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Abstract. We investigate the existence of affine realizations for Lévy driven
interest rate term structure models under the real-world probability measure,
which so far has only been studied under an assumed risk-neutral probability
measure. For models driven by Wiener processes, all results obtained under
the risk-neutral approach concerning the existence of affine realizations are
transferred to the general case. A similar result holds true for models driven
by compound Poisson processes with finite jump size distributions. However,
in the presence of jumps with infinite activity we obtain severe restrictions on
the structure of the market price of risk; typically, it must even be constant.

1. Introduction

The purpose of this paper is to investigate when a HJM (Heath-Jarrow-Morton)
interest rate term structure model

drt =
(
d
dξ rt + α(rt, Yt)

)
dt+ σ(rt)dWt + γ(rt−)dXt

r0 = h0

Y0 = y0

(1.1)

in the framework of the Benchmark Approach (see [30]) admits an affine realization.
Here W is a Rd-valued Wiener process and X is a Rn-valued pure jump Lévy
process X with components having the canonical representations Xk = x ∗µXk for
k = 1, . . . ,m and Xk = x ∗ (µX

k − νk) for k = m+ 1, . . . , n, where νk denotes the
respective compensator. Under risk-neutral pricing, we refer to [21] for the classical
HJM model driven by Wiener processes, and, e.g., to [11]–[16] for HJM models
driven by Lévy processes. We study the term structure equation (1.1) under the
real-world probability measure, and with Musiela parametrization (see [7]), which
gives rise to a stochastic partial differential equation (SPDE) in the spirit of [28]
on some appropriate Hilbert space H, whence we will refer to (1.1) as HJMM
(Heath-Jarrow-Morton-Musiela) equation. The risk-neutral HJMM equation has
been investigated, e.g., in [18, 19, 1, 29, 27]. The process Y in (1.1) is an external
state process on some state space Y, which appears in the drift term (1.2) below.
In order to ensure the absence of arbitrage in the bond market

Pt(T ) = exp

(
−
∫ T−t

0

rt(ξ)dξ

)
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within the framework of the Benchmark Approach, benchmarked bond prices have
to be local martingales, which is ensured by choosing a drift term of the form

(1.2)

α(h, y) = −
d∑
k=1

(
σk(h)Σk(h)−Θk(y)σk(h)

)
−

m∑
k=1

γk(h)

∫
R
xΦk(y, x)exΓk(h)F k(dx)

−
n∑

k=m+1

γk(h)

∫
R
x
(
Φk(y, x)exΓk(h) − 1

)
F k(dx).

We refer to Section 2 for a review of the Benchmark Approach, and to Section 3
for the derivation of the drift condition (1.2). Here we use the notations Σ(h) =
−
∫ •

0
σ(h)(ξ)dξ and Γ(h) = −

∫ •
0
γ(h)(ξ)dξ, and the F k are the Lévy measures.

Furthermore, (θ, ψ) = (Θ(Y ),Ψ(Y )) denotes a pair of market prices of risk, and we
have set Φ(Y ) = 1 − Ψ(Y ). We call (θ, ψ) a pair of market prices of risk, because
for each T ∈ R+ the dynamics of the bond prices are of the form

P (T ) = P0(T ) E
(
(R+ a(T )) · λ+ b(T ) ·W + c(T ) ∗ (µX − ν)

)
,(1.3)

where R denotes the short rate and (θ, ψ) is a solution of the equation

a(T ) = 〈b(T ), θ〉Rd + 〈c(T ), ψ〉L2(F ).(1.4)

Furthermore, the strictly positive supermartingale

Z = E
(
− θ ·W − ψ ∗ (µX − ν)

)
(1.5)

defines a candidate for the density process of an equivalent local martingale mea-
sure, and it provides an equivalent local martingale measure if and only if

Z is a uniformly integrable martingale with P(Z∞ > 0) = 1.(1.6)

The existence of an affine realization for the HJMM equation (1.1) ensures larger
analytical tractability of the model, and there exists a well established literature
on affine realizations for term structure models under the classical risk-neutral
approach. We refer, e.g., to [6, 5, 20, 32] for Wiener process driven models, and
to [33] for Lévy process driven models. In all these references, the main idea of an
affine realization is that for every initial curve h0 there exists a finite dimensional
submanifold, on which the solution process r stays. Compared to this risk-neutral
definition of an affine realization, in our framework we demand that for every initial
curve h0 there exists a finite dimensional submanifold such that for each starting
point y0 of the state process Y the solution r to the HJMM equation (1.1) stays on
this submanifold, which means that we are free to specify the market price of risk.

Our first goal of this paper is to derive a criterion which refers to the risk-
neutral case, for which the aforementioned literature is available. Namely, our first
main result (see Theorem 5.3) states that the HJMM equation (1.1) has an affine
realization if and only if the following two conditions are satisfied:

(i) The risk-neutral HJMM equation has an affine realization.
(ii) We have dimUΨ,γ <∞.

Here the risk-neutral HJMM equation corresponds to (Θ,Ψ) = 0, but in our frame-
work we do not assume the existence of an equivalent local martingale measure,
and the subspace UΨ,γ ⊂ H is defined as

UΨ,γ :=
〈 n∑
k=1

∫
R

Ψk(y, x)exΓk(h)F k(dx) : h ∈ H and y ∈ Y
〉
.(1.7)
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As point (i) has intensively been studied in the literature, our next goal is to have
a closer look at condition (ii) to find equivalent conditions, which are easier to
check. Our subsequent results (see Proposition 8.1 and Theorems 9.1, 10.1) show
that, under suitable assumptions, condition (ii) is equivalent to the following two
conditions:

(a) We have dimUΨk <∞ for k = 1, . . . , n.
(b) We have dimUγk <∞ for k = 1, . . . , n.

Here the subspaces UΨk ⊂ L2(F k) and Uγk ⊂ L2(F k;H) are defined as

UΨk := 〈x 7→ Ψk(y, x) : y ∈ Y〉, k = 1, . . . , n,(1.8)

Uγk := 〈x 7→ exΓk(h) : h ∈ H〉, k = 1, . . . , n.(1.9)

Conditions (ii) and (a) lead to the consequence that in the presence of jumps with
infinite activity the market price of risk is subject to severe restrictions. We will
see that, as a further consequence, the market price of risk must typically even be
constant in this case; see Proposition 7.1 for such a result which follows from (ii),
and Proposition 9.2 for such a result which follows from (a).

Furthermore, Theorem 10.1 even shows that, under suitable assumptions, con-
dition (ii) implies that the volatility γ is constant. Therefore, we arrive at the
conclusion that, under suitable assumptions, conditions (a) and (b) are equivalent
to the following two conditions:

(a’) The Lévy processes Xk, k = 1, . . . , n are compound Poisson processes with
finite jump size distributions.

(b’) The volatilities γk, k = 1, . . . , n are constant.

After this outline regarding conditions which are equivalent to (ii), let us proceed
with interpretations of condition (ii). Note that the subspace UΨ,γ only depends
on Ψ and γ. Thus, for purely Wiener process driven models without jumps, the
existence of an affine realization is equivalent to the existence of an affine realization
in the risk-neutral case, whereas for interest rate models with jumps we need the
additional condition that the subspace UΨ,γ is finite dimensional. In Remarks 6.3
and 6.4 we will provide geometric interpretations, which we shall summarize here:

• The first interpretation is a differential geometric interpretation:
– In the Wiener process driven case, condition (i) implies that for a

given submanifold the required tangential conditions, which we need
for stochastic invariance, are already fulfilled for each choice of y0 ∈ Y.

– In contrast, if the model has jumps, then these tangential conditions
are fulfilled if and only if the subspace UΨ,γ is finite dimensional.

• The second interpretation concerns measure changes. Every choice of y0 ∈ Y
gives rise to the candidate (1.5) for the density process of an equivalent
local martingale measure. If condition (1.6) is fulfilled, then the following
statements are true:
– For Wiener process driven models without jumps, the drift term under

the new probability measure coincides with the classical HJM drift con-
dition. Therefore, changing y0 ∈ Y leads to dynamics after an equiva-
lent measure change, which does not affect stochastic invariance of a
given submanifold.

– Otherwise, in the presence of jumps, the drift term under the new
probability measure does not coincide with the HJM drift term of a
risk-neutral model. Therefore, changing y0 ∈ Y can usually not be
associated to an equivalent measure change, and hence, stochastic in-
variance is not preserved.
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The remainder of this paper is organized as follows. In Sections 2 and 3 we review
basic ideas and concepts concerning bond market models under the Benchmark
Approach. In Section 4 we provide results on invariant foliations and on affine
realizations for general SPDEs driven by Lévy processes. In Section 5 we deal
with affine realizations for the HJMM equation and present the indicated result
regarding the subspace UΨ,γ . Then, as special cases, in Section 6 we investigate the
Wiener process driven HJMM equation, and in Section 7 the Lévy process driven
HJMM equation, where the drift term can be described by the cumulant generating
function of the Lévy process. In Section 8 we show that conditions (a) and (b) imply
condition (ii). In Sections 9 and 10 we deal with the converse implication of this
result. Section 11 concludes. For convenience of the reader, Appendices A–C provide
auxiliary results which we need in this paper.

2. Bond market models under the Benchmark Approach

In this section, we provide a review of the basic ideas and concepts of the Bench-
mark Approach, which we require in this paper for bond market models. The up-
coming definitions and results are well-known and can be found in [30], but we
provide them (with proofs) in order to keep our presentation self-contained and to
introduce notation, which we will need in further sections.

From now on, let (Ω,F , (Ft)t≥0,P) be a filtered probability space with right-
continuous filtration. In the sequel, we will use the notation from [23]; in particular
δ ·P denotes the stochastic integral of a locally bounded, predictable process δ with
respect to a semimartingale P . For each T ∈ R+ let P (T ) = (Pt(T ))t∈[0,T ] be the
price process of a zero coupon bond with maturity T , which we assume to be a
nonnegative semimartingale with PT (T ) = 1. We recall some basic concepts from
the theory of asset pricing.

2.1. Definition. For each n ∈ N and all 0 ≤ T1 < . . . < Tn < ∞ we call a
vector δ = (δT1 , . . . , δTn) consisting of locally bounded, predictable processes δTk =

(δTkt )t∈[0,Tk] a strategy.

2.2. Definition. For a strategy δ = (δT1 , . . . , δTn) we define the portfolio Sδ =
(Sδt )t∈[0,T1] as the vector inner product Sδ := δP , where P = (P (T1), . . . , P (Tn)).

2.3. Definition. A strategy δ = (δT1 , . . . , δTn) and the corresponding portfolio Sδ
are called self-financing, if we have

Sδ = Sδ0 + δ · P,

where P = (P (T1), . . . , P (Tn)), and δ · P denotes the vector Itô integral.

2.4. Definition. A nonnegative self-financing portfolio Sδ is called an arbitrage
portfolio, if Sδ0 = 0 and there is a stopping time τ ≤ T1 such that P(Sδτ > 0) > 0.

Note that Definition 2.4 is a rather weak notion of arbitrage, since we only
consider nonnegative portfolios.

2.5. Definition. A strictly positive portfolio process Sδ∗ = (Sδ∗t )t∈R+
is called a

growth optimal portfolio, if for each nonnegative self-financing portfolio Sδ the
benchmarked portfolio Ŝδ = (Ŝδt )t∈[0,T1] defined as Ŝδ := Sδ/Sδ∗ is a local martin-
gale.

2.6.Remark. Let Sδ∗ be a growth optimal portfolio and let Sδ be a nonnegative self-
financing portfolio. Since Sδ is nonnegative and Sδ∗ is positive, the benchmarked
portfolio Ŝδ is a nonnegative local martingale, and hence, a supermartingale.
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2.7. Remark. The name growth optimal portfolio comes from the result that Sδ∗
is the portfolio which maximizes the expected log-utility; see, e.g., [30] for further
details.

The importance of the growth optimal portfolio regarding arbitrage portfolios is
demonstrated by the next result. For the sake of completeness, we provide its proof
here.

2.8. Proposition. Suppose there is a growth optimal portfolio Sδ∗ . Then no arbi-
trage portfolio exists.

Proof. Let Sδ be a nonnegative self-financing portfolio such that Sδ0 = 0. Further-
more, let τ ≤ T1 be a stopping time. Since Ŝδ is a nonnegative supermartingale, by
Doob’s optional sampling theorem we obtain

0 ≤ E[Ŝδτ ] ≤ E[Ŝδ0 ] = 0,

which yields

E[Sδτ/S
δ∗
τ ] = E[Ŝδτ ] = 0.

Since Sδ/Sδ∗ is nonnegative, this gives us

P(Sδτ/S
δ∗
τ = 0) = 1,

and, since Sδ∗ is strictly positive, we arrive at P(Sδτ = 0) = 1. �

Next, we recall how to perform real-world pricing under the Benchmark Ap-
proach.

2.9.Definition. Let Sδ∗ be a growth optimal portfolio, let T ∈ R+ be arbitrary, and
let H be a nonnegative FT -measurable random variable such that H/Sδ∗T ∈ L1(P).
We define the real-world price process πδ∗(H) = (πδ∗t (H))t∈[0,T ] via the real-world
pricing formula

πδ∗t (H) := Sδ∗t EP

[
H

Sδ∗T

∣∣∣Ft], t ∈ [0, T ].(2.1)

2.10. Remark. Note that Definition 2.9 does not rely on the existence of a local
martingale measure, and that the real-world price process πδ∗(H) of a payoff profile
H is fair in the sense that the benchmarked real-world price process π̂δ∗(H) =
πδ∗(H)/Sδ∗ is a martingale.

2.11. Remark. If for a given contingent claim H a self-financing portfolio πδ∗(H)
exists, satisfying the above real-world pricing formula (2.1), then this portfolio pro-
vides the least expensive hedge for H, see Prop. 3.3 in [10]. If one considers pricing
under other pricing rules, e.g. formally applied risk-neutral pricing, then the corre-
sponding benchmarked nonnegative, self-financing hedge portfolios are local martin-
gales and, in general, more expensive. One can argue that in a competitive market
the minimal possible price processes are the economically correct price processes,
which underpins the special role of the real-world price processes of the Benchmark
Approach.

2.12. Remark. In Section 3, we will study bond markets of the form (3.5) with
forward rates given by (3.4). The form (3.3) of the drift term ensures that for each
T ∈ R+ the benchmarked price processes for the zero coupon bond (3.5) is a local
martingale. Under the real-world pricing formula

Pt(T ) = Sδ∗t EP

[
1

Sδ∗T

∣∣∣Ft]
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it is even a true martingale which represents the minimal possible bond price process
for this payoff. Since any benchmarked self-financing portfolio is in our setting a
local martingale, the structure of (3.4) is very general and covers also other pricing
rules that replicate the respective payoff in a self-financing manner by a nonnegative
portfolio. These pricing rules do not need to be linked to any pricing measure; we
refer to Section 3 for further details.

To link our approach more closely to the existing literature, let us illustrate the
Benchmark Approach within the framework of numéraire pairs, as, for example,
considered in [22].

2.13. Definition. We introduce the following notions:
(1) A pair (N,Q) is called a numéraire pair if Q ∼ P is an equivalent probability

measure, N is a strictly positive semimartingale, and for each nonnegative
self-financing portfolio Sδ the discounted portfolio Sδ/N is a Q-local mar-
tingale.

(2) If (N,Q) is a numéraire pair, then we call N a numéraire, and Q a valua-
tion measure.

2.14. Remark. If (Sδ∗ ,P) is a numéraire pair, then Sδ∗ is a growth optimal port-
folio in the sense of Definition 2.5.

In the classical framework, the bond market is called free of arbitrage, if a
numéraire pair (N,Q) exists. A typical choice for the numéraire N is the savings
account; see Section 3, where we investigate the situation in more detail for HJM
models.

The following result shows that absence of arbitrage in the classical sense implies
absence of arbitrage in the spirit of the Benchmark Approach, and that, in this
case, the price process of some payoff, as given by Definition 2.9, coincides with the
classical risk-neutral pricing process. For the rest of this section, we suppose that
F =

∨
t∈R+

Ft.

2.15. Proposition. Let (N,Q) be a numéraire pair, let Z be the density process of
Q relative to P, and let Sδ∗0 be a strictly positive F0-measurable random variable.
Then the following statements are true:

(1) The process

Sδ∗ =
Sδ∗0

N0

N

Z
(2.2)

is a growth optimal portfolio.
(2) For each T ∈ R+ and every FT -measurable random variable H the following

statements are true:
(a) We have H/Sδ∗T ∈ L1(P) if and only if H/NT ∈ L1(Q).
(b) If the equivalent conditions from (a) are fulfilled, then we have

πS
δ∗

t (H) = Nt EQ

[
H

NT

∣∣∣Ft], t ∈ [0, T ].

Proof. Let Sδ be a nonnegative self-financing portfolio. Since (N,Q) is a numéraire
pair, the process

Sδ

N
=
SδZ

N

1

Z

is aQ-local martingale. Moreover, the process 1/Z is the density process of P relative
to Q. Therefore, by [23, Prop. III.3.8.b] the benchmarked portfolio

Ŝδ =
Sδ

Sδ∗
=
N0

Sδ∗0

SδZ

N
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is a P-local martingale, proving the first statement. For the proof of the second
statement, letH be a nonnegative FT -measurable random variable. Then, according
to formula (III.3.9) on page 168 in [23], for all t ∈ [0, T ] we obtain

πS
δ∗

t (H) = Sδ∗t EP

[
H

Sδ∗T

∣∣∣Ft] =
Nt
Zt

EP

[
H

NT
ZT

∣∣∣Ft] = Nt EQ

[
H

NT

∣∣∣Ft],
which completes the proof. �

Now, we are interested in a converse statement of Proposition 2.15. In view of
(2.2), the natural candidate for the density process Z is

Z :=
Sδ∗0

N0

N

Sδ∗
(2.3)

for a given growth optimal portfolio Sδ∗ and a strictly positive portfolio N .

2.16. Proposition. Let Sδ∗ be a growth optimal portfolio, let N be a strictly positive
portfolio, and let Z be the strictly positive supermartingale given by (2.3). Then the
following statements are equivalent:

(i) There exists an equivalent probability measure Q ∼ P on (Ω,F) such that
(N,Q) is a numéraire pair and the density process of Q relative to P is
given by Z.

(ii) Z is a uniformly integrable martingale with P(Z∞ > 0) = 1.

Proof. This is a consequence of [23, Prop. III.3.5]. �

2.17. Remark. Note that Proposition 2.16 has the following consequences.
• In general, an appropriate valuation measure Q ∼ P does not exist. This
shows that the converse of Proposition 2.15 generally fails and illustrates
the modeling freedom gained by the Benchmark Approach in comparison to
the classical risk-neutral approach. Under the Benchmark Approach, we can
choose models where the candidate (2.3) for the density process is a strict
supermartingale rather than a uniformly integrable martingale. As argued in
[30], such models reflect more realistically the long-term market evolution.
This provides considerable freedom for an interest rate term structure model
to admit an affine realization under the real-world probability measure.

• If an appropriate valuation measure Q ∼ P exists, then it is unique due to
the specified form (2.3) of the density process. In this sense, we obtain a
unique local martingale measure, yielding minimal possible prices, even if
the market is incomplete.

• Other pricing rules than real-world pricing are allowed under the Bench-
mark Approach, when they are yielding self-financing nonnegative portfolios
that are replicating the given payoff. When benchmarked, these portfolios are
local martingales and, thus, supermartingales, and they are more expensive
than the real-world prices. These portfolios do not represent arbitrage port-
folios under the Benchmark Approach.

3. The HJM model under the Benchmark Approach

In this section, we provide a review of bond markets arising from HJM interest
rate term structure models under the Benchmark Approach. As in Section 2, the
upcoming definitions and results are well-known, and we provide them in order to
keep our presentation self-contained and to introduce further notation, which we
will need later. Our main references for this section are [9] and [8] for HJM models
under the Benchmark Approach, and [11] for risk-neutral HJM models.
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We fix nonnegative integers d, n ∈ N0 with d + n ∈ N and m ∈ {0, . . . , n}. Let
W be a Rd-valued standard Wiener processes, and let X be a Rn-valued pure jump
Lévy process such that the canonical representations (see [23, Thm. II.2.34]) of its
components are given by Xk = x∗µXk for k = 1, . . . ,m and Xk = x∗(µXk−νk) for
k = m+ 1, . . . , n, where νk denotes the compensator of µX

k

. We denote by F the
Lévy measure of X, and by F k the Lévy measure of Xk for k = 1, . . . , n. Denoting
by ν the compensator of µX , we have ν(dt, dx) = dt ⊗ F (dx) and νk(dt, dx) =
dt ⊗ F k(dx) for k = 1, . . . , n. We assume that the Lévy processes X1, . . . , Xn are
independent.

We fix an initial forward curve f∗0 : R+ → R, and volatilities σ : Ω × ∆ → Rd
and γ : Ω×∆→ Rn, where ∆ ⊂ R2 denotes the set

∆ := {(t, T ) ∈ R2
+ : t ≤ T}.

For the rest of this section, we impose the following conditions, which are typical
for HJM type models.

3.1. Assumption. We suppose that the following conditions are satisfied:
(1) f∗0 is measurable and locally integrable.
(2) The volatility σ1∆ is O ⊗ B(R+)-measurable and locally bounded1.
(3) The volatility γ1∆ is P ⊗ B(R+)-measurable and locally bounded.

Due to Assumption 3.1, the integrated volatilities Σ : Ω × ∆ → Rd and Γ :

Ω×∆→ Rn defined as Σt(T ) := −
∫ T
t
σt(s)ds and Γt(T ) := −

∫ T
t
γt(s)ds are well-

defined, the integrated volatility Σ1∆ is O⊗B(R+)-measurable, and the integrated
volatility Γ1∆ is P ⊗ B(R+)-measurable. For what follows λ denotes the Lebesgue
measure on R+.

3.2. Definition. A pair (θ, ψ) is called a pair of market prices of risk, if with
φ := 1− ψ the following conditions are satisfied:

(1) θ : Ω× R+ → Rd is an optional process such that ‖θ‖2Rd · λ ∈ V
+.

(2) ψ : Ω×R+×R→ (−∞, 1)n is a predictable process such that for all T ∈ R+

we have∣∣xφk(x)exΣk(T )
∣∣ ∗ νk ∈ V+, k = 1, . . . ,m,(3.1) ∣∣x(φk(x)exΣk(T ) − 1

)∣∣ ∗ νk ∈ V+, k = m+ 1, . . . , n.(3.2)

(3) α(θ,φ)
1∆ is locally bounded, where α(θ,φ) : Ω×∆→ R is defined as

(3.3)

α
(θ,φ)
t (T ) = −

d∑
k=1

σkt (T )(Σkt (T )− θkt )

−
m∑
k=1

γkt (T )

∫
R
xφkt (x)exΓkt (T )F k(dx)

−
n∑

k=m+1

γkt (T )

∫
R
x
(
φkt (x)exΓkt (T ) − 1

)
F k(dx).

Now, we fix a pair of market prices of risk (θ, ψ) and define the (0,∞)n-valued
process φ := 1 − ψ. Furthermore, we define the drift α(θ,φ) according to (3.3) and
consider the HJM term structure model

f(T ) = f∗0 (T ) + α(θ,φ)(T ) · λ+ σ(T ) ·W + γ(T ) ·X, T ∈ R+.(3.4)

1Here, the term “locally bounded” means that the volatility is bounded on every bounded
subset Γ ⊂ ∆.
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For what follows, we suppose that for each T ∈ R+ the bond price process P (T )
given by

Pt(T ) = exp

(
−
∫ T

t

ft(s)ds

)
, t ∈ [0, T ](3.5)

is a special semimartingale.

3.3. Remark. The first two points of Definition 3.2 ensure that α(θ,φ) is well-
defined, and that α(θ,φ)

1∆ is O ⊗ B(R+)-measurable.

3.4. Remark. Note that Assumption 3.1 and Definition 3.2 imply that f1∆ has a
O ⊗ B(R+)-measurable version, and that the short rate R defined as Rt := f(t, t),
t ∈ R+ has an optional, locally integrable version.

The following result shows that, subject to the additional integrability condition
(3.6), the pair of market prices of risk (θ, ψ) gives rise to an arbitrage free bond
market in the spirit of the Benchmark Approach.

3.5. Proposition. Suppose that[
ψ2 +

(
ψ

1− ψ

)2]
∗ ν ∈ V+.(3.6)

Then the following statements are true:
(1) There exists a growth optimal portfolio Sδ∗ .
(2) No arbitrage portfolio exists.

Sketch of the proof. Defining the process Sδ∗ as the stochastic exponential

Sδ∗ = Sδ∗0 E
((

R+ ‖θ‖2Rd +
〈 ψ

1− ψ
,ψ
〉
L2(F )

)
· λ+ θ ·W +

ψ

1− ψ
∗ (µX − ν)

)
,

(3.7)

we can verify that for every nonnegative self-financing portfolio Sδ the benchmarked
portfolio Ŝδ = Sδ/Sδ∗ is a local martingale. Consequently, Sδ∗ is a growth optimal
portfolio, and by Proposition 2.8 no arbitrage portfolio exists. �

3.6. Remark. The dynamics (3.7) of the growth optimal portfolio Sδ∗ have been
derived in [9].

3.7. Remark. Performing the calculations indicated in the sketch of the proof of
Proposition 3.5, we obtain that for each T ∈ R+ the bond price process P (T ) is of
the form (1.3). As shown in [9], the pair (θ, ψ) is a solution of the equation (1.4),
which explains the terminology “pair of market prices of risk”.

Now, we review when the HJM interest rate model (3.4) admits no arbitrage
within the risk-neutral framework. Then the numéraire is the savings account B :=
exp(R · λ), and the bond market model is free of arbitrage if there exists a local
martingale measure, that is, an equivalent probability measure Q ∼ P such that for
all T ∈ R+ the discounted bond prices P (T )/B are Q-local martingales.

3.8. Proposition. Suppose that F =
∨
t∈R+

Ft. Then the following statements are
equivalent:

(i) There exists an equivalent local martingale measure Q ∼ P on (Ω,F).
(ii) We have

(|ψ| ∧ ψ2) ∗ ν ∈ V+,(3.8)

and the positive supermartingale Z given by (1.5) satisfies (1.6).
If the previous conditions are satisfied, then Z is the density process of Q relative
to P.
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Proof. For the proof we refer to [11, Thm. 3.1]. As mentioned there, it is a conse-
quence of Girsanov’s theorem (see [23]), and it is also essentially contained in [3]. �

3.9. Remark. Now, we can compare the HJM model under real-world pricing of
the Benchmark Approach and under the classical risk-neutral approach. In both
approaches, we start with writing down the forward rate dynamics (3.4) under the
real-world probability measure P; that is, we specify the volatilities σ and γ, and
the pair (θ, ψ) of market prices of risk. As pointed out in [2], there are two dual
approaches for finding numéraire pairs:

• Fix a process N and find Q ∼ P such that (Q, N) is a numéraire pair.
In the classical risk-neutral approach, this is done by choosing the savings
account B as candidate for the numéraire. Therefore, in case of existence,
the numéraire pair is given by (Q, B).

• Fix an equivalent measure Q ∼ P and find a process N such that (Q, N) is a
numéraire pair. Under the Benchmark Approach, this is done with the real-
world measure P. In case of existence, the numéraire is a growth optimal
portfolio Sδ∗ , and hence, the numéraire pair is given by (P, Sδ∗).

Apart from the slightly different integrability conditions (3.6) and (3.8), Proposi-
tions 3.5 and 3.8 show that the Benchmark Approach is more general in this respect.
Under the Benchmark Approach, we can choose models where the candidate Z for
the density process given by (1.5) is a strict supermartingale rather than a uniformly
integrable martingale. As argued in [30], such models reflect more realistically the
long-term market evolution.

Here is an example of a class of interest rate models where Z is a strict super-
martingale, even with terminal value Z∞ = 0. For details concerning squared Bessel
processes we refer to [30, Sec. 8.7] and references therein.

3.10. Example. For simplicity, we consider a HJM term structure model of the
form

f(T ) = f∗0 (T ) + αθ(T ) · λ+ σ(T ) ·W, T ∈ R+

driven by a one-dimensional standard Wiener process W . Let y0 ∈ (0,∞) be arbi-
trary and set b0 := 1/y0. Then the SDE{

dBt = 4dt+ 2
√
BtdWt

B0 = b0
(3.9)

has a unique positive solution B, which is called a squared Bessel process of dimen-
sion four. Moreover, the process Y := 1/B is a solution to the SDE{

dYt = −2Y
3/2
t dWt

Y0 = y0

(3.10)

and it is a positive local martingale, which is a strict supermartingale, with terminal
variable Y∞ = 0. We define the market price of risk θ := 2

√
Y . Denoting by Z :=

E(−θ ·W ) the candidate for the density process, we obtain Z = Y , because, denoting
by L the stochastic logarithm, we have

Z = E(−θ ·W ) = E(−2
√
Y ·W ) = E

(
1

Y
·
(
− 2Y 3/2 ·W

))
= E

(
1

Y
· Y
)

= E(L(Y )) = Y.

Therefore, according to Proposition 3.8, no equivalent local martingale measure ex-
ists. However, by Proposition 3.5 no arbitrage portfolio exists, and hence, the bond
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market based on real-world pricing is free of arbitrage in the spirit of the Benchmark
Approach.

We can extend Example 3.10 by adding pure jump Lévy processes. The upcoming
example provides such an extension with an additional driving Poisson process.

3.11. Example. We consider a HJM term structure model of the form (3.4) with
a one-dimensional standard Wiener process W and a one-dimensional standard
Poisson process X. Denoting by Y the solution to the SDE (3.10), we define the
pair of market prices of risk (θ, ψ) by θ := 2

√
Y and ψ(x) := −Y for x ∈ R, and

the candidate for the density process Z := E(−θ ·W −ψ ∗ (µX − ν)). Then we have

Z = Y E(−ψ ∗ (µX − ν)),

and hence Z∞ = 0. As in Example 3.10, no equivalent local martingale measure
exists, but the bond market based on real-world pricing is free of arbitrage in the
spirit of the Benchmark Approach.

Note that for the particular choice (θ, φ) = (0, 1), or equivalently (θ, ψ) = (0, 0),
the drift term (3.3) becomes the well-known HJM drift condition

(3.11)

α
(0,1)
t (T ) = −

d∑
k=1

σkt (T )Σkt (T )−
m∑
k=1

γkt (T )

∫
R
xexΓkt (T )F k(dx)

−
n∑

k=m+1

γkt (T )

∫
R
x
(
exΓkt (T ) − 1

)
F k(dx).

Let us review the dynamics of the HJM interest rate term structure model (3.4)
after an equivalent measure change.

3.12. Proposition. Suppose that the conditions of Proposition 3.8 are fulfilled.
Then, under the local martingale measure Q, we have

f(T ) = f∗0 (T ) + ᾱ(T ) · λ+ σ(T ) · W̄ + γ(T ) · X̄, T ∈ R+,

where W̄ is a Rd-valued standard Wiener processes, the process X̄ is a Rn-valued
pure jump semimartingale with compensator φt(x)F (dx)dt, and the drift is given
by

(3.12)

ᾱt(T ) = −
d∑
k=1

σkt (T )Σkt (T )−
m∑
k=1

γkt (T )

∫
R
xY kt (x)exΓkt (T )F k(dx)

−
n∑

k=m+1

γkt (T )

∫
R
xY kt (x)

(
exΓkt (T ) − 1

)
F k(dx).

Proof. This follows from [11, Thm. 3.1] and its proof. �

3.13. Remark. Let us distinguish two cases arising in Proposition 3.12:
• If the HJM model (3.4) is only driven by Wiener processes, then we have
ᾱ = α0; that is, the drift term after the measure change coincides with the
classical HJM drift term. Consequently, for every choice of the market price
of risk θ, the dynamics of the model can, in a broad sense, be regarded as
that after an equivalent measure change; of course, only up to the technical
requirements from Proposition 3.8, in particular condition (1.6) concerning
the density process.

• If the HJM model (3.4) has driving jump terms, then, in general, we have
ᾱ 6= α(0,1); that is, the drift term after the measure change differs from
the classical HJM drift term. The reason for this observation is that, in
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contrast to the Wiener processes, the Lévy processes with jumps have dif-
ferent characteristics after the measure change. Consequently, changing the
market price of risk can no longer be interpreted as an equivalent measure
change; not even in the broad sense where we disregard condition (1.6).

These considerations will provide geometric interpretations of our upcoming results
concerning the existence of affine realizations; see Remarks 6.3 and 6.4 below.

4. Affine realizations for SPDEs driven by Lévy processes

In this section, we provide results on invariant foliations for SPDEs driven by
Lévy processes, which we will apply to the HJMM equation (1.1) later on. We
refer to [32, Sec. 2 and 3] and [33, Sec. 2] for more details and explanations about
invariant foliations.

Fix a positive integer n ∈ N and letX be a Rn-valued Lévy process with indepen-
dent components. In order to avoid trivialities, we assume that ck + F k(R) > 0 for
k = 1, . . . , n, where ck ∈ R+ denotes the Gaussian part, and F k the Lévy measure.

Let Y be a nonempty topological space and let (Y y)y∈Y be a family of Y-valued,
adapted and càdlàg processes with Y y0 = y for all y ∈ Y. We shall deal with SPDEs
of the type 

drt =
(
Art + α(rt, Yt)

)
dt+ σ(rt−)dXt

r0 = h0

Y0 = y0

(4.1)

on a separable Hilbert space H. In (4.1), the operator A : D(A) ⊂ H → H is the
infinitesimal generator of a C0-semigroup (St)t≥0 on H, and α : H × Y → H and
σ : H → Hn are measurable mappings. In the spirit of [28], for h0 ∈ H and y0 ∈ Y
we call an H-valued càdlàg adapted process (rt)t≥0 a weak solution to (4.1) with
r0 = h0 and Y0 = y0, if for each ζ ∈ D(A∗) we have

〈ζ, rt〉H = 〈ζ, h0〉H +

∫ t

0

(
〈A∗ζ, rs〉H + 〈ζ, α(rs, Y

y0
s )〉H

)
ds

+

n∑
k=1

∫ t

0

〈ζ, σk(rs−)〉HdXk
s , t ≥ 0,

where 〈·, ·〉H denotes the inner product of the Hilbert space H.

4.1. Remark. In the context of the HJMM equation (1.1), the family (Y y)y∈Y
represents the source providing the market price of risk processes. More precisely, in
the following Section 5 we will fix deterministic mappings Θ : Y → Rd and Ψ : Y ×
R→ (−∞, 1)n, and we define the market price of risk as (θ, ψ) := (Θ(Y y0),Ψ(Y y0))
for any starting point y0 ∈ Y. As there are no restrictions on the family (Y y)y∈Y ,
this provides a general class of market price of risk processes, and the parametric
form will be convenient for technical purposes, for example in Section 9, when we
will prove the announced result that under certain assumptions the market price of
risk must be constant.

Throughout this section, we impose the following regularity conditions, which
ensure existence and uniqueness of weak solutions to (4.1).

4.2. Assumption. We suppose that there exist constants K,L > 0 such that

‖α(h, y)‖H ≤ K(1 + ‖h‖H)(4.2)



REAL-WORLD FORWARD RATE DYNAMICS WITH AFFINE REALIZATIONS 13

for all h ∈ H and y ∈ Y, and
‖α(h1, y)− α(h2, y)‖H ≤ L‖h1 − h2‖H ,(4.3)

‖σk(h1)− σk(h2)‖H ≤ L‖h1 − h2‖H , k = 1, . . . , n(4.4)

for all h1, h2 ∈ H and y ∈ Y.
In what follows, let V ⊂ H be a finite dimensional linear subspace.

4.3. Definition. A family (Mt)t≥0 of affine subspaces Mt ⊂ H, t ≥ 0 is called a
foliation generated by V , if there exists ψ ∈ C1(R+;H) such that

Mt = ψ(t) + V, t ≥ 0.

The map ψ is called a parametrization of the foliation (Mt)t≥0.

In what follows, let (Mt)t≥0 be a foliation generated by the subspace V .

4.4. Definition. Let y0 ∈ Y be arbitrary. The foliation (Mt)t≥0 is called invariant
for (4.1) with Y0 = y0 if for all t0 ∈ R+ and h0 ∈Mt0 the weak solution r to (4.1)
with r0 = h0 and Y0 = y0 satisfies

P(rt ∈Mt0+t) = 1 for all t ∈ R+.

4.5. Definition. The foliation (Mt)t≥0 is called invariant for (4.1), if for every
y0 ∈ Y it is invariant for (4.1) with Y0 = y0.

The proofs of the following two results are similar to the corresponding results
in [33, Sec. 2] (see also [32, Sec. 2]), and are therefore omitted. In the following, the
subspace TMt := ψ′(t) +V denotes the tangent space of the foliation at time t. Its
definition does not depend on the choice of the parametrization ψ; see [32].

4.6. Theorem. Let y0 ∈ Y be arbitrary, and suppose that the foliation (Mt)t≥0 is
invariant for (4.1) with Y0 = y0. Then we have

Mt ⊂ D(A), t ∈ R+,(4.5)
Ah+ α(h, y0) ∈ TMt, t ∈ R+ and h ∈Mt,(4.6)

σk(h) ∈ V, t ∈ R+, h ∈Mt and k = 1, . . . , n.(4.7)

4.7. Theorem. The following statements are equivalent:
(i) The foliation (Mt)t≥0 is invariant for (4.1).
(ii) We have

Mt ⊂ D(A), t ∈ R+(4.8)
Ah+ α(h, y) ∈ TMt, t ∈ R+ and (h, y) ∈Mt × Y,(4.9)

σk(h) ∈ V, t ∈ R+, h ∈Mt and k = 1, . . . , n.(4.10)

4.8. Definition. Let y0 ∈ Y be arbitrary.
(1) Let V ⊂ H be a finite dimensional subspace. The SPDE (4.1) with Y0 = y0

has an affine realization generated by V if for each h0 ∈ D(A) there exists
a foliation (Mt)t≥0 generated by V with h0 ∈ M0, which is invariant for
(4.1) with Y0 = y0.

(2) The SPDE (4.1) with Y0 = y0 has an affine realization if it has an affine
realization with Y0 = y0 generated by some finite dimensional subspace V .

4.9. Definition.
(1) Let V ⊂ H be a finite dimensional subspace. The SPDE (4.1) has an affine

realization generated by V if for each h0 ∈ D(A) there exists a foliation
(Mt)t≥0 generated by V with h0 ∈ M0, which is invariant for (4.1). Note
that, according to Definition 4.5, the latter condition means that for every
y0 ∈ Y the foliation (Mt)t≥0 it is invariant for (4.1) with Y0 = y0.



14 ECKHARD PLATEN AND STEFAN TAPPE

(2) The SPDE (4.1) has an affine realization if it has an affine realization
generated by some finite dimensional subspace V .

From now on, we fix an element y∗ ∈ Y, and deal with the question when the
existence of an affine realization with Y0 = y∗ implies the existence of an affine
realization. For this purpose, we define the subspace Uy∗ ⊂ H as

Uy∗ := 〈α(h, y)− α(h, y∗) : h ∈ H and y ∈ Y〉.(4.11)

Here, and in the sequel, we denote by 〈B〉 the linear space generated by some subset
B ⊂ H. There is no danger of confusion with the inner product of the Hilbert space,
which we denote by 〈·, ·〉H .

4.10. Theorem. The following statements are equivalent:
(i) The SPDE (4.1) has an affine realization.
(ii) The SPDE (4.1) with Y0 = y∗ has an affine realization, and Uy∗ is a finite

dimensional subspace of D(A).

Proof. (i)⇒ (ii): By hypothesis, the SPDE (4.1) with Y0 = y∗ has an affine realiza-
tion. Let V be a finite dimensional subspace generating the affine realization, and
let h0 ∈ D(A) be arbitrary. Then there exists a foliation (Mt)t≥0 generated by V
with h0 ∈ M0, which is invariant for (4.1). By condition (4.9) of Theorem 4.7 we
obtain

Ah+ α(h, y) ∈ TM0 for all h ∈M0 and all y ∈ Y.

In particular, for all h ∈M0 and all y ∈ Y we get

α(h, y)− α(h, y∗) =
(
Ah+ α(h, y)

)
−
(
Ah+ α(h, y∗)

)
∈ V.

Therefore, we deduce

α(h, y)− α(h, y∗) ∈ V for all h ∈ D(A) and all y ∈ Y.

Since α(·, y) is continuous for each y ∈ Y, the domain D(A) is dense in H, and V
is closed, we conclude that

α(h, y)− α(h, y∗) ∈ V for all h ∈ H and all y ∈ Y,

which proves that the subspace Uy∗ is finite dimensional. Furthermore, by condition
(4.8) of Theorem 4.7, it is contained in D(A).
(ii) ⇒ (i): There exists a finite dimensional subspace V generating an affine real-
ization for (4.1) with Y0 = y∗. Let h0 ∈ D(A) be arbitrary. Then there exists a
foliation (Mt)t≥0 generated by V with h0 ∈ M0, which is invariant for (4.1) with
Y0 = y∗. According to Theorem 4.6, for all t ∈ R+ we have

Mt ⊂ D(A),(4.12)
Ah+ α(h, y∗) ∈ TMt, h ∈Mt,(4.13)

σk(h) ∈ V, h ∈Mt and k = 1, . . . , n.(4.14)

Since Uy∗ is a finite dimensional subspace of D(A), by the just derived relation
(4.12) the subspace

V̄ := V + Uy∗

is a finite dimensional subspace of D(A), too. We define the new foliation (M̄t)t≥0

as M̄t :=Mt + V̄ . Then, by (4.12) and (4.14), for all t ∈ R+ we obtain

M̄t ⊂ D(A),

σk(h) ∈ V̄ , h ∈Mt and k = 1, . . . , n.
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Moreover, by (4.13), for all t ∈ R+ and (h, y) ∈Mt × Y we obtain

Ah+ α(h, y) =
(
Ah+ α(h, y∗)

)
+
(
α(h, y)− α(h, y∗)

)
∈ TMt + V̄ = TM̄t.

Consequently, by Theorem 4.7 the SPDE (4.1) has an affine realization generated
by V̄ . �

4.11. Proposition. Suppose that the SPDE (4.1) with Y0 = y∗ has an affine re-
alization. Then the subspace U ⊂ H defined as U :=

∑n
k=1〈σk(H)〉 is a finite

dimensional subspace of D(A).

Proof. There exists a finite dimensional subspace V generating the affine realization.
Let h0 ∈ D(A) be arbitrary. Then there exists a foliation (Mt)t≥0 generated by V
with h0 ∈ M0, which is invariant for (4.1). By condition (4.7) of Theorem 4.6 we
obtain

σk(h0) ∈ V for all k = 1, . . . , n.

Since the volatilities σk, k = 1, . . . , n, are continuous, the domain D(A) is dense in
H, and V is closed, we conclude that

σk(H) ⊂ V for all k = 1, . . . , n,

which proves that the subspace U is finite dimensional. Moreover, by condition (4.5)
of Theorem 4.6 we have V ⊂ D(A), which proves that U is contained in D(A). �

5. Affine realizations for the HJMM equation with real-world
forward rate dynamics

In this section, we start our analysis regarding the existence of affine realizations
for the HJMM equation with real-world forward rate dynamics, and present our
first main result, which establishes the connection between the existence of affine
realizations for the HJMM equation with real-world forward rate dynamics and for
the classical HJMM equation based on risk-neutral pricing.

First, we introduce the space of forward curves. We fix a nondecreasing C1-
function w : R+ → [1,∞) such that w−1/3 ∈ L1(R+), and denote by H the space
of all absolutely continuous functions h : R+ → R such that

‖h‖H :=

(
|h(0)|2 +

∫
R+

|h′(ξ)|2w(ξ)dξ

)1/2

<∞.

Spaces of this kind have been utilized in [18], to which we refer for their properties.
Denoting by (St)t≥0 the translation semigroup on H, the HJMM equation (1.1) is
a particular example of the SPDE (4.1) with infinitesimal generator A = d/dξ on
the domain

D(d/dξ) = {h ∈ H ∩ C1(R+) : h′ ∈ H}.
Next, we present our standing assumptions which prevail throughout this paper. As
in Section 3, we fix Wiener processes W 1, . . . ,W d and pure jump Lévy processes
X1, . . . , Xn, and, as in Section 4, let Y be a nonempty topological space and let
(Y y)y∈Y be a family of Y-valued, adapted and càdlàg processes with Y y0 = y for all
y ∈ Y. Let σ : H → Hd, γ : H → Hn and Θ : Y → Rd, Ψ : Y × R → (−∞, 1)n be
measurable mappings. We define Φ : Y × R→ (0,∞)n as Φ := 1−Ψ.

5.1. Assumption. We suppose that the following conditions are satisfied:
(1) α : H × Y → H given by (1.2) satisfies the linear growth condition (4.2)

and the Lipschitz condition (4.3).
(2) σ1, . . . , σd and γ1, . . . , γn are Lipschitz continuous.
(3) For each y0 ∈ Y the pair (θ, ψ) = (Θ(Y y0),Ψ(Y y0)) is a pair of market

prices of risk satisfying the integrability condition (3.6).
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(4) There are p, q ∈ [1,∞] with 1
p + 1

q = 1 such that Ψk(y, ·) ∈ Lp(F k) and

x 7→ exΓk(h) belongs to Lq(F k;H) for all k = 1, . . . , n.
(5) For all (h, y) ∈ H × Y and k = 1, . . . , n the mapping∫

R
Ψk(y, x)exΓk(h)F k(dx)

belongs to D((d/dξ)2) with derivative

d

dξ

∫
R

Ψk(y, x)exΓk(h)F k(dx) = −γk(h)

∫
R
xΨk(y, x)exΓk(h)F k(dx).

After extending the state space Y, if necessary, we may assume that there exists
an element y∗ ∈ Y such that (Θ(y∗),Ψ(y∗, ·)) = 0 and Y y

∗
= y∗.

5.2. Remark. Note that for all h ∈ H we have

(5.1)

α(h, y∗) = −
d∑
k=1

σk(h)Σk(h)−
m∑
k=1

γk(h)

∫
R
xexΓk(h)F k(dx)

−
n∑

k=m+1

γk(h)

∫
R
x
(
exΓk(h) − 1

)
F k(dx).

Within the Benchmark Approach, we always work with the numéraire pair (Sδ∗ ,P),
but point out that (5.1) is just the classical HJM drift term, which also occurs
for numéraire pairs (B,Q), where B is the savings account and Q ∼ P is a risk-
neutral measure. In this sense, the existence of an affine realization with Y0 = y∗

corresponds to the existence of an affine realization for classical HJM interest rate
models, and for this situation, many results have been established in the literature.

It is clear that the existence of an affine realization implies the existence of an
affine realization with Y0 = y∗. In order to provide a closer connection between
these two types of realizations, we introduce the subspace UΨ,γ ⊂ H by (1.7).

5.3. Theorem. The following statements are equivalent:
(i) The HJMM equation (1.1) has an affine realization.
(ii) The HJMM equation (1.1) with Y0 = y∗ has an affine realization, and we

have dimUΨ,γ <∞.

Proof. Suppose that the HJMM equation (1.1) with Y0 = y∗ has an affine realiza-
tion. Then, by Proposition 4.11 the subspace

∑d
k=1〈σk(h)〉 is a finite dimensional

subspace of D(d/dξ). Moreover, by (1.2) and (5.1), for all (h, y) ∈ H × Y we have

α(h, y)− α(h, y∗) =

d∑
k=1

Θk(y)σk(h)−
n∑
k=1

γk(h)

∫
R
x(Φk(y, x)− 1)eΓk(h)F k(dx)

=

d∑
k=1

Θk(y)σk(h) +

n∑
k=1

γk(h)

∫
R
xΨk(y, x)eΓk(h)F k(dx).

Therefore, and since
∑d
k=1〈σk(h)〉 is a finite dimensional subspace of D(d/dξ), the

subspace Uy∗ defined in (4.11) is a finite dimensional subspace of D(d/dξ) if and
only if the subspace〈 n∑

k=1

γk(h)

∫
R
xΨk(y, x)eΓk(h)F k(dx) : h ∈ H and y ∈ Y

〉
is a finite dimensional subspace of D(d/dξ). By virtue of Assumption 5.1, this is
fulfilled if and only if UΨ,γ is a finite dimensional subspace of D((d/dξ)2). �
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Theorem 5.3 demonstrates the difference between the existence of affine realiza-
tions for classical HJM models and for HJM models with real-world forward rate
dynamics. The crucial point is the subspace UΨ,γ , which has to be finite dimen-
sional. Note that this condition only concerns the volatility γ and the market price
of risk Ψ of the discontinuous part, but neither the volatility σ nor the market price
of risk Θ of the continuous part.

In view of Theorem 5.3, it will be useful to provide a result which gives sufficient
conditions for the existence of an affine realization for the HJMM equation (1.1)
with Y0 = y∗. For this purpose, we recall that a mapping σ : H → D((d/dξ)∞) is
called quasi-exponential, if

dim〈(d/dξ)mσ(h) : h ∈ H and m ∈ N0〉 <∞.

5.4. Proposition. Suppose that the following conditions are satisfied:
(1) σ1, . . . , σd are quasi-exponential.
(2) γ1, . . . , γn are constant and quasi-exponential.

Then the HJMM equation (1.1) with Y0 = y∗ has an affine realization.

Proof. Since σ1, . . . , σd and γ1, . . . , γn are quasi-exponential, the subspace

V :=

d∑
i=1

〈(d/dξ)mσi(h) : h ∈ H and m ∈ N0〉

+

n∑
j=1

〈(d/dξ)mγj(h) : h ∈ H and m ∈ N0〉

is finite dimensional. Therefore, combining the arguments from [32, Prop. 6.2] and
[33, Thm. 5.1] shows that the HJMM equation (1.1) with Y0 = y∗ has an affine
realization generated by V . �

6. Affine realizations for the HJMM equation driven by Wiener
processes

In this section, we study the existence of affine realizations for the HJMM equa-
tion with real-world forward rate dynamics driven by Wiener processes. Then the
corresponding HJMM equation (1.1) is of the particular form

drt =
(
d
dξ rt + α(rt, Yt)

)
dt+ σ(rt)dWt

r0 = h0

Y0 = y0

(6.1)

with a Rd-valued standard Wiener process W .

6.1. Theorem. The following statements are equivalent:
(i) The HJMM equation (6.1) has an affine realization.
(ii) The HJMM equation (6.1) with Y0 = y∗ has an affine realization.

Proof. This is a direct consequence of Theorem 5.3. �

Theorem 6.1 allows us to draw the following important conclusion: For Wiener
process driven term structure models, all known results concerning the existence
of affine realizations for HJM interest rate models under an assumed risk-neutral
probability measure, see e.g. [6, 5, 20, 32], transfer to interest rate models with
real-world forward rate dynamics. In particular, we have the following result.

6.2. Corollary. Suppose that σ1, . . . , σd are quasi-exponential. Then the HJMM
equation (6.1) has an affine realization.
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Proof. This follows from Theorem 6.1 and Proposition 5.4. �

6.3.Remark. Let us present two geometric interpretations of Theorem 6.1. For this
purpose, let (Mt)t≥0 be a foliation generated by some finite dimensional subspace
V , and suppose that this foliation is invariant for the HJMM equation (6.1) with
y = y∗.

(1) By the tangential conditions (4.6), (4.7) of Theorem 4.6, for each t ∈ R+

we have

d

dξ
h−

d∑
k=1

σk(h)Σk(h) ∈ TMt, h ∈Mt,

σk(h) ∈ V, h ∈Mt and k = 1, . . . , d.

These two conditions imply that for every y ∈ Y we have

d

dξ
h−

d∑
k=1

σk(h)Σk(h) +

d∑
k=1

Θk(y)σk(h) ∈ TMt, h ∈Mt,

that is, the required tangential condition (4.9) of Theorem 4.7 regarding the
drift term is fulfilled.

(2) Let y ∈ Y be such that θ = Θ(Y y) satisfies the conditions of Proposi-
tion 3.8. Then, by Propositions 3.8 and 3.12, the dynamics of (6.1) with
drift α(·, y) are obtained from the dynamics of (6.1) with drift α(·, y∗) after
an equivalent change of measure. Consequently, the foliation (Mt)t≥0 is
also invariant for the HJMM equation (6.1) with drift term α(·, y).

6.4. Remark. We have seen in Theorem 5.3 that the situation becomes more in-
volved if, instead of the Wiener process driven HJMM equation (6.1), we consider
the general HJMM equation (1.1) with jumps. As soon as we have jumps, the two
geometric interpretations from Remark 6.3 fail, as we shall briefly explain:

(1) The condition

d

dξ
h+ α(h, y∗) ∈ TMt, h ∈Mt

does generally not imply

d

dξ
h+ α(h, y) ∈ TMt, h ∈Mt and y ∈ Y,

because the drift term (1.2) becomes too involved.
(2) As we have seen in Remark 3.13, for the general HJMM equation (1.1) with

jumps, a change of the market price of risk can no longer (not even in a
broad sense) be interpreted as an equivalent measure change.

6.5. Example. We consider the HJMM equation (6.1) with a one-dimensional
Wiener process W and a quasi-exponential volatility σ : H → H, and we choose
the state space Y = R+ with y∗ = 0. For y0 ∈ (0,∞) we denote by Y y0 the so-
lution to the SDE (3.10) provided in Example 3.10. Furthermore, we define the
mapping Θ : Y → R as Θ(y) := 2

√
y. Then, according to Proposition 5.4 and

Corollary 6.2, the HJMM equation (6.1) has an affine realization. Moreover, as
seen in Example 3.10, for no choice of the initial value y0 ∈ (0,∞) the interest rate
model admits an equivalent local martingale measure.



REAL-WORLD FORWARD RATE DYNAMICS WITH AFFINE REALIZATIONS 19

7. Necessary conditions for the existence of an affine realization
for the HJMM equation driven by a Lévy process and drift term

described by its cumulant generating function

In this section, we derive necessary conditions for the existence of an affine
realization for the HJMM equation, for which we assume a particular structure of
the market price of risk regarding the jump part. For simplicity, we assume that
the Lévy process X in (1.1) is one-dimensional. We denote its Lévy measure by F ,
and suppose that the mapping Φ : Y × R→ (0,∞) is of the form

Φ(y, x) = exp(x · ϑ(y))

with a continuous mapping ϑ : Y → R. Furthermore, we suppose that the topolog-
ical space Y is connected, and that there exists ε > 0 such that∫

{|x|>1}
ezxF (dx) <∞ for all z ∈ (−ε, ε).

We define the cumulant generating function κ : (−ε, ε) → R as follows. If X is of
type X = x ∗ µX , then we set

κ(z) :=

∫
R

(ezx − 1)F (dx), z ∈ (−ε, ε),

and if X is of type X = x ∗ (µX − ν), then we set

κ(z) :=

∫
R

(ezx − 1− zx)F (dx) z ∈ (−ε, ε).

The cumulant generating function κ is real analytic on (−ε, ε). We suppose that

Γ(h)(ξ) ∈ (−ε, ε) for all h ∈ H and ξ ∈ R+,
ϑ(y) + Γ(h)(ξ) ∈ (−ε, ε) for all (y, h) ∈ Y ×H and ξ ∈ R+.

7.1. Proposition. We suppose that the HJMM equation (1.1) has an affine real-
ization. Furthermore, we suppose that γ 6≡ 0 and that

〈κ(m) : m ∈ N0〉 =∞.(7.1)

Then ϑ is constant.

Proof. Suppose, on the contrary, that ϑ is not constant. Since Y is connected and
ϑ is continuous, there exist a, b ∈ R with a < b such that [a, b] ⊂ ϑ(Y). By the
continuity of γ there exists h ∈ H such that γ(h) 6= 0, which implies Γ(h) 6= 0. For
each y ∈ Y we have∫

R
Ψ(y, x)exΓ(h)F (dx) =

∫
R

(1− Φ(y, x))exΓ(h)F (dx)

=

∫
R

(
1− exϑ(y)

)
exΓ(h)F (dx) = κ(Γ(h))− κ(ϑ(y) + Γ(h)).

Since Γ(h) 6= 0, by Proposition A.3 and (7.1) we deduce that UΨ,γ is infinite di-
mensional, which contradicts Theorem 5.3. �

Condition (7.1) means that for nom ∈ N the function κ satisfies a linear ordinary
differential equation of mth-order κ(m) =

∑m−1
k=0 ckκ

(k). This condition is typically
satisfied for pure jump Lévy processes with infinite activity, for example bilateral
Gamma processes (see [25]), which cover the popular class of Variance Gamma
processes, or for tempered stable processes (see [26] and references therein), which
cover the well-studied class of CGMY processes. Condition (7.1) is typically also
satisfied for compound Poisson processes with infinite jump size distribution, but it
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is not satisfied for compound Poisson processes with finite jump size distribution,
because then the cumulant generating function is of the form

κ(z) = c

(∑
x∈X

π(x)ezx − 1

)
for some constant c > 0, a finite set X and a stochastic vector π : X → (0, 1]. This
is in accordance with our upcoming results; see, for example, Proposition 9.2 below.

8. Sufficient conditions for the existence of an affine realization
for the HJMM equation

In this section, we provide sufficient conditions for the existence of an affine real-
ization of the HJMM equation (1.1). As we have seen in Theorem 5.3, we need that
the subspace UΨ,γ defined in (1.7) is finite dimensional. We will establish two other
conditions, which are easier to check, and which imply the finite dimensionality of
UΨ,γ . For this purpose, note that, due to Assumption 5.1, for each k = 1, . . . , n we
can regard Ψk and x 7→ exΓk as mappings

Ψk : Y → Lp(F k) and eΓk : H → Lq(F k;H).(8.1)

We introduce the subspaces UΨk ⊂ Lp(F k) and Uγk ⊂ Lq(F k;H) for k = 1, . . . , n
by (1.8) and (1.9).

8.1. Proposition. Suppose that the subspaces UΨ1 , . . . , UΨn and Uγ1 , . . . , Uγn are
finite dimensional. Then the following statements are equivalent:

(i) The HJMM equation (1.1) has an affine realization.
(ii) The HJMM equation (1.1) for Y0 = y∗ has an affine realization.

Proof. We define the subspaces Uk ⊂ L1(F k;H) as

Uk := 〈x 7→ Ψk(x, y)exΓk(h) : h ∈ H and y ∈ Y〉, k = 1, . . . , n.

By assumption, we have

dimUk ≤ dimUΨk · dimUγk <∞, k = 1, . . . , n.

Denoting by T k : L1(F k;H)→ H the integral operator

T kψ :=

∫
R
ψ(x)F k(dx), k = 1, . . . , n,

by the definition (1.7) of the subspace UΨ,γ we obtain

dimUΨ,γ ≤
n∑
k=1

dimT k(Uk) ≤
n∑
k=1

dimUk <∞,

and hence, the claimed equivalence follows from Theorem 5.3. �

8.2. Corollary. Suppose that X1, . . . , Xn are compound Poisson processes with
finite jump size distributions, and that γ1, . . . , γn are constant. Then the following
statements are equivalent:

(i) The HJMM equation (1.1) has an affine realization.
(ii) The HJMM equation (1.1) for Y0 = y∗ has an affine realization.

Proof. This is a direct consequence of Proposition 8.1. �

8.3. Corollary. Suppose that the following conditions are satisfied:
(1) X1, . . . , Xn are compound Poisson processes with finite jump size distribu-

tions.
(2) σ1, . . . , σd are quasi-exponential.
(3) γ1, . . . , γn are constant and quasi-exponential.
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Then the HJMM equation (1.1) has an affine realization.

Proof. This follows by combining Proposition 5.4 and Corollary 8.2. �

8.4. Example. We consider the HJMM equation (1.1) with a one-dimensional
Wiener process W and a one-dimensional standard Poisson process X. Let σ : H →
H be quasi-exponential, and let γ : H → H be constant and quasi-exponential. We
choose the state space Y = R+ with y∗ = 0. For y0 ∈ (0,∞) we denote by Y y0 the so-
lution to the SDE (3.10) provided in Example 3.10. Furthermore, we define the map-
ping Θ : Y → R as Θ(y) := 2

√
y, and we define the mapping Ψ : Y ×R→ (−∞, 1)

as Ψ(y, x) := −y. Then, according to Corollary 8.3, the HJMM equation (1.1) has
an affine realization. Moreover, as seen in Example 3.11, for no choice of the ini-
tial value y0 ∈ (0,∞) the interest rate model admits an equivalent local martingale
measure.

Now, it arises the question whether the finite dimensionality of the subspaces
UΨ1 , . . . , UΨn and Uγ1 , . . . , Uγn is also necessary for the existence of an affine real-
ization. We will deal with this question in the upcoming two sections.

9. Necessary conditions on the market price of risk for the
existence of an affine realization

In this section, we investigate the necessity of the first assumption from Propo-
sition 8.1. More precisely, we investigate whether the subspaces generated by the
market price of risk must necessarily be finite dimensional for the existence of an
affine realization.

For simplicity, we assume that the Lévy process X in (1.1) is one-dimensional,
and denote its Lévy measure by F . In addition to the assumptions from Section 5,
we suppose that the market price of risk can even be regarded as a mapping

Ψ : Y → L1(F ) ∩ Lp(F ),

that is, it should not only map into Lp(F ), as stated in (8.1), but also into L1(F ),

9.1. Theorem. Suppose that the HJMM equation (1.1) has an affine realization,
and that one of the following conditions is satisfied:

(L) supp(F ) ⊂ R+ and R− ⊂ Γ(h)(R+) for some h ∈ H.
(Lε) There exists ε > 0 such that (−ε, ε) ⊂ Γ(h)(R+) for some h ∈ H.

Then the subspace UΨ is finite dimensional.

Proof. We choose h ∈ H such that condition (L) or (Lε) is fulfilled. We define the
integral operator

Th : L1(F ) ∩ Lp(F )→ H, Thψ :=

∫
R
ψ(x)exΓ(h)F (dx),

and claim that ker(Th) = {0}. Indeed, let ψ ∈ L1(F )∩Lp(F ) be such that Thψ = 0.
Then we have

Thψ
+ = Thψ

−.(9.1)

Since ψ ∈ L1(F ), we can define the finite signed measure µ on (R,B(R)) by dµ
dF := ψ.

Its Jordan decomposition µ = µ+ − µ− is given by dµ+

dF = y+ and dµ−

dF = y−. Now,
we distinguish the two cases from our hypothesis of the theorem:

(L) Since, supp(F ) ⊂ R+, the measures µ+ and µ− are finite measures on
(R+,B(R+)). We denote by Lµ+ ,Lµ− : R+ → R+ their Laplace transforms.
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Let λ ∈ R+ be arbitrary. By assumption, there exists ξ ∈ R+ such that
Γ(h)(ξ) = −λ. Therefore, we have

Lµ+(λ) =

∫
R+

e−λxµ+(dx) =

∫
R+

exΓ(h)(ξ)µ+(dx)

=

∫
R+

ψ+(x)exΓ(h)(ξ)F (dx) = Thψ
+,

and an analogous calculation shows that

Lµ−(λ) = Thψ
−.

In view of (9.1), we deduce that

Lµ+(λ) = Lµ−(λ) for all λ ∈ R+.

By the first uniqueness theorem for one-sided Laplace transforms (Theo-
rem B.4), we deduce that µ+ = µ−.

(Lε) We denote by Lεµ+ ,Lεµ− : (−ε, ε) → R+ the Laplace transforms of µ+ and
µ−. Let λ ∈ (−ε, ε) be arbitrary. By assumption, there exists ξ ∈ R+ such
that Γ(h)(ξ) = −λ. Therefore, an analogous calculation as in (i) shows that

Lεµ+(λ) = Lεµ−(λ) for all λ ∈ (−ε, ε).
By the second uniqueness theorem for two-sided Laplace transforms (The-
orem B.7), we deduce that µ+ = µ−.

Consequently, in both cases, we deduce that ψ+ = ψ− almost surely with respect to
F , which implies ψ = 0 almost surely with respect to F . This proves ker(Th) = {0}.
By Theorem 5.3, the range Th(UΨ) ⊂ UΨ,γ is finite dimensional, and hence, we
deduce that UΨ is finite dimensional, too. �

For the rest of this section we suppose that Φ : Y × R→ (0,∞) is of the form

Φ(y, x) = exp(ϑ(y)ξ(x))(9.2)

with a continuous mapping ϑ : Y → R and a measurable mapping ξ : R → R. We
suppose that Y is connected. In the sequel, we denote by F d the discrete part of
the Lévy measure F , and by F c its absolutely continuous part.

9.2. Proposition. Suppose that the HJMM equation (1.1) has an affine realization,
and that one of conditions (L) or (Lε) from Theorem 9.1 is fulfilled. Furthermore,
suppose that one of the following conditions is satisfied:
(F d) ξ(supp(F d)) is infinite.
(F c) There are c, d ∈ R with c < d such that ξ is continuous on [c, d] with

ξ(c) 6= ξ(d) and dF c

dλ (x) > 0 for F c-almost all x ∈ [c, d].
Then ϑ is constant.

Proof. Suppose that ϑ is not constant. Since Y is connected and ϑ is continuous,
there exist a, b ∈ R with a < b such that [a, b] ⊂ ϑ(Y). Now, we distinguish the two
cases from our hypothesis of the theorem:
(F d) We set X := supp(F d) and introduce the linear operator

Π : UΨ → `(X ), ψ 7→ ψ|X ,
where we note that for all ψ, φ ∈ Lp(F ) with the same equivalence class
[ψ] = [φ] we have ψ|X = φ|X . Since

[[a · ψ|X , b · ψ|X ]] ⊂ {ϑ(y) · ψ|X : y ∈ Y}
and the set ξ(X ) is infinite, by Proposition C.1 the subspace

Π(UΨ) = 〈exp(ϑ(y) · ξ|X )− 1 : y ∈ Y〉
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is an infinite dimensional subspace of `(X ).
(F c) We define the interval I = [c, d] and the linear operator

Π : UΨ → `(I), ψ 7→ ψ|I ,

where for ψ ∈ Lp(F ) we define ψ|I as the unique continuous representative
of ψ on I according to Lemma B.8. Since

[[a · ψ|I , b · ψ|I ]] ⊂ {ϑ(y) · ψ|I : y ∈ Y}

the set ξ(I) is infinite, by Proposition C.1 the subspace

Π(UΨ) = 〈exp(ϑ(y) · ξ|I)− 1 : y ∈ Y〉

is an infinite dimensional subspace of `(I).
Consequently, in both cases we deduce that UΨ is infinite dimensional, which con-
tradicts Theorem 9.1. �

Note that the hypotheses of Proposition 9.2 regarding the Lévy measure F and
the function ξ are, in particular, satisfied in the following situations:

• X is a compound Poisson process with infinite jump size distribution, and
ξ is one-to-one on the support of F .

• The Lévy measure ofX has a strictly positive density on some subinterval of
positive length, and ξ is continuous and nontrivial on this subinterval. Most
of the infinite activity Lévy processes, which are considered in the literature,
have a strictly positive density, for example bilateral Gamma processes or
tempered stable processes, which we have mentioned in Section 7.

In this sense, Proposition 9.2 generalizes Proposition 7.1, where we have considered
the identity mapping ξ(x) = x. On the other hand, for Proposition 9.2 we have
imposed that one of the conditions (L) or (Lε) is fulfilled.

10. Necessary conditions on the volatility for the existence of an
affine realization

In this section, we investigate the necessity of the second assumption from Propo-
sition 8.1. More precisely, we investigate whether the subspaces generated by the
volatility must necessarily be finite dimensional for the existence of an affine real-
ization.

For simplicity, we assume that the Lévy processX in (1.1) is a compound Poisson
process with finite jump size distribution. Then the first condition from Proposi-
tion 8.1 is fulfilled; see also Corollary 8.2.

10.1. Theorem. Suppose that the HJMM equation (1.1) has an affine realization.
Furthermore, suppose that Ψ 6≡ 0 and that [[0, g]] ⊂ γ(H) for some g ∈ H, where
the line segment [[0, g]] is defined as

[[0, g]] := {tg : t ∈ [0, 1]}.

Then γ is constant, and in particular Uγ is finite dimensional

Proof. Suppose, on the contrary, that γ is not constant. Then we have [[0, f ]] ⊂
Γ(H), where f :=

∫ •
0
g(η)dη. Since X is a compound Poisson process with finite

jump size distribution, there exist a finite set X ⊂ R \ {0} and a mapping ρ : X →
(0,∞) such that the Lévy measure F of X is given by

F (B) =
∑

x∈X∩B
ρ(x) for all B ∈ B(R).
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Since Ψ 6≡ 0, there exists y ∈ Y such that Ψ(y, x) 6= 0 for some x ∈ X . By
Theorem 5.3 the subspace U ⊂ UΨ,γ given by

U :=
〈∑
x∈X

ρ(x)Ψ(y, x)exΓ(h) : h ∈ H
〉
,

is finite dimensional. Now, let m ∈ N be arbitrary. First, we show that there exist
t1, . . . , tm ∈ [0, 1] such that the elements

x · ti, x ∈ X and i = 1, . . . ,m

are pairwise different. Indeed, by induction we prove that for each d = 1, . . . ,m
there are t1, . . . , td ∈ [0, 1] such that the elements

x · ti, x ∈ X and i = 1, . . . , d

are pairwise different. For d = 1 we can choose t1 := 1. For the induction step
d→ d+ 1 we choose td+1 ∈ [0, 1] such that the finitely many conditions

td+1 6=
x2 · tj
x1

for all x1, x2 ∈ X and j = 1, . . . , d,

are fulfilled. Then we have

x1 · td+1 6= x2 · tj for all x1, x2 ∈ X and j = 1, . . . , d,

and hence the elements

x · tj , x ∈ X and j = 1, . . . , d+ 1

are pairwise different. Now, let c1, . . . , cm ∈ R be such that
m∑
i=1

ci
∑
x∈X

ρ(x)Ψ(y, x) exp(x · tif) = 0.

Then we have
m∑
i=1

∑
x∈X

(
ciρ(x)Ψ(y, x)

)
exp(x · tif) = 0.

By Proposition C.2 we deduce that

ciρ(x)Ψ(y, x) = 0 for all i = 1, . . . ,m and all x ∈ X .

Since ρ(x) > 0 for all x ∈ X and Ψ(y, x) 6= 0 for some x ∈ X , we deduce that
c1 = . . . = cm = 0. Since m ∈ N was arbitrary, and we have [[0, f ]] ⊂ Γ(H), we
arrive at the contradiction that the subspace UΨ,γ is infinite dimensional. �

11. Conclusion

In this paper, we have investigated the existence of affine realization for the
Lévy process driven HJMM equation (1.1) with real-world forward rate dynamics.
To sum up our findings of the previous sections, we have seen that, under suitable
conditions, the HJMM equation (1.1) has an affine realization if and only if the
following three conditions are satisfied:

(i) The risk-neutral HJMM equation has an affine realization.
(ii) The subspaces UΨ1 , . . . , UΨn are finite dimensional.
(iii) The subspaces Uγ1 , . . . , Uγn are finite dimensional.

Thus, if one is interested in the existence of an affine realization, this suggests to
choose models where γ1, . . . , γn are constant and the pure jump Lévy processes
X1, . . . , Xn are compound Poisson processes with finite jump size distributions. In
this case, a sufficient condition for the existence of an affine realization is that all
volatilities σ1, . . . , σd and γ1, . . . , γn are quasi-exponential.
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Consequently, when considering the full picture of the term structure dynamics
under their real-world constraints, in the case of infinite activity Lévy process driven
dynamics only rather restricted term structure models remain possible. This has
obvious consequences for realistic term structure modeling.
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Appendix A. Results about real analytic functions

In this appendix we provide results about real analytic functions, which we re-
quire in this article. In the following, we denote by J ⊂ I ⊂ R two arbitrary
nonempty, open intervals.

A.1. Lemma. Let f1, . . . , fm : I → R be linearly independent, real analytic func-
tions for some m ∈ N. Then, there exist elements θ1, . . . , θm ∈ J such that

det

 f1(θ1) · · · f1(θm)
...

. . .
...

fm(θ1) · · · fm(θm)

 6= 0.

Proof. First, we suppose that m = 1. Since f1 6≡ 0 on I by the assumed linear
independence, according to the identity theorem for analytic functions there exists
θ1 ∈ J with f1(θ1) 6= 0. For m ≥ 2 we proceed by induction and suppose there exist
θ1, . . . , θm−1 ∈ J such that

det

 f1(θ1) · · · f1(θm−1)
...

. . .
...

fm−1(θ1) · · · fm−1(θm−1)

 6= 0.

Then the function g : I → R given by

g(θ) = det


f1(θ1) · · · f1(θm−1) f1(θ)

...
. . .

...
...

fm−1(θ1) · · · fm−1(θm−1) fm−1(θ)
fm(θ1) · · · fm(θm−1) fm(θ)


is also real analytic, and it is of the form

g(θ) =

m∑
i=1

ξifi(θ), θ ∈ I

with ξ1, . . . , ξm ∈ R and ξm 6= 0. Since f1, . . . , fm are linearly independent, we have
g 6≡ 0 on I. Since g is real analytic, by the identity theorem for analytic functions
there exists θm ∈ J with g(θm) 6= 0, which finishes the proof. �

A.2. Remark. We refer to [4, Prop. 5.5] for a result which has similarities to
Lemma A.1.

A.3. Proposition. Let f : I → R be a real analytic function and let Λ : R+ → R
be a continuous, non-constant function with Λ(x) = 0 for some x ∈ R+ such that

θ + Λ(x) ∈ I for all θ ∈ J and x ∈ R+.

If we have

dim〈f (n) : n ∈ N0〉 =∞,(A.1)
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then we also have

dim〈f(θ + Λ) : θ ∈ J〉 =∞.(A.2)

Proof. The proof has a certain similarity to the one in [33, Thm. 7.1]. Let m ∈ N
be arbitrary. By (A.1), the functions f, f ′, . . . , f (m−1) are linearly independent.
Hence, by Lemma A.1 there exist elements θ1, . . . , θm ∈ J such that detB 6= 0,
where B ∈ Rm×m denotes the matrix with Bki = f (k)(θi) for k = 0, . . . ,m− 1 and
i = 1, . . . ,m. We will show that

dim〈f(θi + Λ) : i = 1, . . . ,m〉 = m(A.3)

Indeed, let ξ1, . . . , ξm ∈ R be such that
m∑
i=1

ξif(θi + Λ) = 0.

Since f is real analytic on I, there exists ε > 0 such that
m∑
i=1

ξif(θi + z) =

m∑
i=1

ξi

∞∑
n=0

f (n)(θi)

n!
zn

=

∞∑
n=0

( m∑
i=1

ξi
f (n)(θi)

n!

)
zn for all z ∈ (−ε, ε).

This gives us
∞∑
n=0

( m∑
i=1

ξi
f (n)(θi)

n!

)
zn = 0 for all z ∈ Λ(R+) ∩ (−ε, ε).

Since Λ is continuous and non-constant with Λ(x) = 0 for some x ∈ R+, there exists
a sequence (zn)n∈N ⊂ Λ(R+) ∩ (−ε, ε) with zn 6= 0, n ∈ N and zn → 0. Therefore,
the identity theorem for power series applies and yields

m∑
i=1

ξif
(n)(θi) = 0 for all n ∈ N,

and it follows that Bξ = 0. Since detB 6= 0, we deduce that ξ1, . . . , ξm = 0, which
proves (A.3). Since m ∈ N was arbitrary, we conclude (A.2), which finishes the
proof. �

Appendix B. Results about measures

In this appendix we provide results about measures which we require in this
paper; in particular uniqueness results about Laplace transforms. As the uniqueness
theorem for two-sided Laplace transforms (see Theorem B.7) was not immediately
available in the literature, we provide a self-contained proof.

B.1.Definition. For a finite measure µ on (Rd,B(Rd)) we define its Fourier trans-
form

Fµ : Rd → C, Fµ(u) :=

∫
R
ei〈u,x〉µ(dx).

B.2. Theorem. Let µ and ν be two finite measure on (Rd,B(Rd)) such that Fµ =
Fν . Then we have µ = ν.

Proof. See, for example, [24, Satz 15.6]. �
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B.3. Definition. For a finite measure µ on (R+,B(R+)) we define its Laplace
transform

Lµ : R+ → R+, Lµ(λ) :=

∫
R+

e−λxµ(dx).

B.4. Theorem. Let µ and ν be two finite measure on (R+,B(R+)) such that Lµ =
Lν . Then we have µ = ν.

Proof. See, for example, [24, Satz 15.6]. �

B.5. Definition. Let µ be a finite measure on (R,B(R)), and let ε > 0 such that∫
R
e−λxµ(dx) <∞ for all λ ∈ (−ε, ε).(B.1)

Then we define its Laplace transform

Lεµ : (−ε, ε)→ R+, Lεµ(λ) :=

∫
R
e−λxµ(dx).

B.6. Lemma. Let µ be a finite measure on (R,B(R)), let ε > 0 such that (B.1) is
satisfied, and let G ⊂ C be the open set

G := {z ∈ C : Re z ∈ (−ε, ε)}.(B.2)

Then the function

Lµ : G→ C, Lµ(z) :=

∫
R
e−zxµ(dx)(B.3)

is holomorphic.

Proof. We define the mapping

f : G× R→ C, f(z, x) := e−zx.

Then we easily verify that the following conditions are fulfilled:
(a) f(z, ·) ∈ L1 for all z ∈ G.
(b) For all x ∈ R the mapping f(·, x) : G→ C is holomorphic.
(c) For each compact ball K ⊂ G there is a nonnegative function gK ∈ L1 such

that |f(z, ·)| ≤ gK for all z ∈ K.
Therefore, the function Lµ is holomorphic by virtue of [17, Satz IV.5.8]. �

B.7. Theorem. Let µ and ν be two finite measures on (R,B(R)), and let ε > 0
such that∫

R
e−λxµ(dx) <∞ and

∫
R
e−λxν(dx) <∞ for all λ ∈ (−ε, ε),

and Lεµ = Lεν . Then we have µ = ν.

Proof. We define the open set G ⊂ C by (B.2) and the functions Lµ, Lν : G → C
according to (B.3). Then Lµ and Lν are holomorphic by Lemma B.6. Since Lεµ = Lεν ,
we have Lµ|H = Lν |H , where H ⊂ G denotes the subset

H := {z ∈ C : Re z ∈ (−ε, ε) and Im z = 0}.
By the identity theorem for holomorphic functions (see, for example, [31, Satz 8.1.3])
we deduce that Lµ = Lν . For all u ∈ R we have iu ∈ G, and hence

Fµ(u) =

∫
R
eiuxµ(dx) = Lµ(iu) = Lν(iu) =

∫
R
eiuxν(dx) = Fν(u),

showing that Fµ = Fν . By Theorem B.2, we deduce that µ = ν. �

Our last auxiliary result of this appendix states that an equivalence class of a
Lebesgue space can have at most one continuous representative.
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B.8. Lemma. Let I = [c, d] be an interval with c, d ∈ R and c < d, and let F be an
absolutely continuous measure on (R,B(R)) such that

dF

dλ
(x) > 0 for F -almost all x ∈ I.

Let f, g : R → R be two functions such that f |I and g|I are continuous, and we
have

f(x) = g(x) for λ-almost all x ∈ R.(B.4)

Then we have f |I = g|I .

Proof. By the continuity of f and g, it suffices to prove that f(x) = g(x) for all
x ∈ (c, d). Suppose, on the contrary, there exists x ∈ (c, d) such that f(x) 6= g(x).
By the continuity of f and g, there exists δ > 0 such that (x− δ, x+ δ) ⊂ (c, d) and
f(y) 6= g(y) for all y ∈ (x− δ, x+ δ). Then, setting ρ := dF

dλ , we have

F ((x− δ, x+ δ)) =

∫ x+δ

x−δ
ρ(x)dx > 0,

which contradicts (B.4). �

Appendix C. Results about linearly independent functions

In this appendix, we collect results about linearly independent functions. Let X
be an infinite set. We denote by `(X ) the vector space of all functions f : X → R.
For f, g ∈ `(X ) we define the line segment [[f, g]] ⊂ `(X ) as

[[f, g]] := {f + t(g − f) : t ∈ [0, 1]}.

C.1. Proposition. Let f, g ∈ `(X ) be such that the set (g− f)(X ) is infinite. Then
the following statements are true:

(1) The subspace U ⊂ `(X) given by

U := 〈exp(h) : h ∈ [[f, g]]〉
is infinite dimensional.

(2) If [[f, g]] ⊂ 〈g − f〉, then the subspace V ⊂ `(X) given by

V := 〈exp(h)− 1 : h ∈ [[f, g]]〉
is infinite dimensional.

Proof. We set h := g − f . First, we will show that for each m ∈ N the functions

exp(j2−mh), j = −2m, . . . , 2m(C.1)

are linearly independent in `(X). Indeed, let c−2m , . . . , c2m ∈ R be such that
2m∑

k=−2m

cj exp(j2−mh) = 0.

Defining d := 2m+1 and the vector γ ∈ Rd+1 as γj := cj−2m for j = 0, . . . , d we
obtain

exp(2−mh)

d∑
j=0

γj exp(2−mh)j = 0.

Since h(X ) is infinite by assumption, there exist elements x0, . . . , xd ∈ X such that
h(xi), i = 0, . . . , d are pairwise different. We obtain

d∑
j=0

γj exp(2−mh(xi))
j = 0, i = 1, . . . , d.
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Defining the Vandermonde matrix A ∈ R(d+1)×(d+1) as Aij := exp(2−mh(xi))
j for

i, j = 0, . . . , d we obtain A · γ = 0. Since exp(2−mh(xi)), i = 0, . . . , d are pairwise
different, we deduce that γ = 0, and hence c−2m = . . . = c2m = 0, showing the
linear independence of the functions (C.1). Now, we are ready to prove the two
statements:

(1) Let m ∈ N be arbitrary, and let c0, . . . , c2m ∈ R be such that
2m∑
j=0

cj exp(f + j2−mh) = 0.

Then we have

exp(f)

2m∑
j=0

cj exp(j2−mh) = 0,

and hence c0 = . . . = c2m = 0 by the linear independence of the functions
(C.1). Since m ∈ N was arbitrary, we deduce that subspace U is infinite
dimensional.

(2) Let m ∈ N be arbitrary. Since [[f, g]] ⊂ 〈h〉, there exist λ ∈ R \ {0} and
n ∈ N such that the set

[[f, g]] ∩ {j2−nλh : j = 1, . . . , 2n}
has at least m elements. Hence, by the linear independence of the functions
(C.1) there are h1, . . . , hn ∈ [[f, g]]\{0} such that with h0 := 0 the functions

exp(hi), i = 0, . . . , n(C.2)

are linearly independent in `(X). Now, let c1, . . . , cm ∈ R be such that
m∑
i=1

ci(exp(hi)− 1) = 0.

Then we have

−
( m∑
i=1

ci

)
exp(h0) +

m∑
i=1

ci exp(hi) = 0,

which implies c1 = . . . = cm = 0 by the linear independence of the functions
(C.2). Since m ∈ N was arbitrary, we deduce that the subspace V is infinite
dimensional.

�

C.2. Proposition. Let f ∈ `(X) be such that there is a sequence (xn)n∈N ⊂ X
with f(xn) 6= 0 for all n ∈ N and f(xn) → 0 as n → ∞. Then, for all m ∈ N and
all pairwise different t1, . . . , tm ∈ R the functions

exp(tjf), j = 1, . . . ,m(C.3)

are linearly independent in `(X).

Proof. This proof has some natural similarity to that in [33, Thm. 7.1]. In the
sequel, let c1, . . . , cm ∈ R be such that

m∑
j=1

cj exp(tjf) = 0.

We define the function

g : R→ R, g(z) :=

m∑
j=1

cj exp(tjz).
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Then g has the power series representation

g(z) =

∞∑
i=0

aiz
i, z ∈ R,

where the coefficients are given by

ai =

m∑
j=1

cjt
i
j , i ∈ N0.

Indeed, by the power series representation of the exponential function, for each
z ∈ R we have

g(z) =

m∑
j=1

cj exp(tjz) =

m∑
j=1

cj

∞∑
i=0

(tjz)
i

i!
=

∞∑
i=0

1

i!

( m∑
j=1

cjt
i
j

)
zi =

∞∑
i=0

aiz
i.

We define the sequence (zn)n∈N ⊂ R \ {0} as zn := f(xn) for n ∈ N. Then we
have zn → 0 as n → ∞ and g(zn) = 0 for all n ∈ N. The identity theorem for
power series applies and yields ai = 0 for all i ∈ N0. Defining the Vandermonde
matrix A ∈ Rm×m as Aji := tij for i = 0, . . . ,m−1 and j = 1, . . . ,m, and the vector
c := (c1, . . . , cm)> ∈ Rm, we obtain A> ·c = 0. Since t1, . . . , tm are pairwise different
by assumption, we deduce that c = 0, which proves the linear independence of the
functions (C.3). �
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