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ABSTRACT: Track layers including ballast and subgrade degrade with repeated train passes, 
while this degradation can in turn affect the track critical speed as well as the dynamic stresses. This 
paper discusses a combined rheological-continuum analytical approach to estimate the influence of 
subgrade degradation on the track response. The track substructure with ballast, capping and sub
grade layers are considered as continuum layers allowing the propagation of Rayleigh waves gener
ated by moving trains. Representing mud pumping commonly observed in Australian rail tracks, 
empirical relationships capturing progressive degradation of subgrade modulus are adopted and 
combined with the analytical approach. Results showed that subgrade degradation is affected sig
nificantly by the dynamic stresses, while the critical speed is reduced. As the speed and axle load 
increases, degradation occurs at an increasing rate, propagating to greater depths leading to mud 
pumping. A new critical number of load cycles is calculated that will provide information on the 
length of the train for different axle loads and train speeds when travelling on vulnerable subgrades.

1 INTRODUCTION

The 21st century globalization and technological advancements has necessitated faster and 
efficient transport networks to meet the supply chain requirements all over the world. High 
speed trains passenger trains with train speeds exceeding 300 km/h use both ballasted and slab 
tracks which provide distinct advantages in different aspects. On the other hand, freight trains 
have been carrying heavier loads than before, while also travelling at medium high speeds. In 
some countries, the maximum axle load of freight trains reaches upto 42 tonnes, while the 
maximum speed of heavy haul freight trains with train speeds reaching 130 km/h.

The adverse effects of increasing speeds on the track vibrational response were studied by sev
eral researchers employing different techniques such as 2D and 3D analytical models (Sheng et al. 
1999, Mezher et al. 2016, Punetha et al. 2020) Finite Element (FE) models (Bian et al. 2016, 
Sayeed & Shahin 2016, Tucho et al. 2022) and field studies (Kaynia et al. 2000, PRIEST et al. 
2010, Connolly et al. 2014). These studies highlighted that displacements, peak particle velocities 
and accelerations within track substructure as well as near-field become amplified with increasing 
train speeds. This amplification occurs due to resonance between train speed and the characteris
tic surface wave speed of the track substructure. The train speed at which the peak response is 
achieved is considered as the ‘critical speed’ of the track, which is predominantly dependent on 
the shear modulus of softest track layer usually subgrade (Suiker et al. 1999).

A few studies (Yang et al. 2009, Tucho et al. 2022) highlighted the amplification of stress 
response within the track layers, where increasing train speed not only caused increase in verti
cal stress, but also led to greater effects of principal stress rotation. While past researchers 
only focused on the transient response of track, it is important to consider the effect of these 
amplified stresses on the permanent response of track materials. This is especially important 
for optimizing maintenance of ballasted tracks in heavy haul railway networks as heavier 
loads often cause track degradation such as ballast breakage, differential settlements, 
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subgrade pumping and the associated fouling of ballast layer (Indraratna et al. 2022, Malisetty 
et al. 2020, Nimbalkar & Indraratna 2016). In this context, this paper presents an analytical 
methodology to simulate the influence of increasing train speeds and heavy axle loads on the 
degradation response of soft subgrades under vulnerable conditions. Based on the model pre
dictions, critical number of loading cycles is proposed which provides the number of passes of 
a freight train on a track with softer subgrade.

2 METHODOLOGY

The ballasted railway track is modelled using a 2D analytical framework proposed by Malisetty & 
Indraratna (2024) as shown in Figure 1. A n-layer track substructure is considered which consists of 
ballast, capping and other substructure layers which is modelled using a 2D continuum in the 
x-z plane, where x denotes the direction of train movement, while z denotes the depth of the track. 
By considering the substructure as a 2D continuum, the model benefits from simulating the plane 
body wave propagation in the x-z directions, thus able to predict the dynamic response in track 
layers. Within the 2D continuum, the Cauchy stress vectors (σ0ij) in the x-z direction in the nth layer 
can be written as:

where, λ and μ are the Lames constants which are functions of elastic modulus (E), Poisson’s ratio 
(v) and density (ρ) of the layer. εij is the strain tensor, while εn

kk ¼ εn
xx þ εn

zz is the volumetric strain in 
the x-z direction.

Considering Rayleigh wave propagation in the track layers, the strains can be expressed in 
terms of displacements given as:

where, ux ¼
∂;
∂x �

∂’y

∂z , uz ¼
∂;
∂z þ

∂’y

∂x

The compression wave potential (;n) and shear wave potential (�yn) can be written as har
monic wave forms given as:

Figure 1.  Substructure model considered in this study.
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Apn1;2 and Asn1;2 are the amplitudes of wave potentials, while ω and k are the angular fre
quency and wave number of the R-waves, CP and Cs are the velocities of compression and 
shear waves in the nth layer. For simulating R-wave propagation and estimating the stresses in 
the shallow track layers, stress and displacement compatibility boundary conditions are 
applied at the top surface and layer interfaces. For this study, three-layer continuum is con
sidered with ballast of thickness H1, capping of thickness H2 and subgrade (halfspace) layers, 
which will result in 10 boundary conditions as follows:

At top surface i.e., Z=0, σ0 1
zz ¼ PSB; σ0 1

zx ¼ 0
At ballast capping interface i.e., Z= H1, σ0 1

zz ¼ σ0 2
zz ; σ0 1

zx ¼ σ0 2
zx ; u1

z ¼ u2
z ; u1

x ¼ u2
x

At capping-subgrade interface i.e., Z ¼ H2, σ0 2
zz ¼ σ0 3

zz ; σ0 2
zx ¼ σ0 3

zx ; u2
z ¼ u3

z ; u2
x ¼ u3

x
Substituting stresses from Eq. 1 in the above boundary conditions result in 10 equations that can 

be written in the matrix form as A: C ¼ P, where A represents the amplitude matrix, C represents 
the 10x10 coefficient matrix where all elements are functions of layer properties, ω, k and thickness 
of layers. PSB represents the stress transmitted to the sleeper-ballast interface by the superstructure 
system (rails, railpads and sleepers) when a train passes over the rails. A simplified approach is used 
in this study to calculate the sleeper-ballast interface stress which is given as:

θ is the superstructure amplification factor which is equivalent to 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

pþ Cpωað Þ
2

Kp� MrþMsð Þω2
að Þ

2
þ Cpωað Þ

2

s

,  

ωl ¼
3π
2

Kp

4EI

� �� 1=4
, where Pr is railseat load, Kp; Cp are the stiffness and damping coefficients of 

railpads, Ms and Mr are the mass of sleeper and rail, respectively, while E and I are the Young’s 
modulus and second moment of inertia of rails. ωa is the axle loading frequency which is dependent 

on the train speed (V) which can be written as ωa ¼ 2π V m
sð Þ

axle� axle distance.

3 RESULTS AND DISCUSSION
The analytical framework is used to predict dynamic stresses in the track substructure layers. 
For this purpose, typical ballasted railway tracks on the eastern coast of Australia are con
sidered, where the properties of different layers are shown in Table 1. Medium-stiff subgrade 
conditions are considered, while the ballast and capping layers are considered as per Australian 
Standards which are obtained from field investigations from (Malisetty & Indraratna 2024, 
Nimbalkar & Indraratna 2016). Two different cases are considered where case-1 investigates the 
track with ballast layer laid directly over subgrade, while case-2 involves track with capping as 
intermediate layer between ballast and subgrade.

Figure 2a shows the model predictions of vertical stresses at 150mm below sleeper soffit for sub
structure conditions in Case-1. Four axle loads are considered in this study: 20t, 25t, 30t, 35t typic
ally representing freight trains in Australia. As observed from the figure, the vertical stresses increase 
with increasing train speed and reaches a peak value at a train speed of about 380 km/h. It is to be 
noted that the increasing the axle load magnifies the vertical stresses but does not affect the critical 
speed of the track. Figure 2b shows the variation in critical speed of the track, when the subgrade 
modulus is varied using constant ballast properties. It can be seen that the critical speed follows 
almost a linearly reducing relationship with drop in Es of subgrade, where the reduction rate 
increases when the subgrade becomes really soft with Es510 MPa.

Table 1. Material properties.

Layer Ballast Capping Subgrade Superstructure

Properties E = 150 MPa E = 180 MPa E = 30 MPa EI = 63e5 Pa.m-4

v = 0.35 v = 0.3 v = 0.4 Ms = 490 kg
ρ = 1660 kg/m3 ρ = 1900 kg/m3 ρ = 1710 kg/m3 Mr = 60 kg
H = 300mm H = 200mm Halfspace Kp = 350 MN/m

Cp = 1.8e5 N/m.s
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Figure 3 shows the stress path at different depths in the track substructure under a moving 
load, where the influence of rotating principal stress axes is clearly visible in the x-z direction. 
Also, while the vertical stress attenuates with depth, the shear stress (σ0xz) increases till a depth 
of 0.15m and then reduces. This change in PSR stress path has significant impact on the octa
hedral (qd , deviatoric in 2D) stresses in the track layers which will cause degradation of sub
grade and other track layers. It is reported that subgrade soils especially present on the 
southeastern coast of Australia are prone to mud pumping and modulus degradation under 
unfavorable drainage conditions (Indraratna et al. 2020). Furthermore, the rate of degrad
ation is found to be dependent on the cyclic stress ratio (CSR= qd=2σ0c) imposed by the 
moving train on subgrade.

To understand the influence of train speed and the resulting dynamic stresses on subgrade deg
radation, the empirical equation (Eq. 7) for subgrade degradation (δd) proposed by Nguyen et al. 
(2021) is adopted and implemented in the track model presented earlier. An iterative procedure is 
adopted where the initial subgrade modulus (Gs1) is used to calculate the dynamic deviatoric 
stress in the subgrade when a train with a particular axle load runs at a certain speed for 1 cycle. 
After each cycle, the degradation rate is calculated based on CSR and then the track model is 
updated with the degraded modulus (GsN) in the next cycle. The procedure is continued till the 
degradation rate reaches 60%, at which failure of samples was observed in laboratory.

a, b, c are empirical constants which are taken as 3.34, 0.69 and 2.5, respectively.

Figure 2.  (a) Vertical stress variation with train speeds (b) Variation of critical speed with subgrade 
modulus.

Figure 3.  Stress paths with principal stress rotation at different depths in the track (depth from sleeper soffit).
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Figure 4 shows the rate of degradation of subgrade modulus with number of loading 
cycles for different axle load trains running at different constant speeds. A reference depth 
of 0.5m below the subgrade surface is considered for analysing the degradation. When 
a train with lower axle loads (20t) runs at low speeds (30 km/h), the subgrade degradation 
reduces and reaches the threshold value at around 3000 loading cycles, which does not 
pose any risk as it requires higher number of train passes to reach 3000 loading cycles 
which would give sufficient time for pore water pressures to dissipate. Whereas when the 
axle load is increased to 30t, the threshold degradation is reached at much lower number 
of loading cycles (~89). Increasing train speeds with constant axle load is also found to 
have similar effect where the degradation threshold is reached at 172 cycles for V=130 km/ 
h. The number of loading cycles at which the degradation reaches a threshold is defined as 
‘critical loading cycles’ (Ncrit). In contrast to the critical speed of the track, the critical 
number of loading cycles is dependent on the axle load of the train. As can be seen from 
Figure 4a, Ncrit not only depends on the operating train speed, but also depends on the 
axle load of the train. A reference N of 100 is also plotted to indicate the number of load 
cycles that is equivalent to a freight train with an average length of 100 wagons. It can be 
observed that if the train speed is increased or if the axle load is increased, the subgrade 
degrades earlier than the freight train traverses the vulnerable subgrade. This increases the 
risk of mud pumping, where the subgrade is stable before the train arrival, but the pump
ing occurs during the passage of a train. For load-speed combination where Ncrit is higher 
than 100 cycles, the subgrade degrades but does not reach the threshold value when an 
average freight train passes, thus increasing the possibility of pore water pressures to dissi
pate after the train passes. By introducing a capping layer of 200mm thickness, it can be 
seen from Figure 4a that the degradation rate is slowed down while the critical number of 
loading cycles increased, thus retarding the subgrade degradation rate.

Figure 4b shows the depth to which the subgrade is prone to mud pumping for different 
load-speed combinations for both Case-1 and 2. Foe each condition, the depth at which sub
grade degradation reaches threshold before 100 cycles is plotted. As observed, the depth of 
influence increases with increasing train speed or axle load, while the introduction of capping 
layer reduced the depth significantly for lower axle loads, while higher axle load trains can still 
cause degradation till very shallow depths within the subgrade (0.1-0.2m).

4 CONCLUSIONS

An analytical approach is presented in this paper which combines the dynamic amplification 
of stresses in the track layers at different train speeds with subgrade degradation under vulner
able conditions. It was observed that increasing axle loads as well as increasing train speeds 
caused dynamic amplification of stresses which led to rapid subgrade degradation causing 

Figure 4.  (a) Subgrade modulus degradation with number of loading cycles (b) Maximum depth of 
influence within subgrade.
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mud pumping before a single freight train passes over the vulnerable site completely. Critical 
number of loading cycles proposed in this study provides information on the potential onset 
of mud pumping for different train operations. Further, using a compacted capping layer can 
significantly retard the degradation process, as well as reducing the maximum depth of deg
radation. The analytical approach is particularly useful for track engineers to gain under
standing of the onset of mud pumping and to take decisions on speed and load restrictions on 
vulnerable subgrades during extreme rainfall events.
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