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1 Stochastic Expansions

Stochastic Taylor Expansions
Deterministic Taylor Formula

e ordinary differential equation

Y X, = a(X,)
dt t t

e integral form

X=Xt + [ a(Xs)ds

to
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deterministic chain rule

—
Y HX) = a(Xe) 2 F(Xa)
dt 2 ox t
e operator
0
L = a—
or
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p—
integral equation

t

F(Xe) = f(Xe,) + | Lf(Xs)ds

to

e special case

flz) ==
Lf=a,LLf = (L)°f=La,...

e applyto f = a
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t s
Xt = Xto -+ (G(Xto) -+ La,(Xz)dz) ds
to tO
t t s
= X, + a(Xy,) ds—l—/ / La(X.)dzds
to to Jto
—

nontrivial Taylor expansion
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e apply f = La
—
t t s
Xy = Xy, +a(Xy,) | ds+ La(Xy,) / / dz ds + R,
to Jto

to

remainder term

t s z
R, = / / / (L)?a(X,) dudzds
to Jto Jto
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e continuing

p—

classical deterministic Taylor formula

. 4
E 10 1y s (Xe,)

f(Xe) = f(Xe) + Z

+/to /(L)“’lf(Xsl)dsl..

fort € [to,T]andr € N
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Wagner-Platen Expansion

Wagner & Pl. (1978), P1. (1982),

Pl. & Wagner (1982) and Kloeden & P1. (1992a)

e SDE
t t

Xt = Xto -+ CL(XS) ds -+ b(XS) dWS

to to
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e It0 formula

f(X¢)

f(Xto)

t X 0 X 1b2 X o X)) d
‘I’ b (CL( s)%.f( s)+§ ( s)@f( s)) S
t 0

to ox

t t

f(Xe,) + L°f(Xs)ds + L' f(X,) dW;

to to
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operators

o 3, 1282
L”=a—+ =b
ox 2 Ox2
and
L' = 9
ox

f(x)=x =— L°f=aandL'f=0
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e apply Itd6 formulato f =aand f = b

Xt:Xt

0

t s s
+ <a,(Xt0)—|— La(X.)dz + Lla(Xz)sz)ds

t S S
+ (b(Xto)—l— L°b(X,)dz + le(Xz)sz)dWS

t t

= Xto —|— a(XtO) ds —|— b(Xto) dWS —I— R2
to tO
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remainder term

t S t S
Ry, = / / Loa(Xz)dzds-l—/ / L'a(X,)dW, ds
to 1o to Jto

t s t s
+ / / LOb(X.) d= AW, + / / L'b(X.) dW, dW,
to J 1o to Y to
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e apply Itd formulato f = L1b

pr—

t t
X, = Xg, +a(Xe) | ds+b(Xy) [ dW,

t() tO

t s
+ L'b(Xy,) / / dW, dW, + R3
to Jto

@© Copyright E. Platen NS of SDEs Chap. 1
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remainder term

t S t S
Ry = / / Loa(Xz)dzds—I—/ / L'a(X,)dW, ds
to Y10 to Y to
t S
+/ / L°b(X,) dz dW,
to Jto

t S z
+ / / / L°L'b(X,) dudW, dW,
to Jto J1o

t S z
+ / / / L'L'b(X,) dW, dW, dW,
to Jto J1o

example for Wagner-Platen expansion

@© Copyright E. Platen NS of SDEs Chap. 1
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e multiple It0 integrals

17
/ ds = t— t(),
to

t
/ dWs — Wt — Wto?
to
t s 1
| [ aweaw, = (- Wi - (¢ - to)
to JYto 2

e remainder term R3

consisting of next following multiple Itd integrals

with nonconstant integrands
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Example

d=m=1

for function f(t, x) = «,

times o = 0,7 =1

hierarchical set A = {a € M,, : £(a) < 3}
drift a(t,x) = a(x)

diffusion coefficient b(t,x) = b(x)

dXt = a (Xt) dt —I— b(Xt) th
—

Wagner-Platen expansion in the form:

@© Copyright E. Platen NS of SDEs Chap. 1
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1
Xt = X0—|—CLI(O) —|—bI(1)—|- (aa'+§b2a"> I(0,0)

/ 1 2177 / /

—+ ab —|—§b b I(O,l) —I—ba I(l,O) —|—bb I(l,l)
44 N\ 2 7 /! 1 2 1 1 2 1444 ! 1
+la (aa” 4+ (a’)° +bb'a —I—Eba +§b (aa™ 4+ 3a'a
1
_I_((b/)z_l_bb//) a”—l—2bb'a”’) +Zb4a’(4)] I(O,O,O)

/1.7 144 117/ 1 21717 1 2 71/ 1.7/

+ |a (@b +ab” +bHB + b7 ) + b (a, b +2a'b

1
+ab” + ()2 +bb")b” +2bb'b" + 5 be(‘*’)] L(0,0,1)
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i 1
4+ |a (b’a’ + ba") + 5 b2 (b//a/ + 2 b a' + ba"’)] I(O,l,O)

i 1
+ |a ((0)* +bb") 4 2 b% (V"6 + 260" + bb"’)] Io.11)
17 "2 ’_ 1 1 2 _1m
-|-b(aa + (a’)*+bb'a -|-5ba, )1(1,0,0)

1
_I_ b (a bll _I_ albl _I_ bblbll + 5 bzb”,) I(l,O,l)

+b(a’d +a”"b) I1,1,0)+b(()°+bb")I1,1,1)+ Re
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Examples for Wagner Platen Expansions

e Vasicek interest rate model

d’l"t ZV(F—Tt)dt—F,Bth

fort € [0,T],79 > 0

@© Copyright E. Platen NS of SDEs Chap. 1
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e hierarchical set

Tt ==

@© Copyright E. Platen

A={ae M;: £(a) <3}

t2
"“0—|-’Y(’F—"°0)t-|-,3Wt—’)’2(77—7“0)5

t t3
_5’)’/ Wsd8‘|"Y3(F—TO)E
0

t S2
+572/ / Ws, ds1ds2 + Rg
o Jo

NS of SDEs Chap. 1
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e Black-Scholes dynamics

dSt = St (CL dt —|— o th)

fOI't - [O,T], SO Z 0

e Wagner-Platen expansion

hierarchical set

A={a€M;: La)<3}

@© Copyright E. Platen NS of SDEs Chap. 1
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is given by

St — SO(

1 t
+o® o (W) —t) +a® —

+ a?

t2
1+at+ oW, + a? 5 tao (Lo,1) + I(1,0))

3

6
o (I(O,O,l) + L0,1,0) + I(l,O,O))

+ao? (I(o,1,1) + I(1,0,1) + I(l,l,O))

1
+o® = (W)? — 3¢ Wt))

+ R

© Copyright E. Platen
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e relationship

@© Copyright E. Platen

Iy L1y = I(0,1) + L(1,0)
I1y L0,0) = L(0,0,1) + L(0,1,0) + L(1,0,0)

Iy I(1,1) = L0,1,1) + L(1,0,1) + L(1,1,0)

NS of SDEs  Chap. 1 22



e Wagner-Platen expansion

t2

S, = .5’0(1—|—at—|—aWt—|—a2§—|—aa'tWt

2 3 t2

0' t
? (Wy)? — t)+ a® o + a’oc W; By

+ao? (Wy)? —3tWt)) + R

GDII—\

(W2)* —t) +o

MIH-
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e squared Bessel process

dXt:th—|—2\/Xtth

fort € [0, T] with Xg > 0
hierarchical set

A={aeM;: f(a) <2}

@© Copyright E. Platen NS of SDEs Chap. 1
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e Wagner-Platen expansion

Xt = X0—|—(V—1)t—|—2\/X0Wt

v

—1 rt -
+ /deS—I—W2+R
VX0 Jo (W)

@© Copyright E. Platen NS of SDEs Chap. 1
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2 Introduction to Scenario Simulation

Discrete Time Approximation

D= <M< " << e <Tn=T

one-dimensional SDE

dXt = a,(t, Xt) dt —+ b(t, Xt) th

@© Copyright E. Platen NS of SDEs Chap. 2
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e Euler scheme

Euler-Maruyama scheme

Maruyama (1955)

Yot1 = Yot+a(mn, Yo) (Trnt1r — 7o) +b(7Tn, Y,) (WTn+1 - W)
Yo = Xo,
Y,.=Y-

An = Tn4+1 — Tn

@© Copyright E. Platen NS of SDEs Chap. 2 27



maximum step size

A = max
nec{0,1,...,N—1}

e equidistant time discretization

Th = N A

P
3
|l
e
|
2l

@© Copyright E. Platen NS of SDEs Chap. 2
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e Euler approximation recursively computed

e random increments

AW, =W

Tn41

— W.

n

forn € {0,1,..., N—1}

Wiener process
W ={W,;t e [0,T]}

Gaussian distributed

mean
E (AW,) =0

variance
E ((AW,)?) = A,

@© Copyright E. Platen NS of SDEs Chap. 2
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Gaussian pseudo-random numbers generated

e abbreviation

| = .f(Tna Yn)

Euler scheme

Yn—l—l =Y,+alA, + bAWna

discrete time approximations

@© Copyright E. Platen NS of SDEs Chap. 2
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Simulating Geometric Brownian Motion
e illustrate scenario simulation

standard market model as geometric Brownian motions

dXt = Cl,Xtdt+bXt th
fort € [0, T], Xg >0

e drift coefficient
a(t,x) =ax

e diffusion coefficient
b(t,z) =bx

@© Copyright E. Platen NS of SDEs Chap. 2
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e appreciation rate @
e volatility b #0
e explicit solution

1
Xt = Xoexp ((Cl— Ebz)t—FbWt)

e Wiener process
W = {Wt7 S [OaT]}

@© Copyright E. Platen NS of SDEs Chap. 2



Scenario Simulation

e simulate trajectory of Euler approximation

1. 1initial value Yy = X

2. proceed recursively
Yn—|—1 =Y,+aY, A, +b0Y, AW,

forn € {0,1,...,N—1}

AW, =W

Tn41

— W.

n

@© Copyright E. Platen NS of SDEs Chap. 2
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e comparison with explicit solution at time 7,

L,
X, = Xpexp a—ib

forn € {0,1,..., N—1}

Euler approximation

mathematically another new object
different
negative ?

alternative ways ?

@© Copyright E. Platen NS of SDEs Chap. 2
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Figure 2.1: Euler approximations for A = 0.25 and A = 0.0625 and
exact solution for Black-Scholes SDE.
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Strong Approximation

e not specified a criterion for classification

e scenario simulation
approximates paths

testing of calibration methods
statistical estimators

filtering

@© Copyright E. Platen NS of SDEs Chap. 2
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e Monte-Carlo simulation
approximates probabilities
functionals
simulates expectations
moments
prices of contingent claims

or risk measures as Value at Risk

@© Copyright E. Platen NS of SDEs Chap. 2
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Order of Strong Convergence

e absolute error criterion

«(8) = B (| Xz - YA))

A discrete time approximation Y 2 converges strongly with order v >
0 at time 7 if there exists a positive constant C', which does not depend
on A, and a d¢g > 0 such that

«(8) = B(Xr V) <CA

for each A € (0, dp).
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Strong Taylor Schemes
e use Wagner-Platen expansions

appropriate truncation

e operators

8 d 8 1 d m
0 k k.j 1.0
LAV P LA Sl T
Ot = Oxk 2 Nyt Oxk Oxt
o d o
o_ 9 k 9
— _Bt_l_kz::lg Oxk

@© Copyright E. Platen NS of SDEs Chap. 2
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and

fory € {1,2,...

@© Copyright E. Platen
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e multiple Ito integrals
Tn+1 S2 . .
I(jl,---,je) — / S / dWSJ; S def

e multiple Stratonovich integrals
Tn+4+1 S2 ) .
J(jl,--o,je) = / .o / odWSJ; oo odWé?f
Tn Tn

for j1,...,7¢ € {0,1,...,m}, L € {1,2,...}
andn € {0,1,...}

WP =t
forallt € [0, T]

@© Copyright E. Platen NS of SDEs Chap. 2
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e Ito SDE

dX; = a(t,Xy)dt + > b (t, X;) AW

Jj=1
e cquivalent Stratonovich SDE

dX; = a(t, X,)dt + > b (t,X;) o dWY
J=1

@© Copyright E. Platen NS of SDEs Chap. 2
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Euler Scheme

simplest strong Taylor approximation

order of strong convergence v = 0.5

ed=m=1

Euler scheme
Yont1 =Y, +aA+DAW

A=Tht1—Tn

AW = AW,, = W,_,, — W,

Tn+1

N (0, A) independent Gaussian distributed

@© Copyright E. Platen NS of SDEs Chap. 2
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e multi-dimensional Euler scheme

m = 1landd € {1,2,...}

kth component

Yk:

v =Y +ad" A+ b AW

fork € {1,2,...,d}

a=(al,...,a®) T andb=(b',..., 09T

@© Copyright E. Platen NS of SDEs Chap. 2
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e general multi-dimensional Euler scheme

dme {1,2,...}

Y, =YF+abAa+ ) b Aawd
j=1
AW? = W2 — W

N (0, A) independent Gaussian distributed
AWt and AWI2  independent for j; # jo
b= [b*I ]Z:;’;l d X m-matrix

truncated Wagner-Platen expansion

@© Copyright E. Platen NS of SDEs Chap. 2
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Theorem 2.1  Suppose that we have initial values X¢o and Yy = YOA
such that
E (|X0|2> < o0

and

E (X0 - Y2[%)® < Ky Al

Furthermore, assume the Lipschitz condition
la(t,z) — a(t,y)| + |b(t,z) — b(t,y)| < Kz |z — yl,

the linear growth condition

la(t, z)| + |b(t, )| < K3 (1 + [z])

@© Copyright E. Platen NS of SDEs Chap. 2 46



and
|a’(39$) _a(ta $)|+|b(8, w) —b(t,a:)| < K4 (1 + |aj| ) |3—t|%

forall s, t € [0,T] and =, y € N2, where the constants K1, ... Ky do

not depend on A. Then the Euler approximation Y2 converges with strong

order v = 0.5, that is we have the estimate
E (X7 - Y£|) < Ks Az,

where the constant Ky does not depend on A.

@© Copyright E. Platen NS of SDEs Chap. 2 47



A Simulation Example

e Black-Scholes SDE

dXt = /,LXtdt-I—O'Xtth

e exact solution

X1 = Xo exp{(

o2
H 2

@© Copyright E. Platen NS of SDEs Chap. 2
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absolute error
e(A) = E(|Xr — Y&

default parameters:

Xo=1, 40 =0.06,0 =0.2and T =1
5000 simulations

fitted line

In(e(A)) = —3.86933 + 0.46739In(A)

@© Copyright E. Platen NS of SDEs Chap. 2
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_ 4l
S |
I_TJ-4.5-
(@)
S -5
c‘/T) ,
@'5.5'
= |
— ﬁ

-4 -3 -2 1 0
Log -dt

Figure 2.2: Log-log plot of the absolute error €(A) for an Euler Scheme
against In(A).
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Milstein Scheme

Milstein (1974)

e Milstein scheme

d=m=1

1
Yot1 =Y, +aA+bAW + 5bb’{(AW)2 — A}

order v = 1.0 of strong convergence

@© Copyright E. Platen NS of SDEs Chap. 2
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e multi-dimensional Milstein scheme

m=1andd € {1,2,...}

d
Yr  =YFtadt A+bF AW+ (Z bt ——
£_

@© Copyright E. Platen NS of SDEs Chap. 2
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e general multi-dimensional Milstein scheme
dme {1,2,...}

kth component

k
Yn—|—1
j=1

It6 integrals 1 (j1,52)

e alternatively

k
Yn—l—l
j=1

@© Copyright E. Platen NS of SDEs Chap. 2
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Stratonovich integrals J (j1,42)

jl#j2 jl’j2€{1727---,m}

Tn41

J(1,32) = L(Gr,d2) =

Tn

/ AW dW??

cannot be simply expressed by AWt and AW 72

1 :
I(jlajl) — 5 {(A"/‘/,Jl)2 - A} and J(jl,jl) ==

forj; € {1,2,...,m}

@© Copyright E. Platen NS of SDEs Chap. 2
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Commutative Noise

e commutativity condition

[I1pkidz — [ izpk.da

for all 51, 52 € {1,2,...,m}, k€ {1,2,..

(t,z) € [0, T] x R

e satisfied for Black-Scholes SDEs

additive noise

single Wiener process

@© Copyright E. Platen NS of SDEs Chap. 2
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e Milstein scheme under commutative noise

Yk:

ik . 1 & o . .
=Y"+a" A PP TAWI4 = N LIpRI AW AW
L =Yr4a" A+ +3 L

J=1 J1,72=1

fork € {1,2,...,d}

no double Wiener integrals
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A Black-Scholes Example
e correlated Black-Scholes dynamics

d=m = 2

e first risky security

dX! = X! [rdt+ 6'(6"dt + dW}) + 0%(0> dt + dW}?)]

t

= X} |(r+ 5 (@) + @92) ) a

+6' 0cdW, 4+ 6% 0o de]

@© Copyright E. Platen NS of SDEs Chap. 2 57



e second risky security

dX? = X7 [rdt+ (6" — o) (6" dt + dW}')]

I 1 1
= X/ ('r + (6t — o) <§ o' + 5 0'1’1>) dt

+(0' — Yo de]

@© Copyright E. Platen NS of SDEs Chap. 2
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2
)
11,2 k,1 1,2 _ ol v1 n2
L'b™? = ) b SEbI=0"X,0
k=1
2
— Z bkt,2 0 bl,l — L2 bl,l
oxk
k=1
and
2 o )
112,2 k,1 2,2 _ A _ k,2 2,1 _ 7212,1
L'b _Zb —(%kb _O_Zb —awkb — L%b
k=1 k=1

—> commutativity condition satisfied

——  Milstein scheme :

© Copyright E. Platen NS of SDEs  Chap. 2 59



((61)2 + (6%)%) A + 0 AW + 02 AW?

1
Y. =Y4+Y!l(r4+=
n—+1 n+ n( +2

1 1
_|_ 5 (91)2(AW1)2 _|_ 5 (92)2(AW2)2 _|_ 91 92 AWl AW2)
1
YT?—I—l = Y'n? -+ Y?f ((’I" —+ 5 (91 _ 0'1,1) (91 + 0'1,1)> A
1
_|_(01 . 0_1,1) AWl + 5 (01 . 0_1,1)2 (AW1)2>
( may produce negative trajectories )
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A Square Root Process Example

e square root process of dimension v
1% 1 1
dXt:ZT’ ——Xt dt—l—\/Xtth
n

on%foru>2

e Milstein

1 1
Yyi1 = Yn—|—2n (— —Yn) A—|—\/YnAW—|—Z (AW? — A)
1

@© Copyright E. Platen NS of SDEs Chap. 2 61



40 I I I I

30 -

25 -

20 -

15 | -

o ] ] ] ]
0 20 40 60 80 100

Figure 2.3: Square root process simulated by the Milstein scheme.
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Convergence Theorem

@© Copyright E. Platen
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|Q(t7 C17) — Q(ta y)

¥ (t, ) — b (L, y)

L2 (t,2) — L6 (¢, )
a(t,z)| + |La(t, o)
b7 (8, 2)| + |L7b% (¢, @)

Lijl bjz (t, m)

@© Copyright E. Platen NS of SDEs Chap. 2

IAN - IA IAN - IA A

IA

K3 (1 + |z|)
K3 (1 + |x|)

K3 (1 + [z|)
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and

Ky (14 |z|)|s —t|2

IA

la(s, ) — a(t, x)

b7 (s, ) — b1 (t, x) Ki(1+|z|)|s—t|2

IA

‘lebjz(s,a;) _ lebjz(t,w) < K4 (1+|x|)]|s— t|%

foralls,t €[0,T],z,y e R, j€ {0,....,m}andj;,j2 € {1,2,...,m}.
Then the Milstein scheme converges with strong order v = 1.0

E (| Xr — Y£|) < K5 A.

Kloeden & P1. (1992b).
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A Simulation Study

51
S _gl
T ﬁ
2 -7
© ﬁ
7y |
I_8_
= |
S |
1 i
- 97 |
T4 -3 21 o
Log -dt

Figure 2.4: Log-log plot of the absolute error against log-step size for a
Milstein scheme.
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e linear regression

In(e(A)) = —4.91021 + 0.95 In(A)

@© Copyright E. Platen NS of SDEs Chap. 2
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Order 1.5 Strong Taylor Scheme
e simulation tasks that require more accurate schemes

extreme log-returns

e including further multiple stochastic integrals

e order 1.5 strong Taylor scheme

d=m=1

@© Copyright E. Platen NS of SDEs Chap. 2
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1
Yoi1 = Yn+aA—|—bAW+§bb’{(AW)2—A}
/ 1 / 1 2 N 2
—I—abAZ-I—E aa —I—Eba A
/ 1 2 .7
+(ab' + 2 0% [{AW A — AZ})

1 7" "2 1 2
i o) {2 awr - a)aw
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e double integral

AZ =Iu0) = /

Gaussian

@© Copyright E. Platen

Tn41 S2
/ AW, ds;

Tn n

E(AZ) =0

B(AZ)) = | A°

1
E(AZ AW) = _A®

NS of SDEs Chap. 2
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e two independent N (0, 1)

U1 and U2
—

2.

1
AW = U, VA, AZ= (U1+—U2

V3

N | =

e triple Wiener integral

1 (1
I(l,l,l) — — {— (AVVvl)2 — A} AWl
2 |3
scaled monic Hermite polynomial

@© Copyright E. Platen NS of SDEs Chap. 2
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e multi-dimensional order 1.5 strong Taylor scheme

de{1,2,...}andm =1

Yk

. =Y 4+ ad" A+ AW

1

—|—5L1 b* {(AW)? — A} + L'a*AZ
1

—|—L0b"’{AWA—AZ}—|—§LOa’“A2

1 1
—|-5L1 L' b* {g (AW)? — A} AW
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e general multi-dimensional order 1.5 strong Taylor scheme

d,m e {1,2,...}

Yk:

1
il — Y,,f’-l—a,’““A—l—§LOCL"“A2

+ > (OMTAWT + L0 Io ) + L7 a* Ij0)

j=1

+ Z le bk,jz I(jl,jz) + Z le sz bk‘«ajs I(jl,jz,js)

J1,72=1 J1,J2,73=1

in case of additive noise simplifies considerably

strong order v = 1.5
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Approximate Multiple Stochastic Integrals

Let &5, 15+« 5 Cips Miy1s+ « + 5 Mj,ps> Mg,p aNd Pj p
be independent N (0, 1)

for 3,71, 92,733 € {1,2,...,m}andsome p € {1,2,...}

set

. 1
Iy =AW! =vAg;, Ijo =54 (VA&; + aj,o)

with
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where

| 1 |
Io,5) = AW? A — I(j,0), I,5) = > {(AW7)? — A}

1 (1 | .
LGaa) = 3 {g (AW?)? — A} AW/

(J1,32) — J1,J2

1 1
I 5 Agjl €j2 — 5 vV A (€j1 aj,,0 — €j2 a'jlao) + A7
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Order 2.0 Strong Taylor Scheme
e use Stratonovich-Taylor expansion

d=m=1

1
Yoi1 = Y, +aA+bAW + 5bb’(AW)2 +ba AZ

+—aad A +ab {AW A — AZ}

Wl = N | =

+ 5 b (6Y) (AW)® + % b (b (b b')’)' (AW)*

+a(bb) Joa,1) +b@ab) Jaen +b(ba’) Jau,1,0
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Approximate Multiple Stratonovich Integrals

AW:Jg)l) — VACI

1
AZ = J&O) = 2 A (V A+ 01,0)

1 1 1 s
TP 01) = o A%(T — 1 Aaf,+ —ARGb - A% BY
JP = iA2c2—i Az (1 b1+ A2 BP LN (1+A2CP
(0,1,1) ™ g 1 o 141 1,17 1,0 61 1,1

S
R
|

Lazezylagz 1 At b4l Al A2 CP
(1,1,0) — Q 61+Z al,o_% 2 Cl 1‘|‘Z ai,o Cl_ 1,1
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with

1
0102——V2AZ—€17~—2 Agp p1,p
7T T
r=1
1 1 21
O = 19 " on2 2a 2
12 272 —r
A L1

2 1 1
P =180 2nr2 Zr—4
r=1
1 .1
Bi, = Z—(éz +n3 )
R 2 2 1,7 1,7
47 ol
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and

1 P T 1 l
Cp = —-—— _— — —_
1,1 272 ;l:l 2 _ |2 (l §1,r &1, - Mi,r7,e
r#l

¢1, 1,0 M, M1,p and @1 p ~ N(0,1) i.id.
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Multi-dimensional Order 2.0 Strong Taylor Scheme

m=1

k
Yn—|—1

1
— Y,f-|—g"’A—|—b"’AW—|—aglb’“(AW)z—kng’“AZ

% A% + L°b* {AW A — AZ}

_|_
||_\ N | =
&~

|
|~

1
1 lbk: (Aw)?)_'_ZLlLllek (AW)4

_|_

_I_
[ ]

°L'b* Jo,1,1) + L'L°b* J(1,0,1) + L'L'a" J(1,1,0)

© Copyright E. Platen NS of SDEs  Chap. 2 80



e general multi-dimensional order 2.0 strong Taylor scheme

1
Yo = Y, +a" A4 - LPa" A7

+ 3 (b5 AW 4 LT g0 ) + La® J(j0))
71=1

+ > (leb’“’j”(jl,jz)+L°Lj1bk’j2J(o,jl,jz>

Ji1,J2=1

‘|‘Lj1L0bk’j2 J(jl,O,jz) + leszgk J(j1,j2,0)>

+ Y LMLV, )
jl aj2 aj3=1
_I_ Z LJILJ2L33 bk,j4J(j1 ’j2aj39j4)

jl 7j2 9j3 9j4:1
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Derivative Free Strong Schemes

e similar to Runge-Kutta schemes for ODEs

Explicit Order 1.0 Strong Schemes

Pl. (1984)

d=m=1

1 _

with supporting value

Y,=Y,+aA+bVvVA
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e multi-dimensional Platen scheme

m=1

Yk

. =Y +ad" A+ b AW

1 _

+ —— (b%(7n, Xn) — %) (AW)?2 — A

o (7 T0) = 8) (AW)? - A)
with the vector supporting value

Y,=Y,+aA+bVvVA
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e general multi-dimensional case

YE, = YF+abA4+ D b8 AW
j=1
1 S pkiz ek bkdz \ 1
+\/K Z ( (Tn’ n) o ) (J1,32)
j13j2=1
with

Y =Y,+aA+b VA

forj € {1,2,...}
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e commutative noise

1 = . _ . .
Y, =Y +a At oy (65 (7, T) + 657 ) AW
71=1
with

Tn:Yn—l—gA+ijAWj

j=1

strong order v = 1.0
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In(e(A)) = —4.71638 + 0.9461121In(A)

Log -Strong Error
|

-4 3 -2 1o
Log -dt
Figure 2.5: Log-log plot of the absolute error for a Platen scheme.
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e two stage Runge-Kutta method v+ = 1.0
m=d=1
Burrage (1998)

+ = (b(Y,) +3b(Y,)) AW

| =

with

Y, =Y, + 2 (a(Y,) A + b(Y,,) AW)
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Explicit Order 1.5 Strong Schemes

Pl. (1984)

@© Copyright E. Platen

YL.=Y,+aA+bVA

L =T, +b(TL)VA
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1

+ % (a(T4) +2a +a(T-)) A

(a(T1) —a(Y-)) AZ

+ ﬁ (b(T+) —b(¥-)) ((AaW)* - 4)
+ i (6(T+) =26+ b(T-)) (AWA - AZ)

1
+

- (b(84) —b(B_) — b(T4) +b(T))

y G(Awf _ A) AW
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e order 1.5 Platen scheme

= Yr+a*A+)) b AW

j=1

k
Yn—l—l

+i i i (bk’jz (Ti) — b7 (T‘j—l))f(jl,jz)
2=0 j1=1
YOI

J2=071=1

Q.
Q.

VRS

N

1 m o L
k, J1,72 k, J1,J2
T DI G Ca B C RS

J1,J2,J3=1

_ phids (Tﬂj) + bks (T’f)) I(j,,52,5s)
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with
_ . 1 .
Y, =Y,+ —aA+b VA

m
and

Bidr = Y £ b7 (Th) VA

where we interpret b%° as a®
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A Simulation Study

—*¢— Eul er

""" * Mlstein

- ® - R K

——4+—— 1.5 Taylor

-4
-6 L
. I
L] [
-8 ,!/E/
o /!/!
° L LB
D 10!
> I
(@]
|
L /’A/
-12 &
L //A/
/k
/k
A
™ ‘
4 -3

Figure 2.6: Log-log plot of the absolute error for various strong schemes.
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Method CPU Time
Euler 3.5 Seconds
Milstein 4.1 Seconds
1.0 Strong Platen | 4.1 Seconds

1.5 Strong Taylor | 4.4 Seconds

Table 1: Computational times for various strong methods.

500000 time steps
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Numerical Stability

e ability of a scheme to control the propagation

of 1nitial and roundoff errors

e numerical stability has higher priority than

a potentially high strong order
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Deterministic A-Stability

e one-step method

Yn_|_1 = Yn —|— \I’(’Tn, Yn, Yn_|_1, A) A

ordinary differential equation

dx
i a(t,x)

a(t, x) satisfies Lipschitz condition
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e numerically stable

if there exist positive constants Ag and M such that

Y, — Y,| < M|Y, — Yo

n & {0,1,...,N},A < AO
and any two solutions Y, Y
corresponding to the initial values Yy Yo, respectively

e asymptotically numerically stable

if there exist Ag and M such that

lim |Y, — Y,| < M |Yy — Yy

n—r00

~

foranytwo Y, Y
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e test equation

with A € R

@© Copyright E. Platen

NS of SDEs
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numerical scheme in recursive form

Yoi1 = G(AA)Y,

e A-stability region:

those A A € R for which

IG(AA)| <1

@© Copyright E. Platen NS of SDEs Chap. 2
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e cxplicit Euler scheme

Yn—l—l =Y, + a(tna Yn) A

A-stability region

open unit interval centered at —1 and ending at O since

GAA)| = |1+ AA]

@© Copyright E. Platen NS of SDEs Chap. 2
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0.5!

1l

Figure 2.7: Region of A-stability for the deterministic Euler scheme.
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e implicit Euler scheme

Yot1 =Y, +a(tnt1,Ynt1) A
Yn—|—1 =Y,+AA Yn—l—l

(]_ - )\A) Yn_|_1 — Yn

G(AA) =
1—)\NA
GAA) = —
1= AA]

exterior of an interval with center at 1 beginning at 0

e scheme is called A-stable if it covers at least the left half axis
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Stochastic A-Stability

e test equation

dXt — )\Xt dt —|— th

AER
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e discrete time approximation

Yot1 = GA(AA)Y, + Z,,

Zy, does notdepend on Yy, Y1,...,Y,, Y11
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e A-stability region

real numbers AA for which

IGA(NA)| < 1

If A-stability region covers left half of the real axis

— then A-stable
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Drift Implicit Euler Scheme

e drift implicit Euler scheme
strong order v = 0.5

d=m=1

Yn—l—l — Yn + a (Tn—l—la Yn—l—l) A + b AW
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e family of drift implicit Euler schemes

Yot1 =Y, +{aa(th+1, Ynt1) + (1 —a)a} A +bAW

degree of implicitness « € [0, 1]
foraa =0 explicit Euler scheme

fora =1 drift implicit Euler scheme
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e general multi-dimensional

family of drift implicit Euler schemes

Yf—|—1 = YF+ (akak (Tnt1s Ynt1) + (1 — ag) a,k) A
+ > b AW
71=1

ai € 0,1, ke {1,2,...,d}
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e for test equation

Vi1 =Y, + (aAYn_l_l + (- a)AYn>A + AW,

Yni1 =G AA)Y, + AW, (1 —aXA)™!

transfer function

GAAA)=1—-—aXA)"1 14+ 1 —-a)rA)
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Y,, corresponding discrete time approximation that starts at initial value Yy

Yoni1 — Yoyr1 = GANA) (Y, — Y,)

(GA(AA)™ (Yo — Yo)
as long as

IGA(ZA)| < 1

the initial error (Yo — Yp) is decreased

2
1 -2«

for a > A-stable

1
= 2
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Drift Implicit Milstein Scheme

d=m=1

e It0 version

1
Yot1 = Yata (tuis, Yar1) A+bAW+_ bb’((AW)Z—A)
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e Stratonovich version

1
Yoi1=Yn+a(Tni1, Yni1) A+bAW + 5 bb' (AW)?

bb’

adjusted Stratonovich drift a =a — %

both schemes are different
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e multi-dimensional case with d = m € {1,2,...} and commutative
noise

er:+1 = lef -+ {ak ak (Tn+1,Yn+1) -+ (]. — C!k,) ak} A

+ f: b*I AW

j=1

1 & ki - j
+ 5 Z L1 pk-dz {AWJlAW'jz — 1{j1=j2}A}

jl’j2=1
and
Y,,f_|_1 = Y,,f + {ak a” (Tnt1, Yny1) + (1 — Oék)gk} A

m . . 1 m . . . .
bk,ﬂ AW - 11 bk,Jz AWILt AW Iz

=1 J1,72=1
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e general drift implicit Milstein scheme

Itd version

Yo, =Y+ (ak a® (Tn+1, Ynt1) + (1 — ax) ak>A

_I_ Z bk’u'] AW.? _I_ Z lebk,j2I(j1,j2)

j=1 Ji1,J2=1
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Stratonovich version

YT’:—I—I — Y,,f ‘|‘ (ak Qk (Tn—l—la Yn—l—l) ‘|‘ (]- - akz) Qk)A

+ Z kI AW + Z lebk’j2J(j1,j2)

j=1 Ji1,J2=1

a € [0,1] fork € {1,...,d}

multiple stochastic integrals 1 (Gj1:52) and J (j1,42)
approximated
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Drift Implicit Order 1.0 Strong Runge-Kutta Scheme

Yn—l—l =Y, +a (Tn—l—la Yn—l—l) A+ bAW

+ 5% (07 Tn) =) (AW)? — )

with supporting value
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e family of drift implicit order 1.0 strong Runge-Kutta schemes

Y’n’;c—l—l = Yj -+ (aka(7n+1,Yn+1) -+ (]_ — ak) ak) A

+ i b*I AW

j=1

1 m . _ . .
+ / Z (bk,gz (Tn’ ngl) o bk’h) I(jlaj2)
A jl,j2=1
with
Y =Y,+aA+b VA

foryj € {1,2,...,m}
ag € [0,1] fork € {1,2,...,d}
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e for commutative noise
Yy, = Yr+ (ak a® (Tri1, Yna1) + (1 — ag) Qk) A
1 - k k
+3 Z (b 3 (1, T) + b ’~7>AW~7

with

\Tln:Yn+gA+ijAWj

j=1

a € [0,1] fork € {1,2,...,d}
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Alternative Implicit Methods

e implicit methods are important

e overcome a range of numerical instabilities

e the above strong schemes do not provide implicit diffusion terms

—> 1important limitation

e drift implicit methods are well adapted for small noise and additive noise
for relatively large multiplicative noise

implicit diffusion terms seem unavoidable
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e illustration with multiplicative noise

dXt = O'Xt th

e explicit strong methods have large errors for not too small time step sizes

e very small time step size may require unrealistic computational time

e cannot apply drift implicit schemes
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e balanced implicit methods
Milstein, Pl. & Schurz (1998)

m=d=1

Yn+1 =Y,+aA+b0AW + (Yn _Yn+1)Cn

where

C,, = ®(Y,) A + A (Y,,) |AW|

c®, ¢! positive, real valued uniformly bounded functions

strong order v = 0.5
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e low order strong convergence

price to pay for numerical stability

e family of specific methods providing a balance between approximating
diffusion terms
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Simulation Study for the Balanced Method

e Euler scheme

e no simple stochastic counterpart of deterministic implicit Euler method

since

fails because

@© Copyright E. Platen

Yn—l—l =Y, +o Yn—l—l AW

Y,
1 —c AW

Yn—l—l —

E|1—-—ocAW) ! = +0
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e partially implicit scheme

2 2
o 2 o

e balanced implicit method

Yn_|_1 = Yn -+ O'Yn AW + o (Yn — Yn_|_1) |AW|

—> 1mplicitness also in diffusion term
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e explicit solution

o2
X1 = exp{aWT — ?T}XO

e absolute error

er(A) = E(|XT — Yn|)
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Eps (1)

Figure 2.8: Estimated absolute error e (A) of the Euler method at time T°
for time step sizes A = 274 and 27°.
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Eps(t)

-

Figure 2.9: Absolute error for the partially implicit method.
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Eps(®) -

. |
5-- - - .
o . Delta=2-5 Delta = 2°-4
O et ot ; — — , —>
0.2 0.4 0.6 0.8 1t

Figure 2.10: Absolute error for the balanced implicit method.
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The General Balanced Method and its Convergence

e d-dimensional SDE

dX; = a(t, X;)dt + > b (¢, X;) AW}

i=1

e family of balanced implicit methods

Yot1 = Yata(a, Yo) A+) 6 (70, Yn) AW +Cr(Yn—Yni1)
71=1
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where

Cr = (n, Yo) A+ ) (10, Yn) |AW]]

=1

d X d-matrix-valued uniformly bounded functions
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e assume that for any sequence of real («;) with ag € [0, &], a1 > 0,
ceo, Oy > 0, wherex > A

matrix

M(t,z) = I+ aoc®(t, @) + » a;c(t,x)
71=1

has an inverse
(M(t,2))" | < K < oo
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Theorem (Milstein-Platen-Schurz)

The balanced implicit method converges with strong order v = 0.5, that 1s
forall k € {0,1,..., N} and step size A = %, N € {1,2,...} one

has

(B (1Xn, — Yal?| A0))*?

1
2

E (| Xs, — Y| |Ao)

IN

< K (14]Xo/?)? Az,

where K does not depend on A.
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Predictor-Corrector Euler Scheme

e corrector

Yoi1 = Yoo+ (08,(Vas1) + (1= 0) @y (Yn) ) Ay
+ (nb(Fara) + (1 =) b(Yn) ) AW,

an=a—nbbd’

e predictor

Yn-l—l =Y, + a(Yn) A, + b(Yn) AW,

0,n € [0,1] degree of implicitness
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3 Monte Carlo Simulation of SDEs

Introduction to Monte Carlo Simulation

e classical Monte Carlo methods

Hammersley & Handscomb (1964)

Fishman (1996)

e Monte Carlo methods for SDEs

Kloeden & P1. (1992b)
Kloeden, Pl. & Schurz (2003)

Milstein (1995), Glasserman (2004)
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Weak Convergence Criterion

e Cp(R4,R) setofall polynomials g : R — R

e SDE
dX; = a(t, X;)dt + > b (¢, X;) AW}

j=1

e a discrete time approximation Y& converges with weak order 3 > 0
to X at time T as A — 0 if for each g € Cp(R?, R) there exists a
constant Cy, which does not depend on A and Ag € [0, 1] such that

n(A) = |E(g(XT)) — E(9(Y7))| < Cg AP
for each A € (0, Ap)

e absolute weak error criterion
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Systematic and Statistical Error

e functional
u= E(g(Xr))

e weak approximations Y2

e raw Monte Carlo estimate
1 N
UN,A = = Z Q(YTA(wk))
N k=1

NN independent simulated realizations
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YA (w1), YA (w2)y ..., Y (WN)

wp € Qfork € {1,2,...,N}

e discrete time weak approximation YTA
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e weak error

ana =una — E(g(Xr))

e systematic eIror  fgys

e statistical error gy

/:l,N,A — Illsys + Llstat
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e systematic error

U’sys E(ﬁ’N,A)

1 N
E <N > Q(YTA(wk))> — E(9(XT))

k=1

= E(g(Y;)) — E(9(XT))

P(A) = |prgys]
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e statistical error

Central Limit Theorem

asymptotically Gaussian with mean zero and variance

1
Var(ll'stat) — Var(ﬂN,A) — N Var(g(YTA))

deviation

DeV(Hstat) = \/Var(ll'stat) — \/% \/Var(g(YTA))

1
decreases at slow rate N as N — oo

may need an extremely large number IV of sample paths
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Confidence Intervals

e statistical error is halved by a fourfold increase in N

e Monte Carlo approach is very general

e high-dimensional functionals

e do usually not know the variance
of raw Monte Carlo estimates
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e form batches
average of each batch
approximately Gaussian

Student t confidence intervals

e length of a confidence interval
proportional to the square root of the variance

reformulate the random variable

same mean but a much smaller variance

e variance reduction techniques

@© Copyright E. Platen NS of SDEs Chap. 3 141



Example of Raw Monte Carlo Simulation

u = E(g9(X))

X ~ N(0,1)

g(X) = (exp {’I“A + aVZX})z

r=0.05 0c=0.2 A=1

u = E(exp{Z <7°A—|—0'\/ZX)}) =exp{(r—|—0'2)2A} ~ 1.197
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e Raw Monte Carlo estimators
1 N
uNy = — ex Z(TA oVvVAX wz)}
N = ?; P{ + (w;)

N €{1,2,...,2000}

asymptotically normal
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O. 4 ] ] ] ] ] ] ] ] ]
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure 3.1: Raw Monte Carlo estimates in dependence on the number of
simulations.
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Normalized Monte Carlo Error

A (’fl,N — ’LL)
N p— NS N 0
N = Nargooy Y N O

CLT

Var(g(X)) = exp{4 A (r +20°%)} (1 — exp{—4 A 0°}) = 0.25.
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0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 3.2: Normalized raw Monte Carlo error.
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igure 3.3: Independent realizations of normalized Monte Carlo errors.
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Weak Taylor Schemes

Euler and Simplified Weak Euler Scheme

e Kuler scheme

Y, =YF+abAa+ ) b AW
=1
AW) =W? —WI

truncated Wagner-Platen expansion
weak convergence 3 = 1.0

— weak order 3 = 1.0 Taylor scheme
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e simplified weak Euler scheme

Yk:

M
n+1:yj+am+zbk,mwg

j=1

AW  independent A, ., -measurable random variables with
. .\ 3 L\ 2
B (AW3)‘+|E ((Awg) >|—|—|E ((Awg) ) - A‘ < K A?

— (B3=1.0
e two-point distributed random variable

P(AW,,{ — :I:\/Z) — %
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e Simulation Example

SDE
dXt = G,Xt dt -+ bXt th

a=15b=001landT =1
test function g(X) = x
N = 16, 000, 000

—

confidence intervals of negligible length

e absolute weak errors

pn(A) = |E(XT) — E(YN)
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Weak Error

Log2-Weak Errors

——+—— FEul er

,,,,,, * - SIer Eul er

Log2-dt

2 1 o

Figure 3.4: Log-log plot of the weak error for an SDE with multiplicative

noise for the Euler and simplified Euler schemes.
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Weak Order 2.0 Taylor Scheme

further multiple stochastic integrals

e weak order 2.0 Taylor scheme
one-dimensional cased = m = 1

1
Y1 = Yn—|—a,A—|—bAWn—|—§bb’((AWn)2—A)
/ 1 / 1 71712 2
+a" bAZ, + > aa —I—Ea bc | A
/ 1 1712
+ (ab + b7 (AWnA—AZn)
Tn+1 S
AZn:I(l,O) :/ / sz ds
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generate pair of correlated Gaussian random variables AW,, and A Z,,
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e simplified weak order 2.0 Taylor scheme

Ypi1 = Yn—l-a,A—|—bAW-|—5bb’((AW> —A)
/ / 1 1.2 I
-+ ab+ab —|—§bb AW A

_|_

N | = N

1
(a a’ + 5 a//bz) Az
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o ()] + [m((aw)°) |+ [ ((aw)")
+ ‘E ((AW)2) - A| + 'E ((AW)4) — 3A?2

< K A3

e three-point distributed random variable

P(AW:iM):%, P(AW:O>:§
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e weak order 2.0 Taylor scheme with scalar noise

de{1,2,...} withm =1

Yk‘,

1
k. Yy +ab A+ AW + o L' ((Aaw)? — a)

1
+5 L°%"* A? + L°b* (AW A — AZ) + L'a* AZ
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e weak order 2.0 Taylor scheme

dme{1,2,...}

Yk:

1
il = Y,r'f—l—ak’A—l—ELOCLI‘"A2

+ (bk’jAWj + Lo I(o 5 + L a” I(j,O))

1=1

+ Z L1 pkiiz I(jl,jz)

Ji1,J2=1
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e simplified weak order 2.0 Taylor scheme

1
Yi, = YP4+ad"A+ 5L‘)a,’<’A2

e .1 . . Ny
+> (b’w +5A (L% + L”a"’)) AW
7=1

|

+o >0 LR (AWRAWE 4V, )

2 . <
J1,J2=1
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e two-point distributed random variables

1
P(V}l,jz — :IZA) — 5

fOI'j2 - {1, ...,jl — 1},

Vig, = —A

1,71

and

‘lej2 — _‘/}2’j1

forjo € {71 +1,...,m}and j; € {1,2,...,m}

B =2.0
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Weak Order 3.0 Taylor Scheme

e weak order 3.0 Taylor scheme

dme {1,2,...}

YE, = YFt+aA+ Z b I AWI L Z Lia* I; 0
Jj=1 j=0
+ )Y LRI, 4+ ) DLk I, 0
J1=0j2=1 7J1,72=0

D D D L ZEUAAN (TR AN

j19j2=0 j3=1
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e simplified weak order 3.0 Taylor scheme

-~ 1 N2
Yoi1 = Y, +aA+bAW + —Lb( (AW) — A
+ 2
1 —~ 1 (§) 2 0) I —~
+L'aAZ+  L°aA® + L b(AWA—Az)
1 3
+ (L°L°b+ L°L'a + L'L%a) AW AZ?
1 N2
+ o (L'L'a + L'L% + L°L'b) ((AW) — A) A
1 070 3 1 1r1 X 2 X
+ S L°L°aA® 4 JL'L'b (AW) _3A | AW
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5 - 1
AW ~ N(0,A), AZ ~ N (0, 3 A3>

v 1
E(AWAZ) — §A2
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For 3 = 3.0 we can set approximately
Iy = AW, Tao~AZ, Io1) ~AAW — AZ
1 -\ 2
Iaa) = ((AW) — A)

1

Lo.01) = L0100 ® L,00) ® o ATAW

1 -\ 2

Iao ® Iaon Loy = 2 A <(AW) - A>
1 - 2
Iaay = ¢ AW ((AW) _ 3A>
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where AW and AZ

are correlated Gaussian random variables

@© Copyright E. Platen NS of SDEs Chap. 3 164



Hofmann (1994)

—> additive noise, 3 = 3.0, m € {1,2,...}

A2 A3
Ioy=4, IG =& VA, Ioo = - Lo = ry
1 1 s A3
Ij,0) = 2 &+ @ Tan Az, Igo,0 = Lo,j0 = p §j
AZ ‘/.7.17.7.2
I(j,,42,0) = ry IR I A

independent four point distributed random variables

§15-++5&m
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1
12 +4+/6

P(gjzi\/3—x/ﬁ>=12_14\/6

P(gjzi\/3+\/6) =

independent three point distributed random variables
PlyeesPm
independent two-point distributed random variables

Y

1,72
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e multi-dimensional case
dme {1,2,...}
additive noise

weak order 3.0 Taylor scheme

@© Copyright E. Platen NS of SDEs Chap. 3 167



k
Yn—I—l

ik .o~ .1 1
p— YTI:—I—akA—l—Zbk”J AWJ+§LOakA2_I_ELOLOakA3

j=1

+ ) (Ljak AZI 4+ LOb*I (AWjA — AZj)

j=1
1 . . . .y
+ - (L°L°b*7 + L°L?a® + L’ L°a*) AW A2>
| A L
17J2 Kk 1 2
+o > ILPa (AWHAW? — I, 53 A) A
J1,J2=1
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AW and AZJ
independent pairs of

correlated Gaussian random variables
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Weak Order 4.0 Taylor Scheme

Wagner-Platen expansion —>

e weak order 4.0 Taylor scheme

dme {1,2,...}

4 m
qu-|-1 — Yf"’ Z Z L

£=1 j1,...,7¢=0

8 = 4.0

Pl. (1984)
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e simplified weak order 4.0 Taylor scheme for additive noise
~ 1 ~

Yoii = Yo+aA+bAW + 5LOa,A2 + L'aAZ

+ L% (AW A — AZ)

1 070 Or1l X 2
+§(L L% + L°L a)AWA
171 X ~ 5 =\ 2 1 2
+L'L'a (2AWAZ — (AW) A--A

1 1
+ a1 L°L%a A3 + o L°L°L°a A4
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1 ~
_I_Z(L1L0L0a+LOL1L0a+LOLOL1a —|—LOLOLOb) AWA3

1 -\ 2
_I_Z(LILILOG_I_L0L1L1a+L1LOL1a) ((AW) —A) A2

1 - N2
+ G L' La AW ((AW) _ 3A> A

s - 1
AW ~ N(0,A), AZ ~ N(0, gA3)

R |
E(AW AZ) = _ A
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A Simulation Study

e SDE with additive noise

dXt = aXtdt—l—det

Xo=1a=15,=001landT =1

g(X) ==
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Weak Error

ol
wn el Lo A
el = —— Euler
5 -5 - <
— * _w e
b r ./-/ //// |
L L o -7 [ R x---- 2Tayl or
X’ _10, /‘/A ///A// ]
© i a e
g : T poel : — m - 3Tayl or
I 15| g e i
N , -
2 |
— : AT : ——4—— 4Tayl or
20 + i 1
\A//w L L L L L L L L L L L L L L L L L L
5 -4 -3 -2 -1 0
Log2-dt

Figure 3.5: Log-log plot of the weak error for an SDE with additive noise
using weak Taylor schemes.
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e SDE with multiplicative noise

dXt = a,Xtdt—I—bXt th

g(X) ==
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Weak Error

10t

Log2-Weak Errors

—+— FEuler

rrrrr *---- 2Tayl or
-— = - 3Tayl or
——4—— 4Tayl or

L
Log2-dt

2 1 o0

Figure 3.6: Log-log plot of the weak error for an SDE with multiplicative

noise using weak Taylor schemes.
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Convergence Theorem

e Wagner-Platen expansion

e Ito coefficient functions

f(t,x) =x

fa(t, w) — [J1... [Je—1 Bie (a:)

o= (J1y.--59¢) E My, m € {1,2,...}
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e multiple Ito integral

Tn+41 Se S2 ) ) )

— . oo J1 Je—1 Je

Tornrnn = / / / AWt ... dWit-dW7
T T T

n n n

de = ds
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e hierarchical set
I's ={a e M,,: (o) < B}
e time discretization

O=m <mm<...Tth <...

e weak Taylor scheme of order (3

Y'n,—l—l — Yn + Z fa (T’n7 Yn) IaaTnaTn—l—l
aelp\{v}
— Z .fa (Tna Yn) IaaTn,Tn+1
acl's
Yo = Xo
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Theorem

For some 3 € {1,2,...} and autonomous X let Y be a weak Taylor
scheme of order 3. Suppose that a and b are Lipschitz continuous with
components aF, b € 0123(64-1) (iRd, §R) forallk € {1,2,...,d} and
j € {0,1,...,m}, and that the fq satisfy a linear growth bound

[fa(t, )] < K (1 +[x]),

foralla €Tg, x € R andt € [0, T), where K < co. Then for each g €

Clzg(ﬁ +1) (?Rd, SR) there exists a constant Cg, which does not depend on A,
such that

n(A) =|E(g(Xr)) —E(g(YF))| < Cq AP,

that is Y2 converges with weak order 3 to X at time T as A — 0.
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Derivative Free Weak Approximations

Explicit Weak Order 2.0 Scheme
e explicit weak order 2.0 scheme

m = landd € {1,2,...}

Ynt1 = Yn+ — (a(T)—I—a)A

@© Copyright E. Platen NS of SDEs Chap. 3 181



with supporting values
Y=Y,+aA+bAW

and
Y=Y, +aA+bVA

AW  Gaussian or three-point distributed

P(AWziM)z% and P(AW:O):g

@© Copyright E. Platen NS of SDEs Chap. 3 182



e multi-dimensional explicit weak order 2.0 scheme

dme {1,2,...}

Yoir = Yot o (a(Y) +a)A
S [(b:f () 4+ () + 207) AW
j=1
+ f: (bj (7)) +v (O7) — 2bj>AW~'f A—%]
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with supporting values

Y=Y,4+aA+)) ¥VAW/, R,=Y,+aAzxb VA

j=1
and
Ul =Y, £b VA

AW and V. ; as before

© Copyright E. Platen NS of SDEs  Chap. 3 185



e additive noise

p—

1 meoo .
Y1 = Yn+5 a(Yn—l—aA—l—ZbJAW”)—I—a A

i=1

+ ibj AW

j=1
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Explicit Weak Order 3.0 Schemes
e explicit weak order 3.0 scheme

de{1,2,...} withm =1

A ]_ + _ ~+ ~ —
Yot1 = Yo+aA+DbDAW + > a; —|—a,C ——a,——(a,C —I—ac> A

+\/z(\;§ (a:r—ag) _ 3 (aj—ag))gAZ

—I—%{a(Yn+<a—|—a2')A—|—(C—|—g)b\/Z)—a?—a*’—l—a}

o

X

(C+o) AWVA+A+ o ((AW)z—A)]
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with
a:f :a(Yn—l—aA:I:b\/qu)

and

at :a(Yn+2aAib\/ﬁ¢)

AW ~ N(0,A) and AZ~ N(0,1A3)

E(AWAZ) = %Az
1
P((==x1) =Ple==1) =,
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e explicit weak order 3.0 scheme for scalar noise

“ 1 1 n
Ynt1 = Yn+aA—|—bAW—|—§I—IaA—|—ZHbAZ

\/76’ AZ o G AW2 A
+ Z ac +\/ﬁ bC(( )_>

TS A (A + ¢+ QVAAW + (o ((AW)Z B A))

1 . . o -
+£<Fb++—|—Fb++Fb+ +F, ") AW
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+ 24\1/Z CARIEY S A ((AW)2 = A) ¢

+ ﬁ (R +F - Rt —F ) ((AW)2 - 3) AW (o

+ 241/K (T +F T - R —F ) ((AW)2 - A) 0
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with

Frt — g@g+@y+ij+mc¢Ziw+g¢K)—g+

g

—g@;+aAibg¢Z)+g

191

@© Copyright E. Platen NS of SDEs Chap. 3



F~+ — g(Yn—I—(a—l—a_)A—bC\/Z:I:b_g\/K)—g_

—g (Yn—l—aA:I:bQ\/Z) + g

where

gi:g(Yn—l—aA:I:bC\/Z)

and

GE =g (Y,,,, L 2aA+ \/§bC\/A>
with g being equal to either a or b.
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Extrapolation Methods

Weak Order 2.0 Extrapolation
e cquidistant time discretizations
e simulate functional
A
E (g (Yr))
using Euler scheme

with step size A

e repeat with the double step size 2A
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e combine these two functionals

—

e weak order 2.0 extrapolation

Voa(T) = 2E (g (Yr')) — E (g (Y72))

Talay & Tubaro (1990)

Richardson extrapolation
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e example

geometric Brownian motion

dXt = a,Xtdt—I—bXt th

Xg=0.1,a =1.5and b = 0.01

Richardson extrapolation Vgi‘z (T)

g(z) ==

—>  absolute weak error

n(A) = |VA(T) — E (9 (X1))
3 =2.0
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-10 + -
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tinme
Figure 3.7: Log-log plot for absolute weak error of Richardson extrapolation

against step size.
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Higher Weak Order Extrapolation

e weak order 4.0 extrapolation

Vou(T) = = |32E (9 (Y7)) —12E (9 (Y2°)) + E (9 (Y72))
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Figure 3.8: Log-log plot for absolute weak error of weak order 4.0 extra-
polation.
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Implicit and Predictor Corrector Methods

e numerical stability has highest priority

Drift Implicit Euler Scheme
dme{1,2,...}
Yn+1 =Y, t+a (Tn—|-17 Yn-l—l) A+ Z b (Tna Yn) AW

j=1

P(AWj — :I:\/Z) — %
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e family of drift implicit simplified Euler schemes

Yn-|—1 = Y, + ((]— — a) a (Tna Yn) +aa (Tn—|—19 Yn—l—l) )A

+ > b (1h, Vo) AW

j=1

a degree of drift implicitness
A-stable for a € [0.5, 1]

region of A-stability

circle of radius 7 = (1 — 2«) ! centered at —r
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Fully Implicit Euler Scheme

simplified schemes allow

implicit diffusion coefficient term

e fully implicit weak Euler scheme

Y1 =Yn+3d(Yni1) A+b (Y1) AW

a—=a—>bbd
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e family of implicit weak Euler schemes

Yn—l—l = Y, + (a ay (Tn—l—la Yn—l—l) + (]- — a) ay (Tna Yn))A

‘I‘ Z (77 bj (Tn—l—la Yn—l—l) + (]- _ 77) bj (Tna Yn))AWJ

i=1

72

ap, =a—m Y S‘bk’ﬂ ob

Ji1,J2=1 k=1

for aym € [0, 1]

© Copyright E. Platen NS of SDEs  Chap. 3 203



Implicit Weak Order 2.0 Taylor Scheme
Yii = Yo+a(Yni1) A+bAW
1 / 1 2 /77 2
—5 (@ (Yny1)a" (Ynga) + 0 0% (Yny1) a” (Ynga) | A
1 N2
+ bV ((AW) _ A)
1 / / 1 1712 I
+§ —a’'b+ab —|—§bb AW A
A 1 A 2
P(AW::I:\/:%A) =~ and P(szo) =2
Milstein (1995)
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e family of implicit weak order 2.0 Taylor schemes

Ynt1 = Y, + (aa (Trn+1s Ynt1) + (1 — o) a)A

Z II1piz (AWJlAWh + V719j2)

.713.72 1
Z (bﬂ ~ (L°Y + (1 — 2a) L7 a) ) AW

2 (= 20)(8L% + (1~ ) L (11, Yar1) ) A?

a = 0.5 —
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1
Yn—I—l — Yn + 5 (CI, (Tn—l—la Yn—l—l) + CL)A

meo . 1 0vi A <o
—|—Zb~7AW3—|— - ZL b AWI A

j=1 j=1

1 - J1pJ2 1771 A/J2
+5 > L (AWH AW 4V, )

Ji1,72=1
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Implicit Weak Order 2.0 Scheme
m=1

PI. (1995)

e implicit weak order 2.0 scheme

1
Yn+1 = Y, + 5 (CL + a (Yn—l—l)) A

+= BT +b(¥7)+2b) AW

N|=

= s

_|_

(b(T) —b(T)) ((AW)2 _ A) A-
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with supporting values

Y*=Y,+aA+bVA

AW can be chosen as before
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e implicit weak order 2.0 scheme

dme {1,2,...}
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_I_

S (01) - v () (AW a4 31, )| a3
-y
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supporting values
R.=Y,4+aA+ bV VA

and
UL =Y, +b VA

A-stable

8 = 2.0
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Weak Order 1.0 Predictor-Corrector Methods
e modified trapezoidal method of weak order 3 = 1.0

corrector

1
Yot1= Yo+ o (a(Yass) +a)A+bAW

predictor

Y1 =Y, +aA+bAW

P(AW::I:\/Z)z—
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e family of weak order 1.0 predictor-corrector methods

corrector

Ynt1 = Y + ( <Tn—|-19Yn—|—1) + (1 — a) @y (Tn, n))

Z (77 0 (Tnt1, Yoi1) + (1 —n) ¥’ (Tn,Yn))AWj

for a, € [0, 1], where

an=a—mn T 7 b —— (%32

.717.72—1 k=1
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and predictor

Yoj1 =Y, +aA+ ) VAW

i=1
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Weak Order 2.0 Predictor-Corrector Methods
e weak order 2.0 predictor-corrector method

corrector

1 _
Y'n,—l—l =Y, + 5 (a (Yn—|—1> + a)A + W,

with

U, = bAW—k%bb’ ((AW)2 _ A>

1 / 1 2 1./ 1
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and as predictor

Y/’n—l—l — Yn‘l‘afA_I“Iln

1 A 1 1
—l_ia,bAWA—l—i(aa,—'—ia”bz)Az

) 1 . 2
P(AW:jm/?,A):8 and P(AW:()):5
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e general multi-dimensional case

corrector

1 _
Yot1 = Yo+ o (@ (Tass, Yoga) +a) A+ ¥,

where
m .1 . .
v, = ¥+ - L°PA | AW?

> (v+5rva)

J=1

1 - J1pJ2 1/ J1 1/ J2

+5 > L (AW AW +V;, . )
j13j2=1

and predictor

_ 1 o 0 18 .
Yot1=Yn+aA+ ¥, +_LaA -|—§ZL3aAW~7A

j=1
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e derivative free weak order 2.0 predictor-corrector method

corrector
1,
Yn-l—l — Yn + 5 (CL <Yn—|—1> + a)A + ¢n
where
1, _ .
bn = B(XT)+b(Y7) +2b) AW

1

(b(T+) —b(T7)) ((AW)2 — A) A3

4
| =

with supporting values
Y*¥=Y,+aA£bVA
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and with predictor

Vo = Yot _(a(T) +a)A+ 6,

with the supporting value

Y=Y,+aA+bAW
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e multi-dimensional generalization

corrector

1 _
Yn—|—1 =Y, + E(a <Yn—|—1> + a)A + ¢n
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where

bn = 3 [ (RL) +0(RL) + 207

J

=1
+ 3 (v (0) + 0 (07) —207) a-t|aws
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supporting values

R.=Y,+aA+b VA and U, =Y, +b VA
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predictor

Vo = Yot (a(T) +a)A + 6,

supporting value

T:Yn-|-aA+ijAWj

=1

local error

Zn—l—l — Yn—l—l — Yn—l—l
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4 Numerical Stability

e roundoff and truncation errors

e propagation of errors

e numerical stability priority over higher order
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e specially designed test equations

Hernandez & Spigler (1992, 1993)
Milstein (1995)

Kloeden & P1. (1992b)

Saito & Mitsui(1993a, 1993b, 1996)
Hofmann & PI. (1994, 1996)

Higham (2000)
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e linear test dynamics

X, = X, exp{(1 —a) At 4 a A Wt}

a,\ € R
—

P(lith:O)zl — (1—a)A<0

t— 00
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e linear Ito SDE

3
dXt = (1 — 5&) )\Xtdt—|— \/C!l)\lXtth

e corresponding Stratonovich SDE

dX; = (1 — a) A Xigdt + Ja || Xy o dW,

e & = (0 norandomness
e = % Itdo SDE no drift == martingale

e o« = 1 Stratonovich SDE no drift

@© Copyright E. Platen NS of SDEs Chap. 4 227



Definition 4.1 Y = {Y;,t > 0} is called asymptotically stable if
P(lim Y} | :0) — 1.

t— 00

impact of perturbations declines asymptotically over time
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e stability region I'

those pairs (AA, &) € (—o0,0) X [0, 1) for which approximation Y
asymptotically stable
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e transfer function

— Gn_|_1 (A A, Oé)

Yn +1
Y,

Y asymptotically stable <—

E(In(Gnr1(AA,a))) <0

Higham (2000)

© Copyright E. Platen NS of SDEs  Chap. 4 230



e Euler scheme

Vi1 = Y, + a(Ya) A + b(Y,) AW,

3
Grnir1i(AA,a) = ‘1-|— (1 — Ea) AA 4+ |aA| AW,

AW, ~ N(0,A)

@© Copyright E. Platen NS of SDEs Chap. 4 231



Figure 4.1: A-stability region for the Euler scheme.
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e semi-drift-implicit predictor-corrector Euler method

1
Yoi1 =Y, + 5 (a(Ynt1) + a(Yn)) A+ b(Y,) AW,

Vit = Y, + a(Ya) A + b(Y,) AW,

3 1

—I—\/—a)\AWn)} + vV —a\AW,
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Figure 4.2: A-stability region for semi-drift-implicit predictor-corrector Eu-
ler method.
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e drift-implicit predictor-corrector Euler method

Yn+1 = Yn —|— a(?n+1) A —|— b(Yn) AWn

Vi1 = Y + a(Ya) A + b(Y,) AW,

3 3

+ \/—a)\AWn} + vV —a\AW,
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Figure 4.3: A-stability region for drift-implicit predictor-corrector Euler
method.
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e semi-implicit diffusion predictor-corrector Euler method

1 _
Yoi1 = Yo +a3(Ya) A+ (6(Faia) +b(Ya)) AW,

Vit = Y, + a(Ya) A + b(Y,) AW,

Grnir1(AA,a) = ‘1—|—)\A(1 —a)+ vV —aXAW,

X {1—|—%<)\A(1—ga) +mAWn>}‘
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1

Figure 4.4: A-stability region for the predictor-corrector Euler method with
0 =0andn = %
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e symmetric predictor-corrector Euler method

_ 1 _
Yot1 = Yato (a3 (Fatr) + 83 (Ya) ) Ato (b(Fasa) + b(Ya)) AW,

1
2

Vot1 =Y, + a(Y,) A + b(Y,) AW,

Grii(AA, ) = |1—|—)\A(1 — a) {1+ % (AA (1 — ga>—|— \/ﬁAW,,,)}

+vV—aXAW, {1+ % (AA (1 — ga>—|— MAWOH
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Figure 4.5: A-stability region for the symmetric predictor-corrector Euler
method.
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Gri1(AA, ) = '1—|—)\A(1—%a> {1—|—)\A(1—ga)—|—MAWn}
+MAWn{1+>\A<1—§a)+MAWn}|
— ‘1+{1+>\A<1—ga>+MAWn}
x{AA(1—%a)+MAWnH
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1.5

1

Figure 4.6: A-stability region for fully implicit predictor-corrector Euler
method.
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Figure 4.7: Exact solution and approximate solution generated by the sym-

metric predictor-corrector Euler scheme.
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p-Stability

PlL. & Shi (2008)

Definition 4.2  Forp > OaprocessY = {Y;,t > 0} is called p-stable
if
: o~
Jim E(|Y;|") = 0.

For a € |0, T;/Z) and A < O test SDE is p-stable.
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e Stability region those triplets (AA, o, p) for which Y is p-stable.
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For A A <0, aa€[0,1)andp > 0 Y p-stable <=

E((Gry1(AA,a))P) <1

o forp > 0

E(In(Gnii(A A, @))) < %E((GHH(A A, )P —1) <0

— asymptotically stable
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Figure 4.8: Stability region for the Euler scheme.
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Figure 4.9: Paths of exact solution, Euler scheme with A = 0.2 and Euler
scheme with A = 5.
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Figure 4.10: Stability region for semi-drift-implicit predictor-corrector Euler
method.
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Figure 4.11: Stability region for drift-implicit predictor-corrector Euler
method.
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1

Figure 4.12: Stability region for the predictor-corrector Euler method with
0 =0andn = %
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Figure 4.13: Stability region for the symmetric predictor-corrector Euler
method.
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1

Figure 4.14: Stability region for fully implicit predictor-corrector Euler
method.
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Stability of Some Implicit Methods

e semi-drift implicit Euler scheme

1
Ynt1 =Y, + E(a(Yn—l—l) + a(Yn))A + b(Y,) AW,

e full-drift implicit Euler scheme

Yoi1 = Y, + a(Yni1)A + b(Y,)AW,,

solve algebraic equation
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Stability region for semi-drift implicit Euler method.

Figure 4.15:

255

NS of SDEs Chap. 4
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drift implicit Euler method.

Figure 4.16: Stability region for full

256
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e balanced implicit Euler method

Milstein, Pl. & Schurz (1998)

3
Yot = Yot (1 -3 a> AY, A+/a|A[Y, AW, +c| AW, |(Yrn—Yni1)
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Figure 4.17: Stability region for a balanced implicit Euler method.
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Figure 4.18: Stability region for the simplified symmetric Euler method.
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Figure 4.19: Stability region for the simplified symmetric implicit Euler
Scheme.
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Figure 4.20: Stability region for the simplified fully implicit Euler Scheme.
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S Variance Reduction Techniques

Various Variance Reduction Methods

e classical

Hammersley & Handscomb (1964)

Ermakov (1975), Boyle (1977)

Maltz & Hitzl (1979), Rubinstein (1981)

Ermakov & Mikhailov (1982), Ripley (1983)

Kalos & Whitlock (1986), Bratley, Fox & Schrage (1987)
Chang (1987),Wagner (1987)

Law & Kelton (1991), Ross (1990)
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e stochastic differential equations

Boyle (1977)

Boyle, Broadie & Glasserman (1997)

Broadie & Glasserman (1997), Fu (1995)

Grant, Vora & Weeks (1997), Joy, Boyle & Tan (1996)
Glasserman (2004)

Longstaff & Schwartz (2001)

Milstein (1988), Kloeden & P1. (1992b)
Hofmann, Pl. & Schweizer (1992), Heath (1995)
Goldman, Heath, Kentwell & P1. (1995)
Fournie, Lasry & Touzi (1997)

Newton (1994)
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Antithetic Variates

e probability space
(2, Ar, A, P) where Q = C([to, T], R?)

w(t) = (w1 (t),w2(t)) " € R2for t € [to, T]

e coordinate mappings

Wl (w) = wi(t) and W2 (w) = wa(t)

dX{"® = a (t, X;%) dt + b (t, X;"%) dW,
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Forw € Q, define® € Qby @(t) = (—wi(t), —wa(t)) ', t €
[tOvT]

h (Xl_}£> (w) = h (Xl_}@) (@)

e unbiased estimator

b (x3%) = 5 (0 (x3) 47 (x5))
Var (ﬁ (Xfp"§>) — i (Var (h (X?g)) + Var (E (X;'?£>>

+2Cov (b (X3%) Rk (X3%)))
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Stratified Sampling
o set of events

A; C Ar, 1 € {1,2,...,N}

N
A; = Q, AiﬂAj:(b

1=1

fOI"I:,j (S {1727°"7N}’P(A”:) — %

A=c{A;ic{1,2,...,N}}
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e random variable

Z: Q>R

e restriction of Z to A;

Za,(w) =Z(w) forw € A;
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e unbiased estimator for F(Z)
1 N
Z=—Y Za,

where Z 4, independent

E(Z):% ZE(ZAi)ZZ/A.ZdP:/QZdP:E(Z)

independence

p—
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N Var(Z,,)

Var(Z) = Nz

1

.
I

E(Var(Z | A))

2/~ 2]

Var(Z)
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Example: simplified weak Euler approximation Y 2
AW, two-point distributed

two-point variates with IN time steps

underlying sample space

—
QN — {_1’ 1}{0,1,...,N—1}

‘path’ for Wi
given by AWy (w) = wi, VA
probabilities P (w) = 5%

only a tiny fraction of these paths can be sampled
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A stratified Monte Carlo estimation could consist of exhausting all paths
w € (2 up to time ¢t/ and then sampling randomly;

reduces duplicate traversals of the early nodes of the lattice.
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Measure Transformation Method

see Kloeden & P1. (1992b)

e d-dimensional diffusion

dX;® = a(t, X)) dt + > b (t, X)) dW]

j=1

on (Q, AT, A, P)
e approximate the functional

u(s,z) = E (g(X77) | As)
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e Kolmogorov backward equation

L°u(s,z) =0

for (s, ) € (0,T) x R with

u(T,y) = g(y)

2

o d L o
— pk:J pti
T ’;a 3:13"“ T 2 ; Z Oxk Ox*

k,=1 3=1
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e Girsanov transformation

t

Wi = W,f —/ d’ (z,)zg"”) dz

0

d’? denotes given, rather flexible real-valued function

e Radon-Nikodym derivative
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e SDE

dX{" = a(t, XP7)dt+ Y b (¢, X)") AW/

e Radon-Nikodym derivative process

m .t
©; = O¢ + Z/ ©.d (2, X0°) dW}
0

j=1

(A, P)-martingale
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e diffusion process X ®® with respect to P
same drift and diffusion coefficients as X *:*

p—

£ (o(x3) = [0 (33

I
=
7 N\
Q
N
e
5o
8
N——
‘ @
o
N—

@© Copyright E. Platen NS of SDEs Chap. 5 276



e unbiased estimator

no particular choice of d? made so far
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e ideally choose d? in the form

au(t a:)

&’ (t,x) =

’J( , )

then 1t can be shown that

u (t, X?’m) O; = u(0,x) Oq

forall t € [0,T]

—
u(0,z) =g (Xo’w) (;))—z
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1S not random

@© Copyright E. Platen NS of SDEs Chap. 5 279



e guess a function u

d _
: : ou(t, )
d’(t.x) = — E bk I (t. x ’
( 9 ) ’[L(t, m) — ( 9 ) 8wk
e used unbiased estimator
—~ @
0.x T
g (X : ) =T
)] e,
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Control Variates and Integral Representations

Clewlow & Carverhill (1992, 1994)

Basic Control Variate Method

e valuation martingale

M, =u (t,X;"%) = E (h (Xp%) | A,)

construct an accurate and fast estimate of

E(h(X2™)) = u(to, z)

@© Copyright E. Platen NS of SDEs Chap. 5

281



e control variate

find Y with known mean E(Y)

e unbiased estimator

Z = h(X}®) — a(Y — E(Y))

oacER

E(Z) = E(h(X7'®))
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e known valuation function
o (1) = B (0 (X))
X'to:Z approximates X 2%
e unbiased estimator

= () = 0 () - £ 4 (7))

= u (T, X;?’g) — o (f& (T, X;i)@) — ﬁ(t0,§)>

S
||

variance can be reduced
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Var(Zr) = Var (h (X;?@)) + a? Var (h (X;?’g))

— 2a Cov (h (er,?’g) h (X;’,?’Q))

minimize the variance

Cov (h (X;O@) R (X;ZO@))
Var (h (X;?’g)>

Amin —
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Example: Stochastic Volatility

e SDE

dSt = Ot St thl

doy = (k—o)dt+ Eoy thZ

(Qa ATa Aa P)

e European call payoff

h(St) = (St — K)™
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e adjusted price process

A

dS; = 6¢5;dW}

dé‘t = (m—é't) dt

e adjusted valuation function

a(t, 80,60) = E ((8r — K)* ‘ A,)

e unbiased variate

A

Zr = (Sr—K)t —a((St—K)t — E(Sr — K)T)

(St — K)T — a((S7 — K)T — a(te, s, 0))

unbiased variance reduced estimator
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Variance Reduction via Integral Representations

Heath & P1. (2002)

The HP Variance Reduced Estimator

e SDE

dX% = a(t,X)%)dt + > b (t, X;°) AW}

i=1

e first exit time

T=inf{t > s: (¢, X") & [s,T) X I'}
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e operators

af(t z) | O p) 2 (5:2)
L’ flt,z) = + zz::l i
+ 1 Zd: i b*? (t, x) bk’j(t x) f(t, @)
2 == ’ ’ oxt Oxk
1,k=1 7=1
and

3f (t w)

L7 f(t,x) = Z b (t, x

for (t,x) € (0,T) X T’
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e valuation function

u(t,x) = E (h(Tv Xf-,w))

for (t,x) € [0,T] x T

assume

M, = E (h (1. X%%) | A,

square integrable (LA, P)-martingale
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martingale representation theorem

—

M; = wu(t, X?/,\f-)

tNAT

— u(o,w>+§j/ ¢l AW
j=1"0

fort € [0,T]

Copyright E. Platen NS of SDEs  Chap. 5 290



e given an approximation

w: [0, T]xXT —- R towu

@€ C*([0,T] x I)

with
. tNT . '
M} :/ L’ 4(s, X2*) dW?
0

square integrable (\A, P)-martingale
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ﬂ(Ta X—,(-)’w) — U(Ta X—,q’w) — h(Ta X—,q’w)

(T, X2%) = ﬂ(O,w)—I—/ L% a(t, X°®) dt
0

+3 / L a(t, XO) AW
j=179
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u(0,z) = E (h(r,X2"))

= E (a(r,X>"))

= @(0,z)+ E (/OT L% a(t, X.°™) dt)

T
— a(0,z) + / B (1cry L a(t, X0®)) di
0

e unbiased estimator for u(0, x)

Z, = u(0, x) +/ L% a(t, X,°") dt
0

HP estimator
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Variance of the HP Estimator

o a5 [ e 3
j=1"9

= ’U,(T,Xg’w)—Z/ L a(t, X;"") dWy
0

i=1

= wu(0,z) + i /T (gg’ — L7 a(t, Xf’m)) dW;
j=1"0
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Var(Z,) = E (i/ (& — 17 ag, x)*)) awy
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e integrands

= L7 u(t, X;"")
—
_ =T . . 0.2\ 2
Var(Z,) = Z/ E(1gcrn ((L” u— L7 a) (t, X," )) ) dt
j=1"9

if a good approximation 4 to u can be found,
so that L7 w is close to L7 i

variance will be small
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e unbiased estimator

\\]
|

o u(r, X2%) —a > / L7 a(t, X)"") dW?
0

i=1

= Z,+(1—-a) Z/ L7 a(t, X)) dW}
j=1""9
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An Example for the Heston Model

e SDEs

dSS® = wST dt + v 85T dW
dv,” = k (9 — fvf’m2) dt

RV (Q dW?! + /1 — o2 de)
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e cquivalent risk neutral martingale measure

1 1 1 ~
ds:® rSET dt 4+ \/ v ™S9 AW}

~

dvf’m2 = kK (0 — vf’wz) dt

TRV (Q dW?! + /1 — o2 dV’Vf)

fort € [s,T] and s € [0, T], where 0 = 0 — gg(g—r) and

~ nH—r
dwl = dt + dw}

t \/’U_t + t
dW? = dw}
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e option price
c(0,z) = e "1 u(0, x)

where
u(0,2) = E ((53:"" - K)+)

e approximation
~s,xt ~s,xt _s,x2 Fs,x! 371
ds,’ = rS; dt+\/v, S dW;
dod® = K (é — ﬁf’mz) dt
explicitly computed
6:3332 _ é’ _|_ (332 . é) e—K,(t—S)
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Black-Scholes price

u(t, x)

E ((S;f”l _ K)+)

= (T BS(z',K,r,5:,, T —t)

where

QI
(3
|
Q
N
| p—t
~
(g
N
~{
N
8
N
&
\\

~ - e rw(T-t) _1
— JO—(z2—8)°
k(T —t)
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—

) O%f(t,z) 1 8%f(t,x)
0 __ 70 2 -
(L L) ft,z) = &= (Q Oxl Ox?2 t 2 ¢ 0(x?)? )

8235(2131,_[{, r, E't,T — t) 85'1;

L° — L) a(t, _ 2 _r(T—t) [
( ) u(t, x) Ex“e Q ozl 05, o2

N 1 ¢ 92BS(z*, K,r,5¢, T — t) (8@)2
2 Oo? Ox?

N OBS(z',K,r,5,,T —t) 8%, H
doy O (x?)?
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0BS 0%2BS 0%2BS 00 0%,
and

06, Oxlo5, 062  Ox2 d(x2)2

can be computed
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Monte Carlo Simulation

T
O=1m<nn<...<7m™Tnvn=T1T, A:N
e predictor-corrector method of weak order 1.0
Yn—l—l = Y, + (a &(Tn—l—la lA/vfn,—l—l) + (]- — a) é\L(Tna Yn)) A

+ 2

J:

~ N

n bj (Tn—l—la lA/v'n,—l—l) + (]— — 77) bj(Tna Yn)) A ngp,

(Y

forn € {0,1,..., N —1} with predictor

Yor1 =Yo+a(m,Yo)A+ ) VAW

j=1
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and modified drift coefficient values

a’(T’FL)Yn) — a’(T'ern) T’Z Z b"”-7 (Tna 'n,) ob’ (Tn’ 'n)

1=175=1

a,n € [0,1] and AWJ

Gaussian random two-point distributed random variables

Simulation Results

e raw Monte Carlo

1
intrinsic value (Sp°* — K)*T
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Figure 5.1: Simulated outcomes for the intrinsic value (S’? K )T, t €

[0, T.
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Figure 5.2: Simulated outcomes for the estimator Z;, t € [0, T].
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Figure 5.3: Diffusion operator values (L — L°) @ as a function of asset price
S and squared volatility v.
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Figure 5.4: Price differences between the Heston and corresponding Black-
Scholes model as a function of strike K and time €.
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Figure 5.5: Prices and corresponding error bounds as a function of strike K.
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Figure 5.6: Implied volatility term structure for the Heston model.
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6 Trees and Markov Chain Approximations

Binomial Option Pricing

Single-Period Binomial Model

e growth optimal portfolio

§% = {Sp-, t € [0,T]}

e primary security account
S — {St, t - [O,T]}

cum-dividend price
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e benchmarked primary security

5 St
t — Std*
e filtered probability space
(Qa AT? Aa P )
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e benchmarked portfolio

S0 =69+ 46} S,

47 units in the GOP

d; units in the stock

e single period binomial model

benchmarked security Saattimet = A > 0

P(S’Az(l—l—u)go) =p
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and

P(S’Az(l—l—d)S’O):l—p

forp € (0,1) and —d, u € (0, 00)

e upward move

e downward move
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Fair Pricing and Hedging

European call option on benchmarked stock
e benchmarked payoff
Ha = (8a — K)F
deterministic benchmarked strike K
from interval ((1 + d) So, (1 + u) Sp)

maturity T = A

Sor =1
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e real world pricing formula

p—

sim = spm (Aa Ao

= ((1+u)§0—K)p
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e cum-dividend stock price

fair price process

A

— So = E(S‘A\A{))
= p(14+u)So+ (1 —p)(1+d)So
= {p(1+u)+(1—p)(1+d)}S
—> condition
1=p(1l+u)+(1—-p)(1+4d)

—> probability

© Copyright E. Platen NS of SDEs  Chap. 6 318



e European call option price

5 = (14w o — K)

u—d
self-financing
—
S = 59 + 8 S,
Sos = 60461 8a
A N ~\ T
= Ha= (8 - K)
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e hedge ratio

SO Hp 5O HA
SA T SO

ol = 24 !
0 SA — 8,

for upward move  Sa = (1 4+ u)So

(1+u) S — K- ((1+u) 8 — K) =%
6t = -
’lLSO

(’U,—d)g()
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for a downward move Sa = (1 + d) So

—<(1+U)S’0—K) u_—_cfi
d So

5L =

(’U,—d)s’o

market is complete, that is, all claims can be hedged,

priced according to real world pricing formula

—> minimal price
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e probability p is a real world probability
e refers to an upward move of the benchmarked security
e different to the standard approach

e variance of ratio

Sa
— =14
0

two-point distributed benchmarked return 7 € {d, u}

P(n=u)=0p

Pin=d)=1-p
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e variance of benchmarked return 7
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e binomial “‘volatility”

~ 2
1 SA —ud
— | —E[(22 1) |4 =/ =5
7 \ A (So ) ‘ A

e under the BS model option price increases for increasing volatility,

here not necessarily the case for European call price

(O'A)ZA
u (u — d)

SSHA = ((1 + u) So — K)

substantial freedom

in v and d,

not satisfactory do to

simplicity of the binomial model
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Multi-Period Binomial Model

e benchmarked price of the stock

t=nA
upward
Sna = Sm_1ya (1 +u)
probability
_—d
P= u—d
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downward

Sna = Sn-na (1 + d)
probability 1—0p

forn € {1,2,...}
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e European call on San

three values

Suw = (1+u)?So
S"u,d = S’du = (1 -+ u)(l -+ d)go
de = (1 -+ d)zgo

binomial tree
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e portfolio
50 __ 0 1 a
S2A — 62A + 62A S2a
attime t = A

when Sa = (1 4+ u) So

AOE A 28  © + —d 5 + u
SN _((1—|—u) So K) —u_d+((1+7,,,)(1+d)sO K) o
for Sa = (1 + d)So

AOEp A A NNt —d o A ~\NT  u
30 _((1—|—u)(1—|—d)SO—K> m+((1+d) SO—K) —
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e fair benchmarked price at time ¢ = 0

—d
u—d

s = p((a+w? S - k)"

—|—((1-|—u)(1+d)5’0—f{)+uﬁd)

—d
u—d

+a-p) ((A+wa+dse k)"

+(<1+d)290—fc)+ufd)

perfect hedging strategy can be described
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e binomial real world option pricing formula

similar to Cox, Ross & Rubinstein (1979) but real world pricing

SO H; A
SO

I
o
VRN
N\
§p>
P
|
N>
N——

_|_
\5/

x(u+uﬁﬂ+dﬁ*3m—Ky_
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=50 > p* (1 —p)" (1 + w1 + d)tF

= k(- k)
. Z i! ” ik
— K : p” (1 —p)*~
kztkk!(z—k)!

t,, first integer k for which (1 + u)*(1 + d)*=%S, > K

(risk neutral pricing is here avoided)
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e complementary binomial distribution

7

tN(tka 7:7 p) — Z

k=t,

7!

piGok P AP

¢ binomial option pricing formula

O Ei. . > .
SOH‘A = Sotn(tk,1,1—p) — Kin(tk, 1, p)

similar to the Cox-Ross-Rubinstein binomial option pricing formula

similar to the Black-Scholes pricing formula
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e hedging strategy
Oka = (Opar0ka) "

self-financing benchmarked hedge portfolio

AOH A A
Spa™ = 5?k—1)A T 5(1k—1)A Ska = Opa + Oa Ska
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e hedge ratio

1—k .
Sia= Y o ket (1 gy
kA o e —k—0)!

trr  smallest integer £ for which

(14+w)?(1+d) % *t8a > K

0 _ &%ma 1 4
5kA — SkA — 5kA SkA
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Approximating the Black-Scholes Price

step size A — 0 limit

converges in a weak sense
e setu and d
In(l14+u) =0cVvA

In(1+d) = —cVvVA

volatility parameter o > 0

p—
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uzexp{a'\/Z}—lza\/Z

dzexp{—a\/Z}—lz—a\/Z

forsmall A €K1 —
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e stochastic process
YA — SnA

fort € [nA,(n+1)A),n € {0,1,...}

A A A
YnA—I—A =Y At Y ANn

independent random variable 1,,

P, =u) =p =
(M =u)=p=_—"

u

u—d

P("7n=d)=1—19=
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e rewrite approximately

YnAA—I—A ~ YnAA T YnAA oVvVA 5"7'

independent random variable &,,

1 — exp{—0c VA}
exp{o VA} — exp{—c VA}

P(€n=1)=P=

P(Sn:_l)zl_p
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E (YnAA-|—A o YnAA ‘ A’"'A) =0

2 2
B((Yara-YA) [4n) = (¥A) A4

&
’Q
s

ql\)

P>

Y 2 converges in a weak sense to

X ={X;,t€[0,T]} as A — 0, where

dXt = Xt o th

p—

© Copyright E. Platen NS of SDEs  Chap. 6 340



e for any suitable payoff function g

lim F (g (YnATA) ‘ .AO) = FE (Q(XT) | Ao)

A—0
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p—

binomial option pricing formula

approximates for A — 0

Black-Scholes pricing formula

51-1 7 - 27
s%1r) — g0 N(dy) — K N(ds)

with
- ln(%) + %azT

T o VT

and

dzzdl—G\/T
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Numerical Effects of Tree Methods
Option Prices from Binomial Trees

odd and even time steps
number at each time t = nA

nodes starting with 3 = 1 from below

¢ binomial probability

pj(n) = - "] —p’ (1 —p)»~J

gt(n—3j)!

forn € {1,2,...}andj € {1,2,...,n} withp € (0,1)
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e European call or put option

setting at maturity the option value equal to
the European payoff

going one step back in time
obtain at each node the option value
expectation of the terminal payoff

using one step transition probabilities

@© Copyright E. Platen NS of SDEs Chap. 6 344



at next step interpret obtained option price as new payoff
further step back in time

one step expectation

backward through the tree

at root of the tree

price of the option

e difference to Black-Scholes formula
using a CRR binomial tree

e CRR binomial tree

So=1,K=1,T=1,r = 0.05, 0 = 0.2
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Figure 6.1: Error of at-the-money European call option price for CRR bino-
mial tree in dependence on the number of steps.
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Figure 6.2: Error for out-of-the money CRR binomial European call in de-
pendence on the number of time steps.
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Figure 6.3: Log-log plot of absolute weak error for at-the-money price, delta
and gamma of CRR binomial European call.
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T
In(p(A)) = —3.91695 — 0.999291 In (Z)
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Figure 6.4: Log-log plot of absolute weak error for out-of-the money price,
delta and gamma of CRR binomial European call.
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Figure 6.5: Log-log plot of the absolute error for in-the-money price, delta
and gamma of CRR binomial European call.
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Binomial American Pricin

0. 0609 — ‘ ‘ ‘ ‘ ‘ : : : : : : : : : _—
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Figure 6.6: CRR binomial American put prices.
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Figure 6.7: Early exercise boundary for American put.
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Pricing on a Trinomial Tree
e next time step

Sd+1),Smor S(u+1), d+1<m<u+1

d — e—)\a'\/Z_l
m = 1
u = e*°VA_1

A\ a free parameter
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e Boyle (1988) trinomial probabilities

(W—-R)(u+1)2—-—(R—1)(u+1)3

Pa —

u? (u + 2)
Pm = 1—Dp4g— Dy
B W—-R)(u+1)—(R—-1)
Pu = u? (u + 2)
with
W:R2602A
and
R:e’rA

for A = 1 CRR binomial model
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e first and second moment of the BS model are matched

pa(d+1)+pnm+p,(u+1)=R

and

pa (d+1)2 + prmum? + py (u+ 1)% — R? = 2™ (e & — 1)
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e Kamrad & Ritchken (1991) probabilities

1 (r-%)VA

Pa —

2 \2 2o
B 1
B 1 (r—";)\/A
Pu = 922 2o
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e matches the first and second moment of the logarithm
o2
pa In(d+ 1) + p, In(u+1) = (r— ?> A

2\ 2
pa (In(d + 1)) + p, (In(u + 1))? = 0?A + ( - %) A

applying Boyle’s trinomial tree with A = /3
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Figure 6.8: Absolute error for Boyle’s trinomial at-the-money European call.
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Figure 6.9: Absolute error for out-of-the money Boyle’s trinomial European
call with K = 1.1.
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Figure 6.10: Log-log plot of absolute error for at-the-money price, delta and

gamma of Boyle’s trinomial European call.
© Copyright E. Platen NS of SDEs  Chap. 6 361



-6 F m ]
-8 - Sl |
*. . .\~\
" . N /.
L T— ~ 7 - A\ |
_ 10 - N S n
. /.
2 A I ;o "
h .
T A N R
N 7 * o i Vo
o -12 - VS i
o e *- . u .
— N . i
R *
14* i Y . |
—+— Price
% Delta
-16 ¢ -2 - Gamma .
| L L L L | L L L L | L L L L | L L L L |
6 7 9 10

8
Log,nTi neSt eps

Figure 6.11: Log-log plot of absolute error for out-of-the money price, delta

and gamma of Boyle’s trinomial European call.
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Black-Scholes Modification of a Tree

Broadie & Detemple (1997)

one step before maturity using Black-Scholes formula

—
Black-Scholes modification of a tree

used to price American options
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Figure 6.12: Log-log plot of absolute error with and without Black-Scholes
modification for CRR binomial out-of-the money European call.
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Smooth Payoff

e cubic payoff
o2
g(S) = 8° = (SO exp{(r — ?> T + O'WT}>

e theoretical value

3

E(g(S7)) = (So)® exp{(8r +45%) T}
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Figure 6.13: Log-log plot for Boyle’s trinomial tree with smooth payoff.
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e Heston-Zhou trinomial tree

with probabilities

Dd — Pu —

S| =
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Figure 6.14: Log-log plot for Heston-Zhou trinomial tree with smooth pay-
off.
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e calculating European calls

nonsmooth payoff experimentally only 3 ~ 1.0
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Figure 6.15: Log-log plot for Heston-Zhou trinomial tree for European call.
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Extrapolation

e Richardson extrapolation

Kloeden & P1. (1992b)

Glasserman (2004)

Voa(T) =2E (9 (Y7)) — E (g (Y7%))

if the leading error coefficients are appropriate
CRR binomial tree method

first weak order experimentally
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Figure 6.16: Log-log plot for Richardson extrapolation with out-of-the
money binomial call payoff and Black-Scholes modification.
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e smooth payoff
g(s) = §°

CRR binomial tree

Richardson extrapolation
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Figure 6.17: Log-log plot for Richardson extrapolation with CRR binomial
tree for smooth payoff.
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e extrapolation method

Heston & Zhou (2000)

VAT = (32 (g (V) ~12 B (9 (V22)+E (9 (v#4)) )
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Figure 6.18: Log-log plot for the absolute error of a fourth order extrapola-
tion using the second order Heston-Zhou trinomial tree for smooth payoff.
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e trinomial extrapolation for European call prices
10 - ]

12 i

-14 - ]

Log,Error

-18 - i

-20 - ]

4LoanTi me St e5ps
Figure 6.19: Log-log plot for a fourth order extrapolation for out-of-the
money Heston-Zhou trinomial European calls.
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Efficiency of Simplified Schemes

Bruti-Liberati & Pl. (2004)

random bits generators

Weak Taylor Schemes and Simplified Methods

e SDE
dXt = a(t, Xt) dt —|— b(t, Xt) th

e payoff function g(X7)

e cquidistant time discretization T, = nA, A = %
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e simplified weak Euler scheme

Yyt1 =Y, + a(n, Yo) A + b(7, Y,) AW,

“ 1
P(AW, = VvV A) = >
first three moments of A W,, match
E(AW,) = E(AW,)=0
E(AW,)?) = E(AW,)*)=A

E((AW,)?) E((AW,)?) =0
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e weak order 2.0 Taylor scheme

1
Yot1 = Yo+aA+bAW, + 5b'b{(AWj) — A}

1 / 1 IlZ) 2
— — b | A
+2(aa —I—Za

1
+a’'bAZ, + (a b+ > b”bz) {AW,, A - AZ,}

Tn_|_1 4
AZn:/ / dW, ds
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e simplified weak order 2.0 Taylor scheme

.1 .\ 2
Y1 = Yn—|—aA—|—bAWn—|—§bb’{(AWn> —A}

]' / ]‘ //2) 2
— — b | A
+2<aa —|—2a

1 / / 1 1712 I

P(Avifnzix/ﬁ)zé, P(AWn:O):g

first five moments are matched
B =3o0r4
Kloeden & P1. (1992b) and Hofmann (1994)
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e numerical stability

e fully implicit weak Euler scheme

Yn—l—l = Y, + {a' (Tn—|—19 Yn—|—1) —b (Tn—|—13 Yn—|—1)

o0
X —b(Tnt1, Yn+1)} A
0y

+ b (Tn—l—la Yn—l—l) AWn

Makes for certain diffusion coefficients no sense !
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o simplified fully implicit Euler scheme

Yn—l—l — Yn ‘|_ {CL (Tn—|—17 Yn—l—l) —b (Tn—l—la Yn—|—1)

o
X —b (Tn—l—la Yn—l—l)} A
Oy

+ b (Tn—l—la Yn—l—l) AWn

8 =1.0
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Random Bits Generators

e polar Marsaglia-Bray method
coupled with linear congruential random number generator

Press, Teukolsky, Vetterling & Flannery (2002)

pair of independent standard Gaussian random variables

e random bits generator
Bruti-Liberati & Pl. (2004)
generates a single bit O or 1 with probability 0.5
theory of primitive polynomials modulo 2

every primitive polynomial modulo 2 of order n defines a recurrence re-
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lation for obtaining a new bit from the n preceding ones with maximal
length
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Numerical Results

e SDE
dXt = [,LXt dt—|— O'Xtth

2

X1 = X exp{(u—%)T+aWT}

A Smooth Payoff Function

e simplified methods achieve almost exactly the same accuracy of their
Taylor counterparts.
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Figure 6.20: Log-log plot of the weak error for the Euler, fully implicit Euler
and order 2.0 weak Taylor schemes.
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Figure 6.21: Log-log plot of CPU time versus the weak error.

© Copyright E. Platen NS of SDEs  Chap. 6 388



An Option Payoff

e piecewise differentiable payoff

(X7 — K)T = max(Xr — K, 0)

Black-Scholes formula

Eg(e7™ ' (Xr — K)T) = Xo N(dy) — e ™ K N(ds)

where

L)+ (r+ T
1 o'T

oc=0.2,r=0.1

and dzzdl—U\/T
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Figure 6.22: Log-log plot of weak error for call option with Euler and sim-
plified Euler scheme.

© Copyright E. Platen NS of SDEs  Chap. 6 390



| _
2,0 7
.|—T
3
>
S I * |
T T
T
k-
R
x o
-4 L |
% SEul er
*‘,' | | | ‘ ‘ ‘
6.5 7 7.5 8.5 9 9.5 10

8
-Log,\V\Er r or

Figure 6.23: Log-log plot of CPU time versus weak error for call option with
Euler and simplified Euler scheme.
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7 Partial Differential Equation Methods

PDEs and Diffusions

Second Order Parabolic Partial Differential Equations

financial market models
Markovian type
diffusion processes

or jump diffusion processes
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e transition density

p(t,z;s,y)

Wiener process

e Kolmogorov backward equation

3p(t, x; T, y) sz(t, x; T, y) _

1
— 0
ot 2 ox?

fort € [0,T]and x,y € R
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e derivative price

expectation of a future payoftf

integrable payoff g(Wr)

u(t, ) E (g(Wr) | As)

— / g(y) p(t,z; T,y) dy
R

when Wy =

e only integrability of g(-) p(-) is required !
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oP 9P

under integrability conditions on g7 and g5
—
du(t,xz) / o) Op(t, z; T, y) dy
ot R ot
and

O*u(t,x) _ / o) *p(t,x; T, y) dy
Ox? R Ox?

for (t,x) € (0,T) X R

p—
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e Kolmogorov backward PDE

ou(t, 1 8%u(t,
u(t,z) | 1 8%u(t,a)

ot 2 Ox?
8 1 92
= /ERg(y) (5 +3 6:1:2) p(t, z;T,y) dy
=0

for (t,x) € (0,T) X R
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Since  p(T,x;T,y) = 6(y — =)

Dirac delta measure
p—

e terminal condition

’lL(T, w) — g(iB)

forx € R
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e Feynman-Kac formula
pricing function

Kolmogorov backward equation

PDEs naturally arise in finance

rare explicit solution

— numerical methods

diffusion phenomenon is present in the price formation
— second order linear parabolic PDEs

heat equation
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e linear PDE

if u1 (¢, ) and us (¢, x) are solutions

then so 1s

cruy(t,x) + cous(t, x)

e second order PDE

A2 u(t,x)

highest order derivative occurring 502
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Explicit Solutions of PDEs

e heat equation

satisfies PDE
ou(t.x 1 O?u(t.
( Y ) | ( 9 ) O

ot 2 ox?

with terminal condition

u(l,x) = é6(x)

u(t,x) =

1 { :132}
ex —_
27t P 21
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e exploiting symmetry group methods
Craddock & P1. (2004)

analytic formulas for transition densities
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Generalized Square Root Processes

e SDE
dXt = G(Xt) dt —I— \ 2 Xt th

e transition density
p(s,az;z,y) :p(taway)’ tl=2z2—s

8p(t, £, y)
ox

8p(t, Ly y) . 82p(t, Ly y)
= -+
ot Ox?
fort € (0, 00) with

a(x)

p(0,z,y) = é(x — y)

for x,y € (0, 00)
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a(-) is a drift function

3.

X

0.5 1 1.5 2 2.5 3

Figure 7.1: Diffusion function of generalized square root process.
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a(r) =a >0

squared Bessel process of dimension v = 2«

dX; = adt + /2 X; dW;

l—

pta =5 () 7 Ra (27 )exp {2 FU

t t

K, modified Bessel function of the first kind of order r
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7/

Figure 7.2: Transition density for case (1).
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(i)

x
a(x) = ~ for up > 0

@© Copyright E. Platen

0.5 1 1.5 2 2.5 2

Figure 7.3: Drift function of case (ii).
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X
dXt:]_H’“t dt—|—\/2Xtth

+4X,
e = TS (52 0 (R4 i

d(-) Dirac delta function

oxp{—1)

(1+52)

fory =20 probability of absorbtion at zero
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Figure 7.4: Transition density for case (i1).
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(iii)
1437

= atva)

1.

0.

0.

0.

0.

Figure 7.5: Drift function of case (ii1).
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14+ 3vVX,
X¢ = dt 2 X, dW.
T 21+ VX + V2 X dW,

p(t,z,y) = \/C:i;f((if_j/)i) <1 + /7 tanh (2 \iﬁ))exp {_ (a:Jtry)}
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Figure 7.6: Transition density for case (ii1).
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(iv)
5

1 1
a(w):1+utanh(u—|—§uln(a})> foru:5 5

ol e ol
R N W NN O O

Figure 7.7: Drift function of case (iv).
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1
dX; = (1 + p tanh (p, + 2 7} ln(Xt))> dt + /2 X dWy

p(t,z,y) = (g)

N|T

o () e (5F)

t t

exp{—*7*}
(1 +exp{2u}txr)t
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Figure 7.8: Transition density for case (1v).

@© Copyright E. Platen BAto QF Chap.7 414



(v)

2.25¢

1. 75!
1.5

1. 25!

1
a(w)=§+\/5

0. 75!

@© Copyright E. Platen

Figure 7.9: Drift function of case (v).
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1
dXt — (5 -|— AV4 Xt) dt —|— \/2Xt th

p(t5,9) = conh

@© Copyright E. Platen

(t+2vz)vy|expi—va} {_
t Jryt ¥
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Figure 7.10: Transition density for case (v).
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(vi)

a(x) = % + vz tanh(v/x)

1.75/
1.5/
1,25

0.75

0.5

Figure 7.11: Drift function for case (vi).
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1
dX, = (5 + /X, tanh (\/Xt>) dt + /2 X, dW,

p(t,z,y) =

cosh (@) cosh(,/y) o {_ (x+y) t }
vVryt cosh(+/x) P t 4
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X

Figure 7.12: Transition density for case (vi).
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(vii)

a(x) = % + vV coth(yv/x)

2.2/

1.

1.

Figure 7.13: Drift function for case (vii).
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1
dXt = (5 —|— \/ Xt coth (\/ Xt>> dt —|— \ 2Xt th

p(taway) — . 1

sinh (2Y7¥) o ) o {_(:c—l—y) ot }
Vryt  sinh(ya)
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Figure 7.14: Transition density for case (vii).
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(viii)

a(x) =1+ cot(In(+/x))

10}

0.2
_10

_20!

Figure 7.15: Drift function for case (vii1).
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dX; = (1 + cot (ln (@))) dt + \/TXtdt

N|e

exp{ — —(wj;y) } (y

22 tsin(In(y/z)) K’(2 \/ﬂ) —y K (2 \/@))

p(t,z,y) = " "
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Figure 7.16: Transition density for case (viii).
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(ix)

a(z) = x coth (g)

@© Copyright E. Platen

0.5 1 1.5 2 2.5

Figure 7.17: Drift function for case (ix).
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X
dXt = Xt coth ({) dt —|— \/ 2Xt th

p(tv €Ly y) —

sinh(¥) { <w+y)}
exp

sinh(3) 2 tanh()

X [ exp{3} CcI_<1< vrY >+5(y)]

exp{t} -1\ vy sinh(%)
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X

Figure 7.18: Transition density for case (ix).
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(X)

a(z) = x tanh (g)

2.5/
1.5/

0.5/

0.5 1 1.5 2 2.5 3

Figure 7.19: Drift function for case (x).

© Copyright E. Platen BAto QF Chap.7 430



X
dXt = Xt tanh (g) dt —|— \/ 2Xt th

p(ta €Ly y) —

cosh(%) N { (x + vy) }

cosh(3) © 2 tanh(Z)

y [ exp{3} a’z‘c1< vrY >+5<y>]

exp{t} —1\ vy sinh(%)
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X

Figure 7.20: Transition density for case (X).
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Finite Difference Methods

Derivative Pricing Problem

numerical approximations

finite difference methods
Richtmeyer & Morton (1967)
Smith (1985)

Tavella & Randall (2000)
Shaw (1998)

Wilmott, Dewynne & Howison (1993)
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e risk factor SDE

dXt = a(t, Xt) dt —|— b(t, Xt) th

for t € [0, T] with Xg > 0

e discounted payoff

’LL(T, XT) — H(XT)
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e discounted pricing function

u(+y-)
PDE

ou(t, )
ot

Ou(t ,:13) 82u(t :13)

a(t, x) 5 (b(t z))’

for t € [0,T] and x € [0, 00)

terminal condition
u(T,x) = H(x)
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Kolmogorov backward equation
Feynman-Kac formula

calculating conditional expectation

u(t, X;) = B (H(Xr) | Ar)

can be also obtained as the fair benchmarked price
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Spatial Differences

deterministic Taylor formula

Ou(t,z) u(t,z+ Azx)—u(t,z— Ax)

R, (t,
ox 2Ax + Ra(t, @)

d2u(t, z) u(t,zt+Az)—u(t,z)  (u(t,z)—u(t,x—Ax))

Ax Ax
— Ro(t
Ox2 2Ax + Ra(t, )

u(t, e+ Ax) —2u(t,z) + u(t,z — Ax)
2 (A x)?

‘|‘ R2 (ta CE)
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e equally spaced grid

X, ={zx=kAz: ke {0,1,...,N}}

for N € {2,3,...}
spatial discretization

Tht+1 — Tk = AT

writing
uk(t) = u(t, zx)
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Ou(t, xy) _ Up+1(t) — up—1(t)

R, (t,
ox 2Ax + Ra(t, o)

O%u(t, zy) _ upy1(t) — 2up(t) + up_1(t)

ox? 2 (A x)? + Ra(t, zi)

fork € {1,2,...,N—1}
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e interior values wug(t) for ke {1,2,...,N—1}
e boundary values wug(t) and upn(t)
e example

and

’U,N(t) = 2’U,N_1(t) — UN_z(t)
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e approximate system of ODEs

vector
u(t) = (uo(t), ur(t),..., uN(t))T

du(t)  A(t)
dt  (Azx)?

u(t) + R(t) =0

R(t) remainder terms

e matrix

A(t) = [A™ (1))},

,»J=0
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AO’O(t) — AO,Z(t) — AN,N—2(t) — AN’N('IZ) — (AZB)z

A%L(1) = ANN-1(p) = _2(Ax)?
ARE() = (bt zx))?
ARG = (APR() + a(t, @) A)
ARERL(D) = (AMR(1) — a(t, @) A)
ARI(t) = 0
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fork € {1,2,...,N—1}and |k — 5| > 1

[(Az)?  —2(Aw)?

A]-’O Al,l
0 A2,1
0 0
0 0
\ 0 0

@© Copyright E. Platen

(Ax)? 0o ... 0 0 0 \
Al2 0 oo 0 0 0
A2,2 A2.3 0 0 0

0 0 ... AN—-2,N-2 AN-2,N-1 0

0 o ... AN-1,N—-2 JpN-1,N—-1 AN-1,N

0 0 c o (Am)z _Q(Aw)Z (Aw)Z )
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e first order finite difference approximations

Ou(t, xg)

ox

Ou(t, xy)

Up+1 — Uk +O(A2)

ox

Ou(t, xy)

Ax

U — Uk—1

ox

Ou(t, ry)

o(A
A, oz

Up+4+1 — Uk—1

ox

Ou(t, xy)

ot O0((Aw)?)

Sur — 44Uy + Up_2

ox

@© Copyright E. Platen

e +0((A)%)

—3ur + 4 U1 — Up—2

S +0((ax)?)
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e second order spatial finite differences

0% u(t, xy)

ox?

0% u(t, zy)

Up — 2Up—1 + Up_—2

ox?

0% u(t, xy)

ox?

0% u(t, xy)

ox?

0% u(t, xy)

O(A
Ug42 — 2Upt1 + Uk
O(A
— 2 _
Uk 41 Up + Uk 1—|—O((Aa:)2)

(A x)?

2ur —Sup—1 +4Uup_2 — Up_3

ox?

@© Copyright E. Platen

(A2 HoUAn?

—Up+3 +4Upt2 — SUp1 + 2up +O0((Ax)?)

(A x)?
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Time Difference Approximation

pr—

e approximate vector ODE

A(t)
(Ax)?

fort € (0,T) with terminal condition

du(t) ~ u(t) dt

w(T) = (H(2o), ..., H(zn))"

use discrete time approximations for ODEs
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e time discretization 7, =nA,n € {0,1,...,nr}

Euler scheme

—
A

U(Tnt1) = w(7n) + A(Tn) u(Tn) (A 2)?

forn € {0,1,...,n7}, u(T) = u(Th,)

—
ur(T) = w(T,xx) = H(xk)

forallk € {0,1,..., N}

constitutes a finite difference method
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The Theta Method

family of implicit Euler schemes

e theta method

A

’U,(Tn_|_1) — ’U,(Tn)‘l—(e A(Tn—l—l) ’U,(Tn_|_1)—|—(].—9) A(’Tn) U(Tn)) (AJ})2

degree of implicitness 0
6 = 0 — Euler or explicit method

interior of a circle

region of A-stability

@© Copyright E. Platen BAto QF Chap.7 448




e fully implicit method

A
(Ax)?

u(Tpt1) = u(mh) + A(Tn41) u(Tny1)

A-stable

unconditionally stable
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e Crank-Nicolson method

A

1
’U,(Tn-l-l) — U(Tn)_l_i (A(Tn-l-l) u(Tn+1)+A(Tn) ’U,(Tn)) (ACE)Z

deterministic trapezodial method

A-stable

unconditionally stable

certain stability issues
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e solve at each time step a coupled system of equations
large, sparse linear system of equations
A(tp) = A

Crank-Nicolson method

U(Tpt1) = u(mh) + %A(U(Tn—l-l) + U(Tn)) (Ai)z
—
1 A A
( ~2 (Aa:)2> wrnta) = (I T2 (Aw)2> w(Tn)
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With

and

1
an(I—l——A

24 (agya) 1O

rewrite linear system of equations

MU(Tn+1) = Bn

needs to invert the matrix M
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Sparse Matrix Solvers
e direct solver

tridiagonal solver known as Gaussian elimination method

e iterative solver

accuracy criterion

flexibility and efficiency

Barrett et al. (1994)
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e Jacobi method

system
Muyu=D0B

M=[MIN_  u=(u'y...;,uN) and B = (B',...,BN)T

J=1’

e kth iteration step

up = (ug,...,up )  kthiteration
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e Gauss-Seidel method

i 253 20 d .3 -,
B E M Uy E M UL _ 4
1<t F>1

improvements are worked in during the step
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e successive over relaxation method

fu,',"c :aﬁ,;-l—(l—a)u}i_l

with

—i i_ 153 0 d _ 1,3 5,9
7} — | B gM’Uk E:M’uk—l
1<t F>1

a€eR

averaging a Gauss-Seidel iterate
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Predictor-Corrector Methods

e modified trapezoidal method

corrector
A
u(Tn-|—1) — U(Tn)‘|‘% (A(Tn—l—l) ’L_”(Tn—l—l)"i_A(Tn) ’u,(‘rn)> (Aw)z
predictor
7 = u(T Tn) U(T a
U(Trt1) = u(mh) + A(Tn) u(mh) (Ax)2
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predictor-corrector method

corrector
( ) = u(Tn) + A( ) u( ) -
predictor
u ( ) (Tn) + A(Tn) u(Th) -
U\Tn — n n n
T. +1 Uu\T. T. U\ T. (Am)2

does not propagate errors severely

A

even if W

not extremely small
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Boundary Conditions
]-. t S p— O
Slnl CT,K ( ’ ) —

Slim crx(t,S) =85 — K exp{—r (T —1)}
—> 00

boundary conditions have to be translated

into finite difference method
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finite interval

Tmin — Lo < «+. < TN = Tmax

Tmin = Lo = 0 with
UO(t) =0

Tmax = TN < 0O where

un(t) = ey — K exp{—r (T —t)}
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Truncation at the Boundaries
X t — ln(St)

2

dX, = (r— %) dt + o dW,

terminal payoff f(x) > 0
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PDE

1 . O%ul(t 2\ Ou(t
0_2 u( ,w)—|—<'f‘_ o ) u( 7a:) _ru(t’m):O

Lu(t,z) ==
2 Ox? 2 ox

for (t, ) € (0,T) X R with

forx € R
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e approximating problem
area [0,T] X (—4£,2)

finite difference method

e Dirichlet conditions

u(t, ) and u(t, —£€) given values

e Neumann conditions

Ou(t,l)
ox

Ou(t,—2)
ox

and
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For simplicity

PDE
Lug(t,z) =0

for (t,x) € (0,T) X (—4£,¥£)

with Dirichlet boundary conditions

ug(t, —€) = up(t) and we(t, L) = ue(t)
fort € [0,T)

with terminal boundary conditions

ue(Ta C8) — f(:IZ)
forx € [—4, £]
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assume European payoff function f(-) is bounded

Lamberton & Lapeyre (2007)

p—

Lemma 7.1 For (t,x) € (0,T) X R one has the limit

lim wue(t,x) = u(t, x).
£— oo
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Convergence of Finite Difference Approximation

theta method
u® (Tny1) = u®(m) + (HA(Tn+1)uA(Tn+1)
A
— ) u? (1,
+(1=0) A(r) ut (7)) (3 2

fu,kA (Tn) = u? (Ths Tk)

linearly interpolate in time and space
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Assuming uniform boundedness of w and %

Raviart & Thomas (1983)

pr—

Lemma7.2 For@ € |0, %) it follows as A and Ax tend to zero with

(Aﬁ»)z > 0 that

iiino u?(t,x) = u(t, ).

when Ax gets too small =—=> unreliable
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Lemma 7.3 For@ € [%, 1] it follows as A and Ax tend to zero that

Aiino u?(t,x) = ue(t, x)

for (t,x) € (0,T) x (—£,20).

A
ratio x_ys does not need to go to zero
Crank-Nicolson method 0 = %

smallest
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Numerical Results on Finite Difference Methods

Black-Scholes dynamics

dSt = St (’I“ dt —|— o th)

zero lowest grid point in S

Smax as upper level
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at maturity payoff function
invert the resulting tridiagonal matrix

stability of the explicit theta method

= (famp +7)

variable

less than one
Wilmott, Dewynne & Howison (1993)

error be not enhanced
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0.3

Call Price 0 2

Stock Price

Figure 7.21: Prices in dependence on «x and Sy for the explicit finite differ-
ence method.
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0.3

Call pPrice 0.2

0.1

Stock Price

Figure 7.22: Prices in dependence on « for implicit finite difference method.
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On the Accuracy of the Finite Difference Methods

for prices Crank-Nicolson scheme 1s always superior
symmetric averaging =—>

higher order of convergence

four digit accuracy one more digit of precision
four digits of precision

five times more CPU time with explicit method

five digits Crank-Nicolson 20 times faster
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Figure 7.23: Difference between Crank-Nicolson and Black-Scholes gamma.
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