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Abstract 

Restressing force in prestressed concrete bridges (PCBs) is reduced due to ageing, 
and operational and environmental loading, and it can significantly impact on their 
load-carrying capacity. Existing dynamic methods are insensitive to the prestress 
force, and the identification accuracy is significantly affected by operational environ‑
ments. This paper is to develop a novel differential strain-based time-domain inverse 
method for prestress force identification of PCBs under moving vehicles. Both pre‑
stress and moving forces are identified simultaneously from dual strain measurements 
on the bridge. A Vandermonde matrix-based convolution formula is constructed 
to ensure the accuracy of the least squares solution for ill-posed inverse problems. The 
proposed method is validated using numerical studies on a two-span continuously 
supported prestressed concrete T-beam and verified experimentally on a simply sup‑
ported box girder bridge model. Field monitoring data, together with a calibrated finite 
element model of a three-span continuously supported PCB, is used to further verify 
the performance of the proposed method. To ensure accurate formulation of the pre‑
stressed bridge–vehicle system matrix for effective force identification, modal updating 
with Rayleigh damping is employed in the calibration process. The results demonstrate 
that the proposed method can simultaneously and accurately identify both pre‑
stress and moving forces, enabling reliable real-time structural condition assessment 
of the bridge.

Keywords:  Prestressed concrete bridge, Structural health monitoring, Prestress force, 
Moving force, Differential strain

1  Introduction
Prestressed concrete bridges (PCBs) are deteriorated due to ageing, and operational and 
environmental loads (Zhou et al. 2024; Chávez et al. 2024). The prestress losses, whether 
occurring individually or in combination, are attributed to factors such as shrinkage, 
creep (Yang 2005), steel relaxation (Yang et al. 2020), friction (Yan et al. 2021), corrosion 
effects (Rashetnia et al. 2018), thermal effects (Zhu et al. 2023), and freeze–thaw cycles 
(Cao et al. 2016) in PCBs. Therefore, the existing prestress force can have a substantial 
influence on the load-carrying capacity and remaining service life of PCBs (Kralovanec 
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et al. 2022). Identifying the actual prestress level under operational conditions is crucial 
for ensuring their safety and structural integrity.

A variety of methods for identifying prestress force have been proposed. These include 
the creep-transformed section method (Páez 2023), embedded sensor-based approach 
(Kim et al. 2012; Biswal and Ramaswamy 2016), vibration-based approaches (Ho et al. 
2012; Breccolotti 2020), machine learning techniques (Khandel et al. 2021; Zhang et al. 
2023), virtual distortion method (Xiang et al. 2016), ultrasonic technology (Hussin et al. 
2020), hybrid domain adaptation approach (Talaei et al. 2025), and inverse force identifi-
cation method based on structural responses (Law and Lu 2005; Lu and Law 2006; Xiang 
et  al. 2017; Jia et  al.  2023). As above, there are several practical challenges associated 
with accurately identifying prestress forces in PCBs. In the first place, there is incon-
sistent behaviour in modal parameters, particularly regarding natural frequency, which 
complicates measurements (Saiidi et al. 1994). Moreover, existing approaches, such as 
embedded sensor–based techniques cannot be widely applied to all bridges, as many 
PCBs lack embedded sensors and retrofitting them is often impractical due to construc-
tion constraints and long-term durability issues. In addition, the ill-conditioned nature 
of time-domain inverse problems poses significant challenges, necessitating the use of 
regularization techniques to stabilize the solution and preserve the correct subspace.

In addition to the above-mentioned approaches, some researchers have focused on 
assessing the residual prestress force through in-situ testing methods. These include 
destructive methods such as strand-cutting, crack initiation, and decompression 
methods, as well as non-destructive methods such as exposed strand measurement, 
drilled-hole techniques, and saw-cut methods (Bagge et  al. 2017; Chávez et  al. 2024). 
Furthermore, other researchers have employed static non-destructive evaluation based 
on vertical deflections induced by bending tests and have confirmed that the measured 
vertical deflections can accurately and instantaneously reflect the effects of prestress loss 
(Bonopera et al. 2020). Since the structural performance of PCBs is influenced by both 
the prestress force and the moving forces, these two parameters collectively play a criti-
cal role in governing the bridge’s performance.

To ensure the accuracy of identifying moving forces on PCBs, it is also required to 
consider the prestress force. Overlooking the prestress force can result in significant 
errors in the moving force identification (Chan and Yung 2000). Several methods can 
be utilized for the identification of moving forces, such as time-domain method (Law 
et al. 1997; Chan et al. 2000), frequency time-domain method (Law et al. 1999), inter-
pretive method-I (IM-I) (Chan et al. 2001a), bridge-weigh-in-motion (B-WIM) tech-
nique (Lai et al. 2022), statistical system model based approach (Wu and Law 2010), 
and interpretive method-II (IM-II) (Chan et al. 2001b). As a result of its accuracy and 
less computational demand, this study chose the time-domain method over all the 
other methods. Further efforts to identify moving forces through dynamic responses 
such as acceleration, rotation, and displacement are often challenged by inverse prob-
lems’ ill-conditioned nature (Chen et al. 2021). To address this issue, many research-
ers are integrating various regularization techniques into the problem of inverse force 
identification. Among these techniques are the modified truncated singular value 
decomposition method (Chen et  al. 2022), the truncated generalized singular value 
decomposition method (Chen et  al. 2020), the modified preconditioned conjugate 
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gradient method (Chen et al. 2018), and the load shape function method (Wang et al. 
2012). The purpose of these methods is to improve the accuracy and feasibility of 
identifying moving forces from bridge responses. The presence of noise is significantly 
high when it comes to real-time monitoring data. If these data are used to estimate 
the dynamic responses using finite differentiation, substantial errors are introduced in 
the identification of moving forces and, consequently, in the identification of prestress 
forces. Due to this, it is important to focus on an integrated approach that incorpo-
rates regularization and denoising techniques to enhance the accuracy of prestress 
force identification. Several denoising techniques have been developed to mitigate the 
ill-posedness inherent in signal processing. Among the techniques used to smooth 
data are the Butterworth filter, Savitzky-Golay filter (S-G), and Kalman filter (Luo 
et al. 2005; Van Breugel et al. 2020). Several advantages are associated with the S-G 
denoising technique, including its ability to remove noise effectively and maintain the 
shape of the signal, as well as its computational simplicity and speed (Acharya et al. 
2016). Therefore, this study employs the convolution coefficient matrix, based on the 
S-G denoising technique, to enhance the identification of prestress and moving forces 
while minimizing computational effort.

In practice, the bridges are under traffic excitations. It is essential to identify the pre-
stress force of PCBs under moving vehicles. Wang et  al. (2024) recently proposed a 
methodology for identifying prestress and moving forces using Kirchhoff’s plate theory 
in conjunction with a load shape function. In this method, the prestress force identifi-
cation incorporates a mode shape Matrix that is highly sensitive to Changes in bridge 
stiffness. However, this sensitivity to Material degradation and strengthening effects 
can lead to highly ill-conditioned results when applied to real-world PCBs. Xiang et al. 
(2017, 2016) proposed a virtual distortion-based approach combined with a load shape 
function method for identifying prestress and moving forces using displacement moni-
toring. This method was validated using a simply supported box-girder bridge model, 
with periodic excitation forces applied at the bridge’s mid-span. In this method, based 
on the sensor locations, data frequency, and sampling rate, it is necessary to develop a 
prestressed bridge–vehicle system matrix that incorporates the relevant degrees of free-
dom. This process requires significant computational effort, as the system matrix must 
be redeveloped each time force identification is performed. To address the high com-
putational demands involved in reconstructing the prestressed bridge-vehicle system 
matrix, which are necessary due to changes in the effective stiffness of prestressed con-
crete bridges, Jeyamohan et al. (2024) introduced a novel method. This approach incor-
porates changes in effective stiffness, eliminating the need for matrix reconstruction, 
and utilizes a Lagrangian polynomial-based Hermitian interpolation function with only 
three displacement sensors. Additionally, Jeyamohan et al. (2025) proposed a substruc-
tural modelling technique-based approach for prestress and moving force identification, 
incorporating compressed generalized singular value decomposition. However, although 
both methods show promising identification accuracy using displacement monitoring, 
they also impose practical burdens on bridge managers due to the reliance on traditional 
displacement sensors, the complexity of sensor installation, and the need for reference 
data points (Ma et al. 2023). Together, these factors limit the widespread implementa-
tion of these methods.
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In summary, current methods for identifying prestress and moving forces in PCBs face 
major challenges when applied under real-world conditions. Many approaches are based 
on simplified beam theory, which often leads to ill-conditioned results and high sensitiv-
ity to uncertainties when extended to actual bridge structures. Moreover, these methods 
typically require many sensors and extensive computational effort, demanding signifi-
cant technical expertise for evaluating structural integrity and guiding maintenance 
decisions. The vast amount of data generated from multiple sensors also complicates 
data management for bridge authorities, increasing costs, prolonging assessment times, 
and potentially delaying essential maintenance, thereby posing safety risks. Existing 
destructive and non-destructive in-situ techniques for prestress and moving-force iden-
tification also face difficulties in large-scale bridge assessments and are impractical for 
continuous structural performance monitoring due to their high cost and the traffic dis-
ruptions they cause. The B-WIM technique, while capable of estimating the overall static 
vehicle load, cannot fully capture the dynamic effects on the bridge. Furthermore, most 
existing methods focus on either prestress or moving force identification individually, 
even though both parameters are equally crucial for accurately assessing bridge perfor-
mance. Collectively, these limitations hinder the widespread implementation of current 
methodologies and highlight the necessity for more robust, efficient, and field-adaptable 
solutions. Therefore, there is a clear need to develop an enhanced, integrated approach 
for continuous monitoring of prestress and moving forces that addresses the challenges, 
enabling effective force identification while minimizing the required sensor array.

To address the challenges discussed above and provide an effective method for con-
tinuous monitoring of prestress and moving forces to assess bridge structural per-
formance, this study introduces an enhanced time-domain integrated approach for 
identifying these forces using only dual strain responses (strain data from two loca-
tions) at selected elements along the longitudinal direction of PCBs. In this approach, 
a convolution matrix constructed using a Vandermonde matrix is incorporated into 
the inverse identification process to maintain the correct subspace (the identified 
time-history forces correspond to the physically valid structural responses of the 
bridge, with the ill-posedness effectively minimized) and ensure accurate estimation. 
The appropriate convolution matrix is selected by introducing a local pseudo-force 
ratio and comparing it with the shape function derived from a Lagrangian polyno-
mial-based Hermitian interpolation function. Unlike existing methods that require 
separate procedures, different sensor types, and large amounts of data for prestress 
and moving force identification, the proposed integrated approach allows simulta-
neous estimation of both parameters, thereby reducing data volume, computation 
time, and complexity. Furthermore, while traditional approaches often model PCBs as 
beam-type structures, leading to ill-conditioning and sensitivity to uncertainties, the 
method proposed in this study is readily adaptable to real bridge conditions, where 
structural behaviour more closely resembles that of a plate-like system. Moreover, the 
proposed approach enables reliable time-domain monitoring of the actual prestress 
force with minimal effort. In contrast, standard prestress-loss formulas require exten-
sive information from multiple construction stages and in-situ tests, which makes 
them impractical for real-time, continuous monitoring of the actual prestress forces. 
This study also addresses practical challenges in field instrumentation. The method 
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eliminates the need for multiple displacement sensors, avoids difficulties associated 
with placing sensors on the soffit of PCBs, and reduces the likelihood of requiring 
road closures. Moreover, guidance on optimal sensor placement is provided, recom-
mending positions near mid-span rather than near supports to enhance identifica-
tion accuracy. Ultimately, this streamlined and efficient sensing-based approach, 
relying solely on dual strain data, significantly reduces computational demands and 
sensor requirements, greatly simplifying implementation and management for bridge 
administrators.

2 � Inverse identification of prestress and moving forces using dual strain 
responses and a convolution matrix

2.1 � Dynamic equilibrium equation for moving force under prestressing conditions

Figure 1 illustrates the configuration of a PCB with prestressing conditions under the 
moving force.

The dynamic equilibrium of the prestressed beam under a moving force, formulated 
using the Euler–Bernoulli beam model, is given in Eq. (1) (Lu & Law 2006).

where x , ẋ , and ẍ represent the displacement, velocity, and acceleration vectors, respec-
tively. M , C , and K are respectively the mass, damping, and stiffness matrices of the 
prestressed concrete beam where the stiffness matrix incorporates the compression 
softening effect (when a beam is subjected to axial compression, its natural frequency 
decreases due to the compression softening effect. As a result, the equivalent flexural 
stiffness of a prestressed member becomes lower than that of an identical beam without 
axial compression. Hence, the contribution of the axial load leads to a reduction in the 
effective stiffness matrix rather than an increase) (Tse FS et  al.  1978; Chan and Yung 
2000). Z is the mapping matrix for the moving force, and the vector F(t) represents the 
moving force, characterized by a discrete time history. Equation 1 can be rewritten by 
representing the softening effect as the equivalent external pseudo forces (ϒ) as follows 
(Xiang et al. 2017),

where K represents the stiffness matrix of the PCB prior to the introduction of prestress-
ing (at zero prestress force). The equivalent external pseudo force matrix is expressed as 
(Chan and Yung 2000),

(1)Mẍ + Cẋ + Kx = Z · F(t)

(2)Mẍ + Cẋ + Kx = Z · F(t)+ϒ

Fig. 1  PCB with a prestressing arrangement subjected to a moving force
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where P represents the prestress force, and l denotes the length of the considered ele-
ment. The unknown external pseudo-forces from prestress, along with nodal forces 
induced by moving forces, can be identified by applying the Duhamel integral within the 
convolution process, which accounts for all external forces and their associated impulse 
response functions as,

where xk(t) is the sensor responses at the kth sensor, hk(t − τ ) is the impulse response 
between the force location and the sensor, and f (τ ) is the unknown external force. The 
convolution is approximated by multiplying the external force and impulse response 
matrices as,

where B ​represents the impulse response matrix (sensitivity to the flexural stiffness 
of the bridge) for the equivalent external nodal forces ( Fe ) due to unknown prestress 
and moving forces, and Y denotes the measured structural responses. In the proposed 
inverse force identification approach, the bridge is assumed to exhibit uniform linear 
elastic behaviour with isotropic material properties. Damping is modelled using Ray-
leigh damping, and geometric nonlinearity is considered during the construction of the 
impulse response matrix based on the finite element (FE) model.

2.2 � Identification of prestress force using dual strain responses incorporating 

a pseudo‑prestress response matrix and a convolution matrix

This study proposes a method for identifying prestress forces using dual strain responses 
by attaching strain sensors at two locations along the longitudinal direction of the PCB. 
To accurately identify the prestress force from the measured strain data, a virtual strain 
response matrix is constructed. The concept of strain difference at a specific element 
is introduced to minimize errors in constructing the virtual strain response matrix 
using a FE model. This approach helps mitigate computational errors in obtaining strain 
responses caused by external pseudo-forces, as well as uncertainties encountered dur-
ing real-bridge monitoring. The entire bridge can be discretised into multiple elements, 
and the effect of the prestress force can be transformed into equivalent external pseudo-
forces at each node of the elements. The arrangement of external pseudo forces and ele-
ment marking is depicted in Fig. 2.

By introducing external pseudo-forces along the PCB, the relationship between the 
measured strain response and applied external pseudo-force at the ith location is estab-
lished through the introduction of a virtual strain response matrix at the ith location, as 
shown in Eq. (6) based on Eq. (5).

(3)ϒ =
P

30l

30 0 0
0 36 3l

0 3l 4l2

−30 0 0
0 −36 3l

0 −3l −l2

−30 0 0
0 −36 −3l

0 3l −l2

30 0 0
0 36 −3l

0 −3l 4l2

x

(4)xk(t) =
∫ t

0

hk(t − τ )f (τ )dτk = 1, 2, 3......

(5)Y = B · Fe
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where εe,i is the bending strain obtained from the FE model at the ith node under the 
respective external pseudo force ϒi , and Si is the corresponding virtual strain response 
matrix at the ith node, resampled to match the sensor’s sampling frequency. The virtual 
strain response matrix is generated by applying random external excitation at various 
locations along the longitudinal direction of the PCB and obtaining the corresponding 
bending strain responses using a calibrated FE model. The strain difference at element 
i − 1 ( δεe,i−1 ) can then be expressed as shown in Eq. (7).

where εe,i−1 represents the bending strain at i − 1th location under the respective exter-
nal pseudo-force ( ϒi) , and Si−1 is the strain response matrix at i − 1th node. By utilizing 
the geometrical stiffness matrix induced by the prestress force, the relationship between 
the external pseudo-force and the prestress force can be established using the transla-
tional and rotational displacements obtained from the FE model, as demonstrated in 
Eq. (8), which can be constructed using Eq. (3).

Where xt,i and xr,i ​ represent the translational and rotational displacement responses at 
node i, li ​ is the element length, and Pi is the equivalent prestress force corresponding to 
the equivalent external pseudo force ( ϒi ). Using Eq. (8), the pseudo-prestress force ratio 
response matrix ( �i ) at node i can be estimated, as presented in Eq. (9).

To account for the local pseudo-force effect induced by the prestress force along the 
bridge model, a mapping matrix for prestress force identification ( Zp

i−1 ) is constructed 
and introduced in Eq.  (7), incorporating the pseudo-prestress force ratio response 
matrix derived from Eq. (9). The modified relationship for the differential strain (differ-
ence in strain between two sensor locations) at a specific element, considering the entire 
bridge model, is presented in Eq. (10).

(6)εe,i = Si · ϒi

(7)δεe,i−1 = εe,i − εe,i−1 = (Si − Si−1)ϒi

(8)
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Fig. 2  The arrangement of external pseudo forces, along with node and element markings
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where δεe,i−1 ​ represents the differential strain at element i − 1 . Consequently, identifying 
the prestress force using the differential strain at a specific element becomes an inverse 
problem, as illustrated in Eq. (11), which is derived from Eq. (10).

where Di−1 ​ represents the differential virtual strain response matrix at element i − 1 , 
which is given by Zp

i−1 ·�i
(Si − Si−1) . Thus, the unknown prestress force at a specific 

element, utilizing the dual strain responses of that element, can be expressed as shown 
in Eq. (12).

The differential virtual strain response matrix can be constructed using a calibrated FE 
model by applying known random external pseudo-forces and measuring the bending 
strain responses at each node. In this way, the differential strain at the selected element, 
along with the mapping matrix, can be developed by applying known random external 
pseudo-forces at each node of the bridge model. The general form for prestress force ( P ) 
identification at any element, using the differential strain response matrix ( δε ), can then be 
expressed as shown in Eq. (13).

where D represents the differential virtual strain response matrix for the entire bridge, 
encompassing all elements. To improve the accuracy of prestress force identification 
using differential strain responses in the inverse problem, the differential virtual strain 
response matrix can be refined by obtaining a least-squares solution. This is achieved by 
incorporating the convolution matrix into the identification of prestress force, as shown 
in Eq. (14).

where Cw denotes the convolution matrix. Further refinement of the differential vir-
tual strain response matrix is achieved by assuming the prestress force remains consistent 
throughout the bridge structure. The matrix is refined by calculating the prestress force for 
each element using differential virtual strain responses from the FE model under random 
external pseudo-forces. By selecting the appropriate convolution matrix, a least-squares 
solution for prestress force identification can be obtained. This approach allows for a more 
accurate derivation of the refined differential virtual strain response matrix ( D∗ ), enhancing 
the accuracy of prestress force identification as shown in Eq. (15).

where Prefined represents the refined prestress force across the entire bridge.

(10)δεe,i−1 = Z
p
i−1 ·�i

(Si − Si−1)Pi

(11)δεe,i−1 = Di−1 · Pi

(12)Pi = Di−1
−1 · δεe,i−1;where δεe,i−1 = εe,i − εe,i−1

(13)P = D−1 · δε

(14)PεRnMIN {||D · P− δε| |2
2
+ ||Cw · P| |2

2

(15)Prefined = D∗−1 · δε
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2.3 � Inverse identification of moving forces using dual strain responses and a convolution 

matrix

Using the dynamic equilibrium from Eq. (1) and performing the convolution as shown 
in Eqs. (4) and (5), this study presents a methodology for identifying moving forces 
( F(t) ) as an inverse problem, utilizing differential strain responses ( δε ), as illustrated 
in Eq. (16).

where H represents the prestressed bridge-vehicle system matrix used for moving force 
identification. The matrix H is constructed based on a novel approach, utilizing both the 
refined mapping matrix ( Z∗ ) and the refined differential virtual strain response matrix 
( δs∗ ), as outlined in Eq. (17).

To develop the refined prestressed bridge-vehicle system matrix for moving force 
identification, a calibrated FE model is used by introducing known random external 
pseudo-forces (ϒ) and obtaining differential strain responses at specific locations 
( δεe ). By repeating this process for all nodes, a differential virtual strain response 
matrix for the entire bridge, incorporating all nodes, can be constructed, as shown in 
Eq. (18).

where δs represents the strain difference response matrix for moving force identification, 
obtained under random external pseudo forces. Z is the mapping matrix, aligned with 
the shape function matrix, to capture the dynamic behaviour of the entire bridge. The 
primary goal of this study is to use differential strain responses to minimize computa-
tional errors in constructing the prestressed bridge-vehicle system matrix. Additionally, 
the matrix is further enhanced by incorporating the convolution matrix into Eq.  (16), 
improving both the accuracy of the inverse problem solution and preserving the correct 
subspace for moving force identification. As a result, the least squares solution of the 
linear algebraic equation is presented in Eq. (19).

By selecting an appropriate convolution matrix ( Cw ), the differential strain response 
matrix and the corresponding mapping matrix under random external pseudo-forces 
can be refined based on the FE model study. This refinement enables the construction 
of a more accurate mapping matrix and differential virtual strain response matrix for 
performing moving force identification. Additionally, this novel methodology reduces 
the computational effort required for moving force identification by utilizing only 
dual strain measurements, compared to existing methods.

(16)F(t) = H−1 · δε

(17)H = Z∗ · δs∗

(18)δεe = Z · δs ·ϒ

(19)puεRn
MIN {||Z · δs ·ϒ − δεe| |22 + ||Cw ·ϒ| |2

2
}
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2.4 � Construction of the convolution matrix for enhancing inverse force identification

This section introduces the use of a convolution matrix to enhance the inverse iden-
tification of prestress and moving forces and to ensure accurate subspace determina-
tion by refining the construction of the differential virtual strain response matrix. The 
primary function of the convolution matrix can be written in the form as shown in 
Eq. (20) (Acharya et al. 2016).

where the parameter to be smoothed is denoted as η , i represents the set of convolu-
tion coefficients, w is the window size, Cw denotes the convolution coefficients, j repre-
sents the set of data points, and n is the number of data samples. The convolution matrix 
can be expressed as shown in Eq. (21), based on the Vandermonde matrix ( J).

To derive the convolution coefficients, the polynomial of a given degree is defined in 
Eq. (22).

where z represents the set of elements within a specific window size (e.g. w = 7: z = -3, 
-2, −1, 0, 1, 2, 3) and g0 , g1 , g2 … are the coefficients of the polynomial. The coefficients 
vector of the polynomial (g) can be written by incorporating the Vandermonde matrix as 
shown in Eq. (23).

The Vandermonde matrix can be constructed such that the ith row contains the values 
1, zi , z2i , . . . . . . .z

k
i . Therefore, by solving the above equation, convolution coefficients can 

be obtained for the required window size. It is important to consider the polynomial 
order and window size when determining the effectiveness of noise reduction through 
the convolution matrix. The accuracy and correct subspace primarily depend on select-
ing the appropriate window size. The study adopts a quadratic (second order) polyno-
mial because it helps balance between noise smoothing and preservation of key signal 
features. A second-degree polynomial was selected as the lowest-order fit that captures 
the both linear and curvature trends in local data with sufficient accuracy for the meas-
ured response; higher-order fits provided negligible improvement while increasing com-
putational demand and risking overfitting/oscillatory behaviour (Savitzky and Golay 
1964; Staggs 2005).

2.4.1 � Selection of appropriate window size for the convolution matrix

Selecting the appropriate window size for the convolution matrix is crucial for the accu-
rate identification of both prestress force and moving force. The optimal window size is 
primarily governed by the bridge response characteristics (i.e., the structural condition) 
that define the dominant response scale to be captured. In contrast, the signal-to-noise 

(20)ηj,smoothed =
∑w= i−1

2

w= 1−i
2

Cwηj+w;
i + 1

2
≤ j ≤ n−

i − 1

2

(21)Cw =
(

JTJ
)−1

JT

(22)η = g0 + g1z + g2z
2 + · · · + gkz

k

(23)g =
(

JTJ
)−1

JTη
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ratio and sensor configuration mainly affect the accuracy and robustness of the window-
size estimation, potentially causing small variations in the identified convergence point. 
Therefore, this study determines one window size for each specific case study by scan-
ning candidate window sizes and selecting the smallest value beyond which the local 
pseudo-force ratio stabilizes (converges). This choice yields stable results with minimal 
computational demand while maintaining identification accuracy. To address this, the 
study introduces a technique called the local pseudo-force ratio, which helps determine 
the suitable window size. The definition of this ratio is provided in Eq. (24).

The theoretical local pseudo-force ratio is defined using the shape function at specific 
locations on the bridge, developed through a Lagrangian polynomial-based Hermitian 
interpolation function. The theoretical shape functions, based on external pseudo forces 
applied at locations (1/3) L, (1/2) L, and (2/3) L of the bridge, are illustrated in Fig. 3.

By improving the local pseudo-force ratio using different window sizes, the error can 
be estimated by comparing it with the theoretical local pseudo-force ratio derived from 
the shape function. Through this comparison of the estimated error with the theoretical 

(24)ηi−1 =
[

ϒ
P

]

i
[

ϒ
P

]

i−1

=
�i

�i−1

Fig. 3  The variation of the shape function under a specific external pseudo force at different locations (1/3) L, 
(1/2) L, and (2/3) L of the bridge

Fig. 4  The convolution coefficients of the C5, C9, C25, and C35 convolution matrices
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ratio, the appropriate window size for the convolution matrix can be determined. The 
convolution coefficients of the C5, C9, C25, and C35 convolution matrices are presented in 
Fig. 4. In this Fig. 4, N represents the normalization value.

2.5 � Overall methodology flowchart for prestress and moving force identification

The overall methodology of the proposed dual strain response-based approach for iden-
tifying prestress and moving forces in prestressed concrete bridges is clearly outlined 
in the flowchart shown in Fig. 5. The process begins with constructing the prestressed 
bridge-vehicle system matrix for prestress and moving force identification using strain 
responses measured at two locations along the beam, under random external pseudo 
forces. Model calibration can be performed through modal testing by matching meas-
ured and simulated natural frequencies. Specifically, the first three modal frequencies 
are extracted from the measured acceleration records using the fast Fourier transform, 
and the FE model is then updated by iteratively adjusting the key parameters, primarily 
the elastic modulus and mass density. By incorporating Rayleigh damping, the damp-
ing representation is also updated indirectly through these two key parameters. The 
updating process aims to minimise the discrepancy between each pair of measured and 
analytical modal frequencies. To further streamline the calibration, the measured strain 
response under known static vehicle weight is also incorporated. Using the overall static 
vehicle weight together with the corresponding strain data provides an additional con-
straint for estimating the elastic modulus, which reduces the search space and lowers the 
computational burden of the iterative updating procedure.

Next, the differential strain responses at specific elements are estimated to construct 
the bridge-vehicle system matrix for moving force identification. The process is further 
refined by incorporating a convolution matrix into the identification method. Finally, 
by measuring the strain responses at each node of a particular element and inputting 

Fig. 5  The overall methodology for identifying prestress forces and moving forces using dual strain 
measurements
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the differential strain responses, the moving forces can be identified effectively, as dis-
cussed in Sect.  2.3. Furthermore, to perform prestress force identification, a differen-
tial virtual strain response matrix is constructed using strain responses obtained under 
random external pseudo forces, incorporating the pseudo-prestress force ratio concept 
as discussed in Sect. 2.2. By integrating the convolution matrix, a refined differential vir-
tual strain response matrix can be created. Using the differential strain response from 
the real bridge (by utilizing strain data from two sensor locations) monitoring for the 
selected element, prestress force identification can then be conducted. The construction 
of the convolution matrix has been detailed in Sect. 2.4.

3 � Validation 1: Prestress force and moving force identification in continuously 
supported prestressed concrete beam (Numerical study)

3.1 � Continuously supported prestressed concrete T‑beam for numerical study

As shown in Fig.  6, a continuously supported prestressed concrete T-beam with two 
20-m spans is selected for the numerical study. The T-beam is modelled in Abaqus using 
C3D8R solid elements, with an element size of 40 mm determined from the convergence 
study. The bridge has an elastic modulus of 34 GPa and a density of 2500 kg/m3. The 
sampling frequency for this study is 200 Hz, with a measurement duration of 1 s.

Table 1 shows the arrangement and position of the parabolic tendon in the first span 
of a continuously supported prestressed concrete beam (the 1 st and 2nd spans are sym-
metric). In this study, two levels of prestress force, 2000 kN and 3000 kN, are considered, 
ensuring that the proposed prestress forces remain below the critical buckling load of 
the concrete T-beam. The strain gauge arrangement for this study is shown in Fig. 7. The 
sensor locations are selected to include various positions and element lengths, ensuring 
the proposed method’s applicability across different sensor arrangements.

The prestress force is applied to the ABAQUS model using an equivalent load-bal-
ancing technique, based on the relationship for a uniformly distributed force, which is 
defined as 8Pe/l2 , where e represents the sag, P is the prestress force, and l is the length 
of the parabolic profile.

Fig. 6  Continuously supported prestressed concrete T-beam (a) cross-sectional view (b) longitudinal view

Table 1  Parabolic tendon arrangement in the continuously supported prestressed concrete T-beam

Longitude (mm) 0 3330 6666 10,000 13,760 17,200 20,000

Distance from the bottom of the beam (mm) 682 294 140 207 560 1000 1120
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Initially, a modal analysis was conducted, and the Rayleigh damping coefficients were 
estimated using the first two natural frequencies, which characterise the primary bridge 
response under service-level vibrations (Yau et al. 1999; Ma et al. 2019). It could be estimated 
using the following Eq. (25) by estimating the frequencies (Rahman and Gupta 2020).

where ωn is the natural angular frequency at nth mode and ζn is the damping ratio. There-
fore, damping coefficients can be determined by considering the damping ratios of the 
ith and jth modes, as illustrated in the following Eq. (26).

where ωi and ωj are the natural angular frequencies at ith and jth modes. As part of this 
study, the first and second modes of vibration are considered, and the frequencies of 
the first and second modes are 4.108 Hz and 5.074 Hz, respectively. For both modes, a 
damping ratio of 0.02 was adopted to represent typical in-service damping of concrete 
bridges under traffic excitation (Law and Lu 2005; Ma et al. 2019). Therefore, coefficients 
p and ϕ are estimated as 0.09 and 0.0044, respectively, and used in the proposed FE-
based approach for determining prestress force. Figure  8 presents the mesh view and 
deformation contour of the prestressed continuously supported T-beam.

In the numerical study, various bridge surface conditions and vehicle speeds were con-
sidered, as outlined in Table 2. The bridge surface conditions were classified as very good, 
average, and poor, as detailed in the table below. The moving force input for the numerical 
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Fig. 7  The arrangement of strain gauges in the continuously supported prestressed concrete T-beam for the 
numerical study

Fig. 8  FE model of a continuously supported prestressed concrete T-beam (a) mesh view (b) deformation 
contour
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study is estimated based on the bridge surface condition and vehicle speeds, as explained in 
Sect. 3.2.

3.2 � Estimation of moving force as input for numerical study

In this study, the moving force is generated by considering the bridge surface condition, 
vehicle speed, and the stiffness and damping of the vehicle’s suspension system. This mov-
ing force serves as the input for the numerical analysis to obtain strain measurements. 
During the process of moving force identification, the study relies solely on the strain meas-
urements obtained from the numerical analysis as the input parameter. Consequently, the 
actual moving force used in the numerical study is estimated using Eq. (28) (Agostinacchio 
et al. 2014; Van Van and Thanh Tung 2023). The equation below only accounts for the effect 
of relative displacement caused by road surface conditions on the vehicle, as the primary 
focus of this study is to develop the moving force input for numerical analysis. The relative 
displacement on the vehicle is taken equal to the road surface roughness profile as shown in 
the Fig. 9.

where FStatic is the static force of the vehicle, FSuspension is the force induced by the vehi-
cle’s suspension system, and FDamping is the force induced by the damping effect of the 
vehicle. KV  represents the stiffness of the vehicle’s suspension system, CV  denotes the 
damping of the suspension system, and y represents the relative displacement of the 
vehicle, which is assumed to be equivalent to the road surface roughness profile ( r(x) ). 
The road surface roughness is estimated using the following relationship as shown in 
Eq. (29) (Agostinacchio et al. 2014).

where, k is a constant that varies from 3 to 9 depending on the road class A to H (based 
on the ISO 8608 classification), N  is the number of data points, �n is equal to 1L , where L 
is the span of the bridge, and n0 ​ is equal to 0.1 cycles per meter. ∅i is the random phase 
angle, varying between 0 and 2π. By expressing the vehicle’s moving distance x in terms 

(27)F(t) = FStatic + FSuspension + FDamping

(28)F(t) = FStatic + Kv · y(t)+ Cv · ẏ(t)

(29)r(x) =
∑N

i=1

√
�n.2k .10−3.

( n0

i.�n

)

cos(2π .i.�n.x +∅i)

Table 2  Moving force conditions with varying bridge surface conditions and vehicle speeds in the 
continuously supported prestressed concrete T-beam

Cases Bridge surface condition Vehicle 
speed 
(m/s)

MF-C1 Very Good 20

MF-C2 Average

MF-C3 Poor

MF-C4 Very Good 10

MF-C5 Average

MF-C6 Poor
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of speed v and time t , where x = v · t , the road surface roughness equation is trans-
formed into a time history equation. The k values are chosen based on different bridge 
surface conditions: 3 for very good, 6 for average, and 8 for poor. Using these values, a 
road surface profile is developed, as shown in Fig. 10, to estimate the input moving force 
for the numerical study. Additionally, the stiffness of the vehicle’s suspension system is 
set at 6.7 × 106 N/m, the damping at 7.82 × 104 N/m/s, and the vehicle’s static force is 
taken as 175 kN.

Based on this approach, road surface roughness over time and the moving force 
are estimated for different vehicle speeds and various road surface conditions. These 

Fig. 9  Quarter car model arrangement

Fig. 10  Longitudinal bridge surface profile under varying bridge surface conditions
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estimates are then used as inputs in the numerical analysis to obtain strain measure-
ments. The road surface roughness and moving force estimated at a vehicle speed of 
20 m/s are presented in Fig. 11.

3.3 � Prestress force and moving force identification using dual strain measurements 

in continuously supported prestressed concrete T‑beam

Strain measurements were obtained at all sensor locations for each case and both stages 
of prestressing. The strain measurements recorded at a vehicle speed of 20 m/s for the 
different moving force cases are presented in Fig. 12.

To determine the optimal window size for the convolution coefficient matrix and 
improve both accuracy and subspace correctness, this study evaluated various window 
sizes using the local pseudo force ratio approach, as described in Sect. 2.4.1. A window 
size of 35 was ultimately selected, as it provided the best results while ensuring the cor-
rect subspace. This choice was further validated during the moving force identification 
process, as shown in Fig. 13. The results demonstrate that a convolution matrix with a 

Fig. 11  (a) Variation in road surface roughness profile (b) variation of moving force under different road 
surface conditions

Fig. 12  Strain variation at sensor S-1 for a vehicle speed of 20 m/s on the continuously supported 
prestressed concrete T-beam
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window size of 35 (C35) not only delivers high accuracy in identifying moving forces but 
also ensures that the subspace of the identified forces closely matches the actual moving 
forces.

Based on the strain difference responses obtained from different sensor locations in 
the numerical study and incorporating the convolution matrix ( C35 ), prestress force 
identification was performed for both levels of prestressing. The prestress force identi-
fied using strain difference responses from the sensor pair S1-S2 is shown in Fig. 14.

Additionally, the average identified prestress force, based on strain difference 
responses from different sensor pairs, is presented in Fig. 15, where it is compared with 
the actual prestress force at both levels.

To conduct the comparison study on prestress force identification, the relative per-
centage error (RPE) is calculated using Eq. (30) provided below.

The RPE was also estimated for both levels of prestressing using strain difference 
responses obtained from different sensor locations, as tabulated in Table 3. For level 1, the 
estimated RPE values were 2.66% for sensor pairs S1-S2, 3.23% for S2-S4, 2.53% for S1-S3, 
3.15% for S1-S4, and 7.32% for S3-S5. Similarly, for level 2, the estimated RPE values were 
1.95%, 4.68%, 2.11%, 3.78%, and 5.68%, respectively. Based on these results, it is confirmed 
that the proposed method can accurately identify the prestress force with good accuracy 
and minimal computational effort, as demonstrated by the numerical study.

Furthermore, the study shows that the accuracy of prestress force identification 
depends on both the sensor location and the selected element length. Accuracy is high-
est when sensors are placed at or near the mid-span. However, errors increase as sensor 

(30)RPE =
||Pidentified − Pactual ||

||Pactual||
× 100%

Fig. 13  The moving force identification under different convolution matrices in Case MF-C2 in a 
continuously supported prestressed concrete T-beam

Fig. 14  Prestress force identification using sensor pair S1-S2 in the continuously supported prestressed 
concrete T-beam
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pairs move farther from the mid-span and as the element length increases. Addition-
ally, errors grow when sensor pairs are positioned closer to the supports, as illustrated in 
Fig. 16.

Additionally, this study identified the moving forces by analysing the strain difference 
responses for each case and various sensor pairs. The moving forces, determined from 
the differential strain responses using the dual strain data from sensor pair S1-S2, are 
shown for cases MF-C1, MF-C2, and MF-C3 in Fig. 17.

Additionally, based on the identified moving forces in the continuously supported 
prestressed concrete T-beam, the RPE was calculated for all cases and different sensor 
pairs under different moving force conditions, as shown in Table 4. The RPE for cases 
MF-C1 through MF-C6 using sensor pairs S1-S2 was 2.15%, 1.20%, 2.52%, 2.08%, 
0.75%, and 2.65%, respectively. Similarly, for sensor pairs S2-S4, the RPE was 4.26%, 
3.07%, 4.78%, 3.89%, 2.67%, and 4.32%; for S1-S3, it was 2.69%, 0.78%, 2.87%, 2.56%, 
0.95%, and 3.03%, for S1-S4, it was 3.87%, 1.98%, 3.68%, 3.01%, 1.91%, and 4.27%, and 
for S3-S5, it was 5.62%, 4.09%, 6.25%, 4.98%, 3.02%, and 6.99%. Overall, the proposed 
method demonstrates its capability to accurately identify moving forces in the con-
tinuously supported prestressed concrete T-beam.

This study further investigates the influence of sensor locations and element length 
on the accuracy of moving force identification. Based on the estimated RPE across 30 
different conditions involving varying moving forces and sensor pairs, the findings 

Fig. 15  Average prestress force identified in the continuously supported prestressed concrete T-beam based 
on strain difference responses from different sensor pairs

Table 3  RPE in prestress force identification using different methods in the continuously supported 
prestressed concrete T-beam

Sensor location Stage 1 (3000 kN) Stage 2 
(2000 kN)

S1-S2 2.66 1.95

S2-S4 3.23 4.68

S1-S3 2.53 2.11

S1-S4 3.15 3.78

S3-S5 7.32 5.68
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Fig. 16  Variation of the RPE in prestress force identification for a continuously supported prestressed 
concrete T-beam

Fig. 17  Moving force identification using sensors S1 and S2 in a continuously supported prestressed 
concrete T-beam for different cases (a) MF-C1 (b) MF-C2 (c) MF-C3

Table 4  RPE in moving force identification using different sensor pairs in a continuously supported 
prestressed concrete T-beam

Cases RPE (%)

S1-S2 S2-S4 S1-S3 S1-S4 S3-S5

MF-C1 2.15 4.26 2.69 3.87 5.62

MF-C2 1.20 3.07 0.78 1.98 4.09

MF-C3 2.52 4.78 2.87 3.68 6.25

MF-C4 2.08 3.89 2.56 3.01 4.98

MF-C5 0.75 2.67 0.95 1.91 3.02

MF-C6 2.65 4.32 3.03 4.27 6.99
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suggest that accuracy is higher when sensor pairs and element lengths are positioned 
near the mid-span compared to when they are placed farther from the mid-span or 
near the supports. Additionally, accuracy improves when one sensor is located at the 
mid-span and the other close to it, compared to when the sensors are positioned near 
the supports, as shown in Fig. 18.

In addition, this study also examines the identification of moving forces in a sce-
nario where two forces travel in opposite directions at a constant speed of 20  m/s, 
to further demonstrate the capability of the proposed approach. The arrangement of 
these forces is shown in Fig. 19.

Based on the proposed methodology and the strain responses obtained from the 
calibrated numerical model, the moving force identification is carried out for the 
above-mentioned case. The identified moving force results and the variation of the 
average RPE with the force-spacing-to-span ratio for the considered 1 s time duration 
are presented in Fig. 20.

Based on the identification results, the two moving forces, F1 and F2 , were estimated 
with overall RPEs of 2.46% and 1.88%, respectively. The results indicate that the method 
maintains good overall accuracy even when the vehicles pass each other. However, as the 
force-spacing-to-span ratio approaches zero (i.e., two vehicles approach each other), the 
average local RPE increases and reaches a maximum of approximately 4.85%, as shown 
in Fig. 20. These findings confirm the capability of the proposed Vandermonde matrix–
based convolution procedure to identify moving forces when two vehicles pass each 
other. By ensuring the correct solution subspace through comparison with the theoreti-
cal shape-function ratio derived using a Lagrangian polynomial formulation, the method 

Fig. 18  Variation of the RPE in moving force identification for a continuously supported prestressed concrete 
T-beam

Fig. 19  Two moving-force arrangement on a continuously supported prestressed concrete T-beam
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enables reliable estimation of each force. Overall, the outcomes demonstrate that the 
proposed approach can accurately identify two moving forces while correctly capturing 
their temporal positions in the time-history domain.

In summary, the proposed strain difference response-based approach for identifying 
prestress and moving forces in a continuously supported prestressed concrete T-beam 
demonstrates its effectiveness in achieving accurate results while ensuring the correct 
subspace. Based on the findings on sensor placement, this study recommends posi-
tioning sensors at or near the mid-span rather than closer to the supports. This strat-
egy helps minimize computational resources and reduces the burden of handling large 
amounts of data by focusing on more relevant and effective data.

4 � Validation 2: Prestress force and excitation identification in simply 
supported box‑girder bridge model (Experimental study)

4.1 � Experimental model of a simply supported prestressed box girder bridge

In this study, a 6-m simply supported prestressed box girder bridge model was used 
(Pathirage 2017). The Moog control loading system generated excitations at the mid-
span of the model. The concrete in the bridge had a density of 2680 kg/m3 and an elas-
tic modulus of 28.66 GPa. Prestressing forces were applied in three stages with two 
15.2 mm diameter unbonded tendons: 171.28 kN (PF1), 284.01 kN (PF2), and 378.29 kN 

Fig. 20  Comparison of two moving force cases for a continuously supported prestressed concrete T-beam 
bridge (a) identified moving forces for the two cases (b) average local RPE of the identified moving forces 
versus the force-spacing-to-span ratio
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(PF3). Figure 21 illustrates both the overall view of the bridge model and the experimen-
tal setup.

In this study, four strain gauges were used, with their arrangement shown in Fig. 22. 
Additionally, a modal analysis was conducted at each prestressing stage, and the first 
three modal frequencies are listed in Table 5.

Additionally, the FE model of the box-girder bridge was developed in Abaqus using a 
standard explicit model and C3D8R solid elements. Calibration was performed using a 
model updating technique based on the natural frequencies. The first mode shape for 
Case PF1 is shown in Fig. 23.

Excitation on the box girder bridge model was applied at the mid-span using the Moog 
control loading system, which included propulsive force, periodic force, and retarding 
forces. Strain gauge measurements were taken at a sampling frequency of 1000 Hz, and 
the variation of applied forces over 1 s is shown in Fig. 24.

To determine the appropriate window size for the simply supported prestressed box 
girder bridge model, various sensor locations were considered in the FE model, as shown 
in Fig. 22. The local pseudo force ratio was estimated for each sensor location using the 
applied convolution matrix, and these results were compared with the theoretical ratio 
obtained from the shape function approach. The variation of the local pseudo-force ratio 
at sensor pair S3-S2 is presented in Fig. 25.

Based on the comparison of identification accuracy, as measured by the relative mean 
square error (RMSE) calculated using Eq. (31), a window size of 25 was selected for the 
convolution matrix in this study. The variation of RMSE across three cases (S3-S1, S3-S2 
and S4-S1) is shown in Fig. 26.

Fig. 21  Simply supported box girder bridge model (a) overall view of the bridge model (b) experimental 
bridge model with Moog control loading system (c) box girder bridge model with tendon arrangement
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(31)
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Fig. 22  The placement of the strain gauges in the simply supported box girder bridge model

Table 5  First three natural frequencies at each prestressing stage in the simply supported box-
girder bridge model

Cases PF (kN) Natural frequency (Hz)

Modes

1 2 3

PF1 171.28 23.023 43.785 57.768

PF2 284.01 22.973 43.502 57.204

PF3 378.29 22.902 43.536 57.235

Fig. 23  First mode shape of the simply supported prestressed box-girder bridge model in Case PF1, 
corresponding to the first natural frequency of 23.023 Hz
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4.2 � Prestress force and excitation identification in simply supported box‑girder bridge 

model

To identify the prestress force and moving force, strain measurements obtained under 
periodic excitation at all four sensor locations in the simply supported prestressed 
box girder bridge model are presented in Fig. 27 under excitation. Using these strain 
measurements and incorporating the convolution coefficient matrix ( C25 ) into the 
prestress force identification methodology, the prestress force is determined based on 
the relative strain obtained from sensor pairs S3-S2, S3-S1, and S4-S1.

Fig. 24  Excitation at the mid-span of the box-girder bridge model under various loading conditions

Fig. 25  The variation of the local pseudo force ratio at sensor location S3-S2 under different convolution 
coefficient matrices

Fig. 26  The variation in RMSE across different window sizes and sensor locations in the simply supported 
box-girder bridge model



Page 26 of 39Jeyamohan et al. Advances in Bridge Engineering            (2026) 7:26 

Additionally, the identified prestress force for case PF1, based on the strain differ-
ence responses derived from dual strain data over time, is shown in Fig. 28.

Furthermore, the identified average prestress force and RPE for all three cases, 
based on different sensor pairs, are presented in Fig. 29. Based on the estimated RPE 
in prestress force identification using strain difference responses, the RPE values for 
case-PF1 using sensor pairs S3-S2, S3-S1, and S4-S1 are 3.66%, 5.67%, and 7.42%, 
respectively. In case-PF2, the RPE values are 2.82%, 4.22%, and 6.33%, while in case-
PF3, they are 2.20%, 2.57%, and 3.62%, respectively. The experimental study confirms 
that the proposed method for prestress force identification accurately determines the 
prestress force using strain difference responses obtained from dual strain measure-
ments along the longitudinal direction of the simply supported box-girder bridge 
model.

The experimental study on prestress force identification and sensor placement fur-
ther validates the recommendations made based on the numerical study of a continu-
ously supported prestressed concrete T-beam. It confirms that placing sensors closer 
to the mid-span yields higher accuracy, while accuracy decreases as sensors are posi-
tioned nearer to the supports or as the element length increases.

Additionally, using the convolution coefficient matrix ( C25 ), the vehicle excitation 
is identified by incorporating strain difference responses from various sensor pairs 
under different excitation scenarios, including periodic force, propulsive force, and 
retarding force. The identified excitation force under PF1, using sensors S3-S2, is 
illustrated in Fig. 30.

Furthermore, the RPE on excitation is estimated for all three prestressing cases, as 
well as for periodic, propulsive, and retarding excitation scenarios, as shown in Table 6. 

Fig. 27  The variation in strain measurements at different sensor locations in the simply supported 
prestressed box girder bridge model under excitation

Fig. 28  Identification of prestress force PF1 using strain difference responses in a simply supported 
box-girder bridge model
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The proposed inverse moving force identification method, which incorporates the con-
volution coefficient matrix to minimize noise, demonstrates its effectiveness by identi-
fying the excitation on the simply supported prestressed box girder bridge model with 
an RPE of less than 5.02%, while also minimizing computational effort.

In addition to the accuracy of moving force identification, as discussed in the 
numerical study on a continuously supported prestressed concrete T-beam, sensor 
pairs positioned closer to the mid-span provide better accuracy compared to those 
placed farther away. Additionally, increasing the element length gradually reduces 
accuracy in moving force identification. This recommendation can be further vali-
dated by experimental studies under different types of excitations, such as peri-
odic, propulsive, and retarding. As shown in Table 6, the findings confirm that RPE 
increases for sensor pairs S3-S2, S3-S1, and S4-S1, supporting the statement on sen-
sor placement for moving force identification.

To evaluate the benefits of the proposed method, this study compares it with exist-
ing inverse force identification approaches, including the virtual distortion method 
combined with the load shape function approach (VDM + LSF) (Xiang et  al. 2016) 
and the modified preconditioned conjugate gradient method (M-PCG) (Chen et  al. 
2018), against the proposed differential strain–based approach. The comparison 
results for prestress force identification Case 1 (PF1), along with the estimated RPE at 
0.2 s time intervals to illustrate the oscillatory behaviour of the results, are presented 
in Fig. 31.

Based on the time-history behaviour of the identified prestress force and the cor-
responding RPE variation, it is evident that the proposed differential strain–based 
approach, combined with the Vandermonde matrix–based convolution process 
and the incorporation of the pseudo-prestress force concept, significantly improves 
numerical stability and reduces oscillations in prestress force identification. This 
results in noticeably higher accuracy compared to existing methods. The VDM + LSF 

Fig. 29  Identification of prestress force in a simply supported box-girder bridge model using strain 
difference responses using different sensor pairs (a) PF1 (b) PF2 (c) PF3
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approach shows high sensitivity and produces highly fluctuating identified forces. 
However, by introducing the pseudo-prestress ratio and Lagrangian polynomial–
based shape functions within the convolution framework, the proposed method 
effectively mitigates instability and achieves higher accuracy. Similarly, although the 
M-PCG method provides iterative refinement, it requires significantly higher com-
putational effort, especially for real bridges with many elements and many degrees of 
freedom. The resulting large system matrix increases the number of iterations needed, 
leading to higher computational demand. Moreover, the M-PCG method still exhib-
its greater oscillation in the identified forces compared to the proposed approach. In 
contrast, the present method achieves more stable and accurate identification using a 
simplified convolution process while ensuring the correct subspace through the local 

Fig. 30  Identification of excitation using strain difference responses in a simply supported box-girder bridge 
model (sensor pair S3-S2) in PF1 (a) periodic force (b) propulsive force (c) retarding force
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pseudo-prestress concept. Therefore, the results clearly demonstrate that the pro-
posed approach can deliver accurate and stable prestress force identification using 
only two strain measurements, outperforming both the VDM + LSF and M-PCG 
methods.

Additionally, the proposed approach relies on dual strain responses, which reduces the 
required data volume for effective force identification. In contrast, displacement-based 

Table 6  The RPE in the identified excitation for a simply supported box girder bridge under various 
prestress forces and loading conditions

Cases Excitation type RPE (%)

S3-S2 S3-S1 S4-S1

E1-PF1 Periodic 2.85 3.24 4.89

E2-PF1 Propulsive 1.92 3.03 4.25

E3-PF1 Retarding 0.58 1.98 2.23

E1-PF2 Periodic 2.45 3.02 3.92

E2-PF2 Propulsive 3.25 3.42 4.05

E2-PF2 Retarding 1.65 3.12 5.02

E1-PF3 Periodic 2.12 2.65 2.99

E2-PF3 Propulsive 1.08 2.23 3.75

E3-PF3 Retarding 1.98 2.25 3.13

Fig. 31  Prestress force identification in the simply supported box girder bridge model for Case 1 (PF1), 
comparing the VDM + LSF approach, the M-PCG method, and the proposed method
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methods, such as the VDM combined with the LSF approach, require both displacement 
and rotational measurements because translational and rotational degrees of freedom 
must be considered in constructing the system matrix. This substantially increases the 
measurement effort, instrumentation requirements, and processing time.

Ultimately, the proposed differential strain-based method for prestress and moving 
force identification, incorporating the convolution matrix, demonstrates its ability to 
accurately identify both forces while ensuring the correct subspace. This is supported 
by numerical studies on a continuously supported prestressed concrete T-beam, as well 
as experimental studies on a simply supported box-girder bridge model. Additionally, 
both the experimental and numerical studies validate that placing sensors closer to the 
mid-span and reducing the sensor spacing (element length) results in higher accuracy 
compared to sensor placements near the supports.

5 � Validation 3: Prestress and moving force identification in real three‑span 
continuously supported PCBs (Real bridge monitoring data and Numerical 
study)

5.1 � Identification of moving forces in real, continuously supported three‑span PCBs using 

dual strain data

A three-span continuously supported PCB bridge with spans of 99 m, 180 m, and 99 m, 
respectively, with a total length of 378 m is used to validate the proposed method. Strain 
responses on this bridge were measured using electrical resistance strain gauges installed 
at sensor locations S1 and S2 (both placed on the soffit on the left side of the top slab). 
In addition, a magnetic accelerometer positioned at mid-span (sensor location S1 on the 
left side of the bottom slab) was used to measure acceleration responses. Acceleration 
measurements were utilized in this study to extract modal parameters under vehicle 
movement, validate the FE model, and confirm the vehicle entrance time on the PCB. 
Figure 32 illustrates the bridge’s longitudinal and cross-sectional views with sensor loca-
tions (S1 and S2), as well as the FE model constructed using the Abaqus standard explicit 
approach.

Based on the available data, this study considered six different vehicle categories 
derived from the dynamic weighing data (09th September 2023, from 12.00 AM to 6.00 
AM), and the respective vehicle weights and speeds were extracted as shown in Fig. 33.

Acceleration responses from a magnetic accelerometer placed at mid-span (sen-
sor location S1) were used to extract the modal frequencies and validate the FE model, 
ensuring it accurately reflects the structural performance of the real PCB. From the 
modal analysis, the first three modal frequencies were determined to be 0.95  Hz, 
2.12  Hz, and 2.78  Hz, respectively. Model updating was then performed, resulting in 
a maximum error of 4.25%, and further verified by comparing the measured bending 
strain with the overall static weight obtained from the B-WIM system. Following model 
updating, the concrete density was set to 2650 kg/m3, the elastic modulus to 35.55 GPa, 
and the Poisson’s ratio to 0.2. All sensors are sampled at a frequency of 10 Hz. Figure 34 
illustrates the time-domain and frequency-domain acceleration responses under vehicle 
movement.

To validate the proposed dual strain-based approach for moving force identification, 
this study examines six different vehicle types and records their strain responses without 
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prior knowledge of any vehicle-related information. The strain responses obtained at 
mid-span for each vehicle type are presented in Fig. 35.

As previously described, the prestressed bridge-vehicle system matrix is con-
structed using a calibrated FE model. Strain responses are derived from the differ-
ence between the signals at S1 and S2. To ensure accuracy and determine the correct 
subspace, a convolution matrix with a window size of 25 (C25) is created based on 

Fig. 32  Real three-span continuously supported PCBs information (a) longitudinal view of the bridge and 
sensor location (b) cross-section view with sensor location (c) FE 3D mesh view

Fig. 33  Different vehicle types, along with their respective weights and speeds on the three-span, 
continuously supported PCBs at different times, based on dynamic weighing data

Fig. 34  Acceleration responses obtained at sensor location at S1 (mid-span) of the 3-span continuously 
supported PCBs under vehicle movement (a) time domain (b) frequency domain
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dynamic weighing data. Consequently, the strain responses from the S1–S2 sensor 
pair are used to identify the moving forces, which are then compared with the equiva-
lent gross vehicle weight obtained from dynamic weighing data measured at the sta-
ble position on the road near the left end of the PCB, as illustrated in Fig. 36.

To evaluate the robustness of the moving force identification, the average identified 
moving forces are compared with the equivalent gross weight of each vehicle, and the 
RPEs are estimated, as illustrated in Fig. 37.

Based on the estimated RPEs, the proposed dual-strain-based approach—combined 
with a regularization technique that incorporates a convolution matrix derived from 
the Vandermonde matrix demonstrates its effectiveness in accurately identifying 
moving forces in real-world PCBs and could be used as a simple but effective B-WIM 
system.

Fig. 35  Strain responses obtained at sensor location at S1 (mid-span) of the 3-span continuously supported 
PCBs under different vehicles (a) heavy-duty 4-axle (b) 4-axle vehicle 1 (c) 4-axle vehicle 2 (d) 5-axle vehicle 
(e) heavy-duty 2-axle (f) light duty 2-axle
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5.2 � Identification of prestress forces in real, continuously supported three‑span PCBs 

through a numerical study

In the real bridge, prestressing was carried out using 15.2 mm tendons with a break-
ing strength of 1860 MPa. The maximum design limit factor was 0.75. To simulate the 
strain responses at sensor locations S1 and S2 for validating the proposed prestress 
force identification method, a calibrated FE model of the three-span continuously 
supported PCB was used. Three different levels of prestressing {initial (16,790 kN), 
Level 1 (11,750 kN), and Level 2 (7,500 kN)} were introduced using a load-balancing 
technique to generate the strain responses required for validating the dual strain-
based approach. The tendon profile arrangement is shown in Fig. 38.

Fig. 36  Identified moving forces using differential strain responses from sensor pair S1–S2 for different 
vehicles in a 3-span continuously supported PCB (a) heavy-duty 4-axle (b) 4-axle vehicle 1 (c) 4-axle vehicle 2 
(d) 5-axle vehicle (e) heavy-duty 2-axle (f) light duty 2-axle
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The tendon profile has an eccentricity of 2400 mm at the convex area and 600 mm 
at the concave area. Under random excitation, strain responses are simulated at sen-
sor locations S1 and S2 for two different levels of prestressing. These responses are 
then used to identify the prestress forces, following the methodology described in 
Sect.  2.2. By analysing the differential strain derived from dual strain data, the pre-
stress force is identified in all three levels and then compared with the actual prestress 
force, as illustrated in Fig. 39.

Based on the estimated RPE for prestress force identification (compared to actual 
values), the RPE values are 6.89%, 3.48% and 2.96% for prestressing initial, level 1 and 
level 2, respectively. These results demonstrate the method’s effectiveness in accu-
rately identifying prestress forces in continuously supported PCBs.

In summary, beyond the numerical and experimental studies, the proposed dual-
strain-based approach effectively ensures accurate identification of both moving and 
prestress forces in real PCBs, while requiring minimal computational resources and 
effort. Compared to existing methods—which rely directly on strain responses that suf-
fer from high ill-posedness when applied to real bridge cases due to the high sensitiv-
ity of sensor measurements to external factors—the proposed differential strain-based 
approach overcomes these challenges. It significantly improves the accuracy and effi-
ciency of prestress and moving force identification. The results presented provide strong 
evidence of this advancement. The strain measurements from the electrical resistance 

Fig. 37  Estimated RPE for various vehicle types used in moving force identification on a real, continuously 
supported, three-span PCB

Fig. 38  Arrangement of prestressing tendons in the three-span, continuously supported PCB
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strain gauge at sensor location S1, along with the refined strain data obtained using 
the selected convolution matrix as discussed in the validation section, are presented in 
Fig. 40. This ensures that only the useful features of the strain response are extracted for 
effective moving force identification.

Based on the above figure, the effects of uncertainties on the strain input are evident, 
highlighting the effectiveness of the proposed method in overcoming these challenges. 
By minimizing the impact of uncertainties, the proposed approach reduces the bur-
den on bridge managers, enabling accurate and efficient identification of prestress and 
moving forces using only dual strain responses. This, in turn, supports timely decisions 
regarding bridge serviceability and helps safeguard bridge users.

6 � Conclusions
A novel differential strain-based approach has been developed for identifying prestress 
and moving forces, incorporating a convolution matrix. The convolution matrix, devel-
oped using a Vandermonde matrix, is designed to effectively reduce noise by regularizing 
the inverse problem, allowing for a least-squares solution while preserving the correct 
subspace. Notably, it requires only dual strain responses along the longitudinal direc-
tion of PCBs to achieve accurate results. The study also presents the pseudo-prestress 

Fig. 39  Comparison between the identified and actual prestress forces in a three-span, continuously 
supported PCB, incorporating different prestress levels based on the FE model

Fig. 40  Time-history of electrical resistance strain gauge data and refined strain data under moving vehicle 
conditions on the three-span real PCB
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force ratio to determine the optimal window size for the convolution matrix, reducing 
computational effort. The proposed methodology was validated through experimental 
data from a simply supported prestressed box-girder bridge model, which included three 
stages of prestressing and three types of excitations: propulsive, periodic, and retard-
ing. Further verification was performed using a continuously supported prestressed con-
crete T-beam with two stages of prestressing, subjected to varying moving forces under 
different bridge surface conditions and vehicle speeds. In addition to experimental and 
numerical studies, the proposed method is applied to real, three-span, continuously sup-
ported PCBs using actual strain and dynamic weighing data to ensure its robustness. 
Based on this study the following conclusions can be drawn:

	 i.	 The proposed approach not only enables accurate and efficient identification of 
prestress and moving forces but also demonstrates the potential of a smart sensing 
strategy by utilizing just dual strain responses through a differential strain-based 
method.

	 ii.	 The proposed time-domain based inverse prestress and moving force identification 
approach demonstrates strong capability in identifying both prestress and moving 
forces with improved numerical stability and higher accuracy compared to existing 
methods.

	iii.	 This study provides strategic guidelines for optimal sensor placement along the 
longitudinal axis of PCBs, enabling effective identification of prestress and moving 
forces with minimal sensor deployment and reduced computational demand. Vali-
dated by both numerical and experimental investigations, the results reveal that 
positioning sensors closer to the mid-span significantly enhances accuracy, with 
performance progressively improving as sensors are moved away from the sup-
ports toward the mid-span.

	iv.	 The proposed effective approach enables bridge managers to extend the service life 
of real-world PCBs through timely maintenance. Furthermore, by relying on strain 
measurements, the proposed method eases the burden of sensor installation and 
monitoring, reducing both inconvenience and operational challenges.

This study focused on developing an enhanced approach for identifying prestress 
and moving forces using differential strain derived from dual strain responses. While 
the proposed method has demonstrated its applicability to both simply supported and 
continuously supported PCBs, it is currently limited to overall axle force identification. 
Future research will extend this methodology to identify prestress and moving forces in 
deep girders and wide box-girder bridges by explicitly incorporating shear deformation 
and torsional effects. In addition, the method will be further evaluated for vehicle cross-
ing scenarios through experimental studies and instrumented field testing. In addition, 
long-term continuous monitoring data will be utilized to further validate the accuracy 
of the prestress force identification. The benchmark prestress values will be estimated 
using standard prestress-loss calculation formulas to enable direct comparison and to 
further establish the engineering value of the proposed method.
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