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Adaptive Sampling for Spatial Prediction in Wireless Sensor Networks

by Van Linh NGUYEN

Networks of wireless sensors are increasingly exploited in crucial applications of mon-
itoring spatially correlated environmental phenomena such as temperature, rainfall,
soil ingredients, and air pollution. Such networks enable efficient monitoring and
measurements can be included in developing models of the environmental fields even
at unobserved locations. This requires determining the number of sensors and their
sampling locations which minimize the uncertainty of predictions. Therefore, the
aim of this thesis is to present novel, efficient and practically feasible approaches
to sample the environments, so that the uncertainties at unobserved locations are
minimized. Gaussian process (GP) is utilized to statistically model the spatial field.
This thesis includes both stationary wireless sensor networks (SWSNs) and mobile
robotic wireless sensor networks (MRWSNs), and thus the issues are correspond-
ingly formulated into sensor selection and sensor placement problems, respectively.
In the first part of the thesis, a novel performance metric for the sensor selection in
the SWSNs, named average root mean square error, which reflects the average un-

certainty of each predicted location, is proposed. In order to minimize this NP-hard



Abstract

and combinatorial optimization problem, a simulated annealing based algorithm is
proposed; and the sensor selection problem is effectively addressed. Particularly,
when considering the sensor selection in constrained environments, e.g. gas phase
hydrogen sulphide in a sewage system, a modified GP with an improved covari-
ance function is developed. An efficient mutual information maximization criterion
suitable for this particular scenario is also presented to select the most informative
gaseous sensor locations along the sewer system. The second part of this thesis
introduces centralized and distributed methods for spatial prediction over time in
the MRWSNs. For the purpose of finding the optimal sampling paths of the mobile
wireless sensors to take the most informative observations at each time iteration, a
sampling strategy is proposed based on minimizing the uncertainty at all unobserved
locations. A novel and very efficient optimality criterion for the adaptive sampling
problem is then presented so that the minimization can be addressed by a greedy
algorithm in polynomial time. The solution is proven to be bounded; and compu-
tational time of the proposed algorithm is illustrated to be practically feasible for
the resource-constrained MRWSNs. In order to enhance the issue of computational
complexity, Gaussian Markov random field (GMRF) is utilized to model the spatial
field exploiting sparsity of the precision matrix. A new GMRF optimality criterion
for the adaptive navigation problem is also proposed such that computational com-
plexity of a greedy algorithm to solve the resulting optimization is deterministic even
with increasing number of measurements. Based on the realistic simulations con-
ducted using the pre-published data sets, it has shown that the proposed algorithms

are superior with appealing results.
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Chapter 1

Introduction

Environmental issues such as pollution of land, water and air, drastic climate change,
natural disasters, and resource depletion have topped the agenda in recent years.
These are crucial not only to governments but also to environmental scientists.
Therefore, it would be prudent to monitor spatially correlated environmental phe-
nomena so as to ameliorate the knowledge and understanding of their economic, en-
vironmental, and health impacts and implications. For instance, determining distri-
butional patterns of ecological phenomena can be utilized to design resource-specific
exploitation plans [1]. Better understanding of physics underlying occurrence pro-
cess of earthquakes [2] can generate early vital hazard warnings to society. Results
from observing sulphur dioxide SO, in the air [3], which may affect the respiratory
system, should be given to alert community council to reduce burning of sulphur-
containing fuels in factories. In the agricultural field, monitoring nitrogen density
in the soil can be used to regulate farm inputs that leads to mitigation of environ-
mental pollution due to over-application of nitrogen fertilizer [4]. As a part of this

thesis, monitoring hydrogen sulphide HyS in a gravity sewer system aims to mitigate
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corrosion problems in a sewer network and to alleviate foul smells that adversely af-
fect any exposed communities. In addition to concerns mentioned above, there is
required ubiquitous observations of temperature, humidity, rainfall, soil ingredients,
and mono-nitrogen oxides NO, in natural and built-up habitats [5-9]. Nonetheless,
since environmental measurements are a single scalar quantity that is only locally
valid, it is required to make predictions about the process at unmeasured locations
by using observations. Therefore, there are currently strong motivations to monitor,
model and predict the environmental field of interest that is often represented as
complex phenomena. More particularly, if sensing equipment is effectively used in
monitoring, modelling and predicting the spatial phenomena, which is referred to as
adaptive sampling, results from visually representing the physical field are useful in

making decisions regarding environmental issues.

This chapter describes a basic background on monitoring and modelling envi-
ronmental physical phenomena by the use of wireless sensor networks (WSNs). This
background also furnishes two fundamental issues in the WSNs for efficiently esti-
mating and predicting the spatial field, which ultimately form the research objectives
for this thesis. Moreover, the chapter presents the key contributions and outlines
the organization of the thesis in order to provide the reader with an overview of this
thesis. Finally, some published works related to the thesis are summarised in this

chapter.

1.1 Background

In the past, data was usually collected by humans who harvested measurements by

walking through the field. Nevertheless, this manual procedure was tiresome and
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time-consuming. Recently, technological developments in micro-electro-mechanical
systems and wireless communications, which involve the substantial evolution in re-
ducing the size and the cost of components, have led to the emergence of WSNs that
are increasingly useful in crucial applications in environmental monitoring [10]. Not
only do these systems provide a virtual connection with the physical field in general,
the WSNs are particularly dominant in remote and hazardous environments where
many essential phenomena have hardly been investigated due to their inaccessibil-
ity. In addition to collecting the data, combining the measurements with a model, a
wireless sensor network (WSN) is also competent to estimate and predict the spatial
phenomenon at unobserved locations. Any such estimation and prediction should
be associated with some measure of uncertainty that demonstrates the quality of the
prediction. In equivalent words, the most informative observations certainly lead to
minimum uncertainty in resulting predictive inference. As a result, an important
fundamental challenge in utilizing the WSNs for real-world applications of environ-
mental monitoring is the identification of locations where wireless sensors should be
deployed to take measurements in order to maximize the information gained from

them.

In order to position the wireless sensors in the optimal locations of the envi-
ronment to capture the environmental phenomena most effectively, which directly
influences the accuracy of the predicted field, it is essential to model the spatial
phenomena. Usually, these physical processes are described by deterministic and
data-driven models [11]. The prime disadvantage of the deterministic model is that
it requires model parameters and initial conditions to be known in advance. Fur-
thermore, model complexity and various interactions in the deterministic models
that are difficult to model tilt the balance in favor of data-driven approaches. In

this work, it is particularly proposed to consider the Gaussian process data-driven

3
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model [5, 12, 13] to statistically model spatial fields. The use of a Gaussian process
(GP) allows prediction of the environmental phenomena of interest efficiently at any

unobserved points.

The typical task of the WSN consists of gathering measurements of a spatial
field over a region of interest. However, for instance in a stationary wireless sensor
network (SWSN), where none of sensors are allowed to change their locations af-
ter their deployment, multiple wireless sensor nodes co-located within the vicinity
of a phenomenon in a dense SWSN may generate similar data samples, which is
called an over-sampling problem. This over-sampling problem has the potential to
create a sizeable redundancy in sensed data that adversely affects goodput, that is
effective usage to provide intelligence about the phenomenon, of the WSN as the
redundant samples do not contribute to gaining any additional information about
the phenomenon. Furthermore, the over-sampling issue also causes data collection
and analysis of long-term monitoring to be very expensive due to practical con-
straints like energy consumption, maintenance burden, and computational cost. On
the other hand, owing to resource constraints, the number of active sensors at one
particular time is limited. Consequently, it is crucial to select the most informative
subset of stationary wireless sensor nodes out of all potential ones, which should
participate in the sensing task. The selection procedure is known as a sensor selec-
tion problem in which the resulting prediction is required to conform requirement of
the highly sensing quality in realistic applications. Additionally, the sensor selection
problem enables the network to save energy since only the selected subset of sensors
will be active in sampling interval. In this research, the sensor selection problem in

both unconstrained and constrained environments is to be considered.

Nevertheless, if the networks of stationary wireless sensors are deployed in a
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changing environment, the stationary wireless sensor locations selected by a sensor
selection algorithm are no longer the most informative over time. On the other hand,
if a dense sampling of the environment or a large area to be monitored are needed,
the use of a large SWSN is required, which leads to various challenges including
managing and maintaining the network. As a consequence, a wireless sensor net-
work incorporating mobile robotic platforms is desirable. With a set of networked
mobile sensor nodes, the mobile robotic wireless sensor networks (MRWSNs) are
capable of providing services required not only for monitoring but also for exploring
the environment. Flexibility of the MRWSNs enables enhanced efficiency of data
collection, adaptation to the changes in the environment, and production of a robust
response to individual sensor failures. Moreover, the mobility of the robotic wireless
sensors can be utilized to generate the optimal strategies for collecting measure-
ments in the spatial field of interest. Effectively utilizing the MRWSNs to observe
and predict the environmental field is defined in this thesis as a sensor placement
problem. In equivalent words, resolving the sensor placement problem is to find the
most informative sampling paths for the mobile robotic wireless sensors (MRWSs)
to take future observations in order to minimize uncertainty in resulting predictions

of the physical field at all unmeasured locations of interest.

1.2 Research Objectives

The aim of this thesis is to present a new class of approaches for finding the best
sampling locations in the environment for wireless sensors to extract the most
useful information out of the spatial field. The design objectives are based upon

information-theoretic criteria such as root mean square error, conditional entropy
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and mutual information so that the uncertainty at all unobserved locations of inter-
est is minimized. Both sensor selection and sensor placement problems are stated to
be data-driven optimization issues that are successively considered in both station-
ary and mobile wireless sensor networks in order to respond to various configurations
in real systems. On the other hand, due to their small size, the WSNs are limited
to resource constraints including energy, memory, and communication restrictions.
Hence, the thesis is also a step forward in making sophisticated statistical infer-
ence based combinatorial optimization problems to be feasible in practice in the

resource-constrained WSNs.

Correspondingly, the specific research objectives are:

1. Develop efficient methods to address the sensor selection problem in the SWSNs.
In this objective, the SWSNs are utilized to observe both unconstrained and

constrained environments.

2. Develop novel algorithms to find efficient and near-optimal sampling paths for the
MRWSNs, where the spatial field is modelled by the use of the GP. Centralized
and distributed Gaussian predictive inferences are also objectively designed to

effectively estimate and predict the physical processes.

3. Develop computationally-efficient centralized and distributed approaches for the
MRWSNs by employing the Gaussian Markov random field (GMRF). This aim

is needed to make the resource-constrained MRWSNs feasible in practice.
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1.3 Main Contributions

According to the objectives of the research defined above, the following presents the

pivotal contributions of this thesis in the order of chapters.

In Chapter 4, the problem of selecting the most informative subset of poten-
tial stationary wireless sensors in observing an environmental phenomenon in a free
space is comprehensively considered. The selective criterion is proposed based upon
a novel performance metric that reflects the root mean square error (RMSE) for
the each predicted location, which is named average RMSE (ARMSE). Although
the proposed criterion for the sensor selection, which minimizes the ARMSE in all
unobserved locations of interest, is a combinatorial optimization issue, an efficient
algorithm which simulates the process of forming metal crystal from metal liquid,
called annealing, is introduced to cope with this challenging minimization. Accom-
panied by a technique of replacing a member of the selected subset by its neighbours
at each iteration, the simulated annealing based algorithm not only effectively lowers
computational time but also fully covers the space. The proposed approach demon-
strates considerable outperformance as compared with other conventional methods
such as the greedy heuristic algorithm of which information-theoretic criteria includ-

ing conditional entropy and mutual information are utilized.

Another key contribution in this chapter is to address the sensor selection prob-
lem in a constrained environment. The scenario in which the study was conducted
was the gas phase hydrogen sulphide (HS) in a sewage system, where the HyS
data was generated by the wastewater model developed by Sydney Water. In order
to model the gaseous HyS content, a frequently-utilized GP is chosen for imple-
mentation. Note that the standard GP relies upon correlations among all nearby

observations in a free space. Nonetheless, the primarily crucial specification of the
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constrained environment is that spatial phenomena are often limited by conditions
of the environment. For instance, in the gravity sewer system, the HsS content is
constrained by the sewer boundaries, where dependences among sensing measure-
ments are more or less prevented in direct distances. As a consequence, in this work,
a modified GP with an improved covariance function is proposed. The covariance
value between two locations is computed employing the lengths along the sewage
pipes. The proposed model is confirmed by comparing with a complex model devel-
oped by Sydney Water. Due to constraints of sewage pipes, every sensor locations
has two upper-stream and down-stream neighbours, which prevents the simulated
annealing based algorithm from finding the most informative gaseous sensor loca-
tions along the sewer system. Thus, an efficient mutual information maximization
criterion is presented. The primary specification of this optimization is that the
mutual information is computed between the HyS phase at selected sensor locations
and that at a set of unselected sensor and unmeasured locations. The proposed

approach for the HoS sensor selection outperforms [14].

In Chapter 5, resource-constrained MRWSNs optimally monitoring and predict-
ing the spatial field are taken into account. The chapter first presents a centralized
estimation and prediction approach to address the sensor placement problem. By
the use of the GP, the Gaussian predictive inference method is derived over time,
where unknown mean parameters and hyperparameters are estimated online by the
maximum likelihood approach. For the purpose of finding out the optimal sampling
paths on which mobile wireless sensors could take the most informative observations
at each time iteration, the sampling strategies are proposed based on information-
theoretic criteria. The premise behind the sampling criteria is to minimize uncer-
tainty at all unobserved locations of interest. For a continuous space, a locational

optimization based navigation scheme is proposed to drive mobile sensing agents
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going through positions of high uncertainty density in the corresponding surface.
The key contribution of this proposition is that the continuous density function is
developed based on posterior variances. The optimal robotic sensor locations are de-
lineated as the centroids of their Voronoi cells by the centroidal Voronoi tessellation
approach. In a discrete space, an adaptive sampling optimization problem by the
use of conditional entropy is formulated. The criterion aims to select the most infor-
mative locations for the MRWSs from a discretized set of potential sensing points.
The chapter illustrates that the existing approximate greedy heuristic algorithms to
deal with this combinatorial and NP-hard optimization are intractable if the net-
works search for a large number of unobserved locations in the field. A novel but
very efficient optimality criterion for the adaptive sampling problem is proposed so
that it can be addressed by the greedy algorithm in polynomial time. Although a
near-optimal solution is obtained, computational time of the algorithm is proven
to be feasible in practice for the resource-constrained MRWSNs. It is also proven
that the proposed approach is guaranteed by a lower bound and an upper bound.
The lower bound is within 1 — % of the optimal solution, which is then utilized as a
stopping criterion for the sampling algorithm that stops the MRWSs from sampling

the spatial field to conserve the limited energy.

In an effort to resolve the centrally-computed scheme of sophisticated statistical
inference of the GP regression at each robotic sensor in the resource-constrained
networks of mobile, wireless and noisy agents monitoring physical phenomena of in-
terest, a distributed spatial prediction approach is presented by the use of distributed
computation tools consisting of Jacobi over-relaxation (JOR) and discrete-time av-
erage consensus (DAC) algorithms. In this proposed method, every mobile sensor
locally exchanges information with its neighbours within a certain range of com-

munication. Based on its own measurements and its neighbours’ observations, each

9
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mobile sensing agent first estimates its own mean parameters and hyperparameters,
then recursively obtains global model parameters via the distributed techniques. It
is proposed that one mobile agent predicts the environmental process using all the
measurements it has collected and received from the beginning to the current time.
The globally predicted field of interest can also be obtained at each robotic sensor
by the utilization of the JOR and the DAC computations. Finally, a distributed
sampling scheme is designed to let the MRWSs navigate the most uncertain points

in the environment.

In Chapter 6, it is proposed to utilize the GMRF, a discretely indexed approx-
imation of the GP, to model the physically spatial phenomena. By employing a
stochastic partial differential equation (SPDE) approach, the GMRF represents the
spatial field on an irregular lattice of a triangulation. Due to the sparsity of its
precision matrix, the GMRF spatial estimation and prediction approach are de-
rived with a remarkable benefit in computation. By discussing a technique of the
one-step-ahead forecast to predict the future measurements from the GMRF stand-
point, an adaptive sampling strategy of which conditional entropy of latent variables
at unmeasured locations is to be minimized is formulated. More importantly, it is
thoughtfully proven that the existing approximate greedy algorithms to address this
combinatorial and NP-hard problem of finding the sampling paths for the MRWSNs
in a large number of potential locations in the field are often intractable. Conse-
quently, an efficient novel optimality criterion for the adaptive navigation problem
is proposed such that computational complexity of a greedy algorithm to solve the
resulting optimization is deterministic even though either the number of measure-
ments goes up or the unmeasured locations are dense on a very large mesh of a
triangulation. For the case where each mobile sensor has a short wireless communi-

cation range, a distributed spatial prediction algorithm is developed to address the
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centralized GMRF-based regression. A sampling scheme for each robotic sensing
agent is also designed in a distributed fashion. By utilizing these distributed ap-
proaches, although each mobile sensor communicates with its neighbouring sensors

only, it approximately reaches to global estimation and prediction values.

Therefore, more specifically, the contributions of the thesis are:

e Sensor selection: The first key contribution is a novel approach to select the
most informative sensors in a SWSN for spatial prediction purposes. A new
ARMSE optimization criterion for the sensor selection problem and an efficient
simulated annealing based algorithm for solving this selection optimization are
proposed in the unconstrained environment. Moreover, a new GP based model
to represent the gaseous HyS spatial distribution in the sewer networks and a
mutual information based algorithm are also proposed to address the sensor

selection issue in the constrained environment.

e Sensor placement using the GP: A new posterior variances based density
function is presented for the locational optimization based method to find the
optimal sampling locations in a continuous environment. In addition, a novel
optimality criterion for the entropy based sampling strategy is proposed in a
discrete space which can be near-optimally resolved by a greedy algorithm in
polynomial time. This proposed scheme is proven to be guaranteed by a lower
and an upper bounds. A distributed approach is also designed by using the
JOR and DAC techniques for a network where a mobile sensor has a short

communication range.

e Sensor placement using the GMRF': Novel GMRF based centralized and
distributed sampling schemes are introduced to find the most informative sam-

pling locations on a very dense and large lattice of a triangulation. Due to
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sparsity of the precision matrix, it is proven that a simple greedy algorithm can
address those combinatorial and NP-hard optimization problems of finding the
sampling paths in deterministic time, which is not dependent on the number
of either measurements or unobserved locations. The proposed approach is

demonstrated to be practically feasible.

1.4 Organization of the Thesis

The structure of this thesis is arranged as follows. In Chapter 2, the basic mathemat-
ical notations that will be utilized throughout this thesis is first presented. Then,
the random field models and the GP regression are sequentially introduced. The
concepts for the MRWSNs are also discussed in this chapter before the notations
of Voronoi partition and submodularity function are reviewed. Chapter 3 reviews
up-to-date methods used for the spatial prediction in the WSNs in the literature.
The existing criteria for sensor selection and sensor placement problems are intro-
duced before discussion of the different algorithms that are utilized to address these
issues. Three chapters, four to six, present the efficient approaches proposed for
this study. Chapter 4 is commenced by modelling the spatial field. Next, the sen-
sor selection problem is successively considered in unconstrained and constrained
environments. The proposed approaches are evaluated in many unconstrained sce-
narios including indoor and outdoor environments. In particular, the gaseous HsS
phase, which is generated by a complex model developed by Sydney Water, is in the
first stage utilized to verify the sensor selection algorithm in the sewerage system
constrained by the sewer pipes. The sensor networks assisted by mobile robotic
platforms for monitoring and predicting the GP modelled environmental processes

are investigated in Chapter 5. Both centralized and distributed spatial estimation
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and prediction approaches are proposed to optimize the sensing activities. The loca-
tional optimization, conditional entropy and posterior variance based methods are
introduced to efficiently and effectively employ the MRWSs to sample the physical
phenomena, which eventually enables not only significant improvement to the qual-
ity of prediction but also reduction of the model uncertainty. In order to overcome
the computational complexity of factorizing the dense covariance matrix in the GP
regression, Chapter 6 proposes the utilization of the GMRF to model the spatial
field. The centralized and distributed spatial prediction approaches from a GMRF
standpoint are fully derived. More interestingly, near-optimal but very effective al-
gorithms are designed to find the efficient sampling paths for mobile sensing agents
in both centralized and distributed manners. Conclusions and suggestions for future

research are provided in Chapter 7.

1.5 Publications

This section lists journal and conference papers that have been published (or under

review) and related to the topic of this thesis.

1. Linh Van Nguyen, Sarath Kodagoda, Ravindra Ranasinghe, and Gamini
Dissanayake, " Mobile robotic wireless sensor networks for efficient spatial es-
timation via Gaussian Markov random field” IEFE Transactions on Robotics,

2014 (under review).

2. Linh Van Nguyen, Sarath Kodagoda, Ravindra Ranasinghe, and Gamini
Dissanayake, " Information-driven adaptive sampling strategy for mobile robotic
wireless sensor network” IEEE Transactions on Control Systems Technology,

2014 (revision submitted).
13



Chapter 1. Introduction

3. Linh Van Nguyen, Sarath Kodagoda, Ravindra Ranasinghe, and Gamini
Dissanayake, ”Spatially-distributed prediction with mobile robotic wireless
sensor networks” in Proceedings of IEEE International Conference on Con-
trol, Automation, Robotics and Vision (ICARCV2014), Marina Bay Sands,

Singapore, December, 2014.

4. Linh Van Nguyen, Sarath Kodagoda, Ravindra Ranasinghe, Gamini Dis-
sanayake, Heriberto Bustamante, Dammika Vitanage, and Tung Nguyen ” Spa-
tial prediction of hydrogen sulphide in sewers with a modified Gaussian process
combined mutual information” in Proceedings of IEEE International Confer-
ence on Control, Automation, Robotics and Vision (ICARCV2014), Marina

Bay Sands, Singapore, December, 2014.

5. Linh Van Nguyen, Sarath Kodagoda, Ravindra Ranasinghe, and Gamini
Dissanayake, ” Mobile robotic wireless sensor networks for efficient spatial pre-
diction” in Proceedings of IEEE/RSJ International Conference on Intelligent

Robots and Systems (IROS2014), Chicago, USA, September, 2014.

6. Linh Van Nguyen, Sarath Kodagoda, Ravindra Ranasinghe, and Gamini
Dissanayake, ” Locational optimization based sensor placement for monitoring
Gaussian processes modelled spatial phenomena” in Proceedings of IEEE Inter-
national Conference on Industrial Electronics and Applications (ICIEA2013),

Melbourne, Australia, June, 2013.

7. Linh Van Nguyen, Sarath Kodagoda, Ravindra Ranasinghe, and Gamini
Dissanayake, ” Simulated annealing based approach for near-optimal sensor se-
lection in Gaussian processes” in Proceedings of the IEEE International Con-
ference on Control, Automation and Information Science (ICCAIS 2012), Ho

Chi Minh city, Vietnam, November 2012.
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8. Linh Van Nguyen, Ravindra Ranasinghe, Sarath Kodagoda, and Gamini
Dissanayake, ”Sensor selection based routing for monitoring Gaussian pro-
cesses modelled spatial phenomena” in Proceedings of the Australian Confer-
ence on Robotics and Automation (ACRA 2012), Wellington, New Zealand,

December, 2012.

9. Zulkarnain Zainudin, Sarath Kodagoda, and Linh Van Nguyen, "Mutual
information based data selection in Gaussian processes for people tracking” in
Proceedings of the Australian Conference on Robotics and Automation (ACRA

2012), Wellington, New Zealand, December, 2012.

1.6 Summary

This chapter has provided an introduction to utilizing the WSNs to observe the
spatial processes. Two principal problems of the sensor selection and the sensor
placement have been presented to meet the requirement of efficiently sampling the
environment to improve the quality of resulting prediction. In fact, these issues aim
to find the most informative locations in the environment to deploy the wireless
sensors. Therefore, finding novel and efficient approaches to address these problems
in practically feasible time for the resource-constrained WSNs are the objectives of

this doctoral study research.
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Chapter 2

Notations and Preliminaries

2.1 Introduction

This chapter introduces basic concepts and mathematical notations that are em-
ployed throughout the thesis. Models for the spatial field such as the GP and the
GMREF are first considered and the GP regression is then discussed. Additionally,
the properties of the MRWSNs are also highlighted for design of sampling strate-
gies. Definitions of Voronoi partition and submodularity function are also delineated,

which will be utilized to develop navigation and its bounds for the MRWSs.

2.2 Mathematical Notations

Here, mathematical notations that are used throughout this thesis are defined. Let
R, R>p, Ry and Z-( denote the sets of real numbers, non-negative real numbers,

positive real numbers and non-negative integer numbers, respectively.
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The Euclidean distance function is defined by || - ||. The |- | denotes cardinality.
Let Q denote a convex polytope in R%. A convex polytope is the convex hull of a

finite point set.

In terms of a matrix, let det(A) and tr(A) denote the determinant and trace
of a square matrix A, respectively. Let AT € R™™ be the transpose of a matrix

A € R™ ™. The positive definiteness of a square matrix A is by A > 0.

Let E denote the operator of an expectation and O(-) denote the operator of
running time of an algorithm. prec(:) and corr(-) are also defined as operators of
the precision and the correlation. The inner product operator is defined by (.,.). v/

and log(-) denote the gradient and the logarithm operators, respectively.

A random variable z that is distributed in a normal distribution with a mean
p and a covariance matrix ¥ is defined by z ~ N (p, X). If two random variables x

and y are independent, it is written as x L y.

a;[i] is defined as the i’ element of the vector a;, and by[i, j] is referred as the

element at the i row and j* column of the matrix b;.

An undirected graph G = (V,£) consists of a vertex set V and a edge set £ C

V x V. The relative complement of a set A in a set B is denoted by B\ A.

Other notations will be explained as and when they occur.

2.3 Random Field Models

In this section, dominant concepts and properties are introduced on the Gaussian

process (GP) [12, 13] and the Gaussian Markov Random fields (GMRF) [15] that
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are used to model the random field in this work.

2.3.1 (Gaussian process

A GP is a very popular non-parametric Bayesian technique for modeling spatially
correlated data. Initially known as kriging, the technique has its roots in geostatistics
where it is mainly used for estimation of mineral resources [16]. The Gaussian
processes (GPs) extend multivariate Gaussian distributions over a finite vector space

to function space of infinite dimensionality. It is formally defined as follows.

Definition 2.1. A Gaussian process is a collection of random variables, any finite

number of which have a consistent joint Gaussian distribution.

Consider a spatial location v € RY, a random variable z(v) at v is modeled as a

GP and written as

z(v) ~ GP(u(v), cov(v,v)), (2.1)

where v,v" € R? are the inputs. p(v) is a mean function and cov(v, v') is a covariance

function, often called a kernel function. These functions are defined as

A spatial GP is stationary if cov(v,v") = cov(v — v’). That is, the covariance
depends only on the vector difference between v and v'. Furthermore, if cov(v,v") =
cov(||v — v'||), the stationary process is isotropic. Hence, the covariance between
a pair of variables of z(v) at any two locations is only dependent on the distance

between them.
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The covariance function is a vital ingredient in a GP. In fact, there is a practical
family of parametric covariance functions proposed in [17]. For example, one of the

frequently used kernel functions is squared exponential, that is,

12
cov(v,v") = o* exp <—%> : (2.2)

where o2

is the marginal variance (also known as the maximum allowable covari-
ance), ¢ is the range parameter (also called the length scale) that is referred to as
the reduction rate of the correlation between z(v) and z(v") when [|jv —v'|| increases.
These both 02 and ¢ parameters can be varied; therefore, these parameters are re-

ferred to as hyperparameters since they correspond to the hyperparameters in neural

networks.

2.3.2 Gaussian Markov random field

A GMREF is a spatial process whose realizations contain random variables observed
in a spatial field. Moreover, the GMRF not only follows GP [13] but also satisfies
additional conditional independence concepts, which is also known as the Markovian

property. For a more detailed discussion about GMRF, readers are referred to [15].

Let 2 = (21, ..., 2,)7 with 2z ~ N(u, Q') denote a GMRF that is specified by a
mean p and a symmetric and positive definite precision matrix (), an inverse of the

covariance matrix of the GP. Therefore, the density of z has the form

p(2) = (2m) 3 (det(Q) exp{—5(= — )" Q= — )} (2.3)
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The advantage of the Markovian property enables the GMRF to represent the
conditional distributions for each component given all the others in terms of the
neighbourhood structure of the process. In other words, the full conditional distri-
bution of z; (i = 1,...,n) is only dependent on the elements set of its neighbours and

is designed by

p(zilz—i) = p(2il2n,),

where z_; denotes all the elements in z excluding z;, and zy;, is the neighbour elements
of z;. Thus, it is stated that given the neighbour elements, z; is independent on any
others in z except for zy,, which constitutes the conditional independence definition

as

2 Lz g Nyl 2w (2.4)

for : = 1,...,n, where z_g; n,; is all the elements in z but not z; and zy,. Rue et al.
[15] derived that the mean p is not related to the pairwise conditional independence
properties of z, so the result is that this characteristic must be specified only in the

precision matrix ).

In general, if z; and z; are conditionally independent,

zi L zjl2 iy

is equivalent to @);; = 0. This specification leads to Q;; # 0if j € {4, N;} and derives
the sparsity of the precision matrix ), which influences the computational efficiency
of a GMRF substantially. Thus, the GMRF can be greatly exploited by the resource-
constrained mobile robotic wireless sensor networks. In particular, the prediction

can be directly obtained by the precision matrix () with conditional interpretation.
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Theorem 2.2. ([15], Theorem 2.3) Let z be a GMRF with respect to G = (V, )

with mean p and precision matriz Q) > 0, then

E(Zz|2’_z) = Hi — Ql ZQU('ZJ - Mj)v

pTGC(Zi|Z—z') = Qii>
Qij

v, 7Y

corr(z;, zjlz—;) = —

2.4 Gaussian Process Regression

After reviewing the random field models in the previous section, the regression
technique is now described, which is utilized to predict continuous quantities of

the physical process.

Consider a data set of n observations D = {(v;,y;)[i = 1,...,n} collected by
the wireless sensor network, where v; is a location vector of dimension D and y;
is a scalar value of noise corrupted output. For simplicity of notations, let v :=
(vl ol . 0T € R™P denote as an n x D location matrix, and the outputs are
aggregated in a vector y := (y1, Y2, ..., ¥n)? € R". The corresponding vector of noise-

free observations is referred to as z := (z(vy), 2(va), ..., 2(v,))T € R™. As discussed

in Section 2.3.1, the prior z can be described as
z N(:uv 222)7 (25)

where p € R™ is the mean vector obtained by p; = wp(v;), and X, is an n X n
covariance matrix whose elements can be computed by X..[i, j| = cov(v;,v;). The

advantage of the GP formulation is that the combination of the prior and noise can
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be implemented exactly by matrix operations [18]. Therefore, the noisy observations

can be normally distributed as

Yy~ N(z,721), (2.6)

2 is a noise variance and I is an n x n identity matrix. Note that the GP

where 7
models and all formulas are always conditional on the corresponding locations. In

the following, the explicit conditioning on the matrix v will always be neglected.

Given the observations, the objective of probabilistic regression is to compute
the predictive prediction of the real values z, = z(v,) at some interested points v,.
In [13], Rasmussen et al. demonstrated that the GP has a marginalization property,
which implies that the joint distribution on random variables at v and v, is Gaussian,

specified by

Y W Y., + 721 i,
~ N , , (2.7)

Z* ,LL* ZZ* z EZ* Zx

where p, and X, ., are the mean vector and the covariance matrix of z,. 3., (= EZ; 2)

is the cross-covariance matrix between y and z,.

In probabilistic terms, the conditional distribution at predicted positions of v,

given y is derived as follows.

Mzyly = Hx + Ez*z(zzz + 7—2])_1(y - ,u), (28)

and

2 7\—1
Yoly = Yz — 22,2 (B +7I) T8, (2.9)
where ji,,|, and X |, are posterior mean vector and covariance matrix of z,, given y.
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As a consequence, using observations at locations in set v, quantities at unobserved
locations, v, can be predicted. For instance, there have been used 100 observations
of the rainfall data set that was collected by 100 gauges deployed in Switzerland to
predict the amount of the rainfall throughout the whole country, which is illustrated

in Fig. 2.1.

Y Coord
Y Coord

0 50 100 150 200 250 300 0 50 100 150 200 250 300
X Coord X Coord
(a) (b)

Figure 2.1: Predicted rainfall (1/10th of a mm) in Switzerland: (a) Posterior
mean, (b) Posterior variance. Colour bars represent range of rainfall. X Coord
and Y Coord are in km.

2.5 Voronoi Partition

In this section, the concept of Voronoi partitions [19] that will be employed to design

the sampling paths for mobile robotic sensors is reviewed.

Consider a set of n distinct points P = {p1,....,p,} in @ C R% Let P(Q)
define the collection of finite subsets of Q. At fixed locations, the points could
be divided by the optimal partitions of Q, which are a set of Voronoi partitions
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V(P) = {Vi(P), ..., Vo,(P)} C P(Q) defined by, for each i € {1,...,n}

ViP)={qeQllqa—pi ISl a—pj I, Vj#i}

In equivalent words, V;(P) is the set of the positions of Q that are closer to p;
than to any of the other points in P. V(P) is also called the Voronoi diagram. Two
points p; and p, are Voronoi neighbours if their Voronoi cells share an edge. In this

concept, p; is also referred as the centroid of its own Voronoi cell, V;(P).

In terms of robotic networks, it is assumed that in a given period of time, a
mobile sensor can travel a distance r € R., which forms a concept of range-limited

Voronoi partition.

Definition 2.3. (/19/, Definition 2.5) Given a set of n distinct points P = {p1, ..., pn}
in Q, and a positive real number v € Ry, the r-limited Voronoi partitions inside Q

is the collection of sets Vi.(P) = {V1,(P), ..., Vur(P) CP(Q)} specified by

Vir(P) =Vi(P)N B(pi,r), i€{l,...n},

where B(p;,r) is the closed sphere of radius r centered at p;.

2.6 Mobile Robotic Wireless Sensor Network

In this section, a model for the MRWSNs and an allowable movement region of indi-
vidual MRWS to avoid physical collisions are described. These properties are utilized
to optimize an adaptive sampling scheme that allows the MRWSNSs to estimate and

predict efficiently the physical process of interest.
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2.6.1 Network model

Consider N spatially distributed mobile sensing agents indexed by i € {1,...,N}.
Agents are equipped with identical sensors, and take measurements at times t € Z+.
At time ¢, agent i takes a noisy measurement at its current location s;; € Q C R,
specified by

Yri = 2(81) +e(se,), (2.10)

where z(s;;) is a random variable, and &(s;;) is a noise with a zero mean and a

variance 72.

For notational simplicity, locations of all N mobile robotic sensors at time ¢ are
to be denoted by

1= (5T sEy) T € OV,

and the measurements made by all N robotic sensors at time ¢ by

Yi = (yt,h -'*ayt,N)T e RY.

Moreover, the collection of all mobile sensors’ locations and the collective measure-

ments from time 1 to t are defined as

and

yl:t = (yl, "‘7yt>T S RNt.
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Between measurement instants, each mobile sensor moves according to the dis-
crete dynamics

Sti1,i = St + lig, (2.11)

where || li; ||< lmaz € Rso, in which [, is the maximum distance an agent can

move between time instances.

Following are the major assumptions associated with resource-constrained MR-

WSNs considered in this thesis:

A.1: A robotic sensor has a communication range R and is a neighbour of other

sensors iff it can communicate with them.

A.2: The interference between mobile sensor nodes is insignificant and there
exists a Medium Access Control (MAC) protocol to resolve the collisions on the

network.

A.3: In the centralized scheme, at a particular instant, all robotic sensors can
transmit their observations to the sink (base station) through multihop paths spec-

ified by a specific routing structure.

Remark 2.4. A.1 and A.2 stem from the technical issues in the wireless sensor

networks. A.3% is required for performing the estimation in a centralized strategy. B

2.6.2 Physical collision avoidance

This scheme originally presented in [20] is adopted to preserve the safe navigation of

the MRWSs. Let OV denote the boundary of a set V', and dist denotes the distance
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function. The w—contraction of a set V, with w > 0, is the set

V, ={q € V|dist(q,0V) > w}.

This subsection takes into account the regions in which the mobile sensors are
allowed to move. In other words, one imposes a minimum distance requirement

between MRWSs to avoid physical collisions.

Suppose that w € Ry is a desired safety buffer width and is small enough
compared to the size of Q. To make sure that each mobile agent never collides
with each other, it is proposed to utilize the contraction concept in geometry. Take
the robotic sensors’ locations into account at time step of ¢, s;, let (V;(st))% denote
the %-contraction of Voronoi cell of s, Vi(s¢). Therefore, the allowable movement

region of each mobile sensor is defined by
QY = (Vi(s1))s NB(s1i, bnas); (2.12)

where E(sm limaz) is the sphere of radius l,,,, centered at s;,; and Qgt) C Q.

Alternatively, one has dist(QEt),Qgt)) > w. An illustration of the concept of

allowable movement for a 5 robotic sensors network is shown in R? in Fig. 2.2.

2.7 Submodularity Function

In this section, the concept of submodular function [21] and its properties are in-

troduced, which will be exploited to guarantee solutions of the adaptive sampling
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Figure 2.2: Allowable movement regions of sensors at time step ¢ (red) versus
Voronoi cells (blue).
optimization problem. Submodularity is a characteristic of set functions. For in-
stance, consider the function f : 22 — R, for each subset S C Q C R? f returns
a value f(S). Hereby, Q is a finite set, generally called the ground set. The sub-
modularity can be also regarded as a discrete analog to convexity in the continuous
optimization [22]. Like convexity functions, submodular functions arise in many
applications as well. Let us suppose that f(@) = 0, that is, the empty set bears no

value.
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Definition 2.5. (Submodularity) A function f : 22 — R is submodular if for every
subset Si, S, C Q,

F(S1NSe) + f(S1USy) < f(S1)+ f(S). (2.13)

In other words, as described by Nemhauser et al. [23], a set function f : 29 —
R is submodular if for all subsets S; C Sy C Q, and s € Q \ Sy it holds that
f(S1Us)—f(S1) > f(SaUs)— f(S2). There are primarily two types of the submodular
function: monotone and non-monotone. In this work, the monotone submodular

function will be taken into account.

Definition 2.6. (Monotonicity) A function f : 22 — R is monotone if for every

subset S; C Sy € Q, f(S1) < f(S2).

Note that a function f is monotone iff its first derivative (which is not necessarily

continuous) does not change the sign [24].

2.8 Summary

In this chapter, the fundamental theories of the GP, the GMRF, Voronoi cell, and
submodularity function have been covered. Furthermore, the GP regression, a key
basis for predicting the environmental field, has been reported. A network model of
mobile sensing agents and cooperative movements of these sensors have been suc-
cessively outlined. These preliminaries are necessary for reading and understanding

of the following chapters.
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Literature Review

3.1 Introduction

This chapter presents an up-to-date review of the spatial prediction problem by uti-
lizing stationary and mobile robotic wireless sensor networks. First, the problem
of selecting the best subset of stationary wireless sensors monitoring environmen-
tal phenomena in terms of sensing quality is surveyed. Then, predictive inference
approaches and sampling algorithms for mobile sensing agents to optimally observe

spatially physical processes in existing works are analysed.

3.2 Sensor Selection in SWSNs

There is a rich literature on the selection of sensor observations for the purpose
of coverage [25-27], target tracking and localization [28-30], signal estimation [31],

event detection [32], and spatial prediction.
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3.2.1 Criteria for sensor selection

In statistics, selecting observations has been considered as an experimental design
problem [33-36]. The design objective is to derive the deployment of sensing devices
by the use of model uncertainty, which could be formulated by complicated statistical
techniques. The optimality criteria were constructed based upon the properties of
the inverse moment matrix. For instance, D-optimality considers the determinant
[37], A-optimality examines the trace and E-optimality calculates the maximum

eigenvalue [34].

Recently, research attention to the sensor selection has concentrated on select-
ing observations in order to maximize the quality of parameter estimation [38-42]
with a special focus on linear models that are often coupled with a stochastic mea-
surement error term. The sensor selection metric can be formulated in a Bayesian
framework [43] in which it is supposed to have the knowledge prior to carrying out
the experiments. In equivalent words, combining the prior probability distribution
of the parameter space with the observations, the design criteria can be derived. The
sensor selection criteria are also defined based upon scalar functions of the Fisher
information matrix or the Bayesian Fisher information matrix [40]. However, in the
context of spatial prediction, the design objective frequently concerned is the qual-
ity of sensing, which is described as the accuracy of prediction or the uncertainty at
unobserved locations of interest, after the observations are made. This requirement

has been utilized to develop information-theoretic criteria [14, 44-50].
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3.2.2 Algorithms for sensor selection

In terms of sensor selection algorithms, one can simply process all direct enumera-
tions of (Z) possible choices and pick the best subset of k£ sensors out of n potential
ones having the minimal prediction error. It can be seen that this straightforward
approach has practical implications depending on the values of n and k and thus
motivates more structured methods. In [51, 52], the global optimization techniques
such as branch and bound were employed to exactly solve this problem. Never-
theless, since the sensor selection problem, which can be viewed as a combinatorial
optimization problem, is NP-hard [53, 54|, these accurate approaches are often com-
putationally intensive [55], even with modest values of n and k, and not attractive

in real world solutions.

In an effort to improve the model parameter estimation, there have been some
interesting methods proposed. For instance, in [38], Joshi et al. proposed the heuris-
tic method based on convex optimization [33] for the sensor selection problem. The
heuristic approach in [38] utilizes a relaxation technique to convert a discrete opti-
mization problem of sensor selection into a continuous optimization problem. Gupta
et al. [56] in their work represented a stochastic sensor selection algorithm that se-
lects sensor locations randomly by the use of a probability distribution. Maximum
information in the estimation of the state variables can be obtained by a mixed-
integer semi-definite program approach [48]. In [41], a binary particle swarm opti-
mization technique was employed to choose a subset of sensors so that the error in

parameter estimation is minimized.

Based on Bayesian experimental design, the information-theoretic approaches
such as entropy [57] or mutual information [58] were proposed to consider the pre-

diction uncertainty of the random variables at unobserved locations in space. The
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greedy heuristic algorithms based on these information-theoretic models together
with Gaussian processes proposed by Cressie [12]| can obtain near-optimal solutions
for the sensor selection problem. These algorithms were demonstrated in the works
[14, 44-46, 53, 59, 60]. The premise behind the entropy approach is to minimize
the uncertainty of conditional entropy of unobserved locations, given observations.
Under Gaussian assumption, Ko et al. [53] proposed a greedy suboptimal algorithm
by reorganizing the maximization of joint entropy of a chosen set as maximizing the
determinant of the covariance matrix of random variables at chosen locations. How-
ever, as shown in [60], the entropy method tends to pick locations along the border
of interested space causing sensed information waste. To address the drawbacks of
the entropy approach, Guestrin et al. [60] and Krause et al. [14, 44-46] proposed
a new method based on the mutual information. In this method a subset k from
potential n sensor locations is selected such that the mutual information between the
selected subset and the rest of the sensor locations is maximal. In the context of the

sensor selection problem, this maximum mutual information is obtained indirectly.

The greedy approximation [61] is a simple, but often used, algorithm for combi-
natorial optimization problems which can be directly applied in the sensor selection
problem. By building up a solution piece by piece, the greedy approximation algo-
rithm may complete the computational tasks in a few seconds. In every iteration,
one sensor is chosen and moved to the selected set. Once a sensor is moved to the
selected set it is impossible to remove it from the selected set during later itera-
tions. Nevertheless, this prime disadvantage of the algorithm voids the solution to
reach optimal values. Another prominent heuristic algorithm to solve combinatorial
optimization problem is the genetic algorithm. The genetic algorithm imitates the
evolutionary process of nature in which a solution deputizes for the organisms’ ge-

netic string. Yao et al. [62] in their work illustrated the use of the genetic algorithm
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to solve the sensor placement problem. Such an approach, however, can be very
expensive for some computational costs when going over a population of individuals

[63)].

3.3 Sensor Placement in MRWSNs

In the wireless sensor network and robotic research community, mobile robotic sen-
sor nodes have attracted much recent attention due to their vital impact on appli-
cations such as surveillance, environmental monitoring, wildlife detection and urban
search and rescue operations [64]. The mobile ability of robotics can be utilized
to improve performance in WSNs such as node localization, data collection, data
aggregation and detection and reaction of failed nodes. For instance, in [65], with
characteristics of miniature size, lower cost, low power and simple fabrication, Robo-
mote, a tiny mobile robot, is considered as a necessity for establishing a large-scale
distributed network of mobile sensors. An inexpensive and mobile modular robot
named CotsBots developed by Bergbreiter et al. in their work [66] can also be
used for the purpose of integrating the robots into a sensor network environment.
Another robotic platform, MICAbot, was designed for large-scale mobile sensor net-
works, where considerations involved focus on cost, size, functionality, modularity

and structural stability [67].

With robots embedded in the sensor network, mobile robotic wireless sensor
nodes provide a considerable benefit to connectivity, cost, reliability, and energy
efficiency throughout the network as compared with a stationary wireless sensor
network [68, 69]. Furthermore, the mobility of wireless sensors allows enhancement

of the connectivity in a sparse WSN. For instance, in [70], mules are proposed to pick
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up data from wireless sensors when they are in close range, to buffer it and to drop
off data to the wired access points. Authors in [71] propose to move mobile sensors in
the area of deployment as intermediate locations. However, the most widely utilized
advantage of mobile robots in the WSNs is to efficiently improve data collection [72—
75]. The combination of the new paradigm brings in new opportunities to reduce and
better distribute the energy usage within the network. Particularly, mobile agents
have the potential to decline the number of hops in data transmission, which justifies
the reduction of energy used to transmit the data and avoids the funnelling effect in
centralized WSNs. In addition, there are other benefits of employing mobile robotics
to address many of the critical issues in the WSNs, such as service [64, 76, 77], data
aggregation [78], coverage [79, 80|, localization [81], target detection [82], fault-

tolerance [83], navigation [81] and path planning [84].

3.3.1 Sensor placement in WSNs

The term sensor placement has been used in various contexts of the WSNs. For
instance, in the work by Fletcher et al. [76], an algorithm named Randomized
Robot-assisted Relocation of Static Sensors (R3S2) is proposed to utilize mobile
robots for the purpose of servicing the WSNs. Specifically, in R3S2, robots travel
around the network to discover sensing holes that are not being covered due to
unpredictable node failure, then move redundant sensors to the uncovered area.
Similarly to the work [76] in terms of servicing systems, authors in [77] examine
robot task allocation and robot task fulfilment in wireless sensor and robot networks.
For example, the network will organize a group of robots to achieve a desired goal,
while other moving robots will recharge batteries on the nodes in the regions of

the network. Moreover, there are algorithms proposed in [85, 86] for placement of
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relocatable nodes in order to improve network connectivity. Considering a large-
scale static WSN, [83, 87| propose approaches that also employ mobile robots to

detect and report failed sensors and then replace these broken nodes.

3.3.2 Sensor placement for spatial prediction

In the context of spatial fields, the sensor placement problem for predicting the
spatial phenomena has been investigated, which has considerably contributed to a
number of interesting approaches and algorithms. In what follows, related works
of sampling strategies for the MRWSs in the spatial prediction are summarized.
In [88], locational optimization had been proposed in optimizing the mobile sensor
network locations with respect to a known event probability density in the spatial
environment. However, physical processes are not known a priori, and a density
function can be only established when measurements are to be taken. Leonard et al.
[89] employed a linear model to predict an ocean field and proposed a performance
metric that minimizes uncertainty in a model estimate of the sampled field to derive
a parameterized family of paths for the mobile sensor networks. By combining with
coverage control [88], Martinez [90] derived a distributed prediction scheme based
on a nearest neighbour interpolation approach for field estimation in mobile sensor
networks. The primary disadvantage of the linear models in both [89] and [90] is that
the model parameters must be known a priori. In terms of the compressive sensing
framework, Huang et al. [91] maximized the entropy of next measurements to find
the next most informative positions for networked mobile sensors to reconstruct an
unknown sensing field. By defining a graph whose vertices and edges are considered
as a single robot’s visiting locations and moving paths, respectively, a path planning

algorithm for a mobile robot was proposed in [92] so as to maximize information

36



Chapter 3. Literature Review

gained from measurements of a spatio-temporal phenomenon. Ouyang et al. [93]
utilized a Dirichlet process mixture of Gaussian processes to model the continuous-
valued spatial field and then proposed a decentralized multi-robot Bayes-optimal
active learning policy for multiple robotic sensors so that the most informative par-
titions of a non-stationary phenomenon are to be sampled. The policy is then
resolved by a greedy algorithm. In [94], La et al. used consensus filters to propose
a distributed sensor fusion algorithm for multiple mobile sensor nodes to automati-
cally adjust their movements to obtain quasi uniform confidence of estimating and
mapping a scalar field. By utilizing a Kalman filter for a downsampled system, [8]
has developed the optimal sampling strategies in order to balance the estimation

quality and the sensor network lifetime.

In terms of statistics, the spatially environmental phenomena are efficiently and
effectively modelled by the Gaussian processes (GPs). Therefore, Suh et al. by their
work [95] represented an environmental monitoring navigation strategy for a sensing
robot, in which the information gain along the robot’s trajectory is maximized. Con-
sidering a team of sensing agents, Graham et al. described the random field models
by tools from geostatistics, that is Kriging, and proposed to utilize either a known
[20] or an unknown [96] covariance function. The sensor network includes static
computing nodes and mobile sensing agents taking measurements of a random pro-
cess. The static nodes compute the gradient of variance and send control commands
to robotic sensors. Nevertheless, in [97], maximizing joint entropy of measurements
in a distributed fashion was investigated to consider the adaptive sampling paths,

where motion coordination was designed based upon Voronoi partitions.

Popa et al. proposed extended Kalman filter [98] and non-linear extended

Kalman filter [99] based adaptive sampling approaches to optimally estimate the
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parameters of distributed variable field models. These schemes also aim to decline
the uncertainty in the knowledge of a linear-in-parameters field distribution (linear
model). Choi et al. [100] introduced a Kalman filter based technique to learn the pa-
rameters of a physical spatio-temporal process model and then presented criteria to
navigate mobile sensors throughout an environment in order to maximize a specified
performance. In [101], the authors delineated an objective function of a trajectory
optimization problem for robotic wireless sensors as a deterministic optimal control
problem. In other words, the objective function is imposed on minimizing the vari-
ance of the estimate of the environment, which is eventually resolved by a dynamic
programming algorithm. Euler et al. in their work [102] introduced a sampling nav-
igation scheme for a group of unmanned aerial vehicles to simultaneously observe
multiple concentration levels of an atmospheric plume. The authors incorporated
the estimations of the concentration into the uncertainty at these levels to find out
the optimal sampling locations. Wu et al. [103] proposed a switching scheme for
a team of mobile sensors to switch between individual exploration and cooperative
exploration as they were exploring an unknown environment. It is proposed that the
density field is defined by mapping uncertainty, it changes with every measurement
taken; a symmetry-preserving coordinated motion strategy for sensing agents was

delineated in [104] to provide optimal measurements.

Cortés in [105] developed a distributed Kriged Kalman filter for robotic wire-
less sensors to predict the field of interest. A consensus algorithm is implemented
on new measurements to calculate state predictions of the field. A gradient based
controller was designed to drive the mobile wireless sensors to take optimal samples
so that the variance of the estimate error is decreased. In [106], Oh et al. proposed

a distributed learning algorithm for robotic sensing systems, called cross validation.
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In this proposition, each mobile sensor learns model parameters using its own mea-
surements and sends the learned parameters to other sensors to validate until all

mobile sensors share the best fitness results.

Xu et al. primarily used the GP regression for estimating and predicting the
generally scalar field and designed optimality criteria based on the Fisher information
matrix [107] and the average of the prediction error variances [108], [109] for the
optimal sampling paths of the MRWSNs. A maximum likelihood recursive filter is
proposed to learn unknown model parameters for the covariance function as well
as the basis functions. More specially, in [109], a theoretical foundation of the GP
regression with a subset of measurements is derived for the MRWSNs. Based on this
proposition, a gradient descent based algorithm is delineated to manage the sensing
robot coordination. The authors in [110] introduced the Bayesian optimization based
technique for the purpose of choosing the much more relevant informative locations
for the MRWSs in the GP modelled field. Moreover, a new utility function based on
travelled distances of the MRWSs was also proposed to be used indirectly in trade-
off between the exploration and the exploitation of the mobile sensors. However,
so far, to the best of available knowledge, there have been no existing works which
analyse the bounds of solutions and the computational complexity of the algorithms

in resource-constrained MRWSNs.

3.4 GMRF for Spatial Prediction

With respect to the GP model, the computational issues have always been a bottle-
neck, since the computational complexity of factorizing dense covariance matrices

is cubic in dimension, which is known as ”the big n problem” [111]. In the context
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of statistics, this challenge has been dealt with by a reduced-rank approximation
of the Gram matrix [112], a sparse greedy approach [113], and a sparse GP [114].
Recently, [109] proposed an approach to diminish the computational complexity
of a large dense covariance matrix by shortening mobile sensor observations. The
disadvantage of this method is that the model parameters need to be known in ad-
vance. Other efforts are to represent a continuously spatial process by a discretely
indexed Gaussian field. In other words, [115-118] have attempted to enhance the
computational complexity in modelling the spatial field by replacing the GP by a
computationally efficient Gaussian Markov random field (GMRF) [15]. The GMRF
is considerably specified by a sparse precision matrix that makes it substantially ad-
vantageous to effective computation. The sparsity property of the precision matrix
is constituted by a conditional independence concept in which conditional distribu-
tion of every random variable only depends on its neighbours. As a consequence,
the sparsity of the precision matrix allows the GMRF to have received more and
more attention for resource-constrained MRWSNs as compared to the standard GP
[101, 119-122]. In their work [101], Ny et al. introduced an estimator by the
use of the Kalman filter, where the sensor trajectory optimization problem based
upon an information criterion is in turn a deterministic optimal control problem.
In addition, [119] represented an approach in which the physical phenomenon of
interest is regularly discretized and modelled by a GMRF. In this proposition, the
hyperparameters of the GMRF model are supposed to be known and chosen with a
support. The authors in [122] introduced a new class of a GP built on a GMRF for
modelling the spatial process. Nonetheless, this technique proposes a model with a
known precision matrix. More interestingly, Jadaliha et al. [120] investigated the
GMRF to tackle the simultaneous localization and spatial prediction problem in a

fully Bayesian fashion. These authors also considered localization uncertainty of the
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mobile sensing agent in the spatial prediction utilizing the GMRF' in another work
[121]. However, the approaches proposed by the works [119-122] are limited to a
representation of a regular lattice, which requires the model parameters to be known

a priori.

3.5 Summary

In this chapter, a detailed literature review on the spatial prediction by the utiliza-
tion of the WSNs has been given. Various criteria for the sensor selection problem
in the SWSNs have been proposed, which have been then addressed by different
approaches, in the literature. Many other methods to resolve centralized and dis-
tributed spatial prediction issues and to find the sampling paths for the MRWSs in
the sensor placement problems have been introduced. Some disadvantages of the
existing techniques have been also analysed. However, there are some main prob-
lems that have not been comprehensively considered in the literature such as the
accuracy of the prediction results, the computational time of finding the efficient
sampling paths for the MRWSNs, and the computational complexity of factorizing
the covariance matrix in the GP regression. Meeting these challenges is the main
focus behind the contribution of proposals in this thesis. In the next chapters, these

contributions are contemplated in more detail.
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Sensor Selection for Spatial

Prediction

4.1 Introduction

In most existing works of the spatial prediction in the literature, the sensor selection
problem has been indirectly resolved based upon various criteria such as minimizing
the errors of the parameter estimation [38, 43, 56], maximizing the mutual informa-
tion gained from measurements [14, 44-46, 60] and maximizing the largest entropy
reduction in the estimates of the state variables [48]. However, the direct criterion
in estimating the quality of sensing which demonstrates the prediction errors at
unobserved locations of interest has not been fully considered. In this chapter, a
novel performance metric for the sensor selection problem is proposed which reflects
the root mean square error (RMSE) for each predicted location and is defined as
an average RMSE (ARMSE). Moreover, a simulated annealing based algorithm for

selecting sensor locations that minimizes the ARMSE in all unobserved locations of
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interest is also presented. This novel and efficient algorithm starts by selecting a
potential subset of cardinality k& from the entire population of sensor locations. After
that, it iteratively attempts to substitute the members of the selected subset by its
neighbours according to the optimization criterion. Importantly, in each iteration,
the algorithm selects the neighbours of a given member of the selected subset based

on Euclidean distances which guarantees the full coverage of the space.

Another important contribution in this chapter is the first stage of considering
the sensor selection problem in constrained environments. Particularly, a case study
was conducted on the data generated by the wastewater model developed by Sydney
Water. In this work, it is proposed that the gas phase HyS monitored is modelled
using a Gaussian process (GP) [13], [12], a nonparametric Bayesian technique for
modelling spatially correlated data. In fact, GP relies on correlations among all
nearby observations in a free space. Nevertheless, in the gravity sewer system,
the HyS in the air is constrained by the sewer pipe itself that prevents it from
interacting with some of its spatial neighbours in direct distances. Therefore, in this
study, an improved covariance function is computed based on a distance between two
locations computed along the lengths of a sewer system. More importantly, since
there has been a limited number of gas sensors, it is essential to position the HyS
sensors in the optimal locations in the sewers to capture the HsS most effectively,
which eventually influences the accuracy of predicting the gas phase HsS. Since each
gaseous sensor location has only two upper-stream and down-stream neighbouring
sensor locations affecting directly on it, the simulated annealing based algorithm,
which is characterized by the neighbouring replacement, is not suitable to resolve
the problem of selecting the HsS sensor locations. Therefore, an efficient approach

based on mutual information, a concept from information theory, is proposed to find
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the best (most informative) sensor locations out of possible points along the sewer

pipes.

The structure of this chapter is arranged as follows: In Section 4.2, a model
is introduced for spatially physical fields that are developed based on a GP basis.
A technique which illustrates how model parameters and hyperparameters to be
learned is also described in this section. Section 4.3 firstly discusses a new criterion
of how to choose a subset of sensors among important but expensive observations
gathered in an environment that is represented in a free space. A novel algorithm
based upon simulated annealing is then proposed to address the sensor selection
problem in a near-optimal yet very efficient and effective fashion. In addition, an
approach which is proposed to select the best sensor locations in a boundary con-
strained field of the gas HyS in the sewer system is considered in Section 4.4. A
modified GP based model for this particular spatial problem is also presented and
analysed in this section. The proposed sensor selection approaches for unconstrained
and constrained environments are extensively validated in Section 4.5. Section 4.6

summarises the chapter.

4.2 Spatial Field Model

In the spatial field of interest Q@ C R?, let spatial locations within Q denote as v :=
(v ol .. vT)T € R, The data consists of one measurement taken at each observed
location in v. Let a random vector y(v) denoted by y(v) := (y(v1), y(v2), ..., y(vn))T €
R" describe a vector of measurements. In this study, it is supposed that v;,i =
1,...,n varies continuously through Q. The spatial field model is a summation of

a large scale component, a random field and a noise. The noise is supposed to be
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independent and identically distributed (i.i.d.). Hence, the model is defined by
y(vi) = X (v;)B + &(vi) + £(vi), (4.1)

where X (v;)f is the expectation of y(v;), which is also referred to as a spatial trend
function. Particularly, this function is frequently derived through a polynomial
regression model, for example a constant, first, or second order polynomial function.
X(vi) = (1, X1(v4), ..., Xp—1(v;) € RP is a spatially referenced non-random variable
(known as covariate) at location v;. 3 = (B, B, ..., Bp—1)T is an unknown vector of
mean parameters. For instance, it is assumed that v; € R?, that is v; = (v;1, Vi2),
the second order polynomial expectation is dependent on the coordinates of a sensor

location, specified by

X (v;)B = Bo + Brva + Pavia + 53%21 + 54%-22 + B5vi1vi2. (4.2)

Therefore, X (v;) = (1, vi1, viz, v}, V5, vi1vi2). (v;) ~ N (0, cov(v;, v)) is a stationary
GP as presented in the Section 2.3.1, and £(v;) is a noise with a zero mean and an

unknown variance 72

. cov(v;,vj) is the covariance function. There is a family of the
covariance functions [17]; nonetheless, there are most frequently utilized covariance
functions including the squared exponential function that has been introduced in

Section 2.3.1 and the Matérn function specified by

cortiny) = o (L) i, (Ll (43)

where v is the Matérn smoothness, K, denotes the modified Bessel function of second

kind and order v > 0.
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Let 0 := (0%, ¢,7%) € R%, denote a hyperparameter vector. The mean param-
eters § and hyperparameters 6 that are hereafter called model parameters of the
spatial field model can be estimated by utilizing the maximum likelihood approach

[5]. Rewriting the marginal distribution of y(v) given model parameters yields
y()lo®,¢,7%, 8 ~ N(X(v), Xy + 7°1), (4.4)

where X (v) is an n X p matrix of covariates. %, is an n X n covariance matrix
whose elements can be obtained by cov(v;,v;). For the sake of simplicity, it is

denoted X := X, + 721. As a result, the log-likelihood function can be obtained by
1 _
£(0,8) = —5{(y(v) = X(©)8)'= 7 (y(v) — X(v)B) + log det(%) + nlog(2m)}.
(4.5)

Suppose that 6 is given, S will be the only variable. Thus, it is recognized that the

log-likelihood function obtains the maximum value at

~

B= (X)X () X (v) 5y (v). (4.6)

However, in fact 6 is not known; by substituting B into the log-likelihood function
and numerically optimizing this function with respect to o2, ¢ and 72, the estimated

6 can be obtained. Eventually, B can be computed by the back substitution of 0.
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4.3 Sensor Selection in Unconstrained Environ-

ment

In this section, selecting the best subset of sensor measurements of a spatial field in a
free space will be discussed. By exploiting the rich properties of the GP, an efficient
metric, the ARMSE, is first derived to estimate the prediction error. Then, the
proposed simulated annealing based efficient search and replace algorithm seamlessly
changes the members of the selected sensors to orderly represent the entire space.
These two together establish an efficient and highly accurate solution to the sensor

selection problem in an unconstrained environment.

4.3.1 Metric for sensor selection

Consider a two dimensional sensor network that has a V, |V| = n, set of possible
locations, which provide point measurements of some physical quantities. Sensor
selection addresses the problem of choosing a subset, S C V, at which the subset of
the measurements can closely represent the distribution of the physical quantity in

the whole space.

Let V := {vy,09,...,u,} denote a set of locations. The cardinality of S is also
defined as k. For any subset S, let ys denote the collections of observations at
locations in S. In addition, take into account U = V\S as the set of all elements in V
but not in &, and 2, is a vector of random variables over these unobserved locations.
As described in Section 2.4, the joint distribution of ys and z;; are Gaussian. As a

result, the posterior distribution of 2, conditioned on ys, zys, turns out to be
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tgs = X (U)B + Sus(Tss + 7°1)ys — X(S)B), (4.7)

and

Suis = S — Sus(Bss + 1) s, (4.8)

where fi4s and Ys are mean vector and covariance matrix of zys. X (S)B and
X(U)P (Xss and Yyyy) are expectation vectors (covariance matrices) of ys and zy,
respectively. Yys(= Egu), are cross-covariance matrices between z;; and ys; and [

is an k x k identity matrix.

The quality of prediction is generally measured by calculating the errors at
unobserved locations. Therefore, the goal is to select a subset S C V so that it
will minimize a certain measure of prediction error at unobserved locations, given
observations ys. A typically used function of estimation error is the mean square

error. Specifically, it is given by

MSEU|S) = E[(zu15 — 2u)?).- (4.9)

Assuming that to be an unbiased estimator (which is the case in GP regression),
the mean square error can be estimated to be the variance of zys [123]. Therefore,

MSE(U|S) can be calculated by

MSE(U|S) = tr(Suy — Sus(Zss + 721) ' Ssy). (4.10)

This equation can be reformulated to reflect the root mean square error (RMSE)

for each predicted location. Further, an average RMSE (ARMSE) is defined, by
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normalizing it with U] that is,

1
ARMSE(Z/”S) = \/ tl"(zuu — ZZ/{S(ESS + 72])_1251/1). (411)

2]

Now the aim is to minimize the ARMSE in unobserved locations. Therefore, the

objective function for the sensor selection problem is specified as

1
minimize \/Wtr(EuM — Yys(Bss + 721) 18 sy) (4.12)

subject to S C V

S| = k.

This cost function can be solved by employing optimization techniques for set
function minimization, where S and U are set variables. According to [53], it can be
seen that the minimization (4.12) is NP-hard. Therefore, it is proposed to address
this optimization by a new and efficient simulated annealing based algorithm. Note
that the objective function (4.12) depends only on the covariance matrices. However,
(4.8) shows that covariance matrices are completely independent from the observa-
tions. As a result, the optimization problem in sensor selection can be performed

even before deploying the sensors.

4.3.2 Simulated annealing based sensor selection

In the following discussion, the concept of mapping the metal annealing in the
physical process to the simulated annealing (SA) approach is reviewed. Then, how
the SA method can be utilized to address the sensor selection problem is analyzed

and discussed .
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4.3.2.1 Simulated annealing technique

Simulated annealing technique [63] is derived from the process of forming metal crys-
tal from metal liquid, which is known as annealing. The annealing allows the metal
to rearrange free atoms in a molten state into a crystal lattice when the tempera-
ture goes down. The quality of the crystal substantially relies on the cooling process.
In particular, if the molten metal is cooled at a very fast rate, the crystallization
gets out of equilibrium and causes defects inside the material. Nonetheless, if the
temperature is reduced gradually in a carefully controlled manner, the solidification

corresponds to the state of minimum internal energy for the metal.

Based upon an analogy of the thermodynamic process of the annealing, the SA
algorithm is proposed to find a minimum in the optimization problem. Kirkpatrick
et al. [55] employed the SA method to address combinatorial optimization problems,
where a set of slowly controlled cooling iterations was exploited to make a minimized
function obtain an optimal solution. Unlike a normal search approach such as the
gradient descent that may lead the optimization problem to a local minimum since
the solution is only disturbed in the direction of reducing cost, the SA approach
can sometimes interchange the current solution with a new yet worse solution. This
uphill movement probably helps the solution jump out of the local minimum and

continue to find the global optimal value.

Despite the fact that the SA algorithm can be considered as a random heuristic
search method that is not guaranteed to find the optimum, it still provides acceptable
solutions within the limit of time and computer memory requirement. An acceptable
solution relies considerably on how to simulate the thermal annealing of critically
heated solids to reach to the lowest internal energy state for the metal, which is

accompanied by a slowly sufficiently controlled cooling rate. The SA approach has
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been used in solving nonlinear [124], multiobjective [125], and combinatorial [55]

optimization problems with great success.

4.3.2.2 Simulated annealing based algorithm

The aim here is to choose the best subset S of k£ sensors from a given set, V. This
could be achieved by using the SA algorithm with the objective function (4.12) as

given in the algorithm 1. In this case, let S be defined as S := {sy, o, ..., Sg }-

At the beginning, in physical annealing terms, the system is in a high internal
energy state, which is equivalent to a large value of ARM SE(U|S). In each iteration,
one neighbour subset of the current subset & will be chosen randomly, and the
objective function will be repeatedly calculated to obtain a new solution for the
minimum value. This procedure will be repeated for all the k x ¢ iterations at each
temperature, where ¢ is a predetermined number of locations randomly chosen from
all neighbours of s; € S inU. After completing ¢ iterations corresponding to point s;,
the algorithm executes another q iterations for location s;;1 € S. In every iteration,
after calculating the new value of the objective function from the new subset S, A
of the objective function (OF") will be evaluated based on the difference between its

new and old values as

A = OF ey — OF 4. (4.13)

If A is less than or equal to zero, then the new subset S is accepted as a
starting solution subset in the next iteration. Otherwise, whether S is accepted or

not depends on a probability function

P(Snew) = exp <—?) , (4.14)
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Algorithm 1 Proposed simulated annealing based algorithm for sensor selection
Input:

1. Set of potential locations V
2. Number of selected sensors k
3. Temperature, T', cooling rate «

4. Choose randomly an initial solution subset S from V), calculate the objective
function (4.12) and keep the objective function value as an optimum

Output:

1. Selected subset S

1: while T is not sufficiently small do

2 for i =1 to k do

3 Find neighbour points of s; € S in V

4 for j=1toqdo

5: Choose randomly a neighbour point of s;

6 Replace s; by this point in §

7 Repeatedly calculate the objective function (4.12)
8 Evaluate the change in the objective function

9: A OFnew — OFold

10: if A <0 then

11: Accept new subset S

12: if OF,., < optimum then

13: Optimum <+ OF,,.,

14: Optimal subset < new subset

15: end if

16: else

17: Generate a random number p in (0, 1)
18: if p < p(Snew) = exp (—%) then

19: Accept new subset &

20: else

21: Reject the randomly chosen point
22: Keep the old subset S

23: end if

24: end if

25: end for

26: end for

27: T+—axT

28: end while

29: ARMSE < optimum
30: & < optimal subset
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where T is a temperature parameter. This implies that if p(S,.,) is greater than
the value of a randomly generated number in the interval (0, 1), then the new subset
S is accepted; otherwise, it is rejected, and the old subset S is kept for the next

iteration.

In the SA approach, the convergence of the algorithm relies considerably on
choosing and controlling the parameters such as temperature 7" and cooling rate .
For example, at the initial iterations, owing to high temperature, the probability for
a solution escaping from a local minimum is high. When the temperature gets lower,
the ability of an uphill move is less. Hence, the slow reduction of the temperature
might help the solution jump out of many local minima. In the implementation, the
initial temperature 7' is chosen by averaging five values of the objective functions
calculated from five randomly selected subsets; the cooling rate is empirically chosen

to be 0.8.

The effectiveness of the proposed approaches will be demonstrated in Section

4.5.

4.4 Sensor Selection in Constrained Environment

This section proposes a data driven sensor selection approach for spatial prediction of
hydrogen sulphide (H3S) in a gravity sewer system. The gaseous H,S in the overhead
of the gravity sewer is modelled using a GP with an improved covariance function
due to the constraints of sewer boundaries. The covariance function is proposed
based on the distance between two locations computed along the lengths of the
sewer network. An efficient mutual information based sensor selection algorithm is

also presented to estimate the number of the most informative sensor observations
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and their locations to guarantee a required prediction error. The proof-of-concept

study discussed here is the first stage of assessing the model.

4.4.1 Spatial modelling of Hydrogen sulphide

The production and emission of hydrogen sulphide (H5S) in the air leads to corrosion
problems in a sewer network [126] and also gives rise to foul smells adversely affecting
any exposed communities [127]. In general, HyS is generated under anaerobic condi-
tions in which the sulphide is formed by bacterial reduction of sulfate in the wastew-
ater [128]. The gas phase HsS is emitted from dissolved sulphide in wastewater in
gravity sewers and depends on a variety of factors such as velocity of wastewater flow,
pH, discharge of industrial wastewater, sulfate, temperature and electron acceptors
[129]. With geographical features and year round warm climate, many countries are
facing sewer corrosion and odour problems [130]. In Australia, several millions of
dollars per year are spent on asset renewal and mitigation [131]. Therefore, in order
to mitigate the sulphide related issues in a sewage system, monitoring and predicting
H,S in the sewers are very important. In [132], Hvitved-Jacobsen et al. developed
the Wastewater Aerobic/Anaerobic Transformation in Sewers (WATS) model that
accounts for the impact of a carbon source on sulfate reduction. However, this model
has not included coordinates of locations into the prediction function. Sharma et al.
[128, 129] considered the WATS model under conditions of the biological, physical
and chemical changes. The standard method in industry to monitor HyS dissolved
in the wastewater is to collect and determine soluble HyS in the wastewater samples
and on-line monitoring of the gas phase HyS [130]. In general, the methods in liter-
ature require an in-depth understanding of the mathematical models. Additionally,

these methods involve highly complex computations.
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In this subsection, the data driven machine learning approach is described for
predicting HyS concentration in gravity sewer systems. The uniqueness in this
method as compared with the traditional techniques of the spatial prediction such
as in geostatistics is the constraints imposed by sewer boundaries (HyS flow is con-

strained by a sewer pipe network as demonstrated in Fig. 4.13).

4.4.1.1 Hydrogen sulphide model as a multivariate normal distribution

Consider a network of n gas sensors that are deployed in a sewage system (Fig.
4.13) for monitoring gas phase HyS. Let S := {s1, s2, ..., s, } denote a finite set of
spatial sensor locations within a region @ C R%. Let y(S) := (y(s1),y(s2), ..., y(sn))T
define a vector of the HyS measurements. The sensor selection problem allows it to
predict the HsS concentration at one of the sensor locations given the other sensor
observations. In order to do this, the joint probability distribution needs to be

known. In this consideration, it is assumed that the HyS contents have a multivariate

Gaussian distribution [123], specified by

1 1 Ty—1 _
PU(9) = e (~50(9) - o) SRLS) ~4)) (019

where pg is a mean vector and Ygg is a symmetric positive definite covariance matrix.

Moreover, since the multivariate normal distribution has a marginalization prop-
erty, the joint probability distribution on the HyS contents at any subset, C' C S is

also normally distributed.
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4.4.1.2 Spatial distribution of hydrogen sulphide model using Gaussian

process

The sensor is required to predict HoS concentration not only at sensor locations but
also at unmeasured locations. To this end, it is proposed to utilize the GP regression
approach (in Section 2.4). In this chapter, the model of the HyS measurement

consists of an unobserved random field and a noise as follows.

y(s;) = z(s;) + e(si), (4.16)

where z(s;) ~ GP(m(s;),cov(s;,s;)) is a GP comprehensively defined by a mean
function m(s;) and a covariance function cov(s;,s;). €(s;) is a noise with a zero

mean and an unknown noise variance 72.

In this case, the mean function of second order polynomial on the coordinates

is employed as defined in (4.2),

m(s;) = Po + B1si1 + Pasiz + /3)38121 + 545?2 + B55i15i2, (4.17)

where s; := (8;1, 8i2).

The covariance function has been chosen from the family of the covariance func-
tions [17], for example the Matérn function (4.3). It can be clearly seen that elements
in the covariance matrix are principally dependent on correlations among all nearby
measurements. Nevertheless, in this research, the amount of the gas phase HyS in a
large sewer network does not necessarily correlate in the same way. This can be ex-
plained by the constraints of the sewer boundaries in which H,S is restricted to flow

freely from one section to another if they are not directly linked as demonstrated
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in Fig. 4.1 For instance, two points A and B are very close in terms of Euclidean

Figure 4.1: Boundary constraints in a sewer system: Although A’ and B’ are
proximally located, the HoS contents are ”isolated” from each other.

distance in space; nonetheless, the dependence between two random variables at
these locations is mainly trivial. As a result, it is improved a covariance function
with which the GP can be utilized to train a model of the HsS concentration and to
spatially predict this gas phase HyS at any unobserved locations in a sewage system.
Given HyS measurements, a GP model of the gas phase HsS in a sewer network can

be trained by employing the covariance function

l2
cov(s;, s;) = o exp <_ﬁ) , (4.18)
I

where [ is a distance between two locations s; and s; computed along the lengths
of sewer pipes, and ¢; is the length-scale learned corresponding to [. Notice that in
order to use the covariance function (4.18) in modeling the HyS, it is assumed that
the HyS contents at points which are close in the pipes are likely similar and that
the prediction at a point is dependent on information of measurements collected at

points around it.

Remark 4.1. The distance [ is always greater than or equal to the distance between
two locations s; and s; which is computed in a free space. In this work, a covariance

function based on the squared exponential function is used. However, covariance
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functions based on other functions such as Cauchy, exponential, cubic, spherical can

easily be derived. [ |

Note that all the model parameters o2, ¢;, 7> and 3 are unknown a priori but

can be obtained by maximizing the log-likelihood function as discussed in Section

4.2.

4.4.2 Mutual information based sensor selection

In Section 4.3, a novel approach based on the SA has been proposed to address
the NP-hard sensor selection problem in the unconstrained environment. A typical
characteristic of this SA based algorithm is to iteratively replace the members of the
current selected subset by their neighbours based on Euclidean distance. The more
neighbours each member of the selected subset has, the closer the SA based algorithm
converges to the optimal solution. Nevertheless, considering locations of HsS sensors
inside the sewer pipes, it shows that each sensor location has only two upper-stream
and down-stream neighbouring sensor locations impacting directly on it. Hence, the
SA based approach is not appropriate to address the sensor selection problem in the
constrained environment. In this section, another efficient maximization criterion
for the mutual information technique [14] will be introduced. The proposed criterion
computes the mutual information between the variables at selected sensor locations
and those at a set of unselected sensor locations and unmeasured yet interested
locations that are unlikely within sensor placements. Note that in [14], Krause et
al. only considered the mutual information between the variables at selected sensor

locations and those at unselected sensor locations.
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4.4.2.1 Mutual information function

In information theory, mutual information (MI) is a quantity that measures the
dependency between two random variables [133], [134]. In other words, it measures
how much information is acknowledged in one random variable about another. The
MI between two random variables A and B, denoted as I(A; B), is described as the

reduction of uncertainty about A when B is known and is specified by

I(A;B) = /bEB /aeAp(a, b) log (%) dadb

where p(a,b) is now the joint probability density functions of A and B, and p(a)
and p(b) are the marginal probability density functions of A and B, respectively. It
is straightforward that the MI between two variables is 0 iff the two variables are

statistically independent.

Moreover, the MI can be represented via Shannon entropy, which is a quantity

of measuring uncertainty of random variables, given as follows
I(A; B) = H(A) — H(A|B) = H(B) — H(B|A),

where H(A) and H(B) are the entropies of A and B, and H(A|B) and H(B|A) are

the conditional entropies of A given B and of B given A, respectively.

In a learning task of a selection, if A and B are two physical quantities, 1(A; B)
can be utilized to reflect the amount of information redundancy between them.
Therefore, when the mutual dependence between A and B is high, removing one of
them from a selected set would not have much effect on the solution. This will be

clarified in the following sensor selection problem.
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4.4.2.2 Mutual information based algorithm

Consider the sewage system as a discrete set of locations D = S U U, where S is a
set of possible locations in which sensors can be deployed to observe the HyS, and U
is a set of interested locations in which no HsS sensor placements are available. The
objective of the sensor selection problem is to find the best subset C' C S that can
still represent the distribution of the physical quantity in the whole sewage system
and effectively predict the gas phase HaS at unmeasured locations D \ C. To this
end, it is proposed a new evaluation approach based on the MI to select k most
informative HyS data locations along the sewer pipes that most significantly reduce

the uncertainty about the predictions in the rest of the space of the sewage network.

Proposition 4.2. Given H,S observations and the possible gas sensor locations, the
best k sensor locations of the most informative subset C°?* C S can be determined

by addressing the following optimization problem

CoPt = argmax det(X¢)det(Xp\¢), (4.19)
CCS:|Cl=k

where ¥¢ and ¥p\¢ are the covariance matrices of y(C) and y(D \ C), respectively.

Proof: As the MI criterion discussed in [14], one has

CPh = argmax I(C; D\ C)
CCS:|Cl=k

= argmax H(D\C)—- H(D\C|CO).
CCS:|C=k
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By the chain rule for entropies H(D \ C|C) = H(D) — H(C), therefore

Ot — argmax —[H(D)—- (H(C)+ H(D\ C))]
CCS:|Cl=k

argmin H(D)—- (H(C)+H(D\C(C)).
CCS:|Cl=k

Since H (D) is a constant,

CoPt = argmax H(C)+ H(D\C).
CCS:|Cl=k

As discussed in Section 4.4.1.1, y(C') is a multivariate Gaussian distribution, then

the entropy of y(C') can be computed by
fﬂ@j::%bg@w@hmuzcy
Therefore,
H@»+H@ucn:%bgmﬂz@mmzm@}+mmn (4.20)

where Y¢ and Yp\¢ are symmetric, positive definite covariance matrices of the
random variables at the locations of C' and D\ C. Since the number of the locations
of C is given, the logarithm function in (4.20) is monotonic, which completes the

proof. |

It can be clearly seen that the above combinatorial optimization problem as
proved by Ko et al. [53] is NP-hard. Usually, this issue can be approximately

addressed by employing a greedy heuristic algorithm as shown in Algorithm 2.
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Algorithm 2 Approximately selecting HyS sensor locations in sewers
Input:

1. Set of potential locations D
2. Number of selected sensor locations k
3. Hyperparameters, o2, ¢;, 72

Output:

1. Selected subset C'

C<+—0o
1: while |C| <k do
2: for i =1 to length of S\ C' do
3: s; €8 \ C
4: C temporarily receives s;
5: Calculate ¥¢ and Xp\¢
6: MI <« det(X¢)det(Ep\¢)
7 end for
8: s* «— argmax M [
seS\C

9: C+—CuUs*
10: end while

4.5 Experiments and Results

In order to illustrate the efficiency of the proposed algorithms, the following exper-
iments were conducted using: (a) three real world data sets in unconstrained en-
vironments including dataset 1 - an indoor temperature distribution data set from
the Intel Berkeley research lab [135], dataset 2 - an outdoor rainfall data set from
Switzerland [5], and dataset 3 - an outdoor solid calcium ingredients data set in
Brazil [5]; (b) the HaS data sets generated by the integrated sewer network model

of Sydney Water.

Note that the experimental data does not include temporal variations.
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4.5.1 Unconstrained Environment

For each of the experiments, the parameters (3, 02, ¢, 72) of the GP model were first
learned using the likelihood maximization technique as discussed in the Section 4.2.
In all the implementations, it was assumed that the spatial trend can be captured
by a second order polynomial function that is dependent on the coordinates of the
sensor location, as in (4.2). For the Dataset 1 and the Dataset 3, the isotropic
squared exponential covariance function (2.2) was used; and for the Dataset 2 the

isotropic Matérn covariance function (4.3) was proposed to be utilized.

The proposed SA based algorithm was compared with entropy [53], MI [14] and
direct greedy heuristic methods to find out which method has selected %k sensor

locations out of n possible locations giving minimal ARMSE value.

4.5.1.1 Indoor environment

Y REE B
E:OGSL/\“LE B
o & 2.

% ‘M\

Figure 4.2: A deployment of a sensor network with 54 nodes at the Intel Berkeley
research lab.

The Dataset 1 comprises of 54 sensors deployed in the Intel Berkeley research
lab according to the diagram illustrated in Fig. 4.2. All 54 sensors were utilized to
predict the best possible GP model. The MI and the entropy methods are first used

to select the best subsets with the number of sensors ranging from 1 to 20. The
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Figure 4.3: Average root mean square errors of temperature distribution of the
Intel Berkeley research lab.
computed average root mean square errors (ARMSEs) for these subsets are shown
in Fig. 4.3 with the direct greedy heuristic algorithm and the proposed SA based
algorithm. Fig. 4.3 clearly shows that the SA based algorithm outperforms the en-
tropy and MI approaches. That is because the SA based approach gradually sweeps
the entire space by selecting the best k sensor locations to accurately represent the
whole neighbourhood. The SA based method also outperforms the greedy algorithm
especially with the increase of a number of sensors. As explained in the Section 4.3.2,
it is possible for any sensor location in a neighbourhood to substitute a member in
the selected set satisfying the minimal ARMSE criteria. So during this iterative pro-
cess, the SA based algorithm most likely retains the sensor locations that represent
the neighbourhoods better. Note that performance of the greedy heuristic approach
degrades as the cardinality of the selected subset increases. Intuitively, with larger

selected subsets, there is a higher chance that the algorithm chooses less important
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Figure 4.4: Deploying sensors densely in the center: Square - the locations selected

by using SA based algorithm; diamond - the locations selected by using direct

greedy method; pentagon - the locations selected by using mutual information

approach; and triangle - the locations selected by using entropy technique. X
Coord and Y Coord are in m.

sensor locations during the early iterations to the selected subset resulting in an

apparent performance reduction.

Consequently, the proposed algorithm was tested for two special scenarios gen-
erated from the GP model surface corresponding to the Dataset 1 to analyse the
effects of spatial distribution of sensors. The experiments aimed to evaluate how the
algorithms select sensor locations in the extremely changed deployments. Then, the
distribution of selected sensors was used to compute the accuracy in those studied
cases. For instance, the first scenario was generated by deploying 87 sensors densely
in the center of the space and sparsely in the boundary, as shown in Fig. 4.4. There-
fore, as expected, Fig. 4.5 illustrates that the entropy approach suffers significantly

due to the fact that it tends to select the subset along the border leading to sensed
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Figure 4.5: Average root mean square errors of densely central deployment.

information waste [60]. In contrast to entropy, MI tends to select sensor locations
around the centre. However, SA selects sensor locations considerably sparsely re-
sulting in better collection of sensor measurements to represent the region more

accurately.

The second generated scenario shown in Fig. 4.6 has 54 sensors with most of
the sensors distributed closer to the border. Once again, as illustrated in Fig. 4.6,
the SA based approach picks sensor locations in a distributed fashion to cover the
entire region. Fig. 4.7 shows that the SA based approach significantly reduces the
ARMSE based prediction error compared to all the other tested sensor selection
approaches. This shows that the proposed algorithm is more invariant to the type

of spatial distribution of sensors.
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Figure 4.6: Deploying sensors densely in the boundary: Square - the locations

selected by using SA based algorithm; diamond - the locations selected by using

direct greedy method; pentagon - the locations selected by using mutual informa-

tion approach; and triangle - the locations selected by using entropy technique.
X Coord and Y Coord are in m.

4.5.1.2 Outdoor environment

In these experiments, it is interested to evaluate the performance of the algorithm
using the outdoor data sets (Dataset 2 and Dataset 3) which exhibit considerable
variations. The rainfall data in Dataset 2 varies in the interval of [10, 585] and the

solid calcium ingredients data in Dataset 3 varies in the interval of [28, 78].

Fig. 4.8 shows the ARMSE performance metric under the four different sensor
selection approaches in the rainfall phenomenon. While the accuracy obtained by the
SA based approach is significantly better than that obtained by the entropy based

method, it can be clearly seen that the SA based algorithm outperforms the direct
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Figure 4.7: Average root mean square errors of densely border deployment.
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Figure 4.8: Average root mean square errors of Swiss rainfall data.
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Figure 4.9: Deploying gauges and prediction of rainfall (1/10th of a mm) using
all gauges. (a) Entire 100 gauges deployment throughout Switzerland; (b) Chosen
gauges deployment of 30 sensor locations selected by using SA based algorithm
(square), using direct greedy method (diamond), using mutual information ap-
proach (pentagon), and using entropy technique (triangle); (c¢) Predicted rainfall
means using all gauges; (d) Predicted rainfall variance using all gauges. Colour
bar in (c) represents range of rainfall, but colour bar in (d) describes range of
errors. X Coord and Y Coord are in km.
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Figure 4.10: Comparisons of the Swiss rainfall (1/10th of a mm) predicted means

using 30 best sensors obtained by (a) SA based algorithm, (b) direct greedy ap-

proximation method, (¢) mutual information approach, and (d) entropy technique.
Colour bars illustrate range of rainfall. X Coord and Y Coord are in km.
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Figure 4.11: Comparisons of the Swiss rainfall (1/10th of a mm) predicted vari-

ances using 30 best sensors obtained by (a) SA based algorithm, (b) direct greedy

approximation method, (c¢) mutual information approach, and (d) entropy tech-

nique. Colour bars demonstrate range of errors. X Coord and Y Coord are in
km.
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Figure 4.12: Average root mean square errors of solid calcium ingredient. Results
of the greedy and MI based approaches mostly overlap.
greedy heuristic approach and the MI based method. This result clearly reinforces

the benefits of the SA based algorithm.

In order to understand the rainfall distribution over the entire space, the GP
model was used to produce the posterior mean and variance surfaces. For this, the
geoR package [136] with the isotropic Matérn covariance functions was used. Fig.
4.9a shows the entire sensor population (100 sensors) throughout Switzerland, while
Fig. 4.9b illustrates the selected best subsets of 30 sensors by SA, entropy, MI and
direct greedy heuristic approaches. Fig. 4.9c and 4.9d show the predicted values of
rainfall means and variances for the whole of Switzerland considering all the sensor
readings. Fig. 4.10 (from a to d) illustrates the predicted mean rainfall under the
four sensor selection approaches studied in this work. Fig. 4.11 (from a to d) shows

the corresponding predicted variances for each approach. It can be seen that the
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mean and variance results predicted by 30 selected sensors that are obtained by the
SA based algorithm are very similar when compared to those predicted by all the

sensors. Moreover, the proposed method outperforms the other three approaches

For Dataset 3, the best subsets varying from 1 to 30 sensors were selected among
178 potential sensors by the four methods, which were deployed to measure the
calcium content in the soil. The average root mean square errors were then computed
corresponding to each subset and are shown in Fig. 4.12. It is illustrated that the
SA based algorithm generated better solutions to the sensor selection problem than

the other three approaches.

4.5.2 Constrained Environment

This section demonstrates the effectiveness of the proposed approach on spatially
modelling and predicting the gas phase HsS in sewers. As a pilot study, only the
forced ventilation zone in the North Head system of the Sydney Water sewer system,
illustrated in Fig. 4.13, was chosen with HyS at 75 percentile. This zone was
organized into 121 sections with a total of 242 upper-stream and down-stream nodes
that contain the corresponding HyS observations spanning approximately along Skm.

The levels of HsS in the sewer network are illustrated in Fig. 4.14a.

The proposed GP based model was utilized to train the HyS model using the
collected gas phase HyS data and mean and covariance functions proposed in Sub-
section 4.4.1.2. The entire estimated covariance matrix was employed to choose the

best sensor locations in the chosen sewer system.

As described earlier, the MI was used for selecting the optimal number of HyS

sensors and their locations. Fig. 4.14b presents the predicted field of the HsS in the
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1219257

Figure 4.13: Forced ventilation zone in the North Head system, Sydney Water.
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Figure 4.14: (a) The gas phase HoS field. The predicted field using (b) 50, (c) 40,
(d) 30 gas sensors, respectively. Colour bars represent range of hydrogen sulfide
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Figure 4.16: The results for HaS prediction. Root mean square errors.

forced ventilation zone of the North Head system considering 50 most informative
HyS sensor locations with their observations. When comparing with Fig. 4.14a, it
can be seen that the results predicted by the new GP model learned only from 50
best measurements closely represents the field in Fig. 4.14a. Further, even when
only 40 and 30 most informative HyS sensor readings were selected, the trained GP

models show rewarding results in Fig. 4.14c and Fig. 4.14d, respectively.

For the purpose of individual validation, 20 particularly unmeasured locations,
which are identified in red dots in Fig. 4.13, were chosen. The predicted HyS
concentrations at these particular points were compared with their available mea-
surements and demonstrated in Fig. 4.15. Figures 4.15a, 4.15b and 4.15c present
the HyS predictions at these 20 locations estimated by the models with parame-

ters and hyperparameters learned from 50, 40 and 30 most informatively selected
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measurements, respectively. The corresponding standard deviation errors are also
illustrated in these bar plots. It can be seen that the prediction results obtained by
the proposed approach are very promising and mostly comparable to the realistic
measurements at the studied locations. There is only one location named 1358766 at
which the difference between the predicted HyS value and the realistic observation is
considerable. That is because, as referred to Fig. 4.13, the point 1358766 is located
at the furthest point along the sewer network, and in fact there are not many sensors
selected in this section. In other words, correlation between itself and other chosen

locations is trivial.

Fig. 4.16 shows the root mean square errors (RMSESs) of the predicted field,

which are computed via

U]
1
RMSE = 10| Z (s — y(ui))2, (4.21)
i=1

where y(u;) is a measurement at u; € U, and my,|s is the predicted value at w;
given the observations at S. As expected, Fig. 4.16 shows a gradual decrement of
the RMSE and hence increment of prediction accuracy with increased number of
HsS sensor placements. Therefore, this graph can be used to decide the number of
sensors and their locations, based on a given RMSE, which is important for the water
utility. The proposed algorithm outperforms the approach in [14]. For instance, in

order to achieve an RMSE of 0.55 it only requires 15 sensors.
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4.6 Summary

This chapter details the sensor selection problem and presents novel approaches to
address this NP-hard combinatorial optimization problem in the constrained and
unconstrained environments. In these considerations, it is proposed that the spatial
phenomena to be monitored are modelled using the Gaussian processes that can be
efficiently and effectively utilized to estimate and predict these physical processes
at any unobserved locations. For the unconstrained environments, a simulated an-
nealing based approximately heuristic algorithm has been proposed to resolve the
new resulting minimization criteria in the sensor selection problem. Characteris-
tics of the proposed algorithms have been extensively tested using both the indoor
and outdoor data sets with different spatial distributions of observations. The sim-
ulated results have shown that the proposed simulated annealing based approach
outperforms other conventional methods in many scenarios in the unconstrained
environments. Furthermore, for the constrained environment of the gas phase HyS
concentration in a sewer network, a Gaussian process with an improved covariance
function based on lengths along sewer pipes has been derived. Particularly, an effi-
cient maximization criterion for the HyS sensor selection problem has been proposed.
This criterion aims to maximize the mutual information between the selected loca-
tions and the locations that are not selected or do not have any sensor deployments.
Modelling and predicting the HyS spatial concentrations in sewers are shown to be
effective as compared with a more complex model developed by the utility partici-
pating in this study. More particularly, the proposed technique based on the mutual
information provides a more accurate solution to the HyS sensor selection problem

than the existing method [14].

However, consider the case where it is required either to take environmental
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measurements in a high density or to monitor the environment in a large region.
If there is a very limited number of sensors, the stationary wireless sensor network
will not be able to respond to these requirements. In another situation, if a large
wireless sensor network is present, there will be many challenging situations related
to managing and maintaining the network, such as selecting network topology or
responding to individual sensor failures. It is also known that wireless transmissions
are very power consuming, so data transmission needs to be as efficient as possible.
Hence, a wireless network with a deterministic number of sensors that are based
on mobile robotic platforms seems to be a positive solution. The mobile robotic
wireless sensor networks will be considered in the following chapters to solve the
spatial prediction problem. In other words, the sensor placement will be studied in

the next chapters.
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Chapter 5

Sensor Placement for Spatial
Prediction using Gaussian

Processes

5.1 Introduction

Recently, there has been flourishing interest in mobile robotic wireless sensor net-
works (MRWSNSs) in which wireless sensor nodes are enriched with mobile capability
by robotic platforms. In addition to features of wireless communication that pro-
vide the MRWSNs the ability of exchanging information, mobility in the MRWSNs
enables the sensor nodes to reposition themselves to respond to a required goal. For
instance, in the context of spatial prediction, the mobile wireless sensors will be
required to redeploy themselves until uncertainty at predicted locations matches a
criterion. Therefore, the new paradigm of a ubiquitous sensor network assisted by

the mobile robots is evaluated to be more flexible for designing a data collection
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scheme, more adaptive to the changes in the environment and more intelligent as
compared with the stationary wireless sensor networks [68] as represented in Chapter

4.

It has been found that the MRWSNs have significant impact on environmental
monitoring applications [8, 89, 90, 105, 108, 137-145]. After collecting measure-
ments, the network is required to model the spatial phenomena and predict the field
at unobserved locations of interest. In the works by [8, 89, 90, 98, 99, 140, 142, 143],
the spatial processes are represented by a deterministic model that is often accompa-
nied by a stochastic measurement error term. Nevertheless, the deterministic model
requires that its model parameters and initial conditions are known a priori, which
is intractable when the space of the parameters has high dimensions. As a result,
Gaussian process (GP) [5, 12, 13] has been chosen to statistically model the physical
spatial fields in this chapter. Furthermore, the GP regression is significantly pow-
erful on statistical inference from environmental measurements [105, 108, 145, 146].
For example, near-optimal static sensor placements for spatial prediction were also
addressed by using mutual information criterion in [60], [14]. More interestingly,
in [105], Cortés brought a Kalman filter in the Kriging technique for predictive

inference of the spatial field.

In designing the optimal sampling paths for the mobile robotic wireless sensors
(MRWSs), objective function is usually derived from information-theoretic crite-
ria such as conditional entropy maximization [91, 93, 95, 97], mutual information
maximization [92], D- or A-optimality criterion using the Fisher information matrix
[107], or minimization of prediction error variances [108, 109]. Then, optimal mea-
surement locations for mobile sensing agents can be obtained by various algorithms

that include active learning [93], Kalman filter [98, 99], Bayesian optimisation [110],
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gradient descent [20, 96, 97], and gradient ascent [105]. More importantly, due to the
NP-hard property of the sampling optimization problem, the mobile sensor coordina-
tion in the existing works has been fundamentally addressed by greedy heuristic al-
gorithms [20, 92, 93, 98, 99, 101, 104]. However, so far, to the best of available knowl-
edge, there have been no existing works that analyse the bounds of solutions and the
computational complexity of the algorithms in resource-constrained MRWSNs. In
this chapter, by predicting the future measurements at potentially new locations, an
adaptive sampling optimization problem in terms of information-theoretic criteria
is formulated by the use of conditional entropy. It is then demonstrated that the
existing approximate greedy algorithms to address the combinatorial and NP-hard
problem of optimizing the sampling paths for the MRWSNs are intractable if the
networks search for a large number of unobserved locations in the field. As a result,
an efficient novel optimality criterion for the adaptive sampling problem is proposed
so that the issue can be addressed by the greedy algorithm in practically feasible
time. Over and above, the bounds of solutions in optimizing the adaptive sampling
problem in the MRWSNs have not been comprehensively taken into account. In this
work, it is proved that under a certain condition the approximate entropy obtained
by the proposed algorithm is guaranteed by a lower bound that is within 1 — % of
the optimal solution. Then, it is proposed to use this lower bound as a stopping
criterion for the sampling algorithm that stops mobile agents from further sampling
the spatial field to conserve the limited energy. This lower bound is shown to be
a practically feasible approach leading to acceptable prediction errors. An upper

bound to the solution of the conditional entropy is also derived.

In the modern statistics, all the scalar field at spatial locations is correlated,
which leads to modeling, estimation and prediction approaches to require full avail-

ability of all measurements and centralized calculation. This is a very costly option
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for a MRWSN in which every mobile sensor has constrained resources such as a short
wireless communication range. Therefore, the chapter also develops distributed esti-
mation and prediction approaches, as well as designs distributed sampling strategies
for resource-constrained MRWSNs, which requires each robotic sensor to interact
only with its neighbours [147], [148] within a certain region of space. In fact, dis-
tributed methods make a MRWSN robust to individual sensor failures, scalable to a
large number of agents and capable of easily dealing with changing conditions in the
environment. This work is a step forward in addressing the sophisticated statistical

inference in a distributed manner in the MRWSNs.

This chapter is organized as follows: In Section 5.2, a Gaussian predictive in-
ference method is proposed to predict the field over time at locations of interest.
These statistical tools are then utilized in Section 5.3 to resolve the sampling opti-
mization problem. In this section, the algorithms based on locational optimization
and conditional entropy are proposed to find out the most informative sampling
paths for the MRWSs in continuous and discrete spaces, respectively. Section 5.4
presents a distributed spatial estimation and prediction approach to efficiently ad-
dress the centrally-computed scheme of GP regression at each robotic sensor in
resource-constrained networks of mobile, wireless and noisy agents. The efficiency
of the proposed approaches is delineated via experiments in the real-world data sets

in Section 5.5. Summaries are provided in Section 5.6.

5.2 Gaussian Predictive Inference

In this section, a Gaussian inference approach is proposed to consider the problem

of using all the available data (observations) to predict the unobserved variables at a
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set of locations of interest in the spatial field. More particularly, by the utilization of
the spatial field model in Section 4.2, the spatial estimation and prediction formulae

over time will be derived.

Let Z(u) := (21, 22, ..., 2n)T € R™ (hereafter Z) denote the variables to be pre-

dicted at locations u = (uf,ul, ... ul

)T € R, where d is a number of spatial
dimensions. As represented in Section 2.6.1, the collection of all sensor measure-

ments made by a /N robotic sensor network up to time ¢ can be rewritten as follows

Y10 = X (S1:0) B + £(51:4) + €(512¢), (5.1)

where X (s14) is a tN x (p + 1) matrix of covariates. {(s1.t) ~ N(0,%,,,y,.,) with
a tN mean vector of 0. X, .., is a tN X tN covariance matrix, whose elements
can be computed by a function of cZcorr(éy, h,t,t'). Here, corr(¢y, h,t,t') is the

spatio-temporal separable correlation function proposed by

corr(¢ge, h) ift' <t+1
corr(gy, h,t,t') = (5.2)

0 otherwise.

e(s1.4) ~ N (0,721), and I is a tN x tN identity matrix. [, 0, ¢, 7v are model
parameters learned by using all the available observations from time 1 to t. The

hyperparameters vector is defined as 6, := (o7, ¢, 77) € R3,,.

We extend the model specified in (5.1) to include y;.; and Z. If all model
parameters are learned, by employing GP regression [13], the joint distribution is

given by
X(Slzt) El:t Eyl;tZ
Yi:t, Z|5t, 0 ~ N Bt > (5'3)
X(u) Y2y Xzz
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where for simplicity, we set 31, = 4., + 721. X277 is an n X n covariance matrix
of Z, and ¥, z(= Zgyu) is an tN X n cross-covariance matrix between y;,, and Z.

The covariates at unmeasured locations u is defined as X (u).

In probabilistic terms, the full conditional distribution of Z, given y., is also

Gaussian, specified by

Z|y1:t7 Bta et ~N (,uZlyu? ZZ|yl:t) ) (54)

where
KZly1 = X(“)Bt + EZthE;% (yl:t - X<31:t)ﬂt) ) (5'5)
Zzlylzt = EZZ - ZZyl:tZ;tlEylth' (56)

Note that the mean parameters 3; and the hyperparameters 6, of this conditional
distribution are unknown and can be estimated a priori by utilizing the generalized
least squares technique [12] and the maximum likelihood approach [5], which will be

delineated in the following sections.

5.3 Centralized Sensor Placement

In the first stage of considering the sensor placement problem in predicting spatially
physical phenomena, the centralized schemes for mobile wireless sensor networks
will be presented. In this consideration, at every time step ¢, all mobile sensing
agents make new observations and transmit them to the sink via a specific routing
tree. Then the base station conducts all centralized activities such as learning model

parameters, estimating and predicting the spatial field at unmeasured locations of
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interest, especially computing the sampling strategy that is then utilized to drive the
robotic sensors navigating through the environment. Obviously, each control com-
mand is sent back to the corresponding mobile agent. In this discussion, finding the
optimal sampling paths for the MRWSs in both continuous and discrete spaces is in-
vestigated. An algorithm based on a continuous density function, named locational
optimization, is proposed, which enables the sensors to locate around positions of
high uncertain density in the corresponding variance-built surface. From a discrete
set of possible sensing positions in the environment, an efficient novel optimal crite-
rion is also introduced to select the most informative locations for the sensing robots
to take future observations in order to minimize uncertainty at all unobserved loca-
tions of interest. The solution is proven to be within bounds. The computational
complexity of this proposition is shown to be practically feasible. More importantly,
the lower bound is then utilized as a stopping criterion for the sampling algorithm.
The criterion enables the prediction results to be within user-defined accuracies by

controlling the number of mobile sensors.

5.3.1 Learning model parameters

Suppose that at each time instant ¢, the N mobile sensor network may collect N
measurements. Hence, the collective measurement up to time ¢ is tN observations
available. In the following, a recursive algorithm for estimating simultaneously the

mean parameters §; and hyperparameters 6; at time step ¢ is described.

From (5.3), it is derived

Y1t ~ N(X<51:t)6t7 El:t) (5-7)
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Figure 5.1: True field of spatial diffusion

Firstly, in the best linear unbiased estimator [12], 5; can be obtained by minimizing

the function

f(B) = (W1 — X(Slzt)ﬂt)T Zitl (Y14 — X (51:4)5) -

If given 6,, that is X1, known, the estimated ; can be specified by

Bf - (X(Sl:t)TE;%X(Slzt))_l X(Slzt)TZ;tlylzt- (5.8)

Secondly, from (5.7), the log-likelihood function can be written as

L(By,0)) = —%{(ym X (51) )7 (gt — X (510)31) + log det (1) + £N log(27)}.

(5.9)
By substituting Bt into (5.9) and then numerically maximizing this log-likelihood
function with respect to 6;, the hyperparameters é\t can be obtained. Iteratively,
these hyperparameters are employed to compute ﬁA’t in the next iteration. The algo-
rithm converges to the model parameters estimation as the error of two estimated

values of each parameter at two consecutive iterations is acceptable.
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89



Chapter 5. Sensor Placement for Spatial Prediction using Gaussian Processes

To illustrate the hyperparameters learned over time, a scenario of a true field
given in Fig. 5.1 that is generated by a set of hyperparameters 6, = (0.52,19.21,0.01)
is considered. A team of 10 robotic sensors is deployed in the field to gather data
at every time step t. Note that each sensing agent moves to a new location after
each measurement. Figures from Fig. 5.2a to Fig. 5.2c demonstrate the posterior
probability density functions of the hyperparameters (o2, ¢y, 72) at t = 1,5, and 10.
The illustrations show that the estimated hyperparameters converge at t = 10 to
o7 = 0.45, qgt = 21.00, and 77 = 0.02, which are within around 90 per cent of the

true hyperparameters 6;.

5.3.2 Locational optimization based sampling approach

An algorithm that allows sensors to concentrate around locations of high event
density while satisfying the minimal area coverage constraints was investigated by
[149]. For the purpose of reducing uncertainty at predicted locations of interest in
the spatial prediction issue, a locational optimization based approach is proposed in

this section, where the density function is developed on the posterior variances.

5.3.2.1 Centroidal Voronoi tessellation

Take a density function (also called bounded measurable function) ® : R4 — Ry
into consideration in a bounded environment of interest Q@ C R¢. ® is considered as
a function of measuring the information of probability of the event happening over
Q. Hence, the greater the value of ®(p) is, the more significant the point p is. Let
a non-increasing and piece-wise continuously differentiable function fs : Rug — R<q

denote a sensing performance function. This function characterizes the utility at
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position p taken from i** mobile robotic wireless sensor at the location s;. One can
easily see that the value of this function downgrades with the distance ||p — s;|
between p and s;. Therefore, let this function be defined by a quadratic function

for=lp = sil*.

Given a density function ®, and a sensing performance function f,, the expected-

value function of a N mobile sensor network deployed over the region Q is formulated

as follows
N
W) =Y [ row
i=1 Y Vi
or
N
H(S) =D | llp—sill*®(p)dp, (5.10)
i=1 Y Vi

where V; is the Voronoi cell of s;. From the notation of the Voronoi partition,

introduced in Section 2.5, it can be easily seen that

minimize ||p —s;|| = ||p—s;|| forallp €V}, (5.11)

subject to i € {1,..., N}.

Therefore, the task here is to minimize the locational optimization function (5.10)

N
minimize ) / Ip — s4]|2®(p)dp. (5.12)
i=1 /Vi
In other words, this optimization problem is to identify an optimal robotic sensor

network configuration that makes (5.10) minimum.

Carrying out the partial derivative of H(S) with respect to the i'* robotic sensor

yields

agg) - ;/V ii[ﬂp— si[|*®(p)]dp. (5.13)
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In Euclidean space, the generalized area and the first mass moment of a set Q@ C R?

with respect to ® are specified by

A(Q) = /Q & (p)dp (5.14)
and
FM(Q) = /Q p®(p)dp. (5.15)

Thus, the centroid (center of mass) of a set Q is formulated by

C(Q) = . (5.16)
Moreover, the polar moment of inertia of @ about s € Q is defined by
1.9 = [ o= slFe@wa (5.17)
From [150], by using Parallel Axis Theorem, it can be easily stated that
J(Q,s) = J(Q,C(Q)) + A(Q)|ls — C(Q)II* (5.18)

From (5.10) and (5.17), using the Parallel Axis Theorem again, one simplifies (5.10)

to
H(S) = _ZJ(%C(V») +ZA(V;->HsZ- —CW)I% (5.19)
and (5.13) to
P s - ), (5.20)

Equation (5.20) demonstrates that the solution of the locational optimization prob-

lem (5.12) is the set of centroidal Voronoi configurations in Q [19]. In other words,
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the optimal mobile robotic wireless sensor location is the centroid of its Voronoi cell.

5.3.2.2 Locational optimization based algorithm

As discussed in the Section 5.3.2.1, the premise behind the locational optimization
approach is to develop a density function that describes the measurement of in-
formation or probability of the event over the environment. In the context of the
spatial prediction, the quality of sensing is usually concerned with the uncertainty
at predicted locations. Therefore, in this consideration, a density function based on

the variances of the random variables is proposed.

Let S, U C R? define the locations visited by a set of mobile sensing agents and
unmeasured locations, respectively. At each sampling iteration ¢, according to the
Gaussian predictive inference in the Section 5.2, the posterior variance at a location

p, given the observations at S, is specified by

Zp‘g = pr — Eps(z,ss + 7'3])_125]7, (5.21)

where 2, = o7, and X,5 (= Egp) is the cross-covariance column vector between
the random variables at S and the random variable at p. If Q is embedded into a
two dimensional space, the density function for the sensor placement problem in the

spatial prediction is formulated as

B(p) = 0} — Lps(Bss + 721) " D). (5.22)

It can be clearly seen that the density function ®(p) is substantially influenced

by the environmental model hyperparameters. Consequently, after a new iteration
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of sampling environment, the model hyperparameters will be updated and a new

density function will be generated.

Nonetheless, there are two key issues associated with the implementation of
the proposed approach in real mobile robotic wireless sensor networks: (a) limited
computing resources to continuously compute the density function; (b) moving mo-
bile sensors out of certain locations due to undesirable characteristics of the density

function.

As it is required to compute the density function in real-time after each iteration,
which depends on the number of observations, calculation of this density function
becomes intractable with increasing number of sensors’ readings. As a result, the
first issue is addressed by employing the sensor selection techniques discussed in
chapter 4. For instance, a strategy based upon the mutual information to select
the most informative subset of measurements from among all of the potential sen-
sor observations can be implemented. The best group of the measurements allows
the effective elaboration of the density function and considerably diminishes the

computational time.

As discussed in the Section 5.3.2.1, the centroid of a sensor’s current location will
be the sensor’s new location in the next movement. More importantly, computation
of the centroids is fundamentally dependent on the shape of the density function.
For instance, if the shape of the current density function is quite similar to that
of the previous one or the shape of the density function is nearly flat, the distance
between current and new locations is negligibly small. This may lead the mobile
wireless sensors to be trapped in stationary positions, which does not provide any
further improvement to the sensing quality. In order to address the second issue, a

circumcenter notion [151] is introduced to this scenario. In the event that all mobile
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robotic wireless sensors are immobile during any iteration without reaching the cri-
terion of sensing quality, mobile sensing agents are driven from current positions to
circumcenters rather than to the centroids of their Voronoi cells. The circumcenter
of a bounded set D C R? is the center of the circle of minimum radius that contains
D. Hence, the circumcenter is unique. The calculation of the circumcenter of a
polygon D C R? is to minimize the radius r of the circle centered at p subject to the
constraints in which the distance between p and each of the polygon vertices Ve(D)

is smaller than or equal to . Mathematically, the problem can be formulated as

minimize r, (5.23)

subject to || p—d ||*< r?, for all d € Ve(D).

Algorithm 3 Locational optimization based pseudocode for sensor placement
Input: Starting sensor locations s;; collective measurements
Output: Next sensor locations s,

1: loop

2: Learn hyperparameters

3 Develop density function

4: Generate Voronoi partitions V(s;) = {V1,..., Vy}

5: Calculate all centroids C(V;),i=1,--- N

6 ser1 — {C(Vi)}y,i=1,--- N

7 Calculate d(7) =|| Se41: — St ||

8 if Max(d) < predefined value then

9: Remove s;1
10: Calculate all circumcenters CC(V;), i =1,--+- N
11: si1 — {CC(Vy)}y,i=1,--- N
12: end if
13: Drive sensors to new locations s;.1
14: Get measurements at s,
15: Select best measurements out of all collective observations by using sensor

selection approaches

16: end loop

Therefore, an algorithm which finds the next optimal sampling locations for

mobile sensing agents at the next time instant is delineated as follows. Firstly,
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the model hyperparameters are estimated from all the measurements collected from
beginning to the current time step. The learned hyperparameters are then utilized
to develop a density function that represents the surface of uncertainty in the whole
environment. Secondly, the Voronoi partitions of all the current sensor locations need
to be generated. By implementing the centroidal Voronoi technique introduced in
the Section 5.3.2.1, all the centroids C(V;) of all the Voronoi cells corresponding to
the agent locations s;, where ¢ = 1,--- , N, are presented. The solved centroids are
considered as the new positions for mobile sensors if the gaps between the current
positions and themselves satisfy an Euclidean distance criterion. Otherwise, the next
sampling locations will be computed based upon the circumcenter technique. Finally,
one of the sensor selection approaches is utilized to choose the most informative
observations to enhance computation in the next iteration. The proposed algorithm
for the sensor placement by the utilization of the locational optimization method is

summarized in Algorithm 3.

Note that minimization of the expected-value function with a density function
developed on the posterior variances means to minimize the uncertainty at predicted

locations of interest.

5.3.3 Entropy based sampling approach

In the previous section, the locational optimization based approach was proposed
to find out the optimal sampling locations for the mobile sensors in a continuous
space. Nonetheless, due to the shape of the density function, mobile sensing agents
can be potentially trapped in saddle points in some scenarios. On the other hand,
this continuous method imposes the MRWSNs upon high difficulty of computing
mathematical integration as the number of sensor measurements is increasing. In this
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section, it is proposed to discretize the spatial field with small neighbours, and the
most informative sampling paths are chosen from a discrete set of potential sensing
locations. The proposed algorithm is proven to have a constant computational time,

which is practically feasible for resource-constrained MRWSNs.

5.3.3.1 Conditional entropy

In information theory, the conditional entropy is a measure of the uncertainty in
a random variable, given the knowledge of another random variable [133]. The
conditional entropy of Z conditioned on Y, written as H(Z|Y), quantifies the amount
of information needed to describe the outcome of Z when Y is known and is defined
by

H(ZY) =~ [ ZY)log (o(Z]Y)) a2,

where p(Z,Y) is the joint probability distribution function of Z and Y, and p(Z|Y)

is the conditional probability distribution function of Z given Y.

Due to p(Z|Y) = ’%, the conditional entropy can be rewritten as

where H(Y') is the entropy of Y, and H(Z,Y) is the joint entropy of Z and Y.

Suppose that the conditional distribution Z|Y of cardinality of ¢ has a Gaussian

distribution with a covariance matrix ¥y, then

H(Z|Y) = 0.5log{(2me)"det (Xz)y)} = 0.5{logdet (Szy) + clog(2m) + c}. (5.24)
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5.3.3.2 Adaptive sampling strategy

In this subsection, the properties of the entropy [133] are exploited to derive an
efficient sampling algorithm for the robotic sensor networks to estimate the most
informative sampling locations at time ¢ 4+ 1 in order to improve the quality of the
prediction and the model parameters estimation. Approximately, it is proposed to
discretize the field Q into () spatial sites of interest with small neighbours. Let M
and Z denote the set of locations and the vector of latent variables at centres of
() spatial sites. In equivalent words, this approximation directs the mobile sensors
to sample at the centres of these spatial sites. From this point, the entropy-based
approach to drive the agents to the most informative spatial sites in the field is

presented.

Given the collective observations y;.; up to time ¢, collected by N mobile sensors,
as discussed in Section 5.2, the predicted measurements 7,1 at next sensor locations

S¢1+1 can be obtained by

/y\t+1‘y1:t ~N (N@tﬂlylctv Zﬂtﬂ\?ﬂ;t) ) (5‘25)
where
I X(St-i-l)ﬁt + E@\t—o—lyl:tzig (yltt - X(Slit)ﬁt) ) (526)
Z§t+1\y1:t = Zﬂt+1§t+1 - Zﬂt+1y1:t2;%2y1:t§t+1' (527)
Ygi1g4: 18 an N x N covariance matrix of gry1, and ¥y,5,,(= X |, ) is an

tN x N cross-covariance matrix between ., and 7;,1. Let Z_x; denote the subset
of Z formed by removing Nt variables corresponding to the Nt locations the mobile
sensors have visited. Notice that the observations y;.; are treated as constants, and

U1 = {4115 - Yer1,n ) I8 @ subset of Z_ny. Let Z_y(41) define as Z_n; \ Ui
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and W = Q — N(t + 1) with W > N. Therefore, the conditional entropy for a
multivariate Gaussian distribution of random variables at unobserved locations at

time ¢ + 1 is given by a closed-form expression [133],

H (Z_N(tﬂ)]yl:t, @H) = 0.5log det(X_n(t41)) + const, (5.28)

where ¥_n(;11) is the covariance matrix of Z_ 1) conditioned on ¥, and Yis1-

This matrix can be computed by the use of (5.6).

Problem 5.1. The problem is to find the next locations for the MRWSs in the next
time step, which leads to the lowest uncertainties at unmeasured locations. The
minimization is given by

sﬁtl = argmin H (Z_N(t+1)|y1;t,§t+1) , (5.29)

Si415 €M
where s,.1; is the next location for sensor %.

As proved by Ko et al. [53], the optimization problem (5.29) is combinatorial
NP-hard and can be resolved by a greedily near-optimal algorithm. Nevertheless,
in order to estimate the quality of sensing, a large number of unobserved locations
(W) is usually considered. This results in computational complexity in calculating
the log determinant of X_y41), which makes even the greedy heuristic algorithm

intractable in resource-constrained MRWSNs as in the following theorem.

Theorem 5.2. The greedy algorithm can resolve the optimization problem (5.29) in
time O(NW*).

Proof: Since the size of ¥_yu11) is W x W, the cost of logdet(X_n41)) is

O(W?3) operations [152]. On the other hand, there have O(W) such the logarithms
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of the determinants to be calculated. Moreover, in the adaptive sampling strategy,
it needs to find N next MRWS locations at every time step. Thus, the greedy
algorithm has to run N iterations in time O(N). So, the optimization problem

(5.29) can be finalized in running time O(NW?). [ ]

As W is large, addressing (5.29) by the resource-constrained MRWSNSs is in-
tractable. Therefore, an efficiently novel optimality criterion for designing the mobile

sensor navigation is proposed in the following.

Proposition 5.3. The optimal sampling locations at time step ¢+ 1 for the robotic

sensors can be determined by solving the following optimization problem

opt

S;p1 = argmax H (Yet1ly1:t) (5.30)
St414 € Mi(t)

where Ml-(t) C M is a discrete set of locations bounded by Qgt) to where sensor ¢ can

(®)

move at time ¢ + 1. Here, €2} is the allowable movement region of a robotic sensor

1, defined in Section 2.6.2.

Proof: By the chain rule for conditional entropy [133], it yields

H (Z—N(t+1)’y1;t,§t+1) =H (Z—N(t+1)7§t+1|y1:t) — H (Y1 |y1:e) -

Due to {Z—N(t—l—l) U @\H-l} = Z—Nt and Y1t is kIlOWIl, H(Z—N(t—l—l)a/y\t—l—llyl:t) is a

constant. Therefore, it can be clearly seen that

Stoitl = argmin H (Z—N(t+1)|y1:ta ?7::+1)

= argmax H (Ji11|y1.¢)
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This proposition is to find the optimal set of sensor locations at time ¢+ 1, sfﬁtl,

from all potential sets of s;,1, which corresponds to a maximum of H (9;4+1|y1+). The
location s7% ; for the " mobile sensor at time ¢ 4+ 1 must be selected from one of
all potential s;y;, points bounded by Qgt). The solution of (5.30) is obtained if all
sfﬁtu locations are found in the corresponding regions Qgt). Note that H (Yi+1|y1.¢)

is specified by

H (Y1|y1:¢) = 0.5log det(3g,, |y, ) + const. (5.31)

Since the size of is N x N, computation of the (5.30) is practically feasible

i/\t-ﬁ—l‘yl:t

for resource-constrained MRWSNs.

Let ZQEQ denote the vector of the variables at unobserved spatial sites inside
Ql@ and Zgu = (VJ ZQE” denote the variables at unmeasured locations in all the
allowable movemerllzlregions of an N mobile sensors network. These latent variables
can be computed by using (5.4). It is also defined M® = C[J Mi(t). Following [53],
the problem (5.30) is still NP-hard. Therefore, an appro;(izl;ate algorithm which
finds the near-optimal sampling points s;, ; for the mobile sensors by adding the

next sensors’ locations in sequence is described as follows.

At each time step t, it starts from an empty set of locations, s;,; = ©, that
corresponds to the empty set of predicted measurements at time step t+1, yA*t = Q.

It first requires to maximize the conditional entropy

H (Yi41,4]y1:4) = 0.51log det(a%tﬂ’ﬂyl:t) + const

with respect to Y11 € Zgow, where 05t+1 1 is the variance of 711 ; given yi..
k ,J 191 ’

From the solution of this maximization, y*, +1,j» 1t could be easy to obtain s, ;. If
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(0

., it is certainly the next location for sensor i. Both U, +1,; and

Siy1; is inside (2
St+1,; are then added to U, 41 and s7,, respectively; and the latent variable vector

Z

o and the set Mi(t) in Qgt) are removed from Zgw and M®. In the next iterations

of the algorithm, it iteratively does

Sis1; = argmax H (ZJA*tH U Z/J\tJrl,j‘yl:t) : (5.32)
St-‘rl,j - M(t)

Y15 € Zow

Each solution y*, +1,; and the corresponding location sj, ; found are greedily added
to ¥, +1 and sy, respectively. If the current resulting location sj,, ; is identified as
an element of Mi(t), then Mi(t) and the corresponding vector Zﬂgt) are removed from
M® and Zgw. The algorithm stops when s} 1 reaches to cardinality, V. The cost

of this proposed algorithm can be described as follows.

Theorem 5.4. The near-optimal solution of the problem (5.30) can be obtained
by the greedy heuristic algorithm in time O(N*m), where m is a number of latent

variables Zqw and m < W.

Proof: In this case, log det(3g,,,y...) can be computed in time O(N?). The rest
of this proof is similar and the reader is referred to the proof of the Theorem 5.2.

Therefore, the computational complexity of (5.30) is O(N*m). [ |

Since N << W, the Proposition 5.3 benefits remarkably in computation for

resource-constrained MRWSNs.

The proposed greedy algorithm for finding near-optimal sampling paths in the

MRWSNs is summarized in Algorithm 4. Note that Z.q is the set of nonnegative

yiesns)

integer numbers. X Y1:eTed,)

Gei1ges1 18 the covariance matrix of yyy1. Xg,., 1y, (=2
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_ _ T : ~
and Xg,, .y, (=2, ,) are the cross-covariance vector between ;1 and yi,; and

the cross-covariance matrix between ;.1 and y.;, respectively.

Algorithm 4 Sequentially approximate algorithm for maximizing the conditional
entropy

N N
Input: yi.,;; M® = U Mi(t); Zaow = U Z oo
Output: Next sensé);llocations 571 -
At time t € Z~g, do
Sty & O Yoy & @

1: for j = 1 to length of Zg+ do
2: f/g\t;l,j € Zow

. — 42 ¥ -1 -
3 U§t+1,j|y1:t = 0y 2yt+1,jyl:t21:t EylztyH—Lj
4: Ui, < argmax log(o2 )

: t+1,5 N Yer1,5]y1:¢

Yt+1,j €2 (1)

: Y1 Y1 Y Yy ,

. *

S{y1; ¢ argmax log(a@%j'ylj)
si41,; €M

) - (t)

7: if s7,,, € Q; then

. * * *

8: Sip1 5 S U S
o end if
10: end for

11: M® « MO\ M
12: ZQ(t) < ZQ(t) \Zﬂ(t)
13: while cardinality |s;,,| < N do

14: for Z//\t+1,j € ZQ(t) do

15: Y1 < Y1 Ul
-1
16: E@\t-i,-l'yl:t - E§t+1?7t+1 - E§t+1y1:t21:t Ey1:t§z+1
17: end for
18: Yiy1,; < argmax logdet (Zgilyie)
yt+1,j€ZQ(t)
19: Y5 <Y U @\tk—s-l,j
20: Siy1,; ¢ argmax logdet (Egmlyu)

St+17jEM(t>
21 if 7y, € QY then

22: Siy1 & i1 Usii
23: M® — M® N\ MO
24: ZQ(t) < ZQ(z) \ ZQ(;)
25.  end if l

26: end while
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In the following theorem, an upper bound to the solution of the (5.30) is demon-

strated.

Theorem 5.5. Let H be a conditional entropy in y;.1 given yy.;, and let H; be the

conditional entropy in Yii1,; given y14. Then

N
H (Yii1|y1e) < Z H; (Grs1,i|v1:¢) - (5.33)

i=1

Proof: The proof is a straightforward result of applying the theorem 17.1.5 in
[133]. [ |

The Theorem 5.5 provides an upper bound on the value of the conditional
entropy computed at the optimal sampling locations, which can be also utilized to
bound the quality of the most informative sensors’ locations by any other methods
such as the local optimization approach. It can be clearly seen that if the mea-
surements are independent, the upper bound is actually optimal for the problem

(5.30).

5.3.3.3 Stopping Criterion Based on Lower Bound

The predictions based on the Algorithm 4 can lead to very high accuracies as the time
goes to infinity, meaning the MRWSNs are allowed to operate long term. However, in
this study, the resource-constrained wireless mobile sensor networks are considered.
These networks have resource constraints such as limited energy and communication
restrictions, which need to be considered in the algorithmic design stage. Therefore,
in order to save the limited energy of the mobile sensory nodes, a stopping criterion
is proposed. This is achieved by finding the lower bound for the entropy given in

the (5.30).
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It is proved by Nemhauser et al. [23] that the lower bound of the entropy given in
(5.30) can be guaranteed, if the set function of the conditional entropy H (Yi+1|y1:¢)
holds both the monotonicity and submodularity properties. Since 7,1 and yi.
are real-valued, it can be seen that H (¥441|y1) is a submodular function, which
is defined in Section 2.7, as proved by Fujishige [153]. Nevertheless, in general,
the function H (y41|y1.¢) is not monotone. Its monotonic property can only be
demonstrated if the conditional entropy of 7;,1 satisfies a particular condition which

is given in Lemma 5.6.

Lemma 5.6. With respect to Gaussian random variables 7; 1 given yq.;, the set

function of the conditional entropy H (;41|y1.1) is monotone if
H (§e1]yre) € [log(2me) ™, +00),

where N is the cardinality of ;1.

Proof: For notational simplicity, assume that A := 41 11.4|y1.+ denotes a subset
of Yr11|y1., and let X 44 denotes the covariance matrix of ;11 1.4 conditioned on ..

Therefore, the conditional differential entropy of A is given
1 k
H(A) = 5 log{(2me)"det(X 44)}-

Let B = ¥Yi+1.k+10|y1+ be another subset of ¥ii1|yr.: with cardinality |B| = d, and

Y55 denote the covariance matrix of B.

In order to prove the monotonicity of the differential entropy, it is required to

show that H(AU B) > H(A), for all sets B. It can be clearly seen that

AH = H(AUB) — H(A) = %1og{(2we)k+ddet(zAUB>} - %log{(Qﬂe)kdet(ZAA)},

105



Chapter 5. Sensor Placement for Spatial Prediction using Gaussian Processes

where Y 45 denotes the covariance of the collective set of A and B. Hence, it needs

to illustrate that

A H = log(2me)? + log det(X 4u5) — log det(X 44) > 0.

In probability theory, A and B are jointly Gaussian distributed as

A Ya4 Xas

NN(‘aEAUB) =N|- ]
B YBA BB

where X 45(= Y% 4), are cross-covariance matrices between A and B. Here, the mean
will not be exploited and hence not shown. Since Y 44 is invertible, it can be seen

from the Leibniz formula that

YA Xas Yaa Of (1 IPPAIT

YBA XBB Ypa 1| |0 Zps— XAl hZas

which leads to
det(ZAug) = det(EAA)det(ZBB — EBAEJZ;ZAB) (534)
Using (5.34), it can be written

log(2me)? + log det(Xps — YpaX 42 a5) > 0. (5.35)
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The matrix in the second term of (5.35) is the covariance of the conditional distri-

bution p(B|.A) [154]. Therefore, (5.35) is equivalent to
log(2me)® + log det(Xp4) > 0.

Use of the expression of the conditional entropy (5.31) completes the proof. |

Following the fundamental work by [23], this lower bound can be shown to
guarantee the quality of the near-optimal solutions of the (5.30) as follows. If the
conditional entropy of y*, 41 at resulting sensor locations s, ;, which is obtained by
the Algorithm 4, satisfies H (y*,|y14) € [log(2me)™,+00), it is guaranteed by

a lower bound that is within 1 — % of the optimal solution H (ﬁt+1|y1:t>, where

uort i : opt
y°Pt,, is the predicted measurements at s,7;.

It is to be noted that the lower bound on the conditional entropy in the Lemma
5.6 is dependent on the number of mobile sensors, N. Therefore, lower bound and
hence the stopping criteria of the algorithm can be varied by choosing an appropriate
number of mobile sensors. On the other hand, as discussed in the Section 5.2, the
quality of the prediction is a function of measurements that are results of a sampling
strategy. As a consequence, by manipulating the number of the mobile sensors can
ameliorate the prediction results to reach a user-defined accuracy while the sampling
paths for the mobile sensors are simultaneously guaranteed within 1—% of the optimal
strategy. Practical feasibility of the stopping criterion based on the lower bound will

be discussed in Section 5.5.
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5.4 Distributed Sensor Placement

In this section, the distributed learning and Gaussian inference algorithms for a MR-
WSN in which every robotic wireless sensor employs only local information from local
neighbouring agents are derived. By utilizing distributed computation tools consist-
ing of Jacobi over-relaxation (JOR) and discrete-time average consensus (DAC)
algorithms, it is proposed to compute centralized schemes in a distributed manner.
In this proposition, at every time step a mobile wireless sensor not only senses the
spatial field at its current location but also receives its neighbours’ measurements.
Upon receiving collective measurements, each mobile sensor itself learns its own
model parameters and hyperparameters. Then, by exchanging information with its
neighbours, each agent recursively updates its own estimation until it converges to
global values of the parameters and the hyperparameters. In distributed prediction
algorithms, each robotic sensor estimates the spatial field at unobserved locations
based upon its collective measurements from the beginning to current time and
global model parameters and hyperparameters before exchanging its predictions with
its neighbours to compute globally predicted means and variances. A distributed
sampling strategy is also presented at the end to drive mobile robotic sensors to the

most uncertain locations in order to improve the quality of prediction.

5.4.1 Distributed computation tools

Here, two effective distributed computational approaches are briefly introduced.
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5.4.1.1 Jacobi over-relaxation approach

The Jacobi Over-Relaxation approach [155] is an iterative algorithm widely utilized
in distributed calculation in order to solve a linear system Yx = y, where ¥ € RV*¥V
is an invertible matrix and y € R" is a vector. Consider a network of a mobile agent
system, it is defined that in each row row;(X) € RY, ¢; = (X);; # 0 if agent ¢ and
agent j are neighbours; that is, agent ¢ can access to row;(X). In addition, if agent

i knows v;, individual element of the solution x = Y~y can be computed by the

following recursion

!

zi(k+1) = (1 - a)ai(k) + — <y,. ) eijxj(k;)) , (5.36)
" i

where k € Z+o, i € {1,..., N}, and a € (0,1) is a constant that controls the speed

of convergence.

In fact, the convergence properties of the JOR approach were comprehensively
considered in [155] in terms of the eigenvalues of the matrix X. In [105], Cortés
shows that if a < % and Y is a symmetric and positive-definite matrix, then the
JOR algorithm converges to the solution z = ¥ ly from any initial points z(0).
Therefore, by exchanging information with the neighbours, agent ¢ can obtain the

i-th element of x.

Remark 5.7. The significant computational complexity in GP regression, particu-
larly as the number of the measurements is growing in MRWSNs, is to compute the
inverse of the covariance matrix, which is cubic in the dimension [111]. Nonetheless,
it can be seen that the JOR approach can resolve the linear system Yz = y without
requiring to calculate X7, Hence, the JOR algorithm brings about particularly

computational benefits for the MRWSNs in a distributed manner. |

109



Chapter 5. Sensor Placement for Spatial Prediction using Gaussian Processes

5.4.1.2 Discrete-time average consensus approach

The Discrete-time Average Consensus algorithm [156] is frequently utilized in a
distributed mobile network in order to enable each agent to trace the average value
of whole network signals. Consider a MRWSN in which every mobile sensor ¢ has
its own signal g;. It is aimed that sensor ¢ needs to compute the arithmetic mean
of elements in the vector g = (g1, ga, ..., gn)T € RY. Tt is assumed that each robotic
sensor location is a vertex of a graph. If this graph is connected, then the arithmetic

mean of g can be obtained by the following iterative procedure

vk + 1) = 2y(k) + 7> ai; (;(k) — (k) (5.37)
i
with initial condition z(0) = g, where a;; = 1 iff i-th sensor and j-th sensor are
neighbours and 0 otherwise, and ~ is the step size. Olfati-Saber et al. [156] demon-
strated that if v holds

1
0<y<—
7 A?

the DAC algorithm converges to the solution, where A = max; (Z i aij) is the
maximum degree of the graph. At the end of the iterations of the algorithm, every

N g

mobile sensor obtains the average value of the vector g that is equivalent to ;" , %.

5.4.2 Distributed Gaussian inference

In this subsection, the distributed algorithm that each robotic wireless sensor can
employ to predict the spatial field at unmeasured locations by exchanging local

information within its neighbours in a communication range of R is proposed.
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Consider the spatial model discussed in the Section 4.2, the measurements y(s)
taken at locations s = {sy, s, ..., sy} C @ C R has a Gaussian distribution y(s) ~
N (X (s)B, Xss + 721), where g is a covariance matrix whose elements are computed
by the kernel function cov(s;, s;). It is supposed that the kernel function has a finite
spatial range f € R.g, and cov(s;,s;) = 0if || s; —s; |[[> f. Let u, denote an
unobserved location in space Q. The random variable y(u.) can be predicted in a

centralized fashion as follows

y<u*)’y<s) ~ N(mu*\& 2u*|s)7 (538)

where
Mujs = X (us) B + Du.s(Bes + 7°1) 7 (y(s) — X(s)B), (5.39)
Zu*|s = Zu*u* - ZU*S<ESS + 7—2[)_12511*' (540)

Here m,,|s and ¥,,|s are the mean vector and the covariance matrix of y(uy) given
y(s). Xgs and X, are the covariance matrices of y(s) and y(u,), respectively, and

Yeu, (= XL ) is the cross-covariance matrix between y(s) and y(u.).

However, by employing two useful distributed tools described above, the dis-
tributed approaches to implement the equations (5.39) and (5.40) in distributed
spatial estimators are presented. Given the measurements y(s), by exchanging in-
formation with the neighbours, every robotic sensor can predict the field at u, as in

the following propositions.

Proposition 5.8. Given N measurements collected by N mobile robotic wireless

sensors and the spatial field model parameters, i.e., 3,02, ¢, 72, the posterior mean
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at u, can be computed by every mobile agent ¢ as follows
My, s = X (u) 8+ Ny, (5.41)

where pi; is the average consensus value of the random field at wu, that is calculated

by the mobile sensor i. Here,

1 -1
i = (Bus (Sos + 720 ((5) = X(9)9)) (5.42)
in which X, ¢ is a cross-covariance vector between y(u,) and y(s).

Proof: 1t is defined that

P = (Ses + 721) " (y(s) — X(5)8). (5.43)

Since the robotic sensor i knows the i-th row of the matrix (Xg + 721) and i-th
element of (y(s) — X (s)f), utilizing the JOR algorithm allows it to solve the iterative

solution of (5.43) within the ¢-th element of ¢ in each iteration specified by

pilk+1) =(1— a)gu(k) + —— ((y(si) ~X(s)B) =) Ez'j%(k’)) :

2 2
o+ T —
JF

where v < % and ¢;; is an element of the covariance matrix (g5 + 721). It is known

that Xo.s = (€usys Cursyy s Eunsy ) 1S & Tow vector and ¢ is a column vector, thus

N
= Y,sp = Z €uns; Pi (5.44)
i=1

As a consequence, (5.44) can be effectively solved by the DAC approach in a dis-

tributed manner, and then at the end of the iterations of the DAC algorithm p; is
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the arithmetic mean of a vector of (€,,s,01, €u,s,P2; -5 eu*sNgoN)T. This completes

the proof. |

Proposition 5.9. Let

b= (S + 7207 T, (5.45)

where Y, = X7

w.s- Given initial conditions as in Proposition 5.8, the posterior

variance at u, can be computed by each sensor ¢ as follows

o2 . =0*— Nuw;, (5.46)

Ux|S

where w; is the arithmetic mean of (€., %1, €y, s, W, -y €unsy¥N) -

Proof: The proof is similar to that of the Proposition 5.8. [ |

For the purpose of predicting the field at a set of the unobserved locations,

similar algorithms can be derived.

5.4.3 Distributed estimators in MRWSNs over time

In this subsection, the distributed estimation approaches for every mobile sensor in
the MRWSNs as they navigate through the environment and gather the measure-
ments over time are presented. In the previous sections, it was shown that under
the assumption of the communication range each robotic sensor can exchange its
information with its neighbours. In equivalent words, at every time step each mo-
bile wireless sensor not only senses the spatial field at its current location but also
receives its neighbours’ measurements. Therefore, it is assumed that every mobile

agent can store all its own measurements and its neighbour sensors’ readings that
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have been transmitted to it from time 1 to ¢ to estimate its own parameters and

hyperparameters and to predict the spatial field.

Consider a MRWSN of N agents, the collectively environmental measurements

of the ¢-th mobile wireless sensor at the time step ¢ is given by

Yijge = (U y(%z’)) U U U y(sjk) ) (5.47)

j=1 =1 \k=1

where N;; is the number of the i-th sensor’s neighbours at the time j. For the sake

t t Nij
of simplicity, it is denoted y; := y; 1.4, 8; = <U sj,i> U <U (U stc) )
J

j=1 =1 \ k=1

Employing the spatial model as considered in the Section 4.2 when the measure-
ments accumulate over time, it is supposed that the covariance function is defined
as aZcorr(¢g, h,t,t') with a separable correlation function corr(¢y, h,t,t') proposed
by 5.2. Here, 0 and ¢; are global hyperparameters learned at the time step t.

Estimating these global hyperparameters in a distributed way is presented in the

following.

5.4.3.1 Distributed parameters learning

The discussion followed here recovers the technique of learning parameters for the

Gaussian field model, which is described in [5].

For each mobile agent ¢, it is straightforward to write down the marginal distri-

bution of y; as follows
UiloT s dis Tis B ~ N (X (8:)Brsr Ts), (5.48)

where
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® 07, b1 T, Bri are parameters that are estimated by the i-th sensor at time

t from its collective measurements. The hyperparameters vector is defined as

(2 2 3
Ori i= (074, P Tii) € R
o X =Yg, + 751 Bss, 18 an |s;| X |s;| covariance matrix computed based on

the i-th agent’s own hyperparameters and I; is an [s;| X |s;| identity matrix.

As a result, the log-likelihood function can be obtained by

£(00i.B1) = — 5 L — X () 50) S5 (s — X (:)60s) +lomlet(S4,) + [si og(2m)}.

(5.49)

If given 0;;, B;; will only be a variable. Thus, it is recognized that the log-

likelihood function obtains the maximum value at

Bro = (X(s) S0 X ()7 X ()% e (5.50)

However, in fact 6;; is not known, which can be estimated by utilizing the
maximum likelihood approach [154]. Notice that the log-likelihood maximization

procedure can be used recursively and for many hyperparameters.

Therefore, every robotic wireless sensor can itself learn its own parameters and
hyperparameters; nevertheless, in order to predict the spatial field at unmeasured

locations, these sensors need to know the global parameters.

Proposition 5.10. If a MRWSN is connected, each mobile sensor ¢ can calculate

the global parameters and hyperparameters by exchanging local information with
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its neighbours as given

E(k+1) = €(k) + 7Y aij(&(k) — &(k)), (5.51)
J#i
where &§; = (01, Bt.i)-
Proof: The results are derived directly by the DAC approach. ]

5.4.3.2 Predicted means and variances

As discussed in Section 5.4.3.1, at the time instance ¢ when the DAC algorithm
converges, every robotic sensor can obtain the global hyperparameters vector ¢, =
(02, ¢, 77) and the global mean parameters vector ;. Thus, the conditional pos-
terior mean and variance at unobserved location u, at time ¢, given the collective

measurements of this sensor, can individually be computed by the i-th agent as

specified
Murlss = X(w)By + Sus, (Bges + 72L) " (yi — X (5:)5,) (5.52)
and
Ug*|si = Ut2 - Eu*si (Egt,i + thli)_l Zsiu* (553)

where ¥,,,(= X1 ,.) is a cross-covariance vector between y(u,) and y;, Sy ; is co-
variance matrix of y; computed based upon the global hyperparameters. Eventually,
the predicted mean and variance at u, given all the measurements gathered from

time 1 to ¢t by the MRWSN can be obtained through the DAC algorithm.
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5.4.4 Distributed sampling paths

The distributed algorithms have been designed in the previous section to predict
the spatial field at time ¢. In this subsection, an efficient sampling strategy that
drives the mobile robotic wireless sensors to the most uncertain locations at time
t + 1 is proposed to effectively improve the quality of prediction. It is shown that
each mobile agent always looks for a next location at time instance ¢ + 1. In order
to address this problem, the one-step-ahead forecast is utilized to predict the latent

spatial values at time ¢ + 1, given the collective observations up to time t.

Given y;, the agent ¢ can forecast the latent spatial process at time step ¢t + 1 as

follows
Z(St41.0)|vi = 2(8e0) |y + M1 4, (5.54)

2 2

ys)s Osys 18 a system error that describes the changes in the

where 71, ~ N(0,0
elements of the parameters vector between times ¢ and ¢t + 1. Then, the posterior
variance of the posterior distribution of Z(s;;1,) conditioned on y; and §(si41,) is
given by

-1

&2 = O.t2 - Est+1,i5i (Egtﬂ' + (TtQ + o-gys)[i> ZSiStJrl,i' (555)

St+1,i|Si

Since the sum of the spatial range and the movement range of each agent is smaller
than the communication range R, the posterior variance of Z(s;y1,) given all mea-
surements y;.; and y(s;11) is only computed by the mobile sensors whose distances
to s;+1,; are less than R. Note that the DAC method is utilized for this distributed

calculation.

Finally, it is decided at time ¢t + 1 every robotic wireless sensor moves to one of
the unmeasured locations inside its allowable movement region that has a maximum
posterior variance forecasted.
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5.5 Experimental Results

In this section, the effective centralized and distributed approaches for the sensor
placement schemes in modelling, estimating and predicting the spatial fields are val-
idated by the utilization of real-world data sets. Moreover, the sampling strategies
that are designed by the base station from all the observations (centralized method)
or the individual agent from its neighbours’ information (distributed method) in
order to move the mobile robotic sensors to the optimal sensing locations are effi-
ciently demonstrated. The centralized approach was implemented in a small-scale
environment, where all the sensors could transmit their observations to the sink,
whereas the distributed approach was conducted in a large-scale deployed network.

Note that all the experiments were implemented in a two dimensional environment.

5.5.1 Centralized sampling scheme

The efficiency of the centralized Gaussian inference for the spatial prediction is
illustrated in the following experiment using a real-world data set from the Intel
Berkeley Research Lab [135]. More importantly, the discussion of the centralized
sampling navigation primarily concentrates on the proposed approach based on the
conditional entropy; nevertheless, the analysed results are also compared with those

of the locational optimization based method.

A spatial field of the indoor temperature was reconstructed as shown in Fig.
5.3. There were N MRWSs used with constrained individual displacements of a
maximum radius of v,,,, = 4 m in every time step. The desired buffer width was set
to w = 0.3 m. v,,,, and w are usually chosen based on the dimensions and abilities

of commercial robots. The spatial field was divided into a 100 x 100 regular grid,
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0 5 10 15 20 25 30 35 40
X (m)

Figure 5.3: True field of spatial temperature. Colour bar shows range of temper-
ature.
which makes () = 10000. The simulations results were appraised in terms of the
number of the wireless robotic sensors by identifying the period of sampling time in
which the computed entropy is guaranteed by a lower bound and by computing the

predicted field of interest at the time step of stopping.

For instance, it was considered that three scenarios of N = 5, N = 10, and
N =20 MRWSs were used to monitor the temperature field. In each case, all MR-
WSs were started from pre-defined locations. The near-optimal values of the condi-
tional entropy H (?f‘tﬂlym) obtained by the proposed algorithm are demonstrated
in Fig. 5.4. As expected, the uncertainty of prediction in each iteration reduces
significantly as the number of the MRWSs increases. It can be noted that the condi-
tions imposed on the conditional entropy as introduced in the Lemma 5.6 for the
scenarios N = 5, N = 10, and N = 20 MRWSs are [log(2me)™® = —14.1894, +00),
[log(2me)™10 = —28.3788, +00), and [log(2me) 2 = —56.7575, +00), respectively.
Thus, the conditional entropy solutions of the (5.30) were not guaranteed by a lower
bound after time instants t = 19, ¢ = 12, and ¢ = 6 in the corresponding scenarios.

Therefore, the wireless networks with N = 5, N = 10, and N = 20 mobile sensors
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stop sampling at time steps t = 19, ¢ = 12, and t = 6 respectively. The upper

bounds are also shown in the Fig. 5.4 for completeness.

Entropy

—+— Proposed Approach (5 sensors)
— % — Upper Bound (5 sensors)
—— Proposed Approach (10 sensors)
— & - Upper Bound (10 sensors)
—#— Proposed Approach (20 sensors)
— B — Upper Bound (20 sensors)

2 4 6 8 10 12 14 16 18
Time steps

Figure 5.4: Conditional entropies H (¥:41|y1:¢) in the networks of 5, 10, 20 sensors,
respectively.

Let us consider the prediction accuaracies of above results. Figures 5.5a to 5.5e
show the the predicted temperature fields by using N = 5,10, and 20 mobile sensor
networks at times ¢t = 19,12, and 6 respectively. It can be qualitatively seen that
the predicted means are very much similar to the true field given in Fig. 5.3. White
circles in Fig. 5.5b, 5.5d, and 5.5f show the trajectories of the near-optimal paths of
the MRWSs up to time instants 19, 12, and 6 for three scenarios in this illustrative
example whereas the colour map represents the prediction error variances. Note

that the white solid dots in these figures correspond to the current sensor locations.

The final root mean square errors (RMSE) of the predicted field at @ spatial

sites of all the scenarios have also been calculated. Here, the root mean square error
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(c)
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Figure 5.5: The predicted field (a) at time ¢t = 19 using N = 5 sensors, (c) at time

t = 12 using N = 10 sensors, and (e) at time ¢ = 6 using N = 20 sensors. The

predicted error variances and the sampling paths (b) at time ¢ = 19 using N =5

sensors, (d) at time ¢ = 12 using N = 10 sensors, and (f) at time ¢ = 6 using

N = 20 sensors. Colour bars in left-wise column represent range of temperature,
and colour bars in right-wise column represent range of errors.
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Figure 5.6: Comparison of the predicted error variances and the sampling paths
between (a) locational optimization and (b) entropy based approaches. Range of
errors is shown in colour bars.

is defined by

Q
1
RMSE = | 5 S (g — )" (5.56)

i=1
The computations show that the RMSE obtained by the network of 5 sensors at
t = 19 is 0.2665°C', the RMSE obtained by the network of 10 sensors at t = 12
is 0.1559°C, and the RMSE obtained by the network of 20 sensors at t = 6 is
0.1347°C'. The results are reasonable for practical applications such as the one given
in [157] where the prediction errors of daily temperature are set from 1.4°C' to 2.3°C..
However, if the requirement is tighter, it is still possible to achieve by increasing the

number of mobile sensors which eventually contribute to a reduced RMSE.

Another important contribution of this work is the reduced computational com-
plexity. In this particular illustrative example of v, =4 m and N =5, at t = 19
the proposed algorithm took approximately 15 seconds to address the problem (5.30),
whereas the solution to (5.29) required approximately 25 hours run time imple-

mented on R V3.0 with a PC of 3.1GHz Intel Core i5-2400 Processor.
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More interestingly, the Figure 5.6 demonstrates the predicted error variances in
the field and the sensing paths for N = 20 robotic sensors to discover the spatial
phenomenon at the time steps from ¢ = 1 to ¢t = 6. The comparison has shown
that the conditional entropy based approach tends towards the locations along the
borders of the sensing areas at each time iteration; on the contrary, the locational
optimization based method is inclined to pick the locations around centroids of the
Voronoi partitions of the sensors’ current locations. The former illustrates an ability
to gain a better coverage, which results in very small values of the predicted errors in
the whole field, while the later results in the high uncertainty in the borders. Note
that due to very complicated shape of the density function, in some scenarios the
locational optimization based method can only find the locally optimal locations for

the mobile sensors.

5.5.2 Distributed sampling scheme

In this subsection, experiments based on the published data set that was collected
from a real-world field in Benton county, Indiana, USA [158] were conducted in order
to validate the effectiveness of the distributed approaches proposed in the Section
5.4 for the sensor placement. More particularly, by utilizing the information from
the local neighbours, individual mobile sensor can model the spatial field, estimate
the model parameters, predict the field at locations of interest, and automatically

deploy itself.

Nitrogen fertilizer applications are essential for the production of crops in the
agricultural field. Since nitrogen levels, supplied by mineralization of soil organic
matter, can vary considerably across the field, soil sampling is crucial for the accurate
description of spatial patterns in soil fertility. Therefore, in this study, it has been
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Figure 5.7: The globally estimated: (a) mean parameter 3y (b) marginal variance
02, (c) bandwidth of the kernel ¢, and (d) noise variance 72.
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Figure 5.8: The true field of the soil organic matter. Percentage of the soil organic
matter is shown in color bar.
proposed to employ the MRWSNs to construct the soil organic matter distribution
that eventually can be used to recommend a strategy for application of the nitrogen
fertilizer. The soil organic matter field was regenerated in [159] from the data of
1375 soil measurements. The size of this field is 400 m x400 m. The true levels
of the soil organic matter are illustrated in Fig. 5.8. In this experiment, at the
beginning, N = 20 mobile robotic wireless sensors were randomly deployed in the
farm as demonstrated in Fig. 5.10a in which white dots are sensor locations. The
maximum distance that each mobile agent can travel between time steps was set to

10 m. The spatial range f and the communication range R were set to 70 m and

2

sys Was known and set to 0.05.

100 m, respectively. It was assumed that o

For comparison purposes, the centralized GP method was also implemented
in the reference field. It is to be noticed that due to using all measurements for
computations, the centralized algorithm shows the best performance in all cases.
Fig. 5.7 demonstrates globally estimated model parameter and hyperparameters.
It can be clearly seen that the distributed parameters computed by the proposed

algorithms are highly comparable to those of the centralized method. In Fig. 5.9,
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the predicted field is illustrated at particular times by the distributed algorithm and

the standard GP regression method. The column-wise pairs of Fig. 5.9a and Fig.

5.9¢c, Fig. 5.9b and Fig. 5.9d, Fig. 5.9e and Fig. 5.9¢g, Fig. 5.9f and Fig. 5.9h are

distributed and centralized images of the spatial field of interest estimated at the

times t = 1, 5, 10, and 15, respectively. Fig. 5.10 shows not only the trajectories of

the sampling paths of the mobile robotic wireless sensors in white circles but also
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Figure 5.9: The column-wise pairs compare the predicted fields obtained by dis-
tributed and centralized approaches at times (a) and (¢) t = 1, (b) and (d) t = 5.
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Figure 5.9: The column-wise pairs compare the predicted fields obtained by dis-
tributed and centralized approaches at times (e) and (g) t = 10, (f) and (h) ¢t = 15.
Percentage of the soil organic matter is shown in color bar.
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the prediction error variances of interested points, corresponding to 1,5 10
and 15" instants. The white dots in these figures correspond to the current mobile

sensor locations.

Fig. 5.11 shows the root mean square errors (RMSEs) of the predicted field,
which is computed via (5.56). As expected, Fig. 5.11 shows a gradual reduction

of RMSEs with increased number of observations or with more exploration. The
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results of the proposed algorithm are reasonably close to those of the standard GP

technique with centralized approach which is appealing.

The convergences of the DAC employed in the algorithm are shown in Fig. 5.12.
These instances are considered at time step 10, in which the model parameters and
hyperparameters at each mobile wireless sensor are globally updated until they con-
verge to global solutions. For the purpose of stochastic evaluation, these parameters

were taken at the different sensors.

5.6 Summary

This chapter has presented the sensor placement for the MRWSNs in predicting the
spatial fields. It has been proposed to efficiently and effectively model the spatial
phenomena by the Gaussian processes; the centralized and distributed inference

approaches are statistically derived.

In the context of the centralized schemes, the sampling strategy has been consid-
ered in both the continuous and discrete spaces. The optimal sampling paths for the
MRWSs have been addressed by the use of the locational optimization technique,
where the density function has been computed based on the estimated variances.
However, a near-optimal solution to the motion planning problem for a network of
mobile, wireless sensors for monitoring spatial phenomena in polynomial time has
been presented in the discretized space. The computational complexity of the near-
optimal but efficient proposition has been shown to be practically feasible for the
resource-constrained MRWSNs. The conditional entropy solutions of the adaptive
sampling optimization problem have been proven to be bounded by an upper bound

and a lower bound. Particularly, the lower bound has been proposed as a stopping
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Figure 5.10: The globally predicted variances and the sampling paths at times (a)
t=1,(b)t=05,(c)t=10,and (d) ¢t = 15. Range of errors is illustrated in colour
bars.

criterion for the sampling algorithm, which guarantees the prediction results to be

within a user-defined accuracy.

Furthermore, a distributed spatial prediction method to efficiently compute
the centralized architecture of the sophisticated statistical inference for a resource-
constrained MRWSN performing spatial estimation tasks has been proposed. The

algorithm has been proposed based upon two useful computation tools of the JOR
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Figure 5.11: Root mean square errors.

and the DAC and has been executed by each mobile sensor using only local infor-
mation from its neighbours. The proposed approach allows a MRWSN with limited
wireless communication range, memory and computational power to compute Gaus-
sian inference without requiring the inverse of the covariance matrix whose com-
plexity is cubic in dimension. A locally acting mobile sensor can predict globally
the spatial field at unmeasured locations of interest by exchanging the information
in the neighbourhood structure. Sampling paths for mobile robotic sensors in a dis-
tributed fashion have been designed using the most uncertain locations so that the

quality of parameter estimation and spatial inference is improved.

Finally, the proposed approaches have been extensively evaluated using the ex-
periments of the real-life pre-published data sets, which has been then demonstrated

with promising results.

Nonetheless, the prime disadvantage of the GP is in computing the covariance
matrix. Since factorizing this dense matrix is cubic in the dimension, computation
in the GP regression faces more difficulty if the number of measurements is increas-
ing. Consequently, in the next chapter, a new model based on the GMRF will be
proposed to replace the GP in modelling the spatial field, which eventually will lead

to considerable benefits in computation for the resource-constrained MRWSNs.
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Figure 5.12: Convergences of the DAC algorithms of different sensors at time
step 10: (a) estimated mean parameter [y of sensor 18, (b) estimated marginal
variance o2 of sensor 7, (c) estimated bandwidth of the kernel ¢ of sensor 15, and

(d) estimated noise variance of sensor 8.
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Chapter 6

Spatial Estimation using Gaussian

Markov Random Field

6.1 Introduction

The advantages of utilizing the GP to model the spatial field in the spatial prediction
problem have been investigated to solve the sensor placement problem in chapter 5.
The GP delineates the continuous interpretation of the spatial field very well; nev-
ertheless, the size of the covariance matrix is proportional to the number of sensor
measurements. That is, the level of computational complexity in the GP regres-
sion as well as the sampling optimization problem increases as the MRWSs navigate
throughout the environment over time. There have been some pre-published works
addressing this issue in different ways. For instance, in their work [112], Williams et
al. proposed to employ the Nystrom method, which is used to numerically address
the eigenproblems, to approximately compute the eigendecomposition of the Gram

matrix. The proposition enables the kernel-based predictors to be carried out on
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a smaller system compared with the original one of all the observations. Besides,
[113] introduced a simple sparse greedy approach to calculate the approximation
of the maximum posteriori estimation of the GP, which diminishes the amount of
computation required to find the solution scales. In an effort to overcome the compu-
tational complexity in the GP regression, the authors in [114] introduced a frame-
work for sparse GP techniques. The method first considered randomized greedy
selections based on information-theoretic principles, then alternatively represented
the GP model that facilitates generalizations to regression. In [109], the authors
proposed to truncate the sensor measurements in order to deal with the complexity
in computing the covariance matrix. The proposition was assumed that the model
parameters were known a priori. However, in the present study, it is proposed to
estimate the mean parameters and hyperparameters online at each time iteration
as observations are gathered, which requires all the measurements to be presented.
Recently, the challenge regarding the covariance matrix in the GP has been dealt
with by replacing the GP by a computationally efficient Gaussian Markov random
field (GMRF) [15, 101, 115-118]. The GMRF approximately represents the spatial
field on a lattice. It is to be noted that in the extreme cases of very small neighbours
in the lattice, the GMRF can approximate the GP surprisingly well [115]. The com-
putational benefits of the GMRF come from the sparsity of the precision matrix, an
inverse of a dense covariance matrix, whose zero elements relate directly to condi-
tional independence assumptions, introduced in section 2.3.2. Due to computational
advancement and scalability, the GMRF has received much attention for resource-
constrained MRWSNs as compared to the standard GP [101, 119-122]. In [122],
Xu et al. proposed a new class of GP built on a GMRF for the spatial prediction
problem. Nonetheless, this proposition requires the precision matrix to be given a

priori. Although [119-121] provided algorithms to derive the sampling locations for
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the MRWSNSs, their solutions were restricted to a regular lattice. Fitting the GMRF
to the GP on the regular lattice, as discussed in [118], has to be precomputed for a
discrete set of parameter values. As a consequence, the contribution in this work is
to employ the GMRF model described on an irregular lattice so as to study a spatial

estimation approach in the resource-constrained MRWSNSs.

More importantly, designing optimally adaptive sampling paths that enable the
MRWSs to be driven to the most informative locations to observe the physical
environment, as proved in [160], is NP-hard but can be approximately computed
by a greedy heuristic algorithm. However, the complexity of resolving sampling
strategies by the greedy approach that requires factorizing of covariance or precision
matrices has not received much attention from the existing works. Particularly, the
algorithm often becomes intractable due to the need of finding the optimal sampling
points in a large number of unmeasured locations of interest. Hence, the present
work in the first stage concentrates on modelling the spatial field by the GMRF
representation on an irregular discrete space in order to derive the near-optimal

navigation schemes with a reasonable running time.

The remainder of this chapter is organized as follows: In Section 6.2, it is pro-
posed to utilize the GMRF that is represented on an irregular lattice of a trian-
gulation by using a specific SPDE approach to model the physical spatial field.
Centralized and distributed prediction schemes from the GMRF standpoint for the
physical process are derived in Section 6.3. By analysing a technique of the one-
step-ahead forecast to predict the future measurements, an adaptive sampling opti-
mization problem in terms of information-theoretic criteria by the use of the GMRF
models is first formulated in Section 6.4. It is demonstrated that the existing ap-

proximate greedy algorithms to address the combinatorial and NP-hard problem
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of optimizing the sampling paths for the MRWSNs are intractable if the networks
search for a large number of unobserved locations in the field. Then, an efficient
novel optimality criterion for the adaptive sampling problem is proposed so that the
running time of a greedy algorithm is deterministic even though either the number
of measurements goes up or the unmeasured locations are dense on a very large
mesh. For the case where each mobile sensor has a short wireless communication
range, a distributed sampling scheme for each robotic agent is also designed in this
section. The distributed approach enables each robotic sensor to communicate only
with its neighbouring sensors but to approximately reach to global estimation and
prediction values. Efficiency of the proposed approaches is extensively evaluated us-
ing two pre-published data sets in Section 6.5. Finally, the summaries are provided

in Section 6.6.

6.2 Spatial Field Model via GMRF

In this section, the basic concepts and results on the spatial field model that is used
in this chapter are introduced. The discussion here follows the model represented
in Section 4.2; yet the component of the random field is specified by a GMRF as

introduced in the Section 2.3.2.

Let @ C R? be considered as the spatial field of interest that is discretized into
n Voronoi partitions in which their centroids are n vertices of a mesh. In this special
consideration, the mesh is represented as an irregular lattice of a triangulation as
illustrated in Fig. 6.1 and is created by exploiting the stochastic partial differential
equations (SPDE) that is discussed in Section 6.3.1. In a real application, a much

denser mesh will be considered. Let spatial locations at the vertices of the mesh
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Figure 6.1: The spatial field Q@ C R?. Voronoi cells are partitioned by dash red
lines and a mesh of a triangulation is created by solid blue lines.

denote as v := (v, vl ... vI)T and the random vector 3/(v) denoted by ¢/(v) :=
(v (v1), 9 (v2), ..., ¥ (vs))T describes a vector of latent variables of the field. In this
study, the latent variables are modelled as a summation of a large scale component

and a random field. The model is defined by

y'(v) = X(v)B+ z2(v), (6.1)

where

e X (v)B = u(v) is the expectation of y/(v). X (v) denotes a matrix of spatially

referenced non-random variables (known as covariates) at location v and 3 is

136



Chapter 6. Spatial Estimation using Gaussian Markov Random Field

a vector of mean parameters;

e zis a GMRF with a zero mean vector and a precision matrix (). Note that the
precision matrix consists of a small number of non-zero elements. Construction

of @ will be considered in Section 6.3

As discussed in [118], the GMRF can be constructed explicitly and accurately
represents a Gaussian random field when the continuous domain SPDE has a solution

of a stationary GP with a Matérn covariance function as given in Section 4.2

2

g v
COU(h) = W(K}h) Kl,(:‘ih>,
where h :=| v; — v; |, 0% is the marginal variance, r denotes the spatial scale

parameter, v is the Matérn smoothness, K, denotes the modified Bessel function of

the second kind and order v > 0.
In this case, the term X (v;)f is referred to as the mean function of the GP.

When the model of a network of mobile wireless sensors is considered, as gener-
ally analysed in Section 2.6.1, agents are equipped with identical sensors and take
measurements at times t € Z~(. At time ¢, agent ¢ takes a noisy measurement at its

current location s;; € Q, specified by

Yei = X(Stﬂ')ﬁt + Z(Stﬂ') + 6(813’@'), (62)

where f3; is the mean parameter vector estimated at time ¢, £(s;;) is a noise with a

2

zero mean and a known variance o;.
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6.3 Spatial Predictive Inference via GMRF

In this section, the spatially centralized prediction schemes via the GMRF using the
SPDE approach are first introduced. The spatially distributed implementation of the
centralized schemes is then proposed. In these schemes, the unobserved locations
of interest are on the vertices of the mesh as defined in Section 6.2. In the first

subsection, how the GMRF is constructed by the use of the SPDE is presented.

6.3.1 The SPDE approach

When dealing with the spatial field, the SPDE approach proposed by Lindgren et al.
[118] particularly illustrates a computational effectiveness. This method represents
the random field models as solutions to the continuous domain SPDEs. The premise
behind the SPDE approach is to represent a continuously indexed spatial process,
for example GP, as a discretely indexed GMRF. In other words, this technique is to
construct the GMRF with local neighbourhood and the sparse precision matrix ¢)
to address the ”big n problem” [111]. In fact, the "big n problem” in the GP defines
a computational burden while working with algebra operations that are with n x n

dense covariance matrices.

As shown in [118], the SPDE approach utilizes the Finite Element method [161]
to project the SPDE onto a basis representation that consists of piece-wise linear
basis functions described by a triangulation of the domain of interest. The triangu-
lation is constructed by a set of non-intersecting triangles. Assume that a realization
of the spatial process z(s) is observed at L spatial locations sy, Sg, ..., Sz; then the
triangle initial vertices are imposed at these spatial locations. Moreover, for spatial

prediction, additional vertices are added to complete a fully large triangulation.
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Given the triangulation of the domain Q, the GMRF model is built on the basis

function representation

2(s) =Y frls)wr, (6.3)

where { fr(s)} represents the basis function, and {wy } represent Gaussian distributed
weight. The functions { fx(s)} are piece-wise linear on each triangle, which denotes
that fi(s) is 1 at the k™ vertex of the mesh and 0 at all other vertices. wy, is the
value of the spatial field at each triangle vertex k. Therefore, in the perspective of
the continuous domain, the GP can be developed by the joint distribution of the
weights {wy}. It can be clearly seen that the finite element representation (6.3)
enables not only the description of the continuous interpretation of the spatial field
but also the implementation of the practical computations effectively. The SPDE
method provides the explicit link between the GP and the GMRF that maps from

the parameters of the covariance funtion to the elements of the precision matrix Q).

The precision matrix ) with the size of n x n is calculated by, as shown in [118],
Q = T (K'C +25°G + GC'Q), (6.4)
where C' and G are the n x n matrices with
Cij = (fis f3);

Gij = (Vfi, V fi),

and 7 is utilized to control the variance and is computed by

L)
T = .
I'(v+ 1)4dmo2k?
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The dimension of the precision matrix is defined by the number of the vertices of
the triangulation in the domain of interest. It can be clearly seen that () expresses
as a function of 7 and k. Here, let 6 := (log(7),log(x)) define a hyperparameter

vector.

It can be seen that the GMRF representation constructed by the linear basis

functions holds the sparse property of the precision matrix.

6.3.2 Centralized prediction schemes

In this subsection, it is proposed to consider the spatial field model as described
in Section 6.2 and impose unmeasured locations upon the vertices on the mesh.
Suppose that the latent random field at the n vertices of the triangulation at time
t is distributed as

20 ~ N (0,Q;) (6.5)
where 0, is the hyperparameter vector learned at time step ¢, Q; = Q(6;).

Furthermore, a concept of a projector matrix, A, is introduced that projects the
latent random field modeled at the triangulation vertices to the data locations. This
is equivalent to saying that this sparse weight matrix is needed to map between the
basis function representation responded at n locations and the random field with
a dimension of tN. At the time instant ¢, the size of the projector matrix, Ay, is
tN x n. The projector matrix A; is built in such a way that each row has only one
non-zero element of value 1. This non-zero element is indexed by the correspondingly

observed location in the vertices set of the triangulation.
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Under the spatial field model, it is given

ylzt’Zb 0+, Bt 03, Ay~ N (X(Skt)ﬁt + Az, (752]) ) (6-6)

where X (s1,4) denotes a matrix of covariates, [3;,0, are parameters estimated by
using all the available observations from time 1 to ¢, and I denotes the tN x tN
identity matrix. If all model parameters are learned, the joint distribution that is

computed by employing the technique in [154] is specified by

0 Q' QAT
Zt7y1:t’9t7ﬁt70—3714t NN y . (67)

X (s1:4) Bt ATQ7 oI + AQ AT

One can also represent the covariance matrix in (6.7) in terms of the corresponding
partitioned precision matrix. To do this, it is proposed to utilize the block-wise

inversion approach [162] and the Schur complement. It is given by

-1
Q! Q1A Qi+ Al (021)' A, —Af(a2D) !
= . (6.8)
ATQ oI+ AQ AT —(021) 1A, (021)~!

£

In probabilistic terms, the full conditional distribution of z; given ¥y, is also

Gaussian, derived from (6.7) and (6.8) as follows

Zt‘yl:ta gta Bh 037 At ~ N <ﬂ’zt\y1;t7 Qz_t\lyhg) ’ (69)
where
= @l AT e — X(500)B0) (6.10)
Hozilyn .t ztlyre” 7t \Ve Yt 1:t )Pt ),
Qzfyre = Qe + Al (o21) A, (6.11)
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Note that the full conditional distribution represents the posterior distribution
of the random field given the observations. Nonetheless, in order to compute the
prediction mean of the predicted field of interest, the large scale component needs
to be added to p,),,,. For instance, the predicted mean at an unobserved vertex v;

at time t is X (v;)B; + fiz,)y,.,.[1]. Furthermore, the predicted variance at v; at instant

tis Q) [i,4].

Remark 6.1. The primary computation of (6.10) is to factorize the sparse matrix

Q= Jy1..» Which can be obtained in a short time. On the other hand, since @.,,,., is

not dependent on collection of measurements, fi,),,, can be computed in O(1). If
the standard GP model [13] is utilized, where the computational complexity of the
prediction scheme is cubic in the dimension of the dataset, the GP-based compu-
tational issues become intractable with the increase in the number of observations

over time. [

6.3.3 Distributed prediction schemes

Employing the useful distributed discrete-time average consensus (DAC) technique
described in Section 5.4.1.2; the distributed estimation approach is presented for
every mobile sensor in the MRWSNs as they navigate through the environment and
gather the measurements over time. It is shown that under the assumption of the
communication range of R, each robotic sensor can exchange its information with its
neighbours. In equivalent words, at every time step the mobile wireless sensor not
only senses the spatial field at its current location but also receives its neighbours’
measurements. Therefore, it is assumed that every mobile agent can store all its

own measurements and its neighbour sensors’ readings that have been transmitted
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to it from time 1 to ¢ to estimate its own parameters and hyperparameters and to

predict the spatial field.

Consider a MRWSN of N agents; it is supposed that every robotic sensor knows
the mesh of the triangulation and is located at an arbitrary vertex of the mesh.
However, each sensor does not know the locations of any other sensors. At the time
step t, the collectively environmental measurements of the i** mobile wireless sensor

are given by

Yire = (O y(sw) U (O (JCJ y(Sk,g))> ; (6.12)

k=1 k=1 \g=1
where Nj; is the number of the i'® sensor’s neighbours at the time k. For the sake
of simplicity, denote y; = y;1... The i mobile sensor can also know the sampling

locations corresponding to y; 1. as follows

@G e

It is supposed that by exchanging information with the neighbours, every mobile
agent can only predict the field at an unobserved vertex v; that is inside the sphere
of radius £ centered at the sensor. Hence, the global posterior prediction at any

2

unmeasured locations can be obtained as the following proposition.

Proposition 6.2. Given the measurements y; collected by the mobile robotic wire-
less sensor ¢ from time 1 to ¢t and the global parameters of the spatial field model,
that is S, 0;, every mobile agent ¢ can approximately compute the global posterior

prediction at v;, where || v; — v; [|< &, as follows.

(1) Mean:
g
Myl = X(Uj)ﬁt + F Z (pz[j]u (614)
J =1
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where
Y = Q;’lﬂyl:tAZ:i(gin)_l(yi — X(si)B1),
and
e N, is the number of sensors whose distances to v; are less than or equal to %;

A;; is the projector matrix that projects the random field modelled at the

triangulation vertices to s;;

I; is a [s;| X |s;| identity matrix;

QZt,i\ylzt = Qt + Ag:i(o-gli)ilAM'

(2) Variance:

N
L™ s s
O-gj|81;t - F ZQzﬂlyi []7]] (615)
7 i=1

Proof: In the centralized schemes, it can be seen that ¢ = Al (021)~(y14 —

X (s14)B:) is a n column vector with non-zero elements corresponding to sensor

-1

locations on the mesh. Production of the j** row of
Ztly1:t

and ¢ is the prediction

mean of the random field at the vertex v; on the triangulation.

In the distributed schemes, due to lack of information of all sensor locations,
the mobile agent ¢ cannot compute the projector matrix A;. This leads to (6.10)
not being calculated in a distributed way. However, look into (6.10), suppose that
if a sensor location v, and v; are distant, then covariance Q;‘lylzt [7, k] between the
random variables at v, and v; is trivial. In other words, the predicted field at
v; would not change much if the robotic sensor at v, does not participate in this
prediction computation. Therefore, in this consideration, it is proposed that each

mobile agent i employs its own measurements and its neighbour sensors’ readings
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y; but uses the global parameters (f;,0;) to predict the random field ¢; at the
triangulation vertices. It can seen that ¢; is a n column vector but only the element
©i[7] that is estimated by the mobile sensor i is used to calculate the global random

field at v;.

Notice that the assumption || v; — v; [|< £ is required for making communi-
cations among robotic sensors that can estimate the field at v;, which holds that
N%va:’l ©i[7] and the variance can be obtained by the group of these agents as

average consensuses. [ |

Remark 6.3. Each mobile agent in the v;-estimated group predicts the spatial field
at v; in a distributed way; yet its own predicted mean and variance are exchanged
with its neighbouring sensors in the group to compute the global prediction mean
and variance at this predicted location. The distributed algorithm for a robotic

sensor is summarised in Algorithm 5. |

Algorithm 5 Distributed prediction algorithm for each mobile agent i at time step
t
t t N t t N;
tmputs Uy, U (U ntonn)): Ui U (U s ). oty
k=1 k=1 \g=1 k=1 k=1 \g=1
Output: Predicted field at unobserved location v;, including mean m,
variance 03j|81:t
At time t € Z~, do
1: Compute @); based on 6,
2: Compute A ;
3: Compute Q, 1y, = Q¢ + A;‘F’i(agli)_lAt,i
4: Compute @; = Q;’li‘yl:tAZ:i(agfi)_l(yi — X(s:)f)
5

. Compute average random value NLJ Zf\gl vil7] via DAC approach, where j is the

j |51:t a'nd

index of the location v; on triangulation mesh
N; .
6: Compute mean m, |, = X (v;)53; + N% > wildl

7. Compute variance agj‘SM = Ni] Zjﬁl QZ_t,li'ylzt [7,7] via DAC approach
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6.3.4 Parameters estimation

The discussion followed here recovers the technique of learning parameters for the

Gaussian field model, which is described in [5].

6.3.4.1 Centralized learning

From (6.7), it is straightforward to write down the marginal distribution of y;, as

yl:t|0ta ﬁta U?? At ~ N (X(Sl:t)ﬁta 052[ + AtQt_lA?) . (616)

Let ¥ = 021 + A;Q; ' AT the log-likelihood function is

[0, 8:) = —%{(ym — X (s14)8) "5 (1 — X (s1.0) Br) + log det () + tN log(2m)}.
(6.17)

The recursive algorithm to estimate the model parameters 6, (; is referred to

in Section 5.3.1.

Remark 6.4. The complexity of the evaluation of the log-likelihood function is
considerably dependent on inverting the covariance matrix ;. The complexity of
inverting this matrix is O(n?). Since n is vary large, it is worth considering how
to efficiently compute the logarithm of the determinant of the covariance matrix >3,

and its inversion, that is the precision matrix ;.
By the matrix determinant lemma, the logarithm of the determinant of ¥; can
be given by
1
log det(3y) = log det(Q; + —A] A;) — log det(Q;) + 2tN log(ox).
O-E
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Similarly, the precision matrix ;! can be obtained by employing the Woodbury

maxtrix identity as follows

_ 1 L.
Zt 1 — p (_[ - At(Qt + A?Ato‘_g) 1A?) .

£

As a result, these formulae ameliorate the calculations very considerably in the

MRWSNSs with limited resources. [ |

6.3.4.2 Distributed learning

Consider a distributed MRWSN where it is assumed that a graph with vertices of
mobile sensor locations is connected over time. In a distributed way, every robotic
sensor ¢ can itself learn its own parameters and hyperparameters by utilizing its
collective measurements y;. Each mobile agent can employ the recursive algorithm
introduced in the previous section to estimate its own model parameters. Neverthe-
less, in order to predict the physical field at any unobserved locations, the GMRF
regression technique, as described in (6.14) and (6.15), requires the global parame-

ters that can be obtained by the following proposition.

Proposition 6.5. If a MRWSN is connected, each mobile sensor ¢ can calculate
the global parameters and hyperparameters by exchanging local information with

its neighbours as given

Glk + 1) = &GlE + 7)) ay(§[k] — &[R)), (6.18)
i

where & = (6, /Bt,i)T, and f;; and 0;; are a mean parameter vector and a hyperpa-

rameter vector estimated at the time instant ¢ by the mobile sensor .
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Proof: Since, it can be clearly seen that (6.18) is similar to (5.37), the results are

directly derived by the DAC approach that has been described in Section 5.4.1.2. H

6.4 Adaptive Sampling Approach

The objective in the present study is to estimate and predict efficiently and effectively
the spatial field by using a limited number of the MRWSs. Therefore, there is a
need to design optimal adaptive sampling paths that enable to drive the MRWSs
to the most informative locations to observe the physical environment. It is shown
that each MRWS always looks for a next location at time instant ¢ + 1 given all
measurements up to time ¢. Note that the robotic sensors collect measurements of
the field at the vertices of the triangulation. In the following, the one-step-ahead
spatial prediction technique before presenting the adaptive sampling approach is

considered.

6.4.1 One-step-ahead spatial inference

It can be clearly seen that looking for the most information locations s;;; at time
instant ¢+ 1 without g, is intractable. Hence, in order to address this problem, the
one-step-ahead forecast is utilized to predict the latent spatial values at time t 4 1,
given the collective observations up to time ¢. The readers are referred to [163] for

more detailed discussion.

The spatial field model at time ¢ can be written as

Y10 = X(514) 0 + Arze + (51, (6.19)
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where &(s1.¢) ~ N(0,021).

Given z|y1.¢ (6.9), the latent random process at time step ¢+1 given observations
y1.¢ can be forecasted by

Zer1|Yre = 2t|Yre + Nes1s (6.20)

2
sys

2

Sys 1S a system error

where 7,41 ~ N (0,02, .1,), I, is a n X n identity matrix, and o
that describes the changes in the elements of the parameters vector between times

t and ¢t + 1.

2

sys 18 to be known, the prior conditional

Let Q111 = 02,1, and suppose that o

sys

distribution of Z;,1 given y;.; can be obtained by

Ze |y ~ N(Mzt|y1:t’ Qz_t\lyltt + Q;,%-s-l) (6.21)

Therefore, the measurements forecasted at time ¢ + 1 is

Yrr1|Y1:e = X (Se41) 81 + Ai(Zig1|y1:e) + €(541), (6.22)

where £(s;41) ~ N (0,0%;,1) and [;;; is a N x N identity matrix.

Moreover, if VT is a set of the vertices on the triangulation, let b;,; € R™ define

a column vector at time ¢ + 1 as

. 1, if VT'(i) = sp1and j=1,..., N
b [i] =
0, otherwise.
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Then, the posterior precision matrix of the posterior distribution of Z;,; condi-

tioned on yy.; and ;41 is specified by

A _ _ _ 1
ta+1|y1:z,§t+1 = (ta‘lylzt + Qn;—f—l) ! + ;bt-l—lb?-&-l' (623)

&€

For the sake of simplicity, from here it will be used @ZHI = @ztmylmgﬂrl, Q. =

ta|ylzu and Qn = Qn,t+1-

Note that these precision matrices are very sparse ones that will be utilized for

fast computation in the following sections.

6.4.2 Centralized sampling strategy

In recent related works, the approaches mostly used to find the most informative
sampling locations at the next time step ¢+ 1 are derived from information-theoretic
criteria such as entropy [133]. These works proposed to optimize the conditional
entropy on the GP models [97], [107], or on the GMRF models restricted to a
regular lattice [119-122]. In this subsection, the conditional entropy based adaptive
sampling method is extended on the GMRF models that are described on an irregular
lattice. Moreover, the complexity of these existing methods is demonstrated and a
novel approach is proposed, which is computationally practical for the resource-

constrained MRWSNss.

The crucial idea of the proposed technique is to drive the MRWSs to new sam-
pling positions in such a way that the overall uncertainty at the n spatial sites is

minimized. In terms of the GP technique, let 5 define a very dense covariance

Zt+4+1

matrix of Zyy1|y1.e, Yrr1- 5 can be obtained by izt = @\Z_til. The conditional

Zt+1
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entropy of Zyy1|y1.4, Y11 is computed in terms of the closed form expression (6.23) as
- N 1 S
H(Z1|yie, Grer) = E{log det(X,,,,) + nlog(2m) + n}.

In a simplified form, it is denoted

A~

H =logdet(3.,,,) (6.24)

as a conditional entropy function. As a result, the next optimal sampling locations

at time instant ¢ + 1, s;y1, can be obtained by minimizing the uncertainty as follows

opt

Sgr1 = argmin log det(ﬁztﬂ), (6.25)

Sk+1,i € QS)T(Z)

where Qg)T(z) is a set of the spatial sites inside V' but restricted by QZ@ that is
the allowable movement region of the MRWS i at time ¢, explained in Section 2.6.2.
This optimization problem can be rewritten in terms of the precision matrix. One
has

s = argmax log det(@ztﬂ). (6.26)

skrri € (i)

It can be clearly seen that the above combinatorial optimization problems are NP-
hard [53]. Usually, these issues can be addressed by employing a greedy algorithm
that sequentially finds a set of the next near-optimal sampling locations at time
t+1, 57, ;. Nonetheless, the costs of these algorithms need to be considered in the
resource-constrained MRWSNs. The computational complexity of the algorithms

can be described as below.
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Lemma 6.6. Given a GP model, the greedy algorithm can resolve the optimization

problem (6.25) in time O(Nn*).

A~

Proof: Since the size of £,,., is n X n, exact computations of logdet(3,, )

Zt+1

require O(n?) operations [152]. In addition, VT has n elements, so there are O(n)

such logarithms of the determinants to be calculated.

Moreover, in the adaptive sampling strategy, it needs to find N next MRWS
locations at every time step. Thus, the greedy algorithm has to run N iterations in
time O(N). So, the optimization problem (6.25) can be finalized in running time

O(Nn*). [ ]

Remark 6.7. In general, n is very large; despite being under a greedy approach,

the problem (6.25) is still intractable in the resource-constrained MRWSNss. [ |
Lemma 6.8. Given a GMRF model, the greedy algorithm can address the opti-
mization problem (6.26) in time O(Nn?).

Proof: Note that the size of Q., L, is also n x n. As discussed in [164],

log det(@zwﬂ) =2 Z lOg(L”)7
i=1

where Q., ., = LL". This Cholesky decomposition is calculated in time O(n2) in

two dimensional space.

The rest of this proof is similar and refers to the proof of the Lemma 6.6.

Therefore, the computational complexity of (6.26) is O(Nn3). [ |

Remark 6.9. The GMRF models enable the greedy algorithm to very considerably
reduce the computational time of finding the near-optimal sampling locations for
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the MRWSNs. Nevertheless, this approach is clearly impractical. In the follow-
ing, an efficient novel optimality criterion for the adaptive sampling problem in the

MRWSNs is proposed. |

Proposition 6.10. Given Q,, computed at time ¢ by (6.11) and o2 ., the next

sYs)

sampling positions for the MRWSs at the time step t + 1 is the optimal solution of

the following problem.

S?f_tl = argmax th+1 (Q;l + Q;l) biy1. (6.27)

St+1 € Q(4)

Proof: Let ¥ = (Q;' + Q;l)_l. From (6.26) and (6.23), and by utilizing the

matrix determinant lemma, one has

1
H = —logdet{V¥ + Pbt+1b?+l}

1
H=— log { (]. + —sz’_lqj_lb“_l) det(\P)}
O_E

1
H = —log (1 + —2bf+1\11_1bt+1) — log det (V)
O’E

It is stated that W is constant at each time instant, U~! is symmetric positive
definite, and the logarithm function is monotonic. For these reasons, it can be in
turn defined

H = b/ U by
to complete the proof. [ |

The optimization problem in the Proposition 6.10 is still combinatorial and
NP-hard. Nonetheless, the greedy algorithm can cope with this maximization issue

in a reasonable computational time as follows.
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Theorem 6.11. Given a GMRF model, the near-optimal solution of (6.27) can be

obtained in time O(Nn).

1

Proof: Due to the sparse structure of @).,, Q). can be computed in a very

short time at time ¢ and constant at time t 4+ 1. Therefore, the computation of
b, (Q7' + Q;l) bey1 requires O(1) operations. As shown in the Lemma 6.6, the

total time to resolve the optimization problem (6.27) is O(Nn). [ |

Remark 6.12. It is apparent that the proposed approach can be efficiently imple-
mented in the resource-limited MRWSNs. It is also to be noted that the computa-
tional complexity remains approximately constant even with an increasing number

of measurements. |

6.4.3 Distributed sampling strategy

The distributed algorithms have been designed in the previous section to predict the
spatial field at time ¢. In this subsection, an efficient navigation strategy is developed
to implement the equation (6.27) in a distributed fashion. Under the assumption of
the allowable measurement region in Section 2.6.2, each mobile agent ¢ can find the

)

most informative location inside QgﬁT(z) as below.

Proposition 6.13. Given (); obtained at time ¢, the next sampling location for the

robotic sensor i at the time step t + 1 is vy, € Qg)T(z) that satisfies

opt

Siv1; = argmin - Qyk, k]. (6.28)
e € Q0(3)
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Proof: At the mobile sensor ¢, a column vector b;;1,; € R" is denoted as

. L, fVT(j) = str1,
bet1,ld] =
0, otherwise.
It can be seen that b4, is a vector with one non-zero element. Hence, from (6.27),
o2 will be excluded from the result as the noise corresponds to measurements. The
constant-diagonal matrix @), ! can also be eliminated. Eventually, the result of the

right hand side of (6.27) obtained by the sensor i is Q; '[k, k] for computing iteration

of vg. [ |

Obviously, the computational complexity of (6.28) is O(N;), where N; is the
number of the vertices inside QS)T<Z> This computational time is very encouraging

for each resource-constrained robotic sensor to find an optimal sampling path.

6.5 Experimental Results

In this section, in order to illustrate the efficiency of the proposed approaches, ex-
periments were conducted using published data sets described as follows. The aim
was to compute the predicted field and the prediction error variances in the whole
environment as well as the root mean square errors. More particularly, the compu-
tational time for finding the efficient sampling paths for MRWSs was also calculated.
Simulated results are demonstrated in two following subsections: centralized scheme
and distributed scheme. Usually, the centralized approach is utilized in a small net-
work, where all sensors can easily transmit all measurements to the sink. Hence, the
centralized algorithm was carried out on the numerically generated data set [119],

where a small network of 5 mobile sensors was utilized to observe the physical field.
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In contrast, the distributed method is often used in a large-scale network. In this
experiment, the distributed algorithm was implemented in a network of 30 mobile
sensing agents that were deployed in a simulated agricultural field. Data set for this
experiment was derived from a real-world application [158] and regenerated by [159].

Note that all experiments were implemented in two dimensional environments.

6.5.1 Centralized navigation scheme

In this discussion, one considers a situation where, at time step ¢, all mobile sensors
make new observations and transmit them to the sink via a specific routing tree.
Then the base station computes the centralized sampling strategy and sends control
commands back to each robotic sensor. All prediction activities are conducted by

the sink.

A spatial field of the physical quantity was generated within 100 unitsx50 units
as shown in Fig. 6.2. The range of the field varies from 15.00 to 28.30. There
were five (N = 5) MRWSs used with constrained individual displacements of a

maximum radius of 5 units in every time step. The desired buffer width was set

T e

" 5
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50 ! I I I == I 1 ‘ I

0 10 20 30 40 50 60 70 80 920 100

e
T

1

T

‘ A
5-

Figure 6.2: The true field of the numerically generated data set. Range of the
fields is shown in color bar.
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0 10 20 30 40 50 60 70 80 90 100

(¢)

Figure 6.3: The results for numerically generated field in Case 1: The predicted
fields at time (a) ¢t = 1, (b) ¢ = 10, and (c) t = 20. Range of the fields is illustrated
in color bars.
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to w = 0.3 units. In this evaluation, three cases are considered in three different
starting conditions as illustrated in Case 1 Fig. 6.4a, Case 2 Fig. 6.5a and Case 3
Fig. 6.5b. In Case 1, for comparison purposes, all MRWSs were started from the
pre-defined locations as shown in Fig. 6.4a (in white dots), similar to the work in

[119]. Tt was assumed the knowledge of the measurement noise o2 = 0.2 and the

2

system error oy,

= 0.25. The spatial field was represented by approximately 5000
vertices of triangles which were considered as spatially interested sites. In this case,
the percentage of non-zero elements in the sparse precision matrix is around 18%,

whereas the covariance matrix is comprehensively dense.

Figures 6.3a, 6.3b, and 6.3¢c demonstrate the predicted fields at times ¢t = 1,10
and 20. It can be seen that the predicted means are approaching the true field as
illustrated in Fig. 6.2 when the number of the observations increases. White circles
in Fig. 6.4a, 6.4b, and 6.4c show the trajectories of the near-optimal paths of the
MRWSs up to time instants 1, 10, and 20, respectively. Fig. 6.4 also shows the
gradual reduction in the prediction error variances with the growth of time steps,
corresponding to 1%, 10", and 20*" instant respectively. The prediction errors are
higher in the areas distant from the measured points. Nonetheless, the predicted

variances in the whole space are trivial when 5 MRWSs collect 20 observations each.

Fig. 6.6 shows the root mean square errors (RMSEs) of the predicted field at n

spatial sites, which are based on,

n

RMSE(t) = %Z (:uZt|y1:tm - Ztm)Q’

=1

where z; is a vector of the values actually observed.
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As expected, Fig. 6.6 shows a gradual reduction of RMSEs with increased

number of observations or with more exploration.

For comparison purposes, a generic GP regression [13] for estimating and pre-
dicting the spatial phenomenon was implemented in Case 1. Note that since the
standard GP continuously interpret the spatial field, its prediction results should
illustrate the best performance in all scenarios studied. However, computing the
dense covariance matrix is a main obstacle to addressing the spatial prediction is-
sue, which has led this study to propose the GMRF in this chapter. Under starting
conditions in Case 1, as can be seen in Fig. 6.6, results of the proposed approach
are highly comparable to those of the standard GP based method. Furthermore, the
implementation of the approach proposed by Xu et al. [119] was also conducted.
It can be clearly seen that the proposed GMRF outperforms [119]. The rationale
could be in the fact that [119] chooses the hyperparameters prior to measurements
whereas the proposed GMRF updates these parameters online. In order to highlight
the consistency of resulting performance, the proposed approach was then evaluated
in Case 2 and Case 3, respectively. Results corresponding to the prediction quality
as demonstrated in Fig. 6.6 in Cases 1, 2 and 3 show that the proposed algorithm

always generates best solutions for all the cases studied in this work.

Another important aspect to compare is the computational complexity in find-
ing the sampling paths for the MRWSs. In section 6.4.2, three strategies to optimize
the informative navigations in the MRWSNs have been formulated. They all aim
to minimize the uncertainty at unobserved locations of interest. The first strategy
uses a GP model to describe the spatial field and then to find sensing locations by
minimizing the logarithm of the determinant of the covariance matrix. The strategy

is specified by (6.25). The second strategy represents the field by the GMRF and
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0 10 20 30 40 50 60 70 80 90 1 0

Figure 6.4: The results for numerically generated field in Case 1: The predicted

variances in the field at time (a) ¢ = 1, (b) ¢t = 10, and (c) t = 20. Range of the

errors is demonstrated in color bars. The sampling paths for MRWSs up to time

steps 1, 10 and 20, respectively, are illustrated by white circles, where current
mobile sensor locations are shown in white dots.
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Figure 6.5: The sampling paths for MRWSs up to time step 20 are illustrated by
white circles, where current mobile sensor locations are shown in white dots. (a)
Case 2 and (b) Case 3.
solves the sampling problem by maximizing the logarithm of the determinant of the
precision matrix. The issue is now shown in (6.26). In the third scheme, the GMRF
is utilized to model the spatial field, but a new criterion for the sampling path is-
sue has been proposed, which removes the need for computing the logarithm of the
determinant. The proposed criterion is described by (6.27). These strategies are all
resolved by the greedy algorithm. It was noted that the run time of the algorithms

did not ascend with the rise of the number of observations. More importantly, in this
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I I I
% Xuetal. [119] - case 1
= + — Centralized standard GP - case 1

—¥— Centralized GMRF - case 1
- =4~ Centralized GMRF - case 2
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Root mean square errors

|
2 4 6 8 10 12 14 16 18 20
time steps

Figure 6.6: The root mean square errors for numerically generated field at different
starting conditions.
particular illustrative experiment, in each time instant, the algorithm took approx-
imately 9 seconds to address the problem (6.27), whereas solutions of the problems
(6.25) and (6.26) required approximately 7 hours and 4 hours run time respectively

implemented on R V3.0 with a PC of 3.1GHz Intel Core i5-2400 Processor.

6.5.2 Distributed navigation scheme

Consider a MRWSN in a distributed fashion in which at time instant ¢ every individ-
ual mobile agent can transmit data to and receive information from its neighbouring
sensors. There is no central station in this case; each robotic sensor itself computes
prediction of the field of interest and finds the optimal sampling path by employing

its own and its neighbours’ measurements as well as exchanging information with
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Figure 6.7: The results for agricultural field: The model parameters of GMRF are
estimated by centralized and distributed approaches proposed. These parameters
are (a) mean parameter 5y, (b) log(7), and (c) log(x).
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the neighbours. The data set in this consideration is derived from a real appli-
cation [158]. It has been known that nitrogen fertilizer applications are essential
for production of crops in the agricultural field. Since nitrogen levels, supplied by
mineralization of soil organic matter, can vary considerably across the field, soil
sampling is crucial for the accurate description of spatial patterns in soil fertility. It
was proposed utilizing the MRWSNs to construct the percentage of the soil organic

matter patterns that recommend a strategy of nitrogen fertilizing.

The percentage of the soil organic matter was regenerated in [159] from the
data of 1375 soil measurements. The size of this field is 400mx 400m. The true
levels of the percentage of the soil organic matter are illustrated in Fig. 6.8. In this
experiment, at the beginning, N = 30 mobile robotic wireless sensors were randomly
deployed in the field as demonstrated as white dots in Fig. 6.9b. The maximum
distance that each mobile agent can travel between time steps was set to 15m. The
communication range R was set to 100m. The minimum distance between any two
robotic sensors at any time was w =3m. It was assumed that o2 was known and set

to 0.01.

0 50 100 150 200 250 300 350 400
X (m)

Figure 6.8: The true field of the agricultural data set. Percentage of the soil
organic matter is shown in color bar.
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Figure 6.9: The results for agricultural field: (a), (c¢) and (e) are the predicted
field at times t = 1, t = 5, and t = 10, respectively. The predicted variances in
the field at times (b) t = 1, (d) ¢t = 5, and (f) ¢ = 10. The sampling paths for
MRWSs up to time steps 1, 5 and 10, respectively, are shown by white circles,
where current mobile sensor locations are demonstrated in white dots.
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Figure 6.10: The root mean square errors for agricultural field.

In the proposed method, it is assumed that each mobile sensor can store all its
own measurements from time step 1 to current time step ¢ and transmit them to
its neighbours when required. Therefore, at a particular time, every mobile sensing
agent possesses not only its own measurements but also its neighbours’ readings
by only exchanging local information. Particularly, these collective measurements
include the measurements gathered distantly from the sensor. This leads to the fact
that the sensor can obtain measurements at locations even without navigating them.
As a result, there are encouraging results demonstrated in Figures 6.7 and 6.9. For
instance, in order to evaluate the distributed technique, the mean parameters and
the hyperparameters of the GMRF model are estimated using both centralized and
distributed methods and illustrated in Fig. 6.7. It can be clearly seen that the global

model parameters obtained by the distributed method approach those obtained by
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the centralized method. In the left column of Fig. 6.9, the predicted fields are il-
lustrated at particular times ¢ = 1, 5, and 10, respectively. The fields represent the
percentage of the organic matter in the soil. When the MRWSs navigate through-
out the environment, the predicted fields shown in Figures 6.9a, 6.9c, and 6.9e are

gradually getting close to the true field shown in Fig. 6.8.

In order to find the new optimal sampling paths for the MRWSs, the central-
ized criterion demonstrated by (6.27) was solved in a distributed fashion. In other
words, the centralized strategy (6.27) is replaced by the distributed scheme (6.28)
so that each mobile sensor can itself find the next sensing location. Consequently,
the trajectories of the sampling paths of the mobile robotic wireless sensors at time
steps 1, 5 and 10 are demonstrated by white circles in Figures 6.9b, 6.9d, and 6.9f,
where the current sensor locations are shown in white dots. Although each mobile
sensing agent cannot communicate to other sensors outside of its communication
range, the mobile sensors adjust themselves according to the proposed strategy so
that their measured locations cover the whole space as time accumulates. Moreover,
the prediction error variances in the whole environment are also described in the
right column of Fig. 6.9, where Figures 6.9b, 6.9b, and 6.9f correspond to 1°¢, 5,
and 10" sampling instants. In accordance with the color bars, in the vicinity of
the measured locations, the predicted variances are small compared with those at
distant points. Particularly, it can be seen that the prediction errors in the whole

space gradually reduce when more observations are collected.

In this experiment, for comparison purposes, the centralized standard GP and
the centralized GMRF methods were also implemented in the reference field to com-
pute the RMSEs. Notice that due to using all measurements to continuously model

the physical field, the centralized GP algorithm should show the best performance
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in all cases. The results of the RMSEs obtained by the centralized and distributed
GMRF approaches and the centralized standard GP method are shown in Fig. 6.10.
Generally speaking, the centralized GMRF approach outperforms the distributed
GMRF method. In addition, the RMSEs obtained by the proposed approaches are
not much different from those obtained by the centralized standard GP. More impor-
tantly, in regards to computational time of addressing the sampling path problem
(6.28) to find the next optimal sampling location, each mobile robotic sensor can

successfully solve (6.28) in approximately one second.

6.6 Summary

This chapter has proposed to utilize the MRWSNs to observe and predict the physical
spatial field of interest using the GMRF model. A method based on the SPDE
approach projects the approximate GMRF on a triangulation of an irregular lattice,
which not only allows the parameters and hyperparameters to be updated online but
also contributes to significant reduction in computational time owing to the sparse
structure of the precision matrix. The optimal sampling strategy proposed in this
chapter also forecasts future measurements using a one-step-ahead prediction. This
combinatorial and NP-hard problem was effectively solved by a greedy algorithm,
which led to run time computational complexity of O(Nn). A distributed algorithm
was also proposed for the MRWSNs with a limited communication range to address
the limitation of the centralized prediction and navigation schemes. The proposed
algorithms were demonstrated with convincing results in terms of both accuracy of
the spatial prediction and computational savings of finding near-optimal sampling

paths.
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Conclusions and Future Research

In this chapter, the summary of the research and the crucial findings performed
in this thesis are first summarized. Then, recommendations for promising future

research carrying on from what has been done in this thesis are also delineated.

7.1 Thesis Conclusions

In this section, the key contributions in the field of efficiently and effectively sampling
the spatial phenomena using the WSNs presented in this thesis are summarized as

follows.

In the first part of Chapter 4, selecting the best subset of the environmental
wireless sensors has been considered in an unconstrained environment. In order to
deal with this issue, the selective criterion, ARMSE, has been proposed so that the
average uncertainty at each unmeasured but predicted location is minimized. The
NP-hard and combinatorial minimization has then been resolved by the simulated

annealing based algorithm, where the replacement is conducted between a selected
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sensor location and its neighbours at each iteration. Experiment results carried out
in many indoor and outdoor data sets have indicated that the proposed algorithm
outperforms the other conventional approaches. In the second part of this chapter,
the selection of sensor observations has been conducted in a constrained sewage
system in which the phase of the HsS is monitored by the gaseous sensors and
modelled by a modified GP. Due to the boundaries of the sewer pipes, correlations
among HyS contents cannot be computed as those of random variables in a free
environment. Hence, an improved covariance function has been developed so that
the covariances are ultimately calculated based upon the lengths along the sewage
pipes. Additionally, an efficient algorithm based on a novel mutual information
criterion has been introduced in order to choose the best HyS sensor locations in the
sewage system. Results obtained by the proposed approach on the HyS data sets

have been also verified by a very complex model developed by Sydney Water.

Chapter 5 has presented new approaches to cope with the sensor placement
problem in the MRWSNSs by using the GP. After introducing a centralized Gaussian
predictive inference approach over time, the chapter has described new algorithms
to find the most informative sampling trajectories for the MRWSs to take mea-
surements at each time step. These algorithms have been developed based on an
information-theoretic basis, where uncertainty at all unmeasured locations of inter-
est aims to be minimized. First of all, a continuous density function of posterior
variances has been proposed for a locational optimization based approach in order to
resolve the optimal sensing agent locations in a continuous space. It has been then
proven that the next sensing location is the centroid of the Voronoi partition of the
current location. More interestingly, the environment has been considered in a dis-
cretized stage from which the sampling issue in the MRWSNs has been formulated

into a combinatorial and NP-hard optimization by the use of conditional entropy.
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The minimization has been proven to be intractable in a resource-constrained MR-
WSN;, then a near-optimal but very efficient criterion for this problem is proposed.
With this new proposition, the resource-constrained MRWSNs can address the en-
tropy based sampling optimization in practically feasible time by a greedy algorithm.
Particularly, solution of this maximization is guaranteed by bounds; the lower bound
within 1 —% of the optimal solution is also utilized to stop the MRWSs from sampling
the environmental field to preserve the restricted energy. At the same time, a class
of new methods has been developed to address the centrally-computed approaches
in a distributed manner. In this scheme, an individual mobile sensor exchanges local
information with its neighbours by the use of distributed computation tools of the
JOR and the DAC. By using its own collective measurements and its neighbours’
collective observations, each mobile agent first calculates its own model parameters
and then computes global values via distributed techniques. Predicting procedure
can also be obtained in the same way with the global parameters. Distributed
navigation strategy has been additionally given to drive the MRWSs to the most
uncertain points in the field. Testing performance on pre-published data sets has

shown the proposed methods to be very encouraging.

In Chapter 6, in an effort to diminish the computational complexity of factoring
the covariance matrix in the GP regression, the GMRF has been utilized to model
the spatial field. Sparsity of the precision matrix, which is created by the fact that
the GMRF represents the spatial phenomenon on an irregular lattice of triangula-
tion, enables the GMRF spatial estimation and prediction approach to be computed
quickly. A GMRF centralized adaptive navigation scheme for the MRWSNS has
been formulated, yet this entropy based minimization is unfeasible to be solved by
the resource-constrained MRWSNs in polynomial time. Therefore, a novel and effi-

cient criterion for finding the optimal sampling paths for the mobile sensing agents
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has then been developed, where the running time of a greedy algorithm used to
solve this problem has been proven to be deterministic. Furthermore, a distributed
approach for GMRF spatial inference and a distributed navigation strategy for each
robotic sensor have been given in the case where wireless communication range of
each sensor is short. Again testing results on pre-published and realistic data sets

have proven the significance of the proposed approaches.

7.2 Future Research

This section describes the future research directions.

The sensor selection and the sensor placement problems in the WSNs probably
need to be considered under more network related constraints such as energy,

communication range, routing structure.

e Moreover, the optimal sampling schemes for mobile wireless sensors will have
to be dealt with under more robot related constraints such as nonholonomy;,

obstacles and localization error.

e In addition, the more general spatio-temporal field models will be utilized to

expand the work in this thesis.

e In the context of the sensor selection, the SWSNs may be addressed in a
distributed fashion, or considered under a condition in which the spatial field

is modelled by the GMRF.

e Algorithmic implementation and large scale testing will be conducted.
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Appendix A

Mathematical Background

This appendix presents mathematical results that are effectively utilized in linear

algebra conversions.

A.1 Block-wise Inversion of Matrix

Matrices can be inverted block-wise by using the following analytic inversion formula:

-1

A B Al 4 A"'B(D — CA™'B)"'CA™' —A"'B(D - CA~'B)~!

C D —(D—CA'B)"1CA™! (D — CA—'B)~!
(A.1)

where A, B,C' and D are matrix sub-blocks of arbitrary size. A and D must be

square; and A and D — CA~!B must be non-singular.
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A.2 Matrix Determinant Lemma

Assume that A is an invertible n X n square matrix; and v and v are column vectors.

Then the matrix determinant lemma states that
det(A 4+ uv?) = (1 + v A7 u) det(A), (A.2)

where uv? is the outer product of two vectors u and v.

In generalization, the lemma can also be expressed as
det(A+UWVT) = det(W ™ + VT ATIU) det(W) det(A), (A.3)

where U,V are n X m matrices, and W is an invertible m x m matrix.

A.3 Woodbury Matrix Identity

The Woodbury matrix identity is
(A+ BCD) ' =A"1—A'B(C'+ DA'B)"'DA™, (A.4)

where A, B,C and D are n x n, n X k, k X k and k£ X n matrices, respectively.

A.4 Cholesky Decomposition

Suppose that A is a symmetric, positive definite matrix, then the Cholesky decom-

position of A decomposes A into a product of a unique lower triangular matrix L
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and its transpose

A=LL",
where L is referred to as the Cholesky factor.

Specifically, the determinant of A can be efficiently computed by

Al =TT L2
=1

or

log |A| =2 Z log Lj;.
i=1
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Appendix B

Information Theory

The following results are really useful for calculating entropy.

B.1 Chain Rule for Entropy

Let X1, Xs, ..., X,, be random variables. Then, the joint entropy H(X;, Xa, ..., X,)

can be computed as
H(X1, Xs,., X)) = Y H(Xi|Xiq, .., X1), (B.1)
=1

where H(X;|X;_1, ..., X1) is the conditional entropy of X; conditioned on X; 1, ..., X3,

and ¢ = 2,...,n.
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