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P H Y S I C S

Quantum-enhanced multiparameter sensing in a 
single mode
Christophe H. Valahu1,2,3*, Matthew P. Stafford4,5, Zixin Huang6,7†, Vassili G. Matsos1,2,  
Maverick J. Millican1,2, Teerawat Chalermpusitarak1, Nicolas C. Menicucci8, Joshua Combes9,  
Ben Q. Baragiola8, Ting Rei Tan1,2,3*

Precise measurements underpin scientific and technological advancements. Quantum mechanics provides an av-
enue to enhance precision, but it comes with a restriction: Incompatible observables, such as position and mo-
mentum, cannot be simultaneously measured to arbitrary accuracy as decreed by Heisenberg’s uncertainty 
principle. This restriction can be bypassed by instead measuring commuting modular observables, which are 
counterparts to the naturally incompatible observables. Here, we measure modular observables to estimate small 
changes in position and momentum with a single-mode multiparameter sensor. We deterministically prepare grid 
states in the mechanical motion of a trapped ion and demonstrate uncertainties in position and momentum be-
low the standard quantum limit (SQL). Further, we examine another pair of incompatible observables—number 
and phase. We prepare a different resource—number-phase states—and demonstrate a metrological gain over 
the SQL. These results introduce previously unidentified measurement capabilities unavailable to classical sys-
tems and mark a substantial step in quantum metrology.

INTRODUCTION
Advances in metrology have historically led to breakthroughs in sci-
entific understanding. Galileo’s telescope led to the rejection of the 
geocentric model, while Young’s double-slit experiment established 
the wave properties of light. More recently, gravitational wave detec-
tion (1, 2)—a feat of engineering in precision interferometry—has 
ushered in a new era of astrophysical discoveries. Precision metrol-
ogy also leads to transformative technologies, such as the global po-
sitioning system which harnesses the accuracy of atomic clocks.

The precision of measurements is ultimately limited by quantum 
mechanical noise, and this limit becomes ever more salient as capa-
bilities improve. The standard quantum limit (SQL) applies when 
measurements use only classical resources and methods. Surpassing 
this limit by using quantum resources or measurement strategies is 
known as quantum metrology (3), and it promises to revolutionise 
precision measurements beyond the capability of conventional sen-
sors. For example, the Laser Interferometer Gravitational-Wave 
Observatory uses nonclassical light to reduce the measurement un-
certainty below the SQL (4). Quantum enhancements to sensing 
have also been demonstrated in atomic clocks (5), biological imag-
ing (6, 7), and the search for dark matter (8).

When measuring two or more observables that are incompatible, 
quantum mechanics imposes trade-offs on their uncertainties. This 
is exemplified by Heisenberg’s uncertainty principle: One cannot si-
multaneously reduce the measurement uncertainty of position and 
momentum using a probe composed of a single bosonic mode 
(9, 10). In this context, a mode refers to a single, independent degree 
of freedom described by observables obeying the canonical com-
mutation relations, typically expressed for bosonic modes in terms 
of creation and annihilation operators, 

[
â, â

†
]
= 1 . The limit im-

posed by Heisenberg’s uncertainty principle is typically circumvent-
ed by using multiple entangled modes, the simplest case being a 
two-mode squeezed state (11–16), where enhancements beyond the 
SQL have been demonstrated at the cost of additional quantum re-
sources (17–19).

Alternatively, a single mode can simultaneously reduce the uncer-
tainties of two parameters corresponding to incompatible observables 
with a different trade-off: increased sensitivities at the cost of restric-
tions on parameter ranges. The reduction in range is unimportant 
when the parameters are sufficiently small. The key idea is to measure 
modular variables that are made to commute, circumventing the usu-
al constraint of naturally noncommuting observables imposed by the 
uncertainty principle (20–24). This measurement strategy has been 
theoretically explored for the simultaneous estimations of position 
and momentum using grid states—a subclass of the Gottesman-
Kitaev-Preskill states (21) that have been investigated in the context of 
quantum error correction (25–30). Ideal grid states allow backaction-
evading measurements when sequentially measuring modular posi-
tion and momentum that commute. Beyond position and momentum, 
there exist many pairs of noncommuting variables of metrological 
interest, but simultaneous estimations of them have remained rela-
tively unexplored in the literature.

Here, we demonstrate the simultaneous reduction in uncer-
tainty of two parameters associated with incompatible observables 
by measuring their modular counterparts. Our experiment uses a 
single probe made up of a trapped ion’s vibrational mode. Our work 
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draws on concepts and techniques developed for error-corrected 
quantum information processing—such as logical qubit encodings, 
stabilizer syndrome extractions, and optimal control—and adapts 
them for metrology. We first consider multiparameter displacement 
sensing using grid states and demonstrate a clear metrological gain 
over the SQL. We then perform a quantum phase estimation (QPE) 
algorithm with Bayesian inference and find that an adaptive strategy 
performs better than a nonadaptive strategy. Furthermore, we inves-
tigate simultaneous estimations of number and phase, which do not 
commute. This is achieved by using number-phase (NP) states (31), 
which are the polar counterparts of grid states that were only theo-
retically explored because of no previously known experimental 
scheme to prepare the states. We develop the necessary quantum 
control for operations with these states and demonstrate a metro-
logical gain over the simultaneous SQL of number and phase. In so 
doing, we introduce—and experimentally realize—a resource for 
quantum sensing on which we plan further theoretical and experi-
mental investigations.

RESULTS
We first consider the simultaneous estimation of position, x̂ , and mo-
mentum, p̂ , whose uncertainties follow the uncertainty principle, 
ΔxΔp ≥ ℏ∕2 (see Fig. 1A) (9, 10). This limit is circumvented by in-
stead measuring their modular counterpart, ̂x[2π∕lx] and p̂[2π∕lp

] , where 
q̂[m] = q̂ mod m (see Fig. 1B). Modular position and momentum are 
observables of x̂ and p̂ up to a modulus 2π∕ lx and 2π∕ lp , respectively. 
By setting lx,p = ls =

√
2π , modular position and momentum com-

mute, giving the uncertainty relation Δx̂[2π∕ls]Δp̂[2π∕ls] ≥ 0 . This 

commutation relation was investigated by a signaling-in-time experi-
ment and a violation of the Leggett-Garg inequality (24).

We exploit the compatibility of these observables to simulta-
neously sense small displacements of position and momentum 
below the SQL. To do so, we use grid states, ∣#⟩ , which are simulta-
neous eigenstates of the shift operators Ŝx = e−ils x̂[2π∕ls] = e−ils x̂ and 
Ŝp = e−ils p̂[2π∕ls] = e−ils p̂ . Grid states are periodic in x̂ and p̂ and have 
peaks in phase space located on points of a square lattice of size ls 
(see Fig. 1C). The ideal grid states are unphysical as they have infinite 
energy. We instead consider finite-energy approximations to these 
states, ∣ # ⟩ , given by a weighted superposition of squeezed states pa-
rameterised by Δ , which serves as a measure of quality. Ideal grid 
states are recovered in the limit Δ→ 0 . Physical grid states are used 
for multiparameter sensing in the following way: After an unknown 
displacement, ∣ #̃ϵ ⟩ = eiϵpx̂e−iϵx p̂ ∣ #̃⟩ with displacement parameters 
ϵx , ϵp ∈ ℝ , one can estimate ϵx mod

√
2π and ϵp mod

√
2π by esti-

mating the eigenvalues of Ŝx and Ŝp . Applying these operators gives 
Ŝx ∣ #̃ϵ⟩ ≈ e−i

√
2πϵx ∣ #̃ϵ⟩ and Ŝp ∣ #̃ϵ⟩ ≈ e−i

√
2πϵp ∣ #̃ϵ⟩ , and the displace-

ment parameters are then retrieved by estimating the phases, 
√
2πϵx 

and 
√
2πϵp , imprinted on the sensing state via a QPE algorithm. 

These modular measurements give unambiguous estimations of po-
sition and momentum if it is known a priori that the displacement 
parameters are smaller than 

√
2π . In systems where this is not known, 

the above measurement protocol estimates the remainder of the 
modulus, but the integer part remains unknown.

The circuit to perform multiparameter sensing is depicted in Fig. 1E. 
After preparing the sensing state and undergoing an unknown 
displacement, a sequence of QPE subroutines (blue boxes) is applied in 

A

B

C D

E

Fig. 1. Multiparameter quantum enhanced sensing. (A) The uncertainty in simultaneous position-momentum measurements is bounded by the canonical commuta-
tion relation. (B) Their modular counterparts can instead be made to commute, allowing for estimation of x̂[2π∕lx] and p̂[2π∕lp] with uncertainties simultaneously below the 

SQL, where ls = lx = lp =
√
2π are the modulus lengths. (C) The eigenstates of modular position-momentum are grid states (shown is the Wigner function), which can 

sense displacements in position by ϵx and displacements in momentum by ϵp by measuring commuting operators Ŝx and Ŝp . (D) Physical grid states are prepared in the 
bosonic mode of a trapped ion. An ancilla qubit encoded in the electronic ground state of the ion couples to the bosonic mode via a laser interaction (pink beam), allow-
ing for measurement of position and momentum observables. (E) A QPE circuit is used for multiparameter estimation of ϵx and ϵp . After preparing the sensing state and 
undergoing an unknown displacement, multiple rounds of a QPE subroutine (blue box) are applied, where each round applies conditional Ŝx or Ŝp , which gives one bit of 
phase estimation, mx or mp . Since Ŝx and Ŝp commute, they can be applied alternately Ns times, ideally performing many rounds of backaction-evading measurements.
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an alternating fashion. Each subroutine first applies a conditional mo-
mentum or position operator, CŜx = e−ils σ̂x x̂∕2 or CŜp = e−ils σ̂x p̂∕2 , which 
maps information from the bosonic mode to an ancillary two-level sys-
tem. A measurement of the ancilla then gives a binary measurement 
outcome mx ∈ {0, 1} or mp ∈ {0, 1} , with probability distributions

The visibility parameters ηx =
�
Ŝx+ Ŝ

†

x

�
∕2 = Re

�
χ
�
i
√
π
��

 and 

ηp =
�
Ŝp+ Ŝ

†

p

�
∕2 = Re

�
χ
�
−
√
π
��

 correspond to values of the 
characteristic function on the square lattice (see  Fig.  2A), where 
χ(β) =

⟨
D̂

†
(β)

⟩
 and β ∈ ℂ is the phase space location where the 

characteristic function is sampled. The visibility parameters are 
ηx = ηp = 1 for an ideal grid state with Δ = 0 . The phases θx and θp 
are controllable and are introduced by an ancilla rotation 
(see Fig. 1E). The probability distribution Px and Pp are only depen-
dent on one of the parameters, ϵx or ϵp , respectively. Therefore, each 
measurement outcome can be used to independently retrieve ϵx or ϵp.

Our experiment is performed with a single 171Yb+ ion confined 
in a room temperature macroscopic Paul trap. The sensing states are 
encoded in the vibrational bosonic mode along a radial direction 
with a frequency of ωx = 2π × 1.33MHz . An ancillary qubit is en-
coded in the “atomic clock” state of the hyperfine ground state with 
labels ∣↓⟩ ≡ ∣F = 0,mf = 0⟩ and ∣↑⟩ ≡ ∣F = 1,mf = 0⟩ and is used 
to assist in the preparation of sensing states and measurements; see 
(32–34) for more details on the experimental system.

The coherent control required to prepare the grid states and mea-
sure observables is performed with a laser-driven state-dependent 
force (SDF) that couples the ancillary qubit and the vibrational 
mode (see Materials and Methods). An SDF is enacted by stimulat-
ed Raman transitions from a pair of orthogonal beams derived from 
a 355-nm pulsed laser. The Hamiltonian of the SDF in the interac-
tion frame of both the qubit and the vibrational mode is

The interaction strength Ω is controllable by varying the laser pow-
er, while the phases ϕs(t) and ϕm(t) are tuneable by modulating an 
acousto-optic modulator (AOM) in the path of one of the Raman 
beams. The controlled position and momentum operators are obtained 
by applying ĤSDF for a duration t =

√
π∕Ω . Setting 

(
ϕs,ϕm

)
= (0, 0) 

gives CŜx , while setting 
(
ϕs,ϕm

)
= (π, π∕2) gives CŜp.

Here, the circuit of Fig. 1E is implemented as follows. First, the 
sensing state is prepared by applying ĤSDF(t) with dynamically 
modulated phases ϕs(t) and ϕm(t) . The phase modulation wave-
forms are numerically optimized to prepare grid states with varying 
target squeezing parameters; see (34) and Materials and Methods. 
The waveforms are modeled as piecewise constant functions with 30 

optimizable segments, and the resulting durations are in the range 
of 0.3 to 1.5 ms. We also constrain the numerical optimization such 
that the ancilla returns to the ∣↓⟩ state after applying the pulse and is 
disentangled from the motional mode. Second, the sensing states 
are subjected to a force which displaces the state by D̂

�
1√
2

�
ϵx+ iϵp

��
 . 

In our experiment, this force is controllably injected by applying a 
laser-driven interaction, ĤSDF , for a duration t =

√
2 ∣ ϵx + iϵp ∣ ∕Ω 

with ϕs = 0 and ϕm = −π∕2 − arg
(
ϵx+ iϵp

)
 . The SDF is surrounded 

by pulses that rotate the ancilla in and out of a σ̂x eigenstate, such 
that it remains disentangled from the motion after applying ĤSDF . 
We then perform QPE and retrieve measurement outcomes mx and 
mp by performing ancilla measurements in the σ̂z basis through 
state-dependent fluorescence. Detections of ∣↓⟩ and ∣↑⟩ correspond 
to measurement outcomes of 0 and 1, respectively. Photons scat-
tered from measurement outcomes of 1 decohere the sensing state 
due to their recoil energy; hence, the experiment only proceeds if 

Px

(
mx ∣ ϵx , θx

)
=

1

2

[
1+(−1)mxηxcos

(
ϵxls+θx

)]
(1)

Pp

(
mp ∣ ϵp, θp

)
=

1

2

[
1+(−1)mpηpcos

(
ϵpls+θp

)]
(2)

ĤSDF(t)=
Ω

2

[
σ̂xcosϕs(t)+σ̂ysinϕs(t)

]

×
(
â
†
e−iϕm(t) + âeiϕm(t)

) (3)

A

B

Fig. 2. Metrological gain of grid states for multiparameter displacement sens-
ing. (A) Experimentally reconstructed characteristic function of prepared grid 
states with target parameters Δ of (i) 0.61, (ii) 0.37, and (iii) 0.30. Increasing energy 
results in increased squeezing along position and momentum. Crosses in (iii) show 
points of the characteristic function that correspond to values of the visibility pa-
rameters ηx = Re

�
χ
�
i
√
π
��

 and ηp = Re

�
χ
�
−
√
π
��

 . (B) Multiparameter variance, 

V
(
ϵx
)
+ V

(
ϵp
)
 , of grid states with increasing average phonon number, 

⟨
n̂
⟩

 . Vari-
ances (red circles) are calculated from the classical Fisher information of the experi-
mentally measured probability distributions Px and Pp . The sensing signal is varied 
in the range {ϵx , ϵp } ∈ [0,1.4] . Error bars correspond to one SD calculated from 
quantum projection noise. Red dashed line is the expected multiparameter vari-
ance of the target grid states. The SQL* corresponds to the multiparameter vari-
ance of a coherent state from heterodyne measurement (see the Supplementary 
Materials). The simultaneous lower bound (LB*) plots the minimum uncertainty 
from the quantum Fisher information, 1∕

(
2
⟨
n̂
⟩
+1

)
 (17,  23). Purple dashed line 

corresponds to the multiparameter variance from heterodyne detection, with a 
single-mode squeezed state squeezed in one quadrature and antisqueezed in the 
other. Heterodyne detection is equivalent to double homodyne detection: The 
state is split by a 50:50 beam splitter, with position measured on one output and 
momentum on the other (67).
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the measurement outcome is 0. Measurement outcomes of 1 are 
instead obtained by randomly initialising the ancillary qubit in ∣↓⟩ 
or ∣↑⟩ with equal probability at the beginning of a QPE subroutine. 
We then record an outcome of 0 or 1 if the qubit was initialized in 
∣↓⟩ or ∣↑⟩ , respectively.

In the first experiment, we characterize the metrological gain of 
the grid states by calculating the multiparameter variance. To this 
end, we reconstruct the probability distributions of  Eqs.  1 and  2 
using the QPE circuit of Fig. 1E with varying ϵx and ϵp . For each 
pair {ϵx , ϵp } , we set θx = θp = 0 and perform the QPE circuit M 
times. The probabilities Px

(
mx ∣ ϵx

)
 and Pp

(
mp ∣ ϵp

)
 are calculated 

from the mean of the outcomes mx and mp . Repeating this over a 
range of {ϵx , ϵp } gives two-dimensional probability distributions. 
These are used to compute the 2 × 2 Fisher information matrix 
F , which quantifies the amount of information corresponding to 
{ϵx , ϵp } that is contained in the measurement outcomes. From 
the Fisher information matrix, we compute the 2 × 2 covariance 
matrix, Σ = F

−1 . The multiparameter variance is then bounded 
by minimizing the trace of the covariance matrix over the range 
{ϵx , ϵp } , V

(
ϵx
)
+ V

(
ϵp
)
≥minϵx ,ϵpTr(Σ) (17). This procedure is re-

peated for grid states with different average phonon numbers, 
⟨
n̂
⟩

 , 
with results summarized in Fig. 2. The experiment agrees well with 
theory, where the uncertainty decreases with 

⟨
n̂
⟩

 . This improve-
ment is corroborated by the reconstructed characteristic functions 
of the grid states, whose peaks are more squeezed with larger 

⟨
n̂
⟩

 
(Fig. 2A). The lowest variance is obtained at 

⟨
n̂
⟩
= 3.2 ( Δ = 0.37 ), 

giving a gain of 5.1(5)dB over the simultaneous SQL (here and 
throughout, the terminology SQL* is used to refer to the simulta-
neous SQL for two noncommuting quadrature measurements). We 
observe that the variance does not further decrease for 

⟨
�n
⟩
> 3.2 , 

and we attribute this to dephasing of the motional mode.
In the second experiment, we perform multiparameter displace-

ment sensing with a grid state to find estimates { ϵ̃x , ϵ̃p } of a random 
signal {ϵx , ϵp } . The estimation procedure uses Bayesian inference as 
follows (35). Starting from a prior distribution for {ϵx , ϵp } , the QPE 
circuit of Fig. 1E is performed once with NS = 1 to give two mea-
surement outcomes, mx and mp , whose probability distributions fol-
low Eqs. 1 and 2. A posterior distribution is then calculated from 
both the prior and the new measurement outcomes using Bayes’ 
theorem. We determine { ϵ̃x , ϵ̃p } by maximizing the posterior after 
several measurement iterations where the posterior distribution 
converges.

The results of this Bayesian QPE are plotted in Fig. 3. We mea-
sure the Holevo variance, defined as VH

(
ϵ̃x,p

)
=
(
∣
⟨
eils ϵ̃x,p

⟩
∣
)−2

− 1 
(36), which we average over many randomly sampled signals {ϵx , ϵp } 
and vary the number of measurement repetitions, M. We first per-
form nonadaptive QPE, where the phases of the ancilla rotation at 
the mth iteration are set to θx,m = θp,m = πm∕M . We observe that 
VH

(
ϵ̃p
)
 (purple circles) is larger than VH

(
ϵ̃x
)
 (blue circles), which is 

due to ϵp being measured after ϵx and therefore suffers more deco-
herence. As there are no theoretical restrictions on the ordering of 
the measurement operations, one could alternate between first mea-
suring ϵx or ϵp to balance their variances. The total variance (red 
circles) decreases with M as expected and falls below SQL* at 
M = 128. To further reduce the variance, we perform adaptive QPE 
where the phases θx,m and θp,m are optimized in real-time before 

each mth measurement iteration (37, 38). This protocol maximizes 
the information gained, and we achieve a combined variance 2.6 
(1.1) dB below SQL*. Variances at M < 128 obtained from non-
adaptive QPE are above SQL* due to small-sample size effects, and 
the variance is expected to reach the Cramer-Rao bound as M in-
creases (38).

In a separate experiment, we investigate the potential of further 
leveraging backaction evasion by repeatedly measuring ̂Sx and ̂Sp for 
NS times within a single circuit iteration. We derive the joint proba-
bility distribution with arbitrary NS and find that it can be conve-
niently described by only a few points of the characteristic function 
lying on the lattice. Moreover, effects from backaction due to finite-
energy grid states can be incorporated into the estimation analysis, 
allowing us to straightforwardly perform the same nonadaptive 
Bayesian estimation detailed above. With M  =  32, the combined 
variance is reduced by 1.4dB from NS  =  1 to NS  =  2 (see circuit 
of Fig. 1E). No discernible improvement in metrological gain is ob-
served for NS = 3, which we attribute primarily to the dephasing of 
the sensing state, evidenced by independent measurements of the 
lifetimes of Ŝx and Ŝp (see the Supplementary Materials). The vari-
ance could be further reduced by minimizing backactions using 
finite-energy CŜx and CŜp operators tailored to the physical grid 
states (39, 40). Repeating the experiment in Fig. 2 with finite-energy 
operators gives an improved metrological gain of 6.0(5)dB (see the 
Supplementary Materials).

Moving beyond position-momentum, we investigate simultane-
ous multiparameter estimations of number and phase, which adhere 
to the uncertainty relation ΔnΔϕ ≥ ℏ∕2 , where (Δϕ)2 is the Holevo 

A B

Fig. 3. QPE with grid states. (A) The multiparameter variance of a grid state with 
Δ = 0.41 is measured for increasing measurement repetitions M ∈ [8,128] with 
NS = 1 QPE subroutine repetitions. Estimates ( ̃ϵx , ϵ̃p ) of an unknown displacement 
D̂
��
ϵx + iϵp

�
∕
√
2

�
 are obtained from a QPE algorithm using a nonadaptive routine 

(red circles), where the control phases ( θx ,p ) are predetermined before the experi-
ment. Inset plots the individual variances and shares the same x and y axes as the 
main plot. Dashed line plots SQL*, which is equal to 2∕M . The nonadaptive vari-
ance is below SQL* at M = 128 measurements. The variance is further reduced by 
using an adaptive protocol (black star), where the control phases are optimized in 
real time. (B) Zoom-in examination at M = 128, where adaptive QPE outperforms 
both SQL* and the nonadaptive measurement. Error bars correspond to one SD 
calculated from quantum projection noise.
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phase variance (41). The corresponding sensing states are referred to 
as NP states, ∣⊕ ⟩ . In analogy to grid states, NP states are simultane-
ous eigenstates of two shift operators: the number operator, 
Ŝn = e−ilnn̂ , which is used to estimate shifts in number, and the phase 
operator (31), ̂Sϕ = Ê

−

lϕ
 , which is used to estimate shifts in phase. The 

former is a rotation, and the latter is a phonon-shift operator defined 

as Ê
−

lϕ
=
(
Ê
−
)lϕ

 , where Ê
−
=
∑∞

n=0
∣n⟩ ⟨n + 1 ∣ is the Susskind-

Glogower phase operator, which lowers phonon number by one in 
an unweighted way (independent of the Fock state) (42). Ŝn and Ŝϕ 
commute by setting ln = 2π∕N and lϕ = N , where the positive inte-
ger N can be freely chosen. The resulting ideal and unnormalized 
eigenstates, ∣⊕ ⟩ =∑∞

k=0
∣kN⟩ , are periodic in Fock space with a 

spacing given by N and have a 2π∕N rotational symmetry in phase 
space; see Fig. 4 (A and B). NP states can simultaneously sense a 
continuous rotation and a discrete shift in number: Given an un-
known rotation and phonon shift described by ∣⊕ϵ ⟩ = eiϵϕ�n�E

+

ϵn
∣⊕ ⟩ , 

the parameters ϵn and ϵϕ can be estimated from the eigenvalues of Ŝn 
and Ŝϕ , respectively. Applying the number and phase operators re-
sults in �Sn ∣⊕ϵ ⟩ = e−iϵnln ∣⊕ϵ ⟩ and �Sϕ ∣⊕ϵ ⟩ = e−iϵϕ lϕ ∣⊕ϵ ⟩ , allowing 
one to estimate ϵn mod N and ϵϕ mod 2π∕N.

Experiments with NP states follow the general structure shown 
in Fig. 1E by replacing the sensing states and associated measure-
ment operators. We apply numerically optimized phase-modulated 
ĤSDF to create finite-energy NP states, ∣ �⊕⟩ , which are made physical 
by applying a sinusoidal damping envelope with a finite cutoff to the 
Fock state probability distribution of idealised NP states . We verify 
the prepared NP states by reconstructing the characteristic func-
tions and find good agreement with theory; see Fig. 4 (B and C) and 
the Supplementary Materials for the data.

QPE routines for NP states are analogously performed by first ap-
plying a conditional number or phase operator and then measuring 
the ancilla. The conditional operations are implemented by driving 
“blue-sideband” (BSB) interactions (details in the Supplementary 
Materials) described by the Hamiltonian

where k = 1 (k = 2) gives the first (second) order interaction. A con-
ditional number operator, CŜn = e−ilnσ̂z n̂∕2 , is obtained by setting 
ϕb,k = 0 and δb,k ≫ Ωb,k , where ϕb,k , δb,k , and Ωb,k are the phase, de-
tuning, and Rabi rate of the interaction. A weaker second-order inter-
action with Ωb,2 ≪ Ωb,1 is applied to counter-act parasitic interactions 
from the first-order field that would otherwise introduce errors.

The controlled phase operator, CŜϕ , is implemented by alternate-
ly applying Ĥb,1 and a qubit rotation (43). We set Ĥb,2 = 0 and 
δb,1 = 0 , and ϕb,1(t) is dynamically modulated with a numerically 
optimized waveform such that applying Ĥb,1 enacts the transition 
∣↓ , n⟩ → ∣ ↑ , n + 1⟩ with coupling strength independent of n. Ap-
plying a σ̂x π-pulse then returns the qubit to its original state, 
∣ ↑ , n + 1⟩ → ∣ ↓ , n + 1⟩ . A single iteration of BSB-σx sequence gives 
a Susskind-Glogower phase operator conditioned on the ancilla 
(42): The ∣↓⟩ state results in an upward shift operator, ∣↓⟩ ⟨↓ ∣ Ê+

 , 
while the ∣↑⟩ state results in a downward shift operator, ∣↑⟩ ⟨↑ ∣ Ê−

 . The 
overall CŜϕ operator is then implemented by applying the BSB-σx 

sequence lϕ ∕2 times, giving CŜϕ =∣↓⟩ ⟨↓ ∣ Ê+

lϕ∕2
+ ∣↑⟩ ⟨↑ ∣ Ê−

lϕ∕2
 . 

Applying Ê
−

 to states in ∣n = 0⟩ causes unwanted rotations of the 
ancilla, which we avoid by using NP states with Fock state popula-
tions that are shifted by Ê

+

lϕ∕2
.

Ĥb,k =
Ωb,k

2
σ̂
+
(
â
†
)k

e−iδb,kt e−iϕb,k + h. c. (4)

A

B C

D

Fig. 4. Metrological gain of NP states for multiparameter number and phase 
sensing. (A and B) Theoretical Fock distribution and characteristic function of a NP 
state with spacing N = 4, Fock cutoff F = 18, and offset of 2 (lowest occupied Fock state 
is ∣n = 2 ⟩ ). The energy of this state is constrained by damping the Fock coefficients 
with a sine envelope (gray dotted line), giving 

⟨
n̂
⟩
= 10 . The NP state has exact rota-

tional phase-space symmetry of ln = 2π∕4 and approximate translational Fock sym-
metry of lϕ = 4 , making it an exact eigenstate of Ŝn and an approximate eigenstate of 
Ŝϕ . This spacing in phase and number can be used to simultaneously sense small un-
known rotations by ϵϕ in phase space and shifts by ϵn in Fock space. (C) Experimentally 
reconstructed characteristic function of the above NP state. (D) The variances of num-
ber and phase are obtained from the classical Fisher information extracted from re-
constructed probability distributions. Red dashed line is the expected multiparameter 
variance of the target NP state. Insets (i and ii) plot the individual variances for number 
and phase, with SQLn = 2

⟨
n̂
⟩
+ 1 and SQLϕ =

(
2
⟨
n̂
⟩)−1

+ 3

(
8
⟨
n̂
⟩2

)−1

 , which cor-
respond to a coherent state subjected to heterodyne measurements (see the Supple-
mentary Materials). SQL* is the sum of SQL for number and phase after rescaling by (
2
⟨
n̂
⟩)−1 and 2

⟨
n̂
⟩

 , respectively, such that both variances are equal to 1 and SQL∗ = 2 
at large ⟨n⟩ . The combined variances (red squares) are the total of V

(
ϵn
)
 and V

(
ϵϕ
)
 after 

appropriately rescaling the covariance matrix. Error bars correspond to one SD calcu-
lated from quantum projection noise.
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The choice of spacing, N, of the target NP state is subject to sev-
eral tradeoffs. First, the theoretical variances of number and phase 
scale with N as V

(
ϵn
)
∝ N2 and V

(
ϵϕ
)
∝ 1∕N2 . Second, increasing 

N reduces the visibility parameter of the phase operator, ηϕ =
⟨
Ê
−

lϕ

⟩
 , 

which quantifies the metrological performance in the QPE algo-
rithm and should ideally be 1. In contrast, the visibility parameter 
associated with the number operator is independent of N and is 
ηn = 1 , since NP states are exact eigenstates of Ŝn . Third, the choice 
of N influences the quality of the experimental implementations of 
number and phase operators. Large N improves the quality of the 
controlled number operator, as the target phase parametrized by ln 
becomes smaller, thereby reducing higher-order terms and enabling 
shorter pulse duration. However, large N degrades the quality of the 
controlled phase operator, requiring more applications of carrier 
and BSB pulses which lengthens the duration of the control. Overall, 
we empirically find that N = 4 strikes a good balance, offering a fa-
vorable metrological gain in both number and phase while ensuring 
a sufficiently high quality of experimental controls.

The metrological gain of the NP states is characterized in a simi-
lar manner as grid states using the QPE circuit of Fig. 1E with the 
following changes. After preparation, the NP state is subjected to 
phonon shifts and rotations. The shifts are experimentally imple-
mented by initializing the qubit in the ∣↓⟩ state and repeating Ê

+
 for 

ϵn times. A rotation eiϵϕn̂ is then applied by offsetting the phases of all 
subsequent pulses in software, such that the BSB phase of Ĥb be-
comes ϕb → ϕb + ϵϕ . Measurements of the conditional operators 
require a Hadamard rotation applied to the ancilla before and after 
CŜn and CŜϕ , as the operators act in the σ̂z basis, and the ancillary 
rotations are also performed in the σ̂z basis.

The variances of number and phase, V
(
ϵϕ
)
 and V

(
ϵn
)
 , are plotted 

in  Fig.  4D for increasing 
⟨
n̂
⟩

 . We first observe that V
(
ϵϕ
)
 (blue 

squares) decreases up to 
⟨
n̂
⟩
= 6 , where it follows the SQL which 

scales with 1∕
⟨
n̂
⟩

 . The variance V
(
ϵn
)
 (purple squares) remains sig-

nificantly below its SQL, which scales as 
⟨
n̂
⟩

 . We also observe that 
the variance V

(
ϵn
)
 is much lower than its respective SQL compared 

to V
(
ϵϕ
)
 ; this is expected, since the experimentally prepared NP 

states are only approximate eigenstates of the phase operator but are 
exact eigenstates of the number operator. We further investigate the 
metrological gain for simultaneous estimation of number and phase 
by summing their variances, after rescaling V

(
ϵϕ
)
 and V

(
ϵn
)
 such 

that their respective SQLs are equal to 1 (Fig.  4D). The smallest 
combined variance is obtained for 

⟨
n̂
⟩
= 6 , giving a gain of 3.1(9)dB 

over the simultaneous SQL.

DISCUSSION
In summary, we demonstrated multiparameter sensing of incom-
patible observables using a single mode with estimated parameter 
uncertainties simultaneously reduced below the SQL. This was 
achieved by a backaction-evading measurement scheme combined 
with a versatile, high-fidelity quantum control protocol that allows 
the preparation of highly nonclassical states tailored for measuring 
small displacements. We prepared grid states and NP states to si-
multaneously measure position-momentum and NP, respectively. 
We achieved a metrological gain with the grid states of 5.1(5)dB 
over the SQL and a gain of 3.1(9)dB for the NP states. In addition, 
we implemented a multiparameter QPE algorithm to estimate 

changes in the position and momentum caused by random displace-
ments. The combined variance was reduced below the simultaneous 
SQL after a sufficient number of measurements, and the variance 
was further reduced by adaptively varying controllable phases dur-
ing the experiment.

In addition, this work constitutes the first experimental realization 
and control of NP states. A polar decomposition into number and 
phase is a natural representation for devices where intrinsic noise is 
dominated by dephasing, making these states prime candidates for 
novel metrology in the presence of noise. For example, NP states can 
be used in error-corrected quantum metrology, where the precision 
of estimating a parameter is enhanced by protecting against noise in 
the other parameter (44,  45). Beyond quantum metrology, these 
states serve as code states of rotation symmetric codes for error-
corrected quantum information processing (31, 46). Measurements 
of the NP states’ stabilizer lifetimes reveal a strong bias (see the Sup-
plementary Materials), suggesting a favorable QEC performance 
(47, 48). Opportunities exist to enhance the quality of NP states and 
their measurements. First, the required interactions for preparation 
and measurement could potentially be improved through light-atom 
Hamiltonian engineering and optimal control strategies. Second, bet-
ter designs of NP states, such as Fock spacings and envelopes, could 
improve performance in the presence of specific noises in devices.

Looking forward, our multiparameter displacement sensor can 
be used for phase-insensitive force sensing. The adaptive-QPE re-
sults of Fig. 3 give an equivalent phase-insensitive force sensitivity of 
14.3yN∕

√
Hz (1 yN = 1 × 10−24 N), which is comparable to state-of-

the-art sensors that rely on prior phase synchronizations between 
the force and the sensor (see the Supplementary Materials) (49, 50). 
Our scheme is well suited for quantum logic–enabled photon-recoil 
spectroscopy (51, 52) to drive narrow linewidth transitions in mo-
lecular ions (53–55) and highly charged ions (56, 57), which can ben-
efit atomic clocks (58) and the search for new physics (59). Another 
exciting aspect is the further reduction of our force sensitivity by 
several orders of magnitude by increasing the sensing duration and 
using larger ion crystals, which could benefit the search for dark 
matter (50, 60). Our demonstration is also compatible with photonic-
linked trapped-ion devices (61), providing an exciting prospect to use 
an entangled network of sensors to perform long-baseline quantum-
enhanced sensing (62).

MATERIALS AND METHODS
Experimental control toolbox
The experiments in this work use a combination of red-sideband 
(RSB) and BSB interactions. These are obtained from stimulated Ra-
man transitions with a 355-nm pulsed laser. A bichromatic field 
with a frequency difference of ω0 − ωm + δr or ω0 + ωm + δb gives 
an RSB or a BSB interaction, respectively, where ω0 is the qubit fre-
quency and ωm is the motional frequency. The frequencies δr and δb 
are the detunings from the RSB and BSB interactions, respectively. 
In an interaction picture with respect to the ion’s spin and motion, 
and after several rotating wave approximations, the RSB and BSB 
Hamiltonians are (63)

Ĥr =
Ωr

2
σ̂
+
âe−iδreiϕr + h. c. (5)
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where σ̂+ =∣↑⟩ ⟨↓ ∣ is the Pauli raising operator, ϕr and ϕb are con-
trollable RSB and BSB phases. An SDF is obtained by simultane-
ously applying Ĥr and Ĥb with δr = δb = 0 and Ω = Ωr = Ωb , which 
results in

where σ̂ϕs
=
[
σ̂xcos

(
ϕs

)
+σ̂ysin

(
ϕs

)]
 , ϕs =

(
ϕr+ϕb

)
∕2 is a phase 

associated with the spin, and ϕm =
(
ϕr−ϕb

)
∕2 is a phase associat-

ed with the motion. Applying ĤSDF for a duration t gives a displace-
ment conditioned on the state of the spin, D̂

(
σ̂ϕs

α
)
 , whose operation 

can be written as

where ∣±⟩ are the eigenstates of σ̂ϕs
 and α = −iΩte−iϕm ∕2 . The mag-

nitude of the displacement, ∣α∣ , is set by varying the duration t for a 
given Rabi frequency, Ω . The phase of the displacement, arg(α) , is set 
by the motional phase, ϕm , which can be controlled by adjusting the 
phase of the radio-frequency driving the AOM in the path of the 
Raman beam.

Preparing sensing states
The sensing states in this work are prepared via optimal control by 
applying ĤSDF of Eq. 7 with dynamically modulated phases ϕs(t) and 
ϕm(t) (34). The modulation waveforms are obtained through a nu-
merical optimization procedure using Q-CTRL’s graph-based opti-
mizer (Boulder Opal) (64, 65). The numerical optimizer minimizes 
the cost function

where   is a fidelity, T is the duration of the pulse, and Tmax is 
the maximum allowed duration. In this way, the duration of the 
pulse is minimized, while the convergence criterion ϵ ensures 
that 1 −  ≲ ϵ . We define the fidelity as the overlap between the gen-
erated state and the target state ∣ψt ⟩ (see the Supplementary Materi-
als for definitions of the grid and NP states),  =∣ ⟨↓,ψ

t
∣ Û ∣ ↓, 0⟩ ∣2 ,  

with Û = exp
[
− i ∫ T

0
dtĤSDF(t)

]
.

The phase modulations of ϕs(t) and ϕm(t) are represented as a 
piece-wise constant signal with Nopt optimizable segments. We add 
several constraints to the segments to avoid signal line distortions from 
the finite-bandwidth of the AOMs. First, the slew rate ∣ ϕi+1 − ϕi ∣ < SR 
limits the maximum difference of the values of two consecutive seg-
ments. Second, the optimizable segments are filtered with a sinc filter, 
and Nseg segments are resampled from the filtered signal. We set 
Nopt = 50 ( Nopt = 30 ) for the grid states (NP states), and resample 
Nseg = 150 segments for all states. The slew rate is set to SR = 1.5 , and 
the cutoff frequency of the sinc filter is fc × T = 2π × 15.

Dephasing in the motional degrees of freedom
The two common sources of decoherence in the motional modes of 
trapped ions are heating and dephasing [see (63) for a detailed dis-
cussion]. In our experiment, we measure a heating rate of 0.2 
phonons/s (66), which is negligible given the typical duration of an 
experiment. The dominant source of noise is therefore motional de-
phasing, which we describe in greater detail below.

Motional dephasing, modeled by the noisy Hamiltonian term 
ν(t)â

†
â with stochastic ν(t) , describes random fluctuations of the 

motional mode’s frequency. In trapped ions, these fluctuations arise 
from noise in the confining potential which, for radial modes of mo-
tion, originates from noise in the amplitude of the trapping radio 
frequency signal due to thermal fluctuations in the resonator and 
electronic noise in the controller hardware. In our setup, the ampli-
tude of the trapping RF voltage is actively stabilized by a closed-loop 
feedback circuit. The amplitude is first measured from the RF signal 
that is capacitively coupled to opposing blades that are radially sym-
metric with respect to the ion. The amplitude is then stabilized by a 
custom-built analog PID, whose output regulates a variable voltage 
attenuator in the path of the RF trapping voltage connected to the 
trap. With this, we measure a motional coherence time of T∗

2
≈ 50ms 

from a Ramsey sequence between Fock states ∣0⟩ and ∣1⟩ (34). In-
creasing the coherence time is ongoing work, with potential hard-
ware improvements including better thermal stabilization and lower 
electronic noise.

Supplementary Materials
This PDF file includes:
Supplementary Materials and Methods
Supplementary Text
Tables S1 and S2
Figs. S1 to S16
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