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ABSTRACT

This thesis develops advanced phase-field models for fracture simulation in both
solid and thin-walled structures. The research is divided into two main parts: phase-field
fracture modelling in solids and shell-based phase-field modelling for thin-walled
structures.

In the first part, a double-phase-field model is proposed to separately represent
tensile and shear fracture evolution in elastoplastic solids. The model employs a crack-
orientation-based decomposition framework, where effective stress and plastic strain are
split in a local coordinate system. The tensile and shear damage evolution is governed by
the corresponding decomposed stress components, while plastic contributions are
incorporated through their respective energy release rates. The model is validated against
experimental data and complex three-dimensional benchmark problems, demonstrating
its capability to capture different crack modes and mechanical responses. Building upon
this, a unified strain energy decomposition strategy is developed to handle arbitrary stress
states. By ensuring non-negative tensile, shear, and compressive stress components, this
approach generalizes existing decomposition methods and provides consistent results
across diverse loading conditions.

In the second part, a shell phase-field model is introduced to simulate fracture
propagation in thin-walled structures. The model incorporates five phase-field layers
corresponding to Simpson stress integration points, accurately capturing through-
thickness fracture evolution. A stress-state-dependent fracture strain formulation is
integrated using the Modified Mohr-Coulomb (MMC) criterion for 316L steel and the
Bao-Wierzbicki criterion for Ti-6Al-4V. The model is validated against numerical
benchmarks and experimental data, successfully reproducing fracture mechanisms in
cylindrical and square tube structures. The framework is further applied to battery casing
simulations, incorporating anisotropic plasticity and stress-state-dependent fracture
criteria, with numerical results closely matching experimental observations.

To extend the model's applicability to dynamic fracture, an explicit shell phase-field
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model is developed, integrating temperature evolution from dissipated plastic work. A
thermally and rate-dependent Johnson-Cook flow stress model, coupled with the MMC
fracture criterion, characterizes strain rate effects and fracture initiation under dynamic
loading. The model accurately captures anisotropic plastic deformation and fracture
behaviour across various impact scenarios.

This thesis advances phase-field fracture modelling by addressing key challenges
in stress-state-dependent fracture evolution, anisotropy, and dynamic loading effects. The
findings improve predictive accuracy in fracture simulations for solids and thin-walled
structures, with potential applications in structural engineering, battery safety analysis,
and impact-resistant materials. Future research directions include uncertainty analysis,
integrating non-local plasticity, extending Multiphysics couplings, and further

experimental validation of shell phase-field models.
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1. INTRODUCTION

1.1 Research background

Crack propagation, which plays great roles on the mechanical behaviour of
structure under loading, has been a key technique issue in many different areas of practical
engineering, some of them depicted in Figure 1.1. Hence having a deep understanding on
the initiation and propagation of fracture in solid has been a significant task for

researchers and engineer.

aircraft broken | car crash ship split

Figure 1.1 fracture behaviours in engineering

Researchers have proposed different numerical methods to model the crack
propagation and predict the mechanical response of solid under stress. Basically, those
crack modelling methods could be divided into two types: discrete models and diffusive
models. The discrete models trace crack path during the loading process and adjust their
geometric information simultaneously according to the fracture topology at each
increment. All kinds of finite element modelling techniques such as remeshing
(Belytschko and Black 1999), Enriched Finite Element Method (Oliver 1996) and

Extend Finite Element Method (Geelen, Plews et al. 2020) have been developed to
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decouple fracture evolution from the underlying discretization. However, the drawback
of such discrete method would become obvious when it comes to complicated crack path
evolution such as crack intersection problems especially in 3D condition. Since tracking
crack path would consuming extremely huge calculating resource, it’s not realistic to
apply those techniques to industry for practical engineering design. The diffusive models,
instead of tracing the crack topology, use continuous damage variable field to denote the
degree of broken at each position within solid.

Within the frame of diffusive models, phase field modelling method has been
proposed and developed fast in the past twenty years. Phase field models limit the value
of damage variable d from 0-1. It represents intact and totally broken state when phase
field variable d is equal to 0 and 1 respectively. Starting from Griffith’s theory (Griffiths
1986), this method regularizes the sharp crack I' as a diffusive area controlled by length
scale parameter [.. Due to the gradient terms of damage variable in the crack surface
density function, phase field models could avoid mesh-depended damage localization in

numerical modelling.

1.2  Research scope

Phase field model has been proven an effective method for crack modelling in elasto-
plastic materials and attracted much attention from researchers and engineers. This
current research mainly focuses on two aspects for the solid and shell structures,
respectively.

For the 3D solids, one key challenge in the phase field community was to account
for the tension-compression asymmetry, which is widely common for most real materials.
Though many different strain energy decomposition methods have been proposed to
capture this characteristic, i.e. the spectral (Miehe, Schénzel et al. 2015) and volume-
deviatoric (Behera, Sudeep et al. 2023) decomposition among many others, those
approaches could only take effect under some specific region of stress states. For example,
spectral decomposition may predicted accurate fracture path for material under tensile

dominate stress state, while may not induce crack initiation for structures under
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compression loading. However, real-world structures are frequently exposed to highly
diverse stress loadings, which may vary spatially and temporally. Hence, it is necessary
to propose a unified decomposition strategy, effective for arbitrary stress states. In
addition, the different crack modes mode I and mode II crack have different mechanical
properties, i.e. the different crack energy release rate, and therefore must be distinguished.

The fracture behaviours of shell structures are common in practical engineering. Yet
there is not much research for applying the phase field model for quasi-static/dynamic
shell fracture modelling. Even in the limited literature, such shell phase field model was
only verified by several benchmark numerical examples, while the experimental
validation was unemployed yet. To accurately predict the mechanical response and
fracture behaviour, the stress-state dependent fracture initiation criterion has to be
considered. In addition, the difference damage evolution along the thickness should also
be distinguished.

Based on the above-discussed research scope, the aims of this research are listed
below:

(1) Develop a double-phase-field framework for ductile fracture modelling with
distinguished mode I and mode II fracture.

(2) Further propose a unified strain energy decomposition strategy for prediction of
reliable fracture path and mechanic response under arbitrary stress states. In
addition, compare the numerical results with the two commonly used spectral and
volume-deviatoric decomposition method.

(3) Develop a shell phase field formulation where the distinguished damage evolution
along shell thickness and stress-state dependent fracture criterion are incorporated.
Further, the proposed shell phase field model is validated by both the benchmark
example and experimental test results.

(4) Further apply the shell phase field model for the fracture modelling of cylinder
battery casing and battery cell, analysing the deformation mode and damage

evolution under different abuse tests. Conduct a comprehensive study of the effect



of stress state on the mechanical behaviour of battery structures.
(5) Develop a dynamic shell phase field model, with consideration of the effect of
strain rate, stress states, material orientation on the fracture criterion. Besides, the

dynamic effect should be incorporated via the strain-rate-dependent flow stress.

1.3 Organisation of the rest of the thesis

The flow chat of this thesis is presented in Figure 1.2. Overall, the rest of the thesis
consists of two main parts. Chapter 3 and Chapter 4 focus on the phase field fracture
modelling within solids, while Chapter 5 to Chapter 7 focus on the shell phase field
fracture modelling. Specifically, they are organised as follows:

Chapter 3 proposes a double-phase-field model to represent the tensile and shear
fracture evolution within the elasto-plastic solid. In this model framework, both effective
(undamaged) stress and plastic strain are split in the crack-orientation-based coordinate
system. The decomposed tensile/shear stress contribute to the tensile/shear damage
evolution, respectively; The plastic contribution is coupled by relating the decomposed
tensile/shear plastic stain to the corresponding tensile/shear crack energy release rates.
Crack surface normal direction, represented by two orientation variables in 3D spatial
domains, is determined by the F-criterion. The simulation of a single-edge notch
specimen under shear loading demonstrates that the ratio between shear and tensile crack
energy release rates plays a significant role in the crack mode and mechanical response.
Numerical results of a group of uniaxial tension, simple shear and tension shear
specimens show good agreement with the experimental data in terms of the force-
displacement curve and crack path, exhibiting the validity of the proposed model for
capturing different crack modes. This model has also proven effective for complex 3D
problems via the third Sandia Challenge example.

Based on the crack-directional decomposition method, Chapter 4 further
developed a unified strain energy decomposition strategy suitable for arbitrary stress
states. In this method, the effective stress is decomposed into three non-negative

components, namely tensile, shear and compressive stress based on the local coordinate
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system (r-s-t), and all of these decomposed strain energies are ensured nonnegative with
the consideration of Poisson effect. It is also noted that the proposed unified
decomposition approach could recast to volume-deviatoric (V-D), spectral, and crack-
directional decomposition methods under specific loading conditions. To further validate
this unified decomposition method, it is compared with V-D, and spectral phase field
model through a series of numerical examples, covering various stress states loading,
including tensile, compression, tensile-shear, compression-shear. The results show that
that the unified decomposition strategy is capable of accurately capturing fracture
propagation and mechanical response of solids under different stress states.

In Chapter 5, we introduce a shell phase-field model with five layers of phase-field
variables to accurately predict fracture propagation through the thickness, corresponding
directly to the five Simpson stress integration points. Additionally, to accurately capture
fracture initiation in real structures, a stress-state-dependent fracture strain formulation
was employed in each layer, utilizing the MMC criterion for 316L steel and the Bao-
Wierzbicki criterion for Ti-6Al-4V. The proposed model was validated both
quantitatively through benchmark numerical examples and qualitatively using
experimental data. The simulation of a notched cylinder under axial tension demonstrated
that fracture strain significantly affects the load-carrying capacity. The typical "flapping"
phenomenon in a cracked cylinder under internal pressure was successfully reproduced.
In the three-point bending test of a square tube, the model captured five distinct stages of
deformation—elastic deformation, local indentation, side-surface buckling, bulge strap
growth, and global bending—all of which closely matched experimental observations.
Despite a slight delay in the densification of the Gyroid TPMS structure under axial
compression, the two characteristic deformation modes were accurately captured, and the
global force-displacement curve aligned well with experimental results.

In Chapter 6, the proposed shell phase-field model in Chapter 5 is further applied
to simulate and analyse the ductile fracture of a battery casing, supported by experimental

validation. The Hill 48 stress model was used to describe the anisotropy in yield stress.



The Bao-Wierzbicki fracture criterion was utilized to account for stress-state-dependent
fracture strain. Simulations with the calibrated parameters successfully replicated the
experimental deformation modes, fracture progression, and force-displacement responses
across three structural tests on the battery casing and cell. In the three-point bending of
the battery damage was concentrated at the front and back equatorial points, where the
element bending direction transitioned from inward to outward as the indenter advanced.
This transition led to damage initiation in the material near the outer and inner surfaces.
Moreover, the simulation accurately reproduced the diamond-mode deformation, and the
fluctuating force-displacement curve observed in the axial compression test on the battery
casing. In the bending of the battery cell, analysis of representative elements showed
significant variation in stress states and damage initiation along shell thickness under
bending-dominant conditions, with consistent behaviour observed under membrane
tensile-dominant conditions.

Chapter 7 further develops an explicit shell phase-field model for simulating
dynamic fracture behaviour in thin-walled structures. The model incorporates
temperature as a state variable governed by dissipated plastic work and accounts for
material anisotropy using the Hill48 yield stress formulation. A thermally and rate-
dependent Johnson-Cook flow stress model, coupled with the modified Mohr-Coulomb
(MMC) fracture criterion, was employed to characterize fracture initiation under dynamic
loading. An anisotropic plastic strain measure was introduced to capture material
orientation-dependent fracture behaviour, while phase-field damage evolution was
governed by elastic energy and retained plastic work. Model calibration through uniaxial
tension, notched tension, hollow centre, and simple shear tests demonstrated its accuracy
in capturing strain rate effects and stress-state-dependent fracture initiation. Further
validation using the three holes sample under varying loading rate confirmed the model’s
capability in predicting force-displacement behaviour, fracture evolution, and crack
propagation paths. The numerical results closely matched experimental observations,

accurately capturing strain localization, triaxial stress effects, and fracture transitions.



Chapter 8 summarizes the key findings of this thesis, discusses its limitations, and

outlines directions for future research.
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2. LITERATURE REVIEW

2.1 Phase field modelling for brittle fracture

Originated from the Griffith’s theory, phase field model regularises the sharp crack
topology into diffusive region, and the governing equations are deduced by minimising
the total potential energy within the solid, including the fracture energy dissipation, elastic
energy and external force work. Moreover, to distinguish different mechanical response
under tensile and compressive stress state, the phase field model decompose the strain
energy into positive and negative part with the assumption that only the positive energy

contributes to the fracture evolution.

2.1.1 Crack Regularisation

Based on the Griffith’s theory (Griffiths 1986), phase field methods firstly regularise
the sharp crack I' by introducing a diffusive crack surface density function y,;(d, Vd),
demonstrated in Figure 2.1. The formulation of crack density function can be written as
below (Bourdin, Francfort et al. 2008, Miehe, Hofacker et al. 2010, Miehe, Welschinger
et al. 2010, Ulmer, Hofacker et al. 2013, Molnar and Gravouil 2017),

Yi(d,vd) =%+ |vaf? @.1)
where d represents the phase field variable, and its value lies between 0 and 1. A larger
value of d corresponds a higher degree of broken state in solid. When d is equal to 0 and
1, it denotes intact and totally broken situation, respectively. The introduced length scale
parameter [ controls the crack diffusive area, depicted in Figure 2.1. When [ approaches
zero, the regularized crack zone converges to a sharp crack.The density function could be
deduced from the one-dimension case following the literature (Molndr and Gravouil
2017). Specifically, we consider a 1D bar with cross section I', of which there exists a
fully open crack in the middle. To approximate the non-smooth crack topology, an

exponential function was proposed as below (Miehe, Schinzel et al. 2015, Molnar and

Gravouil 2017),



d = e ¥/ (2.2)
where [ is the length scale parameter, when [ — 0, the sharp crack can be recovered. It is
noticed that the explicit expression of phase field d in Eq.(2.2) is the solution for the

below differential equation,

d(x)? —1?- d”(x)2 =0 (2.3)
B B
oB oB
a) sharp crack b) diffusive crack

Figure 2.1 Fracture topology. a) Sharp crack surface. b) diffusive crack zone

According to Euler's variational principle, the explicit expression of phase field d
in Eq.(2.2) also minimises the integration value in terms of such integrand formulation,

expressed as follows,
I(d) = % J, (d% + 12d'*)da (2.4)

Then the crack surface density function for one-dimension case could be defined as the

integrand in Eq.(2.4) as,
! 1 !/
yi(d, d") = (d* + 12d'%) (2.5)

Consequently, we can finally obtain the diffusive crack surface density function of Eq.(2.1)

after extending Eq.(2.5) into multi-dimension cases.
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a) cracked 1D bar crack (cross section: I')
J
F r’ F

b) sharp crack 1

¢) diffuse crack

-4 ] 5

Figure 2.2 (a) 1D bar with a crack at the middle with the cross section I. (b) Phase-field
for sharp crack at x=0. (c) Diffuse crack at x=0 modelled with function (1) and length
scale parameter 1 (Molnar and Gravouil 2017).

2.1.2 Energy framework for phase field model

2.1.2.1 Degradation on elastic strain energy

Essentially, phase field method replace the sharp crack discontinuity with a finite
gradient damage zone (de Borst and Verhoosel 2016). In the sharp crack topology, the
component of strain and stress on crack surface should be zero when the crack is open,
which results in the strain energy release on the crack surface. In the phase field context,
the displacement is assumed continuous on the regularized fracture zone as well as the
elastic strain, and the effective (undamaged) stress is calculated with the undamaged
elastic modulus. Hence, a degraded function is introduced to describe the nominal stress
and degraded released strain energy when damage initiates and propagates. Based on
above explain, the degradation function g(d) should be a monotone decreasing function
in terms of the phase field variable d. It should also meet such several requirements as

below (Miehe, Hofacker et al. 2010, da Silva, Duda et al. 2013, Miehe, Schinzel et al.

2015)
gd=1 d=0
gd=0 d=1 (2.6)
g'(d) d=1

A widely adopted quadratic formulation (Bourdin, Francfort et al. 2008, Lorentz,
11



Cuvilliez et al. 2011, Lorentz and Godard 2011, Wu and Xu 2013, Freddi and Iurlano
2017, Wu 2018) can be written as follows,

g(d) = (1 - d)? 2.7)

Except for the quadratic degradation function represented by Eq.(2.7), Borden et al.
(Borden, Hughes et al. 2016) proposed an alternative cubic degradation function,

g(d):= 1 —-d)?*[(2—-k)d + 1] (2.8)

When the parameter k£ in Eq.(2.8) is equal to two, this cubic function degrades to

the normal quadratic formulation. The stress response for phase field models with the

normal quadratic and cubic degradation formulation are compared in Figure 2.3. It shows

that linear stress response before peak stress can be captured by the cubic degradation

function (Borden, Hughes et al. 2016).

- - - Quadratic

eguad

Figure 2.3 Stress-strain relationship for quadratic and cubic degradation function [51].

Moreover, Wu et al. (Wu 2017, Wu, Huang et al. 2021) proposed a unified phase

field model, where the degraded function are given as a series of formulations as follows,

_ @-ayp
9D = e (2.9)
where the Q(d) are calculated as below,
Q(d) = a;d + a,d? + azd® + - + ap,d™ (2.10)

Within this unified framework, many related alternative degradation functions then
can be recovered by choosing appropriate parameters. This unified phase field framework
has been adopted in the following research (Mandal, Nguyen et al. 2019, Wang, Feng et

al. 2020, Zhang, Peng et al. 2021) among many other studies. There are still many other
12



alternative formulations, and part of them are summarized in Table 2.1.

Table 2.1 Alternative degradation functions

Authors Year Degradation functions
Lorentz et

1.(Lorentz and 2011 (d) := a-dy

al.(Lorentz an g = pod)

Godard 2011)
Alessi et al. (Alessi, 2014 D e (1—d)? kS0
Marigo et al. 2014) I = T ha =z
Kuhn et al. (Kuhn,

2015 g(@d):=41-d)3-3(1-d)*

Schliiter et al. 2015)

Alessi (Alessi, (1-d)?

. 2015 gd):
Ambati et al. 2018)

TIltrk-DA-A-d)?)

2.1.2.2 Thermodynamically consistent variational energy functional

We Consider an arbitrary body B under loading with displacement boundary 0B*
and stress boundary 0B/ . ¥ and £ are the body force and boundary force respectively. The
internal energy in this solid can be divided into two parts: (a) the elastic strain energy; (b)
the dissipated fracture energy. With the degradation function in hand, the degraded elastic
strain energy can be easily obtained by multiplying the degradation function on the intact
stain energy in terms of elastic strain. As for the dissipated fracture energy, we can
introduce the energy release rate Gy, which denotes the dissipated energy needed to create
per area crack surface. The total dissipated fracture energy could be calculated by multiply
this energy release rate on the total crack surface area that can be obtained by integrating
the crack density function Eq.(2.1 over the entire solid. Under this framework, the strain
energy drives the crack propagation while the crack evolution resistance originates from
the released fracture energy (Aldakheel, Mauthe et al. 2014, Miehe, Schénzel et al. 2015).
The total potential energy ¥ in this system is equal to the internal energy IT™ minus the

extent energy [1”", represented as follows,
@Pot = [rint _ [rext — Sz [o(wd) + (d,Vd) =y -uldV — [ E-udS

(2.11)
where ¢(u,d) and ¢(d,Vd) denotes the strain energy density and fracture energy
density, and can be calculated by
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¢(u,d) = (1 — d)2e(u): E: £(u) (2.12)

o(d,Vd) = Gf-(§d2+2ilc- vd|?) (2.13)

To keep stable of the energy framework, the evolution of displacement field # and

phase field variable d always leads to a minimum potential energy in the whole system

(Marigo, Maurini et al. 2016). Hence, take variation on the total potential energy ®P°¢,

the following governing equations for the displacement and phase field can be calculated
(Miehe, Hofacker et al. 2010, Molnar and Gravouil 2017).

e for the displacement variable u:

c-n—b=0 ondB/ (2.14)

{V'0'+t=0 inB
u="u on 0B!

e for the phase field variable d:

{? (d —1.2Ad) = 2(1 — d) - {%s(u)E: S(u)} in B (2.15)

Vd-n=0 on 0B
2.1.2.3 Crack Irreversibility and history variable

According to Eq.(2.15), the evolution of phase field variable d dependents on the
intact strain energy. However, it’s noticed that the crack evolution is irreversible, which
requires that time derivative of phase field variable d at each point should be non-
negative. To implement this, Miehe (Miehe, Hofacker et al. 2010, Miehe, Welschinger et
al. 2010) introduced the history variable H, which represents the maximum elastic
energy in history at each point within the solid. Obviously, replacing the intact strain
energy in Eq.(2.15) with H will lead to a monotone increasing evolution of phase field

variable d. Thus, we can finally obtain the final crack evolution governing equation as

follows,
Gr 2 _ .
{Z-(d—lc Ad)=2(1—-d)-H inB (2.16)
Vd-n=0 on 0B
_ 1 E-
H = Tg[l(i\g;] {2 e(u,7):E:e(u, T)} (2.17)
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2.1.3 Energy Decomposition

The above review has introduced an isotropic phase field model, which does not
distinguish tension and compress stress. Nevertheless, it does not agree with the
experimental observation that most materials exhibit different behaviours of fracture in
tension and compression (You, Waisman et al. 2021). Normally, cracks are easier to
initiate and develop under tension than compression. To address this issue, researchers
have proposed different approaches to decompose the strain energy into positive and
negative part and assume that only the positive part plays roles on the crack evolution.
There are plenty of energy decomposition methods, and they can mainly be divided into
three classes: (a) volumetric-deviatoric decomposition; (b) spectral decomposition; (c)

decomposition based on crack direction.

2.1.3.1 Volumetric-Deviatoric (V-D) decomposition

The V-D decomposition method, firstly proposed by Amor et al. (Amor, Marigo et
al. 2009) and Lancioni and Royer-Carfagni (Lancioni and Royer-Carfagni 2009),
decomposes the strain tensor into volumetric strain and deviatoric strain tensor. Then
deviatoric strain energy is assumed always active for fracture driving force, while the
volumetric strain energy contributes to crack propagation only when volumetric strain is

positive, written as
+ _ 1 + 1 2 2 s s
"’O_E'K'W(‘Po—g'K'<tr(£))+ ))+ +G- eS¢ (2.18)
0y =K - (tr(e)_* 2.19)

where K and G are elastic volume and shear modulus respectively, € and &° are
strain tensor and deviatoric strain tensor respectively. Since the V-D decomposition
strategy distinguishes the volume strain and deviatoric strain, stress update would be
relatively easier, especially for the calculation of plastic strain increment. Hence, this V-
D decomposition has been widely adopted, particularly in some ductile phase field
models (Gavagnin, Sanavia et al. 2020, Kristensen and Martinez-Pafieda 2020, Wheeler,

Wick et al. 2020, Yin and Kaliske 2020, Ulloa, Wambacq et al. 2021).
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2.1.3.2 Spectral decomposition

In contrast to V-D decomposition, spectral decomposition, proposed by Miehe et al.
(Miehe, Hofacker et al. 2010, Miehe, Welschinger et al. 2010, Hofacker and Miehe 2012)
and also widely adopted (Jeong, Signetti et al. 2018, Wu, Fang et al. 2020, Wambacq,
Ulloa et al. 2021), transform the strain tensor into the principle strain space, and
distinguish the positive and negative principle strain as well as the correspond strain
energy, denoted by

et =31 (g),m;®@m, (2.20)
95 = %/1(31 +e ) Hufle)” +(e)” + (e3)1 7] (2.21)

Though the spectral decomposition gives understandable concept on the tensile and
compress component of strain energy, there are also some limitations on it. For example,
when the solid is under compress stress from all three directions, the positive strain energy
would be equal to zero, which leads to no driving force for crack initiation and
propagation. Hence, this method can not present a shear fracture under compression

condition, while it is very common phenomenon in reality.

2.1.3.3 Decomposition based on crack direction

Stenike and Kaliske (Steinke and Kaliske 2018) introduced a novel strain split
based on crack direction. This method decomposes the effective (undamaged) stress
tensor in a local crack-orientation-based coordinate system, with three base vectors of r,
s and ¢, as demonstrated in Figure 2.4. The vector r denotes the unit normal direction on
the crack surface, s represents the slip direction along the crack surface, and ¢ is the unit
vector on the third direction perpendicular to r and s. After this decomposition, it is
assumed that the active part of strain tensor includes the positive normal stress on the

crack surface and shear stress along the crack surface, as follows

0t = (Fp)y M+ = (Grr)y (M + M) + T+ 5 + 57+
(2.22)
07 = () M == (Gry)y - (M + M) + 5 + 5 + 5% + 5%
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(2.23)
The second term in above two equations explains the strain release on the s and # direction
when the stress on crack normal direction is degraded. Based on this crack direction

energy split strategy, many further studies have been conducted (Storm, Supriatna et al.

2019, Wang, Feng et al. 2020, Fei and Choo 2021, Wang, Shao et al. 2021).

Figure 2.4 Local crack-orientation-based coordinate system (Steinke and Kaliske 2018)

2.1.4 Anisotropic/Hybrid phase field framework

With a specified strain energy split method in hand, one can easily construct the
anisotropic phase field model by replace crack driving force with the positive part of the
decomposed strain energy in the phase field governing equations (Miehe, Welschinger et
al. 2010, Chen, Li et al. 2020). The advantage of aforementioned anisotropic phase field
models is that these models can represent the significant anisotropic characteristics of
materials and are all thermodynamic consistent models that can be derived from the
potential energy variation framework. On the other hand, due to the nonlinear momentum
balance equation caused by asymmetric stress response, anisotropic phase field models
can cost huge calculation resource especially for 3D problems with complex boundary
conditions.

To increase the calculation effectiveness and capture the anisotropy of materials
simultaneously, Ambati et al. (Ambati, Gerasimov et al. 2014) introduced a hybrid
formulation. This proposed model distinguishes tensile and compress when deducing
history variable H and phase field variable d, while it views solid as isotropic materials
when calculating the stress response. Based on Ambati’s work, Jeong et al. (Jeong,
Signetti et al. 2018) hold the view that hybrid formulation is more realistic for combined

loading problems for the residual stiffness in anisotropic model. It has been further proved
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that this hybrid framework is capable of producing qualitative and quantitative results
similar to those obtained from an anisotropic phase field model, while also reduced the
calculation cost rapidly (Ambati, Gerasimov et al. 2014, Zhu 2016, Zhou, Zhuang et al.
2019, Cao, Wang et al. 2022).

2.1.5 Mixed-model phase field model

The energy release rate G introduced before denotes the energy needed to dissipate
for unit area of crack surface. In the normal phase field model, it does not distinguish
tensile fracture and shear fracture. However, it has been proved that energy release rate
for shear fracture is much greater than that of tensile fracture in solids (Wong and Einstein
2009, Yu, Shao et al. 2021). It also explains that the shear strength of rock materials is
much higher than its tensile strength. To model crack propagation more properly,
researchers has proposed the mixed-model phase field method. Zhang (Zhang, Sloan et
al. 2017) splits the elastic strain energy into the tensile and shear parts, and introduced
two energy release rates corresponding to the tensile and shear fracture, respectively. The
driving force for crack propagation is equal to the sum of tensile and shear strain energy
divided by their energy release rates. The direction of fracture is given by a so called ®-
criterion, which determine the crack direction on the maximum driving force. Similar
research result can also be found in literature (Bryant and Sun 2018, Wang, Feng et al.
2020). Wang et al. (Wang, Yu et al. 2021) proposed a new framework of the phase-field
method in which the crack-driving strain energy is identified by the spectral
decomposition concerning the principal direction. Fei and Choo (Fei and Choo 2021)
proposed a mixed-mode phase field model that adopts the crack direction dependent
method. In this framework, normal strain component on the crack normal direction
contributes the driving force for I mode fracture, while shear strain component related the

crack normal direction contributes to driving force for II mode fracture.

2.2 Phase field modelling for ductile fracture

Phase field method has been extended from brittle fracture to ductile fracture, which

commonly occurs in reality. Compared to brittle fracture, where fracture energy serves as
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the primary source of dissipation, ductile fracture is accompanied by substantial plastic
dissipation resulting from nucleation and micro-void coalescence.(Alessi, Ambati et al.
2018). In the context of ductile phase field model, one needs to consider the interaction
among displacement field u, plastic strain field €, and phase field variable d

simultaneously.

2.2.1 Incorporation of plasticity into phase field formulation

Significant efforts have been made to extend phase-field modelling from brittle
fracture to ductile fracture in elasto-plastic solids (Miehe, Welschinger et al. 2014, Miehe,
Hofacker et al. 2015, McAuliffe and Waisman 2016, Aldakheel, Wriggers et al. 2017,
Dittmann, Aldakheel et al. 2018, Huang and Gao 2019, Dittmann, Aldakheel et al. 2020).
There are mainly, to the best of author’s knowledge, two directions proposed to handle
this problem. The first approach is to continue the variation framework in brittle fracture
and couple plastic free energy into the crack evolution, while another direction is to derive
governing equation for those three fields from a microforce balance system. Related
research on both directions will be summarized as below. Besides, the transformation
from brittle to ductile fracture has also attracted the attention of the researchers.

When considering the crack evolution on the elastoplastic materials, one has to
couple the damage/phase field variable d into yield surface. The yield stress needs to be
degraded during the crack evolution process. That is because when crack initiate, the
stress response would be degraded immediately. If yield surface keeps the original shape,
the degraded stress would always stay below yield surface. It will lead to pure elastic
dominant stress response, which is unrealistic in the ductile fracture phenomenon. To
avoid this, Borden et al. (Borden, Hughes et al. 2016) proposed a degraded yield function

as follows,

2
fra) = Isll - gp(d)\/; (o), + Hy " a) (2.24)
where the yield stress is multiplied by the plastic degraded function g, (d). The plastic
degradation function would take the same formulation as the stiffness degradation

function to ensure the standard elastoplastic model still work in the damage coupled
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system. This strategy of degradation on yield stress works well for J, plasticity model.
However, when it comes to mean stress coupled yield function or multi-surface yield
function, this plastic degradation will lose the efficiency. To address this issue, Choo and
Sun (Choo and Sun 2018) postulated that only the undamaged portion of the material can
sustain plastic deformation. With this idea, we do not need to degrade the yield stress,
while we just replace the real stress with the effective (undamaged) stress in the original
yield function.

To couple plasticity on crack evolution, Ambati (Ambati, Gerasimov et al. 2014,
Ambati, Gerasimov et al. 2015) introduced a modified stiffness degradation approach,
incorporating plastic strain into the governing equation, which is expressed as follows,

g(d,@) = (1—d)2® (2.25)

In this formulation, @ is the ratio of equivalent plastic strain €P of the critical
plastic strain £-.. Though the driving force  is unrelated with plasticity within this
framework, the plastic strain &-. would accelerate or slow the evolution of phase field
variable d via degraded function g(d, @).

Except for the above idea, other researchers tend to incorporate plastic strain into
the driving force directly (Rodriguez, Ulloa et al. 2018, Fang, Wu et al. 2019, Fang, Wu
et al. 2019, Kienle, Aldakheel et al. 2019). Miehe et al. (Miehe, Hofacker et al. 2015)

extended the driving force for brittle fracture by adding a plasticity term as follows,

Wetwp

H(x,t) Trg[gfg]( - 1)y (2.26)

We
Similarly, Borden et al. (Borden, Hughes et al. 2016) coupled the plastic work in

the driving force, written as

d _ g'(@HE +gp(d){wp—wo)+
c Gf

[.Ad — (2.27)
where wy, is the plastic work and wy, is a defined threshold, plastic contribution to
driving force only works when its value greater than this threshold.

The alternative method for ductile phase field modelling is to associate crack energy

release rate with the plastic strain (Yin and Kaliske 2020). It is assumed that fracture
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toughness would be reduced as plastic deformation develops. With this assumption, one
can build the relationship between plasticity and crack energy release rate Gy and easily
couple the plastic contribution to the phase field governing equation. Different
formulation of degradation functions is summarised in Table 2.2.

Table 2.2 Formulations of crack energy release rate degradation function with plastic

strain
Authors Year Degradation functions
1 el <gl
Yin and Kaliske (Yin 2018 G.=f(z")-G, with f(&")= #(51) —a)z 2 <e <are
and Kaliske 2020) a
b el za+el
Huang and Gao ,
(Huang and Gao 2019 G =G, e
2019)
G, el <&l

Zhao et al. (Zhao,

020 G, = 1-
Huang et al. 2020) G, -[c + ﬁ] et <&l
exp(e? —¢g?

Han et al. (Han,

1+cos[-f, - "]
Matsubara et al. 2021 G.(")=(G.,-G.,) — +G,,
2021)
Hu et al. (Hu, or
¢ 2021 G, =Gy - (b +(1—b)-e@E¢ )+)

Talamini et al. 2021)

2.2.2 Mechanical characteristics of AM metallic material

Additive manufacturing (AM) techniques are on the basis of the design data and
constitute a novel manufacturing method to produce solid structures by overlaying the
raw materials automatically, which is attributed to its complex construction capability
with high accuracy and good surface quality. At the same time, it cuts down greatly the
time needed design and developing for the new products. Therefore, additive
manufacturing techniques are promising to break through the limitations of traditional
casting methods and provide the opportunity to realize the transformation and upgrading
of the manufacturing industries.

The phase field model has been extended to model the fracture propagation for the
AM materials. Ruan et al. (Ruan, Rezaei et al.) proposed a thermodynamic phase field

model which incorporates the temperature variables with the crack energy release rate
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and apply the proposed model for the crack modelling of AM specimens. It has been
concluded that the solidification shrinkage strain has great effects on the formation of the
circumferential crack, while the temperature gradient is mostly responsible for the central
crack (Ruan, Rezaei et al.). Wilson-Heid et al. (Wilson-Heid and Beese 2019) has
investigated the fracture behaviour SLM additively manufactured alloys in two
orientations, and revealed that the stress-state-based fracture criterion could capture the
failure behaviour more accurately. The GTN (Gurson-Tvergaard-Needleman) model has
also been reported for capture the evolution of the microporosity for the AM materials.
Yang et al. utilised the modified GTN model to predicted the ductile fracture of SLM-
fabricated Ti-6Al4V alloy properly (Yang, Li et al. 2021). Azinpour (Azinpour, Ferreira
et al. 2018, Azinpour, Darabi et al. 2020, Azinpour, Sa et al. 2020) further consider the
evolution of micro-void defects with Rousselier damage criterion in the phase field

framework for AM materials.

2.2.3 Brittle-ductile fracture transformation

The brittle and ductile phase field methods have been introduced for modelling
fracture propagation in solids, and it has been pointed out that brittle fracture in rock is
often observed under relatively low confining pressure, while higher confining pressure
leads to propensity for ductile fracture (Choo and Sun 2018). Hence, there must be some
transformation criterion for fracture model transformation. It is important for us to figure
out that criterion to understand the stress response when apply phase field numerical

method into engineering design.
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Figure 2.5 three different stress zone in mean-deviatoric stress space and the value of
parameter y/ .

Recently, some work has pay attention on this topic. You et al. (You, Zhu et al. 2020)
has proposed a phase field model that incorporates the brittle and ductile fracture. In this
work, there are two phase field variable that denote brittle and ductile fracture respectively,
and the maximal principal stress was set the brittle-ductile fracture criterion. Ductile
fracture stops and only brittle fracture develops when maximal principal stress is positive,
while brittle fracture stops, and only ductile fracture develops when maximal principal
stress is negative. Differently, Choo’s research choose the volumetric strain as a criterion
(Choo and Sun 2018). When volumetric strain is positive, the plastic contribution on the
crack driving force reduces to zero.

To suggest the shear band phenomenon, based on the maximal principle stress
criterion, You et al. (You, Waisman et al. 2021) further introduced a parameter y” to

denote the fraction of the plastic free energy that goes into fracture generation. The stress

space was divided into three zone: brittle fracture zone, ductile fracture zone, plastic shear
band zone. The value of y’/ depends on the position where the stress state locates in the

stress space. Samaniego (Samaniego, Ulloa et al. 2021) recently proposes a modified
degradation on elastic stiffness, which delay the degradation on elastic stress during the
phase field variable evolution, while keep plastic deformation at the beginning. In this
way, a shear band phenomenon that plasticity deformation continue evolution while

elastic stiffness stay original before the ductile initiation would be suggested.
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2.3  Shell phase field fracture modelling

The phase-field model has also been applied to fracture analysis using shell element
formulations, where the kinematic description follows either the Kirchhoff-Love or
Reissner-Mindlin theory. Most researchers focused on the latter, and applied the solid-
shell formulation to represent the fracture diffusion with a similar idea to phase field
model in three dimension (Ambati and De Lorenzis 2016, Reinoso, Paggi et al. 2017,
Reinoso, Durand et al. 2019), while the existing studies for the Kirchhoff-Love thin shell
is limited, which is focused in this study.

A significant challenge in implementing the phase-field model for thin shells lies in
capturing crack evolution through the shell thickness. Ulmer et al (Ulmer, Hofacker et al.
2012) firstly extend the phase field model for shell fracture modelling, where a single
phase field variable was introduced to describe the thickness-through damage, which was
jointly driven by the bending reference energy and tensile membrane strain energy on the
mid-surface. This concept was adopted by subsequent research, such as Li et al. (Li,
Millan et al. 2018), who applied this shell kinematics to simulate tearing in brittle thin
sheets using a higher-order phase-field model. Pillai (Pillai, Triantafyllou et al. 2020)
implemented the MITC4+ shell element for shell fracture modelling to avoid shear
locking, and Ma et al. (Ma, Sun et al. 2024) incorporated the stress-resultants method to
account for elasto-plastic materials in ductile shell fractures. Alternatively, Kiendl et al.
(Kiendl, Ambati et al. 2016) split the strain energy spectrally through the shell thickness,
integrating the tensile component as crack-driving energy, which was implemented via
isogeometric analysis (IGA) or mesh-free method (Amiri, Millan et al. 2014, Ambati and
De Lorenzis 2016, Proserpio, Ambati et al. 2020, Proserpio, Ambati et al. 2021).

The above-mentioned through-thickness fracture approximation might not
accurately capture the distinct damage distribution along the shell thickness, especially
under bending load. To address this limitation, Areias et al. (Areias, Rabczuk et al. 2016)
introduced two phase-field variables for shell element implementation, representing
different fracture propagation behaviours on the top and bottom surfaces of the shell,
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while the displacement and angular variables remain based on the mid-reference surface.
In a more recent study, Wang et al. (Wang, Han et al. 2022) assumed a linear interpolation
of the phase-field distribution along the shell thickness and proposed an explicit

implementation for elastoplastic materials.

2.4 Research gaps

The phase field model has been widely employed for fracture modelling and has
proven effective in capturing crack propagation and the mechanical response of brittle
and ductile materials. However, several challenges remain within this modelling
framework.

For the fracture modelling of three-dimension solids, one key challenge is the
accurate representation of tension-compression asymmetry. Although various strain
energy decomposition strategies have been proposed to address this issue, most existing
methods are designed to characterise fracture behaviour under specific stress states.
Consequently, these approaches may lead to unphysical simulations when applied to
stress states beyond their intended scope. For instance, volume-deviatoric (V-D)
decomposition can lead to incorrect fracture driving force under transverse compressive
loading conditions (Prakash, Behera et al. 2022), while spectral decomposition is
unsuitable for simple shear loading, where the stress may not fully degrade even when
the material has completely fractured (Behera, Sudeep et al. 2023, Hesammokri, Yu et al.
2023). Given that the real-world structures are often subjected to complex, spatially and
temporally varying stress conditions, there is an urgent need for a unified stress state
decomposition approach that remains effective under arbitrary stress states. Moreover,
crack orientation significantly influences the mechanical response of materials and should
be incorporated into the phase field model framework. However, existing crack
orientation-related decomposition methods are predominantly limited to two-dimensional
plane strain problems, leaving the behaviour of three-dimensional solids under complex
stress states largely unexplored.

For thin-walled structures commonly found in engineering applications, there is a
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significant disparity between the thickness scale and the in-plane dimensions.
Consequently, employing solid elements for numerical modelling necessitates a large
number of elements, leading to excessive computational costs. To address this issue, shell-
based phase-field models have been developed. Both single-layer and multi-layer shell
phase-field models have been proposed in the literature to simulate fracture propagation
in thin-walled structures. However, most of these models have been validated only
through benchmark numerical examples, with experimental validation largely absent.
Furthermore, fracture initiation has been shown to depend on the stress state of materials,
yet this effect has not been incorporated into existing shell phase-field frameworks,
limiting their applicability to practical engineering scenarios. Lastly, strain rate plays a
critical role in flow stress and fracture initiation in dynamic fracture mechanisms.
However, this aspect remains largely unexplored within the shell phase-field framework.
Therefore, the integration of strain rate- and stress state-dependent fracture criteria
requires further investigation.

This dissertation will focus on advancing phase-field modelling for fracture in both
solid and shell structures. For 3D solids, it addresses the challenge of tension—
compression asymmetry by developing a unified strain energy decomposition method
capable of accurately predicting fracture behaviour under arbitrary stress states,
overcoming the limitations of existing spectral and volume—deviatoric approaches. For
shell structures, the study extends phase-field modelling to capture stress-state-dependent
fracture initiation and thickness-dependent damage evolution, supported by both
benchmark and experimental validations. The proposed models are further applied to
simulate the fracture and deformation of cylindrical battery casings and cells under
different loading conditions, providing insights into stress-state effects. Additionally, a
dynamic shell phase-field framework is developed to incorporate strain-rate, stress-state,
and material-orientation dependencies, enabling more realistic simulation of fracture

processes in engineering structures.
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3. CRACK-ORIENTATION BASED STRAIN ENERGY

DECOMPOSITION

3.1 Introduction

The recently emerging phase field model has proven to be an effective method for
crack propagation modelling. It originated from the variational formulation for brittle
fracture by Francfort and Marigo (Francfort and Marigo 1998) and was for the first time
numerically implemented by Bourdin et al. (Bourdin, Francfort et al. 2000). The key idea
of phase field modelling is to smear the discrete crack topology as a continuous phase
field with a length scale parameter. The phase field and displacement field are then
coupled, and they can be solved by minimising the total potential energy (Aldakheel,
Mauthe et al. 2014, Miehe, Schénzel et al. 2015). Standard isotropic phase field models
do not distinguish tensile and compressive stress, which leads to the same fracture driving
force and crack propagation under tensile and compressive loads (Miehe, Hofacker et al.
2010, Miehe, Schinzel et al. 2015). Nevertheless, it does not agree with the experimental
observation that most materials exhibit different behaviours of fracture in tension and
compression (You, Zhu et al. 2020).

To solve this problem, various strategies have been proposed to split the strain
energy into positive and negative parts, where only the positive part contributes to crack
propagation (Miehe, Hofacker et al. 2010, Miehe, Welschinger et al. 2010, Mieche,
Hofacker et al. 2015). Among them, the two most commonly adopted methods are
volumetric-deviatoric (V-D) (Amor, Marigo et al. 2009, Lancioni and Royer-Carfagni
2009) and spectral decomposition (Miehe, Hofacker et al. 2010, Miehe, Welschinger et
al. 2014). In addition, Zhang et al. (Zhang, Huang et al. 2018) utilised three regularisation
functions to smooth the decomposed positive and negative spectral strains, which makes
the convergence of Newtown’s iteration more robust. Wu et al. (Wu and Xu 2013, Wu
and Nguyen 2018) applied the spectral decomposition on the effective (undamaged) stress
tensor and formulated the crack driving force only from the positive major principal stress.
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Tang et al. (Tang, Zhang et al. 2019) split the strain energy into principal stretch related
and volumetric parts for modelling general non-linear elastic mechanical response.
Nguyen et al. (Nguyen, Yvonnet et al. 2020) introduced a new projector for strain
decomposition that ensures the orthogonality between traction and compression parts.

In the above positive/negative projection based on spectral decomposition, it is
assumed that the crack orientation is always aligned with the principal axes of the
effective (undamaged) stress (or strain) tensor. This assumption does not always hold,
e.g., in case of pre-existing cracks not coaxial to the local strain/stress fields (Wu, Nguyen
et al. 2020). To address this issue, a crack-direction-based stress decomposition strategy
has been proposed by Strobl and Seelig (Strobl and Seelig 2015, Strobl and Seelig 2016)
and further developed by Stenike and Kaliske (Steinke and Kaliske 2018). This strategy
decomposes the effective (undamaged) stress in the local crack-direction-based
coordinate system, and its positive components contribute to fracture, including normal
tensile stress on and shear stress parallel to the crack surface. The crack orientation was
assumed as the first principal stress direction, and only tensile damage was considered
(Steinke and Kaliske 2018). Luo et al. (Luo, Chen et al. 2021) applied this crack-
direction-based split strategy to the decomposition of strain tensor and introduced a stress-
driven crack opening indicator. A later study by Stenike et al. (Steinke, Storm et al. 2022)
further distinguished the tensile and shear strain energies, and the F-criterion (B.Shen and
O.Stephansson 1994) was then adopted to determine the crack orientation. Fei and Choo
(Fei and Choo 2021) incorporated the friction shear energy on the crack surface and
proposed a double-phase field model that distinguishes tensile and shear damage.
Nevertheless, most existing crack-direction-based energy decomposition strategies only
considered crack propagation in a 2D setting, while complex fracture modelling problems
in 3D space remain for further investigation.

Compared to brittle fracture, where fracture energy serves as the primary source of
dissipation, ductile fracture is accompanied by substantial plastic dissipation resulting

from nucleation and micro-void coalescence (Alessi, Ambati et al. 2018). Significant
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efforts have been made to extend phase-field modelling from brittle fracture to ductile
fracture in elasto-plastic solids (McAuliffe and Waisman 2016, Aldakheel, Wriggers et al.
2017, Dittmann, Aldakheel et al. 2018, Huang and Gao 2019, Dittmann, Aldakheel et al.
2020). Ambati et al. (Ambati, Gerasimov et al. 2015, Ambati, Kruse et al. 2015) replaced
conventional quadratic stiffness degradation with a new one coupled with plastic strain
in the governing equation. Borden et al. (Borden, Hughes et al. 2016) proposed the
effective plastic work driving energy incorporating the triaxiality to consider its effect on
fracture behaviours. You et al. (You, Zhu et al. 2020) utilised two phase field variables to
indicate the brittle tensile fracture and compressive shear fracture, respectively, and the
plastic work only contributes to compressive shear fracture. Yin et al. (Yin, Steinke et al.
2019, Yin and Kaliske 2020, Han, Matsubara et al. 2021) assumed that the fracture
toughness decreases as the plastic deformation develops, and they used a plastic strain
dependent fracture energy release rate for damage evolution. More recently, Hu et al. (Hu,
Talamini et al. 2021) deduced an alternative effective fracture toughness degradation
formulation by introducing the coalescence dissipation. However, these models cannot
capture the effect of the crack orientation on the fracture evolution where only a single
plastic strain quantity, i.e., accumulated plastic strain, is considered for dealing with the
plastic energy driving force or the fracture toughness degradation. When the mixed-mode
crack initiates and propagates in a solid, distinguishing the plastic contribution to the
tensile and shear fractures remains an open issue. To the authors' best knowledge, there is
no study on ductile fracture modelling using the crack-orientation-based phase field
framework.

In this study, we propose a ductile double-phase field model to distinguish the
tensile and shear fracture damages. Both the effective (undamaged) stress and the plastic
strain are split in the crack-orientation-based coordinate system. The decomposed tensile
and shear stresses contribute to the crack driving forces for the tensile and shear damages,
respectively. The plastic deformation for crack evolution is then coupled by relating the

decomposed tensile and shear plastic strain to the corresponding crack energy release

29



rates. The F-criterion is utilised for the determination of 3D crack orientation in solids.
The remainder of this paper is organised as follows. Section 2 introduces the formulation
of the proposed double-phase field model with crack-orientation-based energy
decomposition. Section 3 presents the finite element implementation of this model.
Section 4 provides numerical examples, including a numerical example of one element
under tension/compression, single-edge notch specimens under tension and shear loading,
a group of uniaxial tension, simple shear and tension shear specimens, and the third

Sandia Challenge modelling, followed by some conclusions in Section 5.

3.2 Crack direction based double phase field model

3.2.1 Double phase-field definition

Consider an arbitrary body () with a shear crack I; and a tensile crack I, as shown
in Figure 3.1 (a). the external boundary 9 consists of the Dirichlet boundary dQ" with
boundary displacement #, and the Neumann boundary dQ)° with boundary traction ¢,
which satisfy QP N 9Q° =@ and 9Q = QM U AQS . The body force within Q is
represented by b. Inspired by literature (You, Zhu et al. 2020, Fei and Choo 2021), here
we introduce the concept of tensile and shear damage phase fields d; and dc, which
regularises the sharp tensile and shear cracks I; and I, , respectively, demonstrated in
Figure 3.1 (b). Their corresponding crack density functions are assumed to have the same
form as the standard phase field model, expressed in Eq. (3.1) and Eq.(3.2) respectively.
In addition, the energy release rates for tensile and shear cracks (denoted by G; and G,
respectively) are also distinguished, following the previous studies (Zhang, Sloan et al.

2017, Bryant and Sun 2018, Wang, Feng et al. 2020, Yu, Hao et al. 2022).
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Figure 3.1 Geometric topology of a solid body for (a) sharp tensile and shear crack

boundary; (b) regularized tensile and shear damage phase field distribution.
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3.2.2 Crack-orientation-based stress decomposition
To capture the anisotropic stress response of fractured solids and distinguish the
tensile and shear damage, the stress tensor is decomposed in the local crack reference
coordinate system (CCS) (see Figure 3.2), where r is the normal direction of the crack
surface, while s and ¢ are other two orthonormal vectors. The undamaged stress tensor

under this local coordinate system could be written in matrix formulation as,

67"7" ETS ET't
o= [isr qss ?st] (3-3)

Otr Ots Ot
here each scalar component a,,, (p, ¢ =1, s, or ) represents the normal stress on p surface
or shear stress along p surface in ¢ direction and could be calculated via 6,,, = @: MP9.
The projection tensor MP4 is defined based on the three base unit vectors r, s and # in

CCS, written by:

M7 =r®r, M™ =rQ®s, M" = r®t,
M5 = s®r, M =s®s, M = s®t, (3.4)
M7 = 1r@r, M® =r®s, M =r®t

Accordingly, the stress tensor corresponding to each component can be expressed by:
E.TT — 57'7' . MTT’ 6.1‘5 — 57'5 . MT‘S’ E.T‘t — Ert . MTt’
0" =Gy - M7, T =Gy - MSS, G =Gy - MY, (3.5)

a.t‘r’ — atr . Mt‘r” a.ts — 51:5 . MtS’ a.tt — 5tt . Mtt
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With this stress decomposition strategy, we split the undamaged stress tensor into
three parts, namely the tensile stress tensor @ , shear stress tensor @7; and the intact stress

tensor o~ as defined in Egs. (3.6)-(3.8), respectively.

A

Ei'_ = (Err)+ "M+ 142G ' <5rr>+ : (MSS + Mtt) (3-6)
6h=0"+0"+a"+3" (3.7)
07 = (Fp) M == (Gy)y - (M + M) + 5 + 5 + 5% + 5

(3.8)
with the bracket operator (*); = % (x +]*|). Depending on the sign of &, in Eq.(3.6) and

Eq.(3.8), the normal stress on the crack surface contributes to tensile stress or intact stress.
It is also noted that the tensile stress tensor includes not only the normal stress on the
crack surface but also the second term in Eq.(3.6), which is introduced for describing the
lateral elastic deformation release and ensuring all three decomposed parts of the strain
energy positive. The reader is referred to the literature (Steinke and Kaliske 2018) for a
more detailed explanation.
The nominal stress is obtained by summing up intact stress tensor ¢~ and the
degraded tensile stress and shear stress as
o =g(d)oy +g(d.)ay + o~ (3.9)
where g(d;) and g(d,) are the degradation functions in terms of tensile damage d; and

shear damage d respectively. The standard quadratic formulations are adopted here as

g(dy) = (1 —dy)? and g(do) = (1 —dc)*.

Figure 3.2 crack orientation topology and stress decomposition (Steinke and Kaliske

2018).
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3.2.3 Tensile/shear energy release rates degradation

3.2.3.1 Plastic strain decomposition

To distinguish the plastic contribution to the tensile and shear fractures, the plastic
strain is split in the local crack orientation-based coordinate system. The decomposition
for plastic strain rate is similar to the stress decomposition strategy introduced above,
formulated as follows:

& =(MTy, M (3.10)
S, = M QM S+MT QM +M*QM" +M™ QM) (3.11)

It is noticed that the second term in Eq.(3.6) vanishes here in Eq.(3.10) because there
is no need to consider Poisson’s effect and lateral deformation release when it comes to
the plastic strain decomposition. Only the positive normal plastic strain in r direction
contributes to the tensile damage.

With that plastic strain rate decomposition in hand, the concept of tensile and shear
accumulated plastic strains represented by &; and &, are defined as the integrals of the

norm of the tensile and shear plastic strain rate respectively, written as follows,

f &, 8, d (3.12)
t . .
§o= [, |&n, &, dt (3.13)

3.2.3.2 Energy release rate degradation

To couple the plastic deformation with fracture propagation, the degradation
strategy of energy release rate has been widely used (Dittmann, Aldakheel et al. 2018,
Huang and Gao 2019, Yin and Kaliske 2020, Zhao, Huang et al. 2020, Hu, Talamini et al.
2021). The energy release rates are not assumed to be constant but monotonically decrease
as the accumulated plastic strain increases. Following this idea, the decomposed tensile

plastic strain &; and shear plastic strain &, are related to G; and G, respectively.

Ge = f () - Geo
{Gc = f (&) - Geo 314

where G, and G, are initial crack energy release rates. f(&;) and f(&.) are the

degradation functions and in this study they are defined as (Hu, Talamini et al. 2021):
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FE)=b+(1—b)-e ®€E (3.15)
where the b characterises the residual energy release rate in the final plastic strain state;
& represents the threshold value for the accumulated plastic strain to take effect on the
energy release rate; and a > 0 is a parameter that controls the decreasing rate of the
energy release rate as the plastic strain increases. This function has been plotted in Figure
3.3. The three parameters in a , b and £" in Eq.(3.15) for tensile and shear damages are

distinguished by the subscripts as: a; , b; , §f"and a, , b, , EE".
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Figure 3.3 Energy Release Rate degradation function f (&)
3.2.4 Governing equations of double-phase field evolution

3.2.4.1 Energy functional

Under the crack-orientation-based stress decomposition framework, the stress is
decomposed into tensile stress, shear stress and intact stress (see Eq.(3.9)). Consequently,
the elastic stored energy density ¢ could also be obtained as the sum of the three

corresponding parts of elastic strain energy as follows,
Vve(el,d,, d,) = %(1 —d,)?6;: €° +§(1 —d.)%oh e + %0‘: g (3.16)
To consider the plastic work, the accumulated plastic strain &P is introduced as

follows,

P = fot\/géij(t)-éij(t)dt (3.17)

where the e;; (i, / = 1, 2 and 3) denotes the component of the accumulated plastic strain
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tensor. Then, the plastic work density could be written as follows (Li, Fang et al. 2022),
PP () = [ 5, (eP) deP (3.18)
where 7, denotes the undamaged yield stress. Since in this proposed model, the plastic
contribution to crack propagation is incorporated via energy release rate degradation
rather than via crack driving force, the plastic energy density in Eq.(3.18) is not degraded
by phase field damage. Moreover, the linear isotropic hardening (Fang, Wu et al. 2019,
Fang, Wu et al. 2019) is considered here for simplification, and thus Eq.(3.18) could be
recast as follows,
YP(eP) = Zh- &2 + Gyp - &P (3.19)
where /1 and 7,,, denote the hardening modulus and initial yield stress, respectively.
The tensile and shear fracture surface density functions have been introduced in Eq.
(3.1) and Eq.(3.2), respectively, as well as their corresponding energy release rates in

Eq.(3.14). Therefore, the fracture energy density could be written as

0% = G(&) (2 +519de?) + Ge(€) - (= +L1Vdel?)  (320)

The total energy functional then could be defined as (Fang, Wu et al. 2019),
@ =[ @ +y?+yHda— [ (t-wda- [ (b-wds (21

where u is the displacement field within the solid. Substitution of Eq.(3.16), (3.19) and

(3.20) into Eq.(3.21) leads to
%(1 —d,)?%oy: € +§(1 —d.)%of: e + %a_: g
_ L. a2 4 G P4 G W 4 Livd,
®=[,| +;h &+ &+ t(ft)-(g+5| ¢l ) dQ — [5 (b - w)dS
dc? 1
+6e(8) - (S +5IVdel?) — t-u

(3.22)

3.2.4.2 Phase field variable governing equations
From Eq.(3.22), the total potential energy @ is a function of the displacement field

u and two damages phase fields d; and d.. The evolution of damage can be deduced by
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minimising ® with respect to d; and dk,

foY<>

. _ . d . .
e = Jy (L= d)at:e® - dy + Go(€) Lde + Go(§1 - V-V, ) d = 0

(3.23)
srde = Iy ((1 — )Tt &€ - d, + G (§) Ede + Ge(E)1 - Vd, - vdc) dQ =0
(3.24)
According to the integration by parts,
Jo (Ge(€DL-Vd, - Vd)dQ = [, (Ge(&) -1 Vde-n)dS — [, [(Ge(&,) - IAd + 1 -

VG.(&,) - Vdy) - d;]dQ (3.25)

Jo (Ge(EDL-Vd, - Vd )dQ = [, (G.(&) -1 Vd-m)dS — [, [(Go(&) - 1Ad + 1 -
VG (&) - Vd,) - d.]dQ (3.26)

where n denotes the outward unit vector normal to the boundary surface on 0().

Substitution of Eq.(3.25) and Eq.(3.26) into Eq.(3.23) and Eq.(3.24) leads to
fo [(@ = a5t 2° + 660 % — G0 - 1ade — 1 76,8 - 7, ) -d ] dr = 0
(3.27)
Jo [(@ = oo 2% + 66 % = 660 - 1ade — 1 V6o (8) - V) - | da = 0
(3.28)
Since both tensile and shear damages are irreversible, d, and d are nonnegative, and

when the crack propagates, d, > 0 and d, > 0. The governing equations of phase field

variables for tensile and shear damage evolutions are then obtained as follows,
(1—-d)of:€ + Gt(ft)% — Ge(§) - 1Ady — 1-VG(§) - Vd, =0 (3.29)
(1= do)at: € + Ge(§0) £ = Ge(€e) - 1ad. — 1- VG (&) - Vd. = 0 (3.30)

The equilibrium equation could be formulated by taking the variation of @ with respect

to u,
Jo [=(V-0+t)-suldQ + [, ,[(6-n—b) - suldS =0 (3.31)

It is worth mentioning that the stress tensor o in Eq.(3.31) represents the degraded
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nominal stress which is consistent with Eq.(3.9). The strong form for displacement field

u then could be obtained as follows,

V-o+t=0 in Q) (3.32a)
c-n—b=0 ondQs (3.32b)
u=u onJdQ" (3.32¢)

3.2.4.3 Plastic formulation

In terms of plasticity, we introduce the undamaged effective stress and assume strain
equivalence (Choo and Sun 2018). The commonly used von Mises yield function is

adopted here as follows:
fs(@) = \EIIEII — 0y (3.33)

where § = 0 —

Wl

Ok 0 (6;; is the Kronecker delta, satisfying §;; =1 when i = j and
8;j = 0 when i # j) is the deviatoric undamaged stress. The associated plastic flow rule

is used, and the plastic strain rate could be calculated by

@=ﬁ@; (3.34)
2 ISl
3.2.5 Determination of the crack direction

3.2.5.1 Crack orientation in principal stress space
This crack orientation is shown in Figure 3.4, where ni1, n2 and n3 are the three
principal stress directions; 7 represents the crack surface normal direction and its
projection on the n1-n2 surface is denoted by 7. In the principal stress space, r can be
expressed as:
r = (cosa - cosf, cosa - sinfl, sina) (3.35)

where o € (—g,g] denotes the angle between r and r’, and 3 € (—g,g] denotes the

angle between r’ and n1. We specify the other two orthogonal directions s and ¢ as follows:
s = (sinB, —cosp, 0) (3.36)

t = (sina - cosp, sina - sinf3, —cosa) (3.37)
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Figure 3.4 crack direction orientation in principal stress space
3.2.5.2 F-criterion

The F-criterion was inspired by the maximum energy release rate criterion, namely
G-criterion (Cotterell and J.R.Rice 1980), where the crack initiates when the strain energy
release rate G exceeds the critical energy release rate G, It has been pointed out that the
total strain energy release rate for mixed-mode crack is the sum of mode I energy release

rate Gy and mode II energy release rate Gy (Fan, Jin et al. 2021). Then, the G-criterion

could be rewritten as G + Su > 1. The drawback of the G-criterion is that it does not

cr cr

consider the difference between mode I fracture toughness G, and mode II fracture
toughness G- (Shen, Liu et al. 2019). To address this issue, Shen and Stephansson

(B.Shen and O.Stephansson 1994) proposed the F-criterion, written as

F(9) =2®@ | tu® (3.38)

Gerp Gernl

where the critical energy release rate G, in the G-criterion is replaced by G, or
G, and 6 denotes the angle between the current crack surface direction and the crack
propagation direction. The crack initiates when the maximum value of F(6) is greater
than unity, and it will propagate along the direction that maximises the F function (B.Shen
and O.Stephansson 1994). The concept of maximum strain energy density for crack
evolution in the F-criterion is consistent with the experimental result (Chen, Han et al.
2021) and reveals the competition between tensile and shear fracture (Shen, Liu et al.

2019).
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In the phase field framework, , Zhang et al. (Zhang, Sloan et al. 2017) and Bryant
and Sun (Bryant and Sun 2018) first proposed a similar formulation of damage driving
force for mixed-mode crack simulation based on the F-criterion, which was then followed
by many other studies (Bryant and Sun 2018, Wang, Feng et al. 2020, Fan, Jin et al. 2021,
Fei and Choo 2021, Yu, Hao et al. 2022) to identify the crack orientation. The crack
evolution driving force H is decomposed into two components: mode I fracture driving
force H; and mode II fracture driving force H;;. The F-criterion function is defined as the
sum of mode I and II crack driving force energies normalised by their corresponding

fracture energy release rates G; and G., denoted by

F(a,p) = H'ﬁ”” + H”gjﬁ) (3.39)

where the Hi(a, ) and Hy(«, ) are the crack driving forces for tensile and shear

fracture, expressed as follows:
Hy =} : £ (3.40)
Hy = 5o &° (3.41)
According to Egs.(3.6) and (3.7), both @ and @}; only depend on the crack
orientation for a specific undamaged stress state, which means the F value in Eq.(3.39) is
a function of the crack direction r only. The potential crack direction then could be
determined by the solutions of a and f that maximize the F value.

In the principal stress space, the undegraded stress tensor @ and elastic strain tensor

€° could be denoted by Eq.(3.42) and Eq.(3.43), respectively.

g 0 0
o= [0 g, 0 ] (3.42)
0 0 o3
e v(o, + g3) 0 0
& = R 0 o, — V(o + 03) 0 (3.43)
0 0 o3 —v(o; + 0y)

where the 0y, 0, and g3 represent three principal stresses, £ and v are elastic modulus
and Poisson’s ratio. Substitution Egs.(3.6), (3.7), (3.35)-(3.37), and (3.40)-(3.43) into

Eq.(3.39) leads to the formula of F value in Eq.(3.44).
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~ 1-2v)(1+
F(a,B) = H(op) % [0, + 0, + 205 + (0, + 0, — 203) - cos2a + 2(0; —

(1+v)cos’a
4EG, (

0,)%sin?2p) (3.44)

0,) cos?a - cos2B]? + 0, + 0y — 203 + (0, — 03)cos2B]?*sin*a + (o, —

where the H(x) denotes Heaviside function and can be calculated by Eq.(3.45).

Al = {

0; x<0
1; others

(3.45)
According to the sign of o;., there exists two cases to maximise the value of F
function. Next, we will discuss them below:
1. when 0, = 0,cos?a cos?p + o,cos%a sin?f + o3sina < 0
Eq. (44) then would be recast to

__ (1+v)cos?a
T 4EG.

F(a,B)

([oy + 05 — 205 + (07 — 6,)cos2B]?sin*a + (o, — 0,)%sin?2p)
(3.46)

Take partial derivatives of F(a, ) with respectto a and f3, respectively, then we can

obtain all the extreme points, which are listed in Table 3.1. It is clearly observed that when

_ 2
crack direction r = (g, 0, g), the F would have its maximum value wli;—)G(lm in this
C

casc.

Table 3.1 Extreme points for F function when a,,- < 0.

No a B crack direction F value o <0
s
1 2 v r =(0,0,1) 0 o3
2 0 0 r = (1,0,0) 0 02
s

3 0 E r= (011)0) 0 0-1
T —0)?(1+ +

4 0 +— . (E,E,O) (01 —02)°(1+v) 01T 0
4 2’2 4EG, 2
T —03)*(1+ +

5 4o 0 I (ﬁ, 0 E) (01 —03)°(1+ ) 01 T 03
4 2 2 4EG, 2

2
— 1

6 if e ;= (O,E,E) (02 —03)°(1+v) 0y 03

4 2 2’2 4EG, 2

2. when o,.. = o;cos’a cos?B + g,cos*a sin’B + g;sin*a > 0
rr 1 2 3
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In this case, H(o,,) is equal to 1, and then Eq.(3.44) would be recast to,

F(a,p) = % [0, + 03 + 205 + (0y + 05, — 203) - cos2a + 2(0;, — 0,) cos?a -
- t

2
cos2B]? + %{[q + 0, — 203 + (0, — 03)cos2B]?sin*a + (o, — 0,)%sin?2p}

(3.47)

Take partial derivatives of F(a, ) with respect to a and 8, respectively, all the
extreme points could be obtained as listed in in Table 3.2. The first three solutions have
the crack direction along a principal stress axis. The F' value is proportional to the square
of the corresponding principal stress, which must be positive to meet the requirement of
positive a,,.. Obviously, only the first principal stress direction could be the potential
crack orientation direction in this group of solutions. The last three solutions account for
the potential crack surface in oy-0,, 0;-03 and 0,-03 planes. It is noticed that the last
three solutions of crack orientation direction r are consistent with the result for 2D crack
propagation (Fei and Choo 2021), while they are just possible solutions in case of 0, =

0 for 3D problems.

3.2.5.3 Final crack orientation determination method

We now summarise the potential solutions as follows,

a) along the first principal stress direction

012 (1+v)(1-20)

r =(1,0,0) - F= 2EGi(1-v)

, where ., = g, = 0.

b) along the maximum shear stress surface

r=Z,0% 5
2 2

_ (01—03)2(1+v)(1—2v)
- 2EG(1-v)

O'1+O'3
2

, where g, = < 0.

¢) potential crack direction in g;-0, plane

_ (14)[(01-02)26(1-v)+201 0,6 (1-2v) ]

r= (cosﬁ,smﬁ, 0) - F 2EG:[2G6:(1-v)—G(1-2V)] >

Gt (01—02)-(1—v)+G0,(1-2V)
where cos?f = 12 <2

= Gr—on 26 (-m—otizvy € [01], and on =

G(1-v)(o1+03) > 0.
2G:(1-v)—Go(1-2v)

d) potential crack direction in g;-03 plane

r = (cosa, 0, sina) 5 F= (1+v)[(61—03)2Gt(l—v)+20103GC(1—2v)]’
2EG:[2G:(1-v)—Go(1-2v)]
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Gt+(01—03)-(1-v)+G03(1-2V)
(01=03)-[2G(1-v)—G¢-(1-2v))]

where cos?a = € [0,1], and o, =

Gt (1-v)(01+03)
2G.(1-v)-G.(1-2v) —

e) potential crack direction in g,-05 plane

_ (14)[(02-03)?G(1-v) +20,03G(1-2v) ]
- 2EG:[2G:(1-v)—G(1-2V)] >

r = (0, cosa, sina) - F

Gt-(02—03)-(1-v)+G03(1-2v)
(02-03)-[2G(1-v)=G¢-(1-2v)]

where cos?a = € [0,1], and o, =

G(1-v)(g2+03)
2G:(1-v)—G.(1-2v) —

After comparing the F values at all the five extreme points, we could obtain the
maximum value F'(@, t,) in the current step time t,, and the corresponding direction is

set as the crack orientation r at t,,.
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Table 3.2 extreme point for F function when g, = 0

No, « 3 r F G > 0
! g v (0,0,1) 03° 5115 ;rt 1(2 (_1 ;)211) N
2 0 0 (1,0,0) 012;;2 (_1 ;)ZU) o
3 0 g (0,1,0) o7’ ;2 ;rt 2 (_1 ;)21;) -,
4 0 tacrcosyfs; | (cosp,sinB,0) a+ v)[(zrgc;—c[zzgjgt(_l; v_) ;C (2101_022%? - 2v)] ZGtG(fl(l_; )U)_(Oc-;lc :1 6—2)21/)
s | peosss |0 | Gseosmg | GO e |
| T [ | S | e

Note: the values s; =

Gt-(01—02)-(1-V)+Gc02(1-2V)

(01-02) 126 (1-)~Ge-(1-21)] *2

_ G(01-03)(1=v)+Gcr03(1-2v)

Ge(02-03) (1-V)+G03(1-2Vv)

T (01-03)[26-(1-v) =G (1-2v)]

and S3 = (02—03)-[2G-(1-v) =G (1-2V)]
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3.2.6 Crack irreversibility and crack initiation threshold

To avoid crack initiation immediately after a very small loading, a critical value of
the accumulated plastic strain £, to initiate a damage is introduced here (Li, Fang et al.
2022). Both tensile and shear fractures would not happen until the accumulated plastic
strain &P reaches that critical threshold &2.. H{™ and H{* are then introduced to indicate
the energy thresholds for tensile and shear crack initiation. Their values are equal to the
tensile and shear strain energy, respectively, when &P reaches its threshold &7,.. With H{™
and H" at hand, the formulation of state energy at time ¢ and position X within the solid
that controls the evolution of tensile and shear fracture respectively can be expressed as

follows:

state!(X,t) = < 161 —HM > (3.48)
state®(X,t) =< = aH £ — HM > (3.49)

Then the history variables of driving forces for the tensile and shear crack propagations

are introduced as follows to avoid crack healing during the unloading process,

_ t

H, = Tg[qgf]state X, 1) (3.50)

H. = max state®(X, 1) (3.51)
T€E[0,tx]

similarly, the thresholds of tensile/shear accumulated plastic strain for energy release rate

degradation are defined as €™ and £, which are equal to &, and &, respectively when
&P reaches its threshold £°.. The effective tensile and shear accumulated strain Eef T and
Eﬁf T then could be obtained by Eq.(3.52) and Eq.(3.53).

g =g — g (3.52)

ef [ _ fc lnl (35 3)
With the driving forces for tensile and shear fracture in hand, the damage evolutions of

Eq.(3.29) and Eq.(3.30) can be reformulated as follows:
d
2(1 = d)H, = Goo |IVf(87) - Ve + £.(877) - 1nde — /(57 =0 (359)

2(1 = d)He — Goo | IV (87) - Vo + £.(87) - 1ad, - £,(57) | =0 (3.55)

3.3 Finite element implementation

In this section, the proposed double-phase field model for elasto-plastic solids is

numerically implemented in commercial finite element code ABAQUS/Standard via user
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subroutines UEL and UMAT. The solid is discretised with three layers of elements, which
share the same nodes, while representing different DOFs, namely displacements and
tensile and shear phase field variables respectively. A widely used staggered strategy
(Miehe, Hofacker et al. 2010, Ambati, Gerasimov et al. 2015, Molnar and Gravouil 2017,
Fang, Wu et al. 2019) has been adopted here for decoupling and solving problems of stress
response and crack evolution. Within this framework, crack driving forces as well as the
tensile/shear energy release rates are frozen at the last increment for solving tensile and
shear phase fields in UEL, while the tensile and shear damages are fixed at the last
increment when calculating stress response in UMAT. Only at the end of each increment
would their values be updated for the next increment. More details can be referred to our
previous open-source implementation (Fang, Wu et al. 2019). Meanwhile, a similar

staggered scheme is applied to the crack direction 7 to increase the convergence.

3.3.1 Stress update

The stress update is accomplished via UMAT, which is called at each integral point
of the displacement elements. According to Eq.(3.9), the calculation of the nominal stress
starts from obtaining the undamaged (effective) stress, which is then decomposed in the
crack-orientation-based coordinate system and degraded with the tensile and shear phase
field damages. It is noted that the update of undamaged stress is consistent with the
standard elasto-plastic algorithm. The von Mises yield function as well as associated flow
rule is adopted here for simplicity, while the proposed model works for any elasto-plastic
constitutive models.

In UMAT subroutine, the total strain increment A€ is given at the start of each
increment, which could be decomposed into the elastic strain and plastic strain according
to additive decomposition of strain tensor as follows,

Ae = Ag€ + AP (3.56)

Then our task is to solve the stress increment Ao as well as the plastic strain
increment AgP. In this section, to be concise, the subscript of variables denotes the
increment number. The return-mapping algorithm (Dunne and Petrinic 2005, Neto, Peric
etal. 2011) then could be applied for solving the elasto-plastic undamaged stress. Firstly,

the strain increment A€ is assumed to be all contributed by elastic strain. Then the trial

. . i . . . b trial :
elastic strain £% 7% and trial accumulated plastic strain ;7' are given as
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gelrial — g8 4 Ag (3.57a)

ghlrial — gp (3.57b)

n+1

The corresponding trial deviatoric stress 514! and trial hydrostatic stress p&ii4 are

obtained as

siriat = 2G 514! (3.58a)
piriat = K g trigt (3.58b)

where G and K are the shear modulus and bulk modulus. €454 and € {719 represent the

trial elastic deviatoric strain and volume strain, respectively.

The trial stress state is then checked with the following yield criterion as follows,
l l <trial =trial (D trial
oSt o) = (IS - o @™ (.59
where a,, denotes the yield stress, and the superscript trial represents its value of the trial
state. If @ < 0, then the stress state lies within the elastic domain and the trial stress state
is the right solution. Otherwise, the yield surface evolves into a new state in this current

increment and the return-mapping scheme needs to be applied to update the stress state.

By referring to (Dunne and Petrinic 2005) one obtains

<trial

g = E001 — By [Ty (3.602)
Enpy = &n + Ay (3.60b)
cI)(§n+1: oy n+1) = \E ISn41ll — oy n+1(§£+1) =0 (3.60c)
where Ay is the plastic multiplier. Combining Eq.(3.58a) and Eq.(3.60a), one obtains
Sue = (1= Soe) ST (3.61)

where giTiét = f ||s57£4Y| is the von Mises equivalent stress for the trial stress tensor.

Next, the following equation in terms of Ay could be derived by substituting
Egs.(3.61) and (3.60b) into Eq. (3.60c¢).

®(Ay) = gt — Ay 36— 6, (8 +Ay) =0 (3.62)

Then, Eq.(3.62) can be solved by utilising the Newtown-Raphson iteration method. With

Ay in hand, the elastic strain tensor, accumulated plastic strain and stress tensor could be

obtained easily by substituting Ay into Eqgs.(3.60a) and (3.61). In addition to the classical

return mapping method adopted here, using smoothing functions instead of the Kuhn—

Tucker complementarity conditions (Scheunemann, Nigro et al. 2020, Zhou, Lu et al.
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2022) could be an alternative for stress update in the future when more complex
elastoplastic models are involved.

The degradation of undamaged stress could then be conducted as Algorithm 1.

3.3.2 Phase field calculation
The phase field governing equation of Egs.(3.54) and (3.55) could be rewritten in

the weak form as follows,

[y {~2a- t)G fe—od, + 2% 4 1Vd, - V6d,}d = 0 (3.63)
[y {—20- d) e f@,)adt 2% 1 1Vd, - V6d, | dQ = 0 (3.64)

The tensile and shear phase fields are discretised as follows,
d, = Yhmode NE- g, d, = Yimode Nt dl (3.65)

where N (x) stands for the shape function for the ith node in terms of the local element
coordinate x, and d} and d_ is the tensile and shear phase field value at the ith node.

Then, the variation of them could be written as,
§d, = YNmode NU-§dE,  8d, = Yo% Nt - §dl (3.66)
Their corresponding derivatives of phase field variation can be written as,
8Vd, = Yimo% Bt - §di,  §Vd, = YN0 Bl - 5dl (3.67)
where B = V N!(x) is the derivation of shape function N!(x).

The residual vectors for tensile and shear phase fields as well as their corresponding

tangents then read as,

ré = Jo {[-201 - doH + £ (&)
réc = fQ {[_2(1 - dc)Hc + f(fc

Gto'dt

SR N+ f(E)Geol(BYVd JdV  (3.68)

GtO dc

]Nl + f(E)Geol(BYTVd f AV (3.69)
th_ardt: fo {[2He + FEDZ2| (NOTNY + F(E)Gol(BYTB }av  (3.70)

ke = 2t = [ {[2H, + £ 2] (V)TN + FEGeol (BB} AV (3.71)
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Algorithm 1: UMAT stress update at integration point

Input: undamaged stress @ y,y; crack direction 7 (y,y; strain increment A€y, 1.1);
accumulated plastic strain &° (n)> crack initial plastic strain P.; tensile and shear phase

field d; and d_; crack driving forces H; ) and He ., )’

Output: crack driving forces H; (n+1) and H effective accumulated plastic strains

C(n+1)’

ef and Eif ; stress response 0 (,1.1); degraded stiffness matrix C; crack direction 7’4 1).

1. update @ (1), gP (n+1)> €° and plastic strain increment Ae(n +1) according to Egs. (3.59)
and (3.60a).

2. decompose @ ,11) into &7 (41)’ o (nt1)

with Egs. (3.6)-(3.8).

3. update the stress ¢ = (1 — d;)? - 01 ey T (1 d.)?- Tl 1) 7O (n+1)

and 0~ 4.1y according to crack direction 1y,

4. Calculate the transform matrix

Dirans = (1 = de)? - H(ow) - [MT" + - (M5 + M©)| @M + (1 - d,)?
(Mrs®Mrs + MSTQMS" + MTEQM™ + M @MT) + A(—0,.) - M"QM'™ — H(o,,) -
N (M5 + MEY@M™ + (MSE@MSt + ME@M?E + ML QML + MS®@MSS).

5. update € = Dy gps: CP

6. decompose Ae?n +1) into Aeﬁ_ and Asf’, + with Egs. (3.10) and (3.11), and obtain the

accumulated tensile and shear plastic strain &; (n+1) and Ec(n +1) with Egs. (3.12) and

(3.13).
7. Calculate the thresholds of tensile/shear energy and plastic strain for the corresponding
crack initiation.

if € 11y < Efr , then

i N _ i _
H ml(n+1)  €° Hlllm(n+1) SO €° Ei‘m(n+1) 8t (n+1) Elcm(n+1) = 8cn+1)
else
Hml(n+1) Hml(n)’ Hlllm(n+1) Illm(n)’ E?li(n+1) Et (n)’ Eéni(n+1) = Eéni(n)
end if

8. Update the state energy state® (X, t) and state®(X,t) with Eqs.(3.48) and (3.49).
9. Update the crack driving force for tensile and shear crack propagation,

He 41y = max {Statet(X, t),Ht(n)}

Hc(n+1) = max {stateC(X, t),HC(n)}

10. obtain effective tensile/shear accumulated plastic strain by
& (+1) = Stan) T8 (ne1) > & (m+1) = Seman) T ()
11. update the crack direction 7,1y according to undamaged stress state @, 1yusing

steps illustrated in Final crack orientation determination method.
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3.4 Numerical examples

This section presents a series of numerical examples to validate the proposed double
phase field model. Firstly, the one element under tension and shear loading is modelled
and compared with the analytical solution to validate the numerical implementation
proposed in Section 3. Next, the specimens of single-edge notch under tension and shear
loading are conducted to explore the effect of several key model parameters on the
mechanical response and crack evolution path. Then, the capacity of this model for
capturing different crack modes is demonstrated by the simulation of a group of
specimens under uniaxial tension, simple shear and tension shear loading, which is then
compared with the experimental result. Finally, the third Sandia challenge is simulated to
validate the 3D crack propagation modelling of this proposed model. It is noted that
tensile and shear crack energy release rate G; and G, are crucial parameters. For the first,
second and third numerical examples, we set the values of G; and G, for parametric
analysis. In terms of the fourth and fifth numerical examples, the tensile energy release
rate Gy is set as 9.3 kN/m taken from the literature (Ambati, Gerasimov et al. 2015), while
the shear crack energy release rate G, is calibrated as 1.5 times G; to best match numerical

crack evolution path with the experimental observation.

3.4.1 One element tension and shear

The numerical example of one cubic solid element under tension and shear are
conducted respectively to verify the finite element implementation of this proposed
double-phase field model for different crack modes. The corresponding parameters are
listed in Table 3.3, and the loading boundary is demonstrated in Figure 3.5. The
homogeneous solutions are derived by ignoring the derivative term in Eqgs.(3.54) and

(3.55), then the tensile and shear phase fields could be simplified as,

hom _ 2H¢lg
de”™ = 2H¢l+Geo f (§¢) (3.72)
dhom = e (3.73)

N ZHCH'GCO'f(EC)

The analytical and numerical results are compared in Figure 3.5. It has been
demonstrated that the stress response and damage solution of numerical data agree well
with analytical solutions for both tensile and shear loading. Also, the crack propagation
parameter a; and a. which control the decreasing speed of tensile and shear energy
release rates respectively, greatly impact damage evolution. As a; or a. increases, the

value of G, or G, reduces faster under the same plasticity deformation, which leads to
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faster crack evolution as well as stress degradation.
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Figure 3.5 Comparison of numerical result and analytical solution under uniaxial

tension and simple shear loading

Table 3.3 parameters for one element numerical modelling

Type Parameters Value
. E 72000 MPa
elastic
v 0.3
Oy 140 MPa
plastic
h 600 MPa
Gy 7.6 KN/m
Geo 13. 5 kN/m
. a; 0/25/50/100
Damage evolution
b, 0.01
a. 0/20/40/80
bc 0.01




3.4.2 Single-edge tension

Single-edge notch tension loading has been widely studied to validate numerical
techniques (Wu, Nguyen et al. 2020, Li, Shen et al. 2021, Yu, Hao et al. 2022). The
geometry and boundary condition of the tensile loading condition is depicted in Figure
3.6(a). The bottom surface of the plate is fixed in all three directions, while the top surface
is fixed in x and z directions and loaded in y direction. In this example, we apply our
proposed phase field model to model the mode I crack propagation. We have set a group
of specimens with different values of parameters a; and b; to explore their effects on
mechanical response in this model, which describe the relationship between energy
release rate and accumulated tensile plastic strain via Eq.(3.15). The elastic parameters
are set as Young’s modulus £= 145 GPa, and Poisson’s ratio v= 0.3. In terms of plasticity
characteristics, this proposed phase field model is capable of incorporating any plastic
models for different materials. Here we adapt the von Mises plasticity models with linear

strain hardening. The initial yield stress gy, is set as 508.6 MPa, and the strain hardening

modulus H is set as 2.38 GPa, which is calibrated from our experiment specimen (Li,
Fang et al. 2022). The initial tensile and shear energy release rates G and G, are set as

2.7 and 20.31 kN/m respectively.
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Figure 3.6 Geometry and boundary condition for single-edge notched plate (a) under
tensile loading (b) under shear loading

b =0.036 mm

SV N

The force-displacement curves for specimens with different fracture energy release
rate degradation parameters a; and b; are plotted in Figure 3.7. At the beginning of
loading, all specimens have experienced a short elastic stage where the loading forces
show a sharp linear increase until the applied displacement reaches 0.005 mm. The stress
then develops beyond yield stress and the plastic deformation initiates. It is noted that
force-displacement curves for specimens with different a, and b, start to distinguish at

this time, though they have a similar trend. Here we take one specimen (a,=4, b,=0.05)
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for example to analyse the force-displacement curve. Due to strain hardening, the force
continues to rise at a decreasing rate until reaching its peak point at the displacement of
0.06 mm. It is also observed from Figure 3.8 that the phase field damage for this specimen
develops and localises at the notch. Subsequently, the force decreases quickly with the
displacement, corresponding to the horizontal crack propagation from the notch to the
right edge of this plate. When the displacement reaches 0.19 mm, this specimen is totally
broken with a crack through the specimen, and the structure fully loses its load-carrying
capacity.

The crack propagations for specimens with a fixed b, = 0.05 and different values
for a; (a;=4, 8, and 12) are demonstrated in Figure 3.8. The last column in Figure 3.8
shows the final crack paths in 3D view. Overall, fractures for all specimens initiate at the
central notch point and then propagate along the horizontal surface to the right edge.
Meanwhile, it can also be observed that specimens with a larger value of the parameter
a, shows a faster crack initiation and propagation, leading to a lower force under the same
displacement, which is depicted in Figure 3.7. Once the plastic strain initiates, the increase
of the undamaged stress as well as elastic strain is affected by strain hardening and
becomes much slower compared with the elastic stage. Consequently, the effective strain
energy that drives tensile damage evolution (see Eq.(3.29)) shows a similar trend, which
limits the elastic contribution to crack propagation. On the other hand, dramatically
degraded energy release rates due to the increased tensile accumulated plastic strain (see
Eq.(3.15)) would then reduce the energy required to create a crack remarkably, which
plays a more significant role in crack propagation compared with the elastic strain energy.
For this reason, the specimen with a larger a, which controls the decrease rate of energy
release rate in Eq.(3.15) has a steeper decrease of fracture energy release rates and hence
shows faster crack initiation and propagation in Figure 3.8 as well as lower loading force

in Figure 3.7.
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Figure 3.7 loading force versus displacement for Tension loading on Single-edge
specimen with different model parameters a; and b;.

The parameter b; in Eq. (15) is often set as a very small number to indicate the
residual fracture energy release rate for the ultimate plastic strain (Steinke and Kaliske
2018). To explore the effect of parameter b, on the mechanical response, a group of
specimens with a fixed a, (a,=8) and different values of b, (b,=0.05, 0.01, 0.001, and
0.0001) are conducted, their load-displacement curves are presented in Figure 3.7. It is
found that the specimen shows a lower strength (i.e., maximum force) as the parameter
b, decreases from 0.05 to 0.01. However, the impact of b; on mechanical response could
be neglected when b, is smaller than 0.01.

The local crack surface normal direction around the crack tip area is demonstrated
by white arrows in Figure 3.8, which represent the crack direction r at the position of the
arrow tails. Since the specimen is under tensile loading, the direction r is expectedly along

the vertical major principal stress direction, perpendicular to the horizontal crack path.
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Figure 3.8 Tensile and shear phase field contour during the shear loading on the single-
edge specimen.

3.4.3 Single-edge shear
For the single-edge notch shearing specimen, its geometry, and boundary and
loading conditions are depicted in Figure 3.6(b). For most existing elastic/elasto-plastic
phase field models where the tensile and shear fracture energy release rates are not
distinguished (Molnar and Gravouil 2017, Wu and Nguyen 2018, Zhang and Luo 2021,
Zhou, Hu et al. 2022), their crack propagation path is either from the centre to the bottom
right corner or along the horizontal surface. Nevertheless, (Yu, Hao et al. 2022) the ratio
between shear and tensile energy release rates G./G; has been demonstrated to play a great
role on the crack mode and crack path. Hence, we conduct a group of numerical tests
under different values of G./G; (G./G:=1, 1.4, 2, 2.4, 3, 5 and 10) while fixing G, at 2.7
kN/m, to explore its effect on the mechanical response.
Figure 3.9 demonstrates the tensile and shear phase field propagations of three
specimens (G./G; = 1, 2 and 5), which represent three different crack modes respectively:

shear dominant mode, mixed mode and tension dominant mode. The last column in Figure
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3.9 also depicts the final crack paths in 3D view. The shear dominant mode occurs in the
specimen with G./G; < 1.4. In this case, shear damage d_ initiates at central notch and
then develops along the horizontal direction to the right edge of the plate, while the tensile
damage d; remains zero during loading process in the whole specimen except for minor
tensile damage localised at the central notch.

In terms of the mixed mode, the specimen with G./G;=2 shows a complex crack
pattern. Both tensile damage d; and shear damage d_ initiate at the central notch point,
and then d, propagates towards the bottom right corner while d. evolves horizontally
until displacement u reaches 0.14 mm. It is also noticed that the value of d; has reached
1 along the tensile crack path during this process, which means that a fully broken tensile
fracture surface has been formed. In addition, the shear damage d.. is less than 0.5 along
the horizontal shear damage path, and the material there remains load bearing. Next,
tensile damage d,; continues to develop along its initial inclined direction, while the shear
damage zone formed during the beginning stage starts to move along the existing tensile
crack path rather than keeps extending on the horizontal surface. This transition of shear

damage evolution results from the constantly developing tensile fracture path.
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Figure 3.9 Tensile and shear phase field contour during the shear loading process on the

single-edge specimen
As the fully broken tensile fracture surface develops, new crack tips form. Materials
located at those crack tips provide tangential forces along the tensile crack path to sustain
the external horizontal force, which leads to the shear damage zone moving along the
tensile crack path. When the applied displacement reaches 0.24 mm, the tensile crack tip

is close to the bottom right corner, and the existing tensile fracture path stops the evolution,
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and new tensile damage initiates on the right edge of the plate. Meanwhile, the shear
damage d, starts to initiate a horizontal path which then develops and connects the new
tensile crack zone.

When G./G; is larger than 2.4, the specimens exhibit the tensile dominant crack
mode. The tensile fracture initiates at the central notch and then develops to the bottom
right. During the crack propagation towards the bottom right corner of the specimen, its
inclination angle relative to the horizontal direction decreases, and the crack path ends in
the horizontal direction when developing to the right edge of the plate. Figure 3.10
summarizes the relationship between the initial inclination angle and G./G;. It is observed
that the initial inclination angle has shown a significant reduction when G./G; increases
from 2 to 3, while the inclination angle remains at a stable value at around 38° once G./G;

goes beyond 3.
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Figure 3.10 Crack initial direction for specimens of different G./G;

Figure 3.11 plots force-displacement curves for all specimens with different G./G,
values. It is observed that the specimen shows obvious strengthening as G./G; rises from
1 to 2, which results from a larger G, leading to higher shear fracture resistance during
shear crack propagation, though the mixed crack mode appears when G./G; is equal to 2.
Nevertheless, the specimen shows a lower load-carrying capacity when G./G; increases
from 2 to 2.4 when the tensile dominant crack appears. The reduction of load-carrying
capacity is due to the change of crack mode. It is observed from Figure 3.9 that there
develop both tensile and shear cracks in the mixed mode specimen (G./G; = 2), which

dissipates a larger fracture energy under the same applied displacement compared with
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tensile dominant mode specimen (G./G, = 2.4). Consequently, a larger external force for
the mixed mode specimen is generated for the larger fracture energy for the applied
displacement. When G./G; goes beyond 2.4, tensile cracks dominate the specimen, which
means G, rather than G, takes effect on the crack evolution. Noted that G, is fixed in this
study, all tensile dominant specimens exhibit a similar force-displacement response
depicted in Figure 3.11.

The local crack directions r in the crack tip zone are plotted as white arrows on
tensile and shear damage contour which represents the local crack surface normal
direction at the location of arrow tails in Figure 3.12. It is observed that directions r
around the crack tip zone are approximately perpendicular to the damage evolution path,
which shows the consistence of local crack directions and macroscopic fracture surface.
Meanwhile, it is also necessary to emphasise that the crack propagation is not only
determined by the local crack direction, it also depends on the distribution of crack driving

forces as well as the accumulated plastic strain according to Eq. (54) and Eq. (55).

Force /N

0 003 006 009 012 015 018 0.21
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Figure 3.11 Loading displacement curve for the single-edge specimen of different ratios
of G./G; under shear loading
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d. for shear crack d; for tensile crack

Figure 3.12 crack direction around the crack tip area on the damage contour: (a) d, for
shear crack dominant mode; (b) d; for tensile crack dominant mode; (c) d. for mixed
crack mode; (d) d; for mixed crack mode;

3.4.4 Uniaxial tension, simple shear and tension-shear specimens

To illustrate this proposed crack-direction-based ductile phase field model’s
capability to modelling crack propagation of different crack modes, specimens subject to
uniaxial tension (UT), simple shear (SS), and tension-shear (TS) are studied. The
geometry as well as elastic/plastic parameters in this study keeps consistent with that in
(Bao and Wierzbicki 2004), as shown in Figure 15 (a). The fracture strain or crack
initiation strain &%, is viewed as a stress state dependent material parameter, and it has
distinct values for uniaxial tension, simple shear and tension-shear loading conditions (L1,
Fang et al. 2022). Phenomenological ductile fracture criteria, such as the modified Mohr-
Coulomb (MMC) model, could be used to calibrate the fracture strain surface in terms of
stress triaxiality and Lode angle parameter (Li, Fang et al. 2022). Once the fracture strain
surface has been calibrated via experimental data, the fracture strain for any stress state
can be calculated. In this study, since we focus on double phase field modelling, fracture
strain values are assigned for different specimens to match the global force-displacement

response for simplicity. All material parameters for this group of numerical examples are
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listed in Table 3.4.

Table 3.4 parameters for uniaxial tension, simple shear, and tension-shear modelling

Type Parameters Value
_ E 74633 MPa
elastic
v 0.3
. Oy0 300.4 MPa
plastic ) . ) o
Strain hardening (Bao and Wierzbicki 2004)
Gio 9.3 kN/m
Geo 13.95 kN/m
. a; 6
Damage evolution
bt le-4
ac 20
b, le-4
&b (UT) 0.3
Damage initiation &b (SS) 0.15
&b (TS) 0.14

The loading force-displacement curves are compared with experimental data in
Figure 3.13. It can be observed that the numerical results match experiment data well. For
all three specimens, the forces have shown a linear increase with the displacement at the
beginning stage, followed by a long strain hardening stage when plastic deformations
appear, and the forces continue to increase with a decreasing rate. Next, cracks initiate
when the applied displacement reaches 6 mm for UT specimen, 2.2 mm for SS specimen
and 2.6 mm for TS specimen respectively. After crack initiation, the forces show rapid
decreases until structures totally broken. The final shear and tensile damage contours are
presented in Figure 3.14 accompanied with pictures of corresponding experimental crack
paths. We can find that the tensile and shear damage dominate the fracture propagation
for UT and SS specimen respectively, while both of them develop in TS specimen.
Moreover, there exists an inclination angle between the fracture surface and horizontal
direction for UT specimen under the combined effect of tensile and shear stress, which is
consistent with the experimental crack path. In terms of TS specimen, damage is localised
through the cross-section at the upper left notch, while the experimental crack path
develops symmetrically at the lower right notch corner. Due to the symmetry of geometry
as well as the loading condition, it has equal possibility to develop cracks at either of the
two locations and a small material defect or perturbation in numerical simulation would

affect the results.
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3.4.5 The third Sandia challenge

Lastly, we conduct the crack modelling for the well-known third Sandia Fracture
Challenge (SDF3) experiments on a complex 3D specimen launched by Sandia National
Laboratories in 2019 (Behzadinasab and Foster 2019, Karlson, Alleman et al. 2019,
Kramer, Ivanoff et al. 2019, Kramer, Jones et al. 2019, Spear, Czabaj et al. 2019,
Tancogne-Dejean, Gorji et al. 2019, Behzadinasab and Foster 2020). The purpose is to
demonstrate the capability of this proposed phase field model for modelling real 3D stress
problems.

In this SDF3 crack modelling, the geometry of specimen as well as material
parameters is originated from reference (Kramer, Jones et al. 2019). Figure 3.15 presents
a steel bar of SDF3 specimen, inside which several distinctly orientated hollow
geometries are intersected including three through cylinders, an elliptical truncated cone
and a sphere. Because of the complex 3D geometry, SDF3 specimens were additively
manufactured rather than conventionally machined. The elasto-plastic parameters are
calibrated from a group of tensile calibration tests with the same material in (Kramer,
Jones et al. 2019). Fracture parameters including fracture strain ep,, are calibrated to
match the force-displacement best in this paper, and all parameters are listed in Table 3.5.
This FE model contains 62,547 nodes and 166,716 clements in total, and its element mesh
within one quarter of gauge area has been presented in Figure 3.15.

Table 3.5 parameters for SDF3 numerical modelling

Type Parameters Value
. E 175000 MPa
elastic
v 0.3
_ Tyo 488.8 MPa
plastic ) ,
Strain hardening (Kramer, Jones et al. 2019)
Go 9.3 kKN/m
Geo 13.95 kN/m
. ag 12
Damage evolution
b, le-3
ac 12
b, le-3
Damage initiation & 0.45

Figure 3.16 demonstrates the force-displacement curve of numerical result
accompanied by experiment data, together with the numerical result without considering

damage propagation for comparison. At the beginning of loading process, the specimen
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experiences a linear elastic stage, when the force grows fast with the displacement before
0.05 mm. Next, the stress develops beyond the initial yield stress and plastic strain
initiates accompanied by strain hardening, and the force continues to increase until the
peak of around 8000 N when the displacement reaches 0.6 mm. When the displacement
is 0.6-0.7 mm, the slight load decrease is attributed to necking effect. Then fracture
initiates when the displacement reaches around 0.7 mm. Meanwhile, the force-
displacement curve of damage included modelling starts to diverge from the simulated
curve which does not consider damage evolution. Since then, crack continues to develop

and the force decreases quickly until the specimen is broken.

Figure 3.15 Geometry information and mesh elements of third Sandia challenge
specimen
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Figure 3.16 load versus displacement for experiment and numerical data of third Sandia
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specimen
It is observed that the numerical result generally agrees well with experiment data
except for some acceptable difference at peak force stage. The loading force rises to its
maximum value when the applied displacement reaches around 0.6 mm and 0.8 mm for
numerical and experiment data respectively. Since the phase field damage does not even
initiate yet, that slightly earlier decrease of loading force in the numerical simulation is
because of the calibrated strain hardening data in (Kramer, Jones et al. 2019) rather than

damage parameters.
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(a) 3D CT reconstruction (b) numerical damage contour on deformable solid

Jy —
1 mm

-z
Before loading u=0.3 mm u=0.7 mm u=0.83 mm broken

(c) Slice damage contour compared with micro CT data figure

Figure 3.17 Third Sandia crack path compare between numerical result and experiment
CT data

Figure 3.17 (a) and (b) show the 3D reconstruction image according to micro-CT

data and numerical damage contour respectively, for the gauge area of specimen after
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loading. It can be seen that the failure areas for both numerical and experiment results are
located at the four ligaments around the intersected hollow cylinder channel area. It is
noted that the last SFC3 example is conducted here only to show this model’s capability
for complex 3D problems. Since this SDF3 loading condition is applying tensile force on
specimen, only the tensile damage is presented here, while the shear damage is very small
despite its complicated geometry shape.

SFC3 specimen was scanned by micro-CT in reference (Kramer, Ivanoff et al. 2019)
at five stages of loading process, and Figure 3.17(c) depicts the slice images in yz plane,
which are compared with numerical slice damage contour at the same cross section. It
can be observed that the fracture path development of numerical results shows good
agreement with experiment CT data. In this specific slice, crack initiates at the middle of
side walls of the cylinder channel, and develop along the horizontal direction to outside
surface of the specimen, forming a through fracture path. It is also noted that the crack
damage contour for both numerical and experiment results in Figure 3.17(c) are not
strictly symmetric about the middle xy surface. Once a crack initiates at one side of the
specimen due to material defects or numerical errors, the loading condition becomes

asymmetric and will in turn affect the following asymmetric crack propagation.

3.5 Summary

To model fracture propagation in 3D solids for different crack modes, this study has
proposed a double phase field model with strain energy decomposition based on the
crack-orientation-based coordinate system. The tensile and shear components of
decomposed strain energy contribute to the crack propagation of tensile and shear damage
phase field d; and d, respectively. The plastic contribution for crack evolution is coupled
by associating the decomposed tensile and shear plastic strains with the correspond
fracture energy release rates G; and G.. This proposed model is implemented through
ABAQUS subroutines UEL and UMAT with a staggered solution method for tensile/shear
damage phase field and displacement field.

Five numerical examples are conducted for parametric analysis and model
effectiveness verification. In the first example of one element under tension and
compression loading, the agreement between the numerical results and analytical
solutions indicates the correctness of the implementation of this proposed model. The

second example of single-edge notch specimens with different values of a; and b; subject
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to uniaxial tension have demonstrated that a larger a, as well as a smaller b, lead to lower
material strength, while the effect of b, could be negligible when it is smaller than 0.01.
The third simulation on single-edge shear loading specimens have proven that the G./G;
plays great roles on the crack mode: when G./G; is less than or equal to 1.4, shear crack
dominate the specimen failure, when G./G; is equal to 2, mixed crack mode appears, and
when G, /G, is larger or equal than 2.4, tensile crack dominates the failure. Meanwhile,
the mixed crack mode specimen has showed the highest load bearing capability among
all specimens. In the fourth numerical example, a group of uniaxial tension, simple shear
and tension-shear specimens is considered, which shows good agreement with
experiment data in terms of crack path and load versus displacement curve, which
demonstrates the capability of this proposed double phase field model for different crack
mode modelling. Lastly, the third Sandia challenge example is modelled and compared
with experiment data, demonstrating capability of this proposed phase field model for
complex 3D crack propagation modelling.

This study has presented an effective numerical method for mixed-mode ductile
fracture within the phase field framework in a 3D setting. There are many interesting
topics for future studies based on this proposed double-phase-field framework. For
example, uncertainty analysis could be conducted on material parameters (Khodadadian,
Noii et al. 2020, Feng, Wang et al. 2021, Noii, Khodadadian et al. 2021). Moreover, the
developed model can be extended to dynamic fracture to investigate the mechanical
behaviour of materials and structures under impact and blast loads (Dinachandra and

Alankar 2020, Liu, Wang et al. 2022).
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4. A UNIFIED STRAIN ENERGY DECOMPOSITION STRATEGY

4.1 Introduction

The accurate prediction of fracture behaviour and stress response in materials has
garnered significant interest within the computational mechanics community
(T.N.Bittencourt 1996, Feng, Wu et al. 2023). Numerical models for fracture modelling
are typically classified into two categories based on their representation of fracture
topology: discrete fracture models and continuous damage models. Discrete fracture
models, such as cohesive zone models (Elices, Guinea et al. 2002, Xie and Waas 2006,
Nguyen, Bui et al. 2017), the Embedded Finite Element Method (Annavarapu,
Hautefeuille et al. 2012, Roubin, Vallade et al. 2015), and the eXtended Finite Element
Method (XFEM) (Chessa, Smolinski et al. 2001, Zi and Belytschko 2003), involve
tracking crack topology and require complex remeshing, leading to high computational
costs. In contrast, continuous damage models offer a more computationally efficient
approach by conceptualizing the cracked solid as a continuous damage zone (Leland 1980,
Lemaitre 1985).

Among these models, the phase field model has attracted considerable attention.
Originally proposed by Francfort and Marigo (Francfort and Marigo 1998) and further
developed by Bourdin et al. (Bourdin, Francfort et al. 2008), the phase field model is
derived by minimising the total potential energy, which comprises the strain energy and
fracture energy (Miehe, Hofacker et al. 2010, Miehe, Welschinger et al. 2010, Ambati,
Gerasimov et al. 2014, Miehe, Schinzel et al. 2015, Wu and De Lorenzis 2016, Molnar
and Gravouil 2017). Due to its efficiency, robustness, and simplicity in numerical
implementation (Fang, Wu et al. 2020), the phase field approach has been extensively
applied to simulate complex fracture phenomena, such as ductile fracture (Ambati, Kruse
et al. 2015, Borden, Hughes et al. 2016, Miehe, Aldakheel et al. 2016, Roth and Mohr
2016, Alessi, Marigo et al. 2018, Dittmann, Aldakheel et al. 2018, Fang, Wu et al. 2019,
Fang, Wu et al. 2019), dynamic fracture(Karma, Kessler et al. 2001, Borden, Verhoosel
et al. 2012, Wang, Ye et al. 2020), hydraulic fracture (Miehe and Mauthe 2016, Wilson
and Landis 2016, Ehlers and Luo 2017), and hydrogen embrittlement fractures(Martinez-
Pafieda, Golahmar et al. 2018, Wu, Mandal et al. 2020). Nevertheless, the phase field
model still encounters challenges in capturing asymmetrical tension-compression
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behaviour that is commonly exhibited by various materials in real-world conditions, such
as rocks and metals (B.Shen and O.Stephansson 1994, Du, Zhang et al. 2020, You, Zhu
et al. 2020). This limitation arises from the identical strain energy density under tensile
and compressive loading of the same magnitude, which contributes equally to fracture
evolution in the formulation of standard phase field models.

To overcome this issue, researchers have proposed various strain energy
decomposition approaches, splitting the total strain energy into positive and negative
components, with the presumption that only the positive part drives fracture propagation.
Notably, Volumetric-Deviatoric (V-D) (Amor, Marigo et al. 2009, Lancioni and Royer-
Carfagni 2009) and spectral decomposition (Miehe, Hofacker et al. 2010, Miche,
Welschinger et al. 2010, Miehe, Schinzel et al. 2015) are prevalent in the phase field
context and have proven effective under specific loading conditions, as evidenced by
experimental comparisons (Pham, Ravi-Chandar et al. 2017, Santillan, Mosquera et al.
2017, Chukwudozie, Bourdin et al. 2019). Nevertheless, the effectiveness of those two
approaches could not be maintained across arbitrary stress states (Cao, Wang et al. 2022,
Prakash, Behera et al. 2022, Behera, Sudeep et al. 2023). For example, V-D
decomposition can result in incorrect stress fields and fracture driving force under
transverse compressive loading conditions (Prakash, Behera et al. 2022); spectral
decomposition is inappropriate under simple shear loading where the stress response will
never be totally degraded at material points where the damage variable has been even
fully developed (Behera, Sudeep et al. 2023, Hesammokri, Yu et al. 2023).

Based on these two decomposition strategies, numerous modifications have been
proposed to enhance their flexibility. Within the V-D decomposition framework, Spetz et
al. (Spetz, Denzer et al. 2020, Spetz, Denzer et al. 2021) further divided the deviatoric
strain energy into positive and negative components based on the principal values of the
deviatoric strain tensor. Similarly, Hesammokri et al. (Hesammokri, Yu et al. 2023)
employed a strategy where the additional decomposition of the deviatoric strain energy
was based on the principal strain. Compared to the original V-D decomposition, these
refined models demonstrate improved capability in representing tensile fracture
configurations. However, this enhancement may come at the cost of reduced accuracy
under other stress states, such as simple shear stress loading, where a portion of the strain
energy always remains reserved and does not contribute to fracture propagation. Building

on spectral decomposition, a thermodynamically consistent positive-negative projection
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for the principal strain was proposed and implemented to maintain the major symmetry
of the material stiffness matrix (Wu and Cervera 2018, Nguyen, Yvonnet et al. 2020).
Nevertheless, this approach overlooks cracks induced by shear-stress-dominant loading
conditions. Alternatively, recent research (Cao, Wang et al. 2022) introduced a hybrid
model that combines spectral and V-D decompositions using a weighted parameter to
optimize performance across different stress states. However, fine-tuning this weighting
parameter presents a significant challenge.

In addition to V-D and spectral decomposition, the so-called direction-based strain
energy decomposition method has also obtained significant attention (Steinke and Kaliske
2018, Storm, Supriatna et al. 2019, Steinke, Storm et al. 2022, Jiang, Li et al. 2023). In
this approach, the effective stress is decomposed within a crack-orientation-based
coordinate system. The crack orientation is typically determined either by maximising the
F-criterion energy dissipation (Bryant and Sun 2018, Wang, Feng et al. 2020, Fei and
Choo 2021, Steinke, Storm et al. 2022, Jiang, Li et al. 2023, Sun, Lu et al. 2023) or by
aligning with the gradient direction of the phase field variable (Strobl and Seelig 2015,
Luo, Chen et al. 2021). These models have proven effective in capturing both tensile and
shear fractures and enhancing the adaptability of the phase field model. However, they
still exhibit limitations when simulating solids under high stress triaxiality conditions,
such as biaxial and triaxial tension. Under these stress states, once the crack surface is
assumed, only the tensile stress normal to crack-surface contributes to fracture
propagation, while the tensile stress components in other directions are neglected for
damage evolution. Consequently, such crack-direction-based phase field models tend to
predict identical equiaxial and uniaxial tensile strengths, which contradicts experimental
observations for most materials (Giovan and Sines 2006, Hannon and Tiernan 2008).

To the best knowledge of the authors, most existing phase field decomposition
strategies are tailored to characterise fracture behaviour in solids subjected to one or
several limited stress state regions. However, real-world structures are frequently exposed
to highly diverse stress loadings, which may vary spatially and temporally. In this study,
we aim to introduce a unified strain energy decomposition approach capable of effectively
capturing fracture propagation under arbitrary stress states. The remainder of this paper
is organised as follows. Section 2 reviews the framework of standard phase field model
and two classic strain energy decomposition methodologies, the Volumetric-Deviatoric

and spectral decomposition. Section 3 demonstrates the formulation of the proposed
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unified decomposition phase field model, including the effective stress decomposition,
governing equation of phase field evolution, and determination and updating of the local
coordinate system. Section 4 explains the explicit implementation of the proposed model.
Section 5 presents a series of numerical examples comparing the simulation outcomes of
the proposed decomposition approach with those derived from the Volumetric-Deviatoric

and spectral decomposition methods.

4.2 Formulation of standard phase field model

4.2.1 Energy functional

As demonstrated in Figure 4.1(a), let us consider an arbitrary body (2 inside which
lies a sharp crack I'. Its external boundary 92 consists of Dirichlet boundary 902" and
Neumann boundary 2%, which satisfies 32" N 92° = @ and 42 = 32" U 325. Under
this configuration, b, ¢ and U represent the body force within (2, the traction force on 02"
and boundary displacement on d2° respectively. Following the phase field theory (Miche,
Welschinger et al. 2010, Miehe, Schinzel et al. 2015, Wu and De Lorenzis 2016, Molnar
and Gravouil 2017), the sharp crack I" then could be regularised as a diffusive damage
field d pictured in Figure 4.1(b), where length scale parameter . controls the fracture
width. The value of d varies from zero to one, which indicates intact state and totally
broken state, respectively. With this fracture regularisation methodology in hand, the

crack density function y could be obtained as follows,

2
y(d,vd) = 3+ % |vd? (4.1)
Accordingly, the fracture energy density function is obtained as follows,
f -G — G (2 L lpg)2
o' (d,Vd) = G -y(d,Vd) = G; (215+ <|7d| ) (4.2)

where Gy represents the crack energy release rate, indicating the energy required for

generating per unit area of the crack surface. The internal potential energy within body {2

is then obtained by,
ot (u,d) = [, (¢°(w d)+¢’ (d,Vd))da 4.3)
In Eq.(4.2), ® represents the elastic strain energy density, which is calculated as follows
in standard phase field theory (Miehe, Welschinger et al. 2010, Molnar and Gravouil 2017,
Fang, Wu et al. 2019),
p¢(w,d) =(1—-d)? p5(w) (4.4)

where g signifies the undamaged elastic strain energy density. Meanwhile, the external
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force work is given by,
ot (u) = [, (b-w)dQ+ [, ,(t-u)dS 4.5)
The kinetic energy of the body {2 is written by,
ok () = [ ~pit- udQ (4.6)
where p represents the density of material. According to (Borden, Verhoosel et al. 2012,

Ren, Zhuang et al. 2019, Wang, Ye et al. 2020), the Lagrangian of the solid then can be

calculated as,
L(w, 1, d) = o™ (u) + ot (u) — ™ (u,d) = fQ {%pu ‘U —@¢(u,d) —

¢/ (d,Vd) + pb - u}dQ + [, (¢ - u)dS (4.7)

With expression of Lagrangian in hand, the governing equations for the stress response
and phase field evolution then could be derived through least action principle (Borden,

Verhoosel et al. 2012, Ren, Zhuang et al. 2019, Wang, Ye et al. 2020) as,

V:o+b=pit in()
{o-n—t=0 on 9Q" (4.8)
u=u ondQ°
Ge(g_72 _ _ e _ .
{lc (d-12Ad)—2(1-d)pé =0 inQ “9)
Vd-n=0 on 0Q

9¢°(ud)

where o0 =
oee

denotes the stress tensor; and n represents the normal direction on the

boundary surface 0(). For the purpose of explicit implementation in this study, Eq.(4.9)
1s rewritten with a time-dependent form (Miehe, Welschinger et al. 2010, Wang, Ye et al.
2020) as,

d=

- {%(2(1 — d)p§ - f—f(d —°Ad)),  d<1 (4.10)

0 otherwise

where w denotes the viscous parameter for phase field evolution; the bracket operator

(*)+=% (*+]*]) is incorporated for avoiding the damage healing.
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Figure 4.1 Configuration of phase field damage regularisation. (a) sharp crack I';
(b)diffusive damage zone

4.2.2 Commonly used strain energy decomposition method

To capture the asymmetric fracture propagation and mechanic response of materials
under tension and compression loading, various strain energy decomposition approaches
have been proposed (Amor, Marigo et al. 2009, Miehe, Hofacker et al. 2010, Miehe,
Welschinger et al. 2010). The general idea is to decompose the elastic strain energy ¢g in
Eq.(4.10) into tensile component @§* and compressive component ¢§~, of which only
the tensile part is degraded and contributes to the crack propagation. Eq.(4.4) then is

rewritten by

°(u,d) = (1—d)? 5" (u) + @§~ (4.11)
Accordingly, the expression of stress response o is updated to
— (1 2,098 | 0e5" )
oc=(1-4d) 5 T o (4.12)

Meanwhile, the governing equation of phase field evolution is updated by replacing the

undamaged elastic strain energy @§ with its positive component @§* as

d=

. {%<2(1 — )t - %(d —l*Ad)),  d<1 (4.13)

0 otherwise
Among the various decomposition methods, the Volume-Deviatoric (V-D)(Amor, Marigo
et al. 2009) and spectral decomposition (Miehe, Hofacker et al. 2010, Miehe, Welschinger
et al. 2010) methods are most widely adopted for the phase field modelling. For V-D

phase field model, the elastic strain energy is decomposed as follows

K
9§+ () = (tre®),” + u(edey: €5,)

(4.14)
0§~ (u) = (tre)_*

denote the bulk modulus and shear modulus

where K = and u =

E
3(1-2v) 2(14v)

respectively; €5,, = €° — tr(&°)I, representing the deviatoric strain with the second-
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order identity tensor I; the bracket operation is defined as (*); = %(* +|*|). In the V-D

decomposition approach, the deviatoric strain energy always contributes to the fracture
driving force, while volumetric part only takes effect when volume strain is positive.
For spectral decomposition method, the positive and negative components of elastic

strain energy decomposition are expressed as follows

@5 (W) = %(tree)_f +G Z?=1(£ie)+2 (4.15)
@5 (W) = %(trse)_z +G 21'3=1(3ie)_2 .

Ev

Tz’ denotes the lame constant; € = £/n; ® n;, is the component of

where 1 =

strain tensor corresponding to the i-th principal strain value & and i-th principal strain
direction n;. It can be seen from Eq.(4.15) that the elastic strain is decomposed in the
spectral space, and only the strain energy produced by the positive principal stain
contributes to the fracture propagation.

Specifically, it was highlighted that the Volumetric-Deviatoric (V-D) decomposition
is efficient for predicting cracks induced by deviatoric stress, while the spectral
decomposition method demonstrates superior performance in modelling fracture
propagation under tensile loading (Cao, Wang et al. 2022). However, the applicability of
both methods may be contingent on specific stress states rather than being universally
applicable. Given the complex loading conditions in practical engineering, material stress
states change over time. Therefore, there is a need to develop a unified and effective strain

energy decomposition strategy that remains valid under various complex stress states.

4.3 Strain Energy decomposition under the local coordinate system

In this study, we introduce a novel strain energy decomposition approach where the
total elastic strain energy is decomposed on the local coordinate system into three
components, namely tensile, shear and compressive stress. Among them, only the first
two parts contribute to the fracture propagation after being regularised by corresponding
tensile and shear crack energy release rate G, and G.. The local coordinate system is

determined by maximising the modified F-criterion energy dissipation.

4.3.1 Effective stress decomposition
In this proposed unified decomposition method, the undamaged (effective) stress is
decomposed on the local coordinate system (LCS), characterised by three orthotropic

directions r, s and ¢, as shown in Figure 4.2. In this configuration, stress components dy,,
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could be calculated by

Opq = 0 MP1 (4.16)
where the second-order projection tensor MPY (p, g = r, s, or t) are constructed based on
three orthotropic directions r, s and ¢ by

M"=rQ@r MS=rQ@s Mt =rQt,
M =sQr M =sQs,M'=5sQt, 4.17)
M7 =r@r M¥ =r®s M ' =rQ®t

Subsequently, the effective stress could be decomposed into tension, shear, and

compressive components, written as,

6 =0/ M7 +0gf M +o} M (4.18)
O =0 (M™ + M) + G, - (M™ + M) + G, - (MSt + M) (4.19)
0 =07 M7 +0; M¥+o07 MY (4.20)

From Eqs.(4.18)-(4.20), it can be seen that all six shear stress components contribute to
the shear stress tensor @7;, while the three normal stress components in r, s and ¢ direction
are further split into tensile and compressive parts: g,7 and o, ; o and o ; o and o
respectively. To distinguish the tensile and compressive stress, one straightforward
approach involves utilising the signs of normal stress. While this method offers simplicity,
it neglects the influence of the Poisson effect, which can lead to the non-orthogonal
decomposed tensile and compressive stresses, potentially leading to unrealistic negative
decomposed strain energy (Steinke and Kaliske 2018). To overcome such drawback, here
we refer to Wu et al. (Wu and Cervera 2018, Wu, Nguyen et al. 2020), and project the

tensile and compressive part of normal stresses on direction r, s and ¢ by

07 = (Gpr) 4 Oy = Opr — OF,
_ v -
o5 = (maX(Uss» Eo-rr))+: 05 = Ogs — Oy, (4.21)

of = (max(Te, V(Grr +3Tss)s 750 )4y Of = G — OF,
where the sequence of directions r, s and ¢ is default as 6, = 055 = 0y, for simplification.
The proof of non-negativity for the decomposed strain energy is detailed in the subsequent
sections. With decomposed effective stress @7, 6; and 6~ in hand, the nominal stress
response can be obtained by aggregating the intact stress with the degraded tensile and
shear stress as

o=1-d)? (6} +a)+ad (4.22)

75



r
t
S L}

Figure 4.2 Effective stress decomposition configuration

4.3.2 Strain energy decomposition

The total elastic strain energy ¢¢(u) in Eq.(4.4) can be calculated by
0§ =0 (4.23)
In this proposed unified decomposition phase field model, the total strain energy ¢§ is
partitioned into three distinct components, namely tension crack driving force H;, shear
crack driving force Hj and compression strain energy H, , which aligns with the

principles of effective stress decomposition. Each component can be quantitatively

obtained as follows,

Hy =5} : ¢ (4.24)
Hy = of;: &° (4.25)
H,=0":e (4.26)

2

According to Egs.(4.18)-(4.20), the three parts of decomposed stress are orthogonal to
each other with the following orthogonal condition acquired.
5’?: (C: 6-11 = O
o/:C:o” =0 (4.27)
0:C.o” =0
where C represents the flexural tensor. Substitution of Eq.(4.27) into Eqs.(4.24)-(4.26)

could lead to

Hy, = %a;; g€ = %ar: C:(of +65,4+0) = %a;; C:or >0 (4.28)
1_ 1_ _ _ _ 1_ _

Hy = oj:e® = o1 C: (67 + 51 +07) =9/:C:5[; 2 0 (4.29)

H, = %a-—:se = %6'_:@: (5'?- + 61’} +0)= %6'_;(::6'_ >0 (4.30)

Apparently, the nonnegativity of those three decomposed components of strain

energy could be ensured from the above formulations.
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4.3.3 Governing equation of the unified decomposition phase field model

In the governing equations of standard phase field model (see Eq.(4.2)), the crack
energy release rate is assumed to be identical for tensile (mode I) fracture and shear (mode
IT) fracture. Nevertheless, it does not agree with the experimental observation where mode
II fracture toughness is normally much larger than mode I fracture (Richard, Schramm et
al. 2014, Wang, Wang et al. 2020). To capture the different mechanical properties
between these two crack modes, we incorporate the F-function into the phase field
framework (Zhang, Sloan et al. 2017). The governing equation of the phase field model
Eq.(4.10) can then be rewritten as

Hiy

1 Hi 1 2
d={;(2(1—d)(a—t+ ac)_i(d_lc Ad)), d<1 431)
0 otherwise

Though the above formulation resembles the mixed-mode phase field model in (Zhang,
Sloan et al. 2017), the novelty of this study lies in the strain energy decomposition, which
depends on different stress states and shows much larger flexibility for capturing different

crack modes. Moreover, to avoid the unrealistic fracture healing behaviour, the history

variable ®" of F-function is introduced as the maximum F-function value during the

: h MAX @ | Hu®
whole loading process  @" =, o (0, tn]( o G ) (4.32)
. . .. Hi(t) | Hy(t)
where t,, represents the current time. Replacing the fracture driving force ~ T o
t c

with ®" in Eq.(4.31) leads to the final governing equations of phase field evolution,
1 h 1 2
i {;<2(1 —d)o" —~(d - °Ad)),  d<1

0 otherwise

(4.33)

4.3.4 Determination of the local coordinate system

4.3.4.1 Configuration of local coordinate system

In this study, the principal stress space is adopted as the reference coordinate system
for simplicity. As depicted in Figure 4.3, the local coordinate system (LCS) is
characterised by three mutually orthogonal axes r, s and ¢, which could be expressed in
the principal stress as below,

r = (sina, cosa - cosf, cosa - sinB)T (4.34)

s = (—cosa - siny, sinf - cosy + sina - cosf - siny, —cosp - cosy + sina - sinf -
siny)T (4.35)

t = (—cosa - cosy, sina - cosf - cosy — sinf - siny, cosp - siny + sina - sinf -
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cosy)T (4.36)

where a € (— %, g] denotes the angle between 7 and its projection ' on n, — n3 plane,
and f € (— %, g] denotes the angle between r’ and n,. For given parameters a and S, the

direction r is specified, and the angular variable y € (0,%] is then introduced to control

the orientation of the remaining axes s and . As demonstrated in Figure 4.3, when y is

set as zero, direction s aligns vertical to ' within n,-n5 plane.

1 :
!
1 \
1
I .
It to

1

Figure 4.3 Local coordinate system in principle stress space
4.3.4.2 Modified F-criterion for determination of LCS
The F-criterion originates from the G-criterion (Cotterell and J.R.Rice 1980), where

the crack initiates when the sum of the mode I crack energy release G; and mode II crack

. . Gi , G
energy release rate G;; exceeds the critical energy release rates G, written as — + —+ >

cr cr

1. However, such criterion could not distinguish between the tensile and shear crack
energy release rate.

The crack driving force, as defined by the F-function energy in this proposed phase
field model, is intrinsically linked to the tensile strain energy H; and shear strain energy
H;;, both of which are contingent upon the selection of the LCS for a given stress state.
This relationship underscores the sensitivity of F-function to the LCS orientation and is

formulated as,

F(a B,y) = Hz(cgtﬁ,y) n Hn(g;B.V) (4.37)

Building upon prior research (Fei and Choo 2021, Steinke, Storm et al. 2022, Jiang, Li et
al. 2023), we adopt the postulate that the potential LCS at the integration point is the one

maximising its crack driving force, as quantified by the F-function energy. In the pursuit
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of identifying the optimal LCS, a straightforward strategy initially involved optimising
the F-function in terms of the three angular variables «, § and y. This approach, however,
unveiled a substantial complexity when directly incorporating them into the F-function
expression. Alternatively, a novel methodology is proposed in this paper for searching the
optimal F-function solution which focus on three normal stress on the LCS.
As indicated in Eq.(4.23), the sum of its decomposed strain energy components, tensile
strain energy Hj, shear strain energy Hj; and intact strain energy Hy,, should be equal to
the total strain energy ¢§. Then H;; could be expressed by,

Hy = @G — Hy — Hy (4.38)
Substitution of Eq.(4.38) into Eq.(4.37) yields

F(aB,y) = Hi(@B,y) gt = Ha(@Boy) o+ 9§ o (439)

In this F-function, only H; and H,, are involved, both of which only depend on the three
decomposed normal stresses a,.., 05 and ;. For a given stress state, these three normal
stresses are related by,

Ot = 3p — Oy — Oss (4.40)
where p = %(0'1 + 0, + 03) denotes the hydrostatic pressure. Eq.(4.39) can be rewritten

in terms of 0, and g as

Gc—G¢
GG

e

— — 1
Hc(o-rrf Gss) ’ G_c + @0

F(rp, Gss) = Hy(Grr, G) < (441)
Consequently, our objective is then to maximise F-function with proper selection ;.- and
Oss-

According to Eq.(4.21), the projected tensile/compressive components of normal
stress are summarised in Table 4.1. There exist as much as four decomposition types for
a given stress state, which depends on the value of G,,., 55 and ;. The conditions for
achieving these four decomposition types are listed in Table 4.1, and the corresponding

results of -function are denoted by F1, F2, F3 and F4 respectively, written by

1+v - — _ _ _ _ 9p2
Fy = _E-_GC Jrrz + 0'552 + Gy - 05 — 3p(Grr + Uss)] - FGC (4.42)
G (14)(1-20) 14V _ _ o op?
2= 2EG,(1-v) __ EG, Jrrz + 0'552 + Gy O5s — 3p(Gpr + Uss)] ~ 2rG. (4.43)
A+v)[6c(1-v)-2Ge] | — (1+v)-(VGe+Ge) —  — (1+v)3p ,_
F3 - ZEGCGt = (O-TTZ + O-SSZ) - EGCGt - O-TTO—SS + . ) (O—TT +

_ 9p?

05s) Jp, (4.44)
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_ (Ge—G)(A+v)

— — — — — — 90?(Gc—Gt)
EG.G, [O-rrz + Gssz + Oy * 055 — 3p (0 + Gss)] + (4.45)

Fy 2EGcGt
It is necessary to emphasise that though Eqs.(4.42)-(4.45) have different formulations for
each decomposition type, these four functions are continuous within the global domain
of &, and G, which results from the continuous definition of the tensile stress @; and
compressive stress 6~ in Eq.(4.21).

Table 4.1 Possible value of decomposed tension stress and compression stress

Type Conditions o) oy of o5 of o;
1 0 <0 0 Oy 0 Ogs 0 3p — 0y — Ogs
— — VOrr — V'Opr — V' Opy V' Oy Orr —
2 Gy > 0 and o — T, = 0 Orr 0 T Oss =Ty T 3p — T~ Oss
— — VO
O'rr>0a0-ss_1_v>0, _ _ _ B 3p—(v+1)
3 3p Orr 0 Oss 0 v+ (Gpr + Ogs) _ _
and Gp + 055 ——— =0 *(Opr + 0ss)
1+v
— — V0,
Orr > 0, Oss — 1_:: >0,
4 _ _ 3p Orr 0 Oss 0 3p — 0y — Oss 0
andarr+o"ss—m< 0

4.3.4.3 Definition domain of 6, and 0
Under the principal stress space, the matrix form of elastic strain and undamaged

stress tensor o are written as follows:

0, —v(oy + 03) 0 0
g8 = % 0 oy —v(oy + 03) 0 (4.46)
0 0 o3 —v(o; + 0y)
og 0 O
o= [0 o 0 ] (4.47)
0 0 o3

where g;, 0, and o3 represent the three principal stresses. The normal effective stress of
o, and 0, then could be calculated by substituting Eqgs.(4.16), (4.34)-(4.36), and (4.47)
into Eq.(4.17), as follows,

G = 01 * Sin*a + 0, * cos?a - cos?P + o3 cos?a - sin?p (4.48)
Gss = 01 ' cos?a - sin?y + g, - (sinf - cosy + sina - cosf - siny)? + g5 * (sina - sinf -

siny — cosp - cosy)? (4.49)
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Figure 4.4 The value of g,,- and g5, change with different decomposition directions
Analysis of Eqgs.(4.48) and (4.49) reveals that the behaviour of 6, and g can be
analogised to an elliptical curve, as demonstrated in Figure 4.4, the three principal axes
of which are 2+/0;, 2+/0, and 2,/03, respectively. G,.- and G, can be calculated as the
square of the distance from ellipse centre to its surface along the direction r and s, which

are controlled by angular variable « and 3.

As shown in Figure 4.4(a-c), when f is fixed at zero, and a changes from % to zero,
the value of g, changes from g, to g,; while the lower limit of ¢ keeps constant, and
the upper limit of g increases from o, to g;; Meanwhile, when « is fixed at zero, and 3

changes from 0 to % , as shown in Figure 4.4(c-f), the value of ;.- changes from o, to o3,
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while the lower limit of d,, increases from o, to gy, and the upper limit of g, keeps
constant at g;. Accordingly, the definition domain of &, and g, could be written by

0y < 055 < 01+ 0y — Opp when G, = 0,

0y + 03 — 0y < 055 < 01 when 6, < 0, (4.50)

Opr 2 Oss 2 Oyr = 3P — Opy — Oss

In Eq.(4.50), the last constraint is added for achieving unique sequence of r, s and ¢.
Consequently, the blue shaded area in Figure 4.5 illustrates the final definition region for
0, and ag,. It's noted that the previous statements are described assuming a sort of ellipse,
which implies that involved three principal stresses are positive. Nevertheless, those
insight remain effective even with negative principal stresses, which can be derived
directly from Egs.(4.48) and (4.49). The above interpretation is provided to assist the

reader in better understanding this concept.

Oss
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!
Figure 4.5 Definition domain of decomposed normal stress a,,- and 0

4.3.4.4 Solution for maximum F-criterion value

For a specific stress state (the three principal stresses o7, 05, and g3 have been given),
the decomposition type and F-function formulation depend only on the value of normal
stress 0, and g, as discussed in Section 4.3.4.2. In this section, the F-function under
different stress states is discussed case by case for solving its theoretical maximum value.
Figure 4.6 and Figure 4.7 depictured the distribution of decomposition type in terms of
normal stress d,,- and 0, under distinct stress states. Apparently, given a specific stress
state identified by the three principal stresses, the normal stresses G, and g could be
determined by the selection of local coordinate system (LCS). For example, when the

LCS is identical to the principal stress directions, the normal stresses are equal to the
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principal stresses. Under each potential selection of LCS, the normal stress is determined,
and therefore the decomposition type will be also specified.

Since the formulations of F-function for four different decomposition type in
Eqs.(4.42)-(4.45) are all simple second-order polynomial functions in terms of ;- and
Oss, 1t 1s easy to obtain their maximum value within corresponding subdomain. By
comparing them, the overall maximum F-function across the entire definition domain is
finally determined.

The final results of potential optimal solutions of &,, and a4 to achieve the
maximum F-function are summarized in Table 4.2. It is interesting to find that this
proposed unified decomposition phase field model could recaster to several common-
adopted energy split approaches under specific stress states. For example, when
hydrostatic pressure p < 0, one potential solution for type I region is 6, = p, 0, = P,
which represents the Volume-Deviatoric decomposition (Amor, Marigo et al. 2009); and

03

v . . . . — — .
whenp >0 and — < , the optimal solution is given as 0, = g4, 053 = 0,, Which
- 3

01+0,—0
denotes the spectral decomposition(Miehe, Hofacker et al. 2010, Miehe, Welschinger et
al. 2010). In addition, the solution of o,.,- = g4, o5 = 0 will be obtained for uniaxial

tension loading. This result will lead to the decomposed tensile stress of ;7 = gy, a5 =

+

of = %, which keeps consistent with the directional-based strain energy decomposition

approach proposed in (Steinke and Kaliske 2018, Steinke, Storm et al. 2022).
The potential solutions listed in Table 4.2 also reveal the competition between tensile
and shear energy dissipation to some extent. For example, when p < 0, and 1V—v = %, the
- 1

. . [ — . — — oy+0
potential solution is 0, = p, dss = p for type I region, and &, = gy, 055 = 22 2 for

type II region. The maximin F-function energy for those two regions F{"** and F;***

essentially reflect the shear and tensile strain energy dissipation respectively, written as

- 2
Flmax _ _ (1-2v)(o1+0,2+03) 4.51)
6EG,

Fmax — 2(1-v-2v*)g1®  20,%-4v0,(0,+03)+(1-v) (0, +03)? (4.52)
4EG(1-v) 4EG,

The final configuration of LCS then is determined for choosing the larger energy
dissipation between F{*** and F;"**. Comparing Eq.(4.51) and Eq.(4.52), we could

conclude that

G, (20,-0,-03)% 1-v
max -, pmax € < 1792793) .,
F"** > F, when o= P o0 (4.53)
F"%* < Frex otherwise
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It can be seen from Eq.(4.53) that this competition between tensile and shear energy
dissipation is related not only to the stress state but also depends on the ratio of shear and

tensile energy release rate as well as the Poison’s ratio simultaneously.

a14a;
P a1 . o to
Eal 2 [ Type1
g o5
= [ Type2
nzn o
3 ‘1 Type 3
Trr
(!
PP 03
(p.p)
oz
2 r
[ a v [ v
(a) 2< -1 b)—-1<2<— (c) 2>—
o1 o1 1-v o1 1-v

Figure 4.6 Decomposition type distribution on the definition domain of normal stresses
for different stress states with hydrostatic pressure p<<0
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Figure 4.7 Decomposition type distribution on the definition domain of normal stresses
for different stress states with hydrostatic pressure p>0
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4.3.4.5 Update of local coordinate configuration

To update the LCS, two conditions must be satisfied in this study. Firstly, the F-
function value needs to exceed the history F-function variable ®", which prevents
altering of the coordinate configuration during unloading.

Secondly, the material on the original weak surface needs to keep stable when new
crack surface is generated. This concept of stability can be explained by Figure 4.8, where
a solid was loaded by tension force with changed directions. It was firstly loaded
vertically, producing a horizontal weak surface ro with damage variable d. Then, the
loading direction changed to be along the 45 degree. Under the new stress condition, the
potential weak surface r is along the -45 degree. Nevertheless, to ensure the development
of this new weak surface, on the one hand, tension stress on the potential weak surface r
needs to exceed the undamaged material strength; one the other hand, the remained
material strength on surface ro has to sustain the current stress loading. Otherwise, the
damage will continue to develop on the original weak surface ro. It is noted that the above
interpretation only considers simple tension stress. To achieve compatibility for complex
loading conditions of this model, a unified stress formulation (Zhang and Eckert 2005) is

incorporated to indicate the unified stress along arbitrary directions at one material point,

5 /c‘rrsz+c‘rr 2
h. = (Urr)++ t (4.54)

s fht fhe

where 0, represents the normal stress; ,; and 0, denote the two shear stress

written as

components. To ensure the updating of the crack surface, the following condition should
be catered

r ro
b s (4.55)

strength” strength’o

where h% and h.° represent the unified stress on the current potential crack surface r and
the and original weak surface r,; and strength” and strength™ represent the
corresponding material strength on those two surfaces. For simplification, here we
assume that the material strength on surface 7 is degraded by the phase field damage as
below,

strength™ = (1 — d)?strength” (4.56)
Substitution of Eq.(4.56) into Eq.(4.55) lead to the second constraint for the updating of

local coordinate system as,
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Figure 4.8 Configuration of local coordinate system altering under tension loading
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Table 4.2 Possible solutions of g,. and g for achieving maximum value of the F' function under different stress states

No Conditions Additional condition Opr Oss Type
<0,and —— > 22 : ; I
1 p=tan 1-v o oy 72t 0 II
2
14 P [
1% oy o, + 0
<0,and —<—= 2’3
2 p<0and —7 < o, . 1
0y 0, I
> 0,and —— < %
3| p=han 1-v~ 0y+0,—03 % 2 v
Ge 0 — 03
Zes 11
p > 0,and G: — 0,(1—v)—voy % %
4 o v o, + o
: Lo Ge 0, — 03 Gi(0; + 03) — Gevoy
0y +0,—03 1—v 204 —< o4 I
G: o0,(1—-v)—voy 2G; — G.(1 —v)
Ge _ (201 —0;—03)(1—v) % % i
‘s 02 + 03
Gt 20-1(1 - ZV) (5} 11
o, + 03 v oy 2
5 |p>0and S1v5%, o o 1
L B 16 20, — 0, —03)(1—v ! z
Ge  (201=0, = 03)1 V) 3pG,(1—v) 3p[G, (1 —v) — G.(1 - 2v)]
G, 20,(1 - 2v) : L ¢ |
3G,(1—v) —2G,(1—2v) | 3G,(1—v)—2G.(1-2v)
& (201 — 0y, —03)(1 —v) - 0, + 03 -
o = _ 1
6 p>0and — >—= Gy 20,(1-2v) 2
1-v o G (2oy—0,—03)(1—-v) 3pGe(1—v) 3plG (1 —v) — G.(1 - 2v)] -
G, 20,(1—-2v) 3G:,(1—v)—2G.(1—-2v) 3G:(1—v)—2G.(1—2v)
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4.4 Numerical implementation

In this proposed unified phase field model, the strain energy decomposition depends
on the local coordinate system, which changes with stress states. Hence, implicit
implementation of such complex formulation may be numerically impossible due to the
significant challenge of calculating the consistent stiffness matrix for stress updating. To
avoid the convergence challenges, here we adopt the explicit algorithm for the model
implementation. With the governing equations of Eq.(4.9) and Eq.(4.33) for both
displacement and phase field evolution in hand, we utilise the ABAQUS user subroutine
VUEL and VUMAT to implemented the proposed unified phase field model explicitly
with a staggered strategy. In VUMAT, the local coordinate system is determined
according to the current stress state. Subsequently, the effective stress is decomposed on
that local coordinate system, based on which the effective stress is decomposed and
nominal stress response is calculated with the phase field variable from VUEL. Lastly,
fracture driving force ®" is calculated and passed to the VUEL at the end of this current
increment. In VUEL, the velocity of phase field evolution is simply calculated according

to Eq.(4.33).

4.4.1 Spatial discrete for phase field and displacement variable
In this study, the given body ( is discretised by the hexahedral elements, and then
the displacement field and phase field viable are approximated with the shape function as
follows,
(%, 6) = T N, () - u (4.58a)
d®(x,t) = XYY No§ (x) - df (4.58b)
where u®(x,t) and d®(x, t) represent the displacement and phase field variable at the x
position of the e-th element for the current time t; nnode denotes the total number of the
element nodes; uf and df denote displacement and phase field variable at the i-th node;
Nul.e (x) and Ndl.e (x) represent shape functions of the i-th node for displacement and phase
field interpolation respectively. Correspondingly, the displacement acceleration and phase
field evolution velocity could be obtained
i (x, £) = XIm0%e N, 8 (x) - i (4.59)
de(x,0) = T N, (x) - d (4.59b)

With the discretised displacement and phase field in hand, the weak form of governing
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equations of Eq.(4.8) and Eq.(4.10) could be rewritten as
MiiV = pext — pint (4.60)
cd" =y(o", d) (4.61)
where the u" and dV are the basic variables in this coupled displacement-phase field
problem, which represent the displacement and phase field value at all nodes within ().
The mass matrix M, external force vector P®*t, internal force vector P, viscosity

matrix C, and the phase field residual force ¥ are written as below,

Ne
M= A Joe PNLE ()TN, (x)dV (4.62)
e=
Ne N
ext _ e T e T
Pt = A4 {foe N () bdv}+e§1 {[ 0o N ()T tdiS ) (4.63)
Ne
pint = e/=ll Joe Bu* (x)TadV (4.64)
Ne
C=A Joe NG ()N (x)dV (4.65)
e=
y=——4 [ {[ﬁ —2(1- d)CDh] N,£(x)7d + B e(x)TVd} dv (4.66)
e=1-0¢ L1, d cPd .

where N, denotes the total number of elements; N! is the number of elements with

Ne
boundary surface; operator A1 represents assembling the matrix or vector for global
e=

nodes from the integration within each element. B,,°(x) and B,°(x) represent space

gradient of the shape for the displacement and phase field at position x in the e-th element.

4.4.2 Time-discrete scheme

The aforementioned equations will be resolved through explicit integration strategy
applied to both the stress update and the evolution of phase field. Referring to the previous
study (Wang, Ye et al. 2020, Hu, Tan et al. 2023), two time-discrete strategies, the central
difference method and forward difference method are adopted for solving the
displacement and phase field evolution respectively. For the displacement integration, it

could be solved as follows

itk (t,) = M~1. (pext — pint) (4.67)
1 [(tn+tn 1 (tn_1+tn .. tne1—tn
i (Be) = i (B ) g (4.69)
1 [(tn+tn
UK (thar) = U () + ¢ (2522) - (b — ) (4.69)

where it*(t,,), ¥ (t,) and u*(t,) represent the acceleration, velocity and displacement
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of kth node at time of n-th increment t,,. Meanwhile, special treatments are required for

the initial time integration, which are written as

ik (22) = ak (k) + it (t,) - 2 (4.70)
uk(ty) = uk (ko) + u* (*22) - (¢, — o) 4.71)
For the phase field evolution, it could be integrated by
dé(t,) = ¢ 1Y 4.72)
d*(tnsr) = d*(t) + d*(tn) - (o1 — tw) (4.73)

where d*(t,,) and d¥(t,) represent the phase field variable and its velocity at kth node at
t,.

4.5 Numerical Examples

In this section, the numerical implantations of phase field models are validated by
comparing the numerical outcomes of the single-element example under uniaxial tension
and biaxial tension with the corresponding theoretical solution. Afterwards, the
effectiveness of the proposed unified phase field model is demonstrated by comparing its
simulation results with other three decomposition strategies of a series of numerical
examples, including dogbone tension/compression, perforated asymmetric bending, and
triaxial compression test on the pre-cracked cylinder, which cover uniaxial tension,
uniaxial compression, tension-shear, compression-shear loading conditions. Among them,
the experimental observation of the last example is also demonstrated for the comparison

with the numerical results.

4.5.1 One element validation

In this one-element test, we firstly derive the analytical solutions for the isotropic
and UNIFIED phase field models under uniaxial tension and biaxial tension loading
condition. Next, the numerical modelling with a series of viscosity parameter 1 are
conducted, the simulation results of which are compared with the analytical solutions for
validating the numerical implementation. Lastly, we perform cyclic loading tests on four
different phase field models (isotropic, spectral, V-D, and UNIFIED) and compare their

results. The parameters used in the single-element test are detailed in Table 4.3.
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Table 4.3 model parameters for one element validation

Type Parameters Value
) Elastic modulus £ 2100000 MPa
elastic ) )
Poison’s ratio v 0.3
Tensile crack energy release rate G; 5 N/mm
Damage Shear crack energy release rate G 30 N/mm
Length scale [, 1 mm

4.5.1.1 Uniaxial tension

The homogeneous formulation of phase field evolution can be derived by ignoring

the gradient term in the phase field governing equation of Eq.(4.31), which is written as

2H 1,

d=
2H 1 +Ge

(4.74)

where H represents the fracture driving force for the uniaxial or biaxial tension loading,
and it could represent the tensile strain energy H; in Eq.(4.24) for the unified phase field
model and the total strain energy ¢§ in Eq.(4.23) for the isotropic phase field model
respectively.

The loading condition of uniaxial loading tension is demonstrated in Figure 4.9(a).
The analytical solution of the uniaxial loading with unified phase filed model could be

obtained as follows (see Appendix for detailed deduction),

_ (1_d)2£zzv(1_v)
Sxx = 2v2(1-d)2+(1+v)(1-2v)
Eezz(1-d)*(1-v)

Ozz = 2v2(1-d)2+(1+v)(1-2v) (475)
HLEsD _ E&z72(1-v)(v+1)(1-2v)
UT ™ 2[2v2(1—d)2+(1+v)(1-2v)]?

Based on Eq.(4.75), the analytical solution of damage evolution and axial stress response
are plotted in Figure 4.9(a), accompanied with the numerical results with a series of

viscosity parameter 7. It is found that both numerical stress-strain and d-strain curves

converge to the analytical solutions when 7 is less than 10 N-s/mm?.
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Figure 4.9 Simulation results of stress response and phase field evolution using the
unified phase field model with different viscosity parameters 7 for one element test
under (a) uniaxial tension loading (b) biaxial tension loading

4.5.1.2 Biaxial tension

For the biaxial tension loading, as demonstrated in Figure 4.9(b), the tested element
was equally extracted in x and y direction, while kept free in z direction. The analytical
solution of biaxial loading test with unified and isotropic phase field model is obtained

respectively as follows (see detailed deduction in Appendix),

£LCSD _ _ 2&xxv(1-d)?
zz 2v2(1-d)2+(1+v)(1-2v)
LCSD __ (1—d)2E£xx
Oxx™ = So2(—ay+a+v)(1-2v) (4.76)
HLESD — Egxx”(1+v)(1-2v)
BT [2v2(1-d)2+(1+V)(1-2v)]2
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Figure 4.10 Axial stress, phase field evolution and lateral strain versus axial strain for
unified phase field model and standard phase field model

The comparison between the analytical solutions and numerical results across
varying viscosity parameters 7, is depicted in Figure 4.9(b), which reveals that simulation
results align closely with the analytical solution when 7 is lower than 107 kN-s/mm?.
Moreover, a comparative analysis was conducted between the unified model and an
isotropic phase field model, as illustrated in Figure 4.10. In this comparison, viscosity
parameter 1 are both set at 10"® kKN-s/mm? to isolate and minimise numerical errors. As
depictured in Figure 4.10(a), the phase field damage initially evolves slightly faster in
isotropic model than in unified model. However, after the axial strain reaches
approximately 0.2%, the damage development accelerates more rapidly in the local
coordinate system. According to Eq.(4.75), the evolution of phase field depends on the
fracture driving force H. Therefore, the differing rates of damage evolution in the two
models can be mathematically explained by calculating the ratio between the two fracture

driving forces as below,
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HEFD (1-v)(1+v)(1-2v)

H52 T [2v2(1-d)?+(1+v)(1-2v)]2 (4.78)
) HLCsD ' .
Eq.(4.78) reveals that the ratio of 1:‘2" monotonically increases as the phase field
BT

develops. Specifically, when the damage variable d is equal to zero and one, this ratio is

1-v—2v? 1-v

found to be a set of reciprocals, namely respectively. This analysis

1-v 1-v-2v2
suggests that damage evolves more rapidly in the isotropic model when d is small, and
conversely, in the unified phase field model when d is comparatively large, which is
consistent with the numerical results depicted in Figure 10(a). As a result, the stress
response is significantly influenced by the evolution of damage. As also shown in Figure
10(a), the stress response, 0-¢5P is marginally higher than ¢ until the axial strain
approximates 0.35%. Beyond this point, the stress response in the isotropic model
becomes larger, demonstrating an inverse trend to the evolution of the phase field.
Although the differences in phase field evolution and stress response between the
unified and isotropic models are relatively minor, there is a significant variation in the
lateral strain in the z direction between these two models. As illustrated in Figure 10(b),
the lateral strain (¢5°) in the isotropic model increases linearly with axial strain, even
after the material has completely fractured. In contrast, the LCSD phase field model
accounts for the release of lateral strain upon full fracture formation. According to
Eq.(4.77), the lateral strain in the unified model is correlated with damage and decreases
to zero as the phase field develops to one, offering a more realistic simulation of material
behaviour. This concept of lateral strain release is also considered in the directional strain
energy decomposition strategy, as referenced in previous studies. However, to the best
knowledge of the authors, those models face limitations in addressing biaxial tension

problems due to the challenges in determining the proper crack surface under such stress

state.
4.5.1.3 Cycling loading

As shown in Figure 4.11(a), the cyclic loading force is applied to the z-axis of a
single element, while the boundary surfaces along the other two axes are left
unconstrained. Initially, a nominal tensile strain of 0.3% is incrementally applied

(LO - LA). and then gradually reduced to a zero (LA — LB). Following this, the element

undergoes compression in the opposite direction until a compressive strain of -1.5%
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(LB - LC), after which the strain is relieved (LC — LD) . Finally, the tensile strain is
reapplied, increasing to 3% (LD — LE).

The stress response and phase field evolution versus axial strain curve for four
different strain energy decomposition approaches throughout the entire loading process
are depicted in Figure 11(b). During the first phase of tension loading, the phase field
evolution rates in the unified, isotropic, and spectral phase field models are similar to one
another and noticeably higher than that in the V-D model. The slower damage evolution
of the V-D model results in higher stress response compared to the other three
decomposition approaches. This discrepancy in V-D model is attributed to decomposing
the total strain energy into volumetric and deviatoric components for even uniaxial
tension loading, with the latter being treated as shear fracture energy and regulated by
higher shear fracture energy release rate. During the unloading phase of the first tension
loading, the damage remains constant, and the V-D decomposition method exhibits the
highest modulus among all four models.

When compression loading is applied, the isotropic model exhibits an asymmetric
mechanical response similar to that during tension loading, reaching its peak stress firstly.
In contrast, the V-D model captures the asymmetrical stress response under compression
loading, showing higher compressive strength compared to the isotropic model. The
unified phase field model displays a unilateral effect, with a sudden increase in Young's
modulus when compression strain is applied, until a peak is reached at -0.75%. Beyond
this point, it is observed that the local coordinate system changes, and the unified phase
field model degraded to V-D decomposition model, with identical damage evolution and
stress response, as the final solution of the crack orientation demonstrated in Section
4.3.4.4. The spectral decomposition approach, on the other hand, does not show a
decreasing trend in stress response in the z direction during this stage, despite the
accumulation of damage due to tension strain in the other two directions. During the
unloading phase of compression loading, the spectral model exhibits the largest Young's
modulus, followed by the unified, V-D, and isotropic phase field models.

During the second tension loading phase, the isotropic and spectral models exhibit
a markedly low stress response due to the significant damage accumulation experienced
prior to this loading. Conversely, the stress response and damage evolution in the V-D

and unified models remain closely aligned, with stress increasing to a modest peak at an
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axial strain of approximately 1.2%. Beyond this point, damage continues to accumulate,
and the stress response gradually diminishes to zero. This observed consistency between
the V-D and unified models can be attributed to local coordinate system of the unified
model remaining unchanged, as it does not meet the stability condition necessary for
updating the local coordinate system, a point elaborated upon in Section 3.5.

This cyclic loading example effectively illustrates the advantages of the proposed
unified model in its ability to model mechanical behaviour across various stress states. In
contrast, other models demonstrate effectiveness only within specific stress domains,

rather than exhibiting universal applicability.
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Figure 4.11 (a) Boundary condition and loading path for the one element cycling
loading; (b) simulation results of stress response and phase field evolution with four
different models (unified, isotropic, V-D and spectral phase field models)

4.5.2 Dogbone Tension

The dogbone tension test was carried out using the proposed unified phase field
model to validate its performance under tensile stress conditions, in comparison with
isotropic, spectral, and V-D decomposition approaches. The geometry of this specimen
with thickness of 5 mm and load condition for the uniaxial tension test are demonstrated

in Figure 4.12 (a), and the mesh details are presented in Figure 4.12 (c). The model

parameters for this simulation are listed in Table 4.4.
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Figure 4.12 Geometry and boundary condition for dogbone specimen under
tensile/compressive uniaxial loading

Table 4.4 parameters for dogbone specimen

Type Parameters Value
) Elastic modulus £ 25850 MPa
elastic ] )
Poison’s ratio v 0.18
Tensile crack energy release rate G, 0.1 N/mm
Shear crack energy release rate G, 0.5 N/mm
Damage
Length scale [, 0.1
Damage viscosity parameter 7 5.0x10°8 kN-s/mm?

The force-displacement curves for the four decomposition strategies are presented
in Figure 4.13. It is found that the reaction forces for all of the phase field models
demonstrate identical linear rising at the initial stage until the loading displacement
reaching at 0.08 mm, when the force-displacement curve for the V-D model diverges from
those of the other models, displaying a higher load-carrying capacity. Following this
divergence, all curves continue to rise at a diminishing rate until they abruptly drop to
zero when the loading displacement reaches approximately 0.37 mm for the V-D model
and 0.24 mm for the other three models. The peak reaction forces are around 12 kN for
the V-D model, followed by 7.9 kN for both the Spectral and unified models, and the
Isotropic model shows the lowest peak force at approximately 7.6 kN.

Throughout the entire loading process, the force-displacement curves of the
Spectral and unified models are very similar, both slightly higher than isotropic model. In

this dogbone tension specimen, the unified model will automatically align the crack
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surface normal direction along the loading direction to achieve maximum F-function
energy dissipation as outlined in Table 4.2. Consequently, both the unified and spectral
models categorise most of the strain energy into the tensile component, corresponding to
the tensile fracture toughness, leading to simulation results that are slightly higher than
the isotropic phase field model. Conversely, the V-D model shows the highest load-
carrying capacity due to its decomposed deviatoric energy for uniaxial tension loading,
which is assumed to generate shear fractures corresponding to a higher fracture toughness.
However, this assumption is not suitable for the dogbone specimen under uniaxial tension

stress, which predominantly produces mode I fractures.
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Figure 4.13 Force-displacement curve for dogbone specimen under tension loading for
different decomposition models
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Figure 4.14 Phase field damage evolution of dogbone specimen under tensile loading.
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Figure 4.14 illustrates the phase field evolution process of four different
decomposition models, each specimen featuring a horizontal fracture region
approximately at the middle of its vertical edge. Notably, the crack nucleation initiated
from the two side edges when the loading displacement reached at around 0.245 mm for
isotropic, spectral and unified model. Meanwhile, for the V-D model, damage initiated
with 1 mm offset inside the edges as applied displacement increased to 0.372 mm. After
fracture initiation, a through brittle fracture path was formed immediately, which
corresponds to the sudden drop of reaction force in Figure 4.13 for each decomposition

phase field model.

4.5.3 Dogbone Compression

In the second numerical example, the aforementioned dogbone specimen with
identical material parameters is subjected to a uniaxial compressive force exerted upon
its upper surface, with its bottom face fixed in three directions, as depicted in Figure 4.12
(b). It is also noted that the front and back surface of dogbone specimen are fixed in the
z direction in case of the potential bulking. Hence, this dogbone compression test can be
viewed as a plane strain problem. Due to the symmetric mechanical response under
tension/compression loading for isotropic model, this test was conducted using only the
spectral, V-D, and unified models.
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Figure 4.15 Force-displacement curve for dogbone specimen under compression
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The load-displacement curves of these three phase field models are depicted in
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Figure 4.15. Initially, all models exhibit a linear stress response until the loading
displacement reaches approximately 0.2 mm. Subsequently, the reaction forces of V-D
and unified models increase with a decreasing modulus until reaching around 0.58 mm,
when they abruptly drop to zero. Conversely, the spectral model maintains a linear stress
response until a slight drop is observed when the loading displacement reaches around
0.88 mm. After this point, the curve continues to rise until the end of this loading process.

Figure 4.16 illustrates the evolution of phase field damage for the three
decomposition approaches. For the spectral model, damage nucleation initiates at the
centre of the top surface when the applied displacement reached 0.88 mm and rapidly
extends downward towards the centre of the specimen, corresponding to the slight drop
in reaction force seen in Figure 4.15. During the compressive loading process, the
materials along the vertical midline of the dogbone specimen develops compressive
strains in the y-direction and extension strains in the x-direction, facilitating fracture
propagation along a vertical path. Despite the phase field damage along this vertical
fracture path reaching one, as shown in Figure 4.16, the stress response in the y-direction
does not decrease due to the undegraded compressive stress in spectral phase field model.

In the V-D model, fractures initiate symmetrically at the midpoints of the two edges
of the dogbone specimen side, which then propagate toward the specimen's interior at an
inclined angle, being approximately 45° to the horizontal. When applied displacement
increased to 0.577 mm, those two branches intersect at the one-third position along the
vertical midline, continuing to propagate upwards and bifurcating to form an X-shaped
fracture topology. In the examination of the dogbone specimen under compression, the
fracture evolution within the V-D phase field model is exclusively attributed to the
deviatoric stress component, as delineated by Eq.(4.14). Concurrently, it is observed that
the maximal deviatoric stresses manifest along the two diagonal lines of the dogbone
specimen, which are oriented at angles of 45 degrees and -45 degrees relative to the
horizontal axis. This stress distribution precipitates localised damage accumulation at
these specific orientations, culminating in the emergence of an X-shaped crack
propagation path.

The phase field evolution of unified model closely mirrors that of the V-D model
up to the point of coalescing at around 0.582 mm. However, the subsequent fracture path

significantly diverges, with initiation occurring on the left side only and the primary
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fracture path developing along an inclined line at 45 degrees. As loading displacement
increases, the crack path extends to the right side of the specimen, forming a connected
inclined crack surface. Unlike the V-D model, the unified phase field model considers the
local crack orientation or alignment with the material's stress field. Once a primary
fracture path is established, the overall deformation and stress distribution will lead to an

updated fracture orientation that aligns consistently across the specimen, and other cracks

tend to be suppressed.
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Figure 4.16 Crack path of dogbone specimen under compression loading for three
different decomposition methods
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4.5.4 Perforated asymmetric bending test

The Perforated Asymmetric Bending Test (PABT) has been thoroughly investigated
through both experimental and numerical methods, with its detailed geometry and
boundary conditions showcased in Figure 4.17. As demonstrated in Figure 4.17, we
marked three points (point A, B and C) on the geometry configuration of this PABT
specimen for easier description in the following paragraph. They are located at the pre-
crack notch tip, the bottom-left edge of the third hole, the top-right edge of the third hole,
respectively. All material parameters in this study are referred to (Molnar and Gravouil
2017) and detailed in Table 4.5, except for the shear fracture toughness G, set as five
times of tensile fracture toughness G;. Simulation results of this PABT specimen for phase
field models incorporating four different strain energy decomposition strategies (unified,
V-D, spectral, and isotropic) are demonstrated and analysed.

Table 4.5 model parameters for PABT specimen

Type Parameters Value
) Elastic modulus £ 20800 MPa
elastic ) )
Poison’s ratio v 0.3
Tensile crack energy release rate G, 1 N/mm
Shear crack energy release rate G, 5 N/mm
Damage
Length scale [, 0.025 mm
Viscosity parameter 1 2x107"kN-s/mm?
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Figure 4.17 Geometry and boundary condition of the perforated asymmetric bending
test specimen.

The force-displacement curves for all the four phase field models are compared in
Figure 4.18. It can be seen that the reaction forces of all four models showed linear growth
with identical modulus as the applied displacement increased initially. Subsequently,
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fracture initiated at point A and quickly developed to point B, occurring at a displacement
of approximately 0.11 mm for the V-D model and 0.08 mm for the other three models.
After the formation of the first fracture path, a rapid decline of reaction force was
observed to nearly zero in the isotropic phase field model, while the reaction forces in
other three models experienced brief drops followed by rerising and exceeding the first
peak forces. The second peak forces occurred when applied displacement reached
approximately 0.11 mm, 0.12 mm, and 0.16 mm for the unified, spectral and V-D models,
as demonstrated in Figure 4.18. After the second peak points, reaction forces in those
three models fell down rapidly, corresponding to the quick propagation of the second
crack path initiating at point C, which leads to the final structure collapse.

During this loading process, the isotropic phase field model demonstrated the least
load-carrying capacity, which results from quick damage nucleation at point C after the
formation of the first fracture path. The principal strain distributions at that moment in
isotropic phase field model is depicted in Figure 4.19, which focused on the area around
point C where the second fracture path would initiate. It can be seen from Figure 4.19
that the strain profile around point C demonstrated tensile maximum principal strain,
negligible medium principal strain, and compressive minimum principal strain. It is also
noted that the compressive minimum principal strain direction aligns its final fracture
path (see Figure 4.20). In isotropic phase field model, the effective stress is degraded
isotropically regardless of its compressive/effective stress state. Hence, the degraded
strength along the fracture path direction accelerates its fracture propagation, compared
with other decomposition models.

Meanwhile, the unified phase field model and spectral model yielded very close
simulation results. In this numerical example, stress state at the crack tip area is dominated
by the tensile first principal stress with its direction n, vertical to the crack path. Hence,
under such stress state, the local crack surface direction » in unified model would be
aligned along n; according to the solution of local coordinate system, summarised in
Table 4.2, which accounts for the identical decomposed tensile strain energy for the
unified and spectral model. Nevertheless, the decomposed shear strain energy in the
unified model produced by shear stress within the 0,-05 provided addition, though very
limited, crack driving forces, resulting in the slightly quicker damage evolution and lower

load force compared with the spectral phase field model. In addition, the V-D model

105



demonstrated the highest peak reaction force. The highest loading-carry capacity be
attributed to larger dissipation fracture toughness for decomposed deviatoric strain energy
in the V-D decomposition model. Nevertheless, as aforementioned, the fracture path
evolution in this specimen is mainly caused by the tensile principal stress rather than
deviatoric stress in this specimen. In this case, the V-D decomposition method could

overestimate the material strength for the mode I dominant fracture path.
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Figure 4.18 Force-displacement curve for dogbone specimen under compression
loading for different decomposition models
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Figure 4.20 compares the final fracture paths predicted by the four models,
accompanied by the experimental observation. In general, all the four numerical models
have predicted similar fracture path, which initiated at point A and developed along a
straight line to point B, then went through the third hole. It is also noted that the predicted
fracture path does not math the experimental observation perfectly, where the fracture
path skipped the third hole. As explained by (Molnar and Gravouil 2017), the damage
evolution path in numerical modelling would be attracted when it approaching the holes
due to the stress concentration. The subsequent predicted fracture path in the V-D and
spectral phase field model continued to grow along the incline at around 60 degrees to
horizontal axis. Alternatively, in the unified and isotropic models, the second fracture path
originated at point C and developed with a rising inclination and approached the second

hole, demonstrating a better agreement with the experimental result.

106



(a) Configuration of the first fracture path
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Figure 4.19 Configuration of the first crack path and principal strain distribution around
the Point C area after the formation of the first fracture path
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Figure 4.20 Simulation results of crack propagation for phase field models with
Isotropic, Spectral, V-D and unified strain energy decomposition approaches.

4.5.5 Triaxial test on pre-cracked cylinder specimen

The triaxial compression test on a pre-cracked cylindrical sandstone specimen is
simulated using the proposed unified phase field model to validate its efficacy under
complex 3D stress states, in comparison with isotropic, V-D and spectral decomposition
models. As depicted in Figure 4.21, the geometry of the sandstone specimen features a
diameter of 50 mm and a height of 100 mm as referenced in (Huang, Gu et al. 2015). It
includes two parallel inclined flaws, each at a 30° angle, with a length of 25 mm and a
width of 0.8 mm. In this numerical example, the pre-cracked cylinder is firstly subjected
to confined pressure of 10 MPa, then applied by axial stress on the top surface through

displacement control.
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Figure 4.21 Geometry and loading condition of cylinder specimen with two parallel pre-
existing flaws (Huang, Gu et al. 2015)
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Figure 4.22 presents the stress-strain curve for the confined triaxial compression
test. The initial axial stresses of all the four phase field models experienced identical linear
increase. With the axial strain increasing to 0.1%, the isotropic phase field model reached
its peak stress, followed by its fluctuating descent to zero at the axial strain of 0.42%. On
the contrast, the axial stress in the spectral model exhibited a consistently rising trend,
resulting from its governing equations where compressive stress in the y-direction is not
degraded, even though the local damage along the crack path has fully developed,
illustrated in Figure 4.23. For the V-D model, its axial stress underwent a nonlinear when
the axial strain grew to 0.3% and then rose with decreasing rate until the axial strain
reaching 0.7%. After this point, the loading stress experienced a certain degree of
strengthening due to the contact between the two pre-cracked notch surfaces. For the
unified model, the specimens exhibited a linear stress response until the axial strain
reaches approximately 0.3%. Afterward, the axial stress continued to grow to 55 Mpa
with a decreasing modulus until a sudden drop occurring when the applied axial strain
increases to around 0.8%, which corresponds to the formation of the fracture path

connecting the two notches observed in Figure 4.23.
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Figure 4.22 Force-displacement curve for triaxial compression

Figure 4.23 compares the final fracture paths across different models with
experimental observations. In spectral phase field model, similar to the fracture topology
of the dogbone compression loading, tensile fracture along the vertical loading direction
was captured while shear damage is ignored, which corresponds to its governing equation

without considering the fracture propagation driven by shear strain energy (see Eq.(4.15)).
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For the V-D phase field model, the two pre-existing flaws closed when the compressive
axial strain increased to 0.7. Under such configuration, large amount of the axial load was
passed through the two contacted notch surfaces, decelerating the development of
inclined shear band between two notches. On the other hand, high Mises stress around
the notch positions due to the stress concentration leads to damage evolution, driving
crack propagation and resulting in the final horizontal fracture path shown in Figure 4.23.
The unified phase field model demonstrates superior performance in this numerical
example, accurately capturing both the shear secondary fracture and the tensile wing

fracture initiated from the two notches, closely matching experimental results.

Spectral

Figure 4.23 Comparison of final fracture topology for V-D, Spectral, and unified phase
field model accompanied by the experimental crack path

4.6 Summary

To capture the fracture behaviour under all kinds of complex stress states properly,
this study proposed a unified strain energy decomposition approach, where the strain
energy is split on the local coordinate system into three components, namely tensile, shear
and compression parts. The local coordinate is determined by maximising the F-criterion
function energy, the sum of the tensile and shear strain energy normalised by
corresponding tensile/shear crack energy release rate. An innovative method focusing on
three normal stresses is proposed to search for its optimized configuration. This proposed
a unified strain energy decomposition approach could recast to the commonly adopted
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spectral, V-D and crack-surface-based strain energy decomposition under specific load
conditions. Also, the proposed model can reveal the competition between tensile and
shear energy dissipation under complex stress states, which depends on the stress states,
tensile/shear fracture toughness and the Poison’s ratio. The proposed unified phase field
model is implemented explicitly via the ABAQUS subroutines VUEL and VUMAT. This
implementation is validated via the one element test, where uniaxial tension and uniaxial
compression test is conducted, and the numerical results matches the homogenous
analytical solution.

In this study, the unified decomposition method for phase field modelling is
compared with isotropic, V-D, and spectral approaches through a series of numerical
examples, covering various stress states loading, including tensile, compression, tensile-
shear, compression-shear. In the dogbone compression test, the spectral model showed
unphysical load-displacement curve with infinite growth even though the phase field
damage has fully developed; The unified and V-D model demonstrated similar load-force
curve, while they have predicted different crack path, with unrealistic X-shape for V-D
model, and inclined fracture surface for unified model. For the perforated asymmetric
bending test (PABT) where the tensile stress dominates, the simulation result by unified
and spectral model showed proper mechanical response, similar to the isotropic damage
model, while the V-D model predicted larger loading-carry capacity caused by the
unsuitable deviatoric energy dissipation for the tensile dominant fracture in this specimen.
In the last triaxial compression test specimen, the proposed unified strain energy showed
best performance for reproducing the experimental fracture propagation process,

compared with other approaches
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5. DEVELOPMENT OF FIVE-LAYER SHELL PHASE FIELD
MODEL

5.1 Introduction

Predicting fracture bahaviour and load-carrying capacity of shell structures properly
is a crucial issue due to its significant application in many industrial fields, such as
aerospace, automotive, pipelines, and civil engineering. To address this, various
numerical models have been proposed. Conventional cohesive zone fracture models
represent crack topology by inserting interface elements at the boundaries of structural
elements (Cirak, Ortiz et al. 2005, Zavattieri 2006, Munjiza, Lei et al. 2013). The
extended finite element method (XFEM) has also been adapted to model crack evolution
in shell structures, introducing an enriched displacement field to capture the
discontinuities in displacement associated with crack formation and propagation (Areias
and Belytschko 2004, Zarrinzadeh, Kabir et al. 2020). Nevertheless, these models require
tracking the crack topology throughout numerical analysis, which demands considerable
computational effort.

In contrast to the aforementioned discrete models, continuous damage models
regularise sharp crack topologies into diffusive damage zones, thus eliminating the need
for crack path tracking. Among these, the phase-field model has gained significant
attention and developed rapidly over the last two decades due to its efficiency, robustness,
and simplicity in numerical implementation (Fang, Wu et al. 2020). Initially proposed for
modelling brittle fracture by Francfort and Marigo (Francfort and Marigo 1998), adapted
for various types of fracture simulations, including ductile fracture (Ambati, Kruse et al.
2015, Borden, Hughes et al. 2016, Miehe, Aldakheel et al. 2016, Roth and Mohr 2016,
Alessi, Marigo et al. 2018, Dittmann, Aldakheel et al. 2018, Fang, Wu et al. 2019, Fang,
Wu et al. 2019), dynamic fracture (Karma, Kessler et al. 2001, Borden, Verhoosel et al.
2012, Wang, Ye et al. 2020), hydraulic fracture (Miehe and Mauthe 2016, Wilson and
Landis 2016, Ehlers and Luo 2017), and hydrogen embrittlement fractures (Martinez-
Pafieda, Golahmar et al. 2018, Wu, Mandal et al. 2020). The phase-field model has also
been applied to fracture analysis using shell element formulations, where the kinematic
description follows either the Kirchhoff-Love or Reissner-Mindlin theory. Most

researchers focused on the latter, and applied the solid-shell formulation to represent the
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fracture diffusion with a similar idea to phase field model in three dimension (Ambati and
De Lorenzis 2016, Reinoso, Paggi et al. 2017, Reinoso, Durand et al. 2019), while the
existing studies for the Kirchhoff-Love thin shell is limited, which is focused in this study.
A significant challenge in implementing the phase-field model for thin shells lies in
capturing crack evolution through the shell thickness. Ulmer et al (Ulmer, Hofacker et al.
2012) firstly extend the phase field model for shell fracture modelling, where a single
phase field variable was introduced to describe the thickness-through damage, which was
jointly driven by the bending reference energy and tensile membrane strain energy on the
mid-surface. This concept was adopted by subsequent research, such as Li et al. (Li,
Millan et al. 2018), who applied this shell kinematics to simulate tearing in brittle thin
sheets using a higher-order phase-field model. Pillai (Pillai, Triantafyllou et al. 2020)
implemented the MITC4+ shell element for shell fracture modelling to avoid shear
locking, and Ma et al. (Ma, Sun et al. 2024) incorporated the stress-resultants method to
account for elasto-plastic materials in ductile shell fractures. Alternatively, Kiendl et al.
(Kiendl, Ambeati et al. 2016) split the strain energy spectrally through the shell thickness,
integrating the tensile component as crack-driving energy, which was implemented via
1sogeometric analysis (IGA) or mesh-free method (Amiri, Millan et al. 2014, Ambati and
De Lorenzis 2016, Proserpio, Ambati et al. 2020, Proserpio, Ambati et al. 2021).
However, the above-mentioned through-thickness fracture approximation might not
accurately capture the distinct damage distribution along the shell thickness, especially
under bending load. To address this limitation, Areias et al. (Areias, Rabczuk et al. 2016)
introduced two phase-field variables for shell element implementation, representing
different fracture propagation behaviours on the top and bottom surfaces of the shell,
while the displacement and angular variables remain based on the mid-reference surface.
In a more recent study, Wang et al. (Wang, Han et al. 2022) assumed a linear interpolation
of the phase-field distribution along the shell thickness and proposed an explicit
implementation for elastoplastic materials. While these shell phase-field models show
promise, most have only been validated against a limited number of benchmark numerical
examples, with few studies comparing their results to experimental observations. Even in
the limited literature that does make such comparisons, the focus has primarily been on
quantitatively validating crack path evolution, often neglecting qualitative analysis
related to load-carrying capacity, which limits their potential for practical industrial

applications.
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To address this gap, we propose a shell phase-field model for ductile fracture
modelling, introducing five layers of phase-field variables to describe material damage,
corresponding to the five Simpson integration points of stress integration. This model is
validated both quantitatively and qualitatively with experimental data. Meanwhile, to
accurately capture fracture initiation, we incorporate two fracture initiation criteria: the
Modified Mohr-Coulomb criterion for 316L steel and the Bao-Wierzbicki fracture strain
for Ti-6Al-4V alloy. The remainder of this paper is organized as follows: Section 5.2
introduces the formulation and construction of the shell phase-field model. Section 5.3
presents the explicit implementation, featuring five layers of phase-field variables
interacting with the stress field. Section 5.4 provides several numerical examples,
beginning with a single-element analysis, followed by two benchmark examples of
notched cylinders under uniaxial tension and internal pressure, respectively. The section
concludes with two experimental validation cases: three-point bending of a square-cut

tube and the Gyroid TPMS under axial compression.

5.2 Formulation of elastoplastic phase field model for shell element

5.2.1 Kinematics of shell element configuration
In general, the shell problems could be categorised into thick and thin shell problems,
whose kinematic description follow the Reissner-Mindlin or Kirchhoff-Love theory
respectively (Ebenfeld 1999) . In this study, we concentrated on the latter assumption,
wherein the effects of transverse shear deformation are considered negligible. As
demonstrated in Figure 5.1, the thin-wall structure in three-dimension space with
thickness of ¢ is meshed by the four-node shell elements on its reference surface (mid-
surface). Except for the global coordinates system (x, y and z), the local coordinate system
(t4, t; and t3) is also constructed based on the local reference surface to describe the shell
element configuration, where t; represents the local normal direction to the reference
surface, while t; and t, are two orthogonal directions, following the below condition,
t;-t; =6 (5.1
where §;; is the Kronecker delta. With the local coordinate system, the position of a
material point within shell element is defined as,
x(S) = X(So) + f33(S)t3(S2)Ss (5.2)

where §, (a ranges from 1 to 2) are local surface coordinates within reference plane, and
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S; €[— %,%] is the coordinate on t5 direction; x(S;) and x(S,) represent the position of

material point §; and its projecting point S, on the reference plane; f33 is the thickness

increase factor, which is assumed to be constant along the thickness direction.

Figure 5.1 Global and local coordinates of the shell element configuration

Based on Eq.(5.2), the gradient of the position can be expressed as,

ox ox at

o =35 T fa355 53

35, _ 05, a5, (53)
ox _ = .
95, f33t3

where the derivative of f33 with respect to S, has been neglected. Its components within

the reference plane can be obtained as below,
a — —
fap = ta” 55 = fap + Bapfs3S3 (5.4)

where the reference surface deformation gradient f,, p and reference normal gradient B g

= dx ox
faﬁ £t @ =1y @
are defined as follows, S3=06t (5.5)
ey Ots
Bap 2 o™ 5

In the original shell configuration, X represents the position of the projecting point

on the reference plane. The original normal direction to reference plane T is defined by
T, = (:T"x%)/%x% (5.6)

where S, and S, are coordinates of two arbitrary two unparalleled directions within the
reference plane of shell element. The rest two directions T; and T, then could be
determined by specifying T, parallel to the projection of one desired direction on the
reference plane, for example, the global x direction or printing direction of the additive

manufactured shell structure.
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5.2.2 Regularised fracture topology

In this study, five Simpson points along the shell thickness are adopted for stress
integration. Meanwhile, five layers of phase field variables are introduced to describe the
corresponding damage evolution on layers of those integration points. The fracture
topology of shell structure is demonstrated in Figure 5.2 (a). The shell solid 2 with
thichness of ¢ got a through-thickness sharp crack I, and it was under the constraint of
Neumann boundary 02° and Dirichlet boundary d2". In each layer of the integration
point, the sharp crack I is regularised with diffusive phase field variable d, from the
totally broken state (d = 1) to the intact state (d = 0) of material with the length scale
parameter [., demonstrated as Figure 5.2 (b) and (c). Accordingly, the crack surface
density function y is introduced referring to standard phase field formulation in three-

dimension space, written as below,
az 1 2

where Vd denotes the phase field gradient along each layer of shell surface. It is noted
that the gradient of phase field along the thickness direction is ignored here for simple
implementation. In this approach, though the damage evolution across integration layers
could not be coupled directly, they could still aftect each other through the redistribution
of stress field. This concept has been widely adopted in the existing literature [32, 35, 36]
and proved to be effective for achieving accurate simulation results with economic

computational resources.

an®

anht

Figure 5.2 Regularisation of sharp crack to damage zone based on [.. (a) fracture
topology of the shell (b) sharp crack on shell reference surface; (c) regularised phase
field distribution on shell reference surface
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5.2.3 Energy function and governing equations
The total energy function within the shell could be written following our previous
work (Fang, Wu et al. 2019, Li, Fang et al. 2022, Jiang, Li et al. 2023, Li, Fang et al. 2024)

as below,
© = 2, [ (WF + PP + < + 9 +9E)dsdh — [7, ([, (¢ - wdS — [, (b-

u)ds) dh (5.8)
where h is the shell thickness; &, b, and u denote the body force on {2, boundary traction
on 82, and displacement within shell; 1€, ¥P, ¥, ¥/ and ' represent the elastic
strain energy, plastic work , kinematic energy, fracture energy, and damage viscosity
energy density functions per area on ", respectively. The elastic strain energy density

1€ can be obtained as follows,

Ye(u d) = g(d) - 9§ =5 g(d) - 7: &° (5.9)
where g(d) = (1 — d)? is quadratic strain energy degradation function. £° and @
represent the elastic strain tensor and corresponding (undamaged) effective stress tensor.
It is noted that the update of stress state for the shell element is based on the local
coordinate t;-t,-t3 ,as shown in Figure 5.1. In this study, we focused on the thin shell
element where the stress components 53, ;3 and 0,3 are all excluded for calculation,

resulting in much higher computational efficiency compared with 3D phase field model.

The plastic density P is calculated by,

Y (e, d) = g(d) wf = g(d)- [y 5(e¥) de? (5.10)
where € and &, represent the accumulated plastic strain and corresponding (undamaged)
effective yield stress. In Eq.(5.10) the plastic work is degraded as the phase field develops,
leading to degraded yield stress, following our previous work (Fang, Wu et al. 2019, Fang,
Wu et al. 2019, Li, Fang et al. 2022). The kinematic energy density ¥¥ is written as,

Yr() =S pie-ut (5.11)
where p is the material density; it denotes the displacement rate. The fracture energy 1/

and damage viscosity energy density ¥* functions are given by
f —c (E Lk 2
W/ (d,Vd) = G; (Zlc+ < |vd| ) (5.12)
. . t w B
ypUis(d) = f] (;d : d) dr (5.13)
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where Gy is the crack energy release rate, denoting the required energy for generating a
unit area of crack surface; w is the introduced viscosity parameter (Li, Fang et al. 2024);
d denotes the damage evolution rate; t represents the current loading time.

Substitution of Eqs.(5.9)-(5.13) into Eq.(5.8) leads to the final total energy function

@, as below,
h = 2
S, ,d) = [% [, FU— 0?7+ A - ) [ 5,(eP)de? +1pie-u+ G (S +
2 c
h
lC . . -
£IVd|2) + [, ($d-d)dr}dardn — [2,{ [, (¢ - wda" — [ o(b - w)ds}dh (5.14)
2

By taking variation on total energy function @, the governing equations for
displacement field and phase field in strong form could be obtained as follows (Li, Fang
et al. 2024),

V-eo+b=pui inQ

o-n—t=0 on d; (5.15)
u=1u on Nt
. 1 G 2 .
{d=Z(2(1—d)(<p8+</7§)—l—:(d—lc Ad)),  inQ 5.16)
Vd-n=0 on 0}

5.2.4 Hill 48 Plastic formulation
To consider the anisotropic mechanic behaviour, especially for the additive
manufacturing structures, the Hill 48 plastic model is adopted in this current study. For

three-dimension case, the formulation of Hill 48 yield stress is written as,

f(@ = J F(Gyy = 622)% + G(Tpz — Gyx)? + H(Oyx — Gyy)? + 2NGyy,* + 2MGy,” + 2L5),,°
(5.17)

where F, G, H, L, M, and N are material parameters; Oy, 0yy, 0,5, Oxy, Ox; and a,,, are

six stress components of the (undamaged) effective stress tensor. For shell element, the

stress update is based on the local coordinates and those stress components related to the

thickness direction are set to zero and Eq.(5.17) could be rewritten as,

(@) = (H+ G112 + (H + F)5y,° — 2H5115y5 + 2NG 5 (5.18)
where the local coordinate directions & -t, are parallel to local shell surface, and &;
denotes the projection of printing direction on the local surface. Such simplification in
shell element could significantly reduced its computation cost for updating the stress and
plastic strain compared with its counterpart in the solid element.
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5.2.5 Fracture initiation criteria and crack irreversibility

From Eq.(5.16), it is noted that the unrealistic fracture would initiate immediately
even under a negligible loading. To capture fracture initiation for ductile material properly,
the fracture strain has to be incorporated into this proposed shell phase field model. It has
been widely discussed in literature(Bai and Wierzbicki 2009, Li, Fang et al. 2022, Li,
Fang et al. 2023, Yang, Guo et al. 2023, Li, Fang et al. 2024) that the ductile fracture
strain depends on the stress state rather than a constant value. For instance, the modified
Mohr-Coulomb (MMC) criterion (Bai and Wierzbicki 2009, Da Silva Santos, Sarzosa et
al. 2022) has been applied to describe the ductile fracture initiation regarding the stress
triaxiality and Lode angle parameter, and lately incorporated into the phase field
framework (Li, Fang et al. 2022, Li, Fang et al. 2023). Moreover, a so-called Bao-
Wierzbicki model was introduced to model the damage initiation for Ti-6Al-4V alloy
where the fracture strain depends only on the stress triaxiality (Bao and Wierzbicki 2004).

Due to the proved high accuracy of modelling fracture initiation, the above
mentioned MMC and Bao-Wierzbicki model are adopted here to predict the fracture
bahaviour for additively manufactured 316L and Ti-6Al-4V materials, respectively.
Though only those two specific fracture criterions are studied here, the selection of
fraction initiation model is quite flexible in this proposed shell phase field model, which
can be easily substituted with alternative models depending on the materials under

investigation. The modified M-C (MMC) fracture criterion is expressed as follows,

0 = e + 555 (e () - D] 5 e0s () s (4

()]} 519

where 17 and 8 are stress triaxiality and Lode angle parameter respectively; A, n, ¢y, C5,

c3 are five MMC fracture strain parameters, which could be calibrated by conducting
loading test on specimen under different stress states. Readers are encouraged to refer to
our previously published paper (Li, Fang et al. 2022, Li, Fang et al. 2024) for further
details. Regarding the Bao-Wierzbicki fracture locus, the fracture strain is assumed to be

dependent of stress triaxiality only as,
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[ 5+B-B —1<n<0

ef(n) = Z—zn2+%;33'3577+32 0<n<B; (5.20)

(B, — B,)e Bs(1=B) + B > B,

where B;, B,, B;, By, Bs, Bg and B, are seven independent Bao-Wierzbicki fracture
strain parameters. Moreover, the fracture strain is cut-off when the triaxiality is less than
-0.33 to avoid the unrealistic fracture initiation for metal material under compression
stress state. According to Eq.(5.19) and Eq.(5.20), both MMC and Bao-Wierzbicki
fracture strain are plotted in Figure 5.3. Additionally, For the nonproportional loading, a

historical damage indicator D is calculated by,

P dgP

D(eP) = fo Tod (5.21)
where &P represents the equivalent plastic strian. As the accumulation of &P during the
loading process, the indicator D increases with a stress state-dependent rate. With the
indicator D in hand, the fracture energy threshold H™ is then defined as the strain energy
when D = 1. Following (Miehe, Hofacker et al. 2015, Li, Fang et al. 2022, Jiang, Li et al.
2023), a state energy formulation state (X, t) is introduced to indicate the crack crack
driving force at position X and at time t within the shell (2 as below,

state(X,t) =< @§ + @b — H™ >, (5.22)
To avoid the unrealistic fracture healing, the history energy function H is then

defined as the maximum state energy during the loading process,

H = max state'(X,1) (5.23)

T€[0,t5]
Replacing the term of (gog + @b ) in Eq.(5.16) with H could lead to the final phase

field evolution governing equations,

{d =@ -DH - L(d -1 ad)),  inQ (5.24)

Vd-n=0 on Q)
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Figure 5.3 Stress-dependent fracture strain. (a) MMC fracture strain along with stress
triaxiality and Lode angle parameter; (b) Bao-Wierzbicki fracture strain along with
stress triaxiality

5.3 Numerical examples

5.3.1 One element

To validate the implementation of the proposed shell phase field model, a one-
element test was conducted numerically with different model parameters and compared
with analytical solution. The boundary condition is depictured in Figure 5.4(c) where a
four-node shell element, with dimension of 1.0 X 1.0 mm, is constrained as follows: the
bottom left node is fully fixed in both x and y directions, while the bottom right node is
constrained only in the y direction; Additionally, an extraction force is applied in the y
direction at the two nodes along the top edge. In this section, the effect of viscosity
parameter w and fracture strain &, on the phase field evolution and mechanical response
were studied by conducting two groups of numerical examples respectively, and all the

related model parameters are presented in Table 5.1.

5.3.1.1 Different fracture viscosity parameter

To easily deduce the analytical solution, the anisotropic Hill48 yield criterion in
Eq.(5.18) is degraded into von Mise yield criterion and the linear hardening is assumed.
Moreover, the fracture strain is simplified as a constant value, here just take it as 0.4 for
instance. The homogenous solution of shell phase field evolution can be solved easily by
ignoring the gradient term and viscosity fracture energy in Eq.(5.24) (Wang, Han et al.

2022), and the deduced expression could be rewritten as,

_ 2HL
© 2HI+Gy

(5.25)
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where H represents the phase field history variable and is set zero until the equivalent
plastic strain reaching 0.4.

Table 5.1 Model parameters for one-element test

Type Parameters Value
. E 210 GPa
Elastic v 0.3
. a9 700 MPa
Plastic h 200 MPa
Gy 1.0 N/mm
Fracture I, 1.0 mm
Ecr 0.1,0.2,0.3 and 0.4

The stress-strain and damage-strain curves for the one element tension test with
different viscosity parameters are demonstrated in Figure 5.4 along with the analytical
solution. All the numerical and analytical stress-strain curves initially demonstrated rapid
increase, corresponding to the short elastic stage until the stress oy, growing to 700 Mpa.
Then materials stepped into the elasto-plastic stage where most deformation was due to
the plastic dissipation, while the slow increase of stress response resulted from the linear
plastic hardening. It is also noted that all of the numerical and analytical stress-strain
results exhibited identical curves before fracture imitation when the plastic strain
increased to the fracture strain of 0.4, with stress peaking at approximate 1000 MPa. After
this point, stress-strain curves dropped immediately due to quick growing of phase field
damage. It is also found that as the viscosity parameter w decreases from 107* to
1077kN - s/mm?, the phase field damage developed faster, and stress dropped in a
quicker rate. In addition, when w reaches 10 ®kN - s/mm?, the numerical result in terms
of both phase field evolution and stress-strain curve converged to the analytical solution,

indicating the correct implementation of this shell phase field model.
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Figure 5.4 Uniaxial tension stress-strain and damage evolution for specimens with
different viscosity parameters. (a) stress-strain curve; (b) phase field-strain curve; (c¢)
boundary condition of the one-element tension test
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Figure 5.5 Uniaxial tension stress-strain and damage evolution for specimens with
different fracture initiation strains

5.3.1.2 Different fracture strain

In the second group of one-element tension test, four numerical examples were
conducted where the fracture viscosity parameter was fixed as 10 °kN - s/mm?, while
the fracture strain was set as 0.1, 0.2, 0.3 and 0.4 respectively. The widely used Voce

hardening law (Voce 1955) was adopted here to describe the hardening, written as below,

0y (€P) = 0,9 + my(1 — e ™2 %) (5.26)
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where o, and &P represent the yeiled stress and equivalent plastic strain; 0,9, m; and m,
are three nonlinear hardening parameters, and their values are all listed in Table 5.1.

The phase field evolution and stress strain along with the axial strain were plot in
Figure 5.5. The stress-strain curves for all specimens exhibit an initial sharp increase
during the elastic stage, followed by nonlinear plastic hardening once the stress exceeds
700 MPa. During the elasto-plastic loading stage, plastic deformation dominates the total
strain, with a gradual increase in stress due to material hardening. As the plastic strain
approaches the fracture strain in these numerical simulations, phase-field damage begins
to develop rapidly, causing the stress to reach peak values of approximately 810 MPa,

900 MPa, 970 MPa, and 1030 MPa, respectively, followed by a rapid decline.

5.3.2 Notched cylinder under axial tension

In this example, a notched cylinder shell is examined, which has been tested in the
previous studies(Ambati and De Lorenzis 2016, Ma, Sun et al. 2024). The geometry and
boundary conditions are depicted in Figure 5.6(a). The shell, with a radius R=5 mm,
length L=15 mm and thickness #=0.125 mm, contains a circumferential through-thickness
pre-crack with length of ag = OR, where ® = +10°. The shell is fixed at its left end,
while an axial tensile displacement is applied to its right end until complete failure. As
shown in Figure 5.6(b), only half of the shell is simulated with symmetric boundary
conditions. The model is meshed with 15,825 shell elements, with a denser mesh around
the pre-crack in the middle. The mesh size in this dense area is 0.04 mm.The material
parameters are referred from previous studies (Ambati and De Lorenzis 2016, Ma, Sun et

al. 2024) and listed in Table 5.2.

Figure 5.6 (a) Geometry and boundary condition for the uniaxial tension test on the
notched cylinder shell; (b) mesh information for the symmetric half model

The force-displacement curves for specimens with four different critical fracture
strains (&, = 0.1, 0.2, 0.3 and 0.4) are plotted in Figure 5.7(a). The entire loading process
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can be roughly divided into three stages. In the initial elastic stage, when the applied
displacement is less than 0.05 mm, most of the material undergoes elastic deformation
except for a very small region around the pre-crack tip. During this stage, the force-
displacement curves exhibit a linear increase.

Next, as the applied displacement increases from 0.05 mm to 0.08 mm, the plastic
region expands along the pre-crack orientation, forming a plastic band in the middle of
the notched shell. This is indicated by the Mises stress distribution depicted in Figure 5.7
(b). Meanwhile, during this second stage, the plastic strain around the pre-crack tip
develops rapidly and exceeds the critical fracture strain, leading to fracture initiation in
that area. Due to the combined effects of plastic band formation and fracture initiation at
the pre-crack tip, the reaction forces of all curves continue to increase but at a decreasing
rate, reaching their peak values before starting to decline. It is also noted that as the critical
fracture strain increases, fracture initiation is delayed, and the peak force decreases
correspondingly. Since the fractured area in this stage is still quite small, the differences
in peak force shown in Figure 5.7 (a) are relatively moderate.

After fracture initiation, phase field variables develop quickly along the pre-crack
orientation, forming a through-cylinder crack path. The reaction forces experience an
obvious decline, and the critical fracture strain has a significant effect on the rate of force
decrease. As shown in Figure 5.7 (a), a larger critical fracture strain delays the formation
of the fracture path and leads to a slower decrease in force. It is also noted that the dashed
black line in the force-displacement curve represents the specimen without considering
phase field damage and demonstrates a slight decrease with applied displacement. This is
due to necking in the thickness direction caused by large deformation along the shell

surface within the plastic band area.
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Figure 5.7 Force displacement curves for notched cylinder specimen under uniaxial
tension load

The crack paths for specimens with different fracture strain (&..=0.1, 0.2 and 0.4)
are presented in Figure 5.8. As the applied displacement increases, all specimens initiate
fracture at the pre-crack tip and develop along the middle cross section of the notched
cylinder, forming a circumferential fracture band consistent with previous studies
(Ambati and De Lorenzis 2016, Reinoso, Paggi et al. 2017, Ma, Sun et al. 2024). It can
also be observed that the fracture strain has a significant effect on the evolution of fracture
path. When the applied displacement increases from 0.08 mm to 0.15 mm, quicker crack
path evolution occurs in specimens with smaller fracture strains. When the displacements
reach 0.24 mm, 0.30 mm, and 0.36 mm, respectively, through-circumferential fracture
bands are observed on the shell surfaces of these three specimens, corresponding to the

reaction forces falling to zero in Figure 5.7 for the respective specimens.
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Figure 5.8 Evolution of fracture path for the notched cylinder tension specimen
with different critical fracture strains.

Table 5.2 Model parameters for notched cylinder under axial tension test (Ambati and

De Lorenzis 2016)
Type Parameters Value
Elasti E 72.6 GPa
ashe v 0.32

. [} 345 MPa

Plastic h 250 MPa

G 9.3 N/mm

Fracture l, 0.05 mm
Ecr 0.1,0.2,0.3 and 0.4

5.3.3 Notched cylinder under internal pressure

In this example, the fracture propagation on the axially notched cylinder was
modelled by the proposed shell phase field model, which were been experimentally tested
(Keesecker, Davila et al. 2003) and numerically researched in many previous
studies(Ulmer, Hofacker et al. 2012, Ambati and De Lorenzis 2016, Kiendl, Ambati et al.
2016, Wang, Han et al. 2022). Two distinct boundary conditions were studied in this

section, where the notched cylinder was and was not constrained by two circumferential
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straps. The geometry and boundary condition of the specimen are specified same as the
experimental set up. As illustrated in Figure 5.9, the notched cylinder was under internal
pressure, which are applied on the inner surface gradually until the breakage of the
specimen. The model was meshed by 17642 and 35518 S4R elements for the unstrapped
and strapped specimens, respectively, with the element size around the potential crack
region set to be 1 mm. The elastic and plastic material parameters in this study also keep
consistent with those in literature (Keesecker, Davila et al. 2003). In terms of the fracture

energy release rates, we refer to the previous numerical studies (Wang, Han et al. 2022).

hy = 3.962

991.0
Unit: mm

Figure 5.9 Geometry, loading condition and mesh information for axially notched
cylinder specimen under internal pressure with and without strap constraint

The simulation results of phase field contour on deformed specimens without strap
is demonstrated in Figure 5.10, where the element with phase field variable larger than
0.95 was removed for better visualisation. As the internal pressure continued to increase,
the fracture initiated at the notch tip. Then the rising circumferential stress at notch tip
promote the fracture propagation along the axial direction and formation a horizontal
crack path towards to the two ends of the cylinder.

Compared with specimen without strap, the strapped cylinder also initiate fracture
at the notch tip and develop along the axial direction until reaching the straps. Due to the
constraint of the strap, the deformation of the cylinder along the circumferential direction
is limited, while the axial stress continues to increase caused by the rising internal
pressure and axial curvature. Once the axial stress is larger than hoop stress, the fracture

path was turning to develop circumferentially, termed as ‘flapping’, which could avoid
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the continuous crack propagation along the axial direction. Figure 5.11 also compared the
experimental crack path with our simulation result, showing that our proposed shell phase

field model could effectively model such flapping phenomena.
d .
e .

Figure 5.10 Fracture path evolution for the notched cylinder under internal pressure
without strap

a
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Figure 5.11 Fracture path evolution for the notched cylinder under internal pressure with
strap

5.3.4 Validation by 316 steel tube tests

Although several shell phase field models have been proposed in the literature, their
validation remains insufficient. Most of those models have been tested against only a
limited number of benchmark numerical examples, with few studies comparing their
results to experimental observations. Furthermore, when such comparisons are made,
they predominantly focus on quantitative analysis rather than qualitative insights. In this
study, a three-point bending test was conducted using a square tube specimen fabricated
from 316L steel, and the proposed shell phase field model was applied to simulate the
fracture behaviour and mechanical response observed in the experiment. By comparing
experimental and numerical results, including force-displacement curves and structural
deformation, the validity of the proposed model was rigorously assessed. Meanwhile,
material parameters in this example were calibrated based on the material specimens to
demonstrate the model’s accuracy. This study provides evidence of the potential
applicability of the shell phase field model for fracture modelling in real-world scenarios,

offering supplementary validation through experimental data.
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5.3.4.1 Material specimen

It has been discussed in literature that the fracture strain for metal material varies
under distinct stress states instead of being constant. To accurately capture the fracture
behaviour of the specimen in this example, the MMC formulation (see Eq.(5.19)) was
employed to describe the fracture strain as a function of stress triaxiality and the Lode
angle parameter, which has been proved a effective method for prediction of the fracture
initiation in 316L steel. A group of material specimens were prepared for calibrating the
the fracture strain parameters, including specimens for uniaxial tension, simple shear,
notched tension with radius of 5 and 10 mm, and central hole tension, as demonstrated in
Figure 5.12. The detailed experimental set up is referred in our previous publication(Li,

Fang et al. 2024).
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Figure 5.12 Geometry and boundary condition of the material specimens. (a) uniaxial
tension; (b) notched tension with radius of 5 mm; (c) notched tension with radius of 20
mm; (d) central hole tension.
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The material parameters were previously calibrated through 3D solid element
analysis, as detailed in our earlier publication(Li, Fang et al. 2024), and listed in Table
5.3. In this study, these parameters were directly applied to the shell phase field fracture
modelling due to their intrinsic characteristics.

The simulation results of those four material specimens are presented in Figure 5.13,
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where both the force-displacement curves and fracture paths were compared with the
experimental data. As shown, the numerical force-displacement curves for all four
specimens can be divided into three distinct stages: elastic deformation, elastoplastic
hardening and fracture evolution. The numerical results show excellent agreement with
the experimental data during the whole loading process. The error in maximum reaction
force between the numerical and experimental results was 2.4%, 0.5%, 3.5%, and 3.9%
for the uniaxial tension, notched tension with a radius of 5 mm, notched tension with a
radius of 20 mm, and central hole tension specimens, respectively. The errors in applied
displacement corresponding to fracture initiation were 2%, 2.2%, 11.2%, and 5.7%. All
of these errors are small and within acceptable limits. Moreover, the proposed shell phase
field model can capture the fracture evolution path accurately as depictured in Figure 5.13.
The strong agreement between experimental observations and numerical results
demonstrates the correctness and applicability of the calibrated parameters for use in the

shell phase field model.
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Figure 5.13 Force-displacement curve and final fracture path for material testing
specimens. (a) uniaxial tension; (b) notched tension with radius of 5 mm; (c) notched
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Figure 5.14 Experimental set up for the three-point bending test with square tube
specimen

133




Table 5.3 Model parameters for 316L steel tube

Type Parameters Value
. E 72.6 GPa
Elastic v 0.32
. o 345 MPa
Plastic h 250 MPa
G; 9.3 N/mm
Fracture l. 0.05 mm
Ecr 0.1,0.2,0.3 and 0.4

5.3.4.2 Three-point bending test of 316 tube

The material parameters calibrated from the material specimens in previous section
were utilised to simulate the three-point bending test of a square tube specimen. The
geometry and boundary conditions are illustrated in Figure 5.14(a). The tube, with a
thickness of 1.68 mm, features two square holes through its front and back surfaces. The
specimen was loaded at the midpoint of its top surface, supported by two fixtures with
span of 45 mm. Due to the symmetry of the loading condition, only half of the model was
simulated with shell element, where its mid-surface was extracted and meshed by 13,975
S4R elements, as shown in Figure 5.14(b).

The force-displacement curve for this three-point test is plotted in Figure 5.16,
accompanied by the experimental results. Overall, the simulation results closely match
the experimental data. The whole loading process could be divided into six stages.

At initial stage, the structure underwent elastic deformation, and the reaction force
increased linearly. As loading continued, plastic deformation began to develop around the
loading point, causing the rate of force increase to slow. The first peak force of 10.8 kN
was reached at a displacement of 1.8 mm, which is slightly lower than the experimental
data.

In the second stage, a rapid drop in reaction force was observed until the
displacement reached 6 mm. During this stage, the load-carrying capacity of the tube
specimen was enhanced by material hardening on the top surface under bending but
simultaneously weakened by the buckling effects on both side surfaces. As shown in
Figure 5.15(b), the right-angle junction between the top and side surfaces collapsed, and
significant plastic strain developed at the midpoint of the junction line. This initiated
phase field damage, which reduced the constraint on the side surfaces, accelerating their
buckling. Notably, the buckling of the side surfaces had a more significant impact on the
structural response than the bending, causing the rapid force reduction during this stage.
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The simulation predicted more noticeable buckling than observed experimentally (see
Figure 5.15(b)), possibly due to weaker right-angle junctions in the shell element model.

In the third stage, with the applied displacement from 6 mm to 11 mm, the reaction
force increased slowly. Continuous buckling on the side surface led to the formation of
bulge straps at the square cut corners, angled 45 degrees towards the tube ends. These
straps transferred the load to the entire tube, causing global bending, as demonstrated in
Figure 5.15(c), and increased the reaction force. However, the experimental curve in
Figure 5.16 showed a slight decrease during this stage, likely due to the delayed buckling
in the experiment compared to the simulation, discussed in the last paragraph. Meanwhile,
in this stage, phase field damage initiated at the top corners of the square cut on the outside
surface, while the inside surface remained undamaged due to different stress state
distribution along the tube thickness at those points.

In the fourth stage, as the load continued, the bulge strap grew and moved towards
the tube ends, increasing the global bending deformation and reaction force. The stress
states at the square cut corners also changed accordingly, with tensile stress switching to
compressive stress on the outside surface, and compressive stress switching to tensile
stress on the inside surface. This stress reversal caused crack propagation to stop on the
outside surface while it continued on the inside surface at a 45-degree angle toward the
tube ends.

In the fifth stage, two side surfaces under the loader was crushed to be horizontal
orientation and the compressive stress dominated. The fracture propagation stopped on
both inside and outside surfaces of the tube. At the same time, the reaction force rose
rapidly due to the further global bending and reached its second peak force at 13.8 kN at
displacement of 22.8 mm, as demonstrated in Figure 5.16.

In the last stage, large deformation caused obvious twisting at both ends of the tube
(see Figure 5.15 (f)), which slipped from the supporters, leading to a sharp drop in the

force-displacement curve, as observed in Figure 5.16.

5.3.5 Validation by TPMS compression test

Triply periodic minimal surface (TPMS) structures have attracted significant
attention due to their potential applications in energy absorption, particularly with the
rapid advancement of additive manufacturing technologies (Qiu, Wan et al. 2024). To

gain deeper insights into the fracture behaviour of TPMS structures, the phase field model
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has been employed for simulating crack propagation in earlier research (Préve, Lenarda
et al. 2023, Wallat, Reder et al. 2023, Li, Fang et al. 2024). However, these studies
predominantly discrete the model with three-dimension solid element, which necessitates
a large number of mesh elements to achieve reliable results, leading to high computational
demands, particularly as the number of cells in the TPMS structure increases. Despite
these efforts, the application of the shell phase field model to TPMS structures remains
unexplored. In the present study, we introduce a shell phase field model for simulating
axial compression test on Gyroid TPMS structures. The reliability of the model was
validated through comparison with experimental observations.

The experimental setup for the axial compression test is illustrated in Figure 5.17(a).
The specimen was placed on the bottom fixture of a universal test machine and subjected
to a load in z direction via the top fixture until densification, at loading rate of 1.2 mm/min.
As shown in Figure 5.17(b), the Gyroid TPMS structure consisted of 5 cells in both the x
and y dimensions, and 10 cells in the z dimension, with each cell measuring 4 mm X 4
mm X 4 mm. The volume fraction of the TPMS structure is 27%, and based on this, the
average thickness of the Gyroid TPMS was calculated to be 0.349 mm. For numerical
modelling, the Gyroid TPMS structure was meshed using 2270 S4R elements per cell,
with an element size of 0.15 mm, as depicted in Figure 5.17(c), resulting in a total of
56,750 elements. The material parameters were taken from our earlier published paper

(Li, Fang et al. 2024) and are list in Table 5.4.
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Table 5.4 Model parameters for Ti-6Al-4V

Type Parameters Value
) E 110 GPa
Elastic
v 0.3
) Oy 750 MPa
Plastic ) .
hardening parameters (L1, Fang et al. 2024)
Fracture G 1.0 N/mm
propagation l, 0.5 mm
B 0.3
B 0.3
. L B; 2.0
Bao-Wierzbicki
L. By 0.5
fracture initiation
Bs 20.0
Bs 0.07
Ne 0.33
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Figure 5.15 Simulation result of plastic strain and phase field distribution, accompanied
with experimental observation of three-point bending test on the tube specimens during
the loading process.(a) u=1.8 mm; (b) u=6 mm; (c) u=11 mm; (d) u=20 mm; (e) u=23
mm; (f) u=30 mm.
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Figure 5.16 Force-displacement curve for tube three-point bending test.
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Figure 5.17 Set up of axial compression test on Gyroid TPMS structure and mesh
information for one cell
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5.3.5.1 Analysis of deformation characteristics during the loading process

The force-displacement curves for both the numerical and experimental data are
presented in Figure 5.18. Both curves show an initial rapid linear increase, followed by a
plateau phase, and conclude with structural densification, reflected by a sharp rise in
reaction force at the final stage. Overall, the numerical and experimental results are in
good agreement, despite a slight delay in densification in the numerical model, attributed
to the automatic reduction of contact thickness for shell element in the ABAQUS
algorithm. Although not perfectly synchronized, the primary deformation characteristics
of the TPMS structure observed in the experiment were well captured by the simulation,
as demonstrated in Figure 5.19. The equivalent plastic strain and phase field distribution
on the deformed specimen during loading are compared with experimental observations.
Based on the deformation mode, the loading process can generally be divided into five
stages.

In the initial stage, the structure underwent a brief period of elastic deformation,
corresponding to the linear increase of reaction force shown in Figure 5.18. Once the
reaction force exceeded approximately 35 kN, plastic deformation set in, with only a
slight increase in reaction force until the applied displacement reached 6 mm, at which
point fracture initiation was observed in the cells from the second to the sixth layer on the
front and back surfaces of the TPMS structure.

As the applied displacement increased further, the reaction force exhibited a slight
decrease due to the initiation and evolution of phase field damage. In this stage, the
damaged layer (second to sixth) of TPMS structure was gradually compacted.

At an applied displacement of 9 mm, a first contact line was observed in the fourth
layer of the TPMS structure, which was also noted in the experimental data, though
occurring at a displacement of 6 mm due to the earlier contact in the physical test. The
simulated deformation during this stage corresponded well with experimental
observations. Both the numerical and experimental results showed that deformation was
dispersed across the upper layers (second to sixth), as seen in the plastic strain distribution
contours from Figure 5.20(a). The significant plastic deformation contributed to the
further development of phase field damage in these layers, and lateral expansion was
observed on the side surfaces. Meanwhile, the simulated reaction force in Figure 5.18

showed a minimal increase due to self-contact within the TPMS structure, which was
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consistent with the experimental results after the displacement reached 6 mm.

When the applied displacement increased to 19 mm, the upper area was fully
densified as shown in Figure 5.19, while the lower layers (sixth to tenth) remained largely
undeformed. As the applied displacement continued to increase, the lower layers began
to exhibit significant deformation and phase field fracture development. Interestingly,
deformation at this stage occurred layer by layer rather than the dispersed deformation
seen in the previous stage, which aligned with experimental observations, as
demonstrated in Figure 5.20(b).

By the time the applied displacement reached 30 mm in the numerical test, the entire
structure had been crushed, except for the top and bottom end layers, corresponding to
the experimental observation at a displacement of 24 mm. After this point, the top and
bottom ends were crushed, and densification for the whole structure occurred as
displacement increased, with both the experimental and simulation results showing a

rapid rise in reaction force at the end of the test.
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Figure 5.18 Force-displacement curves for Gyroid TPMS structure under axial
compression load.
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Figure 5.19 Plastic strain distribution and phase field damage contour on deformed
specimen companied by experimental observations.
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Figure 5.20 Different deformation mode in the third and fourth stage. (a) dispersive
deformation; (b) layer-by-layer deformation

5.3.5.2 Analysis of fracture propagation

In this example, the Gyroid TPMS structure was manufactured with the Ti-6Al-4V
alloy, and the Bao-Wierzbicki formulation was employed to capture its fracture initiation.
As discussed in previous section, when the applied displacement reached 6 mm in the
numerical modelling, fracture initiation occurred at the upper layers of the TPMS
specimen, specifically on the front and back surfaces. The damage index variable
distribution of the specimen at this point is presented in Figure 5.21(a). It is evident that,
apart from the cells on the front and back surfaces, most of the interior cells remained
undamaged. A comparison between a front surface cell and its adjacent interior cell at the
applied displacement of 6 mm, shown in Figure 5.21(d) and (e), reveals that the interior
cell exhibited a slightly larger plastic strain in the top front flange compared to the front
surface cell. However, the stress triaxiality in the front cell was significantly higher than
that in the adjacent interior cell, with values of approximately 0.66 and 0.3, respectively.
This difference in stress states can be attributed to distinct boundary conditions: the front
edge of the front cell was subject to free constraints, whereas the interior cell was
constrained by the adjacent front cell. The higher triaxiality in the front cell resulted in a
lower fracture strain threshold (see Figure 5.21(c)) and earlier fracture initiation in the

front surface cells.
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Figure 5.21 Simulation result for TPMS Gyroid structure at the displacement of 6
mm. (a) damage index contour; (b) fracture strain locus; (c) selected one column of cells
along y direction; (d) and (e) contour of stress triaxiality, equivalent plastic strain and
phase field on the front and second cell of the selected column.

In the previous paragraph, we analysed the distinct fracture behaviours initiated at
different locations within the structure. Furthermore, it was observed that fracture
propagation at the same location can vary across the thickness of the TPMS structure. To
illustrate this, a representative cell from the middle of the fourth layer of the TPMS
structure was selected for analysis, as shown in Figure 5.22(a) and (b). Within this
selected cell, the top and bottom surfaces were marked by blue and red, respectively, as
indicated in Figure 5.22(c). The contours of plastic strain, phase field, and stress triaxiality
for these two surfaces were compared in Figure 5.22(d) and (e). The equivalent plastic
strain distribution on both surfaces was similar, with high plastic strain concentrated in
areas where the structure had a large inclination angle relative to the xy plane under load
in the z direction. However, the distribution of stress triaxiality was the opposite on the
top and bottom surfaces.

During the axial compression test on the TPMS structure, most of the deformation

was driven by bending stresses. Across the thickness, the bending stress exhibited a linear
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gradient, with opposite signs for upward and downward directions, one side undergoing
tensile bending stress, and the other compressive stress. This resulted in different stress
triaxiality distributions on the top and bottom surfaces, leading to a lower fracture
initiation strain on the sides experiencing tensile stress. From the simulation results, it is
evident that phase field fracture developed in regions with both high stress triaxiality and

significant plastic strain accumulation on the top and bottom surfaces of the TPMS cell.
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Figure 5.22 Stress triaxiality, equivalent plastic strain and phase field distribution on the
top and bottom surfaces of one representative cell of Gyroid TPMS structure

5.4 Summary

In this paper, five layers of phase-field variables were introduced to represent the
fracture progression along the thickness direction, corresponding to the five Simpson
integration points through the shell thickness. This approach allowed for direct stress
degradation at each integration point without the need for interpolation tools, as
demonstrated in the current research. Moreover, fracture initiation at each layer was
described using a stress-state-dependent fracture strain formulation, applying the MMC
criterion for 316L steel and the Bao-Wierzbicki criterion for Ti-6Al-4V.

Several numerical examples were conducted to validate the proposed model. First,

the model’s implementation was verified by the convergence of numerical results as the
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phase-field viscosity parameter decreased. In the notched cylinder under axial tension,
the model accurately predicted a through-cylinder crack path, and it was found that
fracture strain significantly influenced the force-displacement curve. In the third example,
a notched cylinder with an axial pre-crack was subjected to internal pressure with two
different boundary conditions: one with, and one without, circumferential straps at the
ends of the specimen. The results showed that the straps effectively confined crack
propagation within the limited area, aligning well with experimental observations and
previous numerical studies. Finally, two experimental tests were simulated using the
proposed shell phase-field model. In the three-point bending test of a square tube, the
model successfully captured five distinct stages of deformation: elastic deformation, local
indentation, side-surface buckling, bulge strap growth, and global bending, all of these
showed strong agreement with the experimental data. In the final example, the Gyroid
TPMS structure was subjected to axial compression. Despite a slight delay in
densification due to the shell element configuration in the Abaqus algorithm, the two
distinct deformation modes were accurately captured, and the global force-displacement

curve closely matched the experimental results.
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6. APPLICATION OF SHELL PHASE FIELD MODEL TO
FRACTURE MODELLING OF BATTERY CASING

6.1 Introduction

The phase field fracture model, rooted in the variational formulation by Francfort
and Marigo (Francfort and Marigo 1998), offers a non-local approach to fracture
modelling. It regularizes the sharp crack topology into a smeared damage zone, with the
extent of this zone governed by a length scale parameter. This model has gained
significant attention for its robust implementation and its ability to automatically capture
crack evolution based on energy minimization. Over the years, the phase field approach
has been extended beyond its initial application in brittle fracture to cover a broad
spectrum of problems, including ductile fracture (Ambati, Kruse et al. 2015, Borden,
Hughes et al. 2016, Miche, Aldakheel et al. 2016, Roth and Mohr 2016, Alessi, Marigo
et al. 2018, Dittmann, Aldakheel et al. 2018, Fang, Wu et al. 2019, Fang, Wu et al. 2019,
Li, Fang et al. 2022), dynamic fracture (Ren, Zhuang et al. 2019, Wang, Ye et al. 2019,
Yang, Yang et al. 2021, Hu, Tan et al. 2023, Li, Fang et al. 2024), hydraulic fracture
(Ehlers and Luo 2017, Chukwudozie, Bourdin et al. 2019, Chen, Sun et al. 2020,
Aldakheel, Noii et al. 2021, Heider 2021), and fatigue fracture (Seiler, Linse et al. 2020,
Ulloa, Wambacq et al. 2021, Golahmar, Kristensen et al. 2022), among many others.
Despite these advancements, most studies have primarily focused on 3D solids or plane
strain problems, with relatively few exploring the application of phase field models for
thin-walled structures using shell element formulations.

In general, the shell kinematics description fall into two categories: the Reissner-
Mindlin formulation (Reinoso, Paggi et al. 2017, Reinoso, Durand et al. 2019, Pillai,
Triantafyllou et al. 2020, Kikis, Ambati et al. 2021), which allows transverse shear strains
for moderately thick shells, and the Kirchhoff-Love formulation, suited for thin shells,
neglecting shear effects, which is focused in this study. Ulmer (Ulmer, Hofacker et al.
2012) first extended the phase field model to Kirchhoff shells, incorporating a single
through-thickness phase field and a deflection field as the basic variables, with the
fracture driving forces derived from bending and membrane energies. Amiri et al. (Amiri,
Millan et al. 2014) adopted this concept and implemented it with a meshfree strategy for

fracture simulation within complex geometry topology. Alternatively, Kiendl (Kiendl,
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Ambati et al. 2016) proposed a shell phase field model where the strain energy at each
integration point was decomposed in a plane stress formulation to account for the tensile-
compressive asymmetry. Meanwhile, Li et al. (Li, Millan et al. 2018) developed a higher-
order phase field model to simulate tearing in brittle thin sheets. The above mentioned
models all assume the uniform damage variable through thickness, which does not
correspond to the real case especially for shell structure under bending. To overcome this
shortcoming, Arei et al. (Areias, Rabczuk et al. 2016) introduced a dual phase field
approach to account for damage evolution along the top and bottom surfaces of shells.
Wang et al. (Wang, Han et al. 2022) assumed linear distribution of phase field variable
along shell thickness. In addition, Ambati (Ambati, Heinzmann et al. 2022) proposed a
mixed-dimension model which combines the shell kinematic description for the
displacement field and solid element representation for the phase field evolution, allowing
the varying damage distribution along the shell thickness.

The above mentioned studies have demonstrated the effectiveness of shell phase
field models in simulating fracture. However, most existing phase field models for
Kirchhoff-Love shells only consider the brittle fracture and ignored the plastic
deformation and ductile fracture initiation. This limitation restricts the application of shell
phase-field models to real-world structures, where materials often exhibit complex
mechanical properties. For example, the plasticity must be considered for metal materials.
To the authors’ best knowledge, only one previous phase-field model (Wang, Han et al.
2022) considered ductile fracture for the Kirchhoff-Love shell. Though this study
incorporated plasticity, it assumed a constant threshold of fracture driving force, which
does not agree with plenty of experimental observations where the fracture initiation
largely depends on the stress state (Bao and Wierzbicki 2004, Bai and Wierzbicki 2009,
Briinig, Brenner et al. 2015, Mohr and Marcadet 2015, Li, Fang et al. 2022, Dou, Xu et
al. 2023). Moreover, due to the manufacturing process, metal sheet often demonstrated
obvious anisotropic mechanical characteristics (Fourmeau, Bervik et al. 2011, Zaman,
Barlat et al. 2018, Mooney, Kourousis et al. 2019), which has not yet been considered in
the existing studies. To bridge the above research gap, we recently developed a multi-
layer shell phase field model, introducing five layers of phase field variables along the
shell thickness, with the Hill 48 yield stress and Bao-Wierzbicki fracture locus
incorporated to consider the material anisotropy and stress-state dependent fracture

initiation. The results demonstrated its capability to simulate fracture behaviour in ductile
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materials under complex stress conditions. In this study, we aimed to further explore its
application for simulating fracture evolution in real structures.

The rapid growth of the global electric vehicle (EV) market has significantly
increased the demand for lithium-ion batteries (LIBs), highlighting the importance of
evaluating their safety under various loading conditions. Key abuse tests (Liu, Jia et al.
2020), such as bending (Greve and Fehrenbach 2012, Sahraei, Campbell et al. 2012, Xu,
Liu et al. 2016), indentation (Sahraei, Campbell et al. 2012, Yang, Wang et al. 2019),
radial compression (Greve and Fehrenbach 2012, Sahraei, Campbell et al. 2012, Xu, Liu
et al. 2016), axial compression (Zhu, Zhang et al. 2016, Yang, Wang et al. 2019), and
impact loading (Xia, Wierzbicki et al. 2014, Wang, Yang et al. 2020), have been employed
to assess LIB resilience. Among the critical components of an LIB, the battery casing
plays a pivotal role as the primary protective layer, offering high elastic modulus and
strength to resist external loads (Zhang and Wierzbicki 2015, Wang, Yin et al. 2018, Wang,
Yin et al. 2019, Chen, Kang et al. 2021). Despite its importance, limited studies have
focused on accurately characterizing the mechanical properties of casing materials. Zhang
and Wierzbicki (Zhang and Wierzbicki 2015) addressed this gap by calibrating
anisotropic mechanical parameters through specimens extracted from cylindrical casings,
revealing the influence of stress triaxiality and the Lode angle on fracture behaviour.
Wang et al. (Wang, Yin et al. 2018) further examined dynamic fracture strain using the
Johnson-Cook model. However, these studies predominantly utilized local damage
models, which are prone to mesh dependency, neglect non-local damage evolution, and
result in mass and energy loss (Bazant and Jirasek 2002, Alessi, Marigo et al. 2014,
Ahmed, Voyiadjis et al. 2021, Li, Fang et al. 2024). The shell phase-field model offers a
robust alternative by addressing these limitations, providing a more reliable framework
for assessing the mechanical behaviour of LIB casings. Motivated by these challenges,
this study extends our previously proposed multi-layer shell phase field model to simulate
the fracture behaviour of LIB casings. It is the first time for applying the shell phase field

model to the mechanical safety assessment of the cylindrical battery casing.

6.2 Formulation of shell phase field model

6.2.1 Kinematics of the thin shell elements
In this study, we focus on the mechanical behaviour of battery casing, where the ratio

of width and thickness could reach more than 200. This high ratio allows us to utilise the
149



Kirchhoff-Love formulation (Ebenfeld 1999) to describe the kinematic of shell element,
where the shear stress components outside the shell surface was assumed to be zero. As
demonstrated in Figure 6.1, the crack on the the thin-wall structure can be represented on
its reference surface (mid-surface). The local coordinate system (&, t, and £3) is also
constructed based on the local reference surface to describe the shell element
configuration, where 3 represents the local normal direction to the reference surface,
while t; and t, are two orthogonal directions, following the below condition,
ti-t; =96y (6.1)
where §;; is the Kronecker delta. With the local coordinate system, the position of a
material point within shell element is defined as,
x(S) = X(So) + f33(S)t3(S2)Ss (6.2)

where S, (a ranges from 1 to 2) are local surface coordinates within reference plane, and
S; € [—%,E] is the coordinate on t5 direction; x(S;) and X(S,) represent the position of
material point §; and its projecting point S, on the reference plane; f33 is the thickness

increase factor, which is assumed to be constant along the thickness direction.

Based on Eq.(5.2), the gradient of the position can be expressed as,

ox ox at

—— =+ f33725;

0S, _ 9S4 oS, 63)
ox = .
25, f33t3

where the derivative of f33 with respect to S, has been neglected. Its components within

the reference plane can be obtained as below,
a — —
faﬁ =ty == = faﬁ + Baﬁf3353 (6.4)
aSﬁ

where the reference surface deformation gradient f, p and reference normal gradient B g

are defined as follows,

Foaer p 0% — ¢ 0%
fa[)’ = ta ‘353 - ta 653
$3=0 (6.5)
B, ity O
af = ta asB

In the original shell configuration, X represents the position of the projecting point

on the reference plane. The original normal direction to reference plane T; is defined by

X 1), ¢ X X
T3 = (EXE)/L?—SCLXE (66)

where S, and Sj, are coordinates of two arbitrary two unparalleled directions within the
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reference plane of shell element. Meanwhile, direction T, is specified as one arbitrary
direction parallel to the shell surface, for example, the projection of the global x direction
on the shell surface or the roll direction for the rolled thin-wall structure. The remained
T, direction could be finally specified to be vertical to T, within the shell reference

surface.

Figure 6.1 Shell crack representation in the global and local coordinate system
6.2.2 Regularisation of the fracture topology

Refer to our previously paper, five Simpson points along the shell thickness are
adopted for stress integration. Meanwhile, five layers of phase field variables are
introduced to describe the corresponding damage evolution on each layer. The fracture
topology of shell structure is demonstrated in Figure 6.2(a). The shell solid Q with
thickness of t got a through-thickness sharp crack I, and it was under the constraint of
Neumann boundary .25 and Dirichlet boundary d2". In each layer of the integration
point, the sharp crack I is regularised with diffusive phase field variable d, from the
totally broken state (d = 1) to the intact state (d = 0) of material with the length scale
parameter ., demonstrated as Figure 6.2 (b) and (c). Accordingly, the crack surface
density function vy is introduced referring to standard phase field formulation in three-

dimension space, written as below,

v(d,Vd) = ST +5|vay? (6.7)
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Figure 6.2 Regularisation of sharp crack to damage zone based on [... (a) fracture
topology of the shell (b) sharp crack on shell reference surface; (c) regularised phase
field distribution on shell reference surface

6.2.3 Energy function and governing equations
The total energy function within the shell could be written following our previous
work (Fang, Wu et al. 2019, Li, Fang et al. 2022, Jiang, Li et al. 2023, L1, Fang et al. 2024)

as below,

® = [ [ (¥° + 9P +9* +yf +yv)dSdh — [3, [ ,(t- wdSdh — [, (b - w)ds

(6.8)
where /4 is the shell thickness; ¢, b, and u denote the body force on (1, boundary traction
on 90", and displacement within shell; 1€, ¥?, ¥, 1/ and " represent the elastic
strain energy, plastic work , kinematic energy, fracture energy, and damage viscosity
energy density functions per area on ", respectively. The elastic strain energy density
¢ can be obtained as follows,

Y (u,d) = g(d) - P§ = > g(d) - 7: &° (6.9)
where g(d) = (1 —d)? is quadratic strain energy degradation function. €% and @
represent the elastic strain tensor and corresponding (undamaged) effective stress tensor.
It is noted that the update of stress state for the shell element is based on the local
coordinate t;-t,-t3 ,as shown in Figure 6.1. In this study, we focused on the thin shell
element where the stress components 53, 013 and 0,3 are all excluded for calculation,
resulting in much lower computational efficiency compared with 3D phase field model.

The plastic density P is calculated by,
Yr(er,d) = g(d) -y = g(@) - f; Gy(&P) de? (6.10)
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where € and &, represent the accumulated plastic strain and corresponding (undamaged)
effective yield stress. In Eq. (6.10), the plastic work is degraded as the phase field
develops, leading to degraded yield stress, following our previous work (Fang, Wu et al.
2019, Fang, Wu et al. 2019, Li, Fang et al. 2022). The kinematic energy y* is written as,
Yr() = pit- 1 (6.11)
where p is the material density; 1t denotes the displacement rate. The fracture energy 1/

and damage viscosity energy density 7S functions are given by

_ (P L 2
¥/ (d,Vd) = G; (2—lc+3|Vd| ) (6.12)

. . t w .
Yo(d) = [ (2d-d)at (6.13)
where Gy is the crack energy release rate, denoting the required energy for generating a
unit area of crack surface; w is the introduced viscosity parameter (Li, Fang et al. 2024);

d denotes the damage evolution rate; t represents the current loading time.

Substitution of Eqs.(6.9)- (6.13) into Eq. (6.8) leads to the final total energy function @,

as below,
) 14 — g 1 2=, o€ 2 g _ =D =D 1 . . d?
(u,S ,d) _f_ﬁfQT{E(l_d) 0. & +(1—d) 'fo O'y(e )dg -|-Epuu+6f(2_lc+
h
le t 7. r 2 r
3|Vd|2) + (%d : d) dr}do dh—f_g{fm(t-u)dﬂ - faﬂi(b-u)ds}dh (6.14)

Based on the Hamilton theory (Dunne and Petrinic 2005), the governing equations
for displacement field and phase field in strong form could be obtained as follows,

V-eo+b=pu inQ

o-n—t=0 on d (6.15)
u=1u on 6.07}-1
. —l _ e P _ﬂ 12 :
{d =220 - d)(e§ +¥p) —L(d—I"Ad)),  inQ (6.16)
Vd-n=0 on 0}

6.2.4 Hill 48 plastic yield criterion

In this study, we mainly consider the mechanical behaviour of the casing of cylinder
11850 lithium-ion battery. According to the existing study (Zhang and Wierzbicki 2015),
the cylinder battery casing demonstrated obvious anisotropy due to the rolling process
under mechanical loading. In this study, the Hill 48 yield stress formulation was adopted

to capture the anisotropic mechanical characteristics of the battery casing. Since here we
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only consider the plane stress state for shell elements, the Hill 48 yield criterion could be

simplified as,

F(@) =+ (H+ 63112 + (H + F)Gyy° — 2HG11525 + 2N Gy 52 (6.17)
where F, G, H, and N are material parameters; o, and 7,, represent the normal stress
components along the hoop direction and axial direction for the battery casing,
respectively, while a;, denotes the shear stress components within the battery shell

surface.

6.2.5 Fracture initiation criterion

It has been widely admitted that the ductile fracture strain for metal materials
depends on stress state rather than a constant value (Bai and Wierzbicki 2009, Li, Fang et
al. 2022, Li, Fang et al. 2023, Yang, Guo et al. 2023, Li, Fang et al. 2024). To capture the
stress-state  dependent fracture strain, the Bao-Wierzbicki model with (Bao and
Wierzbicki 2004) was introduced to model the damage initiation of the battery casing,
which has been widely adopted and proved effective in literature (Mahalle, Morchhale et
al. 2020, Zhang, Liu et al. 2022, Li, Fang et al. 2024, Li, Fang et al. 2024). The
formulation of the Bao-Wierzbicki model build connection between the plastic fractur

strain with the stress triaxiality, written as below,

B3
3Bl+1> 1
. <
BZ(3n+1 3<77—B1

el () = Bs(n — B1)(n — By) + is_iz (m—By)+B, B <n<B, (6.18)
4— b1

(Bs — B;)e Bs(1=B+) 4 B, n > B,

where B, B,, B3, B,, Bs, B¢, B; and Bg are eight independent Bao-Wierzbicki fracture
strain parameters. Moreover, the fracture strain is cut-off when the triaxiality is less than
-0.33 to avoid the unrealistic fracture initiation for metal material under compression
stress state.

Additionally, the above formulation only gives the fracture criterion for the material
under proportional loading. For the nonproportional loading, a historical damage

indicator D is introduced as below (Li, Fang et al. 2022),

&P ggP

D) — &
D(€?) fo T (6.19)
where &P represents the equivalent plastic strian. As the accumulation of P during the
loading process, the indicator D increases with a stress state-dependent rate. With the

indicator D in hand, the fracture energy threshold H™ is then defined as the strain energy
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when D firstly reached 1. Following (Miehe, Hofacker et al. 2015, Li, Fang et al. 2022,

Jiang, Li et al. 2023), a state energy formulation state(X, t) is introduced to indicate the
crack crack driving force at position X and at time t within the shell 2 as below,

state(X,t) =< @& + P> — H™ >, (6.20)

To avoid the unrealistic fracture healing, the history energy function H is then

defined as the maximum state energy during the loading process,

— t
H= éngg;] state* (X, 1) (6.21)

€[
Replacing the fracture driving force term (¢g + lpg ) in Eq. (6.16) with H could lead to

the final phase field evolution governing equations,

(6.22)

le

{d =2 -d)H-ZL(d-1Ad)), inQ
Vd-n=0 on 0}

6.3 Calibration of model parameters

6.3.1 Geometry design of material specimens

In this section, the mechanical behaviour of 18650 lithium-ion battery casing was
investigated in material level. To calibrate the model parameters, a group of samples were
cut from the flatten battery casing, the geometries of which are all presented in Figure 6.3.
To analyse the anisotropic characteristics induced by rolling effect, uniaxial tension (UT)
specimens were prepared along three orientations: the hoop direction, 45 degree direction
and axial direction, as shown in Figure 6.3 (a)-(c). In addition, tests were conducted using
notched tension (NT) and central-hole (CH) specimens, along with the UT specimens, to
calibrate the stress-state-dependent fracture locus. To validate the calibrated parameters,
a five-hole specimen was designed and tested. The thickness of the battery casing was
measured to be approximately 0.25 mm, exhibiting slightly non-uniformity along the
axial direction, where the material was thinner in the middle and thicker at the two ends.
All samples were clamped at the two ends within the grey areas, as shown in Figure 6.3,
and subjected to a loading rate of 0.2 mm/min to determine the quasi-static mechanical
parameters. The loading process for all specimens was recorded using a camera and
analysed with the Digital Image Correlation (DIC) technique. The two gauge points,
indicated in Figure 6.3, were utilised to measure the displacement during loading through

DIC.
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6.3.2 Calibration of model parameters

The model parameters are calibrated by matching the experimental and numerical
force-displacement curves and listed in Table 6.1. Specifically, the elastic parameters and
Hill 48 yield function parameters are calibrated using UT specimens tested along different
orientations, ensuring that the numerical yield stress aligns with the experimental results.
Additionally, the Bao-Wierzbicki fracture initiation and damage evolution parameters are
calibrated using UT, NT, and CH specimens oriented in the hoop direction, with a focus

on accurately capturing the fracture initiation and the force decline in the post-fracture

stage.
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Figure 6.3 Geometry design of material specimens cut from the flatten lithtum-ion
battery casing.(a)-(c):uniaxial tension (UT) specimen along the hoop, 45 degree and
axial direction; (c) notched tension (NT) specimen; (d) central hole (CH) specimen; (e)
five-holes specimen.

The force-displacement curve of uniaxial tension (UT) specimens along the axial

and hoop directions are presented in Figure 6.4(a), where the reaction forces for both axial
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and hoop UT specimens exhibited linear increase during the initial elastic stage,
indicating comparable elastic modulus in the two orientations. The divergence of the
curves began at a displacement of approximately 0.025 mm, marking the onset of plastic
deformation in both specimens. This transition was characterized by a nonlinear increase
in load with a progressively decreasing growth rate. A plateau stage was observed for both
specimens at the applied displacement of approximately 0.1 mm. However, the peak
forces of specimens along different orientations differed to some extent, attributed to the
plasticity anisotropy. Following the peak, the reaction force decreased till the end of
loading, caused by crack initiation at the centre of specimen and propagation along the
incline angle of 45 degree, as demonstrated in Figure 6.5(a) and (c). Notably, the force

dropped for specimens in both directions at applied displacement of approximately 0.25

mim.
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Figure 6.4 Comparison of experimental and numerical force-displacement curve for
material specimens. (a) uniaxial tension (UT); (b) notched tension (NT); (¢) central hole
(CH).

Based on the experimental results discussed above, we only consider anisotropic

plasticity, while assuming isotropic elasticity and fracture strain. The numerical force-
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displacement curves with calibrated model parameters are presented in Figure 6.4,
demonstrating close agreement with the experimental result for specimens orientated in
both hoop and axial directions. Furthermore, the final numerical crack paths are also
compared with the experimental observations in Figure 6.5(a) for the axial-orientated UT
specimen and Figure 6.5(c) for the hoop-orientated UT specimen. In both cases, the crack
paths develop along the 45° inclined lines at the centre of specimens, driven by the
pronounced accumulation of plastic strain. Figure 6.5(b) and (d) show the strain contours
from the numerical simulation and DIC data at the moment of fracture initiation. The shell
phase field model predicted an X-shape strain concentration, while the DIC data exhibited
strain localization along a single 45° inclined line. Such a discrepancy may stem from the
defect-free assumption in the simulation. In contrast, the real specimen was not perfectly
homogeneous, making strain concentration more likely along either 45° inclined line.
Once larger strain concentration developed on the weaker one, the resulting stress
distribution would amplify the asymmetrical deformation, guiding the fracture along the
weaker inclined line.

Table 6.1 Material parameters for lithium-ion battery casing

Types Parameters Physical meaning Value
L E Elastic modulus 148.5 GPa
Elasticity . .
Poisson’s Ratio 0.3
H 0.534
Hill 48 yield G Four anisotropic yield stress 0.467
stress F parameters 0.588
N 1.574
B 0.25
B, 0.016
Bs 1.2
Fracture By 0.5
Initiation B, Fracture locus parameters 028
Bs 2.5
By 0.03
Bs 8.0
Phase field Gy Crack energy release rate 20.0 N/mm
evolution n Viscosity parameter 10™* kN - s/mm?

In this study, we adopted the Bao-Wierzbicki fracture locus to account for the stress-

state dependent fracture strain threshold. The model parameters were calibrated by
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matching the force-displacement curves of three specimens, namely uniaxial tension (UT),
notch tension (NT) and central hole (CH), all of which are cut from battery casing along
the hoop direction, considering the negligible effect of material orientation on the fracture
strain.

As shown in Figure 6.4(b) and (c), the experimental and numerical force-
displacement curves for the notch tension (NT) and central hole (CH) specimens
presented excellent agreement with each other, demonstrating capacity of the proposed
shell phase-field model to characterize mechanical behaviours for the battery casing. For
the NT specimen, the reaction force increased linearly during the elastic stage, reaching
550 N at a displacement of 0.025 mm. Beyond this point, the reaction force exhibited a
nonlinear increase at a decreasing rate, stabilizing at a plateau around 650 N. Fracture
initiation occurred at the middle of the NT specimen at an applied displacement of 0.16
mm, leading to a sharp decline in the reaction force. The force-displacement response of
the CH specimen followed a similar trend. During the initial elastic stage, the reaction
force rose linearly to 500 N at an applied displacement of 0.03 mm. The plastic
deformation stage followed, characterized by a rising reaction force at a decreasing rate.
The load peaked at 600 N at an applied displacement of 0.1 mm, and the peak reaction
force kept constant for a while, followed by fracture initiation when the displacement

reached 0.14 mm, resulting in a rapid drop in load.
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Figure 6.5 Comparison of numerical and experimental result of uniaxial tension
specimens: (a) fracture path for UT axial specimen; (b) axial strain distribution for UT
axial specimen; (c) fracture path for UT hoop specimen; (d) axial strain distribution for

UT hoop specimen.

6.3.3 Model validation via five-holes specimen

With the previously calibrated model parameters in hand, a five-hole specimen was
tested and simulated using the proposed shell phase-field model. The experimental and
numerical results were compared to validate the calibrated shell phase-field model,

strengthening confidence in their application to the battery casing and battery cell.
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Figure 6.6 Force-displacement curve for the five-holes specimen
The force-displacement curve of the five-hole specimen is presented in Figure 6.6,
where the loading process can be divided into five distinct stages. In the initial elastic
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stage, the reaction force increased linearly to 800 N as the applied displacement reached
0.045 mm. Subsequently, plastic behaviour occurred, and the reaction force exhibited a
nonlinear increase characterised by a progressively diminishing rate, signifying the onset
of the second stage. During this phase, the reaction force peaked at 950 N at the applied
displacement of 0.117 mm. At this moment, fracture initiation was observed at ligament
A-B of the specimen, as depicted in Figure 6.7.

The specimen then entered the third stage, during which the reaction force decreased
steadily until the applied displacement reached 0.231 mm. Correspondingly, the fracture
gradually propagated at ligament A-B, while significant plastic deformation was
accumulated at ligaments C-E and F-G. In the following fourth stage, due to the large
plastic deformation, fracture paths at ligaments C-E and F-G developed, as illustrated in
Figure 6.7. As the applied displacement increased to 0.331 mm, the load experienced a
sharp decline, accompanied by the complete rupture of ligaments C-E and A-B and partial
cracking of ligaments B-C, E-F, and F-G. In the last stage, fracture continued to develop,
forming a clear crack path along ligaments A-B-C-D-E-F, leaving only a slight connection
at ligament F-G. The reaction force continued decreasing to a small value by the end of
the loading process.

As shown in Figure 6.6 and Figure 6.7, the numerical simulation closely matched
the experimental results, especially during stages I, I, and III, with acceptable deviations
in the later stages. Unlike the experimental results, where the reaction force exhibited two
sharp decreases, the numerical results present a smoother decline. In the numerical
simulation, the symmetric geometry caused simultaneous fracture development in
ligaments A-B and F-G, as well as B-C and E-F. In contrast, the experimental tests
revealed slight asymmetries due to sample cutting errors and material inhomogeneity,
resulting in deviations from perfect symmetry. Despite these deviations, the overall force-
displacement trend, including the peak force, fracture initiation, and the sequence of
fracture path evolution, was well captured. This agreement validates the accuracy of the

calibrated parameters and the shell phase-field model.
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Figure 6.7 Force-displacement curve of Five holes specimen and comparison of fracture
path between numerical results and experimental observations.

6.4 Simulation of fracture behaviour of the battery case and battery

cell

In this section, battery casing specimens were prepared by extracting them from the
battery cell and removing their two ends. The prepared casing specimen could be
simplified as a cylinder with a length of 60 mm, a diameter of 18 mm in the numerical
modelling. Three-point bending and axial compression tests were performed on the
prepared specimens. The calibrated shell phase-field model from the previous section,
was employed to simulate these two mechanical tests. Finally, a three-point bending test

was conducted on the entire battery cell, both experimentally and numerically.
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Figure 6.8 Experimental and numerical set up. (a) three-point bending test; (b) aixial
compression test.

6.4.1 Three point bending test on the battery shell

The experimental and numerical set up for the three point bending test on battery
casing are shown in Figure 6.8(a), where the span between two supports is set as 40 mm.
A rigid indenter applies the downward displacement at the mid-span of the battery casing,
at a rate of 2 mm/min. In the numerical model, the battery casing was meshed with 4-
node, reduced-integration, quadrilateral shell (S4R) elements of 0.2 mm size. the
viscosity parameter for the phase field model was set to 10™* kN-s/mm? to achieve high
computational efficiency while ensuring the artificial viscosity energy remained
negligible. Accordingly, to satisfy the stability requirements for phase field damage
evolution (Wang, Ye et al. 2019, Hu, Tan et al. 2023), the time increment was set to 1078

S.
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Figure 6.9 Force-displacement curve of battery shell under three point bending test

As shown in Figure 6.9, the experimental force-displacement curve for the three-
point bending test was well captured by the numerical model. The reaction force showed
a nonlinear increase at the beginning of loading. This behaviour resulted from significant
local deformation around the indenter. During this stage, substantial local plastic
deformation was observed at the plastic hinge A,,-B,,-C,,, on the top surface at mid-span
and the axial hinge A4;-4,, at mid-height, as depicted in Figure 6.10 (a). As the applied
displacement increased to 12 mm, the reaction force peaked at around 275 N. This peak
force corresponded to the fracture initiation at two hinge points, 4,, and B,,, , due to
severe plastic deformation, as demonstrated in Figure 6.10(b). Subsequently, the reaction
force exhibited a decreasing trend as the indenter continued to increase. During this period,
the phase field evolved radially from its initiation points, forming a damaged area at those
two corners, as demonstrated in Figure 6.10 (c).

Interestingly, the reaction force showed a slight rebound when the indenter
displacement was further increased, a phenomenon also captured in the numerical
simulation. This behaviour can be attributed to the contact between the two semi-
cylindrical surfaces at this stage, as indicated in Figure 6.10 (d). Notably, the lower semi-
cylindrical surface had not undergone significant plastic deformation before this contact.
Following the contact, further plastic hardening in this region contributed to the rebound

in the loading force.
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Figure 6.10 Comparison of fracture path of Battery shell under three point bending test
between numerical results and experimental observations.

In order to analyse the different stress state and damage evolution for material at
different depth along the shell thickness, the histogram of stress triaxiality n at the
fracture initiation for five layers of section points are plotted in Figure 6.11(a). It is noted
those five section points are denoted as SP1, SP2, SP3, SP4 and SP5, sequenced from
bottom surface to top surface for simplification description below, as demonstrated in
Figure 6.11. Most damage in this numerical model are initiated at section points close to
the bottom or top surface, while only very little damage occurred at section points (SP2
and SP3) around the middle neutral surface. It is also interesting to note that the stress
triaxiality at fracture initiation mostly fall into intervals of [0.5, 0.65] for SP1, while [0.1,
0.3] for SP4 and SP5. To further investigate this phenomenon, a representative element
located at point A,, was selected, and its equivalent plastic and corresponding stress
triaxiality during the whole loading process was plotted in Figure 6.12, accompanied with

the fracture locus curve calibrated by material specimen in last section.
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Figure 6.11 (a)-(e)Histogram of the stress triaxiality at fracture initiation at five section
points(SP1, SP2, SP3, SP4 and SP5) for the three-point bending test on battery shell; (f)
the location of section points along shell thickness.

At the initial loading, a hinge occurred along the sample edge A;-4,,, and the selected
element was bending inward, as demonstrated in Figure 6.12. Due to the bending, the
shell element developed large plastic deformation along thickness, with tensile and
compressive stress state for materials close to top and bottom surface respectively.
Consequently, the damage index started to grow at section points of SP4 and SPS5, where
the fracture strain threshold was calculated as 0.2 at the stress triaxiality of approximately
0.5 according to Eq.(6.18). On the other hand, for other three section points, due to the
negative stress triaxiality, the fracture locus was cut-off, and damage index parameter
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remain zero despite of the development of equivalent plastic strain. As the intender
continued moving downward, the axial hinge A;-4,, gradually moved downward. The
stress triaxiality at SP4 and SP5 gradually decreased to approximate 0.25, resulting in
lower fracture strain locus, which accelerate the damage index growing and damage
initiated at these two section points.

Afterward, as the continuous loading of indenter, it is interesting to note that the
selected shell element started to bend outward, forming the hinge of A,,-B,,-C,, as
demonstrated in Figure 6.12. Due to the transfer of bending direction, the stress triaxiality
at section points close to bottom surface rose quickly from negative cut-off region to large
value, resulting the decrease of fracture strain threshold. The damage index parameter
developed quickly at the SP1 with the growing plastic strain, and fracture initiated at the
stress triaxiality of approximately 0.5. In contrast to SP1, material at SP2 and SP3 only
developed limited plastic strain attributed to the relatively small bending stress close to

middle neutral surface, and the fracture was not initiated until the end of loading.
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Figure 6.12 Evolution of equivalent plastic strain and stress triaxiality at five section
points of selected element located at point A4,, during the loading process

6.4.2 Axial compression test on the battery shell

The experimental set up for the axial compression test is presented in Figure 6.8(b),
the battery casing is placed on support and subjected to loading using the loader at the
rate of 2 mm/min. The numerical parameter setting, including geometry mesh, time

increment, and viscosity parameter kept consistent with the three-point bending test.
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As plotted in Figure 6.13, the overall trend of the experimental force-displacement
curve can be well captured by the numerical results, both of which fluctuated up and down
during the loading process with an average value at around 2000 N. The first peak force
occurred at approximately 3000 N when the applied displacement reached around 2 mm,
followed by the appearance of the first valley at around 1200 N when the displacement
increased at around 6 mm, which have been exactly reproduced in the simulation result.
Subsequently, the force-displacement curve continued to experience nine obvious
fluctuations until the applied displacement increased to 50 mm. Finally, the reaction force
soared to more than 12000 N quickly till the end of the load due to the structure
densification. Notably, in the shell phase field simulation, the densification was delayed,

resulting from the automatic reduction of contact thickness between stacked shell

elements in the ABAQUS algorithm.
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Figure 6.13 Force-displacement curve of Battery shell under axial compression test

The numerical structural deformation was compared with experimental observations
in Figure 6.14. The figure displays three columns of damage contours, illustrating the
phase field evolution at mid-thickness points of the shell. These contours are presented
for the deformed, undeformed, and half-scaled deformed shapes. Additionally, the
equivalent plastic strain contour is included to provide further insight into the influence
of deformation hinges on damage evolution.

The classic diamond deformation mode is clearly observed in the experimental test.
This finding aligns with previous studies, such as (Yu and Xue 2022), which demonstrated

that the diamond mode is more likely to occur in cylindrical shells with a large diameter-
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to-thickness ratio under axial compression. However, the numerical results in this study
initially exhibited ring-mode deformation. This discrepancy can be attributed to the
defect-free conditions assumed in the simulation, which allowed the material under the
loader to deform asymmetrically, leading to ring-mode buckling at the onset of loading.
As the applied displacement increased to approximately 10 mm, the deformation of the
battery casing transitioned to a non-axisymmetric pattern due to contact and
destabilization effects, ultimately converting to the diamond mode. Notably, this
transition in deformation mode contributed to a higher second peak reaction force in the
numerical simulation results compared to the experimental data, as shown in Figure 6.13.

Subsequently, three pairs of inclined hinges formed at three bulged points and
propagated downward along the +45° directions. These hinges intersected at the swollen
regions of the material, creating new bulged points at a lower height of the battery casing.
As the applied displacement increased, the hinges compacted, forming a horizontal crease.
The materials on either side of the crease came into contact, completing one cycle of
wrinkling formation. This process repeated, leading to the development of diamond-mode
wrinkling layer by layer. The final wrinkling pattern emerged at an applied displacement
of 40 mm, exhibiting a slightly different configuration due to its proximity to the end
boundary. Specifically, the final wrinkle spanned approximately 10 mm along the casing,
compared to the earlier wrinkles, which were confined to about 5 mm. Additionally, the
deformation of the final layer initiated simultaneously at both the top and bottom edges.
As shown in Figure 6.15, the simulation results effectively captured the key mechanical
characteristics of the battery casing during the formation of the final wrinkling.

To analyse the mechanical response of the shell structure at different section points
along its thickness, Figure 6.15 presents numerical results for the outer and inner surfaces
of the battery casing at the end of loading. Interestingly, the stress triaxiality on the two
surfaces exhibited opposite patterns. On the outer surface, the stress triaxiality showed
high values along the hinges but was negative along the horizontal crease. Conversely,
the inner surface displayed the opposite behaviour. However, due to slight hinge
movement during loading, the stress triaxiality on the inner and outer surfaces shifted
accordingly, leading to the evolution of phase field damage on both sides of the shell
casing. In contrast, experimental observations did not reveal such large-scale fracture
paths. This overestimation of damage development in the numerical results may be

attributed to the large plastic strain along the hinges, as shown in Figure 6.14, resulting
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from the local plasticity formulation adopted in this study.

Experimental

Numerical result
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Figure 6.14 Comparison of damage evolution and equivalent plastic strain
distribution with experimental observations during the loading process
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Figure 6.15 Half scaled contour of phase field, equivalent plastic strain and stress
triaxiality distribution on the inner and outer surface of battery casing in the end of axial
compressive test.

6.4.3 Three point bending test on the whole battery cell

In the final example, a three-point bending test was conducted on the entire battery
cell using the experimental setup shown in Figure 6.8(a). The battery cell was simplified
into four primary components: the cover, jellyroll, winding, and battery casing, as
illustrated in Figure 6.16. The cover was modelled as an elastic material due to its low
stress state and minimal influence on the test results. The winding was assumed to behave
as an elasto-plastic material, which did not develop any damage in the experimental
observation. The jellyroll, composed of multiple layers of anodes, cathodes, and
diaphragms, has been extensively studied in the literature for its mechanical properties.
For this study, a simplified homogenized elasto-plastic material model was chosen for
numerical simulations, which effectively captures the jellyroll mechanical behaviour,
characterized by an initial soft response during loading, followed by hardening as the
stacked layers of anodes, cathodes, and diaphragms densify. Material parameters for all
battery components, except for the battery casing, are detailed in Table 2, which refers to

our recently submitted paper.
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The numerical and experimental force-displacement curves for the three-point
bending test, presented in Figure 6.17, demonstrate good agreement. At the initial stage
of'loading, the reaction force exhibited a brief linear increase, attributed to the indentation
of the loader on the battery casing, followed by a phase of gradually decreasing growth
rate. When the applied displacement reached approximately 1.5 mm, the growth rate of
the reaction force significantly increased. This behaviour resulted from the contact and
local densification of the jellyroll, which strengthened the battery structure, as illustrated
in Figure 15. Subsequently, the force-displacement curve entered a period of steady
increase until the applied displacement reached 6 mm. At this point, the experimental
force peaked at approximately 4800 N, closely matched by the numerical prediction of
around 4500 N. Finally, a sudden drop in the reaction force occurred after the peak in
both the experimental and numerical results. This drop corresponded to the formation of
a through-crack along the lower semi-cylindrical curve in the middle of the battery casing,
signifying complete structural failure.

The simulation results of battery deformation are presented alongside experimental
observations during the loading process in Figure 6.18. For the battery casing, the first
two rows illustrate the phase field evolution from front and upward views, while the third
and fourth rows display the Mises stress and equivalent plastic strain contours.
Additionally, the Mises stress distribution of the jelly roll and winding is shown in
subsequent rows. Overall, the simulation results align well with the general deformation

characteristics observed experimentally.
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Figure 6.17 Force-displacement curve of Battery cell under three-point bending
test

At an applied displacement of 1.5 mm, most materials in the battery casing, jelly roll, and
winding experienced low stress levels, except at the contact points on the casing. As the
applied displacement increased to 5.3 mm, significant deformation became apparent,
particularly around the contact points. High stress levels developed at the bottom and the
middle cylindrical edge of the casing, whereas plastic strain emerged at the upper semi-
cylindrical edge in the middle of the battery casing. However, due to the compressive
stress state, the phase field did not initiate, consistent with the fracture strain locus,
indicated by Eq.(6.18). Notably, yielding began in the winding at its middle position,
which likely contributed to the slower rise in reaction force observed in the numerical
force-displacement curve in Figure 6.17. Simultaneously, the high-stress region in the
jelly roll expanded radially from the contact points.

At a displacement of 6.0 mm, fracture initiation occurred at the bottom of the middle
cylindrical edge of the casing, where significant plastic strain accumulated under a tensile
stress state. Damage initiation caused a marked stress reduction in adjacent areas. In the
final stage, at a displacement of 7.1 mm, a through-crack formed at the bottom of the

middle cylindrical edge of the casing, accurately reproducing the experimental crack path.
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Table 6.2 Material parameters for battery components inside the casing

Components Parameters Physical meaning Value
E Elastic modulus 150 GPa
Cover ) )
v Poisson’s Ratio 0.2
E Elastic modulus 150 GPa
Winding v Poisson’s Ratio 0.2
ay Yield stress 1100 MPa
E Elastic modulus 327 MPa
JellyRoll ) )
v Poisson’s Ratio 0.3

To understand the stress state within the battery casing at different section points
along the shell thickness and its influence on fracture damage initiation, Figure 6.19
presents a histogram of the stress state at fracture initiation for five section points in the
numerical model. It is observed that the majority of damage occurs at SP1 and SP5, which
are located near the bottom and top surfaces, respectively, followed by SP4. In contrast,
minimal damage is observed at SP2 and SP3, which are situated close to the neutral
surface of the shell structure. Furthermore, damage initiation is most likely to occur within
the stress triaxiality intervals of [0.1, 0.3] and [0.55, 0.65], attributed to the lower fracture
strain in these regions.

Figure 6.20(a-b) depicts the final contours of the damage index parameter D on the
inner and outer surfaces of the casing. A magnified view of the central region of the battery,
highlighting the primary damage zone, is provided in Figure 6.20(c), alongside
corresponding experimental observations in Figure 6.20(d). The material damage in this
test can be categorized into three distinct regions. First, a pronounced through-thickness
semi-cylindrical crack path is observed in the bottom central region of the battery casing,
contrasting with the three-point bending test on the casing alone, where no damage was
observed in the bottom half. Second, damage initiation is evident on the outer surface of
the front and back sides of the casing due to significant swelling. Additionally, phase field
damage is initiated at the top of the specimen, where the material directly contacts the
indenter. To further investigate the stress state and plastic strain evolution in these regions
during loading, points A, B, and C were selected from each region, and their damage
evolution was analysed, as illustrated in Figure 6.20(e)-(g).

For point A, located in the swelling region, the stress triaxialities at section points
SP1, SP2, and SP3 remain around -0.5, within the cut-off region, preventing damage

initiation. Conversely, the stress triaxialities at SP4 and SP5 initially exhibit high values
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around 0.5, gradually decreasing during swelling formation, thereby reducing the fracture
strain threshold. Damage at these section points initiates at a stress triaxiality of
approximately 0.2.

For point B, situated beneath the indenter, the stress triaxialities along the shell
thickness fluctuate significantly between -0.5 and 0.5. This variation is attributed to the
changing bending direction caused by the moving hinge under continuous indenter
loading. Consequently, damage is more likely to initiate on the outer or inner surfaces of
this region, accompanied by substantial plastic strain development.

For point C, located at the middle bottom of the shell casing, the stress triaxiality
and plastic strain evolution exhibit high consistency, as shown in Figure 6.20(g). Unlike
the three-point bending test on the casing alone, where the upper half of the semi-
cylindrical casing bears most of the load, in the battery cell test, the bending force from
the indenter is distributed across both the upper and lower parts of the cylindrical casing
via the internal jellyroll. The upper half of the casing experiences compressive axial stress,
inducing bending deformation and swelling, while the lower half is subjected to tensile
stress. As a result, the stress state at the middle bottom area is dominated by membrane
tensile stress, with all sections demonstrating a consistent stress triaxiality of
approximately 0.5 until phase field damage initiation.

This analysis underscores that the stress state of materials in real-world structures
undergoes significant changes during loading. Moreover, the evolution of plastic strain
and stress state remains consistent under membrane tensile-dominant conditions but
varies considerably under bending-dominant conditions. Therefore, it is crucial to account
for stress-state-dependent crack initiation at multiple levels across the shell thickness to
accurately capture fracture behaviour and mechanical response, which is well

characterized in this proposed shell phase field model.
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Figure 6.18 Comparison of numerical crack path evolution with the experimental

observation for battery cell under three-point bending test
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6.5 Summary

In this study, the shell phase-field model previously developed was employed to
simulate the crush behaviour of a 11850 lithium-ion battery casing. Extensive material
testing was conducted to calibrate the model parameters accurately. Experimental results
from uniaxial tension specimens along three distinct orientations revealed pronounced
anisotropy in yield stress, effectively captured using the Hill 48 stress model with
appropriately calibrated parameters. In contrast, the elastic modulus and fracture strain
demonstrated minimal sensitivity to material orientation. To account for the stress-state
dependence of fracture strain, the Bao-Wierzbicki fracture criterion was adopted. Model
parameters were calibrated by correlating experimental and numerical force-displacement
curves derived from a series of tests, including uniaxial tension, notched tension, and
central hole specimens. Validation was further performed using a five-hole specimen test,
with the simulated fracture behaviour and force-displacement curves showing strong
agreement with experimental results.

The calibrated parameters were subsequently applied to simulate three-point
bending and axial compression tests on the battery casing. For the battery casing, the
three-point bending test indicated that damage was concentrated at the front and back
equatorial points where the element bending direction transitioned from inward to
outward as the indenter advanced, leading to damage initiation in the material near the
outer and inner surfaces. In the axial compressive loading, the fluctuated numerical force-
displacement curves generally aligned with the experimental result despite of a slight
delay in densification, which is attributed to the automatic thickness reduction in Abaqus
contact algorithm for stacked shell elements. In the three-point bending test on the battery
cell, damage within battery casing primarily occurring at section points near the inner and
outer surfaces, with stress triaxiality mainly falling into intervals of [0.1, 0.3] and [0.55,
0.65]. The analysis of three representative elements showed significant depth-dependent
variation in stress states and plastic strain under bending-dominant conditions, with
consistent behaviour observed under membrane tensile-dominant conditions.

The numerical and experimental analyses in this study reveal that the stress state of
materials in real-world structures undergoes significant changes during loading and varies
considerably along the shell thickness, particularly under bending-dominant load

conditions. Consequently, it is essential to account for stress-state-dependent crack
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initiation at multiple levels across the shell thickness to accurately capture fracture
behaviour and mechanical response, a capability well-characterized by the proposed shell
phase-field model. Despite its effectiveness and robustness in simulating the mechanical
behaviour and damage evolution of battery casings, the proposed model still has several
limitations that warrant further investigation. For instance, incorporating a nonlocal
plastic formulation could enhance its applicability to thin-walled structures undergoing
large deformations. Additionally, while this study focuses on the mechanical deformation
of batteries under abuse loading, the coupled electrical-mechanical response of the battery

casing remains unexplored and presents a promising avenue for future research
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7. DYNAMIC SHELL PHASE FIELD FRACTURE MODELLING

In practical engineering applications, thin-walled structures such as battery casings,
pressure vessels, and aerospace components are often subjected to dynamic loading
conditions, including impact, blast, and rapid deformation. Under such conditions, both
the strain-rate dependence of material behaviour and the interaction between dynamic
effects and fracture evolution play crucial roles in determining the structural integrity and
failure mode.

Building upon the quasi-static shell phase-field formulation developed in Chapter
5, this section extends the model to account for dynamic fracture processes within thin-
walled structures. The dynamic shell phase-field framework incorporates inertia effects
through the balance of linear momentum and introduces a rate-dependent constitutive
relationship to capture the strain-rate sensitivity of the material’s flow stress and fracture

energy.

7.1 Formulation of dynamic shell phase field model

7.1.1 Shell kinematics
In this study, we mainly study the dynamic fracture for Kirchhoff-Love shell
(Ebenfeld 1999), with high ratio of width and thickness, where the only stress components
within the shell reference are considered. As demonstrated in Figure 6.1, the crack on the
the thin-wall structure can be represented on its reference surface (mid-surface). The local
coordinate system (&4, t, and t3) is also constructed based on the local reference surface
to describe the shell element configuration, where t; represents the local normal direction
to the reference surface, while £, and t, are two orthogonal directions, following the
below condition,
ti-tj =96y (7.1)
where §;; is the Kronecker delta. With the local coordinate system, the position of a

material point within shell element is defined as,

X(Si) = f(Sa:) + f33 (Sa)ts (Sa)SS (7.2)
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Figure 7.1 Shell crack representation in the global and local coordinate system
where S, (a ranges from 1 to 2) are local surface coordinates within reference plane, and

S; € [— %,%] is the coordinate on t5 direction; x(S;) and x(S,) represent the position of

material point §; and its projecting point S, on the reference plane; f33 is the thickness
increase factor, which is assumed to be constant along the thickness direction.

Based on Eq.(5.2), the gradient of the position can be expressed as,

ox ox ot

—— ==+ f33525;

95, _ 9S4 S, (73)
ox = .
75, f33t3

where the derivative of f3; with respect to S, has been neglected. Its components within

the reference plane can be obtained as below,
a — —
faﬁ =1y é = faﬁ + Baﬁf33S3 (7.4)

where the reference surface deformation gradient £, p and reference normal gradient Bg

are defined as follows,

= ox ox
def —_ = o
faﬂ = ta asp ta asg
§3=0 (7.5)
B, drg .0
af = ta asp

In the original shell configuration, X represents the position of the projecting point on the

reference plane. The original normal direction to reference plane T; is defined by

oX oxX oX _ oX
T; = (EXE)/|EXE (7.6)

where S, and S), are coordinates of two arbitrary two unparalleled directions within the

reference plane of shell element. Meanwhile, direction T, is specified as one arbitrary
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direction parallel to the shell surface, for example, the projection of the global x direction
on the shell surface or the roll direction for the rolled thin-wall structure. The remained

T, direction could be finally specified to be vertical to T, within the shell reference

surface.
a b c
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Figure 7.2 Regularisation of sharp crack to damage zone. (a) fracture topology of the
shell solid (b) sharp crack on shell reference surface; (c) regularised phase field
distribution on shell reference surface

7.1.2 Energy functional
7.1.2.1 Crack topology regularisation

Based on the Kirchhoff-Love shell kinematics, the fracture topology of shell
structure is demonstrated in Figure 7.2(a). The shell solid Q with thickness of ¢ got a
through-thickness sharp crack 7, and it was under the constraint of Neumann boundary
d0° and Dirichlet boundary 02", which satisfy Q" N 0Q° = @ and 9Q = a0 U a0s.
In each section layer, the sharp crack /" is regularised with phase field damage variable d,
from the totally broken state (d = 1) to the intact state (d = 0) of material with the length
scale parameter [, demonstrated as Figure 6.2(b) and (¢). Accordingly, the crack surface
density function vy is introduced referring to standard phase field formulation in three-

dimension space, written as below,
2
y(d,vd) = j—lc+’§|w|2 (7.7)

With the introduction of critical energy release rate Gy, which indicates the required
energy for generating per area crack surface within Griffith fracture theory, the fracture

energy Ef, within shell could be given by,
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a2 1
Efra = [, Gf* (Z+;|Vd|2)dﬂ (7.8)

7.1.2.2 Total power
Within the shell solid {2, the deformation rate at position x within {2 is denoted as D,
with its elastic and plastic component represented by D¢ and DP, respectively. Therefore,

the elastic P, and plastic power P, can be written as follows,
Peo = [, (1= d)?*D°:5d0 (7.9)

Ppia = [, [(1 = d)*(1 — )D?:G + xDP:5]dn (7.10)
In Eq.(7.10), parameter y denotes the fraction of dissipated plastic work that is converted
into heat (You, Waisman et al. 2021), while the remained plastic work is conserved and
contribute to phase damage evolution. In addition, according to the plastic work
equivalisation, the plastic work in Eq.(7.10) could also be expressed by the equivalent

plastic strain rate &P and its conjugate effective yield stress f (@) as follows,

Poia = Jo [(1 = *(1 = )f (@) - 7] da (7.11)
The kinetic power Py;, is integrated within shell solid in the following formulation (L1,
Liu et al. 2025),
Pein = [, pu-itdQ (7.12)
where 1 and it represent the velocity and acceleration, respectively.
The fracture power can be derived from Eq.(7.8) as follows,
Prra ==L = [, (Gelon - vdd) ds — f, f—:(lczAdd —dd)de  (7.13)
In this study, we consider the rate-dependent viscosity energy for the fracture evolution,
and the viscosity power is written as,
Pys = [, >d-ddn (7.14)
where w denotes the viscosity parameter in consistent with previous study. In addition,

the power of external work could be obtained via the body force fand traction force ¢ on

boundary dQ°, as follows,

Pext = [ (f +) d2 + [,(t - &) dO2 (7.15)
The rate potential functional can be written as follows (Hofacker and Miehe 2012, Li, Liu
et al. 2025),

(1, d, &P ) = Pyiq + Ppig + Piin + Prra + Pyis + Pexe (7.16)
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Based on the Hamilton theory (Dunne and Petrinic 2005, Li, Liu et al. 2025), the
governing equations for displacement field and phase field in strong form could be
obtained as follows,

V-o+b=pu inQ

o-n—t=0 on 0 (7.17)
u=1u on 0N
. —i _ e ) _ﬁ 72 ;
{d =—(2(1 = d)(95 + ¥p) L. (d -1 Ad)), inQ (7.18)
Vd - n=0 on 01}

where @§ and 1} represent the bulk elastic energy density and conserved plastic work at
time s within the shell, and can be calculated as below,
pé(x,s) = f; o:D¢ ds (7.19)
ob(x,5) = fos(l — x)o:DP ds (7.20)
The formulation of equivalent plastic strain can be derived from Eq.(7.16),
P (u,&,&?,T) = f(0) — 0, (&P, €, T) (7.21)
where 0, represents the effective (undamaged) flow stress. In this study, its hardening

behaviour incorporates the dynamic effect, thermal effect, and the evolution of equivalent

plastic strain, which will be discussed in detail in a later section.

7.1.3 Thermal evolution

In high-rate experiments, such as those involving impact, shock loading, or high-
speed deformation, the temperature within a structure can indeed increase significantly
due to the conversion of plastic work into thermal energy. This phenomenon is a result of
the material's internal dissipation mechanisms during plastic deformation. Here

temperature evolution was calculated using the following equation,

_ X(gp) = Jsp
dT = T 0ydé (7.22)

where dT represents the temperature increment; C, represents the specific heat capacity.
In this study, the fraction of dissipated plastic work y was assumed to be variable
depending on the equivalent plastic strain rate, as referred in (Roth and Mohr 2014, Li,

Liu et al. 2025), written as follows,

( 0 gp < g.lt
(gp) _ (gr—g‘lt)z(3s‘a—2§1’—sit) C < &P J (7.23)
X o (Ea—11)3 Ko Eu S S .
Xo & = €a
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where €, €, and y, are rate-dependent thermal model parameters.

7.1.4 Constitutive model

7.1.4.1 Hill48 yield stress formulation
Additive manufactured shell structures can behave anisotropic mechanical
characteristics, which is attributed to the printing direction in the production process. To

capture this anisotropy, the Hill 48 yield stress formulation is adopted here as,

@) = \/ (H+ G)oy,* + (H+ F)Gyy* — 2H0 .0,y + 2NG ) ° (7.24)
where d,, and d,,,, represent normal stresses along x and y directions within shell surface,
with direction x aligned to the building direction in the local coordinate system; dy,,
represents the shear stress component within the shell surface; H, G, F, and N are four
Hill 48 model parameters. The conjugated equivalent plastic strain associated with the

yield stress could be derived from Eq.(7.24) based on the plastic work equivalence,

written as follows,

. . . . .2
14 p b .p p
(S_.p _ \/(F+H)sxx+(G+H)syy+2Hexxsyy n 285y (7_25)

- FH+FG+GH N

7.1.4.2 Johnson-cook yield stress formulation

To account for the dynamic and thermal effects, the Johnson-Cook flow stress in

Eq.(7.21) can be defined as follows,

0y (&P,&P,T) = ayo(&P) - [1 + CoeS¥ In (i—i)] (1-7m) (7.26)
0

In Eq.(7.26), the first term 0y,0(€P) represents the yield stress under the quasi-static
loading condition at room temperature; the second term describes the Johnson-Cook
dynamic effect on the flow stress. It is also noted that the total equivalent plastic strain &P
was also incorporated in this formulation, following our previous study (Li, Liu et al.
2025). Cy, €, and ,g‘f are model parameters. The temperature soften was captured by the

third term, where T™ is defined as follows,

0 T < Troom
pm—{—Teem T ST < Tyt (7.27)
Tmett—Troom
1 T = Tmelt

where room temperature Ty.,,,, and melting temperature T,,,;; are two thermal model

parameters.
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7.1.5 Ductile fracture criterion

7.1.5.1 Rate-dependent modified Mohr-Column (MMC) fracture strain
The previous studies (Bai and Wierzbicki 2009, Li, Fang et al. 2022, Kumar and
Patel 2024) have proved that the ductile fracture initiation is influenced by the stress state,
which is characterised by the stress triaxiality 7 and Lode angle parameter 8. The Mohr-
Column (MMC) formulation has been modified to capture the equivalent plastic at
fracture initiation for elasto-plastic materials under the quasi-static loading. Here we
further consider the dynamic effect on the it, and the formulation is written as below,
ef(1,0,87) = ] (n,0) - b(éP) (7.28)
The e(]; in Eq.(7.28) is the fracture strain under quasi-static loading, and could be

calculated by (Bai and Wierzbicki 2009, Li, Fang et al. 2022),

ef 00 = [ + 2552 sec (2) - )] [ [ cos () + s (n+

1

sn () 025
The dynamic factor b in Eq.(7.28) is defined by the rate of equivalent plastic strain &P as
follows,

1 &P < g

gl . 7.30
max (b, 1 — yln (%)) EP > &40 (7.30)

b(&P) ={

Here, o represents the threshold of the equivalent plastic strain rate €7, beyond which
the dynamic begins to influence the fracture strain. The parameter b, denotes the ultimate
dynamic factor, which is achieved when plastic strain rate £P reaches a sufficiently high
value. In addition, y is a model parameter that governs the rate of degradation of the

fracture strain as the loading rate increases.

7.1.5.2 Anisotropic accumulated plastic strain

The MMC fracture strain in Eq.(7.28) could be directly employed to the equivalent
plastic strain, defined as Eq.(7.25) for isotropic materials. However, for anisotropic
materials, the equivalent plastic strain at fracture imitation may still vary when the
structure was loaded in different directions, even undergoing identical stress state. To
account for the effect of material orientation on the fracture initiation, the anisotropic

equivalent plastic strain €% is introduced as below,
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grani = [21g- @[5~ @] (7.31)

where &P = [égx,égy,égz,\/fé};y ]T is the Voigt notation of plastic strain rate; B is the
anisotropic mapping matrix, defined as,
Byx O 0 0
[ 0 B, 0 0 ]
0 0 pB,, O
Lo 0 0 Byl

With Eq.(7.31), fracture imitation criterion in this study would be employed on the

B = (7.32)

gP9 16 indicate the effect of material orientation. It is also noted that when B, = Byy =
B2z = Bxy = 1, the anisotropic equivalent plastic strain was degraded into the isotropic

equivalent plastic strain.

7.1.5.3 Fracture criterion under non-proportional loading

Eq.(7.28) gives the threshold of equivalent plastic strain at the fracture initiation for
materials under consistent stress state. However, in practical engineering, the stress state
within materials varies during the loading. To capture the fracture behaviour for such non-
proportional loading, the damage index D is introduced as follows (Li, Fang et al. 2022,
Li, Liu et al. 2025),

gpP gP

D(&P) = [ ST (7.33)
As the development, the damage index D (€?), and fracture initiates at material points
where the value of damage index D exceeds 1.

With the above non-proportional loading fracture criterion, the fracture energy
threshold H™ is then defined as the sum of bulk elastic and plastic energy density when
damage index D first reached 1. Following (Miehe, Hofacker et al. 2015, Li, Fang et al.
2022, Jiang, Li et al. 2023, Li, Liu et al. 2025), a state energy formulation state(X, t) is
introduced to indicate the crack crack driving force at position X and at time t within the
shell (2 as below,

state(X,t) =< fot[ﬁ: D¢ + (1 —¢y)o: DPldr — H™ >, (7.34)
where the bracket operator (*), = %(* +|*|). To avoid the unrealistic fracture healing,

the history energy is introduced as the maximum state energy during the loading process

as follows (Miehe, Welschinger et al. 2010, Ulmer, Hofacker et al. 2012, Miehe, Schianzel
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et al. 2015, Jiang, Li et al. 2023),
H(X) = ax, state(X, 1) (7.35)

Substitution the fracture driving force in Eq.(7.18) leads to the final governing equation

for the shell phase field evolution, as follows,

{d =@ -DH -L(d-L*Ad)),  inQ (7.36)

Vd-n=0 on d()
7.2 Numerical examples

7.2.1 Material sample

To calibrate the parameters of the proposed dynamic shell phase-field model, a series
of material tests were conducted. All samples were fabricated using the Laser Powder
Bed Fusion (LPBF) method with steel 316L powder. These tests included uniaxial tension,
notched tension, simple shear, and hollow centre specimens, as shown in Figure 7.3,
where the thickness of all samples is 1.5 mm. For each sample type, four specimens were
printed transversely and tested at different loading rates of 0.3 m/s, 1.0 m/s, 4.0 m/s, and
8.0 m/s. Additionally, one specimen was printed longitudinally and tested at a loading rate
of 1.0 m/s. During loading, the bottom of each specimen was fixed, while displacement
was applied at the top. A high-speed camera was used to capture the deformation process.

All the model parameters used in this study were adopted from our previous research
(L1, Liu et al. 2025), where they were meticulously calibrated using the 3D explicit

dynamic phase-field model. These parameters are listed in Table 7.1.

7.2.1.1 Uniaxial tension samples under various loading velocities

To study the effect of strain rate on the mechanical characteristics of material, the
force-displacement diagram of UT specimen subjected to different load rates were
demonstrated in Figure 7.4. All of the force-displacement curves exhibited similar trend,
which could be divided into three stages. Firstly, it underwent short elastic stage with
rapid increase of reaction force. Then in the following elasto-plastic stage, reaction force
increased nonlinearly with decreasing rate and then stayed stable resulting from the
plastic hardening. Finally, as the plastic strain continuously developed and reached the
fracture strain threshold, the specimens broke characterised by sudden drop of reaction

force. In general, the numerical results showed good agreement with experimental data.
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Figure 7.3 Design of parameter-calibration samples. (a) uniaxial tensile; (b) notched
tensile; (c) pure shear; (d) hollow centre; (e) three holes samples

By comparing the reaction force of samples subjected to various loading rates in
Figure 7.4, it is found that the fluctuations in the experimental curves are more
pronounced at higher loading rates, which can be attributed to dynamic effects.
Meanwhile, specimens tested under higher loading rate exhibited greater peak reaction
forces in the experiments, with value of 11.8, 12.0, 12.4 and 12.7 kN for loading rates
ranging from 0.3 m/s to 8.0 m/s, which are well captured by the simulation results. In the
proposed constitutive model, the strain rate hardening effect was incorporated via the
Johnson-Cook formulation (see Eq.(7.26)). During loading, the nominal strain rates for
these specimens were 16.7, 55.6, 222.2, and 444.4 s~ corresponding to strain rate
hardening factors of 1.27, 1.31, 1.35 and 1.37, respectively, as calculated from Eq.(7.26).
This increase in strain rate hardening led to a higher flow stress with increasing loading

rates.
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Table 7.1 Material constitutive model parameters (Li, Liu et al. 2025)

Types Parameters Physical meaning value
) E Elastic modulus 145000 MPa
Elastic ) .
v Poisson’s ratio 0.3
F 0.5
. G . . 0.386
Hill48 Hill48 yield stress parameters
H 0.5
N 1.448
Co 0.0312
Gy Plasticity hardening -3.412
Johnson- .
ey 0.0028
Cook 0
formulation Troom 20.0°C
Teit Thermal effect parameters 1398.0 °C
m 0.921
A 1338.8 MPa
n 0.7
C1 MMC fracture parameters 0.01
c1 466 MPa
c1 0.74
Fracture b 0.66
initiation , Rate dependency 0.025 s
Brx 1.0
B 0.2
7 Orientation dependency
B2z 1.0
By 1.5
Cp Heat capacity 460 J/(kg: °C)
Ultimo proportion of plastic work
Temperature Xo ) 0.7
. for the thermal evolution
evolution
&a Adiabatic limit strain rate 1.5¢"
p Density 7850 kg/m?
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Figure 7.4 Force-displacement curve for transversely orientated uniaxial tension
specimen (UT) under different load rates. (a) 0.3 m/s; (b) 1.0 m/s; (c) 4.0 m/s; (d) 8.0
m/s.

As shown in Figure 7.4, the applied displacement at fracture initiation decreased
from 6.3 to 5.8 mm for UT specimen when the loading rate increased from 0.3 to 1.0 m/s
in the experimental test. The numerical results predicted slightly delayed ductile fracture
initiation for these cases. When the loading rate increased further beyond 4.0 m/s (i.e. at
4.0 and 8.0 m/s), fracture initiation occurred at an applied displacement of approximately
5.8 mm, which were well captured by the proposed shell phase field model. In the
proposed rate-dependent fracture strain formulation, the strain-rate-related term in
Eq.(7.30) decreases as the increase of the strain rate; however, this decrease reaches a
threshold beyond a certain strain rate. The close alignment between the numerical and
experimental results in predicting fracture initiation demonstrates the effectiveness of this

shell phase-field model for accurately modelling dynamic fracture behaviour.
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The final fracture paths for the UT samples subjected to loading rate of 0.3, 1.0 and
8.0 m/s are presented in Figure 7.5. In each specimen, fracture initiated at the centre of
the sample and developed horizontally in the middle of samples. When the fracture
evolution approached two sides of the samples, an inclined fracture path emerged,
particularly in specimens subjected to high-speed loading (i.e. v=8.0 m/s in Figure 7.5).
This phenomenon was successfully captured by the proposed shell phase-field model.

Figure 7.5 also demonstrates the numerical contour of anisotropic equivalent plastic
strain at the onset of fracture, which is obviously localised in the middle region of the
samples. The corresponding values are 0.46, 0.44, and 0.41 for loading rates of 0.3, 1.0,
and 8.0 m/s, respectively. Since temperature in this study evolved as a state variable at
the material point and is dependent on plastic strain, it exhibited a similar trend to the
anisotropic equivalent plastic strain, with values of 106, 103 and 98 °C. The strain rate
contours in the simulation results are primarily influenced by the propagation of stress
waves within the material and are localised in the central region of the sample. The strain
rates were found to be 46, 133 and 933 s™1, approximately 2.5 times the nominal values

in their respective contour regions.

193



Final crack path State variable at fracture initiation
S
E
524
=]
1]
=
g
"
0 :':{342.' ;§
d gpani T &
0.0 smrmmrrrem 1.0 0.0 mrrsmrTrem 0.46 0.0 memmrrem 106,1°C 0.0 sswmsrrrem 46.4
"92
£ ‘.‘
I .
il
I »
/ ';fr’nf(‘!q-‘:
kWG
d gpani &
0.0 srmrrEm 1.0 0.0 mmmerrrem .44 0.0 mmzmrrTem 102.8°C 0.0 ssrmmrrrem 133.2
£ l
E =
P . <]
=
FAALE ‘ ‘
ceoiip v,
ARy
d gpani T &
0.0 s 1.0 0.0 smmwserres 0.41 0.0 97.6°C 0.0 933.5

Figure 7.5 Final crack path and the corresponding contours of anisotropic equivalent
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Figure 7.6 Simulation results of state variables at representative elements in UT
specimen under different load rates. (a) equivalent plastic strain and flow stress; (b)
strain rate and temperature; (c) anisotropic equivalent plastic strain and fracture strain;
(d) damage index parameter D and phase field

To examine the influence of strain rate on the fracture mechanical properties of the
material, Figure 7.6 presents the development of €P, hardening stress o,,, strain rate,
fracture strain, anisotropic equivalent plastic strain, damage index parameter, and phase
field at the critical element for specimens subjected to various loading rates.

The loading process could be generally divided into two stages. In the first stage, as
the loading displacement increased to 0.28 mm, a homogeneous mechanical response was
observed. The equivalent plastic strain for specimens under different loading velocities
exhibited a consistent linear increase to 0.13, as shown in Figure 7.6(a). Likewise, the
temperature evolutions for specimens subjected to various loading rates, governed by the
plastic deformation, demonstrated a uniform increase to approximately 40 °C, as

illustrated in Figure 7.6(b). Figure 7.6(b) also depicted the strain rate at critical elements
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for different loading rates during the whole loading process. It was observed that in the
first stage, where the homogeneous mechanical response prevailed, the actual strain rate
remained relatively stable. Furthermore, the flow stress, which is influenced by the strain
rate according to the Johnson-Cook model, varied even in the homogeneous first stage
due to differences in strain rate.

In the second stage, when the loading displacement exceeds 2.8 mm, strain
localisation was observed in the specimens, and the development of material state
variables began to diverge. Specimens subjected to higher loading rates developed larger
equivalent plastic strains and the greater temperature at the same loading displacement.
Moreover, due to coupling effect of temperature, strain rate, and plastic strain evolution,
the divergence became more and more pronounced as the loading displacement continued
to increase. | realized that recognise

Figure 7.6(c) illustrated the evolution of damage index parameter D for different
loading velocities during loading process. While the overall trend of D remained the same
across all cases, the rate of evolution varied. In the first stage, despite the anisotropic
equivalent plastic strains for different loading velocities remained consistent due to the
homogeneous response, the fracture strain was influenced by the strain rate, as indicated
by Eq.(7.28). Materials subjected to higher loading rate exhibited lower fracture strain,
as demonstrated in Figure 7.6(d), leading to a more rapid accumulation of damage index
parameter. In the second stage, the divergence of the evolution of damage index parameter
D became more evident due to the combined effects of anisotropic equivalent plastic
strain and fracture strain. Following the fracture initiation points, the phase field variables
evolve rapidly to 0.9 before gradually reaching unity, consistent with the theoretical
solutions presented in previous studies (Wang, Ye et al. 2020, Jiang, Li et al. 2023).

Figure 7.6(d) also depicted the evolution of anisotropic plastic strain in conjunction
with fracture strain. It is evident that the fracture strain remains relatively stable
throughout the loading process, attributed to proportional loading with a stable strain rate.
Consequently, the evolution of equivalent plastic strain intersects with the fracture strain

at the fracture initiation point for all four cases with different loading velocities.

7.2.1.2 Notched tension, hollow centre and simple shear samples

To further analyse impact of the stress triaxiality and Lode angle on fracture

initiation in materials subjected to dynamic loading, Figure 7.7 presented the
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experimental reaction force diagram for notched tension (NT), hollow centre (CH) and
simples shear (SS) specimens subjected to loading velocity of 300 and 1000 mm/s.
Similar to the UT specimens discussed earlier, the entire loading process consists of three
stages: the elastic stage, characterised by a rapid increase of reaction force; the strain-
hardening stage where the reaction force plateaus; and fracture evolution stage, during
which the reaction force declined sharply. The proposed shell phase field model well
captured these mechanical characteristics, particularly in predicting fracture initiation for
different cases.

Firstly, it is evident that a higher strain rate leads to earlier fracture initiation across
all three samples, which is consistent to the UT samples. Secondly, the fracture strain
varied among the specimens even under identical loading rates, which can be attributed
to the different stress states. As indicated in Figure 7.8, the anisotropic equivalent plastic
strains at fracture initiation were were 0.44, 0.42 and 0.49 respectively for NT, CH and
SS specimen under loading velocity of 1.0 m/s, where the corresponding stress
triaxialities were 0.42, 0.36 and 0.04 at the critical elements in those specimens. This
result illustrates the necessities to consider the stress-state-dependent fracture initiation
criterion in this proposed numerical model.

As shown in Figure 7.8, the equivalent plastic strains € at fracture initiation for the
NT and CH specimens were 0.47 and 0.46, respectively, which closely matched their
anisotropic equivalent plastic strains £7-%™ However, the equivalent plastic strain P for
the SS specimen was 0.36, significantly lower than its anisotropic equivalent plastic strain
gPan 1n this study, 7% is defined by Eq.(7.31) to incorporate the effect of material
orientation on fracture initiation, which depends on the components of the plastic strain
tensor and the corresponding anisotropic model parameters (i.€. Byx, Byy and By,). The
plastic strain in the x-direction dominated the UT and CH specimens, whereas the
deviatoric components were dominant in the SS specimen. One the other hand, S, and

Py were calibrated as 1.0 and 1.5, respectively, leading to close values of &¥ and gpani

for NT and CH specimen, whereas the SS specimen exhibited a larger £7%" compared
with EP. Additionally, temperature evolution in this study is governed by plastic work,
which is controlled by the equivalent plastic strain. As a result, the SS specimen exhibited
the lowest temperature at fracture initiation.

Regarding the fracture path, as shown in Figure 8, the proposed shell phase-field
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model also provided accurate numerical predictions for all specimens analysed in this

study.
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Figure 7.7 Force-displacement curves transversely orientated specimens. (a) NTR20
specimen under 0.3 m/s; (b) NTR20 specimen under 1.0 m/s; (¢) CH specimen under
0.3 m/s; (d) CH specimen under 1.0 m/s; (e) SS specimen under 0.3 m/s; (f) SS
specimen under 1.0 m/s;
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Figure 7.8 Contours of phase field evolution, anisotropic equivalent plastic strain and
temperature at fracture initiation for material samples.

The MMC fracture envelope in this study is presented in Figure 7.9, along with the

evolution histories of plastic strains corresponding to the stress state at critical points in

the UT, NT, CH, and SS specimens subjected to a loading rate of 1.0 m/s. Although the

strain rate at these elements may vary throughout the loading process, the differences are

negligible. Therefore, an average strain rate of 240 s~! was adopted to calculate the MMC

fracture strain locus based on Eq.(7.28). As observed, these four specimens encompass a

wide range of stress states, and the accurate simulation results obtained using the

proposed shell phase-field model validate its effectiveness and flexibility. Furthermore,

due to the approximately proportional loading conditions, particularly for the UT and NT

specimens, their fracture initiation points are close to the fracture envelope surface.
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Figure 7.9 MMC fracture envelope and load history for critical material points in UT,
SS, NTR20 and CH specimens.

7.2.2 Three hole samples

In this section, we further validate the proposed shell phase field model via a three
hole sample, the geometry of which was presented in Figure 7.3(e). Two tests were
conducted on the three-hole specimens subjected to loading rate of 1.0 and 4.0 m/s
respectively.

Figure 7.10 (a) and (b) presented the corresponding experimental results for both
loading rates, alongside the numerical predictions from the proposed shell phase-field
model. The strong agreement between experimental and numerical results confirms the
effectiveness of the proposed model in accurately capturing the dynamic response and
fracture evolution of shell structures under complex stress states and varying loading rates.
A comparison of Figure 7.10(a) and (b) reveals that specimens subjected to higher loading
rates exhibit greater peak forces, while the overall trend of the reaction force remains
similar. Therefore, in the subsequent analysis, we only focus on the case with a loading
rate of 1.0 m/s.

As shown in Figure 7.10(a), the loading process can generally be divided into four
stages. In the first stage, the reaction force increased rapidly, reaching a peak at
approximately 23 kN, and then remained stable due to the strain hardening until the
applied displacement increased to 1.5 mm in the numerical results (occurring slightly
earlier in experimental test). At this moment, two fracture initiations, accompanied by
significant plastic strain concentration, were observed at notch D and circle A in both

experimental and numerical results, as indicated in Figure 7.11.
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In the second stage, the global force decreased from 23 kN to 18 kN as the applied
displacement increased by a further 0.5 m. This reduction corresponded to the rapid crack
propagation from circle A to sample edge in the horizontal direction, as shown in Figure
7.11. During this stage, fracture initiated at the notch D exhibited only minor propagation.
The simulation results accurately predict the fracture propagation and mechanical

response in this stage.
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Figure 7.10 Force-displacement curves of Three Hole specimens. (a) 1.0 m/s; (b) 4.0
m/s.

In the third stage, the reaction force underwent a significant decline, as depicted in
Figure 7.10(a), which was well captured by the numerical simulation. The sharp reduction
in global force was attributed to damage evolution from notch D towards circle B in a
left-downward direction, where the material bears the majority of the global load.
Compared with the experimental observations, the numerical simulation predicts a crack
path with a slightly smaller inclination angle; however, the discrepancy remains within
an acceptable range, as shown in Figure 7.11 (u=2.8 mm). Notably, the material along
this path experiences high stress triaxiality, leading to a lower fracture strain in this region.

In the fourth stage, the simulated reaction force remained stable before the applied
displacement reached 4.6 mm, after which it gradually declined to zero. In contrast, the
experimental reaction force remained relatively stable, though fluctuations were observed,
likely attributed to inertial effects. At this stage, the final fracture initiated at circle A and
propagated toward circle B. Initially, the fracture path inclined at approximately 30
degrees to the horizontal, with the material experiencing high stress triaxiality along the

path. Notably, when the applied displacement reached 4.6 mm, the propagation angle
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shifted to 60 degrees, with the material in the new direction also undergoing high stress
triaxiality. This transition was successfully reproduced in the simulation, as shown in

Figure 7.11.
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Figure 7.11 Comparison of experimental and numerical fracture path of single-notched
sample with three holes.

7.3 Summary

In this study, an explicit shell phase-field model was developed to simulate dynamic
fracture behaviour in thin-walled structures. Within this framework, temperature was
incorporated as a state variable, governed by dissipated plastic work, while material
anisotropy was captured using the Hill48 yield stress formulation. The constitutive model

integrated temperature, strain rate, and equivalent plastic strain through a thermally and
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rate-dependent Johnson-Cook flow stress model. Fracture initiation in ductile materials
under dynamic loading was characterized using the modified Mohr-Coulomb (MMC)
fracture strain, coupled with strain rate effects. Furthermore, an anisotropic plastic strain
measure was introduced to account for material orientation-dependent fracture initiation.
The evolution of the phase-field damage variable was governed by elastic energy and
retained plastic work.

To calibrate the model parameters, a series of material tests were conducted. In the
uniaxial tension (UT) tests, the loading process were divided into two stages: an initial
homogeneous response, where equivalent plastic strain and temperature increased
uniformly, and a second stage of strain localization, where divergence in plastic strain and
temperature evolution was observed. Moreover, the applied displacement at fracture
initiation decreased significantly when the loading rate increased from 0.3 to 1.0 m/s,
while demonstrated no obvious change when loading rate further increase beyond 1.0 m/s.
This phenomenon was effectively captured by the proposed shell phase-field model,
which incorporates a maximum limit on a strain-rate-dependent factor in the fracture
strain formulation.

Additional tests on notched tension (NT), hollow centre (CH), and simple shear (SS)
specimens revealed that the SS specimen exhibited a higher threshold for fracture strain.
The numerical simulations effectively captured the fracture behaviours of these samples,
highlighting the necessity of incorporating a stress-state-dependent fracture criterion.
Besides, temperature evolution was found to depend on the dissipated plastic work,
controlled by the equivalent plastic strain and strain rate.

Finally, the model was further validated using single-notched specimens with three
holes. The force-displacement process was divided into four stages: an initial rapid force
increase followed by strain hardening, fracture propagation from circle A to sample edge,
fracture propagation from notch D to circle B, and final fracture evolution from circle A
to circle B. The model accurately predicted fracture initiation and propagation paths,
including transitions in fracture evolution direction due to high stress triaxiality. The
successful reproduction of fracture transitions further validates the capability of the
proposed model in capturing dynamic responses and fracture evolution under complex

stress states.
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8. CONCLUSIONS AND FUTURE WORK

8.1 Conclusions

8.1.1 Double phase field model with crack-directional decomposition

To model fracture propagation in 3D solids for different crack modes, this study has
proposed a double phase field model with strain energy decomposition based on the
crack-orientation-based coordinate system. The tensile and shear components of
decomposed strain energy contribute to the crack propagation of tensile and shear damage
phase field d; and d., respectively. The plastic contribution for crack evolution is coupled
by associating the decomposed tensile and shear plastic strains with the correspond
fracture energy release rates G; and G.. This proposed model is implemented through
ABAQUS subroutines UEL and UMAT with a staggered solution method for tensile/shear
damage phase field and displacement field.

Five numerical examples are conducted for parametric analysis and model
effectiveness verification. In the first example of one element under tension and
compression loading, the agreement between the numerical results and analytical
solutions indicates the correctness of the implementation of this proposed model. The
second example of single-edge notch specimens with different values of a; and b, subject
to uniaxial tension have demonstrated that a larger a, as well as a smaller b, lead to lower
material strength, while the effect of b, could be negligible when it is smaller than 0.01.
The third simulation on single-edge shear loading specimens have proven that the G./G;
plays great roles on the crack mode: when G./G; is less than or equal to 1.4, shear crack
dominate the specimen failure, when G./G; is equal to 2, mixed crack mode appears, and
when G./G; is larger or equal than 2.4, tensile crack dominates the failure. Meanwhile,
the mixed crack mode specimen has showed the highest load bearing capability among
all specimens. In the fourth numerical example, a group of uniaxial tension, simple shear
and tension-shear specimens is considered, which shows good agreement with
experiment data in terms of crack path and load versus displacement curve, which
demonstrates the capability of this proposed double phase field model for different crack
mode modelling. Lastly, the third Sandia challenge example is modelled and compared
with experiment data, demonstrating capability of this proposed phase field model for

complex 3D crack propagation modelling.
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8.1.2 Unified strain energy decomposition method

To capture the fracture behaviour under all kinds of complex stress states properly,
this study proposed a unified strain energy decomposition approach, where the strain
energy is split on the local coordinate system into three components, namely tensile, shear
and compression parts. The local coordinate is determined by maximising the F-criterion
function energy, the sum of the tensile and shear strain energy normalised by
corresponding tensile/shear crack energy release rate. An innovative method focusing on
three normal stresses is proposed to search for its optimized configuration. This proposed
a unified strain energy decomposition approach could recast to the commonly adopted
spectral, V-D and crack-surface-based strain energy decomposition under specific load
conditions. Also, the proposed model can reveal the competition between tensile and
shear energy dissipation under complex stress states, which depends on the stress states,
tensile/shear fracture toughness and the Poison’s ratio. The proposed unified phase field
model is implemented explicitly via the ABAQUS subroutines VUEL and VUMAT. This
implementation is validated via the one element test, where uniaxial tension and uniaxial
compression test is conducted, and the numerical results matches the homogenous
analytical solution.

In this study, the unified decomposition method for phase field modelling is
compared with isotropic, V-D, and spectral approaches through a series of numerical
examples, covering various stress states loading, including tensile, compression, tensile-
shear, compression-shear. In the dogbone compression test, the spectral model showed
unphysical load-displacement curve with infinite growth even though the phase field
damage has fully developed; The unified and V-D model demonstrated similar load-force
curve, while they have predicted different crack path, with unrealistic X-shape for V-D
model, and inclined fracture surface for unified model. For the perforated asymmetric
bending test (PABT) where the tensile stress dominates, the simulation result by unified
and spectral model showed proper mechanical response, similar to the isotropic damage
model, while the V-D model predicted larger loading-carry capacity caused by the
unsuitable deviatoric energy dissipation for the tensile dominant fracture in this specimen.
In the last triaxial compression test specimen, the proposed unified strain energy showed
best performance for reproducing the experimental fracture propagation process,

compared with other approaches.
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8.1.3 Five-layer shell phase field model with fracture initiation criterion

In this study, five layers of phase-field variables were introduced to represent the
fracture progression along the thickness direction, corresponding to the five Simpson
integration points through the shell thickness. This approach allowed for direct stress
degradation at each integration point without the need for interpolation tools, as
demonstrated in the current research. Moreover, fracture initiation at each layer was
described using a stress-state-dependent fracture strain formulation, applying the MMC
criterion for 316L steel and the Bao-Wierzbicki criterion for Ti-6Al-4V.

Several numerical examples were conducted to validate the proposed model. First,
the model’s implementation was verified by the convergence of numerical results as the
phase-field viscosity parameter decreased. In the notched cylinder under axial tension,
the model accurately predicted a through-cylinder crack path, and it was found that
fracture strain significantly influenced the force-displacement curve. In the third example,
a notched cylinder with an axial pre-crack was subjected to internal pressure with two
different boundary conditions: one with, and one without, circumferential straps at the
ends of the specimen. The results showed that the straps effectively confined crack
propagation within the limited area, aligning well with experimental observations and
previous numerical studies. Finally, two experimental tests were simulated using the
proposed shell phase-field model. In the three-point bending test of a square tube, the
model successfully captured five distinct stages of deformation: elastic deformation, local
indentation, side-surface buckling, bulge strap growth, and global bending, all of which
showed good consistence with the experimental observation. In the final example, the
Gyroid TPMS structure was subjected to axial compression. Despite a slight delay in
densification due to the shell element configuration in the Abaqus algorithm, the two
distinct deformation modes were accurately captured, and the global force-displacement

curve closely matched the experimental results.

8.1.4 Application of shell phase field model for battery casing

In this study, the developed shell phase field model was employed to simulate the
crush behaviour of a 11850 lithium-ion battery casing. Extensive material testing was
conducted to calibrate the model parameters accurately. The Hill48 yield stress was
adopted to indicate the anisotropic mechanical response. To account for the stress-state

dependence of fracture strain, the Bao-Wierzbicki fracture criterion was adopted. Model
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parameters were calibrated by correlating experimental and numerical force-displacement
curves derived from a series of tests, including uniaxial tension, notched tension, and
hollow centre specimens. Validation was further performed using a five-hole specimen
test, with the simulated fracture behaviour and force-displacement curves showing strong
agreement with experimental results.

The calibrated parameters were subsequently applied to simulate three-point
bending and axial compression tests on the battery casing. For the battery casing, the
three-point bending test indicated that damage was concentrated at the front and back
equatorial points where the element bending direction transitioned from inward to
outward as the indenter advanced, leading to damage initiation in the material near the
outer and inner surfaces. In the axial compressive loading, the fluctuated numerical force-
displacement curves generally aligned with the experimental result despite of a slight
delay in densification, which is attributed to the automatic thickness reduction in Abaqus
contact algorithm for stacked shell elements. In the three-point bending test on the battery
cell, damage within battery casing primarily occurring at section points near the inner and
outer surfaces, with stress triaxiality mainly falling into intervals of [0.1, 0.3] and [0.55,
0.65]. The analysis of three representative elements showed significant depth-dependent
variation in stress states and plastic strain under bending-dominant conditions, with

consistent behaviour observed under membrane tensile-dominant conditions.

8.1.5 Dynamic shell phase field model

In this study, an explicit shell phase-field model was developed to simulate dynamic
fracture behaviour in thin-walled structures. Within this framework, temperature was
incorporated as a state variable, governed by dissipated plastic work, while material
anisotropy was captured using the Hill48 yield stress formulation. The constitutive model
integrated temperature, strain rate, and equivalent plastic strain through a thermally and
rate-dependent Johnson-Cook flow stress model. Fracture initiation in ductile materials
under dynamic loading was characterized using the modified Mohr-Coulomb (MMC)
fracture strain, coupled with strain rate effects. Furthermore, an anisotropic plastic strain
measure was introduced to account for material orientation-dependent fracture initiation.
The evolution of the phase-field damage variable was governed by elastic energy and
retained plastic work.

To calibrate the model parameters, a series of material tests were conducted. In the
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uniaxial tension (UT) tests, the loading process were divided into two stages: an initial
homogeneous response, where equivalent plastic strain and temperature increased
uniformly, and a second stage of strain localization, where divergence in plastic strain and
temperature evolution was observed. Additional tests on notched tension (NT), hollow
centre (CH), and simple shear (SS) specimens revealed that the SS specimen exhibited a
higher threshold for fracture strain. The numerical simulations effectively captured the
fracture behaviours of these samples, highlighting the necessity of incorporating a stress-
state-dependent fracture criterion. Besides, temperature evolution was found to depend
on the dissipated plastic work, controlled by the equivalent plastic strain and strain rate.
Finally, the model was further validated using single-notched specimens with three
holes. The force-displacement process was divided into four stages: an initial rapid force
increase followed by strain hardening, fracture propagation from circle A to sample edge,
fracture propagation from notch D to circle B, and final fracture evolution from circle A
to circle B, as depicted in Figure 7.11. The model accurately predicted fracture initiation
and propagation paths, including transitions in fracture evolution direction due to high
stress triaxiality. The successful reproduction of fracture transitions further validates the
capability of the proposed model in capturing dynamic responses and fracture evolution

under complex stress states.

8.1.6 Contribution summary

The overall significant contribution of this dissertation could be summarised as
below:

. Established a comprehensive phase-field framework unifying solid,
shell, and dynamic formulations for ductile and brittle fracture modelling.

o Provided an efficient computational implementation within ABAQUS,
validated by both numerical benchmarks and experimental correlations.

o Offered new insights into mode-dependent fracture behaviour, stress-
state effects, and dynamic failure mechanisms in complex engineering structures such

as thin shells and battery casings.

8.2 Recommendation for future research

8.2.1 Uncertainty analysis

In this study, we conducted only a deterministic analysis of the fracture behaviour
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of materials. However, in practical engineering applications, materials are inherently
heterogeneous throughout the structure. For instance, the fracture initiation parameters
examined in this study have a significant impact on the mechanical response, where even
small variations can lead to substantial differences. Therefore, incorporating uncertainty
analysis into the phase-field model framework is crucial for providing a more accurate

safety assessment, ensuring reliability in structural design and optimization.

8.2.2 Multi-physical coupled problems

The phase-field model in this study primarily focuses on mechanical fracture
modelling. In the future, it could be further extended to incorporate multi-physical
couplings. For example, the shell phase-field model could be coupled with the hydrogen
diffusion process to simulate hydrogen embrittlement phenomena. Additionally, the
phase-field model can be integrated with thermal, chemical, electrical, and fluid flow

phenomena to enhance its applicability in complex engineering and scientific problems.

8.2.3 Incorporate the non-local plasticity into the shell phase field model

Large plastic deformation can occur in thin-walled structures. However, the
proposed shell phase-field model still employs a local plasticity model, which neglects
the non-local effects on plastic strain evolution and the localization of damage due to
plasticity concentration. To address this limitation, future work could incorporate a non-
local plasticity formulation into the shell phase-field model, enhancing its applicability to

thin-walled structures undergoing large deformations.
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Appendix

A1 Analytical solution of unified phase field model for uniaxial tension
loading
As depicted in Figure 4.9(a). the asymmetric loading condition in x and y directions

resulting in identical lateral axial strains. Hence the strain tensor for the uniaxial tension

loading could be written as,

Ex O 0
€= [ 0 &x O ] (A1)

0 0 &4

With the elastic strain &, the effective stress @ could be obtained as,
Exx T &7V 0 0
_ E
G=———+— 0 Exx T €2V 0 ] (A2)
D=2y 0 0 &1 —v) + 2,V

According to the LCSD decomposition strategy of Eqs.(4.17)-(4.21), the decomposed

three part of effective stress is written as,

( 2 0 0
=+ _ E[£47(1—V)+2€xxV] 1-v v
I (v+1)(1-2v) — 0
0 0 1
{ ah =0 (A3)
e 1 0 O
o =—|10 1 0
1-v
\ 0 0 O

Hence, the nominal stress can be calculated by Eq.(4.22) and the component of g,, and

Oy 18 Written as,

=K (1_V)(SZZV"'Sxx)_V[l_(l_d)Z](Szz_fzzv+25xxv)
x (1-v)(14v)(1-2v)
_ E(1-d)?(€22— €77V +2ExxV)

zz (v+1)(1-2v)

Ox
(Ad)

Considering the free boundary of tested one element in x and y directions, zero axial
stress response in that two directions should be achieved. Based on this statement, the

axial strain &, is be solved by ensuring o, equal to zero, as follows,

_ gsz(l_d)z(l_V)
Exx = 2v2(1—-d)2+(14v)(1-2v)

(AS5)

Substitution Eq.(AS5) into Eq.(A4) leads to the analytical solution of stress response g,

as below,
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_ E(1-a)?%(g77—827V+2E55V)
zz v+1)(1-2v)

(A6)

Substituting Egs.(A3) and (AS5) into Eq.(4.28), fracture driving force for uniaxial tension

loading of unified model is obtained as,

1_4+ e _ Egz2(1-v)(1+v)(1-2v)
== 0'1 ET =
2 2(2d2v2-4dv2-v+1)2

(A7)

A2 Analytical solution of unified and isotropic model for biaxial

tension loading

The boundary condition of the biaxial tension loading is demonstrated in Figure
4.9(a), the single element is extracted in x and y direction, while remained free in z
direction. Similar to the uniaxial tension loading, the axial strain €y, and &, keep
consistent due to the asymmetric loading condition. Hence the formulation of the elastic
strain and effective stress tensor are identical to the uniaxial tension loading, expressed
by Egs.(Al) and (A2).

(1) Analytical solution for the unified phase field model

The decomposition of the effective stress is written according to Eqgs.(4.17)-(4.21)
which belongs to the third decomposition type listed in Table 4.1.

r—+ __ E(exxtezzV) |:(]5 (1) 8 ]
=
(v+1)(1-2v) 0 0 2v
{ ;=0 (A8)
0 0 O
6 =FE¢,|10 O 0]
\ 0 0 1

Similar to the uniaxial tension loading, the nominal stress of biaxial tension loading is

calculated, and the stress component g, and g, are given by

_ E(1-d)%(exx+€22V)
XX T (14v)(1-2v)
2V(ExxtEzzV)(A—(1—d)?)—28xxV+EzV—E4,
A+v)(1-2v)

(A9)

0,, = —F

For the biaxial tension loading, the stress component g,, is supposed to be equal to zero

due to the free constrain in z direction, by which ¢,, can be solved as,

—d)2
£,y = 2&xxv(1—d) (AIO)

- 2v2(1-d)2+(1+v)(1-2v)

With g,, solved, the stress response oy, and fracture driving force can be obtained,

similar to the deduction of analytical solution of uniaxial tension loading test, given by
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(1-d)*Eexy

xx = 2v2(1-d)2+(14+v)(1-2v) (All)
_ 14 e _ Egxx’(1+Vv)(1-2V)
H= 2018 = (2d2v2—4dv2—v+1)2 (Al2)

(2) Analytical solution for isotropic phase field model
For the isotropic phase field model, we just need to solve the elastic strain ¢,, easily
by ensuring the component g, in effective stress tensor to be zero. The calculated result

1s written as below,

= — L (A13)

&
zZ 1—v

The nominal stress response of g, for isotropic phase field model is then easily obtained

as,

N2
Opx = (1 — )25y, = L") Foxx (A14)

1-v

The phase field driving force then can be calculated according to Eq.(4.23).

(A15)
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