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Abstract

Élie Cartan and Hermann Weyl’s theorem of highest weight states that every

irreducible highest weight representation dπ of a compact real form u of a com-

plex semisimple Lie algebra g, where g � u ` iu, integrates to an irreducible

highest weight representation π of a compact, simply connected, semisimple

Lie group U whose Lie algebra is u. However, there is no explicit computation

method for this correspondence.

Building on the work of Raed Raffoul (2006) [44], we combine the Kirillov

orbit method, the sum of adjoint orbits, the convexity theorem for moment

maps, Nelson’s formula for Weyl calculus, and the transversality condition and

induced differential operators, to develop a non-commutative Kirillov method.

This framework allows us to explicitly compute the exponential of dπ, which

corresponds to the lifted representation π � exp on u. It also enables the lifting

of invariant vector fields on U , arising from root vectors in g, to differential

operators induced by the adjoint action of U on u, with respect to the matrix

coefficients of π � exp. Moreover, we show that the Euclidean Fourier transform

of π�exp on u consists of polynomials of transversal differential operators acting

on a U -invariant measure supported on the image of the moment map of π, in

the dual Lie algebra u�. We also extend this method to compute spherical

functions on symmetric spaces of the compact type.
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“The question for the ultimate foundations and the ultimate meaning of math-

ematics remains open; we do not know in which direction it will find its final

solution nor even whether a final objective answer can be expected at all. ‘Math-

ematising’ may well be a creative activity of man, like language or music, of

primary originality, whose historical decisions defy complete objective rational-

isation.”

Hermann Weyl
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Historical Overview

This thesis has integrated four subjects inspired by the representation theory

of semisimple Lie groups, to solve a fundamental problem in the representation

theory: Complete the theorem of highest weight by explicitly calculating the

integration of an irreducible highest weight representation of the compact real

form of a complex semisimple Lie algebra, corresponding to a compact simply

connected semisimple Lie group.

In the following paragraphs, we briefly summarise the historical develop-

ments and key aspects of these subjects that are related to this thesis.

Representation Theory of Semisimple Lie Groups :

In representation theory, the theorem of highest weight classifies the

irreducible representations of a complex semisimple Lie algebra g. It states

that every irreducible representation of g can be determined by an integral

weight in the dual space g�. This theorem was proved by Élie Cartan in 1913

[36]. Let u be a compact real form of g, such that g � u � iu. Suppose the

corresponding compact semisimple Lie group U is simply connected, we can

integrate the highest weight representation dπ of u to obtain the representation

π of the group U . We can also take the average over the group U to show that

there is an inner product on the representation space V such that V is unitarily

invariant under the actions of π of U . We may use the unitarity of π to see

that V decomposes as a direct sum of irreducible representations. This is a

consequence of Peter-Weyl theorem for general compact connected groups,

which was proposed by Herman Weyl and his student Fritz Peter in 1927 [42].

The Borel-Weil-Bott theorem is a modern interpretation of the theorem

of the highest weight. It was proved by Armand Borel and André Weil in the

early 1950s [34], and was later extended to higher cohomology groups by Raoul

Bott. It constructs an irreducible representation space as global sections of a

viii



line bundle on the flag manifold of a complex semisimple Lie group G. The

theorem of the highest weight results as a consequence.

The Kirillov orbit method is a geometric method that associates each

irreducible unitary representation of a Lie group G to an integral coadjoint

orbit of G. It realises the representation space as the irreducible holomorphic

sections of a line bundle over an integral coadjoint orbit. It was introduced by

Alexandre Kirillov in the early 1960s [32]. It generalises the Borel-Weil-Bott

theorem for complex semisimple Lie groups. This method has been shown to

be able to describe the representations for nilpotent Lie groups, semisimple Lie

groups, and semi-direct product of a Lie group with a vector group. Kirillov

also derived an analytic version of the character formula of irreducible unitary

representations, which is called the Kirillov character formula. This formula

can be interpreted as the Fourier transform of a distribution supported on an

integral coadjoint of G.

The Cartan-Helgason theorem (rigorously proved by Sigurdur Helgason

in 1970 [27]) for the symmetric space of compact type of the pair pU,Kq, has
inherited and expanded the theorem of the highest weight and the Peter-Weyl

theorem, to the space L2pU{Kq. The zonal and non-zonal spherical functions

can be calculated by the K-invariant vector vK , which is a projection of the

highest weight vector vλ of a spherical representation πλ of U of a highest

weight λ.

Weyl Functional Calculus :

The Weyl functional calculus is a quantisation procedure proposed by

Hermann Weyl [53], to associate a quantum observable to a classical observ-

able, and the underlying symmetry group is the Heisenberg group. The Weyl

functional calculus can be formulated in an abstract setting. Suppose that

A � pA1, ..., Adq is a d-tuple of operators acting in a Banach space V . For each

ξ P Rd, and for some C ¡ 0 and s ¥ 0, if the bound ||eiξ�A|| ¤ Cp1� |ξ|qs holds
for every ξ P Rd, then the operator-valued integral

fpAq �
»
Rd

pfpξq eiξ�A dξ,
is convergent, bounded and well defined for every f P SpRdq (Schwartz spaces).
The operators A1, ..., Ad do not necessarily commute.
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By the Paley–Wiener-Schwartz theorem, the Weyl functional calculus given

by WApfq � fpAq is an operator-valued distribution with compact support if

and only if there exists numbers C, s, r ¥ 0 such that ||eiξ�A|| ¤ Cp1�|ξ|qser|Impξq|

for all ξ P Cd. Let A be a d-tuple of bounded self-adjoint operators, Michael

Taylor [50] showed that such distributions exist for C � 1, s � 0 and r �°d
j�1 ||Aj||2.
In this setting, the Weyl functional calculus has been developed by Robert

Anderson [5], Edward Nelson [40] and Ernest Albrecht [3]. Nelson has intro-

duced the concept of ‘operant’ and derived an explicit formula of WA for the

finite-dimensional self-adjoint operator A, with operator norm ||eiξ�A|| � 1. WA

is an operator of differential operators acting on the unitarily invariant measure

of the joint numerical range of A. Brian Jefferies [31] gave an alternative proof

for this formula of WA. Raed Raffoul [44] applied the Weyl functional calculus

and formula for WA to study the unitary representations of compact connected

Lie groups.

Convexity Theorem of the Image of Moment Map:

LetG be a connected Lie group, g� the dual of its Lie algebra g. A symplectic

manifold pM,ωq with the G action preserving ω, equipped with a moment map

Ψ : M Ñ g�, is called a G-Hamiltonian manifold [7]. The fundamental

problem of studying Hamiltonian manifolds is to compute the image of the

moment map. Of particular interest is the determination of the convexity of

the image of the moment map.

A coadjoint orbit O is naturally a G-Hamiltonian manifold. Let g be the

Lie algebra of a compact connected semisimple Lie group G, t� be the dual of

a Cartan subalgebra t, and let p : g Ñ t be the orthogonal projection map.

Let Oλ be a coadjoint orbit passing λ P t�. Bertram Kostant [38] showed that

the orthogonal projection ppOλq is equal to the the convex hull of W � λ, where
W is the Weyl group of t. The convexity theorem of a compact G-Hamiltonian

manifold was proposed by Victor Guillemin and Shlomo Sternberg [25], and

Frances Kirwan [35]. Let t�� be the chosen fundamental dual Weyl chamber

in t�, the convexity theorem says the image ΨpMq X t�� is a convex polytope.

Anthony Dooley and Norman Wildberger [18] showed that the sumset of a

pair of coadjoint orbits pOλ � Oηq X t�� is also a convex polytope. Norman

Wildberger [55] also showed that the image of the moment map of a finite-

dimensional unitary representation πλ of G of a highest weight λ, is contained
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in the convex hull of the integral coadjoint orbit Oλ. This image is convex if

and only if λ is root distinct.

Invariant Differential Operators :

The Duflo isomorphism [20], denoted by Φ, is an isomorphism between

the centre of the universal enveloping algebra Upgq of the finite-dimensional Lie

algebra g, which can be identified as the algebra of bi-invariant vector fields on

its Lie group G, and the invariant elements of the symmetric algebra Spgq of
g, which can be identified as the G-invariant differential operators on g with

constant coefficients. Let µ, ν be the fundamental solutions to the G-invariant

differential operators Bp, Bq on g, supported at the origin of g. Then Φpµq,Φpνq
are the fundamental solutions to the bi-invariant vector fields ΦpBpq,ΦpBqq on
G.

Anthony Dooley and Norman Wildberger [19] showed that for a compact

connect Lie group G, Φ is a homomorphism (also known as the ‘wrapping

map’) between the Banach algebra of central distributions on G and the Banach

algebra of G-invariant distributions on g with compact support. The multipli-

cation of these Banach algebras are the convolution operations on G and g,

respectively. They also showed that the Kirillov character formula for compact

connected semisimple Lie groups is a consequence of this homomorphism.

François Rouvière [45] developed a ‘twisted’ convolution for Riemannian

symmetric spaces by introducing the e-function. It is related to the sectional

curvature of the symmetric spaces. Anthony Dooley [16] derived an explicit

formula for the e-function for compact symmetric spaces.

Sigurdur Helgason [27] introduced the concepts of transversality condition of

a submanifold K of a G-vector space V and G-induced differential operator on

V . That is, every differential operator on V can be decomposed as a polynomial

of the transversal part and the G-induced part. When V is a semisimple Lie

algebra g, K is the submanifold of the regular elements in the Cartan subalge-

bra t � g. By implementing the transversality condition into the G-invariant

differential operators on g with constant coefficients, he derived a continuous

version of the Kirillov character formula.
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Chapter 1

Introduction

1.1 Background

The Kirillov orbit method [34], introduced by Russian mathematician A.A.

Kirillov in the early 1960s, is a method to associate an integral coadjoint orbit

O in the dual Lie algebra g� of a connected Lie group G, to an irreducible

unitary representation π of G. He observed that each integral coadjoint orbit

is naturally a symplectic manifold (which carries a symplectic 2-form) with G

acting as a group of symplectomorphisms of O. He also conjectured that the

representation space of π can be realised as the irreducible polarised G-invariant

holomorphic sections of the line bundle E on O, denoted by ΓpEq. Let Γ2pEq
denote the space ΓpEq with a suitable L2 condition implemented. Then the

complex lines in Γ2pEq form a projective space of Γ2pEq, denoted by PΓ2pEq,
which also carries a symplectic structure, and the corresponding 2-form is the

differential of the moment map PΓ2pEq Ñ g�. Kirillov also proved an analytic

version of the character formula for π, which says the product of an analytic

square root of the Jacobian of the exponential map, the j-function, and the lift

by the exponential map of a character formula χ of an integral weight is equal

to the inverse Fourier transform of the Liouville measure µ over an integral

coadjoint orbit O [33]. That is,

jpXqχλpexpXq �
»
Oλ�δ

eiβpXq dµλ�δpβq, X P g. (1.1.1)

When G is compact connected and semisimple, the Kirillov character for-

mula is exact, and the integral weight of the character is a highest dominant

weight λ and the integral coadjoint orbit is Oλ�δ, where δ is the half sum of

1



CHAPTER 1. INTRODUCTION

all positive roots of the root system of the complexification gC [33]. Also, by

the Borel-Weil theorem, every Γ2pEq is the representation space of the finite-

dimensional irreducible unitary representation πλ. Let Iλ denote the image of

the moment map of πλ, which is also called the moment set of πλ. Then Iλ is

contained in the convex hull of Oλ. A dominant weight λ is called root distinct

if the set of the pairwise differences between λ and an element of the orbit of

the Weyl group of λ does not contain any roots of g. Hence, a moment set Iλ is

convex and is exactly the convex hull of Oλ if and only if λ is root distinct [55].

By following the Kirillov orbit method for compact connected semisimple

Lie groups, a concrete construction and calculation for the irreducible unitary

representations π of the simplest non-commutative compact Lie group SUp2q,
can be formulated by combining the methods in [15], [29], [21]. SUp2q can be

parametrised by

SUp2q �
#�

α β

�β α

�
: |α|2 � |β|2 � 1

+
.

Each π is characterised by a positive integer n, and each matrix coefficient of πn

is a homogeneous polynomial of complex variables pα, βq P C2 for |α|2�|β|2 � 1.

The Kirillov character formula j � χn is equal to the inverse Fourier transform

of the Liouville measure νn�1 supported on the 2-sphere in the Lie algebra

sup2q � R3 with radius n� 1.

What if one replaces the character in j �χn by an arbitrary matrix coefficient

πn
i,j � exp of SUp2q? After a close examination of the calculation of the Kirillov

character formula j � χn � exp on sup2q, Franco Cazzaniga [9] found a closed

form for the exponential of the standard form of sup2q, which also gives explicit

calculations for α�exp and β�exp. He further noticed that the Fourier transform

of α � exp and β � exp are given by

pα � expq^ �
�
�r BBr � 2� B

Bξ3



ν1, pβ � expq^ � �i

� B
Bξ1 � i

B
Bξ2



ν1,

(1.1.2)

where t B
Bξ1 ,

B
Bξ2 ,

B
Bξ3 u are differential operators in the dual Lie algebra sup2q � R3

and the non-constant-coefficient radial differential operator r B
Br � ξ1

B
Bξ1�ξ2 B

Bξ2�
ξ3

B
Bξ3 , and ν1 is the surface measure of the unit 2-sphere in R3. The inverse

2



CHAPTER 1. INTRODUCTION

Fourier transform of ν1 is given by

qν1pxq � sin
a
x21 � x22 � x23a

x21 � x22 � x23
, x P R3, (1.1.3)

which is rotationally invariant. Because every matrix coefficient of the irre-

ducible unitary representation πn is a homogeneous polynomial of degree n of

the products of α and β, and the Fourier transform of j, denoted by pj, is the

Liouville measure νδ � ν1. Therefore,
�
j � πpnqi,j � exp

	^
� Dn

i,j pν1q�n�1, where

pν1q�n�1 is the pn � 1q-fold convolution of ν1, and each Dn
i,j is a polynomial of

differential operators in tr B
Br ,

B
Bξ1 ,

B
Bξ2 ,

B
Bξ3 u. It is well known that the support of

the k-fold convolution of the surface measure of the unit 2-sphere is the ball

with radius k, and Cazzaniga also proved that the singular support of pν1q�n�1

is exactly the spheres with integer radius tn� 1, n� 1� 2, n� 1� 4, ...u�, and
interestingly, this set coincides with all positive integer weights of πn�1.

This novel finding for SUp2q has led to the possibility of describing and cal-

culating matrix coefficients of general compact connected semisimple Lie groups

as distributions in g�.

Raed Raffoul [44], [17], and Anthony Dooley [17] extended Cazzaniga’s re-

sults on SUp2q to general compact connected semisimple Lie groups, through an

exposition of Weyl calculus [5] and the concept of operants introduced by Ed-

ward Nelson [40]. Let LpHq be a finite-dimensional Banach algebra of bounded

operators on a Hilbert space H. Let A � pA1, ..., Adq be a d-tuple of the Her-

mitian operator in LpHq, and let ξ � pξ1, ..., ξdq P Rd. Then the Weyl calculus

of ξ � A, denoted by Wξ�A, is a LpHq-valued distribution on a Schwartz space,

which is also the Fourier transform of eiξ�A. Nelson derived an explicit formula

for Wξ�A, which is an operator of polynomials of constant-coefficient differen-

tial operators in t B
Bξ1 , ...,

B
Bξd u and a non-constant-coefficient differential operator

ξ B
Bξ � ξ1

B
Bξ1 �� � ��ξd B

Bξd (which generalises the radial differential operator r B
Br in

Cazzaniga’s results), acting on an unitarily invariant measure µ supported on

the joint numerical range of ξ � A. This result can naturally be applied to the

study of unitary representations, because when G is compact, simply connected

and semisimple, the exponential of a skew-Hermitian irreducible representation

dπλ of the Lie algebra g of the highest weight λ is exactly the unitary repre-

sentation πλ of G. Let νδ be the Liouville measure of the coadjoint orbit of δ

element, and Wdπλ
be the Weyl calculus of dπλ, Raffoul proved that the convex

hull of the support of νδ �Wdπλ
is equal to the convex hull of the coadjoint orbit

3



CHAPTER 1. INTRODUCTION

Oλ�δ, and the singular support of νδ �Wdπλ
is equal to

�
wPW Oλ�w δ, which is

the union of the coadjoint orbits of λ shifted by the Weyl orbit of δ.

1.2 Research Questions and Challenges

We aim to extend the work of Cazzaniga, Raffoul, and Dooley to symmetric

spaces of the compact type. For example, their approaches should enable the

derivation of distributions associated with the spherical functions of the sym-

metric space SUp2q{SOp2q, which can be derived from the matrix coefficients

of the irreducible unitary representation πn of SUp2q with respect to an even

positive integer n, by the Cartan-Helgason theorem. However, during literature

review and explicit calculations for SUp2q{SOp2q, several issues were encoun-

tered that prevent this extension. In the following, we summarise five major

Issues:

1. In Cazzaniga’s calculations, the Fourier transform of α � exp contains

a term r B
Brν1. This means that the Fourier transform of pα � expqn in

the irreducible unitary representation πn � exp contains a n-fold convolu-

tion
�
r B
Brν1

��n
. Note that the non-constant-coefficient differential opera-

tor r B
Br does not commute with the convolution operation, for example,

r B
Brν1 � r B

Brν1 � r B
Brr

B
Br pν1 � ν1q. Hence, these are not the same distribu-

tions. However, Cazzaniga claimed that each matrix coefficient of SUp2q
is explicitly associated with a n-fold convolution pν1q�n. His result is con-
vincing because he showed that the singular support of pν1q�n exactly

matches the weights of πn.

2. By combining the orthonormal basis of the Hilbert space Hn of πn de-

rived in [21] and the method in [30], we can explicitly calculate the skew-

Hermitian irreducible representations of sup2q. We put these representa-

tions into Nelson’s explicit formula for the Weyl calculus Wdπn and use

pν1q�n as the associated measure. However, the solutions become inconsis-

tent when n ¡ 1. For instance, the inverse Fourier transform of the Weyl

calculus Wdπn is not equal to πn � exp in Cazzaniga’s result.

3. Both Cazzaniga and Raffoul did not provide a general formula for the

G-invariant measures associated with the irreducible unitary representa-

tions. However, Cazzaniga indicated that these measures are a n-fold

convolution of a single coadjoint orbit for SUp2q. Does this also apply
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CHAPTER 1. INTRODUCTION

to the general compact connected semisimple Lie groups? Also, Raffoul

showed these measures are associated with the moment sets of irreducible

unitary representations. Is there a general formula for these measures on

the moment sets of irreducible unitary representations? The answers to

these questions were not clear.

4. There is a lack of description of the relationships among the matrix co-

efficients of an irreducible unitary representation π. Let G be a compact

simply connected semisimple Lie group, g be the Lie algebra of g, πλ be an

irreducible unitary representation of G of highest weight λ, and dπλ be the

infinitesimal version of πλ. Since G is simply connected, edπλ � πλ � exp,
and they share the same representation space V and weight space clas-

sification. Also, if we fix a basis for V , then the matrix coefficients of

each row or each column of πλ form a basis of a copy of V [21]. By the

theorem of highest weight, we can also choose a highest weight vector in

a row or column of πλ, and successively apply the invariant vector fields

on G induced by the negative root vectors (lowering operators) in gC to

generate the entire row and column. Now, we have Nelson’s formula for

π�exp. So, can we lift these vector fields that act on the matrix coefficient

πλ
i,j on G to some differential operators that act on πλ

i,j � exp on g?

5. Finally, the construction of irreducible highest weight representations dπλ

of the compact real form of a complex semisimple Lie algebra can easily

follow from the highest weight method [30], but the dπλ are not in general

skew-Hermitian. This means that we may not apply Nelson’s formula

and explicitly work out the corresponding unitary representations edπλ of

general compact simply connected semisimple Lie groups. This is another

difficulty.

In this thesis, we resolve these issues.

1.3 Results

We present our new findings and main results. We let G be a compact simply

connected semisimple Lie group, g be the Lie algebra of G, g� be the dual

of g, t, t� be a (dual) Cartan subalgebra of g, g�, respectively, and W be the

(dual) Weyl group of t, t�. In addition, we let t�� be the fundamental dual Weyl

chamber of t�, t�0 be the interior of t��, Φ be the set of roots o f g, Φ� be the

5
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subset of positive roots of Φ, Λ be the set of weights of t�, Λ� be the set of

dominant weights of Λ in t��, and δ be the half-sum of all positive roots in Φ�.

In addition, we let p : g� Ñ t� be the projection map with respect to the Killing

form of g�.

Based on the work of A. Dooley and N. Wildberger [18], which extensively

studied the convolution structures of coadjoint orbits, we present a new formula

for the convolution structure of coadjoint orbits of SUp2q and also determine

the singular support of these convolutions.

Result 1 (Proposition 4.4.1) Let G � SUp2q, g � R3 be the Lie algebra of

G, and t � R be a Cartan subalgebra of g. Let n P Z� be an integer dominant

weight of SUp2q, ν1 be the Liouville measure of the coadjoint orbit O1 in the dual

Lie algebra g� � R3 with ν1pO1q � 1 (for n � 1). Denote the n-fold convolution

of ν1 by pν1q�pnq. Then pν1q�pnq can be expressed as

pν1q�pnq �
» 8

0

1̧

j�0

p�1qjep�1qj �
�pνp1qp�pn�1qq� pλ2q � νλ2 dλ2, (1.3.1)

where e1 is the unit point mass function at 1, νp1 is the projection of ν1 with

respect to p, and

pνp1q�pn�1q �
» 8

0

1̧

j�0

p�1qjep�1qj �
�pνp1q�pn�2q� pλ2q � νpλ2 dλ2, (1.3.2)

where

νpλ2 �
1̧

j�0

p�1qjep�1qjλ2 � F, (1.3.3)

and F is the arc-length measure on p0,8q � R. The support and singular

support of pν1q�pnq are:

supp
�pν1q�pnq� � conv pOnq , singsupp

�pν1q�pnq� � tn
2
u¤

j�0

On�2j, (1.3.4)

where t�u is the floor function. So, the singular support of pν1q�pnq is the union

of coadjoint orbits of integers which coincides with the weights of the irreducible

unitary representation πn of SUp2q.

This singular support is identical to Cazzaniga’s results for SUp2q. The

formula p1.3.1q also generalises Cazzaniga’s formula for the n-fold convolution of

6
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the surface measure of the unit 2-sphere in R3 and can be extended to arbitrary

integer dominant weights of SUp2q.

For the defining representation π of SUpnq, the moment set I of π is exactly

a single integral coadjoint orbit. For example, the moment set I1 of π1 of SUp2q
is exactly the unit sphere in R3. However, this analogue is not true for an

arbitrary dominant weight of a compact connected semisimple Lie group. We

wish to examine whether the measure pν1q�n can describe the moment set In of

πn of SUp2q. So, we propose that there exists a G-invariant probability measure

νIλ , which is the pushforward of the unitarily probability measure of the unit

sphere of the Hilbert space Hλ, supported on the moment set Iλ � g� of the

irreducible unitary representation πλ of a highest weight λ P Λ� of a compact

simply connected semisimple Lie group G. In addition, there also exists a

normalisation formula for the g-Fourier transform of νIλ .

Result 2.1 (Proposition 5.2.2) Let G be a compact simply connected semisimple

Lie group, g be its Lie algebra, g� be the dual of g, T be a maximal torus of G, t be

the Lie algebra of T (Cartan subalgebra), and t� be the dual of t. Let λ P Λ� � t�

be a dominant highest weight. Let πλ be a d-dimensional irreducible unitary

representation of G of λ acting on a Hilbert space Hλ, dπλ be its infinitesimal

representation. Let Πpλq � tλ1, ..., λnu be the set of weights of πλ such that

the multiplicities of the weights satisfy
°n

i�1multipλiq � d. Let p : g� Ñ t�

be the orthogonal projection map with respect to the Killing form on g�. Let

PHλ be the projective space of Hλ which can be identified by the unit sphere

Ωd � tu P H : |u| � 1u, where u � °d
j�1 uj such that

°d
j�1 |uj|2 � 1, tujudj�1 is

an orthonormal basis of Hλ, and each uj is also the weight vector of a weight

λj P Πpλq. We define the moment set of πλ as Iλ � txdπλpHqu, uy : u P Ωdu
and a continuous, adjoint invariant function Ψ̃d on t by

Ψ̃dpHq �
»
Ωd

exdπλpHqu,uy dνpuq �
»
Ωd

e
°d

j�1 i|uj |2λjpHq dνpuq, @H P t. (1.3.5)

where ν is the probability unitarily invariant measure on Ωd. Suppose we let νIλ
be the probability G-invariant measure on the moment set Iλ in g� (pushforward

of ν). Then

Ψ̃dpHq �
»
Iλ

eiβpHq dνIλpβq �
»
convpΠpλqq

eiβpHq dνpIλpβq, @H P t, (1.3.6)

where νpIλ is the projection of νIλ with respect to p.

7
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So, the projection measure νpIλ is supported on the convex hull of the set

of weights Πpλq, and the g-Fourier transform of νIλ restricted to t, denoted

by pνIλq_g|t, is equal to the the t-Fourier transform of νpIλ , denoted by pνpIλq_t.

Therefore, if we can find the explicit formula for pνpIλq_t, then we can compare

it with the convolution measure ppνp1q�nq_t of SUp2q. Inspired by the work of

Raffoul [44] and Nelson [40], we have found an explicit formula for pνpIλq_t.

Result 2.2 (Proposition 5.2.3) Let G be a compact simply connected semisimple

Lie group, g be its Lie algebra, g� be the dual of g, T be a maximal torus of

G, t be the Lie algebra (Cartan subalgebra) of T and t� be the dual of t. Let

λ P Λ� � t� be a dominant highest weight. Let πλ be a d-dimensional irreducible

unitary representation of G of highest weight λ acting on a Hilbert space Hλ, dπλ

be its infinitesimal representation. Let Πpλq � tλ1, ..., λnu be the set of weights

of πλ such that the multiplicities of the weights satisfy
°n

i�1multipλiq � d. Let

PHλ be the projective space of Hλ which can be identified with the unit sphere

Ωd � tu P H : |u| � 1u, where u � °d
j�1 uj such that

°d
j�1 |uj|2 � 1, tujudj�1 is

an orthonormal basis of Hλ, and each uj is also the weight vector of the weight

λj P Πpλq. Suppose the multiplicity of each weight λj P Πpλq is exactly 1, and

all vectors in tujudj�1 have distinct weights (in this case d � n). Then, the

t-Fourier transform of the projection measure νpIλ is given by

�
νpIλ

�_t pHq � Ψ̃npHq � p�1qn�1pn� 1q!
ņ

k�1

eiλkpHq±
j�k

1¤j¤n

ipλj � λkqpHq , (1.3.7)

for H P t.

The normalisation formula p1.3.7q is for the case of πλ having distinct weights
and multipλiq � 1 for each λi P Πpλq. Suppose there exists a λj P Πpλjq such
that multipλjq ¡ 1, then the right-hand side of p1.3.7q is undefined. However,

in p1.3.5q, the integral formula on the right-hand side is still continuous and

integrable. By the formula for the projection measure νpλ for a coadjoint orbit

Oλ in [18], we have realised that each 1{ipλj � λkqpHq in p1.3.7q is a princi-

pal value distribution in t and its Fourier transform is an arc-length measure

Fλj�λk
along the ray of a linear combination of root vectors in Φ. Hence, when

the multiplicity of a weight is greater than 1, there exists an arc-length mea-

sure limλ2Ñλ1 Fλ2�λ1 � e0, which is the Dirac delta function in t�. This means

the principal value distribution limλ2Ñλ1 1{ipλ2 � λ1qpHq � 1. Based on this

observation, we present an explicit formula for νpIλ .
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Result 2.3 (Proposition 5.2.5) Let G be a compact simply connected semisim-

ple Lie group, g be its Lie algebra, g� be the dual of g, T be a maximal torus

of G, t be the Lie algebra (Cartan subalgebra) of T , t� be the dual of t, and

W be the Weyl group of t, t�. Let λ P Λ� � t� be a dominant highest weight.

Let πλ be a finite-dimensional irreducible unitary representation of G of highest

weight λ acting on a Hilbert space Hλ. Let Πpλq be the set of weights of the

irreducible unitary representation πλ, dλ be the dimension of πλ. Let mλpµq be
the multiplicity of the weight µ P Πpλq. Let D � Πpλq X Λ� be the subset of

dominant weights in Πpλq with cardinality |D| � q. Let Iλ be the moment set of

πλ. Then, the projection of the G-invariant probability measure of the moment

set Iλ on t�, denoted by νpIλ , is given by

νpIλ � p�1qdλ�1pdλ�1q!
q̧

k�1

¸
wPW {Wλk

mλpλkqewλk
�

q¹
j�1
j�k

¹
w1PW {Wλj

� �Fw1λj�wλk

��mpλjq ,

(1.3.8)

where each dominant weight λk, λj lie in D, and eλk
is the unit point mass at

λk, Fλk
is the arc-length measure along the ray of λk in t�, and w1λj � wλk �°l

i�1 tiαi, for αi P ∆, ti P Z, and Wλk
is the subgroup of W that stabilises λk.

Therefore, by the normalisation formula for
�
νpIλ

�_t
in p1.3.7q, we can com-

pare it with ppνp1q�nq_t of SUp2q. We have proved that
�
νpIn

�_t
indeed is equal

to ppνp1q�nq_t. Thus pνInq_g |t � ppν1q�nq_g|t. Since they are both G-invariant,

we have νIn � pν1q�n.

Result 2.4 (Proposition 5.2.4) Let G � SUp2q, T be a maximal torus of G, g, t

be their Lie algebras, respectively, and g�, t� be the duals of g, t. Let n P Λ� � Z�

be an integer dominant weight, πn be a pn� 1q-dimensional irreducible unitary

representation with respect to n, and In be the moment set of πn. Also, let O1

be the coadjoint orbit of the integer 1, and Πpnq be the set of the weights of

πλ. Denote pν1q�n the n-fold convolution of the (unique) G-invariant Liouville

measure of O1, and νIn the G-invariant probability measure of In. Then,

νIn � pν1q�n. (1.3.9)

9
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Let n ¥ 1, Πpnq � tn, n� 2, ...,�pn� 2q,�nu, we have

pνInq_g|tpHq � p�1qn n!
¸

kPΠpnq

eikH±
jPΠpnq

j�k

ipj � kqH �
�
sinpHq
H


n

� ppν1q�nq_g|tpHq

(1.3.10)

for H P t � R.

This is an important observation of this project. So far, this correspon-

dence in describing a moment set by convolutions of coadjoint orbits has only

been found for SUp2q. We have resolved Issue 3. Additionally, based on the

techniques developed in [18], we have also proved the density function for the

intersection between the moment set and the fundamental Weyl chamber IλXt�.

Let λ P Λ� � t�� be a highest weight, Iλ be the moment set of λ. Then the

G-invariant measure of the moment set Iλ, denoted by νIλ , is given by

νIλ �
»
t��

φpλ, λ2qνλ2 dλ2, (1.3.11)

where νλ2 is the unique probability G-invariant measure of the coadjoint orbit

Oλ2 , and φpλ, λ2q is a density function supported on IλX t��, which relies on the

choice of λ. Then

νpIλ �
»
t��

φpλ, λ2qνpλ2 dλ2. (1.3.12)

Result 2.5 (Proposition 5.2.7) Let t�0 be the interior of the fundamental dual

Weyl chamber t��. Suppose the intersection Iλ X t�0 is non-empty. Then the

density function

φpλ, ηq � C�1
η

� ¹
αPΦ�

Bα
�
νpIλpηq, η P t�0 , (1.3.13)

where Bα is the directional derivative of the root vector α, and

Cη �
¹
αPΦ�

pδ, αq{
¹
αPΦ�

pη, αq. (1.3.14)

When λ lies on a wall of t�, the intersection IλX t�� could be fully contained

in the closure of a minimal wall t�Ξ of t��, and we have a new formula for the

density function φpλ, �q.

10
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Result 2.6 (Proposition 5.2.8) Suppose IλX t�� is fully contained in the closure

of a minimal wall t�Ξ of t��, and let t�Ξ0
denote the interior of t�Ξ. Then the density

function

φpλ, ηq � C�1
η

��� ¹
αPΦ�zΦ�Ξ0

Bα

��
νpIλpηq, η P t�Ξ0
, (1.3.15)

where Φ�
Ξ0
� tα P Φ� : pλ, αq � 0,@λ P t�Ξ0

u, and

Cη �
±

αPΦ�pδ, αq±
αPΦ�zΦ�Ξ0

pη, αq �±αPΦ�Ξ0

pδη, αq , (1.3.16)

where δη � 1
2

°
αPΦ�Ξ0

α.

We have calculated examples of SUp3q and Spinp5q and used figures to

illustrate these density functions. Now, we are certain that pν1q�n is the measure

supported on the moment set In in Nelson’s formula for the Weyl calculus Wdπn .

So, we have also conducted a thorough review of Nelson’s original proof. It turns

out that there is missing a recursive function ψ of the non-constant-coefficient

differential operator x B
Bx . The original formula worked for π1 because ψ does

not affect the outcome of a 2-dimensional representation. Here, we present this

updated version of Nelson’s formula for irreducible unitary representations of

compact simply connected semisimple Lie groups. Since Cazzaniga’s work [9]

was original inspired by the Kirillov character formula, we call it Kirillov-type

non-commutative formula.

Result 3.1 (Proposition 6.3.3) Let G be a compact simply connected semisimple

Lie group, T be a maximal torus of G, and g, t be the Lie algebras of G, T ,

respectively. Let t� be the dual of t, and t�� be a chosen positive Weyl chamber

of t�. Let λ P Λ� � t�� be a dominant highest weight, πλ be the irreducible

unitary representation of the highest weight λ acting on a Hilbert space H, n be

the dimension of πλ, dπλ be the infinitesimal version of πλ, Iλ be the moment

set of πλ, and νIλ be the probability G-invariant measure on Iλ. Let tX1, ..., Xdu
be a basis of g, and denote x � X � °d

k�1 xjXj, for x P Rd. Then, the closed

form of the exponential mapping dπλ ÞÑ edπλ is given by

edπλpx�Xq � 1

pn� 1q!
n�1̧

k�0

n�k�1¸
j�0

j̧

m�0

p�1qn�k�j�1ϕn�k�j�1 px � dπλpXqq
pn� j �m� 1q!

� px � dπλpXqqk ψpm� 1q qνIλpx �Xq,
(1.3.17)

11
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where ϕjpAq is the sum of the principal minors of A of degree j,

qνIλpx �Xq � »
g�
eiβpx�Xq dνIλpβq, (1.3.18)

and

ψppq �
p̧

q�0

p�1qp�q p!

q!

�
x � BBx



� ψpq � 1q, (1.3.19)

with ψp�1q � 1.

So, we have resolved Issue 2. We have also performed detailed calculations

for edπ2 of SUp2q, and the defining representation of SUp3q and Spinp5q to

illustrate this formula. Furthermore, we have examined the differential operator

x B
Bx and established that it is a G-invariant differential operator which preserves

the G-invariance of an adjoint invariant function.

Result 3.2 (Proposition 6.2.5) Let G be a compact connected semisimple Lie

group, T be a maximal torus of G. Let g, t be the Lie algebras of G, T , respec-

tively. Let t� be the dual of t. Suppose dimpgq � d, and we let x P Rd, and

ξ P pRdq�. If f P Spgq is an adjoint invariant function, then�
x
B
Bx f


p
� �

�
ξ
B
Bξ � dI


 pf, (1.3.20)

and x B
Bx and ξ B

Bξ are G-invariant differential operators.

When we restrict Nelson’s formula to representations, we have found that

the existence of G-invariant differential operator x B
Bx is closely related to the

tensor products of representations. If we fix a basis for Hπλ
, and let πλ

1,1 be the

highest weight matrix coefficient of πλ, and let πλ, πλ1 for λ, λ
1 P Λ�, then the

highest weight coefficient of πλ�λ1

1,1 is πλ
1,1π

λ1

1,1, by the Clebsch-Gordan theorem.

However, if we lift πλ�λ1

1,1 to g by the exponential mapping and take the

Fourier transform, then it contain a term ξ B
BξνIλ � ξ B

BξνIλ1 . Since ξ B
Bξ does not

commute with convolution, this means that this convolution is not equal to�
ξ B
Bξ

	2

νIλ � νIλ1 . Also, because in general the moment set Iλ�λ1 is not equal to

Iλ � Iλ1 , so ξ
B
Bξ ensures that the support of the Fourier transform of πλ�λ1

1,1 is

not the same as the support of νIλ � νIλ1 , which is the sumset Iλ � Iλ1 . Clearly,

SUp2q is a special case and this finding provides a reasonable clarification for

Issue 1.
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If we take the g-Fourier transform of edπλ , with respect to the Killing form

of g, then we have the following.

Result 3.3 (Proposition 6.3.5) Let G be a compact simply connected semisimple

Lie group, T be a maximal torus of G, and g, t be the Lie algebras of G, T ,

respectively. Let t� be the dual of t, and t�� a chosen fundamental Weyl chamber

of t�. Let λ P Λ� � t�� be a dominant highest weight, πλ the irreducible unitary

representation of the highest weight of λ acting on a Hilbert space H, n be the

dimension of πλ, dπλ be the infinitesimal version of πλ, Iλ be the moment set

of πλ, and νIλ be the probability G-invariant measure on Iλ. Let tX1, ..., Xdu
be a basis of g, and denote x � X � °d

k�1 xjXj, for x P Rd. Let C be the

Cartan matrix of gC, and ζ � pβ, ξ, ηq P �
Rd

��
. Then the g-Fourier transform

of edπλpx�Xq, denoted by
�
edπλpx�Xq�^g

, can be written as

�
edπλpx�Xq�^g � 1

pn� 1q!
n�1̧

k�0

n�k�1¸
j�0

j̧

m�0

p�1qn�k�j�1
ϕn�k�j�1

�
dπλpXq � �i BBζ

	
pn� j �m� 1q!

�
�
dπλpXq � �i BBζ


k

ψpm� 1q � νIλ
� Dλ � νIλ ,

(1.3.21)

where ϕk is the sum of principal minors of order k, and ψ is a recursive function

of the theta differential operator ζ B
Bζ , given by

ψppq �
p̧

q�0

p�1qp�q p!

q!
�
�
�ζ BBζ � dI



� ψpq � 1q

where ψp�1q � 1, and

�i BBζ � �i
�
C�1 � BBβ ,

B
Bξ ,

B
Bη



.

Also, the support of
�
edπλpx�Xq�^g

satisfies

supp
�
Dλ � νIλ

� � conv pOλq and supp
�
Dλ � νIλ

�X t� � conv pW � λq .

The matrix of differential operators Dλ consists of polynomial of Euclidean dif-

ferential operator in some fundamental weight directions B
Bλi

, root directions

13
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B
Bα�j

, B
Bα�k

, and differential operator ζ B
Bζ . We have

B
Bλi � C�1

i � β,

where C�1
i is the i-th row of the inverse of the Cartan matrix C, β � pβ1, ..., βlq

is the tuple of simple roots ∆ � Φ. Also, we have

B
Bα�j

� B
Bξj � i

B
Bηj , and

B
Bα�k

� B
Bξk � i

B
Bηk ,

where α�j is a positive root in Φ, and α�k is a negative root in Φ.

Since the matrix coefficients of πλ are the fundamental building blocks of the

functions in CpGq and LppGq and now we have a good understanding of what

each irreducible unitary representation πλ � exp looks like, we can examine the

difference between the convolutions of the pair of arbitrary matrix coefficients

πλ
i,j�πλ

k,l inG and πλ
i,j�πλ

k,l�exp in g. However, if we compare this to the criteria of

wrapping map [19], then the lift of the matrix coefficients on g are not compactly

supported but are supported everywhere on g, and not G-invariant. However,

the matrix coefficients on G are compactly supported but not central on G.

Hence, the wrapping map does not apply directly to matrix coefficients.

But, we have observed that the convolution of any pair of matrix coefficients

in the same representation (the same equivalent class) πλ on G is either a matrix

coefficient in the same πλ or zero. Also, since G is compact, simply connected

and semisimple, each row and column of πλ form a copy of the representation

space of πλ, which can be generated by applying the vector fields induced by

the root vectors of gC to the highest weight matrix coefficient πλ
1,1.

Sigurdur Helgason [27] showed that the differential operators in g consist

of transversal differential operators and differential operators induced by the

action of G. In fact, the differential operators we found in Result 3.3 including

ζ B
Bζ are transversal differential operators. We have made connections between

the matrix coefficients and the differential operators induced by the action of G,

which allows us to lift the differentiation by vector fields on πλ
i,j to differentiation

by induced differential operators on πλ
i,j � exp.

Result 4.1 (Proposition 3.2.5) Let G be a compact simply connected semisimple

Lie group, g be its Lie algebra. Let πλ be a finite-dimensional irreducible unitary

14
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representation of G with the highest dominant weight λ on the Hilbert space Hπλ
.

Let dπλ
� dimpπλq, and fix an orthonormal basis tξ1, ...ξdπλu of Hπλ

(where ξ1

is the chosen highest weight vector). Define the matrix coefficient of πλ as

Ti,jp�q � xπλp�qξj, ξiy. Then the convolution of any pair of matrix coefficients is

given by

Ti,j � Tk,l � 1

dπ
Di,l

k,jT1,1, 1 ¤ i, j, k, l ¤ dπλ
, (1.3.22)

where Di,l
k,j is a polynomial of left and right invariant vector fields on G induced

by the root vectors in gC. Since G is simply connected, we can lift πλ to its Lie

algebra πλ � exp by the exponential mapping, that is, πλpexpXq � exppdπλpXqq,
for X P g, where dπλ is the skew-Hermitian infinitesimal representation of g.

Then, there exists a polynomial of vector fields induced by G on g, denoted by

pDi,l
k,jqG, such that

pTi,j � Tk,lqpexpXq � 1

dπ

�
Di,l

k,j

	G

T1,1pexpXq, 1 ¤ i, j, k, l ¤ dπλ
. (1.3.23)

This observation has resolved Issue 4. We have also constructed examples of

SUp2q and SUp3q to illustrate the actions of these induced differential operators

on the lift of matrix coefficients.

The representation theory of semisimple Lie algebra shows us that we can fix

a highest weight λ P Λ�, and generate all the weight spaces of the representation

dπλpgCq of a complex semisimple semisimple Lie algebra gC, by applying the

lowering operators induced by the negative roots in Φ to a chosen 1-dimensional

highest weight vector vλ. If we take a compact real form g of gC, we can obtain

dπλpgq, which is equal to the infinitesimal version of the representation πλ of a

compact simply connected semisimple Lie group G. However, in general dπλpgq
is not skew-Hermitian, so we may not apply the Kirillov-type non-commutative

formula, which is only for skew-Hermitian matrices. However, we have observed

that if we apply theWeyl’s unitarian trick, we may extend the non-commutative

formula to non-skew-Hermitian highest weight representations.

Result 4.2 (Proposition 6.4.1) Let G be a compact simply connected semisimple

Lie group, T be a maximal torus of G, and g, t be their Lie algebras, respectively.

Let π̃λ be an irreducible finite-dimensional highest weight representation (not

necessarily unitary) of G of λ P Λ�, and dπ̃λ be the infinitesimal version of

π̃λ in g (not necessarily skew-Hermitian). Then, for every X P g, there exists
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H P t and g P G such that the skew-Hermitian representation dπ̃λpHq satisfies
dπ̃λpHq � π̃pgqdπ̃λpXqπ̃pg�1q, and the Kirillov-type non-commutative formula

in Result 3.1 and 3.2 can be extended to the highest weight representation dπ̃λ.

Therefore, we have resolved Issue 5. We have also used the classical example

of the representation of sl2pCq (with compact real form sup2q) [30], to illustrate

this extension.

The detailed structure of each chapter is as follows.

In Chapter 2, we review the definition of a G-Hamiltonian symplectic man-

ifold, and its two canonical examples: coadjoint orbits and projective spaces of

unitary representations of Lie groups. We also study the orbit method on a com-

pact connected semisimple Lie group G, which is equivalent to the Borel-Weil

theorem. We give a comprehensive treatment of SUp2q. Firstly, we demon-

strate the orbit method on SUp2q [15], which realises the representation space

as homogeneous polynomials Pn spanned by tzn, zn�1, z1, 1u for z P C. Then,

we study the explicit construction for the irreducible unitary representation πn

of SUp2q of highest integer weight n acting on Pn [29], [21]. Finally, we study

Cazzaniga’s result [9]. He showed that each matrix coefficient of the Euclidean

Fourier transform of πn � exp is a polynomial of differential operators acting on

the rotationally invariant convolution measure pν1q�n, where ν1 is the surface

measure of the unit sphere in R3.

In Chapter 3, we study the properties of the matrix coefficients of unitary

representations of compact connected semisimple Lie groups [21], [30], and we

show that the convolution of any pair of matrix coefficients of an irreducible

highest weight unitary representation π of a compact simply connected semisim-

ple Lie group G is equivalent to applying a polynomial of invariant vector fields

on G to the highest weight matrix coefficient π1,1 of π. Then, we study the

transversality condition [27] of a semisimple Lie algebra g, and we also study

the general form of a differential operator in g, which contains transversal differ-

ential operators and vector fields induced by the action of G on g. Subsequently,

we show that the convolution of any pair of the lift of matrix coefficients on g by

exponential mapping of an irreducible highest weight unitary representation π

of a compact simply connected semisimple Lie group G is equivalent to applying

a polynomial of vector fields induced by the action of G on g, to the lift of the

highest weight matrix coefficient π1,1 � exp of π � exp on g. Furthermore, we

study the general form of the radial part of the Laplacian differential operator
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and constant-coefficient G-invariant differential operators in a semisimple Lie

algebra g, and one of its applications which it leads to a derivation of a continu-

ous version of the Kirillov character formula for compact connected semisimple

Lie groups.

In Chapter 4, we study the convolution structures of coadjoint orbits of

compact connected semisimple Lie groups [18]. Firstly, we study the explicit

formula for the projection of a G-invariant measure of a regular coadjoint orbit

Oλ in t�, denoted by µp
λ. The ‘basic tent’ is the projection of the coadjoint orbit

Oδ, and it acts as a foundation for the derivation of µp
λ. We also study an ex-

plicit formula for the convolution of any pair of regular coadjoint orbits. Next,

we study how to approximate the G-invariant Liouville measure of a singular

coadjoint orbit from a regular one. Finally, we use the convolution formula de-

veloped to calculate the singular supports of the n-fold convolution of coadjoint

orbits (unit 2-spheres) of SUp2q, and compare it with Cazzaniga’s result. The

techniques used in developing these formulas are important as we will use them

to develop a G-invariant measure of moment sets of unitary representations.

In Chapter 5, we review the convexity theorem of a G-Hamiltonian manifold

M , and study the properties of moment sets of unitary representations [55].

Then, we show the n-fold sumset of the moment set I1 of the irreducible unitary

representation π1 of SUp2q of the highest integer weight 1 is equal to the moment

set In of πn of SUp2q. In addition, we determine a subset of the intersection

Iλ X t� for a non-root distinct dominant weight λ P Λ�. Next, we derive an

explicit formula for the projection measure of νpIλ of the moment set Iλ, and

we use this formula to show that the G-invariant measure νIn of the moment

set In of SUp2q is equal to the n-fold convolution pν�n1 q of coadjoint orbit O1

of SUp2q. Finally, we use the techniques studied in Chapter 4 to derive the

density function of Iλ X t�� for two different scenarios: 1. Iλ X t�0 is non-empty;

2. Iλ X t�� is fully contained in a minimal wall of t��.

In Chapter 6, we review the definitions of Weyl calculus, Nelson’s formula

for Weyl calculus in a finite setting [40], and Raffoul’s results of support and sin-

gular support of Weyl calculus for general compact Lie groups [44], [17]. Then,

we discuss some interesting properties of the non-constant-coefficient differential

operator ζ B
Bζ (which generalises r B

Br for SUp2q) in g. In addition, we derive gen-

eralised Bessel functions for compact connected semisimple Lie groups, and use

these Bessel functions to show that ζ B
Bζ is a G-invariant differential operator in

17



CHAPTER 1. INTRODUCTION

g. Lastly, we derive a Kirillov type non-commutative formula for an irreducible

unitary highest weight representation πλ, which is an updated version of Nel-

son’s formula with a novel recursive function ψ of the differential operator ζ B
Bζ .

Also, we show that the g-Fourier transform of πλ � exp is an operator of polyno-

mials of differential operators in fundamental weight directions, root directions,

and ζ B
Bζ , acting on the G-invariant measure νIλ of the moment set Iλ of πλ.

Additionally, we show that the Kirillov-type non-commutative formula can be

extended to non-unitary highest weight representations.

In Chapter 7, we extend everything developed in previous chapters to the

symmetric space of compact type pG,Kq. We quote the Cartan-Helgason the-

orem as the starting point of this extension. We show how to calculate the

K-invariant vector vK from the Kirillov-type non-commutative formula, which

leads to the calculations of zonal and non-zonal spherical functions, as they cor-

respond to K-invariant and non-K-invariant measures with compact support in

the tangent space p at eK of the symmetric space G/K.

In the course of this project, we have developed Wolfram Mathematica pro-

grams to visualise the projection measures of coadjoint orbits onto t�, convo-

lution of coadjoint orbits intersecting the t�, and the moment sets intersecting

t�, for rank 2 simple Lie algebras. We have also calculated the matrix of poly-

nomials in Kirillov-type non-commutative formula and tested their correctness

with respect to the non-constant-coefficient differential operators induced by

the actions of G on g. We have also discussed the complexity of calculating this

formula, and written an efficient algorithm for calculations. These are detailed

in Appendix A.2.
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Chapter 2

Hamiltonian Manifolds and the

Kirillov Orbit Method

A G-Hamiltonian manifold is a symplectic manifold M with a Lie group G

action which supports a moment map and preserve the symplectic form on M .

Two canonical examples of G-Hamiltonian manifolds are: a coadjoint orbit O
in the dual Lie algebra g� by the adjoint action of G, and the projective space

PV of the representation space V of a finite-dimensional irreducible unitary

representation of G. The orbit method states that the holomorphic sections of

a line bundle on an integral coadjoint orbit form a representation space of G. In

this chapter, we examine the relationship between an integral coadjoint orbit O
of a compact connected semisimple Lie group G and the image of the moment

map associated with the finite-dimensional irreducible unitary representation of

G induced from O, utilizing the orbit method.

In Section 1.1, we give the definition of a G-Hamiltonian manifold, and study

the examples of O and PV by defining the symplectic 2 forms.

In Section 1.2, we study the generalised flag varieties of a complex semi-

simple Lie group GC, given by the quotient of GC{B, where B is the Borel

subgroup, and the corresponding full flag manifolds and degenerate manifolds

of the compact real form G.

In Section 1.3, we study the orbit method, which contains procedures includ-

ing: pre-quantisation, polarisation, quantisation and L2 conditions. We focus

on elaborating this method for compact connected semisimple Lie groups.

In Section 1.4, we propose a modern approach to the irreducible unitary

representations of the simplest non-commutative compact Lie groupG � SUp2q.
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We perform quantisation on the integral coadjoint orbits of SUp2q. Then, we

present the calculations of the irreducible unitary representation πn, where each

πn is identified by a positive integer n. We also show that the Euclidean Fourier

transform of πn � exp in the Lie algebra sup2q (which can be realised as R3),

consists of a polynomial of differential operators acting on a unique measure

supported in the convex hull of the coadjoint orbit On.

All content in this chapter is gathered from various sources. Additionally,

a few propositions are drawn from implicitly mentioned external resources and

are included to enhance coherence and logical consistency.

2.1 Hamiltonian Manifolds and Coadjoint Or-

bits

The contents of this section are extracted from [7], [51] and [55].

We introduce the concept of Hamiltonian manifolds and give two key ex-

amples. Our main objective in studying Hamiltonian manifolds is to study the

image of the moment map.

Definition 2.1.1. LetM be a differential manifold of even dimension. ThenM

carries a symplectic structure if there is a closed and non-degenerate differential

2-form ω on M that satisfies

dω � 0 and ωppX, Y q � 0, @Y P TpM implies X � 0.

where TpM is the tangent space at p P M . The pair pM,ωq is called a sym-

plectic manifold.

Definition 2.1.2. Let T �M be the cotangent bundle of M . The symplectic

form ω induces an isomorphism TM Ñ T �M , between vector fields and also a

differential 1-form in M , that is,

ωXpY q � ωpX, Y q, (2.1.1)

where X,Y are vector fields of M .

20



CHAPTER 2. HAMILTONIAN MANIFOLDS AND THE KIRILLOV
ORBIT METHOD

Definition 2.1.3. Let G be a Lie group, e be its identity element, and g be

the Lie algebra of G, which is also the tangent space TeG. Let t P R�, X P g,

t ÞÑ expptXq be the one-parameter subgroup of G that has derivative equal to

X at t � 0. The action of G on M is defined by G �M Ñ M . Every X P g

gives rise to a vector field XM in M, which is defined by

pXM .fqpmq � d

dt

����
t�0

fpexpp�tXq �mq, f P C8pMq. (2.1.2)

The map X ÞÑ XM is a Lie algebra homomorphism from g to the Lie algebra

of the vector fields on M .

Definition 2.1.4. A vector fieldX onM is called aHamiltonian vector field

if it is induced by a function H P C8pMq, and X corresponds to a differential

1-form dH by the identification ω : TM Ñ T �M . For each vector field Y , we

have

dHpY q � ωpX, Y q. (2.1.3)

Let X, Y be Hamiltonian vector fields with respect to functions HX , HY P
C8pMq, then tHX , HY u � ωpX,Y q � HrX,Y s, where t�, �u is the Poisson bracket

on C8pMq, and X Ñ HX is a Lie homomorphism from the Lie algebra of vector

fields to the Lie algebra of Hamiltonian vector fields.

Theorem 2.1.5 ([51], Theorem 38.A). Let a Lie group G act on a symplectic

manifold pM,ωq, and let H : M Ñ R be a smooth function on M . Let X P g

and XH be the Hamiltonian vector field corresponding to the smooth function

H. Suppose XH is given by

XHpmq � d

dt

����
t�0

expptXq �m, m PM, (2.1.4)

where t ÞÑ expptXq is the one-parameter subgroup of G. Then, expptXq pre-

serves the symplectic structure ω, i.e., expptXq � ω � ω, and the action of G is

called the Hamiltonian action and acts on M as a group of symplecto-

morphisms.

Definition 2.1.6. A moment map Ψ for the symplectomorphism of the G

action on M is an equivariant map

Ψ :M Ñ g�, (2.1.5)
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such that for every X P g, there is a Hamiltonian vector field XH onM induced

by a smooth function HX that gives ΨpmqpXq � HXpmq and dΨpXq � dHX �
ωXH

. The equivariance condition is given by Ψpg �mqpXq � ΨpmqpAdpg�1q �Xq
where Ad is the adjoint representation of G on g.

Definition 2.1.7. A symplectic manifold pM,ωq with the action ofG preserving

ω, also equipped with a moment map Ψ, is called a G-Hamiltonian manifold.

Here we look at three examples of G-Hamiltonian manifold.

Example 2.1.7.1. Let M � R2, G � SOp2q. The natural symplectic form is

ω � dx^ dy. The Lie algebra sop2q and SOp2q themselves are given by

X �
�

0 1

�1 0

�
, and eθX �

�
cos θ sin θ

� sin θ cos θ

�
, θ P R. (2.1.6)

The vector field on R2 induced by SOp2q can be derived as follows. The as-

sociated one-parameter subgroup with respect to X is given by the matrix

exponential:

etX �
�

cos t sin t

� sin t cos t

�
, t P R (2.1.7)

To find the vector field, we compute the derivative of the rotated coordinates

with respect to t, evaluated at t � 0. That is,

d

dt

����
t�0

�
cos t sin t

� sin t cos t

��
x

y

�
�

�
� sinptqx� cosptqy
� cosptqx� sinptqy

������
t�0

�
�
y

�x

�
. (2.1.8)

With respect to the partial derivatives B
Bx ,

B
By , the vector fieldX

R2
can be written

as:

XR2 � y
B
Bx � x

B
By . (2.1.9)

The symplectic 2-form ω acts on the vector field XR2
. To find the 1-form ωXR2 ,

we use the definition of the contraction of 2-form with a vector field:

ωXR2 � iXR2 pωq � iy B
Bx
�x B

By
pdx^ dyq � ydy � xp�dxq � xdx� ydy. (2.1.10)

We can also define a moment map Ψ for R2, that is

Ψpx, yq
�
XR2

	
� 1

2
px2 � y2q, (2.1.11)
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which reflects the angular momentum in R2 for SOp2q rotations that is propor-
tional to the distance to the origin. And, the exterior derivative dΨ is

dΨpx, yq
�
XR2

	
� BΨ
Bx dx�

BΨ
By dy � xdx� ydy. (2.1.12)

So, the differential of the moment map dΨ is equal to the one-form ωXR2 .

Example 2.1.7.2. Let G be a Lie group, g be its Lie algebra, g� be the dual of g

with respect to the Killing form x�, �y. Define the coadjoint representation of

G on g� by xAdpgq�β,Xy � xβ,Adpg�1qXy, for X P g, β P g�. For β P g�, define

the coadjoint orbit Oβ � tAdpgqβ : g P Gu. Let Gβ be the subgroup of G that

stabilises β and gβ � tX P g : xβ, rX,Y sy � 0,@Y P gu. Then Oβ � G{Gβ,

and TOβ is the tangent space of Oβ at β, which is given by TOβ � g{gβ.
Notice that gβ is the kernel of the map X ÞÑ xβ, rX,Y sy, for X P gβ and for

all Y P g. Hence, it induces a real non-degenerate 2-form pX, Y q ÞÑ ωβpX, Y q �
xβ, rX, Y sy on Oβ. The 2-form ωβ is also closed, that is, dω � 0. To see this,

notice that for every 2-form ω,

dωpX, Y, Zq � X.ωpY, Zq � Y.ωpX,Zq � Z.ωpX, Y q
� ωprX, Y s, Zq � ωprX,Zs, Y q � ωprY, Zs, Xq,

(2.1.13)

by ([39], Prop 14.32). Now X.ωβpY, Zq can be written as Y.X.xβ, Zy. Hence,

by the Jacobi identity, dω � 0. Therefore, a coadjoint orbit O is a symplectic

manifold, which implies it is even dimensional. The moment map is given by

the identity map Ψpβq � β, and ΨpβqpXq � xβ,Xy. Let Y O be a Hamiltonian

vector field on O induced by the action of G. Then at β P O,

dΨpβqpXqpY Oq � Y O.xβ,Xy

� d

dt

����
t�0

xβ,Adpexp�tY qXy

� xβ, rX, Y sy,

(2.1.14)

which is equal to ωXO . The 2-form ω is also called Kirillov-Kostant-Souriau

symplectic form. Coadjoint orbits play a key role in the subject of geometric

quantisation, which will be explained in detail in Section 2.3.

Example 2.1.7.3. ([55], Example.1.1) Let π be a finite-dimensional unitary

representation of a Lie group G acting on a complex Hilbert space V , where
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V is isomorphic to Cn, for certain integers n. Let p : V zt0u Ñ PV be the

projection from V to the complex projective space PV , which takes a non-zero

v to the complex line rvs passing through v. Then PV has a 2-form defined

in the following way: Let η1, η2 be tangent vectors of PV at rvs. Then there

exists v1, v2 in the tangent space of V at v, TvV � V , such that dppviq � ηi, for

i � 1, 2. Thus the 2-form ω is given by

ωrvspη1, η2q � Imaginary part of 2
xv1, v2yxv, vy � xv1, vyxv, v2y

xv, vy2 , (2.1.15)

which is real, anti-symmetric and bilinear. Note the action of G on V induces

an action of G on PV , which preserves ω. Thus G acts as a group of symplec-

tomorphisms. The moment map on PV is defined by

ΨprvsqpXq � 1

i

xdπpXqv, vy
xv, vy , (2.1.16)

for X P g, rvs P PV , where dπ is the skew-Hermitian infinitesimal version of

π. By the definition of moment map in Definition 2.1.6, for each X P g, the

smooth function HX on PV is defined by

HXprvsq � 1

i

xdπpXqv, vy
xv, vy . (2.1.17)

For η P TrvsPV , there is a ξ P TvV such that dppξq � η. Then, pdHXqrvspηq �
pη.HXqprvsq, which is equal to

� d

dt

����
t�0

1

i

xdπpXqpv � tξq, pv � tξqy
xpv � tξq, pv � tξqy

� 1

i

pxdπpXqv, ξy � xdπpXqξ, vyqxv, vy � xdπpXqv, vypxv, ξy � xξ, vyq
xv, vy2

� 2ImxdπpXqv, ξyxv, vy � 2ixdπpXqv, vyRexv, ξy
xv, vy2

� ωrvspXPV prvsq, ηq,

(2.1.18)

where X ÞÑ XPV is a Hamiltonian vector field on PV . Note that xv, vy is real,
xdπpXqv, vy is imaginary. Let XPV , Y PV be Hamiltonian vector fields with

respect to smooth functions HX , HY . Then by Definition 2.1.4, the Poisson
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bracket operation gives

tHX , HY u � 2Im
xdπpXqv, dπpY qvyxv, vy � xdπpXqv, vyxv, dπpY qvy

xv, vy2

� 2Im
xdπpXqv, dπpY qvy

xv, vy
� 1

i

xdπpXqv, dπpY qvy � xdπpY qv, dπpXqvy
xv, vy

� 1

i

xdπprX, Y sqv, vy
xv, vy � HrX,Y sprvsq,

(2.1.19)

so that X Ñ HX is a Lie homomorphism. Notice that the image of the moment

map, PV Ñ g� is adjoint invariant, so the image of the moment map of a

unitary representation is a union of coadjoint orbits in g�.

2.2 Generalised Flag Varieties and Coadjoint

Orbits

In this section, we study the complete and degenerate flag manifolds of compact

connected semisimple Lie groups and their relationships with coadjoint orbits.

Definition 2.2.1. Let G be an algebraic group. A subgroup B is called a

Borel subgroup if it is maximal among all Zariski closed connected solvable

subgroups. All Borel subgroups are mutually conjugate and the intersection of

any two contains a maximal torus in G.

Definition 2.2.2. Let T be the 1-dimensional circle group. A torus T of a

compact Lie group G is a compact connected abelian subgroup of G, which is

isomorphic to Tn � Rn{Zn. A torus T is maximal in G if for any torus T 1

containing T , we have T 1 � T .

Theorem 2.2.3 ([2] Theorem 4.21, [8], Theorem IV.1.6). Let T be a fixed

maximal torus in a compact Lie group G, then every element of G is conjugate

to an element of T .

Definition 2.2.4. Let G be a semisimple Lie group, and let P � G be a

parabolic subgroup, which is a closed subgroup of G that contains a Borel
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subgroup B. A generalised flag variety is a homogeneous space of the form

G{P (B � P ). The choice of P determines the structure of the flag variety.

For P � B, G{P is the complete flag variety, parametrising the most de-

tailed breakdown of subspaces. For larger P , G{P is a coarser flag variety,

parametrising partial decomposition.

Example 2.2.4.1. Let G � SL3pCq be the group of 3 � 3 complex matrices

with determinant 1. A flag in C3 is a nested sequence of subspaces:

V1 � V2 � C3, dimpV1q � 1 and dimpV2q � 2. (2.2.1)

The Borel subgroup B � G is the group of upper triangular matrices in SL3pCq.
The G{B parametrises the complete flags in C3. That is:

t0u � V1 � V2 � C3. (2.2.2)

Let P be the parabolic subgroup that stabilises a one-dimensional subspace in

C3. G{P is known as the Grassmannian Grp1, 3q, which parametrises all lines

(one-dimensional subspaces) in C3, corresponding to the partial flag

t0u � V1 � C3. (2.2.3)

The explicit matrix form of P , the stabiliser of the one-dimensional subspace

V1 � C3, is as follows:

P �

$'&'%
���a11 a12 a13

0 a22 a23

0 a32 a33

��
P SL3pCq

������� a11pa22a33 � a23a32q � 1

,/./- . (2.2.4)

Definition 2.2.5. Let G be a Lie group, and let g be its Lie algebra. Let p�, �q
be the Killing form of g. The coadjoint action Ad� of G in the dual Lie algebra

g� is defined by pAd�pgqβ,Xq � pβ,Adpg�1qXq, for β P g� and X P g. Define

the coadjoint orbit passing through β by Oβ � tAd�pgqβ : @g P Gu. In

addition, define the stabiliser subgroup of β as Gβ � tg P G : Ad�pgqβ � βu.
Then, Oβ � G{Gβ. In addition, Oβ is a symplectic (flag) manifold with the

2-form given by ωβpX, Y q � pβ, rX, Y sq, for X, Y P g.
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Example 2.2.5.1. Let G � SUp2q, the Lie algebra sup2q � R3. The Lie

algebra of a maximal torus t � R. Let t� be the dual of t, and for every nonzero

β P t�, the coadjoint orbit Oβ is isomorphic to a 2-sphere in R3. This can also

be realised by the construction of Hopf fibration.

Theorem 2.2.6 ([34], Theorem.3.1). Let G be a compact connected semisimple

Lie group, then there are finitely many types of coadjoint orbits as a homoge-

neous manifold under the action of G. That is, if T is a maximal torus of G,

then there exists a subgroup Gi, for 1 ¤ i ¤ k for some finite number k, such

that T � Gi � G and every subgroup between T and G is conjugate to some Gi,

and every coadjoint orbit is isomorphic to a homogeneous manifold Xi � G{Gi.

Definition 2.2.7. Let G be a compact connected semisimple Lie group, the

homogeneous manifold X � G{T is called the complete flag manifold of G,

and the others Xi � G{Gi are called the degenerate flag manifolds, which

can be obtained from the X by a projection whose fibres are isomorphic to

lower-dimensional flag manifolds Gi{T .

Example 2.2.7.1. Let G � SUp3q. A maximal torus T of SUp3q can be

realised as

T �

$'&'%
���e

iθ1 0 0

0 eiθ2 0

0 0 e�ipθ1�θ2q

��
P SUp3q

������� θ1 P R, θ2 P R

,/./- . (2.2.5)

The homogeneous manifold SUp3q{T describes the complete unitary flags in C3.

SUp3q{T is also a real form of the complex homogeneous manifold SL3pCq{B
in Example 2.2.4.1. Another real form of SL3pCq{B is the real homogeneous

manifold SL3pRq{TR (which describes the complete orthogonal flags in R3),

where TR is a maximal torus of SL3pRq that has explicit matrix form as follows:

TR �

$'&'%
���t1 0 0

0 t2 0

0 0 t3

��
P SL3pRq

������� t1t2t3 � 1

,/./- . (2.2.6)

Let SpUp2q � Tq be a subgroup of SUp3q (‘S’ is the special condition for the

determinant being 1). Then, SUp3q{SpUp2q � Tq is a degenerate flag manifold
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that parametrises the partial flag

t0u � V2 � C3, (2.2.7)

where dimpV2q � 2. Here, Up2q preserves V2, and T rotates the orthogonal

direction V K
2 , and it ensures all possible ways that a 2-dimensional subspace can

sit inside C3. SUp3q{SpUp2q�Tq is also known as Grp2, 3q, which parametrises

all planes in C3.

Definition 2.2.8. Let G be a compact connected semisimple Lie group, T be

a maximal torus. Define the normaliser subgroup of G in T by NpT q � tg P
G : gTg�1 � T u, and the centraliser CpT q � tg P G : gtg�1 � t, @t P T u.
Then the Weyl group of G is given by the quotient group W � NpT q{CpT q.
Since T is a maximal abelian subgroup of G, it follows that CpT q � T . Hence,

W � NpT q{T .

Example 2.2.8.1. Let G � SUp2q. A maximal torus T is defined by

T �
#�

eiθ 0

0 e�iθ

������ θ P R

+
. (2.2.8)

The Weyl group of SUp2q acts on T by conjugation and permutes the elements

on the diagonal. It follows that the Weyl group has representatives

W �
#�

1 0

0 1

�
,

�
0 1

�1 0

�+
. (2.2.9)

Definition 2.2.9. Let g be a complex semisimple Lie algebra, t be a Cartan

subalgebra of g. Let Φ be the chosen root system of g. The root space

decomposition of g is given by

g � t`
¸
αPΦ

gα, (2.2.10)

where gα � tX P g : rH,Xs � αpHqX, @H P tu, and αpHq � pHα, Hq is a

linear functional with respect to the Killing form p�, �q. In addition, every gα is

one-dimensional, and every root space is in pairs, that is, for each α P Φ, �α is

also in Φ.
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Example 2.2.9.1. Let the complex semisimple Lie algebra g � sl3pCq. The

root system Φ of sl3pCq contains 6 roots:

Φ � tα1,�α1, α2,�α2, α1 � α2,�pα1 � α2qu. (2.2.11)

Let p�, �q be the Killing form and t� be the dual Cartan subalgebra. Define

xξ, γy � 2pξ, γq
pγ, γq , ξ, γ P t�. (2.2.12)

For the roots α1, α2 above, they satisfy xα1, α2y � xα2, α1y � �1.

Definition 2.2.10. Let gC be a complex semisimple Lie algebra, t be a Cartan

subalgebra of gC, Φ be the chosen root system of gC, Φ� be the set of positive

roots in Φ, and ∆ � Φ be the subset of simple roots (which spans Φ). Let

Xα, Yα be the one-dimensional positive and negative root vectors with respect

to a root α P Φ�. Also, let Hα be the dual of a root α P Φ in t. The unique (up

to isomorphism) compact real form g of gC is given by

g �
¸
αP∆

RpiHαq �
¸

αPΦ�
RpXα � Yαq �

¸
αPΦ�

RipXα � Yαq. (2.2.13)

Example 2.2.10.1. Let gC � sl3pCq. The compact real form of sl3pCq is sup3q.
The root system Φ of sl3pCq is

Φ � tα1,�α1, α2,�α2, α1 � α2,�pα1 � α2qu. (2.2.14)

With respect to the root system Φ, the standard basis of sl3pCq ([26], Section
6.5) is given by

Hα1 �

���1 0 0

0 �1 0

0 0 0

��
, Hα2 �

���0 0 0

0 1 0

0 0 �1

��
,

Xα1 �

���0 1 0

0 0 0

0 0 0

��
, Xα2 �

���0 0 0

0 0 1

0 0 0

��
, Xα1�α2 �

���0 0 1

0 0 0

0 0 0

��
,

Yα1 �

���0 0 0

1 0 0

0 0 0

��
, Yα2 �

���0 0 0

0 0 0

0 1 0

��
, Yα1�α2 �

���0 0 0

0 0 0

1 0 0

��
.

(2.2.15)
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Now, by the compact real form p2.2.13q, the standard basis of sup3q is given by

H1 �

���i 0 0

0 �i 0

0 0 0

��
, H2 �

���0 0 0

0 i 0

0 0 �i

��
,

X1 �

��� 0 1 0

�1 0 0

0 0 0

��
, X2 �

���0 0 0

0 0 1

0 �1 0

��
, X3 �

��� 0 0 1

0 0 0

�1 0 0

��
,

Y1 �

���0 i 0

i 0 0

0 0 0

��
, Y2 �

���0 0 0

0 0 i

0 i 0

��
, Y3 �

���0 0 i

0 0 0

i 0 0

��
.

(2.2.16)

Definition 2.2.11. Let g be a complex semisimple Lie algebra, t be a Cartan

subalgebra of g, and Φ be the chosen root system of g. For any α P Φ, define

kα � tH P t : αpHq � 0u, a subspace of t. It is clear that kα � k�α. Let Φ
� be

the subset of all positive roots, and let Φ�
0 � Φ�, and define the subspace

kΦ�0 � tH P t : αpHq � 0, @α P Φ�
0 u �

£
αPΦ�0

kα. (2.2.17)

A wall of t is any subspace of the form kΦ�0 for some Φ�
0 � Φ�.

Definition 2.2.12. Let g be a complex semisimple Lie algebra, t be a Cartan

subalgebra of g, and Φ be the chosen root system of g. The fundamental

Weyl chamber of t can be defined by t� � tH P t : αpHq ¥ 0,@α P ∆u, and
the interior of t�, denoted by t0, can be defined by t0 � tH P t : αpHq ¡
0, @α P ∆u. The intersection of a wall with t� is called a face of t�. Let l

be the rank of t, and tHiuli�1 be the set of all one-dimensional faces of t�, the

fundamental Weyl chamber

t� �
#

ļ

i�1

ciHi : @ci ¥ 0

+
. (2.2.18)

In fact, each Hi is called a fundamental weight vector of t.
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Example 2.2.12.1. Let gC � sl3pCq. The rank of Cartan subalgebra t is equal

to 2. The Cartan matrix C ([30] Sec.13) of sl3pCq is given by

C �
�
xα1, α1y xα1, α2y
xα2, α1y xα2, α2y

�
�
�

2 �1
�1 2

�
. (2.2.19)

The inverse of C is

C�1 �
�

2
3

1
3

1
3

2
3

�
. (2.2.20)

Let t� be the dual of t, and the two fundamental weight vectors of t�, λ1 and

λ2 can be written as

λ1 � 2

3
α1 � 1

3
α2, λ2 � 1

3
α1 � 2

3
α2. (2.2.21)

Note that tλ1, λ2u are also the dual basis of tα2, α1u that spans t�. So, the

fundamental Weyl chamber of t� is given by

t�� �
#

2̧

i�1

ciλi : @ci ¥ 0

+
. (2.2.22)

In addition, tc1λ1 : @c1 ¥ 0u and tc2λ2 : @c2 ¥ 0u are the minimal walls of t��.

Lemma 2.2.13 ([18], Lemma 1.2). Suppose k � t is a wall, let Φ�
k � tα P Φ� :

k � kαu, and gk �
°

αPΦ�k pgα� g�αq. If we denote the centraliser of k in g by

Cgpkq, then it is given by

Cgpkq � tX P g : rX, Y s � 0, @Y P ku. (2.2.23)

Then Cgpkq � t` gk.

Lemma 2.2.14 ([18], Proposition 4.2). Fix a wall k in t, let kK � t be its

orthogonal complement in t, and let hk � kK ` gk. Then hk is a subalgebra of

Cgpkq, is semisimple, commutes with k, and kK is a maximal abelian subalgebra.

Define Wk � tw P W : wH � H, @H P ku. Then Wk is the Weyl group of hk.

Definition 2.2.15. Let g be a complex semisimple Lie algebra, t be a Cartan

subalgebra of g, andW be the Weyl group of t. Let t� be the fundamental Weyl

chamber of t, and let t0 be the interior of t�. Suppose an element γ P W �t0, then
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it is called a regular element of t, otherwise it is called a singular element

of t.

Proposition 2.2.16. Let G be a compact connected semisimple Lie group, T be

a maximal torus of G, g and t be their Lie algebras and g�, t� be their respective

duals. The complexification of t is a Cartan subalgebra tC. Let β P t�, and Gβ

be the stabiliser subgroup of β. If β is regular, then Gβ � T . Otherwise, β is

singular and lies on a wall of dual Weyl chambers, and Gβ � T . Let gβ be the

Lie algebra of Gβ. Then, the complexification of gβ, denoted by gCβ , is given by

gCβ � tC `
¸

αPΦ�β

pgα � g�αq , (2.2.24)

where Φ�
β � tα P Φ� : αpHβq � 0u, and Hβ is the dual of β in t.

Proof. Because t� � t, we can identify β P t� with its dual Hβ P t. The Lie

algebra of the stabiliser Gβ is given by gβ � tX P g : rX,Hβs � 0u. If Hβ

lies off the wall of t (in an interior of a Weyl chamber of t) and because t is a

maximal abelian subalgebra, it follows that gβ � t. Suppose now that Hβ lies on

a minimal wall k of (a Weyl chamber of) t, then by Definition 2.2.12, k is spanned

by some fundamental weight vectors. Since k is a minimal wall that contains Hβ

(so they have the same dimension), hence Φ�
k � tα P Φ� : αpHβq � 0u � Φ�

β ,

the proposition then follows by Lemma 2.2.13.

Example 2.2.16.1. Let g � sup3q, gC � sl3pCq be its complexification, and t be

a Cartan subalgebra of sup3q. Let λ1 be the first fundamental weight vector in a

dual Cartan subalgebra t�, and suppose that β lies on the wall tc1λ1 : @c1 ¥ 0u
of t�� (Example 2.2.12.1). So, β � cλ1 for some c P R�. Let Gβ be the stabiliser

of β. Since λ1 is dual to α2, i.e., pλ1, α2q � 0. So, the complexification of the

Lie algebra of the stabiliser gCβ , is given by

gCβ � tC ` pgα2 � g�α2q , (2.2.25)

where tC contains two copies of the complexification of the Lie algebra of the

1-torus T. Thus, gCβ is also the complexification of the Lie algebra of Up2q � T.
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Definition 2.2.17. Let V be a finite-dimensional vector space over R with a

positive definite symmetric bilinear form pα, βq, for α, β P V . Any nonzero

vector α determines a reflection σα, with respect to a hyperplane Pα � tβ P
V : pβ, αq � 0u. The formula for σα is given by

σαpβq � β � 2pβ, αq
pα, αq α, for α, β P V. (2.2.26)

Proposition 2.2.18. Let β lie on a wall of t�. The Weyl orbit of β is isomor-

phic to the quotient group W {Wβ, where Wβ � tw P W : wβ � βu.

Proof. This follows from the properties of the Weyl group ([30], Theorem 10.3),

and an element lying on a wall of t� is orthogonal to a subset of simple roots

(with respect to the dual Killing form) corresponding to these simple reflections

and the combination of these simple reflections that constitute a Weyl group

element.

Example 2.2.18.1. Let ∆ � tα1, α2u � Φ be the set of simple roots of sl3pCq.
Let σα1 and σα2 be the simple reflections with respect to α1 and α2. The Weyl

group W of sl3pCq contains 6 elements and is given by

W � te, σα1 , σα2 , σα2σα1 , σα1σα2 , σα2σα1σα2u. (2.2.27)

Let β � λ1, which lies on the wall spanned by λ1 (a fundamental weight vector).

So, the Weyl group Wβ stabilising β, is given by Wβ � te, σα2u. Hence, the

quotient group W {Wβ is given by

W {Wβ � te, σα1 , σα2σα1u, (2.2.28)

which is isomorphic to the the Weyl orbit of λ1. That is,

W � β � tλ1, λ1 � α1, λ1 � α1 � α2u. (2.2.29)

Proposition 2.2.19. The coadjoint orbits of a compact connected semisimple

Lie group G are even-dimensional.

Proof. The dimension of Oβ is equal to dimpg{gβq, and since dimpg{gβq �
dimpgC{gCβ q, and whether β lies on a wall or not, the complexification of the
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tangent space TOC
β � gC{gCβ is always isomorphic to the sum of the pairs of

root spaces (positive and negative), by Proposition 2.2.16 and Definition 2.2.9.

Hence, TOC
β is always even-dimensional.

Remark. In fact, every coadjoint orbit is even-dimensional, since every O is

a symplectic manifold with a non-degenerate 2-form ω. Let P be the maximal

isotropic subspace of TOC, i.e., ωpP, P q � 0, then dimP � 1
2
dimTOC by ([1],

Proposition 5.3.2).

Definition 2.2.20. Let G be a compact connected semisimple Lie group, T be

a maximal torus of G. Let g, t be the Lie algebras of G and T , respectively. Let

t� be the dual of t. Let β P t�, and β is called integral if iβp�q is the differential
of a character χ of T , that is, dχ : t Ñ C. To be precise, β lies in the integral

lattice L in t�, for which every β P L satisfies

2
pβ, αq
pα, αq P Z, @α P Φ. (2.2.30)

Every character χ of T can be uniquely extended to a holomorphic (non-unitary)

character of the Borel subgroup B of GC that contains T , given by the same

formula on TC and is trivial on the commutator subgroup N � rB,Bs.

Remark. A coadjoint orbit containing an element that is in the integral lattice

of t� is called an integral coadjoint orbit.

Proposition 2.2.21. Let G be a compact connected semisimple Lie group, and

T be a maximal torus of G. Let g, t be the Lie algebras of G and T , respectively.

Let t� be the dual of t. If β P t� is integral, then the characters of Gβ coincide

with the characters of T .

Proof. When β lies on a wall of a Weyl chamber in t, the stabiliser of β, Gβ � T ,

and since iβ is trivial on
°

αPΦ�β pgα � g�αq with respect to the Killing form, so

iβ is well defined in gβ by Proposition 2.2.16. Otherwise, Gβ � T , so the

proposition follows.

2.3 Holomorphic Sections of Line Bundles

Let gC be a complex semisimple Lie algebra, g be its compact real form (unique

up to isomorphism), which corresponds to a compact simply connected Lie group
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G. The theorem of highest weight classifies the irreducible representations of

gC and G. It says that there is a bijection between the set of dominant integral

weights and the set of equivalence classes of irreducible representations of gC

or G. This theorem was initially developed by E. Cartan, and the version for

compact Lie group is due to Hermann Weyl.

The Borel-Weil theory is a modern interpretation of the theorem of the

highest weight. It says that an integral weight λ determines a GC-equivariant

holomorphic line bundle Lλ on the flag manifold X � GC{B, and GC acts on

its space of global sections ΓpGC{B,Lλq. This is an irreducible holomorphic

representation if λ is dominant weight.

The orbit method shows how to associate an integral coadjoint orbit of G

with an irreducible unitary representation of G. It was introduced by A.A

Kirillov [32] to describe the irreducible representations of nilpotent groups, and

it generalises the Borel-Weil theorem for compact connected semisimple Lie

groups. It can also be applied to classify representations of a semi-direct product

of a Lie group with a vector group.

In this section, we look at how to perform quantisation to obtain the repre-

sentations in holomorphic sections of line bundles of compact connected semisim-

ple Lie groups. However, some definitions are not necessarily limited to compact

cases if otherwise specified. The main content of this section is adopted from

[13], [15].

Definition 2.3.1. Let g be a complex semisimple Lie algebra, t be a Cartan

subalgebra t � g, t� be the dual of t, and Φ be the chosen root system of g. Let

Λ denote the set of integral element of t�. An integral element λ P Λ is said

to be dominant if xλ, αy ¥ 0,@α P Φ�. Each integral element λ P Λ is also

called a weight if it is associated with an eigenspace of a representation of g.

Theorem 2.3.2 ([26], Theorem 9.5). (E. Cartan’s Theorem of Highest

Weight) Let g be a complex semisimple Lie algebra, t be a Cartan subalgebra

of g, t� be the dual of t, and t�� be the fundamental Weyl chamber of t�. Let

Λ� � t�� be the set of all dominant integral weights in Λ � t�. Then for each

element λ P Λ�, there exists an irreducible finite-dimensional representation of

g with the highest weight λ.
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Example 2.3.2.1 ([30], Lemma 7.2). Let gC � sl2pCq. It has a standard basis

which is given by

H �
�
1 0

0 1

�
, X �

�
0 1

0 0

�
, Y �

�
0 0

1 0

�
. (2.3.1)

They satisfy Lie bracket operations rH,Xs � 2X, rH,Y s � �2Y, rX, Y s �
H. Assume V is an irreducible sl2pCq-module. H acts diagonally on V and

decomposes V into a direct sum of the eigenspaces Vµ � tv P V |H.v � µ � vu,
for µ P Λ. Let λ P Λ� be a dominant highest weight. Choose vλ to be a maximal

vector in Vλ, and let v�1 � 0, vi � p1{i!qY i.vλ (i ¥ 0). Then,

1. H.vi � pλ� 2iqvi,

2. Y.vi � pi� 1qvi�1,

3. X.vi � pλ� i� 1qvi�1 pi ¥ 0q,

where X and Y are called raising and lowering operators. In this case, the

action of Y can be applied successively to vλ to generate the entire eigenspaces

of H. These eigenspaces are also called the weight spaces of H, and these

weights are from the set tλ, λ� 2, λ� 4, ...,�λ� 2,�λu � Λ.

Theorem 2.3.3 ([34], Theorem 3.1). (Borel-Weil) The space ΓpGC{B,Lλq is

nonzero exactly when the integral element λ P Λ� is a dominant weight, and

in this case ΓpGC{B,Lλq corresponds to an irreducible representation σλ of GC

with highest weight λ. Its restriction to the compact real form G is an irreducible

unitary representation πλ with highest weight λ.

Remark. The Borel-Weil-Bott theorem [22] is built on the Borel-Weil theorem,

and is an extension of the space of sections (the zero cohomology group, denoted

by H0pGC{B,Lλq), to higher cohomology groups HkpGC{B,Lλq, due to R. Bott.

Next, we introduce the general procedures of the orbit method.

Definition 2.3.4. Let G be a semisimple Lie group, g be its Lie algebra, g�

the dual of g. Let Oβ be an integral coadjoint orbit passing through β, and χβ :

Gβ Ñ C the character of the stabiliser subgroup Gβ. Define a G-module induced

from χ
β as Vβ � tf P C8pGq : fpg�1xq � χ

βpgqfpxq, @g P Gβ, @x P Gu, with
the action of Gβ on the product group G � C by g.px, λq � pg�1x, χβpgqλq for
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g P Gβ, x P G, λ P C. The orbit of Gβ in G is isomorphic to the coset space

G{Gβ which may be identified by Oβ through gGβ ÞÑ g � β. If E is the Gβ orbit

of G � C, then a smooth function f P Vβ induces a section (graph morphism)

f̃ : Oβ Ñ E of the line bundle E over Oβ. We denote the space of sections by

ΓpEq. This procedure is called pre-quantisation.

Definition 2.3.5. Let G be a semisimple Lie group, g be its Lie algebra, g� be

the dual of g, and gC be the complexification of g. For β P g�, let gβ be the Lie

algebra of the stabiliser subgroup Gβ of β. Let f P Vβ, as defined above. We

define the β-derivative in a complex direction X � X1 � iX2 P gC by

∇̃Xfpgq � d

dt
fpexpp�tX1qgq

����
t�0

�i d
dt
fpexpp�tX2qgq

����
t�0

�iβpXqfpgq, (2.3.2)

where ∇̃Xfpgq again belongs to Vβ, since theG-action g�∇̃Xpfq � χpgq∇̃g�Xpfq P
Vβ, @g P Gβ. Note that if X P gCβ , then ∇̃Xfpgq � 0.

Definition 2.3.6. Let G be a semisimple Lie group, g be its Lie algebra, g� be

the dual of g, and gC be the complexification of g. For β P g�, let gβ be the Lie

algebra of the stabiliser subgroup Gβ of β. The β-derivative ∇̃ induces a linear

map ∇X : ΓpEq Ñ ΓpEq. Let gCβ be the complexification of the Lie algebra gβ of

Gβ. For eachX P gCβ , s P ΓpEq,∇Xs � 0, and∇Xs depends on the cosetX� gCβ .

Hence, ∇X is a well-defined linear map for each X P gC{gCβ � TOβ
C, which is

the complexification of the tangent space at β. Since X induces a vector field

on O, ∇X is a connection. It is G-invariant because ∇Xpg � sq � g �∇g�1�Xpsq,
@g P G and @s P ΓpEq.

Definition 2.3.7. Let G be a semisimple Lie group, g be its Lie algebra, and

g� be the dual of g. Let β P g�, and a polarisation for the coadjoint orbit Oβ

equipped with a symplectic form pO, ωq is an assignment of a subspace Pβ of

the complexification of the tangent space at β, denoted by TOC
β , satisfying the

following conditions:

1. Pβ is a maximal isotropic subspace of TOC
β , meaning that ωpPβ, Pβq �

0 and Pβ has maximal dimension among such spaces.

2. The assignment β Ñ Pβ is integrable. If X, Y are complex vector fields

over O taking value in P , then their Lie bracket rX,Y s also takes value

in P . That is, for all β P O, if Xpβq, Y pβq P Pβ, then rXpβq, Y pβqs P Pβ.

37



CHAPTER 2. HAMILTONIAN MANIFOLDS AND THE KIRILLOV
ORBIT METHOD

3. The assignment β Ñ Pβ is smooth, meaning that if X P Pβ, then there

exists a smooth complex vector field ξ on O such that ξpβq � X.

4. The sum of subspaces β Ñ Pβ � P β is also integrable over O.

Furthermore, a polarisation P is called G-invariant if for every g P G, β P O,

the polarisation satisfies the equivariance condition:

Pg�β � AgpPβq (2.3.3)

where Ag : TβOC Ñ Tg�βOC is the differential of the G-action of conjugation.

Remark. The space of sections ΓpEq is not necessarily irreducible. So, the

purpose of polarisation is to help identify an irreducible subspace ΓpEq1 � ΓpEq
such that ΓpEq1 � ts P ΓpEq : ∇̃X s � 0, @X P P u. This procedure of finding

ΓpEq1 is called quantisation.

Example 2.3.7.1. Let G be a semisimple Lie group, g be its Lie algebra. Let

β P g, and any polarisation Pβ satisfying

1. Pβ X P β � 0,

2. Pβ � P β � TOC
β ,

is called a Kähler polarisation. (There are also non-Kähler Polarisation, e.g.,

nilpotent Lie groups.)

In fact, assigning a polarisation to a coadjoint orbit is equivalent to finding

a Lie subalgebra h � gC, which is also a maximal isotropic subspace of gC that

contains Pβ.

Definition 2.3.8. Let G be a semisimple Lie group, g be its Lie algebra, and gC

be the complexification of g. A complex Lie subalgebra h of gC corresponds

to a polarisation P satisfies the following conditions:

1. h � gCβ and AdpGβqh � h.

2. pβ, rh, hsq � 0 and h is a maximal isotropic subspace of gC.

3. ∇̃Xf � 0 for X P h, f P ΓpEq1.

4. hX h � gCβ and h� h � gC.
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Example 2.3.8.1. The polarisations for compact connected semisimple Lie

groups are Kähler polarisations. Let G be a compact connected semisimple Lie

group, g be its Lie algebra, g� be the dual of g. Let β be a regular element

in the Lie subalgebra of a maximal torus t� � g�. The Lie subalgebra h � gC

corresponding to Pβ can be written as

h � tC `
¸

αPΦ�
gα, (2.3.4)

where each gα is a one-dimensional eigenspace of the adjoint representation of

tC. Since rh, hs � °
αPΦ� gα, h is a maximal isotropic subspace of gC. Similarly,

if β is not regular, the Lie subalgebra h1 � gC corresponding to the polarisation

Pβ can be written as

h1 � gCβ `
¸

αPpΦ�q1
gα, (2.3.5)

where pΦ�q1 contains all the positive roots in Φ� so that for each α P pΦ�q1,
αpHβq � 0, for which Hβ is the dual element of β in t�. This is because

rh1, h1s �
¸

αPΦ�β

CHα `
¸

αPpΦ�q1
gα. (2.3.6)

In addition, note that gC{h � °
αPΦ� g�α and gC{h1 � °

αPpΦ�q1 g�α. Since each

root in Φ appears in a pair, we have dimpgC{hq � 1
2
dim

�
gC{gCβ

� � 1
2
dim pg{gβq,

and dimpgC{h1q � 1
2
dim

�
gC{gCβ

� � 1
2
dim pg{gβq.

Proposition 2.3.9. A real even-dimensional symplectic manifold pO, ωq with

Kähler polarisation admits a complex structure.

Proof. Since each coadjoint orbit O is even-dimensional, so it admits an almost

complex structure J , where the linear map J : TOC Ñ TOC, satisfies J2 � �1.
Explicitly, we let JpXq � iX1 � iX2 for X1 P P and X2 P P , where X �
X1 � X2 P TOC. The Newlander–Nirenberg theorem [41] says that an almost

complex structure J on a differential manifoldM is integrable and induced from

a holomorphic structure on M if and only if the Nijenhuis tensor NJ � 0. The

Nijenhuis tensor is defined by

NJpX, Y q � rX, Y s � JprJX, Y s � rX, JY sq � rJX, JY s. (2.3.7)

Since P is integrable, we can show that NJpX, Y q � 0 for X, Y P P �P � TOC.

Hence, the space of sections ΓpE,P q is holomorphic.
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2.4 L2 Condition and Image of Moment Map

Definition 2.4.1. Let G be a compact connected semisimple Lie group, g be its

Lie algebra, and g� be the dual of g. Let O be a coadjoint orbit in g� with even

dimension n, and ω be the symplectic form on O. The Liouville measure µO

on a coadjoint orbit O is defined by µO � ω ^ ... ^ ω, 1
2
n-times. Let Γ2pE,P q

denote the finite-dimensional square-integrable irreducible holomorphic sections

of a line bundle E with polarisation P (a G-invariant Hilbert space), then the

inner product on Γ2pE,P q is defined by»
O
|spβq|2 dµOpβq   8, for all s P ΓpE,P q. (2.4.1)

O is always compact as it is a continuous image of a compact subset of G.

Remark. By the Borel-Weil theorem, the representation of a compact Lie group

G on Γ2pE,P q is irreducible and unitary.

Kirillov [33] also proved an analytic version of the character formula, which

demonstrates strong connections between irreducible unitary representations

and integral coadjoint orbits.

Theorem 2.4.2 ([33], Theorem 2). Let G be a compact semisimple Lie group,

g be its Lie algebra. Let λ be a dominant weight in Λ�, δ be the half-sum of

positive roots in Φ�, and µλ�δ be the Liouville measure of the coadjoint orbit

passing through λ�δ. Let j be the square root of the Jacobian of the exponential

map, χλ�exp be the lift of the character of the irreducible unitary representation

with respect to a highest weight λ. Then the Kirillov character formula is

given by

jpXqχλpexpXq �
»
Oλ�δ

eiβpXq dµλ�δpβq, X P g. (2.4.2)

Remark. The Kirillov character formula is exact when G is compact. How-

ever, when G is not compact, this formula needs more interpretation, since the

coadjoint orbit is no longer compact and µOλ�δ
is not compactly supported. In

Chapter 3, we give an alternative interpretation of this formula, which is a

special case of the result of an G-invariant differential operator with constant

coefficient acting on a G-invariant function in g.
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Example 2.4.2.1. Let G � SUp3q, its Lie algebra g � sup3q, t be the subalge-
bra of a maximal torus of sup3q, and h be the Cartan subalgebra of sup3qC. Let
λ � λ1 be a dominant weight in Λ�, equal to the first fundamental weight of h.

Also, let tα1, α2u be the set of simple roots of h, and the weights of the irreducible

highest weight representation dπλ1 of λ1 are in the set tλ1, λ1�α1, λ1�α1�α2u.
The character formula for λ1 is given by

χ
λ1pexpHq �

°
wPW sgnpwqeiwpλ1�δqpHq°
wPW sgnpwqeiwpδqpHq , H P t, (2.4.3)

where W is the Weyl group of h, and δ � α1 � α2. The j-function is given by

jpHq �
°

wPW sgnpwqeiwpδqpHq±
αPΦ� iαpHq

, H P t, (2.4.4)

where Φ� � tα1, α2, α1 � α2u. Hence, the Kirillov character formula for λ1 of

SUp3q is given by»
Oλ1�δ

eiβpHq dµλ1�δpβq �
°

wPW sgnpwqeiwpλ1�δqpHq±
αPΦ� iαpHq

, H P t, (2.4.5)

where µλ1�δ is the Liouville measure of the coadjoint orbit Oλ1�δ.

Proposition 2.4.3. Let G be a compact connected semisimple Lie group. Let

Γ2pE,P q be a finite-dimensional square-integrable irreducible holomorphic sec-

tions of line bundle E with polarisation P such that the representation π of G on

Γ2pE,P q is irreducible and unitary. Also, let PΓ2pE,P q denote the projective

space of all complex lines in Γ2pE,P q. Then PΓ2pE,P q is a G-Hamiltonian

manifold, and the moment map Ψ : PΓ2pE,P q Ñ g� is given by

ΨprssqpXq � 1

i

xdπpXqs, sy
xs, sy , (2.4.6)

for X P g, rss P PΓ2pE,P q, where dπ is the infinitesimal version of the repre-

sentation π of G.

Proof. See Example 2.1.7.3.

Definition 2.4.4. Let G be a compact connected semisimple Lie group, g be

its Lie algebra. The image of the moment map Ψ of a representation π of G in
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the dual Lie algebra g� is defined by

Iπ �
 
Ψprssq : rss P PΓ2pE,P q( , (2.4.7)

and Iπ is called the moment set of the representation π.

Theorem 2.4.5 ([55], Theorem 3.4). Let G be a compact semisimple Lie group,

g be its Lie algebra, h be the Cartan subalgebra of gC, and h� be the dual of h. Let

pH, πλq be an irreducible unitary representation of G with respect to a highest

weight λ P Λ� � h�. Then the extreme set of the convex hull of the moment set

Iλ is a single coadjoint orbit Oλ, and Iπ � convpOλq.

Remark. The core idea here is to relate irreducible holomorphic sections of the

line bundles of an integral coadjoint orbit to the moment set of an irreducible

unitary representation.

2.5 An Exposition of SUp2q

We demonstrate the orbit method by first performing geometric quantisation

on SUp2q. Then, we show how to explicitly calculate all irreducible unitary rep-

resentations of SUp2q acting on homogeneous polynomials. Lastly, we associate

each irreducible unitary representation of SUp2q to a measure with the support

contained in the convex hull of a coadjoint orbit of SUp2q, in the dual of its Lie

algebra sup2q�.
The matrix form of the 2� 2 special unitary group SUp2q is defined by

SUp2q �
#�

α β

�β̄ ᾱ

�
: |α|2 � |β|2 � 1, α, β P C

+
, (2.5.1)

and the Lie algebra of SUp2q, denoted by sup2q, is defined by the skew-Hermitian

matrices with zero trace,

sup2q �
#�

ix3 x1 � ix2

�x1 � ix2 �ix3

�
: px1, x2, x3q P R3

+
, (2.5.2)

and the standard basis is given by

X1 �
�

0 1

�1 0

�
, X2 �

�
0 i

i 0

�
, X3 �

�
i 0

0 �i

�
. (2.5.3)
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Now SUp2q acts on sup2q by the adjoint action, which can be realised as the

group of rotations in R3 (each rotation has determinant 1). The orbit of this

rotation always intersects an element x3X3 for x3 ¡ 0. The coadjoint action

can also be realised on the dual pR3q� � R3, and we denote the dual basis by

tX�
i u for i � 1, 2, 3. Hence, the coadjoint orbit contains a unique point of the

form ξR � ξX�
3 , ξ ¡ 0, on the real line R.

Pre-quantisation:

The stabiliser of every ξR is the 1-torus of SUp2q defined by

T �
#�

α 0

0 α

�
: |α| � 1

+
, (2.5.4)

and its Lie algebra is t � trX3 : r P Ru. The characters of T are exactly

χnpαq � αn, for integers n, such that they have derivatives ξn. Therefore, every

integral coadjoint orbit of SUp2q is exactly a 2-sphere Oξn in R3 with an integer

radius of n.

Polarisation (Kähler):

The complexification sup2qC has the basis

H � 1

i
X3, X � 1

2
pX1 � iX2q, Y � �1

2
pX1 � iX2q, (2.5.5)

and H diagonalises sup2qC as rH,Hs � 0, rH,Xs � 2X and rH,Y s � �2Y .

Hence, we choose the Lie subalgebra

h � tλ1H � λ2X : λ1, λ2 P Cu, (2.5.6)

to be the polarisation for sup2q. Note that dimPξ � dimtλXu � 1
2
dimTOC

ξ ,

and dim sup2qC{h � 1
2
dim sup2q{sup2qξ. Also, ξprh, hsq � ξptλXuq � t0u for

λ P C, so that h is the maximal isotropic subspace of sup2qC, and h�h � sup2qC.

Induced representations and holomorphic sections :

Let fpα, βq be a function on SUp2q. Given a character χn, we define a SUp2q-
module that satisfies

Hn � tfpα, βq P C8pGq : fpαeit, βe�itq � eintfpα, βqu. (2.5.7)

This definition can also be extended from |α|2�|β|2 � 1 to C2. Let pz, wq P C2,
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eintfpα, βq Ñ unfpz, wq. This is equivalent to fpz, w�1q � wnfp z
w
, 1q. Let

fpz, 1q � f̃pzq, and f̃pzq be a function such that limzÑ8 z�nf̃pzq must exist.

Holomorphic condition:

By the polarisation, we can further cut down Hn, by letting f satisfy

X.fpα, βq � pX2 � iX3q.fpα, βq � 0, (2.5.8)

and this translates into pX2 � iX3q.f̃pzq � p B
Bx � i BBy qf̃pzq � 0, or B

Bx f̃pzq �
i BBy f̃pzq. Hence, f̃pzq satisfies the Cauchy-Riemann equations, so it is a holo-

morphic function on C, i.e., an entire function. It is also meromorphic since

limzÑ8 z�nf̃pzq must exist.

By Liouville’s theorem, if f is meromorphic at infinity, in this case the point

at infinity is a pole of order n if n ¡ 0. If an entire function has a pole of

order n at infinity, that is, it grows in magnitude comparably to zn in some

neighborhood of 8, then f is a polynomial of degree n. Therefore, let π be a

right regular representation, we have

π

�
α β

�β α

�
f̃pzq � fpαz � β, βz � αq

� pβz � αqnf̃
�
αz � β

βz � α



,

(2.5.9)

and with respect to zk for 0 ¤ k ¤ n,

π

�
α β

�β α

�
zk � pαz � βqkpβz � αqn�k. (2.5.10)

L2 conditions :

We can also implement an L2 condition on the space of complex homogeneous

polynomials of degree n, so we can retrieve the well-known matrices of the

irreducible unitary representations of SUp2q which were explicitly calculated in

[29].

Theorem 2.5.1 ([29], Theorem 29.18, [21], Lemma 5.33). Let l be a nonneg-

ative half integer in the set t0, 1
2
, 1, 3

2
, ...u. Let Pl be the space of homogeneous

polynomials of a single indeterminate z spanned by monomials tz2l, z2l�1, ..., 1u.
Let πl be an irreducible representation of SUp2q with respect to l, acting on Pl.
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There exists an inner product x, y on Pl making Pl into a Hilbert space, so that

the irreducible representation πl of SUp2q is unitary on Pl. Let tξju be a basis

of Pl, where each ξj � zl�j, for j � �l,�l� 1, ..., l. For j, k P t�l,�l� 1, ..., lu,
then

xξj, ξky �
$&%pl � jq!pl � jq!, if j � k.

0, otherwise.
(2.5.11)

Irreducibility and explicit calculations :

Definition 2.5.2. ([29], Definition 29.14) Let G be a Lie group, g be its Lie

algebra. Let π be a representation of G, the infinitesimal representation dπ

is defined by

dπpXq � lim
tÑ0

πpexp tXq � I

t
, X P g. (2.5.12)

Lemma 2.5.3 ([29], Lemma 29.16). Let fpzq P Pl, and let H,X, Y be in p2.5.5q.
Then the infinitesimal representations dπpXq, dπpY q, dπpHq can be represented

by the following complex differential operators:

dπpXqfpzq �
�
�2lz � z2

B
Bz



fpzq,

dπpY qfpzq � � B
Bdz fpzq,

dπpHqfpzq �
�
l � z

B
Bz



fpzq.

(2.5.13)

Proof. dπ is a linear map (and also a Lie homomorphism), so it suffices to work

out dπpXiq for i � 1, 2, 3 in p2.5.3q, acting on polynomials zk, that is,

dπpXiqzk � lim
tÑ0

πpexp tXqzk � zk

t

� d

dt

����
t�0

�
X11

i ptqz �X21
i ptq

�k �
X12

i ptqz �X22
i ptq

�2l�k
,

(2.5.14)

where Xj,k
i is a matrix entry of expptXiq. Hence, the result follows.

Theorem 2.5.4 ([21], Theorem 5.37, [26], Proposition 4.11). πl is irreducible

for all l P t0, 1
2
, 1, 3

2
, ...u.

Proof. Suppose that M is a π-invariant subspace of Pl. Let f P M , then

t�1πpexpptXiqqf � f also belongs to M . As tÑ 0, this polynomial approaches
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dπpXiqf , which is still in M because Pl is finite dimensional, so M is a closed

subspace in Pl. Let f � 0 PM , and write fpzq � °2l
j�0 cjz

j. Let J be the largest

of j such that cj � 0, then dpY qfpzq � cJJ ! for dpY q in p2.5.13q. Therefore,

1 P M , and if we successively apply dπpXq to it, we obtain polynomials of

z, z2, ..., z2l, which all belong to M . Therefore, M � Pl.

Theorem 2.5.5 ([29], Theorem 29.18). Let pα, βq � 0, then for any nonnegative

half integer l P t0, 1
2
, 1, 3

2
, ...u, the pj, kq-th matrix coefficient of the irreducible

unitary representation πn is given by

π
plq
j,kpα, βq � p�1qj�kA

plq
j,k

mintl�k,l�ju¸
s�maxt0,k�lu

p�1qs
�
l � k

s

��
l � k

l � j � s

�
�αl�j�sᾱl�k�sβsβ̄j�k�s,

(2.5.15)

where j, k P t�l,�l � 1, ..., lu and

A
plq
j,k �

� pl � jq!pl � jq!
pl � kq!pl � kq!


 1
2

. (2.5.16)

For β � 0, π
plq
j,kpα, 0q � α�2kδj,k, and for α � 0, π

plq
j,kp0, βq � β2kp�1ql�kδj,�k.

Proof. See [29], Section 29. The proof is also reworked in the author’s honours

thesis [24].

Remark. The half-integer parametrisation of representations is inspired by the

half integer spin in physics. There is also an analytic version of this formula

in ([21], Section 5.4) with respect to the non-negative whole integers. Let n be

a nonnegative integer, the pj, kq-th matrix coefficient of the irreducible unitary

representation πpnq of SUp2q is given by

π
pnq
j,k pα, βq �

d
j!pn� jq!
k!pn� kq!

» 1

0

pαei2πt � βqkp�βei2πt � αqn�ke�i2πjt dt, (2.5.17)

where j, k P t0, 1, ..., nu and πpnq acts on a Hilbert space Hn with an orthonormal

basis given by #d
pn� 1q!
j!pn� jq!z

n�jwj : 0 ¤ j ¤ n

+
, (2.5.18)
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for pz, wq P C2, and this set of basis is derived with respect to the inner product

xzpwr, zqwsy �
»
S3
zpzqwrws dσpz, wq �

$&%p!r!{pp� r � 1q! if p � q and s � r,

0 if p � q or w � s,

(2.5.19)

where dσ is the Euclidean surface measure of the 3-sphere in C2. In addition, the

derivation of this analytic formula is obtained by finding the Fourier coefficient

of a finite Fourier series.

Example 2.5.5.1. We can write down πpnq for n � 1, 2, 3:

πp1q �
�
α β

�β̄ ᾱ

�

πp2q �

�����
α2

?
2αβ β2

�?2αβ̄ αᾱ� ββ̄
?
2ᾱβ

β̄2 �?2ᾱβ̄ ᾱ2

����


πp3q �

��������
α3

?
3α2β

?
3αβ2 β3

�?3α2β̄ α2ᾱ � 2αββ̄ 2αᾱβ � β2β̄
?
3ᾱβ2

?
3αβ̄2 �2αᾱβ̄2 � ββ̄2 αᾱ2 � 2ᾱββ̄

?
3ᾱ2β

�β̄3
?
3ᾱβ̄2 �?3ᾱ2β̄ ᾱ3

�������


(2.5.20)

Measures in sup2q�:
F. Cazzaniga [9] derived a formula which calculates the irreducible unitary

representations of SUp2q from its Lie algebra sup2q, and made a connection

between the irreducible unitary representations in Theorem 2.5.4 and non-G-

invariant measures supported in the convex hull of integral coadjoint orbits of

SUp2q. These coadjoint orbits can be realised as 2-spheres in the dual space

sup2q� � pR3q� with integer radius. We briefly discuss Cazzaniga’s calculations

in the following part.

Theorem 2.5.6 ([9], Proposition 1.2). Let X1, X2, X3 be the 2 � 2 matrices

defined in p2.5.3q. Let X � x1X1 � x2X2 � x3X3, for px1, x2, x3q P R3, and
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define |X| �
a
x21 � x22 � x23, and note that X2 � �|X|2I. Then

expX � cos |X| I � sin |X|
|X| X

�
��cos |X| � ix3

sin |X|
|X| px1 � ix2q sin |X|

|X|

p�x1 � ix2q sin |X|
|X| cos |X| � ix3

sin |X|
|X|

�
. (2.5.21)

Proof. The Taylor expansion of the matrix exponential of X is

expX �
8̧

n�0

Xn

n!

�
8̧

n�0

�
p�1qn |X|

2n

p2nq!


I �

8̧

n�0

�
p�1qn�1 |X|2n�1

p2n� 1q!



X

|X|

� cos |X| I � sin |X|
|X| X.

(2.5.22)

Remark. Every 2 � 2 matrix X with zero trace satisfies X2 � �|X|2I ([26],

Exercise 2.6.6).

Theorem 2.5.7 ([9], Proposition 1.4). Let µ1 be the Liouville measure of the

coadjoint orbit O1 of SUp2q, which is the unit sphere in R3. Then, by the

Kirillov character formula, the j-function is given by

jpXq �
»
O1

eiβpXq dµ1pβq � sin |X|
|X| , @X P g. (2.5.23)

Proof. By the Kirillov character formula p2.4.2q, if we let λ � 0, δ � 1, then we

can obtain this formula. Also, since every coadjoint orbit is a 2-sphere passing

through a point r ¡ 0 P R, hence,

jprq �
» 8

0

δ1pηqsin rη
rη

η2 dη, (2.5.24)

where the right-hand side is the radial Fourier transform in R3 ([49], Sec.7.7).

Hence, the result follows.

Proposition 2.5.8. Let α, β be the monomials that span the matrix coefficients

in Theorem 2.5.5. Let r B
Br be a radial differential operator in R3 defined by

48



CHAPTER 2. HAMILTONIAN MANIFOLDS AND THE KIRILLOV
ORBIT METHOD

r B
Br � x1

B
Bx1

� x2
B
Bx2

� x3
B
Bx3

, for px1, x2, x3q P R3. Then,

α pexppXqq �
�
r
B
Br � 1� ix3



sinp|X|q
|X| , β pexppXqq � px1 � ix2q sinp|X|q|X| ,

(2.5.25)

and the Fourier transform of r B
Br is �r� B

Br��3, where B
Br� is the radial differential

operator in the dual space pR3q�.

Proof. These formulas are straightforward from direct computations.

Proposition 2.5.9. Let πpnq be an irreducible unitary representation of SUp2q
with respect to an integer n. Then, the Fourier transform of jpXqπpnqi,j pexpXq
of SUp2q in the Lie algebra sup2q, is a non-G-invariant measure D

pnq
i,j pµ1q�n�1,

where D
pnq
i,j is a polynomial of differential operators consisting of r� B

Br� ,
B

Bx�1
, B
Bx�2

, B
Bx�3

in pR3q�, and pµ1q�k is the k-fold convolution of the surface measure µ1 of 2-

sphere in R3.

Proof. From Theorem 2.5.5 and Proposition 2.5.8, we know that every matrix

coefficient of an irreducible unitary representation of SUp2q is a polynomial of

the form c αpβq, for c P C, p, q P Z�. The Fourier transforms of α pexppXqq and
β pexppXqq in sup2q are�

�r B
Br� � 2� B

Bx�3



µ1 and

�
�i BBx�1

� B
Bx�2



µ1, (2.5.26)

respectively. Also, because µ1 is a radial distribution supported on the 2-sphere

in pR3q� with radius 1, so r� B
Br�µ1 � B

Br�µ1 as a distribution. Therefore, the

Fourier transform of each j-multiplied matrix coefficient jpXqπpnqi,j pexpXq is a

non-G-invariant measure that has the form

c �
�
�r� B

Br� � 2� B
Bx�3


p�
�i BBx�1

� B
Bx�2


q

pµ1q�pn�1q. (2.5.27)

where p� q � n.

Remark. This proposition interprets Cazzaniga’s perspective of these non-G-

invariant measures D
pnq
i,j pµ1q�n�1. However, the author has a different point of

view. Notice that the radial differential operator r� B
Br� does not commute with

the convolution operator, i.e., r� B
Br�µ1 � r� B

Br�µ1 � r� B
Br� r

� B
Br� pµ1 � µ1q. Hence,

these are not the same measures and the differential operators D
pnq
i,j here are not
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accurately represented. It should keep its original form, which is

c � µ1 �
��

�r� B
Br� � 2� B

Bx�3



µ1


�p
�
��

�i BBx�1
� B
Bx�2



µ1


�q
. (2.5.28)

Cazzaniga also worked out the support and singular support of D
pnq
i,j pµ1q�n�1.

Theorem 2.5.10 ([9], Lemma 5). The support and singular support of the

measure D
pnq
i,j pµ1q�n�1 are

supp
�
D

pnq
i,j pµ1q�n�1

	
� Bn�1, singsupp

�
D

pnq
i,j pµ1q�n�1

	
�

tn�1
2

u¤
j�0

BBn�1�2j,

(2.5.29)

where Bk is a ball in pR3q� with radius k, and BBk is its boundary, the 2-sphere

with radius k.

Remark. In fact,

� The k-fold convolution of unit spheres produces a measure that is supported

in the ball with radius k. To determine its singular support, F. Cazzaniga

used a recursive method to show where it is not differentiable. For more

detail, see [9].

� Let Iπn denote the moment set of the irreducible unitary representation πn

of SUp2q with respect to an integer n. By Theorem 2.4.5, Iπn � convpOnq.
The support of pµ1q�n is exactly the convpOnq.

However, R. Raffoul [17] has a different result for the singular support of

these measures in Proposition 2.5.9.

Theorem 2.5.11 ([17], Theorem 3). Let πn be an irreducible unitary represen-

tation of SUp2q with respect to a positive integer n. Let Tn denote the Fourier

transform of jpXqπnpexpXq, X P sup2q. Then

supp pTnq � Bn�1, singsupp pTnq � BBn�1 Y BBn�1. (2.5.30)

Intuitively, Cazzaniga’s result of singular support is more ideal. Because he

proved that the singular support of pµ1q�pn�1q is exactly the union of coadjoint

orbits where each of them intercepts with an integer weight of πn which belongs
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to the weight lattice of the highest weight n � 1. However, Raffoul used the

explicit formula for the Weyl calculus for the finite-dimensional skew-Hermitian

operator dπ [40] supported on the moment set of an irreducible unitary repre-

sentation π of a compact Lie group [55] to study the singular support for these

measures. However, we have a different observation and a different point of

view from Raffoul’s result of singular support.

Proposition 2.5.12. Let πn be an irreducible unitary representation of SUp2q
with respect to a positive integer n. Let Tn denote the Fourier transform of

jpXqπnpexpXq. Then,

singsupp pTnq �
tn�1

2
u¤

j�0

BBn�1�2j. (2.5.31)

Proof. Recall the general form of the non-G-invariant measures in sup2q� in

p2.5.28q:

c � µ1 �
��

�r� B
Br� � 2� B

Bx�3



µ1


�p
�
��

�i BBx�1
� B
Bx�2



µ1


�q
. (2.5.32)

where c is a constant term. Clearly, this measure contains a term c � pµ1qn�1, or

a term � B
Bx�1


i� B
Bx�2


j � B
Bx�1


k

� pµ1qn�1. (2.5.33)

Because a constant-coefficient differential operator generally decreases the sup-

port of the measure, and differentiation does not introduce new singularities, so

the result follows.

In addition, our interest is to calculate the measures corresponding to the

irreducible unitary representations of any other compact connected semisimple

Lie groups. For example, even those as simple as the defining representation of

SUpnq.
So, what is the explicit formula for the measure supported in a single coad-

joint orbit of SUpnq or a general compact Lie group? What is the explicit

formula for convolutions of measures of coadjoint orbits of general compact

connected semisimple Lie groups? Does the support of the moment set of πn of

SUp2q coincide with the n-fold convolution of single coadjoint orbits for SUp2q?
What is the explicit formula for this measure of the moment set for general
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compact connected semisimple Lie groups? These questions were not answered

by Cazzaniga and Raffoul, and we aim to make them clearer and try to answer

them in the following chapters.
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Chapter 3

Matrix Coefficients and

Differential Operators

Let G be a Lie group, g be its Lie algebra. Let µ be an adjoint invariant

distribution on g with compact support, and define a central distribution Φpµq
on G to be

xΦpµq, fyG � xµ, jf̃yg (3.0.1)

where f is a test function on G, j is the square root of the Jacobian, and

f̃pXq � fpexpXq. It is a fundamental question in analysis on Lie groups ([45],

Ch.I) to show

Φpµ �g νq � Φpµq �G Φpνq (3.0.2)

such that Φ is a homomorphism from the algebra of G-invariant distributions

on g to the algebra of central distributions on G.

� M. Duflo [20] proved p3.0.2q for µ, ν supported at the origin of g, which

is called the Duflo isomorphism, between the centre of the universal

enveloping algebra Upgq of the finite-dimensional Lie algebra g, identified

as the algebra of bi-invariant differential operators on G, and the invariant

elements of its symmetric algebra g, identified as the G-invariant differ-

ential operators with constant coefficients on g. So µ, ν are fundamen-

tal solutions of G-invariant differential operators ppBq and qpBq in g, and

ΦpppBqq,ΦpqpBqq are elements in the centre of Upgq.

� A. Dooley and N. Wildberger [19] proved p3.0.2q for compact connected

semisimple Lie groups, for G-invariant distributions µ, ν with compact

supports. In this case, Φ is also called the wrapping map. The proof

only requires fundamental results of central harmonic analysis and the
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Kirillov character formula. In fact, it is a homomorphism from the Banach

algebra of the G-invariant distributions on g to the Banach algebra of

central distributions on G. Additionally, the Kirillov character formula is

a consequence of this homomorphism [14].

� F. Rouvière [45] developed a ‘twisted convolution’ for Riemannian sym-

metric spaces by introducing the e-function, which is related to the sec-

tional curvature. A. Dooley found an explicit formula for the e-function

for compact symmetric spaces [16].

Based on the wrapping map of G-invariant distributions, does there exist a

version of the wrapping map between non-G-invariant distributions on g and

non-central distributions on G? The difficulty is that convolution on G is gen-

erally not commutative, but convolution is commutative on g. However, for a

compact simply connected semisimple Lie group G, we can study the relation-

ships between convolutions of the matrix coefficients of unitary representations

and the vector fields (differential operators) induced by the action of G on g.

In Section 3.1, we study the properties of the matrix coefficients of unitary

representations of compact connected semisimple Lie groups. In Proposition

3.1.7 and Proposition 3.1.11, we show that the convolution of any pair of ma-

trix coefficients of an irreducible highest weight unitary representation π of a

compact simply connected semisimple Lie group G is equivalent to applying a

polynomial of invariant vector fields on G to the highest weight matrix coeffi-

cient π1,1 of π. If we fix a basis of the Hilbert space Hπ, then the highest weight

matrix coefficient π1,1 is the p1, 1q-th element of the matrix of π.

In Section 3.2, we study the transversality condition of a semisimple Lie

group where the group acts by the adjoint action on its Lie algebra g, and

we also study the general form of a differential operator in g, which contains

transversal differential operators and vector fields induced by the action of G

on g. Subsequently, in Proposition 3.2.5, we show that the convolution of any

pair of the lift of matrix coefficients on g (by the exponential mapping) of

an irreducible highest weight unitary representation π of a compact simply

connected semisimple Lie group G can be calculated by applying a polynomial

of vector fields induced by the action of G on g, to the lift of the highest weight

matrix coefficient π1,1 � exp of π � exp on g.

In Section 3.3, we study the general form of the radial part of the Laplacian

differential operator and constant coefficients G-invariant differential operator
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in a semisimple Lie algebra g. In addition, we study an application of this

general form in Section 3.4 in which it leads to a derivation of a continuous

version of the Kirillov character formula for compact connected semisimple Lie

groups.

The majority of the content in this chapter is adapted from [21] and [28].

3.1 Orthogonal ‘Rotations’ of Matrix Coeffi-

cients

Let GC be a complex semisimple Lie group and let ΓpGC{B,Lλq denote the

irreducible holomorphic sections of the flag manifold GC{B with respect to a

highest weight λ (Theorem 2.3.3). When we restrict it to a compact real form

G, the representation πλ of G on ΓpGC{B,Lλq is irreducible and unitary. In

addition, if we fix a basis for the Hilbert space Hπλ
, then each row and column

of πλ is naturally a copy of the representation space of πλ. To see this, we note

the following theorem.

Definition 3.1.1. Let G be a compact connected non-abelian semisimple Lie

group. If π is any unitary representation of G in a Hilbert space Hπ, then the

smooth functions

Tu,vpxq � xπpxqu, vy, for u, v P Hπ, x P G, (3.1.1)

are called matrix coefficients of π. If Hπ is finite dimensional and has di-

mension dπ, and u and v are members of an orthonormal basis teju in Hπ, then

Tu,vpxq is one of the entries of the matrix for πpxq with respect to that basis,

that is

πi,jpxq � Tei,ejpxq � xπpxqej, eiy, x P G. (3.1.2)

for i, j P t1, ..., dπu.

Theorem 3.1.2 ([21], Theorem 5.9). Suppose π is an irreducible unitary rep-

resentation of a compact connected non-abelian semisimple Lie group G acting

on a finite-dimensional Hilbert space Hπ. Let dπ � dimpπq. Fix an orthonormal

basis te1, ..., edπu in Hπ, and let πi,j be the pi, jq-th entry of π. For i � 1, ..., dπ,

let Ri be the linear span of πi,1, ..., πi,dπ (the i-th row of the matrix (πi,j)) and let

Li be the linear span of π1,i, ..., πdπ ,i (the i-th column of the matrix (πi,j)). Then
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Ri (resp. Li) is invariant under the right (resp. left) regular representation,

and the right regular representation RRi (resp. the left regular representation

LLi) is equivalent to π (resp. π, which is the contragradient representation).

That is, each Ri ( resp. Li ) is a copy of the Hilbert space Hπ, and the linear

span of e1, ...edπ , i.e.,
°dπ

j�1 cjej, which can also be written as

dπ̧

j�1

cjπi,j,

�
resp.

dπ̧

j�1

cjπj,i

�
. (3.1.3)

Example 3.1.2.1. Let π3 be the irreducible unitary representation of SUp2q
with respect to the highest integer weight 3. The matrix form of π3 (in Example

2.5.5.1) is given by

π3 �

��������
α3

?
3α2β

?
3αβ2 β3

�?3α2β̄ α2ᾱ � 2αββ̄ 2αᾱβ � β2β̄
?
3ᾱβ2

?
3αβ̄2 �2αᾱβ̄2 � ββ̄2 αᾱ2 � 2ᾱββ̄

?
3ᾱ2β

�β̄3
?
3ᾱβ̄2 �?3ᾱ2β̄ ᾱ3

�������
, (3.1.4)

and each row and column of π3 forms an orthonormal basis which constitutes a

copy of the Hilbert space Hπ3 . The inner product of Hπ3 is given in p2.5.19q.

Definition 3.1.3. Let G be a Lie group, g be its Lie algebra (which is the

tangent space TeG at the identity e). For g, h P G, define Lg : GÑ G to be the

left translation by g�1, as Lgphq � g�1h. Denote ΓpTGq the space of smooth

sections of tangle bundles of G. A left invariant vector field is a smooth

vector field X P ΓpTGq that is preserved under the left translations. That is

pLgq�Xphq � Xpg�1hq, (3.1.5)

for all g, h P G, where pLgq� : ThG Ñ Tg�1hG is the differential of the left

translation Lg. Since Xpeq P TeG � g, we can extend it to all of G by Xpg�1q �
pLgq�Xpeq for all g P G. The space of the left-invariant vector field forms a

Lie algebra under the Lie brackets of the vector field, which is also naturally

isomorphic to g.
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Definition 3.1.4. Let G be a Lie group, g be its Lie algebra. The left regular

infinitesimal representation of g in the space of smooth functions C8pGq is
given by the map

dσ : gÑ DiffpC8pGqq. (3.1.6)

The action of dσ on f P C8pGq is defined by

dσpXqfpgq � d

dt

����
t�0

f pexpp�tXqgq , X P g, (3.1.7)

where expp�tXq is the one-parameter subgroup of G generated by X P g.

Hence, dσpXq acts as a first-order differentiable operator on functions, and is

given by the left invariant vector field

pdσpXqq fpgq � pXfqpgq, for X P g, g P G. (3.1.8)

The differential operators also satisfy commutation relation

rdσpXq, dσpY qs � dσprX, Y sq, for X, Y P g. (3.1.9)

The left regular infinitesimal representation realises g as differential operators

on G, with these operators being precisely the left invariant vector fields.

Theorem 3.1.5 ([30], Theorem 20.2). Let gC be a complex semisimple Lie

algebra, and let λ P Λ� be a dominant weight. Let V be a standard cyclic gC-

module, with the highest weight vector vλ P V . Let Φ� � tα1, ..., αmu be the set

of all positive roots. Then V is spanned by the vectors of the form

Y i1
α1
...Y im

αm
� vλ, ij P Z�, (3.1.10)

where each Yαi
spans a negative root space in gC. In particular, V is the direct

sum of its weight spaces, where the dimension of the weight space of λ has

dimVλ � 1, and the weights of V are of the form µ � λ �°
i k1αi, for ki P Z�

and αi P Φ�.

Theorem 3.1.6 ([37], Proposition 7.1, 7.2. [26], Theorem 5.6). Let gC be a

complex semisimple Lie algebra. Let g be a compact real form of gC (gC � g�ig)
such that the corresponding Lie group G of g is simply connected. Let λ P Λ�

be a dominant highest weight, and let dσλ, dπλ be the corresponding finite-

dimensional irreducible highest weight representation of gC and g, respectively.
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Then dσλ and dπλ are in one-to-one correspondence, and they share the same

weight spaces classification, thus the same representation space V . Also, since

G is simply connected, the integration of dπλ is equal to the irreducible highest

weight representation πλ of G. If πλ is not unitary, the method of taking the

average over G shows that there is an inner product on V that is invariant under

the action of G, and this action is unitary on V . This is also known as Weyl’s

unitarian trick.

Example 3.1.6.1. Let gC � sl2pCq, and let sup2q denote the compact real

form of sl2pCq. Choose a highest weight of sl2pCq to be λ � 3, and the sl2pCq-
module V can be realised as the span of t2z3, 2?3z2w, 2

?
3zw2, 2w3u (which is

the orthonormal basis in p2.5.18q with λ � 3), which corresponds to the set of

weights t3, 1,�1,�3u. The set of positive roots is Φ� � t2u. Let the highest

weight vector be z3, then V is spanned by the vectors

 
z3, pXq � z3, pXq2 � z3, pXq3 � z3

(
, (3.1.11)

where the action of ‘X’ is the left regular infinitesimal representation dπpXqL
acting on V (where X is in p2.3.1q), and it can be represented by the complex

differential operator

dπpXqL � �w B
Bz . (3.1.12)

To see this, let fpz, wq be a differentiable function in C2, the action of the left

regular infinitesimal representation dπ (left invariant vector field) on f is given

by

dπpXqLfpz, wq � d

dt
f pexp p�tXq � pz, wqq

����
t�0

, X P sup2q. (3.1.13)

Now, let pzptq, wptqq � exp p�tXq � pz, wq be a curve in C2, and by the chain

rule,

dπpXqLf � Bf
Bz
dz

dt

����
t�0

� Bf
Bw

dw

dt

����
t�0

. (3.1.14)

Also, since dpz,wq
dt

���
t�0

� �X � pz, wq, we have

dπpXqLf � �BfBz pX11z �X12wq � Bf
Bw pX21z �X22wq. (3.1.15)

We may take the complex linear extension of dπ to sl2pCq. Hence, for the basis
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elementsH,X, Y of sl2pCq in p2.3.1q, we can write down the left regular infinites-

imal representations dπpHqL, dπpXqL, dπpY qL as complex differential operators:

dπpHqL � �z BBz � w
B
Bw,

dπpXqL � �w B
Bz ,

dπpY qL � �z B
Bw.

(3.1.16)

Also, the right regular infinitesimal representations of dπpHqR, dπpXqR, dπpY qR
as complex differential operators are given by

dπpHqR � z
B
Bz � w

B
Bw,

dπpXqR � z
B
Bw,

dπpY qR � w
B
Bz .

(3.1.17)

This approach of finding these differential operators on SUp2q is similar to

Lemma 2.5.3, and this example also illustrates how to generate a sl2-module

(Example 2.3.2.1) at the group level by applying complex differentiable op-

erators to polynomials. But this method is restricted to SUp2q because the

representation space is explicitly known.

With respect to the real basis tX1, X2, X3u of sup2q in p2.5.3q, and the rep-

resentation of H,X, Y above, and the relations:

X1 � iH, X2 � X � Y, X3 � ipX � Y q, (3.1.18)

we can work out the the irreducible skew-Hermitian highest weight representa-

tion dπ3px1X1 � x2X2 � x3X3q as

dπ3 �

������
i3x3

?
3px1 � ix2q 0 0

�?3px1 � ix2q ix3 2px1 � ix2q 0

0 �2px1 � ix2q �ix3
?
3px1 � ix2q

0 0 �?3px1 � ix2q �i3x3

�����
,
(3.1.19)

for px1, x2, x3q P R3. Since SUp2q is simply connected, we can take the integra-

tion of dπ3 by the exponential mapping to obtain the irreducible unitary highest

weight representation π3 in p3.1.4q.
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Proposition 3.1.7. Let G be a compact simply connected semisimple Lie group,

g be its Lie algebra, and gC be the complexification of g. Let πλ be an finite-

dimensional irreducible unitary representation of G acting on a Hilbert space

Hπλ
with respect to a dominant highest weight λ P Λ�. Fix a basis of Hπλ

and choose a highest weight vector vλ (which is unique up to a complex multi-

ple), and define the highest weight matrix coefficient Tvλ,vλ of πλ by Tvλ,vλpgq �
xπλpgqvλ, vλy, g P G. Then, every other matrix coefficient of πλ can be obtained

by applying a polynomial of left and right invariant vector fields induced by the

root vectors in gC, to the matrix coefficient Tvλ,vλ.

Proof. For X P g, the action of the left invariant vector field XL on Tvλ,vλpgq,
for g P G, can be written as

XL � Tvλ,vλpgq �
d

dt

����
t�0

xπλpexpp�tXqgqvλ, vλy

� d

dt

����
t�0

xπλpexpp�tXqqπλpgqvλ, vλy

� d

dt

����
t�0

xπλpgqvλ, πλpexpp�tXqq�vλy

� x�dπλpXqπλpgqvλ, vλy
� xπλpgqvλ, p�dπλpXqq�vλy
� xπλpgqvλ, dπλpXqvλy,

(3.1.20)

where dπλpXq is the skew-Hermitian infinitesimal version of πλ. Similarly, the

action of the right invariant field X on Tvλ,vλpgq can be written as

XR � Tvλ,vλpgq � xπλpgqdπλpXqvλ, vλy. (3.1.21)

Now, we take the complex extension of the invariant vector fields of g to gC �
g � ig. A vector in X P gC can be written as X � X1 � iX2, for X1, X2 P g.

This means that for each root vector Xα of gC, there exists X1, X2 P g such that

Xα � X1 � iX2. In addition, the root vectors in gC come in pairs (positive and

negative), and each one of the pairs is conjugate to the other. That is, for the

pair pXα, Yαq, Xα � X1 � iX2 and Yα � X1 � iX2.

Hence, by Theorem 3.1.6, the irreducible highest weight representation dπλ

of g shares the same weight spaces classification as the irreducible highest weight

representation of gC with respect to the highest weight λ. So, we can take the

complex linear extension of dπ to gC, and by Theorem 3.1.5, Hπλ
can be spanned

60



CHAPTER 3. MATRIX COEFFICIENTS AND DIFFERENTIAL
OPERATORS

by the vectors of the form

dπλpY i1
α1
q...dπλpY im

αm
q � vλ, ij P Z�, (3.1.22)

where tα1, ..., αmu is the set of positive roots of gC. This leads to the actions

of the right and left invariant fields induced by the root vectors of gC on Tvλ,vλ ,

are given by

pY i1
α1
qR...pY im

αm
qR � Tvλ,vλpgq � xπλpgqdπλpY i1

α1
q...dπλpY im

αm
qvλ, vλy, (3.1.23)

and

pY i1
α1
qL...pY im

αm
qL � Tvλ,vλpgq � xπλpgqvλ, dπλpX i1

α1
q...dπλpX im

αm
qvλy, (3.1.24)

for each pair of root vectors pXαj
, Yαj

q. The left invariant field of a negative

root vector pYαj
qL translates to the dπλpXαj

q in the second argument of the

inner product is due to the complex conjugation. Hence, if vλ is chosen, then

every other matrix coefficient of πλ can be obtained by applying a polynomial

of left and right invariant vector fields induced by root vectors of gC.

Remark. Suppose πλ is not unitary on Hλ (equipped with an inner product

p�, �q), then the first row of πλ can still be obtained by applying polynomials of

right invariant vector field Y , that is,

pY i1
α1
qR...pY im

αm
qR � Tvλ,vλpgq � pπλpgqdπλpY i1

α1
q...dπλpY im

αm
qvλ, vλq. (3.1.25)

Example 3.1.7.1. Let π3 in p3.1.4q be the irreducible unitary representation

of SUp2q with the highest integer weight 3. Let t2z3, 2?3z2w, 2
?
3zw2, 2w3u

span the Hilbert space Hπ3 , and let H,X, Y in p2.5.5q be the basis of sup2qC. If
we choose the highest weight vector to be 2z3, then the highest weight matrix

coefficient Tvλ,vλpgq for g P SUp2q (which is given in p2.5.1q), is given by

Tvλ,vλpgq � xπ3pgq 2z3, 2z3y � α3. (3.1.26)

Since Hπ3 is also a sup2qC-module, and by Example 2.3.2.1 and the complex

differential operators in p3.1.17q , we have

dπ3pY q � z3 � 3z2w, dπ3pY q � z2w � 2zw2, dπ3pY q � zw2 � w3. (3.1.27)
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The action of the right invariant vector field Y on Tvλ,vλpgq are given by

Y R � Tvλ,vλpgq � xπ3pgq dπ3pY q2z3, 2z3y
� xπ3pgq 3 � 2

?
3z2w, 2z3y

� 3
?
3α2β,

(3.1.28)

which is equal to the p1, 2q-th matrix coefficient 3T1,2 in π3. Similarly, pY Rq2 �
Tvλ,vλpgq � 6

?
3αβ2, and pY Rq3 � Tvλ,vλpgq � 6β3. These are 6T1,3 and 6T1,4.

Also, by p2.5.5q, X is the complex conjugate of �Y , and the action of the left

invariant vector field X on Tvλ,vλpgq is given by

XL � Tvλ,vλpgq � x�dπ3pXqπ3pgq 2z3, 2z3y
� xπ3pgq 2z3, �dπ3pY q2z3y
� xπ3pgq 2z3, �3 � 2

?
3z2wy

� �3
?
3α2β,

(3.1.29)

which is equal to the p2, 1q-th matrix coefficient T2,1 in π3. In similar manners,

we can apply polynomials of invariant vector fields XL, Y R to Tvλ,vλpgq to obtain
every other matrix coefficient (with a real multiple) of π3.

Definition 3.1.8. Let G be a compact connected group. If π1 and π2 are

unitary representations of G on Hilbert spaces Hπ1 and Hπ2 , an intertwining

operator for π1 and π2 is a bounder linear map T : Hπ1 Ñ Hπ2 such that

Tπ1pgq � π2pgqT for all g P G. The set of all such operators is denoted by

ϑpπ1, π2q:

ϑpπ1, π2q � tT : Hπ1 Ñ Hπ2 : Tπ1pgq � π2pgqT for all g P Gu. (3.1.30)

The π1 and π2 are unitarily equivalent if ϑpπ1, π2q contains a unitary operator

U , so that π2pgq � Uπ1pgqU�1.

Theorem 3.1.9 ([21], Theorem 5.8). (Schur’s Orthogonality Relations)

Let G be a compact connected group. Let π and π̃ be irreducible unitary rep-

resentations of G on Hilbert spaces Hπ and Hπ̃, respectively. Fix an basis for

both Hπ and Hπ̃ so that each matrix coefficient of π and π̃ can be worked out

explicitly. Let Mπ and Mπ̃ be the subspaces of L2pGq, spanned by the matrix

coefficients of π and π̃, respectively. Denote the equivalence classes of π and
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π̃ by rπs and rπ̃s. If rπs and rπ̃s are distinct, then Mπ is orthogonal to Mπ̃.

Furthermore, let dπ � dimpπq, tv1, ..., vdπu be the chosen basis of Hπ (and let

dπ̃ � dimpπ̃q, tṽ1, ..., ṽdπ̃u be the chosen basis of Hπ̃), and define the matrix

coefficient T π
vi,vj

pgq � xπpgqvj, viy for g P G. Then, the set

t
a
dπT

π
vi,vj

: 1 ¤ i, j ¤ dπu, (3.1.31)

forms an orthonormal basis for Mπ. In addition, let dg be a left invariant Haar

measure on G with
³
G
dg � 1. Let vi, vj P Hπ and ṽi, ṽj P Hπ̃, then the matrix

coefficients T π
vi,vj

and T π̃
ṽi,ṽj

satisfy the relation

xT π
vi,vj

, T π̃
ṽi,ṽj

y �
»
G

T π
vi,vj

pgqT π̃
ṽi,ṽj

pgq dg �
$&% 1

dπ
xvi, ṽiy xvj, ṽjy, if rπs � rπ̃s,

0, otherwise.

(3.1.32)

Remark. Matrix coefficients are the fundamental building blocks of the func-

tions in CpGq and LppGq ([21], Ch.5). To examine the convolution structures in

these spaces, we can start by looking at the convolutions of matrix coefficients,

which can be seen as a form of ‘orthogonal rotations’.

Definition 3.1.10. Let G be a locally compact group with a fixed left invariant

Haar measure dx. If f, g P L1pGq, then the convolution of f and g is the function

defined by

f � gpxq �
»
G

fpyqgpxy�1q dx. (3.1.33)

Proposition 3.1.11. Let G be a compact simply connected semisimple Lie

group, g be its Lie algebra. Let πλ be a finite-dimensional irreducible unitary

representation of G with highest dominant weight λ on the Hilbert space Hπλ
.

Let dπλ
� dimpπλq, and fix an orthonormal basis tξ1, ...ξdπλu of Hπλ

(where

ξ1 is the chosen highest weight vector). Define the matrix coefficient of πλ as

Ti,jp�q � xπλp�qξj, ξiy. Then, the convolution of any pair of arbitrary matrix

coefficients is given by

Ti,j � Tk,l � 1

dπ
Di,l

k,jT1,1, 1 ¤ i, j, k, l ¤ dπλ
, (3.1.34)

where Di,l
k,j is a polynomial of left and right invariant vector fields on G induced

by the root vectors in gC.
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Proof. Let dh be a left invariant Haar measure on G. The convolution of Ti,j

and Tk,l is given by

Ti,j � Tk,lpgq �
»
G

Ti,jphqTk,lpgh�1q dh, g P G. (3.1.35)

Since πλ is a representation, πλpgh�1q � πλpgqπλph�1q � πλpgqπλphq� (complex

conjugate). This leads to

T pgh�1qk,l �
dπλ̧

m�1

Tk,mpgqTm,lphq�, (3.1.36)

where Tm,lphq� � xπλphq�el, emy � Tl,mphq. Substitute and rearrange, we get

Ti,j � Tk,lpgq �
dπλ̧

m�1

Tk,mpgq
»
G

Tl,mphqTi,jphq dh. (3.1.37)

By Schur’s orthogonality relations, the integral above is nonzero only when l � i

and m � j. In that case,»
G

Tl,mphqTi,jphq dh � 1

dπλ

δl,iδm,j (3.1.38)

where δp,q is the Kronecker delta function. If we further simplify this convolu-

tion, we get

Ti,j � Tk,lpgq � 1

dπλ

dπλ̧

m�1

Tk,mpgqδm,j δl,i

� 1

dπλ

Tk,jpgq δl,i.
(3.1.39)

Therefore, if i � j, then the convolution is zero. If i � j, the result simplifies to

Ti,j � Tk,lpgq � 1

dπλ

Tk,jpgq. (3.1.40)

Now, by Proposition 3.1.7, any matrix coefficient of πλ can be obtained by

applying a polynomial of left and right invariant vector fields induced by root

vectors in gC to T1,1. Hence the result follows.

Example 3.1.11.1. Let π3 be the irreducible unitary representation of SUp2q
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with highest integer weight 3 given in p3.1.4q,

π3pgq �

��������
α3

?
3α2β

?
3αβ2 β3

�?3α2β̄ α2ᾱ � 2αββ̄ 2αᾱβ � β2β̄
?
3ᾱβ2

?
3αβ̄2 �2αᾱβ̄2 � ββ̄2 αᾱ2 � 2ᾱββ̄

?
3ᾱ2β

�β̄3
?
3ᾱβ̄2 �?3ᾱ2β̄ ᾱ3

�������
, (3.1.41)

where g P SUp2q (which is given in p2.5.1q), pα, βq P C2 and satisfies |α|2�|β|2 �
1. Recall that the inner product in polynomials of pα, βq is given by

xαpβr, αqβsy �
»
S3
αpαqβrβ

s
dσpα, βq �

$&%p!r!{pp� r � 1q! if p � q and r � s,

0 if p � q or r � s,

(3.1.42)

where dσ is the Euclidean surface measure of the 3-sphere S3 in C2. If the

matrix coefficient is in the form of αiαjβkβ
l
, thenA

αpαqβrβ
s
, αiαjβkβ

l
E
�
»
S3
αp�jαq�iβr�lβ

s�k
dσpα, βq

�
$&%

pp�jq!pr�lq!
pp�j�r�l�1q! if p� j � q � i and r � l � s� k,

0 otherwise.

(3.1.43)

Since dimpπ3q � 4, and let M3 be the subspaces of L2pSUp2qq spanned by

the matrix coefficients of π3. Denote by Ti,j the pi, jq-element of π3. A brief

calculation shows that the set

t
?
4Ti,j : 1 ¤ i, j ¤ 4u, (3.1.44)

forms an orthonormal basis for M3 with respect to the inner product defined

above.

Now, let t2z3, 2?3z2w, 2
?
3zw2, 2w3u be an orthonormal basis of the Hilbert

space Hπ3 . By Proposition 3.1.11, we can write the convolution of a pair of

matrix coefficients as differentiation, for example,

T1,4 � T4,1 � 1

4
T4,4 � β3 � ��β̄3

� � 1

4
ᾱ3. (3.1.45)

This is equivalent to defining a polynomial of invariant vector fields induced by
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X, Y given in (2.5.5), that is,

D1,1
4,4 �

1

4
� 1

62
��XL

�3 � �Y R
�3
, (3.1.46)

acting on the matrix coefficient T1,1 � α3.

Next, we aim to lift this convolution of (or in this case the differentiation

of) matrix coefficients from G to g. That is, there should exist a differentiable

operator
�
Di,l

j,k

	
g
in g such that Di,l

j,kT1,1pgq, g P G can be written as

�
Di,l

j,k

	
g
pXq � T1,1pexpXq, X P g. (3.1.47)

We show the existence of
�
Di,l

j,k

	
g
pXq in the next section.

3.2 Transversality Condition and Differential

Operators

In this section, we study the transversal condition and differential operators

induced by the action of G , and show how to combine these to define the

general form of differential operators of a semisimple Lie algebra g acted upon

by its corresponding Lie group G.

Definition 3.2.1 ([27], Sec II.3.2). Let V be a manifold satisfying the second

axiom of countability and suppose that G is a Lie transformation group of V .

If v P V , let Gv denote the subgroup of G that fixes v. Let g denote the Lie

algebra of G, and let XG denote the vector field on V that is induced by the

action of G on X, that is,

pXG � fqpvq � d

dt

����
t�0

fpexp tX � vq (3.2.1)

for v P V and f P C8pV q.

A C8-function f on an open subset of V is said to be locally invariant

if XG � f � 0 for each X P g. A submanifold B � G is called a local cross

section over an open set U � G{Gv if the natural map p : G Ñ G{Gv gives a

diffeomorphism of B onto U .
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Example 3.2.1.1. Let G be a Lie group, g be its Lie algebra. Let X P g,

f P C8pgq. The action of XG on f is given by

pXG � fqpY q � d

dt

����
t�0

fpAdpexp tXq � Y q, Y P g, (3.2.2)

where Adp�q is the adjoint representation of G in its Lie algebra g. In addition,

any adjoint G-invariant function f P C8pgq satisfies XG � f � 0. Fix a X P g,

the homogeneous manifold G{GX is isomorphic to an adjoint orbit OX in g.

S. Helgason [28] introduced the concept of transversality condition to help

define the general form of differential operators of a Riemannian manifold V ,

acted on by a Lie transformation group G.

Lemma 3.2.2 ([28], Lemma II.3.3). (S.Helgason) Suppose that K is a sub-

manifold of V such that for every k P K, the tangent space at k satisfies the

following transversality condition:

Vk � pG � kqk �Kk (direct sum), (3.2.3)

where Kk � K, and G �k is the G-orbit of k. Fix a k0 P K. Then there exists an

open, relatively compact neighborhood K0 of k0 in K, and a relatively compact

submanifold B of G forming a local cross section over a neighborhood U0 of eGk0

in the homogeneous manifold G{Gk0 such that the map γ : pb, kq ÞÑ b � k is a

diffeomorphism of B �K0 onto an open neighborhood of k0 in V .

Example 3.2.2.1 ([28], Ch.II Ex.4.vii). Let G be a complex semisimple Lie

group, g be its Lie algebra. Let h be a Cartan subalgebra of g and h1 � h the

subset of regular elements (which lies off the walls of the Weyl chambers of h).

Let Φ be the set of roots of g, recall that the root space decomposition of g

(Definition 2.2.9) is given by g � h`°
αPΦ gα. If H P g, the adjoint orbit G �H

has tangent space rg, Hs at H. This means that if H P h1 � g, the tangent

space of G �H at H is equal to
°

αPΦ gα. This also shows that the tangent space

VH at H satisfies the transversality condition and is given by

VH � pG �HqH � h1H (direct sum). (3.2.4)

where h1H � h1, and G �H is the G-orbit of H. Note that in this case the singular

elements of h are excluded from the transversality condition. This is because if
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H 1 P h lies on a wall of a Weyl chamber of h, the homogeneous manifold G{GH 1

is no longer the same as (and does not have the same dimension as) G{GH of

any regular element H P h. This is due to Proposition 2.2.16, where the Lie

algebra gH 1 of the stabiliser GH 1 of H 1 is given by

gH 1 � h `
¸

αPΦ�
H1

pgα � g�αq , (3.2.5)

where Φ�
H 1 � tα P Φ� : αpH 1q � 0u.

Definition 3.2.3. Let G be a Lie transformation group of isometries of a Rie-

mannian manifold V . Suppose that K is a submanifold of V satisfying the

transversality condition. Let s0 P V and let G � s0 be the G-orbit of s0. Put

k0 � s0, and choose B and K0 as in Lemma 3.2.2. This means that the disjoint

union
�

kPK0
B �k is a neighborhood V0 of s0 in V . If f P C8pV q, we can restrict

it to K0, and then extend it to a function fs0 on V0 by

fs0pb � kq � fpkq, b P B, k P K0, (3.2.6)

so that fs0 is G-invariant and depends onK0. LetD be a differential operator on

V , and define a new differential operator DT on V whose action is ‘transversal

to the orbits’ as

pDTfqps0q � pDfs0qps0q. (3.2.7)

Since fs0 is smooth near s0, the right-hand side makes sense; also, since B �w is

a neighborhood of w in the orbit G �w. Thus, DTf is a well-defined C8-function

on V . If f vanishes on an open subset U of V , then so does DTf . Hence, the

mapping f ÞÑ DTf decreases supports, so DT is a differential operator. The

operator DT is called the transversal part of D. If D � DT , then D is said

to be transversal.

Theorem 3.2.4 ([27], Theorem II.3.4). Let G be a Lie transformation group

of isometries of a Riemannian manifold V . Suppose all orbits of G on V have

same dimension. Let X1, ..., Xl be a basis of the Lie algebra g of G and let

Yi � XG
i , p1 ¤ i ¤ lq be the vector fields induced by G on V . Then each

differential operator D on V can be written as a locally finite sum

D � DT �
¸
piq
DpiqYi1 � � �Yil , (3.2.8)

68



CHAPTER 3. MATRIX COEFFICIENTS AND DIFFERENTIAL
OPERATORS

where DT is the transversal part of D and each Dpiq ppiq � pi1, ..., irqq is transver-
sal.

Example 3.2.4.1 ([27], Example II.3.4.1). Let V be the plane R2 and G be

the group of translations Tt : px, yq ÞÑ px, y � tq, t P R. Fix a y0 on the y-axis,

and the G-orbit of y0 is the entire y-axis. So B
Bx is transversal to G � y0. In this

case, the operators of the form

¸
i

bipx, yq
� B
Bx


i

, (3.2.9)

are the transversal operators,
�

B
By

	
is the vector field induced by G, and p3.2.8q

reduces to the representation

¸
j

�¸
i

ai,jpx, yq
� B
Bx


i
�� B

By

j

(3.2.10)

of an arbitrary differential operator on R2.

Example 3.2.4.2. Let the Lie group G � SUp2q, and g � sup2q be its Lie

algebra. Let V be sup2q � R3, G acts by the adjoint action on g. The G-orbits

in g are 2-spheres in R3. Recall that the standard basis of sup2q is

X1 �
�

0 1

�1 0

�
, X2 �

�
0 i

�i 0

�
, X3 �

�
i 0

0 �i

�
. (3.2.11)

Let px1, x2, x3q P R3, and each element Y in sup2q can be written as Y �
x1X1�x2X2�x3X3. Let r

B
Br � x1

B
BX1

�x2 B
BX2

�x3 B
BX3

be the radial differential

operator defined in Proposition 2.5.8. The subspace spanned by tX3u satisfies

the transversality condition (since every element in it is regular). Hence, the

differential operators of the form

¸
k

�¸
j

�¸
i

ci,j,kpx1, x2, x3q
� B
Bx1


i
�� B

Bx2


j
�� B

Bx3


k

, (3.2.12)

are transversal differential operators. We can also calculate the vector fields

X1, X2, X3 induced by the action of G in g.

69



CHAPTER 3. MATRIX COEFFICIENTS AND DIFFERENTIAL
OPERATORS

For example, let

Z �
�

ix3 x1 � ix2

�x1 � ix2 �ix3

�
P sup2q. (3.2.13)

Let f P C8pgq, and define

pXG
1 � fqpZq � d

dt

����
t�0

fpAdpexp tX1q � Zq, Z P sup2q, (3.2.14)

where

Adpexp tX1q � Z � expptX1qZ expp�tX1q

�
�

cos t sin t

� sin t cos t

��
ix3 x1 � ix2

�x1 � ix2 �ix3

��
cos t � sin t

sin t cos t

�
,

(3.2.15)

and by the chain rule,

d

dt

����
t�0

Adpexp tX1q � Y �
�
i2x2 �i2x3
�i2x3 �i2x2

�
. (3.2.16)

Comparing this with Z, we conclude that

XG
1 � 2

�
x2

B
Bx3 � x3

B
Bx2



. (3.2.17)

Similarly, we can work out XG
2 , X

G
3 :

XG
2 � 2

�
x3

B
Bx1 � x1

B
Bx3



, XG

3 �
�
x1

B
Bx2 � x2

B
Bx1



. (3.2.18)

We may also extend XG
1 , X

G
2 , X

G
3 to the basis of their complexification (as in

p2.5.5q):

HG
α � 1

i
XG

3 :
1

i

�
x1

B
Bx2 � x2

B
Bx1



,

XG
α � 1

2
pXG

1 � iXG
2 q : pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q,

Y G
α � �1

2
pXG

1 � iXG
2 q : pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q.

(3.2.19)
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With respect to the Lie bracket operation, a brief calculation shows that

rHG
α , X

G
α s � 2XG

α , rHG
α , Y

G
α s � �2Y G

α , rXG
α , Y

G
α s � HG

α . (3.2.20)

Hence, HG
α , X

G
α , Y

G
α form a basis of the Lie algebra suC2 .

Example 3.2.4.3. Let G � SUp3q, and its Lie algebra g � sup3q � R8. The

standard basis of sup3q contains eight elements, these are

tH1, H2, X1, X2, X3, Y1, Y2, Y3u, (3.2.21)

and their matrix forms can be found in p2.2.16q.
If we let ph1, h2, x1, x2, x3, y1, y2, y3q P R8, then we can follow the same

method as in Example 3.2.4.2 and work out the vector fields induced by the

action of G: XG
1 , X

G
2 , Y

G
1 , Y G

2 as

XG
1 � 2y1

B
Bh1 � p2h1 � h2q BBy1 � x2

B
Bx3 � y2

B
By3 � x3

B
Bx2 � y3

B
By2

Y G
1 � �2x1 B

Bh1 � p2h1 � h2q B
Bx1 � y2

B
Bx3 � x2

B
By3 � y3

B
Bx2 � x3

B
By2

XG
2 � 2y2

B
Bh2 � ph1 � 2h2q BBy2 � x3

B
Bx1 � y3

B
By1 � x1

B
Bx3 � y1

B
By3

Y G
2 � �2x2 B

Bh2 � ph1 � 2h2q B
Bx2 � y3

B
Bx1 � x3

B
By1 � y1

B
Bx3 � x1

B
By3

(3.2.22)

Let Φ� � tα1, α2, α3 � α1 � α2u be the set of positive roots of sup3qC, and the

standard basis of sup3qC is given by

Hα1 � �iH1, Hα2 � �iH2,

Xα1 �
1

2
pX1 � iY1q, Xα2 �

1

2
pX2 � iY2q, Xα3 �

1

2
pX3 � iY3q,

Yα1 � �1

2
pX1 � iY1q, Yα2 � �1

2
pX2 � iY2q, Yα3 � �1

2
pX3 � iY3q.

(3.2.23)

If we know XG
α1
, Y G

α1
, XG

α2
, Y G

α2
, then we can work out XG

α3
� �

XG
α1
, XG

α2

�
, Y G

α3
��

Y G
α1
, Y G

α2

�
, HG

α1
� �

XG
α1
, Y G

α1

�
, and HG

α2
� �

XG
α2
, Y G

α2

�
.

Proposition 3.2.5. Let G be a compact simply connected semisimple Lie group,

g be its Lie algebra. Let πλ be a finite-dimensional irreducible unitary rep-

resentation of G with highest dominant weight λ on the Hilbert space Hπλ
.
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Let dπλ
� dimpπλq, and fix an orthonormal basis tξ1, ...ξdπλu of Hπλ

(where

ξ1 is the chosen highest weight vector). Define the matrix coefficient of πλ as

Ti,jp�q � xπλp�qξj, ξiy. By Proposition 3.1.11, the convolution of any pair of

arbitrary matrix coefficients is given by

Ti,j � Tk,l � 1

dπ
Di,l

k,jT1,1, 1 ¤ i, j, k, l ¤ dπλ
, (3.2.24)

where Di,l
k,j is a polynomial of left and right invariant vector fields on G induced

by the root vectors in gC. Since G is simply connected, we can lift πλ to its

Lie algebra πλ � exp by exponential mapping, that is, πλpexpXq � exppdπλpXqq,
for X P g, where dπλ is the skew-Hermitian infinitesimal representation of g.

Then, there exists a polynomial of vector fields induced by G on g, denoted by

pDi,l
k,jqG, such that

pTi,j � Tk,lqpexpXq � 1

dπ

�
Di,l

k,j

	G

T1,1pexpXq, 1 ¤ i, j, k, l ¤ dπλ
. (3.2.25)

Proof. Let X P g, and let XL, XR denote the left and right invariant vector

field on G by X, respectively, and let XG denote the vector field induced by the

G action of X on g. Then,

�
XL �XR

� � Ti,j pexpY q � �XG � Ti,j pexpY q , Y P g. (3.2.26)

To see this, we can write XL acting on Ti,j as

XL � Ti,j pexpY q � d

dt

����
t�0

Ti,j pexp�tX expY exp tX exp�tXq

� d

dt

����
t�0

Ti,j pexpAdpexp�tXqY exp�tXq

� d

dt

����
t�0

dπλ̧

m�1

Ti,m pexpAdpexp�tXqY q Tm,j pexp�tXq

�
dπλ̧

m�1

�XG � Ti,m pexpY q Tm,j pexp 0 �Xq

� d

dt

����
t�0

dπλ̧

m�1

Ti,m pexpAdpexp 0 �XqY q Tm,j pexp�tXq ,

(3.2.27)
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by the product rule and the definition of a representation. Note that

Tm,j pexp 0 �Xq �
$&%1, m � j,

0, otherwise,
Ti,m pexp 0 �Xq �

$&%1, m � i,

0, otherwise.

(3.2.28)

It follows that

XL � Ti,j pexpY q � �XG � Ti,j pexpY q �XR � Ti,j pexpY q . (3.2.29)

Now, let Φ� be the set of positive roots of gC. For each α P Φ�, let Xα pYαq
denote the positive (negative) root vector in gC. By Proposition 3.1.7, the first

row of the matrix coefficients of πλ can be obtained as the functions of the form

pY i1
α1
qR...pY im

αm
qR � T1,1pgq � xπλpgqdπλpY i1

α1
q...dπλpY im

αm
qvλ, vλy, g P G. (3.2.30)

However, if we replace each right invariant vector field pYαj
qR by a left one,

pYαj
qL, then

pY i1
α1
qL...pY im

αm
qL � T1,1pgq � xπλpgqvλ, dπλpX i1

α1
q...dπλpX im

αm
qvλy. (3.2.31)

Notice that since vλ is the highest weight vector in Hλ, so each raising operator

dπλpXαj
q annihilates vλ, that is, dπλpXαj

qvλ � 0. Therefore, by p3.2.26q, we
conclude that

pY i1
α1
qR...pY im

αm
qR � T1,1pexpZq � p�1qi1�����impY i1

α1
qG...pY im

αm
qG � T1,1pexpZq,

(3.2.32)

for Z P g. Similarly, the first column of the matrix coefficients of πλ can be

obtained as the functions of the form

pX i1
α1
qL...pX im

αm
qL � T1,1pgq � xπλpgqvλ, dπλpY i1

α1
q...dπλpY im

αm
qvλy, (3.2.33)

and we also have

pX i1
α1
qL...pX im

αm
qL � T1,1pexpZq � p�1qi1�����impX i1

α1
qG...pX im

αm
qG � T1,1pexpZq.

(3.2.34)

To generate the rest of the matrix coefficients of πλ, observe that for each row
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i, with i ¥ 2, we have

Y R
αj
Ti,jpexpZq � �Y L

αj
Ti,jpexpZq � Y G

αj
Ti,jpexpZq, (3.2.35)

and Y L
αk

either ‘raises’ Ti,j to a row l, for l   i, which is previously generated,

or annihilates Ti,j. Hence, the proposition follows.

Example 3.2.5.1. Let π1 be the irreducible unitary representation of SUp2q
with integer highest weight 1 given in Example p2.5.5.1q,

π1 �
�
α β

�β̄ ᾱ

�
, (3.2.36)

where pα, βq P C2 and it satisfies |α|2�|β|2 � 1. Let sup2q be the Lie algebra of

SUp2q. Recall that by Proposition 2.5.8, the lift of α and β by the exponential

mapping of sup2q are given by

α pexppXqq �
�
r
B
Br � 1� ix3



sinp|X|q
|X| , β pexppXqq � px1 � ix2q sinp|X|q|X| ,

(3.2.37)

for X � x1X1 � x2X2 � x3X3 P sup2q, px1, x2, x3q P R3, r B
Br � x1

B
Bx1

� x2
B
Bx2

�
x3

B
Bx3

, and |X| �
a
x21 � x22 � x23. Notice that sin |X|

|X| is both differentiable and

G-invariant, and r B
Br preserves the G-invariance since

r
B
Br

sinp|X|q
|X| � cosp|X|q � sinp|X|q

|X| . (3.2.38)

Let HG
α , X

G
α , Y

G
α in p3.2.19q be the complexification of the vector fields induced

by the SUp2q actions in sup2q. So, we have

Y G
α �αpexpXq � �1

2

�
XG

1 � iXG
2

� � αpexpXq
�
�
pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q



�
��

r
B
Br � 1� ix3



sinp|X|q
|X|



� �px1 � ix2qsinp|X|q|X| � �βpexpXq,

(3.2.39)
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and

XG
α �αpexpXq �

1

2

�
XG

1 � iXG
2

� � αpexpXq
�
�
pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q



�
��

r
B
Br � 1� ix3



sinp|X|q
|X|



� �px1 � ix2qsinp|X|q|X| � �βpexpXq.

(3.2.40)

Let tξ1, ξ2u be the orthonormal basis of the Hilbert space Hπ1 , choose ξ1 to be

the highest weight vector. Also, let T1,1pexpXq � xπ1pexpXqξ1, ξ1y � αpexpXq.
Then by the identity in p3.2.26q, we have

�1

2

�
XR

1 � iXR
2

� � xπ1pexpXqξ1, ξ1y
� 1

2

�
XL

1 � iXL
2

� � xπ1pexpXqξ1, ξ1y � 1

2

�
XG

1 � iXG
2

� xπ1pexpXqξ1, ξ1y.
(3.2.41)

This translates to

xπ1pexpXqdπ1pYαqξ1, ξ1y
� xπ1pexpXqξ1, dπ1pXαqξ1y � Y G

α � xπ1pexpXqξ1, ξ1y.
(3.2.42)

Since dπ1pYαqξ1 � ξ2 and dπ1pXαqξ1 � 0, we have T1,2pexpXq � �Y G
α �

T1,1pexpXq � βpexpXq. Also, we have

1

2

�
XR

1 � iXR
2

� � xπ1pexpXqξ1, ξ1y
� �1

2

�
XL

1 � iXL
2

� � xπ1pexpXqξ1, ξ1y � 1

2

�
XG

1 � iXG
2

� � xπ1pexpXqξ1, ξ1y,
(3.2.43)

and this translates to

xπ1pexpXqdπ1pXαqξ1, ξ1y
� xπ1pexpXqξ1, dπ1pXαqξ1y �XG

α � xπ1pexpXqξ1, ξ1y,
(3.2.44)

and this means T2,1pexpXq � XG
α � T1,1pexpXq � �βpexpXq. To generate the
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last element α, first we have

Y G
α � � βpexpXq � �1

2

�
XG

1 � iXG
2

� � �βpexpXq
�
�
pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q



�
�
�px1 � ix2q sinp|X|q|X|



� 2ix3

sinp|X|q
|X| .

(3.2.45)

Since T2,1pexpXq has been generated, we have

�1

2

�
XR

1 � iXR
2

� � xπ1pexpXqξ1, ξ2y
� 1

2

�
XL

1 � iXL
2

� � xπ1pexpXqξ1, ξ2y � 1

2

�
XG

1 � iXG
2

� xπ1pexpXqξ1, ξ2y,
(3.2.46)

and this translates to

xπ1pexpXqdπ1pYαqξ1, ξ2y
� xπ1pexpXqξ1, dπ1pXαqξ2y �XG

α � xπ1pexpXqξ1, ξ2y.
(3.2.47)

Thus, we have T2,2pexpXq � T1,1pexpXq � Y G
α � T2,1pexpXq. This is exactly

αpexpXq � αpexpXq � 2ix3
sinp|X|q
|X| . (3.2.48)

In this way, every lift of the matrix coefficient of π1 can be generated by applying

a polynomial of induced vector fields by G action on T1,1pexpXq. We can also

explicitly write down these operators for convolutions of matrix coefficients of

π1, for example,

T1,2 � T1,1pexpXq � 1

2
T1,2pexpXq

� �1

2
Y G
α � T1,1pexpXq � βpexpXq,

T1,2 � T2,1pexpXq � 1

2
T2,2pexpXq

� 1

2
p1� Y G

α X
G
α q � T1,1pexpXq � αpexpXq

T1,2 � T1,2pexpXq � 0 � T1,1pexpXq � 0,

(3.2.49)

etc. Similarly, we can work out these differential operators for irreducible uni-

tary representations πn of SUp2q, for n ¡ 1.
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3.3 Radial Part of G-Invariant Differential Op-

erators

In this section, we study the radial part of a G-invariant differential operator,

with respect to the transversality condition.

Theorem 3.3.1 ([27], Theorem II.3.6). Let V be a manifold satisfying the

second axiom of countability and suppose that G is a Lie transformation group

of V . Let K be a submanifold of V that satisfies the transversality condition.

Let D be a differential operator on V . Then there exists a unique differential

operator ΘpDq on K such that

pD � fq� � ΘpDq � f, (3.3.1)

for each locally invariant function f on an open subset of V . The ‘overline

denotes the restriction to K, and ΘpDq is called the ‘radial part’ of D.

Theorem 3.3.2 ([27], Theorem II.3.7). Let V be a Riemannian manifold, G a

unimodular isometry group of V . Assume that a submanifold K � V satisfies

the transversality condition. Then the radial part of the Laplacian operator LV

is given by

ΘpLV q � δ�
1
2LK � δ 1

2 � δ�
1
2LKpδ 1

2 q. (3.3.2)

where � is the composition of differential operators and δ is the density function

given by proportionality of the measures: dνv � δpvqdµv, v P V , between the

orbit G � v and the homogeneous manifold G{Gv.

Example 3.3.2.1 ([27], Sec.III.3.4.(i)). ‘Radial part’ of the Laplacian in Rn:

Let V � Rn, and G � Opnq be the orthogonal group acting on Rn. Let LRn

be the Laplacian operator in Rn. Then the submanifold W � R�zt0u � Rn

satisfies the transversality condition. Hence,

ΘpLRnq � r�
1
2
pn�1q d

2

dr2
� r 1

2
pn�1q � r�

1
2
pn�1q d

2

dr2

�
r

1
2
pn�1q

	
. (3.3.3)

where the density function δprq � rpn�1q, for r P W . This can also be written

as the familiar expression,

ΘpLRnq � d2

dr2
� n� 1

r

d

dr
. (3.3.4)
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Example 3.3.2.2 ([27], Example.II.3.4.(vii)). ‘Radial part’ of the complex Lapla-

cian of semisimple Lie algebras.

Let G be a complex semi-simple Lie group. Let h be a Cartan subalgebra

of g, and h1 � h the subset of regular elements. The Killing form κp�, �q on g is

non-degenerate on both g and h, so we can use it to identify their duals g� and

h�.

If we treat g as a vector space, we can define polynomial functions on it

in the usual sense of polynomial functions on a vector space. That is, if g is

a n-dimensional Lie algebra with a basis tX1, X2, ..., Xnu, then a polynomial

function p : gÑ C is a function in the coordinate function x1, x2, ..., xn:

ppx1, x2, ..., xnq �
¸

ai1i2...ikxi1xi2 � � � xik , (3.3.5)

Let p be a polynomial function on g, ppBq be the constant coefficient differ-

ential operator on g, which can be written as

ppBqpx1, x2, ..., xnq �
¸

ai1i2...ik
B
Bxi1

B
Bxi2

� � � B
Bxik

. (3.3.6)

Let ωpXq � κpX,Xq � tracepadX , adXq, for X P g (also known as complex

Laplacian). Suppose we let X � H � °
αPΦ� Xα P h1 ` °

αPΦ� gα, and let

ωpHq � κpH,Hq, H P h1. Then, given that h1 satisfies the transversality condi-

tion (Example 3.2.2.1), the radial part of the operator ωpBq is given by

ΘpωpBqqpHq � Ω�1pHqωpBqpHq � ΩpHq, H P h1, (3.3.7)

where ΩpHq � ±
αPΦ� αpHq, is the product of all positive roots of g, as linear

functionals on h, and ω is the restriction of ω to h1. In fact, this proposition

can be extended to all G-invariant polynomial functions on g.

Theorem 3.3.3 ([27], Theorem II.5.33). Let G be a complex semisimple Lie

group and g be its Lie algebra. Let p be a G-invariant polynomial function and

ppBq be the corresponding constant coefficient G-invariant differential operator

on g. Let h1 � h be the subset of regular elements in the Cartan subalgebra h.

Given that h1 satisfies the transversality condition, then the radial part of the

differential operator ppBq is given by

ΘpppBqq � Ω�1ppBq � Ω. (3.3.8)
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Example 3.3.3.1. Let GC � SL2pCq, and gC � sl2pCq. Let G � SUp2q be the
compact real form (and also a subgroup) of SL2pCq, g � sup2q � R3 be the Lie

algebra of SUp2q. Let tX1, X2, X3u be the standard basis of sup2q in p3.2.11q.
Suppose X � x1X1 � x2X2 � x3X3 P sup2q, for px1, x2, x3q P R3, we have the

Killing form ωpXq � κpX,Xq � x21 � x22 � x23. This means that if we restrict to

sup2q, then the Laplacian of sup2q is given by

Lpsup2qq � B2
Bx21

� B2
Bx22

� B2
Bx23

. (3.3.9)

Since the only positive root tαu P Φ� has value α � 1, the radial part of

Lpsup2qq is given by

ΘpLpsup2qqq � r�1 B2
Br2 � r �

B2
Br2 �

2

r

B
Br , r P R�zt0u, (3.3.10)

which is the exactly the same as p3.3.4q when n � 3.

This interesting correspondence in p3.3.8q has led to the derivation of a

continuous version of the Kirillov character formula for compact Lie groups.

We will explain it in detail in the next section.

3.4 Liouville Measures on Coadjoint Orbits

Definition 3.4.1. Let g be a complex semisimple Lie algebra, h be the Cartan

subalgebra of g. Also, let Φ be the root system of g. Let α P Φ be a linear

functional (with respect to the Killing form) on h, denoted by αpHq, for H P h,

and let αpBq be the directional derivative of α. If αi, αj P Φ, then for H P h,

αipBq � αjpHq � αjpHαi
q. (3.4.1)

where Hαi
and αi form a dual pair.

Theorem 3.4.2 ([27], Theorem II.5.35). Let G be a compact and semisimple

Lie group with a maximal torus T , gC, tC (a Cartan subalgebra of gC) be the

complexification of their Lie algebras g and t. Let Ω � ±
αPΦ� α, the product

of all positive roots. Let dg be a normalised Haar measure on G such that
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³
G
dg � 1. Then, for H,H 1 P tC,

ΩpHqΩpH 1q
»
G

epAdpgqH,H 1q dg � 1

|W |ΩpBqpΩq
¸
wPW

sgnpwqepwH,H 1q, X P g

(3.4.2)

where ΩpBqpΩq is the product of the directional derivatives on the function Ω in

the directions of all positive roots, W is the Weyl group, and |W | is the order

of W .

Proof. Let f P C8pgq. Define a G-invariant function F on g as follows:

F pXq �
»
G

fpAdpgqXqdg , X P g. (3.4.3)

If p is a G-invariant polynomial function, then we have

pppBqF qpHq � pΩ�1ppBqqpΩF qqpHq, H P tC. (3.4.4)

This means, the function ϕf pHq � ΩpHqF pHq satisfies

pppBqϕf qpHq � ΩpHqpppBqF qpHq, (3.4.5)

by Theorem 3.3.3, which is equal to ϕppBqf pHq. Suppose we let H 1 P tC such that

ΩpH 1q � 0, and let fpXq � epX,H 1q, then ppBqf � ppH 1qf and ppBqϕf � ppH 1qϕf .

So, by ([27], Theorem III.3.13), ϕf has the form

ϕf pHq �
¸
wPW

cwe
pw�H,H 1q (3.4.6)

where cw P C. Also, since Ωpw �Hq � sgnpwqΩpHq, which leads to ϕf pw �Hq �
sgnpwqϕf pHq, hence, each cw � c � sgnpwq, and

ϕf pHq � c
¸
wPW

sgnpwqepw�H,H 1q. (3.4.7)

To determine the constant c, apply ΩpBq to ϕf pHq, and evaluate it at H � 0.

By the definition of ϕf , we have

pΩpBqϕf qp0q � ΩpBqpΩq � c|W |ΩpH 1q. (3.4.8)

Hence, the integral formula p3.4.2q is proved, for H P t, ΩpH 1q � 0, and hence

for all H,H 1 P tC by holomorphic continuation.
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Let δ denote the half-sum of positive roots. Notice that if H 1 � Hδ, then¸
wPW

sgnpwqepwH,Hδq �
¹
αPΦ�

pei 12αpHq � e�i 1
2
αpHqq. (3.4.9)

Suppose now we restrict the equation above to t, we have°
wPW sgnpwqepwH,Hδq

ΩpHq �
±

αPΦ� sin
1
2
αpHq±

αPΦ�
1
2
αpHq . (3.4.10)

So, we have a product of sinc functions, and it converges to 1 as H Ñ 0. Hence

we conclude that

|W | � ΩpBqpΩq
ΩpHδq , (3.4.11)

if we let H Ñ 0 in both sides of p3.4.2q.

Corollary 3.4.2.1. Let H 1 be a regular element in tC, then

ΩpH 1q
ΩpHδq

»
G

epAdpgqH,H 1q dg �
°

wPW sgnpwqepwH,H 1q

ΩpHq , @H P tC (3.4.12)

Hence, if we let H 1 � Hλ�δ for a dominant weight λ, we recover the Kirillov

character formula in p2.4.2q.

Example 3.4.2.1. Let the compact connected semisimple Lie group G be

SUp2q, T be a maximal torus of SUp2q. Also, let sup2q and t be their Lie

algebras. Choose an integral element λ P tC with λ � 1, and the only positive

root α � 2, also the δ element is equal to δ � 1
2
α � 1. Therefore, we have

ΩpH1q
ΩpH1q

»
G

eipAdpgqH,H1q dg �
°

wPW sgnpwqeipwH,H1q

ΩpHq , @H P t. (3.4.13)

We can map the Haar measure dg (which is unique up to a scalar multiple)

on G to a G-invariant probability measure in the dual Lie algebra sup2q� that

is supported on the coadjoint orbit passing through λ � 1 (by p : G Ñ O1),

denoted by ν1. Since each coadjoint orbit carries a symplectic structure, this

measure ν1 is also the Liouville measure on O1, which is also unique up to a

scalar multiple. Therefore, we have»
O1

eiβpHq dν1pβq � sinH

H
, H P t � R. (3.4.14)
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So, this formula generalises Cazzaniga’s calculations for SUp2q in Proposition

2.5.8.

Example 3.4.2.2. Let G be SUp3q, T be a maximal torus of SUp3q. Also, let
sup3q and t be their Lie algebras. Let tC be a Cartan subalgebra of sup3qC. Let
tα1, α2u be the set of simple roots of sup3qC. By p2.2.21q, the ‘first’ fundamental

weight vector λ1 � 3
2
α1 � 1

2
α2. Denote Oλ1

the coadjoint orbit passing through

λ1, and also denote νλ1 the Liouville measure on Oλ1
. In this case, we have

ΩpHλ1q
ΩpHδq

»
Oλ1

eiβpHq, dνλ1pβq �
°

wPW sgnpwqeipwH,Hλ1
q

ΩpHq , @H P t. (3.4.15)

However, both sides above are equal to zero. To see this, on the left hand side,

ΩpHλ1q �
¹

αPtα1,α2,α1�α2u
αpHλ1q, (3.4.16)

and because λ1 is perpendicular to α2 with respect to the Killing form, it follows

that ΩpHλ1q � 0. Also, from Example 2.2.18.1, we can see that¸
wPW

sgnpwqeipwH,Hλ1
q � 0. (3.4.17)

Hence, in general, this theorem is not valid for any non regular elements in t

which also lie on the walls of the Weyl chambers of t.

Therefore, in order to extend Cazzaniga’s method beyond SUp2q, for exam-

ple, as simple as the defining representation of SUp3q (the irreducible represen-
tation πλ1 with highest weight λ1), we also need to have a normalisation formula

for the Liouville measures for coadjoint orbits of general non-regular elements

in t. This is a subject which will be studied in Chapter 4.

82



Chapter 4

Convolution Structures of

Coadjoint Orbits

We have described the convolutions of coadjoint orbits of SUp2q in Chapter 2,

and we wish to generalise this to convolution structures for an arbitrary pair

of coadjoint orbits of a compact connected semisimple Lie group G. Let T

be a maximal torus of G, t be the Lie algebra of T , and t� be the dual of t.

In this chapter, we study the convolution structure of the sumset of a pair of

coadjoint orbits Oλ �Oγ, for arbitrary λ, γ P t�. The original proof was given

by A. Dooley and N. Wildberger in [18]. In fact, the set of adjoint invariant

probability measures on g is a commutative hypergroup [54]. This also leads

to finding the explicit structural convolution equation for the hypergroup of

coadjoint orbits of G.

In Section 4.1, we study how to use Theorem 3.4.2 and the Kostant convexity

theorem [38] to find a formula for the projection of a G-invariant measure of a

regular coadjoint orbitOλ in t�, denoted by µp
λ. The ‘basic tent’ is the projection

of the coadjoint orbit Oδ, and it acts as a foundation for the derivation of µp
λ.

In Section 4.2, we study an explicit formula for the convolution of any pair

of regular coadjoint orbits.

In Section 4.3, we study how to approximate the G-invariant Liouville mea-

sure of a singular coadjoint orbit from a regular one.

In Section 4.4, in Proposition 4.4.1, we calculate the singular supports of

the n-fold convolution of coadjoint orbits (unit 2-spheres) of SUp2q by using

the formulas developed in previous sections.

In addition, all lemmas and theorems included in this chapter are inter-
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preted and reworked from the original content of the article ‘Sum of Adjoint

Orbits’ by A. Dooley and N. Wildberger [18], for the purpose of coherence and

also the completeness of the development of the content in the next chapter.

In this chapter, we let G be a compact semisimple Lie group, T be a maximal

torus of G, and g, t be their Lie algebras. Also, let g�, t� be the duals of g, t,

and let gC, tC be the complexification of g, t, respectively. Additionally, we let

Φ be the chosen root system of gC, and let Φ� be the subset of all positive roots

of Φ, and let ∆ be the set of simple roots. Let W denote the Weyl group of

t�, and let t�� denote a chosen fundamental dual Weyl chamber with respect to

W , t�0 be the interior of t��, Λ be the set of weights of t�, and Λ� be the set of

dominant weights of Λ in t��.

4.1 Basic Tent and Projection of Coadjoint Or-

bit

The Kostant convexity theorem [38] says that the orthogonal projection of the

coadjoint orbit Oλ of λ P t� onto t� is the convex hull of W � λ, the Weyl orbit

of λ. Let p : g� Ñ t� be the projection map. We can show that the g-Fourier

transform of µλ restricted to t is equal to the t-Fourier transform of µp
λ, that is,

µ
_g

λ

��
t
� pµp

λq_t . To see this, we first state the disintegration theorem.

Theorem 4.1.1 ([12], Theorem III.70). (Disintegration Theorem) Let X, Y be

Radon spaces, and PpXq, PpY q be the collections of Radon probability measures

on X and Y . Let π : X Ñ Y be a Borel measurable function, such that tπ�1pyq :

y P Y u form a partition of X. Let µ P PpXq, and ν P PpY q be the measure

ν � µ � π�1. Then, there exists a ν-almost everywhere uniquely determined

family of probability measures tµyuyPY � PpXq, which provides a disintegration

of µ into tµyuyPY , such that

� the function y ÞÑ µypBq is a Borel-measurable function for each Borel-

measurable set B � X.

� µy is assigned to the fibre π�1pyq, that is, for ν-almost all y P Y , we have

µypXzπ�1pyqq � 0 and µypBq � µypB X π�1pyqq.

� for every Borel-measurable function f : X Ñ r0,8s,»
X

fpxqdµpxq �
»
Y

»
π�1pyq

fpxqdµypxqdνpyq. (4.1.1)
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Theorem 4.1.2 ([38], Theorem 4.1). (Kostant convexity theorem) Let λ P t�,

Oλ be the coadjoint orbit passing through λ. Let p : g� Ñ t� be the orthogonal

projection map relative to the Killing form. Then the image of the projection

p : Oλ Ñ t� is the convex hull of the Weyl orbit of λ in t�, denoted by convpW �λq
(a convex polytope with vertices W � λ).

Remark. This is a special case of a more general result for symmetric spaces.

An elementary new proof of this theorem for compact semisimple Lie groups

based on the Jacobi eigenvalue algorithm was given by N. Wildberger [56].

Proposition 4.1.3. If β P g�, then there exists a unique (up to a scalar multi-

ple) G -invariant measure µβ on the coadjoint orbit Oβ.

Proof. G acts transitively on Oβ. For each β P g�, the coadjoint orbit Oβ is a

homogeneous space of the form G{Gβ, where Gβ is the stabiliser subgroup of

β. A Haar measure on G can be used to define an invariant measure on G{Gβ.

Since G is compact, it is unimodular ([21], Corollary 2.28) and carries an

invariant measure µG, which is both left and right invariant. In addition, µG is

unique up to a scalar multiple ([21], Theorem 2.20).

Let σ : G Ñ G{Gβ be the projection such that σpgq � gGβ, for g P G. We

can define a measure µG{Gβ
by

µG{Gβ
pEq � µGpσ�1pEqq, (4.1.2)

for any measurable subset E � G{Gβ. Hence, µG{Gβ
is also unique (up to

a scalar multiple). Since Oβ � G{Gβ, the result follows. In addition, G is

compact, so µβ is finite. Hence, we can normalise it so that µβpOβq � 1.

Definition 4.1.4. Let Φ� � Φ be the set of all positive roots and let ∆ � Φ�

be the set of simple roots. Recall that from the definition of the decomposition

of the compact real form g of a complex semisimple Lie algebra gC (Definition

2.2.10), we have

g �
¸
αP∆

RpiHαqlooooomooooon
t

�
¸

αPΦ�
RpXα � Yαq �

¸
αPΦ�

RipXα � Yαqlooooooooooooooooooooooomooooooooooooooooooooooon
tK

, (4.1.3)

where tK is orthogonal to t with respect to the Killing form of g.
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If we apply the disintegration theorem and the Kostant convexity theorem

to the coadjoint orbits of a compact connected semisimple Lie group, then we

have the following result.

Lemma 4.1.5. Let p : g� Ñ t� be the orthogonal projection with respect to the

Killing form, and let p : Oλ ÞÑ convpW � λq, for λ P t� (Theorem 4.1.2). Let

pβ, γq P p�1pβq for β P t� and γ P pt�qK. Let f be a Borel-measurable function in

g�, µλ be the G-invariant Liouville measure on Oλ, µβ be a probability measure

on the fibre p�1pβq for β P convpW � λq , then by the disintegration theorem, we

have »
Oλ

fpξq dµλpξq �
»
convpW �λq

»
p�1pβq

fpβ, γq dµβpγq dµp
λpβq, (4.1.4)

where µp
λ is the projection of µλ with respect to p.

Remark. Because the dual t� is degenerate on tK with respect to the Killing

form, for pβ, γq P p�1pβq, we have

pβ � γqpHq � βpHq � γpHq � βpHq, for H P t. (4.1.5)

Therefore, »
Oλ

eiβpHq dµλpβq �
»
convpW �λq

eiβpHq dµp
λpβq, (4.1.6)

for H P t. That is,

µ
_g

λ

��
t
� pµp

λq_t . (4.1.7)

Theorem 4.1.6 ([30], Theorem 24.3). (Weyl dimension formula) Let λ P Λ�.

Then the dimension of the irreducible highest weight representation πλ of G is

dλ �
±

αPΦ�pλ, αq±
αPΦ�pδ, αq

, (4.1.8)

δ is the half-sum of all positive roots.

We also have an explicit formula for µ
_g

λ

��
t
, and it is given in the following

lemma.
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Lemma 4.1.7. Let λ P t�0 , then the volume of a coadjoint orbit Oλ, and the

Fourier transform of the G-invariant measure µλ restricted to t are given by

µλpOλq �
¹
αPΦ�

pλ, αq
pδ, αq and µ

_g

λ |tpHq �
°

wPW sgnpwqeiwpλqpHq±
αPΦ� iαpHq

, H P t.

(4.1.9)

The measure µλ is called a Liouville measure of Oλ.

Remark. We can see the second formula from the continuous version of the

Kirillov character formula in Corollary 3.4.2.1 at the end of previous chapter.

Notice that,

µλ�δpOλ�δq �
¹
αPΦ�

pλ� δ, αq
pδ, αq � dλ, (4.1.10)

is the Weyl dimension formula for integral weight λ, and the normalisation for

Oδ is always 1, that is, µδpOδq �
±

αPΦ�
pδ,αq
pδ,αq � 1. In this case, the Weyl di-

mension formula has been extended to a continuous version, as a normalisation

for the Liouville measure of Oλ, for arbitrary λ P t�0 .

The formula for µ
_g

λ

��
t
is trivial when λ lies on a wall of t� (and this will

be explained in Lemma 4.1.11). We will study a new normalisation formula for

the singular elements in Section 4.3.

Also, if we take the t-Fourier transform of the right-hand side of p4.1.7q, we
have

µp
λ �

� ¸
wPW

sgnpwqeiw�λ
�pt

�
� ¹

αPΦ�

1

iα

�pt
. (4.1.11)

Intuitively, the Fourier transform of eiβp�q is the unit point mass eβ, and the

Fourier transform of 1
iβp�q is the arc-length measure Fβ on the ray of the vector

β. Therefore, we should express

µp
λ �

¸
wPW

sgnpwqew�λ �
¹
αPΦ�

�Fα. (4.1.12)

In the following part, we prove that the measure in p4.1.12q actually exists and

is the formula for µp
λ.

We start the proof by introducing a few lemmas with regard to the properties

of spreads (introduced by N.Wildberger [18]), and a construction of the ‘basic

tent’ of t�.
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Lemma 4.1.8. Define S � Φ to be a spread of the root system Φ, if for all

α P Φ�, S contains exactly one of tα,�αu. Let S denote the set of spreads. If

S P S is the set of roots with respect to some Weyl chamber (i.e., If S contains

∆ and all other positive roots, then S is a spread with respect to the positive

Weyl chamber), then S is said to be pure. Let Sp � S denote the subset of pure

spreads. Then |Sp| � |W |. In other words, the Weyl groupW acts on S and acts

transitively on Sp. Also, define sgnpSq � p�1qr where r � |tα P Φ� : �α P Su|,
then for all S P S, w P W ,

sgnpwSq � sgnpwqsgnpSq. (4.1.13)

Proof. Since each w P W preserves Φ, so they also preserve the hyperplanes

that are perpendicular to the roots, hence the action of W on Sp is a single

W -orbit.

By ([30], Exercise 10.6), sgnpwq � p�1qnpwq, for w P W , where npwq is the

number of positive roots α P Φ� such that w � α is a negative root.

Let w P W , and k be the number of positive roots in S which turn negative

in w �S, and l be the number of negative roots in S which turn positive in w �S,
and because S contains exactly one of tα,�αu, then npwq � k � l, and

sgnpwSq � p�1qr�k�l � p�1qr�npwq�2l � p�1qr�npwq � sgnpwqsgnpSq. (4.1.14)

Example 4.1.8.1. Let g � sup3q, t be the Cartan subalgebra of g. Let Φ be

the chosen root system of t. The set of positive roots Φ� � tα1, α2, α1 � α2u.
The pure spread tα1, α2, α1�α2u corresponds to the fundamental Weyl chamber

of t. Recall the Weyl group W in Example 2.2.18.1, and the rest of the pure

spreads are:

t�α1, α1 � α2, α2u, t�α1 � α2, α1,�α2u, t�α2,�α1,�α1 � α2u,
tα1 � α2,�α2, α1u, tα2,�α1 � α2,�α1u.

(4.1.15)

Definition 4.1.9. Let t � Rd be a Cartan subalgebra , and t� � Rd be the

dual of t. Let α P Φ, and define the map ϕ : R Ñ t� � Rd, t ÞÑ tα P Rd. Let Ld

be the Lebesgue measure in Rd, and we can define an arc-length measure

LpAq � L1pϕ�1pAqq, (4.1.16)
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for any Borel set A � t�. Hence, L measures how much of the segment of α

(in terms of t) lands in the set A, and assigns that as the measure of A. This

measure ν is singular with respect to Ld. We also define Fα to be the arc-length

measure along the ray of a root vector α P Φ with a density function of 1. Fα

is also a distribution that satisfies

Fαpφq �
» 8

0

φptαq dt, (4.1.17)

where φ P Spt�q is a Schwartz function. Since Fα is not locally integrable,

its Fourier transform is interpreted in the sense of distributions. The Fourier

transform of Fα is given by

pFαq^t� pHq � p.v.

�
1

iαpHq


, H P t, (4.1.18)

which is the principal value distribution of 1{iαpHq.

Lemma 4.1.10. Let α be a root in Φ. Let L� 1
2
α be the arc-length measure on

the line segment r�1
2
, 1
2
s � α. We define a measure Tδ by

Tδ �
¹
αPΦ�

�L� 1
2
α. (4.1.19)

We call the measure Tδ, the basic tent of t�. This measure is a piecewise

polynomial that is absolute continuous with respect to the Lebesgue measure on

t�, supported in the convex hull of W � δ, δ is the half sum of all positive roots.

Let Lα be the arc-length measure on the line segment r0, 1s � α in t�. For any

spread S � tα1, ..., αlu, let δpSq �
°

αPS
1
2
α, then¹

αPS
�Lα � eδpSq � Tδ, (4.1.20)

which is the δpSq-shift of the basic tent.

Proof. By ([4], Lemma 5.3), the Minkowski sum of two compact convex sets is

also a compact convex set, and by the Krein-Milman theorem, a compact and

convex set is the closed convex hull of its extreme points. In particular, such a

set has extreme points.

We claimW �δ is the extremal set of the support D of Tδ. To see this, notice

that D is a compact convex polytope, and the extreme points of D coincide
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with its vertices, denoted by K, and K � °
αPΦ�

1
2
tα,�αu, which is the set

of δpSq, of all S P S. Also, let NS � tα P Φ� : �α P Su, and since every

δpSq � δ �°
NS
α. Then every δpSq is strictly smaller than δ, and because W

is a group of isometries, hence W � δ � δpSpq is the extremal set of D.

We then show
±

αPS �Lα � eδpSq � Tδ. Note that the support of eδpSq � Tδ is

D � δpSq, and

D � δpSq �
¸

αPΦ�

�
�1

2
,
1

2

�
� α �

¸
α1PS

1

2
α1

�
¸
α1PS

r0, 1s � α1

� supp

�¹
α1PS

�Lα

�
,

(4.1.21)

where
°

denotes the Minkowski sum.

Let A2 denote the root system of sup3q, and B2 denote the root system of

sop5q. Here we show the picture of the ‘basic tent’ Tδ of A2 (linear sides) in

Figure 4.1 and B2 (quadratic sides) in Figure 4.2.

Figure 4.1: Tδ of A2 Figure 4.2: Tδ of B2

The basic tent of A2 in Figure 4.1 is supported in a hexagon centered at

the origin in a real vector space of dimensions 2. The edges on top of the

‘tent’ coincide with the root vectors of A2. This measure is a linear piecewise

polynomial and its highest density is concentrated at the origin. Interestingly,

this measure is also the image of the projection of a 3-dimensional cube (with

one edge pointing downward) onto a 2-dimensional space.

The basic tent of B2 in Figure 4.2 is supported in an octagon centered at
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the origin in a 2-dimensional real vector space. This measure is a piecewise

quadratic polynomial, and its highest density is concentrated at the origin.

These piece-wise polynomials are quite complicated to write down here, but

can be found in the programs referenced in Appendix A.

Lemma 4.1.11. If S P S is not a pure spread, then δpSq lies on a wall of t�,

and ¸
wPW

sgnpwqewδpSq � 0. (4.1.22)

Proof. Let tλjulj�1 be the set of fundamental weights of g in t�, by ([30], Lemma

13.3A), we have:

δ � 1

2

¸
αPΦ�

α �
ļ

j�1

λj. (4.1.23)

So, δ is the ‘smallest’ strongly dominant weight in Λ� (any dominant weights

‘smaller’ ( ) than δ lie on the walls, a pair of weights λ   λ1 if and only if

λ1 � λ is an integral sum of positive roots). Since each spread δpSq lies on the

Weyl-orbit of a spread in S that lies in Λ�, and also every δpSq can be written as

δpSq � δ�°
NS
α, and suppose δpSq P Λ�, then δpSq is not strongly dominant,

so δpSq lies on a wall of t��. In addition, W � δpSq lies on some walls of t�. To

see this, we first show that if λ lies on a wall of t�, then¸
wPW

sgnpwqewλ � 0. (4.1.24)

If λ lies on a wall of t�, then λ � °l
j�1mjλj, with some elements of tmj1 , ...,mjku

being zero. Let tαj1 , ...αjku be the corresponding simple roots, then the simple

reflections tσαj1
, ..., σαjk

u generate a subgroup ofW that fixes λ, denoted byWλ,

(Wλ is the Weyl group of the semisimple Lie subalgebra h � kK `°
αPΦ�λ pgα �

g�αq, where k is the minimal wall that contains λ, and Φ�
λ � tα P Φ� :

pλ, αq � 0u, by Lemma 2.2.14), and as a Weyl group, Wλ is of even order

and has alternating signs. Hence p4.1.24q follows. Also, the Weyl orbit of λ is

isomorphic to the quotient W {Wλ.

Lemma 4.1.12. Let Lα be the arc-length measure defined above in Lemma

4.1.10, S be the set of spreads and Sp � S the subset of pure spreads. Define a

measure E1 on t� as

E1 �
¹
αPΦ�

�pLα � L�αq �
¸
SPS

sgnpSqLαj1
� ... � Lαjk

, (4.1.25)
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where S � tαj1 , ..., αjku. Then,

E1 �
¸
SPSp

sgnpSqLαj1
� ... � Lαjk

�
¸
wPW

sgnpwSδqewδ � Tδ, (4.1.26)

where Sδ is the spread of all positive roots in Φ�.

Proof. Let S� denote the subset of all spreads that for each S P S�, δpSq is
contained in t��. Let WδpSq be the Weyl subgroup of the Weyl orbit of δpSq, and
by the δpSq-shift of the basic tent, E1 can be written as

E1 �
¸

SPS�

|WδpSq|
|W |

¸
wPW

sgnpwSq ewδpSq � Tδ

�
¸

SPS�

|WδpSq|
|W | sgnpSq

¸
wPW

sgnpwq ewδpSq � Tδ by p4.1.13q

�
¸
wPW

sgnpwSδqewδ � Tδ,

(4.1.27)

by Lemma 4.1.11.

Example 4.1.12.1. Let g � sup3q, and Φ� � tα1, α2, α1 � α2u be the set of

positive roots g, and δ � α1 � α2. Also, let Sδ be the spread with respect to δ,

so that sgnpSδq � p�1q0 � 1. Let Tδ be the basic tent in Figure 4.1, then E1

measure can be written as

E1 �
¸
wPW

sgnpwqewδ � Tδ, (4.1.28)

where W � te, σα1 , σα2 , σα2σα1 , σα1σα2 , σα2σα1σα2u (Example 2.2.18.1), and

respectively,

sgnpW q � t�1,�1,�1,�1,�1,�1u, (4.1.29)

and

W � δ � tδ, α2, α1,�α2,�α1,�δu. (4.1.30)

Therefore, E1 is a measure of the summation of alternating sign of the shifts of

the basic tent to the points of the Weyl orbit W � δ.

Next, we combine everything developed above to give a formula for µp
λ.
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Theorem 4.1.13 ([18], Proposition 3.1). Let λ P t�0 . For n ¡ 0, define Pn �±
αPΦ� �Lnα � enδ � Tnδ and En �

°
wPW sgnpwqwPn, where wPn � ewnδ � Tnδ.

Let P � limnÑ8 Pn and E � limnÑ8En be distributions on the Euclidean space

t�. Then

µp
λ �

1

|W |
¸
wPW

sgnpwqewλ � E. (4.1.31)

Proof. Let n ¡ 0, and by (4.1.26),

En �
¹
αPΦ�

�pLnα � L�nαq �
¸
wPW

sgnpwqwPn. (4.1.32)

For all H P t, the inverse t-Fourier transform of En is

E_t
n pHq �

»
t�

¹
αPΦ�

�pLnα � L�nαqpβqeiβpHq dβ

�
¹
αPΦ�

» 1

0

peinαpsHq � e�inαpsHqq ds

�
¹
αPΦ�

» 1

0

2 sinnαpsHq ds

�
¹
αPΦ�

2
1� cosnαpHq

inαpHq �
¹
αPΦ�

22
sin2 nαpHq{2
inαpHq .

(4.1.33)

Hence, E_t
n � ±

αPΦ� 2
2 sinnα{2

inα
is a distribution in t. Let |Φ| � m. We claim

2m
±

αPΦ� sin
2 α

2
has a constant term equal to |W |. To see this, notice that by

a variation of p4.1.26q, we have

2m
¹
αPΦ�

sin2 α

2
�
����� ¸
wPW

sgnpwqeiwδ

�����
2

�
¸
wPW

¸
w1PW

sgnpww1qeiwδ�iw1δ, (4.1.34)

and by W -invariance, it only has a constant term |W |, and all other terms of

E_t
n can be written as

cosnα1 � � � cosnαk �
¸

� cosnp�α1 � ...� αkq, (4.1.35)

by the cosine angle addition formula. Hence, let f P L1ptq, and by the Riemann-

Lebesgue lemma, we have

lim
nÑ8

2m

|W |
»
t

¹
αPΦ�

sin2 nαpHq
2

fpHq dH �
»
t

fpHq dH, (4.1.36)
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and it follows thatB
1

|W |E
_t , f

F
� lim

nÑ8
2m

|W |
»
t

¹
αPΦ�

sin2 nαpHq
2

iαpHq fpHq dH

�
C ¹

αPΦ�

1

iαpHq , f
G
.

(4.1.37)

Hence, 1
|W |E

_t is a regularisation of
±

αPΦ�
1
iα
. Combining this observation with

p4.1.11q and taking the inverse t-Fourier transform, we obtain p4.1.31q.

In Figures 4.3 and 4.4, we illustrate the W -invariant measures µp
λ. Since

E is the limit of En as n Ñ 8, we choose a large n to approximate these

projection measures µp
λ with respect to some dominant weights of A2: λ1 � 3λ2

and 2λ1 � 3λ2 (where λ1, λ2 are the fundamental weights of A2).

Figure 4.3: µp
λ pλ1 � 3λ2q of

A2

Figure 4.4: µp
λ p2λ1 � 3λ2q of

A2

As shown in Figures 4.3 and 4.4, these projection measures are also linear

piecewise polynomials in the real vector space of dimension 2.

Corollary 4.1.13.1. Let λ P t�0 , then

µp
λ �

¸
wPW

sgnpwqewλ � P, (4.1.38)

where P �±
αPΦ� Fα, and Fα is the arc-length measure along the ray of the root

vector α in t�.
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Proof. By the projection measure p4.1.31q,

µp
λ �

1

|W |
¸
wPW

sgnpwqewλ � E

� 1

|W |
¸
wPW

¸
wPW

sgnpwwqewλ � wP

� 1

|W |
¸
wPW

¸
wPW

sgnpwwqw pew�1wλ � P q

� 1

|W |
¸
w̃PW

¸
wPW

sgnpw̃qw pew̃λ � P q

� 1

|W |
¸
wPW

w

� ¸
w̃PW

sgnpw̃qew̃λ � P
�
.

(4.1.39)

We then claim that Tλ �
°

wPW sgnpwqewλ � P is in fact W -invariant. Let

σα be the reflection generated by a simple root α P ∆ � Φ�. By ([30], Lemma

10.2.B), σα permutes the positive roots other than α, and σpαq � �α, by the

definition of reflection. Hence,

σαpTλq �
¸
wPW

sgnpwqeσαwλ � σαP

� sgnpwqeσαwλ �
� ¹

βPΦ�, β�α

�Fβ

�
� F�α,

(4.1.40)

and because σα is a generator of W , so we have

Tλ�σαpTλq �
� ¹

βPΦ�, β�α

�Fβ

�
�
� ¸

wPW
sgnpwqewλ � Fα �

¸
wPW

sgnpwqewλ � F�α

�
,

(4.1.41)

where ewλ � Fα is a arc-length measure of the ray given by wλ � tα, for t P
p0,8q. Since σα reflects an element in W � λ in the hyperplane kα. So, W � λ
are symmetrically arranged with respect to kα, and each pair of symmetrical

elements has different signs. Suppose that wλ,w1λ form a symmetrical pair.

Then the summand

sgnpwλqpewλ � Fα � ewλ � F�αq and sgnpw1λqpew1λ � Fα � ew1λ � F�αq,
(4.1.42)

are both the arc-length measures of the line that is perpendicular to kα and

passing through wλ,w1λ, with opposite signs. Therefore, the sum in the second

bracket of p4.1.41q is 0, and Tλ � σαpTλq for all α P ∆. Because w P W is made
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of the products of simple reflections, it follows that Tλ is W -invariant.

4.2 Sum of Coadjoint Orbits

We study an explicit formula for the convolution of coadjoint orbits.

Lemma 4.2.1. Let RpλqpHq � °
wPW sgnpwqeiwλpHq, and RpλqpHq be the com-

plex conjugate of RpλqpHq. Also, let f P L1pt��q. Then, for λ P t�0 , the integral»
t��

»
t

fpλ1qRpλ1qpHqRpλqpHq dH dλ1 � |W |fpλq. (4.2.1)

Proof. Let f P L1pt��q. Then by the Fourier inversion theorem,

fpλq �
»
t��

»
t

fpλ1qeipλ�λ1qpHq dH dλ1

�
»
t��

fpλ1qeλpλ1q dλ1, for λ P t�0 ,
(4.2.2)

where eλ is the unit point mass at λ. In p4.2.1q, only the summand»
t��

»
t

fpλ1q
¸
wPW
w1�w

sgnpww1qeipwλ�w1λ1qpHq dH dλ1, (4.2.3)

is nonzero, and it is equal to»
t��

»
t

fpλ1q
¸
wPW

eiwpλ�λ1qpHq dH dλ1. (4.2.4)

By the W -invariance of t, the above is equal to»
t��

»
t

fpλ1q
¸
wPW

eipλ�λ1qpHq dH dλ1 � |W |fpλq. (4.2.5)

The other summands are zero because when λ P t�0 lies off the wall, the elements

wλ and w1λ1 for w � w1 do not lie in the same Weyl chamber. So, we have the

result.

Lemma 4.2.2. For H P t, and let w P W , then

¹
αPΦ�

1

w�1αpHq � sgnpwq
¹
αPΦ�

1

αpHq , (4.2.6)
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and

Rpw�1λqpHq � sgnpwqRpλqpHq. (4.2.7)

Proof. By ([30], Theorem 10.3), let npwq be the number of positive roots such

that wα, for all α P Φ� is a negative root, then sgnpwq � p�1qnpwq, and be-

cause sgnpwq � sgnpw�1q, so the lemma follows. Hence, we say RpλqpHq and±
αPΦ� αpHq are W -anti-invariant.

Lemma 4.2.3. Let µλ, µλ1 be the G-invariant Liouville measures on the coad-

joint orbits passing through λ, λ1 P t�0 respectively, p be the orthogonal projection

defined in Lemma 4.1.5, then

pµλ � µλ1qp � µp
λ � µp

λ1 . (4.2.8)

Remark. This relation is true because µλ and µλ1 are bounded measures, and

the projection p : g� Ñ t� is a linear map.

Theorem 4.2.4 ([18], Theorem 2.5). Let λ, γ P t��. Then pOλ � Oγq is G-

invariant and is a union of coadjoint orbits. Furthermore, pOλ �Oγq X t�� is a

convex polytope.

Remark. This result was derived from the ideas of sympletic geometry and

image of moment map.

Theorem 4.2.5 ([18], Theorem 3.4). Let λ, λ1 P t�0 . Then the convolution

formula is given by

µλ � µλ1 �
»
t��

ϕpλ, λ1, λ2qµλ2 dλ
2, (4.2.9)

where

ϕpλ, λ1, λ2q �
¸
wPW

sgnpwqewλ � µp
λ1pλ2q for all λ2 P t��. (4.2.10)

Proof. Let I be the support of Oλ �Oλ1 in g�. By the disintegration theorem

(Theorem 4.1.1),

µλ � µλ1pIq �
»
t��

»
Oλ2

ϕpλ, λ1, λ2qdµλ2pβq dλ2, (4.2.11)
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where ϕpλ, λ1, λ2q is a density function of I X t��, which depends on the choices

of λ, λ1. By the projection of convolution in p4.2.8q,

µp
λ � µp

λ1 �
»
t��

ϕpλ, λ1, λ2qµp
λ2 dλ

2, (4.2.12)

is a new projection measure on t�. If we take the t-Fourier transform of both

sides using the normalisation formula pµp
λq_t in p4.1.11q, we obtain a function

on t, »
t��

ϕpλ, λ1, λ2qRpλ2qpHq dλ2 �
¹
αPΦ�

1

αpHqRpλqpHqRpλ
1qpHq. (4.2.13)

Letting ζ P t��, we multiply both sides of the equation above by RpζqpHq and
integrate with respect to t. By Lemma 4.2.1, we obtain

|W |ϕpλ, λ1, ζq �
»
t

¹
αPΦ�

1

αpHqRpλqpHqRpλ
1qpHqRpζqpHq dH

�
¸
wPW

sgnpwq
»
t

¹
αPΦ�

1

αpHqRpλqpHqRpλ
1qpHqe�iwζpHq dH

�
¸
wPW

sgnpwq
»
t

¹
αPΦ�

1

αpwHqRpλqpwHqRpλ
1qpwHqe�iζpHq dH

�
¸
wPW

sgnpwq
»
t

¹
αPΦ�

1

w�1αpHqRpw
�1λqpHqRpw�1λ1qpHqe�iζpHq dH

� |W |
»
t

¹
αPΦ�

1

αpHqRpλqpHqRpλ
1qpHqe�iζpHq dH,

(4.2.14)

by Lemma 4.2.2. Therefore, if we solve the right-hand side of the last equality

above, we obtain:

ϕpλ, λ1, λ2q �
�
Rpλq Rpλ1q±

αPΦ� α


^t

pλ2q

�
¸
wPW

sgnpwqewλ � µp
λ1pλ2q,

(4.2.15)

by the projection measure in p4.1.38q. The λ, λ1 are interchangeable, and results

are identical.

Examples of convolutions of A2, are given in Figures 4.5 and 4.6. Notice

that
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1. When λ1   λ, then the convolution formula is the sum of the shifts of the

projection measure µp
λ1 to the points of the Weyl orbit W � λ.

2. Let Dλ1 be the support of µp
λ1 . When the size of Dλ1 is fairly small and

λ is away from the origin, w � λ � Dλ1 can be fully contained in a Weyl

chamber (e.g., Figure.4.6), so its density function is

ϕpλ, λ1, λ2q � eλ � µp
λ1pλ2q, λ2 P t��. (4.2.16)

Otherwise, w � λ �Dλ1 can intersect the walls of the Weyl chambers and

the support of ϕpλ, λ1, λ2q becomes complicated (e.g., Figure 4.5).

Figure 4.5: µδ �µλ|t� pλ1�3λ2q
of A2

Figure 4.6: µδ � µλ|t� p2λ1 �
3λ2q of A2

Corollary 4.2.5.1. Let λ1, ...λk P t�0 . Then the convolution formula for coad-

joint orbits is given by

µλ1 � ... � µλk
�
»
t��

¸
wPW

sgnpwqewλ1 � µp
λ2
� ... � µp

λk
pλ2qµλ2 dλ

2, (4.2.17)

and the convolution formula for the projection measures is given by

µp
λ1
� ... � µp

λk
�
»
t��

¸
wPW

sgnpwqewλ1 � µp
λ2
� ... � µp

λk
pλ2qµp

λ2 dλ
2. (4.2.18)

Proof. Let ϕpλ1, ..., λk, λ2q be the density function of support I X t��, k �
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|tλ1, ..., λku|, then

|W |ϕpλ1, ..., λk, ζq

�
¸
wPW

sgnpwq
»
t

� ¹
αPΦ�

1

w�1αpHq

�k�1� k¹
j�1

Rpw�1λjqpHq
�
e�iζpHq dH

�
¸
wPW

sgnpwq2k
»
t

� ¹
αPΦ�

1

αpHq

�k�1� k¹
j�1

RpλjqpHq
�
e�iζpHq dH.

(4.2.19)

Hence, by Lemma 4.2.2, the result follows.

4.3 Singular Coadjoint Orbits

When λ lies on a wall of one of the Weyl chambers in t�, the normalisation in

Lemma 4.1.7 does not extend to the singular coadjoint orbit Oλ. We study how

to obtain the Liouville measure of a singular coadjoint orbit by approximating

it from a regular coadjoint orbit.

Lemma 4.3.1. Let f P L1pt�q, then�� ¹
αPΦ�

Bα
�
f

�^t�

pHq �
¹
αPΦ�

iαpHqf^t� pHq, for all H P t, (4.3.1)

where Bα is the directional derivative of a positive root α.

Proof. This follows from the basic properties of the Fourier transform of linear

functionals.

Lemma 4.3.2. Let λ P t� and f P C8pt�q, and define gλpHq � RpλqpHq±
αPΦ� pλ,αq

, for

all H P t. Then the following limit holds

lim
λÑ0

g
_t�

λ � f � lim
λÑ0

°
wPW sgnpwqewλ±

αPΦ�pλ, αq
� f � p±αPΦ� Bαq f±

αPΦ�pδ, αq
, (4.3.2)

in the sense of distributions.
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Proof. Let νλ be the probability measure of Oλ passing through λ P t�, which

lies in the interior t�0 . Then by the normalisation of µλ,

νλ �
±

αPΦ�pδ, αq±
αPΦ�pλ, αq

µλ. (4.3.3)

Hence, if we take the g-Fourier transform, we obtain

ν
_g

λ pHq �
±

αPΦ�pδ, αq±
αPΦ�pλ, αq

RpλqpHq±
αPΦ� iαpHq

, for all H P t, (4.3.4)

which leads to

gλpHq �
±

αPΦ� iαpHq±
αPΦ�pδ, αq

ν
_g

λ pHq, for all H P t, (4.3.5)

and by Lemma 4.3.1, we have

lim
λÑ0

g
_t�

λ � lim
λÑ0

p±αPΦ� Bαq±
αPΦ�pδ, αq

νpλ, (4.3.6)

where νpλ is the probability projection measure of Oλ. Therefore,

lim
λÑ0

p±αPΦ� Bαq±
αPΦ�pδ, αq

νpλ � f �
p±αPΦ� Bαq f±

αPΦ�pδ, αq
, (4.3.7)

given that limλÑ0 ν
p
λ is the Dirac delta function at the origin.

Lemma 4.3.3. Suppose that λ P t��zt�0 lies on a wall of the positive Weyl cham-

ber, and let Wλ � tw P W |w � λ � λu, Φ�
λ � tα P Φ� | pλ, αq � 0u, and

δλ � 1
2

°
αPΦ�λ α. Then for any η P t�0 ,

lim
ηÑ0

°
wPWλ

sgnpwqewη±
αPΦ�λ pη, αq

� f �

�±
αPΦ�λ Bα

	
f±

αPΦ�λ pδλ, αq
. (4.3.8)

Proof. Denote by k the minimal wall in t� that contains λ, and decompose

η � ηk � ηkK , where ηk is the part lying on k. Let hk be the subalgebra of g

given by

hk � kK `
¸

αPΦ�λ

gα, (4.3.9)

where kK is the orthogonal complement to k, and it is also the Cartan subalgebra

of hk, which commutes with k. Note thatWλ is the Weyl group of kK, by Lemma
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2.2.14. Thus, we have:°
wPWλ

sgnpwqeiwηpHq±
αPΦ�λ pη, αq

� eiηkpHq
°

wPWλ
sgnpwqeiwη

kK
pHq±

αPΦ�λ pηkK , αq

� eiηkpHq
±

αPΦ�λ iαpHq±
αPΦ�λ pδλ, αq

±
αPΦ�λ pδλ, αq±
αPΦ�λ pηkK , αq

°
wPWλ

sgnpwqeiwη
kK

pHq±
αPΦ�λ iαpHq

� eiηkpHq
±

αPΦ�λ iαpHq±
αPΦ�λ pδλ, αq

ν_g
η
kK
pHq,

(4.3.10)

for all H P t. Hence, νη
kK

is the probability measure of the coadjoint orbit of

the subgroup Hk of G associated with hk, passing through ηkK P kK. Therefore,

lim
ηÑ0

eηk �

�±
αPΦ�λ Bα

	
±

αPΦ�λ pδλ, αq
νpη

kK
� f �

�±
αPΦ�λ Bα

	
f±

αPΦ�λ pδλ, αq
, (4.3.11)

by Lemma 4.3.2.

Now we prove the formula for the projection measure of Oλ, with λ lying on

a wall of t��.

Theorem 4.3.4 ([18], Proposition 4.3). Let λ P t��zt�0 lies on a wall of the pos-

itive Weyl chamber, and let Wλ � tw P W |w � λ � λu, Φ�
λ � tα P Φ� | pλ, αq �

0u, and δλ � 1
2

°
αPΦ�λ α. Define the quotient group W {Wλ � twjumj�1 (where

W {Wλ is in a natural bijection with the Weyl orbit of λ) so that each w P W
can be written as w � wju for a wj P W {Wλ and a u P Wλ. Then,

νpλ � Cλ

m̧

j�1

sgnpwjqewjλ �
�� ¹

αPΦ�λ

Bwjα

�
P, (4.3.12)

where

Cλ �
±

αPΦ�pδ, αq±
αPΦ�∖Φ�λ

pλ, αq±αPΦ�λ pδλ, αq
,

�� ¹
αPΦ�λ

Bwjα

�
P � sgnpτwj
q

¹
αPΦ�zΦ�wjλ

�Fα,

(4.3.13)

where sgnpτwj
q � p�1qt, and t is the number |  β P Φ�

λ |wjβ R Φ�u��. Hence, the
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normalisation ν
_g

λ |t can be written as

ν
_g

λ |tpHq � Cλ

m̧

j�1

sgnpwjqeiwjλpHq

sgnpτwj
q±αPΦ�zΦ�wjλ

iαpHq , for all H P t. (4.3.14)

Proof. Let w1, ..., wq P W be the unique elements such that for every w P W ,

w � wju, for some wj and u P Wλ. Suppose that λ lies on a wall. By continuity,

we have

lim
λ1Ñλ

νpλ1 � lim
λ1Ñλ

±
αPΦ�pδ, αq±
αPΦ�pλ1, αq

¸
wPW

sgnpwqewλ1 � P

�
±

αPΦ�pδ, αq±
αPΦ�zΦ�λ pλ, αq

m̧

j�1

sgnpwjq lim
λ1Ñλ

¸
uPWλ

sgnpuq
°

uPWλ
sgnpuqewjuλ1 � P±
αPΦ�λ pλ1, αq

.

(4.3.15)

Now, we let λ1 � λ� η, for η P t�0 . The above becomes±
αPΦ�pδ, αq±

αPΦ�zΦ�λ pλ, αq
m̧

j�1

sgnpwjqewjλ � lim
ηÑ0

¸
uPWλ

sgnpuq
°

uPWλ
sgnpuqewjuη � P±
αPΦ�λ pη, αq

,

(4.3.16)

and by Lemma 4.3.3, and the W -invariance of νpη , the formula for νpλ follows.

Also, in the sense of distributions, for α P Φ�

Bα Fα � e0, and B�α Fα � �e0 . (4.3.17)

Define Φ�
wjλ

� tα P Φ� | pwjλ, αq � 0u, these lead to the second identity in

p4.3.13q.

Next, we derive the convolution formula for singular coadjoint orbits.

Theorem 4.3.5 ([18], Proposition 4.3). Let η P t�0 and λ lie on a wall. Then

νη � νλ �
±

αPΦ�pδ, αq±
αPΦ�pη, αq

»
t��

¸
wPW

sgnpwqewη � νpλpλ2qµλ2 dλ
2 . (4.3.18)
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Proof. Let λ1 P t�0 ,

νη � νλ � lim
λ1Ñλ

±
αPΦ�pδ, αq2±

αPΦ�pη, αqpλ1, αq
µη � µλ1

� lim
λ1Ñλ

±
αPΦ�pδ, αq2±

αPΦ�pη, αqpλ1, αq
»
t��

φpη, λ1, λ2qµλ2 dλ
2

�
±

αPΦ�pδ, αq±
αPΦ�pη, αq

lim
λ1Ñλ

»
t��

¸
wPW

sgnpwqewη � νpλ1pλ2qµλ2 dλ
2

�
±

αPΦ�pδ, αq±
αPΦ�pη, αq

»
t��

¸
wPW

sgnpwqewη � νpλpλ2qµλ2 dλ
2.

(4.3.19)

By Theorem 4.3.5 and Lemma 4.3.3, we derive a formula for the convolution

of singular coadjoint orbits.

Corollary 4.3.5.1. Suppose that η, λ both lie on a wall of t��. Then

νη � νλ

�
±

αPΦ�pδ, αq±
αPΦ�∖Φ�η

pη, αq±αPΦ�η pδη, αq
»
t��

q̧

j�1

sgnpwjqewjη �
�� ¹

αPΦ�η
Bwjα

�
νpλpλ2qµλ2 dλ
2 .

(4.3.20)

4.4 Convolutions of Unit 2-Spheres

Now, we determine the singular supports for the convolutions of coadjoint orbits

O1 of SUp2q.
Proposition 4.4.1. Let G � SUp2q, n be an integer highest weight of SUp2q,
ν1 be the Liouville measure of the coadjoint orbit O1 (for n � 1). Denote the

n-fold convolution of ν1 by pν1q�n. Then, the support and singular support of

pν1q�n are:

supp ppν1q�nq � conv pOnq , singsupp ppν1q�nq �
tn
2
u¤

j�0

On�2j. (4.4.1)

where t�u is the floor function. So, the singular support of pν1q�n is the union of

coadjoint orbits of integers. For instance, singsupp pν1q � O1, also

singsupp
�pν1q�2� � O0 YO2, singsupp

�pν1q�3� � O1 YO3, (4.4.2)
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etc.

Proof. The support of ppν1q�nq is clear, which is the ball with radius n. For the

singular support, by Corollary 4.2.5.1, we have

pν1q�n �
» 8

0

1̧

j�0

p�1qjep�1qj �
�pνp1q�pn�1q� pλ2q � λ2 νλ2 dλ2, (4.4.3)

and the density function with respect to α P t� is

d
�pν1q�n� |t�pαq �

�
1̧

j�0

p�1qjep�1qj �
�pνp1q�pn�1q� pαq � α� dα, (4.4.4)

and

d
�
pνp1q�pn�1q

	
pαq �

�» 8

0

1̧

j�0

p�1qjep�1qj �
�pνp1q�pn�2q� pλ2q � νpλ2pαq dλ2

�
dα.

(4.4.5)

We may simplify p4.4.4q to obtain

d
�pν1q�n� |t�pαq � ��pνp1q�pn�1q� pα � 1q � �pνp1q�pn�1q� pα � 1q� � α dα. (4.4.6)

This means that d
�pν1q�n� |t� is differentiable at α in t� if and only if pνp1q�pn�1q

is differentiable at α� 1 and α� 1. Also, if we differentiate p4.4.5q with respect

to α, since νpλ2 is the characteristic function on r�λ2, λ2s P t�, we have

d

dα
d
�
pνp1q�pn�1q

	
pαq

�
�» 8

0

1̧

j�0

p�1qjep�1qj �
�pνp1q�pn�2q� pλ2q � p�eλ2pαq � e�λ2pαqq dλ2

�
dα

� � ��pνp1q�pn�2q� pα � 1q � �pνp1q�pn�2q� pα � 1q� dα.
(4.4.7)

Therefore, we can recursively apply differentiation to calculate the singular sup-

port of pν1q�n, which is exactly
�tn

2
u

j�0 On�2j.

Remark. This proof is inspired by Cazzaniga’s proof in [9]. By finding the

support and singular support of the n-fold convolution of ν1, we are able to

compare this result with the explicit formula for the G-invariant measure of

moment sets of SUp2q in Chapter 5.
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Chapter 5

Invariant Measures On Moment

Sets

Let G be a Lie group, g be the Lie algebra of G and g� be the dual of g. Let

M be a G-Hamiltonian manifold, Ψ be the moment map on M . The general

image and convexity of a moment map Ψ :M Ñ g� has been greatly generalised

by M. Atiyah [6], V. Guillemin and S. Sternberg [25], and F. Kirwan [35]. N.

Wildberger [55] explicitly studied the convexity of the image of the moment map

of an unitary representation of a compact connected semisimple Lie group. His

theorem says that the moment set Iλ of an irreducible unitary representation

of highest weight λ is convex if and only if λ is root distinct (that is, the set of

the pairwise difference between λ and an element of the orbit of the Weyl group

of λ does not contain any roots of g), and the intersection of the moment set

with the dual Cartan subalgebra t� of g�, Iλ X t�, is the convex hull of the set

of weights of πλ.

The projection of the G-invariant (Liouville) measure for a coadjoint orbit

µp
λ was derived in Chapter 4. We are also interested in working out a projection

measure for a moment set Iλ of G, denoted by νpIλ . Especially when λ is not

root distinct, then Iλ is non-convex and we are also interested in determining

the support of Iλ in t�, that is, IλX t�, for an arbitrary integral dominant weight

λ P Λ�.

In this chapter, we aim to derive an explicit formulas for a G-invariant

measure of a moment set Iλ, which is the pushforward of the unitarily invariant

probability measure of the unit sphere of the Hilbert space Hλ, denoted by νIλ ,

for an arbitrary dominant weight λ P Λ�.

In this chapter, we let G be a compact connected semisimple Lie group, g be
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the Lie algebra of G, g� be the dual of g, t, t� be the (dual) Cartan subalgebra

of g, g�, respectively, and W be the Weyl group of t, t�. In addition, we let t��
be the fundamental dual Weyl chamber of t�, t�0 be the interior of t��, Φ be the

set of roots of g, Φ� be the subset of positive roots of Φ, Λ be the set of weights

of t�, and Λ� be the set of dominant weights of Λ in t��. Furthermore, we let

p : g� Ñ t� be the projection map with respect to the Killing form of g�.

In Section 5.1, we review the convexity theorem for G-Hamiltonian mani-

folds, and study the properties of moment sets of unitary representations. In

Proposition 5.1.8, we show the n-fold sumset of the moment set I1 of the ir-

reducible unitary representation π1 of SUp2q of the highest integer weight 1

is equal to the moment set In of πn of SUp2q. Also, in Proposition 5.1.9, we

determine a subset of the intersection Iλ X t� for a non-root distinct λ P Λ�.

In Section 5.2, we derive an explicit formula νpIλ , in Proposition 5.2.2 and

Proposition 5.2.5. Also, in Proposition 5.2.4, for SUp2q, we show νIn � pν1q�n.
In addition, using the results of Chapter 4, we derive the density function of

Iλ X t�� for two different scenarios: 1. Iλ X t�0 is non-empty; (Proposition 5.2.7);

2. Iλ X t�� is fully contained in a minimal wall of t�� (Proposition 5.2.8).

5.1 Highest Weights and Convexity of Moment

Sets

We have discussed properties and examples of a G-Hamiltonian manifold M

and its moment map Ψ in Chapter 2. Now, we look at the convexity of the

image of the moment sets of irreducible unitary representations of G.

Theorem 5.1.1 ([25], [35]). (Convexity Theorem) Let G be a compact connect

Lie group, T be its maximal torus, g�, t� be the duals of their Lie algebras,

respectively. Let M be a compact G-Hamiltonian manifold, and Ψ :M Ñ g� be

the associated moment map. Then the intersection of the image of the moment

map with the fundamental dual positive Weyl chamber, ΨpMq X t��, is a convex

polytope.

Example 5.1.1.1. Let λ P t��, Oλ be the coadjoint orbit passing through λ,

then ΨpOλq X t�� is exactly tλu, which is a convex polytope of dimensions zero.
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Definition 5.1.2. A dominant weight λ P Λ� is called root distinct if the

set tλ � wλ : w P W u does not contain any roots in Φ. It is equivalent to the

condition that λ is root distinct if

pλ, αq
pα, αq � 1, (5.1.1)

for all α P Φ.

Example 5.1.2.1. Let G � SUp2q, and its Lie algebra g � sup2q, the Cartan

subalgebra t � R (and its dual t� � R). The Weyl group W � C2 � te, σu (the
cyclic group of order 2), so that e � λ � λ and σ � λ � �λ for all λ P t�. The

only positive root of SUp2q is α � 2. The set Sλ � tλ� wλ : w P te, σuu. Let
λ P Λ� be a dominant weight. If λ � 1, then S1 � t0, 2u, which contains α. So

λ � 1 is not root distinct. However, if λ ¡ 1, every set Sλ does not contain any

roots. So, λ is root distinct if the integer λ ¡ 1.

Example 5.1.2.2. Let G � SUp3q, and its Lie algebra g � sup3q. The Cartan

subalgebra t � R2 (and its dual t� � R2). Let Φ� � tα1, α2, α1�α2u be the set
of positive roots of g. Let the Weyl group

W � te, σα1 , σα2 , σα2σα1 , σα1σα2 , σα2σα1σα2u, (5.1.2)

(Example 2.2.18.1), where σα1 , σα2 are simple reflections with respect to α1, α2.

Let λ P Λ� be a dominant weight. If λ � λ1 � 2
3
α1� 1

3
α2, the first fundamental

weight of t�, and the Weyl orbit of λ1 is the setW �λ1 � tλ1, λ1�α1, λ1�α1�α2u,
then Sλ1 � t0, α1, α1 � α2u, which contains roots of g. Hence, λ1 is not root

distinct. Also, if λ � δ � α1�α2, the half-sum of all the positive roots, then δ is

also not root distinct, since W � δ contains all the roots of g, so Sδ does contains

some roots of g, so δ is also not root distinct. For other dominant weights,

λ � 2α1 � 2α2 is an example of the dominant weight being root distinct.

When M is the projective representation space of an irreducible unitary

representation πλ of a compact connected semisimple Lie group G (Example

2.1.7.3), the convexity of ΨpMq can be determined by the dominant highest

weight λ.

Lemma 5.1.3 ([55], Proposition 3.2, [44], Lemma 6.1.4). Let λ P Λ� be a

dominant weight. Suppose that the set of weights of a d-dimensional irreducible
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highest weight unitary representation πλ is Πpλq � tλ1, ..., λnu (where each λj

lies in Λ), so that multiplicities of the weights satisfy
°n

i�1multipλiq � d. Let

Iλ be the moment set of πλ. If D � convtλ1, ..., λnu, then ppIλq � D, and

Iλ X t� � AdpGq �D.

Theorem 5.1.4 ([55], Theorem 3.6). Let πλ be a d-dimensional irreducible

highest weight unitary representation of λ of a G acting on a Hilbert space V . Let

Πpλq � tλ1, ..., λnu be the set of weights of πλ so that multiplicities of the weights

satisfy
°n

i�1multipλiq � d. Let PV be the projective space of V identified by the

unit sphere Ωd � tv P V : ||v|| � 1u, so that PV is a G-Hamiltonian manifold

with a moment map Ψ (Example 2.1.7.3). Let Iλ � ΨpΩdq be the moment set of

Iλ. Then Iλ X t� is convex if and only if λ is root distinct, and in this case

Iλ X t� � convptλ1, ..., λnuq.

Remark. Unlike the general convexity theorem (Theorem 5.1.1), this convex-

ity theorem by N. Wildberger for irreducible unitary representations of compact

connected semisimple Lie group describes the convexity of the intersection of Iλ

with the whole t�, rather than only focusing on the intersection Iλ with only the

fundamental dual Weyl chamber t��.

Example 5.1.4.1. Let G � SUp2q, with W � C2 � te, σu, so that e � λ � λ

and σ � λ � �λ for all λ P t� � R. From Example 5.1.2.1, if λ � 1, then S1

contains the only positive root, and λ is not root distinct, and the moment set I1

is not convex. Since the unitary representation π1 is the defining representation

of SUp2q, πλ1 acts transitively on the projective representation space PV1, it

follows that I1 is exactly the coadjoint orbit O1. But when λ ¡ 1, every set Sλ

does not contain any root, so Iλ is the convex hull of t�λ, λu. In terms of the

Lie algebra sup2q, Iλ is the closure of the ball in R3 with radius λ.

Example 5.1.4.2. Let G � SUp3q. From Example 5.1.2.2, if λ � λ1, the first

fundamental weight of t�, then λ1 is not root distinct, and the moment set I1 is

not convex. Also, the unitary representation πλ1 is the defining representation

of SUp3q, so πλ1 acts transitively on the projective representation space PVλ1 ,

so it follows that I1 is exactly the coadjoint orbit Oλ1 . If λ � δ, then δ is not a

convex set as well (Later in the chapter, we plot the region of this non-convex

set in Figure 5.3), but the image of the projection ppIλq lies in the convex hull

of the Weyl Orbit W � δ (which coincides with the region in Figure 4.1).
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Theorem 5.1.5 ([55], Lemma 3.1). Let G be a compact connected semisimple

Lie group, T be a maximal torus of G, t be the Lie algebra of T , and t� be the

dual of t. Let λ P Λ� � t��, and πλ be an irreducible unitary representation of

highest weight λ. If we restrict πλ to T , denoted by πλ|T . Then, the moment

set Iλ|T is always convex and satisfies Iλ|T X t� � convptλ1, ..., λnuq.

Example 5.1.5.1 ([44], Sec 6.1). Let πλ|T be a d-dimensional irreducible uni-

tary representation of the highest weight λ restricted to T , acting on a Hilbert

space V . Let Πpλq � tλ1, ..., λnu be the set of weights of πλ such that the

multiplicities of the weights satisfy
°n

i�1multipλiq � d. Let PV be the projec-

tive space of V identified by the unit sphere Ωd � tv P V : |v| � 1u, so that

PV is a G-Hamiltonian manifold with a moment map Ψ. Let tv1, ..., vdu be an

orthonormal basis of PV , and dπλ be the infinitesimal version of πλ. By the

Definition 2.4.4 and Proposition 2.4.3, we have

ΨpΩdq � txdπλpHqv, vy : |v| � 1u , H P t, (5.1.3)

and for each v P PV ,

xdπλpHqv, vy � xdπλpHqpv1 � � � � � vdq, pv1 � � � � � vdqy (5.1.4)

� xpλ1pHqv1 � � � � � λdpHqvdq, pv1 � � � � � vdqy (5.1.5)

� |v1|λ1pHq � � � � � |vd|λdpHq, (5.1.6)

where each λj P Πpλq, and |v1| � � � � � |vd| � 1. So, we have

Iλ � convptλ1, ..., λnuq. (5.1.7)

On the other hand, let a1λ1 � � � � � adλd be a convex combination of weights.

Let each vj be the vector of the weight λj with |vj| � 1. So, there exists a

v P Ωd that can be written as v � ?
a1v1 � � � � � ?

advd and satisfies |v| � 1.

This shows convptλ1, ..., λnuq � Iλ. Hence, Iλ � convptλ1, ..., λnuq.

We can also build new representations from the tensor products of existing

representations.

Theorem 5.1.6 ([30], Exercise 21.7 ). (Clebsch-Gordan Theory) Let λ, µ P Λ�

be dominant weights, and V pλq, V pµq be the irreducible standard cyclic modules
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of λ, µ with respect to the irreducible highest weight representations dπλ, dπµ,

respectively. Let Πpλq,Πpµq be the set of weights of V pλq, V pµq, then

Π pV pλq b V pµqq � tν � ν 1 | ν P Πpλq, ν 1 P Πpµqu,
dim pV pλq b V pµqqν�ν1 �

¸
ξ�ξ1�ν�ν1

dimVξ � dimVξ1 .
(5.1.8)

In particular, the weight λ� µ occurs once with multiplicity equal to 1, and the

standard cyclic module V pλ � µq occurs exactly once as a direct summand of

V pλq b V pµq.

Corollary 5.1.6.1 ([30], Exercise 21.8 ). Let pλ1, ..., λlq be the l-tuple of funda-

mental dominant weights with respect to a chosen root system Φ of g. There is

a construction for an arbitrary standard cyclic module V pλq, λ P Λ�, as a direct

summand in a suitable tensor product of modules V pλ1q, ..., V pλlq. Choose an

arbitrary λ P Λ�. If

λ �
ļ

i�1

miλi, for mi P Z�, (5.1.9)

then V pλq occurs exactly once as a summand in

V pλ1q b ...b V pλ1qlooooooooooomooooooooooon
m1 number of times

b......b V pλlq b ...b V pλlqloooooooooomoooooooooon
ml number of times

(5.1.10)

where the weight vector space of the weight λ has dimension 1, and V pλ �°l
i�1miλiq occurs exactly once in this tensor products.

Example 5.1.6.1 ([30], Exercise 22.7). Let G � SUp2q, g � sup2q, gC � sl2C,
and λ1 be the only fundamental weight of sl2C. For m P Z�, we identify a

dominant weight mλ1 by m, so the Clebsch-Gordan formula for both sup2q and
sl2pCq is given by: If n ¤ m, then

V pmq b V pnq � V pm� nq ` V pm� n� 2q � � � ` V pm� nq, (5.1.11)

n� 1 summands in total. Subsequently, V pnq occurs exactly once in

V p1q b ...b V p1qlooooooooomooooooooon
n number of times

. (5.1.12)
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Lemma 5.1.7 ([55], Lemma 2.4). Let pV1, π1q, pV2, π2q be unitary representa-

tions of G, and Iπ1 , Iπ2 be their moment sets respectively. Let V � V1b V2, and
let π be representation on V given by πpgqpv1 b v2q � π1pgqv1 b π2pgqv2. Then

Iπ1 � Iπ2 � Iπ � convpIπ1q � convpIπ2q, (5.1.13)

and when Iπ1 � Iπ2 � convpIπ1q � convpIπ2q, we have Iπ � Iπ1 � Iπ2.

We can apply this lemma to study the moment sets of unitary representations

of SUp2q, which has an interesting result.

Proposition 5.1.8. Let G � SUp2q, g � sup2q � R3, the dual g� � sup2q� �
R3. Let n P Z� be a dominant highest weight of SUp2q, πn be an irreducible

highest weight unitary representation of SUp2q, and let In be the moment set of

πn. Then the moment set In of πn satisfies

In �
ņ

j�1

I1, (5.1.14)

where the right-hand side is the sumset of n-copies of the moment set I1, where

I1 is the unit sphere in R3 and In is the ball in In with radius n.

Proof. By the Clebsch–Gordan theorem (Theorem 5.1.6, Corollary 5.1.6.1), we

can find exactly one copy of the irreducible unitary representation πn inside the

reducible unitary representation given by the tensor products of n-copies of π1.

As for the moment sets, by Lemma 5.1.7,

ņ

j�1

I1 � In �
ņ

j�1

convpI1q. (5.1.15)

Since the set I1 is a unit sphere in R3 (Example 5.1.4.1), the convex set convpI1q
is the unit ball in R3, and the fact that sumset of n-fold unit spheres coincides

with the sumset of n-fold unit balls, which is the ball in R3 with radius n, so

the result follows.

For general compact connected semisimple Lie groups, when λ is not root

distinct, it can be challenging to determine the exact moment set Iλ. If we let

Dλ � convtλ1, ..., λdu be the convex hull of the set of weights of the highest

weight λ, then the moment set Iλ satisfies Iλ is IλX t� � G �Dλ (Lemma 5.1.3).

In fact, we can determine a subset of Iλ X t� as follows.
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Proposition 5.1.9. Let λ P Λ� be a dominant highest weight, pπλ, V pλqq be

the irreducible highest weight unitary representation with respect to λ, Πpλq be
the set of the weights of πλ. Let {v1, . . . , vmu be a subset of weight vectors

of the representation space V pλq of the highest weight representation πλ. If

S � tλ1 . . . , λmu is the set of weights corresponding to tv1, . . . , vmu such that S

contains the largest possible number of weights with the property that the pairwise

difference of any two weights in S is not a root, then W � conv pSq � Iλ X t�.

Proof. Let D1 � convtλ1 . . . , λmu, and suppose λ1 P D1. Then there exists

cj P C for j � 1, ...,m such that
°m

j�1 |cj|2 � 1, and

λ1 �
m̧

j�1

|cj|2λj . (5.1.16)

Let v � °m
j�1 cjvj be in the unit sphere of the representation space V pλq with

respect to a given norm x�, �y. We claim that Ψpvq � λ1. First, let H P t, then

ΨpvqpHq � xdπpHqv, vy �
m̧

j�1

|cj|2λjpHq � λ1pHq, (5.1.17)

Now, let Xα P gα for α P Φ as in the root space decomposition defined in

Definition 2.2.9, be a root space of g, then

ΨpvjqpXαq � xdπpXαqvj, vjy, (5.1.18)

where dπpXαq acts as a raising operator and dπpXαqvj is a weight vector with

weight λj � α. By assumption, none of vectors of the weight λj � α is in

tλ1, . . . , λmu. Thus, ΨpvqpXαq � λ1pXαq � 0. Also, λ1pXαq � xHλ1 , Xαy is the

Killing form, and λ1p�q is only non-degenerate on t. Hence, Ψpvq � λ1.

It follows that, D1 � Iλ X t�, and because of W -invariance of Iλ X t�, hence,

W �D1 � Iλ X t�.

Corollary 5.1.9.1 ([47], Lemma 7.1). Let v be any unit vector in V , then

Ψpvq P Iλ X t� if and only if xdπpXαqv, vy � 0 for all α P Φ.

Example 5.1.9.1. Let G � SUp3q, and its Lie algebra g � sup3q. The Cartan

subalgebra t � R2 (and its dual t� � R2). Let Φ� � tα1, α2, α1 � α2u be

the set of positive roots of g. Let W be the Weyl group p5.1.2q of t, t�. Let
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δ � α1 � α2 P Λ� be the half-sum of positive roots. By Example 5.1.2.2, we

know that δ is not root distinct, so the moment set Iδ is not a convex set. But

we can determine a subset of Iδ X t� as follows:

Figure 5.1: Iδ X t� of A2 Figure 5.2: Root system of A2

Let Πpδq be the set of weights of the 8-dimensional irreducible unitary rep-

resentation πδ (which is also the adjoint representation of SUp3q), and

Πpδq � tδ, α2, α1, 0,�α1,�α2,�δu, (5.1.19)

where the multiplicity of the weight ‘0’ is 2, while other ones have multiplicity

1. The largest possible subset S of the weights in Πpδq with the property that

pairwise difference of any two weights in S is not a root, which also contains δ,

is the set tδ,�α1,�α2u. If we let D � convtδ,�α1,�α2u, then

W �D � convtδ,�α1,�α2u Y convt�δ, α1, α2u � Iδ X t� (5.1.20)

We can also see W � D in Figure 5.1, which is the area enclosed by the two

equilateral triangles. (It is not a convex set. In fact, we will showW �D � IδXt�

in the next section).

5.2 G-Invariant Measures on Moment Sets

In this section, we develop an explicit formula for the projection measure of the

moment set Iλ. In addition, we use the techniques in Chapter 4 to develop an

explicit formula for the G-invariant measure of Iλ.
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Proposition 5.2.1. Let G be a compact connected semisimple Lie group, g be

its Lie algebra, g� be the dual of g, T be a maximal torus of G, t be the Lie

algebra (Cartan subalgebra) of T , and t� be the dual of t. Let λ P Λ� � t� be

a dominant highest weight. Let πλ be a finite-dimensional irreducible unitary

representation of G of λ. Let Iλ � g� be the moment set of πλ. Then there

exists a G-invariant measure on the moment set Iλ.

Proof. G acts on Iλ, but the action of G in general is not transitive on Iλ, so we

can treat Iλ as a disjoint union of coadjoint orbits of G. For each β P Iλ � g�,

the coadjoint orbit Oβ is a homogeneous space of the form G{Gβ, where Gβ

is the stabiliser subgroup of β. By Proposition 4.1.3, there exists a unique

(up to a scalar multiple) and finite G-invariant measure on Oβ. We denote

this measure by νβ and normalise it so that νβpOβq � 1. Since each coadjoint

orbit of G intersects with t� � g�, we denote the set of this intersection by

A � Iλ X t�. Hence, Iλ �
�

βPA Oβ, where A is an index set of coadjoint orbits.

We can also assign a continuous measure νA on A � t�. Finally, we can obtain

a global measure on Iλ, denoted by νIλ , by combining invariant measures on

each coadjoint orbit O, that is,

νIλpEq �
»
A

νβpE XOβq dνApβq, (5.2.1)

where E � Iλ is a measurable subset. This is also an application of the disinte-

gration theorem (Theorem 4.1.1). Since each measure νβ of the coadjoint orbit

Oβ is unique (up to a scalar multiple), the total measure νIλ of the union of

coadjoint orbits Iλ is also unique once the normalisation is fixed. For example,

if we let νIλpIλq � 1, and each νβpOβq � 1, then the weights of νA are fixed to

satisfy this normalisation.

Proposition 5.2.2. Let G be a compact simply connected semisimple Lie group,

g be its Lie algebra, g� be the dual of g, T be a maximal torus of G, t be the

Lie algebra (Cartan subalgebra) of T , and t� be the dual of t. Let λ P Λ� � t�

be a dominant highest weight. Let πλ be a d-dimensional irreducible unitary

representation of G of λ acting on a Hilbert space Hλ, dπλ be its infinites-

imal representation. Let Πpλq � tλ1, ..., λnu be the set of weights of πλ so

that multiplicities of the weights satisfy
°n

i�1multipλiq � d. Let p : g� Ñ t�

be the orthogonal projection map with respect to the Killing form on g�. Let

PHλ be the projective space of Hλ which can be identified by the unit sphere
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Ωd � tu P H : |u| � 1u, where u � °d
j�1 uj such that

°d
j�1 |uj|2 � 1, tujudj�1 is

an orthonormal basis of Hλ, and each uj is also the weight vector of the weight

λj P Πpλq. We define the moment set of πλ as Iλ � txdπλpHqu, uy : u P Ωdu
and a continuous, adjoint invariant function Ψ̃d on t by

Ψ̃dpHq �
»
Ωd

exdπλpHqu,uy dνpuq �
»
Ωd

e
°d

j�1 i|uj |2λjpHq dνpuq, @H P t. (5.2.2)

where ν is the unitarily invariant probability measure supported on Ωd. Suppose

we let νIλ be the probability G-invariant measure on the moment set Iλ of πλ in

g�, which is the pushforward of ν. Then

Ψ̃dpHq �
»
Iλ

eiξpHq dνIλpξq �
»
convpΠpλqq

eiβpHq dνpIλpβq, @H P t, (5.2.3)

where νpIλ is the projection of νIλ with respect to p.

Proof. The moment set Iλ is the union of coadjoint orbits of G, so Iλ is G-

invariant. Let H P t, for each u P Ωd, there exists a β P t� such that

xdπλpHqu, uy � iβpHq. Let p : Iλ ÞÑ convpΠpλqq (Lemma 5.1.3). Let pβ, γq P g�

where β P t� and γ P pt�qK as defined in Definition 4.1.4. Let νβ be the prob-

ability measure on the fibre p�1pβq, for β P convpΠpλqq. By the disintegration

theorem (Theorem 4.1.1) and Lemma 4.1.5, we have»
Iλ

eiξpHq dνIλpξq �
»
convpΠpλqq

»
p�1pβq

eipβ�γqpHq dνβpγq dνpIλpβq

�
»
convpΠpλqq

eiβpHq dνpIλpβq.
(5.2.4)

where νpIλ is the projection of νIλ with respect to p. Hence, the proposition

follows.

Proposition 5.2.3. Let G be a compact simply connected semisimple Lie group,

g be its Lie algebra, g� be the dual of g, T be a maximal torus of G, t be the

Lie algebra (Cartan subalgebra) of T , and t� be the dual of t. Let λ P Λ� � t�

be a dominant highest weight. Let πλ be a d-dimensional irreducible unitary

representation of G of λ acting on a Hilbert space Hλ, dπλ be its infinitesimal

representation. Let Πpλq � tλ1, ..., λnu be the set of weights of πλ so that mul-

tiplicities of the weights satisfy
°n

i�1multipλiq � d. Let PHλ be the projective

space of Hλ which can be identified by the unit sphere Ωd � tu P H : |u| � 1u,
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where u � °d
j�1 uj such that

°d
j�1 |uj|2 � 1, tujudj�1 is an orthonormal basis

of Hλ, and each uj is also the weight vector of the weight λj P Πpλq. Suppose

the multiplicity of each weight λj P Πpλq is exactly 1, and all vectors in tujudj�1

have distinct weights (in this case d � n). Then, the t-Fourier transform of

the projection measure νpIλ is given by

�
νpIλ

�_t pHq � Ψ̃npHq � p�1qn�1pn� 1q!
ņ

k�1

eiλkpHq±
j�k

1¤j¤n

ipλj � λkqpHq , (5.2.5)

for all H P t.

Proof. Based on the calculations in ([40], Theorem 9) and ([44], Lemma 4.16),

we let χΩn be the characteristic function on Ωn, so we first evaluate the right-

hand side of p5.2.2q, »
Cn

χ
Ωnpuq e

°n
j�1 i|uj |2λjpHq du1 � � � dun , (5.2.6)

where each complex variable duj can be re-written in polar form as |uj|d|uj|dθj,
so p5.2.6q is equal to»

Rn
�

»
Tn

χ
Ωnpuq e

°n
j�1 i|uj |2λjpHq |u1|d|u1|dθ1 � � � |un|d|un|dθn

� p2πqn
2n

»
Rn
�

χ
Ωnpuq e

°n
j�1 i|uj |2λjpHq d|u1|2 � � � d|un|2 .

(5.2.7)

Now, we can consider dwj � π d|uj|2 to be the change from the thickness of the

annulus to the thickness of a wall. Also, by the definition of a simplex, p5.2.7q
is equal to

1

πn

»
Rn
�

χ
∆n�1pwq exp

°n
j�1 λjwj dwn, ..., dw1

� eiλnpHq
» 1

0

» 1�w1

0

. . .

» 1�w1�����wn�2

0

e
°n�1

j�1 ipλj�λnqpHqwj dwn�1, ..., dw1 ,

(5.2.8)

where we have integrated with respect to wn. Define the right hand side of

p5.2.8q by Ψnpλ1, ..., λnqpHq. We further integrate p5.2.8q with respect to wn�1,

we obtain the recursive relation

Ψnpλ1, ..., λnq � Ψn�1pλ1, ..., λn�1q �Ψn�1pλ1, ..., λn�2, λnq
λn�1 � λn

. (5.2.9)
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By induction, we can show

Ψnpλ1, ..., λnq � p�1qn�1
ņ

k�1

eλk±
j�k

1¤j¤n

pλj � λkq . (5.2.10)

We have Φ1pλ1q � eλ1 and Φ2pλ1, λ2q � eλ1
λ1�λ2

� eλ2
λ1�λ2

. So it is true for n � 1 and

2. Now, we assume it is true for all n � N , then it is also true when n � N � 1,

that is

ΨN�1pλ1, ..., λN�1q � ΨNpλ1, ..., λNq �ΨNpλ1, ..., λN�1, λN�1q
λN � λN�1

(5.2.11)

The right hand-side is equal to

N�1̧

k�1

p�1qN�1eλk

¹
j¤N�1,N

j�k

pλj � λkq�1

λN � λN�1

�
N�1̧

k�1

p�1qN�1eλk

¹
j¤N�1,N�1

j�k

pλj � λkq�1

λN � λN�1

� p�1qN�1eλN

¹
j�N

pλj � λNq�1

λN � λN�1

� p�1qN�1eλN�1

¹
j�N�1

pλj � λN�1q�1

λN � λN�1

�
N�1̧

k�1

p�1qN�1eλk
rpλN�1 � λkq � pλN � λkqs
pλN � λN�1q

±
j�kpλj � λkq

� p�1qNeλN

¹
j�N

pλj � λNq�1

λN�1 � λN
� p�1qNeλN�1

¹
j�n

pλj � λN�1q�1

λN � λN�1

�
N�1̧

k�1

p�1qNeλk

¹
j�k

pλj � λkq�1

� ΨN�1pλ1, ..., λN�1q .

Also, by induction, we can prove that the simplex has volume

νp∆n�1q �
» 1

0

» 1�w1

0

. . .

» 1�w1�����wn�2

0

dwn�1, ..., dw1 � 1

pn� 1q! (5.2.12)

Therefore, the function in p5.2.2q satisfies Ψ̃n � pn�1q! Ψn, and the proposition

follows.

Remark. Note that if we define

Ψ̃dpλ1, ...λdqp�q �
»
Ωd

e
°d

j�1 i|uj |2λjp�q dνpuq, (5.2.13)
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to be a function in pt�qd instead, then Ψ̃d is still continuous and well-defined

if any multipλjq ¡ 1. Also, suppose λm lies in a neighborhood of an elementpλ P t�, then

lim
pλmÑpλ

Ψ̃dp..., pλm, pλ, ...qp�q � Ψ̃dp..., pλ, pλ, ...qp�q, (5.2.14)

by the dominated convergence theorem.

Proposition 5.2.4. Let G � SUp2q, T be a maximal torus of G, g, t be their

Lie algebras respectively, and g�, t� be the duals of g, t. Let n P Λ� � Z� be

an integer dominant weight, πn be a pn � 1q-dimensional irreducible unitary

representation with respect to n, and In be the moment set of πn. Also, let O1

be the coadjoint orbit of the integer 1, and Πpnq be the set of the weights of

πλ. Denote pν1q�n the n-fold convolution of the G-invariant Liouville measure

of O1, and νIn the G-invariant probability measure of In. Then,

νIn � pν1q�n. (5.2.15)

Proof. Since both νIn and pν1q�n and their Fourier transforms are G-invariant,

hence, we can show pνInq_g|t � ppν1q�nq_g|t. Also, because we have pνInq_g|t �
pνpInq_t and pν�n1 q_g|t � ppνp1q�nq_t, so we can show pνpInq_t � ppνp1q�nq_t.

Notice that by Theorem 2.5.7, the t-Fourier transform of pνp1q�n is given by

ppνp1q�nq_t �
�
sinpHq
H


n

, H P t � R. (5.2.16)

Let n ¥ 1, Πpnq � tn, n � 2, ...,�pn � 2q,�nu, and each weight in Πpnq is

distinct. So, by Proposition 5.2.3, we have

�
νpIn

�_t � p�1qn n!
¸

kPΠpnq

eikH±
jPΠpnq

j�k

ipj � kqH , H P t � R. (5.2.17)

So, we want to show�
sinpHq
H


n

� p�1qn n!
¸

kPΠpnq

eikH±
jPΠpnq

j�k

ipj � kqH , H P t � R. (5.2.18)

Firstly, we note that

sin pHq � 1

2i

�
eiH � e�iH

�
, H P t � R. (5.2.19)
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Next, by binomial theorem, we have

psin pHqqn �
ņ

r�0

1

p2iqn
�
n

r



p�1qreipn�2rqH , H P t � R. (5.2.20)

If we let Πpnq � tn � 2s : s P t0, 1, � � � , nuu, and let k � n � 2r, then the

denominator
±

jPΠpnq
j�k

pj � kq becomes

¹
jPΠpnq

j�k

pj � kq �
¹

sPt0,1,...,nu
s�r

pn� 2s� pn� 2rqq

� 2n
¹

sPt0,1,...,nu
s�r

pr � sq

� 2np�1qn�rr!pn� rq!.

(5.2.21)

Hence,

sinn pHq
Hn

�
ņ

r�0

1

p2iHqn
�
n

r



p�1qreipn�2rqH

�
ņ

r�0

1

p2iHqn p�1q
n n!

p�1qn�rr!pn� rq! e
ipn�2rqH

� p�1qnn!
ņ

r�0

1

piHqn
eipn�2rqH

2np�1qn�rr!pn� rq!

� p�1qn n!
¸

kPΠpnq

eikH±
jPΠpnq

j�k

ipj � kqH ,

(5.2.22)

for H P t � R. Therefore, the proposition follows.

Remark.

� This is a key observation in this project. So far, this correspondence of

describing the moment set of a highest weight unitary representation of a

compact semisimple Lie group G, by the sumset of coadjoint orbits of G,

is only known for SUp2q. It is unclear if this correspondence is true for

other G.

� This correspondence is also related to the non-constant coefficient differ-

ential operator r B
Br , which will be discussed further in Chapter 6.
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Example 5.2.4.1. If n � 1, then Πp1q � t1,�1u, so 5.2.17 is equal to

eiH � e�iH

i2H
� sinpHq

H
. (5.2.23)

If n � 2, then Πp2q � t2, 0,�2u, so 5.2.17 is equal to

1

2H2
� ei2H � e�i2H

4H2
�
�
sinpHq
H


2

. (5.2.24)

If n � 3, then Πp3q � t3, 1,�1,�3u, so 5.2.17 is equal to

�i3pe
iH � e�iHq
8H3

� ipei3H � e�i3Hq
8H3

�
�
sinpHq
H


3

. (5.2.25)

If n � 4, then Πp3q � t4, 2, 0,�2,�4u, so 5.2.17 is equal to

3

8H4
� ei2H � e�i2H

4H4
� ei4H � e�i4H

16H4
�
�
sinpHq
H


4

. (5.2.26)

If n � 5, then Πp4q � t5, 3, 1,�1,�3,�5u, so 5.2.17 is equal to

�i5pe
iH � e�iHq
16H5

� i5pei3H � e�i3Hq
32H5

� ipei5H � e�i5Hq
32H5

�
�
sinpHq
H


5

,

(5.2.27)

etc.

Proposition 5.2.5. Let G be a compact simply connected semisimple Lie group,

g be its Lie algebra, g� be the dual of g, T be a maximal torus of G, t be the

Lie algebra (Cartan subalgebra) of T , t� be the dual of t, and W be the Weyl

group of t, t�. Let λ P Λ� � t� be a dominant highest weight. Let πλ be a finite-

dimensional irreducible unitary representation of G of highest weight λ acting

on a Hilbert space Hλ. Let Πpλq be the set of weights of the irreducible unitary

representation πλ, dλ be the dimension of πλ. Let mλpµq be the multiplicity of the

weight µ P Πpλq. Let D � ΠpλqXΛ� be the subset of dominant weights in Πpλq
with cardinality |D| � q. Let Iλ be the moment set of πλ, and p : g

� Ñ t� be the

orthogonal projection map. Then, the projection of the G-invariant probability

measure of the moment set Iλ on t� (pushforward of the unitarily probability
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measure of the unit sphere of Hλ), denoted by νpIλ, is given by

νpIλ � p�1qdλ�1pdλ�1q!
q̧

k�1

¸
wPW {Wλk

mλpλkqewλk
�

q¹
j�1
j�k

¹
w1PW {Wλj

� �Fw1λj�wλk

��mpλjq

(5.2.28)

where each dominant weight λk, λj lie in D, and eλk
is the unit point mass at

λk, Fλk
is the arc-length measure along the ray of λk in t�, and w1λj � wλk �°l

i�1 tiαi, for αi P ∆, ti P Z, and Wλk
is the subgroup of W that stabilises λk.

Proof. By Theorem 4.1.13, Theorem 4.3.4 and Definition 4.1.9, we see that for

every root α P Φ, »
t

1

iαpHq e
�iηpHq dH � Fα (5.2.29)

in the sense of distributions, where 1{iαpHq is a principal value distribution

and Fα is the arc-length measure (Definition 4.1.9) on the ray along the root

vector α. We may extend this identity to an arbitrary linear combination of

root vectors. Because every weight in Πpλq can be written as λ � °l
j�1 kjαj,

αj P ∆, kj P Z� ([30], Theorem 20.2), the difference of any pair of weights is the

integral linear combination of root vectors in Φ. Hence, if we let α1j P Φ, k1j P Z,
then we have »

t

1

i
°l

j�1 k
1
jα

1
jpHq

e�iηpHq dH � F°l
j�1 k

1
jα

1
j
. (5.2.30)

Suppose πλ contains repeated weights and that λ2 P t� lies in neighborhood of

a weight λ1 P Λ such that λ1 � λ2 � ε
°l

j�1 kjαj, αj P ∆, ε ¡ 0, for arbitrary

choice of integer kj. Let f P Spt�q be a Schwartz function, then we have

lim
εÑ0

»
t

f_tpHq
iε
°l

j�1 kjαjpHq
e�iηpHq dH � lim

εÑ0
Fε

°l
j�1 kjαj

� f � e0 � f. (5.2.31)

in the sense of distributions, where e0 is the unit point mass at the origin of

t�. This also explains the continuity of Ψ̃n in p5.2.13q with repeated weights

(Proposition 5.2.2).

Let W be the Weyl group of t�, we have Πpλq � W �D. Let mλpλkq be the

multiplicity of the dominant weight λk. The continuous function Ψnpλ1, ...λnq in
p5.2.10q contains mλpλkq copies of exponential function of λk P D, and mλpλkq
copies of exponential function of w � λk, for each w P W . Because we have

mpλkq � mpw � λkq by ([30], Theorem 21.2). Also, by the identity p5.2.31q, the
denominator of every term in Ψnpλ1, ...λnq is non-zero.
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Hence, the proposition follows by considering the multiplicities, Weyl orbits

and singularities of the dominant weights in D.

Example 5.2.5.1. Let G � SUp3q, and g � sup3q be its Lie algebra. The

Cartan subalgebra t � R2 (and its dual t� � R2). Let Φ� � tα1, α2, α1�α2u be
the set of positive roots of g. Let W be the Weyl group p5.1.2q of t, t�. Also, let
Wλ1 � te, σα2u be the stabiliser subgroup. Let λ P Λ� be a dominant weight.

If λ � λ1 � 2
3
α1 � 1

3
α2, the first fundamental weight of t� (in Figure 5.2), then

the Weyl orbit of λ1 is the set

W � λ1 � tλ1, λ1 � α1, λ1 � α1 � α2u � W {Wλ1 � te, σα1 , σ2σ1u. (5.2.32)

Let πλ1 be the irreducible unitary representation of λ1, Πpλ1q be the set of

weights of πλ1 which coincides with W � λ1, and Iλ1 be the moment set of πλ1 .

Hence, by p5.2.5q, we have

�
νpIλ1

	_t pHq � p�1q2p2q!
3̧

k�1

eiλkpHq±
j�k

1¤j¤3

ipλj � λkqpHq

� 2
eiλ1pHq

i2p�α1qpHqp�α1 � α2qpHq � 2
eipλ1�α1qpHq

i2pα1qpHqp�α2qpHq
� 2

eipλ1�α1�α2qpHq

i2pα1 � α2qpHqpα2qpHq ,

(5.2.33)

for H P t. Since πλ1 is also the defining representation of SUp3q, so Iλ1 is exactly

the single coadjoint orbit Oλ1 . This means if we let νpλ1
be the projection of the

G-invariant probability measure of Oλ1 , then
�
νpIλ1

	_t pHq � �
νpλ1

�_t pHq.
Recall that by Theorem 4.3.4, if λ lies on a wall of t��, then

ν
_g

λ |tpHq � Cλ

m̧

j�1

sgnpwjqeiwjλpHq

sgnpτwj
q±αPΦ�zΦ�wjλ

iαpHq , for H P t. (5.2.34)

where

Cλ �
±

αPΦ�pδ, αq±
αPΦ�∖Φ�λ

pλ, αq±αPΦ�λ pδλ, αq
, (5.2.35)

and sgnpτwj
q � p�1qt, and t is the number |  β P Φ�

λ |wjβ R Φ�u��. Also, Φ�
λ �

tα P Φ� | pλ, αq � 0u, δλ � 1
2

°
αPΦ�λ α, and W {Wλ � twjumj�1.
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If λ � λ1, which lies on the wall r0,8q � λ1 of t��, then

Cλ1 �
pα1 � α2, α1qpα1 � α2, α1qpα1 � α2, α1 � α2q

pλ1, αqpλ1, α1 � α2qp12α2, α2q � 2, (5.2.36)

where we let pαj, αjq � 2, pαj, αiq � �1, for i � j and i, j P t1, 2u, and pλ1, α1q �
1, pλ1, α2q � 0. Also, sgnpτwj

q � 1 for all wj P W {Wλ1 . In addition, Φ�
e�λ1

�
tα2u, Φ�

σα1 �λ1
� tα1 � α2u and Φ�

σ2σα1 �λ1
� tα1u. Then, we have

ν
_g

λ1
|tpHq � 2

eiλ1pHq

i2α1pHqpα1 � α2qpHq � 2
�eipλ1�α1qpHq

i2α1pHqα2pHq
� 2

eipλ1�α1�α2qpHq

i2α2pHqpα1 � α2qpHq ,
(5.2.37)

which is exactly the same as
�
νpIλ1

	_t pHq that we calculated above.

Next, we determine the density function φpλ, �q, supported on Iλ X t��.

Definition 5.2.6. Let λ P Λ� � t�� be a dominant highest weight, πλ be the

irreducible highest weight unitary representation of λ, and Iλ be the moment

set of πλ. By Proposition 5.2.1, the G-invariant probability measure of Iλ is

defined by

νIλ �
»
t��

φpλ, λ2qνλ2 dλ2, (5.2.38)

where νλ2 is the probability G-invariant measure on the coadjoint orbit Oλ2 , and

φpλ, λ2q is a density function supported on Iλ X t��, which relies on the choice

of λ. Let p : g� Ñ t� be the orthogonal projection map. The projection of νIλ ,

denoted by νpIλ , is defined by

νpIλ �
»
t��

φpλ, λ2qνpλ2 dλ2. (5.2.39)

Proposition 5.2.7. Let t�0 be the interior of the fundamental dual Weyl cham-

ber t��. Suppose the intersection IλXt�0 is non-empty. Then the density function

φpλ, ηq � C�1
η

� ¹
αPΦ�

Bα
�
νpIλpηq, η P t�0 , (5.2.40)
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where Bα is the directional derivative of the root vector α, and

Cη �
¹
αPΦ�

pδ, αq{
¹
αPΦ�

pη, αq. (5.2.41)

Proof. By the normalisation formula p4.1.9q, let λ P t�0 ,

ν
qg
λpHq � Cλ

RpλqpHq±
αPΦ� iαpHq

, @H P t (5.2.42)

where RpλqpHq � °
wPW sgnpwqeiwλpHq, and C�1

λ is the continuous version of

Weyl dimension formula in p4.1.9q. Taking the t-Fourier transform of both sides

of p5.2.39q, we obtain

pνpIλq_tpHq �
»
t��

φpλ, λ2qCλ2
Rpλ2qpHq±
αPΦ� iαpHq

dλ2, (5.2.43)

where the Lebesgue measures on the walls of t� are zero. Also, if we multiply

both sides of p5.2.43q by RpηqpHq and integrate over t, then by Lemma 4.2.1,

we obtain

φpλ, ηq � C�1
η

|W |
¸
wPW

sgnpwq
»
t

� ¹
αPΦ�

iαpHq
� �

νpIλ
�_t pHq e�iwηpHq dH

� C�1
η

»
t

� ¹
αPΦ�

iαpHq
� �

νpIλ
�_t pHq e�iηpHq dH .

(5.2.44)

The last equality is obtained by the anti-symmetric properties of the product

of all positive roots, that is¹
αPΦ�

w�1αpHq � sgnpwq
¹
αPΦ�

αpHq (5.2.45)

by Lemma 4.2.2. Hence, the result follows from the fact that the Fourier trans-

form of linear functionals are directional derivatives (Lemma 4.3.1).

Example 5.2.7.1. Let G � SUp3q, and its Lie algebra g � sup3q. The Cartan

subalgebra t � R2 (and its dual t� � R2). Let Φ� � tα1, α2, α1 � α2u be the

set of positive roots of g. Let W be the Weyl group p5.1.2q of t, t�. Let δ �
α1�α2 P Λ� be the half-sum of positive roots. Let πδ be the irreducible unitary

representation of δ, the set of the weights Πpδq � tδ, α1, α2, 0,�α2,�α1,�δu
(only the ‘zero’ weight has multiplicity 2, and others have multiplicity 1) and
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Iδ be the moment set of πδ. From Example 5.1.9.1 and Figure 5.1, we can see

that IδX t�� is non-empty and is contained in the closure of t��, which is spanned

by the rays along the vectors λ1 and λ2 (walls of t��), and Iδ X t�� is also not

fully contained in any walls of t��.

By equation p5.2.28q, we have

νpIδ � eδ � F�α2 � F�α1 � pF�δq�2 � F�α2�δ � F�α1�δ � F�2δ

� eα1 � Fα2 � Fα2�α1 � pF�α1q�2 � F�δ � F�2α1 � F�δ�α1

� eα2 � Fα1 � Fα1�α2 � pF�α2q�2 � F�2α2 � F�δ � F�δ�α2

� 2e0 � Fδ � Fα1 � Fα2 � F�α2 � F�α1 � F�δ

� e�α2 � Fδ�α2 � Fδ � F2α2 � pFα2q�2 � F�α1�α2 � F�α1

� e�α1 � Fδ�α1 � F2α1 � Fδ � pFα1q�2 � F�α2�α1 � F�α2

� e�δ � Fα1�δ � Fα2�δ � pFδq�2 � Fα1 � Fα2 � F2δ,

(5.2.46)

where eλ is a point mass at λ P t�, and Fλ is a uniform measure along the ray

of the vector λ P t�. Thus, by equation p5.2.40q, a density function φpδ, �q (we
omit the constant coefficient) of the Iδ X t�� is given by

φpλ, ηq �
�� ¹

αPΦ��tα1,α2,α1�α2u
Bα

�
νpIλpηq
� eδ � F�δ � F�α2�δ � F�α1�δ � F�2δ

� eα1 � Fα2�α1 � F�α1 � F�2α1 � F�δ�α1

� eα2 � Fα1�α2 � F�α2 � F�2α2 � F�δ�α2

� 2e0 � F�α2 � F�α1 � F�δ

� e�α2 � Fδ�α2 � F2α2 � Fα2 � F�α1�α2

� e�α1 � Fδ�α1 � F2α1 � Fα1 � F�α2�α1

� e�δ � Fα1�δ � Fα2�δ � Fδ � F2δ,

(5.2.47)

for η P t�0 . Hence, we approximate and plot the density function φpδ, �q in Figure

5.3 and 5.4, and they show the density function is a linear piecewise polynomial

with the highest density concentrated in the origin of t�.

Also, the support of φpδ, �q coincides with the 2-dimensional non-convex

region (a subset of IδX t�) in Figure 5.1. So, that non-convex region is not only

a subset, but also the exact set for Iδ X t�.
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Figure 5.3: Iδ X t� of A2 (Top) Figure 5.4: Iδ X t� of A2 (Side)

When λ P Λ� lies on a ‘wall or (edge of a wall)’ of t��, depending on the

semisimple Lie algebra g, Iλ X t�� could be fully contained in that wall. For

example, every first fundamental weight λ1 of the defining representation of

SUpnq lies on a minimal wall of t��, and Iλ1 X t�� is just the singular point λ1,

which is fully contained in a minimal wall (along the vector of λ1). Hence,

Proposition 5.2.7 no longer applies to these cases. Therefore, in the following

part, we derive a new density function for Iλ1 X t�� that is fully contained in a

minimal wall.

Proposition 5.2.8. Suppose IλX t�� is fully contained in the closure of a mini-

mal wall t�Ξ of t��, and let t�Ξ0
denote the interior of t�Ξ, then the density function

φpλ, ηq � C�1
η

��� ¹
αPΦ�zΦ�Ξ0

Bα

��
νpIλpηq, η P t�Ξ0
(5.2.48)

where Φ�
Ξ0
� tα P Φ� : pλ, αq � 0,@λ P t�Ξ0

u, and

Cη �
±

αPΦ�pδ, αq±
αPΦ�zΦ�Ξ0

pη, αq �±αPΦ�Ξ0

pδη, αq , (5.2.49)

where δη � 1
2

°
αPΦ�Ξ0

α.

Proof. Suppose that λ2 lies in the interior of a minimal wall t�Ξ0
, and define

a subgroup of W , WΞ0 � tw P W : wλ2 � λ2, @λ2 P Ξ0u, then W {WΞ0 is

isomorphic to the Weyl orbit of λ2. Let W {WΞ0 � twjumj�1. By Theorem 4.3.4,
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the measure νpλ2 is given by

νpλ2 � Cλ2

m̧

j�1

sgnpwjqewjλ2 �
�� ¹

αPΦ�
λ2

Bwjα

�
P , (5.2.50)

where �� ¹
αPΦ�

λ2

Bwjα

�
P � sgnpτwj
q

¹
αPΦ�zΦ�

wjλ
2

�Fα , (5.2.51)

sgnpτwj
q � p�1qt, and t is the number

��tβ P Φ�
Ξ0
|wjβ R Φ�u��. Hence, the nor-

malisation ν
_g

λ2 |t can be written as

ν
_g

λ2 |tpHq � Cλ2

m̧

j�1

sgnpwjq
sgnpτwj

q
eiwjλ

2pHq±
αPΦ�zΦ�

wjλ
2
iαpHq , @H P t. (5.2.52)

Let t�Ξ be a minimal wall of t�� containing the support of φpλ, �q, t�Ξ0
the

interior of t�Ξ, so that the t-Fourier transform of both sides of p5.2.39q becomes

�
νpIλ

�_t pHq �
»
t�Ξ

φpλ, λ2qCλ2

m̧

j�1

sgnpwjq
sgnpτwj

q
eiwjλ

2pHq±
αPΦ�zΦ�wjΞ0

iαpHq dλ
2, (5.2.53)

and rearrange and it becomes� ¹
αPΦ�

iαpHq
� �

νpIλ
�_t pHq

�
»
t�Ξ

φpλ, λ2qCλ2

m̧

j�1

sgnpwjq
sgnpτwj

q

��� ¹
βPΦ�wjΞ0

iβpHq

��
eiwjλ
2pHq dλ2.

(5.2.54)

We define a new function RpηqpHq,

RpηqpHq �
m̧

j�1

sgnpwjq
sgnpτwj

q
e�iwjηpHq±

βPΦ�wjΞ0

iβpHq , η P t�Ξ0
, @H P t (5.2.55)

and in fact this function is an anti-symmetric function on t. Also, for α � β,

f P L1pt�Ξq,

Bα f � Fβpηq �
»
t

»
t�Ξ

iαpHq
iβpHqfpλ

2q eipλ2�ηqpHq dλ2 dH, η P t�Ξ (5.2.56)
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Multiplying both sides of p5.2.54q by RpηqpHq, and integrating over t, we obtain

φpλ, ηq � C�1
η

|W {WΞ0 |
m̧

j�1

sgnpwjq
sgnpτwj

q
»
t

��� ¹
αPΦ�zΦ�wjΞ0

iαpHq

��
�
νpIλ

�_t pHq e�iwjηpHq dH.

(5.2.57)

Also, notice that±
αPΦ� iw

�1
j αpHq±

βPΦ�wjΞ0

iw�1
j βpHq �

sgnpw�1
j q

sgnpτw�1
j
q
±

αPΦ� iαpHq±
βPΦ�Ξ0

iβpHq . (5.2.58)

Now because pwjη, βq � pw�1
j wjη, w

�1
j βq � pη, w�1

j βq � 0, for β P Φ�
wjΞ0

and

for all η P t�Ξ0
, it follows that w�1

j β belongs to Φ�
Ξ0
. Therefore, equation p5.2.57q

becomes

φpλ, ηq � C�1
η

»
t

��� ¹
αPΦ�zΦ�Ξ0

iαpHq

��
�
νpIλ

�_t pHq e�iwjηpHq dH (5.2.59)

Hence, the result follows.

Remark. We can use the Proposition 5.1.9 to determine a subset of Iλ X t�

by identifying a set Spλq (Proposition 5.1.9) which contains the highest weight,

so that we can determine whether or not it is fully contained in a wall of the

t��. Then we can choose the density functions of the G-invariant measures

developed, p5.2.40q and p5.2.48q, accordingly. The resulting measures calculated

are G-invariant piece-wise polynomials with support contained in the convex hull

of W �λ. If the set Spλq is fully contained in the closure of a minimal wall, then

we can compare the support of the version of the G-invariant measure of the wall

with the Spλq to check the correspondence. Therefore, it is not straightforward

to determine the density function for this case comparing to the root distinct

highest weights. But our method provides a concrete way to calculate the density

functions, thus the supports and singular supports of moment sets, especially

when the moment set Iλ is not convex.

Example 5.2.8.1. Let G � SUp3q, and its Lie algebra g � sup3q. The Cartan

subalgebra t � R2 (and its dual t� � R2). Let Φ� � tα1, α2, α1 � α2u be

the set of positive roots of g. Let W be the Weyl group p5.1.2q of t, t�. Let
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λ1 � 2
3
α1 � 1

3
α2 P Λ� be the first fundamental weight of t�, and the Weyl orbit

of λ1 is the set W � λ1 � tλ1, λ1 � α1, λ1 � α1 � α2u. Let πλ1 be the irreducible

unitary representation of λλ1 , which is also the defining representation of SUp3q,
hence the set of weights Πpλ1q �W �λ1. Each weight in Πpλ1q has multiplicity 1.

By Example 5.1.2.2 , λ1 is not root distinct, so the moment set Iλ1 is not convex,

and Iλ1 is exactly the single coadjoint orbit Oλ1 . The intersection Iλ1 X t�� is

tλ1u, which is fully contained in the wall r0,8q � λ1 of t��. Hence, the density

function of Iλ1 X t�� is

dφpλ1, ηq � eλ1pηqdη, η P t��, (5.2.60)

where eλ1 is the unit point mass at λ1. To see this, notice that the Equation

5.2.33 that we calculated above, we have

νpIλ1
� eλ1 � F�α1 � Fα1�α2

� eλ1�α1 � Fα1 � F�α2

� eλ1�α1�α2 � Fα1�α2 � Fα2 ,

(5.2.61)

and by Equation p5.2.48q, the density function on Iλ1 X t�� is given by

φpλ1, �q �

��� ¹
αPΦ�zΦ�λ1�tα1,α1�α2u

Bα

��
νpIλ1
� eλ1 � Bα1�α2peλ1�α1 � F�α2q � Bα1peλ1�δ � Fα2q.

(5.2.62)

(We have omitted the constant coefficients.) Notice that if we let f P C8
c pt�q,

ϕα1 , ϕα2 be the angles between the positive side of the x-axis of t� � R2 and
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vectors α1 and α2 (for α1 � α2), respectively, then we have

x B
Bα1

Fα2 , fy � �
»
t�
Fα2pHq

B
Bα1

fpHq dH

� �
»
α2Ò

B
Bα1

fpHq dH

� �
»
α2Ò

�
cos pϕα1q

B
Bx � sin pϕα1q

B
By



fpx, yq dpx, yq

� �
» 8

0

�
cos pϕα1q

B
Bt
Bt
Bx � sin pϕα1q

B
Bt
Bt
By



fpt cos pϕα2q, t sin pϕα2qq dt

� �
» 8

0

�
cos pϕα1q
cos pϕα2q

B
Bt �

sin pϕα1q
sin pϕα2q

B
Bt


fpt cos pϕα2q, t sin pϕα2qq dt

� �
�
cos pϕα1q
cos pϕα2q

� sin pϕα1q
sin pϕα2q


» 8

0

B
Bt fptα2q dt

�
�
cos pϕα1q
cos pϕα2q

� sin pϕα1q
sin pϕα2q



fp0q

� Cpϕα1 , ϕα2qe0 � f.
(5.2.63)

Hence, we conclude that φpλ1, �q|t�� � eλ1 . So,

νIλ1 �
»
t��

eλ1pλ2qνλ2 dλ2 � νλ1 , (5.2.64)

which is exactly the probability G-invariant measure of the coadjoint orbit Oλ1 .

Example 5.2.8.2. Let G � Spinp5,Rq, a 5-dimensional real spin group, which

is also the double cover group of SOp5,Rq. They share the same Lie algebra g,

which can be represented by the compact real form of B2 (in the Bn family),

and the Cartan subalgebra t � R2. The root system of B2 has positive roots:

Φ� � tα1, α2, α1 � α2, α1 � 2α2u. The first fundamental weight λ1 coincides

with a positive root, which is λ1 � α1 � α2. Let πλ1 be the irreducible unitary

representation of λ1. The set of weights of πλ1 is

Πpλ1q � tλ1, λ1 � α1, 0, λ1 � α1 � 2α2, λ1 � 2α1 � 2α2u, (5.2.65)
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and each weight has multiplicity 1. Thus we have

νpIλ1
� eλ1 � pFα1 � Fα1�α2 � Fα1�2α2 � F2α1�2α2q
� eλ1�α1 � pFα1 � Fα2 � F�2α2 � Fα1�2α2q
� e0 � pFα1�α2 � Fα2 � Fα2 � Fα1�α2q
� eλ1�α1�α2 � pFα1�2α2 � F�2α2 � Fα2 � Fα1q
� eλ1�2α1�2α2 � pF2α1�2α2 � Fα1�2α2 � Fα1�α2 � Fα1q.

(5.2.66)

Figure 5.5: Root System of B2
Figure 5.6: Iλ1 of B2

Since λ1 is not root distinct, the moment set Iλ1 is not a convex set. Let

Spλ1q be the largest possible set of weights containing λ1 such that the pairwise

difference of any pair of weights in the set is not a root. We can see that

Spλ1q � tλ1, λ1 � 2α1 � 2α2u, because 2α1 � 2α2 R Φ. Hence the Weyl orbit

W � Spλ1q is also contained in Iλ1 X t�, which is shown in Figure 5.6. Hence, we

assume Iλ X t�� is fully contained in the wall r0,8q � λ1. Thus we can apply the

density function p5.2.48q. We have Φ�zΦ�
λ1
� tα1, α1 � α2, α1 � 2α2u, and we
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obtain the density function φpλ1, �q of Iλ1 X t��

φpλ1, �q �
�� ¹

αPtα1,α1�α2,α1�2α2u
Bα

�
νpIλ1
� eλ1 � pF2α1�2α2q
� Cpα1 � α2,�α2q eλ1�α1 � pFα2q
� Cpα1, α2qBα1�2α2e0

� Cpα1 � α2,�α2q eλ1�α1 � pFα2q
� eλ1�2α1�2α2 � pF2α1�2α2q

(5.2.67)

where Cpα, βq is a constant coefficient determined by vectors α, β. Thus we

obtain a distribution along the wall spanned by λ1, and it is given by dφpλ1, ηq �
Fλ1pλ1�ηq�Fλ1p�λ1�ηq dη, for η � tλ1, t P p0,8q. This formula can be reduced

to

dφpλ1, ηq � Fλ1pλ1 � ηq dη (5.2.68)

for η � tλ1, t P p0,8q. This is an arc-length measure on p0, 1q � λ1. Its support

coincides with the ‘possible’ moment set of Iλ1 , which is shown in Figure 5.6.

Could the moment set be bigger than this? In other words, is the intersection

IλX t�0 non-empty? We can determine it by the density function p5.2.40q, so we

have

φpλ1, �q �
� ¹

αPΦ�
Bα
�
νpIλ1

. (5.2.69)

Because we differentiate the projection νpIλ1
with respect to all the positive roots,

we obtain a new distribution

φpλ1, �q � Cpα, βqeλ1 , (5.2.70)

which is a point mass at eλ1 , and λ1 is fully contained in the wall r0,8q � λ1 .

This does not match our assumption that Iλ X t�0 is non-empty. Hence, it is a

contradiction, and the set in Figure 5.6 is exactly the support of Iλ1 X t��.
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Chapter 6

A Non-Commutative Kirillov

Method

We introduce a non-commutative Kirillov method by combining an updated ver-

sion of Nelson’s formula [40] for finite-dimensional non-commutative self-adjoint

operators and a family of G-invariant measures on moment sets of irreducible

unitary representations developed in Chapter 5 to explicitly calculate the ex-

ponential of skew-Hermitian irreducible highest weight representations of Lie

algebras of compact simply connected semisimple Lie groups. We also demon-

strate how the differential operators induced by the action of G interact with

the lift of matrix coefficients that were studied in Chapter 3. Furthermore, we

extend our method to non-skew-Hermitian irreducible highest weight represen-

tations.

In this chapter, we let G be a compact connected semisimple Lie group, g be

the Lie algebra of G, g� be the dual of g, t, t� be the (dual) Cartan subalgebra of

g, g�, respectively, and W be the Weyl group of t, t�. In addition, we let t�� be

the fundamental dual Weyl chamber of t�, t�0 be the interior of t��, Φ be the set

of roots of g, ∆ be a subset of simple roots of Φ, Φ� be the subset of positive

roots of Φ, Λ be the set of the weights of t� and Λ� be the set of dominant

weights of Λ in t��. In addition, we let p : g� Ñ t� be the projection map with

respect to the Killing form of g�.

In Section 6.1, we review the definitions of Weyl calculus, E. Nelson’s formula

for Weyl calculus in a finite setting, and R. Raffoul’s results of support and

singular support of Weyl calculus for general compact Lie groups.

In Section 6.2, we discuss some interesting properties of the non-constant-

coefficient differential operator ζ B
Bζ in g (which generalises r B

Br for sup2q). In
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Proposition 6.2.4, we derive generalised Bessel functions for compact connected

semisimple Lie groups. In Proposition 6.2.5, we use this Bessel function to prove

that ζ B
Bζ is a G-invariant differential operator in g.

In Section 6.3, we derive a Kirillov-type non-commutative formula for an

irreducible unitary highest weight representation πλ. In Proposition 6.3.3, we

derive an updated version of Nelson’s formula by introducing a recursive func-

tion ψ of the differential operator ζ B
Bζ . In Proposition 6.3.5, we show that the

g-Fourier transform of πλ � exp is a polynomial of differential operators in fun-

damental weight directions, root directions and ζ B
Bζ , acting on the G-invariant

measure νIλ of the moment set Iλ of πλ.

In Section 6.4, in Proposition 6.4.1, we show that the Kirillov type non-

commutative formula can be extended to non-unitary highest weight represen-

tations.

We use examples of SUp2q and SUp3q to illustrate these propositions.

6.1 Weyl Calculus and Coadjoint Orbits

The Weyl calculus was introduced by Hermann Weyl [53] to model the quantisa-

tion of a function fpP,Qq for which P,Q are the moment and position operators.

It was studied in the general case of self-adjoint operators by Robert Ander-

son [5]. Edward Nelson [40] introduced the theory of operants as a framework

for studying Weyl calculus, and proved an explicit formula for the Weyl calcu-

lus in the finite-dimensional setting with an ingenious application of recursion

relations and induction. Brian Jefferies [31] provided an alternative proof of

Nelson’s formula with an application of the Cayley-Hamilton theorem and bi-

nomial expressions. Raed Raffoul [44] applied the Weyl calculus and operants

to study the unitary representations of compact Lie groups.

In this section, we review Nelson’s explicit formula of the Weyl calculus for

finite-dimensional non-commutative self-adjoint operators and Raffoul’s results

for the support and singular support of the Weyl calculus WA when A is the

infinitesimal version of an irreducible unitary representation of a compact simply

connected semisimple Lie group.

Definition 6.1.1. Let H � Cn be a finite and n-dimensional complex Hilbert

space. Let A : H Ñ H be a linear operator on H, and let H be endowed with
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a uniform operator norm

||A|| � sup t||Av|| : ||v|| � 0, ||v|| � 1, ||v|| P Hu . (6.1.1)

Define A � pA1, ..., Adq as a d-tuple of n-dimensional Hermitian matrices acting

on H. For ξ � pξ1, ..., ξdq P Rd, the matrix ξ �A � °d
j�1 ξjAj is again Hermitian.

Theorem 6.1.2 ([40], Theorem 6, [44], Theorem 2.1.5). Let H � Cn be a

complex Hilbert space. Let A � pA1, ..., Adq be a d-tuple of finite-dimensional

Hermitian matrices on H, where A1, ...Ad do not necessarily commute. Let

LpHq denote the space of all operators on H endowed with the uniform operator

norm || � ||. Then, for ξ � pξ1, ..., ξdq P Rd, eiξ�A P LpHq and

||eiξ�A|| � 1. (6.1.2)

Let f : Rd Ñ C be any function with integrable Fourier transform pf . Then the

LpHq-valued integral

fpAq �
»
Rd

pfpξqeiξ�A dξ, (6.1.3)

is convergent.

Definition 6.1.3. LetH � Cn be a complex Hilbert space. LetA � pA1, ..., Adq
be a d-tuple of finite-dimensional Hermitian matrices on H, and let LpHq be
the space of all operators on H. Let f P SpRdq be the Schwartz space of rapidly
decreasing functions (It is known that pf P SpRdq). The Weyl calculus of A is

a LpHq-valued tempered distribution WA, which is given by

WApfq �
»
Rd

pfpξqeiξ�A dξ, f P SpRdq . (6.1.4)

Next, we state E. Nelson’s explicit formula for the Weyl calculus of finite-

dimensional self-adjoint operators.

Theorem 6.1.4 ([40], Theorem 9, [44], Theorem 4.1.1). (E. Nelson) Let H �
Cn be an finite-dimensional Hilbert space, and LpHq be the Banach algebra

of bounded operators on H. Let Σ � LpHq� be a subset of the dual space

of all linear functionals of the form A ÞÑ pAu, uq, for A P LpHq, where u

lies on the unit sphere Ω in H with a unitarily invariant probability measure
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νpΩq � 1, and µ be the unitarily invariant measure on Σ such that µpΣq � 1.

Let V0 be the real vector space of all self-adjoint elements of LpHq. Suppose

A � pA1, ..., Adq is a d-tuple of self-adjoint operators in V0. Let x P Rd, ξ P �Rd
��

and x �A � °d
j�1 xjAj, and let Wx�A be the Weyl calculus of x �A, which is also

the Fourier transform of the LpHq-valued function x � A ÞÑ eix�A. Then, the

explicit form of Wx�A is given by

Wx�A � 1

pn� 1q!
n�1̧

k�0

n�k�1¸
j�0

j̧

m�0

p�1qn�k�j�1
ϕn�k�j�1

�
�i BBξ � A

	
pn� j �m� 1q!

�
�
�i BBξ � A


k �
�ξ BBξ � dI


m

� µ,
(6.1.5)

where ϕkpAq denotes the principal minor of the matrix A with degree k, and the

inverse Fourier transform of µ is given by

qµpx � Aq � »
Σ

eiξ�x dµpξq �
»
Ω

eipx�Au,uqdνpuq. (6.1.6)

Remark. By the Paley-Wiener-Schwartz theorem, the inverse Fourier trans-

form of Wx�A is a matrix of analytic functions on Rd.

Example 6.1.4.1 ([5], Theorem 4.1). Let H � C2 be a Hilbert space of di-

mension 2 and LpHq be the Banach algebra of bounded operators on H. Let

A1, A2, A3 be Pauli spin matrices:

A1 �
�
0 1

1 0

�
, A2 �

�
0 i

�i 0

�
, A3 �

�
1 0

0 �1

�
. (6.1.7)

Together with the identity matrix, these form a basis for LpHq. Let x �
px1, x2, x3q P R3, and x � A � x1A1 � x2A2� x3A3, which is

x � A �
�

x3 x1 � ix2

x1 � ix2 �x3

�
. (6.1.8)

Then, for ξ � pξ1, ξ2, ξ3q P pR3q�, the LpHq-valued distribution Wx�A, also the
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Fourier transform of eix�A is given by

Wx�A �
1̧

k�0

1�ķ

j�0

j̧

m�0

p�1q1�k�j
ϕ1�k�j

�
�i BBξ � A

	
p1� j �mq!

�
�
�i BBξ � A


k �
�ξ BBξ � 3I


m

� µ

� �ϕ1

�
�i BBξ � A



Iµ� ϕ0

�
�i BBξ � A



Iµ

� ϕ0

�
�i BBξ � A



I

�
�ξ BBξ � 3I



µ� ϕ0

�
�i BBξ � A


�
�i BBξ � A



µ

�
�
I �

�
�i BBξ � A



�
�
�ξ BBξ � 3



I



µ

(6.1.9)

where ϕ1p�q � 0, ϕ0p�q � 1. Hence,

Wx�A �
���r B

Br � 2� B
Bξ3 �i B

Bξ1 � B
Bξ2

�i B
Bξ1 � B

Bξ2 �r B
Br � 2� B

Bξ3

�
µ (6.1.10)

where r2 � ξ21 � ξ22 � ξ23 on pR3q� and µ is the probability surface measure on

the unit sphere Σ of R3.

Remark. In fact, this result was first proposed by R. Anderson [5], and it is

also identical to Cazzaniga’s result for the Fourier transform of the defining

representation edπ1 in sup2q in Proposition 2.5.9.

Now, we state R. Raffoul’s results for the support and singular support of

the Weyl calculus Wdπλ
of an irreducible highest weight unitary representation

πλ of a compact simply connected semisimple Lie groups.

Theorem 6.1.5 ([44], Theorem 6.1.3). Let G be a compact simply connected

semisimple Lie group, g be the Lie algebra of G. Let T be a maximal torus

of G, t be the Lie algebra of T , and t� be the dual of t. Let λ P Λ� � t� be

a dominant highest weight, πλ be the irreducible unitary representation of λ,

dπλ be the skew-Hermitian and infinitesimal version of πλ in g, and Iλ be the

moment set of πλ. Suppose dimpgq � d, and let tX1, ..., Xdu be a basis for the

Lie algebra g, and x P Rd. Then the support of the Weyl calculus W�i x�dπλpXq
satisfies

supppW�i x�dπλpXqq � Iλ. (6.1.11)
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Proof. By Theorem 6.1.4 and Proposition 5.2.2, we conclude that the measure

ν of W�i x�dπλpXq is exactly the probability G-invariant measure νIλ supported

on the moment set Iλ. We can also write W�i x�dπλpXq � Dλ � νIλ , where Dλ is a

matrix of differential operators of the form ξ B
Bξ and B

Bξ1 , ...
B
Bξd , for ξ P Rd. Since

a differential operator, in general, reduces the support of a distribution ([48],

Ch.3), we have

supppDλ � νIλq � supppνIλq. (6.1.12)

Hence, the theorem follows.

Theorem 6.1.6 ([44], Theorem 6.28). Let G be a compact simply connected

semisimple Lie group, g be the Lie algebra of G. Let T be a maximal torus of

G, t be the Lie algebra of T , and t� be the dual of t. Let λ P Λ� � t� be a

dominant highest weight, πλ be the irreducible unitary representation of λ, dπλ

the skew-Hermitian and infinitesimal version of πλ in g, and Iλ be the moment

set of πλ. Let Φ be the root system of t�, δ be the half sum of all the positive

roots in Φ. Let dimpgq � d, X P g, x P Rd. Then, the convex hull of the δ-shift

of W�i x�dπλpXq is equal to the convex hull of the coadjoint orbit Oλ�δ, that is,

conv supp
�
νδ �W�i x�dπλpXq

� � conv pOλ�δq, (6.1.13)

where νδ is the Liouville measure of the coadjoint orbit Oδ.

Example 6.1.6.1. Let G � SUp2q, sup2q � R3 the Lie algebra of SUp2q, πn
be the irreducible unitary representation of a positive integer n. The δ element

in t� � R is equal to 1. Let In be the moment set of πn, ν1 be the Liouville

measure of O1, and νIn be the probability G-invariant measure of In. According

to Proposition 5.1.8 and Proposition 5.2.4, we have

ν1 � νIn � ν1 � pν1q�n � ν1 � pν1q�pn�1q � νIn�1 , (6.1.14)

where the support νIn�1 is the ball in R3 with radius n � 1, and it is also the

convex hull of the sphere On�1 in R3 with radius n� 1.

In addition, R. Raffoul also proved the following result about the singular

support of νδ �W�i x�dπλ
.
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Theorem 6.1.7 ([44], Theorem 6.25). Let G be a compact simply connected

semisimple Lie group, g be the Lie algebra of G. Let T be a maximal torus of

G, t be the Lie algebra of T , and t� be the dual of t. Let λ P Λ� � t� be a

dominant highest weight, πλ be the irreducible unitary representation of λ, dπλ

the skew-Hermitian and infinitesimal version of πλ in g, and Iλ be the moment

set of πλ. Let Φ be the root system of t�, δ be the half sum of all positive roots

in Φ, and W be the Weyl group of t�. Let dimpgq � d, X P g, x P Rd. Then,

the singular support of νδ �W�i x�dπλpXq is given by

singsupp
�
νδ �Wx�dπλpXq

� � ¤
wPW

Oλ�w δ, (6.1.15)

where w � δ lies on the Weyl orbit of δ.

Remark. This theorem is a generalisation of Raffoul’s own result for SUp2q in
Theorem 2.5.11. However, we disagree with his result. Because in Proposition

5.2.4, we have shown ν1 � νIn � pν1q�pn�1q, which is the n � 1-fold convolution

of the Liouville measure of O1 for SUp2q. Also, in Proposition 4.4.1, we have

shown

singsupp
�pν1q�pn�1q� � tn�1

2
u¤

j�0

On�1�2j, (6.1.16)

which is different from Raffoul’s result. In our opinion, in general the singular

support of νδ �W�i x�dπλ
is fairly complex to describe.

Example 6.1.7.1. We demonstrate another example. Let G � SUp3q, and its

Lie algebra g � sup3q. The Cartan subalgebra t � R2 (and its dual t� � R2).

Let Φ� � tα1, α2, α1 � α2u be the set of positive roots of t. Let W be the Weyl

group p5.1.2q of t, t�. Also, let Wλ1 � te, σα2u be the stabiliser subgroup. Let

λ P Λ� be a dominant weight. If λ � λ1 � 2
3
α1 � 1

3
α2, the first fundamental

weight of t� (in Figure 5.2), then the Weyl orbit of λ1 is the set

W � λ1 � tλ1, λ1 � α1, λ1 � α1 � α2u � W {Wλ1 � te, σα1 , σ2σ1u. (6.1.17)

Let πλ1 be the irreducible unitary representation of λ1, Πpλ1q be the set of

weights of πλ1 which coincides with W � λ1, and Iλ1 be the moment set of

πλ1 . Since πλ1 is the defining representation of SUp3q, Iλ1 is exactly the single

coadjoint orbit Oλ1 , and the measure νIλ1 � νλ1 . Let δ be the half sum of all

positive roots in Φ�. We wish to find the support and singular support of the
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Figure 6.1: νpλ1
of A2 Figure 6.2: νδ � νλ1 |t� of A2

convolution νδ � νIλ1 � νδ � νλ1 . We recall from Chapter 4, the explicit formula

p4.3.18q for the convolution of the regular coadjoint orbit Oδ and the singular

coadjoint orbit Oλ1 is given by

νδ � νλ1 �
»
t��

¸
wPW

sgnpwqewδ � νpλ1
pλ2qµλ2 dλ

2 . (6.1.18)

So, the density function for the support of pνδ � νλ1q X t�� is

dφpδ, λ1, λ2q �
¸
wPW

sgnpwqewδ � νpλ1
pλ2q dλ2, λ2 P t�� (6.1.19)

Hence, we first approximate and draw νpλ1
in Figure 6.1, and we notice that this

projection measure is a uniform measure supported on an equilateral triangle,

whose edges are in the set W � λ1, which is centred at the origin of t�. The

final form of the density function φpδ, λ1, �q is the anti-symmetric summation

of νpλ1
shifted by the Weyl orbit of δ, which can be seen in Figure 6.2. Hence,

the support of νδ � νλ1 |t� is the set of six equilateral triangles, and the singular

support is the set of all edges of these six triangles. In addition, the support of

νδ � νλ1 |t�� is the triangle with edges tλ1 � δ, λ1 � α2, λ1u � t2λ1 � λ2, 2λ2, λ1u,
which is fully contained in t��.

6.2 The Theta Differential Operators

In this section, we study the properties of the non-constant-coefficient differen-

tial operator x B
Bx that appeared in the explicit formula for the Weyl calculus.
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It is a transversal differential operator in g( Chapter 3). We show that it is a

G-invariant differential operator in g.

Definition 6.2.1. Let g be a real semisimple Lie algebra of dimension d, x P Rd,

and tX1, ..., Xdu be a basis for g. We let x �X � x1X1 � � � � � xdXd P g. Then

the theta differential operator is defined by

x
B
Bx � x1

B
Bx1 � � � � � xd

B
Bxd . (6.2.1)

Remark. The name ‘theta’ differential operator is used in [52] to study Bessel

functions. This is also a Cauchy-Euler operator on Rd, and it is equal to r B
Br in

polar coordinates. It is also called a homogeneous operator, since the eigenspaces

of this operator are homogeneous polynomials in Rd.

Proposition 6.2.2. Let G be a compact connected semisimple Lie group, g be

the Lie algebra of G. Let T be a maximal torus in G, T be a 1-torus in T .

Define φ : R Ñ T, t ÞÑ eit as a one-parameter subgroup of T. Let f P C8pgq, if
we differentiate f in the direction of the ‘rotation’ defined by φ and evaluate it

at t � 0, then we obtain

d

dt
fpφptq x �Xq

����
t�0

� i x
B
Bx fpx �Xq, (6.2.2)

for t P R, x P Rd, X P g.

Proof. Since the value of f depends only on x P Rd, we can define φ̃ptq � φptqx,
and by the chain rule, we have

d

dt
fpφptq xq

����
t�0

� dφ̃ptq
dt

d

dφ̃ptqfpφ̃ptqq
����
t�0

� i x
B
Bxfpxq, (6.2.3)

so the proposition follows.

We can also show that the theta differential operator is G-invariant. Firstly,

we derive the Bessel function for g.

Theorem 6.2.3 ([37], Theorem 8.60). (Weyl Integration Formula) Let G

be a compact connected semisimple Lie group, T be a maximal torus of G. Let

dg, dt be the normalised Haar measure on G and T such that
³
G
dg � 1,

³
T
dt �
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1, respectively. Let g be the Lie algebra of G, and Φ be a chosen root system of

g. Suppose f P CpGq. We have»
G

fpgq dg �
»
T

�»
G

fpgtg�1q dg uptq dt


, (6.2.4)

where

uptq �
����� ¹
αPΦ�

�
e

iαptq
2 � e

�iαptq
2

	�����
2

�
����� ¸
wPW

sgnpwqeiwδptq
�����
2

, t P T, (6.2.5)

and Φ� is the subset of all positive roots in Φ, δ is the half sum of all positive

roots in Φ�, W is the Weyl group of the Lie algebra t of T .

Corollary 6.2.3.1. Let G be a compact connected semisimple Lie group, T be

a maximal torus of G. Let g, t be the Lie algebras of G, T , respectively. If dX

is a Lebesgue measure on g and φ P L1pgq, then the Weyl integration formula

on g is given by»
g

φpXq dX �
»
t�

¹
αPΦ�

αpHq2
»
G

φpAdpgqHq dg dH (6.2.6)

where dH is a Lebesgue measure on the positive Weyl chamber t�, and Adp�q is
the adjoint representation of G.

Proposition 6.2.4. (Bessel function) Let G be a compact connected semisimple

Lie group, T be a maximal torus of G. Let g, t be the Lie algebras of G, T ,

respectively. Also, let t� be the dual of t. If f P L1pgq is adjoint invariant, then
for β P t�, the Fourier transform of f is given by»

g

fpXqeiβpXq dX �
»
t�
fpHq

¹
αPΦ�

αpHq2 1

dpβq j �
χ
β�δpHq dH, (6.2.7)

where dpβq is the continuous version of Weyl dimension formula (Theorem

4.1.6), and j � χβ�δpHq is the continuous version of the function in the Kir-

illov character formula, p4.1.9q. In fact, 1
dpβq j � χβ�δ is a generalised Bessel

function for G, which is a special case of the version for symmetric spaces in

[10].

Proof. We can obtain p6.2.7q using the Weyl integration formula p6.2.4q and our

continuous version of the Kirillov character formula p4.1.9q. Let β P t�, dg be
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the normalised Haar measure on G. Then,

pfpβq � »
g

fpXqeiβpXqdX

�
»
t�

¹
αPΦ�

αpHq2
»
G

fpAdpgqHqeiAd�pg�1qβpHq dg dH

�
»
t�

¹
αPΦ�

αpHq2 fpHq
±

αPΦ�pδ , αq±
αPΦ�pβ , αq

»
Oβ

eiλpHq dµβpλq dH

�
»
t�

fpHq
¹
αPΦ�

αpHq2
±

αPΦ�pδ , αq±
αPΦ�pβ , αq

RpβqpHq±
αPΦ� iαpHq

dH

(6.2.8)

where RpβqpHq � °
wPW sgnpwqeiwβpHq. But if β0 lies on a wall of a Weyl

chamber in t�, by the dominated convergence theorem, we may approximate β0

by a regular element, that is,

pfpβ0q � »
t�

fpHq
¹
αPΦ�

αpHq2Cβ0

m̧

j�1

sgnpwjqeiwjβ0pHq

sgnpτwj
q±αPΦ�zΦ�wjβ0

iαpHq dH (6.2.9)

which corresponds to the normalisation formula in p5.2.52q.

Example 6.2.4.1. Let G � SUp2q, its Lie algebra g � sup2q, and t � R be

the Lie algebra of a maximal torus T (1-torus) in SUp2q. If f P L1pgq is adjoint
(rotational) invariant, then the Fourier transform of f is given by

pfpβq � » 8

0

fpHq pHq2 sin βpHq
βpHq dH, (6.2.10)

for β P t� � R. This formula coincides with and generalise the radial Fourier

transform in R3 ([49], Sec 7.7).

Next, we show that the theta differential operator x B
Bx in g is G-invariant.

Proposition 6.2.5. Let G be a compact connected semisimple Lie group, T be

a maximal torus of G. Let g, t be the Lie algebras of G, T , respectively. Let t�

be the dual of t. Suppose dimpgq � d, and we let x P Rd, and ξ P pRdq�. If

f P Spgq is an adjoint invariant Schwartz function, then�
x
B
Bx f


p
� �

�
ξ
B
Bξ � dI


 pf, (6.2.11)

and x B
Bx and ξ B

Bξ are G-invariant differential operators.
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Proof. The equity in p6.2.11q follows by taking the Fourier transform with re-

spect to the Killing form. To show that x B
Bx is aG-invariant differential operator,

we assume that
�
x B
Bx
�
f is also adjoint invariant. So, for β P t�, g P G, we can

write�
x
B
Bxf


p
pAd�pgqβq � �Ad�pgqβ B

BAd�pgqβ
pfpAd�pgqβq � d pfpAd�pgqβq

� �β B
Bβ

pfpβq � d pfpβq
�
�
x
B
Bxf


p
pβq.

(6.2.12)

Now, we evaluate
�
x B
Bxf

�p|t� with respect to the Bessel function in p6.2.7q. Be-
cause we have assumed

�
x B
Bxf

�
is adjoint invariant, so we can use the Weyl

integration formula p6.2.4q, to show that
�
x B
Bxf

�ppAd�phqβq, for h P G, is
�
»
t�

¹
αPΦ�

αpHq2
»
G

AdpgqH B
BAdpgqHfpAdpgqHq eiAd�pg�1hqβpHq dg dH

�
»
t�

H
B
BHfpHq

¹
αPΦ�

αpHq2
»
G

eiAd�pgqβpHq dg dH

�
»
t�

H
B
BH fpHq

±
αPΦ�pδ , αq±
αPΦ�pβ , αq

¹
αPΦ�

1

i
αpHq

¸
wPW

sgnpwqeiwβpHq dH

� �
»
t�

fpHq
� B
BHH


 ±
αPΦ�pδ , αq±
αPΦ�pβ , αq

¹
αPΦ�

1

i
αpHq

¸
wPW

sgnpwqeiwβpHq dH

� �
�
β
B
Bβ � p|∆| � |Φ|q I


»
t�

fpHq
±

αPΦ�pδ , αq±
αPΦ�pβ , αq

¹
αPΦ�

1

i
αpHq

�
¸
wPW

sgnpwqeiwβpHq dH

� �
�
β
B
Bβ � d I


 pfpβq,
(6.2.13)

where the quotient rule is applied in the second-last equality. We have d �
|∆| � |Φ|, where |∆| is the cardinality of the set of roots Φ, ∆ is the cardinality

of the set of simple roots ∆. Hence, we get an output that is the same as the

second equality of p6.2.12q; thus the proposition follows.

Example 6.2.5.1. Let G � SUp2q, its Lie algebra g � sup2q, and t � R be the
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Lie algebra of a maximal torus T (1-torus) in SUp2q. Recall that by Theorem

2.5.7 and Proposition 2.5.9, and for px1, x2, x3q P R3, r B
Br � x1

B
Bx1

�x2 B
Bx2

�x3 B
Bx3

,

and |X| �
a
x21 � x22 � x23, we have�

r
B
Br

sinp|X|q
|X|


_
� �

�
r�

B
Br� � 3



ν1, (6.2.14)

where ν1 is the Liouville measure on the coadjoint orbit O1. Notice that sin |X|
|X|

is both differentiable and G-invariant, and r B
Br preserves the G-invariance since

r
B
Br

sinp|X|q
|X| � cosp|X|q � sinp|X|q

|X| , (6.2.15)

which is G-invariant. Consequently, we have

r
B
Br cosp|X|q � �|X| sinp|X|q, (6.2.16)

which is also G-invariant.

6.3 A Kirillov-Type Non-Commutative Formula

In this section, we derive an updated version of Nelson’s formula p6.1.5q for

irreducible unitary highest weight representations of compact simply connected

semisimple Lie groups, which includes a novel recursive formula ψ for the in-

variant theta differential operator ζ B
Bζ .

Firstly, we derive this ψ function. Let r P R and ζ � pζ1, . . . , ζnq P Rn, given

that the ζk’s are distinct, and we consider the following linear system

erζ1 � g0 � g1ζ1 � g2ζ
2
1 � � � � � gn�1ζ

n�1
1

...
...

...

erζn � g0 � g1ζn � g2ζ
2
n � � � � � gn�1ζ

n�1
n

(6.3.1)

which uniquely determines the functions g0, . . . , gn�1 in real variables pr, ζq.
Then, we can determine gkpr, ζq as follows.
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Lemma 6.3.1. Let γkpζq � gkp1, ζq. Then γkpζq can be determined by

γkpζq �
n�k�1¸
j�0

j̧

m�0

p�1qn�k�j�1ϕn�k�j�1pζq
�
j

m


 pn� 1q!
pn� j �m� 1q!ψpm�1q�γn�1pζq,

(6.3.2)

where ϕjpζq is the j-th elementary symmetric function of ζ,

γn�1pζq �

∣∣∣∣∣∣∣∣
1 λ1 . . . λn�2

1 eλ1

...
...

1 λn . . . λn�2
n eλn

∣∣∣∣∣∣∣∣
D

, (6.3.3)

where D is the Vandermonde determinant

D �

∣∣∣∣∣∣∣∣
1 λ1 . . . λn�1

1
...

...

1 λn . . . λn�1
n

∣∣∣∣∣∣∣∣ �
¹
i j

pλj � λiq. (6.3.4)

Then, ψ can be defined recursively as

ψppq �
p̧

q�0

p�1qp�q p!

q!

�
ζ � BBζ



� ψpq � 1q, (6.3.5)

with ψp�1q � 1.

Proof. Following Nelson’s proof (which is fundamental but elegant) in ([40],

Theorem 9]), we obtain the relation

rkγkprζq �
n�k�1¸
j�0

j̧

m�0

p�1qn�k�j�1ϕn�k�j�1pζq
�
j

m


 pn� 1q!
pn� j �m� 1q!

Bm
Brmγn�1prζq,

(6.3.6)

where

γn�1prζq �
ņ

k�1

p�1qn�1erζk
¹
j�k

prζj � rζkq�1, (6.3.7)

by expanding the determinant function in denominator of p6.3.3q from the last
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column. That is,

γn�1prζq �
ņ

k�1

p�1qn�kerζk
¹

i j, i,j�k

prζj � rζiq
¹
i j

prζj � rζiq�1

�
ņ

k�1

p�1qn�kerζk
¹

n¥j¡k

prζj � rζkq�1
¹

1¤i k

prζk � rζiq�1

�
ņ

k�1

p�1qn�2k�1erζk
¹
j�k

prζj � rζkq�1

�
ņ

k�1

p�1qn�1erζk
¹
j�k

prζj � rζkq�1.

(6.3.8)

for j P t1, ..., nu and j � k. If we differentiate γn�1prζq with respect to r, we

obtain B
Brγn�1prζq � 1

r

�
ζ � BBζ



γn�1prζq, (6.3.9)

or

r
B
Brγn�1prζq �

�
ζ � BBζ



γn�1prζq. (6.3.10)

To see this, for each term erζk
±

j�kprζj � rζkq�1, we have

r
B
Br

erζk

rn�1
±

j�kpζj � ζkq �
erζkprζk � pn� 1qq
rn�1

±
j�kpζj � ζkq . (6.3.11)

Let ζ B
Bζ �

°n
j�1 ζj

B
Bζj , we have

ζk
B
Bζk

erζk

rn�1
±

j�kpζj � ζkq �¸
i�k

ζk e
rζk

rn�1pζi � ζkq2
±

j�k,j�ipζj � ζkq �
rζke

rζk

rn�1
±

j�kpζj � ζkq
(6.3.12)

and for each i � k, we have

ζi
B
Bζi

erζk

rn�1
±

j�kpζj � ζkq �
�ζi erζk

rn�1pζi � ζkq2
±

j�k,j�ipζj � ζkq . (6.3.13)

Hence,�
ζk

B
Bζk �

¸
i�k

ζi
B
Bζi

�
erζk

rn�1
±

j�kpζj � ζkq �
erζkprζk � pn� 1qq
rn�1

±
j�kpζj � ζkq . (6.3.14)
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Lastly, if we combine (6.3.6), (6.3.9), and evaluate rkγkprζq
��
r�1

, then the lemma

follows by induction.

Inductive proof for the ψ function:

We first let P pmq be the equality

Bm
Brmγn�1prζq � 1

rm
ψpm� 1qγn�1prζq. (6.3.15)

This holds for m � 0, 1. We assume P pmq is true for m ¥ 1, and wish to show

P pm� 1q is also true. That is,

Bm�1

Brm�1
γn�1prζq � 1

rm�1
ψpmqγn�1prζq. (6.3.16)

So we have

B
Br

� Bm
Brmγn�1prζq



� B
Br

�
1

rm
ψpm� 1qγn�1prζq



� 1

rm�1

m�1̧

q�0

p�1qm�q m!

q!

�
ζ � BBζ



� ψpq � 1qγn�1prζq

�
�
ζ � BBζ


�
1

rm�1

m�1̧

q�0

p�1qm�1�q pm� 1q!
q!

�
ζ � BBζ



� ψpq � 1qγn�1prζq

�
.

(6.3.17)

When q � m, the term ψq�mpmq in ψpmq is equal to
�
ζ � B

Bζ

	
ψpm� 1q, and the

second summand above is equal to 1
rm�1 ψq�mpmq γn�1prζq. Hence the proof is

complete.

Remark. In Nelson’s original proof [40], he proposed

B
Brγn�1prζq �

�
ζ � BBζ



γn�1prζq, (6.3.18)

which is missing 1{r on the right-hand side, so the ψ function was originally

not included in Nelson’s formula p6.1.5q.

Lemma 6.3.2. Let G be a compact simply connected semisimple Lie group, T

be a maximal torus of G, and g, t be the Lie algebras of G, T , respectively. Let t�

be the dual of t, and t�� be a chosen positive Weyl chamber of t�. Let λ P Λ� � t��
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be a dominant highest weight, πλ be the irreducible unitary representation of the

highest weight λ acting on a Hilbert space H, n be the dimension of πλ, dπλ be the

infinitesimal version of πλ, Iλ be the moment set of πλ, and νIλ be the probability

G-invariant measure on Iλ (pushforward of the unitarily probability measure of

the unit sphere of Hλ). Then each function γk in p6.1.5q, for k P t0, 1, ..., n� 1u
can be extended to dπλ on g, and

pn� 1q! γn�1pdπλpXqq �
»
Iλ

eiβpXq dνIλpβq (6.3.19)

for all X P g.

Proof. If we replace ζ P Rn in γn�1pζq p6.3.2q by a diagonal matrix A with

distinct entries ζ1, ...ζn, then p6.3.1q is equivalent to

eA � γ0pAqI � γ1pAqA� � � � � γn�1pAqAn�1. (6.3.20)

If we let U be a unitary matrix, and denote rA � UAU�, then

e
rA � UeAU� � γ0pAqUIU� � γ1pAqUAU� � � � � � γn�1pAqpUAU�qn�1

� γ0pAqI � γ1pAq rA� � � � � γn�1pAq rAn�1

� γ0p rAqI � γ1p rAq rA� � � � � γn�1p rAq rAn�1.

(6.3.21)

So, γk for k P t0, 1, ..., n � 1u each depends only on the diagonal matrix A,

and is unitarily invariant. In addition, the ϕjpζq function in p6.3.2q is the j-th
elementary symmetric function of ζ. If we replace ζ by rA, then ϕjp rAq is equal
to the j-th elementary symmetric functions of the eigenvalues for rA, which is

also equal to the sum of the principal minors of rA of degree j, so that ϕ0p rAq �
1, ϕ1p rAq � Trp rAq and ϕnp rAq � detp rAq.

Let Πpλq � tλ1, ..., λnu be the set of weights of πλ such that the multiplicity

of each weight multipλjq � 1. Since dπλ is skew-Hermitian and G-invariant, so

its value only depends on t. Hence we have

γn�1pdπλpHqq � p�1qn�1
ņ

k�1

eiλkpHq±
j�k

1¤j¤n

ipλj � λkqpHq , (6.3.22)
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for H P t. Now, by Proposition 5.2.2 and Proposition 5.2.3, we have

pn� 1q!γn�1pdπλpHqq �
»
t�
eiβpHq dνpIλpβq �

»
g�
eiβpHq dνIλpβq, (6.3.23)

for H P t. Also, if Πpλq � tλ1, ..., λnu is the set of weights of πλ such that there

exists a weight λj with multipλjq ¡ 1, then the relation in p6.3.23q still holds,
by Proposition 5.2.5. Hence, the lemma follows.

Now, we propose a Kirillov-type non-commutative formula for compact sim-

ply connected semisimple Lie groups.

Proposition 6.3.3. Let G be a compact simply connected semisimple Lie group,

T be a maximal torus of G, and g, t be the Lie algebras of G, T , respectively. Let

t� be the dual of t, and t�� be a chosen positive Weyl chamber of t�. Let λ P Λ� �
t�� be a dominant highest weight, πλ be the irreducible unitary representation of

the highest weight λ acting on a Hilbert space H, n be the dimension of πλ, dπλ

be the infinitesimal version of πλ, Iλ be the moment set of πλ, and νIλ be the

probability G-invariant measure on Iλ (pushforward of the unitarily probability

measure of the unit sphere of Hλ). Let tX1, ..., Xdu be a basis of g, and denote

x�X � °d
k�1 xjXj, for x P Rd. Then, the closed form of the exponential mapping

dπλ ÞÑ edπλ is given by

edπλpx�Xq � 1

pn� 1q!
n�1̧

k�0

n�k�1¸
j�0

j̧

m�0

p�1qn�k�j�1ϕn�k�j�1 px � dπλpXqq
pn� j �m� 1q!

� px � dπλpXqqk ψpm� 1q qνIλpx �Xq,
(6.3.24)

where ϕjpAq is the sum of the principal minors of A of degree j,

qνIλpx �Xq � »
g�
eiβpx�Xq dνIλpβq, (6.3.25)

and

ψppq �
p̧

q�0

p�1qp�q p!

q!

�
x � BBx



� ψpq � 1q, (6.3.26)

with ψp�1q � 1.

Example 6.3.3.1. Let G � SUp2q, g � sup2q � R3 be the Lie algebra of

SUp2q, n P Λ� � Z� be an integer highest weight, πn be the irreducible highest
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weight unitary representation of n acting on a Hilbert space Hn. Suppose if we

let n � 2, then by p2.5.18q, a basis ofH2 is t
?
3z2,

?
6zw,

?
3w2u, for pz, wq P C2.

Recall that a basis of sup2q, tX1, X2, X3u, can be found in p2.5.3q, and a basis

of the complexification sup2qC, tH,X, Y u is given in p2.3.1q. Also, by p3.1.17q,
we have

dπpHqR � z
B
Bz � w

B
Bw,

dπpXqR � z
B
Bw,

dπpY qR � w
B
Bz .

(6.3.27)

Hence, the actions of infinitesimal representation dπ are given by:

dπpHqR
?
3z2 � 2p

?
3z2q, dπpHqR

?
6zw � 0, dπpHqR

?
3w2 � �2p

?
3w2q.

dπpXqR
?
3z2 � 0, dπpXqR

?
6zw �

?
2p
?
3z2q, dπpXqR

?
3w2 �

?
2p
?
6zwq.

dπpY qR
?
3z2 �

?
2p
?
6zwq, dπpY qR

?
6zw �

?
2p
?
3w2q, dπpY qR

?
3w2 � 0.

(6.3.28)

We take the compact real forms of sup2qC and obtain

dπpX1q � dπpX � Y q, dπpX2q � idπpX � Y q, dπpX3q � idπpHq. (6.3.29)

If we let px1, x2, x3q P R3, and denote x�X � °3
j�1 � xjXj, then the infinitesimal

skew-Hermitian highest weight representation dπ2 is given by

dπ2px �Xq �

��� i2x3
?
2px1 � ix2q 0

�?2px1 � ix2q 0
?
2px1 � ix2q

0 �?2px1 � ix2q �i2x3.

��
, (6.3.30)

By Proposition 5.2.4, we have the (rotationally) G-invariant analytic function

qνI2prq � �
sin r

r


2

, (6.3.31)

where r �
a
x21 � x22 � x23. Now, we substitute dπ2 into p6.3.24q, and for r B

Br �
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x1
B
Bx1

� x2
B
Bx2

� x3
B
Bx3

, we have

edπ2 � 1

2!

2̧

k�0

2�ķ

j�0

j̧

m�0

p�1q2�k�j ϕ2�k�j pdπ2q
p2� j �mq! � pdπ2q

k ψpm� 1q qνI2
� ϕ0pdπ2qψp�1qI � ϕ0pdπ2qψp�1qdπ2 � 1

2
ϕ0pdπ2qψp�1qpdπ2q2

� 1

2
ϕ1pdπ2qψp�1qI � ϕ1pdπ2qψp�1qdπ2 � 1

2
ϕ2pdπ2qψp�1qI

� 2ϕ0pdπ2qψp0qI � 1

2
ϕ0pdπ2qψp0qdπ2 � 1

2
ϕ1pdπ2qψp0qI � 1

2
ϕ0pdπ2qψp1qI

� I � dπ2 � 1

2
pdπ2q2 � 2

�
x21 � x22 � x23

�
I � 2r

B
BrI �

1

2
r
B
Brdπ2

� 1

2

�
�r BBr �

�
r
B
Br


2
�
I,

(6.3.32)

multiplied by qνI2prq. Therefore, we denote edπ2
i,j the pi, jq-th element of the

matrix edπ2 , we have

edπ2
1,1 �

�
1� 3

2
r
B
Br �

1

2

�
r
B
Br


2

� pr2 � x23q � i2x3 � ix3r
B
Br

�qνI2prq
�
�
sin r

r


2

� 3pr cos r � sin rq sin r
r2

� 2� 2p�1� r2q cos 2r � 3r sin 2r

2r2

� pr2 � x23q
�
sin r

r


2

� i2x3

�
sin r

r


2

� ix3

�
2pr cos r � sin rq sin r

r2



� pr cos r � ix3 sin rq2

r2
�
�
cos r � ix3

sin r

r


2

,

(6.3.33)

which is exactly the α2pexp x �Xq by p2.5.25q, and is also the lift of the p1, 1q-th
matrix coefficient of π2, by Example 2.5.5.1. The remaining elements of edπ2
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are:

edπ2
1,2 �

�?
2x1 � 1?

2
x1 r

B
Br � i

?
2x2 � i

1?
2
x2 r

B
Br � i

?
2x1x3 �

?
2x2x3


qνI2prq
� 1?

2
px1 � ix2q

�
2� r

B
Br � i2x3


�
sin r

r


2

�
?
2 sin rpx1 � ix2qpr cos r � ix3 sin rq

r2

�
?
2αpexp x �Xqβpexp x �Xq.

edπ2
1,3 � �

x21 � i2x1x2 � x22
��sin r

r


2

� px1 � ix2q2
�
sin r

r


2

� β2pexp x �Xq.
(6.3.34)

edπ2
2,1 �

�
�
?
2x1 � 1?

2
x1 r

B
Br � i

?
2x2 � i

1?
2
x2 r

B
Br � i

?
2x1x3 �

?
2x2x3


qνI2prq
� �

?
2αpexp x �Xqβpexp x �Xq.

edπ2
2,2 �

�
1� 3

2
r
B
Br �

1

2

�
r
B
Br


2

� 2x23

�qνI2prq
� cos 2r � 2x23

�
sin r

r


2

� pcos rq2 � psin rq2px21 � x22 � x23q
r2

� αpexp x �Xqαpexp x �Xq � βpexpx �Xqβpexp x �Xq.

edπ2
2,3 �

�?
2x1 � 1?

2
x1 r

B
Br � i

?
2x2 � i

1?
2
x2 r

B
Br � i

?
2x1x3 �

?
2x2x3


qνI2prq
�
?
2αpexp x �Xqβpexp x �Xq.

(6.3.35)
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edπ2
3,1 � �

x21 � i2x1x2 � x22
��sin r

r


2

� p�βq2pexp x �Xq.

edπ2
3,2 �

�
�
?
2x1 � 1?

2
x1 r

B
Br � i

?
2x2 � i

1?
2
x2 r

B
Br � i

?
2x1x3 �

?
2x2x3


qνI2prq
� �

?
2αpexp x �Xqβpexp x �Xq.

edπ2
3,3 �

�
1� 3

2
r
B
Br �

1

2

�
r
B
Br


2

� pr2 � x23q � i2x3 � ix3r
B
Br

�qνI2prq
� α2pexp x �Xq.

(6.3.36)

where we notice that x21�x22 � r2�x23. Hence, we have completed the calculation

for edπ2 . Also, recall that by Proposition 3.2.5, every matrix coefficient Ti,j of

the irreducible unitary representation of G satisfies

Ti,j � exp � DG
i,j � T1,1 � exp (6.3.37)

where DG
i,j is a polynomials of differential operators in the Lie algebra g induced

by the G action. By p3.2.19q, we have

HG
α � 1

i
XG

3 :
1

i

�
x1

B
Bx2 � x2

B
Bx1



,

XG
α � 1

2
pXG

1 � iXG
2 q : pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q,

Y G
α � �1

2
pXG

1 � iXG
2 q : pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q.

(6.3.38)

By Example 3.2.5.1, we have

Y G
α �α2pexp x �Xq � �1

2

�
XG

1 � iXG
2

� � α2pexp x �Xq

�
�
pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q



�
�
1� 3

2
r
B
Br �

1

2

�
r
B
Br


2

� pr2 � x23q � i2x3 � ix3r
B
Br

��
sin r

r


2

.

(6.3.39)

Since �
r
B
Br


p�
sin r

r


q

, (6.3.40)
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is G-invariant for any integers p, q (Proposition 6.2.5), the actions of the differ-

ential operators ZG induced by the action of G,

ZG �
�
r
B
Br


p�
sin r

r


q

� 0, @Z P sup2q, (6.3.41)

by the definition of the induced differential operators by action of G (Definition

3.2.1). Hence, a quick calculation shows

Y G
α � α2pexp x �Xq �

�
pix1 � x2q B

Bx3 � x3pi BBx1 �
B
Bx2 q



�
�
x21 � x22 � i2x3 � ix3r

B
Br


�
sin r

r


2

� �px1 � ix2q
�
2� r

B
Br � i2x3


�
sin r

r


2

� �2αpexp x �Xqβpexp x �Xq.

(6.3.42)

Also, we have

Y G
α � αpexpx �Xqβpexpx �Xq � �β2pexp x �Xq. (6.3.43)

Therefore, we have p�Y G
α q�T1,1�exp �

?
2T1,2�exp, p�Y G

α q�T1,2�exp �
?
2T1,3�

exp. Similarly, we have XG
α � T1,1 � exp �

?
2T2,1 � exp, and by further applying

polynomials of XG
α and Y G

α , we can obtain every other matrix coefficient of

π2 � exp. We put these polynomials in a matrix:��� 1 �Y G
α p�Y G

α q2
XG

α �p1� Y G
α X

Gq 2Y G
α � pY G

α q2XG
α

pXG
α q2 �pXG

α � Y G
α pXG

α q2q 1� 2Y G
α X

G
α � pY G

α q2pXG
α q2

��
 (6.3.44)

This show our result satisfies Prop 3.1.7.

We may also write down the polynomial of P 3
1,1 of e

dπ3
1,1 (dπ3 in p3.1.19q), that

is,

P 3
1,1 �

1

6

�
r
B
Br


3

�
�
r
B
Br


2

� 11

6

�
r
B
Br



� 1

� ix3

�
1

2

�
r
B
Br


2

� 5

2

�
r
B
Br



� 3

�
� x23

�
1

6

�
r
B
Br



� 1

2



� 7

6
pr2 � x23q

�
r
B
Br



� 3

2
pr2 � x23qix3 �

7

2
pr2 � x23q �

1

2
ix33.

(6.3.45)
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Hence, a short calculation shows that

P 3
1,1 �

�
sin r

r


3

�
�
cos r � ix3

sin r

r


3

� α3pexp x �Xq. (6.3.46)

Remark.

� This example was the starting point for this project. When we first applied

Nelson’s formula to calculate edπ2, the result did not match π2 � exp in

Example 2.5.5.1. This led to a review of Nelson’s formula, and later we

found the missing ψ recursive function. Nelson’s formula works for the 2-

dimensional case in Example 6.1.4.1 because ψp�1q � 1, which therefore

does not affect the final solution.

� Also, initially we let

qνI2prq � �
sin r

r


2

,

just based on our assumption that the moment set In is the n-fold convo-

lution of coadjoint orbit O1, from Cazzaniga’s result for SUp2q. Later, we
derived an explicit formula for the measure νIλ (in Chapter 5). Then, we

discovered that this assumption is indeed true for SUp2q, by Proposition

5.2.4.

� In addition, since each row and column of the irreducible unitary repre-

sentation of G form a basis for the underlying Hilbert space, we can then

combine the theorem of the highest weight and differential operators in-

duced by the action of G to further check that our formula p6.3.24q indeed
produces the correct result.

Example 6.3.3.2. We calculate the example of SUp3q. Let sup3q be the Lie

algebra of SUp3q. Let γ � �thiu2i�1, txju3j�1, tyku3k�1

� P R8. A standard basis for

sup3q (8-dimensional) is given in p2.2.16q, and the matrix form for X P sup3q
can be written as

X �

��� ih1 x1 � iy1 x3 � iy3

�x1 � iy1 ih2 � ih1 x2 � iy2

�x3 � iy3 �x2 � iy2 �ih2

��
 (6.3.47)

This matrix is also the irreducible skew-Hermitian highest weight representation

with respect to the first fundamental weight λ1 of sup3q. We denote it by dπλ1 .
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The Cartan subalgebra of sup3q, is t � R2 (and its dual t� � R2). Let

Φ� � tα1, α2, α1 � α2u be the set of positive roots of t�. Let W be the Weyl

group p5.1.2q of t, t�. Also, let Wλ1 � te, σα2u be the stabiliser subgroup. Let

λ1 � 2
3
α1� 1

3
α2 be the first fundamental weight of t�, then the Weyl orbit of λ1

is the set

W � λ1 � tλ1, λ1 � α1, λ1 � α1 � α2u � W {Wλ1 � te, σα1 , σ2σ1u. (6.3.48)

Let πλ1 be the irreducible unitary representation of λ1, Πpλ1q be the set of

weights of πλ1 which coincides with W � λ1, and Iλ1 be the moment set of πλ1 .

Since dπλ1 is also the defining representation of sup3q, so the moment set of Iλ1

is a single coadjoint orbit Oλ1 . So, we recall that the Fourier transform of the

G-invariant measure νIλ1 in p5.2.33q, is given by�
νIλ1

	_g |tpHq � pνλ1q_g |tpHq

� 2
eiλ1pHq

i2p�α1qpHqp�α1 � α2qpHq � 2
eipλ1�α1qpHq

i2pα1qpHqp�α2qpHq
� 2

eipλ1�α1�α2qpHq

i2pα1 � α2qpHqpα2qpHq ,
(6.3.49)

for H P t. Now, by p6.3.24q, the exponential mapping edπλ1 is given by

edπλ1 � 1

2!

2̧

k�0

2�ķ

j�0

j̧

m�0

p�1q2�k�j ϕ2�k�j pdπλ1q
p2� j �mq! � pdπλ1qk ψpm� 1q qνIλ1 . (6.3.50)

We denote P λ1
i,j the pi, jq-th element of the polynomials of edπλ1 , and let γ B

Bγ �°2
i�1 hi

B
Bhi

�°3
j�1 xj

B
Bxj

�°3
k�1 yk

B
Byk . Then we have,

P λ1
1,1 � 2� 3γ

B
Bγ �

�
γ
B
Bγ


2

� ih1

�
2� γ

B
Bγ � ih2



� h22 � x22 � y22,

P λ1
1,2 � px1 � iy1q

�
2� γ

B
Bγ � ih2



� p�x2 � iy2qpx3 � iy3q,

P λ1
1,3 � px3 � iy3q

�
2� γ

B
Bγ � ih1 � ih2



� px1 � iy1qpx2 � iy2q,

(6.3.51)
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P λ1
2,1 � p�x1 � iy1q

�
2� γ

B
Bγ � ih2



� px2 � iy2qp�x3 � iy3q,

P λ1
2,2 � 2� 3γ

B
Bγ �

�
γ
B
Bγ


2

� pih2 � ih1q
�
2� γ

B
Bγ



� h1h2 � x23 � y23,

P λ1
2,3 � px2 � iy2q

�
2� γ

B
Bγ � ih1



� p�x1 � iy1qpx3 � iy3q,

(6.3.52)

P λ1
3,1 � p�x3 � iy3q

�
2� γ

B
Bγ � ih1 � ih2



� p�x1 � iy1qp�x2 � iy2q,

P λ1
3,2 � p�x2 � iy2q

�
2� γ

B
Bγ � ih1



� px1 � iy1qp�x3 � iy3q,

P λ1
3,3 � 2� 3γ

B
Bγ �

�
γ
B
Bγ


2

� ih2

�
�2� γ

B
Bγ � ih1



� h21 � x21 � y21.

(6.3.53)

We also have differential operators induced by the action of G in the root di-

rections given in p3.2.22q. Let Πpλ1q � tλ1, λ1�α1, λ1�α1�α2u, and tv1, v2, v3u
be the corresponding set of weight vectors. The actions of the lowering operators

on v1 are given by

dπpYα1qv1 � v2, dπpYα2qv1 � 0, dπpYα3qv1 � v3. (6.3.54)

Hence, we can show that �Y G
α1
� edπλ1

1,1 � e
dπλ1
1,2 and �Y G

α3
� edπλ1

1,1 � e
dπλ1
1,3 . First, we

have

Y G
α1
� pix1 � y1q B

Bh1 �
1

2
p2h1 � h2q BBy1 � i

1

2
p2h1 � h2q B

Bx1 �
1

2
px2 � iy2q B

Bx3
� 1

2
py2 � ix2q BBy3 �

1

2
px3 � iy3q B

Bx2 �
1

2
pix3 � y3q BBy2 ,

Y G
α3
� pix3 � y3q

� B
Bh1 �

B
Bh2



� 1

2
ph1 � h2q BBy3 � i

1

2
ph1 � h2q B

Bx3
� 1

2
px2 � iy2q B

Bx1 �
1

2
pix2 � y2q BBy1 �

1

2
px1 � iy1q B

Bx2 �
1

2
pix1 � y1q BBy2 .

(6.3.55)

Also, because XG �
�
γ B
Bγ

	p qνIλ1 pγq � 0, for all X P sup3q, so we can reduce P λ1
1,1

to

P̃ λ1
1,1 � ih1

�
2� γ

B
Bγ � ih2



� h22 � x22 � y22. (6.3.56)
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Hence, quick calculations show that

�Y G
α1
� P̃ λ1

1,1 � P λ1
1,2, �Y G

α3
� P̃ λ1

1,1 � P λ1
1,3. (6.3.57)

Furthermore, since every row and column of edπλ1 is a copy of tv1, v2, v3u, we
can also determine a matrix of polynomials of induced differential operators by

action of G, acting on edπ1
1,1 . That is,

Dλ1 �

��� 1 �Yα1 �Yα3

Xα1 1� Yα1Xα1 �Yα3Xα1

Xα3 �Yα1Xα3 1� Yα3Xα3

��
. (6.3.58)

In addition, we can obtain a global version of ν
_g

λ1
|sup3q. If we take the eigen-

values of dπλ1 in p6.3.47q, and use the Cardano formula for the cubic root, then

we have

ν
_g

λ1
pγq �

� eiapγqpapγq � 2bpγqq � e�ibpγqp�2apγq � bpγqq � e�ipapγq�bpγqqpapγq � bpγqq
papγq � 2bpγqqp2apγq � bpγqqpapγq � bpγqq ,

(6.3.59)

where

apγq � 3

gffe�1

2
dpγq � 2

d�
1

2
dpγq


2

�
�
1

3
cpγq


3

� 3

gffe�1

2
dpγq � 2

d�
1

2
dpγq


2

�
�
1

3
cpγq


3

,

bpγq �
�
1

2
� i

?
3

2



3

gffe�1

2
dpγq � 2

d�
1

2
dpγq


2

�
�
1

3
cpγq


3

�
�
1

2
� i

?
3

2



3

gffe�1

2
dpγq � 2

d�
1

2
dpγq


2

�
�
1

3
cpγq


3

,

(6.3.60)
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and

cpγq � �ph21 � h1h2 � h22 � x21 � x22 � x23 � y21 � y22 � y23q,
dpγq � �ph21h2 � h1h

2
2 � h2x

2
1 � h1x

2
2 � h1x

2
3 � h2x

2
3 � 2x2x3y1 � h2y

2
1

� 2x1x3y2 � h1y
2
2 � 2x1x2y3 � 2y1y2y3 � h1y

2
3 � h2y

2
3q.

(6.3.61)

Notice that cpγq is the Killing form of sup3q. A representation of SOp3q can

be obtained by restricting to px1, x2, x3q, and this can be compared with the

spherical coordinate representation of SOp3q.
We can also recover the character of πλ1 by taking the sum of the diagonal

elements, that is, TrpP λ1q qνλ1 . The half-sum of the positive roots is given by

δ � α1 � α2. Hence, the character formula of λ1 is given by

χ
λ1peHq �

°
wPW sgnpwqeiwpλ1�δqpHq°
wPW sgnpwqeiwpδqpHq , H P t. (6.3.62)

To perform a concrete calculation, let t � R2. We shall choose a basis tH1, H2u
of R2 such that

α1pH1q � 2, α1pH2q � �1, α2pH1q � �1, α2pH2q � 2. (6.3.63)

Therefore, H1, H2 can be realised as H1 � p1, 1q and H2 � p�1, 0q, and α1 �
p1, 1q and α2 � p�2, 1q. The Weyl orbit of λ1 � δ is

W � pλ1 � δq � tλ1 � δ
�

, λ1 � α1 � α2
�

, λ1 � α1 � 2α2
�

, λ1 � 2δ
�

, λ1 � 2α1
�

, λ1 � α
�

u,
(6.3.64)

and the plus-minus signs are with respect to the Weyl group. The Weyl orbit

of δ is

W � pδq � tδ
�
, α2
�
,�α2

�
,�δ
�
,�α1

�
, α1
�
u, (6.3.65)

Let ph1 � h2, h1q P R2, then the character formula p6.3.62q on R2 is given by

χ
λ1ph1 � h2, h1q � eih1 � e�iph1�h2q � e�ih2 . (6.3.66)

On the other hand, by taking the trace of edπλ1 , the character formula of λ1 can
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be calculated as

χ
λ1ph1 � h2, h1q �

�
6� 9 γ

B
Bγ � 3

�
γ
B
Bγ


2

� h21 � h1h2 � h22

�qνλ1ph1 � h2, h1q,
(6.3.67)

where γ B
Bγ � h1

B
Bh1

� h2
B
Bh2

and

qνλ1ph1 � h2, h1q � e�iph1�h2qp�eip2h1�h2qph1�2h2q�eih1 p2h1�h2q�ei2h2 ph1�h2qq
ph1 � 2h2qp2h1 � h2qph1 � h2q , (6.3.68)

which is also equal to eih1 � e�iph1�h2q � e�ih2 .

We are also interested in working out the Fourier transform of the Kirillov-

type non-commutative formula p6.3.24q. Firstly, we examine the Fourier trans-

form of polynomials in g.

Let gC be a complex semisimple Lie algebra. Let |Φ�| � r be the cardinality

of the set of all positive roots of gC, and |∆| � l be the cardinality of the set

of simple roots, and d � l � 2r. Let g be the compact real form of gC. Recall

that by Definition 4.1.4, if we let h � ph1, ..., hlq P Rl, x � px1, ..., xrq P Rr, y �
py1, ..., yrq P Rr, then the decomposition of g satisfies

g �
¸
αP∆

RpiHαqlooooomooooon
h�H

�
¸

αPΦ�
RpXα �X�αqloooooooooomoooooooooon

x�X

�
¸

αPΦ�
RipXα �X�αqlooooooooooomooooooooooon

y�Y

. (6.3.69)

where each Xα (X�α) belongs to the 1-dimensional root space gα (g�α) for every

α P Φ�.

Lemma 6.3.4. Let β � pβ1, ...βlq P
�
Rl
��
, pξ1, ..., ξrq P pRrq�, pη1, ..., ηrq P

pRrq�. Let ci,j be pi, jq-th element of the Cartan matrix C of g. Let f P L1pgq.
With respect to Killing form p�, �q of g, we have

phjfqp� �i
�
c�1
j � BBα


 pf, and ppxj � iyjqfqp� �i
� B
Bξj � i

B
Bηj


 pf,
(6.3.70)

where c�1
j � pc�1

j1 , ...c
�1
jl q is the j-th row of the inverse C�1 and is also the set of

coefficients of the fundamental weight associated with the set of simple roots ∆.

Proof. Let H � pH1, ..., Hlq be the tuple of a basis of Cartan subalgebra t � g.
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We have

pβ �H, h �Hq � pβ1Hα1 � ...� βlHαl
, h1Hα1 � ...� hlHαl

q. (6.3.71)

We normalise the Killing form to be pHαi
, Hαj

q � ci,j, and since the Killing

form is non-degenerate on t, that is, pH,Hq � 0 for H P t and pH,Xq � 0 for

X P g{t. Then we only need to calculate

xβ �H, h �Hy � pc1 � hqβ1 � ...� pcl � hqβl , (6.3.72)

where cj is the j-th row of Cartan matrix C. If we apply the differential operator

c�1
j � B

Bβ to eixβ�H,h�Hy, we obtain

�
c�1
j1 . . . c�1

jl

	
�

����
c11 . . . c1l
...

. . .
...

cl1 . . . cll

���
�
����
h1
...

hl

���
� hj. (6.3.73)

Also, the Killing form satisfies pXα, X�αq � 0 for α P Φ�, so we have

pxjfqp� �i BBξj
pf and pyjfqp� �i BBηj

pf. (6.3.74)

Hence the lemma follows.

Remark. Notice that
�
c�1
j � B

Bβ

	
is the directional derivative in a fundamental

weight λj direction, and
�

B
Bξj � i B

Bηj

	
is the directional derivative in the posi-

tive root αj direction (negative root direction if there is a plus sign within the

parentheses).

Now, we propose the Fourier transform of the Kirillov-type non-commutative

formula for compact simply connected semisimple Lie groups.

Proposition 6.3.5. Let G be a compact simply connected semisimple Lie group,

T be a maximal torus of G, and g, t be the Lie algebras of G, T respectively.

Let t� be the dual of t, and t�� be a chosen positive Weyl chamber of t�. Let

λ P Λ� � t�� be a dominant highest weight, πλ be the irreducible highest weight

unitary representation of λ acting on a Hilbert space H, n be the dimension

of πλ, dπλ be the infinitesimal version of πλ, Iλ be the moment set of πλ, and

νIλ be the probability G-invariant measure on Iλ (pushforward of the unitarily

probability measure of the unit sphere of Hλ). Let tX1, ..., Xdu be a basis of g,
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and denote x �X � °d
k�1 xjXj, for x P Rd. Let C be the Cartan matrix of gC,

and ζ � pβ, ξ, ηq P �
Rd

��
. Then the g-Fourier transform of edπλpx�Xq, denoted

by
�
edπλpx�Xq�^g

, can be written as

�
edπλpx�Xq�^g � 1

pn� 1q!
n�1̧

k�0

n�k�1¸
j�0

j̧

m�0

p�1qn�k�j�1
ϕn�k�j�1

�
dπλpXq � �i BBζ

	
pn� j �m� 1q!

�
�
dπλpXq � �i BBζ


k

ψpm� 1q � νIλ
� Dλ � νIλ ,

(6.3.75)

where ϕk is the sum of principal minors of order k, and ψ is a recursive function

of the theta differential operator ζ B
Bζ , given by

ψppq �
p̧

q�0

p�1qp�q p!

q!
�
�
�ζ BBζ � dI



� ψpq � 1q

where ψp�1q � 1, and

�i BBζ � �i
�
C�1 � BBβ ,

B
Bξ ,

B
Bη



.

Also,

supp
�
Dλ � νIλ

� � conv pOλq and supp
�
Dλ � νIλ

�X t� � conv pW � λq .

The matrix of differential operators Dλ consists of polynomial of Euclidean

differential operator in some fundamental weight directions B
Bλi

, root directions
B

Bα�j
, B
Bα�k

, and theta differential operator ζ B
Bζ . We have

B
Bλi � C�1

i � BBβ ,

where C�1
i is the i-th row of the inverse of the Cartan matrix C, β � pβ1, ..., βlq

is the tuple of simple roots ∆ � Φ. Also, we have

B
Bα�j

� B
Bξj � i

B
Bηj , and

B
Bα�k

� B
Bξk � i

B
Bηk ,

where α�j is a positive root in Φ, and α�k is a negative root in Φ.
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Remark. We can also discuss the significance of the existence of the theta

differential operator in the non-commutative formulas p6.3.24q, p6.3.75q:

� The G-invariant distribution
�
ζ B
Bζ

	k

pνIλq is annihilated by the differential

operators induced by the action of G, by Proposition 3.2.5. So, these

induced differential operators only act on the polynomials given by the

non-commutative formula.

� It is closely related to the Clebsch-Gordan theory (Theorem 5.1.6). Let

λ, λ1 P Λ� be the highest dominant weights, we can take the tensor product

of irreducible representations πλ and πλ1 to obtain exactly one copy of the

irreducible representation πλ�λ1, where the highest weight matrix coefficient

is given by πλ�λ1

1,1 � πλ
1,1π

λ1

1,1. The Euclidean Fourier transform of πλ�λ1

1,1 �exp
contains terms in the form of�

ζ
B
Bζ


p

νIλ �
�
ζ
B
Bζ


q

νIλ1 , (6.3.76)

for some integers p, q. In general, the sumset of moment sets Iλ � Iλ1

is not equal to Iλ�λ1, by Lemma 5.1.7. Also, because the ζ B
Bζ is a non-

constant-coefficient and it does not commute with convolution operation,

the existence of ζ B
Bζ ensures that the support of the measure pπλ�λ1

1,1 �expq^g

is not equal to the support of the convolution of measures νIλ � νIλ1 .

Example 6.3.5.1. We use the previous calculations for SUp3q in Example

6.3.3.2. The set of all positive roots Φ� � tα1, α2, α1�α2u. The Cartan matrix

C for its Lie algebra sup3q is given by

C �
�

2 �1
�1 2

�
, C�1 �

�
2
3

1
3

1
3

2
3

�
. (6.3.77)

So, the two fundamental weights are: λ1 � 2
3
α1� 1

3
α2, λ1 � 1

3
α1� 2

3
α2. Let P

λ1
i,j

denote the polynomials of the matrix of edπλ1 . For examples, we have

P λ1
1,1 � 2� 3γ

B
Bγ �

�
γ
B
Bγ


2

� ih1

�
2� γ

B
Bγ � ih2



� h22 � x22 � y22,

P λ1
1,2 � px1 � iy1q

�
2� γ

B
Bγ � ih2



� p�x2 � iy2qpx3 � iy3q,

P λ1
1,3 � px3 � iy3q

�
2� γ

B
Bγ � ih1 � ih2



� px1 � iy1qpx2 � iy2q,

(6.3.78)
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If we take the g-Fourier transform of these P λ1
1,j , j P t1, 2, 3u, we obtain

pP λ1
1,1q^g � 2� 3

�
ζ
B
Bζ � 8



�
�
ζ
B
Bζ � 8


2

�
�
2

3

B
Bβ1 �

1

3

B
Bβ2


�
�ζ BBζ � 6� � � ��

1

3

B
Bβ1 �

2

3

B
Bβ2




�
�
1

3

B
Bβ1 �

2

3

B
Bβ2


2

�
� B
Bξ2 � i

B
Bη2


� B
Bξ2 � i

B
Bη2



,

pP λ1
1,2q^g � �i

� B
Bξ1 � i

B
Bη1


�
�ζ BBζ � 6�

�
1

3

B
Bβ1 �

2

3

B
Bβ2




�
� B
Bξ2 � i

B
Bη2


� B
Bξ3 � i

B
Bη3



,

pP λ1
1,3q^g � �i

� B
Bξ3 � i

B
Bη3


�
�ζ BBζ � 6�

�
1

3

B
Bβ1 �

2

3

B
Bβ2



�
�
2

3

B
Bβ1 �

1

3

B
Bβ2




�
� B
Bξ1 � i

B
Bη1


� B
Bξ2 � i

B
Bη2



,

(6.3.79)

where B
Bλ1 �

2

3

B
Bβ1 �

1

3

B
Bβ2 ,

B
Bλ2 �

1

3

B
Bβ1 �

2

3

B
Bβ2 , (6.3.80)

are directional derivatives in fundamental weights directions, and

B
Bα�j

�
� B
Bξj � i

B
Bηj



,

B
Bα�j

�
� B
Bξj � i

B
Bηj



, j P t1, 2, 3u (6.3.81)

are directional derivatives in a positive root α�j direction and a negative root

α�j direction.

Corollary 6.3.5.1. The Fourier transform of the Kirillov character formula is

given by

µλ�δ � dpλ� δqTr �DG
λ

�
νδ �

�
Dλ

vλ,vλ
νIλ

�
(6.3.82)

where Dλ
vλ,vλ

� Dλ
vλ,vλ

�
C�1 � B

Bλj
, B
Bα�j

, ζ B
Bζ

	
, and Tr

�
DG

λ

�
is the trace of the ma-

trix of induced differential operators by G and it annihilates adjoint invariant

functions. In addition, Tr
�
DG

λ

�
Dλ

vλ,vλ
is a polynomial of differential opera-

tors of the theta differential operator ζ B
Bζ and constant coefficient G-invariant

differential operators.

Remark. We provide a new perspective for determining the support and singu-

lar supports of νδ �W�i dπλp�q and Kirillov character formula:
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� If we closely observe the non-commutative formula p6.3.75q, we notice

there always exists terms of constants or constant coefficient differential

operators that commute with convolutions (whereas the non-constant coef-

ficient operator ζ B
Bζ does not), which act on the measure νIλ. So it suffices

to consider the support and singular support of the convolution νδ � νIλ.
Notice that by formulas p5.2.38q, p4.2.9q, we have

νδ � νIλ �
»
t��

φpλ, λ2qνδ � νλ2 dλ2 (6.3.83)

where the resulting density function is again a piecewise polynomial with

support intersecting t� and contained in the convex hull of W � pλ�δq, and
the singular support depends on the transitions between piece-wise polyno-

mials of the measures (Example 6.1.7.1). This is a lot more difficult to

describe for general compact simply connected and semisimple Lie groups,

than it is for SUp2q.

� Let Dχλ
be the trace of the non-commutative formula p6.3.75q which con-

sists of polynomials of G-invariant constant coefficient differential opera-

tors and the theta differential operator, acting on νIλ. Then the restriction

to t� is a distribution

Dχλ
νIλ |t� �

¸
µPΠpλq

mpµqeµ, (6.3.84)

where each µ is a weight in the set of weights Πpλq of representation πλ,
and eµ is the unit point mass at the weight µ. Note that the support and

singular support of the measure above are exactly the weights of the irre-

ducible representation πλ. This is also the t-Fourier transform of χλpeHq,
for H P t. Also, the Kirillov character formula p2.4.2q can be interpreted
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as �
jpHqχλpeHq

�_t �
¸
wPW

sgnpwqewδ �
¹
αPΦ�

�Fα �
¸

µPΠpλq
mpµqeµ

�
� ¸

wPW
sgnpwqewδ

�
�
�� ¸

µPΠpλq
mpµqeµ

�
� ¹
αPΦ�

�Fα

�
¸
wPW

sgnpwqewpλ�δq �
¹
αPΦ�

�Fα

� µp
λ�δ,

(6.3.85)

by the Weyl integration formula, the Weyl character formula, and p4.1.9q.
Hence each character χλ acts as a shift operator that shifts the coadjoint

orbit Oδ to Oλ�δ. This also explains the importance of Kirillov character

formula in deriving the wrapping map in [19].

6.4 Highest Weight Representations

The formula we proposed in Proposition 6.3.3 is based on Nelson’s formula [40]

and Raffoul’s results [44], and only applies to unitary representations. How-

ever, it can be difficult to explicitly calculate the skew-Hermitian infinitesimal

irreducible representation dπλ for a highest dominant weight λ for any compact

simply connected semisimple Lie groups. But we have observed that if we apply

Weyl’s unitarian trick, the non-commutative formula p6.3.24q can be directly

applied to an infinitesimal irreducible highest weight representation dπ̃λ.

Proposition 6.4.1. Let G be a compact simply connected semisimple Lie group,

T be a maximal torus of G, and g, t be their Lie algebras, respectively. Let

π̃λ be an irreducible finite-dimensional highest weight representation (not nec-

essarily unitary) of G, and dπ̃λ be the infinitesimal version of π̃λ in g (not

necessarily skew-Hermitian). Then, for every X P g, there exists a H P t

and a g P G such that the skew-Hermitian representation dπ̃λpHq satisfies

dπ̃λpHq � π̃pgqdπ̃pXqπ̃pg�1q, and the Kirillov type non-commutative formula

p6.3.24q in Proposition 6.3.3 can be extended to the highest weight representa-

tion dπ̃λ.

Proof. If G is simply connected, then the integration of dπ̃ is equal to π̃ of G

(Theorem 3.1.6), and dπ̃ satisfies dπ̃pgXg�1q � π̃pgqdπ̃pXqπ̃pg�1q, for all X P g
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and g P G. Because G is also compact, every X P g is also conjugate to some

H P t, which means for every X P g, there exists H P t and g P G such that

dπ̃λpHq satisfies dπ̃λpHq � π̃pgqdπ̃pXqπ̃pg�1q.
Since dπ̃pHq is a diagonal matrix, then by Lemma 6.3.2, we have

edπ̃pHq � γ0pdπ̃pHqqI�γ1pdπ̃pHqqdπ̃pHq� � � ��γn�1pdπ̃pHqqdπ̃pHqn�1, H P t.

(6.4.1)

This leads to

edπ̃pgHg�1q � γ0pdπ̃pHqqI�γ1pdπ̃pHqqdπ̃pgHg�1q�� � ��γn�1pdπ̃pHqqdπ̃pgHg�1qn�1.

(6.4.2)

Also, by Lemma 6.3.1, each γk depends on γn�1, and γn�1 is adjoint invariant,

that is, γn�1pdπ̃pgHg�1qq � γn�1pdπ̃pHqq. Now, because πλ is not necessarily

unitary, we can apply Weyl’s unitarian trick to make π̃ unitary. Let Hπ̃ be a

Hilbert space spanned by the weight spaces of π̃. Let p�, �q be a given norm on

Hπ̃. Then, we have a new norm

xu, vy �
»
G

pπ̃pgqu, π̃pgqvq dg, for u, v P H (6.4.3)

onHπ̃, so that π̃ is unitary onHπ̃. The moment set of the unitary representation

π̃, denoted by Iπ̃, is given by Iπ̃ � txdπ̃p�qu, uy : ||u|| � 1u. Hence, we have the

G-invariant and continuous function

γn�1pdπ̃pXqq �
»
Ω

exdπ̃pXqu,uy dνpuq �
»
Iπ̃

eiβpXq dνIπ̃pβq, X P g (6.4.4)

where Ω is the unit sphere in Hπ̃ with respect to x�, �y, and νIπ̃ is the G-invariant

measure of the moment set Iπ̃. Therefore the proposition follows.

Example 6.4.1.1. Let G � SUp2q, g � sup2q � R3. Let n P Λ� � Z� be a

highest integer weight. Suppose we do not have an explicit basis for the Hilbert

space Hn in p2.5.18q to construct the representations dπn for sup2q. Instead, we
start with the irreducible highest weight representations for the complexification

sl2pCq � sup2qC. Let tH,X, Y u in p2.3.1q be a basis for sl2pCq. Let n � 2, and

suppose that the set of weight vectors tv0, v1, v2u span the sl2-module. If we
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follow the constructions in Example 2.3.2.1, then we have

dπpHqv0 � 2v0, dπpHqv1 � 0, dπpHqv2 � �2v2,
dπpY qv0 � 2v1, dπpY qv1 � v2, dπpY qv2 � 0,

dπpXqv0 � 0, dπpXqv1 � v0, dπpXqv2 � 2v1.

(6.4.5)

Let tX1, X2, X3u be the basis for sup2q in p2.5.3q, and take the compact real

forms of sup2qC, we obtain

dπpX1q � dπpX � Y q, dπpX2q � idπpX � Y q, dπpX3q � idπpHq. (6.4.6)

If we let px1, x2, x3q P R3, and x �X � °3
j�1 xjXj, then we have

dπ̃2px �Xq �

��� i2x3 2px1 � ix2q 0

�px1 � ix2q 0 px1 � ix2q
0 �2px1 � ix2q �i2x3.

��
 (6.4.7)

which is not skew-Hermitian. If we substitute dπ̃2 into the non-commutative

formula p6.3.24q, and we denote edπ2
i,j the pi, jq-th element of the matrix edπ2 ,

then we have

edπ̃2
1,1 �

�
1� 3

2
r
B
Br �

1

2

�
r
B
Br


2

� pr2 � x23q � i2x3 � ix3r
B
Br

�qνI2prq
� pr cos r � ix3 sin rq2

r2
�
�
cos r � ix3

sin r

r


2

� α2pexp x �Xq.

(6.4.8)
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The rest of the elements of edπ2 are:

edπ̃2
1,2 �

�
2x1 � x1 r

B
Br � i2x2 � ix2 r

B
Br � i2x1x3 � 2x2x3


qνI2prq
� px1 � ix2q

�
2� r

B
Br � i2x3


�
sin r

r


2

� 2
sin rpx1 � ix2qpr cos r � ix3 sin rq

r2

� 2αpexpx �Xqβpexpx �Xq.

edπ̃2
1,3 � �

x21 � i2x1x2 � x22
��sin r

r


2

� px1 � ix2q2
�
sin r

r


2

� β2pexp x �Xq.

(6.4.9)

edπ̃2
2,1 �

�
�x1 � 1

2
x1 r

B
Br � ix2 � i

1

2
x2 r

B
Br � ix1x3 � x2x3


qνI2prq
� �αpexpx �Xqβpexp x �Xq.

edπ2
2,2 �

�
1� 3

2
r
B
Br �

1

2

�
r
B
Br


2

� 2x23

�qνI2prq
� αpexp x �Xqαpexp x �Xq � βpexpx �Xqβpexp x �Xq.

(6.4.10)

edπ̃2
3,1 � �

x21 � i2x1x2 � x22
��sin r

r


2

� p�βq2pexp x �Xq.

edπ̃2
3,2 �

�
�2x1 � x1 r

B
Br � i2x2 � ix2 r

B
Br � i2x1x3 � 2x2x3


qνI2prq
� �2αpexp x �Xqβpexp x �Xq.

edπ̃2
3,3 �

�
1� 3

2
r
B
Br �

1

2

�
r
B
Br


2

� pr2 � x23q � i2x3 � ix3r
B
Br

�qνI2prq
� α2pexp x �Xq.

(6.4.11)

Hence, we have completed the calculation for edπ̃2 . If we compare this calculation

for edπ̃2 with the previous edπ2 , then they are exactly the same except having

different constant coefficients. Also, note that tα2, 2αβ, β2u is a copy of the
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sl2-module tv0, v1, v2u. Because

dπpHqRα2 � 2α2, dπpXqRαβ � 0, dπpXqRβ2 � �2β2,

dπpXqRα2 � 0, dπpXqRαβ � α2, dπpXqRβ2 � 2αβ,

dπpY qRα2 � 2αβ, dπpY qRαβ � β2, dπpY qRβ2 � 0,

(6.4.12)

where the differential operators

dπpHqR � z
B
Bz � w

B
Bw, dπpXqR � z

B
Bw, dπpY qR � w

B
Bz , (6.4.13)

are in p3.1.17q. This observation also satisfies the case for non-unitary repre-

sentations mentioned in Proposition 3.1.7.

We can also extend the Kirillov-type non-commutative formula to general

compact connected semisimple Lie groups.

Theorem 6.4.2 ([43], J. Price). (Structure Theorem) Let G be a compact con-

nected semisimple Lie group. Then, G can be decomposed as

G � pT �
¹
iPI

Giq {Z (6.4.14)

where T is a k-dimensional torus Tk, each Gi is a compact and simply connected

semisimple Lie group, and Z is a finite subgroup of the centre of T �±
iPI Gi.

Proposition 6.4.3. Let G be a compact connected semisimple Lie group. Then

every irreducible highest weight representation of a compact connected Lie group

G is associated with a measure in the form of

�
en1 � � � � � enp

�b �
Dλm1

µIλm1
b � � � bDλmq

µIλmq

	
, (6.4.15)

where each eni
is a unit point mass at an integer nj in R, and each Dλmj

µIλmj
is

a distribution in a dual Lie algebra g�j of a compact simply connected semisimple

Lie group Gj that consists of an operator of differential operators acting on the

(unique) G-invariant measure of the moment set of a highest dominant weight

λmj
.

Proof. Recall that every irreducible representation πT of T is one-dimensional

and they are also called characters of T , and it can be written as

πT � ein1θ1 � � � einkθk . (6.4.16)

173



CHAPTER 6. A NON-COMMUTATIVE KIRILLOV METHOD

Taking the Fourier transform of πT in Rn, we obtain the point mass distributions

at integer points n1, ..., nk. For each Gj, we obtain the measure Dλmj
µIλmj

with

respect to the highest weight representation πλmj
. Now, we can pick out all pairs

of integers pn1, ..., nkq and weights pλm1 , ..., λmqq such that the representation

πT b pπλm1
b � � � b πλmq

q (6.4.17)

is trivial on the finite group Z. In these cases, they are the highest weight

representations of the compact connected Lie group G. Hence, the proposition

follows.

Example 6.4.3.1 ([21], Example 5.4). Let T � T be the 1-torus, G � SUp2q.
Let tp�1, Iq, p1, Iqu be the finite centre for T�SUp2q. Then, the unitary group

of dimension 2 can be represented by

Up2q � pT� SUp2qq { tp�1,�Iq, p1, Iqu. (6.4.18)

Let n P Z�, the function R Ñ T, x ÞÑ einx be the character of T, πn be an

irreducible unitary representation of SUp2q with dimension n � 1. Hence, the

irreducible representation π̃m,n of Up2q is given by

π̃m,n � eimx � πn, (6.4.19)

where m P Z, n P Z� are both odd or both even.
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Chapter 7

Riemannian Symmetric Spaces

of The Compact Type

Let G be a compact connected Lie group, G�G be the direct product of G with

itself, ∆G the diagonal of G � G. Then the pair pG � G,∆Gq is a symmetric

space. The quotient group G � G{∆G is isomorphic to G. Therefore, G is a

symmetric space of compact type.

Hence, it is natural to extend the non-commutative Kirillov method devel-

oped in Chapter 6 to symmetric spaces of compact type to calculate zonal and

non-zonal spherical functions.

In Section 7.1, we review the definitions and properties of Riemannian sym-

metric spaces.

In Section 7.2, we review the structure of the L2 functions of the symmetric

pair pG,Kq of compact type.

In Section 7.3, we state the Cartan-Helgason theorem and show how to

calculate zonal and non-zonal spherical functions through the Kirillov-type non-

commutative formula in Chapter 6, and we demonstrate this by calculating a

simple example of SUp2q.
In Section 7.4, we look at the wrapping map and e-function, and show how

we can combine these with the non-commutative Kirillov method to transfer

the spherical Fourier analysis on G{K of the symmetric pair pG,Kq of compact

type to the K-invariant Fourier analysis on the tangent space p of G{K.
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7.1 Symmetric Spaces and Cartan Decomposi-

tion

Definition 7.1.1. Let G be a connected semisimple Lie group. Let K be a

maximal compact subgroup of G such that K is a compact fixed point set of an

involution σ in AutpGq, such thatK � tg P G |σpgq � gu, and σ satisfies σ2 � I.

We call the homogeneous space G{K symmetric space of the Riemannian

symmetric pair pG,Kq.

Definition 7.1.2. Let G be a connected semisimple Lie group, g be its Lie

algebra, K be a maximal compact subgroup of G with respect to an involution

σ, where σ induces a Lie algebra automorphism on g by differentiating σ at

identity, i.e., dσ, such that dσ2 � I. It follows that the eigenvalues of dσ are

�1. The �1 eigenspace is the Lie algebra k of K, and the �1 eigenspace is the

subspace of g denoted by p, such that

g � k� p, (7.1.1)

and let X, Y P g, then dσprX,Y sq � rdσpXq, dσpY qs. Hence,

rk, ks � k, rk, ps � p, rp, ps � m, (7.1.2)

Notice that p is K-invariant, since, let X P p, k P K, then

d

dt
σpexpAdpkqtXq

����
t�0

� �AdpkqX, (7.1.3)

assuming σpgq � sp � g � sp, where sp is an involutive isometry of the fixed point

p P G{K, i.e., spppq � p.

There is a theorem for general properties of Riemannian symmetric spaces.

Theorem 7.1.3 ([28], Theorem 3.3).

� Let S be a Riemannian globally symmetric space and p a point in S, G be

the group of isometries of S, and K be a maximal compact subgroup of G

that fixes p, then K is a maximal compact subgroup of the connected group

G and G{K is analytically diffeomorphic to S under mapping gK ÞÑ g � p,
for g P G.
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� The mapping σ : g ÞÑ spgsp, ps2p � 1q is an involutive automorphism of G

such that K lies between the closed group Kσ of all fixed points of σ and

the identity components of Kσ, i.e.,Kσ � K � Ko. The group K contains

no normal subgroup of G other than teu.

� Let g and k denote the Lie algebras of G and K, respectively. Then k �
tX P g | pdσqeX � Xu, and if p � tX P g | pdσqeX � �Xu, we have

g � k� p (as a direct sum).

� Let f denote the natural mapping f : g ÞÑ g � p of G onto S. Then pdfqe
maps k onto t0u, and p isomorphically onto the tangent space at p, denoted

by TSp. If X P p, then the geodesic emanating from p with tangent vector

pdπqeX is given by

γpdπqeXptq � expptXq � p, (7.1.4)

If Y P TSp, then pdetXqppY q is the parallel transport of Y along the

geodesic.

Lemma 7.1.4 ([28], Lemma 3.6). Let g be a complex semi-simple Lie algebra

and Φ be the root system. The root space decomposition says g � t`°
αPΦ�pgα�

g�αq. Let dσ � θ, P� � tα |α P Φ�, α � αθu and P� � tα |α P Φ�, α � αθu,
where αθpHq � αpθHq, for H P t. The Cartan decomposition of g with

respect to σ is:

g � m� lloomoon
k

� hp � qloomoon
p

, (7.1.5)

where hp is a maximal abelian algebra in p, and

m � hk �
¸
βPP�

pgβ � g�βq,

l �
¸
βPP�

CpXβ � θXβq,

q �
¸
βPP�

CpXβ � θXβq.

(7.1.6)

Definition 7.1.5. Let u be a compact real form of g, and g0 be the split real

form of g dual to pu, θq, k the Lie algebra of K. Then θ gives the decomposition:

u � k0 � p�, g0 � k0 � p0 , (7.1.7)
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where p� � ip0. Let hp� denote a maximal abelian subspace of p�. Then the

space hp0 � ihp� is a maximal abelian subspace of p0.

Definition 7.1.6. Let pG,Kq be a Riemannian symmetric pair of the compact

type. Let M and M 1 be the centraliser and normaliser of the maximal abelian

subspace hp in p. That is,

M � tk P K |AdpkqH � H for each H P hpu,
M 1 � tk P K |Adpkqhp � hp for each H P hpu.

(7.1.8)

Then, the quotientM 1{M is called the restricted Weyl group. Let Φp denote

the set of roots that do not vanish on hp (maximal abelian subalgebra of p),

and Φp is called the restricted root system. The restricted Weyl group is

generated by the reflections sα, α P Φp, and

sαpHq � H � 2
αpHq
αpHαqHα, H P hp, (7.1.9)

for α P Φp.

7.2 K-invariant functions

Definition 7.2.1. Let pG,Kq be a Riemannian symmetric pair of the compact

type, and q : G Ñ G{K be the natural quotient map. We can define a G-

invariant measure ν on G{K by νpEq � µpEKq � µpq�1pEqq, for E � G{K,

given that µ is a left invariant Haar measure on G.

Definition 7.2.2. A function f on G{K can be given by a right K-invariant

function f̃ on G defined by f̃pgq � fpgKq. In other words, we can realise

L2pG{K, νq as the set of right K-invariant functions in L2pG, µq. We also have

the set of bi-K-invariant functions in L2pG, µq, such that fpk1gk2q � fpgq, for
all k1, k2 P K and g P G. These correspond to the left K-invariant functions in

L2pG{K, νq.

Definition 7.2.3. Suppose an irreducible unitary representation π of the com-

pact Lie group G has a K-invariant vector, that is, there exists a vector v P Hπ

such that πpkqv � v for all k P K, then the matrix coefficient πu,vpgq �
xπpgqv, uy for u P Hπ is K-invariant, and xπpgqv, vy is bi-K-invariant
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Theorem 7.2.4 ([27], Theorem 3.5). Let G be a compact Lie group, pπ,Hπq be
an irreducible unitary representation of G. Define the subspace HK

π � tξ P Hπ :

πpkqξ � ξ, @k P Ku. Let dpπq, lpπq be the dimension of Hπ and HK
π , respectively.

For π P pG, let CπpG{Kq denote the subspace of continuous functions CpG{Kq
spanned by right K-invariant matrix coefficients of π. Then the functions

gK Ñ xπpgqvj, viy � πi,jpgq, 1 ¤ i ¤ dpπq, 1 ¤ j ¤ lpπq, (7.2.1)

form a basis of CπpG{Kq, and the orthogonal Hilbert space decomposition is

given by

L2pG{Kq � `πP pGK
CπpG{Kq, (7.2.2)

where pGK is the set of π that has K-invariant vectors. Let CK
π pG,Kq denote

the subspace of CπpG{Kq that consists of bi-K-invariant matrix coefficients of

π. Then,

CK
π pG,Kq �

¸
1¤i,j¤lpπq

Cπi,j, π P pGK , (7.2.3)

and we have the orthogonal direct sum

L2
KpG{Kq � `πP pGK

CK
π pG{Kq. (7.2.4)

Remark. If lpπq ¤ 1 for all π, then a symmetric pair pG,Kq is called a

Gelfand pair.

7.3 Spherical Functions

Let G be a non-compact real semi-simple Lie group with the Iwasawa decompo-

sition G � KAN , M the centraliser of A in K. Let GC be the complexification

of G. Also, let U be the compact real form of GC dual to G.

Theorem 7.3.1 ([27], Theorem 5.4.1). (Cartan-Helgason Theorem) Let σ be

an irreducible representation of G on a finite-dimensional vector space V .

1. σpKq has a non-zero vector fixed by K unique up to scalar multiplication if

and only if σpMq fixes the highest weight vector of σ. Also, σ is called an

irreducible spherical representation if σ has a non-zero K-invariant

vector.

2. Let λ be a linear form on the real form of the Cartan subalgebra hR. Then

λ is the highest weight of an irreducible finite-dimensional spherical rep-
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resentation of G if and only if

λpiphX kqq � 0 and
xλ, αy
xα, αy P Z�, @α P Φ�, (7.3.1)

where h is the Cartan subalgebra of GC, and k is the Lie algebra of KC,

respectively.

Corollary 7.3.1.1. Let U be a compact simply connected semisimple Lie group,

K be the fixed point subgroup of an involutive automorphism of U . Then con-

dition 2 above characterises the highest weights of the irreducible spherical rep-

resentations of U .

Theorem 7.3.2 ([23], Theorem 12.3.13). Let πλ be a spherical representation

of a highest weight λ of U , then the K-invariant vector vK is given by

vK � c

»
K

πλpkqvλ dk, (7.3.2)

for some scalar c, and vK is the projection of vλ by P � ³
K
πλpkq dk.

Definition 7.3.3. The zonal spherical function of an irreducible spherical

representation πλ of U is given by

ϕλpgq � xπλpgqvK , vKy, g P G. (7.3.3)

Theorem 7.3.4 ([27], Theorem 4.4.2). The spherical function of the irreducible

spherical representation πλ of a compact Lie group G is given by

ϕλpgq �
»
K

χ
λpg�1kq dK, (7.3.4)

where χλ is the character for πλ.

Proposition 7.3.5. Let πλ be an irreducible unitary and spherical representa-

tion of U of highest weight λ, given by the inverse Fourier transform of the non-

commutative Kirillov formula, s a neighborhood of 0 in u such that exp : sÑ K

is a diffeomorphism, and dH a suitable measure on s, then

vK �
»
s

JpHqπλpexpHqP λ
1,1qνIλpHq dH, (7.3.5)
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where P λ
11 is the polynomial of the lift of the highest weight matrix coefficient,qνIλ is the inverse Fourier transform of the Liouville measure of the moment set

Iλ, and J is the Jacobian of the exponential map.

Remark. We can work out the lift of spherical functions through the spherical

representations given by the non-commutative Kirillov formula, and when we

restrict to the tangent subspace p, we recover a K-invariant measure in p. Sim-

ilarly,we can work out the non-K-invariant measures for the non-zonal spherical

functions.

It is interesting to work out an explicit version of the non-commutative Kir-

illov formula for K-invariant and non-K-invariant measures of spherical func-

tions. This will be a subject of future work.

Example 7.3.5.1. The simplest symmetric space of compact type is the pair

pSUp2q, SOp2qq, the Cartan decomposition of sup2q is given by

sup2q � x1

�
0 1

�1 0

�
loooooomoooooon

k0�l0

�x2
�
i 0

0 i

�
looooomooooon

a�

�x3
�
0 i

i 0

�
loooooooooooooomoooooooooooooon

p�

, (7.3.6)

for px1, x2, x3q P R3. The condition p2q in Theorem 7.3.1 is satisfied because

iphX kq is zero, it follows that λpiphX kqq � 0. The condition

xλ, αy
xα, αy P Z�, @α P Φ�, (7.3.7)

is satisfied only if λ � kα for a positive integer k, since α � 2 for SUp2q.
Hence only the even integer highest weights λ are associated to a spherical

representation. Assume λ � 2. The spherical representation π
p2q
SOp2q of SUp2q

restricted to SOp2q is

π
p2q
SOp2q pexp x1 �X1q �

����
1
2
� 1

2
cos 2x1

1?
2
sin 2x1

1
2
� 1

2
cos 2x1

� 1?
2
sin 2x1 cos 2x1

1?
2
sin 2x1

1
2
� 1

2
cos 2x1 � 1?

2
sin 2x1

1
2
� 1

2
cos 2x1

���
 (7.3.8)

where x P p�π, πs, and 1
2π
µpp�π, πsq � 1 is a natural Haar measure on SOp2q.

The first row of πp2q is tα2,
?
2αβ, β2u (Example 2.5.5.1), so by p7.3.5q, the
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unique SOp2q-fixed vector is

vSOp2q � 1

2
pα2 � β2q. (7.3.9)

In fact, every homogeneous polynomial of the form pα2 � β2qk of degree 2k is

SOp2q-invariant. Therefore, we can calculate the spherical function of λ � 2.

Recall the calculations for πp2q � exp in Example 6.3.3.1, we have

ϕλpexp x �Xq �
@
πλpexp x �Xqpα2 � β2q, pα2 � β2qD

� pα2 � α2 � β2 � β
2qpexpx �Xq

�
�
2� 3r

B
Br �

�
r
B
Br


2

� 4pr2 � x22 � x23q
��

sin
a
x21 � x22 � x23a

x21 � x22 � x23

�2

(7.3.10)

forX P sup2q, r �
a
x21 � x22 � x23. When we restrict to a�, the spherical function

is

ϕλpexp x3X3q � 2 cos 2x3, x3X3 P a�. (7.3.11)

This is identical to the results of the calculation given in ([27], p.23). Thus, we

can define a new basis for H2, which is!?
3pα2 � β2q,

?
6αβ,

?
3pα2 � β2q

)
. (7.3.12)

The non-zonal spherical functions of π2 with respect to this basis are ϕ1, ϕ2,

where

ϕ1λpexp x �Xq �
A
πλpexp x �Xq

?
3pα2 � β2q, p

?
6αβq

E
�
?
2pαβ � αβqpexpx �Xq

� i
?
2

�
x2

�
r
B
Br � 2



� 2x3x1


�
sin

a
x21 � x22 � x23a

x21 � x22 � x23

�2

.

(7.3.13)
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The restriction to p� is

ϕ1λpexppx2X2 � x3X3qq � i
?
2x2

�
r
B
Br � 2


�
sin

a
x22 � x23a

x22 � x23

�2

� i
?
2x2

sin 2
a
x22 � x23a

x22 � x23
.

(7.3.14)

The second one ϕ2, is given by

ϕ2λpexp x �Xq �
A
πλpexp x �Xq

?
3pα2 � β2q, p

?
6αβq

E
�
?
2pα2 � α2 � β2 � β

2qpexpx �Xq

� i2

�
x3

�
r
B
Br � 2



� 2x1x2


�
sin

a
x21 � x22 � x23a

x21 � x22 � x23

�2

,

(7.3.15)

and the restriction to p� is

ϕ2λpexppx2X2 � x3X3qq � i2x3

�
r
B
Br � 2


�
sin

a
x22 � x23a

x22 � x23

�2

� i2x3
sin 2

a
x22 � x23a

x22 � x23
.

(7.3.16)

Notice that we have

i
B
Bx2ϕλpexppx2X2 � x3X3qq � ϕ1λpexppx2X2 � x3X3qq,

i
B
Bx3ϕλpexppx2X2 � x3X3qq � ϕ2λpexppx2X2 � x3X3qq.

(7.3.17)

7.4 Wrapping Map and e-function

We first look at the wrapping map for compact connected semisimple Lie

groups, which was discovered and proved by A.Dooley and N.Wildberger [19].

Definition 7.4.1. Let G be a compact connected semisimple Lie group, and

let g be its Lie algebra. Let ν be a distribution with compact support on g.

Let f P C8pGq, and define f̃ � f � exp. Suppose j is the square root of the

Jacobian determinant of exp. We define a linear functional Φpνq on G to be

pΦpνq, fqG � pν, jf̃qg (7.4.1)
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and Φpνq is called the wrap of ν. It is a distribution on G.

Theorem 7.4.2 ([19], Theorem 2.1). Let µ and ν be G-invariant distributions

of compact support on g, or two G-invariant integrable functions. Then,

Φpµ �g νq � Φpµq �G Φpνq (7.4.2)

where the convolution on the left is on g and the convolution on the right is on

G.

Remark. Actually, the wrapping map Φ is a homomorphism between the Ba-

nach algebra of G-invariant distributions of compact support on g and the Ba-

nach algebra of central distributions on G. The Kirillov character formula is a

consequence of this homomorphism [14]. In addition, the convolution structures

studied in Chapter 4 can also be wrapped to G by Φ. In fact, the idea of the

wrapping map can be extended to symmetric spaces of compact type.

Let S � G{K denote a simply connected symmetric (coset) space; G is a

connected Lie group, σ is an involution of G, and K is the connected component

of the identity e of G in the fixed point subgroup of G under σ. Let p : G Ñ
G{K, ppgq � gK be the canonical projection, and o � ppeq � K be the origin

of S. Let g � k � p be the Cartan decomposition of the Lie algebra of G with

respect to dσ, where k and p are the eigenspaces of dσ with eigenvalues 1 and

�1, respectively, and p is identified as the tangent space to S at the origin o.

Also, let exp and Exp � p � exp denote the exponential mapping of G and S,

defined on g and p, respectively.

For X P p, let jpXq be the square root of the Jacobian determinant of Exp,

and jpXq is K-invariant. Let s be a K-invariant neighborhood of o in p so

that Exp : s Ñ S is a diffeomorphism. We can extend the idea of wrapping to

symmetric spaces: let η be a K-invariant distribution of compact support on p,

and for f P C8
c pG{Kq, f̃ � f � Exp, we define the linear functional

pΦpηq, fqG{K � pν, jf̃qp (7.4.3)

Suppose η, ξ are K-invariant distributions supported in s, and η �p ξ is also

supported in s. Now, the interesting question is: Is there a wrapping map Φ for

a symmetric space of compact type G{K? That is,

Φpη �p ξq � Φpηq �G{H Φpξq (7.4.4)
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F.Rouvière [46] developed a so called ‘twisted’ convolution of 7.4.4 by introduc-

ing an analytical function s� sÑ R, which he called the e-function.

Theorem 7.4.3 ([46], Theorem 2.2, Proposition 3.14). Let η, ξ be a K-invariant

distribution which is locally integrable on s. Then,

Φpη �p,e ξq � Φpηq �G{K Φpξq (7.4.5)

where

pη �p,e ξqpXq �
»
p

ηpY qξpX � Y qepX,Y q dY, (7.4.6)

and the epX, Y q is a function of variables pX, Y q P s � s. This e-function can

be expressed as

epX, Y q � jpXqjpY q
jpX � Y qψpX, Y q (7.4.7)

where ψpX, Y q is the Jacobian determinant of the change of variables

pAdpk1qX,Adpk2qY q ÞÑ pX, Y q, for k1, k2 P K. (7.4.8)

Rouvière [46] has calculated the e-function as an infinite series that converges

in a neighborhood of o in s. A.Dooley [16] has derived an explicit formula of the

e-function for symmetric spaces of compact type, which generalises the wrapping

map for a compact Lie group.

Let pG,Kq be a Riemannian symmetric pair of compact type. Let g � k� p

be the Cartan decomposition with respect to the Cartan involution dσ. Let a

be the maximal abelian subalgebra of p, and let a� be the restricted positive

Weyl chamber with respect to a set of restricted roots Φ�
r . Let A� � exppaq,

then G � KA�K is the Cartan decomposition of G.

Theorem 7.4.4 ([16]). Let pG,Kq be a Riemannian symmetric pair of compact

type. Let S � G{K be the corresponding symmetric space and let p be the

tangent space of S at eK. For X,Y P p, H1, H2 P a�, k1, k2 P K, let X �
Adpk1qH1, Y � Adpk2qH2, and X � Y � Adpk3qH3. Then the e-function is

given by

epX, Y q � jpH1qjpH2q
jpH3q

¹
αPΦ�r

¹
w,w1PWr

� pαpH1q � αwpH2q � αwpH3qq
cos 1

2
pαpH1q � αwpH2q � αwpH3qq

�mα
2

(7.4.9)
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where mα is the multiplicity of the restricted root α, Wr is the restricted Weyl

group of a, and αwpHq is the image of the root α under the Wr-action. The

j-function is K-invariant and is the square root of the Jacobian of Exp, given

by

jpHq �
¹
αPΦ�r

�
sinαpHq
αpHq

�mα
2

, for H P a�. (7.4.10)

Remark. Note that when the symmetric pair is pG � G,∆Gq, the e-function
is equal to 1. Thus, the convolution is described by the wrapping map. Another

interpretation of this e-function is the sectional curvature of S.

Example 7.4.4.1 ([14], Section. 4). Let pG,Kq � pSOp3q, SOp2qq be the

symmetric pair, and the symmetric space S � SOp3q{SOp2q is the 2-sphere.

The K-orbit in the tangent space p is a circle. If we consider the convolution

of the probability measures on two circles centred at the origin in the plane p

with radius r1, r2. We can observe that if for any X be on circle r1 and Y be

on circle r2, then the distance from any point X � Y to origin is given by

|X � Y | � pr21 � r22 � 2r1r2 cos θq 1
2 (7.4.11)

where θ is the angle between X and Y . Let µr1 , µr2 denote the probability

measures on the circles, and let Ω be the support of µr1 � µr2 . Then

µr1 � µr2pΩq �
»
Ω

1p|X � Y |qdµr1 dµr2

� 1

π

» π

0

1ppr21 � r22 � 2r1r2 cos θq 1
2 q dθ

� 1

π

» r1�r2

|r1�r2|

r

r1r2 sin θ
dr,

by changing variable from angle θ to radius r. Also, we notice that 2r1r2 sin θ

is the area of the triangle of o, Y,X � Y . Hence, we can use Heron’s formula to

rewrite the the probability distribution f of the convolution of two circles r1, r2

as

fr1,r2prq �
1

π

2r±
�pr � r1 � r2q 1

2

χr|r1�r2|,r1�r2sprq (7.4.12)

where χ is the uniform distribution in the radial direction. If we now calculate

the area of this triangle when we ‘wrap’ it on the surface of the 2-sphere, we

can obtain the probability distribution of the convolution of two circles r1, r2

186



CHAPTER 7. RIEMANNIAN SYMMETRIC SPACES OF THE COMPACT
TYPE

on the surface of the sphere as

gr1,r2prq �
1

π

sin r±
� cos 1

2
pr � r1 � r2q 1

2

χr|r1�r2|,r1�r2sprq. (7.4.13)

If we compare these two distributions f and g, we obtain the e-function for the

2-sphere. That is,

epX, Y q � r

sin r

¹
�

�
cos 1

2
pr � r1 � r2q

1
2
pr � r1 � r2q

� 1
2

, (7.4.14)

where � denotes the all possible combinations of plus and minus, r1 � |X|, r2 �
|Y | and r � |X � Y |. Notice that sin r{r is the j-function of Exp on p. This

idea can be extended to the symmetric spaces of SOpnq{SOpn � 1q, and the

e-function is given by

epX, Y q �
�
sin r1 sin r2

r1r2


n�2
2r

sin r

¹
�

� pr � r1 � r2q
cos 1

2
pr � r1 � r2q

�n�3
2

. (7.4.15)

So the general idea is to restrict the calculations to two-dimensional plane, and

compare the density functions of the geodesic triangle and the flat triangle.

Theorem 7.4.5 ([16]). Let pG,Kq be a Riemannian symmetric pair of the

compact type. Let S � G{K be the corresponding symmetric space, and let p be

the tangent space of S at eK. Then, e-function is defined on the entire tangent

space p. Also, let µ and ν be K-invariant distributions of compact support on

p, we have

Φpµ �p,e νq � Φpµq �S Φpνq (7.4.16)

Remark. This ‘twisted’ convolution described by the e-function in p7.4.16q es-
tablishes a new correspondence between zonal spherical harmonic analysis on

G{K and K-invariant harmonic analysis on p. We can combine this correspon-

dence with the Kirillov-type non-commutative formula for K-invariant distribu-

tions on p� to transfer the Fourier analysis of zonal spherical distributions on

G{K to Fourier analysis of K-invariant distributions with compact support on

its tangent space p.

Proposition 7.4.6. Let ϕλ be a spherical function (defined in p7.3.3q) of the

symmetric pair pG,Kq, where G is a compact simply connected semi-simple Lie
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group, and K is the fixed point group of an involutive automorphism of G. Then,

the Fourier transform of the convolution zonal spherical distributions Φpµq and
Φpνq, with respect to the ‘twisted’ convolution of K-invariant distributions µ

and ν, of compact support on p, is given by

pΦpµq �S Φpνq, ϕλq �
»
p

»
p

µpXqνpY qepX, Y qjpX � Y qϕλpExppX � Y qq dXdY,
(7.4.17)

and the Euclidean Fourier transform of ϕλ � Exp in p is equal to DK
λ ν

K
λ , which

is a K-invariant measure of g�, restricted to p�.

Remark. In the calculation, the ‘1{jpX � Y q’ function inside the e-function

can be canceled with the j-function in front of the ϕλ. The K-invariant measure

DK
λ ν

K
λ can be determined by the Kirillov-type non-commutative formula, which

is described in Section 7.3.

Example 7.4.6.1. We can combine the e-function of the 2-sphere p7.4.14q and
the spherical function of the 2-sphere when λ � 1 p7.3.11q to explicitly write

down the Fourier transform of spherical distribution Φpµq � Φpνq with compact

support on the sphere. That is,

pΦpµq �S Φpνq, ϕ1q �
»
R2

»
R2

jpXqµpXqjpY qνpY q
¹
�

�
cos 1

2
p|X � Y | � |X| � |Y |q

1
2
p|X � Y | � |X| � |Y |q

� 1
2

� cos 2|X � Y | dXdY,
(7.4.18)

where the j-function is jpXq � sin |X|{|X|, X P p.

It is also interesting and motivating to derive the K-invariant measures for

spherical functions with respect to the restricted root system of symmetric

spaces. This is a subject of future work.
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Appendix A

Symbolic Calculations

A.1 Example

A.1.1 Fundamental Representation of Spinp5,Rq

The Cartan matrix of B2 is �
2 �2
�1 2

�
(A.1.1)

We can choose a basis in R2 such that

α1pH1q � 2, α1pH2q � �2, α2pH1q � �1, α2pH2q � 2 (A.1.2)

and we can let α1 � p2, 0q, α2 � p0, 2q, and H1 � p1,�1
2
q, H2 � p�1, 1q, and

pνIλ1 q_t |t
�
h1 � h2,�h1

2
� h2



� �

e�hph1�2h2q ��h21ei2h1 � h21e
i4h1�

ph1 � 2h2q2ei2h2 � ph1 � 2h2q2ei2ph1�h2q � 8ph1 � h2qh2eiph1�2h2q��
� �

8h21ph1 � 2h2q2h2ph1 � h2q
�

(A.1.3)
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The polynomial corresponding to the trace of Kirillov-type non-commutative

formula of dπλ|t is given by

TrpPλ1 |tq � 120� 250

�
γ
B
Bγ



� 175

�
γ
B
Bγ


2

� 50

�
γ
B
Bγ


3

� 5

�
γ
B
Bγ


4

� 72h21 � 42h21

�
γ
B
Bγ



� 6h21

�
γ
B
Bγ


2

� h41 � 144h1h2

� 84h1h2

�
γ
B
Bγ



� 12h1h2

�
γ
B
Bγ


2

� 4h31h2 � 144h22

� 84h22

�
γ
B
Bγ



� 12

�
γ
B
Bγ


2

� 4h21h
2
2,

(A.1.4)

and a calculation shows

TrpPλ1 |tq � pνIλ1 q_t |t � 1� eih1 � e�ih1 � eiph1�2h2q � e�iph1�2h2q, (A.1.5)

which is the character of πλ1 . We can also calculate the global version formula.

The irreducible skew-Hermitian matrix dπλ1 is equal to

�
�������

ih1 x1 � iy1
?
2px3 � iy3q �?2px4 � iy4q 0

�x1 � iy1 �ih1 � i2h2

?
2px2 � iy2q 0 �?2px4 � iy4q

�?2px3 � iy3q �?2px2 � iy2q 0
?
2px2 � iy2q �?2px3 � iy3q?

2px4 � iy4q 0 �?2px2 � iy2q ih1 � i2h2 x1 � iy1

0
?
2px4 � iy4q

?
2px3 � iy3q �x1 � iy1 �ih1

�
������


(A.1.6)

for X P spinp5q. This is obtained with respect to the Chevalley basis of B2 ([30],

Exercise 25.6). Thus, we can calculate the P λ
1,1 polynomial, that is,
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dγ4 � ih1dγ
3 � 10dγ3 � h2

1dγ
2 � 4h2

2dγ
2 � x2

1dγ
2 � 4x2

2dγ
2 � 2x2

3dγ
2

� 2x2
4dγ

2 � y21dγ
2 � 4y22dγ

2 � 2y23dγ
2 � 2y24dγ

2 � 9ih1dγ
2 � 4h1h2dγ

2

� 35dγ2 � ih3
1dγ � 7h2

1dγ � 4ih1h
2
2dγ � 28h2

2dγ � ih1x
2
1dγ � 2ih2x

2
1dγ � 7x2

1dγ

� 4ih1x
2
2dγ � 28x2

2dγ � 14x2
3dγ � 2ih1x

2
4dγ � 4ih2x

2
4dγ � 14x2

4dγ � ih1y
2
1dγ

� 2ih2y
2
1dγ � 7y21dγ � 4ih1y

2
2dγ � 28y22dγ � 14y23dγ � 2ih1y

2
4dγ � 4ih2y

2
4dγ

� 14y24dγ � 26ih1dγ � 4ih2
1h2dγ � 28h1h2dγ � 4ix2x3y1dγ � 4ix1x3y2dγ

� 4i
?
2x3x4y2dγ � 4ix1x2y3dγ � 4i

?
2x2x4y3dγ � 4iy1y2y3dγ � 4i

?
2x2x3y4dγ

� 4i
?
2y2y3y4dγ � 50dγ � 4ih3

1 � 12h2
1 � 16ih1h

2
2 � 48h2

2 � 4ih1x
2
1 � 8ih2x

2
1

� 12x2
1 � 2x2

1x
2
2 � 16ih1x

2
2 � 48x2

2 � 2h2
1x

2
3 � 8h2

2x
2
3 � 8h1h2x

2
3 � 24x2

3 � 4x2
2x

2
4

� 8ih1x
2
4 � 16ih2x

2
4 � 24x2

4 � 2x2
2y

2
1 � 4ih1y

2
1 � 8ih2y

2
1 � 12y21 � 2x2

1y
2
2 � 4x2

4y
2
2

� 2y21y
2
2 � 16ih1y

2
2 � 4

?
2x1x4y

2
2 � 48y22 � 2h2

1y
2
3 � 8h2

2y
2
3 � 8h1h2y

2
3 � 24y23

� 4x2
2y

2
4 � 4y22y

2
4 � 8ih1y

2
4 � 16ih2y

2
4 � 24y24 � 24ih1 � 16ih2

1h2 � 48h1h2

� 4
?
2x1x

2
2x4 � 16ix2x3y1 � 4h1x2x3y1 � 8h2x2x3y1 � 16ix1x3y2 � 4h1x1x3y2

� 8h2x1x3y2 � 16i
?
2x3x4y2 � 4

?
2h1x3x4y2 � 8

?
2h2x3x4y2 � 8

?
2x2x4y1y2

� 16ix1x2y3 � 4h1x1x2y3 � 8h2x1x2y3 � 16i
?
2x2x4y3 � 4

?
2h1x2x4y3

� 8
?
2h2x2x4y3 � 16iy1y2y3 � 4h1y1y2y3 � 8h2y1y2y3 � 4

?
2y1y

2
2y4

� 16i
?
2x2x3y4 � 4

?
2h1x2x3y4 � 8

?
2h2x2x3y4 � 4

?
2x2

2y1y4

� 8
?
2x1x2y2y4 � 16i

?
2y2y3y4 � 4

?
2h1y2y3y4 � 8

?
2h2y2y3y4 � 24

(A.1.7)

where dγ represents γ B
Bγ . To show this indeed is the correct output, we show

that Yα. vλ1 � vλ1�α, and that is exactly Yα1 . P
λ
1,1 pνIλ1 q_g � P λ

1,2 pνIλ1 q_g , where

Yα1 is the G-induced non-constant coefficient differential operator given by

Yα1 � py1 � ix1q B
Bh1 � ph2 � h1q BBy1 � iph2 � h1q B

Bx1 �
1

2
px2 � iy2q B

Bx3
� 1

2
py2 � ix2q BBy3 �

1

2
px3 � iy3q B

Bx2 �
1

2
py3 � ix3q BBy2

(A.1.8)
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Since the induced differential operators induced by G annihilate pνIλ1 q_g , we

have P λ
1,1 pνIλ1 q_g produces a polynomial, which is

x1dγ
3 � iy1dγ

3 � 2ih2x1dγ
2 � 9x1dγ

2 � 2x2x3dγ
2 � 9iy1dγ

2 � 2h2y1dγ
2

� 2ix3y2dγ
2 � 2ix2y3dγ

2 � 2y2y3dγ
2 � x3

1dγ � iy31dγ � 2x1x
2
2dγ � 2x1x

2
3dγ

� 2x1x
2
4dγ � x1y

2
1dγ � 2x1y

2
2dγ � 2

?
2x4y

2
2dγ � 2iy1y

2
2dγ � 2x1y

2
3dγ

� 2
?
2x4y

2
3dγ � 2iy1y

2
3dγ � 2x1y

2
4dγ � 2iy1y

2
4dγ � h2

1x1dγ � 14ih2x1dγ

� 2h1h2x1dγ � 26x1dγ � 4ih2x2x3dγ � 14x2x3dγ � 2
?
2x2

2x4dγ � 2
?
2x2

3x4dγ

� ih2
1y1dγ � ix2

1y1dγ � 2ix2
2y1dγ � 2ix2

3y1dγ � 2ix2
4y1dγ � 26iy1dγ � 2ih1h2y1dγ

� 14h2y1dγ � 14ix3y2dγ � 4h2x3y2dγ � 4i
?
2x2x4y2dγ � 14ix2y3dγ � 4h2x2y3dγ

� 4i
?
2x3x4y3dγ � 4ih2y2y3dγ � 14y2y3dγ � 2i

?
2x2

2y4dγ � 2i
?
2x2

3y4dγ

� 2i
?
2y22y4dγ � 2i

?
2y23y4dγ � 4

?
2x2y2y4dγ � 4

?
2x3y3y4dγ � 4x3

1 � 4iy31

� 2ih1x1x
2
2 � 8x1x

2
2 � 2ih1x1x

2
3 � 4ih2x1x

2
3 � 8x1x

2
3 � 8x1x

2
4 � 4x2x3x

2
4 � 4x1y

2
1

� 2x2x3y
2
1 � 2ih1x1y

2
2 � 8x1y

2
2 � 8

?
2x4y

2
2 � 2i

?
2h1x4y

2
2 � 8iy1y

2
2 � 2h1y1y

2
2

� 2ih1x1y
2
3 � 4ih2x1y

2
3 � 8x1y

2
3 � 8

?
2x4y

2
3 � 2i

?
2h1x4y

2
3 � 4i

?
2h2x4y

2
3 � 8iy1y

2
3

� 2h1y1y
2
3 � 4h2y1y

2
3 � 8x1y

2
4 � 4x2x3y

2
4 � 8iy1y

2
4 � 4ix3y2y

2
4 � 4ix2y3y

2
4 � 4y2y3y

2
4

� 4h2
1x1 � 24ih2x1 � 8h1h2x1 � 24x1 � 2h2

1x2x3 � 2x2
1x2x3 � 16ih2x2x3

� 4h1h2x2x3 � 24x2x3 � 8
?
2x2

2x4 � 2i
?
2h1x

2
2x4 � 8

?
2x2

3x4 � 2i
?
2h1x

2
3x4

� 4i
?
2h2x

2
3x4 � 4

?
2x1x2x3x4 � 4ih2

1y1 � 4ix2
1y1 � 8ix2

2y1 � 2h1x
2
2y1 � 8ix2

3y1

� 2h1x
2
3y1 � 4h2x

2
3y1 � 8ix2

4y1 � 24iy1 � 8ih1h2y1 � 24h2y1 � 4ix1x2x3y1 � 4i
?
2x2x3x4y1

� 4ix3x
2
4y2 � 2ix3y

2
1y2 � 2ih2

1x3y2 � 2ix2
1x3y2 � 24ix3y2 � 4ih1h2x3y2 � 16h2x3y2

� 16i
?
2x2x4y2 � 4

?
2h1x2x4y2 � 4x1x3y1y2 � 4ix2x

2
4y3 � 2ix2y

2
1y3 � 2ih2

1x2y3

� 2ix2
1x2y3 � 24ix2y3 � 4ih1h2x2y3 � 16h2x2y3 � 16i

?
2x3x4y3 � 4

?
2h1x3x4y3

� 8
?
2h2x3x4y3 � 4x1x2y1y3 � 2h2

1y2y3 � 2x2
1y2y3 � 4x2

4y2y3 � 2y21y2y3 � 16ih2y2y3

� 4h1h2y2y3 � 4
?
2x1x4y2y3 � 4ix1y1y2y3 � 4i

?
2x4y1y2y3 � 24y2y3 � 8i

?
2x2

2y4

� 2
?
2h1x

2
2y4 � 8i

?
2x2

3y4 � 2
?
2h1x

2
3y4 � 4

?
2h2x

2
3y4 � 8i

?
2y22y4

� 2
?
2h1y

2
2y4 � 8i

?
2y23y4 � 2

?
2h1y

2
3y4 � 4

?
2h2y

2
3y4 � 16

?
2x2y2y4

� 4i
?
2h1x2y2y4 � 4

?
2x1x3y2y4 � 4i

?
2x3y1y2y4 � 4

?
2x1x2y3y4 � 16

?
2x3y3y4

� 4i
?
2h1x3y3y4 � 8i

?
2h2x3y3y4 � 4i

?
2x2y1y3y4

(A.1.9)

and this is exactly the same as P λ
1,2. Similarly, we can apply other ‘lowering’

operators to generate the first row of the matrix of polynomials. Due to the

complexity of the computation, we omit the calculation. However, it can be

produced using the programs referenced in Appendix A.2.
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A.2 Computing Programs

We look at the technical aspects of how to implement the Kirillov-type non-

commutative formula for arbitrary compact real forms of semisimple Lie alge-

bras, and how to approximate the G-invariant measures of coadjoint orbits and

moment sets of unitary representations by the techniques of ‘box splines’.

Implement the Kirillov-type non-commutative formula:

Let G be a compact simply connected semisimple Lie group, T be a maximal

torus of G. Let g be the Lie algebra of G, and t be the Lie algebra of T . We

describe an algorithm to calculate the highest weight representation of G, using

the Kirillov-type non-commutative formula on the highest weight representation

of g.

i. For each complexification of g, there is a Cartan matrix C that describes

the Killing form among all simple roots. Taking the inverse of C, we can

obtain the fundamental weights tλju in t�.

ii. Every dominant weight can be written as a positive integral linear combi-

nation of all fundamental weights: λ � °l
j�1 kjλj, each kj is non-negative,

and l is the rank of t. For each dominant highest weight λ, we can apply

the lowering operators of the negative root spaces to the highest weight

vector vλ to generate all the weights in the saturated set Πpλq of the high-
est weight λ. In addition, we can apply the Frendenthal formula ([30],

Theorem 22.3) to calculate the multiplicity of each weight.

iii. Let gC be the complexification of g, we can then work out the highest

weight representation dπλ of gC, with respect to the root decomposition

gC � tC `
¸

αPΦ�
pgα � g�αq. (A.2.1)

Then, we can convert dπλpgCq to the compact real form dπλpgq.

iv. Let n be the dimension of dπλpgq. We can calculate the matrix of the

polynomials of the inverse Fourier transform of the Kirillov-type non-

commutative formula for dπλ by p6.3.75q. We can also calculate the in-

verse Fourier transform of the G-invariant measure of the moment set Iλ,
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denoted by pνIλq_pHq, for H P t. To obtain the global version, we can di-

rectly calculate the eigenvalues of dπλ and insert them into the G-invariant

function pνIλq_.

v. In this way, we obtain the highest weight representation πpexp gq of G.

We can then apply Weyl’s unitarian trick to make π unitary.

We have done a few examples in Wolfram Mathematica.

1. The irreducible representations of SUp2q: π1, π2 and π3.

https://tgou1055.github.io/phd/Non-comm-Kirillov-formula-of-SU(2).pdf

2. The fundamental representation of SUp3q.
https://tgou1055.github.io/phd/Non-comm-Kirillov-formula-of-SU(3)-fundamental.

pdf

3. The highest weight δ representation of SUp3q.
https://tgou1055.github.io/phd/Representations-of-delta-A2.pdf

4. The fundamental representation of Spinp5q (double cover group of SOp5q).
https://tgou1055.github.io/phd/B2-fundamental-representation.pdf

Approximate Measures :

Let Fα be the arc-length measure along the ray of a vector α in the real

Cartan subalgebra t. Let E � ±
j �Fαj

be a measure in t. Also, let E �
limnÑ8

±
j �Fnαj

in the sense of a distribution, where nα � r0, ns � α. We can

use the techniques of ‘box splines’ [11] to approximate E. That is,

i. Pick two arc-length measures Fnα1 , Fnα2 , and the convolution Fnα1 � Fnα2

can be represented by the uniform distribution f on the parallelogram

spanned by tα1, α2u.

ii. The convolution Fα3 � f can be calculated by

Fα3 � fpβq �
» n

0

fpβ � nα3q dn, (A.2.2)

and the rest of the convolutions can also be calculated this way.
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iii. Thus, the measure E � limnÑ8
±

j �Fnαj
is a piecewise polynomial distri-

bution on the Euclidean space t (or t�).

We have constructed some examples in Wolfram Mathematica.

1. The convolutions of unit spheres for SUp2q.
https://tgou1055.github.io/phd/Convolutions-of-unit-spheres-SU(2).pdf

2. The projection Liouville measures of regular and singular coadjoint orbits

of SUp3q.
https://tgou1055.github.io/phd/Projection-Measure-of-A2.pdf

3. The projection Liouville measures of the coadjoint orbit of delta of Spinp5q.
https://tgou1055.github.io/phd/Projection-Measure-of-B2.pdf

4. The intersection between the moment set of delta element and dual Cartan

subalgebra of SUp3q.
https://tgou1055.github.io/phd/Moment-set-of-delta-of-SU(3).pdf

Remark. The symbolic calculation for multiple-fold convolutions of the arc-

length measures of root and weight vectors will become very complicated and

Mathematica on my laptop was unable to produce any output when n ¥ 5 (when

t is two-dimensional). But our approach is more calculable and provides a more

direct approach to calculate the piecewise polynomials of the density functions of

convolution structures of coadjoint orbits and moment sets of irreducible unitary

representations.
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[20] Michel Duflo, Opérateurs différentiels bi-invariants sur un groupe de Lie.,
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