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Abstract
In this paper we find closed forms for certain finite sums. In each case the de-
nominator of the summand consists of products of generalized Fibonacci numbers.
Furthermore, we express each closed form in terms of rational numbers.

1. Introduction

The Fibonacci and Lucas numbers are defined, respectively, for all integers n, by
Fn:anl +an2a F0:07 Fl :L

L,=L, 1+ Ly, 2, Lo=2, Li=1
Define, for all integers n, the sequences {U,} and {V,,} by

Un = pUn—l + Un—Za UO = Oa Ul - 17 (1)

Vio=0Vo1+ Voo, Vo =2, Vi =p, (2)

in which p is a positive integer. Then {U,} and {V,,} are integer sequences that

generalize the Fibonacci and Lucas numbers, respectively. Throughout this paper

p is taken to be a positive integer. Let A = p? 4+ 4. Then with the use of standard

difference techniques it can be shown that the closed forms (the Binet forms) for

U, and V,, are a_gn
a® —

Un - T_ﬁa

where o = (p+ \/Z) /2, and B = (p— \/Z) /2.
Next we define, for all integers n, the sequence {W,,} by

Vo :Oén"‘ﬂna (3)

Wn = an,1 + Wn72» WO =a, Wl = bv (4)
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where a > 0 and b > 0 are integers with (a,b) # (0,0). These conditions on a and
b, together with the fact that p is assumed to be a positive integer, ensure that each
of the reciprocal sums in this paper is well defined. It can be shown that
Aa™ — Bp{"™
w, =22 =2 )
where A = b —afl and B = b — aa. Associated with {W,,} is the constant ey =
AB = b% — pab — a?, which occurs in the sequel. Accordingly, er =1 and e, = —5.
An identity linking the Fibonacci and Lucas numbers is L,, = Fj,—1 + Fj,+1, and
a similar identity links the sequences {U,} and {V,,}. Motivated by this we define
a companion sequence {W,} of {W,} by W,, = W,,_1 + W,,;1. With the use of
(5) we see that
W, = Aa™ + BA". (6)
The sequences {W,} and {W,} generalize the sequences {U,} and {V,,}, respec-
tively. Furthermore U,, = V,,, and V,, = AU, so that F';, = L,,, and L,, = 5F,,.
Let k > 1, m > 0, and n > 2 be integers. In this paper (in Section 3) we give a
closed expression, in terms of rational numbers, for each of the following sums:

—1 i
S (k,m,n) = nz bl : (7)
= WeitmWi(it1)+m
n—1 ki
(=) Ug(it1)+m
Ty (k,m,n) = , 8
1 ) ; WhitmWi(i+1)+mWi(i+2)+m ®)
n—1 ki
(=) Vi(it1)4m
T5 (k,m,n) = ) 9
2 ( ) ; WeitmWh(i+1) +mWhk(i+2)+m ®)
n—1 kiYy7
(=1 Wiiit1)4m
T3 (k,m,n) = , 10
3 ) ; WhitmWi(i+1)+m Wh(i+2)+m (10
n—1
X (k,m,n ! (11)

)= ; Wit mWi(i41)+m Wi(i+2)+m Wh(i+3)+m

In Section 2 we present some background and motivation for our study. In Section
3 we present our main results, and in Section 4 we present a detailed proof of one
of our results. The method of proof that we outline can be used to prove all the
results in this paper. It is reasonable to surmise that there are sums, analogous to
(7)-(11), with longer products in their denominators, for which closed forms can be
found. In Sections 5, 6, and 7 we select some of (7)-(11) and show that this is the
case.
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2. Background and Motivation

The broad question of summation of reciprocals that involve Fibonacci or general-
ized Fibonacci numbers has a long history. In this short paper it is not our intention
to give this history. Instead, in the next few paragraphs, we give a brief commen-
tary on work that we have cited on reciprocal sums that involve the summands in
(7)-(11). After this, we indicate the motivation for the present paper.

André-Jeannin [1] considered the summand in (7) for the particular cases W,, =
U, and W,, = V,,. Taking m = 0 and k an odd integer, he expressed the infinite
sums in terms of the Lambert Series

o0 xi
= — 1.
Zl—.’]}“ |IE‘<

i=1

Inspired by the work of André-Jeannin [1], the authors in [5] considered the
analogues of U,, and V,, for the recurrence W,, = pW,,_1 — W,,_5, and obtained
analogues of André-Jeannin’s results for these sequences. The authors first obtained
two finite sums in terms of the irrational roots of 22 — px 4+ 1 = 0. They then took
the appropriate limits to obtain the corresponding infinite sums. Interestingly, these
infinite sums did not involve the Lambert Series, but were expressed in terms of the
irrational roots of 2 —pz + 1 = 0.

Filipponi [3] considered the summand in (7) for the particular cases W,, = U,
and W, = V,,. Taking m = 0 and k an even integer, he expressed the infinite sums
in terms of a and (.

André-Jeannin [2] considered the more general sequence of integers defined by
Wy, = pWy_1 — qW,_o, in which the initial values W, and W3 are integers, and p
and ¢ are integers with pg # 0. For this sequence he studied the sums

Z Wlﬂ-{-m

for integers k > 1, m > 0, and ig > 1. In the course of his analysis, André-

and , (12)
Wk(7,+10)+m ; WiitmWh(itio)+m

Jeannin expressed any finite sums in terms of one of the roots of 22 — px + g = 0.
Furthermore, in (12), he evaluated only the sum on the right in terms of rational
numbers.

In [6] we studied the infinite sums

szWk:(erm Wk(z+2m)

and - 4
=
WieiWh(itm) Wh(it2m) Wh(i+3m)

; (14)
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in which k£ > 1 and m > 1 are odd integers.
In [7] we studied the infinite sums

Z Wiz (15)
Wi Wk(z+m)Wk(z+2m)

and
1

Wi(itm) Wi(i+2m) Wi(i+3m)

o0

; e (16)
in which £ > 1 and m > 1 are integers with k even. For (13)-(16) it was only in the
case of (15) that we managed to express the infinite sum as a finite sum of rational
numbers.

Reflecting upon the results in the foregoing paragraphs, we realized that sums
(finite or infinite) involving summands that are similar to those in (7)-(11) are
not usually evaluated in terms of rational numbers. It was this realization that
prompted us to embark upon the investigation that led to the present paper. We
list two finite sums (see [8]) that we recently evaluated in terms of rational numbers.

Frn-1)

,n>1, 17
Fk(z-l—l)-l—m Fka+kan+m ( )

where k > 0 is an even integer, and m > 0 is any integer.

Frn-1)
n>1, 18
Z LkH—mLk (i+1)+m FkLk:-i-mLkn-i-m ( )

where k # 0 is an even integer, and m is any integer. In the present paper our
evaluation of Sp (k,m,n) generalizes both (17) and (18).

3. The Main Results

We now state our main results. As stated in Section 1, in (19)-(23) k > 1, m > 0,
and n > 2 are assumed to be integers. We have

ED U

Uk‘Wk-‘rmS (kvman) = Wk ’ (19)
n+m
1 (W_1Ukn-1) (—1)k+1WkUkn>
ewUosWiam Ty (k,m,n) = —— +
W2k Tkt 1( ) Uk( Wkn+m Wk(n—i—l)+m
+1ly,
YW (20)

W2k+m
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ew U WiymTo (k,m,n) =

1 (WkUk(n—l) +(_1)k+1WkUkn>

U_k Wkn+m Wk(n+1)+m
(—1)"Wy, (21)
W2k:+m ’
(-1)* (=) Wiim
UWiimTs (k,m,n) = — , 22
Wi ( ) Wak+m  WentmWi(nt1)+m (22)
()" Waggm | (D™ Uk
ViUt Wiam X (k, m, =
WIRE sk ks (k, m, m) WoktmWakim N U? Wentm
— 1)V, Upn, U,
+( ) 26Ukn Ukt > (23)
Wi(nt+1)+m Wi (n+2)+m

To illustrate, we present two examples of (23). Let k = 1 and m = 0. Then for
W, = F, (23) becomes

n—1
1 1 /F,_ F, F,

Z—=z——("1+3"+ ”“). (24)

~ FiFipFipFis 40 2\ F, Foyr o Fayo
Let k =2 and m = 0. Then for W,, = L,, (23) becomes
”i ! .t <F2<n—1> _ TP F2<n+1>>
' LoiLyGiv1)Lagita) Lagivs) 432 360 \ Lo, Lotny1y  Lamaz)

(25)

4. The Method of Proof

In this section, to illustrate our method of proof, we prove (23) in detail. We require
the following four identities, which can be proved with the use of the closed forms:

UenWentm — Uknet) Wins1)4m - = (D) TDU Wi, (26)
UscWorm — (=) U Waktm — UEW agrm (— D) U3, Wi m, (27)
WortmWaktm — Wigm Wiktm (D" ew URVe,  (28)

and

Wkn+ka(n+1)+m - ‘/2ka71+ka(71+3)+711 (29)
+ Wint2)+mWintsysm = (—=1) " ey Uy Vi Usy..
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For n > 2 denote the right side of (23) by R (k, m,n). Then
(=1)Ftm ( Ukn Uk(nl))

Fe ot 1) = femon) = Uz Wk( +1)+ _Wk +
k n m n+m

+(—1)m+1V2k ( Uk(nt1) Ukn,
Up Witn+2)+m  Wrmnt1)+m
LD < Uknt2) —_ Uk(nin
U? Witn+3)+m  Wkn+2)+m
With the use of (26) the right side becomes
(=D """ Wiy 1 Var
Uk, (Wkn+ka(n+1)+m - Wins1)+mWe(nt2)+m

1
" ).
Wk(n+2)+ka(n+3)+m
and with the use of (29) we see that (30) simplifies to

ew VeUsk Wit
WknerWk(n+1)+mWk(n+2)+ka(n+3)+m
Thus
R(k,m,n+1) — R(k,m,n)
= ew ViUsi Wiam (X (k,m,n+ 1) — X (k,m,n)).
Next,
—1)ktm U, 1 k+1U U
R(km2) = T < R G Y/ o )

U;; Waktm Wskim Wak+m
(=)W st
W2k+mW3k+m ’

Expressing the right side of (33) as a fraction with denominator
U£W2k+mW3k+mW4k+m, the numerator is
(1) Wty (UskWakym — (=1)* Uk Wik — Ui Wakym)
+ (=1 " Us Woap 1 Wk g m-
Then, with the use of (27) and (28), we see that
(=)™ Us, (WaksmWaktm = Wirm Wakym)
U]? W2k+m W3k+m W4k+m
eWU,kang
U Wokt1m Waktm Wak4m

ew ViUsy,

R(k,m,2) =

W2k+mW3k+mW4k:+m
= ekaU3ka+mX (k, m, 2) .

)

(33)

(35)
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Taken together, (32) and (35) show that (23) is true.

We remark that all the results in this paper can be proved in a similar manner.
Above we made use of identities (26)-(29) to assist in the proof. An alternative
method is to simply use brute force. Specifically, to prove that two quantities are
equal we substitute the closed forms of the sequences in question and expand with
the use of a computer algebra system. All of the results in this paper can be proved
with this method. With this method any occurrence of ey is replaced by AB.

5. Sums that Belong to the Same Family as T3 (k, m,n)

Throughout the remainder of this paper £k > 1, m > 0, and n > 2 are assumed to
be integers. Let us write (22) as

(= D)*" Wit Wok+m

UWesmWarmTs (k,m,n) = (=1)" - WintmWi(n+1)+

(36)

Now define the following sum, where the denominator of the summand consists of
seven factors.

n—1 iTAT
(=D W(ir3)4m

— WhitmWh(it1)+m - Wh(i+6)+m

T7 (k,m,n) = (37)

In (37) we have modified our notation to make it more suggestive. Specifically, the
number 7 in the subscript of 77 denotes seven factors in the denominator of the
summand. We continue this convention in what follows.

Next, define the following sum, where the denominator of the summand consists
of eleven factors.

n—1 kiTxr
(=D W k(it5)4m
T11 (k,m,n) =
; Whitm

. (38)
Wiirt)m = Wr(it10)4m

Finally, define the following sum, where the denominator of the summand consists
of fifteen factors.

n—1 kiTir

§ : (_1) Wk(i+7)+m
T15 (k, m, n) =

i—1 Wki+m

. 39
Wity +m = Wrir14)+m (39)

In each of (37)-(39) the analogy with (10) is clear. Furthermore, the pattern in
(36) can be extended to yield

(_l)kan+m to W6k+m

Uk Wit -+ WosmTs (k) = (~1)F -
3 + 6k+ 7( ) ( ) Wkn+m"'sz(n+5)+m

, (40)
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(_1)kan+m e W10k+7n
Wintm = Wi(nt9)+m

UsiWhtm -+ WiokemT11 (k,m,n) = (=1)% — ;o (41)

and

(=) " Wit - Widktm
Wkn—i—m o Wk(n+13)+m

U7ka+m cee W14k+mT15 (/f, m, n) = (—l)k - (42)
The lists of formulas (37)-(39) and (40)-(42) have clearly defined patterns and
can easily be extended by the reader.
Are there similar sums, for which closed forms exist, that have 5,9,13, ... factors
in the denominator of the summand? We have discovered such sums. The first few
representatives of these sums are

n—1

Wk(i+2)+m
ts (k,m,n) = , 43
5 ) ; WiitmWeit1)4m = Wh(ita)+m (43)
n—1 k94
Wi(ita)+m
tg (k,m,n) = , 44
o ( ) ; WeitmWei+1)+m - Wh(i+8)+m (49
n—1 7
Wi(iv6)+m
tiz(k,m,n) = . 45
1 ( ) ; Wki+ka(i+1)+m e Wk(i+12)+m ( )
We have found that
Wi Wakam
Ui Witm -+ - Wagtmts (k, m, n) = 1- 7 —]:Jr Wk(4k+3) , (46)
n+m ° " n+3)+m
UsitWiim - Wakgmto (k,m,n) = 1— W ktm Wk(skt; ) (47)
n+m ° " n+7)+m
Wi Wiskim
Usk Wiam - - Wizkgmtiz (k,m,n) = 1 s s (48)

Wkn+m e Wk(7L+11)+m

We have not been able to find closed forms for those counterparts to (43)-(45)
where each summand is multiplied by (—1)¥. The sums (43)-(45) together with
their respective closed forms (46)-(48) have clearly defined patterns and can easily
be extended by the reader.

Let k =2 and m = 0. Then for W,, = F}, (40) becomes

n—1
Lo 3991680
31933440 > 2(i+3) =1- . (49)
— FyiFo(it1) - Faiive) FonFoinyy - Fornas)
Let k=1 and m = 0. Then for W,, = L,, (40) becomes
n—1 .
5(—1)1Fs: 16632(—1)"
33061 5" 2D Fies (=1) (50)

~ LiLiy1---Liye " LoLpt1 Logs
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6. Sums that Belong to the Same Family as S (k, m,n)

Define the following sum, where the denominator of the summand consists of six

factors.
Se (k,m,n) = "il (=D
’ ’ i—1 Wki+m

We have managed to find a closed form for (51). To present this closed form
succinctly we define three quantities ¢; = ¢;(k) as follows:

. 51
Witisn)+m = Wr(its)+m (51)

co = 1,
a = (=)W,
o — (=1)% (Vor + Var +2(=1)%) '
2
Then
e%VUk <+ Usg (Sg(k, m,n) — Se(k,m,2)) = (52)

2 1 1
Uk(n—2) E Ci ( )
i=0

Jr
WeriktmWatriktm  We—iktrmWnta—iyk+m

Indeed, numerical evidence suggests that a similar closed form exists for the
analogous sum Sig (k, m,n) with ten factors in the denominator of the summand,
and for the analogous sum Si4 (k, m,n) with fourteen factors in the denominator of
the summand. Numerical evidence also suggests that similar closed forms exist for
analogous sums that have 18,22, 26, . .. factors in the denominator of the summand.

Let k =2 and m = 0. Then for W,, = F), (52) becomes

n—1
1 1 1 27
27720 —— = Fy, _
; FoiFaiy1) - Faurs) 144 2n=2) (3F2n 4Fyn11)
331 54

_|_ —
21F5(nq2)  55F3(ny3)
1
) . (53)

+ -
144Fy(,, 4

Let k=1 and m = 0. Then for W,, = L,, (52) becomes

n—1 i
(—1)* 125 1 1 19
750 = F o -+ - _
; LiLip1--Liys "o "2 \3L, Lot TLpyo

4 1
: 54
ST 18Ln+4) (54)
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7. Sums that Belong to the Same Family as X (k, m,n)

Define the following sum, where the denominator of the summand consists of eight

factors.
n—1

1
— WeitmWh(it1)+m * Wi(in)4m

K2

Xs (k,m,n) = (55)

We have managed to find a closed form for (55). In order to present this closed
form we define four quantities f; = f;(k) as follows:

fo = 1,
 UspVag
ho = o
o= (—1)*Usi, (Vag + (—=1)"Var +1)
Y = i ’
5= (=) Wiy, (Vag + Vag + 2(=1)*Vay, +2)
3 = 5 ,
Then
ey Uy - - - Un, (Xg(k,m,n) — Xg(k,m,2)) = (56)

3
1 1
()" Uk 3 fi ( " )
(n=2) ; WerikemWeariktm  We—iktmWnt6—ik+m
Numerical evidence suggests that similar closed forms exist for analogous sums

that have 12, 16, 20, ... factors in the denominator of the summand.
Let k =1 and m = 0. Then for W,, = F,, (56) becomes

n—1
1 1 1 7 30 70
31205~ = = o= - -
; FiFi1- Fipr 21 n-2 (Fn Fori Forz | Fors
45 14 1
_ _ . 57
1Fn.a  13Fns & 21Fn+6) (57)

8. Concluding Comments

We have discovered closed forms for variants of (8)-(10) that we do not present here.
For instance, we have discovered a closed form for

R (58)
— WritmWh(it1)+mWr(i+2)+m

Furthermore, in the spirit of Sections 5-7, we have discovered lengthier analogues
of these variants. The possibilities seem endless.
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