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ABSTRACT. We obtain fundamental solutions for PDEs of the
form u; = oxVug, + f(x)ur — pa”u by showing that if the symme-
try group of the PDE is nontrivial, it contains a standard integral
transform of the fundamental solution. We show that in this case,
the problem of finding a fundamental solution can be reduced to
inverting a Laplace transform or some other classical transform.

1. INTRODUCTION

In this paper we show how to compute fundamental solutions for
every partial differential equation (PDE) of the form
up = 08 Uy + f(2)up — px'u, (1.1)
which possesses a sufficiently large symmetry group. These PDEs are
important in financial mathematics and other areas. We extend a tech-
nique due to Craddock and Platen [CP04], who studied they = 1, 1 = 0
case. Their method reduces the problem to the evaluation of a single
inverse Laplace transform, which is given as an explicit function of the
drift f. Such a method has many benefits. For example, it is quite di-
rect since it does not require changes of variables or the solution of an
ordinary differential equation, and it may be implemented numerically.
Craddock and Platen’s analysis relies upon an apparent curiosity.
Namely, that for a large class of PDEs, one of the multipliers (see
Section 2), in the Lie point symmetry group is the Laplace transform
of the fundamental solution. This approach is however incomplete, as
Craddock and Platen were not able to handle every class of PDE they
studied. We give the complete solution to the problem.
It turns out that what Craddock and Platen discovered is a special
case of a more general phenomenon. We prove that for at least one
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of the vector fields in the sly part of the Lie symmetry algebra, the
multiplier of the symmetry, or a slight modification of the multiplier, is
always a classical integral transform of the fundamental solution of the
PDE. We show that Laplace transforms of the fundamental solutions
arise naturally, as do other classical transforms, such as the Whittaker
and Hankel transforms. A priori, it is not at all obvious that this should
be true. This curious fact suggests a connection between Lie symmetry
analysis and harmonic analysis, which should be investigated further.
The method also yields a quite elementary derivation of the so called
heat kernel on the Heisenberg group. Most derivations of this heat
kernel are far from elementary. See for example Gaveau, [Gav77] and
Jorgensen and Klink [JK88]. We reduce the problem to inverting a
Laplace transform. In fact we will recover more than just the heat
kernel. We obtain a family of solutions containing the heat kernel.

2. LIE SYMMETRIES AS INTEGRAL TRANSFORMS

For the theory of Lie symmetries we refer to Olver’s book [Olv93].
For simplicity we consider only a single linear equation

u = P(z,u™), zecQCR, (2.1)

with independent variables z and ¢ and dependent variable u. Here 1™
denotes v and its first n derivatives in . The essence of Lie’s method
is that we look for vector fields of the form

v =&(z,t,u)0, + T(x,t,u)0 + ¢z, t,u)0y, (2.2)

which generate one parameter groups preserving solutions of the given
PDE. Since every PDE of the form (2.1) has time translation symme-
tries as well as an infinite dimensional Lie algebra of symmetries which
comes from the superposition of solutions, we call them trivial symme-
tries. When we refer to the dimension of a Lie symmetry algebra, we
mean the dimension of the algebra excluding the infinite dimensional
ideal generated by superposition of solutions.

We denote by @, = p(exp ev)u(z,t) the action on solutions generated
by v. Typically we have

plexpev)u(x,t) = o(xz,t; €)u(ar(z,t;€), as(x, t;€)), (2.3)

for some functions o, a; and a,. We call o the multiplier and a; and as
the change of variables of the symmetry.

Now suppose that (2.1) has a fundamental solution p(t,x,y). Then
the function

u(z,t) = /ﬂf(y)p(u z,y)dy, (2.4)

solves the initial value problem for (2.1) with appropriate initial data

u(z,0) = f(x).
The idea is to connect the solutions (2.3) and (2.4). We take a
stationary (time independent) solution u = ug(z). So in this case
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plexp ev)ug(x) = o(z,t; €)ug (a1 (z, t;€)) . (2.5)
Setting ¢ = 0 and using (2.4) suggests the relation

/Qa(y, 0; €)ug(ay(y,0; €)p(t, x,y)dy = o(z,t; €)ug (ar(x,t;€)) . (2.6)

Since o and a; are known, we have a family of integral equations for
p(t, x,y).

Consider the example of the one dimensional heat equation u; = ug,.
If u(z,t) solves the heat equation, then for ¢ small enough, so does

e = e~y (x — 2et, b). (2.7)
Taking ug = 1, equation (2.5) gives
/ e~ Up(t,w —y)dy = e, (2.8)

where p(t, z) is the one dimensional heat kernel. Thus the multiplier

in the symmetry (2.7) is nothing more than the two sided Laplace

transform of p(t, x — y). We can recover p(t,x — y) by inverting (2.8).
A second well know symmetry of the heat equation is

N 1 —ex? x t (2.9)
Ue = ex u , ) )
ST et P Tt 4et 1+ det’ 1+ det

Using uy = 1 again we obtain

* 2 1 —61’2
eV p(t,z — y)dy = ————¢ . 2.10
/_oo plte = y)dy = == Xp{1+4et} (2.10)

Equation (2.10) is an integral transform. It is easy to verify that
p(t,x) = ﬁe‘ﬁ/‘“ is a solution of the integral equation (2.10). Di-
rectly inverting the transform is more problematic since we do not
know of an explicit inversion theorem and the inverse transform will be
unique only up to the addition of an arbitrary odd function. However,
using the fact that p is positive and setting z = y? gives

/ e_EyQp(t,x—y)dy:/ e “G(t,x, z)dz,
0

—0o0

where G(t, x, z) = (p(t, x—+/2)+p(t, x++/z))/2v/2z. Thus the multiplier
in the symmetry (2.9) is the Laplace transform of G(t, z, z). Inverting
the Laplace transform gives

1 —(z? h 2t
G(t,.ﬁlﬁ, Z) _ exp{ (LU + Z)} Ccos (SC\/E/ )
Vart 4t vz
From this we can recover p(t,z). A more satisfactory method of ex-

tracting the fundamental solution from (2.10) is developed in Section
7. Our overall aim is to show that exploiting the relationship (2.6)
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yields a fundamental solution for any PDE of the form (1.1) with non
trivial symmetry group.

3. SYMMETRIES OF GENERALIZED BOND PRICING EQUATIONS

A zero coupon bond is a security which pays the holder one unit of
currency at maturity. A readable account of the theory of bond pricing
by PDE methods is contained in the book [Jos03].

Assume that the risk neutral spot rate of interest X satisfies the
stochastic differential equation

dXt = f(Xta t)dt ‘I‘ b(Xt7 t)th, XO =, (31)

where W is a standard Wiener process. The function f is known as
the drift and b the volatility. Let u be a solution of the PDE

1
up = §b(x,t)2um + f(z, t)u, — zu, x>0 (3.2)
with initial condition u(z,0) = 1. It can be shown that the price at
time ¢ of a zero coupon bond maturing at time 7', is given by u(x, T —t).
We concentrate here on interest rate models of the form

dXt == f(Xt)dt + \V QUXtth.

This corresponds to v = 1 in (1.1). We will illustrate the general
principles for the v = 1 case. We will proceed by computing the Lie
symmetries of the PDE (1.1) with v = 1. The case r = 1 contains
the bond pricing equation for this class of interest rate models. Its
symmetries were completely described by Lennox in [Len04]. The p = 0
case was analysed by Craddock and Platen in [CP04]. The case of
arbitrary 7 in (1.1) is considered in Section 7.

Proposition 3.1. The partial differential equation
Up = OTUgy + f(X)Uy — pz’u (3.3)

with v # —1 has a non trivial Lie algebra of symmetries if and only
iof the drift function [ is a solution of one of the following families of
Ricatti equations

1

oxf' —of + §f2+2;mxr+1 = Ax+ B, (3.4)
1 A

oxf —of + §f2 + 2uoz"t = 5:1:2 + Bx + C, (3.5)
1 A 2 3

oxf —of + §f2 + 2uox™ = §$2 + ngv% +Cx — §02. (3.6)

If r = —1 the right hand side of equations (3.4)-(3.6) is replaced by
ovf' —of + %f2+2ualnx.
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The proof of this result is essentially the same as the y = 0 case given
in [CP04]. The factors of 3 and 2 multiplying the constants A and B
in (3.5) and (3.6) are a notational convenience. For our purposes we
need only the following facts: When f is a solution of (3.4), then there
is an infinitesimal symmetry

_ lpg L L
vy = xtd, + 2t Oy 20(1‘ +tf(x) + 2At Yu0,,. (3.7)

When f is a solution of (3.5) there is an infinitesimal symmetry of
the form

AL e—\/zt e—ﬂt \/_ B
vy =xe VMO, — o, + Ax — f(z) + —=)ud,. (3.8
1 Ot S (V= f(a) . (33)
When f is a solution of (3.6) with A = 0 there is an infinitesimal
symmetry

B 1, 1 B ., oB
vlz(xt+ﬁ\/:2t )6x+—t at——(x+5\/5t +tf(a:)—24ﬁt

B 3 02 B 4
+12ft f(z)+ t—|—144t)u8

When f is a solution of (3.6) with A # 0 then there is an infinitesimal
symmetry

VAt
A 2B e i/ VA 2B/
vi=e (x—i——gA\/:E)(?I \/Zﬁt—i—e (20%—#30\/Z

f@) . B Bf) € B
- +6Aﬁ_3aA\/:E+zo\/Z+9oA3/2)“8“‘ (3.9)

A complete classification of the infinitesimal symmetries is in [Len04].
It may be readily checked that the symmetry algebras in all cases are
either the Lie algebras of SL(2,R) x R or SL(2,R) x H3 where Hj is
the three dimensional Heisenberg group. The vector fields listed above
all come from sl,.

For example, consider the case of the Lie symmetry algebra when f
satisfies (3.4). Introduce the standard basis for sly given by

0 1 -10 0 0
w=(0) o= (o0 m= (o)

Calculating the commutator table for the Lie symmetries shows that
vy given by (3.7) is equivalent to the matrix element k3. The time
translation symmetry vy = 0 is equivalent to k; and the Lie bracket of
vy and vy produces a vector field which is equivalent to the basis vector
ko. Similar comments can be made about the Lie symmetry algebras
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when the drift f satisfies one of the other classes of Ricatti equations.
In general, all the vector fields listed here correspond to ks.

It is also worth noting that all the known symmetry methods for
obtaining fundamental solutions, such as the group invariant solution
method of Bluman, Cole and Kumei (cf [BK89]) will only work for the
drifts described in Proposition 3.1.

4. LAPLACE TRANSFORMS OF FUNDAMENTAL SOLUTIONS.

The first case to consider is when f satisfies (3.4). The next result
generalizes Theorem 4.1 of [CP04]. The case r = 1 is in [Len04].

Theorem 4.1. Let f be an analytic solution of the Ricatti equation
1 1 2 r+1
O’$f—0’f—|—§f +2uoz" = Ax + B. (4.1)

Let ug(x) be an analytic solution of (3.3) which is independent of t and

Us(z,t) = exp {% (F (ﬁ) - F(x)) - %} x

where F'(x) = f(x)/x. Then

Us(z, ) = / wo(y)pa(t, 7, y)e—dy
0

where p,(t,x,y) is a fundamental solution of (3.3).

Proof. We exponentiate the vector field (3.7) to see that if ug(x) is a sta-
tionary solution of the PDE (3.3) where f satisfies (3.4), then Uy(z,t)
given by (4.2) is also a solution. Since uy and f are analytic, then for
each t > 0, U, is analytic in 1/\ and therefore is a Laplace transform in
y of ug(y)p,(t, , y) for some distribution p,,. Since Uy(z,0) = up(x)e "
we must have p(0, z,y) = 0,(y), the Dirac measure weighted at x. To
see that p, is a fundamental solution of (3.3), observe that if we inte-
grate a test function ¢(\) with sufficiently rapid decay against Uy then
the function u(z,t) = [;° Ux(x, t)@(A)dA is a solution of (3.3). We also
have

u(z,0) = /000 Ux(z,0)(N)d\ = /000 up(x)e ™ o(N)dA = ug(x)P(z),
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where & is the Laplace transform of ¢. Next observe that

/0 ) uo(y)P(Y)pu(t, z, y)dy = / N / N o (y)e(N)py(t, z, y)e Y dAdy

/ / uo(y)p(N)pu(t, z,y)e Vdydx

= /0 (N Ux(z,t)dr = u(z,1).

We know that u(x,0) = ug(x)®(z). Thus integrating initial data uy®
against p, solves the Cauchy problem for (3.3), with this initial data.
Hence p,, is a fundamental solution. Il

We will give some financial applications. To obtain drift functions,
we set f(z) = 20xy’(z)/y(x). This transforms equation (3.4) with r =
1 to the linear ODE

20°2%y" (z) + (2uox* — Ax — B)y(x) = 0. (4.3)
This has general solution
—iz Vi 2ix 21x
y(z) =e vo P2 (alFl(a,ﬁ, \/E\/ﬁ) + b¥(a, 3, \/(;/ﬁ)), (4.4)
1A-2. /o2 -2 1+28 o
where a and b are constants, a = ( viie! \/_\/ i) ),ﬂ =
4\/;70'?
144/14 2 2 , 1F7 is Kummer’s confluent hypergeometric function and

U is Tricomi’s confluent hypergeometric function, given by formula
13.1.6 in [AS72|. This implies that f is analytic.
To obtain a stationary solution uy we solve

OxUyy + f(2)uy — pru = 0. (4.5)
We set u = (z)el #@% with ¢(x) = —5—f(x). An easy calculation
shows that u satisfies the ODE

20° 2%y — (Az + B)i = 0. (4.6)

Equation (4.6) is solved in terms of Bessel functions. Hence wy is also
analytic.

Example 4.1. If A =0, then
y(@) = ava Jy (ov/nfo) + 0/, (ev/ufo) . (A7)

Here n = %\/1 +2B/0?, J,, Y, are Bessel functions of the first and
second kinds and a and b are arbitrary constants. If B =0, a =0 and
b =1 we obtain the drift function f(z) =2z /uo cot (z/%).

A stationary solution of the corresponding bond pricing equation is
uo(z) = csc (x\/g) . Applying Theorem (4.1) we obtain
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—-A
U)\(I',t) = exXp {Hﬁ} CSC ($\/§> .

Computing the inverse Laplace transform gives,

—(z + x 2\/xy sin(y+/%)
e} (g T ) VD)
ot Vyot ot s1n(m\/g)
The bond price B(x,t,T) when the risk neutral spot rate of interest

x follows the SDE dX; = 2 X;\/o cot(%)dt + V20X, dW,, is then

pu(t,z,y) = eXp{

oo —x(T—t) Sin (\/E_;’_Ug(T_t)Q)
B(z,t,T) = / p(T =t 2, y)dy = Ao :
0 sin (\%)
With the fundamental solution we can also price options on bonds,
interest rate swaps, interest rate caps and many other instruments.
For example, a European call/put option is the right to buy/sell an

underlying asset for a fixed strike price at some date in the future. The
price of a call option with strike F on the zero coupon bond B is simply

C(B,z,t,T) :/ max (B(y,t,T) — E,0)py (T — t,x,y)dy.
0

Example 4.2. Setting A =0, B = 40%, a = 1 and b = 1 in the general
solution (4.4) we obtain the drift function

) = =22 (g60) + Sy 1) — oy 1)

where g(z) = (z /i + /o) cos(z\/E) + (x /i — /0) sin(z/E).
Omitting the details, we obtain via Theorem 4.1 a fundamental so-
lution of uy = oxuy, + f(z)u, — pru. It is

pultyz,y) = %exp{—x+y} (E) I (2\/@) 9(y)

ot Y ot g(z)

The corresponding bond price may now readily be obtained.
Many such examples are possible. The drifts which arise can be very
complex, and so allow for very different kinds of interest rate dynamics.

4.0.1. Stochastic volatility models. Consider the problem of pricing a
European option under stochastic volatility. The time evolution of the
underlying asset S is modelled by the SDE dS; = rSdt + \/v,dW}! and
the volatility v, satisfies dv; = f(vy)dt + a\/vdW2.

We assume that the two Wiener processes W', W?2 are uncorrelated.
The value of an option at time ¢ with expiry 1" and payoff g is denoted
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V(S,v,t). It can be shown that V' must satisfy the PDE
1 1
Vi+ ivSQVSS +rSVs + 5(121)‘/% + f(v)V, =7V =0, (4.8)

subject to V(S,v,T) = ¢(S,v). For a discussion of stochastic volatility
models see the book by Joshi, [Jos03]. Letting S =Inz,t — T —t and

V(g v t) = [ V(z,v,t)e"*dx leads to the PDE
1
U= §a2va + f(v)U, — poU, (4.9)

with oo = r(i€ — 1), p = (& + i) and U = etV If pu(t,v,y) is the
fundamental solution of (4.9), then

i%auwzewﬂﬂ/‘a@wmAT—uuyMy
0

From which we can determine V. Consequently, for our models, the
problem of pricing an option under stochastic volatility is reduced to
the evaluation of an integral.

5. WHITTAKER TRANSFORMS OF FUNDAMENTAL SOLUTIONS

Let us consider the vector field v; from (3.8). Craddock and Platen
were only able to handle some special cases for this symmetry. Here
we present the complete solution to the problem.

Exponentiating v; and replacing € with —e we see that if ug(x) is a
stationary solution of equation (3.3), then with F'(z) = f(x)/z,

_ Bt —V/Aze 1 zeVAl
U_€($,t) =€ 20 exp {m + % (F (m) — F(l’)) }

VAt
(g <_> | 651)

(A = 0)

is also a solution of (3.3). We assume that wug is not left invariant by
this symmetry. If it is, then the analysis we present fails. However if
(5.1) leaves ug invariant, we may use a second sly symmetry, generated
by vy = zeVA9, + e—g@t - %(\/Zx + f(x)+ %)u@u. This symmetry
will not fix ug. The analysis we present here can be repeated for that
symmetry and the results are essentially identical.

We assume that A > 0. The case A < 0 can be handled by a slight
modification of our argument. We write U_.(x,t) as an integral of its
initial value against our fundamental solution. Then we have,

Aﬂuwwmwmwzmww. (5.2)

To identify this as a known integral transform we observe that the
solution uy may be written as ug(z) = @o(z)e™F®)/27 where 1, satisfies
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the ODE 20%2%uf(x) — (3 Az* 4+ Bx + C)ig(z) = 0. This has solution
VAz VAz

)|, (5.3)

~ —VAxz B

tg(r) = e 20 x°2 <G1F1(0475,

) +0¥(a, f,

g o

where o = 201\3/2 + %ﬁ,ﬁ =144/1+ 2U—§ With a = 0,b = 1, this gives

_ VAt
U_e(z,t) = 6_%(6\/Zt 6)26%_§x§6_ £ exp VAz(e™ +
20 (eVAt — ¢)
AgeVAt
w 0o, X2 5.4
( g O(Mt_e)) (5.4
Therefore, with n = 201\3/2 — 18, equation (5.2) reads

U_(z,t) = (1 —¢€)"x

/OOO yge—l‘;(g) exp {—%} \\ (a,ﬂ, %) pu(t,x, y)dy

VA

p s this becomes

Upon setting A =

/ M) U (0, B, N bt 2, y)dy = NFAU s (1,1,
0 oA

VAy—F(y
where hy,(t,z,y) = (Z)e % p, (1, 2, y).

Let Wig1/2,(2) = e #2 7 (y — k. 14 2v, ) be the second Whit-
taker function, (see formula 13.1.33 of [AST72]). If 1+2v = B,v—Fk = a,
then the previous integral becomes.

RV _B_
/ e*TWM%W(Ay)hH(t, z,y)dy = A?ax/ZU@_l(x,t).
O o
We may write this as
R k-1 k41 —_B_
| e 00 W 00 00 bt )y = XU ().
0 o
If ilu(t, x,y) = y’”%hu(t, x,y), then this becomes
|00 W sy =T Ug (@), (59
0 z oA

The final integral in (5.5) is the so called Whittaker transform of lNzu.

Definition 5.1 (The Whittaker Transform). The Whittaker transform
of a suitable function ¢ is defined by

(Winp)(A) = () = /0 OO(Ay)*kfl/Qe’Ay/QWkH/z,y(Ay)aﬁ(y)dy- (5.6)
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An inversion theorem for this transform is known. For a suitable con-
stant p we have

—100

1 T(14v—Fk) [rricce
P(y) = Q—M;(TQV))/ (Ay) T H2NENL L, (Ay)B(N)dN.
p

The function Mj_,/5, is the first Whittaker function given by formula
13.1.32 of [AS72]. The integral is taken in the principal value sense.
For a discussion of the transform, see [BP89] p110. Note that Brychkov
and Prudnikov call this the Meijer transform. There does not seem to
be a general naming convention in the literature regarding these trans-
forms. Unfortunately, theorems guaranteeing that a given function is
a Whittaker transform seem to be difficult to prove, so our next result
is not as strong as Theorem 4.1.

Theorem 5.2. Let f be a solution of (3.5) for p # 0. Let n = QUJ\B/Z —
50, v=13y14+2C/0? and k+5 = —20?/2. Let UT@fl(I’t) be given by

(5.1). Suppose that ArvA Uyz_,(x,t) is the Whittaker transform of a
Ao

- - n VAy—
function h,(t,x,y). Then h,(t,z,y) = (“/—Z> y*tae Ay?"F<y)pu(ta$>y);

g

where p, is a fundamental solution of the PDE (3.3).

Note. If p = 0 this theorem is still valid if we simply replace the
stationary solution given with uy = 1. It is also easy to show that if
A — 0 then this result reduces to Theorem 4.1.

B
Proof. From the initial value for AevaU s  (z,t), it is clear that its
Ao

Whittaker transform must be of the form izu(t, x,y), where p(0, z,y) =
0:(y). To show that p, is a fundamental solution, we use the same
argument as in the proof of Theorem 4.1. We need to know that
the Whittaker transform has the right operational properties, such as
I f(@)(Wiepg)(x)de = [7° (Wi, f)(z)g(x)dz. This is the case. For
a discussion of this and other operational properties of the Whittaker
transform see Chapter 7 of [KKS04]. O

Note. Fortunately, it is possible to explicitly prove that for a wide
range of parameters we do indeed have a Whittaker transform. For
example, if Re(v — k) > —1 then h, can be shown to be a Whittaker
transform. Two other special cases are presented now.

5.1. Two special cases.

5.1.1. The case 20?/2 +% = %,/1+i—§. Set v = %,/1+i—€. Since

U(2v,1+2v,x) = =%, then for this choice of parameters the problem
reduces to inverting a Laplace transform. We consider only the case
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A > 0. We obtain after a straightforward calculation

/Ooo - { VAy(l+e Fly) } (L O (12 )y

20(1 —¢) 20

= VA (eVAl _ &) 125V exp { VAT 49 F) } - (5.7)

20 (eVAt — ¢) 20

We set A\ = \2/;2((11:3). After some further calculations this reduces to

1-2v
> 1, _FG) _F@) VA VA
2 Ve s tx,y)dy=¢€¢ 20 | ——— eVt x
/0 My pult, 2, y)dy <a(eﬂt — 1)>

< { —\/Zx m }( \/_ \/_t))_1+2y

+ A+ —— coth(
20 tanh(YAL) A+ YA coth(YAt)

)

20

where m = Arcosechz(‘/ft). Inversion of this Laplace transform is
straightforward. There are two cases.

If v # % then

pu(t x y) =
4 7/ Aelz VAt JLugre ) VA(z +y) s 2v/Axy
Y 4o smh(\/_t) 20 tanh(¥4) [ asinh(@)

N——

If v= % then the fundamental solution is given by

p=re A
pult,2,p) = " e | - YACED 59)
20 tanh(¥Z)

VA e 2V
(QUSinh(@) yjl (cIsinh(@)) +6(y)> '

5.1.2. The case B = 0. If B = 0 then we make use of the fact that
(Az)2 e ™MW (1/2 + 1,14 20, Az) = 277/ A /7K, (Az)  (5.9)

where K, is a modified Bessel function. This implies that

VA, 27" [ VAy_F)
U\‘;—%—l(xaw - (7) ﬁ/o V )\?JKV()\?J)S 7

y
20 p,(t, z,y)dy.

This so called K transform can be inverted. We have

N[

VA 27V rw prtico

(e, 1 0,0) = / LU ss (. 1)
for a suitable constant p. Here I, is the modified Bessel function of the
first kind. Notice that for A < 0 we obtain the Hankel transform of
the fundamental solution.

—100



SYMMETRIES AND TRANSFORMS 13

5.1.3. The case a = 1,b = 0. If we had taken a = 1,0 = 0 in (5.3),
we would arrive at the so called | F} transform, described on page 115
of [BP89]. We leave the details of this calculation to the interested
reader.

6. THE FINAL CLASS OF RICATTI EQUATIONS

Now suppose that the drift function f satisfies the Ricatti equation
orf —of+1f2+2uoa"t = 422 4 2Br2 + Co— 20 When A = 0 we
obtain the Laplace transform of the fundamental solution. The result
here generalizes Theorem 6.1 of Craddock and Platen [CP04]. The
proof is identical to that of Theorem 4.1 above and we omit it.

Theorem 6.1. Let f be a solution of the Ricatti equation,
1 3
oxf — f+ §f2 + 2uoxr = Az? + Ca — §02. (6.1)
Let ug(x) be an analytic solution of (3.3) which is independent of t. Let
/ o (12(14-Xot)/z—AX(ot)3)?
! (ﬁ) ( )/x/\(lj(it;)v t) 2At2f(3iéf\i)(1+/\j2)t4(2/\t(3+?iltc)l 3)
G\, 7)=— [EBY; A+A)2 T08 (1A )3
Then for A > 0, Uy(x,t) fo uo(Y)pu(t, z,y)e dy, where p,(t, z,y)
is a fundamental solutzon of (3.3) and

Va(l+ /\Jt)
Vao(l+ )\at A (at)?

x exp{—Q— )—F(H(A,x,t)))}. (6.2)

g

(x,t) exp{G(\, z,t)} ug(H(\, z,t)

The case when A # 0 in (3.6) turns out to be similar to that of the
previous section, though because of the nature of the symmetries, it is
perhaps not quite as elegant.

Let D =28 E = \/—(C + 90—?4) and F'(x) = f(x)/z. For simplicity
we will begin with the ;1 = 0 case and again assume that A > 0. The

cases A < 0 and p # 0 can be handled similarly.
To solve the Ricatti equation (3.6) we set y = 2y/z and h—

Jiy <f (%) — —) then we obtain a second order ODE for A Wthh is

solvable in terms of confluent hypergeometric functions. Omitting the
rather straightforward details this leads to

1 1 \/71 xT
exp {%F(:c)} = rie” Al 2DV (cl\If( %
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_4B249 (2 A C+UA%)

and ¢; and ¢y

where a = —%—i—%andﬁ—
9o A2 A2
are arbitrary constants. We will take the solutlon corresponding to
Cy = 0, C1 = 1.
We exponentiate the infinitesimal symmetry (3.9). Let u(x,t) be a
solution of (3.3), then the following is also a solution.

VAt
(14 ee~VAt)E Ve ®
@(D%—\/E)—D eVAL + ¢

VA 2
e (D—i-\/f)_D "
VeVAt 4 ¢

F
VA 2
exp{—%F(x)}u (e \/EDT—:\/E)—D> In(eVA 4+ 6) | . (6.4)

Since we have assumed that ;1 = 0 we may take a stationary solution
up(z) = 1. After cancellations, this leads to the following solution of
(3.3).

U, ) = (14 ce VM) P exp{ VA(E + DY (f _>}

20 e\/Zt + €

a 1 VA(/z+ D)
XW<_?§’U@mLH)>/%@% (6.5

plexp(evi))u(z, t) =

VAe(/T + D)?

20 (eVAt 1 ¢)

1
X e + 5=
P 20

with ha(x):exp{—w}q’< 2727 o (\/_+D)

20
From this point the analysis is similar to that of the previous section

for the case of the Ricatti equation (3.5). We wish to interpret equation
(2.6) as a known integral transform. We set A\ = a(‘l/; Thus (2.6)
becomes

o 5 a 1 _
[Tt (<8 LN+ D) a1y = Tt ),
0

B _
where g (y) = () exp { (5 + D)} /haly) and Ts(2,1) =
APU sz (z,t). Upon setting z = (/g + D)* we have

oA

[

,Az) H(vz = |D|)Ga(2)pu(t, x, 2)dw(z) = Ux(,t),
(6.6)

MIQ
DO |
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where H is the Heaviside step function and g, and p, are the obvious
transformed functions and dw(z) = (@)dz. Ifwesetv = —1/4,k =
a/2 — 1/4 then (6.6) becomes

/ eF (A2) T Wiy1, (02)Gal2)Bult @, 2)dz = AT (),
0

where Go(2) = H(v/Z — D)ja(2)(y/Z — D)z"~1. We can thus apply the
inversion formula for the Whittaker transform to recover the funda-
mental solution. Again, the proof of the next result follows the same
pattern as for Theorem 4.1.

Theorem 6.2. Let f be a solution of the Ricatti equation (5.6). Let
Uc(z,t) be as given by (6.5). Further let Go(z) be as defined above and

k=—a/2-1/4,v=—1/4. Suppose that Uz ,(v,1) = A*3(F) ™"
A

xUyz_ (x,t) is a Whittaker transform of aafunction Gao(2)p(t,z, 2).
g
Then
p+ioco .
Ga(2)p(t, 2, 2) = / (Ay) PPNy, (M)U g (w0, t)dA,
p—iOO Ao

(6.7)

and p(t,z, (\/y + D)?) is a fundamental solution of (1.1) for the given
drift.

Note: This result can easily be extended to the p # 0 case. Just
replace U(x,t) in the integral (6.7) by U.(x,t) multiplied by the ap-
propriate stationary solution ug of the PDE, as per the symmetry (6.4).

Example 6.1. Suppose that = 0 and (2B2 —9CA) /95 A2 = 3 Fur-
ther assume that E > 0. It is straightforward to invert the transform
for these values and we obtain the fundamental solution

2 JZ+ D\ VAFEt
bt = (V74 ) (YD) exp{ : +G<x,y,t>}
ctpy (YAVEEDWIED)) (i 4 D - D),

o sinh <@>

~VA (1(5+D)? = (Va+D)?|+((va+D)*+(,/5+ D)%) coth(Y41))

where G(x,y,t) = 5

7. THE CASE OF ARBITRARY 7.

We have shown that for every class of Ricatti equation in Propostion
3.1, there is an sly symmetry whose action comes from a well known
integral transform of the fundamental solution. Similar results can be
established for PDEs of the form (1.1) with v # 1. There are various
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special cases which need to be considered in order to present a com-
plete picture, but this can be done by following the method described
here. Rather than embarking on an exhaustive treatment, we will con-
tent ourselves with an illustrative result for the general case and some
examples.

Theorem 7.1. Suppose that g(z) = 'V f(x),y # 2,r +2 —~ # 0
and that g satisfies the Ricatti equation oxg' —og+ %gz +20pux" Y =
20Ax*>~7 + B, where A and B are constants. Then equation (1.1) has
a symmetry of the form

x,t) = - ex —de(z® 7 + Ao(y — 2)*7) X
vt = (1 + det) = p{ (2= 7)*(1 + det) }

1 x x t
exp{% (F <<1+4d>2:) _F(m)>}“ (<1+4d>2:’ 1+4€f> |

where F'(z) = f(z)/a". Suppose further that the natural domain of

(1.1) is x > 0. Let U, be the value of U. when u = ug is a stationary
solution of the PDE (1.1). Then

/ e”\yQ_wuo(y)pu(t, z,y)dy = Ui/\o(%v) (1), (7.1)
0

where p,(t,z,y) is a fundamental solution. If the equation is defined
on R then

/ e T ug(Y)pu(t, ,y)dy = Ut ypa— (2, 1), (7.2)

o0

Proof. A straightforward application of Lie’s prolongation algorithm
shows that when ¢ satisfies the given Ricatti equation, there is an
infinitesimal symmetry of the form

8wt 4% 4ot 4(1 —
v= 2 Oy + 420, — ( * 5 v (@) + ( 7)zf+zmt?)uau.
- c(2=7)? o(2-7) 2-7v
Exponentiating the symmetry gives U.. The remainder of the proof is
similar to that of Theorem 4.1. O

The integral transform in (7.1) can obviously be reduced to a Laplace
transform. We present an example.

Example 7.1. Let v = 0. The Ricatti equation in Theorem 7.1 is easily

solved by the change of variables g = 2zoy’/y. One solution gives the
3

drift f(z) = 32 + 2w /o cot(2§i/—;/ﬁ). 3A stationary solution of

the corresponding PDE is uy(z) = 2 csc(2§i/_;/ﬁ). Applying Theorem

7.1 gives

3/2

Uc(z,t) = a e } (380(296§ \/ﬁ)

(1 + 4et)7/4 P { o(1+ 4det) 3o
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The substitution z = y* in (7.1) turns it into a Laplace transform.
Taking the inverse leads to the fundamental solution

1 — (22 4 ¢ sin( =%

20t 4ot

Extracting the fundamental solution from (7.2) is not quite so straight-
forward. Fortunately there is an effective way of doing this. The basic
approach is to integrate the symmetries with respect to the group pa-
rameter.

The heat equation has two stationary solutions ug(z) = 1 and uy(x) =
x. From these we obtain the symmetry solutions

1 —ez2 €T —512
U%(z,1t) = ————eTiia, Ul(z,t) = ——_¢Tria. 7.3
0= (@) (1+ 4et)? (73)
Now let ¢(€) and 1(€) have sufficient decay to guarantee the conver-
gence of the integrals in

u(z,t) = /000 (YU (x,t)de + /Ooow(e)Uel(x,t)de. (7.4)

The function u(z,t) is a solution of the heat equation with u(x,0) =
®(2?) + 2P (z?) where ® and ¥ are the Laplace transforms of ¢ and ).
The solutions U2 and U} may be represented as Laplace transforms.

1 2 o z 1 \/E:C
0 _ —x? /4t —€z ,— 2 h
U (z,t) —me i e Fe 1 \/ECOS ( 57 )dz, (7.5)
1 2 o = 1
Ul(z,t) = —e/A e Fe sinh(\/gx)dz. (7.6)

—€
Vit 0 e 2t

Using these in (7.4) and reversing the order of integration gives

> 24z cosh (322 2
u(zx,t) :/0 ! e~ [@(z)M + U(z) sinh(L)] dz.

Vant Vz 2t

Letting z = y? this becomes after simplification, u(x,t) =
o ]_ _12+92 |: Ty 2 9 _zy 9 9
e 4t |e2t (P + yW +e 2 (P — v } d
/o Vant (®(y") +y¥(y")) (@) — y¥(y*) | dy
1 (2—1)?

= /0 = (®(y?) +y¥(y*)) dy+

/OOO \/%6(133)2 (@(y*) — y¥(y?)) dy (7.7)

Letting y — —y in the second integral gives

wat) = [ = @) ) (1)
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Since u(z, 0) = ®(2?)+xV¥(z?) this implies that p(t, v—y) = \/i?e_ =

which is correct. Let us now use this procedure to determine the fun-
damental solution for another PDE.

Example 7.2. Consider the equation u; = ug, + 2tanh(x)u,. This is
defined for all € R. So we are in the situation of (7.2) in Theorem
7.1. Stationary solutions are ug(x) = 1 and u;(z) = tanh z. From the
symmetry in Theorem 7.1 we obtain the two symmetry solutions

1 —e(x? + 4¢%) | cosh ( )
UO 5 — 14-4et 79
e (@1) T+de ¥ { 1+ 4et coshx ' (7.9)
1 —e(a? +4¢%) | sinh (1+46t)
——ex :
V14 4det P 1+ 4et cosh
The solution u(z,t) = [ @(e)UL(x, t)de + [~ 1(e)Ul(x, t)de satisfies

the initial condltlon u(z,0) = <I>( )—i—tanh zV(x ) where ® and W are
the Laplace transforms of ¢ and . Now U?(x,t) =

Uel (ZL‘, t) -

(7.10)

+z

00 7t76z79527t 1 2 -9
0 coshx  2v/4rzt 2t 2t

and Ul (z,t) =

+z

2
O | 2t — 2t
/ ¢ : cosh(YEE 20 VA =20,
0 coshz  2v/4drzt 2t 2t

We use these representations in the integrals defining u and reverse the
order of integration. Then we let 2 = 3? and expand the hyperbolic
cosines to get

) — cosh(

u(zx,t) / e 1P (y? )coshycosh( 5¢ )sechaz‘dy—i—

x2 y2
—e’$ I (3?) sinh g sinh( Z—?Z )sechzdy

0

_ (@-»? cosh
T Y

\ /47r coshzx

_(e+y)? coshy 9 9
t d — tanh yW dy.
/ \/E o —— (®(y") — tanhy¥(y”)) dy

The replacement y — —y in the second integral leads to

(®(y?) + tanh y¥(y)) dy+

* ., 1 _@w?coshy
u(x,t):/ e t\/ﬁe Sl (@(y®) + tanh y¥(y?)) dy.

This implies that the desired fundamental solution is

1 (x —y)*) coshy
=t — : A1
pt,z,y) = €7 ——exp { T [ cosha (7.11)
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That this is the fundamental solution can be readily checked. It is also
straightforward to verify that

© 5,1 (r —y)?) coshy
vt - dy = U°(x,t 12
/oo6 ‘ \/mexp{ 4t coshz "V Uelwt)  (112)

as required by Theorem 7.1.

Using this procedure, the reader may check that

1 (z —y)?) sinhy
t — et — 1
plt.wy) == exp{ % snhe (7.13)

is a fundamental solution for u; = ., + 2 coth(x)u, valid for x # 0.
Other examples can be computed the same way.

One may prove results similar to Theorem 7.1 which cover every
possible drift for which there is a non trivial Lie algebra of symmetries.
For example, if cxg' —og+ %gQ +2opux" Y = % + B;i: +C, v #£
2 then we have a Whittaker type transform giving the fundamental
solution. There are also theorems analagous to Theorems 6.1 and 6.2.
We leave these and the v = 2 case to the reader. We will conclude by
relating the v = 0 case to an important equation in nilpotent harmonic

analysis.

8. THE HEAT EQUATION ON THE HEISENBERG GROUP.

We choose a basis for the Heisenberg Lie algebra, by setting X =
a% —i—y%, Y = a% — x% and Z = %. The sublaplacian is then X2 + Y2
and so the heat equation on the Heisenberg group may be expressed as

Ui = Upy + Uy + 29U, — 22U, + (2% + y*)U... (8.1)

This possesses few symmetries, but it is invariant under rotations, so
the heat kernel itself should also be invariant under rotations. We
therefore make the change of variables r = /22 4 y2. This reduces the

heat equation to

Uy =U. + %Ur +7r2U,., r>0. (8.2)
Taking the Fourier transform in z gives
Up = Upp + %ur — N2, (8.3)
where
u(r,t; ) = /OO Ul(r, z,t)e"d. (8.4)

This PDE does have useful symmetries. However instead of consid-
ering (8.3), we will study

1
Uy = Upp + ~uy — (N2 = 2|A\|)u. (8.5)
r
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If u is a solution of (8.5), then w = e~2Aty(r,t) is a solution of (8.3).

_1A2

We consider (8.5) because it has a stationary solution wug(r) = e~ 2
Equation (8.3) has Bessel functions as stationary solutions. These lead
to Hankel type transforms, which are harder to invert than Laplace
transforms.

Proposition 8.1. A basis for the Lie algebra of symmetries of (8.5)
15 given by

v = 2\)\|7“e4|)‘|t8,, + ettg, — aN2p2etM ity 9,
vy = —2[\re NG, MG, — 2(A2r2 — 2|A\|)e Mg,
vy =0, V4=ul,,

and there is an infinite dimensional ideal spanned by vector fields of
the form vg = B(r,t)0y, where B is an arbitrary solution of (8.5).

[Alr2

We are only interested here in vy. If ug(r) = e” 2 then an elemen-
tary calculation shows that

(expleva))olr) = o [\ r? (e 4]
v =TIt AN .
plexp(eva)uo(r) = —r _4‘)\‘EGXP 5 el — 4] \e

From this solution we can recover the heat kernel for both (8.5) and
(8.3), as well as the heat kernel for the Heisenberg group. The main
result is the following.

Theorem 8.2. The heat kernel for the PDE (8.5) is

g —[Al(r + €% A€
P78 = S P { 2 tanh(2[A[t) } o (W) |

where I, is the modified Bessel function of the first kind.

Proof. 1f p(t,r,&) is the heat kernel, then given a solution u(r,t) we
must have u(r,t) = fooo u(&,0)p(t,r, £)d¢. Applying this to the solution
p(exp evy)ug(r), we obtain

= p(t,r,§) — A€ 1+ 4|A[e
— d
/0 e P T2 o g%
64|)\|t —|)\|7”2 €4|)\\t +4|)\|€
= eXp .
et — 4|\ e 2 et — 4]\ e

We set s = % (ij}it) . After some simplification this gives

. 2\t —|A|r?
7852 t dé = L |—
/0 e p(t,r, &)dE 2sinh(2[\[t) exp 2 tanh(2|\[t) -

1 k
o exp B , (8.6)
5 + 15 coth(2|A]) (s + 15 coth(2|A]t)
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where k = A?r2cosech®(2|A|t)/4. Setting n = &2 converts this into a
Laplace transform. The right hand side of (8.6) can be inverted. With
n replaced by &2 this gives

e — A+ €%) YA
109 = 5 v (o) 67

which is the desired result. O

For suitable ¢ the following integral defines solutions of (8.5),

_ [ [ Alge? —[Al(r* + €2) A€
ulr, ) _/0 &) Sah 2D eXp{ 2 tanh(2 A1) }IO <smh(2wt)) dt.
Since u(r,t) = [° p(&)e 2Mip(t, r, £)dE is a solution of (8.3) for suit-

able initial data ¢, we can obtain solutions of the heat equation on Hj
by setting

> Al —[Alr? i\
e [ — 1A _ T L e g A 1) d
Ulrzt) /_Oo 2 sinh (2 1) P\ 2 tanh(2[N0) f € (r, A, t)dA,
(8.8)

where the kernel K is given by

K(r,\ 1) = /Ooogexp { Qta;|h)z|§|2)\|t) } lo (sin|11>z|2r|§)\|t)) Sp(f)df(é 9

An obvious choice is to take K = 1. This is achieved by setting £p(§) =
d(€), which gives the following solution of (8.1)

> |/\| _|/\|T2 i\
h t) = _ — L "d . 1
(r,z,1) / _ 2rsnh@]) PP\ Ztanb 20D J € (8.10)

This is, up to scalar multiple, the heat kernel for H3 obtained by Gaveau
and others. We have thus obtained a family of solutions of the heat
equation which contains the heat kernel.

The natural question to ask is whether the methods used here can
be applied to other heat equations on nilpotent Lie groups? There are
reasons to believe that this is in fact the case. This question will be
addressed in future work.
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