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Interplay of quantum resources in nonlocality tests
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Nonlocality, evidenced by the violation of Bell inequalities, not only signifies entanglement but also highlights
measurement incompatibility in quantum systems. Utilizing the tilted Clauser-Horne-Shimony-Holt (CHSH)
Bell inequality, our high-efficiency optical setup achieves a loophole-free violation of 2.0132. This result
provides a device-independent lower bound on entanglement, quantified as the entanglement of formation at
0.0159. Moreover, by tuning the parameters of the tilted CHSH inequality, we enhance the estimation of
measurement incompatibility, which is quantified by an effective overlap of 4.3883 × 10−5. To explore the
intricate interplay among nonlocality, entanglement, and measurement incompatibility, we generate mixed states,
allowing for flexible modulation of entanglement via fast switching among the four Bell states using Pockels
cells, achieving a fidelity above 99.10%. Intriguingly, our results reveal a counterintuitive relationship where
increasing incompatibility initially boosts nonlocality but eventually leads to its reduction. Typically, maximal
nonlocality does not coincide with maximal incompatibility. This experimental study sheds light on the optimal
management of quantum resources for Bell-inequality-based quantum information processing.
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Introduction. In response to Einstein, Podolsky, and
Rosen’s argument that quantum physics is an “incomplete”
theory based on the local realism assumption [1], Bell proved
that the predictions of quantum theory are incompatible with
those of any physical theory satisfying local hidden-variable
(LHV) models. This incompatible difference involves three
quantum resources: Bell nonlocality, entanglement, and mea-
surement incompatibility [2]. Specifically, we speak of Bell
nonlocality when LHV models do not hold [3], which is indi-
cated by the violation of Bell inequalities [4]. Entanglement
characterizes the nonclassical nature of a composite system
state that cannot be decomposed into a product of individual
subsystem states. Incompatibility goes back to Heisenberg’s
uncertainty principle [5], indicating the presence of quantum
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measurements that cannot be simultaneously implemented.
While both entanglement and measurement incompatibility
are necessary conditions for nonlocality, the study of the sig-
nificance of measurement incompatibility in nonlocality tests
has progressed slowly, leaving it a potential area of research
[6–13]. In addition to their significance for testing quantum
foundations, these three quantum resources have broad ap-
plications in quantum cryptography, including quantum key
distribution [14–20] and quantum random number generation
(QRNG) [21–28].

Given the essential role that a sufficient level of nonlo-
cality, entanglement, and incompatibility plays in quantum
protocols, quantifying these resources is fundamental and sig-
nificant. Moreover, finding the quantitative relation among
them is also important but remains unclear. Thanks to the
necessity between entanglement, incompatibility, and nonlo-
cality, nonlocality can provide valid estimations of these two
resources, even in the presence of untrusted devices, known
as device-independent (DI) quantification [15,17,29–37]. As
for the interplay among the three, it is well established that
only the maximal amount of entanglement and the maxi-
mal measurement incompatibility result in the highest CHSH
nonlocality of 2

√
2. Consequently, one might intuitively de-

duce that increasing entanglement or incompatibility leads
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to more nonlocality while keeping the other factor constant.
However, the relationship among them can be counterintu-
itive. Theoretical studies have shown that when the amount
of entanglement is fixed and considering all possible states,
increasing the measurement incompatibility initially enhances
nonlocality but eventually reduces it [38]. Additionally, other
related works have revealed the counterintuitive phenomena
among quantum resources in nonlocality tests [39–41].

In experiments, to observe the quantitative relationship,
Bell violations in different combinations of entanglement and
measurement incompatibility are needed. To make the re-
sults more general, these violations should be extended to a
more general type of Bell inequality—tilted CHSH inequality.
Achieving these outcomes convincingly, in a loophole-free
manner [42–45], necessitates a spacelike separated system
characterized by high detection efficiency and state fidelity.
Additionally, a method for preparing mixed states with ad-
justable levels of entanglement is also required.

In this work, the experiments are first conducted in a
device-independent manner by closing the locality and detec-
tion loopholes with the state-of-art efficiency in a spacelike
separated Bell test setup. We considered the entanglement of
formation (EOF) [29] as the entanglement measure because
it can be quantitively estimated by a given Bell inequality
violation. We also estimate the tight bound of measurement
incompatibility defined by effective overlap [46].

To further investigate the interplay among nonlocality,
entanglement, and incompatibility, we use a mixed-state
preparation technique by fast switching between Bell bases
with high frequency, efficiency, and fidelity. This approach
allows the entanglement of the Bell diagonal states to be
precisely controlled by electronic parameters.

Resources quantification via nonlocality test. For system-
atical investigation, we use a set of tilted CHSH-type Bell
inequalities with an extra parameter α [39],

Sα = α〈Â0 ⊗ B̂0〉 + α〈Â0 ⊗ B̂1〉 + 〈Â1 ⊗ B̂0〉 − 〈Â1 ⊗ B̂1〉,
(1)

where 〈Âx ⊗ B̂y〉 = ∑
a,b ab · p(a, b|x, y), a, b ∈ {±1}. Here

p(a, b|x, y) denotes the outcome probability conditioned on
the measurements Âx and B̂y by Alice and Bob according
to their measurement inputs, x, y ∈ {0, 1}, respectively. The
parameter α � 1 is an extra term partially tuning the contri-
bution of inputs. When α = 1, Eq. (4) reduces to the original
CHSH value obtained in the game.

First, we use EOF as a measure of entanglement. Op-
erationally, EOF provides a computable bound on the
entanglement cost [29], which quantifies the optimal state
conversion rate of diluting maximally entangled states into the
desired states under local operations and classical communi-
cation. Theoretically,

EF(ρAB) � Sα − 2α

2
√

1 + α2 − 2α
, (2)

where ρAB is the underlying state shared by Alice and Bob.
As for incompatibility, we use the effective overlap to

measure it. This measure is state dependent and can be tested
experimentally [46]. In the standard CHSH case, the quantity

is effectively upper bounded by

c∗(ρA, A0, A1) � 1

2
+ S

8

√
8 − S2, (3)

wherein the incompatibility is thus lower bounded by
min{c∗, 1 − c∗}. One can find more explanation about these
measures and multi-α incompatibility estimation results in
Supplemental Material Sec. I [47]. The experimental setup is
shown in Fig. 1. The polarization-entangled 1560 nm photon
pairs are created by spontaneous parameter down conversion
(SPDC) in the Sagnac loop from a 780 nm pump laser with
a pulse width of 10 ns and a repetition rate of 200 kHz.
Then, the photon pairs are transmitted to Alice’s and Bob’s
laboratories separately through fiber channels for independent
measurements. To close the locality loophole, we separate
Alice’s and Bob’s measurement stations far enough apart and
apply fast measurements and precise synchronization. The
synchronization of the experimental system is achieved by
locking the pump laser, the QRNG for the setting choice, and
the time-to-digital converter (TDC) for signal collection to the
same clock (CLK), as shown in Fig. 1. We carefully adjust the
relative delay between the QRNG and pump light to ensure
that the polarization of the photons can be modulated when
the setting choice signal is applied to the Pockels cell simulta-
neously. We designate the detection event on the transmission
path of the PBS as a(b) = 1; otherwise, a(b) = −1 for each
trial. The overall detection efficiencies are 82.8% ± 0.2% for
Alice and 82.7% ± 0.2% for Bob, respectively, which are high
enough to realize a CHSH violation without postselection and
to close the detection loophole.

After 8 h, 5.76 × 109 trials of experiment, the final quantity
Sα of interest, defined by Eq. (1), can be calculated from

〈Âx ⊗ B̂y〉 = N−1,−1|xy − N−1,1|xy − N1,−1|xy + N1,1|xy

Nxy
, (4)

where Nxy is the number of trials with inputs x and y. A trial
is counted if and only if Alice and Bob both randomly choose
a setting at which to perform a measurement. And Nab|xy is
the number of correlated events with outputs a and b, given x
and y. We set the coincidence window to be 15 ns and obtain
eight distinct CHSH values S by varying the mean photon
number per pulse. In Fig. 2(a), we quantify the entanglement
of the underlying states of these eight results using EOF. For
instance, upon reaching S = 2.0132, we certify the EOF in the
underlying state to be 0.0159. More entanglement estimation
results and the P values of CHSH violation S are provided in
Supplemental Material Sec. III [47], where the P value can be
defined as the maximum probability, according to local real-
ism, of observing a violation at least as high as that achieved
in the experiment [48].

Next, we obtain the quantification results for incompatibil-
ity using c∗. The estimation results are depicted in Fig. 2(b).
Additionally, by varying the parameter α when S = 2.0098,
we observe that, for specific α > 1, a more precise estima-
tion can be achieved via the CHSH-type expression given in
Eq. (1). The estimation via multiple values of α is detailed
in Supplemental Material Sec. I [47]. In Fig. 2(c), the opti-
mal estimation of incompatibility, 1.12 × 10−4, is achieved at
α = 1.04 among the provided options.
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FIG. 1. Schematics of the experiment setup. (a) Preparation of entangled photon pairs. (b) Preparation of the Bell diagonal state in Eq. (5).
(c) Single photon polarization state measurements for Alice and Bob, respectively, consist of a polarization controller (PC), a Pockels cell, a
half-wave plate (HWP), a polarizing beam splitter (PBS), and finally a superconducting nanowire single-photon detector (SNSPD). For the DI
entanglement and measurement incompatibility evaluation experiment, there is only one detector on the transmission port of the PBS; for the
interplay experiment, there are two detectors on both the transmission and reflection ports for postselection. (d) The space-time correlation of
the experiment. TE is the time needed to create entangled photon pairs. TQRNG1,2 represents the duration for generating random bits to switch
Pockels cells. Tdelay1,2 is the interval between random bit generation and delivery to the Pockels cells. TPC1,2 indicates the delay for Pockels cells
to prepare for state measurements after receiving the random bits. TM1,2 denotes the duration for SNSPD to produce electronic signals. The
details can be seen in Supplemental Material Sec. III [47].

Interplay among three quantum resources. In the previous
part, by optimizing the entanglement, we obtain a mono-
tonic relationship between nonlocality and incompatibility,
as shown in Eq. (3). Here, we extend our previous findings
by investigating a more general interplay among these three
pivotal quantities in quantum physics.

In our experimental demonstration, we plot the curves
representing the relationship between measurement

FIG. 2. (a) Diagram of EOF estimation results in the DI ex-
periment. We plot the theoretical estimated results of EOF with a
red solid line and mark the experimental estimated results of EOF
with red dots on the line. (b) Diagram of incompatibility estimation
results in the DI experiment. We plot the theoretical estimated results
of min{c∗, 1 − c∗} with a red solid line and mark the experimental
estimated results with red dots. (c) Subdiagram of (b), illustrating
the incompatibility estimation results with discrete multiple α using
the DI experiment statistics of S = 2.0098.

incompatibility and nonlocality for various states with a
fixed amount of entanglement. We then construct the convex
hull of these curves to illustrate the overall relationship
between measurement incompatibility and nonlocality for
this given amount of entanglement. We maintain the fixed
amount of entanglement in the Bell-diagonal state,

ρλ = λ1|�+〉〈�+| + λ2|�−〉〈�−|
+ λ3|�+〉〈�+| + λ4|�−〉〈�−|, (5)

where |�±〉 = (|00〉 ± |11〉)/
√

2, |�±〉 = (|01〉 ± |10〉)/
√

2
are four Bell bases. The measurements we choose
are parametrized as Â0 = σz, Â1 = σx, B̂0 = cos θσz +
sin θσx, B̂1 = cos θσz − sin θσx, while the angular difference
θ between two linear polarization measurements at Bob is
varied to change the incompatibility (see Supplemental
Material Sec. II [47] for details). In this case, θ is
monotonically related to c∗, where c∗ = cos2 θ, θ ∈ [0, π/4].
When θ = 0, B̂0 and B̂1 are totally compatible and, when
θ = π/4, they have the maximal incompatibility. To illustrate
the interplay, we take concurrence and one-way distillable
entanglement (ODE) as the target entanglement measures,
since the former captures EOF and the latter captures
entanglement entropy for the Bell-diagonal state, respectively.
For a given level of concurrence, it has been established that
the maximal tilted CHSH Bell value corresponds to a specific
state [38]. In our experimental setup, we select the state
that always attains the maximal nonlocality (tilted CHSH
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TABLE I. States for analysis of the interplay among entangle-
ment, nonlocality, and measurement incompatibility.

C = 0.4 E→
D = 0.2 E→

D = 0.1

State 0 State 1 State 2 State 3 State 4 State 5 State 6

λ1 0.7 0.788 0.832 0.847 0.797 0.765 0.712
λ2 0.3 0.203 0.132 0.079 0.163 0.215 0.284
λ3 0 0.006 0.031 0.068 0.033 0.016 0.003
λ4 0 0.002 0.005 0.006 0.007 0.004 0.001

violation) for concurrence C = 0.4. For the ODE, we select
three states each for E→

D = 0.1 and E→
D = 0.2, respectively, in

order to plot their convex hull. And we analyze the α-CHSH
value for α = 1 and α = 1.5 separately. The specific states
chosen for this analysis are detailed in Table I.

The preparation of the four Bell states is achieved using
an entanglement source, along with two sets of wave plates
and Pockels cells. The Bell state |�+〉 is directly generated
from the source. The other three Bell states can be obtained
by transforming |�+〉 through the following operations:

|�−〉 = σz ⊗ I · |�+〉,
|�+〉 = I ⊗ σx · |�+〉,
|�−〉 = σz ⊗ σx · |�+〉, (6)

where σx, σy, and σz are the Pauli operators. In our experimen-
tal setup, as shown in Fig. 1(b), when a high voltage is applied
to the Pockels cell, the σz (σx) operation is performed along
the path to Alice’s (Bob’s) side with the help of wave plates;
otherwise, the identity operation I is applied. According to the
parameters {λ1, λ2, λ3, λ4} in Table I, we allocate the propor-
tions of the four Bell states within a 5 ms cycle. After a long
accumulation period (in our experiment, each Bell diagonal
state is accumulated for 100 minutes), the target state can
be statistically obtained, with a fidelity exceeding 99.10%.
At the measurement stations, we keep Alice’s measurement
settings constant while changing Bob’s measurement settings
every ten minutes. We rotate Bob’s HWP from 22.5◦ to 11.25◦
in 100 min with a step of −1.25◦ to change the difference
θ between Bob’s two measurements, which corresponds to
the measurement incompatibility. See Supplemental Material
Sec. III [47] for details.

Finally, we apply postselection to process the acquired
data. Due to the use of SPDC sources, the photon count
follows a Poisson distribution [49], resulting in a significant
number of vacuum states. In the absence of postselection, this
leads to a mixture of the target state, as shown in Table I, and
vacuum states, causing deviations in the amount of entangle-
ment from the designed value. To filter out the vacuum events,
we utilize two SNSPDs at each measurement station.

By varying the level of incompatibility using θ ∈ [0, π/4]
in 10 points, we observe the curves of states with C = 0.4
(E→

D = 0.2) using the original CHSH inequality and the tilted
CHSH inequality in Figs. 3(a) and 3(b) [3(c) and 3(d)], respec-
tively. To illustrate the results, we use Fig. 3(d) as an example.
We depict the curves of states 1, 2, and 3, all of which have
E→

D = 0.2. The resulting interplay curve is represented by
the convex hull of these three curves, shown by the dark solid

FIG. 3. Interplay between nonlocality and incompatibility under
a fixed amount of entanglement. In panels (a) and (b), the maximal
α-CHSH values from the experiment with C = 0.4 are presented.
The red and blue line segments (with error bars) illustrate the in-
terplay between nonlocality and incompatibility. The faint solid line
represents the theoretical upper bound. In panels (c) and (d), the
curves of states 1, 2, and 3 (all with E→

D = 0.2) are shown as faint line
segments with error bars. The resulting convex-hull interplay curves
are represented by dark solid lines and the theoretical curve is shown
as dashed lines and faint gray lines.

line. This experiment clearly shows the interplay among the
three quantum resources.

In Fig. 3(c), we observe that maximal CHSH nonlocal-
ity is achieved at maximal incompatibility. In contrast, in
3(a), 3(b), and 3(d), we see an unexpected phenomenon:
increasing incompatibility initially raises the value of the α-
CHSH inequality, but eventually causes it to decrease. Our
experimental findings reveal a counterintuitive correlation:
while entanglement remains constant, maximal nonlocality
is typically not attained at the highest level of measurement
incompatibility. This highlights the generic interplay among
nonlocality, entanglement, and incompatibility. Additionally,
our experimental curves align perfectly with our theoretical
simulation curves, confirming the robustness of our theoretical
results [47].

Conclusion and discussion. In conclusion, we have demon-
strated a device-independent method to quantify the entangle-
ment and measurement incompatibility of a quantum system.
By successfully closing various loopholes in the optical sys-
tem, we show that a loophole-free Bell test setup can quantify
a significant amount of entanglement based on EOF. Also,
we optimize the estimation of measurement incompatibility
by changing the parameter α of the tilted CHSH inequality.

With the quantification of entanglement through non-
locality, we delve into the interplay among nonlocality,
entanglement, and measurement incompatibility. Our exper-
imental findings reveal a counterintuitive phenomenon within
quantum mechanics: given a fixed amount of entanglement
and considering all possible states, an increase in mea-
surement incompatibility unexpectedly leads to a reduction
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in the achievable Bell nonlocality. This runs counter to
the conventional expectation that greater quantum resources
should necessarily enhance violations of locality. Specifically,
the emergence or absence of this counterintuitive interplay
depends on the choice of entanglement measures (e.g., con-
currence versus ODE) and the use of tilted-CHSH inequalities
(α = 1 versus α > 1). This surprising observation challenges
established notions and underscores the intricate subtleties of
quantum theory.

Building upon this discovery, we present that, given a
certain amount of entanglement, two distinct levels of in-
compatibility can yield equivalent nonlocality. Our results
inspire several potential research directions, including the
optimization of states and measurement resources in Bell-
inequality-based quantum information processing protocols,

such as device-independent QRNG and device-independent
quantum key distribution.
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