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Abstract—In this paper, we investigate the stability of poly-
nomial fuzzy-model-based (PFMB) control systems, aiming to
relax stability conditions by considering the information of
membership functions. To facilitate the stability analysis, we
propose a general form of approximated membership functions,
which is implemented by Taylor series expansion. Taylor series
membership functions (TSMF) can be brought into stability
conditions such that the relation between membership grades
and system states is expressed. To further reduce the con-
servativeness, different types of information are taken into
account: the boundary of membership functions, the property of
membership functions, and the boundary of operating domain.
Stability conditions are obtained from Lyapunov stability theory
by sum of squares (SOS) approach. Simulation examples
demonstrate the effect of each piece of information.

I. INTRODUCTION

TABILITY analysis is a systematic process proving the
feasibility of designed controllers for the stabilization
of control systems. It is very challenging even though
mathematical models of systems are known beforehand,
especially for nonlinear systems. Takagi-Sugeno (T-S) fuzzy
model [1], [2] represents nonlinear systems using local linear
systems weighted by membership functions, which is in
favor of stability analysis. Based on the T-S fuzzy model,
Lyapunov stability theory [3] was employed to guarantee the
stabilization by a set of conditions in terms of linear matrix
inequalities (LMlIs) [4], [5], which convex programming
techniques can handle and numerically obtain solutions.
Following the basic framework of fuzzy-model-based sta-
bility analysis, two main research areas have been studied
for decades. One is combining it with other control problems
[6]-[9]. Another is relaxing stability conditions by consid-
ering the following three areas. First, the positivity of fuzzy
summations was investigated [10], [11] by the concept of
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parallel distributed compensation (PDC) [3] and slack ma-
trices through S-procedure [12], which were generalized by
the Pdlya’s theory [13], [14] solving permutation problems
of membership functions in the higher order of summation
terms. Second, instead of the common quadratic Lyapunov
function, various types of Lyapunov function candidates were
utilized such as piecewise linear Lyapunov function [15],
[16], fuzzy Lyapunov function [17], [18], and switching
Lyapunov function [19], [20]. Third, the information of
membership functions was brought into stability analysis to
reduce the conservativeness [21], [22].

Since the polynomial fuzzy-model-based (PFMB) control
system was proposed [23], [24] to generalize the T-S fuzzy-
model-based control system, the above approaches were
imitated for PFMB control systems. In modeling, the sector
nonlinearity technique [5] was extended using Taylor series
expansion [25] to construct progressively more precise poly-
nomial fuzzy models. In stability analysis, stability condi-
tions derived from polynomial Lyapunov function candidates
are established by sum of squares (SOS) approach [26]
instead of LMI approach. Certainly, the conservativeness
of SOS-based conditions still exists and requires relaxation
by the above mentioned three areas. The PDC design was
applied [23], [24], as well as polynomial fuzzy Lyapunov
function [27], multiple polynomial Lyapunov function [28]
and switching polynomial Lyapunov function [29]. With
regard to the information of membership functions, symbolic
variables were employed to represent membership functions
[25], [30], [31] such that they can remain in SOS-based
conditions which is in favor of introducing more slack
matrices through some Positivstellensatz multipliers. More-
over, approximated membership functions were exploited to
directly bring the information into stability analysis [32], [33]
such that the relation between membership grades and system
states is expressed rather than the information independent
of system states.

In this paper, we aim to relax stability conditions for
PFMB control systems by considering the information of
membership functions. Inspired by [33], we extend the
piecewise linear membership functions to more systematic
approximated membership functions with the consideration
of approximation error. As an example, Taylor series ex-
pansion is chosen to implement the approximation. The
advantage of Taylor series is that it yields polynomials which
can be handled in SOS-based conditions and it provides
the truncation order and expansion points to be determined
by users. Based on Taylor series membership functions



(TSMFs), stability conditions can be progressively relaxed as
the truncation order increases and the interval of expansion
points decreases. Meanwhile, we consider the following in-
formation: the boundary of membership functions, the prop-
erty of membership functions, and the boundary of operating
domain, which can further relax the SOS conditions.

This paper is organized as follows. In Section II, notations
and the formulation of polynomial fuzzy model and con-
troller are presented. In Section III, TSMFs and relaxed SOS-
based conditions are proposed. In Section IV, simulation
examples are offered to show the improvement of designed
controllers. In Section V, a conclusion is drawn.

II. PRELIMINARY
A. Notation

The following notation is employed throughout this paper
[26]. A monomial in x(t) = [z1(t),72(t),...,2,(t)]"
is a function of the form " (t)x32(t)---xd»(t), where
d; > 0,4 = 1,2,...,n, are integers. The degree of a
monomial is d = Y., d;. A polynomial p(x(t)) is a
finite linear combination of monomials with real coefficients.
A polynomial p(x(t¢)) is an SOS if it can be written as
p(x(t)) = 271, qj(x(t))?, where q;(x(t)) is a polynomial
and m is a nonnegative integer. It can be concluded that
if p(x(t)) is an SOS, p(x(t)) > 0. The expressions of
M>0M >0,M < 0, and M < 0 denote the positive,
semi-positive, negative, and semi-negative definite matrices
M, respectively.

B. Polynomial Fuzzy Model

The i*" rule of the polynomial fuzzy model for the
nonlinear plant is presented as follows [23]:

Rule 4 :IF fi(x(t)) is M} AND---AND fy(x(t)) is M},
THENX@):quxu»&@@»-+Bxxu»uu»ﬂ)

where x(t) = [z1(t), 22(t), ..., z,(t)]T is the state vector,
and n is the dimension of the nonlinear plant; f,(x(¢)) is
the premise variable corresponding to its fuzzy term M}
in rule 4, « = 1,2,..., ¥, and ¥ is a positive integer;
A (x(t)) € RN and B,(x(t)) € R"*™ are the known
polynomial system and input matrices, respectively; x(¢) =
[#1(t), Z2(t),...,2n(t)]T is a vector of monomials in x(t),
and it is assumed that X(¢) = 0, iff x(¢) = 0; u(t) € R™ is
the control input vector. Thus, the dynamics of the nonlinear
plant is given by

x(t) = Z w;(x(t)) (Ay(x(t))%x(x(t)) + By (x(t))u(t)),
- ®)

where p is the number of rules in the polynomial fuzzy
model; w;(x(t)) is the normalized grade of membership,
W
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1,2,...,p, and >0 wi(x(t)) = 1; pari (fa(x(1))), @ =

1,2,...,¥, are grades of membership corresponding to the
fuzzy term M.

C. Polynomial Fuzzy Controller

The j** rule of the polynomial fuzzy controller is pre-
sented as follows:

Rule j :IF gy (x(t)) is N{ AND---AND gq(x(t)) is N,
THEN u(t) = G;(x(t))x(x(t)), 3

where g3(x(t)) is the premise variable corresponding to its
fuzzy term Né inrule 5, 3 =1,2,...,, and (Q is a positive
integer; G (x(t)) € R™*¥ is the polynomial feedback gain
in rule j. Thus, the following polynomial fuzzy controller is
applied to the nonlinear plant represented by the polynomial
fuzzy model (2):

u(t) = Z m(x(t)) G (x(2))x(x(1)), Q)

where ¢ is the number of rules in the polynomial
fuzzy controller; m;(x(t)) is the normalized grade of

[T s (a1 (x(0))

Yo T2 (i (90 (x(8)))
mj(x(t)) > 0,j = 1,2,...,¢, and 337 m;(x(t)) = 1;
K (95(x(t))), 8 = 1,2,...,9Q, are grades of membership

corresponding to the fuzzy term NV é

The polynomial fuzzy model and controller in this paper
do not share the same membership functions, meaning non-
PDC design is employed which improves the design flexibil-
ity and reduces the complexity of the controller [34].

membership, m;(x(t)) =

III. STABILITY ANALYSIS
A. Taylor Series Membership Function

In this section, TSMFs are introduced to approximate the
original membership functions such that they can be brought
into stability conditions. In the following analysis, for brevity,
x(t) and x(x(t)) are denoted as x and x respectively. With-
out losing generality, we assume that membership functions
depend on all system states x.

Since the approximation is carried out in each substate
space, the overall state space which is denoted as v is
divided into s connected substate spaces (hypercubes) which
are denoted as ;,l = 1,2,...,s. Specifically, in each
dimension of x = [x1,Z2,...,2,]7, z,,7 = 1,2,...,n, are
divided into s, connected substate spaces. Hence, we have
the relation that ¢ = (J;_, ¢; and s = []'_; s,.

Sample points are exploited to implement the segmentation
of state space. Therefore, in each substate space 1;, we have
2 sample points denoted as x,1; (lower bound) and z,9;
(upper bound) in each dimension x,, and 2" sample points
in all. In what follows, these sample points are exploited
as expansion points for Taylor series. The approximation of
original membership functions is achieved by fuzzy blending
of the membership grades at samples points in each substate
space.



Let us define h;j(x) = w;(x)m;(x), and denote the
approximation of h;;(x) as h;;j(x). Therefore, the approx-
imated membership function is defined as

s 2 2 n
Eij(x) :ZUZ(X) Z Z H Vpi 1 (Tr)0ijirin.vini (X)

=1 i1=1 in=1r=1

Vi, J, (&)

where o;(x) is a scalar index of substate spaces, satisfying
o(x) = 1,x € ¢y, | = 1,2,...,s; otherwise, o;(x) = 0;
Oijivig-ini(Xx) is a predefined scalar polynomial of x as
grades of membership function h;;(x) at sample points
Ty = Tpig, 7 = 1,2,...,n,%, = 1,2, in substate space v;;
Upi,1(x,) is the membership function corresponding to fuzzy
term 0;j;,4,...4,,1(X), exhibiting the following properties: 0 <
Vit (2r) < 1, vpp(y) + Urgl(&?rz) =1 for all r,i,,l,x €
i, and 377, 0u(x) 251:1 e [ v () =1
(Readers may refer to [33] for further examples of obtaining
(5), which are some special cases of (5)).

Remark 1: There are different approaches to define mem-
bership grades of sample points &;;;,4,...i,,(x) in (5). In this
paper, particularly, the method of Taylor series expansion
is employed to define 6;j;,4,...4,1(x). The general form of
multi-variable Taylor series expansion [35] is given by

%) 1 n 9 .
f(x) = Z g(Z(xr - l'rO)aixT)
k=0 r=1
X f(x)|($T=$T0,7"=1,2,...,n)a (6)
where f(x) is an arbitrary function of x; z,.9,7 = 1,2,...,n,

are expansion points; a%rf(x)|(xr=xro,r=1,2,.--,n) is a con-
stant calculated by taking the partial derivative of f(x) and
then substituting x by x, = z,9. From the Taylor series
expansion (6), we substitute expansion points and f(x) by
sample points and h;;(x) such that d;;;,,...;,,1(X) is obtained:

A—1

1, & 9
5iji1¢2...inl(x) = Z H(Z(l'r - xrirl)ﬁ)k

X hig (%) (2= 1.r=1,2,...m)
'ain7laxewla (7)

where A is the predefined truncation order, which means the
polynomial with the order A—1 is applied for approximation.
The TSMF is obtained by substituting (7) into (5). It is
noted that the membership function h,;(x) is required to
be differentiable if TSMFs are employed.

Vi7j7i17i27 ..

B. Polynomial Fuzzy-Model-Based Control Systems

In this section, the stability of the PFMB control system
is analyzed. Without any ambiguity, w;(x(t)), m;(x(t))
hi;j(x), and h;;(x) are denoted as w; , m;, hi;, and hj,
respectively. The PEMB control system formed by the poly-
nomial fuzzy model (2) and the polynomial fuzzy controller

) is

k=3 > hij(Ai(x) +Bi(x0)G(x)% @

i=1 j=1

The control objective is to make the PFMB control system
(8) asymptotically stable i.e., x(¢) — 0 as time ¢ — oo, by
determining the polynomial feedback gains G;(x(t)).

To proceed with the stability analysis, from (8), we have

. Oxdx .
*=oxar T
=23 hi(Ai) + Bix)G ()% )

where A;(x) = T(x)A;(x), B;(x) = T(x)B;(x), T(x) €
RV*" with its (4,7)!" element defined as Tj;(x) =
02;(x)/0x;. Due to the assumption that %x(t) = 0, iff
x(t) = 0, the stability of control system (9) implies that
of (8).

We investigate the stability of (9) by employing the
following polynomial Lyapunov function candidate:

V(x) = xTX(x)7 %, (10)

where 0 < X(x) = X(x)T € RV*V; x is defined in Remark
1. From (9) and (10), we have

V(x) =xTX(x) %+ 17X (%)% + ch%)?_lﬁ
=> c hiij<(Ai(x) +Bi(x)G;(x) X (%) !
i=1 j=1
X&) (A(x) + Bi(x)ej(x)))x
b OO an
Assumption 1 ( [23], [26]): To deal with the term

%’?71 in (11), we define K = {(1,(2,...,(s} as the set
of row numbers that entries of the entire row of B;(x) are

all zeros for all i, and X = [z¢,,2¢,,. .., 2¢,]T. Hence, we
axXE@ ™! X (%)~} .
(d):f) = D ek 6(;:2 - wz'AiC(X)x, where

AS(x) € RN is the ¢'" row of A;(x). Although this
assumption is widely employed, it restricts the capability of
polynomial Lyapunov function and further development can
be achieved by removing this assumption [36].

Lemma 1 ( [23], [26]): For any invertible polynomial
matrix X(y) where y = [y1,%2,...,yn]T, the following
equation is true.

have

OX(y)~ ! _,0X _ .
7@ =-X(y) 18y®X(y) bV
From Rema]rk 1 and Lemma 1, wje have
aXE) OX(%) \ ¢/ Ny ranot
o = -X(%) (;C;{w o A (X)X)X(x) .

12)

Let us denote z = X(x) 'x and G;(x) = N, (x)X(x) !,
where N;(x) € R™*N j = 1,2,...,c, are arbitrary poly-
nomial matrices. From (11) and (12), we have

V(X) = Z Z hijZTQij (X)Z7

i=1 j=1

13)



where Q0 = AGOX() + X(A"
B, (0N, (x) + N; (7B ()7 — g 2B AL ()5 for
i=12,...,p,j=1,2,...,c

Remark 2: From the Lyapunov stability theory, the
asymptotic stability of (9) is guaranteed by V(x) > 0
and V(x) < 0 (excluding x = 0), which can be implied
by Q;;(x) < 0 for all 4,j. However, the information of
membership functions w; and m; are not considered leading
to very conservative stability conditions.

C. Relaxed SOS-based Stability Conditions

In the following, we firstly present a general approach for
relaxing the non-PDC SOS-based stability conditions with
approximated membership functions. Then detailed informa-
tion to implement this approach is provided. For brevity,
01(x) is denoted as o;.

In order to relax the stability conditions, we bring the
approximated membership functions (5) into stability con-
ditions by considering the boundary information of approx-
imation error Ah;; = hi; — EZ—]— for all 4,7,l,x € ;. The
local lower and upper bounds of Ah;;; are denoted as Yiit
and 7, ;;, respectively, which means Vil < Ahiji < %4
for all 7, j,1,x € 1;. Meanwhile, slack polynomial matrices
0 < Yi(x) = Yi(x)T € RN for x € 4y are
introduced, which can be formulated by > ;_, 0y Y;ji(x) >
0. Moreover, it is required that Y., ; 0;Y;;(x) > Qq;(x)
for all 4, j. Recalling that o;(x) = 1 for x € ¢y (otherwise
oi1(x) = 0), the above inequalities can be implied by
Yijl(x) > 0 and Yijl(x) — Qij (X) > 0 for all Z,],Z Based
on the property that (>°;_, oyMy;(x)) (> _; 0xMag(x)) =
i1 oMy (x)My(x), (13) can be written as follows:

X) = Z Z hijZTQij (X)Z

i=1 j=1

=z"y > (hiQi(x) +

i=1j=1

=z") > (hiQi(x)

i=1 j=1

(hij = hij)Qi; (%))

)Qij(x))z

—Lijl

ng

+ Z (eg} Ahv]l 'Y + Y
=1
P c
<z} > (R +wa
=1 j5=1
+ Z or(Ahiji =7, Z 01 Yijik(x))z
=1 k=1
s P c
<ZTZUZZZ hzj+'7 ng( )
=1 i=1 j=1
+ Fiji — lijl)Yijl(X))Z- (14)
To further relax stability conditions, we exploit the fol-
lowing information [31]: the boundary information of mem-
bership grades (with corresponding slack matrix R,, (x))

and the property of membership functions (Rq,,(x))). Ad-
ditionally, aiming at the information of substate spaces, we
propose another type of information, namely the boundary
of operating domain (Rs,,(x)). From (14), we have

<zTZozZZ (Rij +77,;)) Qi (%)

=1 j=1
+ (’Yz‘jl _’Yijl)Yijl(X))Z
Z Z Srp (X)Rpp, (X))z,  (15)
k=1pr=1

where ¢1P1 (X) Z 0» ¢2p2 (X) - Ov and ¢)3p3 (X) > 0’
pr = 1,2,...,P,,k = 1,2,...,3, are predefined scalar
polynomial functions; Rz, (x) = Rap, (x)T € RV*N is an
arbitrary polynomial matrix; 0 < Ry, (x) = Ry, (x)T €
RVN and 0 < Rap,(x) = Rgp(x)7 € RV are
polynomial matrices.

In what follows, the details concerning the three pieces
of information are discussed. Since the membership func-
tions v, () in (5) can be either linear or nonlinear, and
nonlinear functions cannot be solved in SOS-based stability
conditions, we consider v,.; ;(z,) not exist in final stability
conditions for this paper.

Remark 3: If v,; ;(x,) is predefined as linear functions
for x € (—o00, 00), it can remain in SOS-based stability con-
ditions. For this linear case, bringing v,.; ;(z,) into stability
conditions has potential to further relax the conditions. Future
work can be done following this idea as a comparison with
this paper.

1) Boundary Information of Membership Grades: Since
the approximated membership functions Eij have been
brought into stability conditions, we can directly exploit
their boundary information. We have Mg < hy < 751 for
all 4,7, x € ;, where Mt and 7);;; are lower and upper
bounds of approximated membership membership grades Ej
in substate space ;, respectively. Then we have

Zgl(ﬁij _ﬂ”l)wwl(x) > 0 Vimja
=1

Zal 777][

where 0 < W, ;(x) = W
Woi(x) = Wiul)T
matrices.

2) Property  of  Membership  Functions: The
membershlp function wv,; ;(x,) owns the property that
210 Zzl : 212”:1 [ =1 vria(zr) = 1. Since we
consider Umrl(xr) not exist in final stability conditions,
this information is lost. Therefore, we aim to bring
such information into stability conditions. However, it
is difficult to provide general equalities or inequalities
representing such information due to different selection of
function v, ;(x,). In this paper, we provide an example
by defining v,y (z,) = (xra — @)/(xp2 — xp1;) and

(16)

i) Wiji(x) 20 Vi, j, a7)

a(x)T e RN and 0 <
€ RVXN for x € 1 are polynomial



vpor(xy) = 1 — vy (x,.) for all r,1,x € 1), where x,.1; and
xyo; are lower and upper bounds of x,. in substate space ;.
In this case, we have the following equality constraint [33]:

ZmZ 3 Tt

i1=1 ipn=1r=1

- Xz'lig...inl)Kl(X) =0, (18)

where we have the property that
: 2 2 s

25:1 01 Zilzl T Zin:1 H::1 Vpi,1 () (X () -
Xiyipiy) = 0 x(x) is a monomials linear in
Tpr, T = 11 27 cee Ny Yilizu-inl X(X)|1’r:l’m‘,rl iS the
value of y(x) at sample points x, = x,; ; in substate space

i Ki(x) = Ki(x)T € RV*Y is an arbitrary polynomial

matrix. It is noted that y(x) is not necessarily a monomial
in all system states x,.

3) Boundary Information of Operating Domain: Once
SOS-based stability conditions are satisfied, they hold for all
x € (—00,00). In practice, however, we usually only need to
guarantee the satisfaction for a certain domain of x, that is
T € [xg1, zk2], k = 1,2,...,n. In this paper, we only need
to satisfy the local operating domain zj € [zp1;,xre| for
each substate space v;. For this reason, we have the following
constraint:

ZUZZ z — Tpu) (Tr2r — o)Lk (x) = 0,
=1 k=

where 0 < Ly(x) = Ly (x)T € RV*N for x € ¢y is a
polynomial matrix.
Now we substitute the approximated membership func-

tion h;; in (15) by (5), and substitute general form of
constraints by (16), (17), and (19). For the reason that

Yoty [y vria(@r) = 1 and v ()
is independent of rule ¢, j, we have

<ZTZ@Z SN ICTE Dy

i1=1  d,=1r=1 i=1 j=1
X ((5ijz'1i2---inl( x) +7,,,) Qi (%)
+ Vit — 2, Yig (x)
+(5zﬂ112~~1n() 77 )
+ (Miji — 1(x ))

+ ) (wr — zpu) (w2 — 26) L (%)) 2. (20)
k=1

19)

1(x)

W,
Wul (%)

6Zj7,17,2 7/17,

The satisfaction of V(x) < 0 can be guaran-
teed by 3371 35 ((Gijisiaint(¥) + 7,,)Quii(x) +
Tt — 245 l)Yzjl( X) + (Sijirin-int(x) = 1, ) W5 (x) +
(Tiji = Oigirin-rint (X)) Wit (x) + 225y (@ — mper) (22t —
Ik)Lkl(X)) < 0 for all 4y,19,...,1y,,l. The above stability
analysis result is summarized in the following theorem.

Theorem 1: The PFMB system (9), which is formed by
the polynomial fuzzy model (2) and the polynomial fuzzy
controller (4) connected in a closed loop, is guaranteed to
be asymptotically stable if there exist polynomial matrices

Yiji(x) = Yiu(x)" € RVN, W (x) = Wy;(x)" €
RN, Win(x) = Wi(x)T € RN, L(x) =
Ly (x)T € RV*N, N;(x) € R™N, i = 1,2,...,p,j =
1,2,...,¢,k = 1,2,...,n,l = 1,2,...,s, and X (x) =
X(x)T € RVXN such that the followmg SOS-based con-
ditions are satisfied:

vT(X(%) — &1 (X)) is SOS;
v (Yij1(x) — e2(x)I)v is SOS i, j, 1;
VT(Yiﬂ(x) — Qi (x) — es(x)I)v is SOS Vi, 3, 1;
V(W (x) — es(x)D)v is SOS Vi, j,1;
I/T(Wi]l(x) es(x)I)v is SOS Vi, 7, 1;
VT (L (x) — e6(x)T)v is SOS Yk, l;
p ¢
- VT(Z ((Bigiria-int () + 7, Qij ()
i=1 j=1
+ (Wijl 7ljl>YLJl(X)
+ (5iji112'“lnl<x) ﬂ”l)w (X)
+ (ﬁijl = Oijiyig-inl(X ))WZJI(X)
+ Z(xk — zpu) (@2 — )Lk (x))
k=1
+er(X)pis SOS Vit iz, oyinsi (1)

where v € RV is an arbitrary vector independent of x;
ijivig-ini(X) is a predefined scalar polynomial of x in (5);
lijl’ﬁijl’ﬁijl’ﬁijl’xkll’ and xy9; are predefined constant
¥ hij,jijl < Ahy <
%jl’ﬂzjl < hiyj < Wi and w1y < oz <@gy for all
0,7,k [, x € 5 1(x) > 0,e2(x) > 0,...,e7(x) > 0, are
predefined scalar polynomials; the feedback gains are defined
as G;(x) =N,;(x)X(x)"',j=12,...,c

Remark 4: Referring to Theorem 1, the number of de-
cision matrix variables is 1 + ¢ + 3pcs + ns, and the
number of SOS conditions is 1 + 4pcs + ns + 2"™s. When
membership function wv,; ;(z,) is defined as v,y (z,) =
(xr2l _mr)/(wr% _xrll) and v'r2l($7‘) =1 _’U'r‘ll(x'r) for all
r,l,x € 1y, where x,1; < x, < X9, the information of the
property of v,; ;(x,) can be brought into stability conditions.
The SOS condition (21) in Theorem 1 is replaced by

scalars satisfying Ah;; = h;; —

P c

- VT(Z Z ((5iji1i2-~inl( )+ m)Qw( X)
+ Tt = 2,5 Y (%)
+ Bigirin-int () = 1,5 ) W5 (%)
+ (ﬁijl — Oijiyia- an(x))le(X)
+ (X(X) = Xiyigeint) Ki(%)

+ Z(xk — xpw) (Th2r — ) L ()

+s7(x)I)1/isSOS Vi o, ... yin, I (22)



where x(x) is a monomials linear in z,,r = 1,2,...,n;
Nivigeint = X(X)|a, =2, Ki(x) = Ki(x)" € RV is
an arbitrary polynomial matrix. In this case, the number of
variables are 1+ ¢+ 3pcs + ns + s, and the number of SOS
conditions remains the same.

IV. SIMULATION EXAMPLES

In the following, a 3-rule polynomial fuzzy model with the
form of (2) is investigated to implement the designed con-

troller. The system states are X(¢) = x(t) = [z1(t) z2()]%,
and system matrices and input matrices are
Ar(z) = [ 1.59 &5)1123;% _7'2976.2.25331 } 7
As(z1) = 0.02 (;3?5631;% —4.6%(—)1—.201.923:1 } 7
As(zy) = —a—+ 0.31081 —1.122% —04023 ] ’

I EIE R F E e
where a and b are predefined constant parameters in the
range of 0 < a < 10 and 0 < b < 200 at the interval
of 1 and 20, respectively. The operating domain we consider
for this model is x; € [—10, 10]. The membership functions
of this polynomial fuzzy model are selected as wi(z1) =
1-— 1/(1 + 6_(x1+4)), wg(x1> =1- wl(ajl) — w3<.’171), and
w3(z1) = 1/(1 + e~ @1=4)). To achieve the stabilization, a
2-rule polynomial fuzzy controller with the form of (4) is
employed, with membership functions defined as mq(z1) =
e~*1/12 and mo(z1) =1 —my(z1).

Theorem 1 is applied to design the feedback gains of poly-
nomial fuzzy controller. TSMFs (5) and (7) are exploited as
approximated membership functions. In order to demonstrate
the influence of different orders of TSMFs and intervals of
expansion points, we make the comparison as shown in Table
I. Without losing generality, we choose membership function

TABLE I
COMPARISON OF DIFFERENT ORDERS OF TSMFS AND INTERVALS OF
EXPANSION POINTS

Case  Order A Interval Expansion points
1 1 4 z1 = {-10,—6,...,6,10}
2 1 2 z1 = {-10,-8,...,8,10}
3 3 4 z1 ={-10,-6,...,6,10}
4 3 2 z1 = {-10,-8,...,8,10}

Vpi 1 () in (5) as viy(21) = (w120 — 21) /(2121 — 2111) and
vig1(z1) = 1 — wiy(xq), for all [, x1 € 1y, where z11; <
x1 < x19. It is noted that we remove the terms in Taylor
series with the magnitude of coefficients less than 1 x 10~°
such that the computational efficiency is improved. Based
on original membership functions and TSMFs, the predefined
constant scalars L‘jlﬁiﬂ’ﬂij ;> and 77;;; are obtained for Case
1-4.

Due the selection of membership function vy (),
the SOS condition (21) in Theorem 1 is replaced by

(22) in Remark 4. To further reduce the computational
burden, the number of slack matrices is decreased by

Yij(z1) = Yi(21), Wyj(z1) = Ws(z1), Wiji(z1) =
Wij(z1), Ki(21) = K(21), Ly (21) = L(21). Other param-
eters are chosen as follows: €1 = g9 = --- = g7 = 1 x 1073,
X of degree 0, Y;;(x1) of degree 8, W, (1) and W ; (1)
of degree 6, K(xz1) of degree 7, and L(z) of degree 6. The
SOS-based stability conditions are solved numerically by the
third-party MATLAB toolbox SOSTOOLS [37].

To demonstrate the effect of each type of slack matrices,
the stabilization region obtained with only Y;;(x1), with
only Yij(xl), wij(xl)’ and Wjj(l‘l), with only Yij($1),

W, i(x1), Wij(x1), and L(z1), and with all slack matrices
(Yij(z1), Wy;(z1), Wij(z1) , L(z1), and K(x1)) are
shown in Fig. 1-4, respectively. The stabilization region is
indicated by “x” for Case 1, “+4” for Case 2, “[]” for Case
3, and “o” for Case 4.
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Fig. 1. Stabilization regions obtained from Theorem 1 with only Y ;;(x1),
indicated by “x” for Case 1, “+” for Case 2, “[0” for Case 3, and “o” for
Case 4.

From Fig. 1-4, it can be found that the stabilization
region grows for all cases with the number of slack matrices
increasing. It shows that these information of membership
functions and operating domain as well as their corre-
sponding slack matrices are effective for relaxing stability
conditions. Moreover, by comparing Case 1 to Case 4, it
is indicated that higher order and smaller interval lead to
larger stabilization region. Additionally, when the interval
is large, both the interval and the order play an important
role; when the interval is small, they become less influential.
It complies with what we expect because these SOS-based
stability conditions are close to sufficient and necessary
conditions as the interval is small. However, when higher
order TSMFs are employed, corresponding higher order
slack matrices are required simultaneously, which leads to
unaffordable computational cost and makes sufficient and
necessary conditions unattainable.

To verify the stabilization, we provide an example by
choosing @ = 10 and b = 220 in Case 4. The polynomial



220
200
180
160
140+
120+
100

80

60

a0t

20

wr® O O O O O

~@® O OO O OO0

ar® O O OO OO0 O

~® O OO0 O0O0OO0OO0O0O0
or® O OO0 O0OO0O0O0O0
°er® O OO0 O0O0O0O0OO0O0
sr® O OO O O0OO0OO0O0OO0O0

ne® O O O O
sor® O O OO OOO0O0

Fig. 2. Stabilization regions obtained from Theorem 1 with only Y ;;(z1),
wij (z1), and W;(x1), indicated by “x” for Case 1, “4” for Case 2,
“” for Case 3, and “o” for Case 4.
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Fig. 3. Stabilization regions obtained from Theorem 1 with only Y;;(x1),

ﬂi]- (z1), Wij (z1), and L(z1), indicated by “x” for Case 1, “+” for
Case 2, “[J” for Case 3, and “o” for Case 4.

feedback gains are obtained that Gi(z1) = [0.0158z% +
0.0138x7 — 0.1312  0.07202% + 0.1453z; — 0.4839] and
Ga(z1) = [0.005822 + 0.0000z; — 0.0459 0.01542% —
0.0021z4 —0.0158]. With initial conditions indicated by “o”,
the phase plot of x;(t) and z2(t) is shown in Fig. 5. With
initial conditions x(0) = [10 10]%, the transient response
of x(t) and control input u(t) are shown in Fig. 6. It can
been seen that the PFMB control system is guaranteed to be
asymptotically stable in the domain x; € [—10, 10].
Compared with stability conditions in Remark 2 without
any information of membership functions, there is no stabi-
lization region within the same domain of parameters a and
b. Since the polynomial fuzzy model and controller in this
example do not share the same membership functions, PDC
SOS-based stability conditions [23]-[25] in general cannot
be applied. Accordingly, the relaxation and flexibility of the
proposed method are exhibited from the comparison.
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Fig. 4.  Stabilization regions obtained from Theorem 1 with all slack
matrices (Y;;(z1), W,,(z1), Wij(21) , L(z1), and K(z1)), indicated
by “x” for Case 1, “+4” for Case 2, “lJ” for Case 3, and “o” for Case 4.
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Fig. 5. Phase plot of z1(t) and x2(t) for a = 10 and b = 220 in Case 4.
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Fig. 6. Transient response of x(t) and control input u(t) for a = 10 and
b = 220 in Case 4.



V. CONCLUSION

The stability analysis of polynomial fuzzy-model-based
control systems has been carried out. In favor of reducing the
conservativeness, TSMFs have been proposed to approximate
original membership functions. More information including
the boundary of membership functions, the property of mem-
bership functions, and the boundary of operating domain,
have been brought into stability conditions such that SOS-
based conditions can be further relaxed. Future work can be
done to bring specific membership function v,; ;(z,) into
stability conditions, which has potential to further reduce the
conservativeness.

(1]

(21
(3]

(4]

(51

(6]

(71

(8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

REFERENCES

T. Takagi and M. Sugeno, “Fuzzy identification of systems and
its applications to modelling and control,” I[EEE Trans. Sys., Man.,
Cybern., vol. SMC-15, no. 1, pp. 116-132, Jan. 1985.

M. Sugeno and G. T. Kang, “Structure identification of fuzzy model,”
Fuzzy Sets and Systems, vol. 28, no. 1, pp. 15-33, Oct. 1988.

H. O. Wang, K. Tanaka, and M. F. Griffin, “An approach to fuzzy
control of nonlinear systems: stability and design issues,” IEEE Trans.
Fuzzy Systems, vol. 4, no. 1, pp. 14-23, Feb. 1996.

K. Tanaka, T. Ikeda, and H. O. Wang, “Fuzzy regulators and fuzzy
observers: relaxed stability conditions and LMI-based designs,” IEEE
Trans. Fuzzy Systems, vol. 6, no. 2, pp. 250-265, May 1998.

K. Tanaka and H. O. Wang, Fuzzy Control Systems Design and
Analysis: A Linear Matrix Inequality Approach. New York: Wiley-
Interscience, 2001.

H. K. Lam, F. H. F. Leung, and P. K. S. Tam, “Fuzzy control
of a class of multivariable nonlinear systems subject to parameter
uncertainties: model reference approach,” International Journal of
Approximate Reasoning, vol. 26, no. 2, pp. 129-144, 2001.

H. K. Lam and W. K. Ling, “Sampled-data fuzzy controller for
continuous nonlinear systems,” IET Control Theory Appl., vol. 2, no. 1,
pp- 32-39, Jan. 2008.

H. K. Lam and L. D. Seneviratne, “Tracking control of sampled-data
fuzzy-model-based control systems,” IET Control Theory Appl., vol. 3,
no. 1, pp. 56-67, Jan. 2009.

H. K. Lam and J. C. Lo, “Output regulation of polynomial-fuzzy-
model-based control systems,” IEEE Trans. on Fuzzy Systems, vol. 2,
no. 21, pp. 262-274, Apr. 2013.

X. Liu and Q. Zhang, “Approaches to quadratic stability conditions and
H oo control designs for Takagi-Sugeno fuzzy systems,” IEEE Trans.
Fuzzy Systems, vol. 11, no. 6, pp. 830-839, Dec. 2003.

C. H. Fang, Y. S. Liu, S. W. Kau, L. Hong, and C. H. Lee, “A new LMI-
based approach to relaxed quadratic stabilization of Takagi-Sugeno
fuzzy control systems,” IEEE Trans. Fuzzy Systems, vol. 14, no. 3, pp.
386-397, Jun. 2006.

S. P. Boyd, Linear Matrix Inequalities in System and Control Theory.
Society for Industrial and Applied Mathematics (SIAM), 1994.

A. Sala and C. Arifio, “Asymptotically necessary and sufficient con-
ditions for stability and performance in fuzzy control: applications of
Polya’s theorem,” Fuzzy Sets Syst., vol. 158, no. 24, pp. 2671-2686,
Jul. 2007.

J. C. Lo and J. R. Wan, “Studies on linear matrix inequality relaxations
for fuzzy control systems via homogeneous polynomials,” IET Control
Theory & Applications, vol. 4, no. 11, pp. 2293-2302, Nov. 2010.
G. Feng, “H controller design of fuzzy dynamic systems based
on piecewise Lyapunov functions,” IEEE Trans. on Syst., Man and
Cybern., Part B: Cybern., vol. 34, no. 1, pp. 283-292, Feb. 2004.

G. Feng, C. L. Chen, D. Sun, and Y. Zhu, “H controller synthesis of
fuzzy dynamic systems based on piecewise Lyapunov functions and
bilinear matrix inequalities,” IEEE Trans. on Fuzzy Systems, vol. 13,
no. 1, pp. 94-103, Feb. 2005.

M. Bernal and T. Guerra, “Generalized nonquadratic stability of
continuous-time Takagi-Sugeno models,” IEEE Trans. on Fuzzy Sys-
tems, vol. 18, no. 4, pp. 815-822, Aug. 2010.

H. K. Lam and J. Lauber, “Membership-function-dependent stability
analysis of fuzzy-model-based control systems using fuzzy Lyapunov
functions,” Information Sciences, vol. 232, pp. 253-266, May 2013.

[19]

[20]

[21]

(22]

(23]

[24]

[25]

[26]

[27]

[28]

(291

[30]

(31]

[32]

[33]

[34]

(351

(36]

[37]

H. Ohtake, K. Tanaka, and H. O. Wang, “Switching fuzzy controller
design based on switching Lyapunov function for a class of nonlinear
systems,” IEEE Trans. on Syst., Man and Cybern., Part B: Cybernetics,
vol. 36, no. 1, pp. 13-23, Feb. 2006.

Y. J. Chen, H. Ohtake, K. Tanaka, W. J. Wang, and H. O. Wang,
“Relaxed stabilization criterion for T-S fuzzy systems by minimum-
type piecewise Lyapunov function based switching fuzzy controller,”
IEEE Trans. on Fuzzy Systems, vol. 120, no. 6, pp. 1166 — 1173, Dec.
2012.

H. K. Lam and M. Narimani, “Quadratic stability analysis of fuzzy-
model-based control systems using staircase membership functions,”
IEEE Trans. Fuzzy Systems, vol. 18, no. 1, pp. 125-137, Feb. 2010.
H. K. Lam, “LMI-based stability analysis for fuzzy-model-based
control systems using artificial T-S fuzzy model,” IEEE Trans. on
Fuzzy Systems, vol. 19, no. 3, pp. 505-513, Jun. 2011.

K. Tanaka, H. Yoshida, H. Ohtake, and H. O. Wang, “A sum of squares
approach to modeling and control of nonlinear dynamical systems with
polynomial fuzzy systems,” IEEE Trans. Fuzzy Systems, vol. 17, no. 4,
pp- 911-922, Aug. 2009.

K. Tanaka, H. Ohtake, and H. O. Wang, “Guaranteed cost control
of polynomial fuzzy systems via a sum of squares approach,” /IEEE
Trans. Systems, Man and Cybern. - Part B: Cybern., vol. 39, no. 2,
pp. 561-567, Apr. 2009.

A. Sala and C. Ariilo, “Polynomial fuzzy models for nonlinear control:
a Taylor-series approach,” IEEE Trans. Fuzzy Systems, vol. 17, no. 6,
pp. 284-295, Dec. 2009.

S. Prajna, A. Papachristodoulou, and P. A. Parrilo, “Nonlinear con-
trol synthesis by sum-of-squares optimization: a Lyapunov-based
approach,” in Proceedings of the Asian Control Conference (ASCC),
vol. 1, Melbourne, Australia, Feb. 2004, pp. 157-165.

M. Bernal, A. Sala, A. Jaadari, and T.-M. Guerra, “Stability analysis of
polynomial fuzzy models via polynomial fuzzy Lyapunov functions,”
Fuzzy Sets and Systems, vol. 185, no. 1, pp. 5-14, 2011.

K. Guelton, N. Manamanni, C. C. Duong, and D. L. Koumba Emi-
aniwe, “Sum-of-squares stability analysis of Takagi-Sugeno systems
based on multiple polynomial Lyapunov functions,” International
Journal of Fuzzy Systems, vol. 15, no. 1, p. 34.

H. K. Lam, M. Narimani, H. Li, and H. Liu, “Stability analysis
of polynomial-fuzzy-model-based control systems using switching
polynomial Lyapunov function,” IEEE Transactions on Fuzzy Systems,
vol. 21, no. 5, pp. 800-813, 2013.

H. K. Lam and L. D. Seneviratne, “Stability analysis of polynomial
fuzzy-model-based control systems under perfect/imperfect premise
matching,” IET Control Theory & Applications, vol. 5, no. 15, pp.
1689-1697, Oct. 2011.

H. K. Lam and S. H. Tsai, “Stability analysis of polynomial-fuzzy-
model-based control systems with mismatched premise membership
functions,” IEEE Trans. on Fuzzy Systems, accepted to appear, DOI:
10.1109/TFUZZ.2013.2243735.

M. Narimani and H. K. Lam, “SOS-based stability analysis of polyno-
mial fuzzy-model-based control systems via polynomial membership
functions,” IEEE Trans. on Fuzzy Systems, vol. 18, no. 5, pp. 862-871,
Oct. 2010.

H. K. Lam, “Polynomial fuzzy-model-based control systems: stability
analysis via piecewise-linear membership functions,” IEEE Trans.
Fuzzy Systems, vol. 19, no. 3, pp. 588-593, Jun. 2011.

C. Arifio and A. Sala, “Extensions to “stability analysis of fuzzy
control systems subject to uncertain grades of membership”,” IEEE
Trans. Syst., Man and Cybern, Part B: Cybernetics, vol. 38, no. 2, pp.
558-563, Apr. 2008.

G. B. Arfken and H. J. Weber, Mathematical Methods for Physicists.
Elsevier, 2005.

C. C. Duong, K. Guelton, and N. Manamanni, “A SOS based alterna-
tive to LMI approaches for non-quadratic stabilization of continuous-
time Takagi-Sugeno fuzzy systems,” in 2013 IEEE International
Conference on Fuzzy Systems (FUZZ), July 2013, pp. 1-7.

S. Prajna, A. Papachristodoulou, and P. A. Parrilo, “Introducing
SOSTOOLS: a general purpose sum of squares programming solver,”
in Proceedings of the 415t IEEE Conference on Decision and Control,
vol. 1, Las Vegas, Nevada, USA, Dec. 2002, pp. 741-746.



