real-world applications. Traditionally, control system

design follows a two-step procedure: first, a candidate controller is proposed to fulfill
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the desired objective; then, its performance is validated through theoretical analysis
and experimental evaluation. Examples include state-feedback protocols that guarantee

stability [108], and potential function-based methods that ensure safety [109].

However, it is well recognized that control solutions are not unique: multiple control
inputs can yield the same system performance. Specifically, any control input that
satisfies a CLF constraint ensures stability, while any input satisfying a CBF constraint
ensures safety. This flexibility motivates the use of optimization-based frameworks that
can systematically select among the admissible control inputs based on performance

criteria.

To handle these constraints effectively, several control architectures have been de-
veloped. These include model predictive control, the reference governor strategy, and
the invariance control principle [110, 111]. In model predictive control and reference
governor methods, a high-level controller generates admissible reference trajectories
to ensure that low-level controllers respect constraints. The invariance control prin-
ciple, on the other hand, adopts a switching-based mechanism to enforce constraints
by modifying control laws based on the system state. In parallel, efforts have been
made to unify CLF and CBF frameworks for simultaneous achievement of stability and
constraint satisfaction. Early works such as [112, 113] attempted this integration but
encountered limitations: specifically, near the boundary of the safe set, the CLF may
become unbounded, leading to numerical instability or infeasibility in the optimization
problem. To address this, a more generalized formulation was developed in [114], which
integrates CLF and CBF constraints without inducing singularities or unboundedness

near constraint boundaries.

To resolve the ambiguity of selecting among multiple admissible controllers, QP-
based formulations are often employed. These methods define a cost function that

penalizes undesirable system behavior such as excessive control effort or deviation
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from a nominal controller, thus guiding the optimization toward the most desirable
solution. The flexibility of QP formulations allows for both single and multiple constraint
enforcement. For example, a unified CLF-CBF-based QP framework was proposed in
[115], where both safety and stability constraints were encoded in a single optimization
problem. Importantly, the CBF constraint was assigned higher priority to ensure safety
feasibility, while stability was achieved within the admissible region defined by the CBF.
This integrated CLF-CBF-based QP approach represents a powerful and systematic
methodology for control-affine systems, combining the strengths of Lyapunov-based
stability theory and barrier-based safety enforcement with the performance optimization
capabilities of QP solvers. The resulting control law ensures that system trajectories
remain within safe bounds while converging toward the desired equilibrium, all while

optimizing for control efficiency or task-specific objectives [116].

Given the increasing relevance of distributed and safe control in MASs, further
exploration of CLF-CBF-based QP frameworks in this context is both timely and essential.
This forms the core motivation of this thesis, which aims to extend and apply the CLF-

CBF-QP methodology to MASs with both theoretical rigor and practical applicability.

2.3 Robustness Analysis

In real-world deployments, MASs invariably operate in environments permeated by
unmodeled dynamics, sensor noise and exogenous disturbances. Such uncertainty can
seriously degrade the performance of controllers that rely on nominal models. Conse-
quently, a substantial body of work has focused on robustifying methods to deal with

system uncertainty [117, 118].

Disturbances manifest in multiple ways. For example, researchers considered additive

noise on the control input introduced by sensor encoding/decoding processes and cast
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robustness in terms of input-to-state stability (ISS) and its safety analogue, input-to-state
safety (ISSf) [119, 120]. Zhao et al. investigated matched disturbances acting directly
on the system dynamics; they constructed a disturbance observer and incorporated its
estimate into modified, robust CLF and CBF conditions [121]. For more general, possibly
time-varying disturbances, state-of-the-art filtering techniques such as the unscented

Kalman filter have proved useful for online mean-variance estimation [122].

2.3.1 Model-based Approach

Classical robust and adaptive control methods exploit a priori information, typically
bounds on unknown uncertainties. Within the CBF framework, a common method is to
insert a robustifying term that compensates for the worst-case effect of the disturbance.
This idea was formalized in the work [123], and subsequent studies have sought to
reduce the resulting conservativeness by deploying disturbance observers, estimators

and identifying techniques [124—-128].

A related research topic here is the balance between safety and performance. That
is to say, overly conservative bounds may guarantee safety but at the cost of energy-
inefficient behavior. To mitigate this, recent work has explored safe adaptive controllers
that update uncertainty estimates on-line, tightening the gap between guaranteed
bounds and actual disturbance levels [129, 130]. This thesis adopts this perspective, and
later chapters will focus on the choice of some hyperparameters in the QP framework,

thereby improving performance without sacrificing safety.

2.3.2 Data-driven Approach

Model-based techniques presuppose reliable bounds or parametric structures. When
these information is unavailable or overly conservative, data-driven methods offer an

attractive alternative. One line of research formulates sufficient conditions directly in
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terms of statistical properties of the disturbance, sidestepping explicit bounds [131-133].
Within this paradigm, reinforcement-learning (RL) algorithms have been integrated
with CLF-CBF constructs, yielding RL-CLF-CBF controllers that iteratively improve
performance while respecting safety constraints [134-136]. The episodic learning frame-
work of [137] extends this idea. A limitation of many RL-based schemes, however, is
their sensitivity to measurement noise and the difficulty of providing a priori safety

guarantees during exploration.

As a less exploratory but more statistically grounded alternative, Gaussian Process
(GP) regression treats the unknown dynamics as a random function and returns both
mean and variance predictions. Early GP-CBF studies focused on single-agent systems
[138, 139], typically employing multi-dimensional GPs to model vector disturbances.
Later, [67] showed that even a one-dimensional GP, embedded in a CLF constraint, can
effectively compensate unknown dynamics while keeping computational complexity low.
The GP-CLF-CBF framework proposed in [140] generalized these ideas and laid the

groundwork for extensions to multi-agent settings.

For MASs, probabilistic techniques have recently gained traction. In [141], GP-based
uncertainty estimates were fused with distributed CBF's to enforce collision avoidance
under stochastic disturbances. A particularly notable contribution is [142], where the
learned model was embedded in robust CBF constraints, enabling reliable collision
avoidance in uncertain environments. These advances demonstrate that learning-based
estimation, when combined with formal barrier conditions, can deliver adaptive and

certifiably safe control, which is an approach further elaborated in this thesis.

Collectively, the model-based and data-driven strategies reviewed above provide a
rich toolkit for safeguarding CLF-CBF controllers against uncertainty. The subsequent
chapters build on both paradigms, and we will see how it becomes a key step toward

more adaptive and resilient MASs.
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2.4 Bayesian Optimization

2.4.1 Control Performance

As previously discussed, while system stability and safety are essential, control perfor-
mance is also an important consideration. The linear quadratic regulator (LQR) is a
classical and widely adopted performance index. It formulates control objectives as a
quadratic cost function, balancing system state deviations and control effort. The result-
ing optimal control law depends on some hyperparameters, making parameter tuning
important for achieving desirable performance. To reduce energy consumption while
maintaining stability, many studies have designed optimal controllers that minimize
LQR costs [143, 144]. In addition, distributed LQR-based strategies have been explored

in MASs for tasks such as consensus tracking and autonomous driving [145, 146].

Conventionally, the LQR problem is solved via the algebraic Riccati equation. How-
ever, this approach becomes inapplicable when structural or feasibility constraints are
imposed on the gain matrices. To address such limitations, alternative methods have
emerged, including gradient projection for structural constraints [147], Gaussian prin-
ciple of least constraint for constrained dynamics [148], and dynamic adjustment of
control gains [149]. Despite these advances, most existing approaches focus exclusively
on performance optimization, often overlooking safety considerations. The need to in-
tegrate safety constraints into performance-aware optimization frameworks motivates
the exploration of new methodologies. Additionally, a key challenge in the CBF-based
QP control framework is maintaining the feasibility of the QP problem, especially when
multiple CBF constraints conflict in multi-agent settings. While previous studies have
shown that CBF-related parameters can significantly influence QP solvability [119],
few works have explicitly investigated the relationship between the QP solution and its

hyperparameters.
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2.4.2 Constrained Bayesian Optimization

To tackle the aforementioned challenges, we propose leveraging Bayesian optimization
(BO) to optimize hyperparameters and enhance control performance. BO is a data-driven
global optimization method suited for black-box functions, particularly those that are

expensive or difficult to evaluate analytically [150]. BO comprises two main components:

* Surrogate function, typically a GP regression, that approximates the true but

unknown performance function based on sample evaluations, and

* Acquisition function that guides the exploration-exploitation trade-off by suggest-

ing the next observation point [151].

To ensure QP feasibility during the optimization process, we adopt the constrained
Bayesian optimization (CBO) framework introduced in [152], where QP solvability is
treated explicitly as a constraint. By evaluating both the performance (e.g., LQR cost)
and the feasibility status of the QP at each iteration, the CBO algorithm systematically

identifies hyperparameter configurations that balance performance and safety feasibility.

In recent work, CBO has been successfully used to tune proportional-integral-
derivative (PID) gain parameters for nonlinear systems [153]. Similarly, preference-
based optimization techniques have been developed within the CBO setting to tune CBF
parameters, enabling users to learn safe and effective control policies based on qualita-
tive preferences while respecting safety constraints [154]. In this thesis, we aim to show
a framework that enables the integration of black-box performance into a unified control
design pipeline. This framework offers a promising direction for achieving simultaneous

performance optimization and safety assurance in MASs.
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2.5 Graph Theory

Before proceeding to the following chapters, we present some fundamental concepts of

graph theory relevant to the control of MASs.

The weighted graph ¢ = {7,&, </} describes the information exchange in MASs.
Individual agents are represented as nodes, and 7 ={1,2,--- , N} denotes the set of nodes.
The edge set & includes the connections between agents, where (i, ) € & indicates that
agent i can receive information from agent j. A path, denoted as j; — j,, is defined as a
sequence of (j1,72) €&, - ,(Jn-1,Jn) € &. If there exists a path from one node to all other
nodes, the graph is said to possess a spanning tree. The adjacency matrix o =[a;;Inxn
and Laplacian matrix &£ =[/;;Iyxn are used to represent the properties of the graph 4.
The elements of these matrices are defined as follows:

1, if(i,j))eé& -a;j, ifi#j
(2.1) a;j= and [;;=

0, otherwise Yizjaij, otherwise.
Additionally, for a function a :[0,a) — [0,00) with a(0) = 0 and constant a > 0, if a is
continuous and strictly increasing, then it is said to be a £ -class function. For a function
B:[-b,a) — (—oo,00) with f(0) =0 and constants a,b > 0, if § is continuous and strictly

increasing, then it is said to be an extended £ -class function [155].
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STABILITY UNDER CLF-BASED QP APPROACH

his chapter will address the tracking control of MASs via a QP optimization

framework, where the CLF condition serves as a constraint. The optimal

controllers, derived through the QP solver, not only ensure the tracking control
objective but also minimize the cost functions of agents. To enhance energy efficiency,
discontinuous control methods, such as intermittent control strategy and event-triggered
mechanism, are employed in the control framework. The CLF-based QP controllers are
only updated at specific time instants, in order to reduce the frequency of QP problem-
solving. In addition to considering optimization, the proposed methods are extended
to uncertain MASs to enhance robustness, where the uncertainty is modeled by GP
regression. In the end, simulation results are provided to demonstrate the feasibility of

the theoretical analysis.

This chapter is based on the academic paper "Quadratic Programming Consen-
sus Tracking Control of Uncertain Multiagent Systems via Event-Triggered Mecha-
nism,” in IEEE Transactions on Systems, Man, and Cybernetics: Systems, 2024. DOI:
10.1109/TSMC.2024.3459850.
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3.1 Background and Preliminaries

3.1.1 Background

Stability is the most fundamental requirement in this work, forming the basis upon which
other objectives, such as safety, robustness, and optimality, can be reliably pursued. For
MASSs, stability analysis has been extensively studied through a variety of approaches,
including state-feedback consensus protocols, distributed observer designs and others
[156, 157]. While these classical methods are well-developed and theoretically sound, they
often focus solely on stability without considering optimization aspects. In this chapter,
beginning with the consensus tracking control, we revisit the stability in MASs from
the CLF-based QP perspective. The central idea is to move beyond traditional controller
design, and instead, treat the control process as an optimization problem constrained
by CLF conditions [158]. This enables not only the guarantee of system stability but
also the simultaneous optimization of agent behavior with respect to predefined cost

functions.

Most importantly, the QP formulation offers a significant structural advantage:
extensibility. Once the CLF constraint is embedded in a QP problem, it becomes straight-
forward to incorporate additional control objectives or constraints, such as safety (via
CBFs) or input saturation (simply by adding corresponding constraints to the QP). This
modular nature eliminates the need to redesign controllers from scratch whenever new
requirements arise. As control problems grow more complex with real-world consid-
erations like obstacle avoidance, input bounds, or cooperative task prioritization, this
flexibility becomes a major advantage. Although the CLF approach has been studied
in the open literature [159], its application in MASs requires further extension and
in-depth investigation to meet the requirements of distributed control, which is the main

motivation of this chapter.
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3.1.2 CLF and QP Formulation

Consider an ACS described as follows:
(3.1) x = f(x)+ gx)u(?),

where x(t) € R" represents the state variable, u(¢) € U c R™ denotes the control input,
and the vector functions f : R* — R" and g : R” — R"*™ are assumed to be continuous.
Designing feasible control input u(¢) to achieve specific objectives in the system (3.1) is a
topic of interest. In this subsection, the control Lyapunov function will be introduced to

study the stability properties of the system (3.1).

Definition 3.1. [160] Considering a function V(x) : R” — R and the dynamical system

(3.1), if V(x) is continuous differentiable and for any x(0) € R* and ¢ > 0, there is

cllxl? < Vix) <éllxl?,
(3.2)
inlf]'[LfV(x) +LgV(x)u()] < —cVi(x),

where ¢, ¢, and c are positive constants, LV (x) = % f(x), LgV(x)= %g(x) , then V(x) is

a control Lyapunov function.

Remark 3.1. The Lyapunov stability theory is widely recognized for its utility in verifying
system stability and establishing feasible control input. Specifically, for the ACS (3.1),

any control input u(t) satisfying the condition (3.2) will lead to

(3.3) Vi) < e~V (x(0)) < Ge~! (0]
and
(3.4) 1% < %V(x) < Se“"t||x(0)||2,

which implies

(3.5) I < 1/ = e 2 [x(0)] — 0, ¢— oo.
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t

In other words, ||x(t)| is exponentially convergent with the rate e~ 2! under any control

input from the following set:

(3.6) {ueUILfV(x)+LgV(x)u(t)+cV(x) <0}

Based on the analysis in Remark 3.1, multiple control inputs are feasible in achieving
system stability. To determine the optimal one, we can employ a QP framework to
minimize the cost function. In this paper, the minimal norm of u(¢) is considered, which

was also discussed in [60] and is shown as follows

1
u* =argmin-u’u

(37) uelU
st. LfV(x)+LgV(x)u<—cV(x).

Remark 3.2. In the QP problem (3.7), u* represents the minimal controller required to
realize system stability. Note that the specific form of the cost function can vary, depending
on different quadratic terms related to u. For instance, the cost function was extended to
u* =argmin, g %uTH(x)u in[103]and u* = argmin, iy %(u—ud)T(u—ud) in [116], where
H(x) is a positive definite function and ug represents a pre-designed control input that
may not necessarily ensure stability. These variations reflect the flexibility in considering

specific control performance or constraints.

3.1.3 Intermittent Control

In this paper, an intermittent control strategy is employed to reduce the updating

frequency of the QP controller (3.7). The time axis is partitioned into alternating working

periods [tzn,tzf f ) and resting periods [tzf 4 ,tZ’il), where £ =1,2,---. Within each time

interval, control actions are active from ;" to th /" and inactive from tzf ! to tyh,- Itis

assumed that ¢{" = 0 and ¢; — +o0o0 as & — +oo. Hence, the intermittent controller is
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formulated as follows:

u@), teln, o)
(3.8) u(t) =

of f ,on
0, tele, 19" ).

The control on and off instants tZ" and tzf f will be determined later to ensure that the

system remains under control on the whole and does not experience loss of stability.

3.1.4 GP Regression

GP is a widely used machine learning method for tasks such as regression analysis,
classification, and model estimation. It can establish a mapping relationship between
the input and output. Specifically, the Gaussian process considers both the input and
output as random variables and assumes that their relationship follows a Gaussian
distribution. As a result, the Gaussian process is capable of probabilistic modeling of

unknown functions while providing confidence evaluations for the predicted results.

Specifically, consider an unknown function y(@), 0 € ® c R and the dataset 2 =
{91,3’(91)}?:1 with s samples. Define 6 = (01,---,0,)T and y = (y(61),---,y(0s))T. Suppose
the mean of the GP model is zero, then for any test value 6y € ©, the prediction of y(6y) is
provided with its mean and variance as follows

uly(00)121= kT (00,60)K1(8,6)7,
(3.9)

o2[y(00)121 = ker(6o,00) — kL (69,)K ~1(8,0)k(8,,0),
where k(-,-) is the covariance vector, K(-,-) is the covariance matrix and ker(-,-) is the
kernel function.

Commonly used kernel functions include the Radial Basis Function, Linear kernel,

Sigmoid kernel, etc. In this thesis, the radial basis function is adopted [151].
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3.2 Deterministic Systems

Firstly, we begin with the deterministic MASs without uncertainty. Consider N followers

and one leader in MASs. The system dynamics of agents are described as follows:
(3.10) x;(t) = Ax;(t)+Bu;(t), 1€I[0,N].

The state and control input of follower i, i € I[1,N] are x;(¢) € R® and u;(¢t) € U c R™,
respectively. The system matrices are A € R**" and B € R®*™. The leader is labeled as
0, whose state is x¢(¢) € R” and control input is uy(¢) = 0,,. It is assumed that only a
subset of the followers can establish communication with the leader. Without loss of
generality, consider followers denoted by i € I[1, M] as the informed followers who have
the knowledge of the leader’s state. Conversely, the remaining followers denoted by

i €I[M +1,N] are uninformed ones.

Definition 3.2. [161] The achievement of tracking control of the MAS (3.10) is described

as the convergence of the tracking error
(3.11) ei(t)=x;(t)—x0(¢), i1€lll,N]
for follower i, i.e., for Vx;(0) € R®, there is lim;_.,e;(¢) = 0,,.

Assumption 3.1. Every uninformed follower within the system has at least one informed

follower connected to them through a directed path.

Assumption 3.2. (A,B) is stabilizable.

To simplify the communication structure, it is assumed that the informed followers,
thanks to their direct access to the leader, do not require communication with other
followers to achieve consensus tracking. Consequently, these informed followers have

no neighbors apart from the leader. Based on this assumption, the Laplacian matrix
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Figure 3.1: An overview of distributed CLF-based QP control method of MASs.

£ e RNV*N representing the interconnection among N followers is expressed as

Opmxm Omxv—mn
(3.12) L=
£ 2L

According to Assumption 3.1, the eigenvalues of %, have positive real parts. Furthermore,

% is a non-singular M-matrix.

Lemma 3.1. [162] For the M-matrix %», there exists a positive diagonal matrix G =

diag{gm1,--,gN} € RN MN-M) gyeh that GLy + L] G > 0.

This section focuses on the tracking control of MAS (3.10). Firstly, adaptive observers
are developed for uninformed followers to estimate x((¢) to compensate for their limited
access. Secondly, a CLF-based QP controller is constructed utilizing the designed ob-
servers. Thirdly, an intermittent event-triggering control strategy is incorporated into
the proposed QP controller to alleviate the computational burden. An overview of the

control methods can be found in Figure 3.1.

3.2.1 CLF-based QP Controller Design

To achieve consensus tracking with the leader, as outlined in Definition 3.2, it is evident

that each follower requires the leader’s information xy,. However, this information is
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not accessible to uninformed followers. To address this constraint, a fully distributed

observer denoted by z; € R” is employed for uninformed followers to estimate xy.

Denote z; = x¢ for informed follower i, i € I[1,M]. For uninformed follower i, i €
I[M +1,N], the observer z; is designed as follows:
3i=Az;—BBTP(c; +pi)n;
ni :Z;vzlaij(zi -2;)

(3.13)
¢; =nTPBBTPn);

pi =n; Pn;,

where P € R"*" comes from the algebraic Riccati equation (ARE) solution:

(3.14) PA+ATP-PBBTP +1,=0,p,.

Denoting the observation error

(3.15) €i=zi—x9, 1€I[M+1,N]

for follower i, one can get the following conclusion.

Lemma 3.2. Under Assumptions 3.1-3.2, if ¢;(0) > 1, then there is lim;_.o€; =0, i €

IIM+1,N1].

Proof: According to the definition of €; = z; —x¢, the ; in (3.13) can be rewritten as

N
(3.16) n; = Z aij(ei —EJ').
Jj=M+1
Denoting n = (17]7;“1, e ,nJT\})T, there is
(3.17) n=(%Lel)el, el

As detailed in (3.12), %, is a non-singular M-matrix. Hence, we only need to demonstrate

lim;_o,n =0 to infer lim;_€; =0, i € I[M + 1,N]. Firstly, defining
p =diag(pp+1,°+, PN,

(3.18)
é = diag(CM+1, toT )CN)7
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one can calculate the derivative of i) as follows:
(3.19) ii=n-u®A—Lo(é+p)eBBTPIn.

Based on Lemma 3.1, a matrix G = diag{gyr+1,: - ,gn} exists such that G % + ££2TG > 0.

Denote Ao = Apin(GZs + ££2T G) > 0, and construct the following Lyapunov function:

(3.20) V(): — Z [gi(20i+pi)pi+—(ci—co) ]
i=M+1 2

Combining with (3.13), the derivative of Vj is calculated as
N

. A
Vo= ) lgipici+gilci+pipi+ ?O(Ci —co)¢il
i=M+1
=nT[pG @ PBBTP + (¢ +p)G o (PA+ATP)
—(é+ PG L+ LIG)é+p)® PBBTP
A
(3.21) + 5 ~coly-a)®PBB Pl
<nTlé+p)Ge(PA+ATP)+pG o PBBTP
A
—A0(é+p)?> @ PBBTP + 50(5 —coIln_m)® PBBTPIn
=nTl(e+p)G o (PA+ATP)+ Do PBBT Py,
where
A A a2 /10 ~
(3.22) O =pG - Ao(¢+pP) +E(C—C()IN_M).
If ¢;(0) > 1, then ¢;(¢) > 1 for t > 0, since ¢;(¢) is always positive. Hence, there is ¢ < é2.

Additionally, it follows from Young’s inequality that

) 1 Ao, A
<2+ — G206+ p)2+ 26— 2eoIn-m

2 20 2 2
1 1 1 1
<=Al(6+p)P2—=p%2— =82 — —G?+=coln-
ol(¢+p) 2;o 3¢ 2/1% 200NM]
1 1 1
(3.23) < -Aol=(é+p) - —G*+ =G?
ol5+0) 212 22 ]
1
= —=[Ao(¢ + p)* + —G?]
Ao
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where the constant ¢ is chosen with ¢g > %maxi: M+1.- N g? . Hence, one can obtain
0

that

(3.24) Vo <nTl(e+p)GoPA+ATP-PBBTP)In=—-"l(¢+p)GoI,In<0,

in which (3.14) is used to derive the inequality. Therefore, Vy(¢) is bounded as time
grows, thus ¢; and p; are also bounded. Given that ¢;(¢) > 0, c¢;(¢) will approach a certain
finite value asymptotically. In other words, there is ¢;(¢) — 0 as t — co. According to the
definition of ¢; in (3.13), lim;_.o, ¢;(¢) = 0 is equivalent to lim;_.,n;(¢) = 0, which indicates

lim; .o €;(¢) = 0 for uninformed followers. [ |

Thanks to Lemma 3.2, the observer z; works well to describe or estimate xo for each

follower i, i € I[1,N]. Denoting
(3.25) 0;=x;—2;, 1€I[1,N],

the tracking error e; — 0 is equivalent to §; — 0. In the following, we will show feasible

control input to realize §; — 0 as ¢ — oo, which indicates the achievement of consensus

tracking control for the MAS (3.10).

Construct the Lyapunov function for follower i as
(3.26) Vi) =67 (®)Ps;(t), ielll,N].

It follows from (3.25) that

V; =67 (PA+ATP)5; +26T PBu;, iell1,M],
(3.27)

V; =67 (PA+ATP)S5; + 26T PBu; + 26T PBBTP(c; +p;)ni, i€IllM+1,N].
According to (3.7), the CLF-based QP control input for follower i, i € I[1,M] can be

outlined as follows:
* . 1 T
u; :argmlnéui u;
(3.28) ui €l
st. 207 PBu; < -6 (PA+ATP +cP)s;,
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and for follower i, i e I[M + 1,N]:

1
u; = argmin-u’u;
2 l

(3.29) uic
st. 267 PBu; < —6! (PA+ATP+cP)s; 26" PBBTP(c; + pi)ni.
Remark 3.3. The CLF V; is built upon ;. As the computation of §; for each follower de-

pends solely on local information, this method fulfills the distributed control requirement.

3.2.2 Event-triggering Intermittent Control Mechanism

The proposed CLF-based QP control approach (3.28) (3.29) demonstrates the feasibility of
achieving consensus tracking control for MAS (3.10). However, conducting experiments
proves more time and energy-consuming than expected due to the need to solve the
QP problem frequently to obtain u;(¢). To mitigate energy consumption, this section
introduces the intermittent event-triggered control strategy to reduce the frequency of

QP solving.

Initially, the time axis is divided into working periods [¢?, t?';f ) and resting periods
[t‘i",;f , t?’;}, +1)> Where k€ N* for follower i, i € I[1, N]. Simultaneously, the event-triggered

mechanism is employed during the working periods [¢7',, t(i”;f ). Specifically, compared to

(3.8), the control input ©;(f) remains constant as u;‘(t?’}a), obtained from CLF-based QP

(3.28) (3.29) at control on instants ¢ = t‘i”;. Consequently, the QP optimization problem

o

is solved only once during ¢ € [¢?7, tig ). Denoting u? , = u;(¢?7) for brevity, the control

input u;(¢) of follower i is described as follows:

wr, tefton, ol
(3.30) ul(t) - i,k l,k L,k

of f son
0, telt; ) st -

of f ton

i z,k+1)' To ensure V;(t) — 0 as

It is worth noting that V;(¢) may increase when ¢ € [¢

t — oo, the control on and off instants ¢?, and t?';f , k € N" need to be carefully designed.
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Vi(®)
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Figure 3.2: The intermittent event-triggered control strategy.

As illustrated in Figure 3.2, another function @;(¢) is introduced to constrain the increase

of V;(¢), acting as a boundary.

Our goal now is to ensure that @;(¢) — V;(¢) > 0 always holds for ¢t > 0, i € I[1,N].
Simultaneously, the function @;(¢) is custom-designed such that @;(¢) — 0 as ¢ — co.

Hence, V;(t) will be bounded by @;(¢), ensuring that V;(¢) — 0 as t — oco.

Remark 3.4. The boundary Q;(t) serves to limit the growth of V;(t). As depicted in
Figure 3.2, during the resting periods [tf';f,t‘l”];l) k € N*, we have Vi(t) < Q;(¢). At
t= t"’]‘Hl, it is possible that V; (t0k+1) Q; (tl "h+1) Signaling the start of the next working
period. When V; (t°k+1) =Q; (t°k+1) ensuring V; (t°k+1) <Q; (t°k+1) is necessary to guar-
antee limp_.o+ V;(¢7",

[£27 1 f’;’:l) One possible approach to designing Q;(t) is using an exponential function

a1t A) < limp_.o+ Q; (t"kJrl + A) for the subsequent working period

—ct

with a rate of e”¢?, where c > ¢ >0 and e represents the convergence rate of V;(t).

Generally, although V;(t) may not be monotonous due to the discontinuous control strategy,

!

its curve always lies below Q;(t), which monotonously decreases with a rate of e ¢ L.

Both the event-triggered mechanism and intermittent control share a common ob-

jective: maintaining consensus tracking by monitoring certain error conditions and
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3.2. DETERMINISTIC SYSTEMS

adjusting controllers accordingly. The underlying principle is that control begins (updat-
ing the control input) when errors exceed a certain threshold for achieving consensus

tracking and ends (allowing time to rest) when errors decrease too slowly.

Firstly, the k-th intermittent control off instant ¢7// (k € N*) for follower i (i € I[1,N1)

is determined using the Lyapunov function V;(¢) as follows:
(3.31) 4] =min{t > £V > —ye Vi),

where the discount parameter y is custom-specific, satisfying 0 < y < 1. During ¢ €
[t?’;e’ tof 4 ), condition (3.31) implies V; < —ycV;, resulting in V; having a convergence rate
of e7 7, When V; decreases slower than this threshold, the event is triggered, and the

controller is turned off.

Secondly, the k-th intermittent control on instant ¢ (k € N*) for each follower i

(i €I[1,N]) is determined as follows:

(3.32) £ ¢ =min{t > t211Q,() - Vi(®) < = B; n(Qi(8) ~ Vi),

here th tant tisfi Vittly Qi)
where e constan i p Satisnes P; p > ——
Pis Pis Qi) - Vz(t%f)

ff ton

Lemma 3.3. During resting periods [tl b otipi1) ), if Q; (toff) > Vi(t?g), then Q;(t) > V;(t)

holds for Wt e [t on

ik lik .1) under the triggering function (3.32).

LAGUARETNCHAD

(4of f (4of
W and Ql(ti,k ) > Vl(ti,k ), one

Proof: According to the conditions g; , >

can obtain that
(3.33) AN EA ACHAD B N (HGADER AGAD))
In addition, triggering function (3.32) ensures that

(3.34) QiD= Vit)> - n Qi) - Vi(t)), telt?] 1% ).
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By the Comparison Lemma, (3.33) and (3.34) imply that
B (g goff
(3.35) Qi(t) - Vi) > e Pt Qe - vt ) > 0

of f
for Vte[ti,k ,t;”’;ﬁl). [

Lemma 3.4. Considering the two triggering functions defined in (3.31) and (3.32), their

Zeno behaviors can be ruled out.

Proof: In this proof, we will show that there are two constants 7; >0 and T; > 0 for

of f

each follower i such that ¢ -7 > 7, and 77, | - pof f o T;. hold, % € N*, respectively.

i,k+1 i,k

Hence, the Zeno behavior will not exist for the triggering functions (3.31) or (3.32).
Firstly, for the triggering function (3.31), take the informed followers i € I[1,M] as

an example. During the working periods ¢ € [t?';c,t?’;f), k € N*, it gives from (3.10), (3.25)

and (3.30) that
(3.36) 5i(t)=Ad;(2) +Bui(t‘l?f;€) =A0;(t)+Blu;(t)+¢&; p (D],

where ¢; 1(2) £ ui(t‘i)’}e)— u;(t). In the dynamical model of §;(¢), the term ¢; x(t) can be seen
as the input-to-state disturbance on u;(¢). Consider the triggering function introduced in

[73]:
(3.37) t; » = min{t > t?,'}el()f = DcVi(t) +Ek1(1&; (D)) =0},

where k1([I¢; (8)]) is a A& -class function. Thanks to Theorem 3.1 in [73], there is a

minimal inter-event time 7; > 0 so that
(3.38) tip =ty =Ti, ReN'.

Moreover, the input-to-state stability can be achieved through the satisfactory of the

condition V;(¢) < —cVi(t) + k1(1&; x(®)1), which can be reformulated as follows:

(3.39) Vi) +yeVi(@) < (y = DeVi@) + k(1€ z DID.
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During ¢ € [t7),, t?g ), the triggering function (3.31) ensures that the left side of (3.39),
V;(t) +ycV;(t), is smaller than 0. But the situation is different for the right side of (3.39).
When ¢ = t‘i”}e, one has ¢; 5 (t) = ui(t‘i”;e) - ui(t‘i”}e) = 0. Since k1(-) is a A& -class function,

there is £1(|[¢; x(£)]]) = 0, which results in

(3.40) (y = DeVi®) + k1(lISi x(ON) = (y = DeVi(@) < 0.

However, during ¢ € (t‘i”;e, t?

,';ef ), since [[¢; (¢)|| increases under the event-triggered mech-
anism and k1([[¢; x(?)]]) increases from zero, the right side of (3.39), (y — 1)cV;(¢) +
k1(1¢; (@)1, will gradually increase and approach zero, which triggers faster than the
left side, V;(¢) +ycV;(t). Hence, compared with (3.31) and (3.37), it follows from (3.38)

that

(3.41) (0~ >ty -t > 15, keNT,

which rules out the Zeno behavior of the control off triggering function (3.31). For
the uninformed followers i € I[M + 1,N], the input-to-state disturbance is also &; 5 () =

ui(t‘i”}e) —u;(t). The proof is the same as informed followers, so omitted here.

Secondly, we can conclude from Lemma 3.3 that A;(t) £ Q;(¢) — V;(¢) is a continu-
ous function for follower i € I[1,N]. Given the sign-preserving property of continuous

. . . ! .
functions, a positive constant 7, exists that

(3.42) e~ > T, keNT,

14

which rules out the Zeno behavior of the control on triggering function (3.32). [
Based on the above conclusions, the controller (3.30) is feasible for consensus tracking

control, as described below.

Theorem 3.1. Given the general linear MAS (3.10) and QP control input (3.28) (3.29)

(3.30), under the triggering functions (3.31) and (3.32), the consensus tracking control
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problem will be solved if Q(t) for each follower i, i € I[1,N] is custom-designed to be

continuous and satisfy:
(1) Qi(t) > Vi) for te [t‘i”,;,t‘i”;f), keN*;
2 Qi) > Vi), ken';

(3) lim; .o Q;(¢) = 0.

Proof: Although V;(#) may increase during the resting periods ¢ € [t?’;f ;19 1), the

triggering function (3.32) and Lemma 3.3 render ;(t) > V;(¢) when ¢t € [t?';f,t‘l.”;ﬁl).

Combined with the condition @;(¢) > V;(¢), t € [t?’}e’ t?’;f), one has Q;(¢) > V;(¢) for t > 0.
Therefore, lim;_., V;(¢) = 0 is followed by lim;_.., @ ;(¢) = 0, which indicates lim;_ ., d;(¢) =
0 of follower ¢, i € I[1, N]. Thanks to the conclusion in Lemma 3.2, there is lim; .o, e;(£) =0

for follower ¢, 1 € I[1, N1]. |

Remark 3.5. In fact, meeting the condition Q;(t) > V;(¢t) for t e [t‘i’";e, t‘;";f ) is straightfor-
ward. If @ i(ti’;@) > Vi(t?,’;e ), thanks to the continuity of Q;(t) and V;(t), there exists a small
7; > 0 such that Q;(t) > V;(t) when t € [t‘;”}e, t‘i’”}e +T;). IfQi(t?f;le = Vi(t?,';i), as mentioned in
Remark 3.4, the condition can still be satisfied by appropriately designing the convergence
rate of Q;(t). Furthermore, the exact expression of Q;(t) for t € [t?’;@,t?”;f ) is not crucial
since it is not required in triggering function (3.31). What matters is the continuity of

Qi(t) and the condition in Lemma 3.3, which ensures Q;(t) > V;(¢) for t > 0.

Remark 3.6. The QP problems (3.28) and (3.29) considered in the controller design
include linear inequality constraints, along with box constraints. Although this QP
structure admit a unique solution due to the strict convexity of the objective function and
the convexity of the feasible set, obtaining an explicit (closed-form) solution is generally
not straightforward. In particular, finding an explicit expression for the optimizer requires
identifying the active set of constraints at the solution, which depends on the problem

data in the constraints. Only when the set of active constraints is known in advance
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(e.g., remains constant), the optimal solution can be expressed explicitly as a projection
of the origin onto the corresponding affine subspace. Otherwise, the solution needs to
be computed numerically using standard QP solvers. Therefore, in this thesis, the QP
solution is obtained numerically at each control step, and a general closed-form expression

is not pursued.

3.3 Uncertain Systems

In this section, we will extend the CLF-based QP framework in uncertain MASs to

enhance the robustness of the proposed control methods.

Consider the dynamics of follower i given by:

(3.43) %;(8) = Ax;(t)+ Bu () + w;(x;(t)), i€lI[l,N]

where w;(x;(¢)) € R represents the system uncertainty, and the other notations are

consistent with those defined in MAS (3.10).

3.3.1 GP-CLF-based QP Controller Design

For the Lyapunov function in (3.26), its derivative along the dynamics (3.43) is obtained

as

V; =67 (PA+ATP)5; + 267 PBu; +267 Pw;,i € I[1,M],
(3.44) V; =67(PA+ATP)s; + 26T PBu; + 267 Pw;

+26TPBBTP(c; +pi)n;,i e IIM +1,N].
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Consequently, the CLF-based QP controller for follower i is

1

* _ =T

ui —argmlnzui u;
u;jeU

(3.45) st. 267 PBu; <-67(PA+ATP +cP)5; —256] Pw;,ieI[1,M]
267 PBu; < - 6] (PA+ATP +cP)5; - 267 Pw;
~26TPBBTP(c; +p;)ni,i e IIM +1,N].
However, the unknown uncertainty w; cannot be directly utilized in controller design

in practice. Without requiring the upper bound of w;, the GP serves as a useful tool for

training an estimated model in an online manner.

In the QP problem (3.45), the term 26?Pwi € R in the CLF constraint needs to be
addressed, which can be modeled using GP regression. For each follower i, i € I[1,N],
consider the dataset 2; = {0;, yi,l}le with s samples, where each sample (6;,y;) is
defined as 6; = [xf,é?]T € R?" and y;(0;) = 26:7'1P(5ci —Ax; —Bu;) € R. Using this dataset
2;, a one-dimensional GP model can be obtained for each follower i, which provides the

mean and variance functions for the term 26 iTPwi according to (3.9), denoted as u; and

0?, respectively. It is worth noting that computational capability is usually finite in real
applications, naturally limiting the number of samples s.
According to Theorem 6 in [163], the prediction error from the GP model is bounded

for each follower in a probabilistic sense, which can be formulated as follows:
(3.46) P{lu; — 28] Pw;| < &i03) > @,

where the probability 0 < ® < 1 is related to the value of the constant ¢; > 0. In order to

achieve a high probability, the constant &; is chosen as

s+1 |
(3.47) §i> ¢ 2lyill+ 800g; In(;—)

under the dataset &;, where p; is the maximum mutual information among the samples!.

IHere, the lower bound of ¢; is used for theoretical analysis. In practice, {; = 1.96 can be chosen to
achieve a 95% confidence level.
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For ease of writing, denote

(3.48) Vi =6T(PA+ATP)S; +26T PBu,; + i + &0,

for i € I[1,M], and

(3.49) Vi =6T(PA+ATP)S5; +26T PBu; + 25T PBBTP(c; + pi)n; + i + 0

for i e IIM + 1, N]. The GP-CLF-based QP control protocol for follower i is expressed as

follows:

o1
u; —argmin—u’u;
2 l

(3.50) uiey

~

st. Vi<-¢V;, i€lll,Nl].

Remark 3.7. Typically, unknown uncertainties are managed using their bounds in
the literature, such as in [164][121]. In contrast, our work removes this requirement by
estimating uncertainties via training GP models. Unlike other works that use multi-
dimensional GPs for uncertainty estimation [165][142], we employ one-dimensional GPs

to estimate scalar terms in the CLF condition, thereby reducing the number of necessary

GP models.

3.3.2 Event-triggered Model and Controller Update

Note that GP models for system uncertainty require updates with new training data
samples. Our object is to employ an online learning approach to collect new samples
when necessary, which is achieved through an event-triggered mechanism. Additionally,
the GP-CLF-based QP problem (3.50) is solved accordingly when the GP models are
updated. This strategy also ensures that the QP problem is solved at switching time
instants to minimize computational resources.

In previous works, such as [166], a time-triggered approach is utilized, where training

samples are collected at ;.1 = t; + At with a fixed time interval A¢ > 0. This method
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presents two drawbacks. Firstly, the collection of training data may exceed what is
necessary, resulting in a higher-than-expected frequency of GP model updates. Secondly,
the accuracy of the uncertainty estimation yu; of w; is unknown, potentially affecting the
unexpected changes in the Lyapunov function. To address these issues and enhance data
efficiency, we consider an event-triggered approach for adding new training samples for
GP model updates, and consequently, QP solving. The core idea involves monitoring the
derivative of the Lyapunov function to ensure its non-negativity. Given that the exact
value of V; is inaccessible, we design the triggering function for follower i, i € I[1,N],

using the estimated value ‘}i as follows:

(3.51) tige1=min{t>t;,[V; >0}, keN'.

Consider the following controller for follower i, i € I[1,N]:
(3.52) uit)=u;,, teltiptir+1)
one can draw the following conclusion.

Theorem 3.2. Given the uncertain MAS (3.43), under the QP controller (3.48)(3.49)(3.50)(3.52)

and triggering function (3.51), if taking &; > \/ 2|ly; 1l +300p; 1n3(%); the follower i can

achieve consensus tracking control with a probability of at least ®.

Proof: Firstly, we will show the feasibility of the GP-CLF-based QP controller (3.50).
In order to estimate the unknown term 26iTPwi, the one-dimensional GP regression
model is used. Thanks to Theorem 6 in [163], taking an appropriate value of {; with the

condition

s+1 |
(3.53) &> V 211y;l +300p; In*(-—)
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ensures the bound of the GP model error with a probability of at least @. Hence, there is

P{lu; — 267 Pw;| <o} > @

(3.54)

= P{26; Pw; < p; +&03) > @,
which indicates V; < \}i with a probability of at least @. Under the controller u; from
(3.50), the CLF condition Y}i < —cV; is satisfied. Hence, V; < —cV; is achieved with a
high probability, which indicates the convergence of consensus tracking errors in a
probabilistic sense. Note that these results hold for any time ¢ > 0, since #; has not been
specified so far.

Secondly, the triggering function (3.51) works as follows. Under the QP controller
u;k solved at ¢ = t; 1, there is ‘}i < —cV; at t =t; ;. As time grows, ffi increases from a
negative value to zero. And the function (3.51) triggers when ‘}i is zero. Overall speaking,
‘}i < 0 holds during t € [¢; £,¢; x+1). Hence, there is V; < X}i < 0 with a high probability.
Additionally, since ‘}i is a continuous function during the time period [¢; z,¢; z+1), thanks

to the sign-preserving property, there exists a positive constant 7; >0 such that ¢; .1 -

tir>Ti, k€ N*, which excludes the Zeno behavior of the triggering function (3.51). W

Remark 3.8. The computational resources are primarily concerned with two aspects.
The first is the training of the GP model, which has a complexity of O(N?) relative to the
input data dimension or O(N?) relative to the number of samples [151]. The second is
solving the QP problem. Although an exact computational complexity for QP solving is
not available, it can be estimated in terms of time. For instance, using the quadprog(-)
function in MATLAB, solving a constrained QP problem typically takes approximately

0.001 seconds.

Remark 3.9. Compared to the content in Section III, the intermittent control strategy is
not applied to uncertain MASs. When replacing V; with its upper bound \}i, the original

results for the intermittent event-triggering functions (3.31) and (3.32) still hold for
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Figure 3.3: The communication topology of MASs.

uncertain MASs in a probabilistic sense. The proof follows a similar approach as in
Theorem 3.2. In fact, the inherent nature of the intermittent control is a trade-off between
computational complexity and convergence time. For uncertain MASs, considering the
additional computation required for GP model training, we eliminate the control off
period of intermittent control to reduce the frequency of GP model updates. Consequently,
the triggering function (3.51) is designed to ensure a continuous decrease in the Lyapunov

function.

3.4 Numerical Simulation

This section presents two numerical examples to illustrate the feasibility of the theoreti-

cal conclusions.

Example 3-1: Consider the general linear MAS (3.10) with one leader and four

followers, and the communication topology is in Figure 3.3. The system matrices are

010 0
A=10 0 1 and B= |0

0 0O 1
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The solution to the ARE (3.14) is

2.4142 2.4142 1
P=124142 48284 24142

1 2.4142 2.4142

In this experiment, choose the CLF parameter ¢ = 0.2 and the discount parameter
Y = 0.5. In the triggering function (3.32), the boundary @ ;(¢) for follower i (i =1,2,3,4) is
custom-designed as an exponential function @;(¢) = —0.2Q;(¢). The initial states of all
agents can be random numbers. In this simulation, they are
x0(0) =[0.3433;0.1485;0.5752],
x1(0) =[0.9586;0.6440;0.0486],
x2(0) =[0.8403;0.4380;0.1741],
x3(0) =10.7626;0.7290;0.2798],
x4(0) =[0.6860;0.6970;0.4240].

For the uninformed followers i = 3,4, set ¢3(0) = 1.2 and ¢4(0) = 1.2, and the initial states

in (3.13) are randomly given as

23(0) =[0.6551;0.1626;0.1190],
24(0) =[0.3404;0.5853;0.2238].

LAGURET NCHAD

The initial value of @;(¢) is @;(0) = V;(0)+0.1. Take the constant §; , = 1.2 x W

for follower i, =1,2,3,4.

As shown in Figure 3.4, for uninformed follower i, i = 3,4, their observation errors of
the leader’s state information €;(¢) = z;(#) — x¢(¢) converge to zero asymptotically, and the
coupling gains c;(¢) approaches fixed values ultimately. Figure 3.5 shows the trajectories
of two kinds of errors for each follower, where (a) indicates the convergence of error

0;(t) =x;(t)—z;(¢) and (b) implies the realization of consensus tracking control objective.
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—Follower 4
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Time

(a)

Figure 3.4: (a) The observation error €;(¢) = z;(¢t) — xo(¢); (b) The coupling gain c;(¢) in the

observer (3.13) of uninformed follower i, i = 3,4.

18,117

—Follower 1
—Follower 2|

Follower 3
—Follower 4

Figure 3.5: (a) The error §;(¢) = x;(t) — z;(#); (b) The tracking error e;(¢) = x;(¢) — xo(¢) of

follower i,1=1,2,3,4.
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In Figure 3.6, the CLF V;(¢) decreases exponentially with the QP controller (3.30) during
working periods, and it ultimately goes to zero since the boundary @;(¢) is custom-
designed to approach zero. It also shows that @;(¢) > V;(¢) always holds during the whole
process. Figure 3.7 depicts the triggering instants of all followers, where (a) shows the

case of control off triggering function (3.31) and (b) is for control on triggering function

(3.32).
2.5 ‘ ‘ 1.5
—V, (1) —V,(1)
2 —Q, (1) —Q,()
1 |
1.5¢
1 L
0.5¢
05¢
0 0
0 20 40 60 0 20 40 60
Time Time

(a) (b)

—V,
0.8 1
0.6
0.4r
0.2
0
0 20 40 60
Time Time

(c) (@

Figure 3.6: The trajectories of the Lyapunov function V;(¢) for (a) Follower 1; (b) Follower
2; (¢) Follower 3; (d) Follower 4.

Example 3-2: Consider the uncertain MAS (3.43) where the system uncertainty
is w;(t) = 0.5sin(x;(¢)), i = 1,2,3,4. According to (3.9), the GP models are trained for

uncertain terms 26L.TPwi in the CLF constraints (3.50). The parameter ¢; is set as 3 for
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Follower 4 (- = -~

Follower 3

Follower 2 = = = = - -

Follower 1 = - - -

20 40 60 0 20 40
Time Time

(a) (b)

60

Figure 3.7: The triggering instants for (a) triggering function (3.31); (b) triggering
function (3.32).

each follower to ensure a more than 95% confidence level. The other parameters and

initial values are the same as those in Example 3-1.

1.5 ‘
—Follower 1
—Follower 2 < 4
1 Follower 3| | g
S —Follower 4 <z
= 2
0.5 8
=0
|_
4
0 ~
0 5 10 15 20 )
Time Follower 0

(a) (b)

Figure 3.8: (a) The tracking error e;(¢) = x;(¢)—xo(%); (b) The triggering instants of follower

1,1=1,2,3,4.

Under the GP-CLF-based QP controller (3.50) and triggering function (3.51), as shown

in Figure 3.8 (a), the consensus tracking control is realized for each follower. Figure 3.8

(b) shows the triggering instants of each follower. Taking Follower 4 as an example, the

event triggers 23 times during this process, indicating the number of updates for the QP
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(a) (b)

Figure 3.9: (a) The trajectory of the uncertain term 26{Pw4 and its GP prediction
4 +¢404; (b) The control input u4(¢) of Follower 4.

controller u; and training dataset 9.

In Figure 3.9 (a), the comparison is made between the actual value of the uncertain
term 26ZPw4 and its predicted value from the GP model: u4 + {404, demonstrating that
V; < X}i with high probability. Additionally, Figure 3.9 (b) depicts the controller updates

for Follower 4.

3.5 Conclusion

In summary, this chapter has presented a QP-based control framework for tracking con-
trol in MASs, where CLF constraints ensure stability. Discontinuous control strategies
were introduced to reduce computational cost and enhance energy efficiency. Further-
more, to address system uncertainties, GP models were incorporated into the CLF
constraints, enabling robust control under unknown dynamics. The effectiveness of the
proposed methods was verified through simulation results, confirming both theoretical

feasibility and practical applicability.
It is worth noting that although this chapter primarily focuses on stability, the design
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of event-triggered mechanism, such as the triggering function (3.32), implicitly reflects
a generalized notion of safety. Specifically, allowing V;(¢) to increase within a bounded
range constrained by @;(#) can be interpreted as imposing an upper bound on the rate of
change of the Lyapunov function. In this sense, the triggering condition (3.32) ensures
that the system remains within a "safe" envelope of energy growth, whose construction

is inspired by the idea of barrier function.

This conceptual similarity motivates the use of CBF for enforcing more explicit
safety constraints, such as extending the CLF-based QP framework to incorporate CBF
conditions for safe tasks. Accordingly, in the next chapter, we shift our focus from stability
to safety, i.e., collision avoidance among agents. Additionally, we generalize the control
objective from consensus to formation control, enabling agents to maintain desired

formation shapes under safety constraints.
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SAFETY UNDER CBF-BASED QP APPROACH

n the formation control problem of MASs, collision avoidance is an important

safety requirement. One effective approach to ensure safety involves combining

CBF's with QP, where nominal control inputs are incorporated into QPs to achieve
desired control objectives. Another approach is to use both CLF and CBF constraints in
QP formulations, which guide the realization of formation control objective and safety
objective, respectively. In this section, we will firstly construct the CBF-based QP control
input for deterministic MASs to see the usage of CBF approach, then we formulate the
GP-CLF-CBF-based QP control method for uncertain MASs.

This chapter is based on the academic paper "Safe Formation Control of Uncertain
Multiagent Systems From a Bayesian Perspective,” in IEEE Transactions on Automatic

Control, 2025. DOI: 10.1109/TAC.2024.3470928.
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4.1 Background and Preliminaries

4.1.1 Background

In addition to ensuring system stability, the physical safety of MASs has also emerged
as an important concern in practical applications. Issues such as obstacle avoidance and
collision avoidance are essential for the deployment of MASs. To address these safety
challenges, CBF's have been introduced as a powerful framework and gained increasing
attention in past several years [167, 168]. As demonstrated in the previous chapter, the
CLF-based QP approach provides a unified and flexible control framework. This QP
structure naturally lends itself to the incorporation of CBF conditions, whose conceptual
foundations closely mirror those of CLF's. Given their mathematical similarities and
complementary objectives, it is efficient to integrate CBF constraints into the existing
QP framework to achieve both stability and safety in a unified optimization formulation

[169].

However, direct application of pairwise CBF constraints for all agent pairs presents
one major challenge: it contradicts the requirement of distributed control, as each agent
would require full state information of all the other agents to construct complete pairwise
constraints. To address this issue, the notion of nearby area was designed for each agent
[91], under which only the most relevant inter-agent interactions are considered in the
QP formulation. This approach not only aligns with distributed control requirement
but also reduces the number of CBF constraints in the QP framework. In addition, this
chapter explores uncertainty modeling within the CBF framework, extending the ideas
presented in the previous chapter. Here, we examine whether GP models can similarly be
used to approximate unknown terms in the CBF constraints. This allows the controller to
account for external disturbances, thereby enhancing the robustness of safety guarantees

in a data-driven way.
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4.1.2 Safety and CBF
Consider a closed set € defined as follows
€ ={x e X|h(x) > 0},
(4.1) 0% ={x e X|h(x)=0},
Int(€) = {x € X|h(x) > 0},

where h :R" — R is a scalar function, and 0% and Int(¥) are the boundary and interior

of set €, respectively. The notion of safety with respect to € is given as follows.

Definition 4.1. [115] If for any x¢ € € and t > o, one has x(¢) € € along system (3.1),

then ¥ is forward invariant. Meanwhile, the ACS (3.1) is said to be safe.

One can see from Definition 4.1 that the safety of the ACSs could be verified through
the forward invariance of the set 6. For the subsequent discussions, the definition of a

barrier function will be given in advance.

Definition 4.2. [76] For a continuously differentiable function A(x) : R" — R, it is a

(zeroing) barrier function if for Vx € €, there is
4.2) h(x) > —a(h(x))
where a(-) is an extended % -class function.

Remark 4.1. Another kind of barrier function B(x) is called the reciprocal barrier
function if B< 0 or B < %,)/ >0/113]. See [115] for more details about the relationship
and differences among the zeroing barrier function, reciprocal barrier function and

forward invariance.

Here comes the question. How to find an appropriate control input u(¢) to ensure the

forward invariance of set €, i.e., the safety of system (3.1). Similar as the definition of
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CLF for system stability, the notion of CBF was proposed by Peter Wieland and Frank

Allgower as follows.

Definition 4.3. [11] Considering the ACS (3.1) and the set ¢ (4.1), a continuously
differentiable function A(x) : R* — R is a valid CBF if there exists a control input u € U

such that for any xo € € and V¢t > t(, there is

(4.3) suplL sh(x) + L gh(x)u + a(h(x))]1 = 0
uelU
where a(-) is an extended % -class function, and L sh(x) = % f(x)and Lgh(x) = %g(x)

denote the partial derivative of h(x) along system (3.1), respectively.

Remark 4.2. Note that any control input u satisfying (4.3) could ensure the safety of
the ACS (3.1). Additionally, a special case of function a(h(x)) could be the linear form

a(h(x)) = ah(x) with a being a positive constant.

Gurriet et al. proposed the following formulation to seek a safe controller u* near a
(potentially) unsafe controller u"*°” with minimum cost [170]:

1
u*(x) = argmin = (u — ™)  (u — u™™)

(44) uelU
s.t. Lph(x)+Lgh(x)u+ah(x)>0.

The solution to the QP (4.4) is the nearest controller around ©"*°" to maintain the

system safety [171]. Consider the situation where the desired controller u"°™

is pre-
designed to ensure stability such as the state-feedback controller, but violates the safety
requirement. Since safety is the hard condition, the CBF constraint is reserved in
the QP formulation. At this moment, the system stability has been described by u"°™
and embedded in the cost function. Taking the general linear systems as an example,

u°™ can be the state-feedback controller ™ = —Kx to ensure system stability. In the

nom

context of MASs, the nominal control input u can be designed in a distributed manner

based on relative information between neighboring agents. A common approach is to
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construct u"°™ from consensus-based or formation control laws that rely on aggregate
measurement errors, such as differences in agent states or tracking errors with respect
to reference trajectories. For instance, a typical distributed state-feedback control law for
agent i may take the form u7°™ = -} ;.;a;j(x; —x;), where x; and x; denote the states
of agent i and its neighbor j. This control input drives the agents toward a coordinated
behavior (e.g., consensus or formation) and ensures stability in the absence of constraints.

m

By integrating this distributed u7°" into the QP framework, the final control input
remains close to the desired cooperative behavior while satisfying safety constraints in a

minimally invasive fashion.

4.1.3 CLF-CBF-based QP Formulation

When both stability and safety objectives are considered, different from QP formulation
(4.4), anther natural approach is to combine the CLF constraint and CBF constraint in
the QP formulation at the same time, which is shown as

1
u*(x) = argmin—u” H(x)u
uelU

(4.5) st. LeV(x)+L,V@u+cV(x) <0

L¢h(x)+Lgh(x)u + ah(x) >0,

where H(x) : R* — R™*™ ig a positive definite matrix.

However, it is worth noting how to determine if there exists a solution u* to the
CLF-CBF-based QP (4.5). The two constraints might be conflicting such that there is no
solution to the QP problem. Thus, we need to select the more important one from the
two control objectives. Ames et al. mediated the specifications in [115]. Safety may be a
necessary requirement in systems, which should be regarded as a hard constraint. While

stability could be a little relaxed as a soft constraint. In this case, the QP problem (4.5) is
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extended to the following form

1
u*(x) = argmin—u’ Hx)u+ F(x) u
u=(u,0)

(4.6) st. LV +LgVu+cV(x) <o

Lsh(x)+Lgh(x)u + ah(x) >0
where u e R™*1, H(x) e R+ Dxm+D) F(x) e R™*1 and § is a positive constant. The param-
eter § indicates that safety performance comes prior to the stability, under which the

existence of the solution to the QP (4.6) is given as follows.

Lemma 4.1. [115] For the ACS (3.1) and QP problem (4.6), assuming that functions f, g,
H, F, and the gradients of CLF V(x) and CBF h(x) are all locally Lipschitz, if L sV (x) # 0
and L gh(x) # 0 (i.e., relative degree one) hold for any x € Int(€), then the CLF-CBF-based

QP problem (4.6) has a locally Lipschitz continuous and unique solution u*.

In the following sections, we will utilize the CBF-based QP control (4.4) or CLF-CBF-

based QP control (4.6) to study the safe formation control of MASs.

4.2 Deterministic Systems

To achieve the desired control objectives of MASs, various methods have been proposed in

nom in this section.

the open literature, which are denoted as the nominal control inputs u
However, in certain circumstances, ensuring system safety may take precedence over
control objectives if there is a conflict. In this section, we will discuss collision avoidance

as a safety requirement in MASs.

Consider a MAS composed of N agents, each with position x; € R", velocity v; € R",

and control input u; € R". The dynamics of agent i, i € I[1,N] is described as
X; =0;
4.7

Vi =1u;.
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In practical applications, the velocity and acceleration of agents are often limited by
upper bounds. Assume that |v;(¢)| < b, and ||u;(#)|| < b, for Vi e I[1,N] and V¢ > ¢y,
where b, and b, are positive constants. Before moving on, it is crucial to identify the

safe objective during the control process.

Collision avoidance is considered a safety requirement for the MAS (4.7). Specifically,
any two agents should maintain a safe distance Dy, ¢, > 0 throughout the control process.
Denote

Axi j=%Xi —Xj,
(4.8)
Av ij=Ui—Uj
as the relative position and relative velocity between agents i and j, respectively. A safe

system means that [|Ax; ;|| > Dg,r. for Vi > to.

4.2.1 CBF-based QP Controller Design

A valid CBF to ensure the safety between agents i and j has been introduced in [91],

which is given as follows:

AxT

ij
——Av;;.

J
| Azl

(4.9) hij(t) = /26, (1A%~ Deare) +

According to Section 4.1.2, the control input «; of agent i coming from the set (4.3) can
ensure the safety of MAS (4.7). In addition, recall that there is a nominal control input

u?’™ to accomplish desired control objectives, which however may result in collisions

among agents. In this situation, we propose to modify ©7°" in a minimally invasive way
by using the CBF-based QP problem. Hence, when all the CBF constraints of agent pair

(i,)),1,j€I[1,N],i #j are assembled together to avoid collisions, the safe QP controller

0= [u{, e ug]T could be calculated as follows:
N
a* = arg_minz Sl = ulom|?
(4.10) o=l

st. Lyh;j+Lgh;ju+ah;; >0, Vi,jelll,N],i#].
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Nearby agent j € M;
CBF-based QP control
of the other agents 1 Aa:ij, Avij

CBF-based QP control of agent 1

> Nominal controller
T, Ui u "
Y

System model |« QP solver

Figure 4.1: An overview of decentralized CBF-based QP control method of MASs.

4.2.2 Decentralized Approach

We begin with the derivative of CBF (4.9) along the MAS (4.7). The CBF constraint is
given by L¢h;j+Lgh;;ii +ah;; > 0, whose concrete form is shown as follows:
(AviTJ.Axi j)z
| Ax;jl|2
buAv;f';.Axij

\/Zbu(”Axij” _Dsafe)

_Axg;-ui - Ax;‘-riuj SahijllAxijll -
(4.11)

2
+ A" +

A
2p,.

One can see from (4.11) that the control protocol (4.10) is centralized due to the following

two reasons:

* The control inputs of agent i and j (i.e., u; and u;) are coupled with each other.

* To avoid collisions of agent i, the relative position and velocity of all the other

agents are required.

To address the first point, thanks to the completely symmetric form of agents pair

(i,7), the condition (4.11) can be satisfied through satisfying that

(4.12) R TTES b,

N =
DN

T
bij and —ijiuj <
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which depends on the relative information between agents i and j. For the second
point, the CBF constraints in the QP (4.10) can be reduced by only considering collision
avoidance of ‘nearby’ agents [91]. Specifically, an agent will not collide with others
that are far away in a finite time, so only a group of agents denoted as .#; need to be

considered for agent i to avoid a collision. We define the distance

1 3b
(4.13) Dnear:Dsafe+_( au

+2b,)?
2b,, )

as the cutoff radius for determining which agents are considered nearby. Consider the

following set:
(4.14) M :{.]El[laN]|||szJ|| gDneamj#”a ZEI[l,N]

Lemma 4.2. A collision will not occur between agent i and agent j where j & 4 in the

near future, regardless of the control input u;.

Proof: This proof is similar to that of Theorem II1.2 in [91]. Specifically, according to

the definition of .#; in (4.14), for agent i and agent j (j ¢ .#;), there is
(4.15) ”Axij” > Dnear, J & M.
Denoting D;; £ |Ax;ijll, it gives

AxT.

(4.16) D;: =A% = —2LAv; ;.
“ YU A

Additionally, the CBF (4.9) can be rewritten as

(4.17) hij= \/Zbu(Dij_Dsafe)“"Dij,
which yields

b, . ..
(4.18) G+Di.

hij= D
\/2bu(Dij _Dsafe)
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Given the velocity and acceleration limits of each agent are b, and b, respectively, it

follows that
(4.19) D;j>-2b, and D;;>-2b,.

Combined with the definition in (4.14), one has

3b, 3by,
(4.20) hij> +2bv—260 = —.
a a
Hence,
(4.21) hij>- 2545 ‘—2bu>—M—2bu:—3bu>—ahlj.
\/2bu(Dij_Dsafe) 2b,

That is to say, safety between agent i and j (j ¢ .#;) is always ensured within a short

time frame, regardless of the control input. |

According to the above analysis, the CBF-based QP controller of agent i (i € I[1,N])
is given as follows:
* . 1 nom~T
u; =argmin—(u; —u;"") (u;—u

(4.22) wiey
T 1 ,
s.t. —Axijui <§bij, jEM;,

nom
i)

where U is the set [-b,,b,]. An overview of the proposed CBF-based QP control method

can be found from Figure 4.1.

Theorem 4.1. The collision avoidance of MAS (4.7) can be realized under the control

input u; solved from the CBF-based QP problem (4.22).

Proof: This conclusion can be easily obtained from (4.4) and Lemma 4.2. |

Remark 4.3. In the CBF-based QP control framework (4.22), the number of CBF con-
straint for each agent is reduced by designing the neighbor set ;. One can adjust the

value of a to make the neighboring agents remain within sensing range.

74



4.3. UNCERTAIN SYSTEMS

4.3 Uncertain Systems

In this section, we will study the safe formation control of uncertain MASs. Different from
the previous section, we adopt another approach: CLF-CBF-based QP control method as
introduced in Section 4.1.3, to achieve formation through CLF condition and guarantee
collision avoidance through CBF conditions. The original CLF-CBF-based QP control
framework is shown below:
u”,0" = argming, 5)cgm+1 %uTH(x)u +wp?

(4.23) st. LpV(@)+LV(u+cV(x) <o

L¢h(x)+Lgh(x)u +ah(x) >0,
where H(x) e R™*™ is a positive definite matrix, § is a relaxation parameter indicating

the priority of the safety objective, and w > 0 is a penalty parameter on variable 6.
The dynamics of uncertain MAS is described as follows:

X; =U;
(4.24)

U, =u;+d;,
where x; € R”, v; € R" and u; € R" denote the position, velocity and control input of agent
i,1€I[1,N], respectively. The uncertainty d; € R” is unknown. In addition, the motion
reference information of the agents is provided with a virtual leader indexed by 0, whose

position is denoted as xo € R”, and velocity is bounded with a positive constant b;. In

other words, |lvg(¢)|l < b; for Vi > ty.

Denote a;o = 1 if agent i is accessible to the virtual leader 0, and a ;9 = 0 otherwise.
The communication topology of the virtual leader and the N agents is described as ¢4
whose node set is 7 = 7 U{0}. The topology ¢ has a spanning tree if there is a root node

from which a path exists to all the other nodes.

Assumption 4.1. The topology 9 is directed and has a spanning tree where the virtual

leader works as the root node.
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Denote <fy = diag{a1g, -+ ,ano} and L = £ + . It follows from Assumption 4.1 that
% is a positive definite matrix [172]. The purpose of this work is to obtain the optimal

control input u for agent i, which can realize the following objectives.

* Formation control objective is achieved if there is

(4.25) tlim[xi(t)—xo(t)—si] =0, 1€I[1,N],

—00
where s = [sf, e ,sg]T € R™N is a constant vector to describe the desired formation
information.

¢ Collision avoidance objective is achieved if any two agents keep a safe distance

D4 all the time. In other words, for any agent pair (i, j), 7,7 € I[1,N], there is

(4.26) ||xi_xj”>Dsafe>0y l?fJ

4.3.1 CLF Condition Design

It is worth noting that the leader’s information x( is not accessible to all the agents. In
order to construct a distributed CLF for each agent, firstly we consider the following

desired dynamics for agent i, i € I[1,N1:

& = —yﬂZé\ilaij((xi —8;)—(x;—s;)) +ajolx; —xo—s;)]
(4.27)
—yzsgn[Zleaij((xi —si)—(xj—s;))+aiolx; —xo —sil,

where sgn[-] is the sign function and y1, y2 are positive constants to be designed later.

Denoting the formation tracking error as
(4.28) e; =X; —X0—Si,

the following conclusion is obtained.
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Lemma 4.3. Based on Assumption 4.1 and the dynamics (4.27), the formation tracking
error e; of agent i (i € I[1,N]) approaches to zero asymptotically if taking y1 > 0 and

Y2 >bl.

Proof: According to the dynamics (4.27), the derivative of e; is given as

N N

(4.29) é; = —Y1[Zlaij(ei —ej)+a;oe;] - Yz[zlaij(ei —ej)+ajoe;]l—vo.
J= J=

Denoting

(4.30) e=[el,...,el1T er™,

it follows that

(4.31) é=—y(ZL®I,)e—ysgn[(L ®1,)e]l— 1y ®vy.

Considering the Lyapunov function
L 7 or
4.32) V= §e (&' ol),)e,

its derivative is calculated as follows:
V=e"(Z2T o I)-y1(Z ®1,)e—yasgnl(Z ® I,)e] - 1y ® o]
(4.33) = 11T LT 2 o 1)e—vall(Z ®1)elr — el (2T & I,)(1y ® vo)
<116 (LT L@ )e —12l(Z @ 1)eloo +bilI(Z @ 1)el oo
By taking y; >0 and ys > b;, one has V <0, indicating the convergence of V and hence

the convergence of e and e;. [ |

Thanks to Lemma 4.3, the formation control objective can be achieved under the

dynamics (4.27). In other words, the velocity of agent i is desired to be

N
—11l) aij((x; —si) — (x; — 7)) + ajolx; — 20 — 1))
j=1

0; =
(4.34) N
—yasgnl)_ a;((x; —s;)—(xj—sj))+aiolx; — xo —si)].

j=1
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Hence, the formation control problem can be transformed to find appropriate control
input u; that makes v; — ;. Denoting ¢; = v; — 0;, the Lyapunov function for agent i is

considered as

1
(4.35) V; = geiTei, i e I[1,N].

Obviously, €; will converge to zero exponentially if V; exponentially converges, which

can be ensured by the CLF condition V; + ¢V; < 0. Based on (4.24) and (4.27), the CLF

condition of agent i, i € I[1,N] can be found as follows:

(4.36) eTuj+eld; < -V - A,

of & _T

; ; 0; is a constant for agent i, i € I[1,N].

where A

4.3.2 CBF Condition Design

The collision avoidance of MASs has been studied in the previous Section 4.2. In this
uncertain case, the CBF expression 4;; defined in (4.9) and the nearby agents defined
by set (4.14) remain consistent. Then, the CBF condition for agent pair (i, ;) along the
uncertain MAS (4.24) is given as follows:

(Av;friji j)z

»
J
||A:)Cij||2

T T
(4.37) ’ r
buAUiijij

\/Qbu(”Axij | _Dsafe)

+ 11 Av;; 112 + 1> —ah;;.

Considering the completely symmetric form of (4.37) and denoting

(438) Afjbf 2 —U—L; + ”Avij”2+ u 12 17}
| Ay V20, (1A%, T-Dare)

K

the CBF condition for agent i (i € I[1,N]) can be written as follows:
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- A V;
& V; . < |
é > Vi < —cV; U;
B QP control —>{ System
M
> »n ..
Fg Poyn tho
z & |Av;; hij = —ahi; GP models
—_J

Figure 4.2: An overview of GP-CLF-CBF-based QP control method of uncertain MASs.

Thanks to Lemma 4.2, one can update the CBF condition (4.39) for agent i (i € I[1,N1])

as follows, where only its nearby agents in set ./ are required to be considered:

a 1 .
(4.40) ~AxTu;—Axld; < Shifll Al + 5A;:‘J’.’f, je;.

The CLF condition (4.36) and CBF condition (4.40) provide the feasible controller
selection to achieve both control and safety objectives for the MAS (4.24). In addition,

the uncertainty d; will be addressed by GPs in the subsequent section.

4.3.3 GP-CLF-CBF-based QP Controller Design

According to the QP control approach (4.23) and the conditions (4.36) (4.40), the optimal

controller u; for agent i (i € I[1,N]) is obtained by solving the following QP problem:
* . 1 T . 2
u; = argming .y ou; Hu; +wp;
(4.41) s.t. €-Tui + 6‘-Tdi <=cV;— A?lf +0;
l l l
ij

a 1 cbr .
~ Al — Axfid; < Shijldxifl+ AT e

Due to the uncertainty d;, the terms eLTd ; and Ax:?';d ; need to be estimated via GP models,
as introduced in Section 2.3.2. An overview of the GP-CLF-CBF-based QP control method

can be found from Figure 4.2.
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Taking the CLF constraint of agent i (i € I[1,N]) as an example, for the unknown

term ede ; €R, the training sampled data of agent i is denoted as

Input: 6;=[v],071" eR?",

(4.42)
Output: y;(8;)=w; —0;,)T(W; —u;)+no €R,
where ng ~ N (0,0%) is a Gaussian noise. Hence the training dataset with ¢ samples is
given as 9; = {0, z, yi,k}zzp with which a GP model can be trained to derive the posterior
information of other observable states. That is to say, for the test input 0;, the trained
GP model gives its
Mean: ,ui[edeiIHi,%],

(4.43)
Variance: o?[eld;l0;,2;]

of the unknown term ede ; according to (3.9).
The situation is similar for the CBF constraint of agent i (i € I[1, N]). The term Axg;.d i
can be modeled by GP for the agent pair (i, ), j € .#;. The sampled data is denoted as

Input: 6;;= [xiT,viT,xf]T eR?",
(4.44)

Output: y;;(0;;) = (x; —xj)T(Ui —uj)+noeR.

The training dataset is 9;; = {0;;%,: Jlk}zzl’ and the posterior information of AxiTjdi
according to (3.9) is provided with the

Mean: pij[AxiT}di|9ij,@ij],
(4.45)

Variance : O'?j[sz;diwij,@ij].
Assumption 4.2. The kernel function k(-,-) should satisfy that there is a bounded re-
producing kernel Hilbert space norm for functions y; and y;j on a compact set L That is,

lyillzx <ooand llyijllr <oo hold for Vi, jeIl1,N],i # j.

1See [173] for details on reproducing kernel Hilbert space norm. This assumption on kernel function
can be satisfied with the help of universal kernels in Lemma 4.55 of [174].
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For simplicity of writing, we give the following abbreviated notations:
=Tl 410 .
Hi = ,ul[ei dil0;,2;],
_ T

o;=o,le; d;10;,%;],

(4.46)
pij = pijlAx]d;10;5, 2],
0ij=0ijlAx]d;10i),2i)1.

The GP model error of edei for agent i is given below:

(4.47) P{lu; —eld;| < Bioi} > 1-a,

where 1 - ® € (0,1) represents the probability and constant §; > 0 is to be designed later.

Similarly, the GP model error of Axg;.d ; for agent pair (i, j) is given as follows:
(4.48) P{I,uij—Ax;TFjdil < Bijoijl>21-o,

where constant f;; > 0 is to be designed later. Thanks to (4.47) and (4.48), the QP

controller (4.41) can be reformulated as

1
. . Tyr. 2
u; = argmlnuieUgui Hu; +wp;

e st elu; <~(ui+ o) -cVi- a5 +5,
a L cbr .
~Aafjui < pij = Bijosj + hijlAxijl+ 50T, et

Theorem 4.2. Under the QP controller (4.49), taking constant f;; with

+1.
(4.50) Bij = \/2||yij||i + 30051’]'11'13(%)
and
1 -2 /
(4.51) $ij= max =log|ll + 0, K(Hij,eij)l,

9ij,9£j€{9ij,1,"',Hij,q}
if the initial states satisfy ||xi(to) —x;(to)|l > Dsqre for agent pair (i, j), i,j €I[1,N], i # j,
then the collision avoidance is guaranteed for agent pair (i, ) with a probability of (1-®)?

at least.
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Proof: The conclusion is a benefit from Lemma 1 in [175] where the one dimensional
case is considered. Thanks to the conditional independence assumption of training
samples among different agents, the constants ;; and ¢;; are related with the training
dataset 9;;. Moreover, the GP model error of Axg;.di is bounded with a probability of

1— o at least, shown as
(4.52) Pllpij — Axdil < ijoijt > 1-o.
Hence, there is
(4.53) P{Ax?}di Z Mij— ,Bijaij} >1-m.
The CBF condition (4.40) of agent i can be rewritten as follows:
T a 1 cof .

(4.54) _Axijuig,uij_ﬁijaij*'Ehij”Axij”"‘éAij , JEM;.

In addition, thanks to Lemma 4.2, the agent i will not collide with any other agent

J, J &€ ;. Therefore, when considering any agent pair (i, ), i,j =I[1,N], i # j, the two

agents will remain within a safe distance under the QP controller (4.49). |

Moreover, in (4.47), the constant §; is selected with the condition:

+1 |
(4.55) B> ¢ 211 +300&n*(1—=)
and
1 -2 li
(4.56) &= max =log|I +0,"K(0;,0,)I.

0;,01€{0;,1,,0; 4} 2
Based on the above conclusions, the proposed GP-CLF-CBF-based QP controller (4.49)
can drive the formation control objective of uncertain MAS (4.24) while maintaining

safety objective, which is described as follows.

Theorem 4.3. If taking an appropriate value of a that makes the QP problem (4.49)
solvable and 67 — 0 satisfied, then the agent i (i € I[1,N]) can achieve the formation

control under the QP controller u’ with a probability of 1 - o at least.
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Proof: Similar to the Proof of Theorem 4.2, under the constants f8; and ¢; defined in
(4.55), the GP model error of ede ; is bounded with a probability of 1 — @ at least, shown

as
(4.57) P{é‘?di Sy +pioi}>21-o.
Hence, the CLF condition (4.36) of agent i can be rewritten as follows:

(4.58) elu; < —(ui+ Pioi) - cVi— A +5;.

12

If taking appropriate value of a that makes 6 — 0, then the convergence of the Lyapunov
function V; can be obtained under the QP controller u; in (4.49). In other words, there is
v; — 0; as t — co. Combined with Lemma 4.3, one has e; = x; —x¢p —s; — 0, indicating the

realization of the formation tracking control for agent i, i € I[1,N]. [ |

Remark 4.4. Compared with the conclusions in [142] where GPs estimate the uncertain
vector d; € R", this work directly models the scalar terms e?di €eRand Axg;.di eERin the
QP constraints instead. The main difference lies in the dimension of GP models. For the
former case, n GP models are needed for each dimension of d; to construct the QP control
method. For the latter case, at most N GP models are required. Given the computational
consumption in modeling, the former case is suitable for control problems with fewer

agents, and the latter is more suited for high-dimensional control problems.

If the GP model is used to estimate the uncertainty d; = [dgl), .. ,dﬁn NT e R™, consider

the training dataset as 2; = {0; ¢, i 4};_, with

) T . T4T 2
0; =Ix; ,v; 1" eR™",

(4.59)
¥;0;) = (v; —u;)+ng e R

According to (3.9), the posterior mean and standard derivative for d; are given as

Hi = [,a(il)a ) _gn)]T € Rna
(4.60)
0;= [651), o 76§n)]T € Rna
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respectively.

Corollary 4.1. If ||x;(to) — xj(to)l| > Dsqure is satisfied and an appropriate value of a is
selected, then the collision avoidance for agent pair (i, j) can be ensured with a probability

of (1 —@)?" at least under the following QP controller:

1
. . Trr. 2
u; = argmlnuieUgui Hu; +wp;

(4.61) s.t. ECL-Fui < —(E?ﬁi+Bi|€i|T6i)—CVi—A§lf+5i
_ = _ a 1 b .
~Aafjui < Dl = Bill Meij I TG + gl Al + S AT e

where

_ _ +1
(4.62) fi> max \/2||y§1)||2+3006§l)1n3( 7° )

I=Lmn 1-(1-@)»

and

#(1) 1 NN
(4.63) §; = max  —logll+(0;") “K(0;,0))l.

éi7é§€{éi,1,'" ,Hi,q}
Besides, the formation control of uncertain MAS (4.24) can be realized with a probability

of (1—®)" at least.

Proof: The proof is similar to that of Theorem 4.2 or Theorem 4.3, so omitted here for

space limitation. |

Remark 4.5. The proposed control method can also be applied to other cooperative control
scenarios of uncertain MASs, such as containment control and destination achieving
control. The primary difference lies in the design of the corresponding control Lyapunov

functions.

4.4 Numerical Simulation

Example 4-1: This experiment tests the feasibility of the proposed CBF-based QP control

method (4.22) for deterministic MAS (4.7) with four agents.
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The control objective is to guide each agent from its initial position x;(0) € R? to its

destination P; € R? while ensuring collision avoidance. Specifically, we aim to achieve:
xi(t)— P;, and v;(t)—0y, as t— oo.

Denote the state tracking error of agent i (i =1,2,3,4) as follows:

x;(t) — P; 4
e;(t)= e R™.
vi

The nominal controller for agent i is given as
u;’"(t) = —ki1(x; — P;) - k;2v;,

where k;1 and k;9 are positive gain parameters. In this example, the control gains are

k11=1.0, k1a = 1.0, ko1 = 0.5, koo = 1.0, k31 = 1.0, k3 = 0.5, ka1 = 1.0, b1z = 2.0.

3.5
2.00 —— Agent 1

=3.0 1.75 Agent 2
32 5 1.50 —— Agent 3
'g —1.25 —— Agent 4
« 2.0 E
8 @1.00
v1l.5 —0.75
G
Z1.0 0.50
o 0.25

0.5 0.00

0 20 40 60 80 100
Time

(a) (b)

Figure 4.3: (a) The distance of each pair of agents (i, j); (b) The state tracking error
lle;(t)| of agent i,1=1,2,3,4.

If there is a risk of collision with nearby agents j € .4;, the CBF-based QP controller
u?p obtained from (4.22) is applied. Therefore, the control input of agent i, i =1,2,3,4 is
designed as follows:

u?om(t), if M, =Null
ui(t)=

ugp(t), if M; #Null.
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11 *P4 O Agentl 1 P4 O Agent1l
v Agent 2 Agent 2
O Agent 3 O Agent3
01 @E.l P30 Agent4 0 ,,Pl s «P30 Agents
—14 b -1 2
-1 0 1 -1 0 1 2
(a) (b)
t=40 =70
11 $P4 O Agentl 1. £4 O Agentl
Agent 2 Agent 2
O Agent3 O Agent 3
0,._6,P1 o P3 o Agent4 0! @I?.l «P30 Agent4
- P2 -1 b2
-1 0 1 2 -1 0 1 2

(c) (d)
Figure 4.4: The position of each agent at time instant (a) £t =0.1; (b) £ =2; (c) t = 40; (d)
t="70.

The initial positions and destination positions of the four agents are specified as follows:
[x1(0),x2(0),x3(0),x4(0)] = [(1,0),(0,1),(~1,0),(0,-1)],

[P1,Ps,P3,P4]1=1[(-1,0),(0,-1),(1,0),(0,1)].

The initial velocity of each agent is set as zero. Let b, =4.0 and b, = 4. The safe distance

between two agents is Dy, = 0.4. The CBF parameter a = 1.0.

Figure 4.3 (a) shows the distance among agents, indicating the success of collision
avoidance. Note that the black dotted line is the safe boundary D,r. = 0.4. Figure 4.3 (b)
depicts the error of each agent, which implies the destination achievement. Moreover, we
show the positions of agents in Figure 4.4, where one can see from the final subplot that

each agent can reach its destination along time.
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Example 4-2: This numerical experiment considers the formation tracking control of
uncertain MAS (4.24) with the proposed GP-CLF-CBF-based QP control method (4.41).

The communication topology of MAS is shown in Figure 3.3.

Consider N =4 agents whose uncertainty are set as
d; =0.1sin(v;), 1=1,2,3,4.

The velocity and acceleration bounds of agents are b, =4 and b, = 4, respectively. Set

the safe distance between any two agents as Dg,r. = 0.4. The initial position of agents is
x(to) = ([1,01,[-1,01,[0,1],[0,-1]),
and the formation information is
s=(-1,-11,[-1,1L,[-2,-1],[-2,1].

The initial velocity of each agent is zero, and the motion reference information is provided
with

t
xo(t) = 5sin(z)

whose bound is b; = 5. In (4.27), let Y1 =2 and y2 = 6. Select the hyperparameters ¢ = 1.0
and a = 1.0. The GP models are updated per 0.1s, and the parameters §; and ;; are
adopted as 3 to achieve more than 95% confidence level [163]. Take w with a relatively

large value, such as w = 100, in order to obtain as small §; as possible.

Figure 4.5 (a) depicts the formation tracking error of each agent, indicating the
achievement of the formation control objective, where (b) shows the positions of each
agent at time instant ¢ = 20. The distance of each agent pair can be found from Figure
4.6 (a), indicating the success of collision avoidance. Taking the agent pair (2,3) as an
example, in Figure 4.6 (b), the solid line represents the actual value of uncertainty

Angdg, while the dotted lines indicate the predicted values from the GP models, with
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2 t=20
3 —— Follower 1 —o— Leader 0
—— Follower 2 -3 —e— Follower 1
—— Follower 3 o o —e— Follower 2
=2 —— Follower 4 N —4 —o— Follower 3
3 X o —©— Follower 4
= -5
1
—6 o o)
0 -7
0 10 20 30 -7 -6 -5 -4 -3 -2
Time Xi1
(a) (b)

Figure 4.5: (a) The formation tracking error |le;(¢)|| of agent i, i =1,2,3,4; (b) The position
of each agent at time instant ¢ = 20.

1.0 .
25 i — real value
= N upper bound
£2.0 > 051 i e lower bound
© c g
o = 1
515 £
8 g 0.0
c c
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e 0.5 —0.5
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Figure 4.6: (a) The distance of each pair of agents (i, j); (b) The values of uncertainty
AxL.ds.
23
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the upper bound pg3 + B23023 and lower bound ugs — B23023. The result illustrates that
i — Ax;rpjdil < Bijoi; with high probability, showing the feasibility of GP model for

estimating unknown information.

4.5 Conclusion

In this chapter, we investigated safe formation control for MASs by integrating CBF
conditions into a QP framework. We first demonstrated the effectiveness of CBF-based
QP control in deterministic dynamics. To further address uncertainties, we introduced a
GP-CLF-CBF-based QP method, enabling robust safety enforcement under unknown
dynamics. This unified and extensible approach offers a practical solution for safe and

adaptive control in uncertain MAS environments.

It is worth noting that the CBF used in this chapter, specifically the formulation
in (4.9), was adapted from existing literature and represents a valid CBF design for
second-order systems. Its key advantage lies in the fact that the first derivative of the
barrier function explicitly depends on the control input, making it suitable for use in
QP-based control formulations. However, this type of CBF construction typically relies on
complex physical model analysis. In practice, such modeling may be difficult, especially
when the safety constraints become more intricate or when the physical interpretation is

not straightforward.

To address this limitation, we are motivated to explore more intuitive CBF formula-
tions, such as defining a safety function directly in terms of the inter-agent distance, e.g.,
hij(t) = llx;(t) —x ()l = Dsq .. While such expressions clearly capture collision avoidance
objectives, they are not applicable in second-order systems, as their first derivatives
are not affine in the control input. To resolve this issue, the next chapter introduces

the concept of high-order control barrier functions, which generalizes the standard CBF
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framework for higher-relative-degree systems. In addition, we have observed from the
previous two chapters that GP performs well in addressing uncertainties within both
CLF and CBF constraints from the perspectives of theoretical analysis and simulation
results. Therefore, in the next chapter, we shift our focus to a model-based robustness
strategy rather than re-evaluating GP feasibility, to explore an alternative approach for

handling system uncertainties.
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CHAPTER

HI1GH-ORDER CBF-BASED QP APPROACH

This chapter revisits the collision avoidance problem in MASs with second-order dynam-
ics. Unlike the previous CBF designs that rely on intricate model-specific construction,
this chapter utilizes a straightforward distance-based safety function with relative
degree two, offering a more scalable and intuitive formulation. We first consider the
deterministic case and propose a HOCBF-based QP controller that guarantees inter-
agent safety. Then, this framework is extended to uncertain scenarios. A robust HOCBF
formulation is developed to accommodate the uncertainty, ensuring safety with the prior
of disturbances. Both theoretical analysis and experimental results demonstrate the

feasibility of proposed control methods.

This chapter is based on the academic paper "High-Order Control Barrier Function

for Safety in Uncertain Multi-Agent Systems,” Preparing to submit.
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5.1 Background and Preliminaries

5.1.1 Background

In the previous chapter, the CBF (4.9) is well constructed to ensure compatibility with
second-order system dynamics, which requires specific modeling insights and analytical
effort. The core motivation of this chapter is to enable the use of intuitive and direct
barrier functions, such as A;;(t) = ||lx;(¢) — x(t)|| = Do ., which are easy to define but fail
to meet the relative degree condition for second-order or high-order systems. To address
this challenge, we employ HOCBF's as an extension of standard CBF's, which enforce
forward invariance through high-order derivatives of the barrier function, allowing
safety constraints to be encoded for systems with relative degree two or more [105, 176].
Although the concept of HOCBF can be found in the existing literature, our goal is to
extend their use to MASs, where the main technical challenge is satisfying the distributed

control requirement while managing the increased complexity of continuous derivatives.

In addition to structural generalization, this chapter also presents a robust formu-
lation of HOCBF-based QP control to account for system uncertainties. In previous
chapters, GP regression has been employed to estimate unknown dynamics in CLF and
CBF constraints, and has proven effective in handling model uncertainty in a probabilis-
tic and data-driven manner. While this approach is suitable when data is available, an
alternative path arises when a bound on the uncertainty is known or can be estimated.
In this chapter, we shift focus from probabilistic learning-based modeling to model-based
robustness. A robust HOCBF-based QP formulation will be developed, incorporating
these bounds into the constraints. Although this idea has appeared in earlier literature
[177], typically addressing scenarios where disturbances only influence the control input,
we extend this formulation to a more general setting in which uncertainties affect the

entire system dynamics.
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5.1.2 High-order CBF

Attention should be paid to the previous CBF conditions where Lsh(x) # 0 is required
in order to reserve the items containing u. These requirements are satisfied when the
function A is of relative degree one, which sometimes may not be applicable in some
systems. To deal with this problem, the definition of higher relative degree and its

applications are given below.

Definition 5.1. [178] Along with the ACS (3.1), a function y(x) being of relative degree

m (m is a positive integer) means that

(5.1) LeL7 'y#0 and LgL5y=0, s=1,--,m—2

1 s

oLs!
~g(x) and Ly & —£=f ().

oLS”
where L gL‘}i y = 5;

As shown in [179], the invariant set for dynamical system is presented by function
h(x) = ho(x). If function Ag(x) is mth-order differentiable, denote the following series of

functions:

(5.2) hs(x):hs—l(x)+ashs—1, s=1,---,m,

where a; are positive constants. We further consider a series of sets 6 with the form:

(5.3) Go=lxeX|hx) >0}, s=1,--,m.

According to the defined A ¢(x) in (5.2) and %6 in (5.3), the definition of high-order control

barrier function (HOCBF) is given below.

Definition 5.2. [176] For the ACS (3.1), a function A(x) : R” — R is a valid HOCBF of

relative degree m if there is

(5.4) suplL php-1(x) + L ghp_1(x0)u + apmhpm-1(x)] > 0.
uelU
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5.2 Deterministic Systems

To ensure collision avoidance, the CBF previously introduced in (4.9) was derived based
on an analysis of the physical model. However, such a model-dependent approach may not
always be feasible in real-world applications due to the presence of unmodeled dynamics.
Therefore, in this section, we revisit the second-order MASs discussed earlier and aim to
achieve collision avoidance using a more easily constructed function that directly reflects

the safety objective.

5.2.1 HOCBF Design

Consider the following second-order MAS dynamics:

X; =0;
(5.5)
v; =u;, 1e€I[1,N],

where x;,v;,u, € R" represent the position, velocity and control input of agent i, respec-
tively.

To ensure inter-agent collision avoidance, we define a candidate CBF for the agent

pair (i, /) as:
(5.6) hij(@) = llx;(t) = x;(Dl = Dsare, 1#J,

where Dg,r. > 0 denotes the prescribed minimum safety distance among agents. Let the

relative position and velocity be defined as:

Ax;j :xi(t)—xj(t),
(5.7)
Av;j= vi(t)— Uj(t),

then the time derivative of 4;;(¢), using the system dynamics (5.5), is:

T ..
AxijAvl]

5.8 hiit)= ——.
(5:8) i® A, ;I
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Note that (5.8) does not depend on the control input, as the relative degree of h; ()
with respect to the system is 2. Following the HOCBF framework introduced in Section
5.1.2, we define the first and second CBF's as:

L) = hij(@®) = | Axijll = Dsae,
(5.9) T Ay

hl(t) = KO RO (1) = a0 Axijll-D

ij(t) = ij(t) + Qo ij(t) = m + ao(ll xl]” - safe)7

where ag > 0 is a design parameter. The time derivative of hllj(t) along the system
dynamics (5.5) yields:
AxlAvij  AvlAvg; ) (Ax]Av;;) . Axl
[l Azl [l Ayl A3 | Axijill

(5.10) hii() = ag Auj,

where Au;j =u;(¢)—u;(t). By applying the HOCBF condition (5.4) with a positive param-
eter a; > 0, we obtain the following safety condition for the agent pair (i, j):

(6.11) . \ .
(Ax: . Av;;) Ax:.Avj;
AxlTjAuij+aoAxlTjAvij+Av;€-Avij——” > —a1||Axij|| A

——+agh;;()]|.
IAx;;112 IAxill O

This inequality can be rearranged into a more convenient linear form in terms of the

control inputs:

_Ax?jui(t) —Axjuj(t) <aparlAxijllh; () +(ao+ al)Ax;I}Avij

(5.12) A .T.A .2
| Azl

5.2.2 HOCBF-based QP Controller Design

Analogous to the formulation in (4.12), the HOCBF-based QP controller for agent i,
1 €I[1,N], is defined as:

1
u; =argmin —(u; — u?"m)T(ui -u?’™)
(5.13) uic .
s.t —Axg;ui < §bij, J#L,

where u7°™ is the nominal control input, and b;; is the safety margin defined in (5.12).
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Assume that the velocity and acceleration of each agent are bounded such that
lvi®) < by and |lu; ()| < b,. With this consideration, we can characterize a set of
‘nearby’ agents that are relevant for collision avoidance, and exclude distant agents from

the constraint set without compromising safety.

Lemma 5.1. In the MAS described by (5.5), agent i will not collide with any agent j,

J & M in the near future, regardless of the control input u;, where

2b
(5.14) M; = {j eI[1,N](||Axij|| <Dgafe+ —2,j # i}, i eIl1,N1.
ao

Proof: The argument follows similarly to Lemma 4.2. Specifically, define

2b
(5.15) Dyear :Dsafe+a_v-

For any agent j, j ¢ ./;, we have:
(5.16) kij(t) = Dij > —2by > —ao(Dpear _Dsafe) P _a0(||Axij | _Dsafe) = _a0hij(t),
which implies that the HOCBF condition is satisfied, and hence the safety of agent i and

J is guaranteed in the short term regardless of the control input. |

Based on this observation, the HOCBF-based QP controller for agent i (i e I[1,N])
can be refined to only consider the relevant nearby agents:
* 1 nom\T
u; =argmin—(u; —u;" ") (u;j—u

(5.17) uiet .
s.t —AxiTjui < Ebij’ J € M.

nom
i)

Theorem 5.1. Collision avoidance for the second-order MAS (5.5) is guaranteed under

the control input u; obtained from the HOCBF-based QP problem (5.17).

Proof: The result follows directly from (4.4) and Lemma 5.1. [ |

Remark 5.1. This section demonstrates that high-order dynamical systems can be

handled without requiring a meticulously designed, model-specific CBF. Instead, the CBF
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defined in (5.6) offers a direct and intuitive encoding of the collision avoidance objective.
As shown in Theorem 5.1, satisfying the HOCBF constraints ensures safety, highlighting

the practicality and generality of the proposed approach.

5.3 Uncertain Systems

In this section, we extend the previously proposed HOCBF approach to address the

uncertain MASs.

5.3.1 Robust HOCBF Design

Consider the following uncertain MASs characterized by second-order dynamics:

X;i=Vv;+ dvi
(5.18)

v;=u;+dy,, i1€lIll,N],

where d,; and d,,, represent bounded uncertainties satisfying |dy, oo < b, and ||dy,; oo <

by, with b, >0 and b, > 0.

To ensure safe inter-agent distances, we adopt the direct CBF defined as A;;(¢) =
llc;(2) = xj(#)|| = Dgq e for each agent pair (i, 7). The time derivative of A;;(#) along the

dynamics in (5.18) is given by

AxiT.
J (Avij + Advij) y

5.19 hiit)= —
(5-19) i® A, ;I

where AxiTj and Av;; are defined in (5.7), and Advij =d,, - dvj. We define the high-order

CBF as:

h?j(t) =h;;j(t)=1Ax;;| —Dsqfe,

(5.20) AxT(Av;;+Ad

)
hi(8) =hY.(6)+ aoh? (t) =
i;(®) U( )+ ag LJ( ) 1A

Uij

+ aO(”Axij” _Dsafe),
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where @y > 0 is a design parameter. To ensure robustness against uncertainties, we

introduce a conservative lower bound:

1 Axg;Avij _
(5.21) hij:m"‘ao(nﬂxzj”—Dsafe)—z\/;bv,

where n denotes the dimension of the state vector x;. Note that

(5.22)
AxT Ad,.

>l
ClAxl IIAxLJII

NAdy; oo = =V (I, loo + lIdylloo) = =2V by,

Ax;j
1Azl il
Therefore, we obtain the inequality:

AxTAv;;  AxIAd
J tJ

1 Uij
A + +ao(||Ax~||—D )
Yol Axg 1Az ij safe
(5.23) ,
Ax; AUU . 1
>——— —2nb, +ao(|Ax;j| = Dsare) = th’
”Axl_] I

which implies that satisfying ﬁ}j > 0 guarantees h}j > 0, thereby ensuring forward

invariance of the safe set.

Next, we compute the time derivative of l_zll J.(t) under the system dynamics (5.18):

. AxT(Avi;+Ady,)  AvT(Avij+Ady,,)
h:ll(t) =ag 2 J " 2] J
J [l Ax;s [ Axl
(5.24) P - 7
(AxijAvij)[Axij(Avij + Advij )] Axi
- 3 + (Au;; +Ady,; ),
[l Axjil [l Ax; !

where Au;; =u;—u; and Aduij =dy, - duj. Accordingly, the CBF condition for the agent

pair (i,j) becomes:

T
(5.25) Rl > _—aihl =— M (1A% il — Dsgre) — 2/ D
. ij = 1 a1 1A% + ao([|Ax;l safe noy|,
LJ

where « is a user-defined constant.

5.3.2 Robust HOCBF-based QP Controller Design

Note that the original HOCBF condition in (5.25) is not valid due to the presence of the

uncertain terms Ad,,;; and Ady;;. To address this issue, similar to the result in (5.22), we
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derive the following bounds:

620 U—llj?_H TN Ay, Nl = —2V by,
[ Azl 1A%l ij
and
AU?}Advij B (sz;Avl-])(sz;AdUU)
A1 1851
Avij Axg;'Aviijij Ado |
”AleH ”Axl]”3 L Vijlloo
T
1 Ax; ;AvijAxyj
- Avjj = ————| -l1Ady,
(5.27) | Axi sl Uij ”Axijllz X ” vij loo
= — \/ﬁ AU”_LJZU ”AdvU”oo
| A 1A, ;| ,
|
2/nb, " (AxT Av; )2
= — Vi R
I Ax; Y T

Substituting (5.22), (5.24), (5.26) and (5.27) into (5.25) yields the following condition for

the agent pair (i, j):

(AxT.Avij)2
T T T ij
|
_ _ _ (Ax;FjAvij)z
(5.28) — 2Ny || Axijll — 2a0 VR by | Axijl| — 2R by | 1 Av;lI2 - —Ar
ij
Ax?}Avij —
> —ail|Axijll | ——— + ao(|Ax;jl| =Dsqare) —2v/nby |,
| Ax; ;i

which can be rewritten as:
(5.29) —AxiTjui(t)—ijiuj(t)g bij—l;ij,

where b;; is defined as in (5.12), and the robust compensation term b; j is given by:

|
(AxiTjAvij)2

(5.30) bij=2vn(b, +aoh, + a1b,)Ax;j| +2\/ﬁbU\l IAv;;lI12 - T
ij
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Based on the above derivation, the HOCBF-based QP controller for agent i, i € I[1,N] is

formulated as:

1
u; =argmin —(u; - u;“’m)T(ui —u™)
(5.31) wict .
s.t —Ax?}uigé(bij—Eij), j#IL.

We now generalize the concept of ‘nearby’ agents to account for system uncertainty.

Lemma 5.2. In the uncertain MAS described by (5.18), agent i will not collide with any
agent j, j & M in the near future, regardless of the control input u;, where

2(b, +by)
[04

(5.32) ﬂiz{jel[l,N](nAqu <Dgafe + ,j;éi}, i eI[1,N1.

Proof: The proof is similar to that of Lemma 5.1 and is omitted here. |

Accordingly, the robust HOCBF-based QP controller for agent i (i € I[1, N]) is updated

as follows:

T.’LOTYL)

o1
u; =argmin —(u; — u;wm)T(ui —u;

(5.33) uiet .
s.t —Axg}uigé(bij—l_)ij), j€./fzi.
Theorem 5.2. Under the control input u; obtained by solving the HOCBF-based QP in

(5.33), collision avoidance is guaranteed for the uncertain second-order MAS (5.18).

Proof': This result directly follows from (4.4) and Lemma 5.2. |

Remark 5.2. In this section, the proposed robust HOCBF method offers a practical
alternative for handling safety in uncertain MASs. Compared with learning-based ap-
proaches such as those relying on GPs in Chapter 4, the robust HOCBF avoids the need
for model learning, thereby reducing computational overhead and simplifying real-time
implementation. However, this benefit comes at the cost of increased conservativeness, as
the worst-case disturbance is considered in the safety constraint design, which may lead

to overly cautious behavior.
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5.4 Numerical Simulation

Example 5-1: We consider the formation tracking control of the deterministic MAS (5.5)
in this experiment, where the communication topology is the same as that in Figure 3.3.
The control objective is to realize formation tracking while the leader moves towards its
destination x;. The formation shape is defined as s; for follower i (i =1,2,3,4). We aim

to ensure that as ¢ — oo, there is
xo(8) = xgq, vo(t) — 0g;

xi(t) —xo(t)—s; — 02, v;(t) —vo(t), 1=1,2,3,4.

The nominal control inputs for leader 0 and follower i (i = 1,2,3,4) are, respectively,

taken as:
uy’™ = —k1(xg —xq) — kavo;
4 4
ul®™ =—kg | Y a;j((x;—si)—(x;—s;) +aiolai —x0—8;) | —ka | Y aij(vi—vj)+aiolv; —vo)|,
Jj=1 J=1

where a;; represents the element of the adjacency matrix of the communication topology,
and a;o = 1 if follower i receives information from the leader, and a;9 = 0 otherwise. The

gain parameters are k1 = 1,k9 = 0.5,k = 1,k4 = 1. The initial positions of followers are
[21(0),22(0),23(0),24(0)] = [(-2,0),(-2.5,0),(-3,0),(-3.5,0)]
and the formation shape is described as follows:
[s1,82,83,84]1 =[(-1,-1),(-1,1),(-2,-1),(-=2, D].

The leader’s initial position is x¢(0) = (—1.5,0), and destination is x4 = (5, 0). Initially, all
agents have zero velocity. The parameter values are set as b, =6, b, =6, ap =1 and
a1 = 1.

Under the HOCBF-based QP controller solved from (5.17), Figure 5.1 (a) illustrates

the distances between multiple agents, revealing that safety is not successfully ensured.
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Figure 5.1: (a) The distance of each pair of agents (i, j) under the nominal control inputs
uy®™ and u?°™; (b) The distance of each pair of agents (i, /) under the HOCBF-based QP
controller (5.17).
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(a) )

Figure 5.2: (a) The first-order CBF h?j(t); (b) The second-order CBF h}j(t).
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125 —— Follower 1 —— Follower 1
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2
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Figure 5.3: (a) The formation tracking error |e,(#)|; (b) The velocity tracking error
ey (DIl

However, when the proposed HOCBF-based QP controller (5.17) is applied, Figure 5.1

(b) shows that the agents maintain a safe distance, ensuring collision avoidance.

Furthermore, Figure 5.2 depicts both the first-order CBF h?j(t) and the second-order
CBF hllj(t) for each agent pair (i,j), demonstrating that both remain non-negative
throughout the control process. Additionally, the state tracking error e,(#) = x;(¢) — xo(¢) —
s; and velocity tracking error e, (¢) = v;(¢) — vo(t) of each follower, presented in Figure 5.3,

confirm the successful achievement of the formation tracking control objective.

Example 5-2: To further validate the robust HOCBF approach, we consider the
formation tracking control task for the uncertain MAS described by (5.18), with a state
dimension of n = 2. The MAS consists of one active leader with time-varying velocity
vo(t) = 0.5sin(xo(¢)), and four followers connected through the communication topology
illustrated in Figure 3.3. The nominal controller for follower i, i = 1,2,3,4 is designed as

follows:

(5.34) up®™ = —(x; =% —s;) — (v; = 0y),

where X; and 0; denote the local estimates of the leader’s position x¢ and velocity vy,

respectively. These estimates are generated by distributed observers governed by the
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following dynamics:
&= 0 - [T i@ - )+ aio(@i - x0)|
bi =~ 4 @01 - 0,) +aiold; ~vo)|, i€ILN].
The bounds of uncertainty are set as b, = 0.1 and b, = 0.1. All other parameters and

initial conditions are kept consistent with those in Example 5-1.

12.5 15
— (1,2) — (2,3) — (1,2) — (2,3)
10.0 (1,3) — (2,4) (1,3) — (2,4)
— (1L,4) — (3,4) 10 — (1,4) — (3.4)

hi(t)

(a) (b)

10 —— Follower 1 1.00 —— Follower 1

Follower 2 ' Follower 2

8 —— Follower 3 0.75 —— Follower 3

= 6 —— Follower 4 = —— Follower 4
9 @ 0.50

= 4 =
2 0.25
0 — 0.00
0 20 40 60 0 20 40 60
Time Time

(a) (b)
Figure 5.5: (a) The formation tracking error |e,(#)||; (b) The velocity tracking error

e (@I

Under the robust HOCBF-based QP controller derived from (5.33), Figure 5.4 illus-

trates the evolution of both the first-order CBF h?j(t) and the second-order CBF hl1 j(t) for
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Figure 5.6: (a) The state estimation error ||é.(¢)|; (b) The velocity estimation error ||&,(¢)|.

each agent pair (i, ), demonstrating that collision avoidance is consistently maintained.
The state tracking error, defined as e, (¢) = x;(¢) — xo(¢) — s;, and the velocity tracking error
ey(t) =v;(t)—vo(t) for each follower are shown in Figure 5.5, verifying the achievement
of the formation tracking control objective. Slight oscillations are caused by uncertainty
at the end of the control process. Furthermore, Figure 5.6 presents the estimation errors

éy=%; —x9 and é, = 0; — vy, which further clarify the distributed observer design.

5.5 Conclusion

In this chapter, we introduced HOCBF's to enable the use of intuitive, distance-based
safety functions in second-order MASs. This approach eliminates the need for complex
CBF designs while ensuring the feasibility of safety constraints within a QP framework.
Furthermore, we proposed a robust extension of the HOCBF-based QP method, extending
its applicability to systems affected by dynamic uncertainties. The resulting framework

provides an effective solution for safe control in uncertain MAS environments.

Through the previous three chapters, we have investigated the cooperative control of

MASSs from three aspects, stability, safety and robustness, by constructing a unified QP
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framework that integrates CLF, CBF and uncertainty modeling techniques. While the
proposed methods achieve the desired control objectives, our experimental results reveal
noticeable differences in control performance. For instance, by comparing the safety
results in Figure 4.3 (a) and Figure 4.6 (b), we observe that although both trajectories
successfully avoid collisions, the minimum inter-agent distances and their proximity to
the predefined safety boundary differ. Specifically, the result in Figure 4.6 (b) demon-
strates a more conservative behavior, maintaining a larger buffer zone. While such
behavior ensures reliability and tolerance to the effects of uncertainty, it may lead to

suboptimal performance in terms of path efficiency or control effort.

In our view, less conservative control behavior is often preferable, as it allows agents
to accomplish tasks such as obstacle avoidance with minimal deviation. Performance can
also be evaluated from a stability perspective, for example through convergence time,
steady-state error, or Lyapunov function decay rates. Motivated by these observations, the
next chapter shifts focus to the system-level performance of MASs. We aim to formalize
performance evaluation criteria and develop methods to improve control performance

without sacrificing control objectives.
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HYPERPARAMETER OPTIMIZATION IN SAFE MASS

t is crucial to study the control performance of MASs to balance the control

objectives with control efforts. This chapter will demonstrate that the control

performance index is closely related to the hyperparameters in the QP control
framework, and the Bayesian optimization algorithm is used to optimize and improve
performance. First, based on the developed safe control approach, a performance enhance-
ment framework is established to optimize the performance index. Hyperparameters
are then explored and categorized, introducing the concept of feasible hyperparameters
to describe the attainability of control objectives. Subsequently, the CBO algorithm is
employed to identify a set of feasible and optimal hyperparameters in a data-driven
manner, even when the functional expressions of performance and constraints are un-

known. Finally, experiments are conducted to demonstrate the feasibility of the proposed

CBF-CBO algorithm in MASs.

This chapter is based on the academic paper "Safe Control Framework of Multi-
Agent Systems From a Performance Enhancement Perspective,” in IEEE Transactions on

Automation Science and Engineering, 2024. DOI: 10.1109/ TASE.2024.3466791.
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6.1 Background and Preliminaries

6.1.1 Background

In the preceding chapters, we have developed a control framework for MASs by inte-
grating stability, safety and robustness through a unified QP formulation. While these
foundational properties are essential, they do not fully capture the efficiency or effec-
tiveness of the control strategy from a performance perspective. Our simulation results
have revealed that their performance varies depending on system configurations and
design choices. A closer examination of these results suggests that control performance
is sensitive to certain hyperparameters. Motivated by these observations, this chapter
aims to investigate the relationship between control performance and hyperparameter
selection. We begin by identifying and classifying the key hyperparameters in our QP
framework. These hyperparameters are often manually tuned , but they play a crucial
role in balancing safety, efficiency, and convergence. To systematically improve perfor-
mance, we propose treating the performance optimization task as a constrained black-box
optimization problem, where the objective is to minimize a performance-related cost

subject to safety and stability constraints derived from the control framework.

However, optimizing such black-box functions under constraints, especially when
the constraints are defined implicitly by controller feasibility or safety criteria, is a
non-trivial challenge. To this end, we adopt a CBO algorithm, a data-efficient and
model-free approach well-suited for optimizing expensive or non-analytic functions. We
tailor the CBO framework to the context of MAS control by encoding stability and
safety constraints, while using performance metrics such as LQR cost as black-box
objectives. Through this approach, we are able to automatically tune hyperparameters
in a principled and constraint-aware manner, leading to performance improvements

without violating safety or stability requirements.
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6.1.2 Bayesian Optimization

In this subsection, we will introduce some basic knowledge of Bayesian optimization

(BO) algorithm.

Suppose that there is an unknown function y(8), 6 € ©, and we aim to solve the

following optimization problem:
6.1 0" = in y(0).
(6.1) argrglelély( )

To address this problem, BO is a potential approach that solely requires the input
and output dataset instead of the analytic form of y. The essence of BO is to explore
the space O iteratively to find the optimal solution. The next search point 0,1 is
generated through an acquisition function that balances the exploitation of predicted
optimum and exploration of unexplored regions. Common acquisition functions include
upper confidence bound, entropy search, and expected improvement (EI) [180], etc. EI is

introduced and used in this section®.

Based on the dataset 2 = {6;, y(@k)}z: 17 the current optimum is

(6.2) yp = min y(Op).

kzl:"':p

Then, EI measures the expected improvement of candidate 6, which is formulated as

follows:
6.3) EI(0]y?) = Elmax(y’ - 5(0),0)].

Here, y(0) is a surrogate function of unknown y(6). Therefore, the next search point

determined by EI is

6.4 Op+1= EI@Iy}).
(6.4) p+1=argmaxEl(0ly,)

Tn this chapter, EI is used also because its extension, constraint-weighted EI, is a proven acquisition
function in the CBO algorithm.
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Remark 6.1. The surrogate function y(0) is usually obtained by Gaussian process regres-
sion, which is calculated with the mean W(0|2) and variance a2(0|19) shown as in (3.9).

Then (6.3) can be obtained as
EI(0ly;) = a(0)[2(0)D(2(0)) + p(z(0))],

where

¢(-) is the probability density function, and D(-) is the cumulative distribution function

[181].

6.2 Hyperparameter VS Performance

6.2.1 Hyperparameter Analysis

According to the analysis in previous chapter, the solvability of the QP problems requires
further investigation. Existing research [116] has shown that the value of a in the CBF
constraint influences the minimum distance between the system states and the boundary
of set €. Hence, it is reasonable to guess that the CBF-based QP solution is relevant to
the values of hyperparameters. For further analysis, we detail the hyperparameters in

the QP problems and categorize them into the following two groups:

¢ Control hyperparameters refer to the parameters used in the nominal con-
troller u7°™ to achieve system stability. For instance, gain parameters in the
state-feedback controllers serve as hyperparameters, and the communication topol-
ogy of MASs is considered a kind of control hyperparameter [182]. In the implicit
approach, the parameter in the CLF condition ¢ that indicates convergence rate is

categorized as a control hyperparameter.
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: Nearby agent j € M; 0 ‘: 0 Surrogate function
1| CBF-based QP control P E(_p_+l arg réleig( EIC(Q‘J;) le— Cost: j(e)
of the other agents I Azij, Avi]- E Constraint: f(@)

CBF-based QP control of agent %

Nominal controller
%

u ap

Dataset

{0k, J(0r), F(6x) iy

Figure 6.1: An overview of CBF-CBO-based performance enhancement for MASs.

¢ Safety hyperparameters refer to the parameters used in the CBF constraint
to ensure system safety. The constant a in is a basic example. Furthermore, in
a multiple agents environment, there may be multiple CBF constraints in the
QP formulation. Hence, the slack variables for multiple CBF's are also considered
safety hyperparameters [183]. Similarly, if exponential CBF's are used for high
relative-degree safety constraints, the safety parameters will include more than

one hyperparameter to be optimized [105].

Note that the safety objective is ensured under the control input solved from the
CBF-based QP problem. We define a set of hyperparameters 0 as feasible for MASs if
they render the QP problems solvable and allow the control objective to be achieved
under the resulting QP controller. We aim to find the feasible hyperparameters that can

also optimize control performance.

In the following, we will illustrate the relationship between the performance of
MASSs and the hyperparameters in the QP formulation. Following this, we introduce the
constrained Bayesian optimization (CBO) algorithm to search for improved hyperparam-
eters. An overview of the CBF-CBO-based performance enhancement approach for MASs

can be found from Figure 6.1.
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6.2.2 Control Performance

The performance of control systems can typically be described using the system states,
control input, and convergence rate or time. As discussed in Section 2.4.1, the lin-
ear quadratic regulator (LQR) is a commonly used performance index that combines
quadratic terms of states and control variables. This index is here for clarity. Specifically,

define n; = [xiT,viT]T € R2" for agent i (i € I[1,N]). Denote
(6.5) =l 51T eR®Y, and a=[ul, -, uf)T eR™Y.
To describe the performance of the control process, the LQR cost is formulated as follows:
oo
(6.6) J (&, i) :f xTQx +aTRa)ds,
0

where @ € RZ*"V*22N and R e R™V*"N are positive matrices.

Minimizing the LQR cost (6.6) is a meaningful problem from an optimization perspec-
tive. While the value of J(%,%) seems to depend on % and #, it ultimately varies from
the gain parameters used to determine the control inputs. For clarity, let 8 denote the
hyperparameters in the QP formulation (4.22). The performance optimization problem is

expressed below:
(6.7) 0* = argmindJ(x,u,0),
0e®
where O represents the range of hyperparameters 6. An illustrative example is given to

demonstrate the impact of hyperparameters on system control performance.

Example 6-1: For the MAS (4.7) with four agents, firstly we focus on the control
objective, aiming to ensure that the position x; and velocity v; of each agent i (i =1,2,3,4)

approach zero over time. The state-feedback controller:

u;?"(t) = —k1x;(t) — kav;(?)
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is adopted, where k1 and k9 are positive gain parameters. In this experiment, we take
@ and R in (6.6) as identity matrices?, and suppose the initial position and velocity of
agent i as

x;(0)=i, and v;(0)=1, =1,2,3,4.

Considering the gain parameters as the hyperparameters 6 = (k1,k2), Figure 6.2 shows
the control performance under different values of hyperparameter 6. In Figure 6.2 (a),
the time instants #1, ¢9, t3 corresponding to 01, 6, O3 are the earliest time instants when
the neighbor value of J falls below 0.1, indicating convergence. The results in Figure 6.2

(b) indicates the realization of desired control objectives under the controller »7°™(¢). [

150 c 307 — 6:=(1,1)
2 62=(2,1)
1201 215 — 6:=(2,2)
a
901 0 . -
— 0 2 4 6 8 10
601 . — 6:=(1,1)
— 6:=(1,1) £ 209 6;=(2,1)
o
301 62=(2,1) o) 101 — 93=(2,2)
0+ T T 0 T —=—
6 8 10 0 2 4 6 8 10

Figure 6.2: (a) The LQR cost J(¢) under different values of 8; (b) The position error

Z‘il:l llc; (£) — 02 |2 and velocity error Z‘il 1 i) - 05|12 under different values of 6.

The results of Example 6-1 demonstrate that the performance J depends on the
hyperparameter 6 in terms of convergence value and convergence time. When additional
constraints, such as limits on velocity and acceleration and the collision avoidance safety
constraint, are considered, the nominal controller needs to be modified using the CBF
filters at some time, and the accumulated modifications are unknown. In this scenario,
we cannot explicitly describe the mathematical relationship between the performance

and hyperparameters. In other words, (6.7)presents a black-box optimization problem.

2Noting that the value of J is also dependent on @ and R, we fix @ and R to see the relationship
between LQR performance and the gain parameters.
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Remark 6.2. It is worth noting that the LQR cost is introduced as an observable illustra-
tion to facilitate a clearer comprehension of the simulation examples. Actually, the control
performance can be designed with user-specific cost functions (to be minimized) or reward

functions (to be maximized).

6.3 CBF-CBO-based Performance Enhancement

6.3.1 Constrained Bayesian Optimization

Considering the control objective and safety objective for MASs, the unconstrained

optimization problem (6.7) is extended to the following constrained optimization problem:

0" = argminJ(0)
(6.8) 0e®
s.t. f(6) =0,

where f(0) > 0 serves as a constraint function, indicating the feasibility of hyperparame-

ter 0.

The constrained Bayesian optimization (CBO) algorithm is employed to deal with
the constrained optimization problem (6.8), utilizing the expected improvement with
constraints (EIC) as the acquisition function. Given the absence of an explicit mapping
relationship between 6 and ¢ or f, the surrogate functions J(6) and f(6) are estimated

separately using Gaussian processes and incorporated into the EIC as follows:

(6.9) EIC(0IJ,) = ®(0)EL©] ),

p

where J;; =ming-1,.. , J(0) is the optimal value of the current dataset {Hk,J(Gk)}kzl,

and ®(-) is the estimated cumulative distribution function of /(-) [152]. Under the dataset

{0r, J (O

51> the next observation 6.1 is given by maximizing the EIC function, which

is shown as follows:
(6.10) Op+1= argrélgaxEIC(BlJ;).
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Assumption 6.1. The Gaussian process models are non-degenerate and adhere to the

no-empty-ball property [184].

In the following, Example 6-2 demonstrates the impact of the CBO algorithm on
the constrained optimization problem (6.8). For comparison, the original BO algorithm
introduced in Section 6.1.2 is used to solve the unconstrained optimization problem (6.7),
with the next observation determined by the EI (6.4). The results of Example 6-2 show

that the optimal solutions 8* and J* can be identified after sufficient evaluations.

Example 6-2: Firstly, recalling Example 6-1, under the state-feedback controller

u™ = —kqx; — kovi, the LQR-based optimal gain 6 =[k1,%2] can be theoretically deter-

12

mined as follows. The MAS (4.7) has the linear form

n; = An; +Bu;,
where
X; 0 X I 0 X
ni = i ’ A= nxn n and B = nxn
U Onxn Onxn In

Then the LQR (6.6) can be expressed as

4 0o
J = Z (TTLTTH + uiTui)dt.
i=1J0
Hence, the optimal solution is determined by 6* = BT P, where P satisfies the Riccati

equation:

PA+ATP-PBBTP+I=0.

In this setting, we obtain that

0% =[1,1.732] and J* = J(0")="79.427.

Secondly, we verify the feasibility of the BO algorithm in solving the unconstrained

optimization problem of Example 6-1. The hyperparameter set to be optimized is 6 =
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[k1,k2], and the search space is assumed to be ® = (0,5]2. As shown in Figure 6.3 (a),

after 40 evaluations, the optimal solutions obtained by BO are
6,,=1[0.9982,1.7346] and J, =79.426,

which are almost the same as the true optima.

_______ 1
91 | TTTTTT b -= El
303 -——— — EIC | qendle
881
88 1 v i
| _ == agen
_ 86 86 1 - *l‘ agent 2
84 1 841 A\ agent 3
)\ agent 4
j \\
82 821 v—
N\
801 80 1 Y
0 0 5 10 15 20 25 30 35 40 10
Evaluations

(a)

Figure 6.3: (a) The best LQR cost J observed during function evaluations via EI and
EIC; (b) The trajectories of velocity ||v;(¢)| for all agents.

Furthermore, in Figure 6.3 (b), the black dotted line represents the safe bound of
velocity. The colorful dotted lines are controlled with the hyperparameter found by
EI, and the colorful curve lines are controlled with the hyperparameter found by EIC.
We can find from Figure 6.3 (b) that the velocity of each agent under 0,  obtained by
BO can successfully converge to zero. However, when considering the control condition
lv;(OI < by (b, =1.5), the previously obtained optimal hyperparameter, whether derived
theoretically or through BO evaluations, is not feasible. In such scenarios, the constrained
optimization problem (6.8) is employed, where the constraint function f(6) > 0 implicitly
ensures the condition |v;|| < b,. Since there is no analytical expression between 6
and ||v;]| < by, CBO is used to solve this problem. After 40 evaluations, the optimal

hyperparameter found by CBO is

07, =[1.0882,2.2547] and J%, =80.641.

cbo
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At this point, the obtained 67, is feasible, since the resulting velocities of all agents are

within their safe ranges, as shown in Figure 6.3 (b). [

Moreover, one can see from this illustrative example that increasing the number of
evaluations could bring the optima found by the Bayesian optimization algorithms closer
to the true optima, even when the true optima are unknown. According to Bayesian De-

cision Theory, the following lemma demonstrates the convergence of the CBO algorithm.

Lemma 6.1. (Theorem 1 in [185]) If the observations are collected with (01,J1) fixed in
the space {0 € O|f(0) > 0}, and {0y, (0, )}IZ=2 are sequentially chosen by EIC (6.9), then as
p — oo, the best observed performance J* almost surely converges to the global optimum

of problem (6.8).

6.3.2 CBF-CBO Algorithm

The above Example 6-2 demonstrates that CBO can provide a numerical solution to
the constrained optimization problem of MASs. This section will provide a detailed
explanation of how this method works. As depicted in Figure 6.1, there are two processes:
a lower-layer safety control process and an upper-layer hyperparameter optimization

process.

* Control loop: For the lower-layer safety control, the CBF-based QP controller (4.22)
is utilized to ensure collision avoidance in MASs. This controller incorporates
the nominal control inputs to achieve desired control objectives and is dependent
on the hyperparameter 6. In experiments, we set f(60) = 1 for feasible 6, and the
performance J(0) is recorded when the terminal criteria for the control loop of
MASSs are met. Common termination conditions include reaching the desired state
within an acceptable error threshold or exhausting the maximum allowed control

time (as used in this chapter). For infeasible 8, the control loop is terminated as

117



CHAPTER 6. HYPERPARAMETER OPTIMIZATION IN SAFE MASS

soon as the control or safety objectives are violated. In such cases, we set f(0) =-1
and J(0) = 105, where the large value of JJ indicates the infeasibility of 6. Infeasible
observations are also included in the dataset to assist in finding the next better 0

through CBO.

e Optimization iteration: For the upper-layer hyperparameter optimization, the per-
formance function J/(0) is modeled using Gaussian process regression with the
observed dataset {0;,J(0:), f(Or )}‘Zzl, and the binary constraint function f(0) is
modeled using Gaussian process classification with the dataset [186]. The Gaussian
process models are updated every time the dataset for CBO is updated following
function evaluations. The initial dataset for CBO can be uniformly or randomly sam-
pled from the search space © [187]. After each function evaluation, an additional
sample {0,11,J(0,+1), f(0p+1)} is obtained, updating the dataset. The evaluations
will continue until the terminal criteria for CBO are met. These criteria can vary,

such as fixing a maximum number of evaluations M (as used in this chapter) or

adopting early-stopping strategies [180].

Theorem 6.1. If the number of evaluations approaches positive infinity, the MAS (4.7)
can achieve its control objectives while ensuring collision avoidance under the CBF-based
QP controller (4.22) with the optimal hyperparameter 8* found by CBO. Moreover, the

control performance of the MAS is optimized in this scenario.

Proof: Firstly, by solving the constrained optimization problem (6.8), the convergence
of the observations by CBO ensures the optimality of the hyperparameter, as demon-
strated in Lemma 6.1. Correspondingly, the control performance of the MAS is optimized
under the obtained hyperparameter. Additionally, the constraint in (6.8) is satisfied,
indicating the feasibility of the hyperparameter and the achievement of both control and

safety objectives.
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Specifically, the CBF-based QP (4.22) is solvable with the obtained hyperparameter,
providing a controller for each agent. According to the analysis in previous sections,
safety between agent i and agent j (j € .#;) is ensured by satisfying the CBF constraint.
Moreover, the control objective of the MAS (4.7) is achieved through the self-designed
nominal controller in QPs, as evidenced by the convergence of the control performance

value. [ |

Algorithm 1 CBF-CBO-based performance enhancement of MASs.
Input: x;(¢9), vi(to), by, by, Dsare, search space O;
Output: Optimal hyperparameter 6* and performance /*;
Initialize: Evaluations with pg random hyperparameters;
Training dataset D = {0, J(0}), f(Hk)}Zil;
for p = poto M + pg do
Update the surrogate function J(0) with Gaussian process and D;
Update the surrogate function 7(6) with Gaussian process and D;
0p+1 = argmaxge@ EIC(GIJ;) in (6.10);
while not termination condition do
fori=1to N do
Calculate the nominal control input u7°™;
Update nearby neighbor set .#;;
Obtain the safe control input u;;
Update the state information x;, v;;
end for
end while
D~ DU @1, Ops1), F(Opr1));
p—p+1;
end for

Computational Complexity. The computational complexity of Algorithm 1 primar-
ily involves two components: training the GP models and maximizing the EIC function
(6.10). First, the computational complexity of training a Gaussian process is mainly
determined by the number of hyperparameters to be optimized (denoted as Ny) or the
number of training data points (denoted as N;.4i,). To be specific, the complexity is O(N 3)
or G(N?2 . ). Additionally, the L-BFGS (Limited-memory Broyden-Fletcher-Goldfarb-

train

Shanno) algorithm is employed to solve the EIC acquisition function. While there is no
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rigorous computational complexity analysis for EIC, we set M as its maximum evaluation

number.

Remark 6.3. Although the BO algorithms perform well in solving expensive optimization
problems with limited data [188], they are more suited for lower-dimension hyperpa-
rameter optimization due to computational complexity. In large-scale MASs, the number
of hyperparameters to be optimized may be very high. One straightforward approach
is to fix some hyperparameters to be the same across different agents, such as sharing
the same CBF parameter «a for all agents, as a trade-off between control performance
and computational complexity. Another potential approach for large-scale MASs is to
concentrate on subsets of agents by prioritizing them based on their contributions to

overall performance, such as scoring agents in the literature [189].

Remark 6.4. Take the widely used LQR performance as an example. The control hyper-
parameter usually indicates the convergence rate of state errors, thereby influencing the
overall convergence speed of LQR performance. Conversely, the safety hyperparameter
may impede the convergence of LQR performance, as the CBF filter adjusts the nominal
controller to ensure safety. These effects on control performance are implicit and challeng-
ing to quantify. Moreover, the control and safety hyperparameters mutually influence each
other during the optimization process, and their relationship can be elucidated through

the kernel function of the Gaussian process.

Remark 6.5. The proposed CBF-CBO approach is a unified framework that can be
adapted to various control tasks, for example, when system dynamics differ or are affected
by uncertainties [190]. The key variation lies in the CBF design to match specific system dy-
namics. Given the high costs of actual experiments in MASs, the CBF-CBO algorithm can
initially be employed in simulation experiments to determine optimal hyperparameters,

which enables energy-efficient implementation in real-world applications.
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6.4 Deployment in Safe MASs

Two experiments are conducted to validate the theoretical analysis. The first experiment
addresses the destination achievement control of MASs, representing a non-cooperative
control task. The second experiment considers the formation control of MASs, which is
a cooperative control task. Both experiments use four different hyperparameter opti-
mization algorithms: random search (RS), genetic algorithm (GA), covariance matrix
adaptation evolution strategy (CMA), and the suggested CBO method presented in this

chapter.

We conduct the experiments on a server with an Intel Xeon Gold 6238R CPU and
180GB of memory. Each search for the next observation using EIC (https:/botorch.org/)
takes about 0.6 seconds. The CBF-based QP is solved using CVXOPT (https://cvxopt.org/),
with each solving time being less than 0.001 seconds. In the RS algorithm, candi-
date observations are uniformly sampled. The population size of both GA and CMA
(https://github.com/CMA-ES/pycma) is 5.

6.4.1 Destinations Achievement

In this experiment, we reconsider the safe control scenario in Example 4-1. We notice
from Figure 4.3 that the control performance is not very good under the self-given
hyperparameters. Hence, we test the feasibility of proposed CBO algorithm using this

numerical experiment.

Despite the notations given in Example 4-1, denote

TTTT]T

T, T T  TqT
e=[e7,e5,e3,ey 1"

and u=[uj,uq,uz,uy

We aim to minimize the cost function:

30

J = (eTQe +uTR u)de,
0
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where the matrices @ and R are fixed as identity matrices. We choose b, =3.5 and b, =4

in this experiment.

Considering the nominal controller u7°™ = —k;1(x; — P;) — ki2v;, the hyperparameters
to be optimized include eight control parameters and one safety parameter, which are
denoted as

0 =[k11,k12,k21,k22,k31,k32,kR41,k42,].

The search space is © = (1,100)? in the log scale.
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Figure 6.4: (a) The best LQR cost J observed over 100 evaluations using CBF-RS, CBF-
GA, CBF-CMA and CBF-CBO; (b) The distance of each pair of agents (i, ).

The experiment is repeated five times. Figure 6.4 (a) shows the best performance
over 100 evaluations with median values and 25th and 75th percentiles plotted, which
demonstrates that the CBF-CBO approach outperforms the others. The optimal hyperpa-
rameters found by CBF-CBO are

*  =[0.4002,0.3682,0.6225,1.3987,1.0240,0.6983,0.4384,0.5714,1.6524],

cbo

resulting in a cost of J, =51.346. When using the CBF-based QP controller with
07,,, Figure 6.4 (b) demonstrates successful collision avoidance among agents, where

the dotted black line indicates the safe bound Dg,r. = 0.4. Figures 6.5 (a) shows the
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Figure 6.5: (a) The position and velocity tracking errors for all agents; (b) The control
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Figure 6.6: The position of each agent at time instant (a) £t =0.1; (b) t =3; (c) t = 4; (d)

t=30.
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achievement of the control objectives, and the CBF filtered u‘{p and the nominal u7°™

are plotted in Figures 6.5 (b) to highlight their differences. In each subplot of Figure 6.6,
the x-axis represents the first dimension of position, x;1, and the y-axis represents the
second dimension, x;2. Circles indicate the position coordinates of agents, while arrows
represent their velocities. The final subplot demonstrates that each agent reaches its

destination.

6.4.2 Formation Tracking

In this experiment, we apply the proposed CBO algorithm to the safe formation control
of MASs. Specifically, for a system consisting of one leader and four followers, the
leader moves towards its destination x4, and we aim to drive the followers to reach the
leader’s state while maintaining a formation defined by the relative configurations s;.

The nominal control inputs are

ug’™ = —k1(xo —xq) — kavo
for leader 0, and
4 4
ul®™ = —k3l) | aij((x; —s)— (xj—s)) +ajola; —x0 — sl —kal ) a;j(v; —vj) +aio(; —vo)]
Jj=1 j=1

for follower i (i = 1,2,3,4). The initial positions of followers are
[x1(0), x2(0),x3(0),x4(0)] = [(-2,0),(-2.5,0),(-3,0),(-3.5,0)]
and the formation shape is described as follows:
[s1,82,83,84] =[(-1,-1),(-1,1),(-2,-1),(-2,1)].

The leader’s initial position is x¢(0) = (—1.5,0), and destination is x4 = (5,0). Initially, all
agents have zero velocity. Take b, =6 and b, = 6. The hyperparameters to be optimized

are

0= [kl,k27k37k4,a]a
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Figure 6.7: (a) The best LQR cost J observed over 100 evaluations using CBF-RS, CBF-
GA, CBF-CMA and CBF-CBO; (b) The distance of each pair of agents (i, ).

while the remaining parameters are consistent with those used in the previous destina-

tion achievement experiment.

According to Figure 6.7 (a), it is evident that CBF-CBO outperforms CBF-RS, CBF-GA

and CBF-CMA. The optimal hyperparameters found by CBF-CBO are
67,,=10.7121,1.7749,0.9412,1.9998,1.6886],

yielding an optimal LQR cost of J}, =94.979. When using the CBF-based QP controller
with hyperparameter 6, , Figure 6.7 (b) demonstrates successful collision avoidance
among agents. For the positions of all agents at various times, refer to Figure 6.8. The

final subplot illustrates the successful formation of the desired shape.

6.5 Conclusion

In this chapter, we introduced a safe control framework for MASs aimed at improving
control performance. We categorized performance-related hyperparameters and intro-
duced feasibility criteria aligned with the stability and safety objectives to be achieved.
To optimize the unknown performance function with a feasibility constraint, we proposed

the CBF-CBO algorithm to identify improved hyperparameters.
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Figure 6.8: The position of each agent at time instant (a) t =0; (b) t =2; (¢) t =5; (d)
t =10.

Up to now, we have explored the cooperative control of MASs from four key per-
spectives, stability, safety, robustness, and optimality, progressing step by step from
fundamental concepts to more in-depth analyses, thereby enhancing its potential appli-

cability to real-world applications.
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CHAPTER

CONCLUSION AND FUTURE RESEARCH

his chapter summarizes the main content of this thesis, and outlines future

research directions.

7.1 Conclusion

This thesis has presented a comprehensive study on the safe and robust cooperative
control of MASs using a constrained QP framework that integrates CLF and/or CBF
conditions. The primary objective was to ensure system-wide stability and safety while
addressing key challenges such as robustness to uncertainties, computational efficiency,

and long-term performance optimization.

To this end, several contributions were made. First, a distributed CLF-based QP
control strategy was developed for the stability of MASSs, incorporating event-triggered
and intermittent control mechanisms to reduce computational burden. Second, to en-
sure inter-agent collision avoidance, a pairwise CBF-based QP control framework was

designed for safe formation control, enhanced with a structured neighboring set to re-
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duce the number of CBF conditions. Third, the proposed framework was extended to
address scenarios where only simple distance-based safety functions are available. To
accommodate such cases, high-order CBFs were introduced, enabling the enforcement
of safety constraints for systems with higher relative degrees. Furthermore, robustness
was enhanced by incorporating bounded disturbance models, ensuring reliable safety
guarantees under worst-case uncertainty. Fourth, the thesis introduced data-driven GP
models into both CLF and CBF constraints to estimate unknown system components,
thus eliminating the need for predefined uncertainty bounds and enabling a more flex-
ible response to dynamic environments. Moreover, the thesis addressed the problem
of performance enhancement under hyperparameter sensitivity by formulating it as
a black-box optimization problem. A novel CBF-CBO algorithm was proposed, which
effectively achieves performance improvement and safety assurance. Finally, simulation
results demonstrated the efficacy and practicality of the proposed approaches in a variety

of cooperative control scenarios.

7.2 Future Research

While this dissertation presents some progress in the safe control of MASs using CBF-
based approach, there remain several challenges and limitations. We introduce some of

them in this section to open up promising directions for future research.

7.2.1 Learning Neural Barrier Functions

One limitation of the CBF-based control framework lies in the necessity of manual design
of the barrier function expressions. In the current formulation, the construction of a
valid CBF requires prior knowledge of the system dynamics and a clear mathematical
characterization of the safe set. For relatively simple environments or systems with

known constraints, such design may be feasible. However, in high-dimensional, nonlin-
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ear, or partially unknown environments, or in systems operating under dynamic and
non-stationary safety constraints, manually specifying an appropriate barrier function

becomes a daunting task, if not impossible.

A future research direction is the integration of learning-based methods, particularly
neural networks, into the CBF framework to autonomously synthesize safety certificates
and controllers. This concept, often referred to as neural barrier functions or learning-
based barrier certificates, leverages the powerful function approximation capabilities of
deep neural networks to learn suitable barrier functions directly from data or through
interaction with the environment. There are several specific avenues within this direction

worth exploring:

1. Learning barrier functions from demonstrations or trajectories
One intuitive approach is to learn the shape of the safe set, and thereby the
corresponding CBF, from expert demonstrations or from trajectories known to be
safe. A neural network can be trained to approximate the barrier function that
remains positive inside the safe set and negative outside, while satisfying the
required differentiability and Lipschitz continuity properties. Such an approach
reduces the reliance on explicit safe set modeling and may generalize better in

environments where human intuition or classical analysis fails.

2. Learning of safe controllers
Beyond learning the CBF itself, another direction is to jointly learn the control
policy that satisfies the safety constraints implied by a learned barrier function.
This could be formulated as a constrained optimization problem embedded in a
neural network architecture, or approached via constrained reinforcement learning.
Here, the barrier condition acts as a regularizer or hard constraint, guiding the

controller towards safe actions during training and inference. Note that the design
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of loss function may be an important factor during this process.

3. Ensuring theoretical guarantees
A significant challenge in learning-based methods is the lack of formal guarantees.
Therefore, a vital research avenue is to embed formal safety guarantees within the
learning process. For example, one may use hybrid methods that combine analytical
CBF constraints with learnable parameters, or apply verification techniques (e.g.,
neural network reachability analysis) to ensure that the learned neural barrier
function adheres to required properties such as forward invariance and control

feasibility under bounded disturbances.

4. Multi-agent and distributed learning frameworks
In MASs, learning barrier functions introduces additional complexity due to agent
interactions and the need for distributed computation. Research can be directed
towards decentralized training of neural barrier functions, enabling each agent
to learn local safety certificates while coordinating with others to maintain global
safety. This requires addressing issues such as communication constraints, partial

observability, and scalable learning architectures.

In summary, neural barrier functions offer the potential to automate the design of
safety constraints, adapt to complex environments, and provide scalable solutions to high-
dimensional control problems. Nonetheless, ensuring theoretical rigor, robustness, and
interpretability remains an open and vital challenge. Addressing these issues will require
a multidisciplinary effort combining control theory, machine learning, formal methods,
and systems engineering. The outcome of this research direction may significantly
broaden the applicability of barrier-function-based control frameworks, pushing them

toward practical deployment in safe systems.
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7.2.2 Event-triggered Safe Control in MASs

In addition to the challenge of constructing appropriate CBFs, another key limitation of
the current CBF-based safe control framework, especially in MASs, is the computational
burden associated with solving QP problems at every control update. In most CBF
implementations, safety is ensured by formulating and solving a constrained QP at every
time step to compute the control input. While this real-time optimization framework
guarantees safety and performance, it also incurs significant computational overhead,

which may become prohibitive in large-scale or resource-constrained systems.

To address this limitation, a future research direction is the exploration of event-
triggered control (ETC) mechanisms within the context of CBF-based safety control.
Unlike conventional time-triggered control schemes, where the control input is updated
at fixed and typically high frequencies, ETC aims to update the controller only when
necessary, based on the occurrence of specific state-dependent events. This paradigm has
the potential to substantially reduce the computational load, leading to energy-efficient
and scalable safe control strategies for MASs. Several challenges and opportunities exist

in this direction, motivating a wide array of research tasks:

1. Design of safety-preserving event-triggering conditions
The central problem in integrating ETC with CBF's is the design of a triggering
function that ensures safety at all times, despite the fact that the control input is
not continuously updated. The triggering condition must be formulated such that
between two triggering events, the system trajectory remains within the safe set.
This typically involves deriving bounds on the system’s evolution using worst-case
analysis, Lipschitz constants, or robust invariance techniques. Future research
could explore tight and computationally tractable formulations of such conditions,

particularly for nonlinear, coupled MASs with complex dynamics.
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2. Co-design of event triggers and control laws in MASs
In MASs, agents often interact and influence each other’s safety constraints. De-
signing event-triggered mechanisms in such a context requires a co-design of the
triggering logic and the decentralized control laws. This includes dealing with
asynchronous triggering, communication delays, and distributed triggering rules.
Future research should focus on creating scalable, distributed ETC-CBF frame-
works where each agent independently determines when to update its control
input while still ensuring global safety. Additional challenges include developing

inter-agent triggering protocols and analyzing their stability properties.

3. Theoretical analysis and performance guarantees
One concern in ETC is the possibility of Zeno behavior, where an infinite num-
ber of events occur in a finite time. Future research must establish strict lower
bounds on inter-event times, known as minimum dwell-time conditions, to ensure
physical realizability. Moreover, rigorous performance guarantees (e.g., bounded
suboptimality, guaranteed convergence to goals, resilience to disturbances) must
be established to ensure that the ETC-based control strategy not only preserves

safety but also achieves the system’s primary control objectives.

4. Simulation and real-world implementation in resource-constrained systems
Beyond theoretical development, it is essential to validate the proposed ETC-
CBF framework through comprehensive simulations and real-world experiments.
Future research should demonstrate how event-triggered QP control scales with
increasing number of agents and how much computation, energy, and bandwidth
savings can be achieved without sacrificing safety. Application domains such as
vehicle fleets, swarms, networked agents, and smart manufacturing systems serve
as ideal testbeds to benchmark the practical advantages of ETC-based safety

control.
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In summary, the integration of ETC into the CBF framework represents a powerful ap-
proach to alleviate computational burdens in safety MASs, particularly under real-time
constraints and limited resources. However, this approach introduces new challenges in
guaranteeing safety under sporadic updates, requiring a rigorous redesign of triggering
functions, safety conditions, and control synthesis mechanisms. Addressing these chal-
lenges opens a broad and impactful research agenda, aiming to make CBF-based safe
control not only theoretically sound but also practically viable for large-scale deployment

in complex and distributed environments.

7.2.3 Transferable Barrier Functions for Cross-task Safety

A fundamental challenge in deploying CBF-based safe control strategies in real-world
scenarios lies in their limited generalization and transferability across different environ-
ments and tasks. Traditional CBF design is highly problem-specific: the barrier function
is typically handcrafted or finely tuned based on prior knowledge of the environment’s
geometry, obstacle layout, and system dynamics. As a result, a CBF controller that works
effectively in one scenario may fail to generalize when deployed in a new environment
with different obstacles, terrain structures, or agent configurations. This lack of adapt-
ability may constrain the applicability of CBF-based methods in dynamic or unknown
environments, particularly in domains such as navigation, 3D scene reconstruction,

search and rescue, or intelligent surveillance.

A promising direction for overcoming this limitation lies in augmenting CBF design
with meta learning, enabling the rapid adaptation and transfer of safe control capabilities
across a wide variety of tasks and environments. The core idea is to develop a CBF-
based controller that not only performs well in a specific environment but also learns a
generalizable prior, a set of parameters or features, that can be efficiently fine-tuned to

new environments using minimal data or few-shot adaptation. This research direction
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sits at the intersection of safe control, transfer learning, and meta learning, and has the
potential to greatly extend the versatility and autonomy of intelligent agents operating in

complex, uncertain, or unstructured environments. Key aspects of this research include:

1. Meta-learning frameworks for CBF parameterization
One potential approach is to represent the CBF (and optionally the associated safe
controller) using a parameterized function, such as a neural network, and apply
gradient-based meta-learning algorithms to learn a set of meta-parameters that
can be quickly adapted to new tasks. The meta-training phase involves exposing
the model to a diverse set of simulated environments or scenarios, such that it
learns a shared structure of safety constraints (e.g., common patterns in obstacle
geometry or agent dynamics). When faced with a novel environment, the agent
can then fine-tune the barrier function using only a few samples from the new

environment, significantly reducing the data and time required for deployment.

2. CBF-driven exploration in meta-reinforcement learning
Another exciting possibility is to use meta-learned CBF's not only for safety en-
forcement, but also to guide exploration in RL tasks. In many RL problems, safety
constraints discourage agents from exploring unknown or high-risk states, lead-
ing to overly conservative behaviors. However, a meta-CBF trained across many
environments can encode a prior over safe-but-informative exploration strategies,
allowing the agent to balance safety with curiosity. This could accelerate learning in
tasks like 3D scene reconstruction, where the agent must actively explore a space
while avoiding collisions, or multi-agent coordination tasks where exploration risks

inter-agent conflicts.

3. Applications in real-world systems

The practical significance of this research direction lies in its potential to enable
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plug-and-play safe controllers for a wide range of robotics and Al applications.
For example, in autonomous driving, a meta-learned CBF could rapidly adapt to
different urban layouts, weather conditions, or traffic norms with minimal retrain-
ing. In robotic swarms, such as UAV teams performing search and mapping, each
robot could locally adapt its safety controller based on the terrain features while
maintaining global coordination protocols. Similarly, in human-robot interaction,
CBF's that adapt to user-specific behavior or environment constraints can enable

safer and more personalized assistance.

In summary, improving the adaptability, generalization, and transferability of CBF's
represents a transformative step toward safe, intelligent, and autonomous agents ca-
pable of operating in complex, heterogeneous, and rapidly changing environments. By
integrating meta learning techniques, agents can not only avoid collisions in previously
unseen scenarios but also contribute to broader tasks such as 3D scene understanding,
efficient exploration, and semantic navigation, thereby bridging the gap between safe
control and general AI autonomy. This line of research has the potential to extend the
usability of CBF's beyond rigid, model-specific deployments, opening up new frontiers in

safe and flexible MASs.
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