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Abstract

Hallucination detection is essential for the reliable deployment of
large language models (LLMs) in safety-critical applications, yet
existing detectors often degrade under real-world domain shifts. To
formalize this challenge, we introduce Multi-Domain Generalizable
Hallucination Detection (MGHD), where a detector is trained on
multiple labeled domains and evaluated on unseen domains with-
out any test-domain supervision. The central challenge of MGHD
stems from a previously underexplored phenomenon, termed layer-
index shift, in which the most informative internal layer varies
substantially across domains, causing detectors that rely on a fixed
layer to generalize poorly. To mitigate this phenomenon, we pro-
pose a novel method Stability-Aware Adaptive Layer Aggregation
(SALA). SALA defines a layer-wise instability index computed from
the training data, which measures how separability varies across
domains. For an unseen test domain, it provides an upper bound on
the possible separability drop from training to test. Guided by this
bound, SALA designs a per-layer projector that balances discrim-
inability and stability. Then using these projectors, SALA learns
invariant subspaces across layers and aggregates them into a robust
detector. Experiments across four widely used QA benchmarks and
four LLM backbones from the LLaMA and Qwen families (7B-14B)
show that SALA achieves the best average performance compared
with existing hallucination detection baselines.
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1 Introduction

Hallucination detection [10, 13, 23, 39] is crucial for the reliable
deployment of large language models (LLMs) in real-world applica-
tions, particularly in safety-critical domains such as education [16],
healthcare [49], and finance [26]. This is because LLMs may produce
fluent but factually incorrect or logically inconsistent outputs, com-
monly referred to as hallucinations [25], which can undermine user
trust and cause harm in high-stakes settings. Substantial progress
has been made, and many detectors achieve strong in-domain per-
formance [3, 6, 56]. However, real deployments inevitably encounter
distribution shifts, and hallucination detectors that perform well in-
domain can degrade sharply when transferred across domains [27].
This persistent fragility exposes a critical generalization gap and
motivates cross-domain hallucination detection.

To bridge this generalization gap in realistic deployment sce-
narios, we propose a novel, challenging, and practical problem
setting, termed Multi-Domain Generalizable Hallucination Detec-
tion (MGHD). In the MGHD setting, a detector is trained on labeled
data drawn from multiple training domains and then evaluated
on unseen test domains, without access to any test-domain super-
vision or validation. This setup reflects practical deployments in
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Figure 1: Layer-wise probing performance varies substan-
tially across domains. For each dataset, we train a linear probe [2]
for hallucination detection at every Transformer layer and report
the resulting in-domain performance. The results reveal a clear
layer-index shift: the layer that yields the strongest in-domain sep-
arability differs markedly across datasets, and the ranking of layers
can change sharply from one domain to another. This pattern indi-
cates that the optimal probing layer is highly domain-dependent,
and there is no single layer that remains consistently optimal.

which the training and test domains are not necessarily aligned,
and re-annotating data or re-tuning the detection model for each
new domain is often impractical in real-world scenarios.

Mainstream hallucination detection methods rely on internal
representations from a single layer, typically selected based on val-
idation performance [3, 6, 8, 18, 57]. However, their performance
often degrades in MGHD. One key reason is that the most infor-
mative layer for distinguishing truthful from hallucinated outputs
varies significantly across domains (Figures 1 and 2). We refer to
this phenomenon as layer-index shift, characterized by strong do-
main dependence and high variability. As a result, for MGHD, the
layer chosen during training is frequently suboptimal in unseen
test domains, leading to brittle generalization.

To effectively address MGHD, we begin by analyzing the under-
lying factors of the layer-index shift phenomenon. We provide an
intuitive explanation, drawing on prior perspectives from domain
generalization and invariance [1, 40, 46]. The insight is that different
domains exhibit different nuisance patterns that should be ignored,
while detectors trained only on training domains may fail to sup-
press nuisance variations that appear in unseen domains. As a result,
the layer-wise separation between truthful and hallucinated sam-
ples becomes unstable. This instability implies that no single layer
remains consistently informative across domains: different test do-
mains favor different layers depending on which are least affected
by domain-specific variations. This domain-dependent variability
in layer informativeness gives rise to the observed layer-index shift.
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Guided by this view, we propose a novel method Stability-Aware
Adaptive Layer Aggregation (SALA), which explicitly prioritizes
components that remain stable across domains while reducing layer-
level noise caused by domain-specific variations. SALA begins by
defining a layer-wise instability index that measures how much
a layer’s ability to distinguish between truthful and hallucinated
outputs varies across training domains. Derived from training do-
mains alone, this index proxies a layer’s expected shift-robustness
at test time. Under the stated assumptions, our analysis shows that
for related unseen domains, the separability drop relative to the
training domains can be upper bounded in terms of this instability
index, offering a principled way to allocate representation dimen-
sions across layers. Motivated by this, SALA assigns a layer-wise
dimension to each layer by balancing (i) strong separability on
the training domains and (ii) low instability across domains. This
limits the influence of layers whose behavior is volatile. With the
selected dimensions, SALA then learns a lightweight projection
for each layer to extract a compact, class-conditional subspace that
emphasizes domain-stable discriminative signals. Finally, these pro-
jected features are concatenated and fed into a probe, reducing the
influence of unstable layers on the final decision.

Extensive experiments are conducted on four LLM backbones
(i.e., LLaMA-3.1-8B, LLaMA-3-8B-Instruct, Qwen-2.5-7B, and Qwen-
2.5-14B) and four open-domain QA benchmarks treated as domains
(i.e., TriviaQA [24], Truthful QA [33], NQ Open [30], and SciQ [54])
under a leave-one-domain-out protocol. Results show that SALA
achieves strong performance under domain shifts and often out-
performs competitive baselines, including generalization-oriented
detectors such as PRISM [56] and ICR Probe [58]. Our main contri-
butions are summarized as follows:

e We propose Multi-Domain Generalizable Hallucination De-
tection (MGHD), a practically motivated setting for halluci-
nation detection, and systematically re-assess representative
baselines under a unified multi-domain protocol, revealing
pronounced robustness gaps under domain shifts.

e We identify an empirical phenomenon in cross-domain hal-
lucination detection, termed layer-index shift: the layer that
most reliably separates truthful from hallucinated responses
can differ markedly across different domains and backbones.

e We introduce a layer-wise instability index and establish a
theoretical bound that links it to cross-domain performance
degradation, showing that, under the stated assumptions,
the train-test separability discrepancy for unseen domains
can be explicitly upper-bounded in terms of this index in a
clear, principled, and interpretable manner.

e We develop SALA, which designs per-layer projectors with
adaptive projection dimensions to learn stable, transferable
features and integrates complementary information across
layers, yielding competitive cross-domain performance in
the studied MGHD setting.

2 Related Work

Hallucination Detection. A growing literature studies how to
detect hallucinations in LLM outputs using signals spanning output-
space uncertainty [35], multi-sample disagreement, internal activa-
tions, and evidence-grounded verification [21, 41]. Output-based



Training a Generalist Hallucination Detector across Multiple Domains via Adaptive Layer Aggregation

Train: TruthfulQA | Best layer across 7 Test Datasets
NQ Open{ ] L04 (0.711)
SciQ{ ] LO1 (0.701)
TriviaQA {_] LO1 (0.634)

SVAMP{__ | L04(0.701)
MATH { | L11 (0.607)
TheoremQA{ | L03 (0.725)
MGSM { | L26 (0.864)
0 3 6 9 12 15 18 21 24 27
Layer index with Best AUROC
(a) Train: Truthful QA
Train: SciQ | Best layer across 7 Test Datasets
TruthfulQA {1 1] L03 (0.741)
NQ Open | L15 (0.846)
TriviaQA | L15(0.789)
SVAMP | L15(0.755)
MATH | L19 (0.605)
TheoremQA | L12(0.757)
MGSM | L19 (0.746)

0 2 4 6 8 10 12 14 16 18
Layer index with Best AUROC

(c) Train: SciQ

KDD ’°26, August 09-13, 2026, Jeju Island, Republic of Korea

Train: TriviaQA | Best layer across 7 Test Datasets

TruthfulQA {0 T 107 (0.743)
NQ Open | L13 (0.855)
SciQ 1 | L21 (0.818)
SVAMP1{ | L31 (0.668)
MATH { | L27 (0.625)
TheoremQA{__ |L07(0.716)
MGSM{ T JLIL(0758)
0 4 8 2 16 20 24 28 3
Layer index with Best AUROC
(b) Train: TriviaQA
Train: NQ Open | Best layer across 7 Test Datasets
TruthfulQA {1 ] 106 (0.713)
SciQl  TL11(0739)
TriviaQA { | L12 (0.776)
SVAMP { | L15 (0.682)
MATH { | L29 (0.585)
TheoremQA{  ]LO07(0.748)
MGSM { | L16 (0.784)
0 4 8 12 16 20 2% 28

Layer index with Best AUROC

(d) Train: NQ Open

Figure 2: Cross-domain probing exhibits “layer-index shift” (no universal best layer). Each subplot trains a linear probe for
hallucination detection on one training domain (title) and evaluates it on the remaining test domains (y-axis). For each test domain, we
report the layer that maximizes test AUROC (bar length; value shown in parentheses). The optimal probing layer changes substantially
across test domains, indicating no consensus on a single probing layer and strong domain dependence.

methods view hallucination risk as correlated with elevated uncer-
tainty and exploit token- or sequence-level statistics such as log
probabilities, perplexity, and entropy-like measures [13, 29, 38, 48].
To address the fact that the same meaning can be expressed in many
surface forms, semantic-level estimators group generations by se-
mantic equivalence and quantify uncertainty in meaning space,
improving failure prediction for open-ended generation [13, 29].
Another widely used black-box family estimates reliability from
sample-to-sample disagreement by generating multiple stochas-
tic outputs for the same query and using their consistency as a
proxy for factuality, SelfCheckGPT is a representative baseline in
this line [39]. Complementary work elicits uncertainty in natu-
ral language by prompting models to verbalize confidence, which
can be calibrated but remains sensitive to prompting and evalu-
ation conditions [32, 55]. Beyond output signals, internal-based
approaches operate in representation space, training lightweight
probes or learning directions/subspaces from internal activations
to predict truthfulness or semantic uncertainty in a single forward
pass [3, 4, 12, 28, 51]. Recent studies further investigate robustness
under domain shifts by guiding internal states with prompts or
by explicitly modeling hidden-state dynamics across layers [19,
20, 56, 58]. Finally, evidence-grounded pipelines verify generations
against external corpora via retrieve-and-check or post-hoc revision,
improving interpretability at the cost of dependence on retrieval
quality and domain coverage [5, 14, 21].

Layer Sensitivity in Internal-Space Hallucination Detection.
While internal-space detectors can be lightweight and effective,
their performance is often highly sensitive to which layer is probed.
Several works therefore conduct explicit layer-wise analyses and
treat layer selection as an important design choice. For example,
LLM-Check reports systematic cross-layer behaviors and includes
a dedicated study on layerwise performance and efficient layer
selection, highlighting that some internal signals can fluctuate sub-
stantially across layers and that mid-level layers may be close to
optimal in practice [52]. Related studies observe pronounced layer-
dependent separability: ICR Probe analyzes layer-wise AUROC of
its internal score, identifies layers where hallucination cues peak,
and motivates incorporating broader cross-layer patterns rather
than relying on a single-layer statistic [58]. In long-form gener-
ation, recent token-level probing systems explicitly read hidden
states from an intermediate layer to detect hallucinated entities in
real time, again underscoring the practical importance of probing
layer [43]. Beyond choosing a single layer, other probe-based ap-
proaches aggregate information across layers, e.g., by concatenating
grouped layer representations, aiming to reduce sensitivity to any
particular layer and improve robustness [15]. Overall, these find-
ings suggest that fixed-layer probing can be brittle, especially under
distribution shift, motivating adaptive mechanisms that combine
layer-wise signals in a data-driven manner.
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3 Preliminaries and Problem Formulation

3.1 Preliminary Analysis

We first examine whether hallucination-relevant information is
consistently encoded at the same internal layer across domains.
Following SAPLMA [6], we use LLaMA-3-8B-Instruct, concatenate
the question-answer sequence, extract the last-token hidden state
at each Transformer layer, and train one linear probe per layer.

Figure 1 reports in-domain AUROC on TruthfulQA, TriviaQA,
SciQ, and NQ Open. For each dataset, training and evaluation are
performed independently at each layer within the same dataset.
The results show substantial layer-wise variation, indicating that
the most informative layer for hallucination detection is domain-
dependent. Figure 2 further reports cross-domain probing results
across eight datasets. For each QA training domain, we train one
probe per layer and evaluate it on the same layer of each test do-
main, reporting the layer that achieves the best AUROC for each
test domain. The best transfer layer shifts substantially across test
domains even when the training domain is fixed. This observation
reveals layer-index shift: a layer selected from training-domain evi-
dence may become suboptimal on unseen domains. This motivates
SALA, which avoids relying on a single fixed layer and instead
aggregates stable layer representations across layers.

3.2 Problem Formulation

LLMs and Internal Representations. Following Du et al. [12],
Park et al. [44], we consider a base LLM as a probability distribution
Py (-) over token sequences, where 0 denotes the model parameters.
Given an input (question) token sequence Q = [q, . .., qx], where
q; is the j-th token. The LLM generates an output (answer) sequence

A = [qk+1> - - - » Qk+a) Of length a by sampling from
k+a
Po(A1Q) = [ ] Polg) | g<)). (1)
Jj=k+1

where q<; = (q1,...,qj-1) denotes the preceding context. A trans-
former based LLM with L layers produces a sequence of hidden
embeddings for each input pair (Q,A). Let ¢g, denote the non-
linear transformation in layer £. With recursive composition, the
hidden state Hg ;(Q, A) € RT*4: at the ¢-th layer is given by

$o.c0 Poe-10---0pg1(Heo(Q A)), (2)

where Hgo(Q, A) is the initial input embedding, T is the length of
tokens, and dj, is the hidden size. Note that most previous internal-
space-based hallucination detection methods [6, 8, 18, 57] use the
last-token embedding Z,(Q, A) to test the factual validity of the
generated sequence:

Zi(Q,A) =Hpr(Q,A)[-1] € R%, €)

Domains. Let Q and A be the spaces of questions and answers.
We introduce two domains over Q X A:

o The truthful-answer domain is a joint distribution Py 1, where
Q € Q is a random variable for questions and T € A is a
random variable for the truthful answers.

o The hallucinatory-answer domain is a joint distribution Pg g,
where Q is defined as above and H € ‘A is a random variable
representing the hallucinated answers.
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In general hallucination detection settings, based on the dataset
construction procedure [12, 44], the distribution Pg g is induced
by the LLM Pg(-) and Pp: for any input pair (Q,A) € @ X A,

Por(Q A) =Po(Q) -Py(A[Q), 4)
where Py (- | Q) denotes the conditional distribution induced by
the LLM Py(- | Q) under the constraint that only hallucinated
responses are retained. Since MGHD involves multiple domains,
we use the index e to distinguish among them, i.e., PeQ’T represents
the truthful-answer domain e and IPZ)) p 1s the hallucinatory-answer
domain e. Therefore, (Q¢, T¢) ~ P&T implies that T¢ is a correct
response to the question Q¢ and (Q¢ H®) ~ PEQ’H implies that H®
is a hallucinated response to Q°.

Datasets. Given a question Q° ~ PeQ, the LLM generates an
answer A€ according to the conditional distribution A® ~ Pg(- |
Q°). Each generated answer A° is then assigned a binary label
y¢ € {0, 1} based on its semantic alignment with a reference answer
Al ~ ]PeTl Q(' | Q°). Specifically, if A€ aligns with the reference
answer Afef, it is labeled as truthful (y¢ = 1); otherwise, it is labeled
as hallucinated (y¢ = 0). The resulting dataset is defined as

D = {(QLAL Y. . (Qne. Afe. Ue) }- )
Note that the hallucinated samples in the dataset D} can be re-

garded as being drawn from ]P’EQ > Which is induced by the LLM as
defined in Eq. (4).

Multi-Domain Generalizable Hallucination Detection. Here
we give the formal definition of MGHD.

Problem 1 (Multi-Domain Generalizable Hallucination De-
tection). Given the training datasets constructed from M training
(source) domains PIQ’T, .. .,Pg{T together with an LLM Py, i.e., for
each index e € {1, ..., M},

Df = {(Q1. AL yf). ... (Qnes Are. yre) } (6)
as given in Eq. (5), the aim of Multi-Domain Generalizable Hal-

lucination Detection (MGHD) is to learn a detector G based on
Pg(-) and the given training datasets Z)ll, DIM , such that G can

generalize to N unseen test domains Pg}l, e Pg}N well, i.e., for
any (Q,A),
1, if(Q,A) ~ PZD’T,
G(Q,A) = Vee {M+1,...,M+ N}, (7)

0, otherwise,

where 1 indicates that A is the truthful response and 0 indicates
that A is the hallucinated response.

4 Methodology

Previous hallucination detection methods based on internal repre-
sentations [3, 6, 8, 18, 57] typically extract features Z,(Q, A) from
the embeddings Hg ((Q, A) at a selected layer ¢ (see Eq. (3)) and use
a scoring function S for detection, i.e., given a threshold A € R,

1, ifS(Z,(QA)) = A,

0 ®)

otherwise,

G(Q.A) = {

where 1 indicates that A is the truthful response to Q and 0 indicates
that A is the hallucinated response to Q.
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However, a critical yet underexplored issue lies in the choice of
the layer ¢ from which Z,(Q, A) is extracted. As shown in Figure 2,
when a detector is trained on one domain and evaluated on other
unseen domains, the oracle layer that yields the best detection
performance varies across domains. This observation suggests that
the optimal layer for hallucination detection is highly domain-
dependent, and that selecting a fixed layer may severely limit cross-
domain generalization. In MGHD, selecting layers based on test-
domain performance is infeasible due to the absence of test-domain
data during training. This naturally raises the question of

how to effectively integrate embeddings across layers for MGHD
without relying on explicit layer selection.

4.1 Effective Layer-wise Embedding Integration

Under domain shift, different layers encode unequal levels of gener-
alizable information for hallucination detection, making a uniform
allocation across layers suboptimal. Therefore, we suggest that ef-
fective integration of multi-layer embeddings should go beyond
simple concatenation and instead be guided by a principled alloca-
tion of representational dimension, which regulates the effective
information contributed by each layer during aggregation.

Given an input (Q, A), we extract layer-wise hidden represen-
tations {ZZ(Q, A)}f=1 (see Eq. (3)), and construct domain-stable

features for each layer via a corresponding projector Py, € Réexdn
ie., foreach ¢ € {1,..,L},

Z((Qs A’ df) = Pd( : Zf(Q’ A)’ (9)

where d; denotes the allocated layer dimension of the ¢-th layer,
corresponding to the dimension of its domain-stable projected rep-
resentation. Then, we form a single fused representation by con-
catenating the domain-stable features from all layers, i.e.,

Z(Q.A) = [Z1(Q Asdy); -+ s Z1(Q Asdy)|. (10)

Finally, we design a learned layer-weighted scoring function for
detection, i.e.,

Sw(Z(Q,A)) =WT -Z(Q,A), (11)

where W is a d-dimensional vector, here d = ZIL=1 dy. Next, we
present how to learn d;, Py, and W.

4.2 Learning the Layer-wise Projector Py,

Motivated by representation learning for domain generalization [50,
59], we learn layer-wise projectors that generalize to unseen do-
mains while preserving label-discriminative signals for hallucina-
tion detection. Each projector satisfies two conditions: (i) Label-
discriminative preservation: it retains class-relevant information so
that truthful and hallucinatory samples remain separable; (ii) Cross-
domain stability: it reduces class-conditional domain sensitivity,
yielding features that are stable under domain shifts.

Class-conditional Invariance Loss L, (P,4,). Following class-
conditional distribution matching objectives that align feature dis-
tributions within each class across domains [37, 42], we encourage
the projected representations to be domain-invariant after condi-
tioning on the label. Given the labeled training datasets in Eq. (6),
for each domain e € {1,...,M}, layer ¢ € {1,...,L}, and class
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y € {0, 1}, we compute the empirical class-conditional mean in the

projected space as
1
57 .

ey
Qe A°)eD;

ey _

= Z(Q° A% dy), (12)

where Z);’y denotes the subset of D consisting of question-answer
pairs with label y. To enforce class-conditional invariance, we use
the following objective, which averages the pairwise discrepancies
between these class-wise means:

2,

2

ye{0,1} 1<e<e’<M

L,(Pg,) (13)

_ 1 ey E’,yHZ
T MM-1) Heo =By

Separation Loss L;(Pg,). To retain label-discriminative infor-
mation after projection, we explicitly encourage the two classes
to remain well separated in the projected space. From Eq. (12), the
class-y centroid averaged over the M training domains is

1 M
ey
MZ’“’ '

e=1

We then promote separability by maximizing the squared distance
between the two averaged centroids, equivalently by minimizing
the following separation loss:

(14)

[T

L(Py) = -t - i - (15)

Intuitively, L5 complements the invariance term by preventing the
projector from collapsing the two classes while aligning domains.

Anchor Regularization L,(Pg4,). Since the projector optimiza-
tion can be sensitive to random initialization, we introduce an
anchor term to stabilize training by keeping Py, close to a reference
initialization Pg, o:

L,(Pg,) = m”l’dg =Py (16)
where || - || is the Frobenius norm and Py, g is constructed by using
Invariant-feature Subspace Recovery [53], which provides a data-
driven initialization by recovering a low-dimensional subspace that
captures invariant features.

Overall Objective of the Projectors. Combining the above com-
ponents together, we learn the layer-wise projector P;, by mini-
mizing the following loss Lo ({Pyg, }lel):

D (Le(Pay) + A Ls(Pay) + AaLa(Py,)),

1

(17)

L
I=

e

where A, Ay > 0 are the hyperparameters.

4.3 Learning Scoring Function Sw

After learning the layer-wise projectors {Py, }5_ and aggregating
the projected features into Z(Q, A), we train a scoring function to
classify each instance as truthful or hallucinatory. Formally, we
consider the scoring function given in Eq. (11), and convert it into
a probabilistic prediction via a sigmoid mapping:

pw(y=11QA) =0(Sw(Z(QA))). (18)
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where o(t) = 1/(1 + exp(—t)). Given the labeled training dataset
(see Eq. (6)), we optimize the detector by minimizing the Binary
Cross-Entropy (BCE) loss Lpcg(W):

M
1
e
e=11 e=1

+ (1= ) log(1 - pw (5 = 1105 AD) .

ne

2 | v tog pw (45 =11 Q5. A

(19)

Equivalently, by substituting Eq. (18) into Eq. (19), the optimiza-
tion objective can be expressed as the standard logistic loss on the
score Sw(Z(Q, A)). After training, we obtain the final detector by
thresholding the score in Eq. (8).

4.4 Allocated Layer-wise Dimension d,

Here we present a training-domain-only strategy for selecting the
layer-wise dimensions {d,}L_,, which approximates cross-domain
generalization using statistics estimated from multiple training do-
mains. The purpose of {d,}L_, is to allocate effective information
dimension to each layer, which preserves separability while pro-
moting cross-domain consistency. On the one hand, this avoids
excessively high feature dimensionality from naive concatenation,
which would lead to computational complexity. On the other hand,
adaptive allocation across layers enables the selection of features
with stronger cross-domain generalization from each layer.

The challenge in designing {d;}~_, lies in estimating layer-wise
generalizable information using only training-domain statistics, in
the absence of test-domain data, and allocating dimension accord-
ingly to balance representation complexity and cross-domain gen-
eralization. To overcome this challenge, we restrict each layer-wise
dimension d, to a discrete candidate set K of admissible projection
dimensions, and design a training-only scoring criterion character-
ized by training-domain statistics to select layer-wise dimensions.

Layer-wise Instability 3;,. Here we first design an index S,
that measures the cross-domain instability of layer-wise feature rep-
resentations {Z,(Q, A; d;) }I;:I (see Eq. (9)). We begin by considering
the following statistic, referred to as the pairwise margin:

Dg,(Q. T, Q" H; W) = Sw(Z,(Q.T; dy))
- Sw(Z¢(Q',H; dy)).

It is clear that when T is the truthful response to Q and H is the
hallucinated response to Q’, the pair-wise margin directly quanti-
fies the separability between the truthful and hallucinated answers
using the scoring function Sw. Then, given the e-th domain, with
hallucinated-answer distribution Pou and truthful-answer distri-
bution IP’EQ’T
variance of the pairwise margin:

(20)

, introduced in Section 3.2, we compute the mean and

M, =E[Dq,(Q, T,Q", H;W)],

Vg, = Var [Da, (Q. T, Q" H; W)], (21)

where (Q,T) ~ ]P’EQ,T and (Q’, H)

~ Pg, ;- Next, to characterize the
layer-wise cross-domain instability, we define

Pa, = Stdeeqr,. MR, “
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where Std is the standard deviation and
(M5 )?
_ 14
Ry, = —(ME Ve (23)

This ratio Rel decreases as the variance Ve increases or the mean
Me decreases, indicating weaker separablhty between truthful
and hallucinated responses in the learned d,-dimensional features.
Conversely, a smaller variance with a larger mean drives the ratio
toward 1, corresponding to stronger separability. Hence, R;{ serves
as a measure of feature separability.

In Eq. (22), we quantify cross-domain consistency by the standard
deviation of this ratio Rfi[ across domains. A larger 4, implies sub-
stantial variation in separability across domains, whereas a smaller
value indicates stable and consistent hallucination-truthfulness
separability. Hence, 4, serves as a measure of the cross-domain
instability of the learned d,-dimensional representations.

Analysis of Layer-wise Instability f;,. In the following, we
show how f;, characterizes cross-domain variation in separability.

Lemma 4.1. Given M tralnmg domains PQ oo PQ . and N test
domains Pg;l,.. QT N, foranyee € {1,...,M} and any t €
{M+1,..,M+ N}, we have
RS, — RS, | < V2M§a,, (24)
t e . t e’
R}, —RS,| < Jomin RS, — RS, |+ V2M§By,. (25)
Proof. See Appendix D.

Lemma 4.1 serves as an intermediate result for the subsequent
analysis. Eq. (24) shows that, among the training domains, the
difference in the separability measure Ry, between any two domains
is upper bounded by V2M, Ba,- This implies that a small 4, leads
to consistent separability across training domains. Additionally,
Eq. (25) extends this result in Eq. (24) to the test domains, showing
that the separability gap between a test domain and any training
domain is bounded by the smallest test-training discrepancy plus
an additional term controlled by 4,. Hence, when f, is small, the
separability learned from the training domains can generalize more
stably to unseen test domains. This result serves as an intermediate
step for the subsequent analysis and motivates the instability-aware
dimension allocation rule in Eq. (28).

Note that the upper bound in Eq. (25) contains the term

m1n |R (26)

e’efl,..., d" i
which depends on the unknown discrepancy of feature separability
between the test domain and the training domains, and is therefore
not directly observable in general. In Theorem 4.2, we show that
under appropriate conditions, when the number of training domains
M is sufficiently large, with a high probability, there exists at least
one training domain whose separability measure is close to that of
the test domain, rendering the above minimum term sufficiently
small. This result implies that, with adequate domain coverage, the
cross-domain variation of separability is predominantly governed
by Ba,, highlighting its importance in characterizing the cross-
domain instability of the learned d,-dimensional representations.
The following analysis is intended to provide theoretical intuition
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for instability-aware dimension allocation, rather than a universal
guarantee under arbitrary domain shifts. Before presenting this
theorem, we state the assumptions used in this analysis, following
prior domain generalization theory [11].

Assumption 1 (Meta Assumption [11]). The distributions {PeQ T ®
IP’*’Q’ H}Q’i , are assumed to be drawn independently and identically
distributed from a meta distribution & over the joint distribution
space Po.1,0’,H, Where PeQ r® PEQ p is the product distribution of
PeQ’T and IP’eQ, o

Assumption 2 (Regular Distribution [11]). ]P’eQ’T ®P‘3Q,  is aregular
distribution, ie., for any € > 0, Z(Nf) > 0, where & is the
meta distribution introduced in Assumption 1 and N = {P €
PoroH : drv(P, ]P)‘EQ’T ® PeQ,H) < €}, here drv(-,-) is the total
variation distance.

It is straightforward to verify that if the meta distribution & is
discrete or continuous with a strictly positive density on its support,
then Assumption 2 holds for any distribution sampled from 2.

Theorem 4.2. Given a test domain PtQT with the corresponding

hallucinated-answer distribution PL, .., suppose that Assumption 1

Q.H’
holds and that the product distribution IP[Q’T ® P’Q)H is regular, i.e.,

Assumption 2 holdsforIP’tQ,T ®PtQ’H. Then, under the stated conditions,

with probability at least 1 — (1 - @(Né))M > 0, the following holds:
foranye € {1,...,M},

R}, —RS,| < Ce+N2M py, (27)

where C > 0 is a uniform constant.

Proof. See Appendix F.

Theorem 4.2 shows that the separability gap between a test
domain and the training domains is jointly controlled by a neigh-
borhood term Ce and the instability measure f;,. When the number
of training domains M is sufficiently large and € is small, then with
a high probability, the bound is dominated by f;,, highlighting its
importance in characterizing the cross-domain instability of the
learned d,-dimensional representations.

Accordingly, we select the layer-wise dimension by maximizing
separability score penalized by the instability: given a candidate
set K for admissible projection dimensions,

d = arg max Ry, = Eeeron [R5 | = 2-fun (29)

where A balances the separability and stability.

We use R;F as a tractable layer-wise separability surrogate be-
cause its moment-based form makes the role of f;, explicit and
enables the analysis in Theorem 4.2. In implementation, we instanti-
ate the training-only LODO selection with AUROC for finite-sample
stability, details are provided in Appendix B. And the overall frame-
work is provided in Appendix C.

5 Experiments

5.1 Evaluation Setup

Datasets. Following the data construction and prompting setup
of [44], we evaluate SALA on four generative open-domain QA
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benchmarks: TriviaQA [24], Truthful QA [33], NQ Open [30], and
SciQ [54]. Following [22], we treat each dataset as a domain and
study cross-domain generalization under a leave-one-domain-out
(LODO) protocol: in each fold, we train on three training domains
and evaluate on the held-out test domain. For all methods, we
construct the training data by randomly sampling 75% of the QA
pairs from each training domain; we fix this split and reuse it across
baselines to ensure a fair, like-for-like comparison. The remaining
25% from each training domain is not used for training; it is reserved
for training-only validation when needed for model selection (e.g.,
layer selection or hyperparameter tuning), and no test-domain data
is accessed during training or selection. For evaluation, we reserve
75% of the held-out test domain as the test set and do not use
the remaining 25%, yielding a lower-variance and more reliable
estimate of out-of-domain performance.

Models and Baselines. We evaluate our method using two fam-
ilies of LLMs which provide accessible internal representations:
LLaMA-3.1-8B & LLaMA-3-8B-Instruct [36] and Qwen-2.5-7B &
Qwen-2.5-14B [47].

The baselines considered include: (1) training-free methods: Per-
plexity [31], Length Normalized Entropy (LN-entropy) [38], Seman-
tic Entropy [29], Lexical Similarity [34], EigenScore [6], SelfCheck-
GPT [39], and Verbalize [34]; (2) training-based methods: SAPLMA
[3], PRISM (SAPLMA instantiation) [56], ICR Probe [58], TSV (full
training) [44]. In particular, PRISM and ICR Probe were originally
proposed with an emphasis on generalization, and thus serve as
strong and directly relevant baselines for evaluation. More details
are provided in Appendix B.

Evaluation. Following [12, 29], detector performance is eval-
uated using the area under the receiver operating characteristic
curve (AUROC), with binary labels assigned according to [44].

5.2 Experimental Results

Main Results. In Table 1, we compare SALA with three cat-
egories of baselines across all test domains and LLM backbones.
Overall, SALA performs strongly, achieving the highest mean AU-
ROC and remaining competitive across most domain-backbone
settings. A consistent pattern is that several training-based baselines
exhibit larger performance variance under domain shift, suggest-
ing limited transferability when decision boundaries are fit solely
from training-domain supervision. Training-free methods tend to
be more stable across settings, but typically trail approaches that
leverage representation learning or cross-domain objectives. By
contrast, SALA improves robustness via stability-aware layer ag-
gregation, and its advantage is most pronounced on TruthfulQA,
where it achieves the largest gains over competing baselines.

For baselines that involve layer selection (e.g., SAPLMA and
PRISM), we follow the best-practice selection strategies recom-
mended in their original papers to ensure a fair comparison. In
particular, for SAPLMA, we report two commonly used variants:
(i) concatenating the last five layers for detection, and (ii) select-
ing the probing layer using a validation set constructed only from
the training domains. Notably, although validation-based layer se-
lection can be highly effective in-domain for internal-state-based
detectors, our results indicate that this heuristic can break under
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Table 1: AUROC (%) across four test domains and four LLM backbones. *: SAPLMA using last-5-layer concatenation for detection.
Y: SAPLMA using training-validation layer selection for cross-domain generalization. Best results are bold, second-best are
underlined.

TruthfulQA TriviaQA SciQ NQ Open

Method LLaMA LLaMA3 Qwen Qwen LLaMA LLaMA3 Qwen Qwen LLaMA LLaMA3 Qwen Qwen LLaMA LLaMA3 Qwen Qwen

3.1-8B 3-8B-Ins. 2.5-7B 2.5-14B 3.1-8B 3-8B-Ins. 2.5-7B 2.5-14B 3.1-8B 3-8B-Ins. 2.5-7B 2.5-14B 3.1-8B 3-8B-Ins. 2.5-7B 2.5-14B

Training-free methods

Perplexity 7133 6442 7044 73.05 50.12 6796 5532 6821 57.29 5337 56.63 5552 6052 58.66 71.65 72.72
LN-Entropy 7159  67.44 75.60 76.14 6243 71.09 5423 50.69 5990 5243 55.02 6697 59.29 5343 62.27 56.98
Semantic Entropy 50.53  51.76 52.17 50.64 71.73 73.51 58.72 7292 6277 6656 69.71 59.60 5884  74.87 74.01 73.99
Lexical Similarity 53.97 5930 51.45 5277 71.01 70.74  63.01 75.77 59.57 59.16 6837 63.11 58.83  63.24 7434 75.52
EigenScore 52.72  50.67 6218 65.12 69.52 66.73 62.23 71.08 53.71 6490 54.17 7195 5230 67.54 61.71 73.54
SelfCheckGPT 50.80  59.12 5815 5496 7198 70.13 6198 67.12 61.14 5750 59.19 56.33 60.01 62.06 65.84 63.88
Verbalize 55.97 50.29 65.61 61.02 63.81 7242 5534 5817 56.41 63.69 59.43 5374 52.07 6147 52.15 53.85
Training-based methods
SAPLMAA 68.72  62.97 7443 7147 7820 70.60 78.85 8549 81.02 76.23 86.19 88.67 64.86 74.58 81.50 86.84
SAPLMAY 59.15 50.10 51.99 5031 75.99 61.52 56.54 5850 81.87 67.53 56.20 5839 65.12 58.39 58.13 58.89
TSV (full-training) 71.52  69.73 81.05 7533 77.00 67.74 77.62 82.78 80.33 62.46 82.68 88.07 66.96 77.80 80.10 85.05
Cross-domain specialized methods
PRISM 70.30 62.64 7942 7212 70.83 68.36  71.66 84.38 75.94 72.85 87.73 88.64 6197 7826 80.75 87.14
ICR Probe 71.49 60.17 76.61 70.13 80.78  69.58 72.53 81.25 80.38 72.96 76.25 86.64 66.28 76.27 82.26 86.73
SALA (Ours) 79.38 7152 86.02 76.34 81.16 74.03 81.73 86.23 82.45 77.99 86.00 88.78 6557 80.20 80.45 87.81
Table 2: Ablation study (AUROC, %) on Truthful QA and Trivi- Table 3: Ablation study (AUROC, %) on SciQ and NQ Open.
aQA. Raw Concat tests whether gains come from using more Same ablations as Table 2 on the remaining domains.
layers, while the other rows remove or combine projector
objectives (Ly, L;) to isolate their contributions. SciQ NQ Open
Methods
. LLaMA Qwen LLaMA Qwen
Methods TruthfulQA TriviaQA 31-8B  25-7B 3.1-8B  25-7B
LLaMA —Qwen  LLaMA — Qwen Raw Concat (full layers) ~ 81.89 8474 6550  80.26
3.1-8B 25-7B  3.1-8B  2.5-7B .
Proj. only L, 82.76 84.68 67.31 65.69
Raw Concat (full layers)  66.56 80.72 80.60 80.92 Proj. only L 80.78 80.48 63.61 64.58
Proj. only £, 5243 6656 7425  80.33 Proj. only Ly + L 79.86 8128 6411  63.69
Proj. only L 74.24 82.13 76.62 79.63 SALA (Ours) 82.45 86.00 65.57 80.45
Proj. only Ly + Ls 77.19 8212 7710  79.88
SALA (Ours) 79.38 86.02 81.16 81.73

layers) to test whether gains come simply from using more features.
While naive stacking can be competitive on some tests, it degrades
markedly on TruthfulQA, suggesting that indiscriminately mixing
all layers introduces domain-specific noise and hurts transfer. In
contrast, SALA typically improves over raw concatenation, indicat-
ing that the gains come from stability-aware feature extraction and
aggregation rather than feature quantity. We further ablate the pro-
jector training objectives. Optimizing the projector with only £,
or only L fails to deliver consistently strong performance across
domains, highlighting the importance of balancing separability and
stability. All three components are essential to SALA.

Then, we compare SALA’s adaptive layer-wise dimension allo-
cation with a fixed global-dimension baseline that applies the same
projection dimension to all layers (Figure 3). Overall, per-layer allo-
cation yields consistently stronger performance: SALA emphasizes

MGHD: the layer preferred by training-domain validation is often
misaligned with the optimal layer on unseen domains, resulting
in clear degradation under domain shifts. This observation further
reinforces the brittleness of fixed-layer probing in multi-domain
generalization and motivates adaptive aggregation across layers.

This mismatch suggests that the optimal probing layer is domain-
dependent, so fixed-layer detectors can be brittle under MGHD.
SALA mitigates this issue by aggregating evidence across layers
while prioritizing subspaces that are both stable across training
domains and predictive of the labels. We also observe that gains can
be smaller when the test domain is closer to the training mixture,
indicating that SALA mainly improves robustness in harder shifts
rather than uniformly boosting in-domain accuracy.

Ablation Study. In Table 2 and Table 3, we ablate projector- layers with stable, label-discriminative signals and down-weights
training design choices in SALA using two representative back- domain-specific or noisy layers, whereas a uniform dimension over-
bones across test domains. As a control, we include Raw Concat (all invests in less transferable layers and under-utilizes informative
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Table 4: AUROC (%) across four mathematical and logical reasoning benchmarks and four LLM backbones. Best results are bold,

second-best are underlined.

Method TheoremQA GSM8K

SVAMP MATH

LLaMA LLaMA3 Qwen Qwen LLaMA
3.1-8B 3.2-3B-Ins. 3-8B 3-14B 3.1-8B

LLaMA3 Qwen
3.2-3B-Ins. 3-8B

Qwen LLaMA
3-14B 3.1-8B

LLaMA3 Qwen Qwen LLaMA
3.2-3B-Ins. 3-8B 3-14B 3.1-8B

LLaMA3 Qwen  Qwen
3.2-3B-Ins. 3-8B 3-14B

Training-free methods

Perplexity 56.87 51.35 57.97 56.79 66.93 70.73 67.97 72.70 76.06 68.38 76.52 78.47 55.76 51.64 50.74 72.86
Self-Evaluator 52.36 52.53 51.27 51.34 51.15 50.79 51.43 52.43 56.57 54.74 54.76 59.54 52.24 50.54 73.74 51.66
Training-based methods
SAPLMA 73,59 68.56 6414 6533 72.76 69.17 65.64 7591 8119 71.29 7897 90.06 79.64 7411 7030 7207
Cross-domain specialized methods
PRISM 74.62 69.38 59.14 63.44 73.68 68.99 63.29 74.16 78.00 73.14 81.56 88.52 56.39 59.48 67.88 54.61
SALA (Ours) 73.25 69.83 65.43 66.12 74.00 69.53 66.50 75.59 85.68 74.01 80.51 91.52 81.21 75.53 75.37 73.79
Table 5: Computational cost comparison on LLaMA-3.1-8B
82 —e Sweep (TruthfulQA) | .
p (lrutl with TruthfulQA under the same protocol.
Ac N Sweep (TriviaQA)
\\\ ”A\. =A= Sweep (SciQ)
& 801 ~S - — SALA (TruthfulQA) Metric SAPLMA SALA
~ > > SALA (TriviaQA)
— ci raining Time (s . .
S SALA (S¢iQ) Training T 185.803  179.714
% 78 A Inference Latency (ms/sample) 0.161 2.429
< - Inference Peak VRAM (MB) 52.27 50.86
- -
76 il TR P ae
) broad range of hyperparameter configurations, with no clear depen-
3 o4 128 256 S12 dence on a fragile optimum. In particular, the AUROC landscape
ds remains smooth, suggesting that the proposed stability-aware ob-

Figure 3: Sensitivity to uniform layer dimension and the
benefits of adaptive allocation. We sweep a uniform per-layer
dimension d; € {8, 64,128, 256,512} for LLaMA-3.1-8B and report
AUROC on three test domains. The dashed curves show strong
performance fluctuations under uniform dimension, while SALA
yields consistent gains, indicated by horizontal reference lines.
ones. This benefit is most pronounced under domain shift, where
the reliable layers vary across domains and layer-agnostic dimen-
sion choices become brittle.

Testing on Mathematical and Logical Reasoning. Beyond
factual QA, we further assess whether our framework remains reli-
able on mathematical and logical reasoning benchmarks (Table 4).
Unlike standard factual QA, these tasks demand long reasoning
trajectories and suffer from severe instability. Even minor prompt
variations can easily trigger complex errors, spanning from simple
arithmetic slips to deep logical inconsistencies. We therefore eval-
uate cross-domain generalization on four reasoning benchmarks:
GSMBK [9] (adopted to isolate core reasoning from multilingual
variance using its larger testbed), MATH [17], SVAMP [45], and The-
oremQA [7], to test whether stability-aware, layer-wise allocation
generalizes in this reasoning-heavy regime.

Efficiency Analysis. Compared to the lightweight SAPLMA
(Table 5), SALA achieves similar training time and peak infer-
ence VRAM. Although multi-layer aggregation adds marginal (low-
millisecond) inference latency, it significantly improves cross-domain
robustness without prohibitive overhead.

Hyperparameter sensitivity. We examine the sensitivity of
SALA to its two regularization weights, A; and 4,4, in Appendix A.
The results show that SALA maintains stable performance across a
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jective is robust to moderate perturbations of the regularization
strengths. Additional analyses and implementation details are avail-
able at https://github.com/Nellie179/SALA.

6 Conclusion

In this paper, we study multi-domain generalization for hallucina-
tion detection (MGHD), where detectors are trained on multiple
training domains and transferred to unseen test domains. We pro-
pose SALA, a stability-aware framework that learns layer-wise sta-
ble features and aggregates them to improve cross-domain robust-
ness. We provide theoretical analysis and extensive experiments
showing that SALA mitigates the layer-index shift phenomenon
and consistently outperforms strong baselines under domain shifts.
We further validate its effectiveness via ablation studies and stress
tests on mathematical and logical reasoning benchmarks. Overall,
our results suggest that carefully extracting and combining sta-
ble internal signals can substantially strengthen the out-of-domain
reliability of hallucination detectors in diverse and realistic settings.
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A Hyperparameter Sensitivity

Hyperparameter Sensitivity. Figure 4 studies the sensitivity
of SALA to the two regularization weights, A; and A,, on Truth-
fulQA. Across a wide range of configurations, the test AUROC
varies only within a narrow interval, indicating that the method
is not dependent on a finely tuned hyperparameter choice. In par-
ticular, the high-performing region is not concentrated at a single
isolated point: configurations around moderate stability regulariza-
tion, such as A; = 0.4, remain competitive under different values
of A,. This suggests that the stability-aware objective provides
a consistent regularization effect rather than introducing fragile
trade-offs between separability and stability. Overall, the smooth
and relatively flat AUROC landscape supports the robustness of
SALA and shows that its generalization performance is insensitive
to moderate perturbations of As and A,.

test AUROC (higher is better)
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Figure 4: Hyperparameter sensitivity. Test-domain AUROC
heatmap over separation (As) and regularization (4,) weights (fixed
Ag). Optimal configuration marked.

B Details of Experiments

Practical Instantiation of Eq. (28) (Training-only). Eq. (28) is
stated using the moment-based proxy R;l for analytical tractability.
This proxy is used in Phase 1 for layer-wise dimension allocation,
rather than as the classification objective. After the dimensions and
projectors are determined, the final detector is trained in Phase
2 by optimizing the BCE loss in Eq. (19), which defines the final
probe’s classification objective. In practice, we use the empirical
AUROC of a lightweight probe as a plug-in surrogate and perform
leave-one-domain-out (LODO) over the M training domains: each
fold holds out an entire training domain e, trains on {1, ..., M} \{e},
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—e
and evaluates AUROC on e to obtain AUROC,,. We select d; by
maximizing E, [m; ,]-AStd, [m; ,], no test information
is used for selecting d,.

Effect of Dimension-Allocation Metric. While RZJ provides
a tractable theoretical proxy for stability, we empirically adopt
AUROC for layer-wise dimension allocation. Table 6 demonstrates
that AUROC yields superior mean performance and strictly lower
variance, justifying this practical design choice.

More results are available at https://github.com/Nellie179/SALA.

Table 6: Effect of the dimension-allocation metric on LLaMA-
3.1-8B with Truthful QA. We report the final detector AUROC
over random seeds.

Selection Metric Mean AUROC Std.
AUROC 80.46 0.25
Rs[ 79.70 0.71

C Overall Framework

Algorithm 1 Stability-Aware Adaptive Layer Aggregation

1: Parameters: A, A5, A, K, update-domain size m, domain-
selection strategy
2: Input: Training datasets Dy, . .., Z)f,w.
3. Extract last-token embeddings Z,(Q, A) from LLM Py by Eq. (2)
and Eq. (3).
: Phase I: Layer-wise dimension allocation
: forf=1to L do
ford € K do
Generate choices of m training datasets by enumeration
when feasible, or by sampling for efficiency.
8: for each generated choice do
9: Train the candidate projector P, and lightweight scor-
ing function W on the selected training datasets using
Eq. (17) and Eq. (19).
Compute the held-out transfer score R; introduced in
Eq. (28) on the remaining training datasets.
end for
Aggregate the held-out scores for candidate dimension d.
end for
Select dj that maximizes the aggregated held-out score.
end for
Train the projectors {Pd; }-_, on all training datasets by mini-

N o U

10:

11:
12:

14:
15:
16:
mizing Eq. (17).

Extract projected features {Z,(Q, A;d})}E_,.

Phase II: Learning scoring function

Obtain Z(Q, A) based on Eq. (10).

Train W on all training datasets using Eq. (19).

Compute the hallucination score W' Z(Q, A) for unseen test-
domain examples.

17:
18:
19:
20:
21:
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D Proof of Lemma 4.1
Proof.

Let Ry, = 37 $0L, RS, and r§ = RS — Ry, Then $L,(r§ ) =
Mﬂsl For any two training domains e, ¢/, using (a—b)? < 2(a?+b?),
we have

e e’ |2 e 2
|R - R | =|r Ya, — rdg'
2 /N2 2
((rd() + (r(‘;[) ) < 2Mﬁd,.
Thus,
|R;I —R§,| < V2M Bg,.

For any unseen test domain ¢, training domain e, and any training

domain e’, the triangle inequality gives

IRy, - RS | < IR — RS |+IRG RS I.
Applying the training-domain bound above to the second term and

minimizing the first term over e’ yields

|thi¢ —R2[| < mln |R —R2;| + V2M By, .

e’e{1
This proves the claimed bound. A more detailed derivation is pro-
vided in the released GitHub repository.

E Lemmas

Lemma E.1. Under two assumptions described as follows,
(A1) (Bounded score gap). \D§e| < Bp almost surely for some con-
stant Bp > 0.
(A2) (Non-degeneracy). There exists ¢ > 0 such that for all e €
{1,.... M},
e \2 e

(Mg,)"+Vy >c (29)
there exists a uniform constant C, such that for any domain indices
twoe,e’,

RS, = RS | < Cary(Ph 1 ® PG 11, PO 2 ® PG 1),
where drvy (-, -) denotes total variation distance, and PeQ‘T ® PeQ’H and

PgT ® PY, ;; denote product measures, indicating that truthful and
hallucinated question-answer pairs are sampled independently from
domains e and €', respectively.

We first state the following standard lemma.

Lemma E.2. (TV controls expectation differences of bounded func-
tions). Let f be measurable and bounded with || f|| < B. Then for
any probability measures P, Q,

[Ep[f] - Eolf]| < 2Bdrv(P, Q)
where drv (P, Q) = sup, |P(A) — Q(A)|.

Proof. Define g = (f + B)/(2B). Then 0 < g < 1 and
Er[f] - Eolf] = 2B(Eplg] -~ Eolgl).
Forany0<g<1,
[Erlg] ~Eolgl| < sup [Ep[h] ~Eolhl| = drv(P.Q).
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This proves the lemma.
Let
P =P4r ®P,,, P =PL ®PY .
Under Assumptlon? write D} as aboundedQ functlon f (Q.T,Q" . H)
with || f]lc < Bp. Recall that

M5, =Epelf], V3 =Varee(f),

where g(M, V) = M?/(M? + V).
We first control the sensitivity of g. Its partial derivatives are

R;[’ = _f](M;[, V;!)’

ag _ 2MV ag M?
oM (MZ+V)2 v (MZ+V)%
By Assumptions 1-2, [M| < Bp, 0 <V < Blzj, and M2 +V > c.
Hence
9g
‘8M 02 ’ ’

The mean value theorem glves
2

IR, - RY | < |M€ —Me'|+B—D|Ve -Vve|
= dp de CZ dy dp "

It remains to bound the mean and variance terms by total varia-
tion distance. By the lemma,
|M§€ - M;t,l < 2Bp drv (P4, P9).
For the variance term,
1V, = Vil < [Beelf2] = Bger [f21] + (M
2 e e’ e
< 2B drv(P4,P%) + ZBD|Md[
< 6B% dry(P¢,P%).

Substituting the two bounds above, we obtain
ZBI% e e’ B2D 2 e me’
C—Z'ZBDdTv(P ,P )+C—Z'GBDdTv(P ,P )

e’ \2
Md{) |

e/

— Md('

A

e e’
|Rd¢7 _Rd;|

4
10BY,

drv (P€,PE).

This proves the desired bound. A more detailed derivation is pro-
vided in the released GitHub repository.

F Proof of Theorem 4.2
Proof. According to Lemma 4.1 and Lemma E.1, we can prove that
RY, — RS, | < V2MBy,

, , (30)
r t e e
) drv (PQ,T ® PQ,H’ PQ,T ® PQ,H)'

,,,,,

It is easy to check that with the probability at least 1— (1- 22 (N{?)) M
M} such that PEQ*,T ® PEQ*’H e NL,

>
0, there exists some e* € {1, ...,
which implies that

mln
e’e{1,...,

<dry (Pl ®Ph 1. PO 1 ® P ) < €.

dTV(PQ r ®PY 1 Por O P )

We complete the proof.
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