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Abstract

This paper proposes a model for pricing credit derivatives in a defaultable HJM
framework. The model features hump-shaped, level dependent, and unspanned
stochastic volatility, and accommodates a correlation structure between the stochas-
tic volatility, the default-free interest rates, and the credit spreads. The model is
finite-dimensional, and leads (a) to exponentially affine default-free and default-
able bond prices, and (b) to an approximation for pricing credit default swaps

and swaptions in terms of defaultable bond prices with varying maturities. A

*Corresponding author.



numerical study demonstrates that the model captures stylized various features

of credit default swaps and swaptions.

Key Words: Stochastic volatility; Heath-Jarrow-Morton framework; defaultable
bond prices; credit spreads; CDS rates.

1 Introduction

Following the events of the recent financial crisis, both the regulators and credit risk
modellers have attributed special attention to better understand credit risk markets
and to further advance the models used to price and hedge the highly risky elusive
instruments traded in these markets. Several key characteristics of the interest rate
markets which are closely related to the credit risk markets have been identified in
the literature. These markets feature unspanned stochastic volatility (Casassus, Collin-
Dufresne and Goldstein (2005) and Li and Zhao (2006)) which is hump-shaped (Reno
and Uboldi (2005)). By using a default-free term structure model, Trolle and Schwartz
(2009) identified unspanned volatility components and demonstrate that both hump-
shaped term structure and unspanned stochastic volatility components are necessary
to satisfactory match the implied cap skews and the implied volatilities. Furthermore,
innovations in interest rates are correlated with innovations in interest rate volatility
(Ball and Torous (1999)) as well as to innovations in the credit spreads (D’Souza, Amir-
Atefi and Racheva-Jotova (2004) and Berndt, Ritchken and Sun (2010)).

Motivated by the prevalent empirical evidence, we propose a generalised defaultable
term structure model within the Heath, Jarrow and Morton (1992) (hereafter HJM)
framework that accommodates unspanned hump-shaped stochastic volatility. By con-
struction, the model is consistent with the currently observed yield curve and credit
spread curve. The connection between the default-free and the defaultable market is
established through the credit spread (Schénbucher (1998)), which allows us to accom-
modate a correlation structure between the interest rates, the credit spreads and the
stochastic volatility.

It is well-known that these models are Markovian in the entire yield curve and credit
spread curve thus requiring an infinite number of state variables. Consequently, we
propose a generalised volatility specification for the default-free and the defaultable
term structure that leads to finite dimensional realisation of the state space, along the
lines of Bjork, Landén and Svensson (2004), Chiarella and Kwon (2000) and Chiarella,



Nikitopoulos-Sklibosios and Schlogl (2007). The proposed volatility structure allows for
level dependency and hump-shaped shocks and it is driven by an exogenous Markov
process. In this regard, our model can be considered as an extension of the Berndt
et al. (2010) model to accommodate unspanned stochastic volatility. Motivated by the
empirical evidence presented in Chan, Karolyi, Longstaff and Sanders (1992), Amin and
Morton (1995) and Mercurio and Moraleda (2000), the volatility structure depends on
the level of the short rates and the short-term credit spreads. Under these volatility
specifications, the model offers tractability and flexibility as it allows (default-free and
defaultable) bond prices to be expressed as exponentially affine functions of state vari-
ables which are jointly Markovian. Although the model gives rise to a large yet finite
number of state variables, their Markovian structure guarantees that the computational
cost remains low. We also derive pricing formulas for single-name credit default swap
rates (hereafter CDS rates) and swaptions. Based on approximations proposed by Brigo
and Morini (2005), CDS rates are expressed in terms of defaultable bond prices with
varying maturities. Following the methodology of Rutkowski and Armstrong (2009),
swaptions are also priced by using a Black-type formula.

We finally undertake an extensive sensitivity analysis aiming to gauge the impact of
the full correlation structure and the stochastic volatility specifications on the distribu-
tion of the defaultable bond prices, on the CDS rates and on the swaption prices. The
results indicate that the correlation between the interest rate and credit spread impacts
the CDS rate and consequently the swaption prices, similar to the results derived by
Berndt et al. (2010) but the impact of the stochastic volatility process parameters is
more profound.

The model offers a general yet tractable framework to analyse and measure the extent
to which volatility can be spanned in credit risk markets. To our knowledge there is
no empirical study on this very important feature of credit risk volatility. This paper
provides a theoretical framework based on a state space representation that could be
adapted to the study and estimation of stochastic volatility in defaultable markets. This
task we leave to future research.

The paper is structured as follows. Section [2] presents a defaultable term structure
model with unspanned stochastic volatility. Section [ proposes a volatility term struc-
ture that produces finite dimensional realisations and exponentially affine defaultable
bond prices. Section M considers the pricing of credit default swaps and credit default
swaptions. The sensitivity analysis is carried out in Section Technical details are

relegated to the appendices.



2 A Defaultable Term Structure Model with Stochas-
tic Volatility

We consider the filtered probability space (2, F, (F;)o<t<r, P), where the filtration
Fi = FYV VvV FN t > 0 satisfies the usual conditions. We represent with 7} all the
default-free background information generated by a standard P—Wiener process W (t),
where P is the real-world probability measure and F}¥ captures the default information
where the default time 7 is modelled as a stopping time defined by the first jump time
of a Cox (doubly stochastic Poisson) process N(t) with intensity h(t).

The price at time t of the zero-coupon default-free and zero-recovery defaultable
bond with maturity 7 > t are denoted as P(t,T,w) and P4(t,T,w) respectively, where
w € €2 represents the dependence on stochastic factors such as default-free short rates,

defaultable short rates and volatility.

Definition 2.1 1. The instantaneous default-free and defaultable forward rate of in-
terest prevailing at time t € [0,T] for instantaneous borrowing at T, are defined

respectively as

0

f(t,T,w) = ~a7 In P(t,T,w), (2.1)
0

it T,w) = ~a7 In PY(t, T, w). (2.2)

2. The instantaneous default-free and defaultable short rate are then defined respec-

tively as r(t,w) = f(t,t,w) and ri(t,w) = fi(t,t,w).
3. The continuously compounded instantaneous forward credit spread is defined as
Mt T,w) = f4t, T, w) — f(t,T,w), (2.3)
thus the instantaneous short-term credit spread is defined as c(t,w) = A(t,t,w).

To allow for various factors in the economy or in the market to impact the dynamics
of the forward rate and credit spread, we propose a multi-dimensional setup embedding
a stochastic volatility process V(¢). We assume that the default-free forward rate curve
is driven by n sources of uncertainty, while the (apparently larger) defaultable forward
rate curve will be driven by 2n sources of uncertainty. The volatility of these forward
rate curves, in general, is driven by a total number of 3n sources of uncertainty, subject

to the correlation structure between the forward rates and their Volatilities

n the working paper Chiarella, Maina and Nikitopoulos-Sklibosios (2011), we start with a system



Assumption 2.1 The instantaneous default-free forward rate f(t,T,w) and the instan-

taneous forward credit spread \(t,T,w) satisfy the stochastic differential equations

df (t,T,w) = o (t, T, w)dt + i ol (t,T,w)dW;(t), (2.4)
A\t T, w) = w)dt + prk A, T, w)dWi(t) (2.5)
w)dWi(t), (2.6)

i=n+1

The stochastic volatility process V(t) = {(Vi(t),...,V,(t)),t € [0,T]} satisfies the set of

the stochastic differential equations

AVi(t) = o) (t, Vi)dt + 2 o}y (t, Vi) dW;(t) + 22005 (t, Vi) dWri(t) 4 2,305 (t, Vi) dWap, 44 (1),

(2.7)
where, fort=1,....n, j=1,2,3 and for( ) # 1, the correlation parameters zV are
given by

IO R A | S o 2 AN T N b V0 o (o U b s AV A
{ SR T e T =T ey

Then from (23)), the defaultable forward rate follows the stochastic differential equation
2n

df'(t, T,w) = (af (t, T, w) + o t, T,w))dt + Y (5] (£, T,w) + &5} (t, T, w))dW;(t),  (2.9)
i=1

where & (t T w) = Zf(t, T,w), for i =1,...,n and zero otherwise, while

5Nt T o) = ,of)‘ Mt, T, w), fori=1,...,n; (2.10)
1—(p* )20} (1, T,w), fori=n-+1,..., 2n.

The system (2.4]), (2.9) and (2.7) entails the element of unspanned stochastic volatility

in a traditional defaultable HJM framework. The defaultable forward curve is driven by

2n factors, where n of these factors are associated with the default-free term structure.

However, volatility sensitive instruments, such as interest rate derivatives and credit

derivatives, will be affected by the 3n factors associated with their volatilities. Thus

of stochastic differential equations driven by correlated Wiener processes and express it as a system of
stochastic differential equations driven by independent Wiener processes as presented in Assumption 2]
The correlation between the short rate and the short-term credit spread shocks is denoted by plf )‘, the
correlation between the short rate and volatility shocks is denoted by plyf and the correlation between

the short-term credit spread and volatility shocks is denoted by plv)‘



the proposed model, subject to the specific correlation structure, allows for up to n
unspanned stochastic volatility factors that may affect only (interest rate and credit)
derivative prices.

The absence of arbitrage implies that there exists an equivalent probability measure
P where, for every maturity 7', there is a 3n—dimensional process representing the
market price of diffusion risk ®(t) = {(¢p1(t), 2(t),. .., P3.(t)),t € [0,T]}, and a process
¥(t) representing the market price of default risk such that dW;(t) = dW;(t) — ¢;(t)dL,
for i = 1,2,...,3n, is a P-Wiener process and the default indicator process N(t) has
a P-intensity h(t), where h(t) = ¥ (t)h(t). Using Girsanov’s theorem, and working
along the lines of Heath et al. (1992) and Bjork, Kabanov and Runggaldier (1997),
the drift restriction for the HJM default-free forward rate and defaultable forward rate,

respectively, are
n T
oI, Tow) = =Y ol ¢, T,@(@-(t) - / ol (t, s,w)ds), (2.11)
i=1 t
2n T
oMt T,w) = = 3 6t T, w) (@-(t) - / 54(t, s,w)ds), (2.12)
i=1 t
where a?(t, T,w) = of (t, T, w)+a (t, T,w) and 6%(t, T, w) = 6/ (t, T, w)+6)t, T,w). By

combining (Z.I1]) and (2.I2)), the credit spread drift is expressed in terms of the volatil-
ities of the default-free forward rate and the credit spread as (recall that 67 (¢, T, w) =

aif(t, T,w), for i = 1,...,n and zero, otherwise)
2n 2n T
At Tow) = =3 65N Tow) + 3 621 T, w) / A5, w)ds (2.13)
i=1 i=1 t

n T T
+ Z <6g\(t, T,w) / ol (t,s,w)ds + ol (t,T,w) / GMt, s, w)ds).
i=1 t t

By substituting the drift restrictions (2.I1]) and ([ZI3)) into (24]) and (Z5), respectively,
we obtain the dynamics for the forward rate and forward credit spread processes under
the risk-neutral measure as
n T n
df(t,T,w) =Y ol (t,T,w) / ol (t,s,w)dsdt + Y ol (t,T,w)dW;(t), (2.14)
i=1 t i=1
2n T n T
d\(t, T,w) = Z&i’\(t,T,w)/ GMt, 5, w)dsdt + Z&i’\(t,T,w)/ O'Zf(t, s,w)dsdt
i=1 ¢ i=1 ¢
2n _
GM(t, s, w)dsdt + Y &) (¢, T,w)dW;(t).  (2.15)

T
t i=1

+> ol wre) [
i=1



Further, by substituting the drift restriction (Z12]) into (29]), the risk-neutral dynamics

of the defaultable forward rate are
2n
dfd(t, T,w Za (t,T,w (/ -(t,s,w)ds)dt—i—Z&f(t,T,w)dWi(t). (2.16)
i=1

Accordingly the risk-neutral dynamics for the volatility processes V;(t), i =1,...,n are

dVi(t) =[a} (8, Vi) + 6i(t)2] i (8, Vi) + bni(t) 22035 (8, Vi) + donya(t)2 o35 (t, Vi) dt
+ 2o (6, Vi) dWi(t) + 2205 (8, Vi) dWo () + 22 ol (8, Vi) dWan 4 (t).  (2.17)

By integrating (2.I4) and (2ZI3]) and setting 7" = ¢, the risk-neutral dynamics of the

short rate and short rate spread ar

r(t,w) :f(O,t)+g/0t ol (u, t,w) /ut a{(u,s,w)dsdu+i/otag”(u,t,w)dm(u), (2.18)
o(t,w) :A(o,t)+§:/ot53(u,t,w)/ Mo, s, dsdu—i—Z/ (u, 1) / ! (u, )dsdu
+Z/ (u, t,w) / Mu, s w)dsdu—l—Z/ (u, t,w)dW; (u). (2.19)

Under general volatility functions, the default-free and the defaultable forward rate
dynamics are typically Markovian in the entire yield curve, thereby leading to compu-

tational complexity when considering derivative pricing.

3 A Markovian Defaultable Term Structure Model

Motivated by Chiarella and Kwon (2001) and Bjork et al. (2004), we propose next
certain volatility structures that guarantee that the defaultable HJM term structure

model admits finite dimensional realisations.

Assumption 3.1 The volatility functions are of the form

ol (t,T,w) = [agi + an (T — )]/r(O)/Vilt)e T 1<i<n (3.1)
oMt T, w) = [bo; + bys(T — )]/ c(t)/Vi(t)e T 1<i<2n (3.2)

K./)\

7

f

where K}, aoi, A1, bo; and by; are constants.

This class of volatility functions gives rise to a high degree of flexibility in modelling the

wide range of shapes of the yield curve by virtue of the polynomial in the deterministic

2For notational convenience we set f(0,t) := f(0,t,w) and A(0,t) := X(0,t,w).

7



part. These volatility specifications are level dependent, allow for hump-shaped shocks

and entail unspanned stochastic volatility. We remind the reader that the dependence

on the default-free short rate, the short-term credit spread and volatility is represented

by w € Q.

Proposition 3.1 Under the volatility structure of Assumption[31), the default-free for-

ward rate and the forward credit spread are respectively expressed a

f(ta Ta O T + Z Bxl xll _'_ Z ZB‘PW (t>7

=1 j5=1
At,T,w) = \0,T) + ZZBW( )i (t) + ZZ Ba, (T
i=1 j=2 i=1 j=7

Thus, the defaultable forward rate fo(t,T,w) is expressed as

n 3 n
Ut T,w) = f40,T) + Z Z By, (T —t)wj(t) + Z Z B, (T

i=1 j=1 P
where
By (T = t) = |aoi + ani(T — t)]e_“{(T—t),
Buy, (T = t) = pboi + bia(T — )]0,
By (T — ) = /1= (p)2[boi + b1s(T — t)]e (T,
Bo,, (T — t) = aye~" (T

)

Bs,, (T — t) = % (Lf + ao;) [GJOz + ay (T — t)kﬂf{(Tft)7

i NG a
_ ai;aq 1 ag
Boa (T~ ) = = [ 4 Z(,T.f )
1

i

aiq

_fr—
Lf—i_aOZ)e ki (T t)’
1

Ba, (T —t) = —a—lfi |:_1f + 2a0; + 2a1;,(T — t)] —2r] (T— t)
Z ) 7

—2/@f (T— t)

+4 (M 2a02) (T —t)+ —“‘;}’2 (T - t)2] =281 (T—1),

3For notational convenience for all t € [0,T], we set f(0,t) := £(0,t,w) and A(0,t) := \(0,¢,w).



( Ban (T 1) = p[* | 20fps - S+ (s 4 ) (7 — )20,

A aoibo; iboi iboi ib1i ib1i
Bag (T — ) = —p/ 220 4 s . (ssdos . saus o a7y

_;’_ali?li (T _ t)2] e*(li{Jr'if‘)(T*t)’
K

Ba,, (T —t) = pzf)\ (U«Oil;Oi + aufbli)e—nf‘(T—t)’

Ri (r; )2
iboi ib1i b1 b1 ot _ (3.7)
Bg,, (T —t) = sz)\ [GZ?OZ + aoé?h + (Z;}b)lg — 2a1;?“ (T — t)] e~ (5] +R})(T t)’
Bq’lu (T - t) = —,O{)\QL?MQ_(N{‘F“Z\)(T—t)’
Kq
BT =) = ol [ 5 S o (4 i) (7 - )] 770
B<I>13i (T t) pfA(QOZbOZ + (Z“b)h)e f(T*t),
\ 4
( .
Bo,, (T —t) = % (I%,\ %) [boi + b1;(T —t)]e —Hf‘(T—t)’
ib1i 2
Bayoo (T — ) = [Mais (e 4 o) B (Bt 4 200, ) (T — ) 4 L35 (T — )2 e 20070),
B(I)IG'L (T — t) — (bli&)Q I{% + %)e—fgj(T—t)’
B(I)l'h (T t) = _bn_)\ |:b% + QbOz + 2b11( ):| _2"6 (T t)
2
B(I)IS'L (T - t) = _(b;;) e—2r; (T—1)
Bg,, (T —t) = plf/\bl e~ (T t),
By, (T — t) = /1= (p},)2brie (10,
(3.8)

and the state variables xj;(t) and ®;;(t) satisfy the stochastic and ordinary differential

equations giwven in Corollary [32.

Proof: See Appendix [A]l for technical details. [ |

Corollary 3.2 The state variables x;;(t) and ®;;(t) satisfy the stochastic differential



equations

dayi(t) = —rlw(t)dt + \/7dW

do;(t) = —k}we(t)dt + /c(t)Vi(t)dWi(t

ds;(t) = —k} w3 (t)dt + /c(t)Vi([t)dWiti(t)

A®1;(t) = [x1(t) — k] Bri(t)]dt,  dBoy(t) = [r(t)v;-(t) — ] @y (t)] it

d®s;(t) = [r(t)Vi(t) — 2] ai(1)]dt,  dui(t) = [Dos(t) — k] ()]t

d®s;(t) = [®3:(1) —2qu>5@( O] dt,  dPei(t) = [205(t) — 28] Bei(t)] dt,

d®7;(t) = [Vi(t)/T(0)c(t) — k)7 (8)]dt,  ds;(t) = [Vi(t)y/r()et) — (k] + &) Psi(1)] dt,
Ao () = [Doi(t) — k) Dos(H)]dt,  d®ios(t) = [@10i(t) — (5] + KN P10 (t)] d,

d®115(t) = [2B10:(t) — (k] + K1) Pr1a(1)]dt,  d®12i(t) = [Vi(t)y/r(0)c(t) — k] ®125(t)] dt,
d®13,(t) = [P14:(t) — K ‘1313@'(t)]dt, d®14;(t) = [c(t)Vi(t) — K} P14i(1)] dt,

d®15:(t) = [c(t)Vi(t) — 2] P15 ()] dt,  dPiei(t) = [Pr6i(t) — ) P16 (1)] dt,

d®17;(t) = [P15i(t) — 26] P17 (t)]dE,  dPys;(t) = [2®17,(t) — 262 Prg;(8)] dt,

d®19;(t) = [woi(t) — K} Prgs(t)]dt,  dPog;(t) = [wsi(t) — K)o (t)]dt,

subject to the initial conditions x;;(0) = ®;;(0) =0 fori=1,...n and j =1,...,20.

Proof: Take the stochastic differential of (A4)), (A.10) and (A.I2) in Appendix [A] to

obtain the stochastic differential equations. [ |

Note that the system in Corollary needs to be augmented by the stochastic
differential equations for the volatility functions V;(¢) that satisfy the SDEs ([21I7) as
well as the Markovian representation for the short rate and short term credit spread

given in the following colollary.

Corollary 3.3 The short rate and the short term credit spread can be expressed as

r(t,w) = f(0,t) + Z oz (t) + Z Z Bii®(1), (3.9)
c(t,w) = A0,t) + Z Z ojiyi(t) + Z Z Bii®i(t), (3.10)
i=1 j=2 i=1 j=7

where aj; = B, ,,(0) and B;; = Bg,,(0).

Proof: Setting 7=t in (B.3) and (B.4]) derives the above representations. [

10



Proposition 3.4 The default-free bond_price P(t,T,w) and the defaultable bond price
PA(t,T) are both exponential affine witth

n 6

P(t’ T’w) = i)((o exp ( Z D:vl xlz ) - Z Z D‘i’ji (T - t)q)ji(t)>’ (3'11)
i=1 j=1
; Pd( n 20
P T, w) = Pi exp ( Z ZD% Daji(t) = 3 Do, (T — t)<I>jZ-(t)>, (3.12)
i=1 j=1 i=1 j=1

respectively, where x;;(t) and ®;;(t) are specified in Corollary (3. The deterministic
functions D, (T —t) and Dg,,(T —t) are given by

7

f
D’mi (T — t) = P })2 {aomf +ay; —e (T—1) (a()m{ +ay; + almlf(T — t))} ,
fA
w2

V1-(5i1,)? N —eNT—1) N \
Dy (T —t) = ——7— [aomi +ay; —e (aomi +ay; + ayik} (T — t))} ,

\ ' (k)2

Dy, (T — 1) = 3 [aom +ay —e T (aom +ay; + aw) (T — t))} (3.13)

/\

S
P N2
Dy (T =)= (%) (+2)[(F+2) (00 1) + (@ - e /-],
= i i ;o (a00)?) (—2k] (T
Do (7= 0) =~ [ (2 + 2 + szh.)w e

wl
Dq>52 (T t) = _<(:f112> |: % + aOz) (eiQﬁ{(Tft) 1) + a/lz(T t) *2I€f(T t):|’
o \2 (. —ond (T
D@Gi(T t)=— % ;f) (6 261 (T t)—l),

(3.14)

4For notational convenience we set for all ¢ € [0, 7], P(0,t) := P(0,t,w) and P%(0,t) := P(0,t,w).

11



K3

A .
Dq)” (T B t) - np.onA {(am + %) blZ(T - t)ein?(Tit)] )

12
D T — i iboi iboi — (k] HRI)(T—
<I>8i( - t) — H;)-l-n?‘ { (doﬁfo ((I;f)oQ ) (e (k] +r0)(T—t) _ 1)

+— (“”?Oi + oibu 4 C(“ifb;;) [1 — e M=) _ (o] 4 M) (T — t)e (] +n§)(T7t>}
4 K K K

@ @

Ri

s (%) {Q—ef(n{Jrn?)(Tft) (2—( Tk (T -2 —( {er?)(T—t)))]},

A
Dy, (T —t) = e (am_?oz I aubu> (1 e 2T,

s\l (]
p{k a1ibii bii —(,@f+,&)(T_t)
Do, (T —t) = —m{ ((aod)u - 7 ) (bo@' — 2@“?) (1 e R )

+2b1;(T — t)e_(’ﬁzf"‘“?)(T—t) }’

fA o f 3
Dq’ni(T - t) = = (n;)—li-n?\) al;—?”(l —e (] +RI)(T t))

I . ;
Dy, (T — 1) = :fzm [(bOi + %) ai(T —t)e™"i (T—t)} ,

(3

)

FA . .  Fe
Doy (T =) = S (0 + 28 ) (1 - 700

(3.15)

and finally we have

7

) G+ ) o0 -1) e -],

k3

Pan (T =0 =~ ) | (e + 38 + 847 (70 =)

+
A~
f=ad
B y|:‘
+
o>
@
~_
—~
~
|
~
SN—
m‘
o
5
Y
—~
S
L
=
+
ol
—~
~
|
~
N—
o
m\
o
=
=y
~
S
L
&
—_

(3.16)

Proof: See Appendix [Bl for the technical details. [ |

Proposition [3.4] is the main theoretical contribution of the paper. The default-free
bond price can be expressed in terms of 8n(= Tn+n) state variables while the defaultable
bond price is expressed in terms of 24n(= 23n + n) state variables, where the n state
variables are associated with n stochastic volatility variables. Both default-free and
defaultable bond prices are exponential affine functions of these state variables and the

Tn state variables driving the default-free bond prices constitute a common set for both

12



default-free and defaultable bond prices. Even though the dimension of the state space
is relatively large, the driving sources of uncertainty of the entire state space is only 3n.

The proposed model can be easily adjusted to accommodate exponentially decay-
ing volatility functional forms for the forward rates and credit spreads resulting in a
Markovian system with a lower dimension state space as has been shown in Chiarella,
Maina and Nikitopoulos-Sklibosios (2010). Finite dimensional realisations can also be
obtained by expressing the state variables as a linear combination of fixed tenor forward
rates, along the lines of Chiarella and Kwon (2003) and Chiarella et al. (2007).

4 Pricing of Credit Default Swaps and Swaptions

By using the proposed defaultable term structure model, we derive pricing formulas
for single-name credit default swaps (CDS hereafter) and credit default swaptions in the

absence of counterparty risk

4.1 Credit Default Swaps

A CDS contract with maturity 7" allows the insured party to receive protection, up
to time 7', from the insurer against default of the reference obligor. When the default
time 7is t < 7 < T, then the insurer makes the protection payment (1 —R) at 7, where

R is the recovery rate. Then at t < 7, the value of the protection leg is
Wor(t) = e I % (1 = R) Ly ey, (4.1)

The insured party pays the premium 7 at times ¢;,7 = 1,2, ...., N until either the contract
maturity ty = T, if no default occurs, or until default, if 7 < 7. By denoting as
0; = t;_1 — t;, then the value at time ¢t < t; of the premium leg, including the accrual

payment for the fraction of time in which default occurs, is given by

N
ti — TTS S
Worm(t) =7 Gie™ Oy (= tpoy)e SO Ly oy, (4.2)

i=1
where t; is the first premium payment date and ¢,_; is the last premium payment date
t; before the default time 7. Then, the value of the CDS can be expressed under the

risk-neutral probability measure as

CDS,(t) =E [Wm(t) — Wm(t) }ft} . (4.3)

®The possible extension to incorporate counterparty risk is discussed in Chiarella et al. (2011).
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The fair premium rate 7 (), the so called CDS spread, is the rate that will make the
value of the CDS equal to zero. Working along the lines of Brigo and Morini (QOOS)H for
a contract that settles immediately on default of the reference obligor, the CDS spread
is given by

]1{7'>t}(1 _ R)ftT fE |:]~1(U)€_ ftu(r(s)+/~1(s))ds

FtW] du
7(t) = — = - )
1{7'>1£} sz\il 5iPd(t> ti) + E [(7— - tT—l)e_ ft T(S)dsﬂ{t<T<T} )J—'.t:|

(4.4)

Instead of the protection payment to be made at default time 7, the protection
payment could be deferred to the first premium payment date t; following default time
(t; > 7). This gives rise to the postponed running CDS whose main advantage is that
the absence of accrued-interest term in (7 — ¢,_1) ensures that all payments occur at

the canonical grid of the t;’'s. We then have the following result.

Corollary 4.1 When the protection payment is postponed to the first premium payment
date t; following the default time, the CDS spread can be approximated by

(1-R)TL, [Pt tir) = P

iy (i — tiea) PA(L 1)
Proof: Work along the lines of Brigo and Morini (2005). [

(1) ~ (4.5)

4.2 Credit Default Swaptions

Credit default swaptions (hereafter CDS options) are options written on CDS con-
tracts. More precisely, a plain-vanilla CDS option with maturity 7;, is a European
option on a forward credit default swap (hereafter forward CDS). The underlying for-
ward CDS is a CDS contract issued at time s with a start date 7T, and maturity T,
with 0 < s < T, < TEI This contract gives default protection over the future interval
[T,, T] but if the reference obligor defaults before the start date, this is 7 < T,,, the con-
tract is terminated and no payments are made. By an appropriate choice of numeraire
that depends on the value of the premium leg and the survival process Q(t < 7|FN),
Rutkowski and Armstrong (2009) define an equivalent probability measure Q, and show
that the price of the CDS option can be expressed as

Coup(t) = H{KT}A(t)E[(ﬁf(t, T,) — K)*\ftW}, (4.6)

6A detailed proof of the result is presented in the working paper version of the current paper, see

Chiarella et al. (2011).
"See Bielecki, Jeanblanc and Rutkowski (2007) for a formal definition.
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where 7(t,T,) is the forward CDS spread, E is the expectation under the Q measure

and

A(t) = Qt < 71 ) B[ W ()7 . (4.7)

The forward CDS spread is an (F", Q)—martingale and its dynamics follow the driftless

stochastic differential equation
04 (1, T) = 5 (1) (1 T) AW (1), (4.8)
where W is a @—Brownian motion. H

Proposition 4.2 The value of a credit default swaption with strike K and maturity T,

can be calculated by the Black’s formula
Coupt(t) = Lipery A) [7(t, Tr) N(d) — KN (do)], (4.9)

where

L (FrTm)Y | o2 B
gy — K0¢T)+? T and dy = dy — /T — 1, (4.10)

and & 1s constant for different tenor dates.

Proof: Work along the lines of Rutkowski and Armstrong (QOOQ)H [

Note that & is the only parameter to be inferred from market data. Although the
model is not easily calibrated to quoted data if the market is illiquid, it provides a
platform where prices of different options can be translated into implied volatilities

thereby giving more information on the market.

5 Numerical Study

In this section, we conduct a sensitivity analysis to investigate the impact of the
model parameters including correlations and stochastic volatility, on bond prices, credit

default swap rates and the value of credit default swaptions.

8We assume that 74 (t) follows lognormal dynamics. It was remarked in Brigo and Morini (2005)
that this distributional assumption is inspired by standard models used to model equity and interest
rate markets. Jabbour, El-Masri and Young (2008) however rejected this hypothesis by showing that

the log forward CDS spreads exhibit large positive skewness and excess kurtosis.
9For completeness, we prove the result in the working paper version of the current paper, see

Chiarella et al. (2011).
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We assume that the initial term structures of forward rate and forward credit spread

are given by

f(0,T) =0.04 —0.04y/V(0)e ¥ and A(0,T) = 0.04 — 0.01y/V(0)e "

respectively, with the initial volatility chosen to be V' (0) = 1.00. We consider the case
of n = 1 and we specify for i = 1,2, 3 the market price of risk ¢;(t) = (EZ\/T(t) with
the scaling factor ¢; = 1. In (I7), we further assume that of (¢, Vi) = ky(V — Vi(t))
and o (t,V}) = 3} \/Vi(t) such that

dVi(t) = [sVV = (6" =D e Wa)]dt + 5 > 2 Vi) dw (), (5.1)

where ZYJ is given in (2.8]). Table [ specifies the parameters values used in the analysis.

ao1 ap bo1 b1 v a kv ok okx pVr pf pf

0.135 0.035 0.145 0.0045 0.75642 1.5 2.1 030 040 0.25 044 -0.40

1% A

Table 1: Parameter values. These are the parameter values used in the numerical

analysis undertaken in this section, unless stated otherwise.

Defaultable forward curve surface

0.03
400

Time Time-to-Maturity

Figure 1: Defaultable Forward Rate Curve. A possible evolution of the defaultable
forward rate curve surface produced by simulating ([3.0), for 0 < ¢ < 400. The time to
maturity is expressed in years. Clearly the proposed model is capable of generating a

variety of shapes for the defaultable forward rate curve.
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Figure [ illustrates a possible evolution of the defaultable forward rate curve surface
@A) for 0 < t < 400. As it is clear in Figure [[l the proposed hump-shaped level
dependent stochastic volatility model can generate a variety of shapes for the defaultable

forward rate curve.

5.1 Bond Price Distributions

The defaultable bond price is exponentially affine as presented in (B12). Figure
illustrates the impact of the various correlations, namely p"*, p/V, p/*, as well as the
volatility parameter & on the simulated distribution of the pseudo bond price with
maturity 7' = 1.

When the correlation between the short-term credit spread and volatility, p"?, is
increased (holding the other correlations constant) the distribution of the bond price
skews to the right, see Figure 2(a). This increment is more pronounced when the
correlation between the short rate and volatility, p/V, is increased, see Figure 2(b),
since the short rate process, in our case, has higher average volatility than the short
term credit spread. Increasing the correlation between the short rate and short term
credit spread, p/*, decreases the kurtosis of the bond price distribution, as Figure 2(c)
depicts. In Figure 2(d) we observe that increasing &}, which affects the volatility of
the volatility, skews the distribution to the right, a feature that is consistent with the

empirical evidence by D’Souza et al. (2004).

5.2 Sensitivity Analysis - Credit Default Swaps

The shape of the credit curves is influenced by the demand and supply for credit
protection in the CDS market and reflects the credit quality of the reference entities. By
using the parameter values of Table [Il unless otherwise stated, we perform a numerical
study to gauge the effect of the correlations and the stochastic volatility to the CDS
spreads computed by (4.3).

Table 2] depicts the effect of increasing maturity on the CDS spread (43]), given a
recovery rate of 40%]@ for varying values of correlations p/* and p/V'. Although Krekel
and Wenzel (2006) and Berndt et al. (2010) argued that the effect of the correlation
p™

CDS spreads, our results suggest that it has an impact on the CDS premium. We

is not very significant and need not be taken into consideration when calculating

observe that varying the correlation p/* from negative to positive leads to an increase

10We adopt recovery assumptions as proposed in Pan and Singleton (2008).
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Figure 2: Distribution of the Defaultable Bond Prices (3.12]). Panel (a) depicts
the distribution of the defaultable bond prices, when the correlation p”* between the
short-term credit spread and volatility takes the values —0.6,0,0.6. Panel (b) depicts
the distribution of the defaultable bond prices, when the correlation p/¥ between the
short default-free rate and volatility takes the values —0.6,0,0.6. Panel (c) depicts the
distribution of the defaultable bond prices, when the correlation p/* between the short
default-free rate and short-term credit spread takes the values —0.6,0,0.6. Panel (d)
depicts the distribution of the defaultable bond prices, when the scaling factor of the
volatility of volatility 0¥ = &} takes the values 0, 0.50, 1.0. Increasing values of p"*, p/V
and &, skew the distribution of the bond price to the right, while increasing values of
p* decrease the kurtosis of the bond price distribution. The maturity of the defaultable
bond is one year. “Pseudo” bond refers to a defaultable bond that has not defaulted up

to current time.
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in the CDS spread, while varying the correlation p/V from negative to positive leads to
a decrease in the CDS spread. The CDS spread curve exhibits a hump-shaped structure
for varying maturities. During nonvolatile market conditions, the cost of protection over
the longer term is usually higher as it is difficult to predict cash flows and future events
that effect the profitability of a firm over a longer period thereby yielding an increasing
CDS curve. Additionally a decrease in 5} (that affects the volatility of volatility) leads
to an increase in the CDS spread, see Table 2

5.3 Sensitivity Analysis - Credit Default Swaptions

To illustrate the model’s properties we compute the swaption prices with varying
parameters. At time ¢t = 0, we compute the price of the swaption according to (£9)
with maturity 7,, = 0.5 issued on a credit default swap that has a defaultable bond
(based on the framework developed in Section [B]) with a maturity of 7" = 2 years as its
underlying and the default protection is required for the period [0.5,2.5]. In addition,
we use the following parameters for the simulation: recovery rate R = 40%, volatility
of the forward CDS rate o = 0.4 [ with N = 400.

Figure [3] gives the credit default swaption price under varying strike rates and cor-
relations p/* and p/Y. We observe that increasing K leads to a decrease in the credit
default swaption rate which is in line with the market behavior that deep in-the-money
options trade higher than at-the-money and out-of-the-money options. Negative cor-
relation p/* produces lower swaption prices, while negative correlation p/¥ produces
higher swaption prices.

From Figure @l we observe that an increase in 5} leads to a decrease in the swaption
prices, with the effect being more pronounced for deep in the money options. This is
consistent with the results in Table B] as an increasing 7} leads to a reduction in the
CDS rates. Furthermore, as the time to maturity increases, the credit default swaption

becomes more sensitive to changes in the volatility specifications.

1Tt was noted in Schénbucher (2004) that the value of the volatility 75 = 0.4 is of an acceptable

level for simulation purposes.
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Value of Credit Default Swaption under varying Strikes and Correlation, p;, Value of Credit Default Swaption under varying Strikes and Correlation p,,
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Figure 3: Simulated Credit Default Swaption Prices. The graph displays simu-
lated credit default swaption prices (in bps) computed by (4.9) for varying strikes and
correlations p/* and p/V. The credit default swaption matures in 7, = 0.5 years and it
is issued on a credit default swap with maturity 7' = 2 years. Increasing strikes decrease
the credit default swaption prices, while, increasing values of p/* and p/V lead to an

increase in the swaption prices and a decrease in the swaption prices, respectively.

ATM Swaption as a function of Time-to-Maturity and varying Volatility
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Figure 4: Credit Default Swaption Prices and Volatility.The graph displays sim-
ulated credit default swaption prices (in bps) computed by (@9]) for varying strikes,
parameter values of ) (that affects the volatility of volatility) and time to maturity.
The credit default swaption matures in 7}, = 0.5 years and it is issued on a credit default
swap with maturity 7' = 2 years. Increasing strikes decrease the credit default swaption
prices, while, an increase in 7} leads to a decrease in the swaption prices. Furthermore,
as the time to maturity increases, ATM credit default swaption becomes more sensitive

to changes in the volatility specifications.
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1¢

T

(years)
1

2
3
4
b}

p™ pT" ay
0.6 0.3 0.3 0.6 0.6 0.3 0.3 0.6 0.0 0.5 1.0 1.5
243.627 245.120 247.128 248.123  247.113 246.113 244.622 244.627  248.615 248.123 247.123 244.627
261.390 268.311 278.414 281.303  285.0323 281.834 260.153 264.201  287.651 286.500 281.871 265.717
256.657 266.245 284.564 290.608  305.702 300.015 270.737 257.990  307.872 305.983 205.740 262.497
246.106 260.409 287.853 296.186  321.064 314.000 267.892 247.343  323.527 320.828 306.055 255.134
932.332 249.513 285.050 297.202  331.499 323.352 261.221 232.332  334.467 331.280 312.130 243.162

Table 2: Simulated CDS Spreads. The table reports simulated CDS spreads (in bps) computed by (L3 for varying maturities,

correlations p/* and p/V, as well as, parameter values of 5} (that affects the volatility of volatility). Increasing values of p/* and

p’V lead to an increase in the CDS spread and a decrease in the CDS spread, respectively. Increasing values of ] lead to a

decrease in the CDS spread. The CDS spread curve exhibits a hump-shaped structure for increasing maturities.



Acknowledgements

We thank seminar participants at the 2009 Quantitative Methods in Finance and
the UTS Finance Discipline Group internal research seminars for fruitful discussions
and helpful suggestions. The authors also gratefully acknowledge useful comments from

anonymous referees. The usual caveat applies.

Appendix

A Proof of Proposition 3.1

We recall from (ZI4) that under the risk-neutral measure, the dynamics of the

default-free forward rate can be written as

noopt

f(t,T)= f(0,T) —I—Z/ ol (u, T,V;) / afl(u,s,Vi)dsdu—l—Z/ ol (u, T, V;)dW;(u).
=170

(A1)

Using the volatility specifications ([B.]), the stochastic integral equation (AJ]) becomes
—wf (T—uw) T —wf (s—u)
f@&,T)=f(0,T)+ Z Naoi + a1 (T — u)je " [ag; + a1i(s — u)]e " dsdu

+ Z; /0 Vr(w)Vi(u)lag + ar (T — u)]e*“{(T*”)dWi(u). (A.2)

By using the property T'—u = (T —t) + (t — u), and performing standard algebraic

manipulations, equation (A-2)) becomes

f@,T) = f(0.7) + Z le (_ aoz) [agi + axi(T — £)]e™™ =0 @y (1)
i=1

ai1;a1 1 ag ai; (a5 ai; el
D[ ) ()7 -4 S 7 0
K5

K] K] K
a 1 a f
I A
’iz‘ z
a f -
—Z g +2aoz+2ah(T—t)}e‘2’“i(T 0, Z e 2 (T3 (1)
i=1 i K“i i=1
n
+ Z[GOi +a (T — t)]e* Dy (t) + Zal e=i (T—1) )®y;(t), (A.3)
i=1
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where

[ w1(t) = [§ o/r{)Vilw)e ™ 9 AW (u),
O1(t) = [y /rw)Vilu)(t — u)e ™ AW, (u),
Boi(t) = [y r(w)Vi(w)e ™ = du
yi(t) = [y r(u)Vi(u)e 2 ) du, "
ai(t) = fyr(w)Vi(u)(t —w)e™ " du,
Ds(t) = fy r(w)Vilw)(t — w)e 2 - dy
Ds(t) = fi () Vi)t — e =,

\

Thus, the forward rate process is Markovian and more specifically is affine in the state

space variables since

n n 6
f(tv T) = f(O, T) + Z BIM(T - t)xli(t) + Z Z Bq)ji (T - t)@ji(t)’ (A5)
i=1 i=1 j=1
where B,,, (T —t) and By, (T —t) are given in (3.0).
Similarly, we recall from (2.I3]) that the forward credit spread dynamics under the
risk-neutral measure can be written as

At T) = i_”: /Ot M u, T) /UT M (u, s)dsdu + zf: /Ot (&i)‘(u, T) /UT aif(u, s)ds + sz(u,T) /UT M (u, s)ds)du
+ if &M u, T)dW; (u). (A.6)

Then by using the volatility specifications of Assumption B.1] the drift components in
the forward credit spread representation ([AG]) are given by
nooet T
Z/ &Z-)‘(u,T)/ Jlf(u, s)dsdu
=170 u

R fA{ |:a0ib0i ay;bo; (CLo@'bu alibli) ] et
= P; + + + (T —t)|e "™ D7;(1)
Z el DN R )2

7

aoibo; | aiibo; (alibOi ag; by aliblz’) a1;b1; 2] (k! M) (T—1)
- + + T —t)+ ——(T —t)°|e i T (1)81‘ t
| S e A "
aoiboi | a1ibui\ _oa iy
+ ( + >6 g (I)gz‘ t
el (W) "
aiboi  aopibi; | aigbi; a1;b1; (k] RN (T—
_[ 1f0 0f1 1f1 _9 1f1 (T—t)}e (K +EM(T D10, (t)
i i (k)2 i
b _
_ al_fle (kI +M)(T t)@lli(t)) }’ (A.7)
K

7
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and

Zn:/t sz(u,T) /T(}z')\(u, s)dsdu = ipzf}‘{
i=1 70 u ]

_ [aOibOi apibii (aOibli a1iboi aliblz’)(T - aibi (T - t)z}ef(n{Jrnj)(Tft)@&(t)

Ry (k) A RY o (8))? A

biiagi | boiari | aiibii a1y — (k] M) (T—t)
S @) e

13015 (o ) (T—t) gy agibo;  aoibi; ai;boi | aribi; k(T
_K—i\e i @111(t)+[ ’ig\ + (/-@Z?‘)2 +< ’ig\ + (K?)z)(T—t)}e i Dy9;(t)

aoiboi | a1ibii\ oSy
! »

and finally

< T " byl bo \
> [ ) [ o ssau = 37 {5 (54 1) ot b7~ 0] T
i—=1 70 U =1 Ki \K: b1

) () S et

K;

bi)> 1 by
+ ( 1 ) (_)\ + i)efnf‘(Tft)(I)wi(t)

k) \k) by
bz bz 2k MT— b’iQ—/@A—
[ o 0] a ) - O e 0)), (A9

where we introduce the additional state variables

Bri(t) = [T mi(u)e 2 W du, Byt fo ni(w)e— (5D =) gy

o (t) = Jomiw)(t —w)e =W du,  Dygy(t fo ni (W) (t — w)e~ T+ E=0) gy

D14,(t) = fo ni(u)(t —u)?e K] R (- ”)du, Byt fo mi(u fn{(tfu)du’

By3i(t) = [ mi(u)(t — u)e*“if(t*”)du, Ot fo w)e—rN 1) gy,

Dy5(t) = fg c(u)Vi(u)e 2 =0y, Bg(t fo )t — w)e =W gy,

Bi7it) = Jy clw)Vi(u)(t - U)(%?(t*”)du’ Pgi(t fo )(t — u)2e= 2 () gy,

| (A.10)

where 7;(t \/7 We note in addition that,

Z/ (u,T) dW sz [boi + b1 (T — t)]e —n?(T—t)in(t)
+Z\/ f)\ 2[bo; + b1 (T —t)]e "™ (Ttlﬂs JrZszAbﬂf 2T Ddg,(t)
+ Z Vi- (p1)2brie ™ 0 Doy (1), (A.11)
i=1
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where we introduce the state variables
2i(t) = fot C(U)Vi(u)ewﬁ CaWi(u),  wyi(t) = f(f C(U)Vz‘(U)G*“ik(t*“)deJrz‘(u)v
Big;(t) = [3 c(u)Vi(u)(t — w)e ™ EDAW;(u),  Bopi(t) = [ c(u)Vi(u)(t — u)e™ AW, 4 (u).
(A.12)

Consequently, the forward credit spread satisfies

n

A, T) = \0,T) + Z Z B, (T = t)aji(t) + Y Z Ba, (T —t)®,,(t),  (A.13)

i=1 j=2 i=1 j=7

where the coefficients B, (T — t) and By, (T — t) are specified in (3.7) and (B.8). It
follows from the definition f4(¢t,T) = f(t,T) + \(t,T) and (AH) and (AI3) that the

defaultable forward rate admits the finite dimensional affine realisation

FUET) = FHOT) + YD Buy(T — asult) + Z Bo, (T = t)®;(t).  (A.14)

i=1 j=1 =1 j=1

B Proof of Proposition 3.4

Straightforward application of ([A.I4)) for the affine Markovian forward rate to the
definition of the defaultable bond price formula, P?(t, T') = exp < — ftT fat, s)ds> yields

pd(th) — ];d(iexp( Z Zxﬂ / ;i (8 —t)ds — i Z D i(t / By, (s )

i=1 j=1 i=1 j=1
(B.1)

We proceed to integrate the deterministic functions B,,, and Bg,, (See Proposition B.1])
in the exponent with respect to maturity. Substituting equations ([3.I3]) - (B.I6]) into
the general exponential defaultable bond price expression (B.]) yields ([I2) in Propo-

sition [3.4]
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