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Abstract

The epimorphism problem for groups asks whether, given two groups G (domain) and H
(target), does there exists a surjective homomorphism from G to H. While related to the
isomorphism problem, it was shown to be undecidable for nilpotent groups, which is a
decidable class for the isomorphism problem.

Friedl and Loh (2021, Confl. Math.) proved that the epimorphism problem is decidable
when the target is either a direct product of an abelian and a finite group or a virtually
cyclic group. Based on results from Remeslennikov (1979, Sibirsk. Mat. Zh.), they
further conjectured that the problem is undecidable for the full class of virtually abelian
groups. In this thesis, we establish that the problem is NP-complete for the same target
classes, while also extending the known subclasses of virtually abelian groups for which it
remains decidable and NP-complete. Additionally, we introduce an alternative approach
to investigating the decidability of the epimorphism problem for virtually abelian groups
in full generality. To achieve this, we prove that two related integer matrix problems,
which arise from a reduction of the epimorphism problem for the decidable classes, are in
P, and show a third problem is related to the general class of virtually abelian groups.

We also examine the epimorphism problem for fixed finite targets. Specifically, we show
that the problem is NP-complete when the target is a dihedral group of order not a power
of 2. This result complements the work of Kuperberg and Samperton [18], who established
that the problem is NP-complete when the target is a non-abelian finite simple group.

Finally, we collate a list of results on the epimorphism problem, completing the known
complexity classifications for the epimorphism problem to the best of the author’s know-
ledge.
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1 Introduction

Dehn [7] first proposed the three foundational group problems, the word problem, conjugacy
problem, and isomorphism problem in 1911. It is well known that these problems are
undecidable in general, beginning with the word problem [4, 21, 22], from which the
undecidability of the other two follows.

Closely related to the isomorphism problem is the epimorphism problem, which asks
whether there exists an epimorphism from one group to another (where an epimorphism in
the category of groups is a surjective homomorphism). Remeslennikov [25] demonstrated
that the undecidability of the epimorphism problem persists even under significant re-
strictions on the classes of groups in 1979. Specifically, he proved that the epimorphism
problem is undecidable for nilpotent groups of class at least 2, where this result was es-
tablished via Hilbert’s Tenth Problem. However, nilpotent groups were soon shown to
be decidable for the isomorphism problem by Grunewald and Segal [14] in 1980. In a
sense, this suggests that the epimorphism problem is more difficult than the isomorphism
problem under specific conditions.

Possibly because of this, the epimorphism problem has received limited attention in
computational or algorithmic group theory. Recently, Friedl and Loh [12] investigated
the problem when the target group is virtually abelian, demonstrating that the problem
is decidable when the target is either virtually cyclic or a direct product of an abelian
group and a finite group. These results establish decidability without providing complexity
bounds, meaning that the corresponding algorithms do not give considerations to efficiency.
On the other hand, practical algorithmic approaches also exist, such as in the work of
Holt and Plesken [15], who studied epimorphisms from finitely presented groups to simple
groups of order up to one million, as well as epimorphisms from a domain group G to a
quotient group of the target.

The focus of this thesis is to approach the epimorphism problem from a complexity
theory perspective. This requires the development of algorithms which do not use in-
finitely recursive methods, that is algorithms that run potentially infinitely which are
frequently used in decidability results. Unlike decidability results, complexity analysis
requires determining the upper bounds for the exact time or space of resources needed
for an algorithm to compute a solution. While complexity classifications do not always
lead to practical algorithms in a computational sense, since worst-case scenarios must be
accounted for, they provide a structured way to assess the relative difficulty of a problem.

For example, by the work of Kuperberg and Samperton [18] on epimorphisms from
certain 3-manifold groups to finite non-abelian simple groups, it is implied that the epi-
morphism problem from a finitely presented group to a fixed finite non-abelian simple
group is NP-hard. This is one of the conditions for a problem to be NP-complete, a well-
understood and one of the most studied complexity classes, closely related to the P = NP
problem [5].

In this thesis, we extend these results using techniques involving equations over groups
and computational problems with integer matrices. These methods yield new insights into
both the computational complexity and decidability of the epimorphism problem for the
classes considered by Friedl and Loh, as well as extended generalisations of those classes.
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We also provide new classes of groups for fixed finite targets, complementing the work of
Kuperberg and Samperton. Additionally, we compile various results on the epimorphism
problem that have not been previously documented, and provide either complexity bounds
or a decidability result. Finally, we propose a generalisation of previously used methods
that suggests a potential framework for investigating the decidability of the epimorphism
problem in the broader class of virtually abelian groups.

1.1 Structure and Key Results

In Chapter 2 we provide the basics of group theory, complexity theory and other standard
tools which are used throughout this thesis, we refer readers to Section 2.1 for the definition
and notation on complexity which will be used when referring to the results.

With the exception of Section 4.1 which provides some preliminary results for the epi-
morphism testing, each chapter uses distinct techniques and can be read independently,
when used in conjunction with Chapter 2. In each of chapters from 3 — 7, we establish
one of our theorems.

The first original result provided is the solving of integer matrices problems, which are
used in later epimorphism testing. This problem arises naturally by considering a normal
subgroup of our virtually abelian target group. We begin by defining the relevant matrix
problems.

Notation For d € N, let [1,d] := {1,2,...,d}. For m,n € N, write Z™*™ for the set of
all m x n integer matrices. Given M € Z™*™ and ¢ € [1,m], let M|, denote the submatrix
consisting of the bottom ¢ rows of M.

We refer to an n x 1 matrix as an n-vector, and a matrix (resp. n-vector) whose entries
are integers as an integer matrixz (resp. integer n-vector). For an integer matrix M, we let
span(M) denote the set of all Z-linear combinations of the columns of M, we now define
the following two integer matrix problems.

Problem: MatrixSubspanA

Input: A triple (A, d,¢) where A is an m X n integer matrix, d,¢ € N with
e [0,n—1].

Question: Do there exist integer n-vectors vi,...,vq such that Av; = 0 for
i € [1,d] and for the n x d matrix V whose columns are vy, ..., vy,

span((V])T) = 247

Problem: MatrixSubspanB

Input: A triple (A,b,¢) where A € Z™*" be Z™, ¢ € N with £ € [0,n — 1].
Question: Does there exist an n-vector v such that Av+b = 0 and span((v|,)7) =
77

We then prove the following in Chapter 3.
Theorem A. MatrixSubspanA and MatrixSubspanB are in P.

Using this result, we build upon the work of Friedl and Loh [12] by determining the
complexity of the epimorphism problem for subclasses of virtually abelian targets that
they demonstrated to be decidable, we then generalise the complexity result by expanding
the subclasses. While Friedl and Loh [12] remarked that the algorithm they proposed
to demonstrate decidability “will have ridiculous worst-case complexity”, we provide an
approach which can be shown to have non-deterministic polynomial time complexity. In
particular, we establish the following result in Chapter 4.
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Theorem B. The epimorphism problem from finitely presented groups to the following
target classes is NP-complete:
1. Direct products of abelian and finite groups.
2. Virtually cyclic groups.
3. Semi-direct products of a free abelian group N and a finite group @), where the action
of Q on N is restricted in a specific way, as described in Definition 2.80.

From here, we shift focus and use different techniques. Supplementing the results of
Kuperberg and Samperton [18] that imply the epimorphism to certain fixed finite groups
is NP-hard, we demonstrate that the same result applies when the target is a finite dihedral
group of order not a power of 2. Again, using systems of equations over groups, but with
different techniques distinct from those used in the previous chapter. Thus, we prove the
following in Chapter 5.

Theorem C. Let n > 1 be an integer that is not a power of 2, and let D, denote the
dihedral group of order 2n. Then, the epimorphism problem from finitely presented groups
to the group Doy, ts NP-hard.

In addition, we also present a collection of results related to epimorphism, some of which
follow directly from existing work, while others address problems that are widely regarded
as decidable by ‘folklore’. These results may be considered more straightforward than
those in the previous theorems.

By applying the work of Razborov [24] on equations in free groups, we demonstrate
that the epimorphism problem from finitely presented groups to finitely generated free
groups is decidable, though no complexity bounds are currently known for this problem.
We also formalise the results of Kuperberg and Samperton [18] within the context of the
epimorphism problem.

Furthermore, following Friedl and Loh [12] we confirm that the epimorphism problem for
finitely generated abelian targets is decidable and, moreover, lies in P. Finally, we present
a generalised result that plays a key role in the proof of Theorem C. We consolidate them
as the following in Chapter 6.

Theorem D. The epimorphism problem from finitely presented groups to the following
target classes has the corresponding result.
1. Finite rank free groups as the target is decidable.
2. A fized non-abelian finite simple group as the target is NP-complete.
3. Finitely generated abelian groups as the target is in P.
4. Under the following three conditions for groups A and B
o A is a finitely generated abelian group
e B is a finite group with a trivial centre
e the epimorphism problem from a finitely presented group to B is NP-hard.
A fixed group B x A as the target is NP-complete.

Finally, Friedl and Loh [12] conjectured that the epimorphism problem for virtually
abelian targets, in general, is undecidable, drawing an analogy to Hilbert’s Tenth problem,
which was the method employed in Remeslennikov [25]. We establish an intermediary
result concerning the following matrix problem, which, if shown to be decidable, would
imply the decidability of the epimorphism problem for virtually abelian targets. Let
GLrFin(d,Z) denote all torsion elements of GL(d, Z).
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Problem: MatrixSubspanC

Input: A tuple ({Ao,...,Ar}, {Mo,..., My}, B,d,0), where A; € Z™*",
My =1 € 29 M; € GLpin(d,Z) for i € [1,k], B € Z™*? and
d,? € N with £ € [0,n — 1].

Question: Do there exist integer n-vectors vi,...,vq, and a matrix V =
(v1 vd) € Z"*% guch that
k
SA(MVT)+B=0
i=0

and span((V|,)T) = Z4?
Based on this problem, we prove the following in Chapter 7.

Theorem E. If MatrixSubspanC s decidable, then the epimorphism problem from finitely
presented groups to virtually abelian groups is decidable.

1.2 Attribution of results

Theorems A, B, C and D are joint work with my supervisor, Murray Elder and Dr.
Armin Weif}, who visited the University of Technology Sydney in January 2023, a preprint
is available at [10]. Theorem E is a natural progression of the method used to prove
Theorem B, in a more generalised setting.



2 Preliminaries

In this chapter, we introduce the basic notations and definitions used throughout the thesis.
Each section provides the necessary background and notation as follows: complexity theory
is covered in Section 2.1, group theory in Section 2.2, and group extensions in Section 2.3,
the later will only see use in Chapters 4 and 7. Finally, we define the specific classes of
groups of interest in Section 2.4.

Let P denote the set of all prime numbers. Let N and N, represent the sets of natural
numbers (including and excluding 0, respectively). For a,b € Z with a < b, the notation
[a, b] denotes the set of integers from a to b, that is

[a,b] = {a,a+1,...,b—1,b}.

If X ={x1,...,2,} is a set, then X! = {xl_l, ...,m,; 1} represents the set of letters in
biection with X such that
XnX'=0

2.1 Complexity

In this section, we provide background on decision and computational problems, along
with the relevant definitions and notations. All problems are presented in natural language
rather than in a formal language designed for a Turing machine. For formal definitions,
see [2, 33]. Our examples are those relevant to decision problems for groups, we refer
readers to Sections 2.2 and 2.3 for definitions relevant to these examples.

A decision problem is a problem with a binary output, typically a ‘Yes’ or ‘No’ answer,
while a computational problem involves producing a specified output. As previously noted,
all inputs and outputs are assumed to take their natural form, for example, matrices
are represented as lists of binary integers, and group presentations are represented using
alphabets of letters. For other forms of relative complexity results, we use the concept of
an oracle (a theoretical black box).

Polynomial time reductions, introduced here, will be used to show that problems are
NP-hard in Chapter 6. For other types of reductions, we use the notation of oracles.

Definition 2.1. A decision (resp. computation) problem Prob is said to be decidable if
there exists a terminating algorithm that can determine a correct output for every instance
of Prob.

Remark 2.2. A decision (resp. computation) problem is considered decidable if there
exists a terminating algorithm that correctly decides it. One way to achieve this is as
follows, a problem can also be shown to be decidable by using two infinitely recursive
algorithms, A and B, running in parallel, with the following properties:

e A guarantees a correct ‘Yes’ output but runs indefinitely if the answer is ‘No’

e B guarantees a correct ‘No’ output but runs indefinitely if the answer is ‘Yes’.
Since either the answer is ‘Yes’ or ‘No’, running both algorithms simultaneously ensures
that one will eventually halt, providing the correct solution (see Remark 2.23).
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Definition 2.3. P is the class of all decision problems that can be solved by a deterministic
algorithm in polynomial time. NP is the class of all decision problems for which a solution
can be verified by a non-deterministic algorithm in polynomial time.

Remark 2.4. To show a problem is in NP, it suffices to demonstrate that a solution
can be verified in polynomial time. Specifically, if a solution exists, we can ‘guess’ a
correct solution and provide an algorithm that verifies this guess in polynomial time (see
Example 4.2). This means that the ‘guess’ has to be an input length which can be
calculated in polynomial time, and thus cannot exceed polynomial space.

We now introduce the concept of a polynomial time reduction, which demonstrates that
if a problem A can be reduced to B in polynomial time, then B is at least as hard as A.
An alphabet is a finite set. For an alphabet X, we write ¥* for the set of all finite words
over X, including the empty string .

Definition 2.5. Let A and B be problems with inputs A, B € {0,1}*, respectively. The
problem A is said to be polynomial-time reducible to B, denoted A <p B, if there exists a
polynomial-time function f: {0,1}* — {0,1}* that transforms inputs for A into inputs for
B such that A is a solution to A if and only if f(A) is a solution to B.

Example 2.6. Let problem A be the problem of deciding if an epimorphism exists from
a finitely presented group to a fixed dihedral group, and problem B be the problem of
deciding if there exists a solution to a system of equations over a fixed dihedral group.

If given a input for A, in the form of a finite presentation for a group G, and we are
able to construct a system of equations such that the system of equation has a solution if
and only if there exists an epimorphism from G to the fixed dihedral group then A <p B.
This process is the focus of Chapter 5.

Definition 2.7. A problem Prob is NP-hard if every problem in NP is polynomially
reducible to Prob. A problem is NP-complete if it is both NP-hard and in NP.

Theorem 2.8 ([33, Theorem 7.36]). For decision problems A,B, if A is NP-hard and
A <p B, then B is NP-hard.

Remark 2.9. To prove this, we take an input from A and construct a corresponding
instance in B in polynomial time, ensuring that there is a solution to the original input in
A if and only if there exists a solution in B for the constructed problem. This process is
demonstrated in Chapter 6.

2.1.1 Oracles

Next, we introduce the concept of an oracle.

Definition 2.10. An oracle for a problem Prob is an abstract computational device that
provides the solution to Prob in a single computational step. We may think of the oracle
as a black box where its internal workings are unspecified, but it returns correct outputs
for all valid inputs.

In other words, an oracle can instantly solve a specific problem in a single computational
step. They are used to analyse the relative complexity of problems. An oracle can be seen
as a more generalised form of a reduction, with the two being equivalent under certain
strict conditions. The author finds it useful to analyse problems from both perspectives
(reductions and oracles) when assessing complexity of problems relative to other prob-
lems. Oracles are used in Chapter 7 to show that the decidability of certain problems are
dependent upon other problems.
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Definition 2.11. A complezity class is a collection of decision problems that can be
solved or verified by algorithms subject to specific resource bounds, such as time or space,
measured as functions of the input size.

Definition 2.12. Let A and B be decision problems, and let C be a complexity class. If,
given an oracle that solves B, we can solve A within the resource limits of C, then we write
A € CB.

Example 2.13. Let problem WP be the word problem, see Definition 2.21, and ZMP
be the centre membership problem for G with a generating set X, that is, given a word
w € (X UX1)* decide if w € Z(G).

Assume we have an oracle for WP. To determine whether a word w lies in the centre
Z(G), it suffices to verify that w commutes with each generator of G. For each z € X,
construct the commutator wzw 'z~! and query the oracle for WP to check whether it
represents the identity. This construction has size (2|w| 4+ 2)|X|, which is polynomial in
the length of the presentation of G and the word w. Hence ZMP € PWP,

Now, let problem WO be the problem of deciding if a word w € (X U X ~!)* has order
less than or equal to n in G. Again, assume we have an oracle for WP, we enumerate
each word w by calculating w' for i € [1,n], then calling the oracle for WP. This process
has maximum size |w|", and thus is exponential time to process. Therefore, we have
WO e EXPWP, where EXP is the complexity class of all decision problems decidable with
a exponential-time algorithms.

Remark 2.14. The concepts of oracles and reductions are equivalent under specific con-
ditions. Let A and B be decision problems. If A € PB, this means that A can be solved in
polynomial time with access to an oracle for B.

If, when solving A, the procedure is in polynomial time and the oracle for B is called
only once, then we can compute an instance of B from an instance of A in polynomial
time. This is equivalent to the claim that A <p B.

The reverse direction is trivial: if A <p B, then there exists a polynomial time function
that transforms an input for A into an input for B. We then call the oracle for B, which
shows that A € PB.

That is,

o If A <p B, then A € PB.
o If A € PB, then it is not necessarily true that A <p B.
« If A € PB and solving A involves only one use of the oracle for B, then A <p B.

2.2 Groups

In this section, we establish notation and basic conventions for group theory.

Notation. For a group G, we denote its identity by 1g or simply 1 when the context
is clear. For specific groups, such as abelian groups or S3 (the symmetric group on three
letters), where identity notation may differ, we note these differences explicitly. We write
H < G to indicate that H is a subgroup of G and N < G to indicate that N is a normal
subgroup of G. For a,b € G, the commutator of a and b is [a,b] = aba='b~!, and the
commutator subgroup [G,G] is the subgroup generated by all such commutators. If u,v
are two different ways to represent the same element of G, we write u =g v.

For d,n € N., G¢ denotes the direct product of d copies of G, and F,; denotes the free
group of rank d. The symbol C represents the infinite cyclic group, and C,, denotes the
cyclic group of order n. We denote the additive group of integers by Z (with identity 0)
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and write Z,, = Z/nZ. Since Z = C, and Z,, = C,,, we use cyclic groups to denote abelian
groups multiplicatively and Z additively. Furthermore, a free abelian group of rank d is
equivalent to Cgo multiplicatively or Z¢ additively.

2.2.1 Words, Presentations and System of Equations

We begin with the concept of a word over a set of alphabets, which is a standard way
to describe group elements, as discussed in [20]. If X is a generating set for a group
G, then each word formed from X U X! represents an element of G. However, this
representation is not necessarily unique. By defining words in a group in addition with
variables we form equations over a group. Using the ideas of equations over a group we
will investigate epimorphism targets for certain subclasses of virtually abelian groups in
Chapter 4, free groups in Chapter 6, and fixed finite groups in Chapter 5, in Chapter 7
we generalise equations over a group even further to investigate a more generalised targets
for epimorphism problem.

Definition 2.15. The normal closure of a subset R in a group G is the smallest normal
subgroup of G containing R.

Definition 2.16. Let X be a set. A finite sequence (z1,...,x,) with z; € X is called a
word over X, denoted z1 - - - z,. The set of all words over X is denoted X*. For a word
w, w(zy,...,T,) indicates that w is a word over {z1,...,x,}. If X = {z1,...,2,} and
Y ={w1,...,ym} are disjoint finite sets, then w(X,Y") indicates a word w € (X UY)*.
We use the following notation interchangeably

w(X,Y), wxy,...,zn,Y), w(X,y1,..-,Ym) O W(T1,...,Tp,Yl,---,Ym)-
The notation [w|,, counts the occurrences of the letter z; in the word w.

Lemma 2.17 ([26, Statement 2.1.5]). Let G be a group with a generating set X, and
let Fx be the free group of rank |X| with X as generators. Then there exists a normal
subgroup N of Fx such that G = Fx /N.

By Lemma 2.17 every group can be represented by a free group quotiented by a normal
subgroup. Thus, we now introduce the well-established concept of a presentation for a
group. It is standard practice for a group G to be described as a free group on a generating
set X, quotiented by the normal closure of a set R in G. This gives a presentation denoted
by G=(X|R). Ifre RC (XUX1)* then

r(:ﬂl,:ﬂfl, ... ,xn,xrjl) =1q.

It is not assumed that X = {z1,...,x,} is a minimal generating set for G. A group is said
to be finitely generated if X is finite, and finitely presented if both X and R are finite.
Throughout this thesis, we assume all groups are finitely presented.

Definition 2.18. Given a finite presentation (X | R), the following are called Tietze
transformations:
1. Adding a set of relations: Replace (X | R) by (X | RUS), where S is a subset
of the normal closure of R.
2. Removing a set of relations: Replace (X | R) by (X | R\ S), where S is in the
normal closure of R\ S.
3. Adding a set of generators: Replace (X | R) by (X UY | RUS), where YNFyx =
@ is a new set of symbols given by some w, € (XUX 1)* and S = {y~lw, |y € Y}.
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4. Removing a set of generators: Replace (X | R) by (X \Y | R\ S), whereY C X
such that S = {ylw, |y € Y} for wy, € (X \Y)U(X\Y) )"

Tietze [36] first proved the equivalent form of the following well-known lemma. We
use this lemma to illustrates the distinction between a decision problem and an existence
problem.

Lemma 2.19 ([20, Chapter 2 Proposition 2.1)). Two finitely presented groups are iso-
morphic if and only if it is possible to pass from one to the other by a finite sequence of
Tietze transformations.

Example 2.20. Let Ds, be the dihedral group of order 2n. It is well known that if
¢ > 1 is odd, then the D, is isomorphic to Dy, X Cy. This can be shown through Tietze
transformation. Let the two groups be presented as follows

Dy, = <s,t | 52, 1%, Stst>
Dy x C = (a,d | a?,d°, adad) x (b | b*)
S <a, b,d | a2,d°, adad, b2, [a,b], [b, d]> .

Then the following sequence of Tietze transformations proves the isomorphism. First
we note some relevant consequences of the existing relations for D4, which will be used in
the Tietze transformations.

« By the relation s?, this implies s = s L.
« By the relation stst, this implies st = t~'s, and st?st? = st’t 25 = s? = 1.
« By the previous two implications [t¢, s] = t¢st~¢s~! = t°st~¢s = °1¢s? = 1?52 = 1.
Begin with the presention for Dy,
1. Add generator b, and relation bt—¢ by rule (3).
2. Add relations b2, [b, s, [t,b] by rule (1). These are valid relations as b? = t2¢, [b, 5] =
[t¢, s], and [t,b] = [t,t°]. The group is now presented as

<5, t,b| 82,12, stst, bt b2, [b, 5], [b,t]> .

Note From here, when we add a generator x such that zw, ! = 1 for some w, on existing
generators, we write x = w,. Similarly, when adding relations, if adding a relation
r follows as a consequence of » = w for some word on the existing generators where
w = 1, then we write r = w. Thus, for the above, to add b, we write: Add generator
b = t°. To add the relation b?, we write: Add relation b = t*¢.
3. Add generator d = t?> and relations equivalent to d¢ = t*¢, sdsd = st?st?, and
[b,d] = [b,#?]. The group is now presented as

<s, t,b,d | s%,¢%, stst,1,bt=°, b2, [b, 5], [b, t], dt 2, d°, sdsd, [b, d]> .

4. Add relations equivalent to ¢t = bd“™/2 as t = t2¢t1 = et b = ¢ and ¢t =
202 — g*/2 The group is now presented as

<s, t,b,d | 2,12 stst,1,bt 6% [b, 5], [b, 1], 1, dt 2, d°, sdsd, [b, d],tb—ld*<°“>/2> .

5. Remove the following relations by rule (2):
o dt~2 by the relations th~1d”“""/2, b2, and d°. That is, dt—2 = d(bd"“""/?)=2 =
db=2d=¢"! = db?d=°d~! = dd~' = 1. From here we omit this calculation and
provide only the relevant relations.
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e t%¢ by the relations bt ¢ and b.
o stst by the relations tbd~“*"/?, [s,b], [b,d], sdsd and b>.
o [b,t] by the relation bt~¢.

The group is now presented as

(s,t,b,d | 8,1, 6%, [b,s],1,d°, sdsd, [b,d], th~"d" V%),

6. Rename generator s as a.

7. Remove generator ¢t and relation tb=1d~“™/2

. The group is now presented as
<a, b,d | a2, d°, adad, b2, [a,b], [b, d]>.
Thus, the two groups are isomorphic.

Definition 2.21. Let G = (X | R) and H = (Y | U) be a finitely presented groups, where
X is a finite set of generators and R is a finite set of relations.

The word problem asks that, given a word w over the generators X, is w equivalent to
the identity in G?

The isomorphism problem asks that, give two group presentations for groups G and H,
isG= H?

Remark 2.22. It is well known that the word problem is undecidable, by the work of
Markov [21], Boone [4], and Novikov [22] for some finitely presented group. Thus, given
a generating set X for a group G, for x1,x9 € X, we are not able to confirm if z1 =g xo,
and so when we write down an arbitrary list of symbols X from which we have a finite
set of relations R C (X U X~1)* to build a presentation (X | R) we cannot insist X is a
subset of G.

Remark 2.23 (non-terminating algorithms). Lemma 2.19 provides a method to relate
the structures of two equivalent group presentations, assuming their underlying groups
are isomorphic. It guarantees the existence of a finite sequence of Tietze transformations
connecting the presentations but does not offer a constructive procedure for finding them.

However, it ensures a non-terminating process for verifying whether one presentation
can be transformed into the other. Running this in parallel with a non-terminating process
for checking non-isomorphism would yield decidability in this class of groups.

This process is demonstrated by Segal [31] for polycyclic by finite groups (a group with
a finitely generated normal subgroup that is polycyclic which has a finite quotient), and
Dahmani and Guirardel [6] for hyperbolic groups.

A more concrete demonstration of this dual simultaneous non-terminating process, is the
following well-known procedure for deciding the word problem in residually finite groups.
We omit justifications and only provide the procedure.

Let G be a residually finite group. If g,h € G and I is a finite group, then g = h if
and only if for every homomorphism «: G — I', we have k(g) = x(h). Thus, we run the
following procedures simultaneously:

1. List all possible words given by the relations in G.

2. For every finite group I', and every homomorphism «: G — T', check if k(g) = x(1).
Either we attain the word by procedure (1), or we attain an homomorphism x such that
k(g) # k(1) by procedure (2). Procedure (1) tells us the element is the identity, proced-
ure (2) tells us the element is not the identity.

Remark 2.24 (Undecidability of isomorphism problems). Given a finitely presented group
G with a presentation (X | R), and a word w € (X U X~ 1)*, create a new group G, =
(X | RU{w}). This means Gy, is G modified so that w is forced to be the identity element.

10
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Then it follows that G = G, if and only if w =g 1. This means we can always create a
group to solve the word problem.

This reduction shows that a solution to the isomorphism problem could be used to solve
the word problem. As the word problem is undecidable, the isomorphism problem must
also be undecidable.

The following provides the definition and notation for a system of equations over a
group.

Definition 2.25. Let G be a group, X = {X1, X ',..., X, X'} and G = {g1,...,9s}
where g; € G for i € [1,s]. An equation over a group G is a word

u(G,X) or u(gl,...,gS,Xl,Xfl...,Xn,Xgl)

where g; € G are called constants, and X are called variables. We can denote the equation
as u(G,X), and an equation without constants is denoted u(X).

A system of equations (u;)[1 m) over a group G is a finite list of equations u;(g1, . . ., gs, X)
for i € [1,m]. A system of equations without constants is a list of equations of the form
u;(X) for i € [1,m]. A system of equations is simply referred to as equations where the
context is clear.

A solution to a system of equations is a map o: X — G defined by o(X;) = h; and
o(X; ) = h; ! for some h; € G, i € [1,n], such that

7

ui(g1, - - - ,gS,J(Xl),U(Xfl),...,J(Xn),U(X_l)) =g 1 forall ie€ll,m].

n

Note that if G is a finitely generated group with a finite inverse-closed generating set ) =
{y1,...,ys}, we may write any equation over G as u(),X). The following demonstrates a
system of equations over a fixed group and a possible solution.

Example 2.26. Consider the dihedral group of order 10, let
Dyo = <3,t | 82,15, stst, 1>.

Then a system of equations over Ds, with variables {X, X1 Y.V~ Z Z~!1 and con-
stants {s, ¢}, may look like

ui(s,t, X, X LY,Y 1, 2, 727" = sXsYtttZ
ug(s,t, X, X LY, Y 1, 2,27 =YZ
uz(s,t, X, XL Y,Y™1, 2, 271 = XsYtttsZ.

A possible valid solution o: {X,Y, Z} — Dy, would be:

X—=t2 X1
0: Y s Y liss
Z +— s; Z s
Thus our equations now take the form:
o(u1) = st’ssttts = st’ttts = ss = 1
o(ug) =ss=1

o(u3) = t*sstttss = t*ttt = 1.

11
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The following definition and lemma provide a way to connect solving a system of equa-
tions with finding a homomorphism between two group presentations.

Definition 2.27. Let A = {ay,...,a,} be a set and H a monoid. A map ¢: A — H is
a monoid homomorphism. The induced monoid homomorphism ¢': (AU A~1)* — H is
defined by

V'(agt - afr) = (ai)* - P(aq,)®,

where ¢; = +1. By convention, we refer to the induced map ' as 1.

Lemma 2.28 (von Dyck’s lemma [3, Lemma 2.1]). If G is presented by

G={g1, - sGn |71, - sTm),

where r; = ri(g1,.-.,9n), and ¥: {g1,...,9n} — H is a set map to a group H, then 1)
extends to a homomorphism from G to H if and only if

ri((g1),. . ¥(gn)) =g 1 forall i€ [l,m].

Remark 2.29. Here, we show the above lemma connects equations over a group to testing
if a homomorphism exists between two groups, and that it is undecidable in general.
Given a domain group and a finite presentation

G=(x1,....,xn | T1,..-,Tm)

and a target group H. By Lemma 2.28 if there exists a set map ¢: {z1,...,z,} — H,
such that 1 extends to a homomorphism if and only if for all relations r;(z1,...,x,) for
i € [1,m], we have

ri((@1), Y(art), . (@), ¥, ') =g 1.

Then we can instead view this question as the problem if there exists a system of
equations over the group H. First we define a way to construct system of equations from
words in H, let ¢: {xy, 27, ... an, 2} — { X1, X7 ..., X0, X, 11 be defined by

C:xj— Xy, 1:;1'—>X;1
That is, for the system of equations described by
ui(X1, X7t X XY
for ¢ € [1,m], it follows that for a solution o: {Xl,Xl_l, oy X, X = H

wi(o(X1),0(X7 . 0(Xn),0(X, 1) =5 1

n

if and only if
Ti(¢(961), ¢($1_1)7 R w(djn)a 1/’(%71)) —H 1

where 0(X;) = ¥(x;). 0(X;) =g 1 if and only if ¥(z;) =5.

Roman’ kov [27] proved that the endomorphic reducibility problem is undecidable for
free nilpotent groups of class 9 or higher. This result follows from the undecidability of
Diophantine equations in these groups, which is linked to Hilbert’s Tenth Problem. It
follows from this result that it is undecidable whether we may determine if a solution
exists for a finite system of equations over such groups.

We now show an example of this process.

12
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Example 2.30. Following the process in Remark 2.29, consider the problem of determ-
ining whether there exists a homomorphism from

G = (z,y,2 | 2", y°, 2yz)

to the symmetric group
S3 = (s,t | 5%, 13, stst).

We require a set map ¢: G — S3 which extends to a homomorphism such that

To find such a homomorphism, we define a mapping ¢: {z,y,2} — {X,Y,Z}, which
translates the relations in GG into a system of equations with variables X,Y, Z, by

at = (@) ()¢ (2)¢(x) = X1
¢ yyd = Cw)Cy)i(y) =Y?
ryz = ((x)((y)((2) = XY Z.

A valid, non-trivial solution o: {X,Y, Z} — Ss is given by:

X +—s
o: (Y —t
Z +— st.

We can use this to define a set map ¢: G — S3 by

This demonstrates the relationship between homomorphism testing and equations over a
group. Note additionally that this homomorphism is also surjective, this will be a relevant
point for Chapter 5.

2.2.2 Finitely Generated Abelian Groups

In this subsection, we provide the basic facts and definitions regarding the structure of
abelian groups. We extend this discussion to computation problems concerning abelian
groups in subsection 2.2.3. Let n € Ny and denote the quotient group Z/nZ as Z,. We
begin with some basic results on finite abelian groups.

Lemma 2.31 ([11, Theorem 9.5]). Zy, X Zy, is cyclic and is isomorphic to Zyy, if and
only if ged(m,n) = 1.

13
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Corollary 2.32 ([11, Corollary 9.6]). [1¥_, Zy, = ZHk .. if and only if ged(na, . .., my)
i=1""
1.

~

Remark 2.33. Thus, any Z, can be rewritten uniquely (up to commutation) as Z,

Zpi'l ><---><chk for p1,...,pr € Pand ¢1,--- ,cx € Ny.
k

Definition 2.34. The rank of a free abelian group G is the cardinality of its minimal
generating set.

As we assume all groups to be finitely generated, we may also assume abelian groups to
have finite rank. We now present the following normal forms for any abelian group.

Definition 2.35. Let G be a finitely generated abelian group, where p1,...,p, € P and
d,ci,...,c € N, and suppose

G2Z X Ly X oo X Ly

The right-hand side is called the prime factor form of G, and pj* are the prime factors of
G.
Similarly, let d,aq,...,as € N with a; > 1 for all ¢ and a; | a;41 for 1 < <k —1, and
suppose
G272 X Ly X X L.

The right-hand side is called the invariant factor form of G, and a; are the invariant
factors of G.

The following well-known result demonstrates that the invariant factor form and prime
factor form of a finitely generated abelian group is unique.

Theorem 2.36 (Structure Theorem [16, Theorem 2.6]). Let G be a finitely generated
abelian group. Then there exists a unique list d,aq,...,ar € N such that

G278 X Ly X Ligy X -+ X Lo,

where:
1. d>0and a; > 1 for alli
2. ai|ai+1f0r1§i§k—1.

When used with Corollary 2.32, we have the following corollary.

Corollary 2.37. Let G be a finitely generated abelian group. Then there exist unique
values p1,...,pn € P and ay,...,a, € Ny such that

~ 7d
G=7Z XZptlll XZpgz X XZngn.

2.2.3 Z-modules and Integer Matrices

Let R be a ring. An R-module is a generalisation of a vector space, and Z-modules are
synonymous with abelian groups (under additive notation). Thus, abelian groups can
be represented using integer matrices. We use Z-modules to analyse the structure of
abelian subgroups of larger non-abelian groups. In this section, we provide the necessary
definitions and facts regarding Z-modules.

14
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Example 2.38. Any abelian group can be regarded as a Z-module. For instance, the
additive group Z/nZ is a Z-module. However, since Z is not a field, it is not a vector
space: multiplicatively, most elements of Z do not have inverses other than +1.

To illustrate this, consider matrices in R3*3:

1/3 0 0 3 00 1 00
0 1/2 0 0 2 0l=]0120
0 0 1/4/\0 0 4 0 01

Such inverses exist in R3*3, but no analogous multiplicative inverses exist in Z3*3, since
1/2,1/3,1/4 ¢ Z.

This illustrates that R-modules generalise the concept of vector spaces to arbitrary rings
R, where the existence of multiplicative inverses is not guaranteed.

Definition 2.39. We call a matrix with integer entries an integer matriz. For m,n € N,
Z™*™ denotes the set of all m x n integer matrices. For M € Z™*™ and ¢ € N, M|, € Z**"
is the matrix consisting of the bottom ¢ rows of M. Specifically, the i-th row of M|, is the
(m — ¢ +1i)-th row of M. An n x 1 matrix is called an n-vector.

Definition 2.40. Z¢ denotes the Z-module with basis {ey,...,eq}, where each basis
element e; € Z¢ is defined by e; = (a; ... ag)” with a; = 1 and a; =0 for j # 1.

The following assertion is stated without proof.
Lemma 2.41. Every finitely generated abelian group is a Z-module.

Abelian groups are considered in both additive and multiplicative notation. We use
multiplicative notation is used when elements are represented as words on the generators,
particularly when the group is viewed as a subgroup of a larger, not necessarily abelian
group (for example, virtually abelian groups); additive notation is used for the analogy
with Z-modules. The following provides a natural isomorphism between an abelian group
in its multiplicative form (as a subgroup of a larger group) and its equivalent Z-module.

Definition 2.42. Let N = (x1,...,z4) be a free abelian group of rank d. The natural
isomorphism ¢: N — Z% is defined by the map

(Z): XTi — €4,
extending to the isomorphism
¢ xft x> erer + -+ cgeq.

Definition 2.43. A Z-linear combination of d-vectors ui,...,u, € Z% is any d-vector of
the form
T = Clu1 + -+ -+ Cplp,

where ¢1,...,¢c, € Z.

Definition 2.44. We call the set of all Z-linear combinations of u1,...,u, € Z% the span
of ui, ..., up, which we denote by span(ui,...,u,). If M € Z™*™, we let span(M) denote
the span of the columns of M.

For b € Z™, we define span,(M) to be the set of all m-vectors © € Z™ of the form
x =y + b for some y € span(M).

15
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One powerful tool when working with integer matrices is the Smith normal form. Here,
we provide the basic definitions and facts regarding the Smith normal form and show how
it is used to attain a canonical form for abelian groups.

Definition 2.45 (Smith Normal Form and 1-count). Let A € Z™*", with K € GL(m,Z),
L € GL(n,Z), and D € Z"™*"™ such that

M0

where M is a diagonal matrix of the form

20 0 -+ 0
0 99 --- 0
0 0 - D

for some 0 < r < min(m,n), with each 9; > 0, satisfying 9; | 9;41 for all € [1,r — 1], and
the rank of D is denoted rank(D) = r.

If A= KDL, then we call D the Smith normal form (SNF) of A, and the triple (K, D, L)
an SNF-triple.

We denote the number of ones on the diagonal of D as 1-count(D) = max{i | 9; = 1}.

Lemma 2.46 ([32, Proposition 3.2]). For all A € Z™*™, the Smith normal form D ezists
and is unique.

As the Smith normal form is exists and is unique for all A € Z™*", if D is the Smith
normal form of A, then rank(A) = rank(D). While the Smith normal form D of A €
Z™*™ is unique, the accompanying general linear matrices K and L in the decomposition
A = KDL are not unique. The following example demonstrates this.

Example 2.47. Consider the matrix

A:(g g).

We can compute the Smith normal form by the following row and column operations
which have equivalent elementary integer matrices.

R — Ry — Ry isequivalent to K; = (é _11>

Ro — Ro + 3R is equivalent to Ko = (; (1)>

Ry — —R; isequivalent to K3 = <_01 (1)>

Cy — Cy — (7 isequivalent to Ly = (é _11> .

16
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1 -1\ (2 4 2-3 4-5 -1 -1

KA =<0 1><3 5) :<3 5) :<3 5)

1 0)[-1 -1 ~1 —1 -1 -1

K3 (K1 A) =3 1)(3 5) :<—3+3 —3+5> —lo 2)
K3(Ka(K14) = _01 ?) <_01 _21> - (1) ;
(KoK )Ly = (¢ ;) (é _11) = (o

Thus, let

3
and the Smith normal form D of A is

1 0
03 )
So (K, D, L) form a SNF-triple .

Alternatively, let
R (9 13

cvrr (2 5\ (1 0) (-9 13\ (2 4\ _
o= (2565 (5 )= )=

So (K', D, L") form an alternative SNF-triple .
This shows that the Smith normal form D with 1 and 2 on the diagonal is unique, but
the matrices K and L are not uniquely determined.

K = K3Ky K = (_2 _11> and L=1L;= (1 _1>

Then

We now define our computational problem for the Smith normal form. While typically,
for an input matrix A, the output is a diagonal matrix D as the Smith normal form, we
specify the output as a triple (K, D, L) where K € GL(m,Z) and L € GL(n,Z). This full
specification, including K and L, will be useful in later chapters.

Problem: SNFProb: Calculating the Smith normal form triple

Input: An integer matrix A € Z"™*".

Output: A triple (K, D, L) such that A = KDL, where K € GL(m,Z), L €
GL(n,Z), and D is the Smith normal form of A.

Theorem 2.48 (Complexity of the Smith Normal Form [17]). On input a matriz M €
7™ SNFProb is computed in polynomial time.

Remark 2.49. Prior to the work of Kannan and Bachem [17] it was not clear that
computing the SNF or SNF-triple of an integer matrix is in polynomial time. In fact it
was conjectured that, while the process of multiplying by elementary matrices is relatively
easy, the size of intermediate values would exceed a threshold calculable in polynomial
time.

Additionally, in several modern algorithms for the calculation of the Smith normal
form, the computation of the matrices K and L is generally omitted. However, in [17], the
authors explicitly compute these left (K) and right (L) multipliers of D and demonstrate
that the process is bounded in polynomial time.

17
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We will now show that obtaining the invariant factor form for an abelian group is
polynomial time computable by using the Smith normal form (SNF).

Remark 2.50 (Elementary Linear Algebra Operations). Recall that there are three types
of elementary row (or column) operations that we can perform on M € Z™*™:

1. Add an integer multiple of one row (or column) of M to another.

2. Interchange two rows (or columns) of M.

3. Multiply a row (or column) of M by —1.
These operations correspond to replacing M with EM for some elementary matrix E €

GL(d, Z).

Definition 2.51. Let G = (z1,...,z4| R) be an abelian group. Then the relations
T1,...,"m € R can be written (additively) as

ry=-cix1+ -+ crqgrg =0

Tm = Cm1%1 + -+ Cpmgtqg = 0,

where ¢;; = |ri] 5 |ri] ,—1 (that is, by counting each generator and its inverse in the
J

relation).
Then the relation matriz for G is A € Z™*¢, where

1,1 - Cd
A=
Cm,1 " Cmd
Thus, for x = (21 ... z4)T € Z%, Az = 0 represents our list of relations.

Lemma 2.52. For any abelian group G and its relation matriz M, elementary matrizc
operations on M are equivalent to Tietze transformations on the presentation of G.

Proof. Let G = (X | R). The i-th row of M corresponds to the i-th relation in R, and the
j-th column corresponds to the count ¢; ; = ’Ti|g;j — |ri] -1 of the j-th generator. We use

additive notation for matrix operations and multiplicative notation for group relations to
distinguish the two contexts.
Then:
o Multiplying a row by —1 is equivalent to turning r; = 1 into r; L=,
o Interchanging two rows is equivalent to interchanging the order of two relations.
o Applying R; = R; + aR; for a € Z is equivalent to forming the new relation r;; =
riry =1-1=1
e Multiplying a column by —1 is equivalent to replacing a generator with its inverse.
e Interchanging two columns is equivalent to interchanging the order of two generators
in all relations, a permitted Tietze transformation as G is abelian.
» Applying column operations C; = C;+aC} for a € Z is equivalent to defining the new
generator g;; = gigj_“ and then replacing all occurrences of g; with g;;g;, allowing
us to remove the redundant generator g; and retain g;;.
O

We now define the following computation problem on finitely generated abelian groups.
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Problem: AbSTRUC: Computing abelian group structure

Input: Two sets X = {z1,...,2n}, R ={r1,...,rn} forming a abelian group
G = (X | R).

Output: (d,01,...,0,) € Z'*! for 0 < £ < k such that d; | it1, so that
G 27X Ly, X -+ X T,

Theorem 2.53. AbSTRUC is computed in polynomial time.

Proof. The following procedure computes the solution:

1. Build the relation matrix M € Z™*"™ for G.

2. Perform SNFProb with input M for the SNF-triple output of (K, D, L).

3. Let d = m — rank(D) (the number of zeros on the diagonal of D), ¢ = rank(D) —
1-count(D), and let 91,...,0y be the non-1 values on the diagonal of D. Output
(d,01,...,00).

Step (1) is linear on the size of the presentation, by Theorem 2.48, Step (2) is in P, and
Step (3) is constant.

We now justify the procedure. By Lemma 2.52 D a relation matrix which corresponds

to a presentation for G that shows

G 2L X Ty, X -+ X L,

Additionally, by the definition of the Smith normal form, it follows that 9; | 9;41. By
Lemma 2.46 this process is guaranteed. O

2.3 Group Extensions

In this section, we introduce the concept of a group extension. Informally, a group ex-
tension describes how a group G can be constructed from a normal subgroup N and the
corresponding quotient group G/N. This structure is referred to as a group extension, and
it provides a framework for analysing how complex groups are built from simpler compon-
ents. We now provide the formal definition and several key facts about such extensions.

Definition 2.54 (Group Extension). Let G, N and @ be groups. We say that G is an N
by Q extension if G contains N as a normal subgroup and the quotient G/N is isomorphic
to ). This relationship is represented by the short exact sequence

1 -NS5GHQ—1,
where ¢ is injective, 7 is surjective, and im(¢) = ker ().

Definition 2.55. Let G, H, @ be groups. H is a N by ) group extension when it contains
N as a normal subgroup such that the quotient group G/N is isomorphic to (. This is
generally represented by the short exact sequence

1-NSHI% 051

where ¢ is an injective homomorphism, 7g is a surjective homomorphism, and im(f) =
ker(g). This sequence describes H as an extension of N by Q.

Definition 2.56. Let G be a group and H a subgroup of G. A transversal set (or set of
coset representatives) for H in G is a subset T' C G such that:
o every right (or left) coset Hg of H in G contains exactly one element of T,
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e the union of Hg for all g € T is G.
A transversal map for H in G is a function s: G/H — G that assigns to each coset
Hg € G/H a unique representative s(Hg) € T

Remark 2.57. In the context of a group extension, where G is an N by () extension, we
define a transversal map s: Q — G directly, without explicitly noting the isomorphism
between @) and G/N. We assume the transversal map s is always chosen so that s(1g) =

1g.

Definition 2.58. Let GG be a group and H a subgroup of GG, with a fixed transversal map
s: Q@ — G. The projection of g onto N, denoted 7 s: G — N, is defined by 7y s(g) = n
when g is expressed in the form g = ns(q). Where the context is clear, we denote this
projection as my.

For any element g € G, the extension normal form of g is given by the product g = ns(q)
for some n € N and q € Q.

Lemma 2.59. Let G be an N by Q extension, and s: QQ — G be a fixed transversal map.
The extension normal form is unique with respect to the given s.

Proof. Let ni,ny € N and ¢1, g2 € Q. Suppose for some g € G that g = n1s(q1) = n2s(qa).
Then, it follows that

ning ' = s(q2)s(q1) "
s(q2q7 )
s(q),

where g = qufl €qQ.

Since N is a normal subgroup, we have s(q) € N, and the only element ¢ € @ such that
s(q) € N is the identity element 1g. Hence, it follows that niny 1 — 1y, which implies
ni1 = ne and ¢ = ¢a. O

Definition 2.60. For a group G and two elements z,y € G, the left conjugation action
of z on y is denoted by *y and defined as *y = xyz~!.

Since N is a normal subgroup of H, each s(q) acts on N by conjugation as an inner
automorphism. Define a map 6s: Q — Aut(N) by 0s(¢q) = *@n, describing this action.
Additionally, because N is normal, for ¢, g2 € @, we have

Ns(q1)Ns(g2) = Ns(q1)s(g2),

so s(q1)s(q2) = ns(qig2) for some n € N. Hence,

s(q1)s(q2)s(qig2) "' € N.

Define a map fs: Q@ x Q@ — N by

fs(ar, a2) = s(q1)s(q2)s(qrqe) .

Definition 2.61. Let G be an N by @ extension. The extension data with respect to a
fixed transversal map s for G is the pair (6, fs), where:
e 0s: Q — Aut(N) describes the conjugation action of @ on N

o fs1 QX Q — N satisfies f(q1,92) = s(q1)s(q2)s(q1q2) ™"
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for some transversal map s: Q — G.
In the case where s is a homomorphism, we have s(q1)s(q2)s(q1g2) ™! = 1y, and we write

fs = fl'

Remark 2.62. If ) is finite and N is finitely generated, then (0, fs) has a finite descrip-
tion.

Remark 2.63. Given extension data (6, fs) for an N by (@) extension H with transversal
s and g1, g2 € G where g; = n;s(g;), the normal form of g;g2 can be calculated as follows:

9192 = n18(q1)n2s(g2)
= n1s(q1)n2s(q1) " s(q1)s(q2)
= [n1(* ) (n2)) fu(a1, 42)] s(q102)-
Definition 2.64. Let G be a N by @) extension with data (0s, fs). For k > 2, define
fr: Q¥ — N by
felar,... ap) = fi(ar, a2) fo(araz, az) -~ fo(ar -+ - a1, ar).

Example 2.65. Let G be a group represented by an N by @ extension, with data (s, fs),
and (Q is a finite group.

Let w = vy -+ - v, be a word over the generators of G. As every element g € G can be
written as g = ns(q) for n € N we can write

w=v-Uy as nis(q)---nps(qr)
for ni,...,ng and qi,...,q € (. Following the calculations of Remark 2.63 we have

n15(q1)n2s(qe) - - - nes(qe) - - - nis(qr)

= n1(*Wny) (s(q1)s(g2)) - - - nesqe) - - 5 (qr)

= 01 (" Wng) - (W) (s(qr) - s(ae)) - nes(an)

_ [nl(s(m)m) o (S(QI)"'S(Qi—l)nZ) o (S(QI)---S(Qkfl)nk)] (s(q1) -~ s(qn)) -
As s(qi)s(q;j) = fs(qi,q5)s(¢igq;) so the sequence

s(q1)s(g2)s(g3) - - - s(qr)
= fs(q1,92)5(q192)5(q3) - - - s(qw)
= fs(q1,2) fs(q1G2, 43)5(q192G3) - - - s(qn)

= flar, @) fs(araz, q3) -~ fslar -+~ qr—1, ar)s(qn - q)
and it follows
[nl(s(‘“)ng) . (S(ql)ws(qkﬂ)nk)} (s(q1) -+ s(qr))
= [ (@) - (O] Fo(q1,g2) - Folar e a1 ar)s(gr - )

— [nl(s(Q1)n2) . (S(ql)‘us(qkfl))nk)} fk(QI7 RN qk)s(ql [P qk) =g w.
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2.3.1 Semi-direct product and restrictions

Semi-direct products can be viewed as extensions with additional constraints and can be
used as an intermediate step when solving difficult problems by limiting extensions to
semi-direct products. Here, we outline the basics of semi-direct products.

Definition 2.66. A group G is a semidirect product of N by @, denoted G = N xg Q, if:
e N is a normal subgroup of G
e (Q is a subgroup of G
e NNQ={1}
° NQ = G
o There exists a homomorphism 6 : @ — Aut(N), called the conjugation action of @
on N, such that for all g € Q and n € N,

6(q)(n) = n.

Lemma 2.67. Let G be an N by Q extension. There exists a transversal map s: Q — G
that is a homomorphism if and only if G is a semidirect product of N and Q).

Proof. Note that when s: Q@ — G is a homomorphism, fs: N x N — @ is defined by
(n1,n2) — 1g for all ny,ng € N. Thus, f; = fi.

Assume G is described by the semidirect product N xy Q. Then we can construct an
N by @ extension for G with extension data (0s, f1), where s is a homomorphism.

Conversely, if G is an N by @ extension with a transversal map s as a homomorphism,
then s(Q) forms a subgroup in G. Thus, for all elements g € G, we can uniquely write
g =ns(q) for some n € N and ¢q € Q.

Since m(g) = ¢, by the following calculation:

m(s(q)) = mq(s(mq(9)))
=mgosomg(g)
= 7Q(9);
we have 7 (g9) = mg(s(q)), and hence mg(g) = mg(n)mg(s(g)). It follows that m(n) €
ker(mg). Let N = ker(mg); then N is a normal subgroup in G, and G = Ns(Q).
Assume now that x € N N s(Q). Then there exist n € N and ¢ € @ such that
x=n=5(q). Asn € ker(ng), we have mg(n) = 1g = mg(s(q)), which implies ¢ = 1¢. It
follows that N N s(Q) = {1}, satisfying all conditions for G = N X Q. O

Remark 2.68 (Notation). Thus, if G &2 N Xy @, it is also an N by @ extension with
data (s, fs). Here, we assume s is the transversal that is a homomorphism, so instead,
we write 65 as 6 and fs as f1, that is, the data given for a semi-direct product is (6, f1).

Remark 2.69. In general, it is not necessary for there to exist a transversal map s: Q — G
that is also a homomorphism. Consider the following group:

G = <x,y,t | [z,y] = 1,t :x,ta:a_l,ty:y_1>.

Here (z,y) 2 72, and G/ (z,y) = Cy = {q | ¢* = 1). This forms a Z? by C5 extension with
a transversal map s: ) — G defined by

1Q — 1g
S
q — t.
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2.3 Group Extensions

Thus, we have extension data (0s, fs), where 65: @ — Aut(N) can be given by the finite
description on the generators x,y such that for all n € N, the map is defined by:

z Qg =log = o
1g — s(1Q)y,
y sy =loy =y,

0 :
‘ {:c s 5@gp =ty = g1

q’_>s(q)n _
y Dy =ty =y~ L,

The function fs: Q x @ — N is defined by:

(1,1) —1n
fo: (L,g) = 1n
(,1) = 1n
(¢,9) = s(@)s(q)s(®) ' =t* ==

Thus, fs # fi. Note that in general f(1,1) = f(1,q) = f(g,1) = 1x, and so does not need
to be provided by the extension data.

2.3.2 Virtually Abelian Groups

Virtually abelian groups are a central focus of this thesis. Here, we establish the fun-
damental properties and demonstrate that they can be viewed as free abelian by finite
extensions.

Definition 2.70. A group is wvirtually abelian if it has a finite index subgroup that is
abelian.

Example 2.71. Consider G = Z? x Dg, where Dg is the dihedral group of order 6. In
this case, H = Z? is a subgroup of G with finite index, having 6 unique cosets (that is,
|G/H| = 6). In general, H does not need to be normal in G.

Definition 2.72. Let G be a group and X a non-empty subset of G. The normal core
of X in G, denoted coreg(X), is the intersection of all normal subgroups of G that are
contained in X. If H is a subgroup of G, then coreg(H) = e gHg™ L.

Lemma 2.73. Let H be a finite index subgroup of G. Then coreq(H) is a finite index
normal subgroup of G.

Proof. Let X = {Hty,Hto,...,Ht,} be the set of right cosets of H in G. Define the
group action X x G — X by (Ht)g = H(tg), this group action can be associated with a
permutation o4 such that:

Og: Htl' — Htj

where H(t;g) = Htj. Then o4 is a permutation of X, so o, € Sx. This gives rise to the
homomorphism:
p: G — Sx, g oy,

We claim that ker(p) is equal to coreg(H). To show this, consider x € ker(y). Then for
all x,

Ht;x = Ht;, since o, = lg,
t,x = HilHti = Ht;
x =t Ht;.
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Thus, x € coreg(H), and so ker(yp) C coreg(H).
Conversely, consider x € coreg(H). Then z = ti_lhti for some h € H. Taking the coset
Ht;, we have

O'x(HtZ‘) = Htix
= Ht;(t; ' ht;)
= Hht;
= Ht,.
Hence, Ht;x = Ht;, so z € ker(y), and it follows that ker(¢) = coreg(H).

Since ker(y) is normal, it remains to show that ker(y) is of finite index in G. By the
first isomorphism theorem, we have

G/ ker(p) = Q,

where @ is a subgroup of Sx. Since X is finite, Sx is a finite group, so @ is a finite group.
Thus, ker(¢) = coreg(H) is of finite index in G, and the index is |Q)].
O

Lemma 2.74 ([26, p. 4.2.3.]). A subgroup of an abelian group is abelian.

Lemma 2.75. Every virtually abelian group is an N by Q extension where N is free
abelian and Q is finite.

Proof. Let H be a finite index abelian subgroup of G, by Theorem 2.36 there exists a free
abelian subgroup of finite rank and finite index in G. By Lemma 2.73 taking the normal
core of this free abelian subgroup, we obtain a finite index normal subgroup N of G, by
Lemma 2.74 this subgroup is free abelian. Therefore, G is an N by () extension where )
is finite. O

In light of this fact, virtually abelian groups G are viewed as N by () extensions, where
N is a free abelian normal subgroup, and @ is isomorphic to the finite quotient group
G/N.

Lemma 2.76. Let G be an N by Q extension. If N is abelian and s1, so are two transversal
maps Q — G, then for all g € Q and n € N, we have

51(9), — 52(9) ),

Proof. Note that Ns1(q) = Nsa(q), so s2(q)s1(q)~! € N. Using the fact that NN is abelian,
we have

O]

Remark 2.77 (Notation). Let G be an N by @ extension, with extension data (s, fs). If
N is abelian, then the choice of transversal map does not affect the conjugation action. In
the case where fs = f1 and we have a split extension, we further assume that the chosen
transversal is a homomorphism.

In light of this, when G is an N by @ extension, and either G = N Xy @ or N is abelian,
we denote the conjugation action 65 as 6 and so the extension data is (6, fs).
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2.3 Group Extensions

Restricted Extensions

In this subsection we define a special class of extensions, this class of extensions will see
use in Chapter 4 and can be considered a generalisation of direct products and virtually
cyclic groups.

Let N = C = (z), the infinite cyclic group. For some ¢ € Aut(N)

olr) = o

and there exists ° such that p(z°) = z, so = = ¢(2?) = p(x)? = 2%, Thus ab =1 and it
follows i = j = £1.

Then Aut((z)) = {p1, 2} where ¢; is the trivial automorphism = — = and 2 is the
automorphism defined by x — z~'. We now generalise virtually cyclic groups by defining
the following class

Definition 2.78. Define SpecialExt to be the class of groups which are NV by () extensions
which satisfy the following conditions
e N is abelian, @) is finite
o there exists a transversal map s: ) — G and a subset Z C @, so that:
—dn=n"lforalln € N whenqeT
— I9n=mnforalln € N when g € Q\ Z.

In other words, the conjugation action €s: @ — Aut(N) is completely determined by

the subset Z:
n—nt qgel
0s(q) =
n—n geQ\Z.

Remark 2.79. It is natural to assume N to be abelian, because if Z # & then N is
implied to be abelian.

Let G € SpecialExt be an N by ) extension, where N is not required to be abelian. If
7 # @, then the group is virtually abelian (N is abelian). On the other hand, if 7 = @&,
then G = N x Q.

The case where Z = @ is straightforward. For the alternative case, assume Z # &. For
all n;,ne € N and some q € Z, we have

S(q)nlng = (nlng)*l.
Additionally, we have

D (ning) = s(q)(nin2)s(q) "
= 5(q)(n1)s(q) " s(q)(n2)s(q) ™"
_ n;lngl
= (7’L27’L1)71.
Therefore, niny = noni, and so N is abelian.

Both virtually cyclic groups and groups of the form Z¢ x @ for d € Z, where @ is finite,
are contained in the class of SpecialExt. We now define the following subclass of semidirect
products, which is also contained in SpecialExt.

Definition 2.80. Define Ab x1 Fin to be the subclass of SpecialExt having extension data
(Ia fl)
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Example 2.81. An example of a group in Ab x; Fin, but is not virtually (infinite) cyclic
or the direct product of an abelian group by a finite group, is

H = (a.b.p.q] (.8, 7% ¢, [p.a), Ca)a™, PO, (“a)a, (6)b)

a semidirect product of Z? and the Klein 4-group Cy x Cy = (p, q). Here, T = {q,pq}.

2.4 Group Classes

In this subsection, we provide a comprehensive list of the classes of groups considered
throughout this thesis, along with their input data. We begin with the following result,
which is a consequence of the works of Adian [1] and Rabin [23].

Theorem 2.82 ([28, Theorem 12.32]). Given a finitely presented group G, the following
decision problems are undecidable, whether G is:

trivial.

abelian.

nilpotent.

free.

torsion-free (having no elements of finite order).

residually finite.

(has) a decidable word problem.

(has) a decidable isomorphism problem.

o R O oo~

Then the promise of the class in which our group resides is a necessary input. Addi-
tionally, suppose that EPI(D,T) is decidable for some finitely presented D and T, where
T along with its finite presention is given with the additional promise that it belongs to
some fixed class. Let G = (x | ) be a group in D, the trivial group. If for some H € T
there exists an epimorphism G — H, then H must also be the trivial group. However,
this contradicts the first item of Theorem 2.82. Thus, in general, we do not give our target
group as a finite presentation. Rather, along with the promise that the group belongs to
a fixed class, we also provide data that is natural for that class, given as follows.

Finitely Presented Groups. Let FinPres denote the class of finitely presented groups. A

group G € FinPres is given as a pair of sets (X, R), where G is described by the presentation
(X | R).

Finite Groups. Let Fin denote the class of finite groups. A group @ € Fin is specified by
its multiplication table, with an input size of |Q|2.

Free Groups. Let Free denote the class of free groups. A group G € Free is given by an
integer d € Ny such that G = Fj.

Abelian Groups. Let Ab denote the class of abelian groups. A group G € Ab is specified
by a presentation (X | R) together with the assumption (or promise) that G is abelian. By
AbSTRUC, we can compute the invariant factor decomposition of any finitely generated
abelian group from its presentation. We denote by FreeAb the subclass of Ab consisting of
free abelian groups, which are isomorphic to Z? and are typically specified by their rank
d € N rather than by a presentation.
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Virtually Abelian Groups. Let VAb denote the class of virtually abelian groups. In
this work, we consider only the infinite virtually abelian groups, that is, groups with a
free abelian normal subgroup of finite index. Such groups can be described by a tuple
(d,Q,0, fs), where d € N, specifies a free abelian subgroup N = Z< of rank d, Q is a
finite quotient group given by its multiplication table, and (0, fs) are the extension data
describing G as an N by ) extension.

Virtually Abelian Group Subclasses. By Lemma 2.75, every virtually abelian group G
contains a finite-index normal free abelian subgroup N = Z¢ with finite quotient Q =2
G/N. Hence, throughout we specify virtually abelian targets by their extension data
(d,Q,0, f), where d € N is the rank of N, @ is finite, and (@, f) describe G as an N by @
extension. In particular, we do not present N via a general abelian (torsion—free x torsion)
decomposition, since the torsion can be absorbed into the finite quotient ). The following
subclasses are of particular interest:
e Ab X Fin denotes the class of groups described by a direct product of N x @, with
data (d,Q,Z, f1) and Z = @.
e Ab xg Fin denotes the class of groups described by semi-direct product of N xy Q,
with data (d, @, ¥4, f1).
o VCyc denotes the class of virtually (infinite) cyclic groups, with data (1,Q,Z, fs).
e Ab x4 Fin denote the subclass of virtually abelian groups with restricted conjugation
action as described in subsection 2.3.2, with data (d,Q,Z, f1).
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3 Integer Matrix Problems

In this chapter, we show that the two decision problems for matrices over integers
MatrixSubspanA and MatrixSubspanB are in P. The motivation for these problems will
become clear when we apply them to epimorphism testing in the following chapter, and
so we prove the following.

Theorem A. MatrixSubspanA and MatrixSubspanB are in P.

The method relies heavily on the Smith normal form of integer matrices. However, it
does not depend on the structure theorem for finitely generated abelian groups. This is
counterintuitive, as the structure theorem is often used in conjunction with the Smith
normal form to analyse the structure of abelian groups. The results will be used to
establish the complexity of specific epimorphism problem targets in Chapter 4.

We begin by extending the notation for Z-linear combinations to Z,-linear combinations.
Note that when p € P, a Zj,-module corresponds to a traditional vector space. Although
matrices and vectors over Z, appear briefly in certain intermediary lemmas, we do not
perform explicit calculations over these fields.

Notation. If A € Z™*", let [A], € Z"*" denote the matrix with the 7, j-th entry as

(aij mod p)ic[1,m],jel1,n]

where a; ; is the 7, j-th entry of A.
For B € Z;"*", spanz, (B) is the set of all Z-linear combinations of the columns of B.
That is,

spanz, (B) = {Z cib; : ¢; € Zyp, b; are columns of B} .
i=1

3.1 Basic Calculations

This section presents preliminary results for integer matrices. We start by outlining sev-
eral well-known computation processes which are polynomial time, these will serve as a
foundation for the computations that follow.

Lemma 3.1. The following tasks can be performed in polynomial time
1. Given integers ai,...,a, € Z, compute ged(ay, ..., ap).
2. Given a matriz A € GL(n,Z), compute its inverse AL,

Proof. For Item 1, the problem of finding the gcd reduces to the Euclidean algorithm,
which is in polynomial time; see, for example, [34].

For Item 2, the problem of finding the inverse of an integer matrix is also polynomial
time; see, for example, [35]. O

Using the above results with the Smith normal form process, we have the following

Lemma 3.2. The following procedure can be achieved in polynomial time:
On input A € Z™*™ and b € Z™
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1. Decide whether there exists x € Z™ such that Ax +b =0 (returning ‘Yes” or ‘No’).
2. If ‘Yes’, return uy,...,ur € Z" and ¢ € Z" such that for x € 2", Az + b =0 if and
only if © € span,(u1,...,ux).

Proof. The following procedure solves the problem

1. Call SNFProb and output SNF-triple (K, D, L) of A, let rank(D) = r.

2. Let b = —K b, with i-th entry b;, and let 9; be the i-th non-zero diagonal entry of
D.

o If b;/0; ¢ Z for some i € [1,7], output ‘No’. If b; # 0 for some i € [r + 1,m],
output ‘No’.

o Otherwise, return ‘Yes’ and assume that b;/0; € Z for all ¢ € [1,r] and b; =0
for all i € [r+1,m)].

3. Denote the i, j-th element of L™! as l; j, and let u; be the (r + i)-th column of L™1
for i € [1,n —r]. Set ¢; = 377 1;;b;/0; for i € [1,n]. Define & = n —r and
c=(c1 --- cy)T. Output uy,...,up € Z" and ¢ € Z".

By Theorem 2.48 Step (1) is polynomial time, and by Lemma 3.1 Steps (2) and (3)
require the inverse of an integer matrix, which is polynomial time. Basic calculations with
integers given as binary are also polynomial time, so the entire procedure is polynomial
time.

We now justify the correctness of the procedure. We wish to solve Ax — b = 0, where
A=KDL and z € Z", so

DLz — K 'b=0.

Let y = Lz € Z" and —K~'b = b € Z™, so our equation becomes

0 - 0 - 0\ (m by
Dy=10 0, 0 y- | =] b, | =0 (3.1)
0 0 0/ \yn by

From Eq. (3.1) it is clear that for a solution to exist we need y; = b;/0; for ¢ € [1,7]
and b,41,...,0,, = 0, and since y € Z", we have the condition to return ‘Yes’ or ‘No’ in

Step (2).
If “Yes’, let a; = b;/0; € Z for i € [1,r], so

b=(ad - ad 0 - o)T

and in such a case, a solution has the form

for any t; € Z, i > r.
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Recall that we write [; ; for the i, j-th entry of L. Since Lz =y, we have

z=L"Y
ai
liq lin :
_ . . Qr
B trJrl
ln,l ln,n
2

hipar + -+ lhipar + it + -+ lintn

ln,lal + -+ ln,rar + ln,r-i—ltr—}—l + -+ ln,ntn
Let ¢; = 377 li ja; for i € [1,n], then
c1 lir41 lin

r=1 |+t : + ot in

Cn ln,r—l—l ln,n

Setting u; to be the (n — 7 + 4)-th column of L~ for ¢ € [1, k], we have shown that for
x €Z", Az — b =0 if and only if = € span,(u1,...,ug). O

Lemma 3.3. Let U € Z™F be Z", ( € Z, and ¢ = (bp—gs1 --- bp)T. Then the following

are equivalent

1. There exists a matriz V € Z™*% such that span((V],)") = Z% and each column of V
lies in span,(U).

2. There exists a matriz W € Z*% such that span(W7T) = Z% and each column of W
lies in span,(U|y).

Proof. Assume there exists a matrix

V:(’U1 vd)eZ"Xd

such that span((V],)T) = Z¢ and each column v; of V lies in span,(U).
For each i € [1,d], let w; € Z* be the last £ entries of v; and set

W = (w1 wd) S ZeXd,
so W = V. Since v; € span,(U), it follows that w; € span,(U|,), and thus span(W7T) =

span((V])T) = 7,
Conversely, assume there exists a matrix

W:(wl wd> c 7txd

such that span(W7T) = Z? and each column w; of W lies in span,(U],).
For each i € [1,d], there exist o ; € Z such that

w; = C + Oti71711 + -+ Oéiykﬂk,
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where ; € Z¢ are the columns of Ul,. Define v; € Z™ to be
V; = b + O%lul + -+ ozi’kuk,

where u; € Z™ are the columns of U.
Then the matrix

Vi=(v - )

satisfies V|, = W. Therefore, span((V];)?) = span(W7T) = Z%, and each column of V' lies
in span,(U) by construction. O

3.2 Solving Matrix Problem A

In this section, we demonstrate that MatrixSubspanA can be decided in polynomial time.
Recall, the problem is defined as follows:

Problem: MatrixSubspanA

Input: A triple (A, d,¢) where A is an m X n integer matrix, d,¢ € N with
¢e[0,n—1].

Question: Do there exist integer n-vectors vi,...,vq such that Av; = 0 for
i € [1,d] and for the n x d matrix V whose columns are vy, ..., vy,

span((V|)T) = 247
To begin, we present two simple observations.

Lemma 3.4. Let R be either Z or Zy, p € P, A,B € R™" and L € GL(n,R). If
A = BL, then span(A) = span(B).

Proof. Recall that if L € GL(n,R), there exists a sequence of elementary matrices
Eq,...,E; € R such that Ey---Ey = L. Define B, = BE;--- Es for s € [1,k], and let
By = B. The three types of elementary matrices correspond to the following operations
on By

1. Interchanging two columns.

2. Multiplying a column by —1.

3. Adding an integer multiple of one column to another.
It is clear that operations (1) and (2) do not change span(Bs).

Suppose E,1 replaces b; with b; +cb;, where i # j € [1,n], ¢ € Z, and b;, bj are columns
of Bs_1. Assume i < j without loss of generality.

If z € span(Bs), there exist aq,...,a, € Z such that

z=aiby + -+ anby.
Substituting b; 4 cb; for b;, we have
z=a1by + -+ a;j(bj +cbj) + -+ (aj — a;c)bj + - - - + apby,
where a; — a;c € Z. Thus, z € span(BsFEs1).
Similarly, if

2=aiby + -+ ai(bi + cbj) + -+ ajbj + - + apby,
then

z=aiby 4+ aib + -+ (a; + aic)bj + -+ anby,

where a; + a;jc € Z. Thus, z € span(BgEs11). This proves span(Bs) = span(BsEs41).
Therefore, all three operations preserve the span. By induction, span(B) = span(BL).
O
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3.2 Solving Matrix Problem A
Lemma 3.5. Let K € GL(¢,Z) and denote the (i, j)-th element as k;;. Then for each
j € [1,4], there exist ay,...,ap € Z such that

arkyj+---+agke; =1, and
arkis+ -+ arkps =0 for s € [1,/] and s # j.

Proof. Denote the (i, j)-th element of K~! as ¢; ;. Then

ci1 e\ (R kg
K 'K =
ce1 oo cep) \ken oo kg
¢ ¢
Yi—iClikin 0 di—q Clikig -0
¢ Ko ¢ Ko 0 --- 1
Zi:l Cé,z [ Zi:l Cé,z 0

Therefore, for each j € [1,¢], we have

cjakig + -+ ek =1
Csikis + -+ csokps =0 for s € [1,4] and s # j.

The result follows for fixed j € [1, /] by setting

a1 = Cj1y..-,0¢ = Cjy.
]

Recall that for a diagonal matrix in Smith Normal Form D € Z*" 1-count(D) denotes
the number of entries equal to 1 on its diagonal (Definition 2.45).

Lemma 3.6. Let A € Z™ with SNF-triple (K, D, L), and d € N,. If 1-count(D) > d,
then there exists a matriz V € Z*? such that span(VT) = Z¢ and each column of V lies
in span(A).

Proof. Given A = KDL, by Lemma 3.4, we have span(A) = span(K D). Since the first
d entries along the diagonal of D are 1’s, the first d columns of K are in span(K D).
Let v1,...,vg € Z' be the first d columns of K, so v; € span(K D) = span(A), and let
V=(v - vg).

Denote the elements of K as k; j, so vj = (k1j -+ kg;)T for j € [1,d]. By Lemma 3.5,
for each j € [1, /], there exist ay,...,ay € Z such that

arki;+ - +agkp; =1
arki s+ -+ agkes =0 for s € [1,4] and s # j.

That is,
k11 ke 0
a ij + -+ ay k‘g’j =11 = ey,
k1, ke.a 0
where the vectors (k;1,.. .,l{:i7d)T are the columns of VT. Thus, we have shown that
ej € span(VT) for each j € [1,d]. Therefore, span(V7) = Z. O
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3 Integer Matrix Problems

Lemma 3.7. Let p € P, A € Z™*™ with SNF-triple (K, D, L).
o Ifrank(D) = l-count(D), and there exists V € Z™*% such that span(V1) = Z¢ and
the columns of V' lie in span(A), then 1-count(D) > d.
e Ifrank([D],) = 1-count([D],), and there exists W € Z**% such that spang, (W7) =
Zg and the columns of W' lie in spanz, (Zg),then 1-count([D],) > d.

Proof. Let 1-count(D) = c¢. Observe that KD is the m x d matrix whose first ¢ columns
are the first ¢ columns of K, and the remaining d — ¢ columns are 0 € Z™. Similarly, let
1-count([D],) = ¢, [K]p[D], is the m x d matrix whose first ¢’ columns are the first ¢/
columns of [K7],, and the remaining d — ¢’ columns are 0 € Z".

Let R be either Z or Z, and let K, D, L be [K|,, [L], when R = Z,.

By Lemma 3.4, span(A) = span(K D), so the columns of V lie in span(K D).

Denote v; as the i-th column of V, and k;; as the i, j-th element of K. Since v; €
span(K D), for j € [1,d], there exist ¢;1,...,t;. € R such that

k11 k1 e
vj =t1 + -+ te
kma km.c
Thus,
Yimitiikie o Dy taik
V= : .. :
i1 tiikmi o 2img taikm

Since span(V7T) = R? and ey, ..., eq € span(V7T), for £ € [1,d], there exist py1, ..., pom €
R such that

oimitiki i—1t1ikmi
er = pea : + ot pem :
it taik doie1 td,ikm,i
Pt Y im1 tiikis 4 pem D oi—1 t1,ikmyi

pe D i taikii + -+ pem Die taikm
2lim1 Pe (Z§=1 tl,jkm)

Doty Pei (Z‘jzl td,j’fi,j)
>j=1 b1 (21 peikiyg)

>t tag (0% peikiy)

Since the concatenation of eq,...,eq is the d x d identity matrix, we have
I -0 Y=ty Oy prikig) oo X5=1try (2 pasikig)
(U | Simitay Oy prikig) oo Y5o1tag (i pajikig)

tia oo tie\ [ipvikin o 2 paikin

tan - tae) \Doitiprikic ey Pdikic
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3.2 Solving Matrix Problem A

Recall from standard linear algebra that for any real-valued matrices A € R%*¢, B € R4,
we have rank(AB) < min{rank(A),rank(B)}. Since rank(D) = d, it follows that ¢ > d.
If this is the case where R = Zj, then we have shown 1-count([D],) > 1, which implies
1-count(D) > 1. O

Lemma 3.8. Let p € P, A € Z™*". If there exists V € Z™*? such that the columns of V
lie in span(A) and span(VT) = Z¢, then there exists W € Z;”Xd such that the columns of

W lie in spang, ([A]p) and spang, (WT) = Zg.

Proof. Assume there exists V € Z™*? such that the columns of V lie in span(A) and
span(VT) = Z%. Then there exist e1,...,eq € span(VT) = Z? and é,...,éq € Z™ (the
standard basis of dimension m) such that é,...,¢é; € span(A).

Let V € Z™*4 be the diagonal matrix with d entries of 1 on the diagonal. Define
W = [V],, where each entry w; ; of W is equal to v; ; mod p.

Then W7 € ngm is the diagonal matrix with d entries of 1 on the diagonal, and thus
spang, (W) = Z¢. O

Corollary 3.9. Let A € Z™*", min(m,n) > d € N4, and (K, D, L) be an SNF-triple for
A. If there exists V € Z™*% such that the columns of V' lie in span(A) and span(VT) = 7,
then 1-count(D) > d.

Proof. If 1-count(D) = rank(D), then Lemma 3.7 proves the claim. Otherwise,
1-count(D) # rank(D) which equivalent to 1-count(D) < rank(D).

By Lemma 3.8, for any prime p, there exists W € Z;nXd such that the columns of W
lie in spang, ([4],) and spanz, (W') = Zg. Let ¢ = 1-count(D), and let p | 9,41 (the first
non-1 diagonal entry of D € Z™*™). Then rank([D],) = l-count([D],). This gives two
cases

1. If there exists V' € Z™*9 such that the columns of V lie in span(A) and span(V7T) =
7%, and 1-count(D) = rank(D), then 1-count(D) > d.

2. If there exists W € Z;”Xd such that the columns of W lie in spanz,([A],) and
spang, (WT) = Zg, and rank([D],) = 1-count([D],), then 1-count([D],) > d, which
implies 1-count(D) > d.

O

Proposition 3.10. MatrixSubspanA is in P.

Proof. We solve MatrixSubspanA by the following procedure

1. Call the algorithm in Lemma 3.2 on input A € Z™*"™ and 0 = b € Z™. If this

algorithm returns ‘No’, return ‘No’ to MatrixSubspanA.

2. Else, let uy,...,um,c € Z™ be the output of the procedure (here ¢ = 0). Set

U € Z™™ to be the matrix whose i-th column is u;.
3. Calculate the SNF-triple (K, D, L) of Ul;,, and so K € GL(¢,Z), L € GL(m,Z),
D € 7™ where U|, = KDL.

4. If 1-count(D) > d, output ‘Yes’ Otherwise, if 1-count(D) < d, output ‘No"

Step (1) is polynomial time by Lemma 3.2, and Step (2) is a straightforward calculation.
Thus, our procedure is polynomial time.

We will now justify the correctness of the procedure.

If ‘No’ is returned in Step (1), then there does not exist x € Z™ which satisfies Az = 0,
so we output ‘No’ for MatrixSubspanA. Thus, we may assume there exists a solution to
the procedure in Lemma 3.2, which finds U and ¢ such that ¢ = 0 and Az = 0 if and only
if x € span(U). We then check if there exist vy, ...,vg € span(U) such that for the matrix
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3 Integer Matrix Problems

V = (vy --- vg), we have span((V],)T) = Z%. By Lemma 3.3, V exists if and only if there
exists W € Z**? such that span(W7) = Z¢ and each column of W lies in span(U|,). Using
D of the SNF (K, D, L) calculated in Step (3), by Lemma 3.6 and the contrapositive of
Corollary 3.9, such a W exists if and only if 1-count(D) > d, thus justifying the output in
Step (4). O

3.3 Solving Matrix Problem B

In this section, we demonstrate that MatrixSubspanB is decidable in polynomial time. Our
method closely follows the approach presented in [12, Proposition 4.2 and Lemma 4.3].
Recall the problem is as follows

Problem: MatrixSubspanB

Input: A triple (A, b,¢) where A € Z™*" be Z™, L € N with £ € [0,n — 1].
Question: Does there exist an n-vector v such that Av+b = 0 and span((v|¢)7) =
AN

We now present the following simple observation, which provides a more precise way of
expressing MatrixSubspanB.

First, the following simple fact enables us to represent our matrix problem in terms of
the greatest common divisor (ged).

Lemma 3.11. Foraq,...,as € Z, span({al as}) = Z if and only if ged(aq, . . ., as) =
1.
Proof. 1f span( [al e as}) = Z, then 1 € span( [al e as} ), which means there exists

Z1,...,Ts € Z such that
ria1+ -+ xsas = 1.

Let ¢ = ged(ay, . .., as), it follows that a; = ¢b; for b; € Z. So
c(zibr+ -+ xb) =1

and the only integer value for which ¢ can take is 1, thus ged(aq,...,as) = 1.
Conversely, if ged(aq,...,as) = 1. Then there exists x1, ...,z such that

T1a1 + -+ xsas = 1.
Then 1 € span({a,l as]), and span(1) = Z. O
It follows that the decision problem MatrixSubspanB can be expressed as follows.

Problem: MatrixSubspanB
Input: Given A € Z™*" b e Z™, ¢ € Z with £ € [0,n — 1].

T
Question: Does there exist an integer n-vector v = [yl I/n] € Z'™ such
that Av + b =0 and ged(vp—g41,...,vn) = 17
Next, we present some basic facts about ged.
Lemma 3.12. Let n,k,f € Ny, U € Z** with SNF-triple (K, D, L) and r € Z*. There

exists = (p1 --- )T € span,.(U) € Z¢ such that ged(puy, - . ., ug) = 1 if and only if there
exists v = (v1 -+~ vg)? € spang—1,(D) € Z° such that ged(vy,. .., ve) = 1.
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3.3 Solving Matrix Problem B

Proof. Assume there exists p = (1 --- pe)? € span,.(U) with ged(py,...,pe) = 1. Let
v =K 'y, sov € spang-1, (K 'U). By Lemma 3.4, span(K'U) = span(D), hence
v = (v1 -+ v)? € spang-1,(D). As v = K~y and K~ € GL(¢,Z), K~! can be
expressed as a product of elementary matrices F; --- B, = K~!. Since multiplication by
an elementary matrix does not change the ged, ged(v) = ged(p) = 1. O

Lemma 3.13 ([12, Lemma 4.3]). Let n € Ny, d,¢1,...,¢, € Z such that n > 2, ¢; # 0
for some i € [2,n], and ged(0,c1,...,¢,) = 1. Then there exists x € Z such that

ged(zd + ¢y, c0,...,¢p) = 1.

Lemma 3.14. For 5,01,...,0,,b1,...,bs € Z and 0; | 9,41 fori € [1,n — 1], there exists
ai,...,as € Z such that
gcd(alol +b1,...,a505 + bs) =1

if and only if one of the following holds
1. by,...,bs =0 and 0, € {-1,1},
2. ged(by, ..., bs) =1,
3. ged(by, ..., bs) =c>1, ged(d1,¢) =1, and
a) b; #0 for some i € 2, 5],
b) s=1and c=1 (mod 01),
¢) ba,...,bs =0 and either c=1 (mod 0;1) or 0y # 0.

Proof. Assume one of the conditions (a)—(c) holds. If b = 0 and 9; = £1 set a; = 1 and
a; =0 for j > 2 and if ged(by,...,bs) = 1 then set a; = 0.

If ged(by,...,bs) = ¢ > 1 and ged(01,¢) = 1, we have three subcases.

If b; # 0 for some ¢ € [2, 5], then by Lemma 3.13 there exists z € Z such that ged(z01 +
b1,b2,...,bs) =1. Set ag =z and ay =--- =as = 0.

If n =1 then ¢ = ged(by) = b1, and ¢ =1 mod 0y means ¢ + ad; = 1 for some « € Z.
Setting a; = —a gives ged(a101 +b1) = @101 + by = 1.

If bp = --- = bs = 0 then ¢ = ged(b1,0,...,0) = b;. So if ¢ =1 mod ?; then again
we have a1 = a € Z so that aby + 091 = 1. If 92 # 0 then 97 | 92 and ged(91,¢) = 1
implies ged(01,b01,02) = 1 with 02,01 # 0. By Lemma 3.13 there exists € Z so that

ged (201 4 b1,02) = 1. Set a1 = x,a9 = 1,a3 =---=as =0.
Conversely assume there exist aq,...,as € Z such that
ged(adr + by, ..., a505 + bs) = 1. (3.2)

If b; =0 for i € [1, 5], since 0; | 0j41 for i € [1,5 — 1] we get ged(a101,...,as05) > [01],
contradicting Eq. (3.2). Thus we must have condition (a) or b; # 0 for some i € [1,s]. If
b; # 0 for some i € [1, s], either condition (b) holds or ged(by,...,bs) = ¢ > 1.

If f=ged(91,¢) # 1 then f divides every b; and 9;, so no choice of a; € Z can satisfy
Eq. (3.2). Thus we must have ged(91,¢) = 1.

Assume condition (c)(i) does not hold. Then either s = 1 or s > 1 and b; = 0 for
i€[2,s].

If s =1 then Eq. (3.2) becomes 1 = ged(a101 + b1) = a101 + by = @191 + ¢ since ¢ = by,
and we have condition (c)(ii).

Else s > 1. If 92 = 0 then d; = 0 for ¢ > 2, and since b; = 0 for i € [2,s], Eq. (3.2)
becomes 1 = ged(a101 + b1,0,...,0) = @191 + b1 so c =1 mod 9; and we have condition
(c)(iii).

O
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Proposition 3.15. MatrixSubspanB is in P.

Proof. We solve MatrixSubspanB by the following procedure. Given A € Z™*" b € Z™,
¢ € 7Z where ¢ € [0,n — 1]

1. Call the algorithm in Lemma 3.2 on input A € Z™*™ and b € Z™. If this algorithm

returns ‘No’, return ‘No’ to MatrixSubspanB.

2. Otherwise, let uy,...,uy, € Z" and ¢ = (¢} --- ¢,)T € Z" be the output of this

algorithm. Set U € Z™*™ to be the matrix whose i-th column is u;.
3. Compute the SNF (K, D, L) of Ul, € Z**™, and so K € GL(¢{,Z), L € GL(m,Z),
D € Z"™ with diagonal entries 9; for i € [1,...,rank(D)], and U|, = KDL. Set
e 0; =0 for ¢ € [rank(D) + 1, 4],
e c=(c1 o c) =KMoy - ¢,) €ZE
4. Return ‘Yes’ if one of the following conditions holds, and ‘No’ otherwise
a) c1,...,cg=0and 9; € {—1,1},
b) ged(eqy ..., c0) =1,
c) ged(er, ..., e0) = f > 1, ged(d1, f) =1, and
i. ¢ # 0 for some i € [2,/],
ii. £=1and f =1 (mod 9;),
iii. ¢g,...,cp=0and (f =1 (mod 91) or 92 # 0).

Step (1) is polynomial time by Lemma 3.2, Step (3) is polynomial time by Theorem 2.48,
and Step (4) is polynomial time by Lemma 3.1.

If ‘No’ is returned in Step (1), then there does not exist = € Z™ which satisfies Ax+b = 0,
so we output ‘No’ for MatrixSubspanB. Thus, we may assume there exists a solution to
the procedure in Lemma 3.2, which finds U and ¢ such that Az + b = 0 if and only if
x € spany (U).

Let r = (c)_gpq --- )T € Z'. We then check if there exists v € span,(U) such that
ged(vy, ..., v,) = 1. By Lemma 3.3, v exists if and only if there exists p = (1 --- )t €
span,.(U|¢) € Z¢ such that ged(p, ..., pue) = 1.

By Lemma 3.12, such a pu exists if and only if there exists v = (v1 --- )T €
spang—1,(D) such that ged(vy,...,v) = 1. Since ¢ = K~!r, all elements in span,(D)
take the form a101 +c¢1,...,ap00+ ¢ for ay,...,ay € Z. Checking if such a v exists is equi-
valent to checking if there exist ay,...,a; € Z such that ged(a101 +¢1,...,a007+ ¢¢) = 1.
This is solved in Step (4) by Lemma 3.14. O

Proof of Theorem A. The result is immediate from Propositions 3.10 and 3.15. O
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4 Virtually Abelian Targets

As previously noted, the epimorphism problem is undecidable in general. For instance,
if G is the trivial group, then an epimorphism exists if and only if G» is also trivial.
However, it is well known that determining whether a group is trivial is itself undecidable,
see Theorem 2.82. Additionally, the result that the epimorphism problem for nilpotent
groups is undecidable is notable and unexpected because nilpotent groups share structural
similarities with abelian groups, for which the epimorphism problem is more tractable and
is shown to be in P in Chapter 6.

Using the results from the previous chapter, in this chapter for the classes which Friedl
and Loh [12] showed to be decidable, which they acknowledged “will have ridiculous worst-
case complexity” for their proposed algorithm, we instead are able to show the same target
classes lies in NP. Thus, we prove the following.

Theorem B. The epimorphism problem from finitely presented groups to the following
target classes is NP-complete:
1. Direct products of abelian and finite groups.
2. Virtually cyclic groups.
8. Semi-direct products of a free abelian group N and a finite group Q, where the action
of Q on N is restricted in a specific way, as described in Definition 2.80.

Items (1) and (2) are the classes of virtually abelian groups which are shown to be
decidable in [12] which we show to be in NP-complete, and (3) is a generalisation to a
larger subclass of virtually abelian groups.

Notation. Given D, T, two classes of groups. The epimorphism problem from D to T,
denoted EPI(D,T), is the following decision problem.

Problem: Epimorphism Problem - EPI(D,T)
Input: Finite descriptions for groups G € D and H € T
Question: Does there exist an epimorphism from G to H?

We refer to G € D as the domain group and H € T as the target group for the problem.
The finite description for a group depends on its class and can be found in Chapter 2
and Section 2.4. In the special case where 7 = {H} is a singleton, we write EPI(D, H)
for the epimorphism problem from a class D to a fixed group H, this will be relevant in
Chapter 5. In this case, the input consists solely of a finite description for G € D.
In the following section, we set the notation and prove the preliminary results for epi-
morphism problem which will be relevant in later chapters.

4.1 Preliminary Results
We begin with the epimorphism problem where finite group targets are given by their

multiplication tables. In [15, Chapter 7], Holt and Plesken considered the computational
problem of finding epimorphisms onto various classes of finite groups, though without

39



4 Virtually Abelian Targets

providing an explicit estimate of complexity, and Friedl and Loh [12, Proposition 5.2]
showed that EPI(FinPres, Fin) is decidable.
Here, we observe that EPI(FinPres, Fin) is, in fact, in NP.

Lemma 4.1. EPI(FinPres, Fin) is in NP.

Proof. On input a presentation (gi,...,gn|71,...,7m) for G € FinPres, non-
deterministically specify values 7(g;) € @ for each i € [1,n].

Verify that 7 defines a homomorphism from G to H using Lemma 2.28 by checking that
each relation is sent to 1g via the multiplication table for Q.

To verify that 7 is a surjection, proceed as follows. Fix a copy of ) and ‘mark’ each
¢; € Q that satisfies 7(g;) = ¢; for some i € [1,n]. While not all of @) is marked, scan
the multiplication table for @) to find ¢;,qj,qr € Q such that ¢;q; = qi, where ¢; and g;
are marked but ¢ is not, and then mark ¢. If 7 is a surjection, then each ¢ € @ will
eventually be marked, as every element of () is the image of some product of generators.
Thus, the process terminates with all of () marked.

Each of the above steps takes polynomial time in the size of n, > /", |r;|, and the size
of the multiplication table for @ (which is O(|Q|?)). O

Example 4.2 (Finite target epimorphism). Let G be a group with the presentation
G = <l‘1,£€2,$3,$4 | z1x0231y, x%, x1x§x3>
and Dg be the dihedral group of order 6 with the presentation
Dg = <s,t | 52, 3, Stst>

this group is given as its full multiplication table which we omit for brevity. Then we can
‘guess’ the following set map

1+ S

To 1

T3 +— S

T4 — t=1

verify that ) extends to a homomorphism via the following calculation

U(x1)Y(z2)(x3)(xs) = stst™t =1
Y(r)?=s>=1
V(21)Y(20)30(23) = st"s = 52 = 1.

To check surjectivity we fix a copy of Dg with the elements {1,s,t,t2, st, st?}. We then
‘mark off’ each element as follows

Y(z1) =5
P(xo) =1t
Y(x1)Y(z2) = st
P(m2)h(m2) = 12
P(ar)y(zg) =s° =1
(@) (z2)h(xg) = st?

Thus, 7 is an epimorphism. Note that this is a similar process to that which is observed
in Example 2.30, as Dg = S3. The main differences are that we do not explicitly define a
system of equations, and we check for surjection here.
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Remark 4.3. This procedure cannot be used for targets that are infinite groups. While
the surjection can always be verified in polynomial time, the ‘guessed’ image cannot be
guaranteed to be polynomial bounded as a word on the original generators. Thus, we
cannot guarantee a polynomial time verification process.

4.1.1 (Q, 7)-presentation

In this subsection, we provide a useful way to present a domain group when considering
the epimorphism problem with a target involving an extension with a finite group @ as
the quotient.

Definition 4.4 ((Q, 7)-presentation). Let G be a finitely presented group, @ a finite group,
and 7: G — @ an epimorphism from G to Q. We call (¥ UY | R) a (Q, 7)-presentation
for G if

1. X, ), R are finite.

2. X CG and 7|x: X = Q is a bijection.

3. The subgroup ker(7) is generated by ).

Lemma 4.5. There is an algorithm which takes as input

1. a finite presentation (g1,...,gn | T1,-..,Tm) for a group G,

2. a multiplication table for a finite group @,

3. alist (q1,...,qn) € Q" defining an epimorphism 7: G — Q by 7(g5) = ¢;, j € [1,n],
and outputs a (Q, T)-presentation for G which has size polynomial in (n +m + |Q|) and
runs in time polynomial in (n +m +|Q]).

Proof. Our procedure is as follows. Initialise A = X =Y =&, G = {g1,...,9n}, and
R = {rl,...,rm}.

1. Set G=GUG and R =R U {gig; ' : i € [1,n]}.

2. Foreach g € G,if7(g9) = ¢ & A, set A = AU{q}, X = XU{z,}, and R = RU{z,9'}.
Since 7 is an epimorphism, A becomes a generating set for @, and 7(x,) = ¢ for each
Tq € X.

3. While A # Q

a) Scan the multiplication table for @ to find a triple (p1, p2,q) where pi,ps € A,
pip2 = q, and ¢ € @ \ A (such a ¢ must exist as A is a generating set for Q).
b) Set A=AU{q}, ¥ =X U{z,},and R=RU {J:plxma:q_l}.
Since elements are added to A only when new ones are discovered, and each iteration
strictly increases its size until A = @, the loop terminates. When the loop terminates,
A = @, and the set X is in bijection with (. At this stage, G = (Y UG | R) with
T(xq) = q for every x4 € X.

4. For each g; € G and pair (p,q) € Q x Q, if T(zpgixg) =g 1, set Y =YV U {yp,iq} and
R=RU {a:pgiqu;iq}. We now have the presentation (¥ UY UG | R) for G.

5. For each i € [1,n], since 7(g;) € @Q, it follows that z,,) € X and 7(v,(,,)) =
7(g;). From this, 7(x;(y-19i21,) = lg, which implies y (gy-14.1, € Y and
Yr(gi)~Lgilo =G Tr(g)-19i%1,- Using a Tietze transformation, remove g; from the
generating set and replace each occurrence of g; in every relation with

Lr(g:)Y7(g:)1.gi,10"

After processing all i € [1,n], we obtain the presentation (¥ UY | R) for G.
The time complexity and output length for each step are as follows
1. Takes |G| = n steps. Setting G = G U G~ ! requires 2n steps.
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2. Takes 2n steps, adding at most |@Q| letters to A, X', and at most |Q| words of length
2 to R.

3. The while loop iterates at most |Q| times. Each iteration scans at most |Q|* entries
of the multiplication table and adds at most |Q| letters to A, X and at most |Q)|
words of length 3 to R.

4. Takes 2n|Q[* steps, adding at most 2n |Q|? letters to Y and at most 2n |Q|* words
of length at most 4 to R.

5. Takes 2n steps, increasing the length of relators by at most a factor of 2 (replacing
gi by a word of length 2).

To show that ) is a generating set for ker(7), suppose an element in ker(7) is written as

W = Gi1Gip " Giy, € (g U g—l)*.

with 7(w) = 1¢. Let gi,...,qi,_, € Q such that g1 = 7(g;,) " and ¢;; = T(m(;jalgij)_l for
J € [2,k — 1] (recall that 7(z4) = ¢ for each z, € X'). Then

1 1 -1
W = Giy (ququ ) Giz (xfquz ) e (kafl‘qu_1> iy
SO
-1 —1 —1 -1
T(w) - T(gilx'h)T(wa gi2xq2>7(xq2 gi3xqs) T T(qu,ggik—1x%—1)T<qu,1gik)

T(ylyilyql)T(yql_l’iQ’qQ) e T(yq;i27ik717qk71)T(x(zclflgik)

-1
T(x%ﬂgik)'
Since 7(w) = 1q, it follows that 7(z ' gi,) = 1q, so 2" gi, € Y (given by Yol ipn =
- - k—1:%k>
z;' 9i,71,). Thus, we have written w as a product of letters from Y, so (¥) = ker(r). O

Remark 4.6. Since we do not assume that G C G or that G has a decidable word problem,
we do not claim that ) is a subset of G (it may contain repetitions). However, in the
proof of the above lemma, we ensured that X C G.

4.1.2 Epimorphism into Extensions

In this subsection we give a useful intermediary result for testing epimorphism, for any
target group when described by an extension.

Lemma 4.7. Let G, N € FinPres, QQ € Fin, and let H be given by an N by Q) extension
with a fixed transversal map s: Q@ — G. The following are equivalent:

1. There exists an epimorphism v: G — H.

2. There exist homomorphisms 7: G — @ and k: G — H such that

a) T is surjective.

b) k(g) =ns(q) implies ¢ = 71(g).

¢) For allm € N, there exists g € ker(7) such that k(g) = ns(1q).
Proof. If ¢: G — H is an epimorphism, then 7 = mg 0% is also an epimorphism. For each
g € G, if ¥(g) = ns(q), then 7(g) = mg(ns(q)) = ¢. Thus, ¥ =  satisfies condition (b).

Furthermore, if n € N, then since 1 is surjective, there exists g € G such that ¥(g) =
ns(lg) and 7(g9) = mg(ns(lg)) = 1g. Hence, ¢ = & satisfies condition (c).

Conversely, assume there exist 7 and « as described in the lemma. Then, for each
ns(q) € H, there exists g1 € G such that 7(g1) = ¢, and hence k(g1) = ny1s(q) for some
ny € N. Additionally, there exists g» € ker(r) such that #(g2) = nny's(1g).

Therefore, x(g1g2) = nnj 's(1g)n1s(q) = ns(q). Thus, & is a surjective homomorphism
from G to H. O
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Remark 4.8. Item (c) in the above lemma may be replaced by
(¢’) For some (Q,7)-presentation (¥ UY | R) for G, for all n € N, there exists w €
(Y UY~H* such that k(w) = ns(1g).
This follows directly from the definition of a (Q, 7)-presentation, that ker(7) = ().

Example 4.9 (Necessity of the conditions in Lemma 4.7). Let

G= <961,CI1 | [$17Q1]7Q%> =7 x Oy

and
N=(w)=2 Q={q|d)=0

Then, it is clear that an epimorphism (isomorphism) from G to N X @ exists.

Consider the epimorphism 7: G — @ defined by 7(x1) = ¢2 and 7(¢1) = 1g. For a
homomorphism k: G — N x @ to satisfy condition (2), for all n € N, there must exist
g € ker(t) = {1g,¢q1} such that k(g) = ns(lg) = (n,1g). However, this is impossible
since N x {1g} is infinite.

This example demonstrates that items (a)—(c) are all required. It is not sufficient to
have an epimorphism 7 and a homomorphism x that do not satisfy conditions (b) and (c).

Example 4.10 (When no epimorphism exists). Here, we demonstrate a counterintuitive
example of when an epimorphism doesn’t exist. First, we demonstrate why an epimorph-
ism does not exist. Let

G= <x7y7t ‘ [wvy]7t27txty> ~ 77 x Lo

and
H = <a7b7q ’ [a7 b]7 [a’7Q]7 [ba q]7q2> = Z2 X ZQ-

Denote the abelianisation of a group G as Ggp, see Section 6.3 and Definition 6.12 for
formal definitions and justification of the following claim. If there exists an epimorphism
G — H then there exists an epimorphism from the G, — Hgp.

H is already abelian, and the abelianisation of G can be presented as follows

G= <x,y,t | [w7y],t2,t$ty>
Gab = <$7y7t | [;p,y],tQ,tmty, [:L"t]’ [y’t]>

!'in this group. Then it can

By the relations [z,t], [y, t] and tzty it is implied that x = y~
be verified that

Gap = (| [2,8] = 2) 2 L x Zy.

As there cannot exist an epimorphism Z — Z2, it follows that no epimorphism G, —
H,, = H can exist.

This can also be demonstrated by attempting to find 7 and  as per Lemma 4.7. Here,
Q= (q| q2> just so happens to be a subgroup, we assert the following without proof. If
an epimorphism G — H exists, then there must exist an epimorphism 7: G — @) defined
by

r —1
T:qy —1
t —q

such that there exists a homomorphism x: G — H such that
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1. k(g) = ns(q) implies 7(g) = ¢
2. for all n € N, there exists g € ker(7) such that £(g) = ns(1g).
7 as defined also maximises ker(7). Note that s(q) = ¢, define k: G — H by a set map

r = ngs(t(z)) =nn(2)lg
ki qy —nys(T(y) =7n(y)lg
t = ns(r(t)) =7nn(t)g
for some n;,n,,n; € N. We already know ¢ = lg = 1y, so for k to extend to a

homomorphism the following must be satisfied

[nx,ny] = 1N = 1H
n?=1y=1py

ningniny = 1y = 1g.

As n? = 1y, then either n; = 1y or n; = ¢, however, if n; = ¢ then s(t) = ¢ = 1
contradicting Item (1). Then n; = 1y, this implies nynyniny = nyny = 1y which implies

Ny =N, L. This implies (ng,ny) % Z?, as ker() = (ny, ny), then this is a contradiction of
Item (2).

4.1.3 Calculations when N is Free Abelian

In this subsection, we introduce additional notation and calculations for equations in free
abelian groups that will be relevant for all the relevant classes of groups in this chapter.

Definition 4.11 (Commuting equations when N is abelian). Let N be an abelian group,
and let u be an equation with variables {Xl,Xl_l, ooy X, X,;71} and a single constant
¢ € N. Define the commuted normal form of u as the word

CNF(u) = X7 -+ X c
where o; = |u[y, — uly-1.
The following observation is immediate.

Lemma 4.12. Let N be an abelian group, and let (Uz‘)[l,m} be a system of equations in N,

where each u; consists of variables X = {Xl,Xl_l, ooy, X, X1} and a single constant.
Then o: X — N is a solution to (u;)[1,m,) if and only if o is a solution to (CNF(u;))[1 m)-

The following is some calculations which we see use in latter sections.

Lemma 4.13. Let X = {X1, X7, X, X, '), Y = (0, v Y, Y, N =
(z1,...,7q) be a free abelian group of rank d, (¢i)j1,m € N™ a list of constants, and
(ui)j1,m) @ system of equations in N, where u; € (XUY U ;)" with ¢; appearing ezactly
once.

1. If ¢; = 1y for alli € [1,m], and o is a solution to the system of equations given by

o XjHl‘(ljj’l"'xzj’d’ J € [1vt]
) Y — x‘it-&-]'al . ..thﬂ',d’ jen,a.
then . , , ,
o(ug) = xlzj:l Cja0 Dy CrgaBig N .xdi:jzl Cj.acti it 5y CutsdBis (4.1)

where a; jy = |ui]Xj — |ui|X;1 and B j) = |uZ]Y] — \ui\yjq.

44



4.1 Preliminary Results

2. Ifd =1 (i.e., N is infinite cyclic), ¢; = z% for i € [1,m] with each b; € Z, and o is
a solution to the system of equations given by
Xj — x% Jje [1,t]
o:
Y= ati j e[l (]
then ) ,
() = 22 STy s b (12)
where aij = |ui|y, — ]ui\Xf and Bij = |uily, - ]ui\yjq.
Proof. By Lemma 4.12, we may assume without loss of generality that each u; = CNF(u;)

has the form
— Xloéz,l . Xtaz,tyl i1 i/eﬁz,éci.

Since o is a solution, we have

O'(U,L) g ("L’il’l e x;l’d)aial “ e (xit’l o .. x;t’d)aiat ..

Ct+1,1 Ct+1,d\ B 1 Ci40,1 Ct+2,d\[3; ¢
t 14 t 0
23:1 cjvlaivj+2j:1 Ce44,181,5 ijl Cj,dai,frzj:l Ct44,dBi,j
=] Ty C;.

If ¢; = 1y, we obtain Equation (4.1).
Ifd =1,let z1 = z and ¢; = 2% for some b; € Z. Substituting, we obtain Equation (4.2).
O

4.1.4 System of Equations and Matrix Problems

In this subsection, we demonstrate the equivalence between systems of equations over a
group N and integer matrix problems. Specifically, we provide a method to convert a
system of equations into integer matrix elements and vice versa, under the assumption
that the group N is free abelian. The integer matrices correspond to the inputs for the
matrix problems discussed in Chapter 3.

Definition 4.14 (System of equations to matrix system). Let
e d,t,{,me,
o N ={(x1,...,24) € FreeAb,
o X={X1, X7 X, X, Y={V, Y7L Y Y
o v; € (XUY)* for i € [1,m)],
o ¢, € N with ¢; = CL‘I{i’l o 'xzi’d for i € [1,m],
. (ui)[lm] be a system of equations in N, where each equation is of the form u; = vjc;.
For each i € [1,m], the commuted normal form (Definition 4.11) of w; is

CNF(us) = X0 Xy oyt
where
Qi = |Ui‘Xj — |Ui|Xj‘1 and B = \vi|Yk — |Ui|Yk‘1

for j € [1,¢] and k € [1,/].

Define EqnMat(d, t, €, (ui)[1,m], (¢i)j1,m]) to be the triple (A, B,f), with A € YARISON
B e 7™*? where
ai; ooy B oo Py bii - big

) . ) . B—

am,1 - Ot 5771,1 /Bm,é bm,l bm,d

)
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Definition 4.15 (Matrices to system of equations). Given ¢ € Z, matrices A € Z"™*™ and
B e 7m*? where

a1 - Qg bip - big

am,1 " Omn bm,l bm,d

define MatEqn(A4, B, ) to be the quintuple (d,n — ¢, ¢, (u;)[1,m], (¢i)[1,m)), Where (u;)[1 p) 18
a system of equations with variables

{X17X1_17 s 7XTL7£7X_1 Y17Y1_17 B 7)/(75/5_1}

n—~o0>
over a free abelian group N = (z1,...,2z4) of rank d, where each wu; is of the form
Ui = Vit
with

_ ag,1 Qi n—Ly,Ain—0+1 Aj.n
Ui_Xl '”ané Yl }/Z

and
b; b;
Cizl‘l’l"'l‘d’dEN.

The following is immediate from the definitions.

Lemma 4.16. The following computations can be achieved in polynomial time
1. On input finite sets X, Y, R C (X UY U XL UY1)* compute PresEqnA(X,),R).
2. Oninput d,t,l € Z, a system of equations (u;)[1,m] where each u; = vic;, v; is a word
in variables {X1, X7, ..., X, X, LV, Y7 L ,Yg,Y[l}, and ¢; = x?i’l : --xzi’d,
compute EqnMat(d, t, €, (i) 1, m], (¢i)[1,m])-
3. On input A € Z™*", B € 7% and ¢ € Z, compute MatEqn(A, B, /).

4.2 Direct Product Targets

In this section, we show that the epimorphism problem from a finitely presented group to
the direct product of a free abelian group of rank d and a finite group is in P. We begin by
translating the epimorphism problem into the problem EquationsSubspan which is given
as follows

Problem: EquationsSubspan

Input: A group N, variables X = {Xl,Xfl, .. ,Xt,Xfl}, Y =
{Y1, Yl_l, LY, Y[l}, and a finite system of equations over N using
variables X U Y.

Question: Is there a solution o: XUY — N such that (o(Y1),...,0(Y;)) = N?

Definition 4.17 (Presentation to system of equations). On input a presentation of the
form (YUY | R), where X,), R are finite, define PresEqnA(X,),R) to be the set of
equations constructed as follows.

Let

o X={X0, X7, Xa, X b

. Y:{)@,Y;l,...,y‘y‘,y&ﬁ},

46



4.2 Direct Product Targets

be sets of variables, and let (: Y UX~TUY U Y1 - XUY be the bijection defined as
Cimy= X, 2w XNy Y, oyt e YL
Then PresEqnA(X, Y, R) is the system of equations ({(74))icp,|R|)-
Note that by definition, PresEqnA(X, Y, R) is a system of equations without constants.

Lemma 4.18 (Epimorphism onto direct products). Let G, N € FinPres and Q € Fin. The
following are equivalent:
1. There exists an epimorphism from G to N x Q).
2. There exists an epimorphism 7: G — @ such that, for some (Q,T)-
presentation (X UY | R) of G, EquationsSubspan returns ‘Yes’ on input N and
PresEqnA(X, YV, R).

Proof. Assume there exists an epimorphism from G to N x (). By Lemma 4.7 and Re-
mark 4.8, there exist 7: G — @ (an epimorphism) and k: G — N x ) (a homomorphism)
such that

(b) k(g) = (n,s(q)) implies ¢ = 7(g),

(¢’) For all n € N, there exists w € (¥ UY~1)* such that x(w) = (n, 1g).
Let 0 = myoko( ™!, where ( is the bijection defined in Definition 4.17. Then o: XUY — N
is the map

o(X) =an(r(¢THX)) = an(k(2), o(X7}) =nn(k(x)) ™
oY) =mn(k(¢H(Y))) = 7n(s(y), oY) =man(k(y) "

Since k is a homomorphism, for each r € R, we have k(r) = (1, 1g), which means

o(¢(r)) = mn(k(r)) = 1n,

verifying that o is a solution to PresEqnA(X, ), R).
By item (c’), for all n € N, there exists w € (Y U Y~!)* such that k(w) = ns(1g), so
7N (k(w)) = n. Then there exists ((w) € Y* which satisfies

o(C(w)) = mn (K¢ (C(w))))
=nn(k(w)) =n
which implies (o(Y1),...,0(Yy)) = N. Therefore, EquationsSubspan returns ‘Yes’.
Conversely, assume there exists an epimorphism 7: G — @ such that for some (@, 7)-

presentation (X U) | R) for G, EquationsSubspan returns ‘Yes’ on input N and the system
of equations PresEqnA(X,),R). This means there is a solution o: XUY — N such that

o(¢(r)) =1y for each r € R and <0’(Y1),...,U(Y|y|)> =N.
Define a set map k: X UY — N x Q by

‘{xH(J(X)jT(x)), reX
y—= (oY), 7(y), yely

and extend & to a monoid homomorphism x: (X UYUX tUY~1)* = N x Q.
For each r € R, where r = vy -- - vy, with v; € Y UY U X" T UYL, we have

r(r) = w(vr) - - K(vr)

= (0(C(v1)), 7(v1)) - -~ (9 (C(vr)), 7(vr))
= (o(¢(v1)) - o (C(wr)), T(v1) - - 7(vr))
= (0(¢(r), 7(r)) = (1n, 1Q);

47



4 Virtually Abelian Targets

where 7(r) = 1¢ since 7 is a homomorphism. By Lemma 2.28, « is a homomorphism from

G to N x Q.
For any g € G, there exists w € (XY UY U X~ UY~1)* with g =¢ w. Then,

r(g) = w(w) = (o(w), 7(w)) = (0(w), 7(g))-

Thus, k(g) = (n,q) implies g = 7(g).
Since <J(Y1), Cee 0'(Y|y|)> = N, for each n € N, there exists w € Y* such that o(w) =
Therefore, for each n € N, there exists (~*(w) € ())) such that o(¢(("!(w))) = o(w) =
Having found homomorphisms 7 and &, and established conditions (a), (b), and (¢’) as
in Lemma 4.7 and Remark 4.8, we have shown the existence of an epimorphism from G

to N x Q. O

n.
n.
as

For the remainder of this section, we assume N is free abelian of finite rank.

Lemma 4.19. Let
1. N € FreeAb have rank d,
2. X ={X, X7 . X, X7, Y=, Y7L Y Y
3. (ui)j1,m) be a system of equations in N without constants, where each u; € (XUY)*,
4. (A,0,¢) = EqnMat(d, t, ¢, (ui)[Lm}? (1N)[1,m])'
The following are equivalent:
1. EquationsSubspan returns ‘Yes’ on input N and (u;)[1m),
2. MatrixSubspanA returns ‘Yes” on input (A,d,?).

Proof. Let
a1 ooy B oo By
A= : . : R : e Zmx (o)
am,1 - Qmt ﬁm,l T ﬂm,f

such that for each i € [1,m]
Q;, Qg iy -Bi, Bi,
CNF(UZ) :Xl 1"'Xt tYI 1"')/—6 27

where
Qi = ’Uz’X ‘ui’X;1 o Bik = ‘uZ’Yk - ’Uz“Y;l )

for j € [1,¢] and k € [1,4].

By definition, EquationsSubspan on input N and (u;)i ) returns “Yes’ if and only if
there exists a solution o: XUY — N such that

L. o satisfies (ui){1,m),

2. (e(Y1),...,0(Yr)) =N,

3. o0 is also a solution to (CNF(u;))(1 ) by Lemma 4.12.

We may write the solution as

o X x(ij xd]d, X_1 — (x; LI xzj’d)*l J €1,
Y e 2l Y, D (@702~ 5 e [1,4).

for some c; ), € Z. Let

C1,1 ot Cid
. . . t+0) xd
V = . .. . (= Z( + )X ,

Ct+e1 *° Ctid
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for i € [1,d], let v; € Z+* denote the i-th column of V, and for i € [1,£] let y; denote the
i-th column of (V7).
By Lemma 4.13 and Eq. (4.1), for each i € [1,m], we have

U(u-) _ $Z§:1 cj,lai,j-i-Zj:l Ct+5,1B4,5 xzj‘:l Cj7d0(i,]'+z§:1 Ci44,aBi,j
i) = I STy .

Then, for i € [1,m], o(u;) = 1y if and only if
t L
Z Cj kO j -+ Z Ct+j,k/8i,j =0 (4.3)
j=1 J=1

for each k € [1,d].
Then o: XUY — N is a solution to (CNF(u;))[1,m and (0(Y1),...,0(Yy)) = N if and
only if

arg o ooy Bia o Big 1t Cld
AV = : : :

Qm,1 * Oyt 5m,1 Bm,z Ct+01 ~° Ci4ed

Yo g+ Z§:1 CopjiBry o Yimi Cidon + 25:1 Ceyj,dB1j
1 €10+ Y CoraBmy e CidOm, + X1 CotgiaPm.g
0 --- 0

=|: .. | byEq. (4.3).
0 --- 0

Equivalently, 0: XUY — N is a solution to (CNF(u;))[1,m) and (o(Y1),...,0(Ye)) = N
if and only if Av; =0 for ¢ € [1,d] and (o(Y1),...,0(Ys)) = N.

Recall the natural isomorphism ¢: N — Z¢ (Definition 2.42). For each i € [1,/], we
have

p(o(Vi) = @2y g ™)
= Ct+4,1€1 + - + Crti,d€d = i
Then Av; = 0fori € [1,d] and (o(Y1),...,0(Ye)) = N if and only if Av; =0fori € [1,d]
and, for each h € N, there exists w € Y* such that o(w) = h. This holds if and only if

Av; = 0 for i € [1,d] and, for each z € Z%, there exists w € Y* such that p(c(w)) = 2.
Write CNF(w) = Y -~ Y. Then

2= p(o(w)) = p(o(¥1)" -~ o (Yy)")
= bip1 + -+ + bepip.

Therefore, Av; = 0 for i € [1,d] and (o(Y7),...,0(Yr)) = N if and only if Av; = 0 for
i €[l,d] and
span((V)") = span(u1, ..., pe) = 2%,

which is true if and only if MatrixSubspanA returns ‘Yes’. O

Combining the above results with Proposition 3.10, namely, that MatrixSubspanA can
be decided in polynomial time, gives the following.
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Proposition 4.20. EPI(FinPres, Ab x Fin) is in NP.

Proof. Let G € FinPres, N € FreeAb, and ) € Fin. Using Lemma 4.18, we may verify the
existence of an epimorphism from G to N x Q) by verifying that

(i) there exists an epimorphism 7: G — @

(ii) for some (@, T)-presentation (¥ UY | R) for G, the output to EquationsSubspan is

‘Yes’ on input N and PresEqnA(X, ), R).

On input G = (G| R), d € Ny encoding a free abelian group N of rank d, and a
multiplication table encoding a finite group @, the following procedure solves our problem

1. Guess a set map 7: G — @) and verify that it extends to an epimorphism 7: G — Q.

2. Construct a (Q, 7)-presentation (¥ UY | R).

3. Construct a system of equations from PresEqnA(X, Y, R), denoted as (u;)[1 -

4. Construct the triple (4,04, |V[) = EanMat(d, | X, [V], (wi)[1,m]> (1n)[1,m]); Where

A e gmx(X[+V))

5. Return the output of MatrixSubspanA on input (A4, d, |V]).

Step (1) verifies the existence of Condition (i). Steps (1) to (3) build the necessary
data to solve Condition (ii). Lemma 4.19 states that to solve EquationsSubspan, we
can solve MatrixSubspanA on input (A,0,|Y|) constructed in Step (4). Thus, we solve
MatrixSubspanA in Step (5) and output the solution.

The time complexity of the procedure is as follows

1. We verify the correct 7 in NP by Lemma 4.1; this is the only non-deterministic step

of our algorithm.

2. A construction of (@, 7)-presentation in P exists by Lemma 4.5.

PresEqnA(X, Y, R) is a polynomial-time construction by Lemma 4.16.

4. EaqnMat(d, | X, [V|, (wi){1,m]s (IN)j1,m) is a polynomial-time construction by
Lemma 4.16.

5. MatrixSubspanA is solved in P by Proposition 3.10.

Thus, our algorithm is in NP. O

©w

4.3 Virtually Cyclic Targets

In this section, we show that the epimorphism problem from a finitely presented group to
a virtually cyclic group is in P. We begin by translating the epimorphism problem into
an equations problem.

Recall that SpecialExt (Definition 2.78) refers to the class of N by @ extensions where
Q is finite, N is abelian, and there exists a transversal map s and a subset Z C @ such

that

n—nt qgel

0s(q) =

n—n g€ Q\Z,
and for all n € N,
nt qeT,
n geQ\Z.

The data for a group in SpecialExt is given as N € FreeAb, @ € Fin, and special

extension data (Z, fs). Additionally, as introduced in Definition 2.64, for k > 2, the
notation f: Q¥ — N is defined as

(W = s(g)ns(q) " = {

frlat, ... ar) = fs(ai,a2) fs(araz,a3) - - fs(ar-- - ap—1,ax).

The next two definitions introduce some notation that will be useful in the proofs below.

50



4.3 Virtually Cyclic Targets

Definition 4.21 (Left A-count). Let A, B be two disjoint sets and w € (AU BU A~ U
B~1)*. Write w = vy - - - vy, where v; € AUBU A=Y U B~L. For each p € [1,n], define:
kp = o1 vpaf g — o1 vpaaf 4
called the left A-count of w at position p. Define
sgu(w, A, p) = (=1)".

The value sgn(w, A, p) encodes whether the number of letters from A minus the number
of letters from A~! (ignoring all letters from B) in the length p — 1 prefix of w is odd or
even.

Definition 4.22. Let (Y UY | R) be a (Q, 7)-presentation for a group G, and let Z C X’.
Define Zy = {z € X | 7(z) € Z} as the preimage of Z under the bijection 7x: X — Q.
For r € (X UYUX~tUY~1)* define vy(r) to be the word obtained by raising the p-th
letter of r to the power sgn(r, Zy,p) for each p € [1, |r]].

Example 4.23. If r = xlylscgzygxflw;lylxl and Zy = {x9,x3}, then

~y(r) = xlylxglxgygasfl:cglyflel.
Below is the working table for sgn(r, Zy,p) and the resulting transformation

Letter p (Position) k, sgn(r,Zx,p) Replaced by

X 1 0 1 T
Y1 2 0 1 Y1
zyt 3 0 1 z3!
xgl 4 -1 -1 T3
Y2 5 —2 1 Y2
zyt 6 -2 1 zyt
x5t 7 —2 1 z5
Y1 8 -3 -1 y !
T 9 -3 ~1 zyt

Remark 4.24. The purpose of defining  in this way will become evident in the proof of
Lemma 4.26.

Next, we define a way to construct a system of equations from a presentation, which
will be useful for analysing epimorphisms onto the class SpecialExt, analogous to the
construction in Definition 4.17 for direct products.

Definition 4.25 (Presentation to system of equations for SpecialExt). Let H € SpecialExt
be an N by @ extension with special extension data (Z, fs). Suppose (Y UY | R) is a
(Q, T)-presentation for a group G, Z C X, and X, Y are alphabets such that X UX ! is in
bijection with X and Y U Y1 is in bijection with Y via the map

) -1 -1 -1 -1
C:aj— X, z;o =X oy Y,y = Y

Define Zy = {z € X | 7(z) € T} as the preimage of 7 under the bijection 7|x: X — @, v
as in Definition 4.22, and f as in Definition 2.64.
For i € [1,|R]], assume each r; € R has the form

Ti = Vil - V|| where v;; € YUY U xtuyt.

Define PresEqnB(7, X', V,R,Z, fs) as the system of equations (u;)[; |, where
ui = COY(ra) fira (T(id), - - s T (V1))
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Note that by definition, PresEqnB(7, X, ), R,Z, fs) is a system of equations with vari-
ables in XUY and a single constant. It is clear from the above definitions that this system
can be constructed in polynomial time, as each equation size is linear on the size of each
relation, with the addition of the fm function is polynomial time.

We will now show how this system arises in the context of epimorphisms to SpecialExt.

Lemma 4.26. Let G € FinPres, N € FreeAb, Q € Fin, and H € SpecialExt, where H is
an N by @Q extension with special extension data (Z, fs). The following are equivalent
1. There exists an epimorphism from G to H.
2. There exists an epimorphism 7: G — Q such that, for some (Q,T)-presentation
(YUY |R) of G, EquationsSubspan returns ‘Yes’ on input N and
PresEqnB(1, X, Y, R, Z, f).

Proof. Assume there exists an epimorphism from G to H. By Lemma 4.7 and Remark 4.8,
there exist an epimorphism 7: G — @ and a homomorphism x: G — H such that

(b) k(g) = ns(q) implies ¢ = 7(g).

(¢’) For all n € N, there exists w € (¥ UY~1)* such that x(w) = ns(1g).
Here, (X UY | R) is a (@, 7)-presentation for G.

For r € R, let r = vy - - - vy, with v; € (X UY) U (X UY)~L. For each v;, we have

k(vi) = mn(K(0:))s(7(vi)) = v (K (v)) s (v)
where v, = 7(v;). Since k is a homomorphism and r is a relation, we obtain

Iy = k(1) = K(v1)r(v2) - K(vk) = 7 (6 (01))s(V)) v (R(v2))s(vh) - v ((vr)) s (v,
(4.4)
Let us first deal with the term s(v])---s(v)) at the end of Eq. (4.4). By definition of
the map fs: @ x Q — N we have

s(v1)s(vg) = f5(v], vy)s(v1vy)

then

s(v1) -+ s(vp) = fu(vy, .. vp)s(v] -+ v)
= fe(vy, - vp)s(T (o1 vp))
= fe(vy, - vp)s(7(r))
= fe(vy, .. vp) (4.5)

since r € R and 7 is a homomorphism so s(7(r)) = s(1g) = 1g.
Now we will deal with the term

m (R (1)) PV (e (02)) | [PV 7y (1 (03))] - - - PO CR ay ( (0n)]

at the start of Eq. (4.4). Recall from Definition 4.22 that Zy is the preimage of Z C @
under the bijection 7|x.

If v; € YUY, then v} = 7(v;) = 1@, so conjugation by s(v}) sends n +— n. Furthermore,
conjugation by s(7(v;)) sends n + n if v; € X \ Iy, and n — n~! if v; € Ty. Thus,
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4.3 Virtually Cyclic Targets

conjugation by s(vy)---s(v;,_;) sends 7y (k(vp)) to 7N (1 (0p) )8 TP = y (1 (K (vy))), as
defined in Definition 4.22. Therefore

m (R (01)) PV (e (02)) | [PV D 7y (1 (03))] - - PO Ry (s (o)

v(
= y(mn(K(v1---vg)))
v(

We have now shown that Eq. (4.4) becomes

Ly = y(mn () fu(vl, - .. vh). (4.6)

Let 0 = myoko( !, where ( is the bijection defined in Definition 4.25. Then o: XUY —
N is the map

o(Xi) = 7n(k(¢TH(X0))) = T (k(xi), o(X; 1) = an(k(z;))
o(Yy) = nn(k(¢TH (V) = v (K(i)), oY1) = mn(k(y:)

Let v be as defined in Definition 4.25, for i € [1,m], the equation w; is derived from
Ti = Vil -V jrg|s where v; ; € Y UY U X~ 1uY~1, and has the form

Ui = C(’Y(ri))f\m\(T(Ui,l)v ce 7T(Ui,\7"¢|))

=€) fira (T(Wi1)s - -+ T (Vi)
Thus

o (ui) = V(N (K(ri)) fira (T(vi1), -+ T (Vs jri)))

by Eq. (4.6), which means ¢ is a solution to the system.
By item (c’), for all n € N, there exists w € (Y U Y~1)* such that x(w) = ns(1g), so
7N (k(w)) = n. Then there exists ((w) € Y* which satisfies

o(¢(w)) = mn(K(¢TH(¢(w))))

=nn(k(w)) =n

which implies (o(Y1),...,0(Yy)) = N. Therefore, EquationsSubspan returns ‘Yes’

Conversely, assume that there exists an epimorphism 7: G — @ and, for some
(Q, 7)-presentation (XY UY | R) for G, there is a solution o: XUY — N to the system
PresEqnB(7, X, V), R, Z, fs) such that (o(Y7),...,0(Ys)) = N. We will show that there ex-
ists a homomorphism x: G — H such that 7, « satisfy conditions (b) and (c¢’) of Lemma 4.7
and Remark 4.8, thereby proving the existence of an epimorphism from G to H.

Define x: (X UY U X1 UY~1)* — H as the monoid homomorphism induced by the
map

forae xXUYUX-tuyL
For any w = vy - - - v,, where v; GXUJJUX_luy_l, we have

k(w) = k(v1) -+ - K(vp)
(C(v1))s(r(v1)) - - (C(vn))s(T(vn))
(C(v1))s(vy) - - o(C(vn))s(vp)

=0 (%]
g V1
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where v! = 7(v;). Inserting s(v})---s(v:)s(v;) 7t -+ s(v]) ™!, we obtain

C1)* Vo (((v2))* DD (((v3)) - - - =)o (¢ (wn))s(v]) -~ s(wy,)

r(w) = a(C(
= (o (C(v1)) - o (Clvr)))s(vr) - - s(vp)
= (o (C(w)) fr(vh, ..., vi)s(r(vr---vx)) by Eq. (4.5)
= (o (C(w)) fe(vl, ., vp)s(T(w))

If w € R, then 7(w) = 1lg, so s(r(w)) = 1z, and y({(w))fr(v],...,v}) =
C(y(w)) fu (v}, ..., v,) is an equation in the system PresEqnB(7, X, Y, R,Z, fs). Applying
o, we have k(w) = 1y. Thus, by Lemma 2.28, x is a homomorphism.

For g € G, suppose w € (X UY U XU Y~ 1)* spells g. Then

where
n = y(o(¢(w))) fe(v),...,v;) € N.

Thus, condition (b) of Lemma 4.7 is satisfied.
Since (o(Y1),...,0(Yy)) = N, for all n € N, there exists w € Y* such that o(w) = n.
Then, for all n € N, there exists (~!(w) € (Y UY~1)* such that

Because ker(7) = ()), it follows that 7(¢~!(w)) = 1¢, and so

R(¢H(w)) = ns(1g)-

This satisfies condition (c¢’) of Remark 4.8, thereby proving the existence of an epimorphism
from G to H. O]

For the rest of this section, we assume N is an infinite cyclic group (so H is virtually
cyclic).

Recall from Definition 4.14 that EqnMat(1,%,¢, (ui)1,m), (¢i)p1,m]) is a triple (A, b, ),
where A € Z"*(t+0 and b e Zm™<1.

Lemma 4.27. Let
o N be an infinite cyclic group (x)
o X={X, X7 X, X7, Y={V, Y. Y, Y
. (Ui)[Lm] be a system of equations over N, where each equation is of the form u; = v;¢;
with v; € (XUY)* and ¢; = z% € N is a constant, where b; € Z.
The following are equivalent
1. EquationsSubspan returns ‘Yes’ on input N and (Ui)[l,m]
2. MatrixSubspanB returns ‘Yes’ on input (A, b, £) = EqnMat(1,t, £, (ui)[1,m), (¢i)[1,m])-
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4.3 Virtually Cyclic Targets

Proof. Suppose EquationsSubspan returns ‘Yes’ on input N and (u;)[1 ). Then there exists
a solution o: XUY — N given by

X;—=afi jelt
g
Yi e afere ke [1,4]

such that (o(Y1),...,0(Y)) = N. By Lemma 4.12, o is also a solution to (CNF(u;))1m]-
By Lemma 4.13 and Eq. (4.2) we have that, for i € [1,m]

t ‘
O’(ul) — ij:1 fja<ivj)+2k:1 ft+k’8(ivk)$bi =1y,

where
i) = lilx, = luilx1s Bap = luily, = luly-1,

for j € [1,t] and k € [1,/]. This holds if and only if

¢ ¢
Z fiaa ) + Z JeekBky +0i = 0. (4.7)
=1 k=1

Recall from Definition 4.14 that EqnMat(1, ¢, £, (w;)[1,m], (¢i)[1,m]) = (A, b, ), where

amyy ooy Bany o B by
A A
A1) 0 Yy By 0 B bm

A=

and let v € Z!* be the integer (¢ 4 £)-vector v = (f1 fa --- fire)T. Then

aay oaayy Bay o Baw fi b1
: : : R N I
Am,1) 0 Ot By o B ) \Jte b
23:1 Jiaa, ) + Z§:1 Je+iBa ) + 0

Av+b=

St fitng) + Sjet FiiBng) + bm

0

—|:| byEq. (47). (4.8)
0

Since (o(Y1),...,0(Yy)) = N, for all h € N, there exists w € Y* such that o(w) = h.
Thus, for all z € Z, there exists w € Y* such that ¢(o(w)) = z, where ¢: N — Z is the
natural isomorphism (Definition 2.42.

We have
z=p(o(w)) = p(c(Y1)*" - o (Ye)™)
= a1 fee1 + o+ agfire
where a; = [wl|y, — |wl|y,-1. Thus, 2 € span(ctt1, ..., ), and MatrixSubspanB returns “Yes’

on input (A7 b, 6) = Eanat(L t, L, (ui)[l,m]a (Ci)[l,m])‘
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4 Virtually Abelian Targets

Conversely, suppose MatrixSubspanB on input (A, b,0) =
EqnMat(1,¢, €, (wi){1,m), (¢i)j1,m]) returns an integer n-vector v with Av + b = 0 and
span((v|¢)T) = Z. Define 0: XUY — N by

X; s a% el
o
Vi s atk ke [1,4).

Since span((v|,)?) = Z, every z € Z can be expressed as
Z=a1Vi41+ -+ Qpliyyp

for a; € Z. Thus, for each 2 € N, there exists w = Y{"' - Y;" € Y* such that

o(w) = ghverttatiee — g2

which implies N C (o(Y7),...,0(Ys)).
Since Av+b = 0, by Definition 4.14, we have o(u;) = 1y for i € [1,m] by the calculation
in Eq. (4.8). Therefore, EquationsSubspan returns ‘Yes’. O

Combining the above results with Proposition 3.15, namely, that MatrixSubspanB can
be decided in polynomial time, gives the following.

Proposition 4.28. EPI(FinPres, VCyc) is in NP.

Proof. Let G € FinPres be given by a finite presentation (G | R) and H € SpecialExt, a
virtually cyclic group given by N = (z), an infinite cyclic group, a multiplication table
for @ € Fin, and special extension data (Z, fs). Using Lemma 4.26, we may verify the
existence of an epimorphism from G to H by verifying that there exists an epimorphism
7: G — @, and for some (@, 7)-presentation (X UY | R) for G, EquationsSubspan returns
‘Yes’ on input N and PresEqnB(7, X, YV, R, Z, fs).
On input G, H as above
1. Guess and verify that the set map 7: G — @ extends to an epimorphism 7: G — @)
(this is the only non-deterministic step of the algorithm).
2. Construct a (@, 7)-presentation (¥ UY | R), and set Zy = {z € X | 7(z) € Z}.
3. Construct a system of equations PresEqnB(7, X, V, R, Z, fs), denoted (u;)[1 ), Wwhere
v; is an equation without constants, ¢; € N is a constant, and u; = v;¢;.
4. Construct the triple (A, b, |V]) = EqnMat(1, (w;){1,m], (¢i)[1,m])-
5. Return the solution to EquationsSubspan on input (4, b, |)|).
The correctness of this algorithm follows from Lemmas 4.26 and 4.27. The time com-
plexity is as follows
1. Verifying in polynomial time that 7 is an epimorphism follows from Lemma 4.1.
2. Constructing a (@, 7)-presentation is in P by Lemma 4.5, and Zy is immediate from
the input.
Constructing PresEqnB(7, X, Y, R, Z, fs) is in P immediately from the definition.
Constructing EqnMat(1, (%)[1 m]s (€i)[1,m)) is in P by Lemma 4.16.
. MatrixSubspanB is solved in P by Proposition 3.15.
follows that EPI(FinPres, VCyc) is in NP. O

oo w

4.4 Inverse Restricted Semi-Direct Targets

Using the results from the previous two sections, we extend the class of virtually abelian
targets for which the epimorphism problem from a finitely presented group is decidable.
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Recall that Abx 41 Fin is the class of N by () extensions such that () is finite, NV is abelian,
there exists a transversal map s, and a subset Z C @ such that f; = fi. Specifically, for

alne N
s(q)n _ nil if qc< T
n ifge Q\Z.

We assume that the data for a group in Ab x4 Fin is given as

e A free abelian group N € FreeAb

o A finite group @ € Fin

o Special extension data (Z, f1), where fi1(g,p) = 1y for all ¢,p € Q.
The following theorem summarises the result for Ab x4 Fin.

Proposition 4.29. EPI(FinPres, Ab x1; Fin) is in NP.

Proof. Let G € FinPres be given by a finite presentation (G | R) and H € Ab x4 Fin, given
by an integer d € N encoding N € FreeAb of rank d, a multiplication table for @ € Fin,
and special extension data (Z, f).
Since Ab x4 Fin is a subclass of SpecialExt, by Lemma 4.26, we may verify the existence
of an epimorphism from G to H by verifying that
(i) there exists an epimorphism 7: G — Q
(ii) for some (@, 7)-presentation (¥ UY | R) for G EquationsSubspan returns ‘Yes’ on
input N and PresEqnB(7, X, Y, R,Z, f1).
Note that since fs = f1, PresEqnB(7, X, ), R,Z, f1) is a system of equations without
constants.
The following procedure solves our problem. On input as above
1. Guess a set map 7: G — @Q and verify it extends to an epimorphism 7: G — Q.
2. Construct a (Q, 7)-presentation (¥ UY | R), and set Zx = {z € X' | 7(z) € Z}.
3. Construct the system of equations without constants PresEqnB(7, X', )V, R,Z, f1),
denoted (u;)[1,m]-
4. Return ‘Yes’ if MatrixSubspanA on input (4,0, |V|) = EqnMat(d, (u:){1,m], (18)[1,m])
returns ‘Yes’, and ‘No’ otherwise.
The correctness of the procedure follows from Lemmas 4.19 and 4.26. The time com-
plexity is as follows
1. Step (1) is in NP by Lemma 4.1; this is the only non-deterministic step of our
algorithm.
2. We can construct a (Q, 7)-presentation in P by Lemma 4.5, and Zy is immediate.
Constructing PresEqnB(7, X, Y, R,Z, f1) in P is clear from its definition.
4. Constructing EqnMat(d, (ui)1,m), (IN)1,m)) 18 in P by Lemma 4.16, and
MatrixSubspanA is solved in P by Proposition 3.10.
Thus, our algorithm is in NP. O

©w

Proof of Theorem B. Let T be one of the three classes as stated. By Propositions 4.20,
4.28 and 4.29, EPI(FinPres, T') is in NP. Since each of these classes includes finite groups
(specifically, the quotient group @ in all three cases), it follows from the results of
Chapters 5 and 6 that EPI(FinPres, 77) is NP-hard when 7" is either a fixed dihedral group
of order not a power of 2 or a fixed simple non-abelian group. Thus, EPI(FinPres, 7)) is
also NP-hard, which means it is NP-complete. O
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5 Dihedral Targets

In this chapter we turn our attention to epimorphisms onto a single finite target group.
Specifically, we will prove that deciding whether there exists an epimorphism from a finitely
presented group onto the dihedral group Ds, of order 2n, where n is not a power of 2, is
NP-hard. Combined with Lemma 4.1, this establishes that the epimorphism problem onto
such a group is NP-complete.

Theorem C. Let n > 1 be an integer that is not a power of 2, and let Doy, denote the
dihedral group of order 2n. Then, the epimorphism problem from finitely presented groups
to the group Day, is NP-hard.

This result complements the work of Kuperberg and Samperton, who proved an ana-
logous result when the target is a non-abelian finite simple group (see Section 6.2). Recall
that for EPI(FinPres, Doy ), the parameter n is not part of the input. Instead, the input
consists solely of a finite presentation for the source group.

Our method is to once again relate deciding epimorphism to solving equations in some
finitely generated group. We use the result of Goldmann and Russell, who proves the
following.

Theorem 5.1 ([13, Theorem 3]). Let H be a finite group. The problem of deciding whether
a system of equations over H has a solution is

1. NP-complete if H is non-abelian
2. in P if H is abelian.

We begin by demonstrating a weaker result for the fixed target Ss3, which is isomorphic
to Dg, this provides a concrete way to demonstrate how the reduction is performed. We
then prove our main result by first addressing the case when n is odd, followed by the
case when n has a factor of 4 and is not only a power of 2. Finally, we prove Theorem D
and Item 4, which, when used in conjunction with the previously established facts, leads
to our result. The following provides a brief overview of the method used.

Remark 5.2. To show NP-hardness, we use a problem which is NP-hard, so in case of
Theorem 5.1, Dy, is non-abelian, and reduce it to an epimorphism problem. The process
of reducing a system of equations to an epimorphism problem into a group G can be
summarised as follows.

1. Identify a way to rewrite every element in G in a restricted manner, where each
element is represented by a string of restricted generators and variables, with the
variables also being constrained.

2. Use this rewriting method to produce what we call a 'normal form’ for each system
of equations, which consequently has a solution if and only if the original system of
equations has a solution.

3. Construct a group from this system of equations in normal form such that if an
epimorphism exists, then each generator in this created group must be sent via this
epimorphism to a generator of our choosing.

4. Prove that from this constructed group, there exists an epimorphism to G if and
only if there exists a solution to the original system of equations.
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The chapter has four sections, Section 5.1 is where we demonstrate this reduction for
S3, for which quite easily generalises to Do, for odd n with some minor adjustments in
Section 5.2. However, when n is even (and not a power of 2), several conditions break
down, and we are unable to find a normal form as we did in the odd case. Thus, we use
a new technique by doubling the group from equations to a dihedral group of double the
order for epimorphism testing in Section 5.3. Interestingly, this requires n to have a factor
of 4. Thus, in Section 5.4 we prove Item 4 of Theorem D which is used to prove the last
remaining case.

5.1 Symmetric group of degree three

In this section, we prove that deciding whether there exists an epimorphism from a finitely
presented group onto the symmetric group on three elements (S3) is NP-hard. This is done
by reducing the problem of solving a system of equations in S35 to the epimorphism problem
EPI(FinPres, S3).

Notation. Let S35 = {(1),(12),(13),(23), (123),(132)} denote the elements of S3, written
in cycle notation, where (1) is the identity element. Multiplication is performed left-to-
right; for example, (12)(123) = (13).

Definition 5.3 (S3NF). Let X = {X,X;',... . XnX-'} and Y =
{Y1, Yl_l, .., Y3, Yg;Ll}. Let a monoid homomorphism

S3NF: (S;UX)* — ({(12),(123)} UY)*

be defined by

Xj o Ya0[Ya5, (123)][Ys;, (123)],  j € [1,n]

X7t = [(123), Yy [(123), Yay )Yy Ly, G € 1,7
S3INF: ¢ (13)  — (12)(123)

(23)  +— (12)(123)(123)

(132) — (123)(123).

Lemma 5.4. Let X = {X;, X7 .. X, X'}, Y = {1, Y7}, ..., Ve, Y, 'L, and
(ui)1,m) be a system of equations over Sz where each equation u; € (XU S3)*. Then

there exists a solution o1: X — Sz to (ui)j1m) if and only if there exists a solution
o2: Y = {(1),(12)} to (S3NF(u¢))[17m].

Proof. We first claim that

{8, (123)][v, (123)] | o, 8,7 € {(1), (12)}} = Ss.

Evaluating all combinations yields

o | 8 | 4 | alg(23)h,(123)]
(12) | (12) | (12) | (12)(132)(132) = (13)
e | (12) ] (12) | (132)(132) = (123)
12) | e |(12)| (12)(132) = (23)

e e |(12) (132)
(12) | e e (12)
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then

Hence, the claim holds.
Now, suppose each equation is given as

Uy = ’LLl(Sg,X) = ui(Sg,Xl,Xfl, e ,Xn,Xgl).

By the above claim, we can replace each variable X; with Y3;_5[Y3;_1, (123)][Y3;, (123)],
restricting solutions such that each Y; takes values in {(1),(12)}. This substitution pre-
serves the set of solutions, as

01(X;) = 02(Ysj-2)[02(Y3j-1), (123)][o2(V3), (123)].
Thus, we can rewrite each w; into a new word v;({(12), (123), (132)},Y)
vi = ui(S3, Y1[Ya, (123)][V, (123)], ..., (Yan—2([Yan-1, (123)][Ya,, (123)])) 7).
Finally, we observe that {(12),(123)} generates S3 and verify

(13) = (12)(123)
(23) = (12)(123)(123)
(132) = (123)(123).

Thus, for each i,
ui(S3,X) = v;({(12), (123)},Y)

which completes the proof. ]
Definition 5.5 (Constructing a group presentation from a system of equations over Ss).

Let X = {X1, X', . X, X500, Y = {Y1, Y71 .. Vs, Yy, b)) and (ui)[1,m] be a system
of equations over S3 with u; € (XU S3)*. Define

A {(12),(123)}* U Y — {a, g0, ..., g3n}*

as the monoid homomorphism induced by the bijection

(123) +—a
)\ (12) = go
Y = gj

Y7l gt jel,3n).

<

Then G'g,((ui)[1,m)) is the group with presentation

Gy ((Ui)[1,m)) = <a7907---,g3n | (90, ala, a®, g7, [gi,gjLA(53NF(Ui))[1,m]>-
Remark 5.6. It is clear that for n a fixed constant, the finite presentation for

S3NF(n, (ui)[1,m)) can be constructed in linear time in the size k+ 37 ;) |uil of the system
of equations.
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Lemma 5.7. Let X = {X, X', ..., X, X; 11, (ui)1,m) be a system of equations over
Sz with v; € (XU 83)*, and let Gs;((wi)j1,m)) be as defined in Definition 5.5. If
V: Gsy((ui)p,m)) — S3 is an epimorphism, then there exist o € {(123),(132)}, B €
{(12),(13),(23)}, and ~; € (B) fori € [1,n] such that

a —
Y dg0 — B
gi = Y-

Proof. Since 1 is a homomorphism, we have

¥ ([g0, ala) = ¥(a®) = ¥(g7) = ¥([9i, 95]) = (1)

Thus, v¥(a) is either trivial or has order 3, and v(g;) is either trivial or has order 2 for
i €0,n].
If ¢(a) = (1), then (G sy ((4i)[1,m])) has no element of order 3, so ) cannot be surjective.
Therefore, 1(a) = o € {(123), (132)}.
1

Since (1) = 9([go, ala) = (g 'a'goaa), we have
¥(goa®go) = ¥(a).

If ¥(go) = (1), then 9(a) would also be trivial, which contradicts surjectivity. Hence,

P(g0) € {(12), (13), (23)}.

Finally, note that for k1, k2 € {(1), (12), (13),(23)}, [k1, k2] = (1) if and only if k; = ka.
Since 1(g;) commutes with (gg) for i € [1,n], we have 1(g;) € (B), completing the
proof. O

Lemma 5.8. Let X = {X1, X7}, ..., X, X, '} and (ui)p1,m) be a system of equations over
S3 with u; € (XU S3)*. Then there exists an epimorphism 1 : Gsy((ui)j1,m)) — S3 if and
only if there exists a solution o: X — S to the system (u;)[1 m)-

Proof. Assume there exists an epimorphism ¢’ : Gg, ((wi){1,m)) — S3. By Lemma 5.4, there
exists a solution o1 : X — S3to (ui)[1,) if and only if the normalized system (S3NF(u;)) (1 m)
has a solution o2: Y — {(1), (12)} C S3. We will construct such a solution .

By Lemma 5.7, if ¢': Gs;((ui)1,m)) — S3 is an epimorphism, then there exist a €
{(123),(132)}, B € {(12),(13),(23)}, and ; € (B) for ¢ € [1,n] such that

a
V' dgy =B
g v, 1€][1l,n].

Let ¢ € Aut(S3) be the automorphism defined by ¢(a) = (123) and ¢(3) = (12). Define
¥ =por, so
a — (123)

Vi 990 = (12)
gi i € <(12)>’ (S [1,’0].

Define o9: Y — {(1),(12)} by

Uz(Yj) = w(-%)? 0'2(}/3’_1) = w(gj)ilﬂ JE [173n]'
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Note that since o2(Y;) € {(1),(12)}, we have 02(Yj*1) = 09(Yj) for all j € [1,3n]. Recall
that

SINF(u:(S3, X)) = 0:({(12), (123)}, ¥) = 0,({(12), (123)}, Yi...., ¥3).

Since v is a homomorphism, for each i € [1,m], we have

= P(A(S3NF(ui)))

= P(A(wi({(12), (123)}, Y1, ..., ¥3a)))
o
(

vi({A(12), A(123)}, A(Y1), -, A(Yan)))

= Y(vi({g0,a}, 91, -, 93n))

= vi({¥(g0), ¥(a)}, 9 (g1), - - - 1 (g3n))
= v;({(12), (123)}, ¥ (g1), - - -, ¥(g3n))
= o2(vi({(12), (123)}, Y1, ..., Y3p))
= 02(S3NF(u;))

Thus, o9 solves (S3NF(u;))(1,m)-

Now for the reverse implication, assume there exists a solution o1: X — S3 to the
system (u;)[1,m)- By Lemma 5.4, there exists a solution o2: Y — {(1),(12)} C S3 to
(S3NF(u;))[1,m)- Denote S3NF(u;) = v; for i € [1,m], and as o9 is a solution, we have

oa(v;) = oa(v;({(12), (123)},Y7,...,Y3,)) =1
Define

w: {a7907"'7g3n} — 53

by
a +— (123),
Y 990 = (12),
gi — o02(Y;), j€[l,3n]

By Lemma 2.28, the monoid homomorphism 1) induces a homomorphism

Gss ((wi)jm) — Ss

if and only if each relation is mapped to (1).
Now check the relations

U(a®) = (123)° = (1)
¥(g5) = (1) for all j € [0,3n]
(g0, ala) = (12)(123)7(12)(123) = (1).

Finally, note that

P(AS3INF(us))) = ¥ (AMvi((12), (123),Y1,..., ¥3n))) = (1),

as o solves (S3NF(u;))[1,m)- Thus, ¢ is a surjective homomorphism. O

Theorem 5.9. EPI(FinPres, S3) is NP-hard.
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Proof. Recall that to show a problem A C {0, 1}* is NP-hard, we take an existing NP-hard
problem B C {0,1}* and show that B is polynomial-time reducible to A. That is, we find
a function f: {0,1}* — {0,1}*, computable in polynomial time, such that w € B if and
only if f(w) € A.

In this setting, A is the set of strings encoding finite presentations of a group G, and
B is the set of strings encoding systems of equations over a S3. Thus, w € B encodes an
instance of a system of equations, and f(w) will encode an instance of a group presentation
constructed from the data of w.

Given an input system of equations (u;)[; ,,,) with variables X = { X7, Xl_l, oo X, Xk_l}
over S3, construct the group S3NF(n, (u;)[1,m]) as defined in Definition 5.3. This construc-
tion can be performed in polynomial time by Remark 5.6. By Lemma 5.8, a solution to
(u;)[1,m) exists if and only if there exists an epimorphism from Go(n, (ui)[1,m]) to Dan.

Since S3 is non abelian, the result follows from Theorem 5.1. O

5.2 Dihedral Odd Case

In this section we generalise the previous result, for n > 1 odd, we will show that deciding
whether a system of equations over Da, has a solution can be reduced to EPI(FinPres, Dy,,)
in polynomial time. This process follows the methods used for S5 closely with only minor
adjustments.

Notation. Let
<s7t | 52, t", stst>

be a presentation for Ds,. Using these relations, each element of Dy, can be expressed
uniquely as a word of the form at”, where o € {1, s} and r € [0,n — 1].

The following lemma on the automorphism group of dihedral groups will be relevant for
both the even and odd case.

Lemma 5.10. For r,p € Z, let ¢p: Do, — Doy, be the map s — st”, t — tP. If n > 3,
then
Aut(Day,) = {¢rp |7 €[0,n—1], p € [1,n — 1], gcd(p,n) = 1}.

Proof. We first show each ¢, is an automorphism.
By definition
Orp(s) =st",  rp(t) =17

Checking the relations of Do, we have
(Prp(s))? = (st")? = st"st" =t "t" =1,
(orp(t))" = @) =" = (") =17 =1
and
Prp(8) Prp(t) orp(s) prp(t) = (st") () (st") (1) = s* = 1.
Hence, by Lemma 2.28 ¢, ,, is a homomorphism.
Because ged(p,n) = 1, there is a unique integer ¢ such that pg =1 (mod n). Hence, for

each k € {0,...,n — 1},
pgk =k (mod n).

Define j by j = gk (mod n). Since ¢ is the unique modular inverse of p modulo n, j is
uniquely determined in {0,...,n — 1}. Also, if

ji =gk (modn) and jo=gqgk (mod n),
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5.2 Dihedral Odd Case

then j; = j2 (mod n), and since ji,j2 € {0,...,n — 1}, it follows j; = ja.
It follows then that, for any t* € Dy,, there is a unique j € {0,...,n — 1} such that

@pp(t1) = 1P = tlak modn)p — yapk _ 4k

Thus, for every t* there exists t/ such that Orp = t*, so ¢rp is surjective. Because Doy,
is finite, surjectivity implies injectivity, so ¢;., is an isomorphism. Therefore,

{orp|r€{0,....,n =1}, pe{l,...,n—1}, ged(p,n) = 1} C Aut(Day).

Let ¢ € Aut(Ds,). We claim v coincides with some ¢, .
o (t) must have order n. The only elements of order n in Da,, are tP with ged(p,n) = 1.
Hence ¥ (t) = tP.
o t(s) must have order 2 and not lie in the center. If n is odd, the only elements of
order 2 are st”. If n is even, t"/? is central, but s is not. Thus ¥ (s) = st".
Hence, ¢ is given by
P(s) = st",  Y(t) =17,

where ged(p,n) = 1. This is exactly ¢y .
Thus

Aut(Dap) ={¢rp |7 €{0,...,n =1}, pe{l,...,n =1}, ged(p,n) = 1}.

O
Lemma 5.11. Ifn > 1 is odd, then
Dan = {ag (*1t) -+ (*"t) | cu € {1, s}}.
Proof. Since %t € {t,t~'} for a; € {1, s}, we have
ag (41t) - (Ont) = apt" 7 = apt" X,
where ¢ = |[{i € [1,n] | a; = s}| € [0,n]. Then, using the values in Table 5.1
=T T
/¢ 0 1 nT % .| n
n—20 nin—2|---1 1 -1 |- |—-n
n—=20)+n|0 n—1[--- 0
Table 5.1: Computing exponents of ¢ in Lemma 5.11
and the fact that ¢" = 1, we have
{apt" 2 | ap € {1,5},£ € [0,n]} = {aot" | ap € {1,s},7 € [0,n —1]}.
This proves the claim. ]

Lemma 5.12. Ifn > 1 is odd, r € [0,n — 1], and © € Da, commutes with st”, then
x € {1,st"}. In particular Z(Day) = {1}.
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Proof. Write z = at’ for a € {1,s} and £ € [0,n — 1].

If z = t¢, then

[z,st"] =t =1

if and only if =0, s0o z = 1.

If © = stt, then

[z,st"] =t 72 =1

if and only if n divides 2(r — ). Since r,¢ € [0,n — 1], this implies r = £.

Therefore, x € {1,st"}. For n > 2, the centre is trivial because x € Z(Da,,) would imply
x commutes with both st and st?, which is only possible for z = 1. ]

Definition 5.13 (Odd normal form). Let n > 1 be an odd integer, X =
(X0, X7 X, X' and Y = {Y01, Y5, . Yo, Y, 0} Define

ONF: (XU {s,t,t7'})* = (YU {s,t,t 71 })*
to be the monoid homomorphism induced by the set map
Xj e Yo () (Bt ()
Xj—l — (“Ynit) .. (TY160) 'Ybfjl
ONF: (s s

t — t
=1 L

Lemma 5.14. Let n,X,Y, and ONF be as in Definition 5.13, and (u;)[1,m) be a system of
equations in Doy, where each equation u; € (XU {s,t,t=1})*. Then there exists a solution
o1: X = Doy, to (ui)j1,m if and only if there exists a solution o3: Y — {1,s} C D2, to
(ONF(ui)) f1,m) -

Proof. For i € [1,m], each equation is a word ui(s,t,t_l,Xl,Xl_l,...,Xk,Xk_l). By
Lemma 5.11, replacing each variable X; by the word Yj ; (Yl,jt> (Y"Jt) = ONF(Xj;)
in each equation and restricting Y; ; to take values in {1,s} does not change the set of
solutions.

Thus, we can rewrite each u; as ONF(u;), and the result follows. O

Definition 5.15 (Group presentation for odd dihedral case). Let n,X,Y,ONF, and
(ui)[1,m] be as in Lemma 5.14. Let G, = {gi; | 7 € [0,n],j € [1,k]} be a set of (n + 1)k
distinct letters.

Define \: ({s,t,t 71 JUY)* — ({a,d,d"*}UG, xUG, })* to be the monoid homomorphism
induced by the bijection 7

S = a
Mt e, 71 gl
Yij — gy Y =g, i€[0n]je[lk]

Then Go(n, (ui)[1,m)) is the group with presentation
({a,d} UG | {a®,d", adad, \ONF(w)), [g. 9"}, [g. ], 6* | i € [1,m], 9,9’ € G} ) -

Remark 5.16. It is clear that for n a fixed constant, the finite presentation for
Go(n, (ui)1,m)) can be constructed in linear time in the size k + 3 ) [ui| of the sys-
tem of equations.
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5.2 Dihedral Odd Case

The idea of this construction is so that for any epimorphism from Go(n, (ui)[1,m]) to
Ds,, we send
e atos
e dtot
* gijto {1,s}
up to automorphism, if and only if the system of equations has a solution, where ¢ is an
automorphism of Ds,,. This is the content of the next two lemmas.

Lemma 5.17. If ¢: Go(n, (ui)p,m]) — Da2n is an epimorphism, then there evists ¢ €
Aut(Day,) such that

a (s
P od = op(t)
9ij g €(e(s)); i€[0,n],j €L,k
Proof. For readability, we denote G (1, (u;)[1,,)) as G for this proof.
If (d) = 1, then ¢(G) is abelian since it is generated by v (a) and v (g; ), which all

commute. This implies v is not surjective onto Da,. Thus, 1(d) # 1.
Now suppose v(d)? = 1. Then, since d" is a relation in G and n > 1 is odd, we have

1=(d") = ¥(d)(¥(d)?) "2 = ¥(d)

a contradiction. Thus, 1(d)? # 1.

Since a? is a relation in G, we have 1(a) € {1,st” | 7 € [0,n — 1]}, which is the set of
all elements of order 2 in Da,. If ¥(a) = 1, then by the relation adad, we have ¥(d)? = 1,
which is not possible. Hence, ¢(a) = st” for some r € [0,n — 1].

Since [g;j,a] is a relation in G for all g;; € G, k, ¥(gi;) commutes with ¢(a). By
Lemma 5.12, this implies

(¥(a),¥(g01), - - (g k) = (¥(a)).
Since adad is a relation in G, if ¥(d) = at? with o € {1, s} and p € [0,n — 1], then

st'stPst"stP =t ifa=s

1 =1(adad) = st"atPst"at? =
v ) {st”“’st”“’ =1, if = 1.

If a = s, then r = p and ¥(d) = ¥(a), which would mean 1t is not surjective. Thus,
a =1 and ¢(d) =t with p € [1,n — 1] (since ¥(d) # 1).

It follows that ¢ (G) = (¥(a),(t)) = (st",tP), so we can express any element in ¥ (G)
as a word in {st",tP,t"P}*. Since 1) is surjective onto Ds,, we contains ¢, we have

t = (tP)o(st")(tP)" ... (st")(t?)2™ (the number of s letters must be even)
_ p—piop—r—pirgrpiag—r—pis  y=r—pizm—1r+pizm
= (PlogT PPl TPl | g Plme1yPlm
_ (p)io-irtFizm,

Thus, n divides 1 — pz for z = 2]2.20(—1)jij € Z, so ged(p,n) = 1. Then, by Lemma 5.10,
there exists ¢, € Aut(Day,) such that ¢, ,(t) = t? = 1(d) and ¢, p(s) = st” =(a). O

Lemma 5.18. Let n > 1, X = {Xl,Xl_l,...,Xk,Xk_l}, and (u;)[,m) with u; €
({s,t,t71} U X)* be a system of equations over Da,. There exists an epimorphism
Y1 Go(n, (wi)1,m) — Dan if and only if there exists a solution o: X — Doy to the system
(ui)[l,m]’
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Proof. Assume that there exists an epimorphism v': Go(n, (ui)m)) — Dan. By
Lemma 5.17, there exists ¢ € Aut(Dsa,) such that
a = p(s)
U qd e p(t)
9ij 71,’,j € <()0(S)> ’ (S [0,71],] € [17 k]

Letting ¢ = ¢! 04/, we obtain an epimorphism

a = S
Y: d —t
gij —vij€(s), i€0,n],jel, k]

Define o: Y — {1,s} by o(Y;;) = 7i;, O’(Y;’_jl) = 'yifjl. Since s? = 1, we have o(Y; ;) =
a(Y[jl), so without loss of generality, assume Y = {Yj1,...,Y,,}. For i € [1,m], let

v; € ({s,t,t '} U Y)* such that ONF(u;) = v;. Since 1 is a homomorphism, for each
relation A(ONF(w;)) of Go, i € [1,m], we have

1 =1 (AONF(u))) = v (A(vi(s,t,t 7 You,. ., Your)))
Y(vila,d,d™, gots - Gnk))
(%

(55t t ™ 0.1, s Ynke)
O-(U’i(sa tv t_ly YVO,l; e aYn,kJ)) = U(ONF(UZ))

so o solves (ONF(u;))[1,m], and the result follows by Lemma 5.14.
Thus,
o(vi(s,t, til, Yo1,-.. 7Yn,k)) = 0(ONF(u;)) =1 (5.1)

so o solves (ONF(u;))(1,m], and the result follows by Lemma 5.14.
Conversely, assume there exists a solution to (Ui)[Lm]- By Lemma 5.14, there exists a
solution o: Y — {1, s} to (ONF(u;))(1,m], so for i € [1,m], if ONF(u;) = v;, then

o(ONF(u;)) = o(vi(s, t,t 71, Y)) = 1.
Define ¢: {a,d,d 1} UG, 1 U ggi — Do, as the set map

a = S

d —t

Y qdt ottt

95 —oYi;), 9;€6
9, —oYi)™, g;€G.

)

Since the other relations in Go(n, (u;)[1,m]) clearly map to 1 in Day,, by Lemma 2.28, 9
induces a homomorphism from Go(n, (4;)[1,m]) t0 D2y, if and only if ¢(A(ONF(u;))) = 1
for all i € [1,m].

We have

D(AONF(u;))) = p(A(vi(s, 1,171, Y)))
=wi(s,t,t7 1, 0(Y)) = o(vi(s, t,t71,Y)) =1 (by Eq. (5.1)).

Thus, 9 is a homomorphism, which is surjective since ¥(Go(n, (ui)[1,m))) = (s,t) = Dan.
O
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5.3 Dihedral Even Case

5.3 Dihedral Even Case

We now turn to the case where n has a factor of 4, we refer to this simply as the even
case. We will use an additional result to prove the case when n has a factor of 2 but not
4. That is, our strategy requires a different proof for the following cases

1. n=2b with ¢ > 1 odd and b > 1

2. n=2c with ¢ > 1 odd.

For the first case, we will show that deciding whether a system of equations over the
dihedral group D,, of order n reduces to EPI(FinPres, Day,).

We begin by observing some preliminary facts.

Lemma 5.19. Let n > 2 be even.
(a) For any element x € Doy, if 12 =1, then x € {1,t"/*, st" | r € [0,n — 1]}.
(b) The centre Z(Day,) = {1,t"?}.
(c) If st® and st® commute for 0 <a<b<mn-—1, thenb=a orb=a+73.

Proof. Recall that every element of Do, can be uniquely expressed as a word at” where
a€{l,stand r € [0,n —1]. If x = st", then (st")? = st"st" = 1 for any r € [0,n — 1]. If
x =1", then ¢*" = 1 if and only if r = 0 or r = %, which establishes item (a).
Item (b) can be observed by noting that for any r € [0,n — 1]
[t,st"] =tst"t 1t "s =12 £ 1
since n > 2 (so no element st” can be in the centre). Similarly

[t", s] = t*

so t" is in the centre if and only if r =0 or r = 7.
For item (c), if st and st commute, then

[st9, st] = st@stt st bs = ¢~ b = ¢2(0=a),

Thus, t?(=%) = 1, which implies n divides 2(b — a). Since a,b € [0,n — 1], it follows that
b—a<n-—1,s0b—ac{0,5}. Therefore,b=aorb=a+ 3. O

Notation. We alert the reader to the fact that here we will be using dihedral groups of
different sizes. Let

Dn = <81,t1 | 8%, t;/2, 81t181t1>

Day, = <$2,t2 | 53, 5, 52t282t2>
be presentations for the groups D,, and Ds,, respectively.

Lemma 5.20. Let n = 4c where c € Ny, and
H= {Odo (altg) s (an/2t2) ‘ oy € {1, 82,tn/2, Sgtn/z}} .

Then H is a subgroup of Da, that is isomorphic to D,,.

Proof. Since

Yty =ty for q; € {1,t;/2} and %ty = t2_1 for a; € {sa, SQt;/Q}
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5 Dihedral Targets

we have
ag - (“tg) - (M2ty) = aotgn/z—e)—z _ 040753/2_%

where ¢ = ‘{z el,3] o€ {32,3215"/2}}’. Thus

H = {aoty* ™ [ o € {1,5, 8", 521"}, 0 € [0, 3]}

= {Oéotg(n/4_€) ’ (67} S {1,82,tg/2,82tn/2},€ c [0, %]} .

n

Since % is even, as £ ranges over [0, 5], we have the values in Table 5.2.

2

‘ 0] 1 212241 n_1]2
n n n -n -n
L pl2—1 1 0] =1 || P+1]|F
(G-0+3 5—1 B+l [ %

Table 5.2: Computing exponents of #3 in Lemma 5.20

From these values, and using the fact that t§ = 1 in Da,, we see that as ¢ ranges over
[0, 5], the term tg(n/4_€) is equal to a term of the form #2" for r ranging over [0, 5 — 1], with
all values of r realised in this range.

Thus,

H = {aotd" | ao € {155, 55t"*},r € 0,5 — 1]},

which is a subgroup since it coincides with (so,#2), and is clearly isomorphic to D,, via the
map Si — So, t] t%. O

Remark 5.21. For n = 2¢ with ¢ odd, the set H in Lemma 5.20 would not form a
subgroup as it would only contain odd powers of t5. Specifically, the set H would be
defined as

H = {Oéo (altg) cee (actg) | o; € {1, S9, tc, Sgtc}} ,

but the resulting elements would not include all powers of to, leading to a failure to form a
subgroup. Changing the definition of H to include all words of the form ag (“'¢2) - - - (“t2),
as in Lemma 5.11, would not help either, as the additional powers would merely repeat
existing elements of H, contributing no new distinct powers.

To illustrate this redundancy, consider the table below, which computes the exponents
of to for n = 2¢ with ¢ odd

c+1
-1 || =c+2]|—c|—c—2
c—2

o

¢ 0 1 9 % 6571 gl T ¢21
5 — 20 cle—2]c—4 3 1
L —24n n—1|--| §+2

IS

Table 5.3: Computing exponents of ¢3 in Lemma 5.20 when 5 = c is odd.

Consequently, our results in Lemma 5.20 are restricted to cases where n = 2°¢ with
b > 1 and ¢ > 1 odd. This restriction ensures the subgroup structure of H and avoids
redundancy in the resulting set.
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Definition 5.22 (Even normal form). Let n,k € Ny with n even, X =
{Xl,Xl_l, ... ,Xk,Xk_l}, and Y = {Yo,hYojll,---,Yn/z,k,YJQl,k}- Define a monoid homo-
morphism

ENF: ({s1,t1,t; 'y UX)* = ({s2,13, 152} UY)*

via the set map

X, oY, (Yl,jt2> (Yn/z,jtz) . jelLk
Xj—1 s (Yn/Q,jt2) (Yth) .Yojjl, Jj €l k]
ENF: {5, sy
t > 13

th e tyl

Lemma 5.23. Let n = 2°c where ¢ > 1 is odd and b > 1, X, Y, ENF as in Definition 5.22,
and let (u;)[1,m) be a system of equations in Dy, with each equation u; € (XU {s1,t1, tihr
Then there exists a solution o1: X — Dy, to (ui)[1,m) if and only if there exists a solution

g9 Y — {1,82,t;/2,82tg/2} - DQn to (ENF(Ui))[l,m]-

Proof. For i € [1,m], each equation is a word ui(sl,tl,tfl,Xl,Xfl,...,Xk,Xlgl). By
Lemma 5.20, replacing each variable X; by the word

Vo - (Fats) .- (1) = ENF(X,)

in each equation, and restricting Y; ; to take values in {1, s, tg/ 2 5215;/ *1, does not change
the set of solutions when moving from D, to Dsy,. Thus, each u; can be rewritten as
ENF(u;), and the result follows. O

Definition 5.24 (Right Nested Commutator). Let x and y be letters. The string

I A P 7]

consisting of n copies of the letter y and one copy of the letter x, is called the right nested
commutator of x and y, repeated n times. This is denoted by [z, ,, y].

Example 5.25.

[z, 4 y] = [lll=, 9], 4], 4], 9]
= [[lzyz™"y ", 4l 9], 0]
= [[(zyz ™'y y(eyay™ )y " yl,y]  and so on.
Definition 5.26 (Group presentation for n = 4c case). Let k € Z, n = 2bc, where ¢ > 1
is odd and b > 1, X, Y, and ENF as in Definition 5.22, and let (u;)[;, be a system of

equations in D,, with each equation u; € (XU {s1,t1, tl_l})*, and

gn/2,k = {gl,] ’ (S [07 %]7] € [Lk]}

be a set of (5 + 1)k distinct letters.
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5 Dihedral Targets

Define A: ({so,t3,t52} UY)* — ({a,d? d"2} U Gnjo i U g;/;k)* as the monoid homo-
morphism induced by the bijection

ED) = a

to —d

Ayt o d!

Y%,j = 9i,55 (AS [0,”/2], ] € [1ak7]
Yl =g, i€[0,m/2, 5 €1,k

Then Ge(n, (ui)[1,m]) is the group with presentation

({a,d} U Gupy | {02, d",adad, [g,9'),[9,a], 6% [d°, b 9], \ENF(w)) | 9,9 € Gupor i € [1,m]}).

Remark 5.27. Similarly to G,, it is clear that for n a fixed constant, the finite presenta-
tion for Ge(n, (u;)[1,m)) can be constructed in linear time relative to the size k43 ) |ui
of the system of equations.

Lemma 5.28. If n = 2°c where ¢ > 1 is odd and b > 1, and ¢: Ge(n, (ui)1,m)) = Dan s
an epimorphism, then there exists p € Aut(Da,) such that

a — p(s2)
1/): d — go(tg)
Gig g € {o(1),0(s2), 0(t5), o(s2ty ™)} i€ [0,n],5 € [1,K].

Proof. For readability, we denote Ge(n, (u;)[1,m]) as G, and as we are exclusively dealing
with the dihedral group of order 2n, we simplify the notation by denoting sy and t9 as s
and t, respectively, throughout this proof.

We first claim that there exists £ € [0, 2 — 1] such that 1(z) € {1,¢"2, st*, st} for
all x € {a} UG. To see this, each z € {a} UG has order 2, so by Lemma 5.19 (a), ¢(z) €
{1,t"2, st"} for some r € [0,n —1]. Let M = {£ € [0,n — 1] | 3z € {a} UG, (x) = st’}.
If M is empty (so all x € {a} UG satisfy ¢(z) € {1,t"/?}), choose any /, and otherwise
choose ¢ = min M. To see that this is justified, suppose z,y € {a} UG are such that
Y(x) = st 9(y) = st for 0 < a < b < n— 1. Since all elements in {a} UG pairwise
commute, by Lemma 5.19 (c) we have b = a + 3.

Next, we claim 1(d)? # 1. For contradiction, assume v: G — Dy, is an epimorphism
and (d)?> = 1. By Lemma 5.19 (a), 1(d) € {1,t"*,st? | p € [0,n — 1]}. If o(d) €
{1,t"/2} = Z(Dyy), then (d) commutes with () for all z € {a} UG, so ¥(QG) is abelian,
contradicting that 1 is an epimorphism. Thus, ¢(d) = st? for some p € [0,n — 1].

If ¢(a) = st", then by the relation adad we have

1 = (adad) = st"stPst"stP = st"stPt™"st ™ Ps = [st", stP] = [¢(a),(d)].

This shows that ¢ (a) and 9 (d) commute. By Lemma 5.19 (c), ¥(d) = st"*"/2, and by the
first claim ¢ (z) has this form or lies in the centre for = € G, so ¥(d) commutes with ¢ (x)
for all z € {a} UG, making ¢(G) abelian, contradicting that v is surjective.

Otherwise, 1(a) € {1,t"/2}. Suppose that 1(x) € {1,t"/?} for all z € G. Then ¥(G)
is abelian since every element can be expressed in the form (£"/2)(1)(d))?. Thus, we may
assume there exists some g € G with v(g) = st’ for £ € [0,n — 1].

Then, by the relation [d€, ; g], and noting that

[st?, st] = (stP)(st") (t7Ps)(t 7 s) = 2t PeltPtls? = 2(P)
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5.3 Dihedral Even Case

we have

L= ([ b g]) = [st7, 4 st'|  (since ¥(d)? = 1 and ¢ is odd)
— :...[[[[stp,stf],st“],stf],stf],--- ,stq (b times)
= [+ [P0, 5, 5t s8], st (b= 1 times)

= [ [P st st st!] (b= 2 times)

—[... [t3P) s, - ,stﬂ (b — 3 times)

= [P st (b— (b—1) times)
= 2'(-p), (5.2)
It follows that n = 2°c divides 2°(¢ — p), and so ¢ divides ¢ — p. Let ¢ € Z such that

{—p=qc.
By the first claim, for any other ¢’ € G, ¥(g’) has the form 1,¢"/2, st‘, or st/="2 so

$(G) = (@), v(d), ¥(g) | g € G) = (1", st st")

Noting that 2 > 1, 22 = 1 for = € {t"/2, (st*)*!, (stF9¢)*1} and

sth - stttae =g, sttrac . stt =t
(stf)=1. sthtae =g sttrac . (stf)~1 =t

st (stttae)=l = qgac, st - (stttae)~l =t
(Stl)—l X (Stﬁ—l—qc)—l — 7f—qc7 (Stf)—l . (Stﬁ—l—qc)—l — ¢ac,

Thus, to spell the element ¢ € Dy, by a word w € {t"/2, (st*)*!, (st/+9¢)F1}* 1 must have
an even number of s letters, so the word will represent a power of ¢¢. Since ¢ > 1, this is
not possible, so 1 is not surjective. Thus, we may assume for the remainder of the proof
that 1 (d)? # 1.

By Lemma 5.19 (a), ¢(d) = t? for p € [0, 2 — 1JU[2 + 1,n —1]. If ¢(a) € {1,£"/2}, then
the relation adad = 1 in G implies

1 = ¢(adad) = Y(a)y(d)¥(a)d(d) = ¥(d)®

which is a contradiction. Thus, ¢(a) = st” for some r € [0,n — 1]. By the first claim,
Y(g) € {1,172, st", st™="?} for all g € G.
To show ¥(d) = t? and ged(n,p) = 1, we first note that

1!J(G) _ <¢(G),¢(d),7/)(g)> C <Str,tn/2,5tr+n/2,tp> _ <Str,tp,t"/2>
for some r € [0,n —1] and p€ [0, 5 —1JU[§ +1,n —1].
Since v surjects onto Do, by the hypothesis, we have t is spelled by a word w €

{st", t s, tP t7P, "/ 21* where w has an even number of s occurrences, and after commut-
ing all t"/? factors to the left and applying (st")(st") = 1, w takes the form

w = (€ (st () (st 2 ()

where €; € {—1,1} and k,i; € Z.
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Since
(st") T =t""(st") and (st") 7T =t""(st") 7!,

for all n € Z, we move all factors (st")% to the right, and we obtain
w = (t”/2)k(tp)io—i1+i2—~~+i2m (st")ertteam
= (t)F ()Y (st7)>
= (t"*)*(P)Y  (since (st")? =1),
where y =g — i1 +ig — -+ igp and z =m — |{j : ¢ = —1}|.
Thus, 1 = %" + py. Writing n = 2°¢ with b > 1, we obtain
1= 4 py=k2""'c+py.

From this, it follows that ged(p,2) = 1 and ged(p, ¢) = 1. By induction, ged(p, 2b¢) = 1.
Thus, 1(d) = t? with ged(n,p) = 1. Let ¢ = ¢, as defined in Lemma 5.10 be an
automorphism, and we have
a > soth = ¢(s2)
v 9d = th=(ta)
gig g €L sath, 5oty ™Y, i€ [0,n] 5 € [1,K).
]
Lemma 5.29. Let k € Z, n = 2bc where ¢ > 1 is odd and b > 1, X, Y, ENF, (i) [1,m)
and Ge(n, (u;)[1,m)) be as in Definitions 5.22 and 5.26. Then there exists an epimorphism

Y1 Ge(n, (Ui)[1,m]) — Dan if and only if there exists a solution o: X — Dy, to the system
of equations (u;)1 m]-

Proof. Assume that there is an epimorphism ¢": Ge(n, (4;)[1,m)) = Da2n. By Lemma 5.28,
there exists ¢ € Aut(Dsa,) such that
a  — p(s2)
’(ﬁ/: d — gO(tQ)
gig = vy € L) pls2) (1) plsaty)) i€ [0, € [L,R)
Defining ¢ = ¢! 01)’, we obtain an epimorphism
a — So
w: d — 19
Gij i € {Lisa,ty sty ) i€ [0,n],j € [1,K].

Define 0: Y — {1,52,t;/2,52t;/2} by o(Yi;) = 7, and O‘(Y;-le) = %.le. Since %‘Q,j =1 for
alli € [0,n],j7 € [1,k], forallY;; €Y, o(Y;; = O'(Yi’_jl)), so without loss of generality we
can assume Y = {Yp1,..., Yo}

For i € [1,m], let v; € ({s9,t3,t5°} UY)* be such that ENF(u;) = v;. Since ¢ is a
homomorphism, for each relator A(ENF(u;)) of Ge(n, (ui){1,m]), we have

Y(MENF (1)) = p(A(vi(s2,13, 5%, Yo, ., Yaop)))
w(vi(av d27 d727 90717 st 79”/2,k))
Vj

(827 t%? t2_27 70,15 - - - 77”/2,]6)
U(Ui(527 t%a t527 1/O,la s aYn/Q,k:)) = U(ENF(UZ))

1
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Thus, o solves (ENF(u;))(1,m), and the result follows by Lemma 5.23.
Conversely, assume there exists a solution o to (u;)[1,,,). By Lemma 5.23, there exists a

solution oz Y — {1, 52,15/, sty *} to (ENF (1)1 - 1f ENF(u) = v, then
o (ENF(u;)) = o(vi(s2, 13,152, Y)) = 1. (5.3)
Define ¢ : {a,d,d"} U Gujo U g;/; p — Dan as

a — S92
Y:{d et Al ty!
gij — o(Yij), g;jl = o(Yi))™h G € Gupage

Using Lemma 2.28 to verify homomorphism, it is clear that for all ¢g,¢ € Gnjo ks the
relations a2, d", adad, [g, a], [g, '], and g2 all map to 1 in Ds,. Now we check the relation
[d°, b g].

If ¥(g) € {l,t;/Q}, then 1 (g) commutes with t5, and we have [t¢,9(g)] = 1. Now,
consider the case where ¥(g) = soth with r € {0, 5 }.

For this calculation, we denote so and t3 as s and ¢, respectively. Noting that [t¢, st”] =
oSttt s = tCstCs = t2¢, we have

D([d% b g]) = [t b st"]  (since (d)? = 1 and c is odd)

= [ [[[[t, st"], st"], st"], st"],--- ,st"] (b times)
= [ [, st], st], st7], -+ ,st™| (b~ 1 times)
— [ .. [[t4c, st], st"], - - ,st”} (b — 2 times)

= [ - [t8¢ st - ,str] (b — 3 times)

= [tzbflc, st"] (b— (b—1) times)

=’ =1.

(Note that this calculation that shows why we have chosen to write d° in our nested
commutator.)

For ¢ to induce a homomorphism Ge(n, (ui)1,m — D2n), it remains to check if
P(A(ENF(u;))) =1 for i € [1,m]. We have

YAENF(u:)) = ¥ (A(vi(s2,13, 157, Y)))
= vi(s2, 83,152, 0(Y)) = o (vi(s2, 13,852, Y)) =1 (by Eq. (5.3)).
Thus, by Lemma 228 1 is a homomorphism, which is surjective since
¢(Ge(n7 (ul)[l,m])) = <527t2> = Dap. O

Theorem 5.30. Let n > 1 be an integer such that either
e n is odd, or
e n =20 where b>1 and ¢ > 1 is odd.

Then EPI(FinPres, Doy, ) is NP-hard.

Proof. In this setting, A is the set of strings encoding finite presentations of a group G,
and B is the set of strings encoding systems of equations over a dihedral group. Thus,
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w € B encodes an instance of a system of equations, and f(w) will encode an instance of
a group presentation constructed from the data of w.

Let n > 1 be an odd integer. Given an input system of equations (u;)[1 ) with variables
X ={X, X' ... ,Xk,Xl;l} over Dy, construct the group Go(n, (u;)[1,m]) as defined in
Definition 5.15. This construction can be performed in polynomial time by Remark 5.16.
By Lemma 5.18, a solution to (u;)[,m,) exists if and only if there exists an epimorphism
from G0<n, (uz>[1,m]) to Dgn.

Now consider the case where n = 2°c with b > 1 and ¢ > 1 odd. Given an input system
of equations (u;)[,,) With variables X = {Xl,Xl_l, .. ,Xk,Xk_l} over D, construct the
group Ge(n, (u;)[1,m)) as defined in Definition 5.26. This construction can also be per-
formed in polynomial time by Remark 5.27. By Lemma 5.29, a solution to (u;)[1 ) exists
if and only if there exists an epimorphism from Ge(n, (u;)[1,m]) to Dan.

Since D»,, is non-abelian for n > 1, the result follows from Theorem 5.1. O]

Remark 5.31. Note that the case n = 2c¢ is not covered by the even case proof, as
Lemmas 5.20 and 5.28 break down for this case. Instead of attempting to modify these
lemmas, we take a different approach, as demonstrated in the next section.

5.4 Direct product of abelian and trivial centre

In this section, we prove Item 4 of Theorem D, which will be used to deal with the
remaining n = 2c¢ case for dihedral groups. We begin with a well-known fact.

Lemma 5.32. Let ¢ > 1 be odd, then Dy, is isomorphic to Do. x Cs.

Proof. The demonstration in Example 2.20 proves this. ]

Recall also that by Lemma 5.12, Z(Ds.) = {1}.

Lemma 5.33. Let G be a finitely presented group, A an abelian group, and B a group
with trivial centre. There exists an epimorphism from G x A to B x A if and only if there
exists an epimorphism from G to B.

Proof. Suppose k: G x A — B x A is an epimorphism. Recall that 7g: B x A — B is
the epimorphism defined by 7p((x,y)) = = for all (x,y) € B x A. Then ) = g ok is an
epimorphism.

For each z € A, (1,2) € Z(G x A), so ¥((1,2)) € Z(B). Since B has trivial centre,
P((1,2)) =1 for all z € A.

As 1) is an epimorphism, for each b € B, there exists (z,y) € G x A such that ¥((x,y)) =
b. Then,

b=4¢((z,y)) = ¥((z,1)d((1,y)) = ¥((z,1))
since y € A and ¥((1,y)) = 1. Thus, 9 restricted to G is an epimorphism.

Conversely, suppose 7: G — B is an epimorphism. Define 7/: G x A — B x A by
7' ((z,y)) = (7(x),y). It is straightforward to verify that 7" is an epimorphism. O

Lemma 5.34 (Direct product with abelian and no centre). Let A be a finitely generated
abelian group and B a finite group with a trivial centre, and EPI(FinPres, B) is NP-hard.
Then EPI(FinPres, B x A) is NP-complete.
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Proof. Since B is finite, by Proposition 4.20, EPI(FinPres,B x A) is in NP. We show
that it is NP-hard by demonstrating that EPI(FinPres, B) is polynomial time reducible to
EPI(FinPres,B x A). Let (P | Q) be a finite presentation for A.

Given a finite presentation P = (X | R) for a group G € FinPres, construct a presenta-
tion P’ for G x A by writing

(XUP|RUQU{[z,y] |z € X,y € P}).

This construction can clearly be done in linear time in the size of P.

By Lemma 5.33, EPI(FinPres,B) returns ‘Yes’ on input P if and only if
EPI(FinPres, B x A) returns ‘Yes’ on input P’. Thus, EPI(FinPres,B x A) is NP-hard,
completing the proof. O

Proof of Theorem C. Theorem 5.30 combined with Lemma 4.1 gives the result for Do,
when n = 2%c with b= 0 or b > 1, with the case b = 1 covered by Lemma 5.34 since Dy
is isomorphic to Dy, x Cy, and Z(Day.) = {1}. O

Remark 5.35. Note that Dy, is nilpotent if and only if n is a power of 2. It re-
mains unclear whether Theorem C extends to these groups or if there is a way to show
EPI(FinPres, Dyx) is in P.

77






6 Other Epimorphism Targets

In this chapter, we prove the remaining items Items 1 to 3 of Theorem D. We do so by
invoking established results from the literature that have either not been formally written
down or not previously stated within the epimorphism context. These results yield the
required decidability or complexity bounds for the corresponding epimorphism problems.
The arguments here are more straightforward than in earlier chapters. For completeness,
we now record the statements proved below.

Theorem D. The epimorphism problem from finitely presented groups to the following
target classes has the corresponding result.
1. Finite rank free groups as the target is decidable.
2. A fized non-abelian finite simple group as the target is NP-complete.
3. Finitely generated abelian groups as the target is in P.
4. Under the following three conditions for groups A and B
o A is a finitely generated abelian group
e B is a finite group with a trivial centre
e the epimorphism problem from a finitely presented group to B is NP-hard.
A fixed group B x A as the target is NP-complete.

For Item 1 we apply the work of Razborov [24] on equations in free groups to show that
the epimorphism problem from finitely presented groups to finitely generated free groups is
decidable, though without any known complexity bounds. For Item 2 we observe a result
of Kuperberg and Samperton [18] is equivalent to the epimorphism problem as defined
here. For Item 3 we show that EPI(Ab, Ab) is in P, where we utilise the structure theorem
for abelian groups (Theorem 2.36), this result is stated to be decidable in [12].

6.1 Epimorphism onto free groups

Notation. Let Fy be the free group of rank d with identity element denoted as e € Fy

Definition 6.1. Let m,n,d € N, X = {Xl,Xl_l, ooy X, X1, and (u,-)[l’m] a system
of equations without constants over Fy, and so each u; = u;(X) € X*.

The rank of a solution o: X — F is the rank of the free subgroup (o(X1),...,0(Xy))
of Fd.

The rank of the system of equations without constants (Ui)[l,m} is the maximum rank
over all solutions.

Definition 6.2 (Primitive Element of a Free Group). Let Fy be a free group of rank d
with generating set X = {x1,z2,...,24}. An element v € Fy is called a primitive element
if there exists a automorphism ¢ € Aut(F};) such that

p(v) =z; for some i€ [l,d].

Remark 6.3. Since {XZ-jEl — e} is a solution to any system without constants, the rank
of a solution is at least 0 and at most the number of variables n.
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Example 6.4. Let u = X 'Y~ XY Z* be a system of one equation over Fj;. By [30] (see
[20, page 51] The only solutions are

(X =0 Y =), Z e}
for some primitive element v. Thus, the rank of this equation is 1.

Theorem 6.5 (Razborov [24, Theorem 3|). Let d be a fized integer. Given a system of
equations (“i)[Lm] without constants over a free group Fy, there is an algorithm which
computes the rank of the system of equations.

Remark 6.6. Note that Razborov’s algorithm operates by constructing “Makanin-
Razborov diagrams”, and the complexity to compute these are not known, though it
is conjectured to require at least doubly exponential space (see, for example, [9]), and
thus is outside the scope of this thesis.

Lemma 6.7. EPI(FinPres, Free) is decidable.

Proof. Assume the input is a finite presentation (g1,...,gn | r1,...,7m) for a group G €
FinPres, and d € N specifies a target free group of rank d. Let G = {gl,gl_l, ey Gns Ot}
and X = {Xl,Xl_l7 ooy, X, X, 1}, Perform the following procedure:
1. Fix a free group H = (aq,...,aq).
2. Let \: g; — X;, g; Ly Xi_1 induce a monoid homomorphism from words over G to
words over X. Then (A(r;))[1,m] is a system of equations without constants over Fy,
with each A(r;) € X*.

3. Apply Theorem 6.5 with input (A(7;))1,m) over the group H, to compute the rank
v € [0,n] of the system. If v > d, return ‘Yes’; otherwise, return ‘No’.

The justification for the procedure is as follows. Let hy,...,h, € H. By Lemma 2.28,
{X; = hi, X;' = b7t | i € [1,n]} is a solution to (A(7j))j1,m) if and only if the map
induced by {g; = h; | i € [1,n]} is a homomorphism from G to H.

If v > d, then there is a homomorphism « from G onto a subgroup K of H such that K
is free of rank t. The subgroup K has some free basis, say {y1,..., %}, and there exists a
subgroup K' = (y1,...,yq) of H along with a map 7: K — K’ defined by:

(v:) yi ©<d
T\Yi) =
Y 1 i>d

Then 7 o & is a surjective homomorphism from G to K’, and by definition, K’ is free of
rank d. Note that the procedure finds an epimorphism to some free group of rank d, not
necessarily to the original group H.

If v < d, then there is no epimorphism since an epimorphism ¢ : G — H would corres-
pond to a solution to the system of rank d, which contradicts v < d.

Hence, the procedure correctly decides EPI(FinPres, Free). O

Remark 6.8. We were unable to prove the analogue of Proposition 4.20 for targets of
the form N x @Q when N is a free group of finite rank. While Lemma 4.18 is stated for an
arbitrary group N, we could not replicate the strategy of Section 4.2 in this context.

6.2 Epimorphism onto non-abelian finite simple groups

In this section, we observe that Item 2 of Theorem D follows directly from the work
of Kuperberg and Samperton. We apply their result directly, and as such we do not
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provide formal definitions of certain concepts, such as fundamental groups, 3-manifolds
and triangulations, we refer the reader to [29] for rigorous definitions. It is stated in [18]
that a finite triangulation is a reasonable and standard input type for these objects.

Definition 6.9. Let Hom be the set of all triangulated homology 3-spheres, given by
finite triangulations. From a finite triangulation of a 3-manifold M, one can write down
(in linear time) a finite presentation for the fundamental group (M) of the manifold.

We now introduce the decision problem as used by Kuperberg and Samperton.
[18, Corollary 1.2] prove the following problem is NP-complete.

Problem: KSHomProb

Input: Let H be a fixed, finite, non-abelian simple group, M € Hom and the
promise that every non-trivial homomorphism from 71(M) to H is
surjective

Output:  Is there a non-trivial homomorphism from (M) to H?

Lemma 6.10 ([18, Corollary 1.2]). KSHomProb is NP-complete.
From this result the following is immediate.
Proposition 6.11. Let G be a fized, finite, nonabelian group. EPI(FinPres, G) is NP-hard.

Proof. On input we are given a finite triangulation for M and the promise that every non-
trivial homomorphism from 71 (M) to H is surjective. Obtain in linear time a presentation
(X | R) for m(M).
o If there exists an homorphism from (M) — G, i.e. KSHomProb outputs ‘Yes’,
then there exists an epimorphism (X | R) — G.

e If there does not exist an epimorphism, then it follows there cannot exist homo-
morphism that has the promise to be surjective, so KSHomProb outputs ‘No’.
Thus, we have created a group input ((X | R)), which outputs ‘Yes’ (resp. ‘No’) to
EPI(FinPres, G) if and only if the original output is ‘Yes’ (resp. ‘No’) to KSHomProb
on input M. ]

6.3 Epimorphism onto Abelian Groups

In this section, we sharpen Proposition 4.20 for the case when the target group is finitely
generated abelian (the direct product of a free abelian group with a finite abelian group),
and show that the problem EPI(FinPres, Ab) is in P. Given the Structure Theorem for
finitely generated abelian groups (Theorem 2.36), the problem is clearly decidable, as
noted in [12].

To do this, we reduce the problem to EPI(Ab, Ab), and show that EPI(Ab, Ab) is in P.

Definition 6.12. The abelianisation of G denoted Gy, is
G/|G : G].

Remark 6.13. Note that if (X |R) 1is a presentation for G, then
(X | RU{[z,y] : v,y € X}) is a presentation for G, which can clearly be obtained in
time linear in the size of (X | R).
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Let G = (X | R), then k: z +— x for all z € X induces a homomorphism x: G — Ggp.
Moreover, # is surjective since each g € G can be represented by a word w € (X UX~1)*
and the element ¢’ € G spelled by w satisfies x(¢') = g.

It follows that if 7: G4, — H is an epimorphism to a group H, then ¢: G — H defined
by ¥(g) = 7(k(g)) for all g € G is an epimorphism. When H is abelian, we have a stronger
statement.

Lemma 6.14. Let G € FinPres and H € Ab. Then there exists an epimorphism v: G —
H if and only if there exists an epimorphism ¢: Gqp, — H.

Proof. One direction is stated above.
For the reverse direction, assume there exists an epimorphism v: G — H. Let G and
Gup be presented as follows:

G=(x1,...,2n | R)
Gap = (x1,..., 25 | RU{[z4,2;]}) fori,j € [1,n].

Let X = {x1,...,z,}. Define a set map 7: Go, — H by 7(z;) = 9(x;). Since 1 is a
homomorphism, we have

r(r(x1),...,7(xn)) =¢(r) =1

for all r € R.
Additionally, since H is abelian we have that

[7 (i), m(x)] = 1

for i,j € [1,n]. Thus, 7 is a homomorphism by Lemma 2.28.

As 1) is surjective, for all h € H, there exists w € (X U X~1)* such that w =¢ ¢ and
Y(g) = h. Let ¢’ € Ggp be the image of w under the natural abelianisation map (which
maps every word to itself under the abelianised group), so w =¢,, ¢’. Then,

Hence, 7 is surjective, and 7: Gy — H is an epimorphism. O

Thus, to solve EPI(FinPres, Ab), we can instead solve EPI(Ab, Ab).

Lemma 6.15 ([19, Proposition 9.23]). Let G and H be abelian groups. If ¢: G — H is
an epimorphism, then
rank(G) = rank(H) + rank(ker(v))).

The following technical lemma allows us to check if an epimorphism exists between two
finitely generated abelian groups given in invariant forms.

Lemma 6.16. Let
G=ZEX Ly, X - XLy, and H=ZZy X - X Lo,
with s,t,ai,¢; € Ny such that ciyq | ¢; and a1 | a;.

Then there exists an epimorphism v¥: G — H if and only if s >t — d and cqy; | a; for
iel,t—d.
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Proof. Let G and H be presented as follows:

G=(x1,...,%eya | {{zisxj], 2t ; i,j€[l,s+d],kell,s]})
H = <y17"'>yt | {[ylvy]]ayfl ; Zv] € [17t]}> .

Assume there is an epimorphism v¢: G — H. Then for all ¢ € [1,¢], there exists some
gi € G such that 1(g;) = y;. Thus, 1(g;)“ = 1z, which implies either g; is of finite order
with gfici = 1g for some ¢; € Z, or g; is of infinite order.

First, if s < t — d, recall that a map 7: Z — Z,, X Z, cannot be an epimorphism if
ged(m,n) > 1. Thus, at most, Z? can produce a surjective homomorphism into the first
d invariant factors of H. Since 1 exists, we can assume, without loss of generality, that
an epimorphism Zg, X ««+ X Zq, — Z¢, 4, X -+ X L, exists. Similarly, as Z, — Zy, X Z,
cannot be an epimorphism if ged(m,n) > 1, we conclude that s > ¢t — d.

For g; of finite order, there must also exist a:?"ci = 1¢ due to the divisibility property of
the torsion generators, which implies cgy; | a; for i € [1,¢ —d].

Conversely, assume that s >t —d and ¢4y, | a; for i € [1,¢ —d]. Construct the following
set map 7: {x1,...,Tsra} = {Y1,-. -, Yt}

Ygri forie[l,t—d|
T(z;) =<1y fori€[t—d+1,s];skip thisif s=1—d
Yi—s fori € [s+1,s+d.

licdti
d+i
Yy = 1g, it follows that yﬁf?” =1pg. For i € [s +1,s+d], z; is of infinite order, so
Y(z;)% = y;" = 1y, and ¢ is a homomorphism. Since a; > cqy4, ¥ is surjective, and
thus an epimorphism. O

Since ¢4y | ai, for ¢ € [1,t — d], we have 7(x;)% =y for some ¢; € Z, and as

Lemma 6.17. EPI(Ab, Ab) is in P.

Proof. Let G, H € Ab with free ranks di, ds respectively, with G being the domain group
and H be the target group.
The following procedure solves the problem:
1. Input finite presentations for procedure AbSTRUC, we output the tuples
(di,a1,...,as) and (dg,c1,...,c) such that:

G2ZM XLy X+ XLy, and HZZ2 X Lo x-- X Ly,

where a; | aj1 for i € [1,s — 1] and ¢; | ¢j41 for j € [1,¢t —1].

2. If dy < dg, output ‘No’.

3. Let b=dy —dy. If s >t—"band cpy; | a; for all ¢ € [1,¢ — b], then output "Yes’,

otherwise, output 'No’.

Step (1) is performed in polynomial time by Theorem 2.53. Steps (2) and (3) are
numerical checks and thus the entire procedure runs in polynomial time.

Step (1) is justified by Theorem 2.36, which allows us to express G and H in its invariant
forms. Step (2) ensures that the free rank of G is sufficient to map onto H, as guaranteed
by Lemma 6.15. Step (3) is justfied by Lemma 6.16 to ensure that the torsion part of G
can map onto the torsion part of H. O

Lemma 6.18. EPI(FinPres, Ab) is in P.

Proof. Let G € FinPres and H € Ab. The following procedure solves our problem:
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1. Compute a presentation for G, (the abelianisation of G).
2. If EPI(Ab, Ab) on input G, as the domain group and H as the target group returns
‘Yes’, return ‘Yes. Otherwise, return ‘No’.
Step (1) constructs a finite presentation for G in polynomial time, and by Lemma 6.17
Step (2) is in P. O

Proof of Theorem D. Each item is proved as follows.
e Lemma 6.7 gives this item.
e Proposition 6.11 shows that this target is NP-hard, when used in conjunction with
Lemma 4.1 gives our NP-complete result.
e Lemma 6.18 gives this result.
e Lemma 5.34 shows that this target is NP-hard, when used in conjunction with

Lemma 4.1 gives our NP-complete result.
O
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Friedl and Loh [12] conjectured that EPI(FinPres, VAb) is undecidable, based on the un-
decidability of the “column-generation problem”, which was proven undecidable by a re-
duction to Hilbert’s Tenth Problem. This reduction is achieved via the work of Remeslen-
nikov [25], where the following result was proved.

Lemma 7.1 ([25]). Let X = {X11,..., Xnn} be a set of n? variables. Given a system
of linear equations with variables in X, the problem of whether there exists a solution
o: X — Z such that

O'(Xl’l) U(Xl,g) O'(Xl,n)
det o(X21) U(Xj2,2) o(X2n) .
o(Xn1) o(Xns) (Xnn)

1s undecidable.

Despite this, it is unclear if this approach would yield any undecidability or decidability
results for EPI(FinPres, VAb). In this chapter, we provide an alternative method to in-
vestigate the decidability or complexity of the epimorphism problem for virtually abelian
targets. Instead of the above problem, we provide a different problem that is a more
complex version of MatrixSubspanA and MatrixSubspanB, which we have shown to be in
P. We then show that if the following integer matrix problem is decidable, it implies that
EPI(FinPres, VAb) is decidable.

Problem: MatrixSubspanC

Input: A tuple ({Ao, ..., Ax},{Mo, ..., My}, B,{) where A; € Z™*", My =
I € 794 and M; € GLfin(d,Z) for i € [1,k], B € Z™*4 d, ¢ € N
with £ € [0,n — 1].

Question: Do there exist integer n-vectors wvi,...,vq and the matrix V =
(v -+ wa) € 274 such that YF o Ai(M;VT)T) + B = 0, and
span((V|)T) = 747

Thus, by generalising the methods used in Chapter 4, we will prove the following.

Theorem E. If MatrixSubspanC is decidable, then the epimorphism problem from finitely
presented groups to virtually abelian groups is decidable.

From this we propose that to investigate the decidability (resp.  complexity)
of EPI(FinPres, VAb), one should investigate the decidability (resp. complexity) of
MatrixSubspanC.

7.1 Twisted Equations

We begin by generalising the definitions and tools from Chapter 4 for the classes Ab x Fin,
VCyc, and Ab x4; Fin to encompass all virtually abelian groups. This generalisation
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7 Generalised Virtually Abelian Targets

involves extending the definition of a system of equations to incorporate automorphisms
on variables, introducing a new method for formulating a system of equations from a
(Q, 7)-presentation, and defining a new equation problem through which we reduce the
problem of finite presentations to a group described by an extension.

The generalised system of equations include automorphisms acting on variables, ana-
logous to that which is used in Diekert and Elder [8] for equations in free groups.

Definition 7.2. Let G be a group, and let ® = {o, ..., ¢vr} < Aut(G) be a finite subgroup
of order k + 1, where ¢ is the identity automorphism. Let X = {Xl,Xfl, oo X, X1}
be a set of formal variables, and let G = {g1,...,gs} with each g; € G.

A twisted equation over G is a word u € (G U (® x X))*, denoted

u(g,cI> X X) = u(gl, -1 9s (9007X1)a (@O’Xfl)v SRR (@k’szl))'

Here each g; € G is called a constant, and each pair (¢,, X;) is a twisted variable.

A system of twisted equations over G is a finite list (u;);”,, where each u;(G, ® x X) is
a twisted equation. We often refer to these collectively as simply “equations” when the
context is clear.

A solution to such a system is a map o: (¢ x X) — G induced by a map ox: X — G
defined by

ox(X;) = h;, UX(Xj_l) = hj_1 for some h; € G, j € [1,n],

such that
o forall p € [0,k] and j € [1,n], ¢,(0x(X;)) = o(pp, X;); and
o forallie [1,m],

O'(U/Z) - ui(glv -+y3s, U((p()aXl)a 0-(9007 X1_1)7 R U(SokvX’VL)a U(QOk,X,,?l)) =G 1.

Remark 7.3. By the property that ¢,(ox(X;)) = o(pp, X;) for p € [0, k], j € [1,n], this
implies that o is uniquely extended from ox. Thus, when describing a solution o, we can
simply define ox from which it is extended.

Example 7.4. Let X = {z1,22}, H = (X) be a free abelian group of rank 2, and
O ={¢o,...,p5} where Cs = ® < Aut(H), and ¢y is the trivial automorphism.
Let the automorphisms be described as

©o: Tl —= X1 ) T — T9

©p1: Tl > T1T2 ; T —> a:l_l
P2 Tl > T2 ; X9 — $1—1x2—1
p3: T > :1:1_1 ; To > a;2_1
Y4 X1 > :Eflx;l ; X9 — T

©Y5: X1 a;l_l ; T9 > T1X2.

This set of automorphisms is in bijection with the group Cs = {a | a®) where ¢; = a’ for
i €0,5].

For brevity, we omit the inverse variables from the following system of twisted equations.
Given a system of twisted equations with variables X = {X,Y, Z} over H

u((XUX™), (@ xX)) = (po,X) (¢1,X) (¢0,2) (xix3)
u((XUXTH) (2 xX)) = (92,2) (p0,2) (21)
us((XUXT), (@ xX)) = (¢3.Y) (p1,2) (v0,X) (23°).
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7.1 Twisted Equations

A possible valid solution o is extended from ox: X — (X U X~1)* is

—2 -3
X —=atr,
—3,—8
Y =iz,

~1
Z =y,

ox:

This extends to o uniquely, as an example for the automorphism ¢; we have

(p1,X) + z125°
o 4 (p1,Y) > afxy?
(901, Z) = 1.
Thus, our equations take the form
ou) = o(pe,X)  olpr,X)  alpo,Z) (x]z3)
= ox(X) e1(ox(X))  ox(Z) (i)
= (@7%25°)  e@%ey?) (apl) (afad)
= (@77 (nmw?) (5 (med) =1
o(us) = olp2,2)  o(po, Z) (71
= p2(0x(2)) ox(Z) zy!
= palar) (3 !
= (m122) (z3") (') =1
o(us) = o(psY) o(ps, Z)  olpo, X) (23°)
= @3(0x(Y)  walox(2))  ox(X)  z°
= w3(a’23°) () (a%a50)  (a3°)
= (afaf) (@7h) (%) () =1L

Confirming that this is a valid solution.

We now define some structure analogous to those found in Section 4.3, in particular
Definitions 4.21, 4.22 and 4.25.

Definition 7.5 (twisted-word). Let

e G be a group

o & < Aut(G) be a finite subgroup

o A, B be two disjoint finite sets

e p: AUA'UBUB™! — G be a set map

e ¢: A — ® be a set bijection, which naturally induces a monoid homomorphism

¢: AUAT 5 @,
Define £4: (AUBU AU B™Y* — (AU A™1)*, a letter-erasing homomorphism as the
map induced by
{aHa Vaec AuA~!
a:

Vbe BUB™!

For w = vy -+ v, with v, € AUBUA YUB™!, let w, € (AUA™Y* for p € [1,n] be the
word

b— e

wp = Ea(vr- - vp).
For w, the twist-factor of letter v; is p; € Aut(G), where p; = ¢(w;).
Define F(G,@,A,B,p,(ﬁ): (A U A_l uUuBU B_l)* — G by

F(G,@,A,B,p,d)): v1vg v = po(p(v1))pa(p(ve)) - pn—1(p(vn))-
We call I'(¢0,4,B,p,¢)(w) the twisted-word of w.
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Example 7.6. Let G be a group, {po, ¢1,92} = ® < Aut(G) be a finite subgroup such
that p? = @9 and 3 = g the trivial automorphism. X = {z1,72,23}, Y = {v1,%2},
p: XUY — G and ¢: X — & are defined as

T, =

{x,- s ey L N 1

p: . ) : x2 Y2
Yi o Gip3, 1€[1,2

r3 = ©o.

For a word w = z1z1y122y2, we first calculate the X-twist-factor u; = ¢(w;), the calcula-
tion for ¢ € [0,4] is as follows

po = (€x()) = ¢() = %0
p = ¢(€x (1)) = ¢(x1) =1
p2 = ¢(Ex(w171)) = ¢(r171) = 2
ps = o(Ex(r1z1y1)) = ¢(z121) = 2
pa = o(€x(m1z1y122)) = d(z1z122) = 1

and the twisted-word of w is

LG.a.x,00) (@1219222y2) = wo(p(z1))e1(p(z1))02(p(y1))p2(p(21))P1(p(y2))
= o0(91)p1(91)p2(94)p2(92))¢1(g5)-

Lemma 7.7. Given

e G a (Q,7)-presentation (¥ UY | R)

o H a virtually abelian group represented by an N by Q extension where N = 7% and

Q is finite, with extension data (0, fs)

e k: G — H be a homomorphism
and let

o ®=0(Q), and so ® < Aut(N) is a finite group

e p=mNOK, then p: XUX LUYUY~t = N is a homomorphism

e p=0orT, and so ¢p: X — ® is a set bijection

e ivoxypg: (YU X7 PUYuYYHY* — H defined as in Definition 7.5.
For all words w = vy -+ v, € (X UX LUYUYY* if 7(v;) = q; then

R(w) = T a.x y,0,0) (W) F(T(01), -, 7(0r))s(7(w)).

Proof. Let p; = ¢(w;), for a word w = vy -+ vg, where v; € (X UX"LUY UYL, by
definition

L v,o,x.9,00) (W) = pio(p(v1))pa(p(v2)) - - prre—1(p(vr)). (7.1)

Recall that by the properties of a (Q, 7)-presentation
e 7: X — (@ is a set bijection
o if (g) = ns(q) then 7(g) = ¢
o (Y) = ker(7).

For a word w, we apply k and so we get

as k(g) = ns(q) implies 7(g) = ¢ we have

r(w) = mn (r(v1))s((v1)) - v (r(vk))s(T(vr)) = plvr)s((v1)) - - p(vk)s(7(vk))-
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By noting that for all n € N and ¢q € Q, s(q)n = s(q)ns(q)~'s(q) = *@Dns(q), then denote
7(v;) = ¢; and we can perform the following calculation

k(w) = p(v1)s(q1)p(v2)s(g2)p(vs)s(gs) - - - p(vk)s(qr)
= p(01)* ™) p(va)s(a1)s(a2)p(v3)s(gs) - -+ p(v3)s(ar)
= p(v1) (M p(va) ) (M@ p(v3)) s(g1)s(q2)s(g5) - - p(vk)s(g)

= p(v1) (W p(va) ) (O p(vy)) - () () s(ar) - s(an).

By definition f(g;,q;) = s(gi)s(¢j)s(giqj;) !, and using the property that N is abelian,
then for all n € N

(02950 = s(q;)s(g;)ns(q;) " s(ar) "
= flai,q5)s(qiq;)ns(qiq;) " f(gir q5) 7"
= f(gi,4;)* " nf(q;, q5) "
— s(qig5)p, (7.2)

and similarly

s(q1)s(q2)s(q3) - - - s(qk)
= f(q1,92)s(q1q2)s(q3) - - - s(q)
a1, ¢2) f(q1a2, 3)5(q19243) - - - s(qr)

= f(a1,92) f(0192,43) f(q19243,q4) - - fq1 - qe—1, qr)s(q1 - - - qr)

= f“w‘(qh o 7Qk)3(Q1 e Qk)
Thus, we have

r(w) = p(or) (W p(va) ) (W p(ug) ) - (@50 p(uy)) Fug(ar, - ar)s(ar - )
as ¢; = 7(v;), then q1q2 - - - ¢; = T(v1v2 - - - v;) = T(w;), and we have
p(w) = p(or) (D p(ug) ) (0D p(ug) ) -+ (=D p(04)) Frug(ars - ar)s(ar - ar).
As (Y) = ker(7), then for any word in (Y UX~tUYUY-1)*
T(w) = 7({x(w))
and so for allmn € N
oD, = €Dy = (r( (1) = (Ex(w)

so, for the word w;

T = G(wi)(n) = pa(n)
where p; € Aut(N) is the twist-factor as defined in Example 7.6. Thus

r(w) = po(p(v1)p (p(v2)) iz (p(v3)) - pre—1 (p(vi)) fruf (a1, - - - ai)s(an - -~ ai)
where f is the trivial automorphism. Then by Eq. (7.1) we have

k(W) =T (n.o.2.9.06) (W) flu) (@ ax)s(qr - ax).-
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Remark 7.8. Eq. (7.2) highlights why H needs to be virtually abelian, that is if N is not
abelian we do not have the fact that $@)s(@)y = 5%y, If N was not abelian, we would
instead have

s@)slai)py = 5(q;)s(q;)ns(q;) s(gi)
= fs(ai, 45)5(aia;)ns (i) " Fi(ai, ) ™
= folain ) (") fo(ai q5) "

7.2 Building Twisted Equations

Using Lemma 7.7 as motivation, we define the following way to write a system of twisted
equations from a (@, 7)-presentation, which will be useful for analysing epimorphisms to
groups described by an extension with a finite quotient and its extension data, analogous
to the construction in Definitions 4.17 and 4.25.

Definition 7.9 (Presentation to system of equations). Given (YUY |R), a (Q,7)-
presentation for a group G, and H an N by Q extension where N = Z% and Q is finite
with extension data (€, fs). Let

o ® =0(Q) and label each automorphism of ® as ¢,, for p € [0,|Q| — 1] such that ¢

is the trivial automorphism

o p: XuXx-luyuy ! — H bea set map

e p=~0or,and so ¢: X — ® is a set bijection

o X={X1, X .. .,X|X|,X‘}1|} and Y = {Y1,Y; ' ... Yy, Yy !
Define I'(y.¢,x,y,p,6) s in Definition 7.5. For a word w € (X' U X1TuYuYy1* let ¢ be
a map from a twisted-word I'(y ¢ x y,5.¢)(w) to a twisted equation via the set map

op(p(x;)) = (¢p, X5)

¢ ep(p(z;h) = (pp, X5
ep(p(y;)) = (ep,Y))
ep(py; 1) = (ep, Y1),

For i € [1,|R]], assume each r; € R has the form:
Ti = Vil - V|| where v;; € YUY U x-tuyt.

Let f; be as defined in Definition 2.64, define PresEqnC(7, X, ), R, 6, f;) to be the system
of equations (u;)[;|g|), Where

s = (Tiv e .,00) (1)) fir (T(031) -+ 7(01r)-

Example 7.10. Given X = {z1,22,23}, Y = {y1,y2} and G be a (Q, 7)-presentation
(YUY |R), H be a N by Q extension with data (0, fs), Q@ = {q1, 42,3} = C5 such that
C=q0¢=qg= 1g, and 7: X = @ be defined as 7: x; — ¢;. Let

e &=10(Q),s0 ®={0(q1),0(¢q2),0(g3)}, as g3 = 1¢, label 0(q3) = o and 6(q;) = ¢;
for i € {1,2}
e p: XU X 1uyuy ! — Hbean unspecified set map
e p=0oT1,50 ¢p: X = & < Aut(N)
T, 9(7’(%1)) =0
gb: o 9(7‘(1‘2)) = 9<q2) = Y2
x3 +— O(r(x3)) =146
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o X={X1,X; .. X3, X and Y ={V;, Y7 .. Y, Vo)l
For some r; € R, let r; = x121y172y2, then by noting that this is the same word as in
Example 7.6

;= C (T o vy po)(@121912292) ) fo(r (@), 7(@1), 7(00), 7(22), 7(12))
= ¢ (po(p(z1))e1(p(1))p2(p(11))02(p(x1))01(p(y2))) f5 (a1, a1, 1g. g2, 1)
= (100, X1) (1, X1) (02, Y1) (102, Y1) (01, Y2) f5 (a1, 41, 1, 2, 1))

Next, we define the following equations problem for which we reduce the epimorphism
problem to for virtually abelian targets.

Problem: TwistedEquationSubspan

Input: A group N, wvariables X = {Xl,Xfl,...,Xt,Xfl}, Y =
{Yl,Yl_l, ... ,Yg,Y[l}, a finite list of automorphisms ® =
{©0,---,¢K} which form a subgroup ® < Aut(N), and a finite sys-
tem of twisted equations over N, each of the form u; = wv;¢; where
v; € (P x (XUY))* and ¢; € N.

Output: Is there a solution o: (¢ x (X U Y)) — N such that
(00, Y1),...,0(p0,Yr)) = N?

Lemma 7.11. Let G € FinPres, H be a N by Q extension, N € FreeAb, Q € Fin with
extension data (0, fs). The following are equivalent
1. There exists an epimorphism from G to H.
2. There exists an epimorphism 7: G — @ such that for some (Q,T)-presentation
(YUY |R) for G, TwistedEquationSubspan returns ‘Yes’ on input N and
PresEqnC(7, X, Y, R, 0, fs).

Proof. We begin by setting some notation for this proof. Let

o ®=06(Q), and so ® < Aut(N) is a finite subgroup

e D=TNOK

e« p=0or

o I'(v,®,x,y,p¢) beasin Definition 7.5, denoted as I'

. f~‘|ri|(T(Uz‘,1) -+ 7(Vj|r,|))) be as in Definition 2.64, denoted as fi.
For i € [1,m], the equation w; is derived from 7; = v;1...v;,,|, denote

7(vij) = v}

ijo Vig = U;,l ) "Ug,j and i = ¢(Ex (Vi)

So each equation u; = ¢(I'(r;)) fi, and ¢(T'(r;)) is equivalent to

C(I( ri )
= C(F( V5.1 Vi 2 e Ui,|7“i| ))
=¢( 9x(i0))(p(vin)) PEx(Din))(p(viz)) - OEx (s, -1))(P(Vir) )
= (( pi0(p(vi1)) i1 (p(vi2)) . Wi i =1 (P(Vs ) )

let (p, Vi) = C(ep(p(vi;))) where g is the trivial automorphism and V; ; € XUY then
we have

C(T(rs)) = (1,05 Vi) (i1, Viz) = (b g =15 Vi) (7.3)

Assume there exists an epimorphism from G to H. By Lemma 4.7 and Remark 4.8,
there exist 7: G — @ (an epimorphism) and x: G — H (a homomorphism) such that

(b) k(g9) = ns(q) implies ¢ = 7(g),
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(¢’) For all n € N, there exists w € (¥ UY~1)* such that x(w) = ns(1g).
Applying the homomorphisms & to r;, and by Lemma 7.7 we have

k(ri) = T(ri) fi s(7(ri))

as 7 is a homomorphism it follows that s(7(r;)) = s(1g), and & is also a homomorphism
this implies
L(ri) fi s(lg) =T(rs) fi = 1n (7.4)

we will now build a solution which uses this fact.
Let a solution o: (® x (XUY)) — N be extended from oxyy: XUY — N which is
defined as

oxuy (X) = mn(k(T7HC o, X)) = mn(k(x),  oxun(X ) = mn(k(
oxuy (V) = 7 (k(C7HC o, Y)))) = an(k(y),  oxov(Y ) =an(k(y™))

8
|
—_
~—
~—

where x € X and y € ), and by the use of Eqs. (7.3) and (7.4) we have,

o( u; )
= o (10, Vi) (11, Vi) e (13 Jrs =15 Vijra]) )f
pio(oxoy (V1)) mialoxov(Viz)) o aprg—1(oxoy (Vi) f
= pio(mn(£(vin)))  pin(rn(s(vi2))) - pipr-1(mn (&) f
= 1i,0(p(vi,1)) pin(p(ui2)) o pipr—1(p(vik)) f
= I ri )f
= 1y.

verifying that o is a solution to PresEqnC(7, X, YV, R, 6, fs).

By item (c’), for all n € N, there exists w € (¥ U Y~ 1)* such that x(I'(w)) = ns(1g),
so mn(k(w)) = n, and if w € (Y UY)~! then every twist-factor is equal to the trivial
automorphism, so I'(w) = p(w). Let w = vy ---v; and denote ((po(v;)) = (@0, V;) for
Vi € Y, then there exists ((I'(w)) € (po x Y)* which satisfies

o C(I'(w)) )
= o(¢(I( vy U, )
= o (v0, V1) (v0, Vi) )
= oxuy(V1) E oxuy (Vi)
= n(s(vr) o wn(k(og))
= 7n(k( w )

which implies (o(¢0,Y1),...,0(¢0,Ys)) = N. Therefore, TwistedEquationSubspan returns
“Yes’.

Conversely, assume there exists an epimorphism 7: G — @ such that for some (Q, 7)-
presentation (X UY | R) for G, TwistedEquationSubspan returns ‘Yes’ on input N and
the system of equations PresEqnC(7, X, Y, R, 6, fs) and so there is a solution o: (® X
(XUY)) — N such that to the system of equation PresEqnC(7, X', ), R, 0, fs) such that
(o(po,Y1),...,0(po0,Ye)) = N. We will show that there exists a homomorphism k: G — H
such that 7,k satisfy conditions

(b) x(g) = ns(q) implies ¢ = 7(g)

(¢’) for some (@, 7)-presentation (¥ UY | R) for G, for all n € N, there exists w €
(Y UY~H* such that k(w) = ns(1g)
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of Lemma 4.7 and Remark 4.8, thereby proving the existence of an epimorphism from G
to H.

Recall that in this case, p: (X UYUX~1UY~!) — N is an unspecified set map which
serves as an intermediary map for (: N — (® x (XU Y)). Define a map x: (X U XU
YUY H)* = N as the extension of the set map

r(a) = a(C(po(p(a))))s(r(a))
fora € X UX~tUY UYL Thus, if ((po(p(a))) = (o, A) for some A € XUY
k(a) = oxuv(A)s(T(a)).

For a word w = vy - - - v, where vy,...,v; € (XU xX-tuyu 3{_1), denote ((po(p(vy))) =
(¢0, V;) for V; € XUY and denote fi(s(7(v1),...,s(7(vk))) as fj,| for this next calculation,
so we have that

k(w) = k(v1) k(v2) k(vg)
= oxuy(V1)s(T(v1)) oxuy (V2)s(7(v2)) o oxuy (Vi)s(T(vg))
= oxuv(V1)s(v}) oxuy(Va)s(vs) o oxuy (Vi) s(vy)
= oxuy (V1) “Coxuy (Va)s(v))s(vh) -+ oxuy(Va)s(vg)
oxuy (V1) WD oxuy (V) e SO oy (Vi)
i ~ s(vy) - s(vp)
oxuy (V1) SO oy (Va) “e S(”’Vfl)UXuY(Vk)ff\w\)8(17k)
= oxuy (V1) w2(oxuy) (Va) o pr(oxuy) (Vi) (fluw))s(T(w))
= a(vo0, V1) o(p2, V2) w0 (ks Vi) (flw))s(T(w)).

as (o, Vi ) for V; ; € XUY, and it follows by Eq. (7.5) that

K(ri) = K(vin) Kvin) o K(y) )
= 0'(90(27 V)i,l) U(Soi,% Vi,2) T O'((pi,m\ ) ‘/z,|n|)(f\m|)5(7—(rl))
—

Thus, by Lemma 2.28 x is a homomorphism.
Again using Eq. (7.5), noting additionally now that x is a homomorphism, then we have

(o, Vi)o (w2, Va) - - o(pr, Vi) f(s((v1), ..., s(T(0r))) =n € N

so k(w) = ns(7(w)), and it follows that condition (b) is satisfied.

Since (o (v0,Y1),.-.,0(p0,Ys)) = N, for all n € N, there exists w € (pg x Y)* such that
o(w) =n.

Then there exists T~ (¢! (w)) € (YUY ~1)*, then

K(DHCTH W) = o (D¢ (w)s(r (D1 (w)))
(w)s(r(T~H (¢ (w)))

(w)s(lg)

s(1g)-

g
g
g
n

This satisfies condition (¢’) of Remark 4.8, thereby proving the existence of an epimorphism
from G to H. O
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7 Generalised Virtually Abelian Targets

7.3 Equation to Integer Matrices

We now provide a way to construct a list of matrices from a system of twisted equations
over a free abelian group, and vice versa.

We begin by some introducing some notation and standard results for general linear
groups over integers. Recall that a torsion element is an element of finite order.

Notation. Let GLf,(d,Z) denote the subset of GL(d,Z) consisting only of torsion ele-
ments.

Lemma 7.12. Let N = 7% be a free abelian group of rank d. Then, Aut(N) is isomorphic
to GL(d,Z).

Proof. Let X = {x1,...,24} be a minimal generating set for for Z? then for all ¢ €
Aut(Z%), the map ¢ cts on each generator z; by sending it to an integer linear combination
of the generators

d
o(z:) =Y myjx;.
j=1

This map defines an integer matrix M € Z9*¢, where the (i, )-th entry m;; is the coeffi-
cient of z; in ¢(z;).
We define a map
é: Aut(2?) — GL(d,Z)

by sending each automorphism ¢ to its associated matrix M under this construction, and
S0

mi1 o Mid
M =
md1 -+ Mdd
This is a well defined as ¢ is an automorphism, so {¢(x1),...,¢(x4)} is a minimal gener-

ating set, implying det(¢(p)) = £1.
For any M € GL(d,Z), define a map p by

d
M(J}z) = Zmi,j Zj.
J=1

Since det(M) = =£1, then p is a bijective homomorphism, and so p € Aut(Z%). Thus, set
= ¢ and for all M € GL(d,Z) there exists ¢ € Allt(Zd), and ¢ is surjective.
As ¢ is injective by construction, it follows that ¢ is an isomorphism. O

Definition 7.13. Let N = (z1,...,x4) be a free abelian group of rank d and ¢ € Aut(V)
be automorphism defined by the map

T R
The natural isomorphism ¢: Aut(N) — GL(d, Z) is defined by the map

€11 - Cld

Qo
Cd1 *°° Cdd

as in the above proof.
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7.3 Equation to Integer Matrices

Example 7.14. Let N = (x1,x2) be a free abelian group of rank 2, and ¢ € Aut(N) be
described by

3

r1 > 2223
To > T1X5.

Then natural isomorphism produces the following matrix M € GL(2,Z)

d(p) =M = (? ;)

F )66 €3)0)-6)

We now extend Definition 4.11 on the commuted normal form of a system of equations
to twisted system of equations.

Definition 7.15 (Commuting twisted equations when N is abelian). Let N be an abelian
group, u be an twisted equation with variables X = { X7, Xl_l, oo, X, X1} and a list of
automorphisms ® = {©o, ..., pn}, of the form u = vc where v € (& x X)* and ¢ € N is a
single constant. Define the commuted normal form of u as the word

CNF(u) = (o, X1)*0t -+ (0, Xpn)*on
(3017 Xl)al’l to (9017 Xn)al’n

(Spkn Xl)ak,l e (@k‘? Xn)ak,nc
where «o; j = |u\(%,Xj) - \u|(%’Xj_1) for i € [0,k],j € [1,n].

Similarly to Lemma 4.12, the following lemma is immediate from the commuting prop-
erty of abelian groups.

Lemma 7.16. Let N be an abelian group, and let (u;)ic1,m) be a system of twisted equa-
tions in N, where each u; consists of variables X = {Xl,Xfl, ooy X, X1}, automorph-
isms ® = {po,...,pr} and a single constant. Then o: (& x X) — N is a solution to
(wi)ic,m) if and only if o is a solution to (CNF(u;))ie[1,m)-

We now provide a method to convert a system of twisted equations over an abelian
group N into a list of integer matrix elements and vice versa. The integer matrix elements
correspond to the inputs for the matrix problems which will be defined after. This is a
generalisation of Definitions 4.14 and 4.15

Definition 7.17 (System of equations to matrix system). Let

o d,t,l,m,k €Z

o N={(x1,...,24) € FreeAb

o & = {po,01,...,0k} a list of finite order automorphisms on N, where g is the
trivial automorphism

o X={X1, X7 X, X7 Y={V, Y7 Y Y

e v; € (P x (XUY))* be a twisted equation without constants for ¢ € [1,m]

o ¢, € N with¢; = xl{“ o -xzi"i for i € [1,m]

. (Ui)[l,m] be a system of twisted equations in IV, where each equation is of the form
U; = ViC4.
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7 Generalised Virtually Abelian Targets

Let n =t + ¢, for each ¢ € [1,m] and p € [0, k], the commuted normal form (Defini-
tion 7.15)

CNF(ui) — (@07 Xl)ci,l,o ... (900, Xt)ci,t,o (‘POa YI)Ci,t+1,O o (8007 Ye)cz',n,o
(¢17X1)Ci,1,1 . (Spla Xt)ci,t,l(spl’ Yl)ci,t+1,1 . (901’ Ye)ci,n,l

(0, Xﬁc’“”“ wo e (Pry X))otk (g, Y1) Stk o (g, Yo) ik ¢;

where

Cligp) = |Ui’(<pp,xj) - \Uz‘\(%,Xf) for je|[l,t]
and

Clijp) = |vi|(@p,Yj) - |vi|((pp73,j_1) for je€[t+1,t+/]

Define TwistedEqnMat(d, ¢, £, (u;)[1,m] (¢i)[1,m], ®) to be the tuple
({Ao, ..., Ax}, {Mo, ..., My}, B,0)

with 4; € Z2"<t+0 ) M; € GLgin(d,Z), and B € Z™*% where M; is attained using the

natural isomorphism ¢: Aut(N) — GL(d,Z) as per Definition 7.13 for i € [0,k], so we
have

M; = ¢(pi)
and
Ci1:; --- Clpi big -+ big
Cm,1i -+ Cmmnyi bm,l te bm,d

Definition 7.18 (Matrices to system of equations). Given ¢ € Z, matrices Ay, ..., Ax €
Zm*n Mo =T € Z9%4 M ..., My, € GLgin(d, Z) and B € Z™%4, where

a1 o Al big - big

m,1,i " Ommn, bm,l bm,d

define GLMatEqn({ Ay, ..., Ax}, {My,..., My}, B,¢) to be the tuple

(da n—4{4, (ui)[l,m]a (ci)[l,m]v <I>)

where (u;)[1,m] is a system of twisted equations with variables

{X17X1_17 s 7an€7X_1 Y17}/1_17 s 71/57}/(_1}

n—~e°

a list of finite order automorphisms constructed via the natural isomorphism (Defini-
tion 7.13)

O = {¢ (My),...,¢o (M)} = {0, ., ox}

and so g is the trivial automorphism over a free abelian group N = (x1,...,z4) of rank
d, where each u; is of the form
Ui = ViCy,
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7.3 Equation to Integer Matrices

where t = n — ¢, and has the form

v = (900’ Xl)ai,l,o ... (9007 Xt)ai,t,o (@0» Yl)ai,t+1,0 A (800> Yg)az‘,n,o
(9017 Xl)ai,l,l S (801; Xt)ai,t,l (9017 Yl)ai,t+1,1 e (9017 Y'g)ai,n,l

(Saka Xl)ai,l,k ce (Soka Xt)az',t,k (Soka Yl)ai,t-H,k ce (Soka Ye)ai,n,k

and )
b, .
¢ =z, -z; " €N.

The following is immediate from the definitions.

Lemma 7.19. Let X = {X1, X7 ', ..., X, X; 'Y and Y = {3, Y7 1, ...V, Y 1), Let H
be an N by Q extension where N = Z% and Q is finite, with extension data (0, fs). The
following computations can be achieved in polynomial time:
1. On input finite sets X, Y,R C (X U Y U X1 U Y H* compute
PresEqnC(7, X, Y, R, 0, fs).
2. Let ® = 0 or. On input d,t,{ € Z, a system of equations (ui)[lm] where each
u; = vic;, and v; € (¢ x (XUY))* is a twisted equation without constants, and
G = xi”’” ---:cg(i’d), compute TwistedEqnMat(d, ¢, €, (w;)[1 ), (€i)1,m]> @)
3. On input Ag,..., A € Z™", My,...,My € GLgin(d,Z) where My = I € 74%¢,
B e 2™ and { € 7, compute GLMatEqn({Ao, ..., A}, {My, ..., M}, B, 0).

Lemma 7.20. Let
e d,t,l,m,k €L
o N =(x1,...,24) € FreeAb
o {po, 01,0k =@ < Aut(N) is a list of finite order automorphisms on N, where
o s the trivial automorphism and ® is a subgroup
o X={X, X7 X, X7, Y={, Y7L Y, Y )
o v; € (P x (XUY))* be a twisted equation without constants for i € [1,m]
e ¢ €N with ¢; = xlf’l : --xgi’d fori e [1,m]
o (wi),m) be a system of twisted equations in N, where each equation is of the form
Ui = V€.
The following are equivalent
o TwistedEquationSubspan returns ‘Yes’ on input N and a system of twisted equations
(ui)[l,m];
e MatrixSubspanC returns ‘Yes’ on input

({Ao, .., Ag}, {Mo, ..., My}, B, £) = TwistedEqnMat(d, ¢, £, () [1,m] (i) [1,m)> ®)-

Proof. Let
CNF () = (o, X1) 10 -+ (ip0, Xg) 4 (10, Y1) - (g, Ye) 0
(8017 Xl)(li,l,l . (901’ Xt)ai,t,l (901’ Yl)ai,f,+1,1 ... (9017 }/z)ai,n,l

(ka, Xl)ai,l,k . (‘Pka Xt)ai,t,k ((70]% Y'l)ai,t-&-l,k . (<Pka n)ai,n,k G

for ¢ € [1, m] where

a(i’j’p) = ’ui|(<,0p,Xj) — |ui|(§0p7Xj_1) fOl" j € [1,t],p c [O, kf]

Aijp) = ]ui|(¢p,yj) - ]ui\(%’yj_l) for je[t+1,n],pe|0,k].
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7 Generalised Virtually Abelian Targets

Let ¢: N — GL(d,Z) be defined as in Definition 7.13 and so the outputs for
TwistedEqnMat(d, ¢, £, (w;)[1,m) (€i)[1,m], ) are

a1p oo Olnp big - big
My, = ¢(op), Ap=1| + . and B =

am717p T amvnvp bm71 e bm7d

for p € [0, k].
Assume TwistedEquationSubspan returns ‘Yes’ on input N and (Uz’)[l,m]- Then there
exists a solution o: (® x (XUY)) — N which we may write as

. c _ . i .
{Xj = a?tead X e (@t )T j el

OXUY - Ct+j,1 Ct+j,d -1 Ct43,1 Ct+j,d\—1 -
Vi o x0T e (2 ) Jj el

for some list of c(; ,) € Z, such that (o(¢o,Y1),...,0(p0,Ys)) = N. By Lemma 7.16, o is
also a solution to (CNF(u;))(1,m)-
Let

i1 - Cid
V= : .. : c Z(t-l—f)xd.
Ct4e,1  C4id
Note that t + ¢ = n, for i € [1,d], let v; € Z*** denote the i-th column of V, and for

i € [1,4] let p; denote the i-th column of (V).
Since o is a solution, we can write in place of the each variable in Eq. (7.6) as

U(CNF(U’L)) == O-(SO()) Xl)ai’l’o e 0-(9007 Xt)ai7t’00-(8007 }ﬁ)ai,t+l,0 o O-(SO()) }/f)ai’n’o
0(901, Xl)ai,l,l .. '0(801, Xt)ai,t,lo-(sol’ Yl)ai,t+1,1 - g((pl’ Yz)ai,na

O’((pk7 Xl)ai,l,k R U(‘Pka Xt)ai,t,ko-((pk7 Yl)ai,t+1,k ce U(‘le n)ai,n,k G

c1.1 Cl.d\a.: Ct40,1 Ctie,d\q;
— Spo(xl L. xdl’ )az,l,O e NN .. ¢0<x1t+ Tl t+£, )al,n,O
C1,1 Cl,d\a; 1.1 Ct4e,1 Ct+e,d\a; n 1
801(1'1 xd )Z,, 801('1"1 :Ed )7,,71,
C1,1 Cl,d\a; Ct40,1 Ctie,d\q; .
(pk(xl xd ) i1,k ... (pk(ml xd ) i,n,k C’L

For ¢, € Aut(N), we can describe this map by

Cj,1 Cj,d a < a
. Js 75 Js Js
for j € [1,¢ +¢], and some ..., ¢}, € Z. Let ¢, Z — Z describe this map, that is
.Gt Cj,d &plcjn) @p(cj,a)
QOP.CCl "'xd ’_>CU1 "‘IL’d

then, continuing the calculations above, we have

_ @o(c1,1) Po(c1,q)) 410 @olciren) Bo(crpe.a)) %m0
o(CNF(w;)) = (ml STy RS 31 el
@1(c1,1) ¢1(c1,q) ) 4511 @1(ceren) @1(cete,a))demt
5i(c 5i(c @i,1,k 5,.(c 51.(c Ain.k
(l-(fk( 1’1) oo xgk( l’d)) .o .o .o (xfk( t+l’1) ... xik( t+é’d)) CZ

98



7.3 Equation to Integer Matrices

Recall that n = ¢t + ¢, from the above equation by collating terms for each x;, i € [1,d|
across each row which is affected by ¢, p € [0, k] we get

Zj:l €j,144,5,0

n P
Z]‘:1 Cj,d%i,5,0

xZ;; f1(ej1)ai g xZ;; @1(¢j,d)ai,j5,1
1 d (7.7)
n ~ n ~
> Prlcin)ai gk > i1 Prlegd)aige b, bi.d
z’ xy’ T exyt =1n
which implies
n n n
D Cistigo T Y Pr(css)aijo + o+ Y Gulcs)aijn + bis =0 (7.8)
Jj=1 Jj=1 Jj=1
for i, € [1,m], s € [1,d].
We now make an observation on the matrices as output Dby
TwistedEqnMat(d, ¢, £, (wi)[1,m)> (¢i)[1,m]> ©)-
Note that My = I, so (MoVT)T, so we begin with Ao((MoVT)T) = AgV
a1,1,0 a1,t0  O1,t4+1,0 a1t44,0 1,1 Cld
AOV — . . . . .
am,1,0 Qmt,0 Am,t+1,0 Ay t4-0,0 Ct40,1 Ct+0,d
t l t l
D Cin iyt Y Corj1 ALt Y Cidaip Y Corjd At
Jj=1 J=1 Jj=1 J=1
t ¢ t ¢
DGt Gmgp + D Crajl Gmtrjp > Cidmgp+ D Crijd mttip
Jj=1 Jj=1 j=1 j=1
n n
Z Cj1a1gp Z Cj,d A1,5,p
Jj=1 Jj=1
= : : (7.9)
n n
Z Cj1Amygp Z Cj,d Am,j,p
j=1 j=1
Recall that M, = ¢(p,) and @, (z7"" - z5?) = xfp(ci’l) e xgp(ci’d), it follows that
€(1,1) C(n,1) @p(ci1) Pp(c1,d)
My| 2o = :
C(1,d) C(n,d) @p(CtM,l) @p(CtM,d)
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We now calculate A,((M,VT)T) for p € [1, k]

Ay (M V)T
alylvp T a17t7p a17t+17p T alat+€7p 6171 T Ct+€}1
= (Mp )
Am,1,p “°° Omitp Ami+lp -~ Omitd+lp Cld " Ct+ed
a1,10 v Q1L0  A141,0 0 G160 Gplc11) -+ Pplera)
Am10 “ Amt0 Gmi+1,0 - Gmitre0) \Pp(Cire1) - Pplceyead)
n n
Y Bpleiaripy - D> Ep(cia)ary
j=1 j=1
_ : - : . (7.10)
n n
Yo Bplci)amgp D Pp(cia)amp

J=1 J=1

Using Eq. (7.8), we note each cell is equal is the i-th row and s-th column of when using
Egs. (7.9) and (7.10)

AV + A MV o A, (M, VDT + B
it follows that
AV + A (M VDT o Ay (M VYT + B =0

Thus, we have shown there exists V' € Z"™% such that Y% 4 A;(M;VT)T) + B = 0.
Equivalently,

o: (®x (XUY)) = N isasolution to (CNF(u;))[1,m]
and <0-(8007Y1)7"'70-(900a}/f)> =N

if and only if
K AMVTT + B=0
and  (o(p0, Y1), ..., 0(p0,Ye)) = N.

Let be the natural isomorphism ¢: N — Z¢ be as defined in Definition 2.42. For each
i € [176]7 we set p; = (ZS(O-(QD();}/Z)) and so

Bloln. YD) = 9(aiT - 2r)
= C(t+i,1)€1 o+ Cipid) €d = Hie (7.11)
Then the previous statement is true if and only if

Yo Ai(MVT)YT + B =0
and
for all h € N, there exists w € (pg x Y)* such that o(w)=h

if and only if
Sk AMVTT + B=0

and
for all z € Z%, there exists w € (g x Y)* such that ¢(o(w)) = 2.
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Write CNF(U}) = (3007 Yl)b1 o ((;0071/1)1767 and so

2= ¢(o(w)) = ¢((00, Y1) - (g0, Y)") = brpua + -+ + bgg. by Eq. (7.11)

Then the previous statement is true if and only if

Zf:o Ai(MZ‘VT)T +B=0
and
span(p, . . ., ) = span((V])") = Z<.

which is true if and only if MatrixSubspanC returns ‘Yes’. 0

Proposition 7.21. EPI(FinPres, VAb) is in NpMatrixSubspanC

Proof. Let G € FinPres be given by a finite presentation (G | R) and H € VAb, given by
an integer d € N encoding N € FreeAb of rank d, a multiplication table for @) € Fin, and
extension data (0, fs).

By Lemma 7.11, we may verify the existence of an epimorphism from G to H by verifying

that

(i) there exists an epimorphism 7: G — H
(ii) for some (@, 7)-presentation (X UY |R) for G, TwistedEquationSubspan returns

‘Yes’ on input N and PresEqnC(7, X, YV, R, 6, fs).

The following procedure solves our problem. On input as above

1.

Guess a set map 7: G — @ and verify it extends to an epimorphism 7: G — Q. If
no such map exists, output ‘No’.

. Construct a (@, 7)-presentation (Y UY | R).
. Construct the system of equations without constants PresEqnC(7, X, ), R, 0, fs), de-

noted (u;)[1,m, with constants (¢;)1 m)-
Set ® = 6(Q), return the solution to MatrixSubspanC on input

({Ao, . ,Ak}, {MO, ceey Mk}, B,?l) = TwistequnMat(d, t, 4, (ui)[l’m], (Ci)[l,m]a D).

The correctness of this algorithm follows from Lemmas 7.11 and 7.20. The time com-
plexity is as follows

1.
2. Constructing a (@, 7)-presentation is in P by Lemma 4.5

3.

4. Constructing TwistedEqnMat(d, ¢, £, (u;) (1 m), (¢i)[1,m], ®) is in P by Lemma 7.19

O.

Verifying in polynomial time that 7 is an epimorphism follows from Lemma 4.1.
constructing PresEqnC(7, X, Y, R, 0, fs) is in P by Lemma 7.19 and Item 1.

and Item 2.
MatrixSubspanC is solved in by an oracle.

The time complexity is as follows

1.

2.
3.
4.

Step (1) is in NP by Lemma 4.1; this is the only non-deterministic step of our
algorithm.

We can construct a (@, 7)-presentation in P by Lemma 4.5, and Zy is immediate.
Constructing PresEqnB(7, X, Y, R,Z, f1) in P is clear from its definition.
Constructing EqnMat(d, (u;)1,m]; (1N)[1,m]) is in P by Lemma 4.16.

Thus, our algorithm is in NP when using an oracle for MatrixSubspanC. O

Proof of Theorem E. The result follows directly from Proposition 7.21. O
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7.4 Future Directions and Open Questions

In this section, we discuss several potential directions for further research arising from the
results and techniques presented in this thesis.

A natural starting point for investigating whether EPI(FinPres, VAb) is decidable is to ex-
amine a related problem. We propose a potentially easier problem, EPI(FinPres, Ab x¢ Fin),
as an intermediary point of investigation. This motivates the following matrix problem,
and we assert the claim following it without proof.

Problem: MatrixSubspanD

Input: A tuple ({Ao, ..., Ar}, {Mo,..., My}, ¢) where A; € Z™*" My =1 €
734 and M; € GLFin(d, Z) for i € [1,k], d,¢ € N with £ € [0,n — 1].
Question: Do there exist integer m-vectors wvi,...,vqy and the matrix V =
(1)1 vd) e 7% such that YF A, (M;VT)T) = 0, and

span((V|)T) = 747
Claim 7.22. If MatrixSubspanD is decidable, then EPI(FinPres, Ab xg Fin) is decidable.

Remark 7.23 (Proof sketch). The argument follows the proof of Theorem E with one
modification. Since the target is a split extension H = N Xy ), we may choose a trans-
versal map s: Q — H whose associated 2-cocycle satisfies fs(p,q) = 1y for all p,q € Q.
Consequently
o applying PresEqnC to a (Q, 7)-presentation of G and the extension data (6, fs) pro-
duces a system of twisted equations for TwistedEquationSubspan with trivial con-
stants, i.e. ¢; = 1y for all 4; and
e in the construction GLMatEqn(d, ¢, ¢, (wi)[1,ms (€)[1,m)» ®), the matrix B € Zmxd g
built from the exponent vectors of the ¢;, so ¢; = 1y for all ¢ implies B = 0.
Thus MatrixSubspanD is exactly MatrixSubspanC with B = 0, and the remainder of the
reduction proceeds as in Theorem E.

Then it is mnatural to ask the following question, when investigating if
EPI(FinPres, Ab xy Fin) (resp. EPI(FinPres, VAb)) is decidable.

Question 7.24. Is MatrixSubspanD (resp. MatrixSubspanC) decidable?

Section 6.1 investigated epimorphisms onto free groups of finite rank. In light of Re-
marks 6.6 and 6.8, we pose two open questions.

Question 7.25. Is EquationsSubspan decidable on input a system of equations (without
constants) over N when N is a free group of finite rank?

Question 7.26. What is an upper bound for the complexity of computing the rank of a
system of equations (ui>[1,m] without constants over a free group Fj;?

Another interesting direction concerns the complexity of EPI(FinPres, G) for a fixed finite
group GG. As noted in Remark 5.35, we encountered particular difficulty in showing that
nilpotent dihedral groups were NP-hard. In light of this, consider the following questions.

Question 7.27. Assuming P = NP, and letting G be a fixed finite group.
o Is EPI(FinPres, G) in P if and only if G is abelian?
o Is EPI(FinPres, Dg) (the dihedral group of order 8) NP-hard?
e Does the above generalise to finite nilpotent groups? That is, for a nilpotent group
G, is EPI(FinPres, G) NP-hard?
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Finally, we note that the primary emphasis of this thesis has been on varying the target
group, another direction is to vary the domain group. Investigating how the structural
properties of the domain influence the complexity of epimorphism problems, take for
example [18] is interested in restricting the domain group to 3-manifolds.

Overall, this thesis provides a framework for investigating the complexity and decidab-
ility of epimorphism testing. Given the relative lack of attention that the epimorphism
problem has received, there remain several directions for further investigation. The tools
and techniques developed here offer a potential foundation for exploring new decidability
results.
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