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Abstract— This paper provide exponential stability conditions
for a class of uncertain linear hybrid time-delay systems. The
system parameter uncertainties are time-varying and unknown
but norm-bounded. The delay in the system states is also time-
varying. By using an improved Lyapunov-Krasovskii functional,
a switching rule for the exponential stability is designed in terms
of the solution of Riccati-type equations. The approach allows
for computation of the bounds that characterize the exponential
stability rate of the solution. An application to stabilization of
linear control switching systems is given. Numerical examples
are given to illustrate the results.
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I. INTRODUCTION

Switching systems belong to an important class of hybrid
systems, which are described by a family of differential
equations together with specified rules to switch between
them. A switching system can be represented by a differential
equation of the form

l’(t) = fa(tax)v

where {f,(.,.) : ¢ € I} is a family of functions parameterized
by some index set Z, which is typically a finite set, and
o(.), which depends on the system state at each time, is the
switching rule/signal determining a switching sequence for the
given system.

Switching systems arise in many practical processes that
cannot be described by exclusively continuous or exclusively
discrete models, such as manufacturing, communication net-
works, automotive engineering control, chemical processes
(e.g., see [4, 8, 13, 16, 17] and the references therein). During
the last decades, the stability problem of uncertain linear time-
delay systems and applications to control theory has attracted a
lot of attention [2, 3, 5, 12, 14]. The main approach for stability
analysis relies on the use of Lyapunov-Krasovskii functionals

t>0,

and LMI approach for constructing common Lyapunov func-
tion. Although many important results have been obtained for
linear switched systems, there are few results concerning the
stability of switched linear systems with time delay. Under the
assumption on commutative system matrices, it was shown in
[10] that when all subsystems are asymptotically stable, the
switching system is asymptotically stable under an arbitrary
switching rule. The asymptotic stability for switching linear
systems with time delay has been studied in [21], but the
result was limited to symmetric systems. In [14, 15, 19],
delay-dependent asymptotic stability conditions are extended
to discrete-time linear switching systems with time delay. Con-
sidering switching systems composed of a finite number of lin-
ear point time-delay differential equations, it has been shown
recently in [6], that the asymptotic stability may be achieved
by using a common Lyapunov function method switching rule.
There are some other results concerning asymptotic stability
for switching linear systems with time delay, but most of
them provide conditions for asymptotic stability for arbitrary
switching signal without focusing on exponential stability.
The exponential stability problem was considered in [22] for
switching linear systems with impulsive effects by using the
matrix measure concept, and in [20] for nonholonomic chained
systems with strongly nonlinear input/state driven disturbances
and drifts. On the other hand, it is worth noting that the
existing stability conditions for time-delay systems must be
solved upon a grid of the parameter space, which results in
testing a nonlinear Riccati-type equation or a finite number
of LMIs. In this case, the results using finite gridding points
are unreliable and the numerical complexity of the tests grows
rapidly. Therefore, finding new conditions for the exponential
stability of uncertain linear switching time-delay systems is of
interest.

In this paper, we study the problem of exponential stability
for a class of uncertain linear hybrid time-delay systems.
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Different from [6, 22], the system considered in this paper is
subject to time-varying uncertainties and time-varying delay.
Our objective is to derive delay-dependent conditions for
the exponential stability by using an improved Lyapunov-
Krasovskii functional. The conditions will be presented in
terms of the solution of Riccati-type equations. Comparing
with the previous results, a simple geometric design is em-
ployed to find the switching rule and our approach allows
to compute simultaneously the two bounds that characterize
the exponential stability rate of the solution. The result is
applied to obtain new sufficient conditions for stabilization
of linear uncertain control switching systems. The paper can
be considered as an extension of existing results for linear
switching time-delay systems.

The paper is organized as follows. Section 2 presents
notations, definitions and a technical lemma required for
the proof of the main results. Sufficient conditions for the
exponential stability and application to stabilization together
with illustrative examples are presented in Section 3. The
paper ends with a conclusion followed by cited references.

II. PRELIMINARIES

The following notations will be used throughout this paper.
RT denotes the set of all real non-negative numbers; R
denotes the n-dimensional space with the scalar product (., .)
and the vector norm ||.||; R™*" denotes the space of all
matrices of (n x r)— dimension. AT denotes the transpose
of A; I denotes the identity matrix; A(A) denotes the set of
all eigenvalues of A; Apax(A) = max{ReA : A € A\(A)};
Amin(A) = min{ReX : A € A(A4)}; A matrix A is semi-
positive definite (A > 0) if (Az,x) > 0, for all x € R™; A is
positive definite (A > 0) if (Az,z) >0 forallz #0; A > B
means A — B > 0.

Consider a class of uncertain linear hybrid time-delay
systems of the form

{ i(t) [As + AA (8)]x(t)+
x(t)
2.1)

[Dy + ADy(t)]z(t — h(t)),
¢(t)7 te [_hv 0]7
where z(t) € R" is the system state; o(.) : R" — 7T :=
{1,2,..., N} is the switching function, which is piece-wise
constant function depending on the state at each time and will
be designed. A,,D, € {[A:,D;],i = 1,2,...,N}, A;, B;
are given matrices and ¢(t) € C([—h,0],R™) is the initial
function with the norm [|¢|| = sup,e(_, o) [|#(s)]; The uncer-
tainties satisfy the following conditions:

t e Rt,

where Ey;, Hy;,k = 0,1,7 = 1,2,..., N are given constant
matrices with appropriate dimensions; FJ;(t) are unknown,
real matrices satisfying

FLt)Fu(t)<Ik=0,1,i=1,...,N, Vt>0.

The time-varying delay function A(t) is assumed to satisfy the
following condition

0<h(t)<h, ht)<p<1, t>0,

where h and p are given non-negative constants. This as-
sumption means that the time delay may change from time
to time but the rate of changing is bounded, i.e. the delay
cannot increase as fast as the time itself.

Definition 2.1. Given § > 0. The system (2.1) is G—
exponentially stable if there exists a switching function o(.)
and positive number v such that any solution z(t,¢) of the
system satisfies

vt € RT,

lz(t, )]l < ve |14l (2.2)

for all the uncertainties.

Definition 2.2. [18] The system of matrices {L;},i
1,2,..., N, is said to be strictly complete if for every x €
R™\{0} there is i € {1,2,..., N} such that 27 L;z < 0.

Let us define
QZ:{ZEGRnl‘TLZCE<O}7Z:1727’N

It’s easy to show that the system {L;},i = 1,2,..., N, is
strictly complete if and only if

U Q; = R™\{0}. (2.3)

Remark 2.1. As shown in [Uhlig(1979)], a sufficient condition
for the strict completeness of the system {L;} is that there
exist & > 0,7 =1,2,..., N such that Zf\;l & >0 and

N
> &Li<o.
=1

If N = 2 then the above condition is also necessary for the
strict completeness.

Next, we introduce the following lemma, which will be
used in the proof of our results.

Lemma 2.1. [12] For any x,y € R", matrices P, E, F, H with
P >0,FTF < I, and scalar € > 0, one has

(1) EFH+ HTFTET < ¢ 'EET +¢HTH,
) 22Ty <2TP~ 1z 4+ yT Py.

III. MAIN RESULTS

In the sequel, for the sake of brevity, we will denote o for
the switching signal o(.).

For given positive numbers (3, h,u and symmetric positive
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definite matrix P we set

T=(1—p) =T 4 25;
Si = EOzEg; + 62’8hE1iE%;,

N N
Q=Y _D/PD; R=> H{Hy;.
=1 =1

Li(P)=ATP+ PA, + HL.Hy; + PS;P + Q + TR + nP;
(3.1
a1 = )\min(P)7
N N

Qg = )\max(P) + h[z )\max(DTPDz) + TZ)\max(H,ll;leﬂ

i=1 i=1
(3.2)
Theorem 3.1: The system (2.1) is S— exponentially stable
if there exists a symmetric positive definite matrix P such that
the system of matrices {£;(P)},i = 1,2,...,N is strictly
complete.
Moreover, the solution x(t, ¢) of the system satisfies

Qg _
[z, o)l < o, Plgll, teR*.

Proof:  Consider the following Lyapunov-Krasovskii
functional

Vi(we) = Via(t) + Va(ze) + Va(@),
where z; = z(t + s),s € [—h,0] and
Vi(a(t)) = o™ (t) Pa(t),

t

Va(er) = / 295047 (5)Qur(5)ds,
t—h(t)

1 t
Va(zy) = ——
s(@e) = q _—

t—h(t)

=0T () Ra(s)ds.

It’s easy to verify that

arla@)® < V(wr) < oalla®, t20,  (3.3)

where o1, ag are respectively defined by (3.2).
Taking derivative of Vi (z(t)) = x7 (t)Px(t) along trajec-
tories of any subsystem i** we have
Vi(z(t)) =27 (t)[AT P + PA;|(t) + 227 (t) PAA; (t)x(t)
+ 22T (t)PDx(t — h(t))
+ 22T (t)PAD;(t — h(t)).
Applying Lemma 2.1 gives
22T (H)PAA; ()2 (t) < 2T (t)PEy EL Px(t)
+ 2" (t)HJ; Hoiz(t), (3.4)
227 (t)PAD;x(t — h(t)) < e2PPaT (t)PEy EL, Px(t)
+e 2Py (t — h(t))Hi Hyx(t — h(t)),
22T (t)PDx(t — h(t)) < 7e*Ph 2T (t) Px(t)
+ 77 Le2PhyT(t — h(t)) DT PDyx(t — h(t)).

Next, taking derivative of Va(z;) and Vi(x:), respectively,
along the system trajectories yields
Va(wr) = = 26Va (@) + " (£)Qu(t)
— (1= h®)a"(t = h(t)e "D Qu(t — h(t))
< = 28Va(xy) + 2T (1) Qu(2)
— 77 Le 2Py T (t — h(t))Qu(t — h(t)),
V() = — 28Vs(xy) + 727 () R (t)
—7(1 = h(t)xT (t — h(t))e 2" Ra(t — h(t))
< = 20Vs(wy) + 72" (t) Ra ()

(3.5)

— e 2Phy T (t — h(t))Ra(t — h(t)). (3.6)
From (3.1), (3.4) - (3.6) we get
V(xy) + 26V () < 2T ()[ATP + PA;
+ @+ TR+ PS;Plz(t)
+ 02T (t)Pa(t) + 2T (t) HE Ho2(t)
= 2T (t)L;(P)x(t). (3.7

Let us set
Q(P)={x e R": 2T L;(P)x < 0}.

Then by the strict completeness of the system of matrices
{L;(P)}, and from (2.3) it follows that

Ju(p) = R"\(o.

Defining the sets
0(P) = 2 (P),

Qi(P) = Qi(P)\D Q,;(P),i=2,3,...,N.

Jj=1

we see that
N
U u(P) =R™{0}, Q:i(P)NQ(P) =0,i# j.
i=1

Therefore, for any x(t) € R",t > 0, there exists i €
{1,2,..., N} such that z(t) € Q;(P). By choosing switching
rule as o(z(t)) = ¢ whenever z(t) € Q;(P), from (3.7) we
have

V() + 26V () < 27 () Li(P)z(t) <0,

This implies that V(z;) < V(¢)e= 2P, ¢t > 0. Taking (3.3)
into account, we obtain
arllz(t, @)|I° < V(w) < V(g)e ™ < aze?|¢||?,
1=1,2,...,N,t >0,

t>0.

and then
Qg _
lz(t, o)l < /e gll, ¢ >0,
a1
which concludes the proof of the theorem 3.1. ]

277



Remark 3.1. Note that by Remark 2.1, the system
{Li;(P)} is strictly complete if there exist & > 0,i =
1,2,...,N, N & > 0 such that

> &Li(P) <o. (3.8)

In this case, the switching rule can be chosen as
o(z(t)) = argmin{z® (t)L;(P)xz(t)}, t>0.

Indeed, as shown in the proof of Theorem 3.1, we have arrived
at the estimation

V(xy) 4 28V (z) < 27 (#)Li(P)x(t),
Since & >0 and & = Zf\;l & >0, s0

t>0.

min

N
min o (OL(P)a(t) < €7 ;&xT(t)Ei(P)x(t),

By choosing switching rule as
o(2(t)) = argmin{z® (t)L;(P)x(t)},t > 0,

we have

V(xy) + 28V () <

N
T OL(Pa(t) < €Y gl (OL(P)a(t) < 0.
This leads to )

Qg _
[t @)l < ’/ofe lgll, ¢ =0,

The following procedure can be applied to design the
switching rule.

as desired.

Step 1. Define the symmetric positive definite matrix P (i.e.
the solution of the matrix inequality (3.8)) such that the system
{L;(P)} is strictly complete. B

Step 2. Construct the sets §2;(P), and then ;(P).

Step 3. The switching rule is chosen as o'(x(t)) = i, whenever
z(t) € Q;(P).

Example 3.1. Consider the system (2.1), where N = 2, h(t) =
0.5sin’t and

[A1,Dy] = K_zf é) ’ G _i)}
e (A |
Eoi = Evi = <062 0(.)2> Hon = Hhi = ((1’ (1)> '

Note that, both matrices A; and A are unstable. In this
case, we have h = 0.5, 0 = 0.5,7 = 2,5 = 1. We verify that
the symmetric positive definite matrix

p_ (33922 —15840
~\~1.5840 1.8170 )°

is a solution of (3.8):

L(P) = 0.5L1(P) + 0.5L5(P) < —0.51,

where
—78.4218 —10.8561
LalP) = (—10.8561 59.8458 ) ’
75.3468  8.8683
La(P) = (8.8683 64.6418) '

Therefore, the system {Li(P), Ly(P)} is strictly complete.
The sets Q1 (P),Q2(P) are defined as

Q1 (P) = {(=,y) € R? : —78.4218x*—
21.7122zy 4 59.8458y2 < 0},

Q2(P) = {(z,y) € R? : 75.34682>+
17.7366xy — 64.6418y% < 0},

which can be represented by Figure 1.

-

O A

////' &

y,
ok
S
",
o

iy
"oy
5

€

Fig. 1. Representation of regions 21 and Q9

It can be seen that Q1 (P) U Qy(P) = R?\{0}. Therefore,
the switching regions are given as

01(P) = {(z,y) e R?:
— 78.42182% — 21.7122zy + 59.8458y° < 0};
Q2(P) = {(z,y) € R?:
— 78.4218x? — 21.7122xy + 59.8458y> > 0,
(z,y) # (0,0)}.
We have Q; (P)UQ,(P) = R2\{0}, Q4 (P)NQy(P) = . The
switching rule is chosen as
1 if z(t) € Qi (P),
oa(t) =4 D)
2 if z(t) € Qa(P).

By Theorem 3.1, the solution of the system satisfies

le(t, ¢)I| < 5.2885¢ (6], vt > 0.

For the case when N = 1 (without switching), Theorem
3.1 gives an exponential estimate for the robust stability of
uncertain linear time-delay systems, as considered in [9, 11].
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Corollary 3.1. The uncertain linear time-delay system

#(t) = [A+ AA®)]x(t) + [D + AD®)]x(t — h(t), >0,

(3.9)
is f— exponentially stable if there exists a symmetric positive
definite matrix P such that the following condition hold

ATP+ PA+ D"PD+ PSP+ 3P+ M <0,

where S = EoEg+€2BhE1E1T,M = HEHO+TH?H1,77 =
20 + ek,
Moreover, the solution of the system (3.9) satisfies

Qg _
lefe.)] < [52e ol te R,

where @1 = Amin(P), @2 = Amax(P) + h[Amax(DTPD) +
TAmax (HT Hy)).

For comparison with the condition obtained in [9, 11], we
consider the following example

#(t) = [A + AAJa(t) + [D + ADJa(t — h),

-4 1 0.1 0
a= (3 L) o= (% )
JAA| <0.2,[|AD]| <0.2.
Here h = 05,0 = 0,FEy = Fy, = 0.2], Hy = H, = I, then
Corollary 3.1 gives the decay rate 8 = 0.9539 and the stability
factor v = 5.9053 with the solution matrix P

8.4328 2.7162
2.7162 1.6256)°

where

P:1.06+005*(

and the solution satisfies

z(t, d)| < 5.9053¢79993% ¢ > .
[|(

It is interesting to note that the decay rate for this system
by using Corollary 3.1 is greater than decay rate 3 = 0.476,
obtained by using Theorem 2 in [9] or 8 = 0.095 from the
matrix measure results in [11].

As an application of Theorem 3.1, we consider stabilization
problem of a linear switching control time-delay system of the
form

2(t) = [As + AA,(B)]z(t)+
[D, + AD,(t)]x(t — h(t))+

3.10

[Bs + AB, (t)]u(t),t € RY, G10)

where u(t) € R™ is the control; B, € {[Bj],i =
1,2,...,N}, B; are given constant matrices. The uncertainty

AB;(t) satisfies:
AB;(t) = Eoj Fyi(t)Hy;, i=1,2,....,N,t € RT,

where Fs;, Hy;,o = 1,2,..., N are given constant matrices
with appropriate dimensions.

Definition 3.1. Given § > 0. The system (3.10) is
[—exponentially stabilizable if there exist matrices K; €
R™*™ such that the resulting closed-loop system
#(t) = [Ae + B, K+
AA(t) + AB,(t) K,z (t)+

) (3.11)
[Do + ADy(t)]a(t — h(t)),

is S—exponentially stable. The control u(t) = K,xz(t) is
stabilizing feedback control of the system.

To proceed with the exponential stabilization condition, we
set
S; = B Ef; + By, B, + € By ET;
Li(P)=ATP + PA, — PB;BT P + HL Hy,
1 ~
+ ZPjgiﬁr;lergiB;TP + PS;P+Q+ 7R+ 1P,

where

N N
Q=>_ DIPD; R=) HjH;.

=1 i=1

Theorem 3.2: The system (3.10) is §— exponentially sta-
bilizable if there exists a symmetric positive definite matrix P
such that one of the following conditions holds

(i) The system matrices Z(P)} is strictly complete.
(i) There exist & > 0,> .. ; & > 0 such that

S &Li(P)<o. (3.12)

The switching rule is defined as o (x(t)) = 7 whenever x(t) €
Q; in case (i), and as

o(z(t)) = argmin{xT(t)E(P)a;(t)}, t >0,

in case (ii). The feedback stabilizing control is given by u(t) =
f%BiTPa:(t)J > 0.

Proof: For the feedback control u(t) = K,z (t), where
K; = —%BZT P, we define

A; = A; + BiK;, Eyi = (EOi Eai)
= (Fo(t) 0 ~ [ Hoy
Fole) = ( 0 ) 1T (k)
Note that
Eoi Foi (t) Hoi+Fa; Fay (t) Ho

e (MO0 (),

the closed-loop system (3.11) becomes
l‘(t) :[A'l + EOzﬁOz (t)ﬁol]l'(t)—F
[D; + AD;(t)]x(t — h(t)), t>0.

Therefore, the proof of Theorem 3.2 is then completed by the
same arguments used in the proof of Theorem 3.1. ]
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Remark 3.2. The delay-dependent conditions for the expo-
nential stability and stabilization are derived in terms of the
solution of Riccati-type inequalities (3.8), (3.12). To find the
solution of these Riccati inequalities, one can use various
computationally-efficient techniques, see e.g. [1, 7].

Example 3.2. Consider the switched uncertain time-delay
control system (3.10), where h(t) = 1.5sin?(0.6t), and

o= [(20).(02).(2)].
[A2, D3, By] = K? _310)’@ —D(?ﬂ

S A P )

(o 8) = (3) - (4)

Here, we have h = 1.5, = 0.9 and 7 = 10,5 = 0.5. The
condition (3.12) gives

L(P) =0.5L,(P)+0.5L5(P) <0,

Hy; = Hy;

where

—49.7510

547.6711
P= ( 24.8041

49.7510)

The feedback control can thus be obtained as u(t) = K;z(t),
where

1

K, = fﬁBlTP = [~522.7956  37.3489)
1

Ky = —§BQTP = [-697.1292 12.6161].

By using Theorem 3.3, the uncertain switching control system
(3.10) is exponentially stabilizable and the solution of the
system satisfies

l=(t, @)l < 9.979~*[|g]l, vt >0.

IV. CONCLUSION

This paper has proposed a switching design for the ex-
ponential stability of uncertain linear switching time-delay
systems. The stability conditions are derived in terms of the
solution of Riccati-type equations. The approach allows for the
use of efficient techniques for computation of the two bounds
that characterize the exponential stability rate of the solution,
as well as the feedback control.
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