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Abstract—Spatial correlation is one of the impairments

practical Multiple-Input Multiple-Output (MIMO) wireless

communication systems have to be coped with. Capacity in-

creases promised by MIMO systems mostly depend on the

spatial correlation properties of the radio channels. This pa-

per investigates the connection between these properties and

the channel capacity. By investigating the channel capacity

using the correlation matrix for a circular array, we prove

that, for circular array, decrease in the radius is equivalent

to decrease in signal to noise ratio (SNR).
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I. INTRODUCTION

Multiple-Input Multiple-Output (MIMO) techniques have
recently emerged as a new paradigm. It has been shown
that MIMO is a promising approach that can lead to very
large bandwidth efficiency[1][2][3]. This spectral efficiency
is achieved by transmitting different signals on different an-
tenna simultaneously in the same frequency channel as well
as using multiple receive antennas and the appropriate re-
ceive algorithms[4][5].

The spectral efficiency that can be exploited in MIMO
depends on a number of phenomenons, including the av-
erage received power of desire signal, distribution of the
received signal, thermal and implementation related noise,
as well as interference generated by other users. Because of
the multiple transmit antennas and multiple receive anten-
nas, the multiple dimensional statistical characteristic is of
foremost significance to the system. Then it is crucial for
the system designers of a MIMO communication to have
a spatial correlation model that appropriately presents the
essential propagation characteristics[6][7].

Numerous works published recently have quantified the
potential benefits of such MIMO systems, considering vari-
ous types of antenna set-ups placed in a variety of environ-
ments, see for instance Refs.[4] and [5]. In these literatures,
various signal models that include spatial correlation have
been proposed for the linear antenna array. Exponential
correlation matrix model is also proposed for MIMO sys-

tem because of its simplness, although it may be not an
accurate model for real-world scenarios. To our knowledge,
however these literatures are still lacking a simple but ac-
curate correlation models from an uncorrelated to a fully
correlated scenario. In this paper, the goal is to introduce a
simple correlation model [6][7] for MIMO system in which
the circular antenna array is considered, that is our main
contribution. By investigating the MIMO channel capacity
using the correlation matrix for a circular array, we prove
that, for circular array, decrease in the radius is equivalent
to decrease in signal to noise ratio (SNR).

II. CORRELATION FORMULATION FOR
CIRCULAR ARRAY

Figure 1 shows the antenna array geometry used in our in-
vestigation where we have estimated a circular geometry
with a radius R and different antenna element M where
the antenna element M lies about at a radius of r=R for
our circular antenna array. The multiple antennas may be
omni-directional or have a non-uniform sensitivity to the
angle and frequency signature of the incident waveform.
The antennas may be equally or unequally spaced across
the array.

Here we employ the spatial correlation models pre-
sented in the exact and approximate analysis. Considering
two kinds of incident signal energy distributions, those are
uniform distribution and Gaussian distribution.

A. Gaussian Distribution
Gaussian distribution can be represented as[5][7]

p(θ) =
κ√
2πσ

e−(θ−φ)2/2σ2
for θ ∈ [−π + φ, π + φ]

and κ =
1

erf( π√
2σ

)
(1)

where φ and σ are the mean direction of arrival and the
standard deviation of the distribution. κ is the normaliza-
tion factor, to make p(φ) a physical density function.where
erf(x) = 2√

π

∫ x

0
e−t2dt is the error function.



Fig. 1 Signal angle determination in a circular antenna array with
8 elements

According to Ref.[7], the correlation between m-th and
n-th elements by exact analysis is

Re[ρ(m,n)] =
κ√
π

∫ π√
2σ

− π√
2σ

e−y2
[J0(ZC) +

2
∞∑

k=1

J2k(ZC)cos(2k(γ +
√

2σy + φ))]dy

Im[ρ(m,n)] =
κ√
π

∫ π√
2σ

− π√
2σ

e−y2
[2

∞∑

k=0

J2k+1(ZC)

·sin((2k + 1)(γ +
√

2σy + φ))]dy (2)

For lower or intermediate σ, the approximate
sin(zσ) ≈ zσ and cos(zσ) ≈ 1 that gives the approximate
equation as[7]

ρ(m,n) ≈ κe−jZCsin(γ+θ)e−
(ZC )σcos(φ+γ)2

2 (3)

here, ZC =
√

Z2
1 + Z2

2 in which Z1 = 2π R
λ [cos(Ψm) −

cos(Ψn)] and Z2 = 2π R
λ [sin(Ψm) − sin(Ψn)], sin(γ) =

Z1/ZC and cos(γ) = Z2/ZC are defined.

B. Uniform Distribution
Another common assumption for angular energy distri-

bution is a uniform distribution. The uniform distribution
is defined as[6]

p(θ) =
1

24 , for θ ∈ [φ−4, φ +4] (4)

where 2∆ is the range of angles about a central angle-of-
arrival φ.

From Ref.[7], the real and imaginary parts of the cor-
relation function ρ(m,n) of circular antenna arrays for a
uniform distribution can be expressed as

Re[ρ(m,n)] = J0(ZC) + 2
∞∑

k=1

J2k(ZC)cos(2k(φ + γ))

·sinc(2k4)

Fig. 2 Spatial correlation between the elements 1 (Ψ1 = 0 degree)
and 4 (Ψ4 = 135 degrees) versus R/λ, (A) uniform distribution of
angular energy, (B) Gaussian distribution of angular energy.

Im[ρ(m,n)] = 2
∞∑

k=0

J2k+1(ZC)sin((2k + 1)(φ + γ))

·sinc((2k + 1)4) (5)

From Ref.[7] as lower and intermediate ∆, the approx-
imate equation is

ρ(m, n) ≈ e−jZCsin(γ+θ)sinc[(ZC)∆cos(φ + γ)] (6)

Comparing the exact analysis with the approximate
analysis, the approximate equations can be simply calcu-
lated for low and moderate angle spread ∆ and standard
deviation σ, Ref.[7] concluded that the approximate anal-
ysis exhibits good agreement with the exact analysis when
∆ < 10 degrees and σ < 10 without the limitation of d/λ
and R/λ. One also can see the Gaussian distribution de-
creases more slowly in the main lobe, but lacks the sec-
ondary correlation peaks contract with uniform distribu-
tion. R/λ < 0.25 for the circular antenna array and angle
spread ∆ < 30 degrees and standard deviation σ < 30 de-
grees, the approximate analysis can be used to instead of
exact analysis during simulating the antenna array. All the
numerical results can be seen in the Fig.2.

III. MIMO PERFORMANCE

A. MIMO System



MIMO communication systems can significantly in-
crease the data rate of wireless system without increas-
ing transmitting power and allocated bandwidth. Figure 2
presents a MIMO system employing Nt transmit (Tx ) and
Nr receive (Rx ) antennas. The transmitter sends an Nt
dimensional complex signal vector s. The receiver records
an Nr dimensional complex vector x which depends on s
via[4][5]

X = H · s + n (7)

where H is an Nr*Nr complex propagation matrix that is
constant per packet transmission and assumed to be known
at the receiver. Element (n,m) of H contains the nor-
malized flat-fading channel response from Tx antenna m
to Rx antenna n with variance σ2

c = 1. The vector n is
Nr dimensional and represents zero means, complex addi-
tive white Gaussian noise (AWGN) with covariance matrix
E[n · nT ] = σ2

nI, where (·)T denotes the conjugate trans-
pose of the corresponding vector or matrix and I represents
the identity matrix, here having dimension Nr. The total
power of s is P, i.e. independent of number Tx antennas.

Without loss of generality, we assume Nr = Nt = N
for simplification in this paper, i.e. the MIMO system has
N transmit antennas and also N receive antennas. For a
fixed linear N * N matrix channel with AWGN, the MIMO
channel capacity is[4][5]

C = B · log2 |I +
γ

N
H ·HT | (8)

when the transmitted signal vector is composed of statis-
tically independent equal power components each with a
Gaussian distribution and the receiver knows the channel.
γ is the average signal-to-noise (SNR), and γ/N is the SNR
per receive branch. As described above, H is an N *N com-
plex propagation matrix under flat-fading, and its compo-
nents satisfy the following normalization condition[3]

N∑

i=1

N∑

j=1

|hij | = N (9)

In the case of all parallel sub-channels are independent
that is H = I, the system achieves its maximum capacity
as C = NB log2(1 + γ

N ).

B. Channel Capacity
In practice, the channel is random and then the chan-

nel capacity is also random in this case we need to consider
its average means or its ergodic capacity as follows[4][5]

C = E[B · log2 |I +
γ

N
H ·HT |] (10)

According to Jensen inequality and the capacity of
log2 | · |, the average capacity in Eq.(10) can be bounded
by

C <= B · log2 |I +
γ

N
R| (11)

Fig. 3 MIMO system with N transmit and N receive antenna
elements

where,

R = E[H ·HT ] (12)

and its element γij in R matrix is equal to

γij =
N∑

k=1

E[hij · h∗ij ] (13)

where * presents complex conjugate. To study the effects
of correlation on an exploit method, we separate it from the
effects of unequal receive powers by assuming as follows

σi =
N∑

j=1

|hij |2 =
N∑

j=1

hij · h∗ij = 1 (14)

In other words, all receive powers in N receive antennas
are equal. With the assumption, the normalized correlation
coefficient γhij is defined as

ρij =
1√

σi · σj
= γij (15)

Equation(15) presents that γij is the normalized corre-
lation coefficient and that R is the normalized channel cor-
relation matrix. Then Equation(11) denotes the correlated
fading effects on MIMO channel capacity. In our practi-
cal situation, the normalized correlation coefficient ρij is
the ρ(m,n) described in section II for our circular antenna
array. After some derivations, Equation(11) can also be
rewritten into the following formula as

C <= Cmax + B · log2 |Λ| (16)

Λ =




1 Bρ12 Bρ13 . . . Bρ1M

Bρ∗12 1 Bρ23 . . . Bρ2M

...
...

...
...

...
Bρ∗1M Bρ∗2M Bρ∗3M . . . 1




M×M

where,

β =
γ

N
(1 +

γ

N
)−1 (17)



Here, ρij is referred as correlation coefficients and the aster-
isk indicates the complex conjugate. Here, the correlation
coefficients are just the analytical formulas in Sect.II as
ρij =

√
Re2[ρ(m,n)] + Im2[ρ(m,n)]. The channel capac-

ity formula (16) directly presents that correlation fading
reduces the capacity as 0 <= |Λ| <= 1. In Sect.II three differ-
ent correlation models are used to determine the correlation
matrix, then we can fully analyze the effects of correlation,
aperture size of antenna array and the number of antenna
elements on the channel capacity. Also we can compare
our numerical results with that of exponential correlation
matrix model[5].

In above sections, we derived the correlation formula
and channel capacity. From Eqs.(11)and(12), the capacity
C of the average channel provides an upper bound on the
mean (or ergodic) capacity. To prove the above derivations,
the capacity C of the average can be evaluated numerical by
Matlab Program. In order to estimate the mean capacity
by simulation, the following assumptions are used as

(1)When considering multiple paths, assuming that
there are n multiple paths arriving to each receive antenna
element from a transmit antenna.

(2)For Gaussian distribution, the angles of arriving
(AOA) of these paths are random distributed with Gaussian
variables by standard deviation σ. To uniform distribution,
the AOA of these paths are uniform distributed in [-∆,+∆].

(3) Rayleigh fading is considering in the gains of these
multiple paths that is with zero mean and unit variance.

(4) Each transmit antenna transmits an independent
se of n paths with the same statistical characteristics as
in(3).

According to above assumptions, all the terms in
Eq.(13) can be calculated and programmed. Then we can
evaluate the average channel capacity by Matlab Program
for different σ, ∆, and antenna array radius R. In the fol-
lowing section, we present the numerical and simulating
results for the circular antenna array.

IV. NUMERICAL RESULTS

From the analysis of the last section we can derive the
MIMO capacity of a deterministic channel versus the cor-
relation coefficient evaluated by the exact and approximate
analysis. In this section we analysis the different perfor-
mances of the MIMO capacity with circular array using
correlation when considering the different parameters σ(∆),
R and n. The calculation of the spatial correlation is un-
der the distribution of angular energy. Here considering
two kinds of incident signal energy distributions, those are
uniform distribution and Gaussian distribution.

From the Fig.4, the conclusion is derived that with the
increase of the angle spread ∆ and standard deviation σ,
the capacity of the circular MIMO system becomes higher.
When σ and ∆ change from 5 degrees to 10 degrees, the
capacity increases by more than 30%. Then the range of

Fig. 4 MIMO channel capacity versus SNR with different σ and ∆
when n = 4, R/λ = 0.5, (a) Gaussian distribution of angular energy
(φ = 30 degrees, ξ = 0 degrees), (b) Uniform distribution of angular
energy (φ = 30 degrees, ξ = 0 degrees)

Fig. 5 MIMO channel capacity versus SNR with different R/λ
when n = 4 and σ = ∆ = 10 degrees, (a) Gaussian distribution of an-
gular energy (φ = 30 degrees, ξ = 0 degrees), (b) Uniform distribution
of angular energy (φ = 30 degrees, ξ = 0 degrees)



Fig. 6 MIMO channel capacity versus SNR with different n when
R/λ = 1 and σ = ∆ = 10 degrees, (a) Gaussian distribution of angu-
lar energy (φ = 30 degrees, ξ = 0 degrees), (b) Uniform distribution
of angular energy (φ = 30 degrees, ξ = 0 degrees)

the AOA has an apparent influence on the capacity of the
system. The approximate analysis exhibits good agreement
with the exact analysis when ∆ < 10 degrees and σ < 10
without the limitation of d/λ and R/λ.

As we see in Fig.5, the parameter R/λ is also impor-
tant for the analysis of the system capacity. It is obvious
that the increase of R/λ means the decrease of the corre-
lation of antennas. When the R/λ is big enough, the cor-
relation gets close to zero and the capacity must to be the
best. And from the figure, we can also get the conclusion
that under the Gaussian distribution the system has better
performance compared with the situation under uniform
distribution.

Ideally, the more antenna is, the higher the system ca-
pacity become. However from Fig.6 we get the conclusion
that with a certain R, the increase of the antenna number
means the reduction of the antenna distance, which leads
to the addition of correlation.

Obviously the correlation model has very good perfor-
mance when studying the performance of the circular an-
tenna array. It is seen that approximate analysis has better
fit with the accurate analysis when Gaussian distribution
of incident signal energy is considered.

It is noticed that with the increase of the parameters
σ(∆), R/λ and the number of antenna n, the MIMO capac-
ity steps up and the curves rise more rapidly when the pa-

rameters increase. Comparing the uniform angular energy
distribution with the Gaussian distribution, higher capacity
is predicted.

The correlation model introduced here has very good
performances in computational efficiency. From the figures
we know that for lower and intermediate σ(∆), the approx-
imate equations fit well with the exact equations. However
the approximate equations saved about 50%−70% compu-
tational time compared with the exact equations. In prac-
tical computation this model can greatly minish operation
time and difficulty compared with other models.

V. CONCLUSIONS

The capacity of the MIMO systems depends substantially
on the special correlation properties of the radio channels.
This paper investigates the connection between these prop-
erties and the channel capacity. We derived generalized
spatial correlation functions for a circular antenna array.
These equations are investigated carefully by exact and ap-
proximate analysis. The generalized formulas allow the cor-
relation to be found for any practical standard deviation
and antenna array geometry. By investigating the channel
capacity using the correlation matrix for a circular array,
we prove that, for circular array, decrease in the radius is
equivalent to decrease in signal to noise ratio (SNR).In this
paper, a simple correlation model is introduced for MIMO
system in which the circular antenna array is considered.
And the model has a good performance while studying the
circular antenna array. The biggest advantage of the ap-
proximate formulas lies in the good fitness with the exact
ones as well as the saving of computational time.
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