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ABSTRACT. We develop a simple behavioral asset pricing model witld&mental-
ists and chartists in order to study price behavior in finalntiarkets when chartists
estimate both conditional mean and variance by using a wetiggveraging process.
Through a stability, bifurcation, and normal form analys$isee market impact of the
weighting process and time varying second moment are exahitt is found that
the fundamental price becomes stable (unstable) when tivitias from both types
of traders are balanced (unbalanced). When the fundameitalqecomes unstable,
the weighting process leads to different price dynamicpedding on whether the
chartists act as either trend followers or contrarianss #l$o found that a time vary-
ing second moment of the chartists does not change theistalfithe fundamental
price, but it does influence the stability of the bifurcatioffhe bifurcation becomes
stable (unstable) when the chartists are more (less) acoedexbout the market risk
characterized by the time varying second moment. Differeates to complicated
price dynamics are also observed. The analysis providesalptaal foundation for
the statistical analysis of the corresponding stochastision of this type of behav-
ioral model.
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1. INTRODUCTION

As a result of a growing dissatisfaction with models of ags&te dynamics based
on the representative agent paradigm, as expressed fompexdy Kirman (1992),
and also the extreme informational assumptions of ratiexjpéctations, research into
the dynamics of financial asset prices that result from ttexaction of heterogeneous
agents has developed strongly over the last two decadesarticular, Brock and
Hommes (1993, 1998) have introduced the concept ofadaptively rational equilib-
rium, where agents adapt their beliefs over time by choosing fif@rent predictors
or expectations functions, based upon their fitness funstioeasured by realized prof-
its. The resulting dynamical system is capable of genegdkia entirezooof complex
behaviour from local stability to high order cycles and chas various key parameters
of the model change. The Brock and Hommes framework has béended further in
Gaunersdorfer (2000) and Chiarella and He (2001, 2002,)@063ncorporate time-
varying (homogeneous) variance and heterogeneous riskeandng under both the
Walrasian auctioneer and market maker scenarios. It isofthet the relative risk at-
titudes, different learning mechanisms and different readkearing scenarios affect
asset price dynamics in a very complicated way. It has beewrslie.g. Hommes
(2002)) that such simple nonlinear adaptive models areldapmd explaining impor-
tant stylized facts, including fat tails, volatility clesing and long memory, of real
financial time series.

It is well recognised that heterogeneous expectationsakagy role in the dynam-
ical behaviour of asset prices. Most of the literature cdabdve focuses on heteroge-
neous expectations of the first moment (of either price arrgf rather than the second
moment. Empirically, it is believed thasecond moments (i.e. conditional variances)
are much easier to estimate than first moments (i.e. conditrmean) and hence there
should be more disagreement about the mean than about theceaamong traders.
Mathematically, the second moments are associated wittehigrder terms and they
do not in general change the nature of local stability andrbé#tions. However, when
traders are heterogeneous, they may be heterogenous gandhkir beliefs about
the first moment but also about the second moment. This lgreity may come
from their different information sets or the different tnagl strategies they are using.
The aim of this paper is to study the dynamical behaviour afgsrwhen traders are
heterogeneous with respect to both moments.

Given the variety of technical trading rules and differingkraversion of various
investors, this paper introduces a risk adjustment intodégs@and function for the
chartists by assuming that they use a weighted averagegsrotgast prices to esti-
mate and update both conditional mean and variance. Ther#feir demand func-
tion is a nonlinear function of the conditional mean and aack, instead of a linear
function of the conditional mean only. It is found that theahanism of a variance
adjusted demand function of the chartists is a natural wgyréwent the price from

1see, for example Arthuet al. (1997), Brock and Hommes (1987199h), Brock and LeBaron
(1996), Bullard and Duffy (1999), Chen and Yeh (1997, 20@2j)iarella (1992), Chiarellat al.(2002),
Chiarella and He (2001, 2002, 2af)3 Dacorogneet al. (1995), Day and Huang (1990), Farmer and
Joshi (2002), Gaunersdorfer (2000), Gaunersd@fed. (2003), Hommes (2001, 2002), LeBarenal.
(1999), Lux (1995, 1997, 1998) and Lux and Marchesi (1999).

%See, for example, Nelson (1992) and Bollersd¢al. (1994) for some justification of this assertion.
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getting stuckn a speculative bubbie Similar to Brock and Hommes (19871998),
an adaptive model based on a fitness function is obtained heveexamine how the
price dynamics of the risky asset are affected by the reaztvd investors, the switch-
ing intensity of the fitness function, and the weighting gssand risk adjustment of
the chartists.

This paper is closely related to Gaunersdodeal. (2003) who consider a simple
asset pricing model of fundamentalists and chartists. éir thodel, the fundamental-
ists believe that tomorrow’s price will move in the directiof the fundamental price,
while chartists derive their beliefs from a simple techhtcading rule using only the
latest observed price (rather than a weighted average tdtidwt history of prices as in
the current paper) and extrapolation of the latest obsesried change. They assume a
homogeneous time-varying conditional variance for bogiesyof traders (as opposed
to a constant variance for the fundamentalists and the tadjusne-varying variance
which is estimated from the weighted average process fochhetists in this paper)
and impose a penalty function in the fitness function of therttéts (to ensure that
speculative bubbles cannot last forever). They go on to shatwolatility clustering
can be characterized by the coexistence of a stable stestdyastd a stable limit cycle,
which arises as a consequence of a so-called Chencinerdtifurc

To study the impact of the time-varying second moment, weausermal form
analysis associated with the standard stability and katiwo analysis. Our analysis
shows that, when the fundamental price becomes unstalgldintle varying second
moment and the weighting process lead to different priceatyos. This is due to
the fact that the loss of local stability is accompanied higeziflip or Hopf bifurca-
tions, depending on whether the chartists act as eithed fidlowers or contrarians.
The time-varying second moment has no influence on the gyabilthe fundamen-
tal price. However, it does affect the stability of the bdations, which are stable
(unstable) when the chartists are more (less) concernad Himtime-varying second
moment. Different routes to complicated price dynamicsaése observed. The analy-
sis provides an analytical foundation for the statisticalgsis of the corresponding
stochastic version of this behavioural model studied in felieet al. (2005).

The plan of the paper is as follows. Section 2 develops a sifiypldamentalist and
chartist asset pricing model in a Walrasian market cleastcgnario. The dynamics
of the deterministic system, including stability and bdfation analysis, when chartists
are either trend followers or contrarians are examined ai&@es 3 and 4, respectively.
Section 5 concludes. All proofs are included in the Appendix

2. THE MODEL

2.1. Portfolio Optimization and Walrasian Equilibrium Price. Following the frame-
work of Brock and Hommes (1998), consider an asset pricingetnaih one risky

asset and one risk free asset. It is assumed that the riskdsetis perfectly elastically
supplied at the risk-free (annualised) ratd_et p; be the price (ex dividend) per share

3In Gaunersdorfeet al. (2003), this is ensured by artificially adding a penalty fimrtin the fitness
function of the chartists, which is unnecessary in the metialied in this paper. A similastabilizing
force is added to the fitness function for the fundamentailisGaunersdorfer (2000) where a homoge-
neous time-varying second moment is updated through amexgial moving average process.
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of the risky asset at time and {y;} be the stochastic dividend process of the risky
asset. Then the wealth of investort¢ + 1 is given by

Whisr = BRWhy + (D1 + yes1 — Rpi)zny = BWhy + Rivazny, (2.1)

where
Riy1 = pry1 + Y1 — Rpe (2.2)

is the excess capital gain/logs,= 1 + r/K, K is the trading frequency per annfym
Wi, is the wealth at time andz), , is the number of shares of the risky asset purchased
att. Denote byF, = {p;—1,- - ;y:—1,--- } the information set available at time

to all investors. Lett), .V, be thebeliefsof investor typeh about the conditional
expectation and variance, basedignThen it follows from (2.1) and (2.2) that

Epni(Wig1) = RWy + B (Rig1) 2, Vit(Wig1) = Z}%ytvh,t(Rt—&—l)- (2.3)

Assume each investor has a CARA (constant absolute risk amgnsiility function
uw(W) = —e~aW put with different risk aversion coefficient,, and maximises his/her
expected utility of wealth, leading to the optimal demand
Eh,t(Rt+1>
“het anVhi(Rit1) @4

As in Brock and Hommes (1998), a Walrasian scenario is useérteecthe demand
equation, i.e. each trader is viewed as a price taker (seekBwmt Hommes (19%)
and Grossman (1989) for detailed discussion). The markéewed as finding the
pricep; that equates the sum of these demand schedules to the supty, denote
the supply of (risky) shares. Given bounded rationality,cheessify all investors into
H different types in terms of their conditional expectationgdoth mean and variance.
Denote byn,,, the fraction of investors of typk att (so that) , n,, = 1). Then the
equilibrium of demand and supply implies

Epi(Riv1)
Npt—— = Zg. 2.5
; it an Vi (Res1) ' (25)
Now assume zero supply of outside shares:ie= 0, then (2.5) leads to
En(R
Z Mg mlf) _ (2.6)

atht Rt+1)

Under the conditions that;(y;, 1) = y andlim;_ .., Ep;/R* = 0, it can be shown that
the fundamental pricés constant and given by = y/(R — 1), which corresponds to
the benchmark notion of the rational expectation; see Brocklommes (1998) for
related discussion.

2.2. Heterogeneous Beliefs. In the following discussion, we adopt the much ana-
lyzed fundamentalist/chartist model by assuming thatrastors can be grouped as
either fundamentalists (type 1) or chartists (type 2).

“Typically, annually, quarterly, monthly, weekly and dailsading periods correspond t& =
1,4, 12,52 and250, respectively.
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2.2.1. Fundamentalists The fundamentalists are assumed to believe that the expecte
market pricep,,, IS mean reverting to their perceived fundamental valuand that
the conditional variance of the market price is constanatTé

E1,t(pt+1) =p"+ v(pt,l —p*), 0<v<l1 2.7)
Vl,t(PtJrl) = 0%7 )

wherep* is the fundamental price of the risky asset estimated byuhddmentalists
at some costy is the speed of mean reversion estimated by the fundam&sfaind
o, > 0is aconstant. In particulaf; ;(p:+1) = p* forv = 0 andE, 4(p41) = pe— for

v = 1. The conditional expectation of the fundamentalists (2af) also be written as

Eri(pe1) = (1 —v)p™ + vpp_y, 0<v<1,

which is a weighted average of the fundamental price andtlgiece. Hence small
(large) values ofv indicate that the fundamentalists give more (less) weighhe
fundamental price and less (more) weight to the latest poekeving that price moves
quickly (slowly) towards its fundamental valyé. For convenience of discussion,
we say the fundamentalistser (under)-react (to the market price) when more (less)
weightv is given to the market price.

2.2.2. Chartists. Unlike the fundamentalists who are able to determine (atescost)
the fundamental value, chartists base their trading styate signals generated from
the costless information contained in recent prices. Theasimay be generated by
comparing the latest price_; with some reference price treng_; which chartists
assume is randomly drawn from some distribution conditiongpast realized prices.
For simplicity, we assume that_; is conditionally distributed on prices_, andp;_3
with weighting probabilitiesv and1 — w, respectively. Then the conditional mean and
variance of the trend can be estimated by, respectively,

Di—2 = Eot(De-1|pr—2,D1—3) = wpr—o + (1 —w)pr—3, 0<w <1, (2.8)

07 o = Vor(Pr—1|pi—2, pr—3) = wpt—2 — pro]® + (1 — w)[pr—3 — Pr—o]*. '
Based on the trading signals ; — p;_1 and the conditional mean and variance esti-
mates (2.8), we make the following assumptions about theistgea

Es1(pis1) = pi—1 + 9(pi—1 — Di—2), g € R, (2.9)
Vau(pey1) = o[l +b5?2,], b>0, :

whereg € R is the estimated extrapolation rate of the chartists. Thahe chartists’
beliefs are based on the latest price and their extrapalafithe trading signals gen-
erated from the trend. In particular, chartists are cattedd followerswheng > 0
and arecontrariansvheng < 0. Forw = 1, Es(pey1) = pi—1 + g(pi—1 — pt—2) Which
is the case discussed in Gaunersdogeal. (2003) and, forw = 0, Es(pir1) =
pi—1 + g(pi—1 — pe—3). Similarly, for convenience of discussion, we say the ¢bisrt
over (under)-react when they extrapolate strongly (weakly), that is whenis large
(small). With regard to the chartists’ estimate of the vace, they use the historical
variance to scale up the fundamental variance through ttagern. High b reflects
a greater sensitivity to risk.
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2.2.3. Optimal Demand for the Fundamentalists and Chartigtsr the dividend process,
we assume that this is common knowledge, so that for all agent

E(y) =y, V() =o,, (2.10)

where we sey = rp*/K. Based on the above assumptions, one obtains that for the
fundamentalists

E1i(Rip) =p +v(p1 —p ) +y—Rp:, 0<v<1
Vig(Ri1) = 0f + 05,

and for the chartists

Esi(Ris1) =pio1 +9(pi—1 — Pr—2) +9— Rpr, g €R (2.12)
‘/2,t(Rt+l) = O'?/ + U%[l + b6t272], b 2 0. '

Therefore, the optimal demands for the fundamentalistsciadtists are given, re-
spectively, by

(2.11)

{ 210 = [p* +v(Pr-1 — p*2+ y— ﬁpt]/Ala (2.13)
2ot = [Pr—1 + g(Pe—1 — Di—2) + U — Rpi] /Ay,
where

Ay =ai(o? + 05), Ay = ay [05 + o3(1 +b52 )] (2.14)
andp; anda? are defined by (2.8).

2.3. Performance M easure and Agent Adaptation. LetU; , andU,, be the realized
profit of the fundamentalists and chartists, respectividfined by

Ui,t = thi,tfl - C; 1=1,2

whereC; > 0 measures the total cost. Let the updated fractions be foomdite basis
of discrete choice probability (see Manski and McFaddeB{)9Anderson, de Palma
and Thisse (1993), Brock and Hommes (1891098), so that
2
iy = exp|BU; 1]/ Zi1, (i=1,2), Zi1 = Z exp[BU;—1],  (2.15)
=1

where 3(> 0) is the intensity of choicemeasuring how fast agents switch among
different prediction strategi€sLet m, = Ny — Nog. Thennyy = (14+my)/2,n0y =
(1 —-my)/2and

my =tanh |:§(U17t1 — Ug,tfl) — g(Cl — Cg):|

=tanh |:§Rt—1(zl,t—2 - Zg,t_g) - g(}} s (216)
whereC = C; — (3. Because the cost of information to work out the fundamental
values, the constaidt > 0 in general.

>To prevent the price from getting stuck in a speculative teib&aunersdorfer (2000) introduces a
stabilizing force into the fitness functidi; ;, while Gaunersdorfeet al. (2003) add a penalty func-
tion in the changing population fraction. In our model, tisichieved naturally by incorporating the
conditional variance into the demand function of the clststi
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2.4. TheCompleteModel. To sum up, assuming zero net supply the Walrasian equi-
librium pricep; satisfies
(1 + mt)ZLt + (1 — mt)ZQVt = 0. (217)
Substituting (2.13) and (2.16) into (2.17), one obtains tha

_ Asalp™ +o(pea = p7) + 9P + Arpa £ g(pro1 — Pra) + 9]
be R[As 6P + Ay !

where

(2.18)

Uy = Rt(zl,t—l - 22,t—1) -C
1
= (pt + v+ — Rpi—1) (A_1[p* +v(pi—2 — p*) + Y — Rpi—1]
B 1
A2,t—1
andp;, A, and A,, are defined by (2.8) and (2.14). Equation (2.18) determines t

Walrasian market cleaning prigg, which is summarized in the following Proposition
2.1

[Dt—2 + g(Pt—2 — D1—3) + U — Rptl]) - C,

Proposition 2.1. Denotex, ; = x; = p; — p*, oy = T4—1, T34 = Ty—2, Tay = T4—3 and
x5 = x;—4. Then the market clearing prigg = x, + p* is governed by the following
dynamical system in terms &f = (2, 29, 23, 24, 75) "

X, = G(X ), (2.19)
where
G(X) = (F(X),9517$2,5U3,954)T7
F(X) = [1(X)/f2(X),
f1(X) = vAy 2PV L A (2) + g1 — wao — (1 —w)as)),
fo(X) = R[An PV 1 Ay,
U(X) = (21 — Ras) (”3;—1&"2
w3t gy —wry — (1 —w)as) — Rajg) _c
Agy
and
Ay =ar(o] +07),  An=asloy +0i(14+053,)], A = aslo, + 07 (14 55)],
Tog = wry + (1 — w)xs, Gy = wry — To1]* + (1 — w)[w3 — To1]?,
Tog = wry + (1 — w)ws, Gay = W[Ty — Too)® + (1 — w)[w5 — Toa]?.

In addition, the population fraction differenee, = n,, — ny; evolves according to
my := M(X;—1) = tanh[fU(X)/2].
In the following discussion, we examine the dynamics of thielimear deterministic

system (2.19) by considering the chartists as either trelhalifers or contrarians. We
first undertake a theoretical study of the existence of teadst state, its stability,
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bifurcation, and normal form properties, followed by nuioal simulations of the
nonlinear system (2.19) to obtain some insight into its glgvoperties.
3. DYNAMICS OF FUNDAMENTALISTS AND TREND FOLLOWERS

In this section, we consider the situation in which the abtsfare trend followers,
that isg > 0 in model (2.19). We first have the following result on the exi€e of
steady state that corresponds to the fundamental ptice

Proposition 3.1. For system (2.19)X* = 0 is the unique steady state and it corre-
sponds to the fundamental pripe= p*.

Proof. See Appendix A.1. O

Results on the local stability of the unique steady state &ifurcation when the
chartists are trend followers are given in the following psition.

Proposition 3.2. Assumegy > 0. Then the fundamental prig€ is locally asymptoti-
cally stable (LAS) if

e either
v <wvs(g) = % — ¢y — 39 for w € [0,1), (3.1)
e 0rg<g:=(a+x,)R/aforw=1,
where
o (zo +a)’R? o rowR + awR + a(1 — w)
" aze(1 —w)’ 2T zo(1 — w) ’
9 _
03:u, moze_ﬁc, a:ﬂ.
Zo a9

If v = wv3(g) forw € [0,1) or g = ¢; for w = 1, then there exists a pair of complex
eigenvalues\ = e*% for the linearized system of (2.19) at the steady state.nlf, i
addition,d # 0, where

5

1 1 3F 4 .
4= s ~2i0 aa <(g U= (3.2)
2e — e 0 4 3(1 — e=29) Pt 2020
and
ga(l —w)
V3=~
R(z,+ a)

then, in the absence of strong resonances (¢, # 1 for k£ = 1,2,3,4), a Hopf
(Neimark-Sacker) bifurcation emanates out of the steadg st& = 0. Furthermore
the bifurcation is supercritical whet < 0 and subcritical wherl > 0.

Proof. See Appendix A.2. O

The local stability region of the steady state and the cpmeding Hopf bifurcation
boundary are plotted in thg, v) parameter plane in Fig. 3.1. It can be verified that,
along the Hopf bifurcation curve, — ¢, asw — 1°. In this limiting case, the Hopf

81t follows from v = v3(g) thatg = vz '(v). Then it can be verified thagt — g; asw — 1
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v

Hopf bifurcationf boundary

Stability region

g1 g

FIGURE 3.1. Local stability region of the steady state and the Hopf
bifurcation boundary foy > 0.

bifurcation boundary is independent of the speed of prigestishent of the fundamen-
talists. In general, forw € [0, 1), Proposition 3.2 indicates that the condition for the
Hopf bifurcation depends on the speed of price adjustmetiteofundamentalists, the
extrapolation rate of the trend followers, and the weigiinocess used by the trend
followers to form the moving averageEconomically, reaction from the fundamen-
talists represents a stabilizing force while extrapotafrom the chartists represents a
destabilizing force. However, over-reaction from the famgntalists can destabilize
the fundamental price and under-reaction (or extrapaiatimm the trend followers
can smooth and stabilize the market price. This double etfget®f the heteroge-
neous beliefs leads to many interesting and complicate®#ehprice dynamics. More
precisely, we have the following observations:

e Along the bifurcation boundary;(g) decreases asincreases and this is illus
trated by the bifurcation valug" in Table 3.1 for fixedv = 0.5 and different
values ofv. This implies that the fundamental steady state price ellpstable
as long as reactions of both types of investors are balar@adresults show
that the market price converges to the fundamental priceneftber the price
trend is extrapolated weakly by the chartists or the reaaticthe fundamen-
talists to the price dispersion (from the fundamental priegveak. Otherwise,
over-reactions from both types of traders lead the markee po diverge from
the fundamental price. Intuitively, this instability ofgliundamental price, to-
gether with the interaction between stabilizing and delstaiy forces, leads
the market price to fluctuate around the fundamental pribe. sSBme result is
obtained in Gaunersdorfet al. (2003) whenw = 1, which is a special case
of our result.

e Based on the fact that = v;'(v) — ¢, asw — 1, we can see that the
stability region of the fundamental steady statejnv) parameter space is
enlarged a® increases, in particular, this becomes even more significhen
v is close to 1, as verified by the bifurcation valugsin Table 3.2 for fixed

1

’See Appendix A.2 for detailed discussion.
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v = 0.5 and different values ofr. Economically, the market price converges
to the fundamental price when more weight is given to the mexsint price in
forming price trend.

¢ Along the Hopf bifurcation boundary, the type of bifurcatidepends on values
of § in the pair of complex eigenvalues 3 = e*% of the linearized system at
the steady state, which in turn depends on valugs-ef2 cos(#) satisfying

_ R(xo+a) — gaw
 ga(l —w)

Tables 3.1 and 3.2 illustrate the Hopf bifurcation valgeand the correspond-
ing p for variousw. Similar to the findings in Chiarella and He (2@)3de-
pending on values op (and hence of)), periodic (whend/(2r) is a ratio-
nal number) and quasi-periodic (Wh@p(2) is an irrational number) cycles
can be generated through the Hopf bifurcation. The stgtafithe bifurcated
cycles depends on the invariant expressfoof the normal form analysis in
Proposition 3.2. More details on normal form analysis inheigdimension
can be found in Kuznetsov (2004).

Guided by the stability, bifurcation and normal form resuit Proposition 3.2, we
now turn to a numerical study of the dynamics of the nonlirgatem (2.19). In the
following, we choose the fundamental prige= $100, annual risk-free rate = 5%,
annual volatility of the fundamental price = 20%. For the trading frequency, we
chooseK = 250, which corresponds to a daily trading period. As a consecgigthe
total risk-free return per trading day = 1 + /K = 1.0002, daily price volatility
o7 = (p*0)?/K = 8/5 and daily dividend volatilitys; = r*07 = 1/250. We also
choose the risk aversion coefficients for both types of itoredsa; = a; = 0.8 and
the cost differenc&€’ = 0. We examine how the dynamics of the nonlinear system
is affected by the speed of price adjustment of the fundaatists (the parameter),
the extrapolation rate of the trend followers (the parameg}ethe coefficient of the
variance adjusted demand (the param@teihe weighting parameter used by the trend
followers (the parameter), and the switching intensity (the paramet@r

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1.5169 | 1.4971| 1.4775| 1.4583| 1.4395| 1.4210| 1.4029| 1.3851| 1.3676| 1.3505| 1.3337
p 1.63789| 1.6725| 1.7078| 1.7434| 1.7792| 1.8154| 1.8518| 1.8884| 1.9253| 1.9625| 2.0000

TABLE 3.1. Hopf bifurcation valueg* and the corresponding values

of p for variousv andw = 0.5, = 2,C = 0.

m*@

For fixedw = 0.5, Table 3.1 lists the bifurcation valugs for various values of.
It clearly indicates that the fundamental price is alwayslly stable for any speed of
price adjustment < [0, 1] when the extrapolation rate of the trend followers is below
the critical valueyj (= 1.3337). When the extrapolation rate exceeds the critical value
g7, the stability region for the extrapolation rate of the ttdallowers is enlarged as

8See Appendix A.2 for the details.
SWe approximate the annual dividend volatility: by r(p*c) and hence the daily dividend volatility
o, by r(p o) /VK.
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the fundamentalists under-react, as suggested by Prigpo3ii.. Consequently, over-
reactions from both the trend followers and fundamentatiah make the fundamental
price become unstable through a Hopf bifurcation.

w 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
g* || 1.0883| 1.1422| 1.2016| 1.2671| 1.3400| 1.4208 | 1.5118| 1.6137| 1.7284| 1.8572| 2.0004
p || 1.8380| 1.8348| 1.8310| 1.8270| 1.8219| 1.8156| 1.8079| 1.7986| 1.7867 | 1.7711| 1.7499

TABLE 3.2. Hopf bifurcation valueg* and the corresponding values
of p for variousw andv = 0.5, = 2,C = 0.

Similarly, for fixedv = 0.5, Table 3.2 lists some Hopf bifurcation valugs for
various values ofv, indicating that an increase of the weighting parametenlarges
the stability region for the extrapolation rate of the tréallowers. This implies that
a simplead hoctrend following strategy based on the difference of theskate/o
prices[p;,_1 — p;_»]| is better than a more sophisticated strategy based on fieeattite
pi—1 — |wpi—o + (1 — w)p,_3) for the chartists to forecast the fundamental price.

05 / 4

10 L
-1.0 05

FIGURE 3.2. Phase plots dfcy, z; 1) forw =05b=2,=1,v =
0.2682 and four values off = 1.46 (upper left),¢g* (upper right), 1.48

(lower left), and 1.52 (lower right).

Proposition 3.2 states that the only bifurcation occurahgn unstable steady state
is the Hopf bifurcation. The nature of the (quasi)-peridgtiof the Hopf bifurcation
is determined by values @f which are in turn determined by values gfdisplayed
in Table 3.1. For example, 16/ (27) = 1/12, thenp = 1.73205 andg* = 1.464395,
which corresponds to = 0.2682 with fixedw = 0.5. To see the price dynamics near
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the Hopf bifurcation boundary, we choo8e= 1,0 = 2, w = 0.5, v = 0.2682 and four
different values ofy = 1.46, ¢*,1.48,1.52. Fig. 3.2 gives the limiting phase plots in
the (z,_1, x;) plane for these four different values. Fpe= 1.46 < ¢*, the upper left
panel shows that the trajectories converge periodicaltiiecsteady state. Fgr= ¢*,
the upper right panel shows that the trajectories convergeperiod-12 cycle, which
verifies the above calculation. Fgor= 1.48 > ¢*, the lower left panel shows that
the trajectories converge to a quasi-periodic orbit, whsctharacterized by a closed
orbit in the phase plane. Fgr= 1.52(> g¢*), the lower right panel shows that the
trajectories converge to a strange attractor.

Coexistence of a stable equilibrium and a stable closed duagebeen detected in
Gaunersdorfeet al. (2003) and they have found that such coexistence can be a po-
tential mechanism in generating volatility clustering fbe corresponding stochastic
model. For the set of parameters choose above, in the |adalist region, we are
not able to detect the coexistence of another attractor. edewy near the bifurcation
boundary, coexistence of closed cycles with differentiélal values forg = 1.4664
is found, as illustrated in Fig. 3.3 1) This coexistence of different cycles is different
from that in Gaunersdorfest al. (2003). Whether such coexistence can be a poten-
tial mechanism in generating volatility clustering woulgl é&n interesting issue for the
future work. The corresponding bifurcation plot for the graeterg is given in Fig.
3.3(b). This illustrates one of many routes to complicatedepdynamics through the
Hopf bifurcation. Economically, high price volatility ixpected when the price trend
is extrapolated strongly by the chartists and this verifiessdommon belief that the
chartists represent an unstable force in financial markets.

1.47 1.48 1.49 1.50 1.51 1.5%

(@) (b)

FIGURE 3.3. (@) Coexistence of closed cycles with differentialiahit
values and parametgr= 1.4664; (b) Bifurcation plot for the parameter
g. The other parameters are= 0.5,b =2,3 = 1,v = 0.2682,C' = 0.

The effect of the switching intensity on the price dynamics displays the well-
known rational routes to randomness observed in Brock andrizs(1998). That
is, when agents adapt their belief quickly to a better perfog strategy, this rational

10The authors would like to thank the referee to bring thiseédsuour attention.



ASSET PRICING WITH A TIME-VARYING SECOND MOMENT 13

adaption can make the market price become more volatildjlgao more compli-
cated, and even explosive behaviour.

We now examine the effect of the variance adjustment coeffiéi of the trend
followers (see equation (2.9)). Note that the local stgbdonditions are independent
of the variance coefficierti. However, the normal form analysis indicates that the
existence and stability of the bifurcated cycle turn outépehd orb. This observation
leads to a very interesting result—changes do affect the price dynamics when the
steady state is unstable, but do not affect the stabilithefsteady state. To illustrate,
we selecv = 0.3, w = 0.5 andg = 1. It follows from Table 3.1 that the corresponding
Hopf bifurcation valué! is given byg* = 1.4583. Applying Proposition 3.2 to this
bifurcation value, we obtaid = 0.1508 — 0.05169b, implying d = 0 whenb = b* =
2.917. Hence, the bifurcation is unstable for< b* and stable fob > b*, which
can be verified numerically. Intuitively, when the fundarnamprice is unstable, the
bifurcation is stable when the chartists are more conceabedit the risk generated
from the sample variance. Otherwise, the bifurcation beaunstable and the price
may become explosive.

In summary, when the chartists are trend followers, theilgtabf the fundamen-
tal steady state of the nonlinear deterministic system eachlracterized by stability,
bifurcation, and normal form analysis. It is found that thbedamental price is stable
when traders are less active in extrapolation and switchetgeen strategies. How-
ever, it becomes unstable when agents over-react to the fpeicd (for the chartists)
and price dispersion (for the fundamentalists). Rationap#dn of agents between
strategies can lead market price to fluctuate around theafuedtal price and to dis-
play complicated price dynamics (that are bifurcated from Hopf bifurcation), in-
cluding cycles, coexistence of cycles and strange attrsclio addition, when the fun-
damental price is unstable, the bifurcation becomes sfaibistable) when the trend
followers are more (less) concerned about the risk geréfiadmn the sample variance.
Also, because of the trend following strategy, prices tenthé positively correlated,
as indicated by the phase plots in Figure 3.2.

4. DYNAMICS OF FUNDAMENTALISTS AND CONTRARIANS

In this section, we consider the situation in which the detartare contrarians, that
is, g < 0in model (2.19). Obviously the deterministic system hassime unique
steady state, which corresponds to the fundamental pticelowever, different from
the previous case, the weight parameter leads to diffegerardics.

Proposition 4.1. Assumey < 0 for the deterministic system (2.19). There exisand
wy satisfyingd < w; < wy < 1/2 such that:
(i) for w > w,, the fundamental pricg* of the deterministic system (2.19) is LAS
if
R(zg+a)+a 2aw

v > v9(g) == — — g.
Zo )

HsinceC = 0, the bifurcation valug* is independent of.
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In addition, ifv = v,(g) andd # 0 with

5

= i1 Z w(_l)j%ﬂﬂ (4.1)
63+ 2’71 — 2 k=1 a{L‘jal‘kafL‘l )
where
vz + a(l + g) gaw
N = ; V2= T
R(zo+ a) R(zo+ a)

then a period two cycle bifurcates out of the steady skate- 0. Furthermore,
the bifurcation is stable wheih < 0 and unstable whed > 0.
(ii) forw < wy, the fundamental pricg* of the deterministic system (2.19) is LAS
if
C
v > v3(g) == j — ¢ — C39.

If v = wv3(g), then there exists a pair of complex eigenvalues- e for
the linearized system at the steady state. If, in additibss 0, whered is
defined by (3.2), then, in the absence of strong resonanees(i’ +# 1 for
k =1,2,3,4), aHopf (Neimark-Sacker) bifurcation emanates out of thady
state X* = 0. Furthermore the bifurcation is supercritical wheih< 0 and
subcritical whend > 0.

(i) for w; < w < we, there exists @* < 0 such that the fundamental prigé of
the deterministic system (2.19) is LAS if

v > vy(g) for g€ (g%,0), v > v3(g) for g<g.

In addition, forg € (¢*,0) andv = ws(g), flip bifurcations occur when
d # 0, while forg < ¢* andv = wv3(g) Hopf (Neimark-Sacker) bifurca-
tions occur whenl # 0. In addition, the bifurcation is stable (unstable) when
d < 0(d > 0) near the flip boundary and < 0(d > 0) near the Hopf bifurca-
tion boundary.

Proof. See Appendix A.3. O

Based on Proposition 4.1, the local stability region of tleady state and the corre-
sponding bifurcation boundaries are different for the¢hddferent cases, as illustrated
in (g,v) parameter space in Figs. 4.1 and 4.2, respectively. Théistalh the funda-
mental price is different from the case when the chartistitrand followers discussed
in the previous section. The contrarian strategy can beadess a stable (unstable)
force when the trend is weakly (strongly) extrapolateduitively, the stability of the
fundamental price depends on the balance of the activities both types of traders.
Note that bothvy(g) andwvs(g) decrease agincreases. This implies that the stability
region of the extrapolation rate of the contrarians (i.eapeterg) is enlarged when
the fundamentalists over-react (i.e. whemcreases). Intuitively, the fundamental
price is stable as long as the forces from both types of tsagler balanced. However,
it is very interesting to notice that, different from the eashen chartists are trend
followers, the fundamental steady state price becomesibiesthrough either flip (for
w > wy), or Hopf (forw < wy), or both types of bifurcation (fow;, < w < w,),
depending on the weight parameter



ASSET PRICING WITH A TIME-VARYING SECOND MOMENT 15

-

Stability Regio
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Stability Regio

Hopf Bifurcation

Flip Bifurcation

@ / ®)

FIGURE4.1. Local stability region of the steady state fox 0 and
(a) the flip bifurcation boundary far € [w,, 1], (b) the Hopf bifurca-
tion boundary forw € [0, w,].

(%

Stability Region

Flip Bifurcation — — — — ._ 0

FIGURE 4.2. Local stability region of the steady state and the bifur
cation boundaries fay < 0 andw € (wy, ws).

When the contrarians put less weight (ize. < w;) on the most recent price, the
steady state fundamental price becomes unstable throughpfbifurcation. Intu-
itively, the extrapolation for the past price (with high wght) implies a sluggish re-
action to the market price, leading the market price fluetyriodically. For fixed
w = 0.3, Table 4.1 lists the Hopf bifurcation valug$ and the corresponding values
of p for variousv. One can see that, asncreases, the stability region for the extrapo-
lation rateg; is enlarged. Also, numerical calculations show thatyascreases (up to
w = 0.46), the Hopf bifurcation is shifting to the left in Fig. 4.1(dn other words, as
the weightw increases (up to a certain value), the stability regiontierextrapolation
rate is enlarged.

When the contrarians put more weight (i.e. > ws) on the most recent price,
the steady state loses local stability through a flip biftiora Intuitively, a strongly
negative extrapolation of the chartists to the most receiesegwith high weight),

1
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v 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
gy | -2.4597| -2.4977| -2.5361 | -2.5749| -2.6142| -2.6538 | -2.6938 | -2.7342| -2.7749| -2.8161| -2.8576
p | -1.5904| -1.5727| -1.5538 | -1.5384| -1.5217 | -1.5054 | -1.4894 | -1.4738| -1.4584 | -1.4434 | -1.4286

TABLE 4.1. Hopf bifurcation valueg; for variousv and w =
0.3,(11 = Qg = O8,ﬁ = O,C: 0.

together with the stabilizing force from the fundamentali€auses the market price
to flip back and forth around the fundamental price. For fixed= 0.9, Table 4.2
lists the flip bifurcation valueg?; for variousv. As v increases, the stability region
for the extrapolation rate is enlarged. Numerical calculations also show that the flip
bifurcation boundary in Fig. 4.1(a) is shifting to the le#ta increases, enlarging the
stability region for the extrapolation rate.

v 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
g;ﬁ -1.6669 | -1.7224| -1.7780| -1.8336 | -1.8891| -1.9447 | -2.0002 | -2.0558 | -2.1113| -2.1669 | -2.2224

TABLE 4.2. Flip bifurcation valueg; for variousv andw = 0.9, a; =
a, =0.8,8=0,C=0.

When the weight parameter € (w;,ws) with 0 < w; < we < 1/2, the funda-
mental steady state price loses its stability through bgthatid Hopf bifurcations as
indicated in Fig. 4.2. Table 4.3 lists the bifurcation vayé for variousw with fixed
v = 0.5. In this casew* € (0.4,0.5), which is determined by solving(g) = v3(g)
forv =0.5,a; = a, = 0.8, 6 =1,C = 0. The valueg;* correspond to Hopf bifurca-
tion values forw < w* and flip bifurcation values fow > w*. A similar result is also
found in Chiarella and He (20@3when agents learn from a weighted average process.
In other words, Hopf bifurcations occur when less weightiveig to the most recent
price, while flip bifurcations occur when more weight is gite the most recent price.

w 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
g* || -2.0487 | -2.3127| -2.6538| -3.1110| -3.5004 | -2.917 | -2.5003 | -2.1876 | -1.9447
TABLE 4.3. Hopf bifurcation valueg* for w < w* and flip bifurca-
tion valuesg* for w > w* with w* € (0.4,0.5) andv = 0.5,a1 = ay =
08,3=1,C =0.

Guided by the stability, bifurcation, and normal form arsédy we now examine the
dynamics of the nonlinear system (2.19) by using numerioaligtions.

We first examine the effect of extrapolation when the werghparameter is low.
To illustrate, we selectv = 0.3,v = 0.5,C = 0,6 = 0,b = 1. In this case, the
fundamental steady state is locally stablefar ¢g; = —2.6538 and loses its stability
through a Hopf bifurcation ag = g;. Similarly, the nature of the Hopf bifurcation
is determined by the values pf In addition, using (3.2), one can verify that there
exists ab* € (0, 1) such tha < (>)0 for b > (<)b*, implying that the bifurcations
are stable fob > b* and unstable fob < b*. Fig. 4.3 illustrates phase plots of the
system for various values @t It shows that, as the contrarians extrapolate weakly,
the solutions converge to either the steady stateg(ferg*) or (quasi-)periodic cycles
(for g = —2.7,—4,—5 < g¢*). The corresponding bifurcation is stable fpmear
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FIGURE 4.3. Phase plots dfr;, x;_1) for g = —2.6, 2.7, -4, -5
(top left),g = —6 (top right),g = —7 (bottom left) andy = —8 (bottom
right) with fixedw = 0.3, =0.5,6=0,b=1,a; = a; = 0.8,C = 0.

g;. However, as the contrarians extrapolate more stronglytiens converge to some
strange (fory = —6, —7) and even chaotic (faf = —8) attractors. Similar to the case
when the chartists are trend followers, coexistence oéwhfit cycles with different
initial values for fixedg = —2.65686 is also found. The corresponding bifurcation
diagram in parameteris plotted in Fig. 4.4.

FIGURE 4.4. Bifurcation plot for the parameterwith fixed w =
O.3,U = 05,6: O,b: 1,&1 = a2 208,02 0.
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The effect of extrapolation when the weighting parametédrigh can be different
from the previous case. To illustrate, we choase- 0.9 andv = 0.5,C = 0,6 =
0,b = 1. Then the steady state is locally stable for- g7 = —1.9447 and loses
its stability through a flip bifurcation ay = g;. Using (4.1), one can verify that
d < 0forall b > 0, implying that the bifurcated 2-period cycle is always $&ab
forallb > 0 wheng = g;. Fig. 4.5 illustrates phase plots of the system fos
—3,—4,-5,—-5.5, —6. The corresponding bifurcation diagram for the parametesr
given in Fig. 4.6. It shows that, as the contrarians incrélasie extrapolation activity,
the dynamics lead to a period doubling bifurcation (fo= —3) first, and then two
symmetric closed quasi-periodic cycles (fpe= —4), and then to strange attractors
(for ¢ = —5,—6). Note that, forg = —5.5, solutions converge to two 14-periodic
cycles. This shows a different route to complicated dynamic

x{)

x(t)

2 bbb bbb bho b wnge u®

[ S |

T | |
45678910MNM

I T I B
11109 87654321012
t

w

FIGURE4.5. Phase plots @fc;, z;,_,) forg = —3,—4, —5, —5.5 (left)
andg = —6 (right) with fixedw = 0.9,v = 0.5, = 0,b = 1,a; =
ay; =0.8,C =0.

The effect of switching intensity is also different. To illustrate, we choose=
0.48,v = 0.5,C = 0,b = 1. In this case the steady state is locally stable¢far
g* = —3.6057 and a Hopf bifurcation occurs far = ¢*. For fixedg = —6, Fig. 4.7
illustrates phase plots of the system fo+ 0 (top left), 5 = 0.01 (top right),3 = 0.03
(bottom left), ands = 0.1 (bottom right). Different from the findings in Brock and
Hommes (1998) and in the previous section, an increase swiltehing intensity may
stabilize the dynamics. This may due to the stabilizing reatdi both fundamental and
contrarian strategies.

In summary, for the model with contrarians, it is found the tundamental price is
stable when the stabilizing forces from both types of tradee balanced (low (high)
extrapolations of the contrarians are balanced by under(aeactions of the funda-
mentalists). Otherwise, the fundamental price becometahbles leading to compli-
cated dynamics through either flip, or Hopf, or both bifuima$, depending on the
weight parameter. When the latest price is highly weighteedng extrapolations from
the contrarians cause the market price to flip back and fodbral the fundamental
price (through the flip bifurcation). When the latest priceveighted less, strong ex-
trapolations from the contrarians generate lagged reactidghe market price to the
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FIGURE 4.6. Bifurcation plot for the parameterwith fixed w =
0.9,1) = 05,52 O,b: 1,&1 = Qg 208,02 0.
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FIGURE 4.7. Phase plots dfr;, z;_1) for g = 0 (top left), 3 = 0.01
(top right), 3 = 0.03 (bottom left) ands = 0.1 (bottom right) with
fixedw = 0.48,v = 0.5,9g = —6,b = 1.

fundamental price, leading to periodic oscillation (thgbuhe Hopf bifurcation). The

stability of the bifurcation depends on the parameter drlyethe normal form analy-

sis. Because of the stabilizing nature of both the fundarhanthcontrarian strategies,
the price dynamics are less explosive, but more sensitithgaswitching intensity

between the two strategies. In addition, prices tend to gathely correlated (as in-
dicated by the phase plots) and high weight on the samplan@gihas a stabilizing
effect.
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5. CONCLUSIONS

We present a simple asset pricing model with fundamergadistl chartists to study
market price behaviour of the risky asset when chartisisiast both conditional mean
and variance by using a weighted averaging process. Withimodel, the fundamen-
talists represent a stabilizing force, the trend followerresent a destabilizing force,
while the contrarians represent a stabilizing (destabdizforce when they extrapolate
weakly (strongly). Our analysis shows that the fundamemntak is stable (unstable)
when the different forces are balanced (unbalanced) anenwte fundamental price
is unstable, there are different routes to complicatedepdignamics. The weighting
process has a different effect on the market price behgvimpending on whether
the chartists behave like trend followers or contrarians.ekvthe chartists are trend
followers, the fundamental price becomes unstable throdmtf bifurcation only for
all values of the weighting parameter. However, when thetdts are contrarians, the
fundamental price becomes unstable through a Hopf bifircanly when the weight-
ing parameter is low, a flip bifurcation only when the weiglgtparameter is high, and
either Hopf or flip bifurcations when the weighting paramegenear 0.5. Using a
normal form analysis, it is found that the time-varying setanoment coefficient is
clearly related to the stability of the bifurcations, ratttean to the stability of the fun-
damental price. In principle, the bifurcation is stablesiale) when the chartists are
more (less) concerned on the risk generated from the timgngasecond moment. To
our knowledge, this is the first theoretical result on the @fl a time-varying second
moment on the stability of both the fundamental price andrbéting orbits within the
heterogeneous agent asset pricing framework.

The interplay between stochastic elements and determgigighamics is an inter-
esting and important issue for model calibration. By assgmimandom walk funda-
mental price process and introducing a noise trader to theamarket, a stochastic
version of the deterministic model established in this pspexamined in Chiarellat
al. (2005). The relationship between the statistical propeif the stochastic version
and the stability and bifurcation of the underlying detaristic version, such as return
autocorrelation patterns of the stochastic version anelstyb bifurcation of the under-
lying deterministic version, is examined. It is found tha¢ tmodel displays some of
the stylised facts observed in high frequency financial,dateh as fat tails, skewness
and high kurtosis. The model also has the potential to gemerdatility clustering
and long memory features, which are the focus of much curesetarch.

Appendix A. FROOF OFPROPOSITIONS

A.1. Proof of Proposition 3.1. Let X = X* be the steady state of the corresponding
deterministic system of (2.19). Thek* satisfiesX* = G(X*), which is equivalent to
¥ = F(x*, x* x* ", x*). Let

—-R 1-R
m* = tanh {g(l—R) <UA1 4 )x*2—§C].

Thenz* satisfies
g = Y mlat 4 a(l —m¥)a” (A1)
R(1+4+ m*) 4+ Ra(1 —m*)

It follows that eitherz* = 0 or
(Ra—R+v—am* =RA+R—v—a. (A.2)
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If Ra — R+ v —a=0,then (A.2) cannot hold. IRa — R+ v — a # 0, then
« Rat+R—-v—a
" T Ri—-R+v—a
It is easy to see thatn*| > 1. Thereforer* = 0 is unique fixed point.

A.2. Proof of Proposition 3.2. Letm? = tanh(—gC’), and

0
20— 1M 60 <, (A.3)
1—mo
We first examine the local stability and bifurcation. At the steady state 0,
_oF _vzo+a(l+g)
n= Or1|y—y  R(zo+a)
OF gaw
Y2 =5 = T
072 | x—o R(zo + a)
_oF _ga(l —w)
K Ors|y_g  R(zo+a)
oF
— =0, oF =0.
81’4 X =0 8x5 X=0
Correspondingly, the Jacobin matrix of the system at the steady staterndayive
m v v 00
1 0 0 00
J = 0 1 0 00
0 0 1 00
0 0 0 1 0

Hence the characteristic equation satisfies
T(A) == A\ — A% — 9\ — 73) = 0.
Define ‘
T(A) = A3 — A2 — )\ — 3.
Then two of the eigenvalues df(\) are\s 5 = 0 (double), while the remaining eigenvalues
satisfym(\) = 0. Following from Jury’s test (see, e.g. Elaydi (1996)), all the eigkrmaof
() satisfy|\| < 1iff
(') mi=7(l)=1—y1 -7 —73>0;

(i) m = (=1)’n(=1) =147 —72+73>0;

(ii)) m3:=1472 +73(01 —73) > 0;

(i) m4:=1—v —~v3(11 +193) > 0.

Note that (R ) (R—1)
—v)xg + —1)a
= A4
m R(zo + a) >0, (A4)
o — (R+v)zg+a(R+1 —i-QQUJ)’ (A5)
R(xo+a)
R%*(x0 + a)? — gawR(z¢ + a) — (vzg + a + ga)ga(l — w) — g?a?(1 — w)?
T3 = ) (A6)
R2(f130 + a)2
and

R%(zg + a)? + gawR(zo + a) + (vre + a + ga)ga(l — w) — g2a®(1 — w)? A7)
R2(.’130 +a)2 ' '

Ty =

Hencer; > 0 is always satisfied.
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Forg > 0, m > 0 andw3 > 0 impliesw4 > 0. Hence, all four conditions are reduced to
w3 > 0. Therefore, the steady state is LAStif > 0.

Forw = 1, w3 > 0 is reduced to the condition< g1 = R(z,+a)/a and hence the stability
condition becomeg < ¢; for w = 1. Forw € [0, 1), solvingv from the conditionrs > 0
leads to

c
v <w3(g) = j —co — 39, (A.8)

wherecy, co andcs are defined as in Proposition 3.1. Hence the steady state is LAS ifs(g)
forw € [0, 1).
Forw € [0,1), solvingg from v = v3(g) leads to

g+:i[—(02+v)+\/(02+v)2+40163]-

203
One can verify thay, — ¢; asw — 1.

It follows from 71 > 0 andm, > 0 that both saddle-node and flip bifurcations cannot occur.
Hence the steady state becomes unstable only through the Hopf bifurcatioddryv =
v3(g). Along the Hopf bifurcation boundary, the three eigenvalues must satjséy (—1,1)
and\y 3 = e*%. This leads to

ptAi=m, l+phi=-7, A= (A.9)
wherep = 2 cos(). Forw € [0, 1), usingms = 0, one obtains that

p:%_%:_l—i-')q:R(a:g—i-a) gaw (A10)
Y3 ga(l —w)

Forw = 1, the Hopf bifurcation boundary is given lly= ¢;,v € [0,1]. In this case); =
v3=0,72 =—landp =y = [vz,+a(l+g1)]/[R(zo,+a)] = 1+ (va, +a)/[R(z, + a)].
The nature of the Hopf bifurcation depends énand hence on the values pf Note that,
along the Hopf bifurcation boundary,is a function ofv. Therefore types of Hopf bifurcation
depend on the speed of the price adjustment of the fundamentalists towaifdadamental
price, the extrapolation rate, and the weighting parametef the trend followers.

We now conduct a normal form analysis to show the existence and stabilibedfiopf
bifurcation. Let the eigenvalues dfbe\; € (—1,1), Ay = €, \3 = X. Then

V3= Al

= e 4e 04 )\, (A.12)

o= 1+ (ew + e_w))\l.
Let ¢,p € C® be such that/q = ¢, JTp = e p and (p,q) = 1, where(.,.) is the
usual inner product. Then we can take= (e*?, e3¢ €29 ¢ 1)T andp = (1,e
71,€%973,0,0)Tpy, wherep; = m A Neimark-Sarker bifurcation occurs if the
following value is not equal to zero (see Kuznetsov (2004)):

d ::%Re{e_w[(p, C(q,4,9)) + 2(p, B(q, (E — A)~"B(q,q))

+ (p, B(q, (¢ E — A) "' B(q, )]},

whereC(q, ¢, q), B(q,q) € R° and
5

23G;(0
(0000 = Y = —aana,
k=1 8x]8xk8xl
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E is the identity matrix. Note tha%x%fg =0,4,5,k =1,...5. Hence

d= 3Re{e ®[{p,C(q,q,7))]}
2 | B> DF(0) _ (j+k—1-5)i0 (A.12)

= 3T (120 2ejiki=1 00407 '

A.3. Proof of Proposition 4.1. Following from the first part of the proof of Proposition 3.1 in
Appendix A.2, all the three eigenvaluesmf\) = 0 satisfy|\| < 1iff m; > 0fori =1,2,3,4.

m > 0 is always satisfied. Hence the stability boundaries of the local stability regitre
steady state depend on the relative positionsx0f= m = 14 = 0 on the(g,v) parameter
plane. Solving fow in terms ofg from 7o = w3 = m4 = 0 leads to the following equations,
respectively,

R(zop+a)+a 2aw

U2(g) = - To - 70 9,
1
v3(g) = Cl; — €2 — 39,
1 aw
v4(g) = —c1—- —ca — —g.
g o
Forw =1, m > 0,73 > 0 andmry > 0 are equivalent to
1 R(zo+a R(xo+a
g>—%[R(aco+a)+vwo+a], g<(0a), g>—(‘;),

respectively. Given € [0, 1] andR > 1, these three conditions are reduceg to — - [R(z,+
a) + vxo + a], which is equivalent to
R(xzo + a) + a+ 2ag

To '
In addition, along the boundary, one of the eigenvalues lis and hence a flip bifurcation
occurs.

Now letw € [0,1). Note thatv = wv2(g) is a straight line with slop&%—g", which is
decreasing from 0 t(}i—ﬁ asw varies from 0 to 1p = wv3(g) is concave up and decreasing
from 400 to —oo for g € (—o0,0), and it moves to the left as varies from 0 to 1p = v4(g)
is concave down anidm, ., v4(g) = lim,_o- v4(g) = +oo.

The relative position of the two curves= v3(g) andv = v4(g) is determined by

v > —

1 aw
vaz = v4(9) — v3(9) = —2c1— + (c3 — ——)g.
g Lo
Henceuv,s = 0 implies thaty = g43 = — (j(oltaﬁ. Note that
x0+a)R—a
v4(943) = v3(g43) = @taRk-a > 1.

T
Therefore two curvess; = 0 andr, = 0 intersect at one point, which is always above the line
v = 1. Itis easy to see thef (gi3) = a(l — 2w)/zg < 0,=0,> 0if w > §,= §,< 3
respectively. The relative positive positions of those curves are plotteig. A.1. Obviously,
for w < 1/2, the stability conditions are reduced#e > 0 andxs > 0. It can be showrt?
that this is also true fow > 1/2. Therefore, the boundaries of the stability of the steady state
are determined bys = w3 = 0.

2n fact, 7, = 4, = O intersect aly = goy = —R(z0 + a)/(aw). Note thatv(g) = aw(2w —
1)/(xo(1 — w)), which is positive forw > 1/2 and negative fow < 1/2. Hence, forw > 1/2, if
gos < g < 0, the curvery = 0 is above the curve; = 0. Thereforesry > 0 whenv < 1 andg > go4.
The stability boundaries are then determinedrby 0,v = 1 andws = 0.
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NN Ny

73 = 0 w3 =0 w3 =0

FIGURE A.1. Relative position ofr; = 0 for: =1, 3, 4.

The relative position of the curves= v3(g) andv = v3(g) is determined by

(r+a)’R?*1  (Rxo+a)(1—2w)  a(3w—2)
- + g.

azxo(l —w) g zo(1l — w) x

Itis easy to see that, far < 0, vz < 0 for w > Z, andv = v33(g) is decreasing from-oo to
—oo for g € (—00,0) if w € [0, 2). Therefore, whems > 2, the linev = v3(g) is above the
curvev = v3(g). Hence the stability conditions are reducedrto> 0 and the stability region

is bounded by a flip bifurcation boundary only. When< % there is a unique intersection
for these two curves, and the relative position is shown as Figure A.2segaently, there
existw; andws satisfyingd < w; < wy < 2/3 such that the intersection of these two curves
v = vy(g) andv = v3(g) is located in the banded region< v < 1if w; < w < wo.

v32 = v3(g) — va(g) =

v
v = v3(9)

v = va2(yg

N N

1172% w <

wWIiN

FIGURE A.2. The relative position of = wvy(g) andv = v3(g) for
bothw > 2/3 andw < 2/3.

Note that the curves = v;(g) andv = vy(g) intersect whery = g12 = —(2Rz¢ + Ra +
a)/(2aw). Obviously, g1 increases ang,s decreases fow € (0,1). Also, g12 < g3 for
w = 0andgia > g43 for w = 1/2. Hencew, < 1/2.

We now conduct the normal form analysis. The matfikas an eigenvalue of1 if and
only if v3 = —1 — 71 + 2. Now we assume that this condition holds. Then a flip bifurcation
may occur, depending on the value of coefficient of the third order tertiheimormal form.
We now give the computation for the flip bifurcation.
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Letq=(1,-1,1,—1,1)Tandp = (1, =1 — y1,1 + 791 — 72,0,0)7/(3 + 2v1 — 72). Then
Aq = —q,ATp = —p and(p, ¢) = 1. The type of the flip bifurcation depends on the value

-1 1 _
d:= <(,C(0,9,9)) = 5(p. B(¢, (A = E)"'B(q,9))),
whereC(q, 4,9), B(q,q) € R® are defined in the previous proof. Note t%f% =0,4,7,k =
...0. SOd = %< C(Qa Q7q)> Hence
5
- 1 a3F .
gL -1 ]+k+l+1.
634271 — 72 271 V2 ;1 8%8“8@ )

The normal form calculation for the Hopf bifurcation is given in the prooPmposition 3.2
in Appendix A.2.
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