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Abstract. Unsigned circular permutations are used to represent tours
in the traveling salesman problem as well as the arrangement of gene
loci in circular chromosomes. The minimum number of segment reversals
required to transform one circular permutation into another gives some
measure of distance between them which is useful when studying the 2-
opt local search landscape for the traveling salesman problem, and, when
determining the phylogeny of a group of related organisms. Computing
this distance is equivalent to sorting by (a minimum number of) reversals.
In this paper we show that sorting circular permutations by reversals
can be reduced to the same problem for linear reversals, and that it
is NP-hard. These results suggest that for most practical purposes any
computational tools available for reversal sort of linear permutations will
be sufficiently accurate.

These results entail the development of the algebraic machinery for deal-
ing rigorously with circular permutations.

1 Introduction

A circular permutation can be thought of as a necklace with n distinct beads.
Rotating and flipping the necklace do not change the object but one necklace
may be transformed into any other by cutting it in two places, reversing one
segment and rejoining the ends, or a composition of such operations. This paper
addresses the problem of finding a minimum length sequence of segment reversals
required to transform one circular permutation into another.

Tours in the symmetric traveling salesman problem are precisely circular
permutations of the cities. In the context of the traveling salesman problem,
segment reversal is called a 2-opt move and is used to define a combinatorial
landscape which is subjected to local search techniques in order to find local
minima [11].

Among others, Boese [4] suggests a correlation between the values of local
minima and their distance from other local minima — the so called “big valley”
hypothesis which informs a number of successful heuristics for traversing the
landscape. Boese uses the number of breakpoints (pairs which are adjacent in
one permutation, but not the other) as an estimate of reversal distance. Our
motivation for the present work is to have a more accurate measure of reversal
distance for the purpose of investigating the big valley hypothesis.

Historically, the question of determining reversal distance between circular
permutations was first posed in 1982 by Watterson et. al. [14] in the context of



computational biology. A circular permutation models the arrangement of gene
loci around a circular chromosome such as is found in bacterial and mitochondrial
DNA. While point mutations occur freqgently, the order of gene loci is quite
stable over the generations. When the gene order does change, it is usually by
segment reversal [5]. Therefore, the reversal distance between two chromosomes
is a measure of their evolutionary distance.

Watterson’s paper gives the first rudimentary bounds on the reversal distance
where it is noted that since each reversal can eliminate at most two breakpoints,
half the number of breakpoints is a lower bound on the reversal distance. A
simple ratchet algorithm is given to show that for circular permutations of n
points, at most n reversals are required to transform one permutation into any
other.

This paper sparked a great deal of interest but subsequent investigations
focussed on the simpler case of linear chromosomes. In the remainder of this
section we review the progress made in the linear case.

1.1 Sorting linear permutations by reversal

As we shall see, the problem of finding a minimum length sequence of reversals
transforming one permutation into another is equivalent to sorting a permutation
by (a minimum number of) segment reversals. Henceforth we use the initials SBR
to refer to this problem.

Kececioglu and Sankoff [9,10] give a greedy algorithm for sorting a permu-
tation o by reversal bounded above by the number b(o) of breakpoints which is
therefore a 2-approximation algorithm. Computing upper and lower bounds on
reversal distance, Kececioglu and Sankoff go on to give an algorithm for com-
puting an exact reversal sort for linear permutations.

Bafna and Pevzner [2] improved on these results by formulating a %—approximation
algorithm to sort a permutation by reversals. Along the way they defined the
problem of sorting signed permutations by reversals, where each point has not
only a position, but also an orientation. Signed permutations are arguably more
significant biologically as genes have extension as well as position.

Using elaborate graph theoretic constructions, Caprara [5] solved in the af-
firmative a longstanding conjecture of Kececioglu and Sankoff that sorting by
reversals is NP-hard. In contrast Hannenhalli and Pevzner [8] give a polynomial
algorithm which sorts signed permutations.

David A. Christie [6] finds a polynomial time %—approxima,tion algorithm for
sorting unsigned permutations by reversals, and this remains the best known
approximation factor.

Bounding approximability of SBR, Berman and Karpinski [3] show that it is

NP-hard to approximate the reversal length of a linear permutation to a factor
better than 1.0008.



1.2 Notational Preliminaries

Formalizing the notion of a circular permutation is a delicate matter and clarity is
well served by taking some pains to carefully define the notion of a permutation.

Linear Permutations Rather than regarding a permutation as a function from
a set to itself, we distinguish the set X of n objects being permuted, from the
ordered set [n] = {0, 1,...n—1} of positions in which we place each object. Then
a permutation is a bijection 7w : ¥ — [n] such that am denotes the position in
which we place object a € X, that is, permutations act on the right. Occasionally,
it will be convenient to visualize all the objects of X in their positions under 7
as (momy - .- Ty_1), which is to say m; = in L.

Fix some permutation ¢ : ¥ — [n]. Then ¢ defines a canonical ordering of
the elements of ¥ and ¢ will be called the identity permutation. Then X =
{t0,---stn-1}. (Identifying the sets [n] and X would enable us to revert to the
usual notions of permutation and identity.)

A reversal p(i,j) (with ¢ < j in [n]) of a linear permutation is a bijec-
tion on the set of positions whose effect can be visualized as reversing the seg-
ment from position ¢ to position j, transforming (mg ... 7w ... T ... Tp_1)
into (mp ... ™M1 ... g1 MiTjq1 - .- Tp—1)- Precisely, for z € X' define

p(i, j) : [n] — [n]
N t+)—x 1fz§ar.gg
otherwise.

then it is easy to see that wp(i,j) = (mo...7mj7j—1 ... TMiWjq41...Tp—1) aS re-
quired.

Circular Permutations The notion of circular permutation we are trying to cap-
ture is an arrangement of the elements of X around the vertices of a regular n-gon
subject to the condition that, like a necklace, rotating the n-gon, or flipping it
over does not change the circular permutation that it represents.

Arbitrarily, we label the vertices of the n-gon by the elements of Z,, from
0 at the twelve o’clock position and proceed clockwise up to n — 1. A circular
arrangement of the elements of ¥ around the vertices of the n-gon is then a
bijection 7 : X' — Z,,. In a similar way to the treatment of linear permutations,
fix an arbitrary circular arrangement ¢ : X' — Z, and refer to ¢ as the identity
arrangement. For i € Z,, define the elementary rotation r : Z,, — Z, by ir = i®1
and canonical reflection s : Zy — Zn by is = ©i, where & and © denote
addition and negation (or subtraction) in Z,. For example, (mommamsms)r =
(mamomimams) and (momymew3Te)s = (ToMaT3TaTL)-

The maps r and s generate all 2n rotations and reflections of the regular
n-gon. Together, these form the dihedral group D,,, which has presentation

(r,s | s%,r", rs = sr™™1). (1)



To capture the idea that 7, 7r and 7s all represent the same circular permuta-
tion, define a circular permutation to be the set 7D, for some circular arrange-
ment 7. It is then clear that #D,, = nrD, = wsD, as required. Any circular
arrangement in 7D, defines a linear permutation by identifying Z,, with [n].
Call such a permutation a linearization of wD,, and denote the set of all 2n
linearizations of 7D, by lin(wD,,).

For i,j € Z, define the interval [i, j] to be the set {i,i®1,...,j©1,5}. For
example if n is 6 then [3,1] = {3,4,5,0, 1} while [1,3] = {1, 2, 3}.

Let z € X. Then a circular reversal p°(i,j) is defined by

p°0,5) Ly — Zp
s li®iox ifze [?,]]
T otherwise.

As an example of the way a circular reversal acts on a circular arrangement,
notice that when n = 6,

(7r07r17r27r37r47r5)pc(1,3) = (7(071’371’27(171’47(5)

and
(7r07r17r27r37r47r5)pc(4, 1) = (7T57T47T271’37T171’0).

The technical report [12] inspired a number of notational decisions in this
section. In particular, the symbols used to denote reversal, arithmetic in Z,, and
intervals appear also in [12].

1.3 Mathematical Preliminaries

In the linear case, the problem one attempts to solve is to find, for two permu-
tations ¢ and 7 a minimum length sequence of reversals aq,...,ax such that
ooy ...a = T, however

oay ...ap = 7 if and only if
LT_laal Q=1
and since ¢ is the identity permutation, we see that a minimum length sequence
of reversals transforming ¢ into 7 is equivalent to a minimum length sequence of
reversals which transforms ¢7!o into ¢, which is to say, the sequence of reversals
sorts 17— 1o. The reversal distance between a permutation 7 and the identity will
be called the reversal length of the permutation and denoted ().

In the circular case, the primary problem is to find, given two circular ar-
rangements ¢ and 7, a minimum length sequence of circular reversals af, ..., o,
such that oaf ... af, € 7D,. Once again, notice that oaf ...af, € 7D, if and only
if .7 loaf .. .aj, € 1Dy,. Regarding 1D, as the identity circular permutation, we
see that the sequence of, ..., af, sorts the circular arrangement o,

The reversal distance between a circular arrangement and the identity will
be called the reversal length of the arrangement.



For the remainder of the paper, fix some n as the size of X" and let r denote
the elementary rotation and s the canonical reflection in D,. We give some
useful facts describing the interaction of circular reversals with the elements of
the dihedral group D,,.

Lemma 1.
sp°(i,4) =" p°(j@ Liol).

Proof. Noting that for any « € Z,, z € [i, j] if and only if 6z € [©7, ©i] we have

e o Ji®jor ifz € [0],oi]
wsp*(i,J) = {ex otherwise

while

xri®jpc(j691,iel):{(j®1)@(iel)e(w@i@j) froiojeljeliol

TDi Dy otherwise
_Jex if x € [1©14,010 j], subtracting ¢ @ j everywhere
T lz®i®j otherwise

r®idj if z € [0F,61]
o otherwise

as required.

The reader may easily verify the following equations.

Eqn—1I rp(i,j) = pf(iol,jo 1)r

Egqn —1II | sp°(i,j) = p°(S],©1)s

Eqn —IITI|  p°(i,j) = sri®pc(j@1,iol) = p°(j ® 1,i © 1)sri®
Egn — IV |p°(i ® 1,i) = sr?®®!

Eqn-I and Eqn-II ensure that for any p°(i,j) and any d € D, dp°(i,j) =
p(i', ") d for some i', j' € Z,. Suppose there is a sequence oy, .. ., oy of reversals
such that ooy ..., € tDy. Then for any 7 € 0D, T = od so that ¢ = 7d !
and

oay...op =1d lay ...y
=7B1...8kd €D,

for some reversals (i,...,08, so that 781 ...8; € t¢D,. Consequently, 7 has
length at most k. By symmetry, this shows that any two circular arrangements
in the same circular permutation have the same length, so we may speak of the
reversal length of a circular permutation ©D,, and denote it by I°(7D,,).



Proposition 2. The following table expresses each non-identity element of D,
as a minimum length product of linear reversals.

Element of D, As reversals

Orientation preserving elements

Tiaie {172} p(O,n—i)p(l,n—l)

ri,2<i<n—2 p(0,n —i—1)p(n—i,n—1)p(0,n—1)
rii€{n—2,n—1} p(1,n — 1)p(0,4)

Orientation reversing elements

s p(1,m—1)

sri0<i<m—2 p(0,i)p(i +1,n — 1)

sriyie {n—2,n—1} p(0,4)

Proof. To verify the equality of the expressions on the left and right is an easy
exercise. The proof that the expressions on the right hand side are of minimum
length is tedious and inessential to the development of the remainder of the
paper, so we omit it.

2 Reducing circular SBR to linear SBR

It is clear that if a sequence ay,...,a; sorts a linearization of wD,, then it cer-
tainly sorts some circular arrangement of 7 D,, so that the reversal length of 7D,
is bounded above by the minimum reversal length amongst its linearizations.

Theorem 3. If D, can be sorted in m circular reversals, then there is some
linearization o € lin(wD,,) which can be sorted in at most m linear reversals.

A direct result is that [°(7D,,) is bounded below by the minimum length amongst
its reversals so that together with the observation above, we have

Corollary 4. [°(xD,,) is precisely the minimum value of l(c) for any lineariza-
tion o of wD,,.

Proof (of theorem). By way of a basis for an induction on m, suppose = D,, has
reversal length 0. Then 7 € +D,,, whence + = wt for some t € D,,. Consequently,
the linearization nt of 7D, is sorted and has a reversal length of 0 as required.

Now suppose wD,, has reversal length m. That is, there is a sequence of

circular reversals af, ..., a, such that 7maf ...af, € ¢D,. Put 7y = 7 and for

1<i<m,set m; =7af...of.

By the inductive hypothesis, there is some linearization oy € lin(m; D,,) which
is sortable in m—1 linear reversals. Say s, . . ., 7m is a sequence of linear reversals
sorting o7y.

We now focus on the relationship between the linear permutation oy and the
circular arrangement m; = moa; = mpp°(i,j) for some i, j € Z,,. The presentation
at (1) shows that an element of the dihedral group may always be written as a
rotation, or as a reflection followed by a rotation, giving us only two cases to

consider: Case (i) oy = mr¥; Case (ii) o1 = msrk.



In Case (i) 01 = mp°(i, j)r*, and by Eqn-1 01 = mor*p°(i @ k,j @ k). There
are three subcases to consider: as elements of Z either (a) i ® k < j @ k, (b)
iok=j0k®l,or(c)i®k >j®kd1. In case (a), set g = mer* and
v1 = p(i®k, j® k). This gives 0971 = o1 and the sequence 71,72, - - -, Vm linearly
sorts og = mer* as required. In case (b), Eqn-IV gives p°(i®k, j @ k) = sr2i©2ko1
so that

o1 = mork sp2i 2kl

= msriOkOL

Putting o9 = mosr?/®*®1 and v, = 1z, gives the required sequence of linear
reversals. In case (c) Eqn-III gives p°(i @k, j® k) = sri®i®2k pc(jokd1,i0ko1)
so that
o1 =mor¥p(i @ k,j®k)
= morfsri®I®k cio ko1, iokol)
= mosr Pk o k@1, i@ kO 1)

Sincei®k>jokdl,jokdl<idkolsothat p(j kD Llidkol)is
a linear reversal. Putting o9 = mosr'®1®* and y; = p(j @k ® 1,i Dk © 1) then
ensures that the sequence 71, .. .,vm sorts og linearly as required.

In Case (ii)

o1 = wlsrk
= mop© (i, j)sr*
= mosp°(©j, Oi)r*
= mosr¥p°(k © §, k ©1).

As above, there are three subcases to consider: as elements of Z either (a) k©j <

koi, (b) koj=koidl,or (c) koj > koidl.In case (a) put oo = mosr* and

v = pk©j,koi)and v,...,7vn is the required sequence of linear reversals

which sorts o¢. In case (b), Eqn-TV gives p¢(k © j,k © i) = sr?¥02i®1 g0 that,
o1 = msrk sp2kO2i0l

= myrk©2i®1

Putting o9 = mer¥©?®! and v, = 1z, gives the required sequence of linear
reversals. Finally, in case (c) Eqn-III gives p°(k © j, k © i) = sr2k9©ipc(k oi®
1,k jo1l) so that
o1 = mosr*p°(i @ k,j & k)
= mosr¥sr?* ik oi@L,kojol)
=mr*Pipkoi®l,kojol)



Sincekoj>k0i®l, koi®l<kojolsothat pkoidl,kojol)is
a linear reversal. Putting o9 = mor*©"©J and v; = p(k©i® 1,k © j © 1) then
ensures that the sequence 71, ..., vm sorts og linearly as required. O

In summary, we see that given an algorithm £ to solve the minimum length
SBR problem for linear permutations, in order to solve SBR for some circular
permutation 7D,,, we need only apply £ to each of the 2n linearizations of 7D,
and take the shortest solution. Calling a subroutine a polynomial number of
times in this way is called a Turing reduction [7].

3 Circular Sort by Reversals is NP-hard

By recourse to a result of Berman and Karpinski [3] on the inapproximability of
linear SBR, we show that circular SBR is NP-hard. The core of our proof is the
following

Lemma 5. Let ay,...,q,; be a sequence of circular reversals taking o to an
element of 1D,,. Then there is a sequence By, ..., Lk of linear reversals such that
k<m and ofi...B € tD,.

Proof. Proceed by induction on m. The m = 0 case is trivial. If ¢ is a linear re-
versal, put $; = a; and appeal to the inductive hypothesis with the permutation
0',81 .

Therefore we may assume that a; is not a linear reversal. That is: a; =
p°(z,y) with z > y. There are two cases: (i) a; = p°(i+1,4); and (ii) a; = p°(4, )
with i > j + 1.

In case (i) Eqn-IV gives af = sr?*®1. By use of Eqn-I and Eqn-II
2191,

oQ1 ...0uy = OST 2. .. 0y

=oa)...al,sr?®!

so that go!. o, € +D,, and we are finished by appeal to the inductive hypoth-

esis.

In case (ii) Eqn-IIT gives a3 = sr'®ip(j @ 1,i © 1) and i > j + 1 ensures

j®1<iol. By Eqn-III we have oy = p(j © 1,5 © 1)sr®7,

Therefore

ooy =op(j @ 1,i01)sr'®ay. . .an
=op(j@®1,icl)d,...al,sr'™ €D,

so that setting 81 = p(j ® 1,4 © 1), of is circularly sorted in m — 1 circular
reversals, which completes the proof by appeal to the inductive hypothesis.

As an immediate consequence of Lemma 5 and Proposition 2 we have

Proposition 6. For any linear permutation o,

I°(eD,,) <o) <1°(cDy) + 3.0



Theorem 7 (Restatement of Theorem 6 in [3]). For any positive €1, €3 it
is NP-hard to distinguish linear permutations with 2240k breakpoints that have
length below (1236 + €1)k from those whose length is above (1237 — e2)k.

In particular, setting k& = 4m and bounding €;, €2 we have

Corollary 8. For 0 < €1,63 < % it @s NP-hard to distinguish between linear
permutations with 2440 x 4m breakpoints that have length below | = (1236+¢;1)4m
and those with length above uw = (1237 — e2)4m. Note that

1
u—l=4m—(61+62)4m>33m>3.

Finally, we are in a position to prove

Theorem 9. The problem of computing the reversal length of a circular permu-
tation is NP-hard.

Proof. We show that the problem of estimating the length of a linear permu-
tation with precision determined by Corollary 8 can be reduced in constant
time to the problem of computing the reversal length of the associated circular
permutation. Consequently the latter problem must be NP-hard.

To estimate the length of a linear permutation o, compute the reversal length
I°(6D,,) of the corresponding circular permutation. The reversal length of o is
then approximated by Proposition 6.

With [ and u defined as in Corollary 8, let ¢ be a permutation whose reversal
length (o) is either below I or above u. We show that I(c) < [ if and only if
1°(cD,) < l. The forward direction is immediate from the statement of Propo-
sition 6. For the reverse direction, if [°(¢D,,) <[ then [°(¢D,,) + 3 < u since we
defined ! and u to be at least 3 apart. Since [°(cD,,) + 3 is an upper bound on
(o), we have that [(0) < u, whence by definition of ¢, I(c) < .

4 Conclusion

We showed that determining a reversal sort for circular permutations can be
reduced to finding a minimum length sort amongst its 2n linearizations (Theorem
3).

Using an inapproximability result on linear SBR, it is shown that determining
reversal distance between circular permutations is NP-hard (Theorem 9).

In practical terms, to approximate reversal length for a circular permutation
it is sufficient to compute it for one of its linearizations using any of the programs
already developed for this purpose (for example [10], [2]). This estimate will be
accurate to within three reversals (Proposition 6) and NP-hardness of SBR for
circular permutations assures us that using tools for linear permutations is likely
to be as efficient as developing specific algorithms for circular permutations.

In case reversal lengths in a given situation are so small that an error margin
of three is significant, Bafna and Pevzner’s theorem [2, Theorem 5] concerning



the expected reversal length of a random permutation suggests that n will also
be small. Therefore it may well be feasible to compute the length of the 2n
linearizations for an exact result. This will be the subject of a future experimental
investigation.
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