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Age-Dependent Multi-Cohort Affine Mortality Models with Cohort 
Correlation

Yuxin Zhou,1,2 Len Patrick Garces,2,3� Yang Shen,1,2 Michael Sherris,1,2 and  
Jonathan Ziveyi1,2 

1School of Risk and Actuarial Studies, University of New South Wales, Kensington, New South Wales, Australia 
2ARC Centre of Excellence in Population Ageing Research, University of New South Wales, Kensington,  
New South Wales, Australia 
3School of Mathematical and Physical Sciences, University of Technology Sydney, Ultimo, New South Wales, Australia 

Continuous-time affine mortality models are useful in the analysis of age-cohort mortality rates as they yield a closed-form 
expression for survival curves, which are consistent with the dynamics of latent factors driving mortality and are well-suited for 
finance and insurance applications. We extend and improve these mortality models by introducing age dependence of mortality 
rates and correlation between cohorts. We propose and compare two classes of age-dependent mortality models, namely the age- 
dependent coefficient model and the age-dependent factor model. Specifically, we assess both Gaussian and Cox–Ingersoll–Ross 
(CIR)–type models for each category of age-dependent models. Both categories of age-dependent models involve age and calendar 
time, which in turn specify the cohort. Thus, our models admit an analytical form for the instantaneous correlation between mor
tality rates of different cohorts. Moreover, we propose two improvements to the parameter estimation process. First, to improve 
the estimation of cohort correlations, we regularize the parameter estimation by adding a penalty term which penalizes larger dif
ferences between empirical and estimated correlations. Second, we develop and assess a method to include incomplete cohorts into 
the Kalman filtering algorithm for parameter estimation. By incorporating age dependence and using incomplete cohort mortality 
data, we improve the goodness of fit and produce more reasonable out-of-sample forecasts of survival probabilities. We also show 
that regularization produces more realistic correlations between cohorts for varying age differences. Our results show that, under 
most circumstances, the correlation between cohorts decreases as the age difference increases.

1. INTRODUCTION
Mortality models are essential in the pricing and risk management of mortality-linked products. The literature of continu

ous-time affine mortality models has been growing since the early work of Dahl (2004), Biffis (2005), and Luciano and Vigna 
(2008) who use the one-factor affine processes to model the mortality rates of a fixed cohort of individuals. The continuous- 
time models have the advantage of being able to model the trend and volatility in the mortality rates by representing the 
evolution of mortality rates through a stochastic differential equation (SDE). Moreover, survival probabilities under the affine 
framework have a closed-form expression. Further developments allow the continuous-time mortality models to describe the 
entire mortality surface of multiple cohorts, thereby capturing mortality improvements. Schrager (2006) proposes a general 
framework of multi-factor affine mortality models, which captures the dynamics of the mortality surface using age-period 
data. This is supported by the principal component analysis (PCA) in Njenga and Sherris (2011) who find that multiple factors 
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are needed to fully explain the evolution of mortality rates. Following Schrager (2006), Njenga and Sherris (2011), and 
Blackburn and Sherris (2013) develop a three-factor model for survival probabilities defined under the risk-neutral measure.

However, there are still issues that remain to be addressed, the first being high mean squared error (MSE) observed at old 
ages in the fitted mortality models. Blackburn and Sherris (2013) compare the two-factor and three-factor mortality models 
and find that adding a third factor better captures mortality trends at older ages. Another possible reason for the high MSE at 
old ages is that the volatility structure in the mortality rates has not been modeled carefully. Age-dependent trend and volatility 
in the mortality data have been observed in the literature, which motivates this research. Both Piggott et al. (2005) and Chang 
and Sherris (2018) find that the volatility of mortality rates increases with age.

Another issue to be addressed is the more accurate estimation of cohort correlations. Previous works on continuous-time 
affine mortality models, for example Blackburn and Sherris (2013) and Huang et al. (2022), assume that the factors equally 
affect all ages or, equivalently, all cohorts at a given time. This results in a perfect instantaneous correlation in the mortality 
rates of different cohorts, which does not hold in view of historical data. To address the perfect cohort correlation issue, schol
ars have proposed models that use age-cohort data or models where each cohort has its own cohort-specific factor to allow 
imperfect cohort correlation. For example, Jevti�c et al. (2013) first introduce cohort-specific factors and calibrate a two-factor 
model. This has been extended in Xu et al. (2020) whose model has two-common factors and one cohort-specific factor. 
Under these assumptions, the correlations of the instantaneous mortality rates between different cohorts are available in analyt
ical form. However, this type of model has one limitation, that is, the cohort-specific factors are estimated as free parameters 
separately from the estimation of the common factors. This implies that cohort-specific factors for out-of-sample cohorts that 
are not included in the estimation cannot be determined using data on preceding cohorts. Therefore, the models using cohort- 
specific factors have a limited ability to forecast future survival probabilities.

To address these issues, age-dependent affine mortality models have been proposed in the literature, which are naturally 
specific to certain cohorts. Age-dependent models can capture the imperfect instantaneous cohort correlation while maintaining 
the ability to consistently predict mortality outcomes of further cohorts. Within the affine model framework, age-dependence 
can be incorporated via age-dependent factors or coefficients. Dahl (2004) introduces a framework for one-factor age-depend
ent short-rate models and discusses in detail the implications of omitting age dependence from the drift and volatility specifica
tions in subsequent applications. Extending this framework, Cairns et al. (2006) propose a generalized n-factor age-dependent 
short-rate model, although no explicit functional form is specified for the age-dependent drift and volatility components. 
Subsequent studies have begun to specify these structures more concretely. Building on Renshaw and Haberman (2006), 
Cairns et al. (2009), and Wills and Sherris (2008) propose a one-factor mortality model in which the drift term is a linear func
tion of the current age, and the percentage volatility term is a constant. Chang and Sherris (2018) find that the drift and volatil
ity of the difference in mortality intensity both increase with age. They propose a two-factor model with one cohort-specific 
factor, where both the drift and volatility terms are increasing functions of age. Chang and Sherris (2018) find that including 
age dependence improves the goodness of fit at old ages compared to Jevti�c et al. (2013) who use constant drift and volatility 
terms. However, Wills and Sherris (2008) and Chang and Sherris (2018) only use one and two factors respectively with Chang 
and Sherris (2018) having the issue of using cohort-specific factors discussed above, which limits their forecasting ability. The 
models used in this article avoid this issue by introducing dependence on both age and calendar time at the same time.

Meanwhile, age-dependence can be incorporated via factor coefficients. Jevti�c and Regis (2019) propose a general form of 
the multi-population model in which the coefficients are functions of time, initial age, and age increasing with time, which 
makes the mortality intensity naturally specific to a cohort. The age-dependent and thus cohort-specific models allow a closed- 
form expression of cohort correlation, which motivates us to study age-dependent coefficient (ADC) and also age-dependent 
factor (ADF) models. In this article, we consider an alternative approach of parameter estimation where we incorporate empir
ical cohort correlation with the goal of improving the accuracy of cohort correlation estimations.

Recent advances in the literature have enriched mortality modeling by introducing more flexible dynamics. For example, 
Zhu and Bauer (2022) model both spot and forward mortality rates within an affine framework, showing that forward mortality 
rates are Markovian while spot rates are not. To capture long-term persistence in mortality improvements, Zhou et al. (2022) 
introduce long-range dependence via fractional Brownian motion (fBM), and Chiu et al. (2026) further extend this framework 
by incorporating cointegration across multiple populations. These contributions primarily enhance the temporal dependence 
structure of mortality dynamics. Meanwhile, the focus of the present article is to address cross-cohort correlation. The pro
posed ADF models retain a Markovian affine structure, which preserves analytical tractability and enables estimation via 
Kalman filtering in the presence of incomplete cohort data. Extensions that combine age-dependent factor dynamics with 
richer temporal dependence structures, such as long-range dependence, represent a natural direction for future research.

Moreover, most of the existing models in the literature that use age-cohort data only use complete-cohort data to calibrate 
the model. A complete cohort refers to a cohort for which we have a full observation of the age range we are modeling (that is, 
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50 to 109). Therefore, individuals in these complete cohorts are over age 109, which means most of them have already passed 
away. Meanwhile, for younger cohorts still alive, we have only incomplete observations. Continuous-time mortality models in 
the literature often disregard these cohorts in the estimation procedure. However, these incomplete-cohort data contain more 
recent information on mortality evolution. Thus, utilizing incomplete cohort data leads to more accurate out-of-sample 
forecasts.

This article contributes to the literature by developing age-dependent and cohort-specific affine mortality models that 
address the key issues identified above. First, our models incorporate both age and calendar time dependence to improve fit 
and forecasting performance, especially at older ages. Second, we propose a new regularization method within the Kalman fil
tering framework to improve estimation of cohort correlations. By including a penalty term for deviations from the empirical 
cohort correlation matrix in the objective function, we enhance the ability of the model to estimate cohort correlations. Third, 
we develop a modified Kalman filtering algorithm to incorporate incomplete-cohort data into the estimation process. Unlike 
previous studies that rely solely on complete cohorts, which are typically from older generations, our method enables the use 
of more recent, partially observed cohort data, leading to improved forecasting for younger and future cohorts.

This article is structured as follows. Section 2 presents the framework of the proposed age-dependent affine mortality mod
els. Section 3 summarizes the construction of incomplete age-cohort mortality data. Section 4 explains the estimation tech
nique, including how we incorporate incomplete cohort data and add regularization. Section 5 discusses the goodness of fit 
and forecasting performance of the proposed mortality models. Section 6 analyses the estimated cohort correlation after incor
porating regularization. Section 7 concludes the article.

2. AGE-DEPENDENT AFFINE MORTALITY MODELS
We study two categories of age-dependent affine mortality models. The first category of models assumes that the coeffi

cients of the factors are age-dependent, namely the ADC models. The other category of models assumes that the factors them
selves are age-dependent by allowing age-dependent drift and volatility terms in the SDE, thus called the ADF models.

Consider a filtered probability space ðX,F , fF tgt�0, QÞ; where X is the sample space, F is a r-algebra on X; Q is a prob
ability measure on ðX,FÞ interpreted as the risk-neutral measure, and fF tgt�0 :¼ F is a right-continuous and Q-complete 
filtration.

We adopt a three-factor specification, as it has been shown to deliver strong empirical performance while maintaining man
ageable model complexity (Blackburn and Sherris 2013; Xu et al. 2020; Huang et al. 2022; Ungolo et al. 2024). Suppose that 
WQ

1 , WQ
2 , and WQ

3 are three independent standard Brownian motions defined on the probability space ðX,F , fF tgt�0, QÞ:
Furthermore, we assume that the filtration fF tgt�0 is the natural filtration generated by the Brownian motions:

F t :¼ r WQ
1 ðsÞ, W

Q
2 ðsÞ, W

Q
3 ðsÞ

� �>
, 0 � s � t

� �

, t � 0:

We first develop the affine mortality model under the Q measure and then change to the real-world measure P in 
Subsection 2.3 for parameter estimation. Let Zðt, xÞ ¼ ðZ1ðt, xÞ, Z2ðt, xÞ, Z3ðt, xÞÞ> be a 3� 1 vector of the factors Ziðt, xÞ, i ¼
1, 2, 3 dependent on age x, which follows the SDE below:

dZðt, xÞ ¼ KQ x, Zðt, xÞð Þdt þ R x, Zðt, xÞð ÞdWQðtÞ, (1) 

where the drift KQð�Þ 2 R3�1 and the volatility Rð�Þ 2 R3�3 are functions that depend on time t, age x, and WQðtÞ ¼
ðWQ

1 ðtÞ, W
Q
2 ðtÞ, W

Q
3 ðtÞÞ

> is a 3� 1 vector of WQ
i ðtÞ for i ¼ 1, 2, 3:

The general frameworks of the two categories of three-factor age-dependent models are described in terms of the force of 
mortality as follows.

Definition 1. For ADC models, the force of mortality for a cohort born in year c and aged x ¼ t − c at time t is defined as 
lxðtÞ � lt−cðtÞ: 

lxðtÞ ¼
X3

i¼1

giðt − cÞZiðtÞ, (2) 

where the coefficients giðt − cÞ depend on the age x ¼ t − c which increases with time t for a given cohort born in year c, 
the factors ZiðtÞ depend on time t, and i ¼ 1, 2, 3 represent the three factors. The factors ZiðtÞ follow a simplified dynamics 
in which the latent factors do not depend on age: 
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dZðtÞ ¼ KQðZðtÞÞdt þ RðZðtÞÞdWQðtÞ, (3) 

which corresponds to a special case of Equation (1) with age-independent drift and volatility.

Definition 2. For ADF models, the force of mortality lxðtÞ of cohort aged x at time t is defined as 

lxðtÞ ¼
X3

i¼1

Ziðt, xÞ, (4) 

where the factors Ziðt, xÞ depend on the age x through the age-dependent drift and volatility terms in the SDE, and i ¼
1, 2, 3 represent the three factors.

The formulation of the ADF model is motivated by the literature on age-dependent drift and volatility and by empirical evi
dence that mortality dynamics vary across age, particularly at advanced ages where both the drift and volatility of mortality 
improvements differ markedly (Dahl 2004; Cairns et al. 2006; Wills and Sherris 2008; Chang and Sherris 2018).

Unlike ADC models, when specifying the ADF models, we separate the data into different age groups. The factors are then 
made dependent on age via a representative age in each given age group. The specifications will be explained in the following 
sections.

Following the standard results of affine models (Duffie et al. 2000), the survival probability Sxðt, TÞ for the cohort born in 
year c and aged x ¼ t − c at time t to survive to time T is represented as

Sxðt, TÞ ¼ EQ e−
Ð T

t
ls−cðsÞds

jF t

h i

¼ eB1ðt, T , xÞZ1ðt, xÞþB2ðt, T , xÞZ2ðt, xÞþB3ðt, T , xÞZ3ðt, xÞþAðt, T , xÞ,
(5) 

where Ziðt, xÞ and Biðt, T, xÞ; i ¼ 1, 2, 3 are the three factors and their factor loadings, respectively, and Aðt, T, xÞ is an 
adjustment term. The factor loadings Biðt, T, xÞ and adjustment term Aðt, T, xÞ are obtained as solutions to a system of ordin
ary differential equations (ODEs) that depend on the specification of Equation (1) and Equation (2) or (4).

2.1. ADC Models
The force of mortality lxðtÞ of a cohort born in year c and aged x ¼ t − c at time t is decomposed as shown in Equation (2). 

The construction of the coefficient functions giðt − cÞ follows one example in Schrager (2006) as

g1ðt − cÞ ¼ e−ag
1ðt−cÞ,

g2ðt − cÞ ¼ e−ag
2 t−c−b2ð Þ

2

,

g3ðt − cÞ ¼ eag
3ðt−cÞ,

8
>><

>>:

where ag
1; ag

2; ag
3; and bg

2 are positive constants. Thus, each factor affects different ages differently since g1ðt − cÞ decreases 
with age ðt − cÞ; g2ðt − cÞ is a concave function of age ðt − cÞ; and g3ðt − cÞ increases with age ðt − cÞ: Therefore, the coef
ficient g1ðt − cÞ targets the younger ages within the age range, g2ðt − cÞ targets the middle ages, and g3ðt − cÞ targets the 
older ages. For the factors ZiðtÞ; we allow them to be either a Gaussian process or a CIR process. The ADC Gaussian and 
CIR models fall within the framework in Jevti�c and Regis (2019). However, Jevti�c and Regis (2019) consider only the 
Gaussian specification, whereas we examine both Gaussian and Cox–Ingersoll–Ross (CIR) models in this article, which 
allows a comparison of distributional assumptions within a common structural framework.

2.1.1. ADC Gaussian Model
In the ADC Gaussian model, we assume the factors ZiðtÞ follow a Gaussian process. We let ZðtÞ be 3� 1 vector of the 

three factors ZiðtÞ; and a general form of the SDE is first defined under the risk-neutral measure Q:
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dZðtÞ ¼ KQðHQ − ZðtÞÞdt þ RdWQðtÞ

¼

kQ
1 0 0

0 kQ
2 0

0 0 kQ
3

0

B
B
@

1

C
C
A

h
Q
1

h
Q
2

h
Q
3

0

B
B
@

1

C
C
A −

Z1ðtÞ

Z2ðtÞ

Z3ðtÞ

0

B
@

1

C
A

2

6
6
4

3

7
7
5dt þ

r1 0 0

0 r2 0

0 0 r3

0

B
@

1

C
A

dWQ
1 ðtÞ

dWQ
2 ðtÞ

dWQ
3 ðtÞ

0

B
B
@

1

C
C
A, 

where for i ¼ 1, 2, 3; kQ
i are the rate of mean-reversion parameters, hQ

i are the long-term means, ri are the volatility parame
ters, and WQ

i ðtÞ are standard Brownian motions under the risk-neutral measure Q.
Using the Feynman-Kac formula on Equation (5) with S as the short-hand notation for St−cðt, TÞ yields

@S
@t
þ
X3

i¼1

@S
@Zi

kQ
i ðh

Q
i − ZiÞ

� �

þ
1
2

X3

i¼1

r2
i
@2S

@Z2
i

− lt−cðtÞS ¼ 0: (6) 

Meanwhile, from Equation (5) we also have

@S
@t
¼

@A
@t
þ
X3

i¼1

@Bi

@t
Zi

" #

S, (7) 

@S
@Zi
¼ BiS, (8) 

@2S

@Z2
i

¼ B2
i S: (9) 

Substituting Equations (7)–(9) into Equation (6) yields

@A
@t
þ
X3

i¼1

Bik
Q
i h

Q
i þ

1
2

X3

i¼1

r2
i B2

i þ
X3

i¼1

@Bi

@t
− Bik

Q
i − giðt − cÞ

� �

Zi ¼ 0: (10) 

We match the coefficients of Zi and the constant term to zero in Equation (10). Therefore, we derive the linear system of 
ODEs to solve for Aðt, TÞ and Biðt, TÞ:

@A
@t
¼ −

X3

i¼1

Bik
Q
i h

Q
i −

1
2

X3

i¼1

r2
i B2

i ,

@Bi

@t
¼ Bik

Q
i þ giðt − cÞ ðfor i ¼ 1, 2, 3Þ:

(11) 

The terminal conditions are AðT, TÞ ¼ 0 and BiðT, TÞ ¼ 0 for all models in this article as in Christensen et al. (2011) and 
Blackburn and Sherris (2013). Due to the presence of the B2

i term and the g2ðt − cÞ term, in general, an analytical solution to 
the above ODEs is not available. Therefore, we solve the system of ODEs numerically.1

1We select the “ode45()” function in MATLAB(R2021a) that enables us to obtain numerical solutions within a second.
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2.1.2. ADC CIR Model
The SDE of ZðtÞ is

dZðtÞ ¼
kQ

1 0 0
0 kQ

2 0
0 0 kQ

3

0

B
@

1

C
A

h
Q
1

h
Q
2

h
Q
3

0

B
@

1

C
A −

Z1ðtÞ
Z2ðtÞ
Z3ðtÞ

0

@

1

A

2

6
4

3

7
5dt þ

r1 0 0
0 r2 0
0 0 r3

0

@

1

A

ffiffiffiffiffiffiffiffiffiffi
Z1ðtÞ

p
0 0

0
ffiffiffiffiffiffiffiffiffiffi
Z2ðtÞ

p
0

0 0
ffiffiffiffiffiffiffiffiffiffi
Z3ðtÞ

p

0

B
@

1

C
A

dWQ
1 ðtÞ

dWQ
2 ðtÞ

dWQ
3 ðtÞ

0

B
@

1

C
A

¼ KQ HQ − ZðtÞ
� �

dt þ RD ZðtÞð ÞdWQðtÞ, 

where DðZðtÞÞ is a 3� 3 diagonal matrix with 
ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
on the ith column and row.

Using the Feynman-Kac formula in Equation (5), following the derivation in Subsection 2.1.1, we obtain the following 
Riccati system of ODEs to solve for Aðt, TÞ and Biðt, TÞ:

@A
@t
¼ −

X3

i¼1

Bik
Q
i h

Q
i ,

@Bi

@t
¼ −

1
2
r2

i B2
i þ Bik

Q
i þ giðt − cÞ ðfor i ¼ 1; 2; 3Þ:

(12) 

For the same reason, an analytical solution is not available due to the existence of the B2
i term and the g2ðt − cÞ term. 

Therefore, we also need to solve the system of ODEs numerically.

2.2. ADF Models
The force of mortality lxðtÞ of cohort aged x at time t is decomposed into the sum of age-dependent factors Ziðt, xÞ as shown 

in Equation (4). The vector Zðt, xÞ of age-dependent factors follow the SDE in Equation (1). We allow the factors Ziðt, xÞ, i ¼
1, 2, 3 to follow a Gaussian process or a CIR process.

2.2.1. ADF Gaussian Model
We extend the structure by allowing the drift and volatility terms to be age-dependent on the age index hx: For ADF models, 

we separate the data into two age groups, and the age index hx remains constant within one age group and is equal to the start
ing age of this age group. For example, if we split the data into two age groups ½50, 79� and ½80, 109�; then hx ¼ 50 when x 2
½50, 79�; and hx ¼ 80 when x 2 ½80, 109�: The drift KQð�Þ has a linear relationship with the age index hx; and the volatility 
changes exponentially with the age index hx and remains positive with the exponential function:

KQ x, Zðt, xÞð Þ ¼

aQ
1 þ bQ

1 hx 0 0

0 aQ
2 þ bQ

2 hx 0

0 0 aQ
3 þ bQ

3 hx

0

B
B
@

1

C
C
A

h
Q
1

h
Q
2

h
Q
3

0

B
B
@

1

C
C
A −

Z1ðt, xÞ

Z2ðt, xÞ

Z3ðt, xÞ

0

B
@

1

C
A

2

6
6
4

3

7
7
5,

R x, Zðt, xÞð Þ ¼

ec1þd1hx 0 0

0 ec2þd2hx 0

0 0 ec3þd3hx

0

B
@

1

C
A:

For simplicity, we set

aQ
1 þ bQ

1 hx 0 0

0 aQ
2 þ bQ

2 hx 0

0 0 aQ
3 þ bQ

3 hx

0

B
B
@

1

C
C
A ¼

kQ
1, x 0 0

0 kQ
2, x 0

0 0 kQ
3, x

0

B
B
B
@

1

C
C
C
A
¼ KQ

x , 

where kQ
i, x, i ¼ 1, 2, 3 represent the transition parameters. Since we keep the age within one age group to be a constant hx;

we can use the results for the factor loadings in Blackburn and Sherris (2013) and replace the constant parameters KQ and 
r with our age-dependent parameters:
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Biðt, T, xÞ ¼
1 − e−kQ

i, xðT−tÞ

−kQ
i, x

,

Aðt, T, xÞ ¼
1
2

X3

i¼1

ðeciþdihxÞ
2

ðkQ
i, xÞ

3

1
2

1 − e−2kQ
i, xðT−tÞ

� �
− 2 1 − e−kQ

i, xðT−tÞ
� �

þ kQ
i, xðT − tÞ

� �

, 

where kQ
i, x ¼ aQ

i þ bQ
i hx for i ¼ 1, 2, 3:

2.2.2. ADF CIR Model
In the case of the ADF CIR model, the drift and volatility terms are as follows:

KQ x, Zðt, xÞð Þ ¼

aQ
1 þ bQ

1 hx 0 0

0 aQ
2 þ bQ

2 hx 0

0 0 aQ
3 þ bQ

3 hx

0

B
B
@

1

C
C
A

Z1ðt, xÞ

Z2ðt, xÞ

Z3ðt, xÞ

0

B
@

1

C
A −

h
Q
1

h
Q
2

h
Q
3

0

B
B
@

1

C
C
A

2

6
6
4

3

7
7
5,

R x, Zðt, xÞð Þ ¼

ec1þd1hx 0 0

0 ec2þd2hx 0

0 0 ec3þd3hx

0

B
@

1

C
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z1ðt, xÞ

p
0 0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2ðt, xÞ

p
0

0 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z3ðt, xÞ

p

0

B
B
@

1

C
C
A:

Within each age group with the same age index hx; we can also replace the constant parameters in Geyer and Pichler (1999); 
Chen and Scott (2003); and Huang et al. (2022) with our age-dependent parameters, which yields the factor loadings below:

Biðt, T, xÞ ¼ −
2 eci, xðT−tÞ − 1ð Þ

kQ
i, x þ ci, x

� �

eci, xðT−tÞ − 1ð Þ þ 2ci, x

,

Aðt, T, xÞ ¼
X3

i¼1

2kQ
i, xh

Q
i

ðeciþdihxÞ
2 ln

2ci, x exp
kQ

i, xþci, x

� �
ðT−tÞ

2

� �

kQ
i, x þ ci, x

� �

eci, xðT−tÞ − 1ð Þ þ 2ci, x

2

6
6
4

3

7
7
5, 

where ci, x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðkQ
i, xÞ

2
þ 2ðeciþdihxÞ

2
q

for i ¼ 1, 2, 3:

2.3. Change of Measure
We apply Girsanov’s theorem to change from the risk-neutral measure Q to the real-world measure P, thereby accommodat

ing historical mortality data over time. We have the following relationship between the risk-neutral measure Q and the real- 
world measure P:

dWQðtÞ ¼ dWPðtÞ þ KMðtÞdt, 

where WPðtÞ is a 3� 1 vector of three standard Brownian motions under the real-world measure P, and KMðtÞ is the market 
price of risk. Following Blackburn and Sherris (2013) and Huang et al. (2022), we define the mortality risk premium to be 
as follows: 

KMðtÞ ¼
k0 þ k1ZðtÞ for Gaussian models;

D ZðtÞð Þk0 for CIR models;

(

where KMðtÞ 2 R3�1, k0 2 R3�1; and k1 2 R3�3:

Proposition 1. For the ADC Gaussian model, after the change of measure, the SDE of the factor ZðtÞ can be represented as 

dZðtÞ ¼ KP HP − ZðtÞ
� �

dt þ RdWPðtÞ, (13) 
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and for the ADC CIR model, the SDE after the change of measure is represented as 

dZðtÞ ¼ KP HP − ZðtÞ
� �

dt þ RD ZðtÞð ÞdWPðtÞ: (14) 

where KP is a 3� 3 diagonal matrix of the rate of mean-reversion, HP is a 3� 1 vector of the long-term mean, and WPðtÞ
is a 3� 1 vector of three standard Brownian motions under the real-world measure P. The detailed definitions of KP and 
HP can be found in Appendices A.1 and A.2.

We assume both HQ and HP are zero vectors for practical and identificational reasons. We note that mortality rates are 
exponential rather than mean-reverting processes, consistent with Luciano and Vigna (2008) and Blackburn and Sherris 
(2013). Allowing for non-zero long-term means introduces six additional parameters and therefore increases model 
complexity. However, these parameters are weakly identified and lead to less robust calibration, regardless of whether the 
Feller condition is imposed in the CIR specification as a calibration constraint, without providing material improvements in 
either in-sample fit or out-of-sample forecasting performance. Furthermore, as displayed in Table 9, the estimated mean-rever
sion speeds are extremely small, so the latent factors behave effectively as non-mean-reverting over empirically relevant hori
zons. As a result, imposing zero long-term mean vectors has a negligible practical impact while improving estimation 
robustness.

Proof. See Appendix A.1 and A.2.                                                                                                                            �

Proposition 2. For ADF models, we have more than one age group, and for cohorts in the same age group that start with age x. For 
the ADF Gaussian model, the SDE of the factor Zðt, xÞ after change of measure can be represented as 

dZðt, xÞ ¼ KP
x HP − Zðt, xÞ
� �

dt þ RxdWPðtÞ, (15) 

and for the ADF CIR model, the SDE after the change of measure is represented as 

dZðt, xÞ ¼ KP
x HP − Zðt, xÞ
� �

dt þ RxD Zðt, xÞð ÞdWPðtÞ: (16) 

For the same reason as in ADC models, we assume both HQ and HP are zero vectors. Since we only have two age groups, we are 
able to represent the KP in terms of aP

i and bP
i as follows: 

KP
x ¼

aP
1 þ bP

1 hx 0 0

0 aP
2 þ bP

2 hx 0

0 0 aP
3 þ bP

3 hx

0

B
@

1

C
A:

Proof. See Appendix A.3 and A.4.                                                                                                                            �

2.4. The Cohort Correlation
Cohort correlation can be easily modeled under the age dependence framework. We calculate the correlation between the 

infinitesimal change dlxðtÞ of different cohorts to obtain the cohort correlation between the change in the mortality rates at 
time t.

2.4.1. The ADC Gaussian Model
For ADC models, we need to first use Itô’s formula to obtain the SDE for the mortality intensities dlxðtÞ:

8 Y. ZHOU ET AL.



Lemma 1. For the ADC Gaussian model, the SDE of the mortality intensity is represented as 

dlxðtÞ ¼
X3

i¼1

giðt − cÞ −~kiðt − cÞZiðtÞdt þ ridWP
i ðtÞ

h i

, 

where ~kiðt − cÞ ¼ ðkP
i − g0iðt−cÞ

giðt−cÞÞ for notational convenience, and g0iðt − cÞ represents @giðt−cÞ
@t :

Proof. See Appendix B.1.                                                                                                                                       �

Proposition 3. For the ADC Gaussian model, the instantaneous cohort correlation between cohort m and n conditional on the 
information up to time t is 

q dlmðtÞ, dlnðtÞjF tð Þ ¼
r2

1g1ðmÞg1ðnÞ þ r2
2g2ðmÞg2ðnÞ þ r2

3g3ðmÞg3ðnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
1g1ðmÞ

2
þ r2

2g2ðmÞ
2
þ r2

3g3ðmÞ
2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
1g1ðnÞ

2
þ r2

2g2ðnÞ
2
þ r2

3g3ðnÞ
2

q :

The cohort correlation is the same under the risk-neutral measure Q, since the change of measure does not affect the correlation, and 
this applies to all four models.

Proof. From Lemma 1, the SDEs for the mortality intensities of two cohorts aged m and n at the same time t are

dlmðtÞ ¼
X3

i¼1

giðmÞ −~kiðt − cÞZiðtÞdt þ ridWP
i ðtÞ

h i

,

dlnðtÞ ¼
X3

i¼1

giðnÞ −~kiðt − cÞZiðtÞdt þ ridWP
i ðtÞ

h i

, 

from which we obtain the cohort correlation by calculating the correlation between the two SDEs

q dlmðtÞ, dlnðtÞjF tð Þ

¼
Cov dlmðtÞ, dlnðtÞjF tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðdlmðtÞjF tÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðdlnðtÞjF tÞ

p

¼
r2

1g1ðmÞg1ðnÞ þ r2
2g2ðmÞg2ðnÞ þ r2

3g3ðmÞg3ðnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
1g1ðmÞ

2
þ r2

2g2ðmÞ
2
þ r2

3g3ðmÞ
2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
1g1ðnÞ

2
þ r2

2g2ðnÞ
2
þ r2

3g3ðnÞ
2

q :

�

2.4.2. The ADC CIR Model

Lemma 2. For the ADC CIR model, the SDEs for the mortality intensities of two cohorts aged m and n at the same time t are shownas 

dlmðtÞ ¼
X3

i¼1

giðmÞ −~kiðt − cÞZiðtÞdt þ ri

ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
dWP

i ðtÞ
h i

,

dlnðtÞ ¼
X3

i¼1

giðnÞ −~kiðt − cÞZiðtÞdt þ ri

ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
dWP

i ðtÞ
h i

:

Proof. See Appendix B.2.                                                                                                                                       �
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Proposition 4. For the ADC CIR model, the cohort correlation between cohorts aged m and n conditional on the information up to 

time t is 

q dlmðtÞ, dlnðtÞjF tð Þ ¼
Jðt, m, nÞ
Kðt, m, nÞ

, 

where 

Jðt, m, nÞ ¼ r2
1g1ðmÞg1ðnÞZ1ðtÞ þ r2

2g2ðmÞg2ðnÞZ2ðtÞ þ r2
3g3ðmÞg3ðnÞZ3ðtÞ,

Kðt, m, nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
1g1ðmÞ

2Z1ðtÞ þ r2
2g2ðmÞ

2Z2ðtÞ þ r2
3g3ðmÞ

2Z3ðtÞ
q

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
1g1ðnÞ

2Z1ðtÞ þ r2
2g2ðnÞ

2Z2ðtÞ þ r2
3g3ðnÞ

2Z3ðtÞ
q

:

Proof. The calculations are similar to those presented in the proof of Proposition 3, using the SDEs for the mortality intensities 
presented in Lemma 2.                                                                                                                          �

Compared with the Gaussian model, the CIR model has the advantage that the correlations are truly specific to cohorts as 
the term ZiðtÞ enters into the correlation equation and brings in the dimension of time t. Therefore, for CIR models, we have 
specified both ages m, n and the time t, making the cohort correlation expression time-inhomogeneous and specific to the 
cohorts. Meanwhile, for the Gaussian model, the cohort correlation is time-homogeneous and thus age-difference correlation.

2.4.3. The ADF Gaussian Model

Lemma 3. For the ADF Gaussian model, the SDEs for the mortality intensities of cohort aged m and n at time t that belong to age 

groups with age indexes hm and hn are 

dlmðtÞ ¼
X3

i¼1

− aP
i þ bP

i hm

� �
Ziðt, hmÞdt þ eciþdihm dWP

i ðtÞ
h i

,

dlnðtÞ ¼
X3

i¼1

− aP
i þ bP

i hn

� �
Ziðt, hnÞdt þ eciþdihn dWP

i ðtÞ
h i

:

Proof. Using Itô’s Lemma on Equation (4), where Ziðt, hxÞ satisfies the SDEs in Equation (15)

dlxðtÞ ¼
X3

i¼1

dZiðt, hxÞ

¼
X3

i¼1

− aP
i þ bP

i hx

� �
Ziðt, hxÞdt þ eciþdihx dWP

i ðtÞ:

�

Proposition 5. For the ADF Gaussian model, the correlation between cohorts aged m and n conditional on the information up to time t is 

q dlmðtÞ, dlnðtÞjF tð Þ ¼
e2c1þd1ðmþnÞ þ e2c2þd2ðmþnÞ þ e2c3þd3ðmþnÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2ðc1þd1mÞ þ e2ðc2þd2mÞ þ e2ðc3þd3mÞ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2ðc1þd1nÞ þ e2ðc2þd2nÞ þ e2ðc3þd3nÞ
p :

Proof. The calculations are similar to those presented in the proof of Proposition 3, using the SDEs for the mortality intensities 
presented in Lemma 3. We replace the age index hx with the actual age x to smooth the inter-group cohort correlation.   �
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2.4.4. The ADF CIR Model

Lemma 4. For the ADF CIR model, the SDEs for the mortality intensities of cohorts aged m and n at time t that belong to age groups 
with age indexes hm and hn are 

dlmðtÞ ¼
X3

i¼1

− aP
i þ bP

i hm

� �
Ziðt, hmÞdt þ eciþdihm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ziðt, hmÞ

p
dWP

i ðtÞ
h i

,

dlnðtÞ ¼
X3

i¼1

− aP
i þ bP

i hn

� �
Ziðt, hnÞdt þ eciþdihn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ziðt, hnÞ

p
dWP

i ðtÞ
h i

:

Proof. Use Itô’s Lemma on Equation (4), where Ziðt, hxÞ satisfies the SDEs in Equation (16).                                                    �

Proposition 6. For the ADF CIR model, the correlation between cohorts aged m and n conditional on the information up to time t is 

q dlmðtÞ, dlnðtÞjF tð Þ ¼
Jðt, m, nÞ
Kðt, m, nÞ

, 

where 

Jðt, m, nÞ ¼ e2c1þd1ðmþnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z1ðt, mÞZ1ðt, nÞ

p
þ e2c2þd2ðmþnÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2ðt, mÞZ2ðt, nÞ

p

þe2c3þd3ðmþnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z3ðt, mÞZ3ðt, nÞ

p
,

Kðt, m, nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2ðc1þd1mÞZ1ðt, mÞ þ e2ðc2þd2mÞZ2ðt, mÞ þ e2ðc3þd3mÞZ3ðt, m

p
Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2ðc1þd1nÞZ1ðt, nÞ þ e2ðc2þd2nÞZ2ðt, nÞ þ e2ðc3þd3nÞZ3ðt, nÞ

p
:

Proof. The calculations are similar to those presented in the proof of Proposition 3, using the SDEs for the mortality intensities 
presented in Lemma 4. We replace the age index hx with the actual age x to smooth the inter-group cohort correlation.   �

The previous argument on the time-inhomogeneous cohort correlation of the CIR model holds under the setting of ADF models.

3. DATA: CONSTRUCTION OF INCOMPLETE AGE-COHORT DATA
Mortality data for males from four countries: Australia, Denmark, the United Kingdom (UK), and the United States of 

America (USA) obtained from the Human Mortality Database (2022) (HMD) are used in this research. The age range is 50– 
109, and the ranges of calendar years are 1921–2020 for Australia, 1920–2021 for Denmark, 1933–2020 for the UK, and 
1922–2020 for the USA depending on data availability.2

We first obtain the age-period-based mortality data from the HMD, but age-cohort data is required since we aim to model 
the survival probability for each cohort. Since the age of a cohort i increases by 1 as the time moves forward by 1, we need to 
take along the diagonal of the mortality table to obtain the age-cohort data. The survival probability Sxðt, TÞ for a cohort aged 
x at time t to survive to time T is

Sxðt, TÞ ¼
YT−t

s¼1

1 − qðxþ s − 1, t þ s − 1Þ½ �,

�lxðt, TÞ ¼ −
1

T − t
log Sxðt, TÞ½ �, 

2The slight inconsistency in the calendar year ranges across countries reflects differences in when data became available for each country.
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where qðx, tÞ is the probability of dying within one year for a cohort aged x at time t, and �lxðt, TÞ is the average force of 
mortality of the cohort from time t to T.

We denote the range of the year of birth of cohorts as ½c0, cmax�; the range of age as ½x0, xmax�; and thus the range of calendar 
years as ½t0, tmax�; where t0 ¼ c0 þ x0; tmax ¼ cmax þ xmax for complete-cohort data only, and tmax ¼ cmax þ x0 including the 
incomplete-cohort data. We also denote Nt ¼ tmax − t0 þ 1 the number of time points, Nx ¼ xmax − x0 þ 1 the number of ages, 
and Nc ¼ cmax − c0 þ 1 the number of cohort years of birth.

Figure 1 shows the example of the Australian cohort average force of mortality for males. As we can see, the cohort axis 
represents the year of birth of the cohorts. From how we construct cohort data, we know that the recent cohorts, for example, 
the cohort born in 1951 and aged 69 in 2020, only have incomplete observation because they have not experienced the age 70– 
109. Therefore, in Figure 1, there are triangular incomplete-cohort data after the complete cohorts.

Figure 2 shows the full cohort data of survival probabilities from age 50 that includes the triangular incomplete-cohort data.                    

FIGURE 1. Australian Cohort Average Force of Mortality for Males Born between 1871 and 1970, from Age 50 to 109: Surface Plot and Heatmap.

FIGURE 2. Australian Cohort Survival Probabilities for Males Born between 1871 and 1970, from Age 50 to 109: Surface Plot and Heatmap.
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From Figure 2(b), we observe that the mortality has improved significantly for cohorts born after 1911, especially around age 
60–80, as evidenced by the darker shade of blue. However, for these cohorts, we only have incomplete observations. Hence, if 
we only use complete-cohort data to calibrate the model, we will miss some important features in the recent mortality data and 
thus reduce the forecasting power of the model. This leads us to use incomplete-cohort data to calibrate the model, and the 
detailed algorithm will be introduced in Section 4.

4. ESTIMATION TECHNIQUE
We use the Kalman filter (Kalman 1960) to estimate the parameters of the mortality models. Kalman filtering can be used 

to estimate the model parameters by sequentially updating the parameters and maximizing the log-likelihood function, and this 
technique has been applied in Christensen et al. (2011); Blackburn and Sherris (2013); Xu et al. (2020); and Huang et al. 
(2022) to estimate the parameters under the affine framework. We propose an extension of this technique which can accommo
date incomplete-cohort data to improve the forecasting ability of the model. We also add regularization to improve the 
goodness of fit to empirical cohort correlation. Moreover, for ADF models, we separate two age groups and sum their log-like
lihood, and we include another regularization term to improve the smoothness of survival curves at the joint of the two age 
groups. The procedure is described below.

4.1. General Framework
By transforming Equation (5) into vector form, the average force of mortality for all age-dependent models can be repre

sented as

�lxðt, TÞ ¼ −
1

T − t
log Sxðt, TÞ½ � ¼ B>Zt þ A, (17) 

where B ¼ − 1
T−t ½B1ðt, TÞ, B2ðt, TÞ, B3ðt, TÞ�>; A ¼ − 1

T−t Aðt, TÞ; and Zt ¼ ½Z1ðtÞ, Z2ðtÞ, Z3ðtÞ�
>
:

We introduce measurement error et into Equation (17) as in Blackburn and Sherris (2013) to obtain the measurement equa
tion, represented as 

�lxðt, TÞ ¼ B>Zt þ Aþ et:

Meanwhile, we discretise SDEs of Zt in Propositions 1 and 2 and introduce transition error gt: Since we have HP ¼ 0; the 
state transition equation is represented as

Zt ¼ UZt−1 þ gt, (18) 

where U ¼ e−KP
: The error structure is represented as

gt

et

� �

� N
0
0

� �

,
Qe 0
0 Re

� �� �

, 

where Qe and Re are the covariance matrices of the transition error and the measurement error, respectively.
According to Christensen et al. (2011), the transition error matrix Qe has the following representation for Gaussian models:

Qe ¼

ðDt

0
e−KPsRR>e− KPð Þ

>
sds, 

where we set Dt ¼ 1 representing one year.
Meanwhile, for CIR models, the transition error matrix Qe is a 3� 3 time-dependent diagonal matrix QeðtÞ; and we set the 

ith element on the diagonal Qe
i, iðtÞ to be

Qe
i, iðtÞ ¼ Ziðt − 1Þ

r2
i

kP
i

e−kP
i Dt − e−2kP

i Dt
� �

, 

AGE-DEPENDENT AFFINE MORTALITY MODEL 13



where we also set Dt ¼ 1: The above representation for CIR models is an approximation because the distribution of ZiðtÞ
conditional on Ziðt − 1Þ is a v2 distribution (Cox et al. 1985). The approach we use approximates the exact distribution with 
a Gaussian distribution that matches the first and second moments (Geyer and Pichler 1999; Chen and Scott 2003; Huang 
et al. 2022).

For the measurement error matrix Re; we use three parameters r1; r2; and rc to construct the following equation representing 
the increasing measurement error with age

Reðt, TÞ ¼
1

T − t

XT−t

i¼1

rc þ r1er2i
� �

, 

where r1; r2; and rc only take positive values.

4.2. The Kalman Filtering with Incomplete-Cohort Data
Let Yt denote the information up to time t, yt the vector of the average force of mortality for the cohort aged x at time t for 

all integer values of T − t; N the number of observations, and w the set of parameters. The best-estimated state factors and 
volatility matrix at time t conditional on the information at time t − 1 are

Ztjt−1 ¼ E ZtjYt−1½ � ¼ UðwÞZt−1,

Rtjt−1 ¼ UðwÞRt−1UðwÞ
>
þ QeðwÞ:

Then, use the information at time t to update the forecast

Zt ¼ E ZtjYt½ � ¼ Ztjt−1 þ Rtjt−1BðwÞ>F−1
t vt,

Rt ¼ Rtjt−1 − Rtjt−1BðwÞ>F−1
t BðwÞRtjt−1, 

where

vt ¼ yt − E ytjYt−1½ � ¼ yt − AðwÞ − BðwÞZtjt−1,

Ft ¼ cov vtð Þ ¼ BðwÞRtjt−1BðwÞ> þ ReðwÞ, 

UðwÞ ¼ e−KP
; BðwÞ; and AðwÞ are the factor loadings with the set of parameters w; and QeðwÞ and ReðwÞ are the transition 

error and measurement error matrices with the set of parameters w:
If at some time t we only have incomplete observation of yt of length m, then we shrink the size of AðwÞ; BðwÞ; vt; Ft to 

m� 1; m� 3; m� 1; m� m; respectively, by dropping the elements in the last rows or columns and take the above updating 
step.

The updating procedure gives the log-likelihood function

log l y1, :::, yT ; wð Þ ¼
XT

t¼1

−
N
2

log ð2pÞ −
1
2

log Ftð Þ −
1
2

v>t F−1
t vt

� �

, 

and the optimal parameter set is the one that maximizes the log-likelihood function. The built-in MATLAB optimization 
toolbox is used to maximize the objective function.

4.3. Separate Age Groups for ADF Models
For ADF models, the factors ai þ bihx and eciþdihx are constant if we do not separate the age groups. We can set the age to 

be t − c for the ADC models to have the age increasing as we integrate, but this implies that we need to recalculate the survival 
probability for each 1-year horizon with a different initial age, which will make the number of factors unreasonably high.

To this end, we consider ADF models where the factor dynamics depend on age groups, rather than individual ages. The 
idea of age grouping is to form the ages with a similar level of error into an age group to be estimated, and thus reduce 
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the error and at the same time estimate the age dependence relationship. Meanwhile, the number of age groups needs to reflect 
the age dependence, but also not too large to avoid introducing too many factors.

We decide to choose two age groups: age ½50 − 79�; and age ½80 − 109� because the mean absolute percentage errors 
(MAPEs) for survival probabilities start exploding from age 80 in our experiments and also as observed in the literature 
(Blackburn and Sherris 2013; Xu et al. 2020; Huang et al. 2022; Ungolo et al. 2024). Within each age group, the age index hx 

is assumed to remain constant as the starting age of this age group. For example, a cohort aged x ¼ 65 at time t belongs to the 
age group ½50 − 79� and thus h65 ¼ 50: With two age groups, we have three factors for each age group so a total of six factors, 
which is considered a reasonable number since the number of factors for a single-age-group model is normally between one to 
five (Dahl 2004; Biffis 2005; Blackburn and Sherris 2013; Ungolo et al. 2024). While a larger number of age groups could 
provide a finer presentation of age dependence, in the context of multi-factor affine models, such refinements come at a sub
stantial cost in terms of the number of parameters and estimation reliability. Increasing the number of age groups to three leads 
to nine latent factors and weakly identified parameters in calibration. For lower-dimensional specifications (for example, one 
or two-factor models), introducing additional age groups may be more feasible, and we acknowledge this as a potential direc
tion for future research.

Moreover, the most pronounced change in the drift and volatility structure of mortality dynamics occurs around age 80, 
which is consistent with the distinction between “young old” and “old old” (Smith et al. 2002). In line with Chang and Sherris 
(2018), the volatility of mortality rates appears to increase exponentially with age while remaining relatively stable up to 
around age 80. The two-age-group specification is therefore intended to capture this dominant structural difference while main
taining model parsimony. Beyond discrete age grouping, alternative formulations could also be considered within the ADF 
framework. One possibility is to allow the drift and volatility parameters of the latent factors to vary smoothly with age. 
Another approach is to introduce age-dependent regime-switching dynamics, in which the latent factors follow different sto
chastic laws across age-dependent regimes. While these alternatives would offer greater flexibility in capturing age heterogen
eity in mortality dynamics, they would substantially complicate the affine structure and the associated state-space 
representation, and are therefore beyond the scope of the present article.

Then, Kalman filtering can be used to estimate the parameters for each age group. If we implement the Kalman filter for 
each age group separately, it will result in different values of ai, bi, ci, di across the age groups. Since our goal is to estimate 
the same values of ai, bi, ci, di for both age groups, we propose the following approach.

We can set the objective function to be the sum of the likelihood functions for all age groups and run the optimization. The 
objective function is represented as

X

g2G

log l y1, :::, yT ; wð Þ ¼
X

g2G

XT

t¼1

wg −
N
2

log ð2pÞ −
1
2

log Ftð Þ −
1
2

v>t F−1
t vt

� �

, (19) 

where g 2 G ¼ f1, 2g is the notation for the two age groups, and wg represents the weight of the log-likelihood for age 
group g. In this work, we set equal weight w1 ¼ w2 ¼ 1: The next step involves running the Kalman filter to maximize the 
aggregate likelihood, which yields a set of constants ai, bi, ci, di for all age groups.

One constraint imposed during Kalman filtering is 0 < aP
i þ bP

i hx < 1 for hx ¼ 50 and 80 for ADF models, i ¼ 1, 2, 3; and 
0 < kP < 1 for ADC models, so that the processes of Zðt, xÞ are finite almost surely over the horizon considered.

4.4. Kalman Filtering with Regularization
4.4.1. Regularization of the Cohort Correlation

The objective function is represented as 

obj ¼ log l y1, :::, yT ; wð Þ − kr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

i, j

ðf̂ ði, jÞ − f ði, jÞÞ2
s

, 

where f̂ ði, jÞ is the estimated cohort correlation for a chosen calendar year which is 2000 in this article, f ði, jÞ is the empir
ical cohort correlation for the chosen calendar year, i, j ¼ 1, 2, 3, 4, 5 represent the selected cohorts aged 50, 60, 70, 80, 90 in 
year 2000 as presented in Figure 3, and kr is the regularization parameter controlling the weight of the penalty. The discus
sion on the choice of kr can be found in Section 6. The idea of regularizing the distance between the estimated and empir
ical cohort correlation is to obtain the estimated parameters which better estimate the cohort correlation.
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For each combination of cohort and age, we only have one point observation of the instantaneous force of mortality. 
Therefore, we first use the one-year probability of death qx at time t to approximate the force of mortality li

xðtÞ of cohort i 
aged x at time t. Then we take the difference to approximate the dynamics, and the change in the force of mortality is 
Dli

xðtÞ ¼ li
xþ1ðt þ 1Þ − li

xðtÞ: Finally, we use an 18-year upward horizon of age and approximate the empirical instantaneous 
cohort correlation as the figure below illustrates. The cohorts selected to build the empirical correlation matrix are those aged 
50, 60, 70; 80 and 90 in the calendar year 2000, and the selected cohorts along with their horizons are represented as the blue 
arrows in Figure 3. We choose an 18-year upward horizon because the empirical cohort correlation is calculated in year 2000, 
while the latest data is in year 2020 or 2021 depending on the country. This is reflected in Figure 3 that the arrows are close to 
the edge of the maximum available data. The motivation for this choice is to anchor the model-implied cohort correlation 
structure to the latest available mortality dynamics that are most relevant for forecasting, rather than to historical regimes that 
may no longer be representative of current mortality patterns. To assess the robustness of this choice, we repeat the regularized 
estimation using cohort correlations computed from alternative calendar years, and the results from these robustness checks 
can be found in Appendix D.

4.4.2. Regularization of Survival Curve Smoothness for ADF Models
For ADF models, we are interested in improving the smoothness of the survival curves at the joint point of the two age 

groups. Following the idea of Whittaker-Henderson smoothing (Bohlmann 1899; Whittaker 1922; Henderson 1924), we add 
an additional penalty term to the objective function of ADF models as follows:

obj ¼ log l y1, :::, yT ; wð Þ − kr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

i, j

ðf̂ ði, jÞ − f ði, jÞÞ2
s

− fr
Xt0þNc−1

t¼t0

XtþNx−1

T¼tþ3

r2Ŝx0ðt, TÞ
�
�

�
�2, (20) 

where fr controls the weight for the smoothness regularization penalty, Ŝxðt, TÞ is the estimated survival probability with 
the parameter set, and r represents the backward differencing operator rŜxðt, TÞ ¼ Ŝxðt, TÞ − Ŝxðt, T − 1Þ and r2Ŝxðt, TÞ ¼
rŜxðt, TÞ −rŜxðt, T − 1Þ: We select fr ¼ 100, 000 because the smoothness term is around the scale of 10−2: Therefore, the 
product of fr and the smoothness term is around the scale of 103; while the log-likelihood function is around the scale of 
104: This means the smoothness penalty impacts the likelihood function to a reasonable extent so that it is neither negligible 
nor outweighing.

5. ESTIMATION RESULTS
5.1. Model Estimation with Complete-Cohort Data

First, we calibrate the four models using only the complete-cohort data to compare with the existing models in the literature. 
We use the mean absolute percentage error (MAPE) to evaluate the goodness of fit of the models. In Blackburn and Sherris 
(2013), Huang et al. (2022), and Xu et al. (2020), the independent Gaussian affine mortality models that do not consider age 
dependence usually have MAPE of around 20–40% at age 100, which we aim to reduce by incorporating age dependence. The 
MAPEs for the survival probabilities of the four models calibrated using Australian male data are shown in Figure 4.

FIGURE 3. Differenced Force of Mortality Dli
xðtÞ: Blue Arrows from Left to Right Represent the Differenced Force of Mortality of Selected Cohorts Aged 

90, 80, 70, 60, and 50 Respectively in Year 2000 for the Calculation of Cohort Correlation. For Each Cohort, an 18-Year Upward Horizon in Age is Selected 
to Calculate the Cohort Correlation.
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We can see that the MAPE at age 100 is around 3% for the ADC Gaussian, ADC CIR, and ADF CIR models, and around 
12% for the ADF Gaussian model. We compare our MAPEs at age 100 to the models in the literature whose maximum age is 
100 and do not consider age dependence (Blackburn and Sherris 2013; Xu et al. 2020; Huang et al. 2022; Ungolo et al. 2024), 
and we find that the MAPEs in our age-dependent models are significantly lower in the vast majority of cases. The ADC CIR 
model performs the best in the MAPE at age 109, which yields MAPE at around 8%; followed by ADC Gaussian and ADF 
CIR models at around 35%; and by ADF Gaussian at around 80%: The MAPEs are higher at age 109 than at age 100 because 
the survival probabilities to age 109 are almost equal to zero (that is 10−5), making a tiny absolute difference in the estimated 
survival probability cause a large percentage error. From these results, we illustrate that adding age dependence to the mortal
ity model can improve the goodness of fit at very old ages.

5.1.1. Forecast Out-of-Sample Survival Probabilities from Complete-Cohort Data
We perform and out-of-sample test by simulating via the transition equation given in Equation (18). This test is performed 

for all models calibrated to Australian data. For each test, we perform the 1, 5, 10, and 20 years ahead forecast, and compare 
the forecast with the incomplete empirical data. The results are shown in Figure 5. The red dashed lines are the forecasted sur
vival probabilities, and the blue solid lines are the empirical ones. As we move forward in time, we enter the incomplete cohort 
portion of the data. Thus, the blue solid lines have missing values.

Table 1 displays the root mean squared error (RMSE) for different years ahead of forecast under different models. We 
observe from Table 1 that the RMSE increases as the forecasting time horizon increases. The RMSEs are below 0.01 for the 1- 
year ahead forecast, while they increase to around 0.1 for the 20-years ahead forecast. From Figure 5 and Table 1, we note that 
the models have relatively good out-of-sample performance in a short period horizon (that is, 1 and 5 years ahead). However, 
all models underestimate the survival probability to some extent, especially around age 60–80 in the 20-year ahead forecast. 
The reason for the underestimation is that the youngest cohort with complete observation was born 109 years ago, while mor
tality has improved significantly in the last 109 years, especially around age 60–80, as illustrated in Figure 2. This leads us to 
use incomplete-cohort data to calibrate the model, as we also discussed in Section 3.

5.2. Model Estimation with Manually Made Incomplete-Cohort Data
Before we use all the available incomplete-cohort data to fit the models, we are interested in testing the performance of the 

proposed method that shrinks the vector length in Kalman filtering to incorporate incomplete-cohort data. To achieve this, we 
intentionally make the complete-cohort data incomplete and calibrate the model, then compare the estimation results with the 
empirical data to see how well the missing data can be replicated.

We perform this test with Australian data and intentionally remove a 20� 20 triangle in the complete data, as shown in 
Figure 6.

Figure 7 shows the comparison between the estimation results from the models calibrated with the intentionally made 
incomplete data and the empirical complete data. From Figure 7, we can see that our proposed approach yields a very good 

FIGURE 4. MAPE for Australian Male Survival Probabilities: Models Estimated with Complete-Cohort Data.
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FIGURE 5. Forecasted vs Empirical Australian Male Survival Probabilities of out-of-Sample Cohorts: Models Estimated with Complete-Cohort Data.

TABLE 1 
RMSE of Forecasted Australian Male Survival Probabilities of Out-of-Sample Cohorts: Models Estimated with Complete- 

Cohort Data

Model 1 Year Ahead 5 Years Ahead 10 Years Ahead 20 Years Ahead

ADC Gaussian 0.0083 0.0140 0.0294 0.0985
ADC CIR 0.0098 0.0273 0.0531 0.1308
ADF Gaussian 0.0079 0.0190 0.0363 0.0925
ADF CIR 0.0084 0.0250 0.0506 0.1284
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estimate of the missing values. The four sub-figures are the cases when we have 1, 5, 10, and 20 intentionally made missing 
values. Even in the case when we have 20 missing values, our approach still replicates the missing data well. Table 2 shows 
the RMSEs for different models with different missing values, from which we can see the RMSEs are all below 0.01. 
Therefore, our approach provides a good way to fill up the missing values in the triangle of the incomplete-cohort data.

5.3. Model Estimation with All Available Incomplete-Cohort Data
Having illustrated the effectiveness of our approach to include incomplete cohorts, we now use all available incomplete- 

cohort data to calibrate the model. The MAPEs of the four models, when we set kr ¼ 1, 000 and fr ¼ 100, 000 and calibrated 
with Australian male mortality data, are shown in Figure 8. The discussion on the choice of kr and fr can be found in Section 
6 and Subsection 4.4 respectively, and the estimated parameters can be found in Appendix C.

We can see that all models have very low MAPEs before age 90. At age 100, the ADC Gaussian, ADF Gaussian, and ADF 
CIR models have very low MAPEs of around 8%: The ADC CIR model has MAPE of around 30% at age 100, as opposed to 
being the best-performing model using all the complete-cohort data, but still indicates a good fit. At age 109, the ADC 
Gaussian and ADF Gaussian models perform the best, while the ADC CIR and ADF CIR models have higher MAPEs. But 
since the survival probabilities to age 109 are almost equal to zero (at the level of 10−5) for our in-sample data, a slightly 
higher percentage error at age 109 does not mean much deviation from the estimation. Generally speaking, the MAPEs at old 
ages using incomplete-cohort data are higher than those using complete-cohort data because we are including the more recent 
incomplete cohorts that have missing data at old ages. Despite this, the MAPEs for all four models are still at a low level, indi
cating a nice goodness of fit.

5.3.1. Forecast Survival Probabilities from All Available Incomplete-Cohort Data
Having illustrated the goodness of fit of the models calibrated to all available incomplete-cohort data, we then use the esti

mated parameters to forecast the future survival probabilities from the youngest cohort we have, which is a much younger 
cohort compared to when the model is only calibrated with complete-cohort data. The idea is illustrated in Figure 9. We start 

FIGURE 6. Leaving out a 20� 20 Triangle from Complete-Cohort Data to Perform out-of-Sample Test.

TABLE 2 
RMSE of Australian Male Survival Probabilities: Models Estimated with Manually Made Incomplete-Cohort Data

Model 1 Missing Value 5 Missing Values 10 Missing Values 20 Missing Values

ADC Gaussian 0.0031 0.0039 0.0040 0.0027
ADC CIR 0.0038 0.0037 0.0023 0.0051
ADF Gaussian 0.0026 0.0019 0.0038 0.0016
ADF CIR 0.0019 0.0017 0.0030 0.0037
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the forecast from Cohort 100, while models in the literature calibrated with complete-cohort data can only start the forecast 
from Cohort 41. It has been illustrated in Figure 5 that models calibrated with only complete-cohort data underestimate the sur
vival probabilities for incomplete cohorts, while Figure 7 illustrates that our approach can effectively fill up the missing values 
for the incomplete cohorts.

The forecasting results are shown in Figure 10 which presents 1, 5, 10, and 20 years ahead forecasts. For all four models, 
we observe the mortality improvement since the survival probabilities are increasing over time. It is observed that the 
Gaussian models predict higher survival probabilities at the middle ages around 80 to 90, while the CIR models have a slightly 
higher tail at age 109. Note that for a 20 year ahead of forecast, the corresponding cohorts are people aged 30 now. The results 
in Figure 10 are obtained using regularization based on the cohort correlation in calendar year 2000, as shown in Figure 3. For 
robustness check, comparisons of 20-year ahead forecasts using models calibrated with cohort correlations calculated in calen
dar years 1980, 1990, and 2000 are reported in Appendix D.

FIGURE 7. Estimated vs Empirical Australian Male Survival Probabilities: Models Estimated with Manually Made Incomplete-Cohort Data.

20 Y. ZHOU ET AL.



6. ANALYSIS OF COHORT CORRELATION
With our estimated parameters and using the equations in Subsection 2.4, we can calculate the estimated correlation in 

2000 between cohorts aged 50, 60, 70, 80, and 90, which are the ones born in 1950, 1940, 1930, 1920, and 1910, respectively.
For the ADC Gaussian model, the cohort correlations for the cohorts aged 50, 60, 70, 80, and 90 in 2000 without regulariza

tion are displayed in Table 3.
Next, we wish to add regularization and make the estimated correlation matrix match the empirical one. We examine our 

models and find them to be applicable to other countries. Table 4 shows the results in Australia, Denmark, the UK, and the 
USA when we increase the regularization parameter kr: We measure the goodness of fit to the empirical cohort correlation 
matrix by the Frobenius norm, which is the square root of the sum of squared absolute errors of all elements.

For all four countries, the scale of the likelihood is around 20, 000; and the scale of the Frobenius norm is between 1 and 3. 
Therefore, we find that kr under 100 is too small to force the estimated correlation matrix to move toward the empirical one. 
Meanwhile, kr ¼ 10, 000 is too high and will worsen the goodness of fit to the mortality data very much. Therefore, we con
clude that kr at the scale of 1, 000 is the most suitable and does help with reducing the Frobenius norm. Through experiments, 
kr ¼ 1, 000 achieves a balance between these two, allowing for a substantial reduction in the Frobenius norm without overly 
sacrificing goodness of fit. We also find that the ADC Gaussian model produces the lowest Frobenius norm for three of the 
four countries, except for Denmark. We also note that the model that gives the highest Frobenius norm differs for different 
countries.

Tables 5–8 show the cohort correlation matrices of the four models in calendar year 2000 using Australian male data when 
we set kr ¼ 1, 000: The results of all four models support that the cohort correlation reduces as age difference increases. The 
smallest correlation for a 40-year age difference is given by the ADC Gaussian model at 0.1621, while the largest is given by 

FIGURE 9. Incomplete-Cohort Data and Illustration of Forecast.

FIGURE 8. MAPE for Australian Male Survival Probabilities: Incomplete Cohort.

AGE-DEPENDENT AFFINE MORTALITY MODEL 21



the ADC CIR model at 0.8303. Comparing the estimated cohort correlations with those in Jevti�c et al. (2013), Chang and 
Sherris (2018), and Xu et al. (2020), it can be found that the estimated cohort correlations in Jevti�c et al. (2013) are quite high 
and mostly above 0.95 for age differences from 0 to 50 so almost perfectly correlated, while in Xu et al. (2020) the estimated 
cohort correlations are mostly below 0.25. In Chang and Sherris (2018), the estimated cohort correlations fail to capture the 

FIGURE 10. Forecasted Australian Male Survival Probabilities: Models Estimated with All Available Incomplete-Cohort Data.

TABLE 3 
Estimated Australian Male Cohort Correlations between Ages 50 and 90 from the ADC Gaussian Model, kr ¼ 0

50 60 70 80 90

50 1 0.995924 0.924646 0.692869 0.529981
60 0.995924 1 0.955199 0.754992 0.604218
70 0.924646 0.955199 1 0.915237 0.812978
80 0.692869 0.754992 0.915237 1 0.978672
90 0.529981 0.604218 0.812978 0.978672 1

norm 1.9730

22 Y. ZHOU ET AL.



TABLE 4 
Frobenius Norm between Empirical and Estimated Cohort Correlations for Different kr in Australia, Denmark, UK, 

and USA

ADC Gaussian 0 100 1,000

Australia 1.9730 1.5357 1.5021
Denmark 3.0147 2.8969 2.7325
UK 1.5770 1.5525 1.2703
USA 1.4447 1.3655 1.2740

ADC CIR 0 100 1,000

Australia 2.7650 2.7126 2.5312
Denmark 3.2246 3.1914 2.5928
UK 2.5116 2.1969 1.5992
USA 2.5840 2.5744 1.4328

ADF Gaussian 0 100 1,000

Australia 2.2861 2.2835 2.2573
Denmark 2.6526 2.5515 2.4479
UK 2.4338 2.3418 1.4221
USA 2.2764 2.1555 2.1300

ADF CIR 0 100 1,000

Australia 1.9761 1.9704 1.7233
Denmark 3.0622 3.0081 2.9776
UK 1.9470 1.9318 1.8995
USA 1.9583 1.9106 1.5886

TABLE 5 
Estimated Australian Male Cohort Correlations between Age 50 and 90 from the ADC Gaussian Model, kr ¼ 1, 000

50 60 70 80 90

50 1 0.999301 0.939419 0.448329 0.162052
60 0.999301 1 0.951232 0.480029 0.197140
70 0.939419 0.951232 1 0.727035 0.489610
80 0.448329 0.480029 0.727035 1 0.954633
90 0.162052 0.197140 0.489610 0.954633 1

norm 1.5021

TABLE 6 
Estimated Australian Male Cohort Correlations between Age 50 and 90 from the ADC CIR Model, kr ¼ 1, 000

50 60 70 80 90

50 1 0.992099 0.962156 0.906185 0.830281
60 0.992099 1 0.988714 0.952054 0.893644
70 0.962156 0.988714 1 0.987122 0.950626
80 0.906185 0.952054 0.987122 1 0.987979
90 0.830281 0.893644 0.950626 0.987979 1

norm 2.5312
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trend that they should decrease as the age difference increases, as reflected in historical data. Therefore, it can be concluded 
that the approach proposed in this article that incorporates cohort correlation in parameter estimation provides estimated cohort 
correlations that are the closest to historical values and captures the trend that cohort correlations decrease as the age difference 
increases.

7. CONCLUSIONS
This article improves the affine mortality models by introducing age dependence into the model, with both Gaussian and 

CIR settings. We propose two categories of models, namely ADC and ADF models that incorporate age dependence from the 
factor coefficients or the drift and volatility in the SDEs of the factors, respectively. We derive the SDEs of the factor loadings 
for the ADC models, and we obtain the analytical solutions to the factor loadings for the ADF models. Our models are cali
brated to Australian male mortality data from age 50 to age 109, and our results show that adding age dependence into the 
model improves the goodness of fit of the models, especially at old ages.

Age-cohort mortality models are useful in actuarial applications since insurance products are issued to certain cohorts and 
are calculated on a cohort basis. However, existing literature utilizing age-cohort data to calibrate the model use only cohorts 
that have complete observation over the age horizon, making a great amount of data from the most recent cohorts unused. Our 
research extends the Kalman filtering algorithm to incorporate the more recent incomplete-cohort data in our model calibra
tion, and we show that the out-of-sample forecasts improve compared to only using the complete cohort data. In particular, it 
reduces the underestimation of the survival probabilities around ages 70–80 compared with when only complete age-cohort 
data is used. Furthermore, our estimated parameters for the ADF models also provide evidence that both the drift and volatil
ities increase with age.

Moreover, our age-dependent models allow us to derive closed-form solutions to the instantaneous cohort correlation for all 
four models because both the age and the calendar times are specified. Also, the CIR models have the advantage of being 
time-inhomogeneous and are therefore truly cohort-specific. To better capture empirical cohort correlation, we regularize the 
parameter estimation method by penalizing the difference between the estimated and empirical cohort correlations. We find 
that adding regularization to parameter estimation produces more realistic estimated cohort correlations. Furthermore, the 
multi-country analysis shows that in general, the cohort correlation reduces as age difference increases. Future research could 

TABLE 7 
Estimated Australian Male Cohort Correlations between Age 50 and 90 from the ADF Gaussian Model, kr ¼ 1, 000

50 60 70 80 90

50 1 0.983868 0.917261 0.796570 0.660012
60 0.983868 1 0.973715 0.891865 0.783748
70 0.917261 0.973715 1 0.971443 0.904608
80 0.796570 0.891865 0.971443 1 0.979911
90 0.660012 0.783748 0.904608 0.979911 1

Norm 2.2573

TABLE 8 
Estimated Australian Male Cohort Correlations between Age 50 and 90 from the ADF CIR Model, kr ¼ 1, 000

50 60 70 80 90

50 1 0.975172 0.795162 0.525680 0.301748
60 0.975172 1 0.909699 0.700172 0.505138
70 0.795162 0.909699 1 0.932021 0.817651
80 0.525680 0.700172 0.932021 1 0.968788
90 0.301748 0.505138 0.817651 0.968788 1

norm 1.7233
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extend this framework by allowing both the coefficients and factors to be age-dependent, thereby enhancing the ability to cap
ture age-specific mortality dynamics. Additionally, the insights from this study on cohort correlations can be extended to 
mutual mortality-sharing products involving multiple cohorts within a single risk pool.
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APPENDIX A. CHANGE OF MEASURE

A.1. Proof of Proposition 1: ADC Gaussian Model
Following Blackburn and Sherris (2013), we define the market price of risk KMðtÞ for the Gaussian model to be:

KMðtÞ ¼ k0 þ k1ZðtÞ, 

where KMðtÞ 2 R3�1, k0 2 R3�1 and k1 2 R3�3: We assume that Novikov’s condition is satisfied such that 

EP exp 1
2

Ð T
0 KMðsÞ2ds

� �h i

<1: By Girsanov’s theorem, we have the following relationship between the risk-neutral meas

ure Q and the real-world measure P:

dWQðtÞ ¼ dWPðtÞ þ KMðtÞdt, 

where WPðtÞ is a 3� 1 vector of three standard Brownian motions under the real-world measure P.
Then, the SDE of the factor ZðtÞ can be represented as:

dZðtÞ ¼ KQHQ − KQZðtÞ
� �

dt þ R k0 þ k1ZðtÞ½ �dt þ RdWPðtÞ

¼ KQHQ þ Rk0

� �
dt − KQ − Rk1

� �
ZðtÞdt þ RdWPðtÞ

¼ ðKQ − Rk1Þ ðK
Q − Rk1Þ

−1
ðKQHQ þ Rk0Þ − ZðtÞ

h i

dt þ RdWPðtÞ

¼ KP HP − ZðtÞ
� �

dt þ RdWPðtÞ, 

where KP ¼ ðKQ − Rk1Þ; HP ¼ ðKQ − Rk1Þ
−1
ðKQHQ þ Rk0Þ; and ðKQ − Rk1Þ is assumed to be invertible. The above struc

ture allows us to assume both HQ and HP are equal to zero when we set k0 to be a zero vector.

26 Y. ZHOU ET AL.

https://doi.org/10.2202/2153-3792.1115
https://doi.org/10.2202/2153-3792.1115
https://doi.org/10.1111/j.1539-6975.2005.00134.x
https://doi.org/10.1111/j.1539-6975.2005.00134.x
https://doi.org/10.1016/j.insmatheco.2005.12.001
https://doi.org/10.1016/j.insmatheco.2005.06.013
https://doi.org/10.1111/1540-4560.00286
https://doi.org/10.1111/1540-4560.00286
https://doi.org/10.1080/10920277.2023.2238793
https://doi.org/10.1017/S0013091500077853
https://doi.org/10.1080/03461238.2019.1696223
https://doi.org/10.1080/03461238.2019.1696223
https://doi.org/10.1016/j.insmatheco.2022.07.006
https://doi.org/10.1016/j.insmatheco.2022.07.006
https://doi.org/10.1287/opre.2021.2255


A.2. Proof of Proposition 1: ADC CIR Model
Following Huang et al. (2022), the market price of risk KMðtÞ for the CIR model is:

KMðtÞ ¼ D ZðtÞð Þk0,

dWQðtÞ ¼ dWPðtÞ þ KMðtÞdt, 

where k0 ¼

k0
1

k0
2

k0
3

0

B
@

1

C
A 2 R3�1; and Novikov’s condition EP exp 1

2

Ð T
0 KMðsÞ2ds

� �h i

<1 is assumed to be satisfied.

dZðtÞ ¼ KQ HQ − ZðtÞ
� �

dt þ RD ZðtÞð Þ dWPðtÞ þ KMðtÞdt
� �

¼ KQ HQ − ZðtÞ
� �

dt þ RD ZðtÞð Þ D ZðtÞð Þk0dt þ dWPðtÞ
� �

¼ KQHQ − KQZðtÞ þ RD2 ZðtÞð Þk0
� �

dt þ RD ZðtÞð ÞdWPðtÞ

¼ KQHQ − KQ − RK0ð ÞZðtÞ
h i

dt þ RD ZðtÞð ÞdWPðtÞ

¼ KQ − RK0ð Þ ðKQ − RK0Þ
−1KQHQ − ZðtÞ

h i

dt þ RD ZðtÞð ÞdWPðtÞ

¼ KP HP − ZðtÞ
� �

dt þ RD ZðtÞð ÞdWPðtÞ, 

where

KP ¼ KQ − RK0, HP ¼ ðKQ − RK0Þ
−1KQHQ ¼ ðKPÞ

−1KQHQ, K0 ¼

k0
1 0 0

0 k0
2 0

0 0 k0
3

0

B
B
@

1

C
C
A, 

and KP ¼ KQ − RK0 is assumed to be invertible.

A.3. Proof of Proposition 2: ADF Gaussian Model
For cohorts in the same age group starting with age x, using the results in the ADC Gaussian model, the SDE of the factor 
Zðt, xÞ can be represented as:

dZðt, xÞ ¼ KQ
x HQ − KQ

x Zðt, xÞ
� �

dt þ Rx k0 þ k1Zðt, xÞ
� �

dt þ RxdWPðtÞ

¼ KQ
x − Rxk

1
� �

ðKQ
x − Rxk

1Þ
−1
ðKQ

x HQ þ Rxk
0Þ − Zðt, xÞ

h i

dt þ RxdWPðtÞ

¼ KP
x HP − Zðt, xÞ
� �

dt þ RxdWPðtÞ:

where HP ¼ ðKQ
x − Rxk

1Þ
−1
ðKQ

x HQ þ Rxk
0Þ; and ðKQ

x − Rxk
1Þ is assumed to be invertible. The above structure allows us to 

assume both HQ and HP are equal to zero when we set k0 ¼ 0:

A.4. Proof of Proposition 2: ADF CIR Model
Similar to the ADC CIR model, we set

KMðtÞ ¼ D Zðt, xÞð Þk0
x ,

dWQðtÞ ¼ dWPðtÞ þ KMðtÞdt, 

where k0
x ¼

k0
1, x

k0
2, x

k0
3, x

0

B
@

1

C
A 2 R3�1; and it is chosen to make KMðtÞ indifferent between the two age groups.
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Then, for cohorts in the same age group that start with age x,

dZðt, xÞ ¼ KQ
x HQ − Zðt, xÞ
� �

dt þ RxD Zðt, xÞð Þ dWPðtÞ þ KMðtÞdt
� �

¼ KQ
x − RxK

0
x

� �

ðKQ
x − RxK

0
xÞ

−1KQ
x HQ − Zðt, xÞ

h i

dt þ RxD Zðt, xÞð ÞdWPðtÞ

¼ KP
x HP − Zðt, xÞ
� �

dt þ RxD Zðt, xÞð ÞdWPðtÞ, 

where

KP
x ¼ KQ

x − RxK
0
x , HP ¼ ðKP

x Þ
−1KQ

x HQ, K0
x ¼

k0
1, x 0 0

0 k0
2, x 0

0 0 k0
3, x

0

B
B
@

1

C
C
A, 

and KP ¼ KQ − RK0 is assumed to be invertible. For the same reason as in the previous models, we assume both HQ and 
HP are equal to zero.

APPENDIX B. SDES OF THE FORCE OF MORTALITY FOR ADC MODELS

B.1. ADC Gaussian Model
For ADC Gaussian model, using Ito’s lemma, the SDE for the mortality intensities of cohort aged t − c at time t is:

dlt−cðtÞ ¼
@l

@t
dt þ

X3

i¼1

@l

@Zi
dZiðtÞ þ

1
2
@2l

@Z2
i

ðdZiðtÞÞ
2

" #

, 

where

@l

@t
¼
X3

i¼1

@giðt − cÞ
@t

ZiðtÞ ðlater we use g0iðt − cÞ to represent
@giðt − cÞ

@t
Þ,

@l

@Zi
¼ giðt − cÞ,

@2l

@Z2
i

¼ 0:

Therefore, the SDE of dlt−cðtÞ becomes:

dlt−cðtÞ ¼
X3

i¼1

@giðt − cÞ
@t

ZiðtÞdt þ
X3

i¼1

giðt − cÞdZiðtÞ

¼
X3

i¼1

g0iðt − cÞZiðtÞdt þ giðt − cÞ kP
i ðh

P
iP − ZiðtÞÞ

h i

dt þ giðt − cÞridWP
i ðtÞ

¼
X3

i¼1

giðt − cÞ
g0iðt − cÞ
giðt − cÞ

ZiðtÞ þ kP
i ðh

P
i − ZiðtÞÞ

h i� �

dt þ ridWP
i ðtÞ

� �

¼
X3

i¼1

giðt − cÞ kP
i −

g0iðt − cÞ
giðt − cÞ

� �
kP

i h
P
i

kP
i − g0iðt−cÞ

giðt−cÞ

� � − ZiðtÞ

2

4

3

5dt þ ridWP
i ðtÞ

2

4

3

5

¼
X3

i¼1

giðt − cÞ − kP
i −

g0iðt − cÞ
giðt − cÞ

� �

ZiðtÞdt þ ridWP
i ðtÞ

� �

, 
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where we can think kP
i hP

i

ðkP
i −

g0
i
ðt−cÞ

giðt−cÞÞ

as a mean reversion parameter, and it is 0 because we set hP
i ¼ 0; and we can set ~kiðt − cÞ ¼

kP
i − g0iðt−cÞ

giðt−cÞ

� �

to simplify the equations.

Therefore, the SDE is simplified to be:

dlxðtÞ ¼
X3

i¼1

giðxÞ −~kiðt − cÞZiðtÞdt þ ridWP
i ðtÞ

h i

:

B.2. ADC CIR Model
Similarly, for the CIR model, the SDE becomes

dlt−cðtÞ ¼
X3

i¼1

@giðt − cÞ
@t

ZiðtÞdt þ
X3

i¼1

giðt − cÞdZiðtÞ

¼
X3

i¼1

g0iðt − cÞZiðtÞdt þ giðt − cÞ kP
i ðh

P
i − ZiðtÞÞ

h i

dt þ giðt − cÞri

ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
dWP

i ðtÞ

¼
X3

i¼1

giðt − cÞ
g0iðt − cÞ
giðt − cÞ

ZiðtÞ þ kP
i ðh

P
i − ZiðtÞÞ

h i� �

dt þ ri

ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
dWP

i ðtÞ

� �

¼
X3

i¼1

giðt − cÞ kP
i −

g0iðt − cÞ
giðt − cÞ

� �
kP

i h
P
i

kP
i − g0iðt−cÞ

giðt−cÞ

� � − ZiðtÞ

2

4

3

5dt þ ri

ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
dWP

i ðtÞ

2

4

3

5

¼
X3

i¼1

giðt − cÞ − kP
i −

g0iðt − cÞ
giðt − cÞ

� �

ZiðtÞdt þ ri

ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
dWP

i ðtÞ

� �

, 

where we can think kP
i hP

i

ðkP
i −

g0
i
ðt−cÞ

giðt−cÞÞ

as a mean reversion parameter, and it is 0 because we set hP
i ¼ 0: We can also set ~kiðt − cÞ ¼

ðkP
i − g0iðt−cÞ

giðt−cÞÞ to simplify the equations.

Therefore, the SDE is simplified to be:

dlxðtÞ ¼
X3

i¼1

giðxÞ −~kiðt − cÞZiðtÞdt þ ri

ffiffiffiffiffiffiffiffiffi
ZiðtÞ

p
dWP

i ðtÞ
h i

:

APPENDIX C. ESTIMATED PARAMETERS WITH ALL AVAILABLE AUSTRALIAN INCOMPLETE-COHORT DATA

The estimated parameters of the four models with all incomplete Australian male mortality data, kr ¼ 1, 000; and 
fr ¼ 100, 000 for ADF models are displayed in Table 9. From Table 9, it can be noted that for ADC Gaussian model, b2 

is between 50 and 109, indicating that the second factor affects more of the middle age. Meanwhile, for ADC CIR 
model, b2 is very close to 50, indicating that the second factor affects more of the younger age. For both ADF models, 
all the di are positive values, indicating that the volatility increases with age. We also have five out of six bi positive, 
while a positive bi means that the drift increases as age increases. We impose parameter constraints during calibration, 
which is capable of mitigating the issue of negative mortality rates as detailed in Jevti�c et al. (2013); Jevti�c and Regis 
(2019). Specifically, for ADC models, we restrict kP 2 ½0, 1� and ag, bg, r, r 2 ½0,1Þ: Meanwhile, for ADF models, we 
impose kP ¼ aP þ bPhx 2 ½0, 1� for each age group, together with r 2 ½0,1�: These constraints improve numerical stabil
ity and reduce the risk of economically implausible mortality dynamics during estimation. The probabilities of negative 
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mortality rates from 106 simulations of the Australian male cohort born in 1971 are 0 and 0.0027 for ADC Gaussian 
and ADF Gaussian models respectively, which is negligible and is consistent with models with Gaussian specification 
(Luciano and Vigna 2005; Jevti�c et al. 2013; Jevti�c and Regis 2019; Xu et al. 2020; Zhu and Bauer 2022). Moreover, 
we refer to the magnitude of the estimated parameter values in the literature (Blackburn and Sherris 2013; Jevti�c and 
Regis 2019; Huang et al. 2022; Ungolo et al. 2024) as the initial values of the estimation to improve robustness.

APPENDIX D. COMPARISON OF 20-YEAR AHEAD FORECASTS FOR CALENDAR YEARS 1980, 1990, AND 2000

To examine the robustness of model performance with respect to the choice of calendar year used to compute the cohort 
correlation in Equations (19) and (20), we compare 20-year ahead forecasted survival probabilities based on cohort correla
tions calculated using calendar years 1980, 1990, and 2000. As shown in Figure 11, the differences in the forecasted sur
vival probabilities is negligible, indicating that the results are robust to the choice of calendar year used to compute the 
cohort correlation.

TABLE 9 
Estimated Parameters with Australian Data

AUS ADC Gaussian ADC CIR ADF Gaussian ADF CIR

ag
1 0.0730 5.10E-06 aP

1 −3.66E-05 5.57E-03
ag

2 0.0029 0.0014 aP
2 1.88E-02 9.24E-05

ag
3 1.36E-05 0.0318 aP

3 1.77E-03 3.14E-03
bg

2 91.8980 50.0911 bP
1 2.93E-04 1.05E-04

kP
1 1.07E-05 1.13E-03 bP

2 2.17E-06 7.75E-06
kP

2 2.88E-05 6.58E-04 bP
3 1.33E-04 −2.58E-05

kP
3 1.15E-02 5.53E-03 c1 −9.5987 −10.6575

kQ
1

−0.1989 −0.0157 c2 −6.1007 −3.4776

kQ
2

−0.0249 −0.1309 c3 −7.7135 −5.1581

kQ
3

−0.0835 −0.0648 d1 0.0512 0.1128

r1 1.51E-03 0.0040 d2 0.0022 0.0151
r2 1.33E-05 0.0030 d3 0.0045 0.0170
r3 4.52E-07 0.0007 r1 4.44E-09 2.28E-09
r1 8.09E-17 1.86E-17 r2 0.2253 0.2368
r2 0.5105 0.6184 rc 4.37E-08 4.71E-08
rc 3.29E-07 2.43E-07 aQ

1
−2.98E-05 −1.99E-02

aQ
2

4.16E-02 3.44E-02

aQ
3

1.69E-03 3.53E-02

bQ
1

−7.83E-04 1.20E-03

bQ
2

1.82E-03 −3.41E-03

bQ
3

−1.62E-03 −3.05E-03
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FIGURE 11. Comparison of 20-Year Ahead Forecasted Survival Probabilities for Calendar Years 1980, 1990, and 2000 Used to Calculate Cohort 
Correlation.
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