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ABSTRACT

chinelearning, learning from trial-and-error interactions with an environment. Nev-

ertheless, this paradigm requires an extensive number of samples to perform a spe-
cific task, and for a new, unseen task the learning process must start from scratch. Transfer
Reinforcement Learning (TRL) is an emerging paradigm that aims to improve sample ef-
ficiency by reusing and adapting previously learnt knowledge in new tasks.

In recent years, Successor Features (SFs) have been a widely studied framework for
TRL. SFs are a robust mechanism for transfer learning that excel in scenarios where re-
wards are a linear combination of features. They achieve transfer by decoupling transition
dynamics from rewards. Moreover, together with Generalised policy improvement (GPI),
they form a powerful framework able to compose and transfer solutions to new tasks.
This framework has shown promising results in diverse applications such as neuroscience,
robotics, autonomous driving, and control.

Despite these outstanding results and applications, SFs and GPI present two main lim-
itations. First, they assume that transition dynamics are fixed and shared across tasks, an
assumption that hinders knowledge transfer in realistic scenarios where subtle variations
in physical or environmental factors can lead to significantly different dynamics. Second,
the performance of SFs and GPI on target tasks is theoretically tied to their distance from
the source tasks, which limits their ability to guarantee optimal policies for more distant
tasks. These challenges highlight the need for new composition mechanisms.

This thesis explores mechanisms to enhance SFs and GPI, addressing their current
limitations and making the framework more suitable for complex real-world applications.
Furthermore, it considers a novel setting in which Reinforcement Learning (RL) is not
feasible, showing how SFs can make RL applicable to support human learning.

Reinforcement Learning has demonstrated remarkable results as a paradigm for ma-

xxiii






CHAPTER

INTRODUCTION

Gigni de nihilo nihil; in nihilum nil posse reverti

Persius, Satirae

earning is an essential process for both biological and artificial systems (Neftci &

Averbeck, 2019; Witzany, 2018). Biological systems require learning to adapt, com-

pete, and survive in highly dynamic environments. Artificial systems, such as ma-
chines, are tools that increasingly shape and influence those same environments. There-
fore, it is crucial to study how these tools can be developed to positively affect both their
environments and the biological systems within them. For machines to have a positive im-
pact, they too must become more intelligent and adaptive, which fundamentally requires
learning.

Machine Learning (ML) has emerged as a major research field with growing influence
on everyday life. Its origins can be traced back to foundational questions about whether
machines could think (Turing, 1950). Over time, the question shifted from possibility to
implementation, focusing on how to build artificial systems capable of imitating intelli-
gence, recognising patterns (Rosenblatt, 1957), and ultimately learning from experience
(Samuel, 1959).

A machine that learns from experience resembles how humans collect, process, and
reflect upon their experiences for future use. Yet, this vision raises major challenges, how
to efficiently collect experiences, define the purpose of learning, interpret the context in
which experience occurs, and exploit what has already been learnt.

1



CHAPTER 1. INTRODUCTION

Figure 1.1: Harvesting drone across varying crops and weather conditions.

Reinforcement Learning (RL) addresses many of these challenges by providing a rig-
orous mathematical framework for learning through trial-and-error interactions (Sutton
& Barto, 2018). In recent years, RL has gained significant momentum, strengthened by
advances in supervised and unsupervised learning, as well as in deep neural networks
(Hochreiter & Schmidhuber, 1997; Krizhevsky et al., 2017; R. K. Srivastava et al., 2015;
Vaswani et al., 2017). These advances have enabled RL to achieve remarkable, sometimes
superhuman, performance in complex games and robotic control tasks (Barreto et al.,
2018; Mnih et al., 2015; Schrittwieser et al., 2020), as well as impactful real-world appli-
cations such as resource planning (Mu et al., 2024; J. Zhang, Ren, et al., 2024), robotics
(Kober et al., 2013), and recommender systems (Lin et al., 2024).

Nevertheless, classical RL requires a considerably high number of interactions with the
environment to learn even a single task, making it resource-intensive and often imprac-
tical in real-world scenarios. This limitation becomes even more noticeable when learn-
ing must extend across multiple tasks. For example, consider a harvesting drone, Fig. 1.1,
designed to pick three different crops: oranges, strawberries, and apples. The drone re-
ceives rewards for picking each type of fruit. Each crop has unique characteristics, and
classical RL would require millions of interactions to master harvesting only one type.
When switching to another crop, the system typically needs to relearn from scratch, which
makes the approach inefficient and unscalable. This inefficiency highlights the need for
more scalable learning approaches. We use the harvesting drone example throughout this
chapter as a running illustration of transfer learning challenges.

Intuitively, machines would expect to reuse the knowledge acquired in previous tasks
when solving new ones. One possible solution is to assume access to multiple tasks simul-
taneously while learning to solve a single task using reinforcement learning (Caruana,

1997). However, this approach, known as Multi-Task Reinforcement Learning (MTRL),
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Figure 1.2: Harvesting drone across varying crops and weather.

relies on the assumption of concurrent access to all tasks. A more general idea forms a
family of techniques known as Transfer Reinforcement Learning (TRL). TRL is an emerg-
ing paradigm that seeks to reduce resource demands and mitigate task specificity, and has
shown outstanding results and impact in a variety of research domains and real-world ap-
plications (Wulfmeier et al., 2023), including forecasting of wind discrepancies (J. Zhang
et al., 2025), robotics and control systems (Ju et al., 2022; Szoke et al., 2023; X. Wang et al.,
2024; Z. Wang & Pang, 2025; Zeng et al., 2025), and human-robot collaboration (J. Wang
et al., 2025).

To achieve effective transfer, two fundamental questions must be addressed: what knowl-
edge can be reused across tasks and how should it be reused (Lazaric, 2012; Zhu et al.,
2023a). TRL typically distinguishes between two sets of tasks. A set of source tasks, which
are used to determine what knowledge is transferable, and a set of target tasks, where the
previously acquired knowledge is applied, thereby answering the question of how to reuse
it. In the harvesting drone example, different crops can be defined as source and target
tasks, as illustrated in Fig. 1.2(a).

A promising answer to the question of what to transfer is representation transfer (Zhu
et al., 2023b). In representation transfer, knowledge is encoded in learnt representations
that capture expressive and interpretable task structures, which can be reused across di-
verse tasks in artificial intelligence problems (Barreto et al., 2017; Dayan, 1993; Le Lan
et al., 2022; Ma et al., 2018, 2020; Schaul et al., 2015; Sutton et al., 2011). Following this
line of research, Dayan (1993) introduced the concept of successor representation (SR), a
method to predict future state visits and to define these predictions as reusable represen-
tations for different tasks. In the harvesting drone example, Fig. 1.2(b), the agent predicts
future drone positions within the crops and bases its decisions on these predictions. These

3



CHAPTER 1. INTRODUCTION

representations can then be reused to transfer knowledge across multiple crops; that is, by
using these representations, the drone can navigate and harvest across seasons without
relying on season-specific representations.

This thesis aims to strengthen the Successor Feature (SF) framework, enhancing its
ability to address the complexity and variability of real-world tasks.

1.1 Background and Motivation

Successor-style representations have been demonstrated to be useful in biological and arti-
ficial intelligence scenarios. Recent studies have revealed neural evidence that the human
brain predicts future states through successor representations (Momennejad et al., 2017;
Russek et al., 2021). Successor representations have also served to model spatial navigation
in the hippocampus (De Cothi & Barry, 2020), bridging computational and human-brain
models (Madarasz & Behrens, 2019).

Building on this foundation, Barreto et al. (2017) generalised successor representations
to state—feature representations, proposing the SF framework. This generalisation enabled
the use of function approximators and continuous spaces. Recently, Barreto et al. (2018)
introduced generalised policy improvement (GPI), a mechanism for reusing and compos-
ing successor features across tasks. Collectively, SF and Generalised policy improvement
(GPI) provide a principled foundation for representation transfer, forming a central foun-
dation for scalable TRL methods.

Formally, successor-style representations assume that reward functions can be decou-
pled as a linear combination of features, r(s,a) = ¢(s,a)'w, where ¢ is a feature vector
and w represents task-specific weights (Barreto et al., 2017; Dayan, 1993). By varying w,
different reward structures can be yielded while reusing the same learnt feature represen-
tation. This decomposition enables transfer across tasks that differ in reward functions.
However, successor-style representations assume that tasks share the same transition dy-
namics; that is, the probability distribution over next states, given the current state and
action, remains unchanged across environments. This assumption limits transfer to set-
tings where only reward structures vary(Abdolshah et al., 2021; Lehnert et al., 2022).

Similarly, GPI can be viewed as a mechanism for composing learnt from source tasks (Car-
valho et al., 2023; Tasse et al., 2020). It leverages the knowledge from previously learnt suc-
cessor representations to build improved policies for new tasks. While GPI enjoys strong
theoretical guarantees and tight performance bounds, its effectiveness depends on the
quality and diversity of the source policies (Alegre et al., 2022; Machado et al., 2023).
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Therefore, its performance is bounded by the behaviours from the source task set (Neme-
cek & Parr, 2021). A detailed analysis of these theoretical bounds is provided in Chapter 2.

SF and GPI have been studied jointly as representation transfer and composition meth-
ods, with compelling results in traffic control (Szoke, Aradi, & Tettamanti, 2022), self-
driving (Szoke, Aradi, Becsi, & Gaspar, 2022; J. Zhang et al., 2017), medical robotics (Hu et
al., 2025), and in addressing fundamental RL problems such as unsupervised pre-training
(Kim et al., 2024). Despite these results, the original SF approach is built on assumptions
and limitations, such as tasks sharing the same underlying environment transition dy-
namics, and policy composition based on GPI having a tight upper bound (Abdolshah et
al., 2021; Nemecek & Parr, 2021).

This assumption is uncommon in real-world problems. Concrete examples include a
self-driving automobile that must navigate in real scenarios across different types of roads,
each requiring specialised driving skills (Dulac-Arnold et al., 2021); an agent balancing a
cart-pole system where the pole dimensions vary under certain conditions (Abdolshah
et al., 2021); and an agent controlling robotic arms with different physical specifications,
such as length or weight. In addition, our harvesting drone (Fig. 1.2) must navigate across
multiple crop layouts and changing weather conditions. In all these cases, transition dy-
namics differ, rendering transfer based solely on shared dynamics impractical.

Moreover, while GPI facilitates both rapid policy improvement and behaviour com-
position, its reliance on combining previously learnt successor features introduces struc-
tural limitations. The tight performance bounds of GPI suggest that improvements are
constrained by the span of available source policies, motivating exploration of alternative
approaches that relax these limitations.

1.2 Research Questions and Objectives

In this thesis, we address these limitations of the SF and GPI framework in order to make
SF-based agents more suitable for real-world problems. Accordingly, we propose a set of
algorithms, theoretical proofs, and mechanisms aimed at answering the central question
of How can successor features be enhanced to better support real-world problems?.
From this fundamental question, we derive the following research questions and objec-

tives.

How can successor features be generalised to support transfer across environments
with diverse transition dynamics?



CHAPTER 1. INTRODUCTION

Successor features have proven effective as a method of representation transfer un-
der constrained conditions, such as when transition dynamics remain fixed. How-
ever, this assumption is unrealistic in many real-world scenarios, for instance, when
harvesting crops under varying weather or physical conditions. By exploring gen-
eralisation as a guiding principle for knowledge transfer (Schaul et al., 2015; Sut-
ton et al., 2011; Zhu et al., 2023b), successor features can be extended and reused in
contexts where transition dynamics differ, thereby broadening their applicability to
real-world tasks.

@ How can successor features learnt in source tasks be adapted to target tasks with
different transition dynamics and reward structures while modelling epistemic un-
certainty?

Building successor features on the basis of generalisation introduces further con-
straints, particularly regarding the relationships between transition dynamics. In
practice, such generalisation often requires prior knowledge of how tasks and their
dynamics are related, which is rarely available in real-world scenarios. This research
question focuses on adaptation as an alternative to generalisation, exploring meth-
ods for reusing knowledge from source tasks to solve target tasks where both tran-
sition dynamics and reward structures differ, while also accounting for epistemic
uncertainty (Dimitrakakis & Ortner, 2022; Eysenbach & Levine, 2022).

@ How can successor features be adaptively composed to achieve transfer reinforce-
ment learning?

Successor features, along with Generalised Policy Improvement (GPI), form a power-
ful framework for representation transfer and composition. Nevertheless, GPI has
been shown to have a tight performance bound (Nemecek & Parr, 2021). This limi-
tation motivates the exploration of alternative or complementary methods for com-
posing successor features. Therefore, this research question focuses on developing
and evaluating such alternative composition strategies beyond GPI.

@ To what extent does transfer reinforcement learning using successor features en-
hance reinforcement learning in real-world scenarios?

Reinforcement learning has been successfully applied across a wide range of re-
search fields and real-world applications. In recent years, it has also been explored
as a tool to support human learning. Despite the demonstrated success of successor
features in TRL for domains such as robotics, self-driving cars (Szoke, Aradi, & Tet-
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tamanti, 2022), traffic control (Szoke et al., 2023), and neuroscience (Abdolshah et
al., 2021; De Cothi & Barry, 2020; Momennejad et al., 2017; Russek et al., 2021), they
have not yet been directly applied to support human learning. This research question
addresses this gap by exploring how SF-based TRL can be leveraged in real-world
applications where classical RL methods struggle to scale effectively.

To address these research questions, we outline the following research objectives (ROs):

@ Propose a novel definition of successor feature grounded in latent transition dynam-
ics, providing a conceptual basis for transfer reinforcement learning in environ-

ments with differing transition dynamics.

This research objective addresses @ In exploring the generalisation of successor
features across transition dynamics, we propose a method that operates at the level of
the dynamics themselves. Specifically, we assume the existence of latent transition
dynamics that can be leveraged to transform successor features, enabling transfer

across tasks with differing dynamics.

@ Design a method to transfer the learnt successor features to target tasks, leveraging
shared latent transition dynamics across tasks with differing transition dynamics.

This research objective also addresses . While the proposed latent shared tran-
sition dynamics provides a pathway to generalisation across contexts with differing
dynamics, @, it also introduces the challenge of learning successor features within
this latent space. To address this, we propose a transformed feature function that
encodes the shared latent transition dynamics, while simultaneously finding opti-
mal policies for source tasks. To encode the latent transition dynamics, we made
use of transformations of probability distributions, where the transition dynamics of
source tasks are mapped onto the shared latent transition dynamics. In doing so, this
objective contributes to answering the primary question of TRL, what knowledge
should be transferred. Once generalised successor features that encode the shared
latent transition dynamics have been learnt from source tasks, the next challenge
concerns the TRL question of how to transfer this knowledge. To tackle this, we
propose a method based on ensemble models to enable transfer across tasks with
differing transition dynamics. Moreover, the proposed ensemble is formulated of a
convex combination of successor feature representation for target tasks, and the la-
tent transition dynamics is expressed as a convex combination of transformed source
transition dynamics.
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@ Develop a method to adapt successor features from environments with varying tran-
sition dynamics and reward structures to target tasks.

This research objective addresses . Our approach made use of the inherent trans-
fer mechanism of Gaussian Processes and the flexibility of kernel functions, which
can be tailored to adapt the successor features of source tasks for solving new, unseen
target tasks. In doing so, this objective enables knowledge adaptation across varying
transition dynamics within the context of TRL.

@ Develop a method to capture epistemic uncertainty from successor features to en-
hance policy selection within the Generalised Policy Improvement (GPI) frame-

work.

This research objective also addresses . In addition to the flexibility offered by
Gaussian Processes to specify kernel functions, they also capture epistemic uncer-
tainty. Building on this property, we propose a method that leverages this advantage
to examine the extent to which the proposed approach enhances Generalised Policy
Improvement (GPI). Together with @ this objective supports knowledge adapta-
tion across varying transition dynamics within the context of TRL, while explicitly
capturing epistemic uncertainty

@ Design a method to adaptively learn and compose successor features.

This research objective addresses . Generalised Policy Improvement (GPI) has
been widely studied as a primary mechanism for composing successor features in
TRL. GPI can be interpreted as a hierarchical strategy in which the policy to follow
is selected at each timestep. However, this method relies on the assumption of a fixed
relationship between the vector weights of source and target tasks, and this assump-
tion has been shown to establish a tight performance bound. Our aim is to introduce
an alternative mechanism for composing successor features that can overcome these
performance limitations.

@ Identify a real-world scenario where classical reinforcement learning falls short, and
demonstrate how transfer reinforcement learning using successor features can make
reinforcement learning a practical solution.

This research objective addresses . In exploring research fields that could ben-
efit from TRL, we identified the area of human learning, specifically learning ana-

lytics, as a promising domain. Reinforcement learning has already been applied in
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this field to support how humans can benefit from intelligent systems. In particular,
self-regulated learning (SRL) has been widely studied as a crucial skill for human
learning processes, and reinforcement learning is being investigated as a means to
scaffold and support it. However, we argue that classical reinforcement learning is
not practical for SRL due to its scalability and adaptability limitations. This objective
therefore examines the feasibility of using TRL, and in particular successor features,
as a way to support SRL and, more broadly, human learning.

1.3 Contributions

This thesis enhances successor features to better support real-world problem solving. To
achieve this, we propose methods that relax common assumptions and limitations of suc-
cessor features, and we introduce a novel application domain that bridges machine learn-
ing with human learning. The aim is to design machine learning techniques that have
a positive impact in biological learning environments. Accordingly, the contributions of
this thesis are as follows:

« A method to predict successor features within a shared latent transition dynamics,
we named Transformed Successor Feature.

« A method to learn Transformed Successor Feature and derive optimal policies for
source tasks by using probability transformation techniques.

« An ensemble model-based method to transfer Transformed Successor Feature from
source tasks onto target tasks, thereby enabling successor features to be transferred
across tasks with differing transition dynamics.

« A novel successor features-based Dynamics Transfer Kernel for adapting and trans-
ferring successor features across tasks with dissimilar dynamics, supported by theo-
retical evidence of its validity.

« An uncertainty-based policy selection method made us of Gaussian Process inherit
uncertainty computation.

A high-level Markov decision process with high-level state and action spaces using
successor features to support decision-making and leverage prior knowledge for un-
seen tasks.
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Figure 1.3: Thesis organisation diagram.

+ A novel algorithm for learning and composing successor features from source tasks,
considering them as composable behaviours.

 Problem formalisation of scaffolding self-regulated learning with reinforcement learn-
ing as a Transfer Reinforcement Learning setting and demonstrated the feasibility
of transferring learnt self-regulated learning strategies to new study sessions with
different rewards via successor features, thus enabling scalable transfer of optimal
policies.

1.4 Thesis Organisation

An overview of the thesis organisation is presented in Fig. 1.3. The diagram outlines the
context of this thesis, the main objective, and the derived research questions and objec-
tives. It also illustrates the relationships between the research objectives and their corre-
sponding research questions, and shows how the contributions are linked to both. Overall,

the diagram serves as a guide to navigate the structure of the thesis.
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Chapters 1 and 2 provide the context, motivation, and literature review. Chapter 3 ad-

dresses @ by accomplishing research objectives @, @, and @ Chapter 4 intro-
duces methods to adapt successor features across different transition dynamics, thereby

achieving @ and addressing @ Similarly, Chapter 5 presents an alternative mecha-
nism to compose successor features, @ in order to answer @ Chapter 6 introduces a

novel application context, addressing research objective @ and . Finally, Chapter 7

summarises the thesis, discusses the findings, and outlines future research directions.
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CHAPTER

LITERATURE REVIEW

The scientific method required a shift from
believing to doubting.
Yuval Noah Harari, Sapiens: A Brief History of

Humankind

nowledge transfer in reinforcement learning through Successor Feature (SF) rep-
resentations has been extensively studied, spanning both theoretical foundations
and practical applications to real-world problems. This chapter provides the con-
text and theoretical background needed to understand SF and its role in Transfer Rein-
forcement Learning (TRL). We begin by introducing the fundamental concepts of Rein-
forcement Learning (RL). We then outline the main principles of TRL, describing how it is
typically formulated, and explain how SFs has been proposed as a mechanism to achieve
transfer. Following this, we review the literature on SF, identify the main gaps in existing

approaches, and organise the discussion according to these gaps.

2.1 Reinforcement Learning

RL is a paradigm for machine learning algorithms to acquire knowledge through trial and
error. The acquired knowledge is used to solve sequential decision making problems. The
decision maker is an agent , and everything it interacts with is called the environment. In
RL problems, the agent interacts with the environment and, as a consequence, obtains an
observation and a reward. The observation is the new environment state after the interac-
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tion, and the reward is a stimulus for the chosen decision. Therefore, RL can be viewed
as an optimisation framework concerned with choosing the most long-term rewarding
decisions (Sutton & Barto, 2018).

The complex agent interactions are commonly modelled as an Markov Decision Pro-
cess (MDP). An MDP is defined by the tuple Ml = (S, d, p, r,y) (Puterman, 1990; Sutton
& Barto, 2018), where J( is the MDP; § and o are the states and action spaces; p(-|s, a) is
the transition dynamics, i.e., the transition probability distribution that defines the distri-
bution of the next state given a state, s, taking action, a; r is a reward function that can be
definedasr : § x o x § — R;and v € [0, 1) corresponds to the discount factor on future

rewards.

The sequence of decisions followed by the agent is defined by the policy 7 = § — d;
that is, the policy gives the next action a € d to choose given the current agent state
s € 8. As mentioned above, the aim of RL is to discover the best sequential decisions,
hence the optimal policy. This optimal policy 7* : § — ¢ returns the best action given a

state, expecting to maximize the future rewards ), ~'r;.

To find the 7*, the literature divides the mechanisms into two sets: model-free and
model-based approaches. Model-based approaches aim to model the environment to pre-
dict its behaviour; hence, they have a notion of the future rewards given by the environ-
ment. These methods are well-known for their planning capacity, therefore optimise the
number of interactions; but they are also expensive to model complex environments. On
the other hand, Model-free approaches are inexpensive, as they require a greater quantity
of experiences gained through trial and error (Sutton & Barto, 2018). Sutton and Barto
(2018) sustains that they are not mutually-exclusive and can be used to support the learn-

ing process.

This thesis mainly focuses on model-free algorithms, specifically on the set of algo-
rithms derived from Q-learning, due to inexpensive solutions in large scale environments;
besides, the recent advances in deep RL demonstrate outstanding performance in complex
environments designed to challenge humans (Mnih et al., 2015; Schrittwieser et al., 2020),
addressing real-world problems such as stock markets (Lee et al., 2019), autonomous-
aerial vehicles, and the Internet of Things (Seid et al., 2021).

Q-based learning algorithms rely on the computation of state-action values. This de-
scribes the expected future reward of an agent in a certain state, s € § takes the action

14
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a € 9 and follows the policy 7. This value is computed as,

Sop = S,0p = a
a1~
St+1~p L

Qﬂ-(sa CL) = E § Vtrt
t=0
_ (2.1)

o0

= E nyt?“(st,at, 5t+1)

At41~T0
St+1~p Lt=0

SOIS,(I():(I] .

Many dynamic programming-based RL algorithms alternate between two processes
(Puterman, 1994): policy evaluation to compute Q)™ and policy improvement , which obtains
policies that take greedy actions upon the Q function 7'(s) € arg max, Q™ (s, a). Constant
alternation of both processes will converge in 7* (Puterman, 1994; Sutton & Barto, 2018).

Despite the inexpensive computation of Q values and the straightforward derivation of
optimal solutions suitable for large and complex environments. These algorithms require
extensive samples from the environment to achieve an optimal solution (Lazaric, 2012;
Zhu et al., 2023b). Moreover, the agents solve that task; any slight change can cause the
agent to perform poorly. That being said, performance in new or unseen environments
can be disastrous. For example, a harvesting drone, Fig. 1.2, may require millions of inter-
actions within a specific crop field to learn how to navigate it effectively. However, if the
drone is deployed in a different field with a new layout or varying weather conditions, it
would again require the same number of interactions to adapt to the new environment.
This makes this body of approaches inconvenient for real-world problems.

To alleviate this, researchers have investigated approaches to reduce task-specificity
and improve sample inefficiency by reusing past-learnt knowledge without completely
restarting the learning process. TRL is one of these optimisation techniques (Zhu et al.,
2023b).

2.2 Transfer Reinforcement Learning

TRL is a compelling set of techniques to answer what knowledge is learnt and how to
reuse it in new tasks (Lazaric, 2012). TRL commonly defines two sets of tasks. The first set
is used by the agents to extract knowledge, named the set of source tasks M*® = {M;|i €
{1,...,n}}. The second set corresponds to the set of target tasks, in which knowledge is
transferred to and is defined by M™ = {M;|j € {1,...,m}} for the target tasks m. Again,
the main goal of TRL is to reuse the knowledge learnt in M® in M7 (Lazaric, 2012; Zhu
et al., 2023b).
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Numerous approaches have been proposed to reuse the previously learned knowledge
from M* into M (Lazaric, 2012; Zhu et al., 2023b). To categorise existing work, Zhu et al.
(2023b) classifies it by the type of knowledge that is transferred by answering the question
of what knowledge is transferred. One of these approaches is disentangled representation
transfer. Disentangled representation transfer aims to build feature representations to be
used for the Q value computations, under the assumption that the state and action spaces
are shared and can be disentangled.

A few works have proposed to perform disentangled representation transfer. We un-
derstand that the following works can be classified into two main groups: value function
generalisation and successor representation. Value function generalisation aims to disentan-
gle the Q value function in order to build a reusable value function in M”. A generalisation
of the value function allows the capacity to reuse knowledge. In Sutton et al. (2011), the
authors state that value functions can be used as semantics to represent knowledge and
can be reused among tasks. In addition, Sutton et al. (2011) proposed the Horde architec-
ture as a mechanism to learn a set of value functions called general value functions (GVF).
In further research, Schaul et al. (2015) used the notion of Horde architecture to build uni-
versal value function approximators (UVFA). UVFAs are generalised over state spaces and
goals through the decomposition of learning state and goal embeddings. Furthermore, the
authors defined the goals as a subset of the final states. However, in such generalisation
approaches, learning a good GVF and UVFA is challenging (Ma et al., 2018); moreover, it
is assumed that the Horde architecture has continuous access to the current environment
in order to generate a good quality function.

On the other hand, Successor Representations (SRs) were formally described by Dayan
(1993). He formulated Q value could be obtained based on the expected frequency of future
state visits and a reward vector. All of these are only for tabular scenarios. In this context, a
few works have been proposed. Madarasz and Behrens (2019) propose a faster convergent
solution for SR, which adapts rapidly to new environmental changes, taking advantage
of the fact that optimal policies should be close to similar reward functions. Therefore,
Madarasz and Behrens (2019) proposes that the use of Dirichlet process to create a cluster
of tasks and an optimal policy works for all the cluster. Machado et al. (2023) formalises
the relevance of SR in different levels of temporal abstraction in RL; however, their work
does not focus on TRL. The aforementioned works were limited to tabular scenarios or
finite state spaces. To abstract finite states into state feature representations, Kulkarni,
Saeedi, et al. (2016) brings a neural network architecture to learn low-dimensional state
representations. To extend SR into continuous spaces, Barreto et al. (2017) proposes SFs,
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which is the focus of this thesis.

2.3 Transfer Reinforcement Learning via Successor

Features

Barreto et al. (2017, 2018) extended the concept to SF to represent expected continuous
state space features. In SF approaches, the reward function is decomposed into a simple
product of a feature function and a weight as

Ti(St, Gy, 5t+1) = ¢(5t, Gy, 3t+1)TWz‘7 (2.2)

where ¢ : § x o x § — R? denotes the feature function and w; is a task-specific vector
for the i-th task.

The main idea is that the feature function could be shared by all tasks, which facili-
tates the knowledge sharing among them. This new representation of the reward function
allows us to rewrite the state-value function or Q value function as

[e'S) T
Qi(s,a) = T [E 7t¢(5t>at73t+l) Sozs,aoza] w;
At 1~V

st+1~p Lt=0

(2.3)
=" (s,a) W,

where 1 is named successor feature and encapsulates the dynamic of the environment.
This factorisation of the rewards and Q function grants the agent the possibility of reusing
the SFs in the target tasks. Furthermore, this enables fast computation of Q values in tasks
with the same transition dynamics Q7 (s, a) = ¥"(s,a) w; and only requires fitting the
preferences over the features for the task-specific w;.

To fit the vector weights and the respective SF, it is crucial to learn from source tasks.

It should be noted that SF has the characteristic of following the Bellman equation; there-

fore, the SF for a task can be learnt by minimising the loss function,
Ly = (s, a,5") + 9" (s, a') = " (s,a) ||, (2.4)
and for fitting the vector weights,
Lw =|r(s,a,5") — ¢(s,a,5) W . (2.5)

Additionally, Barreto et al. (2018) extended the Q learning policy improvement to a
generalised Policy Improvement (GPI). This makes it possible to obtain the best policy

17



CHAPTER 2. LITERATURE REVIEW

from a set of policies induced by the set of SFs. In other words, the Generalised policy
improvement (GPI) algorithm merges the learnt knowledge from n source tasks and a set
of source SFs.

2.3.1 Generalised Policy Improvement

GPI is a generalisation of the processes of policy improvement and policy evaluation. In-
stead of evaluating one policy at a time, GPI considers multiple policies. It assumes access
to a set of source tasks, M®, and their corresponding SF, ¥ = {t)™:}"_,. GPI enables the
computation of an improved policy as,

OPl(s:w) € argmax max)(s,a) w. (2.6)

acd Ppev

e

Importantly, Barreto et al. (2017) found a theorem demonstrating that 7%!(s; w) per-
forms at least as well as any other policy in the set. The theorem states that the perfor-
mance gap between the optimal policy for a source task and the GPI policy for a target
task is bounded by the difference in task weights and the feature function, as shown in

the following theorem,

Theorem 2.1. Barreto et al. (2017) Given a task defined by an MDP JL(S, A,p,r,~). Let
M = {M(S, A, p,ri,7v) | ri(s,a,8,) = ¢(s,a,s") Tw;}'=) be the set of n source tasks, and
M™ = {M(S,A,p,r;,7) | rj(s,a,s)) = ¢(s,a, .S’)ij};”:_o1 be the set of m target tasks.
Let U = {+p™i}"" be the successor features (SFs) for the optimal policies for the n source
tasks, Qw.’ (s,a) = 1™ (s, a)"w; be the state-action value function of an optimal policy of

w; € M? when executed in target task w;, and let,

GPI T
W) € i
T (s wy) arginaxrilgicw(s,a) W,
Then,
Qw) (s,0) — Q% (s,a) < 2 (max [| ¢(s,a) || min || w; —w; [|) (2.7)
w; (8, w; (8,a) < T na: s, Juin || wy —wi l]). )

2.4 Related Work on Successor Features

Successor features literature is extensive and represents an active, ongoing area of re-
search. Recent studies and contributions can be categorised into three main groups, as

illustrated in Fig. 2.1.
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Figure 2.1: Groups of related work on successor features.

2.4.1 Address Reinforcement Learning Limitations

This first body of work focuses on implementing SFs and seizing their properties to address
existing limitations of RL. In particular, Tao et al. (2021) proposed REPAINT as a solution
to improve learning times using transfer learning in similar and dissimilar environments.
The goal of REPAINT is to transfer knowledge in two stages: the transfer of knowledge
about the representation of the policy and the transfer of knowledge about the off-policy
instance. To achieve this, the approach used Policy Distillation for the instance transfer.

Lehnert and Littman (2020) studied SF as a mechanism that intrinsically bridged model-
free and model-based RL. In the same vein, Janner et al. (2020) proposed a hybrid approach
that bridges model-free and model-based methods, using SF to enable long-horizon pre-
diction. This approach leverages conditioned policies and infinite-horizon value functions
while avoiding reward dependence on model-based methods, though it remains limited
to tabular settings.

Hansen et al. (2020) propose Variational Intrinsic SFs, combining two techniques: Mu-
tual Behaviour Information and SFs to improve the computation of features and task in-
ference for unseen tasks. Their implementation is complex due to their attempt to solve
two problems: unsupervised pre-training and Mutual Behaviour Information. H. Liu and
Abbeel (2021a) proposed an improvement to the Variational Intrinsic SFs method. This
was achieved by incorporating an improved exploration guided by entropy maximisation
H. Liu and Abbeel (2021b) and mutual behaviour information. Later, Kim et al. (2024)
utilised SF to decouple the problem of exploration and exploitation for unsupervised pre-
training. Recent work in unsupervised pre-training utilised SF to yield policies capable of
achieving zero-shot transfer (Park et al., 2024; Touati et al., 2023).

Scarpellini et al. (2024) combined foundation models, SFs, and offline data to propose
a method 72vec which main focus is to represent black-box policies. Black-box policies
are problematic since there is no direct access to the policy, only certain offline data. SFs
were used to represent the black-box policy expected behaviours. C. Wang et al. (2024)
used SF to address the problem of transferring knowledge from offline-to-online in RL.
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Similarly, Filos et al. (2021) used offline data to propose an inverse temporal difference
to leverage policies from offline-to-online in RL. Other work combined UVFA and SF,
to enhance representation transfer and yield generalisation across tasks (Borsa, Barreto,
Quan, Mankowitz, et al., 2019).

Other areas of RL have also leveraged the properties of SF. For instance, Alegre et al.
(2022) successfully modelled SFs as a multi-objective RL problem. Then, they exploited
this relationship to propose multi-objective RL algorithms for the context of SF. Similarly,
Machado et al. (2023) used SFs to address the skill discovery problem in hierarchical RL,
showing the potential of SF to model behaviour across temporal abstractions. Gimelfarb
et al. (2021) utilised SF to derive robust policies and address risk-constrained settings.

Moreover, Madarasz and Behrens (2019) proposed a faster convergent solution for Suc-
cessor Representations that adapts more rapidly to environmental changes, leveraging the
assumption that optimal policies are similar when reward functions are similar. Their
approach clusters tasks using a Dirichlet process, under the premise that tasks within a
cluster share similar optimal policies. However, this method relies on the assumption that
environments are sufficiently similar in both transition dynamics and reward structure for
clustering to be effective. When environments exhibit substantial variation in transition
dynamics, the similarity assumptions underlying clustering may no longer hold. Conse-
quently, transfer performance becomes sensitive to the degree of environmental similarity.

Despite the demonstrated properties of SFs in addressing existing limitations of RL
and yielding state-of-the-art algorithms, in this thesis, we mainly focus on the other two
groups of related work: How works have addressed Successor Features Limitations and
Real-world Application challenges using SFs.

2.4.2 Address Successor Features Limitations

SFs and GPI have demonstrated strong performance, particularly under the constraint
of shared, fixed transition dynamics. Additionally, GPI is constrained by tight theoreti-
cal performance bounds (Nemecek & Parr, 2021). The framework can be formalised as
follows,

o0
wﬂGPI(&G) = E ' ZWt ¢(3taat73t+1) So = S, a0 = a| ,
N————

GP
i1 €T t=0 Fixed Feature Function (2-8)

GPI policy
St+1 ~ P

Fixed Transition Dynamics
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GPI

where 7" is given by,

7% (s; w) € argmax max ™ (s,a)’ w.

a€ed \mEH

J/

(2.9)

Set of Optimal Policies

Policy Composition

As shown in (2.8), SFs the underlying transition dynamics p are fixed and shared
among tasks, and GPI policy, (2.9), is a two-level decision making process where a set
of policies is composed to derive a new policy. We use (2.8) and (2.9) to organize this lit-

erature review by understanding how literature in SFs has addressed these limitations.

Fixed Transition Dynamics A first body of work on SFs has aimed to relax the assump-
tion of fixed transition dynamics. This assumption is restrictive in RL settings, where tran-
sition dynamics are typically unknown and often subject to variation. To our knowledge,
two works have aimed at decoupling dynamics in the successor feature context.

J. Zhang et al. (2017) proposed a linear relationship between the source and target
feature functions. However, this formulation assumes that differences between environ-
ments can be modelled through linear transformations, which restricts applicability to
settings with approximately linear dynamics shifts.

More recently, Abdolshah et al. (2021) proposed representing target SFs as noisy trans-
formations of source SFs using Gaussian Processes. While this approach offers greater flex-
ibility, Gaussian Processes introduce cubic computational complexity, limiting scalability
in high-dimensional environments (Goumiri et al., 2020). Furthermore, these methods
rely on kernel-based similarity assumptions that may not generalise when transition dy-
namics differ substantially.

Beyond the SF setting, Gaussian Process models and transferable kernels have been
studied extensively in multi-task and transfer learning. For instance, Alvarez et al. (2010)
and Bonilla et al. (2007) proposed Intrinsic Coregionalisation Model to capture task re-
lationships but assumes joint access to all task data. Similarly, transferable kernel ap-
proaches, where Tighineanu et al. (2022) and Wei et al. (2023) model structured source-
target relationships, require explicit similarity structures between tasks.

Collectively, these approaches either assume linear dynamics transformations, rely on
strong similarity priors, or suffer from limited scalability. As a result, a principled and scal-
able method for generalising successor features across environments with substantially
differing transition dynamics remains an open challenge.
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This gap directly motivates @, which investigates how successor features can be

generalised beyond shared or linearly related dynamics, and , which explores scalable
mechanisms for modelling task dissimilarities under dynamic variations.

Beyond direct transfer, SFs have also been studied for their role in bridging model-
free and model-based RL (Lehnert et al., 2022). Similarly, Alegre et al. (2023a) integrated
model-based planning with SFs by approximating environment dynamics for GPI. These
efforts further emphasise the importance of explicitly handling transition dynamics in SF-
based methods, reinforcing the central focus of this thesis.

Policy Composition A second body of work is based on problems similar to composition
mechanisms to reuse policies in target tasks. In this line, Barreto et al. (2020) work centres
on managing SFs to apply policy evaluation and policy improvement from a list of tasks
and policies independently. Later, Brantley et al. (2021) introduces a solution to remove
the static list of tasks and policies. This work is a model-based algorithm that manages
multiple policies simultaneously on the assumption that they have access to a perfect en-
vironment model. In this line, Tasfi et al. (2023) proposes DynSF; this solution also man-
ages and reasons with multiple policies at once, allowing the agent to adapt dynamically
to different tasks; however, their work focuses only on settings where feature functions
can be expressed solely by the next states. The DynSF is capable of predicting SFs.

Recently, Y. T. Liu and Ahmad (2023) uses value composition to compute a new Q
value, which is therefore derived from a composed policy. These interesting approaches
aid the successor feature in managing a set of policies simultaneously. Nevertheless, these
approaches are based on strict assumptions, such as access to the environment model,
specific settings, or application to low-dimensional action and state spaces. More impor-
tantly, these works similar to GPI, higher differences in the rewards vector can lead to
suboptimal policies in target tasks.

Relevant works have explored the composition of fixed behaviours. Barreto et al. (2019)
proposed the Option Keyboard (OK), which defines 2 sets of weights: one for low-level poli-
cies and another for the high-level policy, where the latter governs the extended execution
of options. However, their approach relies on GPI in the cumulant space for composition.
Building upon the OK, Carvalho et al. (2023) extended it to compose dynamic behaviours
while simultaneously discovering features and tasks.

Machado et al. (2023) and Ramesh et al. (2019) proposed frameworks for option discov-
ery within successor features. Other works have explored composing SFs over long hori-
zons, often leveraging a mix of model-based solutions and SF-GPI (Alegre et al., 2023b;
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Janner et al., 2020). All of these works rely on GPI for the policy composition process; it is
well-known that GPI has a tight upper-bound with respect to the vector weights distance
(Nemecek & Parr, 2021).

Beyond SF, behaviour composition has been a key area of focus for solving new, unseen
tasks, primarily through value-function and policy composition. Value-function compo-
sition aims to derive new behaviours by combining existing value functions. For instance,
several works have explored this approach to produce novel behaviours, including those
by Adamczyk et al. (2023), Tasse et al. (2020, 2022), and Van Niekerk et al. (2019).

Within the SF and GPI literature, an example of this type of composition was specif-
ically studied by Y. T. Liu and Ahmad (2024). Policy composition, on the other hand, di-
rectly combines existing policies to form new behaviours. Approaches such as those pre-
sented in Haarnoja, Pong, et al. (2018), Peng et al. (2019), and L. Wang et al. (2024) have
achieved this, with Hunt et al. (2019) demonstrating its application within the SF and GPI
framework. Kuric et al. (2024) proposed a method to compose SFs by planning behaviours
using automata. Other research, including (Barreto et al., 2017; Barreto et al., 2019; Gupta
et al., 2017; Han & Tschiatschek, 2022; Shah et al., 2022), has explored hierarchical and
representational RL as alternative composition strategies, which motivates @ of this
thesis.

In SF and GPI, few works have addressed epistemic uncertainty modelling. Malekzadeh
et al. (2022) enhanced exploration and exploitation by modelling learning-time SF un-
certainty. Madarasz and Behrens (2019) combined successor representations with non-
parametric clustering in task space; while their algorithm handled uncertainty across clus-
ters, it did not model epistemic uncertainty within them. C. Wang et al. (2024) addressed
epistemic uncertainty via an ensemble. These methods primarily improve SF learning un-
der specific conditions, without tackling the shared dynamics assumption or modelling
uncertainty for the GPI process. This identified gap motivates @ of this thesis.

Set of Optimal Source Tasks Another body of work focuses on constructing a finite set
of basis successor features to guarantee optimal transfer across target tasks. Alver and Pre-
cup (2022) developed a mechanism to build a library of basis policies that, when composed
with GPI, represented optimal policies. This approach assumed that, for features encap-
sulating unique behaviours, learning policies focused on those specific features would be
sufficient for optimal transfer when rewards were convex combinations of them.
Nemecek and Parr (2021) also defined conditions for building a set of basis behaviours

under convex combinations of shared features. In contrast, their method dynamically ex-
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panded the set whenever a more relevant policy was discovered that outperformed the
existing ones. Zahavy et al. (2021, 2022) explored automatic ways of constructing the set
of basis behaviours under convex MDPs.

Finally, Alegre et al. (2022) bridged multi-objective RL by using a high-level algorithm
to build the optimal set of source tasks and basis behaviours. Once constructed, this set
guaranteed an optimal behaviour for any target task. However, all these approaches rely
on GPI and its properties, which demand significant resources to build and maintain the
libraries.

Instead of dynamically adding behaviours, the question of whether there is an alterna-
tive to GPI for composing fixed behaviours and testing approaches under more challenging
conditions, particularly in tasks that are significantly more distant from the source tasks,
remains unanswered in the literature and forms the core of @ in this thesis.

Fixed Feature Function A third group of approaches aimed at enhancing SFs frame-
work states the difficulty of learning the feature function. Works in this vein can be cate-
gorised into two subgroups.

First, there is a body of work that manually designs the feature function, such as (Bar-
reto et al., 2017; Borsa, Barreto, Quan, Mankowitz, et al., 2019; Szoke, Aradi, Becsi, & Gas-
par, 2022; Szoke, Aradi, & Tettamanti, 2022). In these approaches, the feature function
includes expert knowledge tailored to specific environments.

The second subgroup includes approaches that learn from the data and apply super-
vised strategies. For example, Carvalho et al. (2023) proposed a new modular architecture
for SFs which aims to improve the prediction of latent space representations. Their method
relaxes the need for a common state representation, allowing the agent to learn indepen-
dent state representations and enabling the combination of task solutions. This solution
assumes that the feature functions belong to a partition of the latent space. Similarly, Moz-
ifian et al. (2022) presented an algorithm to decompose the learning state representation
process from reward characteristics using actor-critic methods.

On the other hand, relevant mechanisms for learning without explicit reward have
also been proposed. Hansen et al. (2020) introduced variational intrinsic SFs , combining
two techniques: mutual behaviour information and SFs to improve the computation of the
feature function and task inference for unseen tasks. However, this method limits the ex-
ploration of new states and actions. To address this constraint, H. Liu and Abbeel (2021a)
proposed active pre-training with SFs to combine the successor feature framework and ac-
tive pre-training in unsupervised settings. These approaches rely on intrinsic rewards to
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discover features in an unsupervised manner. Nevertheless, they are restricted to discrete
state and action spaces, and although they claim state representation independence, per-
formance remains sensitive to the chosen representation H. Liu and Abbeel (2021a).

From a theoretical perspective, learning the feature function can be problematic. As
discussed in Machado et al. (2023), ¢ (s, a, s) = 0is a fixed point, which may hinder mean-
ingful representation learning. Recall that ¢ : § x o x S — R?, where d is the feature
dimension. As noted by Barreto et al. (2017) and Dayan (1993), there is no benefit in choos-
ing d > |S|?|d|, implying that d < |S|?|s4|.

More recent work on shared feature function learning has sought to overcome the lim-
itations of purely state-based approaches by developing more expressive representations.
For instance, R. Chua et al. (2024) proposed a Temporal Difference (TD) mechanism and
employed a stop-gradient operator to avoid collapsed states during learning in complex
pixel-based scenarios. Filos et al. (2021) introduced an inverse temporal difference from
offline data and learnt the shared feature function from demonstration. Ollivier (2025)
showed that different families of features that describe rewards also share a common
structure, which can be expressed in terms of Laplacian eigenfunctions; however, this
structure holds only in deterministic environments, and no practical method currently
exists to learn such eigenfunctions. Similarly, Park et al. (2024) proposed learning feature
functions through Hilbert representations, abstracting states while preserving global re-
lationships. Their method re-parameterises relationships by treating one state as a goal,
capturing temporal dependencies between states and the goal.

In this thesis, the design and learning of the feature function itself are considered out-
side the scope of the proposed contributions.

2.4.3 Address Real-world Application Challenges

Finally, SF and GPI together have become a widely used framework, with applications
extending beyond theoretical studies into real-world domains. For example, Szoke, Aradi,
Becsi, and Gaspar (2022) and Szoke, Aradi, and Tettamanti (2022) studied SFs in the con-
text of autonomous driving, whereas Szoke et al. (2023) demonstrated their use in traffic
light control, while Xu et al. (2020) explored applications in natural language processing.
In addition, J. Zhang et al. (2017) implemented SFs for navigation problems. Similarly, J.
Zhang, Ren, et al. (2024) studied planning and control in multiple unmanned surface ve-
hicles (USVs), demonstrating the capacity to coordinate multiple USVs in ocean and water
conditions.
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Beyond control and robotic problems, SF has been used to study human learning. Mo-
mennejad et al. (2017) studied SF to model how humans learn, whereas De Cothi and
Barry (2020) utilised SF to model how the hippocampus in the human brain plans over
spatio-temporal spaces.

Despite their broad adoption across diverse research fields and practical domains, ex-
isting work with SF and GPI has not explored their potential to support human learn-
ing, nor demonstrated how TRL can make RL feasible in real-world educational contexts,

which motivates @

2.5 Successor Features Constraints and Limitations

SFs and GPI form a powerful framework that has achieved broad adoption and delivered
impressive results across a wide range of fields. Nevertheless, important limitations re-
main. Among these is the assumption of fixed transition dynamics, which poses a major
barrier to real-world applicability. Addressing this challenge requires methods that nei-
ther assume prior knowledge of the relationship between transition dynamics nor rely on
their direct approximation.

In addition, while GPI has become the de facto mechanism for composing SFs, its re-
liance on the sole composition strategy highlights the need to explore alternative mecha-
nisms that could offer greater flexibility and scalability.

To the best of our knowledge, these constraints remain unresolved, representing criti-
cal open problems. Tackling them is essential for advancing the literature on SFs and GPI
and for making these frameworks more suitable for complex, real-world tasks.
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CHAPTER

ADAPTIVE SUCCESSOR FEATURES VIA TRANSITION

DYNAMICS TRANSFORMATION

Facilidad, sin embargo, por que lo que el hombre
teme por encima de todo no es la muerte y el
sufrimiento, en los que tantas veces se refugia, sino
la angustia que genera la necesidad de ponerse en
cuestion, de combinar el entusiasmo y la critica, el
amor 'y el respeto.

Estanislao Zuleta, Elogio de la dificultad.

his chapter aims to address and accomplish the related research objectives

and @ To address these objectives, we first tackle by introducing a

definition of Successor Features (SFs) grounded in a shared latent transition dy-

namics. Specifically, we assume the existence of a latent transition dynamics to which the

dynamics of any environment can be transformed. Next, for @, we describe a mecha-

nism to learn the optimal SFs and their derived policies that solve each task within this

latent transition dynamics. Finally, in @ we propose an ensemble model to enable the
transfer of these learnt representations to target tasks.
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3.1 Background and Motivation

Reinforcement Learning (RL) has demonstrated remarkable performance in various com-
plex games and in robotic control tasks (Barreto et al., 2018; Mnih et al., 2015; J. Zhang
et al., 2017). However, the classical RL has low sample efficiency and the solutions are
task-specific. An example of this is an agent controlling a robot arm. The agent needs mil-
lions of interactions with the environment to solve a simple task, such as reaching objects.
Interestingly, any modification to the robot or a change in the task to perform requires a
new start of the learning process anew (J. Zhang et al., 2017).

Intuitively, one can expect the agent to reuse previously learnt knowledge in the new
conditions. Transfer Reinforcement Learning (TRL) aims to increase sample efficiency
and reduce task specificity (Zhu et al., 2023a). Typically, TRL involves two sets of tasks: a
set of source tasks to learn what knowledge to reuse and a set of target tasks applying how
to reuse that knowledge. To answer these questions, many works have proposed reusing
knowledge representations (Schaul et al., 2015). In this vein, Barreto et al. (2017) proposed
a transferable representation that generalises the successor representation proposed by
Dayan (1993) and makes it possible to evaluate a policy across tasks.

Successor features have shown impressive results in transferring knowledge between
tasks that differ in reward functions but share transition probability distributions or dy-
namics (Barreto et al., 2017, 2018; Barreto et al., 2020; J. Zhang et al., 2017). This condition
is unusual in real-world problems. For instance, if an agent controls robotic arms with
different physical specifications (e.g., degrees of freedom or arm dimensions), this implies
handling diverse dynamics.

To manage diverse dynamics in successor features, J. Zhang et al. (2017) proposed a
linear relationship between the source and target feature functions. Under the assumption
that one knows that the source and target dynamics are similar before-hand. Recent work
proposed using Gaussian processes to represent target successor features as noised source
successor features (Abdolshah et al., 2021), but the implementation of the Gaussian pro-
cess is complicated, and its cubic complexity makes it difficult to scale in high-dimensional

environments (Goumiri et al., 2020).

To overcome complexity and the assumption of similarities in the tasks, we propose
a novel mechanism based on successor features. Our method assumes the existence of a
latent base dynamics and an invertible and differentiable function that can map any dy-
namics to these base dynamics. In other words, we assume that a given dynamics is a
transformation of the base dynamics.We can use the transformed dynamics to build a new
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successor feature, transformed successor feature. This extends the ability of the original
successor feature to handle diverse dynamics. To reuse the successor feature in the target
tasks, we propose an ensemble method (Ganaie et al., 2022; van der Laan et al., 2007).

In the Reacher environment, our approach shows that it is capable of outperforming
the original successor feature sharing dynamics. In a diverse dynamics setting, our ap-
proach achieves at least the same performance as the baseline. In Cartpole with different
pole lengths and Hopper with different reward dynamics, our approach shows that it is
capable of transferring previously acquired knowledge, outperforming the baseline in a
diverse dynamics setting.

Finally, our approach makes the following contributions:

i) A novel mechanism to predict state features within a base dynamics. It involves
projecting the TSF into the base dynamics using probability density transformation
techniques, enabling the capture of both similar and diverse dynamics.

ii) A simple but powerful approach using ensemble models to transfer between source
and target tasks. This is an expressive and straightforward solution for the successor

features to manage diverse dynamics.

3.2 Preliminaries and Problem Formulation

RL problems are commonly modelled by a Markov Decision Process (MDP). An MDP is
defined by the tuple 4l = (S, d, p,r,v), where Al is the MDP; S and of are the states and
action spaces; p(+|s, a) is the transition probability distribution (dynamics) that defines the
distribution of the next state given a state, s, taking action, a; r is a reward function that
can be defined by r : § x o x § — R;and v € [0, 1) corresponds to the discount factor
on future rewards. The main objective of RL is to discover the optimal policy 7* : § +—
o, which returns an action given a state to maximise the expected accumulated return
S0 (50 ay).

There is a category of RL algorithms which finds 7* from the state-action value func-
tion (also known as the @) function), which is defined as

Q’T(s,a) = E [Z’Ytr(st,anstﬂ)

T,St+1~P =0

Sog = S,a9 = a] : (3.1)

Many dynamic programming-based RL algorithms alternate between two processes:

policy evaluation to compute Q™ and policy improvement , which obtains policies taking
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greedy actions upon the ) function, 7'(s) € argmax, Q" (s, a). Constant alternation of
both processes will converge in 7*. Therefore, obtaining 7* for one task requires intensive
interactions. In this chapter, we focus on scenarios where knowledge can be reused in new
tasks without restarting the learning process.

TRL is a compelling set of techniques to reuse previously learnt knowledge and com-
monly defines two sets of tasks. A set of source tasks, M* = { M;}"_,, is used by the agent to
extract knowledge, and a set of target tasks, to which knowledge is transferred, is defined
by M™ = {M;}7L,. That is, the aim of TRL is to transfer the knowledge learnt in J(* to
.

Successor feature is a solution to achieve TRL. In the successor feature (Barreto et al.,
2017) approach, the reward function is decomposed into a simple product of a feature
function and a weight, as 7;(s;, as, s¢41) = P(S¢, g, S41) Wi, where @ : S x d x § — R
denotes the feature function of dimension d and w; is the ¢-th task-specific vector.

The basic idea is that the feature function can be shared by all tasks, which facilitates
knowledge sharing among them. This new representation of the reward function allows
us to rewrite the ()-value function as

. T
Q?(saa): E [E 7t¢(3t,at,8t+1) sozs,aoza] W
Ap41~~T

st+1~p Lt=0

3.2)
=" (s, a)Twi ,

where 1" is named successor feature and encapsulates the dynamic of the environment.
This factorisation of the rewards and () function grants the agent the possibility of reusing
the successor features in the target tasks. Furthermore, this enables fast computation of
@ values in tasks with the same dynamics Q7 (s,a) = ¥"(s,a) w; and only requires fit-
ting the preferences over the features for the task-specific w;. Nevertheless, Barreto et al.
(2017) approach is limited to scenarios with fixed dynamics and tasks that differ in reward
functions, which is unusual in RL settings.

3.3 Method

Our idea lies in the intuition that the successor features can be extracted from a base prob-
ability distribution. Instead of assuming a fixed dynamic for all tasks, we assume the exis-
tence of a latent base transition dynamic and that all task-specific transition dynamics are
just different transformations of this base dynamic, as shown in Fig. 3.1. Such a transfor-

mation could not only support diverse dynamics across different tasks but also establish
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L p'(+| sl a) g

Figure 3.1: Transformations between base distribution probability, p*(-|-,-), and source
task distribution probabilities for source tasks, i.e., p*, p?, p?,. ...

links between them to facilitate knowledge sharing. Building on this idea, we derive a
new definition of successor features based on the latent transition dynamics, which we
term transformed successor features. Finally, we explain how these features can be used
to enable transfer reinforcement learning.

3.3.1 Transformed Successor Features

We first define a base dynamic shared across all tasks as the state transition probability
distribution at time step ¢,

p*(5t+1’3t7 at) ) (3.3)

where s;11,5; € § and a; € . With this base dynamic, we assume that the transition
dynamic of each task p’(s;,1|s¢, a;) is a transformation such that,

P =90, (34)

where J¢ denotes a transformation. More specifically, we assume that there exists an in-
vertible and differentiable function ¢ mapping the state sampled from the base dynamic
and the task-specific dynamic as,

st =97'(s1), sty =9 "(sti), (3.5)

where ¢ is the inverse function of g. Note that throughout this chapter we use a lin-
ear form, g(z) = b - x + ¢, and leave the extension to more complex transformations
for future work, such as normalising flow-based transformations (Kobyzev et al., 2021;
Papamakarios et al., 2021; Rezende & Mohamed, 2015). Because g is linear, the task dis-
tributions shown in Fig. 3.1 maintain the same functional shape as the base distribution;
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the transformation merely shifts and scales the transition dynamics without warping the
underlying probability density.

The requirement that g~* be invertible and differentiable constrains the class of tran-
sition dynamics that can be represented. Under this modelling assumption, the transition
dynamics of all tasks are described as transformations of a common underlying probabil-
ity density. This is viable in many control problems where transition dynamics depend on
parametric values that define different behaviours, such as physical dimensions, weight, or
environmental conditions (Ghugare & Eysenbach, 2025). In such cases, differences across
tasks can be interpreted as structured variations of a shared dynamical process rather than

entirely unrelated transition dynamics.

Recent work has empirically demonstrated the feasibility of learning optimal policies
using normalising flow-based transformations (Ghugare & Eysenbach, 2025). Moreover,
normalising flow models continue to evolve, either by relaxing strict bijectivity constraints
while retaining the advantages of invertible mappings (Cornish et al., 2020), or by improv-
ing the expressivity of invertible transformations (Draxler et al., 2024). These advances
suggest that, within the class of smooth invertible mappings, the practical limitations im-
posed by invertibility are progressively being reduced, making the proposed approxima-
tion increasingly flexible in structured dynamical settings.

Following the Jacobian transformation, we derive a task-specific dynamic p’ as a trans-

formation of p* as,

[ Ost 9siiy
if .0 i N * dst dst
P (Sps1s Sty a) = P (siy1s 87, ar) | det ds;  Osi

_8s§+1 85§+1

[9g~i(s)) 99 " (si40)|

T B 55t
=P (St+17 si,ar) | det 99~ (s))  99~'(si1y) ’ (3.6)
| 35;+1 0si 1 i
_89_i(5§) 0 i
ok % * Osy o
=p (St+17 Sy at) det 0 agil(_siJrl) ‘ 5
9si 41

and the conditional probability can be derived as
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(s, | siap) = P8 o)
t+ £ =

pi(si,at)
osy
* [ o * as% 0
P (siy1s st i) | det 9si11
0 Os?
_ t+1
* Osy
p*<8t7at) 3_3 ‘
YR * dsy Osf
(st sia) | GG | 5
« 8
p*(stvat)’ 32
:p*(SZ‘HaSZ‘,at) ‘ 9si 1 ‘
p*(si, ar) 08141
* [ % * as:—‘rl
= v (st | siva) | 5t |
I o dg~ (s, )
= (g () | 97 (i) ) |
St+1
Now, having a change of variable as
/f Ydx = /f —du where o = g(a) and x = g(u),
we can now rewrite the integral with respect to s}, to s}, ; as
i d i ik ag St—l-l ds*
‘ ¢(St,at,8t+1) Siy1 = ¢<St7at79 (8t+1)) 85— St+1
Siy1 St t+1
oy (3.8)
. st
:/ (st a1, 9'(5141)) ‘ 8(9;*“ ‘dSZ‘H-
i1 t+1

We define the () function following the policy = with continuous state spaces and dis-
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crete timesteps as follows,

o0
PTi(s,a) = Eﬂ.i’s%+1,\,pi [Z ”yk_tqb(sk, g, SZH) | sy = s,a; = a]

k=t

= pi qbst,at,stﬂ )| s =s, at—a}

7rw91+1
k—t
wl,st+1~p [ Z Y ¢ Sk7ak7sk+1) ’ St = S, 01 = a]
k=t+1
= 7Fz St+1NP [¢(St’ at, St+1) ‘ St = 8, 0¢ = CL:| (39)

J/

EXpresswn att

+ Em,si_HNpi [(p(si—&-b at41, Si+2) | St = S, 0 = CL}

Expression at t+1

[ee)
et ,
+ B i, o [ Z V(S ans Shi) | St = s, a0 = a] :

k=t+2

We first expand the Expression at t.

Eﬂi7si+1“’pi [(p(St,at,Si_’_l) ’ St = S, = a] —

Em [ . ¢(Stv ag, Si—kl)pi(siﬁ-l | Sts at)dsi—f—l]
St+1

, sy
7 * [ % t+1
=E., _ ¢(5t7at75t+1)p (3t+1 | st ar) ‘ ‘d St+1
841 N t+1
vV
Jacobian transformation Eq. (3.6)
. 0st s}
Qi * t+1 * [ % t+1 *
—En| [ @lsnang'(si)) | 522 (st | se) | 52| dsiy
Si1 St41 Str1 N~

Change of variable Eq. (3.8)

[ : Ost Os!
=E,, ¢(5t7at791(5:+1))) i P (siyr | s ar) 3_/: Syl
: St+1 St+1

St4+1

= Em ¢(St7atagi(3:+1))p*<3:+l | Staat)dS:H]

"
LY St+1

= Em,s;‘_HNp* [¢(Sta G, gl(s;k—s—l))] :

Now the Expression att + 1.
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Em,s;‘HNpi [¢(Si+1, At+1, 5i+2) | 8¢ =s,ar = @} =

|/

_ o} 3t+1aat+1>5t+2)Pl(Sff+1 | st,at)p’(sffﬁ | 3i+1aat+1>d3;+1d3i+2]
tre /st

- Em [/ ¢ St—i—lv ai+1, St—l—?)
S

t+1 5t+2
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%[ % * +2 t+1 7 7
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t+2 St+1 !
Jacobian transformation (3.6)
7 )
_ i 0sy,1 0849
=K, 5t+1) at+1,9 <3t+2)) Js* - Os*
Siy1 5t+2 t+1 42
Change of variable (3.8)
0s; 0s;
* [ % * +2 t+1 * *
Xp (St+2 | 3t+1>at+1) ‘ p* St—H | 8¢, a) Ds ’ ds;y1ds;yg
Stta St1 | N——

. Ost, . Ost
i % t+1
=E,, [/ 3t+1> a41, 9 (St+2)) 55 . Os*
Siy1 st+2 t+1 t+2
s} s
YR * t * [ % t * *
Xp (St+2 | 8t+1>at+1) 75 p <3t+1 | 51, a4) 95 dspy dsiis
St42 St+1

—Em[[

t+1 5t+2

= EM,S*NP* [¢(9i(5f+1)’ QAt41, gi<3:+2>>] :

We can proceed with the next timesteps, applying the Jacobian transformation and the
change of variable equation. For the change of variable equation, in further steps we must
compute the Jacobian matrix to apply the change of variable.

Putting both equations together, we then have,

¢7ri(87 a) = Eﬂi,Serle* [¢(Sta Qg gi(s:fk-i-l))]

- [Z (g (57), ans g <s;;+1>>].

k=t+1

(3.10)

The above derived (Q-value function bears an expectation of future state-action features
with respect to a base dynamics. That is, these computed () values can be viewed as gener-
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alised values that take advantage of the particularities of the base dynamics and therefore
hope to capture different dynamics. Another merit is that it transforms () functions for all
tasks into expectations under the same base dynamic rather than task-specific dynamics,
making subsequent knowledge sharing possible. To achieve knowledge sharing, we define

Di(9'(s7), ar, 9'(5741)) = (sp, ar, s14.0) © [Alg ™" (5341)))] (3.11)

where £ is an affine function shared by all tasks. This decouples the base feature function
¢ from the task-specific transformation ¢°. h enhances the flexible relationship between
the feature function and the dynamics transformation. Similar to the original successor

features, our derived () function expresses the TSF,

AT

p; (s',a) = E* Z 7t¢(5ia At 3i+1) © [h (g_i(si—&-l))} ) (3.12)
P =0
where ¢ denotes a task. With respect to this TSF, we make the following remarks:

Remark 3.1. This new representation retains the same capabilities as the original successor

feature and decouples the dynamics from the rewards.

Remark 3.2. The transition dynamics of TSF is the base probability distribution, thus TSF
predict the future features visitation in the latent base dynamics.

Remark 3.3. Thereis a shared base feature function ¢ across tasks that facilitates knowledge
sharing. Furthermore, the task-specific transformations also provides a way to express the

similarity or relationship between tasks.

Remark 3.4. Theterm h (g*i (st +1)) adds the particularities of the current state of each task
to the shared base feature function. We can recover the shared base features when the outputs
of h are 1. Different values suggest more dissimilarities among tasks. Therefore, this definition
enables the handling of diverse dynamics.

3.3.2 Transfer via Transformed Successor Features

As a TRL setting, our approach consists of two steps. The knowledge extraction in source
tasks, source Transformed Successor Feature (TSF) learning, and the transference to target

tasks, target TSF learning.
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3.3.3 Source Transformed Successor Feature Learning

To extract knowledge, the agent minimises the total loss function, L = L. +/5L,,, where 3
is an hyperparameter, L ;. is the Temporal Difference (TD) error to fit source TSF defined
by,

Lqﬁf - ||¢Z(Si, g, Si-ﬁ-l) + '7”7231‘ (Si-i-l’ at+1) - ’J)z (Si’ at)” ) (3'13)

and reward fitting using
Ly = R = i(s;, a1, 511.0) Wil (3.14)
where R is the reward obtained. To do so, we use a combination of the total loss
L= Lw + BL., . (3.15)

Furthermore, to minimise total loss, the agent learns all components required for the
source TSF, that is, the invertible function ¢, the shared affine function h, and the reward
mapper w;.

It is noteworthy that this formulation differs from the original successor feature objec-
tive proposed by Barreto et al. (2018). In Barreto et al. (2018), the loss optimises only the
temporal-difference error over a fixed feature representation, assuming shared transition
dynamics across tasks. In contrast, our formulation jointly learns a task-specific invert-
ible transformation ¢* and a shared affine transformation %, which map task-dependent
dynamics into a shared latent representation. Consequently, the temporal-difference loss
is applied over transformed features ¢, rather than fixed environment features, enabling
transfer across environments with differing transition dynamics.

To clarify the complete building and learning process for the source TSF we propose
Algorithm 1. The Algorithm 1 describes the process for extracting transformed successor
features from the source tasks. This algorithm has the feature function as an input. The
algorithm uses e-greedy for exploration (Lines 5 — 6). Compute the transformed feature
function, line 14, and fit the models that minimise accumulated loss, line 17.

3.3.4 Target Transformed Successor Feature Learning

To construct the target TSF to be reused in the target task set, We compute the target TSF
as a weighted source TSF using the super-learner ensemble model (van der Laan et al.,
2007). The weights express the relevance of each source TSF in the new tasks, and they
generate the following definition.
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Algorithm 1 Transformed Successor Feature Algorithm.

Require:
Micqr,..nys 4, S > Source tasks, Action and state spaces
¢:Sxdx8S—R? > Feature function with d features dimension

iters, timesteps, eps > Learning cycles over all tasks, timesteps on each task, Max length
for episodes

€, Vs Qays Qlajyy Qlhy Qlgy Oy > Exploration rate, Discount factor, Learning rates
n_batch, freq, b > Batch number used in replay buffer, Update models frequency, Loss
coefficient
Ensure:

h:R? — RY > Affine function, with d features dimension
Us = {4,li € {1,...,n}} > Transformed successor features for n source tasks
We ={w;li e {1,...,n}} > Reward mappers for n source tasks
D* ={D;li € {1,...,n}} > Experience buffers per task
G*={g¢'li € {1,...,n}} > Transformation function for n source tasks

1: Initialise W&, W3, D%, G*, h

2: for all iters and Micy, ... ) do > For each source task

3: Sample the initial State randomly s € §

4 for all timesteps do
5 if Bernulli(e) = 1 then a < Uniform(sd) > e-greedy
6: else a «+ argmax,c, ¥,(s,b) " w;
7 end if
8 Take action a in M; and observe s’, and r.
9: Append obtained transition (s, a, s, r) into buffer D,
10: if freq then
11: Retrieve n_batch transitions from buffer D,
12: (s,a,s’,r) < transitions
13: a’ <+ argmax,. 4 ¥,;(s',0) Tw;
14: ¢, — &(s,a,8) ® (h(g7 (")) > Eq. (3.11)
15 Ly, + [+ 1b,(s', ) — ab,(s.0)||.
16: Ly,  |Ir = (&) "wil.
17: Loss <= Ly, + Ly,
18: Update ¢, w;, g, h using Loss and learning rates
19: end if
20: s« &
21: end for
22: end for

Given weights = {wj;|[{i};_,,{j}72, }, a target TSF, P j»1s computed as the weighted
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learnt source TSF,

&j(sja CL) = Z wji¢?(5j7 CL)

= ZCUji ﬂ%* Li.; ’Ytd)(sga at, Sg—&-l) © (h (g_i(sg+1))>]

(3.16)

- WE;;* ZVt o(si, ar, Szﬂ) © (h (Z wﬁgi(sgﬂ)))
P 0 i

target transformed feature function

Moreover, we expand the source transformed successor feature and acquire a new target

transformed feature function.
b, (s, a1, 5141) =(s, a1, 51,) © (h <Z wjig_i(sg-i-l))) - (3.17)

To learn the weights €2, we use the same total loss with the new definitions of the tar-
get transformed feature function and the target transformed successor feature. Thus, our
proposed algorithm only needs to fit the reward mappers and (2 for the target task set that
can be learnt simultaneously. The algorithm for the target transformed successor feature
is shown in Algorithm 2. This algorithm uses ensemble models to derive a successor fea-
ture useful for transferring knowledge to target tasks. In evaluating target tasks, our agents
also use the e-greedy algorithm for exploration/exploitation, Lines 5—7. The target feature

function is computed in Line 10, and the accumulated loss is computed in Line 13.

3.4 Experiments and Analysis

3.4.1 Experiment Setup

In this section, we explain the design of the experiment, the environment set up, the met-

rics chosen to evaluate performance, and the baseline for comparison purposes.

Metrics To analyse our agent and the baseline agent, we consider the work of Zhu et al.
(2023a). Who describes an Asymptotic Performance metric to assess TRL settings. Asymp-
totic Performance, one of the most common metrics, is defined as the agent’s ultimate per-
formance (returns). In TRL, the use of this metric is for comparison purposes in assessing
the impact of knowledge transfer between tasks. Specifically, the metric selected for this
chapter is mastery which measures how well an agent performs in the target tasks given
a source task set.
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Algorithm 2 Target Transformed Successor Feature Algorithm.

Require:
Yieg1,...n}s gie{l"“’”}, Mjcq,..my > Successor features, Transformation functions for n
source tasks and target tasks
iters, timesteps, A, § > Learning cycles over all tasks, timesteps on each task, Action and
State spaces

€, Yy Qs Qs 3 > Exploration rate, Discount factor, Learning rates, Loss coefficient
Ensure:
Q" A{wilg e {1,...,m},i e {1, ..., n}} > omega values per target task
W7 {w; |je{l,..,m}} > Reward Mappers for target tasks
1: Initialise random values for Q7, W7
2: for all iters and Mjc(y,.. ny do > For each target task
3: Sample the initial State randomly s € §
4 for all timesteps do
5: if Bernulli(e) = 1 then a < Uniform(sd) > e-greedy
6: elsea + arg max, (>, wjitki(s, b)) 'w;
7 end if
8 Take action a in )M; and obtain ', and r
9 a « argmax,cy (>, wiithi(s', b)) Tw;
10: ;< &(s,q, ') © (h(32; wiig™'(8)))
11: Lo, < |l@pj + 722, wiithi(s', a') = 32, wiitbi(s, a) |
12: Ly, < ||r — quTWj“
13: Loss < Ly, + Ly,
14: Update w;; and w; minimising Loss
15: s« &
16: end for
17: end for

Agents For the baseline agent, we implemented the successor feature based on Barreto
et al. (2017), SFDQN. Additional information of the hyperparameters for the successor
feature models can be found in Table 3.1.

For the TSFDQN agent, we first select the hyperparameters for the functions ¢g and h.
To build invertible functions g, we constructed a linear model and proceeded with a grid
search for the most desirable dimension. We found that a linear transformation, g : Rl*l —
R4, with |s| as the dimension of the state space and |g| = 100 as the dimension performs

decently in the Reacher environment.

To find a combination of hyperparameters for our approach, we fixed the values related
to the successor feature to make fair comparisons and modify the dimension values for
functions g and h (10,50, 100), 3 (1, 3,30, 100) for the combined loss and « (1073, 1072,
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Table 3.1: Hyperparameters used for SFDQN agent.

Setting Value
~ (discount factor) 0.9
¢ (exploration-exploitation) target tasks 0.1
¢ (exploration-exploitation) source tasks 0.3
Max episode length Reacher 500
Max episode length Cartpole and Hopper 1000
« (learning rate) Successor Feature 1) 1073
a (learning rate) Reward mappers (w) 1073
Successor Features number of layers 2
Successor Features number of neurons per layer 256
Mini-batch size 32
Replay Buffer storage capacity 10°
Discount Factor () 0.9
Feature dimension, d, in Reacher environment 12
Feature dimension, d, in Cartpole environment 20
Feature dimension, d, in Hopper environment 50

g _function_dim omegas Ir betas ridge lambda lasso lambda mean Average Rewarditimesteps mean_ Accumulative Reward/timesteps

10 0.001000 il 0 o 203.435340 198448620163
10 0.000010 il 0 o 181.529200 180306.640661
50 0.001000 1 0 o 241027867 236395.574666
50 0.000010 1 0 o 249.323944 245649.738251
100 0.001000 il 0 0 252.998077 252612.494407
100  0.000010 il 0 o
100 le5 3 le-3 o
100 1e5 3 0 1 2.204330
100 le5 30 0 o 141
100 le5 100 0 1]

Figure 3.2: Grid search for ¢ and h dimensions.

1079) for the learning rate for €2, as well as regularisation coefficients such as the ridge and
lasso for 2.

We ran three experiments using each set-up and chose the best run. Our best setup was
$ =100, g and h dimension 100, and o« = 107°. The results of the grid search is shown in
Fig. 3.2.

The final list of hyperparameters used is shown in Table 3.2. For the code implemen-
tation, we extended a base successor features framework'. We kept the project structure
and configuration management but rewrote the rest to use the PyTorch library. Our code

'https://github.com/mike-gimelfarb/deep-successor-features-for-transfer
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Table 3.2: Hyperparameters used for TSFDQN agent.

Setting Value
~ (discount factor) 0.9
¢ (exploration-exploitation) target tasks 0.1
¢ (exploration-exploitation) source tasks 0.3
Max episode length Reacher 500
Max episode length Cartpole and Hopper 1000
« (learning rate) Successor Feature 1) 1073
« (learning rate) Reward mappers (w) 1073
« (learning rate) Affine function (k) 1073
a (learning rate) invertible function (g) 1073
« (learning rate) w values 107°
Successor Features number of layers 2
Successor Features number of neurons per layer 256
g and h dimension 100
B value for combined losses 100
Mini-batch size 32
Replay Buffer storage capacity 106
Discount Factor () 0.9
Feature dimension, d, in Reacher environment 12
Feature dimension, d, in Cartpole environment 20
Feature dimension, d, in Hopper environment 50

is made public?.

Dynamics Settings We designed two settings to test our approach. A shared dynamics
setting in which the dynamics remain fixed among the different tasks. In the second set-

ting, diverse dynamics setting, we introduce specific settings to the environment to simulate
diverse dynamics.

3.4.2 Experiment Results and Analysis

To present our results, we organised the discussion into two parts, namely the shared dy-
namics setting and the diverse dynamics setting.

Zhttps://github.com/okgaces/deep-successor-features-for-transfer
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(a) Robot arm Reacher envi-

ronment.

03

(b) Example of robot reacher

solving a source task.
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701,01 @ T5 (0.1 0.1) nwten @ sswion

i1 @ s:rooun @ o1 °
T21-022.0.0) T1(022.00) 52(-0.14,0.0) 51(0.14, 0.0)
0.0 i) ® ) 00 ® ® ®
521-014.00) 511014, 0.0}
T8 {-0.1,-0.1) T6{0.1-01) 5601, 0.1) T2 (0.1, -0.1)
-0.1 125 & 01 ® s:i00018
® [ )

T3(0.0.0.22)

(c) Example of robot reacher
solving a target task.
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-03
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(d) Scenario 1: 4 source and 8 target tasks. (e) Scenario 2: 6 source and 2 target tasks.

Figure 3.3: Robot Reacher setup. The blue dots are the coordinates for the source tasks.
The orange dots are the coordinates for the target tasks. The green dot is the centre of the
reacher arm.

3.4.2.1 Shared Dynamics Setting

In the first setting, shared dynamics, we used the Reacher environment. We took the initial
configuration of the Reacher environment in Barreto et al. (2017).

Reacher Environment The Reacher environment is a 2D link reacher. The agent learns
to manipulate robot arms with the objective of reaching different objects in fixed coordi-
nates. We set up the environment using the metre, kilogramme, second (MKS) base unit
system. The environment is defined as a square bounded by the four points: (—0.3, —0.3),
(—0.3,0.3),(0.3,0.3), and (0.3, —0.3). An arm with two linkages, two hinges, and one end
effector was placed inside this area, as shown in Fig. 3.3(a). The agent learns to reach dif-
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Table 3.3: Scenario 1: Target coordinates for the Reacher environment and torque multi-
plier assigned to each task.

Torque multiplier

Type of Task Task Coordinates
shared dynamics diverse dynamics

Source Tasks S.1 (0.14, 0.0) 0.05 0.05
S2  (-0.14,0.0) 0.05 0.05
S3  (0.0,0.14) 0.05 0.1
S.4  (0.0,-0.14) 0.05 1.0

Target Tasks  T.1 (0.22,0.0) 0.05 0.0001
T.2  (-0.22,0.0) 0.05 0.001
T3  (0.0,0.22) 0.05 0.01
T4  (0.0,-0.22) 0.05 0.1
T.5 (0.1,0.1) 0.05 0.5
T.6  (0.1,-0.1) 0.05 1.0
T.7  (-0.1,0.1) 0.05 5.0
T.8  (-0.1,-0.1) 0.05 10.0

ferent object coordinates by sequentially solving each source task. An example of how the
robot completes a source task is shown in Fig. 3.3(b). Then, the agent is evaluated on un-
seen target coordinates. An example of the robot solving a specific target task is shown in
Fig. 3.3(¢).

We designed two scenarios, each involving a different set of source and target tasks,
and therefore different coordinates. The coordinates are shown in Fig. 3.3. The objectives
can be located anywhere within the range [—0.22, 0.22] for both x and y coordinates. Thus,
we define the tasks as points of the form {(z,y)| — 0.22 < 2 < 0.22,-0.22 < y < 0.22}.
At each timestep, the agent receives a reward according to the 2-norm distance between
the object coordinate position and the arm end effector; this means the agent receives a

numerical reward within the range [—1.5, 1].

Scenario 1 was designed based on Barreto et al. (2017). It consisted of 4 source tasks
and 8 target tasks. The coordinates are shown in Fig. 3.3(d). To model the shared transition
dynamics, we set the torque multiplier to 0.05 for all tasks, as shown in Table 3.3 under the
shared dynamics column for the torque multiplier.

Each agent interacted with each source task in 10.000 timesteps, where every 1.000
timesteps the agent was moved to perform target tasks for 500 timesteps. To avoid catas-
trophic forgetting, agents revisit tasks a total of 50 times. That represents a total of 2 x 10°
training steps. The same number of training steps was used for the SFDQN agent.
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Figure 3.4: Scenario 1: Average return in source and target tasks by total training steps.
The shading shows one-half of a standard deviation over 5 runs with independent random

seeds.
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Table 3.4: Scenario 2: Target coordinates and torque multipliers for the Reacher Environ-
ment.

Type of Task Task  Coordinates Torque multiplier

shared dynamics diverse dynamics

Source Tasks S.1 (0.14,0.0) 0.05 0.05
S.2 (-0.14, 0.0) 0.05 0.5
S.3 (0.0, 0.14) 0.05 5.0
S.4 (0.0, -0.14) 0.05 0.005
S.5 (0.1,0.1) 0.05 50.0
S.6 (-0.1,-0.1) 0.05 0.0005

Target Tasks T.1 (-0.1,0.1) 0.05 0.0001
T.2 (0.1,-0.1) 0.05 10.0

To build the TSF, we hand-made the shared base feature function. In spite of RL set-
tings lacking the privilege of this hand-made function, our definition consists of two com-
ponents: the shared-based feature function and the transformation functions, g and h, Eq.
(3.12). With this scenario, we can measure the effect of the transformation functions.

The output of the feature function depicts the desired tasks, that is, the dimensionality
of the feature function depends on the number of tasks, that is, ¢ : § x o x § — R4, for
d the number of tasks.

The asymptotic performance for the shared dynamics setting is shown in Fig. 3.4. In
the source tasks, Fig. 3.4(a), we notice that TSF reuses the optimal policies discovered in
the source tasks, generating better performance. The results suggest that the functions A
and g, extract more information from the dynamics of the environment, thus generating
better representations to transfer. In summary, the performance improvement in source
tasks after 2 x 10° in which both agents saturate is 20% better than the baseline. The metrics
on target tasks bring the effect of the ensemble model into the transfer process. In the
target tasks, the agent fits to the most desirable combination of policies for each target
task. However, in this experiment, it is noticeable that in target tasks (T.1, T.2, T.3, T.4) the
performance is similar to or below the baseline. From Fig. 3.4(b), it can be seen that the
TSFDQN algorithm outperforms the target tasks (T.5, T.6, T.7, T.8), which corresponds to
the most dissimilar tasks according to their coordinates, as shown in Fig. 3.3.

From the results, we derived two hypotheses. First, in Scenario 1, Fig. 3.3(d), there are
four target tasks similar to the source tasks. Second, we wonder about the existence of
better mechanisms to transfer apart from the ensemble model, although this hypothesis

is outside the scope of this chapter.
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Figure 3.5: Scenario 2: Average return in source and target tasks by total training steps.
The shading shows one-half of a standard deviation over 5 runs with independent random
seeds.

For Scenario 2, we used the best hyperparameters identified in Scenario 1. The task
coordinates and the corresponding torque multiplier are given in Fig. 3.3(e) and Table 3.4.
To execute this scenario, we exposed each source task to the same strategy of 10* training
steps and 50 cycles. In this scenario, we train the agent with the 6 source tasks and 50
cycles, for a total of 3 x 10° training steps.

The results for this set of experiments are shown in Fig. 3.5. In this scenario, TSFDQN
in 4 of the 6 source tasks outperformed the baseline. Our hypothesis is that transformation
functions could affect the optimal policies in source tasks but leverage the knowledge in
target tasks. The TSFDQN agent outperforms in the 2 target tasks.
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Figure 3.6: Scenario 1: Average return in source and target tasks by total training steps for
diverse dynamics setting. The shading shows one-half of a standard deviation over 5 runs
with independent random seeds.
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3.4.2.2 Diverse Dynamics Setting

For this setting, we test the agents in the Reacher, Cartpole, and Hopper environments.

Reacher Environment. In this setting, in addition to learning to achieve objects, our
agent now learns to manipulate the robot arm under different physical conditions, specif-
ically motor torques. We introduced a different condition to change the environment dy-
namics. We modified the torque of the robot arm to make it slower or faster to reach a
specific task. In this experiment, we added the torque multiplier between 0.0001 and 10
to the tasks in Fig. 3.3.

For Scenario 1, we plot the results in Fig. 3.6. In the source tasks in Fig. 3.6(a), our agent
is able to induce improved policies. Our agent could not find an optimal policy for source
task S.2. Despite the shared torque multiplier of source tasks S.1 and S.2, the agent receives
more accumulated rewards for source task S.1 than for source task S.2. Furthermore, when
analysing the final values of the (2 values in the supplementary material, the agent is not
biased by sharing similarities among tasks, but only in tasks that represent a better induced
policy. To give an example, the target task T.5 is more relevant to the source task S.2 than
to S.1 given the similarity in torque. Intuition suggests that similar dynamics represent
similar relevance in the tasks.

The analysis of target tasks, illustrated in Fig. 3.6(b), shows that our agent is able to
perform similarly or better on the most diverse tasks. For example, Tasks T.1 and T.8 rep-
resent the tasks with more dynamics differences compared to the source tasks. Our agent
achieves a performance improvement of 12% in target task T.1 and 5% in task T.8, which
are the slowest and fastest robot arms with a torque multiplier set in 10~* and 10, respec-
tively. For tasks T.3 and T.5, our agent achieves a performance improvement of 30% and
15%, respectively.

We set a diverse dynamic setting for Scenario 1 according to Table 3.3. It is noticeable
that source tasks S.1 and S.2 have the same torque multiplier and are also on the same axis;
that is, these two tasks are similar in dynamics. In this vein, we wanted to understand the
relevance assigned to the different tasks by the proposed model.

Further analysis of €2 values for this Scenario reveals that the ensemble model assigns
relevance to successor features based on the target task, and it is not biased by the policies
or performance in source tasks. For instance, the TSFDQN agent in T.3 outperforms the
baseline, splitting the relevance into three source tasks: S.1, S.2, and S.3. However, the
agent in S.2 did not find an optimal policy.
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Table 3.5: ) values after 2 x 10° training steps for Scenario 1, diverse dynamics setting.

TargetTasks T1 T2 T3 T4 TS5 Teé6 T.7 T8

S.1 0.37 0.29 030 0.25 0.17 0.11 0.07 0.08
S.2 034 031 036 030 0.52 042 0.66 0.74
S.3 0.11 0.11 0.27 0.08 0.12 0.03 0.10 0.03
S.4 0.18 0.29 0.07 0.37 019 044 0.17 0.15

100
ssssssssssss

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

Figure 3.7: Scenario 2: Average return in source (top) and target (bottom) tasks. The shad-
ing shows one-half of a standard deviation over 5 runs with independent random seeds.

In the case of Scenario 2. The results are shown in Fig. 3.7. In this scenario, the source
tasks S.2 and S.5 did not induce optimal policies.

For Scenario 2, contrary to the shared dynamics setting, in the source tasks, the agent
could not find the optimal successor features to induce the optimal policies for source tasks
S.2 and S.5. However, these suboptimal successor features help to induce a near-optimal
policy in target tasks. Our analysis of (2, detailed in Table 3.6, indicates that differences
in the dynamics characteristics and diverse rewards enhance the ensemble model’s pre-
diction of a better successor feature. This can be seen in the 2 values larger than 0 for
more than 1 source tasks. Our hypothesis is that larger differences in dynamics among
source tasks leverage better source transformed successor features, hence, better target
transformed successor features as well as better transformed states into the base probabil-
ity distribution.
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Table 3.6: 2 values after 3 x 10° training steps for Scenario 2, diverse dynamics setting.

Target Task 1 Target Task 2

Source Task 1 0.03 0.00
Source Task 2 0.01 0.42
Source Task 3 0.00 0.24
Source Task 4 0.36 0.02
Source Task 5 0.05 0.31
Source Task 6 0.55 0.00

(b) Source and target tasks in Cartpole envi-

ronment.
Pole length (m)
Source Task 1 0.5
Source Task 2 0.8
“ Source Task 3 1.0
Target Task 1 0.1
Target Task 2 3.0

(a) Cartpole. Source task with pole of length
0.5m

Figure 3.8: Cartpole environment. Set of source and target tasks defined by the pole lengths
in meters.

To summarise, across both scenarios and settings (shared and diverse transition dy-
namics), results in the Reacher environment indicate that TSFDQN generally outperforms
SFDQN, with improvements more pronounced in the shared dynamics setting. Notably,
in Scenario 1 under diverse dynamics, task T.3 shows a torque multiplier similar to the
source tasks, and this target task exhibits the greatest relative improvement compared to
the other target tasks. We hypothesise that when transition dynamics are similar, TSFDQN
effectively leverages structural similarities to derive improved successor features. On the
other hand, in Scenario 2, where transfer occurs across highly dissimilar transition dy-
namics, TSFDQN demonstrates more substantial performance gains over SFDQN. Im-
portantly, the source tasks in Scenario 2 exhibit greater diversity in transition dynamics,
suggesting that TSFDQN benefits from exposure to more varied source dynamics. This
increased diversity appears to provide a richer basis for knowledge transfer to dissimilar
target tasks.
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Figure 3.9: Average return in source and target tasks by total training steps. Shades show
half a standard deviation over 10 runs with independent random seeds.

Cartpole environment. The second environment is the classical Cartpole environment
with diverse dynamics setting. In this environment, an agent controls a pole and receives
reward for each timestep it remains balanced. An example of the Cartpole is shown in Fig.
3.8(a). We extended the experiment proposed by Abdolshah et al. (2021) to balance poles of
different lengths. The agents first learn to balance three different poles {0.5m, 0.8m, 1.0m},
and then use the acquired knowledge to balance poles of different lengths {0.1m, 3.0m},
as depicted in Table 3.8(b).

In this case, we learn the feature function using the process described in (Barreto et
al., 2020). In a pre-training stage, the agent uses a random policy in the source tasks to fit
the most suitable feature function and weights according to Eq. (3.14) with a fixed feature
dimension, d, as 20. After the pre-training stage, the reward mappers are discarded and
the agent proceeds with the regular training/evaluation already described. For TSFDQN,
we use the same learning rate for the {2 values and the output of the g dimension found in
the Reacher environment.

The results are shown in Fig. 3.9. In source tasks, Fig. 3.9(a), the TSFDQN agent achieved
similar performance to that of the SFDQN agent. In target tasks, our agent performs better
than SFDQN with a mean improvement of 49.03%. It is noticeable that the performance
on target tasks of the TSFDQN agent on target tasks is approximately a 40% of the perfor-
mance on source tasks, while the SFDQN deteriorates by about 60%. This suggests that
our proposed model acquires similar policies in source tasks but improves those in target
tasks.

We analysed the averaged 2 over the 10 runs in the Cartpole environment. The final
values are depicted in Table 3.7. As mentioned earlier, TSFDQN tends to assign greater
relevance to tasks with similar dynamics. In this regard, the €2 for the Target Task 1 give
more importance to the Source Task 1. On the other hand, Target task 1 did not differentiate
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Table 3.7: () for target tasks in Cartpole environment.

Target Tasks = Target Task 1 Target Task 2

Source Task 1 0.654 0.323
Source Task 2 0.243 0.322
Source Task 3 0.103 0.355

(b) Source and target tasks in Hopper envi-

ronment.
healthy z range
Source Task 1 (0.03, 00)
Source Task 2 (0.1, 00)
Source Task 3 (0.7, 00)
Target Task 1 (0.0,, 00)

(a) Hopper environment.

Figure 3.10: Hopper environment. Set of source and target tasks defined by the healthy
ranges.

among source tasks.

Hopper environment. The third environment is based on the hopper environment.

The agent aims to control a robotic leg to jump forward. The agent receives rewards for
every timestep for healthy conditions, such as when the leg height is below a threshold,
and an additional reward for moving forward. Our version has 27 discrete actions. Each
action is a 3-tuple with values {—0.1,0,0.1}.

To add dissimilarities in the reward function and dynamics, we set different values for
healthy states; thus, this environment represents a diverse dynamics setting. Despite its
simplicity, a robot in a state with a higher value within a healthy z range can take an action
that leads to an unhealthy state and a lower reward. In other words, this scenario covers
dissimilarities in rewards, and transition dynamics also tests the agent’s ability to provide
control to different robots and reward conditions.

We set the TRL where agent learnt from source tasks with different healthy z range
values and then reused the knowledge in two target tasks, as shown in Table 3.10(b). We
learn the feature function using the same strategy as in the Cartpole environment and the
dimensions d as 50. With the same learning rate for the (2 values and the g dimension as
before.

The results are shown in Fig. 3.11. Results in source tasks indicate that the transforma-
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Figure 3.11: Average return in source and target tasks by total training steps. Shades show
half a standard deviation over 5 runs with independent random seeds.

Table 3.8: () for target tasks in Hopper environment.

Target Tasks  Target Task 1

Source Task 1 0.38
Source Task 2 0.60
Source Task 3 0.02

tion model in the transformed feature function provides enhanced features to be predicted
by the successor feature, hence inducing better policies. Similarly, in the target task, the
ensemble model induces a better policy with an average gain of 25% compared to the av-
erage return in source tasks.

We present the final averaged omegas in Table 3.8. 2 values reveal that the TSFDQN
agent transfers knowledge according to the discovered similarities. In this vein, the agent
found Target Task 1 has more similarities with Source Task 1 and Source Task 2 rather than
Source Task 3.

3.5 Summary

In this chapter, we introduced a novel method for handling shared and diverse transi-
tion dynamics within the successor feature framework. Our results suggest that the pro-
posed transformed feature function effectively captures the structural characteristics of
both shared and diverse dynamics. The ensemble model estimates the relative importance
of each source task, improving successor feature prediction in target tasks. Furthermore,
by applying probability density transformation techniques, successor features can be ex-
tended to operate under heterogeneous transition dynamics.

Across environments, the empirical findings reveal consistent advantages of the pro-
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posed approach. In the Reacher environment, TSF-based agents generally outperformed
standard successor feature baselines, with improvements being more evident under shared
dynamics and in scenarios where source-task diversity supported transfer. However, per-
formance gains were comparatively moderate. In contrast, in the Cartpole and Hopper en-
vironments, the improvements were substantially more noticeable. In these domains, the
proposed method achieved significantly better transfer performance under both shared
and diverse dynamics settings, demonstrating a solution to transition variation. These re-
sults suggest that the transformed successor feature framework is effective in particular
environments, where differences in dynamics are structurally meaningful and transfer-
able through latent transformations.

Experiments under diverse dynamics further demonstrate that the approach can learn
suboptimal but transferable successor features in source tasks, which can then support
policy transfer to target tasks. By modelling diverse dynamics through probability den-
sity transformations into a shared distribution using invertible functions, the framework
enables structured knowledge reuse across heterogeneous environments.

We also acknowledge the current limitations of our work. The agents learning the fea-
ture functions do not generate optimal policies. To address this, our approach could be
combined with feature-extraction methods designed for the successor feature framework,
such as Carvalho et al. (2023). We also plan to draw on the ideas of Hunt et al. (2019) to
extend our work to stochastic policies and continuous action spaces.

The assumption of invertible and differentiable functions limits the class of transition
dynamics that can be modelled. However, recent work has empirically demonstrated the
ability to learn optimal policies using normalising flow-based transformations (Ghugare
& Eysenbach, 2025), while progressively relaxing strict constraints in normalising flows (Cor-
nish et al., 2020; Draxler et al., 2024). These advances suggest that, within the class of
smooth invertible mappings, the practical limitations imposed by invertibility are being
reduced, making the proposed approximation increasingly flexible in structured dynami-
cal settings.

Finally, using more expressive invertible and differentiable functions could capture
more intricate dynamics and potentially improve the overall performance of transformed
successor feature-based agents. In particular, normalising flows provide a principled way
to apply change-of-variable techniques with invertible mappings, enabling the modelling
of complex probability distributions (Cornish et al., 2020; Draxler et al., 2024; Rezende &
Mohamed, 2015).
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CHAPTER

ADAPTIVE SUCCESSOR FEATURES VIA GAUSSIAN PROCESS
KERNEL SPECIFICATION

You don’t develop courage by being happy in your
relationships everyday. You develop it by surviving
difficult times and challenging adversity.

Epicurus

n this chapter, we aim to address @ by accomplishing @ and @ To do so, we
Ileverage the intuition of transferring similarities and dissimilarities between source
and target tasks while explicitly capturing epistemic uncertainty. To facilitate this
transfer, we design a novel and valid Successor Feature (SF)-based Dynamics Transfer Ker-
nel within a Gaussian Process (GP) framework, which uses target observations to adapt
source SFs for solving target tasks. Additionally, we exploit the properties of GPs to model
uncertainty and incorporate it into policy selection using the Generalised policy improve-

ment (GPI) mechanism.

4.1 Background and Motivation

Reinforcement Learning (RL) has proven to be a powerful technique for solving problems
through trial and error. Although RL has achieved human-level performance in complex
tasks such as games and robotic control (Mnih et al., 2015; Schrittwieser et al., 2020), it typ-
ically requires large amounts of data and computational resources to solve a single task.
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‘SO NW wind - 50 nots €— E wind - 50 nots @ No wind

Figure 4.1: Seasonal drone picker. Different wind conditions occur each season, resulting
in varying transition dynamics.

Thus, RL is impractical for many real-world scenarios involving multiple tasks. Fig. 4.1
shows a seasonal harvesting robot that picks apples in autumn, mandarins in winter, and
berries in summer. An RL agent would need to learn to harvest for each season from
scratch, due to the different fruit types and the control challenges caused by the varying
weather conditions impacting flyability (Gao et al., 2021).

Transfer Reinforcement Learning (TRL) addresses this limitation by reusing knowl-
edge from previously learnt tasks to solve new, unseen ones. Following the harvesting
robot example, the robot could leverage knowledge gained during autumn and winter
seasons to facilitate berry picking in summer. To do this, TRL requires addressing two key
questions: what knowledge should be transferred, and how should it be applied?

SFs offer a structured approach to answering both questions. They are typically used
where tasks share the same transition probability distribution (dynamics), and rewards
are linear functions of feature vectors. This means the expected effect of an action in a
state remains consistent across tasks. Under this framework, what to transfer is answered
by reusing learnt representations, and how to transfer is reduced to estimating the new re-
ward weights. However, the fixed dynamics assumption is often unrealistic in practice, as
seen with the seasonal harvesting robot. This limits SFs’ applicability, preventing effective
knowledge transfer with significantly varying dynamics.

Recent work has explored enabling transfer across dissimilar environments. We pro-
posed the existence of a shared latent transition dynamics, where each source task’s dy-
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namics is a transformation of this latent model (Garces, Kiyoshige et al., 2023). However,
our approach was limited to linear transformations. J. Zhang et al. (2017) enabled trans-
ference by assuming that target task feature functions are linearly related to those of the
source tasks. Abdolshah et al. (2021) used Gaussian Process (GP) to model the target task
SFs as noisy versions of source SFs, thereby allowing knowledge transfer despite the ab-
sence of shared transition dynamics. Yet, their approach assumes that the noise is fixed
and known in advance and does not leverage the full capability of GPs to model uncer-
tainty. These works rely on predefined relationships between transition dynamics or fea-
ture functions, requiring prior knowledge of the environment’s structure. Hence, effective
SF transfer across diverse dynamics, without a priori assumptions, remains a critical gap.

To overcome this, we propose a novel mechanism that leverages SFs via GP from source
to target tasks with differing dynamics. Our approach introduces a new SF-based Dynam-
ics Transfer Kernel, employing Bayesian inference to approximate target SFs based on
immediate observed feature values. This method quantifies uncertainty and captures dy-
namic differences by comparing feature values, enabling SF transfer without requiring
shared, fixed dynamics, or prior knowledge of their relationship. Overall, our contribu-
tions are:

1. A novel SF-based Dynamics Transfer Kernel for transferring SFs across tasks with

dissimilar dynamics, supported by theoretical evidence of its validity;
2. an uncertainty-based policy selection method; and

3. empirical evidence demonstrating our approach’s ability to adapt knowledge to new
tasks with differing dynamics, using control and navigation environments widely
used in the SF literature.

4.2 Preliminaries and Problem Formulation

We begin this section by introducing the foundations for the rest of the chapter. First, we
recall the definition of Gaussian Process (GP). For a given dataset D consisting of n train-
ing inputs {x;}1, for z; € R, and corresponding real-valued targets y = [y,...,v.] ,a
Gaussian Process (GP) defines a distribution over functions f : R? — R. This distribution
is characterised by its mean, m(-), and kernel, k(-, -), functions, formally written as f ~
GP(m(-), k(+,-)) (Rasmussen & Williams, 2005). Observed targets y are noisy evaluations

of f,withy; = f(z;) + &;, where g; ~ N (0, c?). Typically, m(-) is assumed to be zero, and

1 [I@—=a")]?

the chosen k(-, -) is the Squared Exponential (SE) kernel, k(z,2’) = 0% exp[—3 7],
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where o represents variance or the average distance of the function from its mean, and
[ is the lengthscale, representing how quickly the function’s output varies with respect to
changes in the input space. GPs are well-suited for low-data regimes because they pro-
vide closed-form predictions, enable Bayesian inference, incorporate prior beliefs about
the function, and model epistemic uncertainty (Tighineanu et al., 2022; Wei et al., 2023).

Second, we restate that RL problems are commonly modelled as Markov Decision Pro-
cess (MDP), defined by the tuple (S, d, p,r,v). We are interested in TRL, which defines
two sets of tasks: source (S) and target (T), and aims to construct a policy for a task in T
by reusing knowledge learnt from tasks in S. Each task is defined by its own MDP. In par-
ticular, the source task set is given by S = {(S, s, r; = ¢ w;, p;,7)}™,, and the set of m
target tasksis T = {(S,d,r; = quwj, pj> )}~ Tasks differ in their transition dynamics
p as well as in reward structures r, where (s, a, s') = ¢(s, a, s') "'w is represented as linear

combinations of a shared ¢ function and task-specific weight vectors w.

Our problem setting considers scenarios with different dynamics. Therefore, for a source
task S; € S and target task 7; € T, their dynamics are denoted by ps, and pr,, respectively.
We adopt the standard SF assumption of a shared, known feature function ¢(s, a, s’) € R4
which characterises the reward functions. In addition, we adopted the mild assumption of
the existence of a collection of relevant experiences from the training on the source tasks.
That is, for each source task S; € S, a dataset D; of k observations is stored. This dataset
is given by D; = {(z}, 9™ (277), d(a}", s71,)) Mo, where 7" = (sJ%,a}") represents a
state-action pair, 9™ (z;") its SF representation, and ¢(z;", s71,)) the feature vector for
the observed transition to the next state sj,. Our interest is to enable the transfer of SF

across tasks with different dynamics.

4.3 Method

Our approach enables SF transfer by incorporating dynamic differences directly into a
novel SF representation. A common alternative is to assume a fixed relationship between
dynamics; however, this typically depends on a priori assumptions and expert knowledge.
In contrast, our method leverages the ability of GPs to infer from limited data, quantify un-
certainty, and exploit their covariance structure to relate inputs. By tailoring this covari-
ance, we enable SFs to transfer effectively across environments with varying dynamics.
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4.3.1 Transition Dynamics Comparison via Feature Observations

Consistent with the problem setting and the canonical state-action SF function, we extend
this function to obtain a one-step observation for a task .S; € S as follows,

Y"™i(s,a) = E [Z V'@ (se, a, St+1)]

ﬂ,st+1NpSi —0

= E [¢(s0,a0,51)]

51~Ps;

+ K [Z v p(si, ar, 5t+1)]

TSt41~PS; —1

™St41~Ps; |

= ¢Si(87 a) + E [Z ’Yt¢(5t7 ag, 5t+1)] )

where ¢, (s, a) = Egnps, [@(s,a,s')] expresses the immediate observed features induced
by ps, dynamics.

Similarly, for a target task 7; € T, the immediate observed features are given by
¢r,(s,a) = Espr, [#(s,a,s)]. These immediate features capture underlying dynamics
independently of policy-induced behaviour (unlike SFs, which capture both), preventing
policy and transition dynamics from intertwining during comparison. By jointly exploiting
the shared feature function, the linearity of expectation, and a shared state space assump-
tion, we can indirectly compare source and target dynamics by examining the differences
between their expected feature functions, as follows,

| @s.(s,a) = @r,(s,0) [[ =[] B [¢(s,0,5) = E [@(s,a,s)] |

S/NPSZ- S/Nij
| / (s, 0,5 )ps.(s' | 5, a)ds’ — / (s, a,8)pr,(s' | 5,0)ds |
:|| / ¢(S,a,8l) [psi(sl | S7a) _ij(S, | S,CL)] dS/ ||
ZH/qb(s,a,s’)APds’ | .

As SF settings require a shared feature function rather than state spaces, we distin-
guish source and target state spaces as Sg, and Sr;, respectively. Assuming the ¢ func-
tion is differentiable with respect to state variables, we apply a change of variables us-
ing a Jacobian transformation. The dynamics for the source task are then expressed as,
ps.(Ss, | ss,a) = pes, (@(ss,, a,55,) | ss,,a) | MS(Z—:’SISZ') | for s, € Sg,. Similarly, for

dg(sr; 0,5}, )

the target task we derive, pr, (s7, | s1;,a) = p¢Tj(¢(STj7a’ st,) | s1;,a) | a | for
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st; € St;. We rewrite the features comparison as,

| s, (55, @) = by, (s1,.0) |
=l E [#(ssas)] = E |élsn.ash)| |

/ /
Ss5;,~PS; STj ~PT;

J
:H /, ‘ﬁ(ssma,sigi)psi(siqi | SS“CL)dsfgi
5%,

- /, @(st;, a, Séfj)ij(SlTj | STj>@)dSIC[’j |
ST]_
d
¢ | ds's.
‘ (4.1)
de
-/ Dby, (& | 51,.0) | 5 | dshy |
¢=¢(8Tj ,a,s’Tj ) J STj

=l Ppgs (@ | ss,,a)dep
¢:¢(55i7a75%i) ’

-/ v, (@ | 51,.0) | dp |
=p(51,.0.5],)

:H ¢p¢si <¢ ’ Ssma) ‘

o=(s5,0,55.) ds,

- /¢ Olpis, (¢ | 55.,0) = Do, (& | 51, )lded ||

The analysis of transitions within feature space in the SF context has been studied by
Lehnert and Littman (2020). While (4.1) enables indirect dynamics comparison, it requires
access to the ¢4 and ¢, functions. When these are unavailable, we approximate this
by computing the divergence between observed features as the average distance between
each of the n source and m target feature observations,

1 m n
15, — b ll=—> > |l @50 = brull -

k=0 (=0

This allows a straightforward comparison between tasks without requiring additional

models. We propose incorporating this as a metric to model task dissimilarities. From now

on, when referring to S we mean any task in the source task set S, that is, S € S. Similarly,
T refer to any task in T such that 7" € T.

4.3.2 Successor Feature-based Transition Dynamics Transfer Kernel

To leverage our metric, the overall idea is summarised in Fig. 4.2. We hypothesise that,
in the feature function space, different immediate features are observed due to the in-
fluence of the underlying transition dynamics. By using the proposed metric to compare
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| pr - ps.|

Figure 4.2: Left, each colour group in the observed feature space represents a different task
with distinct transition dynamics. Right, covariance matrix using the immediate observed
features metric.

these observed features, we can effectively quantify differences across varying transition
dynamics.

We introduce this metric into an extended Squared Exponential (SE) kernel, given its
ability to approximate arbitrary functions (Micchelli et al., 2006). The proposed kernel

captures dissimilarities per feature dimension, d, as

1|| Gsqa— brall?

kT(S7 T) = a%‘T eXp| — 2 I2
ST

, (4.2)

where a%; and [%, represent the overall amplitude and smoothness, given the feature
observations.

Notably, the proposed kernel depends only on observed features from both tasks, but
approximating the SF also requires conditioning on the state-action pair. For simplicity,
all (s, a) inputs are rewritten as x. Therefore, the kernel function for inputs = = (s, a) and
¥ =(d,d)is,

Lz—a"|P

byl /) = aZexp| - 5]

(4.3)

where o2 and 2 control variance and smoothness given the input observations. To effec-
tively combine tasks and inputs, we propose the following kernel,

k((x,S), (2", T)) = ky(z,2")(0sr + (1 — d57)k-(S,T)), (4.4)

where dg 7 is the Kronecker delta.
To ensure a tailored kernel is valid, it must produce a symmetric, positive semi-definite
(PSD) covariance matrix (Rasmussen & Williams, 2005). We begin by defining a general
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covariance matrix relating source and target task observations,

K. — [KSS KST] 4.5)

K¢y Krr

where K gg is the self-covariance of source task observations, K g7 the covariance block of
observations of source and target tasks, and Krr the self-covariance of target task obser-
vations. To include both the task and input kernels, we exploit the off-diagonal block of
this covariance matrix.

As shown in the kernel in (4.4) and covariance matrix in (4.5), the off-diagonal block
relates the n source and m target observations, incorporating this relationship into infer-
ence. The diagonal blocks, Kss and Kpr, compare inputs within their respective tasks

using the kernel from (4.3). The covariance matrix for Kgg is given by,

ky(a?,2f) - ky(ay,ay)
Kss = : : ;
k(xS 27) oo ky(ad, xd)
while for Ko is,
ky(af,af) o k(e ag,)
Krr =
by (@, a1) o (o, a7,)

To capture task dissimilarities, we reformulate K¢ to integrate source and target dis-
tance metrics as,

ko (S, T)ky(zf,2T) o0 ko (S, T)ky(af, 22)
Kgr = : :
k(S T)ky (25, 2T) .0 k(S T)ky (25, 2L)

As stated, for K, to be a valid covariance matrix, it must be symmetric and positive

semi-definite (PSD). Therefore, we derive the following lemma and proof.

Lemma 4.1. Let k(-, -) be the kernel function defined by (4.4). The matrix K., formed by the
blocks Kss, Ksr, and Kpr, is symmetric and PSD.

Proof. To prove symmetry, we proceed by cases, considering n source and m target task
observations.

Casen > 0 and m = 0. In this case, K, = Kgg. Let 2 and =7 be arbitrary source
task inputs. The (i, j)-th element of Kg is given by [Kssli; = ky (27,27 ). Since ky(-, -) is
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the symmetric SE kernel, by definition, k, (7, 27) = k, (27, 7). It therefore follows that
[Kssli; = [Kssl;i- Thus, K, is a symmetric matrix.

Case n = 0 and m > 0. In this case, K, = Krr. Let 2] and z] be arbitrary target
task inputs. The (¢, j)-th element of Kt is given by [Krr]i; = ky (] ,;z:j) Since k, (-, ) is
the symmetric SE kernel, by definition, k, (z,z]) = k(2] , ] ). It therefore follows that
[Krr]ij = [Krr)ji- Thus, K, is a symmetric matrix.

Casen > 0 and m > 0. In this case, K, is a block matrix as described in Eq. (4.5).
By previous cases, Kgs and Kpr are symmetric. Consider the off-diagonal block Kg7.
Let 7 and «] be arbitrary source and target task inputs. The (7, j)-th element of Ky is
given by [Ksrli; = ky(x7, x] )k-(S,T). Since both k, (-, -) and k, (S, T') are symmetric SE
kernels, we have that k, (7, 27 ) = k, (2], 2f) and k- (S, T) = k.(T, S). The corresponding
element in the transpose block is given by [Ksr|); = ky(x],27)k. (T, S). Thus, based on
the symmetry of k, and k-, it follows [Ksr];; = [Ksrlj;. Since Kgg, Krr are symmetric
and [Kgr]i; = [Ksr]);» K. is a symmetric matrix. O

Proof. To prove that K, is PSD, we must show that for any vector v € R*™™ v K, v > 0.

n+m n+m

v K, v = Z Z v [ K.

i=1 j=1

n—+m n+m _n+m
(St ] + 35 [ St ]
j=1
n n+m
= [Zvlkx(xl,xj)vj + Z viky (21, 2) k- (S, T) Uji| (by definition)
j=1 j=n+1
n+m
[Zvn Q?n,ﬂjj (] + Z Un xnuxj (57 T) U]:|
j=n+1
n+m
+ [Zvn+1kx(xn+laxj>kr(sa T) vj + Z Unt1ky (Tnt1, T5) Uj]
j=1 j=n+1
n+m
[ZU"W (Tntm, xj)k-(S,T) v; + Z Untmby (Tngm, T5) vj]
Jj=n+1
n  n+m
—ZZUZ (i, z; ’Uj—l—z Z viky (@i, )k (S, T) v,
i=1 j=1 i=1 j=n+1
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n+m n n+m n+m

+ g E viky (@i, )k (S, T) v; + g E viky (2, ;)
i=n+1 j=1 i=n+1j=n+1
n  n+m
=v] KgsVim+ k(S,T) [g g viky (i, ;) v;
=1 j=n+1
n+m n
+ § E Uz ZL’Z,I'] Uji| +Vn+1n+mKTT Vo+1lin+m
i=n+1 j=1
n  n+m
= v KggVim + 2k (S, T) [ g g viky (i, ;) v;
——— —
>0 =1 j=n+1

T
+ yn-ﬁ-l:n—‘,—mKTT Vn—‘,—l:n-i,—rrri (by PSD)

>0

Next, we must prove the second term on the RHS is non-negative. To do this, we pro-
ceed by cases.

Case 0 € R™™ V,u; = 0.In this case, 0" K,0 = 0

Casev € R"™™ V,v; > 0.Since kernel functions are SE kernels then k, (-, -) € [0, 1] and
k.(-,-) € [0, 1], addition and multiplication of non-negative values remains non-negative,
thusv' K,v >0

Casev € R"™ V0, < 0.Letv = [—v1, "+, —Upim)

A\ K VvV = ZZ Uz xlij)(_vj>

i=1 j=1

n n+m

+ 2k (S,T) [Z Z ky (24, 2;) (—vj)]

n+m n+m

+ Y D (Fudk(wi ) (—v))

1= n—l—l] n+1

- § § Uz x’wa:j

=1 j=1

n n+m

+ 2k, ( ST[ZZU’ (@i, x)) ]

=1 j=n+1

n+m n+m

+ YD vk ()

i=n+1j=n+1

> 0 (Reduced to case V;v; > 0)

Case v € R"™ J0; < 0. We start by noticing that the first and third terms are ex-
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pressed in the quadratic form and the kernel function %, (-, -) is PSD, thus the only term
that could add negative values is the second term. Moreover, k. (-, -) € [0, 1]. This yields 3
cases:

Casev € R"*™ F,0; < 0 and k,(+,-) = 1. The quadratic form is given by,

TKv—g g viky (24, 25)v

=1 j=1

n n+m

+2[Z Z v;k :vl,xj ]

i=1 j=n+1

n+m n+m

+ Z Z viky (2, x;)

i=n+1 j=n-+1

> 0 (by quadratic form and &, (-, -) is PSD.)

Casev € R"*™ F,0; < 0 and k,(+,-) = 0. The quadratic form is given by,

TKV—E g viky (2, x;)v

=1 j=1

n+m n+m

+ Z Z vZ xz,x]

i=n+1 j=n+1

> 0 (by ky(-,-) is PSD.)

Case v € R"™™ J0; < 0and k,(-,-) € (0,1). Building on previous cases, v' K, v is
bounded by,

n n n+m n+m
E E Viky (4, 25)v; + E E viky (4, 2;5)
i=1 j=1 i=n+1 j=n+1
<vIK,w<
n n n  n+m
5 E viky (i, 25)v; ++2[ g E viky (i, 25) j]
i=1 j=1 i=1 j=n+1

n+m n+m

+Z sz a:z,xj v;

i=n+1j=n-+1

(by bounds and previous cases v K,v must be > 0)
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4.3.3 Successor Features Approximation via Gaussian Process

We introduce a GP approximation for SFs in the target task, leveraging source task knowl-
edge through the defined kernel function. Without loss of generality, we model each d di-
mension of the SF (i.e., 17, for a given state-action x = (s, a)), with a zero-mean GP(0, k)?,
where k(-, -) is the kernel from (4.4). The posterior mean and variance for a new z” are,

pg(ah) = k(27 %) T Ky, (4.6)

od(27) = ky (27, 27) — ky (27, x) T K ey (27, %) (4.7)

where x is a vector with all source and target inputs, and y, is the d-th dimension of SFs
from source and target tasks.

The posterior mean yields the predicted SF for each dimension, which are concate-
nated for decision-making. Unlike Abdolshah et al. (2021), our approach does not assume
a fixed relationship between target SF and source observations, requiring access to true
target SFs for posterior updates. We approximate these SFs using the Bellman equation

and currently observed features. At time ¢, given target observed features ¢, and new
state StTH’ the SF used to update the posterior is,

P (xf) = o + (i), (4.8)

where 2], = (s1,,, ai11), ;11 is the greedy action such that arg max,,, ,eq p(2f, ) "W,

w the target task weights, and p is the vector comprised of posterior means for all D

dimensions, N(Szlrla at-‘rl) = [:ul (mtT+1>7 s 7ND(J:?+1)]T'

Our approach is summarised in Algorithm 4, which outlines the full procedure for
computing SFs for each target task dimension by leveraging all source tasks. Lines 2-10
cover model fitting and SF reconstruction using GP models. Lines 21-22 describe how
current observed features influence target SFs. To reduce Bellman backup overestimation
bias, we use an e-greedy algorithm.

We acknowledge that Algorithm 4 can be optimised. For instance, instead of perform-
ing the computations in Lines 14-20, the approximation of the target SF can be deferred
to the next timestep. This allows the computed SF to be reused, eliminating redundant
computation.

Additionally, Algorithm 3 describes the strategy for fitting the GP. This approach was
used to accelerate convergence and minimizes the number of optimization steps by early
stopping optimisation steps. This is critical in RL settings where the GP must be fitted at

every timestep.

1To ensure zero mean, we subtract the mean when fitting the GP, and restore it when doing the infer-
ence.
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Algorithm 3 Gaussian Process Fitting with Gradient Descent.

Require: Dataset @ = {(=;,v;)}}¥,, kernel hyperparameters (variance, lengthscale) 6 = (07,1), learning
rate 7, convergence threshold ¢, max iterations 7', MLL changes A = {} of length 10.
Ensure: Optimised hyperparameters 6
1: fort =1to T do
2: Compute initial K, using ky (X, X) >X =[z1,...,ZN
3: Compute Marginal Log-likelihood (MLL) £(6) using:

]T

1 1 N
2(0) = inK*ﬂy t3 log det(K,) + 5 log(27)

>y = [y, yn]"

4: Update hyperparameters: 6 < 6 +nVy<£(0)
5: if |A| > 0 then
6: Compute change in MLL: 6 = [[A]_; — £ ()| > Using the last MLL change.
7: Append § to A
8: end if
o: if |A| = 10 AND mean(A) < ¢ then
10: break > Convergence criteria met
11: end if
12: end for

4.3.4 Uncertainty-driven Generalised Policy Improvement

Beyond supporting tailored kernel functions for knowledge transfer, GP inherently quan-
tifies model uncertainty. In particular, GP can predict epistemic uncertainty for a given
input. This is achieved by comparing the input with previously observed data with the
proposed kernel function. The kernel function encodes the similarity between the new in-
put and the data used by the GP. As a result, the predicted epistemic uncertainty reflects
how confident is the GP about the prediction of that input.

We harness this uncertainty for policy selection using a pessimistic interpretation of
GPI, which maximises the lower confidence bound (Dimitrakakis & Ortner, 2022; Eysen-
bach & Levine, 2022; Jeong et al., 2023; Rashidinejad et al., 2021). This approach explic-
itly manages epistemic uncertainty within the GPI process. Thus, for a given target task
weights w7, the GPI policy is defined as follows,

GPI , g . g T..T
T (s) € arg maxmax(p™ (s, a) — Ag" (s, a)) W, (4.9)

Consequently, we propose that this guides the policy selection towards more robust and

certain policy value estimations as implemented in Algorithm 4 Line 11.
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Algorithm 4 Successor Features via GP and SF-based Dynamics Transfer Kernel.

Require: Source environments &1+~ and target observations @7 = {}, feature function ¢(-,-) € RP,
initial reward mapper weight for target environment w, standard deviation bound \.
Ensure: Optimal policy 7*(s) for the target environment.
1: while ¢ steps not terminated do
2: foreach S € {Sy,...,Sn} do

3: foreachd’ € Ado
4: ]+ (s¢,ad)
5: CPS({2%,27}),Vd e {1,...,D} > Fit the GPs using Algorithm. 3
6: Compute K, k > By (4.5)
7: Y7 (xf) = pf (xf),vd € {1,..., D} > By (4.6)
8: o™s (z]) = Jg(th),VdG {1,...,D} > By (4.7)
9: end for

10: end for _

11: Compute Q7s: (s,a') = (wﬂsiN(st, a)—Xo)Twl,va' € A,vie {1,...,N} > By (4.9)

. * _ s, (1

12: m*(s) = arg max Sie{ISI’lf,L,}.{.SN} Q7si(z1) > GPI

13: Observe immediate reward 7(s, a), next state s7, ;, and immediate features ¢, after following 7*(s)

14:  foreach S € {S,...,Sn} do

15: foreachd’ € Ado

16: al (s 1.d)

17: Compute K., k > Using (4.5)

18: 5 (f) = (el ), Vd € {1, D}

19: end for

20: end for s

21: plaryy) = max sebax (st1a)TwT

220 @ (aF) = ¢p+pal,,),vde {1,...,D} > By (4.8)

23:  Add new observation (s, a), ¢, @ET(xtT) top”
24: Update w”', miny s Ev(s,ayear [(7(s,a) — ¢(s,a) TwT)?]
25: end while

4.4 Experiments and Analysis

In this section, we describe the metrics, environments, implemented baselines, and exper-

imental results.

4.4.1 Experiment Setup
4.4.1.1 Metrics

We evaluated TRL algorithm performance using two established metrics: time-to-threshold
and mastery (Zhu et al., 2023b). Time-to-threshold measures timesteps needed to reach a
performance criterion; lower values indicate greater data efficiency and faster learning.
Mastery quantifies peak performance on target tasks upon convergence, assessing how
well prior knowledge is exploited.

70



4.4. EXPERIMENTS AND ANALYSIS

4.41.2 Agents

We evaluated four distinct agents: SFDQN&GPI (Barreto et al., 2017), a foundational SF
approach; GP (Abdolshah et al., 2021), which uses GP for SF transfer across dissimilar
dynamics; h-GPI (Alegre et al., 2023a), an extension of GPI for multi-step planning via

approximated dynamics; and finally, our proposed Off-diagonal agent.

Our experimental setup followed four phases:

1. Feature function fitting: A random policy collected full transition observations

from source tasks. The feature function ¢ and weight vectors w were fitted by min-
imising the loss &,. The ¢ function was then fixed for source and target tasks, with
architectures detailed per environment. The weight vectors were discarded, consis-
tent with Barreto et al. (2017).

. Source task optimal policies extraction: With the ¢ function fixed, SF represen-
tations and the optimal policy were learnt for each source task.

Source task sample collection: After learning SFs in source tasks, 105 observations
(states, actions, ¢ values, and SF values) were collected using an e-greedy strategy.

3. Target task adaptation and evaluation: Agents adapted to target task observations

for 103 timesteps. This phase balanced exploration-exploitation using an e-greedy
strategy, with e of 0.5 linearly decaying to 0. Agents adapted their models accord-
ingly: SFDQN&GPI updated SF representations; the GP agent the source SFs as
noisy target observations; the h-GPI agent approximated dynamics and SF repre-
sentations; and our agent employed its knowledge transfer mechanisms. After 10°
timesteps, all agents transitioned to the Evaluation phase, stopping new observa-
tion incorporation.

We used a pre-defined shared feature function ¢ and optimal SF representations. This

allowed us to isolate the SF transfer mechanism and assess its effectiveness on dissimilar

tasks, without evaluating the quality of the source policies.

The hyperparameters used for the GP-based agents are reported in Table 4.1. The hy-

perparameters for the h-GPI agent are listed in Table 4.2. Finally, Table 4.3 presents the

hyperparameters for the ¢ function, the SF models, and the SF-based agents.
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Table 4.1: Gaussian process agents hyperparameters for Foraging and CartPole environ-
ments.

Hyperparameter Value
Samples from source tasks 500
Foraging - GP Learning rate 1072
Cartpole - GP Learning rate 107t
Number of gradient updates 200
Source Noise value for GP baseline (Abdolshah et al., 01
2021) (02) '
Target Noise value for GP baseline (¢) (Abdolshah et

0.01
al., 2021)

Table 4.2: h-GPI agent hyperparameters for Foraging environment.

Hyperparameter Value

Dynamics train frequency (timesteps) 80

Dynamics rollout frequency (timesteps) 80

Dynamics rollout Len 1

Dynamics real samples ratio 0.5

Number of ensemble models 7

Holdout ratio 0.1

Ensemble architecture [256,256], [256,256]
Number of elite ensemble models 5

Table 4.3: Successor features and ¢ model hyperparameters for Foraging and CartPole
environments.

Hyperparameter Value

¢ and SF network architecture [inputx4, inputx8],
[inputx8, inputx4]

SF target network update freq. (timesteps) 103

Gamma () 0.95
Batch size 64
Replay buffer size 10°
Learning rate 1073
learning rate weight vectors 1072
Number of steps for adaptation phase 103
Initial € exploration/exploitation 0.5
Final ¢ exploration/exploitation 0.0
Foraging - features dimension 2
CartPole - features dimension 32
CartPole - Early Stop at (episodes) 100
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Figure 4.3: Foraging environment. Sequence of agent’s navigation across a 10 x 10 grid
with blue and red objects. The agent (red triangle) navigates through the grid gathering
objects. Each object represents different reward to the agent. The reward is given by the
weight vector.
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Figure 4.4: Foraging environment. Average reward over 10 random seeds. Figs. 4.4(a)-
4.4(b) represent source tasks in foraging environment. Figs. 4.4(c)-4.4(f) represent the tar-
get tasks.

4.4.2 Experiment Results and Analysis

Agents were tested in CartPole and foraging environments, which are extensively used in

SF literature to evaluate TRL performance across different dynamics.

Foraging Originally introduced to SF literature by Barreto et al. (2020), it has been ex-
tensively used within the context of SFs (Borsa, Barreto, Quan, Mankowitz, et al., 2019;
Carvalho et al., 2023). In this 10 x 10 grid-based task, an agent has three discrete ac-
tions (rotate right, rotate left, move forward) to move and gather two types of objects. The
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agent receives an egocentric, image-like input formed by stacking 2, 7 x 7 x 3 observa-
tions (Fig. 4.3) depicting object information. With respect to the observation space, the
agents received a partial observation of the environment. This poses a challenge for DQN
agents. To overcome this partial observability, we stacked observations and used them as
input to a Convolutional Neural Network to produce the agent’s state, as implemented by
Mnih et al. (2015). We used a stack size of 2, which worked well for our experiment. Each
episode lasts 50 timesteps, with rewards granted upon gathering objects (agent occupies
the same location as an object); tasks are defined by their reward weight vectors. New

objects respawn at uniformly sampled locations and types.

To model dynamics dissimilarities, we introduced noise into the observations. Specifi-
cally, with a certain probability, the environment executed a random action, thereby intro-
ducing noise into the subsequent transition. It is crucial to note that this noise probability
is distinct from the ¢ value used for the agent’s exploration-exploitation strategy, as the
environment continuously introduced noisy observations irrespective of the agent’s pol-
icy. For the TRL setting, two source tasks were defined for the agent to learn to solve the
problem. In both source tasks, the reward weight vector was set to [0.5, 0.5], i.e., the agent
received 0.5 for either object type. For the first source task, no noise was added to the ob-
servations, whereas for the second, a noise of 0.1 was applied. For the target tasks, four
settings were designed with the following reward weight vectors and noise probabilities:
Ty = ([0.5,0.5],0.05), T = ([0.5,0.5],0.2), T5 = ([1.0,0.0],0.05), Ty = ([1.0,0.0],0.2).

For feature function fitting, 10* observations were collected per source task. A shared
Convolutional Neural Network (CNN) with 3 hidden layers (16, 32, and 64 filters) trans-
formed observations into a 128-dimensional state vector. All convolutional layers used
a (2,2) kernel and stride of 1. This state function was shared among source and target
tasks, and its output fed the ¢, SF, and GP models. The ¢ function was implemented as
an Multi-layer Perceptron (MLP) with 2 hidden layers (512 and 1024 units), using Leaky
Rectified Linear Unit (LeakyReLU) activation functions, and outputting a 2-dimensional
feature vector.

For the source task optimal policies extraction phase, agents trained in the source
tasks, fitting the SFs for 4 x 10° timesteps (80000 episodes), Fig. 4.4(a)-4.4(b). For exploration-
exploitation, ¢ started at 1 and linearly decayed to 0 over 1.6 x 10° timesteps. The agent
fitted both SFs and the source weight vector by minimising & = £, + £,. Agents used
v = 0.95, a replay buffer of 10* observations and batch size of 64, a learning rate of 1073,
the target network was updated every 10° steps. To fit the vector weight a learning rate of
1072 was used. The SF-based agents used a Double DQN variant with experience replay.
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Figure 4.5: Foraging environment. Holdout losses in target tasks for h-GPI agent.

The average rewards for the optimal source tasks are shown in Figs. 4.4(a) and 4.4(b).
Then, the agent transitioned to the source task sample collection phase.

In the target task adaptation and evaluation phase, SF-based agents used the same
hyperparameters as in source task fitting. The h-GPI agent approximated dynamics with
an ensemble probabilistic model of 7 MLPs (Alegre et al., 2023a; K. Chua et al., 2018),
planned with horizons of 1 (1-GPI) and 5 (5-GPI), and combined real and sampled obser-
vations. The ensemble model was fitted by minimising the negative log likelihood every
80 timesteps, using all available transition samples, and a learning rate of 3 x 10~%. Con-
vergence was monitored on 10% validation set, with early stopping if the improvement fell
below 10? over 5 consecutive optimisation steps. The fitting process was monitored using
the holdout loss, which is reported in Figs. 4.5(a), 4.5(b), 4.5(c), and 4.5(d). Each MLP
within the ensemble consisted of 2 hidden layers, with 256 units, and LeakyReLU activa-
tion functions. The GPs were fitted (as detailed in Algorithm 3) using a learning rate of
1072, chosen after evaluating 10~! and 102 for improved convergence and stable losses

in this environment.

Evaluation results for agents on 7}, 75, and 73, are shown in Figs. 4.4(c)-4.4(e). Our
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approach significantly outperformed the other agents in the chosen metrics; that is, su-
perior performance upon convergence (mastery) and fewer samples to reach it (time-to-
threshold). While GP achieved stable performance in T}, Fig. 4.4(f), results indicate that
our agent maintains competitive performance across all tasks except the most extreme dy-
namics changes, suggesting that the proposed kernel-based transfer mechanism is robust

but may require additional modelling capacity under highly dissimilar dynamics.

Across all target tasks, our proposed Off-diagonal agent consistently outperformed
classical SF-based baselines under dissimilar dynamics settings. In contrast, the h-GPI
agent, despite incorporating planning and dynamics approximation, did not surpassed
GPI and showed degraded performance as the planning horizon increased (e.g., h = 5
vs. h = 1). We hypothesise that h-GPI suffered from compound error during multi-step
planning, likely due to inaccuracies in approximating feature functions and weight vec-
tors rather than errors in the learnt dynamics model itself, as supported by the holdout
losses (Figs. 4.5(a)-4.5(d)). Unlike h-GPI, our approach does not rely on explicit envi-
ronment model approximation. Instead, it incorporates transition dissimilarities directly
within the successor feature representation through the kernel-based GP update mecha-
nism. While standard SF-based agents adapted with approximately 10° samples in similar
environments, this adaptation proved insufficient under stronger dynamics variations. In
contrast, our method maintained robust transfer performance, demonstrating its ability

to leverage knowledge across dissimilar dynamics and reward structures.

CartPole This environment, widely used for classical control (Sutton & Barto, 2018)
and evaluating SF transfer across dissimilar dynamics (Abdolshah et al., 2021; Garces,
Kiyoshige et al., 2023), involves an agent balancing a pole using 2 discrete actions (left
or right). The agent receives a reward each timestep the pole remains upright, with the
task solved after 200 consecutive steps. In our TRL setup, the source task used a 0.5m pole
and the target a 3m pole (Fig. 4.6(a)). Pole length differences introduce dissimilar transi-
tion dynamics due to distinct physical properties. Agents received a 4-value observation
vector (cart position, cart velocity, pole angle, pole velocity) as state. That is, the agent re-
ceived a 4-dimensional vector instead of an image-like observation. The feature function
dimension was 32. For the SF-based agents, the Double DQN agent presented undesired
behaviours and did not converge in the selected seeds. Using a single DQN, the source
policies converged as shown in Fig. 4.6(b).

An example of the source and target tasks is shown in Fig. 4.6(a). The performance of
an optimal policy for the source task is presented in Fig. 4.6(b). We selected the optimal

76



4.4. EXPERIMENTS AND ANALYSIS

Cartpole environment Cartpole environmen it

i i
.- 50 ! ] Seed 42 o
w1 Seed 10

i
w4 &
PRGApracs I ' --- Seed 1987

(a) Left, source task with pole 0
0.5 meters length. Right, tar-

get task with pole 3.0 meters (b) Sy: Pole length 0.5 meters. (c) Cartpole environment. 77 :
length. Policy training. Pole length 3 meters.

0 200 400 600 800 1000 1200 1400 T 3o e e 1o 10 15w
Episodes Timesteps

Figure 4.6: CartPole environment. Results are averaged over 10 random seeds, and a ver-
tical line indicates the end of the adaptation phase.

policy found from seed 1987. This seed was chosen because our experimental setup col-
lected samples from the optimal policy, and this specific policy had less noisy suboptimal
data compared to the others.

In the Feature function fitting phase, ¢» was implemented as an MLP with two hid-
den layers using LeakyReLU activations. The input layer had dimension 10 (concatenated
states and one-hot encoded actions), followed by hidden layers with 16 and 32 units. The
output layer matched the 32-dimensional feature vector.

For source task optimal policies extraction, the SF model was implemented as an
MLP. This network had a 4-dimensional input layer, 2 hidden layers of 16 and 32 units
respectively, and LeakyReLU activation functions. The output layer had a dimension of
32 x 2 representing the feature dimension multiplied by the number of actions. Agent
stopped training once it had solved the task for 100 consecutive episodes. The agent then
transitioned to the source task sample collection phase. The remaining hyperparameters
used were similar to those of the foraging environment.

For target task adaptation and evaluation, all agents were provided with the source
SF model, the ¢ function, and source observations. They then collected target observations
using an e-greedy strategy. SF-based agents used the same hyperparameters as in source
task fitting. GP and our approach used GP fitting with a learning rate of 0.1. Each agent
was executed 10 times using different random seeds.

Results in Fig. 4.6(c) show that our off-diagonal kernel-based agent outperforms all
baseline agents in both time-to-threshold and mastery metrics in the CartPole environ-
ment. In contrast, the SFDQN agent with adapted observations achieves substantially
lower performance, consistent with findings reported by Abdolshah et al. (2021), where
GP-based approaches outperformed SFDQN under diverse dynamics. These results high-

light the advantage of modelling cross-task correlations through the structured covari-
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Figure 4.7: Evaluation of uncertainty-based policy selection. Results are averaged over 10
random seeds, and a vertical line indicates the end of the adaptation phase.

ance matrix. By explicitly capturing relationships between source and target tasks, our
approach enables more effective knowledge transfer than methods relying solely on fea-
ture adaptation. The flexibility of the kernel design, combined with the GP update mech-
anism, provides a principled way to leverage prior knowledge and generalise to new tasks

under diverse transition dynamics.

Uncertainty-driven Policy Selection Study In addition to comparing against other SF-
based agents, we evaluated our uncertainty-driven GPI approach using the same foraging
environment setting. Figs. 4.7(a) and 4.7(b) show the results, suggesting that this novel
uncertainty-driven GPI adds instability to the transfer process, as evidenced by the in-
creased instability with rising A. While this initial method attempts to manage epistemic
uncertainty, the mixed experimental results suggest that further research is needed.
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4.5 Summary

In this chapter, we introduced a novel Gaussian Process (GP)-based framework with a tai-
lored kernel, designed to capture input relationships, incorporate epistemic uncertainty
into policy selection, and enable successor feature (SF) transfer across dissimilar dynam-
ics.

Our SF-based Dynamics Transfer Kernel extends the squared exponential kernel, al-
though theoretical results suggest that the approach is applicable to any valid kernel. Fu-
ture extensions could explore alternatives such as the Wasserstein distance, for which pos-
itive semi-definite kernel conditions are known (Candelieri et al., 2025; Plaen et al., 2020).
While our current formulation employs a scalar GP, we hypothesise that the task kernel
in (4.2) could support a multi-output GP (Alvarez et al., 2010), thereby eliminating the
need for separate models per feature and leveraging inter-feature dependencies. Another
key direction is the development of scalable approximations to reduce the inherent cubic
complexity of GPs, enabling application to larger datasets and more complex problems.

The proposed kernel and the method for approximating target SFs from the Bellman
optimality equation present two main limitations: (i) susceptibility to overestimation bias,
and (ii) vulnerability to error compounding caused by GP approximation, as described in
(4.8). Despite these limitations, our empirical results demonstrate that agent performance

converges.

A notable advantage of GPs is their capacity to handle noisy measurements during
training, a property embedded in the kernel functions and the covariance matrix diagonal.
From this perspective, the prediction errors in GPs can be interpreted as noisy measure-
ments. Nonetheless, an important avenue for future research is to establish a theoretical
foundation explaining why such noise does not propagate through error compounding to
degrade agent performance. In our framework, the approximation of the feature function
introduces errors that can affect the agent’s ability to recover optimal policies. Because
our kernel and metric compare observed features, errors in the feature representation can
influence the kernel behaviour and, consequently, the SF approximation. However, this
limitation is not unique to our method, as inaccuracies in feature representations also af-
fect other algorithms based on SF. Therefore, a central challenge in SFs remains the design
or learning of expressive feature functions that accurately capture the underlying dynam-
ics (Ollivier, 2025; Touati et al., 2023).

Our uncertainty-driven GPI achieved mixed transfer performance. Although this ini-
tial integration of epistemic uncertainty into GPI proved challenging, it highlights an im-
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portant research direction for more effective uncertainty modelling in this framework.
In conclusion, the proposed GP-based framework advances the transfer of SF to sce-
narios with dissimilar dynamics, addressing a fundamental limitation of existing SF-based

methods.
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CHAPTER

ADAPTIVE SUCCESSOR FEATURES VIA HIERARCHICAL

BEHAVIOUR COMPOSITION

Divide each difficulty into as many parts as is
feasible and necessary to resolve it.
René Descartes, Discourse on Method

his chapter addresses and @ We interpret Successor Features (SFs) both

as representations that encapsulate specific behaviours, which can be combined or

composed to generate new ones, and as a knowledge representation mechanism
that captures both current and potential successor states. We leverage these perspectives
to extract and compose behaviours for solving novel, unseen tasks. Building on these con-
cepts, we propose a two-level Markov Decision Process (MDP) that enables the composi-
tion of SFs. Within this framework, SFs act as both states and actions, while an accompa-
nying algorithm orchestrates their composition to solve new target tasks.

5.1 Background and Motivation

Reinforcement Learning (RL) has demonstrated remarkable results in domains that chal-
lenge human cognitive skills, such as complex games and decision-making problems (Kober
etal., 2013; Mnih et al., 2015). However, classical RL requires a substantial number of sam-
ples to achieve desirable behaviour for a single task (Lazaric, 2012; Taylor & Stone, 2009).
Consider a robot that must pick apples, oranges, or both depending on the season, with
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each season being a different task. Using classical RL forces the robot to relearn each task,
requiring millions of samples and making this approach resource-intensive and impracti-
cal. Ideally, we expect the robot to use previously acquired skills to solve new unseen tasks
more efficiently.

To address sample inefficiency when solving new tasks, a significant body of work has
introduced multi-task learning in RL (Caruana, 1997). Multi-task RL aims to solve a finite
set of tasks simultaneously, thereby reducing the resources required to train each task
independently. In RL, these solutions have demonstrated outstanding results in complex
problems such as control and scheduling (Cheng et al., 2023; D’Eramo et al., 2020; Y. T.
Liu & Ahmad, 2024; Sodhani et al., 2021; J. Zhang, Guo, et al., 2024). However, multi-
task RL is beneficial only when all the tasks are simultaneously accessible and fixed. On
the other hand, another line of research, meta-RL, assumes that tasks are drawn from a
probability distribution, aiming to learn how to quickly adapt to or solve tasks within that
distribution (Beck et al., 2025; Duan et al., 2016; Finn et al., 2017).

To formalise the problem of reusing previous knowledge, Taylor and Stone (2009) de-
fined a framework for Transfer Reinforcement Learning (TRL). The aim of this more gen-
eral framework is to answer what knowledge and how to transfer it between different sets
of tasks (Wulfmeier et al., 2023; Zhu et al., 2023b).

Transfer Reinforcement Learning (TRL) uses the human-like ability to reuse previ-
ously learnt knowledge to solve new tasks (Zhu et al., 2023b). TRL defines two sets of
tasks. The first, known as source tasks, is used to find optimal behaviours, which are then
reused in the second set, or target tasks, to improve performance or reduce sample require-
ments. For example, source tasks might involve picking only apples or oranges in different
seasons, while the target task might require picking both. To answer what knowledge to
transfer, widely studied approaches fall under representation transfer, with a significant
body of work achieving this through successor representations (Dayan, 1993). Based on
these, recent research has addressed how to reuse knowledge through knowledge composi-
tion (Wulfmeier et al., 2023). This chapter delves into a specific and powerful framework
that combines these aspects: successor features (SFs) and generalised policy improvement
(GPI).

SFs and Generalised policy improvement (GPI) form a framework for TRL on tasks
with different reward functions. SF is a behaviour representation that generalises suc-
cessor representations. Furthermore, it assumes that reward functions have a linear re-
lationship between a common feature function and task-specific vector weights. These
vector weights can be seen as preferences over features and help distinguish tasks. GPI
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Figure 5.1: Overview of proposed SF composition. (A) Source task policies. (B) High-level
state space. (C) Composed policy.

enables updating and composing SFs; e.g., in the fruit-harvesting task, different seasons
can be modelled by varying preferences for apples or oranges, allowing SF-GPI to learn
behaviours per season and combine them to handle new ones without retraining. GPI
composes SFs using a two-level decision process, which first selects an SF and then fol-
lows its behaviours at each timestep. However, it has been proven that the performance
of SF-GPTI’s is related to the similarity between the vector weights of the source and tar-
get tasks, resulting in a tight upper bound on performance (Barreto et al., 2017; Nemecek
& Parr, 2021). To address this, recent works have focused on dynamically constructing
a set of basis behaviours that, when composed by GPI, ensure optimal performance on
target tasks (Alegre et al., 2022; Alver & Precup, 2022; Nemecek & Parr, 2021; Zahavy et
al., 2022). However, these methods require substantial computational resources and ad-
ditional sample complexity. Recent works have also been built upon GPI to exploit the
compositionality properties of SF-GPI (Barreto et al., 2019; Carvalho et al., 2023; Hunt et
al., 2019; Y. T. Liu & Ahmad, 2024). In contrast, our approach focuses on learning a fixed
number of SFs and composing them to solve new unseen tasks, without relying on GPI.

We propose a method for deriving and composing SFs within a two-level decision
framework, modelled by a high-level Markov decision process with novel SF-based states
and actions. As illustrated in Fig. 5.1, the agent evaluates from a set of possible behaviours
(A), analyses in SF-based high-level state, and adaptively selects the proper SF (B) to com-
mit to for an extended period, with the aim of solving the task (C). This approach leverages
source task behaviours to solve unseen target tasks, showing steady performance across
varying task distances and consistently outperforming baselines in three extensively used

environments in SF literature: Four-room, Reacher, Foraging.

To summarise, our work makes the following contributions:
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1. A novel high-level Markov decision process with high-level state and action spaces

using SFs to support decision-making and leverage prior knowledge for unseen tasks.

2. A novel algorithm for learning and composing SFs from source tasks, considering
them as composable behaviours. 3) Empirical results showing that while the SF-
GPI performance degrades, our method remains steady across tasks with varying

distances.

5.2 Preliminaries and Problem Formulation

We begin by restating that Reinforcement learning (RL) problems are commonly modelled
by a Markov decision process (MDP), defined by the tuple (S, o, p, r,y). We consider set-
tings where tasks share transition dynamics and a feature function ¢ : § x o x § — R¢.
The reward for the i-th task is defined as ry,(s;, az, 8:41) = @(s,ar, S441) ' Wy, Where
w; € R%is a preference vector in the simplex (i.e., its entries sum up to 1). This setting has
been widely studied by Alegre et al. (2022), Nemecek and Parr (2021), and Zahavy et al.
(2021, 2022).

In TRL, a set of n source tasks is defined as Wy = {w; ?:_01 and m target tasksas W, =
{w; ;”:’01, with each task’s reward function given by r(s;, a;, s;41) = @(s¢, s, S¢41) ' W. We
are interested in TRL problems in which the objective is to compose source policies to
solve target tasks without additional training (Zhu et al., 2023b). In this chapter, we refer
to tasks directly using their associated weight vectors. Additionally, the terms behaviours
and successor features (SFs) are used interchangeably, as SFs represent behaviours induced
by a policy.

We denote the SFs learnt in the ¢-th source task as i)™, where 7, is the policy opti-
mised for task w;. This forms a set of task-specific SFs for all source tasks ¥ = {2)™:}"~ .
To take advantage of these SFs, Barreto et al. (2017) propose generalised policy improve-

ment, which enables their composition to derive policies for the target tasks.

As mentioned previously, GPI is a generalisation of the processes of policy improvement
and policy evaluation. Instead of evaluating one policy at a time, GPI considers multiple
policies. It assumes access to a set of source tasks, Wy, and their corresponding SF, ¥ =
{4p™:}"~'. GPI enables the computation of an improved policy as,

7% (s;w) € arg max max (s, a) w. (5.1)

acd Ppev
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Figure 5.2: High-level SF composition for TRL. Z and o denote the high-level state and
action, s and « the low-level state and action, and w the current task.

SF-GPI serves as two functions: it updates multiple SFs simultaneously using task-
specific samples and the GPI-selected policy in (5.1), and acts as a hierarchical solution by
composing SFs at each timestep (Barreto et al., 2020).

Importantly, Barreto et al. (2017) derived a theorem demonstrating that 76F!(s; w) per-
forms at least as well as any other policy in the set. The theorem states that the perfor-
mance gap between the optimal policy for a source task and the GPI policy for a target
task is bounded by the difference in task weights and the feature function: Qavj (s,a) —
QQGjPI(s,a) < %y(maxw || ¢(s,a) || min; || w; — w; ||). This implies that GPI performs
better when the source and target weights are closer. Moreover, Nemecek and Parr (2021)

and S. Zhang et al. (2024) have demonstrated the tightness between this relationship.

5.3 Method

Our goal is to achieve TRL through adaptive composition of SFs by learning optimal SFs
for source tasks Wy and composing them to create behaviours for target tasks W with-
out additional training. One solution is a two-level decision hierarchy. At the first level, a
high-level policy selects an optimal policy from a set of source policies, and at the second
level, the low-level policy chooses the low-level action (Shah et al., 2022). GPI is a known
mechanism for composing SFs that uses a two-level decision hierarchy at each timestep
(Barreto et al., 2017). Rather than making high-level decisions every timestep, we present
a novel high-level policy capable of acting over extended intervals. This policy, shown in
Fig. 5.2, uses SFs from source tasks to form a high-level state 7 and selects high-level ac-
tion o. Once a high-level action is chosen, it decides the low-level action a (Fig. 5.2) to use
in the environment. Building on this, we propose a high-level Markov decision process

that allows solving source tasks and composing them to achieve TRL.
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5.3.1 High-Level Markov Decision Process

By using SFs as actions or as we named high-level actions, we model our problem with the
following MDP. This high-level MDP is defined by the tuple (£, O, pp, 7hip, Yhip)> Where £
represents the set of high-level states, O the set of high-level actions, and puip (24112, 0¢) the
probability distribution of reaching the high-level state z; ;; given a high-level state z; € £,
after following the high-level action, o; € 0. The high-level reward, ), is computed based
on the shared function ¢ and Wy, and vy, is the high-level discount factor. Solving the
proposed MDP enables learning SFs from the source tasks and adapting those behaviours
to the target tasks.

5.3.2 High-Level Actions with Successor Features

The proposed MDP naturally aligns with the options framework (Sutton et al., 1999) and
hierarchical RL (Hutsebaut-Buysse et al., 2022; Nachum et al., 2018), where an option or
high-level action includes a termination function to decide whether the option should
continue. Building on this concept, we propose a termination function /3 that depends on
the observed features and a predefined maximum horizon H, representing the number of
timesteps following a policy. Formally, S is defined as:

Definition 5.1 (Termination function ). Given a horizon for a high-level action H; the
observed features of a transition, ¢(s;, a;, si11) € R?; the current number of timesteps
executed by a low-level policy, h; and a threshold value ¢ to determine whether there are
any observed features of interest, the function g € {0, 1} is defined by,

1 ifmax(d)(st, ag, St+1)> Z (%2
B(@(s¢t,ae,5¢41),h) = orh>H . (5.2)

0 otherwise

This function g serves for the most commonly used feature functions in the SFs litera-
ture (Alegre et al., 2022; Barreto et al., 2017, 2018; Barreto et al., 2020; Zahavy et al., 2021,
2022). The feature function gy (st, ar, St41) € R4, represents d object types, setting 1 in
the i-th dimension when object i is observed. In contrast, @i nce (5t as; si41) € RY, en-
codes inverse distances to the d objects, approaching 1 when the agent is near the object.
Our 3 function works with both and introduces a tolerance parameter . With ¢ = 1, 3
returns 1 when an object is detected (in ¢,,), Or closed (in @gigiance)> OF if the horizon H is
reached. Lowering ¢ (e.g., to 0.98) adds tolerance to @gig,nce Without affecting ¢, This
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flexibility enables the /5 function to generalise to other scenarios by linking the values of
the feature function to the policy steps used to derive high-level actions.

Definition 5.2 (High-level action). Given an SF for the i-th source task )™ and /3 func-
tion, the high-level action o; is defined by the tuple o, = (¢p™, 3)

This builds the set of high-level actions © = {o; | 0; = (™, 3)}!,. We now define
high-level states from SFs.

5.3.3 High-Level States with Successor Features

Although SFs are defined as action-state functions, the representation of high-level states
requires rewriting action-state as state functions. This transformation is straightforward
due to the relationship between the SF and the value functions. Specifically, the SFs state
function is defined as

Definition 5.3 (SFs state function). Given a state s, and an action a,, the SF for a policy
Tw,; iS computed as ¥™i (s, a;). Then, the SF state function is defined by,

P™i(s) = E  [p™i(se, ar)]
at~Tw, (St)
Alternative approaches can be used to estimate the SFs state function and the action-
state value function, such as the duelling architecture (Z. Wang et al., 2016). Instead, for
discrete actions, we propose to approximate the SFs state function as

P™Vi(s,) & ZTP (8¢, at) (5.3)

ar€d

The SF state function provides relevant information about expected behaviours by rep-
resenting the expected discounted accumulated features for a given state s; under policy
Tw,. Our idea is to use that information as part of the high-level state. Therefore, we define
high-level states as vectors that capture the expected behaviours of the source tasks.

Definition 5.4 (High-Level State) Given the n source tasks W, = {w;}}-) and their
corresponding SFs {1p™: }7" !, for each 1p™:(s;) € R?, we build Z, € RI4*"! for state s, as,

T

Zy = [Q/JWWO (St)T7 wwwl (St)T7 e ¢7rwn71 (St)T]
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5.3.4 High-Level Reward

For the high-level reward, ry,, there are two possible definitions. A hand-designed reward
that serves as an intrinsic reward (Kulkarni, Narasimhan, et al., 2016), or based on the
rewards of the source tasks. We opted for the latter to avoid making additional assump-
tions, such as additional source tasks, making it more suitable for TRL. Given that the
high-level action is executed until a maximum horizon, H, and taking into account the
source tasks, we propose that the high-level reward for a horizon h < H is computed as
e = Buw~awa) S v d(sk, ar, sep1) W/, where ¢ is the initial timestep of the high-
level action, h the timestep when it ends, and w is uniformly sampled from the set of
source tasks Wy. This reward effectively relates the source tasks to multi-step execution
of the high-level action.

With the concepts of high-level action, state, and reward, we now turn to explain how

to solve the high-level MDP.

5.3.5 High-Level Policy Learning and Knowledge Transfer

To solve the high-level MDP. We propose learning a ()-value function to derive the high-
level policy, Q" (Z,, 0;), where Z, is the high-level state introduced in Definition 5.4, and
o; € O the high-level action, Definition 5.2. Therefore, Q"P(Z;, 0;) can be learnt by the
multi-step temporal difference defined by,

Lo =|| 7"ﬁlp + ’Yt’flp max Q" (Ziyn, o) — Q" (Zy, 01) || - (54)

This high-level policy adaptively selects high-level actions for given high-level states
and implicitly composes SFs. To summarise our proposed solution, we detailed Algorithm
5, avalue-based algorithm which employs an e-greedy strategy. The high-level policy com-
putes the high-level state and selects a greedy high-level action with probability ¢,, that
is, g, € [0, 1], (lines 6-8). Once the high-level action is selected, this encapsulates the SFs
for the source task w (lines 8-9), which can be used to derive a low-level policy for the
task wpy, by choosing actions greedily with a probability ¢, € [0, 1], (lines 11-12). For the
high-level policy, we use the multi-step temporal difference, i.e., we use the initial and the
last state after executing the low-level policy (lines 18-22).

It should be noted that while interacting with the environments, the agent collects a
history of transitions with a maximum length of H, which is defined in j, resulting in a

sequence (So, ag, S1, @1, S2, - - - , Sp<i )- These experiences are useful in fitting all models, as
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Algorithm 5 Extract and compose SF via high-level policy.

Require: Source tasks Wy, timesteps, Low-level actions o, horizon H,  function, epsilon for high-level
policy ¢, epsilon for low-level policies ¢,, swap_every_n_episodes, Uniform distribution U.
Ensure: High-level policy QP and high-level actions 6 = {¢p™:, )} W11,
1: Initialize Q"P, high-level actions © models, high-level policy buffer, B, temporal buffer with length H,
By, low-level policy buffers for Viyp™: € 0, By,

2: Select wpp from W and set its environment to envyyp.
3: 5o ¢ Initial state from envy,
4: for ¢ from 0 to timesteps do
5: if p™ is unset then
6: Zy = [p™0 (s)) T, .., ™1 (s) 7] > Def. 5.4
7: if Bernulli(e, ) then (¢p™, 8) < U(O) > e-greedy
8: else (™, ) + argmax, ., Q"P(Z;,0)
9: hw < 0, w < task associated to @™
10: end if
11: if Bernulli(e,) then a; + U(A)
12: else a; < arg max, Y™ (s, a)Twhlp > e-greedy
13: Execute a in envyp, and observe s, and ¢(s¢, as, 5¢41)
14: Store st,w,st+1,¢(st,at,st+1) to Bh.
15: Store Sty Aty St+1, ¢(St, ag, St+1) to BW
16: hw < hw +1 > Increase by one timestep
17: Fit ¢p™ with new experience. Using Temporal Difference (TD) Eq. (2.4).
18: if 3(¢;,1,hw) = 1 then > Def. 5.1
19: Compute discounted rewards from B, with initial o and final ry,,,asr = v ¢(so, ao, sl)Twhlp+
e (spo1, an—1, Sh)TWhlp
20: Store in B: first state in B}, sg, latest state, sp,,, and .
21: W < unset
22: end if
23: if episode ends then
24: if swap_every_n_episodes then wyy, < U (W) and set new env to €nvhp
25: W < unset
26: si41 < initial observation from envy,
27: end if
28:  Fit Q" minimising loss in (5.4) using samples from B.
29: end for

shown in lines 17 and 28. Lastly, the strategy to select the next source task to be used in
order to collect experiences is outlined in the Algorithm. 5 in lines 24-27.

We posit that the high-level policy not only composes SFs from source tasks but also
guides the agent towards meaningful experiences through the high-level reward, aligning

with GPI as a mechanism for generalised policy updates.

To achieve TRL through the composition of SF, Algorithm 6 outlines the process for
a given target task. It first exploits the relationship between high-level states and actions
(lines 6-8), then derives a low-level policy using SFs. This mechanism composes behaviours
from source tasks (line 9), enabling efficient adaptation to new tasks without prior expe-
rience.
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Algorithm 6 Knowledge Transfer via high-level policy.

Require: Target task w; € W,, environment env;, High-level policy Q"P, high-level actions 6 =
(Y™ (s,0), B) 10
Ensure: Accumulated reward »
1: Y™ < unset
2: s; + initial state from env,, ¢ <~ 0,7 < 0
3: while not done do

4: if ¢)™ is unset then
5: Zy = [0 (s)) T, ...,y ™1 (s)T] T > By (5.3)
6: hw < 0
7. (67, 8) < arg max,co QMP(Z, o)
8: end if
9: a; + argmax, Y™ (s, a) T w;
10: Execute a; in env; and observe s, 1, ¢(s¢, ¢, S¢+1)
11: if B(p(s¢, as, St41), hw) = 1 then ¢p™ < unset > Definition 5.1
12: hw < hw + 1, 5¢ <—st+1,t<—t+1,r<—r—|—q§(s,a,s’)ij

13: end while

5.4 Experiments and Analysis

This section describes the metrics, provides an overview of the agents and environments,

and assesses the experiment results.

5.4.1 Experiment Setup

Metrics We evaluate TRL using the common metric of asymptotic performance to assess
its impact on agents’ final performance (Zhu et al., 2023b) . Additionally, we analyse the

relative improvement across tasks distributed within the simplex.

Agents Despite SF-GPI having been extended to settings for continuous action spaces
(Hunt et al., 2019; Y. T. Liu & Ahmad, 2024), by implementing policy-gradient algorithms
such as soft-actor critic algorithms (Haarnoja, Zhou, et al., 2018), this chapter is focused
on discrete action spaces and specifically in the implementation of agents based on Deep
Q-Network (DQN) (Mnih et al., 2015). To build the baselines, we implemented SF-based
agents. Each source task has its own SF, and by training the source tasks sequentially,
we use GPI to update SFs concurrently. We implemented 2 variantes of the SFs algorithm
from Barreto et al. (2017). The first, GPI-7, follows the original idea, updating only the
SFs selected by GPI. The second, GPI-all-w, updates all SFs concurrently with collected
experiences. This adds more computational complexity, making it unfeasible for a larger
number of source tasks. The process used for both baselines is summarised in Algorithm 7.
This illustrates the sequential training of source tasks using GPI, along with policy updates
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Table 5.1: Hyparameter settings for low-level policies using tabular successor features.

Hyparameter Value
o} 0.3
vy 0.95
Initial_epsilon 1
Final epsilon 0.05
Epsilon decay steps 600.000
Use replay buffer True
Prioritised Experience Replay (PER)  True
Minimum priority 0.01
Batch size 5
Buffer size 10°

Table 5.2: Hyparameter settings for low-level policies using function approximation.

Parameter Value
« 1x1073
¥ 0.9
Network architecture [256, 256]
Batch size 256
Initial epsilon 0.05
Final epsilon 0.05
Prioritised Experience Replay (PER) True
Minimum priority 0.01
Buffer size 4 x 10°

Target network update frequency (timesteps) 500

to learn and compute successor features. To fit SFs, we use prioritised experience replay
and a e-greedy algorithm with a linear decaying epsilon. Our approach is influenced by
Hierarchical-DQN (Kulkarni, Narasimhan, et al., 2016), both high-level states and high-
level actions are implemented using SF with the same hyperparameters as GPI. However,
we do not rely on GPI for updating SFs or for high-level decisions. This design avoids con-
founding effects and ensures a direct comparison between independently trained agents.

We report the hyperparameters used in our experiments to ensure reproducibility. Ta-
ble 5.1 summarises those used to train the tabular SF models, while Table 5.2 presents
the function approximation setting. Finally, the hyperparameters employed to train the
high-level policy, shared across both environments, are also reported in Table 5.3. These

hyperparameters were used for both the baselines and our proposed approach.
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Algorithm 7 Sequential source task training with GPI and concurrent update of tabular
successor features for source tasks.

Require: set of source tasks, Wy = {wyq, ..., w,_1}, SFs ¥ = {¢p™0, ... ¢p™n-1} learn-

ing rate «, exploration probability ¢, timesteps, update_all_s, batch number n_batch.

Ensure: Successor feature for new source task w,,, 1™
1: Initialise all SFsin ¥
2: new_episode <~ TRUE
3: fori =0...|Wg| do

4: w; < Wi > Get the current training source task
5: Initialise replay buffer B;
6: end_episode «+— FALSE
7: fort =0... timesteps do
8: if end_episode then
9: s; < initial state sampled from environment
10: end if
11: C 4= argmaxye(y )y Max, Y™ (s, a) 'w; > Index of max SF
12: if Bernoulli(e) then then
13: a; < Uniform(A) > e-greedy exploration
14: else
15: a; < arg max, ™ (s, a) " w; > GPI
16: end if
17: Execute a;, observe ¢,, s;.1, end_episode from environment
18: Store transition s;, a;, s:41, and ¢, in B.
19: Sample n_batch number of experiences from B;
20: if c#1 > GPI-7 baseline then
21: sf_to_update < {c,i} > Update current SF 7 and GPI SF ¢
22 else
23: sf_to_update < {i} >4 current task index
24: end if
25: if update_all_= > GPI-all-7 baseline then
26: sf_to_update < {0,...,n — 1} > All SFs including the current SF
27: end if
28: for £ =0... n_batch do
29: for [ € sf_to_update do
30: w < W[/ > Select vector weight
31: PV < UJl] > Select SF
32: d' + arg max, maxyey P(spy1,ad’) W > Greedy action using GPI
33: 0r = @y, + Y™ (Sk41,a) — Y™ (s, ax)
34: Y™ (sk, ag) < Y™ (sk, ax) + ady > Update SFs
35: end for
36: end for
37: end for
38: end for
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Table 5.3: Hyparameter settings for high-level policy.

Parameter Value
o 3x 1074
v 0.95
Network architecture 32, 32]
Batch size 32
Initial epsilon 1
Final epsilon 0.05
epsilon_decay_steps 2.7 x 108
Prioritised Experience Replay (PER) True
Minimum priority 0.01
Buffer size 4 % 10°
Target network update frequency (timesteps) 500
H (max. horizon) 50

(a) 3 kind of objects and 4 instances of each
kind. (b) Distributed tasks over simples of IR3.

Figure 5.3: Four-room environment. Cyan dots are source tasks, with S, = [1.0, 0.0, 0.0],
S; = [0.0,1.0,0.0], S, = [0.0,0.0, 1.0]. Orange an grey dots are target tasks. Grey dots we
considered GPI-challenging tasks due to they represent the farthest tasks.

5.4.2 Experiment Results and Analysis

Four-room Environment Inspired by Barreto et al. (2017), the four-room environment
iswidely used in SF literature (Alegre et al., 2022; Alver & Precup, 2022; Barreto et al., 2017;
Nemecek & Parr, 2021). It consists of a 12 x 12 grid divided into four rooms. The agent
navigates from a starting point S to a goal G, while collecting 12 objects (3 types, 4 instances
each), as shown in Fig. 5.3(a). The agent has four deterministic actions: left, down, right,
and up. The agent cannot cross walls and will remain in place if blocked. The state is
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Table 5.4: Target tasks values for the Four-room environment.

To [0.66,0.17,0.17] || T, [0.25,0.50,0.25] || T1a [0.08,0.08,0.84]
T, [0.17,0.66,0.17] || Ts [0.59,0.33,0.08] || Ti5 [0.42,0.42,0.17]
T, [0.17,0.17,0.66] || To [0.08,0.84,0.08] || Tis [0.17,0.42,0.42]
T; [0.50,0.25,0.25] || Tio  [0.08,0.33,0.59] || Ty7 [0.42,0.17,0.42]
T, [0.84,0.08,0.08] || T;; [0.25,0.25,0.50] || Tis [0.50,0.50,0.00]
Ts [0.33,0.59,0.08] || Ti2 [0.59,0.08,0.33] || T19 [0.50,0.00,0.50]
Ts [0.33,0.08,0.59] || Ti3 [0.08,0.59,0.33] || Too [0.00,0.50,0.50]

Ty [0.33,0.33,0.33]

represented as a vector in R4, where the first 2 components are the agent’s coordinates,
and the remaining 12 indicates the collected objects. The fixed, hand-designed feature
function ¢(sy, a;, s¢41) € [0, 1] encodes the type of objects as a one-hot encoded vector.
The total reward is determined by task-specific weight vectors that assign values to object
types. For example, if the one-hot encoding indicates triangles in the first component,
squares in the second, and circles in the last, the task [1, 0, 0] focuses only on triangles.
Hence, the maximum reward per episode is 4, reflecting the number of triangles plus a
reward for reaching the goal G.

The experiment involved 22 target tasks and 3 source tasks. Source tasks are repre-
sented as cyan dots at the extrema of the simplex in R?, and target tasks are distributed
within the simplex, implying different distances from source tasks, as shown in Fig. 5.3(b)
and with their respective values in Table 5.4. Based on these varying distances and follow-
ing the GPI theorem from Barreto et al. (2017), we identified 73, 7%, 111, 115, T16, T17, and
T5, as GPI-challenging tasks, with 75, being the most so due to its location at the barycen-
tre of the simplex. These tasks are shown in grey in Fig. 5.3(b). The impact of source-target
task distances on agent performance is analysed in detail in the following section.

The agents were trained sequentially on each source task for 10° steps, with target
task evaluations every 10 steps. Agents based on GPI began with randomly initialised Q-
values for the first source task, then reused experience replay and fitted Q-values from the
previously trained task to initialise the next.

As in Figs. 5.4(a) to 5.4(c), performance on the first source task is initially low, but
improves in later tasks due to reuse of experience. Our approach does not benefit from
this. Although it fails to derive an optimal policy for S,, this does not hinder the ability of
the composition mechanism to solve target tasks.

We first focus on tasks 7}, Ty, and 774, which are closest to at least one of the source
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(a) S = [1.0,0.0,0.0]. (b) Sy = [0.0,1.0,0.0]. (¢) Sy = [0.0,0.0,1.0].

Figure 5.4: Four-room Environment. Source tasks average rewards. Average reward over
10 random seeds with shaded area indicating 1 standard deviation.
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(a) Ty = [0.84,0.08,0.08]. (b) Ty = [0.08,0.84, 0.08]. (c) Ti4 = [0.08,0.08,0.84].

Figure 5.5: Four-room Environment. Target tasks average rewards. Average reward over
10 random seeds with shaded area indicating 1 standard deviation.

[0.25, 0.50, 0.25] [0.25, 0.25, 0.50] [0.30, 0.30, 0.30]

Average total reward
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(a) Ty = [0.25,0.50,0.25]. (b) T11 = [0.25,0.25,0.50]. (c) Ty = [0.3,0.3,0.3].

Figure 5.6: Four-room Environment. Target tasks average rewards. Average reward over
10 random seeds with shaded area indicating 1 standard deviation.

tasks. The results demonstrate expected performance for agents based on GPI, in accor-
dance with the GPI theorem. As shown in Figs. 5.5(a), 5.5(b), and 5.5(c), once the clos-
est source task policy is learnt, target task improves. This becomes clearer in Fig. 5.5(c),
agent’s performance on 7}, increases sharply after training on S, its closest source task.
For GPI-challenging tasks 7%, 77, and especially 75, in the barycentre, GPI-based agents

show performance degradation in Fig. 5.6(c), while our approach maintains steady perfor-
mance over varying task distances. For Ty, it significantly outperforms baselines, achiev-
ing superior asymptotic performance.

The results for the remaining 16 target are shown in Fig. 5.7, with the summarised
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Figure 5.7: Results for the 16 target tasks in the simplex of R? for the Four-room Envi-
ronment per target tasks. Average of total reward over 10 random seeds with 1 standard

deviation.
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Figure 5.8: Four-room Environment. Cyan dots represent source tasks. So = [1.0, 0.0, 0.0],
Sl = [OO, 10, 00], Sz = [00, OO, 10] T3, T7, TH, T15, T16, T17, and T21 are GPI-challenging
tasks. Average reward over 10 random seeds with shaded area indicating 1 standard devi-
ation.
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To [0.50,0.50,0.00,0.00]
T, [0.50,0.00,0.50,0.00]
T, [0.50,0.00,0.00,0.05]
T; [0.00,0.50,0.50,0.00]
T, [0.00,0.50,0.00,0.50]
Ts [0.00,0.00,0.50,0.50]
Te [0.25,0.25,0.25,0.25]
2@ o T, [0.33,0.33,0.33,0.00]
™ ™ Ts  [0.33,0.33,0.00,0.33]
7. 4\9/—\9 To  [0.33,0.00,0.33,0.33]

Tio [0.00,0.33,0.33,0.33]

(a) Distributed tasks over simplex of R*
showed as graph. (b) Target tasks values.

Figure 5.9: Reacher environment. Cyan dots are source tasks, with Sy = [1.0, 0.0, 0.0, 0.0],
S; = [0.0,1.0,0.0,0.0], S; = [0.0,0.0,1.0,0.0], and S3 = [0.0, 0.0, 0.0, 1.0]. Orange an grey
dots are target tasks. Grey dot we considered GPI-challenging task. Tg is the barycenter
projected to one of the tetrahedron faces.

outcomes described as average total reward (Fig. 5.8(b)) and relative improvement (Fig.
5.8(a)). Fig. 5.8(b) presents the asymptotic performance of the three proposed agents across
all tasks. The results of the 10 runs reveal that GPI-all-r and GPI-r achieve similar asymp-
totic performance, with GPI-all-r converging faster but showing greater variance. Our ap-
proach achieves higher average performance than the baselines, although the overlapping
variance during the later training stages results in overall comparable outcomes. Once SFs
are properly learnt, the composition process becomes more effective. We hypothesise that
the delayed convergence stems from concurrently learning SFs and their composition.
Moreover, the training order of the source tasks may influence the quality of the com-
posed policies in GPI-based methods.

Lastly, Fig. 5.8(a) compares the relative performance of our approach and GPI-r across
10 runs. GPI performs better on tasks closer to the source, but degrades as distances in-
crease. Conversely, our approach presents consistent performance across all target tasks,
achieving improvements of 10% to 30% on GPI-challenging tasks, with the highest im-
provement observed in the barycentre. This improvement is attributed to our high-level
policy’s ability to reason over high-level states and adaptively select corresponding high-

level actions, ensuring steady performance across a wider range of tasks.
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Figure 5.10: Reacher Environment using 2 close coordinates. Average reward over 5 ran-
dom seeds with shaded area indicating 1 standard deviation.

Reacher environment The reacher environment consists of a robot arm with 2 joints
and 2 segments. This environment has been extensively used in SF-GPI works by Alegre
et al. (2022, 2023b) and Barreto et al. (2017). The agent learns to manipulate the arm by
applying torque to each joint, aiming to reach 4 different objects based on a preference
vector. The action space is discretised into 9 pairs of values (a, b), where a,b € —1,0,1,
representing the torque applied to each joint. The agent controls the arm for a total of 100
timesteps. The hand-designed feature function is a vector of Euclidean distances, com-
puted as 1 — d(r, 0), where r is the endpoint of the arm and o denotes each of the fixed
objects, ¢(s¢, as, 5.11) € R Tasks are defined by weight vectors that prioritise objects,
specifying their relative preferences. For example, a weight vector [1, 0, 0, 0] prioritises the
first object, rewarding the agent only for reaching it, while [0.5, 0.5, 0, 0] rewards the agent
for reaching either of the first 2 objects. The agent’s state is represented as a vector con-
taining the angles of the first and second joints, enabling informed decisions about torque
application to reach desired objects.

The experiment was conducted with 4 source tasks and 11 target tasks distributed
within the simplex of R%, as shown in Fig. 5.9(a) and their respective values in Table 5.9(b).
The agents were tested in two settings, averaging the results in 5 independent runs, as de-
scribed below.
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Figure 5.11: Target tasks results for the Reacher Environment using 2 close coordinates.
Average reward over 5 random seeds with shaded area indicating 1 standard deviation.

Simple setting. In the first, 2 of the 4 objects shared similar coordinates, as illustrated in
Fig. 5.10(a). While learning the optimal policy for a source task, the agents reused policies
and experiences from previously learnt source task, as evidenced in Figs. 5.10(b) through
5.10(e). However, for this environment, the GPI-all-m agent was negatively impacted by
concurrent reuse and updating of all policies, whereas the GPI-7 agent benefited from
this strategy. Notably, our approach exhibited stable learning for all source tasks, with
consistently low variance.

For the proposed target tasks, the stability and low variance of our approach are ev-
ident. These tasks posed challenges for GPI-based agents, as shown in Figs. 5.11(a) to
5.11(e), where our agent maintained steady performance across all GPI-challenging tasks.
It achieved a general improvement of 4% in 7 out of 11 target tasks. The relative modest
improvement compared to GPI-based agents when varying source-task distances is pri-
marily due to the feature function space, the closeness of the objects, and its impact on
source policies. For example, the optimal policy for Sy can be effective for S;, as objects
are close. Fig. 5.12(b) suggests that our approach achieved small relative improvements
across 11 target tasks. Nevertheless, int the most GPI-challenging task (Fig. 5.11(e)), our
approach demonstrated better asymptotic performance compared to the baselines. The
remaining results are shown in Fig. 5.13, which highlight the stable performance and the
low variance when transferring SFs to target tasks.
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Challenging setting. In a more challenging setting (Fig. 5.14(a)), the 4 objects were posi-
tioned at distant coordinates, with target tasks distributed as shown in Fig. 5.16(a). Similar
to the simple setting, source tasks (Figs. 5.14(b) to 5.14(e)) demonstrated that our approach
maintained low-variance results while learning optimal policies for source tasks. For the
target tasks (Figs. 5.15(a) to 5.15(e)), our agents outperformed the baselines in 82% of

cases.

The asymptotic results in Fig. 5.16(b) show that our approach effectively combines
source behaviours, achieving an overall improvement of 4.2% compared to the GPI agent
while exhibiting lower variance across 5 random seeds. This suggests reduced noise in
SF models compared to GPI when using function approximations. In contrast to tabular
scenarios, the asymptotic performance of GPI-all-r did not converge, likely due to its reuse
strategy and noisy experiences destabilising SF representations and average performance.
We attribute this to the sequential learning process in GPI, where combining experiences
from multiple source tasks can introduce noisy samples. This effect is particularly evident
in GPI-all-7, which, while aiding rapid convergence, can also produce noisier results.

The performances on the remaining 6 target tasks are shown in Fig. 5.17. Our method
achieved relative improvements of 2% to 10%, outperforming GPI in 9 of 11 tasks (82%)
and matching performance in the remaining 2. Notably, even the modest 2% gain in the
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most GPI-challenging task (Fig. 5.15(e)) demonstrates the method’s ability to compose
behaviours across significant source-target differences.

Foraging environment It has been extensively used in SF-GPI works (Barreto et al.,
2020; Borsa, Barreto, Quan, Mankowitz, et al., 2019; Carvalho et al., 2023). It consists of
an 8 x 8 grid containing 10 objects of 2 types. For 200 steps, the agent collects objects by
navigating to their coordinates, as shown in Fig. 5.18(a). Upon collection, a new object
of random type respawns at a random location. Reward depend on object type, with a
feature function similar to that used in the four-room domain. Agents receive egocentric
7 x 7 x 3 images encoding object types. To capture temporal patterns, the last 5 frames are
stacked and passed as input. This input is processed through a CNN with 3 convolutional
layers, with 16, 32, and 64 filters, using 2 x 2 kernels, stride 3, ReLU activations, and Batch
Normalisation. The CNN output feeds into the )-network as described.

We compare our method with the Option Keyboard (OK), introduced by Barreto et
al. (2019), which composes behaviours in the cumulant space using predefined vector
weights as options. A Q-function selects among these options. Since OK typically requires
domain-specific rewards, we adapted our high-level reward and termination function 3
from the proposed high-level MDP, and aligned its vector weights with our source tasks to
ensure a fair comparison. This allows us to compare GPI-based composition in cumulant
space (OK) and our approach, which reasons over high-level states.

To obtain optimal SFs, we trained agents in source tasks 2 source tasks, [1, 0] and [0, 1],
running each 3 times and selecting the best-performing SF-derived policies. These SFs
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Figure 5.18: Foraging environment. Cyan dots are source tasks, with Sy = [1.0,0.0], S; =
[0.0, 1.0]. Orange dots are target tasks.

[1.00, 0.00] [0.00, 1.00]

= = N N}
o @ 5} @

Average total reward

w
«

—— SFDQN —— SFDQN

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
training timesteps x10? training timesteps x10?

(a) S = [1.0,0.0]. (b) S; = [0.0,1.0].
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were fixed during composition learning, i.e., when fitting high-level Q-functions. Transfer
performance was evaluated across 5 target tasks distributed over the R? simplex, as shown
in Fig. 5.21(a).

The average performance across the target tasks, along with the results per-task, is
shown in Fig. 5.21(b). OK showed steady performance in all tasks, supported by our adapted
high-level reward. This highlights OK’s ability to generalise via GP1. However, our method
achieved a stronger overall performance, proving the benefit of reasoning over high-level
states when composing SFs for TRL, as the relative change reveals in Fig. 5.21(a).

5.4.2.1 Ablation Study

In addition to baseline comparisons, we examine the impact of our proposed high-level
state within the high-level MDP. Specifically, we compare states based on successor fea-
tures (ours) versus those from low-level observations (low-level observations). Both were
evaluated across all target tasks in the four-room environment, focusing on asymptotic
performance and variance for average performance across target tasks.

The average total reward for all tasks is presented in Fig. 5.22(b). Here, the average
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rewards achieved by both agents are comparable, with the primary distinction being a
reduction in variance for the proposed high-level state. This suggests a positive influence
of the high-level state on policy decisions. For the most GPI-challenging task, the proposed
high-level state significantly improves variance and asymptotic performance (Fig. 5.22(b)).
The SF-based state forms a more meaningful representation, enhancing decision-making
for unseen tasks.

5.4.2.2 Impact Analysis of Source and Target Task Distances

We empirically examine how the distance between source and target tasks affects the final

performance. We analyze the average performance of agents on 10 random seeds after

105



CHAPTER 5. ADAPTIVE SUCCESSOR FEATURES VIA HIERARCHICAL BEHAVIOUR
COMPOSITION

[0.30, 0.30, 0.30]

n
N w w
n o n

Average total reward
~
°

Average total reward

o

ours ours
~ =~ ours - Low level observations. ~ =~ ours - Low level observations

0 50 100 150 200 250 300 0 50 100 150 200 250 300
training timesteps x10* training timesteps x10*

(a) Average total reward over 22 target tasks. (b) Average reward in GPI-challenging task.
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saturation, i.e., 2.5 million timesteps. We computed the distance between the ¢-th target
task 7; € W to the closest source task, as mingew, (||S — T;||2)-

We conducted this analysis in both the Four-room and Reacher environments. For
the Reacher setting, the comparisons are shown in Figs. 5.23(b) and 5.23(c). In these sce-
narios, while increasing the source-target distance negatively impacts performance, our
approach consistently outperforms the GPI baseline. In contrast, as shown in Fig. 5.23(a),
the performance of GPI-based agents degrades with distance, consistent with theoretical
bounds. However, our method maintains stable performance across tasks, demonstrating
greater robustness and adaptability.

Unlike the Reacher environment, the Four-room environment consists of a larger num-
ber of tasks with varying distances. In this setting, the advantages of our approach are
more evident: it consistently achieves higher average performance on target tasks while
sustaining steady results across different distances.
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5.4.2.3 High-level States and SFs Composition Method

As extensively discussed, we propose using high-level states for high-level Markov deci-
sion processes. To explore this space, we collected high-level states from multiple random
seeds in a four-room environment. We then applied principal component analysis (PCA)
to reduce the original 9-dimensional values to 2 dimensions, as shown in Fig. 5.24. We
manually added 6 clusters to analyse temporal and policy composition patterns. We ob-
served that the reduced 2-dimension values change over time. Specifically, for timesteps
under 20, the values are widely spread, but over time the values converge to a single point
where one of the principal components is 0. These changes are expected, as early timesteps
involve exploration and diverse feature observations. As the agent makes optimal deci-
sions, the number of observable features decreases. In addition, we plotted the policy com-
position of one trial and noticed 2 key findings. First, the agent uses multiple behaviours
to navigate the environment. Second, this composition helped guide the agent through the
state space toward a specific region, as suggested by Fig. 5.24.

5.4.2.4 Computational Complexity Analysis

To assess the impact of our high-level state, we analysed computational complexity of a
single high-level decision step, i.e., the agent selects the SF to follow and chooses the best
action. Let the SF be modelled by a single-layer MLP with input dimension s and output
dimension of d x a, where d is the feature function dimension and a the number of actions.

The high-level policy has an input size d x n and an output size n, where n is the number of
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tasks. Thus, the complexity of a high-level decision step in our approach is 6(dn? + sda),
compared to GPI's O(nsda). The quadratic term in our method reflects the worst-case,
where all n SFs are evaluated to select the best action. In optimistic scenarios, where high-
level decisions are deferred due to extended option execution, our approach becomes more
efficient than GPI, which recomputes at every timestep. Strategies to address quadratic
complexity are discussed in the next section.

5.5 Summary

In this chapter, we introduced a hierarchical mechanism for adaptive successor feature
(SF) composition in Transfer Reinforcement Learning (TRL). By constructing high-level
state and action spaces from source-task SFs, our method enables behaviour adaptation to
unseen tasks. Principal component analysis (PCA) revealed that the high-level state space
evolves meaningfully over time, reflecting reduced complexity and improved decision ef-
ficiency. The algorithm jointly learns SFs the source policies and a high-level policy to
compose these behaviours, outperforming baselines in the Four-room, Reacher, and For-
aging environments extensively used in the SF literature.

Despite these contributions, we identified four areas for improvement. First, joint learn-
ing of SFs and high-level policies is computationally intensive, affecting efficiency metrics
such as time to threshold (Zhu et al., 2023b), although addressing this lies beyond our
scope. Second, our 3 function is tailored to goal- or distance-based tasks; however, since
feature values often represent salient events (Barreto et al., 2018), it can be adapted to gen-
eralise across a broader range of scenarios. In such cases, termination functions could be
informed by domain knowledge (e.g., thresholds for risk features) or learnt directly as bi-
nary decisions from reward signals. Third, scaling the high-level state space becomes chal-
lenging with many tasks or high-dimensional SFs. We suggest two potential directions: (1)
clustering tasks to form equivalence classes for high-level states, and (2) applying dimen-
sionality reduction to preserve only the most informative representations. Finally, while
our empirical results demonstrate strong transfer robustness, the method currently lacks
formal performance guarantees. Future work could address this by exploring hierarchical
RL regret analysis.

Overall, while our method provides an alternative to GPI, it also creates opportunities
to extend frameworks such as Option Keyboard with high-level state reasoning. In particu-
lar, GPI could serve as a low-level strategy—retaining its strengths for similar tasks—while
our approach contributes adaptability across diverse scenarios. Together, these elements
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support the development of more scalable TRL solutions.
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CHAPTER

ADAPTIVE SUCCESSOR FEATURES FOR HUMAN LEARNING
SUPPORT

The Scientific Revolution has not been a revolution
of knowledge so much as a revolution of ignorance.
Yuval Noah Harari, Sapiens: A Brief History of

Humankind

or the last objective, @, which contributes to answering @, we identified a

relevant real-world case for applying Transfer Reinforcement Learning (TRL) as

a practical solution. Learning Analytics contains the study and development of
technological methods designed to support human learning activities. Within this field,
Self-regulated learning (SRL) is recognised as a complex skill that plays a crucial role in
academic success (Bannert, 2007; Winne, 2022; Winne & Hadwin, 1998). To foster SRL in
online environments, existing platforms have primarily relied on recommender systems,
while recent studies have proposed the use of Reinforcement Learning (RL) (Osakwe et al.,
2023, 2024). However, we argue that such RL-based approaches are difficult to scale and
integrate into current solutions. To address this challenge, we investigate TRL and Suc-
cessor Features as a promising alternative capable of overcoming these limitations and
effectively supporting SRL in online environments.
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6.1 Background and Motivation

Self-regulated learning (SRL) involves multiple cognitive, metacognitive, motivational,
and emotional learning processes that learners consciously and strategically enact to ac-
complish their learning tasks (Butler & Winne, 1995; Zimmerman, 1989). SRL skills have
been deemed crucial not only in boosting learners’ academic success, but also in develop-
ing skilful lifelong learners that can adapt to different learning contexts (Fan, Lim, et al.,
2022). For this reason, measuring and supporting student SRL has been considered one of
the key foci in the educational technology research over the past decades (Rakovi¢ et al.,
2024).

Personalised SRL support provided to learners in online learning environments is,
however, often limited compared to personalised SRL support provided to learners in tra-
ditional educational settings (Wong et al., 2017). One of the major limitations was associ-
ated with detecting learners’ evolving needs during a learning session and tailoring just-
in-time SRL feedback personalised to those needs (Rakovi¢ et al., 2024). The provision
of such feedback requires an understanding of learning strategies (i.e., goal-oriented se-
quences of learning processes) that each individual learner enacts throughout the session
(N. Srivastava et al., 2022).

More recently, researchers have shown trace data collected in online learning environ-
ments can be used to detect SRL strategies as they emerge throughout a learning session
and thus inform SRL support (e.g., (Fan, van der Graaf, et al., 2022; Li et al., 2023)). How-
ever, many learners still struggle to productively self-regulate their learning due to the
lack of timely and personalised feedback. This can further negatively affect learning expe-
riences and outcomes (Azevedo et al., 2008; Heikkinen et al., 2023; Li et al., 2024). In recent
studies, researchers have emphasised the need for developing SRL recommender systems
that can provide continuous, adaptive and personalised scaffolding tailored to real-time

learning dynamics of each individual learner (Du & Hew, 2022).

Given the complexity of real-time learning dynamics, an effective SRL recommender
system requires methods capable of modelling sequential decision-making and adapting
to individual learners’ evolving needs. RL, with its strength in optimising sequential pro-
cesses, has shown promise in non-education domains and is now being explored for its
potential in SRL. In non-educational contexts, classical RL approaches have achieved re-
markable success, reaching human-level performance in video games (Mnih et al., 2015)
and optimising industrial manufacturing processes (Luo, 2020a). These advancements
highlight RL’s potential for understanding real-time sequences and personalisation. Lever-

112



6.1. BACKGROUND AND MOTIVATION

aging this potential, Osakwe et al. (2023) applied RL algorithms to analyse learners’ SRL
behaviours. The authors used simulations to optimise learning process sequences in SRL
and compared the results with those obtained from other machine learning methods. Sim-
ilarly, Osakwe et al. (2024) trained an RL agent with a Long Short-Term Memory network
(LSTM)-based reward function to optimise SRL sequences. These studies demonstrate
RL’s potential for providing personalised SRL support, particularly in offline and simu-
lated environments.

Several limitations may prevent classical RL methods from effectively study and sup-
port SRL processes. First, classical RL methods rely on large amount of data samples, mak-
ing sampling inefficient and scaling difficult (Lazaric, 2012; Zhu et al., 2023b). Second,
the one-policy-per-reward framework restricts adaptability to new rewards or individual
learner SRL behaviours, requiring substantial data to train policies for each reward (e.g.,
task scores or learning gains) (Osakwe et al., 2023). Third, modelling each learner as an
RL agent, optimising for a specific reward, as reported by Osakwe et al. (2023), requires
unique policies per learner, making real-time personalisation resource-intensive and im-
practical. Therefore, developing scalable and data-efficient methods for automating and
personalising SRL strategy recommendations remains a critical challenge in educational
technology research.

To address these limitations, we examined TRL, a scalable alternative to classical RL
for detecting and supporting SRL strategies. Unlike RL, which requires restart the policy
training for each learner, TRL agent leverages previously learnt knowledge (i.e., source
contexts) to provide personalised recommendations with minimal data (i.e., target con-
texts) (Zhu et al., 2023b). A widely studied TRL approach is Successor Feature Represen-
tation, which enable knowledge reuse across contexts with differing rewards (Barreto et
al., 2017; Dayan, 1993). While Successor Features have shown success in traffic control
(Szoke et al., 2023), navigation (J. Zhang et al., 2017), text generation (Xu et al., 2020), hu-
man RL (Momennejad et al., 2017), and control tasks (J. Zhang, Ren, et al., 2024), their
application in the context of real-time SRL strategy detection and support remains un-
explored. Addressing this gap is directly aligned with @ and contributes to answering

research question of this thesis. Building on this motivation, this chapter poses the
following research question (RQ): To what extent can TRL enable scalable detection of, and
inform support for, learner SRL strategies?

This chapter explores the use of Successor Features in Self-Regulated Learning to per-
sonalise scaffolding with less data. Building on Osakwe et al. (2024)’s work, our approach
defines a single reward function with a reusable policy across contexts. When a learner un-
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dertakes a task (e.g., essay writing), our method reuses previously optimised SRL strategies
documented to maximise learning outcomes to generate personalised, real-time recom-
mendations based on the current state of learners’ SRL strategies (Osakwe et al., 2024).
This reduces data requirements and adapts to individual outcomes. Therefore, our contri-
butions are twofold:

1. We formalised the problem of scaffolding SRL with RL as a Transfer Reinforcement
Learning setting and demonstrated the feasibility of transferring learnt SRL strate-
gies to new study sessions with different rewards via Successor Features, thus en-
abling scalable transfer of optimal policies.

2. We presented the performance results of a TRL method that outperformed a RL
baseline. To this end, we used SRL strategies collected from 92 students in an online

learning session that involved writing from multiple source documents.

6.2 Preliminaries and Problem Formulation

Self-regulated learning (SRL) is a multi-dimensional construct that encompasses cogni-
tive, metacognitive, motivational, and emotional dimensions enabling learners to engage
in human learning tasks (Butler & Winne, 1995; Panadero, 2017; Zimmerman, 1989). Re-
searchers have proposed a variety of theoretical and methodological frameworks to con-
ceptualise SRL, which broadly fall into two categories: macro-level frameworks that de-
scribe general learning phases and constructs (e.g., (Fan, van der Graaf, et al., 2022; Winne
& Hadwin, 1998)), and micro-level frameworks that examine SRL processes at a finer gran-
ularity (e.g., (Azevedo et al., 2008)). In this chapter, we focus on the framework that cat-
egorises processes into Metacognition (MC), Low Cognition (LC), and High Cognition
(HC). This SRL classification is summarised in Table 6.1 based on Bannert (2007)’s work.
For clarity, we group the SRL processes of First-reading and Re-reading into a single Read-
ing process. Accordingly, this study considers six SRL processes rather than seven.

These frameworks have increasingly been used to interpret raw trace data and infer
different SRL processes, strategies, and tactics (N. Srivastava et al., 2022; van der Graaf
et al., 2022). More recently, educational researchers have moved beyond simply observing
learner behaviour to providing personalised feedback tailored to learners’ evolving needs
(e.g., (Lietal., 2023; Lim et al., 2023)).

Despite its importance, many learners struggle to engage in productive SRL in on-
line environments (i.e., digital learning settings delivered through web-based platforms

114



6.2. PRELIMINARIES AND PROBLEM FORMULATION

Table 6.1: SRL Processes and their definitions across different cognitive categories.

Main Categories SRL processes Definitions

Orientation (MC.O) Orientation on the learning-related
activities; on prior knowledge; on
the task and feeling about the task.
Reading of general instruction and
rubric of essay.

Planning (MC.P) Planning of the reading and writing
process by arranging activities and
determining strategies. Proceeding
to the next topic.

Monitoring (MC.M) Monitoring and checking the read-
ing and writing process; checking of
progress according to instruction or
plan.

Evaluation (MC.E) Evaluation of the learning process;
checking of content-wise correct-
ness (e.g, the essay content) of
learning activities.

Metacognition (MC)

First-reading (LC.R) Reading information from the ma-
terials and superficial describing of
pictorial representations for the first
time.

Re-reading (LC.R) Rereading of information in the text
or figures.

Low Cognition (LC)

Elaboration/ Organi- Elaborate by connecting content-

sation (HCEO) related comments and concepts
during reading or writing; Or-
ganising of content by creating
an overview; adding information
generated by oneself; and editing
information by rephrasing or in-
tegrating information with prior
knowledge.

High Cognition (HC)
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and technologies (Ellis & Bliuc, 2019)), as such environments often demand high levels
of independence and autonomy (Du & Hew, 2022). These environments frequently lack
timely and personalised feedback to guide SRL processes effectively. While educators seek
to support SRL, the absence of real-time, individualised feedback can discourage learners,
hinder outcomes, and reduce the overall effectiveness of SRL (Azevedo et al., 2008; Heikki-
nen et al., 2023; Li et al., 2024). This highlights the need for solutions that promote SRL by
balancing learner autonomy with adaptive guidance (Lim et al., 2023, 2024). An SRL rec-
ommender system that provides continuous, personalised scaffolding could address this
challenge by adapting to individual progress and fostering SRL skills across online and
blended learning environments.

Reinforcement Learning (RL) is a machine learning technique that enables an agent
to learn through trial and error, using rewards as feedback to distinguish between positive
and negative behaviours. In each episode, the agent seeks to maximise its total cumulative
reward by learning an optimal sequence of actions from a given state, guided by a policy—
the function that determines the best action based on the current state (Doroudi et al.,
2019; Sutton & Barto, 2018). As the agent explores the environment, it refines its policy by
receiving information in the form of states and rewards, making RL adaptable for real-time
applications (Luo, 2020b; Nguyen & La, 2019).

RL problems are commonly modelled by a Markov Decision Process (MDP) (Sutton &
Barto, 2018), formally defined by the tuple (S, of, p, , 7). In education, RL has been used
to provide personalised recommendations (Doroudi et al., 2019). To support SRL, Osakwe
et al. (2023) proposed modelling the SRL context as an RL problem, mapping RL terms to
SRL processes: i) the agent represents the student, ii) an action corresponds to an SRL pro-
cess, iii) a state is the sequence of SRL processes in a study session, iv) a policy represents
the learner’s SRL decision-making process, v) rewards are assessment scores or equivalent
measures, and vi) an episode corresponds to a study session. In this framework, the policy
value, Q™ (s, a), depicts the learner’s expected assessment score when following policy 7
in state s, current SRL strategies taken, and taking the action a (the next SRL strategy). Os-
akwe et al. (2024) introduced a reward function combining assessment score and learning

gain, derived from pre- and post-assessment scores based on Marx and Cummings (2007).

In classical RL, agents aim to discover an optimal policy to maximise rewards, requir-
ing substantial data and computational resources (Zhu et al., 2023b). For instance, Osakwe
et al. (2023)’s approach suggests that for personalised recommendations across multiple
learners, multiple reward functions must be modelled to account for different learning
outcomes (e.g., learning gain). This dramatically increases agents to be trained for each
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reward, escalating data and resource demands, making classical RL impractical for per-
sonalised SRL recommendations.

Transfer Reinforcement Learning (TRL) addresses the problem of sample inefficiency
in RL by leveraging the human-like ability to reuse previously learnt knowledge to solve
new problems (Lazaric, 2012; Zhu et al., 2023b). For example, a person who knows how
to ride a bicycle can relatively quickly apply that knowledge to ride a motorcycle. TRL
is particularly effective for sequential and dynamic tasks (Zhu et al., 2023b). Similarly,
TRL agents can reuse prior knowledge for adjusting to new reward structures, more ef-
ficiently. To apply previously acquired knowledge in new contexts, TRL defines a set of
source contexts to discover and select relevant knowledge, and a set of target contexts
where this knowledge can be applied without retraining models (Zhu et al., 2023b). One
TRL approach used to identify what knowledge to reuse and how to apply is Successor
Features (Barreto et al., 2017; Dayan, 1993).

The Successor Features approach is particularly well-suited for contexts that differ only
in reward structures. Dayan (1993) and later Barreto et al. (2017) decouple the environ-
ment’s dynamics from the reward function by assuming the reward can be approximated
as a linear combination of the discounted states occupancy. Thus, the reward function can
be rewritten as, r(s, a) ~ I w, where [, is the one-hot vector representation for state s or a
latent representation of the state as r(s,a) ~ gb(s)Tw (Borsa, Barreto, Quan, Mankowitz,
et al., 2019; Kulkarni, Saeedi, et al., 2016). This means that the agent receives a reward
based on the state s. Using this reward function, we can express the value function as a
linear combination of the expected discounted frequency of states following a policy 7,

™st+1~P | 420

Qﬂ(saa) = E [Z ’Ytr(shat)]

— B[ (s Tw

= (s,a)'w

where 1™ € R!®I has been named the Successor Feature Representation.

In this thesis, we consider a family of SRL tasks modelled as MDPs (S, o, p, r;, v) that
share the same state space § (sequences of SRL processes), action space 9 (possible next
SRL actions), and transition dynamics p, but differ in their reward functions r;. Each re-
ward function is assumed to admit a linear decomposition r;(s,a) = ¢(s)"w;, where w;
captures task-specific learning objectives (e.g., assessment score, learning gain, or com-
posite outcomes). Given a set of source tasks 71, ..., 7, with learnt successor features,
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the objective is to efficiently adapt to a new target task I with reward weights w1 with-
out retraining a new agent from scratch. The central problem is therefore to determine
whether the SF-based TRL framework can enable scalable, real-time personalised SRL
recommendations by reusing learnt representations across heterogeneous educational re-
ward structures.

While Successor Feature (SF)-based TRL has shown strong performance in robotics,
planning, and control domains (Lazaric, 2012; Zhu et al., 2023b), its applicability to other
domains remains underexplored. In particular, the use of TRL for modelling and support-
ing SRL processes has not been investigated. This thesis addresses this gap by adapting the
SF-based TRL framework to educational settings and evaluating whether it can provide a
scalable solution for personalised SRL support.

6.3 Method

This section outlines the experimental methodology. It presents the evaluation metrics,
details the data collection process used for training, and specifies the environment and
reward function employed for training the RL agents.

6.3.1 Research design and context

Participants The study involved 92 learners (age mean=14.18 y/o, SD=1.48) from two
secondary schools in Colombia. Students who participated in the study obtained parental
consents and also signed consents themselves.

Task design The learning task was divided into three parts. The first part involved a pre-
test to assess students’ prior domain knowledge (15 minutes to answer 15 multiple-choice
questions). The second part provided training on the learning platform and tools used in
the study (5 min). The third part was the main task, in which the students were asked to
write a 300-400 word essay in Spanish, using the provided tools and using reading material
provided about artificial intelligence and its applications in medicine within a 45-minute
time limit. The design encouraged participants to self-regulate, focusing on relevant mate-
rial and time management, rather than reading everything, to align with task instructions
and the marking rubric. The essays were scored (ES) by two human markers using the
following criteria: explanation of the AI concept and examples (9 points), Al current and
future uses (6 points), and word count (1 point). Finally, the fourth part asked students
to complete a post-test to asses student’s learning gain (15 minutes to answer the same
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Writing Analytics Tool
is cial i

E 1.1 What is artificial intelligence

Figure 6.1: Learning platform that supports SRL.

questions is in the pre-test). The results of pre- and post- test were used to calculate the
learning gain using the Normalised Learning Gain (NLG) following Marx and Cummings
(2007) and Osakwe et al. (2024) as

post—pre

100 pre if Post > Pre,
NLG =<0 if Post = Pre, -

post—pre

if post < pre

pre

Learning Platform To complete the task, students used an online platform designed to
support SRL (Ldmsd et al., 2025) and facilitate the analysis of granular trace data, which
has been previously studied and validated (Fan, Lim, et al., 2022; Lidmsi et al., 2025). The
platform provided reading materials with a navigation bar for students to explore different
pages. These included general instructions and a marking rubric, enabling students to
familiarise themselves with the task requirements and assessment criteria. Besides, the
platform offered tools for text annotation, note-taking, searching, essay writing, planning,

and time management. An overview of the platform' is shown in Fig. 6.1.

Data collection and processing Of the 92 participants, we excluded the data from one
participant from our analysis because the essay was unavailable for marking (no ES) and
27 due to incomplete learning gain data (missing pre- or post-test scores required for cal-
culation). This left us with a total of 64 learners for data analysis. The trace data collected
from the online tool included three main time-stamped components: 1) navigation logs,
2) mouse traces, including clicks, movements, and scrolls, and 3) keyboard strokes. The
trace data was collected from the main task in the study. The average duration of task
completion was 42 minutes, with a standard deviation of 4 minutes and 3 seconds.

Thttps://www.floraengine.org/home
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Learning actions Action patterns SRL processes

event time raw log mouse coordinates Action label Action pattern SRL process

Start learning

1 41:09.3 2 s GENERAL_INSTRUCTION

environment experiment

GENERAL_INSTRUCTION*

2 41:09.3 screen_mouse_click X: 965, Y coords: 372 GENERAL_INSTRUCTION /RUBRIC* -> MC.0.1
3 42:58.8  scroll_contentpage_16 GENERAL_INSTRUCTION NAVIGATION -> (Orientation)
4 43:34.8 screen_mouse_click X: 132, Y coords: 78 NAVIGATION RELEVANT_READING
5 43:44.6 nav_content_1.1 RELEVANT_READING
6 43:44.6 screen_mouse_click X: 149, Y coords: 115 RELEVANT_READING

Figure 6.2: Parser from raw data to SRL processes.

@ Target context
Orientation| Planning | Monitoring | Evaluation| Reading [Elaboration Source context
MC.0 MC.M MC.E LC.R HC.E

Learning gain W
oriented I

(Scores)

Balanced
oriented

A. Task B. Reinforcement Learning approach

MC.P W a
Wriing Task > > Balanced oriented Elabmauan @@
@) Planning Evalaton
nuedueton Essay writin MER
y o 9 Reading | Monitoring | Orientation | Evaluation (Elaboration| Planning q:p Monitoring —
Firstparagraph orientet LCR MCM | MCO | MCE HCE MC.P o) MCM  [orientation| toR°
'°' Mc.0

®

Learner SRL processes

Planning | Reading [Orientation | Monitoring |Elaboration| Evaluation
MCP LCR c.o MCM HCE MC.E

MC.P MC.0

Monitoring | Planning [orientation | Evaluation [Elaboration| Reading
MC.M MCE HC.E LCR

Sequence of SRL processes @ Sequence of SRL processes

C. Transfer Reinforcement Learning approach

Figure 6.3: A. Task (e.g., essay writing). B. Overview of Osakwe et al. (2024) approach to
address model SRL using RL. C. Propose approach to scale up implementations of TRL
for SRL.

Using a SRL process trace parser, informed by the SRL framework of Bannert et al.
(2014), we automatically categorised SRL processes into cognition and metacognition. The
parser consisted of (i) an action library - which converted raw trace data to learning actions
and (ii) a process library — which labelled learning actions into SRL processes. The valid-
ity of employing this specific trace parser and trace data has been tested and proven using
thought-aloud data (Fan, Lim, et al., 2022; Fan, van der Graaf, et al., 2022), the overview
of the parser is shown in Fig. 6.2. On average, these were the distribution of SRL processes
detected for each student MC.O mean=1 minute and 41 seconds, SD=2 minutes and 4
seconds; MC.P mean=29 seconds, SD=30 seconds; MC.M mean=37 seconds, SD=51 sec-
onds; MC.E mean=15 minutes and 2 seconds, SD=25 seconds; LC.R mean=13 minutes
and 42 seconds, SD=05 minutes and 23 seconds; and HC.E/O mean=22 minutes, SD=6
minutes and 4 seconds.
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6.3.2 Self-Regulated Learning Meets Transfer Reinforcement

Learning and Successor Features

We propose using a TRL framework for an online task requiring students to self-regulate
their learning, aiming to scaffold of SRL strategy recommendations. TRL enhances scala-
bility by enabling the transfer of SRL strategies that maximise learning outcomes (opti-
mal policies) from previous study sessions with specific rewards (source contexts) to new
sessions with new reward structures (target contexts). This reduces the need to train mul-
tiple optimal policies, enhancing the efficiency and adaptability of SRL support.

TRL enables the adaptation of RL approaches, such as the one presented in Fig. 6.3-B.
Osakwe et al. (2023) applied RL for SRL by modelling three agents, each tied to a reward
function for a writing task. Their evaluation varied « values: @ = 1 focused entirely on

learning gain, o = 0 prioritised assessment score, and o = (.5 balanced the two.

While current RL for SRL requires training a new agent for each study session (target
context), TRL enhances scalability by reusing optimal SRL strategies (policies) learnt in
the source context. For SRL in particular, TRL allows only one or few agents to learn opti-
mal policies for specific rewards (e.g., essay score) in an study session (source context), and
reusing these optimal policies in new study sessions (target context). See our approach in
Fig. 6.3-C.

In TRL for SRL, the source context corresponds to a collection of learners’ SRL strategies
used to learn optimal policies (sequences of SRL processes that optimise rewards) based
on one or a few specific rewards, such as balanced rewards that prioritise essay score (ES)
and normalised learning gain (NLG) to maximise learning outcomes (see Fig. 6.3-C 1). For
the learning task in this study, the reward function could be defined based on the relative
importance («) of the essay score (ES) and the normalised learning gains (NLG). Setting
a = 0.5 results in a balanced reward function R = 0.5 x NLG + (1 — 0.5) x ES, which
can define the source context. The relative importance can be adjusted according to the

learning context and design.

The target context corresponds to any new learner attempting a writing task in a digital
learning environment (Fig. 6.3-C 2). Learners engaging in new writing tasks are charac-
terised by their reward functions, which may be defined either implicitly or explicitly. For
instance, a target context where the learner focus solely on essay scores (ES) could be rep-
resented by the reward function R = 0 x NLG + (1 — 0) x ES, where « = 0. When
the rewards in the source and target contexts differ (e.g., when reward functions prioritise
different learning outcomes), TRL mechanisms enable (i) the reuse of SRL strategies that
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maximise learning outcomes (optimal policies) from the source context and (ii) the use of
this prior knowledge along with the SRL processes performed by new learners to create
an adapted policy that maximises the new reward, (Fig. 6.3-C 3).

Fundamentally, this distinction between source and target contexts constitutes a trans-
fer learning setting, where knowledge is transferred across different reward functions.
This aligns with the principles of TRL, particularly those fostered Successor Features,

which enable efficient generalisation across tasks with varying reward structures.

6.4 Experiments and Analysis

6.4.1 Experiment Steup

Baseline The baseline in this study is a modified Deep Q-Learning (DQN) agent (Mnih
et al., 2015). The DQN agent uses experience replay and mini-batch training, incorporat-
ing the Double Q-Network approach to enhance stability (Van Hasselt et al., 2016). As
described in previous sections, the state representation is based on the frequency of SRL
processes executed at each timestep. A Long Short-Term Memory (LSTM) network is inte-
grated to model temporal dependencies in SRL process sequences. The final hidden state
of the LSTM serves as the input to the Q-network, which then selects the optimal SRL
process for the subsequent timestep.

Environmental Setting All required models and agents were implemented using the
PyTorch library?. We used data from 64 learners to train two LSTM neural networks.
LSTMs were selected due to their effectiveness in handling sequential data, particularly for
process prediction (e.g., (Camargo et al., 2019; Tax et al., 2017)). One network was trained
to predict Normalised Learning Gains (NLG), while the other was trained to predict Essay
Scores (ES).

For NLG prediction, we used a single-layer LSTM with 32 memory cells, achieving a
mean squared error (MSE) of 0.01. For ES prediction, we employed a single-layer LSTM
with 128 memory cells, obtaining a MSE of 0.02. These LSTM models then defined a re-
ward function combining ES and the NLG, accounting their relative importance, as men-
tioned earlier.

For the source context in this experiment, we used a balanced reward function, as dis-

cussed throughout this chapter. To assess knowledge transfer, we evaluated the optimal

“https://pytorch.org
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Figure 6.4: ¢-network architecture using LSTM network.

policies learnt in the source context under two different reward functions in the target con-
text: one prioritising NLG and the other ES.

Agents trained exclusively in the source context for a total of 170 episodes, each episode
consisted in 2700 timesteps, which represents the 45 minutes of the writing tasks by the
learners. For training exploration, the e-greedy strategy was initialised at 0.9 and gradually
decayed to 0.1 over 4 x 10° training steps using linear decay. The replay buffer size was
4x10°, enabling learning from past experiences. The learnt policy is evaluated in the target
tasks every 1 x 103 training steps, with an evaluation exploration ¢ = 0.1. Additionally,
Successor Feature Representation uses a separate learning rate of 1 x 1072 to fit the weights

(w).

Architecture Similar to the baseline, our approach is adapted from DQN, particularly
inspired by Universal Successor Feature Approximators (Borsa, Barreto, Quan, Mankowitz,
et al., 2019), which integrates an LSTM to extract the dependencies between the sequence
of SRL processes, to be used as the input for the Successor Features. Fig. 6.4 illustrates the
Successor Feature Representation architecture used in our experiments. The »-Network
outputs a vector of size 6 x d, where d is the dimension of the LSTM’s output state. The
weontext g then used as dot product to compute the Q-values for each possible next SRL
process.

For both DQN algorithms, we used the following hyperparameters. The learning rate
for the value function networks was 1 x 1073, with a mini-batch size of 64. The discount
factor () was set to 1 to prioritise learning from late rewards, particularly those received at
the end of an episode. The LSTM was a single-layer with 32 memory cells and latent feature
state was 32. Target networks were updated every 100 training steps, ensuring stability

during training.

Analysis To address this chapter’s RQ, we performed statistical comparisons and visu-
alised SRL strategies distributions across source and target contexts to identify similarities
and differences when reward functions vary. We segmented the data by context, select-
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A. High-performing learners B. Network difference graph
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Figure 6.5: A. ENA representations of SRL behaviours for source and target task. B. Net-
work difference graph.

ing high-performing learners whose SRL behaviours maximised both ES and NLG for the
source and learners who maximised only ES for the target. We applied Epistemic Network
Analysis (ENA), a widely used technique for modelling SRL strategies due to their tempo-
ral and sequential nature (Fan et al., 2023; Huang et al., 2023). ENA enabled us to compare
SRL strategies distributions across contexts and examine pattern variations based on re-
ward functions. We applied the ENA subtraction network graph algorithm to compute
edge-weight differences between ENA representations, generating a network difference
graph. To support statistical comparison, we extracted adjacency matrices from both ENA
models and computed their Euclidean norm to quantify SRL strategy similarities across
contexts.

To further address our RQ, we compared Successor Feature Representation, a TRL
agent, with the baseline model to evaluate how well transferred SRL strategies improved
task performance while considering computational resource demands. The Successor Fea-
ture Representation framework is ideal for implementing personalised recommendations
to model individual learners’ SRL behaviours. We tested the Successor Feature Represen-
tation ability to generalise the learnt SRL strategies from the source to the target contexts.
To assess the effectiveness of knowledge transfer, we measured asymptotic performance, a
common reinforcement learning metric to evaluate transfer learning in unseen contexts
(Zhu et al., 2023b).

6.4.2 Experiment Results and Analysis
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Similarities and Differences across Contexts A key consideration when implement-
ing TRL for SRL is the selection of the reward function for the source context. The reward
function could be designed to represent generalities for the source and target context. Lit-
eral A in Fig. 6.5 presents the ENA representations for the source and target contexts in
our study. In the source context, learners with high ES and high NLG exhibited more be-
haviours related to the link between High Cognitive — Elaboration/Organisation (HCEO)
and Low Cognitive - Reading (LCR), with fewer transitions between LCR and Metacogni-
tive - Monitoring (MCM). Other sequence transitions were less frequent. Likewise, learn-
ers in the target context, whose rewards focused primarily on ES with low NLG, frequently
experienced transitions from HCEO to LCR and demonstrated behaviours from LCR to
MCM.

The resultant network difference graph is shown in Fig. 6.5-B. This graph shows that
both ENA representations are highly similar, with small differences found in the transi-
tions between LCR, MCM, and MCO. The Euclidean norm resulted in a value of 0.062,
further emphasising the high similarity between the two representations. This similar-
ity between the ENA representations of the source and target contexts suggests that rewards
from the source context can be transferred to the target context, even if the rewards differ,
aligning with the foundations of TRL (Lazaric, 2012). While the rewards may vary, shared
behaviour patterns indicate that training on a single reward in the source task remains
applicable to the target task. This implies that, despite optimising for different reward

structures, source and target behaviours are inherently similar.

Knowledge Transfer Effectiveness The implementation of the Successor Feature Rep-
resentation allows a new learner (agent) to begins a study session, as shown in Fig. 6.3-C.2,
where their SRL process behaviours were analysed to infer individual SRL behaviours and
derive transferable rewards. Our approach demonstrated how knowledge can be trans-
ferred across learning contexts. This section presents the effectiveness metrics resulting
from the computation of new optimal policies, which were derived based on the source
context and the learner’s individual SRL behaviours in a target context.

Fig. 6.6 presents the learning curves for the source context (left) and the evaluation
performance over evaluation episodes in both target contexts (middle and right). The left-
most figure illustrates the training curve in the source context for both agents. As expected,
both agents successfully learnt policies that maximise the reward, with a sharp improve-
ment around the 100-th episode. The maximum reward achieved by the agents fell within
episodes 120-140.
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Figure 6.6: Left: Source context with balanced reward—Ilearning steps vs. episode reward.
Middle: Target context based on NLG. Right: Target context based on ES. Results are aver-
aged over 6 random seeds, using a moving window of 50, and the shaded area representing
1 standard deviation.

The middle and right figures in Fig. 6.6 represent the target contexts. In the NLG-based
context, reusing the baseline-derived policy did not yield a positive impact; instead, it re-
sulted in slight negative transfer. This indicates that, although the policy improves in the
source context, its performance deteriorates over time in the target context. Conversely,
the Successor Feature Representation-based policy posits positive transfer. The baseline
agent achieved an average reward of —0.002 over the last 50 evaluations and standard
deviation of 0.002, whereas the Successor Feature Representation-based agent obtained
a higher reward of 0.035, with a standard deviation of 0.0064. In the ES-based context,
the baseline agent maintains a relatively stable performance over time. However, the Suc-
cessor Feature Representation-based approach showed greater improvement. The average
reward over the last 50 evaluations for the baseline agent was 0.005 with standard devia-
tion 0.0023, whereas the Successor Feature Representation-based approach reached 0.05
with standard deviation 0.0032, demonstrating a clear advantage.

The target context in Fig. 6.6, also included the maximum reward (black dotted lines)
achieved by an optimal policy. This maximum reward was computed by selecting the top
5% of the highest values per seed and averaging them to estimate the optimal policy’s peak
performance per context. As shown in the Fig. 6.6, the Successor Feature Representation-
based agent performs similarly to the optimal policy in the ES-based context. However, for
the NLG-based context, its performance was 25% lower than the optimal policy. While the
Successor Feature Representation approach achieved lower performance, it successfully
leveraged previously learnt knowledge, avoiding the need to train from scratch, demon-
strating a key advantage of TRL.
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6.5 Summary

This chapter explored Transfer Reinforcement Learning (TRL) to provide scalable and
personalised support for Self-Regulated Learning (SRL) by transferring optimised SRL
strategies across different reward structures. Our findings indicate that strategies opti-
mised for distinct rewards, such as Essay Score (ES) and Normalised Learning Gain (NLG),
exhibit notable similarities, enabling policy reuse without retraining. The Successor Fea-
ture Representation-based approach further facilitates this transfer, demonstrating TRL’s
potential to overcome scalability limitations of traditional RL approaches, which rely on
a one-policy-per-learner framework and require extensive computational resources (Os-
akwe et al., 2023, 2024). These results highlight TRL’s capacity to generalise SRL strategies
and provide personalised support throughout an entire task (e.g., writing an essay).

However, two key limitations should be considered. First, reusing SRL strategies im-
plies generalisation across learners, which may encourage behaviours that are effective
for some learners but suboptimal for others. Future work could address this by incorpo-
rating learner-specific feedback into the reward function through reward shaping (Knox
& Stone, 2009) or refining behavioural modelling using Imitation Learning (Torabi et al.,
2018). Second, the analysis involved 92 learners completing a writing task. Expanding the
dataset to a broader range of learners and SRL strategies could enhance robustness and
improve NLG and ES prediction accuracy.

Future research on Successor Features in SRL should explore the latent space gener-
ated by LSTM networks and alternative methods for modelling the reward function. For
instance, representing Successor Features as a vector in R?, where one dimension corre-
sponds to NLG rewards and the other to ES, could improve knowledge transfer and gen-
eralisation across learning contexts. This approach aligns with the solution proposed by
Barreto et al. (2020).

In conclusion, TRL mitigates the scalability challenges of traditional RL approaches
and presents a promising framework for scaffolding SRL strategies in digital environments
while fostering learner autonomy.
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CHAPTER

CONCLUSION

But as soon as I had finished my course of study, at
which time it is usual to be admitted to the ranks of
the well educated, I completely changed my
opinion, for I found myself bogged down in so
many doubts and errors, that it seemed to me that
having set out to become learnt, I had derived no
benefit from my studies, other than that of
progressively revealing to myself how ignorant I

was.
René Descartes, A Discourse on the Method

This chapter summarises the contributions of this thesis. It first revisits the findings
according to each research question, then presents the key limitations of the proposed
approaches, outlines directions for future work, and concludes with final remarks.

7.1 Findings

This thesis advances Successor Features (SFs) to make Transfer Reinforcement Learning
(TRL) more suitable for real-world problem solving. The contributions form a coherent
progression from generalisation across diverse dynamics, to uncertainty-aware adapta-
tion, to alternative composition mechanisms, and finally to application in human learn-
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ing. Together, they reposition SFs as a flexible and scalable transfer framework rather than

a method constrained to fixed environments.

We began by addressing the challenge of generalising SFs across environments with
diverse transition dynamics, . Our results demonstrated that transformation-based
methods can capture both shared and distinct dynamics, enabling SFs to extend beyond
the restrictive setting of fixed environments. By applying probability density transforma-
tions, we showed that diverse dynamics can be represented in a common space, while an
ensemble mechanism weighted source tasks to improve predictions in target tasks. This
established the foundation for extending SFs beyond their original assumptions.

We then explored how SFs can be adapted across dissimilar transition dynamics and
reward structures, . To this end, we developed a Gaussian Process (GP)-based mecha-
nism with tailored kernels that introduced epistemic uncertainty into the policy selection
process. This approach enabled transfer in scenarios where classical methods fail, and the-
oretical analysis showed that the method generalises across a wide class of valid kernels.
By modelling uncertainty directly in feature space, this stage advanced SFs from deter-
ministic reuse to adaptive and uncertainty-aware transfer.

The next stage focused on composition, introducing a hierarchical mechanism for
adaptive SF composition as an alternative to Generalised policy improvement (GPI), @
By constructing high-level state and action spaces from source-task SFs, the approach en-
abled behaviour adaptation to unseen tasks and outperformed baselines across bench-
mark environments such as four-room, reacher, and foraging. Principal component anal-
ysis confirmed that high-level state space evolves in meaningful ways, reducing complex-
ity and improving decision efficiency. This contribution demonstrated that hierarchical

composition can be an alternative for approaches based on GPI.

Finally, we extended TRL beyond control and robotics to the domain of human learn-
ing, . We investigated Self-regulated learning (SRL) as a critical skill in education
and demonstrated that TRL provides a scalable alternative where classical Reinforcement
Learning (RL) struggles. Policies optimised for distinct outcomes, such as essay scores and
normalised learning gain, exhibited a transferable structure, enabling the reuse of SRL
strategies without retraining. This final stage showed that the proposed advances are not
confined to benchmark domains but can support real-world, human-centred applications.
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7.2 Limitations

In addressing @ on generalising SFs across diverse transition dynamics, several con-
straints emerged. Learning stable transformed feature representations proved to be sen-
sitive to the expressiveness of the chosen transformations, and the agents did not con-
sistently converge to optimal policies. This suggests that while generalisation across di-
verse dynamics is feasible, achieving stable optimality requires more powerful feature-
extraction mechanisms and richer transformation models, such as normalising flows, to
better capture complex real-world dynamics.

exposed challenges related to uncertainty-aware adaptation. Although this work
demonstrated the value of uncertainty-aware adaptation, it also revealed practical con-
straints. Gaussian Processes introduce cubic computational complexity, limiting scalabil-
ity in high-dimensional settings or large task collections. Furthermore, integrating epis-
temic uncertainty within GPI yielded mixed empirical results, highlighting the challenge
of balancing stability and exploration. These limitations indicate the need for approxima-
tion methods, multi-output extensions, and more scalable uncertainty modelling strate-
gies.

In , which explored hierarchical composition beyond GPI, computational over-
head became more pronounced. Joint learning SFs and high-level policies increased train-
ing complexity, and scaling the approach to many tasks or high-dimensional feature spaces
remains challenging. Moreover, formal performance guarantees comparable to those of
GPI have not yet been established for the proposed mechanism. These constraints limit

immediate deployment in large-scale settings.

Finally, revealed domain-specific constraints when extending TRL to SRL. The
datasets used were limited in size and diversity, and modelling human learning behaviours
introduces ethical and fairness considerations. Additionally, reward design in educational
contexts remains sensitive to the chosen performance metrics, increasing the risk of pro-
moting strategies that benefit some learners while disadvantaging others. Broader empir-
ical validation in diverse educational settings is required.

Across all stages, a common limitation lies in the absence of formal regret bounds
and comprehensive theoretical guarantees under fully diverse dynamics. While empirical
evidence supports the proposed methods, further theoretical analysis is required to fully
characterise convergence properties and performance guarantees.
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7.3 Future Work

The findings of this thesis open up several directions for further investigation, both to
strengthen the proposed methods and to expand their applicability.

In relation to , future research should explore more expressive transformation
families to better model highly non-linear and stochastic transition dynamics. In partic-
ular, integrating normalising flows or invertible neural architectures may enable richer
density transformations and improve stability when generalising across complex environ-
ments(Rezende & Mohamed, 2015). Extending the framework to partially observable set-
tings would further strengthen its relevance in the real-world.

For @, improving scalability and uncertainty-aware adaptation remains central. Fu-

ture research should investigate sparse and approximate GP methods (Alvarez et al., 2010;
Lazaro-Gredilla & Figueiras-Vidal, 2009; Rasmussen & Williams, 2005), as well as alterna-
tive uncertainty-aware approaches such as Bayesian neural network models (Sendera et
al., 2025). Extending the kernel design to multi-task and multi-output settings may allow
for more efficient modelling of relationships among diverse transition dynamics (Alvarez
et al., 2010). Further theoretical analysis of uncertainty propagation within policy selec-
tion remains an important direction.

With respect to , the advancement of hierarchical composition requires mecha-
nisms that reduce computational overhead while preserving behavioural flexibility. Task
clustering Madarasz and Behrens, 2019 and dimensionality reduction of successor features
using techniques such as Principal Component Analysis or inducing-point methods such
as in GP Alvarez et al., 2010 may help improve scalability. Developing regret-based guar-
antees or performance bounds for the proposed composition strategy would strengthen
its theoretical foundations. Hybrid approaches combining hierarchical composition with
GPI may also offer improved efficiency.

Finally, extending into educational settings requires large-scale empirical valida-
tion across diverse populations of learners and instructional contexts. Integrating student-
specific reward shaping (Ng et al., 1999) and richer behavioural modelling, including im-
itation learning or inverse reinforcement learning approaches (Torabi et al., 2018). Large-
scale empirical validation in authentic learning environments is necessary to assess the

long-term impact, fairness, and applicability of TRL-based support solutions.

Together, these directions outline a pathway toward scalable, adaptable, uncertainty-
aware, and human-centred transfer reinforcement learning frameworks that extend be-

yond current theoretical and empirical boundaries.
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7.4 Concluding Remarks

Together, these contributions form a coherent research trajectory, beginning with the prob-
lem of generalisation across diverse transition dynamics, advancing through adaptation
across diverse dynamics and uncertainty-aware mechanisms, moving to alternative com-
position strategies, and culminating in an application that bridges machine learning with
human learning. Across these stages, this thesis demonstrates that SF-based TRL can
move beyond the restrictive assumptions of fixed dynamics and deterministic reuse.

More broadly, this work repositions SFs from a representation transfer mechanism
suited primarily to controlled environments to a more flexible framework capable of han-
dling diverse dynamics, modelling epistemic uncertainty, and supporting real-world decision-
making. By addressing generalisation, adaptation, composition, and application within a
unified perspective, the thesis establishes conceptual and practical foundations for scal-
able TRL.

While challenges remain in scalability, optimality, and formal guarantees, the advances
presented here indicate that SFs offer a practical direction for reinforcement learning be-
yond narrowly constrained settings. This opens opportunities for future research that ex-
tends transfer reinforcement learning beyond laboratory benchmarks and into dynamic,

human-centred environments.
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