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Basic Notation

A

nl=1.2....-n

il

() = mm
[a]
(modc)

(a)* = max(a,0)

Basic Notation

transpose of a vector or matrix z;

column vector z € R¢ with sth component z*;
absolute value of z or Euclidean norm;

(k x d)-matrix A with ijth component a*7;
set of natural numbers;

set of real numbers;

set of nonnegative real numbers;
d-dimensional Euclidean space;

open interval a < z < b in R;

closed interval a < z < bin R;

sample space;

empty set;

time step size of a time discretization;
factorial of n;

combinatorial coefficient;

largest integer not exceeding a € R;
modulo ¢;

maximum of a and 0;

ix



X Basic Notation

In(a) natural logarithm of a;

iid. independent identically distributed;

a.s. almost surely;

[0 — Qs function f from (), into Q9;

f! first derivative of f: R — R;

f second derivative of f : R — R;

% ith partial derivative of v : R? - R;

aj;u or (a‘zi)k u kth order partial derivative of u with respect to x¢;

C*(R%, R) set of k times continuously differentiable functions;

Ch(RY,R) set of k times continuously differentiable functions
which, together with their partial derivatives of order
up to k, have polynomial growth;

14 indicator function for event A to be true;

N() Gaussian distribution function;

A collection of events, sigma-algebra;

A filtration;

E(X) expectation of X;

E(X|.A) conditional expectation of X under A;

P(A) probability of A;

B(U) smallest sigma-algebra on U;

SDE stochastic differential equation;

Letters such as K, K , C, 5’, ... represent finite positive real con-

stants that can vary from line to line. All these constants are

assumed to be independent of the time step size A. The remain-

ing notation is either standard or will be introduced when used.
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Abstract

This thesis concerns the design and analysis of new discrete time approximations
for stochastic differential equations (SDEs) driven by Wiener processes and Pois-
son random measures. In financial modelling, SDEs with jumps are often used
to describe the dynamics of state variables such as credit ratings, stock indices,
interest rates, exchange rates and electricity prices. The jump component can cap-
ture event-driven uncertainties, such as corporate defaults, operational failures or
central bank announcements. The thesis proposes new, efficient, and numerically
stable strong and weak approximations. Strong approximations provide efficient
tools for problems such as filtering, scenario analysis and hedge simulation, while
weak approximations are useful for handling problems such as derivative pricing,
the evaluation of moments, and the computation of risk measures and expected
utilities. The discrete time approximations proposed are divided into regular and
jump-adapted schemes. Regular schemes employ time discretizations that do not
include the jump times of the Poisson measure. Jump-adapted time discretizations,

on the other hand, include these jump times.

The first part of the thesis introduces stochastic expansions for jump diffusions
and proves new, powerful lemmas providing moment estimates of multiple sto-
chastic integrals. The second part presents strong approximations with a new
strong convergence theorem for higher order general approximations. Innovative
strong derivative-free and predictor-corrector schemes are derived. Furthermore,
the strong convergence of higher order schemes for pure jump SDEs is established
under conditions weaker than those required for jump diffusions. The final part
of the thesis presents a weak convergence theorem for jump-adapted higher or-
der general approximations. These approximations include new derivative-free,
predictor-corrector, and simplified schemes. Finally, highly efficient implementa-
tions of simplified weak schemes based on random bit generators and hardware

accelerators are developed and tested.



Chapter 1

Introduction

1.1 Brief Survey of Results

Before we discuss the motivation of this research and provide an overview of the
existing literature, we give in this section a brief survey of the results presented in
this thesis. The topic of this thesis is the numerical solution of stochastic differ-
ential equations (SDEs) with jumps. The thesis is divided into three parts. The
first part, covering Chapters 2 and 3, discusses the class of SDEs with jumps and
introduces the Wagner-Platen expansion along with some new results on estimates
of multiple stochastic integrals. The second part, comprising Chapters 4, 5, 6, 7
and 8, considers strong approximations of jump-diffusion and pure jump SDEs.
Finally, the third part, which is composed of Chapters 9, 10, 11 and 12, introduces

weak approximations and discusses efficient implementations of weak schemes.

Some of the new results of this thesis have already appeared or have been accepted
in eight refereed publications. Below, these papers are put into the context of the
thesis. The rigorous derivation and description of the various new results did not
allow any significantly shortened presentation of the thesis. However, a substantial
effort has been made to present these results systematically, which should allow an

efficient reading.

A main result of the first part of the thesis is the derivation of new moment es-
timates (Lemmas 3.6.1 and 3.6.2) of multiple stochastic integrals with respect to
Wiener processes, Poisson measures and compensated Poisson measures. These
estimates constitute the core of the proof of new strong convergence theorems. We
also present results (Lemmas 3.6.3 and 3.6.4) that will be used in the proofs of new
weak convergence theorems. These moment estimates build on some results pre-
sented in Liu & Li (2000) and Li & Liu (2000), who consider only multiple stochastic
integrals with respect to the Poisson random measure. Here we also consider mul-

tiple stochastic integrals with respect to the compensated Poisson measure, which

1



2 CHAPTER 1. INTRODUCTION

are necessary to prove the convergence of certain strong and weak approximations.

There are three main results of the second part of the thesis. First, the order of
convergence of regular strong Taylor approximations (Theorem 4.5.1) is established.
A detailed proof is provided, which extends the results presented in Platen (1982a)
and Gardon (2004). The new result considers the more general case of a driving
Poisson measure and covers also the strong convergence of regular approximations

based on a compensated Poisson measure.

Second, the strong convergence of the fairly general class of regular strong It6
approximations (Theorem 5.5.1) is derived. The corresponding strong conver-
gence theorem allows the construction of new derivative-free, drift-implicit and
predictor-corrector schemes (see Bruti-Liberati, Nikitopoulos-Sklibosios & Platen
(2006) and Bruti-Liberati & Platen (2007a)). The proposed innovative strong
predictor-corrector schemes appear to be new, even for the case of pure diffu-
sion SDEs. These new schemes are of particular importance, since they combine
the efficiency of explicit schemes and the enhanced numerical stability proper-
ties inherited from corresponding implicit schemes. Most importantly, such strong
predictor-corrector schemes introduce quasi-implicitness also in the diffusion terms
of the algorithm. In the context of strong approximations, this is a particularly
difficult task that, so far, only balanced implicit schemes were able to achieve, see
Milstein, Platen & Schurz (1998), Kahl & Schurz (2006) and Alcock & Burrage
(2006). The new predictor-corrector methods avoid the key drawback of balanced
implicit methods, which is the requirement for solving an algebraic equation at

each time step.

Third, the strong order of convergence of strong Taylor approximations for pure
jump SDEs (Theorem 8.8.4) has been established under weaker conditions than
usually required (see Bruti-Liberati & Platen (2007c)). We show that the differen-
tiability conditions on the jump coefficient, typical of strong convergence theorems
for jump diffusions, are here not needed. In the special case of pure jump dynam-
ics, Lipschitz and linear growth conditions on the jump coeflicient are sufficient for

strong schemes with any order of strong convergence.

The last part of the thesis contains two main results. First, the order of weak con-
vergence of general jump-adapted weak Taylor approximations (Theorem 10.7.1)
has been established. The corresponding new theorem extends the results in

Mikulevicius & Platen (1988). It covers the weak convergence of new jump-adapted
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weak derivative-free and predictor-corrector schemes. Furthermore, new jump-
adapted simplified schemes, which use multi-point distributed random variables

between jump times, have been proposed.

Second, new efficient implementations of simplified weak schemes, based on multi-
point distributed random variables, have been proposed (Chapter 12). These re-
sults are discussed in the case of pure diffusion SDEs and can be readily applied
to the diffusive part of a jump-adapted scheme when approximating SDEs with
jumps. The main idea underlying these implementations (see Bruti-Liberati &
Platen (2004)) is the systematic use of efficient random bit generators for the
multi-point distributed random numbers needed in simplified weak schemes. Soft-
ware implementations are tested and the obtained speedups of up to 29 times on
the entire simulation, when compared to an implementation based on Gaussian
random variables, are reported. Finally, new hardware accelerators, based on field
programmable gate arrays, are proposed, which provide further speedups of up to
three times (see Martini, Piccardi, Bruti-Liberati & Platen (2005), Bruti-Liberati,
Platen, Martini & Piccardi (2005), and Bruti-Liberati, Martini, Piccardi & Platen
(2007)).

1.2 Motivation

Key features of advanced financial models are event-driven uncertainties such as
corporate defaults, operational failures or central bank announcements. By an-
alyzing time series properties of historical prices and other financial quantities,
many authors have argued for the presence of jumps, see Jorion (1988) for foreign
exchange and stock markets, and Johannes (2004) for short-term interest rates.
Jumps are also used to generate the short-term smile effect observed in implied
volatilities of option prices, see Cont & Tankov (2004). Furthermore, jumps are
needed to properly model credit events like defaults and credit rating changes, see
for instance Jarrow, Lando & Turnbull (1997). The short rate, typically set by
a central bank, jumps up or down, usually by a quarter of a percent, after some
random waiting times, see Babbs & Webber (1995). Therefore, models for the dy-
namics of financial quantities specified by SDEs with jumps have become increas-
ingly popular. Models of this kind can be found, for instance, in Merton (1976),
Bjork, Kabanov & Runggaldier (1997), Duffie, Pan & Singleton (2000), Kou (2002),
Schonbucher (2003), Glasserman & Kou (2003}, Cont & Tankov (2004) and Geman
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& Roncoroni (2006). The areas of application of SDEs with jumps go far beyond
finance. Other areas of application include economics, insurance, population dy-
namics, epidemiology, structural mechanics, physics, chemistry and biotechnology.
In chemistry, for instance, the reactions of single molecules or coupled reactions

yield stochastic models with jumps, see Turner, Schnell & Burrage (2004).

Since only a small class of jump-diffusion SDEs admits explicit solutions, it is im-
portant to construct discrete time approximations. The topic of this thesis is the
numerical solution of SDEs with jumps via simulation. We consider pathwise sim-
ulation, for which strong schemes are used, and Monte Carlo simulation, for which
weak schemes are employed. Note that there exist alternative methods to Monte
Carlo simulation that we do not consider in this thesis. These include Markov
chain, tree, and partial differential equation methods. The class of SDEs here
considered is that driven by Wiener processes and finite intensity Poisson random
measures. Some authors consider the smaller class of SDEs driven by Wiener pro-
cesses and homogeneous Poisson processes, while other authors analyze the larger
class of SDEs driven by fairly general semimartingales. The class of SDEs driven
by Wiener processes and Poisson random measures with finite intensity appears
to be just large enough for a realistic modelling of the underlying dynamics in fi-
nance. Here continuous trading noise and few single events are typical sources of
uncertainty. Furthermore, stochastic jump sizes and stochastic intensities, can be
conveniently covered by a Poisson random measure. At present the development
of a rich theory on simulation methods for SDEs with jumps, similar to that es-
tablished for pure diffusion SDEs in Kloeden & Platen (1999), is under way. This

thesis aims to contribute to some aspects of this new theory.

We consider discrete time approximations of solutions of SDEs constructed on time
discretizations (t)a, with maximum step size A € (0, Ag), with Ay € (0,1). We call
a time discretization regular if the jump times, generated by the Poisson measure,
are not discretization times. On the other hand, if the jump times are included in
the time discretization, then a jump-adapted time discretization is obtained. Ac-
cordingly, discrete time approximations constructed on regular time discretizations
are called reqular schemes, while approximations constructed on jump-adapted time

discretizations are called jump-adapted schemes.

Discrete time approximations can be divided into two major classes: strong ap-
proximations and weak approximations, see Kloeden & Platen (1999). We say that

a discrete time approximation Y2, constructed on a time discretization (¢)a, with
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maximum step size A > 0, converges with strong order v at time T to the solution
X of a given SDE, if there exists a positive constant C', independent of A, and a
finite number Aq € (0, 1), such that

e (8) == \E(Xr - Y2I?) < CA™, (1.2.1)

for all A € (0,Aq). From the definition of the strong error e,(A), in (1.2.1),
one notices that strong schemes provide pathwise approximations of the original
solution X of the given SDE. Therefore, these methods are suitable for problems
such as filtering, scenario and hedge simulation, and the testing of statistical and

other quantitative methods.

We say that a discrete time approximation Y2 converges weakly with order 3 to
X at time T, if for each g € Clzg(ﬁﬂ)(Rd,R) there exists a positive constant C,
independent of A, and a finite number, Aq € (0, 1), such that

ew(B) = |E(9(X7)) — E(g(Yy))| < €A%, (1.2.2)

for each A € (0,4Aq). Here C,?j(ﬁH)(]Rd, R) denotes the set of 2(8 + 1) continuously
differentiable functions which, together with their partial derivatives of order up
to 2(8+ 1), have polynomial growth. This means that for g € Cf,mﬂ)(]Rd,]R) there
exist constants K > 0 and r € N, depending on g, such that

879(y)] < K(1+ [y|*), (1.2.3)

for all y € R* and any partial derivative 3/ g(y) of order j < 2(8+1). Weak schemes
provide approximations of the probability measure generated by the solution of a
given SDE. These schemes are appropriate for problems such as derivative pricing,
the evaluation of moments and the computation of risk measures and expected

utilities.

Let us briefly discuss some relationships between strong and weak approximations.
The following remark, easily obtained by Jensen’s inequality, see (1.2.10) in Ap-

pendix A, provides some insights.

Remark 1.2.1 Let Y2 be a discrete time approzimation, constructed on a time

discretization (t)a, with strong order of convergence v, see (1.2.1). Consider a
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function g : R* — R satisfying the Lipschitz condition

l9(z) — g()| < Klz — 9], (1.2.4)

for every z,y € R, where K is a positive constant. Then there ezists a positive
constant C, independent of A, and a finite number, Aq € (0, 1), such that

|E(9(X1)) — E(g(Y£))| < CAT, (1.2.5)
for each A € (0,4).

Since the set of Lipschitz continuous functions includes the set Cf)(ﬁ H)(Rd, R), Re-
mark 1.2.1 implies that if a discrete time approximation Y2 achieves an order v of
strong convergence, then it also achieves at least an order § = v of weak conver-
gence. We emphasize that the weak order obtained in Remark 1.2.1 is usually not
sharp and, thus, the order of weak convergence could actually be higher than that
of strong convergence. For instance, it is well-known and we will later show that

the Euler scheme typically achieves strong order v = 0.5 and weak order 5 = 1.0.

In light of Remark 1.2.1, one could think that the design of strong approxima-
tions is sufficient for any type of application, since these approximations can be
also applied to weak problems, achieving at least the same order of convergence.
This is of course true, but the resulting schemes might be not optimal in terms
of computational efficiency. Let us consider as an example, the strong Milstein
scheme for pure diffusion SDEs, see Milstein (1974). By adding the double Wiener
integrals to the Euler scheme one obtains the Milstein scheme, thus enhancing the
order of strong convergence from v = 0.5 to v = 1.0. Nonetheless, the order of
weak convergence of the Milstein scheme equals 8 = 1.0, which is not an improve-
ment over the order of weak convergence of the Euler scheme. Therefore, to price
a European call option, for example, the Euler scheme is computationally more
efficient than the Milstein scheme, since it has fewer terms and the same order of
weak convergence. This simple example indicates that to construct efficient higher
order weak approximations, one should not take the naive approach of just us-
ing higher order strong approximations. Furthermore, as it will be discussed in
Chapter 12, when designing weak schemes one has the freedom of using simple
multi-point distributed random variables to approximate the underlying multiple
stochastic integrals. These multi-point distributed random variables lead to highly

efficient implementations of weak schemes.
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1.3 Literature Review

An extensive literature on the numerical solution of pure diffusion SDEs has been
developed over several decades. We refer the reader to the monographs Kloe-
den & Platen (1999), Kloeden, Platen & Schurz (2003), Milstein (1995), Milstein
& Tretyakov (2604), and to the surveys Platen (1999), Higham (2001), Kloeden
(2002) and Burrage, Burrage & Tian (2004). Implementations of these methods
with mathematical software, such as MAPLE and MATLAB, have been discussed
in Cyganowski, Kloeden & Ombach (2001) and Higham & Kloeden (2002). Also
relevant to our work are the monographs by Jéackel (2002), Glasserman (2004),
McLeish (2005) and Chan & Wong (2006) on Monte Carlo simulation in finance.
Specific algorithms for the approximation of certain pure diffusion SDEs commonly
arising in finance are described in Hunter, Jéckel & Joshi (2001), Higham & Mao
(2005), Kahl & Jackel (2005), Lord, Koekkoek & van Dijk (2006), Joshi & Stacey
(2007), Broadie & Kaya (2006) and Andersen (2007). More general monographs on
computational finance, covering also tree and partial differential equations meth-
ods, include Higham (2004) and Seydel (2006).

The literature on discrete time approximations of SDEs with jumps is still quite
limited. In the sequel we aim to give an overview on this literature, first with focus

on strong approximations and later on weak approximations.

1.3.1 Strong Approximations

The early paper by Wright (1980) considers the Euler scheme and some Runge-
Kutta type schemes for the approximation of pure jump SDEs. Some numerical
experiments are reported, but no proofs of convergence results are provided. Platen
(1982a) described a convergence theorem for regular strong Taylor schemes of any
given strong order v € {0.5,1,1.5,...}. This paper also introduced jump-adapted
strong Taylor approximations, which are constructed on time discretizations that
include the jump times of the Poisson measure. Maghsoodi (1996) presented an
analysis of some regular and jump-adapted strong discrete time approximations
with strong order up to v = 1.5. Later Maghsoodi (1998) proposed certain regular
and jump-adapted schemes that are doubly efficient, meaning that they achieve
strong order 7 = 1.0 and weak order § = 2.0. A sequence of papers by Li &
Liu (1997), Li, Wu & Liu (1998) and Liu & Li (1999) discussed the approxima-
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tion of multiple stochastic integrals arising in higher order regular strong schemes.
Cyganowski, Griine & Kloeden (2002) described MAPLE implementations of the
Euler scheme and of the strong schemes presented in Maghsoodi (1996). Gardon
(2004) proved a convergence theorem for regular strong Taylor schemes of any
given order v € {0.5,1, 1.5,...}, similar to that presented in Platen (1982a). How-
ever, this result is limited to SDEs driven by Wiener processes and homogeneous
Poisson processes. Turner, Schnell & Burrage (2004) introduced a class of Pois-
son Runge-Kutta methods for the approximation of pure jump SDEs. In a series
of papers Higham & Kloeden (2005, 2006, 2007) proposed a fairly general class
of implicit schemes of strong order v = 0.5 for SDEs that are driven by Wiener
processes and homogeneous Poisson processes. They also provided a detailed anal-
ysis of numerical stability properties. Jimenez & Carbonell (2006) proposed strong

approximations based on some local linearization method.

The following papers consider discrete time approximations for SDEs with jumps,
constructed such that they satisfy criteria slightly different from that introduced
in (1.2.1) for the classification of strong convergence. The work in Maghsoodi
& Harris (1987) analyzed the so-called in-probability approximations for jump-
diffusion SDEs. The papers by Li (1995) and Li & Liu (2000) analyzed the almost

sure convergence of jump-diffusion approximations.

In the case of SDEs driven by fairly general semimartingales, the convergence of the
Euler scheme, in terms of strong error or similar criteria for pathwise approxima-
tions, has been studied in Protter (1985), Kurtz & Protter (1991), Kohatsu-Higa
& Protter (1994), Jacod & Protter (1998), Rubenthaler (2003), Rubenthaler &
Wiktorsson (2003) and Jacod (2004).

As discussed in Section 1.1, the results in the second part of this thesis extend
the literature of strong approximations for SDEs with jumps. The results in this
direction that are already published or accepted for publications shall be briefly
mentioned in the following. The article Bruti-Liberati, Nikitopoulos-Sklibosios &
Platen (2006) proposes fairly general strong schemes with order of convergence
v = 1.0, including derivative-free and drift-implicit schemes. In Bruti-Liberati &
Platen (2007c) strong schemes for pure jump SDEs are proposed and analyzed. In
this paper a strong convergence result is obtained under weaker conditions on the
jump coefficient than usually required for jump-diffusion SDEs. Finally, the work
Bruti-Liberati & Platen (2007a) provides an introduction and a survey of strong

and weak discrete time approximations for SDEs with jumps, with a discussion on



1.3. LITERATURE REVIEW 9

applications in finance and economics.

1.3.2 Weak Approximations

In Mikulevicius & Platen (1988) a theorem for the weak convergence of jump-
adapted weak Taylor schemes of any weak order 4 € {1.0,2.0,...} was derived.
The paper Liu & Li (2000) analyzed regular weak Taylor schemes of any weak
order, which are based on regular time discretizations that do not include jump
times. In this paper a weak convergence theorem and the leading coefficients of
the global error are derived for the Euler method and the order 2.0 weak Taylor
scheme. Extrapolation methods are also presented in this context. In Kubilius &
Platen (2002) the weak convergence of the jump-adapted Euler scheme in the case
of Holder continuous coefficients is treated. The paper by Glasserman & Merener
(2003b) considered the weak convergence of the jump-adapted Euler and the order
2.0 weak Taylor schemes under weakened conditions on the jump coefficient. This
is important for the numerical approximation of jump-diffusion SDEs with state-
dependent intensities. Mordecki, Szepessy, Tempone & Zouraris (2006) analyzed
the Euler scheme with adaptive time stepping. Broadie & Kaya (2006) developed
exact approximations for certain specific pure diffusion and jump-diffusion SDEs

arising in financial applications.

The weak convergence of the Fuler scheme for the approximation of SDEs driven
by fairly general semimartingales is studied in Platen & Rebolledo (1985), Protter
& Talay (1997), Hausenblas (2002), and Jacod, Kurtz, Méléard & Protter (2005).
We also refer to the monograph by Janicki (1996), which considered the numerical
approximation of SDEs driven by a-stable Lévy measures. In this book a cor-
responding Euler scheme is proposed and its weak convergence in the Skorokhod
topology is proved. The numerical solution of stochastic partial differential equa-

tions driven by Poisson random measures is considered, for instance, in Hausenblas
(2003, 2006).

As we shall see later, when using weak schemes one can approximate the underlying
multiple stochastic integrals by simple multi-point distributed random variables.
The resulting approximations are called simplified weak schemes. The last chapter
of this thesis will consider efficient implementations of simplified weak schemes by
using random bit generators and hardware accelerators. The related literature in

this direction is quite limited. Random bit generators are at the heart of ran-
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dom number generation, see Knuth (1981). Nonetheless, the use of random bit
generators to obtain multi-point distributed random numbers for simplified weak
schemes appeared to be new when published in Bruti-Liberati & Platen (2004). We
subsequently became aware that Milstein & Tretyakov (2004) had independently
suggested a similar method without any actual implementation nor efficiency anal-
ysis. Also the idea of using hardware accelerators, based on field programmable
gate arrays (FPGAs), for Monte Carlo simulation in finance, first published in
Martini, Piccardi, Bruti-Liberati & Platen (2005), appears to be innovative. To
our knowledge the only other article on a related topic seems to be that of Zhang,
Leong, Ho, Tsoi, Cheung, Lee, Cheung & Luk (2003). Finally, it should be men-
tioned that random number generators on FPGAs have been proposed in Martin
(2002), Tsoi, Leung & Leong (2003), Lee, Luk, Villasenor & Cheung (2004) and
Lee, Villasenor, Luk & Leong (2006).

As mentioned in Section 1.1, the third part of this thesis contributes to the lit-
erature of weak approximations in several directions. Among the results already
published or accepted for publications, we mention the following articles. Bruti-
Liberati & Platen (2007a) and Bruti-Liberati & Platen (2007b) consider fairly gen-
eral weak approximations including new weak predictor-corrector schemes. The
article Bruti-Liberati & Platen (2004) proposes efficient software implementations
of simplified schemes based on random bit generators. Finally, hardware accelera-
tors for weak simplified schemes are presented in Martini, Piccardi, Bruti-Liberati
& Platen (2005), Bruti-Liberati, Platen, Martini & Piccardi (2005), and Bruti-
Liberati, Martini, Piccardi & Platen (2007).



Chapter 2

Stochastic Differential Equations with

Jumps

This chapter introduces the class of SDEs driven by Wiener processes and finite
intensity Poisson random measures. We also discuss financial applications and

results on the existence and uniqueness of strong solutions.

2.1 Introduction

Let be given a filtered probability space (2, Ar, A, P), with A = (Ao)epory, T €
[0,00), satisfying the usual conditions, and a mark space (£,B(&)), with & C
R\{0}. Note that one could also use a multi-dimensional mark space without
any complication. We define on £ x [0, T] an A-adapted Poisson random measure
ps(dv, dt), with intensity measure g,(dv,dt) = ¢(dv)dt. We assume that the total
intensity

A=¢(€) < o0 (2.1.1)

of py is finite. Thus, py = {ps(t) = ps(&,{0,t]),t € [0,T]} is a stochastic process
that counts the number of jumps occurring in the time interval [0,7}. The Pois-
son random measure py(dv, dt) generates a sequence of pairs {(7;,&),1 € {1,2,...,
ps(T)} }, where {r; € [0,T],7 € {1,2,...,p4(T)}} is a sequence of increasing
nonnegative random variables representing the jump times of a standard Poisson
process with intensity A, and {& € £,7 € {1,2,...,p,(T)} } is a sequence of inde-
pendent, identically distributed random variables. Here &; is distributed according
to @ = F(dv). Therefore, we call F(:) the distribution function of the marks.
We can interpret 7; as the time of the ith event and the mark & as its amplitude.

For a more general presentation of random measures we refer to Elliott (1982).

11
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In this thesis we consider the d-dimensional jump-diffusion SDE
dX, = a(t, X,)dt + b{t, X,)dW, + / (2, Xo_,v) py(do, dt), (2.1.2)
£

for t € [0,T], with initial value X, € R%, an ,A-adapted m-dimensional Wiener
process W = {W, = (W},...,W/™),t € [0,T]} and the previously introduced
Poisson random measure pys. Note that in (2.1.2) we denote by X,_ the almost
sure left-hand limit of X at time ¢. A solution of an SDE of the type (2.1.2) is

called jump diffusion or Ito process.

The coeflicients a(t, z) and ¢(t, z,v) are d-dimensional vectors of Borel measurable
real valued functions on [0, 7] x R? and on [0, 7] x R¢ x £, respectively. Additionally,
b(t,z) is a d x m-matrix of Borel measurable real valued functions on [0, 7] x R
Here and in the sequel, for a given vector a we adopt the notation a* to denote its
ith component. Similarly with %/ we will denote the component of the ith row

and jth column of a given matrix b.

The SDE (2.1.2) can be also written in integral form as

¢ Py(t)

t
X, =X, +/ a(s, X,)ds + / b(s, Xs)dW; + Z (13, Xr—y &), (2.1.3)
0 0

i=1

where {(7;,&),i € {1,2...,ps(t)} } is the above described sequence of pairs of
jump times and corresponding marks generated by the Poisson random measure
ps. Note that in this thesis we adopt the convention that the summation 32: i Ci

yields zero for all possible summands ¢; if j; > js. Therefore, if there are no jumps
up to time ¢, which means that py(t) = 0, the last term in (2.1.3) vanishes.

In the SDE (2.1.2) we have defined the impact of a jump via an Ité stochastic

integral with respect to a Poisson random measure as

ALLC(S,XS_,U)p¢(dv,ds). (2.1.4)

This stochastic integral allows us to model a rather general jump behavior. The
only restriction we impose on the jump component is the finiteness of the total

intensity as requested in condition (2.1.1).

Let us consider the special case of the type of coefficient functions a(t,z) = pz,
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b(t,z) = ox and ¢(t,z,v) = z (v — 1). Then the SDE (2.1.2) reduces to

dX; = X;- (p,dt + odW; + /(v - 1)p¢(dv,dt)> : (2.1.5)
£

for t € [0,7) and admits the explicit solution

Pyl
X, = Xpe i T g, (2.1.6)

i=1
where the marks & > 0 are distributed according to a given probability measure
F(dv) = ﬂ%‘ﬁ. When we choose a lognormal probability measure, which means that
¢; = In (&) is an independent Gaussian random variable, {; ~ N (g, <), with mean p
and variance ¢, then equation (2.1.6) represents a specification of the jump-diffusion
asset price model proposed in Merton (1976), known as Merton model. A simple
case is obtained when the lognormal random variable & becomes degenerate, which
is for zero variance ¢ = 0, where & = e?. If we assume a log-Laplace distribution,

instead of a lognormal one, then we recover the Kou model proposed in Kou (2002).

The flexibility in the definition of the jump integral (2.1.4) is illustrated in the

following examples.

First, one can easily construct several independent driving Poisson processes by
splitting the mark space &€ into corresponding disjoint subsets &;,...,&,, forr € N|
and obtaining with P7 = {P/ := py(&;,[0,t]),t € [0,T]} the jth Poisson process
having intensity A = ¢(&;).

It is also possible to specify a jump component with time-dependent intensity by

choosing
C(t,fE,U) = 1{v€{771(t),n2(t)]}f(t:fE)'U)) (217)
where 17, and 7, are deterministic functions of time and 1y, is the indicator function
defined by
1 for veA
lieay = 2.18
foea) {O for v¢ A ( )

for a given set A C £. Then we obtain a jump integral of the form

t pn(s)
/ / f(S,XS__,U)p¢(dU,dS>-
0 Jni(s)
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Moreover, if we allow the functions 77; and 7, to be time and state-dependent, then

we obtain a jump integral of the form

n2(5,Xs - )
/ / (s, Xs—,v)pg(dv,ds),
m(s,X5-)

which allows the modelling of stochastic intensity. Note that in this case the coef-
ficient function c is, in general, discontinuous in the state variable and, therefore,
could be not Lipschitz. With the above specifications also advanced credit risk mod-
els with multiple obligors and correlated intensities, as discussed in Schonbucher
(2003), can be modeled via the SDE (2.1.2). In the fast growing energy mar-
kets, quantities such as electricity prices are often described by rather complex
jump-diffusion SDEs; see, for instance, Geman & Roncoroni (2006) for a class of
jump-diffusion models that capture the typical jump reversion feature of electricity

prices.

Other important examples of jump diffusions of the form (2.1.2) arise in the pricing
and hedging of complex interest rate derivatives. We refer to Bjork, Kabanov &
Runggaldier (1997) for the HIM framework with jumps and to Glasserman & Kou
(2003) for the LIBOR, market model with jumps. For example, let us consider
a specific LIBOR market model with jumps proposed in Samuelides & Nahum
(2001) for pricing short-term interest rate derivatives. Given a set of equidistant
tenor dates T1,...,Tyyq, with T,y — T; = 6 for @ € {1,...,d}, the components
of the vector X, = (X},..., X¢)7 represent discrete compounded forward rates at
time ¢, maturing at tenor dates Ti,...,Ty,, respectively. In this case the model
is driven by one Wiener process, m = 1, and two Poisson processes, r = 2. The
diffusion coefficient is specified as b(t,z) = oz, with ¢ a d-dimensional vector of
positive numbers, and the jump coeflicient is given by c(¢,z) = [z, where 3 is a
d % 2-matrix with 8! > 0 and 342 < 0, for¢ € {1,...,d}. In this way the first jump
process generates upward jumps, while the second one creates downward jumps.
Moreover, the marks are set to § = 1 so that the two driving jump processes are
standard Poisson processes. A no-arbitrage restriction on the evolution of forward
rates under the T, -forward measure, see Bjork, Kabanov & Runggaldier (1997)

and Glasserman & Kou (2003), imposes a particular non-linear form on the drift
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coefficient a(t, z). Its ith component is given by

— p I PR d 0zl
7 . Ty
a'(t,z,...,z%) = {‘214_5140 + A H (1+3 1+5$j)
j=i+1 j=i+1
d 5!
A2 14 @72 , } 1.
o I 0+ 5m) (2.1.9)
J=i+1
for i € {1,...,d}, where A' and A? denote the intensities of the two Poisson pro-

cesses. A complex non-linear drift coefficient, as the one in (2.1.9), is a typical
feature of LIBOR market models. This makes the application of numerical tech-
niques essential for the pricing and hedging of complex interest rate derivatives.
We refer to Glasserman & Merener (2003b) for numerical approximations of jump-
diffusion LIBOR market models.

2.2 Existence and Uniqueness of Strong Solutions

Let us now state a theorem on the existence and uniqueness of strong solutions of
SDEs with jumps. This ensures that the objects we aim to approximate are well
defined. For the definition of strong solutions of jump-diffusion SDEs, we can refer,
for instance, to lkeda & Watanabe (1989).

We assume that the coefficient functions of the SDE (2.1.2) satisfy the Lipschitz

conditions
la(t,z) —alt,y)P <Cilz—yl*, b, z) —b(t,y)I < Cole —yf,
[lett.a0) ettt < Calo -y, (2210
for every t € [0,7] and z,y € R?, as well as the linear growth conditions
la(t, z)* < KoL+ af’), bt 2)]* < Ka(1+ o),

/Elc(t,:r,v)]2q5(dv) < Ky(1+|zf), (2.2.11)

for all t € [0,7] and = € R%. Note that the linear growth conditions can be usually

derived by the corresponding Lipschitz conditions.
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Moreover, we assume that the initial condition Xy is Ap-measurable with

E(]Xo]?) < 0. (2.2.12)

Theorem 2.2.1 Suppose that the coefficient functions a(-), b(-) and c(-) of the SDE
(2.1.2) satisfy the Lipschitz conditions (2.2.10) and the linear growth conditions
(2.2.11). Then the jump-diffusion SDE (2.1.2) admits a unique strong solution.
Moreover, the solution X, of the SDE (2.1.2) satisfies the estimate

B( sup 1X,%) <€ (1+ E(X)) (2213)

0<s<T

with T' < oo, where C is a finite positive constant.

Proofs of Theorem 2.2.1 can be found in Tkeda & Watanabe (1989) or Situ (2005).

For certain applications, the Lipschitz condition (2.2.10) on the jump coefficient
¢ is too restrictive. For instance, for modelling state-dependent intensities, as
discussed in Section 2.1, it is convenient to use jump coefficients that are not
Lipschitz continuous. Athreya, Kliemann & Koch (1988) provide some results on
the existence and uniqueness of the solution of the jump-diffusion SDE (2.1.2) when
the jump coefficient ¢ is not Lipschitz continuous. Glasserman & Merener (2003a)
analyze the convergence of the jump-adapted Euler scheme, which we will discuss in
Chapter 10, in such a case. The Yamada condition, see [keda & Watanabe (1989),
provides another condition for SDEs that do not satisfy Lipschitz type conditions.



Chapter 3

Stochastic Expansions with Jumps

In this chapter we present the Wagner-Platen expansion for solutions of SDEs with
jumps. This stochastic expansion generalizes the deterministic Taylor formula and
the Wagner-Platen expansion for diffusions to the case of SDEs with jumps. It
allows expanding the increments of smooth functions of 1t6 processes in terms of
multiple stochastic integrals. As we will see, it is the key tool for the construction

of higher order stochastic numerical methods.

3.1 Introduction

Let us first rewrite the SDE (2.1.2) in a way where the jump part will be expressed

as a stochastic integral with respect to the compensated Poisson measure
Dg(dv, dt) == pe(dv, dt) — ¢(dv)dt. (3.1.1)
By compensating the Poisson measure in the SDE (2.1.2), we obtain
dX; = a(t, X;)dt + b(t, Xy )dW, + / c(t, Xi—, v)py(dv, dt), (3.1.2)

£

where the compensated drift coeflicient is given by

a(t,z) :==a(t,z) + / c(t, z, v)p(dv), (3.1.3)

£

for ¢t € [0, T}, with initial value X, € R¢ and mark space £ C R\{0}. Note that
by relation (3.1.3), the Cauchy-Schwarz inequality (see (1.2.1) in Appendix A),
and conditions (2.2.10)-(2.2.11), the compensated drift coefficient @ satisfies the
Lipschitz condition

la(t,z) —alt,y)|* < Klz — y[* (3.1.4)

17
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for every ¢ € [0,T] and z,y € R?, as well as the linear growth condition
ja(t, 2)? < K1+ |z]), (3.1.5)

for all t € [0,T] and z € R

To construct discrete time approximations we will exploit Wagner-Platen expan-
sions of solutions of the SDE (2.1.2). With these formulas we expand smooth
functions of solutions of the SDE (2.1.2) in terms of multiple stochastic integrals.
Note that, in a similar way as in (3.1.2), a multiple stochastic integral involving
jumps can be defined by using as integrator either the Poisson measure p, or the
compensated Poisson measure p,. Therefore, we will derive two different types of
stochastic expansions. We will call the former Wagner-Platen expansions and the
latter compensated Wagner-Platen expansions. To express these expansions in a

compact form, we will introduce below certain notation.

3.2 Multiple Stochastic Integrals

In this section we introduce a compact notation for multiple stochastic integrals

that will appear in corresponding stochastic expansions.

3.2.1 Multi-Indices

We call a row vector & = (ji1,72,...,Ji), where j; € {-=1,0,1,...,m} for i €
{1,2,...,1} , a multi-index of length [ := [(«) € N. Here m represents the number
of Wiener processes considered in the SDE (2.1.2). Then for m € N the set of all

multi-indices « is denoted by
Mo, ={Ur,--,50) 7 € {=1,0,1,2,... ,m},i € {1,2,...,1} for [ e N} U {v},

where v is the multi-index of length zero. Later, by a component j € {1,...,m} of
a multi-index we will denote an integration with respect to the jth Wiener process.
A component 7 = 0 will denote an integration with respect to time. Finally, a
component 7 = —1 will denote an integration with respect to the compensated

Poisson measure p,.
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We write n(a) for the number of components of a multi-index « that are equal to 0
and s(a) for the number of components of a multi-index « that equal —1. Moreover,
we write a— for the multi-index obtained by deleting the last component of « and
—a for the multi-index obtained by deleting the first component of «. For instance,

assuming m = 2,

0(0,~1,1))=3  1((0,1,~1,0,2)) = 5

n((0,~1,1) =1  n((0,1,-1,0,2)) = 2

s((0,-1,1)) =1 s((0,1,—1,0,2)) =1

0,—1,1)—= = (0,—-1)  (0,1,—-1,0,2)~ = (0,1, —1,0)

—(0,-1,1)=(-1,1)  —(0,1,-1,0,2) = (1,-1,0,2).  (3.2.1)

Additionally, given two multi-indices o; = (j1,...,7) and ag = (i1,...,4), we

introduce the concatenation operator x on M., defined by

al*o@:(jl,...,jk,il,...,il). (322)

This operator allows us to combine two multi-indices.

3.2.2 Multiple Integrals

We shall define certain sets of adapted stochastic processes g = {g(t),t € {0,T]}
that will be allowed to appear as integrands of multiple stochastic integrals in the
stochastic expansions. We define

Hy = {g: sup E(|g(t,w)]) < oo}

te(0,T)

o= {008 ( [ latswlis) < oo}
o= 108 ([ [ lolsvo)oldnis) < oo}

My = 1g:F ( / ' ig(s,deS) < oo}, (323
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for j € {1,2,...,m}. The set H, for a given multi-index a € M,, with [(a) > 1
will be defined below.

Let p and 7 be two stopping times with 0 < p < 7 < T almost surely (a.s.). For
a multi-index o € M,,, and an adapted process g(-) € H,, we define the multiple

stochastic integral 1,[9(-)], recursively as

T when! =0anda=v

)
Lig(),s = < o Ta-[9())p,z d2 when! > land j; =0
¢ . " Ia_[g(: )]pdeJ’ when! > landj € {1,...,m}

pr Io-[9()]pe- Po(dvg(a), d2) whenl > landj, = —1,

Q

R i

—

\

(3.2.4)
where g(-) = g(-,v1, ..., Usa)). As previously, by z— we denote the left-hand limit
of z. However, a— for a multi-index a has another meaning as described earlier. For
simplicity, when it is not strictly necessary, here and in the sequel we may omit the
dependence of the integrand process g on one or more of the variables vy, ..., Us)

that express the dependence on the marks of the Poisson jump measure.

As defined in (3.2.4), in a multi-index o the components that equal 0 refer to an
integration with respect to time, the components that equal j € {1,...,m} refer
to an integration with respect to the jth component of the Wiener process, while
the components that equal —1 refer to an integration with respect to the Poisson

measure p,. For instance, for m = 2 one has

TortolaOlpr = [ / L] v dapaldo, dz) aw,
p Jp EJp
[(20)[9 / / 21 sz dZQ

1—1)[9 / // /9(21“ U1, U2 p¢(dv1,dz1)p¢(dv2,dz2)

Now for every multi-index o = (jy, ..., ;) € M,, with {{a) > 1, we can recursively

and

define the sets H, as the sets of adapted stochastic processes g = {g(t),t > 0}
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such that the integral process {Io_[g(:)],.,t € [0, 7]} satisfies

La-[9()o, € Hi- (3.2.5)

As we shall see later, it is also useful to define multiple stochastic integrals where
the integrations are defined with respect to the compensated Poisson measure Dy
instead of the Poisson measure ps. Therefore, for a multi-index o € M,, and an
adapted stochastic process g € H,, we define the compensated multiple stochastic

integral ]~a[g(-)]p,7 recursively by

g9(7) when!/ =0anda =v
Talo()m = ﬁ pr Ia-[9()]p. dz when [ > 1and]:l =

f,, Io-[9(")]p,. AW} when! > land j; € {1,...,m}

pr fg ]a Np.z- Ps(dUs(a), dz)  when! > land j; = —1,

\

(3.2.6)
where g(-) = g(-,v1, ..., Vs(a)). Note that the multiple stochastic integral I,[g(-)],.-
defined previously in (3.2.4) involves integrations with respect to the Poisson jump
measure py, while the compensated multiple stochastic integral LJg())] o7 18 defined
in terms of integrations with respect to the compensated Poisson measure p,. For

instance, for m = 2 one obtains

1(0—11) // f/ g(z1,v1) dz1 Py(dur, dzp) dW,,

Ioo 9o = Too)l9()or

I( 1L-1) / // / —, V1, V2) Py (dvy, d2,)pg(dva, dzs).

We now illustrate the obvious link between a multiple stochastic integral of the type

and

(3.2.4) with respect to the Poisson jump measure py and a compensated multiple
stochastic integral of the type (3.2.6) with respect to the compensated Poisson
measure py. This link is governed by the relationship between the Poisson jump

measure py and its compensated version py, see (3.1.1).

Remark 3.2.1 Let « € M,,, and p and 7 denote two stopping times with T being
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A,-measurable and 0 < p < 7 < T almost surely. Consider an adapted stochastic

process g € H,. Then

25(e) 1

Lofo(Vor = LaloO)or + 3 Hes (3.2.7)

The terms H,; denote multiple stochastic integrals of the adapted process g(-) that
use as integrators the time, the Wiener processes, the Poisson jump measure p
and the intensity measure ¢. A complete description of these terms could be given
by defining recursively a new type of multiple stochastic integral. Then by using
the relationship (3.1.1) together with (3.2.4) and (3.2.6), the terms H,; could be
completely characterized. However, since this characterization requires a rather
technical notation, for the sake of simplicity we omit this obvious but complex

characterization. Instead, we provide the following two illustrative examples.

For a = (0,—1,1) one has

I(() 1 1) / / / / 21, ’Ul dZ] p¢(dvl, dZQ) szl3
/ / / / Zl s ’U1 le De (d’Ul, ng) szl3
—/ / // g(21,v1) d21 ¢(dvy)d2, dW213
p Jp EJp

= I(o,—1,1)[9(‘)]p,r + H(o,—1,1),1,

T 23 22
H(o,—1,1),1 = - / / / / 9(21,7)1) dz ¢(dvl)d22 dWZI3-
p Jp EJp

For a = (—1,—1) one obtains

T nloOlr = / / / / 01, 2) Bo(dvn, 22 )i (dva, d2s)
_ / / / / v, vg) pa(dvy, 21 po (dun, dzs)
/// / —, U1, Ug) Py (dvy, dz1)p(dvg)d2y

so that
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= I ulgO)pr + Heeronn + Hirona + Heer s,

where each term in the sum expresses the corresponding double integral.

Similarly, we can express a multiple stochastic integral of the type (3.2.4), which
uses as integrator for the jumps the Poisson jump measure py, as a sum of terms
involving multiple stochastic integrals that use as integrators for the jumps the

compensated Poisson measure py.

Remark 3.2.2 Let o € M,,, and p and T denote two stopping times with T being
A,-measurable and 0 < p <7 < T almost surely. Consider an adapted stochastic

process g € H,. Then

2s(ed 1

Ia[g(')]p,‘r = Ta[g(')]pﬁ + Z Ea,zW (328)

Here the terms ﬁa,i are multiple stochastic integrals of the process g(-) that use as
integrators the time, the Wiener processes, the compensated Poisson measure pg

and the intensity measure ¢. For instance, for @ = (-1, —1) one obtains

erwloOr = [ [ [ [ o010 potdo, de st dz)
L et i
[ et eyt
s /gwl,w)¢<dmm<dw,d@>
o[ L] Lot v v otduinstinas

= [(_1»_1)[9(.)10»7' + H(—l,—l),l + H(~1,«1)32 + H(—l,—l),S'
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3.3 Coeflicient Functions

We need to define some sets of sufficiently smooth and integrable functions to be
used as coefficient functions of the stochastic expansions. Let s € {0,1,...} denote
some integer that will become clear from the context when the following definitions
will be applied. By £° we denote the set of functions f(¢,z,u) : [0, T]xR¢ X E5 —
R¢ for which

[tz +clt z,v),u) — [t z,u) (3.3.1)
is ¢(dv)-integrable for all t € [0,7], z € RY u € £° and f(-,-,u) € C}2. Here
C1? denotes the set of functions that are continuously differentiable with respect
to time and twice continuously differentiable with respect to the spatial variables.
Note that, according to the notation adopted in this thesis, ¢! denotes the ith

component of the jump coefficient vector ¢. Moreover, with £ we denote the set
of functions f(¢,z,u) : [0,7] x R* x £ — R¢ for which

f(t,:z:+c(t,:v,v), ) ft,z,u) Zc (t,z,v) 5= f(t 7, u) (3.3.2)

d
i=1

is ¢(dv)-integrable for all t € [0,7], z € R¢, v € £ and f(-,-,u) € C*%. With LF,
k € {1,...,m}, we denote the set of functions f(t,z,u) with partial derivatives
2 f(t,z,u), 1 € {1,...,d}. With £~' we denote the set of functions for which

|f(t,z+c(t,z,v),u) = f(t z,u) |‘2 (3.3.3)

is ¢(dv)-integrable for all t € [0,T], z € R? and u € &°.

Let us now define the following operators for a function f(t,z,u) € £*:

LOf(a0) = g f(mu) + Y 6t 2) g (3,0

d m
1 g ‘ 9
— 24 Li ,

LOf(t, z,u) = Z bk (¢, r)a—i—if(t, T, u), (3.3.5)
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for k € {1,...,m}, and
Lg_l)f(t,x,u) = f(t,x+ c(t,z,v) ,u) — [t z, ), (3.3.6)

for all t € [0,T], z € R* and v € £°. Note that the operator in (3.3.6) adds an

extra dependence v € £ on the mark components. Let us also define the operator

£

Z(O)f(t,x,u) = L(O)f(t,x,u) +/ {f(t,:z: +c(t,:1:,v),u> — f(t,:n, u)} ¢(dv)

i=1

- dt, x,v)—a% f(t,:n,u)} d(dv), (3.3.7)

for all t € [0,T], z € R? and u € £*, which allows us to describe conveniently the

impact of the compensated Poisson measure.

By using the above definitions, for all @ = (j1,..., i) € M, and a function

f:[0,T] x R — R¢, we define recursively the It6 coefficient functions

f(t,z) for l(a) =0,
fa(tyzyu) = LUV f_ (¢, 2wy, . ug_e) for I(a)>1,75 €{0,...,m}
Lg:(lg)f_a(t,x, Uty ..., Us(—ay) for U a)>1,7 =-1.
(3.3.8)

Lo, u™) we denote a vector u € £%(%). Note that the dependence

By u = (ul,
on u in (3.3.8) is introduced by the repeated application of the operator (3.3.6).
Additionally, we assume that the coefficients of the SDE (2.1.2) and the function
f satisfy the smoothness and integrability conditions needed for the operators in

(3.3.8) to be well defined, see also Remark 3.5.2.

If we choose the identity function f(t,z) = z, then for the case d = m = 1 we can
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write the examples

feio(t, z,u) = ijl)a(t, z) =a(t,z + ct,z,u)) — a(t, z),

fontz) = LOb(t, )

0 0 1 2 O
= Sib(t’ z)+ a(t,z)a—xb(t,x) + i(b(t’ z)) @b(t,m)

and

f-l -1 t,.’L‘,'lL = L(;l)c t,.’L‘,'lLl
(=1,-1) u

= c(t,r +c(t,z,u*),u") —c(t, z,u),

with v = (u',u?) € £%.
For all @ = (1,..., Jia)) € M4, and a function f: [0,7] x R* — R, let us also
define recursively the compensated Ité coefficient functions

’

f(t, ) for l{a) =0,
- LOF (tz,uy,. .. Us for | 1
Fulto ) = va (t,z,u (—e)) (
LOVF (tz,un, .. uy_g) for Ua)>1, 5 €{1,...,m}
( .

\Lz(;(i)) f_a(t, T, Ug, ..y Us(—ay) fOr 1

(3.3.9)
Here we assume again that the coefficients of the SDE (2.1.2) and the function f sat-
isfy the smoothness and integrability conditions needed for the operators in (3.3.9)
to be well defined. For illustration, if we choose the identity function f(t,z) = z,

then for the case d = m = 1 we can write the examples
_f(__l’(])(t,l', U) = LSI_I)a(t,$)

= a(t,z +c(t,z,u)) —alt,z)

= a(t,z + c(t,z,u)) — a(t, z)

—l—/ {c(t,z + clt, z,u),v) — c(t,z,v)} $(dv),
£
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f(o}l)(t,l') = Z(O)b(t,.’L‘)

. 8 1 2 O
= &b(t)x) +a(t,x)a—$b(t,x)+§(b(t,x)) @b(t,x)

+/g{b(t,x+6(t,$av)) —b(t, ) } ¢(dv)

2

d - d 1 2 0
= é_tb(t’x) + a(t,:z:)%b(t, z) + —z—(b(t)x)) a—xz-b(t, x)

0
+/€ {b(t, z+c(t,z,v)) —b(t,z) - c(t,x,v)%b(t,x)} ¢(dv)

and
_}E(~1’_1)(t,.’11,’U/) = f(_l’_l)(t,l',’U/)‘ (3310)

3.4 Hierarchical and Remainder Sets

To define a Wagner-Platen expansion we finally need to select some appropriate
sets of multi-indices that characterize its expansion part. A subset 4 € M,, is a
hierarchical set if A is non-empty, the multi-indices in .4 are uniformly bounded in

length, which means sup,, 4 {() < 00, and —a € A for each a € A\{v}.

We also define the remainder set B(A) of a hierarchical set A by
B(A)={ae M,\A: —a € A} (3.4.1)

Then the remainder set consists of all the next following multi-indices with respect
to the given hierarchical set.

In the following we give an example of a hierarchical set and the corresponding
remainder set. When m = 1, we will later see that the hierarchical set Ag corre-

sponding to the Euler scheme is given by

AE - {V7 (_1)» (O)’ (1)}
The corresponding remainder set B(Ag) is then of the form

B(AE) = {(_1> _1)7 (03 —1)> (1> _1)’ (—"11 O)a (010)) (la O)v (_1> 1): (07 1)7 (L 1)}
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3.5 Wagner-Platen Expansions

We will now present the general form of Wagner-Platen expansions for the solution
of the d-dimensional jump-diffusion SDE

dXt = a(t, Xt)dt —+ b(t, Xt)th -+ / C(t, Xt—) U) p¢(d'U, dt), (351)
£

for t € [0, 7], with X, € R?, as described in (2.1.2) and (3.1.2).

Theorem 3.5.1 For two given stopping times p and 7 with 0 < p <7 < T a.s.,
a hierarchical set A € M,,, and a function f : [0,T] x R — R9, we obtain the

corresponding Wagner-Platen expansion

FX) =D Talfalo Xo)lpr + Y Talfals X)lor (3.5.2)

acA aeB(A)

and the compensated Wagner-Platen expansion

FX) =) Lalfalo X)lpr + Y Talfals, X)lor, (3.5.3)

aEA aeB(A)

assuming that the function f and the coefficients of the SDE (3.5.1) are sufficiently
smooth and integrable such that the arising coefficient functions f. and f. are well

defined and the corresponding multiple stochastic integrals exist.

Note that in (3.5.2) and (3.5.3) we have suppressed the dependence of f, and fa
on u € £ in our notation and we will do so also in the following when no

misunderstanding is possible.

Remark 3.5.2 Sharp conditions to be satisfied by the function f and the coeffi-
cients of the SDE (3.5.1) such that the coefficient functions f, and f.. are well
defined, and the corresponding multiple stochastic integrals exist, can be obtained
by the definitions of the operators (3.3.4)—(3.3.7) and of the sets in (3.2.3). Alter-
natively, one can provide simple sufficient conditions. For instance, if the function
f and the coefficients a, b, and c of the SDE (3.5.1) are 2(l(a) + 1) times contin-
uvously differentiable, uniformly bounded with uniformly bounded derivatives, then
all coefficient functions and multiple stochastic integrals in the expansions (3.5.2)
and (3.5.3) are well defined.
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The proof of the Wagner-Platen expansion is based on the iterated application of
the It6 formula. Since it is formally the same as in Platen (1982a, 1982b), it is here

omitted.

By choosing as function f the identity functions f(¢,z) = z, we can represent the
solution X = {X,,t € [0, 7]} of the SDE (3.5.1) by the Wagner-Platen ezpansion

X = S Lalfalo, X+ S Lalfals X)s (3.5.4)

a€A aeB(A)

and also by the compensated Wagner-Platen expansion

X-r = Z Ta[fa(pa Xp)]p,r + Z fa[fa(') X‘)]p,ﬂ (3‘5'5)

aEA acB(A)
where p and 7 are two given stopping times with 0 < p <7 < 7T as.

We remark that Wagner-Platen expansions are also generalizations of the determin-
istic Taylor formula. On the other hand, since they are obtained by an iterative
application of the It6 formula, they generalize the 1td formula. As we shall see
later, discrete time approximations of an It6 process will be constructed by using

truncated Wagner-Platen expansions that neglect remainder terms.

For instance, for the hierarchical set Ag corresponding to the Euler scheme, with

m = 1, we obtain from (3.5.4) the Wagner-Platen expansion

XTsz+a(p,Xp)/ dz+b(p,X,,)/ sz+/ /c(p,Xp,v)p¢(dv,dz)+R
P P p JE

with remainder

R = //L(O)a(z,Xz)dzder/ / LWa(z, X,)dW,ds

p Jp p Jp

+/ / /Ll()_l)a(z,Xz)%(dv,dz)ds
p Jp JE

+/ / L(O)b(z,Xz)ddes+/ / LWb(z, X,)dW,dW,
p Jp p Jp

+/ / /Lg‘”b(z,Xz)p¢(du,dz)dws
p Jp JE

+/ // L®¢(2, X,,v)dzpg(dv, ds)
p JEJIp
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+/ // LWe(z, X,,v)dW,py(dv, ds)
p JEJp

+/ // /L&_l)c(z,Xz,u)p¢(dv,dz)p¢(du,ds). (3.5.6)
p EJp JE

There is an analogous Wagner-Platen expansion following from (3.5.5) where the
Poisson measure is replaced by the compensated Poisson measure, the drift by the
compensated drift and the Ito coefficient functions by their counterparts for the
compensated case. Note that in this particular case (for the hierarchical set Ag),
one can show that these two expansions are equivalent. However, in general these

two expansions are different.

3.6 Moments of Multiple Stochastic Integrals

The lemmas in this section provide estimates of multiple stochastic integrals. These
constitute the basis of the proofs of convergence theorems that will be presented
later. We will consider both the case of multiple stochastic integrals I,[g(-)], , with
respect to the Poisson jump measure and compensated multiple stochastic integrals
Ta[g(~)]p,r with respect to the compensated Poisson measure. The estimates to
be derived in these two cases differ in the values of some finite constants, but
show the same structural dependence on the length of the interval of integration
(T—p). Because of the martingale property of the compensated Poisson measure py,
the proofs flow more naturally in the case of the compensated multiple stochastic
integral Ta[g()] . Therefore, in the following proofs we will first consider this case

in full detail. Then, by using the decomposition
pe(dv, dt) = pys(dv, dt) + ¢(dv)dt, (3.6.1)

see (3.1.1), we will prove corresponding estimates for the case of multiple stochastic
integrals Io[g()],.--

The following lemma, provides a uniform mean-square estimate of multiple stocha-

stic integrals.

Lemma 3.6.1 Let o € M, \{v}, g € Ha, A > 0 and p and 7 denote two stopping
times with T being A,-measurable and 0 < p <7 < p+ A < T almost surely. Then
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Fei= E( sup | Tulg()p.s 2

p<s<T

Ap> < 4l(a)—n(a)Al(a)+n(a)—l / V;),z,s(a) dZ, (362)
p

F ::E( sup |]a[9(')]p,S|2

,
Ap) < 4l(a)*n(a)Al(a)+n(a)—-l Ks(a) / Vp,z,s(a) dZ,
P

pSs<T
(3.6.3)
where
Vo z,s(a) 1= / : /E <sup lg(t, v}, ... vs@))? Ap> $(dv') ... d(dv* @) < 0o
£ £ p<t<z
(3.6.4)
for z € [p,7], and K = £(4 + TA).

Proof: We will first prove assertion (3.6.2) by induction with respect to I(«).

1. Let us assume that [(«) = 1 and a = (0). By the Cauchy-Schwarz inequality

we have the estimate

/p " o(2) dz

Therefore, we obtain

<G-0) [ lo@P d- (3.6.5)

“)

2

FO = E ( sup

p<s<T

/:9(2) dz

< E (ﬁfi(s - p) / lg(2)|* dz Ap)
- E<v~py/WAAFdzAJ
<

AE(/W%M?MAJ

— A/TE([g(z)IQ\Ap) dz
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< A/ (sup () A,,> dz
p<tLz

@) =n(@) Ala)+n(a)-1 / Vi es(e) d2, (3.6.6)
o

where the interchange between expectation and integral holds by the A,-

measurability of 7 and an application of Fubini’s theorem.

. When l(a) =1 and « = (j) with j € {1,2,...,m}, we first observe that the

process

{LlgOpet € [p, T }-{/ ) AW t € [p, T} (3.6.7)

is a local martingale. Since g € H;), by (3.2.3) it is also a martingale.

Therefore, applying Doob’s inequality, see Appendix A, and Ité’s isometry

J/sg(z) dVVZ 'AP)
; E( 2 ,4,,)
= 4 FE (/T|g(z)|2dz Ap)

_ 4 /TE(|g(z)|2|A,,) i

< 4 / E(sup lg(#)|? Ap) dz
p p<t<z

T
gl@)—n(a) Al(a)-i—n(a)—l/ Vp,z,s(a)dz' (3.6.8)
P

we have

2

E(j) = E(sup

p<s<T

T

g(z) aW?

AN

Here again the interchange between expectation and integral holds by the

A,-measurability of 7 and Fubini’s theorem.
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3. Let us now consider the case with {(a) = 1 and @ = (—1). The process

~

{Ia[g(')]ﬁ%tit € [p)T]} = {/ lg(s—vv) 5¢(dv’d8)vt € [paT]} (369)

is by (3.1.1) and (3.2.3) a martingale. Then, by Doob’s inequality and the

isometry for Poisson type jump martingales, we obtain

A = 6 (g | [ [t maana| o)
< 4 E( o(o—v) Foldvs do)| A,,)
_ 4 E (/pT/g[g(z,v)]?qb(dv) dz Ap)
_ g /prgE(lg(z,v)IZIAp) b(dv) dz
<

L (p stef

— gla)-na) Al(a)+n(a)~1/ V), 25(a) 42, (3.6.10)
p

Ap) ¢(dv) dz

since s(a) = 1. This shows that the result of Lemma 3.6.1 holds for I(«) = 1.

4. Now, let (@) = n+ 1, where & = (j1,...,Jns1) and j,.1 = 0. By applying
the Cauchy-Schwarz inequality we obtain

ﬁf = E(sup

pSs<r

< E(sup s—p /|I_ ozl dz
p<s<T

= E((T—p) Ta-[g()]p- 1 dz

= AE( Tﬁ—[g(’)]p,ZF dz
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)
)

Ap> ‘ (3.6.11)

< AE (/ sup |Ta—[9(-)]psl* dz

p<s<T

= AF (/sz X sup ‘Zx—[g(')]p,slz

p<s<T

< AZE( sup |Za-[g(-)]p.sl?

p<s<rt

Then, by the inductive hypothesis it follows that
F& < A?gler)mnlen) Altem)nlan)—1 / A
p
= gll@)-nla) Alla)+n(a)-1 / V;J,z,s(a) dz, (3.6.12)
p

where the last line holds since {(a) = l(a—) + 1, n(a) = n(a—) + 1 and

s(a) = s(a—).

5. Let us now consider the case when I(a) = n+1, where & = (jy,- .., Jn+1) and

Jnt1 € {1,2,...,m}. The process

{]a[g(')]p,ht € [p) T]} (3-6'13)

is again a martingale. Therefore, by Doob’s inequality and It6’s isometry we

)
A,,)

)

obtain

2

./ L—wtﬂmzdwqﬂl
p

pS8ST

4 E( /T [a~[g(')]p,z C“/szn+1

= 4F (/TIT—[Q(‘)]AZF dz Ap)

=0 (/ sup |To-[g()]psl* d2

psss<T

ﬁf = E(sup

2

IA
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= 4 F ((T—p) sup l-f~[g(')}p,3‘2

pSs<T

4]

< 4AE(sup 1T [9()],s)? Ap). (3.6.14)

p<s<T

By the inductive hypothesis we have

T

Fva S 4A 4l(a—)—n(a~) Al(a")"’”(a_)"l /T ‘/p,z,s(a—) dz
P
,
— Al@)tn(@)-1 gi(a)=n(a) / V25 42, (3.6.15)
P

since l{a) = l(a—) + 1, n(a) = n(a—) and s(a) = s(a—).

Finally, let us suppose that I(o) = n + 1, where @ = (J,...,Jny1) and

Jn+1 = —1. The process

{Llg()osst € [0, T} (3.6.16)

is again a martingale. Therefore, by applying Doob’s inequality and the

. )

-Ta— (- v* )]p,z— ﬁqb(dvs(a)’ dz) Ap)

/‘/N— S”szmmﬂMMzAJ
.

sup. (Toclol- ") )
Ap>

gp<s<T
A,,) P(dvs™).  (3.6.17)

isometry for jump martingales, we obtain

Fr o= (SUp / / V)] gz Dp(dv*'®, dz)
p<s<T

2

2

IN

=

ey
N

sup | To—[g(, v*)), 5|2 $(dv*@)

gp<s<r

IA

=

ey
/—\/‘\A

[ (-, Us(a))]pd‘z

A
=~
>
m\\
Iy
N
ng
INTS
A
T:
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By the inductive hypothesis we have
F;l < 4A4l(a—)—n(a—) Al(a—)-{-n(a—)—l / / ‘/p,z,s(a—) dz ¢(dvs(a))
& Jp
— gll@)=n{a) Alla)+n(a)-1 / Vp,z,s(a) dz, (3618)
p

since l(a) = {(a—)+1, n(a) = n(a—) and s(a) = s(a—)+1, which completes
the proof of assertion (3.6.2).

To prove assertion (3.6.3) we can proceed in a similar way by induction with respect
l(a). The idea, which will be used also in other lemmas, is to rewrite the Poisson

jump measure as a sum of the compensated Poisson measure and a time integral
as follows by (3.6.1).

Let us consider the case of () = 1 with @ = (—1). By (3.6.1) and the Cauchy-
Schwarz inequality, we have
2
Ap>

F&D = E(sup //g(z—,v) ps(dv, dz)
p<s<T P £
- E(sup | [[at=) potdv,d)+ [ [ atzi0) elavyas
p<s<t|Jp JE p JE

2
A,,>

2

< 2F ( sup 7(»1)[9(')];»,7 Ap)
p<s<t
_ 2
+2E ( sup f(o)[/ (v Ap) ‘ (36.19)
p<s<T £

By applying the estimate of the already obtained assertion (3.6.2) and the Cauchy-

Schwarz inequality, we have

E-D <8// (suplgtv)|
p<t<z

+2A/ E(sup /Eg(t,v)qﬁ(dv)
p pSt<z

Ap) ¢(dv)dz

A,,) dz

2
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,
< 4K/ Vp’z,s(a)dz
p

_ 4l(a)—n(a)Al(a)+n(a)lks(a)/ Vp,z,s(a) dZ, (3620)
o

with K = 1(4+ T)).

To finalize the proof we consider the case of [(a) = n+ 1 where a = (j1, ..., Jns1)
with j,+1 = —1. By (3.6.1), the Cauchy-Schwarz inequality, Doob’s inequality, the

[t6 isometry and similar steps as those used in (3.6.17) and (3.6.11), one obtains

2
FTa — <S<UB //a— ).s(a pz_ p¢(dvs(“),dz) Ap)
p<s<t
2
< 28 | [ [t niarcaof )
p<s<T
2
+2E(sup //a-— (v B(dv*®)dz Ap)
p<s<t

IA

8A / E ( sup [Lo-[g(-, v*)],.|" Ap) ¢(dv*)
£ p<s<T

+2)\A2/(S E< sup [Ta-[g()]p.sl?

p<s<Tt

Ap) P(dv*@). (3.6.21)

By the induction hypothesis, we finally obtain

T

Fe < 8A4l(a—)—n(a—)Al(a—)+n(a—)—1Ks(a—-) /8/ "/p,z,s(a—) dZ¢(dUs(a))
p
+2 A AT41(&—)—11(04—)Al(a—)-}-n(a-—)—lf'\{s(a—) L/ ‘/p,z,s(a—) dZ¢(d’Us(a))
p

< gianl gl n(@)-1 frste) / Vi ars(e) 42, (3.6.22)
P

which completes the proof of Lemma 3.6.1. O

The following lemma provides an estimate for higher moments of multiple stochastic

integrals. A similar result is presented in Li & Liu (2000).

Lemma 3.6.2 Let a € M, \{v}, g € Ha, and p and 7 denote two stopping times
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with 7 being A,-measurable and 0 < p < 7 < T almost surely. Then for any
g € {1,2...} there exist positive constants Cy and Cy independent of (1 — p) such

that
~ ~ 2q
FP == E ( Lalg( o Ap)
<C (T—p)q(““)“(“)‘s("))+S<‘*>“1 / Vs dz,  (3.6.23)
P
and
A (' Llg )] Ap)
<G (T—p)q(““H"(a)—s(a))+S<a)‘1 / Vst dz,  (3.6.24)
P
where
Vozs(a) 1= / o / b (‘g(z’vl’ o Usa)) Ap) ¢(dvy) . .. P(dvgay) < 00
£ £
for z € [p, 7].

Proof: We will first prove the estimate (3.6.23) by induction on {(a).

1. Let us first prove the assertion for a multi-index « of length one, which means

[(a) = 1. When [(a) =1 and o = (0), by applying the Holder inequality, see
Appendix A, we obtain

FO = E(/Tg(z)dz A,,)

< -t [ B

_ C(T N p)q(l(a)+n(a)—3(a))+5(a)_1 / E (|g(z)]2qt¢4p) dz.

p

2q

Ay) dz (3.6.25)

Note that here and in the following we denote by C any finite positive constant
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independent of (7 — p).

2. For l(a) = 1 and a = (j), with 7 € {1,2...,m}, we obtain, see Krylov
(1980), Corollary 3, page 80,
Ap>

ﬁT(j) = E(

< 2eg- 1=t [ B (o

2q

/p ' g(2)dw?

Ap) dz (3.6.26)

T

_ C(T . p)q(l(a)+n(a)—s(a))+S(a)‘1 / F (|g(2)‘2q|Ap) dz.

0

3. For l(a) =1 and a = (—1), let us define

2y = / ' / 92—, v)pg(dv, d2).

By applying [td’s formula to |z,|?? together with the Hélder inequality, we

obtain

|z, % = / /(]3:2_ + g(z—,v)[* — I:cz,lzq)p(b(dv,dz)

0 &£
< @ oy [ [ o Prplavdz)
P £
2201 / / lg(z—,v)|*py(dv, dz). (3.6.27)
p £

Therefore, by the properties of the Poisson jump measure, we have

Ele,|4,) < (22q”1—1)/\/ E(le.#|A,) dz

o

4221 /T/SE(|g(z,v)[2q]Ap)d)(dv) dz, (3.6.28)

where we recall that A = ¢(&) is the total intensity. Moreover, let us note
that, by the first line of (3.6.27) and the properties of the Poisson jump

measure, we obtain

E(|z.[*|A,) = / / E ((lxz +g(2,v)[ — |z, [*)

Ap>d)(dv) dz,
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which proves the continuity of E(|z,|*!|A4,) as a function of 7. Therefore,

by applying the Gronwall inequality (1.2.9) in Appendix A to (3.6.28), we

/p ' /g 92— V)pe(dv, dz) Ap)

exp {(22‘1_1 — A (r— p)} 92¢-1

></pr/gE(lg(z,v)qulAp)qﬁ(dv)dz

exp {(22‘7’1 — DA T} 92a-1

x / [ Bl o)A o) dz

obtain

2q

B(|z.[4,) = E (

IN

IN

p)q(l(a)-{—n(a)'“s(a))+3(0‘)_1 (3.6.29)

S / N (sg<z,vs<a)>12q

Finally, by (3.1.1), the Holder inequality, (3.6.29) and (3.6.25), we obtain

Fev - g ( /pT/gg(z—,v)p¢(dv,dz)—/pr/gg(z,v)qﬁ(dv) dz Ap)
22‘7_1{E(/pT/gg(z—,v)p(ﬁ(dv,dz) Ap)
+E ( /p ' /E g(z,v)¢(dv) dz Ap) }

C (7 — p)e(H@n(@)-s@) +s(e)-1
Ap) $(dv) dz

X {/pT/EE(lg(Z’U)IQq
+/pTE (l/gg(z,v)qﬁ(dv) Ap) dz}

C(r— p)‘I(l(a)+n(a)~s(a))+s(a)~1

x/pT/EEOg(z,vs(a))

= C(r

Ap) (ﬁ(dvs(a)) dZ.

2q

2q

IA

2q

A

2g

IA

2q

.Ap) qﬁ(dvs(a)) dz.
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4. Let us now consider the case I(&) = n+ 1 and a = (j1,...,Jny1), With
Jn+1 = 0. By (3.6.25) and the inductive hypothesis, we get

ﬁf = E( Ap)
< (7_p)2q_1 / & (lfa~[g(‘)]p,3l2q ‘Ap) s
0
< C( p)Zq 1(,/,__p) (l(a J+n(e—)- s(a—))+s(a )—1
/ / zs(a—)d2 ds

_ C(,r_p)Q(l(a)+n(a)~s(a))+s(a)~1/ {/p}z,s(a)dz, (3.6.30)

p

2g

where the last line holds since I(a) = l(a—) + 1, n(a) = n(a—) + 1 and

s(a) = s(a—).

5. When l(a) = n+ 1 and a = (J1,.- -, Jnt1), With jou1 € {1,2,...,m}, by
(3.6.26) and the inductive hypothesis, we obtain

Fo = E( Ap>

< 29(2— 1) — p)t / B (lif gl

2q

/ L [g ()], cdWim+
p

Ap) ds

1(7,_,0) (l(a—)+n(a~—) s(a ~))+s(a—)~l

‘1
f / 0,7.5( a_)dz ds

- C (7, . p)q(l(a)-l—n(a)—s(a)) +s(a)—1 / Vp,z,s(a)dza

p

< C(r~

where the last line holds since I(a) = [(a—) + 1, n(a) = n(a—) and s(a) =
s(a—).

6. Finally, let us suppose that {(a) =n+ 1 and a = (J1,..., Jns1), With jo1 =
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:

.Ap> d(dvy(a)) ds

—1. By (3.6.29) and the inductive hypothesis, we obtain

Fo o= E(
< ¢ / ' / E (17 g vl

< C (7- p)q(l("‘_)+n(‘1—)~s(a-))+8(a—)—1

X/ / /‘/p,z,s(a—)qs(dvs(a))d‘?"ds
p Jp JE

< C(T_p)q(l(a)+n(a)—s(a))+s(a)-l/ V) 2500082, (3.6.31)
P

2q

/ /g T 19, vsto) e (s, 5)
p

where the last line holds since I(a) = {(a—) + 1, n(a) = n(a—) and s(a) =

s(a—) + 1, and this completes the proof of the assertion (3.6.23).

The assertion (3.6.24) can be proved similarly by induction on [(a). The case
of I(a) = 1 with @ = (—1) has been already proved in (3.6.29). The case of
() = n+ 1, with @« = (j1,...,Jns+1) and j,y1 = —1, can be proved by using
(3.1.1), the Holder inequality, the inductive hypothesis, (3.6.30) and (3.6.31). This
completes the proof of Lemma 3.6.2. O

Let us introduce some notation needed for the following lemma. For any z € R, let
us denote by [z] the integer part of z. Moreover, for a given integer p € N we will
use the set A, of multi-indices & = (jy,..., i) of length { < p with components
Ji € {~1,0}, for i € {1,...,1}. For a given function h : [p,7] x R — R, to be
defined in the lemma below, and a multi-index o € A,, we consider the coeflicient
function f, defined in (3.3.9), with f(¢,z) = h(t, z). For instance, if & = (—1,0,0),
then fo(t, X)) = LVLOLOR(t, X,).

Furthermore, for p € N, we denote by C??([p, 7] x R% R) the set of functions
that are p times continuously differentiable with respect to time and 2p times

continuously differentiable with respect to the spatial variables.

By using Lemma 3.6.2 we prove the following result similar as in Liu & Li (2000).

Lemma 3.6.3 Consider o € M,,, p = l(a) — [%a—)], and let p and 7 be two

stopping times with 7 being A,-measurable and 0 < p < 7 < T almost surely.
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Moreover, define the process Z = {Z, = h(t, Xy),t € [p, 7]}, with h € CP?*([p, 7] x
R¢, R). Assume that there exist a finite positive constant K such that for any
a € A, we have the estimate E(fa(t, X)*A,) <K as. fort € [p,7]. Additionally,
consider an adapted process g(-) € He, where g = g(-,v) with v € £, [f there
exists a positive, ¢(dv)-integrable function K(v) such that E(g(t,v)?|4,) < K (v)
a.s for t € [p, 7], then we obtain

|B(2 Tolg(Vorly )| < €1 (m = )@, (3.6.32)

and

< Cy (1 — p)Hed, (3.6.33)

B(Z: Llg()]orlAy)

where the positive constants C1 and Cy do not depend on (T — p).

Proof: Let us first prove the assertion (3.6.32) by induction on {(«). For I(a) =0
we can prove (3.6.32) by applying the Cauchy-Schwarz inequality

< \/E(zgmp) \/E(Q(T)QlAp) <C

where we denote by C any constant that does not depend on (7 — p). However, it

|B(2 g(14,)

may depend on a, A, T, h and g.

Now consider the case {(«) = n + 1. By [td’s formula we have

Z, = Z, +/ LOh(z, X,) dz—l—Z/ LOh(z, X,)dW?

/ /L( Yh(z, X, )pe(dv,dz),

where the operators LY, with i € {0,1,...,m}, and L\™" are defined in (3.3.4)-
(3.3.6).

1. fa=(Jj1,...,Jis1) with 541 = —1, we can write

Llg() //a— )o,2-ps(dv, dz) // ()]p,:#(dv)dz
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By the product rule of stochastic calculus we obtain

ZloOe = [ {(LOh X TigC ),
(2. X,) [ Toola]0(do) iz
=y T (LOh(z, X)) Tl (Y dW?

+/pTA{h(z,Xz_)[Na—[g(')]P:Z*

+(LE YRz, X)) Tlg (e

+ (LR, X ) Lo [9( V] fpoldv, d2).

Therefore, by the properties of Itd’s integral and the induction hypothesis we

1_/ ( )/fa—[ ()]92¢(dv)lAp)d2
/f {h(z,X:) + LT Vh(z, X.) }
xTa-l9( Ve 14, ) ldv)dz

have

|B(2TloO sl 4,)| =

+/TE((L(O)h(z X ))};[g(.)]p’z\Asz

/ / (LSRG X)) Tl9()lp 4, ) 9ldv)dz|

)n+1

IN

+/ | B((ZOh(z, X)) Talg (VeI 4, ) |d2

, (3.6.31)

where we have used the equality (3.3.7).

Note that L@k € CP~12-D([p, 7] x R, R) and we have the estimate

E((L(h(t, X)))"|4,) < K
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for t € [p,7]. Therefore, by the same steps used so far, we can show that

(3.6.35)

EO (EOh(z1, X)) Lol 14,

|B((Z9h(r, X.))Lalg <>1pz|A)

< o n+1 /

for z € [p, 7]

By using (3.6.35) in (3.6.34), we obtain

lE(ZTTa[g(')]p,T]AP>

<C(r—p"" (3.6.36)
+/T/ ’ ‘E((E(O) (E(O)h(zl’XZI)))Ta[Q(')]p,zllAp)‘dzldzg.

By applying again this procedure for p — 2 times and by using the Cauchy-

Schwarz inequality we obtain

\E(zj;[gc)]p,flAp)

)77-+1
/ / fap 21, X )Ta[g(‘)]pm'Ap) dz) ... dz,
p 77-+1
/ / fa,, 21, zl) |A )]
x[E((Ia[ (Npet) 1A, )]%dzl...dzp, (3.6.37)

where a, is defined as the multi-index with length p and all zeros, which
means {(a,) = n(a,) = p. Therefore, fap (t, X;) denotes the stochastic process
resulting from applying p times the operator L), see (3.3.7), to h(t, X;). Note
that C denotes here a different constant from that in (3.6.34).

Finally, by applying the result (3.6.23) of Lemma 3.6.2, with ¢ = 1, to the
last term in (3.6.37) and considering that one has the estimates
E(fa,(t, X0)?|A,) < K < 0o and E(g(t,v)?|A,) < K(v) as. for t € [p, 7],
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with K (v) ¢(dv)-integrable, we obtain

1B(Z:Tlo0prl4p)| < Clr—py
+K/ / r—p) s,
< C(r—p),
which proves the case of o = (ji,...,Ji41) with j.1 = —1.
2. fa=(j1,...,Jix1) with jiy; = 0, we can write

The product rule for stochastic integrals yields

ZeTdsOlne = [ {(EOME X)Ll + e X900y i
s zmj / " L9z X)) Talg(Vpad W

/ J {68 X ) Tla - frotav,da)

Therefore, similar to (3.6.34), by the properties of Itd’s integral and the

induction hypothesis one obtains

|E(Z Talo( s 14,

_ p>n+1

)
p

Then, by applying again this procedure for p — 1 times, and by using the

B((LORG X)L Ol o

Cauchy-Schwarz inequality and the same estimates as before, we have

< oot [l [T B (Rt x4

(BTl ) 14)]

< C (T - p>l(04)7

|E(2 Tl ()]s 4 )
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where fs ,(t, X;) denotes the stochastic process resulting from applying p
times the operator L(®, see (3.3.4), to h(t, X,).

3. Let us finally consider the case o = (Jy,...,ji41) with 5., = (§) and j €
{1,...,m}. Here, we have

Talg( N = / T g0, AW

Therefore, by applying the product rule for stochastic integrals we obtain

Z0loOlar = [ {(EOG XD TloOle + (Lo X))o [0y
+3° [ (EOG X)) Tlg Ol
+/T (2, X) I [9(:)], AW}

+ pT/E{(L’(’—l)h(z’Xz‘)ﬁa[g(‘)]p,%}m(dv,dz)_

Again, by the properties of the It integral and the induction hypothesis we
have

|E(2.Tulg( )| 4, )

< Cf(r—p)~*

)
P
as in the previous case of o = (jy,...,Jiz1) with j;;, = 0. Therefore, in the

same way, we can obtain the assertion (3.6.32).

B((LOh(z, X.)) Llg( V4, ) |d2,

To prove the estimate (3.6.33) we need only to check the case of () = n+ 1 with

o = (jl, Ce 7jn+1) and jn+1 = —1.
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By using the product rule of stochastic calculus one obtains
Z1alg()]pr = / (L2, X)) Lalg (] ad
30 [ (EORG X)) lg
A RUCE IO R ) JATIO
(LD R(2, X)) Lo [90)) o fpo(dv, d2).

By the properties of It6 integrals and the induction hypothesis we obtain

_ i/pT/SE<{h(z,XZ)+L,(J’l)h(2,Xz)}

% Lo 9()]pelAp ) $(dv)dz

IE (Zr[a [g(')]pﬁ |-Ap>

+/TE((L(O)h(z,Xz))Ia[g(.)]pyz]Ap)dz

v / B((LVh(z, X)) Lalo (Ol 4, ) 6(dv)da

C(r—p)*t

o [ B, X)la )

where we have used again the equality (3.3.7).

IN

dz, (3.6.33)

From this point we can proceed in the same way as in the proof of assertion (3.6.32).
This completes the proof of Lemma 3.6.3. O

We also propose the following lemma, similar to a result in Liu & Li (2000).

Lemma 3.6.4 Let o € M,,, p and 7 denote two stopping times with 7 being A,-
measurable and 0 < p < 7 < T almost surely. Moreover, let h = {h(t),t € [p, 7]}
be an adapted process such that E(h(t)*|A,) < K < oo fort € [p,7]. Additionally,
consider an adapted process g(-) € Ha, where g = g(-,v) with v € 5. If for a
given q € {1,2...} there ezists a positive, ¢(dv)-integrable function K (v) such that
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E(g(t,v)Qs(a)HﬂAp) < K(v) a.s. fort € [p, 7], then we obtain

2q

Lalg(-))pr

T

Fr=E (h(T)
and

Fg = E (h(r) | LlgO), "

where the positive constants C; and Cy do not depend on (1 — p).

49

A,,) < Gy (7 — pyilinied—st@)s@) (36 39)

Ap) S G (7 - pyrlirnes@) st (36 49

Proof: We first prove the estimate (3.6.39) by induction with respect to s(«).

1. If s(o) = 0, then by the Cauchy-Schwarz inequality and Lemma 3.6.2 we

obtain

2q

Fo = E(h(T)

3

Ia{g(')]p,r

fa[g(')}/?ﬁ

I

< C(r— pyli@rn@)

4q

IN

[E (h(T)2

Ap> ]

Note that here and in the following we denote again by C any positive con-

stant that does not depend on (7 — p).

2. Let us consider the case s(a) =s € {1,2,...}.

By the relationship 3.2.7 and some straightforward estimates we obtain

Fr < O{E (k) alg(Y)orl™

4

A4, }

28(a)

+ > B (hlr) [Hagl”
i=1

where terms H, ; are described in Remark 3.2.1.

(3.6.41)

Since s(a) = s € {1,2,...}, we can write & = a; % (—1) x ay * (—1)... %
(—1) % g4, where s(a;) = 0 for j € {1,2,...,5s + 1} and * denotes the

concatenation operation on multi-indices defined in (3.2.2).
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Thus,

ps(T)

Ial*(—l)[g(')]p,‘r = Z Loy [9()]o.m

i=pg(p)+1

where 7;, with i € {1,2,...,ps(T)}, are the jump times generated by the

Poisson measure. Similarly, one can show that

po(T)

Ia[g(')]pn' = Z Ial[g(')]pm Ia2;7'i,‘ri+1 s Ias+1;‘ri+s-1,7"

i=py(p)+1

where 1o .r, 7., = la,{1]n,7., denotes the multiple stochastic integral for the

sTi41
multi-index a; over the time interval [7;, 7;41]. Let us note that I,[g(-)],- =0
if pg([p, 7)) < s. Therefore, by the Cauchy-Schwarz inequality and Lemma

3.6.2, we obtain

B (h(r) [Lalg()]ps

= ZE h(7)

n>s

»

n—s+1 2q

Z Loy [90)om Laaimirins - - Jagriimperr
i=1

xP(ps(lp, 7)) =n)

_ n n—s+1 1
< MR Z(n — 54 1)%! ——(A(Tn‘ p)) Z [E (h(T)2 Ap) ] ’
n>s ) i=1
1 1
< [B (11t l9 Ol [40) |7 [B (| Laamrens|*|45) |
1
X ... X [E (| Loy iiiriveror 2t Ap) ] =
. 4 (A=)
< Qe AP ;(n—s+1)2q IT
n—s+1 +1( )
x (T _ p)q}:izl Hag)+n(cy)
2
< C(r = pyrli@rn@-s@) g=2r=p) (7 _ s
X Z(n — 5+ 1)2q —"——An(T ;!p)"‘s

n>s
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< C (7_ . p)q(l(a)+n(a)-—s(a)) +s(a). (3042)
Note that the last line of (3.6.42) follows by

Z(n — 5+ I)Qq————/\n(T -

n!
SO G+D G +s) U+ 1)9(79‘_!—[)))
Z j+ s)%ate M
{ i + Z j2ats ____)_)]
f )
= K P (1 + Bagrs (A7 — p)))
< Kek(f—p)}

where we denote by B, (z) the Bell polynomial of degree n, see Bell (1934).

To complete the proof we have to show that the bound (3.6.42) also holds
for the other terms in (3.6.41). Note that, as shown in Remark 3.2.1, the
terms H,;, for i € {1,.. .,2°) — 1} involve multiple stochastic integrals
with the same multiplicity /() of the multiple stochastic integrals I, and
replace some of the integrations with respect to the Poisson jump measure
pe with integrations with respect to time and to the intensity measure ¢.
Therefore, by following the steps above, one can easily establish the bound

(3.6.42) for all terms in (3.6.41). This completes the proof of Lemma 3.6.4.
O

3.7 Weak Truncated Expansions

In this section we present weak truncated Wagner-Platen expansions that will be

used in the construction of wealk schemes for Monte Carlo simulation.
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For g € {1,2,...} we define the hierarchical set

Ip={aeM,: la)<g} (3.7.1)

By (3.7.1) and (3.4.1) the corresponding remainder set is then

B(T's) ={ae M, : l{a) =5+ 1}. (3.7.2)

We consider the truncated weak Ito-Taylor expansion

N = Z Lo [fo (0, Xo)lo,s, (3.7.3)

OzEFg

for t € [0,T], where f, are the Itd coefficient functions defined in (3.3.8) corre-
sponding to f(¢t,z) = z. Moreover, we assume that the coefficients of the SDE
(2.1.2) are sufficiently smooth and integrable such that for any o € I'gJB([p)
the coefficient functions f, are well defined and all the multiple stochastic integrals

exist. We also have the truncated compensated weak Ité- Taylor expansion

ﬁt = Z fa[fa(07XO)]O,ta (3~7'4)

OtEFﬁ

for ¢ € [0,T], where fo are the Itd coefficient functions defined in (3.3.9) corre-
sponding to f(t,z) = z.

In what follows we shall fix a 8 € {1,2,...} and write

=Y La[fa(Xo)l:, (3.7.5)

aEFg

and

=Y Ia[fa(Xo)l, (3.7.6)

aEFg

for t € [0,T]. Let us denote by X! the solution of the SDE (2.1.2) that starts from
y € R? at time £ = 0.

Lemma 3.7.1 Let g € {1,2,...} and T € (0,00) be given and suppose that the
drift, diffusion and jump coefficients of the SDE (2.1.2) are smooth enough to

apply the Wagner-Platen expansions with hierarchical set 'z, see also Remark 3.5.2.
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Then we have

C—me= Y Llfa(X*)] (3.7.7)
aeB(Tg)
and
XX —i= > Llfa(X*), (3.7.8)
aeB(lCg)

for all ¢t € [0, 7).

Proof: By using (3.7.5) we obtain

XtX"—m = XtXOAXOA(nt_'XO)

= X —Xo— D Llfa(Xo)l. (3.7.9)

a€lg\{v}

Moreover, by the Wagner-Platen expansion (3.5.4) and (3.7.1) we have

X=X = ) LlfalX0l+ D Lalfa(XXO)

aelg\{v} aeB(Tg)

Inserting the last equation in (3.7.9) we obtain (3.7.7). In the same way one can
prove (3.7.8) O

By similar arguments as those used in the standard proof of the existence and
uniqueness of the solution of the SDE (2.1.2), see Tkeda & Watanabe (1989), one

obtains the following lemma.

Lemma 3.7.2 Let T € (0,00) be given and assume that the drift, diffusion and
Jjump coefficients of the SDE (2.1.2) satisfy Lipschitz and linear growth conditions.
Then, for each p € {1,2,...} there ezists a constant K € (0,00) such that

B( sup |X}™

0<t<T

Ao) < K (1+ ), (3.7.10)

forally e R4, ¢t €[0,T) and g€ {1,...,p}.
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Chapter 4

Regular Strong Taylor Approximations

In this chapter we present regular strong approximations obtained directly from
a truncated Wagner-Platen expansion. The desired strong order of convergence
determines how many terms of the stochastic expansion one should include in the
approximation. We call these schemes regular strong approximations as opposed
to the jump-adapted strong approximations that will be presented in Chapter 6.
The term regular refers to the time discretizations used to construct these approx-
imations. These are called regular because they do not include the jump times
of the Poisson random measure. A convergence theorem for approximations of
any given strong order of convergence v € {0.5,1,1.5,2,...} will be presented at
the end of this chapter. Some of the results in this chapters have been published
in Bruti-Liberati, Nikitopoulos-Sklibosios & Platen (2006) and Bruti-Liberati &
Platen (2007c).

4.1 Imntroduction

First we consider, for simplicity, the one-dimensional SDE, d = 1, in the form

dX; = a(t, X;)dt + b(t, X;)dW, + / c(t, Xi—,v) pg(du, dt), (4.1.1)
£

fort € [0, 7], with Xo € Rand W = {W,,t € [0,T]} an A-adapted one-dimensional

Wiener process. As previously, we assume an A-adapted Poisson measure p¢,(dv, dt)

with mark space £ C R\{0}, and with intensity measure ¢(dv)dt = A F(dv) dt,

where F'(-) is a given probability distribution function for the realizations of the

marks.

<t
1t
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The SDE (4.1.1) can be written in integral form as

t t i
X, = Xo+/ a(s,Xs)ds+/ b(s,Xs)dWs+/ /C(S,Xs_,v)p¢(dv,ds)
0 0 0o Je

pe(t)

t ¢
- XQ+/ a(S,Xs)ds+/ b(s, Xo)dW, + Y _ e(m, Xr, -, &), (4.1.2)
° i=1

0

where {(7;,&),7 € {1,2...,ps(t)} } is the double sequence of jump times and
corresponding marks generated by the Poisson random measure. We express the ith
mark at time 7; by §; € £. For simplicity, we have assumed a one-dimensional mark

space £ C R\{0}. Multi-dimensional mark spaces can be similarly considered.

The case of a mark-independent jump size, which means c(t,z,v) = c¢(t,z), is of
particular interest as it simplifies the derivation and the implementation of nu-
merical schemes. Therefore, we also consider a one-dimensional SDE with mark-

independent jump size, which, in integral form, is given by

Pe(t)

t t
X = Xy +/ a(s, Xs)ds +/ b(s, X )dW, + Z Ty Xoym)- (4.1.3)
0 0 =1

Later, we will present strong Taylor approximations for a d-dimensional SDE, as

introduced in Section 2.1, given by

dX, = a(t, X¢)dt + b(t, Xy)dW, + / c(t, Xi—,v) pp(dv, dt), (4.1.4)
£
for t € [0,7], with X, € R* and W = {W, = (W},...,W™)",t € [0,T]} an
A-adapted m-dimensional Wiener process. Moreover, p; is again an A-adapted
Poisson measure. Here a(t, z) and ¢(t, z,v) are d-dimensional vectors of real valued
functions on [0, 7] x R¢ and on [0, T] x R* x &, respectively. Furthermore, b(¢, z) is
a d X m-matrix of real valued functions on [0, 7] x R%. We recall that in this thesis

we use superscripts to denote vector components.

Moreover, we consider a regular time discretization 0 = tp < t; < ... <ty =T,
on which we will construct a discrete time approrimation Y2 = {Y,2,1 € [0, T]} of
the solution of the SDE (4.1.4). For a given maximum time step size A € (0, 1) we

require the regular time discretization

(ta={0=teg<ty <...<ty=T}, (4.1.5)
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to satisfy the following conditions:

Pltay1 —t, <A)=1, (4.1.6)
where
tnt1 1s A;, — measurable, (4.1.7)
forne€ {0,1,...,N — 1} and
ny :=max{n € {0,1,...}: £, <t} <o as, (4.1.8)

denoting the largest integer n such that ¢, < ¢, for all ¢t € [0,7]. Such a time
discretization is called regular, as opposed to the jump-adapted one to be presented
later in Chapter 6, because it does not include the jump times generated by the
Poisson measure. For instance, we could consider an equidistant time discretization
with nth discretization time ¢, = nA, n € {0,1,..., N}, and time step size A = %
However, the discretization times could also be random, as needed if one wants
to employ a step size control. Conditions (4.1.6),(4.1.7) and (4.1.8) pose some
restrictions on the choice of the random discretization times. Condition (4.1.6)
requests that the maximum step size in the time discretization cannot be larger
than A. Condition (4.1.7) ensures that the length A, = t,,; — ¢, of the next
time step depends only on the information available at the last discretization time
tn- Condition (4.1.8) guarantees a finite number of discretization points in any
bounded interval [0, ¢].

For simplicity, when describing the schemes we will use the abbreviation

f = f(tm Yn) (4.1‘9)

for a function f when no misunderstanding is possible. For the jump coefficient we

may also write
c(v) = c(tn, Ya,v) and c(&) = cltn, Yan, &), (4.1.10)
if convenient, where £; is the ith mark of the Poisson measure. Similarly, we write
d(v) = d(tn, Ya,v) and (&) = d(tn, Yy, &). (4.1.11)

Note that here and in the sequel the prime ' in (4.1.11) denotes the derivative with
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respect to the second argument, which is the spatial variable. Moreover, we will
omit mentioning the initial value Yy and the step numbers n € {0,1,..., N} if this

is not confusing.

4.2 FEuler Scheme

The simplest scheme is the well-known Euler scheme, which, in the one-dimensional

case d = m = 1, is given by the algorithm

tat1
Yo = Yatal, +bAW, + / / o(v) py(dv, d2)
tn £

Py (tnt1)
= Yo+al, + AW, + > (&), (4.2.1)

i:pzt (tn,)‘{’l

forn € {0,1,..., N — 1} with initial value Y5 = X,. Note that ¢ = a(t,,Y,), b =
b(tn, Yn), c(v) = c(tn, Yn,v) and ¢(&) = c(tn, Yy, &), according to the abbreviation
defined in (4.1.9)—(4.1.11). Here

ATL - tn+1 — tn - ]0,71 (4'2‘2)
is the length of the time step size [t,,%,.1] and

AW, =W, — W, (4.2.3)

n

is the nth Gaussian N(0,A,) distributed increment of the Wiener process W,
ne€{0,1,...,N —1}. Furthermore,

ps(t) = ps(£,[0,1]) (4.2.4)

represents the total number of jumps of the Poisson random measure up to time t,

which is Poisson distributed with mean A¢. Finally,
&Gel (4.2.5)

is the sth mark of the Poisson random measure p, at the ith jump time 7;, with

distribution function F(-). The Euler scheme (4.2.1) generally achieves a strong
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order of convergence v = 0.5, as will be shown at the end of this chapter.

When we have a mark-independent jump size, which means ¢(¢,z,v) = c(¢, z), the

Fuler scheme reduces to
Yo =Y, +al, + bAW,, + cAp,, (4.2.6)

where
Apn - pdz(tn-}—l) - pqﬁ(tn) (427)

follows a Poisson distribution with mean AA,.

In the multi-dimensional case with scalar driving Wiener process, which means
m = 1, and mark-dependent jump size, the kth component of the Fuler scheme is

given by

p¢(tn+l)
Vi =YE+ad A+ AW, + YT F(&), (4.2.8)
i=py(tn)+1
for k € {1,2,...,d}, where a¥, b¥, and ¢* are the kth components of the drift,

diffusion and jump coeflicients, respectively.

In the multi-dimensional case with scalar Wiener process, m = 1, and mark-

independent jump size, the kth component of the Euler scheme is given by
YE | =YF+dfA, +0FAW, + FAp,, (4.2.9)

for k € {1,2,...,d}.

For the general multi-dimensional case with mark-dependent jump size the kth

component of the Fuler scheme is of the form

m p¢(tn+1)
Vi, =YErdra, + Y AW+ Y e,
j=1 i=pg(tn)+1

¥ and c* are the kth components of the drift and the jump coefficients,

where a
respectively, and 4%/ is the component of the kth row and jth column of the
diffusion matrix b, for k € {1,2,...,d}, and 5 € {1,2,...,m}. Moreover,

AW! =W]  —~ W] (4.2.10)

tntl
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is the M(0,4,) distributed nth increment of the jth Wiener process. We recall
that
&L el (4211)

is the ith mark generated by the Poisson random measure.

In the multi-dimensional case with mark-independent jump size we obtain the kth

component of the Fuler scheme

Vi =YE+abA, + > AW + FAp,,

j=1

for k € {1,2,...,d}.

The Fuler scheme includes only the time integral and the stochastic integrals of
multiplicity one from the Wagner-Platen expansions (3.5.4) and (3.5.5), which both
give the same truncated expansion. As we will see later, it can be interpreted as
the order 0.5 strong Taylor scheme. In the following we will use the Wagner-Platen
expansion (3.5.4) for the construction of strong Taylor schemes. Similarly, one can
start from the compensated Wagner-Platen expansion (3.5.5) obtaining slightly

different compensated Taylor schemes, as will be discussed later.

4.3 Order 1.0 Taylor Scheme

When accuracy and efficiency are required, it is important to construct numerical
methods with higher strong order of convergence. This can be achieved by adding
more terms of the Wagner-Platen expansion (3.5.4) to the scheme. In this way, it is
possible to derive the order 1.0 strong Taylor scheme, which, in the one-dimensional
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case, d = m = 1, is given by

tntl
Yigr = Yo+al, +0AW, + / /c(v)p¢(dv, dz)
tn  JE

tnti1 z2
b0 / / A (20)dW (22)
tn tn

tnt1 2
+/ ] / bCl(’U)dW(Zl)p¢,(d’U, ng)
tn E Jitn

T f | [ Yt o) = stz () (43.1)
+/:+1/g/t:z/g{c(tmyfﬂrc(vl),vz) - C(Uz)}%(dvl,dzl)p¢(dv2,dz2),

where

ob(t, )

dc(t, z,v)
Oz )

b =b(t,z) = o

and c'(v):=d(t,z,v) = (4.3.2)

For simplicity, the abbreviation (4.1.9)-(4.1.11) were used in (4.3.1). The scheme
(4.3.1) achieves strong order v = 1.0, as we will see later. It represents a general-

ization of the Milstein scheme, see Milstein (1974), to the case of jump diffusions.

In view of applications to scenario simulations, a main problem concerns the gen-
eration of the multiple stochastic integrals appearing in (4.3.1). By application of
[t6’s formula for jump-diffusion processes, see Ikeda & Watanabe (1989), and the
integration by parts formula, we can simplify the four double stochastic integrals
appearing in (4.3.1) and rewrite the order 1.0 strong Taylor scheme (4.3.1) as

Pyltni1) by
Yoo = Yatal, +0AW, 4+ Y c(&)+ - (AW,)? = A,)
1=pg(tn)+1
Py (tnt1)
+b Y &) (W(n) - W)
i:p¢(tn)+1
pg(tnt1)
+ Y (b o)) = b} (Wt - W)
i=pgy(tn)+1

Py (tn+t1) Pe(75)

+ ) > {C(Yn +c(&).&5) — (&) } (4.3.3)

j=p¢(tn)+1 i=p¢(tn)+1
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This scheme is readily applicable for a scenario simulation.

In the special case of a mark-independent jump coefficient, c(t, z,v) = ¢(t, z), the

order 1.0 strong Taylor scheme reduces to

Yori = Ya+al, +0AW, + cAp, + b0 Iy +bc Iy

+{b(tn, Yn -+ C) — b} [(_1’1) -+ {C (tn, Yn + C) - C} [(_1)_1), (434)

with multiple stochastic integrals

tnt1 52 1 ,
Jm,:./ /"w%wmziﬁm%)_&}
tn tn

tnt1 s2 Po(tn+1)
Ig = / //dm%wwm: > W, = Ap W,
tn & Jtn i=pe(tn)+1
tn+1 82
1(_1’1) = /L /t \/Evpé(d?}, dSl)dW32 = Apn AWn — 1(1’_1), (435)

tnt+1 $2 1 )
T = / / / / poldvn, dsu)py(dva, dss) = 2 { (Ap)? — Apa ).
tn £ Jtn £

The level of complexity of the scheme (4.3.1), even in the simpler case (4.3.4)
of mark-independent jump size, is quite substantial when compared to the Euler
scheme (4.2.6). Indeed, it requires not only function evaluations of the drift, diffu-
sion and jump coeflicients, but also evaluations of their derivatives. The calculation
of derivatives can be avoided by constructing derivative-free schemes that will be

presented in the next chapter.

We point out that the simulation of some of the multiple stochastic integrals is
computationally demanding. The generation of I;; 1y and I(_; 1) is straightforward
once we have generated the random variables AW,, and Ap,. The generation of
the mixed multiple stochastic integrals Ij;,—1y and [_;,1) is more complex since
it requires to keep track of the jump times between discretization points for the
evaluation of W,,. Conditioned on the number of jump events realized on the time
interval (t,,tn+1], the jump times are independent and uniformly distributed on
this interval. Therefore, once we have generated the number of jumps Ap,,, we can
sample Ap,, independent outcomes from a uniform distribution on (¢,,¢,1] in order
to obtain the exact location of the jump times. However, from the computational

point of view, this demonstrates that the efficiency of the algorithm is heavily
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dependent on the level of the intensity of the Poisson measure.

For the special case of a mark-independent jump coefficient, the number of calcu-
lations involved in an algorithm as the Euler scheme (4.2.6) does not depend on
the level of the intensity. Note that we are here neglecting the additional time
needed to sample from a Poisson distribution with higher intensity. On the other
hand, even in this special case, for the scheme (4.3.4) the number of computations
is directly related to the number of jumps because of the generation of the two
double stochastic integrals I{; 1) and I(_; ;). Therefore, this algorithm is not effi-
cient for the simulation of jump-diffusion SDEs driven by a Poisson measure with

high intensity.

It is, in principle, possible to derive strong Taylor schemes of any given order, as
will be demonstrated later in Section 4.5. However, the schemes become rather
complex. Moreover, as explained above, for SDEs driven by high intensity Poisson
measures, these schemes are computationally inefficient. For these reasons we will
not present in this section any scheme with order of strong convergence higher
than v = 1.0. For the construction of higher order schemes, we refer to Chapter 6,
where we will describe jump-adapted approximations that avoid multiple stochastic
integrals involving the Poisson measure. This makes it much easier to derive and

implement these schemes.

T
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Figure 4.3.1: A path of the Merton model

Let us illustrate the higher accuracy achieved by the order 1.0 Taylor scheme on

a scenario simulation. We consider the SDE (2.1.5) describing the Merton model
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with constant jump coefficient c(¢,z) = Yax. We use the following parameters:
Xo=1,14=0050=02 = —025 T = 10 and A = 0.3. In Figure 4.3.1
we show a path X = {X;,t € [0,10]} of the Merton model by using the explicit
solution (2.1.6).

In Figure 4.3.2 we show the accuracy of the Euler scheme and of the order 1.0
Taylor scheme in approximating the true solution X on the same sample path
shown in Figure 4.3.1, when a time step size A = 0.5 is used. We plot the error
(|th — Ytn|2)%, for n € {0,1,...,nr}, generated by these schemes. One clearly
notices the higher accuracy of the order 1.0 Taylor scheme.

-+ Euler

* OneTaylor

Exrror

.........

Figure 4.3.2: Strong error for the Euler and the order 1.0 strong Taylor schemes

In the multi-dimensional case with scalar Wiener process, m = 1, and mark-
dependent jump size, the kth component of the order 1.0 strong Taylor scheme
is given by the algorithm

tn+1
Vi, = Yr4dA, + AW, +/ / v) py(dv, dz)
tntl l
+Z/ / b @dW Zl)dW(Zg)
d bnt1
+Z/ // p ) dW(zl)p¢(dv dz)
tn

=1
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tn+l z2
+/ / / {bk (tn, Yo + c(v)) — b* }p¢(dv, dz)dW (z3)
tn tn £

+/t:n+l/g[:2fs{ck(tn,yn+0(v1),vz) —Ck(’l)z)}

X pg(dur, dz1) pg(dvz, dz), (4.3.6)
where a®, b*, and cF are the kth components of the drift, diffusion and jump
coefficients, respectively, for k € {1,2,...,d}. Similar to (4.3.3) we can rewrite

also this scheme in a form that is readily applicable for scenario simulation.

For the multi-dimensional case with one driving Wiener process and mark-independent

jump size the kth component of the order 1.0 strong Taylor scheme simplifies to

bk
YEL, = YF4dfA, + 05 AW, +CkApn+Zb 8—f<11>

=1
+ Z p 9 I(1 iy (Y ) = R T
+{ck (tn,Yn + c) — ck} IZ1-1, (4.3.7)

for £ € {1,2,...,d}. Here the four double stochastic integrals involved can be
generated as described in (4.3.5).

In the general multi-dimensional case the kth component of the order 1.0 strong

Taylor scheme is given by

tnt1
Vi, = Yi+adA, + Zb'”AW] / / v) py(dv, dz)

m d 6bk]2 tn+1 z2 ) .
piat AWt (z))dW?7?

PIPSE / / (21)dW 7 (23)

m d lnt1
+ Z/ // b 60 W“(zl)%(dv dz,)
oy tn

m tn+1 z2 . . .
Z / f / {bk,h (tn, Yo + c(v)) — 057 }p¢(dv, dzy) AW (25)
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tn+l z2
-I—/ ]/ /{ck(tn,Yn+c(U1),v2) —ck(v2)}
tn E Jtn £
X p¢(dvl,dzl)p¢(dv2,dz2), (438)

for k € {1,2,...,d}.

In the multi-dimensional case with mark-independent jump size, the kth component

of the order 1.0 strong Taylor scheme is given by

Vi, = YE+da,+) AW +Fap,

j=1
L ab 72 |
+ Z Z bt [(]1 g2) T Z Z b”1 — [(jl —1 (4.3.9)
Ji,j2=1 ji=1 i=1
+ Z {bk’j‘ (tn, Y, + c) — bk’jl}[(_.l’jl) + {ck(tn,Yn + c) - ck}l(_ly”l),

ji=1
for k€ {1,2,...,d}.

The considerations on the generation of the mixed multiple stochastic integrals
involving Wiener processes and the Poisson random measure, presented for the
one-dimensional case, apply in a similar way to the implementation of the scheme
(4.3.9). Indeed,

Po{tn+1)

tntl ) .
Iy ,-1y = /t /g/t dW]1p¢(dv dsy) = Z Wi — Ap, W/,

i=pg(tn)+1
tn+l .
Iy = / / /p¢ (dv,dsy) Wh = Apn AWT! =I5, ),

for j; € {1,...,m}. Moreover, in (4.3.9) we also require the multiple stochastic

integrals
tnt1 z2 ) )
Iy = / / AW (21)dW 7 (z,), (4.3.10)
tn tn,

for ji,j2 € {1,...,m}. When j; = js, the corresponding double Wiener integral is
given by
1 2
IGra) = 5{(AW,{1) EAYY S (4.3.11)

However, when j; # 7», this integral cannot be easily expressed in terms of the

increments AWt and AW/2 of the corresponding Wiener processes. Nonetheless,
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employing the Karhunen-Loéve expansion, see Kloeden & Platen (1999), it is
possible to generate approximations of the required multiple stochastic integrals
with the desired accuracy. An alternative and simpler way to approximate these
multiple stochastic integrals is the following: we apply the Euler scheme to the
SDE which describes the dynamics of the required multiple stochastic integrals
with a time step size ¢ smaller than the original time step size A. Since the Euler
scheme has strong order of convergence v = 0.5, by choosing § = A?, the strong
order v = 1.0 of the scheme is preserved, see Milstein (1995) and Kloeden (2002).

The compensated strong Taylor schemes that arise from the compensated Wagner-
Platen expansion (3.5.5) are generally different from that arising from the Wagner-
Platen expansion (3.5.4) used in this section. For illustration, we describe now the
order 1.0 compensated strong Taylor scheme in the special case d = m = 1. This

is given by
tn+1
Yn+1 = Yn + aAn + bAWn + / /C('U)ﬁd,(dv, dZ)
tn £

tn+1 22
b / / AW (21)dW (2,)
tn tn

tnyt z2
+ / / / b (v)dW (21)pg(dv, d2g)
tn &Jtn

i /:H /t: /5 {b(t“’ Yo +e(v)) - b}%(d’va dz1)dW (2,) (4.3.12)
+ /tt+ /‘€ /t /g {etn, Yo+ c(01),02) = e(02) }Fyldvn, d2)ig (dvn, dzz).

For application in scenario simulation, the generation of a stochastic integral in-
volving the compensated Poisson measure py is implemented as follows: one should
first generate a corresponding multiple stochastic integral with jump integrations
with respect to the Poisson jump measure ps and then subtract its mean, which
is given by the corresponding multiple stochastic integral with the integrations
with respect to the Poisson jump measure py replaced by integrations with respect

to time and the intensity measure ¢, see (3.1.1). For example, to generate the

[ ot

stochastic integral
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we use the representation

tntl tntl lnt1
/ / (v) py(dv, dz) / / (v) py(dv, dz) / / (v) &(d

We recall, that, according to (4.1.10), we have used the abbreviation c(v) =
c(tyn, Yn,v). Therefore, last term on the right-hand side of (4.3.13) is .A; -measurable,

but its implementation generally requires a numerical integration at each time step.

4313)

To compare the computational effort required by the order 1.0 compensated strong
Taylor scheme (4.3.12) with that of the order 1.0 strong Taylor scheme (4.3.1), let
us rewrite the former with integrations with respect to the Poisson jump measure

Pg. In this case order 1.0 compensated strong Taylor scheme is given by

tntl
Yoi1 = Yo+4alA, +bAW, + / /c(v) pe{dv, dz)
tn £

tht1 z2
by / / AW (21)dW (z)
tn tn

# [ b petao )
AN AU SR DU RCRSEE
' ] /g / /g {elte: Yo+ clvn), v2) = cloa) }po(dvn, dan)py(don, d22)
[ sewaw sz,
/ / f / {e(tar Yo + clvr),v2) = c(vn) }@(dv1)derpy(dn, dz)
_/t//t/{c (s Yo+ c(00), 02) = c(02) |y (dvy, d2y)$(dv )z
/ / / / {e(tus Yo + clvr),v2) — clvn) }o(dv1)dz16(dua)dza.

Therefore, the implementation of the order 1.0 compensated strong Taylor scheme
has the same computational effort of the order 1.0 strong Taylor scheme plus that

required for the generation of the last four terms in (4.3.14). Note that both
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schemes have the same order of strong convergence v = 1.0. Nonetheless, the
compensated strong Taylor schemes might be more accurate when dealing with
high intensity jump diffusions. However, we leave a comparison of the accuracy of

these schemes for further research.

4.4 Commutativity Conditions

As previously discussed, higher order Taylor schemes, even with mark-independent
jump size, become computationally inefficient when the intensity of the Poisson
measure is high. In this case the number of operations involved is almost pro-
portional to the intensity level. Also the jump-adapted schemes to be presented
in Chapter 6 show a strong dependency in their efficiency on the intensity of the

jumps.

By analyzing the multiple stochastic integrals required for the scheme (4.3.4), we
observe that the dependence on the jump times affects only the mixed multiple

stochastic integrals I(; _1y and /(). However, since by (4.3.5) we have
Iy = Ap, AW, — I,-1y,
the sum of these integrals is obtained as
I,y + 11y = Ap, AW, (4.4.1)

which is independent of the particular jump times. Let us consider a one-dimensional
SDE with mark-independent jump size, c(t, z, v) = c(t, z), satisfying the jump com-
mutativity condition

b(t, I)acét:;:c) = b(t, z + c(t, z)) — b(t, m), (4.4.2)

for all t € [0,7] and z € R. In this case the order 1.0 strong Taylor scheme (4.3.4)
depends only on the sum I(; _1y + {(=1,1) expressed in (4.4.1). One does not need
to keep track of the exact location of the jump times. Hence, its computational
complexity is independent of the intensity level. This is an important observation
from the practical point of view. If a given SDE satisfies the jump commutativity

condition (4.4.2), then considerable savings in computational time can be achieved.
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When we have a linear diffusion coefhicient of the form
b(t,z) = by(t) + be(t) z, (4.4.3)

with b(¢,z) > 0, as it frequently occurs in finance, the jump commutativity condi-
tion (4.4.2) implies the following ordinary differential equation (ODE) for the jump

coefficient:
dc(t,x)  by(t)c(t, x)

or  bi(t)+by(t) 2’
for all t € [0,7] and z € R. Therefore, for linear diffusion coefficients of the form

(4.4.4)

(4.4.3) the class of SDEs satisfying the jump commutativity condition (4.4.2) is
identified by mark-independent jump coeflicients of the form

c(t,z) = eK® (bl(t) + by(2) a:) , (4.4.5)

where K(t) is an arbitrary function of time.

For instance, the SDE (2.1.5) with mark-independent, multiplicative jump size
c(t,z,v) = z 3, for § > —1, satisfies the jump commutativity condition (4.4.2).
The corresponding order 1.0 strong Taylor scheme is given by

1
Yn+1 = Yn + /l'YnAn + UYHAWH + ﬁ Yn Apn + 5 02 YTL {(AWﬂ)z - ATL}

+o BY,Ap, AW, + %/32 Yo {(Apa)? — Ap.}. (4.4.6)

Another interesting example that arises in the financial literature is the square root

diffusion coefficient

b(t,z) = by (t)V/x, (4.4.7)

see Cox, Ingersoll & Ross (1985), Duffie & Kan (1994) and Platen (2001). If
bi(t) # 0 for t € [0,7), we have the ODE

oc(t,z) /z+c(z)—+/T
o 7 , (4.4.8)

and, thus, for the jump commutative case (4.4.2), the jump coeflicient is of the

form
ot x) = KO 42" /. (4.4.9)
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b(t,z) e(t.x)
bi (1) K(t)
by (t) + bo(t) @ eXO(by(t) + by(t) )
by () /01 () + ba(t)z | ba(t) €O 4 257 /b1 (E) + bal(t)a
bi(£)(1 %) log {1+ ¢ — ¢~ K (0}
6 2K 3 o K(1),.2 3
bi(t) Th —Z;z;(t)‘li ;2((1)j)_|1_ :L‘: .

Table 4.1: Coefficients satisfving the jump commutativity condition.

In Table 4.4 we present some diffusion coeflicients from models proposed in the
finance literature together with the corresponding jump coefficients that satisfy

the jump commutative condition (4.4.2).

In the multi-dimensional case with scalar Wiener process and mark-independent

jump size we obtain the jump commutativity condition

zd: b (¢, z) a—&% - (t, z+ et :c)) o (t, :c> (4.4.10)
=1

for k € {1,2,...,d},t €[0,7] and z € R*.

For the general multi-dimensional case, one can show that the sum of two multiple
stochastic integrals with respect to the 7;th component of the Wiener process and

the Poisson measure, given by
Iy-1y + Lc1j) = Ap, AW, (4.4.11)

is independent of the particular jump times. Therefore, for a general multi-dimensional
SDE with mark-independent jump size, we obtain the jump commutativity condi-

tion

. act(t, ) : ;
Z bhat(t, z) 3—3:; = pha (t, z + c(t, x)) — bRt (t, m) (4.4.12)
1=1

for j, € {1,2,...,m}, k € {1,2,...,d}, t € [0,7] and = € R?. Thus, once the
diffusion coefficients are specified, a solution of the first order semilinear d x m-
dimensional system of partial differential equations (PDEs) (4.4.12) provides a
d-dimensional commutative jump coefficient. Note that the system (4.4.12) has

d x m equations and only d unknown functions. Therefore, even for simple diffusion
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coefficients, there may not exist any jump coefficient satisfying (4.4.12).

Consider, for instance, the multi-dimensional case with additive diffusion coefficient
b(t,z) = b(t). The jump commutativity condition (4.4.12) reduces to the m x d

system of first order homogeneous linear PDEs

d
. Ock(t, x)
ti ’ —
;:1 0 (t) =5 =0 (4.4.13)

for j € {1,2,...,m}, k € {1,2,...,d}, t € [0,T] and z = (z',2%,...,2%)" €
RY. An additive jump coefficient c(t,x) = c(t) satisfies the condition (4.4.13).
In the scalar case, m = 1, or in the trivial case where b%J'(t) = b*72(¢t) for all
i€ {L,2,...,d}, j1,j2 € {1,2...,m} and t € [0, T], we obtain the solution

(t,z) = f(t,y) (4.4.14)

for ke {1,...,d}. Herey = (y',...,y% 1" € R%! has components

P ‘—bH_l(t)Il + bl(t)x‘i-i-l
v bi(t)

and f : [0,7] x R is an arbitrary function, differentiable with respect to the

second argument y.

Let us consider the multi-dimensional, multiplicative diffusion coefficient b(t, z),
where the element in the ith row and jth column is given by 6% (¢, z) = o (¢)x’,
with 6% (t) € R for i € {1,2,...,d} and j € {1,2...,m}. In this case the jump
commutativity condition (4.4.12) reduces to the m x d system of first order linear
PDEs

Z ohi (t)x % = g™ (t) c(t, x) (4.4.15)
I=1

for j € {1,2,...,m}, k € {1,2,...,d}, t € [0,T] and z = (z1,2?,...,29)7 € R%
In the scalar case, with m = 1, or in the trivial case where o™7'(t) = o*72(t) for
ie€{1,2,...,d}, j1,J2 € {1,2...,m} and ¢ € [0, T], we obtain the solution

Ht,7) = ()70 £(t,9) (1.4.16)
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for ke {1,...,d}. Herey = (y%,...,447")" € R*"! has components

sitl
yi _ (xl)ﬁxiﬂ

and f : [0,7] x R4 is an arbitrary function, differentiable with respect to the

components of the second argument y.

We now discuss some commutativity conditions involving only the diffusion coeffi-
cients. These can be found also in Kloeden & Platen (1999), in the context of the
approximation of pure diffusion SDEs. As noticed in Section 4.3, when we have
a multi-dimensional driving Wiener process, the corresponding order 1.0 strong
Taylor scheme requires multiple stochastic integrals with respect to the different
components of the Wiener process. In general, these can be generated only re-
sorting to approximations, such as the Karhunen-Loéve expansion, see Kloeden &
Platen (1999). However, in the special case of a diffusion commutativity condition,
where

L7 (t, ) = L26(¢, 1) (4.4.17)

for 51,72 € {1,2,...,m}, k € {1,2,...,d}, t € [0,7] and x € R?, it is possible
to express all the double Wiener integrals in terms of the increments AW2! and
AWz of the Wiener processes. Therefore, for a multi-dimensional SDE satisfying
the diffusion commutativity condition (4.4.17), the jump commutativity condition
(4.4.12) and with mark-independent jump size, we obtain a computationally effi-

cient order 1.0 strong Taylor scheme, whose kth component is given by

Y, = YE+aA,+) AW + FAp,

Jj=1

1 & & ok
+§ Z me Oz

Ji.ga=1 i=1

J2
1

{AW,{‘ AW — An}

+ i {059 (4, Yo + ) — 571} (Apn AWTJ})

j1=1
1
+5 {*(tn, Yo +¢) — ¢} ((Apn)2 - Apn>, (4.4.18)
for k € {1,2,...,d}. For instance, the special case of additive diffusion and jump

coefficients, which means b(t, z) = b(t) and c(¢,z) = c(t), satisfies all the required

commutativity conditions and therefore leads to an efficient order 1.0 strong Taylor
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scheme. Note that in this particular case the last two lines of (4.4.18) equal zero
and, thus, only double stochastic integrals with respect to Wiener processes are

needed.

From this analysis it becomes clear that when selecting a suitable numerical scheme
for a specific model it is important to check for particular commutativity properties

of the SDE under consideration to potentially save computational time.

4.5 Convergence Results

In this section we introduce strong Taylor approximations and compensated strong
Taylor approximations of any given strong order v € {0.5,1,1.5,2,...}. The key
results underlying the construction of these strong approximations are the Wagner-
Platen expansions (3.5.4) and (3.5.5) presented in Chapter 3. Including in a scheme
enough terms from these expansions, we can obtain approximations with the desired
order of strong convergence. More precisely, for an order v € {0.5,1,1.5,2,...}

strong Taylor scheme we need to use the hierarchical set
1
A, ={aeM:l(a)+n(a) <2y or lla)=n(a)=~v+ —2—}, (4.5.1)

where [(a) denotes again the length of the multi-index «, and n(«) the number of
its components equal to zero. Note that in Chapter 3 we have derived two types
of Wagner-Platen expansions; the first uses the Poisson measure as integrator of
jump type and the second employs the compensated Poisson measure as integrator
involving jumps. Therefore, we will obtain two different types of strong approx-
imations; the strong Taylor approximations and the compensated strong Taylor

approximations.
For a time discretization with maximum step size A € (0, 1), we define the order
v strong Taylor scheme by the vector equation

Yo=Y+ Y Llfaltn YD), o = O T [falta VD)),

a€A\{v} acA,

(4.5.2)

n41

for n € {0,1,...,n7 — 1}. Similarly, we define the order v compensated strong
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Taylor scheme by the vector equation

Vi, = Y2+ Y LRt v2) Z o | faltn, Y,2)] (4.5.3)

a€AN{v} tnstatt €A, tnitnt
forne {0,1,...,np —1}.

Equations (4.5.2) and (4.5.3) provide recursive numerical routines generating ap-

proximate values of the solution of the SDE (4.1.1) at the time discretization points.

In order to asses the strong order of convergence of these schemes, we define,
through a specific interpolation, the order v strong Taylor approzimation Y& =
{v2, £ € [0,T]}, by

Z L[ fa(tn.s tnt)]tnt,t (4.5.4)

a€Ay

and the order v compensated strong Taylor approzimation Y& = {Y,2, t € [0, T},
by
A Z Ia[fa(tntvy;ft)]tnt,t (455)

QEA'y

for t € [0, 7], starting from a given Ag-measurable random variable Yy, where n,
was defined in (4.1.8).

These two approximations define stochastic processes Y& = {Y2,¢ € [0,7T]},
whose values coincide with the ones of the order v strong Taylor scheme (4.5.2)
and of the order v compensated strong Taylor scheme (4.5.3), respectively, at the
time discretization points. Between the discretization points the multiple stochastic
integrals have constant coefficient functions but evolve randomly as a stochastic

process.

The strong order of convergence of the compensated strong Taylor schemes pre-
sented above can be derived from the following theorem. This convergence the-
orem will enable us to construct a compensated strong Taylor approximation
Y2 ={Y2, t €[0,T]} of any given strong order v € {0.5,1,1.5,2,...}.

Theorem 4.5.1 For giveny € {0.5,1,1.5,2,...}, let Y& = {V,%, t € [0, T]} be the
order v compensated strong Taylor approzimation defined in (4.5.5), corresponding

to a time discretization with mazimum step size A € (0,1). We assume that

E(|Xo*) <00 and E(|Xo— Y < KiAY. (4.5.6)
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Moreover, suppose that the coefficient functions f. satisfy the following conditions:

Forae A, tel0,T], ue &® and 2,y € R the coefficient function f, sai-
isfies the Lipschitz type condition

fa(t)miu) - fa(tayau) S Kl(u)‘m - y'i (457)

where (Kl(u))2 is ¢p(dut) x ... x ¢(du*®)-integrable.
For all o« € A,|JB(A,) we assume

fra€CY  and [, €H,, (4.5.8)
and for o € A, UB(A,), t € [0,T)], u € 5 and x € R?, we require

fult zw)| < Kaw)(1 + [2P), (45.9)

where Ky(u) is ¢(dul) x ... x ¢(dus'®)-integrable.

Then the estimate

\/E( sup | X, — YAP | Ag) < KyA (4.5.10)

0<2<T

holds, where the constant K3 does not depend on A.

Remark 4.5.2 By using the definitions of the operators (3.3.4)—(3.3.7) and of the
sets in (3.2.3), it is possible to obtain conditions on the coefficients a, b and ¢
of the SDE (3.5.1) which imply conditions (4.5.7)—(4.5.9) on the coefficient func-
tions f,. For instance, if the drift, diffusion and jump coefficients of the SDE
(2.1.2) have 2(7y + 2) times continuously differentiable components a*,b%7 c*, for
allk € {1,2...,d} and j € {1,2...,m}, that are uniformly bounded with uniformly
bounded derivatives, then conditions (4.5.7)-(4.5.9) are fulfilled.

Theorem 4.5.1 generalizes a similar result for pure diffusions described in Kloeden
& Platen (1999). The proof will be given at the end of this chapter in Section 4.7.
A related result, with slightly different conditions, was published without proof in
Platen (1982a).

Theorem 4.5.1 establishes the order of strong convergence of the order vy com-
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pensated strong Taylor approximation defined in (4.5.5). The following corollary
permits us to obtain the order of strong convergence of the strong Taylor schemes

presented in this chapter.

Corollary 4.5.3 Let Y2 = {Y,*,t € [0, T]} be the order v strong Taylor approzi-
mation (4.5.4). Assume that the It coefficient functions f, satisfy the conditions
of Theorem 4.5.1. Then, if also the conditions on the initial data (4.5.6) hold, we

obtain the estimate

\/E ( sup |X, — YZA\2> < KA, (4.5.11)
0<z<T

where K is a finite positive constant independent of A.

A similar result, limited to SDEs driven by Wiener processes and homogeneous

Poisson processes, is presented in Gardon (2004).

4.6 Lemma on Multiple 1t6 Integrals

We present here a lemma on multiple stochastic integrals that we will need in the

proof of Theorem 4.5.1. This lemma can be also used for other approximations.

Lemma 4.6.1 For a gwen multi-indez o € M \{v}, a time discretization (t)a
with A € (0,1) and g € H, let

Vtous(a) ——/ / (tiu[i lg ..’Us(a))lz
o<z<u

Aw) P(dv') ... o(dv*™) < oo,

(4.6.1)
ny—1 2
Foim B [ sup |57 TloOlewimes + Talg(line]| [Ae (46.2)
to<z<t n=0
and
nz—1 2
tha =F S<llg Z [ [g tn il + [ [ ()]t'rl.zvz -Ato . (463)
to<z<t
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Then
Fe < (t —tg) AXH-D) ftt; Vigu,s(a) dut when : l(a) = n(a)
P gz Alle)tnle)-1 fti Vieus(e) du when : (o) # n(a)
and
e < (t —ty) AU~ fti Vioru,s(er) A when : [(a) = n(a)
t >

4l(a)—n(a)+2 Cvs(a) Alle)+n{a)-1 ftt) Vto,u,s(a) du  when : l(a) % TL(C!)

almost surely, for every t € [to,T]. Here C=4+ MT — to).

Proof: Let us first prove the assertion of the lemma for ﬁt"‘.

1. By definition (4.1.8) of n, we get, for z € [tn, tnt1), the relation ¢,, = t,.

Then, for a multi-index o = (j1, ..., Jn) With j, = 0, we obtain

nz—1 _ .

Z Ia[g(')]tn,tn+1 + [a[g(‘)]tnz,z

n=0
nz—1 tn-}-l - ¥4 _

-3 / T [g(Yenods + / T 190 en, o5
n=0 Yin bnz
nz—1 tna1 __ z

=3 [ Ol s+ [ Tl e
n=0 tn ta,

_ / T [9()]on, s, (4.6.4)

to

The same type of equality holds analogously for every j, € {—1,0,1,...,m}.

2. Let us first consider the case with {(a) = n(a). By the Cauchy-Schwarz
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/fa—[g(')]tnu,udu Ato)

to

< E(sup z—tg) / \[- Nen «?du
to<2<t

< (t—t)E (/][_ - du.Ato)

= = t0) [ B (T loOlnl? M)
Am) du

= (t—to) /tt £ (E<tnfl<_lf§u Ta[9()]tny oI ]Atnu)

inequality we have

2

ﬁt"‘ = F ( sup
t

0<z<t

)

< (t—to) /:E< sup (| Ta[9())ens |

0 tny, <z<u

At()) du,

(4.6.5)

where the last line holds because t; < ¢, a.s. and then A4, C A, for
u € [to, t]. Therefore, applying Lemma 3.6.1 to

E( sup  |Za-[9()en oI

tny SzZu

Atnu> (4.6.6)

yields

Fta < (t _ tO) 4l(a—)—n(a—)

t U
X / E ((u — t,, ) e)in(am)=l / Vine,zs(a—) A2
to tn

u

Ato) du

t
< (t _ tO) 4l(a~)~n(a—) / E ((u _ tnu)l(a—)+n(a—) ‘/tnu,u,s(a—) lAt‘J) du

to

t
< (t — t0> glla=)—nla=) Alla=)+n(a=) / FE (‘/tnu,u,s(a—) lAm) du, (467)

to

where the last line holds as (u —t,,) < A for u € [ty,t] and ¢ € [to,T] . Since
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Ay, C A, , we notice that for u € [to, t]

E (Vi (e Aso)

= (/ / sup |g(z, v, ..., 0% )2 ’Atnu)
tnu<z<u

At())
= //E(E( sup |[g(z,v',. .., v5@ )
£ I tn, <z<u

AW)
d(dv!) . .. p(dv*©@)

= / / ( sup Z,’Ul’,..,'us(a—-))]2 lAt()) ¢(dv1)..,¢(d03(a~))
3nu<z<u

S / / ( sup ‘g Z,v )_‘_,,Us(af))lz
to<z<u

= I/to,u,s(a—)' (468)

x ¢(dv'). .. ¢(dv*))

)

Ato) d(dvh) ... p(dvse))

It then follows

t
JFt,a S (t—to) 4l(a~)—n(a—) Al(a—)+n(a-—) / lfto,u,s(a—) du

to

t
(t — o) A= / Viows(a) AU, (4.6.9)

to

since l(a—) = n(a—), s(a) = s(a—) and this completes the proof for the case
l(a) =n(a).

3. Let us now consider the case with a multi-index « = (jy, ..., ) with {(«) #
n(a) and j; € {1,...,m}. In this case the multiple stochastic integral is a
martingale. Hence, by Doob’s inequality, [t6’s isometry and Lemma 3.6.1 we

Am)
ad)

obtain

2

ﬁf‘ = E(sup

to<z<t

< 4E<

/ T (g0, w AW
to

2

/ ARSI

to
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< 4 [ B (1 6Ol
Ato) du

Ato) du

0

~ 4 / tE(E(;Taﬁ[g(-)]tqu

)

t
< 4/E(E< sup  |La-[9(-)l: )Ato> du
to tny, Sz<u l
S 4 4l(a—)—n(a—)
t u
X / E (u_tnu)l(a—)+n(a—)—l/ I/tnu‘z,s(a—)dz Ato du
to tng
t
< 4 4l(a—)—n(a—) Al(a_)+n(a_) / Vtous(a—)du
—_— to Kl
4
= 4He)n(a) Al(a)+n(a)‘1/ Vtous(a-) du
to o
t
< gh@)—n(a)+2 Al(a)+n(a)-1/ Vig ws(a) 4, (4.6.10)
to

where the last passage holds since s(a) = s(a—). This completes the proof

in this case.
4. Let us now consider the case with a multi-index a = (j1,..., ;) with l(a) #
n(a) and j; = —1. The multiple stochastic integral is again a martingale.

Therefore, by Doob’s inequality, Lemma 3.6.1 and steps similar to the previ-

/ / N e D@ du) Ato)

ous case we obtain

~0
Fy = sup
to<z<t

< ( Lo [g(, "Ny B (dv™™) du) At0>

= i [ [ B (el P o) 00 du

- / / ( o=l 0" e, | A, ) Ato)adv“‘”)du
<

t
4 / / E(E( sup |Ta_[g(, v, LI )
to JE tn, Sz<u

Ato) P(dv®®) du
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< 4l(a—)—n(a—)+1

u
// (u—t l(a—)+n(a—)~1/ Vi sotany d
in

u

t
< glle—)-n(a—)+1 Al(a—)+n(a—)//E(Vt u,s(a—)
to JE s

Am) ) o

Ato) $(dv*@) du.
(4.6.11)

Hence, using (4.6.8) we have
t

Feo ateniera gt [y 6o @) du
tg JE

t
_ 4l(a)—n(a) Al(a)+n(a)—1/ Vtoyu,s(a)du

to

1
< lle)=n(a)+2 Al(a)+n(a)~1/ vto,u,s(a)du (4.6.12)

to

since l(a) = l{a—) + 1, n(a) = n{a—), s(a) = s(a—) + 1 and this completes
the proof in this case.

[&7]

. Finally, we assume that a = (j;,...,J;) with {(a) # n(a) and j, = 0.
It can be shown that the discrete time process

{ Ta[g('ﬂtn,tnu ak € {O> L... y N — 1}} (4~6‘13)

3
(-
o

is a discrete time martingale.

Using Cauchy-Schwarz inequality we obtain

2

ng—1
Fta = E Sup Z Ia[g(.)]tﬂ.gtn-f-l + ‘l’a[g(')]tnzv2 'At(]
to<z<t n—0
ny—1 2
< 2F t[;SSllZI; ; Ia[g(')]tmth Ato
+2F ( sup |Ta[g()] New, 2 {Am) . (4.6.14)
to<z<t
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Applying Doob’s inequality to the first term of the equation (4.6.14) we have

ny—1 2
b toSSuzI;t nZ::O Zl[g(?]t”'t"*'l Ato
neg—1 2
S Z I tn tnit Aﬁo
ne—2
S ([ Z [ [g t i1
ng—2
+2 | Z Ia[g(.)]tnytn+1| E(lja[g(')]tnrlvth Atﬂz—l)
n=0
B (Tl Ol [Ais) | Am>
ng—2 .
< E([l Z Ia[g(')]tn.tn+1|2
n=0
+8 (1Talg (V-1 12‘Atut~1) ] Ato). (4.6.15)

Here the last line holds by the discrete time martingale property of the in-

volved stochastic integrals, which is E(I4[g(-)] |A,.,.,) =0.

tnt-l ytﬂ.t

Then by applying Lemma 3.6.1 we obtain

ny—1 2
su I, A
t0<zp<t Z [g ]Ln tn+1 to
ng——2 -
S E([l Z Ia[g(')]tn;tn+l12
n=0
tny
+4l(a)—n(a) Al(a)-i—n(a)—l / I/tnt_hu’s(a) du] Ato
tnt—l
ng—3
S ([l Z I tn 1 |2

tn.t—l
+4l(a)—n(a) Al(a)+n(a)_1f I/tntﬁg,u,s(a) du

tnt72
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At())

tny
44 @)-n(a) Al(a)+n(a)—1/ tht*hu‘s(a) du]

tn,t ~1

< 4E([, tz—: Ta{g(‘)]tn,th??

n=0

tn—

1
4+ 4l(@)=n(e) Al(ﬂ)+"(a)_1/ tht-z,u,S(a) du

tni-Q

tny
4 4H@)=n(a) Alle)+n(a)-1 / Venp-2,,5(a) du]

tﬂ.t—l

Ato) . (4.6.16)

where the last passage holds since Vi, _, ws(a) < Vi, _su.s(a)- APplying this
procedure repetitively and using (4.6.8) we finally obtain

2

ny—1
E | su Z} . A
toszgt nZ:O [g( )]tn‘tn—kl to

t
< 4l(a)—n(a)+1 Al(a)+n(a)—1 E (/ %ous(a) du
to

)

t
gle)=n(@)+1 All@)+n(a)-1 / Vi oo . (4.6.17)

to

For the second term of equation (4.6.14), by applying the Cauchy-Schwarz

inequality, similar steps as the ones used previously and Lemma 3.6.1, we

Ato)

/t:z L (9())tn, u du

obtain
E ( sup
to<z<t

=F ( sup Atg)
tog<z<t

<E ( sup (2= tn) [ 1ol

to<z<t

2

Ia[g(‘)]tn,,z

2

At0>
Ato) du

u
/ %nu,z,s(a—) dz
tn

u

=4

Atnu>

¢ ~
SA/ E(E( sup  |Lo—[9(*))tn,
to tny <2z<u

t
_<_A 4l(a—)-n(a—) Al(a—)-f—n(a—)-—l / E(

to

Ato) du
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t
SA 4l(a—)—n(a—) Al(a—)-{—n(a—)—l A/ I/;‘,ous(a—)du

to

t
:4l(a)—n(a) Al(a)-i—n(a)—l / I/to,u,s(a) du’ (4618)

to
where the last passage holds since I(a) = i(a—) + 1, n(@) = n(a—) + 1 and

s(a) = s(a—).

Therefore, combining equations (4.6.17) and (4.6.18) we finally obtain
. t
Fta < 2 (4l(a)—n(a)+l Al(a)+n(a)—l / ‘/to ws(a) du
to

t
+4l(a)—n(a) Al(a)+n(a)—l / ‘/to,u,s(a) du)

to

t
< 4l(a)—n(a)+2 Al(a)-i-n(a)—l / ‘/tg,u,s(a)du7 (4019)

to

which completes the proof of the lemma for ﬁ,‘.".

Let us now prove the assertion for F/*. The case of [(a) = n(«) has been already

o x NQ
proved since ¥ = ['%.

Consider now the case of {(a) > n(«@) + s(a) with @ = (51,...,7). Note that in
this case at least one of the elements of the multi-index a belongs to {1,...,m}

and, thus, the process

k

(3" LlgOlninss sk € (0,1, 1 — 1)} (4.6.20)

n=0
is a discrete time martingale.
If 5, = 0, then using similar steps as in (4.6.14)—(4.6.19) we obtain
t
Foo< gl@n@+z gl fra(e) / Vig oyt
to

t
< 4l(a)—n(a)+2 Al(a)+n(a)—l és(a) / ‘/to " s(a)du (4621)

to

where K = 1(4 + MT — t,)), see Lemma 3.6.1, and C = 4 + \(T — t,).
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If j, € {1,...,m}, then by similar steps as in (4.6.10) we obtain

t
Fta < 4l(a)*n(a)+2 At(a)+n(a)——1 Ks(a)/ %Ous(a)du

to

t
< gHe)—n(@)+2  Al(a)+n(a)-1 Cvs(a) / Vto,u,s(a)du~ (4.6.22)
to
If 5 = —1, then by the decomposition (3.6.1) and the Cauchy-Schwarz inequality
we obtain
2
Fy < 2E ( sup / / VN e Po(dv* @, du) Ato)(4.6-23>
to<z<t
2
+2E ( sup / / az[g(, 07N, d(dv* @) du Ato) .
to<z<t

For the first term on the right-hand side of (4.6.23) by similar steps as those used
n (4.6.11) and (4.6.12), we obtain
Ato)

(sup / / .| S("‘) ) tn u~ p¢,(dvs(°‘) du)
to<z<t

¢
< gie)—n(a) pAlla)+n(a)-1 Ks(a)—lf Vto,u,s(a) du. (4.6.24)

to

For the second term on the right-hand side of (4.6.23) by similar steps as those
used in (4.6.5)-(4.6.9), we obtain
Am>

(sup / / o 900w 6(d )
to<z<t

t
< /\(t . t0)4l(a)—n(a)—1 Ale)+n(a)-1 KS(a)—l/ Vto,u,s(a) du. (4.6‘25)

to

By combining (4.6.23), (4.6.24) and (4.6.25), we obtain

9 . 12
Fe < _3(4+)\(T_t0)‘)4l(a)—n(a)+2 Az(a)+n(a)~1Ks(a)—1/ Vigu.s(a) dU

to

=
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IA

t
gH@)-n(@)+2  plla)+n(a)-1 f(s(a)/ Vious(a) du

to

t
< 4l(a)—n(a)+‘2 Al(a)+n(a)—l Cs(a)/ V'tg,u,s(oz)du’ (4626)

to

Let us finally consider the case of () = n(a) + s() with s(a) > 1. By using the
relationship (3.2.8) one can rewrite the multiple stochastic integrals I,{g()]:. ¢
appearing in F® as sum of 2°(®) multiple stochastic integrals involving integrations
with respect to the compensated Poisson measure py and to the product of time and
the intensity measure ¢(-). Therefore, by applying the Cauchy-Schwarz inequality

and similar steps as used before, we obtain

t
Fta < 25((1)41(0:)—n(a)+2 Al(a)+n(a)—1 Ks(a)/ V;fo,u,s(oz) du

to

t
gHo)—n(@)+2  Ala)+n(e)-1 Cs(a)/ Vto,u,s(a) du. (4‘6.27)

to

This completes the proof of Lemma 4.6.1. O

4.7 Proof of Theorem 4.5.1

Before proceeding to the proof of Theorem 4.5.1, we present a lemma on the second

moment estimate of the order v compensated strong Taylor approximation (4.5.5)

Lemma 4.7.1 Under the conditions of Theorem 4.5.1, we obtain

E( sup |V

0<z<T

Ao) < C(1+[VAP), (4.7.1)
where Y2 is the order v compensated strong Taylor approzimation (4.5.5).

Proof:

Note that the order v compensated strong Taylor approximation Y at time ¢ €
[0,77] is given by

nt—l
YtA = YbA + Z { Z Ia[fa(tm th)]tmtnﬂ + Ia[fa(tm)yti)]tn“t}'

a€AN\{v}

n=0
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)

ny—1
E( sup (1+lY0A+ Z { L[fa(tna)/,ff)}tn,tn+1

- acA\{v}  n=0
2

)[40
E( sup (1+2|Y0A|2+2| S

os==t aeA\(v}

Therefore, we have

E( sup |YA[? 1A

0<2<T

IA

E ( sup (1+[V,2?)

0<z<T

IA

‘*'Ta [fa (tnza )/ti )]tnz ,Z}

IN

ny—1

DIRAIACINESAIACRIGRINS [

)

< C1(1+1Y0A|2)+2K 3 E( sup

aea{v} \0=s2=T

ny—1 o L 9
I Z Ia[fa(tna }/tf)]tn,tn.f.l + Ia [fa(tnza Y;fz )]tnz,z AO) ]
n=0_

(4.7.2)

where K is a positive constant depending only on the strong order -y of the approx-

imation. By Lemma 4.6.1 and the linear growth condition (4.5.9) we obtain

)
<O+ V2P +2K, {/ [

a€Ay\{v}
x E ( sup
0<z<u

E ( sup |[V2)?
0<2<T

fale, )|

Ao) p(dv?) . .. p(dv*(®) du}
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<Gy (1 + IYgAlg) + 2 K,

X Z {/5.../5.[(2(1)1,‘..,Us(a))qb(dvl)...qﬁ(dvs(a))

a€A\{v}
.Ao) du}

x /TE(sup (1+Y21%)
< G (1+|YA(O)‘2) +CZ/TE ( sup (1+IYZA|2)

0<z<u
0<z<u

Ao) du.

Then by applying the Gronwall inequality, we obtain

E( sup |Y;>|2|AO) <O+ VAP, (4.7.4)

0<2<T
where C is a positive finite constant independent of A. O

Now by using Lemma 4.6.1 and Lemma 4.7.1, we can finally prove Theorem 4.5.1.

Proof:

1. With the Wagner-Platen expansion (3.5.4) we can represent the solution of
the SDE (2.1.2) as

Xe =Y Llfalp, X)lpr + D Llfal, X (475)

a€Ay aEB(Ay)

for any two stopping times p and 7 with 0 < p < 7 < T a.s. Therefore, we
can express the solution of the SDE (2.1.2) at time ¢t € [0,7] as

nt—l
Xt = XO + Z { Z Ia[fa(tn’th)]tn,th +Ia[fa(tantnt)]tnt,t}
acAN\{v} n=0

+ Z { i Ta[fo‘(.’X‘)]tnath + El[fa('aX.)]tnt,t}, (476)

aeB(A)

n=0

where n, is defined as in equation (4.1.8).

We recall from (4.5.3) that the order v compensated strong Taylor approxi-
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mation Y2 at time t € {0,T] is given by

ng—1
Y/—\ + Z { Z fa(tm Y )]zmth + [a[fa(tn“ Yti )]tnt,t}-
a€AN{v} =0
(4.7.7)

From the moment estimate (2.2.13) provided by Theorem 2.2.1 we have

Ao> <c(1+E (X)) (4.7.8)

E ( sup | X [?

0<z<T

By Lemma 4.7.1, we obtain a similar uniform estimate for the second moment

of the approximation Y2

0) € CU+IYEP) (4.7.9)

E( sup |YA1%A

0<z<T

Let us now analyze the mean square error of the order v compensated strong
Taylor approximation Y. By (4.7.6), (4.7.7) and Cauchy-Schwarz inequality

2 Ao)

o

we obtain

0<2<t

Z(t)y = E(sup X, — Y2

Xo — Y3

= K| sup
0<z<¢t
nz—1

-+ Z { Z Ia fa tnath fa(tn))/,tf)]tn,tn+1

a€A\{v}  n=0

+Ta[fa(tnz7th,) - fa (tnw Y;fi )]tnz,z}

+ Z(: ){ila[fa(.,x.)]tn,tm+'fa[fa(-,X.)]t"z,z} Ao)
aEB(A, n=0

< G X -YRE DD se+ Y e (4.7.10)

acAN{V} aEB(Ay)
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for all ¢ € [0, 7], where S{* and U are defined as

57 = E(sup 1"’2‘11 [Faltn, X)) = Falta, Y2)]

0<z<t tn,fnt1

+fa [fa(tnz’thz) - fa(tnzﬁytfz )]t

: A0>, (47.11)

2
o).

(4.7.12)

nz—1
Uta = b (()SUD Ia[fa('aX~)]tn,tn+1 + Ia[fo‘("X’)]t”Z’z

3. By using again Lemma 4.6.1 and the Lipschitz condition (4.5.7) we obtain

0<z<t

St = E(sup ]nff [faltu, 1) = Jalta, ¥2))

tntnti

2
A0>

1o [altnns Xeo,) = Faltn, V)]

tn,.2

< // / (oiug |fa nes X, ) = fa( nz:th )2 A)
P(dvt) ... d(dv*®)du
< / / Ky, ..., v N g(dv) . .. ¢(dv*@)
X f E(Osup | Xt,, —YAI A()) du
0 <z<u
< Cs /tZ(u)du. (4.7.13)
0

Applying again Lemma 4.6.1 and the linear growth condition (4.5.9) we ob-
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>

tain

ug = E(Sup ifa[fa(' X twtrr + Talfals X))o, 2 2

0<z<t

< Cy A¥@ / / / (sup [falz, X,)|? AO) d(dv) ... p(dv*®)du
0<2<u
< Oy AV /.../Kz(vl,..., @) b1 . P )
£ £
X / E ( sup (1+ |X,[%) Ao) du
0 0<2<u

t

< O AV (t+/ E( )du), (4.7.14)
0 0<z<u

where

_Jel(a) -2 (a) = n(a)
o) +n(a) =1 :l(a) #n(a).
Since we are now considering a € B(A,), we have that {(a) > v+ 1 when
l(a) = n(a) and {(a) + n(a) > 2y + 1 when I(a) # n(a), so that ¥(a) > 2.
Therefore, by applying estimate (2.2.13) of Theorem 2.2.1 we obtain

£
Us < Co AV (t+/ C’l(1+1X012)du)
0

< CrAY (14X (4.7.15)

4. Combining equations (4.7.10), (4.7.13) and (4.7.15) we obtain
t
Z(t) < Cs { | Xo = Y[ + Co A% (14 | Xof*) + CIO/ Z(u)du} . (4.7.16)
0

By equations (4.7.8) and (4.7.9) Z(t) is bounded. Therefore, by the Gronwall

inequality we have

Z(T) < Ky (1+41X0]?) AY + K5 (| X0 — Y)P) . (4.7.17)
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Finally, by assumption (4.5.6), we obtain

\/E( sup | X, — Y2|2|4) = V/Z(T) < Ky A, (4.7.18)
0<2<T
which completes the proof of Theorem 4.5.1. a

Remark 4.7.2 Note that the same result as that in Theorem 4.5.1 holds also for
the order v strong Taylor approzimation (4.5.4) as mentioned in Corollary 4.5.3.

The proof uses analogous steps as those used in the proof described above.
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Chapter 5

Regular Strong Itd Approximations

In this chapter we describe regular strong approximations that are more general
than the regular strong Taylor approximations presented in the previous chapter.
These approximations belong to the class of regular strong Ité schemes, which in-
cludes derivative-free, implicit and predictor-corrector schemes. Some of the results
to be presented in this chapter have been published in Bruti-Liberati, Nikitopoulos-
Sklibosios & Platen (2006). A working paper, Bruti-Liberati & Platen (2007d), on

strong predictor-corrector methods is in preparation.

5.1 Introduction

The first types of schemes that we describe in this chapter are the so-called derivative-
free schemes. Higher order strong Taylor schemes, as the order 1.0 strong Taylor
scheme presented in Section 4.3, are rather complex as they involve the evalua-
tion of derivatives of the drift, diffusion and jump coefficients at each time step.
For the implementation of general numerical routines for the approximation of
jump-diffusion SDEs, without assuming a particular form for the coefficients, this
constitutes a serious limitation. In principle, one is required to include a symbolic
differentiation into a numerical algorithm. For these reasons, we present in this

chapter derivative-free strong schemes that avoid the computation of derivatives.

In the second part of this chapter we present tmplicit schemes. As shown in Hof-
mann & Platen (1996) and in Higham & Kloeden (2005, 2006), when one has
multiplicative noise explicit methods show narrow regions of numerical stability.
We emphasize that SDEs with multiplicative noise are typically used when mod-
elling asset prices in finance. They also arise in other important applications such
as hidden Markov chain filtering, see Elliott, Aggoun & Moore (1995). In order
to construct approximate filters, one needs a strong discrete time approximation

of an SDE with multiplicative noise, the Zakai equation. Moreover, in filtering

95
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problems for large systems it is often not possible to use small time step sizes, as
the computations may not be performed fast enough to keep pace with the arrival
of data. Therefore, for this kind of applications, higher order schemes with wide
regions of numerical stability are crucial. To overcome some of these problems, we

describe implicit schemes that have satisfactory numerical stability properties.

As discussed above, explicit schemes have narrower regions of numerical stability
than corresponding implicit schemes. For this reason implicit schemes for diffusion
and jump-diffusion SDEs have been proposed. Because of their improved numer-
ical stability properties, implicit schemes can be used with much larger time step
sizes than those required by explicit schemes. However, implicit schemes carry, in
general, an additional computational burden since they usually require the solu-
tion of an algebraic equation at each time step. Therefore, in choosing between
an explicit and an implicit scheme one faces a trade-off between computational
efficiency and numerical stability. Additionally, as will be explained later, when
designing an implicit scheme, it is not easy to introduce implicitness in the diffusion
coefficient. This is due to problems that arise with the reciprocal of Gaussian ran-
dom variables. For these reasons, we will present new predictor-corrector schemes
that aim to combine good numerical stability properties and efficiency. A detailed
investigation of the numerical stability properties of predictor-corrector schemes is

left for future research.

5.2 Derivative-Free Order 1.0 Scheme

By replacing the derivatives in the order 1.0 strong Taylor scheme, presented in
Section 4.3, by the corresponding difference ratios, it is possible to obtain a scheme
that does not require the evaluation of derivatives and achieves the same strong or-
der of convergence. However, to construct the difference ratios we need supporting

values of the coeflicients at additional points.

In the one-dimensional case, d = m = 1, the derivative-free order 1.0 strong scheme,
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is given by

tn+1
Yn+l = Yn + CLAn + bAWn + / /C('U)pqs(dv, dZ)

( tn,Y tny1
’ / / AW (z1) AW (22)
[ 2 Z2 C(tn, ?n, U) — C(U))
+ dW (z dv,dz
/tn /S/tn VA, (21) P ( 2)

+/:+1 /tz/S {b(tn, Y + e(v)) — b} po(dv, dz1) AW (25) (5.2.1)

tnt1 22
+ / / / / {C(tn, Yn + C(UQ)) Ul) - C(U1>}p¢(dvl, dzl)p¢(dv2, dZQ),
tn £ Jtn £

with the supporting value

Y, =Y, +bV/A,. (5.2.2)

The scheme (5.2.1)-(5.2.2) generally achieves a strong order v = 1.0 and is a gener-

alization of a corresponding scheme proposed in Platen (1984) for pure diffusions.

We can simplify the double stochastic integrals appearing in (5.2.1), as in Section

4.3, and rewrite the derivative-free order 1.0 strong Taylor scheme as

Pe(tny1) (b(tm?n) _ b)
Vs = Yatalo +bAW,+ D &)+ A

i=py(ta)+1

Pe(tn+1) C(tm?;, &) —c(&)
+ Z ( T )(

i=py(tn)+

(AW,)? - A,)

W () — W(t))

P¢(tn+1)

+ Z {b(Yn +c(&)) — b}(W(th) - W(n))

i:pd: (tn)+1

Po(tnt1) P4(75)

+ > > el g) o) ) (5.2.3)

J=pe(tn)+1i=py(tn)+1

with supporting value (5.2.2), which can be directly used in a scenario simulation.
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As discussed in Section 4.4, in the case of mark-independent jump size it is recom-
mended to check the particular structure of the SDE under consideration. Indeed,
we derived the jump commutativity condition (4.4.2) under which the order 1.0
strong Taylor scheme (4.3.4) exhibits a computational complexity that is indepen-

dent of the intensity level of the Poisson random measure.

For the derivative-free order 1.0 strong scheme (5.2.1)-(5.2.2) with mark-independent
jump size, the derivative-free coefficient of the multiple stochastic integral Iy _y),

which is of the form .
C(trn Yn) — C(tn7 Yn)

VA, ’

depends on the time step size A,,. On the other hand, the coefficient of the multiple

stochastic integral /(_; 1y,

bt Yo eltn, Vo)) = b0, ),

is independent of A,,. Therefore, it is not possible to directly derive a commuta-
tivity condition similar to (4.4.2) that permits to identify special classes of SDEs

for which the computational efficiency is independent of the jump intensity level.
For instance, for the SDE (2.1.5) with mark-independent jump size c(t, z,v) = z (3,

with 8 > —1, the derivative-free order 1.0 strong scheme is given by

o R
Y, = Y, +uY, A, + oY, AW, +8Y, Ap, + —{Y, — Y. }{
+1 2 /8 % \/Z—{ } (1,1)
+% (Yo, = Yo o -y + 0 BYn Ly + B2 Yol oy, (5.2.4)

with the supporting value

Y, =Y, + oY /A,. (5.2.5)

Since the evaluation of the multiple stochastic integrals I,_1y and I(_4 1y, as given
in (4.3.5), depends on the number of jumps, the computational efficiency of the
scheme (5.2.4)-(5.2.5) depends on the total intensity A of the jump measure.

Let us consider the special class of one-dimensional SDEs satisfying the jump com-

mutativity condition (4.4.2) , which we recall here in the form

Oc(t, )

x

b(t, z)

- b(t, 2+ clt, a;)) - b(t, a:) (5.2.6)
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for all t € [0,7] and z € R. Under this condition, we should first derive the order
1.0 strong Taylor scheme, using the relationship

Io,—y + I11) = Apn AW, (5.2.7)
obtaining
bt 9
Yn"‘l = YTL + a’An + bAWn + CApn + 7{(AWn) - An} (528)
{c(tn,Yn+0)

+ {b(tn, Yo + ¢) — 0} Apn AW, + —c) {(Apn)® — Apn},

2

where we have used again the abbreviation (4.1.9). Then, we replace the derivative
b' by the corresponding difference ratio and obtain a derivative-free order 1.0 strong

scheme

Yor1 = Y, +ald, +bAW, + cAp,
+{b(tn,37n_) - b}
2V A,

+{c(tn,Yn; c) — c}{(

{(AW,)? — AL} + {b(t,, Y, +¢) — b}Ap, AW,

Apn)‘2 - Apn}a (529)

with supporting value given in (5.2.2). The computational efficiency is here inde-
pendent of the intensity level.

Let us discuss an even more specific example. For the SDE (2.1.5) with ¢(¢, z,v) =
z 3, for § > —1, we can derive the derivative-free order 1.0 strong scheme, which,
due to the multiplicative form of the diffusion coefficient, is the same as the order
1.0 strong Taylor scheme (4.4.6).

In the multi-dimensional case with scalar Wiener process, which means m = 1,
and mark-dependent jump size, the kth component of the derivative-free order 1.0

strong scheme is given by

tnt+1
Ve, = Y,f“+a"‘An+b’“AWn+/ /ck(v)%(dv,dz)
tn &

+ G (t"E_ *) / / AW () AW (z2)
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/tn+1// tns n,v)n— c’“(v)) W () paldo,d2a)

w77 Y et - 8 i) a2

+/t:n+1/S/tj/g{ck(tn,Yn+c(v2),v1)—Ck(Ul)}

Xp¢(dvl,dz1)p¢(dv2,dzg), (5210)

with the supporting value (5.2.2).

As noticed for the one-dimensional situation, even in the case of mark-independent
jump size, it is not possible to derive a jump commutativity condition similar to
(4.4.10), since the coefficient of the multiple stochastic integral I(; _;) depends on
the time step size A,,. However, as shown in Section 4.4, it makes sense to consider
the special class of multi-dimensional SDEs with a scalar Wiener process and mark-

independent jump size characterized by the jump commutativity condition

d
Z (t, ) 80 &r‘ 9.t @) = bk(t,m+c(t,x)) - bk(t, :r) (5.2.11)

for k € {1,2,...,d}, t € [0,7] and = € R?. Using the relationship (5.2.7) one can
derive, in this case, an order 1.0 strong Taylor scheme

k
O o

YE, = YF+dkA, +0FAW, N Z (AW, = A} (5.2.12)

{ (tn,Yn+c)—c
2

k
+{b*(t,, Yo + ¢) — 0¥} Ap, AW, + }{(Apn)2 — Ap,.},

whose computational complexity is independent of the intensity A. Replacing the

coefficient

by the corresponding difference ratio, we obtain a derivative-free order 1.0 strong
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Taylor scheme of the form

Vi, = Y4+ A, + VAW, +F Ap,
{bk(tn:?n) B
WA,

ktnaYn
MGCRAL

P AW — AL} + (Bt Ya + ) — B} Ay AW,

—¢ }{(Apn)z ~ Ap,), (5.2.13)

with supporting value (5.2.2), for k € {1,2,...,d}. The computational complexity
of the scheme (5.2.13) is independent of the jump intensity level.

In the general multi-dimensional case the kth component of the derivative-free

order 1.0 strong scheme is given by

m . . tntl
R CRUNES DTN PNy B IO PRC S
j_—_] tn £

1 m tnt1 22 _ . } . )
tom [ [ - faw g aw )

Jnge=1

i tnt1 z2 ki —j ki .
+ / // N (t,, Y, ) — BT L AW (2))py(dv, d2y)

m tnt1 z2 . . )
+ Z / // {bk‘“ (tn, Yo + c(v)) — b5 }p¢(dv, dzy) AW (25)

o1 Jin EJtn
tnt1 z2

+/ // / {ck(tn, Y, + c(v1),v2) — c’“(vg)}

tn £Jtn JE
X py(duy, dzy) py(dvg, dzs), (5.2.14)

for k € {1,2,...,d}, with the vector supporting values
Y. =Y, + ¥ /A, (5.2.15)

for j € {1,2,...,m}.

As shown in Section (4.4), for the special class of general multi-dimensional SDEs

with mark-independent jump size, satisfying the jump commutativity condition

L ack(t, ) y j
S8 2) S = (1,0 4 e, ) ) — 08 (1) (5.2.16)
=1
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for j; € {1,2,...,m}, k€ {1,2,...,d},t € [0,T]) and z € R?, it is possible to derive
an order 1.0 strong Taylor scheme whose computational complexity is independent

on the intensity level. Here one needs to use the relationship
I —1) + I-15) = Apn AWila

for j; € {1,2,...,m}. Then, by replacing the coeflicients involving the derivatives
by the corresponding difference ratios, we obtain a derivative-free order 1.0 strong
scheme that shows a computational complexity independent of the jump intensity
level. This scheme is given by

Y, = YE+ad A, + > AW+ F Ap,

n+1
j=1
1 i ; 2 k.j
+— Z {bk’ﬂ(tm Y, ) —b ’]l(tm Yn)} [(jl,jz)
2 ATL j17j2:1

30 {0 (b, Yo ) — 85 ap, AW
j=1

N {cF(tn, Yy +¢)

I (o) — A, 5.217)

for k € {1,2,...,d}, with the vector supporting values (5.2.15). For the generation
of the multiple stochastic integral I;, ;,), for ji,72 € {1,2,...,d}, we refer to
Section 4.4.

For the special case of a multi-dimensional SDE satisfying the jump commutativity

condition (5.2.16), the diffusion commutativity condition
Lo572 (L, z) = L2651 (¢, 1) (5.2.18)

for 51,72 € {1,2,...,m}, k€ {1,2,...,d}, t € [0,7] and = € R¢, and with mark-

independent jump size, we obtain an efficiently implementable derivative-free order
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1.0 strong scheme. Its kth component is given by

Y, = YE+d A+ ) AW + FAp,

j=1
l S k.J1 72 . k.71 i1 o
+2j;1{b (tn, Va'?) = b (tn,Yn)} AW AW - A,
1,J2F

+ Zm: {6k (t,, Y, + ¢) — bk’jl}(Apn AW,ZI)

ji=1
1 k k 2
to e (tn, Yot ) —c }((Apn) - Apn), (5.2.19)

for k € {1,2,...,d}, with the vector supporting values (5.2.15).

5.3 Drift-Implicit Schemes

In general, given an explicit scheme of strong order =y it is usually possible to obtain
a similar drift-implicit scheme of the same order. However, since the reciprocal of
a Gaussian random variable does not have finite absolute moments, it is not easy
to introduce implicitness in the diffusion coefficient. Regions of numerical stability
of drift-implicit schemes are typically wider than those of corresponding explicit
schemes. Therefore, the former are often more suitable for a range of problems than
corresponding explicit schemes. In this section we present drift-implicit strong
schemes. In Higham & Kloeden (2005, 2006, 2007), a class of implicit methods
of strong order v = 0.5 for jump-diffusion SDEs has been proposed. A detailed
stability analysis shows that these schemes have good numerical stability properties.
In the following we focus on drift-implicit schemes of strong order v+ = 0.5 and
v = 1.0 for the jump-diffusion SDE (4.1.4).
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5.3.1 Drift-Implicit Euler Scheme

In the one-dimensional case, d = m = 1, by introducing implicitness in the drift of

the Euler scheme (4.2.1), we obtain the drift-implicit Fuler scheme,

ps(tnt1)
Yorr = Yo+ {0altusr, Yar) + (1= 0)a} Ay +0AW, + > *(&), (5.3.1)

i=py(tn)+1

where the parameter 6 € [0, 1] characterizes the degree of implicitness and we have
used the abbreviation defined in (4.1.9). For 8 = 0 we recover the Euler scheme
(4.2.1), while for = 1, we obtain a fully drift-implicit Euler scheme. The scheme
(5.3.1) achieves a strong order of convergence v = 0.5. This scheme was proposed
and analyzed in Higham & Kloeden (2006) for SDEs driven by Wiener processes
and homogeneous Poisson processes. It generalizes the drift-implicit Euler scheme
for pure diffusions presented in Talay (1982b) and Milstein (1988).

By comparing the drift-implicit Euler scheme (5.3.1) with the Euler scheme (4.2.1),
one notices that the implementation of the former requires an additional computa-
tional effort; an algebraic equation has to be solved at each time step. This can be
performed, for instance, by a Newton-Raphson method. In special cases, however,
the algebraic equation may admit an explicit solution. Note that the existence
and uniqueness of the solution of this algebraic equation is guaranteed by Banach’s

fixed point theorem, see for instance Evans (1999), for every

1
A< =
~ VK#

where K is the Lipschitz constant appearing in the Lipschitz condition (2.2.10) for
the drift coeflicient a.

When we have a mark-independent jump size we obtain the drift-implicit Euler

scheme

Yn+l = Yn + {0 a(tn+1, Yn+l) + (1 — 9) a} An + bAWn + CApn. (532)

In the multi-dimensional case with scalar Wiener process, m = 1, and mark-

dependent jump size, the kth component of the drift-implicit Euler scheme is given


http:algebra.ic
http:1=YrL+{Oa(tn+l,YrL+d+(1-0)a}.0.n+b.0.Wn
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by

Pp(tn+1}
Vi =YE+{0a" (tarr, Y1) + (1 —0) d* } A, + VAW, + Z (&),

i=pgy(tn)+1
for k € {1,2,...,d}.

In the case of a mark-independent jump size the k-th component of the drifi-implicit
Euler scheme (5.3.3) reduces to

Vi, =YE+ {00 (tnr, Vo) + (1 = 0) "} A + 0°AW, + FAp,,  (5.3.3)

for k € {1,2,...,d}.

For the general multi-dimensional case with mark-dependent jump size the kth

component of the drift-implicit Euler scheme is of the form
pg(tn+1)

Ynk+1 = Y: + {ea’k(trH—l)YTH—l k} AL+ Zb"”AWJ + Z

1= p¢(tn)+1

for k€ {1,2,...,d} and j € {1,2,...,m}.

Finally, in the multi-dimensional case with mark-independent jump size the kth

component of the drift-implicit Fuler scheme is given by

YL =YF 4+ {005 (tars, Yar) + (1 - 0)a*} Ap+ > 0 AW] + FAp,,

Jj=1

for k € {1,2,...,d}.

5.3.2 Drift-Implicit Order 1.0 Scheme

In a similar way as for the Euler scheme, by introducing implicitness in the drift
of the order 1.0 strong Taylor scheme presented in Section 4.3, we obtain the drift-

implicit order 1.0 strong scheme.

In the one-dimensional case, d = m = 1, the drift-implicit order 1.0 strong scheme
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is given by

Yo = Yot {0a(tnsr,Yer) + (1= 0)a} A, + AW,

tnt1 tn+1
/ / ) po(dv, dz) +bb’/ / AW (z1)dW (25)
tnt1 2
+/ // b (v)dW (21)pg(dv, dzs)
tn EJtn

—|—/t:n+1 /t:g/g{b(tn,Yn—l—c(v)) —b}p¢(dv,dzl)dW(zz) (5.3.4)

tnt1 z2
+/ / / / {C(tn,Yn + C('Ul)a Uz) - c(vg)}p¢(dv1, dzl)p¢(dv2,dz2))
tn E Jtn £

where

ob(t, x)
oz

dc(t, z,v)

b i=b =

and (v):=(t,z,v) := (5.3.5)
For simplicity, we have used the convention (4.1.9). Here the parameter 8 € [0, 1],
characterizes again the degree of implicitness. This scheme achieves a strong order
of convergence v = 1.0. Note that the degree of implicitness, 8, can, in principle, be
also chosen greater than one if this helps to stabilize numerically the scheme. This
scheme generalizes a first order drift-implicit scheme for pure diffusions presented

in Talay (1982a) and Milstein (1988).

One can simplify the double stochastic integrals appearing in the scheme (5.3.4)
as shown for the order 1.0 strong Taylor scheme (4.3.3). This makes the resulting

scheme more applicable in scenario simulation.

The jump commutativity condition (4.4.2), presented in Section 4.4, also applies to
drift-implicit schemes. Therefore, for the class of SDEs identified by the jump com-
mutativity condition (4.4.2) the computational efficiency of drift-implicit schemes
of order v = 1.0 is independent of the intensity level of the Poisson measure. For
instance, for the SDE (2.1.5) with ¢(¢,z,v) = 28 and § > —1, it is possible to

derive a drift-implicit order 1.0 strong scheme, given by

Y.

Y. -t
n+1 l—ﬂgA

1
{1 + (1=0) pA, + 0o AW, + B Ap, + —2~02 {(AW,)? — AL}

+o 8 Ap, AW, + %[32{(Apn)2 - Apn}} : (5.3.6)
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which is efficient also in the case of a high intensity jump measure. Note that 8
should be chosen different from (uA,)~!, which automatically arises for sufficiently

small step sizes A,,.

In the multi-dimensional case with scalar Wiener process, m = 1, and mark-
dependent jump size, the kth component of the drift-smplicit order 1.0 strong

scheme is given by

Y:H = Yf + {eak(tnﬂ, Yot1) +(1-190) ak} A, + BFAW,

tnsl tas1
/ / v) py(dv, dz) +Z/ / p & dW (21)dW (2,)

d tnt1 2 ok
+ Z / L / bl CBJE;U) dW(21)p¢(dU, dZQ)
1=1 Yin tn
tnt1 z2
+/ / / {bk(t"’ Yot e) - bk}pzb(dv, dz))dW (2;)
tn e Je

[ [ nno-2)

xpg(dvr, dz1)pg(dvs, dzs), (5.3.7)

for k € {1,2,...,d}.

For the special class of multi-dimensional SDEs with scalar Wiener process and
mark-independent jump size, satisfying the jump commutativity condition (5.2.11),

the kth component of the drift-implicit order 1.0 strong scheme, given by
Vi = Y+ {00 (s, Yar) + (1 - 0) d"} A + AW,

abk
+ckApn+ Zb‘ (AW,)? — AL} (5.3.8)

{cF(t,, Y, + )
2

ok
+ {0 (t,, Yn +c) — b} Ap, AW, + ¢ }{(Apn)2 — Ap,},

shows a computational efficiency independent of the jump intensity level.

In the general multi-dimensional case the kth component of the drift-implicit order
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1.0 strong scheme is given by

Vi, = YE+ {00ty Yarr) + (1= 0)a"} A+ ) 6 AWS

j=1
tn+1
/ / v) py(dv, dz)

C 5 S [ e L e e

Jge=1 i=1 Yin

Fnt1 2Ok (v :
B[ [ et

j1=1 i=1 Yin

m tntt 22 ) )
+ Z / / / {bk’ﬁ(tm Y, +c(v)) — bk'“}
i1t et

X p¢ dU dZQ) dWJI(ZQ)

/twl//tn / (tn, Yo + c(v1),02) — ¢ (”2)}

X p¢(dU1, le) p¢(dU2, dZQ), (539)

for k € {1,2,...,d}.

In the implementation of drift-implicit schemes for multi-dimensional SDEs it is
important to exploit the specific structure of the SDE under consideration. For
instance, for multi-dimensional SDEs satisfying the diffusion commutativity con-
dition (5.2.18) as well as the jump commutativity condition (5.2.16) and with
mark-independent jump size, we obtain an efficiently implementable drift-implicit

order 1.0 strong scheme, whose kth component is given by

Y, = YE+ {00 (tnry, Yorr) + (1= 0)a*} A+ > 6M AW

j=1

+cmpn+* Z me b”{ WJIAW,{2~An}

J1,je=1 i=1

+ i (B9 (4, Y, + ) — bk’jl}(Apn Awgl)

=1

5 1t Yt ©) = ) ((8p.)" - 1), (5.3.10)
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for k € {1,2,...,d}. The special case of additive diffusion and jump coefficient,
which means b(t,z) = b(t) and c(t,x) = c(t), satisfies all the required commuta-
tivity conditions and, therefore, leads to an efficient drift-implicit order 1.0 strong

scheme.

5.4 Predictor-Corrector Schemes

The following new strong predictor-corrector schemes are designed to retain the
numerical stability properties of similar implicit schemes, while avoiding the addi-
tional computational effort required for solving an algebraic equation in each time
step. This is achieved with the following procedure implemented at each time step:
At first an explicit scheme is generated, the so-called predictor, and afterwards a
de facto implicit scheme is used as corrector. The corrector is made explicit by
using a predicted value Y, instead of Y,,;. Additionally, with this procedure
one avoids the problem of the reciprocal of Gaussian random variables and can

introduce “implicitness” also in the diffusion coefficient, as will be shown below.

Another advantage of predictor-corrector methods is that the difference Z,,; :=
Y,+1 — Y,41 between the predicted and the corrected value provides an indication
of the local error. This can be used to implement more advanced schemes with

step size control based on Z,4;.

5.4.1 Predictor-Corrector Euler Scheme

In the one-dimensional case, d = m = 1, the family of predictor-corrector Fuler

schemes, is given by the corrector

Yn+1 - Yn + {eén(tn—i-l; Yn—i—l) + (1 - 9)5’7]} An

Po(tnt1)
F{Mbltnrs, Yorr) + (L=} AW+ Y (&),  (5.4.1)
i=pg(tn)+1
where a,, = a — nb¥', and the predictor
Pg(tnt1)
Vo1 =Yatal, +bAW, + ) c(&). (5.4.2)

1=pg (tn)+1
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Here the parameters 0,7 € [0, 1] characterize the degree of implicitness in the drift
and in the diffusion coefficients, respectively. We remark that with the choice of
7 > 0 one obtains a scheme with some degree of implicitness also in the diffusion
coefficient. This was not achievable with the drift-implicit schemes presented in
Section 5.3. The scheme (5.4.1)-(5.4.2) has a strong order of convergence v = 0.5,

as will be shown in Section 5.5.3.

For the general multi-dimensional case, the kth component of the family of predictor-

corrector Euler schemes, is given by the corrector

Vi, = Y+ {08 (tns1, Yasr) + (1 —0)ak} A, (5.4.3)
m Po{tnt1)
+ Z {nbk’j(thrh Yn-l»l) + (1 - U)bk’j} AWTJL + Z Ck(§i>’
Py i=pg (tn)+1

for 8,1 € [0, 1], where

m d y 8bk’j2
&n:a—n Z Zb "71“—(,—9':‘1:7, (544)

Ji.g2=1 i=1
and the predictor

m Py{tn+1)
VE =Yitaia, + Y HAwi+ Y f&). (5.4.5)

j=1 i=py(tn)+1

5.4.2 Predictor-Corrector Order 1.0 Scheme

As explained above, it is challenging to design an efficient higher order strong
scheme with good numerical stability properties. To enhance the numerical sta-
bility properties of the order 1.0 strong Taylor scheme (4.3.1) we have presented
the drift-implicit order 1.0 strong Taylor scheme (5.3.4). However, this scheme is
computationally expensive, since it generally requires the solution of an algebraic
equation at each time step. In the following we propose the predictor-corrector
order 1.0 strong scheme which combines good numerical stability properties and

efficiency.

In the one-dimensional case, d = m = 1, the predictor-corrector order 1.0 strong
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scheme is given by the corrector

Yorr = Yo+ {0altnsr,Yasr) + (1= 0)a} Ay + AW,
tn+1 tnt1 z2
+/ /c(v)p¢(dv,dz)+bb'/ / dW (z1)dW (zq)
tn £ tn tn

tnt1 22
—I—/ / / b (v)dW (21)pe(dv, dzs)
tn  JeJtn

" /tt+ /t /g {b(t0, Yo 0) = b}po(dv, d21)dW (=) (5.4.6)
+/t:n+x/gft:2/£{c(tn,m + c(v1), v2) ~c(vg)}m(dvl»dzl)p¢(dv2,dz2),

and the predictor

tn+1
Yoy, = Yo +al, +bAW, + / / c(v) pg(dv, dz)
tn £

tntl z2
Y / / AW (20)dW (23)
tn in

tntt z2
+/ // b (0)dW (21)po (dv, d22)
tn E Jtn

i /tt+ /: /g {B(tn, Yo+ () — bl pa(dv, d)dW (22) (5.4.7)
—I—/t:”“ /g/tj/g{c(thn—l—c(vl),vg) - C(Uz)}pd)(d’l}l,le)p¢(dU2,d22).

Here the parameter § € [0, 1] characterizes the degree of implicitness in the drift
coeflicient. This scheme attains strong order v = 1.0, as will be shown in Section
5.5.3. For the generation of the multiple stochastic integrals involved, note that
these can be simplified as shown for the order 1.0 strong Taylor scheme (4.3.3).

For the general multi-dimensional case, the kth component of the predictor-corrector
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order 1.0 strong scheme is given by the corrector

Y, = Y+ {005 (tu, Vo) + (1—0)dF} A+ v AW]

=1
tnt1
+/ /ck(v)p¢(dv, dz)
tn £
bk1j2

m d tnt1 z2 ‘ ‘ |
+ Z Z/ / {b0 8—i}dW“(zl)dW”(zg)
Jrge=1 i=1 Ytn tn Oz
s ;i 0c®(v)
+ Z Z/ //tn phit &ZE dWJl(zl)p¢(dU dz)

J1=1 =1

™ tnt1 2
e (t, Y, o
+f§ /L /g /t (V57 (ta, Yo+ c(v) = 091}

X po(dv, dzo) AW (2,)

+/t:n+1/£/t:2/g{c’“(tn,YnnLc(vl),vg) —C’“(vz)}

X p¢(d1}1, dzl) p¢(d’Ug, ng), (548)

and the predictor

tn+1
Vi, = YF+dA, +Zb’”AWJ / / v) py(dv, dz)

+ i szh bkn /tn+1/ le WJ2(Z2)

Jrj2=1 i=1
m  d tn+1 z2 ack( )

+Z Z/ // prit L e AW (21)pg(dv, d2y)
ji=1 i=1 /tn & Jtn

+Z /tn“//t VI (b, Yo + c(v)) —bkfl}p¢(dv dzy) AW (2,)

ji=1 Yin

+/t:n+1/g/t:2/5{c"(tn,YnnLc(vl),vz) —Ck(')?)}

X p(dvr, dz1) pg(dua, dzs), (5.4.9)
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with € [0, 1], for k € {1,2,...,d}.

The considerations mentioned in the discussion on the generation of multiple sto-
chastic integrals for the order 1.0 strong Taylor scheme (4.3.8) apply also here.
In particular, if the SDE under analysis satisfies the diffusion commutativity con-
dition (5.2.18) together with the jump commutativity condition (5.2.16) and has
mark-independent jump size, then we obtain an efficiently implementable predictor-

corrector order 1.0 strong scheme. Its kth component is given by the corrector

Y:H = Ynk + {9 ak(tnﬂ, ?n+1) +(1-6) ak} A, + Z bk’jAWg
g=1
" 1 & K& Ok | |
—_ bZ,Jl - J1 J2 __
+ctApn + 3 j;l Z; oo AW AWE - A,
1,72=1 1=

+ Z {859 (b0, Yo + ) — 0} Ap, AWZ)

J1=1
1.4 k 2
+3 {*(t,, Yo +¢)—c }((Apn) - Apn), (5.4.10)

and the predictor

Vi, = Yitdia,+) AW +FAp,

i=1

+ Z me bk”{ W“AW”—A}

J1,J2=1 =1

45 (b, Yo+ 0) = 1 (092)? = B, (5.4.11)

with 8 € [0,1], for & € {1,2,...,d}. In the special case of additive diffusion
and jump coeflicient, b(t,z) = b(t) and c(t,z) = c(t), which satisfies all the re-
quired commutativity conditions, we obtain an efficient predictor-corrector order

1.0 strong scheme.

We remark that as in the predictor-corrector Euler scheme also in the predictor-

corrector order 1.0 strong scheme one can introduce quasi-implicitness into the
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diffusion part.

It shall be emphasized that predictor-corrector schemes with higher strong order
can be easily constructed. They provide numerically stable, efficient and conve-
niently implementable discrete time approximations of jump diffusions that can be

recommended in many cases as simulation studies will demonstrate.

5.5 Convergence Results

In this section we consider general strong schemes, the strong It6 schemes, con-
structed with the same multiple stochastic integrals underlying the strong Taylor
schemes (4.5.3), presented in Section 4.5, but with various approximations for the
different coefficients. Under particular conditions on these coefficients, the strong
[t6 schemes converge to the solution X of the SDE (2.1.2) with the same strong
order 7y achieved by the corresponding strong Taylor schemes. In principle, we can
construct more general strong approximations of any given order as those already
presented in this chapter. In particular, we will show that derivative-free, drift-
implicit, and predictor-corrector schemes are strong Ito schemes. Again we will
discuss two different types of schemes; those based on the Wagner-Platen expan-
sion (3.5.4) and those based on the compensated Wagner-Platen expansion (3.5.5).

For a regular time discretization (¢)a with maximum step size A € (0,1), as the
one introduced in (4.1.5), we define the order v strong Ité6 scheme by the vector
equation

Ynz}l-l = YnA + Z Ia [h'a,n]
a€A\{v}

+ R, (5.5.1)

tnytn+l

and the order v compensated strong Ité scheme by

Vi, =Y+ Y L [ﬁa,n] +R,, (5.5.2)

tn.tn
a€A\{v} it

with n € {0,1,...,ny — 1}. We assume that the coefficients A, , and ﬁa,n are

A; -measurable and satisfy the estimates

E( max |hgn — fa(tn,Yn)|2> < C(u) AT¥@), (5.5.3)

0<n<npr—1
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and
E ( max |hgn — faltn, Yn)|2> < Clu) AP, (5.5.4)

0<n<np -1
respectively, for all @ € A,\{v}, where C : £*@ — R is a ¢(du)- integrable
function. Here

2(a) — 2 when (o) = n(a)

P(a) =
l(a)+n(a) —1 when I(a) # n(a).

Additionally, R,, and En are assumed to satisfy

2y
12%)% Z Rk < K A“Y, (5.5.5)
0<k<n—1
and
2
1<mn%}r§T Z Rk < KA (5.5.6)
0<k<n—1

where K is a finite positive constant independent of A.

Now we formulate a convergence theorem that will enable us to construct strong
1t6 schemes of any given strong order, including derivative-free, drift-implicit and

predictor-corrector schemes.

Theorem 5.5.1 LetY? = {Y2 ne€ {0,1,...,nr}} be a discrete time approzima-
tion generated via the order v compensated strong Ité scheme (5.5.2), for a given
regular time discretization (t)a with mazimum time step size A € (0,1), and for
v €{0.5,1,1.5,2,...}. If the conditions of Theorem 4.5.1 are satisfied, then

\/E( max |X,, — YA]? ) < KA, (5.5.7)
o<n<nyp

where K 1s a finite positive constant independent of A.

Proof: Since we have already shown in Theorem 4.5.1 that the compensated strong
Taylor scheme (4.5.3) converges with strong order +, here it will be sufficient to
show that the compensated [t6 scheme (5.5.2) converges with strong order v to the

corresponding compensated Taylor scheme.
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By > we denote here the compensated strong Taylor scheme (4.5.3). Let us also
assume, for simplicity, that Yy = Y;. Then by application of Jensen’s inequal-

ity together with the Cauchy-Schwarz inequality, we obtain for all ¢ € [0,7] the

estimate
—A A 2
H, = E| max |Y, — Y,
1§n<nt
n—1 " A
= FE| ma I, [ (e Y ]
ISnS)r{u Z Z f ( g k) ittt
k=0 acAy\{v}
2
n—1 _ 5
- ZE: [a hak +_}2n
k=0 \acA,\{v} ootk
n—1 2
—~ ~ A ~
< Koo > B max (ST [fulte Vi) - Faltn Y]
1<n<n; testit1
ac A \{v} k=0

max
1<n<n:

Z To [alt Vi) = o
tetit1

ZR

+K, F| max

1<n<n,

By applying Lemma 4.6.1, condition (5.5.6), the Lipschitz condition (4.5.7), as well

as condition (5.5.4), we obtain

H, < {// / 1g§§u|fa(tk,Yk) Falte, YE)I?)

aeAq\{v}

FE( max |t Y2) = hoal?) )olae') .. (") du}M<a> + Ky

1<n<ngy,

t
< K5/ E( max ]Yk — Y &) du x Z AY® K A
0

1<n<ny
a€A;\{v}

t
< K7/ H,du+ K¢ A%, (5.5.9)
0

From the second moment estimate (4.7.1) on the compensated strong Taylor scheme
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> in Lemma 4.7.1 and a similar estimate on the compensated strong [td scheme
Y2, one can show that H, is bounded. Therefore, by applying the Gronwall in-
equality to (5.5.9), we obtain

H, < K5 A*7 X7t (5.5.10)

, A
Since we have assumed Y, = Y, we get

E( max |V —Y2]?) < K A (5.5.11)

0<n<nr

Finally, by the estimate of Theorem 4.5.1 we obtain

\/E( max |X,, —YA]?) = \/E( max |X,, —73 +7S - YAPR) < KA,

0<n<nr 0<n<ny
(5.5.12)

which finalizes the proof of Theorem 5.5.1. O

By the same arguments used above, one can show the following result.

Corollary 5.5.2 Let Y2 = {Y2 n € {0,1,...,np}} be a discrete time approz-
imation generated by the order -y strong Ité scheme (5.5.1). If the conditions of
Corollary 4.5.8 are satisfied, then

\/E ( max |X,, — YnA|2> < K A7, (5.5.13)
0<n<nr

where K is a finite positive constant independent of A.

5.5.1 Derivative-Free Schemes

The strong It6 schemes (5.5.2) and (5.5.1), and the convergence Theorem 5.5.1
and the Corollary 5.5.2 allow us to asses the strong order of convergence of general
approximations. In this section we show how to rewrite derivative-free schemes,

including those presented in Section 5.2, as strong It6 schemes.

We recall here that in the one-dimensional case the derivative-free order 1.0 strong
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scheme, presented in Section 5.2, is given as

tn41
Yoir = Yo +ad, +0AW, + / /c(v)p¢(dv,dz)
tn £

+ (b(t"’\jzi) B b) /Ml /22 dW (z1) dW (22)

/tm//tn (tn, Yo, v) — C(v)> AW (1) po(d, d2)

n

+/tt”“/t2/g {bltn, Yo + €(0)) = b} po(dv, d2) AW (25) (5.5.14)

tntt ! 22
+/ / / / {eltn, Yo + (@), 03) = c(01) }poldur, dz1)po(duz, dz2),
tn & in E

with the supporting value

Y,=Y,+b/A,. (5.5.15)

From the deterministic Taylor expansion, we obtain

b(t,, V) = b(tn,Yn)+b’(tn,Yn){7n—Yn}

b// <tn, Yn + é(?n - Yn)> _}_/_ Y 2 5 . 16
+ . T.-v}, G516
with
,T) = e an ,T) = 07 5.
and
c(tn,Yn,v) = ctn, Yo, v) + c’(tn,Yn,v){Yn — Yn}
¢ (tn, Y, + 0V, — Yn),v) _ ,
N . {yn - Yn} . (5.5.18)
with
, dc(t, z,v) " 0?%c(t,x,v)
cd(t,z,v) = — and (¢, z,v) = B (5.5.19)

for every v € £ and some corresponding g e (0,1).



5.5. CONVERGENCE RESULTS 119

Therefore, we can rewrite the scheme (5.5.14) as

YVarr = Yo+ Lol nlintes T I [Ra)nltnten: + L-n[h1ymltnton
+anhaynlite + La-nPa 1))t

+[(—1:1)yn[h(—l,l),n]tnstn+l + [(—1,—5/’1) [h(—l,—l),n}tn,tn+1, (5520)
with

h(O),n = a(tn; Yn)a h(l),n == b(tny Yn)a h(*l),n = C(tn) Yn; U),

1 _
h(l,-—l),n = TK—_{C(tnayn)’U) - c(tn’Yn)v)}:

h(—-l,l),n = b<tnx Yn + C(tnu Yna U)) - b<tn; Yn))

hic1,—1yn = c(tn, Y, + C(tn,Yn,’Ug),’Ul) — c(tn, Yn,vl),
1

h’(l,l),n = —\/-Z—:L‘{b(tn’ Y") - b(tn’ Yn)} (_)52].)

Only for o = (1,1) and a = (1,—1) the coeficients h,, are different from the
coefficients f, , of the order 1.0 strong Taylor scheme (4.3.1). Therefore, to prove
that the scheme (5.5.14)-(5.5.15) is an order 1.0 strong It6 scheme, it remains to
check condition (5.5.3) for these two coeflicients.

By the linear growth condition (4.5.9) of Theorem 4.5.1, we have

‘b(tn,Yn)Qb" (tn,Yn +éb(tn,Yn)\/An) "< Ki(L+ Y Ko (1+ |Ya]?)

= C (1+|Ya]* + [Yal* + |¥2]%) .

(5.5.22)

In a similar way we also obtain

R 2
|6t Ya)2e" (b, Yo o+ 0b(tn, Ya)v/ B, 0) | < Calw) (1 1Yal2 + 1Yl + [7l5),
(5.5.23)
where Cy(v) : € — R is a ¢(dv)- integrable function.

Following similar steps as the ones used in the first part of the proof of Theorem
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4.5.1, one can show that

E‘( max m,;”) < K(l n E(myﬁq)), (5.5.24)

0<n<npr-1

for ¢ € N. Therefore, assuming E(]Y,|%) < oo, by conditions (5.5.22), (5.5.23) and
(5.5.24), we obtain

2
E (OSTILI%%I)I{"‘I |h(1,1),n - f(1,1)(tn, Yn)! )

b(tn, Yn)20" (t,, Yy)
VA,
2

)

<K max
0<n<npr~1

< KA(1+ B(%)

< K A?¥(@), (5.5.25)
We also have
E ( max Ih(l,—l),n - f(l,—l)(tm Yn)lz) < C(v) A27‘¢(a), (5.5.26)
0<n<np—1

where C(v) : £ — R is a ¢(dv)- integrable function, which shows that the scheme
(5.5.14) is a strong It6 scheme of order vy = 1.0.

In a similar way one can show that also some other higher order derivative-free
strong schemes for general multi-dimensional SDEs can be expressed as strong It6

schemes and, therefore, achieve the corresponding strong order of convergence.

5.5.2 Drift-Implicit Schemes

As explained in Section 5.3, for any strong Taylor scheme of order + it is usually
possible to obtain a corresponding drift-implicit scheme. Due to problems with
the reciprocal of Gaussian random variables in a scheme, one usually introduces
implicitness only in the drift terms, see Higham & Kloeden (2005, 2006). An
exception are balanced implicit methods where the implicitness is brought also
into the diffusion terms. We refer to Milstein, Platen & Schurz (1998), Kahl &
Schurz (2006) and Alcock & Burrage (2006) for balanced implicit schemes for pure

diffusion SDEs. Drift-implicit schemes of order « can be derived by an application
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of a Wagner-Platen expansion to the drift terms of a correspondent strong Taylor
scheme of order . If we apply the Wagner-Platen expansion (3.5.4) to the drift

term a, then we can write
a(t, X)) = a(t+ A, Xa) — LO%a(t, X,)A — LWa(t, X,) (W(t + A) — W(t))
t+A
— / / LS Va(t, X,)pg(dv, dz) — Ry(2), (5.5.27)
t £

where

t+A s s
Ri(t) = / {/ L(O)L(O)a(u,Xu)du+/ LY LOg(u, X,)dW,
¢

t t

+ / /E Lg;ULw)a(u,Xu_)p¢(dv1,du)}ds
t

t+A 8 s
+ / { / LOLWa(u, X, )du + / LY LWa(u, X,)dW,

t

/ / LYW, u_)pd,(dvl,du)}dWS
t+A 5~ 5—
+/ /{/ L<°>Lg;1>a(u,xu)du+/ LY LEYa(u, Xo)dW,
2

/ /L( DL Ya(u, X, )p¢(dvl,dU)}p¢(dvz,d8) (5.5.28)

and the operators L@, L®) and LSV are defined in (3.3.4), (3.3.5) and (3.3.6),

respectively.

In the one-dimensional case, for any 6 € [0, 1], we can rewrite the Euler scheme
(4.2.1) as

Yoor = Yu+{0a(ty,Ys) + (1 —0)a(ts,Ya)} Ay + bAW,

tn+tl
/ / (tn, Yn,v) pe(dv, ds). (5.5.29)

By replacing the first drift coefficient a(t,,Y,) with its implicit expansion (5.5.27),
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we obtain

Yoii = Y.+ {9a(tn+1, Yor) + (1 — 9)a}An AW,
tn+1
+ / / c(tna Yna ’U)p¢(d’l), dS)
tn £

tn+1
~{L(°)aAn + LWaAW, + / / LS Vapy(dv, dz) + Rl(t)}e An.
tn £

Here we have written a = a(t,,Y,) and b = b(t,,, Y,,) according to the abbreviation
introduced in (4.1.9).

The terms in the last line of equation (5.5.30) are not necessary for a scheme with
strong order v = 0.5. Therefore, they can be discarded when deriving the implicit
Euler scheme (5.3.1), which yields

Yoo = Yn+{€a(tn+1,Yn+1)+(1—H)a}An+bAWn

bnt1
+/ /c(tn, Yo, v)ps(dv, ds). (5.5.30)
tn £
Note that the drift-implicit Euler scheme (5.5.30) is well defined for time step size
1
A< —,
~ VKb

where K is the Lipschitz constant appearing in the Lipschitz condition (2.2.10)
for the drift coeflicient a. As previously mentioned, Banach’s fixed point theorem
ensures existence and uniqueness of the solution Y, ., of the algebraic equation in
(56.5.30).

By applying the same arguments to every time integral appearing in a higher order
strong Taylor scheme, even in the general multi-dimensional case, it is possible to
derive multi-dimensional higher order implicit schemes as, for instance, the drift-
implicit order 1.0 strong scheme (5.3.9).

To prove the strong order of convergence of such drift-implicit schemes it is sufficient
to show that one can rewrite these as strong It6 schemes. The drift-implicit Euler
scheme (5.5.30), for instance, can be written as an order 0.5 strong It6 scheme
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given by
Yot = Yo + L[ mltntnrs T 10 [h)mltntars + LAy nlintar, + Ro (5.5.31)
with
h(oy.n = atn, Ya), hyn = b(tn, Ya), hi—1)n = c(tn, Ya,v), (5.5.32)

and
R, =04, (a(tir1, Yoy1) — alty, Ya)). (5.5.33)

Since the coefficients h,, are the same as those of the Euler scheme (4.2.1), it
remains to check condition (5.5.6) for the remainder term R,. Following similar
steps as the ones used in the proof of Lemma 4.7.1, one can derive the second

moment estimate
E ( max ]Yn|2> < K(l + E(]YO]2)). (5.5.34)
0<n<nyr—1

We refer to Higham & Kloeden (2006) for details of the proof of this estimate in
the case of the drift-implicit Euler scheme for SDEs driven by Wiener processes

and homogeneous Poisson processes.

By applying the Cauchy-Schwarz inequality, the linear growth condition (2.2.11)
and the estimate (5.5.34), we obtain

2
Bl | 2. B
0<k<n—1
2

= F érrllasurcw Z 0 Ay (a/(tk—!—l: Y1) — altx, Yk))
0<k<n—1

S E (1£%§T ( Z |9Ak12) ( Z ]a’(tk-!-ly Yk+1) - a/(tk, Yk)lz))
0<k<n-—-1 0<k<n—1

< KAFE (( Z Ak) ( Z la(tks1, Yes1) “a(tk,Yk)lz))

0<k<nr-—1 0<k<nr-1
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<KAFE ( Z la(trs1, Yes1) — a(tlmykﬂz)

0<k<nr-1

<KAE ( > Wi — m"‘) . (5.5.35)

0<k<np-1

Since ny < oo almost surely, see (4.1.8), we can write

L ( Yo W - Yk|2)

0<k<np—1

INGERRANGE:

E ( > Y - m"‘) x P(ng = i)

0<k<i—1

I

1l

E( S E(Yin - P |Atk)> x P(np =1), (5.5.36)
1 0<k<i~1

7
where we have used the properties of conditional expectations.

By the Cauchy-Schwarz inequality, [t6’s isometry and the linear growth conditions,

one obtains

E ([Yiy1 — Yil* |44

SK{E(

+ Z FE (lfa[.fa(tk)yk)]tk’tk-ﬂ

ac{(-1),(1)}

< K{(tk+1 — ty)

/tk+1 (Q(Cl(tk+1: Yie1) — a(tk,Yk)) + (s, Yk)>dz

t
2 |Atk> }

W)

tht1
o ol V) + e VP + i, Yo A )02

PN A R

fa tk,Yk ‘ IAtk> ¢(dvs(a))d2}
ae{(-1),(1)}
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< K{A/tw B((1+ Vs ) + (1 [%f?) ] Ay, )d2

ti
+ > /
ae{(~1),(1)}
< K(l + Onslgé IYnI2) (tk+1 - tk) (5.5.37)

tht1

[ B+ 14) 42 ¢l )z}

for ke {1,...,1} with ¢ € N.

Finally, by combining (5.5.35), (5.5.36) and (5.5.37) and by using the second mo-

ment estimate (5.5.34), we obtain

2
E | max Z Ry
ERERT | a1
< KAZE ((1 + max Y. %) Z (ter1 — tk)) x P(nr = 1)
i=1 0<k<i—1

< KA(1+ E(|Yo|2))T§:P(nT =)

i=1

< KA =KA*", (5.5.38)

for v = 0.5.

Therefore, the convergence of the drift-implicit Euler scheme follows from Corollary
5.5.2 since we have shown that it can be rewritten as a strong Itd scheme of order
v = 0.5. In a similar way it is possible to show that the drift-implicit order 1.0
strong scheme (5.3.9) can be rewritten as an order «y = 1.0 strong It6 scheme.

5.5.3 Predictor-Corrector Schemes

In this section we show how to rewrite predictor-corrector schemes as strong It

schemes and how to derive the corresponding orders of strong convergence.

Let us consider the family of strong predictor-corrector Euler schemes (5.4.1)-

(5.4.2). We recall that in the one-dimensional case, d = m = 1, this scheme is
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given by the corrector

Yopr = Yo+ {ean(tnﬂv }_/n+1) +(1- 6’)&,,} An

P (tnti)
+ {nbltnsr, Vo) + (L=mb} AWL + > (&),
i=pg(tn)+1
where @, = a —nb¥/, and the predictor
) Pe(tn+1)
Vo1 =Yo+aln +bAW, + > (&)
i=pgy(tn)+1

This scheme can be written as an order 0.5 strong [t6 scheme given by

Yo = Yo + Loy [homlintnss T I Ay mltntass T Lol mlintuy + FBn
with
hoyn = alta, Ya), hayn = b(tn, Yn), hi-1yn = c(tn, Yn,v),
and
R,=Ry,+Ron+ Rsn+ Ryp
with

Rl,n =6 { a(tn+l) Yn+1) - a‘(tn» Yn)}An;
R2,n = —0 n { b(tn+1’ YH-H) bl(tn-Ha Yn-H) - b(tna Yn) bl(tn) Yn) }Ana
R3,n = -0 b(tn) Yn) b/(tna Yn)Ana

and
Ryn=—n { b(tn+1’ Yn-H) - b(tm Yn)}AWn'

(5.5.39)

(5.5.40)

(5.5.41)

(5.5.42)

(5.5.43)

(5.5.44)

(5.5.45)

(5.5.46)

(5.5.47)

Since the coefficients A, , are the same as those of the Euler scheme, which is the

strong Taylor scheme of order v = 0.5, one needs to show that the remainder term

R, satisfies condition (5.5.5).

We will also need the following second moment estimate on the numerical approx-
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imation Y,,, where

0<n<nr—1

E ( max [Ynf) < K(1 + E(%P))‘ (5.5.48)
This estimate can be proved by similar steps as those used in the proof of Lemma
4.7.1.

By the Cauchy-Schwarz inequality, the Lipschitz condition on the drift coefficient
and equation (5.5.40), we obtain

2
Blmex | 2 P
0<k<n—1
2
=F  max Z e{a(tk+l,}_/k+1> _a(tk»}/lc)}Ak
0<k<n—1
= 2
<E (121.2%7‘( Z |9Ak|2> ( Z {a(tk+1,Yk+1)“a(tk>Yk>| ))
0<k<n—~1 0<k<n—1
< KAE (( > Ak) ( Yo laltes, Yirn) —a(tk,Yk)IQ))
0<k<nr—1 0<k<nr—1

<KAE ( Y laltern Yir) - a(tk,Ykﬂz)

0<k<np—1

gKAE( S ]Yk+1—}fk|2)

0<k<np—1
2

<KAFE Z Z Ta[fa(tka}/k)]tk,tk-i—l

0<k<nr—1 |acdos\{v)

<KA Y E( S lﬁ[fa(tk,yk)]tk,tw 2). (5.5.49)
0<k<nr—1

a€A0,5\{V}
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Since nr < oo almost surely, see (4.1.8), we can write

:f {fa(tk’ Yk)]tk,tk+1

(2 b
0<k<np-—1
=Y E ( > lﬁ[fa(tk%)hk,tw 2) x P(np =1) (5.5.50)

:ig( 0 E( 2|Atk>>xP(nT:i)

for every a € Ags\{v}. In the last line of (5.5.50) we have applied standard

fa[fa(tk) Yk)]tk,tk-H

properties of conditional expectations.

By using the Cauchy-Schwarz inequality for a = (0), the It6 isometry for a = (j)
and j € {—1,1}, and the linear growth conditions (4.5.9), we obtain

(e a)

liet+1 -
< AMe) / / E (1 fa(tk,Yt,c)FIAtk) H(dv¥®)dz
te £

Ta[fa (tka Yifk)]tk‘tk-%l

an
<t
ot
—
~—

tht1
< )\s(a) An(a)/ + E(l + ‘YtkIZlAtk)dz (

Lk
for k € {0,1,...,7} and i € N.
By (5.5.49), (5.5.50), (5.5.51) and (5.5.48), we obtain

2

FE | max
1<n<np

> R

0<k<n—1

< KA Z A5 (@ An()
OzE.Ao,s\{v}

xiE(/OtiE((l—i—lYnz

o] ti
< KA Z As(e) An(@) Z/ E (1 + max [Yn|2> dz x P(ny =1)
=1 V0

: 0<n<i
a€Aos\{v} i

Z)IAtnz) dz) x P(np = 1)
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o0

<SKA > XNOAM (14 E ()T Plor =)
acAp.s\{v} i=1
< KA = KA™, (5.5.52)

for y = 0.5.

Note that in Theorem 4.5.1 and in Theorem 5.5.1 we assumed that the coefficient
function f, satisfies the Lipschitz condition (4.5.7) for every a € A,. If instead we
require this condition to hold for every o € A5 B(Aps), then by considering the
coefficient function corresponding to the multi-index (1,1) € B(Aqs), we see that
the coefficient bb' satisfies the Lipschitz type condition (4.5.7). Therefore, with
similar steps as in (5.5.49), (5.5.50) and (5.5.51), we obtain

max
1<n<ny

<KA=KAY, (5.5.53)

> Rzk

0<k<n-1

for vy = 0.5.

By the linear growth condition on the coefficient b &', which follows from condition

(4.5.9), and the second moment estimate (5.5.48), one can show that

<KA=KAY, (5.5.54)

Z RBk

0<k<n-1

max
1<n<nr

for v =0.5.

By Doob’s inequality, Itd’s isometry, the Lipschitz condition on the diffusion coef-
ficient and (5.5.40), we obtain

> RM

1<n<nT
0<k<n~1

2

= F | max
1<n<ng

34E<

tk+1
Z / b(tes1, Yir1) — b(te, Yi))dW,

0<k<n-—1
2)

T
f (b(tnz+17 Ynz+1) - b(tnz’ Klz))sz
0
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2) dz

T
- ./ E (|b(tnz+11 }—/nz+1) - b(tnz’ Ynz)
2) dz
2

T
<K / Bl S Tl Yellooion| | dz (5.555)
0

aEAo,s\{V}

0
T —_
<K | E(|[Vai—Ya,
0

By the Lipschitz condition, the estimate (5.5.51) and the second moment estimate
(5.5.48), we have

E | max

T tn,z+1
<K Y x@ A”(")/ E (/ E(1+mnziz|AtHZ)ds> dz

€Ay 5\{v} 0 tns
T Lﬂz+1
<K Z As(@) An(e) / E (/ E (1 + max |, [*| A, )ds) dz
0 ¢ 0<n<nr z
acAo.s\{v} mz
S K Z /\s(a) An(a)+l (1 4 E(IYO12)) T
a€Ags\{v}
< KA = KA?, (5.5.56)

for v = 0.5.

Finally, by combining the estimates (5.5.52)-(5.5.53)-(5.5.54) and (5.5.56) we have
shown that the family of predictor-corrector Euler schemes (5.4.1)-(5.4.2) can be
rewritten as an order v = 0.5 strong It6 scheme. Therefore, it achieves strong order
v = 0.5.

Also in the general multi-dimensional case one can analogously rewrite the family
of predictor-corrector Euler schemes (5.4.3)-(5.4.5) and similarly the predictor-
corrector order 1.0 strong scheme (5.4.10)-(5.4.11) as It6 scheme of order v = 0.5
and 7 = 1.0, respectively. Finally, strong predictor-corrector schemes of higher

strong order can be derived by similar methods as the ones used above.
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Chapter 6

Jump-Adapted Strong Approximations

This chapter describes jump-adapted strong schemes. The term jump-adapted
refers to the time discretizations used to construct these scheme. These discretiza-
tions are called jump-adapted because they include all jump times generated by
the Poisson jump measure. The form of the resulting schemes is much simpler than
that of the regular schemes presented in Chapters 4 and 5. However, jump-adapted
schemes are not efficient for SDEs driven by a Poisson measure with high total in-
tensity. In this case, regular schemes are usually preferred. Some of the results
of this chapter have been presented in Bruti-Liberati, Nikitopoulos-Sklibosios &
Platen (2006) and in Bruti-Liberati & Platen (2007c).

6.1 Introduction

In principle, by including enough terms from Wagner-Platen expansions, it is possi-
ble to derive regular strong Taylor schemes of any given order of strong convergence,
as shown by Theorems 4.5.1 and 5.5.1. However, as noticed in Section 4.3, even for
a one-dimensional SDE, higher order schemes can be quite complex in that they
involve multiple stochastic integrals jointly with respect to the Wiener process, the
Poisson random measure and time. In particular, when we have a mark-dependent
jump size the generation of the required multiple stochastic integrals involving the

Poisson measure can be complicated.

As noticed before, there are applications, such as filtering, in which we are able to
construct the multiple stochastic integrals directly from data. In these cases the
proposed strong schemes can be readily applied. However, for scenario simulation
we need to generate the multiple stochastic integrals by using random number gen-
erators. To avoid the generation of multiple stochastic integrals with respect to
the Poisson jump measure, Platen (1982a) proposed jump-adapted approzimations
that significantly reduce the complexity of higher order schemes. A jump-adapted

131
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time discretization makes these schemes easily implementable for scenario simula-
tion also in the case of a mark-dependent jump size. Indeed, between jump times
the evolution of the SDE (4.1.4) is that of a diffusion without jumps and can be
approximated by standard schemes for pure diffusions, as presented in Kloeden &
Platen (1999). At jump times the prescribed jumps are performed. As we will
show in this chapter, it is possible to develop tractable jump-adapted higher or-
der strong schemes also in the case of mark-dependent jump sizes. The required

multiple stochastic integrals involve only time and Wiener process integrations.

In this chapter we consider a jump-adapted time discretization 0 = tg < t; <

... <tn; =T, on which we construct a jump-adapted discrete time approzimation
Y2 ={Y,2,t €[0,T]} of the solution of the SDE (4.1.4). Here

ny = max{n € {0,1,...} : t, <t} < oo as. (6.1.1)

denotes the largest integer n such that ¢, < t, for all ¢ € [0,7]. We require the
jump-adapted time discretization to include all the jump times {71, 72,..., Tp (1)}
of the Poisson random measure p;. Moreover, as defined in Section 4.1, for a given
maximum step size A € (0, 1) we require the jump-adapted time discretization

Ma={0=tg<t;<...<tp, =T}, (6.1.2)

nr

to satisfy the following conditions:

Pltpy —tn <A) =1, (6.1.3)
and
tne1 is A, — measurable, (6.1.4)
forn € {0,1,...,np — 1}, if it is not a jump time.

For instance, we could consider a jump-adapted time discretization (¢)a constructed
by a superposition of the jump times {7y,7,..., 7, } of the Poisson random
measure ps to a deterministic equidistant grid with nth discretization time nA,
n € {0,1,..., N} and time step size A = —Tﬁ This means that we add all random
jump times to an equidistant grid, as the one presented in Section 4.1. In this way

the maximum time step size of the resulting jump-adapted discretization equals A.

Within this time grid we can separate the diffusive part of the dynamics from the
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jumps, because the jumps can arise only at discretization times. Therefore, between
discretization points we can approximate the diffusive part with a strong scheme
for pure diffusion processes. We add the effect of a jump to the evolution of the
approximate solution when we encounter a jump time as discretization time. We
remark that with jump-adapted schemes a mark-dependent jump coefficient does
not add any additional complexity to the numerical approximation. Therefore,
in this section we consider the general case of a jump-diffusion SDE with mark-

dependent jump size given in (4.1.4).

For convenience we set Y;, = Y,, and define

)/tn+1— = hm }/S’

sfhtn+1

as the almost sure left-hand limit at time ¢,,,,. Moreover, to simplify the notation,

we will use again the abbreviation

f=1f(tn,Y,) (6.1.5)

for any coefficient function f when no misunderstanding is possible, see (4.1.9).
Furthermore, we will omit to mention the initial value Yy and the time step num-
bers n € {0,1,...,n7} if this is convenient. However, we will aim to show the

dependence on marks if this is relevant.

We will use again the operators

d
LOf(t,z) = Y f(t,z)
i=1
1 & &
‘L,J T] N 4
+2;l”b (t,2)67 (1, 7) 5= [ (2, 2) (6.1.6)
(k) zk
L®f(t, ) - Zb ta:—f(tac) fork € {1,...,m} (6.1.7)

for all ¢t € [0,7] and z € R?, similar as in the pure diffusion case, see Kloeden &
Platen (1999).

Essentially, in the remainder of this chapter we review strong discrete time ap-
proximations for the diffusion part of the given SDE, as described in Kloeden &
Platen (1999). Additionally, at each jump time of the driving Poisson measure
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we introduce a time discretization point in the jump-adapted discretization and

approximate the jump as required.

6.2 Taylor Schemes

In this section we present jump-adapted strong approximations whose diffusion

part is given by the truncated Wagner-Platen expansion for pure diffusions.

6.2.1 FEuler Scheme

For the one-dimensional case, which means d = m = 1, we present the jump-adapted

Fuler scheme given by

Yoo = Yi, +ale, + bDAW,, (6.2.1)
and
Vi =Yoo + / (tnsrs Yoo s 0) o0, {tsi}), (6.2.2)
£
where
Atn = t‘n+1 - tn (623)

is the length of the time step size [t,,t,1] and

Ath = th+l - Wt (624)

n

is the nth Gaussian N (0,4A;,) distributed increment of the Wiener process W,
n € {0,1,..., N—1}. Note that we wrote a = a(t,, Y;,) and b = b(¢t,, Y:,) according
to the abbreviation (6.1.5). The impact of jumps is obtained by (6.2.2). If ¢, is
a jump time, then

/gm(dv, {tn1}) =1 (6.2.5)

and

/g C(tn+11 }ftn+1—-av) p¢(dv, {t‘n+1}) = C(tn+1: Y;,n+1—a §p¢(tn+1))' (626)
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If £,41 is not a jump time one has
Yiorr = Yenin— (6.2.7)

as

JC po(dv, {tns1}) = 0. (6.2.8)

Therefore, the strong order of convergence of the jump-adapted Euler scheme is
v = 0.5, resulting from the strong order of the approximation (6.2.1) of the diffusive

component.

For instance, for the SDE (2.1.5), the jump-adapted Euler scheme is given by
)/tn+l* = )/tn, + /J’}/tn,Atn + g }/tnAth. (6'29)

and
sgﬂznwr+nwr]¢mwuawﬁ» (6.2.10)
£

In the multi-dimensional case with scalar Wiener process, which means m = 1, the

kth component of the jump-adapted Euler scheme is given by

YE o =YE +dfA, AW, (6.2.11)
and
Ytiﬂ - Ytﬁﬂ— + /g Ck(tn+1’ Yin+1~7 U) pqﬁ(dU; {tn+1}), (6.2.12)

for k € {1,2,...,d}, where a*, b*, and c* are the kth components of the drift, the

diffusion and the jump coefficients, respectively.

For the general multi-dimensional case the kth component of the jump-adapted

Fuler scheme is of the form

YE, o =YE 4t A, ) AW, (6.2.13)
j=1
and
Yo =Y +/C’“(tn+1%n+1-,v)p¢(dv, {tns1}), (6.2.14)
£

where a* and ¢* are the kth components of the drift and the jump coefficients,

respectively. Furthermore, %7 is the component of the kth row and jth column of
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the diffusion matrix b, for k € {1,2,...,d}, and j € {1,2,...,m}. Additionally,

AW/ =W}

tn.+1

- W (6.2.15)

is the A/(0, A,,) distributed nth increment of the jth Wiener process.

6.2.2 Order 1.0 Taylor Scheme

As the order of convergence of jump-adapted schemes is, in general, the one induced
by the approximation of the diffusive part, by replacing the diffusive part of the
jump-adapted Euler scheme with the order 1.0 strong Taylor scheme for diffusions,
see Kloeden & Platen (1999), we obtain the jump-adapted order 1.0 strong Taylor

scheme.

For a one-dimensional SDE, d = m = 1, we can derive the jump-adapted order 1.0
strong Taylor scheme given by

bl
Yoo = Yo + alh,, + bAW,, + 7( (AW, )? — Atn) (6.2.16)

and (6.2.2), which achieves strong order v = 1.0. This scheme can be interpreted
as a jump-adapted version of the Milstein scheme for pure diffusions, see Milstein
(1974).

The comparison of the jump-adapted order 1.0 strong scheme (6.2.16) with the
regular order 1.0 strong Taylor scheme (4.3.1), shows that jump-adapted schemes
are much simpler. These avoid the problem of the generation of multiple stochastic

integrals with respect to the Poisson measure.

For instance, for the SDE (2.1.5), describing the Merton model, we have the jump-
adapted order 1.0 strong Taylor scheme of the form

2 Y, 2
Yioo- =Y, +uY, A, +0 Y, AW, + z 5 fn { (Ath) - Atn} (6.2.17)

and (6.2.10).

For the multi-dimensional case with scalar Wiener process, which means m = 1,
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the kth component of the jump-adapted order 1.0 strong Taylor scheme is given by

Yk

tn+l_

1 <~ 06 2
_ }/ti +akAtn +bkAth + 5 ; bl %((AWM) — Atn)(6218)

and (6.2.12), for k£ € {1,2,...,d}.

In the general multi-dimensional case the kth component of the jump-adapted order

1.0 strong Taylor scheme is given by

b2
Vi =YE+da, + Zb’”AWJ + Z Z (b”‘ - )[(jl,jz) (6.2.19)

Jj1,32=1 1=1

and (6.2.14), for k£ € {1,2,...,d}. For the generation of the multiple stochastic

integrals I(;, j,) we refer to Section 4.4.

If we have a multi-dimensional SDE satisfying the diffusion commutativity condi-
tion, where
LR (¢ x) = L2057 (t, ) (6.2.20)

for 51,5, € {1,2,...,m}, k€ {1,2,...,d}, t € [0,7] and = € RY, then it is possible
to express all the multiple stochastic integrals in terms of the increments Awg;
and AWtJ: of the Wiener process. Therefore, we obtain an efficiently implementable

gump-adapted order 1.0 strong Taylor scheme, whose kth component is given by

kaz
YE  _=Yr+da, Zb’“JAWtJn+— Z me {AW“AW” Atn}

j=1 J1,j2=1 i=1

and (6.2.14), for k € {1,2,...,d}. The special case of additive diffusion noise, which
means b(t,z) = b(t), satisfies the required commutativity condition and, therefore,
leads to an efficient jump-adapted order 1.0 strong Taylor scheme. Note that this
holds for general jump coefficients, unlike the case of regular strong schemes in
Chapter 4.

6.2.3 Order 1.5 Taylor Scheme

If we approximate the diffusive part of the SDE (4.1.4) with the order 1.5 strong
Taylor scheme, see Kloeden & Platen (1999), then we obtain the jump-adapted
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order 1.5 strong Taylor scheme.

In the autonomous one-dimensional case, d = m = 1, the jump-adapted order 1.5
strong Taylor scheme is given by

by’ ,

)/tn+1'— = )/tn + aAtn -+ bAth + _2_‘ ((Ath) — Atn> + a’ bAZtn

1 1 1
+§ (a a + §b2a”> (Atn)Z + <a b + 5[)2 b”> (AthAtn — AZtn)

1 1
+5b (bb" + ) {g (AW,,)? — Atn} AW, , (6.2.21)

and (6.2.2), where we have used the abbreviation defined in (6.1.5). Here we need

the multiple stochastic integral

tntl 52
AZ, = / / dW,, dss. (6.2.22)
tn tn,

One can show that AZ; has a Gaussian distribution with mean £(AZ;,) = 0, vari-
ance E((AZ,,)?) = 5 (A,)? and covariance E(AZ,, AW,,) = 3 (A,)?. Therefore,
with two independent A (0, 1) distributed standard Gaussian random variables U;
and Us, we can obtain the required correlated random variables AZ, and AW,

by setting:

R

1
AW, =U/E, and AZ, = (A,) (Ul N iUz) | (6.2.93)

V3

For example, for the SDE (2.1.5) of the Merton model the terms involving the
random variable AZ, cancel out, thus yielding the rather simple jump-adapted

order 1.5 strong Taylor scheme

o?Y,
Voo = Y +uYi A, +0Y AW, + —2 ((AW,,)? - A,,)
2y,
+N_2ﬁ (Atn)2 +uols, (AthAtn)
1, 1 2
+§U Y. 3 (AWL)" — A, ¢ AW, (6.2.24)
and (6.2.10).

For the multi-dimensional case with scalar Wiener process, m = 1, the kth com-
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ponent of the jump-adapted order 1.5 strong Taylor scheme is given by

Yk

tnt1—

1 2
= Y +dA, AW, + 5L b’“{ (Ath> - Atn}
1 2
+LWa*AZ, + LO b’“{Ath A, — AZtn} +3 L© gk (Atn>

1 1 2
+5 LW b’“{g(Ath> - Atn} AW, (6.2.25)

and (6.2.12), for k € {1,2,...,d}, where the differential operators L and L' are
defined in (6.1.6) and (6.1.7), respectively.

In the general multi-dimensional case the kth component of the jump-adapted order
1.5 strong Taylor scheme is given by

Yk

tnt1—

1 2
- }/ti + a,kAtn + 5 L(O) ak (Atn>
+ 3 (BIAWE, + LOW 1 + L0 ) (6.2.26)
j=1

1) 1k j j2) 1k
+ Z LU p 2[00 F Z LU 1 2) g T3 L1 darja)

J1.g2=1 J1.g2.g3=1
and (6.2.14), for k € {1,2,...,d}.

The double stochastic integrals appearing in the jump-adapted order 1.5 strong
Taylor scheme can be generated as discussed in Section 4.3. We refer to Kloeden
& Platen (1999) for the generation of the required triple stochastic integrals and

for diffusion commutativity conditions that reduce the complexity of this scheme.

Constructing strong schemes of higher order is, in principle, not difficult. However,
as they involve multiple stochastic integrals of higher multiplicity, they can become
quite complex. Therefore, we will not present here any scheme of strong order
higher than v = 1.5. Instead we refer to the convergence theorem to be presented
in Section 6.7 that provides the methodology for the construction of jump-adapted

schemes of any given strong order.
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6.3 Derivative-Free Schemes

As noticed in Section 5.2, it is convenient to develop higher order numerical ap-
proximations that do not require the evaluation of derivatives of the coefficient
functions. Within jump-adapted schemes, it is sufficient to replace the numerical
scheme of the diffusive part with an equivalent derivative-free scheme. We refer to

Kloeden & Platen (1999) for derivative-free schemes for diffusion processes.

6.3.1 Derivative-Free Order 1.0 Scheme

For a one-dimensional SDE, d = m = 1, the jump-adapted derivative-free order 1.0

strong scheme, which achieves a strong order v = 1.0, is given by

}/tn-fl_ = }/tn + a'Atn + bAth
1

2\/ Atn

and (6.2.2) with the supporting value

{b(ta,Y4,) — b} (AWL,)? — A) (6.3.1)

-Y—tn, — )/tn + b A/ Atn,' (63.2)

In the multi-dimensional case with scalar Wiener process, which means m = 1,
the kth component of the jump-adapted derivative-free order 1.0 strong scheme is
given by

Yk = Y}f+dA, +0° AW,

tn-l—l‘
1

24/,

and (6.2.12), with the vector supporting value

_|..

{b"(ta, Vi) = 0} ((AWL,)* — A) (6.3.3)

}77”1 = )/tn + b A/ Atna (634)

for k € {1,2,...,d}.

In the general multi-dimensional case the kth component of the jump-adapted
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derivative-free order 1.0 strong scheme is given by

)/f.i+1 == )/tl:' + a,kAtn _|_ Z bk)]AW/t]n
j=1
LI |
+ \/—E- Z {bk,JQ (tna Yi:) - bkd? (tn7 )/t")}[(jl,jg)) (635)
n ji1,j2=1

and (6.2.14), with the vector supporting value

Y] =Y, +b /A, (6.3.6)

fork € {1,2,...,d} and for j € {1,2,...,m}. The multiple stochastic integrals can
be generated, as in Section 4.3, by Karhunen-Loeve expansions. The diffusion com-
mutativity condition presented in Section 6.2 may apply also here and, therefore,

can lead to efficiently implementable jump-adapted derivative-free schemes.

6.3.2 Derivative-Free Order 1.5 Scheme

In the autonomous one-dimensional case, d = m = 1, the jump-adapted derivative-

free order 1.5 strong scheme is given by

Yoo = Y. +bAW,, + {a(Yj; ) —a(Y,, )}AZtn

1
2. /A,

gy -
+1{a¥) +2a+aV,)} A,

1 =+ v 2
o {70 -0} (AW = 80

i- 1Atn {670+ 20+ 67, ) } (AW, A, - AZ,)
1 =+ = v v
i [6@) — b(&,,) — b(7,) +6(77)]

X

—N—

% (AW,)? — Atn} AW, (6.3.7)

and (6.2.2), with
Y. =Y, +ad,, £ bAW,,, (6.3.8)
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and
3, =V, +b(Yi)/A. (6.3.9)

The multiple stochastic integral AZ,, = I ) can be generated as in (6.2.23).

6.4 Drift-Implicit Schemes

As previously discussed, for applications such as filtering it is crucial to construct
higher order schemes with wide regions of numerical stability. To achieve this
one needs to introduce implicitness into the schemes. For deriving jump-adapted
drift-implicit schemes, it is sufficient to replace the explicit scheme for the diffusive
part by a drift-implicit one. We refer to Kloeden & Platen (1999) for drift-implicit
methods for SDEs driven by Wiener processes only.

6.4.1 Drift-Implicit Euler Scheme

For a one-dimensional SDE, d = m = 1, the jump-adapted drift-implicit Fuler

scheme is given by
Yioo- =Y, + {0altus, Yi, o) + (1= 0) a} Ay, + AW, (6.4.1)

and (6.2.2), where the parameter 8 € [0, 1] characterizes the degree of implicitness.
In the multi-dimensional case with scalar Wiener noise, m = 1, the kth component
of the jump-adapted drift-implicit Fuler scheme is given by:

Yk

tnt1—

=Y} +{0d"(tpr, Vs o) + (1 —0) "} A, +0PAW,, (6.4.2)
and (6.2.12), for k € {1,2,...,d}.
In the multi-dimensional case the kth component of the jump-adapted drift-implicit

Fuler scheme is given by

Yk

tnt1—

=YE + {005 (tust, Vinpro) + (1= 0) 0"} Ay, + > WHIAWY

j=1

and (6.2.14), for k € {1,2,...,d}.
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6.4.2 Drift-Implicit Order 1.0 Scheme

By using a drift-implicit order 1.0 strong scheme for the diffusive part, we obtain

a jump-adapted drift-implicit order 1.0 strong scheme.

For a one-dimensional SDE, d = m = 1, the jump-adapted drift-implicit order 1.0

strong scheme is given by

Yt“n+l“ = Ytn + {ea(tn“f‘l’ )/tn-é—l") + (]‘ - 9) a} Atﬂ. + bAth
bb’
2 ((Ath) ~Ay) (6.4.3)

and (6.2.2), which achieves strong order y = 1.0.

In the multi-dimensional case with scalar Wiener process, m = 1, the kth compo-

nent of the jump-adapted drift-implicit order 1.0 strong scheme is given by

Yk

tnt1—

bt {Qak(tn+1, Vi) + (1= 0)a*} A, +0°AW,,
1 d
+3 Z ( (aw,,)’ Atn) (6.4.4)

and (6.2.12), for k € {1,2,...,d}.

In the general multi-dimensional case, the kth component of the jump-adapted

drift-implicit order 1.0 strong scheme is given by

= Y+ {00 (i1, Vi) + (1= 0)a* } A + D WHIAW]

J=1

Obk-32
+ Z Z(bul o1 ) (71,42) (6.4.5)

J1.92=1 i=1

Yk

tn+1_

and (6.2.14), for k € {1,2,...,d}.

6.4.3 Drift-Implicit Order 1.5 Scheme

We present here a jump-adapted drift-implicit order 1.5 strong Taylor scheme.

In the autonomous one-dimensional case, d = m = 1, the jump-adapted drift-
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implicit order 1.5 strong scheme in its simplest form is given by
1 bt 9
Yoo = Y +3 {a(Yipo) +a} A, + AW, + - (AW,,)" — A)
1 1
+ (a b+ -2—b2 b”) (AW, Ay, — AZy, )+ d'b {AZtn — §AthAtn}
1 1
+§b (b b+ (b’)2> {§ (AW,,)? — Atn} AW,_, (6.4.6)

and (6.2.2), and achieves strong order v = 1.5.

Finally, we remark that balanced implicit methods, see Milstein, Platen & Schurz
(1998), Kahl & Schurz (2006) and Alcock & Burrage (2006), can be used to obtain
a numerically stable approximation of the diffusion part. We do not discuss these
methods here, due to the limited space available. In general, when using balanced
implicit methods, one has still to solve an algebraic equation at each time step.
The following class of predictor-corrector methods avoids this extra computational
effort.

6.5 Predictor-Corrector Schemes

As previously discussed, predictor-corrector schemes combine good numerical sta-
bility properties with efficiency. In this section we present new jump-adapted

predictor-corrector schemes with strong order of convergence v € {0.5,1}.

6.5.1 Predictor-Corrector Euler Scheme

In the one-dimensional case, d = m = 1, the family of jump-adapted predictor-

corrector Euler schemes is given by the corrector
Yieo= = Yo+ {0a,(tns1, Vi) + (1 —0ay} Ay,
+{nb(tns1, Yeryy—) + (L — b} AW, (6.5.1)
where @, = a — nbl’, the predictor
Y, o = Yi, +al;, + AW, , (6.5.2)

n+17—
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and (6.2.2). The parameters 6,7 € [0,1] characterize the degree of implicitness
in the drift and in the diffusion coefficients, respectively. This scheme achieves a

strong order of convergence v = 0.5.

For the general multi-dimensional case, the kth component of the family of jump-

adapted predictor-corrector Fuler schemes is given by the corrector

-Y't]:i_}.l—' )/tlfl + {Qas(tn+l’ }_/':n+1_) —+— (1 - 9)6"{;} Atn
Y (i Vo) + (L= )09} AWE, (65.3)
j=1
for ,n € [0, 1], where
m d y abk’j2
dn =a—7 Z Zb 'le, (654)
Jjuj2=11i=1
the predictor
Ve =YE4df A, + > AW, (6.5.5)
j=1

and (6.2.14).

6.5.2 Predictor-Corrector Order 1.0 Scheme

Here we present the jump-adapted predictor-corrector order 1.0 strong scheme. For

a one-dimensional SDE, d = m = 1, it is given by the corrector

Yoo = Yo +{0a(tas1,Vion-) + (1 —0)a} A,
+bAW,, + %b— (AW,,)" = A, (6.5.6)
the predictor
Yio- = Yo, +al,, +bAW,, + %b—( (AW, )* — Atn> (6.5.7)

and (6.2.2). The parameter 6 € [0, 1] characterizes again the degree of implicitness
in the drift coeficient. This scheme attains a strong order v = 1.0.

In the general multi-dimensional case, the kth component of the jump-adapted
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predictor-corrector order 1.0 strong scheme is given by the corrector

YE = YE4 {00t Vi) + (1= 0)a"} A + ) MAW,
j=1
m d
; Obk:a2 .
+ Z Z (b 7t 8.’.51 ) (J17j2)7 (6-5-8)
Jji,Ja=1 i=1

the predictor

TE o = YE 4 ata, +zw F Y S (659

J1,J2=1 =1

and (6.2.14), for k € {1,2,...,d}. For the generation of the multiple stochastic

integrals 1, j,) we refer again to Section 4.4.

For SDEs satisfying the diffusion commutativity condition (6.2.20), as in the case
of an additive diffusion coefficient b(t,z) = b(t), we can express all the multiple
stochastic integrals in terms of the increments AW7' and AW/? of the Wiener
process. This yields an efficiently implementable jump-adapted predictor-corrector
order 1.0 strong scheme, whose kth component is given by the corrector

Yk

tn+1_

= Ytﬁ + {9 a*(tps, Yio-)+(1-0) ak} A,

+zm:bk’jAWi+l Zm: Zb”labl;z{AW” AW — Atn}

Jj=1 J1.j2=1 i=1

the predictor

Ob*2
Vi _=YE+dA, +Zbkmwgn+— Z me

ozt

{AW“ AW — Atn}

Jj=1 Jj1,j2=1 =1

and (6.2.14), for k € {1,2,...,d}.

We remark that, as in Section 5.5.3, we can also make the diffusion part quasi-

implicit to obtain better numerical stability.
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6.6 Exact Schemes

In this section we discuss the strong approximation of a special class of SDEs
under which jump-adapted schemes have no discretization error. As will become
clear later, in this case it is not necessary to request a maximum time step size A,
see condition (6.1.3). Here the jump-adapted time discretization will be given by
a superposition of the jump times generated by the Poisson measure and the times
at which we are interested in sampling the simulated values of the solution X. For
instance, if one needs the value of the jump-diffusion X only at the final time T,
then the jump-adapted time discretization is given by 0 = tq <t < ... <t,, =T,
where nr is defined in (4.1.8) and the sequence ¢; < ... < t,,_1 equals that of the

jump times 7 < ... < 7p,(ry of the Poisson measure py.

Let us first present an illustrative example. Consider the jump-diffusion SDE with
multiplicative drift and diffusion coeflicients and general jump coefficient ¢(t, z,v),
given by

dX, = pX.dt + o X, dW, + / c(t, Xoo, v) pg(dv, dt). (6.6.1)
&

Because of the general form of the jump coefficient ¢, the SDE (6.6.1) does rarely
admit an explicit solution. However, on the above described jump-adapted time

discretization, we can construct the jump-adapted scheme given by
}/;n+1_ _ }/tne(u—%OQ)Atn‘FO'Ath , (6.6.2)

and

Ytn+1 - Ytn+1— + /C(tn+1> Ytn+1—’ v) prﬁ(dv) {tn+1})' (6'6'3)
£

Since we are using the explicit solution of the diffusion part, see (2.1.6), no dis-
cretization error is introduced between jump times. Moreover, since by equation
(6.6.3) the jump impact is added at the correct jump times, even at the jump times
we do not introduce any error. Therefore, we have described a way to express the
solution of the jump-diffusion SDE (6.6.1) that does not generate any discretization

error.

This approach can be generalized for cases where we have an explicit solution of

the diffusion part of the SDE under consideration. In the general case, we recall



148 CHAPTER 6. JUMP-ADAPTED STRONG APPROXIMATIONS

here the d-dimensional jump-diffusion SDE

dX, = a(t, X;)dt + b(¢, X, )dW, + / c(t, Xe—, v) pp(dv, dt), (6.6.4)
£

that we aim to solve. One should then check whether this SDE belongs to the
special subclass of jump-diffusion SDEs for which the corresponding diffusion SDE

admits an explicit solution. If this is the case, then we can construct, as in (6.6.2)-
(6.6.3), a jump-adapted scheme without discretization error. For explicit solutions
of pure diffusions SDEs we refer to Chapter 4 of Kloeden & Platen (1999).

As previously noticed, if the SDE under consideration is driven by a Poisson mea-
sure with high intensity, then a jump-adapted scheme may be computationally too
expensive. In such a case, one may prefer to use a regular scheme that entails a

discretization error but permits to use a coarser time discretization.

6.7 Convergence Results

In this section we present a convergence theorem for jump-adapted approximations
that allows us to asses the strong order of convergence of the schemes presented in

this chapter.

We consider here a jump-adapted time discretization (t)a, as defined in (6.1.2). Let
us recall that by “jump-adapted” we mean that the time discretization includes all
jump times {71, 73,..., 7, } of the Poisson measure ps. As explained in Section
6.1, by construction the jumps arise only at discretization points. Therefore, be-
tween discretization points we can approximate the stochastic process X with a
strong Taylor scheme for diffusions. For this reason we use here a slightly modified

notation compared to the one introduced in Chapter 3, as will be outlined below.

For m € N the set of all multi-indices o that do not include components equal to
—1 is now denoted by

——

M ={(1,-,5) :7:€{0,1,2,...,m},i € {1,2,...,1} forl € N} U {v},

where v is the multi-index of length zero.
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We also recall the operators

d m 2

. i Bl
+% Z sz,] (t’w)br,](t’x)aw-l,aw] f(t’ :C) (67.1)

and

d
L®f(t ) = Z bR (¢, a:)%f(t, ) (6.7.2)

for k € {1,...,m} and a function f(¢t,z):[0,7] x R — R¢ from C*?.

For all & = (j1,...,Jua)) € M\m and a function f : [0,7] x R¢ — R¢, we define

recursively the [té coefficient functions f,

fa(t,z) =

f(t,z) for o) = (i, 6.7.3)

LOVf_ (t,z) for  Il(a)>

assuming that the coefficients of the SDE (2.1.2) have the differentiability needed
for the operators in (6.7.3) to be well defined.

Given a set A C M,,, we also define the remainder set B(A) of A by
B(A) = {a € M \A: —a € A}.
Moreover, for every v € {0.5,1,1.5,2, ...} we define the hierarchical set
A ={ceM:lla)+n(e) <2y or l(a)=na)=v+ %}

Then for a jump-adapted time discretization with maximum time step size A €

(0,1) we define the jump-adapted order «y strong Taylor scheme by

Ytn+1— =Y, + Z fa(tm Ytn)la (6'7*4)
aeAy\{v}
and
1/tn-f-l = Ytn-i-l— + ] C(t”') )/tn_H_,’U)pr(dU, {tn-i-l}): (675)
£

where [, is the multiple stochastic integral of the multi-index « over the time
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period (t,,t,+1] and for n € {0,1,...,ny — 1}.

To asses the order of strong convergence of these schemes, we define through a

specific interpolation the jump-adapted order v strong Taylor approzrimation by

Y, = Z Ia[fa(tm) Ytn,t)]tn,t,t (676)

aed\{v}
since there are no jumps between grid points.

We can now formulate a convergence theorem for jump-adapted schemes similar to
a result in Platen (1982a).

Theorem 6.7.1 For a given v € {0.5,1,1.5,2,...}, let Y& = {Y2, t € [0,T]} be
the jump-adapted order v strong Taylor approrimation corresponding to a jump-

adapted time discretization with mazimum step size A € (0,1). We assume that
E(|Xo]?) <o and E(|X, - YR < CAY. (6.7.7)
Moreover, suppose that the coefficient functions f, satisfy the following conditions:

For a € .zzl\.,, t € {0,T] and z,y € R?, the coefficient f, satisfies the Lipschitz

type condition
|fa(ta‘r) -fa(tay)l < Kl“r—yl (678)

For all a € A,\JB(A,) we assume

foq€Ch? and fa € Ha, (6.7.9)

AN~

and for a € .ZL,UB(A.,), t €[0,7] and z € R?, we require

falt,2)|? < Ko (14 |2]?). (6.7.10)
Then the estimate
\/E( sup | X, — YAP2|Ay) < Ky A7 (6.7.11)
0<s<T

holds, where the constant K3 does not depend on A.
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Remark 6.7.2 Instead of conditions (6.7.8)—(6.7.10) on the coefficients f,, one
can derive analogous conditions on the coefficients a, b and ¢ of the SDE (3.5.1),

see also Remark 4.5.2.

Proof: Since the jump-adapted time discretization contains all jump times of the
solution X of the SDE (2.1.2), with the aid of the Wagner-Platen expansion for

diffusion processes we can write

ny—1

Xt = XO =+ Z { Z [a[fa(thtn)]tn,tn+1 + Ia[fa(tnutht)]tnt,t}

acAN\{v} =0

Tlt*l

b S Y Lalal X lentns + Lalfal XM}

acB(Ay) =0
t

+/ /c(tnz,thz_,v)p¢(dv, dz), (6.7.12)
o Je

for t € [0,T7.
The jump-adapted order « strong Taylor scheme can be written as

ng—1

)/t = 3/0 + Z { Z Ia[fa(tnv }/tn)]tn,tn-*_l + Ia[fa(tm’y;«nt)]tnt,t}

ae.//l\w\{v} n=0
t
+/ /C(tnz,Ytnz_,v)p(f,(dv,dz) (6.7.13)
o Je

for every t € {0, T].

From the estimate of Theorem 2.2.1 we have

B( sup |X.[*

0<zLT

As) <C(1+ B (IX%0]) ). (6.7.14)
Moreover, with similar steps as those used in the proof of Lemma 4.7.1, we can

show the estimate

E( sup [V2[?

0<z<T

Ao) < 0(1 +E([Y2P) ) (6.7.15)


http:6.7.8)-(6.7.10

CHAPTER 6. JUMP-ADAPTED STRONG APPROXIMATIONS

)

152

The mean square error is given by

Z(t) = E(sup |X. - Y2

0<z<t

Xo - Y&

= FE| sup
0<2<t
ny—1

+ ¥ {ZIa[fa(tn,xtn)~fa(tmlc‘3)hn,tn+l

acd\{v} =0

+Ia[fa(tnzithz) fa( nz1 t,, )]tnz,z}

ny—1

Z {ZI f& ’ tntn+1+I[fa( X)]tnz }

aeg(jq) n=0

+ / / {c(tnu,thu_,v) —c(tnu,nnu_,v)}p¢(dv,du)‘]
0 &

2
)

< 03{ [XO—YOA|2+ > oS+ Z U;*+Pt} (6.7.16)

aeﬁ»,\{v} aEBA(/T»,)

for all t € [0,T], where S, U8 and P, are defined by

ny—1
S* = E| sup Io [faltn, X0,) = fa(ta, Vi,
a nin41

0<2<t
A 2
+Ia[fa(tnz,Xt,,,)—fa(tnz,Ytn,)L | Ao, (6.7.17)
nz—1 9
vy = (suplzl [fals X)ltmtnir + Lalfals, X, 2 A0>,
0<z<Lt =0

(6.7.18)
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2
a).

(6.7.19)

and

P = ( sup
0<=<t

/ / b Xtn, - v)—c(tnu,Ytnu“,v)}pd)(dv,du)‘

Therefore, the terms S and U can be estimated as in the proof of Theorem 4.5.1,
while for F;, by applying Jensen’s and Doob’s inequalities, [t6’s isometry for jump

processes, the Cauchy-Schwarz inequality and the Lipschitz condition (2.2.10), we

obtain
P = ( sup / / c(tny, Xen, -, V) — c(tny, Yen, - v)} Pg(dv, du)
0<z<t
z 2
+/ / {c(tnu, Xin =1 0) — tny, Yoo, - v)} ¢(dv)du A0>
0o Je
2
< 8E ( (s, Xon -, 0) = (tny, Yo v)}§¢(dv, du) AO)
z 2
+2 E ( sup / / {C(tnuw thu_—7 ’U) - c(tnu) Knu—a U)} ¢(dv)du AO)
0<2<t {Jo JeE
t
S 8F (/ / ]C(tnu) thu—yv) - C(tnzn Ytn“-—) v)lz ¢(dv) du AO)
0 Je
¢ 2
+2AtE / / [e(tny, Xty v) = c(tn,, Yin, =, v)|” @(dv) du|Ag
0o Je
¢ 2
< KE (/ | Xeny— = Yeno—|” dujAo
0
t
< C / Z(u)du. (6.7.20)
0

Therefore, since by (6.7.14) and (6.7.15) Z(¢) is bounded, by applying the Gronwall
inequality to (6.7.16) we can complete the proof of Theorem 6.7.1. O

Theorem 6.7.1 establishes the order of strong convergence of the jump-adapted
strong Taylor schemes presented in Section 6.2. To prove the order of strong
convergence of the other jump-adapted schemes in this chapter, one can define the

Jump-adapted order y strong Ité scheme, with v € {0.5,1,1.5, ...}, constructed by
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the following procedure: The diffusion part is approximated by an order 7 strong
1t6 scheme for pure diffusions, see Kloeden & Platen (1999), and the jump part is
generated as in (6.7.5).

One can prove the strong order of convergence of the jump-adapted order « strong
1t6 scheme by first showing that this scheme converges, with strong order v, to the
jump-adapted order v strong Taylor scheme. This can be done by using similar
steps as those described in the proof of Theorem 5.5.1. Thus, since Theorem 6.7.1
establishes the strong order of convergence of jump-adapted strong Taylor schemes,
this yields also the strong order v of the corresponding jump-adapted strong It
scheme. Finally, the strong order of the jump-adapted derivative-free, implicit and
predictor-corrector schemes presented in this chapter can be shown by rewriting

these schemes as jump-adapted strong Ité schemes.



Chapter 7

Numerical Results on Strong Schemes

This short chapter provides some numerical results for the application of the strong
schemes presented in Chapters 4, 5 and 6. We investigate the accuracy of strong
schemes, while a study of the numerical stability properties is left for future re-

search.

7.1 Introduction

We study the strong approximation of the one-dimensional linear SDE

dX, =X, (p,dt + odW; + /(’U ~ 1) pg(du, dt)) (7.1.1)
£

for t € [0,T] and X > 0, which is that of the Merton model introduced in (2.1.5).
We recall that this SDE admits the explicit solution

py(t)
1
X, = Xpelma oW TTg, (7.1.2)

i=1

where the marks &; are distributed according to a given probability measure F'(dv) =
@ and py = {ps(t),t € [0,T]} denotes a Poisson process with intensity A =

#(€) < 0.

We consider the following schemes with strong order v = 0.5: the regular and
jump-adapted versions of the Euler, the drift-implicit Euler, and the predictor-
corrector Euler schemes. Moreover, we study the following schemes with strong
order v = 1.0: the regular and jump-adapted order 1.0 Taylor schemes and the
jump-adapted drift-implicit order 1.0 scheme. We also present the jump-adapted
order 1.5 Taylor scheme, which attains strong order v = 1.5. We report the strong

error

e(A) = /B(1Xr — YAP), (7.1.3)

155
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as defined (1.2.1), when comparing the results of these strong schemes with the
closed form solution (7.1.2). The strong error €,(A) is estimated by running an
extremely large number of simulations. The exact number depends on the scheme
implemented. It will always be chosen such that the statistical errors become
negligible when compared to the systematic errors caused by the time discretization.
In the corresponding plots we show the logarithm log,(es(A)) of the strong error
versus the logarithm log,(A) of the time step size. By using log-log plots, the
slopes of the estimated error lines will indicate the orders of strong convergence
attained. We will first consider the case of a driving jump process with a small
intensity A = 0.05. Later, to illustrate the impact of frequent jumps on the strong

error, we will use a jump process with a higher intensity.

7.2 The Case of Low Intensities

In this section we select the following default parameters: p = 0.05, ¢ = 0.15,
Xo=1,T =1and A = 0.05. At first we consider the case of the SDE (7.1.1) with
degenerate marks, that is & = ¢ > 0, with ¢ = 0.85. This reduces the SDE (7.1.1)
to an SDE with mark-independent jump coefficient c(¢, z,v) = z(¢p — 1) = —0.15z.

In Figure 7.2.1, we report the results obtained from the regular and jump-adapted
Euler schemes, the regular and jump-adapted drift-implicit Euler schemes, and
the regular predictor-corrector Euler scheme. We do not report in Figure 7.2.1
the results of the jump-adapted predictor-corrector scheme because its accuracy is
indistinguishable from that of the jump-adapted Euler scheme. Note that, here and
in the rest of this chapter, the implicitness parameters are set to § = n = 0.5. All
schemes achieve an order of strong convergence of about v = 0.5. This is consistent
with the strong orders proved in the previous chapters. Moreover, all schemes
except the regular predictor-corrector Euler scheme have very similar accuracy.
The regular predictor-corrector Euler scheme is significantly more accurate than

the other schemes for all time step sizes considered.

Let us now analyze the strong errors generated by the regular and jump-adapted
order 1.0 Taylor schemes, the jump-adapted drift-implicit order 1.0 scheme, and
the jump-adapted order 1.5 Taylor scheme. In Figure 7.2.2 we report the results
for these schemes, along with those of the regular predictor-corrector Euler scheme,

already plotted in Figure 7.2.1. We omit from Figure 7.2.2 the result of the regular
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order 1.0 Taylor scheme, since its accuracy is almost indistinguishable from that
of its jump-adapted version. We notice that the jump-adapted order 1.0 Taylor
scheme and the jump-adapted drift-implicit order 1.0 scheme achieve strong order
one in accordance with the convergence theorems proved in Chapters 4, 5 and 6.
The jump-adapted drift-implicit order 1.0 scheme is more accurate. In this plot
we can notice that the accuracy of the regular predictor-corrector Euler scheme,
for the selected time step sizes, is similar to that of first order schemes. Of course,
since its strong order of convergence equals v = 0.5, for smaller time step sizes it
becomes less accurate than first order schemes. Finally, the most accurate scheme
for all time step sizes considered is the jump-adapted order 1.5 Taylor scheme,

which achieves an order of strong convergence of about v = 1.5.
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Figure 7.2.1: Log-log plot of strong error versus time step size (constant marks)

Let us now consider the case of lognormally distributed marks. Here the logarithm
of mark ¢; = In (&) is an independent Gaussian random variable, {; ~ N (g,<), with
mean ¢ = —0.1738 and standard deviation /¢ = 0.15. These parameters imply
that the expected value of the marks equals E(¢) = 0.85.

In Figure 7.2.3, we plot the results obtained from the regular and jump-adapted
Euler schemes, the regular and jump-adapted drift-implicit Euler schemes, and the
regular predictor-corrector Euler scheme. Also in this case the results for the jump-
adapted predictor-corrector Euler scheme are indistinguishable from those of the
jump-adapted Euler scheme and, thus, we omit them. We remark that these results

are very similar to those obtained in Figure 7.2.1 for the case of constant marks,
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Figure 7.2.2: Log-log plot of strong error versus time step size (constant marks)

thus confirming that the orders of convergence derived in the previous chapters
hold also in the case of random marks. Again all schemes considered achieve a
strong order of about v = 0.5. Moreover, the regular predictor-corrector Euler
scheme is the most accurate. The remaining schemes have similar accuracy, with
the regular Euler scheme the least accurate and the jump-adapted drift-implicit
Euler scheme the most accurate. In Figure 7.2.4 we report the results for the
regular predictor-corrector Euler, the jump-adapted order 1.0 Taylor, the jump-
adapted drift-implicit order 1.0, and the jump-adapted order 1.5 Taylor schemes.
The results are again very similar to those obtained for the case of constant marks,
reported in Figure 7.2.2, with all schemes achieving the prescribed orders of strong

convergence.

7.3 The Case of High Intensities

Let us now consider the strong errors generated by the strong schemes analyzed in
the previous section, when using the relative large intensity A = 2. The remaining

parameters of the SDE (7.1.1) are set as in the previous section.

In Figure 7.3.5 we show the results for the regular and jump-adapted Euler scheme,
the regular and jump-adapted predictor-corrector Euler schemes and the jump-

adapted drift-implicit Euler schemes. Note that the error generated by the regular
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Figure 7.2.3: Log-log plot of strong error versus time step size (lognormal marks)
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Figure 7.2.4: Log-log plot of strong error versus time step size (lognormal marks)

drift-implicit scheme is very similar to that of the regular Euler and, thus, is here

omitted. All schemes achieve orders of strong convergence of about v = 0.5. Here

we can clearly notice that jump-adapted schemes are more accurate than regular

schemes. This is due to the simulation of the jump impact at the correct jump times

in jump-adapted schemes. Moreover, we report that drift-implicit schemes are the

least accurate, while predictor-corrector schemes are the most accurate schemes.

In Figure 7.3.6 we show the results for the jump-adapted predictor-corrector Euler



160 CHAPTER 7. NUMERICAL RESULTS ON STRONG SCHEMES

scheme, the jump-adapted order 1.0 Taylor scheme, the jump-adapted drift-implicit
order 1.0 scheme, and the jump-adapted order 1.5 Taylor scheme. Also here all
schemes achieve the orders of strong convergence expected from the theory. Note
that while in the low intensity case the accuracy of the regular and jump-adapted
versions of the order 1.0 Taylor scheme were very similar, in the high intensity case
the jump-adapted version is more accurate. We point out that the jump-adapted

order 1.5 Taylor scheme is the most accurate for all time step sizes considered.
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Finally, in Figures 7.3.7 and 7.3.8 we report the strong errors for all schemes ana-
lyzed in this chapters in the case of lognormal marks. The results are again very
similar to those obtained in the case of constant marks. In particular, we report
that all schemes achieve the orders of strong convergence proved in Chapters 4, 5
and 6.
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Figure 7.3.7: Log-log plot of strong error versus time step size (lognormal marks)
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Chapter 8

Strong Approximation of Pure Jump

Processes

In this chapter we consider strong discrete time approximations of pure jump SDEs.
The schemes to be presented are special cases of those considered in Chapters 4, 5
and 6 when the drift and the diffusion coefficients equal zero. The particular nature
of the pure jump dynamics simplifies the implementation of corresponding higher
order strong schemes. Additionally, as we will see at the end of this chapter, strong
orders of convergence are derived under weaker assumptions than those needed in
the jump-diffusion case. Most results of this chapter have been published in Bruti-
Liberati & Platen (2007c).

8.1 Introduction

We now present strong numerical approximations of pure jump SDEs. Such SDEs
arise, for instance, when using a birth and death process or, more generally, a
continuous time Markov chain. They play an important role in modelling credit
rating changes, bio-chemistry reactions and other areas of applications, see Turner,
Schnell & Burrage (2004). The piecewise constant nature of pure jump dynamics
simplifies the resulting numerical schemes. For instance, jump-adapted approxi-
mations, constructed on time discretizations including all jump times, produce no
discretization error in this case. Therefore, in the case of low to medium jump
intensities one can construct efficient schemes without discretization error. In the
case of high intensity jump processes, jump-adapted schemes are often not feasi-
ble. However, we will demonstrate that one can derive higher order discrete time
approximations whose complexities turn out to be significantly lower than that
of numerical approximations of jump diffusions. In the case of SDEs driven by
a Poisson process, the generation of the multiple stochastic integrals required for

higher order approximations is straightforward, since it involves only one Poisson

163
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distributed random variable in each time step. Moreover, the simple structure of
pure jump SDEs permits us to illustrate the use of a stochastic expansion in the
derivation of higher order approximations. At the end of the current chapter, we
show that higher strong orders of convergence of discrete time approximations for
SDEs driven purely by a Poisson random measure can be derived under weaker

conditions than those typically required for jump diffusions.

8.2 Pure Jump Model

Let us consider a counting process N = {N,, t € [0, T}, which is right-continuous
with left-hand limits and counts the arrival of certain events. Most of the following
analysis applies for rather general counting processes. However, for simplicity, we
take N to be a Poisson process with constant intensity A € (0, c0) that starts at
time t = 0 in Ny = 0. It is defined on a filtered probability space (2, Ar, 4, P)
with A = (A¢)iepo,r) satisfying the usual conditions. Note that we can rewrite the
Poisson process in terms of the Poisson random measure introduced in Chapter 2
by setting

N, = pg(E, [0, 1)), (8.2.1)

for t € [0, T]. An alternative representation of the Poisson process is provided by a
Poisson random measure with mark space £ = {1} and intensity measure ¢({1}) =
A. The Poisson process N = {N,,t € [0,T]} generates an increasing sequence
(T:)ief1,2,...,n7} Of jump times. For any right-continuous process Z = {Z,, t € [0, T']}

we define its jump size A Z; at time ¢ as the difference
A Zt - Zt - Zt—) (822)
for t € [0, T], where Z,_ denotes again the left-hand limit of Z at time t. Thus, we

can write
Nc - Z ANS

s€(0,t]

for t € [0, T).

For a pure jump process X = {X,, t € [0,T]} that is driven by the Poisson process
N we assume that its value X, at time ¢ satisfies the SDE

dXt == C(t,Xt_)dNt (823)
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for ¢t € [0, T) with deterministic initial value X, € R. This is a special case of the
SDE (2.1.2), where the drift coefficient a and the diffusion coefficient b both equal
zero and the jump coefficient ¢ is mark-independent.

The jump coefficient ¢ : [0,T] x R — R is again assumed to be Borel measurable,

Lipschitz continuous, such that
le(t, z) — et y)| < K|z —yl,
and to satisfy the growth condition
le(t, 2)* < K (1+[zl*)

for t €0, 7] and z,y € R with some constant K € (0, 00).

To provide for later illustration a simple, still interesting example, let us consider
the linear SDE
dXt - Xt_ '(/) dNt (824)

for t € [0,7] with X3 > 0 and constant ¢» € R. This is a degenerate case of the
SDE (2.1.5), with drift coefficient a(t,z) = 0, diffusion coefficient b(¢,z) = 0 and
mark-independent jump coefficient ¢(t,z) = x . By application of the It6 formula
one can demonstrate that the solution X = {X,, t € [0,T]} of the SDE (8.2.4) is a

pure jump process with explicit representation
Xi = Xp exp{N; In(yp + 1)} = X, (3 + 1) (8.2.5)

for t € [0, 7).

8.3 Jump-Adapted Schemes

We consider a jump-adapted time discretization 0 =ty <ty < ... < t,, =T, where
nr is defined in (4.1.8) and the sequence t; < ... < t,,._1 equals that of the jump
times 73 < ... < Ty, of the Poisson process N. On this jump-adapted time grid
we construct the jump-adapted Fuler scheme by the algorithm

Y1 = Yo + cAN,, (8.3.6)
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for n € {0,1,...,ny — 1}, with initial value Yy = X,, where AN, = N, ., — NV,

is the nth increment of the Poisson process N. Between discretization times the

n

right-continuous process Y is set to be piecewise constant. Note that here and in
the sequel, when no misunderstanding is possible, we use the previously introduced

abbreviation ¢ = ¢(t,, ¥,).

Since the discretization points are constructed exactly at the jump times of N,
and the simulation of the increments N, — Ny, = 1 of N can be made exact,
the jump-adapted Euler scheme (8.3.6) produces no discretization error. Let us
emphasize that this is a particular feature of jump-adapted schemes when applied
to pure jump SDEs. In the case of jump-diffusion SDEs, the jump-adapted schemes

in Chapter 6 typically produce a discretization error.

For the implementation of the scheme (8.3.6) one needs to compute the jump times
7, 1 € {1,2..., Nr}, and has then to apply equation (8.3.6) recursively for every
i€ {0,1,2...,np — 1}. One can obtain the jump times via the corresponding
waiting times between two consecutive jumps by sampling from an exponential

distribution with parameter A.

The computational effort when running the algorithm (8.3.6) is heavily dependent
on the intensity A of the jump process. Indeed, the average number of steps and,
thus, of operations is proportional to the intensity A. Below we will introduce alter-

native methods suitable for large intensities, based on regular time discretizations.

8.4 FEuler Scheme

In this section we develop discrete time strong approximations whose computational

complexity is independent of the jump intensity level.

We consider an equidistant time discretization with time step size A € (0,1) as in
Chapter 4. The simplest strong Taylor approximation Y = {Y;, ¢t € [0,7]} is the

Euler scheme, which is given by
Yor1 =Y.+ cAN, (8.4.7)

forn € {0,1,...,ny — 1} with initial value ¥y = X, and AN, = N, ,, — N;,. Be-
tween discretization times the right-continuous process Y is assumed to be piecewise

constant.
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By comparing the scheme (8.4.7) with the algorithm (8.3.6), we notice that the
difference in the schemes consists in the time discretization. We emphasize that
the average number of operations and, thus, the computational complexity of the
Euler scheme (8.4.7) is independent of the jump intensity. Therefore, a simulation
based on the Euler scheme (8.4.7) is feasible also in the case of jump processes with
high intensity. However, while the jump-adapted Euler scheme (8.3.6) produces no
discretization error, the accuracy of the Euler scheme (8.4.7) depends on the size
of the time step A and the nature of the jump coefficient.

For example, for the linear SDE (8.2.4) the Euler scheme (8.4.7) has the form
Yn+1 =Y, +Y, 1/} ANn = Yn (1 + 'l/}ANn) (848)

forn € {0,1,...,np — 1} with Y5 = Xj. Since the equidistant time discretization
t, = An of this Euler scheme does not include the jump times of the underlying

Poisson process, we have an approximation error.

Theorem 4.5.1 shows that the Euler approximation (8.4.7) achieves strong order
of convergence v = 0.5. This raises the question of constructing higher order dis-
crete time approximations for the case of pure jump SDEs. The problem can be
approached by a stochastic expansion for pure jump SDEs that we will describe
below. This expansion is a particular case of the Wagner-Platen expansion (3.5.4)
for jump diffusions presented in Chapter 3. Therefore, the resulting strong approx-

imations are particular cases of the strong schemes presented in Chapter 4.

8.5 Wagner-Platen Expansion

Since the use of the Wagner-Platen expansion for pure jump processes is not com-
mon in the literature let us first illustrate the structure of this formula for a simple
example. For any measurable function f : R — R and a given adapted counting

process N = {N;, t € [0,7]} we have the representation

F(Ng) = F(No) + D A F(N,) (8.5.9)
)

se(0,t
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for all ¢ € [0,T], where Af(Ns) = f(N,;) — f(N,—). We can formally write the
equation (8.5.9) in the form of an SDE

df (Ne) = Af(Ny) = (f(Ne— + 1) — f(Ne-)) AN,

for t € [0,7]. This equation can also be obtained from the It6 formula for semi-

martingales, see Protter (2004), for the case with jumps.

Obviously, the following difference expression A ~f(N,_) defines a measurable func-
tion, as long as
An f(N)= f(N+1) - f(N) (8.5.10)

is a measurable function of N. By using this function we can rewrite (8.5.9) in the

form

F(N) = F(No) + / Ay f(N._)dN, (8.5.11)

(0.¢]

for ¢ € [0,7]. Since ZNf(Ns_) is a measurable function we can apply the formula
(8.5.11) to Ay f(N,_) in (8.5.11), which yields

S0 = g0+ [ Busopans [ ] (Ba) s, anan,

(6,4] (0.t

= 500+ Bus ) [ anor [ [ (&) 500, i an,

~ \{
for t € [0,T]. Here (AN> denotes for an integer ¢ € {1,2,...} the q times consecu-
tive application of the function Ay given in (8.5.10). Note that a double stochastic

integral with respect to the counting process N naturally arises in (8.5.12). One can
now continue in (8.5.12) to apply the formula (8.5.11) to the measurable function
(AN)2f(N,,_), which yields

FG) = 50 + B [Nt (Ba)" s [ [ a4 B
| . (8.5.13)

with remainder term

_ ~ 3
Ra(t) = / / / (&) F(N,i2) dN,, dN,, AV,
(0,¢] / (0,53) J(0,82)

for t € [0, 7). In (8.5.13) we have obtained a double integral in the expansion part.
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Furthermore, we have a triple integral in the remainder term. We call (8.5.13) a
Wagner-Platen expansion of the function f(-) with respect to the counting process
N. Its expansion part only depends on multiple stochastic integrals with respect to
the counting process /N. These are weighted by some constant coefficient functions
with values taken at the expansion point Ny. It is clear how to proceed to obtain

higher order Wagner-Platen expansions by iterative application of formula (8.5.11).

Fortunately, the multiple stochastic integrals that arise can be easily computed. It
is straightforward to prove by induction, see Engel (1982), that

/ dN; = N,
(0.¢]

1
/ / dNSl dNSZ = —‘Nt (Nt—- 1),
©,4] J (0,52) 2!

1
/ / / dNSl stngs;; = _‘Nt (Nt_:l) (N5—2>,
(O,t] (0,33) (0,s2) 3 ¢

(A{’) for N, >1
/ / / dN, ... dN,,_ dNg, = (8.5.14)
(0,¢] J(0,51) (0,52) 0 otherwise

for t € [0,7) and | € {1,2...}. Here we have used the common combinatorial

(E) - z!(iqi ! (8.5.15)

abbreviation

fori>{with0!=1.

With (8.5.14) we can rewrite the Wagner-Platen expansion (8.5.13) in the form

r0) = g+ By ) () + () s () + Rt

where
An f(No) = Ay f(0) = £(1) - f(0),
(&) 7(No) = £(2) ~ 2£1) + 1(0).

In the given case this leads to the expansion

FON) = FO) + (F(1) = F(0)) N+ (£(2) = 2 £(1) + £(0)) 5 Ne(, = 1) + Ba(0)
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for t € [0,7]. More generally, by induction it follows the Wagner-Platen expansion

{
1) = (Bt 1000 () + Rua) (8.5.16)

k=0
with
R (t / / (AN F(N,, - )dNy, ... dNg,,
(0,t] (0,s2)

for ¢ € [0,7] and I € {0,1,...}, where (Ay)® f(No) = f(Np). By neglecting the
remainder term in (8.5.16) one does not consider the occurrence of a higher number
of jumps and obtains a useful truncated Taylor approximation of a measurable
function f with respect to a counting process N. Note that in (8.5.16) the truncated
expansion is exact if no more than [ jumps occur until time ¢ in the realization of
N. Consequently, if there is a small probability that more than ! jumps occur
over the given time period, then the truncated Wagner-Platen expansion can be

expected to be quite accurate under any reasonable criterion.

Similar to (8.5.16) let us now derive a Wagner-Platen expansion for functions of
solutions of the general pure jump SDE (8.2.3). We define similarly as above the

measurable function Ay f(-) such that
gN f(Xe) = A f(X) = f(X) = f(Xi-) (8.5.17)

for all ¢ € [0,7]. In the same manner as previously shown, this leads to the

expansion

FX) = fXo)+ /(OIKNf(Xs_MNs
~ ~ 2
— f(X An f(X Ax) F(X,._)dN,, ) dN,,
o+ [ (Bwsoo e [ (Ba) o an)
- . i1
= f(Xo) +z AN F(Xo) /(Ot /(052) o ANy + R,

— F(Xo) + Z (AN) X (Z‘) + R (8.5.18)

with

Rl [ A) T F(Xu_)AN,, -+ dN
Rf,t = A1\,’ f( 31—) S1 St+1
(O,t] (0,82)
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for t € [0,7] and [ € {1,2,...}. One notes that (8.5.18) generalizes (8.5.16) in a

simple fashion.

Let us give an illustration. For the particular example of the linear SDE (8.2.4) we

obtain for any measurable function f the function

Ay f(X2) = f(Xoo (L4 9) — f(X,2)

for the jump times 7 € [0, T] with AN, = 1. Therefore, in the case [ = 2, we get
from (8.5.18) and (8.5.14) the expression

f(X) = f(Xo)+ (f(Xo(l +9)) — f(X0)) (N, — No)
+ (KoL +9)%) = 2 (Xo(1 + ) + £(Xo))

1 ~
X 5 (Nt — N()) ((Nt — No) - 1) + R‘gﬂt

for t € [0,7]. By neglecting the remainder term ﬁi;)t we obtain, for this simple
example, a truncated Wagner-Platen expansion of f(X;) at Xy. Let us emphasize
that in the derivation of the expansion (8.5.18) only measurability of the function f
and the coefficients (Z&N)k f(), for k € {1,...,1} is required. This contrasts with
the case of diffusion and jump-diffusion SDEs where differentiability conditions are

needed to obtain a Wagner-Platen expansion.

8.6 Order 1.0 Strong Taylor Scheme

The Euler scheme (8.4.7) can be interpreted as being derived from the expansion
(8.5.18) applied to each time step by setting f(z) = z, choosing ! = 1 and neglecting
the remainder term. By choosing [ = 2 in the corresponding truncated Wagner-
Platen expansion, when applied to each time discretization interval [t,,, t,41] with
f(z) = z, we obtain the order 1.0 strong Taylor approzimation

Vo1 =Yn +cAN, + (c(tn, Yo +¢) —¢) 5 (AN,) (AN, — 1)

N | —

forn € {0,1,...,ny — 1} with Yj = Xy and AN, = N, — N,

nt

In the special case of our linear example (8.2.4), the order 1.0 strong Taylor ap-
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proximation turns out to be of the form

wQ

Your = Yn{l + Y AN, + - AN (AN, - 1)} (8.6.19)

forn € {0,1,...,np — 1} with ¥ = Xo.

T T
1} [ S-A

—+— Exact
~x-  Euler

|
i
i
i
i - - 1Taylor
i
i
i
i
i
i

0 e e *
U, *
0 0.2 0.4 0.5 0.8 1
time

Figure 8.6.1: Exact solution, Euler and order 1.0 Taylor approximations.

For the linear SDE (8.2.4) and a given sample path of the Poisson process, we
plot in Figure 8.6.1 the exact solution (8.2.5), the Euler approximation (8.4.8)
and the order 1.0 strong Taylor approximation (8.6.19). We selected a time step
size A = 0.25 and the following parameters: X, = 1,7 = 1, ¢ = —0.15 and
A = 20. Note in Figure 8.6.1 that the order 1.0 strong Taylor approximation is
at the terminal time ¢ = 1 rather close to the exact solution. It appears visually
better than the Euler approximation, which becomes even negative. Theorem 4.5.1,
presented in Chapter 4, and Theorem 8.8.4, to be presented in Section 8.8, provide

a firm basis for judging the convergence of such higher order schemes.

8.7 Order 1.5 and 2.0 Strong Taylor Schemes

If we use the truncated Wagner-Platen expansion (8.5.18) with [ = 3, when applied

to each time interval [t,, tn41] with f(z) = z, we obtain the order 1.5 strong Taylor
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approzrimation

Yisr = Yot AN+ {e(tn Yo+ ) = c} (Aévn>

+{C(tn, Vit c+cltn,Ya+c)) —2¢(tn, Yo +c) + c} (Aé\/n)

forne {0,1,...,np — 1} with ¥; = X,.

In the case of our particular example (8.2.4), the order 1.5 strong Taylor approxi-

mation is of the form

Yo = Yn{l AN, + (Aév”> + oy (A;V"> }

forn e {0,1,...,np — 1} with Y; = X,.

To construct an approximation with second order of strong convergence we need
to choose { = 4 in the truncated expansion (8.5.18) with f(z) = z. Then we obtain

the order 2.0 strong Taylor approzimation

Yoou = Yo+cAN, + {C(Yn + C(Yn)) _ C(Yn)}(ﬁé\fn)

+{c(tn, Yitctcltn, Ya+0)) —2¢(tn, Yn +¢) + c} (AN">
+{c(tn, Yot c+c(tn, Yo+ c) +c(tn, Y+ ¢+ cltn, Yo +¢))
—3c(tn, Y, +c+ c(tn, Y, + c)) + 3c(tn, Y, + c) — } (AN">

forn e {0,1,...,np — 1} with Yy = Xj.

For the linear SDE (8.2.4) the order 2.0 strong Taylor approximation is of the form

s frrssneo o (3) (45 v (1)

forn € {0,1,...,np — 1} with Yy = Xj.
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8.8 Convergence Results

It is desirable to be able to construct systematically highly accurate discrete time
approximations for solutions of pure jump SDEs. For this purpose we use the
Wagner-Platen expansion (8.5.18) to obtain the order v strong Taylor scheme for
pure jump processes, for v € {0.5,1,1.5,...}.

In this section we consider a pure jump process described by a more general SDE
than the SDE (8.2.3) considered so far in this chapter. For the pure jump SDE
(8.2.3) driven by one Poisson process it is possible, as shown above, to derive
higher order strong schemes that involve only one Poisson random variable in each
time step. However, it is important to study also more general multi-dimensional
pure jump processes, which allow the modelling of more complex quantities as,
for instance, state-dependent intensities. For this reason, we consider here the

d-dimensional pure jump SDE
dx, = / o(t, Xo_,v) po(dv, dt), (8.8.20)
£

for t € [0,7], with Xy € R?. Here the jump coefficient ¢ and the Poisson random
measure are defined as in (2.1.2). Note that the mark space £ of the Poisson
random measure can be made multi-dimensional or split into disjoint subsets and,
thus, can generate several sources of jumps. The case of a multi-dimensional SDE
driven by several Poisson processes is a specific case of the SDE (8.8.20). The SDE
(8.8.20) is equivalent to the jump-diffusion SDE (2.1.2) when the drift coefficient
a and the diffusion coefficient b equal zero. Note that birth and death processes
and, more generally, continuous time Markov chains can be described by the SDE
(8.8.20).

Theorem 4.5.1, presented in Chapter 4, establishes the strong order of convergence
of strong Taylor approximations for jump-diffusion SDEs. When specifying the
mentioned theorem to the case of SDEs driven by pure jump processes, it will turn
out that it is possible to weaken the assumptions on the coefficients of the Wagner-
Platen expansion. As we will see below, the Lipschitz and growth conditions on
the jump coefficient are already sufficient to establish the convergence of strong
Taylor schemes of any given strong order of convergence v € {0.5,1,1.5,2,...}.
Differentiability of the jump coefficient is not required. This is due to the structure

of the increment operator LS,_I), see (3.3.6), naturally appearing in the coefficient



8.8. CONVERGENCE RESULTS 175

of the Wagner-Platen expansion for pure jump processes.

For a regular time discretization (¢), with maximum step size A € (0, 1) we define,

the order v strong Taylor scheme for pure jump SDEs by

2v-1 tnt1 S1 k
VA, = vAe Y / / / / (L) et V2, 00)
k=0 “tn £ th JE

pe(dv®, ds®) . .. py(dvF, ds*), (8.8.21)

forn € {0,1,...,nr —1} and v € {0.5,1,1.5,...}. Here we have used the notation

c(tn, Y,2,0°) whenk =0
(L(‘l))kc(tn, Y2, 00) = Li}l)c(thnA,vo) whenk = 1
L,f,;n(. N (Lf)fl)c(tn,YnA,UO))) whenk € {1,...},

(8.8.22)
where the increment operator L(~Y is defined in (3.3.6).

The following three lemmas show that for SDEs driven by pure jump processes,
Lipschitz and growth conditions provide sufficient conditions for Theorem 4.5.1 to

guarantee the corresponding strong of strong convergence.

Lemma 8.8.1 Assume that the jump coefficient satisfies the Lipschitz condition
le(t, z,u) — c(t,y,u)| < K|z — vy, (8.8.23)

fort € [0,T), z,y € R¢ and u € &, with some constant K € (0,00). Then for any
v€{0.5,1,1.5,...} andk € {0,1,2,...,2y—1} the kth coefficient (L(‘l))’C c(t, z,u)
of the order v strong Taylor scheme, satisfies the Lipschitz condition ‘

| () etz w) = (£59) el v, w)| < Gl — yl, (8.8.24)

fort € [0,T], z,y € R, u € £* and some constant Cy, € (0,00) which only depends

on k.

Proof: We prove the assertion (8.8.24) by induction with respect to k. For & = 0,
by the Lipschitz condition (8.8.23) we obtain

I (L(‘l))oc(t,:c,u) - (L(“l))oc(t,y,u)l = lc(t,:c,u) —c(t,y,u)| < K|z -1y
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For £k =1+ 1, by the induction hypothesis, Jensen’s inequality, see Appendix A,
and the Lipschitz condition (8.8.23) we obtain

l (L(“l))lJr1 c(t, z,u) — (L(‘l))lJr1 c(t,y,u)’
= I (L("U)l c(t,z + c(t,z,v),u) — (L(_U)l c(t, z,u)

— (L59) elt, y + ety ), ) + (L) elt, v, )|

IA

C’l‘x —y+ (et z,v) — c(t,y,v))l + C’llx — yl

IA

ZC’l‘x—yleC’lK‘a:—y‘
= Cz+1|117—3/1>

which completes the proof of Lemma 8.8.1. O

Lemma 8.8.2 Assume that the jump coefficient satisfies the growth condition
le(t, z,u)|* < K (1+ |z?) (8.8.25)

fort €[0,T] and z € R? and u € &, with some constant K e (0,00). Then for any
y€{05/1,1.5,...} andk € {0,1,2,...,2y—1} the kth coefficient (L("l))k c(t,z,u)
of the order v strong Taylor scheme, satisfies the growth condition

| (21" c(t,a:,u)r <G (14 [zP) (8.8.26)

fort €[0,T)], z,y € R% u € E* and some constant Cy € (0, 00) which only depends

on k.

Proof: We prove the assertion of Lemma 8.8.2 by induction with respect to k. For

k = 0, by applying the growth condition (8.8.25) we obtain

2

1 (L(_l))oc(t,a:,u) = lc(t,:z:,u)‘2 < K(1+|z)).

For k = [+ 1, by the induction hypotheses, Jensen’s inequality and the growth
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condition (8.8.25) we obtain

[ () et 7,0) i

= { (L(~1))l etz + c(t, z,v),u) — (L(—l))lc(t,z:,U)l2

< 2 (C’l(l +|z+ etz o)) + (1 + l$|2)>

IA

2(51(1 + 22|’ + |e(t, 2, 0)[) + (1 + W))

IA

Cip1 (1 +|z]?),

which completes the proof of Lemma 8.8.2. O

Lemma 8.8.3 Let us assume that
E(|Xo)?) < 0 (8.8.27)
and the jump coefficient satisfies the Lipschitz condition
le(t, z,u) — e(t, y,u)| < K|z -y (8.8.28)
and the growth condition
le(t, z,u)|* < Ky (14 |z]?) (8.8.29)

fort €[0,T], z,y € R%, and u € &, with constants K, K, € (0,00). Then for any
v€{05,1,15,...} andk € {0,1,2,...,2y—1} the kth coefficient (L) c(t, z,u)

of the order v strong Taylor scheme satisfies the integrability condition
(L(*l))k C('a z, ) € Hk’

for x € RY, where Hy, is the set of adapted stochastic process g = {g(t),t € [0,T]}
such that

E(/[)T/E/()Sk—/‘5.../0‘82 |g(s,vl,<..,vk,w)|2¢(dvl)dsl...qﬁ(dvk)dsk) < 00.

Proof: By Lemma 8.8.2 for any v € {0.5,1,1.5,...} and k € {0,1,2,...,2y — 1}
the kth coefficient (L(”l))kc(t, z,u) of the order v strong Taylor scheme satisfies
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the growth condition

| () ety 2, ) C < Bl +|2P) (8.8.30)

for t € [0,T], z,y € R? and u € &F, with the constant C; € (0,00). Therefore,
for any v € {0.5,1,1.5,...} and k € {0,1,2,...,2y — 1}, by condition (8.8.30) and
Fubini’s theorem we obtain

E(/OT/S/O%/&.../OS‘/J(L('l))kc(t,Xso,uO)lz

d(du®) ds . . . p(du*) dsk)

T Sk 51 .
E / // // /ck(1+1X30|2)¢(du°)dso...qs(duk)dsk)
o JeJo Je  Jo Je
—~ k —~ T Sk 81
SC';C(TA) +C’k/ / / E(sup |XZ]2>d30‘..d3k<oo.
k! o Jo 0 0<2<T

The last passage holds, since conditions (8.8.27), (8.8.28) and (8.8.29) ensure that

E| sup |X.)*| < oo,
z€[0,7]

see Theorem 2.2.1. This completes the proof of Lemma 8.8.3. O

IN

We emphasize that in the case of pure jump SDEs, unlike the more general case of
jump diffusions, no extra differentiability conditions on the jump coefficient ¢ are

required when deriving higher order approximations.

Theorem 8.8.4 For given v € {0.5,1,1.5,2,...}, let Y2 = {Y2(¢),t € [0, T]} be
the order vy strong Taylor scheme (8.8.21) for the SDE (8.8.20) corresponding to
a time discretization (t)a with mazimum step size A € (0,1). We assume for the
Jump coefficient c(t, z,v) the Lipschitz condition (8.8.23) and the growth condition
(8.8.25). Moreover, suppose that

E(|Xo|*) < o0 and E(|Xo — YA?) < KiA.
0

Then the estimate

\/E( max | X, — Y2]2) < KA”

0<n<np
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holds, where the constant K does not depend on A.

Proof: The proof of Theorem 8.8.4 is a direct consequence of the convergence
Theorem 4.5.1 for jump diffusions presented in Chapter 4. This is the case because
by the Lemmas 8.8.1, 8.8.2 and 8.8.3, the coefficients of the order v strong Taylor
scheme (8.8.21) satisfy the conditions required by the convergence Theorem 4.5.1.
Note that the differentiability condition in Theorem 4.5.1, where f_, € C!? for
all @ € A,|JB(A,), is not required for pure jump SDEs. This condition is used
in the proof of the general convergence Theorem 4.5.1 only for the derivation of
the Wagner-Platen expansion. In the pure jump case, as shown in Section 8.5,
one needs only measurability of the jump coefficient ¢ to derive the corresponding

Wagner-Platen expansion. O

Theorem 8.8.4 states that the order « strong Taylor scheme for pure jump SDEs
achieves a strong order of convergence equal to . In fact Theorem 8.8.4 states
that the strong convergence of order v is not just at the endpoint 7" but it is also
uniform over all time discretization points. Thus, by including enough terms from
the Wagner-Platen expansion (8.5.18) we are able to construct schemes of any given
strong order of convergence v € {0.5,1,1.5,...}. Note that Theorem 8.8.4 applies

to solutions of multi-dimensional pure jump SDEs.

For the mark-independent pure jump SDE (8.2.3) driven by one Poisson process,
the order v strong Taylor scheme (8.8.21) reduces to

YA, =YA+) (ZN)k FYA) (Aév“> (8.8.31)

for n € {0,1,...,np — 1}, with f(z) = z, where the operator Ay is defined in
(8.5.17). In this case the generation of the multiple stochastic integrals involved is
straightforward, since only one Poisson distributed random variable at each time
step is required, as we have seen in (8.5.14). This allows the above schemes to
be easily implemented. Such an implementation is more complex in the case of
genuine jump-diffusion SDEs and it is worth to know the advantages that one has

when deriving higher order strong Taylor schemes for pure jump SDEs.
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Chapter 9

Regular Weak Taylor Approximations

As pointed out in the introduction, it is a much easier task to approximate the
probability measure generated by a jump diffusion than approximating its paths.
Only weak approximations are needed to achieve this goal. In this chapter we
present regular weak approximations obtained directly from a truncated Wagner-
Platen expansion. The desired weak order of convergence determines which terms
of the stochastic expansion one has to include in the approximation. These weak
Taylor schemes are different from the regular strong Taylor schemes presented in
Chapter 4. The construction of weak schemes requires a separate analysis. A
convergence theorem, useful to construct weak Taylor approximations of any given
weak order of convergence 8 € {1,2,...}, will be presented at the end of this
chapter.

9.1 Introduction

As in Chapter 4, we first consider the one-dimensional, d = m = 1, jump-diffusion
SDE

dXt = a(t, Xt)dt + b(t) Xt)th + / C(t, Xt._, 'U) p¢(d'U, dt), (911)
£

for t € [0,7)], with Xy € R, where W = {W,,t € [0,7]} is a one-dimensional
Wiener process and py(dv,dt) is a Poisson measure. Later, we will consider the

autonomous d-dimensional jump-diffusion SDE

dX; = a(X;)dt + b(X,)dW; + / c(Xi-,v) pg(dv, dt), (9.1.2)
£

for t € [0,T], with X, € R% As in Chapter 4, we will consider both the case of a
scalar Wiener process, m = 1, and that of an m-dimensional Wiener process. Note
that in the case of an autonomous multi-dimensional SDE, we can always recover an

SDE with time-dependent coefficients by considering the time ¢ as first component

181
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of the process X. Moreover, we remark that we will often treat separately the

simpler case of a mark-independent jump coefficient c(¢, z,v) = c(¢, z).

For the following discrete time approximations, we consider a regular time dis-
cretization (t)a with maximum time step size A, as defined in Chapter 4, that
does not include the jump times of the Poisson measure. We recall that we use the

notation A, = t,11 — t,.

9.2 FEuler Scheme

Due to the nature of the Wagner-Platen expansion, which approximates the diffu-
sion and jump features, the simplest useful weak Taylor approximation coincides
with the simplest useful strong Taylor approximation: the Euler scheme (4.2.12),
presented in Chapter 4. Nonetheless, we will prove at the end of this chapter that
the Euler scheme attains an order of weak convergence = 1.0, as opposed to a

strong order v = 0.5, shown in Chapter 4.

We recall that in the general multi-dimensional case the kth component of the

Euler scheme is given by

m py(tnt1)
Yo =YF+d A, +> AWl + Y e,

Jj=1 i=pg(tn)+1

for k € {1,2,...,d}, where we have used the abbreviations defined in (4.1.9)-
(4.1.11).

9.3 Order 2.0 Taylor Scheme

We have seen that the Euler scheme is the simplest Taylor scheme both for strong
and weak approximations. Note that one can simplify the Fuler scheme further by
using discrete random variables, as will be discussed in Chapter 12. When higher
accuracy is required and, thus, a scheme with higher order of convergence is sought,
then it is important to distinguish between strong and weak schemes. Indeed, by
adding to the Euler scheme the four multiple stochastic integrals appearing in the

order 1.0 strong Taylor scheme presented in Section 4.3, we improve the order of
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strong convergence from v = 0.5 to v = 1.0. However, it can be shown that the
order 1.0 strong Taylor scheme has generally the same order of weak convergence
B8 = 1.0 as the Euler scheme. This indicates that the construction of efficient
higher order weak schemes requires rules that are different from those used for
strong schemes. At the end of this chapter we present a convergence theorem for
weak Taylor approximations. It provides a rule for selecting from the Wagner-
Platen expansion the multiple stochastic integrals needed to achieve a given order
of weak convergence § = {1.0,2.0,...}. In this way, we obtain the order 2.0 weak

Taylor scheme, which, in the one-dimensional case, d = m = 1, is given by

tntl
Yorr = Y. +ad, +bAW, +/ /c('u) pe(dv, dz)
tn £

tn+1 z3
+bb’/ / dw,,dW,,
tn tn
tnti 22
+/ // b (v)dW,, py(dv, dz)
tn £ Jtn
tnyl 22
+/ / / {b(tn, Yo+ c(v)) — b}p¢(dv,dz1)dWZ,
tn tn £
tnti1 ED)
+/ // / {c(tn, Y, +c(vr),v2) — c(vz)}p¢(dvl,dzl)p¢(dv2, dzy)
tn E Jty £
" tntl z2 tn+1 z2
+(@ +ad + a—bz) / / dzndzy +ad' b / / AW, dz,
ot 2 tn tn tn tn
ab b’ tnti z2
— R dz;dW,
+<8t+ab+2 >/tn ‘/t‘n Z1 o

tn+1 22 7
+/ // (86—(” +ad(v) + ¢ (U)bz) dz1pg(dv, dz)
b eJe, ot 2

- /:H /: /g {a(t"’ Yot c(v) - a}m(d% dz1)dz, (9.3.1)

where we have used the abbreviated notation (4.1.9)-(4.1.11), and we have denoted
the partial derivative with respect to time with %. This scheme will be shown to
achieve weak order 8 = 2.0. Note that to achieve second order of weak convergence,
we have added all nine double stochastic integrals to the Euler scheme. The order
2.0 weak Taylor scheme was presented in Liu & Li (2000). It generalizes a scheme
for pure diffusion SDEs presented in Milstein (1978) and mentioned in Talay (1984).
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The scheme (9.3.1) is rather complex, as it involves all nine possible double sto-
chastic integrals with respect to time, Wiener processes and the Poisson random
measure. By It6’s formula, the integration by parts formula and using (9.3.1), we

can rewrite the order 2.0 weak Taylor scheme as

Po(tns1) bl
Yo = Yatala +bAW,+ Y0 &)+ o (AW.)" - A,)
i=pg(tn)+1
Py (tn+1)
+b Z Cl(&i) (Wﬁ - th)
i=pg(tn)+1
Po(tn+1)
+ ¥ {b(Yn + (&) - b}(thH — W)
i=pg(tn)+1

Po(tn+1) pe(75)

Sy S e de)s) —o(6))

7=p4(tn)+1i=pg(tn)+1

+1 (%% +ad + %bQ) (A +d bAZ,

ob b”
! AW, A, — AZ,
+<8t+ b+ B )( o )

P (tn+1) ¢
n Z <aCE§fz> +ac/(£i) n C (2§z>b2> (Ti _ tn)

i:p¢ (tn)+ 1

Po(tn+1)

+ Z { (Y + (&) — }(tn+1 - Ti), (9.3.2)

"Pd; (tn)+1

which is readily applicable for weak approximation and , thus, for Monte Carlo

simulation. The correlated Gaussian random variables AW, =W, ., — W, and

n

tntl 82
ALZ/ /'m;m (9.3.3)
tn th

can be generated as in (6.2.23). The order 2.0 Taylor scheme for the for the SDE
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(2.1.5) is given by

Po(tnt1)
Yorr = YatmVuly+ oV, AW, +Y, Y (6-1)
i=pg(tn)+1
o2 Py (tnt1)
+5Ya(AWL) = A) + oY AW, 37 (6 1)
i=pg(tn)+1

Po{tnt1) pe(T;)

2 D D D (FE (SRS

F=pe(tn)+1i=pg(tn)+1

2 Pe(tns1)
+%Yn(An)2 + UV AW A, + pYalhy Y (6 —1). (9.3.4)
i=pg(tn)+1

In the special case of a mark-independent jump coefficient c(¢,z,v) = c(t, z), the

order 2.0 weak Taylor scheme reduces to

Yn+1 = Yn + al\ + bAWn + CApn + bbl 1(1,1) + bc -[(1,—1)

+{b(tn, Yo+ ¢) = b} Iy + {c(tn, Yn +¢) —c} J(-1,-1)

1 /8a o b
+-— (81‘, +aa +’a—b )[(0,0) +a’bf(1,0) + (at +ab + —b2> I(O 1)

(gt +acd + Eb ) I(O,—l) -+ {a(tn, Y, + C) - a}l(_lyo), (935)

where the multiple stochastic integrals I(y 1y, f1,-1), {(—1,1) and I(_; _,) are defined
n (4.3.5) and

tn41 82
I(O’Q) = / / dSldSz = —
tn tn
tnt1 82
.[(110) = / / dWSldSQ = AZn
tn tn

tnt1 $2
.[(0}1) = / / dSldWS2 = An AWn - -[(1,0)
tn tn

tni1  ps2 Po(tnt1)
I(O’_ﬂl) = K /t d81p¢(€, ng) = Z T — Apn tn

i=pg(tn)+1
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tnt1 82
‘[(—1,0) = / / p¢(£, d81>d82 = An Apn - ](01_1). (936)
tn tn

Even in the case of mark-independent jump sizes, the computational complexity
of the order 2.0 weak Taylor scheme depends on the intensity of the Poisson jump
measure. Indeed, as already discussed in Section (4.3), for the generation of double
stochastic integrals involving the Poisson measure the random variables AW,, and
Ap,, are not sufficient. In this case one needs also the location of jump times in

every time interval (i, t,41], withn € {0,...,np — 1}.

Let us consider the autonomous multi-dimensional SDE (9.1.2) with scalar Wiener

process, m = 1. The kth component of the order 2.0 weak Taylor scheme is given

by

tnt1
Vi, = YF+adA, + AW, +/ / v) py(dv, dz)
tnti
+Z/ / b’—dW AW,

d tnt1 22 8Ck(v)
+ b dW,,ps(dv,d
Z/ L0 I et dz
tnt1 zZ2
+/ / /{bk(tn,Yn-{—c(v)) —bk}p¢(dv,dz1)dW22
tn tn JE
tntt 22
e[ Yot et ) 02)
tn EJt, Je

X pg(duy, dzy) pg(dug, dzs)

Hak d 92ak blbi tat1  p22
b - dzd
+(Za xt +”:1 ortort 2 )/tn /tn “1022

i=1

tnt+1
l
Zb E / / AW, dz

d d

6bk a2bk blbz tnt1
l
+(Za %-’_Z&L"B:ﬂ / / dzdi.
=1 il=
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d

WL g 0 | B ) b
l
+/tn /S/tn (;a ox! +il=1 orldri 2 )dZ1p¢(dU dzp)

tny1 29
+/ / / {ak (tn, Y, + c(v)) - ak}p¢(dv, dz1)dz,, (9.3.7)
tn tn JE

for k € {1,2,...,d}, where a*, b*, and c¢* are the kth components of the drift,

diffusion and jump coefficients, respectively. Note that the multiple stochastic

integrals can be generated similarly as in the one-dimensional case.

In the general multi-dimensional case, the kth component of the order 2.0 weak

Taylor scheme is given by

Int1
YE, = Yi+adia, +Zb’”AW7 / / (v) pg(dv, dz)

+ Z LUk / / AW dW 3

J1,52=1

tn+1 z2 ) )
/ / / L9V (0) AW py(dv, dzs)
E Jtgy

tn-}-l
+Z/t //t LEV6Rp,(dv, dzy) AW

ji=1 ="

tnt1
/ // /L( 1) k('l)g p¢ dvl,dzl)p¢(dv2,d22)
tn

] tnt1  f22 ] m  flat+l p22 .
+ Z LWgk / / AWl dz + > L0 / / dzdW?)
=1 tn tn i=1 tn tn

lntl  p22 tn+l 22
+L(O)ak/ / dzldz2+/ // LOcF (v)dzpy(dv, dz,)
tn £ Jitn
tnt1
/ / / LSV akpy(dv, dzy)dzs, (9.3.8)

for k € {1,2,...,d}, where the operators L), with j € {~1,...,m}, are defined
n (3.3.4)(3.3.6).

In the multi-dimensional case with mark-independent jump size, the k&th component
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of the order 2.0 weak Taylor scheme simplifies to the algorithm

Y, = YE4+ad" A, + ) WIAW] +FAp,

j=1
+ Z LOvpksz ooy Z JASOICL (TS
J1,j2=1 J1=1
+ Z {b’”’l (tn, Yo+ ¢) — b’wi}l(_l,jl) + {ck(tn, Y, +c)— ck}I(_L_l)

J1=1
m m
+ 2 LD oy + Y LW 5 + L o)
7=1 J=1
+L(O)Ckl(o’_1) -+ {ak (tn, Yn + C) — ak}I(_LQ), (939)
for k € {1,2,...,d}. All multiple stochastic integrals that do not involve Wiener

processes can be generated as in the one-dimensional case (9.3.5). For those in-

volving one Wiener process, we can use the relations

(tnt1) : : :
Iy = 2oy Wi — Ap WY, Iy = Bpn AWS — I,
Loy = AZ] Loy = AWIA, — AZI, (9.3.10)

for j € {1,2,...,m} and n € {0,1,...,npr — 1}. Recall that, for every j €
{1,2,...,m}, the random variable AZ? has a Gaussian distribution with mean
E(AZI) = 0, variance E((AZI)?) = 1(A,)* and covariance E(AZI AWI) =
2 (An)?. Therefore, with 2m independent A/(0,1) distributed standard Gaussian
random variables U; ; and U, ;, for j € {1,2,...,m}, we obtain the required ran-

dom variables by the transformation

1
(Ul,j + 7§U2,j) . (9311)

Finally, the generation of the multiple stochastic integrals I(;, ;,), with ji,72 €

Wl

AWi = UL]' \/ An and ZXZ,;”1 = (An)

N —

{1,2,...,m}, generally requires an approximation such as the Karhunen-Loéve
expansion proposed in Kloeden & Platen (1999).
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9.4 Commutativity Conditions

As discussed in the previous section, the generation of multiple stochastic integrals
required in the order 2.0 weak Taylor scheme is computationally demanding. Let
us now discuss some commutativity conditions under which the complexity of the

order 2.0 weak Taylor scheme is reduced.

The computational complexity of the order 2.0 weak Taylor scheme generally de-
pends on the intensity of the Poisson measure. Indeed, as previously discussed,
the generation of the double stochastic integrals [y 1y, f(~11), L(0,—1) and [_1q)
requires the knowledge of the exact location of the jump times in the time interval

[tn, tny1]. However, the sum of the above first two double integrals is given by
[(1,_1) + I(—l,l) = Ap, AW, (941)

which yields an expression that is independent of the particular values of the jump
times. Additionally, by (9.3.6) the sum of the above last two double integrals is
obtained as

To—1) + I—10) = Bpa A, (9.4.2)

which is also independent of the jump times. Therefore, in the one-dimensional
case with mark-independent jump coefficient ¢(¢, z,v) = ¢(t, =), we can formulate
the first jump commutativity condition

b(t, x)acét;x) - b(t, z + ¢t z)) _ b(t, m) (9.4.3)

and the second jump commutativity condition

Bc((;ff) +a(t, z) acét;a;) + b (;, T)d Ca(af,zﬂv) = a(t,a: + c(t,a:)) - a(t,q;), (9.4.4)

forallt € [0,7T] and z € R.

The first jump commutativity condition (9.4.3) has been already discussed in Chap-
ter 4. We refer to Section 4.4 for a table of selected diffusion coeflicients and cor-
responding jump coefficients satisfying the jump commutativity condition (9.4.3).
Note that in this case the implementation of the order 2.0 weak Taylor scheme
does not require sampling the Wiener process at all jump times. The second jump

commutativity condition (9.4.4) expresses a relationship in the form of a PDE in-
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volving the drift, diffusion and jump coeflicients. If also this condition is satisfied,
then one needs only to sample the Gaussian random variable AW,, and the Poisson
random variable Ap,, at each time step. In this special case the above algorithm is

very efficient also for SDEs driven by a Poisson measure with high intensity.

In the multi-dimensional case with mark-independent jump size, we also need to
generate the multiple stochastic integrals I(; _yy and I_yj), for j € {1,...,m}. As
discussed in Section 4.4, the sum of two multiple stochastic integrals with respect

to the jth component of the Wiener process and the Poisson measure is given by
I,y + 11y = Ap, AW, (9.4.5)

which is independent of the particular jump times. Therefore, we obtain the first

Jump commutativity condition

d

S () 0 (t,7) _ g (t, z +clt, :c)) _ pk (t, x> (9.4.6)

ox!
1=1
and the second jump commutativity condition
LOCk(t, x) = o* (t, z + c(t, :c)) —a* (t, :c), (9.4.7)

for j € {1,2,...,m}, k€ {1,2,...,d},t € [0,T] and =z € R?. Here the differential
operator L® is defined in (3.3.4). Note that the above commutativity conditions
consist in two systems of d x m equations each. Therefore, even for simple given

drift and diffusion coefficients, there may not exist any jump coefficients satisfying
(9.4.8) or (9.4.7).

To simplify also the generation of the double Wiener integrals I;, ;,y for ji,j2 €
{1,...,m}, one should check if the SDE under consideration satisfies the diffusion

commutativity condition
Lk (t, o) = L72b6%0 (¢, 1) (9.4.8)

for j1,j. € {1,2,...,m}, k€ {1,2,...,d}, t € [0,T] and = € R?, see also (4.4.17).
In this situation, as discussed in Section 4.4, the double Wiener integrals can be
expressed in terms of the increments AW7' and AW7? of the Wiener processes,
that is

T + Lin ) = AW AW (9.4.9)
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For a multi-dimensional SDE satisfying the commutativity conditions (9.4.6)-(9.4.8)
and with mark-independent jump size, the order 2.0 weak Taylor scheme reduces

to

Vi, = YE4+d A+ > AW + FAp,

j=1

LS S v}

.71]2111

+fkww%zwa—wmﬂm%NWﬁ

Ji1=1

= /ORI ORI pharphar : :
+Z ( ot + Za 83:’ Z Z oxiozt 2 ){AW’ZA” - AZ’JI}

j=1 =1 3L,l=1j1=1

90" N 008 s Bk bhiphiny (A,)?
Hogr P d G P Y e 2 ) s
=1 iWi=171=1
+{ak (tn, Y, + c) - ak}ApnAn, (9.4.10)

for k € {1,2,...,d}. We will prove the weak order of convergence of the above

schemes below in Section 9.5.

9.5 Convergence Results

First let us prepare some results that will be used to establish the order of weak

convergence of regular weak Taylor approximations.

Consider the It6 process

t
xpr =y [(amans [Coaman+ [ [t o) ©5)

for z < ¢ < T, which starts at time z € [0,7] in y € R This process has the same
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solution as the It6 process X = {X,,t € [0,T]}, which solves the SDE (2.1.2).

For a given 8 € {1,2,...} and a function g € Cf,(ﬁﬂ)(]Rd, R) we define the functional
u(z,y) = E(g(Xz")) (9.5.2)
for (z,y) € [0,T] x R¢. Then we have

u(0, Xo) = E(g(X7)) = E(g(Xr)). (9.5.3)

We will need the following lemma, see Mikulevicius & Platen (1988), Lemma 4.3,

and Mikulevicius (1983), involving the operator

E@ﬂasz@ﬂaw+ALFUuwmum (9.5.4)

for a sufficiently smooth function f, see (3.3.7).

Lemma 9.5.1 Let us assume that the drift, diffusion and jump coefficients of the
SDE (2.1.2) have components a*, b7, ¢ € CXPY(RER) for all k € {1,2...,d}
and j € {1,2...,m} with uniformly bounded derivatives. Then the functional u
defined in (9.5.2) is the unique solution of the Kolmogorov backward partial integro
differential equation (PIDE)

LOwu(z,y) =0 (9.5.5)

for all (z,y) € (0,T) x R with terminal condition
w(T, z) = g(z) (9.5.6)
for z € RY, with L©® defined in (3.3.7). Moreover, we have
u(z,-) € CKPP(RY R) (9.5.7)

for each z € [0,T).

Proof: Mikulevicius & Platen (1988) showed that u(z,-) € Cf,(ﬁﬂ) (R R) for each
z € [0,T]. Moreover, note that by the Markov property of X we obtain that
u(z) == u(z, X2%°) equals E(g(Xr)|A,) for z € [0,T]. Therefore, one can show

that u(z) forms a martingale. By application of Itd’s formula to wu(t, X;¥), for
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0 <s<t<T we obtain

t
u(t, X;Y) = u(s,y)+/ LOu(z, X3¥)dz
m t ) ) t
+Z/ LOy(z, X3V)dW? —i—/ /Lg—l)u(z,Xj’y)m(dv,dz),
j=1"7s s JE

where the operators L(¥, LU) with j € {1,...,m} and LS are defined in (3.3.4),
(3.3.5) and (3.3.6), respectively.

By the martingale property of u(t) = u(t, X»*°), the function u satisfies the PIDE
LOu(z,y) + [, L5 Vu(z,y)d(dv) = LO u(z,y) = 0 for all (z,y) € (0,T) x RE. O

Remark 9.5.2 For simplicity, we have assumed that the Ité process (9.5.1) can
reach any point in Re. If instead the Ito process (9.5.1) can take values only in
a subset of RY, then (9.5.5) and (9.5.6) of Lemma 9.5.1 hold only in this subset
of R%. This is sufficient since in the convergence theorems to be presented we will

need the relations (9.5.5) and (9.5.6) only for values of (t,z) € (0,T) x R¢ that can
be reached by the Ité process (9.5.1).

By an application of It6’s formula, we obtain the following result.

Lemma 9.5.3 For alln € {1,...,nr} and y € R?, we have

E(u(tn, XYY~ u(t, 1, y)lAtn_l) = 0. (9.5.8)
Proof: By Ité’s formula we obtain
tn
ultn, Xeo ™) = wlta-1,9) + / LOu(z, X1 V)dz

tn-1

m tn

+Z / LWy (z, Xin=1¥)dW?
j=1"tn-1

tn
+/ /Lf,"l)u(z, Xtr=1¥)p,(dv, dz).
tho1 JE

Therefore, by applying the expected value, (3.3.4)-(3.3.7), and using (9.5.5) and
properties of the Ito integral we obtain (9.5.8). O
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By using the notation introduced in Section 3.4, we define for every 8 € {1,2,...}
the hierarchical set

Ig={aeM:lla) g}, (9.5.9)

which will give us the rule for the construction of regular weak Taylor approxima-

tions of weak order g.

Given a regular time discretization (t)a, with maximum step size A € (0,1), we

define the order 8 weak Taylor scheme by the vector equation

YA =Y+ D LUl YD), = > L falta )], .+ (95.10)

a€lg\{v} atcly

for n € {0,1,...,ny — 1} with f(¢t,z) = z, as defined in (3.3.8). Similarly, we
define the order 8 compensated weak Taylor scheme by the vector equation
v, = Y2+ Y Ll y®)] = Y L[ty @511

tnibntt tntnt1
aelp\{v} M aerg o

forne {0,1,...,ny — 1} with f(¢,z) = z in (3.3.9).

For simplicity, for the next and the following theorems we will assume an au-
tonomous multi-dimensional jump-diffusion SDE. This formulation is not restric-
tive, since we can always rewrite an SDE with time-dependent coefficients as an
autonomous one by modelling the time ¢ as first component of the process X.
However, these strong conditions on the time component can be relaxed in a direct

proof for the non-autonomous case.

We now present the following convergence theorem which states that, under suitable
conditions, for any given 8 € {1,2,...} the corresponding order § compensated

weak Taylor scheme (9.5.11) achieves the weak order of convergence 3.

Theorem 9.5.4 For given 3 € {1,2,...}, let Y2 = {Y2 ne€{0,1,...,nr}} be
the order 3 compensated weak Taylor approzimation defined in (9.5.11) correspond-

ing to a regular time discretization with mazimum time step size A € (0, 1).

We assume that E(|Xo|") < oo, fori € {1,2,...}, and for any g € C;(ﬁﬂ)(]Rd,R)

there exists a positive constant C, independent of A, such that

|E(9(Xo)) — E(g(Ys*))] < CAP. (9.5.12)
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Moreover, suppose that the drift, diffusion and jump coefficients are Lipschitz con-
tinuous with components a* b%i c* ¢ Cf,wﬂ)(Rd,]R) forall k € {1,2...,d} and
j€{1,2...,m} and the coefficients fa, with f(t,z) = z, satisfy the linear growth
condition

|falt,2)] < K(1+ |al), (9.5.13)

with K < oo, for allt € [0,T], z € R* and o € T'3|JB(T5).
Then for any function g € Cffﬁﬂ)(Rd,R) there exists a positive constant C, inde-

pendent of A, such that

|E(9(Xr)) — BE(g(Yay))] < €A% (9.5.14)

Remark 9.5.5 Note that the linear growth condition (9.5.13), on the coefficient
functions fa, is satisfied if, for instance, the drift, diffusion and jump coefficients

are uniformly bounded.

Remark 9.5.6 By replacing the conditions on the compensated Ité coefficient func-
tions [, with equivalent conditions on the Ité coefficient functions fo, one can show
that for a given 8 € {1,2,...} also the order 8 weak Taylor scheme (9.5.10) attains

the weak order of convergence (3.

Theorem 9.5.4 is an extension of the weak convergence theorem for diffusion SDEs
presented in Kloeden & Platen (1999). The following proof of Theorem 9.5.4 has
also similarities to the one given in Liu & Li (2000).

Proof: For ease of notation, when no misunderstanding is possible, we write Y for
Y2, By (9.5.3) and the terminal condition of the Kolmogorov backward equation

(9.5.6) we can write

H = |B(9(Yn)) = E(9(xr)|

a ‘E(“(T’ Yor) — (0, Xo))l~ (9.5.15)

Moreover, by (9.5.12), (9.5.8), (9.5.7) and the deterministic Taylor expansion we
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obtain
ny
H S E(Z (U(tn,Yn) - U(tn~1,Yn~1))> -+ KAﬁ
n=1
nr
) E(Z<u(t”’y") ‘“(tn’XfZ'"”Y”“))) + KA
n=1
< H1+H2+KAE‘, (9.5.16)
where
nr d 9
" (Z{Z gy Ultm XTH) (0 = X >})l (9.5.17)
n=1 { i=1
and
H, = |FE i Xd: l( 82 u(t th_x,Yn—x +6 (Y _th_l,Yn_l)))
2 — id:12 8yiayj ny A, n\{n tn

(9.5.18)

Here, according to the notation introduced in Section 2, we have used a superscript
to denote vector components of Y and X. Moreover, 6, is a d x d diagonal matrix
with

05% € (0,1) (9.5.19)

for ke {1,...,d}.

Note that by Lemma 3.7.1 we have

Xy, = S LfalXm ], (9.5.20)
«€B(T5)

where B(I's) = {a : {(a) = f+1}. Moreover, similar to Lemma 3.7.2, by the linear
growth condition (9.5.13) on f, one can show that for every p € {1,2,...} there
exist constants K and r such that for every ¢ € {1,...,p}

E( max |Y,[*) < K(1+ [Y]7).

o<n<nr
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Therefore, by (3.7.10) and (9.5.13) for every o € I'g|UB(I's) and p € {1,2,...}
there exist constants K and r such that

E(|fu( X100 < K(1+ Y™, (9.5.21)

for every n € {1,...,n7} and z € [t,—1,t,).

We can now apply (9.5.20) and since (9.5.21) holds, also Lemma 3.6.3, to obtain

(S

n=1i=1 {a:l(a)=F+1}

Hy

IA

1E((3_i:u(tm Xtt;L_I’Yn_l))Ta[ ~2(X.tn—l’yn_l)]tn-l,tn‘Atn_i) ‘)

< KE(ii > (tn—tn_l)ﬁ“)

n=1 i=1 {a:l(a)=0+1}

< KAP (9.5.22)

To estimate H, we can apply (9.5.20) and, since (9.5.21) holds, also Lemma 3.6.4

to obtain

Hy, <

< L1 P tno1,Yn_1 tno1,Yn 1
E(Y Z (8y8yJ b, Xi M 4 0 (Yo — Xi )

< ke(3{ %

n=1 \ i,j=1{a:l(a)=8+1)

B2l 0 w03, )
8y7'8 7 n n\+n tn
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T 0 Fi tn—1,Yn—1 2
XIIOt[fa(X‘ ' )]tn_l,tn| |Atn_1) })
< KAP (9.5.23)

Finally, by combining (9.5.16), (9.5.22) and (9.5.23) we complete the proof of The-
orem 9.5.4. O

Remark 9.5.7 Note that the proof of Theorem 9.5.4 holds also for the wider class
of test functions g € CEYHRY, R) withk =3+ 1 — [g;r—l], see Lemma 3.6.3.



Chapter 10

Jump-Adapted Weak Approximations

In this chapter we consider weak approximations constructed on jump-adapted time
discretizations similar to those presented in Chapter 6. Since the jump-adapted
discretization includes the jump times of the Poisson measure, we can use an ap-
proximation for the pure diffusion part between discretization points. As noticed in
Chapter 6, higher order jump-adapted schemes avoid multiple stochastic integrals
involving the Poisson random measure. Only multiple stochastic integrals with
respect to time and Wiener processes, or their simplifications, are required. This
leads to easily implementable schemes. However, jump-adapted weak approxima-

tions are computationally demanding when the intensity of the Poisson measure is
high.

10.1 Introduction

The weak jump-adapted schemes to be presented are constructed on jump-adapted

time discretizations. We recall that a jump-adapted time discretization
Wa={0=ts <t <... <tp, =T}, (10.1.1)

with maximum step size 4, includes all the jump times {7, 7,...,7p 1)} of the
Poisson random measure p,. Moreover, as previously discussed in Chapter 6, we

assume that such a jump-adapted time discretization satisfies the following condi-

tions:
Pltps, —ta < A) =1, (10.1.2)
and
toe1 is A, — measurable, (10.1.3)
forn e {0,1,...,np — 1}, if it is not a jump time.

199
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10.2 Taylor Schemes

10.2.1 Euler Scheme

The simplest jump-adapted weak Taylor scheme is the jump-adapted Euler scheme
presented in Chapter 6. We recall that in the general multi-dimensional case the

kth component is given by

YE o =YE4da, +) AW (10.2.1)
=1
and
Y;iﬂ - Yti+1~ + /ck(tn+17 }/.tn+1_" v) qu(dv: {tn+1}), (10.2.2)
£

where Ay = t,4+1 —t, and AWtjn =W’

tn+1

~ W] ~ N(0,A,,) with 5 € {1,...,m}.
According to the notation introduced in Chapter 4, we have used the abbreviations
a=a(Y;,)andb=5b(Y;,). Alsoin the sequel, when no misunderstanding is possible,

for any coefficient function f along with its derivatives we will write f = f(Y;,).

The impact of jumps is generated by equation (10.2.2). If ¢, is a jump time, then
fg Pe(dv, {tnt1}) =1 and

/ C(tn-}—l) Y:fn+1—1 U) p¢(d’l), {tn-l—l}) = C(tn-}—l) X/tn+1— 5 §p¢(tn+1))a
£

while if £,,; is not a jump time one has ¥, , = Y;,,,_, as [, pg(dv, {tns1}) = 0.
Therefore, the weak order of convergence of the jump-adapted Euler scheme is
B = 1.0 and, thus, equals the weak order of the Euler scheme used in (10.2.1) for

the diffusive component.

As will be shown below, for weak convergence it is possible to replace the Gaussian
distributed random variables by simpler multi-point random variables that satisfy
certain moment conditions. For instance, in the Euler scheme we can replace the
random variables AW{; by simpler random variables A/Wt{l that satisfy the moment

condition
|E(AW,)| + |E(AW,))| + | E(AW,,)?) — A, | < KA? (10.2.3)

for some constant K independent of A. In this case the order of weak convergence of
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the Euler scheme is still 5 = 1.0. For instance, we can replace the random variables
AW} by the simpler two-point distributed random variables AWQ{W with

— 1
PAW],, =+V/A,) =3, (10.2.4)

for 7 € {1,...,m}. This yields the jump-adapted simplified Euler scheme, whose
kth component is given by

ch

tnt1—

=YF+d A, + Y AW, (10.2.5)

=1

together with (10.2.2). This scheme achieves weak order of convergence § = 1.0. In
this way, we have obtained a scheme with the same order of weak convergence of the
Euler scheme that requires only the generation of simple two-point distributed ran-
dom variables. As will be discussed in Chapter 12, multi-point distributed random
variables as (10.2.4) can be generated very efficiently via random bit generators,
see Bruti-Liberati & Platen (2004). Moreover, the use of hardware accelerators, see
Bruti-Liberati, Martini, Piccardi & Platen (2007), can further improve the speed

of the simulation of multi-point distributed random variables.

10.2.2 Order 2.0 Taylor Scheme

By using an order 2.0 weak Taylor scheme for the diffusive part, we can derive
the jump-adapted order 2.0 weak Taylor scheme. In the one-dimensional case,
d=m =1, it is given by

bt’
Yoo = Y +al, +bAW,, + 7((Awtn)2 - Atn) + dbAZ,, (10.2.6)
1/8a , a o ., b
+35 (a + aa’ + ?b2> A} + (a + ab’ + —2—b2> (AW, A, — AZ, )
and
)/‘;-n+l = )/“:'n.+l_ + / C(tn+1, }/tn+1—a ’U) p¢.(d’U, {tn+l})’ (1027)
£

and achieves weak order f = 2.0. Here AZ, represents the double It6 integral
defined in (6.2.22). Therefore, the required random variables AW, and AZ,; can
be generated as in (6.2.23). The jump-adapted order 2.0 weak Taylor scheme was

first presented in Mikulevicius & Platen (1988). It generalizes a second order weak
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scheme for pure diffusion presented in Milstein (1978).

If we compare the regular order 2.0 weak Taylor scheme (9.3.1) with the jump-
adapted order 2.0 weak Taylor scheme (10.2.6)—(10.2.7), then we notice that the
latter is much simpler since it avoids multiple stochastic integrals with respect to

the Poisson measure.

Also in this case, since we are constructing weak schemes, we have some freedom in
the choice of the underlying random variable. The jump-adapted simplified order

2.0 weak scheme is given by

/

g bh N2
Yirm = Yo +ale, + AW, + = {(AWM) - Atn} (10.2.8)

1 [/ 0a ;a5\ g 1/0b P L
+'2—<E+aa +7b>Acn+§<a+(lb+ab —|‘§b AthAtn
and (10.2.7). To obtain second order of weak convergence, the random variable
A/I/I?tn should be A, ,-measurable and should satisfy the moment condition

\E(AW,,)| + |E((AW,,)%) | + | E((AW,,)®) ]

HE((AW,)?) — Au |+ |E((AW,)*) — 342 | < KA (10.2.9)

for some constant K independent of A. Note that if we choose independent ran-
dom variables Aﬁ/\tn, n € {0,...,nr — 1}, we automatically obtain the required
A...,-measurability. The moment condition (10.2.9) is satisfied, for instance, by
a Gaussian N (0,A,,) distributed random variable, but also by a three-point dis-

tributed random variable Aﬁ/\g,tn, where

P(AWg,tn ==+ BAtn) = 6, P(AWBJH = O) = g (10210)

Note that the jump-adapted simplified order 2.0 weak scheme (10.2.8) requires
only one random variable at each time step. Therefore, it is computationally more
efficient than the jump-adapted order 2.0 weak Taylor scheme (10.2.6). Moreover,
when using three-point distributed random variables Awg,tn, some highly efficient
implementations via random bit generators and hardware accelerators can be used,

as will be described later in Chapter 12.

In the multi-dimensional case with a scalar Wiener process, m = 1, the kth com-
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ponent of the jump-adapted order 2.0 weak Taylor scheme is given by

L)k

Y} = YF+d*A, +0FAW,, +

ko ((Ath)"’ - Atn) + LWk AZ,
L(O) k

+ A2 + LW (AW, A, — AZ,} (10.2.11)

and (10.2.2), where the operators L(® and L™ are defined in (3.3.4) and (3.3.5).

In the general multi-dimensional case, the kth component of the jump-adapted
order 2.0 weak Taylor scheme is of the form

L©qF
Voo = Yo +a'ly +—5—A% (10.2.12)
+ Y (AW + DO Lo 5y + LDaF o) + Y LW, 5,
j=1 Jj1,72=1

and (10.2.2), where the operators L(® and LY, with j € {1,...,m}, are as
above. The multiple stochastic integrals [ ; and I, for j € {1,2,...,m},
can be easily generated as in (9.3.10). However, the generation of the multiple
stochastic integrals involving two components of the Wiener process, I(;, j,), with
J1,72 € {1,2,...,m}, is not straightforward. In the special case of commutative dif-
fusion noise (4.4.17), one can express these multiple stochastic integrals in terms of
the Gaussian increments of the Wiener processes AW/ . In the general case, as ex-
plained in Chapter 4, one could use an approximation such as the Karhunen-Loeve
expansion. However, since we are interested in a weak approximation, we can in-
stead replace the multiple stochastic integrals by corresponding simple multi-point
distributed random variables satisfying certain moment conditions. In this way, we

obtain the jump-adapted stmplified order 2.0 weak scheme with kth component of

the form
L
Yt’:+1— - )flti+a'kAtn+ tn +Z{bk7 i Opkd L [y k }ij
% Do LOIR (AW AW + V) (10.2.13)
Jr.je=1

and (10.2.2), where A/I/I?f;l, with j € {1,2,...,m}, are independent random vari-
ables such as (10.2.10), satisfying the moment condition (10.2.9). Additionally,
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VZ}’” are independent two-point distributed random variables given by

o 1
P(V'tjnl,n — iAtn) — _2_’ (10214)
for jo € {1,...,71 — 1}
‘/'t.ilajl = —A, (10.2.15)
and
Y =y (10.2.16)

for joe {1 +1,...,m} and j, € {1,...,m}.

10.2.3 Order 3.0 Taylor Scheme

By including in the diffusive component all multiple stochastic integrals of mul-
tiplicity three with respect to time and Wiener processes, one obtains the jump-
adapted order 3.0 weak Taylor scheme. In the general multi-dimensional case, its

kth component is given by

L©® gk

Vi = Yoraa,+ 5EA2 (10217
+Z(bk,j AWt{L + L@k T + LW gk ](j,o)) + Z [,G1) pksdz L0
j=1 J1,J2=1
m m m
4 - , ) 1k
+ Z LU0 G2 L0 + Z ZL(JI)L(J?)b 531051 i)
J1,j2=0 J1,J2=0 jaz=1

and (10.2.2). Because of the difficulties in the generation of multiple stochastic
integrals involving different components of the Wiener process, this scheme is usu-
ally too complex for a practical implementation. However, in the following we will
consider some special cases that lead to implementable schemes with third order
of weak convergence. These schemes generalize those in Platen (1984), presented

for pure diffusion SDEs.

In the one-dimensional case, d = m = 1, by approximating the multiple stochastic

integrals with Gaussian random variables, we obtain a jump-adapted order 3.0 weak
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scheme given by

Y1 = Y, +alA+bAW,, + —;-L(l)b [((AW,,)? = A}
1
+LManzZ, + éL(O)a(Ath + LOv (AW, A,, — AZ, }
1
+5 (LOLOb 4+ LOLO g + LOLOa) {AW,, (A,)*}
1
+5 (LOLWOa+ LOLOp + LOLWE) {(AW,,)* = A} A,
1 1
+6L(°)L(°)a(Atn)3 + 6L<1>L<1)b {(AW,,)? =34, } AW,(10.2.18)
and (10.2.2), where AW, and AZ,, are the correlated Gaussian random variables
of the type defined in (6.2.23).

To construct a third order simplified method, the required simplified random vari-
ables Aﬁf\n need to satisfy the following moment condition

|E(AW,)| + [E(AW,,)%)| + |E((AWL,)%)| + | E((AW,,)7)]
HE((AW,,)?) = A | + |E((AW,,)*) — 342 |

HE((AW,,)S) — 1542 | < KA?, (10.2.19)

see Theorem 10.7.1.

In Hofmann (1994) a four-point distributed random variable A/Wun that satisfies
condition (10.2.19) was proposed, where

P(AW,, = +1y/3+ V6 /A, 12+4f
P(AW,, = +1/3 -6 /A, = — 4{ (10.2.20)

However, since the probabilities in (10.2.20) are not rational numbers, the corre-
sponding four-point distributed random variable cannot be efficiently implemented
by the method based on random bit generation that will be discussed in Chap-

ter 12. Instead, we present an alternative five-point distributed random variable
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AWs.,., with

P(AW(,,tn = :t\/ GAtn) = '?5, P(AW&tn - :i: Atn) = 56’
-~ 1
P(AWs,, =0) = 3 (10.2.21)

that still satisfies condition (10.2.19) and is suitable for a highly efficient imple-
mentation based on random bit generators, see Bruti-Liberati, Martini, Piccardi &
Platen (2007). This five-point distributed random variable has been independently
suggested in Milstein & Tretyakov (2004). The jump-adapted simplified order 3.0

weak scheme is then given by

— 1 —_ N2 1
Yoo = Yo+ al+bAWs,, + L0 { (Aws,tn) - Atn} +5L0an,

1 - 1
+§L(1)a {Aws,tn + %AWun} Ay,
FESIOTS UNTARSILIN A UN

2 5,tn \/g 2,tn tn
+é (LOLOp 4+ LOLWg 4 L' LOa) AW, A2
+é (L LWq 4 LOLOb + L [Vp) {(AW&J - /_\tn} Ay,

1 1 . _
+6L(O>L<°>QA§n + 6L(U.L(Ub {(Awf,,tn)2 — 3Atn} AW, {10.2.22)

and (10.2.2). It involves the five-point distributed random variables AWWH and
the two-point distributed random variables Aﬁ?z,tn, see (10.2.4), and achieves an

order of weak convergence g = 3.0.

10.3 Derivative-Free Schemes

In the previous section we explained how to construct jump-adapted weak Taylor
schemes with higher order of weak convergence 8. However, the jump-adapted
order 2.0 and order 3.0 weak Taylor schemes require the computation of derivatives
of the drift and diffusion coefficients. In this section we present higher order weak

schemes that avoid the computation of derivatives.

In the one-dimensional, autonomous case, d = m = 1, the jump-adapted order 2.0
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derivative-free weak scheme is given by

l(b(Y Y+ (Y, )+2b)Ath

1 —
Yioo- = Kn-ki(a(ytn)-}-a)Atn-Fél

-1
2

1 (675 7)) (AW - ) (a0

and
Ytn+1 = Ytn+1— + /C(tn+1> Ytn+1—’ ’U) p¢(dv, {tn+1})a (10'3'1)
&

with supporting values
Y, =Y, +al,, +bAW, ,
and

Y, =Y, +al, +b /A,

This scheme attains weak order § = 2.0 and generalizes a scheme for pure diffusions
presented in Platen (1984).

If we replace the Gaussian random variables AW, _ by the three-point distributed
random variables AWBM defined in (10.2.10), we obtain the jump-adapted simplified

order 2.0 derivative-free weak scheme that still achieves weak order 3 = 2.0.

In the autonomous, multi-dimensional case, the kth component of the jump-adapted

order 2.0 derivative-free weak scheme is given by

Vi = YE+ 1(a’°<‘m rd)a,,
lm
+Z;{ (b5 (R) + b59(R,.) + 289) AW,
+ Z (69 (TL7) + 09 (T,7) + ) AT, (A,,) 74}
r=1

r#
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i —~.\ 2
%ZXb“ bM@’»dmw)—Ag (10.3.2)
LY RT - T) (AW AT + V) )
r=1
T# ]
and
}/tn-i»l = }/t/:l+1— + /Ck(t’n+1a }/tn-H—av) qu(dv, {tn+l})) (1033)
£

for k € {1,...,d}. The supporting values are

Vi =Y +aly, + Y VAW,

j=1

R. =Y, +al,, +b/A,,

and
U =Y, £ \/A,,.

Moreover, A/an should be an independent A, -measurable random variable sat-
isfying the moment condition (10.2.9). For instance, one can choose independent
Gaussian N (0, A, ) distributed random variables or three-point distributed ran-
dom variables of the form (10.2.10). Furthermore, Vt:'j are the previously used
two-point distributed random variables defined in (10.2.14)-(10.2.16).

10.4 Predictor-Corrector Schemes

As discussed in Chapter 5, it is important to develop schemes with wide regions
of numerical stability. Predictor-corrector schemes have good numerical stabil-
ity properties as discussed in Chapter 5 for the case of strong approximations.
Furthermore, they are computationally efficient. Since the difference between the
predicted and the corrected values provides an indication of the local error, one

can also design advanced schemes with step size control.

The diffusive component of jump-adapted weak predictor-corrector schemes is de-
rived in the following way. The corrector equation is obtained by using the Wagner-

Platen expansion for pure diffusions in implicit form. However, this implicit scheme
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is made explicit by using the predictor equation to generate the next value. More-
over, the predictor component of the scheme is derived by the Wagner-Platen ex-

pansion for pure diffusions.

10.4.1 Order 1.0 Predictor-Corrector Scheme

In the one-dimensional case, d = m = 1, the jump-adapted predictor-corrector FEuler

scheme is given by the corrector
1 _
}/tn.+1‘ A Ytn + E{a(}/tn+l") + a’}Atn + bAth’ (1041)

the predictor
Yioo- = Yi, +ald\,, + bAW, , (10.4.2)

and the jump condition

Kn+1 = }/tn+14 + f C(tn-}-l)}/tn.u—a U) pd,(dv, {tn+l})- (1043)
I

By introducing some effects of implicitness in the diffusion part of the corrector, we
obtain, for 8,n € [0, 1], a family of jump-adapted order 1.0 weak predictor-corrector

schemes with corrector
Vipsre = Yoo+ {08(Fip1) + (1= 0) ) Do+ {b(¥eri) + (1= )b AW,
where @ = a — nbb/, predictor
Vinorm = Yo, +al\, +bAW,,

and (10.4.3). Note that this family of Euler schemes coincides with the family
of jump-adapted predictor-corrector Euler schemes (6.5.1)-(6.5.2), which achieve
strong order v = 0.5. However, the order of weak convergence of this family of
schemes equals § = 1.0. Moreover, if we replace the Gaussian random variables
AW, by the two-point distributed ones A/Wz,tn defined in (10.2.4), we obtain a
family of jump-adapted simplified order 1.0 weak predictor-corrector schemes that
still attain weak order § = 1.0. The family of order 1.0 weak predictor-corrector

schemes generalizes the family of schemes presented in Platen (1995) for pure dif-
fusion SDEs.
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In the general multi-dimensional case, we can construct a family of jump-adapted
order 1.0 weak predictor-corrector schemes. Its kth component is given by the
corrector

Yk:

tn+1_

YE+ {085 (tns1, Yinsy ) + (1= 0)al} A,

+ 3 (e, Ve ) + (L= 0} AW, (10.4.4)

j=1
for 8,n € [0, 1], where
m d ) akaZ
Gy=a—n ) Y Mo (10.4.5)
J1,g2=1 =1
Here we use the predictor
YE _=YErda, + > 0AW, (10.4.6)
j=1
and the jump condition
)/tl;.l — Y'ti+1— + '/‘Sck(tTH-l’ Y;n+1“’ 'U) p¢(d’l}, {tn+1})- (1047)

The random variables A/MZ{L, with 7 € {1,...,m} and n € {0,1,...n7 — 1}, can
be chosen, for instance, as independent Gaussian N (0,4,,) distributed random

variables or two-point distributed random variables (10.2.4).

10.4.2 Order 2.0 Predictor-Corrector Scheme

By using higher order weak schemes for the diffusive component of the predictor
and the corrector algorithms, we obtain predictor-corrector schemes of higher weak
order. In the autonomous one-dimensional case, d = m = 1, a jump-adapted order

2.0 weak predictor-corrector scheme is obtained by setting as corrector

1 _
)/tn-t-l_ = )/tn + i{a’()/tni-l-‘) + a’}Atn + \Ijtn’
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U, =bAW + —I AW )2 A + —1 b + —1 bnbz AW, A
in tn 2 { ( tn n} 2 {a' 2 } tn tn

and as predictor

= 1 1 1
Yii =Y, +al, + 9, + Ea' bAW,, A, + §{aa' + Qa"bz} (Atn)2

together with (10.4.3). Here the Gaussian random variable AW, can be replaced,
for instance, by the three-point distributed random variable AWM defined in
(10.2.10).

In the general multi-dimensional case, the kth component of the jump-adapted

order 2.0 weak predictor-corrector scheme has corrector

1 _
Ytiﬂ— = Yt’: + g{ak(tﬂ+1:Y;n+1—) + ak}Atn + \I]fn»
with
= | ) ey
oh = SO {W+ SO0, fAW,
j=1
1 m
_}_5 Z L(J'l)bk,jz (AW&: Awt]: _}_Vtil,j?)’
j1>j2:1
predictor

lnt1-

\ ]. 1 i . .
VE, =Y+ A, + U+ 5100 (A,) 4+ 5 Y Va AW A,

j=1

and uses (10.4.7). The random variables A/Wf;, with j € {1,...,m} and n €
{0,1,...,np — 1}, can be chosen as independent Gaussian N(0, A;,) distributed
random variables or three-point distributed random variables (10.2.10). The two-
point distributed random variables thl"j?, J1,J2 € {1,...,m}, are defined in (10.2.14)~
(10.2.16).
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10.5 Exact Schemes

We now discuss a special class of SDEs for which it is possible to develop jump-
adapted schemes that do not generate any discretization error. Similar to Section
6.6, we introduce a specific jump-adapted time discretization, obtained by a super-
position of jump times generated by the Poisson measure and times at which we
are interested in sampling the simulated values of the solution X. Between jump

times the SDE is assumed to have an explicit transition density.

Let us consider the d-dimensional jump-diffusion SDE

dX, = a(t, X;)dt + b(t, X,)dW, + / c(t, Xy, v) py(dv, dt) (10.5.1)
€

for t € [0,T] and X, € R¢, that we aim to solve. We have already discussed in

Section 6.6 the case when the corresponding diffusion SDE

admits an explicit solution. Now we assume less because we only require that
the transition density of Z; is explicitly known. Then we can construct an exact

jump-adapted weak scheme.

Since we are here interested in weak approximations, we can construct exact jump-
adapted schemes for a wider class of jump-diffusion SDEs than in Section 6.6. Let

us first present an illustrative example: Consider the jump-diffusion SDE given by

dX, — a(b— X,)dt + o/ XedWi + / (b, X, v) po(dv, di), (10.5.3)
I

where a,b,0 € R and 2ab > ¢2. In this case the corresponding diffusion, given by
dZt == a(b - Zt)dt + U\/ thWt, (1054)

describes a square-root process, see Cox, Ingersoll & Ross (1985). The transition
density of Z is known in closed form. The distribution of Z; given Z,, with s < ¢,
is a non-central chi-square distribution, see Platen & Heath (2006). Therefore, we

can construct a jump-adapted weak scheme given by

02(1 — e=%Bn)
4o

Yoo = x*(8,1:,), (10.5.5)
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and
Ytn+1 = Yin+1- + /C(tn+laytn+1—vv> pd)(dv’ {tn+1}>' (10'5‘6)
£
Here x2(4,1;,), with n € {0,...,nr—1}, denote independent non-central chi square

distributed random variables with degrees of freedom

dab
5 - '—2
o
and non-centrality parameter
foe Bt

ly, = Y:..
tn 02(1 — e=@An) tn
In this way, the jump-adapted weak scheme (10.5.5)-(10.5.6) is exact in the sense
that it does not generate any weak error. In fact, we obtain the result that at the

discretization points the distribution of the numerical approximation Y coincides
with that of the solution X of (10.5.3).

This approach can be generalized to the case of d-dimensional jump-diffusion SDEs
of the type (10.5.1). In modelling, one should check wether the dynamics under
consideration could be modelled by an SDE that belongs to the special subclass of
jump-diffusion SDEs whose corresponding diffusion SDE (10.5.2) admits a closed

form transition density.

10.6 Convergence of Jump-Adapted Weak Tay-

lor Approximations

In this section we present a convergence theorem for jump-adapted weak Taylor
approximations of any weak order of convergence # € {1,2...}. This theorem
covers the convergence of the schemes presented in Section 10.3. The results of this
section resemble in most parts those from Mikulevicius & Platen (1988) and are
here included for completeness. Moreover, they will be needed in the next section,

where we will generalize these results to general jump-adapted approximations.

As suggested in Platen (1982a), we define a jump-adapted time discretization 0 =
to <t < ...< ty, =T with maximum step size A € (0, 1), with n; defined in
(4.1.8). The term jump-adapted indicates that all jump times {71,72,... Tp 1}
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of the Poisson measure py are included in the time discretization. Moreover, we
require a maximum step size A € (0,1), which means that P(t,+; —t, < A) =1
forevery n € {0,1,2,...,npr — 1}, and, if the discretization time ¢, is not a jump
time, then t,; should be A, -measurable. Let us also introduce an additional
filtration

.Ztn = 0(1%(5’“““}#0) VAL (10.6.1)

for every n € {0,1,...,np}. We assume that ¢, is .thn-measurable‘ We also
assume a finite number of time discretization points, which means n, < oo a.s.
for t € [0,T]. The superposition of the jump times with an equidistant time
discretization, as discussed in Chapter 4, provides an example of such jump-adapted

time discretization.

We recall that for m € N we denote the set of all multi-indices o that do not

include components equal to —1 by
Mp = {01, 5)) 7 €{0,1,2,...,m},i € {1,2,...,1} forl € N} U {v},

where v is the multi-index of length zero, see Section 6.7.

Given a set 4 C J\/Zm, the remainder set g(A) of A is defined by

B(A) = {a € M,\A: —a € A}.

Moreover, for every 8 € {1,2,...} we define the hierarchical set

Tp={aeM,:la)<p}

For a jump-adapted time discretization (¢)a, with maximum time step size A €

(0,1), we define the jump-adapted order 3 weak Taylor scheme by

Yie- =Y+ > faltn, Yo )la (10.6.2)
aelg\{v}
and
}/tn+1 = }/tn+1" + / C(tn)}/tn_}_l—) v) qu(dv, {tn«{-l})) (1063)
£

where [, is the multiple stochastic integral of the multi-index « over the time

period (t,,tn41], n € {0,1,...,nr—1}, and f, are the corresponding It6 coefficient
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functions defined in (3.3.8) with f(t,z) =« .

Now we can formulate a convergence theorem for jump-adapted schemes similar to
that in Mikulevicius & Platen (1988).

Theorem 10.6.1 For a given 8 € {1,2,...}, let Y& = {Y}2,n e {0,1,...,nr}}
be the order § jump-adapted weak Taylor scheme (10.6.2)-(10.6.3) corresponding to
a jump-adapted time discretization with mazimum step size A € (0,1). We assume
that E(|Xo|*) < oo, fori € {1,2,...}, and Y converges weakly to X, with order f3.
Moreover, suppose that the drift, diffusion and jump coefficients have components
ak, b5 c* ¢ C?D(ﬁﬂ)(]Rd,]R) forallk € {1,2,...,d} and j € {1,2,...,m} and the
coefficients fo, with f(t,z) = z, satisfy the linear growth condition |f,(t,y)] <
K(1 +|y|), with K < oo, for allt € [0,7], y € R* and o € fg, see also Remark
9.5.5.

Then for any function g € Cf:(ﬁ ™ there exists a positive constant C, independent
of A, such that
(E(g(Xr)) - B(g(Y2)] < CA°.

First we present some results in preparation of the proof of Theorem 10.6.1, see
also Mikulevicius & Platen (1988).

Lemma 10.6.2 For alln € {1,...,nr} and y € R¢, we have

(u(tht" Y — u(tn-1, Yy / / “Du(z, Xi-19)¢(dv) dzlAtn 1) =0,

(10.6.4)
where the process XV = {X¥,t € [0,T]}, for (s,y) € [0,t] x R¢, is defined in
(9.5.1).

Proof: Note that since all jump times are included in the time discretization,

then Xi-¥ evolves as a diffusion in the time interval (t,-1,t,), for every n €
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{1,...,n7}. Therefore, by 1t0’s formula we obtain

tn
w(tn, X7 7) = u(tn_l,y)+/ LOy(z, Xin1¥)dz
tn

-1

m tn
+> / LWy(z, Xin-19)dW3I
g=17tn-t
tn
~ )+ [ Ou(s, X0y
tn—1
m tn, . .
+> / LOu(z, Xtr=19)dW?
=17 tn-t

tn
- / / LDz, Xin19)g(dv)dz,
th—1 JE&

where the operators L®, L@ L{™Y and L are defined in (3.3.4)-(3.3.7).

We complete the proof of the lemma by applying the expected value, using the
result (9.5.5) and the properties of It6’s integral. O

Lemma 10.6.3 For each p € {1,2,...} there exists a finite constant K such that

E(Ith—l,y _ y|2q

tn—

ﬁtn_l) < K1+ [y* ) (tn — ta-1)* (10.6.5)
forallge{1,...,p} andn € {1,...,nr}, where ,Zt"_l is defined in (10.6.1).

Proof: Since there are no jumps between discretization points, the proof of (10.6.5)

follows from that of a similar lemma in the pure diffusion case, see Kloeden & Platen
(1999).

Let us also define the process 1;, = {1;.(¢),t € {0,T]} by

Nat) = Malta) + D Talfaltn, Mja(tn)leas

a€lp\{v}
[ [ elemala=), o)ms(av,do), (10.6.6)
(tn,t] JE
forn € {0,...,ny — 1} and ¢ € (¢,, tn41], with 7,,(0) = Y. Note that

Nia(tn) = Yi, (10.6.7)
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for every n € {0,...,nr}.

The following result is shown in Mikulevicius & Platen (1988).

Lemma 10.6.4 For each p € {1,2,...} there exists a finite constant K such that
for every g € {1,...,p}

B( sup a(®)) < K (1+[%P7). (106.8)

We shall also write
P =1{1,2,...,d}
and z
Fyly) = [ [ v (10.6.9)
h=1

forally = (y%,...,99)T e R¢and 7= (p1,...,p) € F, where l € {1,2...}.

Lemma 10.6.5 For each p € {1,2...} there ezist finite constants K and r €
{1,2...} such that

2

2q 2q

LR )

tn,

Fy(nja(z) = Y,2) Ztnz)‘

S KA+ Y2 1) (tnosr — ta,)” (10.6.10)

foreachl € {1,...,2(8+1)}, g€ {1,...,p}, 7 € P, and z € 0,T), where Fy is
defined in (10.6.9).

Proof: Note that at discretization times the estimate (10.6.10) is trivial since
Mja(2) = Y2 and X;n”y'ﬁ’ = Y2 for z € {to,t1,...,tn; }. Moreover, since jump
times arise only at discretization times, we can obtain the estimate (10.6.10) by
It6’s formula as in the case of pure diffusion SDEs, see Kloeden & Platen (1999).0

Lemma 10.6.6 For each p € P, 1 € {1,...,28+ 1}, n € {1,2,...,nr} and
z € [tn_1,ta) there ezist two finite constants K and r € {1,2,...} such that

tn-—lx},gA
n—

|E(Fa(nial) = v2,) = B 2 )AL,

<SKQA+|Y2 ) AP (2 — ta). (10.6.11)



218 CHAPTER 10. JUMP-ADAPTED WEAK APPROXIMATIONS

Proof: Since the time discretization includes all jump times, the proof of the
lemma follows from that of pure diffusion SDEs, see Kloeden & Platen (1999).0

Now we can prove Theorem 10.6.1.

Proof:[Proof of Theorem 10.6.1] By (9.5.3) and the terminal condition of the Kol-
mogorov backward equation (9.5.6) we obtain

H = |B(o(va,) - E(s(Xn)]
_ 'E(u@,}f&)_u(e,;{o))(. (10.6.12)

Note that for the ease of notation we will write Y for Y2 when no misunderstanding

is possible. Since Yj converges weakly to Xy with order § we obtain

H <

n=1

E ( i (wltn, Y2,) = wltn, Yoo ) + ultn, Yoo o) = ultnos, Ytil))> ’

By (10.6.4) we can write

H <

E(Z [{u(tn, Vi) = ultn, Yi, ) + ultn, Yi,o) — u(tn-1, Y, )}

n=1

—{ultn, X227 = (b, Ve, )
tn tn—lv)/t
+/ /Lffl)u(z,Xz ""‘)qﬁ(dv)dz}])
th-1vJE&

Note that by (10.6.7) and the properties of the stochastic integral with respect to

+ K AP,

the Poisson measure, we have

E(Z fultn Vi) —u(tn % 0}) = B( [ ' J Btz mie=pa(av, do)

= 5[ [ e maenis).
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Therefore, we obtain

H<H +Hy, + KA", (10.6.14)
where
nr
H = |E ( S [ (wltn, Vi) = ulta, Yer))
n=1
_ (u(tn, X,y e, Ytn_l))]) l (10.6.15)
and

E(// (£, e (o)) = L Duz, Vo))

_(Lg~1>u(z,xgﬂ,,mz) _ L;—nu(z,nnz))]qs(dv)dz) (10.6.16)

1. Let us note that by (9.5.7) the function v is smooth enough to apply the
deterministic Taylor expansion. Therefore, by expanding the increments of u

in H, we obtain

2,3+1
i - (z { (3§ 3 Ol Yo ) i = i )+ )
" pep
2641 4
[Z Z 8 U tm)/tn 1 ) (Xttn—-l oo - }/tn—l)
=1  peR
+Rn(X§j:1’“"“)] }) ! (10.6.17)

where the remainders are

1 .
Rn(Z) = Y2 Rl Z 85U(tmytn-1 + eﬁ,n(Z)(Z - Ytn—l))
Z(ﬁ + 1) PEPa(g1)
xFs(Z Y, _,) (10.6.18)

for Z =Y, and Xﬁ::l’yt"_l, respectively. Here 65,(Z) is a d x d diagonal
matrix with
ke k
0:.(Z) € (0,1) (10.6.19)
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for k € {1,...,d}.

Therefore, we have

np 2ﬂ+1
H, (Z{ Z Z |6Pu(tn, i) (10.6.20)

n=1 pEPz
Atn—l) ‘

) + E( R o) 4, |})

tn—1,Y1

$ |B(FYin = You) = FAXer 2™ = Y, )

+B(

By (10.6.18), the Cauchy-Schwarz inequality, (9.5.7), (10.6.19) and (10.6.10)

we obtain
M)

5

K Y [B(180u(te, Yo, + 850 (Ve ) (Vi = Yir )’

PEPyp11)

X [E('Fﬁ(ytn— - Ytn_l)]2 |/Ttn_1)}
< K[E(l F Yo T4 Y =Y /Ttn-l)]%

<[B(1FYes = Vi O [ 2]

< K14 Yo | (b —tan)™, (10.6.21)

N

IA

i)

1
2

using the estimate
E(IYtn”‘]?r“Atn—l) S K(l + ]Ytn~112T)7

for every n € {1,...,nr}.

In a similar way, by (10.6.18), the Cauchy-Schwarz inequality, (9.5.7), (10.6.19),
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(10.6.9) and (10.6.5) we have

tn 1,Yt

(‘R nul)ll'/ztn—l)

K Z [(I@utn,Ytnl

PEPy(p+1)

VAN

ot

tn-1,Y2

- n— tn—lthn_l 2
o5 (X 2T (XD = Ye))]

[ (IF tn lnn " “Ytn_x)lz

tnlyz

)|
)
, )

n- Ytn 1 T 3
<[E(pen e v e A,

D[

< K[B(1+ Yo7 4+ 1X02

n-1 }/tn_1|2r

< K1+ Yo ) (b = tar)™ (10.6.22)
for every n € {1,...,nr}. Here we have used the estimates
tn— lnn 127 2r
(IX I ,Atn—l) S K(]‘ + |}/tn—-1l )’
and 4(A+1)
Fpxet et =y, )| < k| v [T

for every n € {1,...,ny}, with p'€ Pygy1).

Finally, by applying the Cauchy-Schwarz inequality, (9.5.7), (10.6.7), (10.6.11),
(10.6.21), (10.6.22) and (10.6.8) to (10.6.20) we obtain

H < E(K i(umn_ﬁ)Aﬂ(tn—tn—l))
n=1

< Ka%(1+B( max |V, [))
0<n<nr

< KAP(1+4|Yo]7) < KAS. (10.6.23)

2. Let us now estimate the term H, in (10.6.14). By the smoothness of the

function u, see (9.5.7), and of the jump coefficient ¢, we can apply the deter-
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ministic Taylor formula and obtain

T 20-+1
1 .
Ha = E( / / {[ZﬁZ(@‘;L& Vu(z,Ys,,)) Fp(na(2) = Yin,)

0 JE =1 " sen
+ B (7a(2))]

28+1

1 ﬁ (_1) tnsztnz

_[ i (0L Mu(2, Y,,,)) Fa(Xs ~Y,.)

=1 'ﬁ‘ePl

x‘E Fynya(2) — Vi) — Fy(X" e an,)‘iﬁn,)] (10.6.24)

+E(IRﬂ,(nja(Z))1«Ztn,) + E( Rp (X3

thz )) ¢(dv)dz.

We can estimate the remainders, as in (10.6.21) and (10.6.22), for every
z € [0,T] by

5

an(nja(z))'jtnz) <K(1+4Y,, [7)(z—ta,)t! (10.6.25)
and

B(|Rn. (270

thz) <K(1+Y,, ) (z —ta,)"*. (10.6.26)

Then, by applying the Cauchy-Schwarz inequality, the polynomial growth
conditions of u(t,-), see (9.5.7), and of the jump coeflicient ¢, (10.6.19),
(10.6.11), (10.6.25), (10.6.26) and (10.6.8) to the estimate (10.6.24), we ob-
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tain
T
H, < K/ /E<1+|th|2r)M(z—tm)¢(dv)dz
0 P

T
< KAB/ E(l—{— max |Ytn|zr)(z—tnz>dz
0

0<n<nr

IA

KAP, (10.6.27)

3. Finally, by (10.6.14), (10.6.23) and (10.6.27) we obtain

|E(9(Yan,)) — B(g(Xr))| < K170

10.7 Convergence of Jump-Adapted Weak Ap-

proximations

In this section we present a convergence theorem for general jump-adapted weak
approximations of any weak order of convergence § € {1,2...}. This theorem
requires certain conditions to be satisfied by the increments of a given discrete
time approximation in order to obtain a jump-adapted approximation of weak

order § € {1,2,...}. It covers the convergence of the schemes presented in this

chapter.
Let us consider a jump-adapted discrete time approximation Y2 = {V2,n €
{0,1,...,nr}} corresponding to a jump-adapted time discretization with maxi-

mum step size A € (0,1). We simulate the jump impact as before by

YA —vA 4 /8 ety Y2 0) pa(dv, {tan}), (10.7.1)
for n € {0,1,...,n7 — 1}. Note that we use here the same notation Y2 as that

used in (10.6.2)—(10.6.3) for the jump-adapted weak Taylor scheme. However,
the jump-adapted approximation considered now is more general since we do not
specify its evolution between discretization points. The scheme (10.6.2)-(10.6.3) is
a special case of the approximation considered here. The theorem below will state

the conditions for obtaining weak order of convergence 8 € {1,2,...}.
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First, let us formulate an important condition on the evolution of Y2 is the fol-
lowing. Define a stochastic process n;, = {n;u(t),t € [0,T]} such that for every
n € {0,...,nr}

Mialta) = Y, (10.7.2)

and
Mja(tn—) = Ye,—. (10.7.3)

Assume that the process 1;, = {n;4(t),t € [0,T]} satisfies Lemmas 10.6.4 with re-
spect to the initial value Y; of the general jump-adapted approximation considered
here. Moreover, we require that the process 7, satisfies also Lemmas 10.6.5 and
10.6.6, where Y is again the general jump-adapted approximation under consider-

ation. Then we can formulate the following convergence theorem.

Theorem 10.7.1 Let us as assume that E(|Xy|") < oo fori € {1,2,...}, and
that Y converges weakly to Xo with order 8 € {1,2,...}. Suppose that the
drift, diffusion and jump components a* b%7 c*, respectively, belong to the space
C?fﬁﬂ)(Rd,R), forallk € {1,2,...,d} and j € {1,2,...,m}, and the coefficients
fa, with f(t,x) = z, satisfy the linear growth condition |fo(t,y)| < K(1+|y|), with
K < oo, forallt € [0,T], y € R?, and o € fg, see also Remark 9.5.5.

Moreover, assume that for each p € {1,2...} there exist constants K < co and
r € {1,2,...}, which do not depend on A, such that for each ¢ € {1,...,p}

E(Og%% VA [22].A4, ) < K(1+[Y2P), (10.7.4)
(| tot1— Y1$|2q|/’{tn) < K(l +0Ié1}fl§l lth ) (tns1 — ta)? (10.7.5)

forne {0,1,...,ny — 1}, and

l

B(TT  (om —vdm) Y Ly, )| 4.)

h=1 h=1 a€lp\{v}

A2r Jél -
< K(1+032§T Y2 ) A7 (tpg1 — tn) (10.7.6)

foralln € {0,1,...,nr—1} and (p1,...,p) € {1,...,d}, wherel € {1,...,20+1}
and Y2 denotes the pyth component of Y2.

Then for any function g € Cfg(ﬁﬂ)(Rd,]R) there exists a positive constant C, inde-
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pendent of A, such that

|E(9(X1)) — E(g(Y;, )| < CA”. (10.7.7)

Theorem 10.7.1 states the conditions on a discrete time approximation so that it
can be to approximate the diffusion component of a jump-adapted scheme. The
most important condition is the estimate (10.7.6). It requires the first 26 + 1
conditional moments of the increments of the diffusion approximation to be close
to those of the truncated Wagner-Platen expansion for pure diffusions. Examples
of corresponding weak schemes in the pure diffusion case will be given in the next

chapter.

To prove Theorem 10.7.1, let us define

Ma=y+ Y Lalfaltn, ¥t rins (10.7.8)

aclp\{v}
forn € {1,...,n} and y € R%

Proof:[Proof of Theorem 10.7.1] Note that in the following we will write Y for V2.
By (9.5.3) and (9.5.6) we obtain

H o= |B(o(Y..,) - B(o(xo)]

= |B(u(T Y.,,) - u(0, X0))| (10.7.9)

Moreover, since Yy converges weakly with order 4 to Xy we obtain

nt
H < E(Z (u(tn; Yen) = ul(tn, Yeuo) + w(tn, Yiuo) — ul(tar, Ytn_l))) l
n=1
+K AP, (10.7.10)

By (10.6.4), the definition of 7;, and (10.7.2)-(10.7.3), we obtain
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s
IN

E ( > [{u(tn, Vi) = u(tn, Yo, ) + u(tn, Yoo ) — u(tn-1, i, _,) }

tn—1,Ye,
“{ tTL) XE _1 l) - u(tn-—l) Kn—l)

+/tn /Lf,’l)u(z,Xﬁ"‘l’%"‘l)qb(dv)dz}])
tn1 JE

E</ / LDz, mial2)) = LG Dz, X" | g(dv)dz
0 £

+ K AP

IN

tn— lyt

+ Z [ tm Ytn u(tm Ytn—1)) (u(tm th i 1) - u(tm Ytn—l))] ‘

+K AP
< Hi+Hy+ H; + KAP, (10.7.11)
where
(nT [( (tn, Yio_) u(tn,mn_1)>
n=1
—(u(tn, ma ) = u(ta, n))]) ‘ (10.7.12)
Hy, = E(i[(lﬁ(tn,nnﬁ ) — u(tn, Vi, 1))
n=1
~ (uta, X227 1>—u<tn,m_1>)]>l (10.7.13)
and

E( [ [ 1 stematen - 60z v,)

_(Lffl)u(z,Xﬁ"zJ’sn.z) — Lg—l)u(z,}@nz)ﬂqb(dv)dz) (10.7.14)
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By applying the deterministic Taylor expansion to the increments in H; and Hy,
we obtain the following estimate, see Kloeden & Platen (1999),

H; < KAF (10.7.15)

for ¢ € {1,2}. The estimate of Hj follows as in the estimate (10.6.24) of Theorem
10.6.1, since 7, satisfies Lemmas 10.6.4, 10.6.5 and 10.6.6. This completes the
proof of Theorem 10.7.1.0

10.7.1 Simplified and Predictor-Corrector Schemes

Theorem 10.7.1 can be used to establish the order of weak convergence of the
jump-adapted approximations presented in the current chapter. To do so, we
should first construct a stochastic process 7;, which satisfies properties (10.7.2)-
(10.7.3) and Lemmas 10.6.4, 10.6.5 and 10.6.6. Then, we have to show that the
increments of the approximation between discretization points satisfy conditions
(10.7.5) and (10.7.6). Finally, we need to check the regularity of the approximation
with condition (10.7.4).

Let us consider, for example, the jump-adapted predictor-corrector Euler scheme
(10.4.1)-(10.4.2). We can define the following stochastic process 7;, = {n;.(t),t €
[0, 77} by

nja(t) = nja(tn) + %{a‘(fja(t)) + a(nja(tn) }(t - tn) + b(nja(tn)) (Wt - th)

+/ /c(z,nja(z—),v)p¢(dv, dz), (10.7.16)
(tnt] J€

and

Ea(t) = Ejaltn) + a(Mjaltn)) (t — ta) + b(nja(tn)) (Wi — Wi,) (10.7.17)

for n € {0,...,nr — 1} and t € (tn,tn1], with 7;,(0) = Y;. By construction,
nja satisfies conditions (10.7.2)-(10.7.3). Conditions (10.7.4) and (10.7.5) can be
shown by using the linear growth conditions on the coefficients a and b and the
properties of the increments of Wiener processes. Furthermore, condition (10.7.6)
holds with # = 1.0, as in the case of pure diffusion SDEs, see Kloeden & Platen
(1999). Finally, one has to show that the process 7;, defined in (10.7.16) satisfies
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Lemmas 10.6.4, 10.6.5 and 10.6.6 with 8 = 1.0. This result can be obtained by
using the linear growth conditions (2.2.11) on the coeflicients a and b, the Wagner-
Platen expansion and the properties of the increments of Wiener processes. Thus,
the weak order of convergence § = 1.0 of the jump-adapted predictor-corrector

Euler scheme is established.

The order of weak convergence of other jump-adapted predictor-corrector and
derivative-free schemes, as presented in this chapter, can be established in a similar

way. Also the general multi-dimensional case can be handled similarly.

To show the order of weak convergence of simplified jump-adapted schemes, based
on multi-point distributed random variables, one has to construct a process 7;,
that satisfies conditions (10.7.2)-(10.7.3). For example, when considering the jump-
adapted simplified Euler scheme (10.2.5) in the one-dimensional case, we can define

Wja(t) = 77,m ) + a’(nja(t ))(t ~1 ) + b(nja(tn)) Vv t— tnSign(Wt - th)
/(tn / c(z,mja(2—), v)pe(dv, dz), (10.7.18)

forne€{0,...,ny—1} and t € (t,,, tn+1], with 1;,(0) = Y5, where we have used the

notation

) 1 for >0
sign(z) = { 1 for 220 (10.7.19)

Then the process 7;, satisfies conditions (10.7.2)—(10.7.3) and Lemmas 10.6.4,
10.6.5 and 10.6.6 with 8 = 1.

To establish the order of weak convergence of the jump-adapted simplified order

2.0 weak scheme (10.2.8) in the one-dimensional case, we define

nja(t) = nja(t + a(Tba ) t - t + b(nja(tﬂ))wn(t)

| bt ))5 (130(tn)) ((wn(t)f — (- tn)>

1

+§ (a’(nja(tn))a/ (nja(tn)) + ';-a’” (nja(tn)) (b(nja(tn)))2) (t - tn)2

1

*3 (a'(nja(tn))b(ma(tn)) + a(Nja(ta))V' (Nja(tn))

%b” (Mja(tn)) (b(nja(tn)))2>wn(t)(t 1)
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+/ /c(z, Nja(2—),v)pe(dv, dz), (10.7.20)
(tn,t] £

where

wn(t) = Vit —tn (1{Wt-wzn<N—1(é)M} - 1{Wt—W¢n>N—1(%)M}) (10.7.21)

forn € {0,...,ny — 1} and t € ({n, tuya), with 7;,(0) = Yo. In (10.7.21) we have
denoted by 1 the indicator function defined in (2.1.8) and by N 7!(z) the inverse
of the distribution function of a standard Gaussian random variable. Therefore,
the process 7;, satisfies conditions (10.7.2)—(10.7.3) and Lemmas 10.6.4, 10.6.5 and
10.6.6 with 8 = 2.0. In a similar way one can use Theorem 10.7.1 to construct
simplified weak schemes with higher order of weak convergence, as the third order

weak schemes presented in this chapter, also in the general multi-dimensional case.
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Chapter 11

Numerical Results on Weak Schemes

In this short chapter we present some numerical results for the weak schemes pre-
sented in Chapters 9 and 10. These complement the numerical results for strong

schemes presented in Chapter 7.

11.1 Introduction

We study the weak approximation of the SDE (2.1.5), describing the Merton model,
which is
dXy = X, (udt + odW,; + /(v — 1) py(dv, dt)) ) (11.1.1)
£

for t € [0,7] and Xy > 0. We recall the explicit solution

pe(t)
X, = X, elb3o0)troWe I] e (11.1.2)

i=1

where the marks &; are distributed according to a given probability measure F(dv) =
@ and py = {ps(t),t € [0,7)} denotes a Poisson process with intensity A =

d(€) < .

In this chapter we consider the several schemes with weak order of convergence
B € {1.0,2.0}. The schemes with weak order § = 1.0 are the following: the regular
Euler scheme, the jump-adapted Euler scheme and the jump-adapted predictor-
corrector Euler scheme. Moreover, we consider the following schemes with weak
order § = 2.0: the regular order 2.0 Taylor scheme, the jump-adapted order 2.0
Taylor scheme and the jump-adapted order 2.0 predictor-corrector scheme. We

study the weak error

ew() = |E(9(XT)) — E(g(Yr))], (11.1.3)

231
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for certain payoff functions g, as defined in (1.2.2). We show several log-log plots
with the logarithm of the weak error log,(e,(A)), versus the logarithm of the
maximum time step size log,(A). By using log-log plots the achieved orders of
weak convergence will appear as the slopes of the estimated error lines obtained.
We remark that the aim of this thesis is the study of the error attributable to the
time discretization, which we call systematic error, rather than the statistical error
due to the Monte Carlo simulation itself. Therefore, we need to generate a large
enough number of sample paths to ensure that the statistical error is negligible
when compared to the systematic error. We remark that in our study, since we
consider the properties of discrete time simulation methods, we have always used
a “raw” Monte Carlo simulation. In practice, when solving a specific problem,
one should apply variance reduction techniques that can drastically reduce the
statistical errors of several orders of magnitude, see Kloeden & Platen (1999) and
Glasserman (2004). The problem of variance reduction is not considered in this

thesis.

11.2 The Case of a Smooth Payoff

At first, we consider the evaluation of E(g(Xr)), where g is a smooth function.
The smoothness of the function ¢ is required by the convergence theorems pre-
sented in Chapters 9 and 10. Already in the case of pure diffusion SDEs, conver-
gence theorems for weak Taylor approximations typically require a certain degree
of smoothness for the function g. For convergence results on the Euler scheme
when the function g is non-smooth, we refer to Bally & Talay (1996a, 1996b) and
Guyon (2006) for pure diffusion SDEs, and to Hausenblas (2002) for pure jump
SDEs. An important application of Monte Carlo simulation with smooth payoff
functions is the evaluation of Value at Risk via the simulation of moments, as in
Edgeworth expansions and saddle point methods, see Studer (2001). Another appli-
cation involving smooth payoff functions arises when evaluating expected utilities

by simulation.

Let us consider the estimation of moments of the solution X at a final time T'. For
the SDE (11.1.1), we obtain, via its closed form solution (11.1.2), the expression

2

E((X7)*) = (Xo)* exp {kT(u + %(k ~1) + /\T(E((f)k) - 1)} (11.2.4)
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for £ € N, so that the weak error ¢,(A) can be estimated according to (11.1.3).

In the following example we choose the function g(z) = z*

, so that we estimate
the fourth moment of the solution X at a given maturity date 7. We select the

following default parameters: p = 0.05, 0 =0.15, A = 0.05, Xy =1 and T = 4.

We first consider the case of a mark-independent jump coefficient ¢(¢, z) = z(v¥—1),
which is equivalent to the case of constant marks & = 1 > 0, and we set 1 = 0.85.
Therefore, at each jump time the value of X drops by 15%. In Figure 11.2.1 we
report the results for the regular Euler, the jump-adapted Euler, and the jump-
adapted predictor-corrector Euler schemes. Here and in the sequel of this chapter,
the implicitness parameters have been set to § = 0.5 and n = 0. The slopes of
the lines in Figure 11.2.1 are about one, which means that these schemes achieve
an order of weak convergence § = 1.0. This is in accordance with the theorems
presented in the previous chapters. Furthermore, the accuracies of the regular and

the jump-adapted Euler schemes are very similar. The jump-adapted predictor-

corrector Euler scheme, instead, is more accurate.
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Figure 11.2.1: Log-log plot of weak error versus time step size (fourth moment with
constant marks)

In Figure 11.2.2 we show the errors generated by the regular order 2.0 Taylor, the
jump-adapted order 2.0 Taylor and the jump-adapted order 2.0 predictor-corrector
schemes. Here we can see that the order of convergence achieved is about 8 = 2.0,
as suggested by the convergence theorems of previous chapters. Also in this case,

the predictor-corrector scheme is more accurate than the corresponding explicit
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Log-log plot of weak error versus time step size (fourth moment with

schemes. Finally, in Figure 11.2.3 we plot the second order schemes together with

the regular Euler and the jump-adapted predictor-corrector Euler schemes. This

figure highlight

s the higher accuracy of schemes with second order of weak conver-

gence. Furthermore, we report that the jump-adapted order 2.0 predictor-corrector

scheme is the most accurate among all schemes implemented.
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Let us now consider the case of lognormally distributed marks, where the logarithm
of the mark ¢; = In(¢;) is an independent Gaussian random variable, {; ~ N(p, ),
with mean ¢ = —0.1738 and standard deviation /¢ = 0.15. This implies that at
a jump date the value of X drops on average by 15%, since E(§) —1 = —0.15. In
Figure 11.2.4 we report the results for the regular Euler scheme, the jump-adapted
predictor-corrector Euler scheme, the regular and jump-adapted order 2.0 Taylor
schemes, and the jump-adapted order 2.0 predictor-corrector scheme. The accuracy
of these schemes in the case of lognormally distributed jump sizes is almost the
same as that achieved in the case of a mark-independent jump coefficient. Here
all schemes achieve the orders of weak convergence prescribed by the convergence

theorems in Chapters 9 and 10.
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Figure 11.2.4: Log-log plot of weak error versus time step size (fourth moment with
lognormal marks)

11.3 The Case of a Non-Smooth Payoff

We now consider the case of a non-smooth payoft function ¢ when computing the
price of a European call option. The convergence theorems presented in Chapters
9 and 10 do not cover the case of a non-differentiable payoff as the one studied
in this section. It seems that there does not exist in the literature a reasonably
general convergence theorem for weak Taylor approximations in the case of non-

smooth payoff functions, even when considering SDEs without jumps. The existing
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results are limited to the Euler scheme for pure diffusion SDEs, see Bally & Talay
(1996a, 1996b) and Guyon (2006), and to the Euler scheme for pure jump SDEs,
see Hausenblas (2002). It is, however, interesting to obtain some numerical results
that could indicate the theoretical performance of the weak schemes presented in
this thesis when applied to the non-smooth European call option payoff g(Xr) =
e ( Xy — K)* = e Tmaz(Xr — K,0). Here r is the risk-free rate and K the
strike price. Often, the presence of jumps causes market incompleteness and, thus,
precludes the possibility of perfect hedging. We refer to the monograph Cont &
Tankov (2004) for a discussion on pricing and hedging in incomplete markets with
jumps. Here we assume for simplicity, as in Merton (1976), that the jump risk is
non-systematic and, thus, diversifiable. In our example the price of a European
call option is given by

crx = E(e7 (X7 — K)*), (11.3.5)

where the drift 4 of the process X equals r — g — )\(E(ﬁ) - 1)), and q is the
continuous dividend yield provided by the security X.

In the case of the SDE (11.1.1), where the logarithm of the mark {; = In(¢;) is a
Gaussian random variable {; ~ AN (g,5) with mean ¢ and variance ¢, we obtain a

closed form solution, see Merton (1976), given by
2 e NT(NTY
CTJ((X) = Z '—_"’g“—)fja

where M = AE(€). Here
3 = XoN(d) — e T KN (da),
is the Black-Scholes price of a call option with the parameters specified as

0'2.
In(&e) + (u; + )T

dy; = ,
v o VT

doj = dij — oVT, pj = r—q—)\(E(E)—l)—i—jlr‘% and 0? = o2 + & We
recall that we denote by N(-) the probability distribution of a standard Gaussian

random variable.

Let us first consider the case of constant marks & = ¥ > 0, with ¢ = 0.85 as
in the previous section. Moreover, we set 7 = 0.055, ¢ = 0.01125, A = 0.05,
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o = 0.15, Xy = 100 and K = 100. Note that this implies a risk-neutral drift
p=r—q— A — 1) =0.05, which equals that used in the previous section.

In Figure 11.3.5 we consider the case of a mark-independent jump coefficient for
the regular and jump-adapted Euler schemes, and the jump-adapted predictor-
corrector Euler scheme. All these schemes achieve, in our study, an order of weak
convergence of about one. The regular and the jump-adapted Euler schemes achieve
first order of weak convergence, with the regular scheme being slightly more ac-
curate. The jump-adapted predictor-corrector Euler scheme is far more accurate
than the explicit schemes here considered. Its order of convergence is about one,

with an oscillatory behavior for large time step sizes.
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Figure 11.3.5: Log-log plot of weak error versus time step size (call payoff with constant
marks)

Figure 11.3.6 shows the accuracy of the regular order 2.0 Taylor, the jump-adapted
order 2.0 Taylor and the jump-adapted order 2.0 predictor-corrector schemes. All
schemes numerically attain an order of weak convergence equal to § = 2.0. In this
example the jump-adapted order 2.0 Taylor scheme is the most accurate. Finally,
in Figure 11.3.7 we report the results of these second order schemes together with
those of the regular Euler and jump-adapted predictor-corrector Euler schemes.
We clearly notice the difference in accuracy between first order and second order
schemes. However, we emphasize the excellent performance of the jump-adapted
predictor-corrector Euler scheme already for large step sizes. This scheme has an

accuracy similar to that of some second order schemes. The jump-adapted order
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Figure 11.3.6: Log-log plot of weak error versus time step size (call payoff with constant
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2.0 Taylor scheme is the most accurate for all time step sizes considered.

We have also tested the above mentioned schemes in the case of lognormal marks,
where ln (§;) ~ N (g, <), with mean g = —0.1738 and standard deviation /5 = 0.15.
In Figure 11.3.8 one can notice that the numerical results are practically identical

to those reported in Figure 11.3.7 for the case of constant marks.
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Let us now test the weak schemes proposed when approximating the SDE (11.1.1),
for the case of lognormal marks, by using parameter values fitted from real market
data. We use here the risk-neutral parameters reported in Andersen & Andreasen
(2000) from call options on the S&P 500 in April 1999. The risk-free rate and
the dividend yield are given by r = 0.0559 and ¢ = 0.01114, respectively. With
a least-square fit of the Merton model (2.1.5) to the mid implied Black-Scholes
volatilities of the S&P 500 in April 1999, Andersen & Andreasen (2000) obtained
the following parameters: ¢ = 0.1765, A = 0.089, ¢ = —0.8898 and /< = 0.4505.
The last two parameters are the mean and standard deviation of the logarithm of
the marks, In(§;). These imply that at jump times the S&P 500 drops on average by
54.54%. Note, that these are risk-neutral parameters, and they would have different
values under the real-world probability measure. By a general equilibrium analysis
Andersen & Andreasen (2000) show that these estimated parameters lead to a

reasonable level of risk aversion.

In Figure 11.3.9 we show the results for the regular Euler scheme, the jump-adapted
predictor-corrector Euler scheme, the regular and jump-adapted order 2.0 Taylor
schemes, and the jump-adapted order 2.0 predictor-corrector schemes, when pric-
ing an at-the-money call option with maturity time 7" = 4. We report that the
regular Euler scheme and the jump-adapted Euler scheme, which is not shown in

the figure, achieve first order of weak convergence, with the jump-adapted Euler



240 CHAPTER 11. NUMERICAL RESULTS ON WEAK SCHEMES

scheme being slightly less accurate than its regular counterpart. The regular and
jump-adapted order 2.0 Taylor schemes and the jump-adapted order 2.0 predictor-
corrector scheme are significantly more accurate and achieve an order of weak
convergence of about § = 2.0. We emphasize that the jump-adapted predictor-
corrector Euler scheme achieves in this example a remarkable accuracy. For large
time step sizes it is as good as some second order schemes, with an estimated error
slope of about two. By analyzing also other numerical experiments, we conjecture
that for smaller time step sizes the jump-adapted predictor-corrector Euler scheme
recovers the first order of weak convergence achieved in the case of smooth payoff

functions.

In summary, the obtained numerical results indicate that predictor-corrector schemes
are very accurate, still when using large time step sizes. This effect is expected
to be even more pronounced when approximating non-linear multi-dimensional
SDEs. Also, Hunter, Jackel & Joshi (2001) report that the predictor-corrector Eu-
ler scheme is very accurate when pricing interest rate options under the diffusion
LIBOR market model. Finally, we remark that in this chapter we have analyzed
only the accuracy and not the CPU time needed to run the algorithms. This is
of course strongly dependent on the specific implementation and on the problem
at hand. However, we remark that predictor-corrector schemes are only slightly
computationally more intensive than the corresponding explicit schemes, as they

use the same random variables.
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Chapter 12

Efficiency of Implementation

In this chapter we discuss efficient implementations of discrete time weak approxi-
mations for pure diffusion SDEs that exploit the architecture of a digital computer.
First we propose an efficient software implementation of simplified weak schemes
based on random bit generators (RBGs). Then we discuss hardware accelerators

based on field programmable gate arrays (FPGAs).

As discussed in the previous chapter, a pure diffusion approximation is required be-
tween jump times when using a jump-adapted scheme. Therefore, the methods to
be presented can be readily applied to the diffusion part in a jump-adapted scheme.
Some of the results in this chapter are from Bruti-Liberati & Platen (2004) and
Bruti-Liberati, Martini, Piccardi & Platen (2007). The use software-based RBGs
for the simulation of simplified weak Taylor schemes has been independently sug-
gested in Milstein & Tretyakov (2004). The analysis of the computational efficiency

and the implementation design are the objectives of this chapter.

12.1 Introduction

In order to achieve a required order of weak convergence one can approximate
the random variables in a weak Taylor scheme by appropriate discrete random
variables, see Chapter 10. For instance, instead of a Gaussian increment one can
employ in an Euler scheme a much simpler two-point distributed random vari-
able. The aim of this chapter is to show that an implementation of such simplified
schemes based on RBGs significantly increases the computational efficiency of the

corresponding Monte Carlo simulation.

A numerical approximation generated by a simplified Euler scheme is equivalent
to a random walk. Therefore, its possible states and corresponding probabilities
are similar to those of binomial trees. However, while one has to face the curse of

dimensionality when generating trees, simplified weak simulation methods employ

243
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forward algorithms that generate paths with complexity increasing only polyno-
mially with the dimension. This makes the simplified weak simulation method an
efficient tool for high dimensional problems. As we will discuss later in Section
12.4, the numerical properties of simplified methods are similar to those of trees.
For instance, we will observe an oscillatory convergence in the case of a Monte
Carlo simulation of a European call option, a well-known effect for tree methods,
see, for instance, Boyle & Lau (1994).

12.2 Simplified Weak Schemes

Let us consider for simplicity the autonomous one-dimensional pure diffusion SDE

for t € [0,7], with Xy € R, where W = {W,,t € [0,T]} is a standard one-
dimensional Wiener process. The SDE (12.2.1) is a special case of the multi-
dimensional jump-diffusion SDE (2.1.2) when omitting the jump coefficient, that
is when c(t,z,v) = 0. Note that the results of this chapter also apply to the
diffusive part of simplified jump-adapted approximations of the multi-dimensional
jump-diffusion SDE (2.1.2), see Chapter 10.

For simplicity, let us assume an equidistant time discretization with nth discretiza-
tion time ¢, = nA for n € {0,1,..., N} where A =L and N € {1,2,...}. In the
following we will discuss weak Taylor schemes and their corresponding simplified
versions for the one-dimensional pure diffusion SDE (12.2.1). These schemes are

special cases of the schemes presented in Chapter 10.

The simplest weak Taylor scheme is the Euler scheme, which has weak order of

convergence 3 = 1.0. It is given by the algorithm
Yoi1 = Yo + aA + bAW,, (12.2.2)

where AW,, = W, ., — W, is the Gaussian increment of the Wiener process W =
{W,,t € [0,T]} for n € {0,1,2...,N — 1} and Yy = Xo. Here we have used the
abbreviations a = a(Y,) and b = (Y;,) according to the notation introduced in
(4.1.9).
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If one uses in the above Euler scheme instead of the Gaussian random variables
simpler multi-point distributed random variables, then one can still obtain the same
weak order of convergence § = 1.0, see Theorem 14.5.2 in Kloeden & Platen (1999).
Furthermore, in Chapter 10 we have shown that this result still holds true when
the simplified Euler scheme is used as diffusion approximation in a jump-adapted
scheme. For the Euler method these simpler random variables need to satisfy the
moment condition (10.2.3). This allows us to replace the Gaussian increment AW,
in (12.2.2) by a two-point distributed random variable AWZM where

= 1
P(AW,, = +VA) = 5 (12.2.3)
We then obtain the simplified Euler scheme
Yor1 = Yo + 0 + bAW, . (12.2.4)

Here the first three moments of the Wiener process increment AW, match those
of AW, that is

E(AW,) = B(AW,,) =0 E((AW,)) = E((AW,,)?) = A
E(AW,)*) = E((AW,,,)?) = 0. (12.2.5)

The order 2.0 weak Tuylor scheme is given by

1 1 1
YVarr = Yo +ad+bAW, + b6 {((AW.)*) — A} + 2 (aa’ - —2—a”62> A?

+a'b AZ, + (ab’ + %b”b2> {AW, A - AZ,}, (12.2.6)

where AZ, represents the double It6 integral

tnt1 82
AZn :f / dwfsld‘s?)
tn, t'ﬂ

see also (6.2.22). Note that for SDEs driven by multi-dimensional Wiener processes,
the order 2.0 weak Taylor scheme involves certain multiple stochastic integrals that
are not Gaussian distributed. However, in the implementation of these schemes one
can use Gaussian distributed random variables matching enough moments of these

multiple stochastic integrals, see condition (10.7.6). For the purpose of the analysis
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of this chapter, the term weak Taylor scheme will be used to denote a weak Taylor
scheme using Gaussian random variables for the approximation of the underlying

multiple stochastic integrals.

In (12.2.6) we can also replace the Gaussian random variables AW,, and AZ, by

expressions that use a three-point distributed random variable A/VI?;,,” with

—~ —~ 2
P(AW;, = +/3A) = é P(AW;, = 0) = = (12.2.7)

Then we obtain the simplified order 2.0 weak scheme
(T L, T 2 1 ARSI 2
Yori = Yoo+ o+ bAWs, + 5bb (Awg,n) ~A ¢+ 5 (ad 4 50787) A
1 ' ;o Lo, 17
+3 a'b+ab + §b b* ) AW3 A, (12.2.8)
Since the three-point distributed random variable A/W;;’n is such that the first five
moments of the increments of the schemes (12.2.6) and (12.2.8) are matched, see

condition (10.7.6), then the simplified order 2.0 weak scheme (12.2.8) attains weak
order 8 = 2.0.

By adding more terms from the Wagner-Platen expansion for pure diffusions and
approximating the arising multiple stochastic integrals with Gaussian random vari-

ables, we obtain the following order 3.0 weak scheme given by

Yor1 = Yo +aA+bAW, + %L“)b {(aW,)? — A}
+LWaAZ, + %L%N + L9 {AW, A - AZ,}
+% (LOLOb 4 LOLWg + LOLOG) {AW, A%}
+% (LWLWa + LOLOb + LO L) {(AW,)* — A} A

+%L(°)L(O)a A® + %L(l)L(”b {(AW,)? —3A} AW, (12.2.9)

where L(® and L() are differential operators defined by

2
102 1 g o2

oz 2 0z? ar’ (12:2.10)

see also (3.3.4)-(3.3.5). This scheme achieves an order of weak convergence # = 3.0.
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To construct a third order simplified method, it is sufficient to use multi-point
distributed random variables that match the first seven moments of the Gaussian
ones, see condition (10.2.19). As discussed in Chapter 10, Hofmann (1994) proposed
the four-point distributed random variable (10.2.20) that satisfies this moment
condition. However, such a four-point distributed random variable cannot be easily
implemented by the method described below because its probability values are

not rational numbers. Nonetheless, we can use the five-point distributed random
variable AWs .., with

P(AW,.. — +V6A) = % P(AW:, = +VA) = %
P(AW;,, =0) = % (12.2.11)

see also Bruti-Liberati, Martini, Piccardi & Platen (2007). This five-point dis-
tributed random variable matches the first seven moments of the Gaussian ones
and is suitable for a highly efficient implementation based on RBGs. The corre-

sponding simplified order 3.0 weak scheme is given by

o~ 1 e 2 1
Yorr = Yo +alA+bAW:s, + -2~L(1)b { (AW&”) - A} + —2~L<°>aA2
oA+ AW, b A trop A - Law, La
2 5,n \/§ 2,n 9 51 \/5 2.n

+_61_ (L(l)L(l)a + L(l)L(O)b + L(O)L<1)b) {(AWS’TL)Q _ A} A

+—é~L(°)L(°)aA3 n %L(”L(”b {(Aﬁ/},m)2 - BA} AWs o, (12.2.12)

where AWM is the two-point distributed random variable defined in (12.2.3). This

order 3.0 simplified weak scheme achieves an order of weak convergence § = 3.0.

12.3 Multi-Point Random Variables and Ran-

dom Bit Generators

As discussed above, the random variables appearing in simplified weak schemes

are multi-point distributed. Therefore, highly efficient implementations of Monte
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Carlo simulations using simplified weak schemes require fast multi-point random
number generators. These can be obtained by RBGs. In this case RBGs substitute

the Gaussian random number generators needed for weak Taylor schemes.

The multi-point distributed random variables and the corresponding RBGs to be
presented can be applied to any weak scheme, including derivative-free, predictor-
corrector and implicit schemes. As shown in Chapter 10, the above described
schemes can be used as diffusion components in corresponding jump-adapted schemes

for the approximation of the multi-dimensional jump-diffusion SDE (2.1.2).

An RBG is an algorithm that generates a bit 0 or 1 with probability 0.5. Random
bits can be obtained on a digital computer via the so-called shift register generator.
This generator, used in digital communication, see Golomb (1964), relies on the
theory of primitive polynomials modulo 2. These are special polynomials of the
form

yz)=14+cz+...+co1z" ' + 27, (12.3.13)

with coefficients ¢; = {0,1}. A primitive polynomial modulo 2 of order n defines a
recurrence relation for obtaining a new bit from the n preceding ones with maximal

period, which is 2™ — 1. The recurrence is given by
Gkl = C1Qk + Co0g_1 + ... F Cr1Qk—nt2 + Cp—ny1 (Mod 2), (12.3.14)

where a4 is the new bit obtained from the preceding ones, a;, with i € {n,...,1}

and k£ > n. Equation (12.3.14) can be rewritten as
k41 = C10k D 2051 D ... B Cn—1Qk—n+2 ® Ck—nt1, (12.3.15)

where @ is the “exclusive or” operator. Thus, RBGs can be efficiently implemented
in C or C++ via bitwise operations, see Press, Teukolsky, Vetterling & Flannery
(2002). For a study of random number generators based on primitive polynomials
modulo 2 we refer to Tausworthe (1965).

For a first order simplified scheme, as the simplified Euler scheme (12.2.4), each bit
obtained from the RBG is used to generate a value for the two-point distributed
random variable AWM by a simple look-up operation (0 — ++v/A, 1 — —+/A). For
a second order simplified scheme, as (12.2.8), one bit is not sufficient to generate a
value for the required three-point distributed random variable Awgyn. However, a

sequence of three generated random bits can be used to obtain eight equiprobable
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combinations. Two of these combinations are discarded by an acceptance-rejection
method. Then we use four of the remaining six combinations to generate the 0
value for the random variable and one combination each for obtaining the values
+v3A and —/3A. For the third order simplified scheme (12.2.12), the random
variable A/Wg,,n is five-point distributed with the probability distribution (12.2.11).
In this case, a sequence of five random bits is used to generate 32 equiprobable
combinations. The acceptance-rejection method discards two of them, uses ten to

generate the 0 value, nine each for values +v/A and —v/A, and one each for values

+v6A and —vV6A.

12.4 Software Implementation

12.4.1 Random Bit Generators in C-+-

In the following we report a comparative study on the efficiency of a software
implementation in C++ of the above described schemes. The reference personal
computer (PC) used in this study is a Pentium 2.4 Ghz (CPU id: x86 Family 15
Model 2 Stepping 7) and the C++ compiler is the Mingw port of GCC (GNU
Compiler Collection).

A widely used and efficient method to generate a pair of independent standard
Gaussian random variables is the polar Marsaglia-Bray method coupled with a lin-
ear congruential random number generator, as described in Press, Teukolsky, Vet-
terling & Flannery (2002). In our comparative study we use, as Gaussian random
number generator, the routine gasdev, see p. 293 of Press, Teukolsky, Vetterling &
Flannery (2002). Note that the period of this Gaussian random number generator
equals 23, We refer to Devroye (1986) for alternative Gaussian random number

generators.

For an unbiased comparison, we have implemented an RBG based on the following

primitive polynomial modulo 2 of order 31:
y(z) =2 +2° + 1, (12.4.16)

In this way, the RBG has period 23! — 1, which is virtually the same as that of

the Gaussian random number generator. As explained in the previous section, by
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simple look-up operations and acceptance-rejection methods, we can obtain the

multi-point distributed random numbers required in simplified weak schemes.

The C++ implementation of the two-point random number generator, see (12.2.3),
is reported in Figure 12.4.1. It is based on a similar code presented by Press,
Teukolsky, Vetterling & Flannery (2002).

int rbitlper31(unsignedlong & iseed)
{  unsignedlongnewbit;
newbit = ((iseed >> 30)& 1)
((1seed >> 2) & 1);
iseed = (iseed << 1) | newbit;
returnint(newbit); }

Figure 12.4.1: C++ code of the two-point random number generator.

On the test computer the CPU time needed to generate 100 million random num-
bers with the polar Marsaglia-Bray method amounts to 41.6 seconds. The two-point
random number generator, described above, is almost 47 times faster using only
0.89 seconds.

As discussed in the previous section, for simplified methods of higher order, similar
multi-point random number generators can be constructed. For the simplified
order 2.0 weak scheme (12.2.8) it is sufficient to use a three-point random number
generator. A corresponding code is presented in Figure 12.4.2. It produces three
bits coupled with an acceptance-rejection method. On the test computer the CPU
time needed to generate 100 million random numbers with this generator amounts
to 6.96 seconds, which is still almost 6 times faster than the polar Marsaglia-Bray
method.

int rbit3per31(unsigned long & iseed)
{ mtzl = 1,22 =1, 23 =0;
while((z1 ==1&& 22 == 1&& 23 == 0)
|(z1==0&& 22 ==1&& 23 == 1))
{ z1 = rbitlper3l(iseed);
z2 = rbitlper3l(iseed);
z3 = rbitlper3l(iseed); }
returnzl — z3; }

Figure 12.4.2: C++ code of the three-point random number generator.

Now we present some numerical results for the Euler and the order 2.0 weak Taylor
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schemes, as well as for their simplified versions. As test dynamics we choose an

SDE with multiplicative noise, where

for t € [0,T] and X, € R. The SDE admits the closed form solution

Xr = wap{(u— %2) T—l—oWT}. (12.4.18)
Let us analyze the CPU time needed to run a Monte Carlo simulation that computes
the payoft of a call option with 400000 paths and 128 time steps. We report a CPU
time of 22 and 23.5 seconds for the Euler scheme and the order 2.0 weak Taylor
scheme, respectively. The corresponding simplified versions only require 0.75 and
4.86 seconds, respectively. Thus, for the Euler method the simplified version is
about 29 times faster than the Gaussian one. The simplified order 2.0 weak scheme
is nearly five times faster than the order 2.0 weak Taylor scheme.

12.4.2 Experimental Results

We now present some numerical results on the accuracy of the Euler scheme, the
order 2.0 weak Taylor scheme and their simplified versions when applied to the
SDE (12.4.17). As in the previous chapter, we show several log-log plots with
the logarithm, log,(e,(A)), of the weak error, as defined in (1.2.2), versus the
logarithm, log,(A), of the maximum time step size A. Additionally, we will show
some plots of the relative weak error, that is

E(g(Xr)) — E(9(Yr))
E(9(XT1)) 7

(12.4.19)

with a fixed time step size A.

The Case of a Smooth Payoff Function

We first study the computation of E(g(Xr)), where g is a smooth function and
Xr is the solution of the SDE (12.4.17). Note that the estimation of the expected

value of a smooth function of the solution X arises, for instance, when computing
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expected utilities. Another important application is the calculation of Value at
Risk via the simulation of moments, as applied in Edgeworth expansions and saddle
point methods, see Studer (2001). Therefore, we consider here the estimation of
the kth moment E((X7)*) of X7 at time T, for k € N.

By (12.4.18) we obtain the kth moment of Xr in closed form as

E ((XT)k) = (Xo)* exp { (kT(u + %Q(k - 1)) } (12.4.20)

for k € N.

The particular structure of the SDE (12.4.17) allows us to obtain a closed form
solution also for the estimator of the kth moment provided by the Euler and the

order 2.0 weak Taylor schemes, and by their simplified versions.

Let us rewrite the Euler scheme (12.2.2) as

N-1
Yr=Y, [J1+ % +oAW,), (12.4.21)
n=0

where AW, are i.i.d Gaussian N (0, %) random variables and N = %. Note that

KL (TN
E ((AWn)k) ={ G2n (N) for k even

0 for k odd.

(12.4.22)

By the independence of AW, for n € {0,1,...,N — 1} and (12.4.22) we obtain

E ((YT)k) — (W) E (ﬁ(l + “T\F‘[F— + aAWn)k)
= ’“N E(1+—+0AW))

n=

,...

(=]

._.

k

Z (T) Y 'o'E ((AWn)i) (12.4.23)

o0 (352) (- “TY TEE))

We recall that by [2] we denote the integer part of z € R and by ( ), for i > 1, the

:uh

3

f



124,  SOFTWARE IMPLEMENTATION 253

combinatorial coefficient, see (8.5.15).

Similarly, for the simplified Euler scheme (12.2.4) we obtain

B()) = (o)E (f[ a+50+ UA’WQ,M)

~ ) (iz/? (;q) (1 + %)Mq (OQTTYY (12.4.24)

where Aﬁf\gm is the two-point distributed random variable given in (12.2.3). Here

we have used the result

T\ #/2
— \k — for k even
E ((AWM> ) - (N) (12.4.25)
0 for k odd.

By comparing (12.4.23) to (12.4.24), we notice that the Euler scheme and the
simplified Euler scheme give the same estimator for the expectation E((Yr)*) with
ke {1,2,3}.

Let us now rewrite the order 2.0 weak Taylor scheme (12.2.6) for the SDE (12.4.17)

as
N-1

Yr =Yy [[ (b1 + haAW, + hs (AW,)?), (12.4.26)
n=0
with
2 2

o\ T 277 T o

By the independence of AW, for n € {0,1,...,N — 1} and (12.4.22) we obtain

N-1

E(07)) = 00" ] B (b + haaWa + by (AW,))")

n=0

N-1

- (W) i(k)hf‘iE((thWn+h3 (aw)?)')

?

- oI (53 () iam (1ama)

§=0
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N—1 /1k/2] L /9
- o0 (3 (s () s (camware)
q=0

n=0 =0
[(k—-1)/2]
2q+1
k (2¢+1) q 2(q l)h2l+1
M qz; (2q+1) Z<2z+1>
xE ((AWn)2(q+l+1)))
[k/2] q +l
BN ear o (202000, g+ D) (T
— Y, k k—2q h (g )h2l s
(¥o) (; (2q>h1 s (2z> 2 3 (g+ D! \2N
[((k—1)/2]
k B (2at) 2q+1 2(q 1) 20+1
R+
+ ; <2q+1) Z 20+ 1
1 q+i+1 N
LR+ i+ )N (T | (12.4.28)
(g+1+1)! \2N '

For the order 2.0 simplified weak scheme (12.2.8), with the three-point distributed

random variable A/Wg,n, see (12.2.7), we obtain
N-1 . e 2\ k
B((v)) = mNIIE«ﬁ+MAWM+m@MQQ>)
n=0
[k/2] q
2 3T

- k k—2 9 p20a-1)p2
- 00 (o 3 (o (s ()

((k-1)/2]

q
yf=(2a+1) 2q+1 p2a- l)hzt+1
23 (o ()

N
1 /3T g+i+1
(= 12.4.2
(%) ) (12.429)

where we have used the result

= \* L3 o for k even
E ((Awg,n) ) ~{ 3\ W (12.4.30)
0 for k odd,

for k{1,2...}. Therefore, the order 2.0 weak Taylor scheme and the simplified
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order 2.0 weak scheme provide the same estimate for F((Yr)*) with &k € {1,2}.

In the following, we consider the estimation of the fifth moment, that is F((Y7)?).
We consider the following parameters: Xy = 1, u = 0.1, ¢ = 0.15, T = 1. Note
that by comparing the closed form solution (12.4.20) with the estimators (12.4.23),
(12.4.28), (12.4.24) and (12.4.29), we can compute explicitly the weak error £, (A)
for the Fuler and the order 2.0 weak Taylor schemes, as well as for their simplified

versions.

In Figure 12.4.3 we show the logarithm logs(£,,(A)) of the weak error for the Euler
and the order 2.0 weak Taylor schemes together with their simplified versions versus
the logarithm log,(A) of the time step size. Note that the Euler and the simplified
Euler schemes reproduce in the log-log plot the theoretically predicted weak order
[ = 1.0. Furthermore, the order 2.0 weak Taylor scheme and its simplified version
achieve a weak order of 5 = 2.0, as expected. The errors generated by the simplified

schemes are very similar to those of the corresponding weak Taylor schemes.

o[

'
-
o

-
¢}
~
o]
m
o
o -15
3
/(f‘// —— Euler
e
oo b //,’//‘// o SEuler
A
o
/‘/'” - — 2Taylor
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Figure 12.4.3: Log-log plot of the weak error for the Euler, the simplified Euler, the
order 2.0 weak Taylor and the simplified order 2.0 weak schemes

We know that simplified schemes achieve the same order of weak convergence as
their counterparts based on Gaussian random variables. However, it is useful to
check whether there is a significant loss in accuracy when the time step size A is

large.

In the following we analyze the relative weak error when estimating the fifth mo-
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ment in our example. This means that we consider the quantity

E((X7)®) = E((Y7)")
E((Xr)®) ’

(12.4.31)

where the parameters are set as before with 7' € [1/365,3] and ¢ € [0.05,0.5].
Moreover, we use only one time step, which means that the time step size A used
for the discrete time approximation Y7 equals 7. In Figure 12.4.4 we report the
relative error generated by the Euler scheme. For small values of the time to
maturity 7" and of the volatility o, the Euler scheme is very precise even by using
only one time step, as considered here. For instance, when the maturity time is
set to 2/12 and the volatility to 0.1 we obtain a relative error of 0.13%. When
the time to maturity and the volatility increase, the accuracy of the Euler scheme
is not satisfactory. For instance, for 7' = 3 and o = 0.5 the relative weak error
amounts to 99.6%. In Figure 12.4.5 we report the relative weak error generated
by the simplified Euler scheme for the same parameter values. The results are
similar to those obtained in Figure 12.4.4 for the Euler scheme based on Gaussian
random variables. Finally, Figure 12.4.6 reports the difference of the relative errors
generated by the simplified Euler scheme and by the Euler scheme. Here we can

notice that the loss in accuracy due to the use of simplified schemes does not exceed

4%.

Figure 12.4.4: Relative error for the Euler scheme with A =T

The relative errors generated by the order 2.0 weak Taylor scheme and its simplified
version are significantly smaller than those reported for the Euler and the simplified
Euler schemes. However, the qualitative behavior with respect to the values of the

time to maturity T and the volatility ¢ is similar. In Figure 12.4.7 we report the
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Figure 12.4.5: Relative error for the simplified Euler scheme with A =T

Figure 12.4.6: Relative error of the simplified Euler scheme minus the relative error of
the Euler scheme

relative error of the simplified order 2.0 weak scheme minus the relative error of the
order 2.0 weak Taylor scheme for the same parameters considered in the previous
plots. Also in this case the loss in accuracy generated by the multi-point distributed

random variables is limited for all parameter values tested.

We also report that we obtained similar results when estimating higher moments.
For instance, in Figure 12.4.8 we plot the difference in the relative errors of the

simplified Euler scheme and of the Euler scheme for the tenth moment.
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Figure 12.4.7: Relative error of the simplified order 2.0 weak scheme minus the relative
error of the order 2.0 weak Taylor scheme

Figure 12.4.8: Relative error of the simplified Euler scheme minus the relative error of
the Euler scheme for the tenth moment

The Case of a Non-Smooth Payoff

In option pricing we are confronted with the computation of expectations of non-
smooth payoffs. Note that typically weak convergence theorems for discrete time
approximations require smooth payoff functions. We refer to Bally & Talay (1996a,
1996b) and Guyon (2006) for weak convergence theorems for the Euler scheme in

the case of non-smooth payoff functions.

To give a simple example, let us compute the price of a European call option. In
this case we assume that the dynamics of the SDE (12.4.17) is specified under
the risk neutral measure, so that the drift coefficient p equals the risk-free rate

r. In this case the price of the European call option is given by the expected
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value of the continuous but only piecewise differentiable payoff e #T (X7 — K)* =
e *T max(Xr — K, 0) with strike price K. By (12.4.18), we obtain

crx(X) = Ele*(Xr — K)*) = XoN(d,) — Ke™*T N (dy), (12.4.32)

X o2
where d; = ﬁ?{%ﬁfﬂ and dy = d; — oV/T.

For this particular example the estimator of the simplified Euler scheme and that
of the simplified order 2.0 weak scheme can be obtained in closed form. For the

simplified Euler scheme we obtain

x(1+%— \/g)i—f()+. (12.4.33)

For the simplified order 2.0 weak scheme we have

e T XL INY v (i N 3T . 3T\i
rx(Y) = = Z(j>4 Z(Z) Yoh' <h1+h2\/—ﬁ+h3—ﬁ>

J=0 i=0

+
3T 3T
x (h,l — ha\[ S + hgﬁ) _ K) , (12.4.34)

where hy, hy and hj are defined in (12.4.27).

For the Euler scheme and the order 2.0 Taylor scheme, we resort to Monte Carlo
simulation to obtain an estimate of the expected value E(e #*T(Yr — K)*). Note
that the number of generated sample paths used in the following numerical ex-
periments is large enough to ensure that the statistical error is negligible when
compared to the systematic error. In the special case of one time step, that is
A =T, the estimator of the call price for the Euler scheme and for the order 2.0
weak Taylor scheme can be obtained in closed form. For the Euler scheme with

one time step we have

crx(Y) = e_“‘T((Yo(l +uT) — K)N(b) + ng/TN'(b)),
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with ,
K —Yy(1+ uT) e T
b= and N (z) = ,

Yoo/ T (@) Ve

for z € R. For the order 2.0 weak Taylor scheme with one time step, if
}/(](}/()(hg)2 - 4h3(Yoh1 — K)) >0
we obtain

CT,K(Y) = 6_”T<(}/0(h1 + hg) - K) (N(b_) +N(b+))

Yo (N(64) = N"(2)) (ha + h (b — b-))),

where

_ —Yohs £ /(Yoha)? — 4Xoh3(Yohy — K)
2Xohs ’
and hy, he and hs are defined in (12.4.27). If instead

by

Yo (Yo(hs)? — 4hs(Yohs — K)) <0,

then we have
crx(Y) = Yo(h + hs3) — K.

These closed form solutions allow us to show the weak error generated by these
schemes, when A = T, avoiding any statistical error that would arise from a Monte
Carlo simulation. Note that for some range of parameters used in our study the
weak error is very small and it would be unfeasible to use Monte Carlo simulation

to obtain an estimate with a negligible statistical error.

In Figure 12.4.9 we show the log-log weak error plot of an at-the-money call payoft
with strike K = Xj,. The Euler and the simplified Euler schemes have a very similar
accuracy and generate a weak order § = 1.0 with the log-error forming a perfect
line in dependence on the log-time step size. The order 2.0 weak Taylor scheme
is more accurate and achieves an order of weak convergence of about g = 2.0.
The accuracy of the simplified order 2.0 weak scheme is comparable to that of its

Gaussian counterpart, but its convergence is much more erratic.

We report that when testing these schemes with different sets of parameters, we
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Figure 12.4.9: Log-log plot of the weak error for the Euler, the simplified Euler, the
order 2.0 weak Taylor and the simplified order 2.0 weak Taylor schemes

notice that simplified schemes have an accuracy similar to that of corresponding
schemes based on Gaussian random variables, but their convergence exhibits oscil-
lations. This effect seems to be more pronounced in the simplified order 2.0 weak

Taylor scheme, but it is also present when using the simplified Euler scheme.

As mentioned earlier, the simplified Euler scheme and the simplified order 2.0
weak schemes are approximately equivalent to certain binomial and trinomial trees,
respectively. The erratic behavior of the weak error is due to the discrete nature
of the multi-point distributed random variables used. This appears to be the same
effect that was noticed for tree methods in Boyle & Lau (1994).

As in the previous section, we now compare for a wide range of parameters the
accuracy of weak Taylor schemes to that of simplified weak Taylor schemes when

using only one time step. We consider the relative weak error,

crx(X) — crx(Y)
CT,K (X) ’

(12.4.35)

with Xo = Yo = 1, p = 0.1, 0 € [0.05,0.5), K € [0.88,1.12] and T" = 3/12. In
Figure 12.4.10 we report the relative error generated by the Euler scheme. We

notice that for small values of the volatility and large values of the strike the
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relative error increases by up to 70%. Figure 12.4.11 shows the relative error for
the simplified Euler scheme, which is extreme for large strikes and small volatilities.
Also in this case the loss in accuracy due to the use of the two-point distributed
random variables (12.2.3) is rather small outside a region of high strike prices and
low volatilities. Note that since we are using only one time step, for every value
of K > Yy(1+ pT + o/T) all sample paths of the simplified Euler scheme finish
out-the-money and, thus, the expected call payoff is evaluated to zero. On the
other hand, some of the paths generated by the Euler scheme end up in-the-money,
providing a positive value for the expected call payoff which is, thus, closer to the
exact solution. Note, however, that in this region the exact value of the expected
payoff is very small. For instance, for K = 1.05 and ¢ = 0.05 the exact value
equals 0.00236768. Thus, the absolute error generated by the simplified Euler

scheme remains under control.

Figure 12.4.10: Relative error for the Euler scheme with A =T

In Figures 12.4.12 and 12.4.13 we report the difference between the relative error of
the simplified Euler scheme and that of the Euler Scheme with a medium maturity
T = 1 and a long maturity T' = 4, respectively. Again we can see that the
accuracy of schemes based on simplified random variables is similar to that of
schemes based on Gaussian random variables. Furthermore, we notice that for
certain sets of parameters the simplified Euler scheme is even more accurate than

the Fuler scheme.

Finally, we have conducted similar numerical experiments comparing the accuracy

of the order 2.0 weak Taylor scheme to that of the simplified order 2.0 weak scheme.
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Figure 12.4.11: Relative error for the simplified Euler scheme with A =T

We report that also in this case the loss in accuracy due to the use of the three

-point distributed random variable (12.2.7) is quite small.

Figure 12.4.12: Relative error of the simplified Euler scheme minus the relative error of
the Euler scheme for T' =1

The experimental results of this section suggest that the accuracy of weak schemes
based on multi-point distributed random variables is similar to that of weak Taylor
schemes based on Gaussian random variables. The loss in accuracy, which is due to
the use of multi-point random variables, is for typical parameters below 10% when
measured in terms of relative errors. We have also reported that in some particular
cases the accuracy of simplified weak schemes is superior to that of weak Taylor

schemes. Therefore, thanks to high speedups in execution, the proposed RBGs
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Figure 12.4.13: Relative error of the simplified Euler scheme minus the relative error of
the Euler scheme for T' = 4

when combined with simplified schemes can significantly enhance the efficiency of

typical Monte Carlo simulations in finance.

12.5 Hardware Accelerators

In this section we propose a fast generator of multi-point distributed random num-
bers on a field programmable gate array (FPGA) and describe its system perfor-
mance in a PC architecture. The proposed approach has been tested over a wide
variety of parameters, including different multi-point random variables and corre-
sponding weak Taylor schemes. It proved capable of achieving speedups of up to

ten times with respect to an optimized software-only implementation.

12.5.1 System Architecture

Our ultimate goal is to substantially speed up the above described Monte Carlo
simulations by moving the random number generation from software to a dedicated
hardware platform. More precisely, we aim to move the whole generation of multi-
point distributed random numbers from the host processor to a dedicated hardware
unit. This approach is advantageous in applications in which a relevant percent-
age of time is taken by the generation of random numbers. However, there exist

critical performance challenges at the system level. As the typical generation time
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for a software implementation can be as short as a few nanoseconds per number,
the dedicated hardware solution must avoid any system-level bottlenecks to prove

competitive.

Host Processor FPGA

Daughter board

ruaidom numbers (encoded
- ————————

" “PCI Bus

Figure 12.5.14: The system architecture

Our basic idea for a PC environment is that of implementing the hardware “accel-
erator” as a daughter board on the PCI (peripheral component interconnect) bus,
Revision 2.2. For details on the PCI Bus Revision 2.2 we refer to PCI Local Bus
Specification Revision 2.2, PCI-SIG, 2000. The daughter board hosts the random
number generator, not to be confused with the RBG which is just a part of it. The
random number generator is implemented on an FPGA and returns the generated
numbers to the simulation software through the PCI bus. Figure 12.5.14 shows our
proposed system architecture for a PC platform. We can divide the system oper-
ations in four phases. In phase 1, the FPGA generates a set of random numbers
in an average time Tgppga per number. In phase 2, the FPGA transfers such a set
in a compact, combinatorially encoded format to the host memory via burst bus
cycles operated under DMA (direct memory access) for maximum communication
efficiency in an average time 7.,nm per number. The combinatorial encoding works
as follows. Any given multi-point distributed random variable has a small finite set
of n possible values, with each value typically represented as a 32-bit floating point
datum. We can encode each value by combinatorial encoding with [log, n] bits,
where [a] denotes the smallest integer greater than or equal to a. Accordingly, the
amount of random numbers that we are able to pack and transfer in a single PCI
data phase (32 bits of data over 30 ns) is much larger than that possible with the
native floating point representation {(only one number per data phase). In phase 3,
the host processor is ready to serve the requests for random numbers from the sim-
ulation software. At each request, the host processor decodes one encoded number
and returns it to the caller in an average time Ty, per number. In phase 4, the host

processor uses the random numbers in an average time 7. per number. In this
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way, the simulation software sees the system through the same function interface
of a conventional software-only implementation and requires no further modifica-
tions. More importantly, we coordinate these phases into a pipeline so that the
simulation software uses the current set of generated random numbers (phase 4)
while the FPGA concurrently produces a new set (phase 1), thus obtaining a sig-
nificant speedup. Figure 12.5.15 shows how the various phases occur with respect
to time. It can be seen that if Trpga is less than T\, then phase 1 is completely
hidden by phase 4 and thus adds no time to the total execution time. With a
more aggressive implementation, also phases 2 and 3 could have been considered
for pipelining with other phases. In particular, phase 2 could be overlapped with
phase 1 by means of a double-buffer implementation on the FPGA. At its turn,
phase 3 could be overlapped with phases 1 and 2 by a double-buffer implementation
in the host memory. Note that phase 3 cannot overlap with phase 4 as they both
require the same resource, the host processor. It can be shown that such changes
could result in hiding T,,nm completely in the overall execution time. On the other
hand, Ty, will instead increase due to the increased complexity of a multiple-buffer
implementation, thus compromising the speedup. For this reason, we decided to

limit pipelining to the two main phases, 1 and 4.

Phase

T_ue (1)

1 T_peca (it h l Treaa(y J

Time

Figure 12.5.15: The various phases with respect to time

The complete time models for the simulation are given in the following. First, we
can define Ty, as the average time spent for generating a multi-point distributed
random number and T, as the average time spent by the rest of the simulation

software in using it. If generation and use are sequential, we can write:

Texe = Tuse + Tgem (12536)

where T,,. is the average total execution time per number.

In the case of a conventional software implementation the above model holds and
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Tyen = Tgengy, 15 the time taken by the execution of a function that generates and

returns one multi-point distributed random number to the caller.

With our system, instead, the simulation software uses the current set of random
numbers while the FPGA concurrently generates a new set. In this way, if the
generation time on the FPGA, Trpga, is shorter than the use time, T, the former
does not add up to the total execution time. Such a constraint was largely satisfied

in all our experiments. Hence, (12.5.36) still holds with Tyen = Tgeny,,, given by:

T,

gengw

= Tcomm + Tdec, if TFPGA < Tuse‘ (12537)

12.5.2 FPGA Implementation

A fast and flexible implementation of the random number generator is the main
requirement in this application. FPGAs enjoy several features such as quasi-
ASIC (application specific integrated circuit) speed and programmer-level flex-
ibility, which makes them the most suitable option for the hardware platform.
Accordingly, we have chosen to implement our generator on a high-performance
FPGA, the Altera Stratix EP1S10B672C6. Simulation tools for this device are
available in the Altera Quartus II development environment. We have used the
Web Edition Software Version 4.2 of such tools. Moreover, all the circuits for
the FPGA have been developed in VHDL (Very High Speed Integrated Circuit

Hardware Description Language).

Figure 12.5.16 shows a simplified representation of the random number generator.
In Figure 12.5.16.(a) the random number generator is shown together with the out-
put FIFO (first in first out) queue (some signals have been omitted for simplicity).
The generation of the encoded random numbers is synchronous with the main clock
signal (CK), with one number generated per clock cycle over signals RN{[0:2]. Each
encoded random number generated by the random number generator is input in
the FIFO queue which, in turn, allows for asynchronous reading from an external
master with 32-bit data parallelism. The writing on the queue is clocked by the
BUFF_WR signal, which is synchronous with CK. However, the queue can suspend
the random number generation when full by raising FIFO_FULL. The generator
needs an initial seed of arbitrary length which can be uploaded asynchronously, in
one or more steps, through the SEED[0:31] and WR signals. Figure 12.5.16.(b)
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shows details of the generator. The generation of the random bits is performed by
a shift register generator of programmable length equal to that of the generating
polynomial. The “active” (i.e. non-null) coefficients can also be programmed by
the user. The orders considered for the weak Taylor scheme range from § = 1.0
to f = 3.0, although higher orders can also be straightforwardly implemented.
When the selected order is § = 1.0, the random number generator generates num-
bers sampled from a two-point distributed random variable with the probabilities
described in (12.2.3). Each single bit generated by the shift register generator rep-
resents a valid encoded number. When the selected order is § = 2.0, the random
number generator generates numbers sampled from a three-point distributed ran-
dom variable with the probability distribution (12.2.7). In this case, a sequence of
three generated random bits, X1:X3, is used to generate eight equiprobable com-
binations. As described in Section 12.3, the accept/group logic discards two of
them, uses four to generate a 0 value for the random variable and uses one each
for values +v/3A and —v3A. When the selected order is G = 3.0, the random
variable is five-point distributed with the probability distribution (12.2.11). In this
case, a sequence of five random bits, X1:X5, is used to generate 32 equiprobable
combinations. The accept/group logic discards two of them, uses ten to generate a
0 value, nine each for values +vA and —v/A, and one each for values ++v/6A and
—+v/6A. All combinatorial functions in the accept/group logic are optimized.

12.5.3 Experimental Results

Table 12.1 shows the main performance results of the proposed implementation
for a polynomial order of 31 and the different weak Taylor scheme orders. F (in
MHz) is the maximal clock frequency obtained for the random number generator.
Trpca, the time (in ns) for generating one multi-point distributed random number,
is computed as «10%/F,. The « term accounts for the fact that some of the
clock cycles generate a random number that should be rejected; such a factor is
8/6 for the three-point distributed random variable and 32/30 for the five-point
distributed one. T, the time spent by the application in using a random number,
is measured on the option pricing problem with a lognormal dynamics discussed in
Section 12.4.2. From Table 12.1, it is possible to see that the constraint of (12.5.37)
is always easily satisfied. Although 7., obviously depends on the application,
its range will be similar for comparable Monte Carlo simulations. Tiomm is the

average time for transferring one random number from the FIFO queue to the
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Table 12.1: Performance results of the proposed implementation, polynomial order
31

Scheme Order | Fox | Trpaa | Tuse | Teomm | Lec
B=1 162 | 6.17 | 18.06 2 3.85
3=2 158 | 8.42 | 30.44 4 4.4
4=3 116 | 9.12 | 68.60 | 6.4 | 627

host memory over the PCI bus. This time increases proportionally to the size in
bits of the encoded random numbers. Moreover, in some cases the data require
extra-alignment bits to match the 32-bit PCI data size. For instance, this applies
to the case of the 3-bit encoded numbers sampled from a five-point distributed
random variable. In Table 12.1, T.,mm 18 computed based on a transfer rate of 66
MB/s. However, there exist several implementations over the PCI bus which can
almost saturate its peak rate of 132 MB/s; hence, even smaller values for Teomm
are achievable. Moreover, the upcoming PCI Express™ bus carries the potential
to further decrease Teomm by at least a factor of 4. Based on these parameters and
thanks to our design choice of combinatorial encoding for the generated random
numbers, we have proved herewith that data communication is not a performance
bottleneck in our system. Moreover, we have implemented highly-optimized C
macros to perform the decoding operation on the host side, thus also limiting Ty,
the average time that the host processor takes to decode one encoded random

number and return it to the requesting application.

Table 12.2 shows the main performance results for a much higher polynomial order
of 521. Tyse, Teomm, and Tye. are not influenced by the polynomial order. It can also
be seen that the FPGA performance does not suffer from the increased polynomial
length and in some cases even slightly exceeds that of the polynomial order 31.
As the implementation still uses a very small fraction of the FPGA resources, we

cannot see any practical upper bound on the choice of the polynomial length.

To provide a comparative analysis between software and hardware performance,
we have implemented both software and hardware versions of the random number
generator for a comprehensive variety of parameters. In order for the performance
comparison to be unbiased, we have implemented all software functions as highly

speed-optimized C macros. The reference PC is a Mobile Pentium 4 2.0 GHz and
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Table 12.2: Performance results of the proposed implementation, polynomial order
521

Scheme Order | Fox | Trpoa | Tuse | Teomm | Tdec
8=1 167 | 5.99 18.06 2 3.85
3=2 157 | 847 | 30.44 4 4.4
3=3 135 | 790 | 68.60 | 6.4 6.27

the C compiler used is the Microsoft Visual Studio 6.0 with -O2 optimizations. In
the following, the three dimensions of the polynomial order, number of non-null

coeflicients, and number of points of the random variable are discussed.

Polynomial order

A polynomial order n, for a primitive polynomial modulo 2, guarantees a period of
2™ — 1 for the generated random sequence. [t is known that the accuracy of a sim-
ulation, based on a pseudo-random sequence, is compromised when the sequence
length is substantial compared with the period of the random number generator.
In the light of this, high order polynomials should be preferred. However, in a soft-
ware implementation one faces an increase in generation time when using high order
polynomials, since they cannot be mapped onto a single primitive-type operand.
Instead, the hardware implementation does not suffer from any predefined operand
size. Figure 12.5.17 shows the generation time, T,.,, for the software and hardware
implementations as a function of the polynomial order. For the software imple-
mentation, T, remains approximately stable up to 63 ns and then starts to grow
with the polynomial order. Yet, the time for the hardware implementation always
remains constant. In our tests, even larger polynomial sizes did not introduce any
further delay in the FPGA operations.

Number of non-null coefficients

The “randomness” of the random bits, which is crucial for an effective Monte Carlo
simulation, is strictly related not only to the order of the generating polynomial
but also to the choice of its (non-null) coefficients, see Niederreiter (1992). How-

ever, in a software implementation a programmer is tempted to use the polynomial
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Figure 12.5.17: The gencration time as a function of the polynomial order
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Figure 12.5.18: The generation time as a function of the number of non-null coef-
ficients for a polynomial order of 31
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Tgen

Number of points

Figure 12.5.19: The gencration time as a function of the number of points of the
randoin variable for a polynomial order of 31

with the smallest number of coefficients, as each introduces an additional compu-
tational load. Figure 12.5.18 shows that the software implementation suffers from
a proportional delay. Again, the time instead remains constant for our hardware

implementation as Trpga remains less than T, in all cases of interest.

Multi-point random variables

When high accuracy is required, higher orders of the weak Taylor schemes will even-
tually increase the computational efficiency, even though both the scheme and the
multi-point distributed random variables are more complex. In any case, speeding
up the computation of the random variables has a dramatic impact on the simu-
lation time. Figure 12.5.19 shows the generation time, Tin, for the software and
hardware implementations as a function of the number of points in the multi-point
distributed random variable, which refers to AWM, Aw&n and Aw\s,n, defined in
(12.2.3),(12.2.7) and (12.2.11), for a polynomial order of 31. Once again, the soft-
ware time grows steadily, up to 80 ns per value for a five-point distributed random
variable. The hardware time, instead, increases negligibly. Actually, the increase
in Tien is due only to the larger size of the encoded random numbers. The size of
the encoded random numbers grows as [log, n|, where n is the number of points
representing the possible values of the multi-point distributed variable, and this
has an impact on the transfer time, Tcomm, and the decoding time, Ty.., see Tables
12.1 and 12.2. Figure 12.5.20 shows that the trend is similar for a polynomial order
of 521.
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Number of points

Figure 12.5.20: The generation time as a function of the number of points of the
random variable for a polynomial order of 521
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Table 12.3: The generation speedup between hardware and software

Sgen(31) | Sepca(31) | Sgen(521) | Skpca(521)
AW,,, | 1.44 1.36 2.33 2.27
AWy, | 6.84 6.83 9.94 9.86
AWs, | 5.88 8.18 8.01 12.84

Speedup

Table 12.3 reports the speedups achieved with the proposed hardware solutions with
respect to the optimised software implementation, when considering the multi-point
distributed random variables A/Wg’n, AWM and AWE,’,L and polynomial orders of 31
and 521. Sgen = Tengy /Tgenyy 15 the speedup between the generation in hardware
and that in software. As explained in (12.5.37), T,

geny 40€8 not account for the

generation time on the FPGA device, but it consists, rather, of communication and
decoding times. The units responsible for such times are mainly the PCI bus and
the host processor. While S, is the main performance figure in our system, it is
important to report also Srpga = Tgengy /Trpga, which is the speedup between the
generation on the FPGA alone and that in software. This speedup is important
to express the relative performance of the FPGA device and the host processor in
the generation of multi-point distributed random variables in view of a possible
transfer of the whole simulation to FPGAs. Table 12.3 shows that such a speedup
is as high as 12.84 and could possibly increase by using FPGA development tools
providing further optimizations.

Table 12.4 reports the application speedup of the proposed hardware solutions
with respect to the optimized software implementation Sexe = Texegy /T exenw When
the option pricing problem with lognormal dynamics discussed in Section 12.4.2 is
considered. Table 12.4 shows that the overall application strongly benefits from
the hardware acceleration, up to almost three times in some cases. This is due
to the large percentage of the total execution time typically spent on the random
number generation by the software. Moreover, the speedup increases with the order
of the polynomial and also with the number of its non-null coefficients, which is
not shown in the table. Therefore, these speedups become more significant in the

case of high accuracy simulations.
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Table 12.4: The application speedup between hardware and software

Scheme Order | Sexe{31) | Sexe(521)
g =1 1.11 1.32
8=2 2.26 2.93
3=3 1.76 2.09

From Table 12.4, it appears that the application speedup for a weak Taylor scheme
of order § = 2.0 is greater than that for order 8 = 3.0. However, such a result
is not general since the measured times and speedups can depend significantly on
the compiler used. To verify that, we measured T,q. also with another compiler,
the Mingw port of GCC. Here we obtained 14, 47 and 57 ns per random number
for a weak Taylor scheme of order 1, 2, and 3, respectively. Such times, when
compared to those obtained by the Microsoft compiler and reported in Tables 12.1
and 12.2, seem to be in better proportion with the complexity of the operations in
(12.2.4), (12.2.8) and (12.2.12). With such times, the application speedup for the
weak Taylor scheme of order § = 2.0 is equivalent to that of order 8 = 3.0.



Chapter 13

Conclusions and Further Directions of

Research

13.1 Conclusions

Discrete time approximations for SDEs with jumps have been presented in this
thesis. New moment estimates of multiple stochastic integrals involving Poisson
jump measures and their compensated counterparts have been derived. Using
these estimates and the Wagner-Platen expansion, we have proved convergence
theorems for strong and weak higher order approximations. Additionally, new, effi-
cient strong approximations, including derivative-free, drift-implicit and predictor-
corrector schemes, have been proposed. The new strong predictor-corrector schemes
appear to be of particular interest because of their efficiency and numerical sta-
bility properties. Various numerical experiments have confirmed the theoretically
derived numerical properties of the new strong and weak higher order schemes.
Furthermore, efficient implementations of simplified weak schemes based on ran-
dom bit generators and dedicated hardware accelerators have been developed and
tested. The thesis demonstrates that progress has been made in the development of
the theory of numerical solution of SDEs with jumps via simulation. This progress
raises new interesting and challenging research problems for the development of an

advanced theory.

13.2 Further Directions of Research

There are several possible directions of future research which directly derive from
the results obtained. First, extensive numerical experiments with the new methods
should be conducted to obtain clear measurements of their numerical efficiency and

stability when applied to specific SDEs in finance. An important application of dis-
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crete time approximations arises in the pricing and hedging of complex interest rate
derivatives under the LIBOR market model with jumps, see Glasserman & Kou
(2003). As discussed in Chapter 2, the corresponding high-dimensional non-linear
dynamics require the use of efficient discrete time approximations. Glasserman &
Merener (2003a) analyzed certain schemes for these types of dynamics. A compar-
ative analysis of the performances of the schemes presented in this thesis, when
applied to the LIBOR market model with jumps, is therefore a topic of preferred
future research. Furthermore, several authors, including Higham & Mao (2005),
Kahl & Jackel (2005), Lord, Koekkoek & van Dijk (2006), Broadie & Kaya (2006),
and Andersen (2007), have recently analyzed the problem of the numerical approx-
imation of the SDEs describing the Heston model, see Heston (1993). In Heston
(1993) a transform method was proposed, which allows the fast evaluation of Eu-
ropean type derivatives. However, for the pricing of exotic derivatives, simulation
methods are usually employed. It remains a challenge to derive efficient higher
order schemes for these particular dynamics when jumps are included. The deriva-
tion of numerically stable, higher order schemes for the Bates models, see Bates
(1996), which is a jump augmented Heston model, is a research topic with strong

practical background.

Numerical stability is of crucial importance for the effectiveness of discrete time
approximations also in the presence of jumps. Therefore, a second important topic
of future research is a detailed analysis of the numerical stability properties of the
schemes presented in this thesis. Such analysis could follow the lines of Higham &
Kloeden (2005, 2006, 2007) for implicit strong schemes. Of particular interest are

the numerical stability properties of the new strong predictor-corrector schemes.

The derivation of a convergence theorem for regular weak approximations in the
case of pure jump SDEs is another challenging project of future research. As in
the case of strong schemes, this research would aim to relax the differentiability
conditions on the jump coefficient. Ideas of Glasserman & Merener (2003a), who
obtained weak convergence for schemes up to weak order 4 = 2.0 for jump-diffusion
SDEs under mild conditions on the jump coefficient, could be useful for this prob-

lem.

Another topic of future research is the design of regular weak derivative-free,
predictor-corrector and simplified schemes. In particular, a moment condition for
regular weak schemes, similar to that presented for pure diffusion SDEs in Kloeden

& Platen (1999), would be needed to assess the convergence of such general regular



12.2. FURTHER DIRECTIONS OF RESEARCH 279

weak approximations. A remark in Liu & Li (2000) suggests a moment condition
to hold for regular weak schemes, without providing any proof. A topic of future
research is therefore the derivation of a full proof under which the above mentioned
moment condition is sufficient to obtain the desired order of weak convergence for
given classes of SDEs with jumps. Note that because of the peculiar properties
of higher order moments of increments of the Poisson processes, which differ from
those of diffusions, the jump-diffusion case requires particular care and it is not
obvious that the conjecture in Liu & Li (2000) holds.

The design of efficient weak schemes involving automatic step size control is another
interesting topic for future research. The work of Mordecki, Szepessy, Tempone
& Zouraris (2006) addresses this problem in the case of the Fuler scheme. Of
particular interest would be the design of weak predictor-corrector schemes with

step size control.

Also hardware accelerators for weak schemes should be further explored. One
possible extension of our current research is the implementation of entire Monte
Carlo simulation algorithms on field programmable gate arrays. Furthermore, the
Monte Carlo simulation of SDEs is generally suitable for parallel implementations,
see Petersen (1987). A parallel implementation of the weak schemes presented in

this thesis can lead to high speedups.

Another field of investigation is that of the numerical approximation of stocha-
stic partial differential equations with jumps, see Hausenblas (2003, 2006). Typi-
cally, after an initial space discretization, which can be performed, for instance, by
Galerkin or finite differences methods, see Kloeden (2002), one obtains a system
of high-dimensional SDEs. The schemes developed in this thesis could be useful
to obtain efficient approximations of stochastic partial differential equations with
jumps. Also in the numerical solution of forward-backward SDEs with jumps,
methods similar to those developed in this thesis could be employed. A method for
forward-backward SDEs with jumps based on an Euler scheme has been proposed
in Bouchard & Romuald (2005).

Another interesting direction of future research is the design of discrete time ap-
proximations for SDEs driven by Wiener processes and infinite activity jump pro-
cesses. A proper truncation of the small jumps may lead to efficient schemes based
on those developed in this thesis. This would also cover the simulation of Lévy

processes.
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The last important direction of future research that we would like to mention re-
gards the smoothness conditions on the payoff function usually required by weak
convergence theorems to guarantee higher order of weak convergence. Weak con-
vergence theorems for non-smooth payoffs for the Euler scheme have been presented
in Bally & Talay (1996a, 1996b) and Guyon (2006), in the case of pure diffusion
SDEs, and in Hausenblas (2002), in the case of pure jump SDEs. An extension of
these results to higher order schemes for jump diffusions would be highly desirable

for applications such as option pricing.

Of broader scope are the following two directions of research. First, of great im-
portance is the development of efficient simulation methods for high-dimensional
systems of SDEs with jumps. These typically arise in important financial appli-
cations. Second, the development of variance reduction techniques is crucial for
the efficiency of Monte Carlo simulations. We remark that in this thesis we have
addressed the problem of designing efficient methods to reduce the systematic error
generated by the time discretization. However, as previously discussed, to obtain
accurate results one should develop efficient variance reduction techniques, thus re-
ducing the statistical error generated in practical applications of the Monte Carlo

simulation methods proposed.



Appendix A

Appendix: Inequalities

We present here some inequalities, see Ash (1972) and Ikeda & Watanabe (1989),
that we have used in the thesis.

A.1 Finite Inequalities

Consider a sequence of pairs of real numbers {(a;, ;),i € {1,...,n}}, with n € N,

Lemma A.1.1 (Cauchy-Schwarz Inequality)

(i aibi>2 < Xn:afibf. (1.1.1)
i=1 1

i= i=1

Corollary 1

n

(13 2
() <
=1 1

a?. (1.1.2)
1

Lemma A.1.2 (Hélder Inequality)
Letl<p<oo,1<qg<ooand (1/p)+(1/q) =1. Then

}iaz‘bﬁ < (ilailp)%(i Ibil")%‘ (1.1.3)

Corollary 2 Let 1 <p < o0, then

n

(Zai>p Snp'liz:;af. (1.1.4)

i=1

A.2 Integral Inequalities

Let (£2,.A, 1) be a measurable space and consider two functions f,g: ) — R.
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Lemma A.2.1 (Cauchy-Schwarz Inequality)
If f and g € L?*(u), then fg € L'(p) and

1

|/Qfgdu' < (/ﬂ f2du)% (/ﬂ g%w)i. (1.2.1)
(‘/Qfdu

Lemma A.2.2 (Hélder Inequality)

Let1 <p<oo,1<q<ooand(l/p)+(1/q) = 1. If f € LP(n) and g € L(p),
then fg € L'(p) and

[ rea] < (] ) ( / i)’ (1.2.3)

Corollary 4 Let 1 <p < oo and f € LP(u). Then

(1 f s

Lemma A.2.3 (Gronwall Inequality 1)

Corollary 3
2
) < u(Q) / fPdp. (1.2.2)
Q

)p <u@y™ | Ifpdu (1.2.4

Let a, B : [to, T] — R be integrable with

t

0<a(t) <p(t)+ C/ a(s)ds (1.2.5)

to

fort € [ty,T) and C > 0. Then
a(t) < B(t) + C/t eCt=9)3(s)ds. (1.2.6)

Lemma A.2.4 (Gronwall Inequality 2)

Let f : [to, T] — R be a nonnegative integrable function and a, B : [to,T] — R be
continuous functions on [ty, T]. If

alt) < B(t) + [f(s)a(s)ds (1.2.7)
fort € [to, T, then

alt) < B(t) + /t t £(s)B(s)ds exp ( / t f(u)du). (1.2.8)
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Moreover, if 3 is non-decreasing, then

a(t) < B(t) exp (/tt f(u)du) (1.2.9)

Lemma A.2.5 (Jensen’s Inequality )

Let X be a random wvariable with finite first moment and g : R — R be a convex
function. Then we have

g(E(X)) < E(g(x)). (1.2.10)

A.3 Martingale Inequalities

Let us consider a right-continuous martingale X = {X;,t € [0,T]} such that
E(|X:|P) < oo for t € [0,T]. Then we have the following inequalities.

Lemma A.3.1 (Mazimal Martingale Inequality)

P({w € Q: sup | X (w)] > a}) < lpE(lXtV’) (1.3.1)

0<s<t a

fora>0,p>1andte(0,T).

Lemma A.3.2 (Doob’s Inequality)

E( sup lel”) < (p—g‘-)pE(lth”) (1.3:2)

0<s<t 1

forp>1andte[0,T].
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