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Abstract

Default correlations have been an important research area in credit risk analysis. This thesis aims
to extend the one-firm structural model of default to the two-firm situation for valuing default cor-
relations. In the structural approach, default happens when the firm value falls below a default
threshold. In the fundamental model of Merton (1974), the default threshold is simply the face
value of the bond. Collin-Dufresne & Goldstein (2001) related the default threshold to the firm’s
debts and modelled it as mean-reverting to a constant long-term target. Hui et al. (2006) general-
ized the Collin-Dufresne & Goldstein (2001) model to consider the default threshold as stochastic
and the long-term target as time-dependent. In these models, the corporate bond price is a function
of the leverage ratio - a ratio of the firm’s debt to its asset value. For this combined measure of
the firm’s default risk, Hui et al. (2007) proposed a dynamic leverage ratio model, where default

happens when the leverage ratio falls below a certain level.

The aim of this thesis is to extend the one-firm dynamic leverage ratio model of Hui et al. (2007)
to incorporate the default risk of two firms and interest rate risk. The model will be based on
the consideration of a financial instrument (a credit linked note) that is exposed to the default
risk of the two firms. Initially, the dynamic leverage ratios will be assumed to follow geometric
Brownian motions and the stochastic interest rate assumed to follow a Vasicek (1977) process. The
pricing problem will then be reduced to that of solving the first-passage-time problem that plays

an important part in the valuation of default correlations.

In order to study the impact of the capital structures of firms on default correlations, the two-firm
model is extended by allowing the dynamic leverage ratios to follow mean-reverting processes, so
as to capture the behavior of firms when they adjust their capital structures to a long-term target.
Then in order to capture the effect of external shocks on default correlations, the model is further
extended to consider the situation in which the dynamic leverage ratios follow jump-diffusion
processes. Finally, the numerical results of default correlations based on the two-firm model are

studied and compared when the firm’s leverage ratios follow these three types of processes.

The thesis concludes by pointing to some future research directions. These includes further devel-
opment of the method of images approach for the solution of the first passage time problem to the
time varying coefficients case by use of the multi-stage approximation. Development of approx-
imate analytical methods to extend the range of applicability of the method of images approach.

Extension of Fortet’s integral equation approach for the solution of first passage time problem to
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the two-dimensional situation. The estimation and calibration of leverage ratio models, including

estimation of market prices of risk.

The main contributions of the thesis are:

e The setting up the two firm leverage ratio framework for evaluation of default correlations.

e The extension of the method of images approach to the two-dimensional situation for
solving the first passage time problem with constant coefficients and the time varying
barrier approach for time-dependent coefficients.

e Extension of the leverage ratio framework to incorporate jumps in both the one and two
firm cases.

e A comparative study of the impact on default correlations and joint survival probabilities

of the different types of processes for the leverage ratio dynamics.



CHAPTER 1

Introduction

The recent financial crisis that initiated in the United States and rapidly spread elsewhere was
related to the large amount of correlated defaults indicating clearly the topicality and importance
of this research topic. This thesis provides a generalized two-firm model of default correlation,
based on the structural approach incorporating the stochastic interest rate model of Vasicek (1977).
It sets up a two-firm framework with dynamic leverage ratios allowed to follow different types of
stochastic processes that represent the different features of firms’ capital structure. The thesis
investigates analytical and numerical tools to solve the underlying first passage time problem and
studies the impact on default correlations of various assumptions about the stochastic processes

followed by the leverage ratio.
This thesis is organized as follows:

Chapter 2 reviews the key features of some major structural models in credit risk modelling,
from the fundamental model of Merton (1974) to the stationary-leverage-ratio models of Collin-
Dufresne & Goldstein (2001) and Hui et al. (2006), and then to a dynamic leverage ratio model of
Hui et al. (2007).

Chapter 3 reviews the details of the one-firm dynamic leverage ratio model of Hui et al. (2007)
for corporate bond pricing. This chapter also discusses the method of images applied by Hui et al.
(2007) to obtain an analytical solution to the associated first passage time problem. An approach
used to deal with time-dependent parameters is also discussed. The second part of this chapter
extends the dynamic leverage ratio model to the two-firm situation for pricing financial derivatives
involving default risks among two firms. The model will be based on the consideration of a credit
linked note that is exposed to the default risk of the two firms. The dynamic leverage ratios will be
assumed to follow geometric Brownian motions and the stochastic interest rate assumed to follow
a Vasicek (1977) process. The pricing problem will be then reduced to that of solving the first-
passage-time problem that plays an important part in the evaluation of default correlations. The
first original contribution of the thesis is the setting up of the two-firm model dynamic leverage

ratio framework.

Chapter 4 seeks the analytical solution for the pricing function of the credit linked note by using the

method of images. The exact solution will be derived in terms of the bivariate cumulative normal

0
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function. When the coefficients are time-dependent, the time varying barrier approach is used to
obtain an approximate solution. However, the method of images only gives an exact analytical
solution for particular values of the correlation coefficient between the dynamics of the leverage
ratios of the two firms. Its use in subsequent chapters is to serve as a benchmark solution against
which various approximate methods will be tested. The second original contribution of the thesis
is the extension of the method of images to the two-dimensional case for solving the first passage
problem with constant coefficients and then extending the time varying barrier approach to deal

with time-dependent coefficients.

Chapter 5 considers numerical methods to efficiently solve the problem for all values of the corre-
lation coefficient. The first part of this chapter sets up an alternating direction implicit scheme that
was introduced in Douglas & Rachford (1956). The second part develops a Monte Carlo scheme
to serve as a benchmark. At the end of this Chapter, the accuracy of the numerical results based
on the method of images, the alternating direction implicit scheme and Monte Carlo methods are

compared.

Chapter 6 presents some numerical results for joint survival probabilities and default correlations
based on the two-firm model developed in the previous chapters. The chapter also discusses the
choice of parameters, and goes on to study the impact on joint survival probabilities and default
correlations of various parameters. The third original contribution of the thesis is the study of the
properties of default correlations and joint survival probabilities when the leverage ratios follow

geometric Brownian motions.

Chapter 7 extends the two-firm model in Chapter 3 by allowing the dynamic leverage ratios to
follow mean-reverting processes, so capturing the behavior of firms when they alter their capital
structures to long-term targets. An approximate analytical solution via the method of images that
was developed in Chapter 4 is extended (for certain values of the correlation coefficient) and the
Monte Carlo scheme of Chapter 5 is also extended to this situation to cater for general values
of the correlation coefficient. This Chapter concludes by comparing the two numerical methods
and studying the impact of mean-reverting capital structures on joint survival probabilities and
default correlations. The fourth original contribution of the thesis is the extension of the method of
images and time varying barrier approaches to the two-firm model when the leverage ratios follow

mean-reverting processes and their impact on default correlations and joint survival probabilities.

Chapter 8 considers the case in which dynamic leverage ratios follow jump-diffusion processes,
thereby capturing the surprise due to unexpected external shocks. This chapter focuses on the

one-firm case. The problem is reduced to that of finding the single firm default probability and the
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Monte Carlo simulation method is extended to cover this case. The impact of the jump compo-
nents: the average jump size, the jump size volatility and the jump intensity on single firm default
probabilities for different credit rated firms are studied. Then, we search for the optimal values of
average jump sizes by calibrating to Standard & Poor’s (2001) historical default data for different
credit ratings. The fifth original contribution of the thesis is the setting up of the one-firm lever-
age ratio model with jump risks, the calibration of the model to market data, and the study of the

impact of jump risks on default probabilities.

Chapter 9 extends the one-firm model developed in Chapter 8 to the two-firm situation, thereby
capturing the surprise risk of default in a group of firms. The Monte Carlo simulation method
is extended to study the impact of jump components on joint survival probabilities and default
correlations. The impact of the sign of the average jump sizes on joint survival probabilities and
default correlations are also studied. The sixth original contribution of the thesis is the setting up of
the two-firm leverage ratio model with jump risks and study of their impact on default correlations

and joint survival probabilities.

Chapter 10 brings together the results of earlier chapters and compares the individual default prob-
abilities, joint survival probabilities and default correlations when the firms’ leverage ratios follow
the three different processes discussed in the thesis. The final original contribution of the thesis
is the study of the relative differences for credit risk analysis of the various types of stochastic

processes for the leverage ratio dynamics.

Chapter 11 summarizes the main findings of the thesis, draws some conclusions and raises sugges-

tions for future research topics arising out of the issues considered here.



CHAPTER 2

Literature Review

One of the main challenges in credit risk analysis is the estimation of correlation among defaults
of firms. A number of approaches have been developed to tackle this problem. The Gaussian
copula method has become a kind of market standard to estimate default correlations. It is easy
to implement, but has the drawback that there is no easy way of knowing which copula to use.
Another approach is the reduced-form approach, in which default is driven by surprises captured
by some jump process. The probability of surprise depends on an intensity parameter which is
estimated by calibration. Another common approach, the structural approach, relates the advent
of default to the dynamics of the underlying structure of firm. This approach developed out of
the work of Merton (1974) who developed a corporate bond pricing model depending on the firm
asset value and the face value of debt. In order to study how default correlations are effected by
firms’ capital structure, this thesis will develop a two-firm model of default correlation based on

the structural approach.

This chapter reviews the key features of certain major structural models in credit risk modelling.
From the fundamental model of Merton (1974) to that of Black & Cox (1976) allowing early
default before the maturity date of risky debt. Then the later developments include Longstaff &
Schwartz (1995) who combine many distinctive features in a one-firm model, Briys & de Varenne
(1997) who propose a stochastic default threshold. Finally the stationary-leverage-ratio models of
Collin-Dufresne & Goldstein (2001) and Hui et al. (2006).

The structural models were initiated by Merton (1974), who was the pioneer in using the contingent
claim analysis approach to corporate bond pricing. In the structural approach, the default event is
driven by the firm value and occurs when it falls below some default threshold. In Merton (1974),
the default threshold is simply the face value of the bond, however, the main limitation of the
approach is that bondholders cannot force the firm to default before the maturity date. In order
to consider a safety covenant for the protection of bondholders, a default-triggering level for the
firm’s asset value is proposed in the model of Black & Cox (1976), who extend Merton (1974) by
allowing default to occur at any time when the firm’s asset value is less than the default threshold.

However, both models are limited by the setting of a deterministic short-term risk-free interest rate.



2. LITERATURE REVIEW 4

The later development of Longstaff & Schwartz (1995) combines the early default mechanism
in Black & Cox (1976) and the stochastic interest rate model of Vasicek (1977). The Longstaff
& Schwartz (1995) approach captures the idea of the Merton model in a more flexible way, in
particular it accommodates complicated liability structures and payofts by deriving the solution as
a function of a ratio of the firm value to the payoff. Instead of using a constant default threshold,
Briys & de Varenne (1997) consider a time-dependent default threshold and assume that it depends

on the risk-free interest rate.

Collin-Dufresne & Goldstein (2001) point out that most structural models preclude the possibility
that firms may alter their capital structure. They stress the fact that in practice, firms could adjust
their outstanding debt levels in response to the change in firm value, and hence generate mean-
reverting leverage ratios. To model this feature, Collin-Dufresne & Goldstein (2001) assume that
the default threshold changes dynamically over time, in particular, that the dynamics of the log-
default threshold is mean-reverting. This setting captures the fact that firms tend to issue debt
when their leverage ratio falls below some target, and replace maturing debt when their leverage
ratio is above this target. Collin-Dufresne & Goldstein (2001) mention that in general, the default
threshold is not necessarily the outstanding book value of debt, but it seems reasonable to assume
that they are related. For example, they are identical in the Merton (1974) model. Collin-Dufresne
& Goldstein (2001) interpret their model with a more general definition of leverage, which is the
ratio of a default threshold that reflects the market value of total liabilities of the firm to its firm

value.

The two main features introduced in the Collin-Dufresne & Goldstein (2001) model, are the use
of the leverage ratio and the fact that it is mean-reverting. These features capture the tendency of
firms to issue debt when their leverage ratio falls below some target, and replace maturing debt
when their leverage ratio is above this target. Hui et al. (2006) generalize the Collin-Dufresne
& Goldstein (2001) model to consider the situation in which the target leverage ratio is time-
dependent and the default threshold follows a mean-reverting process. Hui et al. (2006) argue
that the time-dependent target leverage ratio reflects the movements of a firm’s initial target ratio
towards a long-run target ratio over time. In the Hui et al. (2006) model, the dynamic equation of
the default threshold has its own source of randomness. The solutions of both models are derived as
a function of leverage ratios. For this combined measure of default risk of the firm, Hui et al. (2007)
proposed a dynamic leverage ratio model, where default is driven by the firm’s leverage ratio when
it is above a certain level. Empirical support for the use of the leverage ratio model can be found
in Hui et al. (2005), who present an empirical study of the estimation of default probabilities using

the leverage ratio model for benchmarking listed companies. The empirical results show that the
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benchmarking ratings can broadly track the S&P ratings of U.S. sample companies. A recent study
of Huang & Zhou (2008) conducts a specification analysis of five structural models by using the
term structure of credit default swap spreads and equity volatility from high-frequency return data.
Their empirical tests show that the stationary leverage ratio model of Collin-Dufresne & Goldstein
(2001) is the best performing structural model compared to the other four, which are those of

Merton (1974), Black & Cox (1976), Longstaff & Schwartz (1995) and Huang & Huang (2003).

The principal aim of this thesis is to extend the dynamic leverage ratio model of Hui et al. (2007) to
the two-firm case so as to study the implications for default correlations. The idea of the two-firm
model is proposed by Zhou (2001a), who extends the one-firm model of Black & Cox (1976) to
the two-firm situation. In Zhou’s model the default possibilities of the two firms are driven by their

asset values and the short-term risk-free interest rate is deterministic.

In order to study the impact on default correlations of firms altering their capital structure , the
framework of the two-firm model is here extended to consider the case in which the dynamic
leverage ratios are mean-reverting to constant target ratios (the case considered in Collin-Dufresne

& Goldstein (2001)) and time-dependent target ratios (the case considered in Hui et al. (2006)).

Another extension draws on the discussion of Zhou (1997), who argues that in reality, a firm
can default either by a gradual diffusion process, or by surprise due to unexpected external shocks.
Zhou (2001b) combines these measures of risk by assuming the firm value follows a jump-diffusion
process. In order to capture the effect of external shocks on default correlations, the two-firm model
is extended to consider the situation in which the dynamic leverage ratios follow jump-diffusion

processes.

The main features of the structural models discussed are summarized in Table 2.1. Structural
models based on the work of Merton (1974) are more refined as one moves down the table. In
particular, the modelling of the default threshold D from the initial assumption of being identical
to the debt face value in Merton (1974), to being a constant ratio of debt face value in Longstaff
& Schwartz (1995), to being time-dependent in Briys & de Varenne (1997), then to being mean-
reverting in Collin-Dufresne & Goldstein (2001) and finally to being allowed to follow a stochastic
process in Hui et al. (2006). The nature of the leverage ratio models, for example, Collin-Dufresne
& Goldstein (2001), Hui et al. (2006) and Hui et al. (2007) provides a combined measure of
default risk of the firm. Moreover, this class of models is able to avoid a direct parametrization in
terms of the firm value V' and the default threshold D by directly examining the leverage ratio L.
Given these advantages, it seems natural to extend the one-firm leverage ratio models to the two-

firm situation. Our approach considers the evaluation of default correlations when the dynamic
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leverage ratios follow geometric Brownian motions, mean-reverting processes and jump-diffusion

processes. The shaded boxes in last row of Table 2.1 indicates the models to be studied in this

thesis.
Risk-Free
Structural Models Firm Value V Default Threshold D
Interest Rate
Merton (1974) dV/)V = pdt + odZ Bond face value D=F Deterministic
Longstaff &
dV)V = pdt + odZ A constant D=K Vasicek (1977)
Schwartz (1995)
Zhou (2001a) dVi Vi = widt 4+ 0:dZ; (1 =1,2) A time-dependent case D=elitK; Deterministic
dV)V = (. — Agkq)dt + odZ B
Zhou (2001b) +(Y —1)dq D=e"'K Vasicek (1977)

Briys & dV)V =rdt + o(\/1 — p*dZgy Depends on the dynamics of risk
de Varenne (1997) +pdZ,) free interest rate D= F B(r, t) Hull & White (1990)
Collin-Dufresne & k=In D, k is mean-reverting
dV)V = (r —6)dt + odZ Vasicek (1977)
Goldstein (2001) dk=XXInV —v —Fk)dt
k follows the mean-reverting process
Hui et al. (2006) dV/V = py (t)dt + ov (t)dZyv dk = [p(t) + At)(InV — k) Hull & White (1990)
—0?/2]dt + o (t)dZs
Hui et al. (2007) dL/L = pr(t)dt + or(t)dZr, where L = D/V Hull & White (1990)
Two-firm model dL;/L; = p;dt + 0:dZ;, (i=1,2)
Ex. I: mean-reverting dL;/L; = k;[In0;(t) — In L;|dt + 0:dZ; Vasicek (1977)

Ex. II: with jumps dL;/L; = (i — Agikqi)dt + 0:dZ; + (Y — 1)dg

TABLE 2.1. Taxonomy of earlier structural models and the two-firm model of this

thesis. The shaded boxes indicate the new models considered in this thesis.

The relationship among the various structural models is also illustrated in Table 2.2. The shaded
boxes indicate the new developments to be undertaken in this thesis. The main differences between
the two-firm model studied in this thesis and that to the Zhou (2001a) is that the model of Zhou
was based on deterministic interest rates, while interest rate risk is taken into account in this thesis.
The other key difference is that default probabilities are driven by the dynamic leverage ratios of
firms in our two-firm model, while it is driven by the firm values in Zhou (2001a) (see Table 2.1).
Moreover, Zhou (2001a) does not consider the situation where firms alter their capital structure,

whereas the two-firm model in this thesis is extended to consider the situation in which dynamic
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One-Firm Models Two—Firm Models Jump-Diffusion Models

Merton (1974)
|

Zhou (2001a) Zhou (2001b)
Black & Cox s o
(1976) One—firm model in firm
| value process with
| jump risk

Longstaff &
Schwartz (1995)

|

Briys & de
Varenne (1997)

|

One—firm dynamic
leverage ratio model
| with jump risk
Hui et al. (2004) |
dynamic leverage Two—firm model with

Collin-Dufresne & ratio model dynarnic 1eVerage Two—firm model with

Goldstein (2001) |~ B ratios —. | dynamic leverage
(GBM) ratios follow jump—

diffusion processes

! Two—firm model with
dynamic leverage
ratios follow mean-—
Hui et al. (2006) reverting Processes

TABLE 2.2. The development of structural models and the relationship among
these models to the two-firm model in this thesis. The shaded boxes indicate the
new developments undertaken in this thesis.

leverage ratios are mean-reverting. More generally, the thesis extends the approaches of Collin-
Dufresne & Goldstein (2001) and Hui et al. (2006) to the two-firm situation. The one-firm dynamic
leverage ratio model is also extended to include the jump risk, and compared to Zhou (20015), the
difference being that here default is driven by the firm’s leverage ratio with jumps, whereas in

Zhou (2001b) it is the firm value that contains a jump component, respectively. The one-firm
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leverage ratio with jumps is then generalized to the two-firm case, such that the two-firm model
in this thesis provides a more comprehensive insight into default correlations for firms having the

different features represented by these processes.



CHAPTER 3

Framework of the Two-Firm Model

The first part of this chapter presents the one-firm dynamic leverage ratio model of Hui et al. (2007)
for corporate bond pricing. In their model, the corporate bond price is interpreted as the product
of a risk-free bond price and a discounting factor by the separation of variables method. Since the
risk-free bond price solution is known, therefore the main focus is on solving for this discounting
factor. Hui et al. (2007) apply the method of images approach to obtain the closed-form solution
in terms of the cumulative normal distribution function. However, when the parameters are time-
dependent, the analytical solution is not so readily obtained. Lo et al. (2003) suggested an approach
to deal with this problem using a time varying barrier method to obtain an approximate analytical

solution.

The second part of the chapter extends the dynamic leverage ratio model to the two-firm situation
for pricing financial derivatives involving default risks among two firms, with the credit linked note

being the example here, and describes its application to evaluating default correlations.

Section 3.1 reviews the one-firm dynamic leverage ratio model framework. It illustrates the method
of images approach for solving the one-dimensional first-passage-time problem. Section 3.2 out-
lines the time varying barrier approach to obtain an approximate analytical solution for the case in
which parameters are time-dependent. The method of images and time varying barrier approaches
will then be extended to the two-dimensional situation in Chapter 4 to obtain a solution for the
two-firm model. Section 3.3 develops the two-firm dynamic leverage ratio model framework and

Section 3.4 describes its application to the evaluation of default correlations.

3.1. The One-Firm Model

Hui et al. (2007) proposed that the corporate bond price depends on the firm’s leverage ratio and
risk-free interest rate, the leverage ratio L being defined as the total debt to the market-value
capitalization of the firm (a similar definition can be found in Collin-Dufresne & Goldstein (2001)).

The leverage ratio is assumed to follow the stochastic differential equation

dL = pg(t)Ldt + o (t)LdZ;, 3.1)
9



3.1. THE ONE-FIRM MODEL 10

where piy(t) and o (t) are the time dependent drift rate and the volatility of the proportional
change in the leverage ratio (that is dL /L) respectively, and 7 is a Wiener process capturing

the uncertainty in the leverage ratio dynamics under the historical measure P.

The dynamics of the instantaneous spot rate of interest  is assumed to be given by the Hull &

White (1990) generalization of the Vasicek (1977) model, so that
dr = k(1) [0.(t) — ] dt + o, (t)dZ,, (3.2)

where the instantaneous spot rate of interest r is mean-reverting to the long-run mean 0,(¢) at
speed k..(t), o,(t) is the instantaneous volatility of interest rate changes and Z,. is a Wiener process

capturing the uncertainty in the interest rate market under the historical measure P.

The Wiener increments dZ;, and d~Z, are assumed to be correlated with

E[dZ.dZ,] = pu,(t)dt. (3.3)

Let P(L,r,t) be the corporate bond price, dependent on the leverage ratio and interest rate dy-
namics in (3.1) and (3.2). Applying the standard bond pricing argument, we find that the pricing

function satisfies the partial differential equation

oP 1,  L,0°P _ 9P PP
S = SO I + pu (oo ()5
1, PP _ opP
+§Ur(t)w + k£ ()[0:(2) — T]W —rP, (3.4)

fort € (0,7), L € (0, Z) and subject to the boundary conditions

P(L,r,T) =1, (3.5)
P(L,r,t) =0. (3.6)
Here
pr(t) = po(t) — Apow(t), (3.7)
~ ~ Aor(t)

0,(t) = 6:(t) (3-8)

kr(t)
where A\ and )\, are the market prices of risk (assumed constant) associated with the uncer-
tainty impinging on the leverage ratio and interest rate processes, respectively. Moreover, since

the growth rates of the firm’s asset value and the firm’s debt value equal the risk-free interest rate
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under the risk-neutral measure, then the drift of the leverage ratio under risk-neutral measure /iy (%)

is independent of the risk-free interest rate'.

The boundary condition (3.6) describes the early default mechanism. In the Hui et al. (2007)
model, default occurs when the firm’s leverage ratio rises above a predefined level L anytime
during the life of the bond, and the bondholders receive nothing upon default. Otherwise, no
default happens, and bondholders receive the par value of the bond at the maturity 7" which is the
boundary condition (3.5). It is the boundary condition (3.6) that gives defaultable bond pricing
problems their particular structure and difficulty. This is essentially a barrier type condition and
in one form or another requires the solution of the first passage time problem associated with the

partial differential equation (3.4).

In order to obtain an analytical solution to (3.4), Hui et al. (2007) employed the separation of
variables method, where the solution for the corporate bond price turns out to be the product of
two separate functions, one depending only on the leverage ratio and the other function depending

only on the interest rate, so that
P(L,r,t) = B(r,t)P(L,1), (3.9)

where Hui et al. (2007) point out that B(r, t) is simply the risk-free bond price.
We note that the function P (L,t) can be expressed as

~ P(L,rt)

P(L,t) = Bt (3.10)

which is a ratio of the corporate bond price to the risk-free bond price. We interpret P as a risk
ratio function that is inversely related to the degree of risk of a bond. If the ratio in (3.10) is close to
1, this means that the corporate bond is less likely to default, which would be the case for example
with a AAA rated bond; while if it is very small, the corporate bond is very risky compared to the
risk-free bond price, which would be the case for example with a CCC rated bond. That is the

lower value of the ratio, the higher risk of the corporate bond defaulting.

By substituting (3.9) into (3.4) we find that the risk ratio function ]3(L, t) satisfies the partial

differential equation®

_68_]; — lai(t)[ﬂa_P + [ (t) + pr(t)or(t)o.(t)b(t)] LZ_]Z’

5 % (3.11)

'For a derivation of the corporate bond price as a function of the leverage ratio based on the firm’s asset value and the
firm’s debt, see Hui et al. (2006) (Appendix A).
%A derivation of (3.11) by application of the separation of variables approach can be found in Appendix A.
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subject to the boundary conditions

P(L,T) = 1, (3.12)

P(L,t) = o. (3.13)

In (3.11) b(t) is a time-dependent parameter and depends on the speed of mean reversion of the

risk-free interest rate and is given by
T
b(t) = — / KO-KO) gy, (3.14)
t

for K(t) = [ #,(u)du.
Denote by z = In(L/ E) the normalized log-leverage ratio, and 7 = T' — ¢ the time-to-maturity.

Set P(Le®, t) equal to Pz, 7), then P(x, 7) satisfies the partial differential equation

oP 1, 0°P oP
97 = 5%@)@ +7(T)%a (3.15)

for € (0,T), x € (00, 0) and subject to the boundary conditions

P(z,0) = 1, (3.16)

pP0,7) = 0, (3.17)

where the drift coefficient (7) is given by

Y (7) = Fin(T = 7) + pio(T — P)on(T — 7)on(T — )BT — 1) — %ﬁ(T _1), GI8)

we use 0% (7) for 0% (T — 1) for expressions convenience.

The solution to the partial differential equation (3.15) for the risk ratio function P(z, ) can be

written as

0
P(r.7) = / f(,y: 1) P(y)dy, (3.19)

where f(x,y;7) is the transition probability density function for x starting at the value z(0) = y
at time-to-maturity 7 = 0 and ending at the value x at time-to-maturity 7. The initial condition

function P(z,0) = P(y) is given in (3.16).
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We notice that the transition probability density function f(z, y; 7) is subject to the zero boundary
condition in (3.17). A general approach to obtaining the solution is to apply the method of images,
see for example, Albanese & Campolieti (2006), Chapter 3.2 or Wilmott et al. (1995), Chapter
12.2.

3.1.1. The Method of Images for the One-Firm case.
To illustrate the method of images, we consider the heat equation

ou 1 0%u
o T 2o (3.20)

where z is unrestricted in the region 2 € (—o0, o0). The solution to (3.20) is known® to be of the

form
ulwr) = [ gl imyuty)ay, (21)
where u(y) is the initial condition function, g is the transition probability density function that has
the form
e—(z—y)?/21
9(@,y;7) = —F——. (3.22)
2rT

If a zero boundary condition is imposed along x-axis at z = 0, then
w(0,7) = 0, (3.23)

and the region of interest for the solution becomes = € (—oc, 0). Applying the method of images
approach, the exact solution to the heat equation (3.20) subject to the zero boundary condition

(3.23) is

0
u(x, ) = / g(@, y; T)u(y)dy, (3.24)

where ¢ is the transition probability density function for the restricted process. It is obtained by
subtracting from the original density for the (for the unrestricted process) g centered at y within
the (“physical”) region y € (—o0,0) the same density centered at —y within the (“nonphysical”)
region y € (0, 00), that is

g(x,y;7) = g(x,y;7) — g(w, —y; 7), (3.25)

3The solution of the heat equation can be found in many reference. For example, Wilmott et al. (1995) (Chpaters 4
and 5) give a good discussion and derivation of the solution of the heat equation.
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0.4 1

FIGURE 3.1. A sample plot of the density function g (blue curve) for absorption at
the barrier y = 0 with parameter choices + = —1, 7 = 1.5 and 7y = 0. The solid
line gives ¢ in the physical solution region, while the dashed line extends it into the
nonphysical region. The plot of g is obtained by subtracting two density functions
g for unrestricted processes, one centered at y (black curve) and the other at —y (red
curve).

so that the the boundary condition (3.23) is satisfied, as is easily verified.

Figure 3.1 illustrates the density function g (blue curve) for absorption at the barrier y = 0 with
the parameter choices x = —1, 7 = 1.5 and 79 = 0. The solid line gives ¢ in the physical solution
region, while the dashed line extends it into the nonphysical region. The plot of g is obtained by
subtracting two density functions g for unrestricted processes, one centered at y (black curve) and

the other at —y (red curve) which is in fact —g(x, —y; 7), respectively.

3.1.2. Using the Reflection Principle to Obtain the Transition Probability Density Func-
tion.

Albanese & Campolieti (2006) give an alternative argument based on purely probabilistic argu-

ments and basic properties of Brownian paths to show that equation (3.25) is indeed the transition



3.1. THE ONE-FIRM MODEL 15

i |
-
P
! v ut
LR '
0.5F 1 LN 2xp — X
'\,l {li
,'ﬂ
;I\
AL Yy
0 """_/\ - Tp
\\JV“V
-0.5 - X
_17 -
ty
_15 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
t

FIGURE 3.2. A Brownian motion and its reflection at the barrier z;, = 0.

probability density for Brownian motion z on the interval x € (—o0, 0] with an the absorbing

barrier at x = 0.

The idea briefly i1s as follows. Let x; denote a Brownian motion starting at o < =z} at initial
time ¢, with an upper absorbing barrier at v = x;. Let Z; denote the same Brownian process but
without a barrier, that is the standard Wiener process that has the transition probability density
g(xo, Ty;t — ty) as given in (3.22). Then the probability of a path z; having a value of x below
the barrier, that is x < z;, for ¢ > %, is equal to the probability of a barrier-free path z; having
the value of x, minus the probability of a barrier-free path x; at the barrier x; at the first time ¢,
attaining the value x at terminal time ¢, which is the same as that for a reflected path starting at x;

at time ¢, and attaining a value 2z, — x at time ¢ (see Figure 3.2):
Pz, <x)=P(% <x)—P(% > 22, — x) (3.26)

for all x < xy.

By placing the expression for the density function and g, (3.22) into (3.26), then the cumulative
probability of any path starting below the barrier xy < x;, and attaining any value y = z; < x

(where x < x;) within the time interval 7 = ¢ — t;, conditional on paths being absorbed if the
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barrier x;, is crossed, is
[o¢]

P(y < x) =/ g(xo,y;T)dy—/ g(wo,y; T)dy. (3.27)

—00 2xp—X

If the barrier is z;, = 0, and we are interested on the probability of a path starting at x < 0 and

ending in the region (—oo, x = 0) for the time interval 7 = ¢ — t,, then (3.27) can be expressed as

0 00
Pr) = [ glyndy— [ gwyndy (.28)
—00 0
Making a change of variable in the second integral, we have
0
Per) = [ lger) — gl i)l (3.29)

If we differentiate the cumulative probability function with respect to y, then the transition proba-

bility density obtained is the same as (3.25), the density derived by the method of images.

3.1.3. Exact Solutions for the Case of Constant Parameters.

Next, we solve the partial differential equation (3.15). Consider the case in which the coefficients
in (3.15) are constant, that is o, (7) = o, and y(7) = =, and the partial differential equation (3.15)

becomes

orP 1, N
—_— = -0 7 ——
T 2 L og

o?’P 0P
5+ (3.30)

We note that the partial differential equation (3.30) can be reduced to the heat equation (3.20) by

the transformation*

Pz, 7) = ™ u(z, ), (3.31)

where we set parameters 7 and & as

2
Y i 2
= ——F = ——— and ( = .
n 0_%7 £ 20_%7 C orT

At the initial conditions time-to-maturity 79 = 0, the risk ratio function P and the solution to the

heat equation u are related by (setting P(y, 0) = P(y) and u(y, 0) = u(y))

P(y) =1=e"u(y), (3.32)

“The details of the transformation can be found in Appendix B.
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so that
u(y) =e ", (3.33)

where we set x at Tp = 0 equal to y.

Substituting the relations (3.31) and (3.33) into (3.24), yields

0
e TP (x, T) :/ 9@, y: Qe P(y)dy. (3.34)

—00

Rearranging equation (3.34), we have

0
Plar) = [ 04 oy Q) P(y)dy. (3.35)

Comparing equations (3.35) and (3.19), the transition probability density function f with constant

coefficients, is thus identified as
fla,y;m) = " Gz, y: Q). (3.36)

As discussed in Subsection 3.1.2, the cumulative probability for = follows a Brownian motion with
an upper absorbing barrier at x = 0, starting below the barrier z < 0 at initial time ¢, (assume
to = 0), then the probability of this path terminating within a period of time 7 = ¢ — ¢, in the

interval x € (—o0, 0] conditional on absorption at z = 0 is

0
F(z,7) = / f(x,y;¢)dy, (3.37)

for( =op7.

The probability F'(x,7) can be also interpreted as the survival probability for the absorption not
yet having occurred during the period of time 7 = ¢ — 5. On the other hand, 1 — F'(z, 7) gives the
probability of absorption having occurred, which can be interpreted as the default probability.

3.2. The One-Firm Model with Time-Dependent Parameters

If the coefficients in the partial differential equation (3.15) are time-dependent, the transformation

of (3.15) to the heat equation will not be as straight forward as in the constant coefficients case. Lo
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& Hui (2001) present a Lie-algebraic approach for the valuation of financial derivatives with time-
dependent parameters. The Lie-algebraic approach to deal with this problem provides a way to
obtain the propagator (the transition probability density function) of the partial differential equation
with time-dependent parameters’. The Lie-algebraic makes use of the evolution operator M55
for ¢(7) as defined below. This operator operates on an arbitrary, infinitely differentiable, function

f(z) according to

@) = 30 ey I, (3.39)

n=0

A calculus for this operator has been developed in quantum mechanics for solving Fokker-Planck
equations and Schrodinger equations, and is expounded for example in Suzuki (1989). We shall
merely cite the results that we use as our arguments develop and give proofs in Appendix C. Many
of the results obtained using this operator calculus can be obtained by other approaches, however

this calculus provides a convenient unified approach, which is why we use it in this thesis.

Using the operator (3.38), we transform the partial differential equation (3.15) with time-dependent
coefficients to the heat equation (3.20) by setting (see Appendix C)

P(z,7)) = efOTW(U)dva%ﬂ(%Oa (3.39)

in which we transform time-to-maturity according to ¢ = [ 07 (v)dv. Substituting (3.39) into

(3.15), we find that the heat equation u(z, {) satisfies the partial differential equation

Ju 10%u

We note that the transformation on the right hand side of equation (3.39) can be expressed as®

els YOPTG (2, () = Tz + /T v(w)dv, C), (3.41)
0

The Lie-algebraic approach has been successfully applied in physics to solve time-dependent Schrodinger equations
associated with generalized quantum time-dependent oscillators and Fokker-Planck equation. For example, Lo (1997)
applied the Lie-algebraic approach to obtain the exact form of the propagator of the Fokker-Planck equations with
time-dependent parameters

oP 0? 0

o= {B(t)@ Otz + D)5 - C(t)}P(m).
On the other hand, an identical result is obtained by Demo et al. (2000) using the Green’s function technique on the
space of generalized functions.
%See Proposition C.6 in Appendix C.
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so that
P(z,7) = u(x + /T ~y(v)dv, (). (3.42)
0

The boundary condition of P implies the boundary condition of %, which is (by substituting (3.42)
into (3.17))

P0,7)=0= ﬂ(/OTv(v)dv, Q). (3.43)

We notice that the partial differential equation (3.40) for w is same as the heat equation (3.20). To
apply the solution (3.24) to u, we require that u satisfy the zero boundary condition equivalent to

(3.23), that is

4(0,¢) = 0. (3.44)

However, from (3.43), the zero boundary condition (3.44) is not fulfilled. In order to satisfy the
condition (3.44), we impose an additional structure on the function P. We assume that the zero
boundary condition for P is no longer at z = 0, but at a time varying barrier, denoted by z*(7),

having the dynamic form’

(1) = — /OT”y(v)dv - ﬁ/OT o? (v)dv, (3.45)

where ( is a real parameter, which is free to be chosen in some optimal way (as we will show
later) so as to minimize the deviation between the time varying barrier 2*(7) and the exact barrier

atz = 0.

Since the zero boundary condition is not at x = 0, but at 2*(7), therefore, the solution based on
this new zero boundary condition at 2*(7), is an approximate solution, and since it will depend on

the value of 3 chosen we denote it as Ps, hence we can write

0
Py(x,7) = /_ fo(a, y; ) Pa(y)dy, (3.46)

where fs(x,y; 7) is the transition probability density function for the process restricted to the
region x € (—o0, x*(7T)).
The quantity Pj also satisfies the partial differential equation (3.15), that is
0Py 1, %P 0P,
W - §O-L(T) D2 + 7(7—)%7

"The time varying barrier technique was proposed by Lo et al. (2003) to facilitate the solution of such problems with
time-dependent parameters.

(3.47)
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with the zero boundary condition at an artificial time varying barrier *(7) so that
Ps(z*(7),7) =0, (3.48)

for z € (—oo0,2*(7)) and 7 € (0,T). The initial condition of the approximate solution Py is the

same as the exact function P, namely

Py(z,0) = 1. (3.49)

Next, we apply the transformation of the partial differential equation (3.47) by setting

Py, 7) = e Ma [, )], (3.50)

eﬂ(z—m*(T))/Q—ﬁzg/‘la(x _ ZE*(T>, C)’ (351)

where u satisfies the partial differential equation (3.40).

The motivation of the transformation (3.50) is to reduce the partial differential equation (3.47) to
(3.40), which has the same form as the heat equation (3.20), so that the solution of the heat equation
can be applied to solve the partial differential equation (3.50).

It is convenient to carry out the transformation (3.50) in two steps. First we consider

Py(z,7) = e D3 P(x, (). (3.52)

The partial differential equation for P can be obtained by following the same technique as illus-
trated in Appendix C, so that
OP 18?°P 0P

a ~ 200 Vo (353

which has constant coefficients. In the second step, we apply the transformation described in
Appendix B, then this last partial differential equation can be reduced to the partial differential
equation (3.40) by setting

P(x,¢) = ™7 u(z,¢).
Next, we substitute (3.48) into (3.51) and so obtain the zero boundary condition for % as®

(0,¢) = 0. (3.54)

8We note that

Py(a”(r),7) = 0 = eP0=7/2q5(0,¢).
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As mentioned previously, to apply the solution (3.24) for the heat equation u to u, we require
that the zero boundary condition of u satisfies (3.44). From (3.54), we note that this condition is
fulfilled, hence, we can apply the solution for the heat equation (3.24) to obtain the solution for P
via the relation (3.51). We first obtain the initial condition for u by substituting (3.51) into (3.48)
with 2(0) = y, namely

Ps(y) = 1= e™u(y). (3.55)

Then, we substitute (3.55) and (3.51) into the solution for the heat equation (3.24), to obtain
0
A VICROE / gz —a*(7),y; Qe " Py(y)dy. (3.56)

—0o0
Then rearranging (3.56), we obtain the solution for the risk ratio function for the case in which the
parameters are time-dependent, namely

0
Palayr) = [ e O R0 — ot (1), O Palw)dy. (3.57)

— 00

Comparing equations (3.46) and (3.57), we see that
folw,y, 1) = v OG0 — 27(7), y: ). (3.58)

Similar to the constant coefficient case in the previous Subsection 3.1.3, we denote by Fj3(z, t) the
survival probability (dependant on (3) of a path initiating below the barrier at z at time ¢, = 0 and

ending up in the region (—oc, 0) at the later time ¢, over the period of time 7 = ¢ — ¢, is
0
Fy(x,7) = / fa(w,y; 7)dy. (3.59)

Note that (3.57) and (3.59) are approximate solutions to the exact solution which has the zero
boundary condition at x = (. These approximate solutions depend on the parameter (3. By choos-
ing certain forms of /3, we are able to form a lower bound or an upper bound to the exact solution’.

For example, if the time interval of interest is 0 < 7 < 7', a lower bound barrier (that is z*(7) < 0)

N proof can be found in Lo et al. (2003) Appendix A.2. They showed that if 2*(7) < 0 on the time interval of interest
(for example, 0 < 7 < T'), then by the maximum principle (John (1978)), it can be concluded that the approximate
solution P is less than the solution P for the exact barrier, therefore Ps forms a lower bound to the exact solution. On
the other hand, if 2*(7) > 0 on the time interval of interest, then by the maximum principle the approximate solution
Pg is larger than P, therefore Ps forms an upper bound to the exact solution.
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FIGURE 3.3. Lower and upper bounds for the time varying barrier. The exact
barrier is at z = 0 (solid line). The lower bound barrier (dashed red line) with § =
0.2675 is estimated based on equation (3.60). The upper bound barrier (dashed-
dotted blue line) with § = 0.25 is estimated based on equation (3.61). Parameters
used are i, = 0, 0 = 0.299, pr,. = 0.9, k, = 1.0, 0, = 0.03162 and T" = 1.

can be formed by choosing a value of 3 such that *(0) = z*(T") = 0, which from (3.45) deter-
mines [ according to

B foTPY(v)dv

fOT 0%(’0)(11/

3= (3.60)

An upper bound barrier (that is z*(7) > 0) can be formed by choosing a value of (3 such that the
instantaneous rate of change of the time varying barrier 2*(7) is zero at time-to-maturity 7 = 0,
that is

d[z*(7)]
dr

d[fy v(v)dv]

d[foT U% (v)dv]
=0 dr b

=0 dr

7=0

from which

3 =—(0)/07(0). (3.61)

To illustrate this idea, Figure 3.3 plots the lower and upper bounds curves for the time varying
barrier. We stress that the values on the vertical axis are multiples of 10~%, so very small values.

Since the time varying barrier is closer to the exact barrier, then the approximate solutions are
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FIGURE 3.4. Lower bound for the time varying barrier with maturity 7" = 1 and
T = 2. The lower bound barrier for 7' = 1 (dashed red line) with 5 = 0.2675,
and barrier for 7' = 2 (dashed-dotted blue line) with 3 = 0.2770. Other parameters
used are iy, = 0, 0 = 0.299, pr,. = 0.9, K, = 1.0 and o, = 0.03162.

more accurate. The other factor that will effect the accuracy of the approximate solution is the
maturity date. The larger is 7', the less accurate will be the approximation. Figure 3.4 shows that
when T' increases, for example to 7' = 2, the deviation of a lower bound time varying barrier
(dashed-dotted line) from the exact barrier at z = 0 is larger than that of the 7" = 1 case (dashed
line). This is a result that indicates that the accuracy of the approximate solutions will decrease as

the maturity 7" increases.

Lo et al. (2003) propose a multi-stage approximation method to deal with the problem of decreas-
ing accuracy with increasing maturity. For example if the maturity is 7" = 2, in the first-stage,
estimate the value of (3, say fy; for the period time-to-maturity from 7 = 0 to 7 = 74, = 1 and
obtain the solution Pg,, (z,7;) using equation (3.46) with the initial condition Ps, (y) = 1. In
this case equation (3.46) can be expressed in terms of the normal distribution function N(.) which
has the computational advantage that is can be computed very efficiently. Next, in the second-
stage consider the period of time-to-maturity from 71 to 7 = 7 = 2, estimate another value of 3,

denoted 35 and then compute the solution Pg,,(z, ) using equation (3.46) again, however, the
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FIGURE 3.5. Lower bound for the time varying barrier for a single-stage and a two-
stage approximations. The lower bound for the single-stage approximation (dashed
red line) with 5 = 0.2770. The lower bound for the two-stage approximation
(dashed-dotted blue line): first-stage Fy; = 0.2675 and second-stage (315 = 0.2865.
Other parameters used are ji;, = 0, o, = 0.299, pr, = 0.9, k, = 1.0, 0, = 0.03162
and 1" = 2.

initial condition now is Pg,, (z, 71 ), and the equation (3.46) becomes

0
Pﬁ($> TZ) - / f512 (.’L', LL‘,; TQ)pﬁm ($/7 Tl)dl'/, (362)

0 0
- / f512<l’,.1‘/;7'2) [/ f,(301($/,y;71)P(y>dy dmla (363)

which can expressed in terms of the bivariate normal distribution.

Figure 3.5 illustrates the plot for a single-stage and a two-stage time varying barrier of the maturity
T = 2. We note that the vertical axis for the two-stage time varying barrier attains its minimum at
6 x 10~* which is closer to the exact barrier compared to the single-stage approximation (minimum
at about 17 x 10~%). However, if there is a third-stage or fourth-stage... etc up to the nth-stage
solution, (3.46) would involve multiple integration since the n-fold normal distribution would be

involved, and numerical methods, such as the Gaussian quadrature method would need to be used.
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3.3. Framework of the Two-Firm Model

In this section, we extend the dynamic leverage ratio model of Hui et al. (2007) to incorporate two
firms. The credit derivative, in particular, a credit linked note is modelled since it refers to a single
obligation and gives exposure to the default risk of the two firms. Many other derivatives share

similar features to those of credit linked notes.

A credit linked note (CLN) is a form of funded credit derivative that allows the issuer to transfer
a specific credit risk to credit investors. For example, as illustrated in Figure 3.6, a bank, B lends
money to a company, C, (for example buys its bond), and at the time issues credit linked notes
bought by investors. If company C (the“reference obligor”) is solvent, the bank (the “issuer”) is
obligated to pay the notes to the investors in full at maturity. If company B goes bankrupt, the

note-holders (investors) receive a recovery rate.

Purchase CLN R
Investors Interest | Bank B Purchases Bond= Company C
“ Reference
~ Default: recovery rate E)bli or)
) (issuers CLN) |4 g
“ Return

Solvent: par

FIGURE 3.6. Mechanics of a credit linked note (CLN).

Under this structure, the price of the note is linked to the performance of a reference asset and
the default risk of the note issuer. To model this credit derivative, we extend the Hui et al. (2007)

dynamic leverage ratio model to incorporate two firms and a stochastic risk-free interest rate.
The main assumptions of the two-firm model with dynamic leverage ratios that we develop are:
Assumption 1. Let L, and L, denote respectively the leverage ratios of the note issuer and the

reference obligor. The leverage ratio is defined as the ratio of a firm’s liability to its market-value

capitalization. The dynamics of Ly and Lo are described by
dL; = piLidt +o0iLidZ;, (i=1,2), (3.64)

where j1; and o; denote the constant drift rate and volatility of the proportional change in leverage
ratios respectively, and 7, and Z, are Wiener processes capturing the uncertainty in the leverage

ratio dynamics under the historical measure P. The Wiener increments dZ, and dZs are correlated
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with
]E[lede] = plgdt, (365)

where p1o denotes the correlation coefficient of the proportional leverage ratio level of the two

firms.

Assumption 2. Let the dynamics of the instantaneous spot rate of interest follow the Vasicek (1977)

process
dr = Kk, (0, —r)dt + 0,.dZ,, (3.66)

where the instantaneous spot rate of interest r is mean-reverting to the constant long-term mean
0, at constant speed r, and Z, is a Wiener process capturing the uncertainty in the interest rate

market under the historical measure P. The Wiener processes Z; and Z, are correlated with
E[dZ:dZ,) = puvdt, (i =1,2), (3.67)

where p;,. denotes the correlation coefficient of the proportional changes of the leverage ratio level

of firm v and the instantaneous spot rate of interest.

Assumption 3. We assume default(s) occur anytime during the life of the credit linked note when
either firm’s leverage ratio rises above a predefined default threshold Ei, that is L; > El If the
firms’ leverage ratios never reach /L\Z the note holder receives the face value, which is equal to
unity. If default occurs the firm defaults on all of its obligations immediately, and the note holder

receives nothing (that is there is no recovery) upon default of either firm.

There could be a recovery payment if the default event happens. However, the assumption of zero
recovery captures the worst situation in which investors lose all their investment on credit linked

notes. The framework is easily adjusted to handle the case of some residual recovery rate.

Assumption 4. We assume perfect and frictionless markets where the securities trade in continuous

time.

To obtain the partial differential equation for the credit linked note price P(Ly, Lo, 7, t) the standard
arbitrage pricing argument is applied. Of course the leverage ratios L;, Lo are not themselves
traded quantities so we employ the “trick” of setting up a portfolio containing four credit linked
notes with different maturities in order to hedge away the risks of non-traded assets L,, Ly and r,

see Wilmott et al. (1995) (Chapter 17.5) for the basic idea of this approach and Chiarella (2009)
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(Chapter 10.4) for a more general discussion. The details in the present situation are set out in

Appendix D and the price of credit linked note is found to satisfy the partial differential equation

OP(Ly, Ly, 1,t) 1, ,0°P 1, ,0°P 1 ,0°P 9’°P
N ot = oiligp T anlagm g % o + peooelnbograr
N I 9?*P N 9?*P
P1r010y 18L ar P2r020, L 28L28r
oP oP
Li— L
+p1 — Ao 18L1 + [12 — Aa02) 28L2
OP
+[kr (0, — 1) — N\poy]=— — 1P, (3.68)

ar

in the interval of ¢ € (0,7'), L, € (0, El), Ly € (0, Eg) and subject to the boundary conditions

P(L17L27T7 T) - 17 (369)
P(Ly, Ly, t) = 0, (3.70)
P(Ly, La,7,t) = 0. (3.71)

The parameters ji; and 0, incorporate the market prices of risk, Ay, Ay and A, (all assumed to be
constant in this thesis), associated with leverage ratios and interest rate processes respectively and

are defined as

fi = i — Ao, (Z =1, 2)a (3.72)

~ Oy

0, = 0,

(3.73)

T

in terms of which (3.74), becomes

OP(Ly, Ly, 7, t) 1, ,0°P 1, ,0°P 1 ,0°P 0*P
— = ZolL L L,L
ot 2719 Ta% g T o 0 gyr T P12010:lnLagra
0%P 0*P
L L
+p1,010, 18[48 + p2r020, 28L287‘
oP OP
L Loy——
+iy 9L, + 12 25T,
- P
+5p 0, — ]a——rP (3.74)
or

Extending the separation of variables method used in Hui et al. (2007) to the two-firm case, we

seek to express the credit linked note price in the separable form

P(Ly, Ly,7,t) = B(r,t)P(Ly, Ly, 1), (3.75)
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where B(r, t) is the risk-free bond price. Equation (3.75) can be also expressed as

FN P<L17L27T7t)

P(L17L27t) - B(T t) ) (376)

where ]3(L1, Lo, t) is the ratio of the risky credit linked note price to the risk-free bond price. In a
similar way to the one-firm case (3.10), p (L1, Lo, t) can be also interpreted as a risk ratio function

and it satisfies'’

oP 1, ,0°P 2P 1, ,0%P

- _— L2_ Lilo— - 272~ -

or a7z Trenehile g o0t gre

_ oP opP
+ [11 + p1ro10,0(t)] L18_L1 + [fia + paroa0,b(t)] Lza—L27 (3.77)
subject to the boundary conditions

P(Ly,L,,T) = 1, (3.78)
P(Ly, La,t) = 0, (3.79)
P(L1,Lo,t) = 0. (3.80)

In (3.77) b(t) is a time-dependent parameter depending on the speed of mean reversion of the spot

rate of interest given by
b(t) = ——. (3.81)
Define the normalized log-leverage ratios
z; = In(L;/L;), (3.82)
and the volatility adjusted log-leverage ratios
X; = x;/0;. (3.83)

Then denote P(L;e” X1, Loe?>X2 t) by P(X;, X5, 7), so that in terms of time-to-maturity variable

7 =T — 1, the partial differential equation (3.77) becomes

oP  10°P N o’pP N 10°P
ar — 20x2  "ox,0X, | 20X2
oP oP
+’71(T)8—)(1 +’72(T)a—)(2, (384)

19A derivation of (3.77) by application of the separation of variables approach can be found in Appendix E.
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in the region bounded by the intervals X; € (—o00,0), 7 € (0,7) and subject to the boundary

conditions

P(X17X2>0) = 1, (3.85)
P(0,X5,7) = 0, (3.86)
P(X.,0,7) = 0. (3.87)

The drift coefficients 7;(7) in (3.84) are defined as
Yi(1) = [fi + piroiob(T — 1) — 07 /2] )0y, (i =1,2). (3.88)

The solution to the partial differential equation (3.84) for an initial distribution condition P (Y7, Y2, 75)
and subject to zero boundary conditions (3.86)-(3.87) is given by the integral

X17X27 / / f X17X2)}/1ay27 )P(Yi,YQ)indYQ, (389)

where f(X1, Xo, Y7, Ys; 7) is the transition probability density function for X; and X for transi-
tion from the values X;(0) = Y; and X (0) = Y5 at time-to-maturity 7 = 0 below the barriers to
the value X; and X, at time-to-maturity 7 within the region X; € (—o0,0) and X, € (—00,0).
The initial condition function P(X1, X»,0) = P(Y},Y3) is given in (3.85).

Note that the transition probability density function f is subject to the zero boundary conditions in
(3.86) and (3.87). Using a similar argument to Subsection 3.1.2, the probability of any paths with
barriers at zero, initiating below the barriers X; < 0 and X, < 0 at time ¢, = 0 and ending up in

the region X; € (—00,0) and X, € (—o0,0) at later time ¢ in the period of time 7 = ¢ — ¢, is

0 0
F(X1, Xa,7) = / / F(X1, Xo, Vi, Yo 7)dY1d Y, (3.90)

The cumulative probability F'(X;, X5, 7) can be interpreted as the joint survival probability that
the absorption at X; = 0 and X, = 0 has not yet occurred during the period of time 7.

3.4. Default Correlations

Estimation of probabilities of multiple defaults is important in credit risk analysis and risk manage-
ment. Given a firm default, default correlation measures the likelihood of the default of the second
firm. The joint survival probability can be used to evaluate the default correlations of two firms.

For example, Zhou (2001a) uses the basic laws of probability to show that the default correlation
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pp of two firms is related to their joint survival probability by

B PD(1N2) — PD,PD,
v/PD;(1 — PD,),/PD,(1 — PDy)’

PD (3.91)

where PD; is the probability of default of firm ¢ and PD(1 N 2) is the joint default probability of

the two-firms. We note the identities
PD(1N2) = PD,+PD,—PD(1U?2), (3.92)
and
PD(1U2) = 1—-PS(1N2), (3.93)

where PD(1 U 2) is the probability of at least one firm defaulting and PS(1 N 2) is the probability
of both firms surviving during the time interval, that is the joint survival probability. Using the
relations (3.91)-(3.93), the default correlation over a period of time ¢ can be replaced in terms of
the joint survival probability as

F(Xl, XQ, 7') —1 + PD1 + PDQ — PD1PD2
v/PD;(1 — PD;)+/PDy(1 — PD,)

pp = ; (3.94)

where the individual default probabilities can be calculated using the identity PD;=1-PS;, where
PS,; is the survival probability of firm ¢ based on equations (3.37) for constant parameters or (3.59)

for time-dependent parameters.

The other type of default correlation model is the reduced-form approach, where defaults of differ-
ent firms are driven by default intensities that follow stochastic processes. The default correlation
between two firms is based on a mechanism by which the default intensity process of one firm
affects the intensity process of another. For example, if one firm’s default intensity is high this is a

signal for the default intensity of the second firm to be high.

In comparing the structural approach and the reduced-form approach, we note that reduced-form
models rely on input information from markets and calibrate the model to market data, while the
structural approach is based on the underlying capital structure of firms. In this thesis, default
is assumed to occur when either firm’s leverage ratio is above a predefined default barrier. The
default correlation between two firms is based on the assumption that the stochastic processes for

the leverage ratios of the two firms are correlated.

On the other hand, the popular practical approach, the Gaussian copula model assumes that all

firms will default eventually and the correlation between the probability distributions of default



3.5. OVERVIEW 31

dates are associated with a Gaussian copula, see Li (2000). The Gaussian copula model can be
characterized as a simplified structural model. In a comparative study, Hull et al. (2006) show that
when a simplifying assumption'' is made to the structural model approach, the Gaussian copula
and structural approaches give the same joint default probabilities. Compared to the Gaussian
copula model, the two-firm model of this thesis allows for the feature that firms can adjust their
capital structures over time to long-term targets, or experience external shocks, which are modelled

by mean-reverting processes (Chapter 7) and jump-diffusion processes (Chapters 9).

3.5. Overview

This chapter has presented the one-firm dynamic leverage ratio model framework, reviewed the
method of images approach to obtaining the survival probability, and demonstrated the time vary-
ing barrier approach to obtain an approximate analytical solution when the parameters are time-
dependent in the one-firm situation. The second part of this chapter has presented the two-firm
dynamic leverage ratio model framework and its application to the evaluation of default correla-
tions. In the next chapter, we will solve the partial differential equation of the risk ratio function P
in the two-firm case and obtain the solution by applying the method of images and the time varying

barrier approaches that have been discussed in Section 3.1 and Section 3.2 .

! ]Namely that once a firm’s asset value falls below the barrier it remains below the barrier thereafter.



CHAPTER 4

The Method of Images: Methodology and Implementation

This chapter extends the method of images approach as discussed in Section 3.1 to obtain the so-
lution for the two-dimensional heat equation subject to the zero boundary conditions. The result
is then used to solve the partial differential equation (3.84) for the risk ratio P with constant coef-
ficients. If the coefficients are time-dependent, it is not so straight forward to obtain the solution
as in the constant coefficients case. To deal with this problem, in Section 4.3 we thus apply the
time varying barrier approach discussed in Section 3.2 to the two-dimensional case to obtain an
approximate solution. In Section 4.4, the solutions are simplified and expressed in terms of the
cumulative bivariate normal distribution functions in order to facilitate the implementation. How-
ever, as we will see even though the method of images approach applied to the two-dimensional
case works very well, it can only give exact analytical solutions at certain values of the correlation
coefficient p;o. Hence there is a need to develop robust numerical procedures as well, and this will

be the topic of Chapter 5.

4.1. The Method of Images in the 2-D Situation

To extend the method of images illustrated in Section 3.1 to the two-dimensional case, we consider
the two-dimensional heat equation

ou 10%u 0%u 10%u

or 2022 "M 0n0m 2042

(4.1)

where z; and x4 are unrestricted in the region x;, zo € (—00,00). Its solution is known to be of

the form

U($1,$2,T) :/ / g(xlax%y17y257)u(y17y2)dy1dy2- (4.2)

where u(y1,y2) is the initial condition function and g is the bivariate transition probability density

function for transition from ¥, y» to x1, x5 in time period 7, and has the form'

IA discussion of multivariate continuous distributions can be found in Albanese & Campolieti (2006) Chapter 1.3.

32
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g(1, T2, Y1, Y23 T)
1 exp {_ (21— y1)* = 2p12(@1 — y1) (22 — y2) + (22 — ?/2)2} . (4.3)

217/1 — p3y 27(1 — pi)

The zero boundary conditions are imposed at z; = 0 and x5 = 0, and require that

w(0,z9,7) = 0, (4.4)

u(xy,0,7) = 0, (4.5)

and the region of interest for the solution is given by x1, 25 € (00, 0). The solution of the partial

differential equation (4.1) subject to the boundary conditions (4.4) and (4.5) may be expressed as
0 0
u(ry, 2, 7) = / / g(x1, w2, Y1, Y23 T)uly1, y2 ) dy1dys, (4.6)

where ¢ is the bivariate transition probability density function for the restricted process.

Applying the method of images approach, the solution for the density function g is a linear com-
binations of density functions ¢ (for the unrestricted process) in such a way that their net effect
cancels out at the barriers 1 = 0 and zo = 0, then as a result the boundary conditions (4.4)-
(4.5) are satisfied. To illustrate this concept, imagine there is a “source” density function (say
g°) located in the physical region” at the position (y,49) in the lower left hand quadrant (that is
g = g% (x1, 22,99, 99; 7)), then we introduce an “image” density function (say ¢g') in the nonphysi-
cal region at the position (1, y4) in the lower right hand quadrant (that is g* = ¢! (21, 22, y1, y2; 7)),

such that the net effect of the two ¢ functions cancel at the barrier x; = 0 as shown in Figure 4.1.

X2

-

(Wi v9) * (v y)

FIGURE 4.1. The Ist image reflected in x; = 0.

2By the physical region we mean the region —oo < 1 < 0, —00 < xg < 0.



4.1. THE METHOD OF IMAGES IN THE 2-D SITUATION 34

To determine (y;,y5), we consider the linear combination which in this case is given by
9 (w1, w2y, yo: ) — g (21, w2y, Y33 T). (4.7)
We require the combination in (4.7) to be zero at z; = 0, that is
9°(0, 22,97, 95:7) — 970, 22, 91, 433 7) = 0. (4.8)

Substituting equation (4.3) into (4.8), we see that the zero boundary condition at x; = 0 is satisfied

provided that

(0= 40)* = 2p12(0 — y9) (w2 — y3) + (22 — y3)°

= (0= u1)* = 2012(0 — 1) (w2 — 95) + (22 — 1p)*. (4.9)

Rearranging this expression, we obtain

Tod + o = 0, (4.10)

where
¢ = 2(p12y] — prayi — ¥ + va), (4.11)
a = (y)? = (1) = 21291y + 2p12yiys + (¥9)° — (v3)°. (4.12)

In order that (4.10) hold for all x5, it must be the case that ¢ = 0 and o = 0 hold simultaneously,

in other words if

2(pr12y] — prays — Y5 + y3) = 0, (4.13)

(U0)? = (41)? = 2129795 + 20190105 + (45)° — (43)° = 0, (4.14)
Solving (4.13) and (4.14) for y{ and 3, we obtain

vio= (4.15)

Yy = Y5 —2p1ayf. (4.16)
In the two-dimensional situation, there is also a barrier at zo = 0 and it is easy to verify that

go(x1a07y?7yg77->_gl(xboay%vy%vT) %0 (417)
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Thus, we need to introduce another density function in the nonphysical region (say g*) at the
position (37, y2) in the upper right hand quadrant (that is g* = ¢*(z1, T, ¥, y3; 7), see Figure 4.2),

such that it cancels out the effect of the image ¢* at 2, = 0, that is, we require
gl<x1a07y%7y%77_>_92('7:1707?4%7?/%77_) = 0. (418)

To determine the vales of (v, y3), we solve (4.18) similar to the way (4.9) was solved to obtain

ys = —Us, (4.19)
yi = Y1 — 2p1ays. (4.20)
)
(yi,v3)
T
(i ys) . * (v )

FIGURE 4.2. The 2nd image reflected in x5 = 0.

However the introduction of the image density function g2 will perturb the boundary condition at
x1 = 0°. So in order to cancel out this impact we need to introduce a third density function ¢° at
(y3,v3) in the upper left hand quadrant as shown in Figure 4.3. In order to satisfy the boundary

condition at z; = 0 we require
9*(0, 22,57, 433 7) — ¢°(0, 22, 41, y3: 7) = 0. (4.21)
Solving equation (4.21) similarly to the way equation (4.9) was solved to obtain

v o= —ui, (4.22)

Y5 = s — 201201 (4.23)

tis readily confirmed that
9" (0, 22,91, y3:7) — g°(0, 22,47, y3: 7) # 0
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X2
(y3,y3) (yi,v3)
Ty
(Wi v9) * (yiy)

FIGURE 4.3. The 3rd image reflected in x; = 0.

Of course the introduction of density function g* could potentially perturb the boundary condition
at o = 0. However in the case p;» = 0 it turns out that the primary source at (31, 49) and the image
density functions g, g% and ¢> all balance each other such that the desired boundary conditions at
x1 = 0 and x5 = 0 are preserved. One can view this as the fact that if one were to obtain a fourth
image ¢*, the reflection of g3 in z, = 0, it would be precisely the primary source (that is it turns
out that y{ = 1%, y3 = 99). Of course, in the method of images approach, an image cannot in fact
be located in the region of interest (or the physical region), where the source is located. Thus for
the case in which p;5 = 0, the solution for ¢ is the linear combination of the density functions g°,

g', g? and g3, namely

gz, 0, 90,99, 7) = ¢%(w1, 22,90, 5:7) — g (21, T, Y1, yas T)

+0° (21, 22, Y7, Y3 T) — ¢° (21, T, 43, Y33 7)), (4.24)

which satisfies §(0, zo, vy, y5; 7) = g(21,0,9,y5; 7) = 0.

For general values of p;5 € (—1,1), we need to reflect successively more than three times in a
set of mirrors located at lines from the origin in the image region in such a way that the “loop
closes” and so we would obtain after m reflections a set of m images such that the (m + 1) image
would be the original source term. These m image terms just balance each other in such a way
that the desired boundary conditions at z; = 0 and zo = 0 are preserved. In fact it turns out that
only for specific values of p;5 will the “loop close” after a finite number of reflections as shown
in Appendix F, which also shows how to locate the set of reflecting mirrors. The values of p;o

(rounded to 3 decimal places) that result in a “closed-loop” are shown in Table 4.1.

Dropping the superscripts in ¢° and (3?,49), the solution for the density function § appearing in

equation (4.6) may be written

§(5E17$27?/17 Y2, 7_) = g(xla T2, Y1,Y2; 7-) + Z(_l)kgk(xlv T2, ylfv y’;7 T)’ (425)
k=1
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total no. of images m P12 values of pio
3 — COoS g 0
5 — COoS % -0.5
7 — CoS % -0.707
9 — COoS % -0.809
13 — COoS % -0.901
m cos (7'3:1)

TABLE 4.1. The relation between the number of images m required to form the
“closed-loop” and the corresponding value of pi,.

where m is the total number of images used to form the closed-loop. Here 4% and y5 are obtained

recursively from the relations between successive images®

k—1
— for odd &,
Jho= e (4.26)

yrt — 2p10yst foreven k,

Yyt — 2p10ytt forodd k|

v = . (4.27)
—Ys for even k ,
where
yo= =, (4.28)
y% = Y2 — 2p12Y1. (4.29)

4.2. Method of Images for Constant Coefficients at Certain Non-Zero Values of p;,

Next, we consider the partial differential equation for the risk ratio function P(X1, Xy, 7), given
by (3.84) in Section 3.3. If we set to zero the correlation between the interest rate and leverage

ratio dynamics, so that p;,. = 0, then drift terms are no longer time-dependent and equation (3.84)

becomes
oP  10°P N o’pP L1 *pP
or — 20x2  "ox,0X, | 20X2
oP OP
— — 4.30
+%8X1+728X2’ ( )

4Equations (4.26), (4.28) and (4.29) are derived in the same way as equations (4.15-4.16), (4.19-4.20) and (4.22-4.23)
were derived.
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where the drift coefficients y; and v, are given in (3.88) with p;, = po, = 0, that is

0 — o2/2
%:Mz o7/ (i=1,2). 4.31)

0;

We note that the partial differential equation (4.30) can be transformed to the two-dimensional heat

equation (4.1) by setting’
P(Xl, XQ, 7') = 6771X1+772X2+§TU(X1, XQ, 7'), (432)

where 711, 12 and ¢ are constants derived in Appendix G and given by

Y212 —
m = Zlfpz L (4.33)
12
Y112 = 7
e (434)
12
1.2 1.2
= — +_
¢ - L ?12_7;;2 1), (4.35)
12

The initial and boundary conditions (3.86)-(3.87) determine the initial and boundary conditions of
u with X;(0) = Y; and X,(0) = Y5, thus

P(Y1,Ys) = 1= My (Y, Y)), (4.36)
P(0,X5,7) =0 =u(0, X5, 7), (4.37)
P(X1,0,7) =0 = u(X;,0,7). (4.38)

Now substituting relations (4.32) and (4.36) into the solution for heat equation (4.6), we obtain

0 0
6_771X1_772X2_£7'P(X1’X2’7-) :/ / g(XlaX27Y1a}/2;T)e_n1Y1_n2Y2P(Y17Y2)dY1dY27

(4.39)

which simplifies to

0 0
P(X1, Xy, 7) = / / e XY (X2 Y) T T X X V), Yo 7) P(Yh, Ya)dYidYa,

(4.40)

’A derivation can be found in Appendix G.



4.3. METHOD OF IMAGES FOR TIME VARYING COEFFICIENTS AT CERTAIN NON-ZERO VALUES OF pi2 39

Substituting (4.25) for g into (4.40), we obtain the solution for the risk ratio function with constant

coefficients, namely

0 0
P(XlﬂXQ’T) - / / 6+7]1(X1_Y1)+n2(X2_Y2)+€T |:g(X1)X27}/17Y2;7-)

+Z VogH (X0, Xo, VI, Y T)| PV, V) dYidY, (441)

If we compare equations (4.41) and (3.89), we get the result that the joint transition probability
density function f for the processes restricted to the region X; € (—o00,0) and Xy € (—00,0), is

given by
f(X17X27}/17Y2;T> - 6+771(X1_Y1)+772(X2_Y2)+§T |:g(X17X27}/1a}/2;T)

31X, X, Y Y ). (4.42)
k=1

Then the solution for the joint survival probability (3.90) over the period 7 =t — ¢ is

0 0
F(Xy, Xp,m) = / / e EROG T (X X, V), Vas )
kk k
+Z (X1, X, Y, Y557 )}lede. (4.43)

We stress that the solution for the risk ratio function (4.41) and the joint survival probability (4.43)

are only valid for the values of p;2 given in Table 4.1.

4.3. Method of Images for Time Varying Coefficients at Certain Non-Zero Values of p;,

This section will extend to the two-firm case the time varying barrier approach in Section 3.2.
As discussed in Section 3.2 for the one-firm situation, the solution for the heat equation obtained
by the method of images approach for solving the zero boundary condition cannot be applied
directly to the case in which the drift terms are time-dependent. This is due to the fact that the zero
boundary condition of the function in which we are interested, after being transformed to the heat
equation, is no longer at zero, see for example (3.43). The time varying barrier approach solves
this problem by setting the zero boundary condition at a time varying barrier, which depends on
a parameter 3. The parameter (3 is free to be chosen in an optimal way so as to minimize the
deviation between the time varying barrier and the exact barrier. Therefore, the solution depends

on (3 and is an approximation to the exact solution. In this section, we extend the approach outlined
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in Section 3.2 to the two-firm situation to obtain an approximate solution for the partial differential

equation for (3.84) when the drift terms are time-dependent.

Denote by Pﬁ the approximate solution to the exact solution P of the partial differential equation

(3.84). It is assumed that Pﬁ satisfies the same partial differential equation, that is

o0Pg 10°Fg 0°Pg

1 32156
. P + P12
or 2 0Xj

0X,0X, | 2 0X2

0Pg
0X,

0Pg
Xy

+7 (7') + Y2 (T) (444)

We assume that the zero boundary conditions for the approximate solution ]513 are not the same as

those the exact solution P at X; = 0 and X, = 0 (shown in (3.86) and (3.87)), but become

P/@(XT(T)7X27T> =0, (4.45)

Pg(X1, X3(7),m) =0, (4.46)
where X[ (7) and X;(7) are time varying barriers along the X-axis and X,-axis respectively.
Now, X and X, are restricted to the region X; € (—oo, X7 (7)) and X € (—o0, X5(7)). Using

an argument similar to the one in Section 3.2, the time varying barriers are given by
X (1) = —/ vi(v)dv — BiT, (i =1,2). (4.47)
0

The drift coefficients ~y;(7) are given in (3.88), 3; and (3, are two real adjustable constants that
control the shape of the time varying barriers X (7) and X;(7) and would be chosen so that they
remains as close as possible to the exact barrier X; = 0 and Xy = 0 respectively, just as in the
one firm case. Note that the initial condition of the approximate solution Pﬁ is the same as for the

exact solution P in (3.85), that is

Pg(X1, X5,0) = 1. (4.48)

The approximate solution pﬁ can thus be written as

0 [0
Pﬁ(Xl,Xl,T) :/ / fﬁ(Xl,Xg,H,}@;T)Pﬁ(Yl,Yg)ledYg. (4.49)

To obtain the form of the joint transition probability density function f3 for the processes restricted
to the region X; € (—oo, X*(7)) and X, € (—oo0, X*(7)) in terms to the bivariate density func-

tions ¢ in (4.25), we extend the approach as discussed in Section 3.2 and transform the partial
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differential equation (4.44) for 156 to the heat equation by setting®
Pg(Xy, Xp,7) = ¢ MOT X030 [enXitmXatér(X) X, 7)), (4.50)
= enm XSOy (X — X (1), Xo — X5(7),7), (4.51)

where u satisfies the heat equation (4.1) (with 7 replaced by  and z, x5 by X7, X5), and 1y, 19

and ¢ are constants derived in Appendix H and given by

—Bapr2 + (1

m = — (4.52)
1= ply
- —B1p12 —2|‘ 52’ (4.53)
I —pis
¢ = — (%ﬁ% — p121 52 + %522) . (4.54)
- P%2

Substitution of the zero boundary conditions (4.45) and (4.46) into (4.51) yields the boundary

conditions for 7 as’

?7(07X2 - X;(T)a 7—) = 07 (455)

(X, — X1(7),0,7) = 0. (4.56)

The zero boundary conditions (4.55) - (4.56) for u occur when the value of the barriers are equal
to zero. These are similar to the zero boundary conditions in (4.4)-(4.5) for u, simply replacing the
space variables z; with X; — X/ (7). Hence, the solution g in (4.25) can be applied to obtain the
solution for ]5,3. Substitution of the initial condition (4.48) with X;(0) = Y} and X5(0) = Y5 into

(4.51) determines the initial condition of wu, which is

Pﬁ(Yl, V) = 1 = eMMmY2g (Y] Ys), (4.57)

®A derivation of equations (4.50) and (4.51) can be found in Appendix H.
"We note that

Pg(X{(r), Xo,7) = 0 = em Ol MIHTG(0, X, — X3 (7). 7),
Pg(X1,X5(7),7) = 0 = emt =X OHm OHrg (¥, — X7(7),0,7).



4.3. METHOD OF IMAGES FOR TIME VARYING COEFFICIENTS AT CERTAIN NON-ZERO VALUES OF pi2 42

Substitution of the initial condition (4.57) and the relation (4.51) into the relation (4.6), yields
e~ m[Xi=X{(r)]=m2 [X2—X2*(T)]—£Tpﬁ (X1, X2, 7)

0 0
= [ 300 - X0, X - X3(0), Vi Yair)e B, YapdYiaYa

(4.58)

which simplifies to

Pg(X1, Xa,7) / / oM (X1 =X (1)~ Vi 42 [ Xo— X5 (7) ~Yal 67
— X7 (1), Xo — XJ(7), Y1, Ya; T)Pﬁ(Yl, Y5)dYidY;.  (4.59)
Substituting (4.25) into (4.59), we obtain
PIB(Xl,XQ,T) =
/ 0 / R b ) Vi [9(X1 = X (7). Xo = X3(), Y3, Vi 7)

+Z k k Xl X <T>7X2 _XS(T)axflk7}/2k;T)i| P/6<Y17Y2)dyldy2 (460)

Comparing (4.60) and (4.49), yields the joint transition probability density function

fﬁ(XhX?)}/h)/Q;T) -

MmO (X — X7 (7), Xo — X5(7), Y1, Ya; 7)

+ Z — X{(7), Xo — X5(7), VI, V5 T)]- (4.61)

—_

Then the approximate solution to the joint survival probability (3.90) over the period 7 = t — {, is

F X17X27 -
/ / b ARl =X () mvalrer [Q(Xl = X{(7), X2 = X3(7), Y1, Y23 7)
+Z Vegb (X, — X5(r), Xo — X;(T),Yl’“,}gk;T)}deYQ. (4.62)

We also note that the approximate solutions (4.60) and (4.62) are only valid for the values of po
given in Table 4.1.



4.4. NUMERICAL IMPLEMENTATION 43

4.4. Numerical Implementation

To implement the solutions for the risk ratio function in (4.41) and (4.60) or the joint survival
probability functions in (4.43) and (4.62), a convenient way is to simplify those expressions and
express them in terms of the cumulative bivariate normal distribution function N»(.), which has

the form

a b
Prob(U < a.V <bip) = Na(asbp) = [ [ mafuv.p)deds (4.63)

where the bivariate normal density function is given by

1 u? — 2puv + v2)
nolab p) = — —— oxp(— . 4.64
25, 7) 21/1 — 2 p( 2(1 - p?) (o9

A range of different analytical approximate methods have been proposed for the evaluation of

(4.63). In this thesis, we apply the widely cited Drezner (1978) method, which is based on direct
computation of the double integral by the Gauss quadrature method®.

4.4.1. Numerical Implementation in the Constant Coefficients Case.

In the following subsections, we use the solutions of the joint survival probability in (4.43) for
the constant coefficients case and (4.62) for the time varying coefficients case to illustrate the

numerical implementation of these expressions.

Consider the solution for the joint survival probability (4.43) for the constant coefficients case, and

rearrange it as

F(Xla X2a 7-)

0 0
:/ / em(X1*Y1)+’72(X2*Y2)+57g(X1,X2,Y1,YQ;T)ledYQ

m 0 0
$IE [ [ et g (  VE Y rdYidYa
k=1 —o0 /o

(4.65)

Substituting the expression of the density function (4.3) into (4.65), the first integral in equation

(4.65) can be written as’

0 0
en1X1+772X2+§T / / 1 exp (_ (/b(}/la }/2)
2
—ooJ o0 27T/ 1 — pi,y 27(1 — piy)
8For a comparison of speed and accuracy between different approximate methods for computing the N, function, see

Agca & Chance (2003).
9See Appendix I for the details.

) dY,dYs. (4.66)
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where
¢(Y1,Ys) = AY?+ BY] +CY; + DY, + EY1Y, + H, (4.67)
and
A =1, B=1,
C = 2[m7(l- P%Q) — Xy + p12Xo),
D = 2[npr(1 - /032) — Xy + p12Xi],
E = —2/)127

Then, equation (4.66) can be written in terms of the cumulative bivariate normal distribution func-

tion No(.) by the change of variables illustrated in Appendix I, hence (4.66) becomes

5 _
mX1+n2Xo+ET M _L N o~ A
‘ AB1— ) P ( 21— %)) 2(a, 0, p), (4.69)
where
E
po= ) 470
’ 2/AB (4.70)
~ ~ A O Ehg ]_ —52
= V20 =)=\ 51 471
i = V21— ‘/7(2,4 4Ah1) . 4.71)
~ » 1 E2 h2 1 _ﬁ'z
b= vl == ol : 4.72
( p )Ul T +4Ah1 2\/h_1 1_p%2 ( )
and
E2 CE ~ 02 h2
= B-phe=D—op h=H— 17— 5~ 4.
g i o " 1A 4h, (4.73)

Next we consider the second integral in equation (4.65). We note that it is convenient to rewrite

Y} and Y.} in terms of Y; and Y; by setting

YF = alYi + b}Ys, (4.74)

Yy = aby) + 5Ys. (4.75)
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Substituting equations (4.74) and (4.75) into (4.26)-(4.29), we find that for &£ > 1

L —ah1 for £ is odd,
a/1 —
a1 — 2p1ah~ for k is even,
g ab™t — 2ppak~t for k is odd,
b=
—ah™! for k is even,
Vo= ab !,
vy = ab (4.76)
whilst for £ =1
ap = —1,b =0,
a% = —2p12 y b% =1. (477)

Then, the second integral in equation (4.65) can be expressed as

m 0 0
Z(_l)k/ / M (X1 =Y1)+m2 (X2 =Y2)+&7

k=1

xg* (X1, Xo, (Y3 +0112), (@53 + B5Y2)i ) dYidYe

(4.78)

Following steps analogous to those shown in Appendix I, this can be written in terms of NV5(.) as

eMmX1+n2Xo+Er Z(_l k (1 - P%z) hi,

exp | —gm gy | % Na(de, b ). 4.79
P ABy(1 = p}) p< 27(1—p%2)> 2( k> Ok Pk) (4.79)

The expressions for py., ax, Ek and Ek are the same as in (4.70)-(4.73) but obtained by replacing A,
B, C, D and F by

A = (af)?+ (a5)? — 2p12alal,

i
By = (b)) + (b5)* — 210005,

Cr = Xi(2p12a5 — 2a7) + X5(2p100Y — 2a5) + 2m7(1 = ply),
Dy = Xi(2piably — 2b7) + Xa(2p12b} — 265) + 2no7(1 — py),

Ep = 2(alb} + asby — probias — praailsy). (4.80)
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4.4.2. Numerical Implementation in the Time Varying Coefficients Case.

In the case that the coefficients are time-dependent, the approximate solution for the joint survival

probability in (4.62) after some algebraic manipulations, can be simplified to

Fg(Xl,XQ,T) =

0
/ / 9(X1 + di(7), Xo + da(7), Vi, Ya: 7)dY1dY,

/ / (X1 4 di(7), Xo + do(7), Y, Y 7)e 802 dY Yy,

(4.81)
where
t
A = [ oo, (1= 1.2), (4.82)
0
and
B = m(af — 1)+ nnas, (4.83)
By = mbi 4 na(b5 — 1), (4.84)

and the a*’s and b*’s are given in (4.76)-(4.77).

Applying the same procedures as in Appendix I, the first integral in (4.81) can be rewritten in terms

of Ny(.) as

0 0
/ / 9(X1 + di(7), Xo + da(7), Y2, Ya: 7)dY1dY,

(1—piy) h o~
W—lp) P (‘m) x Na(a, b, p). (4.85)

The expressions for p, a, b , h1, ho and 1 are the same as in (4.70)-(4.73) after replacing C', D and
H with

= 2(—X; + p12Xy),
= 2(—Xs + p12Xy),

= X]+X5 - 20X Xo, (4.86)

and X; = X; + d;(7) fori =1, 2.
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In a similar way to the calculation in Subsection 4.4.1, we simplify the second integral in (4.81)
by rewriting Y/* and Y.¥ in terms of Y} and Y5 using the expressions in (4.74)-(4.75), and applying

the same procedures used in Appendix I, we obtain

m 0 0
Z<‘1)k/ / g* (X1 + di(7), Xo + do(7), (Y1 + 0Y2), (a5Y1 + bEY2); 7)1t 4724y d Y,

e —1)* (1_—@ _L No (G b D, 4.8
—Z( 1) 0Bl 79 exp 20— %) > (@, b, i) - (4.87)
k=

1

The expressions for py., ax, Ek and 7Lk are the same as in (4.70)-(4.73) but obtained by replacing A,
B, C, D, E and H with

Ay = (a7)? + (a5)® — 2p1pafas,

Br = (0?4 (b5)? = 2p15070%,

Cr = 2Xi(pieal — a}) + 2Xs(proa} — ab) — 27(1 — pi,) 32,
Dy = 2Xy(p12bs — b)) + 2Xo(p12b} — 05) — 27(1 — p1,) 31,
By = 2(a{by + a5t — probias — praaldsy),

H = X} +X5 - 20Xy, (4.88)

and X; = X; + d;(7) fori = 1,2.

4.5. Overview

This chapter has extended the method of images approach to the two-dimensional case and ob-
tained the combination of density functions subject to the zero boundary conditions. The result is
then used to solve the partial differential equation for the risk ratio P with constant coefficients.
When the coefficients are time-dependent, the time varying barrier approach is extended to the
two firm situation to obtain an approximate solution. In order to implement these solutions, we
also simplify and express them in terms of the cumulative bivariate normal distribution functions.
However, the solutions we obtained by the method of images approach can only give analytical
solutions at the particular values of the correlation p;, given it in Table 4.1. Therefore, in the next
chapter we will develop appropriate numerical methods to efficiently solve the problem for all

values of the correlation coefficient pys.



CHAPTER 5

Numerical Approaches

We remind the reader that the solutions obtained by the method of images in the previous chapter
are only valid for the particular values of the correlation coefficient p;, shown in Table 4.1. In this
chapter, we seek to develop appropriate numerical methods to solve the problem for all values of
p12. A very powerful method, in particular for solving multi-dimensional parabolic equations, is

the alternating direction implicit method which has been described quite well in Strikwerda (1989).

The partial differential equation of the risk ratio function (3.84) is a two-dimensional convection-
diffusion equation with a cross-derivative term and time-dependent drift terms'. In order to develop
an efficient numerical solution, we consider alternating direction implicit schemes that are uncon-
ditionally stable, that is the stability without any restriction on the time step. However, there is
very little literature concerning the stability relevant to general convection-diffusion problems with
mixed derivative terms. It has only been recently in the study conducted by in’t Hout & Welfert
(2007) for three alternating direction implicit schemes that stability has been established for the
situation with cross-derivative terms. The study of in’t Hout & Welfert (2007) show that the finite
difference schemes introduced by Douglas & Rachford (1956) (Douglas-Rachford scheme) is un-
conditionally stable in applications to two-dimensional convection-diffusion equations. Therefore,

we will apply the Douglas-Rachford scheme to solve the partial differential equation (3.84).

In Section 5.1, we outline the Douglas-Rachford scheme. We develop a Monte Carlo scheme to
serve as a benchmark in Section 5.2. Section 5.3 discusses the accuracy and convergence of both
methods and compare them to the exact solution developed by using the method of images in
Section 4.2 at specific values of the correlation coefficient p;5, for the constant coefficients case.
When the coefficients are time-dependent, we use the Monte Carlo results as a benchmark, and
discuss the accuracy of the alternating direction implicit method and the approximate solution that

was developed in Section 4.3 by comparing them to the benchmark results.

I'The term convection-diffusion refers to the fact that the partial differential equations has both the first derivative
(convection) and second derivative (diffusion) terms.

48
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5.1. Alternating Direction Implicit Method

In this section, we outline the Douglas-Rachford scheme for the two-dimensional convection-
diffusion equation with a cross-derivative term and time-dependent drift terms, in particular, we

consider the partial differential equation of the risk ratio function (3.84). For the sake of notation,

we define u(x,y,7) = P(X1, Xs,7), so that

ou 10%u 0% 10%u ou ou
+71(T)a—wl+72(7)a—x27 (5.1)

or éax% +p125):p18x2 * §8x§

fort € (0,7),z € (—00,0),y € (—o0,0) and the operators

1 0 0
Jr = 3922 +71(7')%7 (5.2)
1 02 0
Jy = 56_:(/2_'—72(7—)8_?/’ (53)
82
Sy = —, 54
Y P12 910y (5.4)
where the drift terms are defined in (3.88).
Hence, we can write the partial differential equation (5.1) as
Uy = Jpu + Jyu + Jyyu. (5.5

In order to define a numerical solution to solve equation (5.5), we need to truncate the spatial
domain to a bounded area given by {(z,y); Tmin < = < 0,Ymin < y < 0}. We also introduce a

grid consisting of points in the time interval and in the truncated spatial domain:

T
T = ‘]F = 0, 1, c. ,NT, (56)
. Tmin
T, = ZN =0,1,..., Ny, (5.7)
o ymm_
we = k=010, (5.8)
Y

The time step size is A7 = T'/N, and spatial step sizes are Az = X, /N, and Ay = Ypin /Ny

The value of u at a point of the grid is denoted as ufk = w(x;, Y, Tj)-

We use the Douglas-Rachford scheme to obtain ule from ufk, where 7 = 0,1,2,..., N.. The

Douglas-Rachford scheme is

(1-arZ)uli? = (14 A7, Jul, + Ar Ty, (5.9)

<1 — ATJ_y> ufk'l = uz;lm — Aijuik, (5.10)
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i+1/2
where u] Z /

Douglas-Rachford method can be found in Strikwerda (1989) (Chapter 7.3).

is an intermediate value that links equations (5.9) and (5.10). A derivation of the

Here, J,, jy and J;y denote the second-order approximations to the operators J,, J, and .J,,, that

is
_ 1,
Jo = §5x +Y1(Tj11/2)0z, (5.11)
- 1
y = 30+ 7(m2)0, (5.12)
Jey = Py, (5.13)
where
S Uiy — Uiy 520 Uiy — 203 + Uy,
Tk IAT » YTk Ax2 )
; U u! 2u; .+
5yugk _ k41 %,kfl’ 52ng _ ikt ik k 17
) 2Ay Yy, Ayg
. uj + uj — uj — uj
62 ) — Lkt i—1,k—1 i—1,k+1 k-1 514
ey i 4AxAy (5.14)

According to Douglas (1961) (page 40), if time 7 appears in the coefficients, the evaluation should
be at time 7,1/, in order to preserve second order precision in time. Therefore, v;(7) and 2 (7)

are evaluated at time 7.1 /2 as 71 (7j41/2) and Y2(7;11/2) in (5.9) and (5.10).

Next, we describe the implementation of the alternating direction method.

First Stage

The difference equation (5.9) for the step from time j to time j + 1/2 can be written

Pl i+ ool prault L = paid g+ patd + psauly_y + p12Us, (5.15)
where
Ufk = Aﬂﬁyuik, (5.16)
AT , . . .
T 4AzAy (Wl et W1 pmr = Wy — Ui ge1)s (5.17)

fori=1,....,.N, -1, k=1,...,N,—1and

AT AT AT

Pr="52 [1+7(7j41/2)Az], pp =1+ A2 P = _W[l —1(7j12)Az],  (5.18)
AT AT AT
P3 = Tyg[l +72(Tjt172) Ay, pa=1— Ay P3d = W[l — 72(7j41/2) Ayl (5.19)
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Denote by @bf . the right-hand side of equation (5.15), then we can express (5.15) as the matrix

system
i 1 0 --- 0 11 ujj\?:,éz ] [ @bg\/@k ]
p p2 pa - - - 0 ugvtl—/fk wg\fm—l,k
O pr p2 pa - - 0
= . , (5.20)
o . . 0 p1 p2 DPua U{,J/:lﬂ {k
U R I 7 I I

which because of the tridiagonal structure can be readily solved by Gaussian elimination. The

values of uf J,gl/ ? turn out to be given by

j+1/2
. v — D1y
uf,;l/Q _ T Dk (5.21)
b ci
fort =1,..., N, — 1, where ¢; and v; are defined by the recurrence relations
P1P1d ] i1
¢ = P2 — , U= wfk — P1d (5.22)
Ci1 ' Ci—1
for + > 2 with initial values
¢ = p2, 1 =], — Pratil e (5.23)

The initial values of 7, are obtained from the solution for ;) at time 7y, which is determined by

the initial condition (3.85), that is

upy, = 1. (5.24)

Since, the first stage is implicit in the x direction, so we need to specify the boundary conditions

at x = 0 and z = x,,,;,,. Values at z = 0 can be obtained by the boundary condition (3.86) as
up i =0, (5.25)

fork=0,...,N,.

If + — —oo, which means the leverage ratio tends to zero, and y is small compared to x. We

assume in this case the risk ratio function P (—o0,y,7) = 1. Therefore, the choice of z,,;, should
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be sufficiently large so as the values of u(x,,,, y(7) is approximately equal to 1. Therefore,

J+1/2
Uy, & =1

(5.26)
fork=1,...,N,.

Second Stage

In the second stage, we use uz Zl/ ? to calculate uf 4,;1. The difference equation (5.10) for the step

from time j + 1/2 to time j + 1 is

741 j+1/2

psul L k+1 + pﬁuz i+ psau b1 = Ut P7“g,k+1 + p8“g,k + p?dug,k—lﬂ (5.27)
fori=1,...,.N, -1, k=1,...,N,—1and
AT AT AT
5= T5a, (L 4+ 72(7j51/2)Ay], po =1+ —5 A2 T Toag [1 = (Tjr12)Ay], (5.28)
AT AT AT
pr = 2A B 1+ 72(7'J+1/2)Ay] A—yQ, Prd = _WD - 72(Tj+1/2)Ay]~ (5.29)
Then the system (5.27) can be expressed in matrix form as
D5 Dé Dsd 0 uijvly_l YiN, 1
O ps ps pPsa - - O
= ) , (5.30)
0O . . 0 p5s ps Psa ult i
| 0 0 1 1L Uzy—gl T/N)i70

where we use 1/12 i to denote the right-hand side of equation (5.27). Therefore, the values of u;

can be obtained by solving the matrix using Gaussian elimination and the solution is

J+1

J+1
Ve — P51

j+1

= 5.31
u; k Ch ( )
fork =1,..., N, — 1, where ¢;, and v;, are given by the recurrence relations
Ps
Ck =P6 — Psd—
Ck—1
Ti—1
v = Uik — Dsa—— (5.32)

Ck—1
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with the initial value

¢1 = Des,

v = 1@‘,1 - p5d1/~1i,0- (5.33)

This step is implicit in the y direction. Thus, we need to approximate the boundary conditions for
y = 0 and y = yuin. Similar to the first stage, values at y = 0 can be obtained by the boundary
condition (3.87), so that

ulbt =0, (5.34)

fori =0,..., N,.

If y — —oo, then x is small compare to y. We assume in this case that the risk ratio function
P(x,—00,7) = 1. Therefore, the choice of y,,;, must be sufficiently large so that the values of

u(x, Ymin(7) are approximately equal to 1, thus,
ulle =1, (5.35)

fort=1,..., N,.

In this section, we have developed a numerical scheme for the evaluation of the risk ratio function
P (X1, Xy, 7) for all values of the correlation p;,. Exactly the same numerical algorithm and pro-
cedures can be applied to evaluate the joint survival probability function by defining u(x, y(7) =
F (X, X5, 7) with boundary and initial conditions same as that shown in (5.25)-(5.26) and (5.34)-

(5.35).

The accuracy of the Douglas-Rachford scheme (5.9) and (5.10), is first-order in time and second-
order in space (see Strikwerda (1989) Chapter 7.3). The stability of this scheme was analyzed by
in’t Hout & Welfert (2007), who proved that it is unconditionally stable when the mixed derivative
and convective terms are included. The convergence and the accuracy of this method as it applies

to our problem, is based on numerical experiments that will be discussed in Section 5.3.

5.2. A Monte Carlo Simulation Scheme

In this section we will develop a Monte Carlo scheme to simulate the joint survival probability as
a benchmark for the results obtained from the alternating direction implicit method scheme. The

stochastic differential equations corresponding to the partial differential equation of the risk ratio
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FIGURE 5.1. A path of z1(t) across a typical subintervals.
function (3.77), are

dL1 — [ﬁl —+ ;01r010rb(t)] let + O'1L1d21, (536)
dL2 — [ﬁQ —+ 1027.0-20-7-6(1:)] Lth + O-QLQdZQ, (537)

where Z; and Z, are Wiener processes under the risk-neutral measure P, and the Wiener increments

dZ, and dZ, are correlated with E[dZ,dZs] = prodt®.

We rewrite (5.36) and (5.37) in terms of uncorrelated Wiener processes W, W, and change vari-
ables to the normalized log-leverage ratios x1, x5 as defined in (3.82), then (5.36) and (5.37) be-

come

_ 1

oy — [,“  proyonb(t) — 505] dt + oydW, (538)
~ 1 /

d;pQ = |:Iu2 + pgTO'QO'Tb(t) — 50’%:| dt + 09 (plgdWl + 1— p%Qd[/[/Q) (539)

If at any time in the time interval ¢t € (0, T") either firm’s leverage ratio L; is on or above the default
threshold El (thatis z; > 0 or x5 > 0), then default occurs. Therefore, to ensure that default events

are captured, the simulation time step At should be as small as possible. For example, Figure 5.1

These stochastic differential equations may be obtained by an application of the Feynman-Kac formula, see for
example Albanese & Campolieti (2006) page 36.
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shows that, if At = ¢, — ¢, and the barrier is breached at t*(t; < t* < t5) the default event will

not be captured, and, a smaller At = ¢* — ¢; would be required.

The following is the Monte Carlo scheme we have used to value the the joint survival probability

(JSP).

Step 1. Divide the time interval [0,T] into n equal sub-periods per year. Sett; = jAt for j =

1,2,...,nAt.

Step 2. Do the Monte Carlo simulations M (m = 1,2, ..., M) times.

2.1. For the m™ simulation, at the j ™ time step, generate independent normal random numbers

ey and e, from the distribution of N (0, 1).

2.2. Letx; = In(L;/Ly), then (5.38) and (5.39) in discretized form become
~ 1
131<tj) = l’l(tjfl) -+ |i,U/1 + plralarb(tj,l) — 50’%:| At + o1V Atel,

~ 1 .
xo(t;) = wa(tj—1) + {,ug + po,020,b(t;-1) — 503] At + 09V Atéy,

where ég = pP12€1 + £/ 1— p%2€2.

(5.40)

(5.41)

Step 3. Check the boundary conditions: if x;(¢;) > 0 for either firm 4, then joint survival prob-

ability for m™ path at time ¢; is JSP,,(¢;)=0, and go to the next simulation m+1. Otherwise

JSP,,(t;)=1, and go to next time step j+1.

Set JSP(¢;) = Z%:J SP,,,(t;)/M, which is an approximate value for the joint survival probability.

Here e; and e, are normal random numbers that are calculated by the polar rejection method

suggested in Clewlow & Strickland (1998), and which is illustrated in Figure 5.2. The random
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numbers U; and U, are generated by the Mersenne Twister’, it is a pseudo random number gener-
ating algorithm developed by Makoto Matsumoto and Takuji Nishimura in 1997, and is a very fast

random number generator of period 21997 — 1.

5.3. Accuracy

In this section, we discuss the accuracy and convergence of both methods and compare them to the
exact solution developed by using the method of images in Section 4.2 at specific values of the cor-
relation coefficient p;o, for the constant coefficients case. When coefficients are time-dependent,
we use the Monte Carlo results as a benchmark, and discuss the accuracy of the alternating di-
rection implicit method and the approximate solution that developed in Section 4.3 by comparing

them to the benchmark results.

Douglas-Rachford ADI results compared to exact solutions

N, N, N, p12 = —0.9 Relative % error
100 1018 0.74884 0.15403%
100 3830 0.74867 0.13148%
1000 3830 0.74779 0.01321%
1000 7705 0.74774 0.00755%

MOI exact results 0.74769 -

TABLE 5.1. Convergence of the alternating direction implicit based on the
Douglas-Rachford method outlined in Section 5.1 for the joint survival probabil-
ities. The exact solution is based on the method of images developed in Sec-
tion 4.2. The time period is one year and other parameters used are L; = 73.2%,
Ly = 31.5%, 0y = 0.299, 0o = 0.213, 11 = fia = 0, p1, = par = 0, p1o = —0.9.
These data are for a CCC-BBB rated pair of firms.

To show the convergence of the alternating direction implicit method for the joint survival prob-
abilities, we use a CCC-BBB rated pair of firms as an example. The exact analytical solution by
the method of images (MOI) is based on Section 4.2 which is only valid for specific values of the

us

correlation coefficient p;5 (see Table 4.1), and we use p12 = —0.9 (corresponding to p12 — cos =

3The Mersenne Twister Home Page: http://www.math.sci.hiroshima-u.ac.jp/ m-mat/MT/emt.html
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in Table 4.1) as a demonstration here, we have found that other choices of p;5 such as p;2 = 0 and

p12 = —0.5 give similar convergence results.

Table 5.1 shows the convergence of the alternating direction implicit results for the joint survival
probabilities of a CCC-BBB rated pair of firms as compared to the exact analytical solution by
the method of images (MOI) developed in Section 4.2. The time period chosen is one year. The
relative percentage error is generally smaller than one percent. When the spatial grid increases
from 1018 to 3830 steps, the relative percentage errors are similar and close to 0.1% with the
number of time steps being 100 (per year). The relative percentage errors decrease to around
0.01% when the number of time steps increases to 1000 per year. With the same number of time
steps and increase in spatial points from 3830 to 7705, the relative percentage errors decrease

further to around 0.007%.

Monte Carlo results compared to exact solutions
n M p12 = —0.9 | Relative % error
3,650 | 500,000 0.2835 1.1670%
3,650 | 1,000,000 0.2830 0.9590%
36,500 | 500,000 0.2812 0.3243%
36,500 | 1,000,000 0.2804 0.0549%
MOI exact results 0.2803 -

TABLE 5.2. Accuracy of the Monte Carlo method developed in Section 5.2 for
the joint survival probabilities. The approximate analytical solution is based on the
method of images developed in Section 4.3. The exact solution is based on the
method of images developed in Section 4.2. The time period is fifteen years and
other parameters used are L; = 73.2%, L, = 31.5%, o1 = 0.299, 05 = 0.213,
= o = 0, p1. = par = 0, p12 = —0.9. These data are for a CCC-BBB rated

pair of firms.

Next, we discuss the accuracy of the Monte Carlo method. Table 5.2 shows the accuracy of the
Monte Carlo results for joint survival probability of a CCC-BBB rated pair of firms compared
to the approximate analytical solution developed in Section 4.3. We note the relative percentage
errors with 3,650 time steps per year (that is 10 times a day) is slightly larger than 1% (exact
value is 1.1670%) for M = 500,000 paths and very close to 1% (exact value is 0.9590%) for
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Monte

Carlo 2TD Vot Relative Douglas- Relative
. single— Rachford ADI

Time results % error B % error
n=36500 | S48 | opyor | NUIO0O ey
6 approx. Nx=Ny=3830

M=1x10
1 0. 7421 0.74091 |-=0. 15873 0.74192 —0. 02296
2 0. 5997 0.59877 |-0. 15624 0.59936 —0. 05667
3 0. 5249 0.52404 |-0.16117 0. 52441 —0. 09066
4 0. 4766 0.47569 |-0. 18608 0.47595 -0. 13301
5 0. 4408 0.44051 |-0.06517 0. 44070 -0. 02241
6 0.4134 0.41307 |1-0.07618 0.41322 —0. 03986
7 0.3912 0.39070 ]-0.11673 0. 39082 —0. 08458
8 0.3725 0.37194 |-=0. 15549 0. 37205 —0. 12600
9 0. 3563 0. 35588 | -0.13182 0. 35598 -0. 10336
10 0. 3424 0.34193 |-=0.13189 0. 34203 —0. 10156
11 0. 3301 0.32968 |-=0. 14110 0. 32981 -0. 10168
12 0.3193 0.31884 |-0.13763 0. 31906 —0. 06962
13 0. 3096 0.30924 |-0.11026 0. 30971 0. 04030
14 0. 3009 0. 30084 ]-0.01313 0. 30200 0. 36983
15 0. 2930 0.29390 | 0.30629 0. 29692 1. 33873

TABLE 5.3. Accuracy of the approximate solution based on method of images for
time-dependent coefficients developed in Section 4.3, and the accuracy of the alter-
nating direction implicit based on the Douglas-Rachford method outlined in Sec-
tion 5.1 for the joint survival probabilities compared to the Monte Carlo results. The
time period is fifteen years and other parameters used are L; = 73.2%, L, = 31.5%,
o1 = 0299, O9 = 0213, /71 = /72 = O, P12 = —0.9 and P1r = P2r = —0.75.

M = 1,000,000 paths. However, the relative percentage errors are reduced further to less than

0.4% if the number of time steps used is increased to 36, 500 per year (that is 100 times a day).

We note that when coefficients are time-dependent, the solution obtained by the method of images

approach is not exact, since an approximate solution using the time varying barrier is involved

(see Section 4.3). Therefore, we use the Monte Carlo results as a benchmark for comparing the

accuracy of the approximate solution based on method of images for time-dependent coefficients

developed in Section 4.3, and the accuracy of the alternating direction implicit method based on

the Douglas-Rachford method outlined in Section 5.1 for the joint survival probabilities. Table 5.3

shows the relative percentage error of the approximate results by the method of images over the
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time period is less than 1%. The relative percentage error of the results based on the alternating

direction implicit scheme is less than 1% except at fifteen years where error is around 1.3%.

5.4. Overview

In this chapter, we have outlined the Douglas-Rachford scheme for solving the first passage time
problem of the two-firm model for general values of the correlation coefficient between firms’
leverage ratios. We also developed a Monte Carlo scheme to serve as a benchmark. We discussed
the accuracy and convergence of both methods and compared them to the exact solution developed
by using the method of images in Section 4.2 at specific values of the correlation coefficient p;,,
for the constant coefficients case, and we found that the relative percentage error is generally less
than 1% for the alternating direction implicit results based on 100 time steps per year and 3830
spatial points, and for the Monte Carlo results based on 36, 500 time steps per year with the number

of paths between 500, 000 and 1, 000, 000.

When the coefficients are time-dependent, we used the Monte Carlo results as a benchmark, and
compared the accuracy of the alternating direction implicit method and the approximate solution
based on the method of images. The relative percentage error for the approximate method is
generally less than 1%. The relative percentage error for the alternating direction implicit method

is less than 1% except at fifteen years where error is around 1.3%.

We have thus established reliable computational tools to calculate default correlations. We devote
the rest of the thesis to the implications for the default correlations and joint survival probabilities
in the two firm model of using different kinds of underlying processes to model the leverage ratio

dynamics.



CHAPTER 6

The Two-Firm Model under Geometric Brownian Motions

In this chapter, we study the impact on joint survival probabilities and default correlations based
on the two-firm model under geometric Brownian motion for the firms’ leverage ratios, developed
in the previous chapters. Section 6.1 discusses the choice of parameters. Section 6.2 gives the nu-
merical results for joint survival probabilities and default correlations with different credit quality
firms, under a range of different scenarios for correlations, drift levels, volatilities, initial leverage

ratios and signs of companies’ drift levels.

6.1. Choice of Parameters

We choose the set of parameters to be consistent with Hui et al. (2007), so allowing us to compare
the effect of going from a one-firm model to a two-firm model. It is quite natural to set the default
threshold at El = Ez = 1, to reflect the fact that the firm’s debt level is equal to its asset level.
This is equivalent to what is done by Collin-Dufresne & Goldstein (2001) where default occurs
when the log-leverage ratio hits the barrier at zero. A firm can be also forced to default when its
debt level is close to its asset level, for example 90% (Zi = 0.9), or higher than its asset level at
110% (E,- = 1.1). However the framework of the two-firm model can handle these more general
situations, because the model is formulated in terms of the normalized log-leverage ratios (see

equation (3.82)).

The leverage ratios used for different individual ratings are the typical values of industry medians
in Standard & Poor’s (2001). Following the same setting in Hui et al. (2007), the values of the
volatility of leverage ratios are assumed to be similar to asset volatilities', the values of which
are close to the estimates of Delianedis & Geske (1999), who observed that the volatility value
is 0.17 for AA and A-rated firms and 0.27 for B-rated firms. Taking these values as reference
points, volatilities for other rating categories can be tabulated for each successive rated category.
The values of leverage ratios and volatilities used for different individual ratings are shown in

Table 6.1.

IThis follows from the assumption that volatilities of firms’ liabilities are not significant, as can be seen from the
mathematical relationship between volatilities of leverage ratio, firm’s asset value and liability in Hui et al. (2006)
Appendix A. Under this assumption the volatility of the leverage ratio is then close to the volatility of the firm asset
value.

60
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AAA | AA A | BBB | BB B CCC

Leverage ratios L; (%) | 3.1 9.5 17.2 | 31.5 | 495 | 53.8 | 73.2

Volatilities o; 0.127 | 0.156 | 0.184 | 0.213 | 0.241 | 0.270 | 0.299

TABLE 6.1. Parameters used for individual ratings

The time horizon is fifteen years which is the same as in Hui et al. (2007), who compared the
individual default probabilities to S&P historical cumulative default rates for which the available

data is up to fifteen years.

6.2. The Impact of Geometric Brownian Motions

We evaluate the joint survival probabilities based on the alternating direction implicit scheme out-
lined in Section 5.1. The total number of grid points used are NV, = N, = 3830 and the number
of time steps per year is /V; = 100. The values of x,,;, and v,,;, are selected such that the corre-
sponding leverage ratios L; = 0.001 (z = 1, 2) are very close to zero. The accuracy of this setting
is discussed in Section 5.3 and it is seen to result in a reasonable level of accuracy. The default
correlations are evaluated based on the equation given in (3.94). The individual default probabili-
ties are computed by using equation (3.37) for the case of constant coefficients and equation (3.59)
for the case of time-varying coefficients. Note that in this thesis, the evaluation of the joint sur-
vival probabilities and default correlations (or default probabilities in later chapters) are based on
the credit linked note price (or corporate bond price for default probabilities) which are derivative
instruments and hence are calculated under the risk-neutral measure. Variances and correlations
remain the same under both the physical and risk-neutral measures, however the drift coefficients
differ in the two measures by amounts related to the market prices of risk A\; and \s. So in the
comparative studies of the impact of drift coefficients that we undertake later we should really
work in the physical measure. However, we are here only interested in qualitative questions, such
as how does default correlation change if a drift coefficients increases or decreases. The answer to

such qualitative questions will be the same in both measures (if one assume constant market prices
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FIGURE 6.1. The impact of correlation pi2 between BBB-CCC paired firms on
joint survival probabilities. Initial leverage for the CCC-rated firm is L;=73.2%,
for the BBB-rated firm is L,=31.5% and the volatilities are ¢;=0.299, o, =0.213.
Other parameters used are 3y = o = 0, p, = por, = 0 and pp =
—0.9,—-0.5,—0.1,0.5 and 0.9.

of risk? as we have), of course the actual quantitative values of such changes will be different un-
der the two measures and to determine their values would require the development of econometric

methodologies for the framework developed here.

The following subsections show the impact on joint survival probabilities and default correlations
of a range of different scenarios, for example, paired firms having different credit quality, different

values for correlations, drift levels, volatilities and initial leverage ratios.

6.2.1. The Impact of Correlation Between Two Firms.

This subsection explores the impact on joint survival probabilities and default correlations of the

correlations between the two firms’ leverage ratios. We use the BBB and CCC paired firms to

2We have assumed constant market prices of risk in order to be able to derive the explicit solution in Chapter 4. Of
course the two-firm model could be extended to consider time dependent parameters, which would allow the incor-
poration the time varying market prices of risk. Such an extension would require the use of appropriate econometric
tools to estimate these models. We leave this work to future research.
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FIGURE 6.2. The impact of correlation pi» between BBB-CCC paired firms on
default correlations. Initial leverage for the CCC-rated firm is L;=73.2%, for the
BBB-rated firm is L5=31.5% and the volatilities are ¢;=0.299, 05 =0.213. Other
parameters used are ;i3 = fis = 0, p1, = por = 0 and p1o = —0.9,-0.5,—0.1,0.5
and 0.9.

demonstrate the correlation effect. We consider the correlation levels of p;o = —0.9, —0.5, —0.1,0.5

and 0.9.

In order to isolate the effects of the drift terms of the leverage ratio processes and correlation of the
interest rate process, we set ;=0 and p;,=0 (i=1,2). However, we will study later in this Chapter,

the impact of these two factors on joint survival probabilities and default correlations.

The numerical results presented in this Chapter are computed based on the alternating direction
implicit method that was developed in Section 5.1. The total number of grid points used are
N, = N, = 3830 and the number of time steps per year is 100. The values of zy, and yy, are
selected such that the corresponding leverage ratios L; = 0.001 (z = 1,2) are very close to zero.
The accuracy of the numerical results are discussed in Section 5.3 where the relative percentage

errors are less than 1% except at fifteen years where error rises to around 1.3%.

Figure 6.1 plots the joint survival probability of firm 1 and firm 2 from the beginning to the end
of the investment period of fifteen years. This figure shows the impact on joint survival proba-

bilities of the correlation coefficient p;5 between BBB-CCC paired firms over the time horizon.
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FIGURE 6.3. The impact of different credit rated pairing of firms on joint survival
probabilities. Initial leverage for the CCC-rated firm is 1,=73.2%, for the BBB-
rated firm is L,=31.5% and volatilities 0,=0.299, o5 =0.213. Other parameters
used are ji; = fip = 0, p1, = p2r = 0 and p1o = —0.5,0.5.

We observe that the joint survival probability declines over time as the correlation coefficient pio
decreases. It reflects the fact that when firms’ leverage ratios move in the same direction there is
a higher joint survival probability than when the move is in the opposite direction. When firms’
leverage ratios move in opposite directions, as one firm’s leverage ratio moves closer to the default
barrier (and so is more unlikely to survive), the second firm moves away from the default barrier
(and more likely to survive), so the chance of both firms surviving is small, because the two firms

are always in opposite situations.

We also observe that the variation of p;5 makes little difference to the value of the joint survival
probabilities with there being no discernable difference up to six years and a difference of 6.71%

at fifteen years for p1o = 0.9 and —0.9.

Figure 6.2 plots the default correlation of firm 1 and firm 2 from the beginning to the end of
the investment period of fifteen years. Figure 6.2 displays the impact on default correlations of
the correlation coefficient p;5 between BBB-CCC paired firms. We note that the sign of default
correlations are the same as the correlation between two firms’ leverage ratios p;», which agrees

with what was found by Zhou (2001a) and Cathcart & El-Jahel (2002). As one would expect that
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FIGURE 6.4. The impact of different credit rated pairing of firms on default cor-
relations. Initial leverage for the CCC-rated firm is L,=73.2%, for the BBB-rated
firm is L,=31.5% and volatilities 0,=0.299, o5 =0.213. Other parameters used are
[71 = /72 = 0, Plr = P2r = 0 and P12 = —0.5, 0.5.

firms in the same industry have higher default correlations than do the firms in different industries.
This is quite intuitive, since firms’ leverage ratios move in the same direction as they are positively
correlated, so if one firm defaults, the second firm will more likely experience an increase in its
leverage ratio and move closer to the default barrier. Firms’ leverage ratios move in the opposite
direction as they are negatively correlated, thus if one firm defaults, the second firm’s leverage

ratio will move away from the default barrier, and the firm will be less likely to default.

If the correlation coefficient p;5 is close to zero, when a firm defaults, the likelihood of another
firm defaulting is also close to zero. This can be seen from equation (3.91), the default correlation
is zero when p1o = 0, because the joint default probability equals the product of the two firms’

individual default probabilities.

We also note that the default correlation values at the very beginning of the time horizon are rising,
this is due to division by the very small values of individual default probability for BBB-rated firm
(for example, PD(BBB)= 6.97838 x 10~°). In order to avoid division by the extreme small values
of default rates, in the remaining figures, the plot of default correlations will start at time equal to

three years.
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FIGURE 6.5. The impact of volatility levels o; of BBB-CCC paired firms on joint
survival probabilities. Initial leverage for the CCC-rated firm is L; = 73.2%, for
the BBB-rated firm is Ly = 31.5% and the volatilities are 0y = 09 = 0 = 0.25 and
0.5. Other parameters used are ji; = jix = 0, p1,, = p2. = 0 and p12 = —0.5,0.5.

6.2.2. The Impact of Different Credit Quality Paired Firms.

In this subsection, we discuss the impact of the difference of the credit pairing of firms on joint
survival probabilities and default correlations. We demonstrate this effect by using BBB-BBB,
BBB-CCC and CCC-CCC pairing of firms. To illustrate the effect of positive and negative corre-
lation between two firms, we use the correlation values of p;o = —0.5,0.5 here as well as in the

rest of the thesis. We use these values of p;5 because they are not extremes values.

Since the analytical solutions developed by the method of images in Chapter 4 are only valid for
the values of p;5 given in Table 4.1, we use one of the values of p;, (for example p;o = —0.5) that
has the analytical solutions as a benchmark for the numerical results. On the other hand, in order
to see effect of the positive correlation effect, we use a similar (in absolute value) positive value of
p12 = 0.5. As in the previous Subsection, we also isolate the effects of drift terms of the leverage

ratio processes and correlation of the interest rate process by setting ;;=0 and p;,.=0 (i=1,2).

Figure 6.3 shows the impact on joint survival probabilities for BBB-BBB, BBB-CCC and CCC-
CCC pairing of firms. The joint survival probabilities of the CCC-CCC paired-firms is lower than
that of the BBB-CCC and BBB-BBB paired-firms. The joint survival probability curves decrease
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FIGURE 6.6. The impact of volatility levels o; of BBB-CCC paired firms on default
correlations. Initial leverage for the CCC-rated firm is L; = 73.2%, for the BBB-
rated firm is Ly, = 31.5% and the volatilities are o0y = 05 = 0 = 0.25 and 0.5.
Other parameters used are fi; = fiy = 0, p1, = por = 0 and p12 = —0.5,0.5.

slowly over time horizon for the BBB-BBB paired-firms, while for the BBB-CCC and CCC-CCC
pairing of firms, joint survival probability curves decrease quickly at the beginning of the time
horizon but flatten out towards the end of the time horizon. It makes sense that higher credit
quality firms imply higher joint survival probabilities.

We also see from Figure 6.3 the effect of the correlation coefficient p;» between the two firms’
leverage ratios becomes more significant as the quality of the firms’ decreases. It is not significant
at short time horizons for the BBB-BBB paired-firms, but its effect appears from around the middle
of time horizon to the end. However, as we go from BBB-CCC to the CCC-CCC paired-firms, the

correlation effect becomes progressively more significant from the beginning of the time horizon.

Since for firms of good credit quality, the initial leverage ratios are lower and distant from the de-
fault barrier, therefore, the joint survival probability is higher than for lower credit quality firms. If
a firm has defaulted, the second firm will experience a rise (decline) in its leverage ratio because of
the positive (negative) correlation, however, because of the low initial leverage ratio of the second
firm, so this rise or decline in the leverage ratio for the second firm does not effect significantly

its default probability. However, if the second firm is of low credit quality, its initial leverage ratio
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FIGURE 6.7. The impact of the means z; of BBB-CCC paired firms on joint sur-
vival probabilities. Initial leverage for the CCC-rated firm is L;=73.2%, for the
BBB-rated firm is L5=31.5% and the volatilities are ¢;=0.299, 05 =0.213. Other
parameters used are i3 = e = = —0.1 and 0.1, py, = p2, = 0 and p1p =
—0.5,0.5.
is high and closer to the default barrier, so that this rise or decline in leverage ratios will be more
likely to bring the second firm into default, so that the correlation effect is more significant for
lower credit quality firms than good credit quality firms. In other words, for a given a value of the

correlation coefficient, the most important effect on the joint survival probability arises from the

difference in credit ratings.

Figure 6.4 illustrates the impact on default correlations for BBB-BBB, BBB-CCC and CCC-CCC
paired-firms. We also observe from Figure 6.4 that the lower credit quality paired firms (for exam-
ple CCC-CCC) generally have higher values (in absolute terms) of default correlation for the cases
of both positive and negative correlation. However, an interesting result is that for a good quality
pair of firms, if they are positively correlated, the default correlation is higher than that of a good
quality and low quality pairing of firms. But this situation is reversed (as far as the comparison of
the absolute values of default correlation is concerned) if they are negatively correlated. Since it
is difficult to relate this finding to any empirical evidence, though clearly it points to the need for

more empirical research in this area.
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FIGURE 6.8. The impact of the means 1i; of BBB-CCC paired firms on default cor-
relations. Initial leverage for the CCC-rated firm is L,=73.2%, for the BBB-rated
firm is L5=31.5% and the volatilities are 0,=0.299, o5, =0.213. Other parameters
used are 1y = pis =t = —0.1 and 0.1, p;, = pa, = 0 and p15 = —0.5,0.5.

6.2.3. The impact of Volatilities.

This subsection illustrates the impact of volatility levels on joint survival probabilities and default
correlations. We use the typical leverage ratio levels for BBB and CCC firms from Table 6.1.
Consider the volatility levels ranging between o; = 0.25 and 0.5. The correlation between two
firms are taken as p;» = —0.5 and p;» = 0.5. The drift terms and interest rates effects are again
isolated by setting jz; = 0 and p;, = 0 (i = 1, 2).

Figure 6.5 exhibits the effect of changes in the volatility levels o; on the joint survival probability
for BBB-CCC paired firms. The joint survival probability drops as the volatility levels increases
when firms are both positively (p12 > 0) as well as negatively (p12 < 0) correlated. This result
seems natural, because when a market is volatile, the probability of default for a firm is higher, so

the joint survival probability decreases.

Figure 6.6 shows the impact of volatility levels o; on the default correlation. As expected, the
default correlation (in absolute value) rises as the volatilities increase. This indicates that when the
market is less volatile, the probability of single firm default is low, which leads to the decline of

the conditional default. We also observe that the difference in volatilities is more significant for
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FIGURE 6.9. The impact of leverage ratio levels L; on joint survival probabilities.
Initial leverages used are (i) Ly = Ly = L = 31.5% and (ii) L1 = Ly, = L = 80%.
The volatilities for both cases (i) and (ii) are o1 = 09 = 0.213. Other parameters
used are ji; = fip = 0, p1, = p2r = 0 and p1o = —0.5,0.5.

short time horizons. This result seems to reflect the fact that the volatility effects on the default

correlation are more significant in the short term.

6.2.4. The impact of Drift Levels.

In the previous subsections we isolated the impact of the drifts of the leverage ratio processes
by setting ;1; = 0 (i = 1,2). Now, in this subsection, we illustrate the impact on joint survival
probabilities and default correlations of the drifts levels. We use the BBB and CCC paired firms in
order to illustrate this effect. We take the drift levels i = 1o = —0.1, 0, 0.1. Note that fi; is under
the risk-neutral measure. We take as the correlation coefficient between the two firms the values
p12 = —0.5,0.5. We continue to isolate the effect of the interest rate process by setting p;. = 0

G =1,2).

Figure 6.7 displays the impact on joint survival probabilities of different drift levels 1; of BBB-
CCC paired firms. The joint survival probability is sensitive to changes in the drift levels, for
example it decreases by 57.8% from p; = —0.1 to 1; = 0.1 (for the case of p15 = 0.5). The joint

survival probability declines as the drift levels increase, which reflects the fact that for lower ji;,
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FIGURE 6.10. The impact of leverage ratio levels L; on default correlations. Initial
leverages used are (i) L1 = Ly = L = 31.5% and (ii) L; = Ly, = L = 80%. The
volatilities for both cases (i) and (ii) are 0; = 09 = 0.213. Other parameters used
are i, = fio = 0, p1, = p2r = 0 and p15 = —0.5,0.5.

the leverage ratios drift to smaller values on average, in the sense that firms’ leverage ratio levels
decrease over time, hence firms remain on average at a better credit quality status, and their joint

survival probability is higher.

We observe that the effect of the correlation coefficient p;5 is more pronounced for larger values
of drift levels. There is no effect on joint survival probabilities in the case of negative drift, but
a noticeable impact when the value of the drift is positive. The argument is similar to the effect
on the low credit quality paired firms as indicated in Figure 6.3. Since the firms’ leverage ratios
drift to smaller values on average when the drift is negative, in the sense that firms’ leverage ratios
decrease and move away from the default barrier over time. Therefore, if a firm has defaulted, the
second firm will experience a rise or decline in its leverage ratio because of the positive or negative
correlation. However, because of the low leverage ratio of the second firm, this rise or decline in
the leverage ratio for the second firm does not effect significantly its probability of default. While,
if the drift is positive, the firms’ leverage ratios increase and move closer to the default barrier over
time, then if a firm has defaulted, the second firm will experience a rise or decline in its leverage

ratio with positive or negative correlation. However, because of the high leverage ratio of the
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FIGURE 6.11. The impact of correlation p;, between firms & interest rate for BBB-
CCC paired firms on joint survival probabilities. Initial leverage for the CCC-rated
firmis L; = 73.2%, for the BBB-rated firm is L, = 31.5% and the volatilities are
o1 = 0.299, 05 = 0.213. Other parameters used are ji; = iz = 0, p12 = —0.5,0.5,
p1r = por = —0.75,—0.1 and 0.75, the maturity of risk-free bond price is 7" = 15,
ky = 1.0 and o, = 0.03162.

second firm, this rise or decline in the leverage ratio will be more or less likely to bring the second

firm into default, therefore, the effect of correlation is more significant for larger values of the drift.

Figure 6.8 graphs the default correlation of BBB-CCC paired firms for different drift levels ;.
The default correlation is sensitive to the change in the drift levels, similar to what is indicated
in Figure 6.7. The default correlation (in absolute value) declines as the average mean levels
decrease. Consider the positively correlated case, when firms’ leverage ratios drift to larger values
on average, so that leverage ratios are close to the default barrier, when one firm defaults, the other
firm will experience a rise of its leverage ratio (because of the positive correlation), and because
the leverage ratio of the second firm is closer to the default barrier, it will be likely that this increase
will also bring the second firm into default. However, when firm’s leverage ratio drifts to smaller
values on average, in which firms’ leverage ratio are away from the default barrier, so if one firm
defaults, the leverage ratio of the other firm will rise (because of the positive correlation), but the
leverage ratio of the second firm is distant from the default barrier, so that it will be less likely that

this rise will bring it into default.
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FIGURE 6.12. The impact of correlation p;, between firms & interest rate for BBB-
CCC paired firms on default correlations. Initial leverage for the CCC-rated firm
is L1 = 73.2%, for the BBB-rated firm is L, = 31.5% and the volatilities are
o1 = 0.299, 05 = 0.213. Other parameters used are ji; = s = 0, p12 = —0.5,0.5,
p1r = por = —0.75,—0.1 and 0.75, the maturity of risk-free bond price is 7" = 15,
ky = 1.0 and o, = 0.03162.

6.2.5. The Impact of Leverage Ratio Levels.

In this subsection, we investigate the impact on joint survival probabilities and default correlations
of changes in the leverage ratio levels . We use the volatility levels corresponding to BBB-rated
firms. From Table 6.1 we take the leverage ratio levels L; = Lo = 31.5% (values for BBB-rated
firms) and 80% (values for CCC-rated firms). This shows the impact of leverage ratios when they
are at very high levels. The correlation between the two firms ranges over p;; = —0.5 and 0.5.

The drift terms and interest rate effects are again isolated by setting jz; = 0 and p;, = 0 (i = 1, 2).

Figure 6.9 shows the impact of leverage ratio levels L; on joint survival probabilities. The joint
survival probability curves are generally decreasing over the time horizon for different values of
0,;. The smaller the leverage ratio levels, the higher the joint survival probabilities. Figure 6.9 also
shows that the smaller are the leverage levels, the less significant is the correlation pi5 on joint
survival probability curves, which is similar to the effects observed in Figure 6.3, Figure 6.7 and

Figure 6.5. This seems to show that when firms are healthy (which means less volatile, or lower
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leverage ratios or lower drift levels or a combination of all of these), the effect of correlations

between the two firms on joint survival probability is small.

Figure 6.10 illustrates the impact of leverage ratio levels L; of a BBB-CCC paired firm on default
correlations. We observe that the higher the leverage levels, the higher in absolute values are the

default correlations, which is similar to the effect observed in Figure 6.4.

6.2.6. Impact of Correlation Between Firms & Interest Rates.

This subsection presents the interest rate effects on joint survival probabilities and default correla-
tions. When the correlation to the interest ratio process p;,. is nonzero, the joint survival probability
and the probability of individual defaults are related to the parameter x, that controls the speed of
the mean reversion of interest rate process via the time-dependent coefficient b(¢), which is given
in (3.81). For this case, we use the parameters x, = 1.0, 0, = 0.03162 which is consistent with

those used by Hui et al. (2007). We assume that they remain the same for all different ratings.

The values of correlation between firms and interest rates are py,, = po,, = —0.75, —0.1 and 0.75.
The maturity of the risk-free bond is 7' = 15, K, = 1.0 and o, = 0.03162. We use the BBB and
CCC pairing of firms. The correlation between the two firms are p;o = —0.5,0.5. The effect of
drift terms is isolated by setting j; = 0 (7 = 1, 2).

Figure 6.11 displays the impact of the interest rate process on the joint survival probability. The
joint survival probability increases as the correlation coefficients p;, rises, irrespective of the sign
of p12. Since the leverage ratio is the debt to asset ratio, when it is positively correlated to the inter-
est rate process, the asset value rises as the interest rate rises, this leads to a decline in the leverage
ratio (because of its definition), so the joint survival probability increases . We observe that changes
in correlation coefficient p;,. do not have a significant effect on the joint survival probability with
the difference being 0.941% at four years and rising to 1.23% at 15 years. Figure 6.12 plots the
default correlation with different levels of correlation coefficient p;,., and as with the joint survival
probabilities we observe that changes in p;,. makes little difference to the default correlations. We
also observe that the default correlation declines as the correlation coefficient p;,. increases. This
reflects the situation that the increase of joint survival probability due to the decline of leverage
ratios, as already indicated in the discussion of the effect on the joint survival probability in Fig-

ure 6.11.
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FIGURE 6.13. The price of credit linked notes for BBB-CCC paired firms. Initial
leverage for the CCC-rated firm is L1=73.2%, for the BBB-rated firm is L,=31.5%
and the volatilities are 01=0.299, 0 =0.213. Other parameters used are r = 5%,

Ky = 1,0, = 5% and 02 = 0.001, fi; = fis = 0, p1r = pay = 0 and pyp =
—0.9,—0.5,—0.1,0.5 and 0.9.

6.3. The Price of Credit Linked Notes

The focus of this thesis is on default correlations and joint survival probabilities, while the other
application of the two-firm model is to price the credit linked note. In this section, we illustrate
the impact on the prices of credit linked notes with respect to variation in the values of correlation

coefficients between two firms and with respect to different credit quality paired firms.

Recall from (3.75) that the price of a credit linked note is the product of the risk-free bond price
B(r,t) of Vasicek (1977) model and the risk ratio function P(Ly, Ly, t). The calculation of the
risk-free bond price B(r,t) is based on equations (E.9)-(E.11) in Appendix E. For numerical
calculation we use parameters similar to Hui et al. (2007), where r = 5%, k, = 1, @ = 5% and
02 = 0.001. The valuation of the risk ratio function P (Ly, Lo, t) is based on the analytical results

in Chapter 4 or numerical algorithms in Chapter 5.

Figure 6.13 shows the impact on credit linked note prices of different values of the correlation
coefficient p;5 between BBB-CCC paired firms as a function of time-to-maturity. The parameters

used to calculate 13(L1, Lo, t) are the same as in Figure 6.1. We observe that the credit lined note
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FIGURE 6.14. The price of credit linked notes for BBB-CCC paired firms. Initial
leverage for the CCC-rated firm is L1=73.2%, for the BBB-rated firm is L,=31.5%
and volatilities 6;=0.299, o5 =0.213. Other parameters used are r = 5%, k, = 1,
0, = 5% and 02 = 0.001, fi; = Jis = 0, p1, = p2, = 0 and p;, = —0.5 and 0.5.

prices decrease with respect to time-to-maturity as the correlation coefficient p,5 decreases. This
may be due to the fact that when firms’ leverage ratios move in the same direction the price of a
credit linked note is higher than that for moves in the opposite direction. If firms’ leverage ratios
move in opposite directions, as one firm’s leverage ratio moves closer to the default barrier (and is
less likely to survive), the second firm moves away from the default barrier (and is more likely to
survive), so the chance of both firms survival is small because they are always moving in opposite

directions, therefore, the price of credit linked note is lower.

Figure 6.14 shows the impact on credit linked note prices for BBB-BBB, BBB-CCC and CCC-
CCC paired firms over the time-to-maturity. The parameter used to evaluate ﬁ(Ll, Lo, ) are the
same as in Figure 6.3. We observe that the price of a credit linked note of BBB-BBB paired firms
is the highest, while the price of CCC-CCC paired firms is the lowest among those paired firms.
This makes sense since the price of credit linked note issued by good credit quality firms is higher

than that issued by low credit quality firms.

We also observe that the impact of the correlation coefficient p;5 or the credit quality of firms on the

price of credit linked note is the same as the impact on joint survival probabilities (see Figure 6.1
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TABLE 6.2. A summary of the impact on joint survival probabilities and default
correlations for geometric Brownian motions.

and Figure 6.3). This is because the risk ratio function (3.89) and the joint survival probability
function (3.90) both depend principally on the same transition probability density function. As the
payoff condition of the credit linked note is the par value (see (3.69)), the risk ratio function as a
function of time-to-maturity is equivalent the joint survival probability function. Thus, if we use
the same risk-free bond price function, the impact of other parameters on credit linked note prices

will be similar to the impact on joint survival probabilities as in Section 6.2.

6.4. Overview

In this chapter, we have discussed the choice of parameters, evaluated and compared the impact
on the joint survival probabilities and default correlations of various scenarios when the leverage
ratios dynamics are driven by geometric Brownian motions. The results are summarized in Ta-
ble 6.2. We find that when the volatilities of firms’ leverage ratios, the average mean levels, or
the initial leverage ratios decrease respectively, the values of joint survival probabilities rise. On
the other hand, the joint survival probabilities decline as the firms’ leverage ratio correlation, or
the correlation between firm’s leverage ratio and interest rate decrease. We also find that when the
firms’ leverage ratio correlation, the volatilities of firms’ leverage ratios, the average mean levels,
or the initial leverage ratios increase, the absolute values of default correlation rises, but it declines

as the values of correlation between firm’s leverage ratio and interest rate increases.
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We note that these findings are based on a study of the impact of the model parameters chosen.
Whilst there is a rationale for these values as we have explained, it remains a task for future
research to calibrate the types of model discussed here to market data. The effects summarized in
Table 6.2 also need to be investigated empirically in future research. Of course such studies need
to first examine which type of process for the leverage ratio dynamics is most suitable, since as we

shall see in subsequent chapters the effects observed in Table 6.2 can be sensitive to this issue.



CHAPTER 7

Two-Firm Model with Mean-Reverting Processes

As discussed in Chapter 2, Collin-Dufresne & Goldstein (2001) point out that most structural mod-
els preclude the possibility that firms may alter their capital structure. They argue that in practice,
firms could adjust their outstanding debts levels in response to the change in firm values, hence gen-
erating mean-reverting leverage ratios. To model this feature, Collin-Dufresne & Goldstein (2001)
extend the Longstaff & Schwartz (1995) model by considering a deterministic mean-reverting de-
fault threshold, which can be linearly related to the outstanding debts. This setting captures the
fact that firms tend to issue debt when their leverage ratio falls below some target, and replace
maturing debt when their leverage ratio rises above this target. Hui et al. (2006) generalize the
Collin-Dufresne & Goldstein (2001) model by incorporating a time-dependent target leverage ra-
tio. This is done by introducing a stochastic mean-reverting default threshold that relates to the
firm’s liability. Hui et al. (2006) point out that the time-dependent target leverage ratio reflects the

movements of a firm’s initial target ratio towards a long-run target ratio over time.

This chapter extends the framework of the two-firm model to consider the case in which the
dynamic leverage ratios are mean-reverting to constant target ratios (as was the case in Collin-
Dufresne & Goldstein (2001)) and also to time-dependent target ratios (as was the case in Hui
et al. (2006)), in order to study the impact of firms altering their capital structure on joint survival
probabilities and default correlations. Section 7.1 presents the framework of the two-firm model
with dynamic leverage ratios following mean-reverting processes, and extends the method of im-
ages approach in two-dimensions developed in Chapter 4 to handle this situation. However, as was
shown in Section 4.1 the method of images approach in the two-dimensional case works only for
certain values of the correlation coefficient p;5. Therefore, in the second part of this chapter, we
extend the Monte Carlo scheme of Section 5.2 to develop a numerical scheme applicable for all
values of the correlation p;» as well as to serve as a benchmark. Then we discuss the accuracy
of the results obtained by these methods and compare them to the approximate analytical solution
based on Huang (2003), in which the relative percentage error is very large based on the method of
images using a single-stage approximation scheme, while the Monte Carlo results generally have
relative percentage errors of less than 1%. In the last part of this chapter, we study the impact of

mean-reverting processes on joint survival probabilities and default correlations.

79
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7.1. The Two-Firm Framework in the Case of Mean-Reverting Leverage Ratios

In order to capture the effect of mean-reverting processes for the leverage ratios we need to modify

assumption 1 in Chapter 3 to

Assumption 1. Let Ly and L, denote respectively the leverage ratios of the note issuer and the
reference obligor. The leverage ratio is defined as the ratio of a firm’s liability to its market-value
capitalization. Assume Ly and Ly follow mean-reverting processes with a time varying long run

target ratio. The dynamics of L and Ly are described by

where the parameters r; control the speed of mean reversion, the 0;(t) are the mean reversion
levels, the o; govern the volatility of the proportional change in leverage ratio for the two firms,
and the Z; are Wiener processes capturing the uncertainty in the leverage ratio dynamics under

the historical measure P. The Wiener increments dZ, and dZ5 are correlated with
E[dZ,dZ,] = pradt, (7.2)

where p1o denotes the correlation coefficient of the proportional leverage ratio level of the two

firms.

The interpretation is similar to that in Collin-Dufresne & Goldstein (2001): when the log-leverage
ratio of a firm In L; falls below the long term log-target ratio In 6;, the firm increases In L; by, for
example, issuing debt. On contrast, when In L; is higher than In 6;, the firm may decrease In L;
by replacing outstanding debt. As mentioned in Collin-Dufresne & Goldstein (2001), this setting
captures the features of firm behaviour that they tend to issue debt when their leverage ratios fall
below some target, and tend to replace maturing debt when their leverage ratio rises above that

target.

Assumptions 2-4 remain the same as in Chapter 2.

To obtain the the partial differential equation for the credit linked note price P(Lq, Lo, r,t), we

apply the standard arbitrage pricing argument outlined in Appendix D, and under the Assumptions
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P(L17 L27T7 T) = 17 (74)
P(Ly, Lo, mt) = 0, (7.5)
P(Ly, Ly, 7, t) = 0. (7.6)

Here 6;(t) and 6, incorporate the market prices of risk (A1, \») (assumed constant here) associated

with leverage ratios and interest rate processes respectively A, according to

0i(t) = O;(t)e No/m, (7.7)
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Using the separation of variables technique discussed in Section 3.3, the price of the credit linked
note can be expressed as a product of the risk-free bond price B(r,t) and the risk ratio function
]3(L1, Lo, t) so that

P(Ly, L, 7, t) = B(r,t)P(L1, La, t). (7.10)
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Applying the same calculations as used in Appendix E, and simply replacing the terms zi; with

Ki[ln é;(t) — In L;], it turns out that P(Ly, Ly, t) satisfies the partial differential equation

opP 1, 0P 2P 1, 0P
_E = 50‘%[/1@—[/% + p120102L1L2—@L18L2 + 50’%[/28—[/%
~ oP
-+ |:/€1(1I1 91(t) —In Ll) -+ plralaTb(t)] LlaT
1
~ oP
+ [/fg(hl 92(t) + In Lg) + pQTO-QUTb(t)] LgaT, (711)
2
subject to the boundary conditions
P(Ly, Ly, T) = 1, (7.12)
P(Ly, Ly,t) = 0, (7.13)
P(Li,Lo,t) = 0. (7.14)

Note that the function b(¢) is still given by (3.81).

Next, we make the change of variables to the volatility adjusted log-leverage ratios as defined in
(3.83) and transform P(L1e” 1, Loe>X2 1) to P(X1, X5, 7) with time-to-maturity variable 7 =

T — t. The partial differential equation (7.11) thus transforms to

oP 182]3+ O*P +132P+(_()_ X)aP
or  20x7  Mox0x, 20xz VM T Moy,
oP
+(%a(r) - H2X2)8—X2, (7.15)
forT € (0,7), X; € (—0,0), Xo € (—00,0) and subject to the boundary conditions

P(X1,X5,0) = 1, (7.16)
P(0,X5,7) = 0, (7.17)
P(X.,0,7) = 0. (7.18)

The drift coefficients 7;(7) appearing in the partial differential equation (7.15) are defined as

(1) = [/ﬁi(ln@-(T —T)+ InL; — 0?/(2/@)) + piroiob(T — T)] Joi, (i=1,2). (7.19)
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7.2. Solution of the CLN Partial Differential Equation by the Method of Images

This section seeks to extend the method of images approach developed in Chapter 4 to the solution
of the partial different equation (7.15), subject to the zero boundary conditions (7.17)-(7.17). We
point out that through the definition of the 7;(7) in (7.19) we are dealing with the case of time
varying coefficients. Just as with the method of images for the time varying coefficients case in
Section 4.3, we proceed to solve the problem for the case of mean reversion via the transformation

to the two-dimensional heat equation.

We write the integral form of the solution to (7.15) as
(X1, Xs,7) / / F(X1, X0, Y, Yai 1) P(Y1, Ya)AYidYs, (7.20)

where f(X1, X5,Y1,Ys;7) is the transition probability density function for transition from the
values X;(0) = Y7 and X;(0) = Y3 at time-to-maturity 7 = 0 below the barriers and to the value
X; and X, at time-to-maturity 7 within the region X; € (—o0,0) and X, € (—00,0). The initial
condition function P(X, X»,0) = P(Y},Y5) is given in (7.16).

We note that the partial differential equation (7.15) has drift terms that depend on variables X; and

X5, and this can be eliminated by carrying out the transformation'
P(X1, X5, 7) = PHX1e ™7, Xpe ™7 1), (7.21)

where P*(X1, Xy, 7) satisfies the partial differential equation

oPt 1, 9P ey PP 1, 8PP
- K1T +p126 mitre)T T " p2wem
oP? oP}
Y1 (T)e T 4 Yo (T)e T ——. 7.22
PR S Tl (7122)

I\ proof can be found in Appendix J.
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Substituting the relation (7.21) into the initial condition and boundary conditions (7.16)-(7.18)

yields the initial condition and boundary conditions for P* which are’

PHY,Ys) =1, (7.23)
PH0, Xye ™7 1) =0, (7.24)
PHX1e7™7.0,7) = 0. (7.25)

Note that the partial differential equation (7.22) has time-dependent coefficients. In Section 3.2,
we pointed out that the solution to the heat equation obtained by the method of images approach
for solving the zero boundary condition cannot be applied directly in the case where drift terms
are time-dependent. Therefore, we apply in the current situation the time varying barrier approach
in a similar way to Section 3.2 and Section 4.3. However, here we find that the method of images
approach is only applicable to solving the partial differential equation (7.22) when the speed of

mean reversion parameters are identical®’. Therefore we assume that

K1 = Ko = K, (7.27)

so that the partial differential equation (7.22) becomes

OPF 1 L 0P PP 1 L, 0P
- = = e ————— 4 e —
ar 2°  axz M 9xx, ' 2° 9x2
QP! )&
S (P)e ™ T 1 gy (r)e T E 7.8
()T 4 ()T (1.28)

2We note that when 7 = 0, the initial condition becomes
P(Y1,Ys) = 1= PHYie "0 Yoe "2 0) = PH(V}, Ya).
The boundary conditions
P(0,Xo,7) = 0= PH0-e ™7, Xoe "7 1) = P0, Xoe ™27, 7),
P(X1,0,7) =0 = PHX1e 7,027 1) = PH(X1e7"7,0, 7).

3To show this, we apply the result of Lo & Hui (2002), who use the solution of a European call option depending on
multi-assets with time varying coefficients, to obtain the transition probability density function for equation (7.22),
which is

T(k1+k2) 1 2Kk T QK0T
o X — | ——— (X1 4+ di(T) = V)2 + Xo + do(7) — Y5)2
2m\/(1 = pi,) p{ 2[1*p12( 1 du(T) =Y g (K 4 da(7) — 12)
e(“1+N2)T
“2prz e (Xa o+ da(7) = V1) (Xa 4 do(7) V)| }, (7.26)

ford; = [ 7 (v).

In order to apply the solution g obtained by the method of images in (4.25), it is necessary to reduce the above density
function to the form of the density g given in (4.3). Straight forward calculations reveal that this can only be done by
assuming K1 = Ko = K.
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As discussed in Section 3.2 and Section 4.3 when coefficients are time-dependent, the solution
for the heat equation obtained by the method of images approach to handle the zero boundary
condition cannot be applied directly. This is due to the fact that the zero boundary condition of the
function in which we are interested, after being transformed to the heat equation, is no longer at
zero, see for example (3.43). A way to solve this problem is to set the zero boundary condition at
a time varying barrier, which depends on a free parameter 3 as in Section 3.2. The parameter (3
is chosen so as to minimize the deviation between the time varying barrier and the exact barrier.
Therefore, the solution depends on (5 and will be an approximation to the exact solution. Here,
we extend the approach outlined in Section 4.3 to obtain an approximate solution for the partial

differential equation (7.28).

Denote by PE the approximation to the exact solution P* of the partial differential equation (7.28).
The quantity Plg. also satisfies the same partial differential equation, that is

i 2 pi 2 pi 2 pi
ol R S Bl R W -
or 2 axz T 9X,0X, ' 2 X2
apg ap};
H(r)e™ == X, + Y2(7)e e (7.29)

However the zero boundary conditions of the approximate solution Pé are not the same as for the

exact solution P* at X; = 0 and X, = 0 (as shown in (7.24) and (7.25)), but rather

Pé(Xf(T), Xy, 7) =0, (7.30)

Pé(Xl, X3(r),7) =0, (7.31)

where X (7) and X (7) are time varying barriers close to the X;-axis and Xs-axis respectively.
Now, X; and X, are restricted to the region X; € (—oo, X7 (7)) and Xy € (—o0, X3(7)). We
apply the same procedures used in Section 4.3 in this case, and we find that the dynamic forms of

the time varying barriers are
X*r) = — / 5i(v)e0dv — 6 / 2y, (i = 1,9). (7.32)
0 0

The coefficients 7;(7) are given in (7.19), and (3; and 3, are the adjustable parameters to be chosen
in some “optimal” sense to control the shape of the time varying barriers X (7) and X (7) so that
they remain as close as possible to the exact barriers X; = 0 and Xy = 0, respectively. Note that

the initial condition of the approximate solution P[g is the same as for the exact solution P* in
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(7.23), that is

PE(XI, X,5,0) =1. (7.33)

The solution to the partial differential equation (7.29) can be written as
0 10
Pg(X1, X, 7) = / / T5(X1, X, Y1, Ya; 7) P (Y1, Ya)dY2dYo. (7.34)

To obtain the form of the joint transition probability density function f é, which in the density func-
tion of the stochastic process restricted to (—oo, X7 (7)) x (—o0, X3(7)), in terms to the bivariate
density functions g in (4.25), we transform the partial differential equation (7.29) for Pé to the

heat equation by setting*

PIiB(XbX%T) _ efo(T)%fXS(T)% [6”1X1+n2X2+£<ﬂ<X1,X2,C)} 7 (7.35)

_ em[X1_X;(T)]+nz[X2—X2*(T)}+£<ﬂ(X1 — X (1), Xo — X5(7),¢), (7.36)
where

= / 20 gy (7.37)
0

and u( Xy, Xy, () satisfies the heat equation (4.1) (with 7 related by ¢ and z1, x5 by X, X3). The
constants 71, 1o and £ are derived in Appendix L and given in (4.52)-(4.54).

Substitution of the zero boundary conditions (7.30) and (7.31) into the relation (7.36) yields the

boundary conditions for  as’

(0, X5 — X3(7),¢) =0, (7.38)

(X1 — X:(7),0,¢) = 0. (7.39)

We note that the zero boundary conditions (7.38)-(7.39) for u is same as the zero boundary con-
ditions (4.4)-(4.5) for u. Therefore the solution for the density function g in (4.25) subject to the
zero boundary conditions obtained by the method of images, can now be applied to obtain the ap-

proximate solution P,iB' Substituting the initial condition (7.33) with X;(0) = Y} and X»(0) = Y;

“A derivation can be found in Appendix L.
SWe note that

PH(Xi (), Xa,7) = 0 = e 0FmI¥e-XiOHEC(0, X, — X5(7), Q).

P(X1, X3(r),7) = 0 = el Xi I 04, — X7(7),0,0).
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into the relation (7.36) determines the initial condition of u, which is given by

PV Y2) = 1= MY, Ys), (7.40)

so that

WY, V) = eI, (7.41)

Substituting the initial condition (7.41) and the relation (7.36) into (4.6), yields

e—m[Xl—Xf(T)]—nz[XQ—XJ(T)]—SCPé(Xb ‘)(27 7-)
0 0
_ / / G~ X (7). Xo = X3(r), Vi, Yy Qe MLV, V3)dYidYs, (742)

where the density function ¢ is obtained by the method of images illustrated in Section 4.1 and is

given by (4.25). Equation (7.42) can be simplified to

0 0
P, X m) = / / MKt X7 (7)Yl s X2~ X5 (1) -Vl 4EC o
X —

Xf(r),Xg—X;(ﬂ,m,yz;c")Pg(Yl,Ya)dmn. (7.43)

Therefore, the expression for the approximate solution for the PE_; is obtained. A comparison of
the two equations (7.34) and (7.43), yields the result that
XD, Xo Vi, Yo 7) = nPO NI MmN X ) Vol

9(X1 — Xi(7), Xo — X5(7), Y1, Y2; (). (7.44)

Next, we work back through the transformation (7.21) (applied to the PI@ function) to obtain the
solution for the original problem, the risk ratio function P. Since P,iB is an approximate solution,
so also is the expression obtained for P. Thus, let Pﬁ denote the approximate solution to P, and

the approximate solution to (7.20) therefore can be written as

0 0
PaXiXer) = [ [ g XaYi Vi) Pyl YohdYias (7.45)

Substituting the relation (7.21) into the solution (7.43) with the assumption (7.27), yields the ap-

proximate solution 155, namely

0 0
Pﬂ<X1, XQ, T) = / / enl[X167NT7Xf(T)7Y1]+772[X2€7K77X5(7)7Y2}+£< y

"g"<X1€*I€T - Xik<7—)7 X2€71€T - X;(T)u Y17 }/27 C)pﬂ<}/l7 1/'Q)d}/ld}/27 (746)
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where the initial condition for the approximate solution ]5/5(}/1, Y,) is the same as for the exact
solution P and equal to 1. By setting 7 = 0 in equation (7.21) the initial condition transforms as

Pg(%1,Y2) =1 = Py(¥3, V).

Substituting the solution for the density function g from (4.25) into (7.46), we obtained the ap-

proximate solution for the risk ratio function as
0 r0
PB(Xl, Xo,7) = / / eM[X1e™ T = X3 (1) =Y1]+n2[Xoe™ T =X (1) = V2] +£C o
[9(X1e7 = X{(r), Xaoe™™ — X3(7), Y, Y5; )
) (1) H(Xe™ = X{ (1), Xoe ™ = X5(r), Y, V5 Q) |
k=1
P/3<Y1’ Y5)dY1dYs. (7.47)

Comparing equations (7.45) and (7.47), we obtain for the transition density function appearing in

(7.45) the expression

fIB(XbXZ)Y'b}/Q;T)

—  em[XaeT T X7 (1) =Yi]na[XoeT T X5 (1) Yo ] +EC o

[9(Xie™ = X(7), Xoe ™ = X3(7), Y3, Y5;€)

(D (KT = X (1), Kae T = X3 (1), YE YR QL (7.48)
k=1

Using a similar argument to that used in Subsection 3.1.2, the probability of any path with barriers
at zero, initiating below the barriers X; < 0 and X, < 0 at time {, = 0 and ending up in the
region X; € (—00,0) and X, € (—o00,0) at the later time ¢ in the period of time 7 = t — t, is

approximated by
0o 0

The cumulative probability Fﬁ(X 1, Xo, T) can be interpreted as the joint survival probability that
the absorption at X; = 0 and X5 = 0 has not yet occurred during the period of time 7.

Note that the approximate solutions ]55 and FB obtained by the method of images approach are

only valid for the values of p;» given in Table 4.1 and for k; = Ky = k.
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7.3. Numerical Implementation for the Case of Mean-Reversion

In a similar way to Section 4.4, we can express the solution derived in Section 7.1 in terms of the

bivariate normal distribution function Ny(.).

Consider the approximate solution for the joint survival probability (7.49), after some algebraic

manipulations, it can be simplified to
F/@(Xl, Xg, T)
0 10
= / / g(X1e™" +dy(7), Xoe™ " +dy(7), Y1, Ya; ()dY1dY5
m 0 10
DAY S
k:l —00 —0o0
GH(Xie ™ 4+ di (1), Xoe ™" + do(7), (alY: + B1Y2), (a5Y) + b5Y5); C)
P2 Y, dY,, (7.50)
where

di(1) = /OTﬁi(v)e_””dv. (7.51)

The Y}* and Y are replaced by the relations given in (4.74) and (4.75), the a*’s and b*’s are given
in (4.76)-(4.77), and 3* and 3 are defined in (4.83)-(4.84).

Following similar procedures and carrying out the change of variables shown in Appendix I, the

first integral in (7.50) can be written in terms of the Ny(.) as

(1_9%2) E ~7
—_t —_—— N. b.p).
AB( - ) “P\ Tae -y ) < B
(7.52)
where
E
po= — : 7.53
p WO (7.53)
N N A[(C  Eh 1— 7
= P =45 = — — 54
- 1 E2  h 1—p?
b = 2(1— )0 = —=[1+ : 7.55
(1= =75 4Ahy 2V \[ 1= 0%, (7.53)
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and
hlzB—g,hgzD—%,ﬁ:H—%—f—}i, (7.56)
with
A =1, B=1,
= 2(=Xy + p12Xy), D = 2(—=Xy + p12Xy),
E = —2pp, H=X+X5 — 25X, X,. (7.57)

Here X; = X;e "™ + d;(7) fori =1, 2.

Similarly, the second integral (7.50) can be expressed in terms of Ny(.) as

[ TR R G T NN 8
LN AR P\ ) M) (758)

The expressions for py, ay, Ek and Ek are same as in (7.53)-(7.56) after replacing Ay, By, Ck, D;
and £}, with

Ay = (a7)? + (a5)® = 2p1pafal

B = (B5)% + (b5)2 — 2p10bhb} |

Cr = 2Xi(p1aal — a¥) + 2Xy(proat — ab) — ¢p7,
Dy = 2Xy(p1abh — bF) 4 2Xs(probt — 05) — )

By = 2(abbl + abbh — probhal — proakth) . (7.59)

The approximate solution is in an analytical form, however, it only works for identical values
of the mean-reverting speed parameters (see the assumption in (7.27)). We also stress that the
approximate solution obtained by the method of images approach in only valid for the values of
correlation coefficient pi5 given in Table 4.1. Hence this solution can only be used as a benchmark
and numerical methods are needed for the case of general values of correlation p;5 as well as the
case that k1 # k2°. The alternating direction implicit schemes developed in Section 5.1 can be
extended to cover this problem. However, the main drawback is lack of knowledge of the stability
conditions of the Douglas-Rachford scheme when the drift coefficients of the partial differential

equation (7.15) depend on the spatial variables X7, X5. So, in order to study the impact on default

The use of identical values of the speed of mean-reversion and the selected values of the correlation coefficient in this
chapter is purely a technical requirement, so that the analytical solutions can be derived. It does not seem possible to
give any economic interpretation to these requirements.
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correlations with leverage ratios following mean-revering processes, the Monte Carlo scheme that

was developed in Section 5.2 can be extended to cover in this case, to which we turn next.

7.4. A Monte Carlo Simulation Scheme

In this section we will develop a Monte Carlo scheme to simulate the joint survival probability
function when the leverage ratios are mean-reverting as well as providing a numerical solution in
all situations of interest it will also serve as a benchmark for the approximate solution obtained
by the method of images. Recall the partial differential equation for the risk ratio function (7.11)
derived in the previous section, applying the Feynman-Kac theorem, the stochastic differential

equations corresponding to equation (7.11) are
dL, — [m (Infy(t) —InL;) + plralarb(t)] Lodt + o1 LydZ,, (7.60)
dLQ = |:I<L2(h'l §2<t) —1In LQ) + pQTO-QO-Tb(t)] Lgdt + O'QLQdZQ, (761)

where Z; and Z, are Wiener processes under the risk-neutral measure P. The Wiener increments

dZ, and dZ, are correlated with E[dgleQ] = prodt.

We can also rewrite (7.60) and (7.61) in terms of uncorrelated Wiener processes W, Ws, and

change the variables to the log-leverage ratios as defined in (3.82), then we have

~ - 1
dl’l = |:/€1(hl 91 (t) —In L1 — .fL’l) — 50’% -+ plralarb(t)] dt -+ UldW1, (762)

~ ~ 1 o
dl’g = |:I{2<111 92(t) —In L2 - £L‘2) - 50’% + pQrUQO-Tb(t):| dt + 09 (plngVl + 1— p%2dW2)

(7.63)

To simulate the system (7.62) and (7.63), we employ the Monte Carlo approach developed in
Section 5.2, the only required change being to replace Step 2.2. with the following:-

Step 2.2*. In discrete time equations (7.62)-(7.63) become

o(t;) = :Bl(tj_l)+[/ﬁ(lngl(tj_l)—lnfl—xl(tj_l))

1
—50% + plrolarb(tj_l)] At + o1V Atel, (764)
$2(tj) = .’lfg(tj_l) + |:K,2<1H 52(75]'_1) —1In EQ — 332(75]‘_1))
1
—50'3 + pQTO-QO-Tb(tj_l)] At + o9V Atég, (765)

where é; = prae; + /1 — piyeo.
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Monte
Carlo 27D Mol
Time results single— | Relative
1=36500 | Stase | % error
M=1x108 | APPEOR:
1 0.8281 ] 0.8246 | -0.4160
2 0.7357 10.7265 | —1.2507
3 0.6885 | 0.6703 | -2.6412
4 0.6587 10.6292 | —4.4789
5 0.6375 1 0.5947 | -6.7106
6 0.6209 ] 0.5634 | -9.2709
7 0.6077 1 0.5337 |-12.1852
8 0.5965 | 0.5048 |-15.3729
9 0.5869 | 0.4764 |-18.8176
10 0.5783 ] 0.4483 |-22.4830
11 0.5708 | 0.4203 | -26.3606
12 0.5641 | 0.3926 | -30.4061
13 0.5579 ] 0.3651 |-34.5564
14 0.5520 ] 0.3380 |-38.7763
15 0.5465 | 0.3114 |-43.0310

TABLE 7.1. Accuracy of the approximate solution (7.49) for the joint survival
probabilities based on the numerical implementation developed in Section 7.3,
which is a single-stage approximation (2-D MOI single-stage approx.) for the con-
stant target ratios case, compared to the Monte Carlo results based on the scheme

developed in Section 7.4. The constant target ratios take the values 91 92 =
31.5% and x = 0.1. Other parameters used are L; = 73.2%, L, = 31.5%,
o1 = 0299, 09 = 0213, /jl = /72 = O, P1r = P2r = 0 and P12 = 0.

Using a total of M/ simulation paths, the joint survival probability is approximated by JSP(¢;) =
SM ISP, (t;)/M with t; = jAL.

7.5. Accuracy

This section discusses the accuracy of the results obtained by the method of images in Section 7.1

and the Monte Carlo method in Section 7.4.

As discussed in Section 5.3, when the coefficients are time-dependent, the solution obtained by the

method of images approach is not exact, but an approximate one obtained by using the time varying
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Monte
Carlo 2D Mo
Time results single— [ Relative
1=36500 | Stage | % error
M=1x10° | APPHO%
1 0.7572 | 0.7561 | -0.1404
2 0.6201 | 0.6174 | -0.4402
3 0.5454 | 0.5406 | -0.8857
4 0.4954 | 0.4876 | —1.5898
5 0.4576 | 0.4463 | -2.4725
6 0.4274 1 0.4121 | -3.5737
7 0.4024 | 0.3827 | -4.9061
8 0.3814 | 0.3568 | —6.4281
9 0.3639 | 0.3338 | -8.2615
10 0.3489 | 0.3131 |-10. 2497
11 0.3359 | 0.2943 |-12.3995
12 0.3253 | 0.2771 |-14.8189
13 0.3163 | 0.2613 [-17.3934
14 0.3087 | 0.2467 |-20.0836
15 0.3025 | 0.2332 |-22.9255

TABLE 7.2. Accuracy of the approximate solution (7.49) for the joint survival
probabilities based on the numerical implementation developed in Section 7.3,
which is a single-stage approximation (2-D MOI single-stage approx.) for the time
varying target ratios case, compared to the Monte Carlo results based on the scheme
developed in Section 7.4. The time-dependent target ratios are based on equa-
tion (7.66) with 0,(0) = 73.2% and 6;(15) = 31.5%. Other parameters used are
Ly =73.2%, Ly = 31.5%, 01 = 0.299, 05 = 0.213, j1; = jia = 0, p1, = p2r = 0,
p12 = 0and xk = 0.1.

barrier approach (see Section 4.3). The drawback of the time varying barrier method is that the
accuracy decreases as the time period is increased. Table 7.1 and Table 7.2 show that the relative
percentage error compared to the Monte Carlo results is less than 1% for the first few years, but the
relative percentage error increases rapidly with time from 1-2% at 4 and 5 years, to 23% at 15 years.
This is due to the fact that the solution for the joint survival probability developed in Section 7.3
is based on the single-stage approximation. A way to deal with this problem is to develop the
multi-stage approximation, which for the one-firm case has been discussed in Section 3.2. The

idea is to reduce the deviation of the time varying barrier from the exact barrier by the multi-stage
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approximation, so as to increases the accuracy of the method. Here, we are more interested in
studying the impact of mean-reverting processes on default correlations, and this will do by use
of the Monte Carlo simulation scheme. The analysis of Section 7.3 and the numerical results of
this section have nevertheless indicated that the time varying barriers approach is a feasible one
for developing benchmark solutions. However to bring it to the implementation stage it needs to
be extended by the multistage approximation technique. This development is beyond the scope of

this thesis but is a very fruitful avenue of future research.

7.6. The Impact of Mean-Reverting Processes for Leverage Ratios on JSP & DC

In this section, we discuss impact on joint survival probabilities and default correlations of firms
having mean-reverting leverage ratios. For the one-firm mean-reverting leverage ratio structural
models, Collin-Dufresne & Goldstein (2001) and Hui et al. (2006) are the most representative.
These two models investigate the effect on credit spreads and default probabilities of a firm’s
leverage ratio following a mean-reverting process. Collin-Dufresne & Goldstein (2001) (CDG)
consider the leverage ratio to be mean-reverting to a constant target ratio and they observe that
this target ratio is close to the average level of BBB-rated firms. CDG show that credit spreads
are larger for low credit quality firms, which is consistent with empirical findings. The major
difference between the CDG model and that of Hui et al. (2006) is that the latter authors consider
the leverage ratio to be mean-reverting to a time-dependent target ratio. They point out that the
time-dependent target ratio reflects the movement of a firm’s initial target ratio towards a long-term
target ratio over time. Hui et al. (2006) show that their model results in default probabilities that

are consistent with some empirical findings.

The major feature of both models is the mean-reversion of the leverage ratio to a constant target
ratio and to a time-dependent target ratio. Therefore, in this section, we are interested in studying
how these two features affect the joint survival probabilities and default correlations. We use
CCC-CCC and CCC-BBB paired firms as an illustration. The constant values of gz are set to
31.5% (which represents the average leverage ratio of BBB-rated firms), which imply that the
target leverage ratios [In 6;(¢) + In L; — 0?/(2k;)] are close to 36%, the long term leverage that
was obtained in the empirical investigations of Collin-Dufresne & Goldstein (2001). For time-
dependent 0;, we follow the setting in Hui et al. (2006), who use the simple linear time-dependent

function

0:(t) = Bio(1 — nt), (7.66)
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FIGURE 7.1. The impact of constant target ratios and time-dependent target ratios
on joint survival probabilities for CCC-CCC paired firms. Initial leverage for the
CCC-rated firm is L; = Lo = 73.2% and the volatilities are o; = o5 = 0.299.
Other parameters usedjlre p1r = por = 0 and p;o = —0.5 and p12 = 0.5. The
constant target ratio is §; = 31.5% and the time-dependent target ratio is based on
equation (7.66) with 6;(0) = 73.2% and 6;(15) = 31.5%.

where 51-0, 7 are constants and their values are chosen such that the initial value of the long term
leverage is very high at a value for a CCC-rated firm, that is 51(0) = 73.2% and is close to the
value of a BBB-rated firm towards the end of the time period, so that @;(15) = 31.5%.

We continue to assume k| = kg = K, with the value x = 0.1 that is used in Hui et al. (2006). Other
parameters are based on those used in Subsection 6.1. The default barriers of the two-firms are set
at El = EQ = 1 as previously. The leverage ratio levels and values of volatility used are given in

Table 6.1. The time period considered is fifteen years as previously.

7.6.1. Joint Survival Probabilities.

Figures 7.1 and 7.2 plot the joint survival probability with constant and time-dependent target
ratios for CCC-CCC and CCC-BBB paired firms, respectively. The use of constant target ratios
represents the Collin-Dufresne & Goldstein (2001) model in the two-firm case, which generates
joint survival probabilities higher than those obtained of using the time-dependent target ratio, a

result which holds for both positive and negative correlation p15. From Figure 7.2 the effect of the
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FIGURE 7.2. The impact of constant target ratios and time-dependent target ratios
on joint survival probabilities for CCC-BBB paired firms. Initial leverage for the
CCC-rated firm is L1=73.2%, for the BBB-rated firm is L,=31.5% and the volatil-
ities are 0,=0.299, o, =0.213. Other parameters used are p;, = py = 0 and
p12 = —0.5 and p;o = 0.5. The constant target ratio is §; = 31.5% and the time-
dependent target ratio is based on equation (7.66) with ;(0) = 73.2% and 6;(15) =
31.5%.

correlation coefficient p;o is more pronounced for time varying target ratios and for lower credit

quality paired firms (as can be seen when comparing Figure 7.1 to Figure 7.2).

7.6.2. Default Correlations.

Figures 7.3-7.4 graphs the defaults correlation with constant and time-dependent target ratios for
CCC-CCC and CCC-BBB paired firms, respectively. Figure 7.3 shows that both models generate
similar values of the default correlation in the case of CCC-CCC paired firms. When considering
a pairing of a low rated firm with a higher rated firm, the use of constant target ratios generates
smaller values of default correlations than the use of time-dependent target ratios, as indicated
in Figure 7.4. We also observe that when firms are positively correlated (p12 > 0), both models
generate similar default correlations, and when firms are negatively correlated (p12 < 0), the use

of time-dependent target ratio generates larger values of default correlations (in absolute value).
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FIGURE 7.3. The impact of constant target ratios and time-dependent target ratios
on default correlations for CCC-CCC paired firms. Initial leverage for the CCC-
rated firm is L; = Ly = 73.2% and the volatilities are o; = 05 = 0.299. Other
parameters usgd are p1, = po, = 0 and p1o = —0.5 and p;2 = 0.5. The constant
target ratio is §; = 31.5% and the time-dependent target ratio is based on equation

7.7. Overview

In this chapter, we have extended the framework of the two-firm model to incorporate mean-
reverting leverage ratios, in order to capture the effect of firms altering their capital structures. We
also extended the analytical solution developed in Section 4.1 by the method of images to cover
this case. However, the solution obtained by the method of images is only valid for certain values
of correlation coefficient p;o only, and here is further limited by the condition that speeds of mean-
reversion must be equal. Therefore, the Monte Carlo scheme based on Section 5.2 is extended to
cover the general values of p, as well as unequal speeds of mean-reversion. The numerical results
extend the models of Collin-Dufresne & Goldstein (2001) and Hui et al. (2006) to the two-firm
case, in which the use of constant target ratios generate higher joint survival probability values and
smaller default correlation values, and the use of time-dependent target ratio generates lower joint

survival probabilities and larger default correlations. These findings are summarized in Table 7.3.
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FIGURE 7.4. The impact of constant target ratios and time-dependent target ratios
on default correlations for CCC-BBB paired firms. Initial leverage for the CCC-
rated firm is L1=73.2%, for the BBB-rated firm is L,=31.5% and the volatilities are
01=0.299, 09 =0.213. Other parameters use(!vare p1r = p2r = 0 and p1p = —0.5
and p1s = 0.5. The constant target ratio is f; = 31.5% and the time-dependent
target ratio is based on equation (7.66) with 6;(0) = 73.2% and 6;(15) = 31.5%.

Mean-reverting processes || Impact on JSP | Impact on DC
(in absolute value)

Constant target ratio T [}

Time varying target level (3 T

TABLE 7.3. A summary of the impact on joint survival probabilities and default
correlations of mean-reverting processes for the leverage ratios.
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CHAPTER 8

One-Firm Dynamic Leverage Ratio Model with Jumps

The uncertainty in the previous chapters was modelled by Wiener processes, the essential idea of
which is that uncertain events evolve not too rapidly. However in many area of finance, especially
in the area of credit risk, it is sudden, abrupt changes that are of interest, for example the sudden
default of a firm or a sovereign borrower. A very useful way of capturing such sudden changes in
financial markets is to add to the Wiener process component of uncertainty a jump process. Such a
framework was first developed in finance by Merton (1976) who proposed a framework for valuing
option prices when the underlying stock price follows a jump-diffusion process. This allows one
to capture the ’abnormal’ change in price due to the sudden arrival of important news concerning

the stock.

In credit risk modelling, if one uses only continuous diffusion structural models, firms can never
default by surprise. Zhou (1997) argues that in reality, a firm can default either by a gradual diffu-
sion process, or by surprise due to unexpected external shocks. This idea combines the structural
and reduced-form approaches, as shown in Zhou (20015) who extended the framework for the

pricing of corporate bonds by assuming the firm value variable follows a jump-diffusion process.

To capture the sudden external shocks, in this chapter, we extend the Hui et al. (2007) dynamic
leverage ratio model by assuming that the dynamics of the leverage ratio follow a jump-diffusion
process. We note that to the best of our knowledge there has been no work on the one-firm model
with leverage ratio following a jump-diffusion process in literature. So this chapter might pro-
vide some insight into credit risk analysis when the firm’s leverage ratio follows a jump-diffusion

process.

Section 8.1 presents the framework of the one-firm dynamic leverage ratio model with jump risks.
In Section 8.2, we discuss how to extend the Monte Carlo scheme to cover this case. Section 8.3
discuss the choice of parameters for evaluation of the individual default probabilities. Section 8.4
shows the impact on default probability of the parameters that characterise the jump component:
in particular the jump size mean, the jump size volatility and the jump intensity. In Section 8.5, we
will seek for the optimal values of average jump size by calibrating to S&P historical default data

for different credit ratings. Section 8.6 will give an overview of the results of the chapter.

99
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8.1. The Framework

We assume that the firm’s leverage ratio follows a jump-diffusion process. Assumption 1 developed

in chapter 3, in this case will become

Assumption 1", Let L denote the leverage ratio of the firm. The dynamics of L are given by the
Jjump-diffusion process

T = (L= Agkg)dt + ordZy + (Y = 1)dq, (8.1)

where iy, is the instantaneous expected drift rate of the leverage ratio per unit time , oy, is the
instantaneous volatility of the proportional change of the leverage ratio per unit time conditional
on no jumps, 7y, is a standard Wiener process driving the continuous change of the leverage ratio

under the historical measure P, q is a Poisson counting process with intensity \, so that

1 with probability \,dt ,
dq = P Y (8.2)
0 with probability (1 — \,dt) .
(Y — 1)' is the random variable percentage change in the leverage ratio level if the Poisson event

occurs, where Y is log-normally distributed: InY ~ N(u, — 03 /2, 02) with the expected mean

value k, = E[Y — 1] for E is the expectation operator under the historical measure P.

Given that the Poisson event occurs, the impact of the jump on the leverage ratio level is determined
by drawing Y from the distribution G(Y). If L(¢~) is the leverage ratio level at time ¢~ just prior
to the jump, then the leverage ratio level at time ¢ immediately after the jump is L(t*) = L(¢7)Y.

The successive draws from G(Y') are independently and identically distributed.

Let P(L,r,t) be the price of a corporate bond written on the underlying asset, this will depend on
L, r and t. Under Assumptions 1", 2, 3, 4 and adapting to the current situation Merton’s (1976)
argument for hedging jump risk, the bond price P(L,r,t) satisfies the integro-partial differential
equation (IPDE)

_—8P(L’T’ t) - l 2 282_P 4 1 282_P + L_azp
ot 277 prz T % g T POt G,
. ~~_ 0P - opP
+(,UL — )\qkq)La—L + /ﬁ?r[er — T]W —rP
5y / [P(LY,r,t) — P(L,rt)|G(Y)dY, (8.3)
0

"Note that ¥ no longer has the same meaning as in previous chapters.



8.1. THE FRAMEWORK 101

for L € (0, L) and subject to boundary conditions

P(L,r,T) = 1,

P(L,rt) = 0. (8.4)

The parameters /i, 5,, incorporate the market prices of risk associated with the pure diffusion
uncertainly driving the leverage ratio A;, (assumed constant here) and interest rate process A, (as-

sumed constant here) respectively as

L = [, — ALOL,
~ A0

0, =0, — 7", (8.5)

Ky

Following the discussion in Cheang & Chiarella (2007), the Poisson process under the risk-neutral
measure P has a new intensity rate Xq and a new distribution é(Y) for the jump-sizes. Using /i, to

denote the jump size mean under the risk-neutral measure, the distribution G (Y') is given by?

_ L Y 03/2>]2}

GY)=——F— , 8.6
Y=y vam 207 ®0
so that the expected jump-increment under the risk-neutral measure is
@:Ew—u:/‘w—méwmx (8.7)
0

and k, = e — 1.

Using the same technique of separation of variables as was used in Chapter 3, the bond price can be
expressed as a product of the risk-free bond price B(r, t) and a discounting factor function P(L, 1),
so that

P(L,r,t) = B(r,t)P(L,1). (8.8)

2Cheang & Chiarella (2007) introduce a Radon-Nikodym derivative process that induces the change of measure from
the market measure to the risk-neutral measure for the jump-arrival process. They derive the relationships for the jump
intensity and the distribution of the jump-sizes (represented by the moment of generating function) between the risk-
neutral measure and the market measure. The relation shows that if the distribution of jump size in the market measure
comes from an exponential family, then the distribution of jump size under the risk-neutral measure also comes from
the same exponential family but with different parameters.
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The quantity P(L,t) as discussed in Chapter 3 it can be viewed as a risk ratio function and by

substitution of (8.8) into (8.3) it is found to satisfy the integro-partial differential equation

OP(L,t) 1, ,0°P ~~ 0P
—T = §O'LL W + (,UL + erUL(TTb(t) — )\qk’q)La—L
X / [P(LY,t) — P(L,1)|G(Y)dY, (8.9)
0
subject to boundary conditions
P(L,T) =1,
P(L,t) =0, (8.10)

with b(t) is given in (3.81).

8.2. Monte Carlo Simulations

It is difficult to solve the first-passage-time problem of the integro-partial differential equation (8.9)

in closed-form. However, a general approach to solving it numerically is the Monte Carlo method.

By the Feynman-Kac formula for the jump-diffusion processes ( Gikhman & Skorokhod (1972)),
the stochastic differential equation linked to the IPDE (8.9) is

dL _ -~ _
- = [,uL + prropo.b(t) — )\qkq]dt +opdZp + (Y — 1)dg, (8.11)

where Z;, is a Wiener process under a risk-neutral measure P. Note that the jump size Y now is

drawn from the distribution of G (V) given in (8.6) and the Poisson process g now has intensity Xq.

To evaluate the probability of default PD (= 1 — F’), we follow the Monte Carlo approach in
Section 5.2, and replace Step 2 and Step 3 by

Step 2. Do the MC simulations M (m = 1,2, ..., M) times.

2.1." For the mth simulation, at the jth time step, generate an independent normal random
number e from the N (0, 1) distribution;

2.2/ Letz = In(L/L), then (8.11) becomes

~ 1 ~ ~
z(tj) = x(tj—1) + [ML + prropob(ti—1) — 50% - )\qkq] At + oV Ate + H, (8.12)

where H is the jump component.

We use the general method suggested in Glasserman (2004) to simulate // from ¢;_; to ¢; consist-

ing of the following steps:
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2.3." Generate the arrival of the jump event w in the time interval (t; —t;—1):
w~ Pt —t521));
* ifw =0, set H = 0, that is no jump occurs in this time interval and go to Step 2.2';
* if w # 0, generate In Y from its distribution, namely InY" ~ N(fi, — 07 /2,07), and
set H = InY’, then go to Step 2.2".

Here P (\(t; — t;_1)) is a Poisson process and is simulated by the inverse transform method and
will be discussed in more detail in the next section.

Ste_p3/. Check the boundary condition: if z(¢;) > 0, then PD,,(¢;)=1, and go to the next simulation
m-+1. Otherwise PD,,(t;)=0, and go to the next time step j+1. Set PD(t;) = S PD,,(t,)/M,
which is the approximate value of the probability of default.

8.2.1. Generating Poisson Samples.

If {w(t),t > 0} is a Poisson process, then the number of arrivals in any time interval of length At

is a Poisson random variable with parameter Xth (where Xq is a positive real number). That is
Pw(t+At) —w(t) = k) =e %, ¢ =A\AL; k=0,1,2, ...

A simple method to generate Poisson samples is to generate exponential random variables X; =
—log(U;)/¢ from independent uniform U;’s, and take w to be the largest integer for which X +
... + X, < 1. Alternatively take w to be the largest integer for which U; x - - - x U, > e~?. The

following steps and table illustrate this method (see Figure 8.1):

l.seta=e® c=1andi=0;
2. then loop while (¢ >= a){ generate U; ; ~ U(0,1), c = cU;y; andi =i + 1};

3. return w = 1.

Seta = e~ ?, Loop while (¢ >= a) Return
b=1, g generate U;~U(0,1), W=
1=20, c=cU,

1 =1+ 1.

FIGURE 8.1. A simple method to generate Poisson samples.
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However, this method is rather slow. As ¢ increases, e~ decreases, so the algorithm needs to
keep looping for an ever increasing time to achieve the condition (¢ < a) and so exit the while
loop. This can be improved by the inverse transform method, the idea of which is to search for the
smallest w at which F'(w) < U. Here F'(w) denotes the cumulative distribution function, that is

F(w)=P(0)+P(1)+...+P(w),and P(k+1) = P(k)¢/(k+1). The main steps of the algorithm

are as follows (see Figure 8.2):

l.set F=p=e%andi=0;
2. generate U ~ U(0,1);
3. whileloop (U > F){i=i+1,p=pf/iand ' = F + p};

4. return w = 7.

Set F =p=¢e"?, While (U > F) Return
i=0, Ti=i+1, T ow=i.
generate U ~ U(0,1) p=po/i,

F=F+p

FIGURE 8.2. The inverse transform method algorithm to generate Poisson samples.

Note that the number of jump arrivals w in the time interval At generated by the above methods
can be larger than one. However, the definition (8.2) assumes no more than one jump can occur in
the period of time At. To fulfill the assumption while using these methods, a relatively small At
should be used. The idea is that if the time interval At is sufficiently small, the probability of two
jumps occurring is negligible because (:\/th)2 is much lower than (Xth). To illustrate suppose,
for example that At = 1 year and Xq = 0.1 per year, then the probability of the occurrence
of two jumps in one year is given by P(w = k) = e‘Xth(Xth)k/k:! = 0.45% (for k = 2,
At = 1 and Xq = 1). However, if At = 1/365, then the probability of two jumps in one year is
P(w =2) = 3.75 x 107° %, which is negligible.

8.3. Choice of Parameters

The choice of parameters for the pure diffusion component, is based on those described in Sec-
tion 6.1. The default barrier of the firm is set at L = 1. The leverage ratio levels L and values of

volatility o, of individual firms are given in Table 6.1. To isolate the effects of the drift term of the
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FIGURE 8.3. The impact of the jump size mean on the default probability for CCC
and A-rated firms. Initial leverage for the CCC-rated firm is L = 73.2% and the
volatility is o, = 0.299 and for the A-rated firm it is L = 17.2% and the volatility
is oy = 0.184. Other parameters used for both firms are iy, = 0, pr, = 0. The
values of jump size mean takes s, = 0.3 and z1, = 0.5, A, = 0.1 and 02 = 0.25.

diffusion component and correlation with the interest rate process, we set 11,=0 and py,=0. The

time horizon used is fifteen years which is the same as in previous chapters.

The choice of jump intensity and jump size volatility is based on Zhang & Melnik (2007), who
extend the Zhou (20015) model to the multi-firm case, where firms’ asset values follow jump-
diffusion processes. Zhang & Melnik (2007) assume that the arrival of the jump event is the same
for each firm. This corresponds to assuming that the jump event is caused by some economy wide
macroeconomic factor that effects all firms at the same time, regardless of their rating. However
the impact of the jump event when it occurs, will be different for firms of different credit rating.
Following their setting, we assume that the jump intensity is the same for the different credit rated
firms and it is equal to 0.1, that is Xq = 0.1. Zhang & Melnik (2007) calibrate their model to market
data and obtained the optimal values of jump size volatility of 0.5 for an A-rated firm. Here, we
assume that the jump size volatility of the leverage ratio is the same as the jump size volatility of
the firm value, and so we take o, = 0.5 for each firm. Therefore, we have left one parameter,
the jump size mean that remains free and we choose it to calibrate to the S&P historical data in

Section &.5.
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FIGURE 8.4. The impact of jump size volatility on the default probability for CCC
and A-rated firms. Initial leverage for the CCC-rated firm is L = 73.2% and the
volatility is o7, = 0.299 and for the A-rated firm is L = 17.2% and the volatility is
op = 0.184. Other parameters used for both firms are iy, = 0, pr,, = 0. The jump
size volatility takes the valueo; = 0.25 and o7 = 0.5, and we set i, = 0 and

N =0.1.

The numerical results presented in the following subsection are based on the Monte Carlo scheme
developed in the previous section based on the dynamics (8.11), which is under a risk-neutral
measure. The number of time steps n per year is 36,500, and the number of paths M used is
M = 500,000. We do not know the exact solution for the jump-diffusion model here, so to the
accuracy of the Monte Carlo results we use the confidence limits generated. Given the Monte
Carlo simulated results for the probability of default PD(¢) with M paths, the standard deviation
(SD) measures the amount of error in PD(¢) when it is used to estimate the exact value of PDey,ct,

and it is given by

o \/ Y PD2(6) — (S0 PD(t)* /M. o)

M-1

From Snedecor & Cochran (1991) (see Chapter 4), with knowledge of the standard deviation (SD),

the 95% confidence interval for exact value of PDy,. can be expressed as the pair of inequalities

PD(t) — 1.96¢ < PDeyoer < PD(t) 4 1.96¢, (8.14)
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FIGURE 8.5. The impact of jump intensity on the default probability for CCC and
A-rated firms. Initial leverage for the CCC-rated firm it is L = 73.2% and the
volatility is o7, = 0.299 and for the A-rated firm it is L = 17.2% and the volatility
is o, = 0.184. Other parameters usvid for both ﬁrrgs are ji, = 0, pr, = 0. The of
jump size intensity takes the values A\, = 0.1 and A\, = 0.2, and we set 03 = 0.25
and /1, = 0.3.

where standard error ¢ is given by

SD
¢ = o= (8.15)

The 95% confidence interval for PD.y,.; means that there is a 95% chance for the Monte Carlo

result of PD(¢) to lie between PDeyaer — 1.96¢ and PDexaer + 1.96¢.

Using M = 500, 000 paths for the simulation of the default probabilities, the maximum standard
deviation and standard error over time for the Monte Carlo simulated default probabilities of a
CCC-rated firm (for example) is SD=0.4998 and £=0.0007, respectively. Therefore, with 95%
confidence PD(¢) will lie between PDeyxaee — 0.00137 and PDeyyee + 0.00137.

8.4. The Impact of Jump Risks on Default Probabilities

In this section, we study the impact of jump risks on individual default probabilities for CCC and
AA-rated firms. To illustrate the effect of average jump size on the default probability, we vary the

jump size mean value from i, = 0.3 to jz, = 0.5.
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FIGURE 8.6. Comparing the best fit to the observed S&P default probabilities with
the jump-diffusion model and with the pure diffusion model for a CCC-rated firm.
The initial leverage for the CCC-rated firm is L = 73.2% and the volatility is o, =
0.299. Other parameters used for the jump-diffusion model (JP) are i, = 0, pr, =
0, ity = 0.3, 03 = 0.25, A\; = 0.1. For the pure diffusion model (GBM), the drift is
wr, = —0.007.

Figure 8.3 shows the default probability for A and CCC rated firms over a time horizon of fifteen
years. We note that when the average jump size increases, the default probability for the CCC-
rated firm declines, while the default probability for the A-rated firm rises. This may be due to
the high initial leverage level of low quality firms, so the possibility of jumping down to a lower
leverage level is higher than jumping up to a higher leverage level, therefore the default probability
declines over time. A contrasting effect is at work for the good quality firms, because of the low
initial leverage level, the probability of jumping up to a higher leverage level is more than that of

jumping down to a lower leverage level, so that the default probability rises over time.

In order to study the effect of jump size volatility and of jump intensity, we vary the value of jump
size variance from 03 = 0.25 to 03 = 0.5, and the jump intensity from Xq = 0.1to Xq = 0.2,

which corresponds respectively to one jump per ten years and one jump per five years.

Figure 8.4 plots the default probabilities for the CCC-rated firm and A-rated firm as a function of
time for different values of the jump size volatility and Figure 8.5 plots the default probabilities for
these two firms for different values of the jump intensity. We observe that the default probability

for the CCC-rated firm declines, while the default probability for the A-rated firm rises, as in
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FIGURE 8.7. Comparing the best fit to the observed S&P default probabilities with
the jump-diffusion model and with the pure diffusion model for a B-rated firm. The
initial leverage for the B-rated firm is L = 53.8% and the volatility is o7, = 0.270.
Other parameters used Eor the jump-diffusion model (JP) are iy = 0, pr, = 0,
g = —0.5, 02 = 0.25, Ay = 0.1. For the pure diffusion model (GBM), the drift is
i, = 0.018.

Figure 8.3, with the increase in the average jump size. The same explanation as was given to
explain the results in Figure 8.3 applies here, because of the high initial leverage ratio low credit
quality firms have a higher probability of jumping down to a lower leverage level, while the low
initial leverage ratio of good credit quality firms means that they have higher probability of jumping

up to a higher leverage level.

8.5. Calibration of the Average Jump Size to the Historical Data

In this section, we calibrate the model to the S&P historical data. We set the jump intensity at
Xq = 0.1 and jump size variance at 02 = (.25 (as discussed in Section 8.3) and assume that they
are the same for different credit rated firms. We leave the average jump size free to adjust and
seek its optimal value so as to best fit the model to the S&P historical default rates. We vary the
values of the average jump size /i, to fit the model calculated default probabilities (PD) to the S&P

historical default rates (SP) by finding the minimum root mean square derivation RMSD over a
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FIGURE 8.8. Comparing the best fit to the observed S&P default probabilities with
the jump-diffusion model and with the pure diffusion model for a BB-rated firm.
The initial leverage for the BB-rated firm is L = 49.5% and the volatility is o;, =
0.241. Other parameters used for the jump-diffusion model (JP) are i, = 0, pr, =
0, iy = 4, 02 = 0.25, A\, = 0.1. For the pure diffusion model (GBM), the drift is
i, = —0.008.

time horizon of ty = 15 years3 , that is :

ASD \/zizl (PD(:) - sp()° 5.16)

N

We denote by i, the value of the best fit and of course this value will be different for each rating
class. Table 8.1 gives the values of i} for each rating class. In order to compare the performance
of dynamic leverage model with jump risks to the model without jump (that is the Hui et al. (2007)
model where leverage ratio follows the geometric Brownian motion), we also calibrate the Hui
et al. (2007) model to the historical data, by seeking the optimal values of the drift rate 1i;, of the
leverage ratio when it follows a geometric Brownian motion, to fit the model to the S&P historical

default rates for each rating class and their values (namely /i} ) are given in Table 8.1.

3We take the time horizon of fifteen years as S&P historical data is available for up to fifteen years.
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FIGURE 8.9. Comparing the best fit to the observed S&P default probabilities with
the jump-diffusion model and with the pure diffusion model for a BBB-rated firm.
The initial leverage for the BBB-rated firm is L = 31.5% and the volatility is o, =
0.213. Other parameters used for the jump-diffusion model (JP) are i, = 0, pr, =
0, ity = —0.3, 02 = 0.25, Ay = 0.1. For the pure diffusion model (GBM), the drift
is jur, = 0.002.

AAA| AA| A |BBB| BB B CCC

py | 1.1 106 | 03 | -03 0.4 -0.5 0.3

@ | 0.16 | 0.08 | 0.039 | 0.002 | -0.008 | 0.018 | -0.007

TABLE 8.1. Calibrating to S&P data. The first row gives the optimal values of the
jump component for different credit ratings. The second row gives the optimal drift

of a diffusion model for different credit ratings.

Figure 8.6 plots the default probability of a CCC-rated firm with the leverage ratio following the
geometric Brownian Motion (GBM) with optimal drift (1} ) and under the jump-diffusion process

(JP) (1z;) with optimal jump size, and compares these to the S&P historical data. We observe that
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FIGURE 8.10. Comparing the best fit to the observed S&P default probabilities
with the jump-diffusion model and with the pure diffusion model for an A-rated
firm. The initial leverage for the A-rated firm is L = 17.2% and the volatility is
or, = 0.184. Other parameters used for the jump-diffusion model (JP) are zi;, = 0,

prr =0, Jig = 0.3, 07 = 0.25, Ay = 0.1 . For the pure diffusion model (GBM), the
drift is 1, = 0.0309.

both models can generally track quite well the S&P historical data. The results are similar for
B-rated firms as displayed in Figure 8.7. For the BB-rated firms, the model under the geometric
Brownian motion generates default probabilities very close to the S&P data, the model under the
jump-diffusion process generates default probabilities slightly higher than the S&P data, but it
tacks the general trend quite well (see Figure 8.8). For the BBB-rated firm, we observe that neither

model is able to give a good approximation to the S& P historical data, as exhibited in Figure 8.9.

For investment grade firms, for example, A-rated and AA-rated firms, the model under the jump-
diffusion process gives a very close approximation to the historical data (see Figure 8.10 and Fig-
ure 8.11), where for these ratings the model under geometric Brownian motion is not able to track
the historical data at all. Similar results are found for AAA-rated firms, as shown in Figure 8.12,
where we see that the jump-diffusion model generally tracks the historical data, though not so well

at longer times, but this may due to the some problems with the data.

Figure 8.6 and Figure 8.7 show that if the leverage ratio follows geometric Brownian motion (as
in Hui et al. (2007)) or jump-diffusion process (as here), the model can generally approximate the

historical default rates quite well for low credit quality firms, for example, CCC, B and BB-rated



8.6. OVERVIEW 113

18 R
16l —6— S&P data /S i
‘== GBM with optimal drift=0.08 o

14F | —— JP with optimal jump size mean=0.6 : ! ’

121
PD(%) 1}
0.8
0.6

0.4

FIGURE 8.11. Comparing the best fit to the observed S&P default probabilities

with the jump-diffusion model and with the pure diffusion model for a AA-rated

firm. The initial leverage for the AA-rated firm is L = 9.5% and the volatility is

or, = 0.156. Other parameters used for the jump-diffusion model (JP) are 11y, = 0,

prr =0, g = 0.6, 03 = 0.25, Ay = 0.1. For the pure diffusion model (GBM), the

drift is i, = 0.08.
firms. However, when the credit quality of firms increases, only the model with leverage ratio
following a jump-diffusion process is able to give a good fit to the historical data (see for example,
Figures 8.10-8.12). These results seem to reflect the fact that for non-investment grade firms, there
is no significant difference between default being driven by gradual diffusion or sudden external
shocks, however, for investment grade firms, defaults seem to be mainly due to the external shocks.
Compare the optimal values of jump size mean for A, AA and AAA-rated firms, which increases
from 0.3 for the A-rated firm to 1.1 for the AAA-rated firm, this is a reflection of the fact that
for the better credit quality firm, such as AAA-rated firm, defaults are driven by a higher value of
jump size mean. Hence our argument that for better credit quality firms, default is driven by strong

external shocks. For lower quality firms they are closer to the default barrier so diffusion may be

sufficient to cause default.

8.6. Overview

This chapter has extended the work of Hui et al. (2007) model (which the dynamic leverage ratio

follows geometric Brownian motion) to incorporate jump risks. The Monte Carlo scheme has
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FIGURE 8.12. Comparing the best fit to the observed S&P default probabilities

with the jump-diffusion model and with the pure diffusion model for a AAA-rated

firm. The initial leverage for the AAA-rated firm is . = 3.1% and the volatility is

or, = 0.127. Other parameters used for the jump-diffusion model (JP) are 11y, = 0,

prr =0, g = 1.1, 02 = 0.25, Ay = 0.1. For the pure diffusion model (GBM), the

drift is pi;, = 0.16.
been extended to evaluate the default probability, the behaviour of which in the presence of jump
risks are studied. By searching for the optimal value of jump size mean, the model is calibrated
to the Standard & Poor’s (2001) reported historical data. We also have compared our fits using
jump-diffusion model to those obtained using the Hui et al. (2007) model as a comparison®. The
results seem to reflect the fact that for non-investment grade firms, default of firms is driven by
either gradual diffusion or jumps, while for investment grade firms, the default is mainly driven by
jumps. It will be of interest to see how this effect works out when we come to consider the eftfect of

jump-diffusion dynamics of the leverage ratios on joint survival probability or default correlation

among two firms, a topic to which we will turn in the next chapter.

“Alternative specifications such as using asymmetric volatilities for firms’ leverage ratios could probably achieve
similar empirical outcomes. However, in this thesis our aim has been to extend the framework of Zhou (20015), and
for this reason we have chosen to work with jump-diffusion processes.



CHAPTER 9

The Two-Firm Model with Jumps

In this chapter, we extend the two-firm model developed in chapter 3 to incorporate the jump
structure introduced in to the one-firm model in the previous chapter. The Assumption 1 in chapter

3 and Assumption 1” in chapter 8, in this case become

Assumption 1”. Let Ly and L, denote the leverage ratios of the note issuer and the reference
obligor, respectively. The leverage ratio is defined as the ratio of a firm’s liability to its market-

value capitalization. The dynamics of L, and L, are described by

where the ; are the instantaneous expected drift rates, the o; are the instantaneous variances
conditional on no jumps, Z, and Z, are Wiener processes capturing the uncertainty in the leverage
ratio dynamics under the historical measure P. The Wiener increments dZ, and dZ, are assumed
to be correlated with B[dZ1dZ,] = p1odt. The jump sizes Y1 and Ys are assumed to be independent,
however they both occur at the same time, q is the Poisson counting process defined in (8.2) with
the intensity \,, here we assume that the jump event affects both firms so the same intensity of the

Jump arrivals A\, applies to both.

The quantity (Y;—1) is a random variable that is the percentage change in the leverage ratio level of
firm i if the Poisson event occurs, where Y] is log-normally distributed: In'Y; ~ N (p,; — 032- /2, crgi)

with the expected mean value:
b =E[Yi-1] = [ (¥~ DG(Tav; 92)
0

We assume that G(Y1) and G(Y5) are independent.

Given that the Poisson event occurs, the impact of the jump on the leverage ratio level of firm
i is determined by drawing Y; from the distribution G(Y;). If L;(¢7) is the leverage ratio level

at time ¢~ just prior to the jump, then the leverage ratio level at time ¢t* immediately after the

115
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jump is L;(tT) = L;(t7)Y. The successive draws from G(Y;) are independently and identically
distributed.

Let P(Ly, Lo, 7,t) be the price of a credit linked note written on the underlying asset L, Lo and 7.
Under Assumptions 1", 2, 3, 4 and applying a similar approach to that described in Chapter 8, the
integro-partial differential equation (IPDE) for P(L1, Lo, r,t) becomes

oP 1. .0°P 1 , ,0°P 52p 52p
N A 7 L L1 Ly=———— + p1,010,L
ot 01 gz T g%ty T e labe g o b G
2P 1 ,0°P op
+p2,020 Lg + ( )\ k'ql)L1

anor T3% o

. P op - o
(i — Agkgp) Lo + k[0, — 1] 2 — P + /\q/ / [P(LlYI, LoYa, 7 t)
L or 0 0

oL,

—P(Ly, Ly, 7, t)| G(Y1)G(Y2)dY1d Yz, 9.3)

fort € (0,7), L; € (0, E,) and subject to the boundary conditions:

P<L17L27T7 T) - 17 (94)
P(Ly, Ly, 7, t) = 0, (9.5)
P(Ly, Ly, 7, t) = 0. (9.6)

In (9.3) j1; and 5,, incorporate the market prices of risk associated with diffusion processes A\, Ay
(assumed constant here) and interest rate processes A, (assumed constant here) and extends to the
two-firm situation the definitions in (8.5). The quantity Xq is the jump intensity under the risk-
neutral measure P. The market risk of jump risk is defined in a similar fashion to equation (8.7),

that is
=B -1 = [ (- 0EaY,, (=1.2), ©.7)
0

where E is the expectation operator under risk-neutral measure P and G( ;) is given in (8.6).

As in Chapter 8 we apply the separation of variables technique and again find that the price of
credit linked note can be expressed as the product of a risk-free bond price B(r,t) and a function

P(Ly, Ly, ), so that

P(Ly, Ly, r,t) = B(r, t)P(Ly, Ly, t). (9-8)
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Substituting (9.8) into (9.3) we find that the integro-partial differential equation for P(L1, Lo, t) is

given by
oP 1 0?P . ~~ oP
_E = —O'lL% 8L2 + |:[L1 + plralarb(t) — )\qqul] Lla_Ll
1 o0*P ~~ oP
> osli—— 13 + [MQ + por020,.b(t) — A kq?] LQG_LQ

+P120102L1L28L oL +)\ / / L1Y1,L2Y2; t)
10L9

—P(LiYi, LY, )| GV G(¥2)dVidYa, 9.9)

fort € (0,T), L; € (0, L;) subject to the boundary conditions:

p(LlaL27T) = 1 (9.10)
P(Ly, Lo,t) = 0, (9.11)
P(Ly, Ly, t) = 0. (9.12)

Here b(t) is given in (3.81).

9.1. A Monte Carlo Simulation Scheme to Calculate JSP under Jump-Diffusion Dynamics

In this section, we follow the same steps as in Chapter 8 and develop a Monte Carlo scheme to
simulate the joint survival probability when incorporating jumps. By the Feynman-Kac formula for
Jjump-diffusion processes (see Gikhman & Skorokhod (1972)), the stochastic differential equations

associated with (9.9) are

dL N ~ ~ ~

— = [+ pro10:b(t) = Xk dt +01dZy + (Vi = 1)dg (9.13)
1

dL N ~ - -

L_2 = [fia + p2r020,b(t) — Agokga] dt + 02dZs + (Yo — 1)dgq, (9.14)
2

where Z and Zg are Wiener processes under risk-neutral measure ]ﬁ’, and the Wiener increments
dZ, and dZ, are correlated with E[d? 1 dZ} = p1odt with E being the expectation operation under
the P measure. Note that the jump sizes Y; now, as in Chapter 8, are drawn from the distribution

of G(Y7)

G(Y;) = ! exp{ nY - (‘Zz; Ugi/Q)F}

. - L (i=1,2), 9.15
Yorvin 7 ( ) (9.15)

and ky; = efai — 1.

The Poisson counting process ¢ now has the new intensity Xq.
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We can also rewrite (9.13) in terms of uncorrelated Wiener processes Wy, W5 as

dL, ~ ~

— = [+ preoob(t) = Akt + ordWs + (i — 1)dg, (9.16)
1

dLy ~ ~

L—2 = [fio + p2,020,b(t) — Apkga|dt + 02 (prodWy + /1 — pydWs) + (Yo — 1)dg. (9.17)
2

Recall the Monte Carlo approach developed in Section 8.2, to evaluate the joint survival probabil-

ity, in order to extend this to the two firm case we replace Step 2’ and Step 3’ by:-

Step 2”. Do the MC simulations M (m = 1,2, ..., M) times.

2.1". For the mth simulation, at the jth time step, generate independent normal random num-
bers e; and ey from the N (0, 1) distribution ;
2.2". Letx; = In(L; /L), then (9.16) and (9.17) become

_ 1, ~+ —

xl(tj) = .’Jj'l(tjfl) -+ [’yl(tjfl) — 50'% — /\qkql} At + 04 Atel -+ Hl, (918)
_ 1 ~ e

Jfg(tj) = xz(tj,l) -+ [’}/Q(tjfl) — 50’5 — )\qkqg} At + 09 AtZg -+ HQ, (919)

where 25 = piae; + /1 — p2yes and the H; and H, are the jump components.

We generate the arrival of the jump event w in the similar way as in the previous chapter which

consists of the following steps:

3." Generate the arrival of the jump event w in the time interval (t; —t;_,):

w~ PNt —t5-1))s
* ifw =0, set H; = Hy = 0, that is no jump occurs in this time interval and go to Step
22"
*if w # 0, generate InY] and InY, from their distributions, respectively, namely
InY; ~ N(fig — 02:/2,0%) for (i = 1,2), and set H; = InY}, H, = InY, then
go to Step 2.2.".

Step 3”. Check the boundary conditions: if z;(¢;) > 0 or a5(t;) > 0, then JSP,,(#;)=0, and go to

the next simulation m+1. Otherwise JSP,,(¢;)=1, and go to the next time step j+1.

Compute JSP(t;) = Zn]‘f:lJ SP,,,(t;)/M, which is the approximate value of the joint survival prob-
ability.

The Poisson samples used in Step 2.3.” can be generated by the algorithm outlined in Subsec-

tion 8.2.1.



9.2. CHOICE OF PARAMETERS 119

8 0 I I I

70

65|

60 [

JSP(%) 55f

45

35

Time

FIGURE 9.1. The impact of average jump sizes on the joint survival probabilities
for CCC-A paired firms. The initial leverage for the CCC-rated firm is L;=73.2%,
and for the A-rated firm is L,=17.2%, and the volatilities are 0,=0.299, o, =0.184.
Other parameters used are ji; = 0, p;» = 0, p12 = 0.5 and py2 = —0.5. The jump
size means take the values ji;1 = fig2 = ji; = 0.3 and —0.3, and A, = 0.1 and
agi = (.25.

9.2. Choice of Parameters

The choice of parameters is similar to that used in Subsection 6.1. The default barriers of the two-
firms are set at El = ZQ = 1. The leverage ratio levels L; and values of volatility ; of individual
firms are again taken from Table 6.1. To isolate the effects of the drift term of the diffusion
component and correlation with the interest rate process, we set ;=0 and p;=0. The correlation
coefficient between the increment of firms’ leverage ratios is set at p1o = 0.5 and p;2 = —0.5 as

previously used in Chapters 6 and 7, because they represent intermediate values.

The parameters used for the jump component are based on Section 8.3, where again the choices of

jump intensity Xq = (.1 and jump size volatility agi = (.25 are based on Zhang & Melnik (2007).

The numerical results presented below are based on the Monte Carlo scheme developed in the
previous section based on the system (9.16)-(9.17). The number of paths M used is 1,000,000 and
the number of time steps per day is set at 100 which means the time step size is At = 1/36, 500.
As discussed in Section 8.3, there is no known exact solution to the integro-partial differential

equation (9.9), so we need to rely on the Monte Carlo scheme and to check its accuracy we use
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FIGURE 9.2. The impact of average jump sizes on the default correlations for
CCC-A paired firms. The initial leverage for the CCC-rated firm is L;=73.2%,
and for the A-rated firm is L,=17.2%, and the volatilities are 0,=0.299, o, =0.184.
Other parameters used are ji; = 0, p;» = 0, p12 = 0.5 and py2 = —0.5. The jump
size means take the values ji;1 = fi;2 = ji; = 0.3 and —0.3, and A, = 0.1 and
agi = 0.25.

the confidence limits as discussed in Chapter 8. For Monte Carlo simulation results for the joint

survival probabilities JSP(t) with M paths, the standard deviation (SD)

\/zm VISP (t) (Z ISP, ()) /M‘ 9.20)

The maximum standard deviation (SD) and standard error ¢ (defined in equation (8.15)) over
time for the Monte Carlo simulated default probabilities of CCC-A paired firms (for example)
is SD=0.4999 and £=0.0005, respectively. Therefore, with 95% confidence the Monte Carlo result
of JSP(t) will lie between JSPey,ee — 0.00098 and JSPey,e + 0.00098.

9.3. The Impact of Jump Risk on the Two-Firm model

In this section, we show the impact of jump risk on joint survival probabilities and default correla-

tions for CCC-A paired firms.
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FIGURE 9.3. The impact of the jump size volatility on the joint survival prob-
abilities for CCC-A paired firms. The initial leverage for the CCC-rated firm is
L1=73.2%, and for the A-rated firm is L,=17.2%, and the volatilities are ¢;=0.299,
09 =0.184. Other parameters used are j;; = 0, p; = 0, p12 = 0.5 and p;o = —0.5.
The values of the jump size volatilities are 0} = 02, = o7 = 0.25 and 0.5, and

fig = 0.3and A, = 0.1.

9.3.1. Impact of the Jump Size Mean.

This subsection studies the impact of jump size volatilities on joint survival probabilities and de-

fault correlations. We take the values of jump size means /i,; = 0.3 and 71, = 0.5.

Figure 9.1 shows the joint survival probabilities rises as the jump size mean increases. Recalling
the discussion on the impact of jump risks on individual default probabilities in Subsection 8.4,
default probabilities of the A-rated firm would be expected to increase as the jump effect increases,
which means that the individual survival probability of the A-rated firm decreases, however the
individual survival probabilities of the CCC-rated firm correspondingly increase. These results
seem to reflect the fact that the CCC-rated firm plays a more important role then the A-rated firm
when they are paired. The increasing effect in individual survival probability of the CCC-rated

firm outweighs the decreasing effect in survival probability of the A-rated firm.

Figure 9.2 graphs the default correlation for different values of the average jump size and the cor-
relation coefficient. The default correlation rises as the average jump size increases for positively

correlated firms. This is due to the fact that, when the jump event occurs, the leverage ratios jump
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FIGURE 9.4. The impact of the jump size volatility on the default correlations for
CCC-A paired firms. The initial leverage for the CCC-rated firm is L;=73.2%, and
for the A-rated firm is L,=17.2%, and the volatilities are ¢,=0.299, o5 =0.184.
Other parameters used are ji; = 0, p;, = 0, p12 = 0.5 and p12 = —0.5. The values
of the jump size volatilities are 07, = 07, = 07 = 0.25 and 0.5, and Ji,; = 0.3 and

X, =0.1.

to higher values on average with a larger jump size mean, and so move closer to the default barrier.
Therefore, if one firm has defaulted, this is a signal that the leverage ratio of the other firm moves
in the same direction (because of p;2 > 0) towards the default barrier, since the leverage ratio of
the other firm is already close to the default barrier with a larger jump size mean, thus the default

of one firm will be a signal that the other firm is likely to default.

In contrast, when firms are negatively correlated (p;o < 0), the default correlation (in absolute
value) increases as the average jump size decreases. The argument is similar to the case of p;2 > 0.
When the jump event occurs, the leverage ratios jump to lower values on average with a small jump
size mean, and away from the default barrier. Therefore, if one firm has defaulted, then leverage
ratio of the other firm moves in the opposite direction (because of p;5 < 0) away from the default
barrier, since the leverage ratio of this firm is already far from the default barrier due to the small
jump size mean. Thus combining these two effects, the default of one firm will make it less likely

on average that the other firm will default.
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FIGURE 9.5. The impact of the jump intensity on the joint survival probabilities
for CCC-A paired firms. The initial leverage for the CCC-rated firm is L;=73.2%,
and for the A-rated firm is L,=17.2%, and the volatilities are 0,=0.299, o, =0.184.
Other parameters used arciﬁi =0, pir = 0, p12 = 0.5 and p15 = —0.5. The jump
intensity takes the values A\, = 0.1 and 0.5, and o, = 0.25 and Ji4; = 0.3.

9.3.2. Impact of the Jump Size Volatility.

This subsection studies the impact of jump size volatilities on joint survival probabilities and de-
fault correlations. We double the size of the variances of the jump size process from ng‘ =0.25to
Figure 9.3 shows that the joint survival probabilities for CCC-A paired firms barely change as the
jump size volatilities increase. This is similar to the results of the impact of the jump size mean,

but the impact of jump size variance is not very significant, which may be due to the small change

in values of the jump size volatility o, (1v/0.25 = 0.5 to v/0.5 = 0.7).

Figure 9.4 shows impact of the doubling of variances on default correlation. The default corre-
lation declines as the jump size variance increase for positively correlated firms (p;2 > 0), and
default correlation (in absolute value) increases as the jump size variance increases for negatively
correlated firms (p12 < 0). The argument is similar to that relating to the impact of average jump
sizes in Subsection 9.3.1. When the jump event occurs, the leverage ratios may jump to higher
(lower) values on average with a larger (smaller) jump size volatility, and closer to (from) the de-

fault barrier. Therefore, if one firm defaults, the leverage ratio of the other firm moves in the same
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FIGURE 9.6. The impact of the jump intensity on the default correlations for CCC-
A paired firms. The initial leverage for the CCC-rated firm is L;=73.2%, and for
the A-rated firm is L,=17.2%, and the volatilities are 0,=0.299, oo =0.184. Other
parameters used are y; = 0, p; = 0, p12 = 0.5 and p12 = —0.5. The jump intensity
takes the values A\, = 0.1 and 0.5, and 0, = 0.25 and fi4; = 0.3.

(opposite) direction because of p1o > 0 (p12 < 0) towards (away from) the default barrier. Since
the leverage ratio of the other firm is already close to (distant from) the default barrier with a larger
(smaller) jump size volatility , thus the default of one firm will more likely (unlikely) so signal the

possible default of the other firm.

9.3.3. Impact of the Jump Intensity.

Next we study the impact of jump intensity on joint survival probabilities and default correlations.
We increase the jump intensity five-fold from Xq =0.1to Xq = 0.5, which correspond to going

from one jump per ten years to one jump per two years.

Figure 9.5 shows that the joint survival probability decreases for both positively and negatively
correlated firms as the jump intensity increases. The result is similar to that of the impact of jump
size means and a similar argument applies here that when jump intensity increases, the increasing
effect in individual survival probability of the CCC-rated firm outweighs the decreasing effect in
survival probability of the A-rated firm, therefore the joint survival probability increases with the

jump intensity.
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FIGURE 9.7. The impact of the sign of the average jump sizes on the joint survival
probabilities for CCC-A paired firms. The initial leverage for the CCC-rated firm is
L1=73.2%, and for the A-rated firm is L,=17.2%, and the volatilities are ¢;=0.299,
02 =0.184. Other parameters used are ; = 0, p; = 0, p12 = 0.5 and p1p = —0.5,
A¢ = 0.1 and 07, = 0.25. Case 1: fig = figz = 0.3; Case 2: fin = 0.3 and
ftg2 = —0.3; Case 3: j151 = —0.3 and /1450 = 0.3 and Case 4: [i51 = fig2 = —0.3.

Figure 9.6 plots the corresponding default correlation for the given change of jump intensity. The
default correlation rises as the jump intensity increases for positively correlated firm, while when
firms are negatively correlated, a higher jump intensity shifts the default correlation to positive
values. This may be due to the fact that, when the frequency of the arrival of the jump event
increases, the frequency of the leverage ratios jumping to higher values is increased, and this
drives the leverage ratios closer to the default barrier. Therefore, if one firm has defaulted, the
leverage ratio of the other firm moves in the opposite direction (because of p;» < 0) away from the
default barrier. The leverage ratio of this firm is already very close to the default barrier (because
the high frequency of jump arrivals), thus the default of one firm will be more likely to signal the
possibility of the default of the other firm.

9.3.4. Impact of the Sign of the Average Jump Size.

This subsection studies the impact of the sign of the average jump sizes on joint survival probabil-
ities and default probabilities for CCC-A paired firms. We consider four cases. First we assume

that both firms have positive average jump sizes (say Case 1), the case when that both firms jump
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FIGURE 9.8. The impact of the sign of the average jump sizes on the default cor-
relations for CCC-A paired firms. The initial leverage for the CCC-rated firm is
L1=73.2%, and for the A-rated firm is L,=17.2%, and the volatilities are ¢;=0.299,
02 =0.184. Other parameters used are ; = 0, p; = 0, p12 = 0.5 and p1p = —0.5,
A¢ = 0.1 and 07, = 0.25. Case 1: fig = figz = 0.3; Case 2: fin = 0.3 and
ftg2 = —0.3; Case 3: j151 = —0.3 and /1450 = 0.3 and Case 4: [i51 = fig2 = —0.3.

up to positive values on average. In the second case both firms jump down to negative values on

average. In the other two cases one firm jumps up to a positive value on average while the the other

firm jump down to a negative value on average (Case 3), and one firm jump down to a negative

value on average, while the the other firm jump up to a positive value on average (Case 4). The

scenarios are illustrated as follows:

* Case 1: i1 > 05 fig2 > 0 (both firms jump up to positive values on average);

* Case 2:p1;; < 0; pig > 0 (one firm jumps down to a negative value on average, while the

other firm jumps up to a positive value on average);

* Case 3: p1z; > 0; 150 < 0 (one firm jump up to a positive value on average while the other

firm jump down to a negative value on average);

* Case 4: [11 < 0; fig2 < 0 (both jump down to negative values on average);

Figure 9.7 shows that the joint survival probabilities for Case 3 is highest and Case 2 is lowest.

Since in Case 3, the CCC-rated firm (one firm) jumps with a positive average jump size and the

A-rated firm (the other firm ) jumps with a negative average jump size, as discussed previously
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the low quality firm will experience an increase in survival probability as the jump effect increases
while for good quality firm’s survival probability increases as the jump effect decreases. Therefore
Case 3 combines these two increasing effects and hence the joint survival probabilities are highest.
Case 2 is a reverse of the effect in Case 3. In contrast, the joint survival probabilities for Case 1 are
higher than for Case 4, indicating that the CCC-rated firm weighs more heavily than the A-rated

firm in their pairing relationship.

Figure 9.8 illustrates the corresponding default correlations for the different signs of the average
jump sizes. The default correlation for Case 1 is the highest and Case 2 is lowest, for positively
correlated firms, however, it is the other way around for negatively correlated firms, with default
correlation for Case 2 being the highest (in absolute values) and Case 1 being the smallest. The
argument is similar to the one for the impact of the jump size mean in Subsection 9.3.1. When
the jump event occurs, both firms’ leverage ratios jump to higher values on average with a larger
jump size mean, and their leverage ratios are thus closer to the default barrier. Therefore, if either
firm has defaulted, this is a signal about the other firm and on average its leverage ratio moves
in the same direction (because of p;2 > 0) towards the default barrier, since the leverage ratio of
the second firm is already close to the default barrier, thus the default of this firm will become
more likely. Therefore, default correlation for Case 1 is the highest for positively correlated firms.
For Case2, the CCC-rated firm jumps down on average with a small value of the jump size mean,
this moves its leverage ratio away from the default barrier. The A-rated firm jumps up on average
with a positive average jump size, since the initial leverage ratio of A-rated firm is already far
from default barrier, the other firm is even less likely to be driven to default. The argument is just

reversed for the case when firms are negatively correlated.

9.4. Overview

This chapter has extended the two-firm model to incorporate jump risks. The Monte Carlo scheme
developed in Chapter 8 has been extended to evaluate the joint survival probability. The impact of
the jump components on joint survival probabilities and default correlations have been studied and

the results (as well as the default probabilities in Chapter 8) are summarized in Table 9.1.

The default probability of the CCC-rated firm decreases as the jump effect increases, while the
default probability of the A-rated firm increases as the jump effect increases. The joint survival

probability of CCC-A paired firms declines as the jump effect increases.

When firms’ leverage ratios are positively correlated (p12 > 0), the default correlation increases

with the jump size mean or jump intensity, however, default correlation decreases as the jump
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Jump-diffusion processes | Impact on PD | Impact on JSP | Impact on DC
CCC| A +p12 | —pi2
jump size volatilities T [} i [} (2 T
jump intensity T U i (X i (X
jump size means | U T (X T [}

TABLE 9.1. A summary of the impact on individual defaults, joint survival proba-
bilities and default correlations for jump-diffusion processes.

size volatility increases. These effects are just reversed when the leverage ratios are negatively

correlated (p12 < 0).



CHAPTER 10

Comparison of the Two-Firm Model for Different Processes

This thesis developed the two-firm model based on the three different processes of firms’ leverage
ratios. In the previous chapters, we have studied separately for these three types of processes,
how their model parameters affect joint survival probabilities, individual default probabilities and
default correlations. This chapter brings these three types of processes together and compares the
individual default probabilities, joint survival probabilities and default correlations, so as to provide
some insights for credit risk analysis and risk management. These processes represent the different
features of firms that are considered in this thesis: the leverage processes either following simple
continuous diffusion processes (captured by geometric Brownian motions), or having features that
alter their capital structures (by use of mean-reverting processes), or facing default risk both from
gradual processes as well as sudden unforeseen external shocks (modelled with jump-diffusion

processes).

10.1. The Impact of Different Dynamic Leverage Ratio Processes on Default Probabilities

In this section, we bring the recent development of the one-firm leverage ratio models of default
together and compare with the model with jump risk and see how these models perform when
comparing their default probabilities to the S&P historical data, since there is no similar study in

previous literature.

When firm’s leverage ratio follows a geometric Brownian motion process (GBM), we have the
extension of the Hui et al. (2007) model; when the leverage ratio follows a mean-reverting process
to a constant target ratio (MR constant), we have the extension of the Collin-Dufresne & Goldstein
(2001) model; if the leverage ratio follows a mean-reverting process to a time-dependent target
ratio (MR time-dep.), we have the extension of the Hui et al. (2006) model); when the leverage
ratio follows the jump-diffusion process (JP), we have the model proposed in Chapter 8§ that extends

the Hui et al. (2007) model.

Figure 10.1 shows that for a CCC-rated firm the geometric Brownian motion and jump-diffusion
models can both generate default probabilities close to the historical data, while the model mean-

reverting to a constant target ratio underestimates the S&P data, and the results for mean-reverting
129
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FIGURE 10.1. Comparison with S&P data for a CCC-rated firm of the default
probabilities when the firm’s leverage ratio follows the three processes the jump-
diffusion process (JP), the geometric Brownian motion (GBM) process, the mean-
reverting process to a constant target level (MR constant) and to a time-dependent
target level (MR time-dep.). Initial leverage for the CCC-rated firm is L = 73.2%
and the volatility is o7, = 0.299. Other parameters used for the jump-diffusion
model are fiy, = 0, pr, = 0, iy = 0.3, 07 = 0.25, A\, = 0.1. For the pure diffusion
model, the drift is i, = —0.007. For mean-reverting models, the constant target
level used is @ = 31.5% and the time-dependent target ratio is based on equation

(7.66) with 6(0) = 73.2% and 6(15) = 31.5%.

| Fitto S&P data || GBM optimal | MR constant | MR time-dep. | JP optimal |

CCC-rated firms Fits well [ Underestimate | Overestimate | Fits well
BBB-rated firms No model fits well
AA-rated firms || Underestimate \ Underestimate \ Underestimate \ Fits well

TABLE 10.1. A summary of the comparison of different processes on individual
default probabilities fit to S&P historical data for the one firm model.

to a time-dependent target ratio are an overestimate. However, Figure 10.2 shows that for a BBB-
rated firm, no single model provides a good approximation to the historical data. For a AA-
rated firm, Figure 10.3 shows that only the jump-diffusion model generates default probabilities
close to the historical data, while all other models provide underestimates. Table 10.1 gives an
overall summary and comparison of the results for the one firm model. The results indicate that if

the leverage ratio of low credit quality firms follows a mean-reverting process, the firm’s default
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FIGURE 10.2. Comparison with S&P data for a BBB-rated firm of the default
probabilities when the firm’s leverage ratio follows the three processes the jump-
diffusion process (JP), the geometric Brownian motion (GBM) process, the mean-
reverting process to a constant target level (MR constant) and to a time-dependent
target level (MR time-dep.). Initial leverage for the BBB-rated firm is L = 31.5%
and the volatility is o, = 0.213. Other parameters used for the jump-diffusion
model are iy = 0, prr = 0, fig = —0.3, 07 = 0.25, A, = 0.1. For the pure diffu-
sion model, the drift is zi;, = 0.002. For mean-reverting models, the constant target
level used is @ = 31.5% and the time-dependent target ratio is based on equation

(7.66) with 6(0) = 73.2% and 6(15) = 31.5%.

probability will be calculated to be lower, while the default of good credit quality firms is mainly

due to sudden external shocks.

10.2. The Impact of Different Dynamic Leverage Ratio Processes on Joint Survival
Probabilities

In this section, we compare the joint survival probabilities of the two-firm model when the firms’

leverage ratios follow the three types of processes under consideration.

Figure 10.4 gives a comparison of the joint survival probabilities between the three types of pro-
cesses with positive correlation p15 = 0.5 for CCC-BBB paired firms. The joint survival proba-
bility of the two-firm model when leverage ratios follow mean-reverting processes to a constant
target ratio is the highest, while the other processes generate similar values of the joint survival

probability and much lower (by about 20% at 15 years) than the highest. This seems to suggest
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FIGURE 10.3. Comparison with S&P data for a AA-rated firm of the default proba-
bilities when the firm’s leverage ratio follows the three processes the jump-diffusion
process (JP), the geometric Brownian motion (GBM) process, the mean-reverting
process to a constant target level (MR constant) and to a time-dependent target level
(MR time-dep.). Initial leverage for the AA-rated firm is L = 9.5% and the volatil-
ity is o, = 0.156. Other parameters used for the jump-diffusion model are 417, = 0,
prr =0, i1, = 0.6, 03 = 0.25, A; = 0.1. For the pure diffusion model, the drift is

i, = 0.08. For mean-reverting models, the constant target level used is 0 = 31.5%

and the time-dependent target ratio is based on equation (7.66) with #(0) = 73.2%

and 0(15) = 31.5%.
that when the firms’ leverage ratios follow mean-reverting processes to a constant target ratio, their

joint survival probabilities are higher.

10.3. The Impact of Different Dynamic Leverage Ratio Processes on Default Correlations

In this section, we compare the default correlations of the two-firm model when the firms’ leverage

ratios follow these three types of processes.

Figure 10.5 compares the default correlations between the two-firm model when the leverage ratios
follow the three types of processes for CCC-BBB paired firms. We observe that for positively
correlated firms (p12 > 0), the two-firm model based on different types of processes generate
similar values of default correlation. When firms are negatively correlated (p;2 < 0), with leverage
ratios follow mean-reverting processes to constant target ratios, the model generates very small

values (close to zero) of default correlation (in absolute value), while the model based on the other
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FIGURE 10.4. The comparison of joint survival probabilities for CCC-BBB paired
firms when their leverage ratios follow the jump-diffusion process (JP), the geomet-
ric Brownian motion (GBM) process, the mean-reverting process to a constant tar-
get level (MR constant) and to a time-dependent target level (MR time-dep.). Initial
leverage for thr CCC-rated firm is L1=73.2%, for the BBB-rated firm is 1,=31.5%
and volatilities are 0,=0.299, 0, =0.213. Other parameters used for the jump-
diffusion model are fi; = 0, pir = 0, fig1 = 0.3, figz = —0.3 0}, = 0.25, Ay = 0.1.
For the pure diffusion model, the drifts used are ji; = —0.097 and p1; = 0.002.
For mean-reverting models, the constant target level used is 6; = 31.5% and the
time-dependent target ratio is based on equation (7.66) with 0;(0) = 73.2% and

0;(15) = 31.5%.

processes, gives similar values for default correlation. Note that the default correlation of the
model based on mean-reverting to constant target ratios rises up at very small time, this is due to

the division of very small value of individual default probabilities discussed in Chapter 6.

The result seems to indicate that if firms’ leverage ratios are positively correlated, the default cor-
relation seems less affected by which types of dynamics of firm’s leverage ratio follows. However,

it does become an issue if firms’ leverage ratios are negatively correlated.

10.4. Overview

In this chapter, we have brought together and compared the performance of the model in terms of
individual default probabilities, joint survival probabilities and default correlations, when firms’

leverage ratios follow geometric Brownian motions, mean-reverting processes, or jump-diffusion
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FIGURE 10.5. The comparison of default correlations for CCC-BBB paired firms
when their leverage ratios follow the jump-diffusion process (JP), the geometric
Brownian motion (GBM) process, the mean-reverting process to a constant target
level (MR constant) and to a time-dependent target level (MR time-dep.). Initial
leverage for the CCC-rated firm is L1=73.2%, for the BBB-rated firm is L,=31.5%
and volatilities are ¢,;=0.299, 0o =0.213. Other parameters used for tbe jump-
diffusion model are fi; = 0, pir = 0, Jigt = 0.3, figz = —0.3 0; = 0.25, Ay = 0.1.
For the pure diffusion model, the drifts used are i, = —0.007 and 1 = 0.002.
For mean-reverting models, the constant target level used is 6; = 31.5% and the
time-dependent target ratio is based on equation (7.66) with 6,(0) = 73.2% and

0;(15) = 31.5%.

processes, so as to provide some insights for credit risk analysis and risk management into the use

of these different processes.

One may make a number of observations on the results. First, if the leverage ratio of low credit
quality firms follows a mean-reverting process, the firm’s default probability will be calculated to
be lower. Second, the default of good credit quality firms is mainly due to sudden external shocks.
Third, if the firms’leverage ratios follow mean-reverting processes to a constant target ratio, their
joint survival probabilities are higher. Fourth, if firms’ leverage ratios are positively correlated,
the default correlation seems to be less affected by the type of dynamics the firm’s leverage ratio
follows. However, it becomes an issue if the firms’ leverage ratios are negatively correlated. In
future empirical research, it would be interesting to study which process best models the real

market environment.



CHAPTER 11

Conclusions

In this chapter we summarize the main finding of the Thesis, draw some conclusions, and raise

suggestions for the future research topics.

11.1. Summary

The principal aim of this thesis has been to extend the dynamic leverage ratio model for Hui
et al. (2007) to the two-firm case so as to study its implications of default correlations and joint
survival probabilities. In Chapter 2 we surveyed the relevant background literature. In Chapter 3
we reviewed the one-firm dynamic leverage ratio model of Hui et al. (2007) for corporate bond
pricing. In their model by use of the separation of variables method, the corporate bond price can
be interpreted as the product of a riskless bond price and a discounting factor. The risk-free bond
price has a known closed-form solution, therefore the main focus is on solving for the discounting
factor. We reviewed the method of images approach for obtaining a closed-form solution in terms
of cumulative normal distribution functions and then the time varying barrier method proposed
by Lo et al. (2003) to deal with the case in which parameters are time varying. In the second
part of Chapter 3, we developed the framework for the dynamic leverage ratio model in the two-
firm situation for pricing financial derivatives involving default risks among two firms using the
credit linked note as the motivating example. We showed that the problem can be reduced to
that of solving the partial differential equation for the risk ratio function. We also discussed the

application of the results to the evaluation of default correlations.

In Chapter 4, we extended the method of images approach to the two-dimensional heat equation
case and obtained the analytical solution subject to zero boundary conditions. This result was then
applied to solve the partial differential equation for the risk ratio with constant coefficients. How-
ever, for coefficients in the time-dependent case, we extended the time varying barrier approach to
obtain an approximate solution. In the second part of Chapter 4, we developed solutions in terms
of the cumulative bivariate normal distribution functions. We saw that the limitation of the method
of images approach applied in the two-dimensional situation is that it works only for certain values

of the correlation coefficient between the dynamic leverage ratios of firms.
135



11.1. SUMMARY 136

In order to obtain solutions for general values of the correlation coefficient, we consider numerical
methods in Chapter 5. First we developed the alternating direction implicit numerical scheme
based on Douglas & Rachford (1956) (the Douglas-Rachford scheme). The challenge here was to
deal with the cross-derivative term and time-dependent drift terms. In order to develop an efficient
numerical solution, we focussed on alternating direction implicit schemes that are unconditionally
stable, that is stable without any restrictions on the time step. In Chapter 5, we also developed a
Monte Carlo scheme to serve as a benchmark. We then discussed the accuracy and the convergence
of the two methods and compared them to the solution developed by using the method of images
with an extreme value of the correlation coefficient for which this method is applicable. We found
that the relative percentage errors are generally less than 1% for the alternating direction implicit
results based on using the number of time steps of 100 per year and number of spatial points of
3,830, and for the Monte Carlo methods based on using the number of time steps of 36, 500 per
year and the number of simulations between 500, 000 and 1, 000, 000. When coefficients are time-
dependent, we use the Monte Carlo results as a benchmark, and compared the accuracy of the
alternating direction implicit method and the approximate solution based on the method of images.
The relative percentage error for the approximate method is generally less than 1%. The relative
percentage error for the alternating direction implicit method is less than 1% except at fifteen years

where the error is around 1.3%.

In Chapter 6, we presented some numerical results for joint survival probabilities and default cor-
relations of the two-firm model when the leverage ratios are driven by Brownian motion. We also
studied the impact of different parameters on the joint survival probabilities and default correla-
tions. Our main finding were that the joint survival probabilities rise if there is (i) a decrease in the
leverage ratio volatility, the average mean levels, the initial leverage ratios, or (i1) an increase in the
correlation coefficient between leverage ratios processes, or in the correlation coefficient between
leverage ratio and interest rate processes. We also found that the default correlation (in absolute
value) rises if there is (i) an increase in the firms’ leverage ratios correlation, or their volatilities, or
average mean levels, or initial leverage ratios, or (ii) a decrease in the correlation between firm’s

leverage ratio and interest rate.

In order to study the impact on default correlations of firms altering their capital structure, in
Chapter 7 we extended the framework of the two-firm model to consider the case in which the
dynamic leverage ratios are mean-reverting to constant target ratios and time-dependent target
ratios. We extended the method of images approach to apply in this situation. Because of the
limitation that the method of images approach works only for certain values of the correlation

coefficient between leverage ratio processes, we also developed a Monte Carlo scheme to solve
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the problem for all values of the correlation coefficient between leverage ratio processes so as to
serve as a benchmark. We discussed the accuracy of the results for which we find that the relative
percentage error compared to the Monte Carlo results are very large. A way to solve this problem
is to develop the multi-stage approximation for the two-firm case. This task is beyond the scope
of the present thesis and we leave it to future research. As our focus here is on the study of the
impact of mean-reverting processes on default correlations, we do the calculations using the Monte
Carlo simulation approach. In the last part of Chapter 7, we studied the impact of mean-reverting
processes on joint survival probabilities and default correlations, in which the use of constant target
ratios generate higher joint survival probability values and smaller default correlation values, and
the use of time-dependent target ratios generates lower joint survival probabilities and larger default

correlations.

Chapter 8 contains our next extension that draws on the discussion of Zhou (1997), who argues that
in reality a firm can default either by a gradual diffusion process, or by a surprise due to unexpected
external shocks. Zhou (20015) combines these measures of risk by assuming that the firm asset
value follows a jump-diffusion process. In order to capture the effect of external shocks on default
correlations, we extend the model of Hui et al. (2007) to the case in which the dynamic leverage
ratio follows a jump-diffusion process. We consider the one-firm model with jump risk, and extend
the Monte Carlo scheme to cover this case. The impact of jump components: the jump size mean,
the jump size volatility and the jump intensity, on single firm default probabilities for different
credit rated firms are studied. We also find the optimal values of average jump size by calibrating
to the S&P historical default data for different credit ratings. The results seems to indicate that for
low rated firms, default is driven by either gradual diffusion or jumps, while for high rated firms,

the default is mainly driven by jumps.

In Chapter 9, we extended the one-firm model with jump risk to the two-firm case, and studied the
impact of jump risk on joint survival probabilities and default correlations. Our main findings were
that the joint survival probability for a low and good credit quality paired firms declines as the jump
effect increases. If firms’ leverage ratios are positively correlated, the default correlation increases
as the jump size volatility decreases, or as either the jump size mean or jump intensity increase.
When firms’ leverage ratios are negatively correlated, the jump effect on default correlation is just

the other way around.

In Chapter 10, we brought together and compared the performance of the model in terms of indi-

vidual default probabilities, joint survival probabilities and default correlations, when the leverage
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ratios of firms follow simple geometric Brownian motions, mean-reverting processes and jump-
diffusion processes, so as to provide some insights for credit risk analysis and risk management.
The results seem to suggest that if the leverage ratios of low credit quality firms follow a mean-
reverting process, the firm’s default probability will be lower. On the other hand, the results show
that defaults of good credit quality firms are mainly due to the sudden external shocks. The re-
sults also seem to suggest a higher joint survival probability if firms’leverage ratios follow mean-
reverting processes to a constant target ratio. The result indicate that the default correlation seems
less affected by which types of dynamics the firm’s leverage ratio follows if firms’ leverage ratios
are positively correlated, however, if firms’s leverage ratios are negatively correlated, this becomes

an issue.

11.2. Topics for Future Research

The Thesis has confronted the mathematical challenges associated with the solution of first pas-
sage time problems in a two-dimensional situation, the further development of which will provide
some major directions for future research. For example, the method of images approach in the
two-dimensional case only works for certain values of the correlation coefficient between firms’
leverage ratio. An interesting problem for future research would be to try to develop some ap-
proximate ways of completing the loop for arbitrary values of the correlation coefficient. More-
over, the accuracy of the solution based on the method of images approach for the model with
mean-reverting processes is very low, therefore an improvement in the accuracy of the solution by

developing the multi-stage approximation scheme is another important issue for future research.

We note that it is difficult to obtain the analytical solution (even approximated ones) for the first
passage time problem of jump-diffusion processes. Such problems are usually solved by using
Monte Carlo simulation. However, Monte Carlo simulation requires long computational times,
especially in the two-dimensional case, therefore the development of an efficient and accurate
numerical scheme, for example the method of lines approach (see for example Chiarella et al.

(2009)), is a fruitful main topic for future research.

Another approach to solving the first passage time problem is the two-dimensional generalization
of the Fortet (1943) equation that was used by Collin-Dufresne & Goldstein (2001), who solved
the first passage time density under the risk-neutral measure in their one dimensional model by
discretizing the generalized Fortet equation. The extension of this approach to the two-firm model
would be an important topic for future research. The recent work of Bernard et al. (2008) ofters

one possible approach.
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We note that the findings in this thesis are mostly based on the study of the impact of model
parameters the values of which have been from various pervious studies and so are plausible. The
values of the parameters need to be obtained by some robust econometric estimation methodology
from market data, this will certainly be a key topic for future research. Finally, the results of this
thesis could be used as a benchmark for assessing different copula functions used in valuing default

correlations, which would be another topic for future research.



APPENDIX A

Applying the Separation of Variables to the PDE for the Corporate Bond
Price

This appendix applies the separation of variables technique to simplify the partial differential equa-
tion for corporate bond price of the one-firm model. Suppose the differential equation (3.4) can be

written in terms of two separate functions as
P(L,rt) = f(r,) P(L,t), (A1)
where function f(r, t) depends only on r and ¢, and p (L,t) is a function of L and ¢ only.

To determine differential equations of f(r, t) and P (L,t), we note that
oP 2 0 f

T o+ f (A.2)
2 D N 2 92
Substituting equations (A.1)-(A.4) into (3.4), we obtain the partial differential equation
+g—prr<t>aL<t>ar<t>L§—f . fﬁL(t)Lg—]LD
+ Pk, (t) [@(t) - r] % —rfP. (A.5)
We group f and P terms respectively, so that (A.5) becomes
R e N AU R )
- (—% r? D 0 oo 012 e >L§—f) (»6

Since the LHS of (A.6) depends only on r and ¢ and the RHS only on L and ¢, the only way that
both sides can be equal for all possible values of r, L and ¢ is that both sides equal to a constant. We

note that the partial differential equation in the bracket of LHS of (A.6) is the partial differential
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equation of the risk-free bond price B(r,t) of the Hull & White (1990) model, which satisfies

0B 1, 0°B . oB
5 T30 ()55 +Re(t)(0n(t) — 1) - —rB =0. (A7)

Hence, both sides of (A.6) equal zero, and (A.1) becomes

P(L,r,t) = B(r,t)P(L,1). (A.8)

The solution of the risk-free bond price B(r, t) is'

B(r,t) = e~a®+b0r (A9)
where
T
b(t) = — / IR gy, (A.10)
T T
at) = / b(v)m(v)@(v)dv—% / o2 (v)b*(v)do, (A.11)

for C(t) = fot K (u)du.

Moreover, the solution (A.9) yields that the first derivative of B(r, t) with respect to r satisfies

1 0B

Substituting from equations (A.7) and (A.12) into (A.5), we obtain the differential equation of

ﬁ(L,t) as
opP 1, . ,0%P op

57 = 0O 55 + ) + pr(t)or()o,()b(0)] Lo,

in the region of 0 < ¢ < 7.

(A.13)

Since the final time condition for the risk-free bond price is B(r,T") = 1, substituting this and

equation (3.9) into boundary conditions (3.5)-(3.6), gives boundary conditions for 16, namely
P(L,T) = 1, (A.14)

P(L,t) = o0. (A.15)

ISee for example, Wilmott et al. (1995) (Section 17.6) or Hull (2000) (Section 21.9).



APPENDIX B

Transformation to the Heat Equation with Time Independent Coefficients

This appendix gives the details of the transformation in (3.31).

Proposition B.1. The solution to the partial differential equation (3.30) may be written
Pz, 7) = ™ u(x, ), (B.1)

where n, € and ( are constants given by

n = ——, (B.2)
ar,
_
¢ = 5% (B.3)
( = orT. (B.4)

and u(x, () satisfies the partial differential equation

ou 1 0%u
— = = : B.5
¢ 20X7? (B-5)
Proof: We Calculate
oP [ ou
T onzHeT e
or ‘ _§u + 87’} ’
oP [ ou
2 onatéT i
oz ‘ _nu - 8x} ’
0?P [ ou  0%u
— oEHET |2 IM— + —| . B.6
Ox? ‘ _77 ut 778:c+8x2] (B.6)
Substituting from equations (B.6) into equation (3.15), the partial differential equation reduces to
ou 1, 2, 4 9 8u+82u N +8u
— = -0 u — 4+ — u+ —
or — 27R [T T o T aa2 ) T T T )
1 ,0% ou 1
= 50%@ + (ot + 7)8_35 +(=¢+ 5027]2 +yn)u. (B.7)
The % and u terms can be eliminated by choosing
g
oin+y=0 = n=-—, (B.8)
9L
Ly, 12
—£+ = =0 =——— B.9
&+ 5oL+ = £ ek (B.9)
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the (B.7) becomes
0*u

da?’

ou 1,

_ — —O

or 2 L

Since u(z, ¢) depends on ¢, we can express g—ﬁ = %‘3—2‘, then (B.10) becomes
-1 8( @ 1 82'&

2 N f— —_
7] ot O¢C 2 0x?’
In order to eliminate the term [o%] ™!, we choose ( to satisfy

1 0¢
[O-%] 15 - ]-7

from which

So that (B.11) reduces to the heat equation (B.5).
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(B.10)

(B.11)

(B.12)

(B.13)
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Transformation to the Heat Equation with Time Dependent Parameters

This appendix illustrate the transformation of the equation (3.39).

Consider

16}

e f(x,7), (C.1)

where ¢(7) is a time-dependent function. e?r is an operator (the exponential operator), it operates

on a function to produce the other function according to the rule (3.38).

In order to transform the partial differential equation (3.38) using (3.39), we need to take the first

derivative of (C.1) with respect to 7, namely to calculate

9 ainys
9 [e ( )Bmf(x,T)]. (C.2)
This is done by applying the Baker-Campbell-Hausdorff formula. The Baker-Campbell-Hausdorff
formula is widely used in quantum mechanics to obtain a solution with combined exponentials

of operators when these operators do not commute. The Baker-Campbell-Hausdorff formula is

defined as (see for example, Hassani (1998), Chapter 2.2)

eABe ™ =B +[A,B] + %[A, [A,B]] + -, (C.3)

where A and B are operators. The expression [A, B] is called the commutator of two operators,

and is defined as [A, B] = AB — BA.

To carry out the operation in (C.2), we consider the following proposition.

Proposition C.1. The expression (C.2) may be written

Proof: First, we multiply (C.2) by the term
e oze=Mar = 1, (C.5)
to obtain
(e ) 2 [ (2, 7]
— Mz <e_c(7)6% 687_66(7)51)]‘"(% 7). (C.6)
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Considering the term in the bracket and applying the Baker-Campbell-Hausdorft formula (C.3)

(setting A = —c(7)Z and B = ), we have
—n2 9 ni
(e ’ ar° ’ >
0 o 0 1 0 o 0

= 5" [—0(7)%7 E] + 5[—0(7)%7 [_C(T)E)_x’ EH te

0 Oc(r) 0
= E—i_ 9 n (C.7)

Note that the higher order terms vanish, as is quite straight forward to see, for example, by calcu-

lating the second term

Lo 2 men 2, 2y = Len 2,240 2,
Substituting (C.7) into (C.6), we obtain
Ok (4 TG ) e
e s | ©9)
|

We also take the first and second derivatives of (C.1) with respect to x in the following propositions.

Proposition C.2. The following result holds:-

a c(T 2 c(T 2 6f {E, T
%[6()01]0(37,7')] :e()az[ (8x )} (C.10)
Proof: We calculate
9 2
%[e( )8zf(a:,7)}, (C.11)
in a similar way to Proposition C.1. We multiply by the term
eMdreMer = 1, (C.12)
to obtain
(M =2 9 [er) 2
(e oz e Oz)%[e Ozf(x77‘)]
= Mo (6_0(7)6% §€C(T)£)f(x7 7). (C.13)
x
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Again apply the Baker-Campbell-Hausdorff formula to the term in the brackets to botain

(e—cma% 0 ecma%)

Ox
= D ) D ) o) o T
— ot (g g e ez ) e

Again all higher order terms are zero.
Substituting (C.14) into (C.13), we obtain

ok 2042

Proposition C.3. The following result holds:-
82

da?

0% a7 = 0 [ FHET)

Proof: We calculate
62
012

in a similar way to Proposition C.1. We multiply by the term

[ f(x,7)],

to obtain

Apply the Baker-Campbell-Hausdorff formula to the term in the bracket to obtain
—an2 P e
(6 ()% e ( >az>

P P L0

Again all higher order terms are zero.
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(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)



C. TRANSFORMATION TO THE HEAT EQUATION WITH TIME DEPENDENT PARAMETERS 147

Substituting (C.20) into (C.19), we obtain the term

o [0*f(x,7)
C(T) or | —— ——
¢ [ Ox? ] ' (€.21)

and hence the result of the proposition is proven.
|

Next, we obtain the functional form of the partial differential equation (3.15) after taking the

transformation, namely by setting

Plz,7) = el 5 p(g 7). (C.22)

We consider the following proposition.

Proposition C.4. The quantity P (x, T) appearing in the representation (C.22) satisfies the partial
differential equation

opP 1 2P

— = = C.23
or o1(7 >8x2 ( )
Proof: The partial differential equation P (x,7) is obtained by calculating
oP 0 ~
- — Jo v()dvg;
or or a7 <" P]’ (C24)
opP o) o ~
il f v)dv—m
o = 5[l P, (C.25)
0?P 0?
- = Jy Ao P C.26
52 526" P] (C.26)
By the relations in Proposition C.1, Proposition C.2 and Proposition C.3, we obtain
oP . o (OP  Oleld 1) op oP oP
- f W(U)dvj L — —_— C.27
or “r ’ <8T + or 8w> <8T () 83:) ( )
oP o opP
= elordvgg 2
o elo o (C.28)
82p T v d’U a 8 P
o = eJo 1) TR (C.29)
Substituting (C.29) into the partial differential equation (3.15), we obtain
oP oP L a? oP
- - = — .30

We see readily that the 9P /Ox term drops out so that

oP 1, 0P
5 = ol >ax2' (C.31)
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Note that, equation (C.31) has a time dependent coefficient. This can be reduced by transforming
the time to maturity variable. Consider the following proposition.

Proposition C.5. Define the new time-to-maturity variable ( as

¢ = / o2 (v)dv. (C.32)
0
and set U(x, () = P(x,7), then u(x, ¢) satisfies
ou 10%u
Proof: Consider equation (C.31), and multiply both sides by the term [J%(T)]_l, so that
S q-10P 19°P
—_— — —_——_— . 4
i) 5 = 55 (C.34)

Using the chain rule we transform to a new time-to-maturity variable ¢ defined in (C.32), so that

(C.34) in terms of u, becomes

o D% 10
[72(7)] ac M or 2022 (€35)
In order to eliminate the [0%(7)] " term, we choose  to satisfy
A
oL x5 =1, (C.36)
from which
¢ = / o7 (v)dv. (C.37)
0
[ |
Proposition C.6. The evolution operator e 3s satisfies the relation
eC(T)a%f(x) = f(x + c(1)). (C.38)
Proof: Using Taylor series expansion, f(x + ¢(7)) can be expressed as
1 !
flate(r) = @)+ f@)en) + 5/ @)em)’ +--
U 20" f(2)
- Z E(C(T)) amn )
n=0
B = ()™ o
n=0
= "M f(z), (C.39)

where to obtain the last line we have used the definition (3.38). |



APPENDIX D

Derivation of Differential Equation Satisfied by a Credit-Linked Note

In this appendix, we derive the partial differential equation for the credit linked note price. Since
the leverage ratios L;, Lo are not themselves traded equations so we employ the “trick” of setting
up a portfolio that contains four credit linked notes with different maturities in order to hedge away
the risks of the non-traded assets L, L, and r, see Wilmott et al. (1995) (Chapter 17.5) for the
basic idea of this approach and Chiarella (2009) (Chapter 10.4) for a more genal discussion.

We consider three non-traded state variables following the stochastic differential equations

d{L‘j = mjxjdt + Sjl'deja (] - 17273) (Dl)

We write the correlation structure as

E[dZ;dZy) = pjdt. (D.2)

We identify L, Lo with x1, 5 and r with In x3.

In order to hedge away these three non-traded risks we need to introduce ! = 4 traded credit linked
notes of maturities T}, 15, T3 and Ty. We use f'(x1,xy,73,t) for | = 1,2,3,4 to denote these
credit linked notes which are assumed to be dependent on x1, x5, z3 and t. Applying Ito’s lemma,

the dynamics of each credit linked note is given by

3
dft =l fldt + ol flaz;, (D3)
j=1
where
8fl 3 afl 1 3 a?f'l
Lel
W= E + ; mjxja—xj + §J%Z:1 PjkS;SET; T axjawk, (D.4)
af!
o f = 5% By (D.5)

We form a hedging portfolio consisting of Q' unit of the traded credit linked notes f! for [ =
1,2, 3, 4. The value of this portfolio at time ¢ is given by

4
v=>Q'f, (D.6)
=1
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and the instantaneous change in V' may be written

4
v o= > Qdf, (D.7)
=1
4 3
= D Q' fldt+) olfldz;), (D.8)
=1 j=1
4 4 3
= ) _QYflat+) QY olfldz;. (D-9)
=1 = j=

In order to render the portfolio riskless the Q' have to be chosen to that
4 3
> @YD dlfldz;=o, (D.10)
=1 j=1
which can be rewritten as

dZ; = 0. (D.11)

i [i@laﬁ- l

For each dZ; term to vanish, the quantity in the bracket in (D.11) must equal zero, that is

4
> @t =o, (D.12)

=1

for 1 < j < 3. In this case, the return from the portfolio in equation (D.9) is then riskless and
given by
4
> o Qflat. (D.13)
=1
If there are no arbitrage opportunities, the riskless hedging portfolio can only earn the risk-free of

interest, so that (D.13) becomes

4
= ry Qdf'dt. (D.14)
=1
Substituting (D.14) into (D.13), we have
4 4
St =r>" Qldf'dt, (D.15)
=1 =1
then
4
> QU =t =0. (D.16)

=1
Following the argument Hull (2000) (Chapter 19), equations (D.12) and (D.16) can be regarded

as 4 homogeneous linear equations in the Q'’s, which are non-zero otherwise there would be no
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hedging portfolio. By the results from linear algebra, equations (D.12) and (D.16) can be consistent

only if
3
p—r = Z )\jaé-. (D.17)
j=1
for some parameters A\; (j = 1,2, 3) that are dependent only on the state variables and time.

Following the argument in Wilmott et al. (1995), the parameters \; are the market prices of risk

associated to the underlying non-traded variables.

Since the maturities 7; are arbitrary the relation (D.17) must hold for a credit linked note of any

maturity, that is we can write
3
p—r=> \oj. (D.18)
j=1

Substituting the expressions for o; and . defined in equations (D.4)-(D.5), equation (D.18) reduces

to the partial differential equation

3 3 3
of
Z AjS; xya +5 ;gpijjSkIjka —rf=0. (D.19)

Replacing (1, x2, Inx3) by (L1, Lo, 1), the partial differential equation (D.19) becomes the partial
differential equation (3.68) for the credit linked note P(L;, Lo, r) with the drift coefficients m;,
my and m3 — s3/2 identified with 11, p and £, (6, — r) and the volatility coefficients sy, sp and s3

identified with o4, o9 and o,.



APPENDIX E

Applying the Separation of Variables to the PDE for the CLN

This appendix applies the separation of variables technique to simplify the partial differential equa-
tion for the price of the credit linked note. Suppose the differential equation (3.74) can be written

in terms of two separate functions as
P(Ly, Lo,7,t) = f(r,)P(L, Lo, 1), (E.1)
where function f(r,¢) depends only on 7 and ¢, and P(Ly, Lo, t) is a function of Ly, L, and ¢ only.

To determine differential equations of f(r,¢) and 13 (L1, Ly, t), we note that

orP Aaf
F + f (E.2)
P 82 oP 9P &P 0P
8L18L2 - f@LlaLz’ 8LZ - f@Ll’ aLQ f L27 (E3)
2 3 R ) o
o*p _ ofop 9P _50f 0P _ 50°f E4)

oroL; or oL,  Or or’ Or? or?’
fori=1,2.

Substituting equations (E.1)-(E.4) into (3.74), we obtain the partial differential equation

~Of .OP 1., ,0%2P 1., ,0°P ~1 ,0°f
P—— i 2 2 - 2L2_ P_ 27 J
ot o 271 18L2+f202 290 T1R% g
2P Of opP
LiLgy—— + — Li—
+fp12o102L4 28L18L2+8T,01r010r 16L1
oP oP opP
afp2r020rL2aL +f,u1L18L +f'u2L28L2
of

+ﬁl€r [é; = r} 5 rfﬁ (E.5)

r
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We group f and P terms respectively, so that (E.5) becomes

(Y 22 ] L )

ot 2% am
_ﬁlLlaa_i _ p’QLQS—i) . (E.6)

Since the LHS of (E.6) depends only on r and ¢ and the RHS only on L, L, and ¢, the only way
that both sides can be equal for all possible values of r, L1, Lo and ¢ is that both sides equal to a
constant. We note that the partial differential equation in the bracket of LHS of (E.6) is the partial
differential equation of the risk-free bond price B(r, t) of the Vasicek (1977) model, which satisfies

9B 1 ,°B  ~ 0B
I )= _— = 0. E.
T + 507 5 + K. (0, — 1) 5 rB =0 (E.7)

Hence, both sides of (E.6) equal zero, and (E.1) becomes

P(Ly, Ly, t) = B(r,t)P(Ly, Lo, t). (E.8)

The solution of the risk-free bond price B(r, t) of the Vasicek (1977) model is'

B(r,t) = ed®+tOr (E.9)
where
—m-(T—t)_l
bt) = “ T (E.10)
Ky
—b(t) — T + ) (k20, — 02 /2 2p(¢)2
o) = CHO=THO0, —a2f2) _ atble? E1D
K2 4K,

Moreover, the solution (E.9) yields that the first derivative of B(r, t) with respect to r satisfies
1 0B

So, = o). (E.12)

For example, Wilmott et al. (1995), Section 17.5.
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Substituting from equations (E.7) and (E.12) into (E.5), we obtain the differential equation of

~

P(Ly, Lo, t) as

OP 1 , ,0°P o°P 1, ,0°P
“ar — anthigr ekl gt gnlign
oP
m r010:b(t)] L1 =
+ [ + prroorb(t)] 9L,
. oP
+ [fis + por a0 b()] Lo, (E.13)
0L,

in the region of 0 <t < T

Since the final time condition for the risk-free bond price is B(r,7") = 1, substituting this and
equation (E.8) into boundary conditions (3.69)-(3.71), gives boundary conditions for ﬁ, namely

~

P(Ly, Ly, T) = 1, (E.14)
P(Ly, Ly,t) = 0, (E.15)

P(Ly, Ly, t) = 0. (E.16)



APPENDIX F

The Number of Images and the Correlation Coefficient p

The method of images applied in Chapter 4 for the two absorbing barriers case is only valid for
certain values of the correlation coefficient between two firms’ leverage ratios. This appendix
demonstrates the relationship between the total number of images required to form a “closed-loop”

and the corresponding value of the correlation coefficient p;5.

In order to obtain the number of images that form the closed-loop, it is convenient to transform the
volatility adjusted correlated log-leverage ratio variables x; and z, to the uncorrelated variables

21, 29 by setting

1

———=(71 = p1a72).
V1= ply

In order to eliminate the mixed derivative term from the heat equation (4.1), we make the transfor-

(F.2)

21 =

mation
w(wy, 2, 7) = U(z1 (21, T2), 22(22), T), (F.3)

using the change of variables defined in equations (F.1)-(F.2).

Since
0z 0729
ez _ . 9%y
a:171 ! ’ a,Ig
on _ o Om
or, T Oxy P
with @ = 1/4/1 — p?, we have
ou 0 ~
—— =a-—P
a:L'l a@zl
0%*u Y 0% _
o2 “ 3z%u
o [0 07,
or; |0z "oz
Pu [0 0? 2 0?7 -
5= [z 20+ 0y
FPu_ [ P , 7
- TP | U F4
0x101 _aazlazg @ p@z%} u (F.4)
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Substituting (F.4) into (4.1), yields

ou 1] ,0°] . 1]02 02 o 07 - o s 0% -
3 =3 {a (9_7:%} ut g [8_,2%_2ap8218z2 + (ap) a—Z%] u+p [oz821822 -« pg—z% u
1 ,0°u 10*u 0*u 1 , 0% 0*u , 0%
- o 922 * 2022 ap@zlazg * §(ap) 822 + pa@zl&zg ~ (pa) 022

[l L o] P, 17

rearranging the term in the bracket on the right hand side [$o? + £ (ap)? — (pa)?] we find that it

equals 1, therefore we obtain
ou 18217+ 10%u
or 202 2023

The absorbing barriers z; = 0 and x5, = 0 determine the barriers of the uncorrelated variables,

(F.5)

which become

29 = 0, (F6)

Ve P%Q
The transformation of the barriers is also illustrated in Figure F.1, and we note that the barrier for

z1 depends on z, as well.

Z9
T2

T —_— 21

FIGURE F.1. The transformation of the barriers.

Since x; and x5 are defined in the region 1,25 € (—00,0) x (—00,0) (represented by the non-

shaded region in the left hand panel in Figure F.2), then for 2;, 2o the regions of definition are

\/1—p? .
29 € (—pr”zl, 0) and z; € (—o0, — \/%zz), and there is an angle ¢’ (represented by the
12

angle ¢ in the right hand panel in Figure F.2) between the two planes of the barrier z, = 0 and

P12

21 = — Z9.
Vv 1—p3,



F. THE NUMBER OF IMAGES AND THE CORRELATION COEFFICIENT p12 157
Z9

X2

FIGURE F.2. The non-shaded area in the left hand panel represents the restricted
region in x1,xy co-ordinates. After the transformation, the wedge shaped non-
shaded region forming the angle ¢’ in the right hand panel represents the restricted
region in 27, 2o co-ordinates.

In the ensuing discussion it is important to distinguish between the polar angle ¢ (measured clock-
wise from the positive z; axis) and the angle ¢’ (measured clockwise from the negative z; axis), as

shown in the right panel of Figure F.2, and which are related by ¢/ = ¢ — 7.

Next, we relate the angle ¢’ to the correlation coefficient p;5. By simple trigonometry for a point
g P y simp g ry p

21, Z9) in the line z; = ——£2—2,, we have
( 1, ) 1 /_1 P%Q
z1 = Rcos gb, (F8)

where R is the radius defined as R = /27 + 23.

Equation (F.8) may be written as

z1 = /2% + z%cos ¢,

(F.9)
which by use of the relation (F.7) becomes
2 o 1=ply » 2
2] = (21 +— zl) cos” ¢, (F.10)
Pi2
from which we obtain
P12 = =t coso. (F.11)

From (F.11), we note that the condition —1 < p;5 < 1 determines region of ¢ whichis ™ < ¢ < 27,
hence the values of ¢ satisty 0 < ¢’ < 7 (since ¢' = ¢ — 7). If pjg < Othen 0 < ¢' < Z, if

p12 = 0 then ¢' = 7 and if p;o > 0 then § < ¢’ < 7 as illustrated in Figure F.3:

Note that we can only form the closed loop of images for values of the angle ¢’ that divide the

angle (27 — ¢) into an exact integer number. Denote by m the number of images, then in order to
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22

21

p12 <0 p12 >0

P12=0

FIGURE F.3. The relationship between the correlation coefficient p;5 and the angle ¢'.

form the closed-loop, the integer m must be related to the angle ¢’ by
2 — ¢/
m = v

We stress that m must be a positive integer, also the values of m that satisfy this relation are the

(F.12)

odd integers starting from 3. These values of m via equation (F.12), will then determine the values

of pyo for which the method of images can be applied.

For example, given ¢’ = 7 (at which p; = 0), we require m = 3 images to form the closed-loop
(see Figure F.4), that is if we successively reflect a point in the physical region in the mirrors at the
lines radiating from the origin at polar angles ¢ = 37”, =0, ¢ = 7 and ¢ = 7 we will arrive back

at the original point.

22

AN
NV

¢/

FIGURE F.4. To form the closed-loop for the angle ¢’ = 7, three images are required.

Next consider ¢' = % (at which p1; = —0.5) illustrated in Figure F.5. The lines bounding the

image region (shaded in Figure F.5) lie between the polar angles ¢ = 7 and ¢ = 4?” in the
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clockwise direction. So the angle separating the two defining lines is 5?” (= 27 — ¢), which can
be divided precisely into five regions separated by lines at an angle of 7/3 apart, as shown in
Figure F.5. These lines are five mirrors in which the point in the physical region is successively
reflected to give the five image points. A further reflection in the line ¢ = 7 would take us back
to the original point, thus completing the loop. Figure F.6 illustrates the situation for ¢' = 7 (at
which p;5 = —0.707) for which seven mirrors, resulting in seven images, are required to form a

closed loop.

FIGURE F.5. To form a closed loop for the angle ¢" = %, five images are required.

FIGURE F.6. To form a closed loop for the angle ¢" = 7, seven images are required.

We can now see that the general relationship between the value of p;2 and the member of images
m needed to form a closed-loop is obtained by substituting (F.12) into (F.11), using the relation
¢’ = ¢ —m, to yield
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2T

p12 = — cos( (m ), (F.13)

form = 3,5,7,.... The corresponding values of p;» are summarized in Table 4.1.



APPENDIX G

Transformation of the PDE (4.30) to the 2-D Heat Equation in the Case of
Constant Coefficients

Proposition G.1. The solution to the partial differential equation (4.30) may be written

P(Xy, Xo,7) = enXtmXetiny (x, X, 1), (G.1)
where 11, 1y and & are constants given by
m = w’ (G.2)
1 — piy
Ny = w’ (G.3)
1 —piy
1.2 1.2
371 — P22 + Y
¢ = -2 R (G4)
1 — pis
and u(X1, Xs, T) satisfies the partial differential equation
ou 1 0%u 0*u 1 0%u
= - - , G.5
or ~ 20x2 "Maxax, T20x? G5)

Proof: We define P such that P(X;, X,, 7) = emX1+mX2 (X, X, 7), where the 1, and 1, are to

be chosen in a “convenient” way. We calculate

2_15 — emXitmXe

-
L——
% = eMmXitmXe

8)?2—5)( — eMmXitmXo
10X 2

Then equation (4.30) becomes

0P
o

_mﬁ+§§i  (i=1,2)

:Ufﬁ”mg—; + 22—)(?  (i=1,2)

:n1n215+ T a@; +m 552 + a)?ifx? . (G.6)
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opP a?ﬁ
X, axg

opP 3213
X, 6X12

oP 1

or 2"

1

+

P+27]1 5

P+27’]2

oP . opr N 92P
ox, "Mox, T ox,0x,

opP
P + x| (G.7)

+p12 771772§+772

P
mb+ 22

ax,|

Rearranging this last equation we obtain

op _ 1P P 1P
or — 20x2 "?9x,0X,  20X2

opP

+ 2 + pram + 2] = ox,

+ [+ prame + | 5 X,

1 1
+ 5773 + 5773 + pramnz + 1im + Yene| P (G.8)

We may eliminate the 9P /0X; terms and P /0X, by choosing

m+ pien2+7n = 0,

N2 + pram +v2 = 0, (G.9)

the simultaneous solution of which yields

m = Y2P12 — N1
1 = 5
1 - P%z
Y1P12 — V2
1o —_ (G.10)
- P%Q

With these choices of 7; and 7, equation (G.8) reduce to
oP 10°P #P  19°P

or ~ 20x2 TPoxax, T 2ox2
where, by use of equation (G.10)

+ &P, (G.11)

1
— +
‘- (37— Py 272) G.12)

1—012

Next, we define u such that

§<X1,X2>7') = eTu(Xy, Xy, 1), (G.13)
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and calculate

or = & [{u—k@},

a7 or
oP du
= & i =1,2
X e (1=1,2)
o2P _9%u
8_)(1.2 = 66 8Xl2, (2_1,2)
2p 2
8— = est. (G.14)
8X18X2 aXlaXQ
It then follows that u(X;, X5, 7) satisfies
ou 1 0%u 0%u 1 0%u

(G.15)

o ~ 20x2 TPoxax, T2axE



APPENDIX H

The Derivation of the PDE (4.44) in the Case of Time Varying Barriers

In this appendix we show how to the transform equation (4.44) to equation (4.50). We remind the

reader of the operator e“(7)#: defined in equation (3.38) and the techniques used in Appendix C.

Proposition H.1. The partial differential equation (4.44) can be transformed by setting
Pg(Xy, Xo,7) = ¢ MOaT 05 By, X, 7), (H.1)

where the X[ (7) is given by
Xi(r) == [ o - fir, (1 =1.2) (12)
0

and ﬁ(X 1, Xo, T) satisfies the partial differential

oP 1a2~+ 0*P  10°P
or  20X? prz

5,90

0xX,0x, 2oxz  Max, —h 20)(2‘ (H.3)

Proof: Apply the Baker-Campbell-Hausdorff formula in Appendix C, and after some algebraic

manipulations, we obtain

08 _  xig—xsg% [0P _0Xi(r) 0P 0Xj(r) OP
or or or 0X, or  0X,
GPIB _ efX*(T)af(l 7X§(T)%8_P (Z o 1 2)
0X; 0xX;’ T
-
a P/B _ e*X*( )ax1 *Xz( )% 82P (Z 1 2)
X2 axX2’ ),
.-
& XI5k X5 (N 5% L (H.4)
8X18X2 6X16X2

Then equation (4.44) becomes
OP 0Xi(r) OP  9Xj(r) OP 192P PP 10%P

o7 or ox, or oxX,  20x2 "gx0x, " 20x2
oP 315

+71(7) 5o (H.5)
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Define X (7) and X (7) by setting

JoNm) (7)) + B,
or
50 e+

so that

Xi(r) = - / n(v)do — By,
X5(r) = —/0 Ya(v)dv — o,

then, the partial differential equation (H.5) becomes
oP oP oP OP
5. 7 ()8X1+Bl +72( )8X2 ﬁz
19°P PP 1 a? oP oP

= 2ax TPeaxax, Taaxs T gy, Toe )8X2

which then turns out to be equation (H.3).

165

(H.6)

(H.7)

(H.8)

(H.9)

(H.10)

We note that the partial differential equation (H.3) can be further reduced to the two-dimensional

heat equation u. We apply the transformation illustrated in Appendix G, simply replacing P by 15,

and replacing the coefficients ~; by —3; (for 7 = 1, 2), we obtain
ﬁ(Xl, XQ, T) = 6771X1+172X2+5TU(X1, XQ, T),

where 71, 172 and & are constants given by

i —[Bap12 + B
1 = T 5
1 — pf
- —B1p12 + B2
2 = T 5
1 — piy
¢ B %ﬁ% — p121 B2 + %5%
1—p? ’
12

The following proposition gives the proof of equation (4.51).

Proposition H.2. The expression

o1 7) gor +ea(r) 6z2f(a:1,x2),
may be written as

f(l’l + Cl(T),ZEQ -+ CQ(T)).

(H.11)

(H.12)

(H.13)

(H.14)

(H.15)

(H.16)
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Proof: Using Taylor series expansion, f(z1 + ¢1(7), xo + co(7))

TL

flar+ (), 2+ (1) = Z Z n,in, ot axm [f (w1, @2)]er ()" ca(T)™,

n=0 m=0
)t o = cp(T)™ o™
- [nz; n! ax?] [mzjo m! 83;5” f($1,x2),
= 601 T)%e ()%f(l‘l,xg). (H17)

The last equality follows from repeated application of the definition (3.38).



APPENDIX I

Expressing the JSP in terms of the Bivariate Normal Distribution

This appendix develops a scheme for the simplification of the expression for the joint survival
probability to the cumulative bivariate normal distribution function N5(.) given in Section 4.4.

This scheme involves five steps:

Step I. Consider the integral in the form

oo 1 ( ¢ (Y1, ) >
——exp |~ ) dydys, L1
/_OO /_OO oL P\ 72501 = iy ) e (L.1)

where

¢(y1,y2) = Ay; + Bys + Cyi + Dys + Eyiys + H, 1.2)

and A, B, C, D, E and H are constants (defined by equation (4.68)).
Step II. Group the terms y; and y, by completing the square, then

O(y1,y2) = Ayi + y1(C + Eyo) + Bys + Dy, + H. (1.3)

By completing square, this last expression can be written as

C E 2 ho 2
d(yr,y2) = A <ﬂ + ﬂ?ﬁ + yl) + hy (2_h1 + yz) + I, (L4)

where hq, ho and h are expressed in (4.73).

Step III. First we make the change of variable in the second term in equation (1.4) by setting

hy ?
2
= — L.
= (g s

which implies that

vo= \/h_1 (E + yz) ) (1.6)

2h,
so that
dv = \/hidys, (1.7)
and the limits transform as
p — —coasv— —oo, (1.8)
y» = Owhenv= 2\/‘2_1. (1.9)
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Substituting from (I.6) (that is yo = \/1;71 — 2%) into equation (I.4), and setting

O(y1, = — 3) 10 6(y1, v), yields
C  FEhy Ehy 17

n — A= = 2 240 I.1
d(y1,v) (51 4Ah1+yl)+4Ahlv +0*+h (1.10)
Next, we make the change of variable to y; in the above equation by setting
C Eh2
= — I.11
so that
and take the limits
Y1 — —o0asu — —oQ, (I.13)
C Ehy
= h = — ) I.14
Y1 0 when u = 54 1An, (I.14)
Substituting from (I.11) into equation (I.10), and setting 5(% — %, v) to gg(u, v),
yields
~ E E? ~
d(u,v) = Au2+—hluv+(1+4Ah1)v2+h. (I.15)

Next, we make a further change of variables by setting

/ A
—25(1 — u, (I.16)
~ / A
= —23(1 — du, (1.17)

and the limits transform as

so that,

u — —ooasu — —oo, (1.18)
C Eh, Eh2

= — — h 1.19

" 24~ aAn, Vet =l osa = 4Ah1 (.19)

We also make change of variable with respect to v by setting

1+
T = Lt v, (1.20)
2s5(1 — P12)
so that
1+ -2
do = M g (1.21)

2s(1 — P%z)
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and transform the limits

v — —o0asv — —0Q, (1.22)
ha
h VA :
v = 2 - i W (1.23)
2v/hy 2s(1 — pty)

Substituting from (I.16) and (1.20) into equation (I.15), yield

o(U,0) = WP+ v+ 0%+ h. (1.24)

E
VAB

Substituting this into equation (I.1), we obtain the integral term

1 h
— e —_——
VAB " ( 2s(1 — p%z))
\/1_:0%2/61/61 { <~2 E
X — e - +

where u; and v; are the limits that are given in equations (I1.19) and (1.23).

v + 6’2) } dudv, (1.25)

Step IV. We let

E
~ : 1.26
P Nov: (1.26)
~ C Ehy 1—p?
= V2 1.27
¢ <2A 4Ah1) 1— 2, a27
~ _ 1 E?  hy 1—p?
b = 2(1 — p? = — 1.28
W= o= oM T avm 1= (129
then Eq (I.25) can be written as
(1—pia) —h V1-p? /\/2(15—272) /x/zub—fﬂ)
————=="— exp X
AB(]' - ﬁQ) 28(1 - p%2) ™ —00 —00
x exp {— (@ — 2p v + v%) } dudv. (1.29)
Step V. Note that the bivariate normal distribution function has the form
u? — 2puv +v
Ns(a, b, = / / ex ( ) dudwv,
2(a.b.p) 2m/1— P 2(1 - p?)
and can also be expressed as
\/ 1— 2(1—p2 2(1—
Ny(a,b,p) = /\/( >/W —(a® = 2pxy + y?) } dudy,
(1.30)

by making the change of variables
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xr=u//2s(1 — p?), (L.31)

and

y=uv/y/2s(1 — p?). (1.32)

By comparing equation (1.29) to equation (I1.30), we see that the integral (I.1) can be

expressed in terms of the N,(.) function as

/0 /0 1 exp (_ ¢ (Y1, y2)
—oo o0 2msy/1 — piy 2s(1 — pis)

(1—pt) h ~ 7
m exp (m) X Ng(a,b,ﬁ). (133)

> dy,dys,



APPENDIX J

The Operator L

This appendix gives a proof of equation (7.21).

First we define

i B 0 1, 0 5,
Ehf@) = Vta [(@)+ 5 (@) +
1, 9.,
= ;a@%) f(z),
where we use the notation
0 0 0 0

: X , ez f(x X
Proof: Using Taylor series expansion, ¢**a can be expressed as

a > a n
et f(a) = [Z%(axa—x) ]f(x),
n=0
o 1, 9., 1 0

= [1+ax£+a(a$%) +§( f%ﬁ*’ f(z),
o 0 0

= J(@)+ v f(x) + (e f () + (e
9 1 2. ¢/ 1 2.2 ¢pn

= f(@) +avg-f(2) + 5a°af (@) + 5% f7(2)

3! 3! 3!

= J@) + o @)at m®+ mdd 4]+ 22 ()]

2 3!

-m%%@%f+nq+m

171

1 1 1
+—a3mf’(m) + —3a3x2f“(x) + —a3m3f”’(x) 4.

2!

I

1

1
_a2+_a3+..

3!

d

(J.1)

(1.2)

(1.3)

J.4)
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Notice that
1 1 “ ,
xf()[a—l—aa —1—3 P = (e = Daf(x),
1 1 a_1)2
2P + g+ = )
1 . e —1)3
l’Sf///($)[§a3+"'] — ( 3' ) Sngm(l‘),
= J.5)
Therefore, (J.4) can be expressed as
a_ 1 2 et — 1 3
£@)+ (& = Dap@) + C o gy + iy
ret — x re® — )3
= J) ¢ (et )y + T iy T gy
= flze®). (J.6)
|
For the two variable case, the proof is similar to the one variable case.
Proposition J.2. The expression M By TR0 5 f(x1, 22) may be written
ea1x1%+a2x2%f(xl’ 1‘2) — f(l’leal, l’2€a2). (J7)

9 9
: . : a1T]1 5. —+a2x2 5 —
Proof: Using Taylor series expansion, e"'" 9=1 " *"29=; f(x; x5) can be expressed as

o o 0
0171 521 +agwo 822 f(xb 1’2) = (&1$17)n(a21’2—)mf(:€1, 1’2)

0
= [Zm(alxlﬁ_ﬁ) ] [Z a2$2 ] f(z1, 22),
9y
Oxy

+}

0 1 0 0
X [1 —+ a2x27 + = ‘ (a2x281‘2> + — (a2x28x2)3 + .- :|

oo o0

0 1 0 1
— (a7 =—)* + (alml

6.771
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By applying the results of Proposition J.1 to the brackets in (J.8), then the right hand side of (J.8)

becomes

[, a) + (z1€™ — 1) [, (21, 72) + (226" — 22) f, (21, 72)

1
o [(wie™ = @1)? £} (21, 20) + 2(z16™ — 1) (22" — @) f, (21, 72)

(2™ — @o)? f1 (w1, 22)] + - -

TL

! o a n a m
- Zznym;ax " oy — f(z1,22) (16" — 1) (226" — 22)"™,

= f(w1e™, 190"). (J.9)




APPENDIX K

The Transformation of the PDE for the CLN in the Mean-Reverting Case

This appendix gives a brief idea of the transformation of the partial differential equation (7.15) to
equation (7.22).

Proposition K.1. 7he solution to equation (7.15) may be written
PHX), X, m) = e e erNnks Pl X, 7), (K.1)
= PHXi1e ™7, Xye ™7 7). (K.2)

where P( X1, X,, T) satisfies the partial differential equation
opPt 1 02 Pt 02 Pt 1

—2K1T + —K1T—K2T 4 —2KoT 82Pi
- — e - e - — -
or 2 ax? P 0X,0X, 2 9X32

oprt oP?

PR T () (K3)

Proof: Using the same approach back in Appendix C, we apply the Baker-Campbell-Hausdorff
formula to find the relationships of the functions of operator, when taking the first or (and) second

derivatives to the right hand side of equation (K.1) with respect to 7, X; and X5, respectively.

After some algebraic manipulations as illustrated for example, Proposition C.1, Proposition C.2 or

Proposition C.3, we obtain

8_[)T — e*ﬂlTxlﬁfnngQ% _(3Pi - a(mlr)X 8Pi B a(/{QT)X api
or | OT or T lox, or 2oX, |
- e _o_[oP* opP! Pt
_ K17 X1 3?(1 KoT X2 8?(2 OP X X
e i 87’ R1A1 aXl K2 2_0X2 ,
a_PT — e—anXlﬁ—ngTXga%?(z _6_’“7— 8]31
aXl i aXl ?
a_PT — 6_R17X1%—RQTX2% i —KoT api
aXQ i aXQ Y
@ — e—filTXl%—mgTXga—?Q -€_2R1782Pi
3X12 i 8X12 9
o2 pt Xy 8 st | 82P¢‘|
O = e ey | O (K.4)
9X2 e

174
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moreover,
aPT —R1TX] 22 —koT X2 [ 8Pi
X, — = 1T Xy ~M2TA29%, | X, ——
Yox, — °© x|
8PT k1T X1 =2 koT X2 i ﬁPi
Xo— = 1T Xy ~M2TR29%, | X, —
2ox,  © 20X, |
82Pi _ 67/117)(1%7%27)(23;;2 -6—517'—&27' 82Pi ) (KS)
8X18X2 L aXlaXQ
Substituting from the equation (K.5) into (7.15), we obatin
oP* oPp* oP*
e X e o X
(97' & 18X1 2 zan
1 —2%17’82Pi —K1T—K2T 82Pi 1 —21-£27'02Pi — —K1T aPI
— 3¢ gxz e 0X,0X, | 2 0X2 e e
oPt oPt oPt
o (T)e ™ T I X T kg Xy K.6
+72(7)e 2X, K1 19X, K2 25X, (K.0)

which is equation (K.3).



APPENDIX L

Derivation of the PDE with Time Varying Barriers in the Mean-Reverting
Case

This appendix gives details of the transformation of the partial differential equation (7.29) to the

heat equation (4.1) by use of the transformation on given in equation (7.35).

Proposition L.1. The partial differential equation (7.29) can be transformed to

PY(X1 Xo,7) = e MM X055 P(X,, Xy, 7). (L.1)
where X (7) is given by
X (1) = —/ ~i(v)e dv — ﬂ,/ e *dv, (i =1,2), (L.2)
0 0

and ]S(X 1, Xo, T) satisfies the partial differential equation

o OP opP

- — Il —2KkT 7~
516 6X1 ﬁge aXQ (L3)

2P 1 _, 0°P
et e

OP 1 ., 0°P
0X,0X, 2 0X2

ar 29X}

Proof: We apply the Baker-Campbell-Hausdorff formula in Appendix C, and after some algebraic

manipulations, we obtain

i ~ ~ ~
6 xiofxsigg, [OP _0Xi(r) 0P 0X3(r) 0P

or ar ot 90X, 01 0Xa|’
oP} p
B _ N0 00 g
8Xz 6XZ’ Y
92 pt =
B _ xioskxiosg 2P
oxz oxp T
02P! P
B _ XXy 0P (L.4)
8X18X2 a-)(1(9)(2

Then equation (7.29) becomes

oP 0Xi(r) 0P 0Xj(r) P - P o2P -
or  or 0x, or 0Xx.  2° oaxz ™ 9x0x, ' 27 9x2
=~ —KT aﬁ = —2KT aﬁ
+%1(7)e X, + Fa(7)e X, (L.5)
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Define X (7) and X (7) by setting

oX;
— 81<T> — :}/1(7')6_HT+ﬁ1€_2’W, (L6)

T

0X;
- 5T<T> = (7)™ + B, (L.7)

so that
Xi(r) = —/ ﬁl(v)e_ﬁvdv—ﬁl/ e 2y, (L.8)
0 0
Xi(r) = =- / 5o (v)edv — fy / 20y, (L9)
0 0

Then, taking the first derivative of X (7) and X (7) which respect to the variable 7, and substitut-
ing into partial differential equation (L.5) yields

@ +7 (T)efmﬁ + 0 672'”ﬁ +7 (7')6””6—1B + 3 672’”8—]3
or m (9X1 ! 0X1 g 8X2 2 8X2

1, 0P e O*P 1 L, 0P 9P 9P
=5 Mt e T " (L.1

5 X2 + pize IX.0%, + 3¢ 92 + 71 (7)e X, + Fa(7)e 8X2( 0)

which then turns out to be equation (L.3).

We note that the time dependent coefficients in equation (L.3) can be eliminated by transforming

the time variable. This can be done by the following proposition.

Proposition L.2. Define the new time-to-maturity variable ( as

¢ = /O " gy, (L.11)

and set P(X1, Xs,¢) = P(X1, X2, 7), then P(X1, X5, () satisfies the partial differential equation

op _1*P 0P +182P_ﬁ or
ac ~ 20x2 " "2ax0x,  20x2  T'ox,

or
— By e (L.12)

Proof: Consider equation (L.3), and multiply both sides by the term €7, so that

weOP _1O°P 9P 10°P
or _ 20x2  "oxX,0X,  20X2

OP opP
—&aXl —ﬁzaXQ. (L.13)
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Using the chain rule we transform to a new time-to-maturity variable ¢, so that (L.13) in terms of

P, becomes
d . ..0C 19°P 92p 162P op op
2kT -S> — — — . L.14
‘ ac[ = 2ox? TPgxex, Trox: Pax,  Pax, .19
In order to eliminate the e**™ term, we choose ( to satify
9¢
MTx 2 =1 L.15
€ 87_ Y ( )
from which
( = / e 2" dy. (L.16)
0

We note that the partial differential equation (L.12) is similar to the partial differential equation
(4.30), which can be reduced to the two-dimensional heat equation (4.1) via the transformation
illustrated in Appendix G, by simply replacing P by P, u by u, and replacing the coefficients ~;
by —f; (for i = 1, 2), thus obtaining

P(Xy, X5,() = emXtmXetilyx, X, (), (L.17)

where 71, 12 and £ are constants given by the expressions in (4.52)-(4.54).

Therefore, equation (7.35) is obtained by making use the Proposition L.1, Proposition L.2 and
Appendix G.
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