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Superconducting qubits in the millions: The potential and limitations of
modularity
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The development of fault-tolerant quantum computers (FTQCs) is receiving increasing attention within
the quantum computing community. Like conventional digital computers, FTQCs, which utilize error cor-
rection and millions of physical qubits, have the potential to address some of humanity’s grand challenges.
However, accurate estimates of the tangible scale of future FTQCs, based on transparent assumptions, are
uncommon. How many physical qubits are necessary to solve a practical problem intractable for classical
hardware? What costs arise from distributing quantum computation across multiple machines? This paper
presents an architectural model of a potential FTQC based on superconducting qubits, divided into discrete
modules and interconnected via coherent links. We employ a resource-estimation framework and software
tool to assess the physical resources required to execute specific quantum algorithms compiled into their
graph-state form and arranged onto a modular superconducting hardware architecture. Our tool can predict
the size, power consumption, and execution time of these algorithms based on explicit assumptions about
the physical layout, thermal load, and modular connectivity of the system. We assess the resources needed
for quantum computation examples that serve as building blocks of proposed applications, quantifying the

architectural bottlenecks and trade-offs that remain to be addressed to deliver utility.
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I. INTRODUCTION

Recent studies suggest that future idealized FTQCs
with (1-10) x 10% physical qubits can address classi-
cally intractable problems in integer factoring [1] and
molecular chemistry [2,3], completing their assigned tasks
in a matter of days. At the same time, the size, con-
nectivity, and fidelity of today’s noisy physical-qubit
devices are continuously improving, and now support
some of the fundamental building blocks of fault tolerance
[4-6]. These emerging platforms employ quantum error-
correction (QEC) codes [6—13] to reduce logical errors

*Contact author: nsaadatmand@rigetti.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOL

2331-7019/26/25(6)/064038(35)

064038-1

at the cost of additional resources: more space, meaning
physical qubits, and more time needed to operate the code.
The complexity of fault-tolerant (FT) algorithms,
including Shor’s factoring [14], quantum signal process-
ing [15] (QSP), and ground-state energy estimation [16],
is well understood. However, research on the magnitude
and scaling of the physical resources required to execute
such computations is limited. Furthermore, the overhead
and space-time resource requirements for physical hard-
ware are even less well understood and depend on platform
and microarchitecture choices. Scaling tangible resources
such as energy, space, and time, based on specific assump-
tions about a potential machine, is crucial for evaluating
the feasibility of methods for developing FTQC.
Fault-tolerant resource-estimation tools currently exist,
but are restricted to using the “7T-counting” method [10,17—
20] only. These footprint-style estimation tools synthesize
the logical circuit into Clifford+T gates (or other univer-
sal gate sets), rescale the space-time volume according to
the desired level of parallelization, and derive physical
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space-time quantities based on the T count and circuit
depth, along with assumptions regarding 7" distillation
and hardware timescales. This methodology lacks targeted
estimates specific to quantum processing unit (QPU) lay-
outs, provides insufficient estimates for surface-code dis-
tance, and may overestimate the upper limits of space-time
resources.

Here, we present a transparent FT architectural model
for square-lattice superconducting-qubit systems that uses
the surface code [7,10,21—23]. This model supports the
essential elements of FTQC: logical Clifford gates via
lattice-surgery-based approaches [10,24—27], magic or 7-
state distillation (MSD) [9,10,28] for non-Clifford gates,
and queuing and routing of specific resources. We also
establish explicit assumptions about the size of a single
module and the penalties for executing an FT algorithm
that exceeds its capacity, allowing us to quantify the impact
of coherently distributing a quantum computation.

We also present application-specific resource estimates
for the proposed FT superconducting-qubit architecture.
These estimates are derived from a graph-state method
detailed in Sec. IIA. This framework aims to assist
the design and feasibility assessment of next-generation
FTQCs while quantifying the trade-offs associated with
hardware implementations. We also discuss an accompa-
nying open-source software called Rigetti Resource Esti-
mations [29] (RRE), which we used to generate all the
results presented in Sec. IV for a selection of test algo-
rithms outlined in Sec. I1I. We will explore potential future
work in Sec. V and provide a conclusion in Sec. VI.

II. A PRIMER FOR ALGORITHM EXECUTION,
ARCHITECTURE DESIGNS, AND RESOURCE
ESTIMATION ON FTQCs

The execution of algorithms on an FTQC fundamen-
tally differs from merely executing the gates of a quantum
circuit in the order in which they appear. By definition,
FTQCs depend on the underlying QEC scheme they
use (see, e.g., Refs. [6,7,9,10,12,13]). FTQCs employ
noisy physical qubits, encoded within an error-correction
scheme, to create logical qubits with exponentially sup-
pressed error rates.

The error-correcting scheme we consider here is the sur-
face code [7,10,21,22], implemented on square arrays of
physical qubits. In an array, physical qubits are catego-
rized as data or ancilla qubits, with each ancilla qubit
coupled to four data qubits and vice versa. Physical ancilla
qubits enable repeated composite parity measurements on
their four neighboring data qubits in the form X} X;X3Xy
or Z1Z,7Z37Z,. These composite parity measurements are
performed by entangling the physical data qubits with the
ancilla via controlled-NOT (CNOT) gates and measuring the
ancilla in either the Pauli X or Z basis. Physical errors
on the physical qubits in these arrays result in patterns of

bit flips among the parity measurements, known as syn-
dromes. Tracking the outcomes of the parity measurements
and the resulting error syndromes, and mapping them to
the most probable error event, is known as decoding. In
practice, corrections can be applied after decoding through
judicious syndrome tracking and software corrections after
running the algorithm (potentially incurring time delays
due to decoder latency).

One price we pay for this encoding is that the result-
ing logical qubits can perform only a limited set of FT
operations; specifically, the Clifford set. At least one non-
Clifford operation must be engineered into the FTQC to
achieve universality and execute arbitrary algorithms fault
tolerantly. We consider the 7' gates (a 7 /4R, rotation) as
the non-Clifford operations choice in this paper. However,
forcing an error-correcting code to produce an operation
outside its native subspace (such as a T gate) involves
significant overhead, necessitating the dedication of sub-
stantial portions of the FTQC to MSD or, more recently,
cultivation [9,10,28] to produce T gates.

Due to the constraints imposed by the error-correcting
code, we ultimately decompose the algorithm into a
sequence of Clifford + 7T gates. This separation of func-
tional operations leads to a specialization of the fundamen-
tal architecture: certain sections of the FTQC are dedicated
solely to performing the original logical Clifford operations
through multi-product (-qubit) Pauli measurement opera-
tions or MPPOs—a process based on the lattice surgery
[10,24-27]. For example, MPPOs can be understood as
applying n-body controlled-Z (Cz) gates and single-qubit
Clifford gates to the quantum state, thereby leading to a
formalism that we later explore. Additionally, there are
designated areas for generating and queuing 7 states pro-
duced via MSD. Our proposed logical layout for this
operational model is presented schematically in Fig. 1.

We adapt this logical-operation model and the fixed yet
extensible microarchitecture of Fig. 1 to a physical layout
of superconducting qubits with square-lattice connectiv-
ity. We estimate the execution of selected algorithms on
this architecture. To this end, we generate schedules of
quantum operations using a graph-state-based approach,
as proposed in Refs. [30-37] and further refined below.
This approach yields several abstractions that facilitate dis-
tributing the algorithm across fixed hardware. Specifically,
we can manipulate graphs or subgraphs to tailor the overall
execution of the algorithm within an FTQC composed of
distinct yet interconnected modules.

One can implement the original quantum algorithm
using the algorithm-specific graph (ASG) formalism
[32,38,39] and associated schedules of operations [33,
34], which apply only logical measurements and classical
feedforward. The ASG formalism is a resource-efficient
variant of the measurement-based quantum comput-
ing (MBQC) framework [35,40]. MBQC is particularly
appealing for distributed FTQC because it requires only an
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FIG. 1. (a) Fault-tolerant algorithm execution involves segmenting the application into logical Clifford and non-Clifford portions.
Clifford operations are performed using a set of measurements on logical memory qubits, facilitated by auxiliary buses. Because
measurement outcomes are probabilistic, classical feedback and feedforward are incorporated into operation schedules. Non-Clifford
portions are implemented using 7 states distilled by 7 factories. (b) This results in our proposed logical microarchitecture, detailed in
Sec. I C. The architecture includes graph preparation, consumption, local T factories, and 7-state and Bell-state queuing, with some
parallelization. We arrange logical qubits on a square lattice of rotated surface-code patches of distance d made of physical qubits. A
left portion of the module is allocated for the logical memory (blue tiles). It also contains an “auxiliary bus” of logical auxiliary qubits
needed for graph preparation, consumption, 7, and Bell-state routing. Yellow tiles represent the auxiliary bus, followed by a lighter-
yellow “auxiliary+ bus” required for routing. To its left, a separate bus is designated for continuous queuing of T states distilled in an
array of T factories on the opposite side of the module (teal tiles)}—see also parameters 6 and 8 of Appendix A. This architecture can
be distributed across multiple modules, provided that they are coherently connected via the auxiliary bus and each module consumes
local T states.

algorithm-specific resource, such as the graph states and
measurements on logical qubits. We will explore and uti-
lize a specific form of MBQC as outlined in Ref. [32] for
compilation purposes. We prepare the graph-state resource
using lattice-surgery-based processes to entangle logical
qubits in a memory register, facilitated by a single bus
of logical auxiliary qubits. Due to the probabilistic nature

of quantum measurements, we must track the set of mea-
surement results classically using a process called Pauli
frame tracking [33,41—43]. Next, we move locally distilled
T states, through patch deformations [10,24], to the reg-
ister of logical memory qubits to apply the non-Clifford
portion in conjunction with the Pauli frame corrections of
the algorithm. Finally, we apply any corrections flagged
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by syndromes tracked by the decoder, resulting from phys-
ical errors in the hardware. We present a mathematical
description of the ASG formalism in Sec. II A.

We need to arrange the elements of the graph-state-
based algorithm execution across physical components at
scale. In large-scale classical computations, there are lim-
its to the amount of computation that can be performed on
a single processor within a given time frame. These lim-
its stem from the processing power that can be integrated
into a single chip, ultimately constrained by physical limits
and manufacturing yields. Consequently, computations are
often distributed across multiple processors and machines.
This distribution incurs penalties, such as higher latency or
reduced bandwidth, but it enables greater overall compu-
tational power. We can draw an analogy with distributed
FTQC, which involves a network of interconnected com-
pute modules. Manufacturing yields limit the quantum
computing power of each module. These operational (ther-
mal) and manufacturing constraints restrict the number of
physical qubits that can be incorporated into a single QPU
housed within a refrigeration module. This has prompted
us to propose a logical macroarchitecture composed of
several modules, as described in Sec. 11 B.

In contrast to the flexible connectivity and relatively
slow speeds between compute modules, QPUs based
on superconducting qubits offer fixed connectivity and
faster gate speeds. In Sec. IIC, we describe the hard-
ware microarchitecture, explain how it can be customized
to accommodate specific hardware constraints, and pro-
vide a physical rationale for fixing the number of physical
qubits in a single compute module to be around one mil-
lion. We propose sparsely and coherently interconnecting
the modules, which may result in reduced fidelity, lower
bandwidth, or slower entangling gate speeds. We will refer
to the “coherent interconnect” between modules with the
surface-code distance of d as a single “pipe.” We will
abstract the transduction efficiency as an interaction time,
characterized by the “intermodule tock,” and quantify how
this time impacts the overall run-time of the algorithm. We
assume that the pipes share identical noise characteristics
and code distance with the rest of FTQC.

We present our compilation and estimation methodol-
ogy for RRE, based on user inputs, in Sec. [l D 7. Further
details on the RRE output glossary, our circuit decompo-
sition strategy, and the verification of RRE outputs are
provided separately in Appendices A, B, and C, respec-
tively.

Setting aside the technical details of our proposed
logical layouts, it is important to note that the fixed
intramodule microarchitecture in Fig. 1 and the intermod-
ule macroarchitecture in Sec. Il B were not tailored to any
specific application. Instead, we adapted the overall archi-
tecture to the strengths and limitations of our supercon-
ducting hardware and the graph-state-based algorithm exe-
cution. We will then evaluate its performance on selected

applications. In Fig. 1, the bilinear pattern in the memory
and auxiliary buses arises from the ease of scheduling the
full FT algorithm using graph states. T factories are kept
local to modules and connected via another bus primar-
ily because practical algorithms require a large number of
T operations, and coherent interconnects are slow for 7'
teleportations. However, we assume that coherent inter-
connects are effective for less frequent Bell-state-based
teleportation of the graph state. This is why we propose
the distributed macroarchitecture described in Sec. II B; the
graph state would not fit into a single module for practi-
cal algorithms. Future design improvements could include
alternative memory and bus structures, such as city-style
patch layouts and more efficient distinct QEC codes for
memories, to reduce reliance on many coherent intercon-
nects, which may be more suitable for certain applications,
as suggested by our results in Sec. V.

A. Mathematical description of the graph-state
formalism

A mathematical graph, denoted by G, is defined by its
vertices and edges. Given a graph, G, the associated quan-
tum (Clifford) state, called a graph state, is constructed by
assigning each vertex in G to a logical qubit initialized to
|+) and each edge in G to an entangling CZ operation that
links the logical qubits at the corresponding vertices. We
often refer to the logical qubit associated with a vertex as a
“node” and use “graph” and “graph state” interchangeably
for brevity. The nodes undergo non-Pauli-basis measure-
ments corresponding to the non-Clifford gates of the orig-
inal circuit and some X -basis measurements to facilitate
teleporting unknown inputs into the graph state [32].

The ASG formalism provides measurement schedules
for two main stages to fully execute the FT algorithm: one
schedule details the preparation of the graph through lattice
surgery [corresponding to the original nontrivial Cliffords,
first stage, in Fig. 1(top)] and another outlines the neces-
sary single-qubit measurements in non-Clifford bases [cor-
responding to the original non-Cliffords, second stage, in
Fig. 1(top)]. We also need to track Pauli frame corrections
in the software. We denote the nested set of stabilizer-
measurement schedules that “prepare” the graph in the first
stage as Sg* and refer to it as the preparation schedule for
the graph state. Sgrep specifies how to initialize G, the graph
state, based on the original entangling operations and other
step-by-step requirements [34,44]. Conversely, we denote
the nested set of non-Clifford measurement schedules that
“consume” the graph state in the second stage as Sg
and refer to it as the consumption schedule. S5 spec-
ifies how to perform logical Rz(6)-basis measurements
(for arbitrary non-Clifford angle 6) relevant to executing
the original non-Cliffords [33,45,46]. Both schedules con-
sist of subsets or subschedules that specify the order of
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measurements, with each subset containing the nodes des-
ignated for simultaneous measurements [32,44,45]. Fur-
thermore, the essential stages of MSD, routing 7T states,
and decoding can occur at either stage or be postponed,
depending on the requirements.

At a high level, the ASG formalism requires the FT
algorithm to be ingested as single- and two-qubit gates.
We employ a straightforward method for decomposing,
compiling, and executing the algorithm, segmenting it
into equal-width recurring subcircuits along the time axis.
These subcircuits are called “widgets,” have their own
(sub)graphs, and reconstruct the original algorithm when
“stitched” together (see also Sec. IID7). We refer to
this decomposition process as “widgetization,” detailed
in Appendix B. We will examine the graph properties of
these widgets and the scheduling process for preparing and
consuming them on the proposed hardware architecture.

B. High-level macroarchitecture for modular
graph-state processing

We consider a macroarchitectural model that, at its core,
uses superconducting qubits on square lattices and the log-
ical layout shown in Fig. 1(bottom). This enables us to
estimate the resources required to execute the FT algorithm
and understand the associated trade-offs. To this end, we
consider a physical layout for FTQC consisting of sets of
rotated surface-code patches, which are tiled together to
create all intramodule components. For example, a group
of patches forms a graph-state memory register, while
others are designated for the 7T-transfer bus. We assume
that each patch contains 2d*> physical qubits. Although
the rotated surface code requires only 2d> — 1 physical
qubits [10,21-23], we adopt a physical size of 24? for all
patches to streamline our approximate scaling calculations,
ignoring nondominant spatial terms and tiling details.

Executing the quantum algorithm based on the ASG for-
malism and time-direction widgetization inherently yields
a macroarchitecture that partitions the hardware into sets
of modules that execute widgets in an interleaved fash-
ion. The question is how to lay out modules and assign
them to potentially interleaving operations. In steady state,
the execution of the quantum algorithm comprises three
main steps: (1) preparation or creation of the graph, which
initializes a quantum state using the original nontrivial
Clifford and entangling operations; (2) consumption of the
graph, which executes the original non-Cliffords; and (3)
following every consumption step, the handover of the
graph through Bell-pair teleportations or by stitching out-
put nodes from the preceding widget to the input nodes of
the current widget.

Step 2 for the current widget and step 1 for the wid-
get can occur concurrently during graph-state processing.
This interleaved execution structure enables us to explore
a degree of parallelism in a distributed FTQC. We propose

distributing the interleaving preparation and consumption
steps across two physically distinct sets of modules posi-
tioned along the two legs of a ladder structure. Telepor-
tation may be used to mediate graph-processing operations
spanning multiple modules, but these should be minimized
in scheduling. The graph-processing cycle is streamlined
because each set of modules alternates between only
preparing or consuming the graph at each step. In con-
trast, the other sets of modules do the opposite on the
adjacent widget, as illustrated in Fig. 2. During all prepa-
ration and consumption steps, the FTQC performs MSD
within the modules and fills a dedicated 7-transfer bus as
required. The timescales for T-state distillation and inter-
module operations are typically one order of magnitude
worse than those for other surface-code operations, includ-
ing graph preparations, so MSD remains local to individual
modules to improve computation speed. Only the con-
sumption stage requires the FTQC to apply the 7 states;
since graph preparations and MSD are performed indepen-
dently, we need to account for possible preparation, MSD,
and other delays in the consumption stage of each widget.
For the consumption steps, some graph-state nodes require
a single T-basis measurement, while others require multi-
ple T-basis measurements to execute non-Clifford rotations
in the original algorithm. Subsequently, the FTQC tele-
ports the current graph’s output nodes to the input modes
of the newly prepared widget. This cycle continues until
the FTQC processes all widgets in the complete algorithm
(see also Sec. IID 7).

The architecture must be scalable to accommodate algo-
rithms that require more space-time resources than a single
module or time step. Furthermore, MSD is arguably the
most resource-intensive component of a universal FTQC,
and we assume that each module has an equal number
of T factories supplying T states locally. To address both
issues, we propose a ladder-style macroarchitecture illus-
trated in Fig. 3 (see Fig. 1 for the intramodule layout). The
quantum memory register will be shared equally among
all modules on the same ladder leg at any given time.
Here, we can use the faster native connectivity of a lat-
tice of superconducting qubits within a module for graph
consumption and MSD, while reduced connectivity or
slower interactions are used for some graph-preparation
operations and for teleporting the output nodes of graph
states on one leg of the ladder to the input nodes on the
other leg.

We can estimate the time required to execute the system-
wide operations schedule by accounting for all local and
intermodule operations. To account for intermodule oper-
ations, we abstract the characteristics of the teleportation
interaction between modules into a single time, referred to
as the intermodule handover time, and set it to tiper = 1 WS.
We incorporate this characteristic time to measure the cost
of scheduled operations that cross a module boundary and
to estimate the total FT handover time.
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Modules

on Leg A

_________________________________________________
ﬁ

Modules

onlLegB

FIG. 2. The high-level graph-state processing cycle: the algorithm is divided into time-sliced widgets that are interleaved across two
module sets in the time direction. Each set, consisting of three modules in this example, interleaves graph-state preparation with graph-
state consumption. Graph-state preparation consists solely of Clifford operations (blue), while consumption utilizes 7-state resources
(purple). Teleportation moves logical state between module sets, from the output of one graph-state consumption to the input of the
next. Teleportation is also used to facilitate operations that cross module boundaries within the set.

C. Superconducting hardware microarchitecture and
lower-level components

We propose a logical microarchitecture concept (see
Fig. 1) that informs a system-level model, which, at a
minimum, must include the following components:

(1) At its core, a lattice of rotated surface-code physi-
cal qubits, used as logical patches to build the following
distinct subsystems.

(2) A register of logical graph-state or memory qubits
for graph preparation and consumption.

(3) Continuous buses of logical auxiliary qubits that
couple with, connect to, and operate on logical memory
qubits while routing 7 states for graph consumption.

(4) Another continuous bus of logical auxiliary qubits
for queuing and moving 7T states that must maintain a
broad enough connection to the preceding auxiliary qubits
to transfer 7 states to them on demand.

(5) T factories.

(6) Quantum coherent interconnects between modules
to enable connections along the auxiliary bus portions.

Section II highlighted the critical mechanism that exe-
cutes quantum algorithms in the ASG formalism: a series
of non-Clifford rotations and MPPOs on logical graph-
state qubits, supported by auxiliary buses, perform logical
operations. Consequently, this architecture requires cryo-
stat modules to connect solely via the buses of logical
auxiliary qubits. This significantly simplifies the hardware,
as dense long-range connectivity between modules is no

longer necessary. The essential requirement is that the
number of coherent interconnects along the buses must
equal the code distance d; adding additional connections
will enhance overall computation for specific applications.
We will quantify this trade-off in Sec. IV.

Here, we outline the physical specifications of the
system to ensure that the necessary resources to exe-
cute the FT algorithm are available. We start with the
physical-qubit layout. To provide the most relevant esti-
mates for current hardware, we base our projections on
a superconducting-qubit architecture consisting of tunable
transmon qubits coupled via tunable couplers [47]. This
architecture has been implemented with high fidelity by
several groups [48—51]. Here, we lay out the supercon-
ducting transmon qubits in a square lattice, coupled to one
another via tunable couplers. This square lattice directly
corresponds to the surface-code patches, allowing us to
relate physical-qubit numbers to the code distance easily.

To determine the number of physical qubits per mod-
ule and the overall size of the QPU, we must assess the
qubit pitch. In this tunable coupled-transmon architecture,
the unit cell consists of a transmon and two tunable cou-
plers. Accounting for this, each physical qubit requires 3.1
control signals at the chip, allocated to:

(a) 1x qubit control (flux bias for frequency tuning and
rf drive for gates, combined externally to the chip via a
diplexer [52]);

(b) 2x coupler bias lines; and
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Shared Cryoplant
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Module B3

T™Q
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T™MQ
Module A3

1MQ
Module A2

T™MQ
Module A1

T™Q
Module B1

Leg A

Leg B

FIG. 3. The high-level macroarchitecture consists of two sets
of 10%-physical-qubit (IMQ) modules arranged like the legs of a
ladder. Following the example in Fig. 2, each leg contains three
modules, each following the layout of Fig. 1(bottom). Portions
of the algorithm are divided and executed solely within mod-
ules on the same leg, where intramodule interactions with high
connectivity and short gate times dominate. All modules commu-
nicate via width-d “coherent interconnects” (or links) at a lower
rate and with reduced connectivity, used only for graph prepa-
ration (vertical interconnects) and state handover (horizontal
interconnects).

(c) 0.1x rfline for readout resonators shared among ten
qubits for multiplexed dispersive readout [53].

While most QPUs employ perimeter wire bonding for indi-
vidual control lines, several proposals and demonstrations
focus on addressing physical qubits individually using
through-substrate vias (TSVs) [54,55].

By adopting the TSVs method, QPUs require one sig-
nal pin per physical qubit and one per tunable coupler.
Each signal line needs at least one ground line for return
currents. As schematically illustrated in Fig. 4, achieving
a sufficient number of signal and ground connections is
possible if the physical-qubit pitch P, is three times the
via pitch P,. Ultimately, the transmon, coupler, and TSVs
can all be fabricated with a pitch of less than 100 pm.
However, the bottleneck occurs at the input and output:

' v ' I-O Pins
| | ‘ | | | | | Interposer + routing

Qubits, couplers and
resonators

| substrate |

sic_[ ] eND
r==-r-— I

ol |e O e o

Z

Signal pins per qubit = 3.1
1 (qubit control*) +

L 1 1
X | Qubit || ICoupler |

‘e o ei] O @ 2(coupler flux)+
b t- 1/10
: : | Resonator 10X per I-0

Pq \Onzj® O @ © Ground is common

o @) o O o *flux and rf combined

with diplexer off-chip

FIG. 4. A schematic layout for the required components to
couple superconducting qubits through tunable couplers in a
surface-code layout. In this example, we demonstrate the essen-
tial components: qubits, readout resonators, tunable couplers, and
I-O pins. Each physical qubit and coupler requires a single con-
trol line, their respective ground connections, and an additional rf
line for multiplexed readout shared among ten qubits. This limits
the physical-qubit pitch to match that of the signal lines. A qubit-
to-qubit pitch at three times the signal-line pitch has sufficient
I-O pins to accommodate this.

each signal must interface with the wiring and, eventu-
ally, with the control electronics. Any significant fan-out
near the physical-qubit chip would be costly; therefore, we
assume a compliant joint to establish a reusable intercon-
nect with a printed circuit board. With this assumption,
a P, =333 pum interposer would result in a P, = 1 mm.
This leads to a physical qubit density of 10° qubits per m?
assumed in our architectural model.

Fabricating a single device containing hundreds of thou-
sands or even millions of physical qubits may seem
unrealistic by today’s standards, but we can assess
where the fundamental limitations lie. Most features in a
superconducting-qubit circuit extend beyond the micron
scale, where existing processes for flat-panel displays
can easily handle critical dimensions. Consequently, the
distributed and lumped-element microwave circuitry and
TSVs could likely be produced on substrates at the m?
scale. However, the most fundamental component of the
superconducting transmon qubit is the Josephson junc-
tion (JJ) [56], which is often defined using electron-beam
lithography [57]. In this context, yield and manufacturing
precision are crucial for frequency targeting and other fac-
tors. While recent advances have improved the tunability
of JJs, leading to more scalable manufacturing methods
[58,59], adapting an appropriate JJ fabrication process at
the m? scale may prove unattainable.

In contrast, tiling superconducting dies on a single
monolithic carrier is feasible, necessitating the execution
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FIG. 5.
refers to “interchip coupler.”

of high-fidelity two-qubit gates across the interface
between adjacent physical-qubit dies. This concept has
been demonstrated in Ref. [5], where a functionally similar
tunable coupler [60], commonly used in high-performing
superconducting transmon qubit systems, can bridge the
gap between chips. Based on this, we develop our archi-
tectural model on physical-qubit chips tiled on a common
carrier, featuring native fourfold connectivity across the
entire carrier Fig. 5. While other yield concerns exist with
multichip modules, as noted in Ref. [61], we assume that
dies are prescreened and defect free in this paper.

1. Decoder and noise modeling

To conduct physically grounded device-specific
resource estimates, we have developed an error-scaling
pipeline that integrates the effects of decoding and the
noise properties of superconducting systems. This pipeline
converts a device-level noise model into the physical-to-
logical error scaling law used in our resource counts. As
part of our pipeline, we selected the square planar iISWAP
surface code [21] as implemented by the MIDOUT pack-
age [62]. To generate input noise models for the QEC
simulations, we create physical-device-inspired two-qubit
correlated noise models for our iISWAP gates. We then apply
the resulting terms in a Pauli error model to simulate
the noise process in a standard Clifford tableau simulator,
STIM [63]. For simplicity in this initial work flow, we use
a minimum-weight perfect matching (MWPM) decoder
implemented in the PyMatching software package [64].

We assume a power-law physical-to-logical error scal-
ing law for a single cycle of the surface code [7,65]:

(d+1)/2
PCZK( d ) : (1)
Pthresh

Physical-qubit chips are tiled on a carrier. Tunable couplers manage two-qubit gates on physical qubits within the chip. ICC

where pc¢ is the per-cycle logical error rate and p denotes
the homogeneous, mean, or dominant physical error rate.
Kk and pyesy are fitting parameters. As part of our MWPM
decoder simulations and device-noise modeling, we sweep
through d values for one- and two-qubit error channels,
which leads to pc[MWPM] ~ 0.009 (p/0.016)“@*D/2 je.
k[MWPM] = 0.009 and pyesi[MWPM] = 0.016. The
scaling coefficients, although consistent with familiar val-
ues for surface codes, are illustrative and depend on the
chosen simulation configuration. The resource estimates
that follow are commensurate with this choice. Though
simplistic, this choice of noise model and decoder has
been made to demonstrate how RRE allows the user to
specify the coefficients appropriate to their device and
decoder—see Appendix D for additional noise model-
ing details leading to the coefficients above, as well as
Sec. V for an alternative approach using distinct scaling
coefficients.

2. Intramodule microarchitecture dimensions

We aim to estimate the overall resources required to
execute the algorithm on the FTQC depicted in Fig. 3,
comprising two sets of modules. To this end, we present
estimates for the spatial dimensions of the intramodule
microarchitecture, which is identical across all modules
and used for all resource estimates, illustrated in Fig. 1.

Each module must manage graph-state preparation, con-
sumption, local MSD, 7, and Bell-state routing. Within
each module, the FTQC executes the algorithm based on
the ASG formalism through intra- and intermodule oper-
ations on a wrapped logical memory register (blue tiles),
mediated by continuous combs of logical auxiliary qubits
(yellow and light-yellow tiles in Fig. 1). The blue quan-
tum memory chain is part of the complete memory register
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shared among all nfrfor;ilzis modules on the same leg of the

macroarchitecture. At any moment, auxiliary bus portions
on the same leg can communicate through d-wide coherent
interconnects. The yellow auxiliary bus mediates logical
measurements from the schedules on most of the blue logi-
cal memory qubits. In contrast, the light-yellow auxiliary+
bus performs the same task on the otherwise inaccessible
corner memory tiles and routes the Bell pairs required for
the graph handover. We assign two connected auxiliary
and supplementary buses to simplify resource-scaling cal-
culations, maintain symmetry in intramodule patterns, and
highlight their roles; these auxiliary bus elements are other-
wise identical. More efficient configurations may exist for
embedding intramodule components, depending on prob-
lem requirements—Fig. 1 has been selected solely for its
simplicity and scalability.

The quantum memory register across all modules on
the same leg has a logical size of 7jggical, totaling 271ggical
patches for the macroarchitecture. Modules have a desig-
nated area comprising at least 2[7jogical /P leg ] patches

for the blue memory register and yellow aur;(l)iifé% bus por-
tions. We allocate one complete column and one connected
tile to the auxiliary+ bus (/eqge + 1 patches on the far left
side in Fig. 1), then assign the memory register and aux-
iliary bus portions to one complete edge of an individual
module. The memory register and auxiliary bus portions
form a symmetric bilinear comb pattern repeated through-
out the modules. The bilinear pattern occupies as much

space as necessary to support graph-state processing on

[M1ogical/ nnfodules—| memory nodes following the schedules.
The last module structures, which may require fewer active
patches for the memory register and auxiliary bus portions,
remain unchanged for consistency.
The FTQC performs MPPOs of 59

prep
surements of chonsump on the blue logical memory qubits
via the yellow and light-yellow bus patches. Therefore, the
buses must be connected and continuous, and they must
have clear access to memory patches as required by the
schedules. The bilinear memory register and auxiliary bus
pattern must be at least three tiles wide to support its comb-
like pattern, enabling complete graph-state processing. The
logical width of the bilinear pattern per module (in the
direction perpendicular to the boundaries of the bilinear
pattern and the T-transfer bus) is given by

;’logical
nmodules
per-leg

2 Lledge J + 1

and T-basis mea-

Igpus = max 3 )

The unallocated space, the blank patches in Fig. 1, is not
explicitly assigned but can still serve as additional buses
for O(1) operations.

Depending on the required accuracy for the complete FT
algorithm and other architectural configurations, we select
N7 factories COpies of a suitable T factory (also known as a
T distillery, magic state distillery, or distillation widget)
per module for MSD, which generates purified T states at
all steps as needed for consumption operations (see also
Refs. [9,28] and Sec. 11D 7). We place the T factories on
the opposite side of the bilinear pattern. The number of T
factories per module is

logee — 1
ge col
NTfactories = L N7 factories = 1, (3)

|’ w1dth

and each has a physical size Liength X Lyigin- Furthermore,
the number of T factory columns (purple in Fig. 1) in each
module is given by

col _ ledge — lgbus — 1 4
N7 factories — |_ Llength—| —+ ) . ( )

The quantum memory and auxiliary portions also serve
as the endpoint for graph consumption. 7-state telepor-
tations are not permitted between modules, whether they
are on the same or different legs. This means that all 7-
state distillation, movements (as exemplified by arrows
in Fig. 1), and consumption occur locally within a mod-
ule. During a graph-consumption step, the local genera-
tion, queue, and transfer of 7 states continue to support
all 7- and R.-basis measurements on graph-state nodes
corresponding to the subschedule operations. We have
introduced a specific midway auxiliary system, called a
T-transfer bus or buffer (teal in Fig. 1), to streamline this
process. Once we allocate the quantum memory and auxil-
iary portions, we can arrange the 7-transfer bus in another
comblike pattern wrapped around T factories to provide
a continuous interface and maximize A7gctories. 1he 7-
transfer bus is responsible for actively queuing the magic
states distilled by nrctories 7' factories, up to its logical

length, given by
col Llength
7 factories \/E d ledge

Llen th
+ | 22| 5)
T factorie \/Ed

The T-transfer bus includes a central buffer area depicted
in Fig. 1. This buffer connects to the auxiliary qubits in
the bilinear pattern along one entire edge of the mod-
ule. In the simplest form of T routing for graph con-
sumption, the architecture ensures that the 7-transfer bus
can concurrently service at most 7' = min(#7 factories» n;‘{)‘ﬁs)
nodes of the auxiliary bus, which is a conservative lower
limit on the number of simultaneous 7 states accessible.
The FTQC moves the queued distilled 7 states to the

ltransfer-bus = (ledge — lgbus —
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required patch of the auxiliary buses, strictly local to
the module, via lattice-surgery-based patch-deformation
operations [10,24], which cost O(1) in the unit of the stan-
dard period of d code cycles, sometimes referred to as
a “tock” [10]. In our FT resource estimates, we assume
that these operations incur no additional temporal costs,
i.e., they can be performed in parallel with other log-
row

ical operations or with negligible delays. Here, ng =

L([ﬁlogical /ng‘e‘;f'l‘égs—‘ +1)/ lqbusj. Note that there can be at

modules
per-leg

ments simultaneously at any given time. Upon allocating
all essential components, there may be none or multiple
partially or fully unallocated columns of logical qubits left
on the right side; Fig. 1 shows a single leftover column as
an example.

most | Aogical /7 nodes requiring 7-basis measure-

3. Computation of thermal resources of hardware

In addition to space-time volume data, including algo-
rithmic execution times, physical space, and logical qubit
counts, RRE can identify the hardware resources required to
execute specific algorithms. These include counts of signal
lines, the functional chip area, and the number of ampli-
fiers, among others. Heat loads are a significant concern
for superconducting qubits operating at millikelvin tem-
peratures. Thus, we also estimate the power consumption,
dissipation, and energy needed to run the FTQC.

Cryogenic energy-consumption calculations for the
proposed architecture are based on per-line thermal
loads. These loads are calculated assuming an all-
superconducting signaling solution with input and output
lines below 4 K, conventional dispersive readout using a
traveling-wave parametric amplifier (TWPA), and high-
electron-mobility transistors (HEMTs). We assume that
each physical qubit requires a microwave line for XY con-
trol and a flux bias line for tuning the qubit frequency. Each
pair of physical qubits includes a tunable coupler [66] that
requires a single flux line, as shown in Fig. 4. Dispersive
readout is expected to read out ten physical qubits multi-
plexed in parallel. Heat loads are currently dominated by
HEMT dissipation and static heat loads, so only those are
considered. Example numbers are provided in RRE based
on estimates from Ref. [67].

The power consumed by the overall system is sensitive
to the efficiency of cooling the FTQC. We scale overall
power consumption using rough estimates for the power
required to operate 4-K cryoplants (single efficiency fac-
tor of 500 kW of power for 500 W of cooling at 4 K)
and dilution refrigerators (single efficiency factor of 1 kW
of power for 1 wW of cooling at 20 mK), as outlined
in the published work [68] and manufacturer specifica-
tions—see also parameter 49 of Appendix A. We anticipate
that these estimates will evolve, as they depend on the
detailed design of the signal chain.

D. Modular graph-state-based compilation and
resource estimations

We assume that the user has a fixed description of their
logical and hardware architecture, represented by a set of
configuration parameters, denoted by {config}. The user
also provides a circuit that implements a unitary operator
U acting on njypy logical qubits of the FT algorithm:

loutput) = Ulinput :=s9 = 0,5, =0, ... s Sippui—1 = 0).

(6)

In practice, U consists of a sequence of quantum instruc-
tions that may include tens of millions of logical gates.
We always start with an all-zero |input) state to simplify
calculations.

One can always transpile the initial circuit to
express it solely in terms of logical Cliffords, T,
7', and arbitrary-angle non-Clifford R; gates, i.e.,
U ({Clifford, 7, 7', R.(6)}). We denote the exact number of
original logical 7 and T* gates, excluding those implic-
itly included within the arbitrary-angle rotations, as nifm.
Moreover, nﬁfit represents the exact number of arbitrary-
angle non-Clifford Rz gates in U, including those implic-
itly in the logical gates (excluding T and 77 operations
counted separately in n!.). We assume FT execution
of U ({Clifford, T, ﬂ,RZ(G)}) using rotated surface-code
patches, as described in Refs. [10,22,23], with a code
distance d. In our approach, the decomposition of non-
Clifford rotations takes place after compilation during the
consumption stages of the graphs (see Fig. 2). This pro-
cess is sometimes referred to as gate synthesis [69,70].
We denote the diamond-norm precision for gate syntheses
as €.

We consider an MBQC framework that uses ASG
compilation for circuit execution. One advantage of this
approach is that it does not require initializing the entire
graph state, G, on FTQC at all times [33,71]. Instead, we
split circuit execution into multiple time steps, each con-
taining a subcircuit or widget with its own (sub)graph. We
identify the parts of the graph state needed at any moment
by constructing three complete schedules by sequentially
adding subschedules across time steps: the preparation
schedule for the widgetized algorithm, labeled as S‘grep.
The consumption schedule for the widgetized algorithm
will be labeled as ngsump. Additionally, a related sched-

ule specifies the measurement bases used by FTQC during

the consumption stage, which we refer to as 9. .

We verify that the widgetized schedules {SY.._, S9

prep> ~ consump?
"’g . . .
Smeas} provide a fglthful representation of the prepara-
tion and consumption of the quantum state G, in accor-
dance with U. This is equivalent to any valid set of
(S5 ep> Sernsump> Smeas) When time-sliced widgetization is

not used. Previous studies [10,32—34,44—46] have shown
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that valid arrangements of such schedules can effectively
prepare [34] and consume [33] the graph, highlight-
ing their connection to its spatial and temporal struc-
ture. Our focus will be on introducing the notation for
{Spgrep’ Sconsump’ Sr%eas}

Sgrep is a time-ordered list of 7y;qgets preparation sub-
schedules, each corresponding to a widget. The FTQC
must follow these subschedules to initialize subgraphs
in several substeps using n-body Cz and single-qubit
Cliffords [32,34,44] that correspond to lattice surgery

MPPOs for X and Z stabilizers [10,24-27]. Specifically,
<Biwidgets—!
Sg'ep {Sgi)epa SRR Sprepdg '

ule may comprise multiple substeps, represented as Sf;’}'ep =
20 LD

{Spreps - - - Sprep I i € {0, ...

S‘gﬁep can contain several nonoverlapping MPPOs [34,44].

The MPPOs within a substep can be executed simultane-

ously using the auxiliary buses.

Similarly, S Consump is a sequence of nyigeers Sets, with
each set serving as the consumption subschedule for a
corresponding widget. To implement the original non-
Cliffords, the FTQC must follow these subschedules,
performing logical arbitrary-angle Rz(6)-basis measure-
ments on the relevant nodes in multiple substeps. In

detail, SY ~gnmdgetsfl}. Each of these

380
consump {Sconsump, s Sconsump
consumption subschedules may contain several substeps,

g0 K0 ,
= {Sf(lmsump; ceey Sf(l)nsump} Vie

k

{0, ..., Nyidgets — 1}. A specific ng;nsump can contain mul-
tiple nonoverlapping measurement lists, as detailed in
[33,46]. Measurements in nonoverlapping lists Within a
substep can be executed simultaneously. Meanwhile, S&,
is a connected sequence that specifies the rotational basis
(T or Rz(9)) required for node measurements across the
corresponding substeps of Sconsump This method distin-
guishes two categories of node measurements during the
consumption stage: those that require 7-basis measure-
ments, consuming a single distilled 7' state, and those
that require Rz(0)-basis measurements, consuming multi-
ple distilled T states following gate synthesis of Rz(0) to a
Clifford+T7 sequence.

The number of nodes in G, called the graph size and
denoted by N, is typically much larger than the number of
input logical qubits, N >> niypy. This is because we always
add logical auxiliary qubits to implement an MBQC of a
given quantum algorithm. Moreover, N is always greater
than 7y [32,46,71]. However, due to the scheduling
requirements above, only a relatively small subset of log-
ical qubits, each representing a graph node, is required
at any given step to execute the unitary operation U. We
denote the maximum number of logical qubits needed at
any step as legogical, i.e., the maximum quantum memory

}. Each preparation subsched-

, Nwidgets — 1}. Furthermore, a

represented as  Sgonsump

required. Typically, ninpu < ﬁlgogical < N [33,46].

One can create distinct graph states with similar
attributes from different input states, but the same U. We
construct G by stitching graphs from each time step for
resource estimations. To admit arbitrary input nodes into
these ASGs, we always initialize all nodes in the all-
zero input state, 0,0,...,0), and then replace the input
nodes with njy,, copies of (|0+) + |1—))®"input - attaching
the appropriate auxiliary nodes. This process allows us to
teleport from the output nodes of one (sub)graph to the
input nodes of another in the consecutive time step [32,46],
which we use to verify and stitch graph states.

To summarize, we can achieve exact resource estimates
for U by providing an MBQC-based set of primitives for
the nonwidgetized algorithm:

Sest(U {conﬁg})

{d &, nmit’ 1n1t’ nlogical’ Sgrep’ chonsump’ Sr?ieas} (7)
In this equation, the required user inputs are explicitly
specified on the left-hand side, whereas the right-hand side
yields the corresponding set of primitives for resource esti-
mations. It becomes extremely challenging to construct
Sest for a practical U containing tens of millions of gates
and considerable circuit depth, whether for resource esti-
mation or hardware execution. Therefore, we proposed a
time-sliced widgetization of U that yields an approximate
resource-estimation set S’est. Below, we will provide a step-
by-step recipe for creating and rigorously verifying Se.

1. RRE software work flow

Our FT resource-estimation tool, RRE [29], has been
extensively developed and used to generate the results pre-
sented in this work. The RRE estimation strategy follows
a work flow that translates a logical circuit into an ASG,
maps it onto the logical layout shown in Fig. 1, and then
assesses the required physical resources. This section pro-
vides a brief overview of the RRE step-by-step work flow,
while detailed explanations of selected steps appear in
subsequent sections:

(1) Widgetized logical circuit and other parameter
inputs. The user provides an FT algorithm, U, as a cus-
tom JSON file, which can contain a single OpenQASM
2.0 circuit or be widgetized into multiple OpenQASM
2.0 subcircuits, crucial for large-scale applications. For
the widgetization strategy that we have employed, see
Sec. IID 2. To estimate resources, in addition to supply-
ing a logical circuit, the user must also set a set of system
architectural parameters, {config}, including physical error
rate, plogical-to-p scaling coefficients (based on decoder and
device models), cycle times, and the desired total failure-
rate budget, paigo-rail- RRE users can select preconfigured
{config} and modify them through an input YAML file.
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(2) Transpilation. RRE parses the OpenQASM 2.0 cir-
cuit(s) and counts the initial 7 gates, ] ., and all arbitrary-
angle rotation gates, nfffit, in the FT algorithm, as needed
for later steps. It replaces any unsupported unitary in the
circuit(s) with exact gate equivalents when the downstream
fault-tolerant compiler does not support it (for details, see
Sec. [1D4).

(3) Graph-state processing and compilation. The
CABALISER software (see Sec. II D 5 and Ref. [46]) is used
to compile the transpiled circuits into ASGs. The graph
objects are cached and reusable. Even if the architec-
ture changes, the portable graph objects can be used to
estimate resource requirements for that algorithm without
reprocessing the graph states.

(4) Substrate  scheduling. The Substrate
Scheduler is called to generate preparation schedules
for ASGs, as detailed in Sec. II D 6 and Ref. [44].

(5) Find the required precision and distance iteratively.
Given pyigo-fail, the graphs, and the preparation schedules,
iterate through a look-up widget table to find ¢, d, and
the optimal 7 factory (with output logical error rate poyt)
that satisfies & < piogical aNd Pout < Plogical. € determines the
length of the Clifford+7 chain, L., for arbitrary angle trans-
formations needed at the final measurement points of the
consumption schedules.

(6) Identify space complexity. RRE determines the total
physical-qubit count to be allocated to the hardware,
physical, Which scales with 7jogical, the maximum node
degree of the graph, our proxy for the number of logical
qubits required. In practice, 7jogicat Will only provide an
upper bound on the required logical qubit count.

(7) Identify time complexity. Given d and the character-
istic timescales set in the architectural configurations of the

system, config, find {£g ", tf(fccf ding pintermoduley

(8) Find full physHW object and hardware times.
RRE uses the tocks, schedules, and other architectural
configurations from config (cryostat sizes, line, coupler,
and power-dissipation details) to identify an FT hard-

ware object, physHW, including the number of couplers,

modules, area, memory, energy usage, etc. physHW fully
identifies all outputs including total FT hardware time,
decoding core numbers, and total power and energy con-
sumption. Hardware execution times are computed from
MPPOs across auxiliary buses for local and intermodule
interactions.

(9) Display results. Tabulate and print resource-
estimation outputs to the console and a CSV file as
requested. All 48 default RRE output parameters are
detailed in Appendix A.

2. Input-circuit widgetization

Due to the large scales involved in a practical input cir-
cuit, a decomposition strategy is essential to avoid memory
bottlenecks on RRE. Luckily, quantum algorithms usually
consist of repeating blocks, making their decomposition
easier.

Our decomposition strategy slices the unitary operator
U along the time direction into 7yigeers Widgets (subcir-
cuits) of fixed width n;np,;. Each widget may have a distinct
emergent depth. Crucially, no entangling gates connect
adjacent subcircuits. We can then execute the complete
algorithm as a sequence of these subcircuits, expressed as
Uu=1, 1--- U Uy, where

Nwidgets —
Ui |state); = |state);,; fori e {0,...,nyidgets — 1}. (8)
Here, |state), = |input) and |state) = |output).

Nwidgets

In a typical quantum algorithm, gmany widgets may
be equivalent and repeated along the time direction. In
such cases, we need to compile only the set of dis-
tinct widgets, e.g., [Uy, Us, . . ., Unwidgets_7]' We use n";idgets
to represent the number of distinct widgets in the set
[Uo, U, ..., U, dgetrl] (njvidgets < Ryidgets). We refer to
this process as circuit widgetization, illustrated in Fig. 6.
We base our choice of widgetization strategy on the cre-
ation of subcircuit dependency graphs. This approach
allows us to compile large circuits into elementary opera-

tions and unitarily recombine compiled widgets, avoiding

Up U U, Uo
- g N N N
U I e 3 H 1=
"1 L ¢ - 1=
0) - | R ] [ ] 1" :Eln'"““‘
K S B e, B o B o - =

J\

AN J

FIG. 6.
U, into ny;ggets time-sliced widgets, represented as U,

widgets — L

The input-circuit decomposition strategy. This visualization demonstrates how we “widgetize” a complete logical algorithm,
-+ U Uy = U. Each widget has the same width, #;npy, but varying depth.
Some widgets may be repeated in the time direction (e.g., U3 = Uy above), allowing us to compile only n

*

widgets distinct subcircuits.
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excessive memory overhead. Compilation is essential for
executing the algorithm and for accurate resource esti-
mates. Additionally, this strategy helps keep the number
of distinct widgets ny, ..., relatively low, facilitates imple-
mentation, and justifies using time slicing with a fixed
ninput- However, this particular widgetization choice is
likely not optimized to minimize space-time costs. We
present further details on our widgetization strategy in

Appendix B.

3. Stitching strategy
Following the widgetization process, we can con-
struct an approximate version of Sey. We propose the
widgetization-based set Ses as a good approximation of Seg
for resource estimations, defined as follows:
S‘est = {d,e,n’ nke 79 S9 89 S9 }

init> "*init> "*logical > ~'prep> ~’consump> ~'meas

~ Dest- (9)
Recall that n! . and ”ﬁzit are the exact counts of explicit
(T, 77} and all arbitrary-angle R, operations in U. In
this widgetization-based estimation procedure, we first
obtain estimation primitives for each widget based on its
(sub)graph. We then obtain the overall circuit resource
estimates as follows:

~G ._ i g
nlogical T rngax(nlogical) ~ nlogical’
1
oG o "’widgets_1 g — QG
Sprep T Ui=0 Sprep - Sprep’ (10)
oG o nwidget571 Qi _ oG
Sconsump T Ui=0 Sccl)nsump = Sconsump’
oG o nwidgets_l Qi _ oG
Smeas i Ui:O Smleas = Smeas'

Here, g; represents the graph state compiled from the ith
widget.

Equation (10) formalizes our stitching strategy and out-
lines the key assumptions underlying our estimates. It iden-
tifies how we combine the individual graphs and schedul-
ing lists to approximate the complete G, as well as Sgrep,
S nsump» and S5, While an FTQC must physically stitch
the widgets (through teleportations) to execute the com-
plete circuit, this is unnecessary for resource estimation.
Consequently, we have reduced the computational cost of
obtaining resource estimates by computing the widgetized
quantities in Eq. (10) through software.

4. Preprocessing the input subcircuits

To prepare for graph compilation, we must parse each
widget and transpile it to include only logical Clifford +
T + Rz(0) gates, using exact gate equivalences. Here, the
6 values represent non-Clifford angles. Later, during the
consumption stage, when we want to perform single-qubit
logical measurements, we need to further decompose each

Rz(6) node into a sequence of Clifford+7 gates through
gate synthesis [69,70].

We perform transpilation to the logical Clifford + 7'+
Rz(0) using RRE. Performing gate synthesis at the end of
the consumption stage enables us to generate, cache, and
reuse the set of subgraphs {go, ..., 8,1} and their
attributes independently of the logical and hardware-level
configurations, {config}.

Once transpilation is complete, the next step is to gen-
erate the unified MBQC-based set of graph states {g} and
schedules {Shrep}, {Stonsump > and {Seas}, and other essen-
tial intermediary lists detailed below, which yields Sest
sufficient for resource estimation of U.

5. CABALISER: Compiling to graphs and consumption
schedules

RRE uses the stabilizer tableau-based FT compiler
CABALISER [46] as a crucial intermediate layer to transform
the set of individual logical widgets, {U}, into correspond-
ing MBQC-based subgraphs, consumption schedules,
“locally simulated” quantum states, and other essential
information. The outputs of CABALISER are locally sim-
ulated quantum states derived from exact calculations.
CABALISER effectively maps an input state |state);_; to
|state) FABAHSER: it applies U;, Pauli corrections, the con-
sumption subschedule, and additional logical operations
(such as Hadamards) to the (i — 1)th graph state to create
a faithful vector representation of the corresponding uni-
versal subgraph at step i. It is guaranteed that |output) =
|state)§:2*;§:iEf. This vector representation helps verify the
unitaritiness of RRE and of the CABALISER outputs for small
Minput. We present a systematic method for verifying the
graphs and schedules produced by RRE, accounting for
widgetization and stitching in Appendix C. For complete
details on scalability and various compilation components
of CABALISER, see Refs. [32,38,46].

For a given individual subcircuit U; that includes only
Clifford + 7 + Rz(6), CABALISER can generate the follow-
ing set of quantities:

CABALISER
—_—

U;({Clifford, T, T", R, (9)})

Sgi 8i

8i 8i
{gi; Sframes’ Sinput’ output> Plogical>

Sg i Sgi

CABALISER }
consump? ~'meas? ‘

|state);

(11)
In this equation, S5, is a set that tracks the required Pauli
corrections (frames) to be applied to measurements at the
end. .Sffnpm and Sf;put represent the sets (or maps) of output
and input nodes in the graph state, respectively. Because
we decompose the entire algorithm in the time direction
with a uniform width that covers all logical qubits, the
number of intermediate input and output nodes remains
the same. nﬁigical denotes the quantum memory needed
to process U;. ngnsump identifies the graph consumption
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schedule for performing individual logical qubit measure-
ments. Sii..s identifies which rotational basis to use for
each measurement during the consumption stage. Finally,
|state){*PAYSER represents the locally simulated quantum
state extracted from the outputs generated up to the ith step.

We repeat the process of Eq. (11) for all n;q, distinct
widgets, providing the user with the information required
for the approximate estimation set in Eq. (9), excluding
the preparation schedules, {S3p}, which we generate using
another tool detailed below.

6. Substrate Scheduler: Generating preparation
schedules

RRE uses the Substrate Scheduler [44] to map the graph
states {g}, computed by Cabiliser in Eq. (11), to a set of
graph-preparation subschedules {Spep}. These preparation
subschedules are optimized for the logical memory register
and auxiliary bus in the superconducting hardware layout
shown in Fig. 1.

For the Substrate Scheduler calculations, we assume
a dual-rail or bilinear quantum memory and auxiliary
bus pattern consisting of linear arrangements of rotated
surface-code logical qubits for storing graphs and mediat-
ing logical measurements on the nodes, as shown in Fig. 1.
The pattern has a fixed size 7jogical := maxg, (n‘lgggical) per
rail. This assumption ensures no memory constraints when
executing the preparation and consumption stages consec-
utively. Although the intramodule microarchitecture used
for resource estimates follows the layout shown in Fig. 1,
the Substrate Scheduler results can still be matched and
used under the assumption of a wrapped-bilinear pattern.
Currently, the Substrate Scheduler identifies an optimal
schedule based on the individual mapping of each g to this
layout. The performance of the Substrate Scheduler could
be enhanced by incorporating additional information about
node types and supporting customized bus architectures,
which we plan to address in future work.

7. Space-time-optimal resource estimation

In this section, we formulate the space-time volume
requirements for graph-state processing parts based on
{config}, S’est, and the architectures presented in Sec. I1C,
with a spatially optimal size of the quantum register
and time-optimal compilation strategies (given the spatial
configurations), creating a “middle-of-the-way" design.

At a macroscopic level, the architecture features a
ladder-style structure with nggfil‘élgs pairs of QPU modules
connecting the legs, as illustrated in Fig. 3. We have based
this design on the assumption that superconducting plat-
forms have a low syndrome extraction cycle and would
benefit from minimizing the physical footprint while inter-
leaving graph preparation and consumption. Consequently,
we always create 7ogical rotated surface-code patches for

the logical memory register shared among all modules on
a leg of the macroarchitecture.

At the intramodule level, we organize each module as
a square grid of logical qubits (patches), the foundational
building blocks for all components. The edge size is deter-

mined bY ledge = | y/ipnys/247 |, where mppys = 1 x 10°
represents the total number of physical qubits available
per module. For simplicity in resource estimates, we have
assumed that each rotated surface-code patch contains 24>
physical qubits.

We have performed a static allocation of intramodular
components, providing sufficient resources for the largest
widgets, as illustrated in Fig. 1. Each module has five
main components, to which we allocate physical qubits.
The unallocated or “wasted” space can still be used for
ancillary operations. The first component is a quantum
register of logical memory (graph-state) qubits. The sec-
ond is a chain of logical auxiliary bus qubits of the same
length, facilitating logical measurements on the memory
qubits, and connects to the third component, i.e., the sup-
plementary bus. The first two components are arranged
in a snakelike bilinear pattern to fully occupy one QPU
edge. The fourth component is the linear 7-transfer bus,
which supplies the auxiliary bus portion with 7 states for
graph consumption. The last components are 7" factories
(for details, see Sec. I1 C2).

The space-time volume of the complete graph cre-
ation on the bilinear pattern before single-qubit logical
measurements is

Vg = 2;llogical]Lprepd: (12)

where Liprep (Sprep) = D qupe Soren Lgup. Here, Ly, is the num-
ber of distinct measurement steps in the preparation sub-
schedule of sub. In other words, L, is the total number of
distinct measurement steps required for the complete graph
preparation.

We use the same T factory, matched from an extended
list of appropriate widgets, across all steps and modules.
We build the extended T factory list using a method pro-
posed by Litinski (see the original table 1 in Ref. [9]).
We consistently assume a homogeneous superconduct-
ing physical error rate of p = 107> for all quantum
operations, which may originate from dominant error
sources—whether from measurements or single- or two-
qubit physical gates. We have sourced the matching wid-
gets from numerical simulations in Ref. [9] and simulated a
larger T factory, summarizing our findings in Table I as an
extended “T factory look-up table.” We recursively search
this table to identify a suitable T factory. Notably, Table |
is part of the user-provided configuration set, {config}, and
can be customized in RRE.

In the “T factory look-up table” (see Table I), the out-
put probability, poy, determines the logical error rate for

064038-14



SUPERCONDUCTING QUBITS IN THE MILLIONS. ..

PHYS. REV. APPLIED 25, 064038 (2026)

TABLE L.
Ref. [9, table 1].

T factory look-up table: Litinski’s T factories that match our superconducting architecture with p = 1073, Extended from

T factory (superconducting) Pout Physical space (Lyidh X Liength) Physical qubits, Q Cycles, C

(15-to-1),775 4.5 x 1078 64 x 72 4620 42.6
-to- X -to- 4 x 107 X

15-t0-1){5 5.5 X (20-t0-4),3 1, 13 1.4 x 10710 387 x 155 43300 130
-to- X -to- .6 x 107 X

15-t0-1)5 5.5 X (20-t0-4),7 135 2.6 x 10711 382 x 142 46 800 157

(15-to-1), < & x (15-to-1) 2.7 x 10712 279 x 117 30700 82.5

11,5,5 25,11,11

(15-t0-1){3 5.5 x (15-t0-1)59 1, 13 33 x 1071 292 x 138 39100 97.5
-to- X -to- D x 107 X

15-t0-1)3; 75 X (15-t0-1)4 17, 4.5 x 10720 426 x 181 73400 128

(15-t0-1)33 9.9 X (15-t0-1)49 19,21 9.0 x 1072 696 x 234 133 842 157.5

the output state by 7 factories and sets an upper limit on
the error rate for any 7 gate implemented using the auxil-
iary qubits. The specifications for the number of physical
qubits, the dimensions of the two-dimensional (2D) patch,
and the number of physical cycle sweeps depend on the
construction of the factory. Our analysis has focused exclu-
sively on selecting 7T factories that produce T states, thus
excluding any entries related to controlled-controlled-Z
(ccz) from the original Ref. [9, table 1].

Next, we must include the resource cost of decomposing
non-Cliffords into Clifford 4+ T (gate synthesis) to consume
graph-state nodes via single-qubit measurements. After
completing a preparation subschedule, at each substep of
the consumption schedule, we use one or more purified T
resources to perform measurements in the desired basis.
The FTQC must move 7 states from T factories to the aux-
iliary bus through patch deformations [10,24] at negligible
time cost O(1). We assume that graph nodes either require
arbitrary-angle R-basis measurements or a single 7-basis
measurement. Measurements involving Rz-axis rotations
are decomposed into sequences of 7 gates (and Cliffords),
with a fixed worst-case length of L, = [¢g log(1/¢) + c1].
We determine this length using the gate-synthesis methods
available to RRE. Here, ¢ refers to the diamond-norm error
for decompositions into Clifford+7 (for further details, see
[69,70]).

Generating each distilled 7' state in the 7' factories
requires C cycles, and we need the d-cycle tock of one fur-
ther surface code to interact with the graph node and mea-
sure it in either the X or Z basis. In this work, we ignore the
time cost of any operation that requires O(1) tocks (idling,
deforming surface-code patches, etc.), assuming that we
can perform them in parallel with other operations dur-
ing substeps at no additional cost or with negligible delay.
Therefore, for each non-Clifford measurement of memory
nodes, assuming an Rz basis as an example, the volume
increases as follows:

2fllogicalerepd i 2Fllogicalerepd

+ (Zﬁlogical + ngle(;fllglgesltransfer—bus) (C + d)Ls
(13)

the second term reflects the fact that both graph node con-
sumption and 7-state distillation occur over a space of
2M1ogical + n;iﬂlégsltransfer_bus. All nodes with distinct mea-
surement basis types, 7' and Rz, must be measured sequen-
tially.

If we assume the worst-case sequential execution, the
upper bound on the full space-time volume becomes

equential ~
Vfotal = 2”logicalerepd
~ se seq
+ (2nlogical + ltransfer-bus) (Ncogsumpd + Ndistillc)'

(14)

We define the total number of sequential 7 states for graph
Ncsggsump = (niflit/n/] + L. ’Vnﬁfit/n/—"
Recall that we have assumed a simplified 7-routing scheme
that allows the auxiliary bus to serve up to n’ simultane-
ous magic states. FTQC can only consume distinct 7 and
Rz nodes in parallel. The number of sequential 7 states to
distill is Ny = [N&/n"], where the total T-state mea-
surements required are defined as N7, :=n %L, +nl..
The quantity nl, is the proxy that we use for T count and
typically becomes larger than Ng. We do not include T fac-
tory space-time volumes, as their errors subsume into the
output probability p., of the distilled state [9, fig. 1]. If the
select widget from Table I has a second (20-to-4) layer (the
second and third widgets), then we must replace n' — 4n’
in all space-time equations.

As detailed in Sec. I1 C 1, a single-cycle step of the sur-
face code (with multiple physical operation layers) has a
failure probability pc that characterizes the relationship
between the physical and logical error rates, as given in
Eq. (1). Consequently, we can express the logical failure
probability of a d-cycle tock as

consumption  as

Plogical = 1 - (1 _PC)d- (15)

The failure rate for a total volume of these d-cycle units,

denoted as VM must satisfy the following condition:

equential
Palgo-fail > 1-a _plogical) total

064038-15



S. N. SAADATMAND et al.

PHYS. REV. APPLIED 285, 064038 (2026)

where pigo-fail TEpresents the overall algorithm failure rate
or error budget for executing the complete circuit U.
This budget encompasses the entire space-time volume
determined by the user within the parameter set {config}.

Assuming pc < 1, we can approximate (1 — p¢)? ~
1 — pcd, leading us to conclude that piog.cen = pcd. Con-
sequently,

Vsequential

Palgo-fail Z 1 — (1 — ped)”total

This equation highlights the relationship between the fail-
ure rates and the characteristic space-time volume for the
complete QEC process.

Subtracting each side of Eq. (16) from 1 and taking the
logarithm of both sides, we obtain

10g (1 = pago-at) S Vil Jog (1 — ped)

< _ Vsequentialpcd. (1 6)

~ total

If we substitute P from Eq. (14) into Eq. (16),

total
the space-time logarithmic inequality to solve can be

expressed as

p d+1)/2
kd ( > (Zﬁlogical]Lprepd + (2ﬁlogical
Pthresh

modules seq seq
+ Mper-leg ltransfer-bus) (Nconsumpd + Ndistillc)> < —Ji,
(17)

where J; = log(1 — paigo-fai). The minimum code distance
required is the smallest integer d that satisfies Eq. (17). The
only free variables are the cycle time of the T factory, i.e.,
C, and e. We have previously extracted Ly, and 7iggical
from the CABALISER and Substrate Scheduler.

To determine C and ¢, we perform nested loops to iterate
through widgets and then compute ¢ of the gate synthesis.
The inner loop feeds back into the Clifford + 7" decompo-
sition, where the failure rate of a d-cycle tock, piogical, sets
the approximation error as &€ < piegical- By selecting a spe-
cific widget, we fix C, which also determines the output
error rate of the distilled state, poy.

In a compiled quantum algorithm, we aim to ensure that
the distilled 7' states have precisely the same error rates
as any other gates in the compiled circuit. A Pauli ini-
tialization or measurement occupies a d-cycle unit in the
space-time volume. Thus, its failure rate is governed by
Eq. (15). This error rate must be dominant. Therefore, the
error output, pout, from the distillation circuit should be less
than the failure rate of this cell. That is, we must ensure
that the distillation output is at least as good as a unit cell
in the space-time volume. Consequently, we first select the
smallest value of C from Table I and solve Eq. (17) for d.
We then verify that, for a physical error rate of p = 1073

and our calculated solution for d, the following holds for
the corresponding poys entry:

Plogical = 1 — (1 _pC)d > Pout- (18)

If this condition is unmet, we must choose a better-
performing 7 factory in the outer loop. We then proceed
to the next entry on the list and repeat until we identify a T
factory that performs at least as well as piogicar-

Once a specific T-factory is selected, the total number of
allocated physical qubits across all modules at any given
time and the total intramodular run-time (including the
first subgraph preparation time at step 0, all consumption
operations, and delays) can be calculated as follows:

Nalloc-phys

~ 2 modules 2
= 4nlogicald + nper-leg (”TfactoriesQ +2d ltransfer-bus)a

ttotal
consump

delay

_ 0 seq delay
= 8fd(Lprep + N, consump) + tdistill + tprep '

(19)

In Eq. (19), ¢t denotes the characteristic gate time,
which sets the quantum tock of the architecture for all
intramodular operations. The factor of 8 arises because,
in our architecture, each surface-code sweep for stabilizer
syndrome extraction circuits requires at most one initial-
ization, two Hadamards, four entangling gates, and one
measurement, all assumed to take time 7 (see, e.g., Ref. 7,
fig. 9]). The temporal cost of initializing the first sub-
graph gy with L) (S9.) is always nonzero and has been
explicitly included. FTQC performs the remaining graph
preparations and 7-state distillation operations in parallel
with consumption operations. Overall delays may accumu-

. delay distill-delay
late across time steps, defined as 75/, = > ; 1, and

(50 = 3 PR hich we detail below.

To execute each consumption subschedule Z, a specific
number of distilled magic states must be present on the 7-
transfer bus of each module. We must introduce a delay if
we require more magic states than were accumulated on
the T-transfer bus during the prior preparation step, i — 1.
The number of T states per module after a preparation
step is

prep
T—per-module N T factories?;
n; = max |_ 8:C J, ltransfer—bus

fori e {0, ooy Ryidgets — 1}. (20)

Here, we have defined the hybrid (intra- and intermodu-
lar) time required to prepare the subgraph for preparation
step ias tg)rep — Sd(]vimtra-comms[ 4 ]\/'icross-modu]etimer)’ where

intra- prep >
]Vim ra-comms __ Zj Lz;ep LLZ /ZkeLE;ep Ldij}a’]t/nlogicalJJ
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for ng‘e‘;ﬂ‘ég’s > 1 is the count of intramodule operations,
while Nicross-module = Zj e ’VZ]CELE;CP Ldﬁn’/?{(/;’logical_]/

Minter-pipes | Tor nfiodees > 1 represents the number of cross-

module operations in the preparation subschedule i (only
in the vertical direction along a ladder leg). We assume
that #;er >> t is the characteristic physical timescale for all
intermodule communications. Moreover, we define dlmdaz as
the maximum distance between any pairs of graph nodes
in the tuple k& of sublist j of preparation subschedule i
(for details, see Ref. [44]), and nipter-pipes 1S the number of
intermodular pipes connecting each pair of modules in the
macroarchitecture.

We can now define the distillation delay for step i €
{0,..., Nyidgets — 2} as

max-seq _nTper-module
>

8ZC ’, consump,i i.
T factories
distill-delay

i . max-seq T per-module
if Lconsump,i i >

0, otherwise,

max-seq ___max—T max—Rz . .
where L oqmpi = 1 + Len; is the maximum

sequential 7 length per module, considering all con-
sumption nodes of step i. We have defined n?“ax’T:
max; (n/;) for i € S, j € {0,...,ng§ﬂ‘;1§5 — 1} as the
maximum number of 7-basis measurement nodes in

all modules specified by measurement subschedule
smess, Similarly, 2™ = max; (n) for i € ™, j €
{0,..., niodues — 1},

Similarly, for step i, an idle delay must be added if
preparation for the next subgraph i + 1 is not yet com-
plete, and this delay runs in parallel across the interleaving
modules in the other leg of the ladder. An upper bound

on the individual time for intramodular node consump-
tion in step i is £ P = 8rd( (n?lax_T /T factories | +
L, (nﬁ“a"_Rz /NTfactories |)- Therefore, the preparation delay
for step i € {0, ..., Nyiggets — 2} becomes

tprep tconsump-intra tdistill—delay

i+l Tl h >
tﬁ)rep—delay _ if i:—elp > t;:onsump-intra + t;iisti]l-delay’

0. otherwise.

Lastly, we need to account for the total time required on
the actual FTQC to stitch the output nodes of the graph
at step i, located along one leg of the ladder, to the input
nodes of the graph at step i + 1, situated along the other leg
of the ladder, for i # nyigeet — 1. We assume that we can
perform the handover process on-the-fly by teleporting log-
ical Bell pairs across the modules in a horizontal direction,
which involves adding logical CNOT or CZ gates (or, for
smaller problems, some equivalent SWAP operations). We
must incur a cost if FTQC needs to teleport graph nodes

vertically within the same leg (which is infeasible in O(1)
operations). Therefore, an upper bound for this quantity
can be expressed as

(;ross—module—[—O

n
total Qs ;
thandover-inter - 8tmterd Z ’7——‘ ,
}

ni _ni
i€{0,....nwidget—2 inter-pipes
@)

where we define the total number of communications
between cryostat modules needed to hand over out-
put nodes of graph i to i+ 1 as pSross-modulelO

i
Z&eSi

segitl M- here, nl - is the number of crossings
output’lE 0,1

input 05!
necessary to hand over node o of graph i to node 7 of graph
i+ 1fori## Pywidget — 1.

Finally, the total FTQC hardware time can be expressed
as

total _ ttotal total total

thardware — ‘intra + thandover-inter + tdecode-delay' (22)

In this equation, tggtj(l)de_delay represents the overall delay

incurred by performing decoding, entirely using classical
methods, across all QEC cycles. We propose a method

to estimate £°°%% in Appendix A, based on generic
decoders.
The following

Algorithm 1.

summarizes the work flow as

ALGORITHM 1. The RRE estimation methodology based on
the fixed logical architectures outlined in Sec. II.

input : Logical quantum algorithm, QuantumCircuit,
input : Look-up table: T' factories (C, @, pout)
output: Total allocated physical qubits,

Nalloc-phys = 4ogicald” +

n{?e‘;'f'lilg“ (PT-tactories@ + 2d%lsanster-bus)
output: Total intra-modular time,

thoten = 8td(Lrep + Necisump) + Lo + toes,

1 {ﬁlogicala Sconsump7 Sprep7 Smeas} =

WIDGETIZER-CABALISER-SCHEDULER (QuantumCircuit);

2 for widget € T factories do
3 if widget is (20-to-4) then
4 | n' —4n;
5 while M. == Fualse do
. Sol J p \@Hn2
olve k (p“‘msh) (2MogicalLprepd +

(270gical + Tlrr,"g-(,ifil;sltmnsfcr4>us)(Ngggsumpd +
Nds?sth)) < —J for the smallest integer, d,
where J = log(1/(1 — Palgo-fail)); p = 107%;

7 Dlog-cell = 1-— (1 — ”(P/Pth;-esh)(d+l)/2)d;
8 M, = Plogical > €;

9 if M. == False then

10 |_ Decrease ¢;

11 ]\/[logical = Plogical > Pout;
12 if Miog-cett == True then
13 | Break loop;
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III. TEST ALGORITHMS

To demonstrate resource estimation using the graph-
state formalism, we have generated circuits for selected
pedagogical quantum algorithms that still target core com-
putational challenges in real-world applications. Resource-
efficient compilation necessarily involves hardware con-
siderations in the synthesis methodology and the empirical
evaluation of alternatives when analytical results are not
readily available. As such, these circuits are then compiled
into FT quantum computing patterns tailored to super-
conducting architectures presented in Sec. II. This section
summarizes the test cases selected for circuit synthesis to
demonstrate our resource-estimation methodology.

A. Quantum Fourier transform

The quantum Fourier transform (QFT) is a common
component of quantum algorithms, including quantum
phase estimation. From the perspective of hardware-
specific resource analysis, QFTs are likely to feature in
application-relevant resource analysis, yet can be scaled
down to a small handful of logical input gates, allow-
ing us to trace and debug compilation work flows
in our tool chain at the level of logical operations.
This makes QFT circuits ideally suited as the first test
cases of our estimation framework. This work analyzes
QFT circuits on njy logical qubits, where njppu =
4,10,25,50,75, 100,250, 500, or 1000.

B. Hamiltonian simulations

Simulation of lattice-based Hamiltonians encompasses a
family of critical applications investigated by researchers
in quantum chemistry and condensed-matter physics.
Moreover, simulating dynamics may be more useful for
smaller hardware systems than methods that evaluate static
properties, such as the ground state.

Hamiltonian simulation consists of evolving an initial
state |) to a state at time ¢, |), according to

ly) = e ), (23)

where H is the Hamiltonian of the system of interest.
We consider the simulation of two families of Hamiltoni-
ans: 2D transverse-Ising models and 2D Fermi-Hubbard
models. Each of these will be described in more detail
below.

1. Transverse-Ising Hamiltonian simulations

The Los Alamos National Laboratory (LANL) has cre-
ated a public repository containing circuit generation and
problem analysis for problems that may be amenable to
quantum computing and are of interest to the scientific
community [72]. Drawing inspiration from their investi-
gation of magnetic lattices, we perform resource estima-
tion for the simulation of a time-invariant transverse-Ising

Hamiltonian,

H=Y"7®2%+01)_ X. (24)
(ik) i

Here, X; and Z; represent the Pauli X and Z operators,
respectively, acting on lattice site i, and the angle brackets
denote lattice sites connected by an edge.

Based on the studies documented by LANL, we have
carried out resource estimates of simulation of the Hamil-
tonian in Eq. (24) for a total time of # = 1 (in the inverse
Hamiltonian units) on a 2D triangular lattice (sometimes
called a 2D hexagonal Bravais lattice) of size N X N,
where N is an integer between 2 and 19.

2. Fermi-Hubbard Hamiltonian simulations

We have also investigated the Fermi-Hubbard sim-
ulation as a core computational capability for solving
problems in room-temperature superconductivity [73].
These problems typically involve studying the ground-
state energy, state configurations, and other observable
system properties, including time-dependent quantities.

The Fermi-Hubbard Hamiltonian we consider is
given by

H=-J Z [c;r’ack,g + clt,acj,(,]
(j.k).o

7
+J Z I:cj’ack,g—l—clt’acj',g]
(k)0

h
+UY nigng, + > D i —njy)
i i

+uY g, (25)
j.o

where the single and double angled brackets denote
all nearest-neighbor and next-nearest-neighbor lattice site
pairs, respectively. cJT’J (¢jo) creation (annihilation) oper-
ators of a spin-o fermion on the jth lattice site where
o € {71, }.J (primed or unprimed) and U capture the mag-
nitudes of the hopping and repulsion energies, respectively.
ko = clgck,(, is the number operator, /. is an external
applied niagnetic field, and w is the chemical potential.

To motivate the specific Fermi-Hubbard simulations for
which we will obtain resource estimates, we have reviewed
the literature to identify configurations of interest to the
community. Broadly speaking, methods for simulating a
Fermi-Hubbard system can be classified as stochastic or
deterministic. As mentioned in Ref. [74], deterministic
methods do not “suffer from numerical issues seen in
stochastic simulations when dealing with systems with
nonzero chemical potential.” Moreover, this instability due
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to the “sign problem” becomes prohibitive for moder-
ate u ~ 0.3. This suggests separating instances into those
with u = 0 and those with u > 0.3. Here, we reference a
few exemplary studies in the literature on stochastic and
deterministic methods.

Some examples of stochastic studies include a study
using auxiliary-field quantum Monte Carlo (AFQMC) to
estimate ground states on lattice sizes of 4 x 4 to 16 x
16, U/J = 4,8, and J' = 0. [75]. In addition, Ref. [76]
has used determinant quantum Monte Carlo (DQMC)
to study doped ground-state estimation using U/J = 6,
J'/J = —0.25, and lattice sizes of 8 x 8, 12 x 8, 12 x
12, 16 x 8. In contrast, examples of deterministic stud-
ies include work on numerical linked-cluster expansions
[77]. In this study, researchers selected random repulsion
strengths from an uncertainty “box” about Up. Simulations
were for a periodic 10 x 10 lattice with Uy/J =8, J' =
0. Other researchers have used projected density-matrix
embedding (PDME) to perform a 2D Fermi-Hubbard study
with U/J =2,4,6,8, J' =0 on a 40 x 40 lattice [78].
Finally, in Ref. [74], the authors use projected entangled-
pair states (PEPSs) with a bond dimension of D = 10, and
claim that accuracy increases with D. Most of their results
are from a 3 x 4 honeycomb lattice with U/J € [0, 6] and
J’ = 0. Still, the authors have been able to calculate the
ground state via imaginary time evolution on a 15 x 15
bipartite honeycomb lattice.

Of note is that in Ref. [74] it has been determined that
the time required to run these studies on a CPU varies
as fcpy X LiL, 2x>D*d? + x*D*d? + x?D*d*), where x
is the truncated bond dimension and d is the prob-
lem dimension. Memory is scaled as 2x2D*d*Myym +
2N x2D*dMpym. The authors have empirically found that
x = 3D is sufficiently accurate for their studies, with an
error of about 1%. These estimates provide a useful guide
post for the tipping point at which FTQCs may outperform
classical computers on these types of problems.

Based on the parameters and layouts used in the Fermi-
Hubbard Hamiltonian studies [74—78], we adopted layouts
and parameters for our simulations consisting of a 2D
square lattice for total time t =1, with J =1, J' =0,
h, =0, u =0, U= 2, and lattice sides of length N = 2
to 20, 30, 50,75, and 100.

3. Quantum algorithm and approaches for Hamiltonian
simulations

Owing to its optimal scaling characteristics for queries
to the block encoding of the Hamiltonian [15], we
have chosen quantum signal processing (QSP) as the
Hamiltonian-simulation algorithm for which we obtain a
resource estimate. QSP is briefly described below, but
more details can be found in Refs. [15,79-81].

Given a Hamiltonian H and simulation time 7, QSP per-
forms a sequence of single-qubit rotations, parametrized

by a sequence of phase angles, interlaced with a quantum-
walk-like operator. This allows one to apply a polyno-
mial approximation of e~ to the input target state.
The sequence of phase angles determines the polynomial
approximation. It is computed offline, using a classical
algorithm, with the desired error tolerance specified by the
user-defined parameter €. €gsp 1S also inversely related to
the probability of success of the QSP algorithm. Thus, for
an accurate simulation, with a high probability of success,
€qsp May have to be set relatively small. For implemen-
tation details, we follow the examples accompanying the
pyLIQTR [82] package (v1.3.3), as well as the work done
in Refs. [83,84].

For demonstration purposes, we set the desired prob-
ability of success of our algorithm, p,g,, to be equal to
0.95. In real-world applications, this is typically fixed to
meet outcome requirements (e.g., accuracy and wall time).
Denoting the probability of success of a QSP circuit, pgsp,
we therefore require that

Palgo-fail = Pqsp- (26)

Since circuit size is inversely related to €4, it is prudent
to choose €4 to be as large as possible while still guar-
anteeing that pgs, exceeds the algorithm target of 0.95.
According to Ref. [15], (1 — 2€45p) < pgsp- Thus, to ensure
that Eq. (26) is satisfied, we set

1 — 2€4sp = Paigo-fail» (27)

and so in this work we choose €4, to be equal to 0.025.

C. Simulation-circuit synthesis

For our Hamiltonian-simulation circuits, we have used
pyLIQTR v1.3.3 to construct the Hamiltonians and syn-
thesize the QSP circuits. The pyLIQTR package provides
tools that construct the Hamiltonians, calculate the nec-
essary phase angles for QSP simulation, and generate
QSP circuits. In addition, pyLIQTR allows the user to
request random phase angles rather than solving for the
precise values required for an accurate simulation. In our
work, we have used random phase angles. This is appro-
priate because we only perform resource estimation, not
numerically accurate simulations. The correct number of
phase angles is used in the circuits but their numerical
values are random. This provides a conservative over-
estimate of the resource estimations without explicitly
incurring the time-consuming step of solving for the phase
angles. For Fermi-Hubbard models, we have utilized the
pyLIQTR FermiHubbard model class, and employed
the FermiHubbardSquare block encoding, which is
based on Ref. [85].

The same overall approach has been taken for the
time evolution of the transverse-Ising models. How-
ever, for these problems, we have used the pyLIQTR
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TABLE II.

The RRE results on a fixed superconducting fault-tolerant quantum computing architecture (see Sec. II), with space-

optimized graph-state compilation. Here, “Number of logical bus patches” includes patches for the memory and auxiliary buses that
mediate logical measurements in the bilinear pattern shown in Fig. 1. Likewise, “Number of T patches” includes logical patches for all

T factories and 7-transfer buses.

Input circuit Logical resources

Superconducting FTQC resources

total

Instance Tlogical Number of Number of Total allocated Total modules, #2%. ... Ppisak Pbiss20mK Eiot

logical bus T patches physical qubits, ZnEL‘;fil‘glgs

patches Malloc-phys

Fermi-Hubbard
2x2 36 280 4.05 x 10° 1.32 x 10° 2 4.09 s 840 W 168 nW 668 Wh
4 x4 74 332 3.32 x 103 1.21 x 10° 2 35.1s 840 W 168 nW  5.73 kWh
8 x 8 182 728 2.07 x 103 1.38 x 10° 2 949m 840W 168 nW 93 kWh
16 x 16 578 231x10° 1.25x%x 103 3.30 x 10° 4 69h 1.68kW 336nW 8.11 MWh
20 x 20 878 3.52x 100 1.4 x10° 4.96 x 10° 6 37.8h 2.52kW  504nW  66.7 MWh
50 x 50 5.05x 10 20.2 x 10° 5.54 x 10° 36.1 x 10° 42 7.14y 17.6kW 353 uW 772 GWh
100 x 100 10.1 x 10> 40.7 x 10> 19.3 x 103 114 x 10° 132 63.3ky 554kW 11.1uW 21.5TWh
OFT
N-4 4 88 6.38 x 103 1.10 x 10° 2 28ms 840W 168 nW 457 mWH
N-10 10 248 5.5 x 10 1.29 x 10° 2 41.7ms 840 W 168 nW 6.81 Wh
N-25 25 2.02 x 10> 3.75 x 103 1.31 x 10° 2 427ms 840 W 168 nW 69.7 Wh
N-100 100 3.39 x 10° 2.76 x 103 3.18 x 10° 4 104s 1.68kW 336 nW  3.39kWh
N-500 500 18.4 x 10> 4.5x10° 17.5 x 10° 20 203m 84kW 1.68 uW 199 kWh
N-1000 1 x10° 372x10° 9.57 x 10° 43.4 x 10° 52 10,6 m 21.8kW 437uW 2.69 MWh
Transverse Ising
2x2 67 652 2.43 x 103 1.41 x 10° 2 64.4s 840 W 168 nW  10.5 kWh
5x5 212 2.98 x 103 816 439 x 10° 6 6.64h 252kW 5.04nW 6.42 MWh
10 x 10 654 10.1 x 103> 2.78 x 103 16.7 x 10° 20 5.06d 84kW 1.68uW 714 MWh
19 x 19 221 x 103 41.1 x 10> 13.5x 103 87.1 x 10° 110 82.6d 462kW 924 uW 64.1 GWh

Heisenberg model class, and PauliLCU block encod-
ings. For QFT instances, we have used the QFT circuits
provided by the gf t method in CIRQ.

IV. RESOURCE-ESTIMATION RESULTS

The key physical-resource requirements for the test
cases described in Sec. I1I across various problem sizes are
summarized in Table II. We demonstrate that our tool, RRE,
can estimate resource requirements for problem sizes con-
sistent with the literature and that extend beyond the scales
of current studies.

Our methodology enables us to extend the state of the
art in several ways: (1) a full accounting for resources for
both T counts, but also for executing the Clifford portions
of the circuit as well; (2) a breakdown of physical and
temporal resources allocated to portions of the execution
of the algorithm, namely, Clifford, 7 state, and teleporta-
tion between modules; and (3) a quantitative estimation
of the impact on total resources of the performance of
subsystems.

When we visualize this ensemble of compiled logi-
cal resources and physical-resource requirements (Figs. 7
and 8, respectively), we observe trajectories of run-time
and auxiliary bus size that increase with problem size. This

provides validation of the reasonableness of our method-
ology and its utility as a tool to support future studies.
Interestingly, we observe a decreasing trend in the num-
ber of logical qubits for small-sized problems until the
number of modules increases. As the number of modules
increases, we observe a sharp rise in the number of log-
ical qubits. This is because physical qubits are assigned
to T factories rather than to logical memory qubits or
the auxiliary bus. As the problem size grows, the number
of physical qubits used in the bilinear quantum memory
and auxiliary bus pattern increases in the single-module
regime. This reduces the number of T factories that can be
accommodated within the module. As the T factories are
large monolithic regions of logical qubits, removing them
gives a net reduction in the number of logical qubits in
use, even though the number of patches in the bilinear pat-
tern is larger. The available storage space in a room can
decrease even as smaller objects are added, provided that
those smaller objects require removing larger objects to
accommodate them.

The full accounting of both Clifford and 7-state con-
tributions to total resources, (1), is shown in Fig. 9
for all families of applications for which we have esti-
mated resources. It is interesting to note that conventional
T-counting methodologies do not often reveal resource

064038-20



SUPERCONDUCTING QUBITS IN THE MILLIONS. ..

PHYS. REV. APPLIED 25, 064038 (2026)

100
64 M—— Fermi-Hubbard .

1000, i
—e— Transverse Ising

r.«o
°

16 / 13/
oo

8 /
4 100/

~ . /

5 «o o-¢
4 o~

75, /P
P ®
107

Total Allocated Qubits in FTQC (logical, x 10%)

5 13°
103 10° 10°
Total number of T gates, N,
FIG. 7. The total allocated logical qubits (in the bilinear pat-

tern) and T count for three sets of test cases. Gray indicates
quantum Fourier transform (QFT) results for sizes 4 to 1000. The
black curve shows the Hamiltonian evolution of the transverse-
Ising model on triangular lattices ranging from 2 x 2 to 19 x 19.
The teal line shows estimates from Hamiltonian simulations of
a Fermi-Hubbard model on a square lattice, with sizes ranging
from 2 x 2 to 100 x 100.

competition between the Clifford and T-state generations
of a quantum architecture. As problems scale, physical
qubits must be allocated to meet the increased require-
ments of Clifford processing, thereby reducing the num-
ber of available physical qubits for MSD. This, in turn,
reduces the number of T factories that can be applied to
a calculation, thereby increasing run-time in a nonlinear
fashion.

This impact on the breakdown of the total run-time,
(2), is evident in Fig. 10. Here, the contribution to graph
consumption run-time (using distilled 7 states) increases
dramatically for the largest applications considered. This
is because fewer physical qubits are allocated to create
higher-precision 7 states, increasing the run-time penalty.
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FIG. 8. The total allocated physical qubits (in the bilinear pat-
tern) and FT hardware run-time for three sets of test cases.
Gray indicates QFT results for sizes 4 to 1000. The black curve
shows the Hamiltonian evolution of the transverse-Ising model
on triangular lattices ranging from 2 x 2 to 19 x 19. The teal
line is an estimate for the Hamiltonian simulation of a Fermi-
Hubbard model on a square lattice with sizes ranging from 2 x 2
to 100 x 100. We set the Hamiltonian evolution time to 1 in units
of 1/J for both the transverse-Ising and Fermi-Hubbard models.

The impact of run-time on teleportation in the distributed
architecture is also evident in this figure. Despite a rela-
tively slow intermodule interaction time (5 times slower
than the native code cycle), the contribution to overall run-
time is application dependent. For QFT and transverse-
Ising applications, a relatively small portion of the overall
run-time is spent performing this intermodule interaction,
even at large problem sizes. This shows that computa-
tion can be partitioned across specific architectures and
algorithms to enable distributed computing with relatively
low impact. However, this appears to be algorithm depen-
dent, and for Fermi-Hubbard problems, the penalty for
distributed quantum computation is high.

(©) 1y

I I 100

80

N Logical Memory Register
Auxiliary Buses
BN 7-Transfer Bus
T-Factories I

60

40

Physical Qubits (x10°)

0 L rlmm L i e
2345678 91011121314151617181920305075.00

Instance Size

Physical-qubit allocations for the types of logical qubits described in the logical microarchitecture shown in Fig. 1; those

involved in the logical memory register, auxiliary buses (for single-qubit measurements, queuing, and routing), the 7-transfer bus, and

T factories—(a) QFT; (b) transverse-Ising; (c¢) Fermi-Hubbard.
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FIG. 10. The proportion of the FTQC compute time allocated to graph-state consumption (using distilled 7 states), intermodule
communications, distillation, and decoding delays for time-evolution problems—(a) QFT; (b) transverse-Ising; (c) Fermi-Hubbard.

Moreover, we can test the sensitivity of run-time to
parameters in this architectural model (3). In Fig. 11,
we select an instance from each family, vary the number
of intermodule connections, and calculate the impact on
run-time. We define this in terms of a pipe where the num-
ber of connections equals the required code distance for
the algorithm. Additional pipes will enable parallel node-
to-node teleportation between widgets. This is done to
quantify the penalty associated with not having a fully con-
nected lattice of physical qubits between modules. Here,
we observe that while run-time increases with fewer inter-
module connections, the marginal benefit of adding more

10 . . X .
N
®
208
°
'TE Instance Type
5 06 ) —m— Fermi-Hubbard 10x10
e A —e— QFT N =10
5; —a— Transverse Ising 10x10
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Number of Intermodule Pipes
FIG. 11. A comparison of the normalized total FT run-time

and the number of intermodule pipes. The number of intermod-
ule pipes varies from 1 to 32. The run-time is normalized to the
corresponding value for one pipe. Black indicates QFT results
of size 10. The gray plot is the Hamiltonian evolution of the
transverse-Ising model on a triangular lattice of size 10. The
teal line represents estimates for the Hamiltonian simulation of
a Fermi-Hubbard model on a 10 x 10 square lattice.

connections diminishes. Once again, this impact is highly
application dependent.

Similarly, we can directly quantify the impact of chang-
ing the decoders on the physical system size. Results for
Fermi-Hubbard instances of increasing problem size are
shown in Fig. 12 and demonstrate the utility and flexibil-
ity of our resource-estimation tool for assessing the effects
of changes across multiple subsystems within the overall
architecture.

V. FUTURE WORK

The results from Sec. IV can be improved by focusing
on at least the following two aspects: (a) using a decoder
that is faster and may have better scaling than the standard

—e— MWPM i
6 —e— BM
—+— BP 0SD

—e— ASTRA

N

Physical Qubits (x109)
=

=2 e emt

2 4 6 8 10 12 14 16 18 20
Instance Size

FIG. 12. The total number of allocated physical qubits (param-
eter 35 of Appendix A) for Hamiltonian evolution of the
Fermi-Hubbard of various sizes. The line colors denote differ-
ent decoders; teal indicates MWPM, black is the belief-matching
(BM) decoder, gray is belief propagation with ordered statistics
decoding (BP OSD), and magenta is ASTRA [86].

064038-22



SUPERCONDUCTING QUBITS IN THE MILLIONS. ..

PHYS. REV. APPLIED 25, 064038 (2026)

choice of MPWM; and (b) optimizing the widget circuits
by, e.g., reducing circuit gate counts and depths. Below,
we present the savings potential of these two approaches,
along with additional details on the design of high-cooling-
power cryostats.

A. Replacing the MWPM decoder

The MWPM decoder (e.g., Ref. [87]) is the de facto
standard for resource estimation. Other decoders have
been proposed, but MWPM remains the most efficient
with respect to the decoding speed—physical error rate
trade-off: it can handle high error rates while main-
taining polynomial complexity. There are faster lower-
polynomial-complexity decoders (e.g., union-find variants
or pure belief propagation) and decoders with linear com-
plexity, which are challenging to scale to high distances
(e.g., machine-learning decoders). Nevertheless, no alter-
native decoder exists that has, at the same time, a lower
degree of polynomial decoding complexity and a threshold
higher than MWPM.

Herein, we report results in Fig. 13 for a machine-
learning decoder that outperforms MWPM: it has a higher
threshold and linear run-time complexity. Our machine-
learning decoder, ASTRA [86], uses graph neural networks
(GNNs) in a novel way: we learn a message-passing
algorithm on the Tanner graph of the code. We can train
such decoders within hours on gaming GPUs for surface
codes at distances up to 11. In contrast to other machine-
learning decoders, the training time of our decoder is
significantly lower (see, e.g., Ref. [88]) for comparable
depths.

MWPM d3
MWPM d5
MWPM d7
MWPM d9
MWPM d11
ASTRA d3
ASTRA d5
ASTRA d7
ASTRA d9

Logical Error Rate LER

ASTRA d11
+ ASTRA d11-d13

0.06  0.07

0.08 0.09 0.1 0.15 0.2
Physical Error Rate PER

FIG. 13. The logical error rate (LER) for the code-capacity
depolarizing noise of ASTRA versus MWPM. ASTRA has a thresh-
old of approximately 17% and MWPM has a threshold of approx-
imately 14%. ASTRA clearly outperforms MWPM in terms of
LER. In particular, ASTRA d9’s results are better than those of
MWPM dl1.

We train distinct GNN decoders for each distance using
syndromes generated by passing the surface codes through
a code-capacity noise channel. This channel assumes that
the physical data qubits are affected by noise with a prob-
ability p and that the syndrome measurements are perfect.
For this work, we do not report the decoding of circuit-
level correlated noise (see, e.g., Ref. [87]) and we focus
entirely on correcting depolarizing noise.

After training our decoders, we evaluate their decoding
performance numerically and capture the performance of
the decoder through an equation of the type from Eq. (1):

P[GNN] = 0.56 (L) Ea

0.17 (28)

Typically, the performance-scaling equations for the
surface code are obtained from simulations with circuit-
level noise [e.g., Eq. (1)] because this is considered
the most accurate model. Nevertheless, the code capac-
ity is more straightforward to benchmark for prelimi-
nary decoder versions. To enable comparison with ASTRA,
we also benchmark MWPM with code-capacity noise.
The results are illustrated in Fig. 13. Based on the
MWPM code-capacity errors, we obtain the MWPM scal-
ing equation as

dt1

P[MWPM] = 0.52 (L) 7

0.14 (29)

We observe that ASTRA has a higher threshold than
MWPM (17% > 14%) and provides faster (better) logi-
cal error suppression (0.56 > 0.52). This implies that by
replacing the MWPM with ASTRA, one can achieve the
same logical error rate with lower-distance surface codes.
After benchmarking its performance under circuit-level
noise, future work will focus on quantifying the exact
savings achieved by using the new decoder.

B. Ultra-large-scale circuit optimization

The Fermi-Hubbard circuit instances analyzed in the
previous sections are, for practical regimes, too large in
terms of gate counts. Compiling, analyzing, and optimiz-
ing such circuits at graph-state or Clifford + 7 level is
challenging: the state-of-the-art quantum software tools
cannot handle ultra-large-scale circuits.

Widgets (detailed in Appendix B) are subcircuits rep-
resenting relevant parts of the larger circuits. Due to their
size, widgets can be more easily analyzed and optimized.
Nevertheless, even widgets are complicated to optimize for
metrics such as 7" and 7 depth. Optimization is a highly
complex task, and most optimization heuristics are not
designed (or do not perform as expected) for (sub)circuits
of tens of logical qubits and hundreds of gates.

Tools such as pyLQTR are built on top of other quantum
software frameworks, such as Google CIRQ, which were
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TABLE III.  Widget optimization results: addition circuits from
Maslov [91] are optimized for T count. The original T-count
is reported in the second column and the optimized T-count
in the third column. The optimization of Adder2048 required
approximately 1 h.

Original Optimized Improvement

Circuit T-count T-count (%)

Adder8 266 236 11.27
Adderl6 602 536 10.96
Adder32 1274 1144 10.20
Adder64 2618 2368 9.54
Adder128 5306 4648 11.64
Adder256 10682 9258 13.33
Adder512 21434 18562 13.39
Adder1024 42938 38216 10.99
Adder2048 85946 76056 11.50

not designed for extreme scalability. We bridge this gap
by developing and implementing a software tool that can
easily handle ultra-large-scale circuits. Our tool, PANDORA
[89], is based on PostgreSQL and leverages the capa-
bilities of modern relational-database software supporting
multithreaded operations on quantum circuits.

PANDORA provides a simple API for developing new
and more complex optimization methods. We have inter-
faced our tool with Google QUALTRAN [90] and can easily
extract large circuits for analysis and optimization. Cur-
rently, the circuits and widgets available in QUALTRAN
have been manually optimized; therefore, automatic opti-
mization is even more challenging. Therefore, the results
from Table III are far from optimal circuits.

Table I1I reports preliminary results on optimizing arith-
metic widgets as presented in Ref. [91]. The latter are
ubiquitous building blocks of practical application cir-
cuits, such as the Fermi-Hubbard model. Our circuit-
optimization procedure is not as complex as the one
described in Ref. [91]. We have implemented a heuris-
tic that uses multiple threads for applying circuit template
rewrites [91]: (1) decomposition of gates (e.g., TOFFOLI);
(2) canceling H, T, and X gates; (3) canceling CNOT gates;
(4) commuting gates to the left and the right; and (5)
reversing directions of CNOT gates.

To conclude, quantum software for ultra-large-scale cir-
cuit analysis and optimization can potentially lower the
resources required for practical quantum computing appli-
cations. PANDORA is a first step toward optimizing at
scale.

C. Cryostat design

The detailed design of high-cooling-power cryostats for
operation at this scale is a significant challenge that will
require dedicated effort over the coming years. For the
resource estimates in this paper, we have produced total

dissipation power (TDP) estimates for both the 4-K and
20-mK stages. These are presented in columns Ppjsak
and Ppigs 20mk 1n Table 11, respectively. While the numbers
appear daunting by today’s standards, several facilities
provide well in excess of kilowatts of cooling power at
2 K, such as the Linear Coherent Light Source II (LCLS
II) at the Stanford Linear Accelerator Center (SLAC). This
system can produce 4 kW of cooling power at 2 K and 18.5
kW at 4.5 K. While we consider a design for such a system
to be beyond the scope of the current work, we believe it
is feasible within the timescales required to develop it.

VI. CONCLUSIONS

This paper proposes a fault-tolerant architecture based
on modular quantum processing units that uses supercon-
ducting qubits, the surface code, and coherent intermodule
connections. We provide quantitative estimates for the
scale and run-time of various quantum computations. Our
software tool compiles large-scale quantum circuits into
a graph state, schedules them on a model of our log-
ical architecture, and, from this, estimates the physical
resources and time required for test cases derived from
the existing literature. This model-driven approach delin-
eates how a superconducting platform could accomplish
the target computation, including details on the scheduled
execution of graph-state preparation and consumption, as
well as hardware-level justifications for some of the most
critical size and power considerations. We have demon-
strated that such a fault-tolerant quantum computer could
perform scientifically interesting computations, such as a
20 x 20 Fermi-Hubbard time evolution, using 5.2 x 10°
physical qubits in less than two days. However, the value
of such a computation remains an open question. When
utilized in the context of a complete high-temperature
superconductivity study, the number of computations and
their probability of success increase the estimated com-
putation time to the order of years [73]. More work is
needed to co-optimize this FTQC architecture with algo-
rithms of interest, with distributed computation across
multiple modules presenting as the major bottleneck in this
study.

This work has enabled research toward the develop-
ment of real quantum computing platforms that provide
the advantages of fault-tolerant operations. It serves as
a software test bed for evaluating the impact of intrin-
sic algorithmic, compilation, decoding, and physical-layer
proposals, as well as system-architecture proposals. More-
over, this allows for direct per-algorithm comparison of
different modalities by assessing run times, spatial, and
energy resource costs using the presented RRE software.
Rapid iteration in a simulated environment is a proven
method for accelerating technological development, and
we hope that our efforts to develop this tooling contribute
positively to this endeavor.
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APPENDIX A: GLOSSARY OF DEFAULT RRE
OUTPUTS

Building on the work flow of the graph-state-based
fault-tolerant resource-estimation method outlined in the
main text, we summarize and reiterate the selected out-
put parameters of RRE, providing additional details where
needed. We detail 49 logical architecture parameters or
hardware-relevant outputs, which RRE writes to stdout
and CSV files by default, and explain how to calculate
them. The delivered CSV file can include results for addi-
tional output parameters. Users can add custom quantity
classes for estimation in RRE using class templates from
the resources.py module.

(a) Parameter 1: Code distance, d

d denotes the surface-code distance of logical
patches. For the surface code, |(d — 1)/2] errors can be
corrected before a logical operation fails. All nondistilla-
tion logical patches have size 2d* and serve as founda-
tional elements for architectural components in the FTQC
(T factories are parametrized by their own code-distance
sets).

We need to calculate the minimum viable d pre-
cisely and iteratively according to Algorithm 1, which
requires satisfying a logarithmic inequality in step 6, also
referred to in Eq. (17).

(b) Parameter 2: Number of logical qubits in the
quantum memory register, ijogical

The term 7ogical refers to the maximum number of
logical nodes needed to process the complete graph state G
according to the widgetization-based set Sy at any given
time. In other words, this represents the maximum quan-
tum memory required. Each complete quantum memory
register chain, shared among the modules on the same leg

of the macroarchitecture, contains 7jogcar logical qubits.
To prevent any quantum memory bottlenecks or delays,
we allocate a fixed quantum memory and auxiliary bus

space of size 2[7iqogical /nfrfgislges] to all modules and steps
of the schedules. There may be more efficient methods for
assigning the bilinear quantum register and auxiliary bus
spaces.

Note that the maximum quantum memory required
for the complete U is a distinct quantity, ngical-
For widgetized circuit input, we derive a proxy
for this quantity from the subgraphs as njgica =

g”widgets*1 ~
<> Mogical ) A Riogical. CABALISER can effi-

ciently output each nﬁ)gical for sufficiently small graph
states.
(c) Parameter 3: Number of 7 factories per module,
M Tfactories
The number of Litinski-style 7 factories per mod-
ule is calculated as n7fctories = | (ledge — 1)/ | Iwian /24 | |

5% ctories- The factories send purified magic states to the 7-
transfer and auxiliary buses required for measurements on
the logical qubits during the consumption stage. For more
details, see Sec. IID 7.
(d) Parameter 4: Number of logical memory qubits
per module
The number of logical memory, or graph-state, or

data qubits in the bilinear pattern in every module is equal

to [leogical /n’rfé;ils]ges-‘. These correspond to the blue tiles

20
max (nlogical L

in Fig. 1. In other words, every module on a leg of the
macroarchitecture contains the same number of logical
memory qubits. Although the last module may require
fewer active nodes for quantum operations, the same space
is always allocated to this component.
(e) Parameter 5: Number of physical memory qubits
per module
The number of memory, or graph-state, or data
physical qubits in the bilinear pattern in every module is

equal to 2d [iogical / n’féjjlges] )
(f) Parameter 6: Number of logical auxiliary qubits
in the auxiliary bus per module
The number of logical auxiliary qubits in the

auxiliary bus section of each module is equal to

(ﬁlogical / nﬁfgﬁis—‘. These correspond to the yellow tiles in

Fig. 1, which FTQC uses to facilitate logical measurements
on the logical graph-state qubits. Each module on a leg of
the macroarchitecture contains the same number of logi-
cal auxiliary qubits. Although the last module may need
fewer active nodes for quantum operations, the same space
is always allocated for this component.
(g) Parameter 7: Number of physical qubits in the
auxiliary bus per module
The number of physical qubits in the auxiliary bus

portion of every module is equal to 2d? ’Vﬁlogical / npmeéjjlges—‘.

064038-25



S. N. SAADATMAND et al.

PHYS. REV. APPLIED 285, 064038 (2026)

(h) Parameter 8: Number of logical qubits in the 7-
transfer bus per module, /i;anster-bus

The number of logical qubits in the 7-transfer

bus portion of every module is calculated as /iansfer-bus =

col col
(ledge - lqbus ~ N7 factories |VLlength/ ﬁd—‘)ledge + N7 factories

(LLength / \/Ed—‘ . These correspond to the teal tiles in Fig. 1,

which FTQC uses to actively store and transfer purified 7
states from MSD factories to the auxiliary bus.
(i) Parameter 9: Number of physical qubits in the
T-transfer bus per module
The number of physical qubits in the 7-transfer bus
portion of each module is 22 livansfer-bus-
(j) Parameter 10: Number of logical qubits allo-
cated to all 7 factories in each module
The number of logical nodes assigned to all
NTfactories 1 factories in each module can be calculated

a8 N7 factories [Llength/(\/zdﬂ (Lwidth/(\/id)—‘- These corre-

spond to the purple tiles in Fig. 1.
(k) Parameter 11: Number of physical qubits allo-
cated to all 7 factories in each module
The number of active physical qubits across all
ATfactories  factories per module can be computed as
NTfactories@- After choosing a factory from the 7-factory
look-up table I, Q becomes the number of physical qubits
the factory requires for magic state distillation.
(I) Parameter 12: Total number of modules in both
legs of the macroarchitecture
The total number of interconnected QPU cryomod-
ules on both legs of the macroarchitecture can be computed
as 2n*1  The parameter n*~+°% is the number of mod-
ules per leg or the height of the ladder structure (for details,
see Fig. 3).
(m) Parameter 13: Total number of coherent inter-
connects in the macroarchitecture
The total number of width-d coherent intercon-
nects in the ladder macroarchitecture can be computed

as Minter-pipes 3nlrf0r;]1§is — 2). FTQC uses these connections
to perform intermodule graph-preparation operations on
the same-leg or teleporting output to input nodes on the
opposite-leg modules (for details, see Fig. 3).
(n) Parameter 14: Number of allocated physical
qubits per module
The number of allocated physical qubits per

module for all components can be computed as
per-leg

2 ’anogical/nmodules] d2 + anactoriesQ + 2ltransfer—busd2-

(o) Parameter 15: Number of algorithmic logical
qubits, 7;n,u¢

The number of algorithmic logical qubits or width,

Ninput, Of the complete input circuit, U. For the time-
sliced widgetization we perform on the input algorithm
(cf. Fig. 6), all widgets have the same number of input and
output nodes, 7inpyt.

(p) Parameter 16: Diamond-norm precision for gate
synthesis, &

Extensive analytical and numerical studies (see,
e.g., Refs. [69,70]) have established that a non-Clifford
one-qubit (1Q) rotation gate can be systematically approx-
imated as a chain of Clifford + 7, a process known as
gate synthesis. Here, the upper bound for the 7 length
scales as L, = (co log,(1/e) + cl-|. The diamond-norm
precision, ¢, indicates the rate at which FTQC utilizes
the gate-synthesis decomposition of arbitrary-angle rota-
tions to perform Rz-basis measurements at the end, during
each consumption step. We assume the use of the state-
of-the-art decomposition approach of mixed-fallback [70]
by default, which offers ¢y = 0.57 and ¢; = 8.83, rep-
resenting an improvement over the previously employed
“GridSynth” method [69], which had ¢y = 3.0 and ¢; = 0.

RRE internally processes non-Clifford angle decom-
positions, meaning that the constructed graphs do not
depend on the ¢ value and can be cached. The diamond-
norm precision must be determined accurately and iter-
atively, following Algorithm 1, which naturally involves
solving a logarithmic equation in step 6.

We argue that & should not be left for the user
to set arbitrarily (although RRE allows users to impose a
fixed value if needed). Extreme caution is required here
because precisions are, indeed, equivalent to the fault-
tolerant resources required: if ¢ is chosen too large, the rate
condition in step 6 of Algorithm 1 is not met, while if it is
too small, the space-time resources will become wasteful
and excessively large.

(q) Parameter 17: Total number of T gates, or
T-count, or N}

In the graph-state-based estimation method, our
proxy for the total T-count, or NI, is the total number
of T-basis measurements required after the arbitrary-angle
R, values are synthesized at the measurement points of the
consumption stage. Therefore, we can write T-count as
NPt =nfe L, +nl, = nf [cology(1/e) + e | +nl,.

(r) Parameter 18: Effective T depth

This parameter estimates the effective T depth for
the input logical circuit, U. This can be computed as
[nz;,t/ﬁ]ogicaﬂ .

(s) Parameter 19: Number of Rz gates in the input
circuit, nint

We denote the number of non-Clifford-rotation Rz-
gates in the complete input algorithm, U, whether written
explicitly or contained within other logical gates, as nii,
All non-Clifford Rz gates must undergo gate-synthesis
decomposition [69,70] to Clifford+7 at the end, during the
consumption stage.

(t) Parameter 20: Number of 7,T" gates in the input
circuit, it

We denote the number of 7 and 7' gates in the
complete input algorithm, U, whether written explicitly or
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contained within other logical gates, as ni;‘“. We perform
this count before performing gate-synthesis Clifford+7
decomposition of non-Clifford R, -gates.
(u) Parameter 21: Number of Cliffords in the input
circuit, n%
The number of explicit Clifford gates in the com-
plete input algorithm, U, which is denoted as nicnliitﬁord.
(v) Parameter 22: Number of graph-state nodes, NV
N represents the total number of logical nodes
in the complete graph state, G, or the graph size.
For widgetized circuits, we calculate a proxy for this
N; +

quantity from subgraphs as N =)} ., —
tput
~ N. Here, nfu puts — Ninput denotes

Z outputs
i=0,..., ”widg51572 i

the number of output nodes at step i that must be added
to the graph stitched from subgraphs to enable Bell-pair
teleportations.
(w) Parameter 23: Total number of measurement
steps in the consumption schedule
The total number of sequential measurement steps
in the consumption schedule over all widgets (repeated
or not). In other words, the total number of subsets in
the nested sets in the consumption schedule outputted by
CABALISER [46]. This quantity governs the run-time of the
quantum operation for the graph consumption stage.
(x) Parameter 24: Total number of measurement
steps in the preparation schedule, PP
The total number of sequential measurement steps
in the preparation schedule over all widgets (repeated or
not). In other words, the total number of subsets in the
nested sets in the preparation schedule outputted by Sub-
strate Scheduler [44]. This quantity governs the run-time
of the quantum operation for the graph-preparation stage.
(y) Parameter 25: Total number of widgets or wid-
getization time steps, nyiggets
The total number of widgets (repeated or not),
which is equivalent to the number of time steps in U
given the time-sliced decomposition presented in Fig. 6
and Appendix B.
(z) Parameter 26: Number of distinct widgets,
n\fvidgets
n;"vidgm is the number of distinct widgets in set
[Uo, ..., U, dgm,l] for the time-sliced widgetization of U.
This means one can always write 7 < Nwidgets- This is

widgets —

the number of widgets that FTQC needs to compile.

(aa) Parameter 27: decoder tock, tﬁfccfder

For our proposed superconducting FT architecture,
we assume that it is feasible to engineer generic decoders
utilizing modern GPU or FPGA hardware and methods
such as MWPM or neural networks. tfgffd“ is the time
required for the decoder to complete decoding d QEC
sweeps expressed in seconds. This can be approximated
as tf(fflfder = dldecoder- W€ assume that it is feasible to

engineer generic GPU or FPGA-based decoders with a
decoding tock or delay in the same order of magnitude as

rdecoder for superconducting architecture. Here, we consider
a characteristic decoder cycle time of fgecoger = 1 US.
(ab) Parameter 28: Intramodule quantum tock for
graph processing, #n?
The time needed for FTQC to sequentially perform
d QEC sweeps for all intramodule quantum operations,
which prepare or consume the subgraphs, is computed as
tintra = 8dt. Here, t represents the characteristic (dominant)
gate time that sets the architectural tock for all intramod-
ular operations. The factor of 8 arises from the fact that
in our physical architecture, each surface-code sweep for
syndrome extraction circuits necessitates one initialization,
two Hadamards, four entangling gates, and one measure-
ment, all of which are assumed to take a duration of 7 (see,
e.g., Ref. [7, Fig. 9)).
(ac) Parameter 29: Intramodule quantum tock for 7
factories
The time required for 7T factories to distill a 7 state
performing d QEC sweeps sequentially. This can be com-
puted as 8Ct for T factories built from rotated surface-code
patches.
(ad) Parameter 30: Total number of available physi-
cal qubits, 72,y4i1phys
Total number of physical qubits available in all
2071 modules of the FTQC.

modules
(ae) Parameter 31: Number of available logical
qubits per module, Navail-logical
The number of logical qubits available per mod-
ule, which is allocated to different architectural compo-
nents and quantum operations. This can be computed as
Navail-logical = lgdge-
(af) Parameter 32: Total number of unallocated log-
ical qubits, Munalloc-logical
Considering all modules and operations of the
FTQC, the total number of unallocated logical qubits. This

-l
PECE where

parameter can be computed as 27ynatioc-logical Pmoduless

2 ~ per-leg
Munalloc-logical = ledge -2 lrnlogical/ N nodules

T factories |VLlength/ ‘/Ed—| ’7Lwidth/ \/Ed—‘ .

(ag) Parameter 33: Total number of unallocated
Pphysical qubits

Considering all modules and operations of the

FTQC, the total number of unallocated physical qubits.

This parameter can be computed as 47ynalioc-logical nﬁf;;iljﬁsdz.
(ah) Parameter 34: Total number of allocated logical
qubits
Considering all modules and operations of the
FTQC, the total number of allocated logical qubits to

different architectural components. This parameter can
per-leg
modules’

~ per-leg
2 |anogical/nmodu1es—| + ltransfer—bus ~+ M7 factories ’VLlength/\/Ed]

’VLwidth/ \/Ed—‘ .

- ltransfer-bus -

be computed as 2nalloc-logicaln where Nalloc-logical =
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(ai) Parameter 35: Total number of allocated physi-
cal qubits
Considering all modules and operations of the
FTQC, the total number of allocated physical qubits to
different architectural components. This parameter can be
per-leg
computed as 4711oc-logical Pmodulesd -

(aj) Parameter 36: Number of concurrent decoding

. decoding
cores at consumption stage, COresconsump

In our superconducting architecture, we assume that
generic reference classical decoders, equipped with state-
of-the-art GPU or FPGA cores, perform decoding cycles.
These receive the syndrome and output possible corrective
actions, which can, e.g., be performed at the same time as
measurements at the ends of consumption steps.

Quantum operations do not need to wait for the
generic decoders that we have assumed to finish their
cycles to perform corrective measurements. One can
always consider a staggered type of architecture, where
classical and quantum units work together at each step.
Moreover, since decoder tocks are typically much longer
than quantum tocks, the best strategy is to let as many con-
current decoding cores complete their cycles as possible at
each consumption step. In this way, the decoding process
only adds an overall delay to the consumption stage run-
time on top of purely quantum operations. There would be
a maximum number of cores that can run concurrently at
any consumption step.

We define coresggﬁggigg as the maximum number of
concurrent decoding cores running at any consumption
step. Hence, consumption steps often dominate intramod-

: decoding .

ule run-time, so we set coresconsump as the available num-
ber of concurrent cores for all decoding steps, includ-
ing graph preparation, teleportation, consumption, or 7T
.. . . . decoding
injection operations. This is calculated as coresconsump =

decoder / intra
|Vttock / ttock—| .

(ak) Parameter 37: Total QPU area

This parameter represents the total area occupied by
all QPU modules on both legs of the ladder macroarchitec-
ture.

(al) Parameter 38: Total number of couplers

This parameter represents the total number of
adjustable couplers required for all modules on both legs
of the ladder macroarchitecture.

(am) Parameter 39: Decoding power at consumption
stage, POW iceotne

The decoding power used during the consumption
stage is based on a 100-W reference decoding core (aligned
with modern GPU or FPGA-based units). Therefore, we
can write down POWSS;‘;S;;’}% = 100c0resg§;‘s’ﬂfnp W.

(an) Parameter 40: Power dissipation at 4-K stage,
P Diss, 4K

Power dissipation for the 4-K stages of all

(cryo)modules, in watts.

(a0) Parameter 41: Power dissipation at 20-mK
stage, Ppiss 20 mK
Power dissipation for the 20-mk stages of all
(cryo)modules, in watts.

(ap) Parameter 42: Total graph consumption time,

ttot
consump

The total time to consume subgraphs across all
consumption schedule steps is expressed in seconds.
fensump includes the delays required to distill additional
T states or prepare the subgraphs, while excluding han-

dover run-time and decoding delays. This is calcu-

lated as £9rcump = 81d(Lpyep 4 Neonsump) + (5 4 e as
detailed in Sec. IID 7.
(aq) Parameter 43: Total intermodular graph han-
dover time’ t;l(:itndover—inter
The total intermodular time for Bell-state teleporta-
tions to hand over (stitch) subgraphs across all schedul-
ing steps. This is the time to teleport the output nodes
on the current subgraph on the quantum register on one
leg to the input nodes of the subgraph on the other
leg for all steps. This is calculated as 45 qoierinter =
Zi=0,...,nwidget572 thandover-inter AN Was detailed in Sec. IID 7.

(ar) Parameter 44: Overall T-distillation delay,
tdistill-delay
tot

tﬁifﬁ”'delay is the overall delay included in the
total consumption time, 7 to distill additional T

A A .consump’
states in the T factories in the same modules to com-

plete consumption-stage measurements (for details, see
Sec. [ID 7).

(as) Parameter 45: Overall graph-preparation delay,
rep-del:
foe

prep-delay is the overall delay included in the total

consumption time, 5., to prepare the next subgraph in
the schedule. The FTQC pipeline cannot proceed from the
current consumption step until the next subgraph is pre-
pared in the next set of modules on the other leg of the
ladder (for details, see Sec. IID 7).

decode-delay

(at) Parameter 46: Overall decoding delay, 7,

glecodedelay poresents the total decoding delay

accumulated from all graph consumption steps, which
we must add to the overall FT hardware time. We
assume there are no decoying delays during sub-

. decodi

graph handover operations due to tt:‘;g "8 < Bfinterd. We
can determine the total decoding delay, given that
decoding quantum decoding decode-delay

Lok > toa  and - - > 8Ct, using f

0 seq delay decoding quantum
<8td(Lprep + Nconsump) + tprep) (ttocks ~ tock +

[tje‘ay /8th (sie —scr).

istill tocks
(au) Parameter 47: Total wall time over a single FT
algorithm step, 722
fowl . is our estimated upper bound for the wall

time accumulated from all nonsimultaneous components
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running in modules on both legs and coherent intercon-
nects of the architecture of Sec. IIC over a single FT
algorithm step, U. The algorithmic step should not be con-
fused with ny;ggeers Widgetization steps of U. (An algorith-
mic step occurs when the user requires 7,190-reps T€petitions
of U on the FTQC.) This wall time includes all inter- and
intratocks required at the consumption stages, delays for
graph preparation and 7 distillation, subgraph handover
time, and decoding delay. In other words, this is our over-
all time cost for one step, which can be formulated as

total __ gtotal total total :
thardware - tintra + thandover—inter + tdecode—delay (fOI‘ detalls’ see
Sec. IID 7).

(av) Parameter 48: Total FT algorithm time, 7!

RRE allows users to specify the number of times,
Malgo-reps» With which they would like to repeat an exact
copy of the complete algorithm U back to back. For

these cases, the total FT time is calculated as A% =

total
Palgo-repsthardware-

(aw) Parameter 49: Total energy consumption, E;

We report estimates for Ey, the upper-bound on the
total energy usage of the FTQC, considering all modules,
quantum and decoding operations, and algorithmic steps,
which is unique to RRE.

We identify three key power-consuming units that
dissipate energy during FT computations. These units
include decoding cores with a fixed TDP of szf_%%'rrég =
100 W on duty during all QEC operations. We assume

a fixed number of concurrent decoding cores equal to

decodi . . . )
COTeSgonsump are assigned to all decoding operations, which

includes graph preparation, consumption, handover, and 7
distillation across full /T . This means we can approxi-
mate an upper bound to decoding energy consumption per
decoding FT
core as Ppercore foty)-
We also include 4-K units with a TDP of Py;ssip 4k
and assume a single cooling-efficiency factor of n4x = 500
for this stage. Additionally, we have lower-temperature
MXC (20-mK) units with a TDP of Pg;ssip 20mk and assume
a single cooling-efficiency factor of nyomx = 10° for
this stage. Each unit comprises several power-consuming
stages, and we determine these values via thermal analy-
sis of the signal chain (for details, see Sec. I C3 and [29,
68,92]). Overall, we obtain Ei,; = (ngf_%%'rrégcoresgfsiﬁ?mg +
774KPdissip,4K + 120 mKPdissip,20mK)t£,];al-

APPENDIX B: WIDGETIZATION VIA
SUBCIRCUIT DEPENDENCY GRAPH

In Sec. IID 3, we have established that our resource-
estimation tooling supports the widgetization of CIRQ cir-
cuits. The primary reason for such a widgetization tool is
that fully unrolling a large circuit into its single- and two-
qubit operations for a utility-scale application can place
severe pressure on memory and compute resources. More-
over, for resource estimation using RRE, it is unnecessary

and inefficient to revisit, reexamine, and recompile subcir-
cuits that have already been prepared for use by RRE. To
understand the widgetization process, a few key concepts
about the nature of CIRQ circuits need to be defined.

a. Structure of CIRQ circuits

Definitions For this discussion, we will follow the defini-
tions of quantum circuit objects in the CIRQ documentation.
As such, we define a quantum gate as “an effect that can be
applied to a collection of qubits” (logical qubits for our
purpose). A quantum operation is determined to be a pair
consisting of a quantum gate and a list of logical qubits
that the gate acts on. A moment is a collection of oper-
ations, each acting on a disjoint set of logical qubits. If
one imagines a time-ordered list of operations, a moment
corresponds to a single time “slice” where operations are
being carried out in parallel. Finally, a quantum circuit is
a time-ordered sequence of operations that can, if desired,
be organized into a time-ordered sequence of moments.

Nested circuits In addition to a library of common gates,
CIRQ allows users to define custom gates by providing
either a matrix specifying the unitary matrix defining the
effect of the gate on logical qubits, or by providing instruc-
tions on how to create an ordered list of operations from
a list of qubits to act on. The latter of the two options can
be thought of as instructions for “decomposing” a gate into
constituent gates. By providing a method to define gates in
terms of other gates, CIRQ naturally provides the infras-
tructure to create circuits that are a hierarchy of nested
subcircuits. We will focus on circuits comprised of this
latter type of “decomposable” gates.

Utilizing this nested subcircuit structure, a user may
construct a relatively simple-looking circuit that consists
of billions, if not trillions, of single- and two-qubit gates
when fully unrolled to an alphabet of indivisible oper-
ations. This is particularly true where some subcircuits
consist of many repetitions of smaller subcircuits. The
strategy employed during widgetization is to identify mod-
erately sized recurring subcircuits (called “widgets”) by
recursively decomposing and analyzing the nested subcir-
cuit hierarchy. An example of a nested circuit structure is
shown in Fig. 14.

Division of subcircuits One may define a measure of sub-
circuit size, such as the number of gates or active logical
qubits. Using this measure, one may decide that any partic-
ular subcircuit is “too large” to be a “widget”, and therefore
the subcircuit needs to be divided into smaller constituent
subcircuits. We find it helpful to define two distinct meth-
ods for dividing a subcircuit into its constituent parts.

The first, and most natural, is to “decompose” the
subcircuit into operations by using the decomposition
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(a) (b) Subcircuit B
Full
Algorithm Widgets Widget, Widgets
s N\ N ( D
10) |0) —
10) 1 0)
j0) * X 0y I
0) — —X oy e
Repeat <4> times L Y, L p, g J
(c) Subcircuit A
Widgety Subcircuit C Widget; Widget;
e R / \ e N
|0)
0) . ,
0) ° — :
0) — - — —
\___ K / \ AN J
Repeat <500> times

FIG. 14. Widgetization of an example circuit. The full circuit is shown in (a), while its subcircuits and widgets are shown in (b)
and (c). (a) An example algorithm consisting of three subcircuits. Subcircuit A (magenta) that is repeated 4 times and subcircuit B
(yellow) that occurs before and after the four repetitions of subcircuit B. (b) The splitting of subcircuit B into three smaller subcircuits
via slicing. In this example, these slices meet the criterion for not requiring further splitting and, as such, are considered widgets. (c)
The division of subcircuit A. Subcircuit A consists of widget,, 500 repetitions of subcircuit C, then widget,, and finally widget,.

instructions provided by the gates of the subcircuit. This
allows the subcircuit to be divided into constituent subcir-
cuits, each comprised of a single operation. An example of
this type of splitting is shown in Figs. 14(a) and 14(c).
The second type of division is to “slice” the subcircuit
into collections of moments. The second method becomes
essential when a subcircuit that involves many active log-
ical qubits decomposes into many (thousands or tens of
thousands) of operations, each acting on a few qubits.
For example, a circuit consisting of thousands of Toffoli
gates, each acting on three out of a hundred logical qubits.
In these cases, the sheer number of constituent opera-
tions slows analysis down and provides subcircuits that
are far too small to be considered widgets. By slicing, the

subcircuit can be divided into fewer constituent subcircuits
of moderate size. An example of this type of division is
shown in Fig. 14(b).

Graph-state equivalence To accelerate the widgetization
process, the user can provide rules that map subcircuits
to unique identifiers, defining classes of “graph-state-
equivalent” subcircuits. If two subcircuits are mapped to
the same identifier, it is assumed that they will be com-
piled into graph states that consume equivalent resources.
Only one representative of each graph-state equivalence
class must be split further and/or compiled. This yields
substantial savings in classical processing time when per-
forming both widgetization and resource estimation.

064038-30



SUPERCONDUCTING QUBITS IN THE MILLIONS. ..

PHYS. REV. APPLIED 25, 064038 (2026)

b. Widgetization

To widgetize U without fully unrolling down to single-
and two-qubit operations, we perform the following
steps:

(1) Construction of a subcircuit dependency graph. This
describes the nested structure of the circuit as a directed
graph.

(2) Enumeration of widgets and “stitches”
when one widget is executed before another.

indicating

Each of these steps will be described below.

c. Construction of the subcircuit dependency graph

The first step in the widgetization process is to construct
a directed graph (not to be confused with ASG states) that
represents the nested subcircuit structure of the original
circuit. In this directed graph, the vertices represent subcir-
cuits. A directed edge connects a parent vertex to a child
vertex if the child vertex represents the constituent subcir-
cuits of one of its parents. Directed edges between parent
and child vertices are ordered to execute the subcircuits.
This graph is created by recursively splitting subcircuits
into smaller ones. This recursive splitting continues until a
subcircuit meets specific user-defined criteria. The vertices
that represent subcircuits and are not split are called leaf
vertices.

Full Algorithm
(1000)

Subcircuit A

Subcircuit C
(400)

FIG. 15.

Subcircuit B
(500)

An example of a criterion that would prevent a subcir-
cuit from being split is if its number of logical qubits or T
gates falls below a user-specified threshold. This recursive
splitting is performed in a depth-first manner. Figure 15
shows an example of a graph created from the example
circuit described in Fig. 14.

d. Enumeration of widgets and stitches

Once a directed graph representing the nested structure
of the original circuit is created, it is used to identify wid-
gets and count how many times they appear during circuit
execution. To account for teleportation overheads, we also
count the number of times any ordered pair of widgets
(called “stitches”) would be required during execution.

Widgets are identified as unique leaf nodes in the subcir-
cuit dependency graph. Stitches are identified as ordered
pairs of widgets if leaf nodes are written out during a
depth-first search of the subcircuit dependency graph while
preserving the ordering of the edges connecting parent and
child nodes.

From the standpoint of formal language theory, cir-
cuits constructed this way can be viewed as variables in
a context-free grammar, with the productions correspond-
ing to the gate decomposition rules. At the same time,
the subcircuit dependency graph can be regarded as a
parse tree. Widgets are viewed as terminals, and stitches
are interpreted as ordered pairs of terminals. The number

___________________________ S
[3]
1
1 1
i Subcircuit A |
i (800) 1
1
R ¥
----1]----[*;]-———[3]----[4]--\
- ,__.!__\ ,__'!__\
' Wldgeto l |r { Widget; ! ! Widget,
<590>
- Yy a2
1 1
1 Subcircuit C !
1 (400) 1
1 1
Commom oo J
Y---[1l---[2] ------ BlY
' Wudgeto ' ' Widget; /l ': Widget, :l

The subcircuit dependency graph of the example circuit described in Fig. 14. The dashed lines indicate subgraphs that are

graph-state equivalent to a previously seen subcircuit and, therefore, are not directly stored in the dependency graph. The quantities
in brackets are active qubits in the subcircuit. The numbers in square brackets indicate the ordering of the edges, while the numbers
in angle brackets indicate repetitions. An example of a splitting criterion that may have created this graph is to split a subcircuit if its

number of active qubits is greater than or equal to 400.

064038-31



S. N. SAADATMAND et al.

PHYS. REV. APPLIED 285, 064038 (2026)

of widgets and stitches is then counted based on their
occurrence in the yield of the parse tree.

APPENDIX C: A UNITARINESS VERIFICATION
PROTOCOL FOR RRE OUTPUTS

Robust verification of our compilation and estimation
methodology across multiple layers was a priority in the
design of RRE. To this end, we have developed an exact
verification protocol and a series of tests to precisely check
the correctness of individual subgraphs, {g}, and con-
nected schedules, {Sconsump} and {Smeas}, as long as the
widgets originated from small circuits with a few logical
qubits. The protocol includes a step for exact simula-
tion and matrix manipulation in the quantum algorithm,
which imposes a widget-size restriction. Recall that every
logical qubit involving nontrivial non-Clifford operations
can correspond to tens of physical qubits that need exact
simulations (one may extend our protocol to tens of logi-
cal qubits by performing near-exact tensor-network-based
simulations).

This is how our verification protocol works step by step.
The input logical unitary, U = U,,_, dgets—1 7 U, Uy, a small
algorithm featuring a variety of logical operations (must
involve non-Cliffords), is provided to the test module.
Rwidgetss Minput> and the number of non-Clifford operations
per widget are kept small to keep the test simple and
exactly simulatable. Given U, RRE will then run its usual
estimation pipeline to generate the sets of

{gi’ Slgrlames’ Sﬁ;put’ Sf{ltput’ nﬁ;gical’ Sfénsump’ S%eas’

|state) ;P4 for i € {0, . . ., Awidgeers — 1}, (C1)

Recall that RRE, by default, initializes from an all-
zero state as |input) = |so = 0,51 =0,...  Sippui—1 = 0).
Moreover, the RRE output estimation results for U do
not play a role in this exact verification protocol. Now,
entirely independent of the operations of the compiler, one
can construct the exact inverse of the original unitary U
for small-size cases through Kronecker matrix multipli-
cations, namely, U'. (As an example, if the widget U,
is the unitary for a logical QFT4, we then need to con-
struct UT, i.e., InverseQFT4, manually.) If we now
apply U' to the final output state that RRE has generated
through CABALISER, |output) = |state)§$z$s_ﬁf‘, by the uni-
tary principle, we should get back the initial state. That is,
Ut |state)$::;;'ssﬁ}} =ls0 = 0,51 =0,..., 8,1 = 0)will
verify the correctness of graphs and schedules generated
by RRE.

In the RRE test modules and procedures, we have simu-
lated and verified the graphs and schedules generated by
the software, following the protocol above for selected
small input algorithms. These tests have included wid-
gets with non-Clifford instructions such as QFT3 and

TOFFOLI3, in addition to various Clifford operations.

APPENDIX D: NOISE MODELING AND LOGICAL
ERROR RATE SCALING

Section IIC1 has established that our resource-
estimation framework requires a physical-to-logical error
scaling law to obtain resource counts. This error scaling
law is given by Eq. (1), pc = & (p/Purest) ™2, where pc
is the logical error rate per cycle, p is the homogeneous
physical error rate, and « and puyesn are the coefficients to
be fitted. Below, we describe the computational pipeline
we have used to determine the scaling coefficients, as well
as the exemplar device-noise model used for the results in
this work.

1. Device-noise model

For a preliminary demonstration of RRE, we have chosen
a simple noise model that also shows the richness and flex-
ibility the tool offers researchers when considering other
devices, circuits, and algorithms. To this end, we have split
the noise model into two classes: one simple model for
single-qubit gates and another, more realistic, model for
two-qubit gates.

For single-qubit gates, we have chosen a depolarizing
noise channel, parametrized by the homogeneous physical
error rate p. Admittedly, this choice sacrifices realism for
ease of implementation, but for an initial baseline demon-
stration, we have considered it appropriate. The noise
model for two-qubit gates has been chosen to be weight-2
Pauli-error channels, with error rates derived from device-
specific gate simulations. As mentioned in Sec. II C 1, this
paper obtains resource counts for FT execution of circuits
protected by a square planar iSWAP surface code. As iISWAP
gates were the only two-qubit gate in the surface code, the
Pauli error-channel rates have been derived from master
equation simulations of parametric iISWAP gates. The simu-
lations have been based on the two-qubit system with one
tunable coupler described in Ref. [93]. Process tomogra-
phy has been carried out to obtain the Pauli error rates from
the difference between the ideal iSWAP Pauli transfer matrix
and the simulated Pauli transfer matrix.

2. Scaling-coefficient pipeline

To determine the coefficients for the logical-to-physical
error rate scaling law, Eq. (1), we have performed a
series of surface-code simulations and coefficient fittings
by using SINTER [94] and STIM [63].

Given the stochastic nature of the simulations, we have
conducted convergence studies to ensure the stability of
the coefficients across a large number of shots. This has
been done by simulating and fitting coefficients for an
increasing number of shots and a maximum number of
errors, until the coefficients have converged. The number
of shots and maximum number of errors were 2% x 10° and
2% % 103, respectively, where k ranged from 1 to 11.
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FIG. 16. The logical error rate (LER) to physical error rate
(PER) scaling obtained via the scaling-coefficient pipeline in
Appendix D 2. The dots are values calculated by the pipeline,
and the solid lines are lines of best fit, resulting in the power law
given in Eq. (1) with fitting parameters of K[ MWPM] = 0.009
and piresh [MWPM] = 0.016.

For each fixed number of shots and maximum number
of errors, we have swept over 20 values for p ranging from
1072 to 10~* and distances of d € {3,5,7,9}. For each p
and distance combination, noisy surface-code circuits have
been simulated for 10 x d rounds (cycles). Noisy circuits
have been constructed by starting with a noiseless iISWAP
surface-code circuit written in STIM, provided by Ref. [62].
We have then used the aforementioned noise model to
add noise to this circuit in STIM. Syndromes have been
decoded using the PyMatching MWPM decoder [64], fol-
lowed by the calculations of the logical error rates (per
cycle). Observed data have then been fitted to the two-
coefficient scaling law. The fitted coefficients have been
observed to converge to two significant figures by k£ = 11,
and the coefficients for £ = 11 have been used in all down-
stream resource estimates of Sec. IV. The fit and logical
error rates for £ = 11 are shown in Fig. 16.
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