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A Correlated Pseudo-Marginal Approach to
Doubly Intractable Problems

Yu Yang*™**, Matias Quiroz™, Robert Kohn®l and Scott A. Sisson¥**

Abstract. Doubly intractable models are encountered in a number of fields, e.g.
social networks, ecology and epidemiology. Inference for such models requires the
evaluation of a likelihood function, whose normalising factor depends on the model
parameters and is assumed to be computationally intractable. The normalising
constant of the posterior distribution and the additional normalising factor of the
likelihood function result in a so-called doubly intractable posterior, for which it
is difficult to directly apply Markov chain Monte Carlo methods (MCMC). We
propose a signed pseudo-marginal Metropolis-Hastings algorithm with an unbi-
ased block-Poisson estimator to sample from the posterior distribution of doubly
intractable models. As the estimator can be negative, the algorithm targets the
absolute value of the estimated posterior and uses an importance sampling estima-
tor to ensure simulation-consistent estimates of the posterior mean of a function
of the parameters. The importance sampling estimator can perform poorly when
its denominator is close to zero. We derive a finite-sample concentration inequal-
ity that ensures, with high probability, that this pathological case does not occur.
Our estimator for doubly intractable problems has three advantages over existing
estimators. First, the estimator is well-suited for efficient parallelisation and vec-
torisation. Second, its structure is ideal for correlated pseudo-marginal methods,
which are well known to dramatically increase sampling efficiency. Third, the esti-
mator enables the derivation of heuristic guidelines for tuning its hyperparameters
under simplifying assumptions. We demonstrate the superior performance of our
method in the standard benchmark example that models correlated spatial data
using the Ising model, as well as the Kent distribution model for spherical data.

Keywords: pseudo-marginal MCMC, doubly intractable posterior, Ising model,
spherical data.

1 Introduction

Markov chain Monte Carlo (MCMC) methods (see, e.g., Brooks et al., 2011, for an
overview) sample from a posterior distribution without evaluating its normalising con-
stant, also known as the marginal likelihood. However, in some settings, the likelihood
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2 Pseudo-Marginal Inference for Doubly Intractable Problems

function itself contains an additional normalising constant that depends on the model
parameters, and the resulting so-called doubly intractable posterior distribution falls
outside the standard MCMC framework. To distinguish these normalisation quantities,
we refer to the first as a normalising constant and the latter as a normalising func-
tion. Many well-known models give rise to doubly intractable posteriors, such as the
exponential random graph models for social networks (Hunter and Handcock, 2006)
and non-Gaussian Markov random field models in spatial statistics, including the Ising
model and its variants (Lenz, 1920; Ising, 1925; Hughes et al., 2011). Doubly intractable
models are recognised as among the most challenging problems in statistics, as they in-
volve an intractable likelihood and also make it difficult to simulate from the model for
fixed parameter values (Rudolf et al., 2024).

Several algorithms are available to tackle the doubly intractable problem in Bayesian
statistics; see Park and Haran (2018) for a review. These algorithms are classified into
two main categories, with some overlap between them. The first category of meth-
ods introduces cleverly chosen auxiliary variables that cancel the normalising function
when carrying out the MCMC sampling, and standard MCMC such as the Metropolis-
Hastings (MH) algorithm (Metropolis et al., 1953; Hastings, 1970) can thus be applied.
This approach is model-dependent and cannot always be applied. The second category
of methods, which applies more generally, approximates the likelihood function (includ-
ing the normalising function) and substitutes the approximation in place of the exact
likelihood in the estimation procedure. The pseudo-marginal (PM) method (Beaumont,
2003; Andrieu and Roberts, 2009) is often used when a positive and unbiased estima-
tor of the likelihood is available through Monte Carlo simulation. However, in some
problems, including doubly intractable models, forming an unbiased estimator that is
almost surely positive is only possible under unrealistic assumptions (Jacob and Thiery,
2015). The so-called Russian roulette estimator (Lyne et al., 2015) is an example of
a method that can be used to unbiasedly estimate the likelihood function in doubly
intractable models, although the estimate is not necessarily positive. Our paper focuses
on methods that, asymptotically (in terms of chain length), yield samples from the ex-
act doubly intractable posterior or provide estimates of expectations with respect to
it.

We propose a method for exact inference on posterior expectations in doubly in-
tractable problems based on the approach in Lyne et al. (2015), where an unbiased,
but not necessarily positive, estimator of the likelihood function is used. The algo-
rithm targets a posterior density that uses the absolute value of the likelihood, re-
sulting in iterates from a perturbed target density. We follow Lyne et al. (2015) and
reweight the samples from the perturbed target density using importance sampling
to obtain simulation-consistent estimates of the expectation of a function of the pa-
rameters with respect to the true posterior density. By simulation-consistent, we mean
that the posterior expectation can be estimated to an arbitrary precision by increasing
the number of iterations of the algorithm. While our method does not sample from
the target of interest, we refer to it as exact due to its simulation-consistent prop-
erty.

Our main contribution is to explore the use of the block-Poisson (BP) estima-
tor (Quiroz et al., 2021) in the context of estimating doubly intractable models us-
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ing the signed pseudo-marginal Metropolis-Hastings (PMMH) approach. Moreover, we
contribute to the signed PMMH literature by deriving a finite-sample (in terms of
chain length) result that guarantees, with high probability, that the denominator of
the importance sampling estimator used to compute expectations under the doubly in-
tractable posterior remains bounded away from zero. A near—zero denominator of the
importance sampling estimator is known to be detrimental for signed PMMH methods
(Lyne et al., 2015; Quiroz et al., 2021). Our method provides the following advan-
tages over the Russian roulette method. First, the BP estimator’s simpler structure
enables greater computational efficiency through parallelisation and vectorisation. Sec-
ond, the block form of our estimator makes it possible to correlate the estimators of
the doubly intractable posterior at the current and proposed draws in the MH algo-
rithm. Introducing such correlation dramatically improves the efficiency of PM algo-
rithms (Tran et al., 2016; Deligiannidis et al., 2018). Finally, under simplifying as-
sumptions, some statistical properties of the logarithm of the absolute value of our
estimator are derived and used to obtain heuristic guidelines to tune the hyperparam-
eters of the estimator. We demonstrate empirically that our method outperforms Lyne
et al. (2015) when estimating the parameter of an Ising model following the settings
in the review paper Park and Haran (2018). In a real data application for directional
data, our method has a significantly shorter computing time compared to compet-
ing Bayesian methods. To the best of our knowledge, our method and that of Lyne
et al. (2015) with its extensions are the only alternatives in the PM framework to
perform exact inference (in the sense of simulation-consistent estimates of posterior
expectations) for general doubly intractable problems. Compared to algorithms using
auxiliary variables to avoid evaluating the normalising function, signed PMMH algo-
rithms are more widely applicable and generic as they do not require exact sampling
from the likelihood, which may be hard to implement. Exact sampling refers to the
ability to draw independent (data) samples exactly distributed according to the likeli-
hood.

The rest of the paper is organised as follows. Section 2 introduces the doubly in-
tractable problem and discusses previous research. Section 3 introduces our methodol-
ogy and presents a theoretical result (Theorem 1) that helps avoid a pathological case
arising in finite-length MCMC chains when implementing signed pseudo-marginal meth-
ods, a practical concern that appears to have received little attention in the literature.
Section 3 establishes the guidelines for tuning the hyperparameters of the estimator.
Section 4 reports on a replicated simulation study from the review paper Park and
Haran (2018) for the Ising model and, additionally, the Kent distribution for modelling
directional data (with the details in Yang et al., 2025, Section S9.3 due to space restric-
tions). Section 5 analyses four real-world datasets using the Kent distribution. Section 6
concludes and outlines future research. The paper has a supplement that contains all
proofs and details of the simulation studies, as well as the details of the other methods
applied. We refer to equations, sections, lemmas in the main paper as (1.1), Section 1,
Lemma 1 etc., and to equations, sections and lemmas, etc. in the supplement as (S1.1),
Section S1 and Lemma S1, etc.
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2 Doubly intractable problems

2.1 Doubly intractable posterior distributions

Let p(y|@) denote the density of the data vector y, where 8 is the vector of model param-
eters. Suppose p(y|0) = f(y|0)/Z(0), where f(y|0) is computable while the normalising
function Z(8) is not. The reason that Z(8) is intractable may be that it is prohibitively
expensive to evaluate numerically, or lacks a closed form because Z(0) is defined as
an integral over a complex or high-dimensional space which is hard to evaluate, or it
involves summing over an intractably large number of terms. Two examples are given
below to demonstrate the intractability for both discrete and continuous observations
y.

Example 1 (The Ising model (Ising, 1925)). Consider an L x L lattice with binary
observation y;; € {—1,1} in row ¢ and column j. The likelihood of 8 € R is

L L-1 L-1 L

p(yld) = % exp(0S(y)); S(y) = Z Z Yi,jYij+1 + Z Zyi,jyiJrl,j; (2.1)

i=1 j=1 i=1 j=1

with Z(0) = Z exp(0S(y)).

The normalising function Z(0) in the Ising model is a sum over 9L terms, making it
computationally intractable even for moderate values of L. See Section 4.1 for a further
discussion.

Example 2 (The Kent distribution (Kent, 1982)). The density of the Kent distribution
fory € R |ly| =1, is

fylv1, 72,78, 8, K) = exp{rm y+B[(v="y)?-(s"y)?}; (22

1
c(k, B)
j+0.5)

with ¢(k, 8) = QWjZ::O FI(‘(j ) 521(0.5/1)*23'*0-5123'-5—0.5(%)’

where I,(.) is the modified Bessel function of the first kind and ~v1,72,7vs form a set
of 8-dimensional orthonormal vectors. The normalising function c¢(k, ) is an infinite
sum and thus intractable to evaluate. See Yang et al. (2025, Section S9.3) for a further
discussion.

The doubly intractable posterior density of 8 is

f(y|0)7(0) _ f(y|6)(6)
Z(0)p(y) AC)

(6ly) = (2.3)

where 7(8) is the prior for 8 and

o) = [ Lo (2.4
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is the normalising constant for the posterior. Suppose we devise a Metropolis-Hastings
algorithm to sample from (2.3) with a proposal density ¢(-|@). The probability of ac-
cepting a proposed sample 8’ is

(2.5)

o(8.0) = {1, SONCIOVZO a0,

©(0)f(y16))/Z(6) ~ q(6'|0)

The marginal likelihood in (2.4) cancels in (2.5), but the normalising function does not.
Since Z(6)/Z(0") is computationally intractable, (2.5) cannot be evaluated and thus
MCMC sampling via the Metropolis-Hastings algorithm is impossible.

2.2 Previous research

Previous research on doubly intractable problems is mainly divided into the auxiliary
variable approach and the likelihood approximation approach; see Park and Haran
(2018) for an excellent review of both approaches.

The auxiliary variable approach cleverly chooses the joint transition kernel of the
parameters and the auxiliary variables so that the normalising function cancels in the
resulting MH acceptance ratio. The most well-known algorithms in this space are the
exchange algorithm (Murray et al., 2006) and the auxiliary variable method (Mgller
et al., 2006). Andrieu et al. (2020) extend the exchange algorithm by leveraging aver-
aged acceptance ratios for improved stability. These algorithms are model-dependent
and, crucially, rely on the sampling technique used to draw observations from the like-
lihood function. Perfect sampling (Propp and Wilson, 1996) is often used to generate
data samples from the model without knowing the normalising function. However, for
some complex models, such as the Ising model on a large grid, perfect sampling is pro-
hibitively expensive. To overcome this issue, Liang (2010) and Liang et al. (2016) relax
the requirement of exact sampling and propose the double MH sampler and the adap-
tive exchange algorithm. However, the former generates inexact inference results, while
the latter suffers from memory issues as many intermediate variables need to be stored
within each iteration.

Methods belonging to the likelihood approximation approach can be simulation-
consistent. One example is Atchadé et al. (2013), who directly approximate Z(6)
through multiple importance sampling. Their approach also depends on an auxiliary
variable technique, but does not require perfect sampling. The downside is similar to
that of the adaptive exchange algorithm; a large memory is usually required to store
the intermediate variables generated in each iteration. An alternative method is to ap-
proximate 1/Z(0) directly using the signed PMMH algorithm to replace the likelihood
function by its unbiased estimator as proposed in Lyne et al. (2015). To obtain the un-
biased estimator, 1/Z(0) is expressed as a geometric series, which is truncated using a
Russian roulette (RR) approach. The RR method first appeared in the physics literature
(Carter and Cashwell, 1975) and is useful for obtaining an unbiased estimator through a
finite stochastic truncation of an infinite series. To implement RR, a tight upper bound
for Z(0) is required; otherwise, the convergence of the geometric series is slow and makes
the algorithm inefficient. In practice, an upper bound is usually unavailable, which may
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lead to negative estimates of the likelihood, and thus a signed PMMH approach is neces-
sary, although this inflates the asymptotic variance of the resulting importance sampling
estimator of posterior expectations. In particular, having nearly half of the estimates
being negative is detrimental for the asymptotic variance (Lyne et al., 2015; Quiroz
et al., 2021). It is therefore crucial to control the probability of a negative estimate,
which is difficult for the RR estimator as, to the best of our knowledge, no analytical
expression exists for this quantity. In contrast, our estimator is more tractable, and the
probability of a positive estimate is analytically derived under simplifying assumptions.
Besides the upper bound, a few other hyperparameters of the RR estimator need to be
determined. We are unaware of any guidelines for selecting these based on analytical
expressions. We provide such guidelines for the hyperparameters in the estimator pro-
posed in our paper. Wei and Murray (2017) combine RR with Markov chain coupling to
produce an estimator with lower variance and a larger probability of producing positive
estimates. However, their estimator is not tractable enough to readily provide tuning
guidelines. Cai and Adams (2022) propose a multi-fidelity MCMC method to approx-
imate the doubly intractable target density, which, like the Russian roulette method,
stochastically truncates an infinite series and uses slice sampling (Murray and Graham,
2016). However, similarly to Lyne et al. (2015), the method lacks guidelines for tuning
the hyperparameters.

Finally, although our focus is on exact approaches, we note that several approxi-
mate methods for estimating doubly intractable posteriors are available. Alquier et al.
(2016) propose the noisy exchange algorithm, which uses multiple auxiliary variables
to obtain an estimate of the acceptance ratio in the exchange algorithm. As the num-
ber of auxiliary variables goes to infinity, the algorithm samples from the exact doubly
intractable posterior. However, for a finite number of auxiliary variables, the method
is approximate. Variational Bayes approaches include Tan and Friel (2020) and Lee
et al. (2024). Park and Haran (2020) propose approximating the normalising function
at several parameter values using importance sampling, and interpolating it at other
parameter values via Gaussian process-based emulation.

3 Methodology

3.1 The block-Poisson estimator

The block-Poisson estimator (Quiroz et al., 2021) was proposed for estimating the like-
lihood unbiasedly given an unbiased estimator of the log-likelihood obtained by data
subsampling. The BP estimator builds on the Poisson estimator (Wagner, 1988; Pa-
paspiliopoulos, 2011), which is useful for estimating exp(B) unbiasedly given an unbi-

ased estimator B of B, i.e. E(B) = B. The estimator B can be obtained by Monte
Carlo integration based on M samples. The Poisson estimator of exp(B) is

X A
B _
exp(m + a) H Ta, X ~ Pois(m), m € Z, a € R, (3.1)
h=1

where B are independent copies of B.
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The block-Poisson estimator also estimates exp(B) unbiasedly and consists of A
Poisson estimators similar to (3.1), however, estimating exp(B/A) unbiasedly. The idea
behind using blocks of Poisson estimators, instead of a single one as in (3.1), is to allow
for correlation between successive iterates in the PM algorithm as described in Sec-
tion 3.2. Similarly to the likelihood approximation approaches discussed above, the BP
estimator is implemented in combination with an auxiliary variable v, and an estimator
of the normalising function. Omitting details of the auxiliary variable method that are
explained in Section 3.2, assume B(0) = —vZ(0) where v ~ Exp(Z(0)). Our proce-
dure estimates the likelihood for given v, and thus v is treated as fixed (non-random)
in the results derived for our estimator that we use for the tuning guidelines. The BP
estimator produces (for a fixed v) an unbiased estimator of exp(—vZ(0)) using unbi-
ased estimators of the normalising function Z(6). One advantage of the BP estimator
over the RR estimators is that its simple form, together with simplifying assumptions,
e.g. that the estimator of the normalising function is normal, enables hyperparameter
tuning based on analytical expressions. As a result, the BP estimator is more likely to
produce positive estimates if tuned following our guidelines in Section 3.3. Controlling
the signs of the estimates is desirable for efficient estimation based on MCMC output
as discussed in Sections 3.2 and 3.3.

Definition 1 describes the BP estimator EB of the likelihood we use for doubly
intractable problems. Lemma 1 gives the expectation and variance of Lp. Lemmas
2 and 3 establish useful results for tuning the hyperparameters of the estimator (see
Section 3.3). The proofs are in Yang et al. (2025, Section S1) Section S1.

Definition 1. The block-Poisson estimator of exp(B(0)) is defined as
A Xt D
~ B(h,l) 9) —a
Lp(0) = 1_[«51(0)7 &(0) = exp(a/A+m) H B6) —a
=1

h=1

, (3.2)

mA

where X is the number of blocks, x; ~ Pois(m), a Poisson distribution with mean m, a is
an arbitrary constant and m is the expected number of estimators used within each block.
The unbiased estimates of B, BD are independent with the indexzes h =1,...,x1,1 =
..,

Remark 1. For estimating exp(B(0)), only the product mA matters, which represents
the total computational effort. The specific allocation between m and A becomes relevant
only under the correlated pseudo-marginal approach, where increasing A allows stronger
correlation between successive likelihood estimates.

Remark 2. If m =1 (so that the computational effort is \) then (3.2) is the estimator
in Quiroz et al. (2021). To ensure a positive estimator with probability 1, a needs to be
a lower bound for all B"Y

Lemma 1. Denote 0'2§ = Var(ﬁ(@)), and assume 0'2§ < o0 and E(E(B)) = B(0). The
following properties hold for EB(B) in (3.2):

(i) E(Lp(8)) = exp(B(9)).
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(B(6) —a)? + 0%

mA\

(ii) Var(L(8)) = exp B 1+ 2a+mA\| —exp(2B(8)).

(iii) Var(Lp(0)) is minimised at a = B(8) —m\, given fized m and X.

Remark 3. As noted by an anonymous reviewer, Lemma 1 implies that, to estimate
exp(B(0)) with a relative variance of constant order, m\ =< J% is required; see Yang

et al. (2025, Section S1) for details.

Part (i) of Lemma 1 shows that given an unbiased estimator B(8) of B(8), the BP
estimator is unbiased for exp(B(@)) for any values of the hyperparameters. Let aopt
denote the value of a that minimises the variance of the estimator in Part (ii) (for a
fixed m and \). Part (iii) of Lemma 1 shows that aept = B(6) — mA.

Similarly to the RR estimator, the BP estimator is not necessarily positive unless a
is a lower bound of B(#), i.e. B(6) > a. This implies that a < 0 if Z(6) > 0 (recall that
B (0) = —vZ (0), v > 0) which usually holds in doubly intractable problems. Selecting a
large negative value of a (to account for extreme outcomes of B(0)), Part (iii) suggests
that mA should also be large to keep the variance small (typically, |B(8)| < mA).
This translates to a computationally costly estimator due to many products in the BP
estimator. We follow Quiroz et al. (2021) and advocate the use of a soft lower bound,
i.e., one that may lead to negative estimates, but still gives a Pr(ZB(O) > 0) close to
one. Lemma 2 shows that the probability Pr(Lz(#) > 0) has an analytical expression.
It is crucial to have this probability close to one for the algorithm to be efficient.

Lemma 2. Suppose that a = apy = B(0) — mA. Then,

~

Pr(Lp(8) > 0) = % (1 + (1 —2W(a,m, A, M))’\), (3.3)

with U(a,m, A\, M) = Pr(§{ <0) = %Zoi (1—(1—=2Pr(4, <0)7)Pr(xi = j), xi ~

Jj=1
Pois(m) and A,, = [§(0) — B(6)]/(mA) + 1, and M is the number of Monte Carlo
samples to estimate a single B(6).

Remark 4. To compute the probability Pr(A,, < 0) in practice, we assume that é(@)

is normal with variance 0% as in Lemma 3. When the Monte Carlo samples M are

independent, then a% x1/M.

Remark 5. An anonymous referee noted that a tractable lower bound for the probability
in (3.3) can be derived to guide the choice of mA ensuring that Pr(LB >0)>1—¢ for
any € > 0. Under a sub-Gaussian tail bound for B (which holds sz is assumed normal,
as in Lemma 3), it follows that m\ > o5+/2log(1/e); see Yang et al. (2025, Section
S1) for details.

Figure 1 illustrates some terms in Lemma 2 under the assumptions in Remark 4
and m = 1. The left panel shows the probability of an individual term in the block-
Poisson estimator, i.e. Pr(§ < 0) in (3.2), being negative as a function of J% (logyq scale)
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Figure 1: Plots of Pr(¢ < 0) (left panel) and Pr(L > 0) (right panel) in Lemma 2 when
m =1 as a function of 0% (log scale) for various A values; see legend.

for various A values. The right panel shows the probability of the overall block-Poisson
estimator being positive, i.e. Pr(Lp > 0) in (3.3), for the same 0% and A. As A increases,

Pr(¢ < 0) remains near zero over a wider span of 0% (left panel). Consequently, the
pathological regime (detailed later) where Pr(Lg > 0) ~ 0.5 is pushed to much larger
02@. Thus, this regime can be avoided by increasing A or by reducing a% (the latter
via increasing M). Section 3.3 develops a tuning strategy that maximises an objective
function including Pr(Lg > 0).

Lemma 3 derives the variance of the logarithm of the absolute value of the block-
Poisson estimator by assuming that B(»!) (@) is normal.

Lemma 3. If E(h’l)(B) i N(B(G),U%) for all h and I, when a = aopy = B(0) — mA,
then the variance of log |Lg| is

2

_ 2 2
Ulog‘im - m)‘(VB + 773)»

where

np = log(oz/(mA)) + 0.5 (10g2 + E;(0©(0.5+ J)))

and
V% =0.25 (EJ(¢<1>(0.5 +J)) + Vary (0.5 + J))) :

with J ~ Pois((m)\)Q/(Qaé)) and 9 is the polygamma function of order q.

Remark 6. In our method, B"V(0) = —vZ("D(6). The assumption holds if Z(V(6)
is normal (recall that v is treated as non-random in the tuning procedure).

Section 3.3 tunes the hyperparameters using the results above. However, we have
not yet dealt with the fact that aopy = B(6) — mA is itself intractable as it includes
the normalisation function. A sensible approach is to estimate the normalising function,
i.e. Gopt = B(0) — mA. One can show that Part (i) still holds if a is random, however,
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the extra randomness in L5(6) may cause problems such as an infinite Var(L 5(0)). We
therefore consider the non-random value asy, = —1—mA, where the subscript highlights
that it is a sub-optimal choice. The choice is motivated by E(B(6)) = —vZ(0), with
v replaced by its expected value 1/Z(0). We note that this sub-optimal choice does
not have implications for the exactness of the algorithm. Moreover, Yang et al. (2025,
Section S3) includes a simulation study showing that given our assumptions, the sub-
optimal soft lower bound ag,p often results in similar quantities used by the tuning

procedure as those of the optimal choice aop and its estimated version Gops.

3.2 Signed block PMMH with the BP estimator

Lyne et al. (2015) use an auxiliary variable v to cancel the reciprocal of the normalising
function in (2.3) and end up with exp(—vZ(8)) (instead of the reciprocal). Specifically,
assuming that v ~ Exp(Z(0)), the joint density of 8 and the auxiliary variable v is

m(0,v]y) = Z(0) exp(—z/Z(e))fé“’(’f))w(e)]ﬁ
oc exp(—vZ(0))f(y|0)m(0). (3.4)

We can use the BP estimator in Section 3.1 to obtain an unbiased estimator of the
augmented posterior in (3.4), up to a normalising constant for a fixed (non-random)
v. Denote the unbiased estimator of exp(—vZ(0)) by exp(—vZ(0)), where the hat is
placed over the exponential for readability, though it represents an estimator of the
entire expression. To emphasise the source of randomness in the estimator, let u be a
set of random numbers with density m(u) (assumed independent of @) and write the
estimator (with a small abuse of notation) as éxp(—vZ(0)|u) for a fixed v. In the block-
Poisson estimator, u includes all the random numbers used to generate the estimates
B and the Poisson variables x. The unbiasedness of the estimator is with respect to the
density m(u), i.e.

exp(—vZ(0)) :/e/)-(\p(—l/Z(O)\u)ﬂ(u)du. (3.5)

u
The augmented version of the posterior density in (3.4) is
1

7(0,u,v]y) = 6<\p(*VZ(49)IUl)W(U)f(YI‘?’)W(Q)p(y) :

(3.6)

It is easy to show that, under the unbiasedness condition in (3.5), integrating out u in
(3.6) gives the marginal density of interest in (3.4) for 6, v. However, we cannot sample
from (3.6) using a pseudo-marginal algorithm as the BP estimates may be negative and
hence it is not a valid density. We follow Lyne et al. (2015) and consider the target
density

7(0,u,v) = [7(6,u,v]y)| = I&\p(—vzw)lu)IW(U)f(Y\G)W(O)Z%' (3.7)
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Integrating out u in (3.7) does not give the marginal density of interest in (3.4)
because |[exp(—vZ(0)|u)| is biased. Lyne et al. (2015) propose reweighting the MCMC
iterates using importance sampling to obtain a simulation-consistent estimate of the
expectation of an arbitrary function ¢(0) (assuming the expectation exists) with respect
to the posterior density 7w (0y), i.e

/ ¥(0)7(0y)d6 (3.8)

which is outlined in detail in Yang et al. (2025, Section S5). Let the expectation with
respect to the augmented target posterior |7(6,u, v|y)| in (3.7) be denoted by Ez. The
importance sampling estimator is then computed as

$(0)S(0,u,v)) S p(0D)s®

- Ex (
o) = S Sl s

; (3.9)

where S(6,u,v) = sign(7(0,u,v]y)) and s = S(0© u® v®) We often use the
shorthand S = S(0,u,v) for the sign of the posterior estlmate (inherited from the
likelihood estimate).

Quiroz et al. (2021) and Lyne et al. (2015) prove a central limit theorem for the
estimator in (3.9). The resulting asymptotic variance is finite if (i) E#(S) # 0, corre-
sponding to Prz(S = +1) # 0.5, which is akin to Pr (EB(O) > 0) # 0.5 in Lemma 2,
and (ii) the variance and inefficiency factor (under 7) of ©.S are finite; see (Quiroz et al.,
2021, Theorem S1) for details. Although a finite asymptotic variance is reassuring, it
does not reflect the performance of the estimator in (3.9) for a finite number of samples,
which may still be poor despite the favorable asymptotic behavior. This issue was not
addressed in Lyne et al. (2015); Quiroz et al. (2021). In particular, the variance might
be large if the denominator in (3.9) is close to zero. The minimal condition for a finite

variance of (3.9) is that ’Zf\il s

prefer ’Zfil s
N

30 s

i=1

> c¢N, for some 0 < ¢ < |, (3.10)

where u = E#(S) = 27 — 1, with 7 = Prz(S = +1). To ensure that the sum in (3.10) is
bounded away from zero, it is necessary that 7 # 0.5, i.e. u # 0 (otherwise ¢ = 0).

Theorem 1 below shows that the probability of (3.10) can be made arbitrarily close
to 1 by increasing IN. The proof of the theorem uses the Bernstein-type concentration
inequality for Markov chains in Paulin (2015). The following assumptions are made.

Assumption 1. We assume that:

(%) {0(1 u® yOIN s a realisation of a stationary, reversible Markov chain on
Rdlm(e) X Rd”“(“) x Ry with stationary distribution T in (3.7).



12 Pseudo-Marginal Inference for Doubly Intractable Problems

(i) The Markov chain in (i) has spectral gap 0 < § < 1.
(iii) Define S :Q — ', S =sign(7(0,u,v|y)) with 7 in (3.6) and ' = {—1,+1}. Let

1 be a measure on Q' with
n({+1}) :/// 1(S(0,u,v) =+1)7(0,u,v)dudrdl, (3.11)
0 Jv Ju

where 1(-) is the indicator function. We assume that n ({+1}) # n({-1}), i.e.
n({+1}) = Pr#(S = +1) # 0.5, and hence

j= Bx(S) = 20 ({+1}) — 1 £0. (3.12)

Remark 7. Note that T defined after (3.10) and n ({4+1}) are the same, 7 = n ({+1});
(3.11) shows how the measure 1 is induced from T.

Assumption 1 is justified as follows. Theorem S1(ii) in Quiroz et al. (2021) states
that the signed block pseudo-marginal (block introduced below) algorithm converges
in total variation norm to 7, which justifies the assumed stationary distribution in
Assumption 1(i). For Assumption 1(ii), loosely speaking, the spectral gap quantifies the
rate at which a Markov chain mixes, that is, how rapidly it converges to its stationary
distribution; see Levin et al. (2009)[Ch. 12] for details. The assumption 0 < § < 1
ensures that we exclude Markov chains that do not mix (§ = 0) or are independent
(6 = 1). The justification for excluding the first case is that all chains in our experiments
are empirically observed to mix well. The second case is excluded since this implies
independent sampling, which is unrealistic. Assumption 1(iii), 7 = n({+1}) = Prx(S =
+1) # 0.5, is reasonable because it can be imposed via the analytical expression in
Lemma 2; Section 3.3 shows that the tuning procedure gives 7 > 0.5.

Theorem 1. Suppose that Assumption 1 holds. Then, for any e > 0 and any 0 < ¢ <
|pe|, with p in (3.12), there exists a constant Ny such that,

Pre (|0, 59

> cN) >1—¢, forall N> Ny. (3.13)

Moreover, the convergence of the probability in (3.13) to 1 is exponentially fast in N.

Remark 8. The constant Ny is computable and depends on €, ¢, T, and §; see the proof
of the theorem in Yang et al. (2025, Section S2) for an expression.

The concentration result in Theorem 1 ensures that, with high probability, the de-
nominator of the estimator in (3.9) remains bounded away from zero. Consequently, the
finite- IV estimator Eﬂ(d)(e)) avoids divisions by near-zero values with high probability,
and exhibits controlled variability in practice. The proof of the theorem is in Yang et al.
(2025, Section S2). Figure 2 illustrates how Ny varies with ¢ for ¢ = 0.001 (ensuring
the probability in (3.13) is at least 0.999). The left panel corresponds to a well-tuned
case (7 > 0.5), while the right panel represents a case near the pathological scenario
(7 = 0.5). Each panel shows the results under three mixing scenarios; see the caption
for details. In the well-tuned case, choosing N > 1,000 (N > 1,000 in our examples)



Y. Yang, M. Quiroz, R. Kohn, and S. A. Sisson 13

comfortably avoids the pathological regime under moderate mixing § = 0.30 (chains
mix moderately well in our examples with a random walk proposal). In contrast, in
the near-pathological case, the required N to remain far from the pathological regime
becomes prohibitively large (note the log-scale on the y-axis), even under strong mixing.
This highlights the importance of our tuning strategy to avoid such cases (we ensure
7~ 0.99 in our examples).

T=0.99 (u=1) T=0.51 (u=0)

0.0 0.1 0.2 0.3 04 0.5 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175
c c

Figure 2: Values of Ny from Theorem 1 as a function of ¢ (0 < ¢ < |u|) when ¢ =
0.001. The left and right panels correspond to 7 = 0.99 and 7 = 0.51, respectively.
Three mixing scenarios for the Markov chain s are shown: § = 0.05 (slow), § = 0.3
(moderate), and 6 = 0.95 (strong). The right panel uses a log-scale for the vertical axis.

Finally, to make the signed pseudo-marginal algorithm for sampling from (3.7) more
efficient, we correlate the estimators at the current and proposed draws to decrease
the variability of the difference of the log of the likelihood estimators. This provides
a substantial advantage over the standard pseudo-marginal method that proposes u
independently in each iteration (Deligiannidis et al., 2018; Tran et al., 2016). We follow
the approach in Tran et al. (2016), where the correlation is induced by blocking the
random numbers and only updating one of the blocks when evaluating the likelihood
at the proposed value, while keeping the rest of the blocks fixed. The BP estimator
uses the random numbers u; to estimate &, [ = 1,...,\, and group them as u =
(ug,...,uy) = ug.x. Note that each u; includes random numbers of different sizes
depending on the value of x; ~ Pois(m). If the number of blocks X is sufficiently large,
the correlation p between the logarithms of the likelihood estimators evaluated at the
current and proposed draws is approximately 1 — 1/\ (Quiroz et al., 2021). We can
adjust the number of blocks A to achieve a prespecified correlation between the log of
the likelihood estimates.

Algorithm 1 outlines one iteration of our method when using an exponential proposal
for the auxiliary variable v.! Rewriting (3.14) as?

(0)f(v10) . a(010)  Zp'(O) | [KB(—v'Z(8)|w))l/ exp(~'Zp(8)))
T(0)f(y10) " a(010) © Z;'(0)  [eD(—vZ(8)[win)l/ exp(—vZp(6))

)

L An anonymous reviewer suggested an alternative deterministic proposal for v, which is outlined in
Yang et al. (2025, Section S5)Section S5.
2Tran et al. (2016) show that 7(u}.,)g(ur.a|uf.,) = m(u1.2)g(u).y|ui.) for a block proposal.
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Algorithm 1 One iteration of the signed block PMMH update with the BP estimator.

: Input: Current values of v, 0, u;.).

: Output: Updated values of v, 0, uy.) and sign(7(0, uy.x, v|y)).

: Generate uj,, < uy.y from g(u].,|us.») by updating one block of random numbers.

: Generate 8" from ¢(6'|).

: Compute the unbiased estimates, 7 (@'), and use them to construct the BP estimator
via (3.2). The proposal distribution of the auxiliary variable v’ is an exponential
distribution with mean 1/Zp(6’) :

Tt W N =

¢(V/|0', W) = Zp(0') exp(—'Zp(0')),

where Zp(0') is the average of the Z(6')s used in the BP estimator.
6: Set @ < @', v« v/ and uy.) + u},, with probability

min J 1 |ﬁ(0',z/,u'1;,\|y)|q(0|9’)q(u1:>\\u3:/\) ZP(Q) eXp(—VZP(a)) (3.14)
RO, v waly)| a(010)a(wr s [uin) Zp(0) exp(— 1 Zp(8)) [T
7(0, v, urAly)| ¢ q(uy.\[ui:n) Zp(0') exp(—v'Zp(6"))

where
7(0,v,ur.y) = exp(—vZ(0)|urn) f(y]0)m(ur\)7(0)p~ " (y),

and exp(—vZ(0)|u;.y) is obtained by the BP estimator.
7. Record s = sign(7(0,u1.», v|y)) which is also the sign of exp(—vZ(0)|uy.»).

we observe that
XD (—v' Z(0)|[u),,)|/ exp(—'Zp(6'))
lexp(—vZ(0)[us.x)|/ exp(—vZp(0))

acts as a bias-correction for the bias induced when estimating Z~1(8")/Z~1(6) by
21;1(0')/2131(0). When forming the Zp estimators, we recommend using the average of
the corresponding Z (0)s used in the BP estimator. This does not affect the unbiasedness
property of the BP estimator and is computationally efficient, as the 7 (0)s are already
computed and the extra cost in obtaining the average is negligible.

3.3 Tuning the signed block PMMH with the BP estimator

Pitt et al. (2012) provide guidelines to tune the number of particles, i.e. the number
of samples used in the likelihood estimation procedure, in a pseudo-marginal algorithm
with a positive unbiased estimator to achieve an optimal trade-off between computing
time and MCMC efficiency as measured by the integrated autocorrelation time (IACT),
also known as the inefficiency factor (IF). Suppose that §), j = 1,2, ..., are the iterates
after convergence of the MCMC and let 919) = ¢)(#)) be a scalar function of the iterates.
Let r, be the correlation between 9() and 9U*+7). In pseudo-marginal algorithms, 7,
depends on the variance of the log of the likelihood estimator Z, which we denote by
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0120g 7 The inefficiency factor is defined as

o0
IF(alZOgE) =1+2 Z rT(afogZ).
=1

A larger Ulzog i results in a stickier chain and thus IF(UIQOg Z) is an increasing function of

lzogf/; see Pitt et al. (2012) for details. To also take the computing time into account

when determining the number of particles to use in the estimation of log E, Pitt et al.
(2012) show that the number of particles is inversely proportional to 0120g ; and define

g

. . 2 _ 2 2 . .
the computational time CT(Jlog 7) = IF(Ulog 2/ O e L This measure takes into account

both the mixing of the chain (through IF) and the cost of computing the estimator
(through the number of particles, which is inversely proportional to leogi). Pitt et al.
2
log
the guideline is to choose the number of particles to achieve this.

(2012) show that, under certain simplifying assumptions, o ; ~ lis optimal, and thus

Quiroz et al. (2021) extend the guidelines in Pitt et al. (2012) to cases when the
likelihood estimator is not necessarily positive. The derivation of our guidelines follows
those in Quiroz et al. (2021), with modifications that account for a different estimator.
Following Quiroz et al. (2021), we tune the hyperparameters by minimising the following
computational time (CT)

IF\z) 05 (Ufog@B‘(m,%Mh))

T = M
CT =mA (27 (m, A, M) — 1)2 :

(3.15)

where the dependence on € is omitted for v (defined in (3.16) below) and 7(-) =
Pr(Lp(6) > 0) in Lemma 2. The first term mAM in (3.15) is proportional to the
expected cost per iteration since there are A\ blocks in total and each block includes
m estimates on average with M Monte Carlo samples in each. The latter refers to the
number of samples used to produce a single B! in (3.2). The denominator in (3.15)
shows that it is important to have a large proportion of estimates of the same sign and
that having close to half of the estimates is detrimental for the CT. The numerator
in (3.15) is the inefficiency factor, which measures the MCMC sampling efficiency of
drawing v¢’s from the target distribution |7|. Quiroz et al. (2021, Section S2) derives
the specific form of the IF. The IF is determined by the variance of the log of the ab-
solute likelihood estimator 0120;; i, (recall the discussion when tuning using a positive
likelihood estimator above) in Lemma 3, which in turn depends on the hyperparam-
eters m, A\, M, and in addition 7. We define v(0) as the variance of a single Monte

Carlo sample, say —1Z;(6), i.c. such that o% = v(0)/M for the Monte Carlo estimate

B= Zf\il —VZ-(G)/M based on M independent Monte Carlo samples. Note that v(0)
does not depend on M; however, it depends on v (recall v is treated as non-random) as

7(8) = Var(—vZ;(0)) = v*Var(Z;(0))
2 —
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Similarly to when we replaced v by its expected value when determining agyp in Sec-
tion 3.1, 2 in (3.16) is replaced by its second moment when tuning the hyperparameters.

Figure 3 shows the effects of the number of blocks (\) and Monte Carlo samples (M)

on the logarithm of CT, 7 and 012 ‘E . We consider the three cases v = 102, 1002, 5002
og| LB

(left to right columns respectively) which show that the optimal A (corresponding to
the minimal CT) varies with different values of M and increases with v (top row).
The minimum CT is associated with a high probability of a positive estimator (7)

(middle row). The last row indicates that 012 ’E ’ decreases as a function of A for large
oglLe

A. Comparing the top nine panels with the bottom nine, a high correlation p = 0.99,
reduces Aope from 295 (no correlation, p = 0) to 195 for v = 500%. Conversely, p =
0.99 requires at least 100 blocks. So when the variance v is small, introducing a high
correlation increases the CT as more blocks are required compared to the uncorrelated
case. Our implementation follows the approach in Tran et al. (2016) which sets the
correlation p to a value close to 1. Comparing the first row of the top panel (a) in
Figure 3 with that of the bottom panel (b), shows that a high correlation significantly
reduces the CT (y-axis is in log-scale) per iteration for large ~.

We conclude that the tuning depends on « in (3.16). For conservative tuning, we
set v to a large value vy,.x by using a grid search over possible 8, meaning the process
is calibrated to guard against worst-case scenarios. Note that grid search scales poorly
beyond two dimensions; in such cases, Bayesian optimisation (Shahriari et al., 2016)
offers a practical alternative for the parameter spaces typical of doubly intractable
problems. The tuning process starts with fixed values of A and m to find the optimal
value for M by minimising (3.15). In Figure 4, we fix the values of A and m, with
A = 50,100 (the corresponding p are 0.98 and 0.99 respectively), and m = 1. A standard
optimiser is used to find the optimal value M,y for each of the . The dots in the
left panel of Figure 4 plot M, for various values of \/'73 The figure shows that M
increases as a function of /7. The right panel shows how the minimised log CT increases
as a function of /7. To estimate the relationship between M,: and /7, a quadratic
polynomial is fitted to the points in the left panel.

The tuning below is based on Ymax, leading to a conservative tuning of Mpt.

1. Obtain a rough understanding of the support of the posterior distribution of 6.
Yang et al. (2025, Section S4) proposes an approximate method that relies on a
normality assumption of Z (8), which can be used in the tuning phase. Alterna-
tively, we can apply another approximate method tailored for the specific problem
(e.g. the variational mean-field approximation of the Ising model in Jain et al.,
2018). It is also possible to optimise the posterior distribution by plugging the
biased estimator (1/2(9))

2. Estimate v(0) in (3.16) for the 8 candidates from Step 1. The estimator Z(O)
replaces the unknown Z(6).

3Taking the square root puts the quantity on the standard deviation scale.
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Figure 3: The effect of the number of blocks A on the logarithm of CT, 7 and Ufog‘ZB"
The Poisson parameter m is fixed at 1 for each set of panels (a,b). The correlation
term is set to p = 0 (upper panel), 0.99 (bottom panel). Columns from left to right
correspond to three different settings of v = 102, 1002, and 5002. The top, middle and
last rows of each panel show the log of the CT in (3.15), the probability of obtaining
a positive estimator 7(m, A, M) (see Lemma 2) and the variance of log of the absolute
value of the likelihood estimate (see Lemma 3). The vertical line on each plot represents
Aopt, the optimal A, which minimises the log of the CT within each of the settings.
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1000 1 — f(x)=0.0042x? 114
—— f(x)=0.0012x2
8001 ® A=50m=1,0=0.98 10 A
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Mopt
minimized log CT
[+
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Figure 4: Left panel: The optimal value M, as a function of /7. The lines are quadratic
polynomials fitted to the scattered dots. The horizontal dashed line represents the
threshold M = 50, which is the minimal number of blocks required in the algorithm.
Right panel: The minimised log CT as a function of /7.

3. Obtain the maximum value Ypmax(0) of ¥(0) from Step 2. A sensible first tuning
attempt sets A = 100,m = 1, p = 0.99 and M,py = max{50,0.0012 X Ynax(6)}.

If Yinax (@) is small to moderately large, e.g. Ymax(6) < 1002, having many blocks
increases CT (e.g. top left and top middle panels in Figure 3). In this case, a weaker
correlation also produces an efficient algorithm with smaller CT. A suitable setting
in this scenario is A = 50, m = 1, p = 0.98 and My = max{50,0.0042 X Yax(0)}.

For an even smaller v(0), the correlation can be relaxed further. In the Ising model
example, A = 10 is sufficient when the variability is low; see Section 4.1 and Yang
et al. (2025, Section S8).

The tuning is theoretically sub-optimal as it is based on simplifying assumptions
in its derivation and practical implementation. Yang et al. (2025, Section S3) presents
a simulation study demonstrating that tuning based on the simplified lower bound
closely approximates the intractable one, which is reassuring. In our experience, the
main objective of the tuning is met by our guidelines, namely: avoiding the pseudo-
marginal chain getting stuck. Finally, we note that the algorithm is still exact under
the simplified tuning.

4 Simulation study

This section empirically compares the performance of our method on a simulated Ising
model example from Park and Haran (2018) with some competing methods. An addi-
tional simulated example for the Kent distribution is found in Section S9.3. All our com-
parisons are on an empirical level rather than a theoretical level. Theoretical compar-
isons are either impossible because the competing methods are analytically intractable
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or outside the scope of this paper. Examples of the former are that expressions of the
variance of the log of the absolute value or the probability of a positive estimator are
not readily available for Russian roulette estimators. An example of the latter includes
extending the ordering of pseudo-marginal MCMC chains (Andrieu and Vihola, 2016)
to a signed pseudo-marginal setting.

The example in the main paper is the Ising model, which is the usual benchmark
example for doubly intractable problems, as perfect sampling is efficient for this model
on small grids, and thus the exchange algorithm (Murray et al., 2006) can provide a
ground truth. We use the same settings as the survey paper Park and Haran (2018),
in which the Ising model serves as the main benchmark example. The second example,
which is included in Yang et al. (2025, Section S9.3), considers the Kent distribution,
where the intractable normalising function is an infinite sum. Unlike the Ising model,
efficient perfect sampling is hard for this model, and thus the exchange algorithm fails.
Section Yang et al. (2025, Section S6) provides the implementation details for the ex-
change algorithm. To the best of our knowledge, exact Bayesian inference has not been
considered for the Kent distribution due to its intractability.

Our method, abbreviated BP, is a correlated signed pseudo-marginal method that
utilises the block-Poisson (BP) estimator and is compared to the signed pseudo-marginal
methods introduced in Lyne et al. (2015). Two implementations of the latter are consid-
ered, which differ by their use of auxiliary variables and what form of the normalising
function they estimate. RR-aux, uses a Russian roulette (RR) estimator of the exponent
of the normalising function and requires auxiliary variables (-aux) to turn the reciprocal
into an exponent as in (3.4). RR, on the other hand, estimates the reciprocal directly
and does not require auxiliary variables. Yang et al. (2025, Section S6) provides the
implementation details for both Russian roulette methods.

Table 1 lists the requirements and features of the exact methods considered in our
paper. The multiple observations case is relevant for the Kent distribution example,
and Section S9.1 in the supplement discusses its scalability for the different estimators.
Yang et al. (2025, Section S7) provides a detailed computational analysis, including the
structural differences between the BP, RR, and RR-aux estimators, and the derivation
of their arithmetic complexities. In summary, the BP estimator offers computational
advantages due to its independent product structure that enables efficient parallelisation
and vectorisation via single instruction, multiple data (SIMD) instructions (Warne et al.,
2022; Hennessy and Patterson, 2011, Ch. 4). The Russian roulette estimators RR and
RR-aux, in contrast, involve a sum of dependent, nested products, and thus cannot
exploit parallelisation or vectorisation as effectively, due to their sequential computation
pattern. As shown in Section S7 in the supplement, achieving a similar parallelism as
BP by recomputing each nested product, thereby creating an independent sum, incurs
a quadratic computational cost in the number of sum terms, compared to the linear
cost of the BP product.

Finally, we emphasise again that the signed pseudo-marginal methods are exact
in providing simulation-consistent estimates of expectations under the exact doubly
intractable posterior. By contrast, the exchange algorithm provides the usual exact
inference MCMC methods do, i.e. samples from the invariant distribution (the posterior
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density) after burn-in. However, for a finite number of MCMC iterations, the exchange
algorithm might not have properly converged due to mixing problems, which can arise
if sampling from the likelihood is inefficient. In the Ising example, this occurs for large
grids, and in such cases, signed pseudo-marginal algorithms are tractable alternatives
(Lyne et al., 2015). For the Kent distribution example, we find that the accept/reject
method in Kent et al. (2013) does not give efficient sampling from the likelihood in any
of our settings.

Requirements and features / Method BP RR RR-aux Exchange

Auxiliary variable(s) required Yes No Yes Yes
Samphng from the l?k.ehhood Wlthout No No No Yes
knowing the normalising function
Correlated pseudo-marginal (PM)

(only PM methods) Yes No No NA
Estlmat(?r scales with multiple Yes No Yes NA
observations
Estimator utilises vectorisation Yes No No NA

and parallelisation

Table 1: Requirements (first 2) and features (bottom 3) for the methods. BP = block-
Poisson, RR = Russian roulette, RR-aux = Russian roulette with an auxiliary variable.
NA stands for not available.

4.1 The Ising model

The Ising model (Lenz, 1920; Ising, 1925) has widespread applications, such as un-
derstanding phase transitions in thermodynamic systems (Fredrickson and Andersen,
1984), interactive image segmentation in vision problems (Kolmogorov and Zabin, 2004)
and modelling small-world networks (Herrero, 2002). It is the typical benchmark exam-
ple in the literature to evaluate methods for tackling the doubly intractable problem:;
see e.g. Mgller et al. (2006); Lyne et al. (2015); Atchadé et al. (2013); Park and Haran
(2018). However, most of the existing methods use auxiliary variable approaches, as it
is feasible to draw observations from the likelihood function perfectly, so-called perfect
sampling, for moderately small grids. The signed pseudo-marginal methods, such as RR
and our approach, do not require perfect sampling, which makes them applicable to
more general problems. Lyne et al. (2015) report that their pseudo-marginal approach
handles larger grids than the exchange algorithm.

Recall Example 1 in Section 2.1, where 6 is a scalar parameter and S(y) imposes
spatial dependence; a stronger interaction between observations is associated with a
larger 6. The data simulations are conducted using perfect sampling (Propp and Wil-
son, 1996), which samples exactly without evaluating the normalising function. Perfect
sampling uses coupling to guarantee that the samples are generated from a Markov
chain which has already converged to its equilibrium distribution. Following the set-
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tings in Park and Haran (2018), two scenarios are considered on a 10 x 10 grid, with
6 = 0.2 and 0.43; see Figure S3 in the supplement for an illustration.

For all the algorithms considered, a uniform distribution on [0, 1] is selected as the
prior for 8. We adopt a random walk proposal centred at the current 6 with a step
size 0.07. The signed pseudo-marginal methods (RR, RR~aux, BP) require an unbiased
estimator for Z(#). We use annealed importance sampling (AIS) (Neal, 2001) to obtain
the estimate of Z(6). The method starts by sampling from a tractable distribution (the
prior) and ends at the intractable target (the posterior) via a sequence of intermediate
distributions. The transitions between the distributions are completed via Gibbs up-
dates, and the weights associated with the transitions finally constitute the normalising
function of interest; see Neal (2001) for details of AIS in general and Yang et al. (2025,
Section S8) for its implementation for the Ising model.

To obtain the “gold” standard to evaluate the accuracy of the results, we follow
Park and Haran (2018), where an exchange algorithm with 1,010,000 iterations is per-
formed. The first 10,000 iterations are discarded for burn-in and the remaining iterates
are thinned so that 10,000 posterior samples remain. We use the same set of hyperpa-
rameters in RR and RR-aux; see details in Yang et al. (2025, Section S8). For the tuning
of the BP method, the two scenarios § = 0.2 and 6 = 0.43 result in different vy,.x values,
with the former yielding a smaller and the latter a larger value for the guidelines. We
find that when 6 = 0.2, the AIS method gives a sufficiently low value for v, so that
A =10 is appropriate. When 6 = 0.43, on the other hand, the strong dependence leads
to higher variability in Z(6) (see Yang et al., 2025, Section S8). We therefore increased
the number of blocks to 50 for the BP estimator as per the tuning guidelines. To ensure
a fair comparison, we also increased the number of particles (number of samples) in
the importance samplers of AIS from 100 to 500 for RR and RR-aux to decrease the
variance.

Table 2 summarises the simulation results. When 8 = 0.2, all the estimates are
close to those of the gold standard, which is expected since the methods are simulation-
consistent and no major mixing problems are encountered. The BP method has the
smallest computing time and the second smallest TACT, and obtains a factor of roughly
14x improvement in terms of effective sample size per unit of computing time (in sec)
compared to the competing Russian roulette approaches. When 6 = 0.43, the results
of the BP and RR match well with those of the gold standard; however, not for RR-
aux due to severe mixing issues; the chain gets stuck after around 1,000 iterations as
reported in Yang et al. (2025, Figure S4). We were unable to find settings for RR-aux to
work when 6 = 0.43, which emphasizes the importance of having tuning guidelines. In
this example, BP is a factor of roughly 2x more efficient than RR in terms of effective
sample size per computing time.

4.2 The Kent distribution

This example is outlined in detail in Yang et al. (2025, Section S9.3). We here only
summarise the main findings.
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Gtme = 02
Method Mean 95%HPD TACT Time(s) ESS/s A # particles
Gold
(Exchange) 0205 (0075,0337) 1 - -
BP 0.203 (0.075,0.334) 8.39 606 3.9 10 100
RR 0.199 (0.072,0.324) 7.59 9,825 0.27 - 100
RR-aux 0.199 (0.069, 0.332)  9.16 7,447 0.32 - 100
9““6 = 043
Method mean 95%HPD TACT time(s) ESS/s X  # particles
Gold
(Exchange) 0.433  (0.330, 0.533)  1.04 - - - -
BP 0435 (0.324, 0.540) 7.30 4,072 0.67 50 100
RR 0435 (0.330, 0.548) 7.16 10,016 0.29 - 500
RR-aux 0.633 (0.633, 0.633) NA 87,525 NA - 500

Table 2: Results for the Ising model. All the chains, except for the “gold standard”, ran
for 20,000 iterations using the algorithms (Gold = exchange algorithm, BP = block-
Poisson, RR = Russian roulette, RR-aux = Russian roulette with an auxiliary variable).
For BP, RR and RR-aux, the mean estimates are corrected for the negative estimates
using (3.9). The highest posterior density (HPD) intervals are calculated by the coda
package in R. The IACT calculation is based on all the samples as the chains start at
the true value. For BP, RR and RR~aux, the calculation of the TACT accounts for the
negative estimates via (3.15). Time denotes the running time in seconds. ESS/s is the
effective sample size per second. For BP, A refers to the number of blocks; # particles is
the number of particles (number of samples) used in the AIS. NA indicates not available
due to sampler nonconvergence.

The results indicate that the block-Poisson (BP) estimator consistently delivers
the most accurate and computationally efficient inference. The RR-auxiliary (RR-aux)
method attains comparable accuracy but at a considerably higher computational cost,
while the plain Russian-roulette (RR) and exchange methods perform poorly owing
to slow mixing and limited scalability. As the sample size increases, the ESS, /s gap
between BP and the RR methods becomes more pronounced, with factors of roughly
17x-35% improvement compared to RR-aux, and more than 70x-140x compared to
RR when n = 1,000. Among the frequentist approaches, the moment estimator fails near
the boundary /k = 0.5, whereas the maximum likelihood estimate (MLE) improves
with larger samples but remains less accurate than the Bayesian methods.

5 An empirical study on spherical data

We now analyse four real spherical datasets using the Kent distribution and our method.
Each data set contains samples from two groups that are formed naturally from the
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sample collection process. Figure 5 plots the spherical datasets.

1. Palaeomagnetic (Palaco) (Wood, 1982): Thirty-three estimates of previous mag-
netic pole positions were obtained using palacomagnetic techniques. Each esti-
mate is associated with a different site in Tasmania. The data is originally from
Schmidt (1976) and the author points out that the data is likely to fall mainly
into two groups of distinct geographical regions. Following Figueiredo (2009), the
first group contains 9 observations with the indices 9, 10, 11, 12, 14, 16, 23, 24,
30. The second group has 24 observations.

2. Magnetic (Fisher et al., 1993, Table B8): Measurements of magnetic remanence
from a set of 62 specimens is obtained. The specimens are from Mesozoic Do-
lerite from Prospect, New South Wales, after successive partial demagnetisation
stages (200° and 350°). An experiment was conducted to determine the blocking
temperature spectrum of the magnetisation components.

3. Sandstone (Fisher et al., 1993, Table B23): Measurements of natural remanent
magnetisation in Old Red Sandstone rocks in Pembrokeshire, Wales. The mea-
surements consist of specimens from two sites with the number of observations 35
and 13, respectively.

4. Stone (Fisher et al., 1993, Table B25): Measurements of the longest axis and
shortest axis (101 observations) orientations of tabular stones on a slope at Windy
Hills, Scotland.

Palaeo Magnetic Stone Sandstone
-, 4 .. . . '
- whatly *Ca t J L ' oo "
% 81 ;:‘;“5-"" :” ® ’ b e =
i Yol o o2 I 1 :.I'. -

Figure 5: Illustration of the datasets. Green points and red points refer to the observa-
tions from groups 1 and 2, respectively.

The two groups are modelled separately by assuming a non-hierarchical structure on
the prior for all the parameters. The data is modelled in the same way as in Section 4.2
using the density function in (2.2).

Table 3 shows the posterior mean/estimate, ESS and ESS per second for 8/x. The
results for 8 and k are in Yang et al. (2025, Section S9.4). The table shows that BP, RR
and RR-aux have similar estimates and credible intervals for all four datasets. Exchange
has a significantly larger posterior mean than those of the other Bayesian methods. It
also has wider credible intervals for all datasets. The abnormal performance of Exchange
is consistent with the results in Section 4.2, where we attribute this issue to the sampling
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Paleo Group 1 (n =9) Group 2 (n = 24)
ﬁ//{ ESSB/K ESSB/K/S | ﬁ/l-@ ESSﬁ/N ESSﬁ/N/S
BP 0.15 235.49 9.33 0.14 201.70 21.12
RR 0.15 4947 1.37 0.12  201.60 2.36
RR-aux 0.19 158.03 11.11 0.10 165.48 9.14
Exchange 0.27 118.14 8.80 0.19  75.02 5.76
Moment 0.15 - - 0.15 - -
MLE 0.17 - - 0.16 - -
Magnetic Group 1 (n = 62) Group 2 (n = 62)
B/ ESSgs. ESSs//s | B/ ESSgs.  ESSg/s
BP 0.48 184.78 18.50 0.49 140.27 14.43
RR 0.48  44.38 0.26 0.50 1.90 < 0.01
RR-aux 0.48  146.95 5.37 0.49  153.40 5.26
Exchange 0.49 155.64 10.11 0.49 117.07 7.63
Moment 0.35 - - 0.38 - -
MLE 0.50 - - 0.50 - -
Sandstone Group 1 (n = 35) Group 2 (n = 13)
ﬁ//@ ESSﬂ/H ESSIg/H/S | ,B/K: ESSB/K ESSB/K/S
BP 0.08 147.92 5.87 0.20 9r.11 10.28
RR 0.06  98.09 0.88 0.17  149.16 2.16
RR-aux 0.08 218.60 10.43 0.17 111.36 7.38
Exchange 0.17  95.56 6.65 0.28 7.24 0.56
Moment 0.09 - - 0.27 - -
MLE 0.11 - - 0.29 - -
Stone Group 1 (n = 101) Group 2 (n = 101)
B/Ii ESSg/K ESSB/,Q/S | ﬂ/li ESSﬁ/H ESSﬁ/H/S
BP 0.13 82.67 3.31 0.49 197.48 20.54
RR 0.11  10.81 0.03 0.49  11.79 0.04
RR-aux 0.14  75.69 2.05 0.49  138.70 3.78
Exchange 043  71.26 5.01 0.49  239.20 18.49
Moment 0.06 - - 0.21 - -
MLE 0.14 - - 0.5 - -

Table 3: Results for the Kent model for the four datasets when estimating §/k. All
the chains ran for 10,000 iterations. The term 3/ refers to the posterior mean for the
Bayesian methods and estimates for the frequentist methods. The sign correction is
applied for BP, RR and RR~aux.

inefficiency from a FBj distribution. In addition, while BP and RR-aux occasionally
trade places when ranked by ESS, the ESS/s metric yields a more decisive ordering: BP
outperforms RR-aux in all cases but two (Group 1 for Sandstone and Paleo). The factors
of improvement span a wide range of roughly 1.6x to 7x. In contrast, RR yields the



Y. Yang, M. Quiroz, R. Kohn, and S. A. Sisson 25

lowest ESS as well as ESS/s in every scenario, demonstrating its poor performance on
the Kent distribution and its lack of scalability to multiple observations. The moment
estimation demonstrates significant deviations from both the Bayesian results and MLE
estimates in the limiting case where 5/k & 0.5 occurs (Magnetic and Stone, Group 2).
See Yang et al. (2025, Section S9.4) for posterior mean/estimates with 95% credible
intervals (confidence interval for Moment and MLE).

6 Conclusions and future research

We propose the signed block PMMH with the block-Poisson estimator for exact inference
in doubly intractable problems. The method requires only an unbiased estimator of the
normalising function, making it applicable to a broader class of models than competitors
such as the exchange algorithm, which relies on perfect sampling. We also derive a finite-
sample result ensuring, with high probability, that the denominator of the importance-
sampling estimator remains bounded away from zero, removing a pathological case in
signed PMMH methods overlooked in the literature.

Compared with the Russian roulette approach of Lyne et al. (2015), the block-
Poisson estimator yields a smaller variance of the log-likelihood difference in the MH
acceptance ratio through correlated pseudo-marginal updates. The Russian roulette
method lacks clear hyperparameter-tuning guidance; we provide heuristic rules based
on analytical properties. In the Ising model, our approach is 2-14 times more efficient
(time-normalised), while in the Kent model with n = 1,000, efficiency gains range from
17-35 times over RR-aux and 70-140 over RR.

The signed PMMH algorithm can be computationally demanding when unbiased
estimation of the normalising function is expensive. In the Ising model, each iteration
requires several annealed importance-sampling runs that dominate runtime, making the
BP-RR difference less pronounced. When unbiased estimates are inexpensive, as in the
Kent model, BP’s advantages are substantial.

Future work includes extending the method to other doubly intractable problems,
developing tuning strategies for non-Gaussian estimators of the normalising function,
and obtaining tighter bounds for the concentration inequality in Theorem 1, where the
Bernstein-type improvements via iterated Poincaré inequalities in Huang and Li (2024)
may prove useful. Finally, an anonymous reviewer suggested the Rao—Blackwellised
Metropolis-Hastings with Averaged Acceptance Ratios algorithm of Andrieu et al.
(2020) as a potential alternative to the correlated pseudo-marginal approach. We leave
the investigation of a signed extension of this method for future work.
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