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Abstract

With growing populations, the size of economies, and technological innovations, finan-
cial markets are increasingly becoming larger, more diverse, complicated, and volatile.
Shocks from one market can propagate very quickly to other markets, as we saw with the
global financial crisis (GFC) and the ongoing spill-over effects of the European sovereign
debt crisis. These changes have had a profound impact on investor behavior and financial
market and pose a great challenge to traditional asset pricing theory based on rational ex-
pectations and the representative agent paradigm. Over the last three decades, empirical
evidence, unconvincing justification of the assumption of unbounded rationality, and in-
vestor psychology have led to the incorporation of heterogeneity and bounded rationality
into asset pricing and financial market modelling.

This thesis contributes to the development of this literature by modelling boundedly
rational behaviors, including trend chasing, herding, and adaptive switching, and exam-
ining their impact on various types of market behaviors such as price deviations from
the fundamental values, excess volatility, and spill-over effect, which are then explored to
explain momentum and reversal effects, two of the most challenging anomalies to finance

theory in financial markets. This thesis has four main contributions.

(i) Different from the discrete-time heterogeneous agent models developed in the litera-
ture, the thesis provides a unified approach in a continuous-time framework to study
the effect of trend chasing based on historical price information and explore different
mechanisms and impact of trend chasing, herding and switching on various market
behaviors (such as market booms and crashes, long deviations of the market price
from the fundamental price), the stylized facts (such as skewness, kurtosis, excess
volatility, volatility clustering and fat tails of returns), and the long range depen-
dence in return volatility, which are widely observed in financial markets. This is the
focus of Chapters 2 and 3.

(ii) It provides market conditions on the momentum profitability, which underlies the

time series and cross-sectional momentum effects well documented in empirical lit-

vii



erature. This is the focus of Chapter 4.

(iii) By applying the latest mathematical theory on the maximum principle for control
problem of stochastic delay differential equations (SDDEs) to a geometrical Brow-
nian motion of asset pricing with momentum and mean-reverting effects, Chapter
5 provides an optimal investment strategy that can outperform not only the pure
momentum strategy and pure mean reversion strategy, but also the stock market

index.

(iv) It develops an evolutionary CAPM and shows that rational switching behavior can
destabilize the market and generate a spill-over effect, which is associated with high
trading volumes characterized by significantly decaying autocorrelations of, and pos-
itive correlation between, price volatility and trading volume. This is the focus of
Chapter 6.

Overall, this thesis shows that asset pricing models with heterogeneous beliefs and
boundedly rational behaviors can better explain the mechanisms which generate various

financial market behaviors and market anomalies.
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Chapter 1

Introduction

1.1 Literature Review and Motivation

1.1.1 Heterogeneous Agent Models

Over the last two decades, there is a growing dissatisfaction with models of asset price
dynamics based on the representative agent paradigm (see, for example, Kirman 1993)
and the extreme informational assumptions of rational expectations. As a result, there is
another growing body of literature on heterogeneous agent models (HAMs) in economics
and finance, which considers the financial market as a nonlinear expectation-feedback
system. In such models, traders are boundedly rational (defined in Simon, 1956) in the
sense they are rational with the information they have and use certain heuristics to make
decisions rather than a strict rigid rule of optimization. They do this because of the
complexity of the situation, and their inability to process and compute the expected
utility of every alternative action (see Keynes 1936). HAMs have successfully explained
many types of features (such as market booms and crashes, multiple market equilibria,
long deviations of the market price from the fundamental price), stylized facts (such as
non-normality in return distributions, excess volatility, volatility clustering, fat tails), and
various power laws (such as the long memory in return volatility) observed in financial
markets, see recent survey papers by Hommes (2006), LeBaron (2006) and Chiarella, Dieci
and He (2009).

HAMs date back to Zeeman (1974) who describes the rise and fall of bull and bear mar-
kets by considering the co-existence of two types of agents: fundamentalists and chartists.
Beja and Goldman (1980), Day and Huang (1990) and Chiarella (1992) are among the
first to consider dynamic HAMs. Beja and Goldman (1980) attempt to characterize how

a market maker adjusts prices according to aggregate excess demand. Day and Huang
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(1990) introduce a stylized market maker framework in discrete-time and their model
exhibits complicated, chaotic price fluctuations around a fundamental price with ran-
dom switching bear and bull market episodes. The continuous-time model introduced by
Chiarella (1992) shows interaction of agents with heterogeneous expectations may lead
to market instability. Lux (1995) models the herding behavior through the master equa-
tion and shows that herding can give rise to realistic time series. The seminal papers of
Brock and Hommes (1997, 1998) develop an asset pricing model of heterogeneous beliefs,
bounded rationality and adaptiveness. It is a simple and standard discounted asset pricing
model derived from a mean-variance framework and is extended from a homogenous-belief
case to the heterogeneous one where traders are boundedly rational and update strategies
based upon past performance (such as realized profits). They show that such boundedly
rational behavior of agents can lead to market instability, and the resulting nonlinear
dynamical system is capable of generating complex behavior from local stability to high
order cycles and chaos as the intensity of choice to switch predictors increases. Along this
line, Boswijk, Hommes and Manzan (2007) study the behavior of price to earnings ratio
and offer an explanation for the recent stock prices run-up. Brock, Hommes and Wagener
(2009) incorporate derivatives and investigate the impact of hedging instruments on the
market stability. In another direction, Chiarella and He (2002, 2003b) and Chiarella, He
and Hommes (2006) extend Brock and Hommes models to study the impact of different
time horizons on the price dynamics in discrete-time. Recently, Diks and van der Weide
(2003) introduce the concept of a continuous beliefs system (CBS). This framework is
built around a continuous beliefs space representing the possible point predictors agents
can choose from. On this space a time-dependent beliefs distribution is defined, which is
updated according to a continuous choice model. Based on the CBS, Diks and van der
Weide (2005) examine the effects on price dynamics of a number of behavioral assump-
tions, including herd behavior, a-synchronous updating of beliefs and heterogeneity in the
memory of agents.

The above models with one risky asset and one riskless asset make the first step to
understand price dynamics under the interaction of heterogeneous agents. Within a mul-
tiple risky assets framework, the way agents form and update their beliefs about the
covariance structure of asset returns also becomes an important factor in determining
the dynamics of prices. A number of recent papers deal with the multiple risky assets
decision problem within the HAM paradigm. Westerhoff (2004) considers a multi-asset
model with fundamentalists who concentrate on only one market and chartists who invest
in all markets, and offers reasons for the high degree of co-movements in stock prices

observed empirically. Dieci and Westerhoff (2010, 2012) develop deterministic models to
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study two stock markets denominated in different currencies, which are linked via and
with the related foreign exchange market, and explore potential spill-over effects between
foreign exchange and stock markets. We refer readers to Chiarella, Dieci and Gardini
(2005), Westerhoff and Dieci (2006) and Chiarella, Dieci and He (2007) for the recent
developments in multi-asset market dynamics in the literature of HAMs.

The econometric analysis, especially estimation and calibration, of HAMs is a difficult
and challenging task due to the complexity of the HAMs, together with many parameters,
which makes verification of identification rather difficult, and thus proving the consistency
of the estimation is troublesome. Recently, a growing part of the literature conducts the
task and provides a support to the explanatory power of HAMs. He and Li (2007) study
the source of power-law distributed fluctuations in volatility. Amilon (2008) and Franke
(2010) investigate the sources of different stylized facts. Franke and Westerhoff (2011,
2012) characterize the structural stochastic volatility and estimate the models on daily
returns by the method of simulated moments (MSMs). Chen, Chang and Du (2012)
summarize the ability of HAMs to generate stylized facts in econometrics approach.

Most of the HAMs in the literature are in discrete-time rather than a continuous-time
setup. The discrete-time setup facilitates the economic understanding and mathematical
analysis, it however faces some limitations when dealing with expectations formed over
different time horizons. In discrete-time HAMSs, different time horizons used to form
the expectation or trading strategy lead to different dimensions of the system which
need to be analyzed separately (see Chiarella, He and Hommes 2006). In particular,
when the time horizon of historical information used is long, the resulting models are
high dimensional. Very often, a theoretical analysis of the impact of lagged prices over
different time horizon is difficult when the dimension of the system is high. However,
the continuous-time HAMs can overcome the limitation easily.! Recently, He, Li, Wei
and Zheng (2009) and He and Zheng (2010) extend Brock and Hommes model to a
continuous-time framework characterized by a stochastic delay differential system. They
consider financial markets in which the price trend of the trend followers is formed as a
weighted moving average of historical prices. The model exhibits a powerful advantage
to accommodate different time horizons used by chartists and excavates a double-edged
role of momentum traders. In fact, the continuous-time framework is more realistic since
in reality agents can submit their market orders in practically continuous-time. Another
advantage of the continuous-time framework is the fact that it is hard to specify the

natural time scale of a single time step for the discrete-time models. When comparing

IEarly continuous-time HAMs do not consider the time horizons, see, for example, Chiarella (1992), which is further
extended by Chiarella, He, Wang and Zheng (2008) to show that speculative behavior of chartists can cause the market
price to display different forms of equilibrium distributions by applying the theory of random dynamical systems.
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the discrete-time models with real data, this faces people with the choice of whether the
models are suitable for daily, weekly, or monthly data, for instance. Such a choice on
the time-scale is usually rather arbitrary, and often driven by availability of data. The
continuous-time framework, on the other hand, does not necessarily force the researcher to
decide upon the natural time scale up front. These models typically have parameters that
can be interpreted as adjustment speeds and /or memory parameters, allowing the natural
time scale to be estimated from data at any basic frequency in principle.? Along this line,
this thesis extends the continuous-time HAM in He et al. (2009) to study the impacts of
adaptive switching and herding behavior on the financial market, and to provide further

understanding of the profitability mechanism of momentum and reversal.

1.1.2 The Momentum and Reversal Effects

Two of the most prominent financial market anomalies are momentum and reversal. Mo-
mentum, on the one hand, is the tendency of assets with good (bad) recent performance
to continue outperforming (underperforming) in short-run. Reversal, on the other hand,
concerns predictability of assets that performed well (poorly) over a long period tend
to subsequently underperform (outperform). Momentum and reversal have been docu-
mented extensively for a wide variety of assets. Jegadeesh and Titman (1993) document
momentum for individual U.S. stocks, predicting returns over horizons of 3-12 months
by returns over the past 3-12 months. De Bondt and Thaler (1985) document the re-
versal, predicting returns over horizons of up to five years by returns over the past 3-5
years. Fama and French (1992) document the value effect, which is closely related to
reversal, whereby the ratio of an assets price relative to book value is negatively related
to subsequent performance. Mean reversion in equity returns has been shown to induce
significant market timing opportunities, see Campbell and Viceira (1999), Wachter (2002)
and Koijen, Rodriguez and Sbuelz (2009). The evidence has been extended to stocks in
other countries (Fama and French 1998), stocks within industries (Cohen and Lou 2012),
across industries (Cohen and Frazzini 2008), and the global market with different as-
set classes (Asness, Moskowitz and Pedersen 2013). More recently, Moskowitz, Ooi and
Pedersen (2012) investigate time series momentum that characterizes the strong positive
predictability of a security’s own past returns. For a large set of futures and forward con-
tracts, Moskowitz et al. (2012) find time series momentum based on the past 12 month
excess returns persists for 1 to 12 months that partially reverses over longer horizons.

They provide strong evidence on the time series momentum based on the moving aver-

21 would like to thank Cees G.H. Diks (an examiner) for providing the argument.
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age of “look-back” returns. This effect based purely on a security’s own past returns is
related to, but different from, the cross-sectional momentum phenomenon studied exten-
sively in the literature. Through return decomposition, Moskowitz et al. (2012) argue
that positive auto-covariance is the main driving force for time series momentum and
cross-sectional momentum effects, while the contribution of serial cross-correlations and
variation in mean returns is small.

The size and apparent persistence of momentum and reversal profits have attracted
considerable attention, and many theoretical studies have tried to explain the phenomena.
Among which, the three-factor model of Fama and French (1996) can explain long-run
reversal but not short-run momentum. Barberis, Shleifer and Vishny (1998) argue that
these phenomena are the result of systematic errors that investors make when they use
public information to form expectations of future cash flows. Daniel, Hirshleifer and
Subrahmanyam (1998)’s model with a representative agent and Hong and Stein (1999)’s
model with different trader types attribute the under- and overreaction to overconfidence
and biased self-attribution. Barberis and Shleifer (2003) show that style investing can
explain momentum and value effects. Sagi and Seasholes (2007) present a growth options
model to identify observable firm-specific attributes that drive momentum. Vayanos and
Woolley (2013) show the slow-moving capital can also generate momentum. However, the

mechanism which generates momentum and reversal profitability is still not clear.

1.1.3 The Capital Asset Pricing Model

Within the rational expectations and representative agent paradigm, the Sharpe-Lintner-
Mossin (Sharpe 1964, Lintner 1965 and Mossin 1966) Capital Asset Pricing Model
(CAPM) is the most widely-used tool to price risky assets. However, there is considerable
empirical evidence documenting cyclical behavior of market characteristics, including risk
premium, volatility, trading volume, price to dividend ratio, and in particular, market
betas. The conditional CAPM was developed to provide a convenient way to incorporate
a time-varying beta and it exhibits empirical superiority in explaining the cross-section
of returns and anomalies.> There exists a large literature on time-varying beta models,
but most of it is motivated by econometric estimation. It is often assumed that there are
discrete changes in betas across subsamples but constant betas within subsamples.* It has
been shown that when betas vary over time, the standard OLS inference is misspecified

and cannot be used to assess the fitness of a conditional CAPM. In addition, most of

3See, for example, Engle (1982), Bollerslev (1986), Bollerslev et al (1988), Dybvig and Ross (1985), Hansen and Richard
(1987), Hamilton (1989, 1990), Braun et al (1990), and Jagannathan and Wang (1996).

4See Campbell and Vuolteenaho (2004), Fama and French (2006), and Lewellen and Nagel (2006)). We point out that
Ang and Chen (2007) treat betas as endogenous variables that vary slowly and continuously over time.
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the econometric models of time-varying beta lack an economic explanation and intuition.
Recently, Chiarella, Dieci and He (2010, 2011) introduce a multi-asset CAPM framework
for analyzing the impact of heterogeneous beliefs on asset prices via the construction of
a consensus belief and find that heterogeneity becomes part of an asset’s systematic risk.
Chiarella, Dieci and He (2013) use this framework in a dynamic setting and demonstrate
the stochastic behavior of time-varying betas and show that there is an inconsistency be-
tween ex-ante and ex-post estimates of asset betas when beliefs are heterogeneous. This
suggests that the methods for estimating asset betas currently used in the literature can

be inappropriate.

1.1.4 Motivation

Although the efficient market hypothesis (EMH) of financial markets (see Fama, 1970) has
been taken as support for the random walk model and financial economists are contented
with this view as the explanation of the time series behavior of observed asset prices for
a long time, a range of empirical studies lead to some questioning of the basic tenets of
the EMH. They include various anomalies of equity markets (see Thaler 1987a, 1987b
and Keim 1988) and stylized facts in asset returns (see Pagan 1996 and Lux 2009). The
dependence of stock prices on past returns (Akgiray 1989 and Pesaran and Timmermann
1995) is also unexplained by the random walk models. The short run price momentum
(Jegadeesh and Titman 1993) and long run reversal (DeBondt and Thaler 1989), two
of the most studied phenomena in financial market, have become central to the market
efficiency debate. The above literature has suggested asset prices can be affected by his-
torical information, however, this fact has not otherwise been considered by the standard
asset pricing theory. Although the recent heterogeneous agent models (HAMs) literature
has started to consider the impact of lagged prices (used by chartists to form their expec-
tations), the roles of the lagged prices, especially the corresponding time horizons have
not been well understood due to the problem of high dimensional systems. This thesis is
largely motivated by the above literature and proposes dynamic asset price models with
heterogeneous beliefs and time delays. It extends the HAMs literature in a discrete-time
framework to a continuous-time framework to provide a unified approach in modelling
different boundedly rational behavior, including trend chasing, adaptive switching and
herding behavior, and to examine their impacts on various market behavior, which are
then explored to explain momentum and reversal effects, two of the most challenging

anomalies to asset pricing theory.
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1.2 Structure of the Thesis

The thesis consists of three main components. The first part, consisting of Chapters
2 and 3, is devoted to examining the impact of historical information, especially the
time horizons on various market behavior, stylized facts and power laws behavior in a
continuous-time framework. Chapters 2 considers the switching mechanism of the adap-
tive behavior of heterogeneous agents based on certain fitness measure (such as cumulated
profits) whereas the herding behavior is incorporated into Chapter 3. The results of Chap-
ter 2 have been published in He and Li (2012). The second part, consisting of Chapters
4 and 5, focuses on the momentum and reversal effects. Chapter 4 extends the models in
the first part to provide market conditions on the momentum profitability with respect
to time horizons and market dominance. By taking advantage of the continuous-time
framework in modelling the time horizons, Chapter 5 explores the optimality of momen-
tum and reversal effects. Chapter 6, the third part of the thesis, extends the models
to a multi-asset case to study the spill-over effect. The results of Chapter 6 have been
published in Chiarella, Dieci, He and Li (2013). Chapter 7 summarizes the main results of
the thesis and related future research is discussed. All proofs and some model extensions
are collected in the Appendices (unless specified otherwise).

Chapters 2 and 3 show that the continuous-time HAMs can provide a better way to
characterize and examine the impact of the time horizons used by agents to form their
expectations. Chapter 2 introduces adaptive behavior of agents who switch their strategies
in a boundedly rational way according to certain fitness measures such as cumulated profits
of strategies. The analysis of the model provides not only some consistent results to the
discrete-time HAMs, such as stabilizing effect of fundamentalists, destabilizing effect of
chartists, and rational routes to market instability, but also a double edged effect of an
increase in lagged prices on market stability. An increase in the using of lagged prices
can not only destabilize, but also stabilize the market price. By including noise traders
and imposing a stochastic process on the fundamental price, we demonstrate that the
model is able to generate various market phenomena and stylized facts. In particular,
we show that switching can generate more realistic long range dependence in volatility.
Based on the model in Chapter 2, Chapter 3 also considers herding behavior and shows
adaptive switching and herding behavior of agents can increase market price fluctuations.
In this chapter, we extensively examine how the market volatility can be affected by trend
chasing, adaptive switching, and herding, which are among the most important factors
affecting market volatility well documented and studied in the empirical literature. We

show that, both herding and trend chasing based on a long time horizon increase the
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fluctuations of market price deviation from the fundamental price and volatility of market
return. With respect to the switching, it reduces the volatility in returns but leads to a
“U”-shaped price volatility as the switching intensity increases. Therefore herding and
switching have an opposite effect on the return volatility. We also show that, although
the trend chasing, switching and herding all contribute to the power-law behavior, the
significant levels for the ACs increase in the time horizon and herding, but an initial
increase and then decrease when the switching intensity increases. In addition, with
the herding, the market noise characterizing noise traders or liquidity trading plays an
essential role in generating the power-law behavior.

According to the time horizons and the states of the market dominance, the thesis
further provides market conditions on momentum profitability, which underlies the mo-
mentum effects well documented in empirical literature. Chapter 4 extends the models in
Chapters 2 and 3 and proposes a continuous-time heterogeneous agent model of investor
behavior consisting of fundamental, contrarian, and momentum strategies. By examining
their impact on market stability explicitly and analyzing the profitability numerically,
we show that the profitability of time series momentum is closely related to the market
states defined by the stability of the underlying deterministic model. In particular, we
show that when the momentum traders dominate the market, the momentum strategy
is profitable when the time horizon is short and unprofitable when the time horizon is
long. Otherwise, the momentum strategy is not profitable for any time horizon. We also
provide some explanation to the profitability mechanism through autocorrelation patterns
and the classical underreaction and overreaction hypotheses.

Chapter 4 shows the profitability of the momentum and contrarian strategies is condi-
tional. In order to achieve an unconditional profitability, Chapter 5 provides an optimal
investment strategy to explore the momentum and reversal effects by applying the latest
mathematical theory on the maximum principle for control problem of stochastic delay
differential equations (SDDEs). In the standard asset price model based on geometric
Brownian motion, the drift is modelled as a weighted average of mean reversion and mov-
ing average. We find that pure momentum and pure mean reversion strategies cannot
outperform the market, however, a combination of them can outperform the market by
taking the timing opportunity with respect to the trend in return and the market volatil-
ity. We show that the optimal strategy can achieve an unconditional profitability in the
sense that the strategy is immune to the market states, investor sentiment and market
volatility. We also show that the profitability pattern reflected by the average return in
most empirical studies can be affected by the wealth effect.

The models introduced in the previous chapters only consider the price dynamics of
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one risky asset. Chapter 6 extends the models to a multi-asset framework of an evolu-
tionary CAPM with heterogeneous beliefs. By analyzing the stability of the underlying
deterministic model, we show that the evolutionary CAPM is capable of characterizing
the spill-over effects, the persistence in price volatility and trading volume, and realistic
correlations between price volatility and trading volume. We show that the spill-over
effect is associated with high trading volumes and persistent volatility characterized by
significantly decaying autocorrelations of, and positive correlation between, price volatil-
ity and trading volume. Also, the stochastic nature of time-varying betas implied by the
equilibrium model may not be consistent with the rolling window estimate of betas used
in the empirical literature. The model provides further explanatory power of the recently
developed HAMs.



Chapter 2

Heterogeneous Beliefs and Adaptive

Behavior in a Continuous-time Asset
Price Model

2.1 Introduction

It is well recognized that the traditional view of homogeneity and perfect rationality in
financial markets faces a number of theoretical limitations and empirical challenges. Over
the last two decades, there is a growing research on heterogeneity and bounded rationality
in financial markets. With different groups of traders having different expectations about
future prices, asset price fluctuations can be caused by an endogenous mechanism. For
instance, the seminal papers of Brock and Hommes (1997, 1998) introduce the concept
of an adaptively rational equilibrium. A key aspect of their models is that they exhibit
expectations feedback. Agents adapt their beliefs over time by choosing from different
predictors or expectation functions based upon their past performance (such as realized
profits). They show that such boundedly rational behavior of agents can lead to market
instability and the resulting nonlinear dynamical system is capable of generating complex
behavior from local stability to high order cycles and chaos as the intensity of choice to
switch predictors increases.

The framework of Brock and Hommes and its various extensions are in a discrete-
time setup. The setup facilitates economic understanding of the role of heterogeneous
expectations and mathematical analysis, it however faces a limitation when dealing with
expectations formed from the lagged prices over different time horizons and a challenge

to characterize the adaptive behavior in a continuous-time. In discrete-time models,

10
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different time horizons used to form the expectations or trading strategies lead to different
dimensions of the systems which need to be analyzed individually. In particular, when
the time horizon of historical information used is long, the resulting models are high
dimensional systems. Very often, a theoretical analysis of the impact of lagged prices over
different time horizons is difficult when the dimension of the system is high!. The recent
development of HAMs in continuous-time in He et al. (2009) and He and Zheng (2010)
overcomes this limitation in discrete-time. In the continuous-time HAM, the time horizon
of historical price information used by chartists is simply presented by a time delay.
The resulting model is characterized mathematically by a system of delay differential
equations?. It provides a uniform treatment on various time horizons used in the discrete-
time models.

Motivated by the continuous-time HAMs developed in He et al. (2009) and He and
Zheng (2010), this chapter intends to characterize the switching mechanism of the adap-
tive behavior of heterogeneous agents in a continuous-time asset pricing model under a
market maker scenario, instead of the Walrasian scenario used in Brock and Hommes
(1998). Within the proposed model, this chapter has three aims. The first is to exam-
ine if the result of Brock and Hommes (1998) on rational routes to market instability
still holds in a continuous-time setup. The second is to study the joint impact of the
adaptive switching mechanism and the increase in time horizon on market stability. The
third is to explore potential of the model to replicate various market behavior, stylized
facts and long range dependence observed in financial markets. In order to focus the
analysis on the roles of time horizons, both He et al. (2009) and He and Zheng (2010) do
not consider adaptive behavior of agents. In this chapter, we follow Brock and Hommes
(1998) to introduce adaptive behavior of agents who switch their strategies in a bound-
edly rational way according to some ‘performance’ or ‘fitness’ measure such as cumulated
profits of strategies over past time horizons. For the corresponding deterministic model,
we first show that the result of Brock and Hommes on rational routes to market insta-
bility in discrete-time holds in continuous-time. That is, the adaptive switching behavior
of agents can lead to market instability as the switching intensity increases, generating
excess volatility. We then show a double edged effect of an increase in the lagged price

information used by the chartists on market stability, meaning that an increase in time

1For example, to examine the role of different moving average rules used by chartists on market stability, Chiarella et
al. (2006) propose a discrete-time HAM whose dimension depends on the time horizon of chartists used in moving average.

2Although the applications of delay differential equation models to asset pricing and financial market modelling are
relatively new, their applications to characterize fluctuation of commodity prices and cyclic economic behavior have a long
history, see, for example, Haldane (1932), Kalecki (1935), Goodwin (1951), Larson (1964), Howroyd and Russell (1984)
and Mackey (1989). The development further leads to the studies on the effect of policy lag on macroeconomic stability,
see, for example, Phillips (1954, 1957), Yoshida and Asada (2007), and on neoclassical growth model in Matsumoto and
Szidarovszky (2011).
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delay not only can destabilize the market but also can stabilize the market, a very different
feature in the continuous-time HAM which is not presented in the discrete-time HAMs.
This phenomenon is also observed in the continuous-time model in He et al. (2009) and
He and Zheng (2010) without switching, implying that this phenomenon is not due to
the switching mechanism. However, the switching affects the price dynamics significantly
when market becomes unstable. By including noise traders and imposing a stochastic
process on fundamental price, we demonstrate that the model is able to generate various
market phenomena, such as long-term deviations of the market price from the fundamen-
tal price, bubbles, crashes, and stylized facts, including non-normality in asset returns,
volatility clustering, and long-range dependence of high-frequency returns, observed in
financial markets. In particular, we show that the switching can generate more realistic
long range dependence in volatility.

The chapter is based on He and Li (2012) and organized as follows. We first introduce
a stochastic HAM of asset pricing in continuous-time with heterogeneous agents who are
allowed to switch among two types of strategies, fundamentalists and chartists, based on
accumulated profits of the strategies in Section 2.2. In Section 2.3, we apply stability
and bifurcation theory of delay differential equations, together with numerical analysis of
the nonlinear system, to examine the impact of switching and time horizon used by the
chartists on the market stability. Section 2.4 provides some numerical simulation results
of the stochastic model in exploring the impact of switching and the potential of the

model to generate various market behavior and the stylized facts. Section 2.5 concludes.

2.2 The Model

Consider a financial market with a risky asset (such as stock market index) and let P(t)
be the (cum dividend) price of the risky asset at time t. The modelling of the dynamics of
the risky asset follows closely to the current HAMs. However, instead of using a discrete-
time setup and Walrasian scenario, we consider a continuous-time setup and a market
maker scenario (as in Beja and Goldman 1980, Chiarella and He 2003b, Hommes et al
2005 and Chiarella et al. 2006).> The market consists of fundamentalists who trade
according to fundamental analysis, chartists who trade based on price trend calculated
from weighted moving averages of historical prices over a time horizon, and a market
maker who clears the market by providing liquidity. To focus on price dynamics, we

motivate the excess demand functions of the two types of traders directly, rather than

3As presented in Chiarella et al. (2009), the Walrasian scenario, even though widely used in economic analysis, only
plays a part in one real market (the market for silver in London).
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deriving them from utility maximization of their portfolio investments. The behavior of
the traders is modelled as in He et al. (2009) and He and Zheng (2010). For completeness,
we introduce the demand functions of the fundamentalists and the chartists briefly and
refer readers to He et al. (2009) and He and Zheng (2010) for details.

The fundamentalists believe that the market price P(t) is mean-reverting to the fun-
damental price F(t) that can be estimated based on various types of fundamental in-
formation. They buy (sell) the stock when the current price P(t) is below (above) the
fundamental price F'(t). For simplicity, the demand of the fundamentalists, Z;(t) at time

t, is assumed to be proportional to the price deviation from the fundamental price, namely,

Zy(t) = B;[F(t) = P()], (2.1)

where 3y > 0 is a constant parameter, measuring the speed of mean-reversion of the
market price to the fundamental price, which may be weighted by a risk aversion coefficient
of the fundamentalists, and F'(¢) is the fundamental price of an exogenous random process
to be specified in Section 2.4.

The chartists are modelled as trend followers. They believe that the future market
price follows a price trend u(t). When the current price is above the trend, the trend
followers believe the price will rise and they like to hold a long position of the risky asset;
otherwise, the trend followers take a short position. We assume that the demand of the

chartists is given by
Z.(t) = tanh (6C[P(t) — u(t)]) (2.2)

The S-shaped demand function capturing the trend following behavior is well documented
in the HAM literature (see, for example, Chiarella et al. 2009), where the parameter /3,
represents the extrapolation rate of the trend followers on the future price trend when
the price deviation from the trend is small. However, they limit their positions when
the deviation is large. Among various price trends used in practice, we assume that the
price trend u(t) at time t is calculated by an exponentially decaying weighted average of

historical prices over a time interval [t — 7, ],

B k
- 1_€7kT

u(t) /tj e M= p(s)ds, (2.3)

where time delay 7 € (0, 00) represents a price history used to calculate the price trend,
and k > 0 is a decay rate. Equation (2.3) implies that, when forming the price trend, the
trend followers believe the more recent prices contain more information about the future

price movement so that the weights associated to the historical prices decay exponentially
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with a decay rate k. In particular, when k — 0, the price trend u(t) in equation (2.3) is

simply given by the standard moving average with equal weights,

u(t) = » /t_ P(s)ds. (2.4)

T

When k& — oo, all the weights go to the current price so that u(t) — P(t). For the time
delay, when 7 — 0, the trend followers regard the current price as the price trend. When

T — 00, they use all the historical prices to form the price trend

u(t) = E/ e M=% P(s)ds. (2.5)

In general, for 0 < k£ < oo, equation (2.3) can be expressed as a delay differential equation

with time delay 7

k

dult) = =

[P(t)— e P(t—7)— (1 — e " )u(t)]dt. (2.6)

In the spirit of Brock and Hommes (1997, 1998) and Chiarella et al. (2006), we now
introduce the evolution of market population of agents. Let Ny(¢) and N.(¢) be the
numbers of agents who use the fundamental and chartist strategies, respectively, at time
t. Assume that market population of agents N;(t) + N.(t) = N is a constant. Denote
by ns(t) = N¢(t)/N and n.(t) = N.(t)/N the market fractions of agents who use the
fundamental and trend following strategies, respectively. The net profits of the funda-
mental and trend following strategies over a short time interval [t — dt,t] are measured

by, respectively,
my(t)dt = Z;(t)dP(t) — Cydt, me(t)dt = Z.(t)dP(t) — C.dt, (2.7)

where Cf, C. > 0 are constant costs of the strategies per unit time. The performances
of the strategies are measured by cumulated and weighted net profits over time intervals
it — 7, t]4,

- 1 — e nmi

) t
U(t) = — 1 / e (s)ds, = f,c, (2.8)
t—Ti

where n; > 0 and 7; > 0 for ¢ = f, c represent the decay parameter and time horizon

respectively used to measure the performance of the fundamentalists and trend followers.

4The time delays used to measure the performances can be different from the delay used by the chartists to calculate the
price trend in general. In addition, comparing to the trend followers, the fundamentalists use historical prices over a longer
time horizon 7; with lower decaying rate ny. The impact of different time horizons and decay rates in the performance is
discussed in footnote 11.
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Consequently,

v (t) — e"“”m (t — 7'1'>
dU; (t) =i 1 — e ™™

U@ |dt,  i=fe (2.9)

By using the replicator dynamics (see, for example, Chapter 7 in Hofbauer and Sigmund,

1998), the evolution dynamics of the market populations are governed by
dn;(t) = Bn;(t)[dU;(t) — dU(t)], 1= f,c, (2.10)

where dU (t) = ny(t)dU(t) + n.(t)dU.(t) is the change of the average performance (over
a time interval [t,t + dt]) of the two strategies and § > 0 is a constant, measuring the
switching intensity of agents who change their strategy to a better performing strategy.
In particular, if 5 = 0, there is no switching among agents, while for 3 — oo all agents
immediately switch to the better strategy.

It can be verified that the above switching mechanism in continuous-time setup is
consistent with the one used in discrete-time HAMs. In fact, the dynamics of the market

fraction ny(t) satisfies

dng(t) = Bnp(t)(1 = ny(1))[dU; (1) — dU:(1)], (2.11)

leading to
eBU (1)

nf(t) = eﬁUf(t) + eﬁUc(t) I

(2.12)

which is the discrete choice model used in Brock and Hommes (1997, 1998).5 In addition,
when 7; — 0, U;(t) = m;(t), defining the performance by the current profit. When 7; — oo,
Ui(t+dt) = U;(t)+0;m;(t) with §; = n;dt, defining the performance as cumulated historical
profits that decay geometrically at a rate of d;.

Finally, the price P(t) at time t is adjusted by the market maker according to the

aggregate market excess demand, that is,
dP(t) = p[ng(t) Zs(t) 4+ ne(t) Z(t) | dt + opdWa(t),

where > 0 represents the speed of the price adjustment by the market maker, Wy, ()
is a standard Wiener process capturing the random excess demand process either driven
by unexpected market news or noise traders, and o,; > 0 is a constant.

To sum up, the market price of the risky asset is determined according to the fol-

lowing stochastic delay differential system with three different time delays and two noise

5The equivalence of (2.11) and (2.12) is demonstrated in Appendix A.1.
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processes®
( dP(t) = M[nf@)zf(t) +(1- nf(t))zc(t)} dt + o dWar(t),
du(t) = % [P(t) e MP ) — (1 e*kf)u(t)] dt, o)
AU (t) = e (1) = gt = 77) = (1= e77)Up (1),
AU(t) = T2 [melt) = e77me(t = 72) = (1= 7)1 dt,

where ng(t) is defined by (2.12), Z;(t) and Z.(t) are defined by (2.1) and (2.2), respectively,
and m;(t) is defined by (2.7) for i = f, c.

In summary, we have established an adaptively heterogeneous belief model of asset
price in a continuous-time. The resulting model is characterized by a five-dimensional
system of nonlinear stochastic delay differential equations, which can be difficult to analyze
directly. To understand the interaction of the deterministic dynamics and noisy processes,
we first study the dynamics of the corresponding deterministic model in Section 2.3. The

stochastic model (2.13) is then analyzed in Section 2.4.

2.3 Dynamics of the Deterministic Delay Model

By assuming that the fundamental price is a constant F(¢t) = F' and there is no market
noise oy = 0, the system (2.13) becomes a deterministic differential system with three

time delays

( d]jz—it) —H {”f(t)ﬁf(F — P(t)) + (1 —ny(t)) tanh (@(P(t) - u(t)))],
dl;(tt) = [P0 - et P ) - (1= ], -
T e ) = (= ) = (1= )]
\ d%t( ) - 1_ zc_m [Wc(t) —e Tt — 1) — (1 - e*"cfc)Uc(t)} :
where

mi(t) = nZi(8) [ () Z5(0) + (1= ng(0) Z(1)] = G, i = fre

6Note that Z¢(t) is a stochastic process depending on the stochastic fundamental process F(t) specified later in Eq.
(2.17).




17 2.3 Dynamics of the Deterministic Delay Model

It is easy to see that (P,u,Us,U,) = (F,F,—C;,—C,) is a unique steady state of the
system (2.14), which consists of the constant fundamental price and the costs of the
strategies per unit time. We therefore call (P u,Us,U,) = (F,F,—C;,—C,) the fun-
damental steady state. We now study the dynamics of the deterministic model (2.14),
including the stability and bifurcation of the fundamental steady state.

At the fundamental steady state, the market fractions of the fundamentalists and the
chartists become n} := 1/(14-¢°“) and n} := 1/(1+e~ %) respectively, where C' = Cy—C,
measures the disparity of the strategy cost rates. Obviously, when C' = 0, n} = n; = 0.5,
meaning that the market fractions at the fundamental steady state is independent of the
switching intensity parameter 3. However, if it costs agents more to use the fundamental
strategy, that is C' > 0, then there are more chartists than the fundamentalists at the
fundamental steady state, that is n; > n}. Furthermore, when C' > 0, an increase in
decreases the steady state market fraction n} of the fundamentalists.

It is known (see Gopalsamy 1992) that” the stability is characterized by the eigenvalues
of the characteristic equation of the system at the steady state. Denote vy = un} 3y and
Ye = p(1=n})B.. Then the characteristic equation of the system (2.14) at the fundamental
steady state (P,u,U;,U,) = (F,F,—C},—C,) is given by®

AN == (A +n5) (A +n.)AN) =0, (2.15)

where

~ ke kry.e~ k)T
AN =\ — — —
(A) =X+ (k+v — v )N+ kyp — kye + e gy

(2.16)

Note that equation (2.16) has the same form as the characteristic equation of the model
studied in He et al (2009) and He and Zheng (2010) except that v, and ~, are defined
differently. Hence we can apply Theorems 3.2, 3.3 and 3.4 in He et al. (2009) and Propo-
sition 3.5 in He and Zheng (2010) to system (2.14). For completeness, we summarize the
results as follows and refer the details to He et al. (2009) and He and Zheng (2010).
Firstly, the stability of the steady state do not change for time delay 7 > 7, where

11 1+ 2k
T=—1In .
k 4+ —7)2+ 2 k+9r — 7 | V/kVy

That is, there is an upper bound on the time delay for stability change. Secondly, the

"For a general theory of functional differential equations, we refer readers to Hale (1997).

8]nterestingly, the time delays 7f,Te and decaying rates n¢,nc introduced in the performance measures in (2.8) do not
appear in the characteristic equation, hence they do not affect the local stability and bifurcation analysis. This is due to the
fact that they are in higher order terms and they affect the nonlinear dynamics, rather than the dynamics of the linearized
system. Their impact on the nonlinear dynamics is addressed there in footnote 11.
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change in stability happens only when there is a 7 € (0,7 and a non-negative integer n

such that S;7(7) =0 or S, (1) = 0 defined by”

0. (T)+ 2nm

SEr) =7 - —F 7€ (0,7], n=20,1,2,---,
) e 0.7
where
N pa— 1 arccos(aqy ), for aszy > 0;
—a a? — 4a
Wy = ( ! 5 ! 2) . 0.(1) =< 27+ arcsin(azy), for azs <0, age > 0;
21 — arccos(ays ), for azy <0, aye <0
and
2 2 2 2k, 2 9, 2K ypyee™T
ay =k +7f+%—27f%—m, a2:k7f+1_—W»
~ —we (D)@ = e (B A+ — ) _q (1= e ™) (wi(r) = kyy)
A3+ = pp— ’ A4t = 1 — —hor .
Ve ke

Denote

Tozinf{{?}U{TE(O,ﬂ|3n€{0,1,2,~-}, SH(r)=0 or s;(T):o}}.

Then the local stability and bifurcation of the fundamental steady state with respect to

the time delay of system (2.14) are summarized in the following proposition.

Proposition 2.1 The fundamental steady state of system (2.14) is
(i) asymptotically stable for T € [0,79);

(11) asymptotically stable for T > T when vf > v, — k;

(iii) unstable for T > T when vy < 7. — k.

In addition, the system (2.14) undergoes Hopf bifurcations at the zero solutions of func-
tions SE(r).

Proposition 2.1 implies that the fundamental steady state is stable for either small or
large time delay when the market is dominated by the fundamentalists (in the sense of
vf + k > 7). Otherwise, when the trend followers become more active comparing with
the fundamentalists (in the sense of 7. > v + k), the fundamental steady state becomes

unstable through Hopf bifurcations when time delay increases. Meanwhile, when the

9We refer to Theorem 3.3 in He et al. (2009) for the properties of functions St (7).
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trend followers put more weights to the most recent historical prices (so that k is large),
the fundamental price is stabilized. This result is in line with the results obtained in
discrete-time HAMs. In fact, when the time horizon is small, the insignificant price
trend, resulting in weak trading signals, limits the destabilizing activity of the chartists.
Consequently, the fundamentalists dominate the market and the market becomes stable.

However, Proposition 2.1 also indicates a very interesting phenomenon of the continuous-

20} S0 ‘
(4 1.8
\ ‘ 1.4
20} ) :
|~ 12
I
-40 i Py
s*(7) i
n 6o 1 0.8
: 06
-80 | 0.
|
~100 i 0.2
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T F < P
(a) Function Sif (b) Price bifurcation
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t t

(¢) T=3 (d) =16

Figure 2.1: (a) The plots of S;* as functions of 7; (b) the corresponding bifurcation diagram of the market
prices with respect to 7; and the market price for (c) 7 = 3 and (d) 7 = 16. Here k = 0.05, p = 1,
Br=14,8.=14,5=2,Cr=0.05 C.=0.03, nf =05, n. =06, 7 =17, 7. = 16, and F' = 1.

time model, which is not easy to obtain in a discrete-time model, that is the stability
switching!®. That is, the system becomes unstable as time delay increases initially, but
the stability can be recovered when the time delay becomes large enough. Intuitively,
when time horizon is large, the price trend becomes significant, resulting in strong trading

signals. However, the activity of the trend followers, measured by . and k, is limited by

10This phenomenon is also observed in the continuous-time model in He et al. (2009) and He and Zheng (2010) without
switching, implying that this is not crucially due to the switching mechanism introduced in this chapter. However, the
switching affects the price dynamics significantly when the steady state becomes unstable and/or when the stochastic model
is considered. This is demonstrated by Figs 2.3, 4.1 and 4.3 and the related discussions there.
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the activity of the fundamentalists, measured by «;. Therefore, the market is dominated
by the fundamentalists, leading to a stable market. Fig. 2.1 illustrates such interesting
stability switching phenomenon!'. Fig. 2.1 (a) indicates two Hopf bifurcation values
in 7, say 7o < 71, determined by two zero solutions of Si(7). The first one occurs
when Sg (7) crosses 0 at 7 = 79 & 7.45 and the second one occurs when Sy (7) crosses
0at 7 =7 ~ 31.09. Fig. 2.1 (b) plots the corresponding bifurcation diagram of the
market price with respect to 7 showing that the fundamental steady state is stable for
T € [0,79) U (11, 00) and Hopf bifurcations occur at 7 = 75 and 7 = 71. Figs 2.1 (¢) and
(d) illustrate that the fundamental steady state is asymptotically stable for 7 = 3 (< 79)
and unstable for 7 = 16 (€ (79, 71)). Numerical simulations for 7 > 7 (not reported here)
verify the stability of the fundamental steady state. The difference of the stability between
small 7 (7 < 79) and large 7 (7 > 71) is that the speed of the convergence is high for small
delays and low for large delays. We can see that it is the continuous-time model that
facilitates such analysis on the stability effect of lagged price information and stability

switching, an advantage of the continuous-time model over the discrete-time model.
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Figure 2.2: The bifurcation of price with respect to 3, here 7 = 8.

In the discrete-time Brock and Hommes framework, the rational routes to compli-
cated price dynamics are characterized as the switching intensity [ increases. For the
continuous-time model developed in this chapter, this result also holds. Fig. 2.2 plots the
price bifurcation diagram with respect to the switching intensity parameter 3. It shows
that the steady state is stable when the switching intensity ( is low, but becomes unstable
as the switching intensity increases, bifurcating to stable periodic price with increasing

fluctuations. The periodic fluctuations of the market prices are associated with periodic

11 A1l the numerical results in this chapter are based on k = 0.05, p =1, 8y = 1.4, 8. = 1.4, 8 =2, Cy = 0.05, C. = 0.03,
ng = 0.5, 1. =06, 7y =17, 7. = 16 and F = 1, unless specified otherwise. In particular, we choose ny = 0.5, nc = 0.6,
Ty = 17 and 7. = 16 to take into account that the fundamentalists calculate the weighted cumulated profit over longer time
horizons with small decaying rate in weights comparing to the trend followers. As we indicated earlier, they do not affect
the local stability and bifurcations. However, simulations (not reported here) show that an increase in ¢ (or a decrease in
7c) can increase the fluctuations in price and population switching, but 74 and 7. appear to have marginal effect on the
fluctuations.
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fluctuations of the market fractions. To illustrate this feature, Fig. 2.3 plots the time

Switching P
No—switching P

X 0.45

"t
- = Normal|]

i

3 - - -

(b) Phase plot of (P,ny) (c) The density of ny

Figure 2.3: (a) The time series of the market prices P(t) with switching (the blue solid line with high
volatility) and without switching (the red dotted line with low volatility) and the market fraction n¢(t) of
fundamentalists (the green dash dot line); (b) the phase plot of (P(t),n(t)); (c) the density distribution
of the market fraction ny(t) of the fundamentalists.

series of prices P(t) and the market fraction of the fundamentalists n(t), a phase plot
of the price, and the distribution of the market fraction n(¢) of the fundamentalists for
time delay 7 = 16. Based on the bifurcation diagram in Fig. 2.1 (b), the steady state
is unstable for 7 = 16. Fig 2.3 (a) shows the periodic fluctuations in both the market
fraction and the market price of the switching model (2.14). To better understand the
impact of agents’ adaptive switching behavior when the fundamental steady state be-
comes unstable, we also plot in Fig. 2.3 (a) the market price of the no-switching model in
He et al. (2009)'2. One can see that the switching increases the price fluctuations. The

phase plot in Fig. 2.3 (b) shows that price and fraction converge to a figure-eight shaped

12The parameters in model (2.14) are chosen in such a way so that the steady state population fractions n* and n} are
the same in the two models. Previous stability analysis demonstrates that when the market price of the switching model is
unstable, so is the no-switching model.
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attractor, a phenomenon which is also observed in the discrete-time model in Chiarella
et al. (2006). More interestingly, the period of the fluctuation of the market price is twice
as much as that of the market fraction and the market prices are close to the fundamental
prices whenever the market fractions of the fundamentalists are high. The corresponding
distribution of the market fraction ny(¢) of the fundamentalists illustrated in Fig. 2.3 (c)
shows clearly the switching of agents’ trading strategies over the time. Further simula-
tions (not reported here) show that the fluctuations in both price and population fraction

increase as the switching intensity increases.
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(a) The bifurcation value 7o as a function of n} (b) The bifurcation value 79 as a function of 3

Figure 2.4: The relationships of the first bifurcation value 7o with n} and 3.

Regarding the joint impact of the time delay, the switching, and the steady state
market fractions on market stability, we have shown that an initial increase in time delay
destabilizes the fundamental price, however a high steady state market fraction of the
fundamentalists stabilizes the price. Also, an increase in switching intensity destabilizes
the fundamental price. Hence, with respect to the stability of the steady state, a positive
relation between the market fraction of the fundamentalists and the time delay and a
negative relation between the switching intensity and the time delay are expected. The
above intuition is verified in Fig. 2.4 which plots the first bifurcation value 7y with respect
to the market fraction of the fundamentalists at the fundamental steady state n} in Fig.
2.4 (a) and the intensity § in Fig. 2.4 (b).

We complete this section with an observation. The twin-peak-shaped density distri-
bution in Fig. 2.3 (c¢) imply that, when the fundamental price is unstable, the market
fractions tend to stay away from the steady state market fraction level most of the time
and a mean of ny(t) below 0.5 clearly indicates the dominance of the chartist strategy.
In summary, the analysis shows that the continuous-time HAM provides a better un-

derstanding of the market dynamics. Apart from providing some consistent results to
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the discrete-time HAMs on rational routes to market instability, we are able to study
the impact of lagged prices used by the chartists on market stability. Also, the adaptive

switching behavior of agents can increase the price fluctuations.

2.4 Price Behavior of the Stochastic Model

In this section, through numerical simulations, we focus on the interaction between the
dynamics of the deterministic model and noise processes and explore the potential power of
the model to generate various market behavior and the stylized facts observed in financial
markets. To complete the stochastic model (3.7), we introduce the stochastic fundamental
price process,

dF(t) = %J%F(t)dt +opF(t)dWr(t), F(0)=F, (2.17)

where o > 0 represents the volatility of the fundamental return and Wg(t) is a standard
Wiener process. The market noise Wy, (¢) and fundamental price noise Wg(t) can be
correlated and let p be their correlation. It follows from (2.17) that the fundamental return
defined by d(In(F(t))) is a pure white noise process following the normal distribution with
mean of 0 and standard deviation of oxv/dt. This ensures that any non-normality and
volatility clustering of market returns that the model could generate are not carried from

the fundamental returns.

0 2000 4000 6000 8000 10000
t

(b) =16

Figure 2.5: The time series of the fundamental price (the blue dotted line) and the market prices of the
switching model (the red solid line) and the no-switching model (the green dash dot line) for two delays
(a) 7 =3 and (b) 7 = 16. Here op = 0.12, opy = 0.05 and p = 0.

Firstly, we explore the joint impact of the time horizon 7 of the chartists and the
two noise processes on the market price dynamics. For the corresponding deterministic
model (2.14), Figs 2.1 (c¢) and (d) show that the fundamental steady state is stable for

7 = 3 and unstable for 7 = 16, leading to periodic fluctuations of the market price.
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For the stochastic model, with the same random draws of the fundamental price and
the market noise processes, we plot the fundamental price (the blue dotted line) and the
market prices of both the switching model (2.13) (the red solid line) and the no-switching
model with population fractions being n} and ng (the green dash dot line) in Fig. 2.5
for two different values of 7. For 7 = 3, Fig. 2.5 (a) demonstrates that the market
price!? follows the fundamental price closely and there is no significant difference for the
market prices with and without switching. For 7 = 16, Fig. 2.5 (b) indicates that the
market price fluctuates around the fundamental price in cyclic way, which is underlined by
the bifurcated periodic oscillation of the corresponding deterministic model. In addition,
similar to the deterministic model, the price fluctuations of the stochastic model are high
with switching.

Secondly, we explore the potential of the stochastic model in generating the stylized
facts for daily data observed in financial markets. We choose 7 = 3 so that the steady
state is stable!?, as illustrated in Fig. 2.1 (c). We study at first the case when the two
stochastic processes are independent, that is p = 0. For the stochastic model with both
noisy processes, Fig. 2.6 represents the results of a typical simulation. Fig. 2.6 (a) shows
that the market price (the red solid line) follows the fundamental price (the blue dotted
line) in general, but accompanied with large deviations from time to time. The returns
of the market prices in Fig. 2.6 (b) show significant volatility clustering. Comparing to
the corresponding normal distribution, the return distribution in Fig. 2.6 (c) displays
high kurtosis. The returns show almost insignificant autocorrelations (ACs) in Fig. 2.6
(d), but the ACs for the absolute returns and the squared returns in Figs. 2.6 (e) and
(f) are significant with strong decaying patterns as time lag increases, implying a long
range dependence. These results demonstrate that the stochastic model established in this
chapter has a great potential to generate most of the stylized facts observed in financial
markets.

We may argue that the above features of the stochastic model is a joint outcome of
the interaction of the nonlinear HAM and the two stochastic processes similar to He and
Zheng (2010). With the same random seeds, we report the simulation results in Figs.
2.7 and 2.8 when there is only one stochastic process involved. In Fig. 2.7, there is no
market noise and the fundamental price is the only stochastic process. The time series,
return density distribution, and the ACs of the returns, the absolute returns and the

squared returns do not replicate these stylized facts demonstrated in Fig. 2.6. Alterna-

13In the simulations in this section, time unit is a year, an annual volatility is given by oz = 0.12, and the time step of
numerical simulations is 0.004, corresponding to one day.

141t appears that the stylized facts can also be obtained by choosing T from its unstable interval. The implications of
different choice of delays on the stylized facts would be interesting.
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Figure 2.6: The time series of (a) the market price (red solid line) and the fundamental price (blue dotted
line) and (b) the market returns; (c) the return distribution; the ACs of (d) the returns; (e) the absolute
returns, and (f) the squared returns. Here op = 0.12, oy = 0.05 and p = 0.
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Figure 2.7: The time series of (a) the market price (red solid line) and the fundamental price (blue dotted
line) and (b) the returns; (c) the return distribution; the ACs of (d) the returns; (e) the absolute returns,
and (f) the squared returns. Here op = 0.12, o3y = 0 and p = 0.
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Figure 2.8: The time series of (a) the market price (red solid line) and the fundamental price (blue dotted
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tively, in Fig. 2.8 the market noise process is the only stochastic process. It shows that
the return is basically described by a white noise process. Both Figs 2.7 and 2.8 indicate
that the potential of the model in generating the stylized facts is not due to either one
of the two stochastic processes, rather than to both processes. The underlying mecha-
nism in generating the stylized facts, long range dependence, and the interplay between
the nonlinear deterministic dynamics and noises are very similar to the one explored in
He and Li (2007) for a discrete-time HAM. Economically, the fundamental noise can be
very different from the market noise and consequently they affect the market price differ-
ently. Without the market noise, the market price is driven by the mean-reverting of the
fundamentalists (to the fundamental price) and the trend chasing of the chartists; both
contribute to building up market price trend. Due to the randomness of the fundamental
price, there are persistent mean-reverting activities from the fundamentalists that provide
the chartists opportunities to explore the price trend. Therefore, the significant ACs of
the market returns, absolute returns and squared returns in Fig. 2.7 reflect the interaction
of the fundamentalists and the chartists. However, with the market noise and a constant
fundamental price, the price trend is less likely formed and explored by the chartists.
This limits the impact of the speculative behavior of the chartists, which explains the
insignificant ACs of the market returns, absolute returns and squared returns in Fig. 2.8.
With both noise processes, the price trend is difficult to explore (due to the market noise)
and consequently the returns become less predictable. However, the interaction of the
fundamentalists and the chartists becomes intensive due to some large changes in the
fundamental price from time to time, implying the significant ACs in return volatility,
shown in Fig. 2.6 (d)-(f).
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Figure 2.9: (a) The return distributions; the average ACs of (b) the absolute returns and (c) the squared
returns based on 200 simulations for both the switching (the red solid line) and no-switching (the dash-
dotted blue line) models . Here op = 0.12, o3y = 0.05 and p = 0.
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To understand the impact of the adaptive switching behavior of agents on the stylized
facts and the AC patterns, based on 200 simulations with different random seeds, Fig.
2.9 reports the return distributions and the average ACs of the absolute returns and the
squared returns of the switching model (2.13) (the red solid line) and the no-switching
model (the blue dash-dotted line). Fig. 2.9 (a) shows that the switching model displays
higher kurtosis than the no-switching model. In addition, Figs. 2.9 (b) and (c) show that
the ACs of both the absolute returns and the squared returns are significantly. However,
the ACs for the switching model decay quickly, which are more close to the AC patterns

observed in financial time series!®.

50 100 150 200
lag

(a) The ACs of the absolute returns (b) The ACs of the squared returns

Figure 2.10: The average ACs of (a) the absolute returns and (b) the squared returns based on 200
simulations for p = 0,40.5, +1. Here op = 0.12 and o), = 0.05.

Given that the market noise may be correlated with the fundamental price noise, we
now examine the impact of the correlated noises on the AC patterns. Based on 200
simulations for different p (0, £0.5,£1), Fig. 2.10 compares the ACs of the absolute and
squared returns, from which we have a number of interesting observations. Firstly, the
ACs are significant and decaying for all correlations, implying that the mechanism in
generating the long range dependence can be independent of the correlation of the two
noise processes. Secondly, the ACs become more significant when the noise processes are
negatively correlated, in particular, when p = —1; while they become less significant when
they are positively correlated, in particular, when p = 1. Thirdly, not perfectly positively
correlated noises lead to more realistic AC decaying patterns.

We conclude this section with a remark on the predictability of asset returns over
different trading frequency. As one of the stylized facts, the insignificant ACs of daily

returns imply that daily returns are not predictable. However, it is well documented

151n a discrete-time model, He and Li (2007) show that the no-switching model is able to replicate the significant decaying
AC patterns in the absolute and squared returns, but the speed of the decaying is low comparing to the AC patterns observed
in financial time series. Further statistic test would be useful to clarify such difference and we leave this to the future research.
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Figure 2.11: The ACs of the weekly and monthly market returns. Here 7. = 16, op = 0.12, oy = 0.05
and p = 0.

(see for example Pesaran and Timmermann 1994, 1995) that weekly and monthly returns
are predictable. Fig. 2.11 illustrates the ACs of (a) weekly and (b) monthly returns.
The significant ACs indicate that weekly and monthly returns are predictable, showing
that the model has potential to replicate the return predictability for different trading

frequency. It would be interesting to explore this potential further.

2.5 Conclusion

This chapter contributes to the development of financial market modelling and asset price
dynamics with bounded rationality and heterogeneous agents. Most of the heterogeneous
agent models developed in the literature are in the discrete-time setup. Among various
issues in this literature, the impact of adaptive behavior on market stability has been well
studied, while the impact of lagged prices (used by chartists to form their expectations)
on market stability has not been well understood due to the problem of high dimensional
systems. This chapter develops a continuous-time framework to study the joint impact
of lagged prices and adaptive behavior of heterogeneous agents. By using the replicator
dynamics in population evolution literature, we extend the discrete choice model used
in discrete-time HAMs to a continuous-time model. The delay differential equations
provide a uniform approach to study the impact of the lagged prices through a time delay
parameter.

The continuous-time model developed in this chapter studies a financial market con-
sisting of adaptive and heterogeneous agents using fundamental and technical strategies.
Agents change their strategies in a boundedly rational way according to a performance

measure of the accumulated profits. The analysis of the model provides not only some
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consistent results to the discrete-time HAMs, such as stabilizing effect of fundamentalists,
destabilizing effect of chartists, and the rational routes to market instability, but also a
double edged effect of an increase in lagged prices on market stability. An increase in the
using of lagged prices can not only destabilize, but also stabilize the market price. More
importantly, the adaptive switching behavior of agents can increase market price fluctu-
ations. By introducing a market noise characterizing noise traders or liquidity trading
and imposing a stochastic process on fundamental price, we demonstrate that the model
is able to generate long deviations of the market price from the fundamental price, bub-
bles, crashes, and most of the stylized facts, including non-normality in return, volatility
clustering, and long range dependence of high-frequency returns, observed in financial
markets. In addition, comparing to the no-switching model, the adaptive behavior of
agents can generate more realistic AC patterns in the absolute and squared returns.

The continuous-time framework developed in this chapter has shown some advantages
comparing to the discrete-time framework, in particular when dealing with the impact of
lagged prices. The framework can be used to study the joint impact on the markets of the
irrational herding behavior and the more rational switching. This is the focus of Chapter 3.
Also, the profitability of different trading strategies, including momentum and contrarian
strategies, are well documented in empirical literature and it would be interesting to
explore these empirical features within the continuous-time framework developed in this

chapter. We leave these studies to Chapter 4.



Chapter 3

Herding, Trend Chasing and Market
Volatility

3.1 Introduction

Trend chasing, switching among different trading strategies and herding behavior are the
most commonly observed boundedly rational behaviors of investors in financial markets.
In Chapter 2, we focus on trend chasing and switching, and show that the proposed model
is able to generate various market phenomena and stylized facts. Herding refers broadly
to the tendency of many different agents to take similar actions at roughly the same time.!
Based on the model in Chapter 2, this chapter also incorporates herding behavior and
studies their joint impact on market volatility.

Large fluctuations in market price, excess volatility in return, and volatility cluster-
ing are the most common stylized facts in financial markets. The question is how these
boundedly rational behaviors of investors contribute to market volatility differently. This
chapter introduces a heterogeneous agent asset pricing model in a continuous-time frame-
work to address this question. We show that herding and trend chasing based on long time
horizon increase market volatility in price and return. However, the effect of switching
is different for price volatility and opposite for return volatility. We also show that these
boundedly rational behavior of investors contribute to the power-law behavior, character-
ized by insignificant autocorrelations (ACs) in the returns and significant and decaying
ACs in the absolute and squared returns; however, their effects are different. More pre-
cisely, the level of the significant ACs increases with the herding and trend chasing based

on long time horizon, but increases initially and then decreases as the switching intensity

IScharfstein and Stein (1990) attribute it to the reputational concerns and the unpredictable components to investment
outcomes. Banerjee (1992) shows that herd behavior is rational in term of obtaining others’ information.

32
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increases. In general, it is the interaction of nonlinear dynamics and noises that gen-
erates realistic market price dynamics. We show that the market noise characterizing
noise trading or liquidity trading plays more important role than the fundamental noise
in generating the power-law behavior. To our knowledge, this chapter is the first showing
that the herding and switching have opposite effect on the return volatility and different
impact on the power-law behavior.

This chapter is closely related to the recent development of heterogeneous agent mod-
els (HAMs) considering financial markets as expectation feedback systems and hence
asset price fluctuations can be caused by an endogenous mechanism with heterogeneity
and bounded rationality. Various agent-based financial market models have been devel-
oped to incorporate trend chasing, switching and herding. For instance, both Brock and
Hommes (1998) in discrete-time and Chapter 2 in continuous-time show that switching
can generate complex behavior from local stability to high order cycles and chaos. Within
a continuous-time framework, Lux (1995) and Alfarano, Lux and Wagner (2008) model
the herding behavior through the master equation and show that herding can give rise to
realistic time series. Within a discrete-time framework, Hohnisch and Westerhoff (2008)
show how herding behavior at the level of individual economic sentiment may lead to en-
during business cycles, and Franke and Westerhoff (2012) show a strong role for a herding
component when generating realistic moments in financial time series.

This chapter provides a unified framework in a continuous-time model to examine
the joint impact of trend chasing, switching, and herding on market price dynamics and
compare different roles they play in generating market volatility in price and return and
the power-law behavior of stock return volatility. Following Chapter 2, we introduce
a continuous-time financial market with two types of agents, the fundamentalists who
trade on the fundamental value and the trend followers who extrapolate the market price
trend based on weighted moving average price over a finite time horizon. The herding
behavior among the agents is characterized by the master equation. The market price is
determined by a market maker who adjusts the market price to the excess demand from
the fundamentalists and trend followers, together with a noisy demand. The continuous-
time setup chosen in the chapter not only mathematically facilitates the modelling of
the time horizon of the historical price information used by the trend followers, but also
easily accommodates the herding behavior through the master equation with endogenously
determined volatility.

We first examine the dynamics of the underlying deterministic model. Differently from
the adaptive switching model in Chapter 2, we find that the herding mechanism does not

affect the local stability of the steady state fundamental price, although it does affect the
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nonlinear behavior. Based on the analysis of the deterministic dynamics, we then study
the joint impact of trend chasing, herding, and switching on the volatility of market price
and return of the stochastic model. We find that the trend chasing based on historical
prices over a long time horizon always leads to high volatility in both market prices and
stock returns, which is underlined by the destabilizing effect of the trend chasing. Also,
herding and switching have very different effect on the market volatility. A strong herding
contributes to high fluctuation in market fractions and market price and hence generates
high volatilities in prices and returns, while a more intense switching reduces the return
volatility and has a non-monotonic effect on the volatilities of market fractions and prices.
More interestingly, we observe a “hump” shaped volatility in the market fraction and a
“U”-shaped price volatility as the switching intensity increases.

We explore further the potential of the model to generate the power-law behavior in
volatility. Following the HAMs literature, we find that it is the interaction of the nonlinear
dynamics of the underlying deterministic model and the noises that generates the power-
law behavior. We examine the impact of different noises (including fundamental noise,
market noise and market fraction noise), time horizon, switching and herding on the
ACs of the returns, absolute returns, and squared returns. We find that market noise is
the main driving force in generating the power-law behavior. The AC patterns become
more significant as the time horizon and herding increase, but non-monotonic with the
switching. Specifically, an initial increase in the switching intensity leads to an increase
in the significant levels of ACs but a decrease as the switching increases further. In
general, it is the combination of switching and herding, together with the market noise,
that generates realistic power-law behavior.

The chapter is based on Di Guilmi, He and Li (2013) and organized as follows. We first
introduce a stochastic HAM of asset pricing in continuous-time with trend chasing, herd-
ing, switching and heterogeneous beliefs in Section 3.2. In Section 3.3, we apply stability
and bifurcation theory of delay differential equations, together with numerical analysis
of the nonlinear system, to examine the impact of herding, switching and time horizon
used by the trend followers on market stability. The effect of and different role played
by trend chasing, herding and switching on market volatility and power-law behavior are
then discussed in Sections 3.4 and 3.5, respectively. Section 3.6 concludes. All proofs and

some additional results are given in Appendix B.
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3.2 The Model

Consider a financial market with a risky asset (such as stock market index) and let P(¢) be
the (cum dividend) price of the risky asset at time ¢. Following the standard approach of
HAMs, see, for example, Brock and Hommes (1998), we assume that the market consists
of fundamentalists who trade according to the fundamental value of the risky asset, trend
followers who trade based on price trend of a weighted moving averages of historical prices
over a time horizon, and a market maker who clears the market by providing liquidity. The
behavior of the fundamentalists and trend followers is modelled as usual. Different from
the discrete-time HAMs in the literature (for example, Chiarella and He, 2002 and 2003a),
we consider a continuous-time setup to accommodate different time horizon used by the
trend followers and the stochastic master equation characterizing the herding behavior of
agents. The demand functions of the fundamentalists and the trend followers Z;(t), the
net profits 7;(¢) and the performances of the strategies U;(t), i = f, ¢ are of the same forms
given by Chapter 2. Instead of studying switching effect in Chapter 2, we characterize
the market fraction dynamics of the fundamentalists and the trend followers n;(t),i = f, ¢
with herding effect in current chapter.

Denote by a(t) the transition probability of an agent switching from being trend fol-
lower to fundamentalist and by b(t) the probability of the inverse transition. Following
Lux (1995), the probabilities can be quantified by

a(t) = vePUr®-Ue0) b(t) = vePUeO=Us®) (3.1)

where U;(t),7 = f, cis given by (2.8) in Chapter 2, § measures the switching intensity and
v > 0 captures the intensity of herding explained in the following. Let ((¢) denote the
probability of observing a change of an agent from the trend follower to the fundamentalist
and &(t) denote the probability of recording the opposite transition. Both ((¢) and &(t)
are assumed to be proportional to the transition probability of the switching and the
corresponding market fractions to capture the herding behavior. Then the transition

rates can be expressed as

C() = (1= ng(H))a(t) = v(1 — np(t))ePUrO-O), (3.2)
() = np(£)b(t) = vn ()P T Vs, (3.3)

Note that, when = 0, a large v means a strong herding among the agents. Hereafter,
we use [ and v to measure the (performance based) switching and herding, respectively,

among the agents. Following Lux (1995), the master equation measuring the variation of
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probability in a unit of time by taking the number of fundamentalists as a state variable

is given by

dp(Nf7 t)

L PNy~ 1,6) + E@p(Ny + L) — ) + €O, (3.4)

where p(Ny,t) is the probability of recording a number of Ny fundamentalists at time ¢.
Following Chiarella and Di Guilmi (20115), the dynamics of population evolution can be

characterized by?

dns(£) = 0y (O=(C(0) + W)y (8) + C(OIdE + 0, AW, (1), (3.5)
where 060
A/C(B)E(

70 = 2+ ey 30

and W, (t) is the stochastic fluctuation component in the market population fraction of
fundamentalists, which is assumed to be independent from the fundamental noises Wg(t).
Finally, the price P(t) at time ¢ is adjusted by the market maker according to the

aggregate market excess demand, that is,
dP(t) = p[ng(t) Zs(t) 4+ ne(t) Z(t) | dt + opdWa(t),

where Z;(t) and Z.(t) are given by (2.1) and (2.2) respectively, ;> 0 represents the
speed of the price adjustment by the market maker, o5, > 0 is a constant and Wy,(t) is
a standard Wiener process capturing the random excess demand process either driven by
unexpected market news or noise traders,® which is independent of Wx(t) and W, (t).
To sum up, the market price of the risky asset is determined according to the follow-

ing stochastic delay differential system with three different time delays and three noise

2The derivation is given in Appendix B.1.
3The additive noise comes naturally when a demand from noise traders is introduced into the aggregated excess demand
function.
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processes
[ dP(t) = M[nf(t)zf(w +(1- nf(t))Zc(t)] dt + o dWr(t),
du(t) = % [P(t) Pty — (1 e*kT)u@)] dt,
dn(t) = vns(t) {(1 — (1)) AU O-U) _ n?c(t)eﬁ(Uc(t)’Uf(t))] dt
+ 00, d W, (£), (3.7)
AU (t) = e |5 (1) = gt = 77) = (1= 70U (1) di,
AU () = Tt [ melt) = (b = 72) — (L= e )UL(8) | d,
dF(t) = %U%F(t)dt + opF(t)dWr(t),

\

where Z;(t) and Z.(t) are defined by (2.1) and (2.2), respectively, and m;(t) is defined by
(2.7) for i = f,c in Chapter 2. The stochastic differential system (3.7) characterizes the
market price dynamics with heterogeneity in trading strategies, trend chasing, switching,
and herding.

In the following sections, we first conduct a stability analysis of the underlying de-
terministic model. Then we examine the impact of the interaction of the deterministic
dynamics with the noises on the fluctuations of the market population fractions (of using
different strategies) and market volatility in both prices and return. Furthermore, we

explore the power-law behavior in volatility.

3.3 The Stability Analysis of the Deterministic Model

To understand the interaction of the nonlinear deterministic dynamics and the noise
processes, we first study the local stability of the corresponding deterministic system. By

assuming F(t) = F, oy = 0 and considering the mean process of the market fraction of
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the fundamentalists, system (3.7) reduces to

( d];—? = u[nf(t)ﬂf [F(t) — P()] + (1 — nyg(t)) tanh [B.(P(t) — u(t))]],
WO - [P0 - e — ) - - ],
d%t(t) = oy (1) (1 = (1)) POV 2 ) AOUr0)], (3.8)
) )= et =rg - )]
| d(i;t(t) - - _Zi — [Wc(t) e (b7 — (1 — e_mwc(t)]?

where

m(t) = pZ(t) [nf@)zf(t) +(1- nf(t))zc(t)} — ¢, i=fie

The system has a steady state?

1

Q = (Pyu,ng, Up, U.) = (F,F,m7

_Of7 _Cc)7

in which the market price is given by the fundamental value. We call ) the fundamental

steady state of the system (3.8). At the fundamental steady state, the market fraction

1

of fundamentalists becomes n} = T When Cy = C¢, n} = n; = 0.5, meaning
€

that the market fractions at the fundamental steady state is independent of the switching
intensity ( and the herding parameter v. However, when the fundamental strategy costs
more, that is Cy > C, then ny > n}, meaning that there are more trend followers than
fundamentalists at the fundamental steady state.

Denote vy = pn}fy and 7. = u(l — n})ﬂc. The characteristic equation of the system

(3.8) at the fundamental steady state is given by A(A) := (A + 2vn})A(N) = 0, where

" k . k Ce—(>\+k)7
B = A1) A1) [N 4 (k477 = 70 A+ by — ke + T = S| (3.9)

Note that equation (3.9) has the same form as the characteristic equation of the model
studied in Chapter 2. Hence we can apply Proposition 2.1 in Chapter 2 and its correspond-
ing discussions to system (3.8) and the local stability and bifurcation of the fundamental

steady state with respect to the time delay of system (3.8) are summarized in the following

4In addition, the line P = u, nyg =0, Uy = —Cy, Uc = —C. is a steady state line of the system. This means that the
system has infinite many steady states. Near the line, the solution with different initial values converge to different steady
states on the line. Hence the line is locally attractive. A similar result is found in He et al. (2009) and He and Zheng (2010).
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proposition.

Proposition 3.1 The fundamental steady state Q@ of system (3.8) is
(i) asymptotically stable for T € [0,79);

(11) asymptotically stable for T > T when vp +k > 7.;

(111) unstable for T > T when v; +k < ..

In addition, system (3.8) undergoes Hopf bifurcations at the zero solutions of functions

SE(7).

Proposition 3.1 implies that the fundamental steady state is stable for either small or
large time delay when the market is dominated by the fundamentalists (in the sense of
v + k > 7.). Otherwise, when the trend followers become more active comparing to
the fundamentalists (in the sense of 7. > v + k), the fundamental steady state becomes
unstable through Hopf bifurcations when time delay increases. Same as the model in
Chapter 2, Proposition 3.1 indicates the interesting phenomenon of continuous-time HAM
again: the stability switching when the fundamentalists dominate the market. That is,
the system becomes unstable as the time delay increases initially, but the stability can
be recovered when the time delay becomes large enough. Intuitively, when time horizon
is small, the price trend becomes less significant, which limits the activity of the trend
followers. As the time horizon increases, the price trend becomes more sensitive to market
price change and hence the trend followers become more active, which destabilizes the
market. However, as the time horizon becomes very large, the price trend becomes smooth
and less sensitive to price changes. Therefore the trend followers become less active and
then, because of the dominance of the fundamentalists, the market becomes stable. We
refer readers to the discussions following Proposition 2.1 in Chapter 2 for more details on
the dynamical properties of system (3.8).

By simulating the nonlinear model (3.8),% Fig. 3.1 verifies the stability results in
Proposition 3.1. Fig. 3.1 (a) plots the bifurcation diagram of the market price of model
(3.8) with respect to 7, showing that the fundamental steady state is stable for 7 €
[0, 79) U (71, 00) and Hopf bifurcations occur at 7 = 79 ~ 8.5 and 7 = 7, = 27. Fig. 3.1 (b)
plots the price bifurcation diagram with respect to the switching intensity parameter 3. It
shows that the steady state is stable when the switching intensity  is low, but becomes
unstable as the switching intensity increases, bifurcating to stable periodic price with

increasing fluctuations. This result shares the same spirit of rational routes to complicated

5Unless specified otherwise, the following set of parameters are used in all the simulations in this chapter: k= 0.05,u =
1,8y =1.4,8. = 1.4,8 = 1,Cf = 0.05,Ce = 0.03,n; = 0.5,n. = 0.6,7 = 16,77 = 10,7 = 5,0 = 0.5 and F = 1.
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Figure 3.1: (a) The bifurcation of the market prices with respect to 7 with 8 = 1; (b) The bifurcation of
market price with respect to § with 7 = 8.3; (c) The phase plot of the relationship between the fitness
Uy and the market fraction ny with 7 =16 and 8 = 1.

price dynamics in the discrete-time Brock and Hommes (1997, 1998) framework. Fig. 3.1
(c) illustrates the phase plot of (Us,nys), showing the positive relation between the fitness
Uy and the market fraction ny.
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P

b

(a) Time series of P and ny (b) Phase plot of (P,ny) (c) The density of n ¢

Figure 3.2: (a) The time series of the market prices P(¢) (the blue solid line) and the market fraction
ny(t) of fundamentalists (the green dash dot line); (b) the phase plot of (P(t),ns(t)); and (c) the density
distribution of the market fraction ny(t). Here 7 = 16.

Fig. 3.2 provides further insights into the nonlinear dynamics of the market price and
market fraction of the fundamentalists for 7 = 16 when the fundamental steady state
is unstable. Fig. 3.2 (a) illustrates the time series of the market prices P(t) and the
market fraction ny(t) of fundamentalists. It shows that the market fractions fluctuate
with the market price. Fig. 3.2 (b) presents the phase plot of (P(t),ns(t)) showing that
the price and fraction converge to a figure-eight shaped attractor, a phenomenon also
observed in the discrete-time model in Chiarella et al. (2006). Fig. 3.2 (c) plots the
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corresponding density distribution of the market fraction ny(¢) of the fundamentalists.
The twin-peak-shaped density distribution implies that, when the fundamental price is
unstable, the market fractions tend to stay away from the steady state market fraction
level most of the time and a mean of ns(t) below 0.5 clearly indicates the dominance of
the trend chasing strategy.

Interestingly, the herding parameter v does not affect the local stability of the fun-
damental price and the deterministic price dynamics are very similar to the results in
Chapter 2 without herding. To illustrate the herding effect, we compare this model with
the model in Chapter 2. In Appendix B.2, corresponding to Figs. 3.1 and 3.2, we present
Figs. B.1 and B.2, respectively, for the model in Chapter 2. It is observed that both
models exhibit similar deterministic dynamics in price and market fraction. However, the
nonlinear dynamics can be affected by the herding parameter v. Comparing Fig. 3.2 with
v = 0.5 and Fig. B.3 with v = 0.1 in Appendix B.2, we observe that, when herding among
agents are not very strong indicating by a decrease in the parameter v, the fluctuations of
market price and, in particular, the market fractions of the fundamentalists are reduced.
In other words, a strong herding among agents contributes to high fluctuations in market
fractions, which then results in high volatility in market prices. This effect is further

examined for the stochastic model in the following section.

3.4 Price Behavior of the Stochastic Model

In this section, through numerical simulations, we examine the price dynamics of the
stochastic model by focusing on the impact of the three parameters, the time horizon 7,
herding v, and switching intensity 3, and the two noisy processes characterized by o and
o, on market volatility in both price and return. The analysis provides further insights
into the different roles played by herding and switching in financial markets.

We first explore the interaction between the underlying deterministic dynamics and the
two noisy processes by choosing two different values of time horizons. For the deterministic
model (3.8), Fig. 3.1 (a) shows that the time horizon can affect the stability of the
fundamental price. In particular, the fundamental steady state is stable for 7 = 3 and
unstable for 7 = 16, leading to periodic fluctuations of the market price. For the stochastic
model, we choose the volatility of the fundamental price o = 0.12 and the volatility of
the market noise o3, = 0.15. With the same random draws of the fundamental price

and market noise processes, we plot the fundamental price (the blue dotted line) and the

6The constraint ng(t) € [0,1] is imposed when simulating the stochastic system. In all the simulations, time unit is a
year, and the time step corresponds to one day. Unless specified otherwise, an annual volatility of o = 0.12 and a market
noise volatility of op; = 0.15 are used in the chapter.
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Figure 3.3: The time series of the fundamental price F(t) (the blue dotted line) and the market prices
P(t) (the red solid line) with (a) 7 = 3 and (b) 7 = 16, and the distributions of the deviations of the
market prices from the fundamental prices P(t) — F(t) with (¢) 7 = 3 and (d) 7 = 16. Here op = 0.12
and oy = 0.15.

market prices (the red solid line) in Fig. 3.3 for the two different values of 7 under the
same set of parameters for Fig. 3.1 (a).” For 7 = 3 and 7 = 16, Figs. 3.3 (a) and (b) show
that the market prices fluctuate around the fundamental prices and the fluctuations for
7 = 16 are significantly larger than that for 7 = 3. This observation is further supported
by the distribution plots of the deviations of the market prices from the fundamental prices
P(t) — F(t) in Fig. 3.3 (c) for 7 = 3 and in Fig. 3.3 (d) for 7 = 16. With the standard
deviations of 0.8158 for 7 = 3 and 1.2091 for 7 = 16, the deviations are more spread
for 7 = 16. This is partially underlined by the change in the stability of the underlying
deterministic dynamics. Further simulations (not reported here) show that when the time
horizon increases further to the stabilizing range indicated by Fig. 3.1 (a), the fluctuations
of the market price deviations from the fundamental price become even more significant.

This result illustrates that, when the underlying deterministic dynamics are stable, the

"Because we consider the cum dividend price, there should be an increasing trend in the fundamental price.
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stochastic dynamics can become very unstable with large fluctuations in price deviations.
This is mainly due to the slow convergence of the market price to the fundamental price of
the underlying deterministic model and its interaction with the fundamental and market
noises. Therefore, an increase in time horizon increases the deviations of the market price
from the fundamental price and the fluctuations of the market price.

To examine the effect of herding, with the same parameters and random draws, Fig.
B.4 in Appendix B.3 illustrates the corresponding results of the model in Chapter 2
without herding. It displays similar price patterns but with less significant deviations in
prices (with the standard deviations of 0.2477 for 7 = 3 and 0.4703 for 7 = 16). The
comparison implies that the herding behavior contributes to the excess volatility of the
market price, a higher acceleration to market highs and lows, and a quicker mean reversion

to the fundamental price.
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(¢) Market fraction density for 7 =3 (d) Market fraction density for 7 = 16

Figure 3.4: The time series of the fractions of the fundamentalists with (a) 7 = 3 and (b) 7 = 16 and the
corresponding distributions with (¢) 7 =3 and (d) 7 = 16. Here o = 0.12 and oy = 0.15.

We also plot the corresponding time series and distributions of the market fractions of
the fundamentalists in Fig. 3.4 for both 7 = 3 (the left panel) and 7 = 16 (the right panel).
Comparing to Fig. B.5 in Appendix B.3 for the model in Chapter 2 (with switching but
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without herding), we obtain two observations. (i) With herding, the market fractions
fluctuate wildly between 0 and 1, are almost uniformly distributed except for the spike
near 0, as shown in Fig. 3.4. However, without herding, the market fractions fluctuate
around the steady state (ny = 0.495) in a small range (from 35% to 75%), illustrated by
both the time series and distribution plots in Fig. B.5. This implies that the herding effect
dominates the switching effect in generating high fluctuations in the market fractions. (ii)
For the market fraction, by comparing the time series and distributions of the market
fractions in Fig. 3.4 for 7 = 3 (the left panel) and 7 = 16 (the right panel), the effect
of the time horizon is not highly significant. However, note the small peak near 1 for
7 = 16 in Fig. 3.4 (d), the time horizon does affect the market fractions. In general we
observe that herding leads to the dominance of the trend followers in the market, while
an increase in time horizon reduces the dominance of the trend followers and increases
the dominance of the fundamentalists.

One of the innovative features of the model is that the market fraction is determined
by the stochastic master equation (3.5) with endogenously determined volatility (3.6).
Because of the dependence of the transition rates on the time horizon 7, the switching (3
and herding v, the volatility also depends on 7,5 and v. Therefore the variations in the
market fractions can affect the deviation of the market price from the fundamental price
and return volatility. In general, the impact on market volatility can be different for price
and return. To provide further insights into the different roles of the herding, switching
and time horizon on fluctuations of market fractions and market volatility, we consider
three cases focusing each of the three parameters of 7,v and § with some typical choices
of the other two parameters. In each case, we examine the impact on the endogenously
determined volatility of the market fractions (of the fundamentalists), o, the volatility
of the price deviations, o(P — F'), and the volatility of the market returns, o(r). Based on
the common set of the parameters, we run 100 simulations for each parameter combination
and plot the averages of o,,,,0(P — F) and o(r) and denote by ,,, 6(P — F) and &(r),

respectively.

3.4.1 The Effect of the Time Horizon

For 7 € [0, 20], we conduct Monte Carlo simulations and plot ,,,6(P — F) and &(r) in
the upper panel for § = 0.1, 1, 2 and the lower panel for v = 0.01,0.1,0.5 in Fig. 3.5, from

which we can draw two observations about the volatility.
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Figure 3.5: The average variations of market fraction volatility &,,, (a) and (d), price deviation volatility
(P —F) (b) and (e), and return volatility a(r) (c) and (f) with 8 = 0.1,1,2 (and v = 0.5) in the upper
panel and v = 0.01,0.1,0.5 (and § = 1) in the lower panel, respectively, with respect to time horizon
T € [0, 20].
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(i) All the volatilities, in terms of 7,,,,6(P — F') and o(r), increase as the time horizon
and herding increase.® For 7 = 0, the trend followers are not participating in the market
and the lower volatilities simply reflect the resulting volatilities of the market noise and
fundamental noise. In this case, herding plays no role in market volatility in both the
price and return (as indicated by the constant volatility for various § and v when 7 = 0
in the middle and right panels). As 7 increases, all the volatilities increase significantly.
This effect becomes less significant for the market fraction volatility 7,,, after an initial
increase in 7 (from 0 to about 5). The increase in the price deviation volatility in the
time horizon is underlined by the destabilizing effect of 7 on the underlying deterministic
dynamics. Because of the fluctuations in the market fractions, we observe an increase in
the return volatility as well. We also observe the same effect as the herding parameter v
increases in the low panel of Fig. 3.5. Due to the independence of the local stability to

the herding, this result reflects more on the interaction of nonlinearity and noises.
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Figure 3.6: The average variations of market fraction volatility &,,, (a) and (d), price deviation volatility
g(P — F) (b) and (e), and return volatility 5(r) (c) and (f) with 7 = 0,3,16 (and 8 = 1) in the upper
panel and 8 = 0.1,1,2 (and 7 = 16) in the lower panel, respectively, with respect to v € [0, 1].

8Except 6n, for time horizon and large § that the volatility seems to decrease as time horizon increases further. This
is related to the non-monotonic impact of 3 on the volatilities illustrated in Fig. 3.7.
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(ii) Switching has a non-monotonic impact on the volatilities of market fraction and
market price, but reduces the return volatility as the switching intensity increases. Figs.
3.5 (a) and (b) show that the volatilities of market fraction and market price deviations
are non-monotonic as [ increases. An initial increase in (3 leads to an increase in the
volatility of market fraction but the effect reverses as 3 increases further, implying a
“hump” shaped effect on the volatilities of market fraction. However, we also observe
a “U”-shaped effect on the volatility of price deviation. This non-monotonic feature is
explored further in the following discussion. Furthermore, Fig. 3.5 (c) shows that the
volatilities of market return decrease in (3, an opposite effect to the herding. Such different
impact of the switching and herding on volatility of price and return has not been explored
in the literature. This provides some insights into the distinct role played by switching
and herding in market volatility. If one argues that switching is a more rational behavior
than herding, the result indicates that herding can increase the return volatility, while

switching can reduce the return volatility.

3.4.2 The Effect of the Herding

For v € [0,1], we plot 6,,,6(P — F) and &(r) for 7 = 0,3,16 in the upper panel and
for § = 0.1,1,2 in the lower panel in Fig. 3.6 based on Monte Carlo simulations. It
provides consistent observations as in the previous case. When the herding parameter v
and the time horizon 7 increase, all the volatilities increase. However an increase in the
switching parameter reduces the average volatility of return, as illustrated in Fig. 3.6 (f).
Also Figs. 3.6 (d) and (e) show that the switching has a non-monotonic impact on the
volatilities of market fraction and price. Consistently with the previous observations, the
herding increases the fluctuations of the market price from the fundamental price and

return fluctuations.

3.4.3 The Effect of Switching

For 3 € [0,2], we plot &,,,5(P — F) and &(r) for 7 = 0,3,8, 16 in the upper panel and
for v = 0.01,0.1,0.5 in the lower panel in Fig. 3.7 based on Monte Carlo simulations.
When 3 = 0, the market fractions are driven purely by the herding behavior. In general,
we observe consistent results in terms of the impact of time horizon and herding obtained
in the previous two cases. However, there is a significantly non-monotonic relationship
between the volatilities and the switching intensity 5. We observe a “hump” shaped
volatility in the market fraction (in Figs. 3.7 (a) and (d)), a “U”-shaped price volatility
(in Figs. 3.7 (b) and (e)), and a decreasing volatility in returns (in Figs. 3.7 (¢) and (f))
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as the switching parameter ( increases. Interestingly, an initial increase in the switching
leads to higher market fraction volatility and lower market price volatility, following by
the decreasing volatility in fractions and the increasing volatility in price deviations when
[ increases beyond certain threshold value. This result explains the phenomenon in Fig.
3.5 (a) that for large 3, an increase in the time horizon 7 leads to an initial increase in the
market fraction volatility, but a dramatic decline when 7 increases further. It also implies
that large fluctuations in the market fractions reduce the market price deviation from the
fundamental price when the switching intensity is low, but the effect becomes opposite
when the switching intensity is high. However, a strong switching always reduces return
volatility. Therefore, we can have a market with high fluctuations in market price and

low volatility in returns at the same time.
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Figure 3.7: The average variations of market fraction volatility &,, (a) and (d), price deviation volatility
(P — F) (b) and (e), and return volatility &(r) (c¢) and (f) with 7 =0,3,16 (and v = 0.5) in the upper
panel and v = 0.01,0.1,0.5 (and 7 = 16) in the lower panel, respectively, with respect to 5 € [0, 1].

In summary, the impact on the volatility can be very different for price and return.
The trend chasing over a long time horizon and herding always lead to high volatility.

However the switching and herding have an opposite effect on the market return volatility.
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Although the switching has significant and non-monotonic impact on the market volatility,
it can actually reduce return volatility. The analysis demonstrates different mechanisms

of herding and switching in explaining volatilities in price and return.

3.5 Power-law Behavior in Volatility
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Figure 3.8: The ACs of the returns (the bottom lines), the squared returns (the middle lines) and the
absolute returns (the upper lines) for (a) the DAX 30, (b) the FTSE 100, (c) the NIKKEI 225, and (d)
the S&P 500.

After exploring the impact of the time horizon, herding, and switching on market
volatility in the previous section, we are now interested in their impact on the power-
law behavior in volatility. It has been well explored in the HAM literature that it is
the interaction of the nonlinear dynamics of the underlying deterministic model and the
noises that generate the power-law behavior. Both switching and herding mechanisms
have been explored, but a comparison of different mechanism is missing in the literature.
This section is devoted to such a comparison. We first examine the impact of the noises

and then of the time horizon, switching and herding on the ACs of the returns, absolute
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returns, and squared returns with the two noises.

To motivate the analysis, we first present the ACs of the returns, absolute returns,
and squared returns for market daily closing price indices of the DAX 30, the FTSE 100,
the NIKKEI 225, and the S&P 500 from 01/02/1984 to 31/07/2013 from Datastream in
Fig. 3.8. Note that all the ACs for the returns are not significant, but they are significant
and decaying for the absolute and squared returns. This phenomenon is referred as the
power-law behavior or long memory in market volatility in empirical literature, see He
and Li (2007) and references cited there.

3.5.1 The Effect of the Noises

For the two exogenously given fundamental and market noises, we examine the impact
of the noises by considering three combinations of (i) both the fundamental and market
noises; (ii) the market noise only; and (iii) the fundamental noise only.

We first consider the effect of the fundamental and market noises with o = 0.12
and oy = 0.15. Fig. 3.9 represents the results of a typical simulation based on the
same set of parameters in Fig. 3.3 with 7 = 16. The results demonstrate that the
stochastic model established in this chapter is able to generate market price deviations
from the fundamental value (in Fig. 3.9 (a)), most of the stylized facts (including volatility
clustering in Fig. 3.9 (b), high kurtosis in in Fig. 3.9 (c)), and the power-law behavior in
volatility (insignificant autocorrelations (ACs) for returns in Fig. 3.9 (d), but significant
decaying ACs for the absolute returns and the squared returns in Figs. 3.9 (e) and (f))
observed in financial markets.

Next we consider the effect of the market noise. With the same parameters and ran-
dom seeds, Fig. 3.10 shows that the model is able to generate a similar result to the
previous case with the two noises, although the level of the significant ACs is lower. This
implies that, even with a constant fundamental value, the model has a great potential in
generating the power-law behavior. This result is significantly different from the switching
model in Chapter 2, in which the model is not able to generate the power-law behavior
without fundamental noise.

Finally, we consider the effect of the fundamental noise. Fig. 3.11 shows that the
model is not able to generate the volatility clustering and the power-law behavior, which
is consistent with the model in Chapter 2. Meanwhile the market returns, absolute returns
and squared returns exhibit highly significant ACs with strong decaying patterns, which
is mainly due to the strong effect of the deterministic dynamics of the price process.

To further investigate the effect of the fundamental noise on the AC patterns, Fig. 3.12
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Figure 3.10: The effect of the market noise only: the time series of (a) the market price (red solid line)
and the fundamental price (blue dotted line) and (b) the market returns; (c) the return distribution; the
ACGs of (d) the returns; (e) the absolute returns, and (f) the squared returns. Here op = 0 and o7 = 0.15.
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Figure 3.11: The effect of the fundamental noise only: the time series of (a) the market price (red solid
line) and the fundamental price (blue dotted line) and (b) the market returns; (¢) the return distribution;
the ACs of (d) the returns; (e) the absolute returns, and (f) the squared returns. Here op = 0.12 and
OM — 0.
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Figure 3.12: The effect of the fundamental noise: the ACs of (a) the absolute returns and (b) the squared
returns based on 100 simulations with 7 = 16, v = 0.5 for o = 0.12 (the red solid line) and op = 0 (the
blue dash-dotted line).

compares the ACs of the absolute returns and the squared returns for o = 0.12 (the red
solid line) and o = 0 (the blue dash-dotted line) based on 100 simulations. The ACs
of the absolute returns and squared returns are significant and decaying. However, with
the market noise o = 0.12, the ACs decay quickly than those for o = 0. This indicates
that the market noise plays a key role in generating the power-law behavior, though it is
not the only factor, as argued in He and Li (2007).

The previous analysis on the effect of the time horizon, switching, and herding shows
that they play different roles in generating volatility in market price and return. We now
further investigate their effect on the the power-law behavior. Similarly, we consider three
cases focusing on each of the three parameters of 7,v and (3. For each case, we examine
the impact on the AC patterns of the absolute and squared returns. Based on the common
set of the parameters, we run 100 simulations for each parameter combination and plot

the average ACs for the absolute and squared returns.”

3.5.2 The Effect of the Time Horizon

First, we present in Fig. 3.13 the effect of the time horizon on the AC patterns for the
absolute returns (the left panel) and the squared returns (the right panel). We observe
that the trend chasing based on different time horizons contributes to the significant
decaying AC patterns for both the absolute and squared returns. Also the significant
levels of the ACs increase as the time horizon increases, in particular, when the time
horizon is large. This suggests that a commonly observed slow decaying AC patterns in
the discrete-time HAM literature (see for example He and Li (2007)) might be due to the

9The average ACs for the returns are insignificant in all three cases reported.
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Figure 3.13: The effect of the time horizon: the ACs of (a) the absolute returns and (b) the squared
returns based on 100 simulations with v = 0.5, 6 =1, o =0.12, o)y = 0.15 for 7 =0, 7 = 3 and 7 = 16.

long time horizons used for modeling the trend chasing. In other words, trend chasing
based on short time horizons contributes to more realistic power-law behavior in volatility.
Intuitively, technical analysis such as trend following strategy is mainly used for short-term
investment comparing to the fundamental analysis for long-term investment. Therefore

the trend chasing based on short-time horizon contributes to volatility in financial markets.
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Figure 3.14: The effect of the herding: the ACs of (a) the absolute returns and (b) the squared returns
based on 100 simulations with 7 =16, 8 =1, op = 0.12, op; = 0.15 for v = 0.01, v = 0.1 and v = 0.5.

3.5.3 The Effect of the Herding

Second, we present in Fig. 3.14 the effect of the herding on the AC patterns for the
absolute returns (the left panel) and the squared returns (the right panel), showing the
contribution of the herding to the power-law behavior in volatility. Similar to the effect of

the time horizon, an increase in the herding increases the level of the significant ACs for
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both the absolute and squared returns. However, differently from the effect of the time

horizon, the ACs decay quickly under the herding.
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Figure 3.15: The effect of the switching: the ACs of (a) the absolute returns and (b) the squared returns
based on 100 simulations with v = 0.5, 7 = 16, op = 0.12, o3y = 0.15 for 3 = 0.1, 8 = 0.5, § = 1 and

g=2.

3.5.4 The Effect of the Switching

Third, we present in Fig. 3.15 the effect of the switching on the AC patterns for the
absolute and squared returns. It shows that the switching contributes to the power-law
behavior. Interestingly, different from the effect of the time horizon and herding, the level
of the significant ACs for both the absolute and squared returns is not monotonic with
respect to the switching intensity 3. The level increases significantly when [ increases
from 0.1 to 0.5, and then less significantly when [ increases to 1, but decreases when (3
increases further to 2. In particular, the ACs for the absolute returns decay very quickly,
comparing to the effect of the herding. This observation, together with the discussion in
Subsection 3.4.3, suggests that an increase in the switching can reduce the return volatility
and generate the power-law behavior at the same time. This provides further support on
the explanatory power of the adaptive switching in financial markets initiated in Brock
and Hommes (1998).

In summary, we have explored different mechanisms of the switching and herding on the
market volatility and power-law behavior in particular. We show that both contribute to
the power-law behavior, however the effect is monotonically increasing with the herding,
but not monotonic for the switching.

Finally, we investigate the question if pure herding is enough to explain the power-law
behavior by considering the case with op = 0 and 7 = 0. In this case, the fundamental

value becomes constant and the trend followers become naive traders who take the current
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Figure 3.16: The ACs of (a) the absolute returns and (b) the squared returns based on 100 simulations
with v =0.5,7=0,0r =0,0p =0.15for 6 =0and 3 = 1.

price as the expected future market price and hence do not trade in the market anymore.
Thus the market is driven by pure herding mechanism. Fig. 3.16 illustrates the significant
and decaying AC patterns in both the absolute and squared returns, although the AC level
for the squared returns is significantly lower comparing to the cases discussed previously.
Interestingly, there is no significant difference in the AC patterns of the absolute return
between no switching (5 = 0) and the switching (§ = 1). This result is consistent with
Alfarano et al. (2005) who show that a pure herding model with fundamentalists and
noise traders can generate power-law behavior. As a robustness check, we present Fig.
3.17 with three different values of v. Similar to Fig. 3.14, we observe more significant AC

patterns as the herding parameter v increases.
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Figure 3.17: The ACs of (a) the market returns; (b) the absolute returns and (c) the squared returns
based on 100 simulations with 7 =0, 3 =0, o =0, opy = 0.15 for v = 0.01, v = 0.1 and v = 0.5.

Comparing to the AC patterns of the market indices in Fig. 3.8, we may argue that the
switching generates similar AC patterns to the NIKKEI 225 and the S&P 500 with quickly
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decaying AC patterns, while the herding generates similar AC patterns to the DAX 30 and
FTSE 300 with relatively slow decaying AC patterns. Whether this observation suggests
different market behavior in different markets is an empirical and challenging question.
Our analysis explores different mechanism in explaining volatility in different markets.
To complete this chapter, I want to compare the mechanisms of the model introduced
in Chapters 2 and 3 leading to the stylized facts. First, we have examined the impacts on
stylized facts of the main components of the models in Chapters 2 and 3, including different
noise processes, time horizons, switching and herding behaviors, and their different roles in
generating stylized facts. Second, the model in Chapter 2 can be regarded as a continuous-
time version of Brock and Hommes (1998)’s model and the mechanisms have been studied
in detail in various extensions of Brock and Hommes (1998), see, for example, He and Li
(2007). Third, the model in Chapter 3 examines the joint impact of switching and herding.
The herding behavior has been demonstrated to contribute various stylized facts in the
literature, see, for example, Lux (1995) and Alfarano et al. (2008). In all, we find that it
is the interaction of the nonlinear deterministic dynamics and the noises that generates
stylized facts. In order to generate the stylized facts, we need two noise processes for the
model in Chapter 2 but only one noise process for the model in Chapter 3 when herding
is considered. Therefore, we conclude that the market noise plays a more important role

than the fundamental noise in contributing to the stylized facts.

3.6 Conclusion

Market volatility is one of the most important features in financial markets and the
question is what drives it. To answer this question, one way is to consider how agents
behave in financial markets. This chapter incorporates trend chasing, adaptive switching,
and herding, three well documented and studied behavioral elements in the empirical
literature, into an asset pricing model in a continuous-time framework and shows that
they all contribute to market volatility in a different manner.

Most of the asset pricing models with heterogeneous agents are in discrete-time focusing
on trend chasing over short time horizon and adaptive switching. Herding is commonly
modelled by the master equation in a continuous-time setting. Therefore the roles of
trend chasing, switching and herding in market volatility have been studied in separate
frameworks. Within a continuous-time framework, this chapter is the first, to our knowl-
edge, to combine trend chasing based on different time horizon, switching and herding
together to examine their roles on market volatility in price and return. We show that,

both the herding and trend chasing based on long time horizon increase the fluctuations of
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market price deviation from the fundamental price and volatility of market return. With
respect to the switching, it reduces the volatility in returns but leads to a “U”-shaped
price volatility as the switching intensity increases. Therefore herding and switching have
an opposite effect on return volatility. We also examine the explanatory power of the
model in generating the power-law behavior in return volatility. We show that, although
the trend chasing, switching and herding all contribute to the power-law behavior, the sig-
nificant levels for the ACs increase in the time horizon and herding, but an initial increase
and then decrease when the switching intensity increases. In addition, with herding, the
market noise plays an essential role in generating the power-law behavior.

The model proposed in this chapter provides a unified framework to deal with trend
chasing, switching and herding in financial markets. The results provide some further
insights into different mechanism of generating bubbles and crashes, excess volatility, and
power-law behavior in volatility. Whether a particular market is dominated by herding

or switching is an empirical question which is left for future research.



Chapter 4

Time Series Momentum and Market
Stability

4.1 Introduction

This chapter extends the model in Chapter 2 by incorporating many heterogeneous strate-
gies based on different lagged prices and studies the mechanism which generates the
profitability of time series momentum. Time series momentum investigated recently in
Moskowitz et al. (2012) characterizes the strong positive predictability of a security’s own
past returns. For a large set of futures and forward contracts, Moskowitz et al. (2012)
find a time series momentum or “trend” effect based on the past 12 month excess returns
persists for 1 to 12 months that partially reverses over longer horizons. This effect based
purely on a security’s own past returns is related to, but different from, the cross-sectional
momentum phenomenon studied extensively in the literature. Through return decompo-
sition, Moskowitz et al. (2012) argue that positive auto-covariance is the main driving
force for time series momentum and cross-sectional momentum effects, while the contri-
bution of serial cross-correlations and variation in mean returns is small. This chapter
provides an explanation on the profitability of time series momentum over short horizons
and reversal over longer horizons.

To explain the time series momentum, we introduce a simple continuous-time asset
pricing model of financial market consisting of three types of agents based on typical
fundamental, momentum, and contrarian trading strategies. Fundamental agents trade
based on the expectation of mean-reversion of market price to the fundamental price;
while momentum and contrarian agents trade respectively based on the continuation and

reverse of the past prices trends over different time horizons. The market price is deter-

60
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mined via a market maker mechanism. The model, characterized by a stochastic delay
integro-differential system, provides a unified approach to examine the impact of different
time horizons of momentum and contrarian strategies on market stability and profitabil-
ity of these strategies. We show that profitability is closely related to market dominance
and stability. In particular, we show that: (i) momentum trading destabilizes the mar-
ket, while contrarian trading stabilizes the market; (ii) the profitability of momentum
strategies is related positively to the dominance of momentum traders and negatively
to the time horizon used for estimating the price trend and, when the market is domi-
nated by momentum traders, short horizon momentum strategies stabilize the market, but
longer horizon momentum strategies destabilize the market; (iii) the market under-reacts
in short-run and over-reacts in long-run, leading to profitability of momentum strategy
with short horizons and loss with longer horizons. Therefore the analysis provides some
insights into the profitability of time series momentum documented in Moskowitz et al.
(2012).

The size and apparent persistence of momentum profits have attracted considerable
attention. De Bondt and Thaler (1985) and Lakonishok, Shleifer and Vishny (1994) find
supporting evidence on the profitability of contrarian strategies for a holding period of
3-5 years based on the past 3 to 5 year returns. In contrast, Jegadeesh and Titman
(1993, 2001) among many others, find supporting evidence on the profitability of momen-
tum strategies for a holding period of 3-12 months based on the returns over past 3-12
months.! It is clearly that the time horizons and holding periods play crucial roles in
the performance of contrarian and momentum strategies. Many theoretical studies have
tried to explain the momentum,? however, as argued in Griffin, Ji and Martin (2003), “the
comparison is in some sense unfair since no time horizon is specified in most behavioral
models”. This chapter provides a uniform treatment on various time horizons used in mo-
mentum and contrarian trading strategies and develops a simple financial market model
of heterogeneous agents in a continuous-time framework to study the impact of different
time horizons on the market. To our knowledge, this chapter is the first to analyze a
financial market model with all three types of fundamental, momentum, and contrarian

strategies in a continuous-time framework.

n addition to individual stock momentum, Moskowitz and Grinblatt (1999) show industry momentum for a holding
period of 1-12 months based on the past 1-12 months and long-run reversals. George and Hwang (2004) find the momentum
in price levels by investigating 52-week high. Recently, Novy-Marx (2012) find the term-structure momentum that is
primarily driven by firm’s performance 12 to 7 months prior to portfolio formation.

2Among which, the three-factor model of Fama and French (1996) can explain long-run reversal but not short-run
momentum. Daniel et al. (1998) model with single representative agent and Hong and Stein (1999) model with different
trader types attribute the under and overreaction to overconfidence and biased self-attribution. Sagi and Seasholes (2007)
present a growth option model to identify observable firm-specific attributes that drive momentum. Recently, Vayanos and
Woolley (2013) show the slow-moving capital can also generate momentum.
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The state of the market is also a critically important factor that affects the profitability
as shown in Griffin et al. (2003) and Lou and Polk (2013).® Different investment strategies
play different roles in market stability and have different implications on the market states.
Intuitively, momentum strategies are based on the hypothesis of underreaction with the
expectation that the future price will follow the price trend. Consequently the strategies
tend to destabilize the market price when momentum traders dominate the market. While
contrarian strategies are based on the hypothesis of overreaction with the expectation
that the future price will go against the price trend. Therefore the strategies can stabilize
the market when contrarian traders dominate the market. However, the joint impact of
both strategies on market stability can be complicated, depending on the states of the
market dominance. We show that (i) when the market is dominated by fundamental and
contrarian traders, the market is stabilizing and the momentum strategies do not generate
profit; (ii) when the activity of the momentum traders is balanced by the activities of the
fundamental and contrarian traders, there is a significant overreaction in short horizon and
hence the momentum trading becomes not profitable; (iii) when the market is dominated
by the momentum traders, the market is destabilized and can under-react in short-run but
over-react in long-run. The results are consistent with the “crowded trading” proposed by
Lou and Polk (2013) that “the underreaction or overreaction characteristic of momentum
18 time-varying, crucially depending on the size of the momentum crowd”. In addition, we
find that, with momentum crowd, the momentum trading leads to gain for the strategies
with short horizons and loss for the strategies with longer horizons.

This chapter is closely related to the literature on the use of technical trading rules.
Despite the efficient market hypothesis of financial markets in the academic finance liter-
ature (Fama 1970), the use of technical trading rules based on past returns, in particular
momentum and contrarian strategies, still seems to be widespread amongst financial mar-
ket practitioners (Allen and Taylor 1990). The profitability of these strategies and their
consistency with the efficient market hypothesis have been investigated extensively in
the literature, see for example, Frankel and Froot (1986) and Brock, Lakonishok and
LeBaron (1992). This chapter also extends the deterministic delay differential equation
models in economics and contributes to the recent development in heterogeneous agent
models (HAMs) of financial markets.

This chapter is based on He and Li (2014) and organized as follows. We first present

3Cooper, Gutierrez and Hameed (2004) find that short-run (6 months) momentum strategies make profits in the up
market and lose in the down market, but the up-market momentum profits reverse in the long-run (13-60 months). Hou,
Peng and Xiong (2009) find momentum strategies with short time horizon (1 year) are not profitable in “down” market, but
return significant profits in “up” market. Similar results of profitability are also reported in Chordia and Shivakumar (2002)
that commonly using macroeconomic instruments related to the business cycle can generate positive returns to momentum
strategies during expansionary periods and negative returns during recessions.
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some empirical evidence on the time series momentum in financial market index in Section
4.2. Section 4.3 proposes a stochastic HAM in continuous time with time delays to
incorporate fundamental, momentum and contrarian traders. To better understand the
model, Section 4.4 follows the standard approach in HAMs and focuses on the dynamics of
the underlying deterministic model to examine the impact of these strategies, in particular
the different time horizons, on market stability. Section 4.5 examines the stochastic model
numerically and investigates the connection between market stability and profitability.

Section 4.6 concludes. All the proofs and model extensions are included in Appendix C.

4.2 Time Series Momentum of the S&P 500

This section provides some evidence on time series momentum in the S&P500. Most
momentum literature is cross-sectional. The time series momentum is explored recently
in Moskowitz et al. (2012) who show that a security’s own past returns have strong positive
predictability for its future return among almost five dozen diverse futures and forward
contracts. Similar to Moskowitz et al. (2012), we apply the momentum strategy based on
the standard moving average rules (MA) to the monthly data of the total return index of
the S&P 500 from Jan. 1988 to Dec. 2012 obtained from Datastream.

We first define the trading signal for momentum trading. Let P(t) be the log (cum
dividend) price of a stock index at time ¢. The trading signal can be defined by

P4+ +P_,
St(l) ::SigTL(Pt— -1+ + 5 )

m
1
zsign<E [MAP,_1 4+ (m —1)AP, 5+ -+ + APt_mD, (4.1)

which is a decaying weighted average of past return over a horizon of m-month. Alterna-
tively, motivated by Moskowitz et al. (2012), we also consider the trading signal defined
by

, 1
St(Z) = SZQ?”L(E [(Apt,1 — rf,tfl) + (A]thZ — rf,t72) + -+ (Aptfm — rf,tfm]>7 (42)

which is an equally weighted average excess return over the past m periods.

The mean profit of a momentum strategy with m-month horizon and n-month holding
period (m,n =1,2,--- ,60) is calculated as follows. The strategy is to long (short) one
unit of index for n months when the trading signal is positive (negative). Hence, at each
time ¢, we have n long/short positions in the index (except for ¢ < n — 1). The average

(log) excess return of the momentum strategy at time ¢ is calculated by the average
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monthly returns of n positions in the index,

1= o6
{ﬁ ZSf_)k] x (AP, =), i=1,2, (4.3)
k=1

where 7, is the 1 month Treasury bill rate.

(m\n) 1 3 6 12 24 36 8 60

1 263 307 199 3437 228* 196" 168 1.4

3 1.38 291  3.36* 3.80**  3.40** 292 250* 2.29*
6 6.03 5.01* 4627 439 325 245 221  2.02

12 7527 6.54** 593 500" 295 223 218 225

24 6.57** 7.87** 6.16* 5.03* 308 237 230 255

36 6.72** 6.76™  5.55* 347 238 208 221 276

48 434 207 152 122 067 115 147 230

60 1.05 066  -056 -044 006 072 117 227

Table 4.1: The annualized percentage (log) excess returns of the momentum strategies (4.1) for the S&P
500 with the horizon (m) and holding (n) from 1 to 60 months period. Note: *, **, *** denote the
significance at 10%, 5% and 1% levels, respectively.

t-Statistic
o

------ Holding=Horizon

| = = = Holding=1
Holding=6
o 10 20 30 40 50 60
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Figure 4.1: The t-statistic of the average excess return of the momentum strategies the S&P 500 based
on (4.1) for time horizon from 1 to 60 months periods and holding periods equal to horizon (n = m), 1
month (n = 1) and 6 month periods (n = 6).

With the trading signal defined by (4.1),* Table 4.1 reports the annualized (log) excess
returns of the momentum strategies for the S&P 500 with the horizon (m) and holding
(n) from 1 to 60 months. It shows that the momentum strategies are profitable for time
horizons and holding periods up to 3 years. In particular, the profits become significant
(up to about 7% p.a.) for time horizons from 6 month to 3 years and holding periods from
1 to 12 months. Fig. 4.1 reports the t-statistic of the excess return of the momentum

strategies investing in the S&P 500 for time horizon from 1 to 60 months periods and

4With the trading signal defined by (4.2), similar results are obtained and reported in Table C.1 and Fig. C.1 in Appendix
C.1.
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holding period equals to the time horizon (n = m), 1 month (n = 1) and 6 month periods
(n = 6). It shows that the momentum strategies are significantly profitable for short
holding periods from 1 to 6 months with time horizons from 6 to 30 months with the

corresponding t-statistics being above 1.96, the critical value at 95% confidence level.

(m\n) 1 3 6 12 24 36 48 60

1 0.050 0.128 0.093 0.187 0.134 0.114 0.099 0.078
3 0.026 0.070 0.106 0.137 0.138 0.122 0.105 0.095
6 0.116 0.109 0.118 0.123 0.105 0.083 0.075 0.068
12 0.145 0.135 0.129 0.116 0.077 0.062 0.060 0.061
24 0126 0.159 0.131 0.114 0.074 0.061 0.058 0.064
36 0129 0.135 0.117 0.076 0.056 0.051 0.054 0.068
48 0.083 0.042 0.032 0.026 0.016 0.027 0.035 0.055
60 0.020 0.014 -0.012 -0.010 0.001 0.017 0.027 0.000

Table 4.2: The Sharpe ratio of the momentum strategies (4.1) for the S&P 500 with the horizon (m) and
holding (n) from 1 to 60 months period.

We also report the Sharpe ratio of the strategies to adjust for risk, which is defined as
the ratio of the mean excess return on the (managed) portfolio and the standard deviation
of the portfolio return. If a strategy’s Sharpe ratio exceeds the market Sharpe ratio, the
active portfolio dominates the market portfolio (in an unconditional mean-variance sense).
For empirical applications, the (ex post) Sharpe ratio is usually estimated as the ratio of
the sample mean of the excess return on the portfolio and the sample standard deviation of
the portfolio return. The average monthly return on the total return index of the S&P 500
over the period January 1988-December 2012 is 0.76% with an estimated (unconditional)
standard deviation of 4.30%. The Sharpe ratio of the market index is 0.108. The Sharpe
ratio of the strategy based on (4.1) and (4.3) is documented in Table 4.2. Tables 4.1
and 4.2 are perfectly consistent. Specifically, when Table 4.1 shows a momentum strategy
with certain time horizon and holding period generates significantly positive excess return,
Table 4.2 also shows this strategy can outperform the market correspondingly according

to the Sharpe criteria.

4.3 The Model

In this section, we establish an asset pricing model of single risky asset to characterize

the time series momentum.
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4.3.1 Fundamental Traders

Let P(t) and F(t) denote the log (cum dividend) price and (log) fundamental value F(t),
respectively of a risky asset at time ¢.° The fundamental traders believe that the market
price® P(t) is mean-reverting to the fundamental price F(t), which can be estimated
based on some fundamentals. They buy (sell) the stock when the current price P(t) is
below (above) the fundamental price F'(t) of the stock. For simplicity, we follow Chapter
2 and assume that the excess demand of the fundamental traders, Ds(t) at time t, is
proportional to the deviation of the market price P(t) from the fundamental value F'(t),

namely,
D¢(t) = By (F(t) — P(t)), (4.4)

where (¢ > 0 is constant, measuring the speed of mean-reversion of P(t) to F(t), which
may be weighted by the risk aversion coefficient of the traders. For simplicity, we assume

that the fundamental return follows a pure white noise process:
dF(t) = opdWgr(t), F(0)=F, (4.5)

where o > 0 represents the volatility of the fundamental return and Wr(t) is a standard

Wiener process.

4.3.2 Momentum and Contrarian Traders

Both momentum and contrarian traders trade based on their estimated market price
trends, although they behave differently. Momentum traders believe that future market
price follows a price trend wu,,(t). When the current market price is above the trend, they
expect future market price to rise and therefore they take a long position of the risky asset;
otherwise, they take a short position. Different from the momentum traders, contrarians
believe that future market price goes opposite to a price trend u.(¢). When the current
market price is above the trend, they expect future market price to decline and therefore
they take a short position of the risky asset; otherwise, they take a long position.

The price trend used for the momentum traders and contrarians can be different in
general. Among various price trends used in practice, the standard moving average (MA)

rules with different time horizons are the most popular ones,

w;(t) = ! /t_ 'P(s)ds, i=m,c, (4.6)

T;

5Notice that different from Chapters 2 and 3, we model log prices in this chapter rather than prices.
6For convenience, the price is referred to the log price in this chapter, unless specified otherwise.
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where the time delay 7; > 0 represents the time horizon of the MA.” We therefore assume
that the excess demand of the momentum traders and contrarians are given, respectively,
by

Dp(t) = g (P(t) —um(t)),  De(t) = ge(uc(t) — P(1)), (4.7)

where the S-shaped demand function g;(x) for i = m, ¢ satisfies
g:(0) =0, gi(x) >0, g;(0) = 5; > 0, zg!(x) <0, forz #0, (4.8)

and parameter [3; represents the extrapolation rate of the price trend when the market
price deviation from the trend is small. Notice the trading signal of the strategy (4.7)
is consistent with (4.1). In the following discussion, we take g;(z) = tanh(f;z), which
satisfies condition (4.8).%

4.3.3 Market Price via a Market Maker

Assume net zero supply in the risky asset and let o, o, and o, be the market population
fractions of the fundamental, momentum, and contrarian traders, respectively, with o +
m+a, =1and o; > 0 for i = f,m,c.” Then the aggregate market excess demand for the
risky asset, weighted by the population weights, is given by a s D ¢(t) + @ Din () + D, (1).
Following Beja and Goldman (1980) and Farmer and Joshi (2002), we assume that the
price P(t) at time ¢ is set via a market maker mechanism and adjusted according to the

aggregate excess demand, that is,
dP(t) = /J[Oéfo(f) + OCmDm<t> + ()éCDC<t)]dt + O'MdWM(t), (49)

where p > 0 represents the speed of the price adjustment by the market maker, Wy, (t) is
a standard Wiener process capturing the random excess demand process driven by either
unexpected market news or noise traders, and o), > 0 is constant. Wy, (t) is assumed to

be independent of the Wiener process for the fundamental price Wr(¢).1° Based on Egs.

"The price trend u; (t) can be regarded as the logarithm of the geometric mean of market price over the past 7; periods.
In particular, u;(t) — P(t) as 7, — 0, implying that the price trend is given by the current price.

8 Chiarella (1992) provides an explanation for the increasing and bounded S-shaped excess demand function. For
example, traders may seek to allocate a fixed amount of wealth between the risky asset and a bond so as to maximize their
expected utility of consumption. The demand becomes bounded due to wealth constraints. From behaviorial point of view,
traders may become cautious when the deviation is large. This together leads approximately to an S-shaped increasing
excess demand function.

9To simplify the analysis, we first assume that the market fractions are constant. When agents are allowed to switch
among different strategies based on some fitness measure (see Chapter 2), the market fractions become time-varying. An
analysis of this extension is given in Appendices C.4 and C.5.

10The two Wiener processes can be correlated. We refer readers to Chapter 2 for the impact of the correlation on the
price behavior and the stylized facts in financial market.
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(4.4)-(4.9), the market price of the risky asset is determined by

dP(t) = {afﬁf (F(t) = P(t)) + i, tanh <6m(P(t) L /t ;m P(s)ds))

Tm

+ a, tanh ( — Be(P(t) — L /}:T P(s)ds))} dt + opdWy (1), (4.10)

Te
where the fundamental price F'(t) is defined by (4.5). Therefore, the asset price dynamics
is determined by the stochastic delay integro-differential equation (4.10).

We are interested in the connection between market stability and profitability of the
trading strategies. Given the complex structure of the nonlinear model, we follow the
standard approach in the HAM literature and combine the stability analysis of the un-
derlying deterministic model with numerical simulation of the stochastic model. The
stability analysis provides some insight into the effect of the interaction and dominance
of different types of traders on market stability. It helps us to understand the relation
between different states of market stability and profitability of trading strategies. Note
that it is the interaction of deterministic dynamics and noise processes that provides a
complete picture of the price dynamics of the stochastic model. In the following section,
we first examine the stability of the corresponding deterministic delay integro-differential

equation model.

4.4 Market Stability

By assuming a constant fundamental price F(t) = F and no market noise o; = 0, system
(4.10) becomes a deterministic delay integro-differential equation, which represents the
process of the mean value of the market return

dP(t)

. {afﬁf (F = P(t)) + a tanh (B (P(2) - % /tt P(s)ds))

—Tm

1 t
+ a tanh ( — B.(P(t) - —/ P(s)ds))}. (4.11)
Te Jt—r.
It is easy to see that P(t) = F is the unique steady state price of the system (4.11). We
therefore call P = F the fundamental steady state.
In this section, we study the dynamics of the deterministic model (4.11) by focusing
on the local stability of the fundamental steady state. Denote v; = poy3; (i = f,m,c),

which characterize the activity of type-i traders.!! In general, the dynamics depend on

Hintuitively, the speed of the price adjustment p of the market maker measures the activity across the market. Both
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the behavior of fundamental, momentum, contrarian traders, market maker, and time
horizons. To understand the different impact of fundamental, momentum and contrarian
traders, we first consider two special cases where only momentum traders or contrarians

are involved.

4.4.1 The Stabilizing Role of the Contrarians

Contrarian trading strategies are based on the hypothesis of market overreaction. Intu-
itively, contrarians can induce market stability. To support the intuition, we consider a
market with the fundamental and contrarian traders only, that is, a,, = 0. In this case
the system (4.11) reduces to

dP(t) 1

= = a8y (F = P(1)) + . tanh ( ~B(P) ~ /ti P(s)ds))}. (4.12)

The following proposition confirms the stabilizing role of the contrarians.!?

Proposition 4.1 The fundamental steady state price P = F of the system (4.12) is
asymptotically stable for all 7. > 0.

Proposition 4.1 shows that the market consisting of fundamental and contrarian in-
vestors is always stable, and the result is independent of the time horizon and extrapola-

tion of the contrarians.'3

4.4.2 The Destabilizing Role of the Momentum Traders

Momentum trading strategies based on the hypothesis of market underreaction are aimed
to explore the opportunities of market price continuity. Intuitively, when the market is
dominated by fundamental traders, the market is expected to reflect the fundamental price
and then the impact of the momentum traders on market stability can be very limited.
However, when the market is dominated by the momentum traders, the extrapolation of
the market price continuity can have significant impact on market stability. To explore

the impact, we now consider a market consisting of the fundamentalists and momentum

the population size a; and behavior activity (; qualify the trading behavior of type-i traders. Therefore, ; measures the
activity or dominance of type ¢ traders.

12 All the proofs can be found in Appendix C.2.

13Note that this result is different from that in discrete-time HAMs, in which market can become unstable when activity
of contrarians is strong, see for example, Chiarella and He (2002). This difference is due to the continuous adjustment of
the market price. The impact of any strong activity from the contrarians becomes insignificant over a small time increment.
Hence the time horizon used to form the MA becomes more irrelative in this case.
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traders only, that is a. = 0. In this case, system (4.11) reduces to

dP(t)

S = wfag By (F = P(t)) + ay, tanh (B (P(1) - % /t ;m P(s)ds))}, (4.13)

and the price dynamics can be described by the following proposition.

Proposition 4.2 The fundamental steady state price P = F of the system (4.13) is

V.

(i) asymptotically stable for all T, > 0 when vy, < 7

(ii) asymptotically stable for either 0 < 7, < 77, o Ty > T ), and unstable for 77, <

T < Ty, When 11—2 < Y < g5 and
(ii) asymptotically stable for 7,, < 7y, and unstable for 7, > Ty | when v, > ;.

Here a = max{—sinz/z;z > 0}(= 0.2172), 75 | = 2%/ (v — 1m)?, Toa(< Toy) is the

minimum positive root of equation

Tm
f(Tm) = 7—(7f — Ym)? — cos |:\/2’}/me — (v —ym)?12| —1=0, (4.14)
and 7y, , (€ (T 1> Tm1)) @8 the mazimum one among all the roots of (4.14) which are less
than 1, ;.

Proposition 4.2 shows that the impact of the time horizon used in forming the MA
for the momentum traders depends on 7, and 7, which measure the dominance of the
momentum and fundamental traders, respectively, with respect to their extrapolation and
market fraction. On the one hand, when the fundamental traders dominate momentum
traders (so that 7, < v¢/(1+ a)), the market is always stable and time horizon plays no
role in market stability. On the other hand, when momentum traders dominate funda-
mental traders (so that 7,, > 7¢), the market is stable when time horizon is small (so that
Tm < Tp1), but becomes unstable when the time horizon is large (so that 7., > 7 ;). In
fact, the difference between price and the price trend based on the MA becomes insignif-
icant when the time horizon is small and strong activity from the momentum traders has
very limited impact on market stability, yielding the stability for small horizon. How-
ever, due to the smoothness of the MA when the time horizon is longer, the difference
can become significant, which, together with strong activity from the momentum traders,
makes the market become unstable. When the activity of the trend followers is balanced
by that of the fundamental traders (so that v¢/(1 4+ a) < 7y, < ), the market is stable

when the time horizon is either short (so that 7, < 7 ;) or longer (so that 7,, > 7,7 ),
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but becomes unstable with medium time horizon (so that 7, < 7, < 7,7, ;,). This is an
unexpected result. Intuitively, when time horizon is short, the price trend follows the
price closely, which limits the trading opportunity for the momentum traders. When
horizon is longer, the price trend becomes insensitive to the price changes. However, due
to the balanced activity from the fundamental traders, the extrapolation activity of the

momentum traders is limited. Therefore, in both cases, the market becomes stable.

4.4.3 The Joint Impact of Momentum and Contrarian Trading

The previous analysis shows the different role of the time horizon used in the MA by
either the contrarians or momentum traders. We analyze the market stability when both
strategies are employed in the market. For simplicity, we consider 7,, = 7. := 7 in the
rest of the chapter and leave the general case with different 7, and 7. in Appendix C.3.
It is found that this special case can well reflect the impact of different types of traders’
activities on the stability and further on their profitability. Let 77 = 2(7, — )/ (75 —
Y +7e)?, and 77 (< 1) and 77 (€ (77, 7)) be the minimum and maximum positive roots

which are less than 77, respectively, of the equation

-
hr) = ﬁ(w — Ym +7e)” — cos {\/2(% — )T = (Y = Ym + )22 =1 =0,
In this case, the market stability of the system (4.11) can be characterized by the following

proposition.

Proposition 4.3 If 7,, = 7. := 7, then the fundamental steady state price P = F of the
system (4.11) is

s

(1) asymptotically stable for all T > 0 when v < Ve + 14,

(2) asymptotically stable for either 0 < 7 < 7 or 7 > 7 and unstable for 7} < 1 < 7}

when Ve + % S Tm S Ve +7f¢' and

(3) asymptotically stable for T < 7 and unstable for T > 7 when ~,, > 7. + 7¢.

Despite the activity of both momentum and contrarian traders, Proposition 4.3 shares
the same message to Proposition 4.2 with respect to the joint impact of the time horizons
and the activity of the momentum traders on market stability, except that the activity
of the fundamental traders in Proposition 4.2 is measured jointly by the activities of the
fundamental and contrarian traders in Proposition 4.3. Given the stabilizing nature of

the contrarian strategy indicated in Proposition 4.1, this is not unexpected. The three
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conditions:

Vs or
a— 2: c —— < mgc ) 3: m>c
oo (2) . oy S Tm S et (3) : Ym > Ve + vy

(1) vm < e
in Proposition 4.3 characterize three different states of market stability, which have dif-
ferent implications to the profitability of momentum trading strategy. For convenience,

market state k is referred to condition (k) for £ = 1,2, 3 in the following analysis.
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(a) The function h(T) (b) Price bifurcation

Figure 4.2: (a) The function h(7); (b) the corresponding bifurcation diagram for market state 2. Here
vf = 20, ¥m = 22.6 and v, = 5.

To illustrate the price dynamics in different market state, we now conduct numerical
analysis.'* For market state 1, the fundamental price is stable, independent of the time
horizon. For market state 2, Fig. 4.2 (a) illustrates the three Hopf bifurcation values
7 ~ 0.23, 75 ~ 0.41, and 77 ~ 5.10. Correspondingly, Fig. 4.2 (b) shows that the
fundamental steady state price P = F' is stable when 7 € [0,7;°) U (77, 00) and unstable
when 7 € (77,7;). The stability switches twice.!® For market state 3, Fig. 4.3 (a)
illustrates the first (Hopf bifurcation) value 7, = 0.22, which leads to stable limit cycles
for 7 > 7, as shown in Fig. 4.3 (b). The stability switches only once at 7;".

The above numerical analysis clearly illustrates that dependence of the market price
dynamics on the time horizon is different in different market states. We show in the
following section that the market states also have different implications on the under-
reaction/overreaction and momentum profitability. We complete the discussion of this

section by considering a very special case when «,,, = a,, 58,, = (. and 7, = 7., that is

4The numerical results in this chapter (except for the Appendices C.4 and C.5) are based on ay = 0.3, am = 0.4,
aec=0.3, p=5and F = 1, unless specified otherwise.

15Simulations (not reported here) show that the speed of the convergence when the fundamental steady state becomes
stable after switching from instability as 7 increases is very slow, although F' is stable. The properties on the number of
bifurcations and the stability switching are further illustrated in Fig. C.3 in Appendix C.2. There are some interesting
properties on the nature of bifurcations related to Proposition 4.3, including the number of bifurcations, stability switching
and the dependence of the bifurcation values on the parameters. We provide the detailed analysis in Appendix C.2.
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Figure 4.3: (a) The function h(7); (b) the bifurcation diagram of the market price for market state 3.
Here vf = 2, v, = 20 and v, = 10.

the momentum and the contrarian traders have the same population, extrapolation rate
and time horizon. In this case, system (4.11) reduces to dP(t)/dt = v;(F — P(t)). The
destabilizing effect of momentum traders is completely offset by contrarians, which leads

to the global stability of the fundamental price.

4.5 Momentum Profitability

This section numerically examines the profitability of the time series momentum trading
strategies. We show that the profitability is closely related to the market states defined
according to the stability analysis in the previous section. In particular, we show that,
in market state 3, the momentum strategy is profitable when the time horizon is short
and unprofitable when the time horizon is long. In other market states, the strategy is
not profitable for any time horizon. We also provide some explanation to the profitability
mechanism through autocorrelation and time series analysis.

As in the previous section, we focus on the special case when momentum and contrarian
traders use the same time horizon and holding period. The profit is calculated using a
buy-and-hold strategy on the number and position determined by the demand function of

the trading strategy.'¢ It follows from Eq. (4.7) that the excess demands of momentum

16 Alternatively, the profit can be calculated based on buy-and-hold strategy on one unit of position taking, as in Section
4.2. However, we find that this does not affect the profitability results obtained in this section.
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and contrarian traders with time horizon 7 are given, respectively, by

Do (1) = tanh (5 (P(1) ~ © /t tT P(s)ds)),

| (4.15)

D.(t) = tanh ( — B.(P(t) - = /:T P(s)ds)).

T

Based on buy and hold strategy, the spot profits yielded by using the fundamental, mo-
mentum, contrarian trading strategies, and the market maker at time ¢ can be calculated
by

U;(t) = Di(t)(P(t + 1) — P(t)), i=f,m,c,M, (4.16)

where the excess demand of the fundamental strategy D (¢) is defined by Eq. (4.4) and the
excess demand of the market maker is given by Dy (t) = —(ayDy(t)+ 4Dy (t)+acDe(t)),
which is based on the liquidity provided to clean the market. In addition, we also calculate

the average accumulated profit yielded over a time interval [to, t] by

1 t
U(t) = / Di(s)(P(s+7) — P(s))ds,  i=f,m,c, M. (4.17)
t— tO to
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Figure 4.4: (a) The average spot profits of trading strategies based on 1000 simulations; (b) the average
accumulated profits based on a typical simulation for market state 1. Here vy = 15, v, = 15 and . = 3
and 7 = 0.5.

We now examine the profitability in different market states. In the rest of the chapter,
the time unit is one year and the time step At is one month. Given 14.9% annually
standard deviation of the log return for the S&P 500 index used in Section 4.2, we choose
oy = 0.15 for the annual market volatility and or = 0.1 for the annual volatility of the

fundamental price.
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Figure 4.5: The average ACs of market return based on 1000 simulations for market state 1 with (a)
7 =0.5 and (b) 7 = 3. Here v =15, 7, = 15 and ~, = 3.

4.5.1 State 1

In market state 1, the market is dominated jointly by the fundamental and contrarian
traders (so that v, < 7.+ /(1 4+ a)). In this case, the stability of the fundamental
price of the underlying deterministic model is independent of the time horizon. Based
on 1,000 simulations, Fig. 4.4 (a) reports the average spot profits of different strategies
and Fig. 4.4 (b) illustrates the average accumulated profits based on a typical simulation.
They show that the contrarian and fundamental strategies are profitable, but not the
momentum strategy and the market maker. Note that the amounts of profit/loss are
small, which is underlined by the stable market price.

To understand the mechanism of the profitability, we present the average return auto-
correlations (ACs) based on 1000 simulations in Fig. 4.5 for 7 = 0.5 in (a) and 7 = 3 in
(b). It shows some significant and negative ACs for small lags and insignificant ACs for
large lags. This indicates market overreaction in short-run and hence the fundamental
and contrarian trading can generate significant profits. There is no significant and pos-
itive ACs, indicating no market underreaction, and hence the momentum trading is not

profitable.

4.5.2 State 2

In market state 2, the momentum traders are active, but their activities are balanced by
the fundamental and contrarian traders (so that v. +v¢/(1 +a) < ¥ < 7.+ 7). In
this case, the stability of the underlying deterministic model is illustrated in Fig. 4.2,
showing that the fundamental price is stable for either short or longer time horizons,

but unstable for medium time horizons. With the same parameters used in Fig. 4.2, we
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Figure 4.6: (a) The average spot profits based on 1,000 simulations; (b) the average accumulated profits
based on a typical simulation for market state 2. Here v; = 20, v, = 22.6, 7. = 5 and 7 = 0.5.

illustrate the profitability of the different trading strategies in Fig. 4.6. It shows that
the fundamental and contrarian trading strategies are profitable, but not the momentum
traders and the market maker. Further simulations (not reported here) show the same
result with different time horizons, although the losses/profits increase as time horizon

increases.
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Figure 4.7: The average ACs of market return based on 1000 simulations for market state 2 with (a)
7=0.5and (b) 7 =3.

As in market state 1, we also calculate the return ACs with the same set of parameters
as Fig. 4.2. Fig. 4.7 presents the average ACs based on 1000 simulations for time horizon
7=0.51n (a) and 7 = 3 in (b), showing some significantly negative ACs, in particular for
7 = 0.5, over short lags. This indicates the profitability of the fundamental and contrarian
trading due to market overreaction, but not for the momentum trading. Therefore, both
states 1 and 2 lead to the same conclusion on the profitability, although the amount of

profit/loss in state 2 is higher than in state 1.
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Figure 4.8: The average spot profits based on 1000 simulations for (a) 7 = 0.5 and (c) 7 = 3 and the
average accumulated profits based on a typical simulation for (b) 7 = 0.5 and (d) 7 = 3 for market state
3. Here v¢ =2, v, = 20 and v, = 10.
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4.5.3 State 3

In market state 3, the market is dominated by the momentum traders (so that ~,, >
Ye + vf). The stability of the underlying deterministic model is illustrated in Fig. 4.3,
showing that the fundamental price is stable for short horizons, but unstable for longer
horizons. With the same set of parameters in Fig. 4.3, we reports the profitability of
the different trading in Fig. 4.8. It shows clearly that, for short horizon 7 = 0.5, the
fundamental and momentum trading strategies are profitable, but not the contrarians, as
illustrated in Figs. 4.8 (a) and (b). However, for longer horizon 7 = 3, the fundamental

and contrarian strategies are profitable, but not the momentum traders, see Figs. 4.8 (c)
and (d).

20 40 60 80 100 0 50 100 150 200
t t

(a) Time series for 7 = 0.5 (b) Time series for 7 = 3

Figure 4.9: Time series of price P(t) and price trend u(t) for (a) 7 = 0.5 and (b) 7 = 3.

To explore the profit opportunity of the momentum trading with different time hori-
zons, we plot the time series of the price and price trend in Fig. 4.9 (a) for 7 = 0.5 and
Fig. 4.9 (b) for 7 = 3, based on the same simulation in Fig. 4.8 (b) and (d), respectively.
There are two interesting observations. (i) For short horizon 7 = 0.5, the market price
fluctuates due to the unstable steady state of the underlying deterministic system. When
the market price increases, the price trend follows the market price closely and increases
too, as illustrated in Fig. 4.9 (a). This implies that, with short holding period, the
momentum trading strategy is profitable by taking long positions. Similarly, when the
market price declines, the price trend follows. Hence the momentum trading is profitable
by taking short positions. Therefore, the momentum trading is profitable (except for the
starting periods of sudden changes in the price tendency). (ii) For longer horizon 7 = 3,
the market price fluctuates widely due to the unstable fundamental value of the underlying
deterministic system. The relation between market price and price trend is similar to the

case for the short horizon, as illustrated in Fig. 4.9 (b). However, a longer horizon makes



79 4.5 Momentum Profitability

the price trend less sensitive to the changes in price. Also, since the holding period is also
longer, the momentum trading mis-matches the profitability opportunity. For example,
when the market price reaches a peak at t ~ 50 (months), which is higher than the trend,
the momentum traders buy the stocks. After holding the stocks for 3 years, they sell at a
much lower price at t &~ 86, implying a loss from the momentum strategy. This illustrates

that, with longer horizon, the momentum trading is not profitable.

ST

10 20 30 40 50 [} 10 20 30 40 50
lag lag

(a) 7=0.5 (b) 7=3

Figure 4.10: The average ACs of market return based on 1000 simulations for market state 3 with (a)
7=0.5and (b) 7 = 3.

To provide further insight into the profitability mechanism, we calculate the return ACs
and present the results in Fig. 4.10. It shows clearly the market underreaction in short
run and overreaction in long run, characterized by significantly positive ACs for short
lags and negative ACs for long lags for both short and longer horizons. With the short
horizon and holding period, the momentum trading is profitable due to the underreaction
in short-run (Fig. 4.10 (a)). However with the long time horizon, the momentum trading
is no longer profitable for long holding period due to the overreaction in long-run (Fig.
4.10 (b)), although it can be profitable with short holding period due to the underreaction
illustrated in Fig. 4.10 (b), which is verified in Fig. 4.11 with 3 years horizon and 6 month
holding period. This result is consistent with Lou and Polk (2013).

It would be interesting to see if the model is able to replicate the time series momentum
profit explored for the S&P 500 in Section 4.2 based on the momentum strategies (4.1)
and (4.2). Table 4.3 reports the annual excess returns of various momentum trading
strategies based on (4.1) investing in the model generated data in market state 3 for time
horizon and holding period from 1 to 60 months. Fig. 4.12 reports the corresponding
t-statistic of the average excess return of the momentum strategies for time horizon from 1
to 60 months periods and holding period equals to horizon, 1 month and 6 month periods.

Similar results based on trading strategy (4.2) are reported in Table C.2 and Fig. C.2 in
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Figure 4.11: (a) The average spot profits based on 1,000 simulations; (b) the average accumulated profits
based on a typical simulation for market state 3 with 3 years horizon and 0.5 year holding period.

(m\n) 1 3 6 12 24 36 8 60
1 123 330  3.05" 3.09°* 171%™ 044 017 -0.42
3 278 321 473 416 2.68%  0.25 042 -0.55
6 248 385 574" 509" 229 037 141 -1.15
12 6.80"*  T.RT™  8.12%%* 591  1.48 178 2500 -1.99
24 9.92°*  9.89"* 740"  2.89 271  -4.82** -382%  -2.14
36 8.84** 543 216  -1.79  -6.22"*  -T.5T*™* 544"  -3.34*
48 500 241 -0.01  -3.66  -T.T6*** 852" _591"* _357*
60 250  -0.03  -201  -5.25  -9.00** -9.19*** _6.15"** -3.63*

Table 4.3: The annualized percentage (log) excess returns of the momentum strategy (4.1) for the time
series generated from the model in market state 3 with the horizon (m) and holding (n) from 1 to 60
months period. Note: *, **, *** denote the significance at 10%, 5% and 1% levels, respectively.

Appendix C.1. We see that both the profit and t-statistic patterns generated from the
model are very similar to the S&P 500 reported in Section 4.2. The results are consistent
with Moskowitz et al. (2012) who find that the time series momentum strategy with 12
months horizon and 1 month holding is the most profitable among others.

To complete this section, we add the following remarks. (i) The analysis of this chapter
focuses on the same time horizon and holding period. An extension to different time
horizon and holding period is presented in Appendix C.3. (ii) Simulations (not reported
here) show that the level of profitability of momentum (contrarian) strategy is positively
(negatively) related to 3, and negatively (positively) related to B.. Also, the level of
profitability of both momentum and contrarian strategies is positive related to the price
adjustment speed . (iii) The time horizon 7 can affect the profitability greatly. Recall
that the stability of the system depends on ~; = pa;3; (i = f,m,c) and 7 completely and
the profitability is closely related to the market states. (iv) When investors switch their

trading strategies based on some fitness functions, we extend the model in Appendices
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Figure 4.12: The ¢-Statistic of the average excess return of the momentum strategy (4.1) investing in the
model generated data in market state 3 for time horizon from 1 to 60 months periods and holding equal
to horizon (n =m), 1 month (n = 1) and 6 month periods (n = 6).

C.4 and C.5 and show that the profits/losses can be enhanced due to the switching among

different trading strategies.

4.6 Conclusion

Based on market underreaction and overreaction hypotheses, momentum and contrarian
strategies are widely used by financial market practitioners and their profitability has
been extensively investigated by academics. However, most behavioral models do not
specify the time horizon, which plays crucial a role in the performance of momentum
and contrarian strategies. Following the recent development in the heterogeneous agent
models literature, this chapter proposes a continuous-time heterogeneous agent model of
investor behavior consisting of fundamental, contrarian, and momentum strategies. The
underlying stochastic delay integro-differential equation of the model provides a unified
approach to deal with different time horizons of momentum and contrarian strategies,
which play an important role in the profitability empirically. By examining their impact
on market stability explicitly and analyzing the profitability numerically, this chapter ex-
amines the profitability of the time series momentum trading strategies. We show that
the profitability is closely related to the market states defined by the stability of the un-
derlying deterministic model. In particular, we show that, in market state 3 where the
momentum traders dominate the market, the momentum strategy is profitable when the
time horizon is short and unprofitable when the time horizon is long. In other market
states, the strategy is not profitable for any time horizon. We also provide some expla-
nation to the profitability mechanism through autocorrelation patterns and the classical

underreaction and overreaction hypotheses. In addition, we show that the momentum
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strategy works in the stock index.

Although the model proposed in this chapter is very simple, it provides some insight
into the time series momentum documented in recent empirical literature. As we discussed
in the introduction, the time series momentum plays a very important role in explaining
cross-sectional momentum, which had been widely researched in the literature. Motivated
by the results obtained in this chapter, one can extend the market of one risky asset to one
with many risky assets so that the profitability of portfolios constructed from momentum
and contrarian strategies can be examined. We would expect the same mechanism can be
used to explain cross-sectional momentum. In addition, it has been shown that volatility
can affect the autocorrelations in returns and hence affect profitability and even trading
volume. This could be examined by using the setup in this chapter. We leave these to

future research.



Chapter 5

Optimality of Momentum and

Reversal

5.1 Introduction

Chapter 4 shows the profitability of the momentum and contrarian strategies is condi-
tional. In order to achieve an unconditional profitability, this chapter studies the opti-
mality of trading strategies to reflect the short-run momentum and long-run reversal in
financial markets. We extend the standard asset pricing model under geometric Brownian
motion to incorporate a weighted average of mean reversion and moving average into the
drift. When the preference is given by the log utility function, we obtain the optimal
portfolio, which includes Merton’s optimal portfolio as a special case. We show that a
combined momentum and reversal strategy is optimal. To demonstrate the optimality of
the strategy, we estimate the model to the S&P 500 index and show that neither pure
momentum nor pure mean reversion strategies can outperform the market; however, the
optimal strategy combining the momentum and mean reversion can outperform the mar-
ket. In fact, different from the momentum strategy which is based on trend only, the
optimal strategy takes not only the trend in return but also the market volatility into
account. Through regression analysis, we further show that the optimal strategies are
immune to market states, investor sentiment and market volatility.

The asset pricing model developed in this chapter takes not only the mean reversion but
also the momentum effect into account directly. Therefore the historical prices underlying
the momentum component affect the asset prices, resulting in a non-Markov process
characterized by stochastic delay differential equations (SDDEs). This is very different

from the Markov asset price process well documented in the literature (Merton 1969,

83



84 5.1 Introduction

1971), where the dynamic programming method through HJB equation is most frequently
used in solving the stochastic control problem. It becomes very challenging to solve the
optimal control problem for DDEs because it involves infinite-dimensional PDEs. To
overcome this challenge, we explore the latest development in the theory of maximum
principle for control problem of SDDEs. By assuming the log utility preference, we derive
the optimal strategies in closed form. This helps us to study the impact of historical
information on the profitability of different strategies based on different time horizons.

This chapter is closely related to the literature on momentum and reversal, two of the
most prominent financial market anomalies; in particular, time series momentum. Mo-
mentum, on the one hand, is the tendency of assets with good (bad) recent performance
to continue outperforming (underperforming) in short-run. Reversal, on the other hand,
concerns predictability of assets that performed well (poorly) over a long period tend to
subsequently underperform (outperform). Momentum and reversal have been documented
extensively for a wide variety of assets. Jegadeesh and Titman (1993) document momen-
tum for individual U.S. stocks, predicting returns over horizons of 3-12 months by returns
over the past 3-12 months. De Bondt and Thaler (1985) document the reversal, predicting
returns over horizons of up to five years by returns over the past 3-5 years. Fama and
French (1992) document the value effect, which is closely related to reversal, whereby the
ratio of an assets price relative to book value is negatively related to subsequent perfor-
mance. Mean reversion in equity returns has been shown to induce significant market
timing opportunities (Campbell and Viceira 1999, Wachter 2002 and Koijen et al. 2009).
The evidence has been extended to stocks in other countries (Fama and French 1998),
stocks within industries (Cohen and Lou 2012), across industries (Cohen and Frazzini
2008), and the global market with different asset classes (Asness, Moskowitz and Peder-
sen 2013). More recently, Moskowitz et al. (2012) investigate time series momentum that
characterizes strong positive predictability of a security’s own past returns.

This chapter is largely motivated by the empirical literature testing trading signals
with combination of momentum and reversal. Balvers and Wu (2006) and Serban (2010)
empirically show that a combination of momentum and mean-reversion strategies can
outperform the pure momentum and pure mean reversion strategies for equity markets and
foreign exchange markets respectively. Asness, Moskowitz and Pedersen (2013) highlight
that studying value and momentum jointly is more powerful than examining each in

isolation.? Koijen et al. (2009) proposes a theoretical model in which stock returns exhibit

IThe impact of the time horizon on the profitability has been extensively investigated in the empirical literature, see, for
example, De Bondt and Thaler (1985) and Jegadeesh and Titman (1993). However, due to the technical challenge, there
are few theoretical results on it.

2They find that separate factors for value and momentum best explain the data for eight different markets and asset
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momentum and mean reversion effects. They study the dynamic asset allocation problem
with CRRA utility. However, the modelling of momentum in this chapter is very different
from Koijen et al. (2009). In Koijen et al. (2009), the momentum is calculated by all the
historical returns with geometrically decaying weights. This reduces the pricing dynamics
to a Markovian system. In this chapter, the momentum is measured by the standard
moving average over a moving window with a fixed “look-back period”, which is consistent
with the momentum literature. Also, Koijen et al. (2009) focuses on the performance of
the hedging demand implied by the model, while the focus of this chapter is on the
performance of the optimal strategies.

By estimating the model to the S&P 500, we are able to demonstrate that the optimal
strategies based on the pure momentum and pure mean reversion models cannot outper-
form the market but a combination of them can outperform the market. The optimal
strategies not only reflect the trading signal based on momentum and reversal effects,
but also take the volatility into account. The robustness of the optimality of the opti-
mal strategies are also tested in short run and long run, with different estimations, out
of sample predictions, market states, investor sentiment and market volatility. Finally,
we compare the performance of the optimal strategies with the time series momentum
strategies used in Moskowitz et al. (2012). With different proxies, including the utility of
wealth, Sharpe ratio and average return, we show that the profitability pattern reflected
by the average return in most of the empirical literature underperform comparing to the
optimal strategies.

This chapter is based on He, Li and Li (2014) and organized as follows. We first present
the model and derive the optimal asset allocation in Section 5.2. We then estimate the
model to the S&P500 in Section 5.3 and examine the performance of the optimal strategies
in Section 5.4. Section 5.5 concludes. All the proofs and the robustness analysis are

included in Appendix D.

5.2 Optimal Asset Allocation

In this section, we introduce an asset pricing model and study the optimal asset allocation

problem.

classes. Furthermore, they show that momentum loads positively and value loads negatively on liquidity risk; however,
an equal-weighted combination of value and momentum is immune to liquidity risk and generates substantial abnormal
returns.
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5.2.1 The Model

We consider a financial market with two tradable securities, a risky asset S and a riskless

asset B satisfying
— =rdt, (5.1)

where the riskless interest rate r is a constant. The uncertainty is represented by a filtered
probability space (€2, F, P,{F:}+>0) on which a two-dimensional Brownian motion Z; is
defined. Let S; be the price of the risky asset or the level of a market index at time ¢ and
the dividends are assumed to be reinvested. Following Koijen et al. (2009), we assume
the instantaneous return of the risky asset is arrived at via a momentum term m; and a

long-run mean reversion term g, and the dynamics of stock returns is given by

C% = [¢me + (1 = d)e] dt + 05dZ, (5.2)

where ¢ is a constant, measuring the weight to the momentum component, og is a two-
dimensional volatility vector, and Z; is a two-dimensional vector of independent Brownian
motions. The mean reversion process i is a stationary variable, defined by an Ornstein-

Uhlenbeck process,
dpy = a(f — pe)dt + o,dZ;, a >0, i>0 (5.3)

where j1 is the constant long-run expected rate of return, « is the rate at which u, converges
to fi, and o}, a two-dimensional vector of instantaneous volatilities. The momentum term
my is defined by a stardard moving average (MA) of past returns over [t — 7, ],

1 [t dS,

my = — .
T Jt—r SU

(5.4)

The modelling of momentum in this chapter is motivated by the time series momentum
Moskowitz et al. (2012) who demonstrate that the average return over a past period (say,
12 months) is a positive predictor of its future returns, especially the return for the next
month. This is different from Koijen et al. (2009). In Koijen et al. (2009), the momentum

at time t is defined by
t
ds
Mt _ / e—w(t—u)_’u’
0 Su
which is based on the past returns over [0,t] with geometrically decaying weights. The
advantage of M, is that the process M; can be treated as a Markovian process. Note that

the weights over [0, t] are not added up to one. Thus M; cannot be treated as the standard
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average of past returns. Also M; is not rolling forward with a fixed time window. The
momentum m; introduced in this chapter is the standard moving average over a moving
window [t — 7,t] with “look-back period” of 7 > 0 and the weights over the period are
added up to one. This definition is consistent with the empirical momentum literature,
which explores the price trends based on the returns over a fixed “look-back period”.
The resulting asset price model (5.2)-(5.3) is characterized by a stochastic delay integro-
differential system, which is non-Markovian. We show in Appendix D.1 that the process
has a pathwisely unique solution and asset price is always positive for given initial values

over [—7,0].

5.2.2 Optimal Asset Allocation

Consider a typical long-term investor who maximizes the expected utility of the terminal
wealth. Assume that the preferences of the investor can be represented by a log utility
function. Let W, be the wealth of the investor at time ¢ and m is the fraction of the

wealth invested in the stock. Then the change in wealth follows

aw,

—Wt = {mlom; + (1 = )y — 1] + r}dt + mosdZ,;. (5.5)
t

The investment problem of the investor is given by

JW,m,pu, t,T)= sup E;lnWr], (5.6)

(ﬂ'u)ue[t,T]
where T is the terminal time of the investment, and J(W, m, u,t,T) is the value function
corresponding to the optimal investment strategy. Then we show in Appendix D.2 that the

optimal dynamic strategic allocation can be characterized by the following proposition.

Proposition 5.1 For an tnvestor with log utility, the optimal strategic allocation to stocks

s given by

. Oomt+ (=) —r
T = - . (5.7)
The optimal portfolio (5.7) reflects the myopic behavior of the investor with log utility.
Two special cases are interesting. First, when ¢ = 0, the asset price does not depend on

the momentum and follows a standard geometric Brownian motion process

% = ,utdt + Ug«dZt.
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In this case, the optimal portfolio reduces to (5.7) becomes

* He —T
T, = 7

, (5.8)

which is the standard optimal strategy when the drift is mean-reverting. In particular,
when p; = p is a constant, the optimal portfolio (5.8) collapses to 7} = U’g—(f’"s, which is
the optimal portfolio in Merton (1971).

Secondly, when ¢ = 1, the asset price depend only on the momentum. Correspondingly,

the optimal portfolio (5.7) reduces to

mr = (5.9)

040s

If we consider the trading signal indicated by the excess return m; — r only, with 7 =
12, the optimal portfolio (5.9) is consistent with the time series momentum strategy in
Moskowitz et al. (2012) by constructing portfolios based on the monthly excess returns
over the past 12 months and holds it for 1 month. Moskowitz et al. (2012) demonstrate
that this strategy performs the best among all the momentum strategies with look-back
period and holding period from 1 month to 48 months. If we take only the position and
construct simple buy-and-hold momentum strategy over a large range of look-back period
and holding period investigated in Moskowitz et al. (2012), (5.9) shows that the time
series momentum strategies can be optimal when the mean-reverting is not significant
in markets. This explains the dependence of the momentum profitability on market
conditions and volatility. Note that the optimal portfolio (5.9) defines the optimal wealth
fraction invested in the risky asset, depending on not only the excess return but also the
volatility.

In general, the optimal portfolio (5.7) implies that a weighted average of momentum
and mean-reverting strategies is optimal. Intuitively, it takes into account of both the
short-run momentum and long-run reverting, which are well supported empirically. It is
the simple form of the optimal portfolio (5.7) that facilitates the comparison of the per-
formance with other trading strategies and the market. As demonstrated by the following

analysis, its empirical implication can be very significant.

5.3 Model Estimation

To demonstrate the optimality of the optimal portfolio (5.7), we estimate the model to
the S&P 500 in this section. In line with Campbell and Viceira (1999) and Koijen et al.
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(2009), the mean-reversion variable is affine in the (log) dividend yield as follow,
pe = fi+v(Dy — pp) = fi +vXy,

where v is a constant, D, indicates the (log) dividend yield with E(D;) = pup, and X; =
D; — up denotes the de-meaned dividend yield. Thus the asset price model (5.2)-(5.3)

become

d?S: = [pmy + (1 — ¢)( + vX,)] dt + o5dZ;, (5.10)

dXt = —O{Xtdt + U;(dZt7

where ox = 0,/v.
The uncertainty in system (5.10) is driven by two independent Brownian motions.
Without loss of generality, the volatility matrix of the dividend yield and return is pa-

rameterized to be lower triangular,

5 a/fg _ [ sy O .
Ox Ox(1) 9Xx(2)

That is, 3 is the Cholesky decomposition of the instantaneous variance matrix. Thus,
the first element of Z; is the shock to the return and the second element of Z; is the
dividend yield shock that is orthogonal to return shock. This setup follows Sangvinatsos
and Wachter (2005) and Koijen et al. (2009).

By discretizing the continuous-time model at a monthly frequency to be consistent
with the momentum and reversal literature, system (5.10) results in a bivariate Gaussian

vector autoregression (VAR) model for the simple return and dividend yield, which are

observable,
Ry = %(Rt R+ Rria) + (1= @) (a4 vXy) + 0gAZ 4, (5.11)
Xy =1 —-a) Xy + 0\ AZ 4,

where R; = (S; — Sy_1)/S;_1 is the simple return of the stock at time ¢.3

We estimate the model (5.11) with maximum likelihood method by employing monthly
S&P 500 data over the period January 1871-December 2012 obtained from the home page
of Robert Shiller. We set the instantaneous short rate to r = 4% annually. As in Campbell
and Shiller (1988a, 1988b), the dividend yield is defined as the log of the ratio between

the last period dividend and the current index. We construct the total return index using

3Different from Koijen et al. (2009), we use the simple return to construct m; and also discretize the stock price process
into simple return rather than log return to be consistent with the momentum and reversal literature.
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the price index series and the dividend series.

9.22 T T T T -9.1 T
o2 "N! 9.05
9.26 -9.2
9.1
9.28
"'\‘ # -9.25]
ac \ J B HQ ”,”
932 ‘x ‘f'- 92 o f’“‘g ’/'
934 # "'» o
+ 925 o ¥ P,
936 ** / [J-“ 9.35) W
o ¥ 4 -93
Sl
S“0 10 20 30 40 50 60 0 1‘(] 2‘0 C;O 40 50 60 E A[) 10 20 30 40 50 60
T T T
(a) AIC (b) BIC (c) HQ

Figure 5.2: (a) Akaike information criterion, (b) Bayesian information criterion and (¢) Hannan—Quinn
information criterion for 7 € [1,60].

The estimated parameters in monthly terms are illustrated in Fig. 5.1 for 7 ranging
from 1 month to 5 years. As one of the key parameters of the model, Fig. 5.1 (b)
shows that the momentum effect ¢ is statistically different from 0 for 7 > 10, indicating
a significant momentum effect. Note that ¢ increases to 50% for 7 € [20,30] and then
decreases gradually when 7 increases further. Other estimate results in terms of the level
and significance in Fig. 5.1 are consistent with Koijen et al. (2009).

Obviously, the estimations depend on time horizon 7. To explore the optimal value for
7, we compare different information criteria for different 7, including AIC, BIC and HQ
from 1 to 60 months in Fig. 5.2. AIC, BIC and HQ reach their minima at 7 = 23,19 and
20 respectively, implying that the average returns over a past time period of 1.5—2 years
can predict future return best. The increasing pattern of the criteria for longer 7 indicates

the return trend based on longer time horizon window has less explanatory power.
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Figure 5.3: The estimates of 051y for the pure momentum model (¢ = 1) for 7 € [1,60].

To compare the performance of the optimal strategy, comparing with pure momentum
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or mean-reverting strategies, we also estimate the index to the model with ¢ = 1and ¢ =0
respectively. For the pure momentum model (¢ = 1), Fig. 5.3 illustrates the estimates
of ogay for 7 € [1,60]. It shows that the volatility of the index decreases dramatically
for small time horizons and becomes stable for large time horizons. It demonstrates that
the past returns over up to one year can explain part of the return volatility but longer
historical returns have less power in explaining return volatility. We also compare different
information criteria for different 7. AIC, BIC and HQ all reach their minima at 7 = 11
(not reported here). It implies that the average returns over the past 11 months can

predict future return best for the pure momentum model.

Parameters « I v 05(1) TX(1) X (2)
Estimates (%) 0.55 0.37 2.67%107° 4.11 -4.07 1.36
Bounds (%) (0.07,1.03) (0.31, 0.43) (-0.46, 0.46) (3.97, 4.25) (-4.22,-3.92) (1.32, 1.40)

Table 5.1: The estimates of the parameters for the pure mean reversion model.

Table 5.1 reports the estimated parameters for the pure mean reversion model (¢ = 0).

The results are comparable to those for the full model illustrated in Fig. 5.1.
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Figure 5.4: The log-likelihood ratio test for the pure mean-reversion model (¢ = 0) for T € [1,60].

For comparison, we use a log-likelihood ratio test. We compare the full model (5.2)-
(5.3) to the pure mean reversion model (¢ = 0) and Fig. 5.4 reports the log-likelihood
ratio test with 95% confidence interval. It illustrates that the full model is significantly
better than the pure mean reversion model for 7 < 29. This result is consistent with
the literature that there is no momentum effect for large time horizon and the returns
exhibit mean reversion in the long run. Therefore, we should not expect the full model
with longer time horizons to fit the data better than the pure mean reversion model. We
also compare the full model to the pure momentum model (¢ = 1) with respect to each

7 and find that the full model is significantly better than the pure momentum model for
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all 7 (not reported here).

To avoid look ahead bias, we also estimate the models using rolling window data and
report the results in Appendix D.3. In summary, we estimate the model to the index
and show that the optimal strategy fits the data better with 1.5-2 year time horizons and
also better than pure momentum and mean-reverting models. This observation is further

supported by performance analysis in the following section.

5.4 Performance

Based on the estimation in the previous section, we examine the optimality of the optimal
portfolio in this section. We first examine the performance of the optimal trading strategy
(5.7) by using two proxies: the utility of portfolio wealth and the Sharpe ratio. Then we
study the sensitivity of the performance of the optimal strategies to the market states,
investor sentiment and market volatility. Finally, following the momentum and reversal
literature, we implement some empirical analysis by focusing on the returns implied by

the optimal strategy.

5.4.1 Performance of the Optimal Strategies

This subsection provides empirical evidence on the optimality of the trading strategy
(5.7). We use two proxies to measure the performance of the optimal portfolio, the utility

of the optimal portfolio wealth and the Sharpe ratio.

The Full Model

To measure the performance of the optimal strategy (5.7), we compare the realized utility
of the optimal portfolio wealth invested in the S&P 500 index with different look-back
period 7 and 1-month holding period to the utility of a passive holding investment in the
S&P 500 index with an initial wealth of $1. We consider the look-back period 7 from 1
month to 60 months and invest monthly. For comparison, all the portfolios start at the
end of January 1876, (after 60 months of January 1871 to calculate the trading signals).
As the benchmark, the log utility of an investment of $1 to the index from January 1876
to December 2012 is equal to 5.7649. For a fixed look-back period 7 € {1,2,---,60},
say, T = 12, we calculate the moving average m; at any point of time (in month) from
January 1876 to December 2012 using the index levels over the time period. With the
initial wealth of $1 at January 1876 and the estimated parameters for 7 = 12 in Fig. 5.1,

we calculate the monthly investment of the optimal portfolio wealth W; based on (5.7).
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Figure 5.5: The utility of wealth from January 1876 until December 2012 for the optimal portfolio with
7 € [1,60] and the passive holding portfolio.

For 7 = 1,2,---,60, Fig. 5.5 (a) illustrates the utility of the portfolio wealth from
January 1876 until December 2012 for the optimal portfolio with 7 € [1,60] and the
passive holding portfolio. For better visibility, we also plot the utility of terminal wealth
in Fig. 5.5 (b). Both of them show that the optimal strategies outperform the market
index at the end of investment period for 7 € [1, 20].

Moskowitz et al. (2012) document the momentum strategy based on 12-month horizon
performs the best. So we examine the performance for 7 = 12 closely. Fig. 5.6 illustrates
the time series of the optimal portfolio and the utility of wealth from January 1876 until
December 2012 for 7 = 12. We also plot the corresponding index level and simple return
of the total return index of S&P 500 in Fig. 5.6 (a) and (b) over the same time period. It
shows that the index return and 7 are positively correlated, with a correlation of 0.3346.
However, the correlations become 0.3498 and 0.1349 for 7 = 11 and 7 = 27, at which
the terminal utility has its maximum and minimum respectively as illustrated in Fig.
5.5. From Fig. 5.6 (d), it seems that the profits are mainly contributed by the Great
Depression in 1930s. Moskowitz et al. (2012) also find that the time series momentum
strategy delivers its highest profits during the most extreme market episodes. We also
study the performance using the data from January 1940 to December 2012 to avoid the
Great Depression periods. Based on the new estimation (not reported here), we find that
the optimal strategies still outperform the market and the performances of the strategies
for the recent time period become even better for all time horizons. This indicates that
the optimal strategy can outperform the market independent of market condition.

To provide further evidence, we conduct a Monte Carlo analysis. For 7 = 12, with the
corresponding estimated parameters in Fig. 5.1, we simulate the model (5.10). Fig. 5.7

(a) illustrates the average portfolio utility based on 1,000 simulations, together with 95%
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Figure 5.7: (a) average utility and (b) one sided ¢-test statistics based on 1000 simulations for 7 = 12.

confidence levels. It shows that first, the average performance of the optimal portfolio is
better than S&P 500’s. Secondly, the utility for the S&P 500 falls into the area and hence
the average performance of the optimal strategy is indifferent from the market index. We
also plot the two black dashed bounds for the 60% confidence level. It shows that, at 60%
confidence level, the optimal strategy significantly outperforms the index. Fig. 5.7 (b)
illustrates the one sided t-test statistics to test In W > In W75 The t-statistics are
above 0.84 in most of the time, which indicates a critical value at 80% confidence level

Therefore, with 80% confidence, the optimal strategy significantly outperforms the index.

Figure 5.8: Average terminal utility based on 1000 simulations for 7 € [1, 60].

For 7 € [1,60], Fig. 5.8 illustrates the average terminal utility based on 1,000 simula-
tions, which displays a different terminal performance from Fig. 5.5. In fact, the terminal
utility in Fig. 5.5 is based on only one specific trajectory (the real stock index), but
Fig. 5.8 provides average performance based on 1,000 trajectories. We can see that the

average terminal utility reaches its peak at 7 = 24, which is consistent with the result
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based on the information criteria in Fig. 5.2, especially the AIC. Therefore, we show that
the simulated average terminal utility is a better proxy characterizing the utility of the
portfolio wealth. According to this proxy, the optimal strategies outperform the market

for most of the time horizons .

Sharpe Ratio

Figure 5.9: The Sharpe ratio for the optimal portfolio with 7 € [1,60] and the passive holding portfolio
from January 1881 until December 2012.

We also use Sharpe ratio to test the performance, which is defined as the ratio of
the mean excess return on the (managed) portfolio and the standard deviation of the
portfolio return. If a strategy’s Sharpe ratio exceeds the market Sharpe ratio, the active
portfolio dominates the market portfolio (in an unconditional mean-variance sense). For
empirical applications, the (ex post) Sharpe ratio is usually estimated as the ratio of the
sample mean of the excess return on the portfolio and the sample standard deviation of
the portfolio return. The average monthly return on the total return index of the S&P 500
over the period January 1871-December 2012 is 0.42% with an estimated (unconditional)
standard deviation of 4.11%. The Sharpe ratio of the market index is 0.021.

Next, we consider the optimal strategies (5.7). The return of the optimal portfolio

wealth at time ¢ is given by
Ry = (W) =Wi)/Wiy =7 R+ (L —m_y)r. (5.12)

Fig. 5.9 illustrates the Sharpe ratio for the optimal portfolio with 7 € [1, 60] and compares
to the passive holding portfolio from January 1881 until December 2012. If we consider
the optimal portfolio as a combination of the market portfolio and a risk free asset,
then the optimal portfolio is on the capital market line and hence it should have equally
good performance as the market according to the Sharpe criterion. However Fig. 5.9
demonstrates that the optimal portfolio (blue line) outperforms the market (black line)

on average for small time horizon by taking the timing opportunity. Interestingly, the
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results are perfectly consistent with the measure of terminal utility illustrated in Fig.
5.5.4 In conclusion, we have shown that the optimal strategies outperform the market

index.

The Pure Momentum Model

We now examine the performance of the pure momentum strategy and compare with the

market index.
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Figure 5.10: The utility of terminal wealth for 7 € [1, 60].

Based on the estimated parameters in Fig. 5.3, Fig. 5.10 illustrates the utilities of all
the optimal portfolios for the pure momentum model (¢ = 1) at December 2012. It shows
that the pure momentum strategies underperforms the index with all the time horizons
from 1 to 60 months.

Fig. 5.11 illustrates the time series of the optimal portfolio and the utility of wealth
from January 1876 until December 2012 for 7 = 12 for the pure momentum model. By
comparing to Fig. 5.6 for the full model, the leverage of the pure momentum strategies is
much higher indicated by the higher level of 7;. The optimal strategies for the pure mo-
mentum model suffer from high risk and hence perform worse than the optimal strategies
for the full model. Therefore, the pure momentum strategy underperforms the market

and the optimal strategy.

4This result is different from Marquering and Verbeek (2004) who argue that Sharpe ratio performance and the utility-
based performance can be inconsistent because “Sharpe ratio does not appropriately take into account time-varying volatil-

ity.” However, if and when Sharpe ratio is a good measure is not the focus of this chapter.
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Figure 5.11: The time series of (a) the optimal portfolio and (b) the utility of wealth from January 1876
until December 2012 for 7 = 12 for the pure momentum model.

The Pure Mean Reversion Model

Similarly, we examine the performance of the pure mean reversion model and compare it
with the market index.

Based on the estimates in Table 5.1, Fig. 5.12 illustrates the time series of the optimal
portfolio and the utility of wealth from January 1876 until December 2012 for the pure
mean reversion model. The performance of the strategy is about the same as the stock

index, but worse than the optimal strategy (5.7) for the full model illustrated in Fig. 5.5.

Out of Sample Tests

In this subsection, we implement some out of sample tests to the optimal strategies by
splitting the whole data set into two sub-sample periods. We use the first sample period
to estimate the model and then apply the estimated parameters to the second part of the
data to examine the performance of the strategies.

Many studies (see, for example, Jegadeesh and Titman 2011) show that (cross-

sectional) momentum strategies perform poorly after the subprime crisis. We now fo-
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Figure 5.12: The time series of (a) the optimal portfolio and (b) the utility of wealth from January 1876
until December 2012 for the pure mean reversion model.
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Figure 5.13: The utility of wealth from January 2008 until December 2012 for the optimal portfolio with
7 € [1,60] and the passive holding portfolio with out of sample data of the last 5 years.
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cus on the performance of the optimal strategies after the subprime crisis and use the
last 5 years’ data to test the performance. Fig. 5.13 illustrates the utility of wealth for
7 € [1,60] for the out of sample tests based on the last 5 years. It clearly shows that the

optimal strategies still outperform the market for time horizons up to 2 years.
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Figure 5.14: The time series of (a) the optimal portfolio and (b) the utility of wealth from January 2008
until December 2012 for 7 = 12 with out of sample data of last 5 years.

To better understand the performance of the out of sample tests, we fix the time
horizon 7 = 12 and examine the time series of the optimal portfolio and the utility of the
portfolio wealth from January 2008 until December 2012 in Fig. 5.14. It is clear that the
optimal strategy outperforms the market over the who sub-sample period, in particular,

during the financial crisis period around 2009.

Figure 5.15: The utility of terminal wealth for 7 € [1,60] based on the out of sample period of the last
71 years.

As another out of sample test, we split the whole data set into two equal periods:
January 1871-December 1941 and January 1942-December 2012. We estimate the model
to the first sub-sample period and do the out of sample test over the second sub-sample
period. Notice the data in the two periods are quite different. The market index increases

gradually in the first period but fluctuates widely in the second period as illustrated in
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Fig. 5.6 (a). For the out of sample test, Fig. 5.15 illustrates the utility of terminal wealth
for 7 € [1,60] using sample data of the last 71 years. It becomes clear that the optimal
strategy still outperforms the market for 7 € [1, 14].
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Figure 5.16: The time series of (a) the optimal portfolio and (b) the utility of wealth from January 1942
until December 2012 for 7 = 12 for the out of sample tests with out of sample data of last 71 years.

With fixed 7 = 12, Fig. 5.16 illustrates the corresponding time series of the optimal
portfolio and the utility of the portfolio wealth by conducting the out of sample test from
January 1942 until December 2012. It shows that the utility of the optimal strategy grows
gradually and outperforms the market index. We also use the last 10 years and 20 years
data as the out of sample data and find the results are robust.

We also conduct the performance analysis based upon rolling window estimation and
report the results in Appendix D.3. The results are consistent with the main findings
above. Overall, the analyses have demonstrated the optimality of the optimal trading
strategy based on a large range of time horizons, in particular, we demonstrate the out-

performance based on 12 month time horizon.
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5.4.2 Market States, Sentiment and Volatility

In addition to the time horizon, the cross-sectional momentum literature has shown that
the momentum profitability is also sensitive to market states, investor sentiment and
market volatility. For example, Cooper et al. (2004) find that short-run (6 months)
momentum strategies make profits in the up market and lose in the down market, but
the up-market momentum profits reverse in the long-run (13-60 months). Hou et al.
(2009) find momentum strategies with short time horizon (1 year) are not profitable
in “down” market, but profitable in “up” market. Similar results of profitability are
also reported in Chordia and Shivakumar (2002) that commonly using macroeconomic
instruments related to the business cycle can generate positive returns to momentum
strategies during expansionary periods and negative returns during recessions. Baker
and Wurgler (2006, 2007) find that investment sentiment affects the cross-section stock
returns and the aggregate stock market. Wang and Xu (2012) find that market volatility
has significant power to forecast momentum profitability. For the time series momentum,
however, Moskowitz et al. (2012) find that there is no significant relationship of the time
series momentum profitability with either market volatility or investor sentiment.

We are interested in the dependence of the performance of the optimal strategy on
market states, investor sentiment and market volatility. We regress the excess return of
different strategies, including the optimal strategies for the full model, the pure momentum
model and the pure mean reversion model and the time series momentum strategy, on
different proxies for the market states, investor sentiment and market volatility. The
regression results are reported in Appendix D.4. Overall, we find that the coefficients for
all the regressions are insignificantly different from 0. In fact, the optimal strategies have
optimally taken these factors into account and hence the returns of the optimal strategies
have no significant relationship with these factors. Therefore, the optimal strategies are

immune to the market states, investor sentiment and market volatility.

5.4.3 Comparison with Moskowitz, Ooi and Pedersen (2012)

The momentum strategies in the empirical studies are based on trading signals. In this
section, we implement analysis following the empirical momentum literature, especially
Moskowitz et al. (2012). First, to verify the profitability of the time series momentum
strategy, we examine the excess return of buy-and-hold strategies when the position is
determined by the sign of the optimal portfolio strategy (5.7) with different combinations

of time horizons and holding periods (7, h).
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(r\ h) 1 3 6 9 12 24 36 48 60
1 0.1337  0.1387 0.1874* 0.1573* 0.0998 0.0222 0.0328 0.0479  0.0362
(1.28)  (1.84)  (3.29)  (2.83) (1.84) (0.42) (0.63)  (0.90)  (0.66)

3 0.0972  0.0972 0.0972 0.0972 0.0972 0.0972 0.0972 0.0972  0.0972
(0.93)  (0.93) (0.93)  (0.93) (0.93) (0.93) (0.93) (0.93)  (0.93)

6 02022 0.2173* 0.2315* 0.1462 0.0700 -0.0414 0.0199 0.0304 0.0014
(1.93)  (2.28)  (2.60) (1.75)  (0.88) (-0.58) (0.32)  (0.53)  (0.02)

9  0.3413* 0.3067* 0.2106* 0.1242 0.0333 -0.0777 -0.0095 0.0000 -0.0450
(327)  (3.12)  (2.28)  (1.45)  (0.41) (-1.16) (-0.17)  (0.00)  (-1.11)

12 01941 0.1369 0.0756 -0.0041 -0.0647 -0.0931 -0.0234 -0.0137 -0.0587
(1.85)  (1.40)  (0.80)  (-0.04) (-0.76) (-1.30) (-0.41) (-0.30) (-1.46)

24 -0.0029 -0.0513 -0.0776 -0.0591 -0.0557 -0.0271 0.0261 -0.0020 -0.0082
(-0.03)  (-0.51) (-0.79) (-0.62) (-0.61) (-0.34)  (0.40)  (-0.03)  (-0.15)

36 0.0369 00602 0.0517 0.0419 0.0416 0.0657 0.0351 0.0273  0.0406
(0.35)  (0.59)  (0.52)  (0.43)  (0.44)  (0.81)  (0.49)  (0.42)  (0.64)

48 01819 0.1307 0.1035 0.0895 0.0407 -0.0172 0.0179 0.0500  0.0595
(1.74)  (1.30)  (1.06)  (0.93)  (0.43) (-0.21) (0.24)  (0.70)  (0.86)

60  -0.0049 -0.0263 -0.0800 -0.1160 -0.1289 -0.0396 0.0424 0.0518  0.0680
(-0.05)  (-0.26) (-0.81) (-1.20) (-1.41) (-0.49)  (0.55)  (0.69)  (0.92)

Table 5.2: The average excess return (%) of the optimal strategy for different look back period 7 (different
row) and different holding period h (different column).

Based on the index, for a given look-back period 7, we take long/short positions based
on the sign of the optimal portfolio (5.7). Then for a given holding period h, we calculate
the monthly excess return of the strategy (7, h). Table 5.2 reports the average monthly
excess return (in %) of the optimal strategy by skipping one month between the portfolio
formation period and holding period to avoid the 1-month reversal in stock returns for
different look back period (in the first column) and different holding period (in the first
row). The average return is calculated using the same method as in Moskowitz et al.
(2012). To calculate the momentum component and evaluate the profitability of holding
period, we calculate the excess return of the optimal strategy over the period from January
1881 (10 years after January 1871 with 5 years for calculating the trading signals and 5
years for holding periods) to December 2012.

For comparison, Tables 5.3 reports the average return (%) for the optimal strategies
for the pure momentum model.> Notice that Tables 5.2 and 5.3 indicate that the (9, 1)
strategy performs the best.® Note that the results are inconsistent with the results in the
previous subsections using the processes of utility of wealth as a measure of performance.

This is because the optimal strategy not only explores the return signal but also takes the

5Notice the position is completely determined by the sign of the optimal strategies. Therefore, the position used in Table
5.3 is the same as that of the time series momentum strategies in Moskowitz et al. (2012).

6This is consistent with the finding in Moskowitz et al. (2012), which documents (9,1) is the best strategy for equity
market although 12-month horizon is the best for most asset classes.
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(r\ h) 1 3 6 9 12 24 36 48 60
1 -0.0144 00652 0.0714 00689 0.0568 -0.0040 0.0006 0.0010 -0.0133
(-0.14)  (0.89)  (1.34)  (1.52)  (1.37) (-0.12)  (0.02)  (0.04)  (-0.57)
3 0.1683 0.1915° 0.1460 0.1536* 0.0764 -0.0360 -0.0290 -0.0143 -0.0395
(1.61)  (2.16)  (1.91)  (220) (L.17) (-0.69) (-0.72) (-0.45) (-1.38)
6 0.2906° 0.2633* 0.2635* 0.1884* 0.1031 -0.0484 -0.0130 0.0157 -0.0281
(278)  (279)  (3.01)  (229)  (1.34) (-0.75) (-0.26)  (0.40)  (-0.77)
9  04075° 0.3779% 0.2422° 0.1538 0.0545 -0.0735 -0.0217 -0.0047 -0.0460
(3.91)  (3.78)  (2.62)  (1.76)  (0.66) (-1.05) (-0.38) (-0.10) (-1.12)
12 0.2453* 0.1660 0.0904 0.0122 -0.0748 -0.1195 -0.0602 -0.0454 -0.0798
(2.35)  (1.67)  (0.94)  (0.13) (-0.86) (-1.63) (-1.02) (-0.95) (-1.88)
24 0.0092 -0.0242 -0.0800 -0.0962 -0.0955 -0.0682 -0.0081 -0.0140 -0.0211
(0.09)  (-0.24)  (-0.81)  (-1.03) (-1.06) (-0.88) (-0.13) (-0.24)  (-0.39)
36 -0.0005 0.0194 0.0219 0.0212 0.0113 0.0030 0.0127 0.0241  0.0206
(-0.01)  (0.19)  (0.23)  (0.22)  (0.12)  (0.04) (0.18)  (0.37)  (0.33)
48 00779 0.0733 0.0231 0.0019 -0.0392 -0.0676 -0.0004 0.0435 0.0382
(0.74)  (0.73)  (0.24)  (0.02)  (-0.42) (-0.83) (-0.01)  (0.61)  (0.55)
60  -0.0568 -0.0852 -0.1403 -0.1706 -0.1986 -0.1091 -0.0043 0.0157  0.0239
(-0.54)  (-0.84) (-1.41) (-1.77) (-2.15) (-1.36) (-0.06)  (0.22)  (0.34)

Table 5.3: The average excess return (%) of the optimal strategy for different look back period 7 (different
row) and different holding period h (different column) for the pure momentum model.

volatility into account.” Therefore, we argue that the profitability pattern characterized
by the average returns (or excess returns) used by most of the empirical momentum
literature may not be reflected at portfolio wealth level. This conclusion is also confirmed
by comparing with Fig. 5.9. In fact, the Sharpe ratio in Fig. 5.9 characterizes both the
return and risk. We can see that Fig. 5.9 has a similar profitability pattern to Table 5.2,
especially the first column, but different from Fig. 5.8 for the average terminal utility of
wealth.

We also study the average Sharpe ratio for the time series momentum strategy (green
line) documented empirically for different time horizons and the strategy (momentum &
mean reversion) (red dotted line) which is similar to the time series momentum strat-
egy except that we use the sign of the optimal strategy sign(n;) as the trading signal
instead of the average excess return over a past period for the time series momentum
strategy. For comparison, we also plot the Sharpe ratio for the optimal portfolio and the
passive holding portfolio illustrated in Fig. 5.9. Fig. 5.17 shows the average Sharpe ratio
for the above four strategies with 7 € [1,60] from January 1881 until December 2012.
There are three observations from Fig. 5.17. First, the time series momentum strategy
outperforms the market for short time horizons and the momentum and mean reversion

strategy outperforms the market for both short and long time horizons. This is mainly

"In fact, Wang and Xu (2012) find that market volatility has significant power to forecast momentum profitability.
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Figure 5.17: The average Sharpe ratio for the optimal portfolio, the momentum and mean reversion
portfolio and the time series momentum portfolio with 7 € [1,60] and the passive holding portfolio from
January 1881 until December 2012.

due to the short run momentum and long run reversal effects. The second observation is
that, by taking the mean reversion effect into account, the momentum and mean rever-
sion strategy performs slightly better than the time series momentum strategy. Finally,
the optimal strategy significantly outperforms both the momentum and mean reversion
strategy and the time series momentum strategy. Notice the only difference between the
optimal strategies and the momentum and mean reversion strategy is that the former
considers the size of the portfolio position, while the latter only takes one unit position.
This implies that, in addition to price trend, volatility is another very important factor
for the timing opportunity:.

Following Eq. (5) in Moskowitz et al. (2012), we study the performance of the cumu-

lative excess return. That is, the return at time ¢ is given by

- . ..0.1424
Ri 1 = sign(n}) 5 Ry, (5.13)

St

where 0.1424 is the sample standard deviation of the total return index. Following
Moskowitz et al. (2012), the ex ante annualized variance é’%’t for the total return in-

dex is calculated as the exponentially weighted lagged squared month returns as before

65, =12) (1= 06)0"(Rim1i — Ry)*. (5.14)
=0

To ensure no look ahead bias contaminates the results, we use the volatility estimates at
time ¢ — 1 applied to time ¢ returns throughout the analysis.
Fig. 5.18 illustrates the terminal values of the log cumulative excess return of the

optimal strategy (5.7) and time series momentum strategy with 7 € [1, 60] and the passive
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Figure 5.18: Terminal log cumulative excess return of the optimal strategy (5.7) and time series momen-
tum strategy with 7 € [1,60] and passive long strategy from January 1876 until December 2012.

long strategy from January 1876 until December 2012.% It illustrates that the optimal
strategies outperform the time series momentum strategies. The time series momentum
strategies outperform the market for small time horizons. The terminal values of the log

cumulative excess return have similar patterns as the average Sharpe ratio in Fig. 5.17.
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Figure 5.19: Log cumulative excess return of the optimal strategy (5.7) and momentum strategy with
7 = 12 and passive long strategy from January 1876 until December 2012.

With a 12 month time horizon, Fig. 5.19 illustrates the log cumulative excess return
of the optimal strategy (5.7) and momentum strategy and the passive long strategy from
January 1876 until December 2012. It shows that, first, the optimal strategy has the
highest growth rate and the passive long strategy has the lowest growth rate. Secondly,
we can replicate the pattern in Fig. 3 of Moskowitz et al. (2012), which documents that
the time series momentum strategy outperforms the passive long strategy. Notice the time

series momentum strategy documented in Fig. 5.19 should have the same performance

8Notice the passive long strategy introduced in Moskowitz et al. (2012) is different from the passive holding strategy
studied in previous sections. Passive long means holding one share of the index each period, however, passive holding in
this chapter means investing $1 in the index in the first period and holding it until the last period.
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as the optimal strategy for the pure momentum model if we only consider the sign of
the average excess return over the past period in (5.13). However, we have documented
in the previous subsections that the optimal strategy for the pure momentum model
performs badly if we also take the volatility into account. Therefore, we argue that the
momentum strategies documented empirically may not work when the performance is
measure at portfolio wealth level. In fact, the profits of the diversified TSMOM portfolio
in Moskowitz et al. (2012) are mainly contributed by the bonds when scaling for the
volatility in equation (5).

To conclude this section, by comparing the results for the optimal strategies and the
time series momentum strategy in Moskowitz et al. (2012), we find that the trend is
important. To explore it, the buy/sell signal (based on 7}) is more important than
the size of the portfolio. Also, this chapter studies the S&P 500 index over 140 years
of data, while Moskowitz et al. (2012) focus on the futures and forward contracts that
include country equity indexes, currencies, commodities, and sovereign bonds. Despite a
large difference between the data investigated, we find similar patterns for the time series

momentum in the stock index and replicate their results with respect to the stock index.

5.5 Conclusion

To characterize the short-run momentum and long-run mean reversion in financial mar-
kets, we propose a continuous time model of asset price process with the drift as a weighted
average of mean reversion and moving average components to explore the momentum and
reversal effects. By applying the maximum principle for control problem of SDDE, we
derive the optimal strategies analytically. We show the optimality of the optimal strategy
comparing to pure momentum, pure mean reversion strategies, and market index. The
optimality is immune to the market states, investor sentiment and market volatility. The
profitability pattern reflected by the average return in most empirical literature may not
be reflected at portfolio wealth level.

The model proposed in this chapter is simple and stylized. The weights to the mo-
mentum and mean reversion components are constant. When market conditions change,
the weights can be different. Hence it would be interesting to model their dependence on
market conditions. This can be modelled, for example, based on the replicator dynamics
introduced in Chapter 2, or as a Markov switching process, or based on some rational
learning process. The optimization problem is solved under log utility in this chapter,

which avoids the intertemporal effect under general power utility functions which is con-
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sidered in Koijen et al. (2009). Furthermore, we can consider stochastic volatilities of the
index process. Finally, an extension to a multi-asset model to study the cross-sectional

optimal strategies would be helpful to understand the cross sectional momentum.



Chapter 6

An Evolutionary CAPM under

Heterogeneous Beliefs

6.1 Introduction

Most theoretical models on conditional CAPM are based on the representative agent
economy by assuming perfect rationality and homogeneous beliefs. However, empirical
evidence along with unconvincing justification of the assumption of unbounded ratio-
nality and investor psychology, have led to the incorporation of both heterogeneity in
beliefs and bounded rationality into asset pricing and financial market modelling, see the
surveys of the recent developments in the HAMs literature: Hommes (2006), LeBaron
(2006), Lux (2009) and Chiarella et al. (2009). However, most of the HAMs analyzed
in the literature involve a financial market with only one risky asset and are not in the
context of the CAPM. Recently, some attempts have been made to develop HAMs with
many assets.! Within a mean-variance framework, Chiarella et al. (2010, 2011) study
a multi-asset CAPM through a consensus belief. In a dynamic setting, Chiarella et al.
(2013) demonstrate the stochastic behavior of time-varying betas and show that there
can be inconsistency between ex-ante and ex-post estimates of asset betas when agents
are heterogeneous and boundedly rational.

The aim of this chapter is to extend the models described in the previous chapters with

one risky asset to an evolutionary CAPM within the framework of HAMs to examine the

LWe refer readers to Chiarella et al (2005), Westerhoff and Dieci (2006), Chen and Huang (2008) and Marsili, Raffaelli and
Ponsot (2009) for developments in multi-asset market dynamics in the literature of HAMs. In particular, Westerhoff (2004)
considers a multi-asset model with fundamentalists who concentrate on only one market and trend followers who invest in all
markets; Dieci and Westerhoff (2010, 2012) explore deterministic models to study two stock markets denominated in different
currencies, which are linked via the related foreign exchange market; Chen and Huang (2008) develop a computational multi-
asset artificial stock market to examine the relevance of risk preferences and forcasting accuracy to the survival of investors;
and Marsili et al. (2009) introduce a generic model of a multi-asset financial market to show that correlation feedback can
lead to market instability when trading volumes are high.

110
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impact of adaptive behavior of heterogeneous agents in a market with many risky assets.
This chapter is closely related to Chiarella et al. (2013), but also differs from it in several
respects. In Chiarella et al. (2013), the heterogeneous beliefs are modelled at the return
level and agents do not change their strategies. A spill-over effect of market instability
from one asset to others due to behavior change of agents is demonstrated through nu-
merical simulations. In this chapter, the heterogeneous beliefs are modelled at the price
level and agents are allowed to change their strategies based on a fitness function similar
to that used by Brock and Hommes (1997 and 1998). The advantage of this setting is
that we are able to examine the stability and spill-over effects analytically. We extend
the single-period static model in Chiarella et al. (2010) to a dynamic equilibrium asset
pricing model. As in Chiarella et al. (2013), we incorporate two types of investors, funda-
mentalists and trend followers, into the model. It is found that the instability of one asset,
characterized by large fluctuations of market prices from the fundamental prices, can spill
over to other assets when agents increasingly switch to better performing strategies. The
spill-over effect is also associated with high trading volumes and persistent volatility, char-
acterized by significantly positive and geometrically decaying autocorrelations in volume
and volatility over long time horizons. Also the correlations between trading volume and
volatility of risky assets are positive when asset payoffs are less correlated. These impli-
cations show that the evolutionary CAPM developed in this chapter can provide insight
into market characteristics related to trading volume and volatility. Also consistent with
Chiarella et al. (2013), we show that the commonly used rolling window estimates of time-
varying betas may not be consistent with the ex-ante betas implied by the equilibrium
model.

The chapter is based on Chiarella, Dieci, He and Li (2013) and organized as follows.
Section 6.2 sets up a dynamical equilibrium asset pricing model in the context of the
CAPM to incorporate heterogeneous beliefs and adaptive behavior of agents. Section
6.3 examines analytically the stability of the steady state equilibrium prices of the cor-
responding deterministic model. In Section 6.4, we conduct a numerical analysis of the
stochastic model to explore the spill-over effects, together with the relation between trad-
ing volumes and volatility, and the consistency of time-varying betas between ex-ante and

rolling window estimates. Section 6.5 concludes. All proofs are given in Appendix E.

6.2 The Model

We consider an economy with I agents, indexed by ¢ = 1,--- , I, who invest in portfolios

consisting of a riskless asset with risk free rate ry and NNV risky assets, indexed by j =
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1,---,N (with N > 1). Let p, = (p14,--- ,pns)' be the prices, d; = (i, ,dng)"
be the dividends and x; := p, + d; be the payoffs of the risky assets in period ¢ (from
t —1tot). Let z;; be the risky portfolio of agent i (in terms of the number of shares of
each risky asset), then the end-of-period portfolio wealth of agent ¢ is given by W, 41 =
z, (X1 — Ryp,) + Ry Wiy, where Ry =1+ ry.

Optimal Portfolio

Assume that agent 4 has a constant absolute risk aversion (CARA) utility u;(z) = —e %2,
where 6; is the CARA coefficient. Assuming that the wealth of agent ¢ is conditionally
normally distributed, agent i’s optimal investment portfolio is obtained by maximizing
the certainty-equivalent utility of one-period-ahead wealth?

0;

Uz’,t(VVz‘,tH) = Ez’,t(VVi,t—i-l) - Evaﬁ,t(VVz‘,tH)- (6.1)

Following Chiarella et al. (2010), the optimal portfolio of agent i at time ¢ for time period
t + 1 is then given by
zip = 0; Qi) [Eii(Xe41) — Rypy, (6.2)

where E;¢(x441) and Q;; = [Cov; (2141, Tket1) Nxn are respectively the conditional
expectation and variance-covariance matrix of agent ¢ about the end-of-period payofts of

the risky assets, evaluated at time .

Market Equilibrium

Assume that the I investors can be grouped into H agent-types, indexed by h =1,--- | H,
where the agents within the same group are homogeneous in their beliefs as well as risk
aversion. The risk aversion of agents of type h is denoted by 6,. We also denote by I},
the number of investors in group h and by n,; := I /I the market fraction of agents of
type h in period t. Let Ej, ;(X441) and Qp = [Covp¢(2)141, Tr41)| nx N be respectively the
conditional expectation and variance-covariance matrix of type-h agents at time ¢. Let
s = (s1,---,sn)" be the N-dimensional vector of average risky asset supply per agent.

3

A supply shock to the market, denoted by a vector of random processes,” is assumed to

follow &, .1 = &, + oK1, Where Ky is a standard normal i.i.d. random variable with

2 As is well known, the maximization of (6.1) is equivalent to maximizing the expected value of the above-defined CARA
utility of wealth, maxz,; , E; ¢ (ui(Wi,¢t+1)), provided that W; is conditionally normally distributed in agent i’s beliefs.

3The matrix o is not necessarily a diagonal matrix, that is, the supply noise processes of the N assets can be correlated.
The same also holds for o in the dividend processes (6.5).
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E(k;) = 0 and Cov(k;) = I. Then the market clearing condition becomes

H
> by [ Ena(xie1) — Rypy] = s + &, (6.3)

h=1
Consensus Belief

We follow the construction in Chiarella et al. (2010 and 2013) to define an aggregate or
consensus belief. Define the “average” risk aversion coefficient 6,, := (Zle nh7t9;1)’1,
which is a market population fraction weighted harmonic mean of the risk aversions of
different types of heterogeneous agents. Specifically, if all agents have the same risk
aversion coefficient ¢, = 0, then the “average” risk aversion coefficient 0,; = 6.* Then
the aggregate beliefs at time ¢ about variances/covariances and expected payoffs over the

time interval (¢,t + 1) are specified, respectively, as

H

_ -1 —10-1\"1

Qo = ea,t( § np,0) Qh,t) )
h=1

. (6.4)
Ea,t (Xt+1) = Ha,tﬂa,t Z nh,teﬁlﬂﬁéEh,t(XHl)
h=1
The dividend process d; is assumed to follow a martingale process
diy1 =d; + UCCt—i—lv (6.5)

where ¢, is a standard normal i.i.d. random variable with £(¢,) = 0 and Cov(¢;) =1,
independent of k;11. Moreover, agents are assumed to have homogeneous and correct
conditional beliefs about the dividends (the unconditional expectation of which is as-
sumed to be constant, £(d,) = d). Following Chiarella et al. (2010 and 2013), the
market equilibrium prices (6.3) can therefore be rewritten as if they were determined by

a homogeneous agent endowed with average risk aversion 6,; and the consensus beliefs
{Ea,t7 Qa,t}7 namely

1
p; = R_f[Eaﬂf(thrl) +dp — 04, 0,4(s + &) (6.6)

Note that at time ¢ the dividends d; are realized and agents formulate their beliefs about
the next period payoff x;.1 = pyi1 + diy1, based on the realized prices up to time t — 1
and the dividends d;.

4This is the case that we use for the numerical analysis in Section 6.4.
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Fitness

Following the discrete choice model (discussed for instance by Brock and Hommes (1997
and 1998)) the market fractions n,, of agents of type h are determined by their fitness
Upt—1, Where the subscript ¢ — 1 indicates that fitness depends only on past observed
prices and dividends. The fraction of agents using a strategy of type h is thus driven by
“experience” through reinforcement learning. That is, given the fitness vy ;_;, the fraction

of agents using a strategy of type h is determined by the discrete choice model,

envh,tfl

Mht =~ Zy = Z e (6.7)
t
3

where 17 > 0 is the switching intensity of choice parameter measuring how sensitive agents
are to selecting a better preforming strategy.® If n = 0, then agents are insensitive to past
performance and pick a strategy at random with equal probability. In the other extreme
case 1 — o0, all agents choose the forecast that performed best in the last period. An
increase in the intensity of choice n can therefore represent an increase in the degree of
rationality with respect to the evolutionary selection of strategies.

Given the utility maximization problem (6.1) of agents, we use a fitness measure that
generalizes the ‘risk-adjusted profit’ introduced in Hommes (2001) (see Hommes and Wa-
gener (2009) for a discussion about different choice of fitness functions and the relation

between them), namely we set
_ B
Uht = Tht — Thy — Ch, (6.8)

where C}, > 0 measures the cost of the strategy,

0
7Th,t = Z;'Lr,t—l(pt + dt — prt—l) — Ehzit—lgh,t—lzh,t—l (69)

and

5 Oair \ On (Oas1 ' Oai—1
The =\ T, ® (pe +di = Bypi1) — o o Qi1 6 ) (6.10)

Note that (6.9) can be naturally interpreted as the risk-adjusted profit of type h agent.
It represents the realized profit adjusted by the subjective risk undertaken by investor

h, which is consistent with investors’ utility-maximizing portfolio choices. Expression

aa,t—l
O,

represents a ‘benchmark’ portfolio for agents of type h at time ¢ — 1. The portfolio

(6.10) can be interpreted as the (risk-adjusted) profit on portfolio z}, ; :=

s, which

5In fact, n is inversely related to the variance of the noise in the observation of random utility.
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Ot
ét L takes
h

Zf,t—1 is proportional to the market portfolio. The proportionality coefficient
into account the fact that the shares of the market portfolio of agents are positively
correlated to their risk tolerance (1/6;). In the case that all agents have the same risk
aversion (so that 6,;-1 = 0)), they all take the market portfolio. Put differently, the
performance measure (6.8) views strategy h as a successful strategy only to the extent
that it outperforms its market benchmark in terms of risk-adjusted profitability. More
precisely, portfolio z,fft represents the portfolio that agents of type h would select at time ¢
if all agents had identical beliefs (whichever they are) about the first and second moment
of x;41. In this case agents would (possibly) differ only in terms of their risk aversion and
they would hold zj, s = z,ﬁt for all h. According to the fitness measure vy ; := 7rh7t—7rf7t—6’h,
their portfolios would thus have identical performance (apart from the costs). In other
words, the selected fitness measure vy, is not affected by mere differences in risk aversion
and accounts only of the profitability generated by the competing investment rules. Note
that, in the case of zero supply of outside shares, the market clearing equation (6.3) leads
to E,¢(x4+1)/Rs = p;. This is the case considered in Hommes (2001) for a single-risky-
asset model. The market thus behaves as if it were ‘risk-neutral’ at the aggregate level®
in this particular case and the performance measure reduces to the risk-adjusted profit

considered in Hommes (2001).

Fundamentalists

Now we propose a model with classical heterogeneous agent-types and consider two types
of agents, fundamentalists and trend followers, with h = f and h = ¢, respectively. Fol-
lowing He and Li (2007), the fundamentalists realize the existence of non-fundamental
traders, such as trend followers to be introduced in the following discussion. The funda-
mentalists believe that the stock price may be driven away from the fundamental value
in the short-run, but it will eventually converge to the expected fundamental value in the

long-run. Hence the conditional mean of the fundamental traders is assumed to follow

Ef1(Piy1) = Pio1 + o Ep(Pii1) — Pio1), (6.11)
where p; = (pi,;, - ,py,) is the vector of fundamental prices and the parameter
a = diag[ay, - -+ ,an| with a; € [0,1] represents the speed of price adjustment of the

fundamentalists toward their expected fundamental value or it reflects how confident
they are in the fundamental value. The parameter «; can be different for different risky

assets. In particular, for o; = 1, the fundamental traders are fully confident about the

60f course, risk aversion does affect decisions at the agent-type level.
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fundamental value of risky asset ;7 and adjust their expected price in the next period
instantaneously to the expected fundamental value. For o;; = 0, the fundamentalists be-
come naive traders of asset j. We also assume that the fundamentalists have constant

beliefs about the covariance matrix of the payoffs so that Q;; = Q¢ := (ojk) Nxn-

Fundamental Prices

To define the fundamental price p;, we consider a ‘standard CAPM’ with homogeneous
beliefs where all agents have correct beliefs about the fundamental prices and are fully
confident about their expected fundamental values (that is a = diag[l,--- ,1]). We also
assume that their average risk aversion coefficient is constant over time, 0, = f, and so are
their common second-moment beliefs, €4.” Correspondingly we define the fundamental

price as
p; = —(d; — 0Q0(s + &), (6.12)

which is a martingale process under the assumptions about the exogenous dividend and

market noise processes, so that

* * 1 n s
Pi1 = D) + €11, €41 = E(UCCtH — 090 K11) ~ Normal i.i.d. (6.13)

In this case, it follows from Eq. (6.6) that the equilibrium price is given by p; = p;.
Thus we can treat the benchmark CAPM case as the ‘steady state’ of the dynamics of

the heterogeneous beliefs model.

Trend Followers

Unlike the fundamental traders, trend followers are technical traders who believe the
future price change can be predicted from various patterns or trends generated from the
historical prices. They are assumed to extrapolate the latest observed price change over
a long-run sample mean price and to adjust their variance estimate accordingly. More

precisely, their conditional mean and covariance matrices are assumed to satisfy

EC,t<pt+1) =Pi_1 + ’Y(Ptq - ut—l)a Qc,t = Qo+ AV, (6-14)

where u;_; and V,;_; are sample means and covariance matrices of past market prices

Pi_1,DPy_s, "+ -, the constant vector v = diag[yi,- - ,vn] > 0 reflects the trend following

TWithout switching, the average risk aversion 0 is constant and corresponds to the harmonic mean of the risk aversion
coefficients of all agents. In our simulations, we will set § = 0, the average risk aversion coefficient at the steady state
solution of the model.
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strategy, and -, measures the extrapolation rate and high (low) values of v; correspond
to strong (weak) extrapolation by trend followers, and A measures the sensitivity of the
second-moment estimate to the sample variance. This specification of the trend followers
captures the extrapolative behavior of the trend followers, who expect price changes to
occur in the same direction as the price trend observed over a past time window. Assume

that u;_; and V,;_; are computed recursively as

w =0uw o+ (1 =9)p;_q,
Vi1 =0Vig+0(1 =8)(p,_; — w_2)(pPy_; — W—z) . (6.15)

Effectively, the sample mean vector and variance-covariance matrix are calculated based
on the all historical prices p,_;,P;_s, - - -, spreading back to —oo with geometric decaying
probability weights (1 — §){1,d,6%,---}. Therefore, as § decreases, the weights on the
latest prices increase but decay geometrically at a common rate of §. For v > 0 and large
0, momentum traders calculate the trend based on a long time horizon. In particular,
when 6 = 0, E.(p;y1) = Py and V,_; = 0, implying naive behavior by the trend
followers. However, when § = 1, w;_; = ug and V,_; = Vy, and therefore E.;(p,,;) =

pP;_1 +Y(P;_y — W), so that trend followers are momentum traders.

The Complete Dynamic Model

Based on the analysis above, the optimal demands of the fundamentalists and trend

followers are given, respectively, by
Zft = 9;190—1[1)#1 +d; + a(p; — Pi_1) — By (6.16)

and
Zey =0, ' [Qo + AV,1] 'y + di + (Pt — wm1) — Rypy. (6.17)
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Finally, the general dynamic model (6.6) reduces to the random nonlinear dynamical

System
( 0, n - )
D= [0 (b, + (b — b))
f f
e B 1
- e,t (QO + )\Vt_l) ! (ptfl + ’Y(ptfl - ut—l)) — 8 — €t:| + R_fdt,
1
p; = E(dt — 0, Q(s + &),
w = ouw_q + (1 -9)p,, (6.18)
Vt = (5th1 + 5(1 - 5)(pt - ut—l)(pt — ut,l)T,
N
PET 4 emmoan—t)
& =& 1T 0OukKy,
\ dy=di + UCCta

where

Uz Nt 1 Net~—1 , Net N\
0, = <i _’) ’ Q.= _<_’Q —=2 () AV,_ 1) ’
t 0, + 0. it 6ui \ 0 o T 0. (Q+ AViq)

ea,tfls

.
0 0,418
VAL = Uft = Ver = (Zf,t—l Ty, ) (pt +di — Bypyy — Efﬂo(zmq + ’;fl ))

Oui18\ ' 0. Oai15
- (zcvt_l - ) (pt = Rypyy — 5 (R0 + AVima) (zepmr + = )) ~Ca,

Net = 1-— Nyt OA = Cf - Oc Z 0.

In summary, we have established an adaptively heterogeneous beliefs model of asset
prices under the CAPM framework. The resulting model is characterized by a stochastic
difference system with seven variables, which is difficult to analyze directly. To understand
the interaction of the deterministic dynamics and noise processes, we first study the
dynamics of the corresponding deterministic model in Section 6.3. The stochastic model
(6.18) is then analyzed in Section 6.4.

6.3 Dynamics of the Deterministic Model

By assuming that the fundamental price and the dividend are constants p; = p*, d; =

d, and there is no supply shock &, = 0, the system (6.18) becomes the deterministic
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dynamical system®

( 0., Npp .
P = R_;Qa,t [eiftﬂo 1(pt71 +a(p” - Phl))
% _ 1 -
+ g’t (QO + >\Vt71) 1(pt_1 + ’Y(pt_l - ut,l)) — Si| + R_fd,
< (6.19)

Uy — 5ut_1 + (1 — 5)pt’

V=6V, +0(1—0)(p, — 1) (p, — 1),
-
1+ e a1 ’

Nfe =
\

The dynamical system (6.19) should not be interpreted as a deterministic approxi-
mation of stochastic system (6.18), based on some type of asymptotic convergence, but
rather just as a system obtained by setting the dividend, the supply and the fundamental
price at their unconditional mean levels. The analysis of this ‘deterministic skeleton’ is a
common practice in the heterogeneous-agent literature, and it is aimed at gaining some
initial insights into the impact of the parameters on the underlying dynamics. Although
the properties of the deterministic skeleton do not carry over to the stochastic model in
general, important connections between the dynamical structure of the stochastic model
and that of the underlying deterministic model exist and have been highlighted in recent
literature on stochastic heterogeneous-agent models (see, e.g. Chiarella et al. 2011 and
Zhu et al. 2011).

The system (6.19) has a unique steady state (p;, us, Vi, nss) = (p*,p*, 0,n}), where,
following Eq. (6.12), the fundamental steady state price, p*, is given by

1 -
p' = —(d —0:Qs) (6.20)
rs
and nj = 1/(1 + e“2). Hence, at the steady state, nf = 1 —n} and b,y = 0 =
1/(n}/9f +n’/0.). Let 0y := 6;/6.. Note that if 0y = 6. = 6, then 6,, = 6 and 6§, = 1.
For the N? + 5N + 2 dimensional system (6.19), we are able to obtain the following

proposition on the local stability of the steady state. The proof is given in the Appendix
E.2.

Proposition 6.1 For the system (6.19),

(i) if Ry > 6(1+7;) forall j € {1,---, N}, then the steady state (p*, p*, 0,n}) is locally
asymptotically stable;

8The state variables Pi, ut, Vi and ny, in Eq. (6.19) can be expressed in terms of p; 1, uz—1, Vi1, nfi—1, Ps_o,
u;_2, Vi_2 and ny;_o, which have N, N, N(N +1)/2, 1, N, N, N(N 4 1)/2 and 1 dimensions respectively. So the
dimension of the system (6.19) is N2 + 5N + 2. For instance, when N = 1, it is an 8-dimensional system.



120 6.3 Dynamics of the Deterministic Model

(it) if Ry < 6(1+7y;) forallj € {1,---, N}, then the steady state is locally asymptotically
~ Ri—0(1—a; .

stable when Ca # 0 and n < 7; = élnm forall j € {1,--- N} and

undergoes a Hopf bifurcation when n =1; for some j € {1,--- ,N}. If Ca =0, then

the steady state is locally asymptotically stable when 6yy; < o + (14 90)(% —1) for

all j;

(iii) if Ry < 6(1+ ;) for some j € J, C {1,---, N}, then the steady state is locally
asymptotically stable when n < 7, := min,e;, 7; and undergoes a Hopf bifurcation

when n =1,,.

The results in Proposition 6.1 are significant with respect to the intuitive and simple
conditions on the stability of the steady state for such a high dimensional system. First,
when the trend followers are not very active (so that v, < R;/d — 1), the steady state of
the system is stable. Second, the stability condition (ii) is equivalent to

By (5 = D(L+6") + o

5 1<'y]< QOGUCA , ]:1,’N

Hence, even when the trend followers are active (so that v; > Ry/d — 1), the system
can still be stable when the fundamentalists dominate the market at the steady state
or, equivalently, the switching intensity is sufficiently small. In short, Proposition 6.1
shows clearly that increases in C,, a; and 0. stabilize the system, while increases in C,
0, v and 0y destabilize the system. Intuitively, the fundamentalists play a stabilizing role
in the market. The activity of fundamentalists is enhanced with an increase in «; or
decreases in C} (since a decrease in Cy increases the market fraction of fundamentalists)
and 6 (since a decrease in ¢ increases fundamentalists’ long/short position when the
fundamental price moves away from the market price).

To understand how the impact of switching in a market with many risky assets is
different from a market with a single risky asset, we consider a special case where agents

invest in a market with one risk-free asset and one risky asset, say asset j. In this case,
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system (6.19) reduces to

( Jj 1 Nyt (pj,t—l + (p;‘ - pj,t—l))
Djt = R, + - 0.02
I Ry( L el 19;
! 0707 1 (07 +AVj—1)

Net (pj,t—l + ;5 (pj,t—l - Uj,t—l)) s
0c(07 + AVj4-1) gl
Wi = 0uj—1 + (1 —0)pjs,

Vie=0Viia +0(1=0)(pju — uji1)?,

B 1

1 + e~Mmat-1’

(6.21)

Tt

The dynamics of the system (6.21) can be characterized by the following proposition (the
proof is given in the Appendix E.1).

Proposition 6.2 For the system (6.21),

(i) if Ry > 6(1 + 1), then the steady state (p},p;,0,n%) of the system is always locally
asymptotically stable,

(it) if Ry < 6(1+ ), then the steady state is locally asymptotically stable when n < 7;
and Ca # 0 and undergoes a Hopf bifurcation when n = 1;. When Ca = 0, the
steady state is locally asymptotically stable if 6yry; < a; + (1 + 90)(% —1).

By comparing the local stability conditions in Propositions 6.1 and 6.2, one can see that
the stability conditions of each risky asset due to the increasing switching intensity are
independent of the parameters specific to any other asset and, surprisingly, the correlations
among risky assets have no impact on the local stability properties.” This result is due
to the peculiar properties of the Jacobian matrix and the adaptive behavior considered
(this becomes clear from the proofs in the appendices E.1 and E.2). Hence the local
stability properties of asset j in the multi-asset model are exactly the same as if asset j
was considered in isolation (that is, in the model with only risky asset j and the risk-free
asset).

Propositions 6.1 and 6.2 provide an initial insight into the mechanisms governing the
joint price dynamics of multiple risky assets, showing that locally instability plays a very
small role in the spill-over phenomena that we will discuss in what follows, but globally
the instability of one asset can spill over to the other assets due to its correlations with

other assets.

9Mathematically, this is due to the fact that the fitness measure and the variance-covariance matrices are in higher order
terms. Certainly they can affect the nonlinear dynamics, but not the dynamics of the linearized system.
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To better understand the implications of Propositions 6.1 and 6.2 and the price dy-

namics of the model, we consider an example of two risky assets and a riskless asset

with
2
0 — 01 P120102
0=
2
P120102 0y

and set'® s = (0.1,0.1)", 0; =1, 0. =1, A\ =15, C; = 4, C. = 1, p1a = 0.5, § = 0.98,
~ = diag[0.3,0.3] and @ = diag[0.4,0.5]. We choose the annual values'' of the following
parameters: ry = 0.025, o1 = 0.6, 0o = 0.4 and d = (0.08,0.05)". In this chapter, we
consider monthly time steps (i.e. K = 12).

-1 -0.5 0 0.5 1 0 2 4 6 8 10
P2 n

(a) Steady-state prices (b) Steady-state market fraction

Figure 6.1: (a) The fundamental steady state price p* = (p}, p3) as a function of the correlation pio with
1 = 1; (b) The equilibrium market fractions of fundamentalists n; as a function of the switching intensity

n.

Based on this set of parameters, the model has the following implications. First,
the equilibrium steady state fundamental price decreases when the correlation coefficient
increases and, when the fundamental strategy costs more than the trend follower strategy,
the steady state market fraction of the fundamentalists reduces as the switching intensity
increases. These results are illustrated in Figs. 6.1 (a) and (b) respectively for the two-
asset system (6.19). In fact, Eq. (6.20) determines the dependence of the steady state
fundamental price on the parameters. Fig. 6.1 (a) illustrates a negative linear relationship
between the fundamental steady state price p* = (p}, p3) and the correlation pis.

Secondly, as implied by Propositions 6.1 and 6.2, asset prices become unstable as
the switching intensity 7 increases. This is illustrated in Fig. 6.2. With the chosen
parameters, one can verify that Ry < §(1+ ;) for j = 1,2, and the bifurcation values for

10The set of parameters is fixed in all numerical analysis unless specified otherwise.

1 The annualised parameters are converted to monthly, weekly and daily parameters in the standard way, by rescaling
Ty, Qo, d, v, Cy and C. via the factor 1/K, where the frequency K is set to 12 (monthly), 50 (weekly), 250 (daily). As
shown in Chiarella et al. (2013), the parameter ¢ is converted to Kd/[1 4+ (K — 1)d] to preserve the average memory length
of the time average of past returns.
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Figure 6.2: The bifurcations of the two risky asset prices with respect to n (a) and (b), the two-asset
model (6.19); and (¢) and (d) the single risky asset model (6.21).

asset one and two are 7); ~ 2.2384 and 7, &~ 3.0485 respectively. According to Proposition
6.1, when 1 < 7y the two prices are stable; when 77 < 1 < 7, the price of asset two is still
stable, however the price of asset one becomes unstable; when 1 > 7, the prices of both
assets become unstable.'? Fig. 6.2 plots the price bifurcation diagrams with respect to the
switching intensity parameter n for both system (6.19) with two risky assets and system
(6.21) with one risky asset. For the single risky asset model, Figs. 6.2 (c¢) and (d) show
that an increase in the switching intensity n makes the steady state price unstable, leading
to the complicated price dynamics documented in Brock and Hommes (1998). With two
risky assets, Figs. 6.2 (a) and (b) show that the steady state is stable when the switching
intensity 7 is low, but becomes unstable as the switching intensity increases. The time
series of prices and the market fraction of the fundamentalist in Figs. 6.3 (a)-(c) provide
further evidence on the analysis above. At first, both assets and the market fraction are
stable and constant when n = 1.5 is small (Fig. 6.3 (a)). As 7 increases to 2.5, asset

12Note that here we use the words ‘stable’ and ‘unstable’ in a loose, yet intuitive, sense. Strictly speaking, the local
asymptotic stability of the steady state of the multi-asset model is lost when 1 = min; 7j;, as stated in Proposition 6.1.
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single-asset one model ((d)-(f)) with » = 1.5 in (a) and (d); n = 2.5 in (b) and (e); and n = 3.5 in (c)
and (f).

one and then asset two become unstable as illustrated in Fig. 6.3 (b). As 7 increases to
3.5, both asset prices become unstable (see Fig. 6.3 (c)). Also the price of risky asset
one of the two-asset model is more irregular compared to the regular fluctuations in Fig.
6.3 (f) of the one asset model. Also, as the switching intensity 7 increases, even small
fluctuations in the market fractions of agents can cause large fluctuations in asset prices.

Thirdly, the model displays a very interesting spill-over effect, which can be very dif-
ferent from portfolio effect. As we discussed earlier, the stability is a local result and the
stability conditions of the risky assets are independent among the risky assets. When
one asset becomes unstable, one would expect the spill-over of instability of the asset to
spread to the other assets due to the portfolio effect. However, this may not always be
the case, as demonstrated in Fig. 6.4. For n = 2.5, Fig. 6.4 (a) shows that the price is
unstable for asset one, but stable for asset two. Intuitively, the price fluctuations in asset
one would be caused by changing portfolio positions taken by the two types of agents for

asset one, which is confirmed by Fig. 6.4 (c). However, this intuition does not carry over



125 6.3 Dynamics of the Deterministic Model

to asset two for which the price is constant but the portfolio positions taken by agents

for the asset are also varying, as illustrated in Fig. 6.4 (d). The portfolio variations due
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Figure 6.4: The time series of (a) the prices and market fraction; (b) portfolio values of the fundamentalists

and trend followers; and portfolio positions of two types of agents in asset one (c) and asset two (d). Here
n = 2.5.

to the portfolio effect lead to the fluctuations of the portfolio values of the agents that
are illustrated in Fig. 6.4 (b). How can this happen? As a matter of fact, there are two
reasons behind this interesting phenomenon. First, the variations of the risky assets in
the portfolios are caused by the correlation between risky assets (reflected in both €2y and
V,) and the time-varying population fractions. Hence, even when the price of asset two
is constant, the portfolio positions of agents in asset two may not be constant. Secondly,
the spill-over effect is a nonlinear rather than a linear effect, meaning that the stability of
asset two in the nonlinear system is observed when the initial values are near the steady
state values; otherwise, stability may not be maintained. Fig. 6.5 shows how the insta-
bility of asset one spill over to asset two for n € (7, 72) increases from 2.24 in (a) to 2.5
in (b) and then to 3.04 in (c¢) when the initial prices are far away from the steady state

price levels. Note that asset two is locally stable for n € (7;,72). Hence the spill-over
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effect reflects the dynamics of the nonlinear system. In fact, we do observe such spill-over
effects in the bifurcation plots in Fig. 6.2. Note that the first small price jump of asset
one in Fig. 6.2 (a) after the initial bifurcation (at n = 7);) occurs at n = 7, which is the
bifurcation of the second asset in the single asset model (in Fig. 6.2 (d)). This implies
that, when asset two becomes unstable, there is a spill-over effect from asset two to asset
one characterized by the price jump of asset one near 7,. Interestingly, as the intensity
increases further, say n ~ 3.4, the fluctuations of asset one increases significantly, which

is demonstrated by the large price jump of asset one for n > 3.4.

—P‘ _p1 —P‘
130 - P 130 = =P 130 - P

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
t t

(a) n=2.24 (b) n=2.5 (¢) n=3.04

Figure 6.5: The market prices for n = 2.24 (a), 2.5 (b) and 3.04 (c) when initial values are far away from
the steady state.

In addition, numerical simulations (not reported here) show that an increase in p12 leads
to increases in the fluctuations of the prices when the system (6.19) becomes unstable.
Intuitively, as the correlation of the two risky assets increases, diversification becomes less
effective, hence assets become more risky, and consequently the fundamental equilibrium
prices decrease (in order to have a high expected return). Also, simulations show (not
reported here) that market prices become more volatile when the trend followers are less
concerned about the sample variance; that is when A becomes small, even though A does
not affect the local stability of the system (6.19). In fact, when A\ becomes small, the
demand of the trend followers increases so that they become more active in the market,
leading to a more volatile market.

In summary, we have shown that the rational behavior of agents in switching to better
performing strategies can lead to market instability and a non-linear spill-over of price
fluctuations from one asset to other assets. The nonlinear dynamics due to the spill-over
effect can lead to high trading volume and high volatility. This becomes clearer in the

discussion of the stochastic model in the next section.
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6.4 Price Behavior of the Stochastic Model

In this section, through numerical simulations, we first focus on the spill-over effect by
examining the interaction between the dynamics of the deterministic model and the noise
processes and explore the potential power of the model to explain price deviations from
the fundamental prices and also high volatility. We then provide an evolutionary capital
asset pricing model (ECAPM) and compare the ex-ante betas with the rolling window
estimates of the betas used in the literature. Finally we study the relationship between
the price volatility and trading volumes. We choose o, = diag[0.001,0.001] and o =
diag[0.002,0.002], representing 0.1% and 0.2% standard deviations of the noisy supply

and dividend processes respectively in this section.
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Figure 6.6: The time series of the fundamental price (the dotted line) and the market prices (the solid
line) of the two-asset model with (a) n = 1.5 and (b) n = 3.5, and the corresponding market fractions of
the fundamentalists in (c¢) and (d).
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6.4.1 The Spill-over Effect

First, we examine the spill-over effect by exploring the joint impact of the switching
intensity 1 and the two noise processes on the market price dynamics. To examine the
impact of stability of the deterministic model on the price dynamics, in particular, the
time-varying betas, for the stochastic model, with the same random draws of the dividend
and supply noise processes, Fig. 6.6 plots the fundamental price (the blue and green
dotted lines) and the market prices (the red and black solid lines) in (a) and (b) and
the corresponding market fractions of the fundamentalists of the two-asset model for two
different switching intensities 7. For n = 1.5, Figs. 6.6 (a) and (c) demonstrate that the
market price follows the fundamental price closely with about 40% of the fundamentalists.
This is underlined by the stable fundamental steady state of the deterministic model (6.19)
illustrated in Fig. 6.3 (a). For n = 3.5, Figs. 6.6 (b) and (d) indicate that the market
price fluctuates around the fundamental price in a cyclical fashion with about 29% of

the fundamentalists, which is underlined by the bifurcation of periodic oscillations of the
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corresponding deterministic model (see Fig. 6.3 (c¢)). Corresponding to Fig. 6.4 for the
deterministic model, Fig. 6.7 plots the time series of the prices in (a), the market fraction
of the fundamentalists in (b), the portfolio values of the two agents in (c), the portfolio
positions in asset one (d) and asset two (e) of the stochastic model. The large fluctuations
of the stochastic model, in particular in the portfolio values and the portfolio positions,
compared to the deterministic model reflect the impact of the nonlinear interaction of the

spill-over effects and the noise processes.

6.4.2 Time-varying Betas
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Figure 6.8: Time series of (a) the market prices; (b) the returns; (c¢) the proportions of the total market
wealth invested in risky assets; (d) the ex-ante betas of the risky assets; and the estimates of the betas
using rolling windows of (e) 100 and (f) 300 with n = 1.5.

Next, we examine the stochastic nature of the time-varying beta coefficients of the evo-
lutionary CAPM. The value of the market portfolio s at time ¢ in the market equilibrium

is given by W,,; = ptT s and the payoft is W, ;41 = xtT +15. Hence, under the consensus
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belief

Ea,t(Wm,t+1) = Ea,t(xt+1>Tsa Vara,t(Wm,t+1) = STQa,tS- (622)

Define the returns of risky asset j and the market portfolio m, respectively, by

Tjt+1 Win t41
Tl = = -1, T, | = —= 1, 6.93
G+ Die t+ Wit ( )
from which
Ea €X; Ea Wm
Eaalrise) = M -1 Eop(rme+1) = M — 1.
pj’t Wm,t

Following Chiarella, Dieci and He (2011), we obtain the standard CAPM-like return
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Figure 6.9: Time series of (a) the market prices; (b) the returns; (c) the proportions of the total market
wealth invested in risky assets; (d) the ex-ante betas of the risky assets; and the estimates of the betas
using rolling windows of (e) 100 and (f) 300 with n = 3.5.

relation

Eai(rig1) =15l = By [Eat(Tmer1) — 7yl (6.24)
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where

Covg it (Tmta1, 75
Bas = (Bre, - Bna) T Bt = £ ti1, Toe1) (6.25)

Vara(rm,t+1)
are the beta coefficients in market equilibrium. Notice that the betas in Eq. (6.25) are ex-
ante in the sense that they reflect the market equilibrium condition under the consensus
belief E,; and Q,;. In addition, Eq. (6.23) also implies 7,11 = w/rs 1, leading to
thBa’t = 1, where w; = P;s/(p, s) with P, = diag[p,--- ,pn.] are the proportions of
the total wealth (ex dividend) in the economy invested in the risky assets at time ¢.

To examine the time-varying betas of the stochastic model, we choose two switching
intensities 7 = 1.5 and 3.5 as before. The time series of the market prices, fractions of
the fundamentalists, the proportions of the market portfolio invested in the two risky
assets, the ex-ante betas of the risky assets, and the estimates of the betas using rolling
windows of 100 and 300 are illustrated in Fig. 6.8 for n = 1.5 and in Fig. 6.9 for n = 3.5.
For n = 1.5, the fundamental price of the deterministic model is stable, the variation
of the beta coefficients in Fig. 6.8 (d) is large but less significant compared to the beta
coefficients in Fig. 6.9 (d) for n = 3.5 (where the fundamental price of the deterministic
model is unstable). Both the pattern and the level of the beta coefficients for n = 1.5 are
very different from those for n = 3.5. More importantly, both Figs. 6.8 and 6.9 show that
the rolling estimates of the betas do not necessarily reflect the nature of the ex-ante betas
implied by the CAPM, which is consistent with the results in Chiarella et al. (2013).
Interestingly, the estimated betas for window of 100 are more volatile compared to the
ex-ante betas. However, an increase in the rolling window from 100 to 300 in (e) and (f)
of Figs. 6.8 and 6.9 smooths the variations of the beta estimates significantly, leading to

a similar pattern to the ex-ante betas.

6.4.3 Trading Volume and Volatility

Finally, we examine the dynamic relation between price volatility and trading volume.
As in Banerjee and Kremer (2010), the price volatility is measured by the price difference

|pjt — pji—1| and the trading volume at time ¢ is defined by

X; = min{”f,t—l; nf,t}|zf,t — Zf,tfl‘ + min{nc,t—la nc,t}‘zc,t - ZC,tfll

+npy — nf,tfl‘Xta (6.26)
where
X . ‘Zf,t - Zc,t71|7 Nyt > nrt—1,
;=

|Zc,t — Zf,t—1|7 Npe < Nfy1.
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Figure 6.10: The time series of market prices and fundamental price of asset one (a) and asset two (b);
the portfolio positions in asset one (c¢) and asset two (d); the price volatility and trading volume of asset
one (e) and asset two (f). Here p12 = 0.5 and n = 1.5.
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Figure 6.11: The time series of market prices and fundamental price of asset one (a) and asset two (b);
the portfolio positions in asset one (c¢) and asset two (d); the price volatility and trading volume of asset
one (e) and asset two (f). Here p1o = —0.9 and n = 1.5.
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Due to the switching mechanism, the total trading volume X; in (6.26) can be decomposed
into three components. The first and second components correspond to the trading volume
of the agents who use, respectively, the fundamental and trend following trading strategies
at both time ¢ —1 and ¢. The third component corresponds to the trading volume of those
agents who change their strategies from ¢ — 1 to ¢. In particular, when ng; > ngiq, a
fraction of nyy —nys,—1 agents change their strategies from the trend following strategy at
time ¢ —1 (with a demand of z.;_;) to the fundamental strategy at time ¢ (with a demand
of zs4).

To explore the dynamics of the volatility and trading volume, we set n = 1.5 and choose
two values of p;o = 0.5 and —0.9 to examine the impact of the correlation. The time series
of prices, demands, price volatility and trading volumes are illustrated in Fig. 6.10 with
p12 = 0.5 and Fig. 6.11 with p;o = —0.9 for a typical simulation. With the same random
seeds, Figs. 6.10 and 6.11 illustrate the significant impact of the portfolio effect due to the
different choices of the correlation coefficient p1; = 0.5 and —0.9. Figs. 6.10 and 6.11 (a)
and (b) show that the market prices can deviate from the fundamental prices from time to
time, though they follow each other in the long-run. Figs. 6.10 and 6.11 (c) and (d) show
that the fundamentalists and trend followers take opposite positions in risky assets in
general, as expected in market equilibrium with two types of agents trading against each
other. Figs. 6.10 and 6.11 (e) and (f) indicate that both volatility and trading volume are
persistent, which is further verified by the autocorrelations (ACs) of the price volatility
and trading volume of risky asset one in Figs. 6.12 (a) and (b) respectively. The results
are based on 100 numerical simulations with the same parameters but different random
processes. They demonstrate that the ACs for both the volatility and trading volume are
highly significant and decaying over long lags.

Intuitively, the correlation should play an important role in the relation between volatil-
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ity and trading volume. With the two different values of p;5 = 0.5 and —0.9, Figs. 6.10
and 6.11 (e) and (f) depict the relationship between the price volatility and the trading
volume of the two-asset model. The observation is summarized statistically by the plot
in Fig. 6.13 of the relation between the correlation coefficient p;5 and the average cor-
relation between price volatility and trading volume of the two assets (asset one in (a)
and asset two in (b)) and correlation in volatility (c) and trading volumes among the two
assets based on 100 simulations. We observe that the correlation between the volatility
and trading volume is positive (negative) when assets are less (more) correlated, but the
correlations in both volatilities and trading volumes of the two assets are high when both
assets are highly correlated. The result is very intuitive; when the payoffs are less corre-
lated in agents’ beliefs, both price volatility and trading volume of the two assets are also
less correlated. In summary, the persistence in price volatility and trading volume and
the autocorrelation patterns in volatility and trading volume illustrated by the model are

closely related to the characteristics of financial markets.
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Figure 6.13: The correlation between trading volumes and volatilities for asset one (a) and asset two (b)
and the correlations of price volatilities (¢) and trading volumes (d) of the two risky assets. The results
are based on 100 simulations with n = 1.5.
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6.5 Conclusion

This chapter extends the single-period equilibrium CAPM of Chiarella et al. (2010) to a
dynamic equilibrium evolutionary CAPM to incorporate adaptive switching behavior of
heterogeneous agents. By analyzing the stability of the underlying deterministic model,
we show that the evolutionary CAPM is capable of characterizing spill-over effects, per-
sistence in price volatility and trading volume, and realistic correlations between price
volatility and trading volume. Also, the stochastic nature of time-varying betas implied
by the equilibrium model may not be consistent with the rolling window estimate of be-
tas used in the empirical literature. The model provides further explanatory power of the
recently developed HAMs.

In this chapter, the numerical analysis is focused on the case of two risky assets, though
the stability analysis is conducted for any number of risky assets. It would be interesting
to see how an increase in the number of risky assets could have different effects. We expect
the main results obtained in this chapter to hold. The statistical analysis is mainly based
on some Monte Carlo simulations and a systematical study of the empirical relevance
using econometric methods would be interesting. We leave these issues to the future

research.



Chapter 7

Conclusion and Future Research

The representative agent paradigm with homogeneous expectation has been the dominant
framework for the development of theories in portfolio analysis, equilibrium asset pricing
and no arbitrage pricing. However, despite its simplicity and analytical tractability, the
assumption of homogeneous expectation is unrealistic. Empirical evidence, unconvincing
justification of the assumption of unbounded rationality and investor psychology have
led to the incorporation of heterogeneity in beliefs and bounded rationality into financial
modelling. When agents’ expectations are formulated based on historical information,
the economic systems exhibit an expectation feedback mechanism and hence lagged in-
formation plays a very important role in the new paradigm. A large part of literature
also shows the predictable powers of historical returns empirically. However, the impact
of the historical information and especially the time horizons have not been well under-
stood in extant literature. This thesis contributes to the development of financial market
modelling and asset price dynamics with heterogeneous beliefs and time delays to tackle
the above two important issues. The thesis consists of three parts. Firstly, we provide a
unified approach to characterize trend chasing, adaptive switching and herding behavior
in a continuous-time HAMs framework and extensively investigate the impacts of different
bounded behavior on various market behavior, the stylized facts and the long range de-
pendence in return volatility. Secondly, we extend the models in the first part to study the
mechanism of momentum profitability. We provide market conditions on the momentum
profitability, which underlies the time series and cross-sectional momentum effect well
documented in empirical literature, and further provide an optimal investment strategy
to explore the momentum and reversal effects. Thirdly, the thesis develops an evolution-
ary capital asset pricing model with heterogeneous beliefs. The main contributions of the

three parts and related future research are summarized as follows.
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7.1 Continuous-time Heterogeneous Agent Models

Most of the heterogeneous agent models developed in the literature are in discrete-time
setup. Among various issues in the literature, the impact of adaptive behavior on market
stability has been well studied, while the impact of lagged prices (used by chartists to
form their expectations) on market stability has not been well understood due to the
problem of high dimensional systems. This thesis develops a continuous-time framework
to study the joint impact of lagged prices and adaptive behavior of heterogeneous agents.
By using either the replicator dynamics in Chapter 2 or the master equations in Chapter 3
in population evolution literature, we extend the discrete-time HAMs to continuous-time
models. The delay differential equations provide a uniform approach to study the impact
of the lagged prices through a time delay parameter.

The analysis of the models provides not only some consistent results to discrete-time
HAMs, such as stabilizing effect of fundamentalists, destabilizing effect of chartists, and
rational routes to market instability, but also a double edged effect of an increase in
lagged prices on market stability. An increase in the using of lagged prices can not only
destabilize, but also stabilize the market price. More importantly, the adaptive switching
and herding behavior of agents can increase market price fluctuations. By introducing
market noise and fundamental noise and imposing a stochastic process on population
fractions, we extensively examine how market volatility can be affected by trend chasing,
adaptive switching, and herding, the most important factors as well documented and
studied in the empirical literature on market volatility. We show that, both the herding
and trend chasing based on long time horizon increase the fluctuations of market price
deviation from the fundamental price and volatility of market return. With respect to the
switching, it reduces the volatility in returns but leads to an “U”-shaped price volatility
as the switching intensity increases. Therefore herding and switching have opposite effect
on return volatility. We also show that, although the trend chasing, switching and herding
all contribute to the power-law behavior, the significant levels for the ACs increase in the
time horizon and herding, but an initial increase and then decrease when the switching
intensity increases. In addition, with the herding, the market noise plays an essential role
in generating the power-law behavior.

The results provide some further insights into different mechanism of generating bub-
bles and crashes, excess volatility, and power-law behavior in volatility. Whether a par-
ticular market is dominated by herding or switching is an empirical question which is left

for future research.
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7.2 The Momentum and Reversal Effects

Two of the most studied phenomena in financial market are the short run momentum and
long run reversal, which have become central to the market efficiency debate. However,
most behavioral models do not specify the time horizon, which plays crucial role in the
performance of momentum and contrarian strategies. Based on the models in the first
part, we propose a continuous-time heterogeneous agent model of investor behavior con-
sisting of fundamental, contrarian, and momentum strategies in Chapter 4. By examining
their impact on market stability explicitly and analyzing the profitability numerically, we
show that the profitability of time series momentum is closely related to the market states
defined by the stability of the underlying deterministic model. In particular, we show that
when the momentum traders dominate the market, the momentum strategy is profitable
when the time horizon is short and unprofitable when the time horizon is long. Other-
wise, the momentum strategy is not profitable for any time horizon. We also provide
some explanation to the profitability mechanism through autocorrelation patterns and
the classical underreaction and overreaction hypotheses.

By taking advantage of the continuous-time framework in characterizing the time hori-
zons, Chapter 5 models the drift in the standard geometric Brownian motion asset pricing
model as a weighted average of mean reversion and moving average. By applying the max-
imum principle for control problem of SDDE, we derive the optimal strategies analytically.
We show the optimality of the optimal strategy comparing to pure momentum, pure mean
reversion strategies, and market index. The optimality is immune to market states, in-
vestor sentiment and market volatility. The profitability pattern reflected by the average
return in most empirical literature may not reflect at portfolio wealth level.

Although the model proposed in Chapter 4 is very simple, it provides some insight into
the time series momentum documented in the recent empirical literature. Motivated by
the results obtained in this chapter, one can extend the market of one risky asset to the one
with many risky assets so that the profitability of portfolios constructed from momentum
and contrarian strategies can be examined. We expect that the same mechanism can be
used to explain cross-sectional momentum. In addition, it has been shown that volatility
can affect the autocorrelations in returns and hence affect profitability and even trading
volume. This could be examined by using the setup in Chapter 4. The model proposed
in Chapter 5 is simple and stylized. The weights to the momentum and mean reversion
components are constant. When market condition changes, the weights can be different.
Hence it would be interesting to model their dependence on market conditions. This

can be modelled, for example, based on a replicator dynamics introduced in Chapter



140 7.3 The Evolutionary CAPM under Heterogeneous Beliefs

2, or as a Markov switching process, or based on some rational learning process. The
optimization problem is solved under log utility in this chapter, which eliminates the
intertemporal effect under general power utility functions considered by Koijen et al.
(2009). Furthermore, we can consider stochastic volatility models for the stock index.
Finally, an extension to a multi-asset model to study the cross-sectional optimal strategies
would be helpful to understand the cross sectional momentum. We leave these for future

research.

7.3 The Evolutionary CAPM under Heterogeneous Beliefs

At last, the thesis extends the above single risky asset models to a multi-asset model of
a dynamic equilibrium evolutionary CAPM to incorporate the adaptively switching be-
havior of heterogeneous agents in Chapter 6. By analyzing the stability of the underlying
deterministic model, we show that the evolutionary CAPM is capable of characterizing
spill-over effects, persistence in price volatility and trading volume, and realistic correla-
tions between price volatility and trading volume. Also, the stochastic nature of time-
varying betas implied by the equilibrium model may not be consistent with the rolling
window estimate of betas used in the empirical literature. The model provides further
explanatory power of the recently developed HAMs.

In this chapter, the numerical analysis is focused on the case of two risky assets though
the stability analysis is conducted for any number of risky assets. It would be interesting
to see how an increase in the number of risky assets could have different effects. We expect
the main results obtained in this chapter to hold. The statistical analysis is mainly based
on some Monte Carlo simulations and a systematical study of the empirical relevance using

econometric methods would be interesting. We leave these issues for future research.



Appendix A

Proofs of Chapter 2

A.1 Market Fraction Dynamics

In this section, we show the consistence of (2.11) and (2.12).
On the one hand, notice that U;(t) is deterministic in (2.9), and hence it follows from
(2.12) that
ﬁeﬁUf(t)de(t) [PUs®) 4 eBU()] — 3eUs (1) [eﬁUf(t)de(t) + AU qauU,(t)]

dny (t) = [PUI ) 4 U] , (A1)

that is,
B ﬁeﬁUf(t)e/BUc(t) [de(t) — dU,(t)]
dns() = [eBUs () 4 eBU(D)]2 ' (A2)
By applying (2.12) again, we have (2.11).
On the other hand, it follows from (2.11) that
dny(t)
— dB[U(t) — U.(1)], A3
A = dAlUS0) = U] (A3)
that is,
ne(t) 1 _ B
d[ln e (t)] = dB[U, () — U.(2)]. (A.4)
Taking the integral of (A.4) yields
lnnf—(t) = BlUs(t) — Uc(t)] + ¢ (A.5)
1 —ng(t) ’
nf(t) _ eﬁ[Uf(t)—Uc(t)}+c7 (Aﬁ)

1 —ng(t)
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ePUs(t)

nf(t) - eﬂUf(t) + e,BUc(t)fc7 (A7>

where the constant ¢ can be determined by the initial values.

In the rest of the chapter, we use (2.12) as the dynamics of the population fraction by
choosing ¢ = 0.

Alternatively, we can also choose (2.11) instead of (2.12) to characterize the dynamics of
the population fraction. In this case, we may introduce new variables 7(t) := 7w (t) —7.(t)
and U(t) := Us(t) — U.(t). Then the new system is still 4-dimensional with the state
variables (P(t),u(t),U(t),ns(t)). Notice that (2.12) always has two constant solutions
ns(t) = 0 and ns(t) = 1, so the new system has two equilibrium lines in addition to the

fundamental steady state.



Appendix B

Proofs and Discussions of Chapter 3

B.1  Analytical Solution for the Master Equation

We solve the master equation using the approximation method introduced by Aoki (2002).
Assume the fraction of fundamentalists in a given moment is determined by its expected
mean (m), the drift, and, an additive fluctuation component s of order 1/N'/? around
this value. Thus we can write

N ! (B.1)

s
:
|

where s is a standard white noise. The asymptotically approximate solution of the master

equation is given by the system of coupled differential equations

W Lleym — [o(6) + €6,
% = [2(¢(t) + £(t)m — C(ﬂ]%(s@(s, t)) (B2)
| )+ (o) =) 5_ OGe.t)

where )(s, t) is the transition density function of the spread s at time ¢. The first equation
of (B.2) is a deterministic ordinary differential equation which displays logistic dynamics
for the trend. The second equation is a second order stochastic partial differential equa-
tion, known as the Fokker-Planck equation that drives the spread component (i.e. the

fluctuations around the trend) of the probability flow. By letting m equal to its steady

state m* = &, we have the distribution function @ for the spread s is given by
_2 : ¢€
0(s) = Ce 202 with 0% = o (B.3)
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which is a Gaussian density. Therefore, the two components of the dynamics of the
proportion of fundamentalists as represented by (B.1) are quantified. Accordingly the
evolution of the proportion of fundamentalists is given by the trend, described by (B.2),
plus a stochastic noise distributed according to (B.3). So we have (3.5). For more details,
we refer to Chiarella and Di Guilmi (2011a).

B.2 Comparison to Chapter 2 and Nonlinear Effect of Herding

To examine the effect of herding, we present the corresponding results of no-herding model
in Chapter 2. Unless specified otherwise, we choose the parameter values k = 0.05, = 1,
B =14, 6. =14, C;=0.05C.=0.03,n =051 =06, 7, =10, 7. =5, and F = 1.
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Figure B.1: (a) The bifurcation of the market prices with respect to 7 with 8 = 1; (b) The bifurcation of
market price with respect to § with 7 = 8; (c¢) The phase plot of the relationship between the fitness Uy
and the market fraction ny with 7 = 16 and 8 = 1 for the model in Chapter 2.



145 B.2 Comparison to Chapter 2 and Nonlinear Effect of Herding

051

—n

f
=+ = Normal

049

(a) Time series of P and ny (b) Phase plot of (P,ny) (c) The density of n ¢

Figure B.2: (a) The time series of the market prices P(t) (the blue solid line) and the market fraction
n¢(t) of fundamentalists (the green dash dot line); (b) the phase plot of (P(t),ns(t)); and (c) the density
distribution of the market fraction ns(t).
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Figure B.3: (a) The bifurcation diagram of the market prices with respect to 7 for model (3.8); (b) the
corresponding phase plot of (P(t),ny(t)) and (c) the density distribution of the market fraction ns(¢) of
the fundamentalists. Here v = 0.1 and 7 = 16.
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B.3 Price Volatility Comparison to Chapter 2

B.3

This appendix presents some results from Chapter 2 and price volatility of the herding

model.
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Figure B.4: The time series of the fundamental price F(t) (the blue dotted line) and the market prices
P(t) (the red solid line) with (a) 7 = 3 and (b) 7 = 16, and the distributions of the deviations of the
market prices from the fundamental prices P(t) — F'(t) with (c¢) 7 = 3 and (d) 7 = 16 for the model in
Chapter 2. Here o = 0.12 and o), = 0.15.
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Figure B.5: The time series of the fractions of the fundamentalists with (a) 7 = 3 and (b) 7 = 16 and the
corresponding distributions with (¢) 7 = 3 and (d) 7 = 16 for the model in Chapter 2. Here op = 0.12
and oy = 0.15.



Appendix C

Proofs and Model Extensions of
Chapter 4

C.1 Time Series Momentum Profit

(m\n) 1 3 6 12 24 36 48 60

1 1.64 361 161  3.000* 2001 201~ 155° 1.12
3 115 215 288 334 267 188 157 125
6 421 4.39% 54T 467 274 177 167 137
12 9.24*  T8I** 672 522 283 182 170  1.82
24 720 6.92 547 381 228  1.68 8183 268
36 398 450 280 158  0.72 093 155 297
48 176 014  -1.19 -1.94  -159 -043 130 251
60 255  -424  -48% -38  -211 007 180 2.74

Table C.1: The annualized percentage (log) excess returns of momentum strategies (4.2) for the S&P 500
with the horizon (m) and holding (n) from 1 to 60 months period. Note: *, **, *** denote the significance
at 10%, 5% and 1% levels, respectively.

C.2 Proofs and Remarks for the Deterministic Model

The characteristic equation of the system (4.11) at the fundamental steady state P = F'

is given by!

Tm AT Ve .
- Im c 1— ™) = —(1— <) =0. C.1
Ay = m et 5 (L= e) = o (L= o) (C.1)

For delay integro-differential equation, the eigenvalue analysis can be complicated.

Tt is known (see Hale 1997) that the stability is characterized by the eigenvalues of the characteristic equation of the
system at the steady state.
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Figure C.1: The ¢-Statistic of the average excess return of the momentum strategies (4.2) investing the
S&P 500 for time horizon from 1 to 60 months periods and holding equal to horizon (n = m), 1 month
(n =1) and 6 month periods (n = 6).

(m\n) 1 3 6 12 24 36 48 60
1 1.81 353 328 3207 178~ 044 017  -0.42
3 338 328 493" 456" 246%  0.33 028  -0.32
6 6.35*  6.57** 6.02** 546" 175 072  -163  -1.20
12 6.86™ 7.29"* T7.09** 4.74*  0.58 250  -2.95F -2.64**
24 522 528 394 082  -3.02  -485** -3.97* -2.46
36 132 024  -1.61 -491  -7.96*** -7.81*** -539** -3.23
48 2146 -2.69  -4.30 657 -8.66™* -T.61*"* -4.99** -3.28
60 242 580 -6.47* -6.31*  -6.97* 583 414 271

Table C.2: The annualized percentage (log) excess returns of momentum strategies (4.2) for the time
series generated from the model in market state 3 with the horizon (m) and holding (n) from 1 to 60
months period. Note: *, **, *** denote the significance at 10%, 5% and 1% levels, respectively.

Proof of Proposition 4.1

The characteristic equation (C.1) reduces to

/}/C —ATc) __
)\‘i‘%”"‘%—v(l—@A ) =0, (C.2)

which has no zero eigenvalue. The root of (C.2) has negative real part —y; when 7, — 0.
Let A = iw(w > 0) be a root of Eq. (C.2). Substituting it into Eq. (C.2) and separating

the real and imaginary parts yield

wr. — Ye(coswt, — 1) = 0, wTe(vf + Ye) — Yesinwr, = 0,

which lead to
W2 + 279 + T2 (7 +7.)? = 0, (C.3)

However equation (C.3) cannot be true for 7. > 0, hence \ # iw.
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Figure C.2: The t-Statistic of the average excess return of the momentum strategy (4.2) investing in the
model generated data in market state 3 for time horizon from 1 to 60 months periods and holding equal
to horizon (n =m), 1 month (n = 1) and 6 month periods (n = 6).

It is known that, as 7. varies, the sum of the multiplicities of roots of Eq. (C.2) in the
open right half-plane can change only if a root appears on or crosses the imaginary axis
(see Ruan and Wei 2003 and Li and Wei 2009). Therefore, all roots of Eq. (C.2) have
negative real parts for all 7. > 0. This implies the local stability of the system (4.12).

Proof of Proposition 4.2

The characteristic equation (C.1) collapses to

Nt g = Yo+ (1= e7N) =0, (C.4)
AT,
which has no zero eigenvalue. Substituting A = iw(w > 0) into Eq. (C.4) and separating

the real and imaginary parts yield
W + Ym(coswry, — 1) =0, WTin (Y — Ym) + Ym sinw, = 0. (C.5)

Let a = max{—sinz/z;x > 0}(~ 0.2172). When ~,, < v;/(1 + a), the two functions
Y1 = %x and 1, := sinx have no intersection for x > 0, hence the second equation
in (C.5) cannot hold and Eq. (C.4) has no pure imaginary root. Correspondingly, Eq.
(C.4) has no root appearing on the imaginary axis. In addition, Eq. (C.4) has only one
negative eigenvalue when 7, — 0. Therefore, all roots of Eq. (C.4) have negative real
parts for all 7,,, > 0 when 7,, < 7¢/(14a), which leads to the local stability of the system
(4.13).
Next, we consider the case of v, > v;/(1 + a). If follows from Eq. (C.5) that
2 2 2Ym
w*+ (vf — Ym)” — — =0. (C.6)

Tm
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When 7, > 7%, = =2, Eq. (C.6) has no solution, implying that A = 4w is not

(’Yf ’Y )
an eigenvalue. Hence there is no stability switching for 7,, > 7, ;. Substituting A =

R{A} +iS{ A} into Eq. (C.4) and separating the real and imaginary parts yield

RN+ S} + (77 — ) R{A} + Z—m(1 — e MM cos F{AY) = 0,
m (C.7)
ORINISIAY + (7 — 7o) SIAY + L2 RN in SN} = 0
T,

m

When 7, — oo, if there exists a root A with ®{A} > 0, then (C.7) reduces to
RAAL + AL+ (7 — 3m)R{A} =0,
2R{IAFS{A + (v = 1) 3{A} =0,

which hold only when 7,, > v;. Note that (C.8) cannot hold with R{A} = 0 since (C.4)

has no zero eigenvalue. Therefore, (C.4) has at least one root with positive real part

(C.8)

for 7, > 7 and all roots with negative real parts for ~,, < 7y when 7,,, — 00. So
the fundamental steady state of system (4.13) is asymptotically stable for v,, < ¢ and
unstable for v, > vy when 7, > 77 ;. However, if 7, < 7, |, by substituting Eq. (C.6)
into the first equation of (C.5) we have

Tm
— (v — ym) — cos [\/27me — (Y5 — )72 —1=0. (C.9)

m

Let 7, be the minimum positive root of (C.9). Then all the eigenvalues of Eq. (C.4)
have negative real parts when 0 < 7, < 77 ; and Eq. (C.4) has a pair of pure imaginary
roots when 7,, = 7% ;. In addition, it can be verified that A(7, ) := AR Tm)} |r=rz, 7 0.

dmm

So P = F undergoes a Hopf bifurcation at 7, = .l
Furthermore, the stability switching happens only once when +,, > v, and only twice
when ~;/(1 + a) < 4, < . In fact, the stability switching® at a bifurcation value 77,

dR{ A (T
)i= DL |

value 77 may result in a switching of the steady state from stable to unstable when
A(7}) > 0 and from unstable to stable when A(7) < 0. For a Hopf bifurcation value
C\2 A m Tm m
7, we have A(7}) := diii} [ ) (Z1m =y =ri (= ?) —~ - Let
<(7f —Ym+vm cos S{A} m) +(2%{)\}—7m sin%{)\}T;;L) )
* o 2’)’m—')’f

T* 5 = W (< 7). Then sign(A(7y)) > 0 for 77, < 7775 and sign(A(7},)) < 0

m, m m

depends on the sign of A(7}, _r=. An increase in 7, near the bifurcation

for 7, > 7, 5, implying that an unstable fundamental steady state cannot become stable

2For simplicity, we arbitrarily assume that the bifurcating periodic solutions are stable and can be globally extended,
which can be observed in the numerical simulations. We refer to He et al. (2009) for the computation of stability and the
proof of global existence for the periodic solutions.
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as T,, varies within (7, ,,7,,,) and a stable fundamental steady state cannot become
unstable as 7, varies within (75 ,,00). When 4, > 7y, it has been proved that P = F
is stable for 7, < 7, ; and unstable for either 7, in some right neighborhood of 7., ; or
Tm > T,,1- Hence the stability switches only once at 7.7, ;, implying that P = F is unstable
for 7, > 7. Let 7, be the largest of the roots of Eq. (C.9) that are less than 7., .
When 7;/(1 4 a) < ym < 75, P = F is stable for either 7,, < 7, or 7, > 7.5,. Due
to 7, is a Hopf bifurcation and A(7;,,) < 0, P = F is unstable for 7 in some left
neighborhood of 7, ,. Hence the stability switches only twice at 7, ; and 7, ;, implying
that P = F is unstable for Tl < Tm < T, and stable for either 7,,, <7, or 7, > 7 .

This completes the proof.

Proof of Proposition 4.3

The characteristic equation (C.1) becomes

A3y = G+ e+ T (L =) = 0. (C.10)

Substituting A = iw(w > 0) into Eq. (C.10) and separating the real and imaginary parts
yield

Wi+ (Ym — Ye)(coswT — 1) =0, 1)

wT(Vf = Ym + Ye) + (Ym — Ye) sinwt = 0.

We first consider the case of v, < 7.. In this case, the first equation of (C.11) cannot
hold, meaning that equation (C.10) has no pure imaginary root. Note that (C.10) has
no zero eigenvalue and the root of (C.10) is negative when 7 — 0. Hence all the roots of
(C.10) have negative real parts for 7 > 0, leading to the local stability of the steady state.

Second, we consider the case of 7, > 7.. In this case, if 7. < v < 7+ 7¢/(1 + @)
then the second equation of (C.11) cannot hold, implying that A # iw. However, if
Ym = Ve +v¢/(1 + @), similar discussion to the Appendix C.2, we have the local stability

for v, < ¢ + 7 and instability for v, > v + 7. when 7 > 77 := (Vi(j?ﬁ When

T < 7/, where 7/ is the minimum positive roof of the following equation > 7_7 (v — Ym +

Ye)? = €08 [\/2(m — ¥e)T — (v — Ym + 7e)?72| — 1 = 0, all the eigenvalues of Eq. (C.10)

have negative real parts. When 7 = 7/, Eq. (C.10) has a pair of purely imaginary roots.
Therefore, the stability switching happens only once when 7, > v.+7; and only twice
when v, +7¢/(1 4+ a) < ¥ < 7 + 7, and consequently completes the proof.
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Some Remarks on Proposition 4.3

These remarks provide some properties on the nature of bifurcations related to Proposition
4.3, including the number of bifurcations, stability switching and the dependence of the
bifurcation values on the parameters of the model.

First, it follows from the proof of Proposition 4.3 that all the roots of h(7) except
7 = 71 are Hopf bifurcation values. Note that h(7;) = 0. However, we know that w = 0
if and only if 7 = 7{. Hence 77 is not a bifurcation value.

Second, when v, +v¢/(1 + a) < v < Y. + 77, the number of bifurcations defined by
h(r*) = 0 is odd. Indeed, it follows from A/(r7) = =E0229231) < 0 that h(r; —0) > 0.
Note that h(0) < 0, h(7) is continuous and y = h(7) is not tangent to y = 0 when
|%—1|7é ﬁ,k:(),l,l--u ﬁ,thenh(ﬂ
has odd roots when 7 € (0,7]), that is, the number of the Hopf bifurcation that the

fundamental steady state price P = F undergoes in the interval (0,7;) must be odd.

Furthermore, the number of the Hopf bifurcation that the fundamental steady state price
P = F can undergo in the interval (0, 7}) increases when 7; + 7. — ¥, In fact, we have

e (= 0
wir) = \/22;_’7;6)7("‘?(7:?’—):::‘)75)272 S \/2(Ym — %) — (%7 — Y + 7)1 When p + 7. —

Vrm, MaX, {\/2(7m —Ye)T — (Vf — Ym + 70)272} — 00, hence the sign of '(7) can change

many times. This implies that the number of roots of hA(7) increases in this case. Despite
the facts that the number of bifurcations defined by h(7*) = 0 is odd and the number of
the Hopf bifurcation increases when 7¢+v. — 7y, Proposition 4.3 shows that the stability
switches only twice. This is verified numerically in Fig. 4.2 and Fig. C.3. In Fig. 4.2 (a),
there are three Hopf bifurcation values, while in Fig. C.3 (a), there are five bifurcation
values. However, the stability switches only twice in Fig. 4.2 (b) and Fig. C.3 (b).
Finally, the first bifurcation value 7; depends on the population fractions, the extrap-
olation rates and the speed of the price adjustment. It increases as 7y or 7, increase, or

Ym decreases, however it is always bounded away from zero and infinity. In fact, when

Y = Ve + 75/ (L+a), let © = \/2(vm — 7e)T — (V4 — Ym + 7)?72. Solving 7 then leads to

_ )2 22 : .
7(x) = (Wz:mliyc)g - \/(’Yj("y_')’m’:")}/c)zl — G502 Note that 7 = 0 implies # = 0 and x(T)

is an increasing function of 7. Hence the first bifurcation value 7;* Corresponds the mini-

(’Y _'Yc
decreases, x; increases, implying

mum positive root z; of the following function h(x \/ 1 — Qrymde)?a? 7m+7c —cosz = 0.
’ Vf— 'Ym+'7c
Ym—Yc
that 7;* increases. Therefore, when v, + v¢/(1 + a) < v, < 7. + ¢, the first bifurcation

It can be shown that § < ;7 <7 and while

value 7;" increases as either vy or 7. decrease, or 7, increases. When ~,, > ~.+y, the first
bifurcation value 7" increases as either vy or 7. increase, or 7, decreases. Furthermore,

let Zpin = {V1—ax?+cosz =0| % <z < w}(~ 2.5536). Because of % < a, we
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have %, < 7 < 7, implying 7(Zmin) < 7 < 7(7), where

Tm — Ve N \/ (’Ym B 7c)2 :E?nm

T\ Tmin) = -
() (Vf = Ym + 7e)?

(Yf = Ym +7)* (Vf — Ym + )2

Tm — Ve o \/ (%n - 70)2 o 2

(’Yf — Ym + ’70)2 (’Yf — Ym + ’7c)4 ('Yf — Ym + 70)2‘

|||||| ............ |
1 2 3 4 5 6
T

7 8

T(m) =

15 1.03+

1 1.02

05t 4 1.01F

YOI N\ Pl
A4

(a) The function h(r) (b) Price bifurcation

Figure C.3: (a) The function h(7); (b) the bifurcation diagram of the market price. Here vy = 20,
Ym = 22.8 and vy, = 5.

C.3 The General Case with Any Positive 7, and 7,

In the general case, the market stability of the system (4.11) can be characterized by the

following proposition.

Proposition C.1 The fundamental steady state price of the system (4.11) is

vr .

(i) asymptotically stable for all 7,,,7. > 0 when v < Y.+ 1

(ii) asymptotically stable for either 0 < Ty, 7o < 7/ OF Ty, Te > T when Ve + 12 <y <

(111) asymptotically stable for T, 7. < 1) when ~vm, > Y. + ¢

Proof 1 We first consider the case of v < Ve +7s/(1+a).® Suppose there exist >0

and 7" > 0 such that the fundamental steady state P = F of system (4.11) is unstable

for the delay pair (T, T.) = (Tr(nl),n(l)). Without loss of generality, assume s 70,

3 Assume arbitrarily again that the stable periodic solutions bifurcating from the Hopf bifurcation can be extended with
respect to the time horizons.
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Proposition 4.3 implies P = F is stable when (7,,,7.) = (Tél),Tc(l ) If P = F is sta-

ble when (Tm,T.) = ((1)% (1)) then let (752, 7)) = (Tr(,}),()%). Otherwise, let

(77(,12),752)) = (M 1)) So P = F is stable when (T, T,) = (Tc( ) 78 )) and unstable

when (T, Te) = (r,Sf),ﬂS )).

closed intervals [Tc”,n%l)} ») [Tc( ) 77512)] D [7e ®) 757,)] O - and lim,ﬁoo(ﬂgf) c(n)) =04

Repeating the above process, we have a sequence of nested

By the nested interval theorem, there exists a 7‘( >) € [Tc(n) 7‘7(7?)] such that ) — 70 qs
n — o0o. So P = F is unstable when (7, 7e) = (T( ), (o) ), which contradicts Proposition
4.8. Therefore, P = F is stable for all 7,7, > 0 when v, < Y.+ v¢/(1 + a).

Similarly, items (ii) and (iii) can be proved.

Simulations (not reported here) show that if momentum traders do not dominate the
market (v, < 7. + 7¢), then momentum traders always lose no matter how long time
horizons are used, and contrarians can make profits when 7,,, and 7. are large, and lose
when 7. is small and 7, is large. If momentum traders dominate the market (v, >
Ye + vf), then, for any given 7. > 0, momentum strategy is profitable when 7,, is small
and unprofitable when 7, is big; and the profitabilities for contrarians are opposite for

any given 7, > 0. These results are consistent with the analysis in Section 4.5.

C.4 Population Evolution between Momentum and Contrarian
Traders

To focus on the impact of time horizons, we consider a special case of fixed market fractions
in previous sections, which have shown that the time horizons and the joint impact of
different traders play very important roles in the stability of market price and profitability.
In this section we investigate the impact of population evolution on the market price and
profitability. The switching mechanism follows the modelling in Chapter 2.

Let gf(t), gm(t) and ¢.(t) be the market fractions of fundamentalists, momentum
traders and contrarians respectively. We first suppose there is no switching between
fundamentalists and chartists and choose constant market fraction of fundamentalists
qr(t) = ay. Assume the market fractions of the two kinds of chartists have a fixed
component and a time varying component. Let m,, and m. be the fixed proportions of
momentum and contrarian traders who stay with their strategy over time, respectively.
Then 1—a¢—m,, —m, is the proportion of chartists who may switch from one strategy to

the other: we denote them as switching or adaptively rational chartists. Among switching

4 ‘r(n)+7'é ) (n+1)
If f»—T7c s a bifurcation value, then by the definition of bifurcation, we can choose a proper value close to it as 7,

(or 7'< +1 )) such that P = F is stable when (¢, Tm) = ( c("+1>, c("+1>) and unstable when (7¢, 7 ) = ( c<"+1), T(,:”rl)).
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chartists, denote by n,,(t) and n.(t) = 1 — n,,(t) the proportions of momentum and con-
trarian traders at time ¢, respectively. Therefore, ¢, (t) = My, + (1 — ap — My, — me) (1)
and g.(t) = me+ (1 — oy — my, — me)n.(t). The net profits of the momentum and con-
trarian strategies over a short time interval [t — dt,t] can be measured respectively by
Tm(t)dt = Dy, (t)dP(t) — Cpdt and 7.(t)dt = D.(t)dP(t) — C.dt, where C,,, C. > 0 are
constant costs of the strategies per unit time To measure performance of the strategies,
we introduce a cumulated profits by U;(t) = n f e 1= 7,(s)ds, i = m,c, where n > 0
represents a decay parameter of the hlstorlcal profits. That is the performance is de-
fined by a cumulated net profit of the strategy decaying exponentially over all past time.
Consequently, dU;(t) = n[m;(t) — U(t)]dt, i = m,c. Following Hofbauer and Sigmund
(1998) (Chapter 7), the evolution dynamics of the market populations are governed by
dn;(t) = Bn;(t)[dU;(t) — dU(t)], i = m,c, where dU(t) = 1, (t)dU,,(t) + n.(t)dU,(t) is the
average performance of the two strategies and the switching intensity 3 > 0 is a constant,
measuring the intensity of choice. In particular, if 3 = 0, there is no switching between
strategies, while for § — oo all agents switch immediately to the better strategy.

To sum up, by letting U(t) = U,,,(t) — U.(t), 7(t) = mp(t) — me(t) and C = C,,, — C,, the
market price of the risky asset is determined according to the following stochastic delay

integro-differential system

dP(t) = p [Qf(t)Df(t) + g () Din(t) + (1) De(t) | dt + opd W (1),

(C.12)
dU(t) =1 [W(t) - U(t)} dt,
where
a(t) =ap,  gu(t) =my+ (1 —ay — my, — mena(t),
¢(t) =me+ (1 — ap — my, mc)(l nm(t)), N (1) = o elﬁU(t),
D(t) = By(F(t) ~ P()).  Dy(t) = tanh (B, (P(1) - % /t_ P(s)ds)),
D.(t) = tanh ( — B.(P(t) - Ti A P(s)ds)>,
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Dynamics of the Deterministic Model

The deterministic skeleton of (C.12) is given by

‘ili; = u[ar(O)Ds (1) + 4u(0) Din(t) + (1) De(0) |
i (C.13)
T =m0 -],

whose steady state is (P, U) = (F', —C), consisting of the constant fundamental price and
the strategy cost disparity.
If there is no intensity of choice, that is § = 0, then the system (C.13) reduces to

the constant population model (4.11) with the constant market population fractions of
lfaermmfmc lfaffmermc
2 ’ 2

6 > 0, at the fundamental steady state, the proportions of the switching momentum and

the three kinds of agents (o, apm, o) = (ay, ). For the case of

: 1 e % 1 e % :
contrarian traders are {3z = n,, and 7= = n; respectively, and hence the market

lfaffmmfmc *
——F5c — -—
m

fractions of momentum and contrarian traders become g¢,,(t) = m,, + e
and q.(t) = m, + H@# := a respectively. Obviously, when C' =0, n}, =n} =1
for any . This makes sense because the difference in profits is zero at the fundamental
steady state. However, if C' > 0, that is costs for momentum strategy exceed the costs for
contrarian trading rules, then there are more contrarians than momentum traders among
the switching chartists at the fundamental steady state, i.e., nt > nf . (If C' < 0, then
n < n’.) Furthermore, when C' > 0, an increase in 3 leads to a decrease in n},, the
fraction using the expensive momentum strategy. This makes economic sense. There is
no point in paying any cost at a fundamental steady state for a trading strategy that
yields no extra profit at that fundamental steady state. As intensity of choice 3 increases,
the mass on the most profitable strategy in net terms increases.

We still use v;, ¢ = f,m,c to characterize the activity of type-i agent, where v; =
posBe, Ym = pooy Bm and . = polB.. Then the characteristic equation of the system
(C.13) at the fundamental steady state (P,U) = (F',—C) is given by

(A+mn) (A + 9 = Ym e+ ;Tm(l — e ) — ;—70_(1 - e_’\TC)> = 0. (C.14)

Notice > 0 and the second multiplication factor of Eq. (C.14) shares the same form
as the characteristic equation (C.1) except for the expression of v, and ~.. So the price
dynamics of the system (C.13) can be characterized by Proposition C.1.

Simulations show that the population evolution can enlarge the period and oscillation

amplitude of the market price (not reported here). We choose ay = 0.3, m,, = 0.3,
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Figure C.4: Price bifurcation with respect to g for (a) C' < 0 and (b) C > 0.

me =02, p =10, 7 =05, 7, = 1.2, 7. = 1.2 and F = 1. When 8 = 0, we have
Ym < Ve + vr/(1 4+ a) and Proposition C.1 (i) shows that the steady state of the system
(C.13) is stable for all 7,,,, 7. > 0. However, one can verify that v, > 7. +7¢/(1+a) when
the intensity of choice [ is greater than 0.11. Proposition C.1 (ii) and (iii) demonstrate
that the steady state is unstable when 7,,, 7. € (7", 7). The results are illustrated in Fig.
C.4 (a). On the other hand, when C' > 0, an increase in the intensity of choice 3 may
stabilize the unstable market price as shown in Fig. C.4 (b). When the intensity of choice
is small (8 < 0.12), the market price is unstable. With the increase in (3, the market
price becomes stable. Therefore, the population evolution has a conditional impact on
the market stability.

Profitability

The results of profitability are similar to those for the no switching model (4.10) when the
switching intensity (8 is not too large, and hence we do not report them. In addition, we
find that the switching can enlarge the profits and losses by choosing the same parameters
(the market fraction parameters being chosen to satisfy a; = «aj, j = m,c) for the no
switching model (4.10) and switching model (C.12).

C.5 Population Evolution among Fundamentalist, Momentum
and Contrarian Traders
Let g (t) = mg+(1—ms—m,, —m.)ns(t) where my is the fixed proportion of fundamental-

ists who stay with their strategy over time and n(t) is the proportion of fundamentalists

among the switching traders. The technique of modelling population evolution among
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fundamentalist, momentum and contrarian traders in this section is the same as previous
section. Then the market price of the risky asset is determined according to the following

stochastic delay integro-differential system

dP(t) = 1 :qf(t)Df(t) + () D (t) + qc(t)Dc(t)] dt + o dWr(t),

dUL(t) = n :m (t) — Uy (t)] dt, (C.15)

dU(t) = n|ms(t) — Ug(t)] dt,
where

4r(t) =1 = qm(t) = (), gu(t) = mum + (1 =my —mpy —me)nm(t),
1

QC(t) =Mm.+ (1 — My — My — mc)”c(t>7 nm(t) = 1+ oBUL(1) T AU —Ua(?))’
N 1

ne(t) = T A0 1 AGO T

mi(t) = plar(t) Dy (t) + gum(t) Din(t) + qe(t) De(t)] [ Dy (t) — Dim(t)] — Ch,

- D
mo(t) = plar () Ds(t) + qm(t) Din(t) + qe(t) De(t)] [Dy(t) — De(t)] — Co.

The steady state of the deterministic part of the system (C.15) is (P,U;,U;) =
(F,—C},—C3) and the dynamics can be also characterized by Proposition C.1.
The profitability property is consistent with that in Appendix C.4.



Appendix D

Proofs and Discussions of Chapter 5

D.1 Properties of the Solutions to the System (5.2)-(5.3)

Let C([—,0], R) be the space of all continuous functions ¢ : [-7,0] — R. For a given
initial condition S; = ¢y, t € [—7,0] and py = 1, the following proposition shows that the
system (5.2)-(5.3) admits pathwise unique solutions such that S; > 0 almost surely for all

t > 0 whenever ¢y > 0 almost surely.

Proposition D.1 The system (5.2)-(5.3) has a pathwise unique solution (S, ) for a given
Fo-measurable initial process ¢ : Q@ — C([—7,0], R). Furthermore, if oo > 0 a.s., then
Sy >0 forallt >0 a.s..

Proof 2 Let t € [0,7]. Then the system (5.2)-(5.3) becomes
dSt = Stht, t e [O, T],
duy = ofi — py)dt + o, dZy, t €10,7], (D.1)
So=1o and o= fu.

where N; = fg [9 fs dou 4 (1 — gzﬁ),us}ds + fot 0sdZs is a semimartingale. Denote by

T Js—7 pu

[N,N]; = fg ogosds, t € [0,7], its quadratic variation. Then the system (D.1) has a

unique solution

1
St = SOOeXP{Nt - §[N)N]t}v

¢
= i+ (i — i) exp{—at} + o, exp{—at}/ exp{au}dZ,
0

fort € [0,7]. This clearly implies that S; > 0 for allt € [0, 7] almost surely, when vy > 0
a.s.. By a similar argument, it follows that Sy > 0 for allt € [1,27] a.s.. Therefore S; > 0

160
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for all t > 0 a.s., by induction. Note that the above argument also gives existence and

pathwise-uniqueness of the solution to the system (5.2)-(5.3).

D.2  Proof of Proposition 5.1

To solve the stochastic control problems, there are two approaches: the dynamic program-
ming method (HJB equation) and the maximum principle. The SDDE is not Markovian
so we cannot use the dynamic programming method. Recently, Chen and Wu (2010) in-
troduce a maximum principle for the optimal control problem of SDDESs, and this method
is further extended by Qksendal, Sulem and Zhang (2011) to consider a one dimensional
system allowing both delays of moving average type and jumps. Because the optimal
control problem of SDDEs is relative new to the field of economics and finance, we first
introduce the maximum principle in Chen and Wu (2010) briefly and refer the reader to

the original for details.

Brief Introduction to the Maximum Principle for an Optimal Control Problem
of SDDE

Consider a past-dependent state X; of a control system

{ dXt = b(t7Xt7Xt—Tavt7Ut—T)dt+ O-(t)XtaXt—Tvvtavt—T)dZta te [07T]’ (D 2)

Xt = Stv U = T, te [_Ta 0]7

where Z; is a d-dimensional Brownian motion on (2, F, P, {F;}:>0), and b : [0,T] x R™ x
R” x RF x RF — R” and o : [0,T] x R* x R® x R¥ x R¥ — R™*¢ are given functions. In
addition, v; is an F(t > 0)-measurable stochastic control with values in U, where U C R
is a nonempty convex set, 7 > 0 is a given finite time delay, £ € C[—7,0] is the initial
path of X, and 7, the initial path of v(-), is a given deterministic continuous function
from [—7,0] into U such that fET n2ds < +oo. The problem is to find the optimal control
u(-) € A, such that

J(u(-)) = sup{J(v(-)); v(-) € A}, (D.3)

where A denotes the set of all admissible controls and the associated performance function

J is given by
T
J(v() = E[/ L{t, X vr, ve-7)dt + @(Xr)|,
0
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where L : [0, T|x R*"xR*xR¥ — R and ® : R® — R are given functions. Assume (H1) the
functions b, o, L and ® are continuously differentiable with respect to (X, Xy, v, v4_r)
and their derivatives are bounded.

In order to derive the maximum principle, we introduce the following adjoint equation,

.
—dpy = {(0%) "pe + (0%) "2 + Eo[(0%_|exr) " Drar + (0% |+ ) T 21r]
+ LX(t, Xt, Ug, Ut_T)}dt — thZt, te [0, T],
pT:(I)X<XT)7 pt:0> tE(T,T—i—T],
2z =0, te [T, T+ 7]

(D.4)

0
We refer readers to the Theorem 2.2 and Theorem 2.1 in Chen and Wu (2010) for the
existence and uniqueness of the solutions of the systems (D.2) and (D.4) respectively.

Next, define a Hamiltonian function H from [0,7] x R™ x R™ x R* x RF x L2.(0,T +
7 R") x LLZ(0,T + 7;R™%) to R as follows,

H<t7Xt7thT7'Ut7Uthupta Zt) =
<b(t7 Xt7 Xt—T7 Ut, Ut—T)7pt> + <U(t7 Xt7 Xt—TJ U, Ut—T)? Zt> + L(ta Xt; (%) Ut—T)’

Assume (H2) the functions H(t,-,-, -, -, ps, z¢) and ®(-) are concave with respect to the
corresponding variables respectively for ¢ € [0,7] and given p; and z. Then we have
the following proposition on the maximum principle of the stochastic control system with
delay by summarizing the Theorem 3.1, Remark 3.4 and Theorem 3.2 in Chen and Wu
(2010).

Proposition D.2 (i) Let u(-) be an optimal control of the optimal stochastic control
problem with delay subject to (D.2) and (D.3), and X(-) be the corresponding optimal

trajectory. Then we have

max (M) + Ey[H}! |i4-],v) = (Hy +E[H}) |i4r], ), a.e., a.s.; (D.5)

vel

(ii) Suppose u(-) € A and let X(-) be the corresponding trajectory, p; and z; be the
solution of the adjoint equation (D.2). If (H1), (H2) and (D.5) hold for u(-), then
u(-) is an optimal control for the stochastic delayed optimal problem (D.2) and (D.3).

Proof of Proposition 5.1

Next, we apply the theory in Chen and Wu (2010) summarized in previous subsection to

our stochastic control problem.
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Let P, := InS, and V,, := InW,. Then the stochastic delayed optimal problem in
Section 5.2 becomes to maximize E,[®(X7)] := E,[In Wr] = E,[V7], subject to

dX, = b(u, Xy, Xo_r, m)du + o(u, Xy, 7,)dZ,, u € [t,T],
(D.6)
X, =&, Vy = N, u € t—r,t,
where
P, o
Xo=| pou |» o= o, |
V., Tu0g
2(Py— Pur) + (1= Ot — (1 = 9) 2572
b= alft = fiu)

m2ol0 oo
— TS o, [%(Pu — Py )+ 550+ (L= @)y — 1| +7
Then we have the following adjoint equation
( a* a* a* *

—dp, = {(bX )Tpu + (UX )Tzu + Eu[(bXT|u+T)Tpu+T + (UXT|u+T)TZu+T]
+ Lx ydu — z,dZ,, wuelt,T],

pPr = (I)X(XT)a Pu = 07 (S (T,T+T],
2y =0, uwe |[T,T+ 7],

where
[ 0 ¢7TZ
Pu = (Pl)3x1 20 = (2)3%2, W) = 1-¢ —a 1—9¢)m; |,

0 0 0

_% 0 _%Wz-i-f

0% lut-)" =1 0 0 0 , dx(Xp)=1 0 |, Ly =0,
0 0 0 1
(O_;r(*)'l' = (U;r(* u-‘rT)T = 02><3><3-

Since the parameters and terminal values for dp? are deterministic, we can assert z3! =
232 = 0 for u € [t, T, which leads to p? = 1 for u € [¢,T]. Then the Hamiltonian function
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H is given by

1= [0~ Py 4 (- O — (- 0) 5750+l - )
2 /
n { B WUC;SUS + 7, [%(Pu — P, )+ 052US¢+ (1 — @) — T] + T}pi

11 21
+ ! Zu + ! Zu
Is S12 g 522 )
u u

*

HI = —miosos + ?(Pu —P,;)+
T

™

so that
050s

It can be also obtained that E,[HZ |, = 0. Therefore,

O{gJSQﬁ—f—(l—gb)Mu—T}.

<H77:* + EU[H;HU-FT])W) = 7Tu[ - WZUZS‘US + %(Pu - Pu—T) + 9

Taking the derivative with respect to 7, and letting it equal zero yield

_ %(Pu_Pu—T) + JSQUS¢+ (1 _(b)PJu =T

Ty =

040s
_ ¢Mu+<1_¢)ﬂu_r
0505 '

D.3 Rolling Window Estimations

In this section we implement rolling window estimation. We first fix 7 = 12 and estimate
parameters of (5.11) at each month by using past 20 years’ data to avoid look ahead bias.
Fig. D.1 illustrates the estimated parameters. The big jump in estimated og(;) during
1930-1950 is consistent with the big volatility of market return illustrated in Fig. D.2 (b).

Fig. D.2 illustrates the time series of (a) the index level and (b) the simple return of the
total return index of S&P 500; (c¢) the optimal portfolio and (d) the utility of wealth from
December 1890 until December 2012 for 7 = 12 with 20 years rolling window estimated
parameters. The index return and 7} are positively correlated with correlation 0.0620. In
addition, we find that the profits are higher after 1930s.

Fig. D.1 also illustrates an interesting phenomenon that the estimated ¢ is very close
to zero for three periods of time, implying insignificant momentum but significant mean
reversion effect. By comparing Figs. D.1 (b) and (e), the insignificant ¢ is accompanied

by high volatility og(1). Fig. D.3 illustrates the correlations of the estimated og(;) with
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Figure D.2: The time series of (a) the index level and (b) the simple return of the total return index
of S&P 500; (c) the optimal portfolio and (d) the utility of wealth from December 1890 until December
2012 for 7 = 12 with 20 years rolling window estimated parameters.
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Figure D.3: The correlations of the estimated og(1) with (a) the estimated ¢ and the return of the optimal
strategies for (b) the full model, (¢) the pure momentum model and (d) the TSM return.
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(a) the estimated ¢ and the return of the optimal strategies for (b) the full model, (c)
the pure momentum model and the time series momentum return for 7 € [1,60]. Inter-
estingly, bigger volatility is accompanied by less significant momentum effect with small
time horizons (7 < 13). But ¢ and og() are positive correlated when the time horizon
becomes large. One possible reason is that big time horizon makes the trading signal less
sensitive to the changes in price and hence the trading signal is significant only when the
market price changes dramatically in high volatility period. Fig. D.3 (c¢) and (d) show
that the profitability of the optimal strategies for the pure momentum model and the
TSM strategies are sensitive to market volatility. The return is positively (negatively)
related to market volatility for short (long) time horizons. But Fig. D.3 (b) shows that

the optimal strategies for the full model perform well even in high volatility market.

(o] 10 20 30 40 50 60
T

Figure D.4: The fraction of ¢ significantly different from zero for 7 € [1, 60].

We also study other time horizons. We find that the estimates of og(1), ox(1) and ox(2)
are insensitive to 7 but the estimates of ¢ are sensitive to 7. Specifically, the smaller 7
is, the less significantly ¢ is different from zero. Fig. D.4 illustrates the corresponding
fraction of ¢ which is significantly different from zero. It shows that the momentums with
20-30 months horizons occur the most frequently during the period of December 1890
until December 2012.

Fig. D.5 (a) illustrates the utility of wealth from December 1890 until December 2012
for the optimal portfolio with 7 € [1,60] and the passive holding portfolio. Especially,
the utility of terminal wealth illustrated in Fig. D.5 (b) shows that the optimal strategy
works well for short horizons 7 < 20 and the terminal utility reaches its peak at 7 = 12.

Fig. D.6 illustrates the estimates of og(;) for the pure momentum model (¢ = 1) based
on the data of past 20 years and the big jump in volatility is due to the Great Depression
in 1930s.

Fig. D.7 illustrates the time series of (a) the optimal portfolio and (b) the utility of
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Figure D.5: The utility of wealth from December 1890 until December 2012 for the optimal portfolio
with 7 € [1,60] and the passive holding portfolio with 20 years rolling window estimated parameters.
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Figure D.6: Estimates of og(1) for the pure momentum model (¢ = 1) based on the data of past 20 years.

wealth from December 1890 until December 2012 for 7 = 12 for the pure momentum
model with 20 years rolling window estimated parameters. By comparing Fig. D.6 and
Fig. D.7 (b), the optimal strategy implied by the pure momentum model suffers huge
losses during the big market volatility period. But Fig D.2 illustrates that the optimal
strategy implied by the full model makes big profits during the big market volatility
period.

Fig. D.8 illustrates the estimates of (a) a; (b) ¢; (c) ii; (d) v; (e) osay; (f) ox(1) and
(g) 0x(2) for the pure mean-reversion model based on the data of past 20 years.

Fig. D.9 illustrates the time series of the optimal portfolio and the utility of wealth
from December 1890 until December 2012 for the pure mean-reversion model with 20
years rolling window estimated parameters. After eliminating the look-ahead bias, the
pure mean-reversion strategy cannot outperform the stock index anymore.

We also implement the estimations for different window sizes of 25, 30 and 50 years

and we find that the estimated parameters are insensitive to the size of rolling window
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Figure D.7: The time series of (a) the optimal portfolio and (b) the utility of wealth from December 1890
until December 2012 for 7 = 12 for the pure momentum model with 20 years rolling window estimated
parameters.
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Figure D.9: The time series of (a) the optimal portfolio and (b) the utility of wealth from December
1890 until December 2012 for the pure mean-reversion model with 20 years rolling window estimated

parameters.
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(not reported here).

D.4 Regressions on the Market States, Sentiment and Volatility

Market States

First, we follow Cooper et al. (2004) and Hou et al. (2009) and define market state using
the cumulative return of the stock index (including dividends) over the most recent 36
months.! We label a month as an up (down) market month if the market’s three-year
return is non-negative (negative). There are 1165 up months and 478 down months from
February 18762 to December 2012.

Observations (N) | Average Excess Return
Unconditional Return 1643 0.0087
(2.37)
Up Market 1165 0.0081
(4.09)
Down Market 478 0.0101
(0.87)

Table D.1: The average excess return of the optimal strategy for 7 = 12.

We compute the average return of the optimal strategy and compare the average returns
between up and down market months. Table D.1 presents the average unconditional excess
returns and the average excess returns for up and down market months. The excess return
of the optimal strategy (5.7) is significant positive in up market but insignificant in down
market.

We use the following regression model to test for the difference in returns:
Ry —r=a+cl(UP)+ B(R —r) + &, (D.7)

where Ry = (W} — W )/W | in (5.12) is the month ¢ return of the optimal strategy,
R; — 7 is the excess return of the stock index, and I;(U P) is a dummy variable that takes
the value of one if month ¢ is in an up month, and zero otherwise. The regression intercept
« measures the average return of the optimal strategy in down market months, and the
coefficient k captures the incremental average return in up market months relative to
down months. We also replace the market state dummy in (D.7) with the lagged market

return over the previous 36 months (nor reported here), and the results are robust.

IThe results are similar if we use the alternative 6, 12 or 24 month market state definition, even though they are more
sensitive to sudden changes in market sentiment.
2We escape January 1876 in which there is no return to the optimal strategy.
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Full Model | Pure Momentum | Pure Mean Reversion TSM

« 0.0094 0.0476 -0.0000 0.0060
(1.46) (1.34) (-0.01) (3.23)
K 0.0005 0.0041 -0.0005 -0.0014
(0.06) (0.10) (-0.32) (-0.63)
1] -1.0523 -6.7491 0.3587 -0.1548
(-12.48) (-14.60) (22.97) (-6.39)

Table D.2: The coefficients for the regression (D.7).

Tables D.2 reports the regression coefficients for the full model, the pure momentum

model, pure mean reversion model and the time series momentum strategy in Moskowitz

et al. (2012) for 7 = 12 respectively. xs are insignificant for all strategies.

Full Model | Pure Momentum | Pure Mean Reversion TSM

@ 0.0086 0.0423 0.0002 0.0058
(1.44) (1.32) (0.18) (3.29)

K -0.0008 -0.0034 -0.0002 -0.0017
(-0.11) (-0.09) (-0.14) (-0.81)

51 0.1994 0.7189 0.0708 0.1341
(1.90) (1.27) (3.84) (4.30)

B -2.5326 -15.5802 0.6991 -0.4964
(-22.16) (-25.31) (34.88) (-14.63)

Table D.3: The coefficients for the regression (D.8).

Now we run the following regression:

R} —r=a+ k[ (UP)+ Bi(R; — 1) [,(UP) + Ba( Ry — 1) I,(DOWN) + €,

the regression coefficients are reported in Table D.3.

Full Model | Pure Momentum | Pure Mean Reversion TSM

« 0.0083 0.0409 0.0002 0.0057
(1.22) (1.08) (0.14) (3.03)

K 0.0006 0.0037 -0.0002 -0.0012
(0.07) (0.08) (-0.14) (-0.53)

Table D.4: The coefficients for the regression (D.9).

We run the following regression:

Ry —r=a+ kl,_1(UP) + &,

(D.8)
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and Table D.4 reports the coefficients.

Full Model | Pure Momentum | Pure Mean Reversion | TSM
K 0.0005 0.0041 -0.0005 -0.0014
(0.06) (0.10) (-0.32) (-0.63)
Table D.5: The coefficients for the regression (D.10).
We also study the beta adjusted momentum returns:
Ry —r = UAPM  gCAPM(R, 1) 4 ¢, (D.10)
Ry —r — B9YPM(R, — ) = a + kI, (UP) + ¢,
and Table D.5 reports the coefficients.
Investor Sentiment
Full Model | Pure Momentum | Pure Mean Reversion | TSM
a 0.0059 0.0267 0.0005 0.0040
(1.77) (1.74) (1.49) (2.57)
b 0.0040 0.0134 -0.0003 0.0023
(1.20) (0.87) (-1.01) (1.48)

Table D.6: The coefficients for the regression (D.11).

In this subsection, we examine the relationship between the excess return of the optimal

strategies and investor sentiment by running the following regression:

Ry —r=a+ 0T, +e¢, (D.11)

where T} is the sentiment index measures used by Baker and Wurgler (2006). The data on
the Baker-Wurger sentiment index from 07/1965 to 12/2010 is obtained from the Jeffrey
Wurglers web site. Table D.6 reports the coefficients. We also examine monthly changes
of the level of sentiment by replacing T; with its monthly changes and their orthogonalized

indexes. The coefficients are also insignificant.

Market Volatility

Finally, we examine the predictability of market volatility to the profitability. First, we

run the following regression:

R —r=a+ Kbg4-1 + €&, (D.12)



176 D.4 Regressions on the Market States, Sentiment and Volatility

Full Model | Pure Momentum | Pure Mean Reversion | TSM

« 0.0089 0.0457 -0.0002 0.0047
(2.27) (2.09) (-0.24) (4.32)

K -0.0155 -0.1392 0.0151 0.0105
(-0.16) (-0.26) (0.77) (0.39)

Table D.7: The coefficients for the regression (D.12).

where the ex ante annualized volatility g, is given by (5.14). Table D.7 reports the
coefficients.

Full Model | Pure Momentum | Pure Mean Reversion TSM

« 0.0058 0.0264 0.0007 0.0045
(1.35) (1.10) (0.82) (3.78)
K1 0.1937 1.1647 -0.0469 -0.0317
(0.69) (0.75) (-0.83) (-0.41)

Ko 0.1894 1.1368 -0.0452 0.0783
(1.92) (2.07) (-2.25) (2.86)

Table D.8: The coefficients for the regression (D.13).
Second, we run the regression by following Wang and Xu (2012):
R: —r=uaq+ Iila';’t_l + /€26;t_1 + €, (Dl?))

where ¢, (6g,) is equal to Gg, if the market state is up (down) and otherwise equal to
0. Table D.8 reports the coefficients.



Appendix E

Proofs of Chapter 6

E.1  Proof of Proposition 6.2

To provide some insights into the proof of the model with many risky assets, we first start
with the case of one risky asset.

In order to prove the local stability properties of the deterministic model (6.19), we
start from the simplified one-risky-asset case (6.21). We omit the index j of the unique
risky asset for simplicity.

Note that p; depends only on p;_1, u;—1, Vi—1, and on nys;. The same holds for the state
variables u; and V;. The differential of the fitness function at time ¢, va, depends on
Di—2, Ut—2, Vi—9 and p,_; through the demand functions z¢;_; and z.;—1, on ns,; through
0411, as well as on p;, pi_1, pi—o directly. Formally, suitable changes of variables allow us
to express the dynamical system (6.21) as an 8-dimensional map, by which the state of
the system at time ¢ is expressed as a function of the state of the system at time ¢ — 1.
We set

qft ‘= Nftr1 = (1+ eXP(—UUA,t))_I, PtL = Dt-1, UtL = U1, ‘/;L = Vi1,
so that we can write the map driving dynamical system (6.21) as

Pe = F(pt—lv Ug—1, ‘/15—17 qf,t—1>7
u = 0w + (1 — 0)F(pr—1,w—1, Vic1, qra—1),

Vi=0Vi + 5(1 - 5) [F(pt—laut—la Vi, Qf,t—l) - Ut—1]27
-1
qrs = {1 + exp [—UQ(Pt—la w1, Viz1, Qf,t—hptL—lautL—la ‘/telv Qﬁt—1)]}

In particular, the function @) in the fourth equation above corresponds to va;, and has

177
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the structure

Q = VA = Cf,t—lfo,t - Cc,t—lﬁ-c,t - CA,
where, for h € {f,c},

o ea —1 ~ 5 9h ea —1
Chyit—1 1= Zht—1 — ! 5, Thpi=p+d— Rpp_1 — —0;21715_1 Zht—1+ s
(9]1 2 eh

and 0, , = o for h=f, 07, | = 0> + A\V;_5 for h = c. One can check that both G,
and 7, vanish at the fundamental steady state. It follows that all the partial derivatives
of Q) with respect to any of the state variables also vanish at the steady state, and the same
holds for the derivatives of ¢,. Also, all the partial derivatives of V; (except 0V;/0V;_1)
are zero at the steady state due to the higher-order term (p; — u;_1)* and the fact that
p = u at the steady state. By ordering the variables as p,u,V,q,p",u", V¥, qf, the

Jacobian matrix evaluated at the fundamental steady state has the left block triangular

A 0
(2 ) .

where 0 and I are the 4-dimensional null and identity matrices, respectively, and

structure

or oF oF or
op ou oV 0qy
or oF oF oF
A= (1—5)a—p 5+(1—5)a—u (1_5)W (1—5)8—%
0 0 ) 0
0 0 0 0

It follows that the characteristic equation for J is given by

X°(x = 8)(X* + mux +mg) =0,

where!

a+ 0y _57+1_6 g = § I+ o+

= Rf(l + GOG”CA) Rf Rf Rf(l + Hoe”CA)

As 0 < 6 < 1, it follows that stability depends only on the roots of the 2nd-degree
polynomial x? + m;x + mo. The latter represents the characteristic polynomial of the

two-dimensional upper-left block of matrix A (that we denote as B). A well-known

oF oF
1See later for the N-asset case with the computational details regarding . and v
D u



179 E.2 Proof of Proposition 6.1

necessary and sufficient condition for both characteristic roots of B, say x; and xa, to
have modulus smaller than one (implying that the steady state is locally asymptotically

stable in our case) is the set of inequalities,
14+mi+me >0, 1—my+me >0, mo <l (E2)

The first and second inequalities of (E.2) always hold for any n > 0. The third condition

is equivalent to

d(a+7)
o(1 - R _—. E.3
(149) = Ry < 2520 (B:3)
If Rf > 6(1 + ), then condition (E.3) always holds for any n > 0. If Ry < 6(1 + 7),
then (E.3) holds when n < 7 := ém%ﬁ;‘gﬂ. If Co = 0, then Eq. (E.3) holds

R;—6(1—a)
00[0(1+7)—Ry]
Proposition 6.2.

when > 1, which is equivalent to 6py < o+ (1 + 00)(% — 1). This proves

E.2 Proof of Proposition 6.1

Consider the general case (6.19) of N risky assets. The structure of the map is the same
as in the simplified one-risky-asset case, except that the variables p;, u;, pF, ul have
dimension N, whereas V; and VI have dimension M := N(N +1)/2 (e.g. M = 3 for the
two-asset case). Again, p = u at the steady state, and the derivatives of each component
of V; in system (6.19) with respect to any of the state variables (with the exception of
V,_1) vanish at the steady state. Turning to the derivatives of ¢s¢ := ny,41, note that

function () has the structure

~

~T . .
Q= VA = Cf7t7177f,t - Cc,tflﬂ-c,t —Ca
where, for h = f, c,

i Buis . _ 0, -
Chir = Znp-1 — —o—s, Fpe=pitd— Rypr1— - Qi | Zne1 + s,
0n 9 0,

with Q41 = Q¢ for h = f and Q1 = Q¢ + AV,_5 for h = c. Similar to the one-asset
case, both & nt—1 and 7y vanish at the fundamental steady state, and the same holds
for any of the partial derivatives of ¢;;. The Jacobian matrix of the system of dimension
N2+ 5N +2 at the fundamental steady state is thus again characterized by the structure
(E.1), where the variables are ordered as p,u, V, g, p*,u*, V¥, ¢7. In particular, in this
case, 0 and I represent the null matrix and the identity matrix of order 2N+ N (N+1)/2+1
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(e.g. dimension 8 in the case of two assets) respectively, and?

D,F D,F DyvF D, F
A_ (1 —8)D,F oI+ (1 — 6)D,F (1—6)DyF (1-6)D,,F
0 0 0T 0 ’
0 0 0 0

where Dy F denotes the partial Jacobian matrix with respect to the variable x. Again,

what matters for stability are the eigenvalues of the upper left block (of dimension 2N x

2N), given by
5 D,F D.F |
(1-06)DyF 61+ (1—6)DyF

Consider now the difference equation for the price vector

Pt = F(pt—lu w1, Vi1, Qf,t—l)-

The partial Jacobian with respect to p is given by

ea,t qft—1 ~_
DpF = R_an,t [ fo 901(1 —a)+

1 - qfit—1
0.

(R0 +AV,) I+ 7)}

where I is the N-dimensional identity matrix, a := diag(aq, as, ..., ay) and

~:=diag(y1, Y2, ..., YN ). At the steady state (where €, = €)) we obtain

* * * 92 n 1—n%
DpF(p",p",0.47) = 4 {9—;(1—04)+ 7 f(1+7)},

where

- 1 o: . Boecs
0" T Traers T T Tgees
Note that D,F(p*, p*, O,q;i) is a diagonal matrix. This implies that the fixed component
Qq of variance/covariance beliefs, in particular the correlations, has no effect on the
dynamics of the linearized system around the steady state. Similarly, one obtains for

D,F the expression
gr 1 —n}

Rf ec ’Y Y

2The null matrices in the third row of A now have dimension M x N (first and second entry) and M x 1 (fourth entry).
The identity matrix in the third entry has dimension M. The identity matrix in the second row has dimension N.

DuF(p*a p*a OaQ;k‘) - -
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which is also a diagonal matrix. Every submatrix of block B is therefore an N-dimensional

diagonal matrix. It follows that the characteristic equation of J is given by

N
(N+1)(N+4) N(N+1)
X 2 (x—9) 2 H(X2 +ma X +ma;) =0,
j=1
where in particular the characteristic equation of B is represented by the product of the
N 2nd-degree polynomials, and the coefficients m; ; and msy ; have the same structure as

those of the one-asset case, namely

Oéj+5’}/j _57j+1_
Ry(1+00e">) Ry

Lty oty
Ry Rp(1+ 6pens)

my; = 5, ma; = 0 |:
Each of the above second-order polynomials is naturally associated with one of the risky
assets. The steady state (p*, p*, O,q;‘c) is thus locally asymptotically stable if and only if,
for all j € {1,2,...,n},

1+ my ; + ma, ; > 0, 1-— my ; + ma ; > 0, ma ; < 1. (E4)

Similar to the one-asset case, the first two inequalities hold for any n > 0. The above

set of inequalities is thus satisfied for any n > 0 if Ry > 6(1 + ;). If Ry < 6(1 + ),
Ry—6(1—ay)
90[5(1+w)*;3f]

Ooy; < a; + (1 + 90)(% — 1). Since stability requires that condition (E.4) holds for all
j €{1,2,...,n}, the statement of Proposition 6.1 follows.

it is satisfied only if n < 7; := C—IA In or, in the particular case Cx = 0, if
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