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ON AN EFFECTIVE SOLUTION OF THE OPTIMAL STOPPING
PROBLEM FOR RANDOM WALKS*

A. A. NOVIKOV! AND A. N. SHIRYAEV!
(Translated by the authors)

Abstract. We find a solution of the optimal stopping problem for the case when a reward
function is an integer power function of a random walk on an infinite time interval. It is shown that
an optimal stopping time is a first crossing time through a level defined as the largest root of Appell’s
polynomial associated with the maximum of the random walk. It is also shown that a value function
of the optimal stopping problem on the finite interval {0,1,...,T} converges with an exponential
rate as T — oo to the limit under the assumption that jumps of the random walk are exponentially
bounded.
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1. Introduction and the main result.

1.1. Let &,&1,&z,. .. be a sequence of independent identically distributed random
variables defined on a probability space (2, F,P). Define a corresponding homoge-
neous Markov chain X = (Xy, X3, X3,...) such that

k
Xo=z€R, Xp=z+S, Si=Y & k2L

i=1

Let P, denote a distribution function which corresponds to the sequence X. In other
words, the system P, z € R, and X define a Markov family with respect to the flow
of o-algebras (Fi)x20, Fo = {2, 0}, Fx = o{é1,. .., &k}

For the random walk under consideration we discuss the optimal stopping problem
which consists of finding the “value” function

(1) V(z) = sup E;g(X;)I{T < oo}, z € R,
TeMy

where g(z) is a measura_blgo function, I{-} is the indicator function, and the supremum
is taken over the class MM, of all stopping times 7 with values in [0, 0] with respect
to (Fi)k2o- We call a stopping time 7* optimal if

E; (X ) I{r* < 0} = V(z), zeR.

We impose the following basic conditions on the random walk X and the func-
tion g(x):

E£<0, g(z)=(z")" = (max(z,0))", n=12,....
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It is well known (see, e.g., [4], [L1]) that under very general assumptions on g(z) the
solution of problem (1) can be characterized as follows: V(z) is the least excessive
majorant of the function g(x), i.e., the smallest function U = U(z) with the properties

U{z) 2 g(z), U(z) 2 TU(z),

where TU(z) = E, U(X1) = EU(z + £).
It is also well known (see, e.g., [11]) that if the stopping time

™ =inf {k 2 0: V(Xi) = g(Xz)}

is finite P-as. for any z € R, then under very general assumptions on g(z) it is
optimal in the class 9.

There are far fewer results in the literature about the optimality of the stopping
time

7" =inf{k 2 0: X} € D"}

such that, generally speaking, P{7*= 0o} > 0 for some z € R (where D* = {z € R:
V(z) = g(z)} is the “stopping region” and we assume always that inf{@} = o0).

‘We consider the case in which a stopping time is not finite, but nevertheless it is
optimal (in the class 9, ). Note that the results described in [4], [11], present only
qualitative features of the solution of the optimal stopping problem for Markov families
but they do not present an effective method for finding V(z) or for constructing the
stopping region D*. From this point of view it is always of interest to find both V(z)
and D* in an explicit form. A list of papers with results of this type contains, in
particular, [6], where the existence of the optimal stopping time 7* € ﬁ‘f was proved
for the case g(z) = z+ under the assumption that E{ < 0 and it was shown that it
has the threshold form

™ =inf{k 2 0: Xy 2a"},

ie, D* = {z € R: z 2 a*}. Here the value of the threshold a* as well as the
function V(z) is completely determined by the distribution of the random variable

M = sup Sk, So=0
k20

(we use everywhere, if possible, the same notation as in [6]).

1.2. The goal of this paper consists of the following: On the one hand we gen-
eralize the result of [6] to the case g{z) = (z*)" with n = 2,3,...; on the other
hand we suggest a different (compare to [6]) method for checking the optimality of
the corresponding stopping times (which are of the threshold form as in [6]).

To formulate the basic result we need the following definition.

Let 7 be a random variable such that Ee*" < oo for some A > 0. Define the
polynomials Qx(y) = Qx(y;n), k= 0,1,2,..., using the decomposition

u; ® .k
2) =) Q).
k=0

The polynomials Qi(y), kK =0,1,2,... (defined with the help of the “generating”
function e*¥/Ee%") are called Appell polynomials (also known as Sheffer polynomi-
als; see, e.g., [13]). The polynomials Qx(y) can be represented with the help of the
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cumulants 3¢, 33, . .. of the random variable 7. For example,
Qo(z) =1, Qi) =y—m, Qay)=/(y-m)® -,
Qs(z) = (y — 21)® — 3s2(y — 311) — 3.

In fact, to define uniquely the polynomials Qx(y), k = 1,...,n, it is sufficient to
assume that E|n|™ < co. Under this assumption,

3) d% Qul) = kQur(y), k<n

(this property is also used sometimes as the definition of Appell polynomials). Note
also that decomposition (2) implies that forany z € R,y € R,and k =1,2,...

Qr(y;n +x) = Quly — ;7).

We shall always use Appell polynomials generated by the random variable M =
SUpg>q Sk, that is, always

Qr(y) = Qxly; M).
THEOREM 1. Let n =1,2,... and be fized. Assume
9(z) = (=*)", EE<0, E(EH)™! <o
Let a;, be the largest real root of the equation
(4) Qn(y) =0
and
T =inf{k 2 0: Xx 2 a}}.

Then the stopping time T;; is optimal:

(5) Va(z) == sup E (X})'I{r < o0} = Ex (X} )" I{7; < };
TEM, "

furthermore,

(6) Va(z) =EQu(M+z)I{M+z2a}}.

Remark 1. Forn=1andn=2
a1 =EM, a;=EM+vDM.

Some cases in which the distribution of M can be found in an explicit form are
described in [2, section 19]; see also some examples in [14] concerning explicit formulas
for crossing times through a level for an upper-continuous random walk. Usually, to
find V,(z) one needs, generally speaking, to know the distribution function of the
random variable M. Numerical values of cumulants and the distribution function
of M can be found with the help of Spitzer’s identity (see, e.g., [12]).

Remark 2. The method used for the proof of Theorem 1 allows us also to obtain
corresponding results for other reward functions g(z). As an illustration we consider
the case g(z) = 1 — e~®" in Theorem 2 (see section 4 below). Note that in [6] the
case g(z) = (e* — 1)* (with a discounting time factor) was studied too.
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1.3. The idea of the proof of Theorem 1 is the following.
Together with g(z) = (z*)™, we consider the function g(z) = z™ and solve for
this case the optimal stopping problem

(7) Va(z) = sup E,§(X,) I{r <o},

TEMS®

where ﬁ‘f is the class of special stopping times of the form 7= 7,, a 2 0,
T, = inf{k 2 0: Xi 2 a}.

Since on the set {7, < oo} the equality §(X,,) = ¢(X,,) holds then, obviously,
v, (z) £ Vo(2), as Vo, (z) (see (5)) is calculated over the class of stopping times imo ,
which is larger than the corresponding class in (7).

Based on properties of the Appell polynomials, it is possible to solve problem (7)
completely. It turns out (see sections 2 and 3) that

®) Va(@) =EQn(M +2) {M +z 2 a}}

and the optimal stopping time is 7, = 7,. (in the class ﬁ?).
Further, using again properties of the Appell polynomials, we manage to show
that

(9) Vo(z) 2 Vo(z), z€R.

Thus, taking into account the inequality V; n(z) S Vn(x), we get that V,(z) = Valz)
and the stopping time 7, = 7,» is optimal in the class zmo .

To carry out the indicated plan of the proof for Theorem 1 we have to list a number
of auxiliary results for the maximum M = sup,»,S; and some properties of the
Appell polynomials. That will be done in section 2. In section 3 the auxiliary optimal
stopping problem (7) will be discussed and the details of the proof for Theorem 1 will
be given. In section 4 we present a number of remarks and, in particular, formulate
and prove Theorem 2 on optimal stopping for the reward function g(z) =1 —e*". In
the same section we will formulate and prove Theorem 3 about a rate of convergence
as T — oo for the value function of the optimal stopping problem for the reward
functions g(z) = (z*)*, n = 1,2,..., and g(z) = 1 — e~ on the finite interval

{0,1,...,T}.

2. Auxiliary results. In what follows we assume that £,£;,&,,. .. is a sequence
of independent identically distributed random variables such that

k
B{ <0, Si=) & k21 S=0 M=maxS

LEMMA 1. The following properties hold:
(a) P{M < 00} =1, P{M =0} >0, and

M= (M + &)

(b) Let o, = inf{k 2 0: Sk 2 a}, a 2 0, and Ee* < co for some A € R. Then
forallus A

(10) EeM=Sea)guSea {45, < 00} = Ee* Ee¥S7= [{0, < 00}
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Proof. Property (a) is well known; see, e.g., [5, section 10.4, Theorem 4] and [2,
section 15).

The left and right sides of (10) are finite due to the assumption about the finiteness
of Ee*™. Equality (10) is implied by the fact that on the set {o, < 00} = {M 2 a}
the inequalities Si < S,, with k < o, hold and, hence, the following equality holds:

M — S, = sup(Sk+e, — Ss.)-
k20

Due to time homogeneity of sequence S, this implies that M — S, 2w pg. Besides,
note that the random variable M — S,, does not depend on events from o-algebra
Fi = o{&,...,&} on the set {o, = k}. This implies (10) due to the validity of the
following equalities:

[oo]
Ee)‘(M_S"“)e"S"ﬂI{aa < oo} — EZE(eA(M-Sk) I fk)eusn I{Ua = k;}
k=0
= Ee*M Ee*Se: [ {5, < o0}.

LEMMA 2.
(a) Let Ee* < 1 for some A > 0. Then for all u £ A

Ee*M < 0.
(b) Forallp >0

E(¢*)P* < 00 = EMP < x.

Proof. See (8], [2], [6], and also [9] concerning the upper bounds for P{M > z}
which also imply (a).

LEMMA 3. Let 7, =inf{k 2 0: Xy 2 a},220.

(a) IfEe* < 1 for some A 20, then for alla = 0 and u < A

“ EI{M + z 2 a} e¥(M+2)
(11) E.I{7, < o0} e*X7a = { Ee_"M} .
(b) IFE(£+)" ! < o0, then for alla 2 0
(12) E I{1, <o} X} =EI{M +z 2 a}Qn(M + ).

Proof. (a) By Lemma 2 condition Ee* < 1 implies the finiteness of Ee*™ for
u <A
If z 2 a, then 7, = 0 and (11) obviously holds. If z < a, then we can apply
Lemma 1(b) with A = u:
E I{r, < 0} e*X«Ee*™ = E I{0,_, < 0o} e“57a-a D) EeuM
=EI{04-—z < 00} e“M+2) = EI{M + z > o} e*(M+2)

and this is equivalent to (11).
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(b) Let condition Ee*¢ < 1 hold for some A > 0. Then both parts of (11) are,
obviously, differentiable with respect to the parameter u < A. Computing the nth
derivative at the point u = 0 and using definition (2) of the Appell polynomials, we
get (12).

The fact that this relation holds also under the assumption E(¢*)**! < oo can
be proved with the standard trick of “truncation” for jumps as follows.

Together with the original random walk Sk, k 2 0, we consider a random walk S,(CN)
k 2 0, generated by random variables £&¥) = min(§,N), N =1,2,... . Further we
use index N for all functionals which are related to S,(EN), k 2 0, exactly as they were
used above for Sy, k = 0: M) = sup; >, S,(cN), iV = inf{k: X,(EN) 2 a}, etc.

By Lemma 2 the maximum M) is an exponentially bounded random variable
(that is, Eexp{AM®} < 1 for some A > 0) and, hence, again by Lemma 2 equa-
tion (12) holds for the “truncated” random walk. Therefore, it is sufficient to check
that condition E(¢+)"+! < oo implies, as N — oo,

1

M® S E(MMY S EWMY, k=1,...,n,

B, I{r{™ < 00} (X§)" — B. Hra < 00} (X )™

The validity of these relations is implied by the integrability and monotonicity of the
sequences {M (")} and {X((N)} as N — oo.

LEMMA 4. LetE £+)"+1 < 00. Then

(13) EQu(M +3) = o™

Proof. At first assume that Ee*¢ < 1 for some A > 0. Then by Lemma 2 we have
Ee* < oo, and it follows from the definition of the Appell polynomials that

Eeu(M+z) o0 u
e =~ =y T EQ(M +2),  02u<),
k=0

which implies (13). The general case can be proved with the help of the “truncation”
of jumps which has been described above.

Remark 3. The statement of Lemma 4 can be easily generalized to the case of
Appell polynomials generated by an arbitrary random variable 7 such that E |n|™ < oo:

EQn(n+z;m) =z".

LEMMA 5. Letn = 1,2,... . Then Qn(y) has a unique positive root a; such
that ay,, such that

(14) Qn(y) 0 for 0Sy<ag,

and Qn(y) is an increasing function for y 2 a’,.

Proof. For n = 1 the statement of this lemma holds as Q;(y) = vy — EM,
o} =EM > 0. For n 2 2, using property (3), we proceed by induction. At first we
need to show that Q,(0) £0foralln=1,2,....
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Let o, = inf{k: Sk 2 a}, a 2 0. Set
g(a,n) .= EI{r, < x0}S7 .
Obviously, we have g(a,n) 2 0 for all a 2 0. By Lemma 3(b) with z =10
q(a,n) = EI{M 2 a} Qn(M).

Since by Lemma 4 E Q,(M) = 0, we have
g(a,n) = ~EI{M < a} Qu(M) = —P{M < a} Qu(0)+EL{M < a}(Qx(0)-Qn(M))]

Using (3), we get

EI{M < a}|Qn(M) ~ Qn(0)| £ na Jax |Qn-1(z)| P{M < a},

and so
gla,n) = —P{M < a}Qn(0) +0(a) as a—0.

Since g(a,n) 2 0 and P{M < a} 2 P{M = 0} > 0 (see Lemma 1) for all a 2 0, we
then have the required inequality @,(0) S0 foralln=1,2,....
Now rewrite (3) as follows:

Qﬂ(y) = Qn(o) + n/(;y Qn_1(u) du.

Assume that for some n > 1 the inequalities Qn_1(y) < 0 with y € [0,qa},_,] and
Qn-1(y) > 0 with y > a}_; > 0 hold. Then we get that the polynomial Q,(y) is
negative and decreasing on the interval (0,4}, _,). Obviously, it reaches its minimum
at the point y = a},_,. For y 2 a’_; the polynomial Q,(y) is increasing to infinity
and, hence, there exists a root a; > aj,_, > 0. By induction this implies that the
statement of the lemma holds for all n = 1,2,....

LEMMA 6. Let

f@2)=BI{M+z2a}GM+z) < 0,

where the function G(z) is such that

(15) G(y) 2 G(z) 2 G(a") = 0.
Then for all
(16) f(z) 2 E f(§ +2).

Proof. Inequality (16) is proved by the following chain of inequalities which exploit
the property M law (M +€)* (see Lemma 1):

f@)=E{(M+&*+z2a*}G(M+&* " +z)=EIl{z 20", M +£<0}G(z)
+EI{M+€+z2a" M+ €20}GM +&+1)
ZEI{M+¢é+zx2a", M+E<0}G(M + £+ 1)
+EI{M+€é+z2a*, M+£20}GM+E+z)=Ef(z+£).
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LEMMA 7. Let f(z) and g(z) be nonnegative functions such that for all z

an f(@) 2 g(x)

and

(18) fl@) 2 Bf(€ + ).

Then for all =

(19) f(@)Z sup EI{r < oo}g(S, +z).
TEM,

Proof. Conditions (17) and (18) imply the fact that the function f(z) is an
excessive majorant of g(x). Now the required inequality is implied by Doob’s theorem
about preserving the supermartingale property under random stopping (see, e.g., [1],

(3], (9]).

3. Proof of Theorem 1. Let g(z) = (z*)", §(z) = =™ with the function V,(z)
defined as in (7). At first we demonstrate the validity of (8) that is

(20) Vn(m) =sup E; I{ro < 0} X} =EQn(M+z)I{M+z 2 a}}.
a20

To prove this equation note that by Lemma 3(b)
E; {1, <0} X7 =EQu(M +z)I{M + 2z 2 a},

where Qn(M + z) 2 0 on the set {M +z 2 a} for all a € [a},,0). Hence, EQ,(M +
z) I{M + z 2 a} is a decreasing function on the interval [a},, 0).

Now let a € [0,a}]. From (13) it follows that

EQuiM+z)I{M+z2a}=2"-EQ.(M+z)I{M+z <0}
—-EQ.M+2)I{0SM+z<a}

Exploiting the fact that Qn(M + z)I{0 £ M + z £ a} £ 0 (see Lemma 5) and,
hence, that EQn(M + z)I{0 £ M + z < a} is a decreasing function, we conclude
that EQ,(M + z) I{M + z 2 a} is an increasing function on the interval [0,a},]. As
this function is also decreasing on [a},00) (as was shown above) and is, obviously,
continuous (by the properties of Lebesgue integrals) for all a, then it achieves its
maximum at the point @ = a;,. Thus, (20) (as well as (8)) is proved.

To complete the proof we need only check inequality (9), that is, show that

Vi(z) 2V, (z) (it has been already noted in section 1 that the opposite inequality is
valid). To demonstrate this we consider the function

f(@)=Vo(@) =EH{M + 2 2 a}} Qu(M + )
and apply Lemma 7 with g(x) = (z*)". At first let us check condition (17) for
z € (0,a;) (it is obvious). Note that for all z € (0, a},) by Lemma 5
IH{M+z2al}Qn(M+1z)=(Qn(M+z)*.
Hence, by Jensen'’s inequality and Lemma 4,
f(2) = E(Qu(M +2))" Z (BQu(M +2))" = (a*)" = g(a).
Condition (18) in Lemma 7 holds with G(y) = Q.(y) by Lemma 6.
So the function f(z) is an excessive majorant of g(z) = (z*)™ and, hence, f(z) 2
V(). But f(z) = V,(z), and, hence, V,,(z) 2 V,.(z).
Theorem 1 is proved.



ON AN OPTIMAL STOPPING PROBLEM 9

4. Some remarks.
Remark 4. The method of the proof of Theorem 1 may be used for other reward
functions g(x). To see an example, consider the following result.

THEOREM 2. Let E€ <0 and g(z) =1 — e~ . Set
a* = —logEe ™™,
Then the stopping time
T~ =inf{k 2 0: X; 24a"}
is optimal:

V(z)= sup E;g(X,)I{r < oo} = E; g(X,,.) I{7a: < o0};
TEMy

furthermore,

V(z) = E(l L )+.

EeM

Proof. We present here only a sketch of the proof, as it is similar to the proof of

Theorem 1 (and even simpler).
+

Let g(z) =1—-e"" and

(21) V(z) = sup E; I{r, < oc} (X7} ).
a20

At first let us show that

(22) V(x)zE(l—e———A-l:)Jr.

Ee—M
To see this, note that by Lemma 3(a) with u = —1 the following equation holds:

EI{M +z 2 a} e~ (M+2)

E I{1, < oo} e X = Eo M )

and, hence,

e"(M +z)
qla) := EzI{1, < o0} 9(X,; ) =EI{M +z 2 a} (1 - EH )
Note also that the function 1 — e~%/Ee~™ is monotone in the argument a with the
unique root a* = —log Ee~™. The same considerations as were used in the proof of
Theorem 1 demonstrate that g(a) achieves its maximum at ¢ = a* and

N . e~ (M+z) e M-z +

To complete the proof we need only check inequality (9), that is, to show V(z) 2
V(z). To do this consider the function

flz)=V(z) = E(l ﬂi)+.

T Ee M



10 A. A. NOVIKOV AND A. N. SHIRYAEV

Condition (17) holds due to the Jensen inequality

Ee—M—z

+
102 (1- T ) == =g0o)

Condition (18) holds for G(y) = (1 — e"¥/Ee~™)* by Lemma 6. This completes the
proof of Theorem 2.

Remark 5. A solution of the optimal stopping problem on the finite interval
{0,1,...,T}, with the “value” function

V(:C,T) = sup E; g(X.,-), z €R,

TEMT

where the supremum is taken over all stopping times 7, 7 £ T < 00, can be obtained
numerically using the well-known method of “backward induction” (see details, e.g.,
in [4], [11)). For large T realization of this method could require a huge amount of
calculations even for simple distributions. Therefore, it is of interest to estimate a rate
of convergence of V(z,T) as T — oo to the function V(z) described in Theorems 1
and 2.

THEOREM 3. Letg(z) = (zH)*,n=1,2,..., org(z) = 1—-e~*", and let Ee*¢ < 1
for some A > 0. Then there exist constants C(z) and ¢, which do not depend on T
and such that for eachz € R and allT >0

(23) 0<V(z)-V(z,T) £ C(z)e L.

Proof. Since the class MM is larger than the class 97, then V() 2 V(z,T). To
obtain the upper bound (23), note that

V(z, T) 2 Ea:g(Xmin(n,,T)) 2 Ezg(Xﬂ,)I{Tb < T},

where 7, = inf{k 2 0: X; 2 b} is the optimal stopping time for the value func-
tion V(z) with (by Theorem 1 or 2) the parameter b being equal to a, or * accord-
ingly to the form of the reward function g(z). As V(z) = E; g(X,,) I{m < oo}, we
obtain

(24) V(z) - V(z,T) £ E; 9(X»,) I{T < 1 < 00}
Below we shall show that
(25) P T <7 <00} £ C(z)e T,

where C(z) and ¢ are some positive constants not depending on 7. When the func-

tion g(x) is bounded (as in Theorem 2), (25) and (24) imply immediately (23). For

the case g(z) = (z*)", n = 1,2,..., the same bound (25) in combination with

Lemma 2(b) and Hoélder’s inequality implies (23) due to the inequality X,, < M.
Let 1(u) be defined by the following equation:

Ee* = %™ (u <0 =sup{u20: ¢(u) < o0}).

Note that 9(u) is a convex function and, due to the conditions of Theorem 3, we have
6 > 0. These properties imply that the derivative ¢'(0) = E£ < 0 and there exists
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positive Mg € (0,8) such that ¥'(X) = 0 and $(Ag) < 0 (see, e.g., [2]). To prove (25),
one can use the fact that the process

exp {M(Xi —z) — kp (V) }, E20 (Ae(0,0))
is a nonnegative martingale with the expectation
Eexp {MXx —z) - kp(\)} = 1.

Therefore, it can be used to construct a new measure A € o(|J >¢F%) such that for
each k 2 0 and a set A € F},

(26) P(A) = B, I{A} exp {Xo(Xk — z) — kp(Mo) }.

(This is nothing else but the well-known Esscher transform.) With the notation given
above we get

E; I{T < 7, < 00} exp {Ao(Xr, — z) — 7%(X0) }

i E. I{ny = k} exp {ho(Xi — z) — kpp(Xo) }

k=T+1

Y Pfn =k} =P {T <n <o}

k=T+1

Since X, 2 b, it follows that
P AT <1 < o0} = e'\“(z_b)e"’()“’)Tﬁz{T < 7 < 00}

Taking into account that ﬁx{T < Tp < 00} £ 1, we get bound (25) with constants
c=~1(X) >0, C(z) = €Y b = a? or b = a*, according to the form of func-
tion g{z).

Theorem 3 is proved.

Remark 6. The results of this paper can be generalized to the case of stochastic
processes with continuous time parameter (that is, for Lévy processes instead of the
random walk). This generalization can be done by passage of the limit from the
discrete time case (similarly to the technique used in [10] for pricing of American
options) or by use of the technique of pseudodifferential operators (described, e.g., in
monograph [3] in the context of Lévy processes).
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OB OTHOM 3®PEKTHBHOM CJIVUAE PEIIEHUS
3AJIAYH OB ONITHMAJIbHON OCTAHOBKE
JIJIS CIVYANHHEIX BJIYKJAHAHY

B paGore Haiineno pemrenue 3amaum 06 OONTHMAJILHOM OCTaHOBKE B CITY-
4qae, xoraa GyHKUMS BHIUIAT ABJISETCA LEJION CTENEHHOH QyHKIMeR OT Ciry-
4aifHoro Omy»IaHus, paccCMaTpPUBaeMOro Ha OeCkOHEYHOM BDEMEHHOM HH-
Teppajsie. [Ipu 3TOM moOKa3aHO, YTO ONTHUMAILHEIM SBISETCS MOMEHT MEp-
BOIO IlEpecevyeHNs YPOBHs, ONPENeIfeMoro Kax HawGoJNbUIMii KOpeHb NOJIN-
HOMa ATmess, aCCONMUPOBAHHOIO C PACTIPENEIICHNEM MAKCAMYMa CITy9aiHOIo
Gnyxnanus. [lokasano Takxe, 9TO B 3aza4e 06 ONTUMANBLHON OCTAHOBKE Ha
koHewHOM BpeMmenHoM muTepsane {0,1,...,T} nena cxonmrea mpu T — oo
C 3KCIOHEHIMAITLHON CKOPOCTHIO K HallIeCHHOMY IIpelielly, KOrla CKadkKu CITy-
YaifHoro 6iTyXIaHusa 5KCOOHEHIMAJILHO OrPDaHUYIEHH CBEPXY.

Karouesvie cao6a u Ppasvi: onTHMANBLHAA OCTAHOBKA, CiyvaitHoe 6imy-
XKIaHME, CKOPOCTb CXONMMOCTH, TIOIMHOME! ATmiesns.

§1. Beeaenue u OCHOBHOI pe3yiIbLTAT

1. IIycts €,£1,€2,. .. — NOCNIENOBATENLHOCTD HE3ABUCHMBIX OAMHAKOBO pacIpenesieH-
HEIX CITy9afiHBIX BeJIMYMH, 33[aHHLIX Ha BeposTHOCTHOM mpocTpasctse (2, F,P). Css-
KeM C ITOil MOCIIEeNoBaTeILHOCTHIO OMHOPOOHYIO MapkoBckyio nems X = (Xo, X1, Xo2,...)
TaKy1o, 4TO

k
Xo=2z€R, Xe=x+5S, Si= & k>1
=1
Yepes P, Gymem o6o3navyaTh pacupelelieHHe BePOSTHOCTEH, OTBEYAIOLIEE IOCNIENOBATE b
nvoctn X. Hnaue roeops, cacrema P, z € R, 1 X 3anaioT MapkoBckoe CeMefCTBO OTHO-
cUTeNbHO NOTOKa g-anrebp (Fi)izo, Fo = {2, Q}, Fi = o{&1,..., &}
IIna paccMaTpmBaeMOro ciyvaitHoro Gimykmammsa B pabore ofCyxmaeTcs 3amada of
ONITMMAJILHON OCTAHOBKE, COCTOAIIAS] B OTHICKAHMN (DYHKIIMH «IEHBI»
V(z) = sup E;g(X,)I{r < oo}, z €R, (1)
e ]
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rae g(z) — wmamepumas Oymxuua, I{-} — wnmukaTopHas ¢yHKUMA U Cynpemym Ge-
500

perca no knaccy M, Bcex MApKOBCKMX MOMEHTOB T €O 3HaueHWwsMH B [0,00] m oTHOCE-

TeBHO (Fi)k»0. MBI HA3KIBaEM ONTHMAJILHEIM MOMEHT OCTAHOBKHA 7* TaKOif, YTO

E; g(X.+) I{r* < 00} = V(z), z€R.

OCHOBHEIE TIPENNIONIOKEHAS OTHOCUTENBHO CiTydaitHoro 6imyxnanua X u ¢hynkuun g(x)
Cliemyloime:

E£ <0, g(z)=(z")" = (max(z,0))", n=12,....

Xopouto masectHO (CM., HanpuMmep, [4], [11]), wTo mpn BechMa IIMPOKMX ITPEANONONKE-
Huax o Gyskumn g(x) peiuerme 3amaum (1) MoXeT GHITH OXapakTEPU30BAHO CJIGLYIOLLIAM
obpasom: V(z) ecTb HamMeHBINAS SKCUECCHBHAA MakopaHTa ¢yHKuun g(z), T.e. HAUMEHb-
was w3 dyaxmuit U = U(z) co croitcTBamMn

Uz) 2 g(z), U(z) > TU(z),

roe TU(z) = E; U(X1) = EU(z +£).
Ipu 3TOM, ONATH Xe IPH BeCbMa LIMPOKMX HPENNoNokeHusx o (ydxwm g(z), wa-
BectHO (cM. [11]), ¥TO ecim MApKOBCKHIT MOMEHT

™ = inf{k > 0: V(Xx) = g(X&)}

ABIsieTcs Koneunbm Pr-1LH. mpu Beex z € R, T0 0B ABISIETCS onmumatbHbin B Kiracce IMG°
(MapKoBCXMX MOMEHTOB co 3HaueHMsMH B [0, 00)).

B /mTepaType M3BECTHO MEHDBIUE DE3YILTATOB OTHOCHTEILHO ONTMMAILHOCTH MO-
MeHTa

" =inf{k > 0: Xx € D*}

(rme «obmacts octamoskn» D* = {z € R:V(z) = g¢(r)} u Mm Bcerma nomaraem
inf{@} = oo) Takoro, ¥T0, BoOGWE roops, Pr{r* = oo} > 0 nna nexoroprx z € R.

B paccmaTpuBaeMoit HaMy CHTYRIIMM MHI KBK Pa3 MMeeM CITydadl, KOTJa MOMEHT OCTa-
HOBKH NE F6.49€MCH KOHEUNbIM, HO, TEM He MeHee, onmumaaen (B kiacce My ). OTmeTnm,
YTO pe3ynsTaThl, omucaHunie B [4], [11], maloT mup KaveCTBEHHOE ONMNCAHWE DeEIICHMS
3ana4 00 OMTUMAILHOH OCTAHOBKE IJI% MapKOBCKMX CEMENCTB, HO He JaioT 3ddexTHBHOTO
criocoba oTrickanus pyrkunn V(z) nmm noctpoenns o6mactr octasosku D*. C o710l Touxn
3peHMs BCETAa MHTEPECHH! Te PaBOTH, B KOTOPHIX yAaeTca oThickaTs M V(z), u D*. K ux
YMCITy MOXHO OTHECTH CTaThIO [6], B xoTOpoit M1 dymxmm g(z) = z B npenmonoxenuy
Ef < 0 ycTaHaBIMBAETCS, YTO ONTHMANLHLIL MOMEHT OCTAHOBKH T° € ﬁ.ﬁ” CYLIECTBYeT I
MMeeT MOPOTOBYI0 CTPYKTYDY:

= inf{k > 0: Xi > a'},

1.6. D* = {z € R: = > 0"}, rne 3Ha4enwe nopora a*, a Takxke ¢yskuns V(z) nomsocTsio
ONpeneNnsioTCS MO PacIpelelieHHI0 BelTHIMHEL
M = sup Sk, So=0
k>0
(MBI BCTIONMB3yeM, O BO3MOXHOCTH, Te Xe oGo3Hadenns, 410 ¥ B [6]).

2. lens BacTosILe#l pabOTHI COCTOMT B CIIENYIOIEM: C OMHOH CTOPOHEI, MhEI 06obIaeM
pesymLTaTH paGoTh [6] Ha cayuait dymxmmit g(z) = (zV)" nprm n = 2,3,...; c mpyroit
CTOPOHBI, MBI TIPEIJIAra€M WHOH, HeXenn B [6], METON yCTAaHOBJIEHNA ONTHMAJIBLHOCTH CO-
OTBETCTBYIOLLMX MOMEHTOB OCTAHOBKA (KOTOPHE, Kax M B [6], OKa3HBaIOTCA NOPOrOBOrO
THTIA).

Il GpopMyIHpPOBKE OCHOBHOIO pe3yibTaTa paGoTH — TeopeMsbl 1, HaM noTpebyercs
Cclienyolliee CpenesieHue.

Mycts 7 — ciyuaiinas BermauHa Takad, wro EeM" < oo mma mexoroporo A > 0.
Ounpenervv mommmombt Qx(y) = Qr(y; 1), £ =10,1,2,. .., n3 pasnoxenns

. © .k
==Y L), @)
k=0

Tax onpemenennnie (o «npomasomseir» o¢ynkmmu e*? /Ee®") nommmomur Qk(y),
k=0,1,2,..., HOCAT Ha3BaHWE NOAUNOMOE Anness (MX HA3HIBAIOT TAKXKE NOAUHOMAMU
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Megpepa, cM., nanpamep, [13]). Hommomu Qk(y) MOryT GHITEH BEIDAX(EHHI Uepe3 KyMy-
JISAHTH 31, 32, ... BemquHbl 7). Hampuwmep,

Q(z) =1, Qy)=y-sm, Q:y)=(y-sm)’ -7,

Qs(z) = (y - 1)® — Bra(y — 5a1) — 3.

3ameTunM, 4TO IVIA ONHO3HAMHOTLO OmpenmeNieHus mommaomoB Qx(Y), k = 1,...,n, mo-
CTATOYHO, Ha CAMOM Ziefte, Tpe6oBaTh /b, 4yTobn Eln|™ < co. IIpu aTom
d
& Qe(y) =kQk-1(y), k<n (3)

(310 cBoficTBO MHOrma Gepercs 3a ompelenenve noimmHOMOB Ammens). OTMeTMM Takxke,
4T0 M3 onpenenenus (2) cnenyer, wro anaBcex T €ER, yeERnk=1,2,...

Qx(y;n+ ) = Qi(y — z;7)-

Bcerony B nanbHeinueM Myl 6y[eM OIEpMpPOBaTh C NOMMHOMaMY Anmelrs, TOPOXISHHLIMI
cyyaiinoii BesmumHot M = supys o Sk, T.€. Beceraa

Qk(y) = Qu(y; M).
Teopema 1. ITycmb n = 1,2,... u Puxcuposano. IIpednosorcum, wmo
g9(z) = (=*)", E€<0, E()™ <co.
ITyeme ay, — nauboaswut Kopers ypasrenus
Qn(y) =0 (4)

u

o =inf{k > 0: Xk > ay}.
Tozda MoMENT OCTRAHOBKY T;, TOATEMCH ONMUMAALHLLM:

Valz) := sup E (X)"I{r <o} =E; (X;"'..)"I{'r,'l < oo}; (5)
TEW
npu amoms
Va(z) =EQn(M +2)I{M +z > a,}. (6)

3amMeuannme 1. Bayvaxn=1un=2
a] =EM, a; =EM+ vDM.

Cryuan, xorna pacnpenienienre M HaXonuTCs B SBHOM Buze, onmcaHs! B [2, §19]; cM. Takxe
HEKOTOpHIE NpUMEPH B pabote [14] oTHOCHTENHHO ABHLIX GOPMY A1 MOMEHTOB Hepece-
YeHus YPOBHS NOJyHENDePHBHHIMHA CTydafiHnMu Gryxnanaamu. B ofuem crydae mns
Haxoxneausd Vo (z), BooGime roBops, HyXHO 3HATH GYHKIMIO DacTIpelieneEMs CHyJalHOK
BelmIMHH M. YucneHHBIe 3HaYeHMs KyMYJISHTOB M QYHKIWM pacripeliesieHns CITyHaiiHoi
permaauHEl M MOXHO HaitTh ¢ noMowsio ToxaecTsa Crvmepa (cm., Hanpumep, [12]).

3aMeuanue 2. MeTon nokaszaTenscTsa TeopeMHl 1 N03BOMISET TakXe NOMYYaTh
COOTBETCTBYIOUIME PE3yILTATH B JUIg APYrEX dynkumit g(z). B Teopeme 2 (cm. §4 mrxe)
B KadecTBe WUTIOCTDAIMM pPacCMOTpeH ciydail g(z) = 1 — e=*". Ormermv, uro B (6]
paccMoTpeR Takxe cay4ait dyrkmm g(z) = (e —1)* (c anckorTEpOBaHMEM TO BpeMeHH).

3. Wnes noxasaTenncTsa TeOpeMhl 1 COCTOMT B CJIEMYIONUIEM.

Hapany ¢ dbynxmmeit g(z) = (z*)" paccmorpmm dyrxmmo §(z) = ™ m peurmm ans
Hee 3aXady o0 ONTHMAaJIbHOM OCTaHOBKE

Va(z) = sup E.§(X,)I{r < oo}, (7
feﬁg"
roe ﬁg" — KJIACC MOMEHTOB OCTAHOBKM CIELMANLHOIO BHAA: T = Tq, a 2 0, rze
7a = inf{k > 0: Xi > a}.
Tak xax Ha MHOXecTBe {7, < 00} mMeeM papercTBO §(Xr,) = (X~ ), TO, OueBnaHO,

Vn(:v) < Va(z), nocxomeky Vi(z) onpenmensercs (cM. (5)) mo Gomee mmpokomy kiaccy
MOMEHTOB OCTAHOBKE Mg , HEXEIH B (5).
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OCHOBHIBaACH Ha CBOWCTBAX NOJIMHOMOB AINIeNTA, MOXHO AATh MCUEPILIBAIOIIEE Pere-
Hue 3anaad (5): oxaswBaerca (cM. §2 u §3), uro

Va(z) =EQn(M +z) I{M +z > a3} (8)

—~
1 ONTUMAJIbLHBIA MOMEHT T, = Tay, (B Kmacce MMG°).
Ilanee, onATH Xe MCNOML3Ys CBOACTBA TOMWHOMOB ANNens, yIaeTCs NOKa3aTh, 9TO

Va(z) > Vu(z), z€R. 9)

TeM CaMbiM, yYNTHBAL HEPABEHCTBO Vo (2) < Va(x), HaxommM, uto V,(z) = Va(z) u wro
MOMEHT Ty, = Tay ABISETCA ONTHMAILHLIM B Kiacce My .

OcyuiecTBIeHNe HAMEYEHHOIO ITyTH NOKA3aTeIbCTBa TeopeMH 1 Tpe6yer psma BCmo-
MOTaTeTbHEIX Y TBEPIEHNUIT OTHOCHTENBHO CBONCTB MakcuMyma M = supy.q Sk ¥ CBOMCTB
nonmuHOMOB Ammens. OToMy nocesineH §2. B §3 paccMaTpuBaeTcs BCoMOraTenbHas 3a-
nada 06 ONTHMAIbHON OCTaHOBKe (5) M MPMBONATCA NeTa/M JIOKA3aTelLCTBa TeopeMsl 1.
B §4 mpusonuTcs psAx 3aMedaHW M, B YaCTHOCTH, HOPMYIMPYeTCS M NOKA3HIBAETCH Te-
opema 2 0 pelueHny 3ajauy 06 ONTHMAJILHOM OCTaHOBKe MIs dyHkmmu g(x) = 1 — et
Tam xe dopmynupyeTCs 1 DOKa3kIBaeTCA TeopeMa 3 0 exopocmu cxodumocmunpu T — oo
GyHKIME meHH 3a7auM 06 ONTMMANBHOM OCTaHOBKe Ha koHewxom untepsare {0,1,...,T}

nna g(z) = (zV)*, n=1,2,...,n g(z) = 1-e=",

§2. BciomoraTenbHHE Pe3yJbTaThl

Mu scerna npeanonaraem mmke, 910 £,§1,82,... — IOCIENOBATEILHOCTh HE3ABHACH-
MBIX OJMHAKOBO DACIPENEIIEHHEIX CITyYaifHBIX BEIW4YNH ¥

k
E£<0, Sk =;§.-, k>1, So=0, M=1,1c1§.(>’cSk.
i=
JIlemma 1. Hueom mecmo caedyrowue ceoticmsa:
@) P{M<}=1,PM=0}>0u
M= (M +€)*
(b) Hycmb 04 = inf{k > 0: Sk > a}, a > 0, u Ee* < 00 dag nexomopozo A € R.
Tozda npu ecez v < A
E*M~50a)e¥Sea [15, < 00} = Ee*™ Ee*57¢ I {0, < 0}. (10)

IoxasaTtenncTsno. CroiictBa (a) XOpOWIO M3BECTHH — CM., Hampumep, [5,
paszmen 10.4, reopema 4] u [2, §15].

Jlepas u mpasas wacT# (10) KOHEYHH! B CWITy NPEATIONOXEHNS O KOHETHOCTH Ee*M,
Camo pasenctso (10) cremyeT u3 Toro ¢akra, 4To Ha MHOXecTBe {0, < 00} = {M > a}
BBINIOJTHEHE! HepaBeHCTBa Sk < Sy, ANA k < 0, U, 3HAYTHAT, IMEeT MECTO PaBEHCTBO

M = Sou = SUD(Skto, — Soa)-
k20

B cwry BpemenHo#i OXHOPONHOCTH NOCHIENOBATENLHOCTH S, OTCIOAa ClleQyeT, dTO

law “
M - S,, = M. 3ameTnmM, KpoMe TOTO, 4TO CiTyuyalinad BeimramHa M — S,, Ha MHOXeCTBe
{0a = k} He 3aBucuT OT COOBITHII M3 g-anrebpul Fy = o{€1,...,€k}. OTo obcToATENBCTBO
n BregeT cBoiicTBo (10) BBULY CreXyIOLIMX PABEHCTB:

o0
EZ E(eA(M—Sk) I .9-k)eusa, I{Un = k}
k=0
= Ee* Ee"572 I{0, < oo}.
Jlemma 2. (a) IIyems Ee* < 1 dag nexomopozo A > 0. Toeda dag ecez u < A

Ee*M < 0.

EeMM—Sea)guSoa I{oa < oo}

(b) dag awwobozop >0
E(¢H)"*! <00 = EM” < oo.
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ODoxasaTtensncTso Cwm. paboru [8], [2], [6], a Takxke paboTy [9] orHOCH-
TeeHO BepxHMX oneHok it P{M > z}, koTopule Takxe BIEKyT yTBepxnenre (a).

Jlemma 3. ITyemo 7o = inf{k > 0: Xx 2 a}, a > 0.

(a) Ecau Ee* <1 dag nexomopozo )\ > 0, mo dageceza >0 uu< A

EI{M + z > a} e*™M*?)

EoI{rs < 00} e*¥7e = E oM . (11)

(b) Ecau E(¢T)"t! < 00, mo das sceza >0
E:l{ra < 0}X;, =EI{M +z > a} Qn(M + z). (12)

HoxasaTenscTBo. (a) [lo nemme 2 ycnosme Ee* < 1 mnewer xomeu-
Hocth Ee*™ mns u < A

Ecma z > a, T0 T, = 0 n paBenctso (11) ouesunso. [Ipn £ < a MH MOXeM IPHMEHATL
yTBepxznenne nemMH 1(b) ¢ A = u:

E:I{1s < 00} e* X Ee*™ = E I{04-z < 0} e*5%a-2 T Ee*M

= EI{0a_z < 00} e*M¥?) = EI{M +z > a} e“M+2),
YTO 9KBHBAJIEHTHO cooTHowexmo (11).

(b) MycTy Bemommeno ycrnoswe Ee* < 1 npn nekoropom A > 0. Torna, ouesnaHo,
BO3MOXHO mudbepenumposanme B ofenx wacTsx (11) no mapamerpy u < A. Burumcmss
N-10 MPOW3BOAHYIO B Touke u = (), Ha OCHOBAHMM ONpelelieHMs NomHOMOB Ammens (2)
noiyqaem (12).

To, 4TO 3TO COOTHOUIEHHME OCTAETCA CIPABEINIMBBIM M TOJLKO B HPEAIOIOXKEHUM
E(¢1)™! < oo, nokasniBaeTCA C TOMOIILIO CTAHIAPTHOTO MPHEMA YCEUEHMS» CKAUKOB,
COCTOSILETO B CHEIYIOLUEM.

Hapsany ¢ ucxomHmM cityvaimbiM GoyxnammeM Sk, kK > 0, paccMoTpmM cCitydair-

Hoe GiryxnaHue S,(CN), k > 0, mopoxpaeHHOe CIIy4aiHON BEIMYMHOM §(N) = min(¢, N),
N =1,2,.... Janee 6ymem ncrionb3oBath uaaexe N mns Bcex $yHKUMOHANIOB, onpeerse-

MBIX IO S,(cN), k > 0, TakmM xe 06pa3oM, Kak ¥ Beuue as Sk, k > 0: MY = SUP;5q S,(:N),
M = inf{k: X,EN) > a} nT.A

B cmiy nemmur 2 makcumym M (V) gpnseTcs KCHOHEHIMANBHO OrpaHWY€eHHOA Chy-
waitnoit Bemruunoit (T.e. Eexp{AM™} < 1 nns uexoroporo A > 0), u, 3xawwr, cosa
no nemMe 2, cooTHoweHue (12) BHIIOMHEHO AJA «YCEYEHHOTO®» CIydalHOro GIryXOaHws.

[osroMy mOCTATOYHO TOMLKO NpoBepuTh, uTO yctose E((1)"*! < oo mmeuwer, uro
mpu N — oo

M®™ 4 M, EMWY S EMF,  k=1,...,n,

E, H{r{M < o0} (X(l(v:g))’1 — Bz I{ra < 00} (Xr.)"

Brinonnenue 3Tux CBOACTB HENOCPEACTBEHHO CJIEAYeT M3 MHTErPUPYEMOCTH M MOHOTOHHO-
cru nocnenopatensuoctelr {M} u {XN)} mpu N = co.
Ta

Jemma 4. ITyems E(£7)"F! < 00. Toz2da
EQ.(M+z)=2". (13)

ODoxazaTenscTso. IIpemonoxmM cHayama, uto Ee* < 1 npm mexoro-
pom A > 0. Torma no semme 2 Ee* < o0, u u3 oInpeielieHNsA NOJIMHOMOB Amnmens cie-
IyeT, 4TO

Eeu(M+z) hod uk
e’ = oM =Z—EEQk(M+.’D), Ogu<A
k=0

OTciona nerxo cnenyer (13). O6uuwit craywall NOKA3KIBAETCA ¢ OMOLIBLIO YXKe ONMCAHHOIO
BBILIE IPHEMa <YCEYeHHT> CKAIKOB.

S3aMeuanne 3. YTeepxaenue nemMmu 4 jrerko obobiaeTcs Ha CiTydait mo-
JIMHOMOB ANMens, NOPOXIEHHBLIX NPON3BONLHOM CITyJaiHOM BeIWYMHON 7) TAKO#i, 9TO
E|[n]" < co: EQn(n+z;n) =z".



378 Hoeuxoe A. A., [ITupses A. H.

JIemma 5. ITyemv n = 1,2,.... Toeda nosunom Qn(y) umeem eduncmeennviii no-
AOHCUTNEALHBIT KODEND Gy, NPUUEM
Qn(y) <0 daz 0<y<an (14)

u Qn(y) e03pacmaem dagy > ay,

ODokxaszaTenncTso. [Ipun =1 yrsepxienne JeMMEL BLINOIHEHO, TOCKOILEKY
Qi1(y) =y—EM, o] = EM > 0. Janblue H0Ka3aTeILCTBO GYNEeT NPOBENEHO MO MEHTYKIIMI
Ha ocHOBe cBoitcTBa (3). IIns 3TOr0 HaM HyXHO, MPeXIE BCEro, MOKa3aTh, 9YTo Qn(0) < 0
mpu Bcex n = 1,2,.

Mycts 0, = mf{k Sk > a}, a > 0. O6038a91IM

g(a,n) :=EI{r, < 00}Sy,.
Ouesnnro, g(a,n) > 0 npn Beex a > 0. B cury nemmm 3(b) c £ =0
g(e,n) = EI{M > a} Qa(M).
Tak xak no semme 4 EQn(M) =0, To
gq(a,n) = ~EI{M < a} Qn(M) = —P{M < a} Qn(0) + EI{M < a}(Qn(0) — @n(M)).
Vcnonssya (3), nomyuum
EI{M < a}|Qn(M) ~ Qn(0)] < na max |Qn-1(2)|P{M <a},
H TI03TOMY
g(a,n) = -P{M < a} Qn.(0) +o(a) mpu a—0.

Tak xax g(a,n) > 0 u P{M < a} > P{M = 0} > 0 (cM. memmy 1) npu Bcex a > 0, T0
oTciona nomydaem Tpebyemoe cpoiictBo @n(0) < 0 mma Becex n=1,2,....
3ammmem coorHomenue (3) B clepyroieM BALE:

m@=@mnyf%4@m

lpennonaras 1o MHOYKUMM, 9YTO TIPM HEKOTODOM 7 > | BLINOJHEHH HEPABEHCTBA
Qn-1(y) £ 0mma y € [0,a5-1] 7 Qn-1(y) > 0 s y > ap_; > 0, momyunmM, 976 mOIM-
HOM @Qn(y) oTpuuaTener n y6rBaeT Ha mnTepBane (0, an—1) X NOCTAraeT CBOEIO MIHAMYMA,
B TouKe y = a5_;. llpm y > ay,_, nomuHOM Q.(y) BO3pacTaeT X GECKOHEUHOCTH, X IIO-
3TOMY CYLLIECTBYET KOpeHb an > a1 > 0. [To minykuem 9T0 03HaYaET,9TO yTBEPXIECHUE
JIeMMBI BEpHO It Bcex n = 1,2,....

Jlemma 6. ITycmo
f(z)=EI{M+z>a"}G(M+z) < o0,
2de dynwyug G(z) maxosa, wmo npu ecezy > > a” 2 0
G(y) > G(z) > G(a*) = (15)
Tozda das ecez
f(@) > B¢ +2). (16)
HoxaszaTensbcrTso. Hepasencrso (16) ZIOKa3HBaeT CIIENYIONas NenoYKa Co-
OTHOILEHWI, B KOTOPO# MCIOb3YeTCs CBOACTBO M'Z = (M + 87T (om. memmy 1):
fl@) = E{(M+&)"+22a"}G(M+€)T +z)=EI{z >a", M+ £ <0} G(x)
+EI{M+t+z2a"  M+E20}GM +6+12)
>EI{M+é+z2a", M+£<0}GM +£+12)
+EI{M+¢é+z2a", M+E20G(M +£+2)=E f(z +£).

Jlemma 7. IIyemv f(x) u g(z) — neompuyameavnbie Pyrnxyuu maexue, wmo dag
6ceT T
f(=z) > g(=) 17
u
f(z) > Ef(§ + ). (18)

Tozda dag 6cez T
flz) > sup EI{r < o0} g(S: + z). (19)
‘reﬁﬂo
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HDoxaszarensbcTso Ycuoens (17) u (18) osnauator, aro dpyrkmua f(z) ecTs
3KCHeCCHBHas MaxopanTa And ¢dyrkumm g(z), ANA KOTOpPOit TpHBENeHHOe HEPABEHCTBO Cile-
nyer m3 TeopeMul Ily6a o coxpameRMu CymepMapTMHTAIILHOTO CBOMCTBA HPHM CIIy9YaiHOR
3aMere Bpemern (cM., HanmpmMep, (1], [3], [9]).

§3. oka3aTenscTBO TeopeMul 1

Mycts g(z) = (z1)", §(z) = " » dysxmms V,(z) onpenenena s (5). Ilokaxem, a0
BHIOnHEHO (8), T.e.

Vi(z) = sup Ez I{ra < 00} X% =EQu(M +z)I{M +z > a}}. (20)
az0

ILna aToro 3aMeTnyM, uto 1m0 emme 3(b)
E;I{ta < oo} X! =EQn(M+z)I{M+z > a},

roe Qn(M + z) > 0 na Muoxectse {M + z > a} nnd Beex a € [ag,,00). CnenoBaTemsHo,
EQn(M + z) I{M + z > a} sBnsercs ySupaiomeit dynkunei Ha [ay,, 00).

IycTs Teneps a € [0,ay). W3 (13) maxomaM, utTo

EQuM+z)I{M+z24a} = 2" —-EQ(M+2z)I{M+2z <0}
—EQu(M+z)I{0K M +z<a}.

Tomeaysace Tem, 910 Qn(M + z)I{0 < M +z < a} € 0 (cm. nemmy 5) m, 3madmT,
EQn(M + z)I{0 < M + = < a} ssusercs yGmBarowedl (yHKUuMed, 3aKOYaeM, 91O
EQn(M + z) I{M + x > a} aBnsercs Bospactaowei gynkuvei Ha [0,a;]. Tak xak sra
bynxums gBIseTCs Taxxe u ybuBawomeil Ha [an,00) (9TO NOKA3aHO BHINE) M, OYEBAIHO,
HEenpephIBHOM (1o cBOMCTBY uuTerpasa JleGera) mpn Beex a, TO OHa NOCTHTaeT MaKCAMyMa
B Touke a = aj. Taxam obpasom, (20) (om0 xe (8)) mokazaHo.

Y1061 3aBepPLIMTH AOKA3ATENHCTBO, HAM HYXHO TONBKO OPOBEPNTH HepaseHCTBo (8),

T.€. T0Ka3aTh, 910 Vi (z) > Va(z) (kak oTMeuanocs B § 1, IPOTHBONONOXKHOE HEPABEHCTBO
ouesnnno). C 310l nembio paccMoTpuM GyEKIINO

f@) =Va(@) =EI{M +z > a}} Qn(M + z)
u pumernM nemmy 7, 6epa g(x) = (z)™. IIposepuM cragana ycnoswe (17) mpu z € (0, a},)
(vmade oHo oueBmmno). g aToro 3ametmm, yto npu z € (0, ay,) BBUAY JIEMMH 5

H{M +z > a3} Qn(M +12) = (Qu(M +2))*.
Torna mo wepaseHcTsy Mencena u nemme 4

f() =E(Qn(M +2))* > (EQn(M +2))* = (z7)" = g(2).

Ycnoene (18) nemmul 7 Bunormero A yrkmmm G(y) = Qn(y) B cwry memMu 6.
Taxum obpasoM, ¢yrxuns f(z) sBIseTCS SKCHECCHBHON MaXKOPaHTOH (yHKumn

%x):(z"’)" u, smauwnt, f(z) > Va(z). Ho f(z) = Va(z), u, cremoBaTemso,
Va(z) 2 Va(z). Teopema 1 noxaszana.

§4. Heckonbko 3aMmeuannii

3aMeuanume 4. Meroxn nokalaTenscTBa TeopeMH 1 MOoXeT OHTL HCNOL30BAH
o gns apyrux dysknmi g(z). Ing mpaMepa npuBesieM CERYIONMA pe3yALTAT.

Teopema 2. Myemr EE <0 ug(z)=1- e~=". Mosomun
o' =—InEe ™™,
Tozda momenm ocmanosxu
T+ = inf{k > 0: Xx > a*}
HBATEMCT ONINUMAALHDLM:

V(z) = sup E.g(X;)I{r < oo} = Ez g(Xr,.) I{ras < o0};

TED,

npu amou V(z) = E(1 — e~ M~*(Be~)~1)*.
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HdoxazaTenscTso M HaMeTHM TOIBKO CXeMy NOKa3aTelIbCTBa, NOCKOIILKY
OHO AHAJIOTMYHO IOKA3aTeILCTBY TEOpeMhl 1 (H naxe npome).
+
z

Oycts g(z) =1—€e"" n
V()= sup B; I{a < 00} (X7,). (21)
[ToxaxeMm, 4TO
N e~M-o\+
V(z)= E(l - Ee——M) . (22)
Ins sToro samernM, 910 1o aemme 3(a) ¢ u = —1 cnpaBeIMBO PABEHCTBO
EI{M+z > a}e” Mt

E.I{rs < c0}e *7e =

EeM !
W, 3HauMT,

e~ (M+z)
g(a) := EzI{ra <00} g(X;,)=EI{M+z > a} (1— )

Ee—M
~a -M -
, -
3aMernM Takxke, wro ¢pynkuns 1—e™*/Ee™" sBiIMeTCS MOHOTOHHOI 110 G C €XWHCTBEHHEIM

kopreM a* = —InEe ™. Te xe paccyxienus, UTO M B NOKA3ATENLCTBE TEOPeMHl 1,
[I0Ka3bIBAIOT, 9TO ¢(@) OOCTHraeT MakCHMyMa B TOYKe @ = ¢ M IIPH 3TOM

~ . e—(M+z) e-M—z +
V(.’B)=EI{M+IL‘>G }(1—-E—87) =E(1— m) .

Yto6Ll 3aBEpUIIMTD JOKA3aTENLCTBO, HaM HYXXHO TOMLKO POBEPUTH HepaBeHCTBO (8),
T.e. moka3aTh, 4T0 V{z) > V(z). C 3r1oil uensio paccMOTpuM GyHKIMIO

@)= P(@) = E(l - CE_CL_; )+.

Ycnosne (17) puinmosmeno 1o HepaseHcTBy Wencena:

E -M-z

+
1@> (1- B ) == =500

Yenoeue (18) Bumomueno nna dyukmm G(y) = (1 — e ¥/Ee~™)* B cuny nemmut 6. Bee
3TO MPUBOOAT K JOKA3ATENbCTBY TEOPEMH 2.
3amMeuanue 5 Pemenve sanaun o6 onTHMAILHOM OCTAHOBKE HA KOHEYHOM WH-

Tepsane {0,1,...,T}, cocrosiell B OTHICKAHNM «UEHE»
V(z,T) = sup E,g(X,;), =€R,
remT

roe cympemyM GepeTcs O BCEM MApKOBCKMM MoOMeHTaM 7, 7 € T’ < 00, MOXHO Toiy-
YMTL B YMCIICHHOM BHIE, HCTHOMB3Ys, KaK XOPOIIO M3BECTHO, METOXN «OGDATHON MHIyKLWI»
(netasm cM., nanpumep, B [4], [11]). Ipu Gombumx T peanusanns 5TOTO METONA MOXeET
notpeboBaTk GOmbIIOTO cdeTa HaXxe A MPOCTHX pacupenesternit. [losTomy mpencra-
BJIET MHTEpEC OLEHWThb cxopocmb czodumocmu V(z,T) npu T — oo kx dymxwm V(z),
HaiineHHO! B TeopeMax 1 m 2.

Teopema 3. [Tyems g(z) = (zH)*, n = 1,2,..., wau g{z) = 1 — e"“+, u

nycmb Be™ < 1 dag nexomopozo A > 0. Tozda cywetmeyiom noaoscumebubie Kom-
cmanmot C(x) u ¢, ne sasucawue om T u maxue, wmo dag xaxcdozox € R npu ecezT > 0

0< V(z) - V(z,T) < C(z)e™*T. (23)

ODoxa3saTeancTso Tak kak kiacc M umpe xmacca M3, 10 V(z) >
V(z,T). Yrtobul nomywMTL BepxHIOIO omeHky (23), samermm, uro V(z,T) >
Ez9(Xmin(ry, 1)) = Ez9(X7,)I{m < T}, roe 7 = inf{k > 0: Xx > b} — onTmmam-
HEIf MOMEHT OCTAaHOBKM mnsd neHml V(z) u, corsacro Teopemam 1 wm 2, mapamerp b
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paBeH a;, WIK @ — COOTBETCTBEHHO BuAy paccmarpmsaeModl ¢ynkumu g(z). Tak xak
V(z) = Ex g(X+,) I{m < 00}, To nomyyaem
V(z) - V(z,T) € Bz g(X5,) I{T < 1 < o0}. (24)

Hixe mu1 nokaxeMm, 910
P{T <1, < 00} C(z)e™ T, (25)

rrae C(z) U ¢ — HEKOTOpKIE MOJIOXKATENLHBIE KOHCTAHTH, He 3asucsauwe ot T. Ecim dynk-
nus g(z) orpanudena (kak B Teopeme 2), To oTciona u u3 (24) cpasy cnenyet (23). OToit xe
onenxy (25) DOCTATOMHO IS CIPABEIUTMBOCTH yTBepXaerus (23) u B cmyyae g(z) = (z7)",
n=1,2,..., B cury HepasencTa X,, < M 8B komGunamm ¢ nemmoit 2(b) n HepaBeHCTBOM
I'énbnepa.

ITycts (u) ompenenseTcs U3 COOTHOLIEHHS

Ee* = ¥ (u < 0 = sup{u > 0: ¥(u) < co}).

3amernM, uTo Y(u) — BHIOyKIags QYHKIMS ¥ B CWIy ycuoBuit Teopemu 6 > 0. M3
3TMX CBOWCTB CilemyeT, 4To npomsBomHas ¥'(0) = Ef < 0 u cyluecTByeT mOMOXHTEIb-
Hoe Ag € (0,0) Takoe, uto ¥'(Ao) = 0 u ¥(Xo) < O (cM., Hanpmmep, [2]). YTobum Teneps
moKa3aTs (25), BOCHOMb3yeMes TeM (AKTOM, UTO IIPOLECC

exp{\( Xk —z) —kp(N)}, k>0 (A€ (0,9))
ABII€TCS. HEOTPULATENbHEIM MaPTHHIAJIOM ¢ MaTeMaTuaeckmM oxunanueM E exp{\(Xx —

z) — k¥(A)} = 1 1 nosToMy MoXeT 6LITb HCIIONB30BAH IJIA 3alaHWA HOBOH MepHl ﬁz(A),
A € o(U 50 F+) Taxoit, aTo ;1 kaxmoro k > 0 u MuoxecTBa A € Fi

P2(A) = Bz I{A} exp{do(X — ) — k¥(do)}. (26)

(910 ecTb He uTO MHOE, Kak ofwem3BecTHOe npeobpasoBanne Duepa.) U3 zammwix ompe-
nenenuii cnenyet, 4ro opu Ag € (0,6)

E: I{T <1 < 0} exp{do(Xr, — ) — np(X0)}

= i E: I{m, = k} exp{Mo{ Xk — =) — k¥p(20)}
k=T+1

= Y Pin=k}=P{T<n <o}
k=T+1

Tak xax X, > b, TO
P{T <1 < 00} X DCITP (T ¢ 1 < 00}

Beuny Toro, uro Po{T < 7 < oo} < 1, orciona cnemyer omenxa (25) ¢ kKoHcTaHTaMu
c=—9(X) >0, C(z) = e b= g% wm b= a* coOTBETCTBEHHO BUAY PacCMaTpPHBa-
emoil dyskmvm g(z).

Teopema 3 mokasana.

3aMeuanue 6 PesymTaTh paGoTh HEMOCPENCTBEHHHM 00Pa30M NEPEHOCATCS
Ha CNyd4ail HEIPEPHLIBHOIO BPEMEHH, KOTAa BMECTO CiIydaiiHoro Oiyxnmanmsa S, paccMma-
TPUBaeTCs ONHOPONHLIA mponecc JleBu. DTOT nepeHoc MOXHO CenaTh MO0 C MOMOLILIO
TIpefie/IbHOTO TepexXona OT AMCKPETHOr0 BPEMEHM M0 AHAJIOTMM C TEM, KaX 3TO CHENIAaHO
B [10] nmpuMeRMTENBHO K 3aKaye 06 AMEDPHKAHCKOM OMIIMOHE, TUGO C TMOMOLUBIO TEXHUKH
ncepnomnbepeHINaIbHEIX ONEPATOPOB B KOHTEKCTE NPOLECCOB JIeBH, OMMCAHHOM B MOHO-
rpadun {3].

Apropn npussaTensunl E. Mamxukaiusunm 3a obcyXneHue pe3ynbLTATOB PabOTHL.
ITepswrit aBTOp Takke npusHarenen Y. Miyahara u A. Shimizu 3a nomaepxxy m mackyccun
Bo Bpems Bu3uTa B Nagoya City University.
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O NNEPEXO/IHHIX ABJIEHHAX B COAVYANHHX BJIYVKIAHASIX

IIycts Sy = maxigign ZLI Xin, The npu Kaxgom n = 1,2, . . . noceno-
BaTEIBHOCTb Xipn,...,Xn,n COCTOAT U3 HE3ABHCHUMHIX M OOMHAKOBO PacIpe-
IOENEHHBIX CIYYalHLIX BENUYMH C KOHEYHHIMH [OJIOXUTEILHEIMM IHCIEPCH-
amu. B pabore u3ydaeTcsa 3amada O MONyYeHHMH NPOCTHIX M HEYITyqIIAEMBbIX
NOCTATOMHEIX yCIIOBHIA, Tvma ycyosus JlunneGepra, KOTOpHE rapaHTHPOBAJM
6Ll CXOMMMOCTb HOPMMPOBAHHOH BesmauHH (Sy, — An)/Bn K HekoTOpO#l He-
BBLIPOXK/EHHOH CITy4YaflHOM BelMuMHEe IIPH COOTBETCTBYIOLMM 0o6pasoM Iomo-
OpaHHBIX TOCTOSHHBIX A, ¥ B, > 0. YnpoweHH, yTOYHEHH M yCHIIEHBI
pe3ysIbTaThl, MOyYeHHNe pakee B 3ToM Hanpasienun 0. B. IIpoxoposbim 1
A. A. BopoexoBbiM. B uacTHOCTH, NONPOGHO PACCMOTPEH HEHCCIIENOBAHHLINR
paHee ciy4aif, koraa DX, , — 0 opu n — oo.

Kaouesvie caosa u fpa3vl: cxema cepHil, MAKCUMYM TIOCJIENOBATENLHRIX
CyYMM, paBHOMEepHas CXOOMMOCTb paclpele/ieHWd, IpefieflbHHE pachpenere-
HUsl, IPUHLUNI MHBAPUAHTHOCTHU, paccrosume [Ipoxoposa.

* HOropckmit rocymapcTBeHHHt yumsepcmreT, yia. Yexosa, 16, 628012 XanTh-

Mancwuitck, Poccns; e-mail: aisakh@hotmail.com


mailto:aisakh@hotmail.com

