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Robust Non-Negative Matrix Tri-Factorization with
Dual Hyper-Graph Regularization

Jiyang Yu, Hangjun Che*, Man-Fai Leung, Cheng Liu, Wenhui Wu, and Zheng Yan

Abstract: Non-negative Matrix Factorization (NMF) has been an ideal tool for machine learning. Non-negative
Matrix Tri-Factorization (NMTF) is a generalization of NMF that incorporates a third non-negative factorization
matrix, and has shown impressive clustering performance by imposing simultaneous orthogonality constraints
on both sample and feature spaces. However, the performance of NMTF dramatically degrades if the data are
contaminated with noises and outliers. Furthermore, the high-order geometric information is rarely considered.
In this paper, a Robust NMTF with Dual Hyper-graph regularization (namely RDHNMTF) is introduced. Firstly,
to enhance the robustness of NMTF, an improvement is made by utilizing the ), ;- norm to evaluate the
reconstruction error. Secondly, a dual hyper-graph is established to uncover the higher-order inherent
information within sample space and feature spaces for clustering. Furthermore, an alternating iteration
algorithm is devised, and its convergence is thoroughly analyzed. Additionally, computational complexity is

analyzed among comparison algorithms. The effectiveness of RDHNMTF is verified by benchmarking against

ten cutting-edge algorithms across seven datasets corrupted with four types of noise.
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1 Introduction

In the field of machine learning and data mining, one is
often confronted with extremely high dimensional data.
Due to the excessively high dimensionality of the

original data, matrix factorization techniques are

(NMTF); ,, ;-norm;  dual

hyper-graph  regularization;

applied to reduce the dimensionality of high-
dimensional data into a low-dimensional subspace and
uncover latent structures within the data. The most
classic matrix factorization methods include Principal
Component  Analysis (PCA), Singular Value
Decomposition (SVD), and Non-negative Matrix
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Factorization (NMF)U1,

In contrast to alternative matrix factorization
methods, NMF factorizes a high-dimensional data
matrix into two low-rank matrices that contain only
non-negative elements, thus the decomposed matrices
are able to approximate to the original matrix. By
enforcing a non-negativity constraint, NMF obtains a
part-based representation of datalll. The NMF
algorithm and its variants have been utilized in various
domains, e.g., medical research>#, medium data
learning!>-71, discovery3-121. gene
mining[17- 181 and

community
expressiont!3-16] text
networkl[19- 201,

It is widely recognized that NMF is susceptible to
noise and outliers, as NMF uses Euclidean distance to
measure the similarity. Additionally, the real-world
data often contain Gaussian noise and non-Gaussian
noise. Therefore, multiple NMF algorithms based on

neural

robust M-estimators have been introduced. Kong
et al.2!l introduced a robust NMF utilizing /» ;-norm.
Unlike NMF algorithm calculates the squared residual
difference, [>j-norm measures the residual error
without squaring them. Therefore, [ j-norm can
mitigate the impact of noise and outliers. After that,
Gao et al.[22! proposed a robust capped NMF, which
introduces a cap on the residual error of the outliers to
improve its robustness. Guan et al.3] developed
truncated Cauchy NMF, which employs Cauchy loss
with truncation to limit significant errors and address
outliers. Manhattan NMF (MahNMF)

Manhattan distance rather than Euclidean distance to

utilizes

incorporate heavy-tailed Laplacian noise into the
model24, Lin et al.?®l proposed a robust matrix
factorization utilizing /;-norm, which is solved by
majorization minimization technique. Some algorithms
incorporate correntropy to NMF to mitigate the
influence of non-Gaussian noise and outliers. Yang
et al.[26] proposed efficient correntropy-based multi-
view clustering to enhance robustness and improve
clustering performance. Graph regularized non-
negative factorization by  maximizing
correntropy method utilizes maximizing correntropy

matrix

technique to handle nonlinear cases!27],

To capture the geometric structure of the data,
manifold learning is introduced in the factorization
Graph regularized NMF (GNMF) is
proposed to obtain the geometrical information in

process!28],

original sample space by using k-nearest-neighoor

method, and further embedding the learned garph in the
objective graph only
considers one edge connected between every pair of
samples, which ignores the intrinsic information in
feature space. Thus graph Dual regularization NMF
(DNMF) was proposed to simultaneously explore the
manifold embedded in both sample and feature
spacel30l, Toli¢B31 et al. proposed an NMF method that
takes into account the nonlinear geometric structure of
the data. Unlike a graph, a hyper-graph is constructed
using edges that connect multiple samples. As a result,
a hyper-graph is capable of capturing high-order
relationships within the data, making it widely utilized
across various domains (e.g., image classification(32],
neural networks!33], and hyperspectral unmixing!341).
Zeng et al.[33] proposed Hyper-graph regularized NMF
(HNMF), which utilizes a hyper-graph instead of a
traditional graph to capture the distinctive geometric
structure of the data. Experiments have shown that
NMF combined with manifold learning can achieve a
better clustering performance!2%- 331,

Non-negative Matrix Tri-Factorization (NMTF) is an
extension of NMF. NMTF allows for the simultaneous
clustering of both feature and sample spaces, making it
a valuable method for co-clustering tasks (e.g., text
mining3% and gene expressionl*’l). Graph Dual
regularized NMTF (DNMTF) combines manifold
learning and standard NMTF method39. Deng et al.[38]
developed tri-regularized non-negative matrix tri-
factorization which adds graph regularization, /;-norm,
and NMTF to the objective function. Ding et al.[39]
were the first to express the opinion that unconstrained
NMTF is equal to NMF, whereas constrained NMTF
introduces new features to NMF. Additionally, Ding
introduced Orthogonal NMTF (ONMTF).
Orthogonality constraints in ONMTF are able to
enforce the parts-based representation and lead to a
rigorous clustering interpretation. After that, Wang and
Huangl4%! Proposed Penalized NMF (PNMTF), where
three penalty terms are integrated to ensure the near
orthogonality of the matrix. Peng et al.[*!l proposed the
Correntropy based orthogonal NMTF (CNMTF)
algorithm. Apply orthogonality constrains and utilize
correntropy to measure the similarity is the main
feature of CNMTF.

Inspired by the advantages of ONMTF and manifold
learning, a robust NMTF with dual hyper-graph
regularization is proposed. The primary contribution of
the article can be summarized as follows:

function(?1.  Conventional
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(1) Robust NMTF with Dual Hyper-graph
regularization (namely RDHNMTF) is proposed.
Instead of the widely used NMF framework,

orthogonal NMTF framework is adopted to obtain
wider degrees of freedom. Moreover, unlike other
algorithms that utilize a single graph, dual graph, or a
single hyper-graph, RDHNMTF incorporates dual
hyper-graph regularization to exploit the intrinsic
manifold structure of the sample space and feature
space. To enhance robustness without increasing the
complexity of the update procedures, RDHNMTF
utilizes the l»1-norm instead of Euclidean norm.

(2) The update rules are designed for the proposed
model within the framework of the alternating iteration
algorithm. The objective function is non-increasing
under the proposed update rules is theoretically proved.
The computational complexity of RDHNMTF and its
comparative methods is thoroughly evaluated using
three arithmetic operations.

(3) The performance of RDHNMTF is substantiated
to be effective by compare RDHNMTF with ten state-
of-the-art algorithms on seven datasets with four kinds
of noises. The experiments on seven datasets
contaminated with noises and outliers demonstrates the
of RDHNMTF. The study
demonstrates the superiority of incorporating both dual
hyper-graph  regularization = and  orthogonality
constraints.

The remaining sections of this paper are structured as
follows: NMF algorithm, /» ;-norm, manifold learning,
and hyper-graph regularization are introduced in
Section 2. In Section 3, the formulation of RDHNMTF
is described. An alternating iteration algorithms is
designed thereafter. The computational complexity of
RDHNMTF and its comparison algorithms is also
comprehensively examined. In Section 4, the clustering
results on seven datasets are presented and compared
against ten state-of-the-art algorithms. The paper is
concluded in Section 5.

2 Related Work

The primary goal of RDHNMTF is to robustly and
efficiently cluster data. To achieve this goal, the
algorithm utilizes three related techniques, namely
NMF, b j-norm and manifold learning, which are
introduced below.

2.1 NMF
The data

robustness ablation

matrix is represented as X =
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[x1, X2, ..., x,]€ R™"  where m represents the
number of features of X, n represents the number of
samples of X, and x, represents the n-th sample vector
of X. NMF decomposes X into the product of two
matrices with low dimensions and non-negative values
Su e R and VT = [y, va, ..., vyl €
R where k denotes both the number of samples of
the factorized matrix U and the number of features of
the fatorized matrix V. Frobenius norm is applied to
measure the difference between X and UV'. The
optimization problem of NMF can be defined as
followsHl:

U=luy, uy, ..

rl?i{}”X—UVTHi, st, U20,V>0 (1)

where ||-[r denotes the Frobenius norm. Optimization
of Formula (1) can be addressed using the following
multiplicative update rules!!:

b e %

U~U 2
uvlv )
XU

V<V 3
vUU ®)

2.2 I, ,-norm

The l»,1-norm applied in NMF is calculated as follows:

n
[X-UVT||,, =) lxi— Uil 4)
2,1
i=1

the /> 1-norm measure the sum of residue error of each

data point without squaring them, thus alleviating the
influence of outlier data points and noisel2!1,

2.3 Manifold learning

Manifold
structures in high-dimensional spaces. Hyper-graph
regularized algorithms (e.g., HNMF) incorporate the

learning  discovers  low-dimensional

manifold learning to NMF framework by constructing
a hyper-graph of sample space. As show in Fig. 1, the
key difference between a simple graph and a hyper-
graph is that a graph’s edge only connects two nodes,
whereas a hyper-graph’s edge connects multiple nodes,
preserving multivariate relationships without reducing
them to binary ones.

Hyper-graph G = (V, E, W) comprises a vertex set V,
a hyper-edge set E, and a diagonal hyper-edge weight
matrix W. Given vertex v and hyper-edge e, the
incidence matrix H € RVl is defined in the following
manner:
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Adjacency matrix of graph

A A ANAI A
viloflofo1]ol1]o]o
v,Jolofo]o1]o]o]o
vilofofofo]of1]1]1
v./1]ofo]o]ofo]o]o
vslo[1]o]ofofofo]o
vsl1|o]1]o]ofo]o]o
v:lolo]1]o]olo]o]o
vslofo[1]o]ofofo]o

- )

Graph incidence matrix e, |e | e

v, v, vilo|1]o0
vi|l1]0]|0

Ve vs il 1]0]1
vil1]o01]o0

v7. , vilo|1]o0
# Ve vilo|1]o0
vilo]o |1

il O 1] 1

Hyper-graph of feature space and its

/ \ /Hyper—graph of sample space and its \

incidence matrix e, | e | e
v | 1 0[O
vi| 1 0|0
Vi1 1 0
vilo|o |1
vlo|o |1
Vil o 1 1
vz |0 1 0
i o|1]o /

Fig.1 Comparison between graph and hyper-graph. v, represents the n-th vertex in graph, v}, represents the n-th vertex in
the hyper-graph of sample space, vf, represents the n-th vertex in the hyper-graph of feature space, and e, denotes the n-th

hyper-edge of the hyper-graph.

1,ifvee;
H(V’e)‘{o, ifvee )
where W; denotes the weight of hyper-edge e;.
Specifically, W; is defined as

)
R S B

Vx, Vy€e;

o2 is defined as follows:

2
Vy—Vy
oy eonll -

Vy, Vy€e; nearest

where  kpearest denotes the number of k-nearest
neighbors for each vertex. d (v) denotes the degree of a

vertex v, which is defined as

dv)= > w(eH®, e) @®)
eeE
where w (e) denotes the weight of hyper-dege e, f(e)
denotes the degree of an edge e, which is defined as

fler=) H. o) )

veV
Assuming that the diagonal matrix D, comprises
d (v) and diagonal matrix D, comprises f (e), the
unnormalized hyper-graph Laplacian matrix Limhyper 1S

calculated as Liyper = D, — S, where S = HWD,'H™!.

3 Proposed Model

In this section, the novel RDHNMTF is introduced.
The convergence and the complexity analysis of
RDHNMTF are discussed subsequently.

3.1 Problem formulation

Firstly, [ 1-norm is applied to improve the robustness
of RDHNMTF. Specifically, /1-norm calculates the
residual error of sample point x; in the manner of
lx; — Uv;|| without squaring them, while the Forbenius
norm of traditional NMF squares the residual error of
sample point x; in the manner of |lx; — Uvi||2. Therefore,
when the sample point x; is an outlier, />-norm can
decrease the loss of x;. Besides, the l»;-norm makes
the basis matrix sparser. RDHNMTF also utilizes the
dual hyper-graph regularization. The dual hyper-graph
regularization approach employs two nearest-neighbor
hyper-graphs to capture the geometric structure of both
the sample space and feature space in a lower-
dimensional space. The flowchart of RDHNMTF is
displayed in Fig. 2. Ultimately, RDHNMTF is
formulated as follows:
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o
] [ [ [ [ ]
[ [ [ 1]
~ HEEN X EEEE =
[ [ [ ]| EEEE
[ ]
[ | [ ]| |
XER™" UER™ BERK* VTE Rk
NMTF framework
Um;” v (IX=UBVT|l,, + T (VT Lo V) + 0T (UT Ly U) + v [|UT U=IIE + VT V=1
;\1 » Manifold ™
e learning = -
¢ _ O
Feature space represented Feature space after
by hyper- h di i ducti
y nyper-grap imension reduction s~ — I ERe
Manifold
V 1 learning
/‘a} [ > < -
Sample space represented Sample space after
by hyper-graph dimension reduction VTeRk VER™ I, ERMk

Dual hyper-graph regularization

Orthogonality constraints

Fig. 2 Flowchart of the proposed RDHNMTF. Dual hyper-graph regularization: Dual hyper-graph regularization helps to
discover the low-dimensional geometric structure embedded in the high-dimensional sample space and feature space.
Orthogonality constraints: Use of orthogonality constraints allows the proposed algorithm to capture the most distinctive
components and enhance the uniqueness of the decomposed outcomes.

Jmin [[X-UBVI,  +

wu (Tr(VILY

pyper V) + T (UL,

hyper
v (k=0T 11~ VIV,
st, U>0,B>0,V>0

U))+

(10)

where ||X —UBVT”Z1 indicates using I ;-norm to

measure the  reconstruction  error. Besides,
u (Tr (VTL}‘I’y ver V) + T (UTLfl]y serD)) denotes the dual

hyper-graph regularization, where u >0 denotes dual
hyper-graph regularization parameter. v (HUTU -1 K||§+
||VTV—I K”lz:) indicates orthogonality constraints,
where v>0 denotes orthogonality parameter.
Orthogonality constraints is vital to HNMTF as
orthogonality constraints can lead to a better clustering
interpretation!3?l, Specifically, orthogonality constraint
v |[VTV - Ix|2) better
interpretation, orthogonality

leads to a clustering

while constraint

y ||UTU -1 KHIZJ helps to cluster the rows and columns of

the data matrix simultaneously and prevent the
mapping U < UB, without which the proposed NMTF
algorithms may degenerate into an NMF method with
only one orthogonal constraint imposed on matrix V.

3.2 Optimization of RDHNMTF

It is evident that the optimization Formula (10) is non-
convex, making it challenging to directly solve the
problem. To facilitate the optimization process, the
optimization problem is formulated as follows:

min Tr((X ~UBV")D(x - UBVT)T) +
U,B,V

a (Tr (VTLY

wper V) + T oLy

hyper
B(lte=U"Ulf+ 5=V V.
st, U>0,B>0,V>0

U))+

(11)

where @ =2u, $=2v, and D is a diagonal matrix with
its i-th diagonal element calculated as follows:
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1

= 12
[a—uBvD)] ”

i

Theorem 1 The updates rules derived from
optimization Formula (11) are able to optimize the
optimization Formula (10).

The detailed proof of Theorem 1 is provided in
Appendix A.

According to Theorem 1, the optimization Formula
(10) can be solved by optimizing intermediate Formula
(11). Thus, we design an optimization strategy for

solving Formula (11) subsequently.
3.3 Update rules of RDHNMF

IX|I%2=Tr (XXT), the
Formula (11) can be rewritten in the following manner:

Considering optimization

Um;nVTr (XDX"-2UBV'DX" +UBV'DVBTUT)+

@ (Tr (VILY V) +Tr ULy U))+

B (Tr (I -2UTU + UTUUU)+

Tr (I, - 2VTV+ VIvvTy)y) (13)
Optimization Formula (13) can be solved by

multiplicative iteration method. Let ¢ =[¢] € R;”E;k,

w = [w] RO and ¢ = [yl € R%k be the Lagrange

>0
multipliers for U, B, and V, respectively, Lagrange
function £ is obtained as follows:

L=Tr (XDX"-2UBV'DX" +UBV'DVBTU )+
a (Tr (VTL;’yperV) +Tr (UTL}?yperU))+
B(Tr (I; -2UTU + UTUUT U)+
Tr (L =2VIV+VIVVTY))+
Tr (UT) + Tr (wBT) + Tr (V1) (14)
Next, we can derive the partial derivatives of £ with
respect to U, B, and V as follows:

0L

Tk —-2XDVBT +2UBV'DVB+
¢+43(UUTU-U)+ 2aLf{yper (15)
aL T T T
3p = 2U'XDV+w+2UTUBVIDV  (16)
a'L T Ty,T
Sy = 2PX'UB+2DVB'U'UB+
Y+aB(VVIV-V)+2aLy (17

Given that Lpyper iS not a non-negative matrix, we
refer to L=D-S, let Luyper = Dhyper — Shyper, Where

Dhyper and Shyper are non-negative matrices. Using the
KKT condition, the multiplicative update rules of
RDHNMTF are obtained as follows:

(XDVB" +aSU
yper

i
X UBVTDVBT +aDV
yper

U+28U)
U +2BUU™U) jx

Ujk <

(UTXDV)

b ’ %b ) —
W UTUBVT DV

(DX"UB +asS),
yper

Vik
"(DVBTUTUB +aD},
yper

V+28V)ix
V+28VVTV),

Vik < (20)
The overall process of the RDHNMTF algorithm is
presented in Algorlthm 1.

3.4 Computational complexity analysis

In this subsection, the computational complexity
analysis for the mentioned algorithms are presented. It
is widely adopted to analyze the computational
complexity with big O notation. However, big O
notation is not precise enough to differentiate the
computational complexity between RDHNMTF and its
comparison algorithms. To enhance the accuracy of
computational complexity analysis, three arithmetic
operations, namely addition, multiplication, and
division, are Table 1 displays the
computational complexity of each algorithm during
each iteration. From Table 1, it can be observed that
NMTF based algorithms (i.e., DNMTF and CNMTF)
require more arithmetic operations than NMF based
algorithms (i.e., DNMF and CHNMEF) due to the extra
decomposed matrix and orthogonality constraints.
When assessed using big O notation, the overall costs
for all algorithms amount to O (mnk). In addition,
RDHNMTF requires the feature hyper-graph and

utilized.

Algorithm 1 Iterative algorithm for RDHNMTF
Input: Data matrix X € R™", parameter «, 3, and k
Output: Decomposed matrices U € R™* and V e Rk

1: Initialize matrices U > 0, B > 0, and V > 0 randomly;

: Repeat:

: Calculate matrix D based on Eq. (12);
: Update U by Formula (18);

: Update B by Formula (19);

: Update V by Formula (20);

: Until converges;

: Return decomposed matrices V;

O 0 N N Lt AW

. Utilize the K-means to obtain learned cluster label
information for matrices V.
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Table1 Computational complexity comparison.

Floating point Computational

Method Floating point addition Floating point multiplication division complexity
3mnk + 8mk?® + 5nk? + 6k> + 5Smk+ 3mnk + 8mk?> + Snk? + 6k> + 2mk+ )
RDHNMTE Uk + On+m)pk Snk+ K2 + (m+ mpk mk+nk+k2 O (mnk)
HNMF 2mnk +2mk?® + 2nk? + mk+3nk + mpk  2mnk +2mk? + 2nk® + mk+ 2nk + npk mk + nk O (mnk)
Smnk +9mk? + 6nk? +2k3 + 1lmk+  Smnk+9mk? + 6nk? + 2k + 8mk + 2nk+ 5
CNMTE 5nk + (m+n)pk 12+ (m +n)pK mk +nk +k O (mnk)
CHNMF 2mnk +2mk* + 2nk? + 4mk+3nk +npk  2mnk +2mk? + 2nk? + Smk+ 2nk + npk mk + nk O (mnk)
HGSNMF 2mnk +2mk® + 2nk* + 3mk+ 3nk +mpk  2mnk + 2mk* + 2nk? + mk+3nk + npk mk + nk O (mnk)
2mnk +2mk?* + 2nk? + 3mk+ 2mnk +2mk? + 2nk? + 2mk+
DNMF 3nk + (m+n)pk 2nk + (m +n)pk mk + nk O (mnk)
SHNMF-MCC 2mnk +2mk* + 2nk* + 4mk+4nk +npk  2mnk +2mk? + 2nk? + Smk+3nk + npk mk + nk O (mnk)
RHNMF 2mnk + 2mk* + 2nk?+Tnk + npk 2mnk + 2mk* + 2nk?+ mk + 6nk + npp mk + nk O (mnk)
2mnk + 2mk? + 2nk® + 3mk+ 2mnk + 2mk* + 2nk® + 2mk+
RDGDNMF 30k + (m ¥ n)pk Dk (m + n)ph mk +nk O (mnk)
2 2mnk + 2mk® + 2nk? + 2k3 + 4mk+ 2mnk + 2mk* + 2nk? + 2k3 + mk+ 2
SDGNMEF-BO Bk + (m+ n)pk Dk + (m+ nypk mk+nk+k> O (mnk)

sample hyper-graph to capture the manifold structure,
whose computational complexity are O (mn?) and
O (n*m) The total
complexity of RDHNMTF can be expressed as
O (mnk +mn® +nm?). We can draw the conclusion that
RDHNMTF better clustering
performance without much increase in run time, the
reasons are as follows:

respectively. computational

can achieve a

(1) Given that k << min (m, n), term mnk dominates
the computational analysis and term mnk is considered
to estimate the computational complexity. It is evident
in Table 1 that the coefficient of mnk terms in
RDHNMTF is 3, which is not large, as the the
coefficient of mnk terms in comparison algorithms
varies from 2 to 5.

(2) Some NMF methods, such as CHNMF and
CNMTF, require exponential operations
calculating similarity, whereas RDHNMTF does not
require exponential arithmetic operation, which also

when

saves run time.

(3) As feature hyper-graph and sample hyper-graph
are constructed only once in the initial phase, the extra
run time to construct hyper-graph is not large.

3.5 Convergence analysis

The convergence of RDHNMTF is analyzed in this
subsection and the following theorem is derived.

Theorem 2 The optimization Formula (11) is
monotonically decreasing under the update rules of
Formulas (18)—(20).

The detailed proof of Theorem 2 is given in
Appendix B.

4 Experiment

RDHNMTF algorithm is compared with ten state-of-
the-art algorithms across seven datasets (i.e., COIL20,
ORLY, YALE?#, PIES, MSRA251, PENDIGITS®, and
Mpeg7) to demonstrate the efficacy and robustness of
the introduced methods.

4.1 Experiments setting

4.1.1 Datasets description

A variety of datasets are utilized in the experiment,
Table 2 summarizes the details of the used datasets.
4.1.2 Comparison algorithms

RDHNMTF is compared with ten state-of-the-art
algorithms to demonstrate the superior performance
and robustness of RDHNMTF.

(1) GNMF?l, Graph regularized non-negative
matrix factorization adopts graph regularization with
the aim of constructing a affinity graph to capture the
geometric information of the datasets.

(2) HNMF?35], Hyper-graph regularized non-negative
matrix factorization constructs a hyper-graph to learn

f http://www.cl.cam.ac.uk/Research/DTG/attarchive:pub/data/att_faces.
tar.Z

¥ http://cve.cs.yale.edu/cve/projects/yalefaces/yalefaces.html

§ https://www.ri.cmu.edu/publications/the-cmu-pose-illumination-and-
expression-pie-database-of-human-faces/

1 http://'www_.escience.cn/people/fpnie/index.html

O http://archive.ics.uci.edu/ml/datasets/pen-based+recognition+of+
handwritten+digits
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Table 2 Description of the used datasets.

Dataset Number of samples Number of features Number of classes Data type
COIL20 1440 1024 20 Object image
ORL 400 10304 40 Face image
YALE 165 1024 15 Face image

PIE 1166 1024 53 Face image

MSRA25 1799 256 12 Face image
PENDIGITS 10992 16 10 Handwritten digit

Mpeg7 1400 6000 70 Shape image

geometrical structure.

(3) CNMTF!411, Correntropy based orthogonal non-
negative matrix tri-factorizaion uses correntropy to
measure the similarity.

(4) CHNMF3I, Correntropy based hyper-graph
regularized non-negative matrix factorization integrates
hyper-graph regularization and correntropy method
into NMF algorithm.

(5) HGSNMF!#2l, Algorithm called hyper-graph
regularized [/, smooth NMF adds hyper-graph
regularization terms and [/, smoothing constraint term
into conventional NMTF.

(6) DNMFI30L,  Graph dual regularization non-
negative matrix factorization considers the data
manifolds and feature manifolds simultaneously.

(7) SHNMF-MCC31, Maximizing correntropy is
utilized in sparse hyper-graph regularized non-negative
matrix factorization to measure similarity, while hyper-
graph regularization and sparse constraint are
employed to enhance clustering performance.

(8) RHNMFU4], Robust hyper-graph regularized
non-negative matrix factorization uses [ ;-norm
instead of Euclidean distance to calculate the difference
and it absorbs hyper-graph regularization.

(9) SDGNMF-BO, SDGNMF-BO is a semi-
supervised dual graph regularized NMF with
biorthogonal constraints. In our unsupervised task
experiment, the label matrix of SDGNMF-BO is fixed
as the identity matrix.

(10) RDGDNMFI43, RDGDNMF is a robust
supervised NMF algorithm with dual graph
regularization. The coefficient of the label information
terms is set to O for the unsupervised task.

4.1.3 Evaluation metrics

With the aim of evaluating the performance of the
mentioned methods in a fair way, evaluation metrics
Purity (PUR), Normalized Mutual Information (NMI),
and Accuracy (ACC) are introduced.

Purity measures the extent to which samples within
each cluster belong to the same class, purity is defined

in the following manner:

N

PUR = %Zmax ) Q1)
=1

where nl’ represents the sample in cluster i that also is a

member of original class j, N denotes the total number

of samples in the dataset.

The NMI evaluates the common information shared
by two clusters and gauges the degree of consensus
between them. Given the ground truth cluster C and the
cluster obtained from the clustering algorithm result C,
NMI is defined as follows:

MI (C, O)
max (H (C), H (C))
where MI (C, C) represents the mutual information

between cluster C and C, and H (C) denotes the
entropies of C.

NMI = (22)

The accuracy explores the one-to-one relationship
between the ground truth label /; and the learned
cluster label 7;, and calculates the percentage of the
correct label. Accuracy is defined int the following
manner:

0 (Iy, map (rp))

I ™M=

ACC ==L (23)

n
where ¢ (x, y)=1 if x=y and 6 (x, y)=0 otherwise.
map () is a mapping function which can find a optimal
match between [, and r,. In our experiments,
Hungarian algorithm is adopted[#6], which is a effective
mapping function to solve the mapping problem. For
the mentioned evaluation metrics PUR, NMI, and
ACC, a higher value indicates better performance of
the clustering algorithm.

4.1.4 Experimental setup

In this subsection, the experiments setup is discussed
comprehensively. The dimension k of the B** is set to
match the real class in the datasets. In the graph
regularized algorithms and hyper-graph regularized
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algorithms, we utilize k-nearest neighbor method to
construct the graph and the hyper-graph. The value of
nearest neighbor p in k-nearest neighbor method is
empirically adjusted to be 5. After experimental
verification, dual hyper-graph regularization parameter
« of the proposed algorithm is set to 100 and
orthogonality parameter § is adjusted to be 0. 01. The
parameters regarding the different compared algorithm
are set as default. Matrices U, B, and V are randomly
initialized, and each approach is executed 20 times on
different datasets.

4.2 Experiment results

Tables 3—5 show the accuracy, purity, and NMI of each
algorithms on different datasets, respectively. The
optimal values of the experiments are marked with
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boldface. Figure 3 shows the convergent results of
RDHNMTF on seven datasets, which confirms the
convergence proof in Appendix B. Overall speaking,
RDHNMTF has a better clustering performance than
other state-of-the-art algorithms. Specifically, three
critical factors are summarized and explained as
follows:

(1)  Algorithms that combine hyper-graph
regularization (e.g., HNMF, CHNMF, and RHNMF)
outperform algorithms combine conventional graph
regularization (e.g., GNMF and DNMF). Moreover, the
proposed RDHNMTF performs better than other single
hyper-graph regularized algorithms (e.g., CHNMF and
RHNMF) and graph regularized algorithms (e.g.,
GNMF). The above results show that the dual hyper-
graph regularization is superior to single hyper-graph

Table 3 Accuracy (ACC + standard deviation) on different datasets.

(%)

Algorithm COIL ORL YALE PIE MSRA25 PENDIGITS Mpeg7
GNMF!29 73.64+£3.04  67.50+£2.31  43.07+£1.77  73.82+2.21  58.68+2.36 72.51+4.54 53.01+1.21
HNMF33] 76.30+£3.35  67.38+2.13  43.88+2.53  77.24+2.07  56.12+2.41 74.00+4.61 53.77+1.24
CNMTF*1] 66.32+2.51  64.11£1.68 45514347  67.75£1.57  59.66+3.27 71.53+x4.47 47.58+£2.29
CHNMF!13! 75.05+£3.18  68.59+£2.10  45.69+2.58  73.13x1.66  58.10+2.48 71.43£7.06 51.37£2.17
HGSNMFF(42] 76.84+£3.22 72174253  4545+£2.14  76.63£1.76  57.01+2.19 73.37+£3.87 55.15+0.86
DNMEF!30] 66.11£2.65  68.15£1.01  43.55+244  77.47+1.50  57.98+2.27 74.23+3.84 52.61+1.76
SHNMF-MCCH3! 69.87£2.50  71.85£1.91  46.97+2.96  65.05£1.32  58.27+1.86 70.69+7.75 54.51£1.53
RHNMF!14] 77.344£2.57  70.36+£1.94  44.85+2.15  71.274£3.01  53.93+2.18 70.51+5.43 54.87+1.03
RDGDNMF43] 66.04+1.19  63.97+£2.45  45.5742.89  75.98+£1.85  56.89+2.65 73.66+2.44 56.02+0.77
SDGNMF-BO*4 71.09£2.00  62.07+2.55  40.06£2.08  75.19£2.02  56.08+1.75 70.49+4.70 51.97£0.45
RDHNMTF 78.12+1.85  72.29+2.66  47.96+2.08  80.85+2.10  59.04+3.80 75.61+£3.11 58.41+0.40

Note: The best results are in bold.
Table 4 Purity (PUR% standard deviation) on different datasets.
(%)

Algorithm COIL ORL YALE PIE MSRA25 PENDIGITS Mpeg7
GNMF29] 75.97£2.22  71.12+£2.03 43.99+1.88 76.71£1.53  61.56+0.99 74.12£2.65 56.77£0.78
HNMFI3] 80.08+2.45  71.01%1.45 45.46+2.16 80.83+1.92  58.53+2.80 75.22+2.91 58.28+0.80
CNMTF41] 69.30£2.24  67.19+1.48 46.54+3.29 71.69+£1.19  63.26x£1.94 73.72+£3.23 51.12+1.34
CHNMFI13] 77.73%2.58  73.11%£1.96 47.04+£2.31 76.68+1.15  60.35+3.96 73.21£5.01 54.92+1.84
HGSNMF!42] 79.16£1.78  75.40+1.80 46.12+2.18 80.36+1.30  60.14+2.33 74.46+2.28 59.27+0.89
DNMFI30] 68.28+2.27  71.65+1.28 44.78+2.11 81.35+1.13  62.01+3.36 74.76£2.86 56.87+1.20
SHNMF-MCCI43] 71.50£1.76  75.55£091  47.818+242  68.11£0.88  60.48+1.29 72.37+5.71 58.45+0.63
RHNMFU4] 81.39+1.67  74.02+1.59 47.23+£1.97 75.27£2.46  56.88+1.61 72.48+4.38 58.57+0.70
RDGDNMFI#3] 69.47£1.33 67.5+1.58 46.97+2.38 79.75£1.92  60.92+1.42 70.00+3.50 58.84+0.37
SDGNMF-BOM4! 72.81£2.02  66.97+£1.93 42.12+2.05 79.14+1.46  60.61+0.57 72.26+3.50 55.62+0.35
RDHNMTF 80.31+1.24  75.98+1.95 48.62+2.46 83.71+1.15  60.24+1.78 75.65+2.03 60.41+0.36

Note: The best results are in bold.
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Table 5 NMI (NMIz+ standard deviation) on different datasets, the best results are highlighted in bold.

(%)
Algorithm COIL ORL YALE PIE MSRA25 PENDIGITS Mpeg7
GNMF(29] 83.16£1.70  84.03%1.31 47.81£1.47 84.46+0.90 73.11+£0.79 69.92+1.23 73.03+£0.61
HNMFI33] 87.23+1.81 83.60+£0.69  48.95+1.75 87.98+0.91 63.53+3.445 70.01£2.10 73.34+0.539
CNMTFI41 74.83+£2.95 81.43+0.68 50.45+2.99 82.04+0.92 74.52+1.82 70.23+2.61 68.81+0.49
CHNMEFL13! 83.93+2.61 85.41x1.41 50.1+1.83 85.03+0.77 66.48+3.06 67.22+3.65 72.22+1.24
HGSNMF!42] 87.82+0.75 89.41+0.77 47.78+2.33 88.02+0.74 68.75+2.41 69.92+1.42 74.00+£0.39
DNMF!30] 76.46x1.12  83.73x1.13  48.18+%1.71 88.85+1.08 74.11£2.23 68.37£2.93 72.83+£0.52
SHNMF-MCC43] 78.69+1.19 89.69+0.37 51.61£2.41 78.69+0.68 66.47+1.97 67.90+2.38 73.87+0.06
RHNMF!14] 88.84+1.28 85.76+£0.87  48.62+2.46  84.67+1.41 61.21£1.61 66.96+4.36 73.81+£0.46
RDGDNMEF!45] 78.21£1.22  81.12+1.02  50.27£2.30  87.89+1.73 73.55+1.28 65.47+£0.96 74.98+0.32
SDGNMF-BO[44] 79.91+1.39 80.30+1.20 45.98+2.44  87.35+0.87 73.14+£0.72 67.78+2.34 71.87£0.15
RDHNMTF 84.30+1.21 86.95+0.58  51.65+2.04  89.64+0.82 65.30+£2.59 69.69+2.15 76.24+0.38
Note: The best results are in bold.
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Fig. 3 Convergence results on seven datasets.

regularization and single graph regularization. The
main reason is that dual hyper-graph regularization
contributes to obtaining a better geometric information
in sample manifold and feature manifold.

(2) Ip,1-norm based algorithms (e.g., RHNMF and
RDHNMTF) have a better performance than those
using Euclidean distance (e.g., NMF, GNMF, and
It
indicates that /5 ; norm helps alleviate the influence of

DNMF) to measure the reconstruction error.

noise and outliers and thus improve the clustering
performance.

(3) The dual graph regularized algorithms without
NMTF framework (e.g., DNMF and SDGNMEF-BO)
performs similarly to the single-graph regularized
algorithm (GNMF), whereas RDHNMTF outperforms

with
indicates

algorithms single  hyper-graph
regularization, which that the NMTF
framework helps the proposed algorithm to obtain
wider degrees of freedom. The adopted orthogonality
condition contributes to find unique
Therefore, the used orthogonal NMTF framework
improves the clustering performance of RDHNMTF.

other

solution.

4.3 Robustness analysis

To demonstrate the robustness of RDHNMTF, we

further conducted additional on
contaminated datasets using the aforementioned state-
of-the-art algorithms. The contaminated datasets
consist of ORL, MSRA25, and PIE datasets with four

different noises, i.e., Salt & Pepper noise, Block noise,

experiments
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Speckle noise, and Gaussian noise. Specifically, we
add Salt & Pepper noise and Block noise to ORL
dataset, Speckle noise to MSRA25 dataset, and
Gaussian noise to PIE dataset. The intensity of several
kinds of noises applied is gradually increased. Figure 4
shows the examples from the contaminated datasets.
The clustering results on contaminated datasets are
demonstrated in Figs. 5 and 6. The clustering results
suggest that the robust M-estimators based NMF (e.g.,
RHNMF, CNMF, CHNM, and RDHNMTF) methods
can mitigate the adverse impact of noise and outliers.
Additionally, the proposed RDHNMTF algorithm
outperforms other state-of-the-art algorithms in most
cases. This is due to /» 1-norm reducing the influence
of noise and outliers while orthogonality constrains and
dual hyper-graph regularization improve the clustering
performance.

4.4 Parameter selection

Parameter selection has a significant impact on the
experimental results. The main parameters in
RDHNMTF are a and B. Relatively small parameter
values result in reduced impact of the dual hyper-graph
regularization and orthogonality constraints. Also,
comparatively large parameters may decrease the
impact of rest terms in the optimization function and
deteriorate the clustering performance. Unfortunately,
it is hard to find optimal values for a and 8. Hence,
grid searching method is adopted to find relatively
ideal values for « and pB, which range in
{1073,1072,...,1,...10%}.  Although gird searching

(b)
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method can not find the optimal parameters for
RDHNMTF, RDHNMTF with parameters found by
gird searching can achieve a good clustering
performance. Figure 7 demonstrates that DHNMTF has
a ideal performance when « = 100 and 8 = 0.01. Hence,
100 and 0.01 are set as the default values of a and S,
respectively.

4.5 Ablation study

Ablation study is conducted to illustrate the benefits of
dual hyper-graph regularization and orthogonality
constraints. The results of ablation study are recorded
in Table 6 for four cases: (1) without dual hyper-graph
regularization and orthogonality constraint; (2) with
only dual hyper-graph regularization; (3) with only
orthogonality constraints; (4) with dual hyper-graph
regularization and orthogonality constraints. To realize
the above four cases, @ and f are tuend respectively as:
(1) 0 and 0; (2) 100 and 0; (3) 0 and 0.01; and (4) 100
and 0.01. It is evident that the performance of
RDHNMTF with orthogonality constraints alone is
significantly better than the performance of
RDHNMTF with dual hyper-graph regularization alone
(e.g., COIL20, YALE, PIE, and MSRAZ2S).
Additionally, when adding dual hyper-graph
regularization, the performance of DHNMTF without
dual orthogonality dramatically degrades on all
datasets, whereas the performance of orthogonality
constrained DHNMTF is greatly improved. The main
reason to explain the experiment results is that the
orthogonality constraints enables the proposed

(© (d)

Fig.4 Sample images of different datasets in various noisy conditions. (a) Illustrative image extracted from the MSRA25
dataset along with its corrupted version by Speckle noise having a mean of 0 and variances V = (.04, 0.08, 0. 12, 0. 16, and 0.20;
(b) Ilustrative image extracted from the PIE dataset along with its corrupted version by Gaussian noise having a mean of 0
and variance V = (.01, 0.02, 0.03, 0.04, 0.05; (c) Illustrative image from the ORL dataset along with its corrupted version by
Salt & Pepper noise having a density D = 10%, 20%, 30%, 40%, and 50%; and (d) Illustrative image from the ORL dataset
along with its corrupted version by a x a-blocks noise with a = 25, 30, 35, and 40.
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Fig. 5 Clustering performance on MSRA25 and PIE datasets with different noise types: (a)-(c) show the clustering
performance on MSRA25 dataset corrupted by Speckle noise, while (d)-(f) show the clustering performance on PIE dataset

corrupted by Gaussian noise.

algorithms to have a distinct data representation. The
dual hyper-graph regularization without orthogonality
constraints make the learned sample manifold and
feature manifold lose uniqueness and thus downgrade
the performance. Ablation experiments suggest that the
combination of dual hyper-graph regularization and
orthogonality constraints is beneficial to the

RDHNMTF model.

5 Conclusion and Feature work

In this paper, the robustness of non-negative matrix tri-
factorization is enhanced by introducing /> 1-norm to
measure the construction error. Furthermore, hyper-
graph is utilized to discover the high order geometric
information for improving clustering performance. To
address the formulated optimization problem, an
alternating optimization algorithm is designed and
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Fig. 6 Clustering performance on ORL dataset with different noise types: (a)—(c) show the clustering performance on ORL
dataset corrupted by Salt and Pepper noise, while subfigures (d)-(f) show the clustering performance on ORL dataset

corrupted by Block noise.

analyzed. Abundant experiments show the superiority
of the proposed algorithm. Although RDHNMTF has
good clustering performance, it also has rooms for
improvements. First, the parameter is set empirically,
thus a algorithm to find optimal parameters is needed.
Second, RDHNMTF can be improved to solve multi-
view clustering problem instead of single-view

clustering problem.
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Table 6 Ablation experiments of RDHNMTF.
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(%)
Setting Dataset ACC PUR
COIL20 64.17+1.64 67.44+1.91 76.18+1.41
ORL 65.00+2.93 68.43+2.80 81.63+1.77
. YALE 43.5+2.49 44.97+2.49 48.74+1.71
MSRA25 52264222 54.97+2.37 57.08+2.64
PENDIGITS 71.96+5.77 66.80+4.79 70.92:6.46
Mpeg7 50.27+0.79 53.75+0.46 70.19£0.51
COIL20 50.94+2.68 55.58+0.98 64.26:0.96
ORL 26.573.51 30.433.36 51.91+4.54
o YALE 21.02+0.40 22.88+0.62 27.17+0.50
RDHNMTE 301225‘121‘;??03”&‘1 hyper-graph PIE 22.17+2.55 27.93+2.26 45.23+3.59
MSRA25 38.90+7.23 42.51£6.80 46.34+9.44
PENDIGITS 70.28+3.12 66.78+2.91 68.2243.63
Mpeg7 22.20+0.47 25.31+0.71 50.15+0.81
COIL20 66.05+1.52 68.28+1.29 76.06+0.90
ORL 63.84+1.65 67.11+1.87 81.42+1.15
YALE 45.89+2.02 46.6242.17 49.96+1.58
RDHNMTF solely utilizing orthogonality constraints PIE 77.20+1.78 80.56+1.41 88.30+0.71
MSRA?25 54.53+1.63 56.67+2.64 59.73+3.44
PENDIGITS 71.7343.33 66.68+2.56 69.91:4.40
Mpeg7 49.38+1.40 59.410.36 56.970.76
COIL20 78.12+1.85 80.31=1.24 84.30+1 21
ORL 72.29+2.66 75.98+1.95 86.95+0.58
. YALE 47.96£2.08 48.622.46 51.65+2.04
ﬁ?;ﬁ?gﬁ(:’Ivllg;éhzrﬁszgojnifyhcii esrtriirszh PIE 80.85+2.10 83.71%1.15 89.64+0.82
MSRA25 59.04:£3.80 60.24+1.78 65.30+2.59
PENDIGITS 75.6143.11 75.65+2.03 69.69+2.15

Mpeg7 58.41+0.40 60.41+0.36 76.24+0.38
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Appendix

A Proof of Theorem 1

To prove Theorem 1, Lemmas 1-3 are needed to be
proved firstly. We define U" as the value of U at the ¢-
th iteration, so are BT and V7.

Lemma 1

lx-v=isvi, - [lx-v"BvT,, <

1
E(Tr((X ~U*'BVHD(X-U"'BV)T)-

Tr((X-U'BV)D(X - U’BVT)T)) (A1)
Proof  Considering D;; = m the Left-
Hand-Side (LHS) of Formula (A1) is
LHS =Z(||X,- —U*'BV)| - || Xi - (UTBV),-”) =
i=1
(. oivy |- L
> (Ilxi- @By Dﬁ) (A2)

i=1

The Right-Hand-Side (RHS) of Formula (A1) is

RHS:%Z( | X~ BV Di|| X~ BV Dl-,») -
i=1

'S 1 o v P D -
Eg(llxl—(v BV D 5-)

(A3)
Hence, we derive the following equations:
LHS -RHS =
< 1 2 1
2 (K= V|- X~ @ BV Dy - - ) =

i=1
S Dy 2]|Xi = U BY) |
ZT( D;;

1
- B - )

i=1 ii

x|l

-D:: 2
%(HX,--(UMBV)J ) <o

|_L
i=1 Di

(A4)

The proof of Lemma 1 is completed.
Lemma 2

|x-UB™VT, -[|x-UB™V],, <
%(Tr((X— UBH—IVT)D(X— UBH—IVT)T)—
Tr((X-UB'V)D(X - UBfVT)T)) (A5)

The proof of Lemma 2 is similar to the proof of
Lemma 1, so it is omitted.
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Lemma 3

[x - B, - |x-UBV],, <
1 + T
E(Tr((X—UB(VT)’ "p(x-UBV"Y*) )

- Tr((X ~UB(V"Y)D(x - UB(VT)’)T)) (A6)

The proof of Lemma 3 is similar to the proof of
Lemma 1, so it is omitted.

Proof of Theorem 1 Assume the proposed update
rules are able to optimize the optimization Formula
(11). Therefore, we can derive the following
inequalities:

Tr((X —-U*'BVHD(X - U™! BVT)T)

+2uTr (U)LY,

hyperUHl) " 2V||(Ut+l)TUt+1 _ IK”]2:

< Tr((X ~-U'BVYH)D(X - U’BVT)T)

+2uTe (U)LY O + 2| O U - Ik} (A7)
Tr((X-UB*'VHD(X-UB*'VT) <
Tr(X-U'B'VHDX -U'B'VHT) (A8)

Tr((X ~UB(V*)")D(x - UB(V’“)T)T) +

ZHTI.((VH-I)TLV

hypervt+1)+2V||(Vt+l)Tvt+l _IK”l%; <

Tr((X— UB(V)")D(X - UB(V’)T)T) +

2uTr((V)'LY,

hypervt) + ZV“(Vt)TVt - IK“12:

(A9)
Substituting Formula (A7) into Lemma 1, Formula

(A8) into Lemma 2, Formula (A9) into Lemma 3, we
get

“X— Ut+lBVT”2,1 +#Tr((Ut+1)TL}l]JyperUt+l)+

V||(Ut+1)TUt+1 _IKui <

|x-U'BV|, , +uTr (U)LY,

1
hyperU ) +

vy -1k (A10)

|x-uB™! VT||2’1 <|x- UBTVTHZJ (A11)

|Xx -UBvTy+! ||2,1 + pTr((V’”)TLXyper

Vt+l)+
V||(Vt+1)Tvt+l _IK”; <

|x-uBWY*|,, + ,uTr((V‘)TLXyper

V’) +
ATV - I} (A12)
Formulas (A10)—(A12) show that the update rules on
optimization Formula (11) are able to decrease the

optimization Formula (10). u
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B Proof of Theorem 2

To prove Theorem 2, we first introduce the definition
of auxiliary function as follows:

Definiton G (v,v) is an auxiliary function for F(v)
if it satisfys the following conditions[471:

G V)= F®W),GW,v)=F®) (A13)

Lemma 4 If G is an auxiliary function for F, then F
is non-increasing under the following updates steps
from iteration # to #+1[471:

vt = arnginG V)

(A14)
Proof

FO'H <G D <G o vhH=Fo")  (Al5)

From optimization Formula (12), we define O as
follows:

O =Tr(XDX")-2Te(UBV'DX")+

Tr(UBV'DVB'U")+
oTe(VILY  V)+aTr(UTLY  U)+

BTr(UTUUTU-2U0"U + ) +

BTr(VIVVIV-2VTV + I} (A16)

Next we will show the update rules which can
minimize the auxiliary function G of the function O are
exactly the update rules of Formulas (18)—(20).

We define F,Fiue, and Fyir to be the part of O
which only involve the uj term, by term, and vi
term, respectively. The first and second partial
derivatives of O with respect to U,B, and V are
defined as follows:

’ _ 60 _ T T T
ij_(m)jk_(—ZXDVB +2UBV'DVB') +

2a (L}’fyperU)jk +4p(UU"U - U)j . (A17)
. (020
= (W)jk =2 <BVTDVBT)kk + 2 (Lllljypef)jj "

40U+ UM U+ UUT - ij)jk (A18)

, 30
F :(ﬁ)kk' = (2UTUBVTDV)kk, —(ZUTXDV)kk,
(A19)

, =

. (8%
w =\am

)kk’ = (2UTU)kk (VTDV)k, , (A20)

(10
ik — v

) = (—ZDXTUB + 2DVBTUTUB)ik +
ik

2a(Ly,, V), +48(VVIV-V)  (A21)
, 620)
F4 = (— =
* ov? ik
2D;;(B"UUB), +2a(Ly,). +
IVIVLVIHTVLVVITE- %) (A22)

where J/* denotes an mxk single-element matrix,
whose element is 1 at coordinate (j, k), and O
elsewhere, so are J*' and J*.

Apparently, we are required to prove that Fj, and
Fuw, and F;j are monotonically decreasing under the
update rules of Formulas (18)—(20).

Lemma 5 The functions constructed below are
auxiliary functions for Fy(u), i/ (b), and F jx(v),

G (u, ujT.k) =

F i)+ F () =)+

T T U T
(UBV'DVB' +aD[ U+2pUU'U), -
T (u—uy) (A23)
Mjk

T T / T
(U'UBV'DV)
LT

kk’ T \2
(CE ) (A24)

G (v,vh) = FyWh) + F, (v (v =vE)+
(DVB'UTUB +aD),  V+28VV'V)

hyper

T
Vik

Proof We perform Taylor expansion on Fj(u),
F (D), and Fy(v), and get

Kwv—v2) (A25)

’ 1 1
F () = Fjp(uy) + F (i) (u—uy) + 5 Fielu= wy)?

(A26)
’ 1 "
T T T T 2
Fuge (0)=Fyo (b)) + F (b )b =by )+ 5 Fyy (b=by,)
(A27)

/7 1 1
Fir(v) = Fyh) + F, 0D =vh) + = Fy (v—v1)* (A28)

It can be easily obtained that G (u,u)=F j(u),
G (b,b)=F,(b), and G (v,v) = Fy(v). Next we need to
G (wu}) > Fjx(w), G (b,by,) > Fiy (b),  and
G (v,v}) > Fi(v). To guarantee G(u,u}k)>ij(u), we
combine Egs. (A23) and (A26) and learn that proving
the following inequality is needed:

prove
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(UBV'DVB" +aDY  U+28UU"U).
yper Jjk

T >
ujk
(BVTDVBT) + a(Lf{yper)
2B(J*UTU+ U U+ UUT I - Jfk)jk (A29)
Since @ >0 and 8> 0, we have
k
T T T T
(uBV'DVB Zu (BV'DVB") >
il (BVTDVBT) (A30)

M
U
D hyperU Z

xX=

(Dklljyper) Uik > (D llljyper S}lljyper) itk (A31)

UUT ZZu,)u)xuxk

x=1y=1

(J/kUTU+ vIMU+uUT ) N iy >

hyper jx uxk >

(OO UITUUUTT R - )
Formulas (A30)—-(A32) prove G (u, uTk) > Fj(u) holds.
Similarly, to guarantee G (b, bkk,) 2 F,(b), we

combine (A24) and (A27) and prove the following
inequality:

(A32)

(U'uBv'DV) ,
Kk T T
bZk' > (U U)kk (V D V)k/k/ (A33)
We have
K
T T T (y/T
(U"uBv'DY),, Z; ) b (VIDV) >
x=
T (y/T
(U"v), L (VDY) (A34)
Hence, G (b, bkk/) F,(b) holds. The proof for
G (v,vy) > Fy(v) is similar to the proof for
G (u,u]Tk) > F j(u), so we omit it here. |

Proof of Theorem 2 Considering Lemma 4, we
obtain the wupdate rules for
G (u, ujk) G (b, b ) and G (v, Vzk)

t+1 _
ujk _Mjk =

auxiliary function

’
T
Faug)

"2(UBV'DVB" +aD?,
yper

U +28UU"T U)jk ’

(XDVBT +aSV

b U+ ZﬂU)jk

t+1 _

kT T T U
(UBV'DVB" +aD¥

U +2pU0U" U)jk
(A35)
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1 T 1/<k’ (bfk' )
b b, ==br,
2(UTUBV' DY), ,
T
bY = by w (A36)
i (utuBv'DY)
W=V =
' T
i~ Fy i)
“2(DVBTUTUB+aD},  V+28VVV)
(DX"UB + asy oV + 2BV).
AR & (A37)
(DVB'UTUB + aDl  V+2BVVT V)[k

It can been seen that the update rules of Formulas
(18)—(20) derived from the KKT condition are exactly
the update rules for minimizing auxiliary function G.
According to Lemma 4, O is monotonically decreasing
under the update rules of Formulas (18)—(20). u
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