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Abstract

A central problem in open quantum systems is the characterization of non-Markovian processes,
where an environment retains the memory of its interaction with the system. A key distinction is
whether or not this memory can be simulated classically, as this can lead to efficient modelling and
noise mitigation. Powerful tools have been developed recently within the process matrix formal-
ism, a framework that conveniently characterizes all multi-time correlations through a sequence of
measurements. This leads to a detailed classification of classical and quantum-memory processes
and provides operational procedures to distinguish between them. However, these results leave
open the question of what type of system-environment interactions lead to classical memory. More
generally, process-matrix methods lack a direct connection to joint system-environment evolution,
a cornerstone of open-system modelling. In this work, we characterize Hamiltonian and circuit-
based models of system-environment interactions leading to classical memory. We show that gen-
eral time-dependent Hamiltonians with product eigenstates, and where the environment’s eigen-
states form a time-independent, orthonormal basis, always produce a particular type of classical
memory: probabilistic mixtures of unitary processes. Equivalently, these Hamiltonians are char-
acterized as commuting with a complete set of observables on the environment. Additionally, we
show that the most general type of classical memory processes can be generated by a quantum
circuit in which the system and environment interact through a specific class of controlled unit-
aries. Our results establish the first strong link between process-matrix methods and traditional
Hamiltonian-based approaches to open quantum systems.

1. Introduction

Characterizing non-Markovian noise in the quantum regime has been a notoriously difficult problem.
While this is well-developed for classical stochastic processes, quantum non-Markovianity is a more elu-
sive concept with diverse definitions found in the literature [1-3], with approaches like modelling the
system-environment interactions [4—11] and dynamical maps [12-16].

Recently, an operational approach to quantum non-Markovianity was developed [17-20] and
deployed in experiments [21-28]. It provides a complete characterization of a multi-time quantum pro-
cess: a system evolving in time and probed through a sequence of measurements, where an environment
can mediate correlations between measurements at different times. This characterization is represented
by the process matrix [29, 30]. Markovianity of the multi-time process is reflected by conditions on the
process matrix. Non-Markovian processes are classified into two main classes depending on whether the
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memory required to model the environment is classical or quantum, and the former can be further sub-
divided into more specialized classes [31-33].

However, the process matrix approach drastically differs from the traditional approach, where the
open-system dynamics are modelled by a continuous-time evolution governed by a system-environment
Hamiltonian. Rather, it describes the dynamics through a fixed set of gates in a quantum circuit. The
system can be probed through operations between these gates, whose outcomes reconstruct the pro-
cess matrix. Although the process matrix formalism confers many operational advantages [18, 34, 35],
the link between the two approaches has been little explored. A particularly relevant question is how
to characterize types of memory in multi-time quantum processes in terms of system-environment
Hamiltonians.

Here, we focus on processes that can be simulated with a classical memory, which we call classical
memory processes. We characterize these processes using both Hamiltonian and quantum-circuit-based
approaches. In the Hamiltonian-based approach, we find a class of Hamiltonians that leads to a partic-
ular class of classical-memory processes given by a probabilistic mixture of unitary (hence Markovian)
processes. The result holds irrespective of the choice of probing times, initial system-environment correl-
ation, and the number of time steps. Interestingly, the Hamiltonian class includes entangling interactions
such as the Ising interaction. Importantly, establishing this connection between the Hamiltonian and the
memory in the process clarifies when an interaction enables device-independent memory detection [36],
as well as when it remains invisible to standard randomized benchmarking protocols [37].

In the quantum-circuit-based approach, we show that any such probabilistic mixture of unitary pro-
cesses has a dilation in terms of controlled unitaries, with the environment being the control in the same
basis throughout the process. Further, in appendix D, we show that the most general classical-memory
processes [31, 33] have a similar dilation with a more general class of controlled-unitaries, where addi-
tional environmental degrees of freedom can produce stochastic conditional memory.

2. Multi-time process framework

We utilize the framework of multi-time process [17, 38], represented by the process matrix [29], to
encode the most general system-environment interactions. Just as a quantum map captures the dynam-
ics of an open quantum system by providing two-time correlations between the initial and final states
without explicitly specifying the underlying system—environment dynamics, the process matrix can be
understood as a higher-order quantum map in a multi-time setting. In this framework, interventions
at each time step probe the system and are represented by quantum operations. Whereas an ordinary
quantum map takes a quantum state as its input, this higher-order map instead takes the sequence of
quantum operations applied at each time step and yields a joint probability distribution that encodes
the multi-time correlations between the probes, thereby offering an operational description of quantum
stochastic processes [18]. Moreover, unlike quantum maps, this framework allows arbitrary correlation
between the system and environment states. Furthermore, techniques analogous to quantum process
tomography can be employed to experimentally reconstruct the process matrix describing a multi-time
process [27], see appendix A for details.

As shown in figure 1, an N-time process is associated with N ‘sites, where each site n, repres-
enting the system at time ¢,, can be probed with a quantum operation represented by a completely
positive (CP) trace non-increasing map, M, |, : A{—Ap, with x, and a, being the classical setting
and outcome respectively, and A and A}, being the input and output systems respectively. Here,
A?(O)EE('HA:'(O)) is the space of linear operators in the Hilbert space #4©). Note that we assume the
time scale to perform the probing operations to be much smaller than the system-environment interac-
tion time. The map M,, |, is equivalent to its Choi-Jamiotkowski (C]) representation [39-41] M, |, =
225 D01 @M, 1, ([1)(j]) defined on A} ® Af, where {[i)}; is an orthonormal basis at Af. The CP condi-
tion of the map M, |, is equivalent to the positive semi-definiteness of its C] representation, M,, |, = 0,
and the trace non-increasing condition is guaranteed by the inequality Tray M,,|x, < 147, Moreover, sum-
ming over all the classical outcomes of M, |, results in a CP trace-preserving (CPTP) map, which is
reflected in its CJ representation as >, M, |., = 147,

The probability of the classical outcomes d:={ay,a,--,a,} conditioned on the settings ¥:={x;,x,,
-+, %, } is given by the generalized Born rule [29, 42]:

= T
p(a|x) =Tr |:(Ma1|x1 ®Maz\x2 PORRE ®Ma,,|x”) W} . (1)

Here, WEA] RALRAIRAL®- - @ANRAY is a positive semidefinite operator, called the process matrix
[29], which fully characterizes the background system-environment interaction.

2



10P Publishing New J. Phys. 27 (2025) 114515 K Goswami et al

AfN A7 A;’ Ay
+EY T T
AR =1 yN-!
[gN- .
. - .EN L I g1 d—j IANI ::7 |Ag1
£ - :
= [t |E2 | A7 T | Aj | Al
Ut Ut Ut )
| |45 @ I
B g T a4 M A
2 P P

(a) (b) (©

Figure 1. Non-Markovian processes with different memories. (a) The general non-Markovian process with initial joint system-

environment state p“‘l1 E' and subsequent system-environment unitary interaction U" : A} E" —>A;'+1E”+1 for ne{1,2,---,N—1}.
(b) A Markovian process, A Markovian process, where the environment is reset to a fresh state 7 at each timestep via trace-and-
replace channels (orange dashed box), preventing memory retention. (c) A classical-memory process, where an entanglement-
breaking channel acts on the environment at each step (orange dashed box), preserving only classical correlations across time.
The ‘gaps’ in the circuits represent the possibility of performing arbitrary operations on the system at the given times, under the
assumption that their duration is negligible compared to the interaction time.

In a Markovian process, the environment resets after each time step, resulting in memoryless dynam-
ics: the system’s evolution is independent of its past states. We show such a process in figure 1(b), which
is composed of an initial system-environment state p € A!E! and quantum channels 7":A% —A;™" for
ne{l,--- ,N—1}, defined as TrE[n+1T”(p) := U"[p7](U"). Here, U" denotes the system-environment
unitary at the nth time step, and 7 € E" is the local environment state. The corresponding multi-time
process Wy is

Wyi=py, @T' @ T, )

where pAl1 :=Trp p, and T" is the CJ representation of the quantum channel 7". A particular case of
Markovian process, relevant to us, is the unitary Markovian process matrix Wy where each channel 7"
is unitary, 7"(p) = V"'p(V")T, V*(V")T = (V*)TV" = 1 with its CJ representation |V")){(V"| € A}, @ A},
where [V")) :=3"|i) @ V" |i):

Wy i=pH & [V (V! @@ [V (V. )

Now, we introduce the classical common cause (CCC) process. The nomenclature is inspired by
quantum causal modelling [43-46] and captures the idea that the memory effects can be attributed to
a single, latent common cause, simultaneously affecting all observed events [47]. A CCC process Wecc
can be represented as a convex sum of Markovian processes:

WCCCZZP(V)py®T1V®~--®TI,>LI=Zp(1/)WV. (4)

Here, each W, :=p,, ®fj;11 T?, is a Markovian process. A particular case of CCC process relevant to

us is the mixed unitary process where each W, in equation (4) is a unitary Markovian process as in
equation (3).

3. Results

3.1. Hamiltonians leading to CCC processes

In this work, we are interested in relating multi-time processes to an underlying system-environment
dynamics, governed by a time-dependent Hamiltonian H(t) acting on a product space H° @ HE.
Accordingly, the joint system-environment unitary operator U" from time t, to t,4; is given by a time-
ordered exponential [48]

U" = Texp [i / " dtH(t)] . 5)

n
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The global, unitary, N-time process is given by equation (3), where |U" ))(( U"| € A% ® Ef, @ A{T' @ Ef 1,
and all input—output spaces are isomorphic to the system-environment space: HA0) = HS, FFio) = E,
To find the reduced process describing the system alone, we need to insert identity operations on the
environment at each time and discard the final environment space Ef. Following [38], this can be done
by first identifying each input and output environment space, which means redefining the Choi oper-
ators of the unitaries as |U" )((U"| € A @ E" @ AT @ B+, with HF' =2 HE, and then calculating the
system process matrix WAll Ag- AT as

141 N 11 /N—1 n pn gn4-1pn+l N
WA = M (5 AT s (6)
n—=
where we have used the link product [38], *” which allows us to compose arbitrary quantum operations,
e.g. state preparation, transformation via channels or measurement, in terms of their CJ representations.
In particular, suppose P and Q are CJ representations of two quantum operations with 7 and Q being
their respective Hilbert spaces, then the CJ representation of their composition is given by

P+Q:=Trpno {(]19\7’@91)%@) (Q®1P\Q)] . 7)

In other words, the formula composes the operations by connecting them on their shared subsystems,
P N Q, which involves a partial transpose 772 over these shared spaces, followed by a partial trace,
Trpngo, over them. For us, the shared spaces are the environment spaces E". We can now state our main
result:

Theorem 1. If a time-dependent Hamiltonian H(t) admits a structure

HO=Y 50 @&(), ®)

where the operators Sj(t) act on the system and E;(t) on the environment, and [Q(t),fk(?)} =0 for all j, k,t and

1, then the process matrix W in equation (6) is a mixed unitary process. Specifically, it has the form

141 N ~ Algl N
WAIAO"'A[ — ZP (l/) Wl‘:IAO...AI ) (9)

where each W,, is a unitary Markovian process as in equation (3), and {p(v)},, is a probability distribution.

See appendix B for the proof. Interestingly, the Hamiltonian in theorem 1 has product eigenstates
between the system and environment for all times. This is because the operators &j(t) all commute,
so they admit an eigendecomposition &(f)=>_, A (t) [v)(v|, where {\!'}, are the eigenvalues and the
eigenstates {|v)}, are independent of both time and the index j. Thus we have

H() =Y 8 (0@ )iyl with § ()= 3N (0] (1 (10)

Finally, considering the eigendecomposition S”(£)=>" L WY (8) [1Y (1) (i (2) |, we observe
H(t) =) o™ (1) " ()" (1] ® )] (11)
v

The fact that Hamiltonians leading to CCC have product eigenstates that are time-independent on
the environment eigenstates immediately leads to an equivalent, physically relevant, characterization:

Corollary 1. A Hamiltonian H(t) admits a decomposition as in equation (8) if and only if there is a complete
set of conserved observables in the environment. That is to say, the Hamiltonian commutes with a set {F, }, of
environment operators with a non-degenerate common eigenbasis.

Proof. In the forward implication, a Hamiltonian in equation (8) has eigendecomposition in the form in
equation (11), so any environment observable of the form F,=)"  f.(v) [v)(v|, fu(v)#fu(v') for v£1/, is
conserved (commutes with the Hamiltonian) and complete (it has a non-degenerate eigenbasis). Conversely,
if the Hamiltonian commutes with a complete set of environment observables, it must have eigenstates of
the form in equation (11). O
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Physically, the operators {F,} represent conserved quantities of the environment, such as energy, spin
components, particle number, etc. Their conservation, [H(#),F,] = 0, implies that their eigenstates are
invariant under evolution, i.e. if the environment is initialized in an eigenstate |v/) of these observables, it
remains in that state throughout the evolution. This identifies the eigenbasis {|v')} as a set of invariant,
non-evolving states that classically label the distinct unitaries applied to the system.

Theorem 1 provides a sufficient condition for a time-dependent Hamiltonian to generate a mixed
unitary process exhibiting classical memory for any choice of probing times #,---,ty. As shown in
equation (11), a key feature of such a Hamiltonian is that it has product eigenstates. This naturally leads
us to investigate the converse: is this product structure also a necessary condition for a Hamiltonian to
guarantee vanishing quantum memory for all possible probing choices? It turns out that the answer
depends on whether the Hamiltonian is time-dependent or time-independent.

We have first considered time-dependent Hamiltonians and found a counterexample violating this
necessity. Specifically, we have constructed a ‘pulsed’ Hamiltonian with entangled eigenstates that results
in a Markovian process for all probing times.

Observation. Consider the time-dependent ‘pulsed’ Hamiltonian H(t) = HY ., § (¢ — ) with 6(-) being
the Dirac delta function and where ], £;,. .. are fixed times at which the ‘pulses’ occur. Using Dyson series
expansion, one can check that the corresponding unitary between times t, and t,,; is U" = e iH. L emiH =
e~imH where m is the number of pulse times t]’»" between ¢, and t,, 1. Now, considering H=2m Hswap, and
noting e "1#Hswar = cos(6)1 — i sin(0) Hswap, we have U" = 1 for all , i.e. the corresponding process is a
Markovian process for all choices of time even though the underlying time-dependent Hamiltonian has
entangled eigenstates. However, we also note that this Hamiltonian is operationally indistinguishable from
a trivial Hamiltonian: H(#)=0 for all . This leads us to speculate that our necessary condition can be reph-
rased to include time-dependent Hamiltonians by excluding degenerate cases, as in this example.

We then turn to the more constrained case of time-independent Hamiltonians. Here, we are unable
to find any such counterexamples. On the contrary, we have found examples where time-independent
Hamiltonians with entangled eigenstates kill off quantum memory only for fine-tuned, discrete sets of
probing times, while generically exhibiting quantum memory.

Observation 2. Consider the time-independent Hamiltonian represented by a SWAP operator. This
Hamiltonian has entangled eigenstates, leading to a unitary process for a particular sequence of prob-
ing times. However, the same Hamiltonian results in a multi-time process with quantum memory for
other choices of probing times. Specifically, the 2-qubit SWAP Hamiltonian has the eigendecomposition
Hgwap = Z?:o a; |®;)(®;|, where |®;) are four Bell-states:

) = = (00) + 11). (12)
) = == (o) + [10)). (13)
) = —= (o) ~ |10)) and (14)
) = == (00) ~ [11). (15)
with oj—, = —1 and a;t, = 1. Now, for a choice of times {t, = 2w n},, we have U, = exp(—it,Hswar) = 1,

which is a 2-qubit identity map. Hence, the process defined for these probing times is a Markovian pro-

cess (hence a subclass of a CCC process), although the Hamiltonian has maximally entangled eigenstates.
However, a different choice of times reveals the non-trivial memory in the process. For instance, for a choice
of times {t, = (4n+ 1)w/2},, we have U, = exp(—it,Hswap) = —iHswap. As discussed in [31], a process
defined by a swap between system and environment is a quantum memory process.

In a similar spirit to Observation 2, in appendix E, we show an example of the Heisenberg model
Hamiltonian having entangled eigenstates that can lead to a mixed unitary process for a specific choice
of times but exhibits a quantum memory process in general. The lack of a counterexample for the time-
independent case leads us to propose the following conjecture:

Conjecture. Every time-independent Hamiltonian that generates a CCC process for all choices of probing
times has the form

H= Yo [pr) | @ [u)(v]. (16)
%
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Figure 2. Depiction of theorem 2 for a three-time mixed unitary process W=3" , p(v)W,, with W, = p/,i‘ ® ’ UL WU,

243
AOAI

| T
ation of the unitary f]’{,, with k€{1,2}. The right-hand side of the picture shows that any such mixed unitary process can be
dilated in terms of controlled unitaries U = 3" U, ® |v)(v|F, k€{1,2}, and an initial quantum—classical system-environment

being a Markovian process. Here p,, is an initial state at A] the system, and ‘U’,‘, WU,

is the CJ represent-

1n !
state pMif = Zyp(u)pﬁ' ®|v){(v|. See appendix C for the proof.

We note in passing that the constraint in theorem 1 essentially requires the eigenstates of the envir-
onment to be time-independent. In appendix F, we present a scenario where the environment eigenstates
are slowly time varying and show that even a slight variation, in general results in quantum memory.

3.2. Quantum circuit model for CCC process

An interesting question is how to simulate CCC processes on gate-based quantum computers, where
the parties act at fixed times and the system-environment interaction is modelled by a fixed sequence
of unitaries. The answer lies in the unitary associated with the Hamiltonian in theorem 1, which for
any timesteps t, to t,.; is given by the time-ordered exponential U(#,,t,+,) = Texp[—i ft:”“ dtH(1)].
Expanding H(t) as in equation (10), we have

Uty toy1) = ; Texp [1/

tn

=30t i) @ )], (17)

t1x+1

drs” (t)} ® V)|

where U, (t,, ty41)=Texp|[—i fti”“ dtS”(1)]. In other words, the unitary takes the form of a controlled
unitary, with the environment being the control system in the same orthonormal basis throughout all
the time steps. Thus, according to theorem 1, such unitaries result in a CCC process (specifically, a
mixed unitary process).

In the following theorem, we show that the converse statement also holds, and thereby formalize the
connection between controlled unitaries and the mixed unitary processes.

Theorem 2. All mixed unitary processes have a dilation in terms of controlled unitaries, with the environment
being the control with the same orthonormal basis in all time steps.

See appendix C for the proof. Figure 2 depicts theorem 2 for a mixed unitary process with N=3.
Beyond mixed unitary processes, in appendix D, we also characterize the quantum-circuit models,
involving nested-controlled unitaries, that give rise to the most general classical-memory processes with
fixed probing times. The intuition behind this form is that a multi-time process is a classical-memory
process if it can be modelled by a sequence of system and environment interactions that are conditional
quantum instruments propagating classically-encoded information across sites. We explicitly construct
dilations of these instruments which are conditional unitary with an extra environment, and a meas-
urement on that environment as shown in figure 3. Note that, while we have shown that all classical
memory processes admit at least one dilation based on controlled or nested-controlled unitaries, such

6
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constructions are not unique, and alternative constructions resulting from a different dilation are pos-
sible. We now present some examples of Hamiltonians that satisfy the conditions of theorem 1, resulting
in classical-memory processes.

3.3. Examples

Example 1: A simple two-qubit model, with one of the qubits as system and another one as environment,
with interaction Hamiltonian given by H¥ = wo; ® o; where ; are Pauli operators and w is the interaction
strength, has been well studied in the context of non-Markovianity [49-51]. Since the Hamiltonian is of the
product form, theorem 1 implies the resulting process will be a convex sum of Markovian processes, i.e. a
process with classical memory. In particular, if the initial system-environment state is pME1, then the result-
ing process will be of the form,

w=3"pw)pl & TN o TN 1%, (18)

where
p)ol = (1 @ (1) 1 (14 2 1)) (19)
and the unitary channels T, are

(20)

7

Ty = omclal Xy N) A | = [e (e
m,n

where ¢, = exp(fiw)\]l‘,)\ﬁnAt), v, m,n can be 4+, — corresponding to positive and negative eigenvalues of
corresponding Pauli operators, and At is the time interval between sites (which we take to be all equal for
simplicity). A special example of the above Hamiltonian is the ZZ-type interaction Hamiltonian, which leads
to cross-talk in transmon-based quantum devices. Note that the result also applies to an arbitrarily large
environment: as long as all interactions are of ZZ type, an arbitrary number of environment qubits leads to
classical memory. In contrast, some recent superconductor-based experiments, such as references [27, 28],
demonstrate nonclassical memory, which indicates in those cases a ZZ-type Hamiltonian cannot explain the
non-Markovian noise.

Example 2: A widely used global operation in quantum information processing is the CNOT gate, which is
generated by the Hamiltonian H= |—)(—|° @ [1)(1|%, with Ucnor = exp[—im H]. This Hamiltonian is in the
product form; therefore, it has fixed (time-independent) product eigenstates. Due to theorem 1, the CNOT
operation can not generate a quantum non-Markovian process.

Example 3: A case where the environmental degree of freedom is not finite is the following model: a
photon’s polarization degree of freedom is the system qubit, and frequency modes are the environment.

The interaction between these degrees of freedom is given by the experimentally implementable birefringent
effect,

HE = [ ulo 0]+ mn () & lde e

This system has been studied to experimentally realize and control non-Markovian dynamics, particu-
larly Markovian to non-Markovian transition [52]. The structure of Hamiltonian satisfies the criteria of
theorem 1. Therefore, the resulting process is a mixed-unitary process.

Example 4: In the diamond NV centre, the full Hamiltonian between the electronic spin triplet and the
nitrogen nuclear spin (of 4N isotope) is given by the Hamiltonian of the form

H Y =78 @1+%8,01+p10E+uleL + (22)
’VSSZ ®Iz + Ve (Sx ®Ix + Sy & Iy) (23)

where S;/I; are spin-1 operators. Under the secular approximation, we can assume a large zero field
splitting ; > 76 and thus ignore the last term in the above equation. [53]. Also, it was shown in
[54] that the effect of ambient environment of carbon atoms and other impurities in the diamond is
effectively Markovian. The non-Markovian effects are thus attributed to a Hamiltonian that satisfies
theorem 1.
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4, Conclusion

We have characterized a class of Hamiltonians that generate classical memory processes represented as
probabilistic mixtures of unitary Markovian processes. These Hamiltonians admit a complete set of com-
muting conserved quantities in the environment. Intuitively, fixing the conserved quantities induces an
effective system Hamiltonian, which can be different for the different conserved values. As the environ-
ment is not observed, its initial state defines a classical probability distribution over the values of the
conserved quantities, leading to a classical mixture of unitary system evolutions.

Using the process matrix approach, we have demonstrated that several previously studied non-
Markovian interactions, including non-trivial entangling interactions, are examples of these mixed unit-
ary processes. We have also characterized the quantum circuits associated with these classes of pro-
cesses. Particularly, we have shown that the multitime processes generated by these Hamiltonians can be
described as sequences of controlled unitaries conditioned on a common environment in a fixed basis.
Conversely, we have also shown that any mixed unitary process can be generated by a sequence of con-
trolled unitaries and an initial quantum-—classical system-environment state. This aligns with previous
results of reference [55] where controlled unitaries were linked to classical memory in the context of
dynamical maps, which in our formalism corresponds to the constrained scenarios of only two-time cor-
relations. Additionally, two-time mixed unitary processes, sometimes called random unitaries, are also
known to characterize the class of recoverable channels whose noise evolution can be corrected perfectly
upon measuring the environment and conditionally post-processing the system [56—58]. Moreover, it
has been shown that single-shot error correction schemes are compatible with stochastic noise that is
spatially local but permits arbitrary classical temporal correlations [59, 60]. Non-Markovian noise with
classical memory can also be shown to suppress worst-case gate errors for certain classes of interac-
tion Hamiltonians [37], while it has been demonstrated that operationally accessible measures of the
non-classicality of a non-Markovian process are both computationally and experimentally feasible [61].
Furthermore, beyond mixed unitary processes, in appendix D, we have provided quantum circuit models
for the most general classical-memory processes.

As future work, exploring other Hamiltonians that generate distinct types of non-Markovian memory
and extending these results to continuous-time and continuous-variable processes are promising direc-
tions. Additionally, as shown in appendix E, processes may exhibit classical memory at specific probing
times despite having quantum memory otherwise. Investigating system-environment models that consist-
ently exhibit similar memory characteristics across all probing times presents another compelling avenue
for research.
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Appendix A. Preliminaries

A.1. Process matrix formalism

We use the process matrix formalism [29] to capture non-Markovian dynamics. The framework models
a general scenario where a system and an environment, possibly initially correlated, can evolve and inter-
act. The system can be probed at well-defined times during the evolution, a total of N times. After the
initial preparation and in between the probes, the system evolves according to some system-environment
Hamiltonian that can be represented as a system-environment gate applied in the time step between two
probing times. This leads to a general N-time process, represented in figure 1 in the manuscript: initially
correlated state, probe 1, gate 1, probe 2, gate 2, --- gate N — 1, probe N.
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Each probe # is a quantum operation that is represented by a CP and trace non-increasing map
M., s, - Af — A, that maps the input system Af to the output system® Af. A?(o) = E(HA?«))) is the
space of linear operators on the Hilbert space #HA©), In general, the operation involves a measurement,
so x,, and a, represent the classical settings and outcomes, respectively. Whenever there is no confu-
sion, we will drop the labels for the Hilbert space. Furthermore, the framework assumes that the time
to implement the operations is negligible compared to the time scales of the system-environment inter-
action. We will use the term ‘site’ to refer to the pair of input and output spaces, A}, Ay, representing
the possibility of an operation at time #n. Sites can be seen as a temporal generalization of subsystems,
see also [62].

Using the CJ isomorphism [39—41], the operations can be equivalently represented by a linear, posit-
ive semi-definite operator M,, |, defined on A{®A{

My 1= [T @ Moo, (D)), (A1)

where T4 is the identity map A} — A7, |11>>A‘n =y |i>AIn ® |i>A? is the unnormalized maximally
entangled state, and {|4)}; is an orthonormal basis for A}. In general, the trace non-increasing property
of the CP map is reflected by the operator inequality Tray M,, |, < 147, note 147 is the CJ representation
of the trace-map acting on A}. The equality is satisfied when the quantum operation is a CPTP map,
i.e. a quantum channel, representing a deterministic operation with no associated measurement out-
put. A quantum instrument is a collection of CP maps summing up to a CPTP one, Tray >, My, |x, =
141, representing all the possible outcomes of a measurement. The last site consists only of an input
space AN, with no corresponding output space, and the associated instrument reduces to a positive
operator-valued measure acting on AY, namely a collection of positive-semidefinite operators satisfying
ZaN Myxy = 147,

In the setup we are considering, the environment is never measured, and its effects only manifest
as multi-time correlations between measurements on the system. All information accessible through
operations on the system is compactly encoded in a process matrix, figure 1(a), which is a positive-
semidefinite operator W € Al ® A3 ® - --AY, defined on the tensor product of all input-output Hilbert
Al =AY

N
anlx } at different times, the process matrix
n n n:‘l

spaces. Together with the sequence of CP maps {./\/l

WAhAo-AY generalizes the Born rule [42] to evaluate the conditional probability of classical outcomes
{an}n given settings {x,},:

N
nan\ T
p(alvazj...aN|x1,x2,...xN):Tr ®(MA[A0> WA%Aé)'»-Ai\J , (Az)

ap|xy
n=1

where the superscript T represents transpose. The process matrix W40 41" represents an N-time pro-
cess and the operations occur at the N sites. This formalism is equivalent to that of quantum channels
with memory [63], quantum strategies [64, 65], process tensors [17, 18] and quantum combs [38, 66].

A.2. Markovian process

We have briefly introduced this class of process in the main text, which we reintroduce with a bit more
details. A Markovian process is characterized by memoryless dynamics, i.e. the system’s future evolution
does not depend on past states of the system. Operationally, a memoryless process should be reprodu-
cible without retaining any external memory. If the system interacts with an environment during its
evolution, the environment can be discarded and re-prepared in a new state after each time-step, res-
ulting in a sequence of quantum channels independent from each other. Figure 1 shows a general non-
Markovian (a) and a Markovian (b) process, where we have omitted the environment labels for clarity.
Denoting p the initial state and 7" : A?) — Af"! the quantum channels for n=1,...,N — 1, the prob-
ability for a sequence of CP maps M,,,..., M, (where we omit the settings for simplicity) is simply
given by the map composition P(ay,...,ay) = Tr[Ma 0 TN"'--- 0 T' o M, (p)]. This corresponds to
plugging into the Born rule, equation (A2), the process matrix,

Wu=poT'® TV, (A3)

6 Note that, even in the typical scenario where operations act on a given system, input and output are modelled as distinct (isomorphic)
spaces.



10P Publishing

New J. Phys. 27 (2025) 114515 K Goswami et al

where T" € A, @ A" is the Choi representation of the quantum channel 7" and we omit the super-
scripts denoting the systems. We see that Markovian process matrices are proportional to product states,
subject to the constraint that each factor is the Choi representation of a CPTP map.

A particular case that will be of interest later is when each channel is unitary, representing a closed-
system evolution with no interaction with the environment. Accordingly, we define unitary Markovian
process matrices as’

Wo = @[T T!| @ - @ | TV (T, (A1)
where the CJ representation of the unitary U : HA6 — HA" s ’f]" N ﬁ”’ where
~ ~ A" An+l
’U">>::1®U”\1>>€HO®HO . (AS)

A.3. Classical-memory process

We are interested in the subclass of non-Markovian quantum processes that can be simulated by a clas-
sical feed-forward mechanism through the environment, as depicted in figure 1(c). This feed-forward
mechanism can be modelled by a set of conditional quantum instruments in between the sites, where
each instrument is conditioned on a setting that has a stochastic dependence on all the previous meas-
urements and settings of past instruments [31]. In the end, all the classical outcomes that were used to
implement the process are discarded. A process that can be reproduced in this way is said to have clas-
sical memory because it only requires keeping track of classical variables that correlate the channels.

In particular, we consider an initial set of states ps,, each of which can be selected with a probability
p(so). The classical variable sy also determines a probability distribution p(s;|so), which in turn determ-
ines the instrument 717 := {Tinl‘ o - All the classical variables at this stage stochastically determine the
next instrument, and so on. The process matrix has the form:

Wem = ZP(SO)pSO ®p(s1]s) Tin1|sl @ ®p (5N—1 |§]N72,W7|N72) Tfn]; (A6)

1
—1lsn—1
S,m

where 5= {s0,51,---sn—1} and 5}, = {s0,51---s,} are the settings of the instruments, and 7 =
{mi,my---my_1} and 1, = {my,m,...m,} are the measurement outcomes of the instruments. This
form of process matrix then represents the most general type of multi-time quantum process with clas-
sical memory.

A.4. CCC process

We now reintroduce an interesting sub-class of classical-memory processes, called the CCC processes.
Notice that in equation (A6), if the conditional probability distribution is independent of measurement
results /71 of instruments, i.e. p(s,[sju—1,7|u—1) = p(su|5js—1) for all n, then the process matrix takes the
form:

Weee = ZP(50751 e sNe) Py @ Th @@ TN (A7)
3

where T¢ =3 T

My = 1y |sy

we represent Wece as

is a CJ representation of a CPTP map. From now on for notational convenience

Wece=» p()py®@T, @ T, (A8)
= ZP (v) VVV (A9)
where in general, v = {s1,s,,- -+ ,sny—1 } represents multiple random variables. Note, W¢cc is a convex

N

. . —1
sum of Markovian process matrices W, = p, Q,,_, T}..

7 The term unitary process matrix has been used slightly differently in the literature, referring to processes that start with an output
space [67, 68]. Furthermore, here, we restrict unitary processes to be causally ordered and Markovian, which is not necessarily true in
general.

10
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A particular case of CCC processes relevant to our results is that of mixed unitary processes, whose
process matrices are probabilistic mixtures of unitary process matrices, as defined in equation (A4):

Waw = > p () py @ [UL T @ [T (TN . (A10)

For N=2, such a process has been experimentally realized [22], where the source of classical memory
was due to the non-trivial joint probability distribution of two random variables.

It turns out that, for N=2, all classical-memory processes are CCC [31], however for N>3, CCC
processes are a strict subset of those with classical memory [33]. We see from equation (A7) that CCC
processes are proportional to separable states. Furthermore, in reference [32], examples of a strictly lar-
ger class of separable processes have been found by removing the trace-preserving condition from T in
equation (A7). It is also possible to have quantum memory processes [31-33], the temporal correlation
manifested in such a process exhibits genuine nonclassical correlation. In the present work, we do not

focus on these processes.

Appendix B. Proof of theorem 1

Proof. Consider the system of interest in the process is accessed at time steps {#,}2_,. The system-
environment unitary U" from ¢, to t,; is given by a time-ordered exponential as shown in equation (5).
Given that the environment operators commute, we can always find a common eigenbasis {|v/)} so that

Ei()=>_, A7 (t) [v){v| and A/ (t) are the time-dependent eigenvalues. The corresponding unitary U" takes
the form of a controlled unitary:

U = Z Texp {—i /t R (t)} @ )]
S Tl (B1)

where §” (1) = 2 A (1)S;(t) and

U" = Texp {—i / " deS” (t)} . (B2)

The time-dependence of the operators U" and U is implied. The CJ-representation of the unitary in
equation (B1), labelled by the relevant input—output Hilbert spaces, is

+1
@ )P T (B3)

nopn
071

Uy =3 T ) O

Let us order the tensor products in reverse for the convenience of notation and consider the CJ-
representation of the unitary [UN~!))(( UN~!| at the final time step N, whose output environment, EV, is
traced out resulting in

N—1

N—14NpN—1pN -~ ~ Ay A —1
]lEN*|UN_1>><<UN_1|AO A'E"TE :Z‘Ulj_l»«Uﬁ]_l o I®|V><V|EN 7 (B4)

UL
Next, we consider the term |UN~2))(( UN"2|. We expand it using equation (B3), and then calculate the
link product with equation (B4) to obtain

where = ‘67, N 67;‘ is the CJ representation of the unitary defined in equation (B2).

]lEN % !UN_l >><< UN—I ‘ " | UN—Z >><< UN—2|

s

N—2,N—1
AO AI

(B5)

@[Ty Ty

Continuing the concatenation till the first timestep and finally appending the initial system-environment
1l .
state p*F | we have the overall process matrix

11
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WARDAT — (NS U (TR ) g i

=20 @ ([ et

n=1

=S p) Wit (B6)

1
where the conditional state pﬁl is given by

o T [ (1o )]

p'/ - ) (B7)
p(v)
and where
p() =Tege [ (1@ )" )] (BS)
forms a probability distribution and
N—1
~ Al ~
W, =o' @ | U U (B9)
n=1
is a unitary Markovian process. This concludes our proof. O

Appendix C. Proof of theorem 2

Proof. Consider an arbitrary N time-steps mixed unitary process Wy, with the form in equation (A10),
where ’f]’; N f]’;’ is the CJ representation of the unitary U, : A, — A" for n € {1,2,---,N—1}. We can

now introduce the controlled unitaries

U=> U, (C1)

where {|v)} is an orthonormal basis in E. Consider now a set I" of the initial system-environment states,
such that

I:= {pAIIE|TrE |:(I[AII® |V><V|E> pAIlE} =p(v) pwVU}. (C2)

An example of such a state is the following quantum—classical state:
=2 p el @ ). (C3)

Now, with any state p € I, the mixed unitary process Wy assumes the form

Wiw =p # [T WD 5% [TV )TV 12, (C4)

This proves our theorem. O
Appendix D. Unitary form of classical memory non-Markovian processes

Here, we show that every multi-time classical memory non-Markovian process can be written as a
sequence of controlled unitaries and vice versa—any sequence of controlled unitaries where the controls
are in a common basis constitutes classical memory. In section A.3, we gave the general mathematical
form of a classical-memory process as equation (A6), which represents arbitrary instruments which act
probabilistically conditioned on past classical variables. This is the basis on which we claim that memory
is classical in nature. This form can be simplified by combining terms to get

N—1
Wem = ZP 50) Psy ® mtlsnlg]n—l7ﬁ|n—l7 (D1)
5, n=1

12
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p| Ry =" p .
b

Figure 3. Implementing a stochastically controlled unitary. The operator in the dashed box is also a unitary. Time is from left to
right.

B 'Ua_ —‘/bc_ ab B —Ua_ _Vg)a_

Figure 4. Tracing over controlled unitaries in a fixed basis is equivalent to a sum over classically controlled unitaries. Time is from
left to right. Note that controls on the same environment become conditioned on the same classical index.

where

Tv:nnsnﬁ]n—l’ﬁfl\n—l =p(sn\§]n,1ﬁi|n,1) T’;nlsn (D2)

are also instruments with measurement ‘outcomes’ labelled by both 1, and s,, since >

SnsMn
Mysa Sy iy AT CPTP channels. This shows that the non-deterministic instruments can be modelled
by suitable deterministically applied instruments.

For completeness, we explicitly construct a set of controlled unitaries that would yield the same W¢y
as (A6) given the set of conditional probabilities p(s,|5,—1,7|,—1), and corresponding instruments. First
note that a quantum instrument can be specified by a set of Kraus operators {M,, y} where a meas-
urement result of m applies the CP channel ), M, - M;k, and kaMLkak = 1. The index k mod-
els inefficient measurements. We can construct a (non-unique) isometry V.=7>" . |k) |m) M, and this
isometry can then be extended to a unitary operator by supplying orthogonal columns. The resulting
unitary represents a possible dilation of the instrument to a system-environment model, with a project-
ive measurement |m)(m| on the second environment. Alternatively, combining the environments, we can
label their joint initial state as |0), and recognize the measurement as a degenerate measurement with
measurement operators 1 ® |m)(m|. So, every instrument can be dilated to a conditional unitary with an
extra environment and a measurement on that environment.

Each of these classically-conditioned unitaries can then be modelled as a controlled unitary, con-
trolled by some environment with basis {|s¢)} as > [se)(st| ® Us,. Provided all the controls are in the
same basis (and respecting any degeneracies in the measurements), tracing over the environment will
result in a sum over classically-conditioned unitaries as in figure 4.

To explicitly model the stochastic dependence on previous variables consider the following unitary
operator

d—1
R, =€) (0| + ) |1 ) (il (D3)

i=1

where |£) = Zf;(} Vp(rila)|si)s (k) = di, and {]s;) =1 js the preferred environment orthonormal
basis. The |£’J_> are chosen so that <£ ‘§l> =0, and <§l
in figure 3 effectively implements a stochastically conditioned unitary as required upon tracing out the
environment.

Hence any process matrix of the form of equation (A6) can be modelled by a quantum circuit of
the form depicted in figure 5(a). The reverse is easy to show—any circuit of the form in figure 5(a) will
have a process matric of the form of equation (A6).

Sﬂ_> = 0;;. Now, the controlled-unitary circuit

13
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Figure 5. Circuits representing different classes of classical memory, with time oriented from left to right. (a) Full classical

memory with dependence on past (including stochastic), and (b) classical common cause memory. The dashed circles repres-
ent the sites.

CCC: As discussed in section A.4, if each of the conditional probability distributions is independ-
ent of the measurement outcomes, p(s,|/7|,—15),—1) = p(sn|Sjn—1), we have a CCC process given in
equation (A7). The corresponding circuit diagram for this class becomes figure 5(b).

Appendix E. Hamiltonian with entangled eigenstates

In this section, we consider an interaction Hamiltonian with non-product eigenstates and analyse the
nature of non-Markovianity, i.e. whether the resulting process is classical or quantum memory process.
To be concrete, we consider the isotropic Heisenberg model with magnetic field in z direction,

HESZJ(Ux®Ox+Uy®Uy+O'Z®O'Z)
+B(o,@1+1®0,). (E1)

The eigenvectors and corresponding eigenvalues for the above interaction are the following

91) = (01 = 10)5 £ =3/ (®2)
|92) =[11); E,=]—2B (E3)
|ws>=%<\01>+uo>>; By =] (E4)
|1g) = 100);  E4 =]+ 2B. (E5)

Evidently, two of the eigenstates are maximally entangled states, and for a non-zero magnetic field (B #
0), the spectrum is non-degenerate.
Now, the unitary generated by the interaction H is

U(t) = exp (—iEit) i) (i, (E6)

i=1

where t is the interaction time. Importantly, even though the spectrum of interaction Hamiltonian is
non-degenerate, there can be degeneracy in the eigenvalues of the unitary (the phase terms exp(—iE;t)).
In particular, for the following interaction times

nm
t=—; neN E7
Ik (E7)
the phase terms corresponding to [¢)1) and |¢3) are equal, hence any quantum state in the subspace
spanned by [1;) and |¢3) is a valid eigenstate. Particularly, choosing eigenstates 1/v/2(|1)3) % [¢1)), we
observe that at these specific interaction times, the same unitary can be generated using an alternat-
ive interaction Hamiltonian with the same spectrum but with all product eigenstates. This allows us to
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Figure 6. Entanglement across the bipartition A;|A,B; in the process matrix WAL for varying interaction time in units of Jt.

express the alternative Hamiltonian as a sum of tensor products. Due to the orthogonality of the product
eigenstates, the operators associated with the environment naturally commute. Hence, we can apply the-
orem 1. To conclude, the interaction Hamiltonian equation (E1) results in a classical common-cause pro-
cess if the interaction times between the interventions are as in equation (E7). However, the resulting
process becomes a quantum memory process for a different interaction time. To show that, we consider
the simplest scenario with only two-time interventions. Consider the initial system-environment state to
be a correlated Bell state, i.e. pf41 = o)) (1|, where |¢)T) = (|00) 4 |11))/+/2. The resulting process is
obtained as

WA = B U () (U (] 1, (ES)

where |U(£) )(U(#)["****"" is the CJ operator corresponding to the unitary in equation (E6). We use
the Peres—Horodecki criterion [69, 70] in the bipartition A1|A,B; of the normalized process WAi4:B1
to check whether the process is a quantum memory process. To this end, we use the ‘negativity’ as the
measure of quantum memory:

N=>"1A, (E9)

A<0

where ) are the eigenvalues of W41, where, superscript Ty, is partial transpose with respect to Aj.

In figure 6, we have plotted the entanglement measure across A;|A,B; with varying interaction time.
We observe the oscillating behaviour of entanglement, with ] determining the frequency of oscillation,
and it vanishes for the interaction times t = 7/2, 7,37 /2,27, where, as expected, it can be modelled as a
classical common-cause process as discussed above.

This example shows that a Hamiltonian with entangled eigenstates can generate classical-memory
processes but only for certain choices of interaction times that result in unitaries with product eigen-
states. Otherwise, the process is a quantum memory process. This strengthens the conjecture that if an
interaction generates a classical-memory process for all times, it must have only product eigenstates.
Similar to the above example, one can construct other models, for instance, interaction with all Bell
states as eigenstates, i.e, H = E4 [1)F)(¢F| + F1|¢F)(¢F|. Then, a sufficient condition for the classical-
memory process is that the ratio Ey — E_ /F; — F_ must be a rational number, i.e. with this constraint
satisfied, there exist interaction times such that resulting process is a classical common-cause process.
The Observation 2 in the main text is a special case of this scenario.

Appendix E. Slowly varying environment basis

Here, we consider a two dimensional system and environment with three interventions on the system.
We consider the control to be in the canonical basis {|0),]|1)} between the first two intervention (i.e. A
and B). Then, we introduce a variation in the control basis in the environment in the next time step
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(between B and C) by rotating the basis by U(dt), which is a unitary generated by a slowly varying
Hamiltonian. In the first time-step, we consider the controlled-NOT as the environment-system unitary,
with the environment as control. Moreover, the Hamiltonian which generates rotation in environment
basis is chosen to be Pauli X. For the resulting process, we observe the amount of entanglement across
the lab A and lab B for different choices of dt. We find that for any non-zero 8¢ the resulting process has
entanglement across lab A, hence requiring quantum memory across the lab (see figure 7).

0.0175 1 = Across A

== Across B

0.0150 1

0.0125 -

0.0100 -

0.0075

Negativity

0.0050 1

0.0025 -

0.0000 +

0.00 0.05 0.10 0.15 0.20 0.25 0.30
ot

Figure 7. Quantum memory across lab A and lab B with variation in the control basis of the environment.
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