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Abstract

The continuous improvement of nanoscale fabrication techniques will ultimately
result in a situation where the performance of plasmonic devices is not dependent
on engineering defects, but rather on the fundamentally limiting behaviour of the
underlying metals. This thesis addresses the following questions: Are silver and gold
the best metals for plasmonics? What other materials are available? and finally;
Can we design better plasmonic materials?
To answer these questions, classical electrodynamics calculations are performed
using tabulated dielectric functions from the literature. Starting from a comparison
of nanoshells made of various free electron metals, it is shown that the low plasma
frequency metals sodium and potassium perform well. However , these metals are
not suitable for many common uses of nanoshells. As such, the material choice is
extended to all non fgroup metals in the periodic table and a variety of additional
geometries are studied, including nanorods, superlenses and a number of guiding
structures . It is shown that gold , silver, the alkali metals and aluminium outperform
all other metals , each over a range of frequencies and permittivities. None of the
reviewed elements performs better than silver and gold.
As none of the elements seem to offer any advantage over silver or gold , the
search is extended to alternative materials with tabluated dielectric functions. A
review of the plasmonic properties of these materials is presented, including alloys ,
intermetallic compounds , high pressure materials as well as silicides, metallic glasses ,
and liquid metals. It is discovered that liquid sodium outperforms its solid elemental
counterpart. Additionally, several materials with simple crystal structures seem to
perform well , but none to the extent of silver or gold.
The number of compounds for which tabulated optical constants are available
is severely limited.

In order to evaluate the performance of a large number of

materials , first principles quantum mechanical calculations must be performed. It
is shown that the plasmonic performance can be approximately gleened from the
relationship between the optical gap and the plasma frequency. However , in order
to compare the calculated optical response of materials with experimental data for
the elements, the Drude phenomenological scattering rate must be known. Here, for
the first time , calculations of the real and imaginary components of the dielectric
function including the electron-phonon scattering rate are performed in order to
gauge the plasmonic performance of materials with no tabulated optical data.
A list of publications associated with this work is presented on page iv.

Introduction

The free-electron character of metals has a profound effect on their optical properties , and has been exploited, since ancient times, for applications such as mirrors
and stained-glass. The previous century has seen steady progress in our understanding of the underlying physics of free-electron metals. More recently, plasmonics has
become a very active research area in its own regard driven by theoretical and experimental developments and the potential technological applications of plasmonic
devices. New applications have appeared in many areas including medical diagnostics and therapeutics [l, 2, 3, 4], subwavelength colour imaging [5), high throughput
communications and computing [6, 7, 8], solar glazings for energy efficient windows
[9) and portable extreme UV lasers [10), to name but a few.
The limiting factor for many applications is optical loss, generally due to interband transitions. This is empirically described through the imaginary part of
the permittivity /. Considerable effort in plasmonics research is directed towards
designing structures that mitigate this loss, often by tuning operating frequencies
to minimise imaginary permittivity. While some useful gains have been achieved,
optical performance is often still far from optimal because the loss for usable metals
at the desired operating frequency is simply too high. A good example of this is the
superlens [11]. Here, periodic arrays of metallic resonators give a negative refractive
index meta-material [12, 13). Negative index metamaterials operating at microwave
wavelengths have been demonstrated [14), however , achieving similar performance
at optical wavelengths has been elusive. This is due to the poor performance of
metals in the visible region , and to the increased difficulty of constructing nanoscale
resonators [15, 16, 17]. Considerable effort has been aimed at designing optimal
structures for optical meta-materials , the most promising structures appear to be
the fishnet structures [18 , 19). More recently negative refraction has been reported

CHAPTER 1. INTRODUCTION
using nanowires [20].
A partial super lens can easily be constructed using a homogeneous layer of metal,
for example silver, but again performance is degraded by metal losses [21]. The
alkali metals are the closest to free-electron like, and indeed potassium has very
promising optical properties for plasmonic applications [22]. However , they are also
chemically very reactive and therefore rather limited from a practical perspective.
Potassium nanoparticles have, however, been made and their optical properties measured [23, 24]. Many metals have limited applicability as plasmonic materials due to
their chemical reactivity. However, applications such as optical nanocircuits, solar
glazings and UV lasers where direct contact with water or other oxidising agents
does not occur may provide situations where a passivating layer can be used.
Modifying the aspect ratio of nanoparticle geometries such as nanoshells and
nanorods provides a method for systematically shifting the resonance; providing
access to optimum operating frequencies with minimal loss. In order to gauge the
relative merits of some free electron metals as a function of frequency, the optical
properties of some nanoshells are calculated in Chapter 2 using tabulated dielectric
functions from the literature.
Chapter 3 extends the analysis to a variety of different geometries including
nanorods, superlenses and guiding structures and compares the plasmonic properties
of all non fgroup metals using tabulated optical constants from the literature. As
the number of free electron metals in the periodic table is limited, a review of
alternative materials is presented in Chapter 4. It includes alloys, intermetallic
compounds, high pressure materials as well as silicides, metallic glasses, and liquid
metals. In many materials, interband transitions dominate the permittivity; this
results in a situation where the surface mode decays into electron-hole pairs. Others
suffer from large electron-phonon scattering, where the plasmon loses all its energy
to heating the metal.
In order to extend the search for plasmonic materials beyond those for which
tabulated data is available, the optical constants of a number of intermetallic compounds are studied from first principles. Chapter 5 provides the background electronic theory associated with chapters 6 and 7. Chapter 6 details a first attempt
to design a superior plasmonic material by calculating the strength and position
of the interband transitions in a number of intermetallic compounds. Chapter 7
extends the analysis by providing explicit values for the electron-phonon damping
contribution and the effect of local fields on the interband transition spectrum.

Nanospheres and N anoshells

The optical absorption efficiency of nanospheres and nanoshells of the elements Na,
K , Al, Ag, and Au are compared, and the effects of surface scattering, as introduced
by the billiard model are discussed, providing an indication of plasmonic performance
over a range of wavelengths. It is found that the introduction of surface scattering
has comparatively little effect on the optimised absorption efficiency of nanospheres,
with the maximum absorption efficiency of K nanospheres falling from 14. 'l to 13.3.
Conversely, the reduction in absorption efficiency in nanoshells is substantial. This
effect is compounded in metals with higher plasma frequency. It is shown that the
high comparative plasma frequencies in silver and gold result in a greatly reduced
optimised absorption efficiency when compared to nanoshells in the absence of surface scattering. Sodium and potassium have much lower plasma frequencies and the
change in maximum absorption efficiency is less severe when surface scattering is
included.

This chapter is based on publications (Pl), (P2), (P3).

2.1 Introduction
Many plasmonic technologies rely on the strength and position of the surface plasmon on nanorods, nanoshells or nanotriangles and the fact that the nanoparticle will
absorb incident light well at the resonance wavelength. The optical properties of
nanorods and nanoshells have previously been discussed [25] and compared [26, 27].
In both cases the plasmon resonance can be tuned across a wide wavelength range by
changing the aspect ratio. The aspect ratio is defined as length on width for nanorods
and inner radius on outer radius, (ri/r 0 ), for nanoshells. Gold nanorods give a larger
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absorption per unit volume, however, nanoshells have the distinct advantage that
their optical properties are both orientation and polarisation independent. Also,
although the most efficient way of making nanorods (28] and nanoshells [29] is via
wet chemistry, nanoshells or nanocaps can be made by evaporation or sputtering
of the metal onto polystyrene spheres [30, 31], allowing for reactive and unpleasant
metals to be used. Production of nanorods in this fashion requires a more complex
electrochemical templating technique [32]. A similar alumina templating technique
applicable to reactive metals produces short, defective tubes rather than rods [33].
Previously 1 , an investigation of the merits of different metal nanospheres for use
in plasmonics was undertaken [34). An analysis of 26 different, alkali, noble and
transition metals showed that although gold and silver are the most commonly used
metals for plasmonics, there are alternatives. The question addressed here is how
this extends to metal nanoshells, where the resonance can be tuned to an arbitrary
wavelength. This provides a reasonable starting point for gauging the frequencydependent plasmonic performance of any metallic nanostructure. Also discussed
is the effect of surface scattering on the resonance strength. A rule of thumb is
often used in connection with surface scattering from solid gold spheres; the effect
becomes appreciable for spheres below about 5nm radius , experimental data support
this assertion [35]. For nanoshells with thickness greater than about 20 nm, Nehl
et al have shown that no surface scattering correction is necessary [36]. However 1

the geometry that provides optimum absorption may involve a very thin shell where
surface scattering may become important.
The spectral selectivity of gold and silver nanoshells has been discussed by Schelm
and Smith [37], they note that long wavelength resonances require thin shells, which
in turn require a large outer radius to ensure low surface scattering and ease of
manufacture, this in turn results in a large scattering efficiency. In the present
work, the absorption efficiency of nanoshells is optimised irrespective of the resonant
wavelength. In all cases considered, the optimum particles are small and scattering
plays an insubstantial role.
In this chapter an investigation is performed on the optical absorption of nanospheres and nanoshells composed of various metallic elements in order to identify
the optimum geometry and material taking into account surface scattering using a
simple billiard scattering model invented by Moroz [38].
Solutions to the fully retarded scattering problem of a sphere are provided by the
1
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theory attributed to Mie [39], and extensions to the general case of a multiply coated
sphere by Bohren and Huffman [40]. Here, the numerical implementation of Bohren
and Huffman [40] called BHCOAT is used calculate the absorption efficiency, Qabs,
of both nanospheres and nanoshells using the bulk dielectric constants of Weaver
and Frederikse [41] as a starting point, and then surface scattering is introduced for
comparison.
The full multipole expansion of Mie theory is used to ensure that symmetric and
anti-symmetric multipole modes contribute to the spectra. This is not generally
necessary for the type of optimisation performed here, as the dipole mode dominates,
nonetheless, at least 2 modes are included, based on a convergence criterion discussed
in section 2.2.
The spheres and shells were embedded in vacuum and shell cores were also vacuum. The optical response of nanospheres with radii ranging from 1.0 nm to 70.0
nm was calculated in 0.025 nm steps over a wavelength range of approximately 2 100
nm to 2000 nm in 0.5 nm steps.
For nanoshells , the outer radius ranged from 1.0 to 70.0 nm in 0.2 nm steps and
350 different aspect ratios were used; defined by a Gaussian distribution designed
to include a large number of steps in the vicinity of the solid sphere limit (aspect
ratio 0) and the infinit ely thin shell limit (aspect ratio 1) , with comparatively few
points in between.
For structures with small features , that is shells with a thickness of a few nanometres or spheres with diameters of a few nanometres , electrons involved in the collective mode may scatter off the interface with vacuum. This additional scattering
mechanism is a function of the metal specific Fermi velocity of the electrons and
the geometry of the shell. The overall effect is the introduction of additional phase
lag of the electrons, reducing the absorption efficiency and broadening the plasmon
resonance.
Here, the effect is included using the recently derived billiard scattering model
by Moroz[38] to modify the bulk dielectric function. This model provides a method
for calculating this damping term associated with surface scattering, but requires
invoking an analytical model for the dielectric function in order to modify the experimental bulk dielectric. The commonly used method of permittivity augmentation by
Kreibig [42] is used, where a Drude model is employed in such a way that interband
transitions are not neglected.
2 Depending

on the extent of the data provided by Weaver and Frederikse[41]
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A brief review of Bohren and Huffman 's derivation of Mie theory is provided in
the following section. Results of calculations on spheres and shells made of Na, K,
Al, Ag and Au follow.

2.2 Theoretical Background
2.2.1 Spheres

The numerical implementation of Mie theory [39] in the program BHCOAT [40] was
used to calculate the extinction , absorption and scattering efficiencies,
and

Q sca

Qext, Qabs

respectively. These quantities are the extinction, absorption and scattering

per unit cross-sectional area of the particle. Hence a value greater than 1 implies
absorption (or scattering) cross-section that is larger than the geometric area the
particle presents to the incident radiation. The efficiencies can be calculated using

[40]:
Q ext

Qsca
Qabs

2 00
2 L((2n + l)~(an + bn))
x
n=l
2 00
2 L((2n + l)(lanl2 + lbnl2))
X
n=l
Qext -

Qsca1

(2.1)
(2.2)

(2.3)

where n is the multipole order (n=l is the dipole term, n=2 is the quadrapole term
etc.) and

.T

is the size parameter:

x = kaylE;;;, =

2naylE;;;,

..\

,

(2.4)

where a is the particle radius, A is the wavelength of the incident light , and

Em

is the permittivity of the surrounding medium which is assumed to be constant
and non absorbing.

None of the materials discussed in this thesis have notable

magnetic response and therefore the magnetic permeability, µ , is set to unity. The
experimentally determined optical constants take the form:

m=n+i'k

=E 2 ,

(2.5)
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where m is the relative complex refractive index. The electronic an and magnetic

bn scattering coefficients of multipole order n can be written:

rrt'l/Jn (mx) 'l/J~ (x) - 'l/Jn (x) 'l/J~ (mx)
m'l/Jn(mx)~~(x)

- ~n(x)'l/J~(mx) '

- m'l/Jn(x)'lj;~(mx)
'l/Jn(mx)~~(x) - m~n(x)'l/J~(mx) '

'l/Jn(mx)'l/J~(x)

where 'I/Jn and ~n are the

nth

(2.6)

(2.7)

order Ricatti Bessel functions. These functions are

adaptations of the spherical Bessel and Hankel functions respectively:

(2.8)

'l/Jn(P)

PJn(P)

~n(P)

ph~1 )(p) = p(jn(P)

+ iyn(P)).

(2.9)

Here, p, represents x or mx. The derivatives of the Ricatti Bessel functions 'lj;~ and
~~ are given by:

~n(P )'

'lf;n- 1(p) - n 'I/Jn (p)
p

(2.10)

( ) _ n~n(P)
P
p '

(2.11)

c

~n - 1

and the spherical Bessel functions are related to the standard Bessel functions by:

(2.12)
(2 .13)
2.2.2 Concentric Shells

Bohren and Huffman [40] have generalised the above to the case of the coated sphere.
Several additional terms are introduced to account for t he radius of the shell and
its refractive index. The size parameter for the shell is given by y = 27rr0 / A, and its
refractive index is m 2 . In the calculations here, the core, which is vacuum, has size
parameter x

= 27rri/ ,\ and refractive index m 1 =

1. The scattering coefficients are
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now:

b _ '1TL2'tPn (y) ['t/J ~ (m2y) - BnX~ (m2y)] - 't/J~ (y) ['t/Jn (m2y) - BnXn (m2y)]
n - m2~n(Y)[~~(m2y) - Bnx~(m2y)] - ~~(y)[~n(m2y) - BnXn(m2y)] '

(2.14)

where

A _ m2 ~n(m2.r)~J~(m1.r) - m1~J~(m2x) ~n(m1x)
n -

m2xn(m2x)~n(m1x) - m1x~(m2x)~n(m1x)'

B = m2~Jn (m1x) 't/J~ (m2 x ) - m1 '~J~(m2x) 't/Jn(m1x)
n

m2x~(m2x) ~n (m1x) - m1 ~n (m1x)xn(m2x) ·

(2.15)

In practice, the sum over n must be truncated at some point, for shells, the convergence criterion proposed by Bohrcu and Huffman is used;
'Tlmax

= fioor(y + 4~) + 2.

(2.16)

The floor function simply rounds down to the next integer. The result is somewhere
between 2 and 9 multipole orders depending on the size of the particle. As noted
above, the electric dipole term, a 1 , dominates and all of the maxima in the results
section are dipole modes.
2.2.3 Surface Scattering

The introduction of surface scattering into calculations of the optical properties of
small nanoparticles and clusters is essential to reproduce the experimentally observed
resonances. Surface scattering is generally introduced by considering the intraband
optical response of bulk metals , which is conveniently described by a Drude like
permittivity. The bare, or Drude plasma frequency is given by wp

=

Eo is the permittivity of free space, n e the electron density and m ; the effective

electron mass.
rate ,

r,

Heating losses are described by the phenomenological scattering

which is the inverse of the relaxation time

given by:

E(W) = 1 -

w2

( p . )
w w+ir

T.

The Drude permittivity is
(2.17)
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However, such a description does not reproduce the experimentally determined optical constants due to frequency dependent relaxation and interband transitions.
In order to include these effects, along with the additional scattering due to the
boundaries of the particle, the intraband component of the experimental dielectric
function must be adjusted. This is achieved using a method described by Kreibig
[42]. First, the intraband term is subtracted from the experimental data,
the experimentally determined values for

Wp

and "'(

= "'!intra

Eexp,

using

given in Table 2.1. The

intraband damping is then adjusted to account for scattering: "'( =

"'!intra+

"'f(LB),

and the Drude term reintroduced. The surface scattering corrected permittivity
is now:
Ee

=

w2p
Eexp -

(
.[
(
)])
W W + 'l "'!intra+"'( LB

w2p

+ W (W + 'l"'fintra
· )·

Ee

(2.18)

The damping due to surface scattering is calculated from
(2.19)
where VF is the Fermi velocity given in Table 2.1, and LB is the mean free path of
the electrons in the shell, calculated from [38]:
LB

_ 4(r~ - rf)
-

(2.20)

3 ( r 03 + ri3).

Moroz derives the mean free path of an electron in a billiard scattering model where
reflections from the internal surfaces of the shell are specular. He reports that not
only does it match the experimental results for nanoshells but reduces to the wellknown result for a sphere of 4r /3.
Table 2.1: Optical data used for the addition of billiard scattering to the bulk
experimental permittivity.
~~~~~~~~~~~~~~~~~~~~

Element
Ag
Au
Al
Na
K

"'!intra( e V)

9.6[44]
8.55[44]
15.3[46]
5.71 [46]
3.72[46]

0.0228[45]
0.0184[45]
0.5984[47]
0.0276[48]
0.0184[48]

1.39
1.40
2.03
1.07
0.86

Kriebig's correction method [42], described above, is limited in some circumstances. If the bulk damping is large, or for long wavelengths,
than the frequency in the Drude expression ( (2.17)).

"'!intra

maybe greater

Additional damping from
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r(L 8 ) then causes the surface scattering corrected imaginary permittivity to be
reduced compared to the experimental data. This results in unphysically large absorption efficiency in the nanoshell. The effect is most prominent in aluminium at
long wavelengths and so the shell thickness is restricted to values greater than 0.8
nm in this case.

2.3 Nanospheres
As part of a previous degree, the optimum geometries for solid spheres of various
metallic elements were calculated excluding surface scattering [34]. Here, this work
is extended to include surface scattering. In Figure 2.l(a) the maximum absorption
efficiency for some free electron metal nanospheres is presented as a function of
radius. Y.Iost notably, gold has a maximum absorption efficiency of 3.3 for a sphere
radius of 49 nm, whereas potassium reaches a maximum of 14. 7 for a 21.3 nm radius
sphere. Gold is far from the optimal material for spheres, at least as far as achieving
maximum absorption is concerned. The inclusion of surface scattering has little
effect because of the large effective radius 4/3r0 that enters into equation (2.19).
Even in aluminium, where the optimum size is approximately 6 nm radius, our
calculation of surface scattering has little influence. The intraband damping and
the Fermi velocity in aluminium are so large that the additional damping due to
surface scattering only causes the optimised absorption efficiency to be reduced from
13. l to 10.9.
Figure 2.l(b) presents the size dependence of the wavelength at which the maximum absorption efficiency occurs. The resonance wavelength , corresponding to
maximum absorption efficiency, is denoted Ap· Sharp drops in the resonant wavelength evident in the data for Ag, Al , Na and K are caused by the dominance of
quadrupole, octupole etc. terms at these sizes. In the case of gold, interband transitions are the dominant absorption mechanism up to radii of about 30nm. The real
part of the permittivity in gold is negative for wavelengths above 215 nm, indicating that some fraction of the absorption efficiency may be attributed to a collective
mode, but the resonance is weak due to mode decay into electron-hole pairs.
Figure 2.1 (b) also shows that the dipole mode shifts dramatically from the electrostatic

1

E

=

-2 criterion in sodium and potassium. This is best explained by

introducing a finite size correction into the quasistatic approximation for the absorption efficiency of a sphere. For spheres in vacuum , neglecting the finite size
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correction, the absorption efficiency for a sphere is:
II

Qabs =

E

(2.21)

12x-(-,--)-2 - - 2 .
E + 2
+c
11

By series expanding the Bessel and Hankel functions and substituting the first few
terms into the denominator of equation (2.6), Bohren and Huffman determine a
finite size correction:
II

Qabs =

E

12x
(

I

E

12 2)2
+ 2 + 5X
+f

II

2.

(2.22)

taking the derivative of the correction with respect to a change in wavelength, it
becomes apparent that the shift in the resonance condition with changing particle
size is dependent on the reciprocal of the derivative of the permittivity. i.e:
(2.23)
It is interesting to note that the quasistatic approximation is therefore less valid for

materials with low plasma frequencies. As only several terms are included in the
series expansion, the above is only valid for the dipole mode. It explains the shift
in Al as well as K.
The shift in gold, however, should be larger than is apparent in Figure 2.l(b).
Of the metals discussed here, Au is the only one with negative de"/ dA. in the vicinity

of c' = -2 due to interband transitions. The minimum particle size required for the

= 28.30 nm. At this size, the
resonance condition has already shifted from c' = -2 to E = -2.71.

local surface plasmon to dominate the spectrum is r 0

1

2.4 Nanoshells
To optimise the geometry of the nanoshells, it is necessary to calculate the absorption
efficiency as a function of aspect ratio and overall shell diameter. Here the calculation
is performed for 350 aspect ratios between 0 and 1 for shells with outer radii in the
range 1.0-70.0 nm. The results that give the maximum absorption efficiency for a
given outer radius, inner radius, and wavelength are given in Table 2.2 both with
and without the inclusion of surface scattering. Figure 2.2 shows the absorption
spectra for the shells described in Table 2.2.
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Figure 2.1: The optimised absorption efficiency of free electron metal nanospheres.
(a) Maximum absorption efficiency. (b) The resonance wavelength at which maximum absorption efficiency occurs. Solid lines - no surface scattering. Dashed lines
- with surface scattering
Table 2.2: Shell geometries for optimised absorption efficiency with and without
surface scattering modified dielectric functions. T 0 is the outer radius, T i is the inner
radius.
no surface scattering

Element
Ag
Au
Al
Na

K

-- --

- - -- - - - - --

(nm)

Q a bs

T0

12.2
19.9
13.1
20.6
22.8

57.4
29.2
5.80
27.8
35.0

with surface scattering

- - - - - - - - --

ri (nm)

Q abs

ro (nm)

Ti

56.5
27.7
0.00
24.8
30.7

5.7
7.3
10.9
11.4
13.7

32.8
42.2
6.60
29.8
36.0

27.2
37.5
0.00
23.0
27.2

(nm)

2.4.1 Shells: Without Surface Scattering
Without including surface scattering, K has the largest

Qabs

with a value of 22.8 at

a wavelength of 1144 nm, followed closely by sodium and gold and then by silver
and aluminium. For the sodium and potassium shells, the increase in absorption
efficiency, over that of t he optimised sphere, is about 1603 . For example, the
optimum absorption efficiency for a sodium sphere occurs at a radius of 16.1 nm , with
a

Qabs

value of 12.40. For silver, the increase between sphere and shell is just over

2003 and for gold the increase is a remarkable 6003. This increase in the absorption
efficiency for gold is due to the position of the band edge at 2.25 eV which means
the interband transitions are close to the resonance position for the solid sphere
( t::'

= -2) and hence decrease the absorption efficiency. For a shell , t he resonance

condition shifts to longer wavelengths , away from the interband transitions, as the
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Figure 2.2: Optimised absorption spectra for nanoshells with radii and aspect ratios
given by Table 2.2. (a) Without surface scattering. (b) With surface scattering.
aspect ratio decreases.

Coupled with a low intraband damping, this means the

absorption effici ency can increase dramatically with increasing wavelength .
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Figure 2.3: ]
Quality factor -E t" from experimental optical data. (a) From ·w eaver and
Frederikse [41]. The best metal is potassium, followed by sodium, gold, silver, and
aluminium. (b) The quality factor of silver (circles) and gold (triangles) tabulated
from the experiments of Weaver and Frederikse [41] (solid lines), Johnson and
Christy [49] (dashed lines) and, Palik [50] (dotted lines).
1

/

For silver, the band edge is at higher frequency (3.9 eV) and does not contribute
to damping for the sphere resonance, in addition , intraband damping at longer
wavelengths is larger and the absorption gain from the sphere (Qabs = 5.83 at r =
22.9 nm ) to the nanoshell is not large. This result can be visualised by plotting a
generic quality factor determining the strength of the resonance,

1

E

//' ,

as a function

of wavelength. This is described in more detail in the following chapter.

-c' / c"

is

shown in Figure 2.3( a) and is t he figure of merit for nanoshells in the absence of
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surface scattering for the various metallic elements considered here. Na, K, and Au
all perform reasonably well from about 800 nm into the infrared. This is assuming
that a suitable shell can be made to access these long wavelength portions of the
permittivity, whereas in reality, the shell may be so thin that surface scattering
effects diminish the resonance.
There are a number of different measurements of the optical constants of the
metals discussed here, and different dielectric constants may influence the outcomes
of our calculations. Figure 2.3(b) compares the quality factors of silver and gold as
measured by Weaver and Frederikse [41], Johnson and Christy [49], and Palik [50].
It is interesting to note that, although the quality factor given by Johnson and

Christy 's experimental dielectric constants for silver is very high between 700 and
1200 nm, most of the magnitude is derived from large negative values oft' in this
region. This results in significant surface scattering for particles with resonance
wavelengths above 700 nm, due to the very thin shell required. The optimum silver
shell using Johnson and Christy's dielectric data has r i
nm with

Q a bs

= 20.8 nm and

r0

= 14. 72

= 10.91 at a wavelength of 413 nm. The optical constants of both

Palik and Johnson and Christy have oscillations in both the real and imaginary
permittivity. The data of Johnson and Christy shows a peak at energies lower than
the well-known band edge in silver at 3.9 eV, and although a Drude tail can be
drawn through the error bars in the data, large scale oscillations cause an unusual
shifting in both peak positions and magnitudes compared to the other data.
For wavelengths above 1200 nm, the optical constants of Palik are each comprised
of two different data sets, in Figure 2.3(b) the data of Winsemius et al. [51] for silver
and Theye [52] for gold is presented, the data of Dold and Mecke [53] is neglected ,
as it is only available above 1200 nm and disagrees with the other data compiled by
Palik.
The data of Weaver and Frederikse and Palik give similar results and would
lead to the same conclusions in the current work. Optimised absorption efficiencies
of shells with outer radii in the region 1. 0-70. 0 nm remain similar, al though the
optimum shell thickness varies due to differences in the real part of the permittivity.
By contrast, the data of Johnson and Christy, discussed above, are different, and
they have only published for silver and gold. It is worth noting that Johnson and
Christy are the only authors that include error bars in their data. The error bars
allow the maximum value of

-E

1
//

to vary between 60 and 400. It is worth noting

that the lower bound is greater than the maximum value presented by Weaver and
Frederikse.
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The optimum geometry for an aluminium nanoshell is just the sphere (Table 2.2
and Figure 2.2), due to the relationship between the real and imaginary parts of
the permittivity. In the limit of no interband transitions, and for frequencies below
the plasma frequency, the

-t' //

relationship reduces to w(y, indicating that for a

Drude-like metal, the best resonance will occur at the highest possible frequency.
For aluminium , the best

-E' / /

ratio occurs at 112 nm. The permittivity at this

wavelength is below the threshold for the excitation of a resonance, as

t' =

-0.93.

2.4.2 Shells: With Surface Scattering

From the above discussion, it is clear that surface scattering corrections need to
be applied in order to understand the response of nanoshells at longer wavelengths
where the shell can be quite thin.

Figure 2.4 shows the results of optimisation

calculations with the bulk dielectric corrected for surface scattering. For each outer
radius an optimum aspect ratio is determined that optimises Qabs in the wavelength
range 0.2 µm to 2 µm. The resulting resonance wavelength alongside the outer
radius , aspect ratio and value of

Qabs

is presented in the figure.

The initial peak in the data of Figure 2.4(a) for Na, K, Al , and Ag represents
the maximum absorption efficiency for a sphere. A cusp is apparent in the data of
Na, K, and Ag where the optimum geometry moves from being a solid sphere with
aspect ratio 1 to being a shell. This point in Figure 2.4(a) appears as a vertical line
in Figure 2.4(b). The vertical lines in Figure 2.4( c) also reflects the point at which a
solid sphere gives the optimum absorption efficiency and correspond to the point at
which the aspect ratio becomes zero in Figure 2.4(d). The plot of absorption versus
wavelength is very steep at this point because the plasmon resonance of a sphere
does not shift very much with sphere size. Upon close inspection, a very slight
curve can be seen for sodium and potassium, as a low plasma frequency causes more
variation in peak position with wavelength. Au is different because for quite small
outer radii, less than about 10 nm , single electron interband transitions dominate the
absorption. This is why the optimum absorption in Au extends down to wavelengths
shorter than 200 nm when the plasmon resonance of the sphere is only about 530
nm.
2.4.3 Nanoshells: Optimum Geometries

The inclusion of surface scattering has reduced the optimum absorption efficiency
of sodium and potassium nanoshells by 453 and 40%, respectively, which is a large
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Figure 2.4: Optimised absorption efficiency for nanoshells including surface scattering. For each radius an optimum wavelength and aspect ratio is determined. (a)
Maximum absorption efficiency amongst all wavelengths and aspect ratios. (b) The
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improvement over the reduction in silver and gold which stand at 53% and 63%,
respectively. From Figure 2.4( c) Na provides the best absorption over the shorter
wavelength visible region and K over the red to near-infrared region. The aspects
ratios of the corresponding shells are also reasonable within these regimes for these
two elements (Figure 2.4(d)) with Na being less than about 0.7 and Kless than 0.9.
By contrast the aspect ratios in gold or silver required to access these regions are
greater than 0.9. This is the reason why these two elements do not perform well;
they are limited by surface scattering.
The absorption efficiency of aluminium nanoshells has shifted extensively into
the infrared in the large radius limit upon the inclusion of surface scattering. This
appears counter intuitive as not only have we restricted the shell thickness to 0.8 nm
but also because the other metal nanoshell resonances are blue-shifted when surface
scattering is included. However, the red-shift is a general function of the low energy
interband transition that disrupts the

c"

spectrum of aluminium. The overall effect

of the transition runs from 400 to 1100 nm, which causes the resonance to make
a jump across a range of wavelengths. This jump requires a dramatic reduction in
the shell thickness , furthermore, the resonance enters the long wavelength regime
and the anomalous absorption discussed in Section 2.2.3 starts to appear, driving
an increase in the absorption efficiency for shells with r 0 > 53.0 nm (see Figures
2.4(a) 2.4(b)).

2.5 Conclusions
l\/Iie theory and the billiard scattering model have been used to calculate the optimised absorption efficiencies of nanospheres and vacuum core-metal shell nanoparticles made of aluminium, sodium, potassium, silver, and gold.
The effect of the introduction of surface scattering on optimised solid nanospheres
has shown to be small , with aluminium spheres suffering a 173 reduction in absorption efficiency, and the other metals suffering less than 10% reduction in Qabs, with
minor red shifting of the position of the resonance to allow for larger spheres. Potassium metal spheres had the highest absorption efficiency, over 400% larger than that
of the optimised gold nanosphere. The effect of surface scattering is more profound
on nanoshells, with all of the optimised resonances blue-shifting to compensate for a
general increase in shell thickness. This effect resulted in a bias toward low plasma
frequency metals as -de'/ d:A is close to zero, resulting in a tunability across the
spectrum that enables the resonance to be placed in the (usually long wavelength)
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-c' //

maximum, without a huge decrease in the shell thickness. We showed that

for a Drude metal, the optimum geometry is a sphere as

-c' //

~

1/w; however,

interband transitions usually disrupt this. The introduction of surface scattering for
aluminium nanoshells was troublesome, as additional damping from surface scattering resulted in a negative correction to the imaginary part of the permittivity,
resulting in anomalously high absorption efficiency. Silver and gold uauospheres
suffered a reduction in absorption efficiency due to high plasma frequencies that
caused the resonances to blue-shift away from the

-c' //

maximum.

Sodium and potassium nanoshells offer a considerable maximum absorption efficiency advantage over both silver and gold nanoshells , offering up to an 863 increase
over the

Qabs

of gold nanoshells and a 2403 increase over silver. This dramatic in-

crease may be worth the additional inconvenience of handling these reactive metals ,

The Plasmonic Performance of Metals

It is clear from the results of the previous chapter that although gold and silver are
the most convenient metals to build plasmonic systems, alternatives are available.
In this chapter the optical properties of a large number of metals are discussed in
terms of geometry specifi c and generic plasmonic system quality factors. The generic
quality factors are related to the ratio of real to imaginary permittivity for localised
modes and the ratio of the real part squared to the imaginary part for propagating
modes. Using a simple model, the effect of intraband damping and interband transitions on the response of plasmonic systems is discussed. The results of this chapter
will be used later to analyse the response of plasmonic systems made from alloys,
intermetallic compounds, silicides, liquid metals, high pressure systems and others
in the f ollowing chapters.

The contents of t his chapter are based on (P5) and (P7).

3.1 Introduction
T he complex dielectric function r:(w) =

c' + it:"

fully describes t he macroscopic elec-

tronic response of a material. It is possible to excite a surface plasmon resonance at
any frequency for which t he real part of the permittivity is less t han zero. The quality of t he associated resonance depends on the value of the imaginary permit tivity
at t his frequency. For the ideal free electron gas, the dielectric function is usually
writ ten in the form of a Drude model:

(3.1)
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where the plasma frequency, wp is a function of the electron mass and density, and
the phenomenological scattering time

T

is sometimes replaced with a scattering fre-

quency I that encompasses all scattering mechanisms including electron-electron,
electron-phonon, surface and defect interactions. The imaginary part of the permittivity in the Drude model can be written in terms of the real part:

(3.2)
which provides a frequency independent way of gauging the plasmonic performance
of a variety of systems. For any given plasmon supporting geometry, the real part
of the permittivity details the resonance condition or operating point of the system,
for example the aspect ratio of the shell or rod etc. The imaginary part describes
the amount of loss that the plasmon will be subject to at this operating point. In
general, this not only encompasses the aforementioned heating loss mechanisms, but
also interband transitions.
Figure 3.1 gives the amount of loss in some metals as a function of the operating
point using the optical constants compiled by Weaver and Frederikse (W&F) [41],
Johnson and Christy (J&C) [49] and those for gallium by Jezequel [54].
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1 is assumed. Adapted from
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Ideal Drude behaviour (Eqn. (3.2)) is presented in dashed purple lines, interband
transitions appear as deviations from these lines. Note that in the Drude model

< w;/ 1 2 for real frequencies; this causes the wp/ I = 10 line to disappear for
-c' > 100. The alkali metals and W&F's silver deviate the least from Drude like

-E

1

behaviour with only minor interband transitions. Copper, gold and aluminium all
exhibit "loop" structures that appear when interband transitions cause the gradient
1

of real part of the permittivity dc dw to become negative, and in some instances
/

can cause the real part to become positive at energies below the bare ( or Drude)
plasma frequency (as is the case for silver, see Figure 3.12).
The operating points of various plasmonic systems is also presented on Figure
3.1. To a reasonable approximation (see Chapter 2) the resonance on a sphere

t' = -2, whereas for a "poor mans" 1 superlens operating in a background
permittivity Eb = 1, the operating point is just E = -1. For nanorods and nanoshells

occurs at

1

the operating point can be tuned from the sphere resonance by increasing the aspect
ratio (length/width) or (inner radius/outer radius). Similarly for surface plasmon
polaritons, where the metal can support the mode at any negative permittivity
assuming the energy can be coupled in, the operating point extends from the thin
film value

1

E

= -1 to arbitrarily large negative values.

Although Figure 3.1 gives an excellent general indication of the quality of a resonance given a particular operating permittivity, the variation in quality for a given
operating point and different values of

c"

is geometry dependent. In the following

sections some geometry dependent and generic quality factors are examined.

3.2 Geometry Specific Quality Factors
This section provides a brief summary of metrics for some common plasmonic systems and covers nanoshells, nanorods, superlenses and guiding structures, for additional detail see [55]. As shells were discussed in the previous chapter it seems
logical to begin by discussing metrics for nanoshells and nanorods first.
3 .2.1 Nanopart icle Resonances

Although almost any shape imaginable can now be made via wet chemistry, the two
most convenient structures for analysis are the ellipse and core-shell particle, due
largely to analytic solutions to the fully retarded scattering problem [40]. In the case
1

The term refers to the lack of negative permeability in the lensing system. See [11].
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of the nanoshell, the solution, as presented in the previous chapter, is quite simple.
For ellipsoids, the fully retarded solution only converges well for small particles [56].
As such, it is difficult to scan parameter space with the same rigour as presented for
shells. However, one can make some assumptions regarding the form of the solution.
If one assumes a dominant dipole mode in a low loss material within the quasistatic approximation, then a dimensionless metric for the resonance in a shell can
be written in terms of the polarisability per unit volume [55]:
(3.3)
where

Eb

and

Ee

respectively.

are the background permittivity and non-absorbing core permittivity

A comparison of this metric with data from the previous chapter

(excluding surface scattering) is presented in Figure 3.2. Because the metric,
is size and wavelength independent, the absorption efficiency,

Qabs,

Qshell,

must be adjusted

to ensure that the same dimensionless quantities are being compared. The adjusted
Qabs

values are given by;

=

MFullEM
shell
-

where k0 =

2
;

aFullEM

iV

= AQext

(3.4)

ko V '

and the cross sectional area, A , and the volume, V, are calculated

assuming the particle is a solid sphere. As

Qshell

is only valid for

-t' >

1, the data

for the metric has been truncated in figure 3.2.
Using similar arguments as before, i.e. low loss, dominance of the dipole mode,
Arnold and Blaber [55] derive a size and aspect ratio independent approximation
for the resonance quality of an ellipse:

(3.5)
This is plotted in Figure 3.3. For the ellipse, the fully retarded scattering problem is
tractable for very small particles using the theory of Mischenko [57]. Also in Figure
3.3 is the dimensionally adjusted optimised absorption efficiency of varying aspect
ratio ellipses, given by:
MFullEM _
ellipse

=

In the fully retarded case,

Q a bs

aFu llEM

iV

AQabs

koV .

(3.6)

is calculated by fixing the transverse radius at 1
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Figure 3.2: Comparison of general metric for the resonance quality of a nanoshell vs
the dimensionally adjusted solutions to the fully retarded scattering problem. Peak
like structures are the fully retarded solutions as presented in the previous chapter,
neglecting surface scattering.
nm while allowing the length to grow until the solution ceases to converge. The
peak in the spectra is then added to t he figure. For sodium and potassium ellipses,
low plasma frequencies allow for a rapid shifting of the resonance with only small
increases in the length. For silver and gold, much longer rods are required to access
longer wavelengths , and the solution ceases to converge before achieving a resonance
wavelength greater than 1.5 µm.
In both cases examined here, the generic metric performs very well , and accurately describes the optimum resonance strength well.
3.2.2 Plasmonic Superlens

Another system which has gained interest is Pendry's superlens [11 , 21] and the
multilayer version by Ramakrishna et al [58]. In a review of negative refractive
index materials [59], Ramakrishna notes metrics for each case. Both are based on
determining the maximum spatial frequency which can reconstructed by the superlens:

kmax.

feature ,

~

If the lens is supposed to have thickness d then the smallest resolvable

for the single layer case is:
.!!:__

~

~ _2-zn (-[_)
2n

2E

1

(3.7)
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(3.5)
and for the multilayer case:

(3.8)
Both are plotted in Figure 3.4. It is particularly important to note the

c' dependence

of these quantities. The general formulation of the superlens requires the permittivity of the surrounding medium to be matched to the metal to avoid excessive
reflections (This has been generalised to an asymmetric case where the surrounding
medium is different on either side of the lens [60]). For the multi-layer case, the
maximum in

d/ ~

occurs at

1

E

= -14 and c'

= -12 for sodium and potassium re-

spectively, whereas for silver and gold the values are -27 and -30 respectively. AlSb
has

c' =

11 .1 at 1.2µm [61] which is very well matched to the

c' =

-12 for potas-

sium at 1.2µm. The permittivity dependence of d/ ~ for the mult ilayer superlens is
presented in Figure 3.5
3.2.3 Surface Plasmon Polaritons

In this section four different varieties of guiding structures are examined. The geometries and approximate field distributions arc presented in Figure 3.6. When describing waveguides for applications such as optical circuits [7], the most important
considerations are propagation length

Lprop

and confinement. The dense systems

required for the realisation of all optical microprocessors or all optical switching for
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The maximum d/ ~values of sodium and potassium are much more accessible than
those of silver and gold.
fibre based telecommunications require that the coupling between elements in the
device is low. However, they also require long propagation distances and unfortunately; these two requirements tend to be incommensurate. There are two regimes
presented in Figure 3.6, that of highly confined modes , where most of the energy
resides in the metal, corresponding to so called short-range SPPs (SR SPP) or variants thereof; and those where most of the energy is contained on the dielectric side
of the interface. The reduced confinement in the latter case significantly increases
the propagation length. These are called long-range SPPs (LRSPP). Also included
are so called Gap SPPs where the energy is confined to a small dielectric region in
between two metallic slabs.
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Figure 3.6: Various SPP geometries reviewed by Bozhevolnyi [62] and Arnold [55]
The decay length of the SPP is inversely proportional to the imaginary part
of the wavevector parallel to the interface. For the top two panels in Figure 3.6
the associated SPP wavevectors in terms of the free space propagation constant

ko = 27r /).. are [62];

ksPP

=

ko~ '+
tb

E

(3.9)

and
(3.10)
where k~sp = -2t:b/ dt: and d is the width of the gap. For thin film SPPs, the long
and short range versions of the wavevector are given by [62]:

(3.11)
The propagation lengths , (2Im(k) )- 1 , of the various regimes are presented in Figure
3. 7. The alkali metals do not perform nearly as well as gold and silver for propagating
modes. In general, high plasma frequency metals perform best. Rb is included to
show the effect of reducing the plasma frequency. Al performs particularly well for
the SR-SP P in comparison to its general performance at long wavelengths in other
geometries. Many transition metals have high plasma frequencies , but low energy
interband transitions disrupt the "useful" regime, approximately less than 10 µm.
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The best performer of the transition metals, Mo, is included for comparison.
As mentioned earlier, the penetration depth of the field into the surrounding
medium is just as important as the propagation length, as it defines the packing
density of devices on a chip. As an example, Figure 3.8 shows this for the "traditional" SPP geometry as a function of propagation length. The alkali metals perform
best for low propagation lengths, followed by silver for all other propagation lengths.
Gold outperforms the alkali metals for propagation lengths above 70 µm.
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3 .3 Generic System Quality Factors
Although every specific geometry will have a different quality factor , in the limit
of low loss and the applicability of electrostatics, two generic limiting cases can be
derived. By examining the geometry specific metrics (3.5), (3.3) , (3.8) or (3.9) and
setting core and background permittivities to one or zero and removing constants,
the generic system quality factors are: (i) for localised surface plasmon (LSP) applications which include t he absorption efficiency of nanospheres ancl na11oshdls , and
the resolving power of the multilayer superlens:
QLSP =

-c.' I c" '

(3.12)
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and (ii) for extended modes such as surface plasmon polaritons (SPP) and longitudinal LSP modes of the prolate ellipsoid [63] :2 .
Qspp =

'2

E

/t: ·

(3.13)

II

In the quasistatic regime, where the features of the plasmonic system are much
smaller than the wavelength of light , localised surface plasmons depend on the dielectric function linearly, whereas SPPs depend on the square of the real part. In
the limit of low loss , the quality factors can be written in terms of the complex
refractive index rn = n + 'tk:
QLSP

Qspp

=

kj2n ,

(3.14)

=

k 3 /2n.

(3.15)

Or the frequency dependent complex optical conductivity cr(w)

QLSP

_

-

0-2 -

w/47r
0"1

,

=

a- 1 (w)

+ ia-2 (w):
(3.16)
(3.17)

By substituting the Drude model (3.1) into the quality factors (3.12) ,(3.13) and
2

Although the mode on the ellipsoid is not an SPP, it shall be labelled as such from here on to
simplify notation
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solving for maximum quality we arrive at:
MAX

QLSP =

2 (w2p _ "\/2)3/2
1

(3.18)

_3_"(_W_~_y'3_3_'

MAX
QSPP

2

WP

=

(3.19)

2 "(2 '

It is now apparent that the most important factor is a large bare plasma frequency

to damping ratio

wp/ 'Y .

In the event that the scattering rate is unknown, it is often

sufficient to make the approximation:

(3.20)
where PDc(T) is the temperature dependent DC resistivity and

Eo

is the permittivity

of free space.
In Figure 3.9, the maximum values for QLsP (bold) and the frequencies at which
they occur for all non-group-f metals is presented. Due to a combination of high
plasma frequency to damping ratios and low probability interband transitions, free
electron like metals dominate the periodic table in terms of plasmonic performance.
For gold and silver, their quality as plasmonic materials is evident from the sheer
number of publications in this area. Reported experimental maximum QLsP values
for silver range from tens [64] to hundreds [49] with the latter matching experimental
plasmonic device data more closely [65]. Experimental optical constants for gold
show similar variability, with QLsP values varying between 14 and 34.
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are in eV. References are provided in section 3. 6
A number of studies have used the experimental permittivity to compare the
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plasmonic performance of alkali metals in a number of geometries [55, 66, 22, 34].
The Group 13 metals , Ga and In have recently been studied by McMahon et al
[67] where they report QLSP values of almost 100 for indium at 3.5 eV using the
optical constants of Ref. [68], however this seems to be an artefact of the method
used to fit the data for use in a finite difference technique. Ga performs better
than Sn, Pb, Bi, and Tl over the range 3.5 eV to 12 eV, but still has QLsP below
10 in this region [67] . The actinides [69] thorium, protactinium [70] and uranium
[71] all have interband transitions from

f like to

d-like states [69] , as do Gd and Dy

[72]. These metals perform poorly over most frequencies and are not included in the
figure. For a review of the optical properties of the Lanthanides, see Ref. [73]. For
reference purposes, Figures 3.10 and 3.11 show QLsP and Qspp data for elements
which perform well in Figure 3.9. The figures include data for the alkali metals
plus magnesium , the noble metals plus palladium, the group-13 metals and some
transition metals. Aluminium performs most favourably for LSP modes at high
frequency, followed by the alkali metals through the visible, and the noble metals
at longer wavelengths. Silver and gold dominate SPP modes by quite a substantial
margin.
In the next section, some of the important electronic features of a plasmonic
material are discussed, followed by t he effect of interband transitions etc. on the
ideal material.

3.4 The Ideal Plasmonic Material
In this section, some of the electronic structure factors that influence the performance of plasmonic systems will be discussed. Figure 3.12 shows the experimental
permittivity profiles of silver and gold . Both of these materials have high plasma
frequency to damping ratios

wp/r

(see table 3.1). However , their interband tran-

sition spectra vary not only in magnitude and distribution, but also in relation to
the Drude plasma frequency. The optical gap or band edge

wg

is marked in the

figure , and represents the minimum energy for which transitions become allowed.
The optical gap and its distribution are fundamentally important in describing the
quality of surface modes. For example, in silver the sharpness of the band edge and
its proximity to the bare or Drude plasma frequency causes a dramatic shift of the
bulk or screened plasmon

W8

from 9.6 eV to 3.8 eV. This results in a situation where

no excitable surface mode can decay into electron hole-pairs.
In gold , the band edge drops off much less rapidly with increasing frequency,
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Figure 3.10: (a) Quality data for the alkali metals and magnesium. (b) Quality data
for the noble metals and palladium from a variety of authors. JC=Johnson&Christy,
WF= Weaver&Frederikse, P = Palik. Other references are provided in section 3.6
and so the shift of Ws is much less dramatic. This is situation is more problematic,
since for permittivities - / < 2 the surface plasmons decay into electron hole pairs,
resulting in a much reduced quality factor at these frequencies.
3.4.1 Model lnterband Transitions

Unfortunately, the effect of inter band transitions is much less localised in frequency
than this simple picture portrays. Consider a simple Gaussian distribution representing transitions from some valence to conduction band. The transitions are

CHAPTER 3. THE PLASMONIC PERFORMANCE OF METALS

10

<-~

)t

105

5
10

104

104

3

10

0..

Cl

10

AlGa - - - In Tl -

10'
10°

10

~l

J !02

2

MoTa - --W -

10'

Re -

os ----

JOO
0.1

10

0. 1

3

~

10

!04

!05
104

!03

3
10

'f

w
I

102

!02

10'

JO'

I

10

10°

0. 1

10

l..(µm)

l..(µm)

(a)

(b)

Figure 3.11: (a) Quality data for group 13 metals. (b) Quality data for some
transition metals. References are provided in section 3.6
centred at some frequency µ with distribution a which describes the dispersion of
the bands in the metal, and a number ne which describes the number of electrons
involved in the transitions (which depends on the variation in angular momentum
throughout the Brillouin zone as well as the number of bands involved in transitions).
The interband spectrum now looks like:
"
ne
( (w - µ)
t:ib(w) =~exp
27ra 2
2a 2

2

)

.

(3.21)
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Figure 3.12: Experimental permittivity of silver and gold showing the band edge
or optical gap wg , the screened bulk plasmon frequency W s and the bare plasma
frequency wp.
Table 3.1: Optical Constants of some alkali , noble and group-13 metals , including
the residual low frequency term caused by interband transitions
Element
Ag
Au
Al
Na
K

wp(eV)
9.62
8.55
12.5
5.71
3. 72

[44]
[44]
[74]
[46]
[46]

'Y(eV)
0.0181
0.0184
0.0621
0.0276
0.0184

wp/'Y

[49]
[41]
[74]
[48]
[48]

531
465
201
207
202

In order to calculate the residual effect of our model interband spectrum on

Q8tp ,

an analytic Kramers-Kronig integration is performed to determine the real part of
the spectrum,
(3.22)
where P indicates the principal part of the integral. If one assumes that the transition

occur~

at frequencies well above 0 and the plasma frequency to damping ratio

is large, the effect of the transition on the maxirnnrn

QLSP

can be approximated by

taking thew = 0 contribution to the real part of the permittivity:
(3.23)
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which can be approximated by E~b(O) = 27r~nea/µ ifµ» a> 0. This of course has
the effect that even at frequencies well below the band edge, the real part of the
permittivity has additional positive component [75] which degrades the local surface
plasmon quality factor:
(3.24)

Local Surface Plasmons
In figure 3.13 the Drude dielectric function from figure 3.1 with wp/'Y
with

Wp =

= 10 2 , i.e.

10 eV and 'Y = 0.10 eV is presented and 3.21 is applied with various

values for the band dispersion parameter a. Note that this approximation for the
band dispersion is reasonable for metals with parallel band conduction states (e.g.
aluminium), but for silver and gold with parabolic band dispersion a skewed normallike distribution is much more accurate. Although analytic solutions to the Kramers
Kronig integration are much more demanding for skewed distributions , solutions are
available. 3
It is clear from the figure that parallel baucls provide a much more localised

distortion to the quality of LSPs. Unfortunately, a

= 1 is closer to the value one

1Ilight find for the Ulain contribution to the band edge in real metals , for example in
silver and gold. On the high frequency side of the maximum in E~~' that is at w > µ,
there is an increase in maximum QLsP caused by negative contributions to / from
E~b· This effect is amplified when the number of electrons involved in the transition

mcreases.
Figure 3.14 shows the effect of increasing the number of electrons involved in
intcrbaucl transitions for fixed a and µ. If the transitions are strong enough, there
is a quite substantial increase in the maximum QLsP compared to that of the Drude
1Iletal. Of course, in real metals , this effect is not so substantial because higher
energy transitions, despite generally having reduced magnitude compared to those
of the band edge, generally negate the reduction in /.
The final (and arguably most important) factor is the relationship between the
optical gap and the plasma frequency. Figure 3.15 shows the effect of various r

=

wg/ wp ratios. The plasma frequency is fixed at 5.0 eV, the distribution of bands
However, the solution is involved and difficult to calculate numerically (it requires arbitrary
precision arithmetic) , preventing it from being implemented in situations where it would be most
useful (e.g. FDTD) [M. D. Arnold , M. G. Blaber and A. V. Kildishev, Unpublished]
3
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Figure 3.13: QLSP and /' values as a function of wavelength for various electron
distributions.
and the number of electrons are also fixed with values of a

= 1.0eV and

ne

= 5.

There are two regimes evident in the spectra, the case r=0.25 corresponds to a
situation similar to that in aluminium, where the transitions are at much lower
energies than the plasma frequency. This results in a increase in QLsP on the high
frequency side of the plasma frequency. The second regime is r

= 1.0, similar to the

situation in silver, where the transitions start at higher energy than the screened
plasma frequency. The problem with the r > 1 regime is that there is a residual
contribution of the transition to low frequencies.

This is still evident when the

transition is centred at 25.0 eV, as is the case for r = 4.00.

Su r face Pla sm on Polarit ons
For comparison, the effect of the ratio is shown on Qspp in Figure 3.15. For a Drude
metal , the frequency for maximum Qspp is just 'Y· For a good metal (high wp/-y),
the transitions have very little effect on

QS1P'?·

However, at wavelengths of interest

(,\ < 2.0µm), low ratios of the optical gap to plasma frequency perform substantially
worse than large ones.
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Figure 3.14: QLsP and c" values as a function of wavelength for various numbers of
electrons involved in interband transitions.
This is the second criteria for a high quality plasmonic material: the number of
electrons involved in interband transitions must be low, and at the highest possible
frequency. This simple and quite obvious criteria significantly reduces the number of

materials that are likely to have favourable optical properties. Materials with partially occupied d-like or

f like

states are likely to perform poorly across the visible

for two reasons: Firstly, the surface plasmon may decay directly into electron-hole
pairs, or alternatively, the plasmonic performance will be substantially reduced because of increased /, caused also by interband transitions. Experimental values for

E;b(O) are presented in Table 3.2.
The effect of interband transitions on the maximum value of Qspp is slightly
obscure. As E;b(O) increases, maximum Qspp shifts very slightly to lower frequencies.
It is apparent from the damping frequencies listed in Table 3.2 that this is not

particularly useful, and as such it is common practice simply to report the value of

QsPP at 1.51-Lm.
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Figure 3.15: QLsP and c" values as a function of wavelength for various ratios r =
wg/wp. Plasma frequency, transition distribution and number of electrons are fixed
at Wp = 5.0 eV, '"'( = 0.05 eV, a = l.OeV and n e = 5. The case r=0 .25 corresponds
to a situation similar to that in aluminium, where the transitions are at much lower
energies than the plasma frequency. r = 1.0 is similar to the situation in silver,
where the transitions start at higher energy than the screened plasma frequency.

3.5 Conclusions
In summary we can characterise the plasmonic performance of material by considering appropriate ratios of the real to imaginary parts of the permittivity. While the
plasma frequency and relaxation time of the Drude model are helpful in this regard,
it is also important to consider the shift of permittivity as indicated by the interband component at zero frequency. Considering the best elemental metals, alkalis
are free-e lectron-like but impractical, Au and Ag have significant interband transitions, and Al operates best at very high frequency. These options are restrictive
and hence in the next chapter a review of alternatives is presented. This allows for
a greater choice of operating frequencies and potentially lower losses.
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Table 3.2: Optical Constants of metals. For silver, the optical data of Johnson
and Christy is used. For gold, the data of Weaver and Frederikse is used. The
low frequency residual permittivity caused by interband transitions is calculated
by fitting a skewed distribution function to the band edge in E;~ and a number of
Gaussians to higher energy transitions. A numerical Kramers-Kronig integration is
then performed to determine E;b (w).
~~~-------~~~~~~~~~~

Element
Ag
Au
Al
Na
K

wp(eV)
9.62
8.55
12.5
5.71
3.72

[44]
[44]
[74]
[46]
[46]

'Y(eV)
0.0181
0.0184
0.0621
0.0276
0.0184

[49]
[41]
[74]
[48]
[48]

E;b(O)
3.5
9.6
10.4
1.09
1.12
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3.6 References for Figure 3.9
Table 3.3: References for the optical properties of the elements presented in Figure
3.9. In the case where multiple tabulations are available (in particular for Cu, Ag
and Au) , we chose the optical constants that gave the highest QLSP· The data is
partially sourced from collations by Weaver [41] and Palik [73, 61]. Unpublished
data by Weaver and co-workers (V, Hf, Re, Os) made available in [41], is cited as
such. Data for Zr is not cited correctly by Weaver and Frederikse [41].
Elements 3-28
Li
Be
Na
Mg
Al
K
Ca
Sc
Ti

v

Cr
Mn
Fe
Co
Ni

[76]
[78]
[81, 48]
[64]
[83]
[85, 48]
[79]
[88]
[90]
[41]
[94]
[90, 95]
[92]

[92]

[100]

Elements 29-49
Cu
Zn
Ga
Rb
Sr
y
Zr
Nb
Mo
Ru
Rh
Pd
Ag
Cd
In

[64]
[79]

[54]

[80]
[82]
[86]
[41]
[89]
[84]
[92]
[91]
[96]
[64]
[79]
[68]

Elements 50-83
Sn
Cs
Ba
Hf
Ta

w

Re
Os*
Ir
Pt
Au
Hg
Tl
Pb
Bi

[77]
[80]
[82]
[41]
[84]
[87]
[41]
[41]
[91]
[93]
[4 1]
[97]
[98]
[99]
[101]

Optical properties of metallic materials

Alternative materials are required to enhance the efficacy of plasmonic devices. We
review the optical properties of a number of alloys, doped metals, intermetallics,
silicides, metallic glasses and high pressure materials. We conclude that due to the
probability of low frequency interband transitions, materials with partially occupied dstates perform poorly as plasmonic materials, ruling out many alloys, intermetallics
and silicides as viable. The in creas ed probability of electron- electron and electronphonon scattering rules out many doped and glassy m etals.

This Chapter is based on (P7).

4.1 Introduction
As nanofabrication techniques become increasingly fast and accurate, the performance of plasmonic systems relies less and less on structure fabrication and more on
the fundamental limitations of the underlying materials. A number of studies have
been performed comparing the plasmonic merit of different metals (see e.g. Chapter
3) , and although the alkali metals have increased performance over the noble metals at some frequencies and permittivities, experimental convenience or necessity of
inertness dictates that the noble metals are used more frequently.
The free electron character of the alkali and noble metals plays a pivotal role
in their plasmonic performance. As the number of free electron metals in the periodic table is severely limited, use of doped metals , alloys and intermetallics to
tune the frequency and permittivity response of materials seems an obvious choice.
Additionally, the technical complexity of gain materials may be avoided.
The concept of loss mitigation by the introduction of gain materials into plasmonic devices was introduced by Ramakrishna and Pendry [102]. They investigate
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the effect of a gain material replacing the dielectric layers in a multilayer superlensing stack. The imaginary component of the frequency dependent dielectric function,

t:(w)

=

t:' (w) + it:

11

(w) which describes the phase lag of t he electrons behind the

applied electric field is negated by a material with a negative effective phase contribution t:(w) =

t:' (w)

-

it:" (w).

The fluorescent dye Rhodamine 6G has been used to compensate for loss in
both Local Surface Plasmon (LSP) [103] and propagating Surface Plasmon Polariton
(SPP) [103] based systems. Increased confinement of light in metallic waveguides
causes a substantial increase in the optical loss. The introduction of gain materials
into these systems was proposed by Maier [104]. Quantum dots have been proposed
[105] and demonstrated [106] to reduce this loss.
In addition to increased optical loss due to confinement, a number of damping
mechanisms contribute to the plasmonic performance of real systems. The effect
of grain boundaries in gold films has been discussed quantitatively by Kuttge et

al where they showed that the characteristic decay length of a propagating SPP
mode would be reduced by a grain size dependent factor [107]. Similar effects are
apparent in systems with features smaller than the average electron mean free path,
and such surface scattering has a significant impact on the optical response of small
particles[108] and thin shells (see e.g. [38]). In addition to surface scattering, the
introduction of surfaces allows for the decay of plasmons into electron-hole pairs via
surface states (see for example [109] [110]).
It is possible to optimize the size, shape and composition of a multilayer metal

system to get the optimum resonance at a particular wavelength, for example to
match the absorption profile of a fluorescent dye [111].

Although such systems

present yet another way to optimize a plasmonic system, the focus here shall be on
homogeneous systems.
In addition to the conventional methods for tuning the optical response of plasmonic systems, namely modification of structure size and shape; varying the material
itself can be used to tune the response. Many studies have investigated the optical
properties of noble metal alloy nanoparticles, most notably the Ag-Au alloys, where
the plasmon absorption maximum varies linearly from the elemental Ag value of
380nm to the elemental Au value of 520nm as the stoichiometry is varied [112, 113].
This leads one to erroneously assume that the response can be modeled using a
simple, linear combination of the experimental dielectric functions. However, this is
not the case and a more rigorous description in terms of the movement of the optical
gap and Fermi energy is required .
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Other alloys are also in use in plasmonics, for example Chiu et al [114] describe
a wet chemical technique for producing NiAu alloy nanoparticles in various stoichiometries with the additional property of magnetism. The absorption efficiency
of the particles, and hence the plasmon efficacy, reduces with increasing Ni. Other
alloys such as the Cu/Zn system show more complex behaviour, with 953 Cu, 53
Zn particles having a higher absorption effici ency than the 1003, 703 and 303 Cu
particles [115].
Fabrication of Sn-based intermetallic nanoparticles [116] has resulted in a multitude of shapes including some similar to the familiar split ring resonator often used
in meta-materials [14]. Ferrando et al have recently published a comprehensive
review of nano-alloys and their optical and catalytic properties [117].
Al/Ga and Au/Ga nanocomposites have been used in high speed plasmon polariton modulation involving phase transitions under a high power laser [118, 119].
Some of the interesting properties of liquid metals are discussed in section 4.6.1.
Although the focus here is mainly on bulk materials , there are particular alloy
combinations which do not have stable bulk phases but do however alloy when
structured on the nanoscale (see for example FeAg [120]).
To date, reasonably few intermetallic compounds have been used in plasmonics
with the main candidates being AuA12 [121] and MgB 2 [122, 123]. With other
examples including the Heusler type compound Co 2 FeGa [124] and Au 3 Zn [125]
nanoparticles made of t he latter show a slightly increased absorption efficiency over
comparable gold particles.
The transition metal silicides are particularly interesting as they allow for waveguides to be easily constructed in silicon using conventional semiconductor manufacturing techniques. The transition metals can be masked onto the surface and diffused
into silicon, creating guiding structures. Their optical properties are discussed in
Section 4.4.
West et al have recently discussed the merits of a number of alternative plasmonic
systems [126] which shall not be discussed here - namely graphene, semiconductors
and phonon polariton materials such as SiC. Here, a complementary review focusing
on the electronic properties of some materials not discussed in detail by West et al
is presented.
In this Chapter the technical challenges of device fabrication are largely discounted.
This chapter is structured as follows: in Section 4.2 the optical properties of
alloys are discussed, including mainly non-stoichiometric materials, doped materi-
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als and nanograined materials. The remaining sections discuss 4.3: Intermetallic
compounds. 4.4: Silicides. 4.5: Systems under pressure. And 4.6: Metallic glasses,
liquids and amorphous alloys.

4.2 The Optical Properties of Alloys
Nanograined materials can be effectively modelled using a linear combination of
the dielectric functions of the constituent metals, weighted by their respective stoichiometries, with an additional damping term to simulate scattering by grain boundaries [127, 128, 129]. This may not work for alloys where grains are very small, purely
amorphous and glassy materials are examined in section 4.6.2.
4.2.1 Noble Metal Alloys

Due to their interesting electronic structure and colour, the optical properties of
noble-noble alloys are among the most studied of metallic compounds. Randomly
oriented AuCu, AuAg and AgCu alloys were studied by Rivory [130] both experimentally by evaporation onto glass substrates and using the coherent-potential approximation (CPA) (see [131]). The interband transitions in Au-Ag alloys with silver
concentrations of (in atomic %): 0, 21, 41 , 62, 94 and 100 were measured using
transmittauce/rcfiectance spectroscopy and Kramers-Kronig analysis. The spectra
of Au-Cu alloys were made with Cu concentrations of 0, 12, 25, 40, 70, 81 and 100
at. %. Ag-Cu alloys were made with Cu concentrations of 0, 6, 8, 30, 43, 55 , 94
and 100 at.% but had to be deposited at 150K to prevent ordering. The crystal
size for Au-Ag and Au-Cu are in the range of 300nm to 500nm, whereas for Ag-Cu
they are roughly 1.5nm. It is evident from the interband transitions in the Ag-Cu
spectra that 1.5 nm grains are large enough to exhibit the effects of short range order, which causes bulk like interband transitions to become evident. A reduction in
short range order often indicates a reduction in the strength of interband transitions.
This effect is particularly noticeable when studying liquid metals (See for example
[132, 133, 134] and Section 4.6.2). Highly ordered Ag-Cu alloys exhibit a similar 2.5
eV / peak magnitude and shift[135]. The interband transition spectra of the three
random alloys exhibits a simple 'mixing' where all of the alloy transitions can be
attributed to those of elemental gold , silver or copper[130]. Rivory et al report the
onset of interband transitions in Au-Ag shifts continuously from 2.5 eV in pure gold
to 3.9 eV for pure silver, the extremes being in excellent agreement with the data of
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Kreibig[136]. A comparison with the optical data of Johnson and Christy[49] and
Weaver et al [87] show excellent agreement with the elemental data of Rivory et al.
For Au-Cu the onset of interband transitions shifts from 2.5 eV for pure gold down
to an apparent minima at 2.2 eV for 50 at.% Au where it stays for Au concentrations
down to pure copper. Part of this shift is due to a decrease in the lattice constant
[137]. In all three alloys , the metal with larger interband transitions dominates the
spectra. The order of transition strength for these three metals is Cu > Au > Ag.
Doping of Cu with Al has been shown to introduce indirect transitions near the L
point, and the secondary band edge shifts to lower energies, while the primary band
edge generally gets larger with increasing dopant concentration[138] . This effect also
occurs for Cu doped with Ga, Zn, Sn, Si and Ge. [139]
The random binary alloy Cu-Fe was made by Korn et al in various iron concentrations from 0 at. 3 to 20 at. 3 [140]. The elemental copper peak at approximately
5 eV does not shift a great deal , indicating that the Fermi level does not shift very
much upon alloying, but the transition strength decreases , indicating a reduction in
order. This effect occurs in Cu-Mn and to an extent in Cu-Pd and Ag-Pd as well
[141]. However , in none of these alloys is the minimum in

c"

less than that of the

constituent elements.
Alloying of Ag with Mg and Cd causes an additional peak to appear below the
3.9 eV band edge of elemental silver [142, 143], which itself is reduced and allows
for the excitation of bulk plasmons above 5 eV, albeit with reduced efficacy due to
the overlap with interband transitions in similar stead to the effect in gold. The
addition of Sn causes a dramatic increase in the scattering rate up to 0.6 eV (similar
to bulk aluminium), and no additional interband transitions are visible, the band
edge seems to maintain the same magnitude and energy as that of elemental silver.
The relaxation time increases marginally for the Mg and Cd alloys, with maximum
values of approximately 0.2 eV and 0.15 eV respectively. They report

r=

0.04 eV

for elemental silver.
Silver-indium alloys show the interesting property that the transitions that make
up the 3.9 eV peak can be shifted upon alloying with indium [144]. The 3.87 eV L3
-t L2 transition shifts to higher energies and the 4.03 eV L2 -t L1 shifts to lower

energies. The magnitude of the 3.9 eV peak decreases with increasing In concentration, but the plasma frequency decreases and the damping frequency increases. The
overall effect of alloying on

c"

is to increase the imaginary permittivity, resulting in

a minimum of 1.5 at 3.5 eV for 12 at.% indium compared to the minimum value
for silver, where

11

E

= 0.37. The introduction of Ni defects in gold has a similar
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effect , increasing the damping frequency due to impurity scattering, but reduces the
magnitude of the band edge [145].
4.2.2 Transition Metal Alloys

Thomas and Thurm performed optical experiments on binary alloys of W , Ta, Re
and Ir in various stoichiometries [146]. Although the optical properties of the alloys
are not linearly dependent on the optical properties of the elements, the magnitude
of the interband transition maximum in /

always lies in between the maximum

values for the elements. The maximum in the interband spectrum shifts as follows
through the alloy series: W: 20 at 1.8 eV, Re: 16 at 2.5 eV, Ta: 14 at 3 eV.
4.2.3 Summary of Alloys

The prospects for alloys in general can be summarised by observing that although
they allow tuning of the real part of the permittivity, they typically have interband
strengths similar to their constituents. Grain size effects in some alloys (e.g. AgCu)
may modulate interband transitions at the expense of degraded relaxation time due
to scattering from grain boundaries and additional scattering from phonons. None
of the alloys reviewed here has comparable plasmonic quality to the free electron
metals.

4.3 lntermetallic Cornpounds
In this section we shall discuss the optical properties of the intermetallic compounds
in order of the number of constituent elements. As compounds they allow tuning,
but avoid grain issues and can have totally different properties compared to the
reactants. We survey alkali-metal, noble-noble, group 13 binaries, other binaries
and some ternary compounds.
4.3.1 Alkali Metal Binary lntermetallics

Optical measurements of LiAl in the NaTl structure suggest that this compound is
an excellent free electron metal with only a small interband transition around 0.55
eV, [147] whereas resistivity measurements present conflicting data, wit h values
around 10 µOcm [148 , 149] compared to silver and gold with values of 1. 77 µOcm
and 2.66 µOcm respectively[43].
For a review of LiAg, LiAu, NaAg, NaAu, KAg, KAu: see Chapters 6 and 7
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4.3.2 Noble Metal Binary lntermetallics

Rivory et al also investigated the effect of short range ordering on the stoichiometric
alloy AuCu 3 . With increasing order a new peak appears at approximately 3.6 eV.
Slightly different results were reported by Scott et al , where electropolishing of
samples post annealing was shown to cause the peak to appear at 3.28 eV [150]
but Skriver and Lengkeek noted that electropolishing preferentially etched grains in
their polycrystalline sample and reported the peak at 3.6 eV [151]. They also remove
the intraband contribution from their experimental data using a Drude fit and note
two additional peaks: one at 0.8 eV and another at 1.2 eV.
CoPt 3 and MnPt 3 crystallise in the same structure as AuCu 3 but partially occupied d-states result in many low energy transition mechanisms, resulting in QLsP < 1
between 1.5 eV and 5.0 eV [152].
The noble - group 13 alloys crystallise in the CaF 2 structure. The noble atoms
occupy sites on an FCC cell and the group 13 atoms form a simple cubic structure
in the centre of the FCC cell [153]. The discovery of the purple coloured, gold aluminium alloy AuAh is often attributed to Sir Roberts-Austen [154]. It has since
received a great deal of attention, not only due to its colour and applications in jewellery, but also for its possible applications as an energy efficient window coating.
Cortie et al [121] measure and calculate the reflectance spectra of AuA1 2 using density functional theory. They show an experimentally determined reflectance minima
at 2.5 eV, which has been shown to persist for Al: Au ratios of between 3.2:1 to
1:1 [155]. Minor discrepancies appear between the position of the measured and
calculated reflectance minima due to self interaction errors. They also measure the
reflectance of PtAh films which show a reflectance maximum at around 1.9 eV of
55% which steadily decreases into the infrared.
Vishnubhatla et al [156] studied the optical properties of AuAh , AuGa2 and
Auln 2 . They note that interband transitions appear at 2.2 eV in AuAh and are
responsible for t he reflectance minimum at 2.5 eV. Hsu et al note that this transition
is not due to Au 5d-bands as they lie too far below the Fermi energy[153]. The
frequency onset of interband transitions decreases as the atomic number of the
group-13 compound increases . AuGa2 has much broader experimental interband
transitions in the region around 2 eV than AuAh [156, 157]. Calculations show that
this broadening is caused by an additional transition at approximately 1.6 eV. When
substituting platinum for gold the reflectance minima at 2e V shifts to 3e V and the
reflectance peak at 3e V shifts to 4e V. This occurs due to a combination of shift in
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the 2eV transition peak to 3.6eV in PtGa2 , and an associated shift in the real part
of the permittivity. The variation in transition peak between gold and platinum can
be explained by a decrease in energy of the 5d-bands of Au in AuGa2 causing the f

7

band to be below the Fermi energy [157]. This effect is not seen iu AuAb or Auln 2
[153, 158].
Silver indium alloys show the interesting property that the transitions that make
up the 3.9 eV peak in silver can be shifted upon alloying with indium [144]. The
result is that the 3.87 eV 1 3 --+

L; transition shifts to higher energies and the 4.03

eV 1; --+ 1 1 shifts to lower energies. Unfortunately, the overall effect is to increase
the imaginary permittivity, resulting in a reported minimum of 1.5 at 3.5 eV for 12
at.% indium. For comparison, the minimum

11

E

for silver occurs at approximately

3.5 eV with a value of 0.22. The addition of aluminium into silver also causes a
continuous shift in the minimum of

c"

This increase in the minimum of

causes a decrease in the magnitude real part of

c"

from 0.22 to a value of 1.78 at 2.7 eV [159].

the permittivity, causing the main silver transition at 4 eV to shift to higher energies
and its value to shift from 1. 75 to just above zero, causing the permittivity of the
alloy to become negative for all energies below 7.6 eV [159].
Plasma frequencies for the three CsCl structured Noble alloys AuZn, CuZn and
Pdln are shifted quite substantially from their ideal locations at 11.5 eV, 12.6 eV
and 11.0 eV respectively by inter band transitions [160]. The biggest shift occurs
for Pdln, where the screened plasma frequency is shifted to 2.4 eV. In AuZn

Ws

is

shifted the least with r_' crossing 0 at 7 eV. The real permittivity for CuZn exhibits a
positive region between 2.5 eV and 3.1 eV, giving it a purplish pink colour similar to
that of AuZn which is yellow-pink. The interband transition strength is greatest in
CuZn and least in Pdln. The onset of transitions appears to occur at approximately
leV for Pdln and AuZn , and at about 2 eV for CuZn. All three compounds exhibit
Ws

between 2eV and 3eV in the region where

c'

becomes steep due to intraband

contributions. As the amount of disorder in CuZn is increased the band edge at 2eV
reduces and a low energy transition becomes apparent [161] .1
Of all the alloys studied here, CsCl structured binary intermetallics show the
most promise, with large optical gaps and in some cases bare plasma frequencies
comparable to silver and gold.
1
The transition does appear in the purely crystalline phase, but is washed out by the intraband
contribution.
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4.3.3 Group 13 Binary lntermetallics

NiAl, CoAl and FeAl all have major interband contributions to the imaginary part
of the permittivity, with the minimum value of t" being 10 for CoAl and FeAl at
2.75 eV and 3.25 eV respectively [162] Of Ni 3 Al[163], Ni 3 Ga and Ni 3 In, only Ni 3 In
shows reasonable QLSP, with values above 2 at frequencies below 1 eV [164]. DFT
calculations on Ni 3 Al and CoAl both suffer from the effect of partially occupied
d-states, whereby self energy corrections shift the interband transitions to lower
energies. This can be corrected using a negative lambda-fitting regime. The lambdafitting works in a similar fashion to the scissor operator, but rather than rigidly
shifting the band energies as is done for insulators, the bands are stretched(positive)
or compressed(negative). This was performed by Rhee et al for Ni 3 Al and CoAl,
and it corrects their optical spectra into line with experiment.
The optical properties of CoAl and N iAl alloys were determined by Kim et al
[165] both experimentally and using the linearised augmented plane wave (LAPW)
method. Their calculations show very good agreement with experiment below 2.5eV,
and accurately describe the onset of interband transitions which occurs at le V for
CoAl and 2.5 eV for NiAl. The variation in the onset of interband transitions is
attributed to a shift in the Fermi energy with the addition of a d-electron in nickel.
In CoAl, transitions from a band pair across r-M-X and X-R are responsible for the
low energy transitions. When nickel is substituted for cobalt, the first fully unoccupied band becomes occupied and transitions become impossible. The minimum
imaginary permittivity they report for NiAl is approximately 11 at the low energy
edge of their experimental data (1.2 eV) and approximately 4.5 at the high energy
edge of their experimental data (6.0 eV) for CoAl. The FP-LAPW method using
GGA (PW92 functional) and self energy corrected LDA (LDA

+ U) exchange cor-

relation functionals were used by Rhee et al [166] to calculate the optical properties
of FeAl. It was found that both LDA

+U

and a positive ,\ fitting routine were

required to improve the agreement with experiment as the effects of correlation are
known to induce a paramagnetic ground state in FeAl. The experimental spectra
exhibits three main transitions at 0.5 eV with magnitude 102, one at 1.5 eV with
magnitude 29 and the last at 4 eV with magnitude 12. Transitions below 3 eV occur
around the r , X and :VI special points [167]. The minimum in

c'' occurs at the high

energy edge of the experimental data at 5 eV with a value of 9.6. The calculations
indicate that the transitions decrease over this region. Other groups [168] report
maximum transition heights of 55 , almost half that of Rhee et al .
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In 1985 van der Heide et al [163] performed ellipsometric spectroscopy on two
Ni 3 Al alloys. One of the samples was an 8 mm polycrystalline sample and the other
a 3 mm single crystal. The sample size limited the accuracy of the results they obtained at energies greater than approximately 5.5 eV and hence their measurements
extend only from 0.5 eV to 5.5 eV. They report no noticeable difference between
the optical measurements of the two samples. The most interesting feature in the
spectra is a peak in from about 2.5 eV to about 4.5 eV. This peak pushes the real
part of the permittivity above 0 resulting in two bulk plasmons (where

1

E

= 0), one

at 3.4eV and another at 3.9 eV. For some metals, such as silver, the existence of multiple crossovers may allow for a seperation between surface plasmon modes (where
1

E

< 0) and interband transitions. In the case of the Ni 3 Al, the interband transition

is not sufficiently sharp to allow for such a seperation. Hence, the surface modes
at most frequencies will decay into electron-hole pairs. van der Heide et al also
performed an analysis of the infrared Drude tail. They showed that in the absence
of interband transitions the sample would exhibit a bulk plasmon at approximately
9 eV (which is quite close to the bulk plasmon of nickel at 10 eV [41]).
Hsu and Wang [164] recently calculated the optical properties of the alloys Ni 3 Al,
Ni 3 Ga and Ni 3 In using DFT with a FP-LAPW basis. They calculated interband
transitions between OeV and 150eV however no / results are presented. In similar
fashion to the lattice constants reported for the group 13 gold alloys , the Ni 3 Al
and Ni 3 Ga lattice constants are quite similar at 3.571 and 3.589 and the Ni 3 In
lattice constant is 3. 745 about 53 greater than Ni 3 Al. The optical calculations
overestimate the magnitude of both the 1.0 eV and 2.0 eV transitions in Ni 3 Al, the
1.25 eV transition in Ni 3 Ga and all transitions in Ni 3 In. Notably, the minimum in
the experimental / for Ni 3 In occurs at 1.35 eV and has a value of 0.5; at this energy
the real part has value of -3.5, giving a QLSP of 7.
The Laves phase (MgCu 2 structure) Lanthanide group 13 intermetallics LaAb
CeAb Pr Ab YbA1 2 all have fstates very close to the Fermi energy. Interaction with
conduction states results in a low interband transition threshold [169, 170]. However,
the compounds YAb LuAb have their fstates centred well above and well below
the Fermi energy respectively, resulting in the main interband transition occurring
at approximately 2 eV. None of these materials have QLsP > 1.
The AuCu 3 compound LuA1 3 also has high lying fstates, and the density of
states at the Fermi energy of YbAb is nearly twice as large compared to ScLa3 and
LuAb because of partially occupied fstates, but interband transitions cause the
compound to have no metallic character between 1.5 eV and 5.5 eV[l 71].

CHAPTER 4. OPTICAL PROPERTIES OF METALLIC MATERIALS
4.3.4 Other Binary lntermetallics

In LaSn 3 the onset of interband transitions occurs at approximately 0.5 eV with the
main peak at approximately 1.5 eV [172] . All the transitions between 1 eV and 5 eV
can be explained due to the mixing of 4fcharacter into states near the Fermi energy,
with the dominant transition mechanism arising from La 5d-like to hybrid f d-p-like
states [172]. In CeSn3 the situation is even worse due to increasing 4fcharacter of
conduction states, which causes partial occupation off d-p-like states allowing for
additional transition mechanisms.
ThPd3 and UPd 3 both exhibit the TiNi3 structure, UPd 3 having partially occupied 5f-states and ThPd3 having completely unoccupied 5fstates; the onset of
interband transitions in both materials is very low, with

wg

< 1 eV [173]. The inter-

band component of the optical spectra for all these materials is too great to allow
for reasonable plasmonic activity.
4.3.5 Ternary lntermetallic Compounds

MgAuSn exhibits the cubic AlLiSi structure (F43m) and is coloured purple due
mainly to very strong interband transitions around 3 eV [174]. The transitions are
likely due to the parallel band effect which gives aluminium its strong interband
component at 1.5 eV. Because the interband spectrum of MgAuSn becomes steep
at a higher energy and the material has a lower effective Drude plasma frequency
than AlLiSi, a Kramers-Kronig integration forces the real part of the permittivity to
be positive over the region 2.2 eV to 3.1 eV. Interband transitions were calculated
using the t ight-binding linear muffin orbital (TB-LMTO) method within the local
density approximation. Intraband contributions were included by fitting a Drude
damping constant and plasma frequency to experimental data.
The optical properties of the magnetic Heusler alloy Cu 2 MnAl have been calculated using a tight binding plane wave method [175]. Generally reasonable accord
between experiment and theory was apparent below 3.5 eV which included the two
main features at 1.5 eV and 2. 7 eV. The feature at 1.5 eV bears similarity to the low
energy transition in aluminium , and the 2.7 eV peak is reported to arise from transitions between hybridised conduction bands. Additional studies by Kudryavtsev
et al [176] suggest that QLsP is greater than 1 for frequencies below 1 eV. Damp-

ing to plasma frequency ratios of between 8.85 and 10. 7 have been measured in
samples of Ni 2 MnGa depending on the annealing temperature [177] however both
Ni 2 MnGa and Ni 2 Mnln [178] have large low energy interband transitions. Fe 2 TiAl
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has a plasma frequency of 0.22 eV [179], lower than the value of 1.32 eV for Fe2 VGa,
which gives a reasonable

wp/ 'Y value of 29, [180]

however interband transitions cover

most of the spectrum, disrupting quality.
The most promising of all the alloys studied here is Li 2 Agln alloy. It crystallises in
the NaTl-type structure (Zintl Phase), with 16 atoms per unit cell such that a group
of 8 BCC cells make up a cube. The corner atoms of each BCC cell are composed of
alternating lithium and indium atoms and the centres of alternating BCC cells are
lithium and silver atoms. Zwilling et al [181] report some very interesting results for
this compound, the most surprising of which is that at exactly 2 eV the imaginary
part of the permittivity is zero. A material such as this would have phenomenal
optical properties, most notably, an infinitely sharp resonance. Of course, such a
resonance is not really possible, and very large will have to suffice. The real part
of the permittivity at 2 eV is also reported by Zwilling et al [181] and a value of
-16 is given. Zwilling et al determined the complex permittivity by ellipsometry.
Their samples were prepared by melting the constituent metals in various ratios
in a furnace at 1000°C. The concentration of lithium remained constant while the
silver and indium concentrations obeyed the formula Ag 2xlnx. At x = 1,

t"

is at

a minimum of 0.0 at 2.0 eV. At Li 2 Ag0 .50 Inl.5o the minimum increases to above
4, shifts to lower energies and the gradient of the real part becomes less negative.
Unfortunately, in the same work, Zwilling et al report the optical properties of
Li 2 Cdln. According to their data, the imaginary part of the permittivity reaches -2
at approximately 3.1 eV. This violates causality and cannot be correct. It is possible
that the cause for this error lies in the extrapolation regime they use in conjunction
with the Kramers-Kronig relations, but no reference is made. Overall, this indicates
that the proximity of

t"

to zero for Li 2 Agln should be discounted , but not ignored.

An analysis of the results of Zwilling et al is presented alongside calculated spectra
for many Alkali-Nable-Group 13 compounds in Chapter 6.

In conclusion, the plasmonic quality of intermetallic compounds is heavily reliant
on the complexity of the band structure. Interband transitions dominate in materials
with large numbers of atoms in the unit cell. If alternative plasmonic materials
are going to be realised in the form of intermetallics, binary compounds with only
two atoms in the primitive cell that have low lying d-states are most likely to be
competitive.
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4.4 The Optical Properties of Silicides
Silicides present an interesting alternative to metals for use in plasmonics. Due to
extensive use in metal-oxide-semiconductor field effect transistors (MOSFETs) their
optical and electrical characteristics have been widely studied (for a review of their
application to MOSFETs see [182]). Moreover, as most of the studied silicides grow
epitaxially on silicon, current and future semiconductor manufacturing techniques
can be directly applied to the creation of sub-lOnm plasmonic devices. In fact device
structures amenable to on chip plasmonic information transfer such as nanowires
have already been created from silicides [183, 184, 185]. Recently, Soref et al [186]
have proposed the use of Pd2 Si as an alternative to gold in SPP based plasmonic
devices. They argue that as long as on chip transport requirements are met (i.e. high
speed, small size, low loss) then the operating wavelength of the system is irrelevant.
To ensure that the mode confinement is reasonable, the longest operating wavelength
is chosen such that the field emanating from the waveguide penetrates no greater
than three wavelengths on the air exposed side. Here, a more conservative criterion
is used: The penetration depth is restricted to be no more than half a wavelength.
This ensures minimum coupling between dense guides on a chip.
The penetration depth of the tangential component of a surface plasmon polariton travelling along a metallic strip surrounded by air can be approximated by:

Lpen

,,\
= --::---;:======:-

R[ j -1 / (E(w) + 1)]

(4.1)

where ,,\ = c/w. Enforcing the condition Lpen/ ,,\ = 3 for a Drude metal reduces to
1

E

(w) ~ -10. The propagation length of such a mode is:
1

Lprop

=

~[A jE(w)/(E(w) + 1)]'

(4.2)

where the frequency is (for a Drude metal):

w

=

'r2(1- /) I

E -

1

w;

(4.3)

A summary of the optical properties of some silicides is presented in Table 4.4.
The SPP quality factor is included at the telecommunications wavelength of 1.5 µm.
For comparison , the value for silver is 4522 [126] . In Section 3.3 it was noted that a
Drude model is sufficient to describe

Qgpp as long as the plasma frequency is much
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larger than the scattering rate - this is of course arises from a significant contribution to the real part of the permittivity that drowns out the effect of interbaud
additions on the imaginary part and any residual effect on the polarisability that
these transitions may incur. However, all the silicides presented in Table 4.4 have
small plasma frequency to damping ratios compared to silver and gold.
The data for TiSi 2 is derived from the plasma frequency and DC resistivity, and
although most of the scattering rates calculated from DC resistivity measurements
are very close to those extracted from optical data, there is no a priori way of
estimating the error. More recent optical constants by Kudryavtsev et al [187) for
TiSi 2 reduces Qspp at 1.5 µm to 27, down from 1348.
Table 4.1: Optical constants of various transition metal silicides including surface
plasmon polariton quality factors at the telecommunications wavelength,\~ l.5µm.
Calculated using the collated data of Nava et al [188). !'opt is the Drude scattering
rate extracted from optical constants, and is used - along with the plasma frequency
- in the calculation of Qspp. In the cases where 'Yopt was not available, rp - the scattering rate calculated from the DC resistivity - was used instead. QS1t.P corresponds
to Qspp at the damping frequency (see section 3.3). * Kudryavtsev et al present a
maximum of 27 for TiSi 2 , see text.
Silicide

Wp
(eV)

{opt
(eV)

VSi 2
NbSi 2
TaSi 2
NiSi 2
NiSi
Ni 3Si
VsSi3
V3Si
HfSi 2
GdSi 2
ErSi 2
TiSi 2
WSi2
Pd 2 Si

2.75
2.3
2.6
4.6
3.8
3.4
2.9
3.4
1.5
2.4
1.3
4.2
1.78
2.8

0.07
0.051
0.06
0.15
0.035
0.044
0.143
0.115

0.02
0.03

f p

(eV)
0.069
0.052
0.055
0.157
0.035
0.149
0.149
0.114
0.026
0.091
0.014
0.015
0.004

Qspp
(0.8 eV)

Qmax

Lprop(µm)
when
Lpen/ ,\ = 0.5

112
100
115
160
470
293
60
109
55
62
60
1348*
127
276

769
1030
942
471
5887
2999
203
431
1620
348
4540
38240
4003
4376

61.64
9.59
64.45
80.89
234.8
150.03
33.82
57.27
48.7
36.4
70.55
661.11
90.72
149.2

SPP

Doping of transitions metals exhibits similar qualities to doped metals, namely,
the screening of interband transitions. The Fe 1 _x Six compound studied by Kim et al
[189) (Figures 4. 1 (a) and 4.1 (b)) shows decreasing metallicity with increasing silicon

concentration as the density of conduction electrons decreases. This reduction in the

~
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plasma frequency causes a dramatic decrease in the SPP properties of FeSi (Figure
4.1 (b)). However, increasing silicon concentration also screens interband transitions,
and for some frequencies and compositions, the LSP quality is greater than that of
pure iron.
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Figure 4.1: (a) Local surface plasmon quality factors for the silicides Fe1 _x Six. (b)
Surface plasmon polariton quality factors for the silicides Fe1 _x Six.
In Figure 4.2 experimental Qspp data collated by Nava et al [188) is presented and
compared to the Drude model for which optical constants are presented in Table 4.4.
Due to the distinct lack of agreement between experimental optical constants and
the Drude model for these compounds, or the requirement of frequency-dependent
scattering rates , use of the Drude model is strongly discouraged, even at very long
wavelengths.
The alkali metal silicides have been shown to be semiconductors [190). The
alkaline earth metal silicides exhibit poor metal characteristics (e.g. CaSi PDc

=

282µfkm [191]) semiconductors e.g. BaSi 2 [192) and reasonable metallic character
(e.g. CaSi 2 PDc = 32µ0cm [191)). Some of the rare earth silicides are metallic, such
as GdSi [193) and ErSi [1 94, 195) albeit with exceptionally poor plasma frequency
to damping ratios (wp/r ;::::: 1) whereas others are semiconductors such as EuSi and
YbSi [196) .
In summary, although the silicides offer considerable technological conveniences
and some of them are potential candidates for guiding long wavelengths (e.g. TiSi 2 ) ,
they are generally poor when compared to other materials and are not suitable for
SPP applications.
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Figure 4.2: Local surface plasmon quality factors for group 5 transition metal silicides. Black lines: experimental data collated by [188], blue lines: Drude model
using parameters from Table 4.4

4.5 High Pressure Materials
Metals and alloys under pressure has become a very popular topic. Pressure and
phase transformations drastically alter the electronic properties of materials, shifting optical gaps , the plasma frequency as well as modifying electron-phonon and
electron-electron scattering.
Structural phase transitions, electronic topology transitions and metal insulator
transitions in systems under high pressure open the doors to whole new world of
materials for plasmonics. vVe shall briefly discuss some of these properties, with a
focus on pressures sustainable in active devices.
Potentially, an increase in pressure can increase the plasma frequency meeting
one of the criteria for a good plasmonic material. However, increasing the band
gradient at the Fermi surface, and the possibility of overhauling the topology of the
Fermi surface due to pressure induced electron transfer from one band to another
can dramatically alter the electron phonon coupling, and hence have a detrimental
impact on the phenomenological relaxation time. This change in topology, where
previously unoccupied bands cross the Fermi energy is known as an Electronic Topology Transition (ETT). Such transitions can have positive and negative effects. The
effects of pressure on the alkali metals has become an exciting topic due to the discovery of novel phase transitions[199], some of which are superconducting (see e.g.
[200] and [201]).
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Figure 4.3: Experimental imaginary permittivity of cobalt silicides in various stoichiometries. Data from Kudryavtsev et al [197] and Wu [198].
The band edge in lithium can be shifted from 3 eV to almost 7 eV by the
application of pressures as low as 40 GPa [202]. The magnitude of the band edge
is increased from 1. 75 in the BCC phase to approximately 2. 75 for the FCC and
hRl phases. The FCC phase has a screened plasma frequency to optical gap ratio
greater than 1 [203].
The introduction of pressure on K causes a more substantial increase in the interband contribution to the permittivity; f~~(wg) increases from less than 1 at 2.2
eV to greater than 7 when the crystal volume is reduced to 45% of the ground state
volume [204]. Gao et al have studied an anomaly in the resistivity of simple cubic
(SC) calcium[205]. They note that the resistance anomaly in SC calcium that occurs
at approximately 40 GPa can be attributed to an increase in the electron phonon
matrix elements and an increase in the plasma frequency due to an ETT from 4s-like
to 3d-like states. The pressure dependence of the plasma frequency for some alkali ,
noble and group 13 elements is shown in Figure 4.4. Although we can expect an increase in plasmonic quality with increased plasma frequency, the technical difficulty
of operating a plasmonic system under pressure negates any (minor) increases in
quality. Additionally, in many cases additional pressure increases resistivity [206].
ETTs in the Noble-Group 13 intermetallics AuX2 under pressure cause additional transition mechanisms at the high symmetry points in the Brillouin zone ,
presumably reducing the resonance quality [208]. In summary, although topological
changes under high-pressure offer the chance to drastically alter material proper-
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Figure 4.4: The effect of pressure on the plasma frequency of some metals studied
by Sundqvist [207]. r is the effective radius for an atom in the unit cell. Pressure
increases to the right.
ties, and some of them may exhibit increased plasmon quality (e.g. in Li) , others
are degraded (K) , and further the pressure required is impractical (although not
impossible).

4 .6 Liqu id Metals and Glassy/ Amorphous Materia ls
For any purely amorphous system, the concept of k-space is ill-defined, and as such
the difference between interband and intraband transitions disappears resulting in
a smearing of the band edge. Usually, the smearing occurs down to zero frequency
as transitions which are forbidden in the crystalline state become possible with
increasing amorphicity. As such, the optical properties of such systems should be
well described by the Drude model with a high damping frequency. There are some
serious disadvantages to using liquid metals and amorphous alloys in plasmonics,
notably, the generally high temperature required to have a metal in a liquid state,
and the difficulty in depositing patterned amorphous films.

Nonetheless, liquid

sodium has quite amenable optical properties, and the amorphous silicide PdSi may
be useful in plasmonic devices.
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4 .6.1 Liquid Metals

The reduced order and increased temperature evident in liquid metals has the effect
of shifting the interband transitions to lower energies as they are broadened in a
similar fashion to amorphous compounds with the additional drawback of increased
electron-electron and electron-phonon scattering rates with increasing temperature.
Although one would not expect interband transitions in the optical spectra of liquid
metals due to disruption to the periodic potential, even short range order in liquid
metals is sufficient to observe interband transitions.
The quality factors Q 1sp and Qspp are presented for liquid and solid Na in Figure
4.5 using the data of Inagaki et al [132, 133]. With the exception of the questionable
result for Li 2 Agln, liquid sodium is the first material presented to exhibit superior
plasmonic properties compared to its standard state elemental counterpart . Ingaki
et al measure the optical constants under a pressure of 2x10- 9 Torr and at a constant

temperature of 120°C to minimise vaporisation. Once the sodium was melted, an
oxide coating on the sample was removed in situ by the use of a stainless steel
scraper. The maximum Q 1sp of liquid Na is 42.1 [132], whereas for solid Na it is
41.1, and the frequency at which this maximum occurs increases in liquid Na to 2.3
eV from 1.3 e V in the solid. From these parameters for liquid Na we can calculate
the scattering rate and plasma frequency for a Drude metal: -y = 0.038 eV and
wp = 4.16 eV. There are remnants of the band edge evident in the liquid phase

[132], albeit with much reduced magnitude, and a slight shift to higher energies.
Helman and Baltensperger [209] argue that this apparent interband component can
be explained by frequency dependent scattering due to ion-electron interactions.
Q1sP data by Krishnan and Nordine [210] for liquid Al is presented in figure 4.6
alongside the data for the solid state by Shiles et al [83]. The 1.5 eV transition is
shifted to lower energies, and there is a noticeable increase in the scattering rate
which is not evident in liquid Na. Additionally, the plasma frequency reduces with
increasing temperature [211] .
Al-Ga and Au-Ga nanocomposites have been employed in high speed modulation
of surface plasmon polaritons. The functionality arises from a heating effect in the
composite that causes a structural transformation in the gallium [212, 118, 119]. A
comparison of local and propagating plasmon modes for liquid and solid gallium is
presented in figure 4. 7. Liquid gallium has a significantly superior optical response
over the solid phase for a very large wavelength range ( 100 nm to 20 /LID). The
maximum Qspp is 185 at 1. 77 µm.
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Figure 4.5: Optical data for sodium [132, 133]. Data for solid phase (squares)
and liquid phase (circles). Filled symbols represent QLsP data and open symbols
represent Qspp data.
The band edge in liquid silver shifts to higher energies, the onset of interband
transitions is not as steep in the liquid phase, and the maximum of the band edge
is at 4.5 eV. In liquid copper, the band edge broadens and shifts to lower energies.
Both materials have increased scattering rates [214].
The scattering rate in liquid Pb and Sn is an order of magnitude greater than in
the solid state [215]. The maximum QLsP measured for liquid Pb is 1.38 at 3. 7 eV,
more than 4 times lower than the solid [216]. Similarly, Bi has maximum QLsP of
0.7, 5 times lower than the solid [216].
Mercury and liquid mercury-indium alloys were studied by Hodgson [217]. The
scattering rate increases from 1.44 eV to 1. 72 eV when the temperature of elemental
mercury is increased from 20°C to 200°C. Adding indium to liquid mercury steadily
decreases the scattering rate at 20°C and can reach values of 0.8 eV with 33.4 at. 3
indium. This is approximately two orders of magnitude greater than the values for
silver and gold.
4.6 .2 Amorphous/Glassy Alloys

Amorphous Au 1 _xSix [218, 219] was the first material discovered to have a damping frequency greater than the optical gap, resulting in exceptionally poor optical
properties. A summary of the maximum QLsP and the frequency at which it occurs
is presented in figure 4.9.
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Figure 4.6: Optical data for aluminium [210, 83]. Data for solid phase (squares)
and liquid phase (circles). Filled symbols represent QLsP data and open symbols
represent Qspp data.
Figure 4.9 presents the plasma and damping frequencies of a number of glasses
reviewed by Mitzutani [220]. With the exception of amorphous PdSi and amorphous
Ga, a majority of the glasses have poor optical properties.
The optical constants of the amorphous alloys of AgxSn 1 _x and AuxSn 1 _x were
measured at a single wavelength by Loistl and Baumann [221]. They approximate
the damping frequency and show that it is greatest at x

= 0.5 for AuSn and x = 0.66

for AgSn, reaching values of 2.1 eV in both cases, indicating some sort of additional
order at these stoichiometries where chemical bonding begins to occur. Similar
effects occur in liquid CsAu, YibBi and LiBi (see (222]).
Amorphous NiP alloys were studied by McKnight et al [223]. They show that
in the amorphous phase interband transitions are shifted to higher energies with
increasing phosphoros content. Unfortunately, although the scattering rate reduces
with increasing P, the plasma frequency also decreases. The relationship between the
square of the plasma frequency and the scattering rate is linear for P concentrations
below about 20 3 indicating additional scattering mechanisms begin to appear at
these concentrations. The addition of any phosphorous to Co causes the low energy
transition in Co to become unresolvable [224].
Amorphous Ti and Mo disilicides have inferior plasmonic properties compared
to the crystalline compounds studied in section 5 [187]. Amorphous Fe and Cr have
a smaller interband component than the cryst alline versions , but Kudryavtsev et al
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Figure 4. 7: QLsP data for solid [54] and liquid [213] gallium
[kudryavtsev1997] report no data for the real part of the permittivity.
Summarising, amorphous and liquid materials exhibit smeared interband transitions which reduces their impact. However, since most metals require higher temperature to exist as a liquid , electron-electron scattering is typically increased. For
most amorphous and liquid materials we surveyed plasmonic performance is worse,
however Na exhibits arguably better performance dose to the plasma frequency.

4. 7 Conclusions
The optical p erforman ce of some different materials has b een discussed , among
t hem; elemental metals, alloys, intermetallics, silicides as well as high-pressure and
amorphous phase materials .
The silicides and many of the alloys studied here have part ially occupied d-like
bands that adversely affect their plasrnonic performance. However , dopants may
be introduced to disrupt the low energy transit ions, giving an overall increase in
plasmonic quality. T he silicides as well as most liquid and amorphous materials and
doped materials have very large Drude phenomenological scattering rates .
T he plasma frequency and band edge of some materials can be shifted subst antially wit h the addition of pressure, however , plasmonic devices working under 40
G P a of pressure is a scientific curiosity at best , and practical applications arc difficult
to envision .
T he opt ical properties of liquid sodium and gallium are very interesting, and I
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Figure 4.8: Qspp data for solid [54] and liquid [213] gallium
would be very interested in the optical properties of the NaK eutectic, which has a
melting point of -30°C.
Intermetallic compounds are most likely to offer an alternative to silver and gold
for plasmonic applications. Materials with simple crystal structures and low lying
d-states, are likely to perform well.
In light of these facts , an investigation into some Alkali-Noble-Group 13 (ANG)
intermetallics and Alkali-Noble (AN) intermetallics is in order. The optical response
of these materials is calculated within the framework of Density Functional Theory
(DFT). The next chapter details DFT , and some of the problem specific nuances
that are relevant in later chapters.
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If we are out after exact
solutions, no bodies at all
is already too many.

R. D. Mattuck

Optical Response from First Principles

In order to make significant advances in plasmonic materials, it will be necessary
to calculate the optical properties of a large number of materials from first principles. To facilitate this, a derivation of the dielectric function is presented using a
model system that neglects the effects of exchange and correlation on the response.
Once an expression for the dielectric function is found, it is evaluated using Density
Functional Theory (DFT). The resulting dielectric function is shown to be in very
good agreement with experiment.
A first principles treatment of any unknown system, such as those discussed in later
chapters, requires the determination of a variety of ground state properties. Included
here are methods for determining properties such as ground state eigenvalues and
wavefunctions, atomic positions, lattice constants, phonon spectra and a number
of others. T he methods described in this chapter are used in chapters 6 and 7 to
calculate the optical response of a number of intermetallic compounds.

5.1 Introduction
The primary concern of t his chapter is to calculate from first principles bot h t he
interband and intraband contributions to t he permit tivity.
The interband component is relatively simple to a first approximation, and involves t he calculation of dipole transit ion mat rix elements between occupied and
unoccupied states. Here, t he interband permittivity is derived from first order perturbation t heory, neglect ing t he effects of exchange and correlation int roduced by
t he pert urbation. T he result ing expression is t hen evaluat ed using ground st at e
wavefunctions and eigenvalues from Density Functional Theory.
Modern treatments of the permitt ivity based on density functional t heory (DFT)
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are available [225], where the effects of exchange and correlation can be included in
the response. Various levels of theory are available, including the time dependent
local density approximation [226], as well as many body approaches based on Hedin's
GW [227] and solutions to the Bethe-Sal peter Equation [228]. The permittivity
provided by the latter two theories are in close agreement with experiment, albeit
at a large computational cost.
D FT is a ground state theory, and as such underestimates the optical gap for
many materials. For example, this causes an overlap of the band edge with the
bulk plasmon frequency in silver [229], and reduces the plasmonic efficacy for small
negative permittivities.
The intraband contribution to the permittivity may be calculated from the Drude
model using the plasma frequency and the phenomenological scattering rate. The
plasma frequency is calculated from the gradient of the bands at the Fermi surface and the scattering rate is determined from the phonon limited DC resistivity
which in turn is calculated using a first order solution to the Boltzmann transport
equation [230]. The validity of such an approximation is justified as the scattering
rate is dominated by the electron-phonon contribution at room temperature (see,
for example Ref. [231]). The transport equation requires a knowledge of the phonon
spectrum, which can be determined from density functional perturbation theory.
This approach is shown to work quite well for the elements considered here, notably
because the first order solution overestimates the resistivity.
As the optical gap is underestimated slightly and the DC resistivity overestimated, the results presented should be considered a lower bound to the plasmonic
efficacy of the materials studied.
In Section 5.2 a derivation of the dielectric function is presented. A small perturbation is introduced into a single particle Hamiltonian neglecting the effects of
exchange and correlation. Some background to DFT is presented in Section 5.3,
and a derivation of the Hohenberg-Kohn theorems and Kohn-Sham equations is
presented in Section 5.4. A number of numerical aspects to the problem are discussed in Section 5.5 including basis sets, pseudopotentials and the nuances resulting
from the various approximations introduced. Finally, the simple expression for the
permittivity provided by first order perturbation theory is evaluated using KohnSham orbitals and eigenvalues and compared to experiment and the more rigorous
Time Dependant Current Density Funcitonal Theory in Section 5.6. Additionally,
in Section 5.6.2 the effect of spin-orbit coupling and quasiparticle corrections to the
Kohn-Sham eigenvalues are discussed.
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5.2 The Dielectric Function
The derivation here follows closely the works of Ehrenreich and Cohen [232] and
Wiser [233] with helpful insight provided by Adler [234] and a series of papers on
the topic by ~ ozieres and Pines [235 , 236, 237]. The theory is based on the Random
Phase Approximation (RPA) which neglects the effects of exchange and correlation
on the electrons. Instead, the interactions between the electrons are smoothed into
an effective average field. This is justified by the assumption that their phases are
random.

Introduct ion
The goal of this section is to derive a reasonable approximation to the permittivity,
which relates the polarisation, P, and electric field, E , via [238]:

P(q, w)

(5.1)

E(q, w) = 1+47r E(q, w)

which can also be written in terms of the polarisability
47f

c(q, w) = 1 + 2 x(q, w) ,
q

x (via the RPA):
(5.2)

There are a number of more complex theories relating the dielectric function to the
polarisability, which treat parts of the Many-Body problem more explicitly. For
example, the theory of Singwi, Tosi , Land and Sjolander (STLS) [239]. STLS does
not make the approximation that the dielectric function is directly related to the
polarizability (as in (5.2)) , but instead introduces the density-density correlation
funct ion. This describes exhange and correlation effects not present in the RPA.
Here, the RPA is sufficient to evaluate the plasmonic efficacy of many metals and
intermetallic compounds.
We start by supposing a small external potential Vext is introduced into a material
with time dependence

e - iwt eo: t ,

where a --+ 0 indicates an adiabatic application of

the potential. The local perturbed electron gas interacts with the potential and
screens the interaction with the rest of the gas. The screening is described by a
potential Vs, such that the complete interaction can be described by an effective
potential:

Veff

= V ext

+ Vs.

(5 .3)
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The effective potential gives rise to the field E in 5.1, and the problem is now to
calculate the induced change in the electron density,

nind,

which causes the polari-

sation P; ultimately allowing for the calculation of the permittivity. It is useful to
define the Fourier transform of the effective potential:

Verr(r, t)

=

L Vctr(q, K ,

t) e - i (q+ K )·r

(5.4)

q ,K

where K = k

+ G and k and G are a wavevector and a reciprocal lattice vector

respectively.

Summary
In the following , the induced change in the electron density is calculated by introducing a single particle Hamiltonian which is used t o determine the effect of the
effect ive potential

011

any part icle in t he system using t he Liouvillc equation. The

result of this derivation provides the screening potential, Vs, which is related to

nind

via Poissons equation, from which , the permittivity may be calculated.

Single Particle Hamiltonian
The effective potent ial enters into t he model Hamiltonian ;
pA2

H =Ho + Veff(r, t) = - - + U(r) + Veff(r, t) ,
2m e
A

where

H0

A

is the ground stat e Hamiltonian,

p is

(5.5)

the momentum operator and U (r)

is the periodic crystal potential. Solutions to the Schrodinger equation;

(5.6)
with wavevector k and band index i take the form of Bloch wavefunctions;

,lf/. /,k ,i. =
where

n is

n - 1/ 2u k ,i·(r) ei k r '

the volume of t he Brillouin zone and

wavefunction with band index i and wavevector k.

u k ,i

(5 .7)
is the periodic part of the

CHAPTER 5. OPT ICAL RESPONSE FROM FIRST PRINCIPLES

Liouville Equat ion
The change in the electron density may be determined by considering the response
of any particle in the system to the effective potential via the Liouville equation;

• bp
in-_
= [H, p],
<)t
A

(5.8)

where, p, the single particle density matrix, describes the statistical mix of states
of the system. It may be split into a ground state p0 contribution and a perturbed
p 1 contribution caused by Veff.
operating on the states

1/Jk ,i

The unperturbed portion of the density matrix

gives the occupation numbers of the states:

(.5.9)
where fo is the Fermi-Dirac distribution. To determine the effect of the perturbed
density matrix, the commutator in the Lioville equation (5.8) is expanded in terms
of the ground state Hamiltonian and effective potential (Eqn. 5.5):
(5.10)
Because the perturbed density matrix, p 1 is in fact dependent on Veff , the second
term in (5.10) is by definition of second order in the response. To enforce first order
perturbation theory, the expression is linearised by replacing the perturbed density
matrix with the ground state one:
. fJ Pl

in~ ~ [Ho, P1]
A

ut

+ [Veff, Po].

(5.11)

Induced Charge Density
The expectation value of any operator can be written in the form of the trace of the
density matrix:
(5.12)

The induced change in the electron density may be determined in this way by taking
the expectation value of the density operator

p = b(r -f) with the perturbed density

CHAPTER 5. OPTICAL RESPONSE FROM FIRST PRINCIPLES

matrix [240][P g. 139]:
Tr [8(r - f)p1]

n- 112 L
q

e- iqr

L 'tPk+q,/tPk,i ('l/Jk,i l Pl l'tPk+q,jJ.
kij

(5 .13)

Matrix elements of the perturbed density matrix
The final term in (5.13) requires the evaluation of the matrix elements of (5.11)
between states \'l/Jk,i I and I'tPk+q,j ):

8

A

i n, bt ('l/Jk,i l Pl 11/Jk+q,j J = (?/Jk,i l [Ho, P1] 11/Jk+q,jJ
=

+ (?f;k,i l [Veff , Po] l'l/Jk+q,jJ

('l/Jk,i l Hopi l'l/Jk+q,JJ - ('l/Jk,i l P1Ho l'l/Jk+q,Jl

+ ('l/Jk,i I Vetr Po 11/Jk+q,J) -

('l/Jk,i I Po Vetr 11/Jk+q,J) ·
(5.14)

Recalling t hat the ground st ate Hamiltonian provides eigenvalues and the unperturbed density matrix provides occupation numbers:

8

in5t ('l/Jk,i I P1 11/Jk+q,j) =

( Eki

- Ek+qj) (Wk,i I P1 11/Jk+q,j )

+ (Jo(Ek+qj) -

fo(Eki)) ('l/Jk,i l Vetr IWk+q,JJ

(5.15)

To simplify the left hand side of the Liouville equation , t he ansatz just ified by
Ehrenreich and Cohen[232] is introduced: The potentials and the perturbed density
matrix have the same time dependence as the perturbing potential (e-iwteat ), giving:

(-w + ia) (1/lk,i l P1 l'l/Jk+q,Jl = (Eki - Ek+qj) (Wk,i l P1 IWk+q,JJ

+

Uo (Ek+qj) - f o(Eki)) (Wk,i I Veff 11/Jk+q,J)

(5.16)

which rearranges to give:

I I
)
fo(Ek+qj) - fo(Eki) /
I
I
\Wk,i Pl 'l/Jk+q,j = E
E
+
.
\
Wk,i l1eff Wk+q,j)
k+qj - ki - w i a

1

(5. 17)
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Replacing the position dependent effective potential with its Fourier transform (5.4)
gives:
(

,, ; ,

I

,, ; ,

lf/ k ,i P1 1 lf' k +q,j

)

=

Efo(Ek+qj)
E - fo(Eki)
+.
k +qj -

L T/' (q , K)1 ~k+q,j
*
( )
r e
Veff

ia K

ki - W

- iK·r

cell

(

~k,i r

)d3

r

(5.18)

Poisson's Equat ion
The dielectric function (Eqn. (5.1)) can be cast in an equivalent form relating the
perturbing potential to the effective potential [233]:
_Yex_
t (_
q)
f ( q'

in which, the approximation K

_
W) -

V, ( )
eff

(5.19)

q

= 0 has been introduced, resulting in a neglect of

local field effects. (5.19) rearranges t o give:

t:( q , w) = 1 +

Vs(q)

v:ext (q )

l

(5.20)

and the screening potential is related to the induced charge density (5.13) via Poissons equation:
2

\7 Vs = -e

2

(5.21)

n ind·

T he D ielect ric Function
The dielectric function can now be written in terms of the relationship between
the screening potential and t he effect ive potential by substituting t he expression
for the expectation value of the perturbed density matrix (Eqn. (5.18)) into the
induced charge density (5.13) , giving the longitudinal permittivity neglecting local
field effects:
~~
q L ..

t:( q , w)

1

k ,i,]

x

cell

(.fo(Ek +qj) Ek+ ClJ· -

E k i· -

fo(Eki_))
w + 'ta

,, /,* .ei( k +q)·r ,, ;,
·d3r
ll-' k ,i
lf-' k + q ,J

1
cell

,, /,*
.ei( k + q) ·r ,, ;, ·d3r
lf' k + q ,J
lf/ k ,i
.

(5.22)

Adler [234] noted that in real materials , the longitudinal and transverse dielectric
functions are not necessarily the same, and the components will couple. Conveniently, in the infinite cubic cryst als discussed in later chapters, the effects cancel.
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Additionally, as "good" metals are the primary concern here (large wp), local field
effects are neglected in the above expression.
Ehrenreich and Cohen [232] have proven that the above expression can also be
derived from the many-body theory within the random phase approximation. Additionally, it can be derived from density functional theory by setting the exchange
correlation term in the response to zero (see Chapter 7.)
Having derived a simple expression for the dielectric function, a more rigorous
approach to the single particle wavefunctions and energies is presented in the following sections. Starting from the many-body wavefunction, a derivation for DFT
is presented which approximately includes the effects of exchange and correlation
on the wavefunctions and eigenvalues with a minimum of computational effort. In
the following chapters, explicit expressions are given for the permittivity calculated
using various implementations of DFT.

5.3 The Many Body Problem
In the previous section, the main point was to define the dielectric function. In
order to do this a series of approximations were made, especially regarding the
form of the Hamiltonian. The form of the dielectric function will remain static
throughout the rest of this work, and instead, a more rigorous derivation of the
single particle wavefunctions will be performed. In the following sections we use
atomic units 1i

= me = a0 = e = 1 where a0 is the Bohr radius, except where

absolutely necessary, spin degrees of freedom are neglected.
The first step in any rigorous treatment of electronic structure theory is to write
down the Schrodinger equation:

"Where the many-body wavefunction

WMB

describes the complete state of the system.

The second step is to approximate this equation into a solvable form. Of course, the
heuristics of such problems are highly context dependent; in classical mechanics the
true (singular) three body problem is insolvable, in general relativity the two body
problem becomes insolvable. The advent of quantum mechanics and quantum field
theory have caused the one and zero body (vacuum) problems to become insolvable
[241]. In the work here, we neglect most of the degrees of freedom in the wavefunction
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and limit it to describing atomic nuclei and electrons. Additionally as the main
theme here is optical excitations, we make the Born-Oppenheimer approximation
[242]: The nuclei are massive and move on much larger time scales than the electrons.
Hence, a separation of the nuclear problem from the electronic one is in order, and
the Schrodinger equation becomes:
(5.24)
Where {ri } _ r 1 , r 2 , ... , rN are the positions of the N electrons in the system. The
electronic Hamiltonian can now be written:
A

H =

\7;

1

Z1

L-2 +LL Ir· - r ·I +LL Ir· - R1I +
N

N

N

i=l j> i

i=l

M

l=l i=l

J

t

N

A

Vperturbation

(5.25)

i

where the positions of the M nuclei are represented by R 1 . Each term respectively
represents the momentum of the electrons, the electron-electron interaction, the
electron-nucleus interaction and a potential describing the effects of any field which
is introduced into the system. In making the Born Oppenheimer approximation, two
terms have been neglected from the Hamiltonian, namely the nuclear momentum
operator, which has been set to zero, and the constant nucleus-nucleus Coulomb
term:
(5.26)
where Z 1 is the charge on the nucleus , is independent of the electronic problem, and
can be combined with the electronic energy in (5.24) at any time. As in section 5.2,
the Hamiltonian can be expanded as:
""

H

= T + Vint + Vext
""

"'

"'

(5.27)

where Tis the electron momentum operator, ~nt encompasses the electron-electron
repulsion term and

Vext contains the electron-ion attraction term plus any pertur-

bations. The total energy is now:

E

=

(fl) = (T)

+ (~nt) + (~xt) + Enuc,

(5.28)
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where the expectation value of an operator

6 is

defined as
(5.29)

if the wavefunctions are not normalised, and
(5.30)
if they are. In these cases, the energy is a functional of the full many body wavefunction, as in:

E[wMB]·

In order to determine the ground state energy of such a

system, the variational principle may be employed. Briefly, it states that the energy
expectation value of any trial wavefunction wtJ13l will have a higher value than the
ground state energy unless the wavefunction is in fact the ground state wavefunction.
Or:

.
E[wtriat]
MB

=

\wtrial I iI Iwtrial)
MB
MB
>E
(wtriatlwtrial
)
- o
MB
MB

(5.31)

Searching for a many-electron wavefunction over the 4N-dimensional space spanned
by

W MB

(including spin) remains a rather daunting task. However, alternatives are

available; Density Functional Theory allows the ground state energy to be written
as a functional of the electron density rather than the many-body wavefunction.

5.4 Density Functional Theory
This is section is based largely on the works of Parr and Yang[243], and the excellent
text by Martin[238] . The concept of using a functional of the density to calculate
ground state properties of a quantum system was introduced by Thomas[244] and
Fermi [245]. T hey note that an inhomogeneous electron gas is indistinguishable from
a homogeneous one as long as t he variation in the density is small on length scales
comparable to the wavelength of the electrons [246]:

l\7n(r )I
1
----<<
n(r )kp(r)

(5.32)

where kp is the Fermi wave vector of a non-interacting electron gas and the density,
defined as the number of electrons per unit volume in a given state can be written
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as the expectation value of the density operator:
(5.33)
which must integrate to the number of electrons in the system:

j n(r)dr

=

N

(5.34)

Thomas and Fermi used this to calculate an approximate functional for the kinetic
energy operator Tin (5.28):
2
TTF[n] = 3 ./ n(r)kp(r)dr.

5

A

(5.35)

In 1930 Dirac [247] expanded on the work of Thomas and Fermi by introducing
an exact functional for the exchange contribution to the energy of a homogeneous
electron gas:

cx[n] =

-~4 y-;0n
3

(5.36)

Some years later, Hohenberg and Kohn gave the idea of using the density as a
fundamental variable a firm theoretical footing.
5.4.1 Hohenberg-Kohn Theorems

The Hohenberg-Kohn theorems[248] rely on the definition of the expectation value
of the external potential energy in terms of the electron density and a single particle
potential Vext which describes the nuclei as well as any external fields/perturbations.
For normalised wavefunctions:

L Vext(ri) IWMBJ
N

(\%xt)

(WMBI

i=l

(5.37)
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where the integrals in the second and third lines span over all spatial coordinates:
{dri} = {dr 1 , ... , drN }. The first Hollenberg-Kohn theorem states that for any
non-degenerate system of interacting particles in a potential Vext ( r) , the potential is
determined by the ground state density n 0 ( r) except for an additive constant. Since

(T) and (~nt) apply to any N-electron system, and the number of electrons is fixed
by the density via (5.34) , the Hamiltonian is fully determined by the density, and as
such the Energy is defined to within a constant. It follows that as the Hamiltonian
is known, the many-body wavefunction is known, and therefore all properties of the
system are determined, given only the ground state density. The proof is remarkably
simple and follows; consider two external potentials v~~~ and v~~~ which vary by more
than a constant and lead to the same ground state density n 0 ( r). The potentials are
associated with two different Hamiltonians

fJ(l)

and

fJ( 2 ) ,

and the wavefunctions

that minimise the energy for these Hamiltonians are denoted w ~k and w~k. The
variational theorem states that as w~k is not the ground state of
must be greater than

fJ(l)

the energy

E(l):

(5.38)
As (T) and (~nt) are universal, (5.38) can be written:
E(l)

< ( w~kj fJ( 2 ) lw~k) + ( w~kl
-

E(2)

+ I\ '11(2)
I 'V(l)
MB
ext
1

E< 2 l

+

-

fJ(l) -

fJ( 2) lw~k)

I

'V(2) '11(2 ) )
ext
MB

j n0 (r)[v~!( - v~~(]dr.

(5.39)

considering E( 2 ) in exactly the same way results in
(5.40)
Adding (5.39) and (5.40) gives:
(5.41)
This equality is only valid if w ~k = w~k , however, the two many body wavefunctions are solutions to separate Hamiltonians that vary by more than a constant,
and as such, they cannot be equal. This contradiction proves that the Hamiltonian,
ground state wavefunction, external potential and ground state energy are all unique
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to a particular ground state density. As such, each term in the Hamiltonian can
be considered a functional of the density; using (5.28) and (5.37) leads to the total
energy functional

T[n]

+ E,nt[n] +

FHK[n]

+

J

J

n(r)vext(r)dr + Enuc

n(r)Vext(r)dr + Enuc,

(5.42)

which is universal in that it applies to any external potential, and encompasses all
aspects of the interacting system.
The second Hohenberg-Kohn theorem states that for a particular

Vext

the exact

ground state density minimises the energy functional (5.42). The proof requires that
the density involved be a ground state density for some external potential. 1 following
1

similar logic to the first theorem: consider two ground state densities n6

)

2

~ n6

)

which necessarily correspond to two different different wavcfuuctions via the first
theorem. As w~k is not the ground state wavefunction of

fJ(l),

it follows from the

variational principle:

E~~6[n62 )(r)] = \ w~kl

fJ(l)

lw~k) > \ w~kl

lw~k)

fJ(l)

E~ 1 ) [n61) ( r)]
E(1)

(5.43)

v ,0 1

and hence the application of any trial density into (5.42) will always produce an
energy greater than that produced by applying the true ground state density.
5.4.2 Kohn-Sham Formalism

Although the Hohenberg-Kohn theorems allow for the description of the total system
energy as a functional of the density, the exact form of

FHK

is unknown and the

many body wavefunction still presents a major challenge. The method proposed by
Kohn and Sham [249] to circumvent the problem of the many-body wavefunction
is to replace it with an auxiliary system of non-interacting particles and make the
ansatz that the density of the many-body system is the same as that of the non-

interacting one. A convenient way of doing this is by employing Slater Determinants.
Additionally, as the Hamiltonian (5.25) makes no reference to spin at this point,
a wavefunction that conditionally obeys the antisymmetry requirement of Pauli
1

Densities which are ground state densities of any external potential are called v-representable
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principle may be built. The antisymmetry requirement states that the wavefunction
must be antisymmetric with respect to the exchange of two coordinates x

= { r , w}

where w represents the spin of the electron. That is
(5.44)

The simplest way to build such a wavefunction is by constructing a Slater determinant composed of non-interacting single electron wavefunctions

Ws({xi}) =

1

vfNi.

1/11(x 1)
1/'1(x2)

1/12 (x 1)
1/'2 (x2)

'~Ji:

(5.45)

Where (N!) - 1 / 2 ensures the normalisation of the wavefunction. For the two electron
case, the determinant is simply:
(5.46)

Dropping spin degrees of freedom and making use of orthonormal single particle
wavefunctions, i.e.
(5.47)

the density can be written in terms of the single particle wavefunctions. This relies
on an examination of terms in (5.33) and removing those that integrate to zero.

n(r ) =

L l1/ii(r)l2
N

(5.48)

i=l

Now all of the terms in the Hohenberg-Kohn energy functional may be written
either in terms of the density or the single particle states. However, there are a
number of correction terms that must be employed to ensure the consistency of the
mapping between single particle operators and their many-body counterparts. T he
total energy funct ional is now:
(5.49)

CHAPTER 5. OPTICAL RESPONSE FROM FIRST PRINCIPLES

The kinetic energy functional T[n] can be written:

T[n]

( WMB

t-~V7;

TMB[n]

+ ( Ws

TM 3 [n]

+

WMB)

t-~v; Ws)

t(

1/Ji(r )

I-~ V7

2

I1/Ji(r ))

TMB[P] + Ts [p].

(5.50)

where the orthonormality condition (5.47) is used again in the third line to remove
terms in the product of Slater determinants which evaluate to 0. TMB now includes
all the many-body contributions to the kinetic energy. The classical Hartree energy functional EH [n] replaces the Coulomb repulsion operator in the many-body
Hamiltonian:

E [ ]
Hn

=~

2

jr'fj n(r)n(r')
d d ,
Ir - r'I r r '

(5.51)

which can be written in the form of a potential:

VH(r) =: ~H[n]
on(r)

=

~ ;· n(r') dr'.
2.

Ir - r'I

(5.52)

All of the non-classical contributions are absorbed into Enc[n]. They can be separated into two parts, the exchange energy Ex arising from the Pauli principle, and

Ee the correlation energy which covers all of the many-body effects of the Coulomb
repulsion operator that are not covered by EH or Ex. The final term in (5.49) is the
previously defined energy associated with the external potential (equation (5.37)):

Vext[n] =

j n(r)vext(r )dr .

(5 .53)

(5.49) can now be rewritten including a new functional, with t he exchange correlation energy Exc[n]

=

Enc[n] + TMB[n] , describing all of the "difficult bits" :
Ev,o[n] = Ts[n] + EH[n] + Vext[n] + Exc[n].

(5.54)
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As with the Hartree energy functional, the exchange-correlation energy functional
can be written in the form of a potential:

Vxc (r )

8Exc
=--;r:;;:·

(5.55)

Combining all the potential terms into a single e.fJecfrue potential:

Vetr = 'Vext(r ) + Vtt(r) + Vxc(r) ,

(5.56)

allows for the final Kohn-Sham equations to be written:
(5.57)
Which, given the exact form of Vxc(r), is just a set of eigenvalue equations that
reproduce the exact ground state energy. A solution of (5.57) provides the wavefunctions 'l/Ji which are used to construct the density via (5.48), which in turn can
be used to construct a new effective potential (5 .56) , and the loop continues until
self-consistency is reached. Although this reproduces the exact ground state density
of the many-electron system, the wavefunctions 'l/Ji are completely fictitious KohnSham single particle states. However, they prove much closer to the quasiparticle
states in real systems than the single particle states of the model Hamiltonian (5.5).
The next section deals with approximations to the exchange-correlation potential.
5.4.3 Exchange-Correlation Potentials

Although one may expect the exchange correlation potential to be a complex, nonlocal functional of the density in order to capture all of the many-body effects,
local approximations work surprisingly well. In the local density approximation
(LDA), Exc[n] can be written in terms of the exchange correlation energy per particle

cxc(n(r) ), which is equal to the exchange correlation energy of a homogeneous
electron gas with constant density n :
(5.58)
The exchange energy of such a system was introduced previously (5.36), and is given
by Dirac [247]:
(5.59)

CHAPTER 5. OPTICAL RESPONSE FROM FIRST PRINCIPLES
The correlation energy is a little more complicated and is generally a parameterisation of high level quantum Monte Carlo calculations. In this thesis , the parameterisation by Perdew and Wang [250] is used. Subsequent revisions of Exc [n] generalised
the functional to include the gradient of the density, known as Generalised Gradient
Approximations (GGA). They take the form:
(5.60)
Here , the parameterisation by Perdew, Burke and Ernzerhof (PBE) [251 , 252] is
employed. In general, GGA functionals provide more accurate equilibrium lattice
constants than LDA functionals. GGAs overestimate the lattice constant by a few
percent , and LDAs underestimate by a slightly larger fraction. Of course there is a
trade off between accuracy a nd computational cost, and GGAs require more syst em
memory to calculate owing to the need to store the gradient of the density.
Now that much of the underlying theory has been presented, some notes on
practical calculations is in order. The following sections briefly cover basis set s,
pseudopotentials, structural optimisation and density functional perturbation theory.

5 .5 Numerical Considerations
In the following chapters, three different implementations of DFT are used , each with
a different basis set for expanding the Kohn-Sham orbitals. The implementations
fall into two categories, pseudopotential and full-potential or all-electron techniques ,
each with its advantages and disadvantages.

SIESTA, or Spanish Initiative for

Electronic Structure with Thousands of Atoms is a local orbital

+ pseudopotential

code and is described in references [253, 254, 255 , 256, 257]. ABINIT is a plane
wave

+ pseudopotential

code and is described in references [258, 259]. ELK is a

full-potential, linearised, augmented plane wave (FP-LAPW) code , which as of yet
has no associated publication, but det ails may be found on the web 2 .

5.5.1 Pseudopotentials
Pseudopot entials provide a convenient way to reduce the number of basis functions
needed to describe the electronic structure of a system. This is achieved by replacing
2

http:/ / elk.sourceforge .net/
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t he nucleus and all of the chemically inert core electrons with a potential that
accurately describes their effect

011

the valence electrons. There are two common

varieties of pseudopotentials, so called "norm-conserving" [260] and "ultra-soft" or
Vanderbilt [261] pseudopotentials.
Hamann et al [262] described the necessary features of an ideal norm-conserving
pseudopotential. The first step is to perform an all-electron calculation on an atom
within the Kohn-Sham scheme using the same exchange-correlation functional as
one intends to use in the subsequent calculations. The atom is assumed spherically
symmetric, and the resulting radial Schrodinger equation must be solved [263] ,
2

1 (
d
l(l+l))
r2
+ V ()
r [ 2 - dr2 +

Ei

] unl
ae()
r = 0.

(5.61)

Here , n is the principle quantum number, l the angular momentum and the effective
Kohn-Sham potential, V (r) , is defined as:

V(r) = VH(r)

+ Vxc (r)

- Z/r.

(5.62)

In the case of heavy atoms , the radial Schrodinger equation may be generalised to include scalar-relativistic and spin-orbit interactions. A more complete description of
generating pseudopotentials including spin-orbit coupling is provided by Hybertsen
and Louie [264] and Theurich and Hill [265].
Once the all-electron wavefunctions , u[e (r), have been determined via self-consistent solutions to equation (5.61), pseudo-wavefunctions, nfP(r), are chosen that
match the all-electron wavefunctions beyond some cut-off radius re:

(5.63)
This is the first condition for the generation of an ideal pseudopotential presented
by Hamann et al [262]. T he cut-off radius allows for the exclusion of nodes in
the all-electron wavefunction that would require a large number of plane waves to
describe. The other conditions of Hamann et al are as follows: the eigenvalues for
the two wavefunctions must be the same

cfP

=

Eze; the charge enclosed by r c in

the pseudo-wavefunction must be the same as that of the all-electron wavefunction ,
namely, the norm-conservation condition:

(5.64)
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Ultra-soft or Vanderbilt[261] pseudopotentials relax this condition, allowing for a
much smoother pseudopotential. Such pseudopotentials require substantially fewer
plane waves for convergence. However, this is not relevant for SIESTA and there
are difficulties in using 11011-norm-conserving pseudopotentials in density functional
perturbation theory. Hence, the discussion here is restricted to norm-conserving
pseudopotentials.
The next step is to determine the screened potential that produces the pseudowavefunctions by inverting equation (5.61) [260]:

V:cr '
pp

l -

l (l + 1)
2 2 + 2

cl -

r

1

d

2

ruzpp ( r ) d r 2

( -· pp '
7 l (

u

)

r) .

(5.65)

The pseudopotential which will be used in future calculations is determined by removing the Hartree and exchange-correlation contribution of the valence electrons.
This produces a semi-local potential, that is, a single potential for each angular momentum component which can be used to replace the nucleus and the core electrons:
~~~ z(r)
'

=

~~~z(r) - VJP[nvalence(r )] - Vft[nvalence(r )].
'

(5.66)

By expanding the wavefunctions, 'l/J, in a set of basis functions, ¢µ, where µ runs
from 1 to the number of basis functions L, the electronic energy functional (5.54)
can now be written in terms of the pseudopotential operator, VPP, instead of the
external potential:

Ev[n] = Ts[n] + EH[n] + Exc[n] +

L .fi (7/Ji l VPP 11/Ji)
L

(5.67)

i=l

Equation (5.66) is written such that electrons with particular angular momentum,

l, see a separate potential, but the wavefunctions in the last term of (5.67) are
constructed from a mixture of basis functions each with different contributions to l.
In order for each angular momentum channel in 'ljJ to see a separate potential the
pseudopotential operator,

Vpp,

must project out the contribution of each angular

momentum channel to 'ljJ . It is convenient to separate the operator into a purely local,
angular momentum independent part, and a sum of semi-local parts, VsemilocaI,l, for
different angular moment a and operators Pz that project out the angular momentum
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of the wavefunctions

L ~~~ilocal/r)Pt.

lrnax

VPP(r) =

~~~,local(r) +

(5.68)

l=O

The semi-local part is defined as the difference between (5.66) and the local part of
(5.68),
vpp

semilocal,l

(r) --

vpp

ion,!

(r)

-

vpp

ion,local

(r) '

(5.69)

and is kept short range by enforcing ~~~ilocal,l(r) = 0, for r > re. This semi-local
potential can be transformed into a fully non-local form proposed by Kleinman and
By lander to save memory and increase the speed of computation [266],

V KB

nonlocal,l

( ) _

r -

IVPP

(·r)·ulPP(r)) (·uPP(r)VPP
(r)i
l
semi loca l,l
/ PP(,)
( ) IUlPP( r ))
1 I VPP
\ Uz
semilocal,l r

I semilocal,l

(5.70)

The energy functional is now:

Ev[n] = Ts[n]

L

+ Ett[n] + Exc[n] + L

fi (l/li l \ll~~al

+ \fKB j1/,\ )

(5.71)

i=l

where the Kleinman Bylander operator is a sum over angular momentum components of (5.70).
The introduction of the pseudopotential operator into the Hamiltonian causes
two inconsistencies. The first due to assumptions made regarding the linear dependence of the exchange correlation energy in the pseudopotential energy term, and
the second due to errors in the momentum operator introduced by the non-local
form of the pseudopotential. These issues are addressed in the next two sections.
Non-linear Core Corrections

The Hartree and exchange-correlation energy associated with the interaction between the valence charge density and core electrons is included in the last term of
(5.67). However, the exchange-correlation energy is a non-linear functional of the
density, and in some materials (most notably the alkali metals) the lack of direct
contribution of the core charge density to the exchange-correlation energy functional causes large errors in the energy. Louie et al [267] proposed a solution to this
dilemma: during the unscreening process (equation (5.66)) one subtracts not only
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the valence electron contribution, but also a small portion of the core density:
~~~,t ( r) = ~~~,t ( r)

- V~P [nvalence ( r)] -

V*6 [nvalence ( r) + ii (r)].

(5.72)

which is then added back into the total energy functional:

Ev[n] = Ts[n] + EH[n] + Exc[n +ii]+

L

I: fi (1/Jil

VPP

11/Ji)

(5.73)

i=l

All of the pseudopotentials used in this work include non-linear core corrections.
The second issue is particularly important for the calculation of optical properties, as the momentum operator is not well defined for a non-local Hamiltonian. The
Hamiltonian here is non-local through the use of the Kleinman-Bylander operator.

N on-locality and t he Momentum Operator
It was pointed out by Starace [268] that only the position operator is valid in its

standard formulation when a non-local Hamiltonian is involved in the calculation
of the dipole transition matrix elements. Formal calculations on the variation between the transition probabilities using the position and momentum operators were
performed by Read [269] , who notes that the momentum matrix elements must be
written:
(5.74)
where f and

p are the position and momentum operators. Evaluating the correction

(the second term in (5.74)) may involve computationally expensive partial derivatives in reciprocal space. A much simpler solution is provided by Kageshima and
Shiraishi[270],
(5.75)

where the operator

/J[ projects

out the contribution of

uf P of the

Ith

atom to the

wavefunction 1f;. i and j run over angular momenta and
(5.76)
All the terms in this la.st equation only need be calculated once and stored. All the
calculations involving optical response and pseudopotentials presented in this work
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include corrections to the momentum operator.
5.5.2 Basis Sets

As all of the compounds studied in the following chapters are periodic bulk solids,
it would be logical to perform calculations in a plane wave basis where Bloch's theorem is conditionally met. However all numerical implementations of DFT have
their advantages, and SIESTA , although a local-orbital code, provides fast , accurate results for bulk crystal properties and the optical response. However, SIESTA
does not currently have the functionality required to calculate local field effects or
the electron-phonon interaction. ABINIT , a plane wave code provides the necessary functionality to calculate the electron-phonon interaction. YAMBO is capable
of calculating local field effects from the ground state wavefunctions provided by
ABINIT. ELK, is an all-electron code which can be used to ensure the consistency
of the pseudopotentials used in SIESTA and ABINIT.

Numerical Atomic Orbitals
Generally, local orbital bases come in two types ; Slater Type Orbitals (STO) which
correctly reproduce the cusp in the wavefunction at the nucleus and the long range
tail, but are difficult to work with mathematically. Gaussian Type Orbitals (GTO)
which do not reproduce the cusp or the long range tail, but are favoured by quantum chemists because the product of two gaussians is just another gaussian. This
dramatically speeds up the evaluation of matrix elements in the Hamiltonian (see
e.g. [240]). Expressions for these two bases take the form:
cPGTO

N xi yj zk exp( -(xr 2 )

cPsTo

Nrn-l exp(-(r)Yzm(8, </J)

where N is a normalisation factor, n, l and m are the quantum numbers with
l

= i + j + k. In pseudopotential techniques, the pseudo-wavefunctions, uFP are gen-

erally approximated using a linear combination of these basis functions. To increase
the variational freedom of the basis, it is common practice to add "polarisation

functions" into the description of uiP. These take the form of GTOs or STOs with
angular momentum l + 1, allowing for a better description of chemical bonds.

Alternatively, one may use tabulated numerical values for the basis functions , as
is done in SIESTA. This section follows largely the description provided by Artacho
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[255], Junquera [256] and co-workers.

In order to construct the basis, SIESTA

solves the radial Schrodinger equation with the previously generated pseudopotential
and an additional "confinement" potential that becomes very large outside of a
predefined cut-off radius re. The resulting pseudo-atomic-orbitals (PAOs) (one for
each angular momentum channel) go strictly to zero within re, but the first and
second derivatives are still well defined. The potential that causes the confinement
is defined as [256]:

(-Tc-T
i)
T-Ti
Vconfinement = - - -- exp

(5. 77)

re - r

The confinement potential is zero up to the radius , ri, at which it is switched on,
and goes to infinity at re. At this point , the confined PAO is defined as a basis
function. It is largely inconvenient to require the specification of a cut-off radius
for each angular momentum channel of each atom, so SIESTA allows the user to
specify an :'energy-shift':. As the cut-off radius is decreased and the PAO becomes
more confined , the energy associated with t he state increases. The "energy shift" is
defined as the difference in the energy between t he confined and unconfined PAOs.
This way, the user may specify a single energy value (typically 0.25 eV) and be
sure that the confinement of any particular orbital has a minimal effect on the total
energy.
Thus far, only a single basis function has been used to describe the PAO (in
fact they arc by definition, the same at this point). However, this offers minimal
variational freedom , and it may be difficult t o describe any sort of realistic bonding,
metallic or otherwise, using only one basis function.

This single basis function

is called "single-zeta" or SZ in analogy to the ( in the STO. However , the SZ
function should not be confused with common minimal bases used by the quantum
chemistry community, as the numerical nature of the PAOs describes the atomic
orbitals almost exactly. In order to increase the variational freedom of the basis set,
SIESTA commonly introduces a second numerical function. The first basis function
accurately describes the tail of the atomic orbital out to the cut-off radius, so there
is little point including this part of the atomic orbital again . As such, a polynomial
is subtracted from the first basis function , which causes it to go to zero at a new
cut-off radius roz for Double Zeta. This radius is chosen such that 153

3

of the

norm of the first basis function is contained between roz and r e. The resulting
funct ion is now a contracted version of the first basis funct ion. This method has the
3

The percentage may be varied at t he users discretion. Here, 153 was used.
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additional advantage that the second-( is even more localised than the first, with
no loss in variational freedom. The derivatives of the second-( are kept continuous
by matching the coefficients in the polynomial to the derivatives of the first basis
function. The second function is then normalised to account for the norm that has
been subtracted out. This process can be repeated on the second function to create a
third etc .. In SIESTA, polarisation orbitals are calculated via the addition of a small
electric field to the radial Schrodinger equation, rather than directly adding functions
with higher angular momentum. This keeps the resulting "polarisation" functions
on the same footing as the numerical ( functions. In this work, two ('s and one
polarisation function per angular momentum channel are sufficient for acceptably
converged results. The energy-shift that provides for sufficiently extended PAOs is
70meV.
The main advantage of using numerical, pseudo-atomic orbitals as a basis is
that many of the terms in the Hamiltonian are easily integrated on a real space
grid, such as the Hartree, exchange-correlation and local pseudopotential terms.
As pseudopotentials are used , the spatial variation of the PAOs is not so great
that ult ra-fine grids are required. In SIESTA, t he grid is described in terms of the
maximum energy plane wave that could be described on such a grid. In this work
grids between 350 Ry and 500 Ry are used. The remaining terms in the Hamiltonian ,
namely the kinetic energy and the Kleinman Bylander terms are two centre integrals
that rely only on the positions of the atoms on which the basis functions are centred.
As such, they need only be calculated once.
The main disadvantage of this basis is that there is no way to systematically
improve the basis set (with the exception of increasing re). Increasing the number
of basis functions will not necessarily improve the accuracy, and to achieve the
accuracy required in some quantum chemistry applications, the basis set must be
carefully tuned. In the work presented here, the standard basis set is sufficient (see
Section 5.6.3 for a comparison.)
The use of local orbitals to describe periodic systems requires the imposition of
periodic boundary conditions. In SIESTA this is achieved by constructing a supercell
through periodic translation of the unit cell. The size of the supercell is dependent
on the energy-shift parameter. Once all the l and atom dependent r es are calculated,
the supercell is constructed by ensuring that the furthest atom in the supercell is
within 2r:;1ax of at least one atom in the unit cell. For each basis function in the
unit cell, c/> µ(r) , a new basis function is constructed in reciprocal space by summing
over the supercell equivalents of </>µ which are labelled cPµ' (r ), and adding in a phase
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factor proportional to the distance between the two:

(5.78)
µ

I

SIESTA only implements time-reversal symmetry, reducing the number of k-points
in the effective Brillouin zone by 2.
In the next section plane waves are discussed. The formulation is conceptually
similar to that presented in this section, one need only replace the sums over real
space with sums over reciprocal space.
Planewaves and Augmented Planewaves
In 1928, Bloch [271] showed that the wavefunctions or a periodic system can be
decomposed into a periodic part

·uk,i ( r)

and a plane wave part exp(ik · r). The

purely periodic part can be written [238]:

(5. 79)
where the sump runs over the reciprocal lattice vectors G P. Combining this with
the plane wave part gives.

'l/Jk,i (r) =

L ci,p(k) x exp(i(k +GP)· r)

(5.80)

p

The main advantage to using plane waves is that they provide systematic convergence towards the true ground state energy. One need simply increase the number
of reciprocal lattice vectors in the sum, each describing higher and higher spatial
frequencies .
Plane waves necessarily suffer from the problem that core states have to be
treated with a large number of basis functions, one solution is to use pseudopotentials
as mentioned earlier, the other is to use a hybrid method. In the Augmented Plane
Wave (APW) methodology, the nuclei and core electrons are separated from the
wtlenre electrons by a spherical "muffin tin" with radius

'MT·

Each basis function

is represented by a single plane wave in the interstitial region between muffin tins ,
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and in terms of spherical harmonics inside the muffin-tins [238]:

>

TMT

r <

TMT

r

The spherical harmonics

Y1,l ,m

(5.81)

and muffin-tin radial basis functions 'l/; 1 ,z are centred

on nucleus I with quantum numbers l, m.

'l/JI,l are solutions to the previously defined

radial Shrodinger equation 4 (5.61) , and the coefficients C1 ,z,m are chosen so that the
first derivatives of the plane waves in the interstitial region match those of the atom
centred basis functions. Having only the first derivatives match can cause havoc
when attempting to calculate the stress tensor in this basis. Solutions have been
proposed by introducing a number of corrections [272], but it is simpler to calculate
the ground state energy at a number of different cell volumes and fit the resulting
total energy curve to Murnaghan's equation of state [273]. The total energy, E , as a
function of cell volume Vis given in terms of the energy at equilibrium E 0 , the bulk
modulus at equilibrium B 0 and its derivative with respect to pressure B~ = 6B / 6P,
which is assumed to be constant:

E(V) = E 0 + Bo V (
B'0

8

(Vo/V) ~
B'0 - 1

+

l)

Bo Vo
B~ -1·

(5.82)

5.5.3 Structural Optimisation
Although Murnaghan 's equation provides a simple way to calculate the equilibrium
lattice constant, searching through a large number of lattice constants can be a time
consuming exercise, especially if there is no experimental data from which to start.
The solution to this problem is to calculate the stress tensor.
In order to calculate the stress tensor, the system is assumed to be under some
strain

E.

This strain is defined as a vector that scales all position vectors from their

equilibrium position, or:

ro ~ r 0 + cr0
st ram

=

(1

+ c-)r0 .

(5 .83)

The stress per unit cell is defined as the change in the total energy per unit cell, per
4

Quite often, the radial basis functions are actually solutions to the radial Dirac equation, as
is the case in ELK.
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unit strain;

1 dE
aa ,/3 = Odco:,/3'

(5.84)

where ex and f3 run over Cartesian axes. The original theory of Hellmann [274] and
Feynman [275] simplifies the calculation of the derivative of the expectation value
of an operator with respect to some property of the system (in this case, the scaling
of the unit cell). They prove that one need only calculate the derivative of the
operator;

d
d,,\ (1/JI

o 11/J) =
A

dO

(5.85)

(1/JI d,,\ 11/J),

in our case (where an implicit term for the nucleus-nucleus repulsion is included in
the Hamiltonian):
dE
d
-d- = -dEa,/3

Ea,/3

dk

(1/J I H l't/J) = (1/JI -dA

Eo: ,/3

11/J) .

(5.86)

This is interesting because the wavefunctions are of course a function of position.
However, it can be shown that if the atomic positions in the cell are scaled in the
same way as the wavefunctions , then to first order, this has no effect on the energy
as the system remains in a variational minimum (see for example [238][page 59] or
Nielsen and Martin[276]). Solving (5.86) is reasonably straight forward for both
plane-wave and local orbital methods , and simply requires the differentiation of all
terms in the Hamiltonian with respect to a scaling of coordinates. It is worth noting
that the stress is only valid for a system in equilibrium, i.e. the atoms in the cell
must be in a local minima before the stress may be calculated. Secondly, as this is
a perturbative approach , the stress is only really valid for small strains. This poses
only a small problem, as the cell size is calculated iteratively. For example: The
ground state energy of a unit cell is calculated, and the strain is large. Therefore the
stress and its error will both be large but will at least have the correct sign. A new
unit cell is constructed according to the sign of the stress and its approximate value,
which brings the system closer to equilibrium , reducing the error in the stress.
The next section involves using the Hellmann-Feynman theorem to calculate the
phonon spectrum.
5.5.4 Phonons and Density Functional Perturbation Theory

The Drude phenomenological scattering rate '"'! can be split in to a series of terms
due to electron-electron, electron-phonon and defect or boundary scattering. Defect
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scattering can be minimised by growing high purity crystals, as the semiconductor
industry does. Boundary scattering for reasonably sized particles can be partially
captured by a calculable, phenomenological, geometry-dependent term. This leaves
electron-electron and electron-phonon scattering. The former poses a significant
challenge, and at room temperature contributes significantly less to the resistivity
than the latter.

In order to calculate the electron-phonon term, one must first

determine the phonon band structure. In order to determine the phonon frequencies,
the force on atom R 1 in the Cartesian direction a is calculated when another atom
R J is displaced from its equilibrium position in a Cartesian direction

f3. The force

in the Cartesian direction a is just:
F1 ,o: = -

dE
dR '
/ ,o:

(5.87)

and the interatomic force constants (IFCs) are then just the change in the force on
atom I with respect to the displacement of atom J:

C

I ,o: ,J ,{3

2
__ dF 1 ,o: _
d E
dR
- dR dR
J, {3
! ,a
J ,{:3

(5.88)

The momentum of the phonon is q, and is characterised by the reciprocal of the
distance between the unit cells that contain the atoms I and J. The most obvious
solution to this problem is to freeze a perturbation into the system by physically displacing an atom and recalculating the ground state energy of the perturbed system.
Then one can evaluate the forces numerically using finite differences. However, there
are some drawbacks, namely, large supercells must be constructed to accommodate
atoms J at large distances, additionally, some values of q may be incommensurate
with the lattice, and are therefore incalculable. The second option is to use Density
Functional Perturbation Theory (DFPT) where all of the derivatives are calculated
analytically in similar manner to the stress tensor above. The only draw back of
the technique is that the perturbations cannot be described from the ground state
wavefunctions. This is a product of Rayleigh-Schrodinger perturbation theory, also
known as the "2n+ 1" theorem. The correction to the energy can expanded in terms
of the strength of the perturbation as:
(5.89)
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The 2n+ 1 theorem allows one to calculate the correction to the energy to order 2n+ 1
given the perturbed wavefunctions to order n:

't//n). This allows one to calculate

quantities such as force and stress using ground state wavefunctions, but requires
first order perturbed wavefu11ctions for phonons. The perturbed wavefunctions are
determined by solving the Sternheimer equation [277] :5
(5.90)
where Pc projects out the conduction states, and

fJ(l)

is the perturbed Hamiltonian .

All of the details regarding solutions to the Sternheimer equation in ABINIT are
available in two papers by Conze [279, 280].
Once the solutions to the Sternheimer equation are found, the IFCs can be
calculated.

As noted above, the Fourier transform of IFCs with respect to the

distance between atoms I and J gives the momentum of the phonon mode, dividing
by the masses of the pair of atoms

vM

1 MJ

gives the dynamical matrix, D I ,o: ,J,/3 ( q).

Diagonalising the dynamical matrix gives the phonon frequencies , wq,v, where the
phonon branch index, v, runs over each Cartesian perturbation for each atom in
the unit cell. In chapter 7 the electron-phonon interaction is calculated from the
phonon band structure. It is useful to compare the results of such a calculation with
experimental data however, and the following section evaluates various methods
of calculating the permittivity, starting from the method implemented in SIESTA,
and extending on this basic formalism to include local field effects and the Drude
phenomenological scattering rate.

5.6 A Comparison of Calculated Dielectric Functions
5.6.1 SIESTA

SIESTA provides a fast and accurate way of determining the ground state properties of a system as well as the interband spectrum and plasma frequency. Any
inaccuracies present cause materials to appear to have reduced plasmonic performance compared with experiment. Figure 5.1 shows the interband contribution to
the imaginary part of the permittivity calculated using SIESTA and the experimental optical constants from a range of authors. Two main features are apparent ,
5

This description follows that of Matthieu Verstraete's PhD thesis [278], available on the web
at http://hdl. handle.net/ 2078.1/5178. Verstraete was also responsible for the implementation of
the electron-phonon interaction in ABINIT.
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the optical gap is underestimated and the magnitude of the band edge at the gap,
E~~(wg), is overestimated. Both of these faults are actually advantageous here. They

provide a lower bound to the surface plasmon quality factors of chapter 3. SIESTA
was used exclusively in the calculations presented in chapter 6.
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Figure 5.1: Comparison of the imaginary part of the permittivity calculated within
a local numerical orbital basis (SIESTA) within the RPA and experimental data.
Experimental Data is that of Weaver and Frederikse (W&F)[41], Palik [50] and
Johnson and Christy ( J&C) [49].
A natural generalisation of the simple first-order perturbation theory used in
SIESTA to calculate the permittivity is to include local field effects. In most metallic
systems, the local fields have little effect due to metallic screening [281]. In the next
chapter, the plasma frequency of some of the materials studied is quite low, as such,
the metallic screening present may not be sufficient to wash out the local field.
5.6.2 Spin-Orbit Coupling in Gold

So far, spin-orbit coupling has been neglected, however, the optical constants of gold
arc modified substantially by this effect. A comparison of the baud structure of gold
with and without spin-orbit coupling is presented in figure 5.2. Conveniently, the
spin-orbit effects reduce the optical gap by reducing the distance between occupied
d-states and the Fermi energy. Therefore, neglecting the spin-orbit interaction in
gold partially cancels the error introduced by neglecting quasiparticle corrections.
In the process of including self-energy corrections, the optical gap would be overestimated unless one simultaneou ly included spin-orbit interactions. Recently, this has
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become a solvable6 problem; Aryasetiawan and Biermann [282 , 283) have extended
the general CW formalism to include spin-orbit interactions, however the derivation
is somewhat involved.
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Figure 5.2: The effect of spin orbit coupling on the band structure of gold. Scalar
relativistic (SR) in black, scalar relativistic+spin orbit coupling (SR+SO) in red.
Calculated using Elk on a 32 3 k-point grid. The optical gap in the spin-orbit case
is labelled with a blue arrow. The gap is approximately 1.2 eV, in good agreement
with the work of Romaniello et al [284].

5.6.3 Gold: Permittivity including local fields and electron-phonon scattering.

Berger et al [285) recently calculated the optical response of gold using Time Dependent Current Density Functional Theory (TDCDFT) within the Zeroth Order
Regular Approximation (ZORA) for the scalar relativistic effects. For details of
ZORA and implementation relevant information see [286].

In TDCDFT, which

is a more rigorous derivation of time dependent DFT (see original derivation by
Vignale and Kohn [287]), the density n( r ) is replaced with the time dependent
current density j (r, t). The previously mentioned exchange correlation functionals
become time dependent functionals of the current density, and the method becomes
rigorous for the calculation of excited state properties (within certain limits, see
[287]). Unfortunately, for all the additional technical complication and very large

increase in computational intensity, the results are very similar to those provided by
ground state DFT and the RPA. Figure 5.3 compares the optical response of gold
using SIESTA, YAMBO (including the DC resistivity calculated from the electron
6

Solvable in the sense that a solution is available, rather than computationally feasible.
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phonon-interaction with ABINIT), and TDCDFT with two different time dependent
exchange correlation functionals, by Conti, Nifosi and Tosi (CNT) [288] and by Qian
and Vignale (QV) [289]. Note that the T DCDFT implementation does not include
the effects of the electron-phonon interaction. Note also that the local basis sets
(numerical atomic orbitals for SIESTA and Slater type orbitals for T DCDFT) both
overestimate the transition probability near the band edge. The plane wave case
has oscillations near the band edge, these are caused by insufficiently dense k-point
sampling, the overall effect is smoothed by the Kramers-Kronig integration, and is
inconsequential compared to the effect of underestimation of the optical gap (i.e. it
has negligible effect on QLSP and Qspp).
20 .........----------------------------------.
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Figure 5.3: A comparison of methods to calculate the optical response of gold. The
labelling is (Variety of DFT)-(Basis Set)-(Form of response function) where STO is
Slater Type Orbitals. Note that the oscillations in the PW case are not deficiencies
in the formalism, but rather a by-product of insufficient k-point sampling.

5. 7 Concluding Remarks
Sufficient theoretical background has been provided to launch into calculations of
the optical response for a number of intermetallic compounds. The next chapter
examines the optical properties of a number of compounds for which there is little
or no experimental data regarding the crystal structure or optical response.

Optical Alloys

First principles calculations have been used to predict the optical properties for a
range of intermetallic compounds for which little or no experimental optical data are
currently available. Density functional theory combined with first order perturbation
theory is used to calculate the interband contribution to the dielectric functions for
these compounds.

The aim of this work is to investigate how the band edge and

plasma frequency vary with composition in order to identify materials with promising plasmonic properties. Towards this end the intermetallic compounds chosen are
composed of elements which on their own have reasonable optical properties for plasmonic applications. The position of the band edge relative to the plasma frequency
is m ost favourable in the simple binary compounds formed from th e alkali plus noble
metals NaAu, KAu and KAg. In particular, for KAu the band edge and plasma
frequency occur at almost the same frequency , and hence the interband part of the
dielectric function is practically zero for frequencies below the plasma frequency.
In addition, the plasma frequency in this compound is at relatively low frequency,
promising a material with strong plasmon response in the infrared.

This chapter is based on (P4).

6 .1 Introduction
The optical performance of a metal for many plasmonic applications will be dictated by the relative positions of t he plasma frequency and interband transitions.
For example , in gold at visible wavelengt hs t he plasmonic response is significantly
modified by the presence of transit ions. Clearly, there is little scope to ameliorate
the situation using elemental metals, however with intermetallic compounds and alloys it should be possible to band-engineer the material in such a way as to optimise
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the plasmonic response. This is the central challenge in the present work.
Of the materials reviewed in Chapter 4, materials with simple crystal structures
and low lying d-like states were identified as likely to perform well. In light of the
optical properties of the noble, alkali and group III metals, here, first principles
calculations of the optical properties of a series of alkali (A), noble (N) and group
13 (G) metal compounds are performed with a particular focus on the alkalinoble
binary compounds. Other intermetallics, such as Li 2 Agin, have shown promise [181].
While the optical spectra of many alloys have been measured or calculated, this has
generally been aimed at understanding electronic states close to the Fermi energy
[290] rather than systematically investigating interesting optical properties [291]. To
my knowledge, no report on the optical properties of materials from first principles
has been directed at identifying new plasmonic materials.
The alkali-noble compounds have received attention in the literature due to the
semiconducting nature of the CsAu compound (band gap 2.86 eV) [292 , 293]. The
metal-semiconductor transition between KAu and RbAu has been attributed to
increasing electropositivity of alkali elements down the periodic table [294]. The
LiAu, CsAu and RbAu compounds can crystallise in the simple cubic CsCl structure.
The lack of experimental evidence supporting the crystallisation of NaAu and KAu
in the same structure has been ascribed to insufficient interstitial screening of the
noble atoms by their alkali counterparts [294].
Reports of the optical constants of Li 2 Agin by Zwilling et al [181] show interesting results for this compound, the most surprising of which is that the imaginary
part of the permittivity is zero at 2 eV.
In light of these results , a comparison of band edge and plasma frequency is
presented for the noble-group 13 compounds in the CaF 2 structure to ensure validity
of the method. This is followed by an analysis of the optical properties of all alkalinoble compounds involving the elements: Li, Na, K , Ag, Au in the CsCl structure.
Finally all combinations involving alkali, noble and the group 13 metals: Al, Ga, In
are presented.

6.2 Method
The SIESTA methodology is used to perform the electronic structure calculations
(see Section 5.5.2).

Core electrons are described by non-local norm-conserving

Troullier-Martins type pseudopotentials (see Section 5.5.1). Relativistic core corrections are used for elements above gallium. Valence electrons are described using
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numerical atom-centred basis sets with orbitals confined such that the energy increase due to the confinement is uo more than 5 mRy. A 350 Ry effective real space
integration grid cut-off is employed and a 25 meV Fermi smearing is used to assist
convergence. The exchange correlation functional by Perdew, Burke and Ernzerhof
[251] is used and a Brillouin integration grid built using the Monkhorst-Pack [295]
scheme with 29 x 29 x 29 points for the self-consistent calculation. Full geometry
optimisations were performed on all structures and an optical Brillouin zone integration grid of 65 x 65 x 65 was used, resulting in approximately 20 000 points in
the irreducible wedge of the Brillouin zone. Although the optical spectra are well
converged before this point, the plasma frequency wp is only converged to within 23 .
First order time-dependent perturbation theory is used to calculate the interband
component of the imaginary part of the permittivity, with the explicit expression
given by:

where Vis the unit cell volume,

P i ,j ,k

are the momentum matrix elements between

initial band i and fin al band j including a correction for the use of non-local pseudopotentials (see Section 5.5.1 and [269]) , f is the Fermi-Dirac distribution function.
A comparison with experimental data shows a consist ent overestimation of the momentum matrix elements, yielding spectra that show an over damping of plasmon
resonances. Although the real part of the permittivity plays an essential role in the
applicability of intermetallics to plasmonics , as it determines not only the location
of the resonance but also it is dispersion characteristics, in the interest of brevity,
only the location of the plasma frequency is discussed. The plasma frequency can
be calculated from the electron velocity at the Fermi surface [296]:
(6.2)
where

y . _
i, k -

_!_ p . . _
m

i ,i, k -

~ clEk,i
n elk )

(6 .3)

is the state velocity (the electron mass , m , has been included explicitly). From equations (6.2) and (6.3) the plasma frequency can be written in terms of the gradient
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of the bands at the Fermi surface:
(6.4)
The real part of the permittivity can be calculated from a Kramers-Kronig integration [46], although without a value for the Drude intraband damping term, the
results are largely meaningless. A number of more sophisticated many-body approaches are available [297] for calculating optical properties. Due to their computational cost, such techniques are better suited to the analysis of experimental data.
Moreover, the focus here is in identifying trends in the optical properties across a
series of intermetallic compounds and hence first order perturbation theory, even
with its known shortcomings, is a suitable starting point.

6 .3 Optical Properties of intermetallic compounds
6. 3.1 Noble- Group 13 compounds
The noble-group 13 compounds take on the fluorite structure (space group Fm3m)
with the noble metal on the standard FCC sites and the group 13 atoms forming a
simple cubic structure in the centre of the FCC cell. The crystal structures of the
three compounds studied here are presented schematically in figure 6.1.

Figure 6. 1: Left panel: noble (yellow) - group 13 (blue) compounds. Centre panel:
alkali (turquoise) - noble (yellow) compounds. Right panel: alkali (pink) - noble
(grey) - group 13 (blue) compounds.
Figure 6.2 shows the calculated interband contribution to the imaginary part of
the permittivity. AuAb has two peaks in the imaginary part of the permittivity
with the second set of transitions centred at about 2.4 eV. The secondary band edge
(SBE) for t hese transitions is at about 2.2 eV. It would seem natural to associate
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Figure 6.2: Interband transition spectra for various noble-group 13 compounds. Due
to uniform broadening over the entire spectrum the transition probability at zero
energy is positive.
this feature with the band edge (BE) in the spectrum of elemental gold at about 2.5
eV. However, the Au d-bands are too far below the Fermi energy to contribute to
the spectra [298], also the secondary band edge (SBE) in AgAb (2.2 eV) is shifted
from the band edge (BE) of silver at 3.9 eV [299) (See table 6.1). Comparison of
the calculated and experimental values of SBE and plasma frequency for the Au
compounds in table 6.1 demonstrates that the calculations are relatively good at
reproducing the optical properties.
The minimum transition strength in the visible to near-infrared for AuAb is 4.6
at approximately 1.1 eV, however it does drop as low as 1.4 in the ultraviolet, at 7.2
eV, just 1 eV below the plasma frequency. As the lattice constant is increased from
Al to In , the BE of the Au compounds steadily increases from approximately 0 eV
up to 0.6 eV for Auln 2 while the SBE continually decreases from 2.2 eV in AuAb to
1.35 eV in Auin 2 , bringing with it the possibility for plasmonic activity above 2eV.
Unfortunately / decreases only to a value of 1.3 at the plasma frequency,

Wp

(7.21

eV) resulting in a poor plasmon response across all of the visible and near UV.
In contrast to Au, the BE for the Ag compounds moves to lower energy from
Al to Ga, and then shifts slightly back towards higher energies for In. The plasma
frequencies for the Ag-group 13 compounds are 7. 78, 8.06 and 7.62 for Al , Ga and In
respectively. Again , the lowest value of/ is for the indium intermetallic compound
with a value of 0.89 at 7.62 eV. Neither AgA1 2 or AgGa 2 have imaginary permittivity
less than 1.0 at any energy lower than the plasma frequency.
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Table 6.1: Plasma frequency and secondary band edge of noble-group 13 compounds.
Compound
AuA1 2
AuGa2
Auln 2
AgA1 2
AgGa 2
Agln 2

Calculated
SBE(eV) wp(eV)
2.2
1. 7
1.3
1.9
1.4
1.2

8.25
7.34
7.21
7.78
8.06
7.62

Experimental[156]
SBE(eV) wp(eV)
2.2
2.0
1.7

6. 7
7.3
7.2

6.3.2 Alkali-Noble-group 13 compounds

The optical properties of Li 2 Agln as measured by Zwilling, Schmidt and Weiss in
[181] show some incredible promise. The imaginary part of the permittivity goes to
zero at 2 eV. Unfortunately, in the same work they report the LiCd 2 In compound as
having an imaginary permittivity slightly less than zero (2 at 3.1 eV). It is possible
that surface defects or faulty Kramers-Kronig analysis caused the anomalous values
for

c".

Li 2 Agln crystallises in the Heussler Type Fm3m structure [181] with 16 atoms

per unit cell. The structure can be described as a group of 8 BCC cells making up a
cube. The corner atoms of each BCC cell are composed of alternating lithium and
indium atoms and the centres of alternating BCC cells are lithium and silver atoms.
Here the interband contribution to the response has been calculated for compounds between Li 2 AgAl and K 2 Auln and also compounds from LiAg 2 Al to KAu 2 In.
We will use the notation noble 2, or N2 to denote the latter group, and alkali 2 or
A2 to denote the former. All these compounds have the same Fm3m space group
[299].
The interband component of the imaginary permittivity for Li 2 Agln is calculated
and compared to the permittivity measured by Zwilling et al in Figure 6.3. The calculated spectra is red-shifted slightly from the calculated one, indicating a negative-.-\
band compression scheme is appropriate. Such band compression schemes scale the
energies of all bands proportional to the value of ,,\ (negative values indicate that
the bands should be strectched). The imaginary permittivity does not got to zero in
the calculated spectra. Finite transition probability in this region excludes the possibility that the effect can be accounted for by overestimation of transition matrix
elements.
Figure 6.4 shows a map of the interband component of / for all the A2 compounds. The SBE for the Li 2 compounds follows the same trend as the plasma
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Figure 6.3: Experimental imaginary permittivity of Zwilling et al [181] for Li 2 Agln
(solid line) and Li 2 Cdln (dash dot line). Note the non causal region between 2.9 eV
and 3.2 eV. Calculated interband imaginary permittivity for Li 2 Agln (dashed line)
shows the permittivity not going to zero.
frequency. Li 2 AgAl has the lowest absorption with
compounds have

c" <

c" =

0.9 at 2.5 eV. Only the Li 2

2 at any energy below, but reasonably close to the plasma

frequency. The Na 2 compounds meet this criteria at the plasma frequency and the
K 2 compounds only have

11

E

< 2 at energies higher than Wp· Na 2 AgAl has the largest

transition probability at 0.8 eV

(c" =

51.8).

Interband transition spectra for the N2 compounds are shown in Figure 6.5.

Almost half of these compounds have transitions with magnitude of c" greater than
50 at energies lower than 2 eV. LiAg2 Ga has both the highest value of

c", 140 at

an energy below 0.1 eV and second lowest / , 1.5 at an energy of 2.0 eV. KAg 2 Al
has the lowest imaginary permittivity at 3.0 eV with a value of 1.3. The LiAg2 and
NaAg 2 compounds have permittivity between 1.2 and 1.5 at a maximum of 2 eV
below their plasma frequencies which sit in the 7.5-8.5 eV region. For both the N2
and A2 compounds we can see from Figures 6.4 and 6.5 that the plasma frequency
decreases on descending the alkali group. This would also follow from the plasma
frequency calculated from the Drude model.
(6.5)
where ne is the free-electron density, e is the electron charge, m e the electron
mass, and Eo is the permittivity of free space. If we assume that the compounds
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Figure 6.4: Interband transition spectra of all the A2 compounds. White bars indicate the position of the plasma frequency. The magnitude of / has been truncated
to 20 to aid visibility.
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Figure 6.5: Interband transition spectra of all t he N2 compounds. White bars indicate the position of the plasma frequency. The magnitude of t" has been truncated
to 20 to aid visibility.
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donate their valence electrons to the electron gas then the electron density in equation (6.5) is inversely proportion to the unit cell volume or lattice constant cubed.
Hence the Drude plasma frequency is inversely proportional to the lattice constant to
the power 3/2. We have compared Drude plasma frequencies with those calculated
from the band structure in Figure 6.6. There is a reasonable straight line correlation between the two data sets, the band structure plasma frequency, however, falls
consistently below the Drude plasma frequency by up to a factor of 2 in the case
of K2 compounds. These compounds clearly donate fewer valence electrons to the
free-electron gas than any of the other compounds. Lattice constants for both the
Li and Na compounds remain almost constant , however, the K2 compounds have a
lower lattice constant than their KN2 counterparts.
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Figure 6.6: Comparison of the plasma frequency as calculated by the random phase
approximation (RPA) and that calculated by the standard Drude free-electron gas
formalism. N = noble , G = group 13.

6.3.3 Alkali-noble compounds

Of all the compounds studied here , the alkali-noble intermetallic compounds are
the most interesting, mainly due to the increasing energy of the band edge as the
period is increased for both the alkali and noble metals.
interband transition spectra of the alkali-noble compounds.

Figure 6. 7 shows the
Although the band

edges (see table 6.2) of these compounds are much lower than Ag and Au (which
have band edges of 3.9 eV and 2.25 eV respectively [41]) , they are significantly
higher than any of the alkali-noble-group 13 and noble-group 13 compounds. The
onset of interband transitions increases in energy for substitutions of the alkali metal
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atom down the period for both silver and gold compounds. Conversely, the plasma
frequency decreases down the period as the lattice constant increases, indicating
that there should be some crossover point.
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Figure 6.7: Optical properties of (A) the alkali Ag and (B) the alkali Au compounds.
Vertical lines represent the position of the plasma frequency for those compounds
with Wp < 6.0e V

Table 6.2: Band edges for selected metals and compounds. Elemental band edges
taken from [41]
Metal

Band Edge(eV)

Metal

Band Edge( eV)

Ag
LiAg
NaAg
KAg

3.9
0.25
0.95
1.55

Au
LiAu
NaAu
KAu

2.25
0.3
1.58
1.72

In order to relate optical properties to the band structure and hence attempt to
engineer the optical properties we need to understand the transition characteristics
and the relative contributions transitions make to the complex permittivity. We
employ a variant of the conventional 'fat-band' analysis (see for example [202]) where
instead of projecting band character onto a band structure, we sum all transitions
originating from (or ending at) a single k-point in the band and then denote the
magnitude of this sum by a circle drawn on the band structure. That is, circles are
drawn on the band structure with radius given by:
(6.6)
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Figure 6.8: Imaginary permittivity in alkali-noble compounds with band edge to
plasma frequency ratio better than gold.
Table 6.3: Band edges for selected metals and compounds. Elemental band edges
taken from [41]
Metal

wp ( eV)

Metal

wp ( eV)

LiAg
NaAg
KAg

7.28
6.47
3.10

LiAu
NaAu
KAu

7.2
4.84
1.55

(6.7)

where a is a normalising constant. Subscripts i and j denote initial and final
states for the transition. The magnitude of the transitions is summed over k points
in the optical BZ that occur within a distance

rJ

of the k-point of interest on the

band structure. The results of this analysis can be seen in Figures 6.9 and 6.10.
KAg, NaAu and KAu all have plasma frequencies less than 6 eV causing the
ratio of the position of the band edge to the plasma frequency to be higher than
that of elemental gold. This makes these materials particularly interesting in the
infrared. Most notably, KAu has almost no interband transitions below the plasma
frequency. Figure 6.8 shows the relationship between the plasma frequency and the
band edge for compounds which have a band edge to plasma frequency ratio of less
than 0.2. Both gold and silver are good plasmonic materials in part due to this ratio.
Any resonance that occurs below the band edge is damped solely by the intraband
component of the permittivity.

CHAPTER 6. OPTICAL ALLOYS

>
~
e

>.
Q)

c

0

Li Ag

-2
-4

-6

w -8

>
~
>.
O>
"Q)

c

0
-2
-4

-6

w -8

>
~
>.
O>

"-

Q)

0
-2
-4

-6

c
w -8

x

M

M

R

x

F igure 6.9: Band diagram for alkali Ag compounds. Included is the sum of transitions from a band below the Fermi energy (solid circles) to all bands above, and the
sum of transitions to a band above the Fermi energy (broken circles) from all bands
below. The line ~-M intersects X-R, see figure 6.11.
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t he sum of transitions to a band above the Fermi energy (broken circles) from all
bands below. T he line M-M intersects X-R, see figure 6.11.
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The nature of the interband spectra in Figure 6. 7 becomes more obvious from
Figures 6.9 and 6.10. The radius of the circles in Figures 6.9 and 6.10 denote the
strength of all transitions originating (or ending) at that particular point in the band
structure. Transitions near the special point M in Figure 6.9 for LiAg and Figure
6.10 for LiAu are responsible for the low energy structure in /. As the lattice
constant is increased by substituting larger radii alkali metal atoms, bands just
below the Fermi energy at X move from doubly degenerate at M to well separated
and transitions become allowed.

In NaAu this results in the 2 eV peak in the

spectrum. That particular transition is still forbidden in NaAg however, and the
spectrum is missing that characteristic peak. In certain places on the band diagrams
(Figure 6.10 NaAu at M) double degeneracy of bands above the Fermi energy gives
the appearance of missing high energy transitions, however, there are in fact twice
as many circles. The small 2 eV peak in KA u is caused by a small number of large
magnitude transitions around X, and there is almost a continuous increase in energy
for transitions from X to M where a large number of small magnitude transitions
are responsible for the 3.2 eV peak. Bands above and below the Fermi energy in
KAg are separated by 1. 75 eV across the entire surface of the BZ.
Transition Density
(arbitrary units)
3.Sxl0-5

1.6x10-5
S.6x10-6
7

6.9x10-

Figure 6.11: KAg: the sum of the transitions from all bands below the Fermi energy
to all bands above the Fermi energy for each k-point in the upper half (+kz) of the
zone.
We see a reduction in the plasma frequency due to the gradient of the bands as
well as a splitting of the bands in both the Ag and Au alkali compounds characteristic
of increasing ionic bond character in line with the observations of Koenig et al [293]
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and Grosch et al [294). A more complete way to view the nature of the transitions
is to plot the transition density for all k -points in the Brillouin zone. Figure 6.11
shows the density of transitions in the upper half of the Brillouin zone for KAg. Note
the transparency of sections around X and R corresponding to (almost completely)
forbidden transitions. The centre of the structure is essentially hollow, however
there is enough density, that the sum contributes to the background transitions (i.e.
above 4 eV) in the spectra of the alkali-noble compounds.

6.4 Conclusions
In this chapter DFT and first order perturbation theory have been employed to
calculate the optical properties of a wide range of intermetallic compounds. The
aim of this work is to systematically investigate how the optical properties vary
with compound composition and identify trends useful to engineering compounds
with optimal properties for plasmonic applications. The search concentrated on
compounds composed of those elements which , on their own, have reasonable optical
properties, that is the alkali, noble and group 13 metals. The alkali-noble metals have
by far the most potential with KAu having a band edge at almost the same energy as
the plasma frequency. This fact , coupled with a low plasma frequency promises high
quality plasmon resonances down to very low energies, most importantly, across the
telecommunications wavelength (1500 nm). Both NaAu and KAg also have good
band edge to plasma frequency ratios, resulting in the possibility of high quality
plasmon resonances into the IR as well.
Alloying of group 13 metals seems to substantially increase the low energy interband component of the permittivity well beyond that of elemental aluminium,
gallium and indium. The imaginary permittivity of aluminium reaches only 46 at
1.5 eV and this includes the Drude damping term. AgA1 2

,

AuA1 2 and most of the

alkali-noble-Al compounds have imaginary permittivity in excess of 50 even without
any Drude contribution. However, the plasma frequency of the alkali-noble-group
13 compounds can be tuned between 2.84 eV for K 2 AuAl to 8.62 eV for NaAu 2 Al.

Although the quality of such resonances is debatable, this does allow for drude like
sphere resonances (w = wp/3) across the entire visible spectrum (756 nm (1.64 eV)
to 249 nm (4.98 eV) ). There are select compounds in this series which show promise,
in particular Li 2 AgAl has a small range of energies for which

c"

< 1 and KAg 2 Al

has/< 1.3.
The low plasma frequencies of the alkali noble intermetallics calls into question
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the validity of the neglect of local field effects. The lack of an explicit value for the
intraband clamping prevents a complete analysis of the plasmonic efficacy of these
materials. In the following chapter, the intraband damping and local field effects are
calculated for the best performing materials discussed here, namely, the alkali-noble
intermetallics.

The Alkali-Noble Intermetallics

In the previous chapter, KA u was identified as a possible competitor to the likes of
silver and gold for use in plasmonics. However, the intraband damping contribution to the dielectric function is required to assess the absolute performance of the
materials. As some of the alkali-noble intermetallics have low plasma frequencies,
the neglect of local field effects may alter the interband spectrum. A brief explanation of the dielectric funct'ion including local field effects is included, building on the
derivation from chapter 5. The method used to determine the phonon limited DC
resistivity is also presented. At low negative permittivities, KAu, with a damping
frequency of 0. 0224 e V and a high optical gap to bare plasma frequency ratio, is
shown to outperform gold and to some extent silver as a plasmonic material. Unfortunately, a low plasma frequency ( 1. 54 e V) reduces its utility in modern plasmonics
applications. A brief discussion of the effect of local fields on the optical properties
of these materials is presented.

This chapter is based on (P6).

7 .1 Introduction
There are three main electronic features necessary for a good plasmonic material.
The gradient of bands at the Fermi surface must be high enough to allow for an
appropriate plasma frequency wp. The Drude phenomenological damping term "/,
must be low compared to the plasma frequency. And finally, the ratio between the
optical gap,

Wg,

and the plasma frequency must be proportional to the sharpness of

the band edge (/ (wg)) itself. i.e. a material with a sharp band edge that reduces
rapidly with increased frequency will perform better than a material where the band
edge does not comprise the dominant transition mechanism. This amounts to the
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screened bulk plasmon frequency,

being well separated from the optical gap. As

Ws ,

an example, in gold, interband transitions interrupt the plasmonic response of thin

wg/ Ws

films and nanospheres because of low

In silver, where the ratio is slightly

.

higher, the plasmonic performance increases substantially.
In the previous chapter, the alkali-noble intermetallics - and particularly KAu were identified as promising plasrnonic materials. Although the plasma frequency of
KAu is low, the optical gap is high in comparison. As the interband spectra in KAu
is quite sharp, the screened plasma frequency should be well separated in energy
from the bulk of interband transitions. Of course, a large band edge will have a
low frequency contribution to t:~b as discussed in Section 3.4. In order to calculate
the absolute plasmonic performance of the alkali-noble intermetallics, the phonon
limited DC resistivity must be calculated. This allows for the determination of the
Drude intraband scattering rate.
Explicit expressions for the permittivity including local field effects and the DC
resistivity are presented in the Section 7.2 , followed by results for QLsP and Qspp.

7.2 Method
The ground state, optical and dynamical properties of the alkali-noble intermetallics
will be calculated using Density Functional Theory (DFT) . As only low energy
photons and bulk materials are discussed, the q-+ 0 limit is taken. In Chapter 5 the
dielectric function is derived neglecting local field effects. This amounts to assuming
that the microscopic field varies slowly across a unit cell. The macroscopic dielectric
function , including local field effects, can be written in terms of the (G , G')

= (0, 0)

element of the inverse microscopic dielectric function:
.

1
1

(7.1)

t:( q , w )c=o,G' =O

element of the dielectric function is

E(w) = hm

q---+O [t:( q , W )- ]G=O,G' =0

\t\!hen neglecting local fields, the

inverted, rather than taking the (G , G

1
)

= (0 , 0) element of the inverse function. The

disadvantage of including local fields is that the dielectric matrix must be inverted
for every frequency considered. As the materials discussed here are metallic, only a
small number of reciprocal lattice vectors G are required for convergence. Within
the random phase approximation, the microscopic dielectric function can be written
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in terms of the non-interacting response function

x [300, 301, 302]:
(7.2)

where the linear response function is given by:
[X (q , W )] G ,G'

=-

2 ~

n

H

6

k
i,],
..

A-qi(l - Aj)

W

_ g

Jk

+g

Here, !1 is the Brillouin zone volume,

ik-q

+ .6
'l

* (

X Pijk

)
(
')
q , G Pijk q , G

f is the occupation and

(7.3)

Pijk ( q , G) are the

matrix elements given by:
(7.4)
and Ekj, 11/Jki) are the Kohn-Sham energy eigenvalues and eigenfunctions [249]. It
was shown by Wiser [233] that the intraband contribution to the dielectric function
has no local field correction.
In order to determine the transport spectral function atrF(w) , which allows
the DC resistivity to be calculated, it is convenient to first introduce the electronphonon (EP) matrix element, which describes the scattering of an electron at the
Fermi surface from state 11/lqi ) to state (1Jlk+qj I via the phonon perturbation (see
Section 5.5.4):
(7.5)
where dV~f f is the change in the effective self consistent Kohn-Sham potential with
respect to atomic displacements. The EP matrix element is then [303]:
qv

9k+qj,ki

=

yfh
~ /
\1/Jk+qj I

c/Jqv ·

dVqeff I1Jlki )

(7.6)

where the phonon eigenvector V~ff of branch v and momentum q is a solution to
the dynamical matrix
(7.7)
and I'd and

Wqv

are the atomic mass and the phonon frequency respectively. The

dynamical matrix was solved using Density Functional Perturbation Theory [279,
280] as implemented in the density functional code ABINIT [258, 259] with Fritz
Haber Institute (FHI) pseudopotentials [263]. From the electron phonon matrix
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elements (Eq. 7.6) we can now write down the spectral function:

~ L L l9~~qj,ki l2 7Jout(in)

O'.~t(in) F(w)

F

X

ki, k +qj

v

b(Eki -

where the scattering efficiency factor
T/out(in)

T/

=

EF )6(Ek+qj

-

EF )<5(w -

Wqv)

accounts for the various scattering angles.
Vki · V k (+q)j

(v 2 )

(7.8)

The transport spectral function is simply the difference between the integrated number of electrons scattered into or out of all states at the Fermi surface by all possible
phonon modes:
(7.9)
The evaluation of this expression is unfortunately very computationally expensive,
requiring the evaluation of a six dimensional sum. In order to speed the computation,
and avoid calculations involving large unit cells, the derivatives of the wavefunctions
are stored for each phonon branch (of which there are 3N) and each q. Here 35
q-points are used for the calculation of the dynamical matrix, corresponding to an
8x8x8 grid. The wavcfunctions are described by a plane wave cut-off of 28 Ha and an
unshifted k-space grid of 16xl6x16 resulting in 4096 points in the unreduced and irreducible Brillouin zone 1 . The resulting wavefunction derivatives (including electric
field perturbations required for Eqn. (7.8)) consume approximately 400 gigabytes
of disk space per material. The terms in the sum (7.8) require an additional 120
gigabytes of storage. The actual calculations presented in later sections consumed
approximately 100,000 hours of CPU time.
From (7.9), Allen[230] calculates the upper bound of t he phonon limited DC
resistivity by deriving a first order solution to the Boltzmann equation:
(7.10)
where x· = w/2k 8 T. From the DC resistivity we can approximate t he temperature
dependent Drude phenomenological damping term [43] via:

(7.11)
1

The phonon perturbations break symmetry requiring the entire Brillouin zone to be stored.
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Equilibrium lattice constants are given in Table 7.2. Calculations were performed
using the local density approximation 2 to the exchange-correlation energy by Perdew
and Wang [250]. Optical calculations were performed using ground state wavefunctions from ABINIT on a 48x48x48 k-space grid, and the matrix elements (7.4) were
evaluated using YAMBO [302] in a scheme that allows for the decoupling of the
frequency and state dependence (see Ref. [304]).
It has been shown that quasiparticle corrections are necessary to accurately re-

produce the band edge of silver [229]. DFT-LDA underestimates the optical gap wg
which in silver leads to an overlap of the band edge / (wg) with the bulk plasmon
frequency

W8 •

The additional loss contribution adversely affects the quality of any

resonance near this frequency. In the case of silver both the Electron Energy Loss
(EEL) plasmon peak and the bare film surface plasmon / (w) ~ -1 have reduced
quality compared to experiment.
The main contribution to the underestimation of the optical gap in silver comes
from wave-vector dependent errors in the position of d-like states. In materials with
only partially occupied d-states , errors in the calculated bandwidth may result in
an overestimation of the optical gap, as is the case for Ni 3 Al (see for example [290]).
In section 7.3 the quality of materials in terms of the optical gap to screened plasma
frequency ratio wg/ Ws is discussed. As all the alloys studied here have fully occupied
d-states, some increase in the plasrnonic quality is anticipated upon the inclusion of
quasi particle corrections.
Table 7.1: Comparison of All Electron (AE) and FHI Pseudopotentials (PP) Equilibrium Lattice Constants (LC). Calculated using ABINIT and elk respectively.

2

Intermetallic

PP LDA LC
[Bohr]

AE LDA LC
[Bohr]

LiAg
LiAu
NaAg
NaAu
KAg
KAu

5.797
5.688
6.447
6.324
7.083
6.891

5.744
5.714
6.373
6.308
7.21
7.071

The LDA was used as the additional memory requirements of the GGA pushed the calculations
beyond the capacity of available computing resources.
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7.3 Results
The interband contribution to the imaginary permittivity including local field effects
is presented in Figure 7.1 and optical data for elemental silver and gold as well as
the alkali-noble intermetallics is presented in Table 7.3. For comparison, the upper
bounded PDc of gold and silver is calculated to be 2.66 µfkm and 1.77 µDem
respectively, in good agreement with the experimental values [43] of 2.04 µDem and
1.55 µDem.
Of the intermetallics, LiAg and LiAu have the lowest DC resistivities of 7.6
µDem and 8.9 µDem respectively, followed by NaAu and XaAg with values of 25
µDem and 33 µDem respectively. KAu has a resistivity of 70 J,lDcm and for KAg
the resistivity is the highest of the alkali noble intermetallics at 117 µDem. As the
damping relies on the effective electron mass , the actual scattering rate is lowest for
KAu, which has a bare plasma frequency of only 1.54 eV. Both LiAg and LiAu have
damping frequencies only 2 to 3 times greater than gold and silver, and reasonably
high plasma frequencies of 7.28 eV and 7.2 eV respectively, resulting in 'Y /wµ ratios
which are comparable to gold.
Unfortunately, the optical gap in these materials is very small (0.12 eV and 0.33
eV respectively). This low band edge to plasma frequency ratio means that all
surface will decay into electron hole pairs, causing a reduction in the quality of high
frequency /low permittivity phenomena.
Table 7.2: Optical and Electronic data for the alkali noble intermetallics. Temperature dependent quantities are given at 300K.
Metal

Wp

[eV][305]

Optical Gap
wg [eV]

PDC

'Y

"'f

/Wµ

Wg/Ws

Ag
Au
Li Ag
LiAu
NaAg
NaAu
KAg
KAu

9.6[44]
8.55[44]
7.28
7.2
6.47
4.84
3.1
1.54

3.9[41]
2.25[41]
0.12
0.33
0.7
1.13
1.35
1.55

1.77
2.66
7.579
8.903
33.12
25.45
116.5
70.07

0.022
0.0262
0.054
0.0621
0.187
0.0802
0.151
0.0224

0.00229
0.00306
0.00742
0.00862
0.0288
0.0169
0.0486
0.0145

1.0263
0.3879
0.0254
0.0742
0.0874
1.0367
1.387
2.9808

[µDem]

[eV]

The optical gap to plasma frequency ratio (wg/wµ) gives a reasonable indication
of the effect that inter band transitions will have on a plasmonic material, however,
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it is probably more useful to describe the ratio in terms of the low energy dressed or
screened plasma frequency

W8

which takes into account not only the energy of the

,

optical gap, wg , but also the magnitude and spread of the band edge. wg/ws amounts
to a description of the quality of the low permittivity behaviour of a material. In
terms of wg/w8 , LiAg and LiAu do not perform as well as NaAu and KAu , and
the damping frequency is too high in NaAg and KAg for them to perform well. In
KAu, there is a small region of negative

c'

above the plasma frequency due to the

effect of the 2.8 eV transition. The real part of the dielectric function including the
intraband contribution is shown in Figure 7.2.
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Figure 7.1: The real part of the permittivity including the intraband contribution
for the alkali-noble intermetallics including local field effects.
Due to the proximity of the band edge to plasma frequency, NaAu, KAg and KAu
all have a finite region of positive

£

1

above the plasma frequency. This effect is also

seen in elemental silver with a band edge to screened plasma frequency ratio above
1. It results in two additional bulk plasmons below the plasma frequency (excluding
KAu). The higher energy plasmon decays into electron-hole pairs due to the over
lap in frequency with interband transitions. The low frequency plasmon, however, is
separated in frequency form the interband transitions , and as such should exhibit a
strong EEL peak (1//). The main EEL peak in elemental silver reaches 1.43 [229],
slightly smaller than in KAu, where it is 1.7, but larger than KAg and NaAu where
it is 0.2 and 0.4 respectively.
The screened plasma frequency of NaAg is 8.01 eV, which is above the bare
plasma frequency of 6.47 eV. This is due to a combination of the magnitude of the
band edge, its dispersion dt:~; dw , and its position with respect to the bare plasma
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frequency wg/wp

=

0.11.

The frequency spread of the transitions in the alkali-gold compounds is due to
the energy difference between the band pairs along R-X and X-M. Transitions that
occur near X are responsible for the higher energy peaks comprising the band edge
in LiAu (0.85 eV), but in NaAu and KAu, they comprise the lower energy peak (1.3
eV and 1.55 eV respectively).
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Figure 7.2: The interband contribution to the imaginary part of the permittivity for
the alkali-noble intermetallics , including local field effects. Note that the optical gap
for LiAg (wg =0.12 eV) is less than the smearing width used in the approximation
of the delta function in the denominator of (7.3).
In LiAu, the low energy transitions are primarily caused by transitions along
the line M-M (from 0.32 eV) , which runs perpendicular to, and bisects R-X on the
Brillouin zone boundary. In NaAu and KAu the M-M midpoint is responsible for the
higher energy transitions at 1.95 eV and 3.04 eV respectively. The 2.1 eV transition
visible in LiAu occurs directly at M and is forbidden in the other gold compounds.
In LiAg there are two very distinct peaks, one at 0.12 eV, arising from the band

edge along M-M, and a second due to transitions between parallel bands along a
very brief segment of R-X. In NaAg and KAg these two sets of transitions overlap
in energy and are difficult to distinguish.
7 .3.1 The Performance of Local Surface Plasmon Modes

In KA u, the spreading of bands and reasonably high wg/ wp causes the screened bulk
plasmon to be clear of interband transitions, resulting in excellent low permittivity
behaviour. QLsP data for the Alkali-Noble intermetallics is shown in Figure 7.3. As
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predicted by the wg/ws ratio, KAu has exceptionally good low permittivity QLsP,
similar to that of silver, and better than gold. However, with a plasma frequency
of only 1.54 eV, the frequency of maximum QLsP , w~i~P is 0.28 eV or 4.4 µm, and
at

c' (w),

w=0.49 eV, limiting its practical application. The maximum QLsP for

NaAg occurs at quite high energies (3 eV), and is caused by contributions from
lower energy interband transitions. In terms of plasmonic performance in the visible
regime, NaAg performs best, as it has a QLsP of 3.15 at 2.95 eV, which is much better
than gold at this frequency (QLsp=0.16 [41]), and comparable to silver (QLsp=5.57
[41]).
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Figure 7.3: The resonance quality of a localised surface plasmon as a function of the
real permittivity from first principles. For reference , experimental elemental data
for silver: Triangles Johnson and Christy [49], Circles E.D. Palik [50]. For gold:
Squares Weaver and Frederikse [41] . Solid line near Au label is first principles data
for gold.
For a Drude metal, the frequency of maximum QLsP is given by:
(7.12)
and the associated quality factor
max( QLsP)
Q LSP
Wmax

_
-

)3/2
2 (w2p _ "'V2f
1 _ 00_ _

3"'ywp2 v ~
vf 00

(7.13)

There is a clear variation between the value of the Drude QLsP maximum in Eqn.
(7.13) and values obtained from Figure 7.3. This stems from the interband con-
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tribution to the real part of the permittivity. Although the ratio wg/ W8 informs
that the surface mode will not scatter into electron-hole pairs, the overall resonance
quality is affected by the reduction in magnitude of c from interband transitions.
1

This screening can be accounted for by replacing c(X) in the Drude dielectric function
with c(X) + c~b(O), representing the zero frequency contribution to the interband com1

ponent of the real part of the permittivity. This causes an increase in c below wg
resulting in a decrease in low frequency quality. Additionally, for materials with low

wg/ws the imaginary part of the interband component contributes to the reduction
of QLsP as well. A revised expression for the frequency of maximum QLsP can now
be derived from the addition of c~b(O) to the real part.
(7.14)
and the associated quality factor
max( QLsP) _ 2(w2P - "'Y2 [c CXJ + c'ib (0)])3/2
Q LSP
Wmax / (O)]
3rwp2V3 [c(X) + cib

(7.15)

Table 7.3: Data for the alkali-noble intermetallics and gold calculated using equations (7.14) and (7.15). It is assumed that c(X) ~ 1, then equation (7.14) is used to
approximate w~~P. Finally the interband contribution to the imaginary permittivity at this frequency (c;~ (w~i~P)) to estimate QLsP using equation (7.15)
Metal
Au
Li Ag
LiAu
NaAg
NaAu
KAg
KAu

c;b(w)
9.78
52.3
34.2
14.1
11.9
8.33
7.28

wQLsP(eV)
max

/ 1b (wQLsP)
max

Qmax(wQLsP)
LSP max

Eqn(22)

Eqn (22)

Eqn(23)

1.5
0.56
0.686
0.928
0.761
0.541
0.297

0.369
20.1
18.5
10.9
1.03
0.402
0.203

53.6
5.97
6.33
3.16
6.25
2.47
7.32

The effect of interband transitions is most noticeable in compounds with low
wg. In LiAg and LiAu , large permittivity behaviour is disrupted significantly by
interband transitions. Both have damping to plasma frequency ratios only twice that
of gold and as such they should have maximum QLsPs of 51.9 and 44.6 respectively.
Table 7.3 shows the values of QLsP calculated using equations (7. 14) and (7.15).

[120]
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The actual values of QLsP for LiAg and LiAu are approximately 10 times lower than
they would be in the absence of interband transitions. The case is less severe for
NaAg, NaAu and KAu, all approximately 4 times lower. For LiAg, LiAu and NaAg
the dominant local surface plasmon damping mechanism at w~i~P is due to decay
of the mode into electron-hole pairs, whereas NaAu , KAg and KAu-due to high

wg/ W

8

ratios-escape this fate. Instead, screening by E~b is the dominant damping

mechanism.
Wave length Dependence o f QLsP

A comparison of the wavelength dependence of QLsP of the alkali-noble intermetallics
is presented in Figure 7.4. Although KAu may outperform gold in specific geometries, the wavelength of maximum QLsP is very high due a low plasma frequency
and large band edge pushing the screened plasma frequency above 2µm.
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Figure 7.4: Comparison of calculated local surface plasmon quality factors for the
alkali-noble binary intermetallics with the most favourable experimental values for
silver [50] and gold [41].

7 .3.2 The Performance of Propagating Surface Plasmon Modes
Vve now discuss the effect of interband transitions on propagating modes . The
quality factor for propagating surface plasmons , Qspp =

t:

12

// ,

for the alkali-noble

intermetallics is presented in Figure 7.5. As this metric relies on the real part of the
permittivity squared , materials with higher plasma frequencies perform substantially
better than those with lower values. The maximum value of Qspp is predicted within
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a factor of 2 by the equivalent expression in the Drude model:

(7.16)

The ratio, 1 /wp, provides most of the pertinent information. In the absence of
interband transitions, Qspp in the Drude model is the upper half of an ellipse centred
on the point (w;/21 2 , 0)

= (-t' , Qspp) with height Q8P"P = w;/21 2 • As a result, a

majority of the increase in Qspp with increasing

-t'

occurs at lower permittivities.

As interband transitions are introduced, disruption of low permittivity behaviour
causes the rate of increase dQspp/d(-c:') to increase.
NaAg performs least favourably, with a high damping to plasma frequency ratio
of 0.0288 causing a reduction in

Q8P?·

The loop at c:' = -15 is a result of the 1.15

eV peak in the real part of the spectrum. KAu and NaAu have similar performance
at large permittivities, with similar 1 /wp ratios of 0.0145 and 0.0169 respectively.

KAu has slightly higher Qspp at low permittivities due to the aforementioned effect
of higher wg/W8 • The effect of intcrband transitions is not visible in either spectrum.
LiAg and LiAu have the highest

r /wp ratios and as such, of the alkali-nobles they

perform best , albeit at impractical permittivities.
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Figure 7.5: The resonance quality of a surface plasmon polariton as a function of the
real permittivity from first principles. For reference , experiment al elemental data
for silver: Triangles Johnson and Christy [49], Circles E.D. Palik [50) . For gold:
Squares \tVeaver and Frederikse [41]. Solid line near Au label is first principles data
for gold.
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7 .4 Local Field Effects
The difference in the maximum value of the interband contribution to the imaginary
permittivity (E:aJ for the alkali-noble intermetallics with and without local field

effects is shown in Table 7.4. Neglecting local fields amounts to taking the inverse
of the (G, G ')

= (0, 0) element of the microscopic dielectric function and making

the assumption that the microscopic electric field varies slowly over the unit cell
and has little effect on the field induced by the incident photon. Inclusion of local
fields affects the optical properties of materials with localised states much more
significantly than those without [234]. In Figure 7.6, the difference in the maximum
of E~~ including and neglecting local field effects is plotted against the electron density
half way between the alkali and noble metal atoms. As the ionic character of the
alkali-noble compounds increases from LiAg to KAu , the difference between

E:ax

with and without local fields increases. The difference is negligible in the lithium
compounds.

In the sodium compounds, the neglect of local fields increases the

maximum interband transition magnitude by about 203, and in the potassium
compounds this is exacerbated to 503.
Table 7.4: The effect of the inclusion of local fields on the magnitude of the band
edge in the alkali-noble intermetallics. Note that the band edge in LiAg is less than
half the optical smearing width (0.1 eV) away from zero frequency.
With Local Fields
II

Compound

tmax

Li Ag
LiAu
NaAg
NaAu
KAg
KAu

62.8
22.8
26.6
18.3
19.7
13.7

Neglecting Local Fields
II

lmax

II

tmax

0
1.05
1.25
1.71
1.96
2.81

63.3
24.8
30.6
23.3
30.4
21.2

w

w11

lmax

0
1
1.2
1.66
1.91
2.71

7 .5 Conclusions
We have discussed the optical properties of a number of alkali-noble intermetallics
in terms of some generic plasmonic system quality factors. We have discussed the
necessary electronic features for an ideal plasmonic material, and made adjustments
to generic quality factors to account for the properties of real systems.
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Figure 7.6: Comparison of the effect of local fields on the maximum interband transition with the minimum interstitial electron density for the alkali noble intermetallics.
Most notably, we have calculated from first principles t he Drude phenomenological damping frequency, allowing us to accurately describe the long-wavelength
behaviour of these materials.
Of the intermetallics discussed here, KAu performs best , outperforming gold at
low permittivities, and over a small permittivity range, equalling the QLsP of silver.
Unfortunately, a low plasma frequency reduces the applicability of KAu to modern
plasmonic applications, where high plasmonic quality in the UV-Visible frequency
regime is desired. NaAg performs better than gold and comparably to silver at
wavelengths around 400 nm. However, the plasmonic quality in these materials
is dwarfed by the low permittivity properties of the elemental alkali metals , with
potassium metal having a QLsP of greater than 10 at 3 eV.
It is worth noting that small variations in the equilibrium lattice constant be-

tween different exchange correlation functionals causes bands near the FS to change
from conduction (GGA) to valence (LDA) states. This has an impact on the locale
of transitions in the Brillouin zone. Calculations of the dielectric function of lithium
at high pressure have shown that the band edge can be shifted upwards in energy
dramatically from 3 eV to 6.5 eV at 40 GPa. Additionally, self-energy corrections
to the Kohn-Sham quasiparticle energies are likely to increase the optical gap.
Increasing the energy of the band edge by even a small amount , especially in
KAu and NaAu, will dramatically improve the frequency properties of the plasmonic
response.

Concluding Remarks and Future Work

8.1 Concluding Remarks
The plasmonic efficacy of a number of metals, iutermetallics, alloys, silicides and
high pressure systems, as well as amorphous, glassy and liquid materials have been
reviewed as alternatives to silver and gold for use in plasmonics. Few materials
outperform their elemental constituents in terms of performance in plasmonic devices
and it is difficult to envision plasmonic devices exploiting liquid metals, or being
subject to high pressure; the technical complexity introduced by such systems is
comparable to or greater than those of gain materials. Alternative materials that
show promising plasmonic properties generally remain inferior to silver and gold, but
may have dispersion characteristics that are more amenable to specific applications.
Sodium and potassium are particularly well suited to multi-layer superlensing
applications, where index matching requirements can be met close to the optimum
operating frequency. For nanorod resonances and guiding systems, gold and silver
outperform all other systems, with a large plasma frequency to damping ratio, and
high optical gap to plasma frequency ratios.
None of the reviewed materials were found to have revolutionary optical properties, and so a first principles search through a number of intermetallic compounds
was performed. The criteria for an ideal plasmonic material was determined using
a simple model dielectric function. The results indicated that a high optical gap to
plasma frequency ratio was a very good first approximation to the plasmonic performance of a material. In order to compare the absolute performance, the Drude
intraband damping term was calculated for a number of alkali-noble intermetallics.
It was shown that KAu may perform well for applications requiring low permittivity

resonances at low frequency.
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Again, although no revolutionary material was found, DFT and first order perturbation theory is fast and capable of approximating the plasmonic performance of
a large number of materials rapidly.

8.2 Future VVork
8.2.1 CsCI Binary lntermetallics
DFT and first order perturbation theory for the optical response have been shown to
give a reasonable approximation to the permittivity for metals. Having determined
that some binary intermetallics are likely to be above average plasmonic materials,
we are now in a position to search for ideal plasmonic performers amongst a subset of
crystal structures. The fastest way of screening candidate materials is to compare the
optical gap to the plasma frequency, the ratio of which gives an excellent indication
of the plasmonic efficacy.

As an example, Figure 8.1 presents preliminary data

for the plasma frequency of most binary compounds in the CsCl structure. The
horizontal and vertical white lines are binary compounds consisting of at least one
noble gas, which are omitted from the search. Other white points consist of materials
that did not converge within 5000 self consistent field steps, indicating a poorly
preconditioned Hamiltonian, i.e. a material which is unlikely to be stable in the given
crystal structure. A geometry optimisation was performed on those materials for
which the SCF cycle converged. This of course, does not guarantee that the material
is stable, however, it is more convenient to determine the optical gap first , and then
validate promising materials. Here, the optical gap is defined as the frequency at
which the number of electrons involved in transitions is one, or:

1

Wg

0

11

Eib(w)dw = 1.

(8.1 )

The justification for this is that some materials (such as CuZn) have very minor
low energy interband transitions that do not disrupt the plasmonic quality. For
materials with a strong band edge, the definition does not increase the apparent
onset of interband transitions substantially. Optical gaps for materials with wg > 1
are presented in Figure 8.2.
It is reassuring that such a large number of materials can be evaluated rapidly.

The results here present the culmination of only 20,000 CP U hours. The calculations
were performed using SIESTA with a 500 Ry real-space integration grid (Large to
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ensure a converged stress tensor for fgroup metals.) An 83 k-grid was used with
au orbital confinement energy shift of 5 mRy. Some well known binary compounds
involving /-group metals (e.g. MgCe) are not well described by the Kleinman Bylander scheme presented in Section 5.5, as such, further analysis is required. A number
of these compounds have reasonable optical properties but would not be practical,
e.g. radium compounds.
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Figure 8.1: Plasma Frequency, wp, for non-noble-gas binary compounds in the CsCl
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