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Abstract

Elie Cartan and Hermann Weyl’s theorem of highest weight states that every
irreducible highest weight representation dm of a compact real form u of a com-
plex semisimple Lie algebra g, where g = u @ 7u, integrates to an irreducible
highest weight representation m of a compact, simply connected, semisimple
Lie group U whose Lie algebra is u. However, there is no explicit computation

method for this correspondence.

Building on the work of Raed Raffoul (2006) [44], we combine the Kirillov
orbit method, the sum of adjoint orbits, the convexity theorem for moment
maps, Nelson’s formula for Weyl calculus, and the transversality condition and
induced differential operators, to develop a non-commutative Kirillov method.
This framework allows us to explicitly compute the exponential of dr, which
corresponds to the lifted representation m o exp on u. It also enables the lifting
of invariant vector fields on U, arising from root vectors in g, to differential
operators induced by the adjoint action of U on u, with respect to the matrix
coefficients of moexp. Moreover, we show that the Euclidean Fourier transform
of moexp on u consists of polynomials of transversal differential operators acting
on a U-invariant measure supported on the image of the moment map of 7, in
the dual Lie algebra u*. We also extend this method to compute spherical

functions on symmetric spaces of the compact type.
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“The question for the ultimate foundations and the ultimate meaning of math-
ematics remains open; we do not know in which direction it will find its final
solution nor even whether a final objective answer can be expected at all. ‘Math-
ematising’ may well be a creative activity of man, like language or music, of

primary originality, whose historical decisions defy complete objective rational-

1sation.”
Hermann Weyl
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Historical Overview

This thesis has integrated four subjects inspired by the representation theory
of semisimple Lie groups, to solve a fundamental problem in the representation
theory: Complete the theorem of highest weight by explicitly calculating the
integration of an irreducible highest weight representation of the compact real
form of a complex semisimple Lie algebra, corresponding to a compact simply

connected semisimple Lie group.

In the following paragraphs, we briefly summarise the historical develop-

ments and key aspects of these subjects that are related to this thesis.

Representation Theory of Semisimple Lie Groups:

In representation theory, the theorem of highest weight classifies the
irreducible representations of a complex semisimple Lie algebra g. It states
that every irreducible representation of g can be determined by an integral
weight in the dual space g*. This theorem was proved by Elie Cartan in 1913
[36]. Let u be a compact real form of g, such that g = u + su. Suppose the
corresponding compact semisimple Lie group U is simply connected, we can
integrate the highest weight representation dr of u to obtain the representation
7 of the group U. We can also take the average over the group U to show that
there is an inner product on the representation space V' such that V' is unitarily
invariant under the actions of 7 of U. We may use the unitarity of 7 to see
that V' decomposes as a direct sum of irreducible representations. This is a
consequence of Peter-Weyl theorem for general compact connected groups,
which was proposed by Herman Weyl and his student Fritz Peter in 1927 [42].

The Borel-Weil-Bott theorem is a modern interpretation of the theorem
of the highest weight. It was proved by Armand Borel and André Weil in the
early 1950s [34], and was later extended to higher cohomology groups by Raoul

Bott. It constructs an irreducible representation space as global sections of a
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line bundle on the flag manifold of a complex semisimple Lie group G. The

theorem of the highest weight results as a consequence.

The Kirillov orbit method is a geometric method that associates each
irreducible unitary representation of a Lie group G to an integral coadjoint
orbit of GG. It realises the representation space as the irreducible holomorphic
sections of a line bundle over an integral coadjoint orbit. It was introduced by
Alexandre Kirillov in the early 1960s [32]. It generalises the Borel-Weil-Bott
theorem for complex semisimple Lie groups. This method has been shown to
be able to describe the representations for nilpotent Lie groups, semisimple Lie
groups, and semi-direct product of a Lie group with a vector group. Kirillov
also derived an analytic version of the character formula of irreducible unitary
representations, which is called the Kirillov character formula. This formula
can be interpreted as the Fourier transform of a distribution supported on an

integral coadjoint of G.

The Cartan-Helgason theorem (rigorously proved by Sigurdur Helgason
in 1970 [27]) for the symmetric space of compact type of the pair (U, K), has
inherited and expanded the theorem of the highest weight and the Peter-Weyl
theorem, to the space L?*(U/K). The zonal and non-zonal spherical functions
can be calculated by the K-invariant vector vy, which is a projection of the
highest weight vector vy of a spherical representation 7, of U of a highest
weight .

Weyl Functional Calculus:

The Weyl functional calculus is a quantisation procedure proposed by
Hermann Weyl [53], to associate a quantum observable to a classical observ-
able, and the underlying symmetry group is the Heisenberg group. The Weyl
functional calculus can be formulated in an abstract setting. Suppose that
A = (A4,...,Ay) is a d-tuple of operators acting in a Banach space V. For each
¢ e R4, and for some C' > 0 and s > 0, if the bound ||e®4]] < C(1 + |£])* holds

for every ¢ € R?, then the operator-valued integral
f(A) = | F(e) e de,
R

is convergent, bounded and well defined for every f € S(RY) (Schwartz spaces).

The operators Ay, ..., Ay do not necessarily commute.
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By the Paley—Wiener-Schwartz theorem, the Weyl functional calculus given
by Wa(f) = f(A) is an operator-valued distribution with compact support if
and only if there exists numbers C, s, > 0 such that ||e®4|| < O(1+|¢[)%ermE)]
for all £ € C?. Let A be a d-tuple of bounded self-adjoint operators, Michael
Taylor [50] showed that such distributions exist for C' = 1,s = 0 and r =
Sz 145112,

In this setting, the Weyl functional calculus has been developed by Robert
Anderson [5], Edward Nelson [40] and Ernest Albrecht [3]. Nelson has intro-
duced the concept of ‘operant’ and derived an explicit formula of W4 for the
finite-dimensional self-adjoint operator A, with operator norm |[e®|| = 1. Wy
is an operator of differential operators acting on the unitarily invariant measure
of the joint numerical range of A. Brian Jefferies [31] gave an alternative proof
for this formula of W4. Raed Raffoul [44] applied the Weyl functional calculus
and formula for W4 to study the unitary representations of compact connected

Lie groups.

Convezity Theorem of the Image of Moment Map:
Let G be a connected Lie group, g* the dual of its Lie algebra g. A symplectic

manifold (M,w) with the G action preserving w, equipped with a moment map
U : M — g* is called a G-Hamiltonian manifold [7]. The fundamental
problem of studying Hamiltonian manifolds is to compute the image of the
moment map. Of particular interest is the determination of the convexity of

the image of the moment map.

A coadjoint orbit O is naturally a G-Hamiltonian manifold. Let g be the
Lie algebra of a compact connected semisimple Lie group G, t* be the dual of
a Cartan subalgebra t, and let p : g — t be the orthogonal projection map.
Let O, be a coadjoint orbit passing A € t*. Bertram Kostant [38] showed that
the orthogonal projection p(@,) is equal to the the convex hull of W - A\, where
W is the Weyl group of t. The convexity theorem of a compact G-Hamiltonian
manifold was proposed by Victor Guillemin and Shlomo Sternberg [25], and
Frances Kirwan [35]. Let t} be the chosen fundamental dual Weyl chamber
in t*, the convexity theorem says the image W(M) n t% is a convex polytope.
Anthony Dooley and Norman Wildberger [18] showed that the sumset of a
pair of coadjoint orbits (Oy + O,) n t} is also a convex polytope. Norman
Wildberger [55] also showed that the image of the moment map of a finite-

dimensional unitary representation 7, of G of a highest weight A, is contained



in the convex hull of the integral coadjoint orbit @,. This image is convex if

and only if X\ is root distinct.

Invariant Differential Operators:

The Duflo isomorphism [20], denoted by ®, is an isomorphism between
the centre of the universal enveloping algebra U(g) of the finite-dimensional Lie
algebra g, which can be identified as the algebra of bi-invariant vector fields on
its Lie group G, and the invariant elements of the symmetric algebra S(g) of
g, which can be identified as the G-invariant differential operators on g with
constant coefficients. Let u, v be the fundamental solutions to the G-invariant
differential operators dp, dq on g, supported at the origin of g. Then ®(u), (v)
are the fundamental solutions to the bi-invariant vector fields ®(dp), ®(dq) on
G.

Anthony Dooley and Norman Wildberger [19] showed that for a compact
connect Lie group G, ® is a homomorphism (also known as the ‘wrapping
map’) between the Banach algebra of central distributions on G and the Banach
algebra of G-invariant distributions on g with compact support. The multipli-
cation of these Banach algebras are the convolution operations on G and g,
respectively. They also showed that the Kirillov character formula for compact

connected semisimple Lie groups is a consequence of this homomorphism.

Frangois Rouviere [45] developed a ‘twisted’ convolution for Riemannian
symmetric spaces by introducing the e-function. It is related to the sectional
curvature of the symmetric spaces. Anthony Dooley [16] derived an explicit

formula for the e-function for compact symmetric spaces.

Sigurdur Helgason [27] introduced the concepts of transversality condition of
a submanifold K of a G-vector space V' and G-induced differential operator on
V. That is, every differential operator on V' can be decomposed as a polynomial
of the transversal part and the G-induced part. When V' is a semisimple Lie
algebra g, K is the submanifold of the regular elements in the Cartan subalge-
bra t € g. By implementing the transversality condition into the G-invariant
differential operators on g with constant coefficients, he derived a continuous

version of the Kirillov character formula.
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Chapter 1

Introduction

1.1 Background

The Kirillov orbit method [34], introduced by Russian mathematician A.A.
Kirillov in the early 1960s, is a method to associate an integral coadjoint orbit
O in the dual Lie algebra g* of a connected Lie group G, to an irreducible
unitary representation m of G. He observed that each integral coadjoint orbit
is naturally a symplectic manifold (which carries a symplectic 2-form) with G
acting as a group of symplectomorphisms of 0. He also conjectured that the
representation space of 7 can be realised as the irreducible polarised G-invariant
holomorphic sections of the line bundle £ on O, denoted by I'(E). Let I'*(E)
denote the space I'(E) with a suitable L? condition implemented. Then the
complex lines in I'?(E) form a projective space of I'?(E), denoted by PT?(E),
which also carries a symplectic structure, and the corresponding 2-form is the
differential of the moment map PT?(E) — g*. Kirillov also proved an analytic
version of the character formula for 7, which says the product of an analytic
square root of the Jacobian of the exponential map, the j-function, and the lift
by the exponential map of a character formula X of an integral weight is equal
to the inverse Fourier transform of the Liouville measure p over an integral
coadjoint orbit O [33]. That is,

(X)X (exp X) = f 5 4y 5(8), X eg. (1.1.1)

When G is compact connected and semisimple, the Kirillov character for-
mula is exact, and the integral weight of the character is a highest dominant

weight A and the integral coadjoint orbit is Oy, where § is the half sum of



CHAPTER 1. INTRODUCTION

all positive roots of the root system of the complexification g€ [33]. Also, by
the Borel-Weil theorem, every I'?(E) is the representation space of the finite-
dimensional irreducible unitary representation 7. Let I\ denote the image of
the moment map of m, which is also called the moment set of 7). Then I, is
contained in the convex hull of O,. A dominant weight X\ is called root distinct
if the set of the pairwise differences between A and an element of the orbit of
the Weyl group of A does not contain any roots of g. Hence, a moment set I is

convex and is exactly the convex hull of O, if and only if A is root distinct [55].

By following the Kirillov orbit method for compact connected semisimple
Lie groups, a concrete construction and calculation for the irreducible unitary
representations 7 of the simplest non-commutative compact Lie group SU(2),
can be formulated by combining the methods in [15], [29], [21]. SU(2) can be

parametrised by
SU(2) = {( "~ f) L af® + |8 = 1}-
-8 @

Each 7 is characterised by a positive integer n, and each matrix coefficient of m,,
is a homogeneous polynomial of complex variables («, 8) € C? for |a*+|8|* = 1.
The Kirillov character formula j - X,, is equal to the inverse Fourier transform
of the Liouville measure v,,; supported on the 2-sphere in the Lie algebra
su(2) = R? with radius n + 1.

What if one replaces the character in j-X,, by an arbitrary matrix coefficient
mi; oexp of SU(2)? After a close examination of the calculation of the Kirillov
character formula j - X,, o exp on su(2), Franco Cazzaniga [9] found a closed
form for the exponential of the standard form of su(2), which also gives explicit
calculations for cvoexp and Soexp. He further noticed that the Fourier transform

of aoexp and o exp are given by

(aoexp)” = (_Ta—ar—Q—i-aig) v, (Boexp)" =—i (%+Z i)m,
(1.1.2)

-2 21 are differential operators in the dual Lie algebra su(2) ~ R3

€27 063
and the non-constant-coefficient radial differential operator 7“ = &2 36, +&2 a6 T

where {%, 5

53%, and 1 is the surface measure of the unit 2-sphere in R“. The inverse
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Fourier transform of v; is given by

D@):sin«/x%—i—m%—kxg e R (11.3)
! «/x%—i—x%—l—x% 7 7 o

which is rotationally invariant. Because every matrix coefficient of the irre-

ducible unitary representation m, is a homogeneous polynomial of degree n of

the products of o and g, and the Fourier transform of j, denoted by 3, is the
A

Liouville measure vs = vy. Therefore, (j . wgg) o exp) = Dy, (11)*" 1 where

(11)**1 is the (n + 1)-fold convolution of v, and each D}; is a polynomial of

o 90 9 0
or’? 0617 0627 &3

the k-fold convolution of the surface measure of the unit 2-sphere is the ball

differential operators in {r }. It is well known that the support of

with radius k, and Cazzaniga also proved that the singular support of (v;)*"*?
is exactly the spheres with integer radius {n + 1,n+1—2,n+1—4,..}%, and

interestingly, this set coincides with all positive integer weights of m, 1.

This novel finding for SU(2) has led to the possibility of describing and cal-
culating matrix coefficients of general compact connected semisimple Lie groups

as distributions in g*.

Raed Raffoul [44], [17], and Anthony Dooley [17] extended Cazzaniga’s re-
sults on SU(2) to general compact connected semisimple Lie groups, through an
exposition of Weyl calculus [5] and the concept of operants introduced by Ed-
ward Nelson [40]. Let £(H) be a finite-dimensional Banach algebra of bounded
operators on a Hilbert space H. Let A = (A1, ..., Ay) be a d-tuple of the Her-
mitian operator in £(H), and let £ = (&, ...,&;) € RY. Then the Weyl calculus
of £ - A, denoted by Wk. 4, is a L(H)-valued distribution on a Schwartz space,
which is also the Fourier transform of e***. Nelson derived an explicit formula

for We.4, which is an operator of polynomials of constant-coefficient differen-

tial operators in {%, e a_gd} and a non-constant-coefficient differential operator
13 a% = 51% e +€d&_§d (which generalises the radial differential operator r-Z in

Cazzaniga’s results), acting on an unitarily invariant measure p supported on
the joint numerical range of £ - A. This result can naturally be applied to the
study of unitary representations, because when G is compact, simply connected
and semisimple, the exponential of a skew-Hermitian irreducible representation
dmy of the Lie algebra g of the highest weight A is exactly the unitary repre-
sentation m, of G. Let v5 be the Liouville measure of the coadjoint orbit of
element, and Wy, be the Weyl calculus of dmy, Raffoul proved that the convex
hull of the support of vs + Wy, is equal to the convex hull of the coadjoint orbit

3



CHAPTER 1. INTRODUCTION

O s, and the singular support of vs * Wy, is equal to |, ey Ortws, Which is
the union of the coadjoint orbits of A shifted by the Weyl orbit of .

1.2 Research Questions and Challenges

We aim to extend the work of Cazzaniga, Raffoul, and Dooley to symmetric
spaces of the compact type. For example, their approaches should enable the
derivation of distributions associated with the spherical functions of the sym-
metric space SU(2)/SO(2), which can be derived from the matrix coefficients
of the irreducible unitary representation m, of SU(2) with respect to an even
positive integer n, by the Cartan-Helgason theorem. However, during literature
review and explicit calculations for SU(2)/SO(2), several issues were encoun-
tered that prevent this extension. In the following, we summarise five major

Issues:

1. In Cazzaniga’s calculations, the Fourier transform of a o exp contains

a term 7"(3%7/1- This means that the Fourier transform of (a o exp)” in

the irreducible unitary representation 7, o exp contains a n-fold convolu-

tion (r%ul)*n. Note that the non-constant-coefficient differential opera-

tor Ta—aT does not commute with the convolution operation, for example,

0 2 0
VLR TSV F TS

tions. However, Cazzaniga claimed that each matrix coefficient of SU(2)

rZ(vy + 11). Hence, these are not the same distribu-

is explicitly associated with a n-fold convolution (v;)*". His result is con-
vincing because he showed that the singular support of (v1)*" exactly

matches the weights of m,.

2. By combining the orthonormal basis of the Hilbert space H,, of m, de-
rived in [21] and the method in [30], we can explicitly calculate the skew-
Hermitian irreducible representations of su(2). We put these representa-
tions into Nelson’s explicit formula for the Weyl calculus Wy, and use
(11)*" as the associated measure. However, the solutions become inconsis-
tent when n > 1. For instance, the inverse Fourier transform of the Weyl

calculus Wy, is not equal to m, o exp in Cazzaniga’s result.

3. Both Cazzaniga and Raffoul did not provide a general formula for the
G-invariant measures associated with the irreducible unitary representa-
tions. However, Cazzaniga indicated that these measures are a n-fold

convolution of a single coadjoint orbit for SU(2). Does this also apply
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to the general compact connected semisimple Lie groups? Also, Raffoul
showed these measures are associated with the moment sets of irreducible
unitary representations. Is there a general formula for these measures on
the moment sets of irreducible unitary representations? The answers to

these questions were not clear.

4. There is a lack of description of the relationships among the matrix co-
efficients of an irreducible unitary representation 7. Let G be a compact
simply connected semisimple Lie group, g be the Lie algebra of g, 7 be an
irreducible unitary representation of G of highest weight A, and dm be the
infinitesimal version of 7y. Since G is simply connected, e¥™ = 7\ o exp,
and they share the same representation space V' and weight space clas-
sification. Also, if we fix a basis for V', then the matrix coefficients of
each row or each column of 7, form a basis of a copy of V' [21]. By the
theorem of highest weight, we can also choose a highest weight vector in
a row or column of 7y, and successively apply the invariant vector fields
on G induced by the negative root vectors (lowering operators) in g© to
generate the entire row and column. Now, we have Nelson’s formula for
moexp. So, can we lift these vector fields that act on the matrix coefficient

A A

Qr ij

] oexp on g7

on GG to some differential operators that act on 7

5. Finally, the construction of irreducible highest weight representations dmy
of the compact real form of a complex semisimple Lie algebra can easily
follow from the highest weight method [30], but the dmr, are not in general
skew-Hermitian. This means that we may not apply Nelson’s formula
and explicitly work out the corresponding unitary representations e of
general compact simply connected semisimple Lie groups. This is another
difficulty.

In this thesis, we resolve these issues.

1.3 Results

We present our new findings and main results. We let G be a compact simply
connected semisimple Lie group, g be the Lie algebra of GG, g* be the dual
of g, t,t* be a (dual) Cartan subalgebra of g, g*
(dual) Weyl group of ¢, t*. In addition, we let t* be the fundamental dual Weyl

chamber of t*, ¢} be the interior of t, ® be the set of roots o f g, ®* be the

, respectively, and W be the
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subset of positive roots of ®, A be the set of weights of t*, A™ be the set of
dominant weights of A in t*, and 0 be the half-sum of all positive roots in ®7.
In addition, we let p : g* — t* be the projection map with respect to the Killing

form of g*.

Based on the work of A. Dooley and N. Wildberger [18], which extensively
studied the convolution structures of coadjoint orbits, we present a new formula
for the convolution structure of coadjoint orbits of SU(2) and also determine

the singular support of these convolutions.

Result 1 (Proposition 4.4.1) Let G = SU(2), g = R3 be the Lie algebra of
G, and t = R be a Cartan subalgebra of g. Let n € Z* be an integer dominant
weight of SU(2), vy be the Liouville measure of the coadjoint orbit Oy in the dual
Lie algebra g* = R? with 11(O;) =1 (forn = 1). Denote the n-fold convolution

of vy by (11)*™ . Then (v1)*™ can be expressed as

o 1
(1) = J D= ey = ((D)ETD) (V) v d, (1.3.1)
0 =0

where ey is the unit point mass function at 1, v} is the projection of v with

respect to p, and

1
vy *(n=1) = : —1) e 1y (W) *n=2)) (N . P, N, 1.3.2
-1 A
0 =0
where .
V§// = Z(—l)je(_l)jxl * F, (133)
=0

and F is the arc-length measure on (0,00) < R. The support and singular

support of (v1)*™ are:

151
supp ((11)*™) = conv (0,,), singsupp ((v1)*™) = U On—2j, (1.34)
=0

where |-| is the floor function. So, the singular support of (v1)*™ is the union
of coadjoint orbits of integers which coincides with the weights of the irreducible

unitary representation m, of SU(2).

This singular support is identical to Cazzaniga’s results for SU(2). The

formula (1.3.1) also generalises Cazzaniga’s formula for the n-fold convolution of

6



CHAPTER 1. INTRODUCTION

the surface measure of the unit 2-sphere in R? and can be extended to arbitrary

integer dominant weights of SU(2).

For the defining representation 7 of SU(n), the moment set I of 7 is exactly
a single integral coadjoint orbit. For example, the moment set I; of 71 of SU(2)
is exactly the unit sphere in R3. However, this analogue is not true for an
arbitrary dominant weight of a compact connected semisimple Lie group. We
wish to examine whether the measure (v1)*" can describe the moment set I, of
7, of SU(2). So, we propose that there exists a G-invariant probability measure
vr,, which is the pushforward of the unitarily probability measure of the unit
sphere of the Hilbert space H,, supported on the moment set I, < g* of the
irreducible unitary representation 7w, of a highest weight A € A* of a compact
simply connected semisimple Lie group G. In addition, there also exists a

normalisation formula for the g-Fourier transform of vy, .

Result 2.1 (Proposition 5.2.2) Let G be a compact simply connected semisimple
Lie group, g be its Lie algebra, g* be the dual of g, T be a maximal torus of G, t be
the Lie algebra of T (Cartan subalgebra), and t* be the dual of t. Let A\ € AT < t*
be a dominant highest weight. Let my be a d-dimensional irreducible unitary
representation of G- of \ acting on a Hilbert space Hy, dmy be its infinitesimal
representation. Let TI(A) = {A1,..., \,} be the set of weights of 7y such that
the multiplicities of the weights satisfy >, multi(\;) = d. Let p : g* — t*
be the orthogonal projection map with respect to the Killing form on g*. Let
PHy be the projective space of Hy which can be identified by the unit sphere
Qu={ueH : |ul =1}, where u = Z?=1 u; such that Z?Zl ui|> =1, {u;}d, is
an orthonormal basis of Hx, and each u; is also the weight vector of a weight
A; € II(X). We define the moment set of my as I = {{dmy(H)u,uy : u € Qq}

and a continuous, adjoint invariant function Wy on t by

Uy(H) :L AW 4y () = f eXi= 1PN gy (), VH et (1.3.5)
d

Qq

where v is the probability unitarily invariant measure on dq. Suppose we let vy,

be the probability G-invariant measure on the moment set I in g* (pushforward
of v). Then

\Ifd(H)ZL e’ﬂ(H)dvh(ﬂFf (H(A))eiﬁ(mdui(ﬂ), VHet, (1.3.6)
2 conv

where ui is the projection of vy, with respect to p.

7
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So, the projection measure Vi is supported on the convex hull of the set
of weights II(\), and the g-Fourier transform of v;, restricted to t, denoted
by (vr,)"8|s, is equal to the the t-Fourier transform of v , denoted by (v} )**
Therefore, if we can find the explicit formula for (v7 )*, then we can compare
it with the convolution measure ((¢7)**)¥t of SU(2). Inspired by the work of
Raffoul [44] and Nelson [40], we have found an explicit formula for (v )".
Result 2.2 (Proposition 5.2.3) Let G be a compact simply connected semisimple
Lie group, g be its Lie algebra, g* be the dual of g, T be a mazimal torus of
G, t be the Lie algebra (Cartan subalgebra) of T and t* be the dual of t. Let
A e AT < t* be a dominant highest weight. Let wy be a d-dimensional irreducible
unitary representation of G of highest weight \ acting on a Hilbert space Hy, dmy,
be its infinitesimal representation. Let TI(A) = {\1, ..., \,} be the set of weights
of mx such that the multiplicities of the weights satisfy Y., multi(X\;) = d. Let
PHy be the projective space of Hy which can be identified with the unit sphere
Qg ={ueH : |ul =1}, where u = Z;l:l u; such that Z;l:l u;[* =1, {u;}9_, is
an orthonormal basis of Hy, and each u; is also the weight vector of the weight
A; € II(X). Suppose the multiplicity of each weight \; € II(\) is exactly 1, and
all vectors in {u;}9_, have distinct weights (in this case d = n). Then, the

t-Fourier transform of the projection measure Vi 1S given by

eiAk(I{)

[T e 1N = M) (H)

1<j<sn

(W) (H) =V, (H) = (=1)"'(n—1)! i (1.3.7)

for H € t.

The normalisation formula (1.3.7) is for the case of 7, having distinct weights
and multi();) = 1 for each \; € II(A). Suppose there exists a A; € II()\;) such
that multi(\;) > 1, then the right-hand side of (1.3.7) is undefined. However,

n (1.3.5), the integral formula on the right-hand side is still continuous and
mtegrable By the formula for the projection measure v} for a coadjoint orbit
O, in [18], we have realised that each 1/i(A\; — A\¢)(H) in (1.3.7) is a princi-
pal value distribution in t and its Fourier transform is an arc-length measure
Fy,; -, along the ray of a linear combination of root vectors in ®. Hence, when
the multiplicity of a weight is greater than 1, there exists an arc-length mea-
sure limys_,y F\v_x = eg, which is the Dirac delta function in t*. This means
the principal value distribution limys_,y 1/i(A" — XN)(H) = 1. Based on this

observation, we present an explicit formula for I/i.
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Result 2.3 (Proposition 5.2.5) Let G be a compact simply connected semisim-
ple Lie group, g be its Lie algebra, g* be the dual of g, 7" be a maximal torus
of G, t be the Lie algebra (Cartan subalgebra) of T, t* be the dual of t, and
W be the Weyl group of t,t*. Let A € AT c t* be a dominant highest weight.
Let 7 be a finite-dimensional irreducible unitary representation of GG of highest
weight A\ acting on a Hilbert space H,. Let II(\) be the set of weights of the
irreducible unitary representation 7y, d, be the dimension of my. Let my(u) be
the multiplicity of the weight € II(\). Let D = II(\) n A be the subset of
dominant weights in TI(\) with cardinality |D| = ¢. Let I, be the moment set of
mx. Then, the projection of the G-invariant probability measure of the moment

set I on t*, denoted by Vi, is given by

q q
o= (DD Ha=DDY Y mawens] [ [ (Furamune)™™
k=1 weW /Wy, J—Luw/eW /Wy,
(1.3.8)
where each dominant weight A, A; lie in D, and e), is the unit point mass at
Ak, F, is the arc-length measure along the ray of Ay in t*, and w'\; — wh, =

Z§=1 tia;, for o € A, t; € Z, and W, is the subgroup of W that stabilises A.

Therefore, by the normalisation formula for (7 ) “in (1.3.7), we can com-
pare it with ((1})*")¥* of SU(2). We have proved that (14 )"* indeed is equal
to ((¢7)*™)¥t. Thus (v1,)"® |« = ((11)*™)¥?;. Since they are both G-invariant,

we have vy, = (v1)*".

Result 2.4 (Proposition 5.2.4) Let G = SU(2), T be a mazimal torus of G, g, t
be their Lie algebras, respectively, and g*, t* be the duals of g,t. Letn € AT = 7+
be an integer dominant weight, 7, be a (n + 1)-dimensional irreducible unitary
representation with respect to n, and I, be the moment set of m,. Also, let O
be the coadjoint orbit of the integer 1, and I1(n) be the set of the weights of
7. Denote (11)*" the n-fold convolution of the (unique) G-invariant Liouville

measure of Oy, and vy, the G-invariant probability measure of I,,. Then,

v, = ()™ (1.3.9)
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Letn =1, II(n) ={n,n—2,...,—(n —2), —n}, we have

v _(_1)n ekt _ sin(H) n: L)y v
(1) 1) = () !ke;n)njﬂn)i(j_k)}] (52) = 0yl

(1.3.10)
for He t=R.

This is an important observation of this project. So far, this correspon-
dence in describing a moment set by convolutions of coadjoint orbits has only
been found for SU(2). We have resolved Issue 3. Additionally, based on the
techniques developed in [18], we have also proved the density function for the

intersection between the moment set and the fundamental Weyl chamber Iy nt*.

Let A € A* < % be a highest weight, I, be the moment set of \. Then the

G-invariant measure of the moment set Iy, denoted by vy, is given by

vr, :J (A, N wpm dN (1.3.11)
o
where vy is the unique probability G-invariant measure of the coadjoint orbit
Oy, and (A, ") is a density function supported on I nt*%, which relies on the
choice of A\. Then
o :f SO N, X (13.12)

*
t

Result 2.5 (Proposition 5.2.7) Let t+y be the interior of the fundamental dual
Weyl chamber t%. Suppose the intersection Iy Nt is non-empty. Then the

density function

e\, n) = Cn_l < n 5a> vy (m), n e, (1.3.13)

aed+

where 0, is the directional derivative of the root vector o, and

C,=1]0Ga)/]] 0. (1.3.14)

aedt aed+

When A lies on a wall of t7, the intersection Iy nt% could be fully contained

in the closure of a minimal wall t£ of t*, and we have a new formula for the

1
density function (A, ).

10
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Result 2.6 (Proposition 5.2.8) Suppose I Nt} is fully contained in the closure
of a minimal wall tZ of t1, and let tZ denote the interior of tZ. Then the density

function

e =c' [ ] oa b, net,, (1.3.15)

aed\eL

where ®L = {a e & : (A, o) =0,VA et }, and

[ oea+ (9, @)
C, = ne , 1.3.16
! Hae<1>+\<b§0 (777 a) ’ Haquo (6777 a) ( )

=1
where 6, = 3 Zaeq)go .

We have calculated examples of SU(3) and Spin(5) and used figures to
illustrate these density functions. Now, we are certain that (v1)*" is the measure
supported on the moment set I,, in Nelson’s formula for the Weyl calculus Wy, .
So, we have also conducted a thorough review of Nelson’s original proof. It turns
out that there is missing a recursive function v of the non-constant-coefficient
differential operator xa%. The original formula worked for m; because 1 does
not affect the outcome of a 2-dimensional representation. Here, we present this
updated version of Nelson’s formula for irreducible unitary representations of
compact simply connected semisimple Lie groups. Since Cazzaniga’s work [9]
was original inspired by the Kirillov character formula, we call it Kirillov-type

non-commutative formula.

Result 3.1 (Proposition 6.3.3) Let G be a compact simply connected semisimple
Lie group, T be a maximal torus of G, and g,t be the Lie algebras of G, T,
respectively. Let t* be the dual of t, and t% be a chosen positive Weyl chamber
of t*. Let X € AT < t be a dominant highest weight, my be the irreducible
unitary representation of the highest weight A acting on a Hilbert space H, n be
the dimension of wy, dmwy be the infinitesimal version of wy, I\ be the moment
set of wx, and vy, be the probability G-invariant measure on Iy. Let {X1, ..., X4}
be a basis of g, and denote x - X = ZZ=1 z;X;, for x € R Then, the closed

form of the exponential mapping dmy — e™™ is given by

An—k—1 j

Z Z Z yn-kei= 1Ok jo1 (- dma (X))
=0 720 o (n—j+m-—1)!

(- dmy(X))" (m = 1) I (2 - X),

€d7r)\(:v X)) _

(1.3.17)

11
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where ¢;(A) is the sum of the principal minors of A of degree j,

U (r-X) = J P X) dyy (), (1.3.18)
and
P _.p! 0
P(p) = Y (1) . <x : %) (g —1), (1.3.19)
with ¥(—1) = 1.

So, we have resolved Issue 2. We have also performed detailed calculations
for e?2 of SU(2), and the defining representation of SU(3) and Spin(5) to

illustrate this formula. Furthermore, we have examined the differential operator

0
ox

the G-invariance of an adjoint invariant function.

xr+< and established that it is a G-invariant differential operator which preserves

Result 3.2 (Proposition 6.2.5) Let G be a compact connected semisimple Lie
group, T be a maximal torus of G. Let g, t be the Lie algebras of G, T, respec-
tively. Let t* be the dual of t. Suppose dim(g) = d, and we let z € R and
£ e (RY*. If f e S(g) is an adjoint invariant function, then

(:c&% f) - — (gﬁ—i + dI) 7, (1.3.20)

and xai and & ai are G-invariant differential operators.
x &

When we restrict Nelson’s formula to representations, we have found that

the existence of G-invariant differential operator x% is closely related to the
tensor products of representations. If we fix a basis for Hy,, and let 77, be the
highest weight matrix coefficient of 7y, and let my, my for A, \' € A", then the
AN
1,1

highest weight coefficient of 71" is 7,77}, by the Clebsch-Gordan theorem.

However, if we lift Wﬁ’\, to g by the exponential mapping and take the

Fourier transform, then it contain a term & a%’/fx x & %I/}A,. Since & a% does not

commute with convolution, this means that this convolution is not equal to
2

(f %) vi, * v1,,. Also, because in general the moment set I,y is not equal to

I
MY s

Iy + Iy, so & % ensures that the support of the Fourier transform of 77
not the same as the support of vz, * vy,,, which is the sumset Iy + Iv. Clearly,
SU(2) is a special case and this finding provides a reasonable clarification for

Issue 1.

12
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If we take the g-Fourier transform of 9™, with respect to the Killing form

of g, then we have the following.

Result 3.3 (Proposition 6.3.5) Let G be a compact simply connected semisimple
Lie group, T be a maximal torus of G, and g,t be the Lie algebras of G, T,
respectively. Let t* be the dual of t, and t3. a chosen fundamental Weyl chamber
of t*. Let Ae AT < % be a dominant highest weight, my the irreducible unitary
representation of the highest weight of X\ acting on a Hilbert space H, n be the
dimension of wy, dmy be the infinitesimal version of my, I be the moment set
of mr, and vy, be the probability G-invariant measure on Iy. Let {X1,..., X4}
be a basis of g, and denote x - X = 22:1 z;X;, for v € RL Let C be the
Cartan matriz of g¢, and ¢ = (B,&,n) € (Rd)*. Then the g-Fourier transform

of e?™@X) denoted by (er™@X)"* can be written as

j kijil(bn—kfjfl dma(X) - _iai
2, (=0 (n_g+m—1)! C)

dny(X) - —z‘—)k lm—1)- v,

(1.3.21)

where ¢, 1s the sum of principal minors of order k, and v is a recursive function

of the theta differential operator C%, given by

vlp) = D -1yl (—ca—‘z _ df) (g 1)

where Y(—1) =1, and
0 Ay O 0 0
=T % )
Also, the support of (edﬂ(x'X))AB satisfies
supp (D* - vp,) S conv (0,) and supp (D*-vy,) N t* < conv (W - )).

The matriz of differential operators D> consists of polynomial of Euclidean dif-

ferential operator in some fundamental weight directions root directions

2
N’

13
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%, ai,, and differential operator C%. We have
Oéj Oék
0
=C:t.p,
O\ ip

where C;* is the i-th row of the inverse of the Cartan matriz C, 3 = (B, ..., B)
is the tuple of simple roots A < ®. Also, we have

+

where aj 1s a positive root in P, and oy is a negative root in P.

Since the matrix coefficients of 7w, are the fundamental building blocks of the
functions in C'(G) and LP(G) and now we have a good understanding of what
each irreducible unitary representation 7y o exp looks like, we can examine the
difference between the convolutions of the pair of arbitrary matrix coefficients
2emy, in G and m);#my joexp in g. However, if we compare this to the criteria of

wrapping map [19], then the lift of the matrix coefficients on g are not compactly

T

supported but are supported everywhere on g, and not G-invariant. However,
the matrix coefficients on G are compactly supported but not central on G.

Hence, the wrapping map does not apply directly to matrix coefficients.

But, we have observed that the convolution of any pair of matrix coefficients
in the same representation (the same equivalent class) my on G is either a matrix
coefficient in the same 7, or zero. Also, since GG is compact, simply connected
and semisimple, each row and column of 7, form a copy of the representation
space of my, which can be generated by applying the vector fields induced by

the root vectors of g€ to the highest weight matrix coefficient Wi\’l.

Sigurdur Helgason [27] showed that the differential operators in g consist
of transversal differential operators and differential operators induced by the
action of GG. In fact, the differential operators we found in Result 3.3 including
¢ % are transversal differential operators. We have made connections between
the matrix coefficients and the differential operators induced by the action of G,

which allows us to lift the differentiation by vector fields on 7T2j to differentiation

A

by induced differential operators on 7;; © exp.

Result 4.1 (Proposition 3.2.5) Let G be a compact simply connected semisimple

Lie group, g be its Lie algebra. Let my be a finite-dimensional irreducible unitary

14
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representation of G with the highest dominant weight A on the Hilbert space Hr, .
Let dr, = dim(my), and fiz an orthonormal basis {1, ...a,, } of Har, (where &
is the chosen highest weight vector). Define the matriz coefficient of 7 as
T ;(-) = {ma(-)&;,&). Then the convolution of any pair of matriz coefficients is
given by

1

Ty Ty = d—D;{jTM, 1<i, 4,k 1 <dg,, (1.3.22)

where D,i’fj s a polynomial of left and right invariant vector fields on G induced
by the root vectors in g©. Since G is simply connected, we can lift wy to its Lie
algebra 7y o exp by the exponential mapping, that is, my(exp X) = exp(dm\(X)),
for X € g, where dmy 1s the skew-Hermitian infinitesimal representation of g.
Then, there exists a polynomial of vector fields induced by G on g, denoted by
(D;’fj)G, such that

1 NG
(T * Thos)(exp X) :d—(D;jj) Tii(expX), 1<i,jkl<dy,. (1.3.23)

This observation has resolved Issue 4. We have also constructed examples of
SU(2) and SU(3) to illustrate the actions of these induced differential operators

on the lift of matrix coeflicients.

The representation theory of semisimple Lie algebra shows us that we can fix
a highest weight A € A*, and generate all the weight spaces of the representation
drm(g®) of a complex semisimple semisimple Lie algebra g®, by applying the
lowering operators induced by the negative roots in ® to a chosen 1-dimensional
highest weight vector vy. If we take a compact real form g of g€, we can obtain
dmx(g), which is equal to the infinitesimal version of the representation 7, of a
compact simply connected semisimple Lie group G. However, in general dm,(g)
is not skew-Hermitian, so we may not apply the Kirillov-type non-commutative
formula, which is only for skew-Hermitian matrices. However, we have observed
that if we apply the Weyl’s unitarian trick, we may extend the non-commutative

formula to non-skew-Hermitian highest weight representations.

Result 4.2 (Proposition 6.4.1) Let G be a compact simply connected semisimple
Lie group, T be a maximal torus of G, and g, t be their Lie algebras, respectively.
Let w\ be an irreducible finite-dimensional highest weight representation (not
necessarily unitary) of G of A € AT, and dwy be the infinitesimal version of

T in g (not necessarily skew-Hermitian). Then, for every X € g, there exists

15
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H €t and g € G such that the skew-Hermitian representation dwy(H) satisfies
diy(H) = 7(g)dm\(X)7(g~'), and the Kirillov-type non-commutative formula
i Result 3.1 and 3.2 can be extended to the highest weight representation dmy.

Therefore, we have resolved Issue 5. We have also used the classical example
of the representation of sly(C) (with compact real form su(2)) [30], to illustrate

this extension.
The detailed structure of each chapter is as follows.

In Chapter 2, we review the definition of a G-Hamiltonian symplectic man-
ifold, and its two canonical examples: coadjoint orbits and projective spaces of
unitary representations of Lie groups. We also study the orbit method on a com-
pact connected semisimple Lie group G, which is equivalent to the Borel-Weil
theorem. We give a comprehensive treatment of SU(2). Firstly, we demon-
strate the orbit method on SU(2) [15], which realises the representation space
as homogeneous polynomials P, spanned by {z",2""! 2! 1} for z € C. Then,
we study the explicit construction for the irreducible unitary representation m,
of SU(2) of highest integer weight n acting on P, [29], [21]. Finally, we study
Cazzaniga’s result [9]. He showed that each matrix coefficient of the Euclidean
Fourier transform of 7, o exp is a polynomial of differential operators acting on
the rotationally invariant convolution measure (v4)*", where vy is the surface

measure of the unit sphere in R3.

In Chapter 3, we study the properties of the matrix coefficients of unitary
representations of compact connected semisimple Lie groups [21], [30], and we
show that the convolution of any pair of matrix coefficients of an irreducible
highest weight unitary representation m of a compact simply connected semisim-
ple Lie group G is equivalent to applying a polynomial of invariant vector fields
on G to the highest weight matrix coefficient m; of m. Then, we study the
transversality condition [27] of a semisimple Lie algebra g, and we also study
the general form of a differential operator in g, which contains transversal differ-
ential operators and vector fields induced by the action of G on g. Subsequently,
we show that the convolution of any pair of the lift of matrix coefficients on g by
exponential mapping of an irreducible highest weight unitary representation m
of a compact simply connected semisimple Lie group G is equivalent to applying
a polynomial of vector fields induced by the action of G on g, to the lift of the
highest weight matrix coefficient 7 ; o exp of 7 o exp on g. Furthermore, we

study the general form of the radial part of the Laplacian differential operator
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and constant-coefficient G-invariant differential operators in a semisimple Lie
algebra g, and one of its applications which it leads to a derivation of a continu-
ous version of the Kirillov character formula for compact connected semisimple

Lie groups.

In Chapter 4, we study the convolution structures of coadjoint orbits of
compact connected semisimple Lie groups [18]. Firstly, we study the explicit
formula for the projection of a G-invariant measure of a regular coadjoint orbit
O, in t*, denoted by £5. The ‘basic tent’ is the projection of the coadjoint orbit
Os, and it acts as a foundation for the derivation of pf. We also study an ex-
plicit formula for the convolution of any pair of regular coadjoint orbits. Next,
we study how to approximate the G-invariant Liouville measure of a singular
coadjoint orbit from a regular one. Finally, we use the convolution formula de-
veloped to calculate the singular supports of the n-fold convolution of coadjoint
orbits (unit 2-spheres) of SU(2), and compare it with Cazzaniga’s result. The
techniques used in developing these formulas are important as we will use them

to develop a G-invariant measure of moment sets of unitary representations.

In Chapter 5, we review the convexity theorem of a G-Hamiltonian manifold
M, and study the properties of moment sets of unitary representations [55].
Then, we show the n-fold sumset of the moment set I; of the irreducible unitary
representation 7y of SU(2) of the highest integer weight 1 is equal to the moment
set I,, of m, of SU(2). In addition, we determine a subset of the intersection
I, n t* for a non-root distinct dominant weight A € A*. Next, we derive an
explicit formula for the projection measure of Vi of the moment set I, and
we use this formula to show that the G-invariant measure v, of the moment
set I,, of SU(2) is equal to the n-fold convolution (v;") of coadjoint orbit O
of SU(2). Finally, we use the techniques studied in Chapter 4 to derive the
density function of Iy n t% for two different scenarios: 1. Iy N t§ is non-empty;

2. Iy n t% is fully contained in a minimal wall of t}.

In Chapter 6, we review the definitions of Weyl calculus, Nelson’s formula
for Weyl calculus in a finite setting [40], and Raffoul’s results of support and sin-
gular support of Weyl calculus for general compact Lie groups [44], [17]. Then,
we discuss some interesting properties of the non-constant-coefficient differential
operator ¢ a—ag (which generalises r% for SU(2)) in g. In addition, we derive gen-
eralised Bessel functions for compact connected semisimple Lie groups, and use

these Bessel functions to show that ¢ a—‘z is a G-invariant differential operator in

17
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g. Lastly, we derive a Kirillov type non-commutative formula for an irreducible
unitary highest weight representation m,, which is an updated version of Nel-
son’s formula with a novel recursive function v of the differential operator ¢ a—a(.
Also, we show that the g-Fourier transform of 7, oexp is an operator of polyno-
mials of differential operators in fundamental weight directions, root directions,
and ( %, acting on the G-invariant measure v;, of the moment set [y of ).
Additionally, we show that the Kirillov-type non-commutative formula can be

extended to non-unitary highest weight representations.

In Chapter 7, we extend everything developed in previous chapters to the
symmetric space of compact type (G, K). We quote the Cartan-Helgason the-
orem as the starting point of this extension. We show how to calculate the
K-invariant vector vg from the Kirillov-type non-commutative formula, which
leads to the calculations of zonal and non-zonal spherical functions, as they cor-
respond to K-invariant and non- K-invariant measures with compact support in

the tangent space p at eK of the symmetric space G/K.

In the course of this project, we have developed Wolfram Mathematica pro-
grams to visualise the projection measures of coadjoint orbits onto t*, convo-
lution of coadjoint orbits intersecting the t*, and the moment sets intersecting
t*, for rank 2 simple Lie algebras. We have also calculated the matrix of poly-
nomials in Kirillov-type non-commutative formula and tested their correctness
with respect to the non-constant-coefficient differential operators induced by
the actions of G on g. We have also discussed the complexity of calculating this
formula, and written an efficient algorithm for calculations. These are detailed

in Appendix A.2.
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Chapter 2

Hamiltonian Manifolds and the
Kirillov Orbit Method

A G-Hamiltonian manifold is a symplectic manifold M with a Lie group G
action which supports a moment map and preserve the symplectic form on M.
Two canonical examples of G-Hamiltonian manifolds are: a coadjoint orbit O
in the dual Lie algebra g* by the adjoint action of GG, and the projective space
PV of the representation space V' of a finite-dimensional irreducible unitary
representation of G. The orbit method states that the holomorphic sections of
a line bundle on an integral coadjoint orbit form a representation space of GG. In
this chapter, we examine the relationship between an integral coadjoint orbit O
of a compact connected semisimple Lie group GG and the image of the moment
map associated with the finite-dimensional irreducible unitary representation of
G induced from O, utilizing the orbit method.

In Section 1.1, we give the definition of a G-Hamiltonian manifold, and study

the examples of O and PV by defining the symplectic 2 forms.

In Section 1.2, we study the generalised flag varieties of a complex semi-
simple Lie group G, given by the quotient of G®/B, where B is the Borel
subgroup, and the corresponding full flag manifolds and degenerate manifolds

of the compact real form G.

In Section 1.3, we study the orbit method, which contains procedures includ-
ing: pre-quantisation, polarisation, quantisation and L? conditions. We focus

on elaborating this method for compact connected semisimple Lie groups.

In Section 1.4, we propose a modern approach to the irreducible unitary

representations of the simplest non-commutative compact Lie group G = SU(2).
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ORBIT METHOD

We perform quantisation on the integral coadjoint orbits of SU(2). Then, we
present the calculations of the irreducible unitary representation ,, where each
m, is identified by a positive integer n. We also show that the Euclidean Fourier
transform of , o exp in the Lie algebra su(2) (which can be realised as R?),
consists of a polynomial of differential operators acting on a unique measure

supported in the convex hull of the coadjoint orbit O,,.

All content in this chapter is gathered from various sources. Additionally,
a few propositions are drawn from implicitly mentioned external resources and

are included to enhance coherence and logical consistency.

2.1 Hamiltonian Manifolds and Coadjoint Or-
bits
The contents of this section are extracted from [7], [51] and [55].

We introduce the concept of Hamiltonian manifolds and give two key ex-
amples. Our main objective in studying Hamiltonian manifolds is to study the

image of the moment map.

Definition 2.1.1. Let M be a differential manifold of even dimension. Then M
carries a symplectic structure if there is a closed and non-degenerate differential

2-form w on M that satisfies
dw=0 and w,(X,Y)=0, VY eT,M implies X =0.

where T,M is the tangent space at p € M. The pair (M,w) is called a sym-

plectic manifold.

Definition 2.1.2. Let T*M be the cotangent bundle of M. The symplectic
form w induces an isomorphism 7'M — T* M between vector fields and also a
differential 1-form in M, that is,

wx(Y) = w(X,Y), (2.1.1)

where X, Y are vector fields of M.
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Definition 2.1.3. Let G be a Lie group, e be its identity element, and g be
the Lie algebra of G, which is also the tangent space T.G. Let t € RT X € g,
t — exp(tX) be the one-parameter subgroup of G that has derivative equal to
X at t = 0. The action of G on M is defined by G x M — M. Every X € g
gives rise to a vector field X* in M, which is defined by

d
(XY S)m) = =1 flexp(=tX)-m), [eC™(M). (2.1.2)
t=0
The map X — XM is a Lie algebra homomorphism from g to the Lie algebra

of the vector fields on M.

Definition 2.1.4. A vector field X on M is called a Hamiltonian vector field
if it is induced by a function H € C*(M), and X corresponds to a differential
1-form dH by the identification w : TM — T*M. For each vector field Y, we

have
dH(Y) =w(X,Y). (2.1.3)

Let X,Y be Hamiltonian vector fields with respect to functions Hyx, Hy €
C*(M), then {Hx, Hy} = w(X,Y) = Hx,y], where {-, -} is the Poisson bracket
on C*®(M), and X — Hy is a Lie homomorphism from the Lie algebra of vector

fields to the Lie algebra of Hamiltonian vector fields.

Theorem 2.1.5 ([51], Theorem 38.A). Let a Lie group G act on a symplectic
manifold (M,w), and let H : M — R be a smooth function on M. Let X € g

and Xy be the Hamiltonian vector field corresponding to the smooth function

H. Suppose Xy is given by
Xu(m) = —| exp(tX)-m, meM, (2.1.4)

where t — exp(tX) is the one-parameter subgroup of G. Then, exp(tX) pre-
serves the symplectic structure w, i.e., exp(tX) - w = w, and the action of G is
called the Hamiltonian action and acts on M as a group of symplecto-

morphisms.

Definition 2.1.6. A moment map V¥ for the symplectomorphism of the G

action on M is an equivariant map
U:M-—g*, (2.1.5)
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such that for every X € g, there is a Hamiltonian vector field Xz on M induced
by a smooth function Hy that gives U(m)(X) = Hx(m) and d¥(X) = dHx =
wx, - The equivariance condition is given by W(g-m)(X) = ¥(m)(Ad(g ') - X)

where Ad is the adjoint representation of G on g.

Definition 2.1.7. A symplectic manifold (M, w) with the action of G preserving

w, also equipped with a moment map W, is called a G-Hamiltonian manifold.
Here we look at three examples of G-Hamiltonian manifold.

Example 2.1.7.1. Let M = R? G = SO(2). The natural symplectic form is
w = dx A dy. The Lie algebra so(2) and SO(2) themselves are given by

0 1 0 in 6
X = , and %% = cosy s , OeR. (2.1.6)
-1 0 —sinf@ cosf

The vector field on R? induced by SO(2) can be derived as follows. The as-
sociated one-parameter subgroup with respect to X is given by the matrix

exponential:

—sint cost

t sint
X = <COS o > teR (2.1.7)

To find the vector field, we compute the derivative of the rotated coordinates
with respect to ¢, evaluated at ¢ = 0. That is,

( co.st sint) (x) _ (— sin(t)x +C?s(t)y> _ ( y ) (218)
1o \—sint cost) \y — cos(t)x — sin(t)y = -z

With respect to the partial derivatives %, %, the vector field X® can be written

d

dt

as:

0 0

X® oy — .
Y ou x@y

(2.1.9)

The symplectic 2-form w acts on the vector field X B To find the 1-form w R2,

we use the definition of the contraction of 2-form with a vector field:

Wyr2 = Gyr2 (W) = z'y(%_m%(dx A dy) = ydy — x(—dz) = zdx + ydy. (2.1.10)

We can also define a moment map ¥ for R?, that is
R? L, 2
U(z,y) (X ) = @ +y?), (2.1.11)
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which reflects the angular momentum in R? for SO(2) rotations that is propor-

tional to the distance to the origin. And, the exterior derivative d¥ is

2 oV oV
]R = — — =
d¥(z,y) (X ) =, dzr + 2 dy = xdx + ydy. (2.1.12)

So, the differential of the moment map d¥ is equal to the one-form w yz.

Example 2.1.7.2. Let G be a Lie group, g be its Lie algebra, g* be the dual of g
with respect to the Killing form (-, -). Define the coadjoint representation of
G on g* by (Ad(g)*B, X) = (B8, Ad(g™") X ), for X € g, B € g*. For 3 € g*, define
the coadjoint orbit Og = {Ad(g)8 : g € G}. Let G be the subgroup of G that
stabilises § and gg = {X € g : (3,[X,Y]) = 0,VY € g}. Then O = G/Gp,
and T'Op is the tangent space of Og at 8, which is given by TOs = g/g5.

Notice that gs is the kernel of the map X — (3,[X,Y]), for X € gg and for
all Y € g. Hence, it induces a real non-degenerate 2-form (X,Y) — wg(X,Y) =
(B,[X,Y]) on Op. The 2-form wp is also closed, that is, dw = 0. To see this,

notice that for every 2-form w,

dw(X,Y,Z) = Xw(Y,Z) = Yw(X,Z) + Zw(X,Y)

(2.1.13)
- w(X,Y],Z2) +w([X, Z],Y) —w(lY, Z], X),

by ([39], Prop 14.32). Now X.ws(Y, Z) can be written as Y.X.(, Z). Hence,
by the Jacobi identity, dw = 0. Therefore, a coadjoint orbit O is a symplectic
manifold, which implies it is even dimensional. The moment map is given by
the identity map ¥(8) = 3, and ¥(3)(X) = {3, X). Let Y be a Hamiltonian
vector field on O induced by the action of GG. Then at g e O,

d¥(B)(X)(Y?) =Y7.(8, X)
d

- = ~ (B, Ad(exp™™) X) (2.1.14)

= <B: [X’ Y]>a

which is equal to wxo. The 2-form w is also called Kirillov-Kostant-Souriau
symplectic form. Coadjoint orbits play a key role in the subject of geometric

quantisation, which will be explained in detail in Section 2.3.

Example 2.1.7.3. ([55], Example.1.1) Let 7 be a finite-dimensional unitary

representation of a Lie group G acting on a complex Hilbert space V', where
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V' is isomorphic to C", for certain integers n. Let p : V\{0} — PV be the
projection from V' to the complex projective space PV, which takes a non-zero
v to the complex line [v] passing through v. Then PV has a 2-form defined
in the following way: Let 7y,79 be tangent vectors of PV at [v]. Then there
exists vy, vy in the tangent space of V' at v, T,V = V| such that dp(v;) = n;, for
1 = 1,2. Thus the 2-form w is given by

{vy, v9 ) v, vy — {v1, V)V, Vg
ooy . (2.1.15)

which is real, anti-symmetric and bilinear. Note the action of G on V' induces

W] (M1, 1m2) = Imaginary part of 2

an action of G on PV, which preserves w. Thus G acts as a group of symplec-
tomorphisms. The moment map on PV is defined by

w([e)(x) = ;T (2.1.16)

for X € g,[v] € PV, where dr is the skew-Hermitian infinitesimal version of
m. By the definition of moment map in Definition 2.1.6, for each X € g, the
smooth function Hx on PV is defined by

_ 1{dn(X)v,v)
i (v,vy

For n € Tj,) PV, there is a £ € T,V such that dp(§) = n. Then, (dHx))(n) =
(n.Hx)([v]), which is equal to

Hx ([v]) (2.1.17)

_d] 1{dn(X)(v +t8), (v +t8))
dt],_g i (v +1E), (v + 1))
1 {dm(X)v, §) + {dn(X)E, v)){v, v) — {dr(X)v, v)({v, §) + £, v))
i (v, v)? (2.1.18)
_ 2Im{dm (X )v, EX v, v) + 2i{dr(X)v, v)Re(v, &)
(v, v)

= wi (XY ([0]), m),

where X +— XV is a Hamiltonian vector field on PV. Note that (v, v) is real,
{dm(X)v,v) is imaginary. Let XV YPV be Hamiltonian vector fields with
respect to smooth functions Hx, Hy. Then by Definition 2.1.4, the Poisson
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bracket operation gives

{dm(X)v,dr(Y)v){v,v)y — {dr(X)v,v)v,drn(Y)v)

Hyx,Hy} =21
o fhv} =2t o0y

{dm(X)v,dr(Y)v)

(v, v)
1{dr(X)v, dr (Y)v) — {dx (Y )v, dn(X)v) (2.1.19)
‘ (v, v)
P o,

so that X — Hx is a Lie homomorphism. Notice that the image of the moment

= 2Im

map, PV — g* is adjoint invariant, so the image of the moment map of a

unitary representation is a union of coadjoint orbits in g*.

2.2 Generalised Flag Varieties and Coadjoint
Orbits

In this section, we study the complete and degenerate flag manifolds of compact

connected semisimple Lie groups and their relationships with coadjoint orbits.

Definition 2.2.1. Let G be an algebraic group. A subgroup B is called a
Borel subgroup if it is maximal among all Zariski closed connected solvable
subgroups. All Borel subgroups are mutually conjugate and the intersection of

any two contains a maximal torus in G.

Definition 2.2.2. Let T be the 1-dimensional circle group. A torus 7T of a
compact Lie group G is a compact connected abelian subgroup of G, which is
isomorphic to T" = R"/Z". A torus T is maximal in G if for any torus 7"

containing 1", we have T" = T.

Theorem 2.2.3 ([2] Theorem 4.21, [8], Theorem IV.1.6). Let T be a fized
mazimal torus in a compact Lie group G, then every element of G is conjugate

to an element of T'.

Definition 2.2.4. Let G be a semisimple Lie group, and let P < G be a

parabolic subgroup, which is a closed subgroup of G' that contains a Borel

25



CHAPTER 2. HAMILTONIAN MANIFOLDS AND THE KIRILLOV
ORBIT METHOD

subgroup B. A generalised flag variety is a homogeneous space of the form
G/P (B < P). The choice of P determines the structure of the flag variety.
For P = B, G/P is the complete flag variety, parametrising the most de-
tailed breakdown of subspaces. For larger P, G/P is a coarser flag variety,

parametrising partial decomposition.

Example 2.2.4.1. Let G = SL3(C) be the group of 3 x 3 complex matrices

with determinant 1. A flag in C3 is a nested sequence of subspaces:
VicVocC?  dim(V;) =1 and dim(V3) = 2. (2.2.1)

The Borel subgroup B < G is the group of upper triangular matrices in S L3(C).
The G/B parametrises the complete flags in C3. That is:

{(0cVicV,cC? (2.2.2)

Let P be the parabolic subgroup that stabilises a one-dimensional subspace in
C3®. G/P is known as the Grassmannian Gr(1,3), which parametrises all lines

(one-dimensional subspaces) in C3, corresponding to the partial flag
{0} cV, < C3. (2.2.3)

The explicit matrix form of P, the stabiliser of the one-dimensional subspace

Vi < C3, is as follows:

air Gz ai3
P = 0 a99 Q93 | € SLg((C) CLH(CLQQCng — a23a32) =1 . (224)

0 as ass

Definition 2.2.5. Let G be a Lie group, and let g be its Lie algebra. Let (-, -)
be the Killing form of g. The coadjoint action Ad* of G in the dual Lie algebra
g* is defined by (Ad*(g)B3,X) = (B8, Ad(g7')X), for 5 € g* and X € g. Define
the coadjoint orbit passing through g by O = {Ad*(¢9)5 : Vg € G}. In
addition, define the stabiliser subgroup of § as Gz = {g € G : Ad*(g9)5 = B}.
Then, Op = G/Gp. In addition, Op is a symplectic (flag) manifold with the
2-form given by ws(X,Y) = (5,[X,Y]), for X,Y € g.

26



CHAPTER 2. HAMILTONIAN MANIFOLDS AND THE KIRILLOV
ORBIT METHOD

Example 2.2.5.1. Let G = SU(2), the Lie algebra su(2) =~ R3. The Lie
algebra of a maximal torus t = R. Let t* be the dual of t, and for every nonzero
3 € t*, the coadjoint orbit Oy is isomorphic to a 2-sphere in R®. This can also

be realised by the construction of Hopf fibration.

Theorem 2.2.6 ([34], Theorem.3.1). Let G be a compact connected semisimple
Lie group, then there are finitely many types of coadjoint orbits as a homoge-
neous manifold under the action of G. That s, if T is a maximal torus of G,
then there exists a subgroup G;, for 1 < i < k for some finite number k, such
that T'< G; < G and every subgroup between T and G s conjugate to some G;,

and every coadjoint orbit is isomorphic to a homogeneous manifold X; = G/G;.

Definition 2.2.7. Let G be a compact connected semisimple Lie group, the
homogeneous manifold X = G/T is called the complete flag manifold of G,
and the others X; = G/G; are called the degenerate flag manifolds, which
can be obtained from the X by a projection whose fibres are isomorphic to

lower-dimensional flag manifolds G;/T.

Example 2.2.7.1. Let G = SU(3). A maximal torus 7' of SU(3) can be

realised as

e 0 0
T = 0 e 0 e SUB)|61eR,0,eR ;. (2.2.5)
0 0 e 0t

The homogeneous manifold SU(3)/T describes the complete unitary flags in C.
SU(3)/T is also a real form of the complex homogeneous manifold SL3(C)/B
in Example 2.2.4.1. Another real form of SL3(C)/B is the real homogeneous
manifold SLz(R)/Tk (which describes the complete orthogonal flags in R?),

where Tg is a maximal torus of SL3(R) that has explicit matrix form as follows:

t; 0 0
Tr = 0 ty 0 |€ SLg(R) titols = 1;. (226)
0 0 ¢t

Let S(U(2) x T) be a subgroup of SU(3) (‘S is the special condition for the
determinant being 1). Then, SU(3)/S(U(2) x T) is a degenerate flag manifold
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that parametrises the partial flag
{0} c Vo = C7, (2.2.7)

where dim(V3) = 2. Here, U(2) preserves V5, and T rotates the orthogonal
direction V', and it ensures all possible ways that a 2-dimensional subspace can
sit inside C?. SU(3)/S(U(2) x T) is also known as Gr(2, 3), which parametrises

all planes in C3.

Definition 2.2.8. Let GG be a compact connected semisimple Lie group, T" be
a maximal torus. Define the normaliser subgroup of G in T' by N(T) = {g €
G : gTg™ < T}, and the centraliser C(T) = {g € G : gtg™' = t,Vt € T}.
Then the Weyl group of G is given by the quotient group W = N(T)/C(T).
Since T' is a maximal abelian subgroup of G, it follows that C(T") = T'. Hence,
W =N(T)/T.

Example 2.2.8.1. Let G = SU(2). A maximal torus 7" is defined by

e? 0
T = )

The Weyl group of SU(2) acts on T' by conjugation and permutes the elements

e R} . (2.2.8)

on the diagonal. It follows that the Weyl group has representatives

DN I

Definition 2.2.9. Let g be a complex semisimple Lie algebra, t be a Cartan
subalgebra of g. Let ® be the chosen root system of g. The root space

decomposition of g is given by

g=t® ) ga, (2.2.10)

aed
where g, = {X e g : [H.X]| = o(H)X,VH € t}, and a(H) = (H,, H) is a
linear functional with respect to the Killing form (-, -). In addition, every g, is
one-dimensional, and every root space is in pairs, that is, for each a € ®, —a is

also in ®.
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Example 2.2.9.1. Let the complex semisimple Lie algebra g = sl3(C). The

root system @ of sl3(C) contains 6 roots:
O = {ay, —aq,an, —ag, a1 + ag, —(a1 + a9)}. (2.2.11)

Let (-, -) be the Killing form and t* be the dual Cartan subalgebra. Define

2(¢,7)
£ = , Sy eth 2.2.12
& (7,7) ( )
For the roots aq, ay above, they satisfy (ay, as) = (g, ) = —1.

Definition 2.2.10. Let g© be a complex semisimple Lie algebra, t be a Cartan
subalgebra of g&, ® be the chosen root system of g&, ®* be the set of positive
roots in @, and A < ® be the subset of simple roots (which spans ®). Let
Xa, Y, be the one-dimensional positive and negative root vectors with respect
to a root o € *. Also, let H, be the dual of a root o € ® in t. The unique (up

to isomorphism) compact real form g of g® is given by

g= Y R(H.)+ > R(Xa—Yo)+ Y. Ri(Xq + Vo). (2.2.13)

aeA aedt aedt

Example 2.2.10.1. Let g© = s5[3(C). The compact real form of sl3(C) is su(3).
The root system ® of sl3(C) is

O = {ay, —aq,ag, —ag, a1 + ag, —(a1 + a9)}. (2.2.14)

With respect to the root system ®, the standard basis of sl3(C) ([26], Section
6.5) is given by

1 0 0 00 O
H,,=|0 -1 0|, Hs,n=]01 0 [,
0O 0 0 00 -1
01 0 0 0 0 0 0 1
Xo, =00 0], Xeo=1[00 1], Xaia 000, (2215
0 0 0 0 00 0 0 0
0 0 0 0 0 0 0 0 0
You=11 0 0], You=10 0 0], Yai+ae 0O 0 0].
0 0 0 01 0 1 00
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Now, by the compact real form (2.2.13), the standard basis of su(3) is given by

i 0 0 00 0
H=|0 —i 0|, Ho=|0 i 0 [,
0 0 0 00 —i
0 0 0 0 0 0 01
Xi=|-100| Xyo=|0 0 1|, Xs=|0 00|, (2216
0 00 0 -1 0 ~100
0 i 0 000 00 i
Yi=|i 00], Ya=|00 i]|, Ys=[0 0 0
000 0 i 0 i 00

Definition 2.2.11. Let g be a complex semisimple Lie algebra, t be a Cartan
subalgebra of g, and ® be the chosen root system of g. For any o € &, define
ko ={H €t : a(H) = 0}, a subspace of t. It is clear that k, = k_,. Let ®* be

the subset of all positive roots, and let ®; < ®*, and define the subspace

kgr = {Het: a(H)=0,Yaed} = [ ka. (2.2.17)

+
aed;

A wall of t is any subspace of the form kg for some of < o,

Definition 2.2.12. Let g be a complex semisimple Lie algebra, t be a Cartan
subalgebra of g, and ® be the chosen root system of g. The fundamental
Weyl chamber of t can be defined by t; = {H et : a(H) = 0,Va € A}, and
the interior of t,, denoted by t;, can be defined by tc = {H € t : a(H) >
0,Ya € A}. The intersection of a wall with t; is called a face of t,. Let [
be the rank of t, and {H;}!_, be the set of all one-dimensional faces of t,, the

fundamental Weyl chamber

l
t, = {Z ¢ H; Ve = 0}. (2.2.18)

i=1

In fact, each H; is called a fundamental weight vector of t.
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Example 2.2.12.1. Let g€ = sl3(C). The rank of Cartan subalgebra t is equal
to 2. The Cartan matrix C' ([30] Sec.13) of sl3(C) is given by

¢ = <<a1’a1> <a1’a2>> = (2 _1> . (2.2.19)
(ag, a1y {ag,az) -1 2

The inverse of C' is
) . (2.2.20)

Let t* be the dual of t, and the two fundamental weight vectors of t*, A\; and

|
—_
|
7N
Wi Wi
WL Wi

Ao can be written as

2 1 1 2
A = 5051 + 5042, Ay = g@l + 5052- (2221)

Note that {\1, A2} are also the dual basis of {as,«;} that spans t*. So, the
fundamental Weyl chamber of t* is given by

2
£ = {Zcm C Ve = 0}. (2.2.22)
=1

In addition, {c1 A1 : Ve = 0} and {co)g : Voo = 0} are the minimal walls of t%.

Lemma 2.2.13 ([18], Lemma 1.2). Suppose k < t is a wall, let = {a € T :
k< ko}, and gi, = Zaeq); (0o + 0-0). If we denote the centraliser of k in g by
Cy(k), then it is given by

Co(k) ={X eg:[X,Y]=0,VY €k}. (2.2.23)

Then Cy(k) = tD gy

Lemma 2.2.14 ([18], Proposition 4.2). Fiz a wall k in t, let k= < t be its
orthogonal complement in t, and let b, = k* @ gr. Then by, is a subalgebra of

Cy(k), is semisimple, commutes with k, and k* is a mazimal abelian subalgebra.

Define Wy, ={we W : wH = H,VH € k}. Then Wy, is the Weyl group of by.

Definition 2.2.15. Let g be a complex semisimple Lie algebra, t be a Cartan
subalgebra of g, and W be the Weyl group of t. Let t, be the fundamental Weyl
chamber of t, and let t; be the interior of t,. Suppose an element v € W -y, then
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it is called a regular element of t, otherwise it is called a singular element
of t.

Proposition 2.2.16. Let G be a compact connected semisimple Lie group, T be
a maximal torus of G, g and t be their Lie algebras and g*, t* be their respective
duals. The complezification of t is a Cartan subalgebra t©. Let B € t*, and G
be the stabiliser subgroup of 5. If B is reqular, then Gg = T'. Otherwise, [3 is
singular and lies on a wall of dual Weyl chambers, and Gz > T. Let gz be the
Lie algebra of Gg. Then, the complezification of gz, denoted by gg, 15 given by

g5 =t @ D) (ga+0-a), (2.2.24)

+
ae'I)ﬂ

where ®F = {a € ®* : a(Hg) = 0}, and Hg is the dual of (8 in t.

Proof. Because t* =~ t, we can identify f € t* with its dual Hz € t. The Lie
algebra of the stabiliser G is given by gz = {X € g : [X,Hs] = 0}. If Hp
lies off the wall of t (in an interior of a Weyl chamber of t) and because t is a
maximal abelian subalgebra, it follows that gg = t. Suppose now that Hj lies on
a minimal wall &k of (a Weyl chamber of) t, then by Definition 2.2.12, k is spanned
by some fundamental weight vectors. Since £ is a minimal wall that contains Hpg
(so they have the same dimension), hence ®; = {a € ®* : a(Hy) = 0} = ®F,
the proposition then follows by Lemma 2.2.13. O

Example 2.2.16.1. Let g = su(3), g = sl3(C) be its complexification, and t be
a Cartan subalgebra of su(3). Let A\; be the first fundamental weight vector in a
dual Cartan subalgebra t*, and suppose that 3 lies on the wall {¢;A; : Ve; = 0}
of t* (Example 2.2.12.1). So, 8 = ¢\ for some c € R*. Let Gg be the stabiliser
of B. Since Ay is dual to aw, i.e., (A, a2) = 0. So, the complexification of the

Lie algebra of the stabiliser g%, is given by
95 =t° @ (an +0-00) (2.2.25)

where t© contains two copies of the complexification of the Lie algebra of the

1-torus T. Thus, g is also the complexification of the Lie algebra of U(2) x T.
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Definition 2.2.17. Let V be a finite-dimensional vector space over R with a
positive definite symmetric bilinear form («, ), for o, 5 € V. Any nonzero
vector « determines a reflection o, with respect to a hyperplane P, = {§ €

V 1 (B,a) = 0}. The formula for o, is given by

2(8, @)

(@, q)

oa(B) =0 — a, fora,BeV. (2.2.26)

Proposition 2.2.18. Let § lie on a wall of t*. The Weyl orbit of 5 is isomor-
phic to the quotient group W /Wpg, where Wz ={we W : wp = f}.

Proof. This follows from the properties of the Weyl group ([30], Theorem 10.3),
and an element lying on a wall of t* is orthogonal to a subset of simple roots
(with respect to the dual Killing form) corresponding to these simple reflections
and the combination of these simple reflections that constitute a Weyl group

element. ]

Example 2.2.18.1. Let A = {ay, a3} = ® be the set of simple roots of sl3(C).
Let 0., and o,, be the simple reflections with respect to a; and as. The Weyl

group W of sl3(C) contains 6 elements and is given by
W ={e, 0oy, Oass 0asTa1s Tar0ass TasTayTas ) (2.2.27)

Let 5 = A1, which lies on the wall spanned by A; (a fundamental weight vector).
So, the Weyl group Wj stabilising (3, is given by Wj = {e,04,,}. Hence, the
quotient group W /Wj is given by

W/Wﬁ = {67 Oays Uazaal}y (2228)
which is isomorphic to the the Weyl orbit of A\;. That is,

W B = {)\1, )\1 — g, )\1 — 1 — OZQ}. (2229)

Proposition 2.2.19. The coadjoint orbits of a compact connected semisimple

Lie group G are even-dimensional.

Proof. The dimension of Oz is equal to dim(g/gs), and since dim(g/gg) =

dim(g“/g§), and whether § lies on a wall or not, the complexification of the
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tangent space T(’)g = g%/ g% is always isomorphic to the sum of the pairs of
root spaces (positive and negative), by Proposition 2.2.16 and Definition 2.2.9.

Hence, T(’)g is always even-dimensional. O]

Remark. In fact, every coadjoint orbit is even-dimensional, since every O is
a symplectic manifold with a non-degenerate 2-form w. Let P be the maximal
isotropic subspace of TO®, i.e., w(P, P) =0, then dim P = %dim TO by (1],
Proposition 5.3.2).

Definition 2.2.20. Let G be a compact connected semisimple Lie group, T" be
a maximal torus of G. Let g, t be the Lie algebras of G and T, respectively. Let
t* be the dual of t. Let § € t*, and [ is called integral if i3(-) is the differential
of a character X of T, that is, dX : t — C. To be precise, [ lies in the integral
lattice L in t*, for which every [ € L satisfies

2M €Z,Vae . (2.2.30)

(a, )
Every character X of T' can be uniquely extended to a holomorphic (non-unitary)
character of the Borel subgroup B of G* that contains 7', given by the same

formula on T and is trivial on the commutator subgroup N = [B, B].

Remark. A coadjoint orbit containing an element that is in the integral lattice

of t* is called an integral coadjoint orbit.

Proposition 2.2.21. Let G be a compact connected semisimple Lie group, and
T be a mazximal torus of G. Let g,t be the Lie algebras of G and T, respectively.
Let t* be the dual of t. If B € t* is integral, then the characters of G coincide
with the characters of T.

Proof. When [ lies on a wall of a Weyl chamber in t, the stabiliser of 5, Gg o T,
and since i/ is trivial on Zaeq)g (go + 9_o) with respect to the Killing form, so
18 is well defined in gg by Proposition 2.2.16. Otherwise, Gz = T, so the

proposition follows. O

2.3 Holomorphic Sections of Line Bundles

Let g€ be a complex semisimple Lie algebra, g be its compact real form (unique

up to isomorphism), which corresponds to a compact simply connected Lie group
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G. The theorem of highest weight classifies the irreducible representations of
g® and G. It says that there is a bijection between the set of dominant integral
weights and the set of equivalence classes of irreducible representations of g©
or G. This theorem was initially developed by E. Cartan, and the version for

compact Lie group is due to Hermann Weyl.

The Borel-Weil theory is a modern interpretation of the theorem of the
highest weight. It says that an integral weight A\ determines a G-equivariant
holomorphic line bundle Ly on the flag manifold X = G¢/B, and G® acts on
its space of global sections I'(G®/B, Ly). This is an irreducible holomorphic

representation if A is dominant weight.

The orbit method shows how to associate an integral coadjoint orbit of GG
with an irreducible unitary representation of G. It was introduced by A.A
Kirillov [32] to describe the irreducible representations of nilpotent groups, and
it generalises the Borel-Weil theorem for compact connected semisimple Lie
groups. It can also be applied to classify representations of a semi-direct product

of a Lie group with a vector group.

In this section, we look at how to perform quantisation to obtain the repre-
sentations in holomorphic sections of line bundles of compact connected semisim-
ple Lie groups. However, some definitions are not necessarily limited to compact
cases if otherwise specified. The main content of this section is adopted from

13, [15].

Definition 2.3.1. Let g be a complex semisimple Lie algebra, t be a Cartan
subalgebra t — g, t* be the dual of t, and ® be the chosen root system of g. Let
A denote the set of integral element of t*. An integral element A\ € A is said
to be dominant if (A\,a) > 0,Ya € ®*. Each integral element A € A is also

called a weight if it is associated with an eigenspace of a representation of g.

Theorem 2.3.2 ([26], Theorem 9.5). (E. Cartan’s Theorem of Highest
Weight) Let g be a complex semisimple Lie algebra, t be a Cartan subalgebra
of g, t* be the dual of t, and t% be the fundamental Weyl chamber of t*. Let
AT < % be the set of all dominant integral weights in A < t*. Then for each
element A € AT, there exists an irreducible finite-dimensional representation of
g with the highest weight .
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Example 2.3.2.1 ([30], Lemma 7.2). Let g© = sl;(C). It has a standard basis
which is given by

H:<1 0), X:<0 1), yz<0 0). 231)
01 0 0 10

They satisfy Lie bracket operations [H,X]| = 2X,[H,Y]| = =2Y,[X,Y] =
H. Assume V is an irreducible sly(C)-module. H acts diagonally on V' and
decomposes V' into a direct sum of the eigenspaces V, = {v e V |H.v = pu - v},
for u e A. Let A € AT be a dominant highest weight. Choose vy to be a maximal
vector in Vi, and let v_; = 0,v; = (1/i)Y".vy (i = 0). Then,

1. H.’U,L‘ = ()\ — 2i)Ui,
2. YUZ' = (Z + 1)Ui+1,
3. X.UZ' = ()\ — 1+ 1)?]1‘,1 (Z = O),

where X and Y are called raising and lowering operators. In this case, the
action of Y can be applied successively to vy to generate the entire eigenspaces
of H. These eigenspaces are also called the weight spaces of H, and these
weights are from the set {\, A —2 X —4, ..., —A+2, -} < A.

Theorem 2.3.3 ([34], Theorem 3.1). (Borel-Weil) The space T'(G€/B, Ly) is
nonzero exactly when the integral element A € A" is a dominant weight, and
in this case I'(G®/B, Ly) corresponds to an irreducible representation oy of G©
with highest weight . Its restriction to the compact real form G is an irreducible

unitary representation wy with highest weight X.

Remark. The Borel-Weil-Bott theorem [22] is built on the Borel-Weil theorem,
and is an extension of the space of sections (the zero cohomology group, denoted
by H°(G®/B, L)), to higher cohomology groups H*(G®/B, L), due to R. Bott.

Next, we introduce the general procedures of the orbit method.

Definition 2.3.4. Let G be a semisimple Lie group, g be its Lie algebra, g*
the dual of g. Let Og be an integral coadjoint orbit passing through 3, and Xz :
G — C the character of the stabiliser subgroup G'z. Define a G-module induced
from Xg as Vs = {f € C®(G) : f(g'z) = X3(9)f(x), Vg € Gp,Vx € G}, with
the action of G4 on the product group G x C by g.(z,\) = (¢~ 'z, X5(g))) for
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g€ Gg,x e G,\ e C. The orbit of G in G is isomorphic to the coset space
G/Gp which may be identified by Os through ¢G4 +— ¢g- 3. If E is the G orbit
of G x C, then a smooth function f € V3 induces a section (graph morphism)
f Op — E of the line bundle E over Oz. We denote the space of sections by

['(E). This procedure is called pre-quantisation.

Definition 2.3.5. Let G be a semisimple Lie group, g be its Lie algebra, g* be
the dual of g, and g© be the complexification of g. For 3 € g*, let gz be the Lie
algebra of the stabiliser subgroup Gz of 5. Let f € V3, as defined above. We
define the 3-derivative in a complex direction X = X; + iX, € g€ by

~ d . d :
Vxflg) = Zflexp(=tX1)g)|  +i— flexp(~tXa)g)|  —iB(X)f(g), (2:3.2)
=0 =0
where Vx f(g) again belongs to Vj, since the G-action g-Vx (f) = X(9)V,.x(f) €
Vs, Vg € Gg. Note that if X € g5, then Vy f(g) = 0.

Definition 2.3.6. Let G be a semisimple Lie group, g be its Lie algebra, g* be
the dual of g, and g© be the complexification of g. For 8 € g*, let g be the Lie
algebra of the stabiliser subgroup G of 3. The S-derivative V induces a linear
map Vx : [(E) — ['(E). Let g5 be the complexification of the Lie algebra gz of
Gp. Foreach X € g%, seI'(F), Vxs = 0, and Vxs depends on the coset X + gg.
Hence, Vx is a well-defined linear map for each X € g®/ g% =T (’)B(c, which is
the complexification of the tangent space at 5. Since X induces a vector field
on O, Vy is a connection. It is G-invariant because Vx(g-s) = g+ V-1.x(s),
Vg e G and Vs € ['(E).

Definition 2.3.7. Let GG be a semisimple Lie group, g be its Lie algebra, and
g* be the dual of g. Let $ € g*, and a polarisation for the coadjoint orbit Og
equipped with a symplectic form (O,w) is an assignment of a subspace Pj of
the complexification of the tangent space at 3, denoted by T'O%, satisfying the

following conditions:

1. Psis a maximal isotropic subspace of TO§, meaning that w(Ps, Ps) =

0 and P3 has maximal dimension among such spaces.

2. The assignment 8 — Py is integrable. If X, Y are complex vector fields
over O taking value in P, then their Lie bracket [X,Y] also takes value
in P. That is, for all B € O, if X(8),Y () € Ps, then [X(5),Y(8)] € Ps.
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3. The assignment 3 — Pj is smooth, meaning that if X € P3, then there
exists a smooth complex vector field £ on O such that £(8) = X.

4. The sum of subspaces § — Pg + ?5 is also integrable over O.

Furthermore, a polarisation P is called G-invariant if for every g € G, 5 € O,

the polarisation satisfies the equivariance condition:
P,s=A,(Ps) (2.3.3)

where A, : ToO€ — T,50C is the differential of the G-action of conjugation.

Remark. The space of sections I'(E) is not necessarily irreducible. So, the
purpose of polarisation is to help identify an irreducible subspace I'(E)" < I'(E)
such that T(E)' = {s e '(E) : Vxs = 0,¥X € P}. This procedure of finding

[(E) is called quantisation.

Example 2.3.7.1. Let G be a semisimple Lie group, g be its Lie algebra. Let
B € g, and any polarisation Pj satisfying

1. Pg f\?ﬁ ZO,
2. P3 +?5 = TO%,

is called a Kahler polarisation. (There are also non-Kéhler Polarisation, e.g.,

nilpotent Lie groups.)

In fact, assigning a polarisation to a coadjoint orbit is equivalent to finding
a Lie subalgebra b < g, which is also a maximal isotropic subspace of g& that

contains Pg.

Definition 2.3.8. Let G be a semisimple Lie group, g be its Lie algebra, and g©
be the complexification of g. A complex Lie subalgebra h of g© corresponds

to a polarisation P satisfies the following conditions:
1. b 2 g5 and Ad(G)h < b.
2. (B,[h,b]) = 0 and b is a maximal isotropic subspace of g°.
3. Vxf=0for Xeb, fel(E).
4. hnbh=g5andbh+b=g"
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Example 2.3.8.1. The polarisations for compact connected semisimple Lie
groups are Kahler polarisations. Let G be a compact connected semisimple Lie
group, g be its Lie algebra, g* be the dual of g. Let 5 be a regular element
in the Lie subalgebra of a maximal torus t* < g*. The Lie subalgebra h < g°©

corresponding to Pg can be written as

h=® > ga, (2.3.4)

aedt

where each g, is a one-dimensional eigenspace of the adjoint representation of
tC. Since [h,h] © X o+ Ga, b is a maximal isotropic subspace of g©. Similarly,
if 3 is not regular, the Lie subalgebra ' = g© corresponding to the polarisation

Pps can be written as

h'=g5® > g (2.3.5)

ae(dt)

where (®*)" contains all the positive roots in ®* so that for each a € (®*)/,
a(Hg) # 0, for which Hj is the dual element of 5 in t*. This is because

[0.0]c ), CH,® ), ga (2.3.6)

aefbg ag(®ty

In addition, note that g©/h = >, 4+ -0 and g&/h’ = Yne(@+y G—a- Since each
root in ® appears in a pair, we have dim(g®/h) = 3 dim (g%/g5) = 3 dim (g/g5),
and dim(g®/b’) = 5 dim (¢%/g5) = 5 dim (g/g5).

Proposition 2.3.9. A real even-dimensional symplectic manifold (O,w) with

Kadhler polarisation admits a complex structure.

Proof. Since each coadjoint orbit O is even-dimensional, so it admits an almost
complex structure J, where the linear map J : TO® — TOC, satisfies J?> = —1.
Explicitly, we let J(X) = iX; —iX, for X; € P and Xy € P, where X =
X1 + X5 € TO®. The Newlander-Nirenberg theorem [41] says that an almost
complex structure J on a differential manifold M is integrable and induced from
a holomorphic structure on M if and only if the Nijenhuis tensor N; = 0. The
Nijenhuis tensor is defined by

Ny (X,Y) = [X, Y]+ J([JX,Y] + [X,JY]) = [JX, JY]. (2.3.7)

Since P is integrable, we can show that N;(X,Y) = 0for X,Y € P+ P = TOC,
Hence, the space of sections I'(E, P) is holomorphic. ]
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2.4 L? Condition and Image of Moment Map

Definition 2.4.1. Let G be a compact connected semisimple Lie group, g be its
Lie algebra, and g* be the dual of g. Let O be a coadjoint orbit in g* with even
dimension n, and w be the symplectic form on O. The Liouville measure uo
on a coadjoint orbit O is defined by po = w A ... A w, in-times. Let ['*(E, P)
denote the finite-dimensional square-integrable irreducible holomorphic sections
of a line bundle E with polarisation P (a G-invariant Hilbert space), then the
inner product on I'?(E, P) is defined by

L s(B)]? dpo(B) < o, for all se I'(E, P). (2.4.1)

O is always compact as it is a continuous image of a compact subset of G.

Remark. By the Borel-Weil theorem, the representation of a compact Lie group
G on T%(E, P) is irreducible and unitary.

Kirillov [33] also proved an analytic version of the character formula, which
demonstrates strong connections between irreducible unitary representations

and integral coadjoint orbits.

Theorem 2.4.2 ([33], Theorem 2). Let G be a compact semisimple Lie group,
g be its Lie algebra. Let \ be a dominant weight in AT, & be the half-sum of
positive roots in ®, and uyrs be the Liouville measure of the coadjoint orbit
passing through A+ 9. Let j be the square root of the Jacobian of the exponential
map, Xyoexp be the lift of the character of the irreducible unitary representation
with respect to a highest weight \. Then the Kirillov character formula is
given by

F(X)Xx(exp X) = f P X duy,s(B), Xeg. (2.4.2)

Oxys
Remark. The Kirillov character formula is exact when G is compact. How-
ever, when G is not compact, this formula needs more interpretation, since the
coadjoint orbit is no longer compact and po, 5 is not compactly supported. In
Chapter 3, we give an alternative interpretation of this formula, which is a
special case of the result of an G-invariant differential operator with constant

coefficient acting on a G-invariant function in g.
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Example 2.4.2.1. Let G = SU(3), its Lie algebra g = su(3), t be the subalge-
bra of a maximal torus of su(3), and b be the Cartan subalgebra of su(3)®. Let
A = A\ be a dominant weight in A*, equal to the first fundamental weight of §.
Also, let {1, s} be the set of simple roots of b, and the weights of the irreducible
highest weight representation dmy, of A are in the set {A;, \y —ay, A —ag — e}

The character formula for \; is given by

ZwEW Sgn(w)ez‘w(Aler)(H)

ZweW Sgn(w)eiw(é)(H) ’

where W is the Weyl group of h, and § = a1 + ay. The j-function is given by

ZwEW Sgn(w)eiw(d)(l—[)
HO{ECPJF ZQ(H) ’

Xy (exp H) = H et (2.4.3)

J(H) = Het, (2.4.4)

where @t = {ay, ag, a1 + as}. Hence, the Kirillov character formula for A; of

SU(3) is given by

iw( M +8)(H)

J eiﬁ(H) du,\1+5(5) = ZweW Sgn(w)e He f, (245)
Ox;+6

Hae<b+ ZOz(H) ’

where i), 45 is the Liouville measure of the coadjoint orbit Oy, +s.

Proposition 2.4.3. Let G be a compact connected semisimple Lie group. Let
[2(E, P) be a finite-dimensional square-integrable irreducible holomorphic sec-
tions of line bundle E with polarisation P such that the representation m of G on
['2(E, P) is irreducible and unitary. Also, let PT?(E, P) denote the projective
space of all complex lines in T*(E, P). Then PT?*(E, P) is a G-Hamiltonian
manifold, and the moment map V : PT*(E, P) — g* is given by

_ 1{dr(X)s, s)
i {s,8)

for X € g,[s] € PT?(E, P), where dr is the infinitesimal version of the repre-

sentation ™ of G.

Y([sh(X) (2.4.6)

Proof. See Example 2.1.7.3. m

Definition 2.4.4. Let G be a compact connected semisimple Lie group, g be

its Lie algebra. The image of the moment map ¥ of a representation 7 of G in
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the dual Lie algebra g* is defined by
L = {¥([s]) : [s]e PT*(E,P)}, (2.4.7)

and I is called the moment set of the representation .

Theorem 2.4.5 ([55], Theorem 3.4). Let G be a compact semisimple Lie group,
g be its Lie algebra, b be the Cartan subalgebra of g€, and b* be the dual of . Let
(H, ) be an irreducible unitary representation of G with respect to a highest
weight N € AT < b*. Then the extreme set of the convex hull of the moment set

I, is a single coadjoint orbit Oy, and I, < conv(O,).

Remark. The core idea here is to relate irreducible holomorphic sections of the
line bundles of an integral coadjoint orbit to the moment set of an irreducible

unitary representation.

2.5 An Exposition of SU(2)

We demonstrate the orbit method by first performing geometric quantisation
on SU(2). Then, we show how to explicitly calculate all irreducible unitary rep-
resentations of SU(2) acting on homogeneous polynomials. Lastly, we associate
each irreducible unitary representation of SU(2) to a measure with the support
contained in the convex hull of a coadjoint orbit of SU(2), in the dual of its Lie
algebra su(2)*.

The matrix form of the 2 x 2 special unitary group SU(2) is defined by

SU(2) = {(_O‘B i) o+ |BE =1, a,B¢€ C}, (2.5.1)

and the Lie algebra of SU(2), denoted by su(2), is defined by the skew-Hermitian

matrices with zero trace,

su(2) = {( 23 xl*””) : (xl,xg,xg)eRg}, (2.5.2)

—T1 + 129 —123

and the standard basis is given by

X1=<0 1>,X2=<9 >X=< 0,). 2.5
-1 0 1 0 0 —1
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Now SU(2) acts on su(2) by the adjoint action, which can be realised as the
group of rotations in R? (each rotation has determinant 1). The orbit of this
rotation always intersects an element x3X3 for x3 > 0. The coadjoint action
can also be realised on the dual (R3)* =~ R3, and we denote the dual basis by
{X}} for i = 1,2,3. Hence, the coadjoint orbit contains a unique point of the
form {gp = X3, £ > 0, on the real line R.

Pre-quantisation:

The stabiliser of every &g is the 1-torus of SU(2) defined by

a 0
{2} wr

and its Lie algebra is t = {rX3 : r € R}. The characters of T are exactly
Xn(a) = a”, for integers n, such that they have derivatives &,. Therefore, every
integral coadjoint orbit of SU(2) is exactly a 2-sphere O, in R?® with an integer

radius of n.

Polarisation (Kdhler):

The complexification s1(2)® has the basis

1 1 1
H=-X3 X =3(Xi—iXy), Y = (X1 +iX), (2.5.5)
1

and H diagonalises su(2)® as [H,H] = 0, [H,X] = 2X and [H,Y] = —2Y.

Hence, we choose the Lie subalgebra
h={MH+ XX : A\, e C}, (2.5.6)

to be the polarisation for su(2). Note that dim Py = dim{AX} = §dim TOg,
and dimsu(2)€/h = I dimsu(2)/su(2)e. Also, £([h,h]) = ({AX}) = {0} for
A € C, so that b is the maximal isotropic subspace of su(2)¢, and h+bh = su(2)C.

Induced representations and holomorphic sections:

Let f(«, 3) be a function on SU(2). Given a character X,,, we define a SU(2)-

module that satisfies
Mo = {f(a,8) € C7(G) : flae",Be™) =™ f(a, B)}. (2.5.7)
This definition can also be extended from |a|? +|3]*> = 1 to C%. Let (z,w) € C?,
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e f(a, ) — u"f(z,w). This is equivalent to f(z,w™') = w"f(£,1). Let
f(z,1) = f(2), and f(z) be a function such that lim,_, 2" f(z) must exist.

Holomorphic condition:

By the polarisation, we can further cut down H,,, by letting f satisfy

X.f(&, 6) = (XQ - iX3)-f(CY, 6) = 07 (258)

and~this translateNs into (X, — iX3).f(2) = (£ - ia—ay)f(z) = 0, or a—‘if(z) =
z'a—ay f(2). Hence, f(z) satisfies the Cauchy-Riemann equations, so it is a holo-
morphic function on C, i.e., an entire function. It is also meromorphic since

lim, o 2" f(2) must exist.

By Liouville’s theorem, if f is meromorphic at infinity, in this case the point
at infinity is a pole of order n if n > 0. If an entire function has a pole of
order n at infinity, that is, it grows in magnitude comparably to z" in some
neighborhood of oo, then f is a polynomial of degree n. Therefore, let © be a

right regular representation, we have

m (_O% g) f(z) = flaz = 5,82 + @)

_ (2.5.9)
i foz—p
- wsrarf (552).
and with respect to z* for 0 < k < n,
. ( @ f) A+ = (az — B)F(Bz + @)t (2.5.10)
B @

L? conditions:

We can also implement an L? condition on the space of complex homogeneous
polynomials of degree n, so we can retrieve the well-known matrices of the
irreducible unitary representations of SU(2) which were explicitly calculated in
[29].

Theorem 2.5.1 ([29], Theorem 29.18, [21], Lemma 5.33). Let | be a nonneg-

ative half integer in the set {0, %, 1, %,

polynomials of a single indeterminate z spanned by monomials {z?, z2=1, ... 1}.

...}. Let P, be the space of homogeneous

Let m; be an irreducible representation of SU(2) with respect to 1, acting on P,.
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There exists an inner product {, ) on P, making P, into a Hilbert space, so that
the irreducible representation m, of SU(2) is unitary on P,. Let {&;} be a basis
of Py, where each & = 279, for j = =1, —1+1,...,1. Forj ke {-l,—1+1,..,1},
then

(6> = (()l -+ ifj =k (2.5.11)

otherwise.

bl

Irreducibility and explicit calculations:

Definition 2.5.2. ([29], Definition 29.14) Let G be a Lie group, g be its Lie
algebra. Let 7 be a representation of Gz, the infinitesimal representation dr

is defined by

dr(X) = lim mlexptX) =1

lim ; , Xeg. (2.5.12)

Lemma 2.5.3 ([29], Lemma 29.16). Let f(z) € P, and let H, X, Y be in (2.5.5).
Then the infinitesimal representations dm(X),dr(Y'),dr(H) can be represented

by the following complex differential operators:

dr(X)f(z) = (—212 + 2’2%) f(2),
dn(Y)f(z) = _??lzf(z)’ (2.5.13)

dr(H)f(z) = (l - Za—i) 1)

Proof. dr is a linear map (and also a Lie homomorphism), so it suffices to work

out dr(X;) for i = 1,2,3 in (2.5.3), acting on polynomials z*, that is,

exptX)zF — 2*

dr(X;)2* = lim ult

tgo t (2.5.14)
= dt (Xill(t)z + X,?l (t))k (Xz12(t)z + XZZQ(t))Zl—k‘ 7
t=0
where Xz'j ¥ is a matrix entry of exp(tX;). Hence, the result follows. m

Theorem 2.5.4 ([21], Theorem 5.37, [26], Proposition 4.11). m; is irreducible
for allle{0,3,1,3,..}.

Proof. Suppose that M is a w-invariant subspace of P,. Let f € M, then
t~'r(exp(tX;))f — f also belongs to M. As t — 0, this polynomial approaches
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dm(X;)f, which is still in M because P, is finite dimensional, so M is a closed
subspace in Py. Let f # 0 € M, and write f(z) = Z?lzo ¢;jz0. Let J be the largest
of j such that ¢; # 0, then d(Y)f(z) = c;J! for d(Y) in (2.5.13). Therefore,
1 € M, and if we successively apply dm(X) to it, we obtain polynomials of
2,22, ..., 2%, which all belong to M. Therefore, M = P,. ]

Theorem 2.5.5 ([29], Theorem 29.18). Let (a, B) # 0, then for any nonnegative

half integer | € {0, ;, 1, 3,. .}, the (j, k)-th matriz coefficient of the irreducible

unitary representation m, s given by
min{l+k,l—j}
; [+ kK l—k
(o, B) = (<17 FAG 3 (1) |
s=maz{0,k—1} § l—j—s (2515)
O[l_j_sdl+k_8/655j_k+s7

where j, ke {—=l,—l +1,...,1} and

, L= NI+ )\ ?
A — (El—ii!iH?)!) . (2.5.16)

For 3 =0, W()(Oé 0) = a= 6,4, and for a = 0, 7r( 1(0,8) = B (=1)17F6; 4.

Proof. See [29], Section 29. The proof is also reworked in the author’s honours
thesis [24]. O

Remark. The half-integer parametrisation of representations is inspired by the
half integer spin in physics. There is also an analytic version of this formula
n ([21], Section 5.4) with respect to the non-negative whole integers. Let n be
a nonnegative integer, the (j, k)-th matriz coefficient of the irreducible unitary

representation 7™ of SU(2) is given by

(n) Oé ﬁ / TL— J 127rt BeiQﬂ*t _i_a)nfkefz?frjt dt, (2517)
n JE—

where j, k € {0,1,...,n} and 7™ acts on a Hilbert space H,, with an orthonormal

basis given by

(n+1)! =i <n
{ ICEiT L 0<j< } (2.5.18)
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for (z,w) € C%, and this set of basis is derived with respect to the inner product

I S plrl/(p+r+ 1) ifp=qands=r,
3 0 if p#q orw # s,

(2.5.19)

where do is the Euclidean surface measure of the 3-sphere in C?. In addition, the

deriwation of this analytic formula is obtained by finding the Fourier coefficient

of a finite Fourier series.

Example 2.5.5.1. We can write down 7(™ for n = 1,2, 3:

[ p
_B o
a? V2o B
7 = | =208 aa—BB 248
52 —2ap & (2.5.20)
o? V3a2p V3 B
» —V3a?B  oPa—2apB  2aaB— B*B V3ap?
73 =
V3ap?  —20af? + BB% aa’—2aBB /3a28

—p V3aps? —V3a*g &’

Measures in su(2)*:

F. Cazzaniga [9] derived a formula which calculates the irreducible unitary
representations of SU(2) from its Lie algebra su(2), and made a connection
between the irreducible unitary representations in Theorem 2.5.4 and non-G-
invariant measures supported in the convex hull of integral coadjoint orbits of
SU(2). These coadjoint orbits can be realised as 2-spheres in the dual space
su(2)* = (R3)" with integer radius. We briefly discuss Cazzaniga’s calculations

in the following part.

Theorem 2.5.6 ([9], Proposition 1.2). Let X, X5, X3 be the 2 x 2 matrices
defined in (2.5.3). Let X = 11X1 + 22X + 23X3, for (z1,22,23) € R3, and
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define | X| = /22 + 22 + 22, and note that X* = —|X|?I. Then

in | X
exp X = cos|X| T + SIT)A |X
. sin|X . sin | X
_feos | X| + i3 |)‘(\ L (2 + i) D|(\ | (2.5.21)
. sin | X . sin|X
(—z + ng)ﬁ cos | X| — Zﬂfgﬁ

Proof. The Taylor expansion of the matrix exponential of X is

o0 X”
x =N
exp nZO -
a0 0
|X|2n |X|2n+1 X
_ e e AT ) A 2.5.22
;(( ) @ +n§ V" o) I (25.22)
sin | X |
= cos | X|T X.
X
[
Remark. Every 2 x 2 matriz X with zero trace satisfies X? = —| X [2I (]26],

Exercise 2.6.6).

Theorem 2.5.7 (][9], Proposition 1.4). Let uy be the Liouville measure of the
coadjoint orbit Oy of SU(2), which is the unit sphere in R3. Then, by the

Kirillov character formula, the j-function is given by

sin | X |
RO

J(X) = f P duy (B) = VX eg. (2.5.23)
01

Proof. By the Kirillov character formula (2.4.2), if we let A = 0,0 = 1, then we

can obtain this formula. Also, since every coadjoint orbit is a 2-sphere passing

through a point » > 0 € R, hence,

j(r) = fw 510 2 2 (2.5.24)

where the right-hand side is the radial Fourier transform in R? ([49], Sec.7.7).

Hence, the result follows. m

Proposition 2.5.8. Let a, 5 be the monomials that span the matriz coefficients

in Theorem 2.5.5. Let r% be a radial differential operator in R3 defined by
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rE = mig + Tag + wazl, for (w1, 0, 75) € R, Then,
0 in(| X in(|X
afep(0) = (2 + 1 i) B 5 expx) = (0 i) L,
(2.5.25)
and the Fourier transform ofr 15— a—*—3 where 57— is the radial differential
operator in the dual space (R3)*.
Proof. These formulas are straightforward from direct computations. m

Proposition 2.5.9. Let 7™ be an irreducible unitary representation of SU(2)

with respect to an integer n. Then, the Fourier transform of j(X)m, (n) 7 (exp X)

of SU(2) in the Lie algebra su(2), is a non-G-invariant measure D( ~)( )

0 0 0

67“* ’ 6:v* ) 6$* ) 6z*

in (R®)*, and (u1)** is the k-fold convolution of the surface measure ju; of 2-

where Di " s a polynomial of differential operators consisting of r*

sphere in R3.

Proof. From Theorem 2.5.5 and Proposition 2.5.8, we know that every matrix
coefficient of an irreducible unitary representation of SU(2) is a polynomial of
the form ca?p?, for c € C,p,q € Z*. The Fourier transforms of « (exp(X)) and
B (exp(X)) in su(2) are

0 0 .0 0
(_ré‘r* -2+ 5x§) w1 and (_Zﬁx’l" + (?_x;‘) [, (2.5.26)

respectively. Also, because p; is a radial distribution supported on the 2-sphere

n (R*)* with radius 1, so r*>% ;= %y as a distribution. Therefore, the
Fourier transform of each j-multiplied matrix coefficient j(X)m, (n )(exp X)is a

non-G-invariant measure that has the form

0 o\’ 0 o\
R S ) — *(n+1) 2.5.2
¢ ( " or* + 6$§> ( Z&xf + 833’5) (1) (2.5.27)

where p+ ¢ = n. O

Remark. This proposition interprets Cazzaniga’s perspective of these non-G-
movariant measures D@.) (u1)*™ 1. However, the author has a different point of
view. Notice that the radial differential operator r*=% does not commute with
the convolution operator, i.e., r* 67"_*/’61 ¥ ar_*/“ #r* ar—*r ari*(/‘l * 111). Hence,
(n)

these are not the same measures and the differential operators D; ;' here are not
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accurately represented. It should keep its original form, which is

0 0 *P 0 0 *q
¢ i (( "o *ax;:)’“) (( Zaxf+6x§)m) (2.5.28)

#n+1

Cazzaniga also worked out the support and singular support of DZ(Z) (1)

Theorem 2.5.10 ([9], Lemma 5). The support and singular support of the

(n) #n+1
measure D; ' (j11) are

|5

supp (DEZ) (ul)*”“) S By,  singsupp (DZ(Z)(M)*"“) = |J 2Bui1 o,

J=0

(2.5.29)
where By, is a ball in (R®)" with radius k, and 0By, is its boundary, the 2-sphere

with radius k.

Remark. In fact,

e The k-fold convolution of unit spheres produces a measure that is supported
in the ball with radius k. To determine its singular support, F. Cazzaniga
used a recursive method to show where it is not differentiable. For more
detail, see [9].

o Let I, denote the moment set of the irreducible unitary representation m,
of SU(2) with respect to an integer n. By Theorem 2.4.5, I, < conv(O,,).
The support of (11)*™ is exactly the conv(O,,).

However, R. Raffoul [17] has a different result for the singular support of

these measures in Proposition 2.5.9.

Theorem 2.5.11 ([17], Theorem 3). Let m, be an irreducible unitary represen-
tation of SU(2) with respect to a positive integer n. Let T,, denote the Fourier
transform of j(X)m,(exp X), X € su(2). Then

supp (T,,) € Buy1, singsupp (T,) = 0Bn_1 © 0By 1. (2.5.30)

Intuitively, Cazzaniga’s result of singular support is more ideal. Because he
proved that the singular support of (u1)*™*1) is exactly the union of coadjoint

orbits where each of them intercepts with an integer weight of 7,, which belongs
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to the weight lattice of the highest weight n + 1. However, Raffoul used the
explicit formula for the Weyl calculus for the finite-dimensional skew-Hermitian
operator dr [40] supported on the moment set of an irreducible unitary repre-
sentation 7 of a compact Lie group [55] to study the singular support for these
measures. However, we have a different observation and a different point of

view from Raffoul’s result of singular support.

Proposition 2.5.12. Let 7, be an irreducible unitary representation of SU(2)
with respect to a positive integer n. Let T, denote the Fourier transform of
J(X)mp(exp X). Then,

|75 ]

singsupp (T,,) < U 0B 11-9j. (2.5.31)

J=0

Proof. Recall the general form of the non-G-invariant measures in su(2)* in
(2.5.28):

* 6 6 P . 6 a *q
C:py * ((—7" ors 2+ 6x§) ,Ul) # ((_Z(?xf + (3’_x§‘) ,ul) . (2.5.32)

n+1

where c¢ is a constant term. Clearly, this measure contains a term ¢ - (u1)

<6if)i (aj:z) (ai’f>k )™ .

Because a constant-coefficient differential operator generally decreases the sup-

, or

a term

port of the measure, and differentiation does not introduce new singularities, so
the result follows. [

In addition, our interest is to calculate the measures corresponding to the
irreducible unitary representations of any other compact connected semisimple

Lie groups. For example, even those as simple as the defining representation of
SU(n).

So, what is the explicit formula for the measure supported in a single coad-
joint orbit of SU(n) or a general compact Lie group? What is the explicit
formula for convolutions of measures of coadjoint orbits of general compact
connected semisimple Lie groups? Does the support of the moment set of 7, of
SU(2) coincide with the n-fold convolution of single coadjoint orbits for SU(2)?

What is the explicit formula for this measure of the moment set for general
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compact connected semisimple Lie groups? These questions were not answered

by Cazzaniga and Raffoul, and we aim to make them clearer and try to answer

them in the following chapters.
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Chapter 3

Matrix Coeflicients and

Differential Operators

Let G be a Lie group, g be its Lie algebra. Let p be an adjoint invariant
distribution on g with compact support, and define a central distribution ®(u)
on G to be

(@(n), Fra = 3.Fg (3.0.1)

where f is a test function on G, j is the square root of the Jacobian, and
f (X) = f(exp X). It is a fundamental question in analysis on Lie groups ([45],
Ch.I) to show

O(prgv) = P(p) ¢ (v) (3.0.2)

such that ® is a homomorphism from the algebra of G-invariant distributions

on g to the algebra of central distributions on G.

e M. Duflo [20] proved (3.0.2) for u, v supported at the origin of g, which
is called the Duflo isomorphism, between the centre of the universal
enveloping algebra U(g) of the finite-dimensional Lie algebra g, identified
as the algebra of bi-invariant differential operators on (G, and the invariant
elements of its symmetric algebra g, identified as the G-invariant differ-
ential operators with constant coefficients on g. So pu,v are fundamen-
tal solutions of G-invariant differential operators p(d) and ¢(@) in g, and
P (p(0)), P(q(0)) are elements in the centre of U(g).

e A. Dooley and N. Wildberger [19] proved (3.0.2) for compact connected
semisimple Lie groups, for G-invariant distributions u,r with compact
supports. In this case, ¢ is also called the wrapping map. The proof

only requires fundamental results of central harmonic analysis and the
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Kirillov character formula. In fact, it is a homomorphism from the Banach
algebra of the G-invariant distributions on g to the Banach algebra of
central distributions on G. Additionally, the Kirillov character formula is

a consequence of this homomorphism [14].

e . Rouviere [45] developed a ‘twisted convolution’ for Riemannian sym-
metric spaces by introducing the e-function, which is related to the sec-
tional curvature. A. Dooley found an explicit formula for the e-function

for compact symmetric spaces [16].

Based on the wrapping map of G-invariant distributions, does there exist a
version of the wrapping map between non-G-invariant distributions on g and
non-central distributions on G? The difficulty is that convolution on G is gen-
erally not commutative, but convolution is commutative on g. However, for a
compact simply connected semisimple Lie group G, we can study the relation-
ships between convolutions of the matrix coefficients of unitary representations

and the vector fields (differential operators) induced by the action of G on g.

In Section 3.1, we study the properties of the matrix coefficients of unitary
representations of compact connected semisimple Lie groups. In Proposition
3.1.7 and Proposition 3.1.11, we show that the convolution of any pair of ma-
trix coefficients of an irreducible highest weight unitary representation 7 of a
compact simply connected semisimple Lie group G is equivalent to applying a
polynomial of invariant vector fields on GG to the highest weight matrix coeffi-
cient 7 ; of m. If we fix a basis of the Hilbert space H,, then the highest weight

matrix coefficient 7y ; is the (1, 1)-th element of the matrix of 7.

In Section 3.2, we study the transversality condition of a semisimple Lie
group where the group acts by the adjoint action on its Lie algebra g, and
we also study the general form of a differential operator in g, which contains
transversal differential operators and vector fields induced by the action of G
on g. Subsequently, in Proposition 3.2.5, we show that the convolution of any
pair of the lift of matrix coefficients on g (by the exponential mapping) of
an irreducible highest weight unitary representation 7 of a compact simply
connected semisimple Lie group G can be calculated by applying a polynomial
of vector fields induced by the action of G on g, to the lift of the highest weight

matrix coefficient 7, ; o exp of 7 o exp on g.

In Section 3.3, we study the general form of the radial part of the Laplacian

differential operator and constant coefficients G-invariant differential operator
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in a semisimple Lie algebra g. In addition, we study an application of this
general form in Section 3.4 in which it leads to a derivation of a continuous
version of the Kirillov character formula for compact connected semisimple Lie

groups.

The majority of the content in this chapter is adapted from [21] and [28].

3.1 Orthogonal ‘Rotations’ of Matrix Coeffi-

cients

Let G¢ be a complex semisimple Lie group and let I'(G%/B, L) denote the
irreducible holomorphic sections of the flag manifold G¢/B with respect to a
highest weight A (Theorem 2.3.3). When we restrict it to a compact real form
G, the representation 7y of G on I'(GY/B, L)) is irreducible and unitary. In
addition, if we fix a basis for the Hilbert space H,, then each row and column
of m, is naturally a copy of the representation space of 7. To see this, we note

the following theorem.

Definition 3.1.1. Let G be a compact connected non-abelian semisimple Lie
group. If 7 is any unitary representation of GG in a Hilbert space H,, then the

smooth functions
Tuo(x) = (m(z)u,vy, foru,veH,zed, (3.1.1)

are called matrix coefficients of 7. If A, is finite dimensional and has di-
mension d,, and u and v are members of an orthonormal basis {e;} in H,, then
Tu.(x) is one of the entries of the matrix for w(x) with respect to that basis,
that is

Tij(x) = To, e, (7) = (n(2)ej,65), z€G. (3.1.2)

for 1,5 € {1,...,d,}.

Theorem 3.1.2 ([21], Theorem 5.9). Suppose 7 is an irreducible unitary rep-
resentation of a compact connected non-abelian semisimple Lie group G acting
on a finite-dimensional Hilbert space H,. Let d, = dim(m). Fiz an orthonormal
basis {e1, ...,eq,} in Hx, and let m;; be the (i,7)-th entry of m. Fori=1,..,d,,
let R; be the linear span of m; 1, ..., Wi a, (thei-th row of the matriz (m; ;)) and let

L; be the linear span of w1, ..., Tq, ; (the i-th column of the matriz (m; ;)). Then
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R (resp. L;) is invariant under the right (resp. left) reqular representation,
and the right reqular representation R™ (resp. the left reqular representation
L*i) is equivalent to w (resp. T, which is the contragradient representation,).
That is, each R; ( resp. L; ) is a copy of the Hilbert space H,, and the linear

. d . .
span of ey, ...eq_, i.e., Zjil cjej, which can also be written as

dr dx
Z CiTijs (resp. Z cj7rj7i> . (3.1.3)

Jj=1 J=1

Example 3.1.2.1. Let 73 be the irreducible unitary representation of SU(2)
with respect to the highest integer weight 3. The matrix form of 73 (in Example
2.5.5.1) is given by

a? V3a23 V3as? Ik
—V3a?8  o’a—2ap3 20af -5 V3as
= ] T i , (3.1.4)
V3ap?  —2a0af?+ B> aa’—2apB 3a28
—p3° V3ap? —/3ap a’

and each row and column of w3 forms an orthonormal basis which constitutes a

copy of the Hilbert space H,,. The inner product of H, is given in (2.5.19).

Definition 3.1.3. Let G be a Lie group, g be its Lie algebra (which is the
tangent space T.G at the identity e). For g,h € G, define L, : G — G to be the
left translation by ¢!, as L,(h) = g *h. Denote I'(T'G) the space of smooth
sections of tangle bundles of G. A left invariant vector field is a smooth
vector field X € I'(T'G) that is preserved under the left translations. That is

(Lg)s X (h) = X(g7"h), (3.1.5)

for all g,h € G, where (Ly), : T,G — T,-1,G is the differential of the left
translation L,. Since X (e) € T,G = g, we can extend it to all of G by X (g ') =
(Ly)«X(e) for all g € G. The space of the left-invariant vector field forms a
Lie algebra under the Lie brackets of the vector field, which is also naturally

isomorphic to g.
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Definition 3.1.4. Let G be a Lie group, g be its Lie algebra. The left regular
infinitesimal representation of g in the space of smooth functions C*(G) is

given by the map
do : g — Diff(C*(G)). (3.1.6)

The action of do on f € C*(G) is defined by

d

do(X)f(9) = - 70f(exp(—tX)g), Xeg, (3.1.7)

where exp(—tX) is the one-parameter subgroup of G generated by X € g.
Hence, do(X) acts as a first-order differentiable operator on functions, and is

given by the left invariant vector field

(do(X)) fg) = (X[)(g), for Xeg, geG. (3.1.8)

The differential operators also satisfy commutation relation
[do(X),do(Y)] =do([X,Y]), for X,Y €g. (3.1.9)

The left regular infinitesimal representation realises g as differential operators

on G, with these operators being precisely the left invariant vector fields.

Theorem 3.1.5 ([30], Theorem 20.2). Let g€ be a complex semisimple Lie
algebra, and let A € A* be a dominant weight. Let V be a standard cyclic g®-
module, with the highest weight vector vy € V. Let ®* = {ay, ..., } be the set

of all positive roots. Then V is spanned by the vectors of the form
YL uy, i e LT, (3.1.10)

where each Yy, spans a negative root space in g<. In particular, V is the direct
sum of its weight spaces, where the dimension of the weight space of \ has
dim V) = 1, and the weights of V' are of the form p = X =Y kioy, for k; € Z*

and a; € .

Theorem 3.1.6 ([37], Proposition 7.1, 7.2. [26], Theorem 5.6). Let g& be a
complex semisimple Lie algebra. Let g be a compact real form of g© (g¢ = g+ig)
such that the corresponding Lie group G of g is simply connected. Let A € AT
be a dominant highest weight, and let doy, dm) be the corresponding finite-

dimensional irreducible highest weight representation of g© and g, respectively.
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Then doy and dmy are in one-to-one correspondence, and they share the same
weight spaces classification, thus the same representation space V. Also, since
G 1s simply connected, the integration of dmy is equal to the irreducible highest
weight representation w\ of G. If w\ is not unitary, the method of taking the
average over GG shows that there is an inner product on V' that is invariant under
the action of G, and this action is unitary on V. This is also known as Weyl’s

unitarian trick.

Example 3.1.6.1. Let g© = sl(C), and let su(2) denote the compact real
form of sl,(C). Choose a highest weight of sl5(C) to be A = 3, and the sly(C)-
module V can be realised as the span of {223 2v/32%w, 24/32w?, 2w?} (which is
the orthonormal basis in (2.5.18) with A = 3), which corresponds to the set of
weights {3,1,—1,—3}. The set of positive roots is &~ = {2}. Let the highest

weight vector be 23, then V is spanned by the vectors

{2%, (X) - 23, (X)? - 23, (X)* - 23}, (3.1.11)

where the action of ‘X’ is the left regular infinitesimal representation dm(X)%
acting on V' (where X is in (2.3.1)), and it can be represented by the complex

differential operator

0
—wo—
To see this, let f(z,w) be a differentiable function in C?, the action of the left
regular infinitesimal representation dr (left invariant vector field) on f is given
by

dr(X)t = (3.1.12)

dr(X)E f(z,w) = %f (exp (—tX) - (z,w)) X € su(2). (3.1.13)

)
t=0

Now, let (2(t),w(t)) = exp (—tX) - (z,w) be a curve in C? and by the chain

rule,

of dz of dw
dr(X)rf = =—— —— . 1.14
"N = 5w T awd,, (3:1.14)
Also, since d(fi%w) = —X - (z,w), we have
0 0
d’]T(X)Lf = —a—z(XHZ + Xlg’w) - %(Xglz + X22w). (3115)

We may take the complex linear extension of dr to sly(C). Hence, for the basis
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elements H, X, Y of 5[5(C) in (2.3.1), we can write down the left regular infinites-

imal representations dr(H )L, dr(X)¥, dr(Y)* as complex differential operators:

0 0
L__, .~ —
dr(H)" = ¥ +w6w’
dr(X)F = —wa—i, (3.1.16)
dr(Y)r = —zi
- Tow’

Also, the right regular infinitesimal representations of dr(H)®, dr(X)%, dr(Y)!

as complex differential operators are given by

0 0
R — —_— —
dr(H) =zoo—we-,
0
X)B =, — 3.1.17
dr(X) S ( )
dr(Y)! = wa—i.

This approach of finding these differential operators on SU(2) is similar to
Lemma 2.5.3, and this example also illustrates how to generate a sly-module
(Example 2.3.2.1) at the group level by applying complex differentiable op-
erators to polynomials. But this method is restricted to SU(2) because the

representation space is explicitly known.

With respect to the real basis { X1, Xo, X3} of su(2) in (2.5.3), and the rep-

resentation of H, X,Y above, and the relations:
Xi=iH, Xo=X-Y, X3=i(X -Y), (3.1.18)

we can work out the the irreducible skew-Hermitian highest weight representa-

tion dﬂ'g([L’le + Z‘QXQ + I3X3) as

1323 V3(xy + izy) 0 0
iy = —/3(x1 — ix) 173 2(zy + ix9) 0
0 —2(x1 — ixg) —iT3 V3(zy + ix)
0 0 —V/3 (21 — ix9) —i3x3

(3.1.19)
for (z1, 12, 23) € R3. Since SU(2) is simply connected, we can take the integra-
tion of dm3 by the exponential mapping to obtain the irreducible unitary highest

weight representation 73 in (3.1.4).
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Proposition 3.1.7. Let G be a compact simply connected semisimple Lie group,
g be its Lie algebra, and g€ be the complezification of g. Let m\ be an finite-
dimenstonal irreducible unitary representation of G acting on a Hilbert space
Hr, with respect to a dominant highest weight X € A*. Fiz a basis of Han,
and choose a highest weight vector vy (which is unique up to a complexr multi-
ple), and define the highest weight matriz coefficient Ty, ., of Tx by Ty, 4,(g) =
{ma(g)vr,vr), g € G. Then, every other matriz coefficient of y can be obtained
by applying a polynomial of left and right invariant vector fields induced by the

root vectors in g®, to the matriz coefficient T, ., .

Proof. For X € g, the action of the left invariant vector field X* on T, ,,(9),

for g € G, can be written as

XE T () = o mlep(-tX)g), v)
_ % m(ep-X0)mgon v
= % . {ma(g)vn, Ta(exp(—t X)) vy (3.1.20)

= (=dm\(X)mr(g)vr, V)
= (mA(g)or, (—dmr(X)) vx)
= (ma(g)vx, dma(X)vy),

where dmy(X) is the skew-Hermitian infinitesimal version of 7. Similarly, the

action of the right invariant field X on 7, ., (¢) can be written as

X Ty 03 (9) = {ma(g)dma(X)vr, vy)- (3.1.21)
Now, we take the complex extension of the invariant vector fields of g to g& =
g +14g. A vector in X € g© can be written as X = X; +iX,, for X1, X, € g.
This means that for each root vector X, of g€, there exists X;, Xy € g such that
X, = X, +iX,. In addition, the root vectors in g© come in pairs (positive and
negative), and each one of the pairs is conjugate to the other. That is, for the

pair (Xa,Ya), Xo = X1 —iXs and Y, = X + iXo.

Hence, by Theorem 3.1.6, the irreducible highest weight representation dm)y
of g shares the same weight spaces classification as the irreducible highest weight
representation of g& with respect to the highest weight A. So, we can take the

complex linear extension of dr to g©, and by Theorem 3.1.5, H,, can be spanned
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by the vectors of the form
dmy(Y1)..dmy(Yom) oy, i € Z7, (3.1.22)

where {ay, ..., a,,} is the set of positive roots of g©. This leads to the actions
of the right and left invariant fields induced by the root vectors of g© on T,

AsUNY

are given by
(Vo) o (Yam) - Ty 0y (9) = (ma(@)dma (Vo)) dma (Yo Jun, va), - (3.1.23)

and
(YY) Ty 00 (9) = (ma(@)on, dma( X2 )dma (X2 vy, (3.1.24)

for each pair of root vectors (X,,,Ys,;). The left invariant field of a negative
root vector (Yy,)" translates to the dmy(X,,) in the second argument of the
inner product is due to the complex conjugation. Hence, if vy is chosen, then
every other matrix coefficient of 7, can be obtained by applying a polynomial

of left and right invariant vector fields induced by root vectors of g©. m

Remark. Suppose my is not unitary on Hy (equipped with an inner product
(+,+)), then the first row of ™y can still be obtained by applying polynomials of
right invariant vector field Y, that is,

(Y (Yo ) - Ty 0n (9) = (ma(@)dma (Vo) odma(Yor o, va). - (3.1.25)

Example 3.1.7.1. Let 73 in (3.1.4) be the irreducible unitary representation
of SU(2) with the highest integer weight 3. Let {223 2v/32%w, 2v/32w?, 2w?}
span the Hilbert space H.,,, and let H, X, Y in (2.5.5) be the basis of su(2)C. If
we choose the highest weight vector to be 223, then the highest weight matrix

coefficient T, ,, (¢) for g € SU(2) (which is given in (2.5.1)), is given by

UX,UN

T (9) = (m3(g) 22°, 22°) = o®, (3.1.26)

Since H,, is also a su(2)®-module, and by Example 2.3.2.1 and the complex

differential operators in (3.1.17) , we have

drs(Y) - 2° = 322w, dm3(Y) - 22w = 22w, dm3(Y) - 20* = w®. (3.1.27)
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The action of the right invariant vector field Y on Ty, ., (¢g) are given by

Y. Loy vy (g) = <73(g) d7T3(Y)2Z3, 223>
= (m3(g) 3- 23w, 22%) (3.1.28)
= 3v3a?p,

which is equal to the (1,2)-th matrix coefficient 37} 5 in m3. Similarly, (Y#)?2-
Ty n(9) = 6v/3aB? and (YY) . T, ., (9) = 683 These are 6T} 3 and 67T} 4.
Also, by (2.5.5), X is the complex conjugate of —Y", and the action of the left

invariant vector field X on T, ,, (¢) is given by

XE Ty 00(9) = (—dms(X)ms(g) 22°, 22%)
= (m3(g) 22°, —dm3(Y)22°)
= (m3(g) 223, =3 - 2V/32%w)
= =330,

(3.1.29)

which is equal to the (2, 1)-th matrix coefficient 75 in 3. In similar manners,

we can apply polynomials of invariant vector fields XX, Y to T, ., (g) to obtain

UX,UX

every other matrix coefficient (with a real multiple) of 7.

Definition 3.1.8. Let G be a compact connected group. If m; and 7y are
unitary representations of G on Hilbert spaces H,, and H,,, an intertwining
operator for m; and 7, is a bounder linear map 7' : ‘H,, — H., such that
Tmi(g) = m(g)T for all g € G. The set of all such operators is denoted by
V(my, m):

(my,me) =4{T : Hpy = Hy, : Tm1(g) = m2(g)T for all g € G}. (3.1.30)

The 7, and 7y are unitarily equivalent if (7, 75) contains a unitary operator
U, so that m(g) = Umi(g)U L.

Theorem 3.1.9 ([21], Theorem 5.8). (Schur’s Orthogonality Relations)
Let G be a compact connected group. Let m and 7 be irreducible unitary rep-
resentations of G on Hilbert spaces H, and Hz, respectively. Fiz an basis for
both H, and Hz so that each matriz coefficient of m and 7 can be worked out
explicitly. Let M, and M; be the subspaces of L*(G), spanned by the matrix

coefficients of ™ and 7, respectively. Denote the equivalence classes of ™ and
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7T by |7] and |7]. If [7] and |[7] are distinct, then M, is orthogonal to Mx.
Furthermore, let d, = dim(n), {v1,...,vq,} be the chosen basis of H, (and let
dz = dim(7), {01,...,04,} be the chosen basis of Hz), and define the matriz
coefficient Ty7 , (g) = {m(g)vj,vi) for g € G. Then, the set

WdT, - 1<i,j<d}, (3.1.31)

forms an orthonormal basis for M. In addition, let dg be a left invariant Haar
measure on G with SG dg = 1. Let v;,v; € H, and v;,v; € Hz, then the matriz

coefficients 13, and Tfi,ﬁj satisfy the relation

% <Ui7 6Z> <Uja ﬁj>a Zf [7’(’] = [ﬁ—]’
0, otherwise.
(3.1.32)

(T30, T = || T2, (0T (0)d -
G

Remark. Matriz coefficients are the fundamental building blocks of the func-
tions in C(G) and LP(G) ([21], Ch.5). To examine the convolution structures in
these spaces, we can start by looking at the convolutions of matrix coefficients,

which can be seen as a form of ‘orthogonal rotations’.

Definition 3.1.10. Let G be a locally compact group with a fixed left invariant
Haar measure dx. If f, g € L'(G), then the convolution of f and g is the function
defined by

f*mw=Lf@Mw*Mm (3.1.33)

Proposition 3.1.11. Let G be a compact simply connected semisimple Lie
group, g be its Lie algebra. Let wy be a finite-dimensional irreducible unitary
representation of G with highest dominant weight X\ on the Hilbert space H, .
Let dr, = dim(my), and fiz an orthonormal basis {§1,...8a, } of Hr, (where
& is the chosen highest weight vector). Define the matriz coefficient of m as
T; () = (ma()&;,&). Then, the convolution of any pair of arbitrary matriz

coefficients is given by

1 .
Tij* Ty = d—DZ’ijM, 1<i,5,k,1 <d,, (3.1.34)

where D,Zl] 15 a polynomial of left and right invariant vector fields on G induced

by the root vectors in g.
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Proof. Let dh be a left invariant Haar measure on G. The convolution of T

and T}, is given by
T, » Tralg) = f T (W Tia(gh™) dh, g€ G. (3.1.35)
G

Since 7y, is a representation, my(gh™!) = m\(g)mA(h™) = mA(g)ma(h)* (complex

conjugate). This leads to

dr,
m=1

where T, (h)* = {mx(h)*e1, emy = Tjm(h). Substitute and rearrange, we get

Tij* Tralg 2 Tiem (g f Tim(R)T; (h) dh. (3.1.37)

By Schur’s orthogonality relations, the integral above is nonzero only when [ = ¢

and m = j. In that case,

1
A

A

J Ty ()T 5(h) dh = =610, (3.1.38)
G

where 0, , is the Kronecker delta function. If we further simplify this convolu-

tion, we get

ﬂj *Tkl d Z Tkm m 1,0
™ m=1 (3.1.39)

1

— T ().
dﬂ/\ k,j(g) lyi

Therefore, if ¢ # j, then the convolution is zero. If ¢ = j, the result simplifies to
1
dr

A

Tij+ Tra(g) = =Tk (9). (3.1.40)

Now, by Proposition 3.1.7, any matrix coefficient of m, can be obtained by
applying a polynomial of left and right invariant vector fields induced by root

vectors in g to T} ;. Hence the result follows. O

Example 3.1.11.1. Let 73 be the irreducible unitary representation of SU(2)
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with highest integer weight 3 given in (3.1.4),

o V3a?3 V3a5? B
V30?3 o’a—2aBB 20aB - BB V3ap?
m3(g) = ) B B - , (3.1.41)
V3aB?  —20ap? + 3% aa®—2aBB V3as
— 38 V3a3? —+/3a23 al

where g € SU(2) (which is given in (2.5.1)), (o, 8) € C? and satisfies |a|>+|3]* =
1. Recall that the inner product in polynomials of («a, ) is given by

s rl/(p+r+1)! if p=gqgandr=s,
@ a1y = | aatF dotap) = " [pere bt ite=a
3 0 ifp#qorr#s,
(3.1.42)
where do is the Euclidean surface measure of the 3-sphere S* in C2. If the

matrix coefficient is in the form of o'a? BkBl, then

(wm ¥ @) = | arvim g 3™ oo )
S3
(;S—iti)ﬂﬁ)ll)' ifp+j=q+iandr+1=s+k,

0 otherwise.

(3.1.43)

Since dim(m3) = 4, and let Mz be the subspaces of L?*(SU(2)) spanned by
the matrix coefficients of 73. Denote by T; ; the (i, j)-element of m3. A brief

calculation shows that the set
(VAT,; - 1<i,j <4}, (3.1.44)

forms an orthonormal basis for M3 with respect to the inner product defined

above.

Now, let {223, 24/32%w, 2v/32w?, 2w?®} be an orthonormal basis of the Hilbert
space Hr,. By Proposition 3.1.11, we can write the convolution of a pair of

matrix coefficients as differentiation, for example,

1

T1,4 * T4,1 = Tl44 = 53 * (—Bg) =

I as. (3.1.45)

S

This is equivalent to defining a polynomial of invariant vector fields induced by
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X, Y given in (2.5.5), that is,

1
62

Dyj =~ = (X5 (YR, (3.1.46)

NGy
>~ =

as.

acting on the matrix coefficient 77 ;

Next, we aim to lift this convolution of (or in this case the differentiation
of) matrix coefficients from G to g. That is, there should exist a differentiable

operator (D% ) in g such that DTy, g),g € G can be written as
jvk ] k ’
g K
(D%)g (X)-Tii(expX), Xeg. (3.1.47)

We show the existence of (D;Z) (X) in the next section.
"/

3.2 Transversality Condition and Differential

Operators

In this section, we study the transversal condition and differential operators
induced by the action of G , and show how to combine these to define the
general form of differential operators of a semisimple Lie algebra g acted upon

by its corresponding Lie group G.

Definition 3.2.1 ([27], Sec 11.3.2). Let V' be a manifold satisfying the second
axiom of countability and suppose that G is a Lie transformation group of V.
If v eV, let G, denote the subgroup of G that fixes v. Let g denote the Lie
algebra of (G, and let X denote the vector field on V that is induced by the
action of G on X, that is,

(X9 fv) = —| flexptX - v) (3.2.1)

forveV and fe C®(V).

A C*-function f on an open subset of V' is said to be locally invariant
if X¢.f =0 for each X € g. A submanifold B < @ is called a local cross
section over an open set U < G/G,, if the natural map p : G — G/G, gives a

diffeomorphism of B onto U.
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Example 3.2.1.1. Let G be a Lie group, g be its Lie algebra. Let X € g,
f e C*(g). The action of X% on f is given by

d

= 2| fAd(exptX)-Y), Yeg, (3.2.2)
dt],_

(X NHY)
where Ad(-) is the adjoint representation of G in its Lie algebra g. In addition,
any adjoint G-invariant function f € C®(g) satisfies X¢ - f = 0. Fix a X € g,

the homogeneous manifold G/G x is isomorphic to an adjoint orbit Ox in g.

S. Helgason [28] introduced the concept of transversality condition to help
define the general form of differential operators of a Riemannian manifold V/,

acted on by a Lie transformation group G.

Lemma 3.2.2 ([28], Lemma I1.3.3). (S.Helgason) Suppose that K is a sub-
manifold of V' such that for every k € K, the tangent space at k satisfies the

following transversality condition:
Vi = (G- k) + Ky, (direct sum), (3.2.3)

where K, = K, and G-k is the G-orbit of k. Fiz a kg € K. Then there exists an
open, relatively compact neighborhood Ky of ko in K, and a relatively compact
submanifold B of G forming a local cross section over a neighborhood Uy of eGl,
in the homogeneous manifold G/Gy, such that the map v : (b,k) — b-k is a
diffeomorphism of B x Ky onto an open neighborhood of ko in V.

Example 3.2.2.1 (28], Ch.Il Ex.4.vii). Let G be a complex semisimple Lie
group, g be its Lie algebra. Let h be a Cartan subalgebra of g and h’ < b the
subset of regular elements (which lies off the walls of the Weyl chambers of ).
Let ® be the set of roots of g, recall that the root space decomposition of g
(Definition 2.2.9) is given by g = h @ >, .4 8a. If H € g, the adjoint orbit G- H
has tangent space |g, H| at H. This means that if H € h’ < g, the tangent
space of G- H at H is equal to X, .4 8. This also shows that the tangent space

Vy at H satisfies the transversality condition and is given by
Vi = (G-H)y+ by (direct sum). (3.2.4)

where b, = ', and G- H is the G-orbit of H. Note that in this case the singular

elements of b are excluded from the transversality condition. This is because if
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H’ € b lies on a wall of a Weyl chamber of b, the homogeneous manifold G/G g
is no longer the same as (and does not have the same dimension as) G/Gy of
any regular element H € . This is due to Proposition 2.2.16, where the Lie
algebra gg of the stabiliser G of H' is given by

g =h® Y, (8a+0-a), (3.2.5)

+
ae<I>H,

where @7, = {a € ®* : a(H') = 0}.

Definition 3.2.3. Let G be a Lie transformation group of isometries of a Rie-
mannian manifold V. Suppose that K is a submanifold of V' satisfying the
transversality condition. Let sy € V and let G - sy be the G-orbit of sy. Put
ko = Sg, and choose B and K| as in Lemma 3.2.2. This means that the disjoint
union | g, Bk is a neighborhood Vj of 5o in V. If f € C°(V), we can restrict
it to Ky, and then extend it to a function fs, on V; by

fso(b- k)= f(k), be B, ke K, (3.2.6)

so that fs, is G-invariant and depends on K. Let D be a differential operator on
V', and define a new differential operator Dy on V' whose action is ‘transversal

to the orbits’ as

(Drf)(s0) = (D fs)(s0)- (3.2.7)

Since fs, is smooth near s, the right-hand side makes sense; also, since B - w is
a neighborhood of w in the orbit G-w. Thus, Dt f is a well-defined C*-function
on V. If f vanishes on an open subset U of V', then so does Drf. Hence, the
mapping f — Drf decreases supports, so Dr is a differential operator. The
operator Dy is called the transversal part of D. If D = Dy, then D is said

to be transversal.

Theorem 3.2.4 ([27], Theorem 11.3.4). Let G be a Lie transformation group
of isometries of a Riemannian manifold V. Suppose all orbits of G on V' have
same dimension. Let Xy,...,X; be a basis of the Lie algebra g of G and let
Y; = X& (1 < i < 1) be the vector fields induced by G on V. Then each

differential operator D on V' can be written as a locally finite sum

D= Dr+ ) DyYi, Yy, (3.2.8)
@
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where Dy is the transversal part of D and each Dy ((7) = (41, ..., ) is transver-

sal.

Example 3.2.4.1 ([27], Example 11.3.4.1). Let V be the plane R? and G be
the group of translations 7} : (z,y) — (z,y +t),t € R. Fix a yo on the y-axis,
and the G-orbit of yq is the entire y-axis. So % is transversal to GG - yy. In this

case, the operators of the form

2,biwy) (%)i , (3.2.9)

are the transversal operators, (a%) is the vector field induced by G, and (3.2.8)

reduces to the representation
o\ /oY
2 (Z ai (2, y) (g) ) (6_y) (3.2.10)
j i

of an arbitrary differential operator on R2.

Example 3.2.4.2. Let the Lie group G = SU(2), and g = su(2) be its Lie
algebra. Let V be su(2) = R3, G acts by the adjoint action on g. The G-orbits
in g are 2-spheres in R3. Recall that the standard basis of su(2) is

0 1 0 i i 0
X, = L Xy = . Xy = . 3.2.11

Let (xq,22,23) € R? and each element Y in su(2) can be written as Y =
1 X1 +22X9 +2x3X5. Let r% = xlﬁ + :CQ% + :133% be the radial differential
operator defined in Proposition 2.5.8. The subspace spanned by {X3} satisfies
the transversality condition (since every element in it is regular). Hence, the

differential operators of the form

Zk] (ZJ] (Z Cij (X1, T2, T3) (5%1)) (%)) (ai;g)k, (3.2.12)

are transversal differential operators. We can also calculate the vector fields
X4, X5, X3 induced by the action of G in g.
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For example, let

Z = ( s ﬂ“) € su(2). (3.2.13)
—Z1 + 12 —123
Let f e C*(g), and define
d
(XZ-(2) = pm f(Ad(exptX,)- Z), Zesu(2), (3.2.14)
t=0

where

Ad(exptXy) - Z = exp(tX1)Z exp(—tX;)

[ cost sint 1T3 T1 + 129 cost —sint
—sint cost —x1 + 1To —123 sint cost |’

(3.2.15)
and by the chain rule,
d 2 —i2
S Adexptxy) -y = T TR (3.2.16)
dt|,_, —12x3 —12T9
Comparing this with Z, we conclude that
0 0
Xf =2y —a3— . 3.2.17
1 <$2 o3 T3 8:1:2) ( )

Similarly, we can work out X§, X§':

0 0 0 0
G _ _ G _ _
Xy =2 (xg P T 0’%3) . X3 (3:1 s To 6x1) . (3.2.18)

We may also extend X X§, X§ to the basis of their complexification (as in
(2.5.5)):

1 1 0 0
HS = -X§ (15— = ry—
« Z 3 Z (xl 85172 2 6:161) ’
1 ‘ 0 o 0
Xy = §(X1G —iXg) s (i + $2)a—$3 fﬂa(la—:ﬂl + 8_:@)’ (3:2.19)
0 o 0
VO = ——(XP +iX$) 0 (irg — 20)s— —a3(i=— — —
V= (X XS (i =) i - = o
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With respect to the Lie bracket operation, a brief calculation shows that
[Ho?7 XS] = 2X¢§7 [Hfa YaG] = _QYaGa [chj7 YaG] = Ha? (3220)

Hence, HS, X% V¢ form a basis of the Lie algebra suS.

Example 3.2.4.3. Let G = SU(3), and its Lie algebra g = su(3) = R®. The

standard basis of su(3) contains eight elements, these are
{H17H27X17X27X37}/17}/27}/3}5 (3221)

and their matrix forms can be found in (2.2.16).

If we let (hy,ho, 1, T, T3,%1,%,93) € R® then we can follow the same
method as in Example 3.2.4.2 and work out the vector fields induced by the
action of G: X, X§, Y Y& as

0 0 0 0 0 0
X =2y — — (2hy — hy)— — — — T3— — UYz=—
! s ohy ( ' 2)5% M O3 T Y3 s 0o Y5 Y2
0 0 0 0 0 0
YiG = —2l‘1— + (2h1 — hg)— — Yo — + To—— —Ys—~— + T3
ohy 011 0x3 013 0T 01 (3.2.22)
XG_2 i-ﬁ-(h —Qh)i+;€i+ i_xi_ i -
2 = 42 ohy 1 2 P 3 o, Y3 P 1 o3 Y B
0 0 0 0 0
Y& = —209— — (hy — 2hy)— — — T3— — — T
2 T (= 2h) gty g g g

Let ®* = {1, a0, 3 = a1 + a»} be the set of positive roots of su(3)€, and the

standard basis of su(3)€ is given by

Ha1 = _iHla Hag = _iHQa
1 , 1 , 1 .
qu = §(X1 - 'L}/l)a ong = E(XQ - Z}/Q)a XO&3 = §(X3 - Z}/E’))’ (3223)
1 , 1 . 1 .
Yal = —§(X1 + ZYl), Ya2 = —§(X2 + ZY&), Yag = —§(X3 + ZY:O,)
If we know XaGl,YaCf,XC%,YCg, then we can work out XaG3 = [XEI,XOC;], ch =
[Ya(f7ya§]7 Hcci - [XS;)YO{G;], and Hocjz - [chv;z’yog]'

Proposition 3.2.5. Let G be a compact simply connected semisimple Lie group,
g be its Lie algebra. Let my be a finite-dimensional irreducible unitary rep-

resentation of G with highest dominant weight X on the Hilbert space Hr,.
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Let dr, = dim(my), and fiz an orthonormal basis {&1,...8a,, } of Hr, (where
&1 1s the chosen highest weight vector). Define the matrixz coefficient of my as
Ti;i(1) = (m\(-)&,&). By Proposition 3.1.11, the convolution of any pair of

arbitrary matriz coefficients is given by

Tpj* Ty = diWD;;ijM, 1<i,j, k1 <d,, (3.2.24)
where Di’fj 18 a polynomial of left and right invariant vector fields on G induced
by the root vectors in g&. Since G is simply connected, we can lift 7y to its
Lie algebra my oexp by exponential mapping, that is, wy(exp X) = exp(dmy(X)),
for X € g, where dry is the skew-Hermitian infinitesimal representation of g.
Then, there exists a polynomual of vector fields induced by G on g, denoted by

(DZ’fj)G, such that

1 \G
(T * Thos)(exp X) :d—(D;jj) Tii(expX), 1<i,jkl<d,. (3.225)

Proof. Let X € g, and let X* X denote the left and right invariant vector
field on G by X, respectively, and let X¢ denote the vector field induced by the
G action of X on g. Then,

(X +X7) Ty (expY) = =X T;; (expY), Yeg. (3.2.26)

To see this, we can write X* acting on T} ; as

XE T (expY) = pr T;; (exp—tX expY exptX exp —tX)
t=0
d
= —| T;;(exp Ad(exp —tX)Y exp —tX)
dt|,_,
d dmy
= Z T m (exp Ad(exp —tX)Y') T, ; (exp —tX)
t=0 m=1
dmy,
= Z —X“. Tim (expY) T, (exp0 - X)
m=1
dmy,
d
+ o Z T;m (exp Ad(exp 0 - X)Y) T,, ; (exp —tX),
t=0 m=1
(3.2.27)
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by the product rule and the definition of a representation. Note that

]_7 m = j) ]_, m = i,
T j(exp0-X) = Tim (exp0- X) =
0, otherwise, 0, otherwise.
(3.2.28)
It follows that
X5 T (expY) = —XC T, (expY) — X*. T, (expY). (3.2.29)

Now, let ®* be the set of positive roots of g¢. For each o € ®*, let X, (Y,)
denote the positive (negative) root vector in g©. By Proposition 3.1.7, the first

row of the matrix coefficients of 7, can be obtained as the functions of the form
(Y E (VR Ty 1 (g) = (ralg)dma (Y2 .dma (Yo Jos, va), g€ G (3.2.30)

However, if we replace each right invariant vector field (Y, )% by a left one,

(Ya,)", then
(Ya)r . (Yam)E - Tia(g) = (malg)on, dma( X3 dma (X3 Juy. (3.2.31)

Notice that since v, is the highest weight vector in H,, so each raising operator
dmx(X,,) annihilates vy, that is, dmy(Xa,)va = 0. Therefore, by (3.2.26), we

J

conclude that

(YR (VIR Ty y(exp Z) = (=1)HHm (YIS (Yim)9 - T (exp Z),
(3.2.32)
for Z € g. Similarly, the first column of the matrix coefficients of 7\ can be

obtained as the functions of the form
(X8 (XY Tua(g) = (ma(g)on dma (Vi) dma(Vim)), (3.2.33)
and we also have

(X)) e (XGm)E - Tra(exp Z) = (1) (XE) . (XEm) - Th(exp Z).
(3.2.34)

To generate the rest of the matrix coefficients of 7y, observe that for each row
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1, with ¢ > 2, we have
Ya}ij (expZ) = —YaLjTZ-,j (exp Z) — YOSTM (exp Z), (3.2.35)

and YaLk either ‘raises’ T; ; to a row [, for [ < ¢, which is previously generated,

or annihilates 7; ;. Hence, the proposition follows. ]

Example 3.2.5.1. Let m; be the irreducible unitary representation of SU(2)
with integer highest weight 1 given in Example (2.5.5.1),

_fa P
T o= <—B a) : (3.2.36)

where (o, ) € C? and it satisfies |a|? + |3]* = 1. Let su(2) be the Lie algebra of
SU(2). Recall that by Proposition 2.5.8, the lift of o and 5 by the exponential
mapping of su(2) are given by

o (exp(X)) = (r% F1 )% B (exp(X)) = (a1 + i) SIT%('),
(323U
for X = 21X + 22 Xo + 13X3 € su(2), (71,79, 73) € R3, 7 E = T3 0:5 + .iEanz +
xgai, and | X| = \/m Notice that Sn‘l)ﬁq is both differentiable and
G-invariant, and r — preserves the G-invariance since
ré—i&n'()';'( D _ cos(|x]) — Slj()ff D (3.2.38)

Let HY, X8, Y% in (3.2.19) be the complexification of the vector fields induced
by the SU(2) actions in su(2). So, we have

YCalexpX) = —= (X7 +iX§) - afexp X)

.\ sin(|X])
— (1 + ix) X = —f(exp X),

l\DI»—t

(3.2.39)
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and

1
X% alexp X) = 3 (X7 —iX5) - alexp X)

. 0 .0 0 0 , sin(].X])
_ Sy R O T Y
<(zx1 + 29) e x3(i P + 8352)) <(T8r +1+ zx3> X

sin(X]) <
= — (1 — i) X = —f(exp X).

(3.2.40)

Let {&1, &} be the orthonormal basis of the Hilbert space H.,, choose & to be
the highest weight vector. Also, let T} ;(exp X) = (mi(exp X)&1,&1) = alexp X).
Then by the identity in (3.2.26), we have
1 :
) (XT* +iXJ7) - (miexp X)&r, &)

_1! (XT +iX7) - (mi(exp X)&, &) + % (X7 +iX5) {mi(exp X)&1, &)

2
(3.2.41)
This translates to
X)dm (Y.)Er,
(mi(exp X)dm(Ya)é1,&1) ) (3.2.42)
= (m(exp X )&, dm(Xa)&) — Y, - (mi(exp X)&q, &1).
Since dm(Ya)ér = & and dm(X,)& = 0, we have Tia(expX) = —YVC -

Ty, (exp X) = B(exp X). Also, we have

% (Xf% - in) -(mi(exp X)&1,&1)
1 1
= ) (X1L - ZXQL) (mi(exp X )&, &) — ) (X1G - ZXQG) -(m(exp X)&1, &),
(3.2.43)
and this translates to
(my(exp X)dm(Xa)61,61) (3.2.44)

= <7r1(exp X)fl, dﬂ—l(Xoa)61> - Xg : <7T1(9XP X)fb 51>>

and this means Ty, (exp X) = X& - Th1(exp X) = —B(exp X). To generate the
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last element @, first we have

YO~ Blexp X) = —3 (XF +iX§) - —(exp X)

_ (<x _ @)a% _ xgua% = a%)) - (— (w1 — ix2) %) (3.2.45)
- sin(1X))
= 2123 |X| .

Since Ty 1 (exp X) has been generated, we have

_% (X[ +iXF) - (i (exp X)&r, &)

- % (Xf + ZXQL) Ay (exp X)Ep, &) + % (XlG + ng) {1 (exp X)&1, &),
(3.2.46)

and this translates to

(1 (exp X)dm1(Ya)&1, o)

G (3.2.47)
= (mi(exp X)&1, dmi(Xa)62) — Xo - (mi(exp X)&1, &2).
Thus, we have Ty o(exp X) = Ty 1(exp X) — Y. - Ty 1 (exp X ). This is exactly

sin(| X )
[ X]

aexp X) —a(exp X) = 2izs (3.2.48)
In this way, every lift of the matrix coefficient of 7 can be generated by applying
a polynomial of induced vector fields by G action on T} ;(exp X). We can also
explicitly write down these operators for convolutions of matrix coefficients of

m, for example,

1
T Tl,l(eXP X) = B} 1,2(6XP X)

1
=3 aG Ty 1(exp X) = S(exp X),

1
Ty« Thi(exp X) = §Tg72(exp X) (3.2.49)

1
= 5(1 —YEXE) T (exp X) = @(exp X)

TLQ # Tl,g(exp X) = 0 . Tm(exp X) = O,

etc. Similarly, we can work out these differential operators for irreducible uni-

tary representations 7, of SU(2), for n > 1.
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3.3 Radial Part of G-Invariant Differential Op-

erators

In this section, we study the radial part of a G-invariant differential operator,

with respect to the transversality condition.

Theorem 3.3.1 ([27], Theorem I1.3.6). Let V' be a manifold satisfying the
second azxiom of countability and suppose that G is a Lie transformation group
of V. Let K be a submanifold of V' that satisfies the transversalily condition.
Let D be a differential operator on V. Then there exists a unique differential
operator ©(D) on K such that

(D-f) =6(D)-f, (3.3.1)

for each locally invariant function f on an open subset of V. The ‘overline
denotes the restriction to K, and ©(D) is called the ‘radial part’ of D.

Theorem 3.3.2 ([27], Theorem 11.3.7). Let V' be a Riemannian manifold, G a
unimodular isometry group of V. Assume that a submanifold K < 'V satisfies
the transversality condition. Then the radial part of the Laplacian operator Ly
s given by

O(Ly) = 072 Lx 007 — 2 Lyc(62). (3.3.2)

where o is the composition of differential operators and 0 is the density function
given by proportionality of the measures: dv, = §(v)du,,v € V, between the

orbit G - v and the homogeneous manifold G/G,.

Example 3.3.2.1 ([27], Sec.I11.3.4.(i)). ‘Radial part’ of the Laplacian in R™:

Let V =R", and G = O(n) be the orthogonal group acting on R™. Let Lgn
be the Laplacian operator in R". Then the submanifold W = R™\{0} < R"

satisfies the transversality condition. Hence,

1 d2 1 1 d2 1
O(Lgn) =r 2"V 73 © r2(—l) _ r’ﬁ(”*mw (7«5(“*”) : (3.3.3)
where the density function §(r) = =1, for r € . This can also be written

as the familiar expression,

? n—-14d

@(LRn) = w + , %

(3.3.4)
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Example 3.3.2.2 ([27], Example.l1.3.4.(vii)). ‘Radial part’ of the complex Lapla-

cian of semisimple Lie algebras.

Let G be a complex semi-simple Lie group. Let h be a Cartan subalgebra
of g, and h’ < b the subset of regular elements. The Killing form x(-,-) on g is
non-degenerate on both g and b, so we can use it to identify their duals g* and
h*.

If we treat g as a vector space, we can define polynomial functions on it
in the usual sense of polynomial functions on a vector space. That is, if g is
a n-dimensional Lie algebra with a basis {X;, Xs, ..., X,,}, then a polynomial

function p : g — C is a function in the coordinate function x1, xs, ..., x,:
p(l‘lv T2y .-ey xn) = Z Qirig.. i, L5 Lig = Liy, (335)

Let p be a polynomial function on g, p(d) be the constant coefficient differ-

ential operator on g, which can be written as

0 0 0

[Eil 51‘1'2 55(7%

(3.3.6)

p(ﬁ)(xb Z2, 7$n) = Zailig...ik P

Let w(X) = r(X,X) = trace(adx,adx), for X € g (also known as complex
Laplacian). Suppose we let X = H + > o+ X0 € ' ® D) o+ 0o, and let
W(H) = k(H,H),H € b. Then, given that b’ satisfies the transversality condi-
tion (Example 3.2.2.1), the radial part of the operator w(0) is given by

OW())(H) = Y (H)w(0)(H) o Q(H), Hel, (3.3.7)

where Q(H) = [[,ce+ a(H), is the product of all positive roots of g, as linear
functionals on b, and @ is the restriction of w to h’. In fact, this proposition

can be extended to all G-invariant polynomial functions on g.

Theorem 3.3.3 ([27], Theorem 11.5.33). Let G be a complex semisimple Lie
group and g be its Lie algebra. Let p be a G-invariant polynomial function and
p(0) be the corresponding constant coefficient G-invariant differential operator
on g. Let b’ < b be the subset of reqular elements in the Cartan subalgebra §.
Given that B satisfies the transversality condition, then the radial part of the

differential operator p(0) is given by
O(p(d)) = Q2 'p(0) o Q. (3.3.8)
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Example 3.3.3.1. Let G® = SL,(C), and g© = s,(C). Let G = SU(2) be the
compact real form (and also a subgroup) of SLy(C), g = su(2) = R? be the Lie
algebra of SU(2). Let {X1, X2, X3} be the standard basis of su(2) in (3.2.11).
Suppose X = 11 X; + 12Xy + 23X3 € su(2), for (xq, 29, 23) € R?, we have the
Killing form w(X) = (X, X) = 27 + 23 + 23. This means that if we restrict to
su(2), then the Laplacian of su(2) is given by

2 * P

L(su(2)) = (9_1‘% + 5—3:% + 5_.13%

(3.3.9)
Since the only positive root {a} € ®* has value o = 1, the radial part of
L(su(2)) is given by

_, 0P o 20

or

OL(u(2)) = r ' or= o+ 22

r e RT\{0}, (3.3.10)
which is the exactly the same as (3.3.4) when n = 3.

This interesting correspondence in (3.3.8) has led to the derivation of a
continuous version of the Kirillov character formula for compact Lie groups.

We will explain it in detail in the next section.

3.4 Liouville Measures on Coadjoint Orbits

Definition 3.4.1. Let g be a complex semisimple Lie algebra, h be the Cartan
subalgebra of g. Also, let ® be the root system of g. Let v € ® be a linear
functional (with respect to the Killing form) on b, denoted by a(H), for H € b,

and let a(0) be the directional derivative of a. If a;, o € @, then for H € b,
042(8) : OZj(H) = Ozj(Hai). (341)

where H,, and «a; form a dual pair.
Theorem 3.4.2 ([27], Theorem 11.5.35). Let G be a compact and semisimple
Lie group with a mazimal torus T, g%, t€ (a Cartan subalgebra of g©) be the

complezification of their Lie algebras g and t. Let Q = ] .4+ v, the product

of all positive roots. Let dg be a normalised Haar measure on G such that
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$dg = 1. Then, for H, H' € t,

Q(H)QUH") J AdDEH g =

= —0Q(0)(2 sgn(w)e®@H) X e
) D@ Y sgn(u) g

weWw
(3.4.2)
where (0)(R2) is the product of the directional derivatives on the function € in
the directions of all positive roots, W is the Weyl group, and |W| is the order
of W.

Proof. Let f e C*(g). Define a G-invariant function F' on g as follows:

F(X) = JG f(Ad(g)X)dg, X eg. (3.4.3)

If p is a G-invariant polynomial function, then we have
(POF)(H) = (' F@)QF)(H), Het. (3.4.4)

This means, the function ¢;(H) = Q(H)F(H) satisfies

(p(0)5)(H) = Q(H)(p(0)F)(H), (3.4.5)

by Theorem 3.3.3, which is equal to ¢, (H). Suppose we let H' € t© such that
Q(H'") # 0, and let f(X) = eXH) then p(d)f = p(H')f and p(d)¢; = p(H') ;.
So, by ([27], Theorem II1.3.13), ¢; has the form

¢p(H) = > cpel ) (3.4.6)

weW

where ¢, € C. Also, since Q(w - H) = sgn(w)Q(H ), which leads to ¢s(w - H) =
sgn(w)¢s(H), hence, each ¢, = ¢ - sgn(w), and

¢r(H) =c . sgn(w)e™ ™), (3.4.7)
weWw

To determine the constant ¢, apply Q(0) to ¢¢(H), and evaluate it at H = 0.
By the definition of ¢, we have

(©2(0)61)(0) = Q0)(Q) = c|W[QH"). (3.4.8)

Hence, the integral formula (3.4.2) is proved, for H € t, Q(H’) # 0, and hence

for all H, H' € t© by holomorphic continuation.
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Let 0 denote the half-sum of positive roots. Notice that if H' = Hy, then

Z sgn(w)eHHs) — n (e’%a(H) — e_’%o‘(H)). (3.4.9)

weW aedt

Suppose now we restrict the equation above to t, we have

Dwew sgn(w)el o) _ [Toco- sin ya(H)
Q(H) [Toco+ 50(H)

(3.4.10)

So, we have a product of sinc functions, and it converges to 1 as H — 0. Hence

we conclude that
W] =

(3.4.11)

if we let H — 0 in both sides of (3.4.2). O

Corollary 3.4.2.1. Let H' be a reqular element in €, then

Q(H') f (Ad(g)H,H") D wew Sgn(w)e )
—— | e M) g = Swel , VHet" 3.4.12

Q(H,) Je g Q(H) (3412)
Hence, if we let H = Hy_s for a dominant weight X\, we recover the Kirillov

character formula in (2.4.2).

Example 3.4.2.1. Let the compact connected semisimple Lie group G be
SU(2), T be a maximal torus of SU(2). Also, let su(2) and t be their Lie
algebras. Choose an integral element A € t€ with A\ = 1, and the only positive

root a = 2, also the ¢ element is equal to § = %a = 1. Therefore, we have

wH,H1)

St f A HHY) g0 — e 597(w)e" VH € t. (3.4.13)
¢

Q(H,) Q(H) ’

We can map the Haar measure dg (which is unique up to a scalar multiple)
on G to a G-invariant probability measure in the dual Lie algebra su(2)* that
is supported on the coadjoint orbit passing through A = 1 (by p : G — O),
denoted by v;. Since each coadjoint orbit carries a symplectic structure, this
measure v is also the Liouwville measure on Oy, which is also unique up to a
scalar multiple. Therefore, we have

J G g3y = M peiam (3.4.14)
01

H ?
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So, this formula generalises Cazzaniga’s calculations for SU(2) in Proposition
2.5.8.

Example 3.4.2.2. Let G be SU(3), T be a maximal torus of SU(3). Also, let
su(3) and t be their Lie algebras. Let t© be a Cartan subalgebra of su(3)C. Let
{1, an} be the set of simple roots of su(3)C. By (2.2.21), the ‘first” fundamental
weight vector \; = %ozl + %042. Denote O, the coadjoint orbit passing through

A1, and also denote vy, the Liouville measure on (9,\1. In this case, we have

i(wH,H,\l)

VHet  (3.4.15)

Q(Hy,) iB(H Dwew Sgn(w)e
Q(Hy) LM e, i (9) = Q(H) !

However, both sides above are equal to zero. To see this, on the left hand side,

Q(H,,) = 1 a(H,y,), (3.4.16)

ae{a1,a2,a1+a2}

and because \; is perpendicular to as with respect to the Killing form, it follows
that Q(H,,) = 0. Also, from Example 2.2.18.1, we can see that

Z sgn(w)e’@HHHn) = 0, (3.4.17)

weW

Hence, in general, this theorem is not valid for any non regular elements in t

which also lie on the walls of the Weyl chambers of t.

Therefore, in order to extend Cazzaniga’s method beyond SU(2), for exam-
ple, as simple as the defining representation of SU(3) (the irreducible represen-
tation 7y, with highest weight A1), we also need to have a normalisation formula
for the Liouwville measures for coadjoint orbits of general non-regular elements
in t. This is a subject which will be studied in Chapter 4.
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Chapter 4

Convolution Structures of
Coadjoint Orbits

We have described the convolutions of coadjoint orbits of SU(2) in Chapter 2,
and we wish to generalise this to convolution structures for an arbitrary pair
of coadjoint orbits of a compact connected semisimple Lie group G. Let T
be a maximal torus of G, t be the Lie algebra of T, and t* be the dual of t.
In this chapter, we study the convolution structure of the sumset of a pair of
coadjoint orbits Oy + O,, for arbitrary A,y € t*. The original proof was given
by A. Dooley and N. Wildberger in [18]. In fact, the set of adjoint invariant
probability measures on g is a commutative hypergroup [54]. This also leads
to finding the explicit structural convolution equation for the hypergroup of

coadjoint orbits of G.

In Section 4.1, we study how to use Theorem 3.4.2 and the Kostant convezity
theorem [38] to find a formula for the projection of a G-invariant measure of a
regular coadjoint orbit O, in t*, denoted by . The ‘basic tent’ is the projection

of the coadjoint orbit Oy, and it acts as a foundation for the derivation of zf.

In Section 4.2, we study an explicit formula for the convolution of any pair

of regular coadjoint orbits.

In Section 4.3, we study how to approximate the G-invariant Liouville mea-

sure of a singular coadjoint orbit from a regular one.

In Section 4.4, in Proposition 4.4.1, we calculate the singular supports of
the n-fold convolution of coadjoint orbits (unit 2-spheres) of SU(2) by using

the formulas developed in previous sections.

In addition, all lemmas and theorems included in this chapter are inter-
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preted and reworked from the original content of the article ‘Sum of Adjoint
Orbits’ by A. Dooley and N. Wildberger [18], for the purpose of coherence and

also the completeness of the development of the content in the next chapter.

In this chapter, we let G be a compact semisimple Lie group, 7" be a maximal
torus of GG, and g, t be their Lie algebras. Also, let g*, t* be the duals of g, t,
and let g©,t® be the complexification of g, t, respectively. Additionally, we let
® be the chosen root system of g&, and let ®* be the subset of all positive roots
of @, and let A be the set of simple roots. Let W denote the Weyl group of
t*, and let t7 denote a chosen fundamental dual Weyl chamber with respect to
W, t§ be the interior of t*, A be the set of weights of t*, and A* be the set of

dominant weights of A in t.

4.1 Basic Tent and Projection of Coadjoint Or-
bit

The Kostant convexity theorem [38] says that the orthogonal projection of the
coadjoint orbit O, of A € t* onto t* is the convex hull of W - X, the Weyl orbit
of A\. Let p: g* — t* be the projection map. We can show that the g-Fourier
transform of p1) restricted to t is equal to the t-Fourier transform of 4, that is,

1x°|, = (15)"". To see this, we first state the disintegration theorem.

Theorem 4.1.1 ([12], Theorem II1.70). (Disintegration Theorem) Let X,Y be
Radon spaces, and P(X), P(Y') be the collections of Radon probability measures
onX andY . Letw: X — Y be a Borel measurable function, such that {7~ (y) :
y € Y} form a partition of X. Let p € P(X), and v € P(Y) be the measure

= pon~t. Then, there exists a v-almost everywhere uniquely determined
family of probability measures {p,}yey S P(X), which provides a disintegration

of p into {1, }yey, such that

o the function y — p,(B) is a Borel-measurable function for each Borel-

measurable set B < X.

® 1, is assigned to the fibre 7 '(y), that is, for v-almost all y € Y, we have
1y (X\7H(y)) = 0 and p1y(B) = py (B 0 771 (y)).

e for every Borel-measurable function f: X — [0, 0],

Jf e JJ )dpy (2)dv(y). (4.1.1)
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Theorem 4.1.2 ([38], Theorem 4.1). (Kostant convexity theorem) Let X € t*,
O, be the coadjoint orbit passing through A. Let p : g* — t* be the orthogonal
projection map relative to the Killing form. Then the image of the projection
p: Oy — t* is the convex hull of the Weyl orbit of A in t*, denoted by conv(W -\)
(a convex polytope with vertices W - \).

Remark. This is a special case of a more general result for symmetric spaces.
An elementary new proof of this theorem for compact semisimple Lie groups

based on the Jacobi eigenvalue algorithm was given by N. Wildberger [56].

Proposition 4.1.3. If § € g*, then there exists a unique (up to a scalar multi-

ple) G -invariant measure pg on the coadjoint orbit Og.

Proof. G acts transitively on Og. For each 8 € g*, the coadjoint orbit Op is a
homogeneous space of the form G/Gg, where Gg is the stabiliser subgroup of

B. A Haar measure on G can be used to define an invariant measure on G/Gjg.

Since G is compact, it is unimodular ([21], Corollary 2.28) and carries an
invariant measure p ¢, which is both left and right invariant. In addition, uq is

unique up to a scalar multiple ([21], Theorem 2.20).
Let 0 : G — G/Gj3 be the projection such that o(g) = gGg, for g € G. We

can define a measure yig/q, by

He/ay(E) = (o (E)), (4.1.2)

for any measurable subset £ < G/Gjg. Hence, ugq, is also unique (up to
a scalar multiple). Since Oz = G/Gjp, the result follows. In addition, G is

compact, so g is finite. Hence, we can normalise it so that pg(Op) = 1. O

Definition 4.1.4. Let T < ® be the set of all positive roots and let A < &~
be the set of simple roots. Recall that from the definition of the decomposition
of the compact real form g of a complex semisimple Lie algebra g€ (Definition
2.2.10), we have

o= R(H)+ > R(Xo—Yo)+ > Ri(X,+Y,), (4.1.3)

a€eA aed+ aedt
. J/ .
g v

t L

J

where t is orthogonal to t with respect to the Killing form of g.
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If we apply the disintegration theorem and the Kostant convexity theorem
to the coadjoint orbits of a compact connected semisimple Lie group, then we

have the following result.

Lemma 4.1.5. Let p: g* — t* be the orthogonal projection with respect to the
Killing form, and let p : Oy — conv(W - X), for X € t* (Theorem 4.1.2). Let
(8,7) € p~Y(B) for B e t* andy e (t*). Let f be a Borel-measurable function in
g%, px be the G-invariant Liouville measure on Oy, pug be a probability measure
on the fibre p~1(B) for B € conv(W - \) , then by the disintegration theorem, we

have

Of@wmwﬁ‘ F(8.7) dps(7) di (). (4.1.4)

onv(W-A) L‘l(ﬁ)
where p% is the projection of uy with respect to p.

Remark. Because the dual t* is degenerate on t- with respect to the Killing
form, for (8,7) € p~(8), we have

(6+7)(H) = B(H) +~(H) = 5(H), for Het (4.1.5)
Therefore,
| e = [ e ), (4.16)
(@)Y conv(W-X)

for H € t. That is,
Wl = () (4.1.7)

Theorem 4.1.6 ([30], Theorem 24.3). (Weyl dimension formula) Let A € A™.
Then the dimension of the irreducible highest weight representation wy of G is

_ Hae<1>+ ()‘> O‘)
dy = Toa) (4.1.8)

0 is the half-sum of all positive roots.

We also have an explicit formula for p,°|, and it is given in the following

t)
lemma.
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Lemma 4.1.7. Let X € t}, then the volume of a coadjoint orbit Oy, and the

Fourier transform of the G-invariant measure py restricted to t are given by

Z’wGW Sgn(w) eiw(/\)(H)

, , Het
1_[o<€<1>+ ZQ(H)

and  py*|(H) =

(0 =[]

acd+

(4.1.9)

The measure iy is called a Liouville measure of O,.

Remark. We can see the second formula from the continuous version of the
Kirillov character formula in Corollary 3.4.2.1 at the end of previous chapter.

Notice that,
A+,
M/\+(5(O>\+5) = | | W = d)\, (4110)

aedt
1s the Weyl dimension formula for integral weight A\, and the normalisation for
Os is always 1, that is, pus(Os5) = [ co+ % = 1. In this case, the Weyl di-
mension formula has been extended to a continuous version, as a normalisation

for the Liouville measure of Oy, for arbitrary X € tj.

The formula for ,uxg‘t is trivial when X\ lies on a wall of ty (and this will
be explained in Lemma 4.1.11). We will study a new normalisation formula for

the singular elements in Section 4.3.

Also, if we take the t-Fourier transform of the right-hand side of (4.1.7), we
have

ph = <Z sgn(w)eiw')‘> * (H %) : (4.1.11)

weW aedt

Intuitively, the Fourier transform of e*#() is the unit point mass eg, and the
Fourier transform of ﬁ is the arc-length measure Fj on the ray of the vector
(. Therefore, we should express

ph ~ Z sgn(w) ey * H «F,. (4.1.12)

weW aedt

In the following part, we prove that the measure in (4.1.12) actually exists and

is the formula for pf.

We start the proof by introducing a few lemmas with regard to the properties
of spreads (introduced by N.Wildberger [18]), and a construction of the ‘basic
tent’ of t*.
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Lemma 4.1.8. Define S < @ to be a spread of the root system ®, if for all
a € @, S contains exactly one of {«, —a}. Let S denote the set of spreads. If
S € S is the set of roots with respect to some Weyl chamber (i.e., If S contains
A and all other positive roots, then S is a spread with respect to the positive
Weyl chamber), then S is said to be pure. Let S, = S denote the subset of pure
spreads. Then |S,| = |W|. In other words, the Weyl group W acts on' S and acts
transitively on S,. Also, define sgn(S) = (—1)" where r = [{a € & : —a € S},
then for all Se S,we W,

sgn(wS) = sgn(w)sgn(S). (4.1.13)

Proof. Since each w € W preserves ®, so they also preserve the hyperplanes
that are perpendicular to the roots, hence the action of W on §, is a single
W-orbit.

By ([30], Exercise 10.6), sgn(w) = (=1)™®), for w € W, where n(w) is the
number of positive roots av € & such that w - «v is a negative root.

Let w e W, and k be the number of positive roots in S which turn negative
in w-.S, and [ be the number of negative roots in S which turn positive in w - .S,

and because S contains exactly one of {a, —a}, then n(w) = k + [, and
sgn(wS) = (—1)" 1 = (—1)rtn) =2 — (1)) — gon(w)sgn(S). (4.1.14)

]

Example 4.1.8.1. Let g = su(3), t be the Cartan subalgebra of g. Let ® be
the chosen root system of t. The set of positive roots ®* = {ay, g,y + as}.
The pure spread {aq, as, a1 + @z} corresponds to the fundamental Weyl chamber
of t. Recall the Weyl group W in Example 2.2.18.1, and the rest of the pure
spreads are:

{man, o1+ ag,00), {=on —ag, 00, —as},  {=ag, —an, —ar — as, (4.1.15)

{ag + g, —an, a1},  {ag, —a; — ag, —ay}.

Definition 4.1.9. Let t ~ R? be a Cartan subalgebra , and t* =~ R? be the
dual of t. Let o € ®, and define the map ¢ : R — t* = Rt — ta € R?. Let £?

be the Lebesgue measure in R?, and we can define an arc-length measure
L(A) = L' (¢ '(A)), (4.1.16)
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for any Borel set A < t*. Hence, L measures how much of the segment of «
(in terms of ¢) lands in the set A, and assigns that as the measure of A. This
measure v is singular with respect to £¢. We also define F,, to be the arc-length
measure along the ray of a root vector o € ® with a density function of 1. F,

is also a distribution that satisfies

Fu(p) = f:o olta) dt, (4.1.17)

where ¢ € S(t*) is a Schwartz function. Since F, is not locally integrable,
its Fourier transform is interpreted in the sense of distributions. The Fourier

transform of F,, is given by

(F)"" (H) = p.v. (m(lH)) , Het, (4.1.18)

which is the principal value distribution of 1/ia(H).

Lemma 4.1.10. Let o be a root in ®. Let Li%a be the arc-length measure on

the line segment [—%, 3] - a. We define a measure Ts by

Ty= ] #Lita (4.1.19)

aedt
We call the measure Ty, the basic tent of t*. This measure is a piecewise
polynomial that is absolute continuous with respect to the Lebesque measure on
t*, supported in the convex hull of W -9, d is the half sum of all positive roots.

Let L,, be the arc-length measure on the line segment [0,1] - a in t*. For any

spread S = {ov, ..., oq}, let 6(S) = X cq 5, then

[]+La = ess) * T, (4.1.20)

aES
which is the 6(S)-shift of the basic tent.

Proof. By ([4], Lemma 5.3), the Minkowski sum of two compact convex sets is
also a compact convex set, and by the Krein-Milman theorem, a compact and
convex set is the closed convex hull of its extreme points. In particular, such a

set has extreme points.

We claim W - ¢ is the extremal set of the support D of Ts. To see this, notice

that D is a compact convex polytope, and the extreme points of D coincide
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with its vertices, denoted by K, and K < > o+ %{a, —a}, which is the set
of §(5), of all S € S. Also, let Ng = {a € & : —a € S}, and since every
6(S) = 0 — Xy, @ Then every 6(S) is strictly smaller than §, and because W

is a group of isometries, hence W -0 = 6(S,) is the extremal set of D.

We then show | [ cq*La = escs) * T5. Note that the support of esg) * T is
D +6(S), and

D+6(S)= )] l_%,%].wrz%a,

aedt o’'esS
= [0.1]-o (4.1.21)
a’'esS
= supp (H *La> :
o’eS
where > denotes the Minkowski sum. O

Let Ay denote the root system of su(3), and By denote the root system of
s0(5). Here we show the picture of the ‘basic tent’ Ts of Ay (linear sides) in
Figure 4.1 and B, (quadratic sides) in Figure 4.2.

Figure 4.1: Ty of A, Figure 4.2: Ty of By

The basic tent of Ay in Figure 4.1 is supported in a hexagon centered at
the origin in a real vector space of dimensions 2. The edges on top of the
‘tent’ coincide with the root vectors of A,. This measure is a linear piecewise
polynomial and its highest density is concentrated at the origin. Interestingly,
this measure is also the image of the projection of a 3-dimensional cube (with

one edge pointing downward) onto a 2-dimensional space.

The basic tent of By in Figure 4.2 is supported in an octagon centered at
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the origin in a 2-dimensional real vector space. This measure is a piecewise

quadratic polynomial, and its highest density is concentrated at the origin.

These piece-wise polynomials are quite complicated to write down here, but

can be found in the programs referenced in Appendix A.

Lemma 4.1.11. If S € S is not a pure spread, then 6(S) lies on a wall of t*,

and

Z sgn(w)ews(s) = 0. (4.1.22)
weW

Proof. Let {)\;}._, be the set of fundamental weights of g in t*, by ([30], Lemma
13.3A), we have:

l
5= % Da=> N (4.1.23)
j=1

So, 0 is the ‘smallest’ strongly dominant weight in A* (any dominant weights
‘smaller’ (<) than § lie on the walls, a pair of weights A < A" if and only if
X' — X is an integral sum of positive roots). Since each spread 0(.5) lies on the
Weyl-orbit of a spread in S that lies in A*, and also every §(.S) can be written as
0(S) = 6 — Xy, @, and suppose §(S5) € AT, then §(S) is not strongly dominant,
so 9(S) lies on a wall of t%. In addition, W - §(S) lies on some walls of t*. To

see this, we first show that if A lies on a wall of t*, then

Z sgn(w)e,y = 0. (4.1.24)
weW

If A lies on a wall of t*, then A = 23:1 m;A;, with some elements of {m;,, ..., m;, }
being zero. Let {a;,,...a;, } be the corresponding simple roots, then the simple
reflections {oq, , ..., aajk} generate a subgroup of W that fixes A, denoted by W),
(W) is the Weyl group of the semisimple Lie subalgebra b = k- @ Zaeq (go +
0_a), where k is the minimal wall that contains A\, and &7 = {a € ®*

(A, ) = 0}, by Lemma 2.2.14), and as a Weyl group, W), is of even order
and has alternating signs. Hence (4.1.24) follows. Also, the Weyl orbit of A is
isomorphic to the quotient W /W, ]

Lemma 4.1.12. Let L, be the arc-length measure defined above in Lemma
4.1.10, S be the set of spreads and S, < S the subset of pure spreads. Define a

measure B on t* as

Ey= ] *(La—Lca) = > sgn(S)Lay, + ...+ Lo, . (4.1.25)

acd+ SeS
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where S = {a;,,...,a;}. Then,

E, = Z sgn(S) L, * v # La;, = Z sgn(wSs)ews * Ty, (4.1.26)

SeS, weW

where Ss is the spread of all positive roots in ®*.

Proof. Let S* denote the subset of all spreads that for each S € ST, §(S5) is
contained in t}. Let Wjs) be the Weyl subgroup of the Weyl orbit of §(.5), and
by the 6(S)-shift of the basic tent, E; can be written as

Wies
Ei= ) % D sgn(wS) ews(s) * T
SeS+ weW

W,
- Z | Ij[ﬁS”Sgn(S) Z sgn(w) ews(s) * 1 by (4.1.13)  (4.1.27)
Ses+ W] W
= Z sgn(wSs)ews * Ty,
weW
by Lemma 4.1.11. -

Example 4.1.12.1. Let g = su(3), and ®* = {ay, as, a1 + as} be the set of
positive roots g, and d = a; + as. Also, let S5 be the spread with respect to 6,
so that sgn(Ss) = (—1)° = 1. Let Ts be the basic tent in Figure 4.1, then F;

measure can be written as

E, = Z sgn(w)eys = Ts, (4.1.28)
weWw
where W = {e, 0uys Oass Tay0a1s Tay0ass Taz0a;0ay) (Example 2.2.18.1), and
respectively,
sgn(W) = {+1,—-1,—1,+1,+1, -1}, (4.1.29)
and
W6 = {5, &2,@1,-@2,—@1,—6}. (4130)

Therefore, E; is a measure of the summation of alternating sign of the shifts of
the basic tent to the points of the Weyl orbit W - 4.

Next, we combine everything developed above to give a formula for zf.
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Theorem 4.1.13 ([18], Proposition 3.1). Let A € t}. Forn > 0, define P, =
[ Lco+ *Lna = €ns * Ty and E, = >, o sgn(w) whb,, where wP, = eyns * Ths.
Let P = lim,,_,o, P, and E = lim,,_,», E, be distributions on the Euclidean space
t*. Then

1
ph = — Z sgn(w)eyy = E. (4.1.31)
|W| weW

Proof. Let n > 0, and by (4.1.26),

E, = H #(Lpo — L_pa) = Z sgn(w)wh,. (4.1.32)

aedt weW

For all H € t, the inverse t-Fourier transform of F,, is

E){(H) = L* 1_[ #(Lna — L—na)(ﬁ)eiﬁ(H) dp

aedt
1
_ H J (eina(sH) . efina(sH)) ds
. 0
o (4.1.33)
= H J 2sinna(sH) ds
acp+ V0
_ H 9 1 — cosna(H) _ 1—[ 02 sin2na(H)/2.
ottt ina(H) ot ina(H)
Hence, EYt = || co+ 2 % is a distribution in t. Let |®| = m. We claim

2™ [T, cqp+ sin® ¢ has a constant term equal to [W|. To see this, notice that by

a variation of (4.1.26), we have

2
= Z Z sgn(ww’)e™ w0 (4.1.34)

weW w'eW

2m H sinQ% =

aed+

Z sgn(w)e™?

weW

and by W-invariance, it only has a constant term |I¥], and all other terms of

EYt can be written as
COSNAY -+ * COS NQY, = 2 +cosn(taog £ ... + ay), (4.1.35)

by the cosine angle addition formula. Hence, let f € L'(t), and by the Riemann-

Lebesgue lemma, we have

Jﬂo%ﬁ [ sin? na(H) F(H)dH = th(H) dH, (4.1.36)
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and it follows that

2 na(H)

1 2m sin® ——*
BV f) = lim e 22 f(H)dH
(e )= tm f gy /)
1 (4.1.37)
B a]é_ff;[‘*' ZOé(H) , f> ‘

L
Wi

(4.1.11) and taking the inverse t-Fourier transform, we obtain (4.1.31). O

Hence, = EV' is a regularisation of [ [ o+ % Combining this observation with

In Figures 4.3 and 4.4, we illustrate the W-invariant measures ph. Since
E is the limit of F, as n — o0, we choose a large n to approximate these
projection measures p with respect to some dominant weights of As: A; + 3,
and 2X\; + 32 (where \j, Ay are the fundamental weights of As).

(5
3R
K5

2505
X
S5

i
i

(£

(0
A

hee
“

hee
i

va¥.

X5

< XK
SIS

S
o0

Figure 4.3: pf (A + 3\2) of  Figure 4.4: 1§ (2A; + 3\2) of
AQ A2

As shown in Figures 4.3 and 4.4, these projection measures are also linear

piecewise polynomials in the real vector space of dimension 2.

Corollary 4.1.13.1. Let X € t, then

ph = Z sgn(w)eyy * P, (4.1.38)

weW

where P = ] co+ Fa, and F, is the arc-length measure along the ray of the root

vector o in t*.
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Proof. By the projection measure (4.1.31),

1
P
= o 3 senw)ens » £
|W| weW
1 _ —
- sgn(ww)ey * WP
|W| weW weW
1
- sgn (W)W (eg—1,) * P) 4.1.39
|W| weW weW ( h )
1
- sgn(w)w (egy * P)
W 11) WE w
< Sgn ew)\ * P>
weW

We then claim that T\ = )y sgn(w)e,y * P is in fact W-invariant. Let
0, be the reflection generated by a simple root « € A < &*. By ([30], Lemma
10.2.B), o, permutes the positive roots other than «, and o(a) = —a, by the

definition of reflection. Hence,

oo(Ty) = Z sgn(w)eyywx * 0o P

weW

(4.1.40)
= sgn(w)ey wx * ( n *F5> + F_,,

pedt, f#a

and because o0, is a generator of W, so we have

Th—o0a(Ty) = < H *Ffi) # (Z sgn(w)eyy * Fy + Z sgn(w)eyy * F_a> ,

Bedt, B#a weW weW
(4.1.41)

where e,y * F, is a arc-length measure of the ray given by wA + ta, for t €
(0,0). Since o, reflects an element in W - X in the hyperplane k,. So, W - A
are symmetrically arranged with respect to k,, and each pair of symmetrical
elements has different signs. Suppose that wA, w'\ form a symmetrical pair.

Then the summand

sgn(wA)(ewr * Fo + €pr = F ) and sgn(w'X)(ews * Fo + € * F4),
(4.1.42)
are both the arc-length measures of the line that is perpendicular to k, and
passing through wA, w’\, with opposite signs. Therefore, the sum in the second
bracket of (4.1.41) is 0, and T = 0,(T)) for all & € A. Because w € W is made
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of the products of simple reflections, it follows that T} is WW-invariant. n

4.2 Sum of Coadjoint Orbits

We study an explicit formula for the convolution of coadjoint orbits.

Lemma 4.2.1. Let RO\ (H) = Y, o sgn(w)e™ ) and R(N)(H) be the com-
plex conjugate of R(N)(H). Also, let f e L'(t%). Then, for X € t}, the integral

J ff()\’)R()\')(H)R()\)(H) dH dXN = |[W|f(N). (4.2.1)
th Jt
Proof. Let f e L*(t*). Then by the Fourier inversion theorem,

fA) = J{ ﬁ FEOED qH g

(4.2.2)
= J F\ex(N)dX, for \ € ¢,
t
where e, is the unit point mass at A. In (4.2.1), only the summand
f f FOO) S sgn(we )= g 4, (4.2.3)
G e
is nonzero, and it is equal to
f f FO) D AU g gy, (4.2.4)
ti t weW
By the W-invariance of t, the above is equal to
J J FO) D QI A ax = (W f(N). (4.2.5)
tj t weW

The other summands are zero because when A € tj lies off the wall, the elements
wA and w' X for w # w’ do not lie in the same Weyl chamber. So, we have the
result. O

Lemma 4.2.2. For H € t, and let we W, then

1 1
n o () = sgn(w) n (H) (4.2.6)

acd+
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and
R(w™\)(H) = sgn(w)R(\)(H). (4.2.7)

Proof. By ([30], Theorem 10.3), let n(w) be the number of positive roots such
that wa, for all o € ®* is a negative root, then sgn(w) = (—1)™*), and be-
cause sgn(w) = sgn(w '), so the lemma follows. Hence, we say R(\)(H) and
[ [ co+ @(H) are W-anti-invariant. O

Lemma 4.2.3. Let puy, py be the G-invariant Liouville measures on the coad-
joint orbits passing through X\, \' € & respectively, p be the orthogonal projection
defined in Lemma 4.1.5, then

(ki * )P = gl = 1l (4.2.8)

Remark. This relation is true because py and py are bounded measures, and

the projection p : g* — t* is a linear map.

Theorem 4.2.4 ([18], Theorem 2.5). Let A,y € t5. Then (O) + O,) is G-
invariant and is a union of coadjoint orbits. Furthermore, (Oy + O,) Nnt% is a

convex polytope.

Remark. This result was derived from the ideas of sympletic geometry and

image of moment map.

Theorem 4.2.5 ([18], Theorem 3.4). Let \,\' € t. Then the convolution

formula is given by

X * Uy = J gb()\, )\I, )\”) 25N d)\”, (429)
o
where
SN N = T sgn(w)eps + @B, (X)) for all X' € t. (4.2.10)
weW

Proof. Let I be the support of Oy + Oy in g*. By the disintegration theorem
(Theorem 4.1.1),

i+ i (1) = f SO N N dji (B) AN, (4.2.11)
tj Oy
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where ¢(X, X', ") is a density function of I n t*, which depends on the choices
of A\, \'. By the projection of convolution in (4.2.8),

J il = f SN, XY 18, N, (4.2.12)
o

is a new projection measure on t*. If we take the t-Fourier transform of both

Vi -

sides using the normalisation formula (x§)"* in (4.1.11), we obtain a function

on t,

1

S ROEDRNOH). (4213

¢(>\7 )\/7 )\”)R(A”)(H) d)\” _ H

t*
+ aedt

Letting ¢ € t, we multiply both sides of the equation above by R(¢)(H) and

integrate with respect to t. By Lemma 4.2.1, we obtain

W]e(A, N, J 1;[ (RO BB i
_ w;ngn(w) J: ];LﬁR(A)(H) ROV)(H)e= U g
_ w;y sgn(w) J:al;L - (; 7 ROV H) ROV )™ d
- 2l ﬁ ﬂ mww<H>R<w—w><ﬂ>e—m> "
=1Vl f [ o a (H)RO)(H)e™ ™) dH,

oa€<I>+

(4.2.14)

by Lemma 4.2.2. Therefore, if we solve the right-hand side of the last equality

above, we obtain:

o) = (RO )

= Z sgn(w)eyy = ph, (A",

weW

(4.2.15)

by the projection measure in (4.1.38). The A, \" are interchangeable, and results

are identical. ]

Examples of convolutions of A,, are given in Figures 4.5 and 4.6. Notice
that
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1. When ) < A, then the convolution formula is the sum of the shifts of the

projection measure p%, to the points of the Weyl orbit W - A.

2. Let Dy be the support of x,. When the size of Dy is fairly small and
A is away from the origin, w - A + Dy can be fully contained in a Weyl

chamber (e.g., Figure.4.6), so its density function is
AN, N = ey = pih, (N, Neth. (4.2.16)

Otherwise, w - A + Dy can intersect the walls of the Weyl chambers and
the support of ¢(A, X', \") becomes complicated (e.g., Figure 4.5).

Figure 4.5: ps# x| (AL +3Xp)  Figure 4.6: ps  puy|ex (2A1 +
of A, 3X2) of Ay

Corollary 4.2.5.1. Let \y,..\; € t;. Then the convolution formula for coad-

joint orbits is given by

L R Y J Z Sgn(w)ewM * lu’Z)J\Q e /ﬂf\k (XI)NX’ d)\lla (4'2'17)
tj weW
and the convolution formula for the projection measures is given by
[y, * oy, = f D sgn(w)ewn, * i, + ox pf (N, dN'. (4.2.18)
t*

+ weW

Proof. Let ¢(A1, ..., Ak, A”) be the density function of support I n t%, k =
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{1, .os Ak}, then

|W|¢()\la XD >\k7 C)
. k=1 /
= sgn(w J —_— Rw™\)(H) | e “H) qdH
w%;V ( ) t (ozlejb["' w 1a(H)> (g ( ])( )
. k=1,
= 3 sen(w)* J (]‘[ —> (]‘[ R()\j)(H)> e~ g1
weW t \aedp+ o(H) j=1
(4.2.19)
Hence, by Lemma 4.2.2, the result follows. m

4.3 Singular Coadjoint Orbits

When A lies on a wall of one of the Weyl chambers in t*, the normalisation in
Lemma 4.1.7 does not extend to the singular coadjoint orbit O,. We study how
to obtain the Liouville measure of a singular coadjoint orbit by approximating

it from a regular coadjoint orbit.

Lemma 4.3.1. Let f € L'(t*), then
[(]‘[ aa> f] (H) = [ ] ia(H)f = (H),  foral Het, — (4.3.1)
aedt aedt
where 0, is the directional derivative of a positive root «.

Proof. This follows from the basic properties of the Fourier transform of linear

functionals. O

Lemma 4.3.2. Let A € t* and fe C®(t*), and define g\(H) = %H)), for
all H € t. Then the following limit holds

Zwew sgn(w)ew/\ o f = (Ha€<1>+ aa) f
f T (.0) (4.3.2)

1. V(* " — 1
fm gy« f = lim | W)

in the sense of distributions.
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Proof. Let vy be the probability measure of O, passing through A\ € t*, which

lies in the interior tj. Then by the normalisation of p,

%m- (4.3.3)

Hence, if we take the g-Fourier transform, we obtain

V) =

gy Maese @) ROVGD
B | e

which leads to

[Loco+ ia(H)
H)==—=¢ — "' (H), for all H € t, 4.3.5
gA( ) Haeq>+ (5’ a) A ( ) ( )

and by Lemma 4.3.1, we have

. Vg 1. (Hae<1>+ aoc) p
BT T e )™ )

where 1/} is the probability projection measure of O,. Therefore,

hm (Hae<1>+ aa) D (Hae®+ aa) f (437)

Ko f - ,
A—0 Haeq>+ (57 a) g Haeq)+ (57 a)

given that limy_,q 2} is the Dirac delta function at the origin. O

Lemma 4.3.3. Suppose that X € t{\t} lies on a wall of the positive Weyl cham-
ber, and let Wy = {w € W|w-X = A}, ] = {a € &' |(\,a) = 0}, and
oy = %Zaetbj\' a. Then for any n €,

+ O
lim ZweWA Sgn(w)ew" s f = w_ (4.3.8)

n—0 Hae@j (777 Oz) Haecbj (6)\7 O‘)

Proof. Denote by k the minimal wall in t* that contains A\, and decompose
1N = Mk + ML, where 7 is the part lying on k. Let h; be the subalgebra of g
given by
b =k'® D) g (4.3.9)
acd}
where k* is the orthogonal complement to k, and it is also the Cartan subalgebra

of b, which commutes with k. Note that W) is the Weyl group of k£, by Lemma
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2.2.14. Thus, we have:

D wew, sgn(w)e _ oim(H) Duew, Sgn(w)e o)
Ha@;(m a) Haeqﬁ(?ﬁcL )

() Hae<1>+ io(H) Haefb+ (6, @) D e, sgn(w) et ()
Haeqﬁ ey Hae<1>+(77ki ) Haecb; io(H)

g o 10 (H)
Ha€®+ (5/\7 )

= '

= 'k [ (H)

nkJ_

(4.3.10)

for all H € t. Hence, v, , is the probability measure of the coadjoint orbit of

the subgroup Hj, of G associated with by, passing through 7,1 € k+. Therefore,

<Ho¢€<1>j\r aa) (Hae@j\r 5(1) /

lime -~ P s f= , 4.3.11
720" Tloeqr (Bri0) d [Tocay (02, 0) 43.10)
by Lemma 4.3.2. O]

Now we prove the formula for the projection measure of Oy, with A lying on

a wall of t7.

Theorem 4.3.4 ([18], Proposition 4.3). Let A € t*\t; lies on a wall of the pos-
itive Weyl chamber, and let Wy = {we W |w-X = A}, ] ={ae ®t|(\ o) =
0}, and 6y = %Zaeﬂ a. Define the quotient group W /Wy = {w;}7L, (where
W /Wy is in a natural bijection with the Weyl orbit of \) so that each w € W

can be written as w = w;u for a w; € W/Wy and a we Wy. Then,

m

n(w;)ews + | [] Gue | P, (4.3.12)

le aE‘I)I

y'@

where

o [Loco+ (9. 0) [Té00)P=smr) [] «F

Haeqﬁ'\cbi ()\’ Oé) Hae@i (5>" CY) 7 acdf a€<1>+\q>1tj)\

(4.3.13)
where sgn(r,,) = (—1)!, and t is the number | {8 € ®} |w; B ¢ ®*}|. Hence, the
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normalisation vy *|; can be written as

B i Sgn ) twjA(H)
=1 91T, Hae<1>+\<1>; N ia(H)’

forall Het.  (4.3.14)

Proof. Let wy,...,w, € W be the unique elements such that for every w € W,
w = wju, for some w; and u € Wy. Suppose that A lies on a wall. By continuity,

we have

Tlaco+(0:0) Z sgn(w)epy * P

hm V)\, = lim

A=A A=A H aed+ ()‘I ) weWw
H ced+ (6 CK Z’U,EW)\ Sgn(u)ewju)‘l ¥ P
= < sgn(w; hm sgn(u) .
Hae@*\@*’ ()\ Oé Z ] u;l/)\ Hae@j\' ()\,7 Oé)

(4.3.15)

Now, we let ' = X + 1, for n € t§. The above becomes

J, m sen(u)ey. un * P
Hae@*( O'/ Z sgn w])ew])\ . hm Z Sgn(u) ZueWx g ( ) Uun ’
1_[016@"'\4)+ ()\ Oé — ueWA Haecbj (77’ O./)

(4.3.16)
and by Lemma 4.3.3, and the WW-invariance of v}, the formula for v} follows.

Also, in the sense of distributions, for o € ®*
Ou Fo = €9, and 0_o F, = —¢. (4.3.17)

Define CI>I+U]_/\ = {a € &% | (w;\, @) = 0}, these lead to the second identity in
(4.3.13). O

Next, we derive the convolution formula for singular coadjoint orbits.

Theorem 4.3.5 ([18], Proposition 4.3). Let n € t§ and X lie on a wall. Then

‘o = HaL(“‘)) L 3 sgn(w)eny = A A (4.3.18)
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Proof. Let N €,

o Hae<I>+ (5 O{)2
T I T (. )V, @)1
Hae@* (6 a)Z

~ i . et X
N Lo (1 ) (N, @) e ( ) 4.3.19
_ Hae¢+(6, «) limj Z sgn(w)ewn*Vf\)/()‘”)N/\" d)\" (4.3.19)
aed+ (77 a) A=A 2 wew
0,
aE<I>+( ) J Z Sgn ewn S VA()\ ),u)\// d)\
a€<1>+(n’ ) +wEW
]

By Theorem 4.3.5 and Lemma 4.3.3, we derive a formula for the convolution

of singular coadjoint orbits.
Corollary 4.3.5.1. Suppose that n, A both lie on a wall of t. Then

Up # V)

= Hae<1>+ (5 Oé) J .
N Hoze@*\‘b;*{ (7]7 Oé) Ha€<1>+ (5 Oé) Z Sgn wj Cusn 1_[ aw j & I/)\ /JJ ndX".

aed;

(4.3.20)

4.4 Convolutions of Unit 2-Spheres

Now, we determine the singular supports for the convolutions of coadjoint orbits

Proposition 4.4.1. Let G = SU(2), n be an integer highest weight of SU(2),
v1 be the Liouville measure of the coadjoint orbit Oy (for n = 1). Denote the
n-fold convolution of v1 by (11)**. Then, the support and singular support of

(11)*" are:

5]
supp ((11)*") = conv (O,,), singsupp (( U n—2;- (4.4.1)

where |-| is the floor function. So, the singular support of (v1)*" is the union of

coadjoint orbits of integers. For instance, singsupp (v1) = O, also

SIngsupp ((Vl)*z) = Oy u Oy, singsupp ((Vl)*g) =0, v O3, (4.4.2)
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etc.

Proof. The support of ((r1)*") is clear, which is the ball with radius n. For the
singular support, by Corollary 4.2.5.1, we have

)" = [ ey (G ) Wi, (443)

and the density function with respect to o € t* is

d((1)™) |ex(a) = (Z(—l)je(l)j s (W) D) (@) - a) da, (4.4.4)

7=0

and

d ((l/f)*(”_l)) (a) = <LOO Z(—l)je(,l)j * ((l/f)*(”_Q)) (A") - 8, () d)\”> dor.

(4.4.5)
We may simplify (4.4.4) to obtain

d(()™) (@) = [((D)* ") (a = 1) — (@D)*" V) (@ + 1)] - avder. (4.4.6)
This means that d ((v1)™") |+ is differentiable at o in t* if and only if (¢4)*" Y

is differentiable at @ — 1 and a + 1. Also, if we differentiate (4.4.5) with respect

to «, since 14, is the characteristic function on [—\", X"] € t*, we have

' j 1 ) do
0 j=0

(4.4.7)

I
-
~_~
|
[u—
~
<
By
|
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=
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3
>%

Therefore, we can recursively apply differentiation to calculate the singular sup-
port of (11)*", which is exactly U]EJO Opn—2j.

Remark. This proof is inspired by Cazzaniga’s proof in [9]. By finding the
support and singular support of the n-fold convolution of vy, we are able to
compare this result with the explicit formula for the G-invariant measure of
moment sets of SU(2) in Chapter 5.
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Chapter 5

Invariant Measures On Moment
Sets

Let G be a Lie group, g be the Lie algebra of G and g* be the dual of g. Let
M be a G-Hamiltonian manifold, ¥ be the moment map on M. The general
image and convexity of a moment map ¥ : M — g* has been greatly generalised
by M. Atiyah [6], V. Guillemin and S. Sternberg [25], and F. Kirwan [35]. N.
Wildberger [55] explicitly studied the convexity of the image of the moment map
of an unitary representation of a compact connected semisimple Lie group. His
theorem says that the moment set I, of an irreducible unitary representation
of highest weight A is convex if and only if A is root distinct (that is, the set of
the pairwise difference between \ and an element of the orbit of the Weyl group
of A does not contain any roots of g), and the intersection of the moment set
with the dual Cartan subalgebra t* of g*, I, n t*, is the convex hull of the set

of weights of .

The projection of the G-invariant (Liouville) measure for a coadjoint orbit
ph was derived in Chapter 4. We are also interested in working out a projection
measure for a moment set I, of GG, denoted by I/i. Especially when A is not
root distinct, then I is non-convex and we are also interested in determining

the support of I in t*, that is, I, nt*, for an arbitrary integral dominant weight

Ae AT,

In this chapter, we aim to derive an explicit formulas for a G-invariant
measure of a moment set I, which is the pushforward of the unitarily invariant
probability measure of the unit sphere of the Hilbert space H,, denoted by v, ,

for an arbitrary dominant weight A € A™.

In this chapter, we let G' be a compact connected semisimple Lie group, g be
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the Lie algebra of G, g* be the dual of g, t,t* be the (dual) Cartan subalgebra
of g, g*, respectively, and W be the Weyl group of t, t*. In addition, we let t}
be the fundamental dual Weyl chamber of t*, tj be the interior of t, ® be the
set of roots of g, @1 be the subset of positive roots of ®, A be the set of weights
of t*, and A" be the set of dominant weights of A in t*. Furthermore, we let

p:g* — t* be the projection map with respect to the Killing form of g*.

In Section 5.1, we review the convexity theorem for G-Hamiltonian mani-
folds, and study the properties of moment sets of unitary representations. In
Proposition 5.1.8, we show the n-fold sumset of the moment set I; of the ir-
reducible unitary representation m; of SU(2) of the highest integer weight 1
is equal to the moment set I,, of m, of SU(2). Also, in Proposition 5.1.9, we

determine a subset of the intersection Iy n t* for a non-root distinct A € A™.

In Section 5.2, we derive an explicit formula ui, in Proposition 5.2.2 and
Proposition 5.2.5. Also, in Proposition 5.2.4, for SU(2), we show vy, = (v1)*".
In addition, using the results of Chapter 4, we derive the density function of
I\ n t% for two different scenarios: 1. Iy Nt} is non-empty; (Proposition 5.2.7);

2. Iy nt} is fully contained in a minimal wall of % (Proposition 5.2.8).

5.1 Highest Weights and Convexity of Moment
Sets

We have discussed properties and examples of a GG-Hamiltonian manifold M
and its moment map ¥ in Chapter 2. Now, we look at the convexity of the

image of the moment sets of irreducible unitary representations of G.

Theorem 5.1.1 ([25], [35]). (Convezity Theorem) Let G be a compact connect
Lie group, T be its maximal torus, g*,t* be the duals of their Lie algebras,
respectively. Let M be a compact G-Hamiltonian manifold, and ¥ : M — g* be
the associated moment map. Then the intersection of the image of the moment
map with the fundamental dual positive Weyl chamber, V(M) n %, is a convex

4+
polytope.

Example 5.1.1.1. Let A € t7, O, be the coadjoint orbit passing through A,

then W(O,) Nt} is exactly {A}, which is a convex polytope of dimensions zero.
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Definition 5.1.2. A dominant weight A € A% is called root distinct if the
set {\ —wA : we W} does not contain any roots in ®. It is equivalent to the

condition that A is root distinct if

(A @)

#1, (5.1.1)

for all o € ®.

Example 5.1.2.1. Let G = SU(2), and its Lie algebra g = su(2), the Cartan
subalgebra t @ R (and its dual t* = R). The Weyl group W = Cy = {e, 0} (the
cyclic group of order 2), so that e- A = A and 0 - A = —A for all A € t*. The
only positive root of SU(2) is o = 2. The set Sy = {\ —wA\ : w e {e,0}}. Let
A€ At be a dominant weight. If A = 1, then S; = {0, 2}, which contains «. So
A = 1 is not root distinct. However, if A > 1, every set S) does not contain any

roots. So, A is root distinct if the integer A > 1.

Example 5.1.2.2. Let G = SU(3), and its Lie algebra g = su(3). The Cartan
subalgebra t = R? (and its dual t* = R?). Let ®* = {ay, as, a1 + as} be the set
of positive roots of g. Let the Weyl group

W ={e, oy, Oass TasTa1s Ta10ass TasTayTas s (5.1.2)

(Example 2.2.18.1), where 0,,, 04, are simple reflections with respect to ay, as.
Let A € AT be a dominant weight. If A = A\ = %oq + %O&Q, the first fundamental
weight of t*, and the Weyl orbit of A; is the set WAy = {1, \j—aq, Ay —a1 —as},
then Sy, = {0, 1,1 + s}, which contains roots of g. Hence, A; is not root
distinct. Also, if A = 0 = ay + an, the half-sum of all the positive roots, then ¢ is
also not root distinct, since W -9 contains all the roots of g, so S5 does contains
some roots of g, so ¢ is also not root distinct. For other dominant weights,

A = 201 + 23 is an example of the dominant weight being root distinct.

When M is the projective representation space of an irreducible unitary
representation 7, of a compact connected semisimple Lie group G (Example
2.1.7.3), the convexity of W(M) can be determined by the dominant highest
weight .

Lemma 5.1.3 ([55], Proposition 3.2, [44], Lemma 6.1.4). Let A\ € AT be a

dominant weight. Suppose that the set of weights of a d-dimensional irreducible
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highest weight unitary representation wy is II(X) = {\1, ..., \,} (where each A,
lies in A), so that multiplicities of the weights satisfy > , multi(\;) = d. Let
I be the moment set of my. If D = conv{)y,...,\,}, then p(I\) = D, and
Iynt* < Ad(G) - D.

Theorem 5.1.4 ([55], Theorem 3.6). Let m\ be a d-dimensional irreducible
highest weight unitary representation of A of a G acting on a Hilbert space V. Let
IT(N) = {1, ..., \n} be the set of weights of 7y so that multiplicities of the weights
satisfy >, multi(X\;) = d. Let PV be the projective space of V identified by the
unit sphere Qg = {v eV : ||v|]| = 1}, so that PV is a G-Hamiltonian manifold
with a moment map ¥ (Example 2.1.7.3). Let I\ = W(Q;) be the moment set of
I. Then Iy nt* is convex if and only if \ is root distinct, and in this case
Iy 0 t* = conv({Ar, ..., \n}).

Remark. Unlike the general convexity theorem (Theorem 5.1.1), this convex-
ity theorem by N. Wildberger for irreducible unitary representations of compact
connected semisimple Lie group describes the convexity of the intersection of Iy
with the whole t*, rather than only focusing on the intersection I with only the

fundamental dual Weyl chamber t .

Example 5.1.4.1. Let G = SU(2), with W = Cy = {e,0}, so that e- A = A
and o - X = —\for all A € t* = R. From Example 5.1.2.1, if A = 1, then S;
contains the only positive root, and A is not root distinct, and the moment set I,
is not convex. Since the unitary representation 7 is the defining representation
of SU(2), m, acts transitively on the projective representation space PVj, it
follows that I is exactly the coadjoint orbit O;. But when \ > 1, every set Sy
does not contain any root, so I, is the convex hull of {—A, A}. In terms of the
Lie algebra su(2), I is the closure of the ball in R?® with radius \.

Example 5.1.4.2. Let G = SU(3). From Example 5.1.2.2, if A = Ay, the first
fundamental weight of t*, then Ay is not root distinct, and the moment set I is
not convex. Also, the unitary representation y, is the defining representation
of SU(3), so my, acts transitively on the projective representation space PV,
so it follows that [; is exactly the coadjoint orbit O,,. If A = 4, then J is not a
convex set as well (Later in the chapter, we plot the region of this non-convex
set in Figure 5.3), but the image of the projection p(I,) lies in the convex hull
of the Weyl Orbit W - ¢ (which coincides with the region in Figure 4.1).
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Theorem 5.1.5 ([55], Lemma 3.1). Let G be a compact connected semisimple
Lie group, T be a maximal torus of G, t be the Lie algebra of T', and t* be the
dual of t. Let A e At < %, and my be an irreducible unitary representation of
highest weight . If we restrict wy to T, denoted by 7y|r. Then, the moment

set Iy|r is always convex and satisfies Iy|p 0 t* = conv({\1, ..., \n}).

Example 5.1.5.1 ([44], Sec 6.1). Let 7|7 be a d-dimensional irreducible uni-
tary representation of the highest weight A restricted to T', acting on a Hilbert
space V. Let II(A) = {\1, ..., A\,} be the set of weights of 7, such that the
multiplicities of the weights satisfy Y, multi(\;) = d. Let PV be the projec-
tive space of V' identified by the unit sphere 23 = {v € V' : |v| = 1}, so that
PV is a G-Hamiltonian manifold with a moment map W. Let {vy,...,v4} be an
orthonormal basis of PV, and dry be the infinitesimal version of m,. By the

Definition 2.4.4 and Proposition 2.4.3, we have
U(Qq) = {dm(H)v,v) : o] =1}, Het, (5.1.3)

and for each v € PV,

<CZ7T)\(H)U,U> = <d7T)\(H)(Ul + -+ Ud), (Ul + -+ ’Ud)> (514)
={((M(H)vy + -+ Na(H)va), (01 + - - +v4)) (5.1.5)
= [v1|M(H) + -+ + |va| \a(H), (5.1.6)

where each \; € II()\), and |vy| + - - + |vg| = 1. So, we have
I\ € conv({\, ..., A\ }). (5.1.7)

On the other hand, let a;\; + - -+ + agAq be a convex combination of weights.
Let each v; be the vector of the weight \; with |v;| = 1. So, there exists a
v € Qg that can be written as v = \/ajv; + -+ + y/aqvq and satisfies |v| = 1.
This shows conv({A1, ..., \n}) € 1. Hence, I, = conv({A1, ..., \n}).

We can also build new representations from the tensor products of existing

representations.

Theorem 5.1.6 ([30], Exercise 21.7 ). (Clebsch-Gordan Theory) Let A\, € A*
be dominant weights, and V(\), V(1) be the irreducible standard cyclic modules
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of A\, with respect to the irreducible highest weight representations dmy,dm,,
respectively. Let TI(X), TI(u) be the set of weights of V/(N\),V (i), then

VN @V() ={v+v[vell(N), v e ll(u)},
dim (V(AN) @V (1)), = Z dim Vg - dim V.

E+E¢=v+1/

(5.1.8)

In particular, the weight X\ + p occurs once with multiplicity equal to 1, and the
standard cyclic module V(X + 1) occurs exactly once as a direct summand of

V)@V ().

Corollary 5.1.6.1 ([30], Exercise 21.8 ). Let (A1, ..., \;) be the l-tuple of funda-
mental dominant weights with respect to a chosen root system ® of g. There is
a construction for an arbitrary standard cyclic module V(X\), A € A, as a direct

summand in a suitable tensor product of modules V (A1), ..., V(N\). Choose an
arbitrary A € At. If

!
A\ = Z MmN, form; € 2, (5.1.9)
i=1

then V(X)) occurs ezxactly once as a summand in

VO ® @V @ ® VN ®..0V(N) (5.1.10)

m1 number of times my number of times

where the weight vector space of the weight X has dimension 1, and V(A =

Z,ZL.:I m;A\;) occurs exactly once in this tensor products.

Example 5.1.6.1 ([30], Exercise 22.7). Let G = SU(2), g = su(2), g = sl,C,
and A; be the only fundamental weight of sl,C. For m € Z*, we identify a
dominant weight mA; by m, so the Clebsch-Gordan formula for both su(2) and
sly(C) is given by: If n < m, then

Vim)@Vn)=zV(im+n)@V(im+n—2)---®V(m—n), (5.1.11)
n + 1 summands in total. Subsequently, V' (n) occurs exactly once in

V1) ®..0V(1). (5.1.12)

n number of times
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Lemma 5.1.7 ([55], Lemma 2.4). Let (Vy,m), (Va,m) be unitary representa-
tions of G, and I, I, be their moment sets respectively. Let V =V, @ Vs, and
let w be representation on 'V given by m(g)(v1 ® v2) = m1(g)v1 @ m2(g)va. Then

I, + I, © I < conv(Iy,) + conv(Iy,), (5.1.13)

and when I, + I, = conv(l;,) + conv(I,), we have I, = I, + I,.

We can apply this lemma to study the moment sets of unitary representations

of SU(2), which has an interesting result.

Proposition 5.1.8. Let G = SU(2), g = su(2) = R3, the dual g* = su(2)* =
R3. Let n € Z* be a dominant highest weight of SU(2), m, be an irreducible
highest weight unitary representation of SU(2), and let I,, be the moment set of

Tn. Then the moment set I,, of m, satisfies
I,=>1I, (5.1.14)
j=1

where the right-hand side is the sumset of n-copies of the moment set I, where

I, is the unit sphere in R® and I,, is the ball in I, with radius n.

Proof. By the Clebsch—Gordan theorem (Theorem 5.1.6, Corollary 5.1.6.1), we
can find exactly one copy of the irreducible unitary representation 7, inside the
reducible unitary representation given by the tensor products of n-copies of ;.

As for the moment sets, by Lemma 5.1.7,
Z LcI,c Z conv(1y). (5.1.15)
j=1 j=1

Since the set [; is a unit sphere in R? (Example 5.1.4.1), the convex set conv(I;)
is the unit ball in R?, and the fact that sumset of n-fold unit spheres coincides
with the sumset of n-fold unit balls, which is the ball in R? with radius n, so

the result follows. ]

For general compact connected semisimple Lie groups, when A is not root
distinct, it can be challenging to determine the exact moment set 1. If we let
Dy = conv{)\, ..., A\s} be the convex hull of the set of weights of the highest
weight A, then the moment set I, satisfies I is [y nt* € G- D, (Lemma 5.1.3).

In fact, we can determine a subset of I, N t* as follows.
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Proposition 5.1.9. Let A € AT be a dominant highest weight, (wy, V(X)) be
the irreducible highest weight unitary representation with respect to X, TI(\) be
the set of the weights of my. Let {v1,...,v,} be a subset of weight vectors
of the representation space V(X) of the highest weight representation my. If
S ={X1..., \n} is the set of weights corresponding to {v, ..., vy} such that S
contains the largest possible number of weights with the property that the pairwise

difference of any two weights in S is not a root, then W - conv(S) < I n t*.

Proof. Let D' = conv{\;..., Ay}, and suppose X' € D’. Then there exists
¢j € Cfor j =1,..,m such that 37", |¢;|* = 1, and

= > e (5.1.16)
j=1
Let v = 7" cju; be in the unit sphere of the representation space V(\) with

respect to a given norm (-, ). We claim that ¥(v) = \'. First, let H € t, then

U(v)(H) = {dn(H)v,v) = Z|CJ|A N(H), (5.1.17)

Now, let X, € g, for @« € ® as in the root space decomposition defined in

Definition 2.2.9, be a root space of g, then

U (v;)(Xa) = {dr(Xa)vj, v5), (5.1.18)

where dr(X,) acts as a raising operator and dr(X,)v; is a weight vector with
weight A\; + a. By assumption, none of vectors of the weight \; + « is in
{M,.. ., Am}. Thus, U(v)(X,) = N(X,) = 0. Also, N(X,) = (Hy, X,) is the
Killing form, and A'(-) is only non-degenerate on t. Hence, ¥(v) = X.

It follows that, D' € I, n t*, and because of W-invariance of Iy n t*, hence,
WD < It m

Corollary 5.1.9.1 ([47], Lemma 7.1). Let v be any unit vector in V', then
U(v) € Iy nt* if and only if {dr(X,)v,v) =0 for all a € P.

Example 5.1.9.1. Let G = SU(3), and its Lie algebra g = su(3). The Cartan
subalgebra t =~ R? (and its dual t* =~ R?). Let ®T = {a;, s, a1 + o} be
the set of positive roots of g. Let W be the Weyl group (5.1.2) of t,t*. Let
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0 = ay + as € AT be the half-sum of positive roots. By Example 5.1.2.2, we
know that ¢ is not root distinct, so the moment set I5 is not a convex set. But

we can determine a subset of I5 N t* as follows:

Moment subset of 6 of Az Root System of Az

a2 aj+ay " O » O+

v - .
(0,0) ay

\ y i

!
-(ag+ay) a2

Figure 5.1: Is n t* of A, Figure 5.2: Root system of A,

Let II(9) be the set of weights of the 8-dimensional irreducible unitary rep-

resentation 7s (which is also the adjoint representation of SU(3)), and
H((S) = {57 Qg, (O, Oa —Qq, —Q, _5}7 (5119)

where the multiplicity of the weight ‘0’ is 2, while other ones have multiplicity
1. The largest possible subset S of the weights in II(§) with the property that
pairwise difference of any two weights in S is not a root, which also contains 9,

is the set {J, —ay, —an}. If we let D = conv{d, —ay, —as}, then
W - D = conv{0, —ay, —as} U conv{—0d, a1, as} < Is N t* (5.1.20)

We can also see W - D in Figure 5.1, which is the area enclosed by the two
equilateral triangles. (It is not a convex set. In fact, we will show W-D = [5nt*

in the next section).

5.2 G-Invariant Measures on Moment Sets

In this section, we develop an explicit formula for the projection measure of the
moment set I,. In addition, we use the techniques in Chapter 4 to develop an

explicit formula for the G-invariant measure of I}.
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Proposition 5.2.1. Let G be a compact connected semisimple Lie group, g be
its Lie algebra, g* be the dual of g, T' be a maximal torus of G, t be the Lie
algebra (Cartan subalgebra) of T, and t* be the dual of t. Let A € AT < t* be
a dominant highest weight. Let my be a finite-dimensional irreducible unitary
representation of G of A. Let Iy, < g* be the moment set of wy. Then there

exists a G-invariant measure on the moment set 1.

Proof. G acts on I, but the action of GG in general is not transitive on I, so we
can treat I as a disjoint union of coadjoint orbits of GG. For each € I, < g*,
the coadjoint orbit Oz is a homogeneous space of the form G/Gp, where Gg
is the stabiliser subgroup of 5. By Proposition 4.1.3, there exists a unique
(up to a scalar multiple) and finite G-invariant measure on Og. We denote
this measure by v and normalise it so that v3(Og) = 1. Since each coadjoint
orbit of G intersects with t* < g*, we denote the set of this intersection by
A =1, nt*. Hence, I, = UﬂeA Og, where A is an index set of coadjoint orbits.
We can also assign a continuous measure v4 on A < t*. Finally, we can obtain
a global measure on I, denoted by vy, by combining invariant measures on
each coadjoint orbit O, that is,

v, (E) = JA vg(E n Og)dva(p), (5.2.1)

where E' € I, is a measurable subset. This is also an application of the disinte-
gration theorem (Theorem 4.1.1). Since each measure vg of the coadjoint orbit
Op is unique (up to a scalar multiple), the total measure vy, of the union of
coadjoint orbits I, is also unique once the normalisation is fixed. For example,
if we let vy, (1)) = 1, and each v3(Op) = 1, then the weights of v, are fixed to

satisfy this normalisation. O

Proposition 5.2.2. Let G be a compact simply connected semisimple Lie group,
g be its Lie algebra, g* be the dual of g, T be a mazximal torus of G, t be the
Lie algebra (Cartan subalgebra) of T, and t* be the dual of t. Let A € AT < t*
be a dominant highest weight. Let my be a d-dimensional irreducible unitary
representation of G of A acting on a Hilbert space Hy, dmy be ils infinites-
imal representation. Let TI(\) = {\1,..., \,} be the set of weights of m\ so
that multiplicities of the weights satisfy >, , multi(\;) = d. Let p : g* — t*
be the orthogonal projection map with respect to the Killing form on g*. Let
PH, be the projective space of H, which can be identified by the unit sphere
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Qg ={ueH : |ul =1}, where u = 25:1 u; such that Z;‘l:1 u;? =1, {u;}d_, is
an orthonormal basis of Hy, and each u; is also the weight vector of the weight
A; € II(X). We define the moment set of my as I = {{dmy(H)u,uy : ue Qq}

and a continuous, adjoint invariant function Wy on t by

Uy(H) = J AW 4y () = J eZi=r ilusl*x; (H) dv(u), VH et (5.2.2)
Qq Qq

where v is the unitarily invariant probability measure supported on 4. Suppose

we let vy, be the probability G-invariant measure on the moment set I of my in

g%, which is the pushforward of v. Then
Uy(H) = J D qup (&) = J Pt (), VHet, (5.2.3)
I conv(II(X))

where Vi is the projection of vy, with respect to p.

Proof. The moment set I, is the union of coadjoint orbits of G, so I, is G-
invariant. Let H € t, for each u € (4, there exists a § € t* such that
{dry(H)u,uy = i(H). Let p: I, — conv(II(\)) (Lemma 5.1.3). Let (5,7) € g*
where 3 € t* and v € (t*)* as defined in Definition 4.1.4. Let v be the prob-
ability measure on the fibre p~'(3), for 8 € conv(II(\)). By the disintegration

theorem (Theorem 4.1.1) and Lemma 4.1.5, we have

| eman© = [ e ) (6)
I, conv(II(N)) Jp=1(B)

(5.2.4)
= f e'BUH) dvi (B).

conv(II(\))
where Vi is the projection of v, with respect to p. Hence, the proposition

follows. O

Proposition 5.2.3. Let G be a compact simply connected semisimple Lie group,
g be its Lie algebra, g* be the dual of g, T be a maximal torus of G, t be the
Lie algebra (Cartan subalgebra) of T, and t* be the dual of t. Let A € AT < t*
be a dominant highest weight. Let my be a d-dimensional irreducible unitary
representation of G of \ acting on a Hilbert space H,, dmwy be its infinitesimal
representation. Let TI(A) = {\1, ..., \,} be the set of weights of 7y so that mul-
tiplicities of the weights satisfy >, multi(\;) = d. Let PH, be the projective
space of Hy which can be identified by the unit sphere Qg = {ueH : |u| = 1},
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where u = Zj:1 u; such that Zj:1 luj|* = 1, {u;}9, is an orthonormal basis
of Hx, and each u; is also the weight vector of the weight A\; € II(\). Suppose
the multiplicity of each weight \; € IL(X) is exactly 1, and all vectors in {u;}]_,
have distinct weights (in this case d = n). Then, the t-Fourier transform of

L P
the projection measure vy, is given by

kZl [T jur i = M) (H)

1<j<n

(5.2.5)

(v,) " (H) = Wu(H) = (=1)" ' (n — 1)!

for all H € t.

Proof. Based on the calculations in ([40], Theorem 9) and ([44], Lemma 4.16),
we let X, be the characteristic function on 2, so we first evaluate the right-

hand side of (5.2.2),
f Xy (u) eZi=t MM gy, ., (5.2.6)

where each complex variable du; can be re-written in polar form as |u;|d|u;|d6;,

so (5.2.6) is equal to

f f X, (u) X5 100 oy | dfuy | dly - - | d]un|d6,
1 n
(2m) (5.2.7)

_ j Xev, (1) S5t P gl 2.l |2
+
Now, we can consider dw; = 7 d|u;|* to be the change from the thickness of the

annulus to the thickness of a wall. Also, by the definition of a simplex, (5.2.7)

is equal to
1 n
S Xarr(w) expSi s du, .o duy
" R™
' 1 pl-w Lowi—was (5.2.8)
o Jo 0

where we have integrated with respect to w,. Define the right hand side of
(5.2.8) by W, (A1, ..., A\p) (H). We further integrate (5.2.8) with respect to w;,_1,

we obtain the recursive relation

W 1Ay e A1) = W1 (Aqy ooy Aoy An)

U (M1 ooy M) = P

(5.2.9)

118



CHAPTER 5. INVARIANT MEASURES ON MOMENT SETS

By induction, we can show

n e/\k
v : 2.1
n(As e An) Z T (5.2.10)

] #k
1<j<n

We have ®1(A\;) = eM and $y(\1, \o) = /\fil/\Q /\1A2 So it is true for n = 1 and
2. Now, we assume it is true for all n = N, then it is also true when n = N + 1,

that is

\IIN()\M s >\N) B \IJN()\D sy >‘N—17 >\N+1)

Une1(Ar, ooy ANgr) = A — Avas
+

(5.2.11)

The right hand-side is equal to

N-1 N— _
(_1)]\7716/\]c H (>\ _/\k Z N 1 /\k H (/\] —)\k) 1
k=1 jSN-1,N AN = A A JeNSLN41 AN — AN41
J;ﬁk j#k
A — Aner) !
N loAN —(—1)N AN ( J N+1
Jl;lv AN — >\N+1 =1 j;él;lﬂ AN — AN41
' 1 Y1 [(Av+1 =) — v — A
k=1 ()‘N - /\N+1) Hj;ék(Aj - )‘k‘)
(A —Aw)” (N = Angn) ™!
+ 1 N AN 1)V eAv+1 J
= Jl;lv AN+1 — AN D ]1;[ AN — AN+1
N+1
- Sy [T -
k=1 j#k

= Wni1 (A1, s An) -

Also, by induction, we can prove that the simplex has volume

) 1 pl—w; l—wy——wp—2 1
v(A"Y) = f f f dwy, 1, ...,dw; = 5.2.12
( ) 0 Jo 0 ' =1 ( )

Therefore, the function in (5.2.2) satisfies ¥,, = (n—1)! ¥,,, and the proposition
follows. o

Remark. Note that if we define

Ty, ) () = f eZi=1 1PN 0) gy (u), (5.2.13)
Qq
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to be a function in (t*)? instead, then WU, is still continuous and well-defined
if any multi(\;) > 1. Also, suppose A, lies in a neighborhood of an element
\e t*, then

Jim gl Ay Ay () = gl M A, ) (), (5.2.14)

by the dominated convergence theorem.

Proposition 5.2.4. Let G = SU(2), T be a mazimal torus of G, g,t be their
Lie algebras respectively, and g*,t* be the duals of g,t. Let n € AT = Z* be
an integer dominant weight, m, be a (n + 1)-dimensional irreducible unitary
representation with respect to n, and I,, be the moment set of m,. Also, let Oy
be the coadjoint orbit of the integer 1, and I1(n) be the set of the weights of
mx. Denote (v1)* the n-fold convolution of the G-invariant Liouville measure

of Oy, and vy, the G-invariant probability measure of I,,. Then,
v, = (1n)*". (5.2.15)

Proof. Since both vy, and (v1)*" and their Fourier transforms are G-invariant,
hence, we can show (v )v8|¢ = ((11)*")"%;. Also, because we have (v, )V9|; =

(l/i)Vt and (vf™)V8¢ = ((11)*™)¥!, so we can show (I/?n)\/t = ((W)*™)vL

Notice that by Theorem 2.5.7, the t-Fourier transform of (v})*" is given by

(WF)™) = (Sm;]H))n, Het=R. (5.2.16)

Let n = 1, II(n) = {n,n —2,...,—(n — 2),—n}, and each weight in II(n) is
distinct. So, by Proposition 5.2.3, we have
()" = (~1)"n! Z ekH , Hetx=R. (5.2.17)
" keTl(n) H]EH(n) Z(-] - k)H
ok

So, we want to show

sin(H) "
(M) = SIPINS s perEaT

eikH

, Het=R.  (52.18)

Firstly, we note that

sin (H) = — (e —e™), Het=R. (5.2.19)
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Next, by binomial theorem, we have

(sin (H))" = zn] ! (") (~1)refn=H e t=~R. (5.2.20)

If we let II(n) = {n —2s : s € {0,1,--- ,n}}, and let k& = n — 2r, then the

denominator [ [y, (J — k) becomes
ik

jell(n) s€{0,1,...,n}
J#k s#T
=2 J] (r—s) (5.2.21)
s€{0,1,...,n}

Hence,
sin” (H) « 1 n (n—
_ 1)" i(n—2r)H
H"» ;0 (2¢H)™ (r)( )
" 1 n! A
_ —1)" i(n—2r)H
TZ;) i YV i ¢
n 1 67;(77,721”)1‘[ (5222)
=(—1)"n!
" Z H)n2n(=1)="rl(n —r)!
(=1 P
1) Z ik H
=(—1)"n! — ,
#k
for H € t = R. Therefore, the proposition follows. m
Remark.

e This is a key observation in this project. So far, this correspondence of
describing the moment set of a highest weight unitary representation of a
compact semisimple Lie group G, by the sumset of coadjoint orbits of G,
is only known for SU(2). It is unclear if this correspondence is true for

other G.

e This correspondence is also related to the non-constant coefficient differ-

ential operator T%, which will be discussed further in Chapter 6.
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Example 5.2.4.1. If n = 1, then II(1) = {1, —1}, so 5.2.17 is equal to

el — = gin(H)

_ , (5.2.23)
12H H
If n =2, then I1(2) = {2,0,—2}, so 5.2.17 is equal to
i2H | ,—i2H : 2
L _ ™4™ (sin(H))" (5.2.24)
2H? 4H? H
If n = 3, then II(3) = {3,1,—1, -3}, so 5.2.17 is equal to
o iH _ —iH < i3H _ —i3H : 3
_i3(e ey N i(e e~ ) _ sin(H) . (5.2.25)
8H3 8H? H
If n =4, then II(3) = {4,2,0, -2, —4}, so 5.2.17 is equal to
i2H —i2H i4H —idH ; 4
3 e4e I +e _ sin(H) _ (5.2.26)
8H* 4H* 16 H* H

If n =5, then I1(4) = {5,3,1,—1,—3, =5}, so 5.2.17 is equal to

i5(€iH _ e—iH) i5(ei3H _ e—z’3H) Z'(ei5H _ e—i5H) sin(H) 5
— + — —
16H> 32H5 32H5 H ’

(5.2.27)

etc.

Proposition 5.2.5. Let G be a compact simply connected semisimple Lie group,
g be its Lie algebra, g* be the dual of g, T' be a maximal torus of G, t be the
Lie algebra (Cartan subalgebra) of T, t* be the dual of t, and W be the Weyl
group of t,t*. Let A € AT < t* be a dominant highest weight. Let 7y be a finite-
dimensional irreducible unitary representation of G of highest weight X acting
on a Hilbert space Hy. Let TI(\) be the set of weights of the irreducible unitary
representation my, dy be the dimension of wy. Let my(p) be the multiplicity of the
weight € II(X). Let D = II(A\) n At be the subset of dominant weights in I1(\)
with cardinality |D| = q. Let I be the moment set of wx, and p : g* — t* be the
orthogonal projection map. Then, the projection of the G-invariant probability

measure of the moment set Iy on t* (pushforward of the unitarily probability
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measure of the unit sphere of H, ), denoted by l/i, 18 given by

1/53)\ - ( d>\ 1 d>\— Z Z my /\k Cwy, * 1_[ 1_[ " (lekj_wAk)*m()\j)

k=1 weW /Wy, J—Luw'eW /Wy,

(5.2.28)
where each dominant weight A\, \; lie in D, and ey, 1is the unit point mass at
i, F\, is the arc-length measure along the ray of A\ in t*, and w'\; — wh, =

Z§=1 tiag, for a; € A, t, € Z, and Wy, is the subgroup of W that stabilises \j.

Proof. By Theorem 4.1.13, Theorem 4.3.4 and Definition 4.1.9, we see that for

every root a € ¢,

Lﬁ e I g = F, (5.2.29)
in the sense of distributions, where 1/ia(H) is a principal value distribution
and F,, is the arc-length measure (Definition 4.1.9) on the ray along the root
vector . We may extend this identity to an arbitrary linear combination of
root vectors. Because every weight in II(\) can be written as A — Z;Zl ko,
aj € A, k;j € Z* ([30], Theorem 20.2), the difference of any pair of weights is the
integral linear combination of root vectors in ®. Hence, if we let o, € &, k! € Z,

then we have

1
f e dH = Foi 0. (5.2.30)
i Kol (H) =

j=1 7%
Suppose 7, contains repeated weights and that \” € t* lies in neighborhood of
a weight X € A such that N — )\ = 52211 kjaj, oy € A, e > 0, for arbitrary

choice of integer k;. Let f € S(t*) be a Schwartz function, then we have

lim f7H(H)
=0 ”52] 1 ko (H)

—in(H .
M dH =lim gt oo« f=cosf.  (52:31)
in the sense of distributions, where eq is the unit point mass at the origin of

t*. This also explains the continuity of ¥, in (5.2.13) with repeated weights
(Proposition 5.2.2).

Let W be the Weyl group of t*, we have II(A) = W - D. Let my(Ax) be the
multiplicity of the dominant weight A;. The continuous function ¥, (A, ...\,) in
(5.2.10) contains my(Ax) copies of exponential function of Ay € D, and my(\x)
copies of exponential function of w - Ay, for each w € W. Because we have
m(Ax) = m(w - Ax) by ([30], Theorem 21.2). Also, by the identity (5.2.31), the

denominator of every term in W, (A, ...\,) is non-zero.
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Hence, the proposition follows by considering the multiplicities, Weyl orbits

and singularities of the dominant weights in D.
O

Example 5.2.5.1. Let G = SU(3), and g = su(3) be its Lie algebra. The
Cartan subalgebra t = R? (and its dual t* = R?). Let ® = {ay, ag, a1 + as} be
the set of positive roots of g. Let W be the Weyl group (5.1.2) of t,t*. Also, let
Wy, = {e,04,} be the stabiliser subgroup. Let A € AT be a dominant weight.
IfA=X\ = %al + %0@, the first fundamental weight of t* (in Figure 5.2), then
the Weyl orbit of Ay is the set

W )\1 = {)\1,)\1 — Oél,)\l - — C(Q} = W/W)\l = {e,aal,agal}. (5232)

Let my, be the irreducible unitary representation of Ay, II(A;) be the set of
weights of 7, which coincides with W - A\;, and I, be the moment set of m,,.
Hence, by (5.2.5), we have

3 iAe(H)

(Vﬁl)w (H) = (—1)2(2)!];1 1. :()\j — M) (H)

1<5<3

_ M) i) (5.2.33)
B Can) () (—or —a)(H) T (o) (H) (— o) (H)

ei(/\l —ai—a2)(H)

(a1 + an)(H) () (H)'

+ 2

for H € t. Since 7y, is also the defining representation of SU(3), so I, is exactly

the single coadjoint orbit O,. This means if we let v} be the projection of the
Vi v
G-invariant probability measure of O,,, then (1/2) (H) = (%) " (H).

Recall that by Theorem 4.3.4, if A lies on a wall of t%, then

. A
v, *|(H) = Cy , ) for H e t. (5.2.34)
g ]Zl sgn(Tu;) 1_[ae<1>+\<1>;jA ia(H)
where
)
Oy = Haeor (0.) (5.2.35)

B Haedﬁ\@; ()" Oz) Haecbj (6)\7 a) ’

and sgn(7,,) = (—1), and ¢ is the number | {8 € ®} |w;8 ¢ ®T}|. Also, &} =
{aedt | (N a) =0}, 0, = %Zae(}i a, and W /Wy = {w;}7L,.
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If A = Ay, which lies on the wall [0,00) - Ay of ¢}, then

Cy = (o + g, ) (g + 042,041)(0411 + a9, a1 + ag) _o. (5.2.36)
(A, @) (A, o + 042)(50427 )

where we let (o, ;) = 2, (oj, ;) = —1, fori # jand,j € {1,2}, and (A, ) =
1, (A, 2) = 0. Also, sgn(ry,) = 1 for all w; € W/W,,. In addition, &7, =
{as}, CIDJ = {a; + as} and <I>020 = {a1}. Then, we have

M (H)

U ) = e o + o) () 2 e (H ) ()

ei()q —a1—a2)(H)

P2ag(H) (o + ao)(H)’

i(A1—aa1)(H)

(5.2.37)
+2

which is exactly the same as (yil) E (H) that we calculated above.

Next, we determine the density function ¢(J, -), supported on I N t*.

Definition 5.2.6. Let A € A* < t} be a dominant highest weight, 7y be the
irreducible highest weight unitary representation of A, and I, be the moment

set of m\. By Proposition 5.2.1, the G-invariant probability measure of I, is
defined by

A

vy :f oA, N wan dN, (5.2.38)
t*

where vy is the probability G-invariant measure on the coadjoint orbit O,~, and

©(A, \") is a density function supported on I n t%, which relies on the choice
of A. Let p: g* — t* be the orthogonal projection map. The projection of vy, ,
denoted by v7 , is defined by

v :J SN, A", (5.2.39)
t*

+

Proposition 5.2.7. Let txy be the interior of the fundamental dual Weyl cham-

ber £ . Suppose the intersection Iy Nt is non-empty. Then the density function

(A, ( I]o ) v (n et (5.2.40)

aedt
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where 0, 18 the directional derivative of the root vector o, and

C, =116/ ] 0. (5.2.41)

aedt aed+

Proof. By the normalisation formula (4.1.9), let \ € t,

R(A)(H)
Hae<1>+ Za(H) ’

where R(\)(H) = Y o sen(w)e™ @) and C;! is the continuous version of
Weyl dimension formula in (4.1.9). Taking the t-Fourier transform of both sides
of (5.2.39), we obtain

VI(H) = C), VH €t (5.2.42)

R(\")(H)

— V7 g\ 2.4
Mocar (@)™ (5.2.43)

W) = | e X)Coe

where the Lebesgue measures on the walls of t* are zero. Also, if we multiply
both sides of (5.2.43) by R(n)(H) and integrate over t, then by Lemma 4.2.1,

we obtain

(5.2.44)

The last equality is obtained by the anti-symmetric properties of the product

of all positive roots, that is

[] wa(H) =sgn(w) [ | a(H) (5.2.45)

by Lemma 4.2.2. Hence, the result follows from the fact that the Fourier trans-

form of linear functionals are directional derivatives (Lemma 4.3.1). O

Example 5.2.7.1. Let G = SU(3), and its Lie algebra g = su(3). The Cartan
subalgebra t = R? (and its dual t* = R?). Let ®* = {ay, @, a; + as} be the
set of positive roots of g. Let W be the Weyl group (5.1.2) of t,t*. Let § =
oy + ag € AT be the half-sum of positive roots. Let s be the irreducible unitary
representation of §, the set of the weights T1(§) = {0, a1, a,0, —ag, —cvy, —0}
(only the ‘zero” weight has multiplicity 2, and others have multiplicity 1) and
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I5 be the moment set of 5. From Example 5.1.9.1 and Figure 5.1, we can see
that I5 "t is non-empty and is contained in the closure of t% , which is spanned
by the rays along the vectors A\; and Ay (walls of t%), and Is n t* is also not

fully contained in any walls of t7.

By equation (5.2.28), we have

Vi =esx Fgys Fo # (F_g)? s F_y 5+ F_o 5+ F os
oy # Fuy # Foy_oy % (Fog)* # Fog# Foq, # F_s_q,
oy * Foy # Foyag # (F_ay)* % Fog, * F g+ Fs_q,
+ 2w Fys Fy v By v oy v Flo v Fy (5.2.46)
F €y * Fsiay * Fs# Fogy # (Foy) 2% F o yay * Fla,
te o * Fyia, # Fog, # Fs# (Fy)) % F gyia, * Flay
te_sr Fyyss Foyrs® (F5)* « Fy # Fy, + Fs,

where e) is a point mass at A € t*, and F), is a uniform measure along the ray
of the vector A € t*. Thus, by equation (5.2.40), a density function ¢(d,-) (we

omit the constant coefficient) of the Is n t% is given by

p(\n) = [ 0o | V1, (1)

aed®t ={ai,a2,a1+a2}
=es* F 55 F o, 5% F_ o 5% s
+ €ay * Fayoay # Foay # Flggy * Fs_q,
teo, # Foyan# Fla,# Flog, + Fl 5 o, (5.2.47)
+ 20 [, B # Fl s
te ay* F5+az * F2012 * Faz * F7011+042
+e_ oy # Fsiay * Fooy # Py # Py

+e_sx o v Foyrs® P+ Fog,

for n € t}. Hence, we approximate and plot the density function (4, -) in Figure
5.3 and 5.4, and they show the density function is a linear piecewise polynomial

with the highest density concentrated in the origin of t*.

Also, the support of ¢(d,-) coincides with the 2-dimensional non-convex
region (a subset of I5 nt*) in Figure 5.1. So, that non-convex region is not only

a subset, but also the exact set for I5 n t*.
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N o
RSS2
aras Sleeha
4 ; \‘vg’.’&%

Figure 5.3: Is n t* of Ay (Top) Figure 5.4: Is n t* of Ay (Side)

When A € A" lies on a ‘wall or (edge of a wall)’ of t%, depending on the
semisimple Lie algebra g, Iy n t% could be fully contained in that wall. For
example, every first fundamental weight A; of the defining representation of
SU(n) lies on a minimal wall of t*, and I, n t% is just the singular point A;,
which is fully contained in a minimal wall (along the vector of A;). Hence,
Proposition 5.2.7 no longer applies to these cases. Therefore, in the following
part, we derive a new density function for I, n t% that is fully contained in a

minimal wall.

Proposition 5.2.8. Suppose Iy Nt} is fully contained in the closure of a mini-

mal wall t£ of ¥}, and let t£ denote the interior of tZ, then the densily function

e =C [ ] oa |, net (5.2.48)

aed\eL

where L = {a e @ 1 (N, a) =0,VA et }, and

[Loca+(9,0)
C, = ac , 5.2.49
! Haeq>+\<1>g0 (n,a) - Haecbgo (0, ) ( )

=1
where o, = 5 Zaeq,go a.

Proof. Suppose that A" lies in the interior of a minimal wall t£ , and define
a subgroup of W, Wz, = {w e W : w\" = X' VN € Zp}, then W/Wz, is
isomorphic to the Weyl orbit of \". Let W/Wz, = {w;}7,. By Theorem 4.3.4,
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the measure 1}, is given by

Vi” == C)\// Z SgIl(U}j)ewj)\// * H 5wja P, (5250)

Jj=1 aeCID;,,

where

[ Gue |P=sen(rs,) [] +Fa. (5.2.51)
aG‘I)i,, aeq>+\<1>$j !
sgn(7w,) = (—1)", and ¢ is the number |{8 € ®% |w;3 ¢ ®}|. Hence, the nor-
malisation v,,f|; can be written as
iw; N (H)

v Zm sgn(w;) €
14 ,,g H) = C)\// - s VH e t. 5.2.52
WD = O 2 () [ocara: , ia(H) (5:252)

Let t£ be a minimal wall of t¥ containing the support of ¢(A,-), t& the

interior of t£, so that the t-Fourier transform of both sides of (5.2.39) becomes

eiw; N(H)

(v1,) " (H) =f P(A ") C i sgn(w;)

, d\",  (5.2.53
f; j=1 Sgn(Tw]') Ha€¢+\¢:’j50 ZQ(H) ( )

and rearrange and it becomes

( 0 m<H>) )" ()

aedt

< Sgn(w') . iw; N (H "
— M) Cy Y == iB(H) | e N H) g\,
J pr e 3 S8 T o

w;EQ

(5.2.54)

& osgn(w;)  emteonH) )
R(n)(H) = tt VYHet (5255
(m)(H) ]Z_lsgn(m]) [Tsea: _ iBH)’ ne s € ( )

and in fact this function is an anti-symmetric function on t. Also, for o # £,

felLl(&),

o(H Y
On |+ F(n) = LL % FON XN =DE g\ dH,  pett  (5.2.56)
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Multiplying both sides of (5.2.54) by R(n)(H ), and integrating over t, we obtain

sgn(w - p Vvt —iw;n(H
S0\ 7) = |W/W_O|Z )L [T ot | ()" (myemom ap

sgn(T, s\
(5.2.57)
Also, notice that
T -1 .

(oo, i, BCH) — sen(ry1) [sens, i(H)

Now because (w;n, 3) = (w]'_len;wj_lﬁ) = (m, lﬁ) =0, for § € (p; =, and

for all n € t£ , it follows that wj_1 B belongs to <I>JEFO. Therefore, equation (5.2.57)

becomes

e\ =C," [ o) |(4)" (H)e ™ dH (5.2.59)

t ae®H\@ZL

Hence, the result follows. O

Remark. We can use the Proposition 5.1.9 to determine a subset of I n t*
by identifying a set S(\) (Proposition 5.1.9) which contains the highest weight,
so that we can determine whether or not it is fully contained in a wall of the
tt. Then we can choose the density functions of the G-invariant measures
developed, (5.2.40) and (5.2.48), accordingly. The resulting measures calculated
are G-invariant piece-wise polynomials with support contained in the convex hull
of W-\. If the set S(X) is fully contained in the closure of a minimal wall, then
we can compare the support of the version of the G-invariant measure of the wall
with the S(\) to check the correspondence. Therefore, it is not straightforward
to determine the density function for this case comparing to the root distinct
highest weights. But our method provides a concrete way to calculate the density
functions, thus the supports and singular supports of moment sets, especially

when the moment set I, 1s not convex.

Example 5.2.8.1. Let G = SU(3), and its Lie algebra g = su(3). The Cartan
subalgebra t =~ R? (and its dual t* =~ R?). Let ®" = {1, 9,1 + s} be
the set of positive roots of g. Let W be the Weyl group (5.1.2) of t,t*. Let
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AL = %al + %0@ € AT be the first fundamental weight of t*, and the Weyl orbit
of A\ is the set W - Ay = {\;, \ — a1, \; — ag — an}. Let my, be the irreducible
unitary representation of \y,, which is also the defining representation of SU(3),
hence the set of weights II(A;) = W-\;. Each weight in II(\;) has multiplicity 1.
By Example 5.1.2.2 | A is not root distinct, so the moment set I, is not convex,
and I, is exactly the single coadjoint orbit O,,. The intersection I, Nt is
{\1}, which is fully contained in the wall [0,00) - A\; of t}. Hence, the density

function of I, N t% is

de(A1,n) = ey (n)dn, netl, (5.2.60)

where ey, is the unit point mass at A\;. To see this, notice that the Equation

5.2.33 that we calculated above, we have

p

Iy, — ex * Foay # Faytas

+exn_ay * Foy * Flg, (5.2.61)

+ Exi—ar—as * Lag+ag * Fa27

and by Equation (5.2.48), the density function on I, n % is given by

90()‘17 ) = H Oa Vil

ae<1>+\‘1>1'1 ={a1,a1taz}

(5.2.62)
=ex *+ a041Jr012 (6)\1,&1 * F*OQ) + aOé1 (6)\1*5 * FOéz)'

(We have omitted the constant coefficients.) Notice that if we let f e CP(t*),

bay, Doy be the angles between the positive side of the z-axis of t* = R? and
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vectors o and ay (for ag # ay), respectively, then we have

0 0
<5TO£1Fa2’f>:_£* FDQ(H)&TM (H)dH
:‘Mazﬂ ) dH
_ e 2 )
C Jan (COS (9ar) 5 +sin (%1)6@/) [z, y)d(z,y)

[ 0 ot 0 Ot
= - (COS(%J%&—JFS ((bal)&t&_y

JO
( (¢0) 2, sin EQ’ZZL) (%) £t 08 (d0,). 50 (60,)) dt

Jo \cos(¢a,) ot sin
_ cos (¢a1) sin (@, ) f(ta
- (COS (cbaz) sin (G, ) )J 6t @)
_ (cos (far) N sin (¢a1)) £(0)

oS (ay)  SiN (@ay)
= C(¢a1a ¢O¢2)60 * f

) £t 05 (6s). 510 (60,)

(5.2.63)

Hence, we conclude that (A1, )| = ey, So,

VIM = J; S5V ()\”)V)\N d)\” = Vxs (5264)

t

which is exactly the probability G-invariant measure of the coadjoint orbit Oy, .

Example 5.2.8.2. Let G = Spin(5,R), a 5-dimensional real spin group, which
is also the double cover group of SO(5,R). They share the same Lie algebra g,
which can be represented by the compact real form of By (in the B, family),
and the Cartan subalgebra t =~ R2. The root system of By has positive roots:
Ot = {1, 9,1 + ag,a; + 2a5}. The first fundamental weight A; coincides
with a positive root, which is Ay = a3 + a5. Let ), be the irreducible unitary

representation of ;. The set of weights of 7y, is

H()\l) = {)\1, )\1 — g, 0, )\1 — 1 — 2062, >\1 — 20(1 — 20[2}7 (5265)
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and each weight has multiplicity 1. Thus we have

Vil =6x * (Fal * Foz1+a2 * Lag4+2ag * F2a1+2a2)
+ex—a ¥ (FOél * FOéz * F—2a2 * a1+2a2)
+e0* (Foyray * Fay * Foy * Fioyvay) (5.2.66)
+en—ar—as* (Fa1+2a2 * F72a2 * Fag * Foq)

+ 6A172a172a2 * (F2a1+2a2 * a1+2as * Fa1+a2 * Fa1)~
Root System of Bo

al+2g2

Moment Set of T,

a2 al+az
a2, at+az

al

Figure 5.5: Root System of B, Figure 5.6: I, of By

Since A; is not root distinct, the moment set I, is not a convex set. Let
S(A1) be the largest possible set of weights containing A\ such that the pairwise
difference of any pair of weights in the set is not a root. We can see that
S(A) = {A1, A1 — 201 — 2ae}, because 2 + 2 ¢ ®. Hence the Weyl orbit
W - S(A\1) is also contained in I, n t*, which is shown in Figure 5.6. Hence, we
assume Iy N t* is fully contained in the wall [0, 00) - A;. Thus we can apply the
density function (5.2.48). We have ®\®Y = {ay, a1 + az, a1 + 203}, and we
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obtain the density function ¢(Aq,-) of I, N %

SO()‘D ) = H 806 Vil

a{on,a1+ag,01 4202}

= e * (Faai42as)

+ Clag + g, —az) €x,—ay * (Fay) (5.2.67)
+ C(a1, 02)0n; +202€0

+ Clay + ag, —az) €x,—a, * (Fay)

+ e>\1—2a1—2a2 * (F2a1+2a2)

where C(a, 8) is a constant coefficient determined by vectors «, 5. Thus we
obtain a distribution along the wall spanned by Ay, and it is given by dp(Ay,n) =
F\,(AM—n)+Fy, (=A\1—n) dn, for n = tA;,t € (0,00). This formula can be reduced

to
de(M,n) = Fx, (A —n)dn (5.2.68)

for n = tA\,t € (0,00). This is an arc-length measure on (0, 1) - A;. Its support

coincides with the ‘possible’ moment set of I,, which is shown in Figure 5.6.

Could the moment set be bigger than this? In other words, is the intersection

I Nt} non-empty? We can determine it by the density function (5.2.40), so we

oAy, -) = (H aa> v, (5.2.69)

Because we differentiate the projection Vi with respect to all the positive roots,
1

have

we obtain a new distribution

p(A1, ) = Cla, Blen,, (5.2.70)

which is a point mass at ey,, and A; is fully contained in the wall [0, 0) - A\
This does not match our assumption that I, n tj is non-empty. Hence, it is a

contradiction, and the set in Figure 5.6 is exactly the support of I, nt7.
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Chapter 6

A Non-Commutative Kirillov
Method

We introduce a non-commutative Kirillov method by combining an updated ver-
sion of Nelson’s formula [40] for finite-dimensional non-commutative self-adjoint
operators and a family of G-invariant measures on moment sets of irreducible
unitary representations developed in Chapter 5 to explicitly calculate the ex-
ponential of skew-Hermitian irreducible highest weight representations of Lie
algebras of compact simply connected semisimple Lie groups. We also demon-
strate how the differential operators induced by the action of G interact with
the lift of matrix coefficients that were studied in Chapter 3. Furthermore, we
extend our method to non-skew-Hermitian irreducible highest weight represen-

tations.

In this chapter, we let G' be a compact connected semisimple Lie group, g be
the Lie algebra of G, g* be the dual of g, t, t* be the (dual) Cartan subalgebra of
g, g%, respectively, and W be the Weyl group of t, t*. In addition, we let t3 be
the fundamental dual Weyl chamber of t*, t; be the interior of t}, ® be the set
of roots of g, A be a subset of simple roots of ®, ®* be the subset of positive
roots of ®, A be the set of the weights of t* and A" be the set of dominant
weights of A in t%. In addition, we let p : g* — t* be the projection map with
respect to the Killing form of g*.

In Section 6.1, we review the definitions of Weyl calculus, E. Nelson’s formula
for Weyl calculus in a finite setting, and R. Raffoul’s results of support and

singular support of Weyl calculus for general compact Lie groups.
In Section 6.2, we discuss some interesting properties of the non-constant-

r

coefficient differential operator ¢ % in g (which generalises rZ for su(2)). In
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Proposition 6.2.4, we derive generalised Bessel functions for compact connected
semisimple Lie groups. In Proposition 6.2.5, we use this Bessel function to prove

that ¢ a_a( is a G-invariant differential operator in g.

In Section 6.3, we derive a Kirillov-type non-commutative formula for an
irreducible unitary highest weight representation 7. In Proposition 6.3.3, we
derive an updated version of Nelson’s formula by introducing a recursive func-
tion v of the differential operator ¢ %. In Proposition 6.3.5, we show that the
g-Fourier transform of 7 o exp is a polynomial of differential operators in fun-
damental weight directions, root directions and ( %, acting on the G-invariant

measure vy, of the moment set I of my.

In Section 6.4, in Proposition 6.4.1, we show that the Kirillov type non-
commutative formula can be extended to non-unitary highest weight represen-

tations.

We use examples of SU(2) and SU(3) to illustrate these propositions.

6.1 Weyl Calculus and Coadjoint Orbits

The Weyl calculus was introduced by Hermann Weyl [53] to model the quantisa-
tion of a function f(P, Q) for which P, @) are the moment and position operators.
It was studied in the general case of self-adjoint operators by Robert Ander-
son [5]. Edward Nelson [40] introduced the theory of operants as a framework
for studying Weyl calculus, and proved an explicit formula for the Weyl calcu-
lus in the finite-dimensional setting with an ingenious application of recursion
relations and induction. Brian Jefferies [31] provided an alternative proof of
Nelson’s formula with an application of the Cayley-Hamilton theorem and bi-
nomial expressions. Raed Raffoul [44] applied the Weyl calculus and operants

to study the unitary representations of compact Lie groups.

In this section, we review Nelson’s explicit formula of the Weyl calculus for
finite-dimensional non-commutative self-adjoint operators and Raffoul’s results
for the support and singular support of the Weyl calculus W, when A is the
infinitesimal version of an irreducible unitary representation of a compact simply

connected semisimple Lie group.

Definition 6.1.1. Let H = C" be a finite and n-dimensional complex Hilbert
space. Let A : H — H be a linear operator on H, and let H be endowed with
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a uniform operator norm
A]| = sup {|[Av]] = [[vl| # 0, [Jol| = 1, |jv]| € H}. (6.1.1)

Define A = (Ay, ..., Aq) as a d-tuple of n-dimensional Hermitian matrices acting
on H. For £ = (&y,...,&) € R the matrix £- A = Z;.lzl §;A; is again Hermitian.

Theorem 6.1.2 ([40], Theorem 6, [44], Theorem 2.1.5). Let H = C" be a
complex Hilbert space. Let A = (Aq, ..., Aq) be a d-tuple of finite-dimensional
Hermitian matrices on H, where Aq,...Ay do not necessarily commute. Let

L(H) denote the space of all operators on H endowed with the uniform operator

norm || - ||. Then, for & = (€1, ...,&) € R, A e L(H) and
[l 4] = 1. (6.1.2)

Let f : R — C be any function with integrable Fourier transform f Then the
L(H)-valued integral

JlA) = | F@ess, (6.1.3)

18 convergent.

Definition 6.1.3. Let H =~ C" be a complex Hilbert space. Let A = (A, ..., Ag)
be a d-tuple of finite-dimensional Hermitian matrices on #H, and let £L(H) be
the space of all operators on H. Let f € S(R?) be the Schwartz space of rapidly
decreasing functions (It is known that f € S (RY)). The Weyl calculus of A is
a L(H)-valued tempered distribution Wy, which is given by

Walf) = , FOeAde,  feSRY. (6.1.4)

Next, we state E. Nelson’s explicit formula for the Weyl calculus of finite-

dimensional self-adjoint operators.

Theorem 6.1.4 ([40], Theorem 9, [44], Theorem 4.1.1). (E. Nelson) Let H =
C"™ be an finite-dimensional Hilbert space, and L(H) be the Banach algebra
of bounded operators on H. Let ¥ < L(H)* be a subset of the dual space
of all linear functionals of the form A — (Au,u), for A € L(H), where u

lies on the unit sphere € in H with a unitarily invariant probability measure
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v(Q) =1, and p be the unitarily invariant measure on 3 such that p(X) = 1.
Let Vi be the real vector space of all self-adjoint elements of L(H). Suppose
A= (Ay, ..., Ag) is a d-tuple of self-adjoint operators in Vy. Letx € R%, € € (]Rd)*
and x-A = Z 1 T A, and let Wy.a be the Weyl calculus of x - A, which is also
the Fourier transform of the L(H)-valued function x - A — 4. Then, the
explicit form of W,.a is given by

_ A _j9 .
o' ) kj1¢"_k_]_1( ‘2 A)
(n—j+m-—1)

a k m
( o (f—g‘df) o

where ¢ (A) denotes the principal minor of the matriz A with degree k, and the

(6.1.5)

inwverse Fourier transform of v is given by

(- A) = L 57 dp() = L A0 gy (). (6.1.6)

Remark. By the Paley- Wiener-Schwartz theorem, the inverse Fourier trans-

form of W,.4 is a matriz of analytic functions on R,

Example 6.1.4.1 ([5], Theorem 4.1). Let H =~ C? be a Hilbert space of di-
mension 2 and L£(#) be the Banach algebra of bounded operators on H. Let
Ay, Ay, A3 be Pauli spin matrices:

A1=<O 1), AF(O, ) A3=<1 0). 6.7
10 -1 0 0 —1

Together with the identity matrix, these form a basis for £(H). Let z =
([L’l, X2, 1’3) € Rg, and z- A =24, + [L’QAQ + ZE3A3, which is

x-Az( " xl”‘“). (6.1.8)

1 — 1T9 —XI3

Then, for £ = (£1,&,&3) € (R®)*, the £(H)-valued distribution W,.a, also the
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Fourier transform of e**4 is given by
11—k j —iZ . A
(bl k—j ag
War= 33 Syt

k=0 j=0 m=0
0 g "
(e 4) (fa—ﬁ”) ”
=—¢ (—26—2 A) T+ ¢ (—za—i A) In
(A (e () (4 )
:(H(—za% A> ( 5—5—3> )M

(6.1.9)
where ¢1(-) =0, ¢o(-) = 1. Hence,
0 2 o, @
=24 s —lae +oae
ar ? 2 " a
Won = & Sy (6.1.10)
o9 2 2
s T TTar T AT e

where 7% = £ + 2 + &2 on (R3)* and p is the probability surface measure on
the unit sphere ¥ of R3.

Remark. In fact, this result was first proposed by R. Anderson [5], and it is
also identical to Cazzaniga’s result for the Fourier transform of the defining

representation e®™ in su(2) in Proposition 2.5.9.

Now, we state R. Raffoul’s results for the support and singular support of
the Weyl calculus W, of an irreducible highest weight unitary representation

my of a compact simply connected semisimple Lie groups.

Theorem 6.1.5 ([44], Theorem 6.1.3). Let G be a compact simply connected
semisimple Lie group, g be the Lie algebra of G. Let T be a mazimal torus
of G, t be the Lie algebra of T, and t* be the dual of t. Let A € AT < t* be
a dominant highest weight, my be the irreducible unitary representation of A,
dmy be the skew-Hermitian and infinitesimal version of wy in g, and Iy be the
moment set of wx. Suppose dim(g) = d, and let {X1, ..., X4} be a basis for the
Lie algebra g, and v € R%. Then the support of the Weyl calculus W_i wedrn (X)
satisfies

suppW_i z.drmy(x)) S Iy (6.1.11)
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Proof. By Theorem 6.1.4 and Proposition 5.2.2, we conclude that the measure
v of W_j.an,(x) is exactly the probability G-invariant measure vy, supported
on the moment set 7. We can also write W_; ;.4r,(x) = Dx - v1,, where D) is a
matrix of differential operators of the form & a% and %, "'9%1’ for ¢ € R%. Since
a differential operator, in general, reduces the support of a distribution ([48],

Ch.3), we have
supp(Dy - v, ) € supp(vr, ). (6.1.12)

Hence, the theorem follows. O

Theorem 6.1.6 ([44], Theorem 6.28). Let G be a compact simply connected
semisimple Lie group, g be the Lie algebra of G. Let T be a maximal torus of
G, t be the Lie algebra of T', and t* be the dual of t. Let X € AT < t* be a
dominant highest weight, w be the irreducible unitary representation of A, dm
the skew-Hermitian and infinitesimal version of wy in g, and I, be the moment
set of my. Let ® be the root system of t*, 0 be the half sum of all the positive
roots in ®. Let dim(g) = d, X € g,z € R%. Then, the convex hull of the §-shift

0f W_i pdany(x) 18 equal to the convex hull of the coadjoint orbit Oy s, that is,
conuv supp (V5 x W_m.dm(x)) = conv (O ys), (6.1.13)

where vs is the Liouville measure of the coadjoint orbit Oy.

Example 6.1.6.1. Let G = SU(2), su(2) = R? the Lie algebra of SU(2), m,
be the irreducible unitary representation of a positive integer n. The ¢ element
in t* =~ R is equal to 1. Let I, be the moment set of m,, 11 be the Liouville
measure of Oy, and v;, be the probability G-invariant measure of I,,. According

to Proposition 5.1.8 and Proposition 5.2.4, we have
visvp, = v w (1) = vy (0) 0D = Vs (6.1.14)

where the support v, is the ball in R? with radius n + 1, and it is also the

+1

convex hull of the sphere O, in R? with radius n + 1.

In addition, R. Raffoul also proved the following result about the singular

support of vs * W_, 4.4n, -
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Theorem 6.1.7 ([44], Theorem 6.25). Let G be a compact simply connected
semisimple Lie group, g be the Lie algebra of G. Let T be a maximal torus of
G, t be the Lie algebra of T, and t* be the dual of t. Let X € AT < t* be a
dominant highest weight, wy be the irreducible unitary representation of A, dm
the skew-Hermitian and infinitesimal version of wy in g, and I, be the moment
set of my. Let ® be the root system of t*, & be the half sum of all positive roots
in ®, and W be the Weyl group of t*. Let dim(g) = d, X € g,x € R%. Then,

the singular support of vs + W_j4.4r,(x) 5 given by

singsupp (1/5 * dem(x)) = U Oxiws, (6.1.15)
weW

where w - 0 lies on the Weyl orbit of 9.

Remark. This theorem is a generalisation of Raffoul’s own result for SU(2) in
Theorem 2.5.11. However, we disagree with his result. Because in Proposition

*+D) which is the n + 1-fold convolution

5.2.4, we have shown vy * vy, = (1)
of the Liouville measure of Oy for SU(2). Also, in Proposition 4.4.1, we have

shown

SINGsupp ((Vl)*(n+1)) = U Ont1-24, (6.1.16)

which is different from Raffoul’s result. In our opinion, in general the singular

support of vs * W_; z.ar, 1 fairly complex to describe.

Example 6.1.7.1. We demonstrate another example. Let G = SU(3), and its
Lie algebra g = su(3). The Cartan subalgebra t =~ R? (and its dual t* =~ R?).
Let ®* = {a, ag, 1 + az} be the set of positive roots of t. Let W be the Weyl
group (5.1.2) of t,t*. Also, let W), = {e,0,,} be the stabiliser subgroup. Let
A € AT be a dominant weight. If A = )\ = %oq + %ag, the first fundamental
weight of t* (in Figure 5.2), then the Weyl orbit of A, is the set

W - )\1 = {/\1,/\1 — ozl,)\l — 1 — 042} = VV/VV)\1 = {e,Oal,Ugdl}. (6]_]_7)

Let 7y, be the irreducible unitary representation of A;, II(A;) be the set of
weights of 7, which coincides with W - A\;, and I, be the moment set of
Ty, Since 7y, is the defining representation of SU(3), I, is exactly the single
coadjoint orbit O,,, and the measure VI, = U Let § be the half sum of all

positive roots in ®*. We wish to find the support and singular support of the
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Figure 6.1: 17} of A, Figure 6.2: v * vy, |ex of Ag

convolution vy * Vi, = Vs * V. We recall from Chapter 4, the explicit formula
(4.3.18) for the convolution of the regular coadjoint orbit Os and the singular

coadjoint orbit O, is given by

Vs * Uy, = J Z sgn(w)ews * vy (A")pr dX” . (6.1.18)
t*

+ weW

So, the density function for the support of (vs = vy,) N % is

dp(5, A, X") = D sgn(w)ews = 14 () dX', N e t) (6.1.19)

weW

Hence, we first approximate and draw Vf\’l in Figure 6.1, and we notice that this
projection measure is a uniform measure supported on an equilateral triangle,
whose edges are in the set W - A\;, which is centred at the origin of t*. The
final form of the density function ¢(d, A1,-) is the anti-symmetric summation
of 1§ shifted by the Weyl orbit of §, which can be seen in Figure 6.2. Hence,
the support of vs * vy, |+ is the set of six equilateral triangles, and the singular
support is the set of all edges of these six triangles. In addition, the support of
Vs # VA1|tj‘_ is the triangle with edges {A; + J, A1 + o, M1} = {201 + A2, 2)9, M},

which is fully contained in t7.

6.2 The Theta Differential Operators

In this section, we study the properties of the non-constant-coefficient differen-

tial operator :I;% that appeared in the explicit formula for the Weyl calculus.
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It is a transversal differential operator in g( Chapter 3). We show that it is a

G-invariant differential operator in g.

Definition 6.2.1. Let g be a real semisimple Lie algebra of dimension d, z € R?,
and {Xi,..., Xy} be a basis for g. We let - X = 21X; + -+ + 24X,y € g. Then
the theta differential operator is defined by

0 0 0
_ ... . 2.1
v ox e 011 + T T 0x4 (62.1)

Remark. The name ‘theta’ differential operator is used in [52] to study Bessel
functions. This is also a Cauchy-Euler operator on RY, and it is equal to r% mn
polar coordinates. It is also called a homogeneous operator, since the eigenspaces

of this operator are homogeneous polynomials in RY.

Proposition 6.2.2. Let G be a compact connected semisimple Lie group, g be
the Lie algebra of G. Let T be a maximal torus in G, T be a 1-torus in T.
Define ¢ : R — T, t — € as a one-parameter subgroup of T. Let f € C*(g), if
we differentiate f in the direction of the ‘rotation’ defined by ¢ and evaluate it

att =0, then we obtain
d .0
%f(SD(t)x'X) ZM—xf(x-X), (6.2.2)

forte R,z e RY X e g.

Proof. Since the value of f depends only on z € R, we can define ¢(t) = ¢(t)z,

and by the chain rule, we have

SHen) =D L) =intf), (6.2.3)

t=0

so the proposition follows. O

We can also show that the theta differential operator is G-invariant. Firstly,

we derive the Bessel function for g.

Theorem 6.2.3 ([37], Theorem 8.60). (Weyl Integration Formula) Let G
be a compact connected semisimple Lie group, T be a mazimal torus of G. Let
dg, dt be the normalised Haar measure on G and T such that SG dg =1, ST dt =
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1, respectively. Let g be the Lie algebra of G, and ® be a chosen root system of
g. Suppose f € C(G). We have

L f(g) dg = L (L Flgtg™") dgu(t) dt) 7 (6.2.4)

2

= Z sgn(w)eiw‘s(t)

weW

, teT,  (6.25)

aedt

and ®F is the subset of all positive roots in ®, § is the half sum of all positive
roots in ®, W is the Weyl group of the Lie algebra t of T.

Corollary 6.2.3.1. Let G be a compact connected semisimple Lie group, T be
a mazimal torus of G. Let g, t be the Lie algebras of G, T, respectively. If dX
is a Lebesque measure on g and o € L'(g), then the Weyl integration formula
on g is given by

fgo(X) dX = | [] a(#@) Lgo(Ad(g)H) dgdH (6.2.6)

Y hep+

where dH is a Lebesgue measure on the positive Weyl chamber t*, and Ad(-) is

the adjoint representation of G.

Proposition 6.2.4. (Bessel function) Let G be a compact connected semisimple
Lie group, T be a mazimal torus of G. Let g, t be the Lie algebras of G, T,
respectively. Also, let t* be the dual of t. If f € L'(g) is adjoint invariant, then

for B e t*, the Fourier transform of f is given by

Jf(X)eiﬁ(X) dX = L fE) ] a(H)Qﬁj X s(H)dH, (6.2.7)

aedt

where d(B) is the continuous version of Weyl dimension formula (Theorem
4.1.6), and j - Xg_s(H) is the continuous version of the function in the Kir-
illov character formula, (4.1.9). In fact, ﬁj - Xg_s5 15 a generalised Bessel
function for G, which is a special case of the version for symmetric spaces in

10].

Proof. We can obtain (6.2.7) using the Weyl integration formula (6.2.4) and our

continuous version of the Kirillov character formula (4.1.9). Let 8 € t*, dg be
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the normalised Haar measure on GG. Then,

(@=ff@%wm@¥

- 1 WVJﬂM@HMWWWW@ﬂf
b aep+

Hacot (0, @) [ ix (6.2.8)
J;+ aed+ (H> HaecIH- (6’ a) f d:uﬁ()\) dH
J f(H (H)? Hae<1>+((57 o R(B)(H)

)
3. o) TLeg ot

ae¢+ HO(E@+

where R(B)(H) = Y o sgn(w)e™PH)  But if £y lies on a wall of a Weyl
chamber in t*, by the dominated convergence theorem, we may approximate [

by a regular element, that is,

m sgn(w,)eifo(H)
F(Bo) = f F(H )Cﬁo;lsgn( 9 —__dH (629

ae<I>+ ij) Hae<1>+\<1>$j 5 ZQ(H)

which corresponds to the normalisation formula in (5.2.52). O]

Example 6.2.4.1. Let G = SU(2), its Lie algebra g = su(2), and t = R be
the Lie algebra of a maximal torus T (1-torus) in SU(2). If f € L'(g) is adjoint

(rotational) invariant, then the Fourier transform of f is given by

gsmﬁ( )
f f(H A dH, (6.2.10)

for f € t* =~ R. This formula coincides with and generalise the radial Fourier
transform in R? ([49], Sec 7.7).

0

Next, we show that the theta differential operator x4~

in g is G-invariant.

Proposition 6.2.5. Let G be a compact connected semisimple Lie group, T be
a mazimal torus of G. Let g, t be the Lie algebras of G, T, respectively. Let t*
be the dual of t. Suppose dim(g) = d, and we let x € R, and £ € (RY)*. If

f € S(g) is an adjoint invariant Schwartz function, then

<x5% f)Az - (ga—i + d]) 7, (6.2.11)

and x% and & % are G-invariant differential operators.
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Proof. The equity in (6.2.11) follows by taking the Fourier transform with re-

spect to the Killing form. To show that x% is a G-invariant differential operator,

we assume that (x%) f is also adjoint invariant. So, for g € t*, g € GG, we can

write
(xif)A(Ad*( 1) = —Ad*(g)8 ——2—— F(Ad*(9)8) — d (Ad*(g)B)
P g g (?Ad*(g)ﬁ g g
o ~ ~
— 3579~ f )

(6.2.12)

Now, we evaluate (z-Z f)A|t* with respect to the Bessel function in (6.2.7). Be-

cause we have assumed ( % f) is adjoint invariant, so we can use the Weyl

integration formula (6.2.4), to show that (x4 f) (Ad*(h)B), for h € G, is

i 5 ; *(,—1
= | ] ) LAd(g)H g A9 H) A dg dH

t qeat

[

r 5 )
= | H—=—fH (XHZJe’Ad @BH) dg dH
) 1 am ( )};L (H) . g

— [ i Hae +(57 O{) 1 wB(H)
— H@H f(H) —Hae§+ G o) al;)L Z,Oz(H) w;[/sgn(w)e dH

LG o G

- (5585 A1+ 1D )f 1 [y T1 oo

: Z sgn(w)e™P ) qq

weW

-~ (85 +a1) 7o),

[

ty

(6.2.13)

where the quotient rule is applied in the second-last equality. We have d =
|A| + |®|, where |A] is the cardinality of the set of roots ®, A is the cardinality
of the set of simple roots A. Hence, we get an output that is the same as the

second equality of (6.2.12); thus the proposition follows. O

Example 6.2.5.1. Let G = SU(2), its Lie algebra g = su(2), and t = R be the
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Lie algebra of a maximal torus T (1-torus) in SU(2). Recall that by Theorem

0

2.5.7 and Proposition 2.5.9, and for (xy, 79, 73) € R3, Ta—ar = x1%+x2% +T35.

and |X| = /2% + 23 + 23, we have

0 sin(| X))\ " . 0
<T§ |X| = r % +3 v, (6214)

where v; is the Liouville measure on the coadjoint orbit ;. Notice that ST)'()‘(l

is both differentiable and G-invariant, and r% preserves the G-invariance since

0 sin(| X]) sin(|.X|)
— " = X|) — 6.2.15
67“ |X| COS(| |) |X| ’ ( )
which is G-invariant. Consequently, we have
0 :
r— cos(|X|) = —|X|sin(|X]), (6.2.16)

or

which is also G-invariant.

6.3 A Kirillov-Type Non-Commutative Formula

In this section, we derive an updated version of Nelson’s formula (6.1.5) for
irreducible unitary highest weight representations of compact simply connected
semisimple Lie groups, which includes a novel recursive formula v for the in-

variant theta differential operator ( %.

Firstly, we derive this ¢ function. Let r € R and ¢ = ({1, ..., (,) € R, given

that the (;’s are distinct, and we consider the following linear system

€t = go+ 9161 + 9207 + A Gaa (P
(6.3.1)

€ =go+ 01+ G+ -+ Gu 1 (T

which uniquely determines the functions go, ..., g,—1 in real variables (r,().

Then, we can determine gx(r, () as follows.
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Lemma 6.3.1. Let v:(C) = gx(1,¢). Then () can be determined by

"ol nkjl j (’I’L—l)' 1
1= 8 B0 e @) G e
(6.3.2)
where ¢;(C) is the j-th elementary symmetric function of ¢,
1 )\1 Ce )\?_2 6)‘1
1 Ay oo A2 A
a Q) = _ , (633)
where D is the Vandermonde determinant
D VD Ve
D=| : =TTy = M) (6.3.4)
1A, Ant
Then, 1 can be defined recursively as
pq D! 0
Glp) = 2, (=10 (o ) (e = 1), (6.3.5)
= ¢ ¢

with ¥(—1) = 1.

Proof. Following Nelson’s proof (which is fundamental but elegant) in (]40],

Theorem 9]), we obtain the relation

(n—1)! o

k — . n—k—j— .7
P = 3 D a0 ) e 09
(6.3.6)
where .
Yne1 (1) = D (=) e T [ (r¢y = r¢) ™, (6.3.7)
k=1 itk

by expanding the determinant function in denominator of (6.3.3) from the last

148



CHAPTER 6. A NON-COMMUTATIVE KIRILLOV METHOD

column. That is,

Yn-1(r¢) = Z(—l)mkerc"' H (ré —rG) H(TQ’ —rG)
k=1 i<j, 1,57k i<j
= =yt [ oG =ra)™ [ [ G —r6)™!
k::l nzj>k 1<i<k (638)
= 2 (e (g = o)™
k=1 j#k
= 2, (e [ J0G =g
k=1 j#k

for j € {1,...,n} and j # k. If we differentiate v, 1(r{) with respect to r, we

obtain 5 . 5
5%71(7’0 = - (C : 5_C) Yn—1(r¢), (6.3.9)
or
0 0
a0 = (¢ 52) alr) (6:3.10)
To see this, for each term e [T;06(r¢; —rG)~", we have
0 e’k "k (rGx — (n — 1))
— = . 6.3.11
"o PTG~ TG G (0311
Let C% =20 Cj%, we have
C 0 ere
ka_Ck et Hj k(G = Ck) -
i’ (. et e (6.3.12)
; (G — Ce)? Hj;ek,j;ei((j — (i) " =l Hj;tk(Cj — (k)
and for each i # k, we have
¢k (. TSk
G2 ‘ — e (6.3.13)

oG ILaw(G =G MG = G)? Hj;ék,j;éi(ca' — k)

Hence,

i i e Ck _ ek (er _ (TL _ 1))
(Qc OCk " Z ‘ aQ) rn-t Hj;ék(Cj —G) ol Hj;ék(Cj s (6.3.14)

i#k
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Lastly, if we combine (6.3.6), (6.3.9), and evaluate rkfyk(rC)‘Tzl, then the lemma
follows by induction.
Inductive proof for the ¢ function:

We first let P(m) be the equality

am
A (rQ) = —m = (1), (6:3.15)

This holds for m = 0,1. We assume P(m) is true for m > 1, and wish to show
P(m + 1) is also true. That is,

6m+1

(7€) = )1 (). (6:3.16)

orm+

So we have
o [ o™ J0 (1
o (W—m%ﬂ”j)) = (r—mw(m - 1)%1(TO)

- LS et (¢4 vta = Dmstr0

= q! o¢
(D) (,j S T (e 2 -¢(q—1m_1<rc>>.
(6.3.17)

When ¢ = m, the term 1,—,,(m) in ¥(m) is equal to (Q : %) (m —1), and the
second summand above is equal to —ir Yg—p (M) Y—1(r¢). Hence the proof is

complete. n

Remark. In Nelson’s original proof [40], he proposed

0 0

— Y = C— - 3.1
Toar0) = (¢ 52 ) ) (6:315)
which is missing 1/r on the right-hand side, so the v function was originally

not included in Nelson’s formula (6.1.5).

Lemma 6.3.2. Let G be a compact simply connected semisimple Lie group, T
be a maximal torus of G, and g, t be the Lie algebras of G,T', respectively. Let t*
be the dual of t, and t* be a chosen positive Weyl chamber of t*. Let A\ € At < t*
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be a dominant highest weight, wy be the irreducible unitary representation of the
highest weight \ acting on a Hilbert space H, n be the dimension of wy, dmy be the
infinitesimal version of wy, Iy be the moment set of wy, and vy, be the probability
G-invariant measure on Iy (pushforward of the unitarily probability measure of
the unit sphere of Hy). Then each function i in (6.1.5), for k € {0,1,...,n —1}

can be extended to dmwy on g, and

(n — 1) Y1 (dmr(X)) = f X qur (B) (6.3.19)

I
for all X € g.

Proof. Tf we replace ¢ € R™ in ~,_1(¢) (6.3.2) by a diagonal matrix A with
distinct entries (i, ...¢,, then (6.3.1) is equivalent to

e = (A + 1 (A)A+ -+ vy (A) A (6.3.20)
If we let U be a unitary matrix, and denote A=UAU *, then

A = UeAU* = 1 (A)UTU* + 1 (AUAU* + -+ + vy (A)(UAU*)"
= (A + 71 (A)A + -+ + 7,1 (A) A"
= (A + 4 (A)A + -+ + 9, 1 (A) A"
(6.3.21)

So, v for k € {0,1,...,n — 1} each depends only on the diagonal matrix A,
and is unitarily invariant. In addition, the ¢;(¢) function in (6.3.2) is the j-th
elementary symmetric function of {. If we replace ¢ by ﬁ, then ¢, (121/) is equal
to the j-th elementary symmetric functions of the eigenvalues for ﬁ, which is
also equal to the sum of the principal minors of A of degree j, so that gbo(g) =
1,¢1(A) = Tr(A) and ¢, (A) = det(A).

Let TI(A) = {A1, ..., A} be the set of weights of 7y such that the multiplicity
of each weight multi()\;) = 1. Since dmy is skew-Hermitian and G-invariant, so
its value only depends on t. Hence we have

n oMk (H)

Va1 (dmy(H)) = (=1)" Z IT . i\ — X)) (H)

1<i<n

(6.3.22)
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for H € t. Now, by Proposition 5.2.2 and Proposition 5.2.3, we have

(0= Ds(dm () = | XD ant (5) = | D), (6323

e g*
for H € t. Also, if II(A) = {\y, ..., \,,} is the set of weights of 7y such that there
exists a weight \; with multi(\;) > 1, then the relation in (6.3.23) still holds,
by Proposition 5.2.5. Hence, the lemma follows. O

Now, we propose a Kirillov-type non-commutative formula for compact sim-

ply connected semisimple Lie groups.

Proposition 6.3.3. Let G be a compact simply connected semisimple Lie group,
T be a mazimal torus of G, and g,t be the Lie algebras of G, T, respectively. Let
t* be the dual of t, and t%. be a chosen positive Weyl chamber of t*. Let \e AT <
t% be a dominant highest weight, m\ be the irreducible unitary representation of
the highest weight \ acting on a Hilbert space H, n be the dimension of wy, dmwy
be the infinitesimal version of my, I\ be the moment set of mx, and v, be the
probability G-invariant measure on I, (pushforward of the unitarily probability
measure of the unit sphere of Hy). Let { X, ..., X4} be a basis of g, and denote
X = 22:1 1;X;, forx € RY. Then, the closed form of the exponential mapping

drmy — e™ s given by

dra(eX) _ 1 3 \ _ yn—k—j—1 Pn—t—j—1 (x - dm\ (X))
(n—1)! : 2,1 (n—j+m—=1"  (6.3.24)

e

where ¢;(A) is the sum of the principal minors of A of degree j,

Ur (- X) :J ePeX) du (), (6.3.25)
and ) '
Y(p) = q;(—l)pq% (:1: : %) (g —1), (6.3.26)
with ¥(—1) = 1.

Example 6.3.3.1. Let G = SU(2), g = su(2) = R? be the Lie algebra of
SU(2), ne AT = Z* be an integer highest weight, 7, be the irreducible highest
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weight unitary representation of n acting on a Hilbert space H,,. Suppose if we
let n = 2, then by (2.5.18), a basis of Hs is {v/322, V62w, v/3w?}, for (z,w) € C2.
Recall that a basis of su(2), {X1, Xy, X3}, can be found in (2.5.3), and a basis
of the complexification su(2)%, {H, X, Y} is given in (2.3.1). Also, by (3.1.17),

we have

0 0
R f— —_— —_—
dr(H) =io W,
0
dn(X)® = z— 6.3.27
7(X) Zﬁw’ ( )
dr(Y)! = wa—i.

Hence, the actions of infinitesimal representation dm are given by:

dr(H)E/32% = 2(v32%), dr(H)EV6zw =0, dr(H)BV3w? = —2(v/3w?).

dr(X)Ey/322 =0,  dr(X)BV6zw = V2(V322),  drn(X)Ev3uw? = V2(V6zw).

dn(Y)BV322 = V2(V62w),  drn(Y)EV62zw = vV2(V3w?),  dr(Y)EV3w? = 0.
(6.3.28)

We take the compact real forms of su(2)® and obtain
dr(Xy) =dr(X =Y), dn(Xy) =idn(X +Y), dn(X3)=1idr(H). (6.3.29)

If we let (z1, 22, 23) € R? and denote z-X = Z§=1 = x;X;, then the infinitesimal

skew-Hermitian highest weight representation dmy is given by

1215 V2(z1 + ix9) 0
dmy(z - X) = | —v2(z1 — ix9) 0 V2(xy +izy) |, (6.3.30)
0 —V/2(zy — ix9) —12x3.

By Proposition 5.2.4, we have the (rotationally) G-invariant analytic function

N2
Vp, (r) = (Sm) , (6.3.31)

T
where r = /2% + 23 + 3. Now, we substitute dr into (6.3.24), and for rZ =
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~ 9l Z Z Z )’ ]M - (dma)* p(m — 1) ¥,

=55 2—j+m)!
= Goldma)b(~1)T + Gofdma)b(~ V) + 560 (dmr)(~1)(dms)?
— SO ARV + 6 (dm)(~1)dms + Soaldm)(~1)]
+260(dm)9 (0] + 0(dms)b(O)dms — 561(dm) (O + S ooldm)()T

1 0 1 8
:I+d7l'2+§(dﬂ'2) +2(2] + 2 +a3) [ +2r—1 + —r—dm;

or 2 oOr
LN N ACAN Y
2 ré‘r é‘r

multiplied by 7, (r). Therefore, we denote 6?32 the (i,7)-th element of the

(6.3.32)

matrix e, we have

30 1/ 2\° 0
ecfl = <1+ —r—+ = ( ) +(r2—x§)+i2x3+ix3r§> U, (r)

2 or or

sinr\>  3(rcosr—sinr)sinr 2+ 2(—1 4 r2) cos 2r — 3rsin 2r

= + +
r 72 212

s o (sinr)’ sinr\ > 2(rcosr —sinr)sinr

+ (r® —a3) + 1223 + ixg 5
r r T
(rcosr + izzsinr)? ( _ sinr)2
= 5 = | cosr +1x3 ,
r r
(6.3.33)

which is exactly the a?(exp z - X) by (2.5.25), and is also the lift of the (1, 1)-th

matrix coefficient of 7, by Example 2.5.5.1. The remaining elements of e?"
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are:

1 0 1 0 -
- (\@xl + 75:51 rg + iV 21y + i\—ﬁxz 7’5 + iV 2z 15 — \/§x2x3> U, (1)

1 ‘ 0 sinr 2
Z\/—§($1+ll‘2)(2+7‘a +Z2IE3)( . )

_ V2sinr(zy + izo)(rcosr + izgsinr)
2

”
2a(expx - X)fB(expz - X)

d o\ [ SinT
el = (xl + 102329 — 23) (

, sinr
= (z1 + iz2) ( )

= B%(expr - X).

(6.3.34)

0 1 0
62 C = ( V2, — \—@:m rm +iv/215 + 27§$2 U iV2m1w3 — \fﬂ?gl’g) Vn,(r)

2a(expr - X)B(expr - X).

30 1/ 0Y .
5y = (1 35t 3 (ra—) + 2x§) v, ()

. 2 .
= cos 2r + 213 (Smr> = (cos7)? — (sinr)?(a? + 23 — a3)
r

2
= a(expz - X)a(expz - X) — Blexpx - X)B(expx - X).

§ 1 0 T _

€g g = (\@Uﬁl + 7§$1 7’5 + Z\@$2 + Z\/—§$2 7”& - 2\6331333 + \@$2$3) v, (7°)
2a(expx - X)B(expz - X).

(6.3.35)
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. 2
egj? = (x% — 922119 — x%) <Slir)
= (—0)*(expa - X).

1 0 1 0 -
egj1'22 — (—\/51’1 — \/—§l’1 7’5 + Z\/ii?z + Z\/—§$2 T’g + i\/§£1$3 + \/i&?gl’g) vy, (7’)

= — Qa(expx-X)B(eXPI'X)‘
dmy _ § ﬁ 1 é : 2 —i —1 é U
€33 = (1 e talre) T T m) min i ()

=a*(expz - X).
(6.3.36)

2—z2. Hence, we have completed the calculation

where we notice that 22 +a3 = r
for e?™. Also, recall that by Proposition 3.2.5, every matrix coefficient 7} ; of

the irreducible unitary representation of G satisfies
T;joexp = Dy - Ty oexp (6.3.37)

where DZG] is a polynomials of differential operators in the Lie algebra g induced
by the G action. By (3.2.19), we have

1 1 0 0
G _ —yG. - - _
1 0 0 0
XG _ = XG _ 'XG ; _— — - 6.3.38
o 2( ;= iXy) (izy + x2)8x3 ~"17:3(26x1 + 6I2)’ ( )
1 , , 0 .0 0
YE = —§(X1G +iX$) o (iry — xQ)—ax3 - $3(1—6$1 T A

By Example 3.2.5.1, we have
Y.a?(expa - X) = —% (X7 +iXT)  o®(expa - X)
= ((le = l‘z)ai;g = xg(zai;l = %))
: <1 + gra—i + % (r%)Q + (r? — 23) +i2x3 + z'x;:,r%) (Siir)2.

(6.3.39)

(r%)p (SiI;T)q : (6.3.40)
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is G-invariant for any integers p, ¢ (Proposition 6.2.5), the actions of the differ-

ential operators Z¢ induced by the action of G,

p : q
ZG.<7~%> <Sm> —0, VZesu(2), (6.3.41)

r

by the definition of the induced differential operators by action of G (Definition

3.2.1). Hence, a quick calculation shows

: 0 .0 0
Y. a*(expr- X) = <(2$1 — :162)a—gc3 — $3(lﬁ_xl — 6_3:2))

( 5 o . .0 ) (sin r)2
| @]+ xy + 1225 +iwsr—
or r (6.3.42)

, o . sinr?
= —(z1 + i) (2 + S +12x3) ( . )

= —2a(expx - X)f(expx - X).

Also, we have
YE . a(expz - X)Blexpx - X) = —F(expz - X). (6.3.43)

Therefore, we have (—Y,%)-T} joexp = /2 T} y0exp, (—Y.9)- T} y0exp = /2T 30
exp. Similarly, we have X& T} oexp = V2 T, oexp, and by further applying
polynomials of X¢ and Y., we can obtain every other matrix coefficient of

Ty 0 exp. We put these polynomials in a matrix:

1 _YOcG (_YaG)2
X¢ —(1+YEXY) 2V + (YO XC (6.3.44)
(X&) —(Xg+YF(XT)?) 1+ 2Y7XT + (YI)*(XS)?

This show our result satisfies Prop 3.1.7.

We may also write down the polynomial of PP, of e‘ffrf (dms in (3.1.19)), that

1/ 2\’ o\ 11/ ¢
3 _ 2 (.9 2 | r=
P1’1_6<r&‘r> +(T6r) + 5 <r6r>+1
1/ 0\ 5( @ (1 0 1
; Zr= = | r= — 6.3.45
+zx3<2(rar) +2(Tar)+3>+$3<6<rﬁr>+2> ( )

7 0 3 7 1
+ 6(7"2 — 23) <r—> + 5(7’2 — 23)izs + 5(7“2 —73) + 523@%

is,
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Hence, a short calculation shows that

. 3 . 3
P (smr) _ (cosr +ix351nr) = o*(expz - X). (6.3.46)
: r r

Remark.

o This example was the starting point for this project. When we first applied
Nelson’s formula to calculate e¥™2, the result did not match m o exp in
Example 2.5.5.1. This led to a review of Nelson’s formula, and later we
found the missing 1 recursive function. Nelson’s formula works for the 2-
dimensional case in Example 6.1.4.1 because 1(—1) = 1, which therefore

does not affect the final solution.

. 2
- smr
i) = ()

just based on our assumption that the moment set I,, is the n-fold convo-

o Also, initially we let

lution of coadjoint orbit Oy, from Cazzaniga’s result for SU(2). Later, we
derived an explicit formula for the measure vy, (in Chapter 5). Then, we
discovered that this assumption is indeed true for SU(2), by Proposition
5.2.4.

e In addition, since each row and column of the irreducible unitary repre-
sentation of G form a basis for the underlying Hilbert space, we can then
combine the theorem of the highest weight and differential operators in-
duced by the action of G to further check that our formula (6.3.24) indeed

produces the correct result.

Example 6.3.3.2. We calculate the example of SU(3). Let su(3) be the Lie
algebra of SU(3). Let v = ({h:}21, {x;}3_; {mn}i_1) € R®. A standard basis for
su(3) (8-dimensional) is given in (2.2.16), and the matrix form for X € su(3)

can be written as

ihl 1+ iyl xr3 + iyg
X = —xr; + iyl ZhQ — Zhl X9 + in (6347)
—x3+ 1y —xo+1ys  —iho

This matrix is also the irreducible skew-Hermitian highest weight representation

with respect to the first fundamental weight A\; of su(3). We denote it by dmy,.
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The Cartan subalgebra of su(3), is t = R? (and its dual t* = R?). Let
Ot = {ay, an, a1 + az} be the set of positive roots of t*. Let W be the Weyl
group (5.1.2) of t,t*. Also, let W), = {e,0,,} be the stabiliser subgroup. Let
A= %al + %042 be the first fundamental weight of t*, then the Weyl orbit of )\,

is the set
w- )\1 = {/\1,/\1 — O, )\1 — 1 — OéQ} = VV/VV)\1 = {e,Oal,UgUl}. (6348)

Let 7y, be the irreducible unitary representation of A;, II(A;) be the set of
weights of 7, which coincides with W - A;, and I, be the moment set of m),.
Since dmy, is also the defining representation of su(3), so the moment set of Iy,
is a single coadjoint orbit O,,. So, we recall that the Fourier transform of the

G-invariant measure vy, in (5.2.33), is given by

() W) = (0) )
o, pid(H) , piC—an)(H)
= eI (o — e () P I~
ei()\l—al—ag)(H)

(a1 + ) (H) () (H)’

+2

(6.3.49)

for H € t. Now, by (6.3.24), the exponential mapping e?™1 is given by

o4y — igzjl 2k]¢2k1(dﬂ-)\1)_(dﬂ_ k _ 1y
1 = I — )\1) Q/J(m )VIAI' (6350)

" k=0 j=0 m=0 2 ']+m)

We denote P’\1 the (i, j) th element of the polynomials of e, and let 7% =
Zle 'Lah + Z] 1Tj3— 5:(3 + Zk 1 yka . Then we have,

0 o\? 0

Pfj =2+37a+ <7$) + ihy (2+va—+zh2> + b2 4 22+ 2,
0

P = (z1 + iy) (2 Tt z‘h2> + (=g + iy2) (3 + iys3), (6.3.51)

| o | |
P1)::1), = (l’g + ZyS) (2 + ’Ya +ihy — Zhg) + (xl + Z?/l)(l’Q + @y2)7
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. 0 . .
Pz’\j = (—mz +iyp) (2 + 76— + zh2> (9 + 1Y) (—x3 + iy3),

0 0\ 0
132A5—2+37(3 (7$> + (ihg — ihy) (2+7$) + hihy + 23 + 42,

. J . . .
P2’\7§ = (29 + 1yo) (2 + ’ya — zh1> + (—x1 + iy1) (x5 + iys3),
(6.3.52)

. 0 . .
ng = (—x3 + iys3) (2 + ’ya— +ihy — Zhg) (—x1 + 1y1)(—x2 + iy2),

. o . ) .
Pg)‘; = (—mzg + iys) (2 + 7% — zhl) + (21 + iy1) (—x3 + 1y3),

0 a\? 0
Pl =24 3y— — ho | =2 —y— +1h h? 24y
373 + ’ya’_)/‘i‘(’ya’y) +'l 2< ’767+Z 1>+ 1+$1+y1

(6.3.53)

We also have differential operators induced by the action of GG in the root di-
rections given in (3.2.22). Let II(A;) = {A\1, \1 —aq, A\ —ay —aw}, and {vy, vo, v3}
be the corresponding set of weight vectors. The actions of the lowering operators

on v; are given by

dﬂ'(Yal)Ul = Vg, dﬂ'(Ya2)U1 = O, dﬂ'(Yas)Ul = V3. (6354)
G d7r>\ dmy G . d7r)\ dmy,
Hence, we can show that —Y7 t=e, and —Y,” '=¢ 3 . First, we
have
0 1 0 0 1 0
VY = (izg — 1) =— + =(2hy — hg)=— — i=(2hy — h - '
o = (iz1 y1)5h1 + 2( 1 2)5y1 12( 1 2)5x1 2( ZyQ)a.Tg
— 2l ma) o+ 5 (s i) s — (25— )
9 Y2 T 122 ous 2 I3 T Y3 ory 2 3 Ys E
0 0 0 0
YE = — — F — hi+h —i=(hy + hg)=—
o3 (lx?, y3) ( hl + 5h2) + 2( ! + 2)5y3 22( ! + 2)51'3
1 . 0 1 1 1 0
+ 5(1’2 + Zy2)6_x1 + 5(21’2 — yg)z — 5(1‘1 + Zyl)ﬁ_ — 5(2(1]1 y1)5y2
(6.3.55)

p
Also, because X¢ - (7%) o1, (7) = 0, for all X € su(3), so we can reduce Pl’\j
to

. 0
P} =il (2 + "3 + z‘hz) + h3 + x5 + 5. (6.3.56)
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Hence, quick calculations show that
~YS.-P =Py, -YS-P=PY (6.3.57)

Furthermore, since every row and column of e¥™: is a copy of {v1,v9,v3}, we
can also determine a matrix of polynomials of induced differential operators by

action of G, acting on e{%'. That is,

1 ~Y,, ~Y,,
Dy = | X, 1=V Xo, —YaXa | (6.3.58)
Xoy Yo Xo, 1—YaXa,

In addition, we can obtain a global version of V)\\/lg |5u(3). If we take the eigen-
values of dry, in (6.3.47), and use the Cardano formula for the cubic root, then

we have

vy () =
¢“0a(y) = 2b()) + e *0(=2a(y) + b(v)) + e 0N (a(v) + b(v))

(a(y) = 2b(7))(2a(y) — b(v))(aly) + b(v)) ’
(6.3.59)

where
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and

c(v) = —(hf — huhg + b3 + o + 25 + 25 + yi +y5 +3),
d(’}/) = —(hihg — hlhg + hgl’% - ]’LIIS + hlxg — hgl’g + 2[E2(L’3y1 + hgy% (6361)

+ 21123y — hlyg — 2w1w2y3 + 2y192y3 + h1y§ - hzy%)-

Notice that c¢(7) is the Killing form of su(3). A representation of SO(3) can
be obtained by restricting to (xy, 22, x3), and this can be compared with the

spherical coordinate representation of SO(3).

We can also recover the character of ), by taking the sum of the diagonal
elements, that is, Tr(P*)7,,. The half-sum of the positive roots is given by

0 = ay + ay. Hence, the character formula of )\ is given by

ZweW Sgn(w)eiw()\l +0)(H)

Hy _
W)= sgn(wer T

Het. (6.3.62)

To perform a concrete calculation, let t = R?. We shall choose a basis { H, H,}
of R? such that

Oél(Hl) = 2, Ozl(Hg) = —1, OZQ(Hl) = —1, OéQ(HQ) = 2. (6363)

Therefore, Hy, Hy can be realised as H; = (1,1) and Hy = (—1,0), and ay =
(1,1) and ay = (—2,1). The Weyl orbit of \; + ¢ is

W(/\1+5) = {/\1—1—5,)\1—al—|—a2,/\1—a1—2a2,/\1—25,/\1—2041,)\1—1—@},
+ - + - + -
(6.3.64)

and the plus-minus signs are with respect to the Weyl group. The Weyl orbit
of ¢ is

W (6) = {0, a2, —az, =0, —ay, s }, (6.3.65)
+ — + + _
Let (hy — ho, h1) € R?, then the character formula (6.3.62) on R? is given by
Xoy (hy — hg, hy) = e g e7ilhha) bz, (6.3.66)

On the other hand, by taking the trace of e¥™1, the character formula of A\; can
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be calculated as

0 o\’ .
X, (h1 — ho, hy) = <6+9”Y— +3 (7%) +h%—h1h2+h§> Uy, (h1 — ho, hy),

oy
(6.3.67)
where 7% = hla% + hg% and
efi(h1+h2)(fei(2h1+h2)(h172h2)+eih1(2h17h2)76i2h2(h1+h2))
Uxn, (h1 — hg, hy) = , (6.3.68)

(hy — 2hy)(2hy — ha)(hy + ho)

which is also equal to e + e~ ih1—h2) 4 o=iha

We are also interested in working out the Fourier transform of the Kirillov-
type non-commutative formula (6.3.24). Firstly, we examine the Fourier trans-

form of polynomials in g.

Let g© be a complex semisimple Lie algebra. Let |®*| = r be the cardinality
of the set of all positive roots of g&, and |A| = [ be the cardinality of the set
of simple roots, and d = [ + 2r. Let g be the compact real form of g®. Recall
that by Definition 4.1.4, if we let h = (hy,....,h)) € Rz = (21, ...,2,) e R",y =
(y1, -, yr) € R", then the decomposition of g satisfies

g=Y RiH)+ Y R(Xa—X o)+ Y Ri(Xq+Xa). (6.3.69)
geA , €e<b+ B eeCIH‘ B
h‘-rH x‘;( y‘g/

where each X, (X_,) belongs to the 1-dimensional root space g, (g_.) for every

aedt,

Lemma 6.3.4. Let 3 = (B1,..3) € (R)", (&,....&) € (R, (m,...m,) €
(R™)*. Let ¢; ; be (i, j)-th element of the Cartan matriz C of g. Let f € L'(g).
With respect to Killing form (-,-) of g, we have

taff =i g ) o (o i)y =i (e bin ) T

where c;l = (cj’ll, ...cj’ll) is the j-th row of the inverse C~1 and is also the set of
coefficients of the fundamental weight associated with the set of simple roots A.

Proof. Let H = (Hy, ..., H;) be the tuple of a basis of Cartan subalgebra t c g.
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We have
(B-H,h-H)=(61Hy, + ... + BiHqa,, hiHy, + ... + i Hy,). (6.3.71)

We normalise the Killing form to be (Hy,, Ha,) = ¢;;, and since the Killing
form is non-degenerate on t, that is, (H, H) # 0 for H € t and (H, X) = 0 for
X € g/t. Then we only need to calculate

B-Hh-Hy=(c1-h)pr+ ...+ (c.-h)b, (6.3.72)

where ¢; is the j-th row of Cartan matrix C. If we apply the differential operator

-1, 2 «B-H,h-H) i
c; g5 toe , we obtain

c11 ... C11 hl
(cj—f cj_ll)- o s = (6.3.73)

chn ... Cy hl

Also, the Killing form satisfies (X,, X o) # 0 for « € T, so we have

(z;f) = —ié% foand  (yf) = —ia% 7. (6.3.74)

Hence the lemma follows. O]

B

weight \; direction, and (-2 — i=2-) is the directional derivative in the posi-
J %; on;

tive root o direction (negative root direction if there is a plus sign within the

Remark. Notice that (cj_l : i) 1s the directional derivative in a fundamental

parentheses).

Now, we propose the Fourier transform of the Kirillov-type non-commutative

formula for compact simply connected semisimple Lie groups.

Proposition 6.3.5. Let G be a compact simply connected semisimple Lie group,
T be a maximal torus of G, and g,t be the Lie algebras of G, T respectively.
Let t* be the dual of t, and t} be a chosen positive Weyl chamber of t*. Let
A€ AT < t* be a dominant highest weight, my be the irreducible highest weight
unitary representation of X acting on a Hilbert space H, n be the dimension
of mx, dmy be the infinitesimal version of wy, I be the moment set of wy, and
vy, be the probability G-invariant measure on I (pushforward of the unitarily

probability measure of the unit sphere of Hy). Let {Xi,..., X4} be a basis of g,
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and denote x - X = ZZ:1 z;X;, for x € R%. Let C be the Cartan matriz of g©,
and ¢ = (8,&,n) € (Rd)*. Then the g-Fourier transform of e*™@X) denoted

by (edﬂ(z'x))Ag, can be written as

j kijil(bn—kfjfl dma(X) - _Z'ai
2. (=)™ (n_g+m—1)! C)

dmy(X) - —z‘—)k lm—1)- v,

(6.3.75)

where ¢y 1s the sum of principal minors of order k, and v is a recursive function

of the theta differential operator C%, given by

v = Y-l (—ca—aC _ cu) (g 1)

where ¥(—1) =1, and

Also,

supp (D)‘ . V[)\) < conv(Oy) and supp (D)‘ . V])\) Nt < conv(W - N).

The matriz of differential operators D> consists of polynomial of Euclidean

differential operator in some fundamental weight directions %, root directions

2 2 and theta differential operator Q%. We have

9 4=
t?aj Oy,

where C; ' is the i-th row of the inverse of the Cartan matriz C, 3 = (B1, ..., B

is the tuple of simple roots A < ®. Also, we have

where aj is a positive Toot in @, and o, is a negative root in P.
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Remark. We can also discuss the significance of the existence of the theta

differential operator in the non-commutative formulas (6.3.24), (6.3.75):

k
o The G-invariant distribution (C %) (v1,) is annihilated by the differential
operators induced by the action of G, by Proposition 3.2.5. So, these
induced differential operators only act on the polynomials given by the

non-commutative formula.

o [t is closely related to the Clebsch-Gordan theory (Theorem 5.1.6). Let
A\, N € AT be the highest dominant weights, we can take the tensor product
of irreducible representations wy and wy to obtain exactly one copy of the
wrreducible representation wy.n, where the highest weight matriz coefficient
s given by 7Ti\i_>\l = 7rf"17ri\:1. The Euclidean Fourier transform ofﬂi\j’\,oexp

contains terms in the form of

o\ o\’
(CE_C) v, * (CE_C) Vi (6.3.76)

for some integers p,q. In general, the sumset of moment sets I\ + Iy
is not equal to Inyy, by Lemma 5.1.7. Also, because the Ca_ag 1S a non-
constant-coefficient and it does not commute with convolution operation,
the existence ofCa—‘z_ ensures that the support of the measure (Wf‘jx oexp)”s

is not equal to the support of the convolution of measures vy, * vy, .

Example 6.3.5.1. We use the previous calculations for SU(3) in Example
6.3.3.2. The set of all positive roots ®* = {ay, ag, ag + as}. The Cartan matrix
C for its Lie algebra su(3) is given by

2 -1 o
(2 () e

So, the two fundamental weights are: \; = %al + %ag, A = %al + %Oég. Let Pf;

WIN Wl

denote the polynomials of the matrix of e9™1. For examples, we have
PA1=2+SVE+ vi 2+@'h1 2—|—7i+ih2 + h3 + 22+l
1,1 5,}/ &’Y a,y 2 2 2

4 o . . .
Pf\é = (71 +1iy) (2 + 75 + th) + (—x2 +iy2) (x5 + 1y3), (6.3.78)

4 o . . . .
Pf\g = (x5 + 1y3) (2 + Va +ihy — zhz) + (1 + iy1) (2 + 1y2),
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If we take the g-Fourier transform of these Pﬁ;, j€{1,2,3}, we obtain

> /20 10
AM\Ag o _ _ . - _ _
(Pri)"e =2 3<§ C+8> (C C+8) +<3651+38ﬁ2)< QC 6+ -
o+ 3)) - Gan i) - (6 -3) (i—zi)
3 661 3 562 3 661 3 6ﬂ2 652 67}2 552 6772 ’
0

AM\Ag _ — i— li gi
(Prp)"e = —i (5& —Hﬁm) ( oC 0+ (35ﬁ1 " 3552))

VTR SN Y 10 20N (20 10
(Pr3)" = Z<5§3+Zan3)( g(x 6+<3&‘ﬁ1+3852) <35‘51+3552)>

551 5771 552 6772 ’
(6.3.79)
where o 20 10 o 18 20
(6.3.80)

o " 305 T30 v 3am 308
are directional derivatives in fundamental weights directions, and
0 ( 0 .0 ) 0 ( 0 0 ) .
— — — iz — =|=+i1=— ], 7€{l,2,3 6.3.81
daj 0¢; (’7’7]1 da o0¢;  On; { } ( )

are directional derivatives in a positive root oz;-“ direction and a negative root

a; direction.

Corollary 6.3.5.1. The Fourier transform of the Kirillov character formula is

given by
fixrs = d(X + 0) Tr (D) vs + (D}, v1,) (6.3.82)
where D;\A oy = ij‘A - (C‘l . %, aTif’ C%), and Tr (Df) 18 the trace of the ma-

triz of induced differential operators by G and it annihilates adjoint invariant
functions. In addition, Tr (D?) Di‘A vy 18 @ polynomial of differential opera-
tors of the theta differential operator Cag and constant coefficient G-invariant

differential operators.

Remark. We provide a new perspective for determining the support and singu-

lar supports of vs * W_;ar, () and Kirillov character formula:
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e [f we closely observe the non-commutative formula (6.3.75), we notice
there always exists terms of constants or constant coefficient differential
operators that commute with convolutions (whereas the non-constant coef-
ficient operator ¢ a—‘z does not), which act on the measure vy, . So it suffices
to consider the support and singular support of the convolution vs « vy, .
Notice that by formulas (5.2.38), (4.2.9), we have

Vs * Vg, = J (A, N s = vyn dN' (6.3.83)

@
where the resulting density function is again a piecewise polynomial with
support intersecting t* and contained in the convex hull of W-(A+6), and
the singular support depends on the transitions between piece-wise polyno-
mials of the measures (Example 6.1.7.1). This is a lot more difficult to

describe for general compact simply connected and semisimple Lie groups,
than it is for SU(2).

e Let Dy, be the trace of the non-commutative formula (6.3.75) which con-
sists of polynomials of G-invariant constant coefficient differential opera-
tors and the theta differential operator, acting on vy, . Then the restriction

to t* is a distribution

Dy, vy, |+ = Z m(p)e,, (6.3.84)

7OV

where each p is a weight in the set of weights II(\) of representation Ty,
and e, 1s the unit point mass at the weight p. Note that the support and
singular support of the measure above are exactly the weights of the irre-
ducible representation my. This is also the t-Fourier transform of X (e'?),

for H € t. Also, the Kirillov character formula (2.4.2) can be interpreted
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as

G = ) sgn(wlens s [ Fae Y mle,

weWw aedt HeIl(N)
= <Z sgn(w)ew5> * Z m(u)e, | 1_[ «F,
weW nell(X) aedt
= Z sgn(w)ew(r1s) * H « Iy
weW aedt
= “§+57

(6.3.85)

by the Weyl integration formula, the Weyl character formula, and (4.1.9).
Hence each character X, acts as a shift operator that shifts the coadjoint
orbit Os to Oxy5. This also explains the importance of Kirillov character

formula in deriving the wrapping map in [19].

6.4 Highest Weight Representations

The formula we proposed in Proposition 6.3.3 is based on Nelson’s formula [40]
and Raffoul’s results [44], and only applies to unitary representations. How-
ever, it can be difficult to explicitly calculate the skew-Hermitian infinitesimal
irreducible representation dm, for a highest dominant weight A\ for any compact
simply connected semisimple Lie groups. But we have observed that if we apply
Weyl’s unitarian trick, the non-commutative formula (6.3.24) can be directly

applied to an infinitesimal irreducible highest weight representation dm.

Proposition 6.4.1. Let G be a compact simply connected semisimple Lie group,
T be a maximal torus of G, and g,t be their Lie algebras, respectively. Let
7 be an irreducible finite-dimensional highest weight representation (not nec-
essarily unitary) of G, and dwy be the infinitesimal version of T\ in g (not
necessarily skew-Hermitian). Then, for every X € g, there exists a H € t
and a g € G such that the skew-Hermitian representation dm\(H) satisfies
dix(H) = 7(g)d7n(X)7(g™'), and the Kirillov type non-commutative formula
(6.3.24) in Proposition 6.3.3 can be extended to the highest weight representa-

tion dmy.

Proof. If GG is simply connected, then the integration of d7 is equal to 7 of G
(Theorem 3.1.6), and d7 satisfies d7(gXg™!') = 7(g)d7(X)7(g™"), for all X € g
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and g € G. Because G is also compact, every X € g is also conjugate to some
H e t, which means for every X € g, there exists H € t and g € GG such that
d7\(H) satisfies dm\(H) = 7(g)d7(X)7(g~).

Since di(H) is a diagonal matrix, then by Lemma 6.3.2, we have

™) = no(di(H) T+ (di(H))d7 (H) + - - -+ v, (d7 (H))dR(H)"™Y, Het.
(6.4.1)
This leads to

M) — o (dit (H)) [+ (A7 (H))dit (gHg™ )+ - Ay (A7 (H))dit (gHg )",
(6.4.2)
Also, by Lemma 6.3.1, each 4 depends on v, 1, and 7, is adjoint invariant,
that is, y,_1(dT(gHg ")) = vn,_1(d7(H)). Now, because ) is not necessarily
unitary, we can apply Weyl’s unitarian trick to make 7 unitary. Let Hxz be a
Hilbert space spanned by the weight spaces of 7. Let (-,-) be a given norm on

Hz. Then, we have a new norm

{u,vy = JG(fr(g)u, 7(g)v)dg, foru,veH (6.4.3)

on Hz, so that 7 is unitary on Hz. The moment set of the unitary representation
7, denoted by I, is given by I = {{dn(-)u,u) : ||u|| = 1}. Hence, we have the

G-invariant and continuous function

s (d7(CX) = |

€<d7~r(X)u,u> dl/(u) _ J eiﬂ(X) dVI?r (6)7 Xe g (644)
Q

Iz
where  is the unit sphere in Hz with respect to (-, -), and vy, is the G-invariant

measure of the moment set Iz. Therefore the proposition follows. n

Example 6.4.1.1. Let G = SU(2),g = su(2) = R3. Let ne A" =~ Z" be a
highest integer weight. Suppose we do not have an explicit basis for the Hilbert
space H,, in (2.5.18) to construct the representations dm, for su(2). Instead, we
start with the irreducible highest weight representations for the complexification
5ly(C) = su(2)C. Let {H, X,Y} in (2.3.1) be a basis for sly(C). Let n = 2, and

suppose that the set of weight vectors {vg,v1,v9} span the sly-module. If we
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follow the constructions in Example 2.3.2.1, then we have

dﬂ'(H)’UQ = 2?]0, d?T(H)Ul = 0, dﬂ'(H)’Ug = —2?]2,
d’ﬂ'(Y)UO = 21)1, dﬂ'(Y)Ul = U9, dT('(Y)UQ = O, (645)
dn(X)vg =0, dm(X)vy =wvy, dr(X)ve =2v;.

Let {X;, Xo, X3} be the basis for su(2) in (2.5.3), and take the compact real

C

forms of su(2)®, we obtain

dr(Xy) =drn(X =Y), dn(Xs) =idn(X +Y), dn(X3)=1idn(H). (6.4.6)

If we let (21,72, 23) € R®, and - X = Z?:l x;X;, then we have

1225 2(zq + ix2) 0
0 —2(ZE1 - ZZEQ) —Z2Z‘3

which is not skew-Hermitian. If we substitute dmy into the non-commutative
formula (6.3.24), and we denote ef’? the (i,7)-th element of the matrix e,

then we have

_ 30 1/ o\° 0
d7s > 0 Lf 0 2 2 o O
ery = (1 + 2T8r + 5 <r6r> + (r° —a3) +i2z3 + zx5r6r> U, (1)

sinr 2 (648)
r

(rcosr + ixgsinr)? ,
= = [ cosr + 113

72

= a*(expz - X).
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The rest of the elements of e™ are:

i o 0 7
eolleQQ = (2:61 + 1 7“5 +12x9 + 112 7’5 + 12123 — 2x2x3) V1, (1)

, o . sinr >
= (z1 +ix2) (2 + S +12x3) ( . )

sinr(xy + ix2)(r cosr + ixgsinr)

2
=2afexpz - X)B(expx - X). (6.4.9)

. 2
. sinr
dio __ 2 . 2
ey = (:Ul + 122129 —132) ( . )

. 2
= (:L‘l + i$2)2 (Slnr)

,

= [*(expz - X).
iy 1 . 1 . ~
6271 =|—x1 — §x1 7’5 + 122 +Z§$C2 7’5 —1T1T3 — Tax3 sz(r)

= —a(expz - X)B(expz - X).

6.4.10

iw (143,70 ] 62+22V() o
©22 = 2"or T2 \"or a3 ) VRl

= alexpz - X)a(expz - X) — Blexpz - X)B(expx - X).

. 2
= ) sinr
e?if = (x% —1201Ty — x%) (T)

= (—0)*(expx - X).

- 0 0 -
egf’r; = | =221 — 2y r— + 9229 + ixg r— + 20123 + 22023 | U (r)
’ or or (6.4.11)

= —2a(expz - X)B(expx - X).

2
etz — <1 i 3,0 . (ri) +(r® = 23) — i223 — ix?ﬂ“&—i) Vr ()

Hence, we have completed the calculation for e?™2. If we compare this calculation
for e?2 with the previous e?™2, then they are exactly the same except having

different constant coefficients. Also, note that {a? 2af3, 3%} is a copy of the
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slp-module {vg, vy, v2}. Because

dr(H)ta? = 20%, drn(X)Fap =0, dr(X)Fp*=—-25%
0, dn(X)®aB =a? dn(X)B% =208, (6.4.12)
dr(Y)ta? = 2a8, drn(Y)Rap = 4% dr(Y)EB? =0,

where the differential operators

dr(H)f = 2~ —w—=—, dr(X)f = zi dr(Y)F = wi

4.1
P 5 (6:4.13)

are in (3.1.17). This observation also satisfies the case for non-unitary repre-

sentations mentioned in Proposition 3.1.7.

We can also extend the Kirillov-type non-commutative formula to general

compact connected semisimple Lie groups.

Theorem 6.4.2 ([43], J. Price). (Structure Theorem) Let G be a compact con-

nected semisimple Lie group. Then, G can be decomposed as
G=(Tx]|[G)/Z (6.4.14)
i€l

where T is a k-dimensional torus T*, each G; is a compact and simply connected

semisimple Lie group, and Z is a finite subgroup of the centre of T x [ ,c; Gi.

Proposition 6.4.3. Let G be a compact connected semisimple Lie group. Then
every irreducible highest weight representation of a compact connected Lie group

G is associated with a measure in the form of

(enl H oo an) ) <D>‘m11ul>\m1 R D)\quIAmq> ; (6415)

where each ey, s a unit point mass at an integer n; in R, and each DAmj Kr,,. 18
J

a distribution in a dual Lie algebra g% of a compact simply connected semisimple

Lie group G that consists of an operator of differential operators acting on the

(unique) G-invariant measure of the moment set of a highest dominant weight
A
J

Proof. Recall that every irreducible representation 7y of T is one-dimensional

and they are also called characters of T', and it can be written as

mp = M0 il (6.4.16)
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Taking the Fourier transform of 77 in R™, we obtain the point mass distributions

at integer points n4, ..., ng. For each G;, we obtain the measure D,\mj pr,,  with
J

respect to the highest weight representation 7 Am, - Now, we can pick out all pairs

of integers (ny,...,ny) and weights (A, ..., Am,) such that the representation
T @ (T, ® @7, ) (6.4.17)

is trivial on the finite group Z. In these cases, they are the highest weight
representations of the compact connected Lie group GG. Hence, the proposition
follows. O]

Example 6.4.3.1 ([21], Example 5.4). Let 7' = T be the 1-torus, G = SU(2).
Let {(—1,1),(1,1)} be the finite centre for T x SU(2). Then, the unitary group

of dimension 2 can be represented by
U(2) = (T x SU(2))/{(-1,-1),(1,1)}. (6.4.18)

Let n € Z*, the function R — T, z — e be the character of T, 7, be an
irreducible unitary representation of SU(2) with dimension n + 1. Hence, the

irreducible representation 7, , of U(2) is given by
T = €™ X T, (6.4.19)

where m € Z,n € Z" are both odd or both even.
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Chapter 7

Riemannian Symmetric Spaces

of The Compact Type

Let G be a compact connected Lie group, G x G be the direct product of G with
itself, AG the diagonal of G x G. Then the pair (G x G, AG) is a symmetric
space. The quotient group G' x G/AG is isomorphic to G. Therefore, G is a

symmetric space of compact type.

Hence, it is natural to extend the non-commutative Kirillov method devel-
oped in Chapter 6 to symmetric spaces of compact type to calculate zonal and

non-zonal spherical functions.

In Section 7.1, we review the definitions and properties of Riemannian sym-

metric spaces.

In Section 7.2, we review the structure of the L? functions of the symmetric

pair (G, K) of compact type.

In Section 7.3, we state the Cartan-Helgason theorem and show how to
calculate zonal and non-zonal spherical functions through the Kirillov-type non-
commutative formula in Chapter 6, and we demonstrate this by calculating a

simple example of SU(2).

In Section 7.4, we look at the wrapping map and e-function, and show how
we can combine these with the non-commutative Kirillov method to transfer
the spherical Fourier analysis on G/K of the symmetric pair (G, K) of compact
type to the K-invariant Fourier analysis on the tangent space p of G/K.
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7.1 Symmetric Spaces and Cartan Decomposi-

tion

Definition 7.1.1. Let G be a connected semisimple Lie group. Let K be a
maximal compact subgroup of G such that K is a compact fixed point set of an
involution o in Aut(G), such that K = {g € G| o(g) = g}, and o satisfies 0% = I.
We call the homogeneous space G/K symmetric space of the Riemannian

symmetric pair (G, K).

Definition 7.1.2. Let G be a connected semisimple Lie group, g be its Lie
algebra, K be a maximal compact subgroup of G with respect to an involution
o, where ¢ induces a Lie algebra automorphism on g by differentiating o at
identity, i.e., do, such that do? = I. It follows that the eigenvalues of do are
+1. The +1 eigenspace is the Lie algebra £ of K, and the —1 eigenspace is the
subspace of g denoted by p, such that

g="t+p, (7.1.1)

and let X,Y € g, then do([X,Y]) = [do(X),do(Y')]. Hence,

[e,e]ct, [tplcp, [p,p]cm, (7.1.2)

Notice that p is K-invariant, since, let X € p, k € K, then

©olexp Ad(R)X)| = ~Ad(R)X, (7.1.3)

assuming o(g) = s, © g o s,, where s, is an involutive isometry of the fixed point
pe G/K, ie., s,(p) = p.

There is a theorem for general properties of Riemannian symmetric spaces.

Theorem 7.1.3 ([28], Theorem 3.3).

e Let S be a Riemannian globally symmetric space and p a point in S, G be
the group of isometries of S, and K be a maximal compact subgroup of G
that fixes p, then K is a mazimal compact subgroup of the connected group
G and G/K s analytically diffeomorphic to S under mapping gK — g-p,
forgeG.
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e The mapping o : g — S$pG5p, (sf, = 1) is an involutive automorphism of G
such that K lies between the closed group K, of all fived points of o and
the identity components of K,, 1.e., K, € K < K,. The group K contains

no normal subgroup of G other than {e}.

e Let g and € denote the Lie algebras of G and K, respectively. Then € =
{X € g|(do).X = X}, and if p = {X € g|(do).X = —X}, we have
g="=t+p (as a direct sum).

e Let [ denote the natural mapping f : g — g-p of G onto S. Then (df).
maps € onto {0}, and p isomorphically onto the tangent space at p, denoted
by T'S,. If X € p, then the geodesic emanating from p with tangent vector
(dm). X is given by

Vamyex () = exp(tX) - p, (7.1.4)

If Y € TS,, then (de'*),(Y) is the parallel transport of Y along the

geodesic.

Lemma 7.1.4 ([28], Lemma 3.6). Let g be a complex semi-simple Lie algebra
and ® be the root system. The root space decomposition says g = t@® Y, cp+ (Ga+
0 o) Letdo =0, P, ={a|laec®" a#a} and P. = {a|ae dF a = a’},
where o’(H) = «(0H), for H € t. The Cartan decomposition of g with

respect to o 1s:

g=m+I[+h,+q, 7.1.5
E b (7.1.5)
P

where b, is a mazximal abelian algebra in p, and

m=be+ > (95 +0-5),

peP_
BePy
q= ), C(X;5—0Xp).
BePy

Definition 7.1.5. Let u be a compact real form of g, and gq be the split real
form of g dual to (u, 8), € the Lie algebra of K. Then 6 gives the decomposition:

u==£ + ps, go = £ + o, (7.1.7)
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where p, = ipy. Let b,, denote a maximal abelian subspace of p,. Then the

space b, = th,, is a maximal abelian subspace of py.

Definition 7.1.6. Let (G, K) be a Riemannian symmetric pair of the compact
type. Let M and M’ be the centraliser and normaliser of the maximal abelian

subspace b, in p. That is,

M ={ke K|Ad(k)H = H for each H € by},

(7.1.8)
M' = {ke K|Ad(k)h, < b, for each H € b,}.

Then, the quotient M’/M is called the restricted Weyl group. Let @, denote
the set of roots that do not vanish on h, (maximal abelian subalgebra of p),
and ®, is called the restricted root system. The restricted Weyl group is

generated by the reflections s,, a € ®,, and
Sa(H)=H-2"""H. Hebp,, (7.1.9)

for a € ®,,.

7.2 K-invariant functions

Definition 7.2.1. Let (G, K) be a Riemannian symmetric pair of the compact
type, and ¢ : G — G/K be the natural quotient map. We can define a G-
invariant measure v on G/K by v(E) = u(EK) = u(q¢ '(E)), for E < G/K,

given that p is a left invariant Haar measure on G.

Definition 7.2.2. A function f on G/K can be given by a right K-invariant
function f on G defined by f(g) = f(gK). In other words, we can realise
L*(G/K,v) as the set of right K-invariant functions in L?(G, ). We also have
the set of bi-K-invariant functions in L*(G, i), such that f(kigks) = f(g), for
all k1,ky € K and g € G. These correspond to the left K-invariant functions in
L*(G/K,v).

Definition 7.2.3. Suppose an irreducible unitary representation 7 of the com-
pact Lie group G has a K-invariant vector, that is, there exists a vector v € H,
such that m(k)v = v for all k € K, then the matrix coefficient m,,(g9) =

(m(g)v,u) for u € H, is K-invariant, and (m(g)v, v) is bi-K-invariant
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Theorem 7.2.4 ([27], Theorem 3.5). Let G be a compact Lie group, (7, H.) be
an irreducible unitary representation of G. Define the subspace HE = {£ € H, :
(k) =&, Vk € K}. Letd(nw),l(m) be the dimension of H, and HE, respectively.

For € G, let C(G/K) denote the subspace of continuous functions C(G/K)

spanned by right K-invariant matriz coefficients of m. Then the functions

VAN

9K — (m(g)vj,viy = m ;i(g), 1<i<d(m),1<j<I(m), (7.2.1)

form a basis of Cr(G/K), and the orthogonal Hilbert space decomposition is
given by
LAG/K) = @5, Ca(G/ ), (7.2

where Gy is the set of ™ that has K-invariant vectors. Let CX(G,K) denote
the subspace of Cr(G/K) that consists of bi-K -invariant matriz coefficients of
w. Then,
CK(G, K) = Z Cmij, me Gk, (7.2.3)
1<i,j<I(m)

and we have the orthogonal direct sum
L3(G/K) = @6, CX(G/K). (7.2.4)

Remark. If (1) < 1 for all m, then a symmetric pair (G,K) is called a
Gelfand pair.

7.3 Spherical Functions

Let GG be a non-compact real semi-simple Lie group with the Iwasawa decompo-
sition G = KAN, M the centraliser of A in K. Let G® be the complexification
of G. Also, let U be the compact real form of G® dual to G.

Theorem 7.3.1 ([27], Theorem 5.4.1). (Cartan-Helgason Theorem) Let o be

an irreducible representation of G on a finite-dimensional vector space V.

1. o(K) has a non-zero vector fixed by K unique up to scalar multiplication if
and only if o(M) fixes the highest weight vector of o. Also, o is called an
irreducible spherical representation if o has a non-zero K-invariant

vector.

2. Let X be a linear form on the real form of the Cartan subalgebra hr. Then

A is the highest weight of an irreducible finite-dimensional spherical rep-
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resentation of G if and only if

Ai(hn€) =0 and 22’ Zi €eZ", Vaed, (7.3.1)

where by is the Cartan subalgebra of G€, and € is the Lie algebra of K€,

respectively.

Corollary 7.3.1.1. Let U be a compact simply connected semisimple Lie group,
K be the fived point subgroup of an involutive automorphism of U. Then con-
dition 2 above characterises the highest weights of the irreducible spherical rep-

resentations of U.

Theorem 7.3.2 ([23], Theorem 12.3.13). Let my be a spherical representation
of a highest weight \ of U, then the K-invariant vector vk 1is given by

Vg = Cf WA(]{)U)\ dk, (732)
K

for some scalar ¢, and v is the projection of vy by P = SK (k) dk.

Definition 7.3.3. The zonal spherical function of an irreducible spherical

representation m, of U is given by

oA(9) = (ma(g)vr,vk), g€ G. (7.3.3)

Theorem 7.3.4 ([27], Theorem 4.4.2). The spherical function of the irreducible

spherical representation mwy of a compact Lie group G is given by

or(g) = L{ Xa(g~'k) dK, (7.3.4)

where X is the character for m).

Proposition 7.3.5. Let m) be an irreducible unitary and spherical representa-
tion of U of highest weight X, given by the inverse Fourier transform of the non-
commutative Kirillov formula, s a neighborhood of 0 in u such thatexp : s — K

15 a diffeomorphism, and dH a suitable measure on s, then
Vg = J J(H)m(exp H) P\ Uy, (H) dH, (7.3.5)
5
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where Py is the polynomial of the lift of the highest weight matriz coefficient,

Ur, is the inverse Fourier transform of the Liouville measure of the moment set

Iy, and J is the Jacobian of the exponential map.

Remark. We can work out the lift of spherical functions through the spherical
representations given by the non-commutative Kirillov formula, and when we
restrict to the tangent subspace p, we recover a K-invariant measure in p. Sim-
tlarly,we can work out the non-K -invariant measures for the non-zonal spherical

functions.

It is interesting to work out an explicit version of the non-commutative Kir-
illov formula for K-invariant and non-K -invariant measures of spherical func-

tions. This will be a subject of future work.

Example 7.3.5.1. The simplest symmetric space of compact type is the pair
(SU(2),S0(2)), the Cartan decomposition of su(2) is given by

0 1 i 0 0 i
su(2) = + + , 7.3.6
@) =n (-1 0) " (0 z> " (z 0) (73.6)

~
Y T

to=Ilo O
N /
~-

P

for (xq, 22, 23) € R®. The condition (2) in Theorem 7.3.1 is satisfied because
i(h N €) is zero, it follows that A\(i(h N €)) = 0. The condition

22 Zi eZ*, Vaed' (7.3.7)

is satisfied only if A = ka for a positive integer k, since a = 2 for SU(2).

Hence only the even integer highest weights A\ are associated to a spherical
representation. Assume X\ = 2. The spherical representation 7T‘(5%(2) of SU(2)
restricted to SO(2) is

:+ 1 cos 2z \%Sin2l‘1 5 — 500821
7Tfs?c))(z) (expar - Xi) = | —Jzsin2z1 cos2u 7z sin2a1 (7:38)
+ — 3cos2x —% sin2x;  § + 1 cos 2z

where z € (=, 7], and 5-p((—m,7]) = 1 is a natural Haar measure on SO(2).

The first row of 7® is {a? /208, 5%} (Example 2.5.5.1), so by (7.3.5), the
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unique SO(2)-fixed vector is

1
Vso(2) = 5(052 + 52) (739)

In fact, every homogeneous polynomial of the form (a? + 3%) of degree 2k is
SO(2)-invariant. Therefore, we can calculate the spherical function of A = 2.

Recall the calculations for 7 o exp in Example 6.3.3.1, we have

pr(expz - X) = (my(expx - X)(a? + %), (a® + 52)>
= (@ +a®+ B2+ ) (expa- X)
B 0 o\’ 5 9 o sin/a% + 23 + 23 i
— (2—!—37”5—1— (7’5) + 4(r —xZ—x3)> ( R

(7.3.10)

for X € su(2),r = 4/2? + 22 + 22. When we restrict to a,, the spherical function
1s

oOx(expr3X3) = 2cos2x3, x3X3€ a,. (7.3.11)

This is identical to the results of the calculation given in ([27], p.23). Thus, we

can define a new basis for Hs, which is
{\/g(OéQ + %), V6a3,v3(a® — 62)} . (7.3.12)

The non-zonal spherical functions of 7y with respect to this basis are ¢, ¢”,

where

Hhexpa - X) = (ma(expa- X)VB(a + 8), (v6as) )
=V2(@B + af)(expa - X)
| 2 sinA/27 + ZZF 2\
=iV2 <x2 (Ta + 2> — 2x3x1> ( \/xf—i-—;ﬁ—;% >

(7.3.13)
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The restriction to p, is

—
¢me&+%&»ﬂﬁw03+% sin /25 + 23
o NEEE 73.14)

: 2 2
) sin 24/x5 + x
= Z\/iZEQ 2 3.

2 2
A/ Ty + 23

The second one ¢”, is given by

Yexpr - X) = <7T)\(8Xp517 - X)V3(a® + 57, (\/6045)>
= V2(a® — @+~ B)(expa - X)

, (73.15)
<2 2 2
=12 (xg (ri + 2) + 2x1x2> SR Vi W B ,
or A1t + x5 + 2
and the restriction to p, is
2
a : /2 2
Y(exp(zo Xy + 23X3)) = 1213 (Tg + 2> (%)
T2ty (7.3.16)
_ i, 0 2+/13 + 23
Notice that we have
.0 ,
z%qﬁ,\(exp(a:ng + 23X3)) = ¢\ (exp(z2Xa + 23X3)),
2 (7.3.17)

. a 1!
2_83: ox(exp(z2Xs + 23X3)) = P (exp(z2Xs + 23X3)).
3

7.4 Wrapping Map and e-function

We first look at the wrapping map for compact connected semisimple Lie

groups, which was discovered and proved by A.Dooley and N.Wildberger [19].

Definition 7.4.1. Let G be a compact connected semisimple Lie group, and
let g be its Lie algebra. Let v be a distribution with compact support on g.
Let f € C*(G), and define f = foexp. Suppose j is the square root of the

Jacobian determinant of exp. We define a linear functional ®(v) on G to be

(@(v), Na = (5. (7.4.1)
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and ®(v) is called the wrap of v. It is a distribution on G.

Theorem 7.4.2 ([19], Theorem 2.1). Let p1 and v be G-invariant distributions

of compact support on g, or two G-invariant integrable functions. Then,
O(prgv) = P(p) #q (v) (7.4.2)

where the convolution on the left is on g and the convolution on the right is on

G.

Remark. Actually, the wrapping map ® is a homomorphism between the Ba-
nach algebra of G-invariant distributions of compact support on g and the Ba-
nach algebra of central distributions on G. The Kirillov character formula is a
consequence of this homomorphism [14]. In addition, the convolution structures
studied in Chapter 4 can also be wrapped to G by ®. In fact, the idea of the

wrapping map can be extended to symmetric spaces of compact type.

Let S = G/K denote a simply connected symmetric (coset) space; G is a
connected Lie group, ¢ is an involution of G, and K is the connected component
of the identity e of G in the fixed point subgroup of G under o. Let p : G —
G/K, p(g) = gK be the canonical projection, and o = p(e) = K be the origin
of S. Let g = £ + p be the Cartan decomposition of the Lie algebra of G with
respect to do, where £ and p are the eigenspaces of do with eigenvalues 1 and
—1, respectively, and p is identified as the tangent space to S at the origin o.
Also, let exp and Exp = p o exp denote the exponential mapping of G and S,
defined on g and p, respectively.

For X € p, let j(X) be the square root of the Jacobian determinant of Exp,
and j(X) is K-invariant. Let s be a K-invariant neighborhood of o in p so
that Exp : s — S is a diffeomorphism. We can extend the idea of wrapping to
symmetric spaces: let 7 be a K-invariant distribution of compact support on p,
and for f e C®°(G/K), f = f o Exp, we define the linear functional

(‘1)(77)7 f)G/K = (Vv ]f)P (743)

Suppose 7, & are K-invariant distributions supported in s, and 7 #, £ is also
supported in 5. Now, the interesting question is: Is there a wrapping map ® for

a symmetric space of compact type G/K? That is,

(1 #, §) = ®(n) *o/u P(¢) (7.4.4)
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F.Rouviere [46] developed a so called ‘twisted’ convolution of 7.4.4 by introduc-

ing an analytical function s x § — R, which he called the e-function.

Theorem 7.4.3 ([46], Theorem 2.2, Proposition 3.14). Letn, & be a K-invariant

distribution which is locally integrable on s. Then,

(1 #p.e &) = () *ayx P(E) (7.4.5)

where

(140 ) = [ VIECE = V)e(X.Y) . (7.46)

and the e(X,Y') is a function of variables (X,Y) € s x 5. This e-function can

be expressed as . .
J(X)i(Y)
J(X+Y)

where Y(X,Y) is the Jacobian determinant of the change of variables

e(X,Y) = D(X,Y) (7.4.7)

(Ad(k)X, Ad(ks)Y) — (X,Y), for ki, ks € K. (7.4.8)

Rouviere [46] has calculated the e-function as an infinite series that converges
in a neighborhood of 0 in 6. A.Dooley [16] has derived an explicit formula of the
e-function for symmetric spaces of compact type, which generalises the wrapping

map for a compact Lie group.

Let (G, K) be a Riemannian symmetric pair of compact type. Let g = ¢+ p
be the Cartan decomposition with respect to the Cartan involution do. Let a
be the maximal abelian subalgebra of p, and let a;, be the restricted positive
Weyl chamber with respect to a set of restricted roots ®}. Let A, = exp(a),
then G = KA, K is the Cartan decomposition of G.

Theorem 7.4.4 ([16]). Let (G, K) be a Riemannian symmetric pair of compact
type. Let S = G/K be the corresponding symmetric space and let p be the
tangent space of S at eK. For X,Y € p, H,Hy € ay, ki,ky € K, let X =
Ad(k)Hy, Y = Ad(ko)Hy, and X +Y = Ad(ks)Hs. Then the e-function is
given by

H1 H2 Oé H1 v H2 av H3 %

et warein, LCOS 5 (a(Hy) + av(Hy) + av(Hs

(7.4.9)
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where my, is the multiplicity of the restricted root o, W, is the restricted Weyl
group of a, and «*(H) is the image of the root o under the W,.-action. The

J-function is K-invariant and is the square root of the Jacobian of Exp, given

by

me

jH) = 1] [%] L for Heat. (7.4.10)

aed;r

Remark. Note that when the symmetric pair is (G x G, AG), the e-function
s equal to 1. Thus, the convolution is described by the wrapping map. Another

interpretation of this e-function is the sectional curvature of S.

Example 7.4.4.1 ([14], Section. 4). Let (G,K) = (SO(3),S0(2)) be the
symmetric pair, and the symmetric space S = SO(3)/S0O(2) is the 2-sphere.
The K-orbit in the tangent space p is a circle. If we consider the convolution
of the probability measures on two circles centred at the origin in the plane p
with radius r1,75. We can observe that if for any X be on circle r; and Y be

on circle ro, then the distance from any point X + Y to origin is given by
X +Y| = (r2+ 12+ 2rrocos6)? (7.4.11)

where 6 is the angle between X and Y. Let p,,,pu,, denote the probability

measures on the circles, and let €2 be the support of j,, * p,,. Then

1) = | 10X+ Y, d,

1 (" 1
= —f 1((r? 4+ 73 + 2rirycos 0)2) df
™ Jo

1 r1+7T2
_! f Ty

. 0 )
™ [r1—ra| 7172 SIN

by changing variable from angle 6 to radius r. Also, we notice that 2rrssinf
is the area of the triangle of 0, Y, X + Y. Hence, we can use Heron’s formula to
rewrite the the probability distribution f of the convolution of two circles rq, 9

as
1 2r

Tl (r £y £19)3

where X is the uniform distribution in the radial direction. If we now calculate

leﬂ“z (’l“) = X[[r1—ralr1+r2] (7’) (7.4.12)

the area of this triangle when we ‘wrap’ it on the surface of the 2-sphere, we

can obtain the probability distribution of the convolution of two circles rq, 79
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on the surface of the sphere as

1 sinr
7T]_[+cos (r+mr —1—7“2)%

g"’la"’? (T) = X[|r1—7”2‘,r1+r2] (T) (7413)

If we compare these two distributions f and g, we obtain the e-function for the
2-sphere. That is,

e(X,Y) = — H[COS(%(TJLTIJLTQ)]%, (7.4.14)

1
sinr &, s(rtr£ry)

where + denotes the all possible combinations of plus and minus, r| = | X|,ry =
Y] and r = | X + Y. Notice that sinr/r is the j-function of Exp on p. This
idea can be extended to the symmetric spaces of SO(n)/SO(n — 1), and the

e-function is given by

(XY = sin 7y sin 7y 1—[ rertr) | (7.4.15)
’ 1Ty sinr 44| cos 3 Lir+r 1) ' o

So the general idea is to restrict the calculations to two-dimensional plane, and

compare the density functions of the geodesic triangle and the flat triangle.

Theorem 7.4.5 ([16]). Let (G,K) be a Riemannian symmetric pair of the
compact type. Let S = G/K be the corresponding symmetric space, and let p be
the tangent space of S at eK. Then, e-function is defined on the entire tangent
space p. Also, let u and v be K-invariant distributions of compact support on

p, we have

(1 wpe v) = B(1) v B(v) (7.4.16)

Remark. This ‘twisted’ convolution described by the e-function in (7.4.16) es-
tablishes a new correspondence between zonal spherical harmonic analysis on
G/K and K -invariant harmonic analysis on p. We can combine this correspon-
dence with the Kirillov-type non-commutative formula for K-invariant distribu-
tions on p* to transfer the Fourier analysis of zonal spherical distributions on
G/K to Fourier analysis of K-invariant distributions with compact support on

1ts tangent space p.

Proposition 7.4.6. Let ¢y be a spherical function (defined in (7.3.3)) of the

symmetric pair (G, K), where G is a compact simply connected semi-simple Lie
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group, and K is the fized point group of an involutive automorphism of G. Then,
the Fourier transform of the convolution zonal spherical distributions ®(u) and
®(v), with respect to the ‘twisted’ convolution of K-invariant distributions u

and v, of compact support on p, is given by

() »s ®(v), Pr) = f f e(X, V)i (X + Y)or(Exp(X +Y)) dXdy,
(7.4.17)

and the Euclidean Fourier transform of ¢y o Ezp in p is equal to D¥vE, which

1s a K -invariant measure of g*, restricted to p*.

Remark. In the calculation, the 1/5(X +Y)’ function inside the e-function
can be canceled with the j-function in front of the ¢. The K-invariant measure
DEVE can be determined by the Kirillov-type non-commutative formula, which

18 described in Section 7.3.

Example 7.4.6.1. We can combine the e-function of the 2-sphere (7.4.14) and
the spherical function of the 2-sphere when A = 1 (7.3.11) to explicitly write
down the Fourier transform of spherical distribution ®(u) * ®(v) with compact

support on the sphere. That is,

. cos J1X + Y] £ [X] « V)
@500 = [ [ s00m0iwe) | e S oy ]

-cos2|X +Y|dXdY,
(7.4.18)

where the j-function is j(X) = sin | X|/|X|, X € p.

It is also interesting and motivating to derive the K-invariant measures for
spherical functions with respect to the restricted root system of symmetric

spaces. This is a subject of future work.
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Appendix A

Symbolic Calculations

A.1 Example

A.1.1 Fundamental Representation of Spin(5, R)

2 =2
(2 o

We can choose a basis in R? such that

The Cartan matrix of B is

a(H) =2, ay(Hy) =2, ao(H))=—1, as(Hs) =2 (A.1.2)

and we can let a; = (2,0), ap = (0,2), and H, = (1,—3), H, = (—1,1), and

h . .
(Vb\l)vt|t (hl _ hg, _51 + h2> _ I:efh(h1+2h2) (—h%eﬂhl . h%ezélhl_i_

(h1 _ 2h2)2€i2h2 + (hl . 2h2)26i2(h1+h2) + 8(h1 _ h2)h2€i(h1+2h2))]
+ (8hi(hy — 2h2)*ho(hy — hy))
(A.1.3)
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The polynomial corresponding to the trace of Kirillov-type non-commutative

formula of dm,|; is given by

0 o\ a\° o\*
Tr(Py,|) = 120 + 250 <7$) + 175 (7a> + 50 (7$> +5 <7%)

2
+ T2h3 + 4203 (’y%) + 6h3 (7%) + h — 144h; hy

2
— 84hyhy (7%) — 12hyhy (7%) — 4h3hy + 144h3

0 o\
A 12 v— 4h%h?
+ 84h2 (767> + <787) + 4h2h3,
(A.1.4)

and a calculation shows
Tr(Pyle) - (vr, )Vt = 1+ €™ 4 e g efln2he) gmiln=2ha) = (A ] 5)

which is the character of my,. We can also calculate the global version formula.

The irreducible skew-Hermitian matrix dmy, is equal to

ihy 1+ 1Y V2(zs +iys)  —V2(z4 + iya) 0
—z1 + it —ihy +i2hy  N2(zo + iy) 0 —2(x4 +iys)
—V2(z3 —iys) —V2(z2 —iys) 0 V2(mg +iy2)  —V2(3 + iys)
V2(z4 — iys) 0 —\2(x2 — iy2) thy —i2hg 1 +1Y1
0 V2(zs —iys)  N2(xs —iys) -1 + 1y —ihy

(A.1.6)

for X € spin(5). This is obtained with respect to the Chevalley basis of B ([30],

Exercise 25.6). Thus, we can calculate the Pf:l polynomial, that is,
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dy* 4+ ihydy® +10dy? + h3dy? + 4h2dy? + 22dy? + 422dy? + 222d4?

+222dy? + 12dy? + 4y2dy° + 2y2dy° + 2y2dy° 4 9ihidy® — 4hyhody?

+ 35dy* 4 ih3dy + Th3dy + 4ihih3dy + 28h3dy + ihyz3dy — 2ihoa3dy + T22dy
+ 4ihy23dy + 28x5dy + 14aidy — 2ihixidy + 4ihoaidy + 14x3dy + ihiyidy

— 2ihoy2dy + Ty2dy + dihyy2dy + 28y2dy + 14y3dy — 2ihyy2dy + dihgy2dy

+ 14yidv + 26thdy — 4ih%h2d7 — 28h1hody — dixoxsy1dy — dixix3y2dy

+ 4iN22324y2dy + dizywoysdy + 4iN2r04y3dy — diyiyaysdy — 4iN2z0x3y4dy
+ 4iN2yoysyadry + 50dy + 4ih3 + 12h2 + 16ihy h2 + 48h3 + 4ihix? — Sihya?

+ 1222 + 22222 + 16ih 22 + 4822 4 20222 + 8h3a2 — 8hihox? + 2412 + 42322 (A17)
— 8ihyx} + 16ihox; + 2427 + 223y? + dihyy} — Sihoy? + 12y7 + 223y3 + 4adys
+ 2y2y2 + 16ihyy3 + 42z 124y5 + 48y3 + 2h2y2 + 8h2y2 — 8hyhoy? + 2443
+4z3y3 + dysyi — Sihyyi + 16ihay] + 24y; + 24ihy — 16ihThy — 48h1ho

— 4\595196%:64 — 16ixox3y1 + 4h1x223Yy1 — 8hoxowsyr — 16ix123Yys + 4h1x123Y2
— 8hox173Y2 + 16iV22374y2 + 4N2h1 T324Y0 — 8N 2hox324y2 + 8V 2207 4y1 Y2

+ 16ix122ys — 4h1x122Yy3 + S8hox122Yys + 16i\@$2$4y3 + 4\/§h1$2x4y3

— 8V2hazazays — 16iy1y2ys + 4h1y1yays — Shay1yays + 4N 24154

— 16iV2x923y4 — AN 20 2223ys + 8NV 2hoxo3ys — 4\/§$§y1y4

— 8V22122Y2ys + 16iV2yoysys + 4V2h1y2y3ys — 8V2hoyoysya + 24

where dvy represents 7%. To show this indeed is the correct output, we show
that Y,. vy, = vr,—a, and that is exactly Y5, . Py (vr,,)"s = P, (v1,,) s, where

Y., is the G-induced non-constant coefficient differential operator given by

Vou = o = 00) g+ (e = ) = i = )5+ 5 (o2 = i) 5
RN IS DU I DN
+§(y2+zx2)5—y3—§(x3+2y3)a—x2—§(y3—m3)a—y2
(A13)
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Since the induced differential operators induced by G annihilate (l/[h)vi’, we
have P, (vr, )¥® produces a polynomial, which is

21dy? 4 iy1dy? + 2ihoz1dy? + 921dy? — 22023dy? 4 Yiydy? — 2hayr dy?

+ 2ix3y2d72 — Zixgygd'yz — 2y2y3d72 + xi’d’y + iy:{’d’y + 2x1x§d’y + 2x1x§dfy

— 2x1xidfy + xly%dv + 2x1y%d’y + 2\/§x4y§d’y + 2iy1y§d’y + 2x1y§d7

+ 2\/§:r4y§d’y + Ziylygd'y — 21’1yid’y — 2iy1yid'y + h%xld’y + 14ihoxdy

— 2h1hox1dy 4+ 26x1dy — 4ihozoxsdy — 1dxoxzdy — 2\/§x§x4d7 — 2\/§x§x4d’y

+ ih%yld’y + ix%yld'y + 2ix§y1d7 + Qixgyldw — Qixiyldv + 265y dy — 2thyhoy dy
— 14hoy1dy + 14ix3ysdy — dhoxzyody + 4i\@x2x4y2d'y — 14dizoysdy + 4dhoxoysdy
— 4iN2a324ysdy — dihayaysdy — 1dypysdy — 2N/ 2x3y4dy + 2in223y4dy

+ 2iN23yady — 2203 yady — AN 220y0yady — AN2a3ysyady + da + diy}

+ 2ih1x1x§ + lexg — 2ih1x1x§ + 4ih2x1x§ + 8x1m§ — lexi — 4m2x3xi + 4$1yf

+ 2x2x3yf + 2ih1x1y§ + 8x1y§ + 8\/§x4y§ + 2i\/§h1x4y§ + 8iy1y§ — 2h1y1y§

— 2ihy 2193 + 4ihox1y3 + 821y3 + 8\/§x4y§ — 2i\/§h1x4y§ + 4i\/§h2x4y§ + 8iy1y3
+ 2hayrys — dhoy1ys — 8r1yf — dawawayl — 8iyiyl + 4ixayayi — 4ivaysyi — 4y2ysyi
+ 4h3xy + 24ihgxy — Shihoxy + 242 — 2hiwgws — 2232923 — 16ihoxoxs

+ 4hihoxows — 24w913 — 8\@x§x4 — 2i\/§h1x§z4 - 8\@x§x4 + Qiﬁhlx?)’:m

— 4i\/§h2x§x4 + 4\/§x1x2x3x4 + 4ih%y1 + 4ix%y1 + 8ix§y1 — 2h1x§y1 + 8ix§y1

+ 2h1x§y1 — 4h2x§y1 — Sixiyl + 249y1 — 8th1hoyr — 24hoyy — dix1xo23Y1 + 4i\/§x2x3x4y1
+ 4ix3xiy2 + Qixgyfyg + 2ih%x3y2 — 2ix%x3y2 + 24ix3ys — 4ih1hoxsys — 16hox3ys
+ 16iﬁx2x4y2 — 4\/§h1x2x4y2 + 4dx1T3Y1Y2 — 4ix2xiy3 — 2ix2yfy3 — Qih%Ing

+ Zix%xgyg — 24ixoys + 4ihi1hoxoys + 16hoxoys — 16i\/§x3m4y3 - 4\/§h1x3m4y3

+ 8V2how324ys — AT172y1Y3 — 2h3Y2ys — 225 yoys — 45y2ys + 2yTyeys — 16ihayays
+ 4h1hayays — AN22124y0ys — dizry1yays — 4N 24y1y2ys — 24y2ys — 8in223y,

+ 2V/2hy 22y + 8iN2x 3y + 2V2h xdys — AN2hoxZys + 8iN2y3ys

— 2V2h1y3ys — 8iV23ys — 2V2h1y3ys + AN2haySys — 16723090y

— 4iN2h1 Tayays + AN21 23298 + 4iN223y1520s + AV 221 T2Y3ys — 16V223Y304

+ 4iN2h1 23y3y4 — 8iN2how3ysys + 4iN222y1Y34
(A.1.9)

and this is exactly the same as Pf\z' Similarly, we can apply other ‘lowering’
operators to generate the first row of the matrix of polynomials. Due to the
complexity of the computation, we omit the calculation. However, it can be

produced using the programs referenced in Appendix A.2.
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A.2 Computing Programs

We look at the technical aspects of how to implement the Kirillov-type non-
commutative formula for arbitrary compact real forms of semisimple Lie alge-
bras, and how to approximate the G-invariant measures of coadjoint orbits and

moment sets of unitary representations by the techniques of ‘box splines’.
Implement the Kirillov-type non-commutative formula:

Let G be a compact simply connected semisimple Lie group, 7" be a maximal
torus of GG. Let g be the Lie algebra of G, and t be the Lie algebra of T'. We
describe an algorithm to calculate the highest weight representation of G, using
the Kirillov-type non-commutative formula on the highest weight representation

of g.

i. For each complexification of g, there is a Cartan matrix C that describes
the Killing form among all simple roots. Taking the inverse of C', we can

obtain the fundamental weights {\;} in t*.

ii. Every dominant weight can be written as a positive integral linear combi-
nation of all fundamental weights: A\ = Z§'=1 k;\;j, each k; is non-negative,
and [ is the rank of t. For each dominant highest weight A, we can apply
the lowering operators of the negative root spaces to the highest weight
vector vy, to generate all the weights in the saturated set TI(\) of the high-
est weight A. In addition, we can apply the Frendenthal formula ([30],
Theorem 22.3) to calculate the multiplicity of each weight.

iii. Let g© be the complexification of g, we can then work out the highest

weight representation dry of g©, with respect to the root decomposition

0 =@ > (9o + 0-a)- (A.2.1)

aedt
Then, we can convert dmy(g®) to the compact real form dmy(g).

iv. Let n be the dimension of dmy(g). We can calculate the matrix of the
polynomials of the inverse Fourier transform of the Kirillov-type non-
commutative formula for dmy by (6.3.75). We can also calculate the in-

verse Fourier transform of the G-invariant measure of the moment set I,
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denoted by (v1,)¥(H), for H € t. To obtain the global version, we can di-
rectly calculate the eigenvalues of dry and insert them into the G-invariant

function (v, )".

v. In this way, we obtain the highest weight representation 7(expg) of G.

We can then apply Weyl’s unitarian trick to make 7 unitary.
We have done a few examples in Wolfram Mathematica.

1. The irreducible representations of SU(2): my, mo and 3.
https://tgoul0565.github.io/phd/Non-comm-Kirillov-formula-of-SU(2) .pdf

2. The fundamental representation of SU(3).

https://tgoul055.github.io/phd/Non-comm-Kirillov-formula-of-SU(3)-fundamental.

pdf

3. The highest weight 0 representation of SU(3).

https://tgoul055.github.io/phd/Representations-of-delta-A2.pdf

4. The fundamental representation of Spin(5) (double cover group of SO(5)).

https://tgoul055.github.io/phd/B2-fundamental-representation.pdf

Approzimate Measures:

Let F, be the arc-length measure along the ray of a vector « in the real
Cartan subalgebra t. Let E = [],#F,, be a measure in t. Also, let F =
lim,, o0 Hj +F,o, in the sense of a distribution, where na = [0,n] - a. We can

use the techniques of ‘box splines’ [11] to approximate E. That is,

i. Pick two arc-length measures F,,,, Fla,, and the convolution F,,, * Fra,
can be represented by the uniform distribution f on the parallelogram

spanned by {1, as}.

ii. The convolution F,, * f can be calculated by

Foy £(69) = | (5 = nas)dn, (A22)

and the rest of the convolutions can also be calculated this way.
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iii. Thus, the measure £ = lim,, ,, [ | ; #Fna; is a piecewise polynomial distri-

bution on the Euclidean space t (or t*).

We have constructed some examples in Wolfram Mathematica.

1. The convolutions of unit spheres for SU(2).
https://tgoul055.github.io/phd/Convolutions-of-unit-spheres-SU(2).pdf

2. The projection Liouville measures of regular and singular coadjoint orbits
of SU(3).

https://tgoul055.github.io/phd/Projection-Measure-of-A2.pdf
3. The projection Liouville measures of the coadjoint orbit of delta of Spin(5).

https://tgoul055.github.io/phd/Projection-Measure-of-B2.pdf

4. The intersection between the moment set of delta element and dual Cartan
subalgebra of SU(3).

https://tgoul055.github.io/phd/Moment-set-of-delta-of-SU(3).pdf

Remark. The symbolic calculation for multiple-fold convolutions of the arc-
length measures of root and weight vectors will become very complicated and
Mathematica on my laptop was unable to produce any output when n =5 (when
t is two-dimensional). But our approach is more calculable and provides a more
direct approach to calculate the piecewise polynomials of the density functions of
convolution structures of coadjoint orbits and moment sets of irreducible unitary

representations.
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