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Abstract

Qualitative Spatial and Temporal Reasoning (QSTR) is a subfield of arti-
ficial intelligence that represents and reasons with spatial/temporal know-
ledge in a qualitative way. In the past three decades, researchers have
proposed dozens of relational models (known as qualitative calculi), in-
cluding, among others, Point Algebra (PA) and Interval Algebra (IA) for
temporal knowledge, Cardinal Relation Algebra (CRA) and Cardinal Di-
rection Calculus (CDC) for directional spatial knowledge, and the Region
Connection Calculus RCC-5/RCC-8 for topological spatial knowledge.
Relations are used in qualitative calculi for representing spatial/temporal
information (e.g. Germany is to the east of France) and constraints (e.g.
the to-be-established landfill should be disjoint from any lake).

The reasoning tasks in QSTR are formalised via the qualitative constraint

satisfaction problem (QCSP). As the central reasoning problem in QCSP,
the consistency problem (which decides the consistency of a number of
constraints in certain qualitative calculi) has been extensively investigated
in the literature. For PA, IA, CRA, and RCC-5/RCC-8, the consistency
problem can be solved by composition-based reasoning. For CDC, how-
ever, composition-based reasoning is incomplete, and the consistency prob-
lem in CDC remains challenging.

Previous works in QCSP assume that qualitative constraints only con-
cern completely unknown entities. Therefore, constraints about landmarks

(i.e., fixed entities) cannot be properly expressed. This has significantly
restricted the usefulness of QSTR in real-world applications.

The main contributions of this thesis are as follows.

(i) The composition-based method is one of the most important reason-
ing methods in QSTR. This thesis designs a semi-automatic algo-



rithm for generating composition tables for general qualitative cal-
culi. This provides a partial answer to the challenge proposed by
Cohn in 1995.

(ii) Schockaert et al. (2008) extend the RCC models interpreted in Eu-
clidean topologies to the fuzzy context and show that composition-
based reasoning is sufficient to solve fuzzy QCSP, where 31 com-
position rules are used. This thesis first shows that only six of the
31 composition rules are necessary, and then introduces a method
which consistently fuzzifies any classical RCC models. This thesis
also proposes a polynomial algorithm for realizing solutions of con-
sistent fuzzy RCC constraints.

(iii) Composition-based reasoning is incomplete for solving QCSP over
the CDC. This thesis provides a cubic algorithm which for the first
time solves the consistency problem of complete basic CDC net-
works, and further shows that the problem becomes NP-complete
if the networks are allowed to be incomplete. This draws a sharp
boundary between the tractable and intractable subclasses of the CDC.

(iv) This thesis proposes a more general and more expressive QCSP frame-
work, in which a variable is allowed to be a landmark (i.e., a fixed
object), or to be chosen among several landmarks. The computa-
tional complexity of the consistency problems in the new framework
is then investigated, covering all qualitative calculi mentioned above.
For basic networks, the consistency problem remains tractable for
Point Algebra, but becomes NP-complete for all the remaining qual-
itative calculi. A special case in which a variable is either a landmark
or is totally unknown has also been studied.

(v) A qualitative network is minimal if it cannot be refined without chang-
ing its solution set. Unlike the assumptions in the literature, this
thesis shows that computing a solution of minimal networks is NP-
complete for (partially ordered) PA, CRA, IA, and RCC-5/RCC-8.
As a by-product, it has also been proved that determining the mini-
mality of networks in these qualitative calculi is NP-complete.



Chapter 1

Introduction

Space and time are the most fundamental elements of the world. All our physical
experience and practice are embedded in space and time, and our recognition of the
world starts with an understanding of space and time. The ability to perceive, process,
maintain, retrieve, and (most significantly) reason with spatial/temporal knowledge is
indispensable for any intelligent creature. In fact, intelligence may develop rapidly
only when an individual has a certain level of ability to handle spatial and temporal
knowledge. Therefore, a sophisticated mechanism for dealing with spatial and/or tem-
poral information is decisive and of key importance for the design of general artificial
intelligent agents, and in disciplines including robot planning and navigation, natu-
ral language understanding, scene understanding and even fields outside AI (such as
geographic information science (GIS) [32]).

The foundation for all reasoning tasks is the establishment of a formalism for the
representation of spatial and temporal information. There are basically two approaches
for this purpose: the quantitative approach and the qualitative approach. The next
subsection provides an overview of both approaches.

1.1 Approaches for Spatial and Temporal Information

The quantitative approach, generally speaking, adopts a coordinate system to main-
tain spatial/temporal information. Considerable research has been conducted in the
quantitative approach within traditional disciplines, such as computer vision [31, 69],
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computational geometry [18], and GIS [113]. Take computer vision for example. Raw
digital images are acquired by image sensors. After pre-processing (e.g., noise reduc-
tion), features of the images (e.g., lines or textures) are extracted which may be used
for further tasks such as region detection. Spatial information (e.g., images, features
or regions) is represented by quantitative numbers, and reasoning tasks (e.g., noise re-
duction) are carried out mainly by numerical algorithms. Therefore we consider the
common approach in computer vision a quantitative one.

The qualitative approach, on the other hand, represents spatial information by hu-
man comprehensible terms instead of exact numerical values. For example, in qualita-
tive spatial representations [50], one may say “The Alps partially overlap Switzerland”,
“Vatican is surrounded by Rome”, “Switzerland is to the north of Italy”, and “Russia
is larger than any other country”, where spatial knowledge is represented by the spa-
tial relations partially overlap, surrounded by, to the north of and larger than, rather
than by exact geographical locations. Qualitative spatial representations [50] are per-
vasively involved in (and usually sufficient for) human activities and communications,
e.g., to identify described objects or follow described routes. The qualitative approach
is inherently succinct and efficient in reasoning, because only decisive knowledge is
kept and details that are less important are ignored. Furthermore, the qualitative ap-
proach is closer to human cognition and may help build user-friendly interfaces (e.g.,
in database queries). It is believed that the qualitative approach is more suitable and
promising for research and applications in artificial intelligence, and the goal of the
QSTR community is to build a formal framework for representing and reasoning with
qualitative spatial and/or temporal knowledge. As we have seen, the relations (such as
partially overlap) are used as basic components for qualitative spatial/temporal know-
ledge representation. The formal frameworks developed by the QSTR community are
essentially relational models, which are known as qualitative calculi. Cohn and Renz
have summarised the goal of QSTR [12]:

The challenge of QSR (Qualitative Spatial Reasoning) then is to provide
calculi which allow a machine to represent and reason with spatial entities
without resort to the traditional quantitative techniques prevalent in, for,
e.g., the computer graphics or computer vision communities.

Both the quantitative and the qualitative approaches have advantages, and are prefer-
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able in different applications. The quantitative approach is ideal when spatial informa-
tion is complete, precise and without ambiguity. The qualitative approach, on the other
hand, may better suit applications where: (i) Precise values are less important. This
is because the qualitative approach focuses on high-level knowledge; thus reasoning
tasks may also be carried out at a high-level (e.g., logics, or the consistency problem,
discussed in the next section) without concern for the less important details. (ii) Indef-
inite knowledge is involved. The qualitative approach may directly represent indefinite
knowledge by non-basic relations, without jeopardizing the framework of all the rea-
soning tasks (although possibly increasing the reasoning complexity). (iii) Human
interaction is involved. For example, in a navigation system, qualitative instructions
may be preferred by people (although it is even better to adopt both approaches) [89].

These two approaches are not exclusive: they can (and perhaps should, if possible)
be adopted at the same time. For example, if the knowledge base only contains the in-
formation that the Netherlands is to the west of Germany and Belgium is to the west of

Germany, we cannot infer the cardinal relation between the Netherlands and Belgium.
However, if we also have a map, we are able to determine that the Netherlands is to the
north of Belgium by locating the two countries and applying an algorithm, which may
cost more time but provide a satisfactory outcome. In fact, [36] has made the “poverty
conjecture”, claiming that no powerful, general-purpose, purely qualitative represen-
tation of spatial properties exists, especially for spatial and kinematic mechanisms.
Although the conjecture itself is arguable [12], it may motivate QSTR communication
to consider integrating both the quantitative and qualitative approaches. The extended
framework of the consistency problem (see the next section and Chapter 6) may be
viewed as a such attempt.

There are many existing applications of qualitative spatial representation and rea-
soning that are worthy of consideration, in areas such as GIS [33], navigation [34],
high-level computer vision, natural language processing, cognitive systems [79], doc-
ument analysis [1], visual (programming) languages [42], qualitative simulation of
physical processes [17, 83, 54], location-based service [51], (spatial and/or temporal)
databases [109], (spatial and/or temporal) data mining [49], and even biology [14].

Traditional GISs, with gigabytes of data, do not support intuitive and commonsense-
oriented interfaces sufficiently well. Users are likely to expect to be able to specify
queries in a qualitative way. The so-called Naive Geography [32] and the qualitative
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GIS [16], in which the qualitative approach is fundamental, may be promising direc-
tions to follow to reduce the conflict.

1.2 Reasoning in a Qualitative Way

This section provides an overview of qualitative calculi and the reasoning problems in
QSTR.

Since Allen’s seminal work on Interval Algebra [3], researchers have proposed
dozens of qualitative calculi (relational models) in the past three decades. Each quali-
tative calculus deals with a particular aspect of spatial/temporal knowledge. This thesis
will focus on the following qualitative calculi: Point Algebra (PA) and Interval Alge-
bra (IA) for temporal knowledge, Cardinal Relation Algebra (CRA) (for point-like
objects) and Cardinal Direction Calculus (CDC) (for extended objects) for directional
spatial knowledge, and the Region Connection Calculus RCC-5 and RCC-8 for topo-
logical spatial knowledge. There are many other important qualitative calculi that are
not discussed in this thesis. These include are the point-and-interval calculus [22], the
generalised interval algebra [59], the INDU calculus [82], the directed interval calculus
[88], the cyclic interval calculus [6] for temporal knowledge, and the Flip-Flop Calcu-
lus [60] and its refinement the LR calculus [98], the Single Cross Calculus and Double
Cross Calculus [97], the Oriented Point Relation Algebra (OPRAm) [72], the Dipole
Relation Algebra [92, 73] with its fine grained variants DRA f and DRA f p [30], and
the Qualitative Trajectory Calculus [20], for directional knowledge.

Generally speaking, a qualitative calculus is characterised by its universe and basic

relations. The universe U of a qualitative calculusM is the domain of entities that are
concerned inM, and the basic relations are a jointly exhaustive and pairwise disjoint
(JEPD) set of binary relations on U (i.e., a partition of U ×U), denoted by BM. 1 The
union of a subset of BM is called a non-basic relation. Note that a qualitative calculus
provides a language for knowledge representation: a basic relation may be used to
represent definite knowledge (e.g. Germany is to the west of France), while non-
basic relations may be used for indefinite knowledge. Now we discuss three important
reasoning problems: the weak composition problem, the consistency problem and the

1We only introduce binary qualitative calculi for simplicity, because only binary qualitative calculi
will be discussed in this thesis.
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minimal labeling problem.
The weak composition problem seeks to decide the possible relations between two

entities a and c, if the relation between a and b, and that between b and c, are given for
an entity b. More formally, it is to decide the weak composition of given relations α
and β, which is defined as the smallest (possibly non-basic) relation in the qualitative
calculus that contains the composition of α and β. For example, Interval Algebra may
express temporal knowledge such as: World War Two occurred and ended during the
20th century, and the Industry Revolution ended before the 20th century. We may then
infer that the Industry Revolution ended before World War Two. The weak composi-
tion problem reflects the most simple reasoning procedure. For a qualitative calculus
M, the weak composition problem is equivalent to computing the composition table

(CT) ofM. A composition table records the weak composition of each pair of basic
relations in the qualitative calculus. The importance of the composition table is much
more than the simple reasoning tasks shown above. In fact, it plays a significant role
in the consistency problem (see below). Because CTs are usually obtained manually,
which is an error-prone procedure (especially for large qualitative calculi containing
dozens or even hundreds of basic relations), the weak composition problem has been
identified as a challenge for computer scientists in [13]. Chapter 3 of this thesis will
provide a semi-automatic algorithm for computing composition tables.

The consistency problem aims to decide the consistency of a set of constraints over
a certain qualitative calculus. Here a constraint is a formula that specifies the imposed
requirement of the variables (e.g, x north y requires that x should be located to the
north of y). The consistency problem is more general (and more difficult) than the
weak composition problem. The consistency problem is the central reasoning prob-
lem in QSTR, as many other reasoning problems (e.g., the minimal labeling problem:
see below) can be reduced to the consistency problem. The consistency problem has
been extensively investigated and successfully solved for a number of qualitative cal-
culi. For PA, IA, CRA, RCC-5, and RCC-8, it is well-known that composition-based
reasoning (together with backtracking) can efficiently solve the consistency problems
for these calculi. In particular, within a fuzzy context of RCC, Chapter 4 will prove
that the composition-based method is still sufficient for determining the consistency
problem. For CDC, however, composition-based reasoning is incomplete and the con-
sistency problem remains challenging. Even worse, it is not clear whether the consis-
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tency problem is tractable when only basic CDC relations and the universal relation
are considered. Chapter 5 will address the consistency problem in CDC.

Previous works about the consistency problem only consider qualitative constraints
between completely unknown entities; that is to say, variables can be interpreted by ar-
bitrary elements from the universe. In such a framework, we cannot express qualitative
constraints between, say, a landmark (or a fixed entity) and a completely unknown en-
tity. Consider the following example. Suppose you are recommended a restaurant in
Sydney by a friend who has dined there before. The spatial information about the
restaurant may be similar to “it is in downtown and close to a MacDonald’s, and it
is to the west of or southwest of Central Station.” Furthermore, while the position of
the restaurant may be totally unknown, the position of Central Station is fixed as a
landmark, and the position of downtown is also fixed somehow, but the position of
“MacDonald’s” is only confined to a finite number of possibilities because there are
several branches of MacDonald’s in downtown Sydney. The traditional framework can
hardly express such constraints properly, because it cannot fix the location of Central
Station, or confine the location of MacDonald’s. This has significantly reduced the
usefulness of QSTR in real-world applications and we will propose a more general
framework of the consistency problem in Chapter 6.

The minimal labeling problem [105] asks what information can be inferred be-
tween two of the entities, with respect to a given knowledge base. In QSTR, a know-
ledge base may be expressed by a set of constraints, and the possible relation between
two entities under such constraints is called the strongest implied relation. The problem
of computing the strongest implied relation between each pair of variables is called the
minimal labeling problem. The minimal labeling problem is closely related to the con-
sistency problem, as it is known that the minimal labeling problem and the consistency
problem are equivalent with respect to Turing-reductions [107]. Even so, a closely
related problem, i.e., computing solutions of minimal networks, remains open. Here,
a minimal constraint network is a set of constraints in which each pair of the involved
variables is related with the strongest implied relation. Note that a minimal constraint
network is consistent by definition. Although it was assumed in [9] that computing
solutions of minimal networks can be easily accomplished, the recent work by Got-
tlob [43] has proved that the problem in the classical constraint satisfaction problem
is NP-hard. Chapter 7 will prove that, computing solutions of minimal networks in
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qualitative calculi PA, CRA, IA, RCC-5, and RCC-8 is also NP-hard, i.e., although the
existence of solutions is ensured, finding these solutions is intractable.

1.3 Overview of This Thesis

In Chapter 2, we provide necessary and general notions used in the thesis, including
preliminary mathematics, reasoning tasks in qualitative calculi, and all the qualitative
calculi to be discussed later (i.e., Point Algebra, Interval Algebra, Cardinal Relation
Algebra, Cardinal Direction Calculus and Region Connection Calculus). The follow-
ing chapters which address the main contributions of the thesis, are organised as fol-
lows.

We design a semi-automatic algorithm for computing composition tables, which
can be used to generate the composition tables of many qualitative calculi proposed
in the literature. This provides a partial answer to the challenge proposed by Cohn
[13]. In particular, we give for the first time the correct composition table of the INDU
calculus. This is provided in Chapter 3.

Schockaert et al. [96] extend the region connection calculus to the fuzzy context
and show that composition-based reasoning is sufficient to solve the consistency prob-
lem in a fuzzy context, where they use 31 composition rules. Chapter 4 will prove that
only six out of the 31 composition rules are necessary, and will then introduce standard
models for the fuzzy RCC, which are the fuzzy extensions of standard RCC models,
and prove that any satisfiable set of fuzzy RCC-8 constraints has a solution in each
standard fuzzy RCC model by designing a cubic realisation algorithm.

Composition-based reasoning is incomplete for solving the consistency problem
over the CDC. Chapter 5 will show that, we still have a cubic algorithm to solve the
consistency problem of complete networks of basic CDC constraints. Chapter 5 will
further prove that if some constraints are allowed to be unspecified, the consistency
problem of possibly incomplete networks of basic CDC constraints is NP-hard. This
draws a sharp boundary between the tractable and intractable subclasses of the CDC.

We propose a more general framework for the consistency problem, in which a
variable can be a fixed entity (called a landmark), chosen from several landmarks, or an
arbitrary entity. In the extended framework we can express qualitative constraints, such
as the queried hotel is to the west of a MacDonald’s. The computational complexity
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of reasoning in the extended framework has also been studied for all qualitative calculi
mentioned above. In the new framework, we show that the consistency problem is
NP-complete for basic networks except for Point Algebra, and, if a variable is either
a landmark or totally unknown, then the consistency problem is tractable for basic
networks in all qualitative calculi mentioned above except RCC-8.

Minimal (qualitative) networks are consistent qualitative networks in which each
basic relation in the qualitative constraint between any two variables can be realised
by a solution. Unlike the assumptions in the literature, we show that computing a
solution of minimal networks is NP-complete for partially ordered PA, CRA, IA, RCC-
5, and RCC-8. As a by-product, we also prove that it is NP-complete to determine the
minimality of networks for these qualitative calculi.
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Chapter 2

Concepts and Notations

This chapter first provides brief introduction to the mathematical tools that are used
in the thesis, and then introduces several qualitative calculi, including Point Algebra,
Interval Algebra, Region Connection Calculus, and Cardinal Direction Calculus. We
then discuss fundamental reasoning problems in QSTR, including the weak composi-
tion problem, the consistency problem, and the minimal labeling problem. The last
section summaries the results obtained in this thesis.

2.1 Preliminaries

This section provides definitions of a number of basic concepts that will be used in this
thesis.

2.1.1 Relations

First we recall relations and the composition and converse of relations.

Definition 2.1 (binary relation, composition, converse) Suppose X is a nonempty set.

For positive integer k, a binary relation on X is a subset of X × X. Let α, β be two bi-

nary relations on a set X. The composition of α and β, denoted by α ○ β, is the binary

relation on X defined by the following equation:

α ○ βB {(a, c) ∈ X × X ∶ ∃b ∈ X such that (a,b) ∈ α, (b, c) ∈ β}. (2.1)
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The converse of a binary relation α, denoted by α∼, is defined as

α∼ B {(b,a) ∈ X × X ∶ (a,b) ∈ α}. (2.2)

Notation Suppose α is a binary relation on X, we usually write aαb instead of (a,b) ∈
α.

2.1.2 Boolean Algebra

Definition 2.2 (Boolean Algebra [70]) A Boolean Algebra is a structure (A,+, ⋅,−,�,⊺),

where A is a set, + and ⋅ are two binary operations on A, − is a unary operation on

A, and � and ⊺ are two distinguished elements in A, such that for any x, y, z ∈ A, the

following axioms are satisfied.

x + (y + z) = (x + y) + z, x ⋅ (y ⋅ z) = (x ⋅ y) ⋅ z, (2.3)

x + y = y + z, x ⋅ y = y ⋅ x, (2.4)

x + (x ⋅ y) = x, x ⋅ (x + y) = x, (2.5)

x ⋅ (y + z) = (x ⋅ y) + (x ⋅ z), x + (y ⋅ z) = (x + y) ⋅ (x + z), (2.6)

x + (−x) = ⊺, x ⋅ (−x) = �. (2.7)

Suppose (A,+, ⋅,−,�,⊺) is a Boolean Algebra, and S is a subset of A. There exists
a minimal subset of A that contains S ∪{�,⊺} and is closed under operations +, ⋅ and −.
In fact, this set is the intersection of all subsets of A that satisfy the above properties.
We denote this set by S ′. It is clear that (S ′,+, ⋅,−,�,⊺) is a subalgebra of Boolean
algebra (A,+, ⋅,−,�,⊺), which is called the Boolean Algebra generated by S .

As an example of Boolean Algebra, suppose X is a nonempty set and P(X) is
the power set of X, i.e., the set of all subsets of X. It can be directly proved that
(P(X),∪,∩,−,∅,X) is a Boolean Algebra, where ∪ and ∩ are the union operation and
the intersection operation on sets respectively, and the unary operation − is defined as
−a = X/a, the complement of a with respect to X. This Boolean Algebra is called the
power set algebra of X. A subalgebra of the power set algebra of set X is called an
algebra of subsets of X.
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Notation We denote Rel(A) as the set of all binary relations on set A, viz., the power
set of A × A.

By the arguments above, we know that (Rel(A),∪,∩,−,∅,A × A) is a Boolean
Algebra. Furthermore, suppose S is a set of binary relations on A. Then there is a
Boolean Algebra generated by S which is an algebra of subsets of Rel(A). This is a
convenient way to define Boolean Algebras and will be used frequently when defining
qualitative calculi.

2.1.3 Topology

Next we introduce basic topological concepts, such as can be found in any textbook on
point-set topology (e.g., [76]).

Definition 2.3 (topology, open sets, closed sets) Let X be a set, and τ be a family of

subsets of X. We say τ is a topology on X, if the following axioms are satisfied:

X and ∅ are elements in τ, (2.8)

any intersection of finite elements in τ is an element in τ, (2.9)

any union of elements in τ is an element in τ. (2.10)

We call (X, τ), or simply X if τ is clear, a topological space. An element in τ is called

an open set in the topology. A subset of X is called a closed set in the topology if its

complement is an open set.

Definition 2.4 (interior, closure, regular closed sets) Suppose X is a set and τ is a

topology on X. Let r be a subset of X. We say a point P in X is an interior point of r, if

there exists an open set s such that P ∈ s ⊆ r. We say P an exterior point of r, if there

exists an open set s such that P ∈ s ⊆ rc, where rc is the complement of r. We say P is a

boundary point of r, if it is neither an interior point nor an exterior point.

The interior of a set r, denoted by r○, is defined as the set of all the interior points

of r. The closure of r, denoted by r, is defined as the complement of the interior of rc.

We say a set r is regular closed, if it equals to the closure of its interior, i.e., r = r○.

Definition 2.5 (connected set) We say an open set r in a topological space X is con-
nected, if there do not exist two open sets s and t in X such that u∪ v = r and u∩ v = ∅.
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If X itself is a connected open set, then se say X is a connected topological space.

Let B(P, ε) be the open disk on the plane that is centred at P and with radius ε,
where P is a point on the plane and ε > 0. That is B(P, ε) = {Q ∶ ∣P − Q∣ < r},
where ∣P − Q∣ is the distance function defined as ∣P − Q∣ =

√
(Px − Qx)2 + (Py − Qy)2,

assuming P = (Px,Py) and Q = (Qx,Qy).

Definition 2.6 (2-dim Euclidean topology) Let τ be the family of subsets of R2 de-

fined by: a subset r of R2 is in τ if and only if, for any P ∈ r, there exists some ε > 0
such that B(P, ε) ⊆ r. The topology τ is called the 2-dim Euclidean topology.

Definition 2.7 (region) A region is a nonempty regular closed set in the 2-dimensional

Euclidean topology. We say a region is connected, if it has a connected interior. We

say a region is bounded, if all the points in it are contained by some rectangle [x, x′] ×
[y, y′]. We say a bounded region has a hole, if its complement is not connected. We

say a region is a simple region, if it is connected and has no holes. We say a region is

convex, if for any two points P,Q in it, the straight line segment that has P and Q as

its end points is also contained in the region.

The following figure illustrates some of the above concepts.

Figure 2.1: Illustrations of (a) a closed set (b) a disconnected region (c) a connected
region with a hole (d) a simple region (e) a convex region.

Suppose X is a topological space. Let A be the set of regular closed sets in X. Then
(A,+, ⋅,−,∅,X) is a Boolean Algebra, where x + y = x ∪ y, x ⋅ y = (x ∩ y)○, −x = X ∖ x.
This is called the regular closed algebra of X.

The minimal bounding rectangle is an approximation of a region.
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Definition 2.8 (minimal bounding rectangle) For a bounded (connected or discon-

nected) region r in the real plane, define x−(r), x+(r), y−(r) and y+(r) as

x−(r) = inf{x ∶ (x, y) ∈ r}, x+(b) = sup{x ∶ (x, y) ∈ r}, (2.11)

y−(r) = inf{y ∶ (x, y) ∈ r}, y+(b) = sup{y ∶ (x, y) ∈ r}. (2.12)

The x- and y-projections of r, denoted by Ix(r) and Iy(r) respectively, are then defined

as

Ix(r) = [x−(r), x+(r)], (2.13)

Iy(r) = [y−(r), y+(r)]. (2.14)

The minimum bounding rectangle (mbr) of b, denoted by mbr(r), is defined to be

mbr(r) = Ix(r) × Iy(r). (2.15)

2.2 CSP and SAT

This section briefly introduces the classical constraint satisfaction problem (CSP) and
the well-known SAT problem, which will be used in later chapters.

Definition 2.9 (constraint satisfaction problem [21])

Instance: A 3-tuple (V,D,C), where V = {v1,⋯, vn} is a set of variables, D = {D1,⋯,Dn}
is the set of domains of variables, and C is a set of binary constraints of the form vici jv j,

where ci j ⊆ Di × D j.

Question: Deciding the satisfiability of instance, i.e., whether there exists an assign-

ment τ ∶ V → D∗ where D∗ is the union of D1,⋯,Dn, such that τ(vi) ∈ Di and each

constraint vIci jv j in C, (τ(vi), τ(v j)) ∈ ci j.

The 3-SAT problem can be viewed as a special case of CSP, where variables can
only take values in {true, false}, and the constraints are of certain form. Formally,
suppose V is a set of atomic propositional variables. Then a literal is a formula of
the form either p or ¬p, where p is a variable in V . A disjunctive clause (or simply a
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clause) is a formula of the form c = l1 ∨ l2 ∨⋯lm (also denoted by ⋁m
k=1 lk), where lk(1 ≤

k ≤ m) are literals. A conjunctive normal form (CNF) is of the form φ = c1 ∧ c2⋯cn

(or ⋀n
k=1 ck), where ck(1 ≤ k ≤ n) are disjunctive clauses. An assignment is a function

f ∶ V → {0,1}. A literal l is assigned true under assignment f , if l = p and f (p) = true,
or l = ¬p and f (p) = false. Clause c = ⋁m

k=1 lk is satisfied under assignment f , if any
clause l j is assigned true. A CNF ⋀n

k=1 ck is assigned true under f , if all clauses ck are
assigned true. We say a clause c or a CNF φ is satisfiable, if there exists an assignment
under which c or φ is assigned true.

Definition 2.10 (SAT, 3-SAT) The 3-SAT problem is defined as follows:

Instance: A CNF φ = ⋀m
j=1 c j. In particular, if each c j has only three literals (i.e.,

c j can be written as l j,1 ∨ l j,2 ∨ l j,3), then the instance is also a 3-SAT instance.

Question: Deciding the satisfiability of φ, i.e., whether φ is satisfiable.

It is well-known that the 3-SAT problem is NP-Complete [15]. That is to say, the
3-SAT problem can be solved by a nondeterministic algorithm in polynomial time,
and if there is a polynomial deterministic algorithm that solves 3-SAT, all the other
NP-Complete problems can also be solved in polynomial time.

The NP-hardness results provided in the following sections are proved by poly-
nomial reductions from 3-SAT. We fix some notations here. Suppose φ = ⋀m

j=1 c j is
a 3-SAT instance over propositional variables p1, p2,⋯, pn, where c j is a clause with
three literals. Write Var(c j) for the set of propositional variables appearing in c j, and
write Var+(c j) (Var−(c j) resp.) for the set of propositional variables that occur as pos-
itive (negative resp.) literals in c j. Formally,

Var+(c j)B {pi ∶ pi is a literal in c j}, (2.16)

Var−(c j)B {pi ∶ ¬pi is a literal in c j}, (2.17)

Var(c j)B Var+(c j) ∪Var−(c j). (2.18)

2.3 Qualitative Calculi

The qualitative approach to spatial and temporal reasoning often uses qualitative cal-
culi to represent qualitative information. A qualitative calculus provides a language
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(focusing on some spatial or temporal properties of entities) which can be used for
both knowledge representation and reasoning.

Definition 2.11 (qualitative calculus [63].) Suppose U is a set of spatial or temporal

entities. A qualitative calculusM on U is a tuple (U,R), where R is a finite Boolean

subalgebra of Rel(U)1.

U is called the universe of the qualitative calculus M. An atom in the Boolean

algebra R is called a basic relation, or an atomic relation in M. If a relation in M
is nonempty and not a basic relation, it is called a non-basic relation. In particular,

U ×U is called the universal relation and usually denoted by symbol ?.

We say a qualitative calculusM is closed under converse, if the converse of any re-

lation inM is also a relation inM. Similarly, we sayM is closed under composition,

if the composition of any two relations inM is also inM.

Notation Generally, we will use UM to denote the universe of qualitative calculus
M, and use BM, B∗

M
to denote respectively the set of basic relations and the set of all

relations in qualitative calculusM. The subscript may be omitted when the semantic
is clear.

As the basic relations in a (binary) qualitative calculusM (with universe U) are the
atoms in a finite Boolean subalgebra of Rel(U) , they form a partition of U×U. In other
words, they are a set of JEPD (jointly exhaustive and pairwise disjoint) relations. On
the other side, given a set U and a JEPD set of relations B on U ×U, we may generate
a Boolean Algebra B∗ by B. Because B is a JEPD set of relations, the atoms of B∗ are
exactly the relations B, and B∗ has 2m − 1 nonempty relations in total, where m is the
cardinality of B. In this way, a qualitative calculus (U,B∗) may be defined according
to the JEPD set of relations B. The qualitative calculi introduced below are all defined
in this way.

We next recall the well-known Point Algebra (PA) [107, 106, 8], the Cardinal Re-
lation Algebra (CRA) [37, 62], the Interval Algebra (IA) [3], the RCC-8 and RCC-5
algebras [84], and the Cardinal Direction Calculus [46].

1We here only define binary qualitative calculus, as the qualitative calculi discussed in this thesis
are all binary ones. This definition can be easily generalised to k-ary qualitative calculus.
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2.3.1 Point Algebras

A Point Algebra is defined over a partial order or a total order.

Definition 2.12 (partial order, total order) Suppose A is a set, and ≤ is a binary re-

lation on A. We say structure (A,≤) is a partial order, if the following axioms are

satisfied, for any a,b, c ∈ A:

a ≤ a, (2.19)

if a ≤ b and b ≤ a, then a = b, (2.20)

if a ≤ b and b ≤ c, then a ≤ c. (2.21)

We say a partial order (A,≤) is a total order, if it also satisfies the following axiom:

a ≤ b or b ≤ a. (2.22)

Definition 2.13 (Point Algebras [8]) Let (UPA,≥) be a nontrivial partial order. Let

B∗PA be the algebra of subsets of Rel(UPA) which is generated by {≥}. Then we call

(UPA,B∗PA) the Point Algebra with respect to (UPA,≥).

Note that in general the Point Algebra with respect to (UPA,≥) has four basic rela-
tions, viz., the identity relation = and the relations defined below1:

>B {(a,b) ∈ UPA ×UPA ∶ a ≥ b,b ≱ a}, (2.23)

<B {(a,b) ∈ UPA ×UPA ∶ a ≱ b,b ≥ a}, (2.24)

∥B {(a,b) ∈ UPA ×UPA ∶ a ≱ b,b ≱ a}. (2.25)

If (UPA,≥) is a total order, then ∥ is empty and the Point Algebra has only three basic
relations <,> and =.

As defined above, a Point Algebra is determined by a partial order (UPA,≥). There-
fore, we may call (UPA,≥) as the underlying structure of the Point Algebra. The most
common totally ordered Point Algebra is the one with underlying structure (R,≥),
where R is the set of real numbers and ≥ is the standard greater than or equal relation.

1We assume both UPA and ≥ are not empty.
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We here provide another example of Point Algebra which has the underlying struc-
ture (N +,⪯), where N + is the set of positive integers and ⪯ is defined as

⪯B {(a,b) ∈ N + ×N + ∶ there exists some integer k s.t. b = ka}. (2.26)

In fact, any finite Point Algebra can be embedded into this one. This is because,
suppose M is a finite Point Algebra with underlying partial order (A,≤), where A =
(x1,⋯, xn). We construct a mapping f ∶ A → N + as follows. Let t1,⋯, tn be the first n

prime numbers respectively. Let t′i be ti×Π{t j ∶ a j < ai}. It is clear that ai ≤ a j iff ti ⪯ t j,
where binary relation ⪯ on N + is defined above. Therefore f (xi) = ti is the desired
embedding.

Point Algebra is closed under converse, as the converses of <, >, ∥ and = are >,
<, ∥ and = respectively by definition. A totally ordered Point Algebra is closed under
composition if its universe is dense in the sense that a < b implies the existence of
some c such that a < c < b.
Notation In the following chapters, we call the totally ordered Point Algebra with
underlying structure (R,≥) simply the Point Algebra if not clarified otherwise.

2.3.2 Interval Algebra

Definition 2.14 (Interval Algebra [3]) Let UIA be the set of closed intervals on the

real line, i.e., UIA = {[x−, x+] ∶ −∞ < x− < x+ < ∞}. The following thirteen JEPD

relations between two intervals x = [x−, x+] and y = [y−, y+] are defined by the order of

the four endpoints of x and y (see the table below for definitions).

p,pi,m,mi,o,oi, s, si,d,di, f, fi,eq.

The Interval Algebra is defined to be MIA = (UIA,B∗IA), where B∗IA is the Boolean

Algebra generated by the thirteen JEPD relations.

The Interval Algebra is closed under both converse and composition.
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Relation Symbol Converse Definition
before p pi x− < x+ < y− < y+

meets m mi x− < x+ = y− < y+

overlaps o oi x− < y− < x+ < y+

starts s si x− = y− < x+ < y+

during d di y− < x− < x+ < y+

finishes f fi y− < x− < x+ = y+

equals eq eq x− = y− < x+ = y+

Table 2.1: Basic IA relations and their converses, where x = [x−, x+], y = [y−, y+] are
two intervals.

2.3.3 Cardinal Relation Algebra and Rectangle Algebra

The Cardinal Relation Algebra focuses on the cardinal relation between two points on
the real plane, which can be viewed as the Cartesian product of two totally ordered
Point Algebras with underlying structure (R,≥).

Definition 2.15 (Cardinal Relation Algebra [37, 62]) Define the following nine bi-

nary relations on the points on the real plane R2:

NW,N,NE,W,EQ,E,S W,S ,S E

as in Table 2.2. The Cardinal Relation Algebra (CRA)MCRA is defined to be (R2,B∗CRA),

where B∗CRA is the Boolean Algebra generated by the nine JEPD relations above.

Relation Definition
NW x < x′, y > y′

N x = x′, y > y′

NW x > x′, y > y′

W x < x′, y = y′

EQ x = x′, y = y′

E x > x′, y = y′

SW x < x′, y < y′

S x = x′, y < y′

SW x > x′, y < y′

Table 2.2: Definitions and illustrations of basic relations of Cardinal Relation Algebra,
where in the left figure we have P1 NW Q and P2 E Q
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Similarly, we may extend the Interval Algebra to two dimensions and get the Rect-
angle Algebra, which is the Cartesian product of two Interval Algebras.

Definition 2.16 (Rectangle Algebra, [4]) Let URA be the set of all rectangles on the

plane that have sides parallel to the axes, that is

URA = {[x−, x+] × [y−, y+] ∶ −∞ < x− < x+ < ∞,−∞ < y− < y+ < ∞}. (2.27)

For each pair of basic IA relations α and β, define a binary relations α⊗β on URA as

follows, where Ix(r) and Iy(r) are the x- and y-projections of rectangle r respectively:

α⊗ β = {(r1, r2) ∈ URA ×URA ∶ Ix(r1) α Ix(r2) and Iy(r1) β Iy(r2)}. (2.28)

Let B∗RA be the Boolean Algebra generated by the 13×13 = 169 relations defined above.

The qualitative calculus (URA,B∗RA) is called the Rectangle Algebra.

Clearly, each relation α ⊗ β defined in Equation 2.28 is a basic relation in the
Rectangle Algebra.

We may extend the universe of the Rectangle Algebra to all bounded regions. Let a

and b are two bounded regions on the plane. Let mbr(a) and mbr(b) be the rectangles
defined as in Equation 2.15. Then the generalised rectangle relation between a and b

is defined as the rectangle relation between mbr(a) and mbr(b). It is clear that the
generalised RA also has 169 basic relations.

2.3.4 Region Connection Calculus

The Region Connection Calculus was defined originally as a first order theory [84].
Here we adopt an equivalent definition based on the so-called Boolean connection

algebra [101].

Definition 2.17 (RCC model [101]) Let (A;+, ⋅,−,�,⊺) be a nontrivial Boolean alge-

bra, and write URCC for A∖{�}, and U⋆

RCC for URCC∖{⊺}. We say structure (URCC,C)
is a Boolean connection algebra, or an RCC model, if C is a binary relation on URCC
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which satisfies the following axioms:

(∀x ∈ URCC) C(x, x), (2.29)

(∀x, y ∈ URCC) C(x, y) → C(y, x), (2.30)

(∀x ∈ U⋆

RCC) C(x,−x), (2.31)

(∀x, y, z ∈ URCC) C(x, y + z) ↔ C(x, y) ∨C(x, z), (2.32)

(∀x ∈ U⋆

RCC)(∃y ∈ URCC) ¬C(x, y). (2.33)

A number of binary relations are defined by C by first order logic1:

DC = ¬C(r, s), (2.34)

P = (∀t ∈ URCC)(C(t, r) → C(t, s)), (2.35)

O = (∃t ∈ URCC)(P(t, r) ∧ P(t, s)), (2.36)

PO = O(r, s) ∧ ¬P(r, s) ∧ ¬P(s, r), (2.37)

EC = C(r, s) ∧ ¬O(r, s), (2.38)

DR = DC(r, s) ∨ EC(r, s), (2.39)

EQ = P(r, s) ∧ P(s, r), (2.40)

PP = P(r, s) ∧ ¬P(s, r), (2.41)

NTP = (∀t ∈ URCC)(C(t, r) → O(t, s)), (2.42)

TPP = PP(r, s) ∧ ¬NTP(r, s), (2.43)

NTPP = PP(r, s) ∧NTP(r, s). (2.44)

Besides, relations Pi,PPi,TPPi,NTPPi are defined as the converse relations of P,
PP,TPP and NTPP respectively.

Definition 2.18 (RCC-8 and RCC-5 Algebras) Suppose (URCC,C) is an RCC model.

The RCC-5 Algebra and the RCC-8 Algebra are the qualitative calculi (URCC,B∗RCC5)
and (URCC,B∗RCC8) respectively, where B∗RCC5 and B∗RCC8 are the Boolean Algebras gen-

erated by relations {O,P,Pi} and {C,O,P,NTPP,Pi,NTPPi} defined above respec-

tively.

1This is the reason why C is called the primitive predicate in the original formalisation.
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The basic relations of the RCC-5 Algebra are DR,PO,EQ,PP and PPi, while those
of the RCC-8 Algebra are DC,EC,PO,EQ,TPP,NTPP,TPPi and NTPPi.

RCC-5 may be viewed as a coarse version of RCC-8 which only deals with mere-
ological (part-whole) aspect of entities.

Recall that Point Algebras are defined on their underlying structures which are
partial orders. The case for RCC-5 and RCC-8 Algebras is similar: each RCC-5 or
RCC-8 Algebra relies on an RCC model as its underlying structure, which is composed
of a Boolean Algebra and a binary relation on it. Recall that given a topological space
X, the regular closed sets in X compose a Boolean Algebra. The standard interpretation
of the RCC model is composed of such a Boolean Algebra generated by the regular
closed sets in the 2-dim Euclidean topology, and a connectedness relation C on the
Boolean Algebra, as defined in the following definition.

Definition 2.19 (standard interpretation for RCC model) Suppose UReg is the set of

all regions (nonempty regular closed sets) on the 2-dim Euclidean space. Define binary

relation C as

C = {(a,b) ∈ UReg ×UReg ∶ a ∩ b ≠ ∅}. (2.45)

Other RCC relations are defined as in Equations 2.34 - 2.44, where DC, EC, PO,

EQ, TPP and NTPP are equivalent to those defined in Table 2.3. Relations TPPi and

NTPPi to be the converses of TPP and NTPP respectively. The RCC-8 algebra is the

qualitative calculus (UReg,B∗RCC8), where B∗RCC8 is the Boolean Algebra generated by

DC,EC,PO,EQ,TPP,NTPP,TPPi,NTPPi.

Relation Meaning Relation Meaning
EQ a = b EC a ∩ b /= ∅, a○ ∩ b○ = ∅
DC a ∩ b = ∅ PO a /⊆ b, b /⊆ a, a○ ∩ b○ /= ∅
TPP a ⊂ b, a /⊂ b○ NTPP a ⊂ b○

Table 2.3: Topological interpretation of basic RCC-8 relations on plane regions a,b

The RCC-5 algebra is the sub-algebra of RCC-8 generated by the following five

relations

DR,PO,EQ,PP,PPi,
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where DR = DC ∪EC, PP = TPP ∪NTPP, and PPi = TPPi ∪NTPPi.

Figure 2.2 provides illustrations of basic RCC-8 and RCC-5 relations. Note that
only simple regions are used in the figure; nonetheless, the regions in general may
contain multiple pieces or have holes.

Figure 2.2: Illustration of the basic relations in RCC-5 / RCC-8

2.3.5 Cardinal Direction Calculus

The Cardinal Direction Calculus (CDC) was proposed in [46]. The universe of CDC
is the set of bounded connected plane regions, denoted by UCDC. To define the basic
relations of CDC, recall that mbr(r) is the smallest rectangle that contains r and has
sides parallel to the axes. Suppose b is a region. We extend the four edges of mbr(b)
and thus partition the plane into nine tiles, which are denoted as

NW(b),N(b),NE(b),W(b),O(b),E(b),S W(b),S (b),S E(b)

respectively, see Figure 2.3 (a) for illustration. Note that each tile is a bounded or
unbounded connected region, and the intersection of two tiles is of a dimension lower
than two.

The notion of the direction relation matrix was first proposed in [46] to represent
the cardinal direction between a primary object and a reference object. The matrix
records which tiles (generated by the reference object) are fully or partially occupied
by the primary object.
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(a) (b)

Figure 2.3: (a) A bounded region b and its 9-tiles; (b) a pair of regions (a,b).

Definition 2.20 (direction relation matrix) Suppose bounded connected regions a and

b are the primary object and reference object respectively. The cardinal direction of a

to b is a 3 × 3 Boolean matrix

dir(a,b) =
⎡⎢⎢⎢⎢⎢⎢⎣

dNW dN dNE

dW dO dE

dS W dS dS E

⎤⎥⎥⎥⎥⎥⎥⎦
, (2.46)

where for each tile name χ ∈ {NW,N,NE,W,O,E,S W,S ,S E}

dχ = 1 iff a○ ∩ χ(b) /= ∅, (2.47)

where χ(b) denotes the χ-tile of b.

We say a 3 × 3 Boolean matrix d is a valid CDC matrix, if there exist bounded

connected regions a and b such that dir(a,b) = d.

Notation The cardinal direction relation of a to b can also be compactly represented
in the form δ1∶δ2∶⋯∶δk, where {δ1, δ2,⋯, δk} is the set of tile names χ such that dχ = 1.

Take the two regions a,b in Figure 2.3 (b) as example. The cardinal direction
relation of a to b is N∶NE∶E and that of b to a is W ∶O∶S W ∶S .

Note that not all 3 × 3 Boolean matrices are valid, i.e., some of them are not the
direction relation matrices of any two regions.
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Proposition 2.1 ([47]) There are altogether 218 valid CDC matrices.

Definition 2.21 (Cardinal Direction Calculus) Let d be a valid CDC matrix. The

cardinal direction relation with respect to d, is defined as {(a,b) ∈ UCDC × UCDC ∶
dir(a,b) = d}. Write BCDC for the JEPD set of all 218 cardinal direction relations. The

Cardinal Direction Calculus is defined to be (UCDC,B∗CDC), where B∗CDC is the Boolean

algebra generated by BCDC.

Note that we will also use a valid matrix to denote a basic CDC relation, as the
correspondence is clear.

2.4 Reasoning with qualitative calculi

A qualitative calculus defines a language for expressing qualitative spatial knowledge.
Furthermore, a number of reasoning tasks can be formalised based on the language,
among which the most important are the weak composition problem, the consistency
problem, and the minimal labeling problem. The weak composition problem asks what
the possible relations are between two entities a and c, if the relation between a and b,
and that between b and c are given for an entity b. The consistency problem, which is
more general, aims to decide whether a set of constraints concerning variables in set
V are consistent, i.e., whether they can be satisfied simultaneously by an assignment
of variables in V . The minimal labeling problem is related to the consistency problem.
Given a set of constraints, the minimal labeling problem is to decide the best informa-
tion about two variables we may infer. Now we explore the detail of these problems.

2.4.1 Weak Composition

A qualitative calculus provides a language for expressing knowledge that may be
either complete or incomplete. For example, we may say in the RCC-8 language
US A EC Canada to represent the fact that America and Canada share part of their
boundaries, or say in the IA language World War Two d 20century to represent that
World War Two occurred and ended in the 20th century. Incomplete knowledge may
be expressed by nonbasic relations, for example, a ≤ b stands for a is smaller or equals
to b, where ≤ is a nonbasic relation in Point Algebra.
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Now suppose we know the following facts expressed by the Interval Algebra.

• World War Two d 20th century,

• Industry Revolution p 20th century (claiming that the industry revolution ended
before the 20th century).

From the above knowledge, we can easily infer that the Industry Revolution should
also ended before World War Two, or written in the IA language,

Industry Revolution p World War Two.

The weak composition problem formalises this kind of simple reasoning task, i.e.,
in a given qualitative calculus, if the relation between objects a and b is α, and that
between b and c is β, then what are the possible relations between a and c? The weak
composition problem is essentially computing the weak compositions of relations in
the following sense.

Definition 2.22 (weak composition) SupposeM= (UM,B∗M) is a qualitative calcu-

lus, where B∗
M

is a Boolean Algebra with atoms BM. The weak composition of two

relation α, β ∈ B∗
M

, denoted by α ○w β1, is defined as

α ○w βB⋃{γ ∈ BM ∶ ∃a,b, c s.t. (a,b) ∈ α, (b, c) ∈ β, (a, c) ∈ γ} (2.48)

=⋃{γ ∈ BM ∶ (α ○ β) ∩ γ ≠ ∅}. (2.49)

Note that a qualitative calculus is not necessarily closed under composition. The
weak composition is the smallest relation in the calculus that contains the actual com-
position. In other words, weak composition is the best approximation to the actual
composition in the language provided by the qualitative calculus.

Now the composition problem can be rephrased as ‘what are the weak composi-
tions of relations in the qualitative calculi?’ Since a qualitative calculus has only a
finite number of relations, we can compute (usually by case analysis or theoretical
deduction) and record all the weak compositions in advance. In fact, it is sufficient

1In some literature, the weak composition is written as α ◇ β.
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to compute the weak compositions of basic relations only. This is because, the weak
composition is distributive over ∪ (the set union operation), i.e., for α, β, γ ∈ B∗

M
,

α ○w (β ∪ γ) = (α ○w β) ∪ (α ○w γ), (2.50)

(α ∪ β) ○w γ = (α ○w γ) ∪ (β ○w γ). (2.51)

Therefore, the weak composition of two general relations can be obtained by com-
puting the union of a number of weak compositions of basic relations. This greatly
reduces the number of weak compositions we need to record in advance (from 22m

down to m2, where m is the number of basic relations in the qualitative calculus). The
composition table, or CT for short, is the table that stores the weak compositions of all
basic relations in a qualitative calculus.

When a new qualitative calculus is proposed, the first problem is very likely to
be how to compute its composition table. The composition tables of Point Algebras,
Interval Algebra and RCC-8/RCC-5 Algebras have been computed by the QSTR com-
munity (see e.g., [28]). How to compute the CT automatically or semi-automatically
is still a challenging problem.

2.4.2 The Consistency Problem

We have seen in the previous section that very simple reasoning tasks can be carried
out via the composition problem. This section introduces a more general and powerful
reasoning problem, viz., the consistency problem, which can be viewed as a qualitative

constraint satisfaction problem.
The classical CSP (cf. Definition 2.9) the domains Di are all finite, therefore each

constraint ci j is also a finite set, because it is a subset of the Cartesian product of two fi-
nite sets. This means that a CSP instance can be specified by enumerating the elements
in domains Di and constraints ci j. The consistency problem in QSTR differs from the
classical CSP in the following aspects, where a qualitative calculus is presumed:

• First, the domain is usually infinite. In a qualitative constraint satisfaction prob-
lem, it is assumed that each variable can be interpreted by any value in the uni-
verse.

• Second, for the consistency problem in QSTR, the relation in a constraint is
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restricted to the relations in the qualitative calculus, whereas for classical CSP,
the relation is explicitly and arbitrarily specified.

The second difference is reasonable: in most cases we cannot enumerate all in-
stances that satisfy a qualitative property (e.g. partially overlapping), as such instances
maybe infinite. However, the first assumption may be questioned, as it is quite possible
that our enquiries involve known entities like landmarks. This issue will be discussed
in Chapter 6. We now give the formal definition of the consistency problem in QSTR.

We give the concept of constraint, the basic element in the consistency problem:

Definition 2.23 (constraint) Suppose M = (UM,B∗M) is a qualitative calculus. A

constraint (inM) is a formula of the form viαv j, where vi and v j are spatial or temporal

variables that take values in UM and α is a relation in B∗
M

. If α is a basic relation,

viαv j is called a basic constraint.

Note that here vi and v j are variable symbols, which are different from entities in
the universe of the qualitative calculus. Spatial or temporal variables are supposed to
be interpreted by entities in the universe that satisfy the corresponding relations in the
constraints.

The consistency problem overM can then be formulated as below.

Definition 2.24 (consistency problem [12]) LetM= (UM,B∗M) be a qualitative cal-

culus. Suppose S is a subset of B∗
M

. The consistency problem cspsatM(S), or simply

cspsat(S) ifM is clear in the context, is the problem defined as:

Instance: A 2-tuple (V,Γ). Here V is a finite set of variables, and Γ is a finite set

of constraints of the form xαy, where α ∈ S and x, y ∈ V. Note that if the variable

set V is clear in the context, we may simply use Γ to refer the CSP instance.

Question: Deciding the consistency (or satisfiability) of (V,Γ). That is, deciding

whether there exists an interpretation I ∶ V → UM, s.t., all constraints in Γ are

satisfied, i.e., for each constraint xαy in Γ, the basic relation between I(x) and

I(y) is contained in relation α.

If an interpretation I satisfies all constraints in Γ, we say I is a solution of Γ.

Notation We usually suppose the variable set V = {v1, v2,⋯, vn}. In this case, we also
use simply (I(v1),⋯,I(vn)) to denote the interpretation I .
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Definition 2.25 (equivalent CSP instances) LetM= (UM,B∗M) be a qualitative cal-

culus. Suppose S is a subset of B∗
M

. Two cspsatM(S) instances (V,Γ) and (V ′,Γ′) are

called equivalent, if (i) V = V ′, and (ii) an interpretation of V is a solution of (V,Γ) iff

it is a solution of (V ′,Γ′).

In other words, equivalent instances are semantically the same. As the consistency
problem is essentially a semantic problem, we will focus on a special kind of instance,
i.e., constraint networks.

Definition 2.26 (constraint network) Suppose (V,Γ) is an instance of cspsatM(S).

We say (V,Γ) is a constraint network over S (with respect to qualitative calculusM),

if Γ contains exactly one constraint of the form xαy for each pair of variables (x, y)
in V. Furthermore, we say a constraint network (V,Γ) is a basic network, if Γ only

contains basic constraints.

Notation We usually write Γ = {viαi jv j}n
i, j=1 for the constraint set of a constraint

network (V,Γ), where we assume V = {v1, v2,⋯, vn}.

Proposition 2.2 ([71]) Suppose (V,Γ) is an instance of cspsatM(S). Then we can

get an equivalent constraint network (V,Γ′) over S ′ in polynomial time, where S ′ is

the closure of S ∪ {?} with respect to the intersection operation (recall that ? is the

universal relation).

Next we introduce the concepts of refinement and scenario, followed by the moti-
vation.

Definition 2.27 (refinement, scenario) Let M be a qualitative calculus. Suppose

(V,Γ) and (V,Γ′) are two constraint networks over the same variable set V in M,

where Γ = {viαi jv j ∶ 1 ≤ i, j ≤ n} and Γ′ = {viβi jv j ∶ 1 ≤ i, j ≤ n}. We say (V,Γ′) is a

refinement of (V,Γ), if for any 1 ≤ i, j ≤ n it holds that βi j ⊆ αi j. We say (V,Γ′) is a

scenario of (V,Γ) if it is a basic constraint network.

A refinement of a constraint network is a network with stronger constraints. Sce-
narios are the finest refinements of the original network. Although ‘scenario’ is defined
as a syntax concept, it has a direct semantic connection with constraint network, as
stated in the following proposition.
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Proposition 2.3 A constraint network is consistent iff it has a consistent scenario.

In general, constraint networks may still be difficult to solve. In this case, we would
tend to solve the CSP over basic constraint networks first. If we find an algorithm for
the CSP over basic constraint networks, the CSP over general constraint networks can
be solved by backtracking all the scenarios and Proposition 2.3. Furthermore, if a
polynomial algorithm is found for basic constraint networks, then the general CSP is
consequently in NP [12]

For several important qualitative calculi, polynomial algorithms have been found
for the CSP over basic constraint networks (i.e., constraints restricted to S = BM).
However, the CSP over general constraint networks (i.e., constraints restricted to S =
B∗
M

) turns out to be NP-Complete. The maximal tractable subclasses have been iden-
tified for several qualitative calculi, in the following sense.

Definition 2.28 (maximal tractable subclass) SupposeM= (UM,B∗M) is a qualita-

tive calculus, and S is a subset of B∗
M

. We say S is a tractable subclass, if the con-

sistency problem cspsatM(S) has a polynomial algorithm. We say S is an intractable
subclass, if cspsatM(S) is NP-hard. We say S is a maximal tractable subclass, if S is

tractable and its any proper superset is intractable.

If a qualitative calculus is proved to be intractable, an important problem is to
decide its maximal tractable subclasses which are not necessarily unique.

Remark 2.1 Note that, strictly speaking, the consistency problem is different from the

problem of computing a solution of a set of constraints. The consistency problem is

weaker, since we need not actually work out a solution to show the constraints are

satisfiable. This is like it is sufficient to check whether b2 − 4ac ≥ 0 to decide whether

ax2 + bx + c = 0 has real roots. However, for basic constraint networks in qualita-

tive calculi including Point Algebra, Interval Algebra and RCC-8, if the network is

satisfiable, we can always construct a solution in polynomial time [61, 87].

As the central reasoning problem, the consistency problem for different calculi has
been investigated extensively in the literature (see e.g. [3, 106, 77, 86, 67, 8]). We
here summarise the results for qualitative calculi introduced above. [106] proves that
the consistency problem for the totally ordered Point Algebras can be solved in O(n2),
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where n is the number of variables. For other qualitative calculi including the general
PAs, IA, CRA, and RCC-8, the consistency problems are NP-hard. Nonetheless, max-
imal subclasses of IA and RCC-8 have been identified in [77, 23, 86]. In particular,
for constraint networks from a tractable subclass in PA, IA, RCC-5/RCC-8, the con-
sistency problem can be decided in O(n3) time by checking its path-consistency (cf.
[57]) in the following sense.

Definition 2.29 (path-consistency) Let (V,Γ) be a constraint network in some qual-

itative calculus, where V = {v1,⋯, vn} and Γ = {viαi jv j}n
i, j=1. We say (V,Γ) is path-

consistent, if for any vi, v j, vk in V, we have

αi j = α∼ji,
αi j ⊆ αik ○w αk j,

where α ○w β is the weak composition of α, β inM, as defined in Definition 2.22.1

If a constraint network is not path-consistent, say, αi j is not contained in αik ○w αk j

for some i, j, k, we may replace αi j with αi j ∩(αik ○w αk j). This clearly does not change
the semantic of the constraint network (i.e., the refined network is equivalent to the
original one). Based on this observation, composition-based reasoning is developed,
via the Path Consistency Algorithm (PCA). PCA iteratively applies the following up-
dating rules until a constraint becomes empty, or a non-empty fix point (which is a
path-consistent network) is reached.

αi j ← αi j ∩ α∼ji, (2.52)

αi j ← αi j ∩ αik ○w αk j. (2.53)

Note that if a constraint becomes empty, we may infer that the constraint network is
inconsistent, because the PCA reserves consistency. On the other hand, if a non-empty
fix point is reached in PCA, we cannot ensure that the original constraint network
is consistent. However, it has been shown that the existence of non-empty fix point
implies consistency for qualitative calculi including IA, the Point Algebra, Rectangle

1Note that we assume the qualitative calculus is closed under converse. If not, the first condition
should be replaced with αi j is contained in the closure of α∼ji (i.e., the smallest relation that contains α∼ji
in the qualitative calculus).
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Algebra and RCC-5/8, when restricted to tractable subclasses. For intractable sub-
classes in these qualitative calculi, we may also use PCA and the backtracking method
to solve the consistency problem (e.g., the qualitative constraint solvers in [108, 110]).

2.4.3 Strongest Implied Relation and Minimal Labeling Problem

In applications, we are often interested in inferring the best knowledge about the rela-
tion between two certain entities from a given knowledge base. In QSTR, a knowledge
base may be expressed by a set of constraints, and the possible relations between two
entities under such constraints is called the strongest implied relation. The problem
of computing the strongest implied relation is called the minimal labeling problem. In
fact, the composition problem may be viewed as a special minimal labeling problem
that only involves three variables. Now we provide formal definitions.

Definition 2.30 (feasible constraint, strongest implied relation) SupposeM is a qual-

itative calculus, V is a set of variables and Γ is a set of constraint. For a constraint

xαy in Γ, and a basic relation β in M, β is called a feasible relation between x and

y, if it is contained in α and there is a solution I of (V,Γ) such that relation β holds

between I(x) and I(y). The strongest implied relation between x and y is the union of

all feasible relation between them.

Given a set of variables V and a set of constraints Γ, the minimal labeling problem

is to determine for each pair of variables in V the strongest implied relation between
them. It is known that the minimal labeling problem and the consistency problem are
equivalent with respect to Turing-reductions [107]. That is to say, if we have a poly-
nomial algorithm that solves one of them, we may also design a polynomial algorithm
that solves another. Furthermore, the two problems are still equivalent if the constraints
are subject to a subclass S , provided S contains all the basic relations [77].

Given a constraint network, if we replace each constraint xαy with constraint xβy,
where β is the strongest implied relation between x and y, then we get a minimal
network in the following sense (cf. [71]).

Definition 2.31 (minimal network) Let Γ = {viαi jv j}n
i, j=1 be a constraint network in a

qualitative calculus. We say Γ is minimal, if for any 1 ≤ i, j ≤ n, the strongest implied

relation between vi and v j is αi j itself.
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A minimal network may be regarded as the most compact representation of a cer-
tain knowledge base. There are several problems regarding minimal networks:

(i) How to decide whether a network is minimal? (the minimality problem)

(ii) How to compute the equivalent minimal network of a given network?

(iii) How to obtain one (or all) solution(s) of a constraint network which is known to
be minimal?

The minimality problem can be decided in polynomial time for tractable sub-
classes. This is because, as stated above, we can compute the strongest implied re-
lation between each pair of variables in polynomial time for constraint network from a
tractable subclass, and thus we can check the minimality of the network by definition
in polynomial time. However, the complexity of the minimality problem remains open
if the qualitative calculus is not tractable.

The second problem is greater than the minimality problem, in the following sense.
Suppose we are able to compute the equivalent minimal network, say Γ′, of a given net-
work Γ in polynomial time, then we may also decide the minimality of Γ in polynomial
time, by simply compare Γ and Γ′. Therefore, computing the equivalent minimal net-
work is in general NP-hard.

We observe that the first two problems can be reduced to the consistency problem.
However, the third problem has not yet been considered. Although several authors
tend to believe that this is simple (i.e., given a minimal network, we may compute a
solution of it in a backtracking-free manner), this thesis will show this is not the case.

2.5 Solution construction for RCC-5/RCC-8 networks

When we claim that certain conditions are sufficient for a network to be consistent,
a most common way is to construct a solution of the network. This section briefly
reviews previous results of [55, 56, 87] about constructing a solution of basic consistent
RCC-5 or RCC-8 networks. This idea will also be used in the solution construction
for fuzzy RCC-8 networks and in that for RCC-5/RCC-8 networks in the extended
framework of qualitative CSP.
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First we discuss the RCC-5 case. Suppose (V,Γ) is a basic RCC-5 constraint net-
work which is consistent, where V = {v1, v2,⋯, vn} and Γ = {viαi jv j}n

i, j=1. We initialise
each variable with a starting region, and then modify the region to meet the PO con-
straints and the PP constraints in two steps. A number of base regions will be used to
compose the regions to be constructed in the procedure. The base regions can be easily
selected because the only requirement is that they are pairwise disjoint. For example,
we may use disks B(Pi j, r) as base regions, where B(Pi j, r) is the disk centred at point
Pi j = (i, j) with radius r. In detail,

• ai ← some base region that has not been used before (e.g., B(Pii,1/4), the disk
centred at (i, i) with radius 1/4).

• If (viPOv j) ∈ Γ, then ai ← ai ∪ r, a j ← a j ∪ r, where r is an unused base region
(e.g., B(Pi j,1/4)).

• ai ← a j ∪⋃{a j ∶ v jPPv j ∈ Γ}.

It can be checked that the assignment is a solution of Γ, if Γ is consistent. Note that we
need only O(n2) base regions, and thus the procedure takes O(n2) time.

In the RCC-8 case, the EC constraints and the NTPP constraints will make the
construction slightly complicated. For the EC constraints, we need a pair of base
regions that are externally connected. For the NTPP constraints, we need a series of n

nested regions (called ntpp-shells) instead of a base region, where n is the number of
the variables in the constraint network. We use r or r0 to denote the core of the nested
regions and use rk to denote the (k+1)-th innermost region in the series. Now suppose
(V,Γ) is a consistent basic RCC-8 constraint network. We first define the ntpp-level li

of each variable vi as the maximum length of the ntpp chains contained in Γ that ends
with variable vi as in the following equation, where max∅ is considered as 0.

li = max{k ∶ ∃v j0 ,⋯v jk such that v j,l NTPP v j,l+1 ∈ Γ and v jk = vi.} (2.54)

Note that the consistency guarantees that the ntpp-levels are well-defined, as the
NTPP constraints cannot contain cycles. A solution may then be constructed by the
following procedure.
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• ai ← an unused base region (e.g., B(Pii,1/4)).

• If (viECv j) ∈ Γ, then ai ← ai ∪ r, a j ← a j ∪ r′, where r and r′ are two unused base
region that are externally connected (e.g., r is the left half of disk B(Pi j,1/4) and
r′ is the right half of the same disk).

• If (viPOv j) ∈ Γ, then ai ← ai ∪ r, a j ← a j ∪ r, where r is a unselected base region.

• ai ← a j ∪⋃{a j ∶ v jTPPv j ∈ Γ or v jNTPPv j ∈ Γ}.

• ai ← ⋃{rli ∶ r0 is a base region and r0 ⊆ ai}.

In this case, we need O(n2) ntpp-shells in which each ntpp-shell contains n-nested
regions. Therefore O(n3) regions are used to compose the regions in the solution, and
thus the time complexity is O(n3).

2.6 Chapter Summary

This chapter has provided the necessary background for later discussion. The con-
cept of qualitative calculus has been introduced, followed by the definitions of quali-
tative calculi discussed in the thesis. The reasoning problems in QSTR, including the
weak composition problem, the consistency problem and the minimal labeling prob-
lem, were given. A solution construction method for basic RCC-5/RCC-8 consistent
constraint networks was reviewed at the end of this chapter.
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Chapter 3

Computing Composition Tables
Semi-Automatically

3.1 Introduction

Since Allen’s seminal work of Interval Algebra (IA) [2, 3], qualitative calculi have
been widely used to represent and reason about temporal and spatial knowledge. In
the past three decades, dozens of qualitative calculi have been proposed in the AI area
“Qualitative Spatial & Temporal Reasoning” and Geographic Information Science. For
example, The Netherlands is west of Germany, The Alps partially overlap Italy, I have
an appointment today with my doctor followed by a check-up.

Given a set of qualitative knowledge, new knowledge can be derived by using con-
straint propagation. Consider an example in RCC-5 [84]. Given that The Alps partially

overlap Italy and Switzerland, and Italy is a proper part of the European Union (EU),
and Switzerland is discrete from the EU, we may infer that The Alps partially overlap

the EU. The above inference can be obtained by using composition-based reasoning,
which is typically carried out by the Path-Consistency Algorithm (PCA). Please refer
to Section 2.4.2 for details of composition-based reasoning and PCA.

To apply the Path-Consistency Algorithm, one prerequisite is that we must know
the weak composition of any two basic relations in the qualitative calculus. For effi-
ciency, it is common to store these weak compositions in a n × n table, where n is the
number of the basic relations in the calculus. This table, called the composition ta-
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ble (CT), is usually obtained by manually checking the consistency of {xαy, yβz, xγz}
for each triple of basic relations (α, γ, β). When the concerned qualitative calculus
contains dozens or even hundreds of basic relations, this consistency-based method is
undesirable and error-prone. This problem is identified by Cohn in [13] as a challenge
for computer scientists.

This problem remains a challenge today. We here consider several examples. The
Interval Algebra and the RCC-8 algebra contain, respectively, 13 and 8 basic relations.
Their CTs were established manually. If a calculus contains a hundred basic relations,
we need to determine the consistency of one million such basic networks. This is
manually impossible. The OPRA calculi and the CDC are large qualitative spatial
calculi that have drawn increasing interest. OPRAm contains 4m × (4m + 1) (i.e. 72,
156, 272 for m = 2,3,4, respectively) basic relations [72], while the CDC contains 218
basic relations [45]. Sometimes we need ingenious and special methods to establish
the CT for such a calculus. For the OPRA calculi, the algorithm presented in the
original paper [72] contains gaps and errors. An algorithm was later presented in [40].
This algorithm is lengthy and cumbersome. Another simple algorithm has also been
proposed recently [75]. Given the huge number of basic relations of OPRAm, the va-
lidity of these algorithms needs further verification. As for the CDC, [45] first studied
the weak composition. Later, [100] noticed errors in Goyal’s method and presented a
new algorithm to compute the weak composition. Unfortunately, in several cases, their
algorithm does not generate the correct weak composition (see [67]).

In this chapter, we respond to this challenge and propose a semi-automatic ap-
proach to generate CT for general qualitative calculi. In the remainder of this chapter,
we first recall basic notions and propose our algorithm for computing CT in Section 2,
and then apply our method to IA, INDU,OPRA1, andOPRA2 in Section 3. Section 4
concludes the chapter.

3.2 A Random Method for Computing CT

Recall that in a qualitative calculusM = (U,B∗), the weak composition of two basic
relations α and β in M, denoted as α ○w β, is defined as the smallest relation in M
which contains α ○ β. The weak composition operation ofM can be summarised in an
n × n table, where n is the cardinality of B, and the cell specified by α and β contains
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all basic relations γ in B such that γ ⊆ α ○w β. For example, the CT of Point Algebra is
given in Table 3.1.

○ < = >
< < < ∗
= < = >
> ∗ > >

Table 3.1: The CT of the Point Algebra, where ∗ is the universal relation

Definition 3.1 Suppose M is a qualitative calculus on U with basic relation set B.

For basic relations α, β, γ, we call ⟨α, γ, β⟩ a composition triad, or c-triad, if γ ⊆ α○w β.

We can determine if a 3-tuple is a c-triad as follows.

Proposition 3.1 A 3-tuple ⟨α, γ, β⟩ of basic relations inM is a c-triad iff γ∩α○β /= ∅,

which is equivalent to saying that the basic constraint network

{xαy, yβz, xγz} (3.1)

is consistent, i.e. it has a solution in U.

To compute the weak composition of α and β, one straightforward method is to
find all basic relations γ such that ⟨α, γ, β⟩ is a c-triad. In what follows, we address this
as the consistency approach to computing the composition table.

In this section, we propose a novel approach to compute the composition table of
M. The approach is based on the observation that each triple of objects in U derives a
unique c-triad.

Proposition 3.2 Suppose a,b, c are three objects in U. Then

⟨ρ(a,b), ρ(a, c), ρ(b, c)⟩

is a c-triad, where ρ(x, y) is the basic relation inM that relates x to y.
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If we consider all permutations of a,b, c, then obviously the following five more (dif-
ferent or not) c-triads can be generated:

⟨ρ(a, c), ρ(a,b), ρ(c,b)⟩,
⟨ρ(b,a), ρ(b, c), ρ(a, c)⟩,
⟨ρ(b, c), ρ(b,a), ρ(c,a)⟩,
⟨ρ(c,a), ρ(c,b), ρ(a,b)⟩,
⟨ρ(c,b), ρ(c,a), ρ(b,a)⟩.

To compute the CT of M, the idea is to randomly choose a triple of elements
in U and then compute and record the c-triads related to these objects in a dynamic
table. Continuing in this way, we will obtain more and more c-triads until the dynamic
table becomes stable after sufficiently many loops. The basic algorithm is given in
Algorithm 1, where D is a subdomain ofM, Ψ decides when the procedure terminates,
Triad records the number of c-triads obtained when the procedure terminates, and
LastFound records the time when the last triad is first recorded. For a calculus with
unknown CT, the condition may be assigned with the form Loop ≤ 1,000,000 (i.e., the
algorithm loops one million times), or Loop ≤ LastFound+100,000 (i.e., until no new
c-triad is found in the last one hundred thousand loops), or both. If the CT is known,
then the boundary condition could be set to Triad < N to save time, where N is the
number of c-triads of the calculus. We note that the converse of a basic relation is not
necessarily a relation inM.

We offer further explanations here. SupposeM is a qualitative calculus on U. Re-
call U is often an infinite set. We need to find a finite subdomain D of U, as computers
only deal with numbers with finite precision. Once D is chosen, we run the loop, say,
one million times. Therefore, one million instances of triples of elements in D are
generated. We then record all computed c-triads in a dynamic table. It is reasonable
to claim that the table is stable if no new entry has been recorded after a long time
(e.g. as long as the time has passed to obtain all recorded c-triads). Because D is finite,
Algorithm 1 will generate a stable table after a sufficiently large number of iterations.

We observe that a finite subdomain D may restrict the possible c-triads if it is
selected inappropriately. We introduce a notion to characterise the appropriateness of
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Input: A subdomain D ofM, and a boundary condition Ψ related toM
Output: The Composition Table CT ofM

1 Initialise CT ;
2 Loop← 0;
3 Triad← 0;
4 LastFound← 0;
5 while Ψ do
6 Loop← Loop + 1;
7 Generate triple of objects (a,b, c) randomly;
8 α← the basic relation between a and b;
9 β← the basic relation between b and c;

10 γ ← the basic relation between a and c;
11 α′ ← the basic relation between b and a;
12 β′ ← the basic relation between c and b;
13 γ′ ← the basic relation between c and a;
14 for ⟨r, s, t⟩ ∈ {⟨α, γ, β⟩, ⟨α′, β, γ⟩, ⟨γ,α, β′⟩, ⟨β,α′, γ′⟩, ⟨β′, γ′, α′⟩, ⟨γ′, β′, α⟩}

do
15 if ⟨r, s, t⟩ is not in CT then
16 Record triad ⟨r, s, t⟩ to CT ;
17 Triad← Triad + 1; LastFound← Loop;
18 end
19 end
20 end
21 return CT .

Algorithm 1: Computing the Composition Table ofM

39



a subdomain.

Definition 3.2 Suppose M is a qualitative calculus defined on the universe U. A

nonempty subset D of U is called a 3-complete subdomain of M if each consistent

basic network as specified in Eq. 3.1 has a solution in D.

If D is a 3-complete subdomain, then, for each c-triad ⟨α, γ, β⟩, there are a,b, c in D

such that (a,b) ∈ α, (b, c) ∈ β, and (a, c) ∈ γ. Therefore, to determine the CT ofM,
we need only consider instances of triples in D.

Nevertheless, how should we determine whether a subdomain is 3-complete? There
is no general answer for arbitrary qualitative calculi. For a particular calculus, e.g. IA,
this can be verified by formal analysis. Note that a superset of a 3-complete subdo-
main is also 3-complete. To make sure a chosen subdomain D is 3-complete, we often
apply the algorithm on several of its supersets at the same time. If the same number
is generated for all subdomains, we tend to believe that D is 3-complete and the gen-
erated table is the CT ofM. Naturally, a formal proof is still necessary to guarantee
the 3-completeness of D. Once an appropriate D is chosen, this is usually not very
difficult.

Even if a CT ofM has been somehow obtained, our method can be used to verify
its correctness. Double-checking is necessary, since computing the CT is error-prone.
It should be stressed that c-triads computed by Algorithm 1 are always true c-triads of
M. If there is a recorded c-triad that does not appear in the previously given table,
something must be wrong.

Another thing we should keep in mind is how to generate a triple of elements
(a,b, c) from D. The distribution over D may affect the efficiency of the algorithm.
Assuming that we have very limited knowledge of the calculus M, it is natural to
take a,b and c independently with respect to the uniform distribution. We note that
the better we understand the calculus, the more appropriate is the distribution we may
choose.

To increase the efficiency of the algorithm, we sometimes use the algebraic proper-
ties of the calculus. For example, if the identity relation id is a basic relation, then by
α ○w id = α = id ○w α and id ⊆ α ○w α∼, we need not compute the c-triads involving id,
where α∼ is the converse of α. As another example, suppose that the calculus is closed
under converse, i.e. the converse of a basic relation is still a basic relation. Then in
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Algorithm 1 we need only compute α, β, γ. The other relations and c-triads can be
obtained by replacing α′, β′, γ′ by, respectively, α∼, β∼, γ∼.

3.3 Experimental Results

This section applies the proposed algorithm to three qualitative calculi: IA, INDU and
OPRAm. All experiments were conducted on a 3.16 GHZ Intel Core 2 Duo CPU with
3.25 GB RAM running Windows XP.

3.3.1 The Interval Algebra and the INDU Calculus

We start with Interval Algebra, the best known qualitative calculus. The CT for IA
was computed in 1983 in Allen’s famous work. When applying Algorithm 1 to IA, we
do not consider all intervals. Instead, we restrict the domain to the set of all intervals
contained in [0,M) that have integer nodes

DM = {[p,q]∣p,q ∈ Z,0 ≤ p < q < M},

and use a uniform distribution to choose random intervals. It is easy to see that the size
of the domain is M(M − 1)/2. Note that to converge quickly and generate all entries,
we need to choose an appropriate M. Table 3.2 summarises the results for M = 4 to
M = 20. In the experiment, we generate one million instances of triples of elements
for each domain DM. In all cases the dynamic table becomes stable in less than 50,000
loops. When the table becomes stable, the number of triads computed is not always
correct (that is, 409). This is mainly because the domain is small. For M bigger than
or equal to six, however, we always obtain the correct number of triads. The loops
needed (i.e. LastFound) vary from less than a thousand to more than 43 thousand (see
Table 3.2). In general, the smaller the domain is, the more efficient the algorithm is.

Definition 3.3 (INDU calculus) The INDU calculus [81] is a refinement of IA. The

duration of an interval a = [x, y] is defined as d(a)B y− x. For IA relation α = p,m,o
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M 4 5 6 7 8 9 10 11 12
Triad 139 319 409 409 409 409 409 409 409

LastFound 92 629 1501 878 2111 3517 728 697 932
M 13 14 15 16 17 18 19 20

Triad 409 409 409 409 409 409 409 409
LastFound 11212 20249 7335 4343 3632 17862 5533 43875

Table 3.2: Implementation for IA, where Triad is the number of c-triads recorded by
running the algorithm on DM for M = 4 to M = 20, LastFound is the loop when the
last triad is first recorded

and their converses, INDU calculus refines α into three relations

α< B {(a,b) ∶ (a,b) ∈ α,d(a) < d(b)}, (3.2)

α= B {(a,b) ∶ (a,b) ∈ α,d(a) = d(b)}, (3.3)

α> B {(a,b) ∶ (a,b) ∈ α,d(a) > d(b)}. (3.4)

The INDU calculus is generated by above 18 relations and the other 7 basic relations

of IA that have no proper sub-relations.

INDU is quite unlike IA. For example, it is not closed under composition, and a
path-consistent basic network is not necessarily consistent [5].

Applying our algorithm to INDU, we use the same subdomain DM as for IA. From
Table 3.3 we can see that D6 is no longer 3-complete: more than 1000 c-triads do not
appear in the stable table. The table becomes complete in D11, which has 2053 c-triads.
The 3-completeness of D11 is confirmed by the following proposition.

M 6 7 8 9 10 11 12 13
Triad 1045 1531 1819 1987 2041 2053 2053 2053

LastFound 3766 5753 10417 35201 35891 25031 12512 27728
M 14 15 16 17 18 19 20

Triad 2053 2053 2053 2053 2053 2053 2053
LastFound 17223 24578 14758 22491 29034 49693 19772

Table 3.3: Implementation for INDU, where Triad is the number of c-triads recorded
by running the algorithm on DM for M = 6 to M = 20, LastFound is the loop when the
last triad is first recorded
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Proposition 3.3 The INDU calculus has at most 2053 c-triads.

Proof For any three INDU relations α∗1, β∗2, γ∗3 where ∗1,∗2,∗3 ∈ {<,=,>}, it is
easy to see that (α∗1, γ∗3, β∗2) is a valid c-triad of INDU only if (α, γ, β) is valid c-
triad of IA and (∗1,∗3,∗2) is a valid c-triad of PA. We note that for IA relations in
{d, s f,eq, si, fi,di}, only d<, s<, f<,eq=, si>, fi>,di> are valid INDU relations. It is routine
to check that there are only 2053 triples of INDU relations that satisfy the above two
constraints. We recall that IA has 409 c-triads and PA has 13 c-triads.

The composition of INDU calculus is provided below in Table 3.4. Note we use ⋆
to denote the disjunction of all relations, and use x ∈ {p,pi,m,mi,o,oi} to denote the
disjunction of x<, x= and x>. Other abbreviations are given in Table 3.5.

3.3.2 The Oriented Point Relation Algebra

In the OPRAm calculus, each object is represented as an oriented point (o-point for
short) in the plane. Each o-point has an orientation. Based on which, 2m − 1 other
directions are introduced according to the chosen granularity. Any other o-point is
located on either a ray or in a section between two consecutive rays. Each of these rays
and sections is assigned an integer from 0 to 4m−1. The relative directional information
of two o-points A,B is uniquely encoded in a pair of integer numbers (s, t), where s is
the ray or section of A in which B is located, and t is the ray or section of B in which A

is located. Such a relation is also written as Am∠t
sB.

Figure 3.1: Two o-points A,B with the OPRA2 relation 2∠1
5
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p< p= p> o< o= o> m< m= m> s d f
p< p< p< p p< p< p p< p< p p< γ< γ<

p= p< p= p> p< p= p> p< p= p> p< γ< γ<

p> p p> p> p p> p> p p> p> p γ γ
o< p< p< p φ<1 φ<1 φ1 p< p< p o< φ<3 φ<3
o= p< p= p> φ<1 φ=1 φ>1 p< p= p> o< φ<3 φ<3
o> p p> p> φ1 φ>1 φ>1 p p> p> o φ3 φ3
m< p< p< p p< p< p p< p< p m< φ<3 φ<3
m= p< p= p> p< p= p> p< p= p> m< φ<3 φ<3
m> p p> p> p p> p> p p> p> m φ3 φ3
s p< p< p φ<1 φ<1 φ1 p< p< p s d d
d p< p< p γ< γ< γ p< p< p d d d
f p< p< p φ<3 φ<3 φ3 m< m< m d d f
fi p p> p> o o> o> m m> m> o φ3 φ8
di α α> α> φ6 φ>6 φ>6 φ6 φ>6 φ>6 φ6 µ φ4
si α α> α> φ6 φ>6 φ>6 φ6 φ>6 φ>6 φ7 φ5 oi

mi< φ<1 φ<1 α φ<5 φ<5 φ5 s s φ7 φ<5 φ<5 mi<

mi= φ<1 φ=1 α> φ<5 oi= oi> s eq si φ<5 φ<5 mi<

mi> α α> α> φ5 oi> oi> φ7 si si φ5 φ5 mi
oi< φ<1 φ<1 α µ< µ< µ o< o< φ6 φ<5 φ<5 oi<

oi= φ<1 φ=1 α> µ< µ= µ> o< o= φ>6 φ<5 φ<5 oi<

oi> α α> α> µ µ> µ> φ6 φ>6 φ>6 φ5 φ5 oi
pi< ⋆< ⋆< ⋆ β< β< β β< β< β β< β< pi<

pi= ⋆< ⋆= ⋆> β< φ=2 φ>2 β< φ=2 φ>2 β< β< pi<

pi> ⋆ ⋆> ⋆> β φ>2 φ>2 β φ>2 φ>2 β β pi
fi di si mi< mi= mi> oi< oi= oi> pi< pi= pi>

p< p p p γ< γ< γ γ< γ< γ ⋆< ⋆< ⋆
p= p> p> p> γ< φ=1 φ>1 γ< φ=1 φ>1 ⋆< ⋆= ⋆>
p> p> p> p> γ φ>1 φ>1 γ φ>1 φ>1 ⋆ ⋆> ⋆>
o< φ1 α φ6 oi< oi< φ4 µ< µ< µ φ<2 φ<2 δ
o= φ>1 α> φ>6 oi< oi= φ>4 µ< µ= µ> φ<2 φ=2 δ>

o> φ>1 α> φ>6 φ4 φ>4 φ>4 µ µ> µ> δ δ> δ>

m< p p m f f φ8 φ<3 φ<3 φ3 φ<2 φ<2 δ
m= p> p> m> f eq fi φ<3 o= o> φ<2 φ=2 δ>

m> p> p> m> φ8 fi fi φ3 o> o> δ δ> δ>

s φ1 α φ7 mi< mi< mi φ<5 φ<5 φ5 pi< pi< pi
d γ ⋆ β pi< pi< pi β< β< β pi< pi< pi
f φ8 δ φ2 pi< pi< pi φ<2 φ<2 φ2 pi< pi< pi
fi fi di di φ4 φ>4 φ>4 φ4 φ>4 φ>4 δ δ> δ>

di di di di φ4 φ>4 φ>4 φ4 φ>4 φ>4 δ δ> δ>

si di di si mi mi> mi> oi oi> oi> pi pi> pi>

mi< mi pi pi pi< pi< pi pi< pi< pi pi< pi< pi
mi= mi> pi> pi> pi< pi= pi> pi< pi= pi> pi< pi= pi>

mi> mi> pi> pi> pi pi> pi> pi pi> pi> pi pi> pi>

oi< φ4 δ φ2 pi< pi< pi φ<2 φ<2 φ2 pi< pi< pi
oi= φ>4 δ> φ>2 pi< pi= pi> φ<2 φ=2 φ>2 pi< pi= pi>

oi> φ>4 δ> φ>2 pi pi> pi> φ2 φ>2 φ>2 pi pi> pi>

pi< pi pi pi pi< pi< pi pi< pi< pi pi< pi< pi
pi= pi> pi> pi> pi< pi= pi> pi< pi= pi> pi< pi= pi>

pi> pi> pi> pi> pi pi> pi> pi pi> pi> pi pi> pi>

Table 3.4: The composition table of the INDU calculus, where cell z in row x and
column y stands for x ○ y = z.
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abbreviations definition
⋆ p, m, o, s, d, f, eq, fi, di, si, oi, mi, pi
⋆< p<, m<, o<, s, d, f, oi<, mi<, pi<

⋆> p>, m>, o>, fi, di, si, oi>, mi>, pi>

⋆= p=, m=, o=, eq, oi=, mi=, pi=

µ o, s, d, f, eq, fi, di, si, oi
µ< o<, s, d, f, oi<

µ> o>, fi, di, si, oi>

µ= o=, eq, oi=

α p, m, o, fi, di
α> p>, m>, o>, fi, di
β d, f, oi, mi, pi
β< d, f, oi<, mi<, pi<

γ p, m, o, s, d
γ< p<, m<, o<, s, d
δ di, si, oi, mi, pi
δ> di, si, oi>, mi>, pi>

φ1 p, m, o
φ<1 p<, m<, o<

φ>1 p>, m>, o>

φ=1 p=, m=, o=

φ2 oi, mi, pi
φ<2 oi<, mi<, pi<

φ>2 oi>, mi>, pi>

φ=2 oi=, mi=, pi=

φ3 o, s, d
φ<3 o<, s, d
φ4 di, si, oi
φ>4 di, si, oi>

φ5 d, f, oi
φ<5 d, f, oi<

φ6 o, fi, di
φ>6 o>, fi, di
φ7 s, eq, si
φ8 f, eq, fi

Table 3.5: The abbreviations used in Table 3.4.
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There are two natural ways to represent o-points. One uses the Cartesian coordi-
nate system, the other uses the polar coordinate system. We next show how the choice
of coordinate system will significantly affect the experimental results, which are com-
pared with that of [75].

In the Cartesian coordinate system, an o-point P is represented by its coordination
(x, y) and its orientation φ.

Definition 3.4 Let M1 and M2 be two positive integers. We define a Cartesian based

subdomain of OPRAm as

Dc(M1,M2) = {((x, y), φ) ∶ x, y ∈ [−M1,M1] ∩ Z, φ ∈ ΦM2}, (3.5)

where ΦM2 B {0,2π/M2,⋯, (M2 − 1)/M2 × 2π}.

M2 2 3 4 5 6 8 10 12 16
Triad 148 1024 1056 1024 1024 1440 1024 1408 1440

M1 2 4 6 8 10
LastFound (M2 = 8) 8082 35932 411893 881787 > 1000000

LastFound (M2 = 16) 18618 295936 174490 > 1000000 > 1000000

Table 3.6: Implementation for OPRA1 on a Cartesian coordinated domain
Dc(M1,M2), where Triad is the number of c-triads computed by running the algo-
rithm on Dc(M1,M2) for M1 = 6; LastFound is the loop when the last triad is first
recorded for M2 = 8 (in the 2nd last row) and M2 = 16 (in the last row)

Our experimental results show that, forOPRA1, the algorithm converges and gen-
erates the correct CT for subdomains with M1 ≥ 2 and M2 ∈ {8,16}. That is, the
smallest 3-complete subdomain is Dc(2,8).

For OPRA2, however, the algorithm does not compute the desired CT in ten mil-
lion loops. In fact, it is impossible to compute the desired CT if we use Cartesian
coordination. Consider the following example. Suppose A,B,C are three o-points,
such that △ABC is an acute triangle, and the orientation of A is the same as the di-
rection from A to B, the orientations of B and C are similar. In this configuration, we
have A2∠1

0B, B2∠1
0C, and A2∠0

1C. This configuration, however, cannot be realised in
a Cartesian based subdomain.
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M2 2 4 6 8 10 12 16
Triad 2704 2704 21792 23616 21792 21792 35232

Table 3.7: Implementation for OPRA2 on a Cartesian coordinated domain
Dc(M1,M2), where Triad is the number of c-triads computed by running Algorithm 1
ten million loops on Dc(M1,M2) for M1 = 6

Based on the above observation, we turn to the polar coordinated representation.
In the polar coordinate system, an o-point P is represented by its polar coordination
(ρ, θ) and its orientation φ.

Definition 3.5 Let M1 and M2 be two positive integers. We define a polar coordinated

subdomain of OPRAm as

Dp(M1,M2) = {((ρ, θ), φ) ∶ ρ ∈ [0,M1] ∩ Z, θ, φ ∈ ΦM2}, (3.6)

where ΦM2 B {0,2π/M2,⋯, (M2 − 1)/M2 × 2π}.

As in Cartesian based subdomains, the parameter M2 determines if a domain is
complete, while M1 determines the efficiency of the algorithm. For OPRA1, we
have D(M1,M2) is a 3-complete subdomain if M1 ≥ 2 and M2 = 6,8,10,12,16 (see
Table 3.8); for OPRA2, we have D(M1,M2) is 3-complete if M1 ≥ 4 and M2 =
6,10,12,16 (see Table 3.9).

M2 2 3 4 5 6 8 10 12 16
Triad 52 1024 1032 1408 1440 1440 1440 1440 1440

M1 4 6 8 10 16
LastFound (M2 = 8) 3072 4868 22327 10363 38843

LastFound (M2 = 16) 26219 45831 121542 71205 146536

Table 3.8: Implementation for OPRA1 on a polar coordinated domain Dp(M1,M2),
where Triad is the number of c-triads computed by running the algorithm on
Dp(M1,M2) for M1 = 6; LastFound is the loop when the last triad is first recorded
for M2 = 8 (in the 2nd last row) and M2 = 16 (in the last row)
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M2 2 3 4 6 8 10 12 16
Triad 400 24672 2128 36256 23616 36256 36256 36256

Table 3.9: Implementation for OPRA2 on a polar coordinated domain Dp(M1,M2),
where Triad is the number of c-triads computed by running the algorithm on
Dp(M1,M2) for M1 = 6

3.4 Chapter Summary

In this chapter, we introduced a novel and simple semi-automatic method for comput-
ing the composition tables of qualitative calculi. We implemented the basic algorithm
for several well-known qualitative calculi, including the Interval Algebra, INDU, and
OPRAm for m = 1,2. In particular, we established for the first time, as far as we
know, the correct CT for INDU, and verified the validity of the algorithm reported for
the OPRA calculi [75]. Our method can be easily integrated into existing qualitative
solvers e.g. SparQ [108] or GQR [110]. This provides a partial answer to the challenge
proposed in [13].

Our method relies on the assumption that the qualitative calculus has a small ‘dis-
cretised’ 3-complete subdomain. The concept of the 3-complete subdomain can be
generlised to k-complete as follows. A subset of the universe is called a k-complete

subdomain if any consistent constraint network that involves no more than k variables
has a solution in it. The k-complete subdomain always exists. This is because there
are only finitely many constraint networks with no more than k variables (denoted by
Σk). For each consistent network in Σk, we select a representative solution. Then the
union of all the representative solutions is clearly a k-complete subdomain. More im-
portantly, if a k-complete subdomain is somehow provided in advance, the consistency
problem may be reduced to the classical CSP such that well-developed CSP solvers can
be made use of. For Interval Algebra, the integer numbers in [1,2k] are a k-complete
subdomain. For other qualitative calculi, how to find an explicit k-complete subdo-
main remains open. Future work might also address the application of our method for
reasoning with a customised composition table.
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Chapter 4

Introducing Fuzziness to RCC

4.1 Introduction

Temporal and spatial knowledge often involves vagueness. The vagueness can be
roughly classified into two types: uncertainty and imprecision. Uncertainty usually
comes from the lack of knowledge or the ambiguity of natural languages. For in-
stance, the location of the MacDonald’s in downtown may be uncertain since there
may be multiple MacDonald’s; Sydney may refer to the city in Australia, or the city in
Canada. Imprecision may occur when metric quantities are approximated by numbers
with limited precisions. For one hand, the quantities in real applications are usually not
finitely representable (such as the area of Australia), so it is inevitable to use approxi-
mations instead. For the other hand, when very accurate data are available, people may
still use rough approximations when the approximations are sufficient for the tasks or
in the contexts – this is even more important in computer science as dealing with more
precise data needs almost all kinds of computing resources (e.g., storage, communica-
tion channels and CPU) as a trade-off. Imprecision is also rooted in the semantics of
natural languages. The meaning of a word (or words) may be qualitative and variable
in different contexts. For example, the volumes of a large rock and a large diamond

are likely to be quite different; ‘Sydney’ may only refer to the downtown area, or it
may include suburbs as well. These two kinds of vagueness may get tangled. The
geographical location of Sydney is an example as shown above. The meaning of spring

is another example: it varies in different hemispheres and there is no hard boundary
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between spring and winter (or summer).
The vagueness has hampered the applications of qualitative calculi (such as RCC-8

and IA) in real-world scenarios, such as extracting and integrating spatial information
from the numerous texts on the Internet [96]. Therefore, the QSR community has been
increasing interested in how to revise or generalise qualitative calculi, to cope with the
vagueness of spatial information [11, 10, 90, 24, 48, 115, 58, 7]. While Chapter 6 of
this thesis can be viewed as an approach for handling uncertainty, this chapter focuses
on the issue of imprecision.

Due to its expressive power and flexibility, the Region Connection Calculus (RCC)
proposed by Randell, Cui, and Cohn [84], has attracted special attention. One remark-
able approach first proposed by Cohn and Gotts [11], known as the Egg-Yolk model,
is to consider regions as having ‘thick’ boundaries. Meanwhile, as RCC is established
on first-order logic, fuzzy set theory has naturally become another candidate for gener-
alising the RCC, see e.g. [115, 58, 7]1. Providing an effective and universal approach
to deal with vagueness, fuzzy set theory no longer crisply asserts whether or not an
element is in a set. Instead, it makes use of a quantity in I = [0,1] to denote the degree

to which the element is considered as belonging to the set.
Although regions can be fuzzified in a natural way, there are a number of different

methods for extending crisp relations to fuzzy ones [25, 52, 115, 58] (see Section 2
for more detail). Recently, Schockaert et al. [95] proposed a novel fuzzification of the
RCC theory. Analogous to the crisp RCC, a reflexive, symmetric but fuzzy relation
C on universe U is assumed. They regard (U,C) as a fuzzy connection structure, and
further define other well-known RCC-8 relations in terms of C, by generalizing logical
conjunction and implication to fuzzy logic connectives, and universal and existential
quantification to the infima and suprema of truth degrees. This fuzzy RCC turns out
to have several attractive properties. First, it makes no assumptions on how regions
should be represented and thus keeps the maximum generality of the original RCC.
Second, the weak-composition based reasoning technique developed for RCC-8 alge-
bra [86, 26, 57] is extended to determine the consistency of fuzzy RCC constraints in
NP time complexity. In fact, the consistency of a normalised fuzzy RCC-8 network
can be determined by checking the validity of a set of basic conditions and transitivity
rules [96].

1Interested readers may consult [95] for more information.
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The connection between the fuzzy RCC models and crisp RCC models is not com-
pletely clear. Schockaert et al. [94] define special fuzzy connectedness in terms of
the closeness between fuzzy sets, and prove in [96] that any consistent set of fuzzy
RCC constraints has a solution in these models. On the other hand, as admitted in
[96], this closeness-based interpretation is counterintuitive in some situations. For ex-
ample, two externally connected closed disks will be interpreted as overlapping in the
closeness-based interpretation.

The main contribution of this chapter is to present a close connection between crisp
RCC models and fuzzy RCC models. Precisely speaking, it will be shown that any
crisp RCC model can be naturally generalised to a fuzzy RCC model, which is called
the standard fuzzy RCC model. We then show that each standard fuzzy RCC model
(in particular the one defined on Rn) is canonical in the sense that any consistent set of
fuzzy RCC constraints has a solution in it. To this end, we devise a polynomial realisa-
tion algorithm for consistent and normalised fuzzy RCC-8 networks. The algorithm is
similar to the cubic realisation algorithm devised for classical RCC-8 constraints [55],
described in Section 2.5. Moreover, the construction algorithm enables us to prove
that two similar sets of fuzzy constraints have similar solutions if both are satisfiable,
where fuzzy sets A,B are similar if sup{∣r(x) − s(x)∣ ∶ x ∈ X} is smaller than a prede-
fined number.

The rest of this chapter proceeds as follows. Section 2 provides fundamental know-
ledge of fuzzy set theory and defines fuzzy regions. Section 3 presents standard fuzzy
RCC models. Section 4 discusses the consistency problem of the fuzzy RCC con-
straints, and claims that normalised fuzzy networks are tractable by identifying a set
of necessary and sufficient conditions. To show the sufficiency of the conditions, Sec-
tion 5 presents a polynomial algorithm for solution construction, the soundness of
which is proved in Section 6. Section 7 shows that a small perturbation will not greatly
change the solution of a consistent fuzzy RCC-8 network and, thus, justifies the ratio-
nality of approximating fuzzy constraints by constraints whose bounds are taken from
a finite domain Σk. Note that the results in this chapter have been published in [64].
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4.2 Fuzzy Set Theory and Fuzzy Regions

First we briefly introduce the basics of fuzzy set theory [114]. Let X be the universe of
discourse. A fuzzy set r of X is defined as a function from X to [0,1]. For x ∈ X, the
value r(x) reflects to what extent x belongs to r. We use ran(r) to denote the range
of r. For α ∈ [0,1], the α-cut of r is defined as rα B {x ∈ X ∶ r(x) ≥ α}. We call
r1 the core of r and call {x ∈ X ∶ r(x) > 0} the support of r. A fuzzy set is called
normalised if its core is nonempty. For a crisp set r ⊆ X, we write χr ∶ X → {0,1} for
the characteristic function of r, i.e., χr(x) is 1 if x ∈ r and 0 otherwise. Note that the
characteristic function of r is a fuzzy set which can be regarded as a representation of
the crisp set r.

For two fuzzy sets r and s, we say r is a subset of s, denoted by r ⊆ s, iff r(x) ≤ s(x)
for any x ∈ X. Their (standard) intersection r ∧ s and union r ∨ s are fuzzy sets defined
by the following equations:

(r ∧ s)(x)B min(r(x), s(x)), (4.1)

(r ∨ s)(x)B max(r(x), s(x)). (4.2)

Notation For κ ∈ [0,1], we write χr ∧ κ for the fuzzy set r such that r(x) is κ if x ∈ r

and 0 otherwise.
For a set X, a fuzzy relation on X is a function from X × X into [0,1]. For a fuzzy

relation R and x, y ∈ X, R(x, y) usually denotes to what degree x is related to y by R.
Notation We use α, β to denote a value in I = [0,1], and write r, s, t for crisp subsets
of X, r, s, t for fuzzy subsets of X; and use R,S ,T to denote crisp relations, R,S,T to
denote fuzzy relations.

Propositional formulas can also be generalised to fuzzy ones. The well known
Łukasiewicz t-norm TW and its corresponding residual implicator IW , which are the
generalisations of the standard logical conjunction and implication, are defined as

TW(a,b) = max{0,a + b − 1}, (4.3)

IW(a,b) = min{1,1 − a + b}. (4.4)

Now we are able to formalise the concept of fuzzy regions. Recall that each RCC
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model is defined on a Boolean Algebra. Suppose X is a topological space, and Boolean
Algebra A is the regular closed algebra of X. It can be proved that if X is a connected
regular T1 space 1, then (U,C) is an RCC model, where U = A ∖ {∅} and binary
relation C on U is defined as C(a,b) iff a∩b /= ∅. This is known as the standard (crisp)
RCC model associated to topological space X. Examples include all n-dimensional
Euclidean spaces. To the converse, it is proved that every RCC model can be embedded
in such a standard model defined by some connected T1 space X which is weakly
regular [27]. Henceforth, we always assume that a connection structure (or an RCC
model) is defined on some underlying topological space X that is a connected regular
T1 space, e.g. the 2-dimensional Euclidean Space R2.

Definition 4.1 (fuzzy regions) Let (U,C) be an RCC model with underlying space is

X. A fuzzy subset r of X is called a fuzzy region if its support and all α-cuts (α > 0)

of r are regions in U. We call fuzzy region r a Σ-region, if ran(r) is contained in set

Σ ⊆ [0,1].

Suppose r is a fuzzy set such that ran(r) is contained in a finite set Σ ⊆ [0,1]. It
is direct to show that r is a fuzzy region if and only if all α-cuts (α ∈ Σ ∖ {0}) of r are
regions in U, as the union of finite regions is a still a region. It is obvious that for a
Σ-region r, we have r = ⋁α∈Σ(rα ∧ α).
Notation We write UI for the class of all fuzzy regions over U and write UΣ for the
class of Σ-regions.

4.3 Standard Fuzzy RCC Models

Given a crisp RCC model (U,C), we have generalised the crisp regions in U to fuzzy
regions in UI . The next problem is to extend the crisp RCC relations to fuzzy ones.
A number of formalisms have been introduced to fuzzify crisp relations. Suppose R

is a binary crisp relation on U, and r, s are two fuzzy sets on U, which take values in
V = {1 = α1 > α2 > ⋯ > αk > αk+1 = 0}. Then the fuzzy relation between r and s can be

1Suppose ⟨X, τ⟩ is a topological space. X is called a T1 space, if for any distinct points x, y ∈ X,
there exists an open set u ∈ τ such that x ∈ u and y /∈ u. A topological space X is called regular, if for
any point x ∈ X and any closed set u, there exist open sets v1, v2 ∈ τ such that x ∈ v1,u ⊂ v2, v1 ∩ v2 = ∅.
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Rel. RCC definition Fuzzy RCC definition
DC ¬C(r, s) 1 −C(r, s)
P (∀t ∈ U)(C(t, r) → C(t, s)) inft∈UI{IW(C(t, r),C(t, s))}
O (∃t ∈ U)(P(t, r) ∧ P(t, s)) supt∈UI

{TW(P(t, r),P(t, s))}
PO O(r, s) ∧ ¬P(r, s) ∧ ¬P(s, r) min(O(r, s),1 − P(r, s),1 − P(s, r))
EC C(r, s) ∧ ¬O(r, s) min(C(r, s),1 −O(r, s))
EQ P(r, s) ∧ P(s, r) min(P(r, s),P(s, r))
PP P(r, s) ∧ ¬P(s, r) min(P(r, s),1 − P(s, r))
NTP (∀t ∈ U)(C(t, r) → O(t, s)) inft∈UI{IW(C(t, r),O(t, s))}
TPP PP(r, s) ∧ ¬NTP(r, s) min(PP(r, s),1 −NTP(r, s))
NTPP PP(r, s) ∧NTP(r, s) min(1 − P(s, r),NTP(r, s))

Table 4.1: Definitions of relations in the original RCC and the fuzzy RCC [96]

defined by the following equations [25, 52]

FR(r, s) = Σk
i, j=1(αi − αi+1)(α j − α j+1)R(ri, s j), (4.5)

F∗

R(r, s) = Σk
i=1(αi − αi+1)R(ri, si), (4.6)

where ri = {x ∈ U ∶ r(x) ≥ αi} is the αi-cut of r and s j = {x ∈ U ∶ s(x) ≥ α j} is the
α j-cut of s. These general methods have been applied to extend topological relations
by Zhan [115] and Li & Li [58]. In particular, [58] makes complete classifications of
the topological relations between fuzzy regions using RCC-5 and RCC-8. However,
generalising all the RCC relations in the above way jeopardises the simplicity of the
reasoning rules of RCC (such as weak composition and consistency).

Recall that (crisp) RCC is a first-order theory based on a primitive connectedness
relation C. That is to say, all other RCC relations can be defined by C and first-
order formulas. Therefore, suppose we have defined C as the fuzzy connectedness
relation which extends the crisp connectedness relation C in some manner, it is natural
to require that all other fuzzy RCC relations can be derived from C in a consistent way.
In fact, Schockaert et al. [95] have proposed such a method, as shown in Table 4.1,
and justified its rationality. Note that the TW and IW in the table are respectively the
Łukasiewicz t-norm and its corresponding residual implicator. For clarity, we use T

and I to denote TW and IW from now on.
Note that Schockaert et al. [94] have also defined a special fuzzy connectedness

relation in terms of the closeness between fuzzy regions on the 2-dim Euclidean space.
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However, such a definition cannot be applied to an arbitrary RCC model, and a general
method of fuzzifying connectedness relation C is still missing.

For two fuzzy regions r, s with C(rα, sβ) for some α and β, it is reasonable to require
that C(r, s) ≥ T(α, β). Note that this implies in particular that C(r, s) = 1 if C(r1, s1),
which coincides with the crisp case. Based on this assumption, we propose our novel
formalisation of C, by amalgamating all connectedness evidences from α-cuts of r and
β-cuts of s in (U,C).

Definition 4.2 Let (U,C) be an RCC model with underlying space X. We call (UI ,C)
the standard fuzzy RCC model on X, where C is the fuzzy relation on UI defined as:

C(r, s) = sup{T(α, β) ∶ C(rα, sβ)}, (r, s ∈ UI). (4.7)

Write P,O, respectively, for the fuzzy extension of RCC-8 relations P,O, and write
NTP, or N for short, for the fuzzy extension of NTP (cf. Table 4.1). Note that besides
the primitive fuzzy relation C, these fuzzy relations are the only three which have
quantifiers in their definitions. Furthermore, all the other fuzzy RCC-8 relations can
be calculated from C,O,P,N directly according to Table 4.1. Therefore, these four
relations are of particular importance. The fuzzy relation C between two fuzzy regions
r, s is defined by amalgamating all connectedness evidence from α-cuts of r and β-cuts
of s. However, the fuzzy relations O, P and N are defined in Table 4.1 as the infimum or
supremum which involves a fuzzy region running all over the domain and thus cannot
be directly computed. The following theorem answers this problem and allows us to
compute O, P and N in a direct way.

Theorem 4.1 For fuzzy regions r, s in a standard fuzzy RCC model (UI ,C), we have

O(r, s) = sup{T(α, β) ∶ O(rα, sβ)}, (4.8)

P(r, s) = sup{α ∶ (∀β)P(rβ, sT(α,β))}, (4.9)

N(r, s) = sup{α ∶ (∀β)NTPP(rβ, sT(α,β))}. (4.10)

Proof We first show Eq. 4.9 holds, and then use Eq. 4.9 to prove Eq. 4.8. Let α∗ =
sup{α ∶ (∀β)P(rβ, sT(α,β))}. We show that

P(r, s) = inf
t∈UI

{I(C(t, r),C(t, s))} ≥ α∗.

55



For any α < α∗, we assert α ≤ I(C(t, r),C(t, s)) holds for any fuzzy region t ∈ UI .
In fact, as α < 1, we only need to prove

C(t, r) + α ≤ 1 +C(t, s).

Recall C(t, r) = sup{T(γ, δ) ∶ C(tγ, rδ)} by definition. For any γ and δ such that
C(tγ, rδ) holds, if α + δ ≤ 1, then T(γ, δ) + α ≤ 1 + C(t, s) holds. Suppose α + δ > 1.
By P(rδ, sδ+α−1), we have C(tγ, sδ+α−1). So T(γ, δ + α − 1) ≤ C(t, s), i.e., T(γ, δ) +α ≤
1 +C(t, s). Therefore C(t, r) + α ≤ 1 +C(t, s).

It remains to prove

P(r, s) = inf
t∈UI

{I(C(t, r),C(t, s))} ≤ α∗.

For any ε > 0, we prove there exists a fuzzy region t such that I(C(t, r),C(t, s)) ≤ α∗+
ε. By the definition of α∗, we know that there exists some γ such that ¬P(rγ, sγ+α∗+ε−1),
i.e., there exists a crisp region t such that

C(t, rγ) and ¬C(t, sγ+α∗+ε−1).

Let t = χt be the characteristic function of t. Then C(t, r) ≥ γ and C(t, s) ≤ γ+α∗+ε−1
hold. Therefore C(t, s) ≤ C(t, r) + α∗ + ε − 1. So I(C(t, r),C(t, s)) ≤ α∗ + ε. Due to
the arbitrariness of ε, we know P(r, s) ≤ α∗.

The proof of Eq. 4.10 is similar to that of Eq. 4.9.
We next prove Eq. 4.8. To this end, we first show

O(r, s) = sup
t∈UI

{T(P(t, r),P(t, s))} ≤ sup{T(α, β) ∶ O(rα, sβ)}.

For any t ∈ UI , let t∗ be the fuzzy region defined by χt1 , i.e., t∗(x) = 1 if t(x) = 1,
otherwise t∗(x) = 0. By Eq. 4.9, it is straightforward to prove that P(t∗, r) = sup{γ ∶
P(t1, rγ)} and P(t∗, s) = sup{γ ∶ P(t1, sγ)}.

Obviously, we have t∗ ⊆ t. Suppose α = P(t, r) and β = P(t, s). From Eq. 4.12 (see
below) we know that α ≤ P(t∗, s) and β ≤ P(t∗, s). Consequently, we have P(t1, rα)
and P(t1, sβ). This implies O(rα, sβ).

On the other side, assume O(rα, sβ) holds for some α and β. That is, there exists
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some crisp region t ∈ U such that P(t, rα) and P(t, sβ). Consider the fuzzy region
t∗ defined by the characteristic function of t, i.e., t∗(x) = 1 if x ∈ t, t∗(x) = 0 oth-
erwise. By Eq. 4.9, we have P(t∗, r) ≥ α and P(t∗, s) ≥ β. Therefore, O(r, s) =
supt∈UI

{T(P(t, r),P(t, s))} ≥ T(P(t∗, r),P(t∗, s)) ≥ T(α, β).

As a direct corollary, we have

Corollary 4.1 Suppose r and s are two fuzzy regions in a standard fuzzy RCC model

(UI ,C). If ran(r) = Σ1 and ran(s) = Σ2 are both finite, then the following equations

hold:

C(r, s) = max{T(α, β) ∶ C(rα, sβ), α ∈ Σ1, β ∈ Σ2}.
O(r, s) = max{T(α, β) ∶ O(rα, sβ), α ∈ Σ1, β ∈ Σ2},
P(r, s) = min{I(α,max{β ∶ P(rα, sβ), β ∈ Σ2}) ∶ α ∈ Σ1},
N(r, s) = min{I(α,max{β ∶ NTPP(rα, sβ), β ∈ Σ2}) ∶ α ∈ Σ1}.

Remark 4.1 This corollary gives an effective way for computing the fuzzy topological

relation between two finite valued fuzzy regions. The well-known Egg-Yolk model, first

introduced in [11] and then extended in [96], represents each vague region as k nested

crisp regions. The vague regions in this model, called Egg-Yolk regions, can be nat-

urally regarded as specific fuzzy regions that take values from Σk = {0,1/k,2/k, , (k −
1)/k,1}. The fuzzy connectedness of two Egg-Yolk regions is defined in terms of the

standard connectedness on the n-dimensional Euclidean space [96, Eq. 85]. Schock-

aert et al. also show how to compute the corresponding O,P,N relations between two

Egg-Yolk regions [96, Page 280]. Finally, they prove that any satisfiable fuzzy RCC-8

network also has solutions in Egg-Yolk models [96, Prop. 6].

It is worth pointing out that the Egg-Yolk models in [96] resemble the standard

fuzzy RCC models. In fact the Egg-Yolk models can be regarded as prototypes of

standard fuzzy RCC models in some sense, despite the following differences. First

of all, a standard fuzzy RCC model considers the class of all fuzzy regions, while an

Egg-Yolk model is defined for Egg-Yolk regions, which can be regarded as specific

fuzzy regions that take values from Σk. Second, the fuzzy connectedness relations of

these two kinds of models are defined in a similar way from some standard (classical)

RCC models (cf. Eq. 4.7 and [96, Eq. 85]), but on different domains: the Egg-Yolk
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models are defined in the n-dimensional Euclidean space, while our standard fuzzy

models are defined on connected regular T1 topological spaces. One can easily check

that Eq. 4.7 is equivalent to, but more concise than [96, Eq. 85] as far as Egg-Yolk

regions are concerned.

Our Theorem 4.1 shows that the fuzzy RCC-8 relations O,P and N defined as in

Table 4.1 have similar characterisations as C. Compared with similar results claimed

in [96, Page 280] for the Egg-Yolk models, our result is more general and is proved

without assuming a certain underlying topological space, e.g. the Euclidean space.

Note that the proof of Theorem 4.1 is applicable to the Egg-Yolk models.

4.4 The Consistency Problem

The composition problem and the consistency problem are respectively the most sim-
ple and fundamental reasoning problems in QSTR. As we have fuzzified the RCC
model and the RCC-8 Algebra, it is natural to study these problems in the fuzzy con-
text. In fact, the composition problem has already been addressed in [95], and we now
summarise some results obtained there.

Proposition 4.1 Suppose r ⊆ s are fuzzy regions in a fuzzy RCC model. Then

C(r, t) ≤ C(s, t), O(r, t) ≤ O(s, t), (4.11)

P(r, t) ≥ P(s, t), N(r, t) ≥ N(s, t). (4.12)

This proposition follows directly from the definitions of P, O and N.

Lemma 4.1 ([95]) For fuzzy regions r, s in a fuzzy RCC model, we have 1

C(r, s) = C(s, r), O(r, s) = O(s, r), (4.13)

N(r, s) ≤ P(r, s) ≤ O(r, s) ≤ C(r, s), (4.14)

N(r, r) ≤ P(r, r) = O(r, r) = C(r, r) = 1. (4.15)

1Note although not proved in [95], N(r, s) ≤ P(r, s) follows directly from their definitions and the
fact that O(r, s) ≤ C(r, s).

58



DC EC PO EQ TPP NTPP TPP−1 NTPP−1

C(a,b) 0 1 1 1 1 1 1 1
O(a,b) 0 0 1 1 1 1 1 1
P(a,b) 0 0 0 1 1 1 0 0
N(a,b) 0 0 0 0 0 1 0 0
P(b,a) 0 0 0 1 0 0 1 1
N(b,a) 0 0 0 0 0 0 0 1

Table 4.2: Relations between the crisp and fuzzy RCC-8 relations for crisp regions a
and b

Furthermore, we have the following composition rules which correspond to the
composition table of the classical RCC-8 Algebra.

Lemma 4.2 ([96]) For fuzzy regions r, s and t (which could be identical) in a fuzzy

RCC model, we have

T(C(r, s),P(s, t)) ≤ C(r, t), (4.16)

T(C(r, s),N(s, t)) ≤ O(r, t), (4.17)

T(O(r, s),P(s, t)) ≤ O(r, t), (4.18)

T(P(r, s),P(s, t)) ≤ P(r, t), (4.19)

T(P(r, s),N(s, t)) ≤ N(r, t), (4.20)

T(N(r, s),P(s, t)) ≤ N(r, t). (4.21)

The fuzzy RCC-8 relations between fuzzy regions r and s can be completely cap-
tured by a 6-tuple ⟨C(r, s),O(r, s),P(r, s),N(r, s),P(s, r),N(s, r)⟩. In particular, if
r and s are crisp regions, then the elements in the 6-tuple take values from {0,1}.
The constraints in Lemma 4.1 confines all the 26 = 32 possibilities of the 6-tuple to
11, three (⟨1,1,1,0,1,1⟩, ⟨1,1,1,1,1,0⟩, and ⟨1,1,1,1,1,1⟩) of which are not realiz-
able by crisp regions. Each of the remaining 8 possible 6-tuples corresponds to a crisp
RCC-8 relation, shown in Table 4.2. Furthermore, it can be verified that if only crisp re-
gions are considered, then the RCC-8 composition table can be derived by Lemma 4.2.
Therefore, the equations in the above lemma are the fuzzified composition table of
RCC-8.
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It is worth noting that for the finite valued fuzzy region r, we always have N(r, r) <
1. Although it is possible for some region r such that N(r, r) = 1, this requires a “con-
tinuous” characteristic function in some sense (e.g., a fuzzy region with a trapezoid-
shape characteristic function).

The definitions of constraints and consistency can be generalised to fuzzy case in
the following way.

Definition 4.3 ([96]) Let V = {vi}n
i=1 be a set of spatial variables. An atomic fuzzy

RCC formula over V has the form R(vi, v j) ≤ λ or R(vi, v j) ≥ λ, where λ ∈ [0,1], vi, v j

are spatial variables in V, and R is a fuzzy RCC-8 relation defined in Table 4.1.

Definition 4.4 ([96]) A set Γ of atomic fuzzy RCC formula is consistent or satisfiable,

if there exists a fuzzy connection structure (U,C) and a set of regions {ai}n
i=1 in U,

such that R(ai,a j) ≤ λ (or R(ai,a j) ≥ λ) holds for each formula R(vi, v j) ≤ λ (or

R(vi, v j) ≥ λ) in Γ. In this case, we call {ai}n
i=1 a solution of Γ.

Definition 4.5 ([96]) A set Γ of atomic fuzzy RCC-8 formula over V is called a nor-
malised fuzzy RCC-8 network or a normalised network for short, if (i) there exist two

formulae of the form R(vi, v j) ≥ λ and R(vi, v j) ≤ λ (λ ∈ [0,1]) for each fuzzy RCC

relation R in {C,P,O,N} and each pair of vi, v j, and (ii) Γ contains no other formulae.

From now on, we assume a normalised network Γ has the form

Γ = {C(vi, v j) = λC
i j,O(vi, v j) = λO

i j ,P(vi, v j) = λP
i j,N(vi, v j) = λN

i j}n
i, j=1. (4.22)

The consistency problem of normalised/standard fuzzy RCC-8 networks has been
studied by Schockaert et al. in [96]. In detail, it is shown by [96, Corollary 1] that
a normalised fuzzy RCC-8 network Γ with all λN

ii < 1 is satisfiable iff Γ satisfies (i)
Eq.s 4.23-4.25, which will henceforth be called basic conditions.

λC
i j = λC

ji, λO
i j = λO

ji , (4.23)

λN
i j ≤ λP

i j ≤ λO
i j ≤ λC

i j, (4.24)

λN
ii < λC

ii = λO
ii = λP

ii = 1, (4.25)

and (ii) a set of 31 transitivity rules. Each transitivity rule has the form T(δi j, δ jk) ≤ δik,
where either δi j or 1 − δi j takes a value from {λC

i j, λ
O
i j , λ

P
i j, λ

N
i j, λ

P
ji, λ

N
ji}.
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The sufficiency part of their result ([96, Proposition 1]) relies on the construction of
a solution in a particular kind of fuzzy connection structure, called the (n;α,0)-model,
which is defined as follows. The universe UI is the set of all normalised fuzzy sets in
Rn, and the connectedness relation Cα is defined by

Cα(r, s) = sup
p∈Rn

T(r(p), sup
q∈Rn

T(Rα(p,q), s(q))), (4.26)

where Rα(p,q) is 1 if d(p,q) ≤ α, and 0 otherwise. Intuitively, two points are consid-
ered as close if their distance is no more than α, and far otherwise. The degree of the
connectedness of two fuzzy regions r, s is decided by the supremum of T(r(p), s(q)),
where points p and q are considered as close.

Given a particular standard fuzzy RCC model (fuzzy connection structure) rather
than the (n;α,0)-model, however, the problem of whether a normalised fuzzy RCC-8
network has a solution in this standard fuzzy RCC model (fuzzy connection structure)
remains open. We will show that if a normalised fuzzy RCC-8 network is satisfiable
(i.e., it has a solution in some standard fuzzy RCC model), then it also has a solution in
any standard fuzzy RCC model (see Theorem 4.2). This generalises the result of [96,
Proposition 1]. Furthermore, we find that only the following 6 rules (Eq.s 4.27-4.32)
of the 31 transitivity rules in [96] are actually necessary, because the other 25 rules
can be derived from these 6 rules and the basic conditions. Besides, the fuzzy RCC-8
networks considered in [96] are assumed to satisfy λN

ii < 1. We show that the λN
ii < 1

restriction can be removed, although a slightly different construction is needed as a
trade-off (see Remark 4.3).

T(λC
i j, λ

P
jk) ≤ λC

ik, (4.27)

T(λC
i j, λ

N
jk) ≤ λO

ik , (4.28)

T(λO
i j , λ

P
jk) ≤ λO

ik , (4.29)

T(λP
i j, λ

P
jk) ≤ λP

ik, (4.30)

T(λP
i j, λ

N
jk) ≤ λN

ik, (4.31)

T(λN
i j, λ

P
jk) ≤ λN

ik. (4.32)
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The following theorem shows that the basic conditions and the reduced transitiv-
ity conditions are sufficient for Γ to be satisfiable in any standard fuzzy RCC model,
generalizing the results of [96] of particular models.

Theorem 4.2 Let (UI ,C) be a standard fuzzy RCC model. Suppose Γ in Eq. 4.22 is a

normalised fuzzy network with all λN
ii < 1. Then Γ is satisfiable in (UI ,C) iff it satisfies

the basic conditions (Eq.s 4.23-4.25), and the transitivity rules (Eq.s 4.27-4.32).

The necessity of Theorem 4.2 follows directly from Lemmas 4.1 and 4.2. We leave
the sufficiency part to the next section, where we describe a model-independent method
for constructing a solution of Γ.

Proposition 6 of [96] states that, if Γ is a consistent fuzzy RCC network and formu-
las in Γ take bounds from certain finite set, then it has an Egg-Yolk model. Compared
with this proposition, Theorem 4.2 is more general: it holds for any consistent fuzzy
network and any standard fuzzy RCC model. We prove this result by constructing a
solution in polynomial time.

4.5 A Polynomial Realisation Algorithm

The realisation algorithm is inspired by the algorithm for crisp RCC (see Section 2.5).
Note that for any regions a and b in a crisp (U,C) RCC model, the following claims
hold:

(P1) There exists c s.t. NTPP(c,a).

(P2) If DC(a,b), then there exists c s.t. NTPP(a, c) and DC(c,b).

(P3) If PO(a,b) or EC(a,b), then there exists c s.t. NTPP(a, c) and PO(c,b).

Now we turn to the fuzzy case. Let (UI ,C) be a standard fuzzy RCC model.
Suppose Γ is a normalised fuzzy RCC-8 network defined as in Eq. 4.22. Assume all
the λN

ii is strictly less than 1 and Γ satisfies Eq.s 4.23-4.32. We next construct a solution
of Γ in (UI ,C).

Although n ntpp-shells are enough in the crisp case, more ntpp-shells (depending
on the N constraints) are needed here. This is because the degree of a fuzzy region has
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to be lowered gradually to satisfy the N constraints. Consider constraint λN
11 = 1 − 1/k.

According to Eq. 4.10, this constraint requires that, for two β1-cut and β2-cut, if there is
no other different α-cut between them, then the difference of β1 and β2 is no more than
1/k. In other words, the characteristic function of the region cannot contain “steps”
higher than 1/k. Therefore the fuzzy region has at least k different α-cuts, and we have
to construct at least k ntpp-shells.

Before we go into the details of the construction, we first introduce some notations
which clarify the argument.

Definition 4.6 Let (U,C) be a crisp RCC model, with the introduced fuzzy RCC model

(UI ,C). Assume Ω is a set of crisp regions in U, and r a fuzzy region in UI . r is said

to be based on Ω, if ran(r) is finite and every α-cut of r is the union of some regions in

Ω. The standard decomposition of r (with respect to Ω) is defined as

⋁
u∈Ω

(χu ∧ κ(u)), (4.33)

where κ(u) = max{α ∈ ran(r) ∶ u ⊆ rα}.

It is straightforward to show that r is equal to its standard decomposition.
We first select a set of crisp regions Ω0 from the underlying crisp RCC model

(U,C):
Ω0 = {ui}n

i=1 ∪ {uC
i j ∶ i ≠ j} ∪ {uO

i j ∶ i < j}, (4.34)

such that the RCC-8 relation between any two different u,u′ in Ω0 is DC, except we
require EC(uC

i j,u
C
ji). The pair of crisp regions uC

i j and uC
ji are selected to fulfil the C

constraints between vi and v j, while the crisp region uO
i j is for the O constraints. In the

crisp case, similar regions are selected for the EC and PO constraints respectively.
Next we select the ntpp-shells. The number of the shells depends on the N con-

straints, with upper bound L = n⌈1/∆⌉, where

∆ = 1 −max{λN
i j ∶ λN

i j < 1}. (4.35)

To simplify the proof, we construct L + 1 ntpp-shells. In detail, we associate each
region u = u0 ∈ Ω0 with L + 1 (crisp) nested regions u1,u2,⋯,uL+1, such that

• NTPP(uh,uh+1) for 0 ≤ h ≤ L;
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• If DC(u0, v0), then DC(uL+1, vL+1); and

• If EC(u0, v0), then PO(uL+1, v0) and PO(u0, vL+1).

In other words, we also require uh is a non-tangential part of uh+1, and uL+1 is close
enough to u0 such that it does not meet or overlap any other regions if possible. It
can be proved that these regions can be selected in an arbitrary RCC model, which has
properties P1-P3 (see §2.2).

Let Ωh = {uk ∶ u ∈ Ω0,0 ≤ k ≤ h}, where 0 ≤ h ≤ L + 1 be the (k + 1)-innermost
shells. We call ΩL+1 the set of base regions.

Define the one-shell-expansion function expand ∶ ΩL → ΩL+1 as

expand(uh) = uh+1 (uh ∈ ΩL). (4.36)

This function can be extended to the fuzzy regions based on ΩL. For a fuzzy region r
which is based on ΩL and has standard decomposition ⋁u∈ΩL χu ∧ κ(u), the one-shell-
expansion of r is defined to be the fuzzy region

expand(r) = ⋁
u∈ΩL

χexpand(u) ∧ κ(u). (4.37)

For fuzzy regions r and s based on ΩL, the fuzzy RCC-8 relations between them
can be computed as follows.

Lemma 4.3 Let r and s be two fuzzy regions based on ΩL. Suppose the standard

decomposition of r and s are ⋁u∈ΩL χu ∧ κ(u) and ⋁u∈ΩL χu ∧ µ(u), respectively. Then

C(r, s) = max{T(κ(u), µ(v)) ∶ u, v ∈ ΩL,C(u, v)}, (4.38)

O(r, s) = max{T(κ(u), µ(v)) ∶ u, v ∈ ΩL,O(u, v)}, (4.39)

P(r, s) = min{I(κ(u), µ(u)) ∶ u ∈ ΩL}, (4.40)

N(r, s) = min({I(κ(u), µ(expand(u)) ∶ u ∈ ΩL}
= P(expand(r), s), (4.41)

where we assume µ(uL+1) = 0 for any u0 ∈ Ω0 in the last equation.
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Proof Note that for any α, β > 0, rα and sβ are unions of subsets of ΩL. Therefore,
C(rα, sβ) iff there exist some u, v ∈ ΩL such that u ⊆ rα, v ⊆ sβ and C(u, v). Therefore,

C(r, s) = sup{T(α, β) ∶ C(rα, sβ)}
= sup{T(α, β) ∶ (∃u, v ∈ ΩL)(κ(u) ≥ α, µ(v) ≥ β,C(u, v))}
= max{T(κ(u), µ(v)) ∶ u, v ∈ ΩL,C(u, v)}.

The second equation can be similarly proved. For the last two equations, we have

P(r, s) = sup{α ∶ (∀β)P(rβ, sT(α,β))}
= sup{α ∶ (∀β)(∀u ∈ ΩL)(u ⊆ rβ → u ⊆ sT(α,β))}
= sup{α ∶ (∀u ∈ ΩL)(∀β)(κ(u) ≥ β→ µ(u) ≥ T(α, β))}
= sup{α ∶ (∀u ∈ ΩL)(µ(u) ≥ T(α, κ(u)))}
= min{I(κ(u), µ(u)) ∶ u ∈ ΩL}.

N(r, s) = sup{α ∶ (∀β)NTPP(rβ, sT(α,β))}
= sup{α ∶ (∀β)(∀u ∈ ΩL)(u ⊆ rβ → NTPP(u, sT(α,β))}
= sup{α ∶ (∀β)(∀u ∈ ΩL)(u ⊆ rβ → expand(u) ⊆ sT(α,β))}
= sup{α ∶ (∀u ∈ ΩL)(∀β)(κ(u) ≥ β→ µ(expand(u)) ≥ T(α, β))}
= sup{α ∶ (∀u ∈ ΩL)(µ(expand(u)) ≥ T(α, κ(u)))}
= min{I(κ(u), µ(expand(u))) ∶ u ∈ ΩL}.
= P(expand(r), s).

This ends the proof.

For a fuzzy region r, let sub(r, α) be the fuzzy region defined as

sub(r, α)(x) = max(0, r(x) − α). (4.42)
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(i, j) (1,1) (1,2) (2,1) (2,2)
λC

i j 1 1 1 1
λO

i j 1 0.8 0.8 1
λP

i j 1 0.6 0.4 1
λN

i j 0.8 0.4 0 0.6

Table 4.3: A normalised fuzzy RCC-8 network Γ.

We now construct for each spatial variable a fuzzy region which is based on ΩL+1.
Let

aC
i = χri ∨⋁

j<i
(χrC

i j
∧ λC

i j) ∨⋁
j>i
χrC

i j
, (4.43)

aO
i = aC

i ∨⋁
j<i
(χrO

i j
∧ λO

i j) ∨⋁
j>i
χrO

i j
, (4.44)

aN,0
i = aP

i = ⋁
j

sub(aO
j ,1 − λP

ji), (4.45)

aN,h+1
i = aN,h

i ∨⋁
j

sub(expand(aN,h
j ),1 − λN

ji), (4.46)

where 0 ≤ h ≤ L − 1 in Eq. 4.46.

Theorem 4.3 Let Γ be a normalised fuzzy network with all λN
ii < 1. Suppose Γ satisfies

the basic conditions (Eq.s 4.23-4.25), and the transitivity rules (Eq.s 4.27-4.32). Then

the set of fuzzy regions {aN,L
i }n

i=1 constructed in Eq.s 4.43-4.46 is a solution of Γ.

Proof A sketch of the proof is provided in Section 4.6.

Note that in the N steps of the construction, if a fixed point has been reached, i.e.,
aN,h+1

i = aN,h
i for all 1 ≤ i ≤ n, then the algorithm can stop immediately.

Example 4.1 Consider the normalised network defined in Table 4.3. It is easy to verify

that Γ satisfies all the basic conditions and transitivity rules. We use the above method

to construct a solution in the standard RCC model on the real line. There are in total

seven steps of the procedure (four of which are for the N constraints), shown in Fig. 4.1,

where the white region and the shaded region stand for fuzzy regions constructed for

v1 and v2 respectively. We have aN,4
i = aN,L

i for i = 1,2, so {aN,4
1 ,aN,4

2 } is a solution of Γ.
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The pseudo-code of the construction procedure is given in Algorithm 2. Note that
each fuzzy region r in the algorithm is based on ΩL, and can be represented by an
array with size ∣ΩL∣ = O(Ln2) storing the coefficients in its standard decomposition
(see Eq. 4.33). Furthermore, the operations over fuzzy regions in the algorithms (e.g.
intersection) can be carried out by manipulating the coefficients of the operands, which
takes O(Ln2) time. There are O(Ln2) operations in total, so the time complexity of the
algorithm is no more than O(L2n4). The following proposition provides a better result.

Proposition 4.2 The complexity of the construction procedure is O(Ln4), i.e. O(∆n5),

where n is the cardinality of V, and ∆ is defined in Eq. 4.35.

Proof For any 0 ≤ h < L and 1 ≤ i ≤ n, we consider the coefficients of aN,h+1
i and

aN,h
i . By Proposition 4.5, we know that there are only O(n2) different coefficients

(i.e. κh
i (uh+1) and κh+1

i (uh+1), for u0 ∈ Ω0). Therefore the body of the last loop in the
algorithm which updates aN,h

i can be implemented in O(n2) time instead of O(Ln2).
So the complexity of Algorithm 2 is O(Ln4).

The following proposition gives an estimation of the range of the constructed solu-
tion.

Proposition 4.3 Let Γ be a consistent normalised network with λN
ii < 1. Let aN,L

i be

the fuzzy regions defined as Eq.4.46. Let ΣC,O = {λC
i j, λ

O
i j} ∪ {0}, ΣP = {λP

i j}, ΣN =
{λN

i j} ∪ {1}. Then we have

ran(aN,L
i ) ⊆ ΣL, (4.47)

where Σ0 = T(ΣC,O,ΣP), and Σh+1 = T(Σh,ΣN) for 0 ≤ h ≤ L − 1.

In particular, if Σ contains {λC
i j, λ

O
i j , λ

P
i j, λ

N
i j} ∪ {0,1} and is closed under operation T

(e.g., Σk = {0,1/k,2/k, . . . , (k − 1)/k,1}), then the degrees of all the fuzzy regions
constructed above are also in Σ.

Remark 4.2 It is worth noting that the proof of Theorem 4.1 and that of Lemma 4.1

only use Axiom C3 of the RCC model, which states that C(x, y+z) iff C(x, y) or C(x, z).

Therefore, Theorem 4.1 still holds if a standard fuzzy RCC model is replaced with a

fuzzy connection structure induced by some connection structure which satisfies C3.
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Furthermore, once the base regions are chosen, the proof of Theorem 4.3 does not rely

on other axioms of the RCC structure either. This implies that Theorem 4.2 holds for

general fuzzy connection structure as long as it supplies a sufficient number of base

regions.

We consider the (n;α,0)-model introduced by Schockaert et al. [94, 96]. Let U be

the powerset of Rn. Define Cα as

Cα = {(r, s) ∶ d(r, s) ≤ α}, (4.48)

where d(r, s) = inf{d(p,q) ∶ p ∈ r,q ∈ s}. It is clear that Cα is a connection structure

that satisfies the axiom C3.

It is straightforward to verify that (UI ,Cα) is the fuzzy connection structure in-

duced by (U,Cα). Moreover, it is always possible to choose base regions from Rn for

any n ≥ 1. Therefore, a network has a solution in the (n;α,0)-model for any n ≥ 1 iff it

satisfies the basic conditions and the transitivity rules. This shows the Propositions 1

and 2 of [96] can be viewed as a special case of Theorem 4.2.

Remark 4.3 Theorem 2 (and [96, Prop. 1] requires that λN
ii < 1 for all 1 ≤ i ≤ n.

It is argued in [96] that this requirement has no effect if all N constraints are intro-

duced by TPP and NTPP constraints [96, Propsition 2], which is usually the case in

applications.

Nonetheless, the satisfiability of fuzzy RCC network Γ without restriction λN
ii < 1 is

still interesting. It turns out that the basic conditions and the transitivity rules are also

sufficient for the unrestricted case. However, “continuous” ntpp-shells may be needed

in the constructions. To be precise, for each base region u ∈ Ω0, we need a function

fu ∶ [0,1] → U, such that

• fu(0) = u;

• NTPP( fu(p), fu(q)) for any 0 ≤ p < q ≤ 1;

• If DC(u, v) for u, v ∈ Ω0, then DC( fu(1), fv(1)); and

• If EC(u0, v0) for u, v ∈ Ω0, then PO( fu(1), v) and PO(u, fv(1)).
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Let aP
i = ⋁u∈Ω0 u ∧ κi(u) be the fuzzy region with standard decomposition as defined in

Eq. 4.45, Define

aN
i = aP

i ∨ ⋁
u∈Ω0

( ⋁
p∈[0,1]

fu(p) ∧ (µi(u) − p)), (4.49)

where µi(u) = max1≤ j≤n{T(κ j(u), λN
ji)}. In other words, the fuzzy region aN

i jumps down

at the boundary of the regions in Ω0 from degree κ(u) to µ(u), then goes gradually to

zero. It can be proved that {aN
i }n

i=1 is a solution of Γ. Interestingly, this construction

is somewhat simpler than that used in the original case: aN
i has a direct expression

instead of an iterated one. As a trade-off, the fuzzy regions in the solution are no

longer finite valued.

4.6 Proof for Theorem 4.3

It is clear that each aN,h
i is a fuzzy region based on Ωh. Let ⋁u∈Ωh χu ∧ κh

i (u) be the stan-
dard decomposition of aN,h

i . First we give two technical results about the coefficients
κh

i (u).

Proposition 4.4 For any 0 ≤ h < L and 1 ≤ i ≤ n, we have

κh+1
i (u0) = κh

i (u0), (4.50)

κh+1
i (uk) = max

1≤ j≤n
{κh

j(uk−1) + λN
ji − 1} ∪ {κh

i (uk)},1 ≤ k ≤ L. (4.51)

Proof The fact that κ1
i (u0) = κ0

i (u0) can be proved by an exhaustive case analysis for
u0 ∈ Ω0 using the transitivity rules. To show Eq. 4.50 is not hard by an inductive
method. Eq. 4.51 follows directly from Eq. 4.46.

The following proposition shows that the coefficients of a base region uh are always
zero until the h-step in the ntpp-construction, and remain the same value (possibly still
0) afterwards.

Proposition 4.5 For 1 ≤ i ≤ n,u0 ∈ Ω0,0 ≤ h ≤ L, we have

κ0
i (uh) = κ1

i (uh) = ⋯ = κh−1
i (uh) = 0, (4.52)

κh
i (uh) = κh+1

i (uh) = ⋯ = κL
i (uh). (4.53)
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Proof We prove Eq. 4.52 by showing the following equivalent equation:

κk
i (uk+1) = κk

i (uk+2) = ⋯ = κk
i (uL) = 0 (0 ≤ k ≤ L).

By Eq.s 4.43-4.45 we know this equation holds for k = 0, because only regions in Ω0

have been used. Assume the equation holds for some 0 ≤ k < L. For k′ > k + 1, by
Eq. 4.51,

κk+1
i (uk′) = max {κk

j(uk′−1) + λN
ji − 1 ∶ 1 ≤ j ≤ n} ∪ {κk

i (uk′)}
= max {0 + λN

ji − 1 ∶ 1 ≤ j ≤ n} ∪ {0}
= 0.

Therefore the equation also holds for k + 1. So Eq. 4.52 has been proved.
For Eq. 4.53, the case h = 0 has already been proved in Prop. 4.4. We now prove

κ2
i (u1) = κ1

i (u1). By Eq. 4.53 we know that

κ2
i (u1) = max {κ1

j(u0) + λN
ji − 1 ∶ 1 ≤ j ≤ n} ∪ {κ1

i (u1)}.

Because κ1
j(u0) = κ0

j(u0), we only need to prove for any 1 ≤ j ≤ n,

κ0
j(u0) + λN

ji − 1 ≤ κ1
i (u1),

which follows direct from Eq. 4.53.
By induction, similarly we can prove κL

i (u1) = ⋯ = κ2
i (u1) = κ1

i (u1). Eq. 4.53 can
be proved using induction one more time (on index h).

We now prove Theorem 3 by the following three lemmas.

Lemma 4.4 {aN,L
i }n

i=1 satisfies all the C,O constraints in Γ.

Proof It is obvious that aC
i ,aO

i ,aP
i are based on Ω0. According to Lemma 4.3, it is

straightforward to verify that C(aO
i ,aO

j ) = λC
i j and O(aO

i ,aO
j ) = λO

i j .
We now show O(aP

i ,aP
j ) = λO

i j . It is clear that aO
i ⊆ aP

i , so O(aP
i ,aP

j ) ≥ O(aO
i ,aO

j ) =
λO

i j .
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Suppose aP
i = ⋁u∈Ω0 κ(u) and aP

j = ⋁u∈Ω0 µ(u). Note that for any base region u, v in
Ω0, O(u, v) iff u = v. Therefore from Lemma 4.3 we have

O(aP
i ,aP

j ) = max{T(κ(u), µ(u)) ∶ u ∈ Ω0}.

It remains to show that T(κ(u), µ(u)) ≤ λO
i j for any u ∈ Ω0. This can be proved by case

analysis, and we only discuss the case that u = uk where k ≠ i, j. It can be computed
that κ(uk) = λP

ki and µ(uk) = λP
k j. By the transitivity rule T(λO

ik , λ
P
k j) ≤ λP

i j and basic
condition λP

ki ≤ λO
ki = λO

ik , λ
P
i j ≤ λO

i j , we have

T(κ(uk), µ(uk)) = T(λP
ki, λ

P
k j) ≤ T(λO

ik , λ
P
k j) ≤ λP

i j ≤ λO
i j .

That C(aP
i ,aP

j ) = λC
i j and P(aP

i ,aP
j ) = λP

i j can be similarly proved by exploiting
Lemma 4.3, the basic conditions and the transitivity rules of the network Γ. We omit
the details.

We next prove {aN,L
i }n

i=1 satisfies all the C constraints. Note that C(uk, vl) iff
C(u0, v0) for any two uk, vl ∈ ΩL. Moreover, since NTPP(u0,uk), we have κh

i (uk) ≤
κh

i (u0) for any u ∈ Ω,0 ≤ k ≤ L,0 ≤ h ≤ L. So

C(aN,L
i ,aN,L

j ) = max{T(κL
i (uk), κL

j (vl)) ∶ uk, vl ∈ ΩL,C(uk, vl)}
= max{T(κL

i (u), κL
j (v)) ∶ u, v ∈ Ω,C(u, v)}

= max{T(κ0
i (u), κ0

j(v)) ∶ u, v ∈ Ω,C(u, v)}
= C(aP

i ,aP
j ) = λC

i j.

Similarly we can prove {aN,L
i }n

i=1 satisfies all the O constraints.

Lemma 4.5 {aN,L
i }n

i=1 satisfies all the P constraints in Γ.

Proof We already have that P(aN,0
i ,aN,0

j ) = λP
i j. Assume P(aN,h−1

i ,aN,h−1
j ) = λP

i j for some
0 ≤ h < L.
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By Lemma 4.3 and Proposition 4.5, for any 0 < h ≤ L, we have

P(aN,h
i ,aN,h

j )
=min{I(κh

i (u), κh
i (u)) ∶ u ∈ Ωh}

=min{I(κh
i (u), κh

j(u)) ∶ u ∈ Ωh−1} ∪ {I(κh
i (uh), κh

j(uh)) ∶ u ∈ Ω0}
=min{I(κh−1

i (u), κh−1
j (u)) ∶ u ∈ Ωh−1} ∪ {I(κh

i (uh), κh
j(uh)) ∶ u ∈ Ω0}

The following equation holds by the assumption:

min{I(κh−1
i (uk), κh−1

j (uk)) ∶ u ∈ Ωh−1} = P(aN,h−1
i ,aN,h−1

j ) = λP
i j.

We now show I(κi(uh), κ j(uh)) ≥ λP
i j for any u ∈ Ω0. By Proposition 4.4 and Proposi-

tion 4.5, we have

κh
i (uh) = max{κh−1

i (uh)} ∪ {κh−1
k (uh−1) + λN

ki − 1 ∶ 1 ≤ k ≤ n}
= max{κh−1

k (uh−1) + λN
ki − 1 ∶ 1 ≤ k ≤ n}.

Suppose κh−1
k (rh−1) + λN

ki − 1 gets the maximum value when k = k0. Because the
constraint network satisfies the transitivity rule T(λN

k0i, λ
P
i j) ≤ λN

k0 j, we have

1 − κi(uh) + κ j(uh)
=1 −max{κh−1

k (uh−1) + λN
ki − 1 ∶ 1 ≤ k ≤ n}

+max{κh−1
k (uh−1) + λN

k j − 1 ∶ 1 ≤ k ≤ n}
≥1 − (κh−1

k0
(uh−1) + λN

k0i − 1) + (κh−1
k0

(uh−1) + λN
k0 j − 1)

=1 − λN
k0i + λN

k0 j

≥λP
i j.

Therefore I(κi(uh), κ j(uh)) ≥ λP
i j, i.e., P(aN,h

i ,aN,h
j ) = λP

i j.

We have the following proposition estimating the upper bound of max{κh
i (uh) ∶ 0 ≤

i ≤ n,u ∈ Ω0}, i.e., the greatest degree of the outmost shell of region aN,h
i .

Proposition 4.6 Suppose 0 ≤ h = pn + q ≤ L, where 0 ≤ q < n. Then

max{κh
i (uh) ∶ 0 ≤ i ≤ n,u ∈ Ω0} ≤ 1 − p(1 −m), (4.54)
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where m = max{λN
i j ∶ λN

i j < 1}. Moreover, there are at most q different base regions

u ∈ Ω0 such that κh
i (uh) gets the above maximum value.

Proof The idea is to construct a superset of aN,h
i with standard decomposition⋁u∈ΩL(χu∧

ιhi (u)), and to prove ιhi satisfies the proposition.
Let ι0i (u0) = 1, ι0i (uk) = 0 for any 1 ≤ i ≤ n, u ∈ Ω0, 0 < k ≤ L. Moreover, for any

0 ≤ h < L, ιh+1
i (uk) = max{ιhi (uk)} ∪ {ιhj(uk−1) + λ ji − 1 ∶ 1 ≤ j ≤ n}, where λ ji = 1 iff

λN
ji = 1, otherwise λ ji = m.

Therefore, for any 1 ≤ i ≤ n, 0 ≤ h ≤ L and uk ∈ ΩL, we have κh
i (uk) ≤ ιhi (uk),

ιhi (uk+1) ≤ ιhi (uk), and κh
i (uk) is either 0 or 1 − p(1 −m) for some non-negative integer

p ≤ ⌊1/(1 −m)⌋. Similarly to Prop 4.5, we also have

ι0i (uk) = ι1i (uk) = ⋯ = ιk−1
i (uk) = 0, (4.55)

ιki (uk) = ιk+1
i (uk) = ⋯ = ιli(uk). (4.56)

For any u ∈ Ω0, let ∆k = max{ιki (uk) ∶ 1 ≤ i ≤ n}. As ιk+1
i (uk+1) ≤ ιk+1

i (uk) = ιki (uk),
we have ∆k+1 ≤ ∆k. If ∆k+1 < ∆k, apparently ∆k − ∆k+1 ≥ 1 −m unless ∆k+1 = 0.

In the case ∆k+1 = ∆k, we assume I = {i ∶ ∆k = ιki (uk)} and J = {i ∶ ∆k+1 =
ιk+1
i (uk+1)}. By ιki (uk) = ιk+1

i (uk) ≥ ιk+1
i (uk+1), we have J ⊆ I . We now prove J ⊊ I .

Otherwise for any i ∈ I , ιki (uk) = ιk+1
i (uk+1). Moreover, by ιk+1

i (uk+1) = max{ιkj(uk) +
λ ji − 1 ∶ 1 ≤ j ≤ n}, we know for any i1 ∈ J , there exists some i2 ∈ I such that λi1i2 = 1.
This implies that there exist some i and j such that λi j = λ ji = 1. Therefore, λN

i j = λN
ji = 1.

As a consequence, λN
ii ≥ T(λP

i j, λ
N
ji) ≥ T(λN

i j, λ
N
ji) = 1, which contradicts with λN

ii < 1,
one of the basic conditions of the constraints network. So J ⊊ I , i.e., the number of
the elements getting the maximum value is strictly decreasing.

Therefore ιhi satisfies the proposition, which is a stronger result as κh
i (uk) ≤ ιhi (uk).

Lemma 4.6 {aN,L
i }n

i=1 satisfies all the N constraints in Γ.

Proof We first show that, for any 0 < h ≤ L, the following equation holds.

min{I(κh
i (u), κh

j(expand(u))) ∶ u ∈ Ωh−1} = λN
i j. (4.57)
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For the case that h = 1,

min{I(κ1
i (u0), κ1

j(u1)) ∶ u ∈ Ω0}
=min{I(κ0

i (u0),max{κ0
k(u0) + λN

k j − 1}) ∶ u ∈ Ω0}
≥min{I(κ0

i (u0), κ0
i (u0) + λN

i j − 1) ∶ u ∈ Ω0}
=λN

i j.

To prove that the left hand side of Eq. 4.57 equals λN
i j, we consider base region ui. By

the assumption that the constraint network satisfies the transitivity rule T(λP
ik, λ

N
k j) ≤ λN

i j,
we have

κ1
j(u1

i ) =max{κ0
k(ui) + λN

k j − 1 ∶ 1 ≤ k ≤ n}
=max{λP

ik + λN
k j − 1 ∶ 1 ≤ k ≤ n}

≤max{λN
i j} = λN

i j.

Meanwhile, as λP
ii = 1,

κ1
j(u1

i ) =max{λP
ik + λN

k j − 1 ∶ 1 ≤ k ≤ n}
≥λP

ii + λN
i j − 1 = λN

i j.

Therefore κ1
j(u1

i ) = λN
i j. So

min{I(κ1
i (u0), κ1

j(u1)) ∶ u ∈ Ω0} ≤ I(κ1
i (u0

i ), κ1
j(u1

i )) = I(1, λN
i j) = λN

i j.

Let 0 < h < L. Suppose Eq. 4.57 holds for some h, we next show it also holds for h+ 1.

min{I(κh+1
i (u), κh+1

j (expand(u))) ∶ u ∈ Ωh}
=min{I(κh+1

i (uk), κh+1
j (uk+1)) ∶ u ∈ Ω0,0 ≤ k ≤ h − 1}

∪ {I(κh+1
i (uh), κh+1

j (uh+1)) ∶ u ∈ Ω0}
=min{I(κh

i (uk), κh
j(uk+1)) ∶ u ∈ Ω0,0 ≤ k ≤ h − 1}

∪ {I(κh+1
i (uh), κh+1

j (uh+1)) ∶ u ∈ Ω0}
=min{λN

i j} ∪ {I(κh+1
i (uh), κh+1

j (uh+1)) ∶ u ∈ Ω0}.

So we only need to show I(κh+1
i (uh), κh+1

j (uh+1)) ≥ λN
i j for any u ∈ Ω0. This follows
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from

I(κh+1
i (uh), κh+1

j (uh+1)) =1 − κh+1
i (uh) + κh+1

j (uh+1)
=1 − κh

i (uh) +max{κh
k(uh) + λN

k j − 1 ∶ 1 ≤ k ≤ n}
≥1 − κh

i (uh) + (κh
i (uh) + λN

i j − 1) = λN
i j.

It remains to prove that

min{I(κL
i (u), κL

j (expand(u))) ∶ u ∈ ΩL ∖ΩL−1} ≥ λN
i j. (4.58)

By the fact that κL
j (expand(uL)) = 0 for any u ∈ Ω0, we only need to show κL

i (uL) ≤
1 − λN

i j. It follows directly from Proposition 4.6, that we have

max{κL
i (uL) ∶ 0 ≤ i ≤ n,u ∈ Ω0} ≤ 1 − (1 −m)⌈1/(1 −m)⌉ ≤ 0.

Therefore, κL
i (uL) = 0 ≤ 1 − λN

i j for every 1 ≤ i ≤ n. This completes the proof.

4.7 Approximation

As a result of the limited precision of computers, we usually have to approximate
real numbers (to rational numbers, for example). As a consequence, fuzzy regions
and fuzzy constraints are also approximated. An important question then is how the

consistency and solutions change when we approximate fuzzy constraints.

When reasoning with the fuzzy RCC, Schockaert et al. [96] assume that all bounds
of the fuzzy RCC-8 constraints are taken from a finite Σk = {0,1/k,2/k, . . . , (k −
1)/k,1}. Suppose Θ is an arbitrary set of fuzzy RCC-8 constraints. They do not ex-
plain why it is possible, or how one could transform Θ into another set of fuzzy RCC-8
constraints which take values in Σk for some k ≥ 1, without changing the consistency
of Θ. In this section, we justify the rationality of such an approximation.

We first define the distance function d between two fuzzy sets r, s on X as

d(r, s) = sup{∣r(x) − s(x)∣ ∶ x ∈ X}. (4.59)

Using this distance function, it is possible to say that two fuzzy sets (fuzzy regions,
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fuzzy constraints) are similar if their distance is very small. We say two sets of fuzzy
RCC constraints are similar if the distance between any two corresponding constraints
is similar.

The following proposition is straightforward to prove.

Proposition 4.7 The distance function d defined above satisfies

• d(r, s) + d(s, t) ≥ d(r, t),

• d(r ∨ s, r′ ∨ s′) ≤ max{d(r, r′),d(s, s′)},

• d(χr ∧ λ, χr ∧ γ) = ∣λ − γ∣,

• d(sub(r, λ), sub(s, γ)) ≤ d(r, s) + ∣λ − γ∣,

• d(expand(r),expand(s)) = d(r, s).

The following result shows that the fuzzy RCC relation changes continuously as
we approximate the fuzzy regions.

Proposition 4.8 Let r, r′, s and s′ be fuzzy regions. Suppose d(r, r′) ≤ ε and d(s, s′) ≤ ε.
Then ∣R(r, s) −R(r′, s′)∣ ≤ 2ε for any R in {C,O,P,N}.

Proof By d(r, r′) ≤ ε, we have r′α+ε ⊆ rα ⊆ r′α−ε . The proposition follows from Defini-
tion 4.2 and Theorem 4.1.

The following result shows that if two networks of fuzzy RCC constraints are sim-
ilar, then their solutions constructed as in Theorem 4.3 are also similar. Note that the
set Ω0 of base regions selected in Eq. 4.34 is irrelevant to the particular normalised
network Γ. It is only related to the number of spatial variables in Γ.

Proposition 4.9 Let

Γ = {R(vi, v j) = λR
i j ∶ R ∈ {C,O,P,N}}n

i, j=1

Γ′ = {R(vi, v j) = ρR
i j ∶ R ∈ {C,O,P,N}}n

i, j=1
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be two consistent normalised fuzzy RCC networks, where ∣λR
i j − ρR

i j∣ ≤ ε for any R ∈
{C,O,P,N} and 1 ≤ i, j ≤ n. Let L and L′ be the ntpp-shell numbers of Γ and Γ′ re-

spectively. Let aN,L
i and bN,L′

i be the solutions of Γ and Γ′ constructed as in Theorem 4.3.

Then we have

d(aN,L
i ,bN,L′

i ) ≤ (max{L, L′} + 2)ε. (4.60)

Proof By Proposition 4.7, we have d(aN,0
i ,bN,0) ≤ 2ε. Suppose L ≤ L′. For h =

L,⋯, L′ − 1, let aN,h+1
i be the fuzzy regions defined by Eq. 4.46. It can be proved that

d(aN,k
i ,bN,k) ≤ (k + 2)ε for any 0 ≤ k ≤ L′, and aN,L

i = aN,L+1
i = ⋯ = aN,L′

i . Therefore
d(aN,L

i ,bN,L′
i ) ≤ (L′ + 2)ε.

Suppose Γ is a normalised network and all bounds of the constraints in Γ are taken
from Σ. Give a deviation tolerance bound ε > 0, we now discuss whether it is possible
to approximate Γ with a network Γ′ such that

• all bounds of constraints in Γ′ are taken from Σk for some k;

• Γ′ is also consistent;

• the difference of the solutions of Γ and Γ′ constructed in Theorem 4.3 is no more
than ε.

A natural idea is to replace each bound α in Σ with ⌊kα⌋/k to get a new normalised
network Γ′. The difference of the two networks is clearly no more than 1/k, and the
solutions (if they exist) will differ at most (L + 2)/k. However, we cannot assure that
the new normalised network is also consistent. For example, if T(λP

i j, λ
P
jk) is exactly λP

ik

for some i, j, k in Γ, this Γ′ may possible violate the transitivity rule T(λP
i j, λ

P
jk) ≤ λP

ik.
Suppose Σ = {αi}l

i=0, where

0 = α0 < α1 < ⋯ < αl−1 < αl = 1.

Choose 0 < δ < α1. Let α′i = αi − δ for i = 1,2,⋯, l− 1 and α′0 = 0, α′l = 1. Then we have

• α′i < α′j iff i < j;

• If T(αi, α j) ≤ αk, then T(α′i, α′j) ≤ α′k. In particular, if αk ≠ 0,1, then T(α′i, α′j) +
δ ≤ α′k
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By Theorem 4.2, we can replace each αi with α′i without jeopardizing the consistency.
Therefore, the consistency is not violated if we further change α′i into α′′i = ⌊kα′i⌋/k ∈ Σk

for any k > 1/δ.
It is straightforward to see that

∣αi − α′′i ∣ ≤ ∣αi − α′i ∣ + ∣α′i − α′′i ∣ < δ + 1/k < 2δ.

This means that the difference of the solutions is no more than 2(L + 2)δ. In other
words, if the deviation tolerance bound is ε, then we can safely approximate Γ with a
normalised network Γ′ bounds of which are all taken from Σk for

k > max{1/α1,2(L + 2)/ε}.

4.8 Chapter Summary

This chapter defined the standard fuzzy RCC models for the fuzzy region connection
calculus proposed by Schockaert et al., and proved that each standard model is canon-
ical in the sense that any consistent network of fuzzy RCC-8 constraints has a solution
in it. We also proved that the consistency of a normalised fuzzy RCC-8 network can be
determined by checking a set of three basic conditions and six transitivity rules. This
implies that composition-based reasoning is also complete for solving fuzzy RCC-
8 constraints in any standard fuzzy RCC model. For a consistent normalised fuzzy
RCC-8 network, a solution can be constructed in polynomial time. Our construction
is robust in the sense that similar normalised networks may have similar solutions if
both normalised networks are consistent. Roughly speaking, the (n;α,0)-model of
Schockaert et al. [96] can be taken as a special case of our standard fuzzy RCC model.
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aC
i

aO
i

aP
i

aN,1
i

aN,2
i

aN,3
i

aN,4
i

Figure 4.1: Illustration of the construction procedure of network {λC
12 = 1, λO

12 =
0.8, λP

12 = 0.6, λP
21 = 0.4, λN

11 = 0.8, λN
12 = 0.4, λN

21 = 0, λN
22 = 0.6}. The white region

stands for a1, and the shaded region stands for a2.
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Input: Γ = {λC
i j, λ

O
i j , λ

P
i j, λ

P
i j}n

i, j=1
Output: A solution of Γ

1 for 1 ≤ i ≤ n do
2 aC

i ← χri;
3 for 1 ≤ j ≤ n, j ≠ i do
4 if j < i then aC

i ← aC
i ∨ (χrC

i j
∧ λC

i j);
5 else aC

i ← aC
i ∨ χrC

i j
;

6 end
7 end
8 for 1 ≤ i ≤ n do
9 aO

i ← aC
i ;

10 for 1 ≤ j ≤ n, j ≠ i do
11 if j < i then aO

i ← aO
i ∨ (χrO

i j
∧ λO

i j);
12 else aO

i ← aO
i ∨ χrO

i j
;

13 end
14 end
15 for 1 ≤ i ≤ n do
16 aN,0

i ← 0;
17 for 1 ≤ j ≤ n do
18 aN,0

i ← aN,0
i ∨ sub(aO

j ,1 − λP
ji);

19 end
20 end
21 L ← n⌈1/(1 −max{λN

i j ∶ λN
i j < 1})⌉;

22 for 1 ≤ h ≤ L do
23 for 1 ≤ i ≤ n do
24 for 1 ≤ j ≤ n do
25 aN,h+1

i ← aN,h
i ∨ sub(expand(aN,h

j ),1 − λN
ji);

26 end
27 end
28 end
29 return {aN,L

i }n
i=1.

Algorithm 2: Generating a solution of a satisfiable fuzzy network Γ
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Chapter 5

Reasoning in the Cardinal Direction
Calculus

5.1 Introduction

Direction relations between extended spatial objects are an important kind of common-
sense knowledge. Most existing direction relation models approximate a spatial object
by a point (e.g., its centroid) or a box. This is certainly imprecise in real-world ap-
plications, such as describing the directional information between two countries, say,
Portugal and Spain [100].

Goyal and Egenhofer [46, 47] proposed the direction relation matrix (DRM) for
representing direction relations between connected plane regions. The original de-
scription of the DRM lacks formality and does not consider limit cases. This problem
was fixed in [100], in which the model is called the cardinal direction calculus (CDC)
1. When representing the direction of the primary object to a reference object, the CDC
approximates the reference object by a box while leaving the primary object unaltered;
therefore, the exact geometry of the primary object is considered in the representa-
tion of the direction. The CDC has 218 basic relations [47], each of which represents
certain definite directional information between objects. We write BCDC for the set of
basic CDC relations; additionally, we write B∗CDC for the set of all CDC relations, and
B☆CDC for BCDC ∪ {?}, where ? is the universal relation.

1A number of cardinal relation models including CDC have been discussed and compared in [93].
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As introduced in Chapter 2, the consistency problem of CDC is to decide the con-
sistency of a given CDC constraint network

Γ = {viδi jv j}n
i, j=1 (each δi j is a CDC relation)

over n spatial variables v1,⋯, vn: we say Γ is consistent if there exist n connected plane
regions a1,⋯,an such that (ai,a j) is an instance of δi j for any 1 ≤ i, j ≤ n. In particular,
if the relations δi j are all from a subclass S of B∗CDC, we write cspsatCDC(S), or sim-
ply cspsat(S), for the consistency problem restricted to S . Then cspsat(B∗CDC) is the
general consistency problem of CDC, while cspsat(BCDC) and cspsat(B☆CDC) denote
the consistency problems restricted to respectively complete basic CDC networks and
incomplete basic CDC networks. Note that we call an instance in cspsat(B☆CDC) an
incomplete network, as two variables related by the universal relation can be regarded
as not directly constrained.

It is clear that the complexity of cspsat(BCDC), cspsat(B☆CDC) and cspsat(B∗CDC) is
increasing. Therefore, complete basic constraint networks are a good starting point
for the investigation of the consistency problem. For basic IA and RCC-8 networks,
it has been shown that path-consistency is sufficient to decide the consistency, hence
the consistency problem can be decided in polynomial time. For basic complete CDC
networks, however, examples (such as [100, Example 9] and [67, Example 4]) show
that local consistency, in particular path-consistency, fails to imply consistency. This
suggests that reasoning with CDC requires a novel approach or algorithm.

This chapter will first solve the cspsat(BCDC) by providing a cubic algorithm for
checking the consistency of basic complete CDC constraint networks, and will prove
that reasoning with the CDC in general is an NP-Complete problem. This means that
cspsatCDC(BCDC) is tractable but cspsat(B∗CDC) is not. Although it would be natural
to conjecture that the tractability of BCDC implies that B☆CDC is also tractable (as it
is the case for IA and RCC-8), however, this chapter will prove the NP-hardness of
cspsat(B☆CDC) 1. The CDC is the first qualitative calculus in which reasoning with
complete and incomplete basic networks has different complexity.

The remainder of this chapter proceeds as follows. Section 2 introduces the Car-

1Note that the universal relation is the weak composition of two basic CDC relations [67]. This
suggests that the propagation technique used in [77, 86, 56, 85] fails to find the maximal tractable
subclasses of the CDC.
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dinal Direction Calculus and establishes its relation with Interval Algebra. Section 3
proposes the concept of a maximal canonical solution and proves that a consistent
complete basic CDC network has a unique maximal canonical solution. Based on this
concept, Section 4 provides a O(n4) algorithm for cspsat(BCDC) and refines it to the
O(n3). Section 5 introduces a number of non-CDC relations that can be defined in
CDC. The NP-hardness result and related discussion are given in Section 6. Section 7
addresses a variant of CDC in which regions are allowed to be disconnected. The
last section concludes the chapter. We note that a preliminary version of the cubic
algorithm for solving cspsat(BCDC) was first reported in [116], and then significantly
extended in [67]. The NP-hardness result was obtained in [65].

Table 5.1 summarises major and special notations used in this chapter.

5.2 CDC and Projective Interval Relations

This section aims to establish the connection between CDC networks and IA networks.
We first give a brief review of the definition of CDC, which has been defined in Sec-
tion 2.3.5.

The universe of the CDC is the set of bounded connected plane regions. Note that
such regions may have holes. The minimum bounding rectangle (mbr) of a region is the
smallest rectangle which contains the region and has sides parallel to the axes. Given
a bounded region b and its mbr mbr(b) (see Definition 2.8), we may partition the plane
into nine tiles, denoted as NW(b),N(b),NE(b),W(b),O(b),E(b),S W(b),S (b),S E(b),
by extending the four edges of mbr(b). The following figure, which is a duplication
of Figure 2.3, provides illustration.

Suppose bounded connected regions a,b are respectively the primary object and
the reference object. Then the cardinal direction of a to b is defined as the following
Boolean matrix,

dir(a,b) =
⎡⎢⎢⎢⎢⎢⎢⎣

dNW dN dNE

dW dO dE

dS W dS dS E

⎤⎥⎥⎥⎥⎥⎥⎦
, (5.1)

where for each tile name χ ∈ {NW,N,NE,W,O,E,S W,S ,S E}, dχ = 1 iff a○∩χ(b) /= ∅.

83



Notation Meaning
a,b, c regions

Ix(a), Iy(a) the x- and y-projections of a
mbr(a) the minimum bounding rectangle (mbr) of a
α, β basic IA relations
α⊗ β a basic RA relation
δ, γ, δi j basic CDC relations

BCDC, B∗CDC, B☆CDC the set of basic CDC relations, all CDC relations, BCDC ∪ {?}
δ1∶⋯∶δk a concrete basic CDC relation
dir(a,b) the cardinal direction of a to b
ιx(δ), ιy(δ) the x- and y-projective interval relations of δ
ιx(δ, γ), ρx

i j ιx(δ) ∩ ιx(γ)∼, ιx(δi j, δ ji) ∖ (m ∪mi)
Γ (complete) basic CDC network

Γx, Γy the x- and y-projective IA networks of Γ

wi spatial variables
p, pi j pixels
a a set of (connected) regions

S (a), ci j, C(a) the frame of a, a cell of a, the cell set of a
ar the regularisation of a
a+ the digital solution obtained from a

{Ii}n
i=1, {Ji}n

i=1 the canonical interval solutions of Γx and Γy

mi Ii × Ji

Di the disallowed pixels for variable vi

bi the upper bound region for variable vi

ci the maximal connected component of bi with the mbr mi

∥ the right-side parallel relation with gap (parallel relation for short)
⌜ the upper left corner (ULC) relation

Γ∥, Γ⌜, Γα⊗β the basic CDC networks that define ∥, ⌜ and a subset of α⊗ β
φ, c, p, p∗ 3-SAT instance, clause, propositional variable, literal

Γp, ΓV , Γc, Γφ the basic CDC networks for p, V , c and φ
fp, f¬p, f 0

p the frame spatial variables for propositional variable p
up,u¬p the dual spatial variables for propositional variable p

vc the spatial variable for propositional clause c
wc

0,wc
rs,wc

st,wc
1 the ‘pier’ spatial variables for propositional clause c

u∗r the spatial variable corresponding to p∗r (it is either ur or u¬r)
Xc the spatial variable set {wc

0,u∗r ,wc
rs,u∗s ,wc

st,u∗t ,wc
1}

Table 5.1: Notation.
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(a) region b and its 9-tiles (b) a pair of regions a and b.

The matrix can be compactly and equivalently represented in the form δ1∶δ2∶⋯∶δk,
where {δ1, δ2,⋯, δk} is the set of tile names χ such that dχ = 1. For example, in the
above figure dir(a,b) = N∶NE∶E and dir(b,a) = W ∶O∶S W ∶S .

We call a 3 × 3 Boolean matrix a valid matrix if it is the cardinal direction of two
regions. Each valid matrix corresponds to a basic CDC relation. Therefore, we do
not distinguish a valid matrix and a basic CDC relation. There are altogether 218
cardinal direction relations [47] (between connected regions). Recall that we use BCDC

to denote the set of all 218 basic relations of CDC. It is worth mentioning that the CDC
is not closed under converse.

We now establish the connection between CDC and IA. Observing that the CDC
relation of a to b and that of b to a can (almost) determine the IA relation between Ix(a)
and Ix(b), we introduce the notion of projective interval relations. Note that interval
Ix(r) is the x-projection of region r, defined in Definition 2.8.

Definition 5.1 (projective interval relation) Let δ be a basic CDC relation. The x-

projective interval relation of δ is a binary relation on intervals, defined as

ιx(δ)B {(Ix(a), Ix(b)) ∶ (a,b) ∈ δ}. (5.2)

Furthermore, for basic CDC relations δ and γ, we define ιx(δ, γ) as ιx(δ) ∩ ιx(γ)∼.

The following proposition confirms that ιx(δ) is indeed a relation in IA, and pro-
vides a procedure for calculating the x-projective interval relation of a given basic CDC
relation. The y-projective interval relation has similar properties.
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Proposition 5.1 Suppose δ is a basic CDC relation which as the matrix representation

as in Equation 5.1. Define

d1 B max{dNW ,dW ,dS W},
d2 B max{dN ,dO,dS },
d3 B max{dNE,dE,dS E}.

Then the x-projective interval relation ιx(δ) is one of the following IA relations

p ∪m, s ∪ d ∪ f ∪ eq,pi ∪mi,o ∪ fi,oi ∪ si,di, (5.3)

decided by the following table.

(d1,d2,d3) (1,0,0) (0,1,0) (0,0,1) (1,1,0) (0,1,1) (1,1,1)
ιx(δ) p ∪m s ∪ d ∪ f ∪ eq pi ∪mi o ∪ fi oi ∪ si di

Table 5.2: Computing the x-projective IA relations of a basic CDC relation

sketch Suppose α is a non-basic IA relation that corresponds to basic CDC relation
δ as in the statement of the proposition. We need to prove (i) if dir(a,b) = δ, then
Ix(a)αIx(b); (ii) for any interval J1 and J2 such that J1αJ2, there exists two regions
such that dir(a,b) = δ and Ix(a) = J1, Ix(b) = J2.

The first part can be proved following the definition of cardinal direction. For
example, if d1 = 0, i.e., dNW = dW = dS W = 0, we know that a○ ∩ χ(b) = 0, where
χ ∈ {NW,W,S W}. This implies a∩ (−∞, x−(b)) × (−∞,+∞) = ∅, i.e., x−(a) ≥ x−(b),
which rules out the IA relations p,m,o, fi,di of Ix(a) and Ix(b).

The second part can be proved by case analysis. Suppose the endpoints of J1 and J2

are {x0, x1, x2, x3} (some of which may be identical), then we can compose rectangles
of the form [xi, x j] × [k, l] to obtain the target regions, where i, j, k, l ∈ {0,1,2,3}. For
example, consider basic CDC relation δ = NW ∶ N ∶ O ∶ E, for which (d1,d2,d3) =
(1,1,1). We aim to prove that for any intervals J1 = (x0, x1) and J2 = (x2, x3) with
J1diJ2, there exists connected regions a and b such that dir(a,b) = δ and Ix(a) = J1,
Ix(b) = J2. Note that J1diJ2 implies that x0 < x2 < x3 < x1. In such case, regions
a = ([x0, x3]×[2,3])∪([x2, x1]×[1,2]) and b = [x2, x3]×[1,2] satisfy the requirement.
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The IA relation between Ix(a) and Ix(b) can be further refined if we know both the
cardinal relation of a to b and that of b to a.

Proposition 5.2 For a pair of basic CDC relations (δ, γ), ιx(δ, γ) is either empty or

an IA relation in Aint, where

Aint = {o, s,d, f,eq, fi,di, si,oi} ∪ {p ∪m,pi ∪mi}. (5.4)

Furthermore, if regions a and b satisfy dir(a,b) = δ and dir(b,a) = γ, then ιx(δ, γ) is

not empty and Ix(a)ιx(δ, γ)Ix(b).

Proof Proposition 5.1 has proved that ιx(δ) (ιx(γ)) is one of the six IA relations in
{p∪m, s∪d∪ f∪eq,pi∪mi,o∪fi,oi∪si,di}. Therefore, the first part of this proposition
can be proved by enumerating all the 6 × 6 = 36 possible cases of ιx(δ) and ιx(γ). The
second part follows directly the definition of the x-projective interval relation.

The x-projective IA network is obtained from a complete basic CDC network Γ =
{viδi jv j}n

i, j=1 by replacing each δi j with ιx(δi j, δ ji), and then further refining each non-
basic IA constraint (viz, p ∪ m or pi ∪ mi) to basic IA constraint by excluding m and
mi.

Definition 5.2 (projective IA networks) Let Γ = {viδi jv j}n
i, j=1 be a complete basic

CDC constraint network. For each i, j, let ρx
i j and ρy

i j be basic IA relations defined

as follows,

ρx
i j = ιx(δi j, δ ji) ∖ (m ∪mi), (5.5)

ρy
i j = ιy(δi j, δ ji) ∖ (m ∪mi). (5.6)

We call Γx = {viρ
x
i jv j}n

i, j=1 and Γy = {viρ
y
i jv j}n

i, j=1 the x- and y-projective IA networks of

Γ respectively.

We have the following theorem characterising the relationship between a basic
CDC constraint network and its projective IA networks.

Theorem 5.1 A basic CDC network of constraints Γ = {viδi jv j}n
i, j=1 is consistent only

if the projective IA networks Γx = {viρ
x
i jv j}n

i, j=1 and Γy = {viρ
y
i jv j}n

i, j=1 are consistent.
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(i, j) δi j δ ji illus. ρx
i j ρy

i j

(1,2)
⎛
⎜
⎝

0 1 1
0 0 1
0 0 0

⎞
⎟
⎠

⎛
⎜
⎝

0 0 0
1 1 0
1 1 0

⎞
⎟
⎠

oi oi

(1,3)
⎛
⎜
⎝

1 1 0
0 1 0
0 0 0

⎞
⎟
⎠

⎛
⎜
⎝

0 0 0
0 0 1
0 1 1

⎞
⎟
⎠

o oi

(2,3)
⎛
⎜
⎝

0 0 0
1 0 0
0 0 0

⎞
⎟
⎠

⎛
⎜
⎝

0 0 1
0 0 1
0 0 1

⎞
⎟
⎠

p d

Figure 5.1: A complete basic CDC network and its projective IA basic networks

Proof Let Θx be the non-basic IA constraint network {viι
x
i jv j}n

i, j=1, where ιxi j is de-
fined as ιx(δi j, δ ji). Suppose {ai}n

i=1 is a solution of Γ, then Proposition 5.2 shows that
{Ix(ai)}n

i=1 is a solution of Θx, which implies the consistency of Θx. Therefore, we only
need to prove that the consistency of IA constraint network Θx implies the consistency
of basic IA constraint network Γx.

Suppose {Ii = [u−i ,u+i ]}n
i=1 is a solution of Θx. We now construct a solution of

Γx. We call a point u ∈ M = {u−i ,u
+

i }n
i=1 a meet point if u = u+i = u−j , for some i, j.

That is to say, if Ii meets I j then the larger end point of Ii is a meet point. Clearly,
if {Ii}n

i=1 contains no meet point, then it is also a solution of Γx. Now suppose u is
a meet point, and we show that u can be eliminated by slightly modifying {Ii}n

i=1 as
follows. For each interval Ii = [u−i ,u+i ] where u−i is equal to the meet point u, we
replace it by the interval [u+ ε,u+i ], where ε is a sufficient small positive number (e.g.,
ε = min{∣w − w′∣ ∶ w ≠ w′,w,w′ ∈ M}/2). Noticing that Θx is an IA constraint network
over Aint, we can straightforwardly verify by case analysis that the intervals are still a
solution of Θx after such modification. Repeating this procedure until no meet point is
left, we get a solution of Γx. Therefore, the consistency of Θx implies the consistency
of Γx.

Example 5.1 Fig. 5.1 specifies a complete basic CDC network Γ = {viδi jv j}3
i, j=1, and

gives its projective IA networks Γx = {viρ
x
i jv j}3

i, j=1 and Γy = {viρ
y
i jv j}3

i, j=1. For each pair
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of i /= j, a solution of {viδi jv j, v jδ jivi} is illustrated.

5.3 Maximal Canonical Solutions of CDC Networks

Based on the results established in the previous section, this section will prove that if
a complete basic CDC constraint network Γ is consistent, then it has a unique solution
which is called the maximal canonical solution. The x-projections of maximal canoni-
cal solution will be a solution of Γx, the x-projective IA network of Γ. The concept of a
maximal canonical solution will be exploited in the next section to devise a polynomial
algorithm for solving the consistency problem.

First we introduce the notion of a canonical solution of complete basic IA net-
works.

Definition 5.3 (canonical set of intervals) Suppose l = {[x−i , x
+

i ]}n
i=1 is a set of inter-

vals. Let E(l) = ⋃n
i=1{x−i , x

+

i } be the set of endpoints of intervals in l. We say l is a

canonical set of intervals iff E(l) = [0,M] ∩ Z, where M is the largest number in E(l).

A solution of a complete basic IA network is called a canonical (interval) solution if it

is a canonical set of intervals.

We have the following theorem claiming that every consistent basic IA constraint net-
work has a unique canonical solution.

Theorem 5.2 Suppose Γ = {viλi jv j}n
i, j=1 is a basic IA constraint network. If Γ is con-

sistent, then it has a unique canonical interval solution.

Proof Suppose l = {[x−i , x
+

i ]}n
i=1 is a solution of Γ. Write α0 < α1 < ⋯ < αn∗ for the

ordering of E(l). Define h ∶ E(l) → {0,1,⋯,n∗} as h(x) = k if x = αk. Because only
the ordering of endpoints of intervals matters in a solution, h = {[h(x−i ),h(x+i )]}n

i=1

is also a solution of Γ. Moreover, it is clear that E(h) = [0,n∗] ∩ Z. Therefore, h is
a canonical interval solution of Γ. It remains to prove that all any canonical solutions
l = {[x−i , x

+

i ]}n
i=1 and h = {[y−i , y+i ]}n

i=1 are identical. Note that the two canonical solution
have the same orderings of the endpoints of the intervals as they are solutions of the
same basic IA constraint network. Based on this observation, it is straightforward to
prove that they are identical according to the definition of canonical solutions.
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Note that the canonical solution of a consistent basic IA network with n variables
can be constructed in O(n2) time by Algorithm 3.

Input: A complete basic consistent IA network Γ = {viρi jv j}n
i, j=1.

Output: The unique canonical solution of Γ.
1 V ← {x−i , x

+

i }n
i=1;

2 foreach p,q ∈ V do
3 calculate Order[p,q] by constraints in Γ;
4 end
5 sort V by Order ascending;
6 k ← 0, p← the smallest element in V , r[p] ← k;
7 while p is not the greatest element in V do
8 q← the next element of p in V;
9 if Order[q, p] is > then

10 k ← k + 1;
11 end
12 p← q, r[p] ← k;
13 end
14 return {[r[x−i ], r[x+i ]]}n

i=1.
Algorithm 3: the canonical solution of a complete basic IA network

The regions in a canonical solution of basic CDC network are required to be digital
regions in the following sense.

Definition 5.4 (pixel, digital region, digital solution) A pixel is a rectangle pi j = [i, i+
1] × [ j, j + 1], where i, j are integers. A region a is digital if a is composed of pixels,

i.e. pi j ∩ a○ /= ∅ iff pi j ⊆ a. A solution a = {ai}n
i=1 of a basic CDC network is digital if

each ai is a digital region.

Fig. 5.2 illustrates a pixel p and a digital region a. We now can formally define the
canonical solution of basic CDC networks.

Definition 5.5 (canonical solution) Let Γ be a consistent basic CDC constraint net-

work, and Γx, Γy be the x- and y-projective IA networks of Γ (cf. Dfn. 5.2) respectively.

A solution a = {ai}n
i=1 of Γ is said to be canonical if (i) it is a digital solution, and (ii)

{Ix(ai)}n
i=1 and {Iy(ai)}n

i=1 are the canonical solutions of Γx and Γy respectively.
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Figure 5.2: A pixel p and a digital region a with two pieces

In the following subsections, we show that each consistent CDC network has a
maximal canonical solution by transforming an arbitrary solution into a maximal canon-
ical one.

5.3.1 Regular Solutions

Suppose a = {ai}n
i=1 is a set of n bounded connected regions. We show a can be regu-

larised without changing any CDC relation between regions in a. Roughly speaking,
regions in a regular solution are required to be composed of rectangles, rather than
have arbitrary shapes.

Suppose mbr(ai), the minimal bounding rectangle of ai, is [x−i , x
+

i ] × [y−i , y+i ]. Fur-
thermore, suppose α0 < α1 < ⋯ < αnx and β0 < β1 < ⋯ < βny are respectively the
orderings of {x−i , x

+

i ∶ 1 ≤ i ≤ n} and {y−i , y
+

i ∶ 1 ≤ i ≤ n}., where nx + 1 and ny + 1
are the cardinalities of {x−i , x

+

i ∶ 1 ≤ i ≤ n} and {y−i , y
+

i ∶ 1 ≤ i ≤ n} respectively. Ex-
tending edges of each rectangle mbr(ai) until meeting the boundary of the rectangle
[α0, αnx]× [β0, βny], we partition [α0, αnx]× [β0, βny] into cells. We next show that these
cells can be used to compose another set of regions that have the same CDC relations
as a.

Definition 5.6 (frame, cell set, regularisation) Suppose a = {ai}n
i=1 is a set of bounded
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(a) (b) (c) (d)

Figure 5.3: Illustration of regularisation

connected regions. Denote

S (a)B [α0, αnx] × [β0, βny], (5.7)

ci j B [αi, αi+1] × [β j, β j+1] (0 ≤ i < nx,0 ≤ j < ny), (5.8)

C(a)B {ci j ∶ 0 ≤ i < nx,0 ≤ j < ny}, (5.9)

ar
i B⋃{c ∈ C(a) ∶ c ∩ a○i /= ∅} (i = 1,⋯,n), (5.10)

ar B {ar
i ∶ 1 ≤ i ≤ n}. (5.11)

We call S (a) the frame of a, call ci j a cell of a, and call C(a) the cell set of a, and call

ar the regularisation of a (see Fig. 5.3).

Proposition 5.3 Suppose a = {ai}n
i=1 is a set of connected regions and ar = {ar

i}n
i=1 is

the regularisation of a. Then we have

• ai ⊆ ar
i and mbr(ai) = mbr(ar

i ) for each i.

• S (a) = S (ar) and C(a) = C(ar).

• The CDC relation of ar
i to ar

j is the same as that of ai to a j.

Proof It is clear that each ar
i is connected. For each pair of i, j, to show dir(ai,a j) =

dir(ar
i ,a

r
j), it suffices to show for each tile name χ that a○i ∩χ(a j) = ∅ iff (ar

i )○∩χ(ar
j) =

∅. Because mbr(ar
j) = mbr(a j), we know that χ(ar

j) = χ(a j) for any χ. Therefore, we
need to only show a○i ∩χ(a j) = ∅ iff (ar

i )○ ∩χ(a j) = ∅. If (ar
i )○ ∩χ(a j) = ∅, by ai ⊆ ar

i ,
we know a○i ∩ χ(a j) = ∅. On the other hand, suppose (ar

i )○ ∩ χ(a j) /= ∅. There exists
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a cell cst ⊆ χ(a j) such that cst ⊆ ar
i . This is possible iff cst ∩ a○i is nonempty. Therefore,

we know a○i ∩ χ(a j) /= ∅.

Definition 5.7 (regular solution) A solution a = {ai}n
i=1 of a basic CDC network Γ is

called regular if a is the same as its regularisation ar = {ar
i}n

i=1.

It is easy to see that the regularisation of a solution is regular, i.e. (ar
i )r = ar

i for each
1 ≤ r ≤ n. This is due to that ar and a have the same frame and the same cell set.

Example 5.2 Fig. 5.3 illustrates how to transform a solution {a1,a2,a3} (Fig. 5.3

(a)) of the constraint network specified in Fig. 5.1 into a regular solution {ar
1,a

r
2,a

r
3}

(Fig. 5.3 (d)). The frame and the cell set are illustrated in Fig. 5.3 (b) and (c), respec-

tively.

The following proposition asserts that canonical solutions (see Dfn. 5.5) are regular
solutions.

Proposition 5.4 Let Γ be a basic CDC network. Suppose a = {ai}n
i=1 is a canonical

solution of Γ. Then a is a regular solution of Γ.

Proof Construct the frame and the cell set of a as in Dfn. 5.6. By Dfn. 5.5, we know
{Ix(ai)}n

i=1 and {Iy(ai)}n
i=1 are the canonical solutions of Γx and Γy. It is easy to see that

αi = i and β j = j for any 0 ≤ i ≤ nx and 0 ≤ j ≤ ny. Moreover, each cell ci j is exactly the
pixel pi j = [i, i+1]×[ j, j+1]. Because ai is a digital region, it is clear a○i ∩cst = a○i ∩ pst

is nonempty iff pst ⊆ ai. This implies ai = ar
i for each 1 ≤ i ≤ n. Therefore, a is a regular

solution of Γ.

5.3.2 Meet-Free Solution

Suppose a = {ai}n
i=1 is a regular solution of a basic CDC network Γ = {viδi jv j}n

i, j=1. Let
ιxi j be IA relation ιx(δi j) ∩ ιx(δ ji)∼, and ρx

i j be ιi j ∖ (m ∪ mi). By Prop. 5.2 we know
that {Ix(ai)}n

i=1 is a solution of {viι
x
i jv j}n

i, j=1. Note that {Ix(ai)}n
i=1 is not necessarily a

solution of Γx = {viρ
x
i jv j}n

i, j=1, the x-projective IA network of Γ. We now show that
we may transform the solution a into a meet-free solution such that {Ix(ai)}n

i=1 is a
solution of Γx, while keeping all the CDC relations between regions in a. Figure 5.4
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(a) (b)

Figure 5.4: Illustration of meet-freeing

illustrates the transformation, in which the x-meet point α2 between ar
2 and ar

3 is elimi-
nated by removing two half-cells from ar

3. Note two half-cells are removed from ar
1 in

the procedure as well.

Definition 5.8 (meet-free solution) A solution a = {ai}n
i=1 of Γ is meet-free if for any

i, j, Ix(ai) does not meet Ix(a j), and Iy(ai) does not meet Iy(a j).

Suppose a = {ai}n
i=1 is a solution of Γ and ar = {ar

i}n
i=1 is its regularisation (cf.

Fig. 5.3 (a) and (d)). Suppose mbr(ai) = [x−i , x
+

i ] × [y−i , y+i ] and mbr(a j) = [x−j , x
+

j ] ×
[y−j , y+j ] meet at x direction, i.e., x+i = x−j . Recall that α0 < ⋯ < αnx is the ordering of
{x−i , x

+

i ∶ 1 ≤ i ≤ n}. Therefore, there exists some 0 < k < nx such that αk = x+i = x−j . We
call αk an x-meet point (cf. Fig. 5.4 (a)). Clearly,

x−i ≤ αk−1 < x+i = x−j = αk < αk+1 ≤ x+j .

We aim to remove this meet point by transforming ar into another regular solution.
Write α∗ = (αk + αk+1)/2. The line x = α∗ divides each cell ckl (0 ≤ l < ny) into

two equal parts, written in order c−kl and c+kl. For each 1 ≤ s ≤ n and each 0 ≤ l < ny, if
ckl ⊆ ar

s but ck−1,l /⊆ ar
s then delete c−kl from ar

s (cf. Fig. 5.4 (a)). The remaining part of
ar

s, written as a∗s , is still connected, and it is straightforward to show that a∗ = {a∗s}n
s=1

is also a regular solution of Γ. Such a modification introduces no new meet points.
Continuing this process for at most n times, we will achieve a solution that has

no x-meet points. The same procedures can be applied to y-meet points. In this way
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we may obtain a meet-free solution. Note that the obtained meet-free solution has the
same frame but different cell set to a.

Proposition 5.5 Each consistent basic CDC network has a regular solution that is

meet-free.

Proof We only need to show that above procedure eliminates a meet point, and the
modified regions are still a regular solution.

Note that a∗i is formally defined by

a∗i = ⋃{cst ⊆ ai ∶ s /= k} ∪⋃{c+kt ∶ ckt ⊆ ai} ∪⋃{c−kt ∶ ckt, ck−1,t ⊆ ai} (5.12)

Clearly, each a∗i is contained in ai. We claim a∗ = {a∗i }n
i=1 is a regular solution which

has fewer x-meet points than a. Note that it can be straightforwardly proved that each
a∗i is a connected region.

Write C0 = {cst ∈ C(a) ∶ s /= k}, C+ = {c+kt ∶ ckt ∈ C(a)}, C− = {c−kt ∶ ckt ∈ C(a)}. It is
clear that C(a∗), the cell set of a∗, is the union of C0, C+, and C−. Moreover, each a∗i
is composed of cells in C(a∗). This shows that a∗ is also regular.

It can be directly prove that Ix(a∗i ) meets Ix(a∗j ) only if Ix(ai) meets Ix(a j), and α∗

is no longer meet point. It remains to verify that dir(a∗i ,a
∗

j ) = dir(ai,a j) for each pair
of i /= j. This is equivalent to proving that

(∃c ∈ C(a))c ⊆ ai ∩ χ(a j) iff (∃c∗ ∈ C(a∗))c∗ ⊆ a∗i ∩ χ(a∗j ) (5.13)

holds for all 1 ≤ i, j ≤ n and all χ ∈ TileName. For each c ∈ C(a), define c∗ = c if
c ∈ C0 and define c∗ = c+kt if c = ckt. It is straightforward to prove that c ⊆ χ(a j) iff
c∗ ⊆ χ(a∗j ). Note that c ⊆ ai iff c∗ ⊆ a∗i is also clear. This shows that if there exists
c ∈ C(a) s.t. c ⊆ ai ∩ χ(a j) then there exists c∗ in C(a∗) s.t. c∗ ⊆ a∗i ∩ χ(a∗j ). On
the other hand, suppose there exists c′ ∈ C(a∗) s.t. c′ ⊆ a∗i ∩ χ(a∗j ). If c′ ∈ C0, then
c′ ⊆ ai ∩ χ(a j); if c′ = c+kt for some t, then ckt ⊆ ai ∩ χ(a j). If c′ = c−kt for some t, then
by c′ ⊆ a∗i and the definition of a∗i , both ckt, ck−1,t are contained in ai. It is easy to see
that either ckt ⊆ χ(a j) or ck−1,t ⊆ χ(a j). This implies that either ckt ⊆ ai ∩ χ(a j) or
ck−1,t ⊆ ai ∩ χ(a j). Therefore, Eq. 5.13 holds for every i, j, χ.

Therefore, we obtain another regular solution which has fewer meet-points. Repeat
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the above procedure until all meet points are eliminated and we get a meet-free, regular
solution.

5.3.3 Canonical Solutions

The next step is to transform regions in a regular, meet-free solution into digital re-
gions, and we will prove that the obtained regions are a canonical solution.

Suppose a = {as}n
s=1 is a regular solution of Γ. As usual, we write mbr(ai) =

[x−i , x
+

i ] × [y−i , y+i ], S (a) = [α0, αnx] × [β0, βny], and C(a) = {ci j ∶ 0 ≤ i < nx,0 ≤ j < ny}
for the frame and the cell set of a, respectively. Since a is regular, each ai is composed
of a subset of cells in C(a).

(a) (b)

Figure 5.5: Transform a regular solution (a) into a digital one (b)

We transform a = {as}n
s=1 into a digital solution a+ = {a+s }n

s=1, where each a+s is a
digital region contained in S (a+) = [0,nx] × [0,ny] such that

A pixel pi j is contained in a+s iff the cell ci j in C(a) is contained in as.

That is,

a+s = ⋃{pi j ∶ ci j ⊆ as,0 ≤ i < nx,0 ≤ j < ny}. (5.14)

Fig. 5.5 illustrates the process. Clearly, a+s is digital region. Furthermore, it can proved
that a+s is connected (meet-free resp.) if as is connected (meet-free resp.), and that a+
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is also a solution of Γ.

Proposition 5.6 Suppose a = {as}n
s=1 is a regular meet-free solution of a basic CDC

network Γ. Then a+ = {a+s }n
s=1 constructed as above is also a regular and meet-free

solution of Γ. Furthermore, a+ is canonical solution.

Proof It is clear that S (a+) = [0,nx] × [0,ny] and C(a+) = {pst ∶ 0 ≤ s < nx,0 ≤ t <
ny}, and pst ∩ (a+i )○ is nonempty iff pst is contained in a+i . Hence, (a+i )r = a+i for
each i, and a+ is regular. It is also clear that Ix(a+i ) = [s1, s2] iff Ix(ai) = [αs1 , αs2].
Therefore, Ix(a+i ) meets Ix(a+j ) iff Ix(ai) meets Ix(a j). Similar conclusion holds for
the y-direction. Note that a is meet-free, so a+ is also meet-free.

For each i, j and each tile name χ, by Eq. 5.14 we know a pixel pst is contained in
a tile χ(a+j ) iff the cell cst is contained in χ(a j). Therefore, a pixel pst is contained in
a+i ∩χ(a+j ) iff cst is contained in ai∩χ(a j). By definition we have dir(ai,a j) = dir(a+i ,a

+

j )
for any i, j. Therefore, a+ = {a+s }n

s=1 is also a solution of Γ.
It remains to prove that a+ is canonical. Note that a+ is obviously a digital solution.

We next prove {Ix(a+i )}n
i=1 is a canonical solution of Γx. The y-direction can be proved

the same way.
Because a+ = {a+i }n

i=1 is a solution to Γ, Ix(a+i )ιx(δi j, δ ji)Ix(a+j ) follows from Propo-
sition 5.2. Note that a+ is meet-free, therefore Ix(a+i ) cannot meet Ix(a+j ) for any i, j.
This implies that {Ix(a+i )}n

i=1 is a solution of the x-projective IA network Γx. Let
E be the set of endpoints of intervals in {Ix(a+i )}n

i=1. Note that Ix(a+i ) = [r, s] iff
Ix(ai) = [αr, αs], where α0 < α1 < ⋯ < αnx is the ordering of the all endpoints of
intervals in {Ix(ai)}n

i=1. This implies E equals to [0,nx] ∩ Z. Therefore, {Ix(a+i )}n
i=1 is

the canonical solution of Γx.

As a corollary, we have,

Proposition 5.7 Each consistent basic CDC network has a canonical solution.

5.3.4 Maximal Canonical Solution

This subsection shows how to construct a particular canonical solution (viz., the maxi-
mal canonical solution) directly, given a consistent basic CDC network Γ = {viδi jv j}n

i, j=1.
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By Theorem 5.1, we know the projective IA networks Γx and Γy are consistent. There-
fore Γx and Γy have unique canonical interval solutions, say, {Ii}n

i=1 and {Ji}n
i=1. The

following lemma shows that in any canonical solution of Γ, the mbr of the region in-
terpreting variable vi is Ii × Ji.

Lemma 5.1 Let Γ = {viδi jv j}n
i, j=1 be a consistent basic CDC network. Suppose {Ii}n

i=1

and {Ji}n
i=1 are the canonical interval solutions of Γx and Γy, respectively. Let mi =

Ii× Ji for each i. If {ai}n
i=1 is a canonical solution of Γ, then we have ai ⊆ mbr(ai) = mi

for 1 ≤ i ≤ n.

Proof By Dfn. 5.5, we know Ix(ai) = Ii and Iy(ai) = Ji for each i. Therefore, ai ⊆
mbr(ai) = Ii × Ji = mi.

For each constraint δi j in Γ, we assume

δi j =
⎡⎢⎢⎢⎢⎢⎢⎣

dNW
i j dN

i j dNE
i j

dW
i j dO

i j dE
i j

dS W
i j dS

i j dS E
i j

⎤⎥⎥⎥⎥⎥⎥⎦
, (5.15)

where dχi j ∈ {0,1} for each tile name χ ∈ TileName. Suppose {ai}n
i=1 is a canonical

solution of Γ. By Lemma 5.1, we know mbr(a j) = m j for each j. Therefore, χ(a j) =
χ(mbr(a j)) = χ(m j) for each χ ∈ TileName. Moreover, if dχi j = 0, then a○i ∩ χ(m j) = ∅
because (ai,a j) ∈ δi j. This means that ai is disjoint with pixels which are contained in
χ(m j). Formally, write Di for the set of all pixels in mi that cannot appear in ai,

Di B {pst ⊆ mi ∶ (∃ j, χ) such that pst ⊆ χ(m j) and dχi j = 0}. (5.16)

We have the following lemma.

Lemma 5.2 Let Γ and mi be as in Lemma 5.1. For each i, define

bi B⋃{pst ⊆ mi ∶ pst /∈ Di}. (5.17)

Suppose {ai}n
i=1 is a canonical solution of Γ. Then ai ⊆ bi for each i.

Note that bi is not always a connected region. However, as ai ⊆ bi and ai is con-
nected, we know that bi has a maximal connected component, say ci, that contains ai.
The following lemma shows that {ci}n

i=1 is also a solution of Γ.
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Lemma 5.3 Let Γ, ai and mi be as in Lemma 5.1, and let bi be as in Eq. 5.17. Assume ci

is the maximal connected component of bi such that ai ⊆ ci. Then {ci}n
i=1 is a canonical

solution of Γ.

Proof We first prove that {ci}n
i=1 is a solution Γ, i.e., dir(ai,a j) = dir(ci, c j). Note that

ai ⊆ ci ⊆ bi and mbr(ai) = mbr(bi) = mi, we know that mbr(ci) is also mi. Note
that ai,a j, ci, c j are all digital regions, we know that dir(ai,a j) = dir(ci, c j) equals to
ai ∩ χ(m j) contains a pixel iff ci ∩ χ(m j) contains a pixel. Because ai ⊆ ci ⊆ bi, it is
sufficient to show that bi ∩ χ(m j) contains a pixel implies ai ∩ χ(m j) contains a pixel.
Note that bi∩χ(m j) contains a pixel implies dχi j = 1 by Equations 5.16 and 5.17, which
further implies ai ∩χ(m j) has a pixel as aiδi ja j holds. Therefore {ci}n

i=1 is a solution Γ.
That {ci}n

i=1 is canonical can be proved directly from the fact that {ai}n
i=1 is a canonical

solution, due to the fact that mbr(ai) = mbr(ci).

It is clear that mbr(ci) = mbr(bi) = mi. Note that for any digital region b, there
exists at most one connected component c, such that mbr(c) = mbr(b). We may
obtain a more general result which does not involve any particular canonical solution
{ai}n

i=1.

Theorem 5.3 Suppose Γ = {viδi jv j}n
i, j=1 is a consistent basic CDC network, and bi is

defined as in Eq. 5.17. Then bi has a unique maximal connected component, denoted

as ci, such that mbr(ci) = mbr(bi) = mi. Furthermore, {ci}n
i=1 is the maximal canonical

solution of Γ in the sense that for any canonical solution {ai}n
i=1, we have that ai ⊆ ci.

So far we have shown that if Γ is consistent, then it has a maximal canonical solu-
tion {ci}n

i=1. The theorem also provides a method for computing the maximal canonical
solution of a consistent basic CDC network:

1. Compute the projective interval networks Γx and Γy of Γ;

2. Compute the canonical solutions {Ii}n
i=1 and {Ji}n

i=1 of Γx and Γy;

3. Compute bi for each i, as in Eq. 5.17;

4. Find the unique connected component ci of bi such that mbr(ci) = mi.
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Example 5.3 Consider the basic CDC constraint network specified in Fig. 5.1 which

is consistent. We have

x−2 < x−1 < x+2 < x−3 < x+1 < x+3 (5.18)

y−3 < y−2 < y−1 < y+2 < y+3 < y+1 (5.19)

The canonical interval solutions of Γx and Γy are illustrated in Fig. 5.6 (a). Note that

dO
12 (cf. Eq. 5.15) is 0. This excludes pixel p12 ⊆ O(m2) = m2 from m1 (see Fig. 5.6 (a)).

Note that each bi obtained in this example happens to be connected (see Fig. 5.6 (b)).

The maximal canonical solution of Γ is {b1,b2,b3}.

(a) (b)

Figure 5.6: Canonical interval solutions (a) and the maximal canonical solution (b)

5.4 A Cubic Algorithm for cspsatCDC(BCDC)
In this section, we describe an algorithm with time complexity O(n4) for determining
the consistency of basic CDC network Γ = {viδi jv j}n

i, j=1, and then refine it to cubic time
complexity.
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5.4.1 An Intuitive O(n4) Algorithm

The key idea of the algorithm is that we suppose Γ is consistent and try to compute the
maximal canonical solution in the way described in the previous section. If the proce-
dure fails at some step then we conclude that Γ is inconsistent. Otherwise, we succeed
in obtaining a solution (in fact, the maximal canonical solution), then Γ is consistent.
Note that the procedure may fail because of: (1) the projective IA network Γx or Γy is
not consistent; or (2) some bi does not have a maximal connected component which
has the same mbr as bi does. Furthermore, we need an extra step (Step 5) to check that
whether {ci}n

i=1 is a solution of Γ. In conclusion, we have the following algorithm that
decides the consistency of a basic CDC constraint network Γ that involves n variables.
Figure 5.7 provides a flowchart of the algorithm.

Figure 5.7: Flowchart of the main algorithm

We now explain the algorithm and discuss the time complexity step by step. Note
that all the digital regions are contained in [0,nx] × [0,ny] and thus can be presented
by nx × ny Boolean matrices.
Step 1. Computing projective IA networks (time complexity O(n2))
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Input: Basic CDC network Γ = {viδi jv j}n
i, j=1

Output: The consistency of Γ

1 Compute the projective networks Γx and Γy;
2 if any of Γx and Γy is inconsistent then
3 return ‘Inconsistent’;
4 {Ii}n

i=1,{Ji}n
i=1 ← canonical interval solutions of Γx, Γy;

5 for 1 ≤ i ≤ n do
6 Compute bi;
7 end
8 for 1 ≤ i ≤ n do
9 if bi has no maximal connected component with mbr Ii × Ji then

10 return ‘Inconsistent’;
11 ci ← the maximal connected component of bi with mbr Ii × Ji;
12 end
13 if {ci}n

i=1 is not a solution of Γ then
14 return ‘Inconsistent’;
15 return’Consistent’.

Algorithm 4: Deciding the consistency of basic CDC network Γ

For a pair of basic CDC constraints xiδi jx j and x jδ jixi, the x- and y-projective IA
relations ρx

i j and ρy
i j (Eq.s 5.5 and 5.6) can be computed in constant time as shown in

Propositions 5.1 and 5.2. So the projective IA networks Γx and Γy can be constructed
in O(n2) time.
Step 2. Computing canonical interval solutions (time complexity O(n3))

The consistency of Γx and Γy may be decided in cubic time by a path-consistency
algorithm [3, 103]. If either of the two is inconsistent, then Γ is also inconsistent
because of Theorem 5.1. Suppose Γx and Γy are consistent. Their canonical solutions
{Ii}n

i=1 and {Ji}n
i=1 can be constructed in cubic time, where we assume intervals Ii =

[x−i , x
+

i ] and Ji = [y−i , y+i ]. Write mi = [x−i , x
+

i ] × [y−i , y+i ].
Step 3. Computing bi (time complexity O(n4))

Proposition 5.8 For each pixel p contained in mi, it takes O(n) time to determine

whether p is in bi.

Proof To determine whether p is in bi, by definition we need to check whether p is not
contained in χ(m j) for all j, χ with dχi j = 0. Note that it needs constant time to decide

102



whether a pixel is contained in a tile. Because there are at most 9n different tiles χ(m j),
it needs at most O(n) time to determine whether p is contained in bi.

Note that there are at most O(n2) pixels contained in mi. As a consequence, it
takes O(n3) time to compute bi for each i. Therefore, we need O(n4) time in total to
compute all bi.
Step 4. Computing maximal connected components (time complexity O(n3))

For each i, all the maximal connected components of bi may be computed in O(n2)
time by a general Breadth-First Search algorithm. The mbrs of the maximal con-
nected components can be obtained along the search without increasing time complex-
ity. Therefore, it takes O(n2) time to find the desired maximal connected components
of bi for each i (if it exists), and this step needs O(n3) time in total.
Step 5. Verifying the candidate solution (time complexity O(n3))

We still need to check whether {ci}n
i=1 is a solution of Γ. Note that if the answer is

positive, then {ci}n
i=1 is in fact the maximal canonical solution of Γ (see Theorem. 5.3).

For each pair of ci and c j, we need to check for each χ ∈ TileName whether the follow-
ing equation holds

dχi j = 0⇔ c○i ∩ χ(m j) = ∅. (5.20)

Because bi and χ(m j) have no common pixels if dχi j = 0, and ci is a connected compo-
nent of bi, we only need to check

dχi j = 1⇒ ci ∩ χ(m j) contains a pixel. (5.21)

Proposition 5.9 Let mi, ci be as constructed in Step 2 and Step 4, respectively. Let

χ be a tile name. Suppose dχi j = 1. Then whether ci ∩ χ(m j) contains a pixel can be

checked in O(n) time.

Proof Suppose mi∩χ(m j) = [x−, x+]×[y−, y+]. We do not need to check for every pixel
p in mi ∩ χ(m j) whether p ⊆ ci. Instead, we only need to check this for all boundary

pixels of mi ∩ χ(m j), i.e., pixels pk,l with (k, l) ∈ H1 ∪ H2, where

H1 = {(k, l) ∶ k ∈ {x−, x+ − 1} and y− ≤ l < y+},
H2 = {(k, l) ∶ x− ≤ k < x+ and l ∈ {y−, y+ − 1}}.
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We justify the above statement as follows. If mi∩χ(m j) = mi, then by mbr(ci) = mi we
know there exists a boundary pixel which is contained in ci. Otherwise, mi∩χ(m j) is a
rectangle strictly contained in mi. Because mbr(ci) = mi, this implies that ci contains
a pixel p out of mi ∩ χ(m j). If ci contains no boundary pixel of mi ∩ χ(m j), then ci, as
a connected digital region, contains no pixel of mi ∩ χ(m j) at all.

Since H1 ∪H2 contains O(n) pixels and checking if a pixel is contained in ci needs
constant time, dir(ci, c j) = δi j can be checked in O(n) time.

Therefore, we can determine in O(n) time whether dir(ci, c j) = δi j for each pair of
i, j. As a consequence, whether {ci}n

i=1 is a solution of Γ can checked in cubic time.
This means Step 5 can be carried out in cubic time.

The algorithm takes O(n4) time. This result may be improved to O(n3), as shown
in the following subsection.

5.4.2 Improvement to Cubic Time Complexity

All five steps except Step 3 in the main algorithm are of time complexity O(n3). This
subsection will compute each bi in O(n2) time, and thus obtain a cubic algorithm.

Recall that a digital region confined in T = [0,nx] × [0,ny] is represented by an
nx × ny Boolean matrix. We assume digital region a confined in T is represented by
nx × ny Boolean matrix B(a), and that B(a) is the zero matrix if a is a degenerate
rectangle. For each 1 ≤ i ≤ n, denote

Qi = ∑{B(T ∩ χ(m j)) ∶ 1 ≤ j ≤ n, j ≠ i, χ ∈ TileName,dχi j = 0}. (5.22)

Note that Qi is not a Boolean matrix, as some of its entries may be integers larger than
1. Then the following equation about B(bi) follows from the definition of bi directly

B(bi)[k, l] =
⎧⎪⎪⎨⎪⎪⎩

1, if B(mi)[k, l] = 1 and Qi[k, l] = 0;
0, otherwise.

(5.23)

Therefore, each B(bi) can be computed from B(mi) and Qi in O(n2) time. We next
show how to compute each Qi in O(n2) time. To this end, we introduce the following
operations on matrices.
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Definition 5.9 (cumulative matrix and difference matrix) For a matrix N, we de-

fine its cumulative matrix as

acc(N)[k, l] =
k

∑
t=0

N[t, l]. (5.24)

and its difference matrix as

diff(N)[k, l] =
⎧⎪⎪⎨⎪⎪⎩

N[k, l], if k = 0;
N[k, l] − N[k − 1, l], otherwise.

(5.25)

The cumulative matrix acc(N) can be computed column by column. We first add
the first column to the second one, and then add the updated second column to the
third, etc. (see Table 5.3 for an example.) In this way, cumulative matrix acc(N) can
be computed linearly with respect to the number of elements of N.

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 0 0 0 0
0 1 1 1 0
0 1 1 1 0
0 1 1 1 0
0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 0 0 0 0
0 1 0 0 −1
0 1 0 0 −1
0 1 0 0 −1
0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 0 0 0 0
0 1 1 1 0
0 1 1 1 0
0 1 1 1 0
0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

(a) (b) (c)

Table 5.3: A matrix N (a) and its difference matrix diff(N) (b) and acc(diff(N)), the
cumulative matrix of diff(N) (c)

It is clear that

• N = acc(diff(N)) = diff(acc(N));

• the difference operation is additive, i.e., diff(N1 + N2) = diff(N1) + diff(N2).

Therefore, we have

Qi = acc(diff(Qi))
= acc(diff(∑{B(T ∩ χ(m j)) ∶ dχi j = 0 and j ≠ i}))
= acc(∑{diff(B(T ∩ χ(m j))) ∶ dχi j = 0 and j ≠ i})
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Note that each digital region T ∩ χ(m j) is a rectangle (possibly degenerate), therefore,
the non-zero elements in diff(B(T ∩χ(m j))) is of order O(n). Thus diff(B(T ∩χ(m j)))
can be generated in time O(n). Therefore, ∑{diff(B(T ∩ χ(m j))) ∶ dχi j = 0 and j ≠ i},
and hence Qi and B(bi) can be computed in O(n2) time. In this way we improve Step 3
of the main algorithm from O(n4) to cubic time.

Theorem 5.4 The consistency of a complete basic CDC constraint network can be

decided in cubic time. If the network is consistent, then its maximal canonical solution

may also be computed in cubic time.

5.5 Define Relations outside the CDC

We have shown that cspsat(BCDC) can be solved in cubic time. The following two sec-
tions will prove that cspsat(B☆CDC) is NP-hard by devising a polynomial reduction from
the 3-SAT problem to cspsatCDC(B☆CDC). The reduction is based on the observation that
some relations outside the CDC are definable in the CDC (see Definition 5.10). One
such relation, called the upper left corner (ULC) relation, will play a critical role in
the reduction. It is worth mentioning that such a technique for defining relations out-
side a qualitative calculus has been also used in [53] for generalizing the tractability of
subclasses of the IA.

We say that two bounded regions have the ULC relation if their minimum bounding
rectangles (mbrs) are incomparable, i.e., neither rectangle is contained in the other,
although they have the same upper left corner point (see Figure 5.8 for illustrations).
When considering only rectangles, the ULC relation is exactly the union of two basic
rectangle relations, namely s ⊗ fi and its converse si ⊗ f, where s, f are basic relations
in the IA, and si and fi are their converses. Write ⌜ for the ULC relation. We note that
⌜ is not a CDC relation. The consistency decision problem over B☆CDC is, informally
speaking, equivalent to that over B☆CDC ∪ {⌜}. The NP-hardness of B☆CDC ∪ {⌜} is then
what one would expect.

Now we formally introduce the concept of definable relation.

Definition 5.10 (definable relation) We say a relation γ is definable in the CDC, if

there exists a CDC network Γ over B☆CDC and over variables {u, v,w1,⋯,wk} (k ≥ 0),
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(a) (b) (c)

Figure 5.8: Illustrations of the symmetric ULC relation: (a) an instance (a,b) of the
ULC relation; (b) an instance (r1, r2) of the rectangle relation s ⊗ fi; (c) an instance
(r3, r4) of the rectangle relation si⊗ f.

such that

γ = {(a,b) ∶ (∃c1,⋯, ck) s.t. (a,b, c1,⋯, ck) is a solution of Γ}. (5.26)

In such a case, we also say that the relation γ is defined by Γ (with respect to variables

u and v). Here variables w1,⋯,wk are called auxiliary variables.

A relation which is definable in the CDC is not necessarily a CDC relation.
The polynomial reduction from 3-SAT to cspsatCDC(B☆CDC relies heavily on one

particular relation which is definable in the CDC, namely, the upper left corner (ULC)
relation (see Figure 5.8). Before discussing the ULC relation, we first review basic
notions of the Rectangle Algebra and then introduce some examples of CDC definable
relations that are closely related to basic rectangle relations.

Recall that for two bounded regions a,b, the basic RA relation of a to b is α ⊗
β, where α, β are basic IA relations such that Ix(a)αIx(b) and Iy(a)βIy(b). We next
introduce some relations that are definable in the CDC, which are proper subsets of
basic RA relations.

Example 5.4 Consider the relation defined by the following basic CDC network

Γs⊗f B {u O v, v E∶S E∶S ∶O u}. (5.27)

It is easy to see that if (a,b) satisfies Γs⊗f, then mbr(a) is contained in, and shares the

upper left corner point with, mbr(b) (cf. Figure 5.9(a)). In terms of the RA language,

we have (mbr(a),mbr(b)) ∈ s⊗ f. The converse does not always hold, i.e., (a,b) may
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not be a solution of Γs⊗f even if (mbr(a),mbr(b)) ∈ s ⊗ f. This is because the CDC

relation of b to a could be, for example, E∶S E∶S . In other words, the relation defined

by Γs⊗f is actually a proper subset of s ⊗ f. When only rectangles are considered, it is

straightforward to see that s⊗ f is exactly the relation defined by Γs⊗f.

Similarly, we define

Γo⊗f B {u W ∶O v, v E∶S E∶S ∶O u}, (5.28)

Γo⊗fi B {u S ∶S W ∶W ∶O v, v E∶O u}, (5.29)

Γo⊗eq B {u W ∶O v, v E∶O u}. (5.30)

Figure 5.9 shows illustrations for the relations defined by these networks.

(a) (b) (c) (d)

Figure 5.9: Illustrations of relations defined by CDC networks (a) Γs⊗f, (b) Γo⊗f, (c)
Γo⊗fi, and (d) Γo⊗eq

The above relations do not involve auxiliary variables. We next introduce two
relations that are defined by CDC networks involving auxiliary variables.

Example 5.5 We say a is right-side parallel with gap (or parallel for short) to b, if

Ix(a) pi Ix(b) and Iy(a) = Iy(b), i.e., a is to the east of b (with gap) and has the same

y-projection as b (see Figure 5.10). This relation is defined by the following basic CDC

network

Γ∥ = {u E w,w E v, v W u}, (5.31)

where w is an auxiliary variable.

The parallel relation is strictly contained in the basic CDC relation E. Our next
example is the upper left corner relation.
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Figure 5.10: Illustration of a solution {a,b, c} of Γ∥, where c corresponds to the auxil-
iary variable w.

Definition 5.11 Two bounded plane regions a,b are said to have the upper left corner
(ULC) relation, denoted as ⌜(a,b), if the mbrs of a,b are incomparable, i.e., mbr(a) ⊈
mbr(b) and mbr(b) ⊈ mbr(a), and have the same upper left corner point, or in the

RA language, (mbr(a),mbr(b)) is an instance of either s⊗fi or its converse si⊗ f (see

Figure 5.8).

The two possibilities of the ULC relation (see Figure 5.8) correspond to the two truth
values of a propositional variable. This correspondence will be exploited in the design
of the polynomial reduction from 3-SAT. For convenience, we introduce the following
terminology.

Definition 5.12 Suppose ⌜(a,b). We say a is horizontal (vertical, resp.) with respect

to b, or a is horizontally instantiated (vertically instantiated, resp.), if mbr(a) is related

to mbr(b) by the RA relation si⊗ f (s⊗ fi , resp.).

The following proposition is the basis of the reduction to be introduced in Section 4.

Proposition 5.10 The ULC relation ⌜ is definable in the CDC.

Proof Two auxiliary variables w1 and w2 are introduced. Let

Γ⌜ = {u O w1,w1 E∶S E∶S ∶O u, v O w1,w1 E∶S E∶S v,

v O w2,w2 E∶S E∶S ∶O v,u O w2,w2 E∶S E∶S u}
(5.32)

A basic constraint is imposed to each pair of variables in {u, v}×{w1,w2}∪{w1,w2}×
{u, v}. Note the constraints between u and v are u?v and v?u, which are omitted in the
equation.
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First, we show that if {a,b, c1, c2} is a solution of Γ⌜ (see Figure 5.11(a) and (b)
for illustration), then a and b have the ULC relation. Therefore we need to prove
(i) mbr(a) and mbr(b) have the same upper left corner point, and (ii) mbr(a) is
not contained in mbr(b), and vice versa. According to the network Γ⌜, we have that
a O c1, c1 E∶S E∶S ∶O a, and b O c1, c1 E∶S E∶S b, which directly imply that mbr(a) and
mbr(b) have the same upper left corner point as mbr(c1) does (see Figure 5.11(a)).
Furthermore, because c1 E∶S E∶S ∶O a and c1 E∶S E∶S b, we know mbr(a) is not con-
tained in mbr(b). Similarly, mbr(b) is not contained in mbr(a) (see Figure 5.11(b)).
Therefore, a and b have the ULC relation.

(a) (b)

Figure 5.11: Illustrations for a solution of Γ⌜, where a,b are rectangles, and c1, c2 are
the shaded region in (a) and (b) respectively.

On the other hand, if (a,b) is an instance of ⌜, then it is easy to find c1, c2 such that
{a,b, c1, c2} is a solution of Γ⌜.

5.6 Consistency Checking of Incomplete Networks of
Basic CDC Constraints

This section proves that consistency checking of incomplete basic CDC networks, i.e.,
cspsat(B☆CDC),is an NP-hard problem. We achieve this by reducing the 3-SAT problem
to cspsatCDC(B☆CDC). For each 3-SAT instance φ, we construct an incomplete basic
CDC network Γφ in polynomial time, and show that φ is satisfiable if and only if Γφ is
consistent.

In this section, we assume V = {p1, p2,⋯, pn} is a set of propositional variables.
Suppose φ = c1 ∧ c2 ∧⋯∧ cm, where clause c j is of the form p∗r ∨ p∗s ∨ p∗t and p∗r , p∗s , p∗t
are literals over V . We first introduce a basic CDC network Γp for each propositional
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variable p ∈ V , and then introduce a basic CDC network Γc for each clause c. The
basic CDC network Γφ is defined as the union of all Γc j (1 ≤ j ≤ m). Note that when ex-
pressing the constraints in Γc, for simplicity, we often use non-CDC constraints which
are definable in the CDC. We stress that if such a constraint, e.g., ⌜(u, v), appears, we
always assume that it is replaced by the constraints in the CDC network that defines it,
e.g., constraints in Γ⌜. In particular, constraints in the forms of s ⊗ f(u, v) (o ⊗ f(u, v),
o⊗fi(u, v), o⊗eq(u, v), resp.) should be replaced by the constraints in the network Γs⊗f

(Γo⊗f, Γo⊗fi,Γo⊗eq, resp.), defined in Eq.s 5.27-5.30. Furthermore, auxiliary variables for
different non-CDC constraints should be different.

Note. In a slight abuse of notation, we will use variables f ,u, v,w in this section
with subscripts and/or superscripts to denote both spatial variables and the regions
in a solution (if any) that correspond to them, which will make the statements much
clearer.

5.6.1 CDC Constraints Related to Propositional Variables

For each propositional variable p, we introduce five spatial variables up, u¬p, fp, f¬p,
and f 0

p , and define a basic CDC network Γp which is incomplete. Shortly we will show
that Γp is consistent and has a solution in which all the above five spatial variables are
rectangles. In the following informal description, we assume the five variables are all
rectangles for simplicity. The network Γp will ensure the two requirements:

• The configuration of fp, f¬p, f 0
p is as shown in Figure 5.12(a);

• Suppose fp, f¬p, f 0
p are predefined. The configuration of up,u¬p has two possibil-

ities (cf. Figure 5.12(b) and (c)).

The second condition is mainly achieved by the fact that up is horizontal w.r.t.
fp iff u¬p is vertical w.r.t. f¬p, which is guaranteed by the following constraints (see
Figure 5.12(b) and (c)):

• up is contained in f¬p and has the ULC relation with fp,

• u¬p contains fp, and is contained in f 0
p , and has the ULC relation with f¬p,

• up and u¬p have the ULC relation.
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(a) (b) (c)

Figure 5.12: Illustrations of spatial variables in { fp, f¬p, f 0
p ,up,u¬p}: (a) the frame

spatial variables fp, f¬p, f 0
p ; (b) a solution of Γp where up is horizontally instantiated;

(c) a solution of Γp where up is vertically instantiated.

The following definition specifies constraints in Γp formally.

Definition 5.13 Let p be a propositional variable, and up,u¬p, fp, f¬p, f 0
p be five spatial

variables. The basic CDC network Γp has exactly the following constraints

s⊗ f( fp, f¬p), s⊗ f( f¬p, f 0
p ),

s⊗ f(up, f¬p), s⊗ f( fp,u¬p), s⊗ f(u¬p, f 0
p )

⌜(up, fp), ⌜(u¬p, f¬p), ⌜(up,u¬p),
(5.33)

where s ⊗ f and ⌜ should be replaced by constraints in Eq. 5.27 and Eq. 5.32 respec-

tively. The non-CDC constraints appearing in Γp are replaced by the basic CDC con-

straints that define them. We call up and u¬p the dual spatial variables for p, and call

fp, f¬p, and f 0
p the frame spatial variables for p.

We note that apart from up,u¬p, fp, f¬p, f 0
p , the network Γp also involves six other

auxiliary spatial variables, which are introduced by the three ULC constraints.
Two solutions of Γp are shown in Figure 5.12, where up is horizontally instantiated

(w.r.t both fp and u¬p) in the solution shown in Figure 5.12(b), but vertically instanti-
ated in the solution shown in Figure 5.12(c). Although its position is not determined,
we know that the lower right corner of mbr(up) is in the interior of the shaded upper
left (lower right, resp.) sub-rectangle if up is horizontal (vertical, resp.) w.r.t. fp (see
Figure 5.13(a)). We next show that in any solution of Γp, up is vertical w.r.t. fp if and
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(a) (b) (c)

Figure 5.13: Possible positions for the lower right corner points of up (a) and u¬p (b)
(c)

only if u¬p is horizontal w.r.t. f¬p.

Proposition 5.11 Let Γp be the basic CDC network for propositional variable p. Sup-

pose {up,u¬p, fp, f¬p, f 0
p} is a solution of Γp. Then up is vertical w.r.t fp iff u¬p is

horizontal w.r.t. f¬p.

Proof It is clear that the mbrs of up,u¬p, fp, f¬p, f 0
p have the same upper left corner

point. We now consider the lower right corner points of mbr(up) and mbr(u¬p).
The constraints ⌜(up, fp) and s ⊗ f(up, f¬p) restrict the lower right corner point of
mbr(up) to the shaded part in Figure 5.13(a). Similarly, the constraints ⌜(u¬p, f¬p)
and s ⊗ f(u¬p, f 0

p ) restrict the lower right corner point of mbr(u¬p) to the shaded part
in Figure 5.13(b). By constraint s ⊗ f( fp,u¬p), the possible area of the lower right
corner point of mbr(u¬p) is further restricted to the shaded part in Figure 5.13(c).

Therefore, if up and u¬p are both vertical or both horizontal, then the lower right
corner point of mbr(up) must be in mbr(u¬p), which implies mbr(up) ⊂ mbr(u¬p) as
their upper left corner points are the same. This contradicts the constraint ⌜(up,u¬p) in
Γp, which requires that mbr(up) and mbr(u¬p) are partially overlapping. Therefore,
up and u¬p cannot be vertical or horizontal at the same time, i.e., up is vertical w.r.t fp

iff u¬p is horizontal w.r.t. f¬p.

The mutual exclusion of vertically and horizontally instantiations of dual variables
up,u¬p corresponds to the mutual exclusion of the truth values of p and its negation
¬p.
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For each propositional variable pi ∈ V = {p1, p2,⋯, pn}, we introduce dual spatial
variables

ui ≡ upi and u¬i ≡ u¬pi , (5.34)

and three frame spatial variables

fi ≡ fpi , f¬i ≡ f¬pi and f 0
i ≡ f 0

pi
, (5.35)

and construct, as described above in Definition 5.13, a basic CDC network Γpi over
spatial variables {ui,u¬i, fi, f¬i, f 0

i }.
In order to fix the relative direction between frame spatial variables for different

propositional variables (cf. Figure 5.14), we introduce a set of reference spatial vari-
ables. Precisely, let

Vre f = {wre f , fre f , f¬re f , f 0
re f}, (5.36)

Γre f = {wre f O fre f O f¬re f O f 0
re f , f 0

re f S ∶O f¬re f S ∶O fre f S ∶O wre f}, (5.37)

where the shorthand, say, x S ∶O y S ∶O z denotes that x S ∶O y and y S ∶O z. Note that the
reference variable wre f in Vre f will be used in the next subsection when constructing
the basic CDC networks for propositional clauses. Furthermore, we require

∥ ( f1, fre f ), ∥ ( f¬1, f¬re f ), ∥ ( f 0
1 , f 0

re f ), (5.38)

∥ ( fi+1, fi), ∥ ( f¬(i+1), f¬i), ∥ ( f 0
i+1, f 0

i , ), (1 ≤ i < n) (5.39)

where the relation ∥ is defined in Eq. 5.31. Note that these 3n parallel constraints
introduce 3n new auxiliary variables.

Definition 5.14 We write ΓV for the set of basic CDC constraints that includes those

in Γre f and Γp for each p ∈ V, and those basic CDC constraints that define the parallel

relations specified in Eq.s 5.38 and 5.39.

Example 5.6 A solution of ΓV is constructed as follows (see Figure 5.14 for an illus-
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tration).

wre f = [0,0.5] × [0.9,1], (5.40)

fre f = [0,0.5] × [0.7,1], (5.41)

f¬re f = [0,0.5] × [0.4,1], (5.42)

f 0
re f = [0,0.5] × [0.2,1]. (5.43)

For each propositional variable pi, we define fi, f¬i, and f 0
i as follows.

fi = [i, i + 0.3] × [0.7,1] (5.44)

f¬i = [i, i + 0.6] × [0.4,1] (5.45)

f 0
i = [i, i + 0.8] × [0.2,1] (5.46)

Figure 5.14: Illustration of a solution of ΓV

The network ΓV does not impose new constraints on ui and u¬i. Therefore, we can

lay ui horizontally and u¬i vertically, or vice versa. For example, we may define (see

u1 and u¬1 in Figure 5.14 for illustration).

ui = [i, i + 0.5] × [0.8,1], u¬i = [i, i + 0.4] × [0.3,1], (5.47)

or vice versa (see ui and u¬i in Figure 5.14 for illustration),

ui = [i, i + 0.2] × [0.5,1], u¬i = [i, i + 0.7] × [0.6,1]. (5.48)
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5.6.2 CDC Constraints Related to Clauses

In the above subsection, we have set up the correspondence between the truth value
(true/false) of a propositional variable p and the vertical/horizontal state of the corre-
sponding spatial variable up. This subsection introduces for each clause c = p∗r ∨p∗s ∨p∗t
(1 ≤ r < s < t ≤ n) a basic CDC constraint network Γc.

Note that clause c rules out those assignments π such that π(pi) = false iff p∗i
is positive in c for i = r, s, t. We next construct a network Γc which excludes the
configurations in which ui is horizontally instantiated iff p∗i is positive in c for i = r, s, t.
Write u∗i for the spatial variable that corresponds to p∗i , i.e.,

u∗i =
⎧⎪⎪⎨⎪⎪⎩

ui, if p∗i = pi,
u¬i, if p∗i = ¬pi.

(5.49)

Then, Γc should rule out the configurations in which u∗i are horizontally instantiated
for i = r, s, t. Assume that statei is a vertical/horizontal state that takes values in
{vertical, horizontal}. It will be proved that for each 3-tuple (stater, states, statet)
of vertical/horizontal states, Γc has a solution in which u∗i is in statei for i = r, s, t if and
only if stater, states, statet are not all horizontal.

Figure 5.15: Positions of wc
0,wc

rs,wc
st,wc

1.

We next give an intuitive explanation for the construction of constraints in Γc.
Consider the frames of pr, ps, and pt. We introduce four auxiliary spatial variables
wc

0,wc
rs,wc

st, and wc
1 such that they are “bridged” by f 0

r , f 0
s , and f 0

t in the sense that
their x-projections are overlapped one by one in the ordering wc

0, f 0
r ,wc

rs, f 0
s ,wc

st, f 0
t ,wc

1

(see Figure 5.15). The spatial variables u∗i (i = r, s, t) may be either horizontally or
vertically instantiated. To exclude the case in which u∗r , u∗s , and u∗t are all horizontally
instantiated, we introduce a new spatial variable vc and several related constraints. In-
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tuitively, the mbr of vc has the form as shown in Figure 5.16 (a), but the interior of vc

is disjoint from spatial variables in

Xc ≡ {wc
0,u

∗

r ,w
c
rs,u

∗

s ,w
c
st,u

∗

t ,w
c
1}. (5.50)

Note that this happens only if u∗r , u∗s , and u∗t do not bridge all the gaps between wc
0,wc

rs,
wc

st, and wc
1. In what follows, we refer to this as the gap condition.

The gap condition is fulfilled by imposing the following constraints:

x O vc (x ∈ Xc), (5.51)

vc E∶S E∶S wc
0, vc S ∶S W ∶W wc

1, (5.52)

vc E∶S E∶S ∶S W ∶W x (x ∈ {u∗r ,w
c
rs,u

∗

s ,w
c
st,u

∗

t }). (5.53)

Note that the constraint of vc to a spatial variable x in Xc does not contain tile name
O. This means that the interior of vc is disjoint from mbr(x). From constraints wc

0 O vc

and vc E∶S E∶S wc
0, we know mbr(vc) has the same upper left corner point as mbr(wc

0).
Similarly, mbr(vc) has the same upper right corner point as mbr(wc

1).
Assume the gap condition is violated. This means that there is no gap between

any two consecutive regions in Xc (see Figure 5.16 (b)). In this case, the union of the
mbrs of these regions contains the rectangle Ix(vc) × Iy(wc

0), and it should be excluded
from the interior of vc. This contradicts the requirement that mbr(vc) shares the same
upper left corner point with wc

0. Therefore, the constraints in Eq.s 5.51-5.53 are not
satisfiable if the gap condition is violated.

On the other hand, suppose there is a gap between two consecutive regions in Xc

(see Figure 5.16 (a)). It is straightforward to check that all the constraints are satisfied
if we let vc be the region obtained (after necessary regularisation) from subtracting
regions in Xc from a rectangle which has the same upper left (upper right resp.) corner
point as wc

0 (wc
1, resp.), and is “deeper” than any regions in X.

After an intuitive description, we formally define the basic CDC constraints in Γc

for clause c ≡ p∗r ∨ p∗s ∨ p∗t in φ, introducing spatial variables wc
0,wc

rs,wc
st,wc

1 and vc.
We begin with the constraints involving the four “pier” spatial variables wc

0,wc
rs,

wc
st, and wc

1. As shown in Figure 5.15, these variables are interpreted as rectangles that
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(a)

(b)

Figure 5.16: Illustrations of the situations in which (a) the gap condition is satisfied,
and (b) the gap condition is violated

are bridged by the frames f 0
r , f 0

s , and f 0
t .

∥ (wc
0,wre f ), ∥ (wc

1,w
c
0), (5.54)

o⊗ f(wc
0, fr), (5.55)

⎧⎪⎪⎨⎪⎪⎩

o⊗ eq( fr,wc
rs), o⊗ eq(wc

rs, fs), if p∗r = pr,
o⊗ fi( f¬r,wc

rs), o⊗ eq(wc
rs, fs), if p∗r = ¬pr,

(5.56)

⎧⎪⎪⎨⎪⎪⎩

o⊗ eq( fs,wc
st), o⊗ eq(wc

st, ft), if p∗s = ps,
o⊗ fi( f¬s,wc

st), o⊗ eq(wc
st, ft), if p∗s = ¬ps,

(5.57)

⎧⎪⎪⎨⎪⎪⎩

o⊗ fi( ft,wc
1), if p∗t = pt,

o⊗ fi( f¬t,wc
1), if p∗t = ¬pt.

(5.58)

Note that the constraints ∥ and o⊗ f, o⊗eq, o⊗fi in the above equations are shorthand
expressions of the basic CDC constraints that define them (see Examples 5.4 and 5.5).
The first equation (Eq. 5.54) requires that wc

0 and wc
1 are of the same height as the

reference spatial variable wre f . The second equation (Eq. 5.55) specifies the rectangle
relation between wc

0 and fr. The third equation (Eq. 5.56) specifies that wc
rs is of the

same height as the inner frame fi of ui. The position of wc
rs, however, depends on the
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sign of literal p∗r . If p∗r is positive, then we require wc
rs to bridge the gap between fr

and fs; otherwise, we require wc
rs to bridge the gap between f¬r and fs. The constraints

involving wc
st, specified in Eq. 5.57, are similar. The last equation (Eq. 5.58) specifies

that ft overlaps wc
1 if p∗t is positive, and f¬t overlaps wc

1 otherwise.
We illustrate the construction of the above constraints with an example.

Example 5.7 Consider the clause c = pr ∨ ¬ps ∨ pt. Figure 5.17 illustrates the con-

figuration of variables wc
0,wc

rs,wc
st,wc

1 with respect to the frame variables for pr, ps

and pt. The network Γc specifies that o ⊗ f(wc
0, fr); o ⊗ eq( fr,wc

rs),o ⊗ eq(wc
rs, fs);

o⊗ fi( f¬s,wc
st), o⊗ eq(wc

st, ft); and o⊗ fi( ft,wc
1).

Figure 5.17: Configurations of wc
0,wc

rs,wc
st,wc

1 for clause c = pr ∨ ¬ps ∨ pt.

Figure 5.18 examines the possible position of u∗r = ur and u∗s = u¬s.

If ur is horizontally instantiated, then the gap between ur and u¬s is certainly

bridged by wc
rs (Figure 5.18(a)); if ur is vertically instantiated, then it is possible

to make ur “thin” enough so that the gap between ur and u¬s is maintained (Fig-

ure 5.18(b)). Similar results hold for u¬s (see Figure 5.18(c,d) for illustration). In case

ur, u¬s, and ut are all horizontally instantiated, then there is no gap between any con-

secutive two of the seven regions in Xc. Otherwise, if any of ur, u¬s, and ut is vertically

instantiated, then it is possible to maintain some gap.

Combining these with the constraints in Eq.s 5.51-5.53 involving the spatial vari-
able vc, we are now ready to introduce Γc.

Definition 5.15 The basic CDC network Γc for c = p∗r ∨ p∗s ∨ p∗t has exactly the ba-

sic CDC constraints, explicitly or implicitly, in ΓV (see Definition 5.14), and those in

Eq.s 5.51-5.58.
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(a) (b)

(c) (d)

Figure 5.18: Possible configurations of ur and u¬s: (a) ur is horizontally instantiated;
(b) ur is vertically instantiated; (c) u¬s is horizontally instantiated; (d) u¬s is vertically
instantiated.

Note that two new parallel relations are introduced in Γc. The spatial variable
set of Γc includes those in ΓV , and vc,wc

0,wc
rs,wc

st,wc
1, and two auxiliary variables for

constructing parallel relations.

Proposition 5.12 Suppose Γc is the basic CDC network defined for clause c ≡ p∗r ∨
p∗s ∨ p∗t . In any solution of Γc, if u∗r (u∗s , u∗t , resp.) is horizontally instantiated, then

its mbr bridges the gap between mbr(wc
0) (mbr(wc

rs), mbr(wc
st), resp.) and mbr(wc

rs)
(mbr(wc

st), mbr(wc
1), resp.).

Proof From the constraints in Γc, we know that the top edges of the mbrs of fr, f¬r,ur,u¬r

are on the same line. If p∗r is positive, then u∗r = ur by definition (see Eq. 5.49), and
fr bridges the gap between mbr(wc

0) and mbr(wc
rs) by the construction of Γc (see

Eq.s 5.55 and 5.56). Assume u∗r is horizontally instantiated, i.e., ur is horizontally
instantiated. Since Ix( fr) s Ix(ur) s Ix( f¬r), we know u∗r also bridges the gap be-
tween mbr(wc

0) and mbr(wc
rs). If p∗r is negative, then u∗r is u¬r and f¬r bridges the

gap between mbr(wc
0) and mbr(wc

rs). Assume u∗r is horizontally instantiated, i.e., u¬r

is horizontally instantiated. Since Ix( f¬r) s Ix(u¬r), we still have u∗r bridges the gap
between mbr(wc

0) and mbr(wc
rs). The cases for u∗s and u∗t can be similarly proved.

We now show that Γc has the following property.
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Proposition 5.13 Suppose Γc is the basic CDC network defined for clause c = p∗r ∨
p∗s ∨ p∗t (r < s < t). Assume, moreover, π ∶ V → {true, false} is a truth assignment. Then

the following statements are equivalent:

• π satisfies c, i.e., at least one of the three literals p∗r , p∗s , and p∗t is true under π;

• Γc has a solution such that ui is vertically instantiated in the solution iff π(pi) =
true for i = r, s, t.

Proof We first prove that, if π does not satisfy c, then Γc has no solution in which ui is
vertically instantiated iff π(pi) = true for i = r, s, t. Or equivalently, if π(p∗i ) = false for
i = r, s, t, then Γc has no solution in which u∗i is horizontally instantiated for i = r, s, t.
We prove this statement by contradiction. Suppose Γc has a solution in which u∗i is
horizontally instantiated for all i = r, s, t. Then, by Proposition 5.12, u∗r bridges the gap
between mbr(wc

0) and mbr(wc
rs); u∗s bridges the gap between mbr(wc

rs) and mbr(wc
st);

and u∗t bridges the gap between mbr(wc
st) and mbr(wc

1) (cf. Figure 5.16 (b)). Let

Ac = mbr(vc) ∖ (⋃{mbr(x) ∶ x ∈ Xc}),

where Xc is defined as in Eq. 5.50. It is clear that mbr(Ac) is a proper subset of
mbr(vc). Because the interior of vc is disjoint from mbr(x) (x ∈ Xc), we have vc ⊆ Ac.
This leads to a contradiction. Therefore, if π does not satisfy c, then Γc has no solution
in which ui is vertically instantiated iff π(pi) = true for i = r, s, t.

On the other hand, suppose π satisfies c. We construct a solution of Γc in which
ui is vertically instantiated iff π(pi) = true for i = r, s, t. Variables in ΓV other than
ui,u¬i (1 ≤ i ≤ n) are defined as the same in Example 5.6.

For each propositional variable pi, we define ui and u¬i as follows (cf. Figure 5.12).

ui =
⎧⎪⎪⎨⎪⎪⎩

[i, i + 0.2] × [0.5,1], if π(pi) is true,

[i, i + 0.5] × [0.8,1], otherwise,
(5.59)

u¬i =
⎧⎪⎪⎨⎪⎪⎩

[i, i + 0.7] × [0.6,1], if π(pi) is true,

[i, i + 0.4] × [0.3,1], otherwise.
(5.60)
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For clause c ≡ p∗r ∨ p∗s ∨ p∗t , we define the “pier” variables as follows.

wc
0 = [r − 0.05, r + 0.05] × [0.9,1], (5.61)

wc
rs =

⎧⎪⎪⎨⎪⎪⎩

[r + 0.25, s + 0.05] × [0.7,1], if p∗r = pr,
[r + 0.55, s + 0.05] × [0.7,1], otherwise,

(5.62)

wc
st =

⎧⎪⎪⎨⎪⎪⎩

[s + 0.25, t + 0.05] × [0.7,1], if p∗s = ps,
[s + 0.55, t + 0.05] × [0.7,1], otherwise,

(5.63)

wc
1 =

⎧⎪⎪⎨⎪⎪⎩

[t + 0.25, t + 0.85] × [0.9,1], if p∗t = pt,
[t + 0.55, t + 0.85] × [0.9,1], otherwise.

(5.64)

For example, the solution constructed for clause c = pr ∨ ¬ps ∨ pt and truth assign-
ment π:

π(pr) = false, π(ps) = true, π(pt) = true,

is shown in Figure 5.19 (a) (regions wc
0,wc

rs,wc
st,wc

1 and vc) and (b) (regions ur,u¬r,
us,u¬s,ut,u¬t).

It is straightforward to verify that the three gaps between wc
0,wc

rs,wc
st,wc

1 are all
bridged iff u∗r ,u∗s ,u∗t are all horizontally instantiated. Let vc be the region obtained by
subtracting from [r − 0.05, t + 0.85] × [0,1] the union of x (x ∈ Xc). Since the values of
p∗r , p∗s , and p∗t are not all false, we know that at least one of the gaps between the “pier”
variables is maintained. This guarantees that the above instantiation of vc satisfies all
constraints in Γc involving vc. Therefore, we have constructed a solution of Γc with the
desired property.

As a corollary, we know in particular that Γc is consistent, and at least one of u∗r ,
u∗s , and u∗t is vertically instantiated in any solution of Γc.

Definition 5.16 For a 3-SAT instance φ = ⋀m
j=1 c j over V = {p1,⋯, pn}, we define Γc j

as the basic CDC network for clause c j as in Definition 5.15, and define Γφ as the

(incomplete) basic CDC network that is the union of all Γc j (1 ≤ j ≤ m).

We next show φ is satisfiable if Γφ is satisfiable.

Lemma 5.4 Let φ be a 3-SAT instance and let Γφ be the basic CDC network of φ. If

Γφ is satisfiable, then φ is also satisfiable.
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(a)

(b)

Figure 5.19: Illustration of solution for Γc: (a) regions wc
0,wc

rs,wc
st,wc

1 and vc; (b) re-
gions ur,u¬r,us,u¬s,ut,u¬t
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Proof Let a be a solution of Γφ. Define a truth assignment π ∶ {p1,⋯, pn} → {true, false}
as: π(pi) = true if and only if ui is vertically instantiated in a. For each clause c of
φ, we know a is also a solution of Γc. By definition of π, we know in particular that
ui is vertically instantiated in a if and only if π(pi) is true for i = r, s, t. By Proposi-
tion 5.13, π satisfies c. Due to the arbitrariness of c, we know π satisfies φ. Therefore,
φ is satisfiable.

On the other hand, we show Γφ is satisfiable if φ is satisfiable.

Lemma 5.5 Let φ be a 3-SAT instance and let Γφ be the basic CDC network of φ. If φ

is satisfiable, then Γφ is also satisfiable.

Proof Suppose π ∶ V → {true, false} is a truth assignment. A solution for Γφ can
be constructed by following exactly the same procedures as we have used in Propo-
sition 5.13. Note that there are no direct constraints between variables in Xc and Xc′ ,
where c, c′ are two different clauses. We instantiate vc as in Proposition 5.13. It is easy
to see that the assignment satisfies Γc for each clause c of φ. Therefore, the network Γφ

is also satisfiable.

As a consequence of the above results, we have

Theorem 5.5 Deciding the consistency of incomplete basic CDC networks is an NP-

hard problem.

Proof We prove the NP-hardness of consistency checking of incomplete basic CDC
networks by a reduction from 3-SAT. For each 3-SAT instance φ, we define an incom-
plete basic CDC network Γφ. Lemmas 5.4 and 5.5 show that the 3-SAT instance φ is
satisfiable if and only if the basic CDC network Γφ is satisfiable. It is not hard to show
that the number of variables in Γφ is linear to the number of variables and clauses in φ 1.
This shows that the size of Γφ is polynomial in the size of φ. So we have reduced 3-SAT
in polynomial time to the consistency problem of incomplete basic CDC networks.

We have shown that cspsat(BCDC) has a cubic algorithm and hence is in P. There-
fore, cspsat(B☆CDC) is also also NP.

1In fact there are 14n + 7m + 4 spatial variables and 9n + 2m auxiliary variables in Γφ, where n and
m are the number of variables and clauses, respectively, of φ.
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Corollary 5.1 Deciding the consistency of an incomplete basic CDC network is NP-

Complete.

Remark 5.1 Let

S ={O, E, W, E∶O, W ∶O, S ∶O, E∶S E∶S , W ∶S W ∶S ,
E∶S E∶S ∶O, W ∶S W ∶S ∶O, E∶S E∶S ∶S W ∶W}.

(5.65)

It is worth noting that, in the reduction, only the universal relation and the 11 basic

CDC relations in S are used to construct constraints in the network Γφ. Therefore, we

actually have proved that RSAT(S ∪ {?}) is NP-hard.

5.7 The Cardinal Direction Calculus over Disconnected
Regions CDCd

The CDC introduced above requires regions to be connected. As proposed in [99], a
variant of CDC, denoted by CDCd, allows regions to be disconnected. In this section,
we show the consistency result obtained in previous sections also hold for this variant,
viz., cspsat(BCDCd) can be solved in cubic time and cspsat(B☆CDCd

) is NP-complete.
The domain of CDCd is the set of all bounded regions, which are allowed to be

disconnected. For such regions, the cardinal direction can be defined in the same as
in Equation 5.1. However, there are 511 valid matrices, i.e., all 3 × 3 Boolean matrix
except the one with all entries 0 are valid. That is to say, CDCd has 511 basic relations.
We discuss cspsat(BCDCd) and cspsat(B☆CDCd

) in separate subsections.

5.7.1 Cubic Algorithm for cspsat(BCDCd)
The approach for dealing with CDCd is the same as that for CDC: we establish the
connection of CDCd and IA, show that each consistent complete basic CDCd network
has a maximal canonical solution, and devise a cubic algorithm which tries to find the
maximal canonical solution of an input network.

The definition of projective interval relations is the same, although the mapping
table in Proposition 5.1 needs a new column for (d1,d2,d3) to be (1,0,1) and ιx(δ) =
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di. This is because, CDCd permits more valid matrices and (d1,d2,d3) is possibly to
be (1,0,1). Theorem 5.1 also holds for CDCd, i.e., a basic complete CDCd network Γ

is consistent only if its x- and y-projective IA networks Γx and Γy are both consistent.
We then define regular solutions, meet-free solutions, and canonical solutions for

CDCd in the same way as for CDC. Moreover, a general solution of a complete basic
CDCd network can be transformed into a canonical solution as we have done in Sec-
tion 5.3. therefore, a consistent complete basic CDCd network always has a canonical
solution (as Proposition 5.7 for CDC). However, the maximal canonical solution in
CDCd differs slightly.

Lemmas 5.1 and 5.2 (with their proof) still hold in CDCd. We here repeat state-
ments. Suppose Γ = {viδi jv j}n

i, j=1 is a consistent basic complete CDCd network, with
Γx and Γy respectively being its x- and y-projective IA networks. Let {Ii}n

i=1 and {Ji}n
i=1

be the canonical solutions of Γx and Γy respectively, and mi = Ii × Ji. Then for any
canonical solution a = {ai}n

i=1 of Γ, we have mbr(ai) = mi. Furthermore, define Di and
bi the same way as in Equations 5.16 and 5.17,

Di B {pst ⊆ mi ∶ (∃ j, χ) such that pst ⊆ χ(m j) and dχi j = 0},
bi B⋃{pst ⊆ mi ∶ pst /∈ Di}.

The following theorem which asserts that b = {bi}n
i=1 is the maximal canonical solution

of Γ.

Theorem 5.6 Suppose Γ = {viδi jv j}n
i, j=1 is a complete basic CDCd network. If N is

consistent, then b = {bi}n
i=1 as defined above, is a canonical solution of Γ. Furthermore,

it is the maximal canonical solution in the sense that for any canonical solution a =
{ai}n

i=1 of Γ, we have ai ⊆ bi.

The theorem can be proved similarly to Lemma 5.3. Note that we do not need to
compute the maximal connected component of bi, as we no longer require regions in
the solution to be connected.

We next adapt Algorithm 4 for CDCd. Recall that Algorithm 4 basically contains
five steps:

1. Compute projective IA networks;

2. Compute canonical interval solutions;
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3. Compute bi;

4. Compute ci;

5. Verify whether {ci}n
i=1 is a solution.

The first three steps do not need modification1. Step 4 is no longer necessary be-
cause {bi}n

i=1 would be the maximal canonical solution if the input network is consis-
tent. The last step should consequently use {bi}n

i=1 instead of {ci}n
i=1. Therefore, the

procedure for CDCd should be as follows.

1. Compute projective IA networks;

2. Compute canonical interval solutions;

3. Compute bi;

4’ Verify whether {bi}n
i=1 is a solution.

Recall that when we verify {ci}n
i=1 in Algorithm 4, we have made use of the con-

nectedness of ci to get a cubic complexity. This suggests we need a new subroutine
here for CDCd. To verify whether dir(bi,b j) = δi j holds for each pair of i, j, we need to
check whether bi ∩χ(m j) contains a pixel iff dχi j = 1, for 1 ≤ i, j ≤ n, χ ∈ TileName. The
intuitive idea is to check all the pixels in bi, pixel by pixel. However, as bi contains
O(n2) pixels, this intuitive approach would result O(n4) time complexity of Step 4’.
We next show that this can be also refined to O(n3).

Recall that a digital region b contained in T = [0,nx] × [0,ny] is represented by the
nx × ny Boolean matrix B(b). We now define a new matrix representation M(b) for b,
where for each 0 ≤ k < nx and 0 ≤ l < ny,

M(b)[k, l] = ∑{B(b)[p,q] ∶ 0 ≤ p ≤ k,0 ≤ q ≤ l}. (5.66)

That is to say, M(b)[k, l] is the number of pixels contained in ([0, k+1]×[0, l+1])∩b.
Note that M(b) is an nx×ny integer matrix. Given the Boolean matrix B(b) for a digital
region b, M(b) can be computed in O(nx × ny) = O(n2) time by iteratively adding the

1As mentioned above, the computation of projective IA networks slightly differs, as the case that
(d1,d2,d3) = (1,0,1) should be considered.
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k-th column to the (k+1)-th, and then iteratively adding the p-th row to the (p+1)-th.
Therefore, all M(bi) can be computed in cubic time.

The following proposition shows that M(b) can accelerate the calculation of the
number of pixels contained in b and an arbitrary rectangle.

Proposition 5.14 Let r = [x−, x+]×[y−, y+] be a rectangle and let b be a digital region,

both contained in T = [0,nx] × [0,ny]. Then b ∩ r contains a pixel iff

M(b)[x−−1, y−−1]+M(b)[x+−1, y+−1] > M(b)[x+−1, y−−1]+M(b)[x−−1, y+−1],
(5.67)

where M(b)[−1, l] = M(b)[k,−1] = 0.

Proof Because M(b)[k, l] denotes the number of pixels contained in ([0, k+1]×[0, l+
1]) ∩ b, the number of pixels in ([x−, x+] × [y−, y+]) ∩ b is M(b)[x+ − 1, y+ − 1] −
(M(b)[x− − 1, y+ − 1] + M(b)[x+ − 1, y− − 1]) + M(b)[x− − 1, y− − 1]. The conclusion
follows directly.

Therefore, given M(bi), it takes constant time to decide whether bi∩χ(m j) contains
a pixel for each χwith dχi j = 1. This implies that whether dir(bi,b j) = δi j can be checked
in O(n) time. This implies whether {bi}n

i=1 is a solution of Γ can be decided in cubic
time, provided M(bi) are given. Recall that all M(bi) can also be obtained in cubic
time. Therefore, the time complexity of Step 5, and hence the whole algorithm, is
O(n3) time.

Theorem 5.7 The consistency of a complete basic CDCd constraint network can be

decided in cubic time. If the network is consistent, then its maximal canonical solution

may also be computed in cubic time.

5.7.2 NP-hardness for cspsat(B☆CDCd
)

Now we discuss the consistency problem cspsat(B☆CDCd
) in CDCd. Note that the reduc-

tion for cspsat(B☆CDC) does not require regions to be connected. Therefore, the same
reduction is also applicable to CDCd, which implies that cspsat(B☆CDCd

) is NP-hard.
Because we have shown that cspsat(BCDCd) is in P, we have the following theorem.
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Theorem 5.8 Deciding the consistency of incomplete basic CDCd networks is NP-

complete.

This suggests that the O(n5) algorithm Consistency devised in [99] for determin-
ing the consistency of basic CDCd networks is incomplete. We now present a brief
discussion for the algorithm Consistency.

Suppose Γ is a possibly incomplete basic CDCd network. Consistency first trans-
forms constraints in Γ into a network Γpa of Point Algebra (PA) constraints (which is
possibly also incomplete). It then calls the Cspan algorithm of van Beek [104] to com-
pute a solution of Γpa and transforms the solution into a maximal one (see [99, Def-
inition 10 and Theorem 2] for the details). The algorithm then returns “consistency”
if this particular maximal solution satisfies a property called the “NTB property” [99,
Section 4.3], and returns “inconsistency” otherwise.

Because the PA network Γpa is possibly incomplete, it may have exponentially
many different (maximal) solutions.1 As a polynomial algorithm, Cspan returns only
one solution of Γpa. It has been proved [99, Theorem 3] that Γ is consistent if and only
if Γpa has a maximal solution which satisfies the NTB property. However, for some PA
network Γpa, only some, instead of all, maximal solutions satisfy the NTB property. So
to assure that Γ is inconsistent, we need to try all different maximal solutions of Γpa,
which may take exponential time. Consistency, however, checks the NTB property
for only one maximal solution (i.e., the one constructed based on the result of Cspan).
This explains why it is an incomplete algorithm for checking the consistency of basic
CDCd networks.

Take the inconsistent basic network in [99, Example 13] as an example. This net-
work is defined as

Γ = {x N∶E∶O y, x O∶S ∶W z, y S W z}. (5.68)

The inconsistency of Γ is detected by Cspan. In fact, Consistency first transforms
Γ into a network Γpa of PA constraints, and then computes a maximal solution of
Γpa based on the result of Cspan with input Γpa. Write m for this maximal solution.
Consistency finally returns “inconsistency” after finding that m does not satisfy the

1Two solutions of a PA network are regarded as different if the orderings of the points in the two
solutions are different.
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NTB property. So far so good. Let Γ′ be the network obtained by removing the third
constraint (y S W z) from Γ. It is easy to see that Γ′ is consistent. For this network,
Consistency first computes a set Γ′pa of PA constraints, which is a subset of Γpa, and
then tries to find a maximal solution of Γ′pa, which could possibly bem. If this happens,
the algorithm would return “inconsistency” for Γ′ because m does not satisfy the NTB
property. This is, however, incorrect.

Even so, the algorithm in [99] works correctly for complete basic CDC networks.
This is because, for a complete basic CDC network, the maximal solution (if any) of the
PA network Γpa is unique, and Consistency then checks whether this unique maximal
solution satisfies the NTB property. If the solution does not satisfy the NTB property,
Consistency would correctly return “inconsistency”, because there is no other maximal
solution which can satisfy the NTB property; in fact, there is no other maximal solution
at all.

5.8 Chapter Summary

In this chapter, we have proposed a cubic algorithm that decides the consistency of
complete basic CDC constraint networks, and then proved that deciding the consis-
tency of incomplete basic CDC networks is an NP-hard problem. These results draw a
sharp boundary between the tractable and intractable subclasses of the CDC. The CDC
is the first known qualitative calculus in which reasoning with conjunctive constraints
is NP-hard, while reasoning with explicit constraints is in P. These results are also ap-
plicable to CDCd, the cardinal direction calculus for possibly disconnected regions.
This suggests that the O(n5) algorithm in [99] is incomplete for checking the consis-
tency of basic CDC networks. Future work will consider approximating methods for
solving the consistency decision problem in the CDC.
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Chapter 6

Landmarks and Restricted Domains

6.1 Introduction

Landmarks (e.g., Sydney Opera House or Big Ben), are outstanding features in an en-
vironment [111], or visual points of reference that enhance the image ability of urban
spaces [68]. Research has shown that people prefer referring to landmarks in most
cases [102], e.g., in navigation or route planning. In fact, computer-based navigation
systems (e.g., Google Maps) are trying to integrate landmarks into traditional frame-
works to provide more effective and user-friendly interfaces.

Although the QSTR has been increasingly influential in the past, there is a consen-
sus that breakthroughs are necessary to bring spatial/temporal reasoning theory closer
to practical applications. One reason might be that the language used in the qualitative
reasoning scheme is somewhat restricted: constraints in a qualitative CSP only relate
variables that can be interpreted by arbitrary elements from the universe, and thus they
cannot express landmarks properly. Consider the following example. Suppose you are
recommended a restaurant in Sydney by a friend who has dined there before. The spa-
tial information about the restaurant may be similar to “it is in downtown and close to a
MacDonald’s, and it is to the west of or southwest of Central Station.” In this example,
topological, directional, and distance information appears together. Furthermore, while
the position of the restaurant may be totally unknown, the position of Central Station
is fixed as a landmark, and the position of downtown is also fixed somehow, but the
position of “MacDonald’s” is only finitely fixed because there are several branches of
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MacDonald’s in downtown Sydney.
This chapter extends the framework of qualitative constraint satisfaction problems

by allowing variables to be finitely restricted, i.e., a variable can be interpreted by an
entity from a finite subset of the universe in a qualitative calculus. In particular, a vari-
able is called a landmark if it can only be interpreted by one fixed entity in the universe.
In other words, a landmark is a symbol representing a constant entity in the universe.
An important question is, how does this extension (i.e., introducing finitely restricted

variables, or landmarks) affect the computational complexity of deciding the consis-

tency of qualitative CSPs? This chapter answers this question for several of the most
important qualitative calculi, viz. Point Algebra (PA), Interval Algebra (IA), Cardinal
Relation Algebra (CRA), and RCC-5/RCC-8, and is organised as follows. Section 2
formalises the extended consistency problem and provides a summary of novel results.
Section 3 discusses the point-based qualitative calculi PA, IA and CRA. For PA, we
show that the extended consistency problem is still tractable. For IA and CRA, be-
cause the classical consistency problem is already NP-hard in general, we focus on
basic networks. It will be shown that, for basic IA or CRA networks introduced with
landmarks (finitely restricted variables resp.), the consistency problem is still tractable
(NP-complete resp.). Section 4 studies the consistency problems in the standard RCC-
5/RCC-8 models (viz., interpreted in the 2-dim Euclidean topology), including one
subsection for background knowledge in computational geometry. For RCC-5, the
complexity of the extended consistency problem is similar to that of IA and CRA. For
RCC-8, it will be shown that the extended consistency problem is NP-hard even in the
most simple case (i.e., basic networks involving only landmarks).

6.2 Formalisation and Summary of Results

As discussed in the preliminary chapter, there are two differences between the consis-
tency problem in QSTR and the classical CSP problem:

• The consistency problem in QSTR assumes that every variable may take any

value in the universe, while the classical CSP specifies for each variable a domain
of its own.

132



• The constraints in the consistency problem in QSTR are restricted to the relations
in the qualitative calculus.

The first assumption is quite a restriction of the expressive power of the consistency
problem in QSTR, but it can be generalised in a direct way, as shown in the following
definition.

Definition 6.1 LetM be a qualitative calculus on universe U. Suppose S is a subset

of M. The extended consistency problem, denoted by cspsatM, f (S), is defined as

follows, where the subscript ‘ f ’ stands for ‘finite’:

Instance: A 3-tuple (V,Γ,D). Here V is a finite set of variables {v1, v2,⋯, vn},

D is an n-tuple (D1,D2,⋯,Dn) where each Di is either the universe U, or a

nonempty finite subset of U, and Γ is a constraint network with respect to vari-

ables in V.

Question: Is there an interpretation I ∶ V → U such that (i) I(vi) ∈ Di for each

vi in V, and (ii) all constraints in Γ are satisfied?

We say variable vi appearing in such an instance is finitely restricted if its domain Di

is finite. In particular, if Di contains only one element, we say vi is uniquely restricted
or a landmark. If interpretation I satisfies all constraints in Γ and I(vi) ∈ Di for each

i, then we say I is a solution of (V,Γ,D) and say (V,Γ,D) is consistent or satisfiable.

As a special case, if each Di is either the universe U or a singleton, we write

the corresponding consistency problem cspsatM,s(S), where the subscript ‘s’ denotes

‘singleton’.

Notation If the qualitative calculus M is clear from the context, we simply write
cspsat f and cspsats for cspsatM, f and cspsatM,s respectively.

We also call cspsatM(S) the classic consistency problem to distinguish it from
the extended consistency problem. An instance of the classic consistency problem
cspsatM(S) is clearly also an instance of cspsatM, f (S) or cspsatM,s(S): We only
need to let all Di be the universe. We have the following general results.

Proposition 6.1 SupposeM= (U,B∗) is a qualitative calculus with basic relation set

B, and S is a subset of B∗. Then we have
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i) cspsat(S) ⊂ cspsats(S) ⊂ cspsat f (S);

ii) cspsat f (S) is in NP if cspsat f (B) is in NP;

iii) cspsat f (S) is in NP if cspsats(S) is in NP.

Proof (i) follows directly from the definition. As for (ii), suppose we already have
a nondeterministic Turing machine T0 which solves cspsat f (B) in polynomial time.
Given a non-basic constraint network (V,Γ,D), it is consistent iff there is a consistent
basic constraint network Γ′ that refines Γ in the sense that for each constraint xαy in Γ

there exists a constraint xα′y in Γ′ such that α′ ⊆ α. So we devise a nondeterministic
Turing machine T as follows. T first guesses a refinement (V,Γ′,D) of (V,Γ,D), and
then calls T0 to decide the consistency of (V,Γ′,D). T ′ asserts the instance to be con-
sistent if T returns consistent in any branch. It is clear that the nondeterministic Turing
machine T decides the consistency of (V,Γ,D) in polynomial time. Similar argument
applies to (iii).

By the above proposition, the computational complexity of cspsat f is in general
higher than that of cspsats and cspsat, as far as the same subset S of the same calculus
is considered. In particular, recall that the classic consistency problems for CRA, IA,
RCC5 and RCC8 are all NP-complete. We have the following corollary.

Corollary 6.1 Suppose qualitative calculusM is one of IA, CRA, RCC-5, and RCC-8.

Then the extended consistency problems cspsatM,s(B∗M) and cspsatM, f (B∗M) are both

NP-hard.

Table 6.1 provides a summary of complexity results of cspsatM(S), cspsatM,s(S)
and cspsatM, f (S), where qualitative calculusM is Point Algebra, Cardinal Relation
Algebra, Interval Algebra, RCC-5 or RCC-8, and S is either BM or B∗

M
(i.e., we

consider the basic networks and the most general case). Original nontrivial results are
underlined.

In the following sections, we first consider point-based calculi PA, CRA, and IA,
and then consider region-based calculi RCC5 and RCC8. Unlike point-based calculi,
the geometrical representation (in particular, shape and location) of the landmarks may
affect the existence of solutions in the plane. To make the analysis more meaningful,
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M PA CRA, IA RCC-5 RCC-8
S BPA B∗PA BM B∗

M
BRCC5 B∗RCC5 BRCC8 B∗RCC8

cspsatM(S) P P P NP-C P NP-C P NP-C
cspsatM,s(S) P P P NP-C P NP-C NP-C NP-C
cspsatM, f (S) P NP-C NP-C NP-C NP-C NP-C NP-C NP-C

Table 6.1: Computational complexity results summary

we assume that all the landmarks in RCC5 and RCC8 constraint networks are repre-
sented as polygons which may have different connected components and holes. This
assumption is practical because polygons are the most widely used approximations of
regions in spatial databases.

6.3 Point-based Qualitative Calculi

This section discusses the extended problems for point-based qualitative calculi, viz.,
the Point Algebra, Interval Algebra, and Cardinal Relation Algebra.

6.3.1 Some simple results

To prove the computational complexity results, we will need the following convention
for specifying instances and the notion of a finitely restricted sub-instance.
Notation Suppose (X,Γ,D) is an instance of cspsatM, f (S), where X = {x1, x2,⋯, xt},
D = (D1,⋯,Dt), and Γ = {xiαi jx j}. Let U be the set of variables in X the domains of
which are finitely restricted, i.e., U = {xi ∈ X ∶ Di is a finite subset of UM}. Moreover,
denote V = X ∖U, and DU = {Di ∶ xi ∈ U}. Then the instance (X,Γ,D) is also specified
by or referred as (V ⊎U,Γ,DU).

Definition 6.2 Suppose (V ⊎ U,Γ,DU) is an instance of cspsatM, f (S). Let ΓU be the

restriction of Γ with respect to U, i.e., ΓU = {uiαi ju j ∶ uiαi ju j ∈ Γ,ui,u j ∈ U}. Then

(U,ΓU ,DU) is also an instance of cspsatM, f (S), and we call it the finitely restricted
sub-instance of (V ⊎U,Γ,DU).

For basic constraint networks in PA, IA and CRA, we have the following general
results.
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Lemma 6.1 Let qualitative calculus M be one of PA, IA, and CRA. Suppose (V ⊎
U,Γ,DU) is an instance of cspsatM, f (BM), where V = {v1, v2,⋯, vn}, U = {u1,u2,⋯,um},

DU = (Di,⋯,Dm), (D j is a finite subset of UM). Then (V ⊎ U,Γ,DU) is consistent iff

(i) its the finitely restricted sub-instance (U,ΓU ,DU) is consistent, and (ii) Γ is path-

consistent.

Proof The necessity of conditions (i) and (ii) is clear. We next prove the sufficiency
for Point Algebra.

Because the finitely restricted sub-instance (U,ΓU ,DU) is consistent, it has a so-
lution, say b = (b1,⋯,bm). Note that b is a partial solution of cspsat(BPA) instance
(V ∪ U,Γ), and thus can be extended to a solution b′ of (V ∪ U,Γ). It can be directly
proved that b′ is also a solution of (V⊎U,Γ,DU). Therefore (V⊎U,Γ,DU) is consistent.

The cases for IA and CRA can be proved in the same method.

The following conclusion follows directly.

Corollary 6.2 The extended consistency problems cspsatM,s(BM) are in P for quali-

tative calculusM being one of PA, IA, and CRA.

Proof The path-consistency of Γ. can be checked in O((n+m)3) time. The consistency
of (U,ΓU ,DU) can be decided in O(m2) time, as we only need to check for each pair of
variables ui and u j in U whether the values specified for them, say, li and l j respectively,
satisfy the constraint between them. Therefore, cspsatM,s(BM) is in P.

Lemma 6.2 Let qualitative calculusM be one of PA, IA, and CRA. Let S be a tractable

subclass ofM which contains all the basic relations. Then cspsatM,s(S) is tractable.

Proof We prove the case of PA. Suppose (V ⊎U,Γ,DU) is an instance of cspsats(S),
where U = {u1,⋯,um}. Suppose landmark ui can only be assigned with value li. Fur-
thermore, suppose the relation between li and l j is βi j, and we then replace the con-
straint about ui and u j in Γ by uiβi ju j, for all pairs ui and u j. Denote the obtained
constraint network by Γ′. Note that (V ⊎ U,Γ′,DU) is still an instance of cspsats(S),
since S contains all the basic relations. Clearly (V ⊎ U,Γ,DU) is consistent iff (i)
the constraint uiαu j about ui and u j in Γ satisfies (βi j ⊆ α, and (ii) (V ⊎ U,Γ,DU) is
consistent.
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We claim that, (V ⊎ U,Γ′,DU) is consistent iff (V ∪ U,Γ′) is consistent. The
necessity is obvious. For the sufficiency, suppose (V ∪ U,Γ′) has a solution a =
(a1,⋯,an,b1,⋯,bm) where vi ∈ V is assigned with ai and u j ∈ U is assigned with
b j. We now transform a to make it consistent with the fix values specified for land-
marks. W.o.l.g., suppose s < b1 ≤ b2 ≤ ⋯ ≤ bm < t (this can be achieved by renaming
variables in U), and b1 is larger than any l j (this can be achieved by adding a sufficient
large number to all ai and b j). For each ai, define a′i as follows. If there exists some b j

such that ai = b j, then a′i = l j. Otherwise, there exists some t such that bt < ai < bt+1

(supposing b0 = s and bm+1 = t), and a′i is defined as lt + (ai − bt) × (lt+1 − lt)/(bt+1 − bt)
(supposing l0 = l1 − 1 and lm+1 = lm + 1). It is clear that a and a′ = (a′1,⋯,a′n, l1,⋯, lm)
respect the same ordering. Therefore a′ is also a solution of (V ∪ U,Γ′), and hence
solution of (V ⊎U,Γ′,DU).

Therefore, (V ⊎U,Γ,DU) is consistent iff (i) the constraint uiαu j about ui and u j in
Γ satisfies (βi j ⊆ α, and (ii) (V ∩U,Γ′) is consistent. The first condition can be checked
in O(m2) time. The second condition can be decided in polynomial time, because
(V ∩ U,Γ′) is an instance of cspsatPA(S) and S is tractable. Therefore, cspsatPA,s(S)
is tractable.

The cases of IA and CRA can be similarly proved.

Because cspsatPA(B∗PA) is tractable, we have the following result.

Corollary 6.3 cspsatPA,s(B∗PA) is also tractable.

For qualitative calculusM being IA, CRA, the NP-completeness of cspsatM(B∗
M

)
and the tractability of cspsatM,s(BM) imply that cspsatM, f (B∗M) is NP-complete. There-
fore, it remains to determine:

- The complexities of cspsatPA, f (BPA) and cspsatPA, f (B∗PA).

- The complexities of cspsatM, f (BM) for qualitative calculusM being IA, CRA.

We will address these two problem in separate subsections.

6.3.2 Point Algebra

In this section we prove that cspsat f (BPA) is in P but cspsat f (B∗PA) is NP-complete.
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The following proposition shows that any consistent instance of cspsat f (BPA) has
a minimal solution in a sense.

Proposition 6.2 Suppose (V,Γ,D) is an instance of cspsat f (BPA) such that each Di is

a finite subset of R. If (V,Γ,D) is consistent, then there is a unique solution (a1,⋯,an)
such that ai ≤ a′i (1 ≤ i ≤ n) holds for any other solution (a′1,a

′

2,⋯,a′n). Furthermore, if

Γ = {vi < v j}1≤i< j≤n, then

- a1 = min D1;

- ak = min{x ∈ Dk ∶ x > ak−1} for k = 2,3,⋯,n.

Proof Assume Γ = {vi < v j}1≤i< j≤n. This does not lose generality because we can com-
bine variables related by = constraints and then sort the variables by the <,> constraints.
Every Di is a finite set, so (V,Γ,D) has only finitely many, say k, solutions. Suppose
(ai

1,a
i
2,⋯,ai

n) (i = 1,2,⋯, k) enumerate all the solutions. Let a j = min{ai
j}1≤i≤k. It can

be proved that (a1,a2,⋯,an) is the minimal solution and satisfies the property. The
proof is simple and omitted here.

We propose a polynomial algorithm that solves cspsat f (BPA). For an instance
(V,Γ,D), we first transform it into its finitely restricted sub-instance (V ′,Γ′,D′). We
then decide the consistency of the sub-instance by attempting to compute (a1,⋯,an)
by equations in Proposition 6.2. If we fail in the k-th step due to the emptiness of
{x ∈ Dk ∶ x > ak−1}, we may conclude that the sub-instance, and thus the original in-
stance, is inconsistent. If we succeed in computing (a1,a2,⋯,an), then it is a solution
of the sub-instance and can be extended to a solution of the original instance. The
soundness of the algorithm is clear by the above argument.

Theorem 6.1 Algorithm 5 solves the cspsat f (BPA).

We next analyse the complexity of the algorithm. Suppose there are n variables in
V , and the sum of the cardinalities of all finite Di is L. Then the input size is O(n2 + L)
(n2 constraints and L points). The following proposition shows the optimality of the
algorithm. The proposition adopts a reduction from the 3-SAT problem, though a
simpler reduction from the graph 3-colouring problem is also available.
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Input: cspsat f (BPA) instance (V,Γ,D)
Output: The consistency of (V,Γ,D)

1 if Γ is not consistent then
2 return ‘Inconsistent’;
3 (V ′,Γ′,D′) ← finitely restricted sub-instance of (V,Γ,D);
4 Sort V ′ to v′1 < ⋯ < v′n′ by Γ′, modify D′ correspondingly;
5 a1 ← min D′

1;
6 for 2 ≤ k ≤ n′ do
7 if ak−1 ≥ max D′

k then
8 return ‘Inconsistent’;
9 ak ← min{x ∈ D′

k ∶ x > ak−1};
10 end
11 return ‘Consistent’.

Algorithm 5: Solving cspsat f (BPA)

Proposition 6.3 The complexity of Algorithm 5 is O(n2 + L).

Proof The consistency of Γ can be computed in O(n2) time by Algorithm cspan pro-
posed in [106]. Sorting V ′ takes O(n log n) time. Let li be the cardinality of D′

i.
Then step ‘a1 ← D′

1’ takes O(l1) time, and the i-th loop body takes O(li+1) time
(i = 1,2,⋯,n′ − 1). Therefore, the complexity of the algorithm is O(n2 + n log n +
l1 + l2 +⋯ + ln′) = O(n2 + L).

Despite the fact that both cspsat(B∗PA) and cspsat f (BPA) are in P, the next theorem
shows that cspsat f (B∗PA) is NP-hard.

Theorem 6.2 The consistency problem cspsat f (B∗PA) is NP-complete.

Proof The NP-membership of cspsat f (B∗PA) follows from Proposition 6.1(ii) and that
cspsat f (BPA) is in P. We provide a polynomial reduction from 3-SAT to cspsat f (B∗PA).
Suppose φ = ⋀m

j=1 c j is a 3-SAT instance involving propositional variables p1, p2,⋯, pn.
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A cspsat f (B∗PA) instance (V,Γ,D) is constructed as follows:

V = {v1, v2,⋯, vn} ∪ {u1,u2,⋯um},
D = (Dv1 ,Dv2 ,⋯,Dvn ,Du1 ,Du2 ,⋯,Dum), where

Dvi = {2i − 1,2i}
Du j = {2i ∶ pi ∈ Var+(c j)} ∪ {2i − 1 ∶ pi ∈ Var−(c j)}

Γ = {vi ≠ u j ∶ pi ∈ Var(c j)}.

Note that constraints that are not explicitly specified are assumed to be universal ones.
Intuitively, a temporal variable vi taking the value 2i − 1 (2i resp.) corresponds to

propositional variable pi being assigned true(false, resp.). Suppose Var(c j) = {p j1 , p j2 , p j3}.
Note Du j has only three elements, and the following three constraints

u j ≠ v j1 , u j ≠ v j2 , u j ≠ v j3

exclude the case that v jt takes 2 jt for p jt ∈ Var+(c j) or 2 jt − 1 for p jt ∈ Var−(c j), where
t = 1,2,3 (otherwise, v j1 , v j2 , v j3 occupy all the elements in Du j . In other words, these
constraints exclude the assignments that make all literals in c j false. It is straightfor-
ward to show that φ is satisfiable if and only if (V,Γ,D) is consistent. The reduction is
clearly polynomial. Therefore, the consistency problem cspsat f (B∗PA) is NP-complete.

Remark 6.1 The NP-hardness is due to the uncertainty of the ≠ constraints and the

finiteness of the domains. In fact it can be proved that cspsat f (S) is in P for S = {<
,=,>,≤,≥, ?} (i.e., only the ≠ constraints are prohibited). A polynomial algorithm can

be devised with similar idea, except that the variables are sorted into a partial order

instead of a total order.

6.3.3 Cardinal Relation Algebra

This section provides a polynomial reduction from 3-SAT to cspsat f (BCRA). 1 Sup-
pose φ = ⋀m

j=1 c j is a 3-SAT instance over propositional variables p1, p2,⋯pn, where

1A much clearer and simpler reduction from the graph 3-colouring problem is suggested by an
review when the content of this chapter was submitted the Artificial Intelligence Journal. We here,
however, still provide the original reduction from 3-SAT.
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clause c j = l j,1 ∨ l j,2 ∨ l j,3. We construct in polynomial time an instance (Vφ,Γφ,Dφ) of
cspsat f (BCRA) such that (Vφ,Γφ,Dφ) has a solution ν if and only if φ is satisfied by a
propositional assignment π ∶ {p1, p2,⋯pn} → {true, false}.

Figure 6.1: Overview of the configuration of all spatial variables in CRA, where we
assume pi ∈ Var(c j)

We introduce for each propositional variable pi and each propositional clause c j a
‘gadget’. The gadget for pi is a spatial variable vi which is located in the i-th top dashed
box in Figure 6.1; and the gadget for c j consists of five spatial variables u j,1,u j,2,u j,3, x j

and y j, which are all located in the j-th top solid box in Figure 6.1. Suppose l j,s, the s-
th literal in clause c j, is pi or ¬pi. To establish the connection between spatial variable
vi and spatial variable u j,s, we introduce the spatial variable di, j, which is located in the
dots box.

The domain of vi is Dvi = {V+

i ,V
−

i }, and the domain of us
j is Du j,s = {U+

j,s,U
−

j,s}
(1 ≤ j ≤ m, s = 1,2,3) (see Figure 6.2 (a) for illustration). We intend to translate
a propositional assignment π into a spatial assignment ν, such that π(pi) = true if
ν(vi) = V+

i and π(pi) = false if ν(vi) = V−

i . Assuming the literal l j,s is either pi or ¬pi,
the point assigned to u j,s should be somehow decided by the point assigned to vi. In
detail, we would like to require that

• If l j,s = pi, then ν(u j,s) = U+

j,s iff ν(vi) = V+

i ;
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• If l j,s = ¬pi, then ν(u j,s) = U+

j,s iff ν(vi) = V−

i .

The spatial variable di, j is introduced to transfer the position of vi to that of u j,s. The
domain of di, j is specified as Ddi, j = {D+

i, j,D
−

i, j}, where the positions of D+

i, j and D−

i, j

depend on l j,s being pi or ¬pi (see Figure 6.2) (c)(d). With constraints

vi W di, j, di, j N u j,s,

it is clear that the requirements are fulfilled (cf. Figure 6.2 (c)(d)).

(a) (b)

(c) (d)

Figure 6.2: Illustrations of the domains of (a) vi, (b) u j,s, (c) (d) di, j, where l j,s = pi in
(c) and l j,s = ¬pi in (d)

Clause c j = l j,1 ∨ l j,2 ∨ l j,3 is not satisfied by a propositional assignment π if and
only if none of l j,s is satisfied by π, which corresponds to that u j,s all take positions
U−

j,s. Such configurations are excluded by spatial variables x j and y j in the gadget for
c j. Their domains are respectively Dx j = {X1

j ,X
2
j ,X

3
j} and Dy j = {Y1

j ,Y
2
j }, depicted in

Figure 6.3. The following constraints about x j and y j are imposed:

c j,1 NW x j, x j NW c j,2, x j NW y j, y j NW c j,3.

The first two constraints imply that ν(x j) = X1
j if ν(u j,1) = U−

j,1 and ν(u j,2) = U−

j,2. The
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latter two further imply that, if ν(x j) = X1
j and ν(u j,3) = U−

j,3, then y j is not realisable,
because neither Y1

j nor Y2
j can satisfy the constraints. These four constraints together

enforce that y j is not realisable if ν(u j,s) = U−

j,s hold for s = 1,2,3. Furthermore, it can
be verified that x j and y j are realisable in any other configuration of u j,1,u j,2,u j,3.

(a) (b)

Figure 6.3: Illustrations for the domain of (a) X j and (b) Y j

Now we have finished the construction of the cspsat f (BCRA) instance (Vφ,Γφ,Dφ).
In summary,

Vφ ={v1,⋯, vn} ∪ {u j,1,u j,2,u j,3, x j, y j}1≤ j≤m

∪ {di, j ∶ pi ∈ Var(c j)},
Dvi ={V+

i ,V
−

i }, Du j,s = {U+

j,s,U
−

j,s} (s = 1,2,3),
Dx j ={X1

j ,X
2
j ,X

3
j}, Dy j = {Y1

j ,Y
2
j }, Ddi, j = {D+

i, j,D
−

i, j}.

Note that only a part of the constraints between variables in Vφ have been explicitly
expressed. The rest of the constraints can be trivially inferred from the configurations
of the domains given in Figures 6.1 - 6.3. For completeness, we list all constraints in
Table 6.2.

Following the idea clarified in the above construction, the following proposition
can be proved. We only need to translate a satisfying truth assignment π of φ to a
solution ν of (Vφ,Γφ,Dφ), and vice versa.

Proposition 6.4 Given a 3-SAT instance φ, suppose (Vφ,Γφ,Dφ) is the cspsat f (BCRA)
instance as constructed above. Then φ is satisfiable if and only if (Vφ,Γφ,Dφ) is con-
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vi ci,l, xi, yi di, j

NW (i′ < i) W(i′ = i)
vi′ EQ (i′ = i) NW NW(i′ < i)

SE (i′ > i) SW(i′ > i)
ci′,l′ , NW (i′ < i) SW (i′ < i)
xi′ , see (b) (i′ = i) see (b) (i′ = i)
yi′ SE (i′ > i) SE (i′ > i)

di′, j′ see (c)
(a)

ci,1 ci,2 ci,3 xi yi di,1 di,2 di,3

ci,1 EQ NW NW NW NW S SW SW
ci,2 SE EQ NW SE NE SE S SW
ci,3 SE SE EQ SE SE SE SE S
xi SE NW NW EQ NW SE SW SW
yi SE SW NW SE EQ SE SW SW

(b)
i′ < i i′ = i i′ > i

j′ < j di′, j′NWdi, j di′, j′Wdi, j di′, j′S Wdi, j

j′ = j di′, j′NWdi, j di′, j′EQdi, j di′, j′S Edi, j

j′ > j di′, j′NEdi, j di′, j′Edi, j di′, j′S Edi, j

(c)

Table 6.2: Constraints between variables in Vφ
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Variable Assignments
c j,1 + + + + - - -
c j,2 + + - - + + -
c j,3 + - + - + - +

x j 2 2 2 2 3 3 1
y j 1 1 1 1 1 1 2

Table 6.3: The assignments of x j and y j, determined by those of c j,s, where symbol ‘+’
(‘-’ resp.) stands for c j,s being assigned C+

j,s (C−

j,s resp.), and the number k (1,2 or 3)
stands for x j (y j, resp.) being assigned Xk

j (Yk
j , resp.).

sistent.

Proof Suppose φ is satisfied by a truth assignment π ∶ {p1,⋯, pn} → {true, false}.
Recall the spatial variables c j,1, c j,2, and c j,3 cannot be, simultaneously, assigned C−

j,1,
C−

j,2, and C−

j,3 respectively. We construct a solution ν of (Vφ,Γφ,Dφ) as follows.

• ν(vi) = V+

i if π(pi) = true, and ν(vi) = V−

i if π(pi) = false.

• ν(c j,s) = C+

j,s if the s-th literal l j,s in clause c j is satisfied by π. Otherwise, ν(c j,s) =
C−

j,s.

• ν(di, j) = D+

i, j if either (i) π(pi) = true and pi ∈ Var+(c j), or (ii) π(pi) = false and
pi ∈ Var−(c j). Otherwise ν(di, j) = D−

i, j.

• ν(x j) and ν(y j) are decided by ν(c j,1), ν(c j,2) and ν(c j,3), see Table 6.3 for de-
tails.

It can be verified that ν satisfies all the constraints in Γφ.
On the other hand, suppose (Vφ,Γφ,Dφ) has a solution ν ∶ Vφ → ⋃v∈Vφ Dv. Let π

be the propositional assignment for the propositional variables in φ defined by π(pi) =
true iff ν(vi) = V+

i . We claim that π satisfies φ. Otherwise suppose π does not satisfy
c j = l j,1 ∨ l j,2 ∨ l j,3, i.e., π(l j,1) = π(l j,2) = π(l j,3) = false. In this case, we can prove that
ν(c j,1) = C−

j,1, ν(c j,2) = C−

j,2, and ν(c j,3) = C−

j,3, which implies that ν is not a solution
since x j and y j are not realisable simultaneously under such configuration.

Therefore φ is satisfiable if and only if (Vφ,Γφ,Dφ) is consistent.
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Note that for an 3-SAT instance φ with n propositional variables and m clauses, the
cspsat f (BCRA) instance (Vφ,Γφ,Dφ) contains in total n+8m spatial variables, 2n+17m

specified points in all domains, and (n + 8m)2 basic CRA constraints. Therefore, the
reduction is polynomial. Together with Proposition 6.1, we have

Corollary 6.4 The problem cspsat f (BCRA) is NP-complete.

6.3.4 Interval Algebra

Now we turn to the consistency problem cspsat f (BIA). Noticing that an interval [x, y]
naturally corresponds to the point (x, y) on the half-plane {(x, y) ∶ x < y}, we de-
vise the following reduction from 3-SAT by reusing the reduction for CRA above.
Assume φ is a 3-SAT instance and (Vφ,Γφ,Dφ) is the corresponding cspsat f (BCRA)
instance. Suppose Vφ = {u1,⋯,un}, Γφ = {uiαi ju j ∶ 1 ≤ i, j ≤ n} and Dφ = (D1,⋯,Dn},
where Di = {d1

i ,⋯,dti
i }. We now translate (Vφ,Γφ,Dφ) into a cspsat f (BIA) instance

(V ′

φ,Γ
′

φ,D
′

φ), where Γ′φ is a basic IA network. The translation maps

- each variable ui in Vφ to variable u′i in V ′

φ;

- each basic CRA relation αi j to a basic IA relation βi j as specified in Table 6.4;

- each point (x, y) in Di to an interval [x, y + ∆] in D′

i, where ∆ is a large number
such that x < y + ∆ for any (x, y) in ⋃n

i=1 Di.

αi j NW N NE W EQ E SW S SE
βi j di si oi fi eq f o s d

Table 6.4: Translation of the constraints

We show that the translation reserves consistency.

Proposition 6.5 The instance (Vφ,Γφ,Dφ) in cspsat f (BCRA) is consistent if and only if

the instance (V ′

φ,Γ
′

φ,D
′

φ) in cspsat f (BIA) is consistent.

Proof Suppose (a1,⋯,an) is a solution of (Vφ,Γφ,Dφ), where ai = (xi, yi) ∈ Di. Define
interval a′i = [xi, yi + ∆] ∈ D′

i. We prove that (a′1,⋯,a′i) is a solution of (V ′

φ,Γ
′

φ,D
′

φ).
It is clear that a′i ∈ D′

i by the translation from Di to D′

i. We need only verify that all
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constraints in Γ′ are satisfied by (a′1,⋯,a′i). This can be done by discussing each of the
nine kinds of basic IA constraints in Γ′φ.

Suppose u′i di u′j is a constraint in Γ′φ. We need prove that [xi, yi +∆] di [x j, y j +∆],
i.e., xi < x j < y j + ∆ < yi + ∆. By the translation we know that ui NW u j is in Γφ.
Therefore (xi, yi) NW (x j, y j), i.e., xi < x j and yi > y j. Meanwhile x j < y j + ∆ is
guaranteed by the selection of ∆. So the constraint u′i di u′j is satisfied by (a′1,⋯,a′n).
The rest eight cases can be proved analogously.

Therefore we obtain the following corollary.

Corollary 6.5 The problem cspsat f (BIA) is NP-complete.

Proof We have provided a reduction from 3-SAT which is clearly polynomial. Mean-
while, the problem is in NP by Proposition 6.1.

So far, we have finished the discussion for point-based qualitative calculi PA, IA
and CRA. The next section will address region-based qualitative calculi RCC-5 and
RCC-8.

6.4 Qualitative Calculi RCC-5 and RCC8

This section discusses the extended consistency problem in RCC-5 and RCC-8 1. Note
that although the universe of RCC-5 (or RCC-8) is the set of all regions, this section
assumes that all the landmarks are polygons. This is because landmarks, as inputs
of instances, are required to be representable by computers, (or in other words, they
should be finitely representable). Meanwhile, general polygons (which may have holes
or be disconnected) are the most widely used approximations of regions: they are
simple, intuitive, and expressive 2.

1We consider standard RCC models interpreted on the 2-dim Euclidean topology, which is the most
influential and useful RCC model. Note that different RCC models may result in different computational
complexity (see Section 6.4.3.3 for an example.

2Semi-algebraic curve is another method for region representation. Although semi-algebraic curves
are more expressive than polygons, the operations (such as union and intersection) on them are much
more complicated, and the topological expressive ability of semi-algebraic curves and polygons are the
same.
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Under the assumption that all landmarks are represented by general polygons, we
show in this section that all these consistency problems are in NP. In particular, we
show that cspsats(BRCC5) is in P, but that cspsat f (BRCC5) and cspsats(BRCC8) are all
NP-complete. It is not surprising that cspsat f (BRCC5) is NP-complete if we regard the
finitely restricted sub-instance of each instance of cspsat f (BRCC5) as a classical CSP,
but the NP-hardness of cspsats(BRCC8) is quite undesirable. One way to circumvent this
obstacle is to use a stronger connectedness instead of the one used in Definition 6.3.

The remainder of this section is organised as follows. Several of our computational
complexity results are related to computing the intersection of landmarks (represented
as polygons), so we first analyse the computational complexity of computing the in-
tersection of multiple polygons in Subsection 6.4.1. The tractability of cspsats(BRCC5)
is then proved in Subsection 6.4.2. Subsection 6.4.3 shows that cspsats(BRCC8) is NP-
complete if the RCC8 relations are interpreted as in Definition 6.3, and proves that
the same problem is in P (i.e. tractable) if we adopt another interpretation that uses a
stronger connectedness.

6.4.1 Planar subdivision and overlay computation

In the following subsections we will see that computing the intersection of landmarks
(represented as polygons) is critically important when solving the consistency prob-
lems for RCC5 and RCC8 in the extended QCSP framework. To facilitate the discus-
sion, this subsection analyses the computational complexity of computing the intersec-
tion of multiple polygons. Our discussion is based on the doubly-connected edge list

(DCEL) structure for representing planar subdivisions (cf. e.g. [18]).
Informally speaking, a subdivision is a general plane object composed of points

and line segments, and an overlay is the collection of multiple subdivisions. In detail,
a subdivision, is the map induced by a planar embedding of a graph. The embedding
of nodes (arcs, resp.) of the graph is called vertices (edges, resp.) in the subdivision,
where each edge is required to be a straight line segment. A face of the subdivision
is a maximal connected subset of the remaining part of the plane excluded by all the
edges and vertices. Note that faces in a subdivision are decided by the vertices and
edges, and may have holes 1. The complexity of a subdivision is defined as the sum

1Note that there is a unique unbounded face.
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of the number of vertices, the number of edges, and the number of faces in the subdi-
vision. For example, the subdivision of the rectangle in Figure 6.4 (a) has two faces
(Figure 6.4 (a)), four vertices (Figure 6.4 (b)) and four edges (Figure 6.4 (c)), and thus
its complexity is ten.

(a) (b) (c)

(d) (e) (f)

Figure 6.4: An example of subdivision

Note that the subdivisions (which are composed of vertices, edges and faces) need
to be represented by data structures in computers. Though various kinds of data struc-
tures may be used to represent subdivisions, the doubly-connected edge list (DCEL) is
quite popular as the overlay of two subdivisions which are represented by DCELs can
be efficiently computed (see below). The DCEL considers each edge in a subdivision
as two directed half-edges with opposite directions. A half-edge has a vertex as its
origin, and another vertex as its end. Briefly, the DCEL maintains a set of records for
faces, half-edges, and vertices respectively, which takes O(K) space for a subdivision
with complexity K :

(i) For each vertex, the DCEL stores its coordinates, and a pointer to one half-edge
(arbitrarily chosen if not unique) that has the vertex as its origin.

(ii) For each face, the DCEL stores a pointer to one (arbitrarily chosen) edge which
is on its outer boundary, and also records all its holes by maintaining a list which
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contains a pointer to one (arbitrarily chosen) half-edge on the boundary of each
hole.

(iii) For each half-edge, the DCEL stores a pointer to its origin vertex, a pointer to
its dual half-edge, and a pointer to its bounding face (i.e., the face at the left
side of the directed half-edge) as well as two pointers to the next and previous
half-edges on the boundary of the above bounding face.

The overlay of two subdivisions S 1 and S 2 is defined to be the subdivision of the
plane induced by all the edges from S 1 and S 2. Figure 6.4 (e) and (f) illustrate the
overlay of the rectangle in Figure 6.4 (a) and the triangle in Figure 6.4 (d). The overlay
has four faces, eleven edges and nine vertices, and hence its complexity is twenty-four.
In the sequel, we write Face, Edge, and Vtx respectively for the set of faces, the set
of edges, and the set of vertices in an overlay subdivision. In general, we have the
following result about the complexity of overlay computation.

Theorem 6.3 [18, Theorem 2.6] Let S 1 be a planar subdivision of complexity k1, let

S 2 be a subdivision of complexity k2. The overlay of S 1 and S 2 can be constructed in

O((k1 + k2 + k) log(k1 + k2)) time, where k is the complexity of the overlay.

The following corollary relaxed the above result.

Corollary 6.6 Let S be the overlay of subdivisions S 1 and S 2. Assume that the com-

plexity of S is k. Then S can be computed in O(k log k) time from S 1 and S 2.

Proof Clearly S is at least complex as each of S 1 and S 2, so k is no less than max(k1, k2).
Therefore k is Ω(k1+k2). By Theorem 6.3, S can be computed in O(k1+k2+k log(k1+
k2)) = O(k log k) time.

Note that we are only able to guarantee that k is O(k1k2) (see the proof of Lemma 6.3
below).

Theorem 6.3 only considers the overlay of two subdivisions. For the problem
cspsats(BRCC5) (or cspsats(BRCC8)), we may need to compute the overlay O of m ≥ 3
landmarks. This will be achieved progressively by computing the overlays Oi of the
first i landmarks for i increasing from 2 to m. The computational complexity, how-
ever, is not quite trivial. Assume for simplicity that the complexity of each landmark
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is bounded by k. A simple induction implies that the complexity of Oi is O(ki), and
thus computing O takes O(km log k) time. This result is exponential and thus quite
unsatisfactory. In fact, O can be computed in polynomial time, observing that a much
better estimation on the complexity of O exists.

Lemma 6.3 Let L = {l1,⋯, lm} be a set of subdivisions (landmarks) in the plane, where

the complexity of li is ki. LetO be the overlay of all subdivisions in L, and K be the sum

of all ki. Then the complexity of O is O(K2), and O can be computed in O(mK2 log K)
time.

Proof We first show that the complexity of O is O(K2).
It is clear that there are at most K vertices (or edges, faces respectively) in the

subdivisions in L in total. Note that each vertex in the overlay O is either a vertex of a
subdivision, or the intersection point of two edges of different subdivisions. Therefore
we know that ∣Vtx∣ is O(K2). It is clear that each edge in O must be a part of an edge
from some subdivision in L. Moreover, an edge in a subdivision in L may be split into
at most K edges in the overlay. Therefore ∣Edge∣ is O(K2). The number of faces ∣Face∣
inO is also bounded by O(K2). To see this, let l′i be the planar subdivision obtained by
replacing the line segments in li with lines.1 It is clear that the overlay O′ obtained by
combining all l′i is finer than O. Because there are K lines in O′ and K lines partition
the plane into at most 1+1+2+⋯+K = O(K2) faces, we know that the number of faces
inO′ is O(K2). Therefore the number of faces inO is also O(K2), thus the complexity
of subdivision overlay O is O(K2).

Let Oi be the overlay of the first i subdivisions l1,⋯, li. Note that the complexity of
Oi is no more than that of O = Om. By Corollary 6.6, each subdivision Oi can be com-
puted in O(K2 log K) time. Therefore, computing the overlay O takes O(mK2 log K)
time in total.

We note that the DCEL of O contains incidence and adjacency information be-
tween two elements in Face, Edge, and Vtx. The relationship between such an element
and a polygon in L, however, is not provided. For example, the DCEL does not tell us
whether an edge lies inside, outside, or on the boundary of a polygon li. To represent

1Note here that we temporally allow the edges in a planar subdivision to be rays.
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the complete topological information of the polygon system L, we introduce the fol-
lowing functions, which can be computed by supplying a number of attributes to the
DCEL of the overlay.

For each polygon li ∈ L, we write IFace(li) for the set of faces in O that lie in the
interior of li, and write EFace(li) for the set of the faces that lie in the exterior of li:

IFace(li)B { f ∈ Face ∶ f ⊆ l○i }, (6.1)

EFace(li)B { f ∈ Face ∶ f ∩ li = ∅}. (6.2)

It is clear that IFace(li) ∪ EFace(li) = Face and IFace(li) ∩ EFace(li) = ∅.
For an edge or a vertex in O, it may be in the interior, in the exterior, or on the

boundary of li. Therefore we define:

IEdge(li)B {e ∈ Edge ∶ e ⊆ l○i }, (6.3)

EEdge(li)B {e ∈ Edge ∶ e ∩ li = ∅}, (6.4)

BEdge(li)B {e ∈ Edge ∶ e ⊆ ∂li}, (6.5)

and similarly,

IVtx(li)B {v ∈ Vtx ∶ v ∈ l○i }, (6.6)

EVtx(li)B {v ∈ Vtx ∶ v /∈ li}, (6.7)

BVtx(li)B {v ∈ Vtx ∶ v ∈ ∂li}. (6.8)

We provide an example for intuitive explanation. Suppose landmark set L = {l1, l2, l3}
consists three landmarks as illustrated in Figure 6.5(a). Then for the overlay of all three
landmarks, we have Face = { f0,⋯, f4}, Vtx = {v1,⋯, v11} and Edge = {e1,⋯, e14}, as
shown in Figure 6.5(b-d). Furthermore, we have, for landmark l1,

IFace(l1) = { f1, f2}, IVtx(l1) = {v6, v11}, IEdge(l1) = {e6, e10, e11},
EFace(l1) = { f0, f3, f4}, EVtx(l1) = {v3, v8, v9}, EEdge(l1) = {e2, e3, e7, e8, e9},
BVtx(l1) = {v1, v2, v7, v10, v4, v5}, BEdge(l1) = {e1, e12, e13, e14, e4, e5}.

Functions 6.1 to 6.8 defined above and the DCEL completely describe the topo-
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(a) (b)

(c) (d)

Figure 6.5: Example of the overlay of L = {l1, l2, l3}.

logical information of all the landmarks. For clarity, we also define a function S Face ∶
Edge ∪Vtx→ 2Face which provides all the surrounding faces of a vertex or an edge:

S Face(x)B { f ∈ Face ∶ x lies on the boundary of f}. (6.9)

Note that the above function can be obtained directly from the DCEL.
Now we discuss the computational complexity of computing the DCEL of overlay

O, with additional attributes introduced for the functions defined above.

Lemma 6.4 Suppose L = {l1,⋯, lm} is a set of polygons, where each li is represented

by a planar subdivision with complexity ki. Let O be the overlay of all polygons in L,

and K be the sum of all ki. Then the DCEL of the overlay O and the functions defined

in Eq.s 6.1 to 6.8 can be computed in O(m2K2 log K) time.

Proof We already know that the overlay O of all the polygons can be computed in
O(mK2 log K) time, if we do not need to compute functions defined in Eq.s 6.1 to 6.8.
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Computing these functions would increase the complexity to O to O(m2K2 log K).
In detail, we use an additional vector to represent the relation (i.e., inside, outside or
on the boundary) between a component (i.e., a face, edge or vertex) in overlay Oi and
the polygons l1, l2,⋯, li. When updating the overlay Oi to Oi+1, we need to update
these vectors correspondingly. Note that for each Oi, there are O(K2) components as
discussed above, and hence O(K2) vectors, each of which has i (which is O(m)) in-
dices. Therefore we need O(mK2) time to update all the vectors for each overlay Oi,
and thus O(m2K2) time in total for O. The functions in Eq.s 6.1 to 6.8 can be com-
puted from the vectors for O directly in O(mK2) time. In summary, it takes additional
O(m2K2) time to compute all the functions. Therefore, the total time complexity is
O(mK2 log K +m2K2) which can be relaxed to O(m2K2 log K).

6.4.2 Introducing Landmarks to RCC-5

This section focuses on the complexity of the extended consistency problem in RCC-
5, assuming all the landmarks are polygons. We first give a number of necessary and
sufficient conditions for deciding the consistency of cspsatRCC5,s(BRCC5) instances in
the first subsection, followed by the proof of its sufficiency. Note that the conditions
can be checked in polynomial time, therefore cspsatRCC5,s(BRCC5) is tractable. The
last subsection proves cspsatRCC5,s(BRCC5) is NP-hard by providing a reduction from
3-SAT.

Here we make a convention when specifying cspsatRCC5,s(BRCC5) instances. Sup-
pose (V ⊎ U,Γ,DU) is such an instance, where V = {v1, v2,⋯, vn} is the set of un-
restricted variable and U = {u1,u2,⋯,um} is the set of uniquely restricted variables.
Assume that variable ui can only be interpreted by polygonal landmark li. In such
case, we will use symbol li to denote both the polygon and variable u, and thus, we use
(V ⊎ L,Γ) to denote the instance, where L = {l1, l2,⋯, lm} is the set of all landmarks.

6.4.2.1 Necessary and sufficient conditions

Recall that we have defined the IFace(l j) (EFace(l j) resp.) to denote the faces that are
parts of landmark l j (lie outside of landmark l j resp.). Now we consider the imposed
relationship between components in the overlay of landmarks and variables. For a
variable vi, the constraints about vi may force some faces to be part of vi, and some faces

154



to be outside of vi. Precisely, face f is required to be part of vi if there is some landmark
l j such that f ∈ IFace(l j) and viPPil j (for the RCC-8 case, viTPPi or NTPPil j). On the
other side, face f is required to lie outside vi in the following two cases, (i) viDRl j

(for RCC-8 case, viDCl j or viECl j) and f ∈ IFace(l j), or (ii) viPPl j (for the RCC-8
case, viTPPl j or viNTPPl j) and f ∈ EFace(l j). So we define of IFace(vi) and EFace(vi) as
follows,

IFace(vi)B⋃{IFace(l j) ∶ viPPil j}, (6.10)

EFace(vi)B⋃{IFace(l j) ∶ viDRl j} ∪⋃{EFace(l j) ∶ viPPl j}. (6.11)

Note that for RCC-8, the constraints in Eq.s 6.10 and 6.11 (e.g. viPPl j) should be
replaced by the disjunction of corresponding constraints (e.g. viTPPl j or viNTPPl j).

For example, suppose Γ is a constraint network that involves three landmarks
l1, l2, l3 which are shown in Figure 6.5(a), and one variable v1. The constraints related
to v1 are specified as v1PPil1, v1PPil2, v1POl3. Then in such case,

IFace(v1) = IFace(l1) ∪ IFace(l2) = { f1, f2, f3, f4}, EFace(v1) = ∅.

The following proposition claims that no face belongs to both IFace(vi) and EFace(vi),
given that the constraint network is path-consistent.

Proposition 6.6 Suppose Γ is a basic RCC-5 constraint network that involves at least

one landmark. If Γ is path-consistent, then IFace(vi) ∩ EFace(vi) = ∅.

Proof Assume f ∈ IFace(vi) ∩ EFace(vi). There exists some l j such that viPPil j and f ∈
IFace(l j). Furthermore, there exists some lk such that either (i) viDRlk and f ∈ IFace(lk),
or (ii) viPPlk and f ∈ EFace(lk).

Both cases lead to contradiction. For the first case, we know that f ⊆ l j ∩ lk, while
the path-consistency of Γ implies that l jDRlk. For the second case, the path-consistency
of Γ implies l jPPlk, but f ⊆ l j and f ∩ lk = ∅.

The following theorem provides a necessary and sufficient condition that decides
cspsatRCC5,s(BRCC5). Note that the condition only involves

Face,IFace(l j),EFace(l j),IFace(vi),EFace(vi),
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Constraint Conditions

viPOl j

EFace(vi) ∪ EFace(l j) ≠ Face,
EFace(vi) ∪ IFace(l j) ≠ Face,
IFace(vi) ∪ EFace(l j) ≠ Face

viPPl j IFace(vi) ≠ IFace(l j)
viPPil j EFace(vi) ≠ EFace(l j)

viPOv j

EFace(vi) ∪ EFace(v j) ≠ Face,
EFace(vi) ∪ IFace(v j) ≠ Face,
IFace(vi) ∪ EFace(v j) ≠ Face

viPPv j IFace(vi) ∪ EFace(v j) ≠ Face

Table 6.5: Conditions for extended RCC-5 constraint network

and the constraints in the network, hence can be checked after computing the overlay
of all landmarks and IFace(vi) and EFace(vi).

Theorem 6.4 Suppose Γ is a basic RCC-5 constraint network that involves at least

one landmark. Then Γ is consistent, if and only if

• Γ is path-consistent.

• For any vi ∈ V, EFace(vi) ≠ Face.

• All the conditions in Table 6.5 hold.

We delay the proof of the sufficiency to a later subsection. We give the necessity
part here.

Necessity Suppose {v̄1,⋯, v̄n} is a solution of Γ. Because each v̄i has nonempty inte-
rior, there exists at least one face f such that f ∩ v̄i is nonempty. Clearly, f /∈ EFace(vi)
since faces in EFace(vi) are all disjoint from v̄i. Therefore, EFace(vi) ≠ Face.

If (viPOl j) ∈ Γ, then by assumption we have v̄iPOl j. By definition of PO (see Ta-
ble 2.3), we know v̄i and l j have a common interior point. This implies that there exists
some face f that contains an interior point of v̄i ∩ l j. Face f is neither in EFace(vi)
nor in EFace(l j). That is, EFace(vi) ∪ EFace(l j) ≠ Face. Similarly, we know neither
EFace(vi) ∪ IFace(l j) nor IFace(vi) ∪ EFace(l j) is Face.

If (viPPl j) ∈ Γ, then v̄iPPl j. Because l j is the regularised union of all the blocks it
contains, we know there exists at least one face in IFace(l j) that is not in IFace(vi). This
shows IFace(vi) ≠ IFace(l j).
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The rest situations are either quite straightforward or similar to the above two cases.

Now we are able to decide the consistency of an instance in the following proce-
dure:

• Compute IFace(l j) and EFace(l j) for each landmark l j (this relies on the computa-
tion of the overlay subdivision O).

• Compute IFace(vi) and EFace(vi) for each variable vi.

• Check the conditions in Theorem 6.4.

Therefore the complexity of solving cspsatRCC5,s(BRCC5) consists three parts, viz.,
the complexity of computing the IFace(l j) and EFace(l j),, the complexity of computing
IFace(vi) and EFace(vi), and the complexity of checking the condition in Theorem 6.4.
Put them together, we come to the following theorem.

Theorem 6.5 Suppose (V ∪ L,Γ) is a basic RCC-5 constraint network, and V = {v1,

⋯, vn} and L = {l1,⋯, lm} are the set of variables and, respectively, the set of landmarks

appearing in Γ. Assume each landmark li is represented by a planar subdivision with

complexity ki. Let K be the sum of all ki. Then the consistency of Γ can be decided in

O((n+m)3+n(n+m)K2+m2K2 log K) time, which may be simplified to O(n3+n2K2+
m2K2 log K).

Proof Lemma 6.4 shows thatO, the overlay of all the landmarks, together with IFace(l j)
and EFace(l j), can be computed in O(m2K2 log K) time.

All IFace(vi) and EFace(vi) can be computed in O(nmK2) time by definition.
For the conditions in Theorem 6.4, the path-consistency checking takes O((n+m)3)

time. Each of the rest O(n(n +m)) conditions can be checked in O(K2) time directly.
Therefore, checking all the conditions in Theorem 6.4 takes O((n+m)3 +n(n+m)K2)
time.

In conclusion, the consistency can be checked in O((n + m)3 + n(n + m)K2 +
m2K2 log K) time, which can be reduced to O(n3 + n2K2 +m2K2 log K).

Remark 6.2 If the number of landmarks is small and the landmarks are simple (i.e. m

and K are both small), then the computational complexity can be simplified to O(n3).
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When the landmarks are fixed and we need to solve many instances, we may compute

and store the DCEL of the overlay once and for all. In such a case, the computational

complexity of solving an instance involving n variables becomes O(n3 + n2K2), where

we do not neglect the n2K2 term as K could be large.

6.4.2.2 Sufficiency proof for Theorem 6.4

The sufficiency part is proved by a realisation algorithm which generates a solution of
the constraint network, which is similar to the classic realisation algorithm introduced
in Subsection 2.5. First we define PFace(vi) = Face − IFace(vi) − EFace(vi). We will
construct for each variable vi a region ci as follows

• For each face f in PFace(vi), select a base region contained in f and put it into ai

(initialised with empty set).

• For any j > i such that (viPOv j) ∈ Γ and PFace(vi) ∩ PFace(v j) ≠ ∅, select a base
region in some face f ∈ PFace(vi) ∩ PFace(v j), and put it into both ai and a j.

• For each i, let bi ← ai ∪⋃{a j ∶ v jPPvi ∈ Γ}.

• For each i, let ci ← bi ∪⋃{l j ∶ l jPPvi ∈ Γ}.

Note that the ‘base regions’ in above procedure are required to be pairwise dis-
joint polygons, and the union of all base regions should not contain any face. These
requirements can be easily achieved as we may select arbitrarily small polygons.

Lemma 6.5 Let Γ be a path-consistent basic RCC-5 constraint network that involves

at least one landmark. Suppose Face is the set of faces of Γ. Then, for each face

f ∈ Face, we have

• f ∈ IFace(vi) iff f ⊆ c○i .

• f ∈ EFace(vi) iff f ∩ ci = ∅.

• f ∈ PFace(vi) iff f ⊈ ci and f ∩ ci ≠ ∅.

158



Proof We first prove the necessity part. Note we write xαy instead of xαy ∈ Γ for
simplicity.

Suppose f ∈ IFace(vi). There exists a landmark l such that f ∈ IFace(l) and viPPil.
Because l ⊆ ci, the first statement holds directly.

Assume f ∈ EFace(vi). Clearly, we have f ∩ ai = ∅. Suppose v jPPvi. By definition,
there is a landmark l such that either (i) f ∈ IFace(l) and viDRl or (ii) f ∈ EFace(l) and
viPPl. In case (i), we have v jDRl by path-consistency and thus f ∈ EFace(v j). In case
(ii), we have v jPPl by path-consistency and thus also f ∈ EFace(v j). Therefore we have
f ∩ a j = ∅ and consequently f ∩ bi = ∅. Similarly, we can prove that f is not contained
in any landmark l′ if l′PPvi due to path-consistency. Therefore, we have f ∩ ci = ∅
whenever f ∈ EFace(vi).

Now assume f ∈ PFace(v j). Clearly we have f ∩ a j ≠ ∅ according to the first step.
We only need to prove f ⊈ ci. We have that f ⊈ bi as the union of all the base regions
does not contain any face (by the requirements of base regions). Since f /∈ IFace(v j),
we know f is not contained in any landmark l with viPPil. This implies f /⊆ ci.

The sufficiency part follows from the fact IFace(vi) ∪ EFace(vi) ∪ PFace(vi) = Face

directly.

We next prove that {c1,⋯, ct} is a solution of Γ.

Lemma 6.6 Suppose Γ is a basic RCC-5 constraint network involving landmarks L

and variables V. Assume Γ satisfies the conditions in Theorem 6.4. Then {c1,⋯, ct},

as constructed above, is a solution of Γ.

Proof By the conditions in Theorem 6.4 we know EFace(vi) ≠ Face, i.e., there is at least
one face f in IFace(vi) ∪ PFace(vi). By Lemma 6.5 we know ci is nonempty. We next
prove all constraints in Γ are satisfied.

We first consider the constraint viαl j between variable vi and landmark l j. The cases
that α = PP,PP∼,DR can be directly checked by Lemma 6.5. Now suppose viPOl j.
By Row 1 in Table 6.5, we know that EFace(vi) ∪ EFace(l j) ⊊ Face. That is, there is some
face f in IFace(l j) but not in EFace(vi). By Lemma 6.5, we know f ∩ ci /= ∅. By f ⊆ l j,
ci and l j have a common interior point. Furthermore, by EFace(vi) ∪ IFace(l j) ⊊ Face, we
know there is a face f ′ in EFace(l j) that is not in EFace(vi). By f ′ ∈ EFace(l j), we have
f ′ ∩ l j = ∅; by f ′ /∈ E(vi) and Lemma 6.5, we have f ′ ∩ ci /= ∅. So ci /⊆ l j. Similarly, we
can show l j /⊆ ci. Therefore, ciPOl j.
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Now we consider constraints between two variables vi and v j.
(1) If (viPPv j) ∈ Γ, clearly we have bi ⊆ b j. By path-consistency, we know that

lPPvi implies lPPv j. Therefore, ci ⊆ c j. It remains to prove that ci ≠ c j. By IFace(vi) ∪
EFace(v j) ⊊ Face (Row 4 in Table 6.5), we know there is a face f that is in neither
IFace(vi) nor EFace(v j). If f ∈ EFace(vi), we know that ci ≠ c j since f ∩ ci = ∅ and
f ∩ c j ≠ ∅. If f ∈ PFace(vi) and f ∈ IFace(v j), we have f ⊈ ci and f ⊆ c j and thus ci ≠ c j.
If f ∈ PFace(vi) and f ∈ PFace(v j), there exists some base region, say r, contained in f

selected for v j, thus r ⊆ a j ⊆ c j. Note that r is disjoint with ai (due to the selection of
base regions). Path-consistency implies that r is also disjoint with b j or c j. Therefore
in such case we also have ci ≠ c j. As a conclusion, ci ⊊ c j.

(2) If (viPP∼v j) ∈ Γ, we know that Γ also contains constraint (v jPPvi). Because we
have proved that c jPPci, constraint viPP∼v j is also satisfied by ci and c j.

(3) If (viDRv j) ∈ Γ, we show that ci∩c j = ∅. First it is clear that ai∩a j = ∅ since all
the base regions are pairwise disjoint and the constraint between vi and v j is not PO.
Note that if vkPPvi, then we have vkDRv j by path-consistency and thus ak ∩ ai = ∅.
Therefore we have bi ∩ a j = ∅. Similarly we can prove bi ∩ b j = ∅ and ci ∩ c j = ∅.

(4) If (viPOv j) ∈ Γ, we first show ci and c j have a common interior point. By
EFace(vi) ∪ EFace(v j) ≠ Face (Row 6 in Table 6.5), we have IFace(vi) ∪ PFace(vi) and
IFace(v j)∪PFace(v j) are not disjoint. If PFace(vi)∩PFace(v j) ≠ ∅, there exists some base
region contained both in ai and a j. Therefore, this base region is contained in both ci

and c j. If IFace(vi) ∩ PFace(v j) ≠ ∅, suppose face f is in both IFace(vi) and PFace(v j).
Then we know that f ⊆ ci and f ∩ c j ≠ ∅, thus ci and c j have common interior point.
Other two cases can be proved in the same way. It remains to show that ci and c j are
incomparable (i.e., one is not contained in another), which can be proved in the same
way as in the case of (viPOl j). In conclusion, we know ciPOc j.

In summary, all constraints are satisfied and {c1,⋯, ct} is a solution of Γ.

We now finish the sufficiency part of the proof: we have shown that, if the condi-
tions are met, then we can construct a solution of the constraint network, therefore the
constraint network is consistent.

Remark 6.3 In fact the conditions for constraints of the form viPPl j, viPPil j, viPPv j

are needed only because we need guarantee that the variable cannot be identical to

a landmark (or another variable). The three conditions for the viPOl j constraints
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guarantee that (i) vi is not a proper subset of l j, (ii) vi is not a proper superset of l j,

and (iii) vi may overlap with l j (i.e., not all the faces in IFace(l j) are excluded from vi)

respectively. The case for viPOv j is analogous.

Example 6.1 In Example 2, we have that IFace(v1) = { f1, f2, f3, f4} and EFace(v1) = ∅.

There is constraint v1POv3, but IFace(v1) ∩ EFace(l3) = Face which violates Row 1 in

Table 6.5, so we know this network is inconsistent.

6.4.2.3 Generalizing landmarks to finite domains in RCC-5

We have proved that the extended consistency problem cspsats(BRCC5) is tractable,
therefore cspsat f (BRCC5) is in NP. This section further shows that cspsat f (BRCC5) is
NP-hard by devising a reduction from 3-SAT.

Suppose φ = ⋀m
j=1 c j is a 3-SAT instance that involves n propositional variables

p1, p2,⋯pn. We first take 2n pairwise disjoint rectangles r+1 , r
−

1 ,⋯, r+n , r−n on the plane,
and then construct a cspsat f (BRCC5) instance (V,Γ,D) in which the domains are all
unions of the selected rectangles, where we suppose Var(c j) = {p j1 , p j2 , p j3} and where
a∗jk is r−jk if p jk ∈ Var+(c j), and is r+jk if p jk ∈ Var−(c j), for k = 1,2,3.

V = {v1, v2,⋯, vn} ∪ {u1,⋯um},
D = {V1,V2,⋯,Vn,U1,U2,⋯,Um},where

Vi = {r+i , r
−

i },
U j = {a j1 ∪ a j2 ∪ a j3 ∶ a jk ∈ V jk} − {a∗j1 ∪ a∗j2 ∪ a∗j3},

Γ = {viDRv j ∶ i ≠ j}
∪ {uiDRu j ∶ Var(ci) ∩Var(c j) = ∅}
∪ {uiPOu j ∶ Var(ci) ∩Var(c j) ≠ ∅}
∪ {viPPu j ∶ pi ∈ Var(c j)} ∪ {viDRu j ∶ pi /∈ Var(c j)}.

The above construction relates the truth value assigned to propositional variable pi

(trueor false) to the region assigned to spatial variable vi (r+i or r−i ). Spatial variable u j

is required to contain spatial variables in set Var(c j) = {p j1 , p j2 , p j3} by the PP con-
straints. In fact, u j is forced to be exactly the union of variables in Var(c j) according
to the first term in U j. Moreover, the second term in u j forbids the one configuration
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among the eight which corresponds to the truth assignment that falsifies clause c j.
It is routine to verify that φ is satisfiable if and only if the cspsat f (BRCC5) instance

(V,Γ,D) is consistent. This reduction is polynomial, therefore cspsat f (BRCC5) is NP-
hard.

Theorem 6.6 The problem cspsat f (BRCC5) is NP-complete, if the regions mentioned

in the instance are (general) polygons.

6.4.3 Introducing landmarks to RCC-8

This section investigates the consistency problem cspsatRCC8,s(BRCC8). First, we show
that in general the problem is NP-hard due to the fact that two polygons may meet
at discrete points. Second, we show that the problem is still in NP by providing a
nondeterministic algorithm. We also show that the problem is still in another RCC
model, where two regions are considered to be connected only if they share at least a
curve. Note that the standard RCC model only requires two regions to share at least a
point to regard them as being connected.

Note that the NP-completeness of cspsatRCC8,s(BRCC8) implies that consistency
problems cspsatRCC8,s(B∗RCC8), cspsatRCC8, f (BRCC8) and cspsatRCC8, f (B∗RCC8) are also
NP-complete.

6.4.3.1 The NP-hardness

Suppose Γ is a basic RCC-8 constraint network that involves no landmarks. Then Γ

is consistent if it is path-consistent [78, 86]. Moreover, a solution can be constructed
for each path-consistent basic network in cubic time [55, 56]. This section shows that,
however, when considering polygons, it is NP-hard to determine if a basic RCC-8
network involving landmarks has a solution. We achieve this by devising a polynomial
reduction from 3-SAT.

In this section, for clarity, we use upper case letters A,B,C (with indices) to denote
landmarks (plane polygons), and use lower case letters u, v,w (with indices) to denote
spatial variables.

The NP-hardness exploits the fact that for two externally connected polygonal land-
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marks, say A,B, it is possible that

BEdge(A) ∩ BEdge(B) = ∅ and ∣BVtx(A) ∩ BVtx(B)∣ > 1. (6.12)

In this case assume v is a spatial variable that is required to be a tangentially proper part
of A and externally connected with B. It is obvious that the meeting point(s) of v and B

could be any meeting points of A and B. Furthermore let us consider the configuration
shown in Fig. 6.6 (a), where A and B are two externally connected landmarks meeting
at vertices Q+ and Q−. Assume {u, v,w} are variables that are subject to constraints

uTPPA,uECB,

vTPPB, vECA,wTPPB,wECA,

uECv,uDCw, vDCw.

In such case u is required to meet B at either Q+ or Q−, but not both (cf Fig. 6.6(b,c)).
This correspondence between the two configurations and the two truth values (trueor
false) of a propositional variable is exploited in the following reduction.

(a) (b) (c)

Figure 6.6: Landmarks externally connected at two tangential points

Let φ = ⋀m
k=1 ck be a 3-SAT instance over propositional variables set {p1, ⋯, pn}.

Each clause ck has the form p∗r ∨ p∗s ∨ p∗t , where literal p∗i is either pi or ¬pi for i = r, s, t.
We next construct a set of polygons L and an instance (V∪L,Γ) of cspsatRCC8,s(BRCC8)
such that (V ∪ L,Γ) is satisfiable iff Γφ is satisfiable.

First, we define A,B1,B2,⋯,Bn such that for each 1 ≤ i ≤ n, A is externally con-
nected to Bi at two vertices Q+

i and Q−

i , as shown in Fig. 6.7.
The variable set of Γ is V = {u, v1,⋯, vn,w1,⋯,wn}. We impose the following
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Figure 6.7: Illustration of landmarks A,B1,⋯,Bn.

Figure 6.8: Illustration of landmark Ck.

constraints to the variables in V .

uTPPA, uECBi, (6.13)

viECA, viTPPBi, viDCB j ( j ≠ i), (6.14)

wiECA, wiTPPBi, wiDCB j ( j ≠ i), (6.15)

uECvi, uDCwi, (6.16)

viDCw j, viDCv j ( j ≠ i), wiDCw j ( j ≠ i). (6.17)

Therefore, u is required to meet each Bi at either Q−

i or Q+

i but not both.
For each clause ck, we introduce an additional landmark Ck, which externally con-

nects A at three vertices (determined by the literals in ck), and partially overlaps Bi.
Formally, suppose ck = p∗r ∨ p∗s ∨ p∗t , then the first meeting vertices of A and Ck is
constructed to be Q+

r if p∗r = pr, or Q−

r if p∗r = ¬pr. The second and the third meeting
vertices of A and Ck are selected from {Q+

s ,Q−

s } and {Q+

t ,Q−

t } similarly. Take clause
pr ∨ ¬ps ∨ pt for example, the meeting vertices of landmarks Ck and A should be Q+

r ,
Q−

s , and Q+

t , as shown in Fig. 6.8.
The constraints between Ck and variables in V are specified as

uECCk, viPOCk, wiPOCk. (6.18)
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Figure 6.9: Construction of variable u.

(a) (b)

Figure 6.10: Construction of variable vi and wi. π(pi) = true (a), π(pi) = false (b).

Since Ck and A meets only at three vertices, the constraints uTPPA and uECCk

imply that u should occupy at least one of the three. This corresponds to the fact that if
ck is trueunder some assignment, then at least one of its three literals is assigned true.

Lemma 6.7 Suppose φ = ⋀m
k=1 ck is a 3-SAT instance over propositional variables

set {p1, p2,⋯, pn}. Let Γφ be the basic RCC-8 network composed with constraints

in (6.13)-(6.18), involving landmarks {A,B1,⋯,Bn,C1,⋯,Cm} and spatial variables

{u, v1,⋯, vn,w1,⋯,wn}. Then φ is satisfiable iff Γφ is satisfiable.

Proof Suppose φ is satisfiable and π ∶ P → {true, false} is a truth value assignment
that satisfies φ. We construct regions ū, v̄1,⋯, v̄n, w̄1,⋯, w̄m that satisfy all constraints
in Γφ.

Region ū is composed of n pairwise disjoint triangles in A. The lower vertex of
the i-th triangle is Q+

i if π(pi) = true, and Q−

i otherwise. Fig. 6.9 shows the case that
π(p1) = true, π(p2) = false, π(pn) = true.

Regions v̄i and w̄i are constructed as, respectively, a triangle inside Bi. If π(pi) =
true, then Q+

i is a vertex of v̄i and Q−

i is a vertex of w̄i (see Fig. 6.10(a)). Oppositely,
if π(pi) = false, then Q−

i is a vertex of v̄i and Q+

i is a vertex of w̄i (see Fig. 6.10(b)).
Moreover, v̄i and w̄i are properly chosen to make them partially overlap with each Ck.
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By the construction, it is easy to see that all constraints in (6.13)-(6.18), except
uECCk, are satisfied. We next show uECCk is also satisfied. That is, ūECCk. Because
π satisfies φ, it also satisfies ck. That is, at least one of the three literals in ck, say
p∗r , is trueunder the assignment π. If p∗r = pr, then Q+

r is at the boundary of Ck by
construction. In this case, we have π(pr) = true. By the construction of ū, we know
Q+

r is also at the boundary of ū. Similarly, if p∗r = ¬pr, then we can prove Q−

r is a
meeting vertex of Ck and ū. Therefore, in both cases, the RCC-8 relation between Ck

and u is EC. This shows that the constructed regions ū, v̄1,⋯, v̄n, w̄1,⋯, w̄m satisfy all
constraints in Γφ. Hence, Γφ is satisfiable.

On the other hand, suppose {ū, v̄1,⋯, v̄n, w̄1,⋯, w̄n} is a solution of the network Γφ.
It is straightforward to verify that v̄i has exactly one meeting point with A, namely
either Q−

i or Q+

i . We define a truth value assignment π ∶ P→ {true, false} as

π(pi) =
⎧⎪⎪⎨⎪⎪⎩

true, if v̄i ∩ A = Q+

i ,

false, otherwise.
(6.19)

We assert that π(ck) = true for each ck in φ. Otherwise, suppose π(ck) = false for some
ck = p∗r ∨ p∗s ∨ p∗t in φ. This only happens when π(p∗i ) = false for i = r, s, t. Therefore,
for i = r, s, t, if p∗i is positive, then by (6.19), we know that v̄i ∩ A = Q−

i . Since ū ⊂ A

and v̄iECū, we have Q−

i ∈ ū, which implies Q+

i is not in ū. Similarly if p∗i is negative,
then Q−

i is not in ū. This is to say, all the three meeting vertices of A and Ck are not in
ū, which contradicts with ūECCk. Therefore, φ is satisfiable.

Lemma 6.8 The consistency problem cspsats(BRCC8) are NP-hard.

6.4.3.2 A nondeterministic algorithm

This section shows that the extended consistency problem of basic RCC-8 networks is
still in NP. Recall that we writeO for the overlay of all landmarks, and we have defined

IFace(li),EFace(li),IEdge(li),EEdge(li),BEdge(li),IVtx(li),EVtx(li),BVtx(li)

for representing the topological relationship between the faces, edges, vertices in O
and landmark li. We have also defined IFace(vi) and EFace(vi) for the faces that should
be part of vi and the faces that should excluded from vi, respectively.
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For the same consideration, we now define IEdge(vi) as the set of edges that should
lie in the interior of vi. For an edge e, if both of its adjacent faces (i.e., S Face(e)) are in
IFace(vi), then edge e is consequently required to be in the interior of vi. Furthermore,
constraint of the form l jNTPPvi also requires that all the boundary edges of l j (i.e.,
BEdge(l j)) should lie in the interior of vi. Similarly, EEdge(vi) is defined as the set of
edges that should be excluded from vi. We also write BEdge(vi) for the set of edges that
are required to be parts of boundary of vi, which only happens when its two adjacent
faces are in IFace(vi) and EFace(vi) respectively. The formal definitions of IEdge(vi),
EEdge(vi) and BEdge(vi) are as follows.

IEdge(vi)B{e ∈ Edge ∶ S Face(e) ⊆ IFace(vi)} ∪⋃{BEdge(l j) ∶ viNTPPil j}, (6.20)

EEdge(vi)B{e ∈ Edge ∶ S Face(e) ⊆ EFace(vi)} ∪⋃{BEdge(l j) ∶ viDC or NTPPl j}.
(6.21)

BEdge(vi)B{e ∈ Edge ∶ S Face(e) ∩ IFace(vi) ≠ ∅,S Face(e) ∩ EFace(vi) ≠ ∅}. (6.22)

For the vertices, IVtx(vi), EVtx(vi) and BVtx(vi) are defined in the same way as
IEdge(vi), EEdge(vi) and BEdge(vi)

IVtx(vi)B{v ∈ Vtx ∶ S Face(v) ⊆ IFace(vi)} ∪⋃{BVtx(l j) ∶ viNTPPil j}, (6.23)

EVtx(vi)B{v ∈ Vtx ∶ S Face(v) ⊆ EFace(vi)} ∪⋃{BVtx(l j) ∶ viDC or NTPPl j}, (6.24)

BVtx(vi)B{v ∈ Vtx ∶ S Face(v) ∩ IFace(vi) ≠ ∅,S Face(v) ∩ EFace(vi) ≠ ∅}. (6.25)

For convenience, we introduce the following abbreviations (P standing for ‘pend-
ing’).

PFace(vi)B Face − IFace(vi) − EFace(vi), (6.26)

PEdge(vi)B Edge − IEdge(vi) − EEdge(vi), (6.27)

PVtx(vi)B Vtx − IVtx(vi) − EVtx(vi). (6.28)

Note that BVtx(vi) is the set of vertices that are required to lie on the boundary of
vi, which is because that, for any v ∈ BVtx(vi), there are faces f and f ′ in S Face(v) such
that f ∈ IFace(vi) and f ′ ∈ EFace(vi) (i.e., f should be part of vi and f ′ should lie outside
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of vi). Meanwhile, PVtx(vi) contains all the vertices that might lie on the boundary of
vi (i.e., the vertices not in IVtx(vi) ∪ EVtx(vi)).

Proposition 6.7 Suppose Γ is a basic RCC-8 constraint network involving landmarks

L = {l1,⋯, lm} and variables V = {v1,⋯, vn}. If Γ is path-consistent, then for each

variable vi,

• IFace(vi) ∩ EFace(vi) = ∅.

• IVtx(vi), EVtx(vi), and BVtx(vi) are pairwise disjoint.

• IEdge(vi), EEdge(vi), and BEdge(vi) are pairwise disjoint.

Proof The first conclusion can be proved in the same way as in Proposition 6.6, and
the rest two can be proved similarly.

Here we only show that IVtx(vi) ∩ BVtx(vi) = ∅. Otherwise, suppose some vertex
v ∈ Vtx is contained in both IVtx(vi) and BVtx(vi). Therefore, it follows from v ∈
BVtx(vi) that both IVtx(vi) and EVtx(vi) have some surrounding face of v. Meanwhile,
v ∈ IVtx(vi) implies that either (i) all the surrounding faces of v are in IFace(vi), or (ii)
there exists some l j such that viNTPPil j and v is on the boundary of l j. Because we
already have IVtx(vi) and EVtx(vi) are disjoint, case (i) is impossible. We next prove
that case (ii) is also impossible.

As EVtx(vi) has some surrounding face, say f , of v, by the definition of EVtx(vi), we
know that there exists some landmark lk such that either (1) face f is contained by lk,
and viDClk or viEClk, or (2) f lies outside of lk, and viNTPPlk or viTPPlk. We show in
both subcases the constraints between vi, l j, lk are not path-consistent. In subcase (1),
we have shown that vertex v is on the boundary of l j and contained by (i.e., inside or
on the boundary of) lk. Therefore, l j and lk are connected, which is not path-consistent
with constraints viNTPPil j and viDRlk. In subcase (2), we have that vertex v is on
the boundary of l j and outside lk. So l j cannot be a proper part of lk, but this is not
path-consistent with constraints l jNTPPvi and viPPlk. Therefore both subcases violate
the assumption of the path-consistency of Γ, hence we have IVtx(vi) ∩ BVtx(vi) = ∅.

Note that the second property implies that BVtx(vi) ⊆ PVtx(vi).
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Suppose the network is consistent and has a solution, say v̄1, v̄2,⋯, v̄n. Let S̄ i denote
the set of vertices in Vtx that lie on the boundary of v̄i. Clearly we have

BVtx(vi) ⊆ S̄ i ⊆ PVtx(vi).

Furthermore we have the following lemma.

Lemma 6.9 Suppose Γ is a basic RCC-8 network with variable set V = {v1, v2, ⋯, vn}
and landmark set L = {l1, l2,⋯, lm}. BVtx(vi) and PVtx(vi) are as defined in Eq.s

6.25 and 6.28. Suppose Γ is path-consistent, and let S i be a subset of Vtx such that

BVtx(vi) ⊆ S i ⊆ PVtx(vi) for i = 1,2,⋯,n. Then the problem:

whether there is a solution {v̄1, v̄2,⋯, v̄n} such that ∂v̄i ∩Vtx = S i

can be decided in polynomial time, by checking the following conditions.

• For any vi ∈ V, EFace(vi) ≠ Face.

• All the conditions in Table 6.6 hold, where

PEdge(vi) ∩ BEdge(l j) ≠ ∅ or S i ∩ BVtx(l j) ≠ ∅, (6.29)

PFace(vi) ∩ PFace(v j) ≠ ∅ or PEdge(vi)PEdge(v j) ≠ ∅ or S i ∩ S j ≠ ∅. (6.30)

As it is similar to the RCC-5 case, we here first prove the necessity part. The
constructive proof of sufficiency is provide later.

Proof Suppose the extended has a solution {v̄1, v̄2,⋯, v̄n} such that v̄i ∩ Vtx = S i. It
is straightforward to see that Γ must be path-consistent, and for any vi ∈ V , EFace(vi) ≠
Face (as in the RCC-5 case). We next show that all the conditions in the table also hold.

First we argue that for any face f in IFace(vi), we have f ⊆ (v̄i)○. This is clear
because by the definition of IFace(vi) (see Eq. 6.10), there exists some landmark lk such
that f ∈ IFace(lk) and viTPPilk or viNTPPilk. So we know that f ⊆ l○k and lk ⊆ v̄i, which
implies f ⊆ (v̄i)○. It can be similarly proved that for any face f ′ in EFace(vi), we have
f ′ ∩ v̄i = ∅.
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Constraint Conditions
viECl j Eq. 6.29

viPOl j

EFace(vi) ∪ EFace(l j) ≠ Face,
EFace(vi) ∪ IFace(l j) ≠ Face,
IFace(vi) ∪ EFace(l j) ≠ Face

viTPPl j IFace(vi) ≠ IFace(l j) and Eq. 6.29
viTPPil j EFace(vi) ≠ EFace(l j) and Eq. 6.29
viDCv j S i ∩ S j = ∅
viECv j Eq. 6.30

viPOv j

EFace(vi) ∪ EFace(v j) ≠ Face,
EFace(vi) ∪ IFace(v j) ≠ Face,
IFace(vi) ∪ EFace(v j) ≠ Face

viTPPv j PFace(v j) ≠ ∅ or IFace(vi) ≠ IFace(v j), and Eq. 6.30

Table 6.6: Conditions for extended RCC-5 constraint network

Second we show that for any edge e in IEdge(vi), we have e ⊆ (v̄i)○. From the
definition of ∈ IEdge(vI) (see Eq. 6.20), it is either the case that S Face(e) ⊆ IEdge(vi), or
e ∈ BEdge(lk) and viNTPPilk. For the first case, the two neighbouring faces of e are both
in IFace(vi) hence contained in the interior of v̄i, so e is also contained in the interior
of v̄i. For the second case we have e ⊆ lk ⊆ (v̄i)○. Therefore e ⊆ (v̄i)○ in both cases.
Similarly for any edge e′ in EEdge(vi), we have e′ ∩ v̄i = ∅.

In the same way we can prove the for any vertex v in IVtx(vi), v ∈ (v̄i)○, and for
any vertex v in EVtx(vi) v /∈ v̄i.

Now suppose v̄iECl j, so there is a point P is on ∂l j ∩ ∂v̄i. It is clear that P is either
a vertex in BVtx(l j), or on an edge which is in BEdge(l j). In the first case, we know that
P ∈ S i because ∂v̄i ∩Vtx = S i. Therefore P ∈ S i ∩ BVtx(l j) and Eq. 6.29 is satisfied. In
the second case, suppose p ∈ e ∈ BEdge(l j) where e is an edge. Because edge e is neither
in the interior of v̄i nor in the exterior of v̄i (see above), we know that e ∈ PEdge(vi).
Therefore PEdge(vi) ∩ BEdge(l j) ≠ ∅.

The rest cases can be proved in the similar way.

We now constructed a solution which satisfies the requirement in Lemma 6.9, pro-
vided all the conditions in the lemma are met. For each variable vi, we select a set of
small triangles, denoted by Xi, in the following way.

• For each face f ∈ PFace(vi), select a small triangle in the interior of PFace(vi) and
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put it in Xi, see Figure 6.11(a).

• For each vertex v ∈ S i − BVtx(vi), it is clear that v is not in BVtx(vi) ∪ IVtx(vi) ∪
EVtx(vi) by Proposition 6.7. Therefore, there is some face f ∈ S Face(v) such that
f ∈ PFace(vi). Select a small triangle in face f which has v as one of its vertices.
Put this triangle in Xi, see Figure 6.11(b).

• For constraint viECl j, we have that PEdge(vi) ∩BEdge(l j) ≠ ∅ or S i ∩BVtx(l j) ≠ ∅
(Row 1 in Table 6.6).

– Case 1. S i ∩ BVtx(l j) ≠ ∅. Do nothing. Otherwise,

– Case 2. Select edge e from PEdge(vi) ∩ BEdge(l j). Let f and f ′ be the two
neighbouring faces of e such that f ∈ IFace(l j) and f ′ ∈ EFace(l j). If f ′ ∈
IFace(vi), do nothing. If f ′ ∈ PFace(vi), select a triangle in face f ′ with one
of its edges on e and put this triangle in Xi, see Figure 6.11(c). Note that f ′

cannot be in EFace(vi), otherwise we can prove e is in EFace(vi).

• For constraint viTPPl j, we also have PEdge(vi)∩BEdge(l j) ≠ ∅ or S i∩BVtx(l j) ≠ ∅
(Row 3 in Table 6.6).

– Case 1. S i ∩ BVtx(l j) ≠ ∅. Do nothing. Otherwise,

– Case 2. Select edge e from PEdge(vi) ∩ BEdge(l j). Let f and f ′ be the two
neighbouring faces of e such that f ∈ IFace(l j) and f ′ ∈ EFace(l j). If f ∈
IFace(vi) do nothing. If f ∈ PFace(vi), select a triangle in f with one edge on
e and put this triangle in Xi. Note that f cannot be in EFace(vi).

• For constraint viECv j, we havePFace(vi)∩PFace(v j) ≠ ∅, orPEdge(vi)∩PEdge(v j) ≠
∅, or S i ∩ S j ≠ ∅ (Row 6 in Table 6.6).

– Case 1. S i ∩ S j ≠ ∅, do nothing. Otherwise,

– Case 2. PFace(vi) ∩ PFace(v j) ≠ ∅, select a face f ∈ PFace(vi) ∩ PFace(v j) and
two externally connected triangles in f . Put one triangle in Xi and another
in X j, see Figure 6.11(d). Otherwise,

– Case 3. PEdge(vi) ∩ PEdge(v j) ≠ ∅. Select edge e ∈ PEdge(vi) ∩ PEdge(v j)
with neighbouring faces f and f ′. Here we have four subcases depending
on whether e is in BEdge(vi) and BEdge(v j).
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* Subcase 1. e ∈ BEdge(vi) and e ∈ BEdge(v j). Do nothing.

* Subcase 2. e ∈ BEdge(vi) and e /∈ BEdge(v j). Suppose f ∈ IFace(vi) and
f ′ ∈ EFace(vi). Select a triangle in face f ′ with one edge on e, and put
this triangle in X j.

* Subcase 3. e /∈ BEdge(vi) and e ∈ BEdge(v j). The same as Subcase 2,
except the exchange of vi and v j.

* Subcase 4. e /∈ BEdge(vi) and e /∈ BEdge(v j). Select two triangles in f

and f ′ respectively such that the triangles have a common edge on e,
see Figure 6.11(e)

• For constraint viTPPv j, we also havePFace(vi)∩PFace(v j) ≠ ∅, orPEdge(vi)PEdge(v j) ≠
∅, or S i ∩ S j ≠ ∅ (Row 8 in Table 6.6).

– Case 1. S i ∩ S j ≠ ∅, do nothing. Otherwise,

– Case 2. PFace(vi) ∩ PFace(v j) ≠ ∅, select face f ∈ PFace(vi) ∩ PFace(v j) and
one triangle in f . Put the triangle in both Xi and X j. Otherwise,

– Case 3. PEdge(vi) ∩ PEdge(v j) ≠ ∅. Select edge e ∈ PEdge(vi) ∩ PEdge(v j)
with neighbouring faces f and f ′. We can prove that either f ∈ EFace(vi)
or f ′ ∈ EFace(vi) 1. W.l.o.g., we assume f ∈ EFace(vi). If f ′ ∈ IFace(vi), do
nothing. Otherwise f ′ ∈ PFace(vi), and we select a triangle in f ′ with one
edge on e. Put this triangle in Xi.

• For constraint viPOv j, we have EFace(vi) ∪ EFace(v j) ≠ Face (Row 7 in Table 6.6),
which means there is some face f in (IFace(vi)∪PFace(vi))∩(IFace(v j)∪PFace(v j)).
If f is in PFace(vi) and in PFace(v j), select a triangle in face f and put the triangle
in both Xi and X j. In any other case, do nothing.

Note that all the triangles are small enough that they are pairwise disjoint and the
union of all the triangle does not entirely occupy any face or any edge. Now Xi contains
all the triangles we need for variable vi. Denote X for the union of all Xi, i.e., X is the
set of all the triangles selected for variables.

1It is clear that f ∈ IFace(vi) or f ∈ PFace(vi) implies f ∈ IFace(v j). So if neither f nor f ′ is in
EFace(vi), we know that f and f ′ are both in IFace(v j), which implies e ∈ IEdge(v j).
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(a) (b) (c)

(d) (e)

Figure 6.11: Illustration of the selection of triangles

Define
ai = ⋃IFace(vi) ∪⋃Xi. (6.31)

The following lemma can be proved in the same way as in the proof of the Lemma 6.6.

Lemma 6.10 {a1,⋯,an} satisfies all the constraints in Γ except that some NTPP con-

straints may only be realised as TPP.

To cope with the NTPP constraints, we introduce the expand function from (Face∪
X) × {1,2,⋯,n} to plane regions such that

• expand(x, i) NTPP expand(x, i + 1) for any x ∈ Face ∪ X and i = 1,2,⋯,n − 1.

• expand(x, i) DC expand(x′, i′) for any x, x′ ∈ Face ∪ X such that xDCx′, and
i, i′ = 1,2,⋯,n.

• expand(x, i) PO expand(x′, i′) for any x, x′ ∈ Face ∪ X such that xECx′, and
i, i′ = 1,2,⋯,n.
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(a) x ∈ Face (b) x inside face f (c) x on vertex v (d) x on edge e

Figure 6.12: Illustration of function expand(x,1)

That is to say, expand(x, i) are a series of nested regions with x as the innermost core.
Meanwhile, expand(x, i) should be small enough in order not to touch or overlap any
other regions or any other expand(x′, i′) if possible. Figure 6.12 provides illustrations
for expand(x,1).

We can extend the domain of the function expand to include all the ai defined in
Eq. 6.31 and all the landmarks by

expand(y, i) = ⋃{expand(x, i) ∶ x ⊆ y, x ∈ Face ∪ X}, (6.32)

where y ∈ {a1,⋯,an, l1,⋯, lm} and i = 1,2,⋯,n.
Define a function from dNTPP ∶ V ×(V ∪L) to N, such that dNTPP(vi,w) is the length

of the longest NTPPi chain from vi to w, where w is either some v j or some l j.
Let

bi = ai ∪⋃{expand(a j,dNTPP(vi, v j)) ∶ v jNTPPvi}
∪⋃{expand(l j,dNTPP(vi, l j)) ∶ l jNTPPvi}.

(6.33)

Then {b1,⋯,bn} is a solution that satisfies the requirements in Lemma6.9
The above lemma indicates that we are able to decide the existence of solutions of

Γ, as long as the intersection of the boundary of each variable and the vertex set Vtx

is fixed in advance (namely, S i). Note that each S i has O(K2) points which are poly-
nomial with respect to the input size. Therefore, by guessing S i in a nondeterministic
algorithm, we come to the conclusion that the extended consistency problem for basic
RCC-8 networks is in NP.

Theorem 6.7 The extended consistency problem cspsatRCC8,s(BRCC8) is NP-complete,
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provided that the landmarks are represented by polygons.

6.4.3.3 RCC-8 model based on strong connectedness

In the standard RCC-8 model, two regions are considered to be connected if their inter-
section is not empty. As we have shown in subsection 5.1, the possibility of the finite
intersection of two EC regions results in the NP-hardness of the extended consistency
problem. In this subsection, we consider another RCC-8 model in which two regions
are considered to be connected, if and only if there is at least a curve (rather than a
point) belonged to both regions. The different definition of connectedness results in
different DC,EC,NTPP,TPP relations.

Definition 6.3 (strong-connectedness RCC-8 algebra) A subset X of the plane is called

a curve if there is a continuous mapping γ ∶ [0,1] → X. The PO,EQ relations in the

strong RCC-8 algebra is the same as those in the standard RCC-8 algebra, while the

DC,EC,NTPP,TPP relations are defined as follows, and TPPi,NTPPi are the con-

verses of TPP and NTPP.

• aDCb if and only if a ∩ b doesn’t contain any curve.

• aECb if and only if a○ ∩ b○ = ∅ and a ∩ b contains at least one curve.

• aNTPPb if and only if a ⊂ b and ∂a ∩ ∂b doesn’t contain any curve.

• aTPPb if and only if a ⊂ b and ∂a ∩ ∂b contains at least one curve.

The following theorem shows that under this RCC-8 model, the extended consis-
tency can be decided in polynomial time.

Theorem 6.8 The extended consistency problem of the strong-connectedness RCC-8

algebra can be decided by checking all the conditions in Lemma 6.9, assuming that

S i = ∅ for all variables vi.

Intuitively, the NP-hardness of the extended consistency problem in the standard
RCC model is due to the exponential possibilities of S i, the intersection of Vtx and
the boundary of vi. This matters because the points in S i may be evidence of EC
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(a) x ∈ Face (c) x on vertex v

Figure 6.13: Illustration of function expand(x,1) in strong connectedness RCC model

constraints. However, in the strong connectedness model, discrete points no longer
account for EC relations, so S i may simply be regarded as empty.

The proof can be obtained by slightly modifying the proof of Lemma 6.9. Note
that we need to adjust the construction in the sufficiency part to cope with the strong
connectedness.

The only differences here from the standard RCC-8 interpretation are: (i) we as-
sume S i = ∅ for all variables vi, as in the theorem; (ii) although the requirements
for expand(⋅, ⋅) maintain, the construction of the function needs modification due to
different interpretations of RCC-8 relations. If x is a face in Face, or a triangle in X

on some vertex v, expand(x,1) should be modified as shown in Figure 6.13 (a) and
(c) respectively. Note that in Figure 6.13 (c), it holds that xDC f1 since their intersec-
tion is a point (not a curve). Therefore, expand(x,1) is supposed to be disjoint with
f1 (under the strong connectedness interpretation of RCC) due to the requirement of
expand(⋅, ⋅). The case in Figure 6.13 (a) is similar: the boundary of the expanded face
does not intersect with any face that are disjoint with the original face.

All the remaining parts of the construction, including the selection of triangles
(note that S i = ∅ here), the definition of ai, bi, and the verification of bi as a solution of
Γ, are completely the same as in the standard RCC model.

The computational complexity is O((n + m)3 + n(n + m)K2 + m2K2 log K), the
same as for the RCC-5 case. The arguments there also apply for RCC-8 in the strong
connectedness model.
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6.5 Chapter Summary

This chapter extends the consistency problem in qualitative spatial and temporal rea-
soning. In the former consistency problem, all the entities are variables which could be
interpreted by arbitrary elements in the universe. This cannot characterise all situations
in applications in which completely known entities (landmarks) or partially known en-
tities are involved. By equipping each variable with a domain, being either the universe
or a finite subset of the universe, the expressive ability of the consistency problem is
enhanced. In particular, we distinguish the landmark case, that is, each variable in
the constraint network is either totally unknown or completely known as a landmark.
There are several reasons for this: first, the landmark case is simpler than the general
case and is a good starting point. Second, the general case can always be reduced to
the landmark case (though possibly exponentially), i.e., if we have an algorithm that
solves the landmark case, we may also solve the general case in a backtracking manner.
Furthermore, landmarks are widely involved in real applications.

The computational complexity of solving the extended consistency problem is then
investigated for qualitative calculi including Point Algebras, Interval Algebra, Cardi-
nal Direction Calculus and RCC-5/RCC-8. We show that, if only basic networks are
considered, the landmark case is tractable except for RCC-8. For the RCC-8 (un-
der standard interpretation), the problem is in general NP-complete; but it becomes
tractable if two regions are considered as being connected when they share at least a
curve. For the general case in which variables are allowed to be finitely restricted, the
consistency problems are NP-complete even for basic networks in all qualitative cal-
culi mentioned above except Point Algebra. For PA, we devise a polynomial algorithm
that solves the consistency problem over a maximal tractable subclass {<,>,=,≤,≥, ?}.
For other qualitative calculi, we construct polynomial reductions from the well-known
NP-complete 3-SAT problem to the extended consistency problem and thus prove its
NP-hardness.
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Chapter 7

Solving Minimal Constraint Networks

7.1 Introduction

In previous chapters, we have considered the consistency problems for several qualita-
tive calculi. There are a number of other related reasoning problems. In this chapter,
we will consider two reasoning problems involving the concept of minimal labels.
Given a set of constraints Γ over variables set V , the minimal label between variable
x and y is defined as the strongest relation between them implied by Γ. The minimal

labeling problem (MLP) [105] 1, which computes the minimal label turns out to be
equivalent to the consistency problem with respect to polynomial Turing-reductions.
Another related problem is the minimality problem, which is to decide whether a con-
straint network Γ is minimal, where we say Γ is minimal if for all constraints xαy in
Γ, α is the minimal label of x and y [71]. Although the minimality problem can be
reduced to consistency problem (but not vice versa), its tractability remains unsolved
when the consistency problem is NP-hard. Meanwhile, noticing that minimal networks
are always consistent, it would be natural to ask the following question: is there a poly-
nomial algorithm that may compute a solution of a given minimal constraint network?

In the context of classical CSP, Gottlob has recently proved the NP-hardness of
computing a solution of minimal networks [43, 44], which confirms the conjecture
proposed by Dechter [21]. However, related work in QSTR is quite limited [9, 41].
Inspired by Gottlob’s work, this chapter will investigate the minimality problem and

1Also known as the deductive closure problem in [107].
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the solution computation problem in the context of QSTR. For partially ordered Point
Algebras (in which two points can be incomparable), Interval Algebra, Cardinal Re-
lation Algebra, and RCC-8, we will show that deciding the minimality of constraint
networks is in general NP-hard. Furthermore, we will prove the NP-hardness of com-
puting solutions of minimal constraint networks in each qualitative calculi mentioned
above, although the problem was assumed to be easy in [9].

The remainder of this chapter proceeds as follows. Section 2 reviews basic notions
and discusses Gottlob’s approach. Section 3 shows that computing a solution of a
minimal constraint network in partially ordered Point Algebras and RCC-8 is NP-
hard, while Section 4 proves the same result for Cardinal Relation Algebra and Interval
Algebra. The last section concludes this chapter. Note that the results in this chapter
have been accepted by conference CP-2012 [66].

7.2 Preliminaries

We recall the concept of minimal networks which has been introduced in Defini-
tion 2.31. Suppose M is a qualitative calculus, V is a set of variables, and Γ is a
constraint network over V . If for any constraint xαy in Γ and any basic relation β con-
tained in α, the constraint network Γ ∖ {xαy} ∪ {xβy} (i.e., replace xαy in Γ with xβy)
is consistent, then we say Γ is a minimal network.

The main aim of this chapter is to discuss the complexity of computing a solu-
tion of a given constraint network which is known to be minimal. We prove that, for
all qualitative calculi mentioned above except the totally ordered Point Algebra, it is
NP-hard to compute a single solution of a minimal constraint network.1 We do not
distinguish the semantic difference between ‘computing a solution’ and ‘computing
a consistent scenario’. This is because, on one hand, polynomial algorithms to con-
struct solutions for consistent scenarios have been proposed for all qualitative calculi
discussed in this paper (see e.g.[55]); and on the other hand, a consistent scenario can
always be computed in polynomial time from a solution.

1Note that computing a solution of a constraint network is not a decision problem (i.e., problem
with either a ‘yes’ or ‘no’ answer). So the ‘NP-hardness’ here means that, if we have a polynomial
algorithm that computes a solution of a minimal network, then we can provide a polynomial algorithm
that solves an NP-complete problem [43].
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A strategy has been introduced in [43] to prove the NP-hardness of computing a
solution of a minimal constraint network in classical CSP. This strategy can also be
applied to the same problem in QSTR. The general framework is as follows, whereM
is a qualitative calculus in which the consistency of any basic network (scenario) can
be decided in polynomial time.

• Construct a polynomial reduction R from an NP-hard problemN (variants of the
SAT problem in this paper) to the consistency problem cspsat(M) forM.

• Show any cspsat(M) instance generated by R is either inconsistent or minimal.

We claim that the existence of such a reduction R implies the NP-hardness of com-
puting a solution of a minimal constraint network inM. This is because, if there exists
a polynomial algorithm A which can compute a solution (i.e. a consistent scenario) of
a minimal constraint network with upper bounding time p(x) (where x is the size of
input), then the following polynomial algorithm A∗ would solve the NP-hard problem
N , where i is an instance of N .

• Compute the cspsat(M) instance R(i) by the reduction R.

• Call Algorithm A with input R(i).

• If A does not halt in p(size(R(i))) time, return ‘No’.

• Verify whether the output of A is a solution of R(i). If not, return ‘No’.

• Return ‘Yes’.

Because the consistency of any scenario in M can be determined in polynomial
time, we know that A∗ is a polynomial algorithm. We next show that Algorithm A∗ is
sound. First, suppose i is a positive instance of N . Then R(i) is a minimal constraint
network by the assumption of R. So Algorithm A should return a solution of R(i) in
p(size(R(i))) time, and thus A∗ returns the correct output ‘Yes’. Second, suppose i is
a negative instance of problem N , in which case R(i) is inconsistent, and Algorithm
A gets an invalid input. So Algorithm A may either not halt in p(size(R(i))) time,
or halt with some output which is not a solution of R(i) (as R(i) is inconsistent). In
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both cases, Algorithm A∗ returns ‘No’. Therefore, A∗ is sound and we conclude that
computing a solution of a minimal network in qualitative calculusM is NP-hard.

Note that the reduction R above (if it exists) is also a polynomial reduction from
the NP-hard problem N to the minimality problem inM. Therefore the existence of
R also implies the NP-hardness of the minimality problem inM.

Theorem 7.1 LetM be a qualitative calculus in which the consistency of basic net-

works can be decided in polynomial time. Suppose there exists a polynomial reduction

R from an NP-hard problem to the consistency problem inM such that any cspsat(M)
instance generated by R is either inconsistent or minimal. Then the minimality prob-

lem inM is NP-complete. Furthermore, it is also NP-complete to compute a solution

of a minimal constraint network inM.

The NP-hardness results provided in the following sections are achieved by poly-
nomial reductions from special variants of the SAT problem introduced below. Note
that Definition 7.1 is original while Definition 7.2 comes from [43].

Definition 7.1 (symmetric SAT) We say a SAT instance φ is symmetric, if for any

truth value assignment ν ∶ Var(φ) → {true, false}, ν satisfies φ iff ν satisfies φ, where

ν is defined by ν(p) = true if ν(p) = false, and ν(p) = false if ν(p) = true, for

p ∈ Var(φ).

It is clear that each unsatisfiable SAT instance is a symmetric instance.

Lemma 7.1 There exists a polynomial-time transformation that transforms each SAT

instance φ into a symmetric instance φ′, such that φ is satisfiable iff φ′ is satisfiable.

Proof Suppose φ = ⋀m
j=1 c j is a SAT instance with propositional variables Var(φ) =

{p1, p2,⋯, pn} and clauses c j = ⋁t j
k=1 l j,k, where l j,k are literals. For a literal l, its nega-

tion, denoted by l, is defined to be ¬pi if l = pi, or pi if l = ¬pi. Define c j = ⋁t j
k=1 l j,k.

Clearly, a truth value assignment ν satisfies c j iff ν satisfies c j.
Now we define a SAT instance φ′ with Var(φ′) = Var(φ) ∪ {q} and 2m clauses,

φ′ =
m

⋀
i=1

(ci ∨ q) ∧
m

⋀
i=1

(ci ∨ ¬q).

It is straightforward to verify that φ is satisfiable iff φ′ is satisfiable.
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Gottlob introduced the following concept of k-supersymmetry of SAT instances
(k ≥ 1) and proved that any SAT instance can be transformed into a k-supersymmetric
instance while preserving its satisfiability.

Definition 7.2 (k-supersymmetric SAT, [43]) Let φ be a SAT instance. We say φ is k-
supersymmetric, if either it is unsatisfiable, or for any set of k propositional variables

Vk ⊆ Var(φ), and any partial truth value assignment ν to Vk, there is an extension of ν

which satisfies φ.

Lemma 7.2 ([43]) For each fixed integer k ≥ 1, there exists a polynomial-time trans-

formation that transforms a SAT instance φ into a k-supersymmetric instance φk, such

that φ is satisfiable iff φk is satisfiable.

It is clear that a symmetric SAT instance is also 1-supersymmetric and a (k + 1)-
supersymmetric instance is also k-supersymmetric. The following lemma synthesises
Lemmas 7.1 and 7.2.

Lemma 7.3 For each fixed integer k ≥ 1, there exists a polynomial-time transforma-

tion that transforms a SAT instance φ into a symmetric and k-supersymmetric instance

φ∗, such that φ is satisfiable iff φ∗ is satisfiable.

Proof We first transform φ into a symmetric SAT instance φ′ by Lemma 7.1, then
transform φ′ into a k-supersymmetric instance φ∗ using the second transformation de-
scribed in [43, Lemma 7.2]. It can be straightforwardly verified that this transformation
preserves symmetry. Therefore φ∗ is symmetric and k-supersymmetric. This procedure
is polynomial as both of the two transformations are polynomial.

7.3 The Partially Ordered Point Algebras and RCC-8

We first prove that computing a solution of a minimal partially ordered PA constraint
network is NP-hard. We achieve this by devising a reduction from the symmetric and
3-supersymmetric SAT problem to the consistency problem in the partially ordered
PA. Let φ = ⋀m

j=1 c j be a symmetric and 3-supersymmetric SAT instance with Var(φ) =
{p1, p2,⋯, pn} and clauses c j = ⋁t j

k=1 l j,k. We construct a constraint network (Vφ,Γφ) in
the partially ordered PA.
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The variable set is Vφ = V0 ∪ V1 ∪ ⋯ ∪ Vm, where V0 = {xi, yi ∶ 1 ≤ i ≤ n} and
V j = {w j,k ∶ 1 ≤ k ≤ t j}. The constraints in Γφ are as follows, where w j,t j+1 = w j,1.

• For xi, yi ∈ V0, xi {<,>} yi,

• For k ≠ k′, w j,k {<,>} w j,k′ ,

• If l j,k = pi, then xi {<,>} w j,k+1, yi {<,>} w j,k, xi ∣∣ w j,k, yi ∣∣ w j,k+1,

• If l j,k = ¬pi, then xi {<,>} w j,k, yi {<,>} w j,k+1, xi ∣∣ w j,k+1, yi ∣∣ w j,k,

• For j ≠ j′ and any w ∈ V j,w′ ∈ V j′ , w ∣∣ w′,

• For any other pair of variables (u, v) ∈ Vφ, u {<,>, ∣∣} v.

We next provide a brief explanation. We use variables xi, yi ∈ V0 to simulate propo-
sitional variable pi. The case that xi < yi (xi > yi, resp.) corresponds to pi being
assigned true (false, resp.). Variables in V j simulate clause c j in φ, where w j,k and
w j,k+1 correspond to literal l j,k in c j. Suppose l j,k ∈ {pi,¬pi}. Then the constraints be-
tween xi, yi,w j,k,w j,k+1 as specified above establish the connection between the relation
of xi and yi and that of w j,k and w j,k+1, which simulates the dependency of l j,k on pi. In
detail, if l j,k = pi (¬pi, resp.), then the relation between w j,k and w j,k+1 should be the
same as (opposite to, resp.) that between xi and yi. For example, if l j,k = pi, then xi < yi

implies xi < w j,k+1 (otherwise, we shall have w j,k+1 < xi < yi and yi ∣∣ w j,k+1, which is
inconsistent). Similarly we have yi > w j,k and w j,k < w j,k+1 in such case. See Figure 7.1
for illustration. By these constraints, we relate the case w j,k < w j,k+1 (w j,k > w j,k+1, resp.)
to that l j,k being assigned true (false, resp.).

(a) constraints (b) a partial solution

Figure 7.1: Passing the relation between xi and yi to that between w j,k and w j,k+1
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Clause c j rules out the assignments that assign all the literals l j,k false. Because φ
is a symmetric SAT instance, any assignment ν that assigns all literals l j,k true would
also falsify φ (otherwise, φ should also be satisfied by ν which fails to satisfy c j).
Correspondingly, it is inconsistent if w j,1 > w j,2 > ⋯ > w j,t j > w j,1 or w j,1 < w j,2 <
⋯ < w j,t j < w j,1. Note that the direct constraint between any two variables in V j is never
explicitly specified. Instead, we constrain variables in V j by enforcing a total order and
transmitting the configuration of V0 to it. In summary, by introducing of variables in
V j (and related constraints), we forbid two certain kinds of configurations of V0, which
correspond to assignments of Var(φ) that assign all literals in c j true or false.

Proposition 7.1 Let φ be a symmetric SAT instance, and (Vφ,Γφ) be the constraint

network as constructed above. Then φ is satisfiable iff (Vφ,Γφ) has a consistent sce-

nario.

Proof Suppose φ is satisfiable and ν ∶ Var(φ) → {true, false} is a truth value assign-
ment that satisfies φ. We construct a consistent scenario for (Vφ,Γφ).

The constraints between variables in V0 are as follows, see Figure 7.2 for illustra-
tion.

• If ν(pi) = true, then xi < yi; otherwise xi > yi,

• Let bigi (smalli resp.) be the big one (small one resp.) in xi, yi. Then for i ≠ i′,

bigi ∣∣ bigi′ , smalli ∣∣ smalli′ , smalli < bigi′ .

Figure 7.2: Constraints between variables in V0 in the scenario, where {bigi, smalli} =
{xi, yi}
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Assume l j,k ∈ {pi,¬pi}. The constraints between xi, yi,w j,k and w j,k+1 are decided by
the constraint between xi and yi, as we have explained before the proof. The scenario
should provide a total order on V j with determined constraints between w j,k and w j,k+1.
Such a total order always exists, because the determined constraints contain no circles
(which is because ν satisfies clause c j). Pick arbitrary one if such total orders are not
unique.

It remains to refine constraints of the form u {<,>, ∣∣} v, where u ∈ V0 and v ∈ V j for
some j. Part of these constraints need to be refined to < (or >) due to the transitivity of
< (or >). The rest can be refined to ∣∣.

We now get a scenario, the consistency of which can be verified by checking its
path-consistency. We omit the details here.

Now suppose (Vφ,Γφ) has a consistent scenario. We define a truth value assignment
ν by ν(pi) = true if xi < yi in the scenario, or ν(pi) = false otherwise. For each clause
c j in φ, it can be checked that ν satisfies c j because the constraints about variables in
V j in the scenario are consistent. Therefore, φ is satisfiable.

The PA network (Vφ,Γφ) in the reduction above has 2n + T variables, where n =
∣Var(φ)∣, and T is t1+t2+⋯+tm, the number of all literals in the SAT instance. Therefore
the reduction is polynomial. We next prove, by exploiting the 3-supersymmetry of the
SAT instance φ, that (Vφ,Γφ) is minimal if φ is consistent.

Proposition 7.2 Suppose φ is a symmetric and 3-supersymmetric SAT instance. Let

(Vφ,Γφ) be the constraint network as constructed above. If φ is satisfiable, then

(Vφ,Γφ) is a minimal constraint network.

Proof First note that (Vφ,Γφ) contains three forms of constraints, viz. u ∣∣ v, u{<,>}v

and u{<,>, ∣∣}v. We aim to show the latter two forms of non-basic constraints can
be refined to any basic constraint without violating the consistency. We have proved
that (Vφ,Γφ) has a consistent scenario, say, (Vφ,Γ0). Let (Vφ,Γ1) be the scenario of
(Vφ,Γφ) which refines non-basic constraints in the opposite way, i.e.,

• Constraint u{<,>}v is refined to u < v (u > v resp.) if it is refined to u > v (u < v

resp.) in Γ0.

• Constraint u{<,>, ∣∣}v is refined to u < v (u > v, u ∣∣ v resp.) if it is refined to u > v

(u < v, u ∣∣ v resp.) in Γ0.
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It can be proved that scenario (Vφ,Γ1) is path-consistent (otherwise (Vφ,Γ0) would not
be path-consistent) and hence consistent.

Now we only need to show that constraint u{<,>, ∣∣}v in (Vφ,Γφ) can be refined to
any of u < v, u > v and u ∣∣ v. There are only two possible cases of such u and v:

• u ∈ {xi, yi} and v ∈ {xi′ , yi′} for some i ≠ i′.

• u ∈ {xi, yi} and v = w j,k for some i, j, k such that l j,k, l j,k+1 /∈ {pi,¬pi}.

For the first case, w.l.o.g., we may suppose u = xi and v = xi′ . Because φ is 3-
supersymmetric and hence 2-supersymmetric, there exists a truth value assignment ν
which satisfies φ and ν(pi) = true, ν(pi′) = true. So we may get a consistent scenario
of (Vφ,Γφ) as in the proof of Proposition 7.1 according to ν. In this scenario, we have
xi < yi, xi′ < yi′ and xi ∣∣ xi′ . Therefore, there exists a consistent scenario of (Vφ,Γφ)
in which xi ∣∣ xi′ . Similarly, we may obtain consistent scenarios in which xi < xi′ or
xi > xi′ , by other truth value assignments on pi and pi′ .

The second case is slightly complicated and is briefly described here. W.o.l.g.,
suppose we want to refine constraint xi{<,>, ∣∣}w j,k to xi < w j,k, xi > w j,k and xi ∣∣ w j,k

respectively. For xi < w j,k, we need an assignment ν which satisfies φ and ν(pi) = true,
ν(l j,k−1) = true and ν(l j,k) = false. Such assignment ν exists as φ is 3-supersymmetric.
We are able to get a scenario as in the proof of Proposition 7.1 in which we further
require w j,k to be the maximal element in V j (note w j,k > w j,k−1,w j,k+1 as ν(l j,k−1) = true

and ν(l j,k) = false). In this scenario either xi < w j,k or xi ∣∣ w j,k. In the latter case,
we replace it with xi < w j,k, which does not jeopardise the consistency as xi is in
the smaller part of V0 and w j,k is the maximal element in V j. So we get a consistent
scenario in which xi < w j,k. The other two cases are similar, where for xi > w j,k we
need ν(pi) = false and w j,k to be the minimal element in V j, and for xi ∣∣ w j,k we need
ν(pi) = true and w j,k to be the minimal element.

Now we have the following conclusion for partially ordered Point Algebra.

Theorem 7.2 Computing a solution of a minimal network in the partially ordered

Point Algebra is NP-complete.

Proof By Propositions 7.1, 7.2 and Theorem 7.1, we know that computing a solution
(or a consistent scenario) of a minimal network in partially ordered PA is NP-hard. The
problem is in NP as we may guess a consistent scenario by indeterminism.
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The above technique can be directly applied to the RCC-8 algebra.

Theorem 7.3 Computing a solution of a minimal network in RCC-8 is NP-complete.

Proof Given a symmetric and 3-supersymmetric 3-SAT instance φ, we may construct
an instance of the consistency problem in RCC-8 by substituting PA relations <,>, ∣∣
in the reduction provided above with RCC-8 relations NTPP,NTPPi,PO respectively.
Propositions 7.1 and 7.2 still hold and can be proved in the same way. Therefore,
computing a solution of a minimal RCC-8 network is NP-complete.

7.4 Cardinal Relation Algebra and Interval Algebra

This section shows that computing a solution for a minimal CRA or IA constraint
network is also NP-hard. The proof is similar to but simpler than the previous one, as
3-supersymmetry is not necessary here. We begin with the Cardinal Relation Algebra.

Before going into the detail, we introduce some abbreviations that may clarify the
specifications of constraints. For a CRA relation α, we use

a∣b α c∣d to denote a α c,a α d and b α c,b α d,
a
b
α

c
d

to denote a α c and b α d.

Suppose φ = ⋀m
j=1 c j is a symmetric SAT instance with Var(φ) = {p1, p2,⋯pn}

and clauses c j = ⋁t j
k=1 l j,k. We now construct the CRA constraint network (Vφ,Γφ).

The spatial variables for propositional variable pi are still xi and yi, while 2t j spatial
variables c j,k,d j,k(k = 1,2,⋯, t j) are introduced for clause c j (which has t j literals).
So the variable set is Vφ = V0 ∪ V1 ∪ ⋯ ∪ Vm, where V0 = {xi, yi ∶ 1 ≤ i ≤ n} and
V j = {c j,k,d j,k ∶ 1 ≤ k ≤ t j}.

We describe the relative locations of variables which are implied by the CRA con-
straints in Γφ. The variables in V0 will be located in the leftmost column (Column 0)
in Figure 7.3. Among them, xi and yi will be located in the small dashed box which
is in the i-th row. Meanwhile, xi is either to the northwest of or to the southeast of yi.
Formally, we impose the following CRA constraints, where 1 ≤ i < i′ ≤ n,

xi {NW, SE} yi, xi∣yi NW xi′ ∣yi′ .
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Figure 7.3: Overview of the configuration of (Vφ,Γφ)

The case that xi is to the northwest (southeast resp.) of yi corresponds to the case that
pi is assigned true (false resp.).

The 2t j variables c j,k,d j,k(1 ≤ k ≤ t j) in V j are all located in Column j in Figure 7.3.
For the vertical positions, if l j,k ∈ {pi,¬pi}, then c j,k and d j,k are located in the i-th row.
Precisely, we impose

xi

yi
W

c j,k

d j,k
,

xi

yi
{NW, SW} d j,k

c j,k
,

and

c j,k {NW, SE} d j,k if l j,k = pi, or c j,k {NE, SW} d j,k if l j,k = ¬pi.

That is to say, c j,k (d j,k resp.) is to the east of xi (yi resp.). By these constraints, the
CRA relation between c j,k and d j,k is decided by the relation between xi and yi and
whether literal l j,k is positive or negative. In fact, it is straightforward to check that the
horizontal relation (i.e., west or east) between c j,k and d j,k is in accordance with the
truth value assigned to literal l j,k (true or false), see Figure 7.4. The relative positions
(or constraints) between c j,k, d j,k and xi′ , yi′ where i ≠ i′ can be completely decided by
the constraints above.

We now discuss the constraints between variables in V j. Suppose u ∈ {c j,k,d j,k}
and v ∈ {c j,k′ ,d j,k′} are two variables in V j, where k ≠ k′. Suppose l j,k ∈ {pi,¬pi} and
l j,k′ ∈ {pi′ ,¬pi′} for some i ≠ i′ (if i = i′ then either one literal can be removed, or the
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(a) l j,k = pi (b) l j,k = ¬pi

Figure 7.4: Passing the relation between xi and yi to that between c j,k and d j,k, assuming
xi NW yi

clause is unsatisfiable and we may simply construct an inconsistent CRA instance). We
consider the constraint between u and v in the vertical direction and in the horizontal
direction separately. The vertical relation between u and v is determined by i and i′, as
u is in the i-th row and v is in the i′-th row.

The horizontal relation between u and v is the key point which connects the SAT
instance φ and the CRA constraint network (Vφ,Γφ). Note that the j-th clause c j in φ
rules out the assignments that assign all literals l j,k false. Therefore, we expect (Vφ,Γφ)
may forbid the case that d j,k is to the left (i.e., northwest or southwest) of c j,k for all
k ∈ {1,2,⋯, t j}. To this end, d j,k and c j,k+1 are required to lie on the same vertical line,
while any other pair of variables in V j are required not to, where t j+1 is considered as 1.
It is clear that d j,k (or equivalently c j,k+1) being to the west of c j,k for all k ∈ {1,2,⋯, t j}
is not realisable.

Note that the above constraints do not permit the case when d j,k is to the right (i.e.,
northeast of southeast) of c j,k for all k ∈ {1,2,⋯, t j}. This does not cause problems
since φ also rules out the assignments that assign all literals l j,k in c j true by its sym-
metry.

Now we consider the constraint between u ∈ V j and v ∈ V j′ for j ≠ j′. Suppose
u ∈ {c j,k,d j,k}, v ∈ {c j′,k′ ,d j′,k′}, where l j,k ∈ {pi,¬pi}, l j′,k′ ∈ {pi′ ,¬pi′}. The horizontal
relation between u and v is determined by j and j′ (u is in Column j and v is in Column
j′). For the vertical constraint, note that u and v are located in the i-th and i′-th rows
respectively. Therefore the case that i ≠ i′ is clear. If i = i′, c j,k and c j′,k′ are both to the
east of xi, while d j,k and d j′,k′ are both to the east of yi. So we specify the following
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constraints if j < j′. The case when j > j′ is similar.

c j,k

d j,k
E

c j′,k′

d j′,k′
,

c j,k

d j,k
{NW,SW}

d j′,k′

c j′,k′
.

Proposition 7.3 Given a symmetric SAT instance φ, suppose (Vφ,Γφ) is the CRA in-

stance as constructed above. Then φ is satisfiable iff (Vφ,Γφ) has a consistent scenario.

Proof This part can be straightforwardly proved by the connection between φ and
(Vφ,Γφ) described above.

Therefore, we have a reduction from symmetric SAT to cspsat(CRA). Note that
for a symmetric SAT instance φ with n propositional variables and T literals, the CRA
instance (Vφ,Γφ) consists 2n + 2T spatial variables. So the reduction is polynomial.

Proposition 7.4 Suppose φ is a satisfiable symmetric SAT instance. Then the CRA

constraint network (Vφ,Γφ) constructed above is minimal.

Proof We need to prove that, after refining a non-basic constraint to any basic relation
it contains, the network is still consistent. Note that the CRA relation in any non-basic
constraints of (Vφ,Γφ) is exactly the union of two basic relations. Suppose Γ0 is a
consistent scenario of (Vφ,Γφ). Let Γ1 be the scenario obtained by refining non-basic
constraints in (Vφ,Γφ) to the basic constraint different from the one in Γ0. Scenario
Γ1 is also consistent by path-consistency (otherwise, Γ0 cannot be path-consistent).
Therefore, each non-basic constraint in (Vφ,Γφ) can be refined to any basic constraint
(either in scenario Γ0 or in scenario Γ1). So (Vφ,Γφ) is a minimal CRA network.

Theorem 7.4 Computing a solution of a minimal CRA network is NP-complete.

Proof The theorem can be proved in the same way as Theorem 7.2.

For Interval Algebra, note that an interval [a,b] naturally corresponds to the point
(a,b) on the half plane. Based on this observation, we may translate the above reduc-
tion into a reduction for Interval Algebra directly.

Theorem 7.5 Computing a solution of a minimal IA network is NP-complete.
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Proof We may translate the reduction for CRA into a reduction for IA by replacing
CRA relations with IA relations as in the following table. Therefore, computing a
solution of a minimal IA network is NP-complete.

CRA relation NW N NE W EQ E SW S SE

IA relation di si oi fi eq f o s d

7.5 Chapter Summary

In this chapter, we have discussed minimal constraint networks in qualitative spatial
and temporal reasoning. We have proved for four major qualitative calculi (viz., par-
tially ordered Point Algebras, Cardinal Relation Algebra, Interval Algebra, and RCC-
8) that deciding the minimality of networks and computing solutions of minimal con-
straint networks are both NP-complete problems. We have provided a polynomial
reduction from a specialised SAT problem to the consistency problem of each qualita-
tive calculus, which only maps positive SAT instances to minimal constraint networks.
The reduction exploits the symmetry of qualitative calculi, because it uses ‘symmet-
ric’ intractable subclasses of relations, for example, {∣∣,{<,>},{<,>, ∣∣}} in partially
ordered Point Algebra, and {PO,{NTPP,NTPPi},{NTPP,NTPPi,PO}} in RCC-8.

The work of Gottlob [43] reveals the intractability of solving minimal constraint
networks in classical CSP (with finite domains). This chapter has discussed the same
problem, but in the context of QSTR. In this situation, the domains are infinite, and the
constraints are all taken from a fixed and finite set of relations in a qualitative calculus.
The minimality problem in such a qualitative calculus can also be regarded as a ‘spe-
cial’ problem in classical CSP, but the NP-hardness of the general problem proved by
Gottlob (where 2-supersymmetry is enough for the binary case) by no means implies
the NP-hardness of the special problems considered in this paper, where symmetry
(and 3-supersymmetry for CRA and IA) are required.
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Chapter 8

Conclusion

8.1 Thesis Contributions

The qualitative approach is proved to be effective and efficient in representing and rea-
soning with spatial and/or temporal knowledge. This thesis has made a number of
contributions concerning reasoning problems in qualitative spatial and temporal rea-
soning.

For the weak composition problem, we have designed a semi-automatic algorithm
for computing composition tables. The algorithm repetitively generates random ob-
jects in the universe of the qualitative calculus and fills the composition table with
entries that are verified by the objects, until the composition table is stable. Because
the universe of a qualitative calculus is usually infinite, the question of how to generate
the objects has become the most critical issue: it may affect the completeness of the
CT and the efficiency of the algorithm. For IA and INDU, we have identified their
3-complete domains and thus obtained complete CTs. For OPRAm with m = 1,2, we
have exploited the symmetry and confirmed the CT obtained in [75].

Schockaert et al. [95, 94] extend the Region Connection Calculus to the fuzzy con-
text. However, their work has used a special fuzzy connectedness relation which can
only be applied to the RCC model established on Euclidean topologies. We have pro-
posed a general method and thus made it possible to fuzzify any crisp RCC model and
obtain the standard fuzzy RCC model. Schockaert et al.[96] show that composition-
based reasoning is still sufficient to solve fuzzy QCSP, where 31 composition rules are
used. We have shown that their result is also applicable for our standard fuzzy RCC
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models, although only six out of the 31 composition rules are necessary. We have fur-
ther proved that any satisfiable set of fuzzy RCC-8 constraints has a solution in any
standard fuzzy RCC model by designing a cubic realisation algorithm.

We have discussed the consistency problem of Cardinal Direction Calculus. For
complete basic constraint networks, we have proved that the problem is tractable by
providing a cubic algorithm. We have further shown that, if the universal relation
is allowed (or equivalently, if we allow some constraints to be unspecified), then the
problem becomes NP-complete. This draws a sharp boundary between tractable and
intractable subclasses in CDC.

We have observed that the original framework of the consistency problem allows
variables to take any values in the universe, which may be improper in applications
since partial knowledge may be available. Motivated by this, we have generalised the
consistency problem, enabling a variable to take a fixed value (a landmark), or to take
a value from a finite set. The computational complexity of the generalised consistency
problems has been studied for qualitative calculi PA, IA, RCC-5 and RCC-8.

Gottlob [43, 44] has recently proven that solving minimal networks in classical
CSP is NP-hard. We have investigated the same problem, but in the context of QSTR.
Unlike the assumptions in the literature, we have found that solving minimal (qualita-
tive) networks is NP-complete for partially ordered PA, CRA, IA, RCC-5, and RCC-8.
As a by-product, the NP-completeness of determining the minimality of networks in
these qualitative calculi has also been proved.

8.2 Future Directions

The results of this thesis are mainly of theoretical interests, therefore, making use of
these results in applications is a natural but meaningful research direction. Two other
directions in QSTR relating to this thesis are given in the following subsections.

8.2.1 Reasoning with Point-based directional qualitative calculi

A large number of point-based directional qualitative calculi have been proposed for
various applications. This kind of qualitative calculi are of particular importance
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mainly due to two reasons: (i) spatial objects (e.g., a car or a building) can be ab-
stracted to points in many real-world applications (e.g., high-level agent control [29]
and natural language processing for robot instructions [74]), and reasoning with points
are in most cases (if not all) much simpler than reasoning with regions; (ii) directional
information is one of the most common and expressive kinds spatial information, and
is indispensable for human-machine interfaces. Therefore, the study of this family of
qualitative calculi is absolutely crucial and has significant potential in applications.

Representative point-based directional qualitative calculi qualitative calculi include
CRA, OPRAm, LR calculus [98], the dipole calculus [73], the double-cross calcu-
lus [38] and the Qualitative Trajectory Calculus (QTC) [19]. As discussed in pre-
vious chapters, the CRA is a binary qualitative calculus that expresses cardinal di-
rection knowledge like ‘the Central Station is to the south of Town Hall’. That is to
say, the CRA uses a uniform orientation system for all the points. Differently, the
OPRAm equips with each object an independent orientation and is able to express di-
rectional knowledge like ‘the car is running towards the building’. The LR calculus
(as well as its refinement the double-cross calculus) is a ternary qualitative calculus
which can express the relative direction of an object with respect to two other objects,
such as ‘Go from UTS Tower Building towards Town Hall, you will find Central Station

to the right of you’. The dipole calculus is similar to the OPRAm calculus, but it takes
all vectors, called dipoles, on the plane as its universe and considers the relative direc-
tional relations between two vectors. A vector is essentially a pair of points, so in this
sense the dipole calculus is a point-based qualitative calculus.

Proposing qualitative calculi is mainly an issue on how to represent spatial or tem-
poral knowledge. Meanwhile, how to reason with spatial or temporal information in
given qualitative calculi is an even more important problem. Unfortunately, only lim-
ited results have been obtained concerning point-based directional qualitative calculi.
The composition problem has been investigated in some of the qualitative calculi men-
tioned above [75, 20], which is a good starting point for the study of the consistency
problem. One recent and important progress has been made by Wolter and Lee in
[112], pointing out that the consistency problem in OPRAm, the LR calculus, the
dipole calculus and the double-cross calculus are all NP-hard. Despite of the negative
NP-hardness result, the paper also reveals the connection among these qualitative cal-
culi. The NP-hardness result suggests that there is no polynomial algorithm (unless
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P=NP) for the consistency problem in this family of qualitative calculi. As a matter
of fact, up to now there is even no decision procedure, regardless its computational
complexity. This puts two critical problems on the table: (i) how to design algorithms
to solve the consistency problems for the qualitative calculi mentioned above; and (ii)
how to improve the efficiency of the algorithms. Note that whether the consistency
problems are in NP is still unsolved. This is not only an important theoretical problem,
but also may provide insights on problem (i). For the efficiency issue, the common
and effective approach is to use heuristics. Another approach has been proposed by
Pham et al. [80] and proved to be successful for the Interval Algebra: by encoding
an IA constraints network into Boolean formulas, they reduce the consistency problem
of IA to the SAT problem, which allows them to use cutting-edge SAT solvers to ef-
ficiently solve the former problem. Whether this approach may apply in point-based
qualitative still needs to be investigated. Furthermore, approximate algorithms are also
an direction. This is because, in practise (especially real-time applications), finding
acceptable solutions in seconds may be much more meaningful than obtaining a best
solution in days. Note that the connections between these qualitative calculi revealed
in [112] suggests that, an algorithm for one of the qualitative calculi can be hopefully
adapted to handle other qualitative calculi. Therefore it is reasonable to investigate a
relatively simple qualitative calculus, say, the LR calculus.

8.2.2 Spatial planning

Exploiting the methodology and results of QSTR in broader practical applications has
become the trend of the QSTR community. An interesting and potential area would
be spatial planning. Generally speaking, automatic planning aims to find a sequence
of actions which may lead a system from an initial state to a given goal. Computer
scientists have begun the study of automated planning since early 1970s [35], and de-
veloped it in both theoretical areas (such as theorem proving and control theory) and
practical domains (such as robotics and scheduling). In the classical setting of plan-
ning, it is assumed that the system has a finite set of states, which allows a search
schema to find the desired sequence. Since the STanford Research Institute Problems

Solver (STRIPS), a number of remarkable algorithms (called planners) for automated
planning tasks have been developed, and remarkable problem specification languages
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such as Action Description Language (ADL) and the Problem Domain Description

Language (PDDL) have been proposed for formally describing planning tasks. During
the last four decades (please refer to [91] for more details), automatic planning has
become an indispensable part in a huge number of human activities, covering from in-
dustry (e.g., goods transportation, car assembling), to scientific research (e.g., schedul-
ing the assignments of the Hubble Space Telescope), or even to macro-economic and
military operations.

A dominant part of practical planning tasks involve space. One significant dif-
ference between classical planning and spatial planning is that, spatial configurations
(e.g., the locations of spatial entities) can hardly be described by finite states, and the
actions may also be equipped with continuous parameters (e.g., a robot control system
may decide to move forward for 2.45 meters). Therefore, classical planning techniques
or planners cannot be directly applied when solving spatial planning tasks. Despite the
research on QSTR has been mainly focusing on static configurations and lacks the
ability to handle dynamic systems, the qualitative approach is a promising potential di-
rection to circumvent the difficulty of spatial planning mentioned above, as it provides
an elegant way to discretise the continuous space of spatial configurations and/or the
action set. Even though, there is still a long way to go. The foundation and the starting
point would be a well-designed, general, expressive specification language for spatial
planning. The specification language should be able to handle both quantitative and
qualitative spatial knowledge (e.g., the initial state is usually quantitative while the goal
state such as the ball in the basket may be qualitative), and be preferably compatible
with classical specification languages. Based on the sematic of the specification lan-
guage, how to design solvers for spatial planning tasks and how to integrate the solver
into real-world applications are even more challenging topics. Note that the spatial
solvers may make use of the reasoning formalisms (e.g., the consistency problems) in
QSTR.
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